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ABSTRACT

An experiment to measure the inelastic scattering cross-
section for nucleons with energies greater than 50 BEV on Iron
has been carried out using a large multiplate cloud chamber as
the detector and the cosmic-ray flux at Pasadena as the source of
nucleons. This cross-section has been found to be 0.56 + .07 barns
and the corresponding nucleon~nucleon cross-section (averaged
over protons and neutrons) to be 18 + 5 mb. The average energy
of the events included in the measurement is estimated at 250
BEV. These results have been compared with the inelastic scat-
tering cross-section data available for energies above the 7 meson
threshold.

An analysis hasr been made of the angular distribution of
N-rays having energy greater than 50 BEV to determine the ab~
sorption mean free path in the atmosphere. Also it is shown
that the neutral to charged particle ratio at a known depth in the
atmosphere and the ratio of the mean free path for absorption to
the mean free path for interaction are related to the average elas-~
ticity in nucleon-nucleon collisions, the former setting a lower
limit and the latter, an upper limit. The absorption mean free
path in the atmosphere is found to be 115 + 415 gm/cm2 and the

elasticity is estimated at (0.27 + .06) < €<0.45.
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I. INTRODUCTION

In order to test any model for nucleon-nucleon interactions
it is necessary to predict some quantities which characterize that
model and to experimentally determine the significance of these
predictions. Hence it becomes important to accumulate as much
experimental information as possible on any quantities which can
aid in the development of a model and enable one to test it. Some
of the quantities which, at the present time, appear significant
are the angular distribution of the secondaries, the energy and
momentum distribution among the secondaries, the cross-sections
for production of different classes of secondaries, the multiplicity
of the secondaries, etc. Since these quantities are, in all likeli-
hood, energy dependent, it is necessary to carry out the measure-
ments at a wide variety of energies. It was the purpose of this
experiment to measure the cross~section for inelastic scattering
and to make some estimate of the average elasticity of nucleon~
nucleon interactions in the atmosphere.

A great deal of experimental work has been performed
to determine the energy dependence of nucleon-nucleon cross~
sections for energies between the meson threshold (~300 MEV) and
5 BEV (from the Bevatron). In addition some work has been carried
out at higher energies using the proton beam from the CERN accel-
erator at an energy of ~25 BEV. Because of the rapid change of
cross-section with energy below 1 BEV and the limited region of
greater energy that has been investigated, it is difficult to extrapo~

late the cross-section energy relationship to high energies.
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At present cosmic rays provide the only source of nucleons
with energies above 25 BEV and have been used in a counter ex-
periment to determine the cross-section for multiple particle pro-
duction at 50 BEV. The availability of the large 5' x 5' multiplate
cloud chamber has provided a means of detecting interactions of the
penetrating component of cosmic rays in iron and hence to deter-
mine the inelastic scattering cross-section at an energy which
represents the average energy of the incident flux greater than
50 BEV.

Unfortunately one cannot separate the protons from the
m-mesons in the incident flux and hence the cross-section determined
is actually an average over the total composition of the penetrating
component of the cosmic rays excluding p-mesons. Also because
events can only be recognized if in the interaction, an energy of
50 BEV or more is transferred to the secondaries in such a fashion
that it can be recognized, i.e., one particle does not carry off an
extremely large proportion of the energy, the cross-section mea-
sured is for highly inelastic collisions.

The method used for this measurement was to determine
the range of incident particles in the chamber for interactions in
which an energy of 50 BEV or greater is transferred to secondary
particles. The mean free path for such interactions is then cal-
culated by appropriate statistical analysis taking into account that
only a finite distribution of ranges is possible due to the size of the
chamber, i.e., ranges greater than some maximum value called

the gate length cannot be observed.
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For those particles which do interact within the chamber it
is péssible to determine the charge of the incident particles and
their angular distribution. Assuming that the flux of primary par-
ticles at the top of the atmosphere is isotropic and that the direction
of high energy secondaries (greater than 50 BEV) created in the
atmosphere is very nearly the same as the primary particle, an
analysis of the angular distribution of the flux observed yields an
estimate of the absorption cross-section of nucleons in the atmos-
phere.

An estimate of the average elasticity of nucleon-nucleon
interactions, i.e., the ratio of the kinetic energy imparted to the
incident and target nucleon after collision to their kinetic energy
before collision, can be made by observing the ratio of neutrons
to charged flux, and the ratio of the absorption thickness in air
as measured from the angular distribution data to the interaction
thickness as calculated from the inelastic cross-~section measure-
ment.

This estimate can be calculated by considering the relation
between the number of secondaries which will be included (the
criteria for the inclusion of a particle is that it have an energy
greater than 50 BEV) and the elasticity of the interaction. For
example if the elasticity were near zero, few of the secondary
nucleons would be included and hence few neutral particles would
be observed. On the other hand, if the elasticity were very near
one, the secondaries would possess significant energy and be
capable of in turn producing secondaries which might also be in-

cluded and hence the ratio of neutrons to protons would be more
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nearly one. Note that this does not mean that the ratio of neutrons
to charged particles will also be near one. Also if the secondaries
irom the first interaction have enough energy to interact repeatedly,
each vyielding secondary nucleons which could be observed, a sig-
nificant difference between the absorption and interaction mean

free paths would be observed.
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II. DESCRIPTION OF THE APPARATUS

The data discussed in this portion of the thesis was obtained
with the 5' x 5' cloud chamber which has been in operation in the
Cosmic Ray Laboratory since November 41958. This equipment,
designed by Professor E. W. Cowan and shown schematically in
Figs. 1 and 2, consists of a multiplate cloud chamber 150 cm high
x 150 cm wide with a visible region approximately 60 cm deep, con~
taining 11 iron plates averaging 2.93 cm thick. The density of the
plates is 7.91 gm/cc; the total amount of material in the chamber
is 254 gm/cm2

The expansions were triggered by two trays of G. M. tubes
mounted below the chamber. Each array consisted of 8 counters
and a total cross-sectional area of 4 x 103 cmz, A coincidence of
three counters in each of the two arrays was required for triggering.
This coincidence was not strictly maintained since the coincidence
requirement was made by adjusting the bias on a pulse height dis~
criminator and the pulse heights from the counters was subject to
some variation. For a short period of time, an additional coinci=-
dence was required from one counter in each of 3 out of 4 additional
arrays, each array consisting of 8 counters. These four trays
were mounted in the ceiling of the laboratory housing the cloud cham-~
ber at the corners of a square 15' on a side, one corner of the square
being located directly above the chamber.

The photographs were taken by two cameras on 70 mm Lina-
graph Pan film, each camera using a single Ektanon 10~in. lens.

The cameras are separated by 94 cm and mounted at a distance of
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665 cm from the center of the chamber to the lens. An example of

the photography is shown in Fig. 3.
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Photograph taken with 5¢ X 5' Cloud Chamber.
Charged primary interacting in third plate with a
minimum energy of 500 BEV transferred to secondaries.
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III. TABULATION OF DATA

A. Criteria for Selection of Events

A total of over 33,000 photographs were visually scanned
using a stereoscopic viewer constructed for this purpose. From
these photographs certain events were selected to be tabulated for
the cross-section measurements according to the following criteria:

1. An interaction takes place below plate 1 and above

plate 10 in which the energy of the primary particle
can be estimated at 50 BEV or greater,

2. The projected line of flight of the primary crosses

plates 4 and 11 in the visible region of the chamber.

3, Some particles heavier than electrons can be identi-

fied among the secondaries of the interaction.

The requirement that the interaction take place below plate 1
removes a large percentage of electron showers resulting from y's
produced above the chamber. Although criteria 3 also removes
these events, the number of unwanted cases which must be observed
in detail is greatly reduced by criteria 4, Also, since it is neces-
sary to observe the secondaries from an interaction as they pass
through a plate in order to estimate the energy, the requirement
that the interaction take place above plate 10 (in effect in plate 9
or above) allows all tabulated events to be observed at least in the
space between plates 9 and 10, 10 and 411, and 11 and the bottom of
the chamber. This allows enough volume to be able to estimate
whether the energy of the primary was above 50 BEV. It is impos~

sible, of course, to determine how much more energy the primary
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possessed since only a small portion of the shower is observed.

The probability of an interaction taking place within the vol-
ume of the chamber will depend, among other things, upon the mean
free path for the particular type of interaction and the total thickness
of material in the chamber. For the cosmic ray beam this thick-
ness would be a function of the angle of incidence of the primary
particles. This variation results both from the lengthening of the
path through the iron plates due to the non~verticality of the beam
and from the possibility of the line of flight passing through the walls
of the chamber and avoiding some of the plates altogether. Criteria
2 eliminates thé latter possibility and establishes a near constant
gate length, the only variation being the small correction due to
the lengthening of the path.

The type of interactions which one wishes to observe are
those resulting from nucleon-nucleon collisions. Since it is impos«~
sible to distinguish between 7 mesons and nucleons and since the
target consists of many nucleon~nuclei, one must be content with
observing interactions between incident mesons and nucleons and
the target nucleus, although it is usual to assume that at high ener~
gies the incident particle interacts with a single particle within the
nucleus. For the measurement of cross-sections it is immaterial
whether or not the secondaries from the interaction between the
primary particle and the single nucleon proceed to interact with
the remaining particles in the nucleus. Criteria 3 eliminates those
events which result from electromagnetic interactions alone.

By these criteria, a total of 606 events were tabulated and

the appropriate measurements made to determine range and energy.
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In addition to the normal type of events which one would expect
to find in high energy interactions, namely many secondaries in a
narrow cone and additional secondaries in a wider cone, several
events were noticed where a single secondary particle, usually emitted
within 1 or 2 degrees of the line of flight of the primary, contained a
major share of the energy, the remaining secondaries being few in
number and emitted at large angles (in some events greater than 90°
in the lab system) and containing a relatively small share of the pri-
mary energy. Such an event is characterized by a primary inter-
action involving few particles and a secondary interaction involving
many particles. The energy of the higher energy secondary can be
estimated by observing its interaction lower in the cloud chamber.
Both neutral and charged secondaries were observed and from pre-
liminary examination of the neutrals, it appeared that the mean free
path for these particles might be significantly less than for nucleons,
but greater than would be expected for y-rays, indicating that perhaps
these might be some unstable particles such as A°'s. Hence these
events were tabulated according to the following criteria:

1. A secondary interaction can be recognized as the result
of a single particle whose line of flight intersects the
point of a primary interaction. (Charged secondaries
must visibly originate from the primary interaction
point. )

2. The secondary interaction must contain at least approxi=-
mately 2/3 of the total energy of the primary particle.

No requirement was made on the line of flight of the primary

or higher energy secondary, since, as the first interaction takes
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place at varying depths in the chamber, each higher energy secondary
would have a different gate length in any case. Also no discrimina-
tion was made against events which represented pure electron showers
as a result of the secondary interactions since, for the neutral parti-
cles, at least two possibilities could be gamma rays resulting from
7°'s from the original interaction or from A° —n+ 7°.

By these criteria a total of 40 events were tabulated and the
appropriate measurements made to determine the range and energy

of the primary and of the higher energy secondary.

B. Estimate of the Primary Particle Energy

A direct measurement of the energy of the primary particle
is impossible; the only observation which can be made is the charge
as observed by the track above plates 41 and 2. It is possible to sum
the estimated energies of the secondaries as determined by multiple
scattering and range measurements for the penetrating secondaries
and the energy found in electron-photon cascades associated with

(1),

the event Since neutral particles may escape detection entirely

and a large number of charged particles in the forward cone may be
indistinguishable, such a ''calorimetric’’ method will only establish

a lower limit to the energy. The degree of underestimate of the
primary energy is difficult to calculate; however the percentage of

the underestimate will be greater for higher energies, since at the
higher energies the density of secondaries is much greater with a
resulting increase in the relative number of them obscured by electron-

photon cascades, by lack of resolution, and by saturation of the cham-

ber. The purpose of estimating the energy was to select only those



-14-
events which were the result of primaries with energy greater than
50 BEV, hence the result of an underestimate is to shift the average
energy of the tabulated events upwards rather than to include lower
energy interactions.
Another type of estimate may be made based upon the kine-

(1-9)

matics of the interaction This method requires the assumption
of a model for the fundamental process and some additional assump-
tions. One assumes that the event is due to a collision of a particle
of mass m with a single target nucleon of mass M, that the secondar~
ies are emitted with relativistic velocities, and also that the secon-
daries are isotropically distributed in the center of mass system.

On this basis, a relation between the half angle 90/2 of the forward
cone of the secondaries and the energy Ep of the primary particle

can be derived. (See Appendix I). This calculation results in the

so-called median angle formula:

(tan _2.‘1 )

If the primary particle is identical to the target nucleon
then the assumption that there is symmetry in the center of mass
system about a plane perpendicular to the line of flight and that
the forward cone will contain half of the secondaries is valid. How-
ever, Eq. 1 in general will yield an overestimate of the energy
since it is based upon the assumption that the particles defining
the inner cone are emitted at an angle of 90° in the center of mass

system whereas, in actual fact, they will be emitted at a smaller
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angle.

The estimate of the primary energy is made by setting as a
lower limit the estimated energy transferred to the secondaries and
for higher energy events evaluating the energy from the opening
angle of the forward cone and using a subjective judgement to arrive

at a final estimate,

C. Measurement of the Range of the Primary

The point of interaction within a plate of the cloud chamber
was located by projecting the trajectory of several secondaries back
through the plate and estimating the fraction of plate thidkness which
was traversed by the incident particle. For charged primaries
this could be further checked by extending the line of flight of the
primary forward. In all cases several secondaries were included
to determine the interaction point and it is estimated that this mea-
surement is accurate to 20% of a plate thickness.

By adding the number of plates traversed, excluding plate 1,
to the fraction of plate included to the point of interaction, the range,
in terms of plate thickness, was determined. Because of the large
solid angle subtended by the cloud chamber it was necessary to
make an angular correction to find the true thickness of iron pene-
trated. The angle 6 between the trajectory and vertical was measured
in the left and right views, QL and GR respectively, and by the analy-

sis of Appendix B, sec § was determined to be:

2 2
secf =j1 + [% (tang, + tanQR)] + [2%. (tanGL—tanGR)] (2)
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The errors in range measurement result from inaccuracy in
determining the interaction point, errors in measuring QL and GR’
and from the approximation in Eq. 2. For particles which traverse
many plates, the major error is in the angular correction which
has a maximum value of approximately 7%. If the interaction occurs
in the first few plates, the largest error will result from the inde-
terminacy of the interaction point. In either case, these errors are
equally likely to shorten or lengthen the range measured and hence
will have a small effect when averaged over all events.

The tilting of the plates was not taken into account in any of
the measurements, hence additional errors will be present. The
maximum error presented by this effect is less than 1/2% and is
entirely negligible compared to the large statistical errors inherent

in the experiment.
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Iv. PROCEDURE FOR CROSS-SECTION MEASUREMENT

A. Method of Maximum Likelihood
The application of maximum likelihood procedure to the mea-
surement of the lifetimes of unstable particles has been discussed by

many authors(10-13)

using both cloud chamber and photoemulsion
data. This procedure is easily extended to the measurement of the
range of a high energy particle,

Liet P(x) be the probability that a particle has traversed a
thickness x of material, measured from some established reference

plane. The probability dp(x) that the particle interacts at x in an in-

terval dx is given by:
dp(x) = A\P(x)dx (3a)

Since dp(x) = -dP(x), Eq. 3a may be integrated to solve for P(x)

yielding:
c~AX
dp(x) = \Ce Tdx {3b)

By the discussion of section III-A, namely that only particles
which interact in some maximum distance Lg’ the gate length, are
included, the total probability that the particle will interact in

0 <x <1, is 4. Hence

g
1 Lg
§ dp(x) =§ )\Ce_)\xdx = C(i—e-)\Lg) = 1
0 0
and
- AX
Ae (3¢c)
dp(x) = ————— dx
1 - e“)\'X
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The quantity A is the reciprocal of the mean free path, LC,
where Lc is defined as the thickness of material required to reduce
the probability of interaction to 1/e for infinite gate length.

Thus the probability of a single particle having a range X,
within an interval Ax for a gate length Li is represented by:

p, = i/ Ax (4)

b Lc(i - e’Li/LC)

and the probability of obtaining a particular set of experimental data

(14),

from a sample of N independent events is

(N-1)1 = epxi/LC Ny (5)
P = . AN 5
N, 1) 1—51— { Lc(i-e'li/Lc) =)

where Ni is the number of events having range x, within an interval
% and s is the number of distinct values of xi*o

The method of maximum likelihood consists simply of choos-
ing the value of the parameter which makes P a maximum. Since
in this expression the parameter is only included in the function in

the brackets, one wishes to find the value of LC for which

N e-Xi/LC
—E {Lc(i-e‘Li/LC) J
is a maximum.
Defining
N e_xi/Lc
{ = ;21 1n (Lc(i-e"Li/LC) ) (6)

*For x; sufficiently small, i.e. such that no two events have the
same values of x;, this reduces to:
i -x,/L
N i’ Te
P = (N-1)! [] ° Ax (52)
=l L_(1-e"Mi/Lc)
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" the most likely value of Lc is given by

oL
EI (7)
C

and the standard deviation of LC by a second differentiation from the

formula

o 1
— -3 (8)
oL iy
c
the latter expression being applicable only where LC is normally dis=

tributed as is often the case with considerable accuracy in large

samples. Carrying out the differentiation indicated in Eqs. 7 and 8

1 N Ly
L= = {x -7} (9)
i=1 i’ Te
e -]
2 L./L L
N L, il e 72
i=1 C ( _1)

Given a set of X, and Li from the data obtained in the cloud chamber
experiment, Eq. 9 can be solved by iteration to find the most prob-
able value of Li-

In the particular case where the gate length is constant for

all of a class of events, i.e. all Li = Lg’ Egs. 9 and 10 reduce to:

1 N Lo
Lesx 2 % -T70 (1)
=l e & C.1
2 L /L L
Lg c &8¢ 0 2
¢=LC[N{1—L2 owern Z}J (12)
c (e 8 - 1)

The solution to Eqgs. 1l and 12 is shown graphically in Fig. 4.
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The standard deviation ¢ is a measure of the error under
the a priori assumption that Eq. 3 adequately represents the prob-
ability that an interaction takes place at X, in the interval dx which
in turn assumes that for all events a unique value of Lc exists. If
the incident flux is composed of two components having different
cross-sections, the value of LC obtained by this procedure will be
some average which represents the best fit which can be made be-
tween the single exponential curve and the double exponential curve
which actually exists. The standard deviation calculated in this
case will have very little meaning.

The maximum likelihood calculations appear to be depen-
dent only upon the average range of all events and do not make use
of the information available regarding the distribution of ranges.

(

However Fisher 10) has pointed out that this procedure satisfies
the criteria of sufficiency and makes maximum use of the avail~
able information. Also the value of o obtained with Eq. 10 is the
least possible value for the standard deviation designed to estimate
the parameter and may therefore be applied to calculate the effi-
ciency of any other statistic. That no additional information is
gained from consideration of the distribution of the interactions
beyond the determination of the average range follows from the

a priori assumption of Eq. 3 and hence the assumed relationship
between the distribution and the average value, the only difference
resulting from the statistical fluctuations included in o. Before
applying this method, therefore, the validity of Eq. 3 must be tested.

This can be done by comparing the distribution of ranges with that

predicted under the assumptions of Eq. 3.
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B. Distribution of Ranges for Constant Gate-Length
The method described here is based on an analysis of the
distribution of ranges of the interacting particles assuming Eq. 4

is valid and the gate length for all events is constant. Let:

Lg = gate length for all events.
LC = mean free path of the incident particles.
N (x) = the number of primaries at a distance x from the
© fiducial line which are observed to interact in al-
lowed gate length.
Nt(x) = the true number of primary particles at a dis~-
tance x from the fiducial line.
Nf = the number of primary particles which go unob~
served, i.e., do not suffer inelastic collisions
inL .
g
Then:
Nt(x) = NO(X) + Nf (13)
The number of interactions, dN, observed at a distance x
in an interval dx follows from Eq. 3 as
_ 1
c
Since dN/dx = - dNt(x)/d;x, Eqg. 14 may be integrated to
—-X/LC
N, (x) = N_(0)e (15)
t t
By the definition of N
-Lg/LC
N;E = Nt(Lg) = Nt(O)e (16)

Hence the equivalent of Eq. 3 in terms of the numbers of events is
NO(O)e'X/LC

N, (x) =
e = ——rr (17)
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yielding for the number of interactions, n,, observed in the interval

Ax centered about the distance X,

-x./LC
NO(O) e

By = LT % (18)

L (l-e & )

o
This may be put in a more convenient form by taking the natural

logarithm

Ax NO(O) X,
1n(ni) = In T /Lc - I‘Z (19)
L (l-e & ©)

The values of NO(O), LC and Lg are assumed to be constants
for any set of data and Ax may be chosen to have a fixed value. Hence

Eq. 19 has the forms of the straight line

y; = ax, +b (20a)
where v = ln(ni)
1 Ax NO(O)
ax-f b=1In SN (20b)

| L_(l-e g 9
For a given set of data, (Xi’ Yi)’ the best estimate of a and
b, a¢and B respectively, may be obtained by making a least square

fit between the data and Eq. 20(15’ 16)

, weighting each set of points
proportionately to the inverse of the variance of Vi This yields as
the estimates of a and b

n
A B
= e - — 21
0] El [( 5% "D ) Wiyi:‘ (2la)

p= El {(% - ’1]% x;) Wiyi] (21b)
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#

where A =2 W, P WX

AC-B

B =2 w.x, D
11

and as the variances in @ and p.*

2
= xry = [wi( %X1 - %)J (22a)
2
0‘}5 =gy = [Wi (% - %—xl)} (22b)

= Wi(n—Z)

where o =

C. Calculation of Cross-section per Nucleon from Mean Free Path
Determination

Defining the mean free path, LC, as the thickness of material
required to reduce the probability that the particle has not interacted
to 1/e and assuming that each nucleus represents an obstacle with
cross~sectional area T uc . Oone can derive the following relation-

ship:

a = (23}

where A is the atomic mass number, N is Avogadro's number and
Lc is the mean free path expressed in g;m/cmz° T uc. will repre-
sent the nuclear cross~section for the process for which the mean
free path is LC. In this experiment, the cross~section determined

will be the cross~section for inelastic scattering, or more approp-

riately, the cross-section for multiple particle production.

*Worthington and Geffner (Ref. 15) err in their derivation of these
quantities, however the correct expression follows directly from
their reasoning.
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In order to compare the results of this experiment with that
of other workers, it is necessary to determine the cross-section
per nucleon rather than per nucleus since the target materials vary
from experiment to experiment and also since the fundamental pro-
cess of interest is nucleon-nucleon interactions.

If one assumes that the mean free path of nucleons through
nuclear material is large compared to nuclear dimensions and that
for high energy events, the nucleons in a nucleus can be considered
to be independent, the relationship between the elementary cross-

section and the nuclear cross-section is

a
nuc.,

T =t (24)

where o is the cross=-section per nucleon averaged over both pro-
tons and neutrons for measurable events. This would represent
an extreme v alue for a highly transparent nucleus.

The inelastic cross-section for iron as a function of o has

(18)

been calculated by Brenner and Williams and Alexander and

Yekutreli(ig) based upon the optical model of Fernbach, Serber and

(20)

Tayler Brenner and Williams, using as the density distribu-

tion function, the charge distribution function, pe(r) measured by

(21)

Hofstadter and his collaborators , adjusted the parameters of

pr(r) to give the best fit to the cosmotron experiments at near 1

BEV for an effective elementary cross-section of 30 mb. Alex-

ander and Yekutreli, using the charge distributions of Hofstadter(zz’ 23),

(24) (25)

Meyer-Berkhout et al. , and Helm (the selection of each dis~

tribution was chosen to give best agreement with experimental data)
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calculated the transparency curve for a series of nuclei and have
extrapolated the curve for iron. These results agree within a few
percent of those of Brenner and Williams which have been plotted

in Fig. 5.
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V. DISCUSSION OF THE DATA

A. Cross-Section for Multiple-Particle Production at Energies
Above 50 BEV

A total of 606 interactions were selected according to the
criteria outlined in sec. III-A. Of these 4108 were the result of
neutral primaries and 498 the result of charged primaries. The
minimum energy included in the data was 50 BEV and the bias in
selection was such as to underestimate the energy.

The gate-length for inclusion in the tabulation corresponded
to 8 plate thicknesses or 185 g;m/cm2 for normally incident parti-
cles. The gate-length for inclusion in the calculation was thus taken
as 185 gm/cmzo Of the 606 tabulated events, 3 neutral and 10
charged primaries had ranges in excess of this value and were
discarded leaving a total of 593 events, 105 neutral and 488 charged.

The mean free path in iron determined from maximum
likelihood procedure along with the pertinent data is shown in Table
I. The tolerance indicated is the standard deviation as calculated
from Eq. 12, and does not include systematic or statistical errors
other than those resulting from the counting statistics as calculated
from the maximum likelihood procedure.

The validity of the assumptions for the maximum likelihood
calculation can be checked by examination of the distribution of
ranges as described in section IV-B. Table II gives the experimen-
tal data obtained which has been plotted in Figs. 6, 7, and 8. The
values obtained for the mean free path from the data of Table II

along with other pertinent results are given in Table III.
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TABLE I

Data for Maximum Likelihood Calculation

Neutrals Charged Total
Number of Events 105 488 593
L, (gm/cm?) 185 185 185
<x> {gm/cm?) 74.0 75.9 75.5
<x, > /Lg . 400 .440 . 408
LC/Lg .82 .91 .90
L. (gm/cm?) 152 + 42 168 + 25 167 + 22

TABLE II

Number of interactions, n,, observed with range, x,, in interval
Ax = 20 gm/cmz.

X Neutrals Charged Total

(gm/cmz) n, 1n(ni) n, 1n(ni) n, 1n(n.1)
10 19 2.94 79 4,37 98 4.59

30 15 2.70 77 4,35 92 4.54

50 15 2.70 68 4.22 83 4.42

70 i3 2.57 49 3.89 62 4.143

90 9 2.93 52 3.95 61 4,11

110 13 2.57 41 3.74 54 3.99
130 9 2.29 42 3,74 51 3.91
150 6 1.79 38 3.64 44 3.78

170 6 1.79 27 3.30 33 3.50
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TABLE III

Data From Distribution of Ranges

Neutrals Charged Total
Oé(cmz/gm) 6.3 x 407> 6.2 x 1073 6.2 x 1073
o 7.4x 107% 3.5 x 107% 3.0x 107 %
8 2.99 4.48 4.68
o3 3,3}(:10"2 1.9x10_2 1.8x10~2
b (calculated) 2.98 4.51 4.70
b ({rom Table I)2 2.97 4,47 4,65
L, (gm/cm®), (-1/a) 160+ 19 164+ 9 161+ 8

4. b (calculated) is the value of b obtained using Eq. 20b with the
value of L. obtained from the mean square fit.

2. b (from Table I} is the value of b obtained using Eq. 20b with
the value of LC obtained from the maximum likelihood procedure.
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From inspection of Figs. 6, 7 and 8 as well as the close
agreement of the values of ¢ and 8 in Table III and the values from
the maximum likelihood calculation it appears that there is no incon-
sistency in the assumption of Eq. 4 and the data. The small standard
deviations in @ and 8 do not, however, indicate any increased accu~-
racy in the determination of Lc over that obtained from the maxi-
mum likelihood calculation, only that the observed values of n, lie
very close to the evaluated line. In fact, as pointed out previously,
the standard deviation as estimated by the maximum likelihood pro-
cedure is the most efficient statistic and may be used to estimate
the efficiéncy of other statistics. The deviations included in Table
111 do not include the statistical uncertainty in each of the values
of n,.

Since the charged flux consists of both protons and 7-mesons,
the cross-section calculated for the charged events represents
some average of the two., However, although the total cross-sections
for m-mesons and protons have been shown to be significantly differ-

(26)

ent at energies above a few BEV , the cross-section for inelastic

scattering has been shown by Bowen et al. to agree within experi-
mental error(zri),, Also the close agreement between the data and
the straight line of Fig. 8 as well as the consistency of the cross-
section for neutral and charged primaries indicate that the result
for charged primaries may be taken as the value for protons.

The errors in the determination of the mean free path arise

from the following sources:

4. Statistical errors resulting from the random
nature of the interactions.
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Z, Errors in the range measurement.

3. Biases in chamber operation and data reduction.

The first of these is accurately estimated by the maximum
likelihood procedure and is determined by Eq. 12.

The error in range measurement is discussed in section III-C
and can amount to 5 gm/cmz in the range of any particle. This error
is normally distributed, hence the total error in the sum of the path
length for n events will be ym 5 gm/cmz and the error in the average
path length will be L 5 gm/cmzn For n = 500 with an average range
of 75 gm/cmz, thisrzzrror will be .22 gm/cmz. From the slope of
the solution to Eq. 9 (Fig. 4) the error in < Xi> /Lg results in an
error 10 times as great in LC/Lg yielding as the error in Lc’ 2.2
anrm/c;m2 or 1.49%.

The most serious errors, other than the statistical fluctuations,
can arise from any bias in the reduction of the data or the operation
of the chamber. Such a bias does exist in the estimate of the primary
energy and must be considered when determining the average energy
over which the cross~section is measured. Two additional biases
which directly affect the range measurement are:

1. An increasing probability of identifying an event as

having an energy of 50 BEV or greater for decreas~
ing range.

2. A decreasing probability of triggering the chamber
for decreasing range.

The first of these results from the increased ability to deter~
mine the energy of the primary as more of the shower is visible.
By including only interactions which take place in plate 9 or before,

and requiring only that an event have an energy of 50 BEV or greater,
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this bias is minimized and at worst would show a decrease in the
number of interactions nearer the end of the range.

The second bias would be in the opposite direction and results
from the use of G. M. counters mounted below the chamber for trig-
gering. The probability of secondaries from an interaction reaching
the counter tray would be reduced for events which occur high in
the chamber and hence have shorter ranges. This results both from
the absorption of the secondaries in the remaining plates and the
angular spread of the shower. For primaries with energies greater
than 50 BEV, this effect will be small and at worst would decrease
the number of interactions very near the beginning of the range.
Because of the close agreement between the data and the assump-
tions of Eq. 4, both of these biases are considered small compared
to the large statistical unc erfainty of the determination.

The energy of the primaries obtained by averaging the values
estimated for all events is approximately 150 BEV. However, as
stated previously this is a severe underestimate of the energy since
for many particles a value of 50 BEV was tabulated as the minimum
observable energy. Assuming that there is no bias in the selection
of events above 50 BEV dependent on energy, a better estimate of
the average energy may be obtained by integrating the energy spec-

trum of the penetrating component of cosmic rays. This spectrum

given by Peters(ZB) as:
an ~ E-CTUgE where 1.1 for 10 BEV
s = 1.48 103 BEV
1.78 10° BEV

yields for the average energy of particles above 50 BEV, the value
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of 230 BEV. In order to compensate for those events which have an
energy above 50 BEV, but were not included due to the underestimate
in energy, the average energy of the primaries is taken as 250 BEV.
The mean free path of nucleons in iron and the cross-section
for multiple particle production (from Eq. 23) is therefore estimated

as:

L =167+ 22 gm/cm?

s = .56j—_.07 barns

Fe
for nucleons with energies greater than 50 BEV.

From the transparency curve for iron (Fig. 5) this value of
“re corresponds to an elementary cross~section for meson produc-~
tion of ¢ = 18 + 4 mb. Since the Fe curve itself depends upon the
assumed value of ¢ at 4 BEV, the error should include the uncer~
tainty of @ at 4 BEV. Compounding this error with the statistical

error, the value of o for an average energy of 250 BEV is estimated

to be

5318i5 mb

B. Comparison with Other Data

Several determinations of the cross-section for inelastic
scattering at higher energie s for a variety of nuclei have been made
using absorption techniques with high energy accelerators, cloud
chambers used with an accelerator, cloud chambers with the cosmic
ray flux and counter experiments with the cosmic ray flux. A sum-
mary of the results is given in Table IV and Up, @8 2 function of
energy is plotted in Fig. 9. For the cases, as indicated in Table

IV where the cross-section was not measured for iron, the value
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plotted is an interpolation determined by plotting the cross-sections
measured as a function of AZ/S. The value obtained from this exper-
iment is also included.

From examination of Fig. 9, it is apparent that for energies
above 1 BEV the inelastic scattering cross-section does not depend
strongly upon energy. However one cannot conclude that the cross-
section is constant at high energies as the data is equally reconcilable
with a logarithmic decrement in cross~section as with a leveling off
of cross-section at a value near .60 barns for energies above a
few BEV.

It is interesting to note that the eight results obtained with
a variety of methods and different incident particles lie very close

to the straight line given by o._ = .72 - .07 Log E. Unfortunately,

Fe
the large variance in each of the determinations of Tre prohibits at-
taching any significance to this line.

A large number of experiments, especially at lower energies,
have been performed to determine the nucleon-nucleon inelastic
scattering cross-section. A summary of the results is given in
Table V and o as a function of energy is plotted in Fig. 410. The
standard deviations have been included only for energies above 1
BEV for the sake of clarity. Again it is interesting to note the close
correlation between the experimental values and the curve drawn
through them. The only serious deviation from this curve occurs
at 9 BEV and in this instance the data is very much in doubt. The

(45)

actual value of & quoted by Bogachev was 21 mb. However
this was obtained by subtracting the elastic from the total cross-

section, and the value of the total cross-~section given was inconsistent
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with the results of Vivargent et al. (46)

obtained with the large ac-
celerator at CERN in a much superior experiment. Hence the value
of Bogarchev was renormalized to fit the result of Vivargent et al.

It is very likely that the value for the elastic scattering cross-section
suffers in a similar fashion. In any case, from examination of Fig.
10, it is apparent that for energies above 4 BEV, the nucleon-
nucleon scattering cross-section does not depend strongly upon
energy, but one cannot conclude that the cross-section is constant

at higher energies since the data is equally consistent with a logar-

ithmic decrement in cross-section as with a leveling off of cross~

section at energies above a few BEV.
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C. Discussion of the '"Knock On'' Events
As described in section III—A, certain events were studied
in which a single secondary, emitted within a few degrees of the line
of flight of the primary, contained a major share of the energy of
the primary. A total of 31 events were tabulated, 12 with neutral

and 19 with charged secondaries in the following sequence:

Primary Secondary Number
charged charged 18
charged neutral 8
neutral charged 1
neutral neutral 3

The range of the secondaries were measured and log N plotted
as a function of range in Fig. 14. As can be seen from the figure,
the ranges of the charged events are consistent with the expected
distribution for charged nucleons and the neutrals with a mixture
of y-rays and neutrons., The y-rays are probably the result of r°
decays since in the identification of the primary event, several par-
ticles are emitted. The falling off of the curves at longer values of
x is to be expected considering the short gate length for many of
the secondaries.

Because of the small number of events and the short gate
length no quantitative information may be obtained concerning the
ratios of protons or 7°'s to charged 7's. Qualitatively, however,
one would expect approximately equal numbers of 7ro, 'ir+ and 7 and
also equal numbers of protons and neutrons. Roughly, even assum-~
ing a major portion of the charged secondaries are T mesons, ex-

trapolating the number of neutrals backto the origin indicates an
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excess of 7(0‘3 to the 7r1L and 7, although this is compensated some-
what by the smaller value of the ratio of gate-length to mean free
path for the charged mesons compared to the y-rays.

One point of interest however, is the small number of such
events observed. In all approximately 600 interactions were ob-
served with primaries over 50 BEV and of these, only 31 were ob-
served as the type in which the secondary received a major portion

of the energy, approximately 5% of the total.
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VI. ABSOLUTE INTENSITY OF PENETRATING COMPONENT WITH

ENERGIES IN EXCESS OF 50 BEV

e S —

A. Angular Distribution of Cosmic Ray Particles Greater than 50 BEV

In order to calculate the range of particles of energy greater than
50 BEV, it was necessary to measure the angle between the trajectory
of the primary particles and the normal to the plates. In practice, the
secant of the angle is measured rather than the angle itself as described
in section III-C and Appen‘dix B. The average value of secf obtained for
551 events having a median energy of approximately 250 BEV and a min-
imum energy of 50 BEV was found to be 1.034. Table VI shows the dis-
tribution of events as a function of sec§.

Since the efficiency of the cloud chamber will be a function of 6§
due to the angular dependence of the aperture for inclusion of an event
under the criteria for selection of events (section III-A) it is necessary
to cofrect the distribution obtained in order to determine the true angu-
lar dependence of the incident flux.

Let J(@) be the intensity of the primary beam in the direction
at an angle 0 to the vertical, i.e., let J(9)dodw represent the number
of particles per unit time incident upon the element of area do from a

direction § within the element of solid angle dw.
~ ¢
de

do dw = 2nsinsds
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The number of particles per unit time striking an elemental area do

at an angle 9 within an angle dg§ will be

dN = J(6) 27 sin@dgde (26)

Let the coordinates of the elemental area be (x, y). For a

given location of de and a given value of §, the fraction of incident

particles which pass through the boundaries of the chamber bottom

is (6, x,

yv), i.e., £( 0, %, y) is the efficiency of the chamber to de-

tect particles striking the top plate at x, y, and at an angle §. For

a fixed value of 6 and dg, the total flux observed will then be

B(g, d@) = Z?TSiHQJ(Q)dQ‘SGS\f(Gs Xy Y)dXdY (27)

where the

integral is taken over the top surface of the chamber. The

quantity under the integral sign can be defined as the aperture of the

chamber f

Al

or a given angle of incidence:

9) = ;ggf(e, x, v) dxdy (28)

Loooking down along the normal to do, the particles passing through

do at an angle 9§ will form a circle in the plane of the bottom of the

chamber or radius r(@) centered at (x,y). From Fig. 412 it is apparent

< ] A
b /1
A / ‘ \
VAR BN
/oy
/ Loy
h {
, N - 6%\
z o
\) | \
\/ | \
A\ L r \\
(a) Top Projection (b) Front Projection

Fig. 12.

Projection of Path of Particles Incident in Direction §.
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that

r = htanf (29)

Also it can be seen that f(r, x, y) (here, r(9) is substituted for 6 as
the independent variable) will be equal to the fraction of the circle
included in the allowed boundaries,

The efficiency, f(r, %, y) using the notation of Fig. 12a will be:

27
[ds . L ;(;g(d), r, x, y)ddo (30)
0

27T

f(r, x, v) =.

where g( ¢, r, x, y) defines that part of the circle included within

the boundary. The aperture A defined by Eq. 28 thus becone s

:"2‘,/'7'.' §§§g(¢’ r, X, Y)dXde(}b

Since ¢, x and y are all independent variables, the order of integra-
tion can be interchanged. For a given value of ¢, g(¢, r, x, y) can
be thought of as the efficiency of the chamber in detecting particles

incident at (x, y) for a particular ¢ and r(9). For convenience a dif-

ferent aperture may be defined:

o, )= §§g(¢: r, x, y)dxdy (31)

From symmetry, (¢, r) need only be determined for values of ¢ be-

tween 0 and w /2 hence

——:f;—j (qb r)d (32)
0

By inspection, for 0<¢ ~Stan_1b/a
ab - rbcos¢® - rasing + lz-rzsinzq) if cosp < a/r
(o =
if cos¢p = a/r
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for tanmlb/a <¢ <7/2
ab - rbcos¢® ~ rasing + 171’2 sin2¢ if sin¢g <b/r
Hp,r) =
if sing =b/r
Integrating I{(¢ , r) as indicated in Eq. 32
for r=a

Asab—-:-;-(Za-}- 2b - 1)

for a<r <b 1
Azab(l~—cos"l?'—) --é[l—a.2+ rb - b (r —az)z]
r T = 2
for b <r Sazmbz
L L
Az-f?[ab(sm lg— c 1?——% b(rz-a )Z+ a{r =b"7) -—12—( 2+b2+r2')]
2 .2k

The value of A/ab, i.e. the efficiency of the chamber is
plotted as a function of 9 in Fig. 43.

From Eq. 27 it is seen that the actual flux will be related to

the observed flux by

(6, do) (33)

J(6) = ZﬂAchosei

Table VI gives the data obtained for & (0, d@) and the resul-
tant values of J(6#). These are tabulated in terms of sec. Since the
value of sec@ measured for each event was rounded to the nearest
hundredth, d(secg) = .01 with the exception of the value for secf = 1.00

where d(secg) = .005. The increment of solid angle, § sinfdf is thus

2w

sec @

27d(cos 8) =

d(sec9) : (34)
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If it is assumed that the flux distribution has the forms*
T (0) = ke 05O (35)

the best value of n can be calculated from the experimental data by

making a least squares fit between the line

v, T ax, + b
where vy = InJ(6 ) a= ~n
x, = gsech, -1 b =1lnk ~n
i i ‘

and the corrected values of J(Gi) and Xi“, The value of n obtained by
this method is n = 9.0+ 4.1 where the error indicated is the standard
deviation in n as estimated by the deviations of the experimental
points from the straight line for n = 9.0; this error does not include
the errors in the individual measurements of J(8). The experimental

points along with this estimate of J(9) are plotted in Fig. 14.

#*The assumption of this form for the flux distribution comes from
the following reasoning:

Let J(h, 0) be the distribution function for the class of particles
of interest at a depth h in the atmosphere. If the mean free path
for these particles is L, the attenuation 7£ the flux after passing
through a thickness of air L would be e~L/Lc, For particles inci-
dent at a direction g, L = hsecg and

~-hsec/L¢ (36)

Ik, 0) = J(0, Be
If it is assumed that the flux distribution at the top of the atmos-
phere is isotropic and that the secondary particles have very nearly
the same direction of their primaries, the form of the distribution
function would be that given by Eq. 35.
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TABLE VI. ANGULAR DISTRIBUTION OF PARTICLES WITH ENER-~
GIES GREATER THAN 50 BEV

Sec o 0
1.00  (0-5)
1.01 8% 5t

1.02 14°%22
1.03 413952
1.04 15°%56!
1,05 47°45!
1.06 19°22
1.07 20°50
1.08 22°12
1.09 23°%27
1.10 24°37
1.44 25944
1.12  26°46
1.43 27945
1.44 28%42

1.45 29%35!

*extrapolated

d(cos0)

. 005

. 0098

. 0096

. 0094

°

0092

. 0091

. 0089

. 0087

. 0086

. 0084

. 0083

. 0081

. 0080

. 0078

. 0076

. 0075

. 0074

. 0073

r (cm)

0-15

24
30
36
42
48
53
57
61
65
68
72
75
80
83
86
89
91

103

101

105

55

42

27

28

23

20

i3

A/ab
.78
.70
.59
.51
.44
.37
.31
.27
.24
.20
.47
.14
11
.08
.05
.03
. 02

.01

ab/A
132
144
178

108
95
73
90
85
83
65
53
50
55
50
40

30%

203

J(@)Eﬁgﬁz

264
147
185
115
103
80
101
98
96
78
64
62
68
64

53
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B. Minimum Absolute Intensity of Cosmic Ray Particles Greater
Then 50 BEV

Angular measurements were made for 551 events of the 606
events tabulated. Correcting for the efficiency of the chamber for
each value of secf, the efficiency of tabulation (estimated as 80%)
and the number of events for which angular measurements were made,
the number of particles incident upon the chamber top surface during
the experiment was 1850. The total running time to obtain this data
was 6,700 hours and the area of the chamber top surface is .9 mz.
Thus the flux of particles greater than 50 BEV is found to be .34
particles hr-imz. The constant in Eq. 35 may be determined by in-~

tegrating J(0) over the upper hemisphere:

‘_;?g 27 gJ(e) sin6do (36)
1
= Z7rk§ e“nseced(cose)
0 1
Substituting s = sec, d(cosf) = - — ds
s
©
or aN zﬁkg Lo omsgg (37)
do J SZ
1

This integral, called the Gold Integral is shown by Rossi(i)

for n >> 41 to be

4 ~
n). | Sgm dsm S (38)
1

Forn=9,0, 81(11) =14.1x 10—5 and

k = - 31 =4.5x% 103 m2 hr—]' steradian-l

27 129.05

1.3 mﬂz secm1 steradian—'l

it
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The experimentally determined expression for the flux density

is

e=-9, 0 secH m—-Z

7(6) = 1.3 sec™! steradian™ (39)

Each event observed in the chamber resulted from a particle
of energy greater than 50 BEV. These particles could have been part
of the primary cosmic~rays or a secondary from an interaction in
the atmosphere. In either case, every interaction observed must
have resulted from a primary cosmic~ray with energy greater than
50 BEV. From the previous analysis, if the primary cosmic=-ray
beam is isotropic above the atmosphere, the quaﬁtity n in Eq. 35 is
the number of mean free paths of air above the chamber for vertically
incident particles. This mean free path is not the interaction length
for multiple particle production but the thickness of air required to
reduce the number of particles having 50 BEV of energy or greater
by 1/e. If the number of mean free paths is taken as 9.0, then com-
parison of Egs. 36 and 39 gives the minimum value for the flux of
particles with energies greater than 50 BEV incident upon the atmos-~

phere as NL(50) = 1.3 m™ 2 sec™?

steradian”

The most significant error in NE(SO) results in the determina~
tion of n. The absorption thickness (mean free path for complete
removal of incident particles) averaged over the entire cosmic ray
spectrum above‘a few BEV has been shown to be ~120 g,rm/c:m2 (1)..
From Eq. 36 n = h/Lc = 41030/420 = 8.7. The results of this experi-
ment predict as the nucleon~nucleon cross-section 48 mb which, using

(19)

the transparency curves of Alexander and Yekutreli would predict

a similar value as the mean free path for multiple particle production
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and hence an absorption thickness greater than this value. As de-
scribed in the following section, at higher energies the absorption
thickness and the collision thickness may be very nearly equal,
making the value of n = 9.0 reasonable.

(28)

From Peters the observed flux of primary protons of

energy greater than 50 BEV is 75 particles m™ % sec™? steradian™?
and for energies greater than 100 BEV, 20 particles m~2 sec":t

steradian” 1

C. Significance of the Ratio of Neutrons to Protons--Elasticity

It has been generally assumed that deep in the atmosphere
for sufficiently high energies, the integrated flux due to neutrons
and protons would be approximately equal. This is a consequence of
the observation that all of the neutrons and practically all of the
protons detected at moderate altitudes are secondary particles gen~
erated in nuclear interactions at some altitude above the place of
observation. Therefore, the energy spectrum of these neutrons
(or protons) is related to the energy spectrum of the neutrons (or
protons) produced in nuclear interactions which should be the same
for protons and neutrons at energies where the ionization loss of
the protons is negligible. The relative numbers of particles should
depend only upon the probability of producing a given nucleon. For
a single nucleon-nucleon interaction one particle of energy Ep dis-
appears from the beam and two particles reappear with an average
energy Es. One of the secondaries will have the charge of the inci-

dent nucleon, the other will have the charge of the target nucleon.
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Since the nuclei which constitute the atmosphere have equal numbers
of neutrons and protons, either of these are equally likely as the tar-
get nucleon. On the average an incident proton — 3/2 p+ 1/2 n and
an incident neutron — 4/2 p + 3/2 n. By tracing the secondaries
produced from a primary proton it can be seen that within a very
few interactions the ratio of protons to neutrons would be very nearly
one if this were the only process involved. The number of nucleons
in any given energy range does not necessarily increase by this process
since with each interaction the average energy of the secondaries
can be considerably less than the energy of the primary.

If one considers only particles above some threshold EO, in
this case 50 BEV, the preceding argument could be invalid for highly
inelastic interactions, i.e. when the average of ES is reduced to less
than EO within 1 or 2 interaction lengths. In this case, the importance
of the secondaries would be smaller compared to primaries resulting
in a larger proportion of protons to neutrons. Hence, the ratio of
neutrons to protons should be dependent upon some parameter which
is a measure of the energy lost to the nucleons in a collision.

Most of the data available on elasticity results from detailed
examination of the energy balance in stars produced in nuclear emul-
sions(49-52). In these experiments, the quantities measured are
the energy of the incident particles and the energies of the secon-
daries produced. Hence, it has been more convenient to define a
parameter which is a measure of the inelasticity, i.e. the {raction
of the energy available for secondary particle production. Since

the various definitions of inelasticity used differ in slight details,
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the following definition of elasticity and inelasticity are proposed:

& - Elasticity = (40)

Kinetic Energy of Incident Nucleons after Collision
Kinetic Energy of Primary Nucleons Before Collision

k = Inelasticity = (41)

Total Energy of Particles Produced
Kinetic Energy of Primary Nucleons Before Collision

From conservation of energy:
Erkr=1 (42)

These definitions are unambiguous so long as nucleon-anti-
nucleon pair production is not a significant process and the energies
are referred to the center of mass system. At energies large enough
for such pair production, the identification of the incident nucleons
after collision is impossible; however, if the mechanism of nucleon-
anti-nucleon pair production were known, the distribution of energy
between the nucleons would give an estimate of € and k.

If these quantities are not referred to the center-of-mass
system an ambiguity results from the difference between the kinetic
energy of the incident nucleon in the laboratory system and the frac-
tion of the kinetic energy available for secondary particle production.
In the center-of-mass system if the two colliding particles come to
rest, all of the incident kinetic energy will be converted to secondary
particles in which case k_ = 1 and Cc = 0. However in the labora-
tory system 8L = 7;1:—? and kL = :{Clg—r where Yo ® 1/J1-—§3CZ, and

2 is the velocity of the center of mass (see Appendix A). At
c y P
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sufficiently high energies this difference is entirely negligible.
However, if the elasticities are small, the ratio of é’c to €L could
be considerable. This value of € corresponds to the smallest
elasticity possible in the laboratory system. For a cutoff energy
of 50 BEV, €, =.02and E_ =5x 10° BEV. If indeed € were
this small, the secondary particles would comprise a very small
portion of the observed nucleon flux. If the threshold energy for
inclusion of an event is small, say 4 BEV, Cmin = .3 and the con-
tribution to the flux from the secondaries would be significant. At
lower energies, the large difference between the interaction thick-
ness and the absorption thickness indicates larger elasticities.
At higher energies, as previously discussed, the result that the
interaction cross~section and the absorption cross-section are
nearly the same lends emphasis to the assumption that the elas-
ticity is small.

With these considerations in mind, it is possible to derive
an approximate expression for the ratio of neutrons to protons as
a function of depth in the atmosphere under appropriate assump-
tions. For convenience, only the vertical component of the inci-
dent flux will be considered.

Let: j(p)(E, %) = the number of protons present at a

depth x in the atmosphere with an
energy greater than E.

j(n)(E, x) = the number of neutrons present at a
depth x in the atmosphere with an
energy greater than E.

J(E) = the number of protons at the top of

the atmosphere with an energy
greater than E.
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P'(E, E*) = the probability that one secondary
nucleon from a single nucleon=
nucleon collision will possess an
energy greater than E for an inci-
dent nucleon energy E¥*,

P"(E, E*)= the probability that both secondary
nucleons from a single nucleon-nucleon
collision will possess an energy

greater than E for an incident nucleon
energy E*,

All energies are measured in the laboratory system and x
and LC are in units of gm/cmz. The probability of a particle inter-
acting in a distance dx is just dx/Lc. LC will be taken as being
independent of energy. Although this is probably not a valid as-
sumption, at worst, LC varies logarithmically with energy whereas
the intensity will vary exponentially, hence over the region for
which there is significant flux, L. is reasonably constant. The
variation with depth in the atmosphe‘re of j(P)(E, %) and j(n)(E, x),

neglecting ionization loss for the protons, will be:

QO
Bj(p)(E, x) - j(p)(E, x) . —3—§ Bj(p)(E*, X) [P‘ (E,E‘i‘)+P"(E,E*)] g
ox oo L, 4 EYDES L_
E
A2 . (n)
: 3 J ES " B3
+ -];Ij 8 a(g‘ x) [PU(E, EL)+P (B, B9 gps (43a)
E C

o8]
3 ( gi®hEx, x) PE, Bxprpv(E EX)

ox L T P ‘j Sh* i,
C C
E
)
-]; ) 8j (E’t‘,x) j=1 (E, E*) + pt (E, E*) "
‘7 SEF ” dE*  (43b)

C
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Defining energies E ', E ", E ' and E_" such that
p P n n

o0
AP) s
(p) = g‘; 8 H(E*, x) o % *
J (Ep‘ H X) - . gE* P (Eog E ) dE
EO
(e 6]
0 AP s
(p) = 9j (E%*, x} o s s
J (Epll’ X) = maE* P (EO’ E )dE
EO
Q0
(n)(E ' x) = o aj(n)(E*, x) PYE E*) dE*
J n H - j 8E* O,
EO

QO

I

i® @, =
E

O e Er, ) P
o

DE®

(E_, E¥) dE*

(44a)

(44b)

(44c)

(44d)

where EO is the threshold for inclusion of an event, Egs. 43 become

j(p)(EO;X) 5 j(P)(Epl ,%) 3 j(P)(Epn ,x)

aJ(p)(EO’ X) - ;

dx L. g L 4 L.
LiE e PE
Tz T L S
83( )(E ,%) J(n)(EO’ X) J( )(Enx X) 5 J(n)(Enn X)

5% = - i tz L. tz T

L PE L P s

S + -
7 T Z T,

We shall try to find solutions to Eqs. 45 of the following form:

iPlE, x) = rPIE) P

(e, x) = FE) o)

(452a)

(45D)

(46a)

(46b)
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Substituting Eqs. 46 into Eqgs. 45

dx L

3
7

(p) 1 (p) it
wPle) WPl [ FBHE (Epw

F(P)(EO)

) g ryp®) g
X 2 ™) { | FE pET (E,") }

du(n>(x) - u(n)(x) [1 23 F(n)(En‘ )+F(n)(En") I
dx - L_ 4 F(nj(Eo)
. (p) ! (p) 1
L uPleg 1 F T TR, )] (47b)
LC i_ 4 F(n)(EO)

For convenience, the quantities @ , ap, Bn and Bp will be defined

such that Eqgs. 47 become

(p)
Qb ol g P+ g (48a)

(n)
and _ii.‘_’:_a;(x_) s _anu(n)(x) + Bpu(p)(x), (48b)

The definitions of the @'s and 3's are obtained by comparison of
Egs. 47 and 48. Eqgs. 48 may be solved by the change of variables:

- X

u(P)(X) = k(p)(X) e P (49a)
-0 X
u®ix) = kPxy e B (49b)
Eqs. 48 become:
(p) -{a_-oa )x
————dij(x) =ge Pl (50a)
ac™e) (ap'an)xk(p)(x) (50b)

dx T Pp



-67=
Using the boundary conditions at the top of the atmosphere,
namely u(P)(O) = 4 and u(‘n)(O) = 0, these two simultaneous differen~

tial equations may easily be solved, yielding for u(p)(x) and u(n)(x)

s

u(p)(x)xe cosh( f -a ) v 48 B) x (51a)

«Mix) = ¢ smh( j(a ~a )%+ 4p ) x (51b)

For x — o0, u(P) )*un)(x)orcziandat

it

¢ _ . This

n
is equivalent to saying that both neutrons and protons have the same
form of the integral energy spectrum, i.e. F(n)(E) = F(p)(E). Ap-
plying the boundary condition that at x = 0, j(p)(E, 0) = J(E), F(E)=J(E).

The resulting solutions to Eq. 43 are:

PUE_, x) = J(E,) cosh(Bx) e (52a)
j(n)(Eo, x) = J(E_) sinh(Bx) e~ E¥ (52b)
where
_ L J(ERIE)

=3 J(EO§LC (53)
1

@ = - 38 (54)
C

It now remains to determine the quantities E' and E" defined

by Eq. 44.
Q0
J(E') = g BHEY) pE_, EX) dE* (55)
@)
[ao]
Qﬂ e
J‘(EH) zj 8-]-(8];:3;:) j=il (EO’ E:::) dE* (56)
E

O
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The quantities P! (Eo’ EX) and P"(EO, E*) will be related to
the elasticity of the interaction and the distribution of the available
kinetic energy between the two nucleons. The energy of a secondary
nucleon in the laboratory system is related to its energy in the

center-of-mass system by (see Appendix A)
1

| 2 2 12
Yo = VoY LT -1 (v 7= D] cosa] (57)

where Y and \(s‘ are the total energies of the secondary nucleon in
the laboratory and the center-of-mass systems respectively, mea-
sured in units of Mcz, Yo © /1 - BCZ, ﬁc = velocity of the center-
of=~mass in units of ¢ and 95’ the angle of emission of the secondary
in the center-of-mass system with respect to the line of flight of
the incident nucleon.

The energy of the two secondaries is relatedto the energy of

the incident particle by the definition of elasticity (Eq. 40).
ty, =0y -1+ 2 (58)

The energy of the two secondaries will be similarly related to the
energy of the incident nucleons in the center-of-mass system.
Ysl’ + ysz‘ =28y, -1+ 2 (59)
For any given model of the distribution in energy and space
of the secondary nucleons in the center-of-mass system, the parti-
tion of the available energy between the two secondaries in the lab-
oratory system can be determined. Several reasonable models are

considered.
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Case A. Let the two nucleons be distributed isotropically

with a common energy and zero total linear momentum. Call Sy the
particle emitted in the forward hemisphere and s, the particle emitted

in the backward hemisphere. The probability of Sy being emitted in

d is ._17? d2=d (coseS '), i.e. all values of Yq for cosf between

2
1 1
0 and 1 and all values of y  for cosf between 0 and -1 are equally
2

probable. The relative probability for a particular value of Yg as
a function of Y is shown below. The ratio of the average energy of

the higher ener secondary to the lower energy secondary is
g gy 2
1 2 2 42
R 25 PR N s S ISP 9)
= = 2 (60)
Ma — . L 2 ) 2 L
Vo, Ye¥s' - shy "=y, "Dz

The maximum possible value of ul is 3, the minimum wvalue, 1.

____________ i

2 1

Relative
Probability
< |
14>}
< |
47}

!
{
|
|
i
|
}
|
|
i
1

i i

Ye¥g 2 Ye Vg Y Ygta

Case _}i Liet the two nucleons be distributed as cosze with a

common energy and zero total linear momentum. Using the same
notation as in Case A, the probability of 5y being .emitted in d2
is ;7? cosze dQ = 3cos‘29d(cose), The ratio of the higher energy
secondary to the lower energy secondary is 1
Z

3.2 2
Ctsp ey gl TNy - 61)
Ny = =

3 2 2 1
Yg Ychl - @[Yc —1)(\/5‘ -Ulz
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The maximum possible value of My, is 7, the minimum value is 1.

Relative
Probability

YCYS‘-a YCYS YCYSl+a

Case C. Let the two nucleons be distributed in any fashion

with independent moments. In this case both particles can be either

in the forward or backward hemisphere and hence -\Ys = _\ZS or 5= 1.
1 2

From the definitions of & and 1, neglecting the rest masses of

the nucleons compared to their kinetic energies, 78 + ?S = 8Yp and
i
Y. /Y. =mn, hence
®1 2
v 'xey N and '{‘7 =y _Q_ (62)
s, p mFl s,  'pntl
1 VS1 +1
= E]i__..__. = L ~
or Yp 8 and Yp 5 YSZ (63)
From the definitions of E' and E" in Eqs. 44
i1 E 1
BN _© EY s w (64)
n & @ °
Using as the integral energy spectrum of the primary protons
J(E) = g1 5, the value of B in Eqs. 53 becomes
1.5 1.5
1 nE,”’ 1
B = Vs (Tl“Ll) [1 + (ﬁ) ] (65)
c

For a given value of B, the ratio of the values of £ ’obtained using
n=1 (Ci) to that obtained for 1 = oo (é:"oo) is just 81/8002 1/21/3; 8.

Hence the worst possible choice for the value of n would result in a
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maximum error in € of 20%. From examination of the cases dis-
cussed, n is probably near 3 or 4 and the maximum error in
max
choosing n as 1 or o is more nearly 10%. For the purpose of this
paper, n will be taken as 4. This will result in an underestinm te
of € by no more than 10%.
The ratio of neutrons to protons at a depth x for energies
greater than EO will be, from Eqs. 52 and 65:
n)
@ (E , x)= _J_(_Y(_.M = tanh(px) - (66)
° i PUE_, x)
1.%
< (67)

J
where Bx = .18 -fi{_
c
The total intensity of protons and neutrons with energies

greater than Eo is:

E_, %) = (E e @ PH (68)

The coefficient 4/(@-8) is the absorption coefficient and is related

to the mean free path for interactions by the elasticity:

La:_l._..

a  d-p Le [—“—l—_——] (69)

1o 78
For small values of &, Laz Lc'

The results of Eqs. 52, 66 and 69 have been plotted in Figs.
15, 16 and 17. As can be seen from the equations and the figures,
the predicted relative abundance of neutrons and protons in the at-
mosphere above a cut-off energy where the ionization loss of the
protons is negligible is far different from that which is observed
for all protons and neutrons. In the high energy region, the density

of protons exceeds that of neutrons whereas at moderate energies,
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due to the absorption of protons by electromagnetic processes, the
converse is true.
In the statement of Eqs. 43a and 43b, nucleons resulting
from meson~nucleon and from nucleon pair production were not in~
cluded. If either of these processes is significant it would tend to

(p) (n)

equalize j and j
The contribution from the meson-nucleon interactions can
be estimated by the following reasoning. Assuming that the multi-
plicity for meson production is ~El/2 (E in BEV), the average
energy of the mesons emitted from a nucleon-nucleon interaction
with primary energy E will be NEl/Z. If an energy E' is required
to have a significant probability of emitting a nucleon with energy
greater than Eo’ then the average meson energy for nuclear pro-
duction must be E' or the energy of the nucleon creating the mesons
must have energy greater than E = E' Z, The relative contribution
from meson-nucleon interactions will be approximately the ratio
of nucleons present at energy E'Z to those present at Eo times the
average rmeson multiplicity. E' is taken as %,— EO where & is the
elasticity observed in nucleon-nucleon interactions, £=~.2.
2 E 1.5 E_JE 1.5
er ((}go)) (multiplicity) = E' (-E-:BZ) = ?9 ( EEO )
e’ |
= =gy < 1% (57)
E

o
Thus the contribution to the observed nucleons from production by

pi-mesons which themselves must have been produced from nucleon~
nucleon interactions is probably negligible. This does not say, how-
ever, that the density of the m-mesons themselves is negligible as is
usually assumed at lower energies. Pi-mesons disappear rapidly

by spontaneous decay as they travel in the atmosphere, At
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high energies, the relativistic increase of the mean life is sufficient
~ to make the mean free path before decay long compared to the ab-
sorption thickness.

The possible problem from nucleon-pair production is more
serious since in this case it is the nucleon-anti-nucleon pairs which
directly add to j(p) and j(n) and not secondaries which they in turn
cause. It is possible that at extremely high energies, say of the
order of 106 BEV, such a process is significant, but at present
there is no evidence for a contribution from this source in the
50-500 BEV region(48). Because of the rapidly decreasing flux
of incident protons at high energies, it is the processes which occur
within a decade or so above the cutoff energy which will strongly
affect the calculated distributions.

In characterizing any model for nucleon-nucleon interac-
tions one can either study in detail a single interaction or try to
predict some property averaged over many interactions such as
meson~-multiplicity, angular distribution of secondaries, average
transverse momentum, elasticity, etc. From Figs. 15 and 17 it
can be seen that the ratio of neutron to proton flux is highly depen-
dent upon € for low values of € and the ratio of absorption thickness
to interaction length is highly dependent upon & for larger values
of £, hence measurement of absolﬁte intensities at sea level can
provide good limits upon the elasticity. Unfortunately, there is
no way of separating the charged pi-meson flux from the proton
flux, hence these must be lumped together.

A total of 606 events were measured according to the cri-
teria outlined in section III-A. Of these, 408 were the result of

neutral primaries and 498 the result of charged primaries. During
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the 6,700 hours of operation required to accumulate the data, the
chamber was triggered by coincidence of three counters in each of
two arrays mounted below the chamber. There was no selection
made on the basis of the charge of the primary and hence the photo-
graphs probably represent an unbiased record of the ratio of neutral
to charged particles incident upon the chamber. In the reduction
of the data a decision had to be made for each event, namely whether
the projected line of flight of the primary crosses plate 1 and 14 in
the visible region of the chamber. For charged events, the line of
flight of the primary couid be easily projected through the chamber
and the selection made in an unbiased manner. On the other hand,
the line of flight of the neutrals had to be determined by reconstruc~
tion of the secondaries., Since the primary purpose of the experi-
ment was to measure the cross-section, the inclusion of events
with foreshortened gate lengths would represent a systematic error
in that measurement; events which were in doubt were excluded.
Hence the number of neutrals is subject to a systematic error in
the direction of giving a smaller number. From the angular dis-
tribution of events, this bias is estimated at approximately 10%.

The ratio of neutrons to charged particles is found to be
.22, thus the ratio of neutrons to protons has a maximum value of
.22. The corresponding value for the elasticity from Egs. 66 and
67 using the value of X/LC obtained from the data on angular dis-
tribution is .27 + .06,

An upper limit of & may be determined from the relation
between the absorption mean free path and the interaction mean

free path (Eq. 69). The absorption mean free path in air, from
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the data on angular distribution is found to be 115+ 15 gm/cmZ and
the interaction mean free path corresponding to a mean free path of
167 + 22 gm/cmZ in iron is calculated to be 410 1+ 15 gm/cm2 or
La/LC = 1,05+ .24. This sets an upper limit for & at .45, The
limits on the elasticity in nucleon~nucleon interactions is thus esti-

mated at:

.27+ .06 <€5 .45

Most of the data presently available estimating the elasticity
in nucleon-nucleon interactions are the result of nuclear-emulsion
work. In these experiments the ratio of the estimated energies of
the secondaries in a star to the primary is calculated and a value
for the inelasticity k is determined. The energy of the primary is
usually determined from the angular distribution of the secondaries
and the total energy of the secondaries measured by ionization,
scattering and range of the individual tracks. This method gives
the maximum value of the inelasticity. Because of the large uncer-
tainties in this method and the probable statistical behavior of the
inelasticity, this method can give meaningful results only when
averaged over a large number of events. - The most significant study
thus far undertaken is an analysis of 57 interactions reported by
Shein et al. (52) in which the value of the inelasticity is <k>= 0.50
with a lower limit of 0.25. This corresponds to <€> ~0.50 with an

upper limit of 0.75.
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APPENDIX A

A, Some Useful Relativistic Relations

Because of the repeated necessity of transforming experi-

mentally measured quantities in the laboratory system to theoreti-

cally predicted quantities in the center-of-mass system, a summary

of these transformations is included here. For convenience, the

velocity of light and the nucleon mass (neglecting the small differ-

ence between neutrons and protons) are taken as 1.

Notation:

L system refers to the laboratory system.

C system refers to the center~of-mass system.

B = the velocity of a particle in L system.
y = (’l-{32)"1/2 the total energy of a particle
in the IL: system.
0, = angle of emission of a secondary measured

from the line of flight of the incident nucleon
in the L. system.

g, v L 98(; are the corresponding quantities in
the system.

B = the velocity of the C system.
_ 2,-1/2
vg = (1-B.%)

the elasticity (Eq. 40).

g

k

#

the inelasticity (Eq. 41).

Let Av be a four-vector in the L. system which transforms via the

Lorentz transformation into the four=vector A‘v in the C system by

means of

AI

M

2 a A orA =2Zb
v p.v v X8 14

i
A (A1)
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where
Yo 0 0 iBCyC
0 1 0 0
aP«V = (A2)
0 0 1 0
By 0 0 Ye
and
Yo 0 0 “Beve
0 1 0 0
b = (A3)
nid 0 0 1 0
Bve 0 0 Yo

The momentum-~-energy four vectors in the L and C system for each
of the nucleons (subscript p refers to the incident nucleon,v t to the

target nucleon) will be

z . 2 .

P =([y.“-1,0,0, P':/'—l,o,o,l'

b (Yp wp) b (vp Yp)

P, = (0, 0, 0, i) pt=(-[y%-1,0,0,iy")
t b § t p p

Transforming pp and Py into pp‘ and pt‘ , and solving the resulting

(A4)

equations gives the following relations between yp‘ R Yp and Yo (using

| - !
| I
Yo T Yo (A5)
o 2 6
Yp = 2Ye -1 (A6)

Consider a secondary particle of mass 7 (in terms of Mczgi)
emitted with velocity Bs at an angle QS with respect to ﬁc. Its

energy-momentum four-vectors in L, and C are
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) 2 . .
ps = (n /Ys - 1cos@s, UNA' -1 sm@s, 11’1\(5)

(A7)
P'x(/ 12 _ 1 cosO ! / '2—lsin9‘Oi ")
s VY s WYs s 0 U0 Mg
Transforming pS' to p
singG '
s 1
tan©G = — (A8)
¥ 1
cos@S + ﬁc/ﬁs Ve .
2 2 2
and Yy ® Y Vg t Ly, - Dly'T - D] cosO ! (A9)

If the secondaries come to rest in the C system, ys' = 1 and
Yg = Yo
From Eqgs. 5 and 6, the total energy of each nucleon in the

C system is related to the primary energy in the L system by
-1 (A10)

The maximum energy available for meson production in the
C system is the kinetic energy of the two nucleons given by Z(YP‘ -1).
If this energy is entirely converted to mesons, the nucleons will be
at rest in the C system and hence their energy in the L system will
be Zyc. The ratio of the kinetic energy of the secondary nucleons

to the primary nucleons in L is thus

2(y.-1)
@ c - o 1 Al
('\(p-1) \(C+1 ( )

and the fraction of the kinetic energy of the primary which is avail-

able for meson production is

k=1-€=5—=0 (A12)
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APPENDIX B

B. Calculation of True Angle of Incidence from Left and Right Views

Let X Yy and zZ, be the cartesian coordinates with respect to
the axis of the cloud chamber of 7, a point at the tip of an infinitesi-
mal vector having the direction of the incident particle and origin
at the intersection of the track and the iron plate. (Xt’ Ve and Zy will
be the lengths of three vectors which sum to Or). Let Y1, and X1, be
the coordinates with respect to point 0 of the projection of = on the

x~y plane from the point L.. The coordinates of 0 are given by X

y and z .,
o © Left Camera L

—

' L

Fig. 19. Projection of True Trajectory on Plane Parallel to y-axis
containing line of sight OL.

From inspection of Fig. 19

N
[eR)
I —

— 2 242
= where d; = [(d+ Zo) ¥ (s+x0) ]

°r YL 7Yy T4

From Fig. 18 the relationship between 23 and ZY can be seen to be
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_ szt - “Yo B
LT, TYL TV F (B1)

By similar reasoning for the right view

YR =¥t~ a7 (B2)

YR and Vi, the coordinates of 7 in the right and left views

are thus identical as they should be.

1
dL

-7

1

; ~
o x i T~ ding
L éX —~0or s7 A s

t ~i8hy

i

{
: L " \\

~

Left camera ——= I,

Fig. 20. Projection of True Trajectory on Plane Parallel to x-axis
and containing line of sight OL.

From inspection of Fig. 20

1
z' ' 2. 2.2
L = L Ghereda. =[(atz ) +y “] (B3)
X, - X 8 -X L o o
L t
Zt(S+Xo)
or Xy =% + 3
o)
By similar reasoning for the right view
zt(s+xo) (B4)
*RT% T T avn

Solving for x Vi and zy in Egs. 2, 3, and 4

ti

- d+ZO (

- B5
z, » Xp XR) (B5)
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y‘O
ve = vy, t 25 xp, - xg) (B6)
1 Xo
x, = 5{x; + xp)t 5= (xp - xp) (B7)

The quantity required is the secant of the true angle between the y

axis and O~ given by

X, =V Z-Z 2 X 2 4 2
S T4 T o1t 7t
sec 9 = . > 1 . > =
[l (x, + )] 2 +t[ d'd‘LZO{_Xo ( ;Z+ Xo ( 2 2
Z ¥LTER s VL*R 75 (xp, xR )
1+ (B9)
[y. + 22 (x, -x)] °
Yi,7 75 VLR

Because of the large number of tracks to be corrected it is
convenient to obtain an approxina tion to this expression by consid-

ering the maximum values of X s Vor Bor Ko Vi and Zy - The fol-

lowing result gives a value of secf accurate to 5%.
1 2 d
[30ep )] "+ [55 bep -xp)
2
L

]2

secze =1+

In terms of the angles measured on the film, tan 0y, = XL/yL and

tan 6p = xp/Vg

_ 1 2 a 2
sech —f[ + [-Z- (tanGL + taneR)] + [TZ? (tanGL—taneR)] (B10)
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