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ABSTRACT

The purpose of this report is to ubtilize a sound theoretiecal
formulation, combined with the best available experimental data on
integrated absorption and rotational line-width, for the calculation of
emissivitieé of ecarbon monoxide at room temperatures under conditions
where overlapping between rotational lines is negligibly small,

The results of the present investigation indicate that ealcu~
lated emissivities of carbon monoxide at room temperature are in excellent
agreement with empirically observed data published by Hottel and Ullrich,
The theoretical dependence of emissivity upon ovtical density at low
optical density and at room temperature has been shown to follow the
experimental observations almost exactly., For low optical densities the
calculated emissivity is found to be nearly proportional to the assumed
rotational line-width, thus emphasizing the need for accurate line-width
determinations at all temperatures, The caleulated dependence of emissivity
on rotational line-width permits the determination of emissivity not only
as a function of temperature, total pressure, and optical demsity, but
also as a function of concentration of optically inert gas. For numeriecal
calculations of this type it is necessary to obtain experimental dats for
the dependence of rotational line~width on the concentration of non-
enitting gases.

The present calculations supplement earlier theoretical emissivity
calcnlations,rwhich are valid only at elevated total pressures where
exteﬁsive overlapping of rotational lines occurs. The range of pressures
in which overlapping between rotational lines is neither extensive nor

negligibly small has been considered only very briefly and requires

further examination.
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I. INTRCDUCTION

The study of radiant heat transfer and related problems has been
given great impetus in the past decade by the development of propulsive
systems which demand that engine and motor components withstand increasingly
higher temperatures. Improvement of the engine and motor components
requires, among other things, knowledge of radiant heat transfer, which
can be expressed as a function of the emissivities of the gases formed by
combustion, Although considerable experimental research has been done on
the measurement of gas emissivities, it has become increasingly evidenﬁ
that physieal limitations preohibit the direct experimental determination
of gaseous emissivities at the temperatures and pressures which are
encountered in combustion chambers, For this reason it is of obvious
practical importance to develop theoretical methods for making emissivity
calcuiationso

The general problem of emission and absorption of radiation
invelves two essentially distinct types of analysis., One important
branch of radiant heat transfer investigations is concerned with the
determination of radiant intensities if emissivities, absorptivities,
and scattering coefficients are known, These studies deal with the
problem of radiative transfer only, For any defined geometricNarrangea
ment, the radiative transfer problems can be formulated without difficulty,
An exhaustive account of this work may be found in a recently published
book by Chandrasekhar(l).

Sinece radiant heat transfer calculations require detailed know-
ledge of emissivities, absorptivities, and scattering coefficients, it

- is essential to consider methods for the determination of these quantities,



The quantum-mechanical problems involved in the theoretical caleulation
of emissivity were solved, in principle, some years ago., The results of
these theoretical studies have been applied, to a limited extent, in the
use of spectroscopic measurements for flame temperature determination
from line intensities(z), and for the analysis of absorption and emission
of radiation in the aﬁmnsphere(3). An important paper bg'Dennison(4),
written more than twenty years ago, contains some of the basic theoreti-
cal relations which have been used for numerical emissivity caleulations
on carbon monoxide in the present studies,

Earlier emissivity calculations(3s556) for diatomic moleeules at
elevated total préssures were based upon the assumption that the over-
lapping of the rotational lines was so extensive that the spectral
absorption coefficient was not a rapidly varying function of the wave
number, With this assumption, approximate emissivity calculations were
carried oub using an average spectral absorption coefficient over an
effective width(5’6’7) corresponding to an entire vibration-rotation
band, Reliable enissivity measurements at elevated total pressures are
not yet available for an empirical verification of these ealeulations,
Therefore, the calculations were compared with measurements made by
Ullrich and Hottel at atmospherie pressure, At atmospherie pressure,
the assumption of extensive overlapping of the rotational lines does not
apply and it was not unexpected to find that experimentally détermined
emissivitieé at low optical densities were considerably lower than the
calculated values., The observed discrepancies are the resiult of the
fact that the broadening of the rotational lines at atmosphéric pressure

~is far less than is necessary to justify the uSe of average absorption



coefficients, For increasing values of optieal density, the experimental
emissivity measurements were found to aporoach and then exceed the cal-
culated emissivities as the weaker rotational lines, which lie outside
the range of the estimated bandwidth, contributed more and more to the
radiant heat transfer. These resulits indicate that this approximate
method of radiant heat transfer caleulations is valid fof the conditions
for which it was developed, i.e,, extensive overlapping of rotational
lines at elevated total pressures such that an average spectral ab-
sorption coefficient could be used over an effective width corresponding
to the entire band,

It is of obvious importance to apply a method for the caleulation
of emissivities under conditions for which overlapping of rotational
lines is negligibly small, Such a method is available as the resulbd of
extension of a theoretical itreatment developed bw‘Elsasser(B), vhose
work applied only to squally intense and equally spaced rotational lines
which did not overlap, The extension to this treatment(8) applies to
any system with non-overlapping lines,

The extent of overlapping of rotational lines is a funetion nok
only of total pressure but also of optical density, In this report,
numerical emissivity calculations have been carried out for ecarbon
monoxide to supply values of emissiviiy which are reliable only at small
optical densities, i,e., under conditions such that overlapping of
rotational iines may be neglected, Under these coné}tions the line
shépe may be represented by a dispersion formula, Use of the best
available experimental data on integrated abgorption and rota@ional
 line~width leads to calculated emissivities at room temperatures which
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are in excellent agreement with empirically observed data published by
Ullrich and Hottel(g). The theoretical dependence of emissivity upon
optical density at room temperature has been shown to follow the ex-
perimental observations almost exactly,

For low optical densities, the calculated emissivity is found to
be nearly proportional to the assumed rotational line-widith, thus
emphasizing the need for accurate line-width determinations at elevated
temperatures, The calculated dependence of emissivity on rotational
line-width permits the determination of emissivity not only as a function
of temperature, total pressure, and optical density, but also as a
funetion of concentration of optically inert gas., For numerical cal-
culations of this type it is necessary to have experimental data for the
dependence of rotational line-width on the concentration of non-emitting

gases,



II., FUNDAMENTAL THEORETICAL RELATIONS OF RADIANT HEAT TRANSFER

Ag a background for the numerical caleculations which follow, this
section will be devoted to a presentation of the basiec theoretieal
equations of radiant heat transfer,

Radiation from a heated gas originates with a transition from an
excited energy level to a lower energy level, These transitions may
correspond to changes in electronie, vibrational, or rotational energy.
The electronie transitions, involving much greater energy changes than
the others, generally produce radiation in either the visible or ultra-
violet regions of the spectrum, Vibration-rotation transitions lead to
emigsion in the near infrared and infrared regions of the spectrum,

A radiating gas emits energy over a well-defined range of
frequencies, each individual transition contributing to this range. The
total radiation is obtained by swming the radiant intensities correspond-
ing to the individual transitions. A theoretical ealeulation requires
the knowledge of:

(a) The number of molecules and atoms in each of the various
energy levels, With the assumption of thermal equilibrium, this distri-
bution can be calculated from quantum statistics,(lg)

(b) The frequencies corresponding to these transitions must be
known, Spectroscopic measurements are available which will permit these
frequencies to be calculated with a high degree of accuracy,(llﬁlz)

(¢) The spectral line shape must be known as a function of tem-
perature and pressure, Although this information isinot lmowm accurately,
calculations of Doppler half=width and the effect of collision broadening

" based on recently published infrared absorption measurements(13) may



pernit satisfactory estimates,

(d) For given transitions, the intensities of radiation depend on
the transition probabilities which are related to the experimentally
determined value of the integrated absorption.(l“u’ls’lé)

A% ordinary temperafures the only important contributions to
radiant heat transfer originate with the infrared vibration-rotation
bands. Therefore, calculations will be restricted to this spectral
region, At room temperature the problem may be gimplified further since
only collision broadening makes important contributions to the line-
width,

The spectral radiation intensity emitted by a blackbody is given
by the well=known Planck distribution law:

.3 he' -
Widr' . 8Thy (e kT—/] dr
(0( = c? (1)

Here @ (V') d# 'represents the density of radiation in unit volume in
the frequency range between V 'and T ar’ s h represents Planck®s con=-
stant, ¢ is the veloeity of light, k equals the Boltzmann constant, and
T is the absolute temperature of the blackbody emitter, It follows that
I, 4ar ‘= ¢ /O(V') dr' represents the radiant energy emitted per unit
area of blackbody per unit time in the frequency interval between V '
and P+dr,
According to the basgic law for the absorption of monochromatic

radiation, the fractional decrease in spectral light intensity is pro-

portional to the optical density, i.e.,

‘(IL )(3(1,:“) = R (2)




where pL represents the optical density (i.e., the product of the optiecal
path length L and the partial pressure of the gaseous absorber p), and
P, 1is the spectral absorption coefficient,

Integration of Eq. (2) results in the expression:

I, = 1, v PL (3)

where I, is the intensity of transmitted light in the spectral region
between ¥ and ¥+ d¥V, and I,, is the intensity of the incident Light in
the same spectral range, The intensity of the light absorbed is, there-

fore,

Ap = I, -1, = I, (1-eFPl) (4)

According to Kirchhoffl!s law the ratio of the spectral emissivity
to the spectral absorptivity is unity for all substances which are in
thermal equilibrium, The emissivity is defined as the ratio of the in-
tensity of radiation emitted by a substanee per unit area of emitter per
unit time under specified conditions of temperature and pressure, divided
by the intensity of radiation emitted by a blackbody per unit area per
unit time under the same conditions, The absorptivity (i.e., the frac-
tion of radiation absorbed) is evidently 1 - e~vPL by Eq. (4)s Hence
it follows from Kirchhoff!s law that the emissivity is also given by the

expression
£y (T)= 1. ePpr (5)

where both the spectral emissivity (€,) and the spectral absorption

coefficient (A) are functions of the wave number ¥ and the absolute



tempersture T,

The dispersion formula of ILorentz, which is known to give a satis~
| factory repregentation of line shape at moderate pressures and at tem=—
peratures low enough to permit neglect of Doppler broadening, may be

written as

d"j SI'J-
(¥-Fj)rais’

P, = (6)
for a single rotational line, The term Sij represents the integrated
absorption for the line whose center lies at the wave number V&j. The
quantity q&j is ‘the spectral half-width, which is defined as that fre-
quency interval for which the absorption is greater than one~half of
its maximum value, The wave mumbers represented by V&j may be ealculated
from the Bohr frequency rule,

The spectral absorption coefficient P, resulting from all the
rotational transitions of the fundamental vibration-rotation band is, by

an obvious extension of Eq. (6),

o=/ o—=/
P, = § S gyt b Oy ] G
T -/ 2 2 -/ 2
J (V VJO~’J.-,) +« (V— -./i/_’*/') + A
where

Ly
e

+ 3 = the integrated absorption for the transition
in which the vibrational quantum number
changes from O to 1 and the rotational

quantum number from j to j = 1,



&
"

the rotational half-width of the spectral lines
which is assumed toc be the same for all of

the rotational lines 9

L

4 g : % tq the wave number of the line center of the
indicated transition,

At elevated temperatures the value of Py in the region of the
fundamental vibration-rotation band will be influenced by the contribu-
tion from transitions involving energy states above the first excited
vibrational level, This influence can be accounted for by including an
appropriate series of terms in Eq, (7) for changes in vibrational quantum
number n —» n + 1,

From the relation for the spectral emissivity given in Eq, (5) ’
it follows that the total equilibrium intensity of radiation emitted per
unit surface area per unit time into a solid angle of 27 steradians in

the wave mumber interval between F and ¥ + dV by heated gases distributed

uniformly at an optical density of pL is:

Iy = I [l - & PL] (8)

Here .T?; is the intensity of radiation emitted by a blackbody in the wave
number interval between ¥ and ¥V + d# into a solid angle of 2 Wsteradians
per unit surface per unit time, The guantity J)oa is obtained from Eq.

(1) by multiplying by c¢/4. It is given analytically by the relation:

& Cz_V -1
I ar = o ¥ [e /r_,] dv | (9)

vhere
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¥V = wave mmber (cm=L)

i

absolute temperature

Mc*h = 3,732 x 1075 erg - a? sec’“’l

o )

e, ch/K = 1,432 em - °K

According to the Stephan-Boltzmann law, which is obtained by
integrating Eq. (9) over the wave number interval from zero to infinity,
the total energy emitted by a blackbody is proportional to the fourth

power of the absclute temperature, i.e.,
3 =g T4 (10)

where ¢ is the Stephan-Boltzmann constant., The engineering definition

of the overall emissivity is

o
£ = _f I, av /o T4 (11)
-
Since the interest here is in comparing theoretical caleulations with
empirically determined (engineering) emissivities, further discussion
will be restricted to Eq, (11),
The problem of emissivity calculations reduces to the evaluation
of integrals of the type shown as Eq, (11)., This integration ean be
accomplished if the width of the rotational lines is so small that they
may be treated as being completely separated, This problem is considered
in Section IV where it will be shown that the results obtained are
applicable at moderate total pressures provided the optical demsities
are not too large. The integrals can also be evaluated approximately if

~ the pressures are so high that extensive overlapping of the rotational
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lines ececurs, Ths pressures experienced in rocket combustion chambers
are suffieiently high to justify a treatment based on extensive over-
lapping of rotational lines for many molecules,(7) Calculations of the
>emissivities of gases at intermediate pressures and optical densities
are more complicated as the result of partial overlapping of rotational

lines,



III, BASIC NUMERICAL DATA

This section will be devoted to a compilation of the numerieal

data which are necessary for performing emissivity calculations,
A, Delermination of ILine-Widt

The spectral line half-width X is defined as the frequency interval
for which the absorption is greater than one-half its maximum value, The
determination of its magnitude under different conditions of optical
density, total pressure, and temperature is complicated by the mmber
of influeneing factors, such as Doppler broadening, collision broadening,
Vaen der Waal's broadening, electric fields, ete, which affect its value,(13)

The natural half-width of the rotational lines is negligibly
small, Available theoretical and experimental information(4s13) inas-
cates that the rotational lines of a simple diatomic molecule at moderate
pressures may be congidered to be composed primarily of the contributions
resulting from Doppler and collision broadening,

The Doppler half-width of a rotational line is expressed by the

relation(lg),

X, = (log 2)%' (M/Mcg)-g Ve (12)

vhere R is the gas constant per mole, M is the molecular weight of the
emitting gas, and *Q is the wave number of the center of the rotational
line,

The half-width B, resulting from collision broadening can be

obtained from the relation(13),
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Ay = Wt m@ (o - m)/a | (13)

where (@ is the optical collision diameter which must be determined
empirically, and my and m, are the masses of the perturbing and absorbing
molecules, respectively,

Reference to Eq., (12) indicates that the Doppler half-width can
be determined without the use of experimentsal data, For the case of
interest in connection with the present emissivity calculations, i.e.,
at temperatures of 300°and 500° K, the Doppler half-width is negligibly
small compered to O, (For CO at 500° K with F'°® equal to 2100 a7l it
is found that Ay ~ 2,1 x 1073 a2,

It is evident thattie cannot be caleulated from Eqg, (13) since o
must be determined experimentally., For the present ealeculations,
experimentally determined values of the rotational half-width will be
used, It has been found(17) that the rotational half-width for self-
broadening of CO is 0,077 amT™ atm7t, The calculations described in
Section V indicate that this value for the rotational half-width leads
to good agreement with the experimentally determined emissivities reported
by Ullrich, who, however, performed his measurements on mixtures of CO

and air, The rotational half-width for CO-sir mixbures has not been

measured, It is probably somewhat less than 0,077 a7l atnL,

According to the Bohr frequency rule, the transition between two
~
non-degenerate stationary energy states Ei and Ej where Ei.?’Ej’ will be

accompanied by the emission of radiant energy of the frequency:
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E;._E-
b = T;i‘ (14)

where h is Planck's constant and e¢ is the velocity of light, It is well
known that the energy levels for a diatomic vibrating-rotating molecule

can be expressed accurately(m) by the relation

E(,,,Jj)=(n+%)the ~(n+ %) heXee + jlsr1) he Be (15)
S+ ) he De ~(ned ) s (s+1)hea

where
P = H(1-2.)= Ve (1-2 Xe)
X¥* = Xoks =Xele
Bo = Be~ 7 &
Vi) e B
I -5 - ("B‘%ze)[(f‘"%e)/z“]

The empirical constants for carbon monoxide are(lo);

V* = 2142,3 et
Bo = 1,916 ar~l
L* = 0.,00620
¥e = 0,00612
¥ = 0,0089

J = 0,0091

X = 3,199

The wave mumbers of the spectral line centers associated with the
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TABIE I

WAVE NUMBERS (cw™Y) GORRESPONDING TO ENERGY TRANSITIONS
FOR THE FUNDAMENTAIL VIBRATION-ROTATION BAND CF GO

n-~n+l, 0] = =1

je»i=1 0-»l le»2 2«3 3=24 Le>5 526

15 =

20 «>»

28 w
32 =»

50 =»

0 2138,4 2119,7 20854 2058,9 2032.4 2005,9
1 2134,6 2108,1 2081,6 2055,1 2028,6 2002.1
2 2130,6

3 2126,6 2100,3 2073,8 2047.4 2021,0 1994.6
4 2122,6

5 2118,6 2092,3 2066,0 2039,6 2013.2 1986,9
6 21145

7 2110,4 2084,2 2057,9 2031,6 2005,4 1979.1
8 2106.3 '

9 2102,1 2076,0 2049,8 2023,5 1997,3 1971.1
10 2097.9 |
11 2093,6 2067,6 2041.,5 2015,3 1999,2 1963,1
12 2089,3
13  2085,0 2059,1 2033,0 2006,9 1980,9 1954.8
1, 2080,7
15 2076,3 2050.4 202465 1998.4 1972.,4 1946.5
16 2071.9

17 2067.4 2041,7 2015,8 1999,8 1963,9 1938,0
18 2063,0

19 2058,4 2032,8 2006,9 19810 1955,2 1929.4
21  2049.3 2023,8 1998,0 1972,2 1946.4 1920,6
23  2040,1 2014.,6 1993,9 1963.,1 1937.4 1911.8
25 2030,6 2005,3 1979.7 1954,0 1928,4 1902,8
27 2021,1 1995.9 1970.3 1944.,7 1919.,2 1893,6
29 2011,5 1986.4 1960,9 1935,3 1909.9 1884.4
31 2001,7 1976,7 " 1951.3 1927,3 1900.4 1875,0
33 1991,8 1967,0. 1941.6 1916,1 1890,8 1865.5
35 1981,8 1957.,1 1931,7 1906.4 18381.,2 1855.9
37 19717 1947.,0 1921,8 1896,5 1871.4 1846,2
39 1961,4 1936,9 1911,7 1836,5 1861.4 1836,3
41 1951,0 1926,7 1901.6 1876.4 1851., 1826,3
43 1940,5 1916,3 1891,3 1866,1 1841.2 1816,2
45 1929,9 1905.,8 1880.8 1855,8 1831.0 1806,0
47 1919,1 1895.,2 1870,3 1845.3 1820.,6 1795,7
49 1908,3 1884.5 1859,7 1834.,7 1810,1 1785,3

197963
1975.6

1968.1
1960,5
1952,8
1944..9
1936,8
19287
1920.4
1912,0

1903.4
1894.8
1885,9
1877.0
1867,9
1858,8
1849.5
1840,0
1830,5
1820,8
1811,0
1801.1
1791,1
1780.9
1770,7
1760.3
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TABIE I (CONTINUED)

j=»i=1 0=l l1le»2 2-=3 3=4 Le»5 56 67

52 =p 51 1897.,3 1873.7 1848,9 1824,0 1799.5 1774.8 1749.8
5/, == 53 1886,2 1862,7 1838,1 1813,2 1788,7 1764.,1 1739.2
56 =» 55 1875,0 1851.7 1827.1 1802.,3 1771.9 Y753.4 1728,5
58 =2 57 1863,8 1840,6 . 1816,0 1791.3 1767.0 Y742.5 17177
60 = 59 1852,3 1829,3 1804.8 1780.2 1755.9 1731.5 1706,
62 => 61 1840,8 1817.9 1793.5 1769,0 1744.8 1720.L 1695,8
6L —» 63 1829,2 1806.,5 1782.,1 1757.6 1733,5 1709,3 16847
66 =» 65 1817.5 1794.9 1770.6 1746.2 1722,2 1698,0 1673.4
68 =» 67 1805,6 1783,2 1759,0 1734.,6 1710,7 1686,6 1662,1
70 = 69 1793.6 1771.5 1747.4 1723,0 1699,2 1675,1 1650,7
72 - 71 1781,6 1759.6 1735.6 1711,3 1676,9 1663,5 1639.,2
T == T3 1769.5 1757,7 1723.7 1699.4 1675,8 1651,8 1627.5
76 = 75 175?02 173506 1711@7 1687 ol; 166309 164000 1615@3
78 — T7  1744.,9 1723.4 1699,6 1675., 1652,0 1628,2 1604.0
80 =» 79 1732.4 1711.2 1687.4 1663,3 1639,9 1616,2 1592,1
82 -» 81 1719.9 1698,8 1675.1 1651.,1 1627.8 1604.1 1580.1
8L = 83 1707.,2 1686.L 1662,7 1638,8 1615,5 1592,0 1568,0
86 =» 85 1694L.5 1673.8 1650,3 1626, 1603,2 1579,7 1555.8
88 = 87 16817 1661.,2 1637.,7 1613,8 1590,8 1567.4 1543.5
90 -» & 1668,8 1648,5 1625,1 1601,3 1578.3 1555,0 1531.1
92 =» 91 1655.,8 1635,7 1612,  1588,6 1565,7 1542,5 15186
9k =» 93 1642,7 1622,8 1599.6 1575,8 1553,1 1529,9 1506,1
96 -» 95 1629.5 1609,9 1586,7 1563,0 1540,3 1517.2 1493.5
98 => 97 1616,2 1596,8 1573,7 1550.1 1527.5 1504.4  1480.7
100 =» 99 1602,9 1583,7 1560,6 1537.1 1514.6 1490.8 1467.9
105 =» 104 1569,1 1550,5 1527.6 1504.2 1481,9 1459,1 1435.6
110 = 109  1534.,9 1516,8 1494.1 1470.8 1448,7 1426,1 14027
115 b m 150001 1»4-82»7 Méool 14—36.8 ms.l 1392.6 136904
120 -» 119 1464.9 1448,1 1425.7 1402,6 1381,1 1358,8 1335.6
125 b 124 ]462902 MBQO 139008 136709 134605 1324@4 13@104
130 =» 129 1393,1 1377.6 1355,6 1332,7 1311.6 1289,7 1266.8
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TABIE II

WAVE NUMBERS (m“l) CORRESPONDING TO ENERGY TRANSITIONS
FOR THE FUNDAMENTAL VIBRATION-ROTATION BAND OF CO

nesn+l, 8j = +1

Jelerj Ol 12 23 32f Le>5 S5a6 67

0=+ 1 2146,1 2119,6 2093.0 2066, 2039,8 2013.2 1986,5
1l 2 21499 2123,3 2096,7 2070,0 2043,4, 2016,8 1990.1
2= 3 2153,7

3 == L 2157.4 2130,7 2104,0 2077.3 2050,6 2023,9 1997.2
bhe=> 5§ 2161,1 ‘

5ex 6 2164,7 2138,0 2111.2 208404 2057,6 2030,9 20041
6= 7 2168,3

7= 8 21719 2145,1 2118,2 2091, 2064.5 2037.,7 2010.8
8= 9 2175.4

9 «» 10 2178,9 2152,1 2125,1 2098,2 2071.3 2044.4  2017.4
10 = 11 2182.4

11 - 12 2185.8 2158,9 2131.9 2104.9 2077.9 2051.0 2023.9
12 e 13 218902

13 = 14 2192,5 R165,6 2138,5 2111.4 2084.4 20573 2030,2
M - 15 219508

15 - 16 2199.1 2172,1 2L44.9 2117.8 2090.7 2063,6 2036.4
16 =» 17 2202.3

17 = 18 2205.5 2178,5 2151,2 2124,0 2096,8 2069,7 2042.4
18 = 19 2208,7

19 = 20 2211,8 2184,7 215T.4 2130.1 2102.9 2075.6 2048.3
21 == 22 2217.9 2190,8 2163,4 2136,0 2108,7 2081.4 2054.0
23 =» 2/, 2223,9 2196,7 2169.,2 2141.8 2114.4 2087.0 2059.5

R5 =» 26 2229,7 2202.4 21749 2147.4 2120,0 2092,5 2064.9

] == 28 2235,3 2208,0 2180.,5 2152,8 2125,3 2097,8 2070,2
29 o 30 224098 22130 5 218508 2158;1 213096 2103 oo 207505
3l - 32 2246,1 2218,8 2191,1 2163,3 2135,7 2108,0 2080,2
33 == 34 2251,3 2223,9 2196,1 2168,2 2140,6 2112.8 2085.0
35 =» 36 2256,3 2228,9 2201,0 2173,1 21.5,3 2117.5 2089,2
37 = 38 2261,1 2233,7 2205.7 2177.7 2149,9 2122,0 2094.0
39 == 40 2265,8 2238,3 2210,3 2182,2 2154.3 2126,4, 2098.3
41 = 2 2270,3 2242,8 2214,7 2186,5 2158,6 2130.6 2102,
43 = b 2274,6 2247,1 2218,9 2190,7 2162,7 2134L.6 2106,3
45 == 46 2278,8 2251,2 2223.0 2194,7 2166,6 2138.5 2110.1
47 = 48 22827 2255,2 2226,9 2198,5 21704 22,2 2113,7
- 49 = 50 2286,6 2259,0 2230,6 2202,2 2174,0 2145,7 2117.2



j-1=]

Bl - 52
53 = 54
55 = 56
57 =» 58
59 == 60
61 = 62
63 > 64
65 - 66
67 == 68
69 ~ 70
Tl e 72
T3 == T4
75 == 76
T7 = 78
79 ~» 80
8l -» 82
83 == 84
85 = 86
87 - 88
89 = 90
91 = 92
93 =» 94
95 =» 96
97 > 98
99 - 100
10/, = 105
109 =» 110
11 -» 115
119 -» 120
12/, -= 125
129 == 130

O = 1

2290,2
2203,7
2296,9
2300,1
23030
2305,7
2308,3
2310,7
2312.9
2315,0
2316,8
2318,5
2319.9

2321,3

232243
232362
232349
232465
23248
232469
23248
232446
R32461
232344
2322,6
2319.5
23151
230945
2302,5
229462
228465

18

TABIE II (CONTINUED)

1 =2

2262,6
2266,1
2269,4,
227265
22754
2278,2
2280,8
228342
2285,4
22874
2289,3
22910
2292.5
2293.8
22949
2295,8
2296,6
2297.1
229765

2297.6

2297,6
2297.3
2296,9

2296,3 .

229565
229246
2288,4
2282,9
2276,0
22679
2258.4,

2 = 3

223462
2238,0
2240,8
2243.9
224647
2249 o4
2251,9
225463
2256,4
2258,4,
226062
2261,8
2263,2
226/,44,
2265,.5
2266,3
2267,0
2267,5
2267,8
2267.9
2267,8
22617,5
2267.0
2266,3
226544
2262,3
22579
225242
2245,2
2236,9
2227.3

3 - 4

2205.6
2209,0
2212,1
2215,1
2217.8
2220,5
2222,9
2225,1
2227,2
2229,1

2230,8 .

223263
223346
22348
2235,8
2236,8
2237,1
22375
R237.7
22377

22375

2237,1
2236,5
2235,8
22348
223104,
2226,8
2220,9
2213.9
220542
2195.2

2177 o4,
2180,7
2183,7
2186,6
2189,4
2191.9
2194.3
2196,5
2198,5
2200,3
2202,0
R203 04,
R204e7
2205,8
2206,7
220744,
22079
2208,3
22084
2208.4
2208,1
2207,7
R207,1
2206,2
2205,2
2201,7
2197.0
2191,0
2183,6
R175,0
2165,0

5 =3 6

21490
21522
2155,2
2158,1
2160,9
2163,2
2165,5
2167.6
2169,5
2171.3
217249
RL7463
217565
217645
21773
2178.,0
2178,5
_178,7
2178,8
2178,7
2178.4
2177.8
_2177.1
2176,2
2175.1
21715
2166,6
2160,/
2152,9
2144,..0
2133.8

6 > 7

21204
2123,5
2126.5
2129,.2
2131.8
213462
2136,4
2138.4
2140,3
2142,0
214364
2144,.8
2145.9
2146,8
21476
2148.1
2148,5
2148,7
2148,7
2148,5
2148,1
214765
2146,7
R145,.7
R14Ls5
21406
2135,5
2129,0
21213
2112,2
2101.8
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TABIE ITI

WAVE NUMBERS (em™L) CORRESPONDING TO ENERGY TRANSITIONS
FOR THE VIBRATION-ROTATION BAND OF THE FIRST OVERTOWE OF CO

ne>xn+2,Aj = =1

1 - 3 2«-;-1,, 35 b => 6 5 e 7

j j=l O - 2
1o O 42542 4201,1  4148,0  4094.9 40419  3988,8
; > % 4250,3  4197.2  AL44.1 0 409161 4038,1  3985,0
e
g, e Z 424242 4189,2 4136,2 4083,5 4030,3 39773
cudn
g - g 4233.9 4180,9 4128,0 4075,1 4022,3 3969.4
<
g = g 422542 417264, 41195 4066,7 40139 3961,0
o
10 e 9 4—21603 416306 411007 405800 11.005.3 395205
11 = 10
ilg - %21 4207 .1 415464, 41017 40490 3996,/ 3943,6
e '
LU = 13 41976  4145.,0  4092.4  4039.8  3987.3  3934.5
15 = 14
16 = 15 41879 413564 40827 4030,3 3977.8 3925,2
17 = 16
18 = 17 L1779 41254 40729 4020,4 3968,0 3915.5
19 = 18
20 =19  4167.6  4115,2  4062.,8  4010.4 0 3958,1  3905.6
22 -~ 21 4157,0 L1048  4052,3 4000,0  3947.,8  3895.4
2L == 23 - L146,2 409460 40417  3989.4  3937.4  3884L.9

26 = 25 - 4—13500 4083¢0 4030,7 397806 392605 387402
28 = 27 £I123.7 4071.8 4£019.5 3967.4 3915.4 3863,2
30 == 29  4112,0  4060.,2  4008,0  3956,0  3904.0  3851.9
32 =» 31 4100, 4048.4 3996,3 3944, 3892,5 384044
34 == 33 4087,9 4036.4 3984.3 3932,.4 3880,6 3828.6
36 - 35 4075.5 4024,,0 3972.0 392062 3868,.5 3816,6
38 =» 37 4062,8 40114 395945 3907.8 3856,1 380462
40 =» 39  4049.8 3998,6 3946,.7 3895,0 38435 3791.6
42 == 41 4036,6 3985,4 3933,7 3882,0 3830,6 3778.8
bl == 43 4022,1 3972,0 3920,.4 3868,8  3817.4  3765.7
46 =» L5  4007.8  3958,4  3906,8  3855.4  3804.0  3752.4
L8 - L7 3995, 3944..6 3893,0 3841.6 37904 3738.8
50 = L9  3981.1  3930.4  3879.0  3827,6 37764  372Ls9

-



jJe>j=-1

52 == 51
54 == 53
56 == 55
58 = 57
60 == 59
62 =» 61
6/, == 63
66 —= 65
68 = 67
T0 == 69
T2 em 771
T4 == T3
76 = 75
78 - 77
80 == 779
82 - 81
8 «» 83
86 = 85
88 = 87
90 =+ &9
92 e 9]
94 =» 93
96 == 95
98 =» 97
100 = 99
105 == 104
110 =» 109
115 = 114
120 == 119
125 == 124
130 = 129

O = 2

3066,6
3951.8
3936,8
3921,5
3906,0
3890,2
387462
3857.9
3841.4
3827
3807,.7
3790.4
3773.0
3755.2
37372
371962
3700,7
3682,0
3663,2
364440
3624,6
3605,1
3585,3
3565.2
354469
3493.3
3440.3
3385,9
3330,1
3273,0
321446

20

TABIE III (CONTINUED)

13

3916.0
3901.4
3886,6
38714
3856,0
384044
382446
3808.4
3792.1
377565
3758,7
3741.6
372442
3706,8
3688,9
3670,9
3652,6
363442
3615,4
359645
3577 o4
3562,0
3538,3
351844
3498.4
3447.2
3397
3340.8
3285,6
3229.0
3171.2

2 =>4

386446
3850.1
3835,2
3820,2
3804.8
3789.3
377365
375764
3741.1
372ke5
3707.8
3690.8
367345
3656,0
3638,3
3620,3
3602,1
3583,7
3565,0
3546,1
3527,0
3507.7
3488,1
3468,3
3448.3
3397.2
33448
3291.0
3236,0
317965
3121.8

3=>35

381344
3798,9
3784.1
3769.1
375349
3738.4
3722,6
3706,6
3690,4
3673.9
36572
3604.3
3623,1
3605,6
3588,0
35701
3552.0
3533.6
3515.0
3496,2
3477.1
3457.8
343844
3418,6
3398,7
3347.8
3295.6
3242,0
3187.1
3130.8
3073.3

3762,3
3747.8
3733,2
3718,3
3703,1
3687.7
3672,0
3656,1
3640,0
3623.,6
3607,5
3590.1
3573.0
3555,.7
3538,1
3520,3
3502,3
348440
346544
344647
3427.7
3408.6
3389,2
33695
3349.6
3299.0
32/7.0
3193,6
3139.0
3082,9
3025 .6

5 7

3710.8
369664
3681,8
3667,0
3651.9
3636.5
36209
3605.1
3589,0
357246
3556,1
353943
352242
3505,0
348704
346907
34517
3433e5
3415,0
3396,3
33774
3358,3
3338.9
3319.4
3299.5
3249.0
3197.1
3143.9
3089,3
30334
2976.3



J=1le=]

10 =

16 =

18 e
19 wm
2L e
23 =
25 «im
27 =
29 oobm
31 -
33 ==
35 wm
37
39 =p
FARE=S
43 =
45 =
7 -
49 ==

WAVE NUMBERS (Gm”l) CORRESPONDING TO EWERGY TRANSITIONS

21

TABILE IV

FOR THE VIBRATION=-ROTATION BAND OF THE FIRST OVERIOHE OF CO

e |
EREBomwounrwor

E

15
16
17
18
19
20
22
24
26
28
30
32
34
36
38
40
42
b4

48
50

0 -2 2

4261,8
4265,6

4272,8
42797
428644
4292,8
4298,8
£301,1

4304,6
431543

4320.2
432447
4329,1
4333,0
4336,8
434042
434249
4346,1
434845
£350,8
4352,6
435462
435465
435644
435701
4357 04

nes=n+2, b8j

1l =3
4208,6
L2124
4219.6
422644,
4233.0
423942
42453
4251,0

425664

4261,6

4266,4,
4271,0
4275.2
42792
42828
428642
4289.3
4292,0
429465
4296,6
4298,6
4300.1
4301.3
430242
4302,9
430362

2 =

415545
4159,1

416642
4173,0
4179.6
4185,8
41917
4197,3
4202,7
4207,8

4212,5
4217,0
42212
4225,1
4228,7
4232,0
423409
4237.7
4240,0
4RL2,1
4243.9
4245 o4
424605
LR24T o4
42479
4248,1

=

+1

3 =5
4102.3
4106,0
4113.0
41197
412642
413243
41382
4143,7
4149.0
415440
41587
4163,2
4167,2

4171,1
417466

' 4177 @ 8

4180,7
4183,4,
4185,7
4187,7
41894
4190,8
4191,9
4192.7
4193.1
4193.3

b > 6

4049.3
4052,8

40598
4066,.4
4072,8
4078,9
408467
4090,2
40954
410003

4105,0
4109,3
411344
4117.1
4120.6
4123,7
4126,6
4129,1
41314
4133,3
41350
4136,2
4137,3
4138,0
4138,5
4138,6

5 o 77

3996,1
3996,6

400645
4013.0
4021,3
402544
4031.1
4036,6
4041.7
404645

4051.1
405544
4059.4
£063,0
406644
40695
407242
407449
4076,9
£078,8
4080,3
4081,6
4082,5
4083,2
4083.5
408345



J=1-]

5L - 52
53 == 54
55 w» 56
57 —= 58
59 = 60
6l = 62
63 = 6/
65 = 66
67 = 68
69 == 70
TL e 772
73 == T
75 w76
Tl == 78
79 == 80
8l - &2
83 > &4
85 = 86
87 - 88
89 =~ 90
01 = 92
93 ==~ 94
95 = 96
97 > 98
99 =» 100
104 «» 105
109 =» 110
11/, - 115
119 w» 120
124, == 125
129 = 130

O => 2

435744
43571
435644
435545
435443
4352,7
4350,8
434845
4346,0
434362
433969
4336,4
433246
43284
4323.9
4319.0
4313.9
4308.2
4302,5
4296,3
4289,8
4282,9
427569
426842
4260,3
4239,1
42157
4190,2
4162.4
4132.4
4100,1

22

TABLE IV (CONTINUED)

1w 3

430342
4302,9
430242
4301,3
4300.1
4298.5
4296,6
42904,
4291.8
4289,0
4285,8
4282,3
4278,5
42743
4269,8
4265,0
425948
425404,
4248,6
4R42e4
4236,0
4229,1
4222,0
421465
4206,6
4185,6
41624,
4136.9
4109 04
4079.5
4O4T o4y

4248,1
424767
4247,0
4246,0
4244,6
42429
4241,0
42387
4R36,0
4233.1
4229,9
422603
422204,
4218,1
4213.5
4208,6
420344
4197,8
4191,9
4185,7
4179,1
4172,2
4165,0
415704
4194
4128,2
410447
4079,0
4051.2
40212
3988,9

4193,1
4192,7
4191.9
43190,8
41894,
4187,7
4185,6
4183,2
4180,6
4177.6
417462
4170.6
4166,6
4162,3
41576
4152,6
L1LT o,
41417
4135,7
4129,/
4122,8
4115,8
4108,5
4100,8
40928
4071.3
40417
£021,9
3993,9
3963,6
3931.2

JARE S

4138,/
4137.8
£137,0
4135,9
413k44
‘4'132.6
4‘130.5
4128,1
412543
4122,3
41184
41151
4111,1
4106,

4102,0
4097,0
40917
40859
4080,0
4073,6
4066,9
4059.8
4052¢5
4044a8
4036,8
4015,2
3914
3965.4
3937.3
390649
3874e4

5 =3 7

408342
4082,6
4081,7
4080.5
4079.0
4077.1
40749
407244,
4069.5
4066,4
4062,9
4059,1
4055,0
4050,6
4045,8
404046
40352
402944
402343
4016,9
4010,1
4003,0
3995.5
3987.7
3979.6
3957.7
3933.8
3907.6
387942
3848,6
3810.8
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TABIE W

WAVE NUMBERS (em™}) CORRESPONDING TO ENERGY TRANSITIONS

FOR THE VIBRATTON-ROTATION BAND OF THE SECOND OVERTONE OF CO

1 e
R
by tm
6
8w
10 =
12 =

16 =»
18 =
20 =
22 wm

26 -

28 ot

30 -
32 ==
34 -
36 =m
38 ==
LD =
L2 =

46 -

48 =

50 =»
52 -
5/ mm
56 -
58 =

60 =»

62 =»
6l -
66 w»

68 =»

70 <>

ne-snt3, Q4j

0 o 3

634304
6339.5
6331,2
6322,5
6313,
6303,9
6293,9
6283,6
6272,9
6261,6
6250,0
6238,0
6225,6
6212,8
6199.5
6185,9
6171.8
6157.3
61425
6127.2
6111.5
609544
6078.9
6062,1
60447
6027.1
6009,0
5990.5
5971.7
5952¢5
5932.8
5912,7
589244
58715
5850,3
5828,8

1 e 2

6263,7
6259,8
6251,7
6243.1
623460
62246
6214.8
620445
6193,8
6171,2
6159,2
614649
6134.2
6121.0

6107.5.

60935
6079.1
60644
6049.2
6033,6
6017,7
6001, 3
598445
5967 4
5949.8
5931.9
5913.5
5894.8
5875.6
585642
5836,2
5816,0
57953
5174he2
5752,8

=

=1

2 = 5

618440
6180,1
6172,0
6163,6
615446
6145.2
6135.4
6125,2
6114.6
6103,6
6092,2
6080,2
6068,0
605544
6042o3‘
6028,8
60149
6000, 6
59859
5970.8
595543
59394
5923,1
5901,6
5883,8
5871.8
58540
583567
5817,0
5798,0
577865
5758,6
5738,6
5717.9
5696,9
5675.5

6104.4
6100,6
6092.6
60841
60753
6065,9
6056,2
6046,1
6035,6
6024.6
6013,2
6001.5
5989.3
5976,7
5963,6
5950,2
593644
5922,2
5907.6
589246
5877.1
586143
5845.1
5828.4
5811e4
579440
5776.2
5758,0
57394
5720s4
5701.0
5681,3
5661,1
56406
5619.7
5598.4
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TABLE V' (CONTINUED)

jJe>J=-1 0 =3 1=/ 2 = 5 3 6
72 = 71 5806,8 5730.9 5653,8 55767
T4 == 73 578445 5708,7 5631,6 555446
76 -= 75 5761,7 5686,2 5609.2 55322
78 ~= 77 5738.6 5663,2 558643 55094
80 —» 79 5715,1 5639.9 5563,0 5486,2
82 Latad 81 5691.3 561602 553904 546206
84 == 83 5667,0 5592,1 551543 5438,7
86 = 85 564,244, 5567,6 5491,0 541463
88 b o 87 561704 554208 54-6692 538907
90 == 89 5592,0 5517.,6 544140 536446
92 == 91 556643 5492,0 541545 5339.2
9% == 93 5540.2 5466,1 5389,7 5313.4
96 -~ 95 5513.8 5439,8 536344 5287,2
98 == 97 5486,9 5413.1 5336,8 5260,7

100 =~ 9 545967 5386.1 5309.9 5233,8

105 - 104 5390.1 5316,9 5240,8 5165,0

110 - 109 5318,2 524545 5169.6 50939

115 == 114 5244,1 5171,8 5006,2 5020,6

120 ==~ 119 5167, 5095.9 5020.4 494560

125 == 124 5089.1 5017.8 494265 4867.2

130 L 129 50080 [}- 4937 ® 5 4—862 o-’llv 478703
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TABLE VI

WAVE NUMBERS (cmrl) CORRESPONDING TO ENERGY TRANSITIONS

FOR THE VIBRATION~-ROTATION BARD OF THE SECOND OVERIONWE (F CO

j-l=3j
0 = 1
1 == 2
3 ==
5 = b6
7 - 8
9 - 10
11 == 12
13 == 14
15 - 16
17 = 18
19 = .20
21 = 22
23 == 24
25 w26
27 - 28
29 == 30
32 == 32
33 == 34
35 == 36
37 -» 38
39 - 40
Ll =» A2
43 == L4
L5 == 46
K1 == 48
9 = 50
51 = 52
53 == 54
55 == 56
57 = 58
59 == 60
6l == 62
63 == 64
65 —= 66
67 == 68
70

69 —»

0 = 32

6351,0
63547
63617
6368,2
637402
6380,0
6385,3
639042
63945
6398.4
64019
64,05,0
6407,7
6409.9
6411,7
6412,9
6413,8
6414.3
641443
6413.8
6412,9
6411.6
64097
64075
6404.,8
6401,6
6398,0
6393.9
6389.4
638444
6378,9
6373,0
6366,6
6359,9
6352,6
634447

83

e 4

6271.3
627449
6281,9
6283,3
629444
6300,0
6305,2
6309.9
63143
6318,2
6321,6
63247
6327,3
6329.4
6331.2
6332.4
6333.3
6333,7
6333.6
6333.1
6332,2
6330.8
6329,0
6326,7
6324,.0
6320.8
6317,1
6313,0
6308,5

- 6303.5

6298,0
6292.1
6285,7
6278.9
6271,6
6263.8

+1

2 =5

6191,6
6195,1
6202,0
6208,4
6214s4
6219.9
6225,0
6229,7
6234.,0
6237.8
6241,2
624402
6246,
6248,8
6250.4
625166
625244
6252,8
6252.6
6252,0
6251,0
6249,6
624747
62454
6242,5
6239,2
6235,6
623104
6226,8
6221,8
621642
6210.2
6203.7
6196,9
618944
6181,6

6111,8
6115,4
6122,2
6128 & 5
613404
6140.4
6145.1
6149.8
61540
6157,9
6161,3
61643
6166,9
6169.1
6170,9
6172,3
6173,3
6173,9
61740
6173.8
6173.2
6172.2
6170,8
6168,9
6166,7
6164,.1
6161,1
6157,7
6153+9
6149.7
614562
6140,2
61348
6129,1
6123,0
61165
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TABLE VI (CONTINUED)

J=1le3 0~ 3 1=/ 2 e 5 3 -m6
71 == 72 6336,5 6255,6 6173.3 6109,7
73 = T4 6327.8 6246,9 61646 61024
75 == 76 6318.7 6237.7 6155.3 609408
77 = 78 6309,0 6228,1 6145,6 6086,8
79 == 80 6298,9 6218,0 6135.4 6078,.4
8l - 82 6288,3 6207 o4, 6124,8 6069,6
83 Laad 84 62773 2 6196.3 6113¢6 6060a4
85 — 86 62657 618..8 6102,0 6051,0
87 - 88 6253.7 6172,8 6090,0 6041,1
89, L 90 62[;-102 6160.3 607704 603098
91 = 92 6228,3 6147 .4, 6064..4 6020,2
93 i 94' 621408 6134«0 605100 600902
95 == 96 6200,9 6120,1 6037,0 5997.8
97 —> 98 6186.5 6105,7 6022,4 5986,1
99 L o4 100 61710 6 6090 @& 8 600706 597!!—00

104 == 105 6132,4 6051,5 5968,1 594242

109 = 110 6089.8 6009,2 5925,6 5908.1

114 sl 115 6044- 3 5963 @ 8 5880 @ l 587.10 8

119 = 120 599597 5915 QZI- 583104 583303

124, = 125 594401 5863.8 57797 57925

129 —= 130 5889.3 5809,2 572449 574946
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crs ne=nt+91 nern+?2 n->nt+3
energy transitions E;j—s»jil ’ Ej»jil s and Ej—rjil

(the fundamental and first and second overtones) for carbon monoxide are

listed in Tables I - VI, ine,

The following outline for the calculation of integrated absorption
for general vibrating-rotating diatomic molecules is valid for emitters
which are in thermodynamic equilibrium,

The integrated absorptions for transitions from the ground
vibrational level for the rotational lines of a diatomic molecule; in
the region of the fundamental vibration-rotation spectrum is given by

Oppenheimer's equation(14),

o>/ ) - .
gor/ L MTE Ky Jewl®UT] Lo
IS 3 Vowr D (2j+1) evp[-Emif T ]
. n J
and
g7 ML Py Jexs[- 54T ] F'g’
"/""'J’ e - . - EJ 5 ' ! 17
J ey Foms Zn§(2J+/)eyp[ ”/kT (17)
The various symbols have the following meaning:
Np = number of emitting molecules per unit volume per unit of

total pressure

reduced mass of carbon monoxide

/U.

& = effective charge (esu) which must be determined empérically
¢ = velocity of light |
E - th . th .
n,j = energy of the n~ vibrational and ™ rotational level, an

explicit expression for which was given previously
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er = wave number (an"l) corresponding to the (forbidden) trans~
ition j =0 =»J = 0 and n = O =en = 1
y o= ?: = wave number for the rotational transition j -# j! and the
'-’
vibrational transition n -» nt
T = temperature in g
k = +the Boltzmann constant = 1,38048 x f!.O"".“.'6 erg/°K
~27
h = Planck's constant = 6,6242 x 10 erg-sec
I = moment of inertia of the emitting molecule
= hz/&rTTFk and 0T = 2,743 degrees for carbon monoxide
F=1+4{(1+£ﬁ_ﬁ)
J 8 8

¥J _ 3x
Tt = - PR .
i 1-4%5(1- = z )

o>/
¢ s 1-em e (hH L)

o*=/

G = 1 - exp _(hc 'JJ-/*./A 7-)
Y = WAIFI Fosy = 2.8116 x 107

As is discussed in more detail in Section D, the term
,f_— Z (2] + 1) exp = (En,j/kT) represents the complete partition
functi‘:)n and can be evaluated by standard statistical methods, If this
term is represented by ijm’ then Eq, (16) and (17) can be written as:

o>/ ,
0*/ (/"‘—C' Qvjrm (})7 " J. ey/%(f%T)JFG) e

/
‘J*"— Fows
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0_—:—1‘/ (NrCQVJm) ‘E‘I—u‘/ cEp- ( lJ/k )]EIG") (19)

Voss

respectively,

The term in the first bracket of Eqs. (18) and (19) is temperature=
dependent because both Ny and ijm vary with temperature., The effective
charge € is presumably a constant, It has been determined empirieally
and has the value 3.14 x 10~10 electrostatic units.(l7) Assuning the

validity of the ideal gas law, it is found for carbon monoxide at 300%K

that
2
‘%‘LEE% = 246,904 atmos™ an?
or
2 .
I7E 74014 x 1012 (em_sec—aﬁmos)_l
3/1,/. c

Using the listed numerical value for Hﬂ]ﬁa/B , it is a simple
matter to determine the value of @ = N@"Ez/? ? ijm by calewlating
ijm according to the method described in Section III.D. In particular,
at BOOOK, it will be shown (Cf, Section III.D) that

Ui = 0,66122
whence it follows that

2
4!23?5§¥— = 373.4 an™? atmos™t
_;a., c* Qyim
Referring to Eqs, (18) and (19), it is apparent that the terms in
the second brackets are also dependent on the temperature but do not

~ depend upon the effective charge and therefore can be caleulated
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accurately without requiring knowledge of integrated absorption. These
dimensionless terms are represented by A ? :::% -1 and A ? :’llur 5
respectively, where the superscripis and subscripts dencte, agein, the
vibrational and rotational transitions, respectively, They have been
evaluated at 300, 500, and 1000°K, the results being summarized in
Tables VII through IX,

By the combined use of the value of (3 with the data listed in
Tables ViI through IX, it is possible to evaluate the integrated absorption

for the rotational transitions from the relations:

0~>1 = 0->1
Sisi-1 P55 ' z0)
0= 1 = 0 =»1
P11y TR Ty (21)
Numerical values for § O = % and 01 are also listed
j=i-1 j-1-j

in Tables VIT to IX,

A revision of integrated absorption values required as the result
of a change in effective charge may be accomplished by a recalculation
of Tables VII to IX, Relative values of integrated absorption for
different rotational transitions are independent of effective charge and
may be determined directly from the data aveilable in Tables VII through
IX.

The integrated absorption for the rotational lines composing the
first overtone will be identified by the symbols S O => 2 and

j—~i-1

jol-sj’? depending upon the particular rotational transitions
0 -2 and § 0 -=2

vwhich are involved, The quantities S o> g-1 PR
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TABLE VII

TABUIATED INTEGRATED ABSORPTIONS FOR CARBON MONOXIDE

J»3-1

L%
4
VRN WNHO

AT 300° K

10°4%3-3-1 s O*1

545279
10,712
15,279
19,016
21,785
236514
24,0236
23,996
22,969
21,317
19,227
16,884
146453
12,074

9,8505

78568

661269

4o6734,

304899

2,5509

1,2808

0,5924

0,2529

0,0998

0,036/

0,0021

0.0001

J+3-1

200642
369999
5,7053
7.1007
861347
8,7803
9.,0499
8,9603
8,5768
79599
71795
6,3096
503969
465085
3,6782
2,9338
242878
17451
1,3031
#95252
47826
#22121
2094435
#037266
»013592
«0078415
00373407

Transition

J=1-3

LR 3R 25 2K SE SR 2K 2R 2R 2N 2R 2 7

BB vwxgcuswmnm

565716
10,879
15,641
19.619
22,647
244639
254579
25,535
24,6634
23,038
20,940
18,529
15,985
13,456
11,063
18,8886

6,9855

53698

460391

2,9752

1,6220

0,7725

0,3399

0,1383

0,0521

0,001%

0,0000

10%495-1+3 s 01

J=1~]

2,0805
460623
58405
703259
844565
9,2004
9,5514
9.5349
9,1985
88,6026
7.8191
6,9139
5,9689
500246
451310
3,3190
2,608/,
2,0051
1.5082
1.1110
0,60567
0,28845
0,12692
2051642
019455
0052276
0,00000



32

TABLE VIII

TABUIATED: INTEGRATED ABSORPTIONS FOR CARBON MONOXIDE

. AT 500°
Trangition Transition
1 05,57 Osl R 2p0s 5, 0-1
j=1+3 10°4% 3~ s 97 Pl 10001y s 9T
0» 1 404239 . 0076902 ls O 4@4215 0076861
1. 2 8,702 151270 25 1 8,6955 1,51157
2+ 3 12,698 2,2073, 3. 2 12,681 2,20439
3 “+» 4 160286 2083106 4. P 3 16¢250 2982[;,8@
L+ 5 19,356 3,36473 54 4 19,325 3,35934,
5 > 6 21@863 3980053 6 L 5 219829 39794‘62
6 L ? 23;753 4012908 7 L 6 230671 4911!&82
7 o 8 24,949 L.33698 8w 7 24,861 432169
8 s 0 25,532 4e43833 9w 8 25,437 4e42181
9 »10 25,525 443711 10+ 9 25,425 4641973
11 512 24,049 £.18053 12 » 11 23,869 4s 14924,
13 » 1, 21,076 3,66372 1 « 13 20,843 3,62322
15 «16 17,316 3,01011 16 «15 17,054 2,964,57
17 18 13,401 232955 18 +17 13,139 2,28400
19 +20  9,8041 1.70429 20 19  9,5657 11,6628,
21 » 22  6,7962 1,18141 22 » 21 6,5965 1, 14670
23 w24 44719 0. 77137 24 « 23  4,3162 0,75030
25 » 26  2,7993 0,48661 26 »25  2,6840 0446657
27 =~ 28 1.6649 028942 28 « 27 1.5877 027600
29 +30  9,4388 x 1071 0,16408 30 #29 89436 0,15547
31 +32 5,100l x 1072  0,088658 32«31 L8009 0,083456
33 =34 2,6287 x 1071 0,045696 34 ~33 W55 0,042720
35 36  1,2928 x 100 0,022473 36 + 35 12002 _  0,020864
37 +38  6,0739 x 107 0,010559 38 » 37 560131 009737
39 =40 2,7258 x 107%  0.0047384 40 * 39 L249107L 004330
L1 +/2 1,1678 x 1070 0,0020300 2 » 41 ,10508=1 001842
43 ~ 44 4.7830 x 1072 0,00083195 L 13 L430807F 000749
45 =16  1.8720 x 1072 ,00032542 xyr JBTLE2 0002911
7 +48  7,0211 x 107%  ,00012205 L8 » 7 522473 0001082
49 +50  2,5196 x 107% 000043799 50 »49 2214470 00003849
51 +52 8,501l x 10™7  ,000014778 52 + 51 J75306=4 00001309
53 +54 2,787, x 1072 0000048455 54 * 53 J245467%F 000004267

55 »56  6,8517 x 1070 0000011911 56 =55  9242"0  ,000001343
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Joj=1

2

10°A%3>3-1

20,134
40,023
776763
1109 80
137.25
155,86
166,17
168,43
163,55
152,90
138906
120,74
102,39
84.367
67,591
52,699
40,022
29,621
21,370
15,044
10,332
6,9282
465350
2,8999
1,8112
1,1058
0,6598
03848
0,2213
0,1225
0,0668
10,0357
0,0186
0,0095
0,0042
0,0023
0,0011
0,0005

33

TABIE IX

AT 1000° K
Transition
108 01
Joj=1 PR
1.80576 Os 1
3058955 1as 2
6497435 3= 4
9.,93735 5 6
12030958 7T 8
13,97866 9= 10
14.,90333 1= 12
15,10603 13« 14
14,66835 15 = 16
13,71319 17 » 18
12»38223 19 > 20
10,8288, 21 » 22
9,18308 23 » 2/
7056665 25 » 26
6,06205 27 » 28
4672643 29 » 30
3658964, 31+ 32
2,65662 33 » 34
1,91662 35 *» 36
1.34926 37 » 38
0,92656 39 * 40
062137 41 > 42
0406732 L3 *
0,26008 L5 * L6
0016244, 47 * 48
0,099176 49 * 50
Os059176 51 a» 52
0,034511 53 » 54
0,019848 55 » 56
00010986 57 » 58
0,005991 59 » 60
0,003203 61l » 62
0.001668 63 » 64
0000852 65 » 66
0000430 67 » 68
0,000206 69 =70
0,000098 7L »72
0,000044, 73 +7L4

TABULATED INTEGRATED ABSORPTIONS FCR CARBON MONOXIDE

10°4%3-13

20,039
39,654
764330
107,76
132424
148,78
157,12
157,77
151,76
140,53
125623
108,83
91,406
74e564
59,140
454649
34,310
22,865
17,941
12,494
804898
56292
366443
243033
1.4222
0,8581
0,5058
00,2915
0,1712
0,0771
0,0485
0.0270
0,0139
0,0071
0,0035

00,0017 .

0,0008
0,0004

10s 01

J-1+3

179724,
3455646
6,84583
9066470
11,86025
13,34368
1409167
14.14997
13,61094
12,60376
11,23154
.19,76067
8,19796
668744,
5030411
4e09414
3,07717
205070
1.60908
1,12055
0,76143
0,50487
0632685
0,20658
0.12755
0,07696
0,04536
0,02614
001535
0006915
0,004350
0,002422
0,001247
0,000636
0,000313
0,000152
0,000071
00000358
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TABIE X

TABUIATED INTEGRATED ABSORPTIONS FOR CARBON MONOXIDE AT 300°

Transition 102 S
Joj-1

1.
2 =
3 —»
b,
5 —p
6 ~»
T >
8 -
9 wp
10 «»
11 = 10
12 = 11
13 = 12
1 == 13
15 —» 14
16 =» 15
17 -» 16
18 ~» 17
19 =+ 18
20 =+ 19
22 = 21
2 =-» 23
26 = 25
28 — 27
30 =+ 29
35 =+ 34
40 =» 39

VR-JondWhMKHFO

0 > 2

1.42843
2,76793
3.94807
4,91368
5,62921
6,07597
6426253
6,20053
5,93510
5,50825
4696821
4ie 36624,
3473465
3,11988
2,54531
2,03019
1.58316
1,20761
0.901705
0,659144,
04330956
0.153077
0065349
.025788
»009405
.005426
002840

joi-~-1

Transition
J=-1-7

GREBomaaunswn

EERREEREEEERER

2 a0 =p2
10 8
J=1e]

143971
2,81111
4604163
5,06952
5685190
6.36668
6.60957
6,59815
6,36536
5:95300
5441082
478788
413048
3647702
2,85865
2.29675
1.80501
1,38753
1.04367
0.768812
0:419124
0,199607
2087828
2035736
0013463
-0036175
»00000
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are obtained from S g ::'% , and S g :'il_’ g » Tespectively, by

multiplying by the ratio of integrated absorption of the first overtone
to the integrated absorption for the fundemental, The experimentally

observed ratio(17) is

1.64/237 = 6,92 x 10™° (22)

Using this ratio, the results sumarized in Table X are obtained for

S ? “%; ? , end S ? ﬁlzu?j at 300°K,

The complete pariition function

Qgm = % (2§ + 1) ex - (Ea, /D)

may be evaluated by standard statistical methodse(lo)

If the molecule is approximated as an ideal diatomic gas, l.€.,
a diatomic gas whose energy is equal to the sum of the energies of a
one~dimensional harmonic oseillator and of a rigid rotator, then it can

be shown that(lo)

- / Pl o P Pl 7]
Quim = Fl-e=j (’*3 tEIE)e (23)

N

where
= absolute temperature (©K)

. Planck's constant = (6,6242 x 10~%7 erg-sec)

=~
I

the Boltzmann constant = 1,38048 x 1016 erg/°k

< o
il i

the vibrational frequency of the molecule under consideration
7T = W/8IIk
W = h/fk
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The spectroscopic data for carbon monoxide eollected by Sponer(ll)

lead to the results

L ¥

]

2,743 degrees

ul 3066,9 degrees,

Using these data, representative numerieal valuves of vaj for

carbon monoxide treated as an ideal diatomic gas are summarized below:
TABLE XI

ijm FOR CO (ASSUMED AN IDEAL DIATOMIC GAS) AS A FUNCTION OF T

2(°K) Syin_
300 0.66122
500 8,52205
1000 82,5871

If allowance is made for vibration-rotation interactions within
the molecules , and using an expression for the internal energy of the
form given in Eq. (23), it is found that the partition function for the

general diatomic gas(lo) is:

tuh

!
Qujm = Fe%) [’ +

| *
vhere | e¢f~(%[:—z'1e"%"])

2y 2Xu |
t *@JT-/) +(e“—')zj [erp*{r[km %} =

is derived from exp“(Eo:O/hm)
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and
T = absolute temperature (°K)

velocity of light = 2,9977 x 1010 cm/sec

- Q
]

= Bohe/k = 2,743 degrees

= hek, (1 - x,)/k = 3066.9
= 0,0089%

= 0,0091

ooy x Boe

= 1,916 et
Numerical values of Qujp calculated using Eq, (24) are swmarized

below:

TABLE XII

Qvﬁm FOR CO (GENERAL DIATOMIC GAS, VIBRATION ROTATION INTERACTION) AS A

FUNCTICN OF T.

T(°K) ijg
300 0.630956
500 8,292231

1000 81,650755
1
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IV, EMISSIVITY CAICUIATIONS FOR DIATOMIC GASES WITH NON-OVERLAPPING

ROTATIONAL LINES

The basic equation for making emissivity calculations has been

given previously in Eq. (11), viz.,
€= S,,JP d"/d"T" (11)

If Jp, is calculated from Eq, (8) and B, is determined from the dispersion
formula presented in Eq. (7), then Eq. (11) can be used for calculating
the emissivity at all values of the total pressure and the optical den~
sity., A calculation of this sort is extremely laborious and requires
numeriecal inbtegrations, For this reason the present diseussion will be
restricted to developing appropriate relations for caleulating the
emissivity for non-overlapping rotational lines, The results of these
caleulations will supplement previously published data which are reliable
only under conditions of extensive overlapping of rotational 1ines.(5’7)
A% low pressures the rotational lines are so narrow that the con-
tribution to Py at any wave number will originate with but a single
rotational line, This means, for example, that in the viecinity of the
rotational line whose center is at V 0 =1 s the only term which

J—-»3i~-1
mekes an appreciable contribution in the evaluation of P in that region

2

is
o)
J>y=/

((r-r77; )

J S

Therefore, it is possible to subdivide the interval of integration of
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Eq. (7) in such a manner that each subinterval is centered about one of

the wave numbers V? :g’ £q e Within the limits of error of the

assunption of non-overlapping lines, the following close approximation

is obtained:

a*/

jD.»de Jw, [,,e_ (Fieri ]dr’

Ar;
o>/

+J(;,:3)S[f- (Bt )}dﬂ

Q0 - 1
Here JO(Vj-»j—l

approximation, the speetral intensrbies of a blackbody radiator evaluated

) and 3% V 0 ‘“’ 1 j) represent, to a very close

at the line centers corresponding to the indiecated transitions,

. s 01 0=+>1
Similarly, Pj__’j”la,nd Pjul-«y:j

of the spectral absorption cocefficient which would be valid if only the

are the characteristic values

indicated transitions occurred. The actual extent of the subintervals
AVi may be chosen arbitrarily, For convenience, they may be chosen to
extend from a wave number midway between two line centers to the wave
mmber midway between the next successive line centers, The subinter=

vals need not be of equal width, The error introduced by replacing

f e
Pl o}
o-’l

§7 pme e
—00

for the non~overlapping condition is negligibly small at low values of

by

optical density., The magnitude of this error inereases with increasing

optical density pL, i.e., increased overlepping of rotational lines, and

(25)
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can be esbimated readily by numerical calculations of the type deseribed
in Section V.A, The sumation indieated by Eq. (25) then becomes

S Jp dr = Z {J (Jo:j-;)jw[' ~e~ s ? Jdr‘

(26)
+ (H/'-/—r./') [ 1=
—
Infinite integrals of this type have been evaluated by Ladenburg
and Reiche for spectral absorption coefficients given by Eq. (6). The
integrations result in the expression
h->n+1
iad "(PJ':J‘*i“/ PL) -¥%
5 /I— €& dy = 2Ty e [Ja[?z./ ) =2 (ZZ/)J
. 27)
where
X, = sp—>nrv L/2 T
J J~»3 3 pL/
Jo = Bessel function of zero order
Jl =  Bessel funection of first order,
. 7
Substitution into Eq. (26) results in
) - .zITdZ S ~”’
Jrdr - J (Reeg-d B € [h(id)-1, 2 7‘”] (28)
o 2

s
+ \/( o )%j., € Jo(z%n)‘Z'J/{fo-'ﬂ

Fjersy
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v = 0 =»1
Y Sy .1P/Rme

Y= s g’ =t 5 PL/27TA
This equation indicates the method of calculation of the summed intensity
of radiation of a series of non-overlapping rotational lines ecomposing a
given vibration-rotation band,
Eq, (27) may be used to obbain asymptotic limiting forms for small
and large values of Y jo The Bessel function J,(¥) can be written(18)

a8 a power series in ¥/2 as follows:

()" (%)™ ()™ et
Jn (£) = olnl ~ 7i7(mi)! T Zitnez)! T 3/2(m3).’+

Therefore, incorporating suitable expansions of the remaining terms,

-2 '
L Hye  [o(i)-2Ji (2 2)] -

%. -0 (29)
. Z.L' ﬂJ'I—J%"? pll)
%1~ 3+ p 77 '
where only the first term need be retained for sufficiently small values
of X jo Similarly, for large values of %j s
...z"' ~ 4 . )
Lim  alrX¥j€ [Ja(z'Z;')'ZJ(?Z/)Jz'Z"‘”’—’%' (30)

ﬂ(j -~ 00
The application of Eq, (29) is particularly useful in calculations in-

volving non~overlapping rotational lines, The condition of large v 3
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for which Eq, (30) applies, generally implies the occurrence of appre-
ciable overlapping between rotational lines,

A% elevated temperatures it is necessary to consider the contri-
butions from vibrational transitions other tham the O =» 1 transitions,
For this reason, the total radiation intensity must be ealeulated by
including in the sum indicated in Eq, (28) terms resulting from the higher
vibrational transitions (2 =» 1, 3 =» 2, 4 =» 3, ete,, in addition to
1l -» 0), Furthermore, at large optical densities, overtone transitions
may make appreciable contributions such that the vibrational transitions
2 =»0, 3 =1, 4.‘ - 2, e‘bc,‘ must be considersd,

For non-overlapping rotational lines the intensity of radiation
emitted by the first overtone is given by an obvious modification of

Eq. (28), Thus, for the first overtone of CO,

J=J-/

> -%
wa’ dr = 'Urdg {‘/(V"+z )%J e [Jo(z% ZJ,(?%)J (31)

o 76"/ ’ . . ’
+ S(pr2T? ) 7(., -~ € [Ja (¢ %"‘I)~Z I Zj”!]}

J1>J)

where:

/ g 0=-»2
7(’5 1 53-1 pL/2 Tt

‘ - 'O = 2
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V. NUMERICAL EMISSIVITY CALCULATIONS FOR CARBON MONOXIDE AT 300° K

This section will be devoted to the numerical emissivity cal-

culations of earbon monoxide at 300° K,

4, Overlapping Between Adjacent Rotational Lines

As was discussed in Sections III and IV, emissivity calculations
for non-overlapping lines, at temperatures low enough to permit neglect
of Doppler broadening, can be ecarried out since the rotational line-
shape is represented satisfaétorily by the dispersion formula of Lorentz,
Eq. (6),

To illustrate the effect of overlapping on P, , representative
calculations involving the contributions to P, from two adjacent
rotational lines have been carried out, In this case the correct expression

for the emissivity is evidently
€ = 1-em [-®, +R) L) (32)

where Py, and Py represenﬁ; respectively, the values of the spectral
absorption coefficients arising from each of the two rotational lines
separately, If the two rotational lines are separated sufficiently to
permit neglect of overlapping, then the spectral emissivity is represent-

ed by the relation

4

En= [1 - exp (=P, pL)] + [l - exp (-P,, pL)] (33)

By evaluating the difference &, - &' from Egs. (32) and (33) we can

determine the error incurred in making numerical emissivity calculations
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if overlapping between two adjacent rotational lines is ignored, The

resulting expression is

‘ (Pr,* Py, * By B ) POT
E=Ev ==(p, x P, ) I° & 5 oo (34)
)

which can be used to estimate the amount by which neglect of overlapping
between adjacent lines overestimates the value of the emissivity for
small values of P Y, pL and P p, pL,

Emissivity calculations for two rotational lines based on the
correct expression given in Eg, (32), can be used as a qualitative guide
in ascertaining the limits of validity of theoretical calculations based
on a treatment for non-overlapping rotational lines. Thus if the optical
density is sufficiently small to permit neglect of overlapping between
the two strongest adjacent rotational lines, then emissiviity calculations
based on Eq, (28) should give valid results.

In Fig, 1 the spectral absorption coefficient P, is shown as a
function of ¥ at a total pressure of 1 atm, as calculated from Eq, (7).
The rotational half-width used to construct Fig, 1 is ol= 0.06 cm~t,
Reference to Fig, 1 shows that the spectral absorption coefficient is a
rapidly vérying function of ¥ at small total pressures.

Representative values of & calculated from Eqe (32) are shown in
Figs, 2 and 3 as a function of ¥V with pL treated as a variable parameter,
Reference to Fig 2 indicates that the emissivity at a point midwey
between the rotational line centers which are characterized by the
tronsitions n =0 =»n =1, j=8 = j=7and J =7 =» j = 6, respectively,

remains very small (i.e,, &, < 0,2) for pL €2 em - atm. Since the
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indicated transitions correspond to the two most intense rotational
lines (compare Table VII) it appears justifiable to conclude that
emissivity caleulations based on the use of Eq. (28) will yield valid
results for pL< 2 em - atm, Calecnlations similar to those showm in
Fig. 2 for intense adjacent rotational lines are shown in Fig, 3 for
weak rotational lines, namely, for the lines corresponding to the transi-
tions Rn=0=>n=1, =19~ j=18, and J =18 =» j = 17, As is to
be expected, the emissivity &, is represented more adequately by Eq,
(33) for larger values of pL than it was for the more intense rotational
lines described in Fig, 2, Although the precise evaluation of errors
arising from the use of Eq, (28) is difficult to carry out, it is evi-
dent from the data described in Figs. 2 and 3 that the caleulated values
of the emissivity are reliable at least to pL = 2 em - atm and probably
to somewhat larger values, This conclusion is bornme out by the compar-
ison between calculated and observed emissivities deseribed in Section

VeBo

This section will be devoted to the detailed deseription of the

application of the mathematical formulations outlined in Section IV for
the calculation of the emissivity of carbon monoxide in the special case
when overlapping between rotational lines can be neglected, A detailed

calculation will be described for the following special conditions:
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Temperature = 300°K
Optical density = 0,1 em - atm
Rotational half-width = 0,08 el at atmospheric pressure.
The sample calculationvwill be carried out by determining first
the contributions to the intensity of radiation made by two rotational
lines, then to perform the summation over the contributions made by all’
rotational lines, and finally to convert the sumed radiant intensity to
enissivity,
The working equation from which values of the intensity of radi-
ation from a single rotational transition in the fundamental vibration—
rotation band can be obtained is derived from Eq. (20) and can be

expressed as

i

o -¥; ,
L=Jw ) e [Jolits)-id, (i %)) (35)

st/

whers

Ij = Iintensity of radiation from a single rotational line,

blackbody intensity of radiation evaluated at the line

JO

center for the indieated transition,

_ 0 -»1
Yj = Sj_>JilpL/27To< o

The best available experimental data indieate that the value of
the rotational half-width o at 300K is 0,077 cm'lflv’owever, the value
used in this sample calculation will be 0.008 cﬁﬁl, the error introduced
being of the order of 3% since the emissivity for non-overlapping lines

is roughly proportional to the asswmed rotational half-width (see Section

. V.C) o
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Numerical values of the integrated absorption of rotational lines
at 300°K have been summarized in Table VII, If the value of the inte-
grated absorption for any given transition is known, then the term 7[5

ecan be evaluated for any optical density.*

Representative numerical values are listed in the following

Table XITI,
TABIE XITI
CALCULATION OF THE TERM X; FOR THO
GIVEN TRANSITIONS
g 0=>1 L Y, =g 0—1 L/2Ta

Transition MG P ol s j-»jilp/
10 |2,0642 atm~l er™2|0,1 em atm|0,08 em™t 0,521475

10 > 9 [7.9599 atm™L em™2|0,1 em atm|0.08 em™t 1,58354

The term ¥; is evidently dimensionless, The terms e~ M, J (1%)),
and -ijl(ilj) are determined from compilations such as those given by
Johnke and Ende{?0), Thus the quantity,

ﬁ%' . '
F(%’):'ZITKZJ'G [\./O(Z.ZJ)"Z\-/I(ZZJ.)]

may be ealculated,

% Reference to Tables XVI(a and b) and XVII{a and b) throughout
this discussion will clarify the entire procedure used for numerical
calculations,
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Regults of this calculation for the rotational transitions

l-»0and 10 =» 9 are given in the following Table XIV,

CAICUILATION OF THE TERM F(XJ) FPCR TWO GIVEN TRANSITIONS

TABLE XIV

~¥ , e . ~

Trawsrroow| 4 & | )| XhCH) | So-id | Fla)
1 =» 0 | 0,521475 | 0,59364 |1.06920 |0,269711 |1.33891 | 0,20839 ca™>
10 = 9 | 1,58354 | .20525 |1.73229 |1,06725 |2.79954 | 0.45739 cm~l

The desired units for the intensity of radiation are ergs @m“'zsee"zo

Since the units of the term F(lj) are cn™F, it is obvious that the erm
o / e “1 ‘l
J (’)ﬁ:j 4 ) must be expressed in ergs cm — sec e

Functicns(lg) list the ratic RA /R4 max as a function of A T(em =%K),

Tables of Radiation

The term Ra /Ry max is equal to the energy emitted by a blackbody at
the absolute temperature T per unit time, per unit area, in a wave
length interval between A and A + & A , throughout the solid angle 27T
steradians, divided by the maximmm value of R, which is designated as

RAa max, The quantity R, mex is given by the expression,

R, max = 2152014401(1'/@2)5 erg e sect

(36}
where

@mz sec™t

3,732 x 10™3 erg
1,436 cm = °K

€2
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WORK SHEET FOR THE CALCULATION OF THE EMISSIVITY CF CARBON
MONOXIDE AT 300%K (o= 0,08 an™l, pL = 0,1) (5 - § % 1)

Transition

j=-»3i-1

N
L

W
1
&

A

R

ORI REWN O

REB
Lid
BB

13 =» 12
14 = 13

15 we 14

16 =~ 15
17 = 16
18 == 17

19 = 18

20 = 19
22 =0 21
R4 =2 23
26 = 25
28 = 27
30 ==» 29
4O =» 39

5 n-n+i
J

2,0642
309999
567053
7.1007
8,1347
8,7803
9.0499
89603
8,5768
79599
71795
663096
563969
465085
3.6782
2,9338
2,2878
1,7451
1,3031
0,95252
0,47826
0,22121
0.094435
0,037266
0.013592
«0037341
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TABLIE XVI(a)

'Zj

e521475
1,04867
1.44132
1,79384
2,05505
2,21815
2,28626
1,78256
1,70627
1.58354
1.42829
1.25522
1,07366
89692
o' 13174
«58365
e45513
o 34717
#R5924
«18949
«095145
«044008
»018787
20074137
«0027040

»00074286

59364
#35040
«23661
« 16632
+12809
»10881
+10165
216821
«18154
«20525
023972
+28501
+34176
040782
048107
«55786
«63436
#79559
« 77164,
«82738
«90924
95694
98138
#99261
#99730
-99926

Jo(l'lj)

1.06920
1,29440
1,59063
1,98138
2,36958
2,66430
2,80115
1,96633
1.87152
1,73229
1,57884
Le43447
1,30967
1.21146
1,13840
1.08700
1,005248
1,03039
1,01690
1.00895
1,00226
1.00048
1,00009
1,0000
1,0000
1,0000

i)

0,269711
599829
- 0924754
1.30944
1.67428
1.94667
2,07189
1.29537
1,20364
1,06725
912393
0759641
«578008
495067
0390944,
304844,
« 233470
« 176228
@ 130’712
«0951450
«0476240
0220040
20093935
+00370685
0013520
«0003714



Transition

j=>»i-1

(o)}
ORI Nn~WN=O

52

TABLE XVI(a) (CONTINUED)

N4,
+
_z/l (7 ZJ)

1,33891
1,89423
2,51538
325082
4,,04386
4,61097
4087304
3426170
3,07516
2679954
2,49123
2,19411
1,82768
1,79653
1.52934
1,39184
1,28595
1,20662
1,14761
1,10410
1.04988
1,02248
1,00948
1,00371
1,00135
1,00037

2z
£ 22,
/ Ro-pao

F(x;)

»208349
» 349880
0431201
487533
#535078
«559416
0569267
«491613
0478818
457385
428763
6394571
»337110
+313776
270615
+R27798
« 186629
- 148807
+115397
0870127
s0456549
0216448
»0093568
.00371283
00135738

«000373275

107,249
4L,6166 x 10°

Jv (300)
Vz

13,0920
13,2654
13,4525
13,6361
13,8260
14,0122
14,2110
14,4075
14,6183
14.8158
15,0252
15,2813
15,4604
15,6820
15,9053
16,1368
16,3791
16,6164
16,8664
17,1304
17,6633
18,2139
18,7973
19,3927
20,0097
23,5833

2. 72777
4064130
5,80073
6.64805
7.39799
7.83865
8,08985
7,08291
6,99951
6,77652
6044225
6,02956
5,21186
4092064,
430421
3,67593
3.05514
247264,
1,94633
1,49056
.806416
0394236
175862
0720018
0271608
0088036

Z_Ij = 107,249
J

2.32314 x 1074
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TABLE XVI(b)
WORK SHEET FOR THE CALCUILATION OF THE EMISSIVITY OF CARBON

MONOXIDE AT 300°K (o = 0,08 em"ji, pL = 0,1) (J =» j + 1)

23 o o+ / hnd l '_/ ) .
Transition 5j—;-»j Y e VY So (1 X e ) (i )7 )
J=1=>]
0O - 1 2,0805 41389 66107 1.04332 021140
Led 2 400623 »80815 o 44567 1,17009 0,43795
2 => 3 5,8405 1,16191 031289 1,35710 «68469
3= 4 73259 1.45741 023284 1,60579 94011
L= 5 8.4565 1.6823/, »18593 1,84306 1,17599
5> 6 9,200/, 1,83033 .16036 2,03043 1,35583
6 = 7 905514 1,90016 « 14954, 2.,12822 1,44842
7> 8 945349 1.89687 »15003 2,12331 1.44394
8 —> O 9,1985 1.82995 016042 2,02993 1.35534
9 «p 10 8,6026 1,71140 »18061 1,88777 1,20964
10 -+ 11 768191 1.55553 .21108 1,70280 1,03795
11 = 12 6,9189 1.37645 025247 1.53281 ° 86461
12 -» 13 5.9689 1.18745 + 30499 1.38482 « 70469
13 bt 4 14« 5,021;.6 399959 036802 1926587 056491
14 =» 15 41310 »52182 43963 1,17612 044656
15 ~» 16 363190 066028 »51670 1,11.200 034847
16 =» 17 2,608/, 51892 «59516 1,06851 26830
17 -» 18 2,0051 £39889 267106 1,04018 020341
18 ~» 19 1.5082 «30004 » 74079 1.02266 .15172
19 Lt 20 191110 022162 .80170 .100.1122 011075
21 = 22 0,60567 .12049 88647 1,00363 .06035
23 —» 24 0,28845 2057384 094423 1,00082 .02869
25 =p 26 0,12692 0025249 «97506 1,00015 .01262
27 > 28 . 051642 »010274, «98978 1.0 #00514
29 -+ 30 0019455 003870,  ,99611 1,0 .00194

39 - 40 0.00000 0 1.0 1,0 0



Transition

J-1-»]

0 =

1l =»

b
[
O 00 =3 OVUEES \W D) |-

FBo
Vi
RES

12 ~» 13
13 - 14
1 =» 15
15 —» 16
16 = 17
17 - 18
18 =» 19
19 == 20
21 = 22
23 =» 24
25 = 26
27 —» 28
29 == 30
39 ~» 40

>4

TABLE XVI(b) (CONTINUED)

o (¢ 2j-1)
-0y (0 5-1)

1.25472
1.60804
2,05179
2.54590
3.01905
3438626
3657664
3.56725
3.38527
3.09741
274075
2,39742
2,08951
1.83078
1,62268
1.46047
1.33681
1.24359
1.17438
1,12197
1.06398
1.02951
1,01277
1,00194

1,0

, é; =

2 I
Fo—co

F(Yj)

L7257
«29113
«37496
43427
o4T470
49960
051086
251031
049554
48126
045228
41879
#38039
+33854
#29470
025047
.20753
.16733
13121
«09993
005712
«02804,
01253
.005137
«001940

83,259

S (300)
V X

12,7551
12,5962
12,4402
12,2869
12,1363
11,9918
11,8476
11,7049
11,5675
11,4311
11,2958
11,1655
11,0363
10,9117

10,7881

10,6655
10,5477
10,4308
10,3144
10,2029
9.9856
9.7793
9.5926
904149
942425
8,4869

I J'_/

12,7551
366713
4066458
5,33583
5,76110
5,99110
6,0526
5,97313
5,73216
5,50133
5,10886
4o 67600
4419810
10,9117
2,67139
2.18896
1,74539
1,35335
1,01958
«57038
.27421
+12020
048364,
.017930
0

2 I, = 83.259

46166 x 10°

1,80349 x 1074
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The results of more extensive emissivity ealculations at BOOOK
and atmospheric pressure &s a fuonction of optical density are listed

in Table XVIII,

TABLE XVIII

EMISSIVITIES AT 300°K AND ATMOSPHERIC PRESSURE FCR
NON-OVERLAPPING ROTATIONAL LIFES (X = 0,08 et )

pL Calculated Emissivity Observed Emissivity(g)
0.1 em~atm 441266 x 1074 3,94 x 1074
05 m o 1,0805 x 10=3 1,04 x 10=3
2,0 " 2,212/ x 1073 2,21 x 1072
6,0 " W 3,9048 x 1072 3,35 x 103
30,0 " © 8,8403 x 1072 5,85 x 1077
70,0 " w 1.3547 x 1072 7,94 % 107>

Reference to Table XVIII indicates excellent agreement between caleculated
and observed emissivities for optical densities wp to 2 cm-atm. A%
larger optical densities the ealeunlated emissivities exceed the
meagured values, This result is in agreement with the conclusions
reached in Section V,B from a study of overlapping between two adjacent
rotational lines, This siudy suggested that overlapping cannot be
ignored at pressures exceeding about 2 em-atm, Thus the observed dis=-
crepancies between calculated and observed emissivities are the result
of the fact that the mathematical techniques used for the ealculation of
emissivity breask down at large optical densities, The data listed in
Table XVII provide the first quantitative confirmation of the facht that

-empirically observed emissivities agree with emissivities calculated
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from speciroscopic data at low optical demsities, These results
supplement the results of previous calculations(5’6’7) which showed that
the caleculated temperature dependence of emissivity, as well as numerical

values ab large optical densities, agree with observed data,

Since the rotational half-width is probably the least reliably
‘kn@wn physical constant entering into the problem of quantitative
emissivity calculations, it is of obvious importance to determine the
dependence of emissivity on the assumed rotational half-width for the
condition of no ovérlapping between rotational lines, Represenbtative
resulis are sumnarized in Table XIX and plotted in Fig. 4. Reference %o
the data listed in Table XIX and shown in Fig, 4 indicates that the
calceulated emissivity is roughly proportional to the assumed value of
the rotational half-width, Furthermore, agreement between ecalculated
and observed emissivities is seen to be best for & = 0,08 em™>
at low optical densities, Since the best availasble estimate for A is
0.077 el for self-broadening' 7, the data of Fig. 4 suggest that
broadening of the rotational lines of CO by air, which was used in the
experiments of Hottel and Ullrich, must be about as effective as
broadening by CO,

The resulbs of the present caleculations are of considerable
practical importance in that it has not been realized in engineering
caleulations that the emissivity is a sensitive funection of composition

which determines the rotational halfawidﬁh(17). Thus we mugt conclude
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that not only is it not justified to extrapolate emissivities indiscrim-
inately over temperature,; pressure, or optical demnsity intervals by
using unscund simplified equations, but it is also essential to consider
the problem with the proper regard for the concentration of infrared-

inert gases.

D, Emission of Radiat:
Atmogoherie Pressure

In the comparisons presented in Sections V,B and V.0 betwsen
calculated and cobserved emissivities, contributions from the first
overtone and upper harmonics have been ignored, The intensity of
radiation emitted from these vibration-rotation bands should, of course,
be included in the ealculated values of the emissivity, However, it is
a simple matter to show that for the conditions for which overlapping
between rotational lines is negligibly small, the contributions to the
emissivity from overtone transitions are also negligibly small,

Representative numerical values based on the use of Eq. (31) and
of the integrated absorption values listed in Table X lead to the over-
tone emissivities listed in Table XIX as a funchbion of optical density.
It is evident from Table XIX that the first overtone contributions to
the emissivity, for conditions for which a treatment based on non-

overlapping rotational lines is valid, are, in faet, less than 2%,
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VI, COHCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY

The salient conclusions of the present analysis have already
been deseribed but are enumerated here for convenience, They are:

(1) Emissivities caleulated by reliable methods from the best
available spectroscopic data at low optical densities and room tempera-
ture agree quantitatively with experimental measurements,

(2) The limits of validity of a treatment based on non-overlapping
rotational lines are defined conservatively by a consideration of over-
lapoing between two intense adjacent rotational lines, This conclusion
can, no doubt, be made more quantitative and less restrictive by a more
detailed study of the basic relations, However, time did not permit
further consideration of partial overlapping between rotational lines,

(3) The emissivity at low optical densities is, approximately, a
linear function of rotational half-width., This result emphasizes the
need for reliable half-width measurements as a function of composition,
pressure, and temperature,

Important problems which require further study are the following:

(1) Emissivity caleulations for partial overlapping between
rotational lines, in order to bridge the gap between the treatments bas~
ed on the assumption of non-overlapping between rotational lines and
complete overlapping between rotational lines(5’6’7)o

(2) Emissivity calculations at elevated temperatures for non-
overlapping rotational lines, in order to demonstrate that the temper-
ature~dependence of emissivity is calculated correctly, The mathemati-

cal techniques for this caleulation have all been worked oub and
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applied to a problem on temperature measurementsg(g)

(3) It is apparent at the present time that a tabulation of
gaseous emissivities, even for diatomic molecules, cammnot be carried out
completely without the use of automatic computing machines, For this
reason, consideration should be given to standaridization of techniques
adaptable to machine caleulations, particularly at elevated temperatures,
where the entire problem of emissivity ealculations is enormously com-
plicated by overtone transitions,

(4) The entire program of emissivity calculations of gases is
based on accurate knowledge of experimental data on integrated absorption
and rotational half-width, It is therefore obvious that the present
program depends upon the accurate measurement of the required spectro-
scopic constants, Further extensive studies of this type are being

carried out at the Jet Propulsion Iaboratory.
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