Topics in Supersymmetry Theory:

1. A Superspace Action for Ten-Dimensional Supersymmetric
Yang-Mills Theory in Terms of Four-Dimensional Superfields;

2. Gauge Groups for Typed Superstrings

Thesis by

Augusto Sagnotti

In Partial Fulfillment of the Requirements
for the Degree of

Doctor of Philosophy

California Institute of Technology
Pasadena, California
1983

(submitted May 23, 1983)



—-ii-

To my parents,
Giovanni and Iole Sagnotti,
and to my wife
Francesca



-iii-

Acknowledgements

I would like to express my deep gratitude to my advisor, J. H. Schwarz, for
introducing me to supersymmetry, supergravity and superstrings, for constant
guidance and support over the two years I have been with him, and for creating
an exciting athmosphere by surrounding the students with four exceptional
Research Fellows: Jim Gates, Martin Rocek, Warren Siegel and Theodore

Tomaras.

I would also like to thank my friends and teachers Prof. Bruno Crosignani
and Prof. Paolo Di Porto of Rome University for encouraging me to start a Ph. D.
in Theoretical Physics, and for their interest in my work over these years at Cal-
tech, Barton Zwiebach for sharing with me the excitement and the difficulties of
the beginning, and Neil Marcus for a steady and enjoyable collaboration over the

last year.



T=iy-
Aostract

This thesis is an account of most of the work that ] did in Supersymmetry
and Supergravity over the last two years. It deals with two major topics, the
construction of a new superspace action for ten-dimensional supersymmetric
Yang-Mills theory in terms of four-dimensional superfields, and the classification
of the gauge groups allowed at the classical level in the type-] superstring
theory. In addition, it contains a discussion of work that 1 did showing the
uniqueness of supergravity in eleven dimensions and the uniqueness of the free

Rarita-Schwinger action for massless and massive spin—% fields.
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Chapter 1

Introduction to Supersymmetry



1.1. Introduction

Supersymmetry [1] is a symmetry of Relativistic Field Theory relating fields
of different spin. It corresponds, from the algebraic point of view, to enlarging
the Poincaré algebra by the inclusion of extra spinorial generators whose

anticommutator generates the translations T

Supersymmetry has stimulated much theoretical interest over the last
years, mainly because of its undeniable aesthetic appeal. To be honest, how-
ever, one has to admit that to date there is no compelling phenomenological evi-
dence that forces supersymmetry into our picture of the fundamental interac-
tions, contrary to what happened previously for the Poincaré symmetry and for
the internal symmetries of hadron physics. The main problem in this respect is
that, as we will see, particles in the same irreducible representation of the
supersymmetric generalization of the Poincaré algebra are sets of bosons and
fermions in equal numbers and all with the same mass, a circumstance that
clearly does not correspond to observation. As a symmetlry of nature, super-
symmetry must therefore be a broken symmetry. Why bother, then? The
motivation for dealing with supersymmetry is actually to be found in the
mathematical structure of the theories. A somewhat loose, but very successful
analog of such a situation can be found in the electroweak theory, where the
SU(R) x U(1) symmetry, hidden as spontaneously broken to U(l)en,. is
mathematically appealing in that it leads to a renormalizable theory } In a simi-

lar fashion, introducing supersymmetry, spontaneously or even explicitly

1 Corresponding to the number (N) of supersymmetry generators in the algebra, one talks
about N-extended supersymmetry.

¥ The analogy is not too strong, because the SU(2) x U(1) multiplets are observed in weak in-
teractions.



broken, in gauge theories, leads to improved ultraviolet behavior, resulting from
cancellations between contributions from fermionic and bosonic members of the
same supermultiplet. Far more important, in the opinion of the author, is the
possibility of constructing supersymmetric theories of gravity [2], where the
metric tensor is unified via supersymmetry with matter fields. In this case, the
cancellation of ultraviolet divergences is more crucial, as it leads to the first
examples of couplings of matter to gravity which do not introduce any diver-

gences in the S matriz at one loop.

Continuing in this direction, one also realizes that the supersymmetric
theories of gravity, known as supergravity theories, are descendants of multilo-
cal field theories defined in ten-dimensional space time, known as superstring
theories [3]. These are the first examples of string theories without tachyons in
their spectrum. Moreover, when interpreted in four dimensions via
compactification of six of the nine spatial dimensions, they appear as
"corrected” supergravity theories, with further hope of providing a perturba-
tively calculable quantum theory of gravity. Again, to be honest, one should
stress here that no ultraviolet divergences have been found to date in the S
matrix of pure gravity, or in the S matrix of extended supergravity. In some
sense, however, there is no reason why the S matrix of dimensionally regularized
pure gravity should not contain % divergences in two loops, and no unquestion-
able reason why the same should not happen in supergravity for the -i— terms in
three loops. Furthermore, only one-loop amplitudes have been calculated so far
in the superstring theories. Even though string theory amplitudes are less
singular than the corresponding amplitudes in supergravity, in that they con-
verge in higher dimensions, where these diverge, nothing is known to date

beyond one loop.



If one takes a positive attitude toward supergravity and superstrings, the
natural thing to do in this context would then be trying to fit the known particles
into the spectrum of the most suitable supergravity theory, or in the
massless spectrum of a superstring theory. Again, the impact with this program
(a very ambitious one, indeed), is not totally encouraging, as to date there is no
widely agreed upon scheme for extracting the low-energy gauge theories from
supergravity. Three different mechanisms have been proposed. One has to do
with the conjectured formation of bound states providing propagating bosons
that would mediate the local SU(8) symmetry of the N=8 supergravity theory,
for which the gauge fields are composites of the scalars at the classical level.
The second mechanism attempts to relate the gauge symmetries observed at
low energy to compactified solutions of higher-dimensional supergravity
theories. Finally, the third mechanism has to do with the option of adding

dimensionless coupling constants to extended supergravity theories.

All these approaches have problems, which 1 will now mention very briefly.

In the first case, the conjectured formation of bound states is motivated by the
7

situation encountered in two-dimensional nonlinear o-models, and there is no
proof that this would also occur for supergravity. Even leaving this problem
aside, the formation of bound states would lead to a large number of unwanted
states, and there are at best highly disputable mechanisms invoked to explain
why the unwanted states should acquire large masses and be unobservable at
low energies. The compactification program is a more straightforward one to
carry out at the moment, and it is giving the first results. As anticipated, it has
to do with the possibility of writing supergravity theories in higher-dimensional
spacetimes, up to and including D=11. To reconcile this with our four-

dimensional perception of space time, one interprets (D-4) of the spatial coordi-

nates as parametrizing a compact manifold, and extracts the four-dimensional



physics from the study of the lowest modes of oscillation about the compactified
solution. Symmetries of the ground state solution then translate into gauge
symmetries. Several exact solutions of the field equations of D=11 supergravity
are known by now [4]. It is remarkable in this respect that solutions to the field
equations with four-dimensional anti-de Sitter symmetry and the seven remain-
ing spatial coordinates parametrizing a manifold with SU(3) x SU(2) x U(1) sym-
metry have been found [5]. While this program can in principle be carried out
up to the end, the choice of one manifold rather than another for
compactification appears to be somewhat unmotivated and ad hoc. Finally, the
last mechanism is the most conventionéd one. It has to do with the spontaneous
breaking of the local symmetries of the gauged extended supergravity theories.
In this respect, the main problem was pointed out a long time ago [6]: even
SO(B) is too small to contain SU(3) x SU(R) x U(1). If, however, one tries to fit
only a subgroup of the low-energy group, the explicit study of the extrema of the
potentials in extended supergravities acquires some immediate interest [7].
This approach and the compactification approach are expected, although not
proved, to be intimately connected, in that extrema of the potentials of four-
dimensional supergravity would correspond to compactified solutions of the
higher-dimensional field equations and vice versa. One problem common to both
these approaches is that one ends up with a large negative cosmological con-

stant.

Supersymmetry in general, and supergravity and superstrings in particular,
also present some interesting problems of a more formal and technical nature.
In this context, a main puzzle has to do with the off-shell closure of supersym-
metry algebras. In general, we are not very skilled at present in writing super-
symmetric theories. All we can do in most cases is to consider a set of fields,

each of which is associated with one irreducible representation of the Poincaré



group, and adjoin them into actions which are made supersymmetric by the
choice of a few parameters. The supersymmetry, as we remarked, is related to
a suitable choice of parameters, and is therefore not an easily recognizable pro-
perty. Moreover, the set of fields at our disposal is mol in general an off-shell
representation of supersymmetry, and correspondingly the supersymmetry
algebra closes on the fields only when the field equations are used. The recipe
for closing the supersymmetry algebra off-shell can be found in the more fami-
liar case of the Lorentz algebra. Just as one, in this case, adds to the transverse
propagating components of, say, the electrodynamic potential two more com-
ponents to complete the four-vector 4,, so one completes an on-shell supersym-
metry multiplet by adding extra gauge and auxiliary degrees of freedom. The
problem is that auzxiliary fields are mnol known for most supersymmetric
theories, and there are formal arguments suggesting that they cannot be found

for all cases of interest [B].

A consequent, but equally interesting, problem, is learning how to describe
supersymmetric theories in terms of superfields [9]. Superfields are generaliza-
tions of ordinary fields defined in superspace, an enlargement of space time by
the inclusion of extra spinorial coordinates. On account of the anticommuting
nature of the spinorial coordinates, superfields are just a compact-looking
regrouping of a finite set of fields, including those of an ofif-shell supermultiplet.
It thus seems that the natural thing to do would be to mimic the steps that one
takes in going from the two transverse propagating components of the electro-
dynamic potential to the four-vector A#‘ completing supersymmetry multiplets
by the addition of auxiliary fields, and finally attempting to regroup the resulting
set of fields into one (or more) superfields. Even if the auxiliary fields are
known, this last step is usually a highly nontrivial one, because there are, in gen-

eral, several extra gauge degrees of freedom in the superfields, which are not



known a prwo7i. Moreover, the actions one writes in superspace are usually

complicated-looking, nonpolynomial and not manifestly gauge covariant.

The main hopes attached to superspace formulations have to do with the
expectation that making the supersymmetries manifest can say something
about the unknown quantum behavior of supergravity. Indeed, assuming that a
a formulation of N=8 supergravity in terms of N=8 superfields can be found
boosts from three to seven loops the first possible occurrence of ultraviolet

divergences in the S matrix of the theory.

In this first chapter, we will start by describing the N=1 super-Poincarg
algebra (and the corresponding super-de Sitter algebra) in four-dimensional
space time and some of their most interesting higher-dimensional analogues.
Then we will study the particle representations of the super-Poincaré algebra,
and we will describe in some detail the component formulations of a few basic
models with N=1 supersymmetry in four dimensions, the Wess-Zumino model,
the N=1 supersymmetric Yang-Mills theory and N=1 supergravity, and of super-
gravity in eleven dimensions. In particular, we will show that, contrary to what
happens in four dimensions, supergravity cannot accommodate a cosmological
term consistent with local supersymmetry in eleven dimensions. The appendices
contain some useful material about supersymmetry algebras, and a proof that
the Rarita-Schwinger action is the unique one for a spin-g field. Most of this first
chapter is a pedagogical introduction to several issues encountered in super-
symmetry and supergravity, and consequently most of the material here is well
known. We chose to write in this form, as it allows us to collect several otherwise
unconnected topics we have touched upon in learning about supersymmetry,
thus providing at the same time some background material for the discussion of
the new superspace action presented in chapter 2. The contributions of the

author are in part in the discussion of the algebras, in the generalization to



eleven dimensions of the original study of the particle representations of the
Poincaré algebra, in the discussion of the uniqueness of supergravity in eleven
dimensions, and in the discussion of the uniqueness of the Rarita-Schwinger

equation.



1.2. Supersymmetry algebras

In the previous section we have remarked that, from the algebraic point of
view, N-extended supersymmetry corresponds to an enlargement of the
Poincaré group by the inclusion of N sets of anticommuting charges, transform-
ing as N spinors under the Lorentz group. The simplest case is the one in which
only one spinorial generator is present. This is the N=1 super Poincaré algebra,

which we now describe.

Given the Poincaré algebra

[Pp.qu] =0, (1.2.1a)
(Pudypl = =Rimup Ppy (1.2.1b)
[Jy.uv‘]po] =41 J[p[pm]o] ) (1.2.1c)

where [] denotes antisymmetrization with unit strength, we supplement the set
of translation generators P, and Lorentz generators J,, by the inclusion of a

spinor Q satisfying }he Majorana condition
Q=cq". (1,2.5)
C, known as the charge conjugation matrix, is antisymmelric and satisfiest
Cly,C= =" (1.2.3)

The extension of (1.2.1) into the super-Poincaré algebra then follows from only
two elements, the postulated behavior of Q under Lorentz transformations, and

the requirement that, in analogy with egs. (1.2.1), no dimensionful parameters
l We use the signature (-+..+) throughout.
% We denote four-dimensional Dirac matrices by 7, and higher-dimensionel Dirac matrices

by I'y. Moreover, ¥ by (P/‘ﬁ-'/*n) is a product of Dirac matrices antisymmetrized in all the
indices with strength one.
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enter the algebra.

Indeed, it is simple to show that all the Jacobi identities are satisfied for

[PuP,i=0, (1.2.4a)
[Pudpl = —Rimy, Py (1.2.4b)
[V Tl = 48 T, My (1.2.4¢)

[Qa Pl =0, (1.2.4d)
[Qar i) = & Tuu)ap O (1.2.4)
{Qa, Qg8 = —(# Clag Py - (1.2.41)

This is the N=1 super Poincaré algebra. It is the global algebra of theories
invariant under simple supersymmetry in four-dimensional space time. The new
equations (1.2.4d) and (1.2.4e) simply state that Q is a spinor of four-dimensional
space time invariant under translations. Far more interesting is eq. (1.2.4f),
which allows one tomrecover the translation generators from the anticommutator
of two spinorial charges. The Q's, therefore, are the more fundamental objecté.
The consistency of eq. (1.2.4f) rests heavily on eqgs. (1.2.2) and (1.2.3). In fact,
these imply that (7# C) is a symmetric matrix, a necessary requirement in view

of the form of eq. (1.2.4f).

The N-extended super-Poincaré algebra corresponds to enlarging (1.2.4) by
endowing the Q's with an SO(N) vector index. The resulting N spinorial charges
are still invariant under translations and rotate as independent spinors under

the Lorentz group, so that egs. (1.2.4d) and (1.2.4¢e) are replaced by
[@4.P.]=0 (1.2.5a)

and



-,

[ gr‘]#v} = %(7;w>aﬂQ§ ) (1.2.5b)

respectively. A more interesting modification can take place for (1.2.4f). The

naive modification would be writing
(@ @3 = =09 (¥ C)agPpu (1.2.6)

Extra terms, however, can be present on the r.h.s of (1.2.8). These terms are
usually denoted as "central charges” to indicate that they appear on the r.h.s. of
the equations defining the superalgebras, but commute with all generators of
the superalgebras. Rather than writing out directly the terms involving central
charges, we will now show how their very appearance in the algebras finds a
natural explanation in the existence of higher-dimensional analogs of the super-
Poincaré algebra (1.2.4). This will be of some relevance to our discussion in

chapter 2.

Higher-dimensional analogs of the super-Poincaré algebra are, indeed, very
useful. By setting some of the higher-dimensional momenta to zero, they pro-
vide very convenient compact rewritings of extended supersymmetry algebras
in four dimensions. A higher-dimensional analog of the N=1 super-Poincaré€ alge-
bra would differ from (1.2.4) only in two respects. First of all, the vector indices
would span the D values (0,..,0—1), rather than the four values (0,1,2,3). The
second, and more important, modification is that the lowest spinor representa-
tions of higher-dimensional Lorentz groups are direct sums of an even number
(actually, a power of two) of spinor representations of the four-dimensional
Lorentz group. Therefore, the analog of the charge @% of (1.2.4) would regroup
an even number of four-dimensional charges. As to the signature of the higher-
dimensional spacetime, one is forced to keep only one time dimension in order
not to generate scalar fields of wrong metric (ghosts) by dimensionally reducing

higher-dimensional tensors.
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We can now ask ourselves what values of the dimensionality D of space time
allow a direct generalization of egs. (1.2.4). It should be emphasized that the
restrictions do not originate from the bosonic part of (1.2.4) which, as is evident,
can be written (i.e, the corresponding Jacobi identities close) in any space time
dimension, but from the presence of the spinorial charge Q. This charge is
required to satisfy a covariant constraint, the Majorana condition (1.2.2), and
the question can be rephrased as follows: for what values of D does an antisym-
metric C, satisfying (1.2.3), exist? This question can be answered in different
ways. For example, the explicit construction of Dirac matrices in D>4 will
suffice for studying a few cases. This can be done most simply by taking direct
products of the 2 x 2 hermitian matrices {13,003 03), where where 1pis the 2 x
2 unit matrix, and 0; are the Pauli matrices. The result is that an antisym-
metric C satisfying (1.2.3) can be found only for (D=2,3,4,10,11,..). In general,
following ref. [10], we can note that the very existence of an antisymmetric

matrix C satisfying (1.2.3) implies that antisymmetric products of [' matrices

Dot = Tlaay Ty

are such that (I'y, . C) is symmetric for n = (1,2) mod4, and is antisym-
metric for n = (0,3) mod4. This gives a total of 2P matrices, out of which
2[D/2]-1 (2[0/2] + 1) must be symmetric. This also leads in general to a con-
tradiction, as the FM._H_“'S can also be counted directly by looking at their index
structure. The result is that an antisymmetric C ezxists only for D = 2,34 (mod
8).

Indeed, the discussion following eqs. (1.2.4) indicates that the condition that
an antisymmetric C exists is somewhat too strong, and can therefore be relaxed.
All we need to write eq. (1.2.4f) is an object C such that (IT* 5) is a symmetric

matrix for all values of w. This can be certainly realized with an antisymmetric
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C satisfying (1.2.3), but another possibility exists, namely a symmetric C'

satisfying
(T8 =T . (1.2.7)

Such a C' can indeed be found in D=0,1,2 (mod 8). This completes our list and
shows that the super-Poincaré algebra (1.2.4) exists in spacetimes of dimen-

sionality D=2,3,4,8,9,10,11,..

Going back to central charges, the point is that a higher-dimensional analog

of (1.2.4f) would read

EQarQﬁ; = _(P#C)aﬂpp. - (FI C)aﬁPI , (1.2.8)

where P; are the generators of translations in the extra dimensions, and
(I = 4,.,D-1). From the four-dimensional point of view, the P; annihilate all
physical states, and commute with the four-dimensional subset of the Lorentz

generators. They are thus central charges [11].

In discussing pigher-dimensional analogs of (1.2.4), we have also learned
that supersymmetric theories are bound to look more compact, and thus
simpler, in spacetimes of higher dimensionality, a very useful supplement to our
somewhat limited skills in constructing them. The reason for this is simply that,
just as happens with the generators in the algebra, higher-dimensional spinors
regroup several four-dimensional spinors, and higher-dimensional tensors
regroup several four-dimensional tensors. Indeed, this was the original motiva-
tion for considering supersymmetric theories in spacetimes of higher dimen-
sionality, and soon after the construction of ten- dimensional supersymmetric
Yang-Mills theory was shown to yield the N=4 supersymmetric Yang-Mills theory
in four dimensions [10,12] by dimensional reduction, similar steps were followed

leading to the construction of N=8 supergravity [13] by dimensional reduction
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of supergravity in eleven dimensions [14]. In this respect, it should be noted
that an early attempt to construct N=8 supergravity directly in four-dimensions

[15] could not be completed because of the sheer complexity of the theory.

As is well known, the Poincaré algebra (1.2.1) can be recovered by taking a

singular limit (contraction) of either of the two simple algebras

I v
[Pp,rpv] = i}% ) (1.2.9a)
[Pp,vva] = —Zinp[ypp] ) (1.2.9b)
[Jp,llr']pa] =41 J[F,[pny]a] . (1290)

The limit corresponds to letting £/ » . The algebra (1.2.9) is denoted as de
Sitter algebra if the "plus” sign is chosen, and as anti-de Sitter if the "minus"

sign is chosen.

This raises the question of which simple superalgebras give rise to the
super-Poincaré algebra (1.2.4) upon contraction. The answer is known and, con-
trary to egs. (1.2.9), is unique. The bosonic subalgebra must correspond to
choosing the "minus” sign in eq (1.2.9). It is therefore always an anti-de Sitter

algebra. The other (anti)commutators are:

[Qa PL] = %(7,;)@ Qg . (1.2.10a)
[ fx"]uu] = ';;(7;;1/)::5 Qlﬁ (1.2.10b)
(Qa: 88 = ~(* Clap P = 55 (¥ Clag s - (1.2.10c)

The appearance of J,, on the r.h.s eq. (1.2.10b) is not surprising, because now,
on account of the bosonic algebra (1.2.9), the P,'s and J,,'s play a similar role.
We note that the closure of the new Jacobi identities introduced in enlarging

(1.2.1) and (1.2.4) is an immediately recognizable property. All one needs is that
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the 7,'s be a set of (anti)hermitian Dirac matrices out of which matrices Yuv
reproducing the algebra of the bosonic operators can be constructed. This also
applies to the super-de Sitter algebra (1.2.9)-(1.2.10), and it is what forces the
"minus” sign in eq. (1.2.9a). It also fixes all the relative coefficients in (1.2.10).
The new feature, as compared to the super-Poincaré algebra (1.2.4), is that
there is now an additional nontrivial Jacobi identity, obtained from the

(anti)commutator of three Q's. The identity in question is

[EQa»Qﬂ;»Q-y] & [iQﬂrQ‘];rQa] + [EQ‘yrQangﬁ] =0 (1'2-11)

and, using (1.2.10), can be written in the form
EL0# Clag (Tl + (7 Oy (Vdas + (7 Chya (s =
‘é‘('ﬂw C)aﬂ (7;1.1/)76 - %(7'“/ C)ﬁ'y (7;4.14)(:6 - %(7#” C)-ya (7pv)ﬁ6] =0 ~(1-2- 12)

This condition is trivial in the Poincaré limit (/X -e), but needs separate and
detailed investigation otherwise [16,17]. We will now show how to carry out such
an analysis, in a way that directly generalizes to higher dimensions. This is
essentially all one needs to study super-de Sitter algebras in arbitrary space-
time dimensions. Before doing so, however, we want to remark that, by the
same reasoning as for the super-Poincaré€ case or, equivalently, by inspection of
of (1.2.10b), we see that now C must satisfy a stronger condition than it did in
the super-Poincaré case. Indeed, now not only (I'yC)ag but also (I, C)ag.

must be symmetric matrices. Notice that from (1.2.3) it follows that
(L, 0) = (T, 0} (1.2.13)

and, as anticipated in discussing the super-Poincaré case, the same follows from

(1.2.7). We can also see that (1.2.13) implies
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([, C) = —(I,T,0)T , (1.2.14)

and therefore not only (I',C), but also (I'y, C) are symmetric matrices. How-
ever, the choice of a symmetric C' as in eq. (1.2.7) introduces one extra "minus"
sign, and the result is that ([, C ') is antisymmetric. Going back again to what
said for the super-Poincaré algebra, we see that only the cases of D=2,3,4,10,11
are left as possibilities for writing the N=1 super-de Sitter algebra (1.2.9)-

(1.2.10).

To decide which of these cases works, we must solve (1.2.12). This equation
is somewhat complicated-looking, but, as we now show, is amenable to a simple
treatment using Fierz identities. Consider first the case of four dimensions, and

define the two quantities

270 = (P Clag Tudys + (P Opy (Yas + (7 Clya (u)ps  (1.2.152)

and

I§ﬂ76 = -%[(7‘:’ C)aﬁ (7#1,)75 + (7"” C)py (7pu)a6 + (7‘“1 C)'ya (7pu)ﬁ611'2' 15b)

The important point to notice here is that, on account of the explicit cyclic sym-
metrization and of the symmetry of (7, C) and (7,,C), z; and z; are totally
symmetric in their first three indices. The other possible quantities, obtained
from z, by replacing 7, with 1, 756 (™ 75) and 7., (* 7,75), on the other
hand, are all antisymmetric. It follows that Fierz identities must exist connect-

ing just £, and z,. All we need to proceed further is the Fierz identity
1 1
(C)aﬁ 67° = Z (7p)a6 (7;1, C)h - 'é' (7pv)a6 (7/.1,1/ C)b T (1-2-16)

where the other terms can be ignored, as they are not relevant to this analysis.

From this it follows that
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(7 C)E ()7 = % (Y7o 7Y% (# O)F7
— 2 Y (PICPT 4 (12.172)
and
(O ()™ = £ w7, #)% (2 C)FY
— 5 w YoV PTCPT 4 (12.17b)

Using the results given in Appendix A, these relations can be written

(4 C)%E ()7 = — %(”/,rr,o*r“‘)“‘s + o (1.2.18a)
and
(4 CY%F ()7 = - %(nnw"")“" + oo (1.2.18b)

Adding to these equations the two cyclic permutations in (af7) and using the
symmetry of (7, C) and (7., C) in their spinor indices yields equations for z;

and To:

zgb7 = —%xgﬁvé . (1.2.19)

It follows that in four dimensions all the Jacobi identities are satisfied for the

super-de Sitter algebra.

We can now ask ourselves whether the super-de Sitter algebra closes also in
the other cases where a C can be defined, and especially in eleven dimensions
and in ten dimensions, two cases of particular relevance in supersymmetry
theory. Consider first the case of D=11. As always in spacetimes of odd dimen-

sionality, the analogue of the I's of four dimensions is now one of the I' matrices
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carrying a spacetime index. As a consequence, the eleven-dimensional '

matrices satisfy the algebraic constraint

n(n—l!
—1 2

Q- 8n
B (11-n)!

a@y.apby.byyp Fb (1.2.20)

1011

and only I'y, T Tpup Tpype and I'yypor are independent. Moreover, it follows
from the properties of C in eq. (1.2.3) that Iy C, I}y, C and Iyp0-C are sym-
metric, whereas [, C and I',ps C are antisymmetric. Thus, we can now find at
best identities connecting = 7%, 57 and 287 where z, and z are defined

in eqs. (1.2.14), and
28 = LT C) ([ OO + (D HS P (D0, €O 4
(Presereln,, o G . (1.2.21)
Correspondingly, eqgs. (1.2.17) are replaced by
(T €)% (T )" = 512- (TETPT,)% (T, C)FY — é (TETPOT,)% (T, C)PY +
3—2%-5 (TUTP T )8 (T, L CVFY 4 - (1.2.22a)
(T )% (T)7° = 515 (TWTPT,,) (T, C)FY
- Elz (THYTPIT,,)% (T, C)PY +
5’2}—5? (W TPHPST, )88 (T, , CIFT + - -+ (1.2.22b)

and
e Pl (Ful..#s)76 = 3_12 (T Flﬁnﬂs)aé (T, C)F7
- -612 (T¥#speol, )88 (T, C)FY +

_321.5,' (DT )™ Lo s CFT & o (1.2.22¢)



-19-

Using the results in Appendix A and adding the two cyclic permutations in
(af87). these equations can be converted into as many relations between x;, 5

and zs:
4z, + 722+ z25=0 ,
35z, + 1325, —5z5=0 ,
Ty —zZas+z5=0 . (1.2.23)

The problem is that, in contrast to what happens in four dimensions, these rela-
tions are not enough to set £; and T simultaneously to zero, because they are

linearly dependent. They do provide one relation between 1 and =5,
S5z, +z,=0, (1.2.24)

but this does not close the super-de Sitter algebra, as eq. (1.2.12) demands that
T, be equal to 5. Consequently, the super-de Sitter algebra does not generalize

to eleven dimensions.

Next we consider the case of ten dimensions. Now there is no "a priori”
algebraic dependence of the I' matrices, as the space time has even dimen-
sionality. However, in ten dimensions one can simultaneously impose both the
Majorana and the Weyl conditions!. It follows that, when working with the Weyl

projected I' matrices

1
I, = 5(1 + )T, (1.2.25)
one finds that, as in D=11, only 'y, Ty, Tpup Tpvpe 8nd I'yypor are independent.

The problem, however, is that now the presence of the second term in eq.

'm general [10], this can be done for D=2 (mod 8).
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(1.2.10c) is incompatible with the Weyl condition that the Majorana charge
satisfies, and correspondingly the super-de Sitter algebra does not exist in ten
dimensions. The same arguments rule out the super-de Sitter algebra in the
case of two dimensions as well, as there also one can define Majorana-Weyl spi-
nors. Finally, in three dimensions the super-de Sitter algebra does exist, as it
can be seen directly that z, equals x5, without the need of any Fierz transfor-

mation.

Summarizing, we have seen that the N=1 super-Poincaré algebra exists in
2.3, up to 4 dimensions. It should be noted that the cases of D=10 and D=11 are
very different. In D=10, as we have seen, the super-Poincaré algebra does not
have a simple extension, just because this is incompatible with the Weyl pro-
perty of the spinorial charge Q On the other hand, in eleven dimensions a sim-
ple extension of the super Poincaré algebra does exist. It is just more compli-
cated than the de Sitter algebra (1.2.10), and is obtained by adjoining to £, and
J,w extra bosonic generators grouped into a fifth-rank antisymmetric tensor of
S0(1,10), Gg,.ap The P, Jy, and G, o then generate the Sp(32) algebra. We
thus obtain the (anti)commutators of the super-de Sitter algebra, with an extra

term in the {@,&} anticommutator, which now reads

EQanﬁg = = (F#C)aﬁ Pp. - .zi}?.(:["l-"" C)aﬁ‘]p.u

1 i
— 55 T Clag Gy (1.2.262)
In addition, there are the following extra commutators involving G:
o Br.Bs -
[P#'Gal"%] - gl_ﬁelwl--“s 1 sGﬁx‘-ﬁs 4 (1.2.26b)
[V Gay..ag) = 10% Glyp o My » (1.2.26c¢)

[Gal--as’ Gﬁl--ﬁs] =-ik €a,..as). Bsu PH =153 J[“l[ﬂxnazﬁz”naf’]ﬂs]
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4 24 Gy, TV TANCRABSSs e Ip) (1.2.26d)

This is the Osp(1/32) algebra, and is the minimal simple extension of the super-
Poincaré algebra in eleven dimensions. To prove closure, one proceeds as in the
super-de Sitter case. The only nontrivial Jacobi identity is the one involving
three Q's. One can then use the identities derived above to show that closure

follows directly from the third of egs. (1.2.23).
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1.3. Particle representations of the super-Poincar¢ algebra

The particle representations of the super-Poincaré algebra (1.2.4) can be
studied using a remarkably simple method, originally due to Salam and Strath-
dee [18], and later generalized by Gell-Mann and Ne'eman [19] to the more com-
plicated case of N-extended super-Poincaré algebras. The idea is to reduce the
problem to the simpler one of studying the particle representations of the
Poincare algebra, the solution of which has long been known. In this last case we
know that it is necessary to distinguish between massless states (Pz =0) and
massive states (Pz = m® >0). The states are classified picking a canonical
momentum, say P* = (1001) for the massless case, and P¥ = (1000) for the
massive case, and considering the subgroup of the Lorentz group which leaves
the canonical momentum invariant (the little group of the canonical momen-
tum), which is SO(2) in the massless case, and SO(3) in the massive case. Then,
given one state, applying to it the operators of the little group has the effect of
completing it into an irreducible representation of the little group. This leads to
the familiar chains of (2/ + 1) states in the massive case and to the familiar
sets of one (or two, if CPT is enforced) helicity states in the massless case. The
crucial point is that, as in the Poincar€ case, the operator P"P# commutes with
all the generators in the algebra, and is therefore a Casimir invariant. This is
what allows one to study representations of the super-Poincaré algebra by fixing
canonical momenta and by looking at representations of the corresponding little

groups.

In order to extend the discussion to the case of the super-Poincaré algebra,
it is also necessary to distinguish between massive and massless states. Con-
sider first massive states. Then the nontrivial (anti)commutators in the algebra

are

[Qa»j] = %3aﬁQﬁ (1.3.1a)
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and

{Qa. Qg = —(7°C)ag - (1.3.1b)

In order to proceed further, we need an explicit representation of the 7
matrices, and the standard one

0 &

t o] |
70:[0 —1] 7=

will suffice. The charge conjugation matrix is then:

0 —ic?
, (1.3.3)

—iaz 0

and writing

S.=—588 1 S:=8] . (1.3.5)
It follows that (1.3.1b) can be written
2SQ,ST5§ = daﬁ (a,ﬁ = 1,2) % (1.3.6)

a very suggestive expression, as it closely resembles the algebra of creation and
annihilation operators for a system of fermions with two states available.

Together with this relation, we have (1.3.1a), which in terms of the S's is written
-1
[Sed ] = Z‘?aﬂsﬂ ; (1.3.7)

with & a Pauli matrix, and the angular momentum commutation relations

between the J's:
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(7. 71=47 . (1.3.8)

The algebra (1.3.6)-(1.3.8) is still somewhat complicated-looking, essentially
because of (1.3.7). If one could diagonalize it, then its representation could be
studied very simply. This can indeed be achieved by abandoning the J's in favor

of the operators
?zj—%sfas (1.3.9)

which, on account of (1.3.6) and (1.3.8), also satisfy the angular momentum alge-

bra
FAl=47 . (1.3.10)

Moreover, the relative factor between the two terms in eq. (1.3.9) ensures that
the ?'s commute with the S's. It follows that the representations of the algebra
(1.8.6), (1.3.7) and (1.3.10) are simply obtained starting from the representa-
tions of the SO(3) algebra (1.3.10) and extending them to realize (1.3.8). If we
start with a chain of states with —7<ja<j which are a Clifford vacuum, i.e which

satisfy ST“}jj3> = 0, we can construct from a state |jj3> the four states
7ismane> = S1'S2% 7 js>  (name=01),  (1.3.11)

which are all eigenstates of _7'2 with eigenvalue 7 (7 +1) and of j3 with eigenvalue
J3. The problem is that ? is not an easily recognizable object, as it contains the
angular momentum generators 7 together with additional fermionic bilinears.
The simplest way of disentangling the angular momentum content of the chains
is to use the third component of (1.3.9) to extract the eigenvalues of j3 for the

four states (1.3.11). The result is:

J3177300> = j3]jj300>
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J3173310> = (jz— 1) 177510>
J3133301> = (s + 1) 17 7301>
J3|77311> =35|77310> . (1.8.12)

Looking at the highest j3 value then tells us that we have four chains, two of
which have opposite parity (as the product S, S has negative parity) and angu-
lar momentum j. The remaining two chains have angular momentum (j + %)
and (j — %) respectively. We wish to emphasize that all the states in a given
supermultiplet have the same mass m. Moreover, in a given multiplet there are
equal numbers of Bose and Fermi degrees of freedom. The multiplet with lowest
spins contains a scalar, a pseudoscalar and a Majorana spinor. The correspond-

ing field theory model is the massive Wess- Zumino model.

We now turn to the case of massless states. This appears to be more
interesting, because exact gauge symmetries force particles of spin =1 to be
exactly massless, and with them all their superpartners must also be massless T

In this case the canonical momentum is P# = (1001), and (1.2.4f) becomes

?Qa’Qﬁ; = ((70 - 73) C)aﬁ (arﬁ = 1,--:4) . (1313)

Rather than dealing with the four components of Q, as defined in eq. (1.3.4), it is

now more convenient to work with
;=35
s, =S, + S, , (1.3.14)

as they satisfy the easily recognizable algebra

1’See. however, the discussion in section 2.4.
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fsisty=1, (1.3.15a)
fsasta}=0, (1.3.15b)
{s1,528 =0, (1.3.15¢)
fsisty =0 . (1.3.154)

Consequently the two-element Clifford algebra that we had in the massive case is
now a one-element Clifford algebra, together with a one-element Grassman alge-
bra. Since states of positive norm can only represent trivially the Grassman
algebra (1.3.15b), all we are left with is one fermionic creation operator, say s;,
and the corresponding annihilation operator sT,. Given one irreducible
representation of the Poincaré algebra, which in the massless case we are now
dealing with consists of only one state, we form irreducible representations of
the super- Poincaré algebra by adjoining it with another state differing from it in
helicity by % unit. Consequently massless irreducible representations contain
couples of states of adjacent helicity. Enforcing CPT then leads to add to a cou-
ple of states of helicities (j,J +%) two more states of helicities (—j,—J —%) The
(2%) multiplet is perhaps the most remarkable one, as it leads to the super-
symmetric generalization of Einstein's general theory of Relativity, N=1 super-
gravity [20]. The (1-;—) multiplet leads to the N=1 supersymmetric Yang-Mills
theory, where an adjoint set of Majorana (or Weyl) spinors is minimally coupled

to a Yang-Mills boson.

The case of extended super-Poincaré algebras was also studied a long time
ago [19]. There are now more fermionic charges, and therefore more fermionic
creation and annihilation operators. As a consequence, one gets longer multi-
plets. There are also upper bounds on the number of supersymmetries for a

1

given maximum helicity. In particular, maximum helicity 5 (Wess-Zumino
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model) is possible only for N=1 and N=2 supersymmetry. Maximum helicity 1 is
possible up to N=4 supersymmetry, and maximum helicity 2 is possible up to
N=8 supersymmetry. The particle multiplets for supersymmetric Yang-Mills ang

for supergravity are summarized below:

SupersymmetricYang —Mills

spin =0 =1 =2 N=3 =4
1 1 1 1 1 1
1 <
2 1 2 4 4
0 & - 2 6 8
Supergravity

spin | N=0 | N=1 | N=2 | N=3 | N=4 | N=5 | N=6 | N=7 | N=8
2 1 1 1 1 1 1 1 1 1
2 - 1 2 3 4 5 6 8 8
1 - - 1 3 6 | 10 | 16 | 28 | 28
1 = . = 1 4 | 11 | 26 | 56 | 56
0 ; : - = 2 | 10 | 30 | 70 | 0
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We now want to show how a simple generalization of the arguments
presented above allows to study the particle representations of higher-
dimensional super-Poincaré algebras. In particular, we will discuss the massless
representations of the D=11 super-Poincaré algebra [16], thus showing why D=11
is an upper bound for the construction of supergravity theories. The starting
point is the super-Poincaré algebra (1.2.4), rewritten for the case of D=11, so
that the vector indices now run over the eleven values (0,..,10), and the spinorial
charge Q has 32, rather than 4, components. The next step is then picking a
canonical momentum, which we take to be P¥ = (1001..0). The little group of
PH is the SO(9) subgroup of the eleven-dimensional Lorentz group that leaves
our P invariant. Massless states in D=11 are therefore classified by representa-
tions of this transverse SO(9) group, and the relevant part of the super-Poincarg

algebra now becomes

[Qa.Jiy] = %(ﬂJ)«pr ) (1.3.16a)
[Ji7. 0K ] = 41 J[I[K(SJ]L] il 03 , (1.3.16b)
EQmQﬁg = —((PO - TG) C)aﬂ . (1-3'166)

As in the four-dimensional case, the next step consists in picking an explicit
representation of the Dirac algebra, and subjecting the charge Q to the Majorana
condition. We wish to emphasize that now the I' matrices are rather compli-
cated objects, as they are 32-dimensional. Choosing a convenient representa-
tion of the eleven-dimensional Dirac algebra can therefore simplify matters con-
siderably. The main feature a convenient representation must have is to split
simply when specializing to the SO(9) subgroup in eq. (1.3.16b). Such a represen-

tation is discussed in Appendix B.
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Using the explicit form of the I' matrices in Appendix B, we see that the

Majorana condition forces the charge Q to have the form
(1.3.17)

where U and D are eight-component vectors. Eq. (1.3.16c) then implies the fol-

lowing anticommutation relations:
EUarUﬁg = ‘5aﬁ
{U,U} = {U,D}={UD"}={DD}={DD}=0 . (1.3.18)

It follows that the D's satisfy a Grassman algebra, and therefore annihilate all
particle states, which have positive norm. Restricting (1.3.16a) to such positive

norm states gives

<y'|Uly>
_ ; 0
<Y Qad]lY> = %(l“u),,,Ef 5 . (1.3.19)
<y'|Utiy>
Defining
U
Ug = ZJ’ (1320)

and using the results in Appendix B, we can write egs. (1.3.18) in terms of the 16

x 16 matrices FU:
an, Ug; = 6aﬁ " EUa, Uﬁi =0 (1.3,213)

[, Jir] = % (T )apup (1.3.21b)
2
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[Ty Tk ] = 44 JU[K 5”“ . (1.3.21c)

In analogy with what was done in the D=4 case, in order to disentangle the alge-

bra (1.3.21) we define the operator
Jyy=Jy+iy uTE'F”'U. : (1.3.22)

Here (' is obtained suppressing the central 16 rows and the central 16 columns

of C', a symmetric matrix satisfying
cr;(e) =17 (I #0,3) , {1.8.28)

which in our representation takes the form

lg
C'=1 1 (1.3.24)
lg
Thus,
~ 0 1g
C'=1 1g 0 (1.3.25)

Demanding that {1.3.21c) hold for the j,;j then gives y = % and the operators
51,} =Jy + %UT(E')FUU (I.J #0,3) (1.3.26)

generate an SO(9) algebra, which we denote as SO (9), to emphasize that its
generators are the 311. not the Jy;. They also commute with the u's and u T's.

The algebra (1.3.21) correspondingly takes the simpler form
fUa,U,“ = 5aﬁ ; an,Upg =0

[ua,j‘[‘]] =0 ; [Jydrl=41 ‘7[1[1{(5]]1'] . (1.3.27)
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and its irreducible representations, in analogy with the four-dimensional case,
are constructed starting from an irreducible representation of the bosonic alge-
bra, and extending it by applying to its states the U's and the Ut's. To be more
precise, one starts from a representation of the bosonic algebra which is a

Clifford vacuum, i.e. is such that
Uulu>=0 (= 1,..8) (1.3.28)

on all its states |v>, and applies to all states all the independent nonvanishing

products of the Uts.

As in the four-dimensional case, the main problem is that the physical
meaning of the :;1'] is not clear. Again, however, we can classify the states simply
by looking at their helicity content, i.e. by looking at their J;5 eigenvalue. The
procedure we have discussed here is exhaustive and, in principle can lead to
construct all the irreducible representations of the eleven-dimensional super-
Poincaré algebra. There is one case, however, which deserves some attention,
and which we will now describe in some detail. We want to study what the smal-
lest irreducible representation is. Since the fermionic operators just enlarge
representations of the bosonic algebra by a factor 28, it follows that the smallest
representation is constructed starting from a state |v> which is an 55(9)

singlet, i.e such that
Jyplv>=0 (1.J #0,3) . (1.3.29)

Then the helicity content of this state is obtained by simply noting that

312 |v> =0, and U, |[v> = 0. Indeed, these two conditions imply
Jig|v> = “;‘UT(E')flzu =

= Ly ) - WH W) lv> = -2 |v> . (1.3.30)
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The choice U* |v> = 0O thus leads to a Clifford vacuum |v> which has helicity
-2. The other states of the smallest irreducible representation then follow by

applying to |v > the U"®'s. This leads to the following set of states:

states helicity | multiplicity
|v> -2 1
.‘ s
Uut|v> -3 8
o *
u™y | v> -1 28
., * *
Uy U > -1 56
. * * *
u™y U SU |v> 0 70

together with the CPT conjugates of the states of nonzero helicity. This
representation is the only one we can find in eleven dimensions with maximum
helicity 2, and has the helicity content of N=8 supergravity. As is well known, the
corresponding supergravity theory has actually been constructed by Cremmer,
Julia and Scherk [14]. Before concluding this section, we want to show how the
group theory analysis presented before leads directly to the set of fields
corresponding to a given multiplet. This example is preliminary to our discus-
sion of supergravity in eleven dimensions in the next section, but is also meant
to illustrate a general point: the group theory analysis of the multiplets practi-
cally amounts to writing down the linearized lagrangian field theory for a given
multiplet. We start by noting that it is more natural to describe the states of a
multiplet in terms of SO(9) representations, rather than in terms of their heli-

city content. Consider first the 128 Bose states. The need to accommodate one
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and only one helicity 2 state leads necessarily to the O(9) representation
corresponding to the traceless part of the Young tableau [1]. which
corresponds to a two-index symmetric and traceless tensor of O(9) and
describes 44 Bose degrees of freedom with helicity content
1-(A=%2) + 7-(A=%1) + 28-(A=0). The remaining 21-(A=#%1) + 42-(A=0) Bose
degrees of freedom can then only be described by either one of the two 0(9)

representations:

H o

each one of which decomposes under O(2) into: 21-(A=£1) + 42-(A=0). The ten-
sors having the transformation properties described by the above Young

tableaux are the totally antisymmetric A[x] and A[ykimn . respectively.

Thus, as far as the Bose states are concerned, they can only be described

by the fields

Juv=Guu and  Apuyp)
or by

Ipv=9wu and  Apuper]

For the Fermi degrees of freedom the only possible field choice is a
Majorana vector-spinor ¥, because the defining (9) and the spinor (16)

representations of O(9) decompose under O(R) as follows:

9~ 1-(A=%1) + 7-(A=0)
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16 ~ 8- (A=+3)

so that the product 8 X 16 contains exactly the helicity states we want, after we
gauge away (using the gauge invariance of the 1 + 10-dimensional form of the
Rarita-Schwinger Lagrangian) the 8-()\=:!:%) extra degrees of freedom.

Any other choice of fermion fields like, for instance, the generalization of
the field (Y(apy)(Z), Y(a§y)(Z)) of 1 + 3 dimensions, leads to too many helicity -g

or helicity -% states.
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1.4. Field theory models with simple supersymmetry

In this section' we want to describe three field theory models possessing
invariance under simple supersymmetry in four dimensions, the Wess-Zumino
model, the N=1 supersymmetric Yang-Mills theory, and the N=1 supergravity
theory. Then we will discuss supergravity in eleven dimensions, showing in par-

ticular its uniqueness.

Let us start by considering the simplest supersymmetric model in four
dimensions. It is a free action for a scalar, a pseudoscalar and a Majorana spi-
nor, all massless. It was the model that first showed four- dimensional super-

symmetry, and is known as the Wess-Zumino model [22].

The action is
- 1 1 15
S=[dtz { 1404+ 1BOB - ZX#9,A ] (1.4.1)

where A is a scalar and B is a pseudoscalar, and is invariant under the global

supersymmetry transformations:

04 =1FA ,
08B = —1:575}\ ,
SA=3(4+yB)e , (1.4.2)

with € a constant Majorana spinor. Indeed, varying S in eq. (1.4.1) gives, apart

from a total divergence,
65 = [diz {4 (sN0A - E7N0B —iAO(A +iysB)e] , (1.43)

which vanishes on account of the symmetries of the spinor matrix elements

T We use the Minkowski metric (-+..4) throughout.
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induced by the Majorana property of A. Before proceeding to introduce super-
symmetric interactions in this model, we want to compute the commutator of
two supersymmetry transformations on the fields. We start by computing the

commutator on A, and write
02614 =15,8 (A +1iysB)ez . (1.4.4)
Subtracting the same expression with £; and €3 interchanged then gives
[62.61]4 = 21 (F174e2) 8,4 . (1.4.5)
Repeating the same exercise for B gives the same answer, i.e.
[62.01] B = 21 (g1 7#¢€2) 0, B . (1.4.6)

The situation is different, however, when we go on to compute the commutator of

two supersymmetries on the spinor A. Now we get:
620,A =17 5(52)\) —75(5275>\)§ £, (1.4.7)
and antisymmetrizing in 1 and 2 gives
[6261]A=18 E (BaA) &1 — (E1A) €2 — (E275N) 7581 + (E175A) 7582 § (1.4.8)

To write this quantity in a form similar to (1.4.5), we must perform a Fierz
transformation to bring €; and &3 together. To this end, we note that, since
(1.4.7) is manifestly antisymmetric, only the 7, and 0y, terms will enter the

Fierz expansion. The result is
[62.01]A = Ri (B e2) Ouh — i (17 ea) Y A (1.4.9)

and is actually simpler, as it contains only 7, terms. The first term is clearly the

same as the corresponding terms in eqgs. (1.4.4) and (1.4.5). On the other hand,
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the second term in {1.4.9) has no analogue in the case of the bosons. It is pro-
portional to the equation of motion of the spinor, and therefore disappears alto-
gether for an on-shell spinor. This illustrates a recurrent feature of supersym-
metric models, the nonclosure of the supersymmetry algebras on some of the
fields off the mass-shell. The discussion of the particle representations of the
super-Poincare’ algebra given in section 3 also tells us why this happened. Off-
shell the Majorana spinor A describes four degrees of freedom, rather than two,
and equality of the numbers of Bose and Fermi degrees of freedom can be
achieved only at the cost of introducing extra nonpropagating degrees of free-
dom (auxiliary fields) that disappear altogether on the mass shell. To attain
equality of Bose and Fermi degrees of freedom in our case we need extra
nonpropagating degrees of freedom with an excess of two bosons over fermions.
To determine the auxiliary fields, we perform one more Fierz transformation on

the second term in eq. (1.4.9), and rewrite (1.4.9) in the equivalent form
[62.01]A = Ri(g7#e2) 0 A + 1 (((£2)(E1) — (7582)(E175))
- (122 . (1.4.10)

The structure of the last two terms then suggests the solution to the problem.

We modify the transformation of A and write:

bA=Fe+75Ge+3 (4 —vB)e , (1.4.11a)
OF =td A, (1.4.11b)
060G =Fys@ A . (1.4.11c)

The transformations of A and B, on the other hand, remain those in eqs. (1.4.2).
Then the new terms we introduce in the commutator on A cancel the second

term in eq. (1.4.10), and lead to
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[82,01]A = 21 (Fa9%e1) 8 A (1.4.12)
even off the mass shell. Furthermore, one can show that

{62,611 F =21 (Ea7#e,) 3, F

[02.01] G = Ri (Ea7*€1) 8, G . (1.4.13)

The action itself is invariant under the modified transformation laws (1.4.11)

provided we add nonpropagating kinetic terms for F and G, and write

_ 1 1 15 F* _G*
S_fd4z§§ADA+§BDB—§MA+—2—-+—2—§ . (1.4.14)

One can also introduce supersymmetric interactions in this model. This
requires adjusting the relative strengths of spinor-scalar couplings and scalar
self-couplings, and modifying the on-shell supersymmetry transformations

(1.4.2) by the addition of nonlinear terms.

‘The next model we wish to consider is the N=1 supersymmetric Yang-Mills
theory. It describes the interactions of an adjoint multiplet of Majorana (or Weyl)

spinors, minémally coupled to Yang-Mills bosons. The action is:
5= fatz{ - Lrg, pom - IR (me ] (1.4.15)
where
FS, = 8,A% —8,A% +g f° 4}, A5
(V)® =06%0, —gf® A, (1.4.16)

with f = totally antisymmetric structure constants of a semisimple Lie alge-

bra. The action (1.4.15) is invariant under the supersymmetry transformations

6A4%, = —1EYA® (1.4.17a)
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6N = —io®FE, € , (1.4.17b)

with € a constant Majorana spinor. Indeed, inserting (1.4.17) into (1.4.15) leads

to
65 =tr [d's (=i En V] + 25707 [VpA] F#
+ %X[(E#A)h,)\]g (1.4.18)

or, using the Bianchi identity, to

%fd"‘x A[(EP#N) 7.7]) (1.4.19)

All we need now is the Fierz identity for four dimensions which, using the results

in Appendix A, is seen to imply
S EHANR 7u2) = 2 F 2 EFHN)R° 7% - (1.4.20)

Relabeling a and ¢ above then shows that (1.4.19) vanishes, and therefore proves

that the action (1.4.18B) is supersymmetric.

Next we consider the commutator of two supersymmetry transformations.

Commuting two supersymmetries on A“ we get
(6201147 = —R1i (817, 82) Fpy - (1.4.21)
This can be written:
[02.61] 4% = 21 (E1781) 0, 4L + Ogauge (—R1(E17V€2) AY) . (1.4.22)

This illustrates a new feature, peculiar to supersymmetric theories containing
gauge fields: the commutator of two supersymmetries closes on the gauge fields
only modulo a gauge transformation. This result, however, should not be very

surprising, as it occurs also for the more familiar case of the Lorentz
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transformations. Alternatively, it could be noted that the r.h.s. of (1.4.21) is
gauge covariant. This has an effect on the commutator on the other fields: the
spatial derivative in the translation part will be replaced by a covariant deriva-

tive.

Next we consider the commutator of two supersymmetry transformations
on the spinor A. Counting degrees of freedom indicates an excess of Fermi
degrees of freedom by one unit off-shell. As a consequence, we expect nonclo-
sure of the supersymmetry algebra on A. This is indeed the case, and the result

can be written, after a Fierz rearrangement,
[62,61]A% = 21 (87 e2) (Vo N)® + 1 ((75€1) (B2 750 A)*)
- (122) . (1.4.23)

Working in analogy with what done for the Wess-Zumino model, we see that we
can dispose of the additional terms in (1.4.23) by introducing an adjoint multi-
plet of pseudoscalar fields D?® such that, under a supersymmetry transforma-

tion,
6D% = - Ey;(WA)® (1.4.24-})
and by modifying the supersymmetry transformation of A into
ON® = y5eD* —i 0™ F ¢ . (1.4.25)
Then commuting two supersymmetries on D? also gives
[62.6,] D% =21 (8,7%¢e3) (V. D), (1.4.26)

and closure of the algebra off the mass-shell is achieved. The action is then
made invariant by adding a suitably normalized nonpropagating kinetic term for

D%, The final result can be written:
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Z)

. (1.4.27)

S=tr fdiz —%F’“’Fw— XL -

We wish to emphasize that the interacting theory has a field-dependent super-
symmetry algebra that coincides with the super-Poincare’ algebra only in the
limit of vanishing fields. This is a new feature that one encounters when dealing

with interacting supersymmetric theories.

Having discussed the Wess-Zumino model and the N=1 supersymmetric
Yang-Mills theory, we now turn to consider the simplest supersymmetric gen-
eralization of Einstein's general theory of Relativity [20]. This model describes
interactions of the gravity field (here described by means of a vierbein V™))
and a Majorana spinor-vector ¥, all governed by a single dimensionful coupling
constant &. The resulting action is invariant under one local supersymmetry

transformation.

Describing the supergravity action requires separate discussions of the
actions for V’n# and ¥, As anticipated, the gravity field in supergravity is
described by a vierbein field V’"#, rather than by the metric tensor g,,. Here
curved vector indices will be denoted by small Greek letters, and flat vector
indices will be denoted by small Latin letters. Replacing g, with V’"“ provides
the "flat to curved" index converter necessary to put spinors in curved space-
time, but this apparently increases the number of components of the gravity
field from 10 to 16. However, the set of local symmetries of the Einstein action is
correspondingly increased by the addition of the local Lorentz symmetry in the

tangent space, which effectively gauges away the extra six components.

To write the pure Einstein action in the vierbein formalism, we introduce
the spin connection w,™", which is the gauge field for the local Lorentz transfor-

mations in the tangent space, and we define the curvature

R = 8,0, —8,0,% + 0,5 wy” = 0, 0 . (1.4.28)
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Finally, we postulate the action

S=fd4} 4%‘% VR, VW Rp®(w) 3 (1.4.29)

This expression does not bear an obvious resemblance to the conventional way of
writing the Einstein action in terms of the metric field and of the ChristofIel

symbols
S = [tz { - 58 Rrypethug™ | (1.4.30)

The equivalence between the two formulations is established as follows. First of

all one relates the metric tensor to the vierbein by writing
I = V"o Vimo (1.4.31)

which already implies that V= V—g . Then one eliminates w in eq. (1.4.32)

using its nonpropagating equation of motion, which is
V™ =0,V + 0, Vi =0, ™ Vyr =0 . (1.4.32)

Using the antisymfnetry of & in its two flat indices, this equation can be solved

to give
0 M = (VM8 VT, — V8, V™) —
S(VUa, V™, = V™, V) + 2 Vo (VTP VY — VP V)5, VR (1.4.33)

Using this expression and the conventional (i.e torsionless) expression of the

Christofiel symbols in terms of the metric

Fap.u = %gaﬁ (gﬁ,u..u + 9 — gy.v.ﬁ) , (1.4.34)

together with the relation (1.4.31) between V™, and g, one can then show that

(1.4.32) and (1.4.33) fit together into the simple condition
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BV + 0,V =, V=0, (1.4.35)

which states that the vierbein is covariantly constant. Finally, using (1.4.35) one

can show that
Ry () = Ry, (T) VT,V (1.4.386)

and the equivalence between (1.4.29) and (1.4.30) is proved. This presentation
is,of course, not the only way of looking at the problem, and one could as well

turn the argument around and take (1.4.35) as the starting point.

In the presence of spinors, one is forced to work with the vierbein, and the
action (1.4.29) is the starting point in the construction of the supergravity
action. Our next task will be to describe the Rarita-Schwinger action for the
gravitino field ¥, The free action for a massless Majorana gravitino can be writ-

ten

S = fd4x 5 _%ewpo@”%%apwg g . (1.4.37)

It is invariant under the gauge transformation 61(/“ = d,¢€, with € an anticom-
muting Majorana spinor. The corresponding free action for a massive gravitino

follows by adding to (1.4.37) the mass term
S = fd4x E%m V0 Y, g . (1.4.38)

As (1.4.37) and (1.4.38) are not very familiar objects, we find it convenient to dis-
cuss their properties in some detail. In order not to interrupt our description of
supergravity, however, we prefer to relegate the discussion of the properties of
the Rarita-Schwinger action to Appendix C. There we will show [25] that
(1.4.37)-(1.4.3B) is the unique free action (up to field redefinitions of the form
Y=Vt )\7“7-';0) which propagates only spin—% modes, is linear in the deriva-

tive d,, does not contain nonlocalities and yields identical equations of motion
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for the fields that enter it.

For our present purpose, what is most important is that the gauge invari-
ance 610# = 0, € has a parameter which, apart from its being space-time depen-
dent, looks like the supersymmetry parameters encountered for the Wess-
Zumino model and for the N=1 supersymmetric Yang-Mills theory, as it is an
anticommuting Majorana spinor. The gravitino thus suggests itself as the gauge
field of supersymmetry. Constructing the supergravity action amounts to follow-
ing steps conceptually similar (if technically far more difficult) to those one
would follow in constructing the full self-interacting Yang-Mills theory from the
corresponding free theory. In this case we must start from a globally supersym-
metric model ( and here is where gravity already enters ) and make the super-

symmetry local by the addition of suitable extra couplings.

Our starting point is therefore the Einstein action in the form (1.4.29),
together with the Rarita-Schwinger action (1.4.37), covariantized with respect to
general coordinate transformations, i.e.

— -V 1 =
g = fd“:r 5 mR(V,w) - Ee“””"v/p'ys'nypva g : (1.4.39)
No vierbein determinant appears in front of the second term above, because ¢ is
a tensor density. 7-matrices bearing a curved index are related to ordinary
constant y matrices with flat indices via contraction with the vierbein, so that
Yup= V", 7m. Finally, the covariant derivative D, can be written omitting the
symmetric Christoffel connection altogether, as this would drop out because of

the antisymmetrization. Thus
Dva - a;ﬂbv + %w#ab Oab Vo - (1.4.40)

The next step is writing supersymmetry transformations under which (1.4.42) is

invariant. The natural candidate for the gravitino transformation is the
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generalization of the gauge invariance of eq. {1.4.37) to include covariantization

with respect to general coordinate transformations, i.e.

8Y,= <Dy . (1.4.41)

ol

Together with this transformation, we need the transformation of V™ u and the
transformation of w,™". Actually, one can forget about w altogether, since it is
possible to arrange things in order that it does not contribute to the variation,
by taking it to be that function of V and ¥ that satisfies its algebraic equation of
motion. This trick, usually denoted as 1.5 order formalism, follows from the

observation that in varying the action one produces

0S
oV,

5
5v,

6y, + 66—5“" 6w, % | (1.4.42)
S

ovm ut
and the last term vanishes identically, irrespective of what 6w“°° is, if the spin
connection satisfies its equation of motion. The important point to notice, how-

ever, is that the addition of the Ywy coupling in eq. (1.4.39) modifies the equa-

tion for « from its form (1.4.35) to
mn mn kz o M -
B V™ =0, VP 4 0™ Vi = @)™ Vin = = S 7™ %) - (1.443)

This, in turn, can be solved to give

2 — —
+ % (X_Pn Tm ’Wp, + "pp'yn Wm - 'Wm 7,;’%) ) (1'4-4‘4)

where w° ™" is given in eq. (1.4.33). Eq. (1.4.44) can equivalently be restated in
the form of a condition that the vierbein be covariantly constant, as in eq.
(1.4.35), but with the Christoffel symbols no more symmetric in their two lower

indices, and therefore possessing a torsion part
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2 _
Sy =- %%7"3&# X (1.4.45)

Summarizing, the requirement that w in eq. (1.4.39) satisfy its nonpropagating
equation of motion has had the effect of hiding in its definition quadratic terms
in the gravitino ¥,, which in turn introduce quartic spinor couplings in eq.

(1.4.39).

We now vary V™ and ¥, in eq. (1.4.39), which gives
6S = [diz § Z{EG V" (R = 1 VB R) = 1 e#P2(6%,) 757, Dp¥ —
3P T 07N (Dp¥e) = 3P Vursn DoY) - (1.446)
Inserting (1.4.41) above and integrating by part the second term then gives:
6S = [d* § Z}tiz-d VT (Ri = LV B R) = L1005, 957, [D,.D,] e

- %syvpa(d Vmu) Ey')’s’ym Dp'wg

+ 1 e gy Dy, (D, V™, = D, V™) § (1.4.47)

1
4
¥

where the last term originates from integrating by parts the second term in eq.
(1.4.46). We can now rewrite more conveniently (1.4.46) by using (1.4.43) and

the relation between the commutator of two covariant derivatives on € and the

curvature tensor in eq. (1.4.28). The result is:
_ |4 1 vV 1
65 = fa'z{ 5 OV )B™ = FVTLR) = G (R™ = 3 V"L R)
== 2 e
- %CWPU(‘S V) Vu?57m Dp’»”a + % eHPIE Y5 m Dp'%('w#'ym Yy X1,4.48)

where we notice that all terms involving the Riemann tensor in the variation of
the Rarita-Schwinger action have reduced to terms involving the combination
(R#’" - % V’"#}?). Requiring cancellation of these terms then determines the

transformation of the vielbein to be
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6V"#=k§7”"¢# . (1.4.49)
and one is left with
65 = fd4 g ECWP €757 D %)(%ﬁ“ '!l’v)

- %6“””" (VY5 Ve Dp¥e) EY* %) § (1.4.50)

which vanishes upon a Fierz rearrangement. Consequently the action for N=1

supergravity in four dimensions is

5= {d 5- R(V.w) = $e# 70,70 Dp¥ } . (1.451)

with @ determined by eq. (1.4.42), and is invariant under the local supersym-

metry transformations
V™, = kEY" Y, (1.4.52a)
and

Oy, = %D#(w)e . (1.4.52b)

The Einstein action for pure gravity (1.4.29) embodies three main features,
the invariance with respect to general coordinate transformations and local
Lorentz transformations, and the absence of terms containing more than two
derivatives. As is well known, however, these two features are also preserved if

we modify (1.4.29) by the addition of a cosmological term, and write
S=fatz{-—SVEWEL® @) +AV ], (1.4.53)

where the cosmological constant A can have any sign. It is then natural to ask
whether the action of simple supergravity in eq. (1.4.51) can also accommodate

a cosmological term compatibly with local supersymmetry. The answer to this
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question is contained in the discussion of superalgebras in section 2. There we
have seen that the N=1 super-Poincare’' algebra in four dimensions can be
recovered by contracting a simple algebra, the super-de Sitter algebra. The
peculiar feature is that in this case the bosonic algebra is constrained to be
anti-de Sitter, rather than de Sitter. This, in turn, fixes the sign of the cosmolog-
ical term, which is bound to be negative. To construct this theory [23], we start
by adding to (1.4.51) a negative cosmological term, and modify action and
transformation laws in order to attain local supersymmetry of the resulting
action. The first modification one needs is the addition of a mass term for the
gravitino which, as shown in Appendix C, is of the form 1—&#0"“’ ¥, once we choose

for the kinetic term the form (1.4.37). We are thus led to consider

~V mrir o - L gz
5= fdz { —SR(V.0) = 5 e P77, Do

AV

. 5-];%0#“% £ (1.4.54)

FY A2 g
4k*

Then, requiring that the variation of all terms quadratic in ¥ cancels leads to

modify the supersymmetry transformation of ¥ into

— L A
6’¢#— ED#E = m’}‘#E 0 (1.4.55)

and this fixes the action, apart from quartic spinor terms arising from the varia-

tion of the vierbein in the mass and kinetic terms. No additional quartic spinor

terms are needed, however, as
= gtz § A oz ) Y= AV T oM
05 = fd 3 é 8 € (10;;756)(%%%) 4 (8‘/’%)(%0 ) +
A P )9, § (1.4.56)

which can be shown to vanish by a Fierz rearrangement.
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The last model with simple supersymmetry we wish to describe here is sim-
ple supergravity in eleven dimensions. As we have shown in section 2, group
theory directly sorts out D=11 as the largest dimensionality of spacetime where
a supersymmetric multiplet containing no states of helicity greater than two
exists. We have also remarked that the smallest supermultiplet of the D=11
super-Poincare' algebra contains a set of states with the same helicity content
as the 258 states of N=8 supergravity. Indeed, as we have seen, the information
provided by the study of the super-Poincare' algebra is almost equivalent to
knowing the noninteracting form of the corresponding field theory. The only
ambiguity is related to different choices of fields that on-shell describe a given
set of states. Supergravity in eleven dimensions provides an example of such an
ambiguity. As we have seen in section 3, the ambiguity has to do with the bose
fields, since the 128 fermionic degrees of freedom sort out a Majorana gravitino
as the only possible field choice. Of the 128 bose degrees of freedom, 44 are
accommodated by the elfbein Vm#, whereas for the remaining B84 there are two
possible choices of field, a third-rank antisymmetric tensor gauge field 4,,,, and
a sixth-rank antisymmetric tensor gauge field AH-#s' It is then straightforward
to write the corresponding free theories and their supersymmetry transforma-

tions. The first case gives the free action
§ = -faiz { [ RVe)lin = 5TuI*0,%,
— oo (Faupal? ] (1.457)
and the corresponding supersymmetry transformations
SV, =kEl™Y, (1.4.58a)

[Dutlin = 7oz (Tu#7 + B8, DP")e Fagyy  (1.4:58b)

bl

OYu =
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e

5A1.wp = - Erw'}llp] .

(1.4.58c)

Here ¢ is a constant Majorana spinor, [] denotes antisymmetrization with

strength one, and the field strength

Foapys = 40[a Apye)

is invariant under the gauge transformations
0 Aagy = Oadpy -
The second case gives the action

§ = [alz {-[ -G RV — 5FI0,9,

v

ﬁ (Fal..a-,)z g ’

and the corresponding supersymmetry transformations

sVm, = kEl™y,

1

(1.4.59)

(1.4.60)

(1.4.61)

(1.4.62a)

Sy = [%Dy.]lin + — (RT, ™ + 76:‘1“&2"“7)&}”’“1_.“7 (1.4.62b)

67!

0 Aa,.a5 = 3T [a,.a5Vag]
where ¢ is again a constant Majorana spinor, and the field strength
Fay.0, = 700,40, 0,)
is invariant under the gauge transformations

6Aa‘..a5 = a[alAaz..as] .

(1.4.62¢)

(1.2.63)

(1.4.64)

In attempting to promote the supersymmetry to a local symmetry, one fol-

lows steps similar to those described for the case of N=1 supergravity in four
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dimensions. There are two technical complications in this case. First of all, the
actions contain one extra field, apart from ¥, and i p and correspondingly
more couplings are possible and, in general, needed. Moreover, the eleven-
dimensional Dirac algebra is considerably more cumbersome than the four-
dimensional one, in that one is dealing with antisymmetrized products of several
I’ matrices that must be multiplied and combined together. The main tool one
needs is eq. (1.B.3), which provides the decomposition for the product of two

antisymmetrized products of I' matrices.

We consider first (1.4.57). As in the discussion of N=1 supergravity in four
dimensions, we use 1.5 order formalism and do not vary w. As a first step, the
full nonlinear vielbein content is introduced, by demanding invariance under
general céordinate transformations. Then, in order to make the supersymmetry

local, one needs to add the Noether term
k' V-
SN = fd,“:r g—ﬁwﬂ(l““"“ha + 129““9””‘76)'%17“576 g (1,4.85)

in order to cancel the residual 0¢ terms from the variation of the kinetic term
of ¥, in eq (1.4.57). The terms of the form keFF, generated by varying
0¥ ~e F in the Noether term, and by varying the vielbein in the kinetic term of

A/-Wp- do nol completely cancel against one another, but add up to

65 = [aviz gOBTOREYEP (ET Y ) Fops Forgyey | » (1.4.66)

16-144

which is canceled by adding the gauge-invariant term

' 2 k t h
S'= fdnx g mﬁahba B",lc“upApraﬁy(;Fa'p-ra' g s (1467)
One then fixes the cubic terms in the transformation law for ¥, and the quartic

terms in the action by supercovariantization. The final answer is the action of

Cremmer, Julia and Scherk [14]:
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+W-
5= fata{ - r(ve) - Yg, e (22 y, - V(5
o7 wp(rwﬁm129““g”ﬂr76)%(Fam+Fam)
2K

@)— aﬁy&aﬂyéwp[l FapyéFa'ﬁ’-;’G'i , (1.4.88)

with
Frvpe = Fuype + SK@[#FW,WU] (1.4.69a)

and
Wuab = Wugb — T 'Illar‘mb ’Wﬁ (1.4.69b)

the supercovariant extensions of F' and w respectively. Correspondingly, the

supersymmetry transformations are given by
6V2 = keT%y,, (1.4.70a)

0Aagysee = SLE[aprec¥e) (1.4.70D)

6% = D Du(w)e + S (RTEFTO LTI e F s gy (1.4.700)

We now discuss what happens when one tries to construct an interacting
theory in eleven dimensions starting from the action in eq. (1.4.61) [16,24]. As
before, one starts by covariantizing the action with respect to general coordi-
nate transformations. Then, to make the supersymmetry local, the addition of

the Noether term

Sy = fdlz { % o (TH31874 42 gkt g Vo285 Oy [ ey ) (1.4.71)

is necessary and, again, the k&eFF terms in the variation of the lagrangian do

not cancel completely, but lead to
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& apad B
65 = [tz { 2o e PP G IR Py o Py g} - (1272)

The analogue of the term in eq. (1.4.87) is not available now, simply because
(1.4.72) does not have the right index structure. The only possibility of cancel-
ing it requires adding a cosmological constant but, as we now show, even this
attempt fails, and it is not possible to construct an interacting supersymmetric
theory with A4 4, [16]. To show that this is the case, we add to the action the

term

, —BKk® ay.arhi by
5 = falla { ZEE o et B @urvys) Py o Foy g ) (1479)

and modify the supersymmetry transformation of Yu to include the term

0Yp= —=Ie , (1.4.74)

B k2
which is enough to cancel (1.4.72). But the effect of the new transformation for
the gravitino on the remaining terms in the action then leads to the addition of a
mass term for ¥, and of a cosmological constant. We are thus led to consider

the action

-

14 V= 14 y 90V |
- fatz{ (m)-EMWPD( W = gge Pl™ W+ 2oy +

%
+ o7 (Fagyseen)® + 4 7 V. 3, (THvaroeen s 420 uagvBTWE Ny F o psoer

B3

T B4t gPPrismebes (’E#FUV)Faﬁyﬁ('nFabcdpvp g . (1.4.75)

A critical test is now to check whether the terms generated by varying dy~ ;:—2
in the Noether term cancel against the terms generated by varying 0y R eF in

the mass term. This does not happen, but rather we are left with

6Sm +6Sy= [dlz§ BT ") Faa, § - (1.4.76)

5‘Blc



Bl

In the same way [ 18], one can show that it is impossible to modify the Crem-
mer, Julia Scherk theory to include a cosmological term consistent with local
supersymmetry. Starting from (1.4.68), one adds a cosmological term and the
necessary (by supersymmetry) Yy mass term, and modifies the Yy transforma-
tion by the addition of the term (1.4.75). But again one arrives at the same
difficulty as the one encountered in the six-index case: the variation 0¥ MeF in
the mass term does not cancel against the variation oy~ f—z- in Sy, but rather

they add up to
LV
0Sm +06Sy = fd“x § m(w#ﬂ“’”"e) Faﬁ'yd g ; (1.4.77)

which is the analog of (1.4.76) and is impossible to cancel.

The failure of these attempts has an explanation in terms of group theory.
It has to do with the fact that, as we have seen, no super-de Sitter algebra exists
in eleven dimensions, as such an algebra would be the global algebra of a model
with cosmological term and an Abelian gauge symmetry for the antisymmetric
tensor A4,,, (or for A, q, ). The conclusion is that, in eleven dimensions, super-
gravity has the unique form (1.4.68), built out of the set of fields ¥,, V™, and

A

uvp and, differently from the case of four dimensions, it cannot be modified to

accommodate a cosmological term consistently with local supersymmetry.
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Appendix A
The equations derived in section 2 when discussing the closure of the
super-de Sitter algebra in several dimensions involve the evaluation of terms

like (™ 1"“*"11,1‘_,“1"“1, 4‘-;»)' This can be done very simply using the following

resultt:
Ll Y S
(I‘s"'ﬁ"')wb (Ton Tg.pm Tayaylca = (1) 2 n!
min(m,n) m| |D—-m
X (Fpl..ﬂm)ab (Fﬁi._ﬁm)cd ki—lo ("1)k [k] [n—k] ; (1.A.1)

where D>m +m. As usual, [, denotes a product of k I' matrices, totally

10k
entisymmetrized and normalized so that it equals I'y..I';, when the indices are

all different.

In order to prove (1.A.1), we start by considering the case in which k indices
out of the set (ay,..,0p ), say (ay,..,0), coincide with k indices out of the set
(B1,-.Bm ). say (B1,--.Bi). This circumstance corresponds, for example, to the

arrangement

Ay O Apyq1..0p
[ Fﬁl--ﬁkﬁknv-ﬁmFalﬂakakﬂnan : (1.AR)

There are several dispositions of the indices which are equivalent to the one
shown in eq. (1.A.2), corresponding to different possible choices of the indices
(B1.--,Bx) and of the indices (a;,..,04 ), and to different relative permutations of

the sets (a4,..,0 ) and (B1...,8x ). The total number of these cases is:

sl -

1 Ithank J. H. Schwarz for teaching me this.
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The remaining indices {Gz4+1..04 ) in (1.A.2) contract against the indices in the

other I‘al_.a", and this corresponds to

(n —&) {1.A4)

D—-m
(D-m)..(D—m—n +k +1) = {n—k

possibilities. Multiplying {1.A.3) by {1.A.4) then gives the total factor for this

n
B

where the overall sign accounts for the exchanges of I' matrices with respect to

case,

the original permutation. If D<m +n, some of the m indices (B1,--,Bm ) must
equal some of the n indices (aj,..,a,), and the sum in eq. (1.A.1) therefore

starts from max(D —m —n,0), rather than from 0. In general, we thus have:

nin-1

+nm
(e, (P55l o By o S =f=1) # n!

D-m
—k

min(m,n)
(Tg,.8,)ab (Tp,.8, )cd é (=l )k
maz (0,D-m-n)

(1.A.8)

From this result we obtain the following 3 tables, where we collect some

identities for D=4,10,11.

D | (“TalW)/ (Ta) | (“TagT)/ (Tag) | (T“TayauTu)/ (Tay )

4 -2 0 0

10 -8 6 0

11 -9 7 =1




=57=

D | (™lalu)/ @) | (P*TagTyd/ T} | (Lo Tpo)/ Tayng)
4 0 S 0
10 -54 -26 10
11 -70 -38 10
D | Tl ) | £ gl u) | S0 o T )
4 0 0 0]
10 0 -3360 0
11 -5040 -5040 -1200
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Appendix B

In this section we summarize our conventions for the eleven-dimensional
Dirac algebra which we use in the discussion of the algebras and in the discus-
sion of supergravity in eleven dimensions. We use the Minkowski metric
nuy = diag (—1,+1,..,+1), M,N = 0,1,..,10 and our I'yy's satisfy the Dirac alge-

bra {T'y,I'y} = 2nyy and are chosen to obey the condition:
TPTe 1= —f,
Antisymmetric products of [-matrices are defined by:

Cuiont, = Tt Tup Taay (LB.1)

where the square brackets denote antisymmetrization with unit strength. One

can now prove that those antisymmetrized products are related by:

—)rin-1)/2 a1az.anb b5 bu—nr

I“alaz--a-n =
(11-n)! bibe.byyn

(1.B.2)

and consequently all the products of I'-matrices can be expressed in terms of
: P95 S (. anp,'rmpq and ['pppgr. Which multiplied with factors of  where
necessary in order to become Hermitian, form a complete set of 1024 32 X 32

Hermitian matrices.

Antisymmetric products of [-matrices can be combined according to

T (b +1.-05

Fbxba _mm%n i) m'n!

212 Om K=o (m —k)'(n —k)'k! F[“l--“k av:znam k‘& B.3)

The coeflicients in the expansion are determined by the condition that all traces

be removed from the r.h.s.

Fierz rearrangements are performed using:

BN = 3 (NO; M)

S iop (O .
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where M, N are any 32 X 32 matrices and 0; is a shorthand for any matrix in
the set {1, I'm, I'mn, I'mnp» Tmnpgr D'mnggr -
Explicit evaluation of the traces leads to:

HEENTS = 515 (NI Y68 +{(NT™ 3 yPTaé — él- (NT™ M )Ty —

1
— o (NI MYPT,, %8 4 o (NI B YPT, 0 +

+ o (NPT YT, (1.B.5)

A convenient choice of the Dirac matrices 1"”, M=0,1,.,10, in 11-

dimensions used in Section I of the text is:
[P =1d9#x1x1,; w=0,1,23
¥ o= dydpiXey; 1=123

I = iysxpaxf;i j = 1,2.3

0 = P17, 19 = 4 waxpax 1, (1.B.6)

The 4 X 4 matrices y* are the Dirac matrices in four dimensions, they

satisfy: {y*,7"} = 2n*” = 2 diag(—+++) and are taken in the form (spinorial

representation):
0 1) _ . . _ |0 —oy| _ _ .
7° = {i 0] =17 Xlp, ¥ = io; O ‘| =Tex oy vs= Y = —iTsx Lp
J

The 4 X 4 matrices a; and §;, 1 = 1,2,3 are:

0 =T X Ty, Qg = 1pgXTg, 3 =T XT3,

B1=T1X T B2=T2 X1z B3=T3X T2

satisfying
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of = —oy, Bf =~F;, af =1=4% i,j = 1,23 (1.B.7)

In these conventions, one can immediately verify that
Ty Tl =2nyy =2 diag(—1,+1,+41,+1,..,+1) M ,N =0,1,2,..,10
I§=Ty T}=-Iy, I=12,..,10
ITd=Ty Td=T, Tf=-T; for I #0.2 (1.B.B)
The charge conjugation matrix which_in 1 + 10 dimensions must satisfy
CTCc-1 = —TH" gnd cT = -C (1.B.9)
takes, in our conventions, the explicit form
C=ilN%=47%" % 1, (1.B.10)
and also satisfies

C% = —1gs. (1.B.11)

Given the matrices 'y, M = 0,1,2,...,10 which obey the Dirac algebra, one

can prove that the matrices:
_ 1 _ 1
Zun = 4 [Ty ITnl= 5 Taw. (1.B.12)
satisfy the SO(1,10) algebra

[Zun.Zap) = L (Zyannp+ NP HA—ZHPTINA—ENATI HP)

_4iZ[M[A71N]P] (1.B.13)
and, in particular, the matrices £;7, I,J # 0,3 satisfy the O(9) algebra:

[T Zpr ] = 4’i2[1[K(51]L]. (1.B.14)
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We have [T,Z;;] =0, I,/ # 0, which means that the 32 X 3% matrices I,
with 7,J = 1,2,...,10 form a reducible representation of 0(10). This can be
decomposed into its two 16 dimensional irreducible pieces (1~6+f6) according to

the eigenvalue of r they correspond to, using the projection matrices:

1il‘°‘

5 (1.B.15)

Under 0(9) the two 16-dimensional representations are equivalent and the

decomposition is actually

32 of SO(1,10)~ 16 + IBof SO(10) < SO(1,10)

spinor

We now discuss a few properties of the matrices 'y valid in the representa-

tion (1.B.6), (1.B.7) and which are used in the text.

We first split the indices 7,/,... # 0,3 into two subsets, denoted by:

ij..= 12
17, = 45010

Statemnent 1. As can be checked using (1.B.6) and (1.B.7) the matrices ['j;

have the form:

4y 0 Ky
I'yy==—0 By 0] 171,J#03 (1.B.16)
Kyt 0 My

where A, K, M are B X B matrices, while B is 16 X 16, and
Ayt =4y, Myt = My, Byt = By are required by the antihermiticity of the
Ty's.

From the form (1.B.18), it follows that the 16 X 16 matrices:

{4y K

Lo =%t iyl 4 793 (1.B.17)




w3

form the 18-dimensional spinor representation of 0{9), since fu = % 'I:u satisfy
eq. (1.B.14). The same is true for the B;; matrices.

Stalement 2. The matrices Fij and F~5 have the form
1

~ i T
= {8 )

T =—i| ¥ 0
) 0 A;;
with
Al = 4., and AL = 4. (1.B.1B)
1) 1) 1] 1)

As for the matrices I':A they all have the form:
ij

~ K .
T.=— 0 " Y| Kt=k. KL=-K.
15 3 0 1 13 1 1
= 4 0 KZ? + KT
Tg==il R, & K=Ky K=Ky (1.B.19)

The proof of this statement is based on the observation that

1
. los o _ .| -1
-1
3 1
(e=-ta=| “'_; | P1=-2| !
-1 1

and
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The relative sign of the (11) and (44) or of the (i4) and (41) elements of the
above matrices determines the relative signs of the elements of the matrices

Uiz T‘?; or Fﬁ' 1_'2;. respectively. The rest is determined by the hermiticity of

the f’s and from the symmetry properties:

FT:ﬁ ,N‘l::—ﬁm fZZ—N‘A NL";:I'?‘A
iz = Iz I %4 o2 Fl"FZj o

which, in turn, follow from (1.B.8) and (1.B.186).

The matrices 512 and i; generate the O(2) X O(7) maximal subalgebra of
(2

~

0(9), while the rest, 2;‘3" belong to 0(9) - O(R) X 0(7).

Because of (A.18) the matrices % A,:?, satisfy the O(7) algebra forming its
1

eight-dimensional spinor representation.

As explained above, using the Dirac matrices in D-dimensions, one can con-
struct the so-called spinor representations of the O(D) groups. For example, we
showed that starting with the matrices I'y in (1.B.B), the matrices Zyy in
(1.B.12) satisfy the SO(1,10) algebra (1.B.12) and, in particular, using the
matrices Iy, 7 =1,2,...,10, one can construct Xj;; which generate a 32-

dimensional reducible representation of SO(10) subset SO(1,10).

Assume now that we can construct a matrix C or C' such that:
CTyC 1= -T{fand cT=-C (X =0,1,.,D-1)
or
CTgC''=T§and C'T = C.
Then in either case we will have:
CIxyC'=-Tiy

with
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C=LC or L

But then if @ is a spinor under SO(D), i.e., if under an SO(D) rotation with

parameters Wyy = —Wyx

the quantities C& transform according to:

(e = % WxySxy

w -1
CQR~-»CS@Q = 'eQ =(Sw))fce.

Thus using € and C@ we can immediately build a scalar bilinear in €,

namely:
(O Q=ee’p

is a scalar under SO(D).

The definition of Zxy and the Dirac algebra lead to:
S(@)TxS™Hw) = Ryy()Ty

with K (w) the D X D orthogonal matrix representing the SO(D) rotation with

parameters wyy in the defining D-dimensional representation.

The quantities
QTCTTy Iy, . I'x @
are then tensors under SO(D) and, in particular:
QTCT[Tx.Ty]Q

is an antisymmetric two-tensor under SO(D).
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Restriction of the values of X and Y gives an antisymmetric two-tensor

under the corresponding SO(D") (D' < D).



—66-

Appendix C
We want to show that the free Rarita-Schwinger action (1.4.40), including
the mass term (1.4.41), is the unique free action {apart from linear field

redefinitions) [25] that satisfies the following conditions:

(1). It propagates only spin % modes ;

(2). It islinear in the derivative operator ;

(3). It contains no nonlocal terms ;

(4). It yields identical field equations for the two fields it appearing in it.

To this end, we start by recalling the discussion given in ref. [2], and we
notice that the condition that no spin--é— modes propagate can be replaced by
the requirement that, on shell, the two conditions 7% = O and 8¢ = O hold. To
deal with this problem, we find it convenient to introduce spin-projection opera-
tors. This just amounts to rewriting the most general kinetic term linear in the

derivative operator for ¥,
L= Ep(al'?pav + a27vap. + a37pa Yot oy nyv)'wu (1.C.1)

in terms of an equivalent, but orthonormal, basis. The projectors we need are:

~ A~

3
(Pg)pu = Nuy — Wu Wy — §7p7v ;

~ A~

1
(Plzl)l.wz §7p7u

1 1 ~
(P = 73 T

~

1
1
(P4 )p,v = 730;1.711
1
(P& = wpwy (1.C.2)

where
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The projectors in eq. {1.C.2) satisfy the following properties:
(1). orthonormality : (P!;;)u (PY i)y = 07 65 (P1a)pp :
3 1 1
(R). decomposition of unity : 1 = P%2 + (P?®)y; + (P%)as.
Moreover, they are complete in that they span the set of all operators

entering (1.C.1). Thus we start by writing a free massive field equation of the

form
- S ST S S
(CIP + CZPII + C3P22 + C4-1312 + C5P21)pva Y = M%; : (1-C-4’)

3
Next, we require that the operator above square to [JP?, which is tantamount to

requiring that no spin % components propagate, because of the orthogonality

properties of the projectors, and of the form of the decomposition of unity. The
3
obvious solution consists in starting with P*@, but it has to be rejected, as it

leads to a nonlocal}ﬁeld equation.

Alternatively, one is led to
3 1 1 1 1 od -
[PP+ a(Pfy + P52 + P+ B P§)ind v, - (1.C.5)

Demanding that (1.C.5) be a local equation then leads to one relation between o

and §, namely
2(1—a)=-V3a(f-871) . (1.C.8)

We have thus found a one-parameter family of suitable field equations. The next
problem is writing an action which yields (1.C.5) upon variation with respect to

one of the fields in it. The obvious candidate is:
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— 3 1 1 1 1 _
L =9,[P? + a(P}; + P& + BPh + F PE) W@ ¥, + M PP 9, (1C)

but the problem here is that varying with respect to ‘Ep, yields a different equa-
tion from what one obtains by varying with respect to 4,. To overcome this
difficulty, one shifts the field in the field equation before multiplying with '@#,

which gives the new action
_ 3 1 1 1 it
L :"pp.[Pa + a(Plal + P222 + ﬁpr + ﬁ PSI)}WH (Wv"' }‘71/7'1” +
MY, (Y + A7u7¥) . (1.C.8)
Varying ¥, now gives
2 P P 3 . a-1p}
[P+ a(P}y + P + BPh + 871 P51) @ (Vo + Anuyy) =
MYy + Ay ry) (1.C.9)

which, upon iteration, becomes

e

D(P );.w(v/v + 9\7;/7’19) = Mz(wy."" }\7/;7'1” g (l.C,lO)

s
Multiplying both sides of this equation by P? then gives:
s
Yo+ A7 7Y = PE(Yu + Ay y) (1.0:11)
and, contracting with 7,
(1+4XN)7yy=0 . (1.C.12)

Consequently, the condition that ¢ vanish on-shell is preserved by the new
choice of action, at least provided A # —-41:. In terms of the projectors (1.C.2),

the L.h.s. of the field equation (1.C.9) reads

[P% Fo([L+ NGB —VER]PE +[1+A(1 - V38)] P, +
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1
[B+A(B—V3)]P} + [ + A (371 - \fﬁ)]Pél Jw? ¥ . (1.C.13)

To derive the corresponding equation that follows from varying with respect to
1 1

Y¥,. we first note that P, and P3; turn into each other upon Majorana flipping

and anticormmute with J', whereas the other projectors are left unchanged by

Majorana flipping and commute with @ . Consequently we obtain:

P*+ a([1+A(3—V3R)]PE +[1+A(1 - V3PS, -

i
[+ (8 = VB P - [87 + A(367 = VE) PR, 9 % . (1C1)

and comparison with (1.C.13) yields one single condition that determines A to

be
=_B+5 1.C.15
2V3 - g -3p7! B
The final result is:
= Ipt 2 z =1 z 3 3
L=9.,\P #mwmﬁ ‘ﬁP11+P12"P21]W(71//u

- | g+ g RV3 — 271
+M¢“[P G- +Ph) 4 (8 - Vap )2

1
+ (ﬁzj—f/%’;-él)z P%, (1.C.186)

Apart from its unfamiliar-looking form, this expression gives a one-
parameter family of actions which can be seen to reduce to the usual form
(1.4.40) of the Rarita-Schwinger action in the limit § » o. These actions in the

massless case possess the gauge invariance
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6Yu= 7.8 e — (V3B + 1)8,¢ (1.C.17)

which also reduces to the standard form in the limit § » . The one-parameter
family of actions in eq. (1.C.16) satisfies all the four conditions listed at the
beginning of this appendix, and it may appear puzzling that one still has the
freedom of shifting the field in the acfion (not in a field equation, as we did to

derive (1.C.16)) according to

Va2Vt T v (1.C.18)

as this clearly preserves the symmetry of the differential operator in (1.C.16).

We can do this for example by rewriting {(1.C.17) in terms of the projectors as
3 1 1 1 1
Y = [P?+ (1 + 37)P§, + (1 + T)P% + V37(Pf + P41) ¥y (1.C.19)

This essentially replaces some 7-matrix algebra by the multiplication rules for

the projection operators.

The uniqueness of the Rarita-Schwinger action follows from one peculiar
feature of (1.C.16): if the fields are shifted in the action according to eq. (1.C.19),

the net result is that § transforms according to

» (,s+%3)(1+47)
B> =+

V3 1+7+ V378

(1.C.20)

This in turn implies that every value of § can be reached from any other one via
a simple field redefinition, and therefore the uniqueness of the Rarita-Schwinger

action.
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Chapter 2

Ten-Dimensional Supersymmetric Yang-Mills Theory
in Terms of Four-Dimensional Superfields
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2.1. Introduction

The N=4 supersymmetric Yang-Mills theory (SSYM) [1,2] is very interesting
for several reasons. It is the maximally supersymmetric interacting theory not
containing gravity, and as such is unique. Like N=8 supergravity [3], it is a limit
of a ten-dimensional superstring theory [4]. It is invariant under a very large
symumetry group, the N=4 superconformal group. Finally, and most impor-
tantly, its perturbation expansion appears to be free of ultraviolet divergences
{5]. even after the addition of suitable mass terms breaking the symmetries of
the theory [6]. While finiteness is not presently regarded as a crucial feature for
a renormalizable theory, it offers some hope that supersymmetry may eliminate
the nonrenormalizable ultraviolet divergences of gravity in the framework of the

N=8 supergravity theory, or in the framework of the theory of superstrings [7].

The original component formulation of N=4 SSYM was obtained from the
N=1 SSYM theory in ten dimensions [1.2], a theory consisting simply of a
Majorana-Weyl spinor in the adjoint representation of a gauge group, minimally
coupled to a Yang-Mills boson. The ten-dimensional theory is reduced to four
dimensions by assuming independence of the fields on six of the ten space-time
coordinates. The resulting cornpqnent theory consists of a vector, four Weyl spi-
nors and six scalars, all in the adjoint representation of the gauge group.
Correspondingly, the simple ten-dimensional supersymmetry breaks into four
four-dimensional supersymmetries, and the Lorentz group breaks into the
direct product of the four-dimensional Lorentz group and a global internal
SU(4)~S0(B) group. In the component formulation the SU(4) symmetry is

manifest, but the four supersymmetries are not.

As the main problem with making supersymmetries manifest is the

existence of auxiliary fields for the off-shell closure of the supersymmetry
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algebra, one approach is to forego the use of auxiliary fields altogether, elim-
inate all the gauge and auxiliary degrees of freedom, and formulate the theory
in terms of light-cone superfields [5,8]. The Bose and Fermi degrees of freedom
then match even off shell, but manifest Lorentz covariance is lost. Each covari-
ant supersymmetry spinor generator splits into two parts, one of which is a
manifest symmetry of the resulting action. The action also has a manifest inter-
nal SO(4). or even the full SU(4) [8.9] invariance. However, only an Eg subgroup

of the Lorentz group is linearly realized on the fields.

A formulation of N=4 SSYM in terms of N=1 covariant superfields is also
known [10,11]. In this case the Lorentz symmetry, one of the supersymmetries
and an SU(3)&U(1) subgroup of the SU(4) are manifest, but the extra super-
symmetries and the SU(4)/ (SU(3)®U(1)) symmetries are realized as compli-
cated nonlinear transformations of the superfields. Recent progress in under-
standing the superspace formulation of N=1 SSYM in six dimensions [12,13]
{(which yields N=2 SSYM in four dimensions upon dimensional reduction) also
allows a formulation in terms of N=2 superfields. The ultimate goal in this kind
of approach would be a formulation in terms of N=4 superfields. This would also
be of interest for the superspace formulation of N=4 supergravity, where N=4
SSYM would enter as a compensator!. The formulation in terms of N=4
superfields, if il exists, is expected to possess uncommon features, in order to
circumvent, for instance, the counting argument of ref. [14], which suggests
that a set of auxiliary fields leading to closure of the supersymmetry algebra
cannot be found for N=4 SSYM, or for N=1 SSYM in ten dimensions. In this con-
text, a clear sign of trouble would be finding ultraviclet divergences in six

dimensions at two loops, as suggested by superstring counting arguments [4],

T See ret. [18] for a discussion of compensators.
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but excluded by superspace counting arguments based on the assumption that
an N=4 superfield formulation exists [15]. This problem is currently under
investigation.

A possible way to attack the auxiliary field problem is to first seek an off-
shell formulation of the ten-dimensional theory in terms of covariant
superfields, and then derive the four-dimensional N=4 superfield formulation by
dimensional reduction in superspace, in analogy with what was originally done in
components. For this approach, it is interesting to investigate what our present,
incomplete understanding of the four-dimensional problem can teach us about
the ten-dimensional theory. This requires undoing a dimensional reduction (an
operation that might be called dimensional oxidation!), and is the subject of the
present chapter. Here we show that it is possible to extend the known formula-
tion of N=4 SSYM in terms of N=1 four-dimensional superfields (extended to
depend on all ten space-time coordinates) to provide an interesting, if somewhat
unusual, description of the ten-dimensional theory. While several symmetries of
the action are not manifest, this formalism is the only one known in which all the
fields are geometrical objects. This theory can be dimensionally reduced, in the
normal manner, to give a four-dimensional superspace formulation in any
4< D=<10. This is the first instance in which four dimensional superfields have
been used to describe a higher-dimensional theory. For the time being, this
result may be regarded as an arcane application of four-dimensional unextended
superspace. Our hope, however, is that it may also serve as a useful starting
point in the search for the complete off-shell ten-dimensional action. In fact, the
formalism does suggest one tensor auxiliary field that should be included in the

complete off-shell theory.

The plan of this chapter is as follows. We start in Section 2 by describing

the component form of ten-dimensional supersymmetric Yang-Mills theory [1,2]
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This is then dimensionally reduced in section 3, thus recovering the SU(4)
covariant form of N=4 SSYM in four dimensions [2]. Section 4 addresses the
question of the existence of the auxiliary fields for this theory. Here we show
how considering massive representations of supersymmetry provides enough
information to recover the sets of auxiliary fields for some simple multiplets
[18]. Whereas the results we present here are very preliminary, and the auxili-
ary fields are known already for the multiplets we discuss, the method we intro-
duce gives nonetheless a very simple way of deriving them. It also allows us to
explain better the problems encountered with N=4 SSYM, and in particular to
describe the argument of Siegel and Rodek [14] that indicates that no auxiliary
fields exist that close the supersymmetry algebra off the mass-shell for N=4
SSYM. The rest of this chapter is devoted to a description of N=4 SSYM in terms
of N=1 superfields and of the corresponding new ten-dimensional action. These
sections are based on a paper written by the author on the subject, in collabora-
tion with Neil Marcus and Warren Siegel [18]. The appendices contain a few com-
ments about notation and conventions, as well as the derivation of a formula

used in proving thé gauge invariance of the ten-dimensional action.
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2.2. The component form of ten-dimensional SSYM [1,2]

The ten-dimensional supersymmetric Yang-Mills theory describes the
interactions of an adjoint multiplet of Majorana-Weyl spinors, minimally coupled

to Yang-Mills bosons. The Majorana condition

A=CA (2.2.1)
and the Weyl condition

A=TA {222

are compatible in ten-dimensional spacetime, and reduce the 32 complex com-
ponents of A to 16 real components off the mass-shell, which correspond to 8
independent propagating components. This number equals the number of pro-
pagating components of a massless vector in ten dimensions, which suggests

that the model should be supersymmetric. We write the ten-dimensional action

as
= dlo —l ;; — 3
S =tr [d¥% § s ZX[Y,AH, (2.2.3)
where
A= ASTE | A=peTe (2.2.4)
U "
with a an adjoint index and
tr(T* TPY = g% (2.2.5)
and the covariant derivative is
(V)% = 5% 9. + g fc 48 | (2.2.6)
K M H

with the hatted indices running from 2zero to nine. The non-Abelian field
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strength is therefore
F2. = 0.A% — 842 + g f%° 4% Ac . (2.2.7)
7 ov h v J 77

HY

Indeed, as we now show, the supersymmetry transformations are
042 = e[ A%
“ B
1 o
6 }\a = = FMFGW I R

T {228)

Varying S and substituting in it the transformations (2.2.8) yields
65 =tr [d'% § —i(FT.A) [V~ FA] + L g7 1P [V. ] FAY
S a2 { @ [V P + 5 2T TP [V A F

N(ETA) IZPNE (2.2.9)

0| —

Then, composing the I" matrices according to
[..TP=TP __ + SP[. — 6PT. | (2.2.10)
R uv vop |7

and integrating by parts the covariant derivative onto F, leads to cancellation of

the first term in eq (2.2.9), and one is left with

6S = tr [d'%z § (EI‘;ﬁ;)\) [V;,Fﬁ;] + % X[(ETLVTAA]] (2211)

X
2

the first term of which vanishes on account of the Bianchi identity

[V[Z’F;B]] =0, (2.2.12)
Then
85 = tr { d'% %{*T;A)X[Fﬁ,xﬂg . {2.2.13)

This term can then be analyzed by means of the Fierz identity which, for ten-

dimensional Majorana-Weyl spinors, is written
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A Re = %rﬁ (xeT

2 _1 mivp(xe b
gt E gt T

_ 1 Al"ﬁﬁ »a b

L]
More convenient for our purposes is the identity we can derive from (2.2.14)

by multiplying from the left by ['* and from the right by I'., since then
a
P, .T.=0, (2.2.15)
and one is teft with

ayb y5a — 1ma(ya by _ 1 Tavp(xa b
AR A% T ZI‘(X P,:_}‘) 24I‘ (A Pﬁgzx). (2.2.16)

5
Then
F e (FTA0) (R TH)AC) = %f"bc (ET2°) (3 TH D)

= L abc (= Mﬁ; c a R b
oq) ©TETHPA ) (A Pﬁvﬁ?\) : (2.2.17)

where the second term vanishes because it is symmetric under the interchange
of A% and AY. Relabeling cyclically the indices in the first term on the r.h.s. of

eq. (2.2.17) then leads to
fabe (ETAS) (RO THAC) = 0 | (2.2.18)
KB

which proves the supersymmetry of the theory.
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2.3. Dimensional Reduction to Four Dimensions and N=4 SSYM [2]

Dimensionally reducing a higher-dimensional field theory means imposing
that its fields depend only on a subset of the total set of coordinates. In particu-
lar, to reduce the ten-dimensional theory of section 2 to four dimensions, we

0 z1 z%and 23 only, thus dropping

assume that both A% and A® depend on z
“
derivatives with respect to the extra six spatial coordinates. Expanding the

kinetic term of the non-Abelian vector field in eq. {2.2:3) gives:
1 2y — 1 1 1 all
— SFL oWV = — 2 fe pew_ —pe el — S FE R (231
where u, Vrun from zero to three , ] and J are SO(8) vector indices, and

— SFE o = = 2 (8,48 +g £ 0 AL AF)(H 4™ + g f o 4% 4%))

~ (D AP)(D 4% (2.3.2)

gives four-dimensional gauge-covariantized Kinetic terms for the six scalars Af,
once the derivatives J; have been dropped. Moreover,

¥

2
FI?I FaJJ — ga_fubc fa.d.e A?A‘?A'HAEJ (233)

N

gives quartic self-interactions for the six scalars. The dimensional reduction for

the bosons thus gives:

2
- %Fﬁ,, ~ %(D#A}’)(D“A‘”) — - poe o ah ag At g (23.4)

The SO(B) notation for the scalars A%; can be translated into SU(4) nota-
tion by regrouping the six scalars into a self-dual antisymmetric tensor of SU(4)

as follows. One defines

= —\}—é (A%, + 1 A%5)

AS]

—

=R
|

08, = \—% 1A% + 1 4%,)
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(p§4 = -\/Lé (Aaa + 7, Aag) : (2.3.5)

Then one fixes the remaining components of ¢;; by antisymmetry and by impos-

ing the duality-reality condition

o™i = Lo o = (p8)" (2:36)

What is important for our purposes is that the choice of normalization in eq.

(R.3.5) gives
APAPT = o8 o (2.3.7)

On account of the self-duality, pairs of SU(4) indices can be freely raised and
lowered in the contraction of two ¢'s. The reduction of the vector kinetic term

thus takes the final form

1 1 - 2 i
= g Pl P = S (D) (DReoT)= o 200 125 of oy ¢™ ¢* (2.38)

Next one considers the spinor kinetic term, which is written

- %X“ [V AL — iégfabc (ReT/Ac)ap . (2.3.9)

In terms of the SU(4) notation for the six-dimensional indices, this becomes

- %X“ TH[V,A]® - -"“—2-‘1 Fo(R2TY%) 08 (2.3.10)

where the definitions of the [; in terms of the I'; are the same as those of the
¢4 in terms of the Af. The ten-dimensional Majorana-Weyl spinor A%, however, is
not an irreducible representation of the four-dimensional Lorentz group, and to
complete the reduction one must split it accordingly. To this end one needs a

suitable representation of the ten-dimensional I’ matrices, which we take to be

I,=7.81g (r=0,..3,
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~
[

=—7580,802® 0, ,

['5=780:Q0, @03 ,

le=7:80,80,Q03 ,

[7=780:80:8 12 ,

Tg=-7®0,8 1,80 ,

[g=7580:Q03@ 05 , (2.3.11)

where 7, is a 4 X 4 representation of the four-dimensional Dirac algebra, o; are
the Pauli matrices, 13 is the 2 x 2 unit matrix and ® denotes outer product of

two matrices. Correspondingly, the Tij take the form

= 5 79® (') 0 | (.3.12)
where
(Pij it = Ok 651 — Oy O
0"k = i - (R.3.18)
The charge conjugation matrix induced by the choice (2.3.11) is then
Cio=C ’ 2.3.14
10 4® 14 0 ( >

where 14 denotes a 4 x 4 unit matrix, and the ten-dimensional helicity matrix I},

is:

(2.3.15)

1, O
_14

Fu =1 Po..rg = =7 [O
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The ten-dimensional Majorana-Weyl spinor A is obtained from a general 32-
component spinor by imposing the constraints (2.2.1) and (2.2.2). The result
can be expressed in terms of four independent four-dimensional Weyl spinors

and their Majorana conjugates, and takes the form

a=EX] (2.3.16)
R xi
where
L= %(1+75) (2.3.17a)
and
= %(1—75) (2.3.17b)

are the usual four-dimensional helicity projectors. Corresponding to egq.

(2.3.18), we have
A= R XL), (2.3.18)

and the first term in eq. (2.3.10) translates into

4. ~. [VymLXi]
- (xR X* L

b (2.3.19
2 (VB %] )

which, expanding and undoing the Majorana conjugations, can be recast into the
familiar form for the kinetic term for four Weyl spinors:
~i X P* Vel ] (2.3.20)

To conclude the construction of the four-dimensional action, one must reduce

the second term in eq. (2.3.10), which will give Yukawa couplings between the six
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scalars and the four Weyl spinors. To this end, we write

0 (Pij)] Lg (2.3.21)

Rl A=t b 1
ATy A= e B X LA [(P'ij) o J|r%,

Consequently
= SR Ty N = % (phX™ LYY — ¢V xR x)) (23.22)
using the definitions of py; and p'y; given in eq. (23.13) and the self-duality of
275
The final result is therefore

S = [atz { ZL PR, Foe = L(Dupd)(DPe™) -

2 g . .
L1 1o ol o o™ ¢ — X% THDL(LX™)

+ L pgx™ LX -V R - (2.3.28)
which is the N=4 SSYM theory in four dimensions, written in manifestly SU(4)
covariant form. Wdrking with Majorana spinors rather than with Weyl spinors in
four dimensions would lead to an SO(4) invariant form of N=4 SSYM. One should

notice that the SU(4) invariance cannot be extended to a U(4) invariance,

because of the duality condition on ¢

To conclude, we notice that the ten-dimensional supersymmetry transfor-

mations in egs. (2.2.8) translate in four dimensions into
6A% =1 (5,7, L X —xfnuLeh)
L o DY . P 1 >
Opg = _\;—é(XiRXj —-X; B xi) — 73 Eukl X*Lx

B(LX*) = 17w Pl Lot — = (DH™) 7R E
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+ j obe by ¥ L g* (2.3.24)

where the ten-dimensional Majorana-Weyl spinor parameter € has been split into
four four-dimensional Weyl spinor parameters £t .in analogy with what was done

for A, i.e.

E=|_~| . (2.3.25)
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2.4. Auxiliary Fields and N=4 SSYM

In chapter 1 we have shown how the sets of auxiliary fields necessary to
close the supersymmetry algebra emerge in the two very simple cases of the
Wess-Zumino model and of the N=1 SSYM. These two examples have been chosen
because of their simplicity, but they illustrate very clearly several features of
the general case. First of all, the nonclosure of the supersymmetry algebra
always manifests itself as a consequence of Fierz rearrangements one has to
perform when computing the commutator on the Fermi fields. Another way of
looking at the thing is saying that, in a theory without auxiliary fields, one can
have nonclosure only on the fermions, as the supersymmetry algebra produces
one spatial derivative, which is enough to generate a fermionic equation of
motion, but is not enough to generate a bosonic equation of motion. The second
remark is that the search for auxiliary fields is essentially a problem concerning
free field theories. The inclusion of interactions is only a technical complication.
It can at best select some of the sets of auxiliary fields one determines in the
free case as the only consistent ones, but the mechanism responsible for the
cancellations is already clearly operating at the level of free theories From now
on we will therefore deal exclusively with free field theories. The next observa-
tion we want to make is thal there is evidently some sort of rationale that
selects one set of auxiliary fields rather than another for a given model. The
first rule of thumb we have seen operating is that the auxiliary fields add as
many nonpropagating degrees of freedom! as are needed to balance the
numbers of bose and Fermi degrees of freedom off-shell. There is actually more
to it, as in the case of the N=1 SSYM this would just tell us that we need one

extra bose degree of freedom whereas, as we have seen, closure can only be

T We have only encountered bosonic auxiliary fields, but in more complicated cases also fer-
mionic auxiliary fields are found.
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achieved provided one adds a pseudoscalar auxiliary field D.

In chapter 1 we have discussed the particle representations of the super-
Poincaré algebra for the two cases of massive and massless states. Actually, we
have stressed that massless representations lead to the more interesting
models, just because gauge invariance demands that the fields in multiplets con-
taining gauge fields be exactly massless. As we will now see, massive representa-
tions of supersymmetry serve another, equally interesting purpose, as they
determine the sels of quriliary fields closing the supersymmelry algebra of the
massless models off-shell [18]!. All we need to recall is that massive representa-
tions of simple supersymmetry contain two chains of spin J, one chain of spin
(J+%) and one chain of spin (J-%). Moreover, the last two chains always have
opposite parity. Thus, if we consider the N=1 SSYM, we see directly that the vec-
tor A# describes a spin-1 chain off-shell (the time component can be gauged
away). Moreover, the Majorana spinor A describes one propagating spin—% multi-
plet and one auxiliary spin-% multiplet, and completing a massive multiplet
necessarily requires a pseudoscalar field. In the same way, the Wess-Zumino
model requires the addition of one scalar and one pseudoscalar auxiliary field to

achieve off-shell closure of the algebra, because again the Majorana spinor A
1
2

and one pseudoscalar is all one needs to complete two massive representations

describes one propagating and one auxiliary spin-z multiplet, and one scalar

of supersymmetry.

The procedure is completely general. One starts with the on-shell content
of the multiplet, and determines what massive representations are described by

the given fields off-shell. Then one fits these components in massive

T de Wit and Ferrara [17] and Siegel and Rodek [14] have previously remarked that a close
connection exists between massive representation of supersymmetry and off-shell massless
representations. These authors, however, do not use this as a quantitative tool for predicting
the form of off-shell supermultiplets.
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representations of supersymmetry, and the missing components, determined in
number, spin and parity, are the auxiliary fields that are needed to close the
off-shell algebra. These results are very preliminary, and the procedure has
been applied so far only to a few relatively simple cases, apart from the two
described above, namely N=1 and N=2 supergravity, N=2 SSYM and the N=2
scalar multiplet (in this case limitedly to the simplest solution, involving an off-
shell central charge), reproducing unambigucusly the known sets of auxiliary
fields. We found it worthwhile to present this discussion because the result is so
simple and elegant, and already adds some clarity to the description of off-shell
multiplets. The more complicated cases of the N=2 scalar multiplet with vanish-
ing off-shell central charge, of the N=3 supergravity, and of the N=4 SSYM are
under investigation. The crucial step in being able to carry out this procedure
up to the end is choosing the form for the nonpropagating kinetic terms of the
auxiliary fields, because this determines what spin components they describe.

For example
A A, (R.4.1)

describes one spin-1 chain and one spin-0 chain, whereas using a gauge-invariant
kinetic term (which requires other bosonic auxiliary fields, apart from A#) would

actually eliminate the spin-0 part.

This discussion also allows us to introduce the counting argument of Siegel
and Rocek [14] that suggests that no auxiliary fields can be found to close the
supersymmetry algebra off-shell for N=4 SSYM. Before proceeding, we note that
kinetic terms for auxiliary fermions involve two distinct nonpropagating spinors,
just because spinors have half-integer dimensionality, and two identical ones
cannot make up four powers of mass. Thus, we will consider fermionic auxiliary

fields to have nonpropagating kinetic terms of the form
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Xv . (2.4.2)

with, say, x of dimension -g— and ¥ of dimension g The discussion presented
above tells us that an off-shell representation of supersymmetry contains an
integer number of massive representations of supersymmetry. The dimen-
sionality of the smallest of such representations can be determined by counting
the number of fermionic creation operators one has in the algebra, and is 22¥.
Since the bosons and fermions occur in equal numbers in the representation, it
follows that the fermions add up to a total of 22¥-1. On the other hand, the form
of the kinetic term in eq. (2.4.2) implies that fermionic auxiliary fields always
enter the action in pairs, or that the number of auxiliary Fermi components is
an even multiple of the number of components (4) of a four-dimensional spinor.
Moreover, if we restrict our attention to the case of even number (N) of super-
symmetries, we have a stronger constraint in that all representations of SU(N)
(N even) with an odd number of indices of the fundamental representation have
a number of components that is an integer multiple of the number of com-
ponents of the fundamental representation, and fermionic auxiliary fields always
bear an odd number of internal SU(N) indices. Therefore, the total number of
components (physical and auxiliary) of the physical Fermi fields must differ
from the total Fermi dimensionality of the off-shell representation by an integral
multiple of BN. This gives compatible answers for all multiplets of interest,
apart from N=4 SSYM, where 2%¥~! equals 128, which is not the total number of

components of the four physical Fermi fields (=16) modulo BN (=32). The same

difficulty is encountered when dealing with N=1 SSYM in ten dimensions.

This implies that, if some of the assumptions made above cannot be
relaxed, no covariant superfield formulation can be found for N=4 SSYM or for
N=1 SSYM in ten dimensions. In the next section we give a temporary (or, possi-

bly, permanent) alternative to a complete covariant superfield formulation of
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ten-dimensional SSYM in superspace, by showing that it is possible to extend the
known formulation of N=4 SSYM in four dimensions in terms of N=1 superfields

to provide a description of the ten-dimensional theory.
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2.5. The New Superspace Action for Ten-Dimensional Supersymmetric Yang-

Mills Theory in Terms of Four-Dimensional Superfields

2.5.a. Geometry and Field Equations

As stated in the introduction, the component form of N=4 SSYM in four
dimensions [1,2] consists of a vector, four Weyl spinors and six scalars, all in the
adjoint representation of a gauge group, and interacting via a single coupling
constant. The corresponding formulation in terms of N=1 superfields [10,11] fits
the six scalars and three of the spinor:s in an SU(3) triplet of chiral superfields,
and the remaining spinor and the vector in a real scalar superfield. The action

is :
By = trfd4x §fd49e‘”¢i ey, — #fdze WewW,

+ L [d20e % ;[ ps.00] + 8 fa%e' [ 7)) . (25.)

where W, = D? (e Dye’) is the chiral field strength of the real superfield,
and the trace is over the group indices, with tr(7® T%) = 6% The action (2.5.1)

is invariant under the gauge transformations
6xe” = i(Re” — e"A) (2.5.2a)

Oapi = i[A @] (2.5.2b)

with A an infinitesimal Lie-algebra valued chiral parameter. In the rest of this

section we shall, for simplicity, set g=1.



-93-

The chiral superifields transforrm as matter fields under the four-
dimensional gauge transformations in egs. (2.5.2). In the ten-dimensional
theory, however, the & = O parts of p; are components of the ten-dimensional
vector, and are thus gauge fields. This suggests, as a first step, that the gauge
transformation of ¢; in eq. (2.5.2b) be modified by the addition of terms involv-
ing derivatives of the gauge parameter with respect to the extra dimensions. The

chirality of ¢; and SU(3)-covariance then lead uniquely to :

5pe’ = i(Re’ — e'A)

(SA(pi = GIA + 'L[A ,¢i] ; (253)

Here the derivatives with respect to the extra six spatial coordinates have been
grouped into a 3 of SU(3), in analogy with the grouping of the six four-

dimensional scalars into the & = 0 parts of the chiral superfields.

With every field now being a gauge field, it is of interest to consider the
covariant derivatives Vg, V,. V; and V*. As usual, V., is defined to be the
anticommutator of the spinorial covariant derivatives. Working in the chiral

representation, one demands that the covariant derivatives all transform as
Vy » ethy, e A (2.5.4)

under a gauge transformation, with A a chiral parameter. The covariant deriva-

tives are therefore :

n<l
1]
]
2
.
Dﬁ
2
I
[3v]
|
<
!
2
®
<



0

vi = 57: —ip = e_v(ai - ig_pi)ev . (255)

Taking commutators of covariant derivatives then generates field strengths,
which by construction transform covariantly under gauge transformations. The

nonvanishing field strengths are :

=
8
I
<l
2
3
8
<
Q.
1
3
AV]
®
I
<
>
8
®
\j

—1(8; 9; — 0595 —ilese;])

|
I

=

)
1

Fi=[vivii=-ie" (@i -0 —i[a"7 e’

Fi=[vV]=0,(e"8ie)—id;(e" @ e)+1d g

+if(eVdie) g ] + [ 7 e)p] . (2.5.6)

Wo W Fai and F5* have dimension % whereas Fj; , FY and F;? have dimen-
sion 2.
It should be noted that the form (2.5.5) of the covariant derivatives follows

from the constraints
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Vaa =0 , (2.5.7a)

Fai E[Va’VL]ZO ’
Fau=[V3,%]=0, (2.5.7b)

where, in the chiral representation, we choose V5 = D;. The new constraints are
easily understood by examining the field strengths. At @ = 8 = 0, Fy, FY and
Fij contain the part of the non-abelian field strength F o) corresponding to the
extra six dimensions, and W,, W, Fq; and Fg® contain the components of the
ten-dimensional spinor. The new constraints (2.5.7b) simply state that the field
strengths £t and Fg; vanish. This is necessary as at & = & = 0 they would con-

tain 3 new physical spinors, which do not exist in the component theory.

We can now ask ourselves what covariant equations of motion we can write
for the ten-dimensional theory using the field strengths in egs. (2.5.6). Interest-
ingly, the answer is almost uniquely determined by dimensionality and SU(3)-

covariance. Indeed, the equation of motion for V can only be
2{VA,Wal +7F* =0, (2.5.8)
and the equation of motion for g; can only be

% EV“,FW;; + (5e,~jk ij =0 . (259)

The constants 7 and 0 are then fixed by comparison with the four-

dimensional theory to be 7 = —1, 6 = — /2. They could also be determined by
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demanding the covariance of the field equations under the non-manifest sym-

metries of the theory.
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2.5.b. The Action

The next problem is to construct an action that yields these equations of
motion. To this end, we notice that, under arbitrary variations of the fields, the

ten-dimensional action must vary as:

ASyo=tr [d¥%z § [d%OAV (2(V%,W,} - FY)

+ [d% (eVopte’) (i (VO Fay —% e F7*)
+ [d?06p; (i (VFg -%' e )} (2.5.10)

where AV = e 'de’ is the gauge covariant variation of V, and where envd'cﬁievis
the chirally covariant variation of @i. Reconstructing the action from this varia-
tion is not straightforward, as the equations of motion mix the various field
strengths and involve the field strengths themselves, not only their derivatives.
To proceed further, it is convenient to introduce in eq. (2.5.10) the explicit form

of the field strengths in terms of the fields. One obtains :
ASyo=tr fdl%z § fdi9 AV {2fe” D%e", D? (e " D,e")
—8; (e'8ie") +1 (8; (e ge’)—e B (') —i[g;. e Fe']) %
+ fd29 Sy $iD% (e Bie —i e ge”) — LeV* (6,0 — Oep; —1lej.eil) §
+fd tDz(eaeV—ieVgoie"v)

— Loy (B9 -3k —i[¢ 7" 1D}, (25.11)
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Most of the terms in the action can indeed be guessed, using eq. (2.5.11) and
comparing with the four-dimensional action given in eq. (2.5.1). One is thus led

to consider
S = trfdlox Efd"‘ee_v'gbi e’y — fd29 WeW ,+ %fdzeeij"cpi[(pj,(pk]
+ %fdzgSijk¢i[W,¢k] o %fdzeeijk%ajfﬂk - éfd"’éaijkq‘aiﬁfwk
+ ifd49(6ie'v)¢igv— ifd“@evqoi(aiew)
+ %fd‘*e(e'véie”)(e‘”aie")ﬂ . (2.5.12)

This action in fact yields the correct equations of motion for ¢; and @i. In
the vector equation, however, the terms with two §;'s are not reproduced

correctly, as the last term in eq. (2.5.12) varies as
- % fdlo:z d*o AV[B,» (e"8ie") + 8t (e 8;e")| , (2.5.13)
whereas the corresponding term in eq. (.5.11) is

— (a2 d% AVa, (e 8te’) . (2.5.14)
1

One therefore needs to find a new term to be added to the action that varies

into
- %fdloz d%e AV {8, (e Fie") =i (eVo;e")| . < (25.15)

Such a term must be very similar in structure to the last term in eq. (2.5.12),

but must be odd under the interchange of d; and 8%, and cannot be written in
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terms of the potential e’ only, but must also contain the prepotential V expli-
citly. In order to complete the construction of the action, it is convenient to

expand the last term in eq. (2.5.12) in powers of V using

e’ 9;e" = 1—_1-:;_{3 V) , (2.5.16)
where I, X = [V,X]. The result is
tr fd1%z d*o (5 V)%V;l(aim , (2.5.17)
and the missing term is
tr [d1 d*6 (5 V)—Sim—h-’ivaz—Z—L—"(ai V) | (2.5.18)

which contains the odd function of Ly corresponding to (2.5.17), and is thus odd
under the interchange of 4; and 3t A proof that varying this term yields

(2.5.15) can be found in appendix B.

It is interesting to note that the term in eq. (2.5.18) can be also recovered
from eq. (2.5.15) using a prescription recently given by Koller [13]. One recon-
structs the term from its variation simply by replacing V with ¢V, AV with V,
and by integrating over { from zero to one. This trick replaces functional
integrations with respect to the fields with integrations over scalar parameters,
thus undoing the combinatorics of functional differentiation. In our case, the
method works particularly simply if we start from eq. (2.5.14), and write

1
tr [d%z d% (3:V) [ dt %l(aﬂ) . (2.5.19)
E 0

Performing the t-integration then clearly leads to the sum of (2.5.17) and
T Note that tr(ALVB)=(—-1)"tr(B Ly 4) .
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(2.5.18).
We have thus found that
55 = trfd’ox ﬁfd‘*ee‘”a" e'p; — fd29 WaW ,+ Si!fdzec"jkcpi[gaj,gok]
¥ %fdz@f?ijka[@j@k] - %fdzeeijk¢iaj¢k - -é—fdzgeijkq‘o‘ﬁf@"
+ ifd“@(aie_v)g_oiev— ifd“@evgai (3e” )+ %fd“e (e”'5%e" ) (e 8;e")

+ fd‘*e (8 V)—S-i—nﬂLVT"—ﬁ(ai V)§ (2.5.20)
Ly
yields the equations of motion (2.5.8) and (2.5.9) (with ¥ = —1 and 6 = —1/2)
and is invariant under the gauge transformations in egs. (2.5.3). We wish to
emphasize that the action in eq. (2.5.20) yields gauge covariant equations of
motion, even though it is not expressible in terms of field strengths and covari-
ant derivatives only. Only the purely chiral {(or antichiral) terms are obviously, if
not manifestly, gauge invariant, as they have the form of a gauge invariant mass
term for a three-dimensional non-abelian gauge theory. The lack of manifest
gauge invariance will be a common feature of all extended superspace formula-
tions of supersymmetric theories, as increasing the number of anticommuting
coordinates lowers the dimensionality of the volume element, and does not leave

room for squares of curvatures, which have at least dimension 3.

Starting from eq. (2.5.20), one can recover the usual component form of the
ten-dimensional theory as follows. First, for simplicity, one goes to a Wess-

Zumino gauge eliminating the chiral and antichiral parts of V and reducing the
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action to a polynomial function of V. Then one integrates out the 8's, replacing
the integrals by spinorial derivatives and using the definitions of the component
fields in terms of the superfields given in appendix A. The following changes of
notation are then required. First of all, the spinors are grouped together into a
ten- dimensional spinor. Then the four-dimensional spinor indices are eliminated
in favor of four-component notation. Finally, the complex SU(3) triplets of spa-
tial derivatives 8; and of field components A; are regrouped according to the

conventional SO(B) vector notation. The result of these manipulations is

- 0, § _lpuvp  _ Ixoi
Byg =t [ d%% § § F#Fos = XD
+|F = e (0,40 — 0,45 —i[4;, 4, D) P

+(D—%<5-A—a~z—¢[zi,m))2§ , (2.5.21)

which is the usual component form of the ten-dimensional action, together with
extra terms that vanish when the equations of motion for the auxiliary fields are
used. [t is interesting to note that the equations of motion for the auxiliary

fields are

F = %'sijk (37 A% — gk &7 —4 [ A* 1)) (2.5.22a)

D=2X(84-04-1[4",4]) . (2.5.22b)

0| .

The right-hand sides of eqgs. (2.5.22a) and (2.5.22b) are, respectively, the SU(3)

singlet and triplet parts of the 15 of SO(8)

GIJ=61AJ—6JA1——\;'——§[A1,AJ] : (2.5.28)
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This suggests that the bosonic auxiliary fields F7}, F* and D would appear in the
complete ten-dimensional action together with extra auxiliary fields completing
a 45 of SO(9,1). G-;;. There should, of course, be other auxiliary fields as the
number of bosonic auxiliary fields must exceed the number of fermionic auxili-
ary fields by only 7, for the off-shell equality of Bose and Fermi degrees of free-

dom.
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2.5.c. Global Symmetries of the Ten-Dimensional Action

The four-dimensional action in eq. (2.5.1), besides being gauge invariant,
possesses several global symmetries [19]. It is invariant under the direct pro-
duct of the four-dimensional Lorentz group and an SO(8) ~ SU(4) group
corresponding to spatial rotations in the extra dimensions. Moreover, it is
invariant under four global supersymmetries. Indeed, as stated in the introduc-
tion, the four-dimensional action possesses the full N=4 superconformal sym-
metry. This, however, does nol concern us, as we are interested in symmetries

that generalize to the ten-dimensional theory.

Consider first the supersymmetry that corresponds to the N=1 superspace
coordinates. Its parameter fits into an z-independent real scalar superfield ¢,
which also contains, in its nongauge part, the parameters of four-dimensional
translations and of the U(1) subgroup of the SU(4) realized as combined chiral
rotations of the fermionic superspace coordinates and of the chiral superfields
(K-transformations). These transformations correspond to shifts of the super-
space coordinates. In four dimensions, by adding a gauge transformation of

parameter

A==DR[(D*¢) (e Dae)] , (2.5.24)

they can be written in the covariant form

AV =4 [(V Q) Wa — (T0) We) |

6p; = 1 PR[(VEE) (Vap;) + %(ng) Pil - (2.5.25)

The modified transformations in eq. (2.5.25), however, are not a symmetry of the

ten-dimensional action as they stand. A signal of this is that they are not gauge
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invariant (not even up to a gauge transformation) in D>4, in contradiction with
the commutativity of supersymmetry transformations and gauge transforma-
tions. Moreover, invariance of the fifth and sixth terms in eq. (2.5.20) demands
that the transformations be modified by the addition of orbital pieces. The

correct transformations are :

AV = i [(VRE) W, — (VR &) W] + %’(Wq) eV (23 —z-3)e ,

6p; = =i VE[(V20) i Foy + 2(V3) 0, ] + %(Vzv%) (28 —z-8)¢; (2.5.26)

Apart from the orbital pieces, the changes amount only to the replacement of

the non-covariant quantity V, ¢; with the field strength F;.

Next we consider the three extra four-dimensional supersymmetries. Their
parameters, together with the parameters of central charge transformations Z;
and the parameters of SU(4)/ (SU(3)®U(1)) transformations «;, fit into an

SU(3) triplet of x-independent chiral superfields x;
Xi = Zi 07 Qaé?ai + 9204‘1' . (2527)
The four-dimensional action is indeed invariant under

AaVv=i(e" ;7 e —X @)

b6p; = e VE(F e g e”) + 21 (V0 x;) Wq (R.5.28)

In finding the corresponding transformations for the ten-dimensional
action, it is useful to note that the central charge transformations become

translations in the extra dimensions. Moreover, the SU(4)/ (SU(3)®U(1))
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transformations are Lorentz transformations in the extra dimensions and, as

such, acquire orbital parts. The correct transformations for the ten- dimen-

sional action are :

AV=i(e 7 e —x'p)—e'(x0+xD)e"

— & (X )z* e Bie” — e¥* (VPx; )z eV 8, "

6p; = e V(X e (% +i8%)e"] + 21 (Vi) Wa — X 0;
- e5u (VX)) 2% B o, — e (VPx;) 20, 0; (R.5.29)
By adding a gauge transformation of parameter
A=—ea VE[F 2k e (10 + @')e'] — e¥* (V3x;)Z 9; ., (R.5.30)

the x-transformations can be cast in a more elegant form, involving the field

strengths of eqs (2.5.6) :

7
AV=i(e " 'xpe’ —x¢)—e " (x8+° 3)e'+ 2 B4 xk (Vy0) Fy't

— 26 Z, (VO x;) Fog+ €5 X o (V' Fgt ) — €% x; 3 (VO F g8

6¢’i = 'i’ejkl Vz()"(’ Fi‘)x" + 21 (anz) Wa

This result, unlike the ¢-transformations, contains, as well as covariant
terms, non-covariant ones which cannot be eliminated because of the chirality
of ¢; . As a consequence, x-transformations commute with gauge transforma-

tions only up to a gauge transformation of parameter — X 0A.
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Finally, we consider the remaining Lorentz transformations, corresponding
to SO(9,1)/ SU(4). Of these, the purely four-dimensional Lorentz transforma-
tions are an obvious symmetry of the action, manifest in the way the spinor
indices are contracted together, with the superfields V, ¢; and ;7:’; transforming
as scalars under them. On the other hand, the "off-diagonal” Lorentz transfor-
mations which rotate the four-dimensional coordinates into those of the extra
six dimensions, and therefore have no analogue in the four-dimensional theory,
are not an obvious symmetry and require direct investigation. It is natural to try
to fit the corresponding parameters }\fa into an SU(3) triplet of complex z-
independent superfields. This, however, does not lead to a symmetry of the
action, which is not surprising, as the extra parameters do not correspond to
symmetries of the component action. Restricting the complex superfields to be
of the form A; = Ai“‘ieaéa, i.e. demanding that they only have a nonvanishing

6,6 component, is indeed enough to ensure that the transformations

AV=2(e"'Ag e’ + Ag)+ R e_v[(xat; - ieaga)aj — & Bgs] e’

+ A-aae_v[(

; Toa +10,05)07 — 27 8,5]e

8y, = 4aD?[(D\)(e” " Dye’)] + 21 e D2 [N 7V (F* + 10k )e" ]

+ A [(Tag + 10,0307 — 27 0,5 ¢

+ N [(203 +1820)8; ~ & Sasles S

be an invariance of the ten-dimensional action. We note that the chirality of ¢;
demands that the four-dimensional coordinates z,4 appear in the orbital parts
of these transformations only in the chiral combination (Z,4 + 16,6;). and

thus the explicit 8,864 J\;-m 's cannot be absorbed in a general superfield A;.
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2.5.d. Quantization and Feynman Rules

We now turn to the problem of quantization. Following the standard pro-
cedure for quantizing gauge theories, we must add a gauge-fixing term and the
corresponding Faddeev-Popov ghost action. To this end, we notice that the
lagrangian in eq. (2.5.20) contains quadratic terms mixing the vector and chiral
multiplets, a situation similar to that of spontaneously broken Yang-Mills theory,
where the kinetic terms mix scalar and vector fields. The nonlocal gauge-fixing
term
(2.5.33)

SGF=—trfd1°xd49(52V+'L 6(,0) DV -1
4

0. D4a %)

generalizes the four-dimensional Feynman-type gauge and diagonalizes the
kinetic term in an SU(3) covariant way. This is the gauge-fixing term associated

with the gauge
DDV +18%=0 . (2.5.34)

The Faddeev-Popov ghost lagrangian is then determined to be :

Spp = —tr [dz d% {(c'+ o')[Lyle +7) + Ly cothLy (c —¢)]

O . -
_C'_D_jg +i(aic')-i.[5,¢1] L —1(515')-1:11—4@,%13 (2.5.35)

which also contains nonlocal terms. The nonlocalities are only introduced by
our gauge choice, and it turns out that rearranging the covariant derivatives
according to the standard rules of superfield perturbation theory [10] always

cancels the nonlocal terms in Green functions not involving external ghosts.
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The propagators are obtained by inverting the quadratic part of the gauge-

fixed lagrangian

, - D? i=: D? _
t.rfd’oz d4e é e — % v, V- %8”"‘?,-!3,- E‘Pk o %eijkata" 'D—‘Pk

O,
-(09) 5 (@¢)tC'c +T' =—c—c'C—c'=T§ . 2.5,
(09) g @) B, ° = ! (2.5.36)
There is now a g-y propagator of the form
o Do D?
ey 5 —50(6) —62) (2.5.37)
Pio P4

and a corresponding @-¢ propagator, resembling those of a massive chiral multi-
plet. The other propagators differ from those of the four-dimensional theory in
the corresponding Feynman-type gauge only by the obvious replacement of D4
with [J,5. There are also some additional vertices in the theory coupling vectors
to a single chiral superfield, additional purely vector vertices and new couplings
of chiral flelds to ghosts. The propagators and cubic vertices of the theory are
shown in figure 1. It should be noted that the new contributions to the purely
vector vertex do not involve spinorial derivatives, and therefore usually do not

contribute to loop diagrams.

In order to compute quantum corrections, one must, as usual, regularize
the theory to localize and control the infinities of the Feynman diagrams. As
one wants the regularization scheme to preserve as many of the symmetries of
the theory as possible, one can use the only freedom in the theory: the fact that
it can be written in any space-time dimension D<10 by dimensional reduction.
We should point out that here we use two different dimensional reductions. The
first is a classical procedure. If one wants to work in D<10 dimensions, one

must set some of the 8;'s to 0 T (i.e. the fields are taken to be independent of
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some of the z''s). Thus, in D=8, for example, one would set 8z = 83 = 0. The
second is adapted from the dimensional reduction scheme of ref. [20], in which
one keeps the indices of the fields and of the D operators fixed, while varying
the range of the indices of the momenta. In our case, as we encounter terms
where a 8; is contracted with an ¢ tensor, we shall keep the SU(3) indices run-
ning over an integral number of values, and let the 4-dimensional momenta
become 4 — 2¢ dimensional. Thus, in D=6, for example, we would work with 8;,
d'and 8, withpu=1, - -,4-2e.

Calculations with this model parallel those in four dimensions. They are
somewhat more laborious, however, because the addition of the new vertices,
and especially the presence of the new chiral propagators, increases consider-
ably the number of diagrams contributing to a given process. As an example,
consider the one-loop corrections to the propagators in D >4. The relevant
diagrams are shown in figure 2, where we have taken care to distinguish between
diagrams contributing in four dimensions and extra diagrams introduced by the
new vertices of the ten-dimensional action. In D >4 the diagrams containing ver-

tices of the four-dimensional theory only do not separately add up to zero,
2

4
kf{k +p)p
four dimensions, where they are massless tadpoles. However, when the new

because the D-algebra gencrates terms like which only vanish in
diagrams are added, one finds that, as in the corresponding gauge in four-
dimensions, all the one-loop propagator corrections vanish identically in this

theory in the gauge (2.5.34) for any D<10.

In four dimensions, all three particle vertices are finite, as suggested by
superfield power counting rules and N=4 supersymmetry. As with the propaga-

tors, one might hope that this feature would persist in higher dimensions. The

'In o%d dimensions, because of our complex SU(3) notation, it is necessary to set one
8( = 0t.
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Figure 2. One-loop propagator diagrams
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situation for the higher-point Green functions, however, is somewhat more com-
plicated. For example, the triple chiral vertex is corrected by the appropriate

diagrams in figure 3 that, in six dimensions, give the divergent contribution
1 8, 744 pifk (2
d®z d*0 eV (D%;) [ ¢; . . (2.5.38
4(4n)3€f (D%¢:) [ 95 . 9 ] )

which must be removed by adding a counterterm. It thus appears that the
theory is already divergent at this level. As Green functions are gauge depen-
dent, however, we must check whether this divergence is a physical one or not.
One's first thought may be that, as in >4 there is no phase space for massless
three-particle interactions, divergences in three-point functions are irrelevant.
This is clearly not true, however, as they can contribute in higher point non 1P/
S-matrix amplitudes. It is thus necessary to study whether the counterterm of

(2.5.38) contributes as an insertion in S-matrix amplitudes.

A well known example of a "harmless” divergence, familiar from ordinary
renormalizable field theories, is that of wavefunction renormalization. In non-
renormalizable theories the existence of dimensionful coupling constants allows
this concept to be generalized to arbitrary nonlinear field redefinitions. Generi-
cally, if we shift a field ¥ by ¥ = ¥ + h AV, the action transforms as

S[?}—*S[?]+hg—‘§A4’ , (2.5.39)

where g—i can be recognized as the equation of motion for ¥. Divergences pro-
portional to equations of motion can therefore be absorbed at one loop by field
redefinitions which, as is well known, do not affect the S matrix [21]. These

infinities are familiar from the case of pure gravity at one loop [22], and are the

only kind of divergences allowed in non-renormalizable theories.
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Figure 3 One-loop ¢¥¥. $+7 and g¢V diagrams

¢ ¢ ¢ 3
+
¢; j[qb Jj {cﬁ

Figure 4 One-loop ¢g¢¢¢ diagrams
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The counterterm of {(2.5.38) does not appear to vanish when the equation of
motion of g; is used, as the linearized equation of motion for ¢; relatesit to V
and P . However, when the divergent parts of the other three-point functions
are added, (2.5.38) mixes with suitable contributions from the p¢@ and gpV
vertex corrections in figure 3 to become

s 2 20 P Ly 0 (0%) = cun BT = D%, V) (2540

which is proportional to the linearized equation of motion of Ei. This can be

eliminated by the field redefinition
/

Similarly, it can be shown that all the one-loop infinities of the three point func-
tions in D>4 are field redefinitions. It may be noted that, while field
redefinitions do not occur in four dimensions for the three-point functions, they

do occur for the four-point functions in superfield SSYM theory [23].

The next step is to consider the 1P/ four point Green functions, the least
divergent of which is the pyypy amplitude. The diagrams contributing to this
amplitude are shown in figure 4. Superfield power counting now shows that the
amplitude becomes divergent in eight dimensions, and the one-loop pyyy S-
matrix is thus finite in six dimensions. In eight dimensions, however, the diver-
gence of this amplitude is not a gauge artifact, and the S matrix itself now
diverges. This can be seen as, after the contribution from the 1P/ amplitude is
added to eq. (2.5.40) and the nonlinear field equations are used, the resulting
divergent pyyy terms do not vanish. Therefore, we conclude that at one loop
the S matrix starts to be ultraviolet divergent in eight dimensions. This result

agrees with the superstring calculations of ref. [4].
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We conclude by drawing to the attention of the reader the remarkable

ghost-free gauge p; = O, that in six dimensions reduces the action to
Sio=tr fd%z { fd*ee™ g 'y, — fd2oWaW,

+fd49(5V)s—i—nh£Z{—LV(aV)

+1 Sate(e™ae") (e v8e")] | (2.5.42)

where 1 is now an SU(R) index. Many of the interactions involving chiral fields
have disappeared, leaving only a minimal coupling of the scalar superfield to the
remaining chiral superfields g, and ¢3. The price for this, however, is a compli-

cated vector propagator :

a 752
DE J (2.5.43)

§1+2—Dlo

L
Ue

This propagator involves four spinorial derivatives, which considerably compli-
¥

cates the evaluation of graphs.

. 1 : :
T mey gppeer puzzling thet one cen set both ¢; and @ to zero. However, & linear combine-
tion of § and ¢, is transferred to the lower components of V.
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Appendix A
We wuse two-component notation for the four-dimensional indices
throughout. Our conventions are those of ref. [24], so that our spinorial covari-

ant derivatives are

D, = %(a,, +i5%8,2)
Di=~= % (Os +18%8,2) . (2.A.1)
satisfying
{Da.Dj §.= %Ba& : (2.A2)

The derivatives with respect to the extra six coordinates are grouped into

the three complex quantities 8; and their complex conjugates 8t . For example

0= — +1— : (R.A3)
1t follows that
51; 6, = De : (Z,A.‘fr)

where [Jg denotes the part of the D'Alembertian operator corresponding to the
extra six coordinates. The definition we use for the components of vectors differs

from (R.A.3) by a normalization factor so that, for example
Ay = —=(As+145) , (2.A.5)
and one goes from SO(B) vector indices to SU(3) indices according to

A'B =4'B, + A B’
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and
i = =
Alep = TZ(A‘ 8; + 4 0°) . (2.A.6)

Ten-dimensional vector indices are denoted by hatted Greek letters.

The component fields are defined in terms of the covariant derivatives and

field strengths as

Aa&:ﬁra& ) Aaz\/éwa ) D:iVa,Wuf

Ai=1“i s Aaizi\/_éFai ) F,;:i{V“,Fai; ) (Z.A"?)

at & =6 = 0. Here 4 is the connection in the anticommutator of V, and Vg
and I; is the connection in V;. In a Wess-Zumino gauge these definitions

become

A= NBID:. D1V ¢ A =~NRDPD,Y | D =DRrDRD,V

Ay =¢; i Mg =V2Dap; ; F, =D . (R.A8)
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Appendix B
We want to show that the variation of the term in eq. (2.5.18) is indeed
(2.5.15). To this end, it is convenient to rewrite (2.5.18), using an exponential

parametrization, as :
1 z
1ir fai% d“@_{dx{dy (@ V)(e¥lv — e ¥ (3, V) . (2B.1)

Then, in order to perform the variation, all one needs is the following formula for

the varying the exponential of a commutator

-olL
(e’ a= e[ 1206V, 4] . (2B.:2)

The variation of (2.B.1) can be written, using another exponential parametriza-

tion,
1
%fdlox [a%o fdx}dy}dz 6V § eV [ (8, V), e *v (5 vy
0 0 0

re v (3, V), e ¥ (Bivyj+eviv e v (8, V), (B2 V)]

+e™v[e™(0; 1), (BW) ]
+[e7 (3, V), e V(@) 4 [ (8, V), e V(@ V)] § (2B9)

or, using the symmetry of the integrand above under the interchange of y and z,
1ir fdi%z d49fdxfdyfdz fe¥iv[ (8;V), e *v (3iv)]

+e¥vie v, V), (BiV) 1+ [e ¥ (8, V), e IV (BiV)] ] . (2B4)
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The answer then follows after performing the y and z integrations and using the

identity

e’ (AB) = (e"vA) (e B) , (2.B.5)
which is a direct consequence of eL"A =e'Ae”’, and the identity

B]z—l—[A,—l—BM—l—[iA B] (2.B.8)

._A, , ,
[ Ly 'Ly Ly Ly~

1
Ly Ly

which Is just a convenient rewriting of the Jacobi identity.
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Chapter 3

Gauge Groups for Type-] Superstrings
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3.1. Introduction

In Chapter 1 we have given a description of the super-Poincaré algebras. We
have also emphasized how the study of their particle representations alone sug-
gests the existence of several local-field theory models possessing invariance
under global or local supersymmetries. As we have seen, the theories in the
latter category are rather remarkable, as they are supersymmetric generaliza-
tions of Einstein's General Theory of Relativity possessing invariance under a
number (<8) of local supersymmetries, and thereby providing unifications of the
gravity field with other matter fields of lower spin. In particular, the maximally
extended of these supergravity theories is a model of an unprecedented com-
plexity, with an on-shell content consisting of as many as 256 states (128 bose
and 128 fermi) connected by a symmetry principle (the N=8 supersymmetry),

so that they span a single irreducible representation.

The main attempts to relate supergravity to low energy (100 GeV)
phenomenology are presently connected with the N=8 model. The motivation of
this program has to do with one property of this theory, namely the very tight
constraints imposed by supersymmetry, which make its multiplet of states the
unique one compatible with N=8 supersymmetry. Supersymmetry itself also
stimulates the hope that N=B supergravity will provide a quantum theory of
gravitation and matter with an S-matrix free from nonrenormalizable ultraviolet
divergences. On the other hand, connecting N=8 supergravity to phenomenol-
ogy appears not to be a straightforward task, as neither the multiplet of states it
describes, nor their interactions, bears an obvious resemblance to the low-
energy phenomenological theories based on Yang-Mills type interactions. More-
over, to date the hope that N=B supergravity is free from ultraviolet diver-
gences is only sustained by a few simple power-counting arguments that, based

on more or less favorable assumptions, can at most stretch the expected onset
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of ultraviolet divergences up to seven loops. Settling this issue completely by
means of formal arguments alone appears to be very difficult, because the non-
renormalizable interactions in supergravity can in principle produce ultraviolet
divergent expressions which are necessarily of more complicated structure as
the order of the expansion is increased. Explicit calculations could settle this
issue if divergences are found in corrections to S-matrix amplitudes with a given
number (=3) of loops, but such calculations appear to be too difficult to tackle
within the presently known formulations of supergravity. It is undeniable, how-
ever, that supersymmetry does have a softening effect on the ultraviolet diver-
gences of local field theories, and one may wish to keep it as a feature of a fun-
damental theory of gravitation, even if one abandons the hope of using N=8

supergravity as such a theory.

It is most remarkable, in this respect, that N=8 supergravity is already
known not to be the end of the road. Rather, it is a special case (indeed, a singu-
lar limit) of a multilocal field theory defined in ten-dimensional spacetime,
known as type 1l superstring theory [1,2]. This theory combines the multiplet of
massless states of N=B supergravity and an infinite number of massive super-
symmetry multiplets into the set of excitations of an extended object (a string
moving in ten-dimensional spacetime). The resulting field theory has local
interactions, corresponding to the joining and splitting of strings. The interac-
tions in this model are all governed by two parameters, one of which character-
izes the strength of the gravitational interaction, whereas the other determines
the masses of the excited states of the strings. However, only the cubic cou-
plings have been formulated in a field-theoretic language so far, and the con-
struction of the full theory represents one of the main challenges for the near

future in this context.
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From the point of view of ten-dimensional spacetime, the ground state (i.e.,
the massless sector) of a superstring of type 1l is the set of states of N=2 super-
gravity T. There is also another, equally remarkable, ten-dimensional superstring
theory. This is known as superstring theory I, and its ground state includes the
set of states of N=1 supersymmetric Yang-Mills theory in ten dimensions,
together with the states of N=1 supergravity in ten dimensions. This second
model describes Yang-Mills type interactions also, corresponding to a gauge

group G.

As is well known, Yang-Mills theories can be constructed for any gauge
group G which is a direct product of simple groups and U(1) groups. Our con-
cern in this chapter will be extending this analysis to the theory of type I super-
strings, thus providing a classification of all gauge groups allowed in this case (at
least at the classical level). In doing this, we shall find it worthwhile to provide
some basic results about superstring theory. We will only present the material
we need in order to discuss the problem of introducing Yang-Mills gauge groups

in the theory of type I superstrings. Further details can be found in ref. [6].

T 7o be precise, there are two forms of N=2 supergravity in ten dimensions [3,4,5], only one
of which cen be obtained by reducing the eleven-dimensional supergravity theory.
Corresponding’y, there are two forms of type II superstring theory.
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3.2. Gauge Groups of Type-l Superstrings

The quantum mechanics of pointlike particles can be described in terms of
a sum over paths, with each path weighted by the classical aclion computed
along it. Correspondingly, local field theories describe the amplitudes for
scattering of particles in terms of sets of Feynman diagrams that link initial and
final states by means of the interactions in the theories. The quantum mechan-
ics of strings is described in terms of a sum over world sheets swept out by the
strings in the course of their motion, the weight being the classical action on the
surfaces. Again, the field theory of strings involves operators creating and des-
troying strings, and the scattering (;f strings can be described in terms of
diagrams. However, because of the extended nature of the strings, the diagrams
are two-dimensional surfaces. If one borrows the result, familiar from local field
theory, that a given amplitude is determined by the complete set of correspond-
ing topologically inequivalent diagrams, one is lead to classifying topologically
inequivalent surfaces (open and closed) in order to describe the perturbation
expansion of string amplitudes. In particular, tree amplitudes correspond to
intermediate states involving only one string, and therefore to surfaces with no
holes or handles. The problem is that, just as happens with diagrams in local
field theory, surfaces which naively look different may be equivalent upon suit-
able "stretching”. This property alone, without any extra dynamical input,
imposes a constraint on the amplitudes. It implies that the amplitudes provided
by the theory possess total cyclic symmetry in the external states. This leads,
in particular, to the equality of the s-channel and t-channel tree amplitudes in
four-particle scattering, which is commonly called "duality”. Figure 1 illustrates
this property of tree-level string theory diagrams for a four-particle amplitude.

The relation

A(1,2,3,4) = A(4,1,2,3) (3.2.1)
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I

Figure I. Duality for a four-point amplitude
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then evidently holds. This is the standard form of the duality condition. In gen-
eral, for N-point tree amplitudes, one can deform diagrams in several ways, thus
exhibiting different channels that connect two subsets of the total set of exter-
nal states. The generalization of the condition in eq. (3.2.1) then requires that
the tree amplitudes are totally symmetric under the interchange of the labels of
the external states. More importantly for our purposes, this picture leads
directly to the constraints on the amplitudes due to unitarity. These conditions
follow from the structure of the residues of the poles in the various intermediate
channels. The poles in the intermediate channels must describe the same parti-
cle states as the external states, i.e they must have the right quantum numbers
consistent with the known spectrum of the theory. This condition, as we will see,
imposes severe restrictions on the gauge groups allowed in type I superstring

theory.

Before proceeding, however, we need to describe two essential ingredients.
First of all, tree amplitudes possess one more symmetry of a topological nature.
This occurs because all the states of the strings are eigenstates of an operator,
the twist operator, that exchanges the endpoints of the strings. More quantita-

tively, the twist operator for on-mass-shell states has the simple form
T = (=1ymrt | (3.2.2)

where m is an operator which gives the mass squared of an excited state of the
string relative to that of the first excited state. States at even mass levels are
thus odd under twisting, whereas states at odd mass levels are even under twist-
ing. The corresponding symmetry of the tree amplitudes then follows by twist-
ing all their external legs, and is

N+£§ﬂk
A(1,2,...N)=(-1) T A(N,..21) , (3.2.3)
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where m, - - -,y are the mass levels of the states 1,...,/N.

The next point we wish to mention is how a Yang-Mills gauge group can be
introduced in the theory of type-I superstrings. As we have explained, the tree
amplitudes provided by the theory possess cyclic symmetry in their external
legs. The cyclic symmetry is clearly preserved if each amplitude is multiplied
by a group-theory factor that is also cyclically symmetric. To construct such a
factor we consider, to start with, a set of matrices representing the generators
of a Lie algebra. This is done because the massless states of the string are the
states of N=1 SSYM in ten dimensions which, as we know, form adjoint multi-
plets. On the other hand, we do not know, a prior, which representations
correspond to the excited states of the string. Taking the trace of the product
of a number of such matrices provides us with a quantity that has just the
desired properties, namely it is cyclically symmetric and bears a set of adjoint
indices. The tree-approximation S-matrix amplitude for a process with N exter-
nal adjoint representation states is obtained by adding together products of the
A{1,...N) and of the trace factors #r (A*! - - - A°¥) corresponding to the (N-1)!
cyclically inequivalent permutations of the external legs, i.e.

S5(1,..N)= ¥ A(1,. . N)tr (A" .A°F) . (3.2.4)

perms

The natural condition to impose is that, corresponding to a massless pole in
the channel (1,...,r), i.e. corresponding to a set of external momenta such that
(p;+...4p,)? = 0, for which the residue of 4(1,...,N) is A(1,...,7)A(r+1,...,.N)

(see fig. 2), the group theory factor can also be split according to
tr (A% A™) = Yir (A% A" A i (AT AT+ A™) (3.2.5)
I

It is clear that, using a suitably large set of matrices A%, this condition can

always be satisfied. It becomes nontrivial, however, if we require that the A* be
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matrices of the right kind to describe massless states, i.e. that they label the
adjoint representation of a group. This provides a constraint both on the gauge
group and on the representation that is used for the matrices A%. As in Yang-
Mills theory, one deals only with compact Lie algebras, and correspondingly the
A's can all be taken to be antihermitian. It is therefore clear that the condition
(3.2.5) has one obvious solution, the defining representation of a U(N) group,
which consists of the complete set of N x N antihermitian matrices. This was
recognized a long time ago by Paton and Chan [7], who emphasized the particu-
lar cases of U(2) and U(3), then attractive in connection with the attempts to

use dual models to describe hadron physics.

This problem has been reconsidered recently by Schwarz [8]. His motiva-
tion in doing this was a completely different one. It had to do with attempts at
basing a description of fundamental interactions on the theory of superstrings,
regarded as a well-behaved generalization of supergravity. The main new input
in his discussion has to do with the twist symmetry. This, as we have antici-
paled, implies the relation (3.2.3) between the amplitudes, and tells us that,
when factoring (3.2 4) at a massless pole in the channel (1,...,7), we must con-
sider not only the configuration in fig. 2, but the three more shown in fig. 3. At
the massless pole the corresponding amplitudes are all proportional to

A(1,...,7)A(r+1, ..,n), onaccount of (3.2.3). The corresponding four terms are
tr(A® - - ATATH AT AL D) AU T+, n) +
tr(A® - - ATA® AT A, D) AUn, L m 1) +
tr(A% - ATATH LAY A(r, D) AT+, ) +
tr(A™ - AMA™ AT A, 1 D) AUm, D) (3.2.6)

Using eq. (3.2.3), these terms can be grouped together and written in the form
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M M+|

Figure 2. Factorization in the {(1,...M) channel

M+]

Figure 3 Diagrams related by twisting to the one in fig 2
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AL, r, DA(T,r+1, ) (A% - A — (=17 A% .- A%
X (ATH o A% — (=) A%y (382.7)
We must require that (3.2.7) can also be written in the form
AL DAL r+1, ) tr (A% AT — (=1)7 A" A®)AD)
tr (AL(A™H, A™ — (=1)TIA%S A%+)) (3.2.8)

corresponding to a sum over intermediate states, with the index 1 being an
adjoint representation inder. The factorization leading from (3.2.7) to (3.2.8)
can clearly proceed if the matrices multiplying Al are a linear combination of
adjoint matrices!, because adjoint matrices satisfy an orthogonality condition of

the form
(A=A = 6% | (3.2.9)
This therefore leads to an infinite set of conditions on the A's, which we write
AL AR - ()P AT AT e N, (3.2.10)

to indicate that these particular combinations of the A's must be adjoint
matrices for any n and for any choice of @4,..,a,. The n=2 case is trivial, as it
just implies that the A's represent the generators of a Lie algebra. The condi-
tions for m>2, however, are nontrivial, and require separate investigation.
Three classes of solutions emerge by inspection of (3.2.10) [8]. They correspond
to the antihermitian matrices A being the matrices of the defining representa-
tions of the classical algebras U(N), SO(N) and USp(2N). For example, to see that

the matrices of the defining representation of U(N) are a solution, we construct

1 By adjoint matrices we mean a set of matrices representing the generators of a Lie algebra.
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AT AT — (—1)PA™ AT (3.2.11)

Then, taking the hermitian conjugate of this expression and using (Au")'r = =A%

gives
(—1)" A% A% = AP A (3.2.12)

so that (3.2.11) is also antihermitian, and therefore a matrix of the defining
representation of U(N). The case of SO(N) also works in the same way, as
antisymmetric matrices are just particular (real) antihermitian matrices.
Finally, to discuss the case of USp(2N), it is most convenient to regard it as
U(N,Q), the set of unitary matrices over the quaternions. Then the discussion
above directly leads to the conclusion that USp(2N) also satisfies the conditions
(3.2,10).

This still leaves open the possibility that more solutions exist, correspond-
ing to other representations of the classical algebras, or to exceptional algebras.
To study the solutions of (3.2.10) in general [9], a few comments are in order.
First of all, the forgn of the twist operator in eq. (3.2.2) implies that all states at
even levels are odd under twisting , and all stafes at odd levels are even undé'r
twisting. Consequently (3.2.10) would be recovered by studying factorization at
any even-level pole, rather than only at a massless one. By a minor modification
of the arguments that led to (3.2.10), we can also recognize that factorization at

an odd-level pole would require that
A*L A 4 (1) A AT (3.2.13)

be a matrix describing one of the odd-level states. The n=2 case here is non-
trivial already, and tells us that odd-level states are associated with anticommu-
tators of the matrices describing the even-level states. This shows that both the

group and the representation selected for the A matrices are important.
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In order to proceed further, it is convenient to note that the conditions for
the even and odd-level poles can be combined into the equivalent, but simpler,
algebraic condition that the A's form an algebra over the reals, i.e. that arbi-
trary linear combinations of the A's with real coeflicients form a vector space
closed under multiplication. We stress here that the conditions in (3.2.10) and
(3.2.13) are equivalent to stating that the A’s form an algebra only if the linear
combinations are restricted to have real coefficients, as only in this case the
hermiticity properties of the A's and of their anticommutators can be

preserved.

Classifying the solutions to egs. (3:2.10) and (3.2.11) thus amounts to classi-
fying the real algebras (nof Lie algebras, as we are now dealing with products,
rather than with commutators). The problem of classifying algebras, as the
corresponding one of classifying Lie algebras, is much simpler if the restriction
that the coefficients be real is temporarily removed, thus considering the com-
plex extension of the algebra. Eventually, of course, one must find some way of
"taking the real part” of the result. We also notice that, since we are dealing
with basis elements in the algebra which are either hermitian or antihermitian,
the matrices A are either an irreducible set, or are a completely reducible one,
which means they can be reduced to block diagonal form. Consequently, without
any loss of generality, we can assume that the A's are a set of irreducible
matrices, which is commonly expressed by saying that the algebra they gen-
erate is a stmple algebra. The simple complex algebras are classified by
Wedderburn's theorem [10], which states that the only simple complex algebras
are the full algebras of complex matrices, GL(N,C). This result is much simpler
than the corresponding one for Lie algebras, where many simple algebras exist.
It corresponds to the intuitive idea that any complex N x N matrix can be

obtained from arbitrary products of a 'nontrivial” set of N x N matrices. It
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should also be clear why allowing arbitrary complex linear combinations of the
A's leads to a simple result: the A's themselves can contain complex elements,
and combining them with real coefficients leads in general to a subset of the
GL(N,C) matrices, rather than to the whole set of them. In order to complete
the classification, and thus to be able to apply-our results to solve (3.2.10), we
must learn how to "take the real part” of GL(N,C). That is, we must find all sub-
sets of the n? GL(N,C) matrices that are closed under multiplication and, when
multiplied by arbitrary complex factors, reproduce the whole set of GL(N,C)
matrices. To this end, it is very helpful to note that GL(N,C), being an algebra, is
also a Lie algebra, and it is known how to "take the real part” of a Lie algebra,
just by looking at the known list of its real forms. It is necessary to distinguish
between two cases. If the original algebra contains V=1, it coincides with its
complexified form GL{N,C). If not, it is one of the real forms of GL(N,C) that,
besides being a Lie algebra, is also an algebra. As such, it is to be found among
the real forms of GL{N,C) containing the unit matrix 1 and not containing

V—11, which are
R&SU(N,C) R®SU(p.q.C) (p+gq = N)
GL(N,R) U'(N) (N even) . (3.2.14)

Here direct product with R is a shorthand for the condition that all products
with real multiples of the unit matrix are allowed, and U'(N) is the subset of
SU(RN) generated by all antihermitian N x N matrices over the quaternions.
GL(N,R) is clearly an algebra. Moreover, U’(N) is also an algebra, as it is iso-
morphic to the general linear algebra over the quaternions GL(N,Q). Finally, R®
SU(N) and R ® SU(p.q) are algebras only in the two-dimensional cases, where the

isomorphisms SU(2) * SU"(2) and SU(1,1) ® SI(2,R) hold.



-136-

The solutions of egs. (3.2.10) and {3.2.11) are therefore the general linear

algebras over the real, complex and quaternionic fields. The matrices
corresponding to the even-level states span the corresponding maximal compact
subalgebras SO(N), U(N) and USp(2N), while the matrices corresponding to the
odd-level states generate the coset spaces GL(N,R)/SO(N), GL(N,C)/U(N) and
U"(2N)/USp(2N). The even and odd states transform under the representations

of the gauge group collected in the table below:

group | gauge group | even states odd states
GL(d,R) | SO(d.R) d(dz“l) d(dz“) —1;1
GL(d.C) U(d.C) d? d?
U*(2d) USp{Rd) d(2d+1) d(d-1)-1 ; 1

These results can be summarized by saying that the YM gauge groups
allowed in superstring theory I are classical compact groups. Ezceptional groups
are excluded Moreover, the reduced symmetry of the kinematic factors one is
dealing with in superstring theory not only restricts the gauge groups, but also
requires using the matrices of the defining representations for the groups

allowed.

It should be stressed that eq. (3.2.10) was originally derived by considering
the factorization of tree-level amplitudes. One may therefore wonder whether
considering the factorization of higher-loop amplitudes would place further res-
trictions on the set of gauge groups allowed in superstring theory I. We will now
discuss this for the case of one-loop amplitudes. This is a relatively simple case

and still illustrates the general features of the factorization. Moreover, it allows
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to derive simply from first principles which kinds of diagrams one must consider

at one-loop in the various cases, and the relative factors between them.

There are three distinct topologies for one-loop string theory diagrams,
which are shown in fig.4. The planar diagrams are characterized by having the
external particles all on the same boundary, and the two boundaries are dis-
tinct. The nmonplanar diagrams are like the planar diagrams, but with the
difference that some of the external particles are emitted from one boundary,
and some from the other. Finally, the nonorientable diagrams have only one
boundary, and look like a Mobius strip. The usual prescription is that the planar
diagrams get an extra factor of N, corresponding to tr(1) for the boundary with
no external particles, and that the nonorientable diagrams are absent in the
case of the U(N) groups, when the ends of the strings can be thought of as carry-
ing different, and inequivalent, quantum numbers (N and N respectively). We

will now show how factorizing one-loop amplitudes leads directly to these results.

We start by considering the configuration in fig. 5, where the factorization of
a one-loop amplitu?e is shown. As usual, we must consider the amplitude in fig.
5 together with other amplitudes related to it by twisting. For definiteness, we
restrict ourselves to the case of external particles corresponding to even levels.
We proceed in opposite order from what we did in the discussion of tree-level
unitarity, and write the factorized amplitude, to then combine the group theory
factors using the properties of the classical algebras summarized in the appen-
dix. This will then give the imaginary part of the corresponding one-loop ampli-
tude by unitarity, and from it we can read off the relative factors with which the

three types of diagrams enter in the resulting amplitude.

Consider the factorized amplitude
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M+|.

Figure 5. Factorization of a one-loop amplitude
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(A(M+1,.. N L (A¥* - ANAIADY 4 AN, H+1,1,7)
x tr(AY - - - AMHIAT AT
+AM+1,.. N,J,Dtr (A¥*1 . ANAADY 4 A(N,. M +1,7,])
x tr (AN - AM¥IATATY)
x (AQ1,....M 1J)tr(AY - - - AMATATY + A(M,... 1,1,0)tr (A¥ - - - AIATAY)
+ A, M.J Dtr(AY - - - AMAADY+ 4(M,..1,7.])
x tr(A¥ - . AINAT)) (3.2.15)
Using the twist condition (3.2.3) this can be written
(AL, M It (A - - AMAT 4 (—0)Hmidma AT AN ATypY
+ AL, M T D (AAY - A¥ 4+ (=) AN L AT AYY)
X (A(M+1,....N.I,J)tr (A (AM+1 .  ANAT 4 ()N HHmatms qIaN o pMy)
+ AM+1,.. N, J,Dtr (A7 (ATAM+1 AN
+ (=ML AN AMHIATYYY (3.2.16)

where m; and m; denote the mass levels of the intermediate states. We can now
expand this expression and contract together products of traces, thus eliminat-
ing the A’'s. This requires the use of the conditions (3.2.10) and (3.2.11) on the

matrices. The result, apart from an overall factor, is
tr((A1- - AMAT 4 (—1)MTIATA LAYy

X (AM*1 . ANAL 4 (—)NTHAMBMUAIAN L pH4Yyy
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x A(\,..,M,I,7)A(M+1,..,N,1,J)
+er((AY- - AN 4 (—))MITIAT AR LAYy
% (AIA”” .. AN & (_1)N‘”"’ml+mJAN L A””AI))
X A(L,... M1,V A(M+1,...N,J,I)
+tr (ATAL - - M 4 (—)Hmtmap i pIpT
% (AM+1 CANA 4 & (=1 )N‘”+ml+m1AIAN . AH+1))
x A(1,....M,J )A(M+1,.,N,1.J)
+ir ((ATAY - AM 4 (=) AR L AT
IAM+1 N 4 N-M+m;+m; N M+1,1
x (A'A AV + (-1) A - -~ AETIATY

xA(1,.. .M, J )A(M+1,..,.N,J,I) . (3.2.17)

We wish to stress that the step that led to eq. (3.2.17), starting from eq.
(3.2.18), is the crucial one, as undoing it amounts to factorizing the traces. We
have thus shown that the conditions (3.2.10) are also sufficient to achieve factor-

ization al the one-loop level, as they are at the tree level.

The next observation has to do with the nature of the terms in (3.2.17). This
equation is clearly more complicated than the corresponding tree-level result,
as there is still one dummy index to be eliminated. To proceed further we need

identities to simplify terms like
ATAY . ATAD (3.2.18)

Such identities are actually group dependent, and are noticeably different in the

case of U(N) groups than in the cases of SO(N) and USp(2N) groups. In
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particular, in the appendix it is shown that the following results hold:

(1) for SO(N) :
MA = (1 = N(-D)M)
AMAV - AN = (=1) A A = ()M (A AR

where N; is the mass level to which the matrices A’ correspond;

(2) for USp(2N):
N = (-1 = N (-1)™)
NN AN = (=) E AR g ()N gAY AR

where N is again the mass level to which the matrices A’ correspond;

(3) for U(N):
AN MAN = =2tr(H) .
Eq (3.2.17) can be written, by relabeling some terms
(br((AY - - AMAT 4 (=) MHmtmipI gAML ALy
x (AM*+1. . ANAL 4 (—)NMAmma g LAN L pH YY)
+tr((ATAY - AH 4 (—)METTAR L AIAT)
x (ATAM*1 . AN 4 (—)NMAmImopN o pAM+1pTY)
xA(1,..,M,1,J)A(M+1,...N,1,J)
+(tr((AY - - AMAT 4 (=)t mIpI AR LAYy

x (AIAH+1 L. AN & (_I)N'”"’ml"'mJAN_ . AM-HAI))

(3.2.19)

, (3.2.20)

(3.2.21)
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+ i ((ATAY - AN 4 (—)MFmrmap ke gy
x (AM+1. . ANAT 4 (_1)N‘”+’"1+mJAIAN o AEFYY)
x A(1,...M,1,J)A(M+1,..,N,J.I) . (3.2.22)
Expanding the traces then gives, apart from an overall factor,

AL, M IDAM+1,. . NI = (=1)™tr(AL- - - AM)tr(A¥*+1 ... AN)

+[£ 12 (=)™ o N(=1) Y= 0)E g (AL AMAN L ARy
+ AL, MDA+, NI D = (D™ (A1 AM)tr (AM#Y AN
+ (12 (=)™ = N(=1)™]tr (Al - - - A¥)} (3.2.23)

in the SO(N) and USp{2N) cases, where the upper signs apply to the SO{N) case

and the lower signs apply to the USp(RN) case, and
AL, M1, J)A(M+1,...N,I,J) Re[—(-1)¥*™*™ p
X tr(AL - AMAN RSN (oY (AL - AR (AR AN)]
+ A1, . M I1,JJA(M+1,...N,J,I)

x Re[-Ntr (Al - - AN)

— (=)™ ™ (Al - - AM )R (AR AN (3.2.24)

in the U(N) case.

This result illustrates the peculiarity of string theories constructed using
U(N) groups that we have anticipated. It has to do with the absence of N-
independent terms containing a single trace in eq. (3.2.24), as compared with

eq, (3.2.23), which applies to the SO(N) and USp(2N) cases. This result can be
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interpreted as follows: the planar diagrams get an extra factor of N correspond-
ing to the boundary with no external particles, whereas the nonorientable
diagrams do not get this factor, just because they have only one boundary,
which contains all the external particles. Finally, the nonplanar diagrams
correspond to products of traces, because some of the particles are on one of
their boundaries and some are on the other. The absence of N-independent
terms containing a single trace in (3.2.24) is just telling us that the perturba-
tion expansion for open strings includes nonorientable diagrams for the cases of

SO(N) and USp(RN), but does not include them for the case of U(N).



-145-

Appendix A

For SO(N) we can use as basis elements the matrices [11]
M1 N N
NN = —\E(Ei;( ) — E;M) (3.A.1)
for the even levels, and the matrices
Ny = 1 N N £ g
Wi )—72(51‘;( )+ E;{N) (i #j)

wi) = V2 BN (3.42)

for the odd levels. Here E,,-}N) denotes an N x N matrix with (i,j) element equal
to one and all the other elements equal to zero. It is a very convenient object, as

it multiplies according to
EfN BN = o5 BN (3.A.3)
and its trace is

tr (M) =6, . (3.A.4)

As anticipated in the text, the matrices for the even levels are antihermi-
tian, and the matrices for the odd levels are hermitian. Moreover, it can be

readily verified that they satisfy the following trace relations:
tr (N M) = 26 654 — 64 65) .
tr(ngM wd¥) =0,
tr (i) w i) = 2 (85 0y + 0 S5) (3.A5)

Then, using the definitions in egs. (3.A.1) and (3.A.2), one can prove the following

relations:
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NagVA = 0,
AI c‘)1;‘7(]\/)1\1 - wiJ(N) ,
ANAN=1-NE-1)™ (3.A.8)

where the Al's are matrices either of the odd levels or of the even levels. Egs.

(3.A.6) then imply
ATAY . AM A = () HAM A (Y™ (A AM) |, (BAY)

which is obtained decomposing the product A! - - - A¥ into its irreducible pieces
and using egs. (3.A.6), and where A!, .., A¥ are taken to be matrices for the even

levels.

The case of USp(2N) can be treated along the same lines [11]. For the even

levels one uses antihermitian matrices constructed out of
oM = B[N — sign (i)sign ()ELY; (3.A.8)

(i.j = -N,...N) and for the odd levels one uses hermitian matrices constructed out

of
BN = BN + sign (i)sign () ELD; (3.49)
One thus arrives at the following results:
MAN=-1-N(=1)™
ATAY - AMAT = — (m)MAM - AT — (=)™t (AY - - AM) | (3.A10)

More simply, one can use quaternionic notation and write the generators in the

form

A and 10@F8 (3.A.11)
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with 4 = —A7 and B = BT for the even levels, and 4 = AT and B = =BT tor

the odd levels. Then

AMX+i0@A = AX +i087) A4

—0®B (X +i08Y)o®F (3.A12)
and, using
Yolo'=3 and Yoo ol=-¢ (3.A.13)
7 5

one obtains directly eqs. (3.A.10).

The case of U(N) is quite different, as now the same matrices (apart from a
factor i) are used for both the even and the odd levels. For example, the
matrices for the even levels are 7;; and 7 w;;. From egs. (3.A.8) it then follows

that, for U(N), egs. (3.A.7) and (3.A.B) are replaced by

N HMAN = =2tr(¥) . (3.A.14)
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