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Abstract

In this thesis, the development and application of a model for the
examination of orientation effects in electron transfer reactions are con-
sidered. The model is designed to describe broad features of the elec-
tromnic interactions between large molecules, where the transferred elec-

tron is delocalized in both reactant and product.

The model employs spherical or oblate-spheroidal potentials of con-
stant depth for the donor and acceptor sites. The Schrodinger equation
is solved for the exact eigenfunctions of such a potential, and the elec-
tron transfer matrix element, Tp4, is calculated using these wavefunc-
tions. Tpy is the principal distance and orientation dependent quantity in
current theories of nonadiabatic electron transfer. By comparison of
results obtained using spherical and spheroidal wells, it was determined
that both orbital shape and well shape (i.e., molecular shape) effects are
important in determining the magnitude and orientation dependence of
Tpy.

The model was used to examine orientation dependence in electron
transfer reactions between porphyrins and porphyrin derivatives. 7py
was examined for a variety of mutual orientations, including: 1) face-to-
face transfers, where it was found that T, for forward transfer from pho-
toexcited reactants was considerably larger than Lhat for back transier
to yield ground state products, 2) edge-to-edge orientations, and 3)
models of possible initial donor-acceptor pairs in a bacterial photosyn-
thetic electron transfer system (Khodopseudomonas viridis). It was

observed that Tp, was a sensitive function of orbital shape and orienta-
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tion.

In order to simplify the model, a semiclassical approximation was
examined for the donor and acceptor wavefunctions, for both the
spherical- and spherocidal-well states. The accuracy of the approximation
supports the interpretations of the results obtained from the exact calcu-

lations. It also substantially reduced the calculational time involved.
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Chapter 1

Review of Classical and Quantum

Electron Transfer Theories



I. Introduction

Electron transfer reactions have been frequently termed "the sim-
plest chemical reactions.” In conventional "outer sphere" electron
transfer reactions no bonds are made or broken upon transfer and these
reactions are thus inherently simpler than atom transfer reactions. The
present chapter outlines the classical and quantum theories of electron
transfer. They are complementary in approach and, in general, present
similar pictures of the electron transfer problem. It will be shown that
the principal distance and orientation dependent quantity in both the
classical and quantum rate expressions is the quantity Tg4, the electron
transfer matrix element. This thesis is concerned with the development
and testing of a model for the calculation of orientation effects on Tpy.
After examining the classical and quantum theoriés, previous attempts at
the calculation of Tp4 will be reviewed briefly. Finally, in the Appendix to
this chapter, a rederivation of the nonadiabatic electron transfer rate
expression will be presented which does not assume exact single site
eigenfunctions for initial and final electronic states. This provides a link
between Ty, calculated in one-electron theories (which frequently utilize
single-site eigenfunctions) and the quantity calculated in many-electron

theories.

IHA. Classical Theory

Homogeneous electron transfer may be loosely viewed as occurring
in three steps: 1) approach of the two species to some reaction distance
R, 2) electron exchange, and 3) separation to yield prod.ucts. The initial
(final) electronic state is assumed to be principally localized on the donor

(acceptor) molecule.
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Motions of the constituent atoms of the reacting species, as well as
motions of the medium, will in general affect the energy of the reactant
and product electronic states. These medium effects occur via electro-
static interactions of the electronic charges with the charges and dipoles
of the medium. Since the electron is charged it will polarize the medium
and the equilibrium position for this polarization will change depending
on whether the electron is localized on the donor or acceptor. Similarly,
the electron will frequently play a role in bonding in the molecule and
thus upon electron transfer the equilibrium bond lengths of the donor

and/or acceptor may readjust.

These effects can be summarized pictorially using a potential energy
diagram (Fig. 1) as introduced by Marcus in the consideration of the elec-
tron transfer problem.1 The curve R denotes a cut through the potential
energy function of the reactants in the many-dimensional configuration
space of the system. & shows the dependence of the total electronic
energy of the system on the nuclear coordinates and is appropriate to
the case of the electron localized on the donor. In like manner, the curve
denoted P is the total electronic energy of the system when the electron
is localized on the acceptor. The two curves have different minima,
corresponding to the different equilibrium configurations of the nuclei
before and after electron transfer. The abscissa, denoted the "reaction
coordinate" describes a concerted motion of the nuclei which leads from
reactants to products. This motion can involve the translational, vibra-
tional, and rotational motion of the solvent, the vibrational motion of the
reactants or products, or some combination of these motions, as is gen-
erally the case. The rate of electron transfer is the rate of transitions

from curve R to curve P.



Reachon Coordinate

Fig. 1. Nuclear potential energy surfaces for reactants and products
of an electron transfer reaction. R (P) is the nuclear potential
energy surface when the transferable electron is localized on the
donor (acceptor) molecule. Rg and Py are the equilibrium nuclear
configurations for the reactant and products, respectively. A is the

transition state.
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It is convenient to divide the nuclear part of the system into "inner
sphere"” and "outer sphere” parts.l'z The inner sphere part is loosely
defined as any species chemically bound to either the donor or acceptor.
For transition metal complexes this comprises the central metal atom
and the ligands in the ﬁrét coordination sphere. For molecules such as
quinones or porphyrins, all the atoms in the molecule are considered to
make up the inner sphere part of the system. The outer sphere part is
then made up of all non-covalently attached solvent and counterion
molecules. These definitions are tentative as the possibility of specific
solvent interactions ° indicates that the inner sphere portion of the sys-

tem may be considerably larger than the above simple definition.

The modern theory of electron transfer began with a suggestion of
Libby’s in 1952.% He speculated that electron transfer would occur with
the nuclear configuration frozen, ie., via a Franck-Condon transition.
The first quantitative application of this suggestion was made by Marcus.”
Marcus calculated the rate of electron transfer using transition state
theory, the transition state being a nuclear configuration where a
Franck-Condon transition may occur while still conserving energy (cf.
point 4 in Fig. 1). It should be noted that the transition state is not a
point but an N—1 dimensional hypersurface for atomic and molecular
motion, N being the number of nuclear degrees of freedom in the sys-
tem. In the Marcus theory of electron transfer*® nuclear motion is exe-
cuted classically on the nuclear potential energy surfaces. A model was
assumed for the nuclear potential energy surface as a function of nuclear
coordinate and the free energy of activation (AG") was calculated, thus

yielding the rate.

Those considerations pertinent to the outer sphere portion of the
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problem will be discussed here briefly. While the formalism governing the
inner sphere portion is somewhat different than that for the outer sphere
portion there is still a strong conceptual analogy between the two. There-

fore, the result for the inner sphere part will merely be stated below.

The equilibrium value of the nuclear potential energy for reactants
occurs at the point K, of Fig. 1. In order to react the system must pass
through the region A which possesses a nonequilibrium distribution of
the solvent molecules. The iree energy of such a nonequilibrium distribu-

tion is required to obtain the rate of reaction.

Frequently, solvent molecules will have some permanent dipole
moment. In the presence of an electric field there will also be some
induced dipole moment as the molecular charges respond to the field.>®
The motions of these two types of dipoles in response to an external field
occur on different time scales. Realignment of the permanent dipole
requires motion of the molecule as a whole and is intrinsically slower
than the change in the induced dipole. The change in the induced dipole
is principally due to electronic motions which can be considered to

respond instantaneously to the motion of the transferring electron.

The Marcus model for the solven’LS’6

employs a dielectric continuum
with two polarizations, P, and F,,. The former is the slowly responding
solvent polarization, the latter the rapidly responding polarization.
Expressions were derived® for the free energy of any nonequilibrium dis-
tribution of the solvent (calculated via a reversible two-sltale changing
process). The actual free energy of activation was obtained by requiring
a dielectric polarization with equal free energies for reactant and product

charge distributions ‘and by then minimizing the energy of this

configuration, subject to the constraint that the free energy difference
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between reactants and products be a constant. The expression for the

rate of electron transfer obtained is
kyi = KeipZyiexp(—w,/ kp T)exp(-AG /kpT) . (1)

Ke 1s a transmission coeflficient which is discussed below. Z,; is the

bimolecular collision frequency, p is a quantity generally close to one and

AG" is the free energy of activation. The expression obtained for AG" is!

2
AG'=>:}L[1+ATGO—} . (2)

In the dielectric continuum approximation for the solvent the expression

for A,, "termed the outer sphere reorganization energy," is!®

= 2| 1 .t 1yt 1
Ao = (Be) [20,1 i 2a, E}[Dop - Dg| (3)

Dyp and D are the optical and static dielectric constants, respectively,

a, and a, the radii of the assumed spherical reacting species, and £ is

the distance between the centers of the reactants.

Two general features of the electron transfer rate expression can be
deduced from Egs. () and (3). First, for fixed A,, k; should go through a
maximum as AG° decreases. This has been termed "inverted behavior."!
Recent experimental studies have apparently observed such behavior in a
well-defined series of intramolecular electron transfers.” Second, as the

dielectric constant of the medium increases the rate will decrease for

regions of AG® not in the inverted region.

The contribution of inner sphere reorganization effects to the rate
can also be included in the rate expression. Under the assumption of har-
monic inner sphere modes an identical expression for AG" to that in Eq.

(R) is obtained?! with A, replaced by A where
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A=A A, . (4)

X, is as defined in Eq. (3), A; is defined in Eq. (5) within the harmonic

approximation using reduced force constants for the inner sphere

modes.°

A = %Z;cfjkAQjAQk - (5)
i

The Ag; are normal coordinate displacements, the f;; are the reduced
force constants. A; is clearly related to the energy required to stretch or
compress the inner sphere modes in the approach to the transition state.

On the basis of the above relations an expression was obtained relat-

ing the rate of a given cross reaction (rate constant k5, equilibrium con-

stant Ky)
A*+ B> A+ B* (6)

to the rates of the so-called "self exchange' reactions (rate constants

k,, and k5, respectively)

At + 4 - 4+ A% (7)
B+B*->B*+B . (8)
The expression has the form?
kg = (kqikgeKiaf ) (9)
where
2
Inf = 41n(1(cl:11];:)/ 72) (19)

f is frequently close to unity. Certain plausible additivity assumptions

regarding A, and k;, were made in obtaining Eq. (9). Eq. (9) has been the
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subject of extensive testing and its successes have served to establish the

validity of the classical theory.2

Another important contribution of the Marcus theory is the relation
given in Eq. (11) between the electrochemical rate of electron transfer at
zero activation overpotential and the homogeneous self-exchange rate

constant.!
(ki / Zoi e = koy / Zo (11)

The equality in Eq. (11) applies when the distance from the center of the

reacting ion to the electrode is equal to the molecular radius.

The transmission coefficient, kg, included in Eq. (1) is intended to
account for the possibility that electron transfer might not occur on each
passage of the nuclear subsystem through the transition state. The k,; in
Eq. (1) is a thermal average of the transmission coeflicients (calculated,

£ expression) over all nuclear velocities.! The

say, using a Landau-Zener
transmission coefficient is related to the splitting of the pair of diabatic
nuclear potential energy surfaces at the point A. This splitting is a func-
tion of the interaction between the elecironic states of the donor and
acceptor molecules. The interaction between donor and acceptor states
is nonzero because the localized states are not eigenstates of the full

electronic Hamiltonian, only of the single-site Hamiltonians of the donor

(or acceptor) plus solvent system.

A distinction is generally made between different regimes for the size
of k¢;. When k,; is close to unity, electron transfer occurs on each pas-
sage of the nuclear subsystem through the tramsition state. This
behavior is termed "adiabatic" in that electron motion (i. e., the transfer

of the electron) accompanies the molion of the nuclear subsystem. In
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the classical theory the reaction is assumed to be "weakly adiabatic,”
implying that electron transfer occurs upon each passage through the
transition state, but the electronic interaction is weak enough so as not
to affect the estimate of AG*. When k; is small electron transfer occurs
infrequently upon passage through the transition state region. This is

termed ''nonadiabatic' behavior.

Using a Landau-Zener expression to calculate ¥ Brunschwig et. al.®
obtained an expression for the unimolecular electron transfer rate con-

stant at fixed # when the reaction is nonadiabatic, given by

2| Tpa |2 L ]%

ke (R) = n l(Eout T Ein)kBTJ exp(—AG"/kpT) . (12)

T4 is made up of total Hamiltonian matrix elements involving the initial
and final electronic states (see Appendix A). E,, and E,,; are related to

the inner sphere and outer sphere reorganization energies.10

There are two main distance dependent parts of Eq. (12), A, and Tg4.
The distance dependence of A, can be seen from Eq. (3); as the separa-
tion distance between the reactants increases, A increases, thus decreas-
ing k in the non-inverted region. Tp4, being the interaction of two elec-
tronic states localized at different sites, decreases basically as the over-
lap of the wavefunctions. For electron transfer between large molecules
A, is expected to be small; thus, changes in A, will not significantly affect
the rate. Furthermore, at large distances A, asymptotes to a constant
value, whereas T4 continuously decreases. In general, Tp4 is expected

to be principally responsible for the distance dependence of k; .

The orentation dependence of Eq. (12) is also principally due to Tpy.

A, will doubtless change to some extent as the orientation of a highly
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asymmetric donor-acceptor pair is varied. This change should be much
smaller than the change in interaction of the electronic states. There-
fore, it is expected that Tp4 is also chiefly responsible for the orientation

dependence of the rate.

It should be stressed that only in the nonadiabatic region is the rate
sensitive to changes in Tp4. When the electron transfer is adiabatic the
electronic interaction is already strong enough to insure electron
transfer upon reaching the transition state, thus, increasing Tp4 does not
increase k. However, any electron transfer can be made nonadiabatic by
increasing the separation distance between the reactants. Therefore, the
considerations here are pertinent to the effects of Tp4 on reaction rate

for all reactions at large enough distances.

The quantum theory of electron transfer is summarized next. It will
be seen that T4 is again the principal orienlation and distance depend-

ent quantity in the rate expression.

IIB. Quantum Theory

The quantum theory of electron transfer was introduced by Levich
and Dogonadze11 and was later elaborated by a number of authors ®1%°15
The rate expression is obtained using first-order time dependent pertur-
bation theory.16 A derivation of the rate constant for fixed particle
separation and orientation is presented in Appendix A of this chapter.

The concepts involved and the assumptions made in deriving the rate

constant are summarized here.

The electron transfer is viewed as the decay of an initially prepared
state having ‘the transferable electron initially localized on a donor

molecule. The decay occurs into a manifold of states characterized by
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the electron being localized on the acceptor molecule. A single elec-
tronic state is considered on either site. In general, some motions of the
nuclear system will be strongly coupled to the electronic motion and the
equilibrium positions and force constants of these modes may be
different before and after electron transfer. As in the classical theory,
the extent of these changes in the nuclear part of the system determines
the rate of electron transfer. Assuming for simplicity that only a single
nuclear mode is coupled to the electronic motion, the rate constant for

electron transfer becomes2

kpes = %'g—l Tpa 1P exp(~Ein/ T) | <x;8 | Xia> 1°6(Eiy — Ejp) . (13)
ij

The pair of sums in Eq. (13) is over all vibrational levels of the electronic
states with the electron localized on the donor (i) and acceptor (5). The
electron transfer matrix element, Ty, is, again, composed of matrix ele-
ments of the total electronic Hamiltonian between the initial and final

electronic states (see Appendix A).

The main assumptlions employed in obtaining Eq. (13) are:2 11°15

1. The depletion of state ¥, due to reaction is a minor pertur-
bation on the population of ¥4. This conditon arises because
perturbation theory is used to obtain the rate expression. It
implies that Tpy is small.'®

2. The Condon approximation has been made ®1® This allows
removal of T, from the integral over nuclear coordinates. Tpy
is, in general, dependent upon nuclear geometry through the
wavefunctions’ nuclear coordinate dependence. The assumption
has been tested qualitatively for the Fe3'/Fe®* electron

exchange and was shown to be valid for that sys’Lem.17
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3. The interaction time between the systems is short relative to
the electron transfer rate. This yields the delta function in Eq.
(18) which is responsible for energy conservation. For longer
times the energy width of the initially prepared state must be

considercd.18

Within this set of assumptions the quantum theory has been exten-
sively used to discuss condensed phase electron transfer. 111419 14
should be noted that assumption 1 above limits the quantitative applica-
tion of the theory to nonadiabatic transfers. Therefore, Tz, will play a

role in determining the orientation and distance dependence of Eq. (13)

wherever Eq. (13) is applicable.

Eq. (13) can be straightforwardly extended to include cases where
the transferring electron has an effect on several nuclear modes by addi-
tion of the appropriate summations and Franck-Condon factors. All
modes which are not affected by electron transfer do not affect the rate
of transfer and are not considered explicitly. It is of interest to examine
the method used to obtain the Hamiltonian for the nuclear portion of the

problem for comparison with the classical theory.

The inner sphere modes are assumed to be the individual bond bend-
ing and stretching coordinates of the donor and acceptor molecules. It is
common to assume these coordinates are harmonic; thus, normal modes
can be defined and the vibrational wavefunctions can be represented as
harmonic oscillators.®'?1® The expressions for the overlap integrals
between displaced harmonic oscillators are well known and the contribu-

tions of such modes to the rate are readily obtained 20?1

For the ouler sphere portion of the system a dielectric continuum

description of the medium is used, as in the classical theory.z’11
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Assuming a linear response of the dielectric to an external electric field,
the potential energy and kinetic energy of the polarization can be
obtained. This yields a harmonic oscillator Hamiltonian for the polariza-
tion field.? Note: this description does not depend for its validity on the
motions of the individual solvent molecules’ being harmonic, only on a

linear relation between the polarization and an external field.??

Dielectric dispersion can be taken into account by representing the
polarization in frequency and wave vector space and then assuming that
each (k, w) component responds linearly to the corresponding component
of an external electric field.? A set of uncoupled harmonic oscillators is
then obtained at given frequencies as a representation of the dielectric
response of the solvent. In practice, only a few modes are included in a

rate calculation.zo'21

The interaction of the medium with the transferring electron and the
permanent ionic charges is dealt with in a similar fashion.® A linear coup-
ling between the components of the polarization and the position of the
charge is assumed. This produces a shift in the equilibrium positions of
the solvent modes (relative to when there is no charge present) and a

decrease in total energy (arising due to solvation).?

Once the Hamiltonian for the nuclear modes has been obtained a rate
can be calculated. Assuming a single solvent mode and taking the high

temperature limit of Eq. (13) one obtains

_RITsl? A

_ AE, )P
h |\AksT) 0 4kgT| '

k
X )

1+ (14)

Eq. (14) corresponds closely to Eq. (12), the only difference being the
presence of AFy in the exponential rather than AG, This difference

occurs due to the use of energy surfaces rather than free energy surfaces
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for nuclear motion in the quantum theory. The difference can be impor-
tant when entropy effects are significant for the reaction, in which case

the classical theory will generally be more useful.

It is apparent from Eq. (14) that the quantum theory also predicts
inverted behavior. This is not confined to the high-temperature limit of
Eq. (13),%%?! nor is it confined to the use of harmonic oscillator nuclear

functions.

One aspect of electron transfer which has been illuminated by the
quantum theory is the low temperature behavior. In the classical expres-
sion the rate goes to zero as T goes to zero. Quantum mechanically there
exists the possibility of nuclear tunneling which is temperature independ-
ent from a given vibrational level; thus, the rate approaches a constant as
T goes to zero. At any temperature other than I = 0 it may be that some
modes behave classically while others behave quantum mechanically,
depending on the vibrational frequencies of interest. Quantum modes
require explicit calculation of the terms in the Franck-Condon sum (Eq.
(13)) and only a few modes generally contribute (Av>kT). Classical
modes (hv<kT) can be treated via a limiting process, thus removing the

Franck-Condon sums over these coordinates.

Due to the similarity between the treatments of the nuclear modes in
the classical and quantum theories it is apparent that the comments
regarding distance and orientation dependence made for the classical
theory will apply here also. As before, the inner sphere modes are neither
orientation nor distance dependent. The outer sphere distance and
orientation dependence are expected to be weak for large molecules or
long distance transfer. Thus Tp4 is the quantity which dictates the dis-

tance and orientation dependence of the rate.
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The expression for & in Eq. (13) has been éxplicitly evaluatled in a
number of model studies in an effort to compare quantum and classical
effects on the rate.®®?123 These calculations used a model functional
form for Tps. Several other theoretical attempts have been made to esti-
mate the dependence of 754 on distance and orientation. These studies

are summarized next.

HI. Prior Examinations of Hp,

The simplest estimates of the dependence of Tz, on distance utilize
one-dimensional wavefunctions appropriate to delta function®* or square

well potentials.*4#*® The form obtained for Tpy is
Tpa(R) = Aexp(-aR) , (15)

where A is a constant which depends on the energies of the states
involved and a = (—2mE/ 7‘7.2)%. Several experimental studies have exam-
ined electron transfer between donors and acceptors trapped in
glasses.26'28 An exponential decay of Tp4 with distance was inferred from
these studies. However, the energy dependence of Tp4 was not nearly as
strong as that predicted by the simple square well model. Furthermore,
such a model precludes the consideration of any orientation effects on
Tgy-

Orientation effects have been considered in other theoretical studies
of electron transfer in glasses. The donors and acceptors are assumed
fixed but distributed randomly, thus producing a distribution of orienta-
tions. The orientation effects can be considered relative to what would be
obtained for the same random distribution when 7p4 is orientation

independent.
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Qualitative effects of orientation on T4 have been considered by
Brocklehurst‘.29 He used atomic-like functions to model molecular
wavefunctions and derived approximate expressions for S (the orbital
overlap, which was assumed proportional to Tp4) as a function of orienta-
tion of the two centers. He also considered the effects of different radial

functions on S.

Doktorov et al.3® considered various empirical forms for 7p4 as a
function of distance and orientation and examined the effects of these on
the orientation-averaged, distance-dependent tunneling rate for transfer
in glassy matrices. They found no qualitative effects of orientation on the
rale other than a lowering of k (R) relative to that which would be found if
T4 were orientation independent. Rice and Pilling31 have also con-
sidered the effects of orientation on k£ (/) in glassy matrices and arrived

at similar conclusions.

This is not an unexpected result. When the orientations of a large
number of donor and acceptor pairs are distributed randomly, in general
one would expect some averaged value between the possible extremes for
Tps. Thus, while the rate will be lowered relative to an analogous orienta-
tion independent system, the distance dependence would still be predom-
inantly exponential. Orientation dependence will more likely be impor-
tant in systems where the donor and acceptor are held in fixed positions

relative to one ancther.

The above studies calculate 7p4 based on a direct interaction
between donor and acceptor. A somewhat different approach to the cal-
culation of the distance dependence of Tps has been suggested by a

32-35

number of authors and is based on a superexchange mechanism

simnilar to that proposed for magnetic interactions in crystals.36 In this
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mechanism the donor and acceptor states build in small components of
charge transfer character with the surrounding medium (counterions,
bridging and nonbridging ligands, or solvent). While such effects are usu-
ally small they can nevertheless decrease the rate of decay of Tg54. Stud-
ies of such effects on intramolecular electron transfer aided by saturated
bridging 1igand334'35 have shown that this mechanism can dominate the

so-called "direct interaction” for long distance transfers.

The studies mentioned above examined the qualitative effects of a
variety of factors on the magnitude and behavior of Tp4. The ideal of any
theoretical examination of Tp4 would be to make a quantitative com-
parison with experiment. This is frequently not possible due to the sim-
plicity of the models required to treat the electron transfer problem.
The results which most nearly approach this ideal are those of Beratan
and Iﬂlopﬁeld.34 They calculated the decrease in 7g4 as a function of
increasing donor-acceptor separation for sites connected by rigid bridg-
ing group. An extended Hiickel formalism was used to obtain the one
electron wavefunctions of the system. Systems of this size preclude the
use of ab inifio techniques at present. However, applications of
ab initio techniques have been made in studies of the Fe3*/ Fe?* seli-
exchange reaction by Newton and coworkers!"3738 {5 obtain quantitative

estimates of the electron transfer matrix element.

All d electrons were considered explicitly in these studies. Localized
states were obtained with the nominal electronic occupations
Fe?* — Fe3* and Fe3* — Fe?*. These calculations allow for readjustment
of the electronic distribution on each center in response to the presence
or absence of the extra electron. Thus, static many-body effects are

included in the calculation of Tg4. Also, the coupling between the two
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configurations is calculated from first principles, based on the true elec-
tronic Hamiltonian for the system. First solvent-sphere effects were also
included. Initially, due to the size of the system, a point charge
representation for the assumed H50 ligands was used. In later calcula-
tions three intervening waters on each center were explicitly included in
an ab inilio sense. The two treatments for the ligands yielded similar
results.

A number of interesting results were obtained from these studies.!”

First, the reaction was predicted to be weakly adiabatic when the solvent
spheres of the two reactants partially interpenetrated. Second, the elec-
tronic matrix element was found to be orientation c:"lependent.17 Third,
for some ligands charge transfer effects had a consideable effect on
Tga 38 Fourth, the Franck-Condon approximation appeared to be qualita-
tively valid for this system.18 Fifth, the main contribution to the electron
transfer rate came from a small region of interparticle separation dis-
tances about the distance of closest approach. Sixth, at least for one
orientation, the electronic coupling matrix element went through zero at

finite K.

Such studies are valuable and are presumably only the beginning of
cooperative ventures between bound state theory and electron transfer
theory. Clearly, approximations needed which will make larger systems
tractable. However, this does not imply that simple, model calculations
will be made obsolete when such calculations are feasible. On the con-
trary, model calculations will still be valuable in interpreting the results
obtained from more exact methods, in particular, in elucidating the

importance of many-body and solvation effects.



= 20 -
IV. Present Work

The purpose of the work presented in this thesis was to develop and
test an approximate model for orientation effects on electron transfer
rates between large, asymmetric molecules. In Chapters 2 and 3 the
model is introduced and the qualitative features of the model are dis-
cussed. The model uses three-dimensional square-well potentials (spheri-
cal and oblate-spheroidal). Exact eigenfunctions at each site are
obtained and the electron transfer matrix is calculated using these eigen-
functions. It will be shown that both the orbital shape and the well shape
play important roles in determining the behavior of 754. In Chapter 4 the
model is applied to the study of orientation effects in electron transfer
between porphyrins. In Chapter 5 a semiclassical approximation is tested
for the eigenfunctions of spherical wells. The accuracy of the approxima-
tion is demonstrated and several methods for speeding the calculation of
Ty are presented. Finally, in Chapter 6, an approximate method for
obtaining the spheroidal well states is presented using semiclassical
approximations for the spheroidal basis functions. The method is reason-

ably accurate and significantly faster than that using the exact method.

The work in Chapters 2 through 4 was done in collaboration with Paul
Siders. The work in Chapter 6 was done in collaboration with Stephen J.

Klippenstein.
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Appendix A: Golden Rule Rate Derivation

In this appendix the Golden Rule rate constant for electron transfer
between two centers at fixed separation and orientation is obtained. It
follows closely the derivation presented in Refs. 15 and 22; the major
difference is that the present derivation does not assume exact single-
site eigenfunctions to represent the initial and final states. This allows a
direct association of the matrix element Tg4 in the nonadiabatic electron
transfer rate expression with the quantity obtained using ab initio
methods. Following the derivation, the relationship between this general
Tps and that obtained from one-electron models using exact single-site

wavefunctions is discussed.
The Hamiltonian for the system of donor, acceptor, and surrounding
medium may be written as

HTOT - Hel 4 TTWC 4 YnucC-—Tnuc 4 Tsol'u + Vsolv—solv + Vsolv—nuc (Ala)
=H¢ + TN + VW,

where

TN = pruc 4 el (A1b)

VN = ynuc-nuc 4 psolv-solv g ysolv—nuc
H¢® is the total electronic Hamillonian for the system, 77 and T°°%, the
kinetic energies for the donor and acceptor molecules and the solvent,
respectively, and all V’'s are potenlial energy terms for Lhe various

interactions between the nuclear parts of the problem.

H® can, in principle, include all the electronic degrees of freedom in
the system. In practice, most of the electronic portion of the system
must be treated using some form of pseudopotential. It will be assumed

that H® explicitly includes all electrons bound to the domor and
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acceptor. The solvent is then treated in some approximate manner. H¢

has the form
Hel = Tel + Vel—nuc + Vel—solv + Vel—el . (A2)

T® is the kinetic energy operator for all the electrons and the V's are the
various potential interactions experienced by the electrons. Since the
solvent is treated using a pseudopotential, V® %% includes average

interactions with both the nuclear and the electronic parts of the solvent.

It is conventional to write!®22

H® =H{ + V§ = HE + V¢ , (A3)

implying a convenient separation of the electronic potential. For the
many electron case no such separation is possible:38 and the present dis-

cussion will be restricted to consideration of H¢.

The electron transfer problem can be viewed as decay of an initially
prepared state having an extra electron localized on the donor. We seek

the solution of the time dependent Schroedinger equation

HTOTY = m%—‘f . (A4)

¥ = ¥(q,Qt) where q and Q denote electronic and nuclear coordinates,
respectively. Eq. (A4) is a second-order partial differential equation. To

remove the dependence on q, ¥ is expanded as

¥ = Yo @t (aQ) - (45)

The 9, are Born-Oppenheimer type electronic wavefunctions. To simplify
the calculation it is generally assumed that the electronic basis set can
be truncated at two functions chosen to correspond to the total elec-

tronic wavefunctions of the system for an extra electron localized either
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on the donor or acceptor. This choice achieves a good description of the
initial and final states with as small a basis as possible. The most accurate
many-electron wavefunctions available presently can be obtained using
ab inifio molecular structure techniques. These many-electron func-
tions are not in general eigenfunctions of any part of H® but are
assumed to well represent the electron distribution of the donor and
acceptor and to mimic the dependence of the true wavefunction on Q. It
will be assumed in what follows that the 9; are suitably chosen wavefunc-
tions for the initial and final states, dependent on the form of H¢. ¥ then

becomes
¥ =c ¥y +cp¥p . (A6)

The explicit coordinate dependencies have been omitted for brevity. The
superscript 4 corresponds to the electron localized on the donor, B to

the electron localized on the acceptor. Substituting into Eq. (A4) one

obtains
(H + TV 4+ Vi) Tery, = ing Sy, (a7)
" The Lh.s. of Eq. (A7) may be rewritten as®?
Lhs. = ;{ciﬂe‘% + 9, Ve, + Ve, + Lics| (A8)
where
Ly =[TV ;] . (A9)

To eliminate the dependence on electronic coordinates, one left mul-
tiplies by 'gl/j', where j = 4, B, and integrates over all electronic coordi-

nates Lo yield ‘
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E[C-i(’wlj |Hel ['l,bi> + SJ-‘ TNCi + S]’L VNCi + <1//J |Li>Ci = (A].O)
1

’mz 601

The inverse electronic overlap matrix is defined by the relation

O = YS51Sy . (A11)
1

Premultiplying Eq. (A10) by Sk}l and summing over j one obtains

TNe, + Ve, —m = _22 s,quelc + Sigi<y; | Li>e;| . (A1)

The terms Hﬁ‘ and <y; | L;> act to couple different electronic states. The
latter term is akin to a Born-Oppenheimer breakdown term and when dia-
batic electronic states are used as basis states it can be assumed to be
small®® for moderate distance electron transfers®®. It will be neglected
here relative to Hfi‘. There being only two electronic states, Eq. (A12)

becomes

o)
TNCE + VNCB —ih aCtB + SB_éHgBCB + SB_AIHZ%CB = (A13)

—(SgiHE + SgAHE)ca

and a similar equation with B and 4 reversed.

If the right-hand side of Eq. (A13) is small, a zeroth order solution for
cp can be taken as the solution to the Lh.s of Eq. (A13). To obtain this it

is realized that

SpiHSY + SpaHE = m——(h’ﬁy SpaHSb) . (A14)

The first term in parentheses on the r.h.s. of Eq. (A14) dominates, as the

second is of order S2 Thus, the quantity in Eq. (A14) is seen to be essen-
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tially the electronic energy of the system when the extra electron is
localized on the acceptor. Therefore, neglecting the time derivative
term, the L.h.s. of Eq. (A13) is seen to be a vibrational Hamiltonian for the
nuclear motion of the entire system when the electron is localized on the

acceptor. cp can then be written as

—iE,pt

cp(Qt) = Yo p(t )XTB(Q)EXP-—.E— : (A15)

T

where xZ satisfies the equation
(TY + VN + S53HEp + SEIHEEXS = ErpX? - (A16)

An analogous definition can be used for c¢4. These two definitions are then
substituted into Eq. (A13) and after premultiplication by x2" and integra-

tion over Q one obtains

~i(Eg — Ep)t) ..
= J (A17)

= 0 c%<s |SpiHiy + SpaHEy |t >exp
¢

Assuming that only one vibrational state of A is populated and that
cS(t) = 84, that is, cy does not change with time, Eq. (A17) can be

integrated and becomes

_ <s| SpAHY + SpAHE, li>|r _ exp["i(Em — EsB)t] (A18)

cp 1
s (Eis — Esp) | n ]

The total probability density in state |sB > as a function of time is

4|<s |SgiHgh + SgaHEs 11> 1P
(EiA - EsB)

lesy |? = sin® (Fis ;hESB)t} . (A19)

Using standard eu"guments16 the rate of electron transfer from a single

state |14> to the manifold of states of electronic state B is

k= 2'_nﬂ_2|<s | S5AHE + SppHE 11> 1%6(Ey — Esp) - (A20)
S
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If the electronic matrix elements of H® are weakly nuclear depend-
ent the matrix elements may be removed from the integral over nuclear

coordinates to obtain

k = %-155,{}13; + SEAHEL |2y, |<s [i>|?8(Ey — Egp) . (AR1)
. s

Finally, averaging over the thermally populated levels of electronic

state 4 the thermal rate of electron transfer is

S _1Hel + 5 -—lHel 2 —F.
p = 2 15BaHi * SpatEa P | "B |y oo o5 2608, — B, (422)
I Q4 5,1 kT

Eq. (ARR) is the nonadiabatic rate expression originally obtained by

Levich and Dogonadze. 1

The electronic prefactor to the Franck-Condon sum may be written

as

_ _ (H%4 — SapHus)
SgiHG, + SghHg, = —2A AP A (A23)
1 -S|

The Lh.s. of Eq. (AR3) is the quantity calculated by Newton!”3"38 using
ab tnifio wavefunctions. When only the transferable electron is con-

sidered explicitly a considerable simplification can be made in evaluating

Eq. (A23).

In the one-electron case H7 can be written as in Eq. (A3) and suit-
able eigenfunctions at sites A and B can be defined. Using these func-

tions Hpy, becomes
<BI|T® + V4 + Vg|A> = E4Sps + <B|Vg|4> (AR4)
since (T% + V4)|A> = E4|A>. Similarly,

<A|T® + Vy + Vgl|A>=E  + <4 | VglA> . (A25)
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Therefore, Eq. (AR3) simplifies to

(HEy — SupHas) _ <B|Vp|A>-Sup<A|Vp|A>
1= 154317 1—|Supl?

(A28)

Due to the assumed local nature of Vp and the exponential decay of the
electronic states it is generally true that <B|Vg|4A> > Syp<4|Vg|A>;
thus Tgs ® Hp. This is not true in the many-electron case since Hg4 and

SupHS4 are both are of the order of E4Spy.
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Chapter 2

General Discussion of the Model for Orientation Effects

Using Eigenstates of Spherical Wells
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I. Introduction

The extent of coupling between a donor and acceptor in an electron-
transfer reaction is a question of interest in many areas of chemistry.
Biological electron transfers,1 solution electron ‘Lransfers,2 electrochemi-

cal oxidation and reduction reactions,3

and certain specialized surface
technjques4 all depend for their theoretical interpretations on an under-
standing of the coupling between donor and acceptor. The amount of
coupling can vary drastically, even within a given system, depending on,
for example, the geometric parameters, orbital energies of donor and

acceptor, etc. A simple example will illustrate the range of such interac-

tions.

Consider the system H-atom plus proton. At large distances a local-
ized description is appropriate; i.e., the electron is bound for essentially
all time to the proton with which it was originally associated. At rela-
tively large, but finite distances, the electron is localized on a single
center butl there is a finite probability of finding it on the second proton.
Finally, at relatively short distances (< 1}) it becomes more reasonable
to consider the electron as delocalized; i.e., a bond is formed. The phys-
ics governing the transilion from localized to delocalized behavior can be
examined qualitatively within a simple two-electronic-state approxima-
tion®. The basis set for the problem is taken to be a single H 1s orbital
on each center (g;, ¢,). It is assumed that the initially prepared state is

@;. The probability of electron transfer ( i. e., the probability of observ-

ing the electron in ¢,) is®
P(t) = ;—{(1 + 5%) — (1 = S®cos[(E, — E_)t /1] (1)

where
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S =<y ler> ()
and
_Hy £ Hy

fg= 1+S (3)

where

- 1.2 1 1

B, = €p; |=25° —= = > 4
(%} 3 2 Rl RT |¢J ( )

It is seen that the frequency of oscillation of P52 is essentially
(E, — E_)/2h which is (H,, — H;S)/ (1 — 5%). That is, the frequency of
transfer is related to the size of the interaction matrix element. At large
R it is obvious that H},,S « 1; thus P, ® 0 on any time scale of interest.
At short R, H;, increases, due to strong interaction of the electronic
basis functions, and the oscillation in P,;; becomes rapid, reducing the

usefulness of a localized description.

It is desirable to be able to examine the behavior of this coupling for
larger systems than H3. Further, it is of interest to know how this coup-
ling depends on the orientation of the donor and acceptor, and on the
types of orbitals involved in the transfer. One approach to this would be
through use of more advanced wavefunctions for describing larger sys-
tems, such as ab initio Wavefmu:tions.6'8 Presently however, the size of
such calculations makes extensive use of them prohibitive, except for
" cases of high symmetry. For example, charge transfer states of a Dy
diporphyrin system have been examined but lower symmetry states have

not been (:01‘151(:1(31“6(1'8

Furthermore, while such calculations yield as accurate a value for

(Hy, — SHy)/ (1—S?) as possible at present, there is a danger of "losing
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the forest for the trees.” That is to say, since so little is presently known
about orientation effects on the rate of electron transfer, there is also a
need for simple models in which to examine qualitative orientation
effects. An understanding of these simple models may then allow
interpretation of more complicated effects seen in detailed calculations.

It is to this end that our work has been undertaken.

One level of simplification which has been adopted in prior considera-
tions of electron transfer (except, of course, the few ab initio studies) is
use of a one-electron model.® Here, only the transferable electron is
explicitly considered. H,, is then calculated using suitably chosen one-
electron orbitals for basis functions and X includes the effective interac-
tion of the transferable electron with the core electrons on both centers.
Recent work on superexchange mechanisms has extended such one-
electron models to metal-metal interaction through an intervening

medium via an Extended Huckel formalism. 10-11

Another assumption implicitly made for electron transfer between
two isolated redox centers is that one need only consider transfer
between a pair of localized electronic stales. For low driving force
transfers from ground state reactants this is certainly a plausible
assumption, since the need to conserve energy restricts the states to
which the electron can transfer. (Actually, this is not strictly true since
for longer times the Golden-Rule rate constant does yield transfer to
non-isoenergetic states, or equivalently, the initially prepared state is not
an eigenstate of the system and therefore has a finite energy width.1?
Nevertheless, given the immensity of such systems, and the assumed
large energy gaps between electronic states of the acceptor, use of single

donor and acceptor states will not be a limiting factor on the accuracy of
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such calculations.)

On a more detailed level, another class of assumptions is the use of
model potentials. The need for this is obvious once the one-electron
assumption is made. If the exact wavefunction were needed to construct
an accurate enough effective potential, the utility of the one-electron
approximation would be greatly diminished. Therefore, use is made of
simple, model potentials, such as one-dimensional square well poten-
’t,ials,g hydrogen-like potentials,13 or some effective Hamiltonian
method.!®!! While these potentials are crude relative to more sophisti-
cated ab inifio effective potentials, they are believed to contain the ele-
ments needed to qualitatively understand distance dependence within a

one-electron framework.

Our studies used eigenfunctions of three-dimensional wells of either
spherical or oblate-spheroidal shape. The model is introduced here using
spherical wells, and the calculation of the electronic coupling between
two such sites is detailed. Sample calculations are presented to illustrate
well size, orbital shape, and orientation effects. These effects are also
observed in the results using spheroidal wells of Chapters 3 and 4 and the
spherical results aid in interpretation of the spheroidal results. The
method of calculation of Tp, is completely analogous for the spherical
and oblate-spheroidal potentials, the only difference being in the eigen-
functions. The procedure is quite straightforward, but can be obscured
by the complexity of the spheroidal wavefunction when introduced via

these calcuations.

Il. Spherical-Well Single-Site Wavefunctions

Within the assumptions of the preceding section we choose single-site
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potentials of the form

_ '—Vo TSTO
V— O 7‘>To N (5)

These are spherical wells of constant depth. Solutions to the Schroed-
inger equation are easily obtained (e.g., see Schiff'*). The method is out-

lined here.

The Schroedinger equation becomes (in atomic units)

(VP + kv (r,6,0) =0 r<T, (8a)

(V2 = k&)Y, (1,6,9) = 0 T<71g (6b)

with k2=2(F+V, and kZ=-2F. In spherical polar coordinates
(0=7 <, 0=0<m, 0<p=<27m) Eq. (6a) becomes

[ 2
o 4,1 0 cing-2 4 1 0

or  r®sing 06 06  rZsin®@ 6¢°

i + k2l (r.6.9). (7)
If ¥(r,6,9) is chosen to be of the form
Yr.6.9) = R(r)0(6)2(p) , (8)

then Eq. (7) separates to yield three ordinary differential equations of the

form
24 melage) = o (95)
+m = a
6;02 ¥
10 SinB 2+ 1(L + 1) — - o(6) (9b)
lsin@ 86~ 86 sinRe

[1 8 »0 o L(l +1
1 0,20 42 R(r) =0 9c)
17‘2 - + k; — (r) (9¢)
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The solutions to these equations are each standard functions. One

finds for ®(¢)
®(¢) = Ccosmep + Dsinme ; (10)

i.e., any linear combination of cosmy and sinmy is a solution to Eq. (9a).
The function ©(68), which is a solution of Eq. (9b), is an Associated Legen-
dre polynomial in cosf. Eq. (9¢) is the only one of the three separated
equations which depends on £ and V. Its solutions are spherical Bessel
functions, either j; (k;7) inside the well (where k2 > 0) or k; (k,7) outside
the well. (Note te distinction between k;, the lth modified spherical
Bessel function and k&, the reduced energy appropriate to the region out-
side the well. In general, the 7, (k;7) can be thought of as oscillatory func-
tions in r, whereas the k;(k,7) are exponentially decaying functions in .
(For details on evaluation of the Associated Legendre polynomials and

spherical Bessel functions, see Appendix A.)

Single-site eigenfunctions y/™(r,0,¢;E) = y/™ valid over all space are
obtained by requiring satisfaclion of Eqgs. (6a) and (6b) for a given value
of £ and having the wavefunction and its first derivative continuous
across the boundary at 7 =7, (The continuity conditions lead to well-
defined values of the probability and probability density current over all
space.®) Since the differential equations satisfied by P{6) and &(¢) do
not depend on E or V continuity of the angular parts of the wavefunction
can be obtained by requiring I, =, My, = Myy. [or the radial parts
of the wavefunctions one obtains the conditions

Ajy (k;T,) = Bk, (ko70) (11a)
and
(11b)

l S| =

B[————kl (k,7)

T =T7Tp
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Or, rewriting in terms of a single condition one obtains

(12)

[
[(QL nj (’Cﬂ')

For a given value of V, E is adjusted until Eq. (12) is satisfied, thus
obtaining an eigenenergy of the potential for the chosen values of { and
m. (For details on the search procedure used in calculating F, see
Appendix B.) The wavefunctions can be normalized analytically using

standard expressions for each part of the product wavefunction. 1516

The method was implemented by choosing ! and m values to model
some state of interest, choosing some value of £, and adjusting V, until
the value of F was obtained as the eigenenergy for that Vy. The single-
site wavefunction thus obtained was then used directly in the calculation

of Tpy4, outlined in the next section.

III. Calculation of 75, Spherical-Well Functions

It will be assumed in what follows that two spherical wells have been
chosen with one-electron states localized at each well obtained as in the
preceding section. Electron transfer is considered as occurring from one
of the states, labeled site 4, to the state on the other well, labeled B.
The formalism describing the rate of transfer between two such sites was
given in Chapter 1. The primary orientation and distance dependent
quantity in the rate expression is the electronic coupling matrix element
Ty given by

Hpy — SppHyy
1-Sk

(13)

Tpy =

where the various quantities have been defined in Chapter 1. In general,
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for one-electron wavefunctions, it is expected that Hyy < Hgy (for Hg, #0)
since Y, is exponentially decaying outside well A. Furthermore, for
Sup <0.3, 1-S%; ~ 1. As a first approximation to the orientation depen-
dence of Tgs, Hpy will be considered. (It will be shown in Chapter 3 that
for all states considered this is an excellent approximation for non-

overlapping wells.)

The calculation of Hg, entails evaluation of

Hpg=— [ dr(y)Evp(y™A. (14)
well B

Since Vg is a constant over well B, Eq. (14) reduces to the overlap of the
two functions inside well B. This is an important conceptual point in that
it makes apparent the meahs of understanding the orientation depend-
ence of Hpy for two such states. The maxima, minima, and zeros of Hp,
are all directly related to the change in overlap of the two functions with
orientation, and these are themselves functions of the nodal structure

and rate of decay of the wavefunctions.

The integral in Eq. (14) is a three-dimensional integral and was
evaluated numerically (see Appendix C). We assume that there is a fixed
set of coordinate axes in each well. Each eigenfunction is referenced to
the set of axes in its respective well. The 'relative orientation” of the
spherical wells is then just the relative orientation of these sets of axes
(see Fig. 1). For any given calculation, well 4 is identified as fixed and the
position of the second well is specified by the vector connecting the ori-
gins of the two systems. The three Euler angles give the rotation of the
B-well coordinate system from a set of axes in well B which are parallel

to those in well 4 (cf. Appendix D).
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Fig. 1. Coordinate system used to specify the mutual orientation of
wells 4 and B. The z-axes of the wells are assumed parallel and lie in

the plane of the figure. For ©® = 0° the the z-axes of the wells lie

along the same line.
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IV. Results and Discussion of Calculations of Hpy

In this section five variables pertinent to the states of spherical wells
are discussed in regard to their effects on the distance and orientation
dependence of Hpy:

1. F, the binding energy of the electron at the site,

2. l and m, that is, the nodal structure of the wavefunctions,

ca

T,, crudely, the "size" of the molecule and therefore the
molecular orbital considered,
4. the change in internuclear distance R between the wells, and

5. the orientation of the wells.

The discussion is not intended to be exhaustive; it is rather a survey of
the qualitative effects of the above {actors on Tg4. It is helpful at first to
qualitatively examine the expression for Hps. Hps can be written in

terms of ¥4 and ¥p as

7'@ 2w
Hpy = —VB{ { { G0 (kPrg) PFE (0 5)0m (¢5)k, (KO PIM6 )8 m (94) (15)

xr&sin6 gdrgd 6d ¢p

where 74 64, and g4 are implicit functions of 75, 05, ¢p (see Appendix
D). To a first approximation it can be seen that if the angular part of the
integral remains approximately constant as a [unction of distance, the
distance dependence of Hpy will arise predominantly from the radial por-
tion; i.e.,

B

To
Hpa ™ —Vp c{ gy (kPrp)e, (kdra)rBdrp. (18)

From Eq. (16) it is apparent that Hp, should decay approximately

exponentially with distance since the value of r&i, (kiBrB) at any point in
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well B does not change as a function of R, but k; (kfr4) decays essentially

exponentially with distance.

The orientation effects can be similarly analyzed by examining the
form of the angular functions for a given (I,m) state. For spherically
symmetric states there will be no dependence of Ty, on orientation.
Consider, however, a state in well 4 with [ #0. The angle between R (cf.
Fig. 1) and the positive Z axis in well A defines some (64)., around which
the values of P[(6,) are sampled’in the integral for Hgy. As R increases
in length at this (84)., the range of values of 64 sampled decreases, as
the solid angle subtended by well B at well A decreases. To see how this
might affect Hpy, consider an l=1, m=0 state in each well for which
P(6,) = cosBy. For (64). =0, PIM(64).) =1, and values around (6,),
are close to one. As & increases, and the range of 64 sampled decreases,
the values of P[™(684) sampled in the integral become closer to one. Now
consider (8,), = /2. P[™(6,).) =0 and as R increases the angles sam-
pled in the integral approach m/2. Therefore, there is an extra decay
with distance in the (64), = 7/ R orientation induced by the angular part

of the wavefunction. Specific cases are now considered quantitatively.

We first examine the lowest energy state for any V,, having { =m =0.
An expression for Hp,(R) has been obtained!” (ci. Chapter 3) and is given
in Eq. (17).
242

A
Hps(R) = — zmgﬁ xp(—aR). (17)

m is the electron mass, 4, a normalization constant, and
a= [—2mE/ﬁ2]%. As expected, the rate decays approximately exponen-
tially with distance, due to the fall-off of the radial wavefunctions outside

their respective wells.
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Eq. (17) also shows the behavior of Hp, as a function of orbital energy
within the present model. Asthe electron becomes more tightly bound, «
increases (a = (—RE)%); thus, Hg, will decrease. As with all square well
models, the exponential decay constant for Hp, is proportional to (—E)*.
Interestingly, Eq. (17) shows no explicit dependence on the well size. This
dependence is contained in the normalization constant 4, which is a
function of 7, but it is interesting to note that changes in r, for a given F
do not affect the rate of decay of Hgs. In fact, for two I=m =0 states, a
change in 7, merely amounts to a rescaling of Hps(R). This is easily
understood by examining the form of Hg, in Eq. (15). This invariance of
the rate of decay of Tp, for fixed I, m, and £ also holds for higher 1

states.

Analytical expressions have been obtained for {=1, m=0 states in the
two orientations ® = 0° and ©=90°17 (cf. Fig. 1). (Note the difference in
notation between 64 (6p) the azimuthal angle in the spherical polar
coordinate system located al site A (B) and ©, the orientational angle of
Fig. 1. It is apparent that 64 = ® for the present orientations.) For
® =0°, Hpg(R) is

3H2AZ 2p2
Hps(R) = L1+ aR + S exp(—aR). (18)
mo’R 2

For ® = 90°, Hpy (R) is

—3ﬁ2A2
Hps(R) = z—mazﬁl—s{l + (XR]EXP(—'QR). (19)

These expressions have a number of factors in common with that for
l=m =0 states. First, the dependence on distance is still essentially

exponential and the exponential decay constant is still proportional to
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(—E)%:. The difference between Egs. (18) and (19) and Eq. (17) occurs in
the pre-exponential factor and is due to the angular functions P9(8) =
cosf of the I=1, m=0 wavefunctions. Most interesting is that Hp, for
® = 90° has an extra factor of 1/ K in the pre-exponential factor. Thus, it
decays faster than Hgs for ® = 0°.This extra factor is due to the node in

PJ(6) at ©=90°, as outlined above.

Extrapolation of these results to higher I states is now reasonably
straightforward. For ihe present model, the dominant decay will be
exponential in the well separation distance and the exponential decay
constant will be proportional to (—E)%. The pre-exponential part of
Hps(R) will decay at least as rapidly as 1/F depending on © and the
nodal structure of the wavefunctions in question. Plots of Hgy vs. ® at an
edge-to-edge distance of 44 are shown in Figs. 2 and 3 for =1, m=0 and
1 =5, m=4 states respectively. The increased complexity of the [=5, m=4
results is mainly due to the $, = cos4y states used in each well, the over-
lap of which change quickly with ®. It is apparent from these results that
the assumption of a spherically symmetric Hg, for large molecules will
generally be in error. The choice of an average value for Hps may be
sufficiently accurate for description of electron transfer between ran-
domly distributed species, but for molecules which are rigidly oriented

relative to one another serious errors can occur.

One interesting example of the effects of the nodal properties of the
wavefunclions is found in comparing Hp, al fixed R for ® = 0° and @ = 90°
as | increases for m-like states. That is, we consider Hpy for pairs of
states such as =1, m=0 states, {=2, m=1 states and so on ({—m is the
number of 6 nodes occurring in P/ for 6 between -1 and 1). As shown

previously, Hpy is larger at ® = 0° than at ® = 90° for fixed K for
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® (degrees)

Fig. 2. The matrix element Hp, for two spherical wells as a function
of ® at R = 11.8298 (48 edge-to-edge). For both states
To=3.914484, 1 =1, m = 0, Vo = 4.19903eV, and E = —1.1525¢€V.
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Fig. 3. The matrix element Hp, for two spherical wells as a function
of ® at F = 118298 (48 edge-to-edge). For both states

7o =13.91448%,1 =5, m = 4, V, = 18.0313¢V, and E = —1.1525€V.
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l=1, m=0 states since P?(6) = cosf and 64 = ©. For =2, m=1 states
P} (8) = sinfcos6 so that P}(6) =0 for both ® = 0° and © = 90°.° Op
this basis one would predict Hg,(® = 0°) = Hp,(® = 90°), which is the
case. Hg, for each of these angles decays more quickly than for all inter-
mediate 0. As a final example of this form of angle-dependence =5, m=4
states are examined. For these states P# = sin*6cos8, and the order of
the zero in P# is much larger at ® = 0° than that at ® = 90°. One would
therefore expect Hps(R) for ® = 0° to be much smaller than Hg,(R) for
® = 90°. Fig. 4 shows that this is the case.

In addition to this behavior with @, Fig. 3 also exhibits several zeros
as a function of ®. This is due to a cancellation of positive and negative
contributions to the overlap in well B and increases in frequency with
increasing m. Since increasing m yields more nodes in 9, this increase

in the number of zeros of Hgy with m is not surprising.

It is of interest to ask how a change in energy of the states examined
will affect the orientation dependence of Hp,. The orientation depend-
ence will not be qualitatively affected by a change in orbital energy.
Since the angular nodal structure is independent of energy one would
expect the effects seen previously to be relatively general. It is reason-
able, however, to expect some differences in relative values at two given
orientations as a function of energy. The large R ratio of Eqs. (18) and
(19) exemplifies this point, since as a increases the ratio of Hg, (0 = 0°)
to Hp,(® = 90°) increases for I=1, m=0 states. This effect is due to the
increased decay of the radial function which inhibits contribution from
non-6=90° portions of the angular wavefunction. However, it is a second-
order type of effect which should not be important for the energy ranges

of interest to the present model. An example of this is shown in Fig. 5.
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Fig. 4. In |Hpy | for two spherical wells as a function of R for = 0°
and ©®=90°. For both states 7,=3.91448%, (=5 m =4,
Vo = 18.0313eV, and £ = —1.1525eV.
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Fig. 5. The matrix element Hpy for two spherical wells as a function
of ® at R = 104. In both a) and b) 7o = 3.91448%, L = 5, and m = 4.
In a) V,=18.0313¢V and £ = —1.1525eV. In b) V, = 23.5303eV and
E = —6.0001eV.
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There, Hp,(®) is plotted for two different sets of energies. While there is
a significant change in the size of Hpy it is rather uniform, thus preserv-

ing the shape of the curves.

V. Extensions

The above discussion points up the salient features we have examined
in the calculations of Hg4 using spherical wells. One could use such cal-
culations as possible models of the electronic coupling in electron
transfer events for weakly coupled systems. This spherical model may be
appropriate to single a'tornic species, such as transfer between two metal
atoms, or carbon atoms within a chain (of course, this requires the vali-
dity of the one-electron model). Such cases have also been modeled using
Extended Hiuckel-type methods, where the interaction is taken as
directly proportional to the overlap between the two wavefunctions. Our
major interest is in examining biological and biominetic electron transfer
events, say between pairs of porphyrins or between porphyrins and
quinones. Such molecules are quite nonspherical however; thus, the
model of the following chapter was developed. It uses potential wells of
oblate-spheroidal shape. Nevertheless, many of the trends observed for
the spherical wells carry over for obvious reasons. The value of Hp, still
decays largely exponentially with distance and the exponential decay con-
stant at large distances is proportional to (—E)*%. The oblate-spheroidal
wavefunctions can be envisioned as arising from a continuous deforma-
tion of the spherical wavefunctions in the cases of interest to biological
electron transfers and thus all the angular nodal function arguments

carry over as before.

The major difference between the spherical and spheroidal cases is
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due to the effect of the nonspherical potential shape on the decay dis-
tance of wavefunction A in the calculation of Hps. At a given center-to-
center distance between two spheroidal wells the edge-to-edge distance
can change drastically as the orientation of the wells changes. Since the
wavefunctions decay exponentially outside the wells, the shortest edge-
to-edge separations will result in the largest values of Hpg,, all other

effects being equal. This aspect is discussed in the following chapter.
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Appendix A: Calculation of P[(6), j,(r), and k; ()

These special functions were calculated using standard recursion

15

relations.™ The relations and error checking methods are summarized

here.

The Associated Legendre polynomials obey the recursion relation

e Dapre) - 0+ miPRy )
Th(z) = (L=—m+1)

(A1)

where, in the present case, z =cosf. The procedure begins with
P(z) = sin™(8), P?_y =0 and recurs upwards to obtain the desired
P™(8). The program used calculated the above in double precision arith-
metic. Error accumulation was estimated using standard methods via

the expression

12 + 24| + 1+ m)a|
Ry = —
(L -m+1)|P2|

(A2)

where K., is the relative error in P[%; and A4, is the absolute error in
P™. The initial value of P, was assumed to be accurate to 14 places and
R, checked at each recursion to be less than 1077, If this tolerance was
exceeded, a parallel quadruple precision routine was called, thus extend-
ing the range of allowed /™. In calculalions for spherical wells the double
precision routine was always sufficient, as the { values required were
universally less than seven. For the spheroidal case higher I values were

required and the quadruple precision routine was needed.

The calculation of the j; (k;7) used the recursion relation

. I + ; ,
draalker) = BERLL G ) - (k) (43)
(3
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with error analysis computed analogously to that in Eq. (AR). For the
spherical Bessel functions of the first kind recursion is stable when recur-
ring downward. For some large N it is assumed that jys1=0,jy=¢
where ¢ is small and the recursion relation of Eq. (A3) is used to obtain
the 7, of interest. Convergence is checked by incrementing N and redo-
ing the calculation. Normalization is obtained by comparison with the
easily calculated value of jo(k;7). Again, the spherical calculations only
required a double precision version of the routine but, due to the larger
number of j;'s required, the spheroidal code was converted to quadruple

precision.

Finally, the modified spherical Bessel functions of the second kind

were calculated recurring upwards using the relation

I +
braatkr) = = EEE e ) + (ko). (A4)
(]

In this case, ko(k,7) and k,(k,7) are known and since recursion is stable
upwards there is no need for convergence checks on normalization. No

numerical error accumulation checks were used.
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Appendix B: Eigenenergy Computation

The solution of Eq. (12) of Chapter 2 must be obtained numerically
due to the complicated nature of the functions involved. The procedure

used is discussed here.

All functions are assumed to be evaluated at rg therefore, the r

dependence of all functions will be neglected here. Rewriting Eq. (12) one

obtains

1 d . 1 d a\
m;ﬁ(E) - lq—(ET)_Fk‘(E) =0 . (B1)

The energy eigenvalue sought yields satisfaction of Eq. (B1). Since all
functions are continuous functions of E a binary search procedure was
used as a coarse technique for approximately locating the eigenvalues. In
the binary search procedure Eq. (B1) is calculated at many closely
spaced points. An F, which satisfied Eq. (B1) occurs between any two
points between which there is a sign change. This approximate £ is then
used as an initial guess and Newton’'s method is employed to obtain a

rapidly convergent value of F.

Newton’s method!? is a technique for obtaining the fixed point of the

equation

glz)=z - (=) (B2)

f(z)
The fixed point, where g(s)=s, can occur only for j(z):0.19 Choosing
J (z) to be Eq. (B1) and using the initial guess obtained from the binary
search procedure eigenvalues are easily obtained. One sets g(z,) = 7,4,
and iterates to a desired degree of accuracy. Since the eigenvalues of

the spherical wells are reasonably well spaced for a given I, one can fre-
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quently bypass the binary search procedure. Newton's method was also
used in Chapters 5 and 6 where again the roots of noninvertible equations

were required.



= 5% =

Appendix C: Numerical integration scheme

The integral sought is that for Hpg4

8 n 2n
Hg, = —ng{fwA(r,6,<p)1l/,§('r,6,<p)rzsin6drd 6de. (C1)
000

The integral is over well B, and 7, 6, and ¢ are assumed referenced to
the center of well B. 94 is written as an explicit function of the coordi-
nates of well 5. For all but the simplest cases Hgp, is not available in
closed form. Therefore, numerical integration schemes were used to

obtain Hpy,.

A variety of techniques could be used such as the trapezoidal rule,
Simpson’s rule, each over subintervals of the region of interest of each
integration variable in Eq. (C1). We chose to use Caussian-Legendre qua-
drature, assuming that the integrand would be at least partially oscilla-

tory.

For funclions defined on the inlerval [—1,1] Lthe quadrature formula
1

[ @z~ 341 (=) (c?)
2

-1

is exact if f is a polynomial of order 2n+1 or less, when the z; are the
zeros of the orthogonal polynomial of order n+1 on [—1,1], and the 4; are
suitably chosen (tabulated) weighting factors.'® The orthogomnal polyno-
mials on [—1,1] are the Legendre polynomials, hence the name Gaussian-
Legendre quadrature. When f (z) is not a polynomial in z the value of the

r.h.s. of Eq. (C2) can be shown to approach the Lh.s. as n-w 19

Frequently, the region of integration is other than [—1,1]. In this

case the region [—1,1] is linearly mapped onto the region of interest,
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[e2,b] via

x:[b;au+-(——u;a (C3)

where » is in the region [-1,1] and z is in the region [a,b]. Eq. (2)

becomes
b 1 n
[j (z)dx = ﬁb%a)_‘_fl'g (w)du & ﬁb—;%goAjg(uj) (C4)

where g (u) = f (z(uw)).
Finally, in the case of multidimensional integrals, integration over

each variable was performed using Gaussian-Legendre formulae in a

nested expression as in Eq. (C5).

8 7 2n
HBAE{{_{F(T,G,(p)deBdrp:

2 ny ny ng

_ZOkZmZoAj A A4 G(uj vewy). (C5)
j=0k=0l=

r8m

The number of integration points in such an expression equals n1XnsXng,
and thus increases rapidly with the n;. However, convergence to three
places in Hpys could be obtained with an average of 10—15 points per

dimension.

Occasionally, there was a need to calculate integrals over infinite
ranges, such as the radial part of an overlap integral. In this case a simi-
lar scheme, Gaussian-Laguerre quadrature can be used. The Laguerre
polynomials are orthogonal polynomials defined in [0,~] and the
integrand weighting function is a decaying exponential, which is con-
venient due to the decaying nature of the radial wavefunctions outside

the wells.



- 50 -

Appendix D: Coordinate transformation between spheres

In defining the relative orientation of the two wells, well A was
assumed fixed, its center located at the origin of a set of coordinate axes
denoted (Xy,Y4,Z4). The center of well B is translated by the distance
(Xo.Y0.2Z o) relative to the origin of coordinate system A. Well B also has a
local set of coordinate axes, the origin of which is located at the center of
well B. The orientation of these axes relative to those in well 4 are
defined by the Euler angles20 (a,B,7) as rotations relative to a set of axes

centered at well B which are parallel to those of well 4.

In performing an integral over well 4, a point (r4,6,4,¢4) in well 4 is
generated by the numerical integration routine. ¥, can be immediately
evaluated. To evaluate ¥z one needs the coordinates of this point rela-
tive to the coordinate axes of well B, which are the natural axes for ¥p.

The steps followed to obtain the coordinates of the point are:
1. Convert (r4,64,94) to Cartesian coordinates = (Xy,Y4,2Zy4).

2. Obtain the coordinates of (Xy,Y4,Z4) in the coordinate system

of well B parallel to that in well 4 by

XB = XA —XO
Yp = Y, -7,
ZB = ZA —Zo.

3. Obtain the coordinates in the rotated coordinate system in
well B by multiplying the vector (Xp,Yp,Zp) by the Eulerian

rotation matrix.zo

4. Convert (X'5,Y'p,Z'p) into the appropriate spherical polar

coordinates of well B, (74,64.¢4).
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When performing integrals over the mobile well, well B, the coordi-
nates of a point in well B can be obtained relative to the coordinate Sys-

tem in well A by reversing the above four steps.
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Chapter 3

A Model for Orientation Effects

in Electron Transfer Reactions
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I. Introduction

The mutual orientation of the donor and acceptor in an electron
transfer reaction may have observable effects on the electron transfer
rate in certain systems. For example, the primary photoinduced elec-
tron transfer in photosynthetic reaction centers may be influenced by
the orientation of the reactants. In plant photosystem II the electron
acceptor is probably a pheophytin1’2 and the donor may be a substituted
chlorophyll a monomer.* Both of these molecules are large and non-
spherical, suggesting that there may be one or more preferred orienta-
tions for electron transfer. Another biologically important electron
transfer, that between hemes in cytochromes, may also depend on the

mutual orientation of the porphyrin rings of the hemes.*

Orientation effects are beginning to be examined experimentally in
model systems. For example, electron transfer between cofacial porphy-
rins has been studied and was observed to be rapid.s'6 Systems involving
porphyrins held in other orientations are under study.7 In these systems
the electron transfer is between sites that are chemically linked. When
the pi-type orbitals at the donor and acceptor sites are largely electroni-
cally independent, the electron transfers may be treated using the usual
outer-sphere formalism. It is with systems such as these in mind that we
have set out to develop a model theoretical system within which to exam-
ine the nature and magnitude of orientation effects on electron-transfer

rates.

The rate constant for nonadiabatic electron transfer between reac-
tants A and B at fixed separation and orientation has been examined

within the Golden Rule formalism,; e.g.,e'lo

= 2T 2 1
k -~ | Tpa I® F.C. (1)
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The Franck-Condon sum (here denoted F.C.) has been discussed in detail
elsewhere, e.g..w'lz In this paper we consider the dependence, within the
theoretical model described below, of the electronic matrix element Tgy

on the mutual orientation and separation distance of A and B.

The matrix element T4 depends on the electronic wavefunctions
localized on sites A and B. An isolated electronic site A or B (at infinite
separation, say) is modeled in this paper as an oblate spheroid, and the
potential for the electron is set equal to a negative constant inside the
well and zero outside. It may be recalled that an oblate spheroid can be

obtained by rotating an ellipse about its minor axis.

The volume of the spheroidal potential well is supposed to enclose the
carbon skeleton of an aromatic system. The circle of revolution gen-
erated by the major axis when the spheroid is rotated about its minor
axis is imagined to lie in the plane of the carbon skeleton. Other models
have similarly exploited the delocalized character of the pi electrons in
aromatic systems. In the Free Electron Molecular Orbital model’® for
example, the electron is free to move in one dimension on a ring or inter-
secting rings, but has zero probability density off the ring. In another
model introduced by Schmidt!* and developed by Platt!® to calculate
electron densities and electronic spectra of aromatics, the electron is
free to move in a plane in a region bounded by infinite potential walls. In
contrast, in the present paper the electronic wavefunction is three-
dimensional and is not confined to a well, because the potential used is
finite. The wavefunctions therefore have long-range tails which are

important in describing electron transfer.

The present model yields a predominantly exponential dependence of

the rate on separation distance, a dependence used or found in various
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experimental studies.!® The molecular basis of this model may actually
be an exchange mechanism involving orbitals of adjacent molecules or

atoms. 12

There have been previous discussions of orientation effects in the
context of the tunneling of trapped electrons in glassy matrices. Rice

e’f..ad.18

considered orientation effects in a qualitative way, and concluded
that orientation dependence in the electron tunneling rate would be
equivalent to a reduced concentration of electron acceptors, and thereby
reduce the tunneling relative to an analogous system with no orientation
dependence. Brocklehurst!® examined the orientation dependence of the
overlap of electronic wavefunctions for spherically symmetric sites. He
considered both hydrogenic and spherical-well potentials. The electronic
matrix element was assumed by Brocklehurst to be proportional to the
overlap of the wavefunctions, an approximation which we consider using
states of spherical wells in Appendix B. He concluded that the orientation
effect on the electron-transfer rate constant can be as large as 103. Dok-
torov et al?® considered an angular factor, cos™®, in the unimolecular
rate constant for electron tunneling between spherical sites. For n < 4
the effect of this angular dependence was to reduce the overall rate con-
stant. The present paper considers sites that are asymmetric which

presumably better represent the shapes of the aromatic systems toward

which this study is aimed.

Spectral properties of porphyrin compounds have been examined by
numerous workers using semi-empirical electronic structure methods.?!
Ab initio techniques have also been used to examine porphyrin electronic
structure. #4232 Calculations on diporphyrin systems and their low-lying

charge transfer states have been reported recently.24 Electronic struc-
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ture techniques have been used to study orientation and distance effects
for a model transition metal redox pairz5 as well as for face-to-face por-
phyrins at small separation distances using both semi-empirical and ab
initio methods.2®?7 For porphyrin electron transfers ab initio calcula-
tions of the electronic matrix element are extremely lengthy. Moreover,
ab wnitio techniques which employ Gaussian basis functions are better
suited to describe wavefunctions inside molecules than to depict the
long-range tails of the-wavefunctions. While our model is significantly less
detailed than that on which these wavefunctions are based, the present
aim is to include the general features of the problem. In fact, it is the

simplicity of the model which facilitates the calculations presented here.

The paper is organized as follows. In Sec. II the model for the poten-
tial and the wavefunctions used are briefly described, the calculation of
the electron transfer matrix element is outlined, and results from calcu-
lations of the matrix element are presented. In Sec. III a more detailed
description of the calculation of the single-site wavefunctions is given.
The results for the electron transfer matrix element calculations are dis-
cussed in Sec. IV. Concluding remarks are given in Sec. V. The relation
between the Golden-Rule rate expression and the matrix element is given
in Appendix A. Expressions for the matrix element for states of spherical
wells are derived in Appendix B. Applications to molecules of experimen-

tal interest will be presented in a subsequent article.
II. Wavefunctions and Results
A The model

The model involves the interaction of two sites, labeled A and B
(e.g.,molecules or electronically isolated chromophores). The single-site

wavefunctions are taken to be one-electron wavefunctions; that is, only
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the transferable electron is considered explicitly. The potential in which
the electron moves is modeled as an oblate spheroidal well. A cross sec-
tion of the potential is sketched in Fig. 1. The potential is independent of
@, the angle of rotation about the z axis. The cross section is an ellipse
having semi-major axis a, semi-minor axis b, and eccentricity
e=V1-b%/02 The potential V is zero outside the well and has a con-
stant negative value inside. Actually, there will also be a Coulombic term
when the molecule is charged,28 but it is assumed, for the present, that
in a medium with some polarity this contribution is small relative to the

values of Vused below.

It is convenient to use oblate spheroidal coordinates (¢, 7, ¢), defined

by
z = 2d[(1+ &)1 -mMcos ¢, y = Fdl(1+ )1~ Psing,
% = é—dgn ) (2)

where 0<¢§, —-1=<7n=<1, 0<p=<2nm . The scale factor d has been
chosen so that the surface of the potential well is described by the single
. radial-like coordinate ¢. Withd = 2\/;2:52, V is defined as
~Vo, E<§y=2b/d
=lor e>4 | o
Contours of the coordinate system are presented in Fig. 2. (The angular
coordinate ¢, not shown, is defined as for spherical coordinates.) The sur-

face £ = 0 is a disc of diameter d. The surface n = 0 is the xy plane minus

this disc.

Spherical coordinates r and @ are given in terms of oblate spheroidal

coordinates :
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Fig. 2. Oblate-spheroidal coordinate system. Contours of constant ¢
are indicated by solid lines. The dashed lines are contours of con-
stant . The contours of constant n on the right are for ¢ = 0, on the

left for ¢ = 7.
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d
r=(+ & -0, cosO=gn(l+ & -n)H . (4)
It is clear that the oblate spheroidal coordinates become spherical coor-

dinates at asymptotically large distances from the potential, in the sense

that ¢ » 2r/d and 7 » cosf as r - w,

The single-site wavefunctions sought are bound-state solutions to the
Schrodinger equation with the potential of Eq. (3). The Schrodinger equa-
tion may be written as a pair of Helmholtz's equations, one satisfied

inside the well and one outside, i.e.,
(VP+Ek5¥ =0 (5)

with &% = 2m(E + V,)/h® when £< ¢, and k?=2mE/% when £> &, m
being the electronic mass. The value of V, affects the eigenvalue E and
hence controls the rate of decay of the wavefunction with distance and

ultimately the decay of the thermal matrix element.

In Sec. Il it is shown that the wavefunction may be written as

{
Bo

Vi (E.9) = Amsu > Gt ¥in: E< &

q’ron.tu (5,77,90) = Amtu 20 C‘I(: Wﬁm ; 52 'EO
t

n=2r+m+s .

The value of s determines the parity of the wavefunction relative to the
xy plane of the potential, ¥,,,, being even when s = 0 and odd when s =1.
The superscript 17 or o denotes the wavefunction inside or outside the
well, respectively.

The functions 32, and ¥%, are solutions of the Schrodinger equation
in oblate spheriodal coordinates when the potential is a constant over all

space and is equal to its inner or outer value, respectively. Quantization
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in the case of a finite depth well is accomplished by requiring continuity

of the wavefunction ¥,,5,, and its derivative at the boundary, i.e., at & = &.

The functions ¢%2 are separable in oblate spheroidal coordinates and

may be written as

Vien (£,1,9) = Rion (E52) Sk :k3) &m (9) . €< &o (7a)

Vo (&m.0) = Boy (D) SEy, (mikd) &, (9), E2 & (7b)

$,, () may be wrilten as a linear combination of sin mg and cos mg and
the number of nodes in 9,,(¢) is equal to 2m. The index n has been

chosen to have the possible values n = m,m+1,m+2... .

The quantum numbers { and » in Eq. (6) will be described as follows:
t is the number of nodal lines in the two-dimensional én subspace and u
orders states of equal £ by energy (v = 1,2,...). At fixed Vp, @, and b, a
wavefunction can usually be specified using m ,¢, and w. (Near an avoided
crossing the nodal lines become increasingly complicated, however.
When the nodal structure is not too distinct one could simply use m and a

parameter which orders states of the given m by energy.)

Contour plots of wavefunctions for several states having m=0 are
shown in Figs. 3-5. Energy levels?® for several states are shown in Fig. 6
as a function of eccentricity at constant volume for the infinite potential
case (Fig. 6a) and for V, = 10 eV (Fig. 6b). Energy levels are shown as a

function of V,in Fig. 7.

For calculations of 754 most of the states we have studied have one
nodal line in the &n subspace (i.e.,, £ = 1) and s = 1. Such wavefunctions
provide the closest analog to 2p 7 electron systems, s = 1 being appropri-
ate to m-like symmetry, since these functions are odd with respect to the

xy plane. For simplicity we will use the notation (m,7) to denote a state
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Fig. 3. Contours of ¥ for a state with (m,t,u) = (0,0,1), Vo= 10 €V, E

-798 eV, a = 4854, b =255 &. The heavy line is the well boun-

dary. The contours are labeled with values of log;o |¥|. This state is

referred to later as a (0,0) state.



Fig. 4. Contours of ¥ for a state with (m.t,u) = (0,1,1). a, b and Vo
are as in Fig. 3. E = -4.70 eV. The heavy line is the well boundary. The
contours are labeled with values of log;o |¥|. Dashed contours indi-
cate ¥ < 0. Solid contours are for ¥ > 0. This state is referred to

later as a (0,m) state.



Fig. 5. Contours of ¥ for a state with (m,t,u) = (0,1,2). e, b and V,

are as in Fig. 3, E =-4.44 eV. The various lines are as in Fig. 4.
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Fig. 6. Energies relative to the bottom of the potential well versus
eccentricity. In both (a) and (b) the wells have a constant volume of
251.25 A3, The effective spherical radius Ress (= (2?)!3) for these
results is 3.9145 k. Energy levels are labeled with ¢ on the right-hand
side of the figure and m above individual curves, where ! and m are
the total angular momentum and its z projection of the state of the
spherical well to which a given spheroidal state correlates. The m
and ! quantum numbers of the states in Figs. 3-5 are (m,l) = (0,0),
(0,1), and (0,2), respectively. An asterisk indicates the presence of a
radial nodal surface in the spherical wavefunction. V, equals = in (a)
and 10 eV in (b). In both cases only those spheroidal states which
correlate to the four lowest distinct spherical energy eigenvalues are

shown.
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Fig. 7. Energies relative to the bottom of the well versus well depth.

a and b as in Fig. 3, volume = 251.25 83, m and ! are indicated on

the right-hand side of the figure and are defined as for Fig. 6.
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with £ =1 and s = 1 for a given m for the rest of the article, m denoting
odd symmetry with respect to reflection in the xy plane. The m-like
nature of the (0,m) state is apparent in Fig. 4. For comparison with
experimental systems designed to assess orientation and distance effects
we note that a (1,m) state has the same nodal structure as the HOMO in
benzene. A (4,m) state has the same nodal structure as the HOMO in por-
phine, as determined in ab initio calculations.?® To illustrate a particular
geometrical effect we have also given some results for states with zero
nodes. We will refer to them as (0,0) states, since m is zero and, like o
states, they are even with respect to reflection in the xy plane of the

potential.
B. Electron transfer between sites

The system used to model electron transfer between a pair of
molecules A and B consists of two wells (site A and site B), each of the
type described previously, and one electron (the "transferable” electron).

The rate constant for the electron transfer reaction

A+ B-»A+B (8)

is given by (1), using the Golden Rule and Condon approximations. That
rate constant is for transfer between sites having specific and fixed
mutual orientations and fixed relative separation distance. In order to
use Eq. (1), nuclear coordinates and an associated set of vibrational
states have been assumed to be present in the wells and in the interven-
ing medium (along with solvent orientational states), but will not be dealt
with explicitly in this paper. Recent reviews on this aspect of the elec-

tron transfer problem are given in Ref. 30.

The zeroth-order problem is that in which the two wells do not
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interact (e.g., the infinite-separation limit). The following two zeroth-

order states are considered:

1) the electronic state at site A, uninfluenced by site B: The
wavefunction for this state, denoted by ¥/,,, is given by Eq. (8),
with the origin of the coordinates at the center of well A and with
£, defining the boundary of well A. The V; appearing in Eq. (3) and
appropriate to site A is denoted by V§.

2) the electronic state at site B, uninfluenced by site A, which has as
its wavefunction \I',ﬁ-t-u-, given by (6), but centered now on site B,
and having Vg = Vég .
The electronic matrix element Tp4, described in Appendix A for the
present model, is

Tga = (Hpa — SapHus)/ (1 — |Sap1%) (9)
where

HBA = —Vg f\l,g.:‘.'u' \I'réztu dTB » HAA = - VOB f\Prétzu \Préltu dTB 5 (106)
Sip = [ YA ¥E,, dT (10b)

The integrals in (10a) are over well B, and that in (10b) is over all space.
C. Resulls of calculations of the eleclron transfer matrix element

Calculations of the electron transfer matrix element were performed
with various eigenstates of each of the two separated wells with specific
fixed mutual orientations. The states and orientations chosen illustrate
some general effects of the shape of the potential well and orientation on

the matrix element.

Mutual orientations of the two wells are defined using the coordinate
system in Fig. 8. Well A was assumed fixed and well B was positioned at

various values of R and 0. In the calculations given here the x-axes of the
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}

Fig. 8. Coordinate system used to specify the mutual orientation of

well A and well B. The x-axes of the wells are assumed parallel and lie

in the plane of the figure in all geometries. ® = 0° corresponds to

the z axes of the wells being superimposed.
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wells are parallel, as are the y-axes. ® = 0° corresponds to the wells being
displaced along the z axis, and so being in a "face-to-face" configuration.
® = 90° corresponds to displacement along the x axis, i.e., in an "end-to-

end' arrangement.

The values of a and b used (apart from those in Fig. 6) were chosen
as follows: a was an estimate of the in-plane radius of porphine, and is
the same o as that used by Platt!® to treat porphine as a 2a x 2a square
using the Schmidt box model. The value of b was chosen so that the aver-
age thickness of the well (= 4b /3) corresponded to the interplane spacing
in graphite, 3.4 & 3! Other values of b are, of course, possible. The gen-
eral features of the orientation dependence are not qualitatively affected

by the choice of b.

Tpy and Hp, are compared for the wells at contact for various states
and various angles ® in Table I. It can be seen that typically 754 and Hpy
agree to within 5%. The agreement becomes even better with increased
separation. The calculation of Hps is much less time-consuming than
Tg4, and only values of Hp, are given in the rest of the article. The

trends seen are unaffected.

Results as a function of distance and orientation are plotted in Figs. 9
to 11 for pairs of (0,0) and (0,7) states. In Figs. 9-12 V, was chosen so that
each slate, independently of m and of the parity, has an energy E =
-1.1525 eV. This value of E yields states which cause |Hg4 |? to have an
(approximately) exponential decay whose slope of a In |Hps |? vs. R plot
is from 1.4 to 1.7 depending on the states involved. These are in the
range of some experimental estimates for the decay of the electronic
matrix element with distance for aromatic molecule-aromatic anion sys-

terns. 1 (The rate in Ref. 16a is proportional to exp (-2aR), where 2a is



82

TABLE 1. Comparison of Hpa and Tga at selected angles © for potential

wells at contact. P

State © (degrees) Hp, (eV) Hp,/Tga

©, ) 0 -0. 263 1. 000
30 -0. 229 1. 000
45 -0.182 1. 006
60 -0.121 1. 008
90 -0. 045 1. 004

(0,1) 0 0. 666 1.084
30 0.474 1. 092
45 0. 267 1.074
60 0. 077 1. 025
90 -0.015 1. 000

(2,7) 0 0. 481 1. 007
30 0. 040 1. 069
45 0.109 1.029
60 0. 299 1. 035
90 -0. 062 1. 002

(4,7) 0 0. 246 1. 001
30 -0.079 1.012
45 0.113 1.013
60 0.279 1.019
90 -0. 066 1. 002
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2The wells have g = 4. 85A, b = 2.55A, and V, such that E = -1.1525 eV. For
(0,0), (0,7, (2,7) and (4,7), states, V, = 2.5937, 5. 6540, 10. 6541 and 17. 3530 eV,

respectively. In the worst case HB A is converged to within 2% of the exact value.

In general, the convergence is much better.

b&bm(<p) = cos my. Similar agreement of Hy , and T, is seen for @m(@ =

sinmgp or any linear combination of sinmg and cos mup.
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Fig. 9. In |Hps| as a function of center-to-center separation for a
pair of (0,0)[=(0,0)] states in each yell and for a pair of (0,7) states.
a and b are as in Fig. 3. E = -1.1525 eV, V, is 2.5837 eV for the
(0,m[=(0,1)] states and 5.6540 eV for the (0,m) state. Solid lines are
for ® = 90° and dashed lines for © = 0°.
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Fig. 10. |Hp, | as a function of © for a pair of (0,0) states. a, b and
Vo and E are as in Fig. 9 for the (0,0) states. Shown are results for a
constant center-to-center distance of 10 & and for a constant edge-

to-edge distance of 5 R.
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Fig. 11. Hp4 as a function of © for (0,7n) states. a, b, Vyand E are as
in Fig. 9 for the (0,m) states. Shown are results for a constant
center-to-center distance of 10 & and for a constant edge-to-edge

distance of 5 &.



-87-
roughly 1.1 A7)

In Table II Hp, is given as a function of distance for ® = 0° and 90°
for the (1,m), (2,7) and (4,7) states. Each eigenvalue of states with m > 0
is two-fold degenerate. The functions cos my or sin my or any linear
combination of them are eigenfunctions of the p portion of the Schrod-
inger equation and Hpg, will in general depend on which of these functions
is chosen, as well as on the relative orientation of the wells. In actual
molecules of current interest, deviations from cylindrical symmetry can
remove this degeneracy. The value of Hp, for any arbitrary ¢, (i.e., any
linear combination of cos my and sin mg) for parallel xy planes may be
obtained from the Hgy and HE}; in Table II using a standard formula.® For
brevity of graphical presentation the dependence on distance for states
with m # 0 is given in Fig. 12 as a rool mean square average of Hgy over
v4 and 7g, the angles of rotation of ¥4, and ¥B, . relative to a fixed set

of axes located in well A or well B, respectively::32

[ ] 2m 2m # ! %
(Henhay = |2 [ [ HBvaivs) dvadys| = 5 (|HEal* + |HE P (1D)

Nonaveraged Hp,’s are also given in Table I for spheroids in contact.

II. Quantization and Single-Site Wavefunctions

The method used to obtain the wavefunctions of Sec. II is described

next.
A. Expansion for the separated wavefunctions

The functions sought are solutions to Eq. (5), valid both inside and

outside the spheroidal well. Neglecting the boundary conditions at & = £



88

TABLE II. Hg, asa function of center-to-center distance for various (m, )

states at © = 0° and 90°.2

state  RA)  HSGSS(@=0°)° HES, (6 = 90°) HES, (0 = 90°)
(1,n) 10 1.02 (-2) 4.16 (-2 -4.78 (-3)
15 2. 69 (-4) 6. 89 (-9 -6.33 (-5
20 9.16 (-6) 1. 97 (-5) -1.46 (-6)
25 3.60 (-7 7.06 (-7) -4,39(-8)
(2,m 10 3. 81 (-3) -4.49 (-2 1.76 (-2)
15 6. 08 (-5) -4,176 (-4) 1. 61 (-4)
20 1. 45 (-6) -1.10 (-5) 3.10 (-6)
25 4,36 (-8) -3.49 (-7 8.35 (-8)
(4,7) 10 3.77(-49) -4,29 (-2 3.68 (-2)
15 2. 02 (-6) -1.29 (-4 1.09 (-4)
20 2. 24 (-8) -1.48 (-6) 1.17 (-6)
25 3.76 (-10) -3.00 (-8) 2.19 (-8)
27he states and wells used are the same as those in Table L HB A is HB A

calculated using &, (¢) = sin mgin each well. H%% is for & (¢) = cos my

in each well.

by the number preceding it.

b

- ; CC _ S8
In the ® = 0" orientation HB A= HB A

The number in parentheses is the power of 10 to be multiplied
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Fig. 12. In (Hpy ),y as a function of center-to-center distance for a
pair of (1,m) states in each well and for a pair of (4,m) states. In all
cases a, b and E are as in Fig. 9. Vj for the (1,7) states is 7.9296 and
for the (4,m) states is 17.3530 eV. Solid lines are for ® = 80° and
dashed lines for ® = 0°.
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the wavefunction inside the well can be separated as in Eq. (7a), yielding

d?dt .

d(p;n + m?®}, =0 (12)
d .2 deinnl d?® 2,2 m? 3 i -
rpr Lk ) an ] T\ —— Amn Smn = 0 (13)
a_ o ORba | [d2 2, m? i |

for the separated equations.

Any choice of k? (that is, of energy for fixed V,) yields a sequence of
discrete eigenvalues Al,. The subscript m describes the eigenvalue in
Eq. (12). The subscript n orders the eigenvalues A%, and was defined in
Sec. II. The 9,2 are odd or even with respect to reflection in the xy plane

as n—m is odd or even.

Equations (12) through (14) for a given k2 yield a particular set of
solutions ¥}, of the form shown in Eq. (7a). The function ¥2%,, neglecting
the boundary conditions at £ = £;, can similarly be separated as in Eq.
(7b). The related separated differential equations are identical to Egs.
(12) to (14), with 7 replaced by o. The angle function ¢,,(¢) is the same
both inside and outside the well so the superscripts © and o are
suppressed in Eq. (7).

The inner and outer radial functions Ri,(6:k2) and RZ, (&kZ) were
evaluated through their expansions in spherical and modified spherical
Bessel functions, j,(dk; £/ 2) and k, (d |k, | €/ R), respectively. The angular
functions Sk, (n:k?) and S%,(n;k2) were evaluated through their expan-
sions in the associated Legendre functions P7*(7n). The radial and angular

functions Ry, and S,, in Eq. (7), their expansion coefficients, and the
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3

eigenvalues A,, are discussed by Flammer, 3 who presents tables of

both. Hodge34 has given an algorithm for obtaining them which was easily
programmed and was used for the calculations in the present paper.35
The radial and angular functions were converged to at least four

significant figures in all cases.36

B. Quantization in the limit Vy-»o

In this case the sum for ¥ in Eq. (6) reduces to a single term and the

allowed energy levels are those for which k2 yields
Ry (&0: kD) (15)

since the wavefunction must vanish for £= ¢, In the spherical limit
(b-a) the energy eigenvalues given in Fig. 8a, are simply those for which
bk, is a zero of the lth-order Bessel function. An oblate spheroidal square
well has been uéed as a model for the potential in which a nucleon moves
in the nucleus.®” In this context the energy levels have been calculated

previously in the limit Vozoo.38

C. Quantization for finite V;

The wavefunctions in this case must be written as a sum of inner or
outer functions because both the angular and radial parts of the
wavefunctions depend on the energy. Quantization is accomplished by
requiring that the wavefunction and its normal derivative be continuous

at £ = £, e,

lim Vi, (61,965 = im ¥2., (61,962 (18)
45 et
gl Ve
lim —22 (gm,9:k7) = lim —22(¢£,7,0:k0) . (17)
e+, 06 g5 0¢

Continunity of 8¢/ 87 at the boundary ¢ = £, is ensured by Eq. (16).
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The following method was used to determine the energy eigenvalues
Ept, Tor which Eq. (16) and (17) are satisfied. Each outer angular function
S,’}m(n;lcoz) was expanded in the complete set of inner angular functions
St (n:k?), thereby yielding ¥, as an expansion in S¢,(n;k?) for both
£ < § and for &€ = &, Equating the two expansions term by term at £ = &

yields
Ct =MC . (18)

In (18) C* denotes the column vector with elements (C%,,s,Chis42.--) and
C° denotes (C%4s.Co%4s42 .-.), the Ci’s and (3's being the coefficients
appearing in Eq. (6). Both vectors are of infinite dimension but are trun-
cated in practice. The elements of the matrix M depend on the energy
and on the quantum number m, and are given by

. = <S;'nq !Sr(;r.p> Rrng(EO;koz)
T <Shg|Shy> Ring(E0kd)

(19a)

where

p=m+2(-1)+s, j=1;,g=m+2k-1)+s, k=1. (19b)

Similarly, continuity of the normal derivative at ¢ = £, yields the

matrix equation
Ci = MC (=0)
where

\_ <S5 | Shp> AR, (§0:kd)/ d o
<Shg | Sty> ARG, (EikR)/ d &g

ki = (21)

and p and g are again given by Eq. (19b). Equations (18) and (20) yield

0 = M-IM'CO . (22)



-93-

Thus, C° is an eigenvector of the matrix M~!M having a unit eigen-
value. An energy eigenvalue and eigenvector C° is found by iterating the
energy in Eq. (22) to obtain an eigenvector with unit eigenvalue. The
inner expansion coefficients C* are then obtained using Eq. (18) and this
C°. The wavefunctions are normalized by the factor An, in (8), Ansu

being <¥xs, | ¥4, >* where ¥%,, is the unnormalized solution.

IV. Discussion

In this section the dependence of Hp,s on distance and the factors

affecting the orientation dependence of Hp, are discussed.

Figures 9 and 12 give plots of Iin |Hp, | or in (Hpa)ay versus distance
and it is seen that Hp, decreases, as expected, predominantly exponen-
tially with distance for all the states considered. In Appendix B analytical
expressions for Hp, as a function of distance are derived for certain
states of spherical wells.3® For spherical states analogous to the (0,0)
states of spheroidal wells, we find (Eq. (B10))

nAG

Wi - S0 —aR) , 23
P exp(—aR) (R3)

Hpy = —

where Ag is the radial normalization.constant, given in Appendix B, for
single-well wavefunctions. R is the distance between the well centers, and
= (-2mE/ 712)”. It can be seen explicitly that the large-R asymptotic dis-

tance dependence of In | Hg, | is linear.

For spherical states analogous to the spheroidal (0,7) states one has

(Egs. (B11) and (B12))

__cf[ 1 S _ oo
Hpy = ;{(a}?)2+ (aR)3JeXP( oaR) , (®=290°) (24)

and
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_cf1 2 2 ] _—
Hgy = ;{aR + R + (aR)3JEXp(-aR) , (86=0°) . (25)

The constant C is defined by comparing with Eq. (B11) and (B12) and
using (B3).

In both orientations it is seen that In | Hz, | depends predominantly
linearly on distance. In all cases the exponential dependence arises from
the overlap of the radial part of ¥4, a modified spherical Bessel function,
with ¥#. Since the outer spheroidal wavefunctions are composed of sums
of modified spherical Bessel functions a similar distance dependence of

Hp, is expected and is found.

In general, the functional form of the pre-exponential part of the dis-
tance dependence of Hp, is dependent on the potential functions at the
two centers. For one-dimensional square wells Hg4 is proportional to an
exponential function of R.40 For Lransfer of an electron between two pro-
tons Hp, is a polynomial in powers.of R multiplied by an exponential.d“1
The dominant part of Hp, in all these cases is a decaying exponential but
the potential shape and nodal structure of the wavefunctions cause slowly

varying deviations from purely exponential behavior.

In analyzing the orientation effects exhibited in Figs. 9 to 12, There
are two principal factors to be considered, the well shape and the nodal
structure. They are discussed below, initially for fixed center-to-center

and then for fixed edge-to-edge distance:

1. In the (0,0) case (Fig. 9) there are no nodal complications, and the
shape of the spheroidal well favors a larger |Hp, | in the ® = 90° orienta-

tion than in the ® = 0° at fixed center-to-center distance.

2. (The following results are intended to refer only to (m,m) states.)

For a fixed center-to-center distance, as the number of nodes in the ¢
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portion of the wavefunction increases, i.e., as m increases, the ratio
|Hps(© = 90°) |/ |Hpa(® = 0°)] increases (ci. Figs. 9 and 12). The pairs of
(0,m) states have larger |lg,|'s at ® = 0% than at © = 90°, while all other
(m,m) states have larger |Hp,|'s at ® = 90°. [Cf. Fig. 12, including the
(2,7) case of Table II.]

Result 1 is due to the smaller edge-to-edge distance occurring in the
® = 90° configuration at a fixed center-to-center distance, and illustrates
one geometrical shape effect. We have also observed result 2 for Hg, for
spherical-well potentials.42 To understand these results we consider the
form of Hp, in the spherical case (cf. Appendix B). In essence, with
increasing m the wavefunctions tend increasingly rapidly to zero along
their z-axes, and so the face-to-face configuration becomes decreasingly

favored. We have

HBA = == f Vg‘I’B"I’A dTB
wellB

o _(B 51(BpT) P (cos 65)om(@p) VE ki (B4Ta)P™(cos 64)0,(ps) dTp
well

where the subscripts A and B denote variables appropriate to the func-
~tions at site A and B, respectively. [ is the total angular momentum
quantum number. Spherical states which have similar nodal structures to
the (m,m) spheroidal states considered have ! = m+1. The variables
(r4,64.,94) depend implicitly on (r5,8p,95). Since the integration is over
well B the predominant angular dependence of Hps on © for the orienta-
tions examined in this paper (xy planes of each well parallel) arises from

the function P* (cos 64) which is of the form:
P™cos 64) = sin™6 cos Oy, L=m +1, m=0 .

In the ® = 0° orientation, the relevant 6, approach zero as R - «, for all
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values of 75,65 and ¢p in well B, and so sin™ 64 goes to zero increasingly
rapidly with increasing m in the vicinity of well B. In the ® = 90° orienta-
tion, 6,4 approaches 90° as R - « and cos 64 tends to zero in the vicinity
of well B, but for all (m,l) spherical states considered cos 6, is always
raised to the first power. Therefore, as m increases the ® = 80° orienta-
tion is increasingly favored over the ® = 0° orientation. For the (m,l) =
(0,1) state, only the cos6, term occurs, and so the ® = 0° configuration is
favored. Since the spheroidal wavefunctions are composed of sums of
Legendre polynomials P/*, dominated by a few of them, and because of
the correspondence between n and cos 6, this explanation is the antici-
pated one for this orientation dependence in the spheroidal case. Results

1 and 2 are thus at least qualitatively explained.

Although distances in experiments are often quoted as center-to-
center distances it is useful, because of the exponential decay of the
wavefunctions, to examine the results at constant edge-to-edge dis-
tances. The data presented are sufficient to make comparisons of Hpy for
fixed edge-to-edge separation. Equal edge-to-edge separations in the two
orientations are obtained by comparing Hp, for which the center-to-
center separation is 4.8 & (= 2(a—b)) larger in the ® = 90° orientation.
For the systems examined in this paper, Hpy was always larger at ® = 0°

than at ® = 90° for m < 4 and was roughly equal for m = 4 at the two @’s.

The explanation presumably lies in a geometrical shape effect: In the
©® = 0° configuration the spheroids present a larger cross section and
smaller thickness to each other, thereby favoring a higher overlap. How-
ever, the difference in |Hp,|'s decreases with increasing m for the rea-
son discussed above, and still larger m’s may reverse the favored © = 0°

result.
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While we have largely considered the orientations ® = 90° and ® = 0°
in this article for purposes of illustration, other orientations are also of
considerable interest. In fact, as m increases, maxima will occur in Hpy4
at @'s other than ® = 0° (cf. (2,7) and (4,7) results in Table I). The angles
at which these maxima occur are near the maxima in the angular func-
tion P[™ (cos 6) of the spherical state which has similar nodal structure
to the spheroidal state in question (~ 55° for the (2,7) states and ~ 63°
for the (4,m) states). It can be seen in Fig. 6 that 64 equals @ and 6p
equals m—0, where 6, and Op are the spherical polar angles in each well,
so the maxima of Hp, as a function @ are related to maxima in
P™(cos 64) and P™(cos 6p). This analogy with spherical functions is ade-

quate for the reasons stated previously.

We have also examined the angular dependence of the spheroidal
wavefunctions at R = ». At a large radial distance each of the outer radial

functions has the same asymptotic form, independently of m or n:
Ren(£63) ~ ——exp(—ar), 7 o (26)

where a = |k, | = (2m|E | /)% Hence, the wavefunction ¥, at a fixed

large r and fixed ¢ varies as

Yomiy ™ [Z:JO GRS (0:k8) | exp(—ar)/or (1 =) (=7)

where in (27) we set n = cos 6.

To exhibit the angular dependence of ¥,,, at large r, ¥y, in Eq. (27)
was projected onto the associated Legendre polynomials Py¥(cos 6). If the
angular probability distribution at large r were insensitive to the nonzero
eccentricity of the spheroidal well one would find |<PJT*| ¥, > |? equal to

zero except for a single value of n. Calculated projections, defined as
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- |<~Pm|P,:">|'°‘/z | <Y g | P> |2

" <PRIPP>I1R/ % |<PRIPES)?

, T =0 | (28)

are given in Table III for wells of three eccentricities, all with a volumne of
251.25 A3. The data clearly indicate that even at r = « the electron ""sees”

the nonsphericity of the potential well.

V. Conclusion

A model electron transfer system involving non-spherical (oblate
spheroidal) donor and acceptor sites and a transferable electron has
been presented. The wavefunctions for the isolated donor and acceptor
sites and the matrix element for electron transfer have been described
and the results of several calculations presented. Thus, a machinery has
been developed for the calculation of orientation effects, especially for

electron transfer between large aromatic molecules.

The sample calculations illustrate the effects of well shape and nodal
structure on the orientation and distance dependence of the electron
transfer matrix element. They indicate to a first approximation for the
system and states studied, that the geometrical shape effect, for a con-
stant edge-to-edge distance, causes |Hg, | to be larger for ® = 0° ("face-
to-face" configuration) than for ® = 90° (""end-to-end'" arrangement). This
effect is reduced with increasing m, a result explained by examining the
long-range behavior of a pair of spherical wells. This increasing m effect
is expected to apply to states similar to the HOMO or LUMO of large

aromatic molecules.

When the results are presented instead at a given center-to-center
separation they are significantly influenced by the greater edge-to-edge
distance for the ® = 0° configuration ("face-to-face"), so that now |Hpy |

is largest at ® = 90° for most of the states considered.
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TABLE IIL Normalized projections P; of the (m,t,u) = (0,1, 2) state in limit r - «%

n e=0.1 e=0.5 e=0.9
0 0. 0003 0. 2153 0. 4045
2 0. 9997 0. 7825 0. 5637
4 0. 0000 0. 0022 0. 0315
6 0. 0000 0. 0000 0. 0004

2The quantity P; is defined in Eq. (28); e is the eccentricity of the well at a
constant volume of 251. 25A° For these calculations, V, = 10 eV. Because
n - m is even, IJ'I"’1 = 0 for all odd n. The eccentricity of the wells in Figs. 3-5

and 9-12 is ~ 0. 85.
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Appendix A: Golden Rule Rate Expression and Matrix Elements

The rate expression used to characterize electron transfer in this
paper is a Golden Rule rate constant obtained by using a Born-
Oppenheimer analysis by Holstein*® and has been presented in a paper by

Kestner, et al. 10

Another presentation of the derivation which corrects
some typographical errors there is found in Ref. 44. The pertinent results

are particularized below to the present model.

The rate expression for transfer of an electron from site A to site B
when only a single electronic state is assumed on either site may be writ-

ten in the Golden Rule and Condon approximations as

2 1
kpesa = Z-|Tga 12 |— &

-E, /kT
e A
A QA Va,Vp

I<UB|UA>125(EUE _EVA) . (A1
In Eq. (A1) v, denotes one of a set of nuclear wavefunctions appropriate
to the electron being localized at site A, vg denotes a similar set for the
electron localized at site B, and @4 is the nuclear partition function
appropriale Lo the electron being localized on site A. For the case of
nonorthogonal electronic basis states, Tgy is equal to

S VB VRV dr — ([ AP d)( [ $ATVEYA dT)

1—| [ ¥4"9P ar|?

Tpy = (A2)

We define

Hpa= [V VBVA dr | Spp= ¥4 47
(A3)
Hy= [¥AVP¥4 dr.
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For the type of potential used in this study, the integrals Hps and Hyy
over all space are reduced to integrals over well B, since VZ is zero out-

side well B. One thus obtains Eq. (9).
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APPENDIX B: SPHERICAL WAVEFUNCTIONS AND THEIR ELECTRON
TRANSFER MATRIX ELEMENTS Appendix B: Spherical Wavefunctions and

their Electron Transfer Matrix Elements

(i) Spherical Wave Functions

In the spherical limit a » b, the wavefunction of Eq. (6) assumes the
simpler form given in Eq. (B1), where [ is the total angular momentum

guantum number.

L (Br)k (ab)/ 5, (BY), r < b

You (r,6,0,E) = A Ny O (9) PI* (cosB) {;c (ar) r=p (BI)
b is the radius of the spherical well, g=[2m(Vy+ E)*/%,

=[-2mE*/% and &,,(¢) is any linear combination of cos mg and
sin my with the absolute square of the coefficients equal to 1. The angu-
lar function P/" is an associated Legendre polynomial. We have used the
definition of P/ given by Arfken.*® The constants A; and N,,; are normali-
zation constants for the radial part of the wavefunction and for the (m,l)
spherical harmonic, respectively:

{kl (ab)

..%
2g0) f 2(Br) r*dr + f kP(ar) r? dr} (B2)

2 (L+m)! V]"‘

Nt 2{21+1 (—m)!

where v is 27 if m = 0 and 7 for m # 0. The ¥,,; given by Eq. (B1) is
clearly continuous at the boundary, r = b. The value of £ in a and § was
determined by making 0¥,/ 0r continuous there.3® To compare the
spherical (m,l) states with the spheroidal (m,m) states having similar

nodal structure we use the relation { = m+1. Spherical (m,l) = (0,0)



-104 -

states correspond to the (0,0) states used in Sec. II.

The integrals in (B2) can be evaluated in closed form to yield

A = Yoy (ab)ep i (ab) = [kP(ab)/ 57(Bb)]
(B4)

_*
X 7 -1(BY)7141(BO)}  (R/ B3 .

(ii) Analytical Matrix Elements for Spherical Wavefunctions

It is possible to transform the matrix element Hg,, which is defined
as a three-dimensional volume integral in Eq. (A3), to a two-dimensional
surface integral. A method due to Bardeen®® is used to effect the

transformation.

For simplicity, the following discussion is restricted to the special
case in which the same wavefunction is used in each well. That is, both
wells have equal radius and depth, and (m,!) is the same for both ¥4, and

¥B,  For this case, Hp, is defined as in Eq. (B5).
- _ A yB*
HBA = Vo fwellB‘I’ ¥ dTB (BS)
In well B —Vo¥5* equals (E - T)¥5 and hence (B5) becomes
o = fmuB VA(E - T)¥B  d7p . (B6)

The subscripts ml on ¥/; and V2, have been suppressed. Here T is the
kinetic energy operator, —#2V?/2m. It is assumed in what follows that
the centers of the wells lie along the z axis of a right circular cylindrical
coordinate system, well Bat z = + R/2, and well A at z =-R/2. The region
of integration may be extended beyond the boundary of well B since
(E—T)¥5" vanishes outside well B. In particular, the region z = 0, will be

used. Also, Y4E equals T¥4 in any region that does not include well A,
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so Eq. (B8) yields

e v .
Hpy = 2 [ (¥7"P¥ — P47y )T (B7)
Gauss' theorem applied to Eq. (B7) yields

_ —H2 2m o 4 a\I,B’ _ 1B* a\I,A
Hpy = 5 j;=ofr=o (¥ = = ) rdrdg . (B8)

Gauss’ theorem is applicable to Eq. (B7) because the discontinuity in
V2¥F is merely a step discontinuity on the boundary of well B. The
integral in Eq. (B8) is written in right circular cylindrical coordinates

(r,¢,z). The surface of integration is the plane z=0, located midway

between the two wells.

Equation (B8) can be further simplified by making use of the sym-
metry of the wavefunctions. In particular, ¥4 = (-1))"™ ¥F and

¥4/ 9z = (-1 "1 348 /92 at z = 0. We have

=BTt yiemga OV pae 894
Hps = 2= [ o fr oo COV (04 St 94" T rdrdy . (BY)

We have used Eq. (B9) to evaluate Hpy for three particular cases:
(m,l) = (0,0), (0,1), and (1,1). Explicit expressions are given in Egs.
(B10)-(B12), wells B and A centered at z = + R/ 2, on the line x=y=0.

Hyp = — A8 (aR), m=0,1=0 (B10)
5 2mo’R P ' ' '
#2342 2pR
Hpy = m 1+aR + %] exp(-aR), m=0l=1, (Bl1)
H2347%
Hps = = 2 a4]1?3 (1 + aR) exp(—aR), m=1,l=1 . (B12)

These choices for (m,l) correspond for ® = 0° to spheroidal states
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(0,0), (0,m), and (1,0), respectively. (0 is defined in Fig. 8.) For & = 90°,
with parallel y axes, parallel z axes, and superimposed x axes in the two
wells, Eq. (B10) corresponds to (0,0) states and (B12) to (0,7) states. For
® =90° and (1,0) states, Eq. (B11) applies if &,,(¢) = cos mg, and Eq.
(B1R2) applies if ®,, = sin mg. It is possible, in principle, to obtain analyti-
cal expressions for Hpy for states of higher m values. However, exact
numerical results can be easily obtained for spherical wells and it was
considered unnecessary to derive exact analytical ones for the present

purposes. Approximate analytic ones will be given elsewhere.

(iii) Comparison of Electronic Matrix Elements to Overlap Integrals for
Spherical Wells

In an earlier theoretical study of orientation effects!® it was assumed
that the matrix element Hp, is approximately proportional to the overlap
integral Sg4. For (m,l) = (0,0) states (i.e., states for which I=m=0 with
spherical wells of radius &) the overlap is given by

A& exp(—aR)

Spa(l=0) = Y

(B13)
|40 ~2ab
X'—z-—--?+1"'€ “+a[R—26].
at+ 8
Using Eq. (B10) for Hpy, one finds the ratio of Sg, to Hpy is given by

VoSpa Vo [
- e +
2Hga | 4[E] LI

—g b +a(R—26)], m=1=0 . (B14)

For spherical (m,l) = (0,1) states at orientations =0° and ©=90°,
Hpy is given by Egs. (B11) and (B12). No closed form expressions for Spy
are available, but these overlap integrals are readily evaluated numeri-

cally. The results are shown in Fig. 13.
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Fig. 13. Dependence of -VpSps/2Hps for spherical wells on the
separation distance R between the well centers. The well radius is
3.9145 & and E = -1.1525 eV for all states. The spherical states are
labeled as (m,l). V= 2.48973 eV for (m,l) = (0,0), and V, = 4.19903
eV for (m,l) = (0,1).
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Since Hpy is the overlap of the two functions in well B multiplied by
VE, the quantity plotted would be approximately constant if Sps were
proportional to Hg,. It is seen that the ratio grows linearly with distance
and depends on orientation. Over short variations of distance propor-
tionality may be an adequate approximation but for large variations it

clearly breaks down.

On the basis of the spheroidal results in Table | we again expect
Tps ® Hpy to within 10%, at least for the results in Fig. 13, for which # >

10 8. On this basis, Fig. 13 also represents a plot of the ratio Sz,/27Tg,.
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values (i.e., eigenvalues of the differential equations), a larger set
Ay’ of approximate eigenvalues A,, was constructed, where N' > N
and A, is an eigenvalue of the N' X N' truncated matrix. N was
then increased until every element of the subset Ay Ay was con-
stant to eleven significant digits upon successive increases of N'. At
that point it was assumed that the first N true eigenvalues A,,, had

been obtained.

In cases when the expansions did not yield satisfactory convergence
the functions were obtained by numerical integration of the

appropriate differential equations, e.g., Eq. (13) for S},,.
J. Rainwater, Phys. Rev. 79, 432 (1950).

S. Granger and R. D. Spence, Phys. Rev. 83, 460 (1951).



39.

40.

41.

42.

43.

45.

46.

-115-

For spherical wells, the method of solution for the single site
wavefunctions may be found in L. I. Schiff, Quantum Mechanics

(McGraw-Hill, New York, 1968), 3rd ed., pp. 83-88.
M. Redi and J. J. Hopfield, J. Chem. Phys. 72, 6651 (1980).

J. C. Slater, Quantum Theory of Matter (McGraw-Hill, New York,
1968), 2nd ed., p. 417.

R. J. Cave, P. D. Siders, and R. A. Marcus, to be published.

(a) T. Holstein, Ann. of Phys. (N.Y) 8, 325 (1959); (b) ibid. 8, 343
(1959).

P. D. Siders, Ph.D. Thesis, California Institute of Technology,
Pasadena, California (1983), Chap. 5, Appendix A. Available from
University Microfilms, Ann Arbor, MI, No.83-22, 674.

G. Arfken Mathematical Methods for Physicists (Academic Press,
New York, 1970), 2nd ed., Chap. 12, p. 559.

J. R. Bardeen, Phys. Rev. Lett. 6, 57 (1961).



-116-

Chapter 4

Mutual Orientation Effects in Electron Transfers

Between Porphyrins
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I. Introduction.

As increasingly detailed information is obtained on the rates and
mechanisms of electron-transfer reactions it has become evident that a
more complete understanding is desirable of how the separation distance
and mutual orientation of a reactant pair affect the rate. This is espe-

cially true for biological and biomimetic electron-transfer pairs.1

For example, cytochrome c is a widely studied biological electron-
transfer agent.2 The heme is oriented with respect to the protein and has
one edge exposed to the solution environment. Its reactions have been
discussed in this context.3 Many other biological electron transfers
occur between molecules held rigidly at fixed distances and orientations.
The electron-transfer rate has been measured for a [ZnT, Fe!] hybrid
hemoglobin, for which both the orientation and separation distance of the
porphyrins are known.* Relative orientations of biological electron-
transfer pairs are under study: It has been reported that the molecular
planes of the heme ¢ and d; groups in cytochrome cd; of
Pseudomonas aeruginosa are perpendicular to one another in both the
reduced and oxidized forms of the protein.® Also, the relative orientations
of the initial charge-transfer agents of photosynthetic reaction centers®

have been determined.

Synthetic systems have also exhibited possible orientation-
dependent electron transfers. Photoexcited electron transfer has been
| observed in the cofacial diporphyrins of Chang’7 and it has been found to
proceed rapidly in the forward direction and considerably slower in the
reverse. 810 Systems that are similar, but where the transition moments
of the two porphyrin subunits are oriented perpendicularly, rather than

l.11.12

parallel, have been examined by Overfield et a and show much
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slower forward transfer than those of Refs. 7-10.!!!® Orientation and
separation-distance effects have also been examined in rigidly linked

porphyrin-quinone systems,13

so chosen because biological electron
transfers frequently involve aromatic donors and acceptors such as por-
phyrins, porphyrin derivatives, and quinones. Also, it has been proposed
that electron-transfer fluorescence quenching of Chl a by quinone mul-

tilayer arrays requires a favorable orientation of reactants and pro-

ducts. 4

Orientation effects have been studied theoretically using a variety of
models!®?! to examine qualitative effects. Orientation effects have also
been examined in studies of the ordering of spin states in bimetallic

compounds,22'24

a problem analogous to intramolecular electron
transfer.®® We have recently described a simple model for orientation
effects®® based on the delocalized nature of 7 electrons in aromatic Sys-
tems. It is a one-electron model in which the transferable electron is
assumed to be bound at an oblate-spheroidal potential well of specified
depth. Electron transfer was modeled between two such non-penetrating
sites, and the effects of orientation on the thermal matrix element (the

electronic matrix element appearing in theories of non-adiabatic electron

't.ransfer,z'?'29 ) were examined for various separation distances.

In the present paper the model of Ref. 26 is applied to a number of
systems of experimental interest, both biological and synthetic. The aim
of the model is to illustrate possible effects of orbital and potential shape
on the rate of electron transfer at fixed distances and orientations. Such
calculations, to the extent that they are applicable, can reveal ways in
which the architecture of individual electron-transfer pairs may help con-

trol electron-transfer rates. In particular, orientation effects are exam-
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ined for the forward reaction A + B » A* + B~ for several systems, A°
denoting a photoexcited molecule, and for the highly exothermic reverse
reaction A*+ B~ >4+ B. The systems for which calculations are
reported are (a) synthetic face-to-face porphyrins, including an open-
jawed configuration, (b) porphyrin-like systems in an edge-to-edge
configuration, (c) porphyrin systems comparing edge-to-edge and face-
to-face as well as intermediate configurations, and (d) a photosynthetic

system, involving a dimeric photoexcited chlorophyll molecule.

The actual experimental results for which orientation effects have
been explicity studied are comparatively few. In particular, there are the
results of Chang et al.” 1% and of Overfield et al. 1112 The present results

will be compared with these below.

The present article is organized as follows: The model is summarized
and the methods of choosing states and energies for given systems are
discussed in Sec. II. Calculated results for several physical systems are

given in Sec. III and they are discussed in Sec. IV.

II. Theoretical Model.

In current theories of nonadiabatic electron transfer27'29 the rate
constant for electron transfer between two reactants, A and B, at a given

fixed separation distance and orientation is given by

kp<-a = —ZTLQ—ITBAIZ e . (1)

In Eq. 1, F.C. is a sum of thermally-weighted Franck-Condon factors for
the nuclear vibrational, librational, and rotational coordinates of the two
reactants and the surrounding medium.?”® The distance and orienta-

tion dependence of the rate constant occurs mainly in the factor Tpy,
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Fig. 1. Potential well for a single site. There is cylindrical symmetry

about the z axis.
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Fig. 2. Oblate-spheroidal coordinate system. Contours of constant ¢
are indicated by solid lines. The dashed lines are contours of con-

stant 7. The contours of constant 7 on the right are for ¢ = 0, on the

left for ¢ = 7.
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given by‘%’28
Tpa = (Hpa — SapHus) / (1—|S4z |?) (2)
where
Hpy = <¥p|Hy|¥,> |, Hyy = <¥4|Hy|¥y>, (3)
Spp = <¥4|¥p> . (4)

The matrix element Tp, is calculated below within a simple one-electron
model, and examined as a function of reactant separation and orienta-
tion. ¥, denotes the one-electron wave function associated with the
electron’s being localized at site 4 in the absence of site B; ¥ is analo-
gously defined. Hy is the difference between the actual electronic Hamil-
tonian of the system and the Hamiltonian for site 4. A detailed descrip-
tion of the model and wave functions is given in Ref. 26. Several elements

are briefly reviewed below.

An oblate-spheroidal square well of constant depth was chosen to
model the single-site potential experienced by the single transferable
electron localized at a molecule such as a porphyrin or quinone. The
potential is illustrated in Figure 1. The plane of the molecule lies in the
zy plane. The potential V is a negative constant, —Vj, inside the well and

zero outside. The single-site Hamiltonian is then (in atomic units)

HA = "‘%‘Vz‘f VA s (5)

Exact (three-dimensional) eigenfunctions were calculated for this
Hemiltonian. Oblate-spheroidal coordinates®® (£7,¢) (Figure 2) were
used to solve the Schroedinger equation. The coordinate ¢ is the angle of

rotation about the z-axis. The wave function ¥(£,7,¢) can be written as
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V(£n)®(p). The Schroedinger equation can then be separated with
respect to ¢ and one obtains c; cos mg + cpsin my for &,,(¢). The
separation constant m depends on the given quantum state of interest.
The function ¥(£,m) is even or odd with respect to reflection in the zy
plane. There are three types of possible nodal surfaces, roughly
corresponding to constant-coordinate surfaces for the three coordinates
¢, n and (exactly) ¢. An £-type nodal surface is radial-like. Wave func-
tions with one n-type node have, by symmetry, the zy plane of the poten-
tial as a nodal surface; i.e., they have m symmetry with respect to the xy-
plane. Higher numbers of n-type nodes are symmetrically placed about
the zy plane. The ¢-type nodal surfaces are planes through the origin,

perpendicular to the molecular zy plane.

When two oblate-spheroidal potential wells are chosen at a given
separation distance and orientation, each with a specific single-site wave
function, the various integrals in Egs. 3 and 4 can be evaluated and Tpy

obtained. Since the total Hamiltonian for the system, Hppr is

HTOTz—é_VZ'*'VA+VB=HA+VB:HB+VA , (6)

one has
Hy=Vp . (7)
Due to the definition of Vg the expressions in eq 3 reduce to
Hpy = —V§ <¥p|¥y>p , Hy = —V§ <¥4|¥4>5, (8)
where the subscript B on the integrals indicates that integration is only
over well B. It was found that in all cases tested T4 was equal to Hpg to

within at least 10% and that the accuracy increased with separation dis-

tance. Accordingly, only values of Hp, are presented in this paper. In
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Appendix A a method is shown for converting Hgg to a two-dimensional
integral which reduces the computation time for Hp, significantly. The
numerical results are the same as those from the direct three-
dimensional integration over well B and were used here. Conceptually, it
is perhaps easier to envision the three-dimensional integral, and for that
reason, the discussion of the results given below is in terms of the three-

dimensional expression.

The states chosen for a given calculation of Hg, are dependent upon
the molecular system being modeled. Since the present article is con-
cerned with electron transfers involving porphyrins and related com-
pounds, the method of selecting the states appropriate to these systems
is discussed. In all cases it is assumed that the transferable electron is
localized on the porphyrin ring and does not have significant density on
any central metal atom. A similar rationale could be applied to other

cyclic aromatics.

The visible spectra of free-base and magnesium-containing porphyrin
exhibit a characteristic set of absorptions, the Q and B bands, the B band
~occurring at higher energies and being much more intense.3® The Q
bands are believed due to the lowest-energy m electronic transitions of
the ring.35 Since little electronic rearrangement of the remaining elec-
trons upon electron transfer is expected, these orbitals will be assumed
to approximate the donor and acceptor orbitals in porphyrin electron

transfers.

In one early theoretical attempt to understand porphyrin spectra the
- electrons were treated as being confined to a one-dimensional 1"ing.36
Within this treatment, the eigenfunctions are of the form exp(+ mg), the

highest occupied pair of orbitals having m = 4; the lowest unoccupied
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pair having m = 5.3 The characteristics of the B and Q bands were
explained as arising from allowed and forbidden transitions, respectively,

between these st.ates.36

Later theoretical work by Gouterman®’ united
the ring model description with a molecular orbital approach in what has

become known as the "Four Orbital Model.”37

The wavefunctions obtained in the molecular orbital approach38 are
real, the HOMO and HOMO-1 resembling cos4¢ and sindg, and the LUMO
and LUMO+1 resembling cosSy and sinS¢. However, all four excited
states generated from single excitations within these orbitals are dipole-
allowed, in disagreement with experiment. Gouterman®’ showed that for
a Dy, system with an accidental degeneracy between the HOMO and
HOMO-1, configuration interaction mixes the z-polarized single excitation
amongst themselves, and the y-polarized excitations amongst them-
selves, yielding an allowed and forbidden transition in each case. Furth-
ermore, the states involved in the forbidden transitions were predicted to
have large average values of angular momentum. The allowed and forbid-
den transitions were identified with the B and Q bands, respectively. For
deviations from D,; symmetry and/or nondegeneracy of the HOMO and
HOMO-1, the Q bands are predicted to gain intensity at the expense of the
B bands. Nevertheless, the Q band states are still qualitatively described
in linear combinations of single excitations among the above four orbi-
tals. Later ab initio calculations®®*? have further supported the general
predictions of the Four Orbital Model as to the shapes of the four orbitals,
their energetic separation from other states, and the basic description of
the Q band states®?. Also, the prediction of large average angular
momentum values in the the Q band states has been borne out experi-

mentally in magnetic circular dichroism and Zeeman experiments43'45.
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(Evidence suggests that the B band states may be more complicated than

the states predicted by the Four Orbital Model 4 )

In this article, states with one n-type node (i.e., m-states) and with
m = 4 or 5 (designated (4,7) and (5,m), respectively) were chosen to quali-
tatively reproduce the four orbital model states. Figures 3 and 4 show
contour plots of (4,m) and (5,7) states. The nodal patterns are qualita-
tively similar to those of the HOMO and LUMO orbitals in ab initio calcu-
lations for porphyrin-like molecules.3%*! Metallo- and free-base porphy-
rins, chlorophylls and bacteriochlorophylls were all treated as having the
same HOMO’s and LUMO’s. In modeling the excited state of a given
molecule, only the excited, transferable electron is considered. The
extent of mixing of the possible single excitations will determine the frac-
tion of mixing of cosSy¢ and sinS¢ in the donor wavefunction. This will
depend on the symmetry, substituents, and the environment of the
molecule. Using the Four Orbital Model and semiempirical46 or
ab initio** Molecular Orbital calculations, the extent of mixing between
the pair of single excitations which make up the Q band could be deter-
mined, thus yielding an approximate description of the given excited
state within the present model.(see Appendix B). However, the results
below are presented for &,,(¢) = cosSy¢ or sinSy to ensure that the orien-
tation effects seen are not peculiar to a specific choice of ¢,,(¢). Any

$,. (¢) can be generated as a linear combination of the above.

To represent the HOMO of a (metallo-) porphyrin anion ¢, = cosSy
or sinSy¢ was again chosemn, on the assumption that the additional electron
is placed in the LUMO of the neutral molecule. ESR data on bac-
teriochlorophylls and bacteriopheophytins indicate that the unpaired

spin density is delocalized over the entire rin,g.47 The spin densities
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Fig. 3a. Contours of ¥ for a (4,7) state for Vo = 19.2227 eV, E =
-0.4000 eV, 2 =524, b =2 A. The heavy line is the well boundary. The
contours are labeled with values of log,g|¥|. Dashed lines indicate
¥ <0 and solid-line contours are for ¥ > 0. Contours of the

wavefunction in the zz-plane are shown.
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wavefunction viewed looking down the +2z axis towards the origin in a

plane 14 above the zy -plane.
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Fig. 4a. Contours of ¥ for a (5,7) state Vy = 23.4040 eV, E = -0.4000
eV,a =54, b =2 A&, The labeling conventions of Fig. 3a were used.

Contours of the wavefunction in the zz-plane are shown.
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towards the origin in a plane 14 above the zy-plane.
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obtained from ab initio*® and semiempirical calculations*” are in reason-
able agreement with experimental results and can be approximately
described as having the extra electron in the LUMO of the neutral

molecule .48

Finally, in modeling the empty orbital in (metallo-) porphyrin cations
$,, (¢) = cosdyp or sindy (4,7) states were selected. Evidence from com-
parisons of MO calculations with ESR measurements on porphyrins sug-
gest that these cations can be described qualitatively by such localized,

single-electron hole descriptions.47

In summary, in the results of the following section Hp, is examined
as a function of orientation for transfer of an electron initially localized in
a (5,m) state transferring to a (5,m) state [(5,m) » (5,7)] and for transfer
of an electron initially localized in a (5,7) orbital transfering to a (4,m)
state, [(5,7) - (4,7)]. The (5,m) - (5,m) transfer can be viewed as "forward
transfer” between a photo-excited molecule and a neutral acceptor. The
(5,m) » (4,m) transfer can be viewed as "back transfer” from a reduced

acceptor to an oxidized donor to yield the ground state species.

The sizes of the potential wells were chosen as follows. The semi-
major axis @ was chosen as 54, an approximate in-plane radius of the
porphine system.49 The semi-minor axis b was chosen as 2&. This b
yields an average thickness of 2.7 A for the spheroidal well 26 (This value
- represents approximately the "thickness” of the electron cloud obtained

40 and allows

from ab initio calculations on a substituted porphyrin.
approach of the "molecular" planes to distances close to those found in
synthetic systems.7’50’51) As in Ref. 26, the trends in the results

presented are not sensitive to the exact values of @ and b.
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FE was chosen to make the decay of Hpy fall in the region of a number
of experimental estimates.®*®® In Ref. 26 it was shown that Hp4(R)
decayed approximately exponentially with increasing separation of the
wells. The calculated decay constant g for In |Hg, |? depends on what
range of distances for Hpy were used, since Hp, is not a pure exponen-
tial. Here, the estimated § were obtained for edge-to-edge separations of
between 10 and 20R since several experimental studies have produced
estimates of B for transfers at these distances.®>%® In general, B
decreases with increasing distance between the wells. Such distances are
appropriate to those estimated in studies of tunneling in glassy matrices.
Furthermore, 8 also depends on the orientation of the wells. The orienta-
tions chosen for estimating g8 were those of Figure 5d (shown below). The
angles ©® =0°,60°, and 90° were chosen as representative, © = 60°
approximately corresponds to the maximum in Hg, as a function of @ for
a given edge-to-edge distance for this class of orientations. We have
chosen E = —0.400eV which, for (5m) - (5,m) transfer, yields B’s of
1.5871,1.48711.387! for ® =0°, 60°, and 90° , respectively, over the
above range of distances. Since ® = 80° corresponds to the maximum in
Hpg, for the class of orientations, its decay should be most important in
determining 8 when averaged over ©. Other orientations may yield
different f’s but they are expected to {all in the range of the above
values. In electron transfer reactions, the region of interest is that near
the intersection of the reactants’ and products’ potential energy sur-

faces,57

i.e., at the transition state for the reaction. In this region the
reactants’ and products’ electronic energies are equal. The donor and
acceptor potential depths are thus adjusted to make the energies equal

to —0.400 eV, for both forward and reverse transfer. The relative angular
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dependence is largely unaffected by the orbital energies used.

. Results.

Results are presented in this section for the set of orientations
depicted in Figure 5. In Figure Sa the zy-planes of the two wells are
assumed parallel and ¢ is the relative translation of the wells' z-axis in
their common z-direction. The orientations in Figure 5b involve a jawing
motion of the porphyrin through the angle a. At o = 0° the zy-planes of
the wells are parallel. The interplane separation at the assumed hinge
point is fixed at the value Az. The orientations described in Figure 5c
involve an edge-to-edge configuration of the wells. The wells are
translated relative to one another along this common z-axis. One well is
then rotated about its z-axis through an angle I'. The parameter d (see
below) is the edge-to-edge distance along the common z-axis. The orien-
tations in Figure 5d involve wells with parallel zy-planes moved through
the swing angle ®. The parameter o is the edge-to-edge separation dis-
tance. Finally, in Figure 5e, the types of orientations used to examine
possible electronic effects in bacterial photosynthetic reaction centers

are showil.

Values of Hp, are plotted in Figures 6 and 7 for the (5,m) - (5,7) and
(5,m) » (4,m) transfer, respectively, between two porphyrins held at fixed
interplane separation distance. The results are presented as a function
of the slippage parameter ¢ defined in Figure 5a. The zy-planes are held
at 4.2 R in Figures 6a and 7a and at 5.4 R in Figures 6b and 7b. These dis-
tances were chosen to model the interplane separations of the com-

pounds of ChaLng.7

Calculations of Hgy for (5,m) - (5,m) and (5,m) -» (4,m) transfers are
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Figs. 5a, 5b. (a) Orientations examined in Figs. 6 and 7. 6 =0
corresponds to superimposed z-axes at a given interplane separa-

tion, Az. (b) Orientations examined in Fig. 8.
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Figs. 5¢c, 5d. (¢) End-on view of the mutual orientations of the zy-
planes of the two wells for which results are presented in Fig. 9. The
value I' = 0° corresponds to the z-axes of the wells being parallel. (d)
Orientations examined in Figs. 10 and 11. The z-axes of the wells and
lie in the plane of the figure in all geometries. @ = 0° corresponds to
the z-axes of i_.he wells lying along the same line. o is the edge-to-

edge separation-distance.
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Figs. 5e. (e) Coordinate system used to describe the results
presented in Figs. 12 and 13. The z-axes of the wells are in the plane

of the figure. R is the center-to-center separation distance.
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Fig. 6. Matrix element Hg, as a function of the slippage parameter ¢
defined in Fig. 5a at two fixed interplane separations for (5,m) -+ (5,m)
transfer. For the donor and acceptor statesa =54, b =24, E =
-0.4000 eV, and Vo= 23.4040 eV. The solid line indicates
d,.(p)=cosmyp in each well; the dashed line indicates
ém(p) = sinmy in each well: (a) interplane spacing = 4.2 4. (b)
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transfer. For the donor and acceptor statesa =54,b =2 &, and E
= -0.4000 eV. For the donor, V, = 23.4040 eV. For the acceptor, Vp =
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Fig. 8. Matrix element Hp, as a function of the jawing angle a
defined in Fig. 5b between the two porphyrin planes. For a = 0, the
interplane spacing is 5.4 &: (a) (5,m) -» (5,n) transfer. For both
states, @ =5 &, b =2 &, E = -0.4000 eV, and V, = 23.4040 eV. (b)
(5,m) - (4,1 transfer. For both states,a =52%, b =2 R and E =
-0.4000 eV. For the donor V, = 23.4040 eV. For the acceptor Vo =
19.2227 eV.
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presented in Figure 8 as functions of the jawing angle a between the por-
phyrin planes (Figure 5b).
In Figure 9 Hp, is presented as a function of I' at three different d's

for the orientations shown in Figure 5c.

Values of Hpyg calculated for the orientations of Figure 5d are
presented in Figures 10 and 11. Hg, is shown in Figure 10 as a function of
® for (5,m) » (5,m) transfer for three different edge-to-edge separations.

Analogous results for (5,m) - (4,7) transfer are shown in Figure 11.

The class of orientations considered in Figure Se is pertinent to the
relative orientation of the special pair dimer and the Bechl & monomer, as
presented in the recent reaction center crystal structure of
Rhodopseudomonas viridis $ m modeling electron transfer between
these centers it is assumed that the excited transferable electron is delo-
calized over a linear combination of the LUMO’s of the lwo molecules
which constitute the dimer. (In fact, its initial identification was based
upon measurements indicating this delocalization.l) Since each Bchl &
monomer is closely associated with only one of the two molecules in the
dimer, it was assumed for simplicity that Hg4 need only be calculated
between the closest member of the dimer and the Bchl 6.

Hps as a function of A, with A=A is shown in Figure 12 for both
(5,m) » (5,m) and (5,m) » (4,7) transfer. The experimental data indicate
there is a 70° angle between donor and acceptor ring planes. The experi-
mental orientation is approximated here by setting A = A = 70°. In Figure

13 A is held fixed at 70° and A is varied from 30° to 80°.

IV. Discussion.

The results of the previous section are considered here in the order
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presented there.

In Figures 6 and 7 it is seen that the results are generally similar at

the two interplane separations. For the (5,m) » (5,7) transfer in Figure 6
the maximum in |Hg,| occurs at 6 = 08 with secondary maxima near
6=22R and 4&. The (S,ﬁ) - (4,m) results in Figure 7 show a zero for
|Hgs| at 6 = 0 & and local maxima near 6 = 1 & and 3.5 4. The difference
between forward and back transfer near 6 = 0 A is purely an orbital
shape effect, due to orthogonality of the &,,(¢) functions for m = 4 and
m = 5 in the face-to-face configuration. When the z axes of each well lie
along a common line, the product ®,(¢4)®s(¢z) vanishes by symmetry
when integrated over ¢4. (Note, the integration is over well 4 in this case
since back transfer occurs from B to A.) This large difference in forward
and reverse matrix elements is very orientation-dependent: Comparing
Figures 6 and 7 it is seen the forward and back transfer Hg,'s become of

comparable magnitude for 6>34.

Experimental work on such face-to-face porphyrins appears to
indicate® 10 fast, light-driven forward electron transfer (<6 ps) with slow
back transfer to yield ground state products (~1 ns). It has been sug-
gested that the back transfer is slow due to an avoided crossing of the

electronic surfaces10

or because of the large driving force and small
activation energy of the process, i.e., the "inverted effect”.%” The results
of Figures 6 and 7 indicate that an orbital orientation effect can also con-

tribute to the difference in rates in this configuration.

In Figures 6 and 7 the z- and y-axes of the two wells are parallel. The
orientations are inappropriate to discuss the results of Overfield
et. ol 1112 Instead, one should consider orientations with the wells in a

face-to-face orientation with one of the wells rotated 180° about a line in
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the zy-plane which bisects the angle between the +z and +y axes. Here,
the z-axes of the wells are antiparallel, while the z(y) axis of well 4 is
parallel to the y(z) axis of well B. With &,,(¢) = cos m¢ in each well,
both the (5,m) » (5,7) and (5,m) - (4,7) cases would yield zeros for Hg, at
5 =04&. (Calculations are not shown.) This feature is again an orbital
shape effect peculiar to the 6 = 0 8 orientation and results from the
orthogonality of the &,,(¢)’s since in the rotated configuration for 6 = 0 R
wp =n/2 — ¢y, so that cos 5 ¢pp = sin 5S¢y, which is itself orthogonal to

COS D¢y .

In order for this result to be applicable to the results of Overfield
et al.,“’lz the actual excited donor orbital must be orthogonal to the
acceptor orbital in this rotated configuration. If both the excited state of
the donor and the acceptor state can be approximately described as the
same single configuration states, a slow forward rate would be expected
due to an electronic orientation effect. The high intensity of the Q bands
in the spectra of Ref. 11 leads one to expect a largely single configuration
excited state on the basis of the Four Orbital Model.%"

The results given for the dependence of Hp, on the jawing angle a for
face-to-face porphyrins (Figure 8) show a dramatic dependence on jawing
angle. For the (5,7) » (5,m) and (5,m) » (4,7) transfers it is seen that only
for values of a less than 20° are ithe forward and back transfer Hpgy
significantly different.

In the results of Figure 9, which considered an edge-to-edge orienta-
tion, it is seen that the shape of the Hg, vs T plot is relatively unaffected
by an increase in separation distance although Hp, itsell rapidly

decreases.
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In the calculations presented in Figures 10 and 11 Hpy is examined at
fixed edge-to-edge separations as a function of the angle ®. The plots for
both the (5,m) -» (5,nm) and (5,7) » (4,7) transfers exhibit several zeros and
maxima between @ = 0° and ® = 90°. At ® = 0° the forward transfer Hp,
shows a relative maximum while the back transfer Hg, is zero, the expla-
nation being that given for the 6 = 0 results of Figures 5 and 6. The orbi-
tal shape effect responsible for the difference in forward and back
transfer Hpy's for a face-to-face orientation (@ = 0°) is not operative in
the edge-to-edge configuration (@ = 90°). The results illustrate the sensi-
tivity of Hp, not only to the states involved in the transfer but also to the
molecular orientation. The change in relative size of the several maxima
in Figures 10 and 11 as a function of separation distance can be qualita-
tively understood on the basis of orbital shape arguments similar to those

given earlier 26

The orientations examined in Figures 12 and 13 are of interest to dis-
cussions of forward and reverse electron transfer in bacterial photosys-
tems. For the approximate experimental geometry6 (A=A="70° the
back transfer matrix element, in fact, is somewhat larger than that for
forward transfer. Figure 13 indicates that no appreciable lowering of Hpy
for back transfer relative to that for forward transfer can be obtained by
the rocking motion examined there. The present model therefore finds
no indication of electronic effects which would control electron transfer
between the initial donor and the nearest Bchl monomer b in bacterial

photosynthesis.

Other factors may then be responsible for the control of the relative
forward and reverse rates in this photosynthetic system as discussed ear-

lier, for instance the inverted effect.%” These back-electron transfers are



- 149 -

excellent candidates for such effects, due to the expected low reorganiza-

tion energiesv'10 and the high driving forces. It is also possible that the

initial acceptor is instead a Bph rather than the adjacent Bchlb, in which
case the orientations of these compounds should be considered, possibly

19,20,58-60

via a superexchange mechanism, with the intermediate Bchlb .

In general, the present results exhibit several maxima and zeros in
Hpg, as a function of the variation of a given orientational parameter. To
the extent that the m-orbitals of the actual systems have shapes similar
to the model wavefunctions used here, and to the extent that many-
electron effects can be neglected, qualitative agreement with the present
results can be expected. However, deviations of the actual positions of

the maxima would not be unexpected.

We have noted that the present one-electron model predicts a large
difference in forward and back transfer Hps's in the face-to-face
configuration. It is useful to inquire how model-dependent this is. In Dy
porphyrins the HOMO and LUMO are predicted to belong to different
irreducible representation of the molecular point group%"a‘O'41 and thus
will be orthogonal in the face-to-face configuration nol only for the
present wavefunctions but also for more detailed ones. If the actual
many-electron potential can be approximated as reasonably smooth one
would expect that back transfer would be predicted to be slow using
these more detailed wavefunctions. Deviations from Dy symmetry do
not appear to affect the general shape of the HOMO or LUMO orbitals in

ab initio calculations,ﬁg'41

so it is reasonable to expect that this particu-
lar prediction for the face-to-face configuration is not highly model-

dependent.

The medium between two reactants is sometimes ordered and
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sometimes disordered. What has not been investigated in the present
paper is the detailed effect of such environments on modifying, in a
superexchange mechanism, the broad picture of the relative orientation
effects described in this paper. The general effects are expected to con-
tinue, nevertheless. Clearly, experimental results when they become
available will be particularly helpful in defining the practical utility of the

present model and its predictions.
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Appendix A: Evaluation of Hgs as a Surface Integral.

A simplified method for evaluating Hp, is presented here, based on a

61

method introduced by Bardeen. The method is applicable to all

geometries of non-overlapping wells.
In the present model the main contribution to the thermal matrix

element for electron transfer, Hgp,, may be written as a volume integral

over well B. That is,

Hpy =V [ ¥4 ¥5dr (A1)
wellB

where dT signifies a three-dimensional integral. In well B, V€ ¥5 equals
(E—T) ¥z where T is the one-electron kinetic energy operator. (We
write E rather than Ep, since we consider E4 = Ep, as noted in the text.
The method described in this Appendix is inapplicable unless the orbital

energies E4 and Ep are equal.) Then eq (A1) becomes

Hga= [ Y4 (E-T)¥5dr (A2)
well B
Since
VYR (E-T)¥,=0 (A3)

anywhere outside well 4, the Lh.s. of Eq. A3 can be integrated over well B
and subtracted from the integral of Eq. A2 without changing the value of
Hp,. We thus obtain

Hpg=— [ (Y5 T ¥, —¥, T¥5)dr . (A4)
well B

The latter can be rewritten as eq A5,

Hpg=— [ V- (¥5V¥%, —¥, V¥z)dr . (A5)

wellB
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Application of the divergence theorem® transforms this volume
integral to a surface integral which may be evaluated on any surface that
does not enclose well A. For analytical results, the choice of a plane
between the centers of the wells proved particularly convenient.®® For
numerical calculations, we have found it convenient to choose the surface

as the boundary of well B. With this choice, Hg4 becomes

Hgy = - S n-(Vav¥, —¥, viS)dr , (A6)

surface of well B

where n is a unit vector normal to the surface of well B. Thus, the only
part of (¥5 V¥, — ¥, V¥5) which needs to be calculated is the deriva-

tive normal to the surface; i.e.,
n- (YpV¥, —¥,V¥g5)=Vg(0¥,/0E5) — ¥, (8¥5/0¢5) (A7)

In Eq. A7, ép denotes the coordinate £ of the oblate spheroidal coordi-
nate system (£,7m,¢) which has its origin at the center of well B. The nor-
mal derivative 8¥5/0¢5 can be calculated directly from the derivative
with respect to £ of individual oblate spheroidal radial functions® &, (¢),
centered at well B. (¥3 is an n-dependent sum of such functions.) The
derivative d¥,/ 8¢y was calculated using a two-point central difference
approximation to the derivative. In the several cases tested, it was found
that A¢ = 0.001 yielded at least three-place agreement with the three-
dimensional integration for Hp,. The computation time for the two-
dimensional integral (Eq. A6) was a factor of six to ten times less than

that for the three-dimensional one.
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Appendix B: Application to Multiconfiguration Excited States

We here assume that in electron transfers involving porphyrin
excited states the first excited singlet state is adequately described by
the Four Orbital Model.” For concreteness the z-polarized transitions
are considered. In representing the present wavefunctions all doubly
occupied molecular orbitals are neglected and assumed to be unaffected
by the presence or absence of the transferable electron. Furthermore,
the £ and n dependant parts of the wavefunctions will not be considered
explicitly. The functions corresponding to primitive single excitations

polarized in the z direction are
V¥, = cosdyp cosdy, , VY5 =sindy,sinSey . (B1)

In general the two electron wavefunction should be antisymmetric under
particle exhange. However, antisymmetrization will be neglected in what
follows for notational simplicity, the results are not affected by this.
Each of the above functions neglect two-electron interaction terms. One
can include such terms approximately by allowing for configuration
interaction. Within the Four Orbital Model®’ it is assumed that only the
above two primitive excitations contribute significantly to the lowest
excited singlet state. The secular equation which then determines the

multi-configuration excited state is

By, Hyllo] _ . 16

[Hm EZ] icz| = F |ca) (B2)
E, and E, are the energies of the primitive excitation functions of Eq. B1.
Hiys (= Hp, ) is a two-electron interaction term. The solutions of this

equation are linear combinations of ¥; and ¥, which are then taken to

model the z-polarized Q and B bands of the porphyrin. In the preéent
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model F; = F3 so the states obtained lead to C; = + C3 but in examining
asymmetric systems the spectra indicate that £y # E5 in general.46 The
mixing coefficients could be taken from semiempirical46 or ab initio*®
calculations while still using ibl and ¥, to model the electronic wavefunc-
tions. In what follows it is assumed for simplicity that C; = —=C5 but this

is not necessary.

The thermal matrix element, Hp, is

Hps = < Ygonor | Vacceptor H’acceptor >. (B3)

It is assumed that ¥4, is the wavefunction corresponding to the Q

branch; i.e.,

Vaonor = \/1.—2(0054@4 cosby, — sindg, sindyy). (B4)

Substituting into eq B3 Hgy becomes

1 : :
Hpy = _\/72‘<COS4‘PA cosby, — sindpy sindey | Vacceptor | \Pacceptor >(B5)

Since the wavefunctions here are two-electron wavefunctions Vgcceptor
is of the form Vg(1) + V5(2). It will be shown below, however, that only
the one-electron functions computed in the text are required. In choosing
VYacceptor it is assumed that the electronic state on the acceptor can be
represented by a single configuration, say cos4gp. Then the possible

Vocceptor States are (again neglecting all doubly occupied orbitals)

_ Jcosdgpy cosdyp

Yacceptor = sindp4 cosSyy (B6)

When < sinSg, | cosSpp > =0, as is the case for all orientations in the

present article, Hgq becomes

Hpy = _\}—é—< cosdpy cosBey | Vacceptor | COSdpy cosbpg > (B7)
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This reduces to 1/ V2 times the individual one-electron elements calcu-

lated in the text, upon neglect of terms of order S=.
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Chapter 5

Orientation Effects on Electron Transfer Rates:

A Semiclassical Approximation for Spherical States
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I. Introduction

The effect of separation distance on the rate of thermal electron
transfer has been of recent interest, particularly for reactants which are

held in fixed positions,l’za

as, for instance, in some biological electron
transfers.® Orientation effects are also expected to be of importance.*
We have recently described a simple model for estimating orientation
effects:® Each reactant was treated as a spheroidal or spherical well of
constant (negative) depth with a zero potential outside each well. The
electronic matrix element for electron transfer was calculated using the
one-electron wavefunctions located at each site. The depth of the wells
was chosen to yield a distance dependence of the matrix element similar

to experimental estimates. 58 (Current experimental evidence is indirect

but indicates an exponential decay of rate with distance.)

Comparison of the spherical and spheroidal results in Ref. 5 revealed
two contributions to the orientation effects, namely, an orbital effect and
a geometrical shape effect. The first occurs in both the spherical and
spheroidal results, while the second, of course, contributes only in the

spheroidal case.

- In the present chapter WKB and uniform semiclassical approxima-
tions to the radial wavefunctions for the spherical well states are used
and the results are compared with exact results for eigenvalues,
wavefunction dependence on distance, and electron transfer matrix ele-
ments. The usefulness of the semiclassical methods are several: 1) their
ability to treat problems having potentials which do not admit solutions
in closed form, 2) the shorter computational time required, and 3) the

greater transparency of the results.

Also, in the present chapter a faster method for calculation of Hpy is
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tested which evaluates the matrix element as a two-dimensional integral
using a steepest descents method. The overall savings in computational

time is about a factor of sixty over the previously used method.

. Theory

a) Tp4 and Exact Wavefunctions

Within nonadiabatic theories of electron transferg’10 the rate of
transfer of an electron from site 4 to site B is proportional to the square

of the absolute value of the electron transfer matrix element, TBA,Q’w

Tpa = (Hpa = SapHu)/ (1 = |Sap1?) . (1)
where for eigenfunctions of the individual single-site Hamiltonians

HBA =de ‘;’BgVB‘I’A . HAA =fd7' ‘I’A.VB‘I’A i
' ()
SAB-:de‘I'A"I’B s

¥, is the wavefunction for an electron localized at site A in the absence
of site B, ¥p is defined analogously, and Vz is the potential associated
with site B (defined below). The integrals are over all space. In all cases

in which Tg4 and Hps were calculated® it was found that
Tps = Hpy (3)

within an accuracy of betler than 10%. Consequently, only Hps is com-

puted here.

The single-site wavefunctions satisfy a single-particle Schrodinger

equation
L
— — P 4
£ 5 Ve+ V)V = EY (4)

where m is the electronic mass and
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V= 0, T >7‘0 3 (5)

0 is the well boundary for the relevant site; i.e., 7o equals 74 for site 4.
A standard solution of Egs. (4)-(5) is given in Ref. 11 and yields wavefunc-

tions of the form

Y(r.0,9) = A ji(Br) P(0)d,(p), T<7q B=[2E-V)]* (6a)

¥(r,8,9) = B ky(ar)P(8)®,(¢), T>7o a=[-2E%, (6b)

where energies and lengths are in atomic units (i.e., i = m = 1). These
units will be used throughout. I and m are the total angular momentum
of the electron and the z component of the angular momentum, respec-
tively; P/™(6), 71(Br), and k; (ar) are an associated Legendre polynomial, a
spherical Bessel function of the first kind, and a modified spherical Bessel
function of the second kind,12 respectively. &,, is any linear combination
of sin my and cos m%y. These wavefunctions can be used in Eq. (2) to cal-
culate Hp,. Note, the integration over all space reduces to an integral

over well B due to the form of the potential (cf. Eq. (58)).

The functions j;(Br) and k;(ar), while readily computed, are mul-
titerm sums for 1>0. They are not easily visualized and complicate any
approximate analytical expression due to the contribution of several
terms in the sums. This led us to explore the use of WKEB, uniform semi-

classical, and asymptotic expressions for the radial portion of ¥(r,6,¢)
b) WKB Eigenvalues and Normalization

The potential for radial motion for a typical set of [, m, E, and V
values is shown in Fig. 1. Due to the form of V this potential is discon-

tinuous at r = 7y, the outer turning point for classical radial motion. The
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Fig. 1. Radial potential energy as a function of r. The potential
parameters were 1 =5, V;,=18.0313 eV, and 7= 3.91448 R. The discon-

tinuity at r is due to the square-well potential used.
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WKB approximation13 to the inner radial function (r < 7g) is first con-
sidered.

The region r <71y is subdivided into two regions, O0<r <7, and
T< =< T <71 where 7s the inner classical turning point for radial motion.
The WKB expressions for ¥, ; (i.e., the inner radial wavefunction) that
exist in each region are given by Egs. (7) and (8), with p? defined by Eq.
(9).

YME = Texp(- f pilar) /VTRT) (0sT<rd . ()
M= B 51n(fp,dr+—)/(r\/_}) (re<r=<rmy) . (8)

where
=[2(E + V) — (I + B2/ r3% | (9)

The replacement of !(I+1) in the standard radial equation by (¢ + %)? is
the usual Langer modification.'* The outer WKB wave function (r>7() is

similarly obtained and is given by Eq. (10) with p? defined by Eq. (11).

V5B = G exp (- [ pRar)/(r~/p0) (r >7o) . (10)
pP=[RE+(l + Q¥ (r>71y) . (11)

Quantization is accomplished by matching the inner and outer loga-
rithmic derivatives of the wavefunction at 7y, as in the case of the exact
wavefunction. The results using inner and outer WKE wavefunctions for
various ., m, and V are given in Table I together with results from exact
calculations. The results are generally good, the largest error being 11%

for the L =5 eigenvalue of the smallest well size examined.
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In the present article we are primarily concerned with obtaining esti-
mates of Hpy. If one is only interested in relative values of Hp4 at various
distances or orientations for a given pair of states it is not necessary to
calculate the normalization constant, it being only a multiplicative factor.
However, for comparison of values of Hp, for different pairs of states, the
normalization constant is required. Therefore, an expression for it is
presented below. It is assumed that the angular part of the wavefunction
(P™(6)9%,,(v)) is normalized to unity and the normalization constant for

the radial portion of the wavefunction is obtained.

The ratio of G/ B; (cf. Egs. (8), (10)) is fixed by the requirement of

continuity of the wavefunction at the well boundary. B is obtained by set-

ting f r2 | %,Y%8 |2dr equal to unity, thereby yielding Eq. (12).
0

B2 d y 3
1==2—[ 82 - _ 2 __cosi2 ptdr

2 7, P} T ] |
(12)
Y2l +1

e [L + B+ (2E)r§ + (L + %2
4Eor01 ro(—2E)%

exp[—2(—2Erg + (I + ¥)?)%] .

L

The B? terms arise from a standard approximate evaluation of the
integral for r < T0.15,16 The C? term is a steepest descents value of the
integral from 7y to «, where the exponent of the exponential part was
approximated using the first two terms of its Taylor’s expansion about 7.
The outer portion of Eq. (12) (the C? term) was tested using numerical
quadrature to evaluate the radial integral outside the well. For high {
states the expression for the outer portion of the normalization integral
was reasonably accurate (< 10% error) but for low ! states the errors

increased. Nevertheless, since the outer contribution to the total
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normalization constant is small, the errors in normalization constant
were < 10% for a variety of states using the above analytic expression.
For the comparisons of wavefunction decay and Hp, given below, how-
ever, the normalization constant was obtained using numerical quadra-

ture for the outer portion of the normalization integral.

At 7, the primitive semiclassical wavefunction is undefined, since
pl = 0. Near 7 there will be errors in the semiclassical wavefunction due
to this singularity. To improve the accuracy of the semiclassical eigen-
values, a more accurate representation for the inner wavefunction is

required.
c¢) Uniform Semiclassical Approximation to the Inner Radial Function

To avoid the singularities inherent at the classical turning points a
uniform semiclassical wavefunction was inlroduced. Standard methods
were followed.'®1718 Thig being a one turning point problem, the Airy
function, 4%, was used as a comparison function. Within this approxima-
tion one obtains

[
Usc —

Pl 8
go=2f 1 ptlar Ailg—[lpﬁldr /TR (O=T <r)

(13)
[ ! [ 2

™ . e - . |3 :
Usec - _g_fprz dr Ai_l_g_fp; dr| /(r~pd) (re <T <719).
T< T¢

T,

Since for 7 > ry there are no classical turning points for the outer
radial motion the outer radial function can again be approximated using
Egs. (10) and (11). Quantization proceeds as before. Energy eigenvalues

calculated using the uniform semiclassical inner radial function are com-
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pared with the exact values in Table I. The agreement is excellent, gen-

erally being less than 1% error.

One could normalize the radial wavefunction numerically, or using an
approximate analytical scheme such as steepest descents, but we have
used another method which makes use of the accuracy of the semiclassi-
cal wavefunctions and the analytic normalization integrals for the exact

radial wavefunctions.

For large r, the uniform semiclassical radial wavefunction can be
written (using the first term in the asymptotic expansion for the Airy

function'®) as
USC o, : E % Voltr — 25 B} 14
T r (E + Vo)x ( 0) T 5 4 (14)

The asymptotic form of 7; (87) when 8 = (E + V)% is!®

sin

: 1 : lm _m
o1 + Py = BB T 15
Ji(Br) Bt VP sini(E' + Vo) > Z‘] (15)
Therefore, at large  the relation between ¢,%s¢ and j; is
(£ + Vo)t |
PiC = % 7 (Br) . (186)

Since the uniform approximation to j; is a good one at all r the fac-
tor in Eq. (16) then relates ¥,”s€ in Eq. (13) to j; at all . Similarly, one
finds that the WKB expression for the outer function is related to the
exact function by

15 = (=B ke (ar) (17

Introducing these two relations into f |%,Y5€|% r3dr = 1 one obtains
0

_ BYE + Vo)*
B m

1 [i2(Brir?dr + (~EYAC? [ kP (ar)ridr (18)
0 To
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TABLE I: Energies® for Various States

Vo(eV), 7, (R) l Exact® WKB? usee TWKB?
40, 3.91448 5 -21.48 -21.61 -21.47 -21.48
8 -29.62 -29.73 -29.63 -29.62
1 -35.70 -35.77 -35.71 -35.70
R0, 3.91448 5 -2.85 -3.01 -2.86 -2.85
3 -10.32 -10.42 -10.33 -10.32
1 -15.96 -16.03 -15.97 -15.96
40, 3.0 5 -10.15 -10.42 -10.17 -10.15
3 -23.20 -23.38 -23.22 -23.20
1 -33.01 -33.12 -33.03 -33.01
70, 2.0 5 -5.20 -5.82 -5.25 -5.22
3 -33.33 -33.73 -33.37 -33.33
1 -54.69 -54.94 -54.74 -54.69

a) All energies in eV's.
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where

€ =y 41y (19)

If one assumes
T3 o)/ ¥ EB(ro) = (E + Vo)kj, (Bro)/ (mh(—E Yk, (aro)), (R0)
then Eq. (18) reduces to

S(E + Vo)k[ 52
1= Bz'ro( S o) iiiziiizﬁ’\‘ol_](aro)kul(a"‘o) = Ji-1(Bro)ji+1(Bro)|(R1)

thus normalizing the radial function. (Eq. (21) was obtained using the
exact expressions for the radial normalization integrals for spherical
Bessel functions and modified spherical Bessel functions.? ) The above
(Eq.(R1)) assumes the proportionality of the semiclassical and exact func-
tions over the entire range of . While this is not exact it is an excellent
approximation due to the accuracy of the uniform semiclassical inner

radial function and the WXE outer function.

To illustrate the accuracy of these calculations, the exact and
approximate outer radial wavefunctions are compared in Table II as func-
tions of distance for a state having L =5. For applications to molecules of
biological interest the states of most interest have (I,m) = (5,4) and
(6,5): These states are 7-like and approximate, within the present spheri-
cal model], the HOMO and LUMO of the porphine-type molecules, as deter-
mined in ab initio electronic structure calculations.®?! Even though
both the USC and the WKB results use primitive semiclassical outer
wavefunctions, we compare both to the exact results to illustrate the
effects of error in quantization and normalization. For the USC results it
is apparent that the outer semiclassical function reproduces the exact

one quite accurately. The normalization employed for the USC
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wavefunctions is also quite accurate. The principal error in the WKEB
result is caused by an error in quantization. The incorrect energy eigen-
value in the WKB case leads to a faster decay rate than the exact results.
Still, the agreement is quite reasonable over several orders of magnitude
and the functions are certainly accurate enough for many applications

(see below).

For comparison, the asymptotic expansion for &;(ar) using the first
two terms is also included in Table II. The value of the function was nor-
malized by equating it to the exact function at the boundary. At large
distances it will decay at the same rate as the exact function, but at the

distances of interest here it is clearly inaccurate.
d) Improved WKB Wavefunction (/WKE)

Rather than using a uniform semiclassical approximation to the inner
radial function, one could instead use the exact inner function and retain
the outer WKE function due to its great accuracy. It will be shown below
that one only need know the outer radial wavefunction of either site to
obtain Hp, in most cases of interest and one would therefore need only

the exact inner function for quantization.

Quantization proceeds as before; the inner and outer logarithmic
derivatives are matched at the well boundary to obtain the spherical
eigenvalues. These values are given in Table | and are the same as the

exact values to four places.

-

To normalize the IWKB wavefunction one again sets frzhb,]zd'r
0

equal to unity, where now ¥,; = B ji(fr). C/B; is obtained from con-

tinuity of the wavefunction at 7,. The inner portion of the integral can be
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TABLE II. Exact and Approximate Outer Radial Functions® for L = 5

r ExactP WKB® uscd Jegsve
5 1.2(-2)f 1.2(-2 1.2%—2 2.2(-2
7 1.2(-3 1.1(-3 1.1(-3 3.9(-3
9 1.6(-4 1.5(-4 1.6(-4 8.3(-4
11 3.0(-5 2.5(-5 3.0(-5 2.0(-4
13 8.2(-6 5.0(-6 6.1(-6 4.9(-5
15 1.4(-6 1.1(-6 1.4(-6 1.3(-5

a) Vo= 18.0313eV 7o = 3.91448%, r is the radial distance from the well
center. The value of the outer wavefunction in each case is the radial
function multipled by the appropriate normalization constant.

b) Eppact = —1.1525eV
C) EWKB = —1.3142eV
d) EUSC = —1.1642eV

e) k2% is the first two terms in the asymptotic series for ks(ar). The
value was set by equating k2% and the exact function at r,.

f) The numbers in parentheses are the powers of ten by which each entry
should be multiplied.
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done ana’dy’cically.z0 The outer portion can be evaluated analytically by
taking advantage of the accuracy of the outer WKE wavefunction as was

done in the previous section.
II. Calculation of Hpy

Use of the inner and outer semiclassical wavefunction results in a
conceptually simpler radial wavefunction. A further simplification can be

made in the evaluation of Hg, using an approach due to Bardeen.??

The volume integral for Hp, is converted to a surface integral over
the surface of well B by application of the divergence theorem. Further,
since the potential is zero outside each well, this surface can be extended
to include any region enclosing well B which does not also enclose well 4,
as long as the energies of the quantum states in each well are equal (cf.
Refs. 5,22). These energies are equal at the intersection of the pair of
nuclear potential energy curves for reactants and products appearing in

theories of electron transfer reactions.23

The surface chosen for the surface integral evaluation is a closed
hemispherical surface which encloses well 5. The radius of the hemi-
sphere is allowed to approach infinity. The planar portion of the hemi-
sphere is chosen perpendicular to the line connecting the centers of wells
B and A. For equal well sizes and the same state in each well it is con-
venient to have the plane bisect the line of centers, but this is not neces-
sary. When the states in the two wells are different, this surface may still
be used but is no more convenient than any other due to the lack of sym-
metry. When the radius of the hemisphere approaches infinity only the
planar portion of the surface integral contributes to Hp, and one

obtains®
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oo an [ »
- —ﬁz 6‘PB _ . 6\1',4
Hpn = G [ b0 [ doc ¥y 5= ¥ H : (22)

where (b, a, z ) denote cylindrical coordinates, z being the coordinate

normal to the planar portion of the hemisphere.

Up to this point the procedure has been exact. Therefore, one could
evaluate Eq.(22) numerically and obtain the same value as the 3D volume
integral, i.e., Eq. (2) for Hp,. There would be a considerable savings in
doing this. As a rule of thumb one expects 10-15 integration points per
dimension for integrations of this type. However, in Eq. (22) there are
four function evaluations per point, as opposed to two per point in Eq. (2),
yielding a savings of a factor of between five and eight. However, we have
also explored the use of approximate integration techniques to obtain
simpler, more compact, expressions for Hp,. These turn out to be

significantly faster than direct numerical evaluation.

To evaluate the double integral in Eq. (22) it is convenient to use the

method of steepest descents.?*

The integrand in Eq. (22), including the
(=76 /2m) factor, is of the form ¢(b,a) exp[—y(b,a)], where the
exponential parts of the various wavefunctions and of their z-derivatives
have been written as exp(—y) and where the pre-exponential part is

denoted by ¢. Eq. (22) can then be rewritten as

o 27
HBA =ff€_F(b’a) dodb (23)
00
where
F(b,a)=7(b,a) —In p(b,a) . (R4)

When F(b,a) is expanded quadratically about its minimum at (bg,00) one

obtains upon integration



=177 =

2me T o)

Hpy =

= (?5)
IbeFaa _sza i%

where Fy, denotes the second derivative of F with respect to & evaluated

at (bg,ap), etc. When there is more than one minimum in F in the plane

one obtains

Hpy = év:l Hpy(b},a8) | (6)
N being the number of minima of F in the plane and Hpg,(b},af) being
the contribution to Hgs from the i¥ minimum. For a highly symmetric
case such as the ® = 90° orientation, there are four minima, all of which
contribute equally, thus Eq. (26) becomes

Bre ~F{bo,ap)

Hpy =
IbeFaa —sza l%

(7)

where all quantities are evaluated at (bg, ap ). These points, where F is a
local minimum in the plane, are calculated as follows. The minimum in F
as a function of & was calculated for several values of a in the region
(0,2m) using Newton’s method.?® The values were then fitted with a spline
function and the minimum of this function with respect to a found. This
point was identified with the minimum in /. The second derivatives at
the minimum were calculated using a three-point finite difference
scheme. In the case of ® = 0 (defined later), the a-integral in Eq. (22) can

be evaluated analytically. One can then write Eq. (22) as
Hpy = [e7®®) db =~ (2n/ |Gy | exp[-G(6)] (0=0°)  (28)
(o}

where the steepest descents method was used to obtain the r.h.s. of Eq.

(28).
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IV. Results for Hp, and Discussion

In calculations of Hp, the coordinate system shown in Fig. 2 is used
to specify the relative orientation of the two wells. For all calculations
herein the z-axes and the zy-planes of the two wells are each parallel and
the l's are equal for the states in each well, as are the m’'s. Results are
given for the ® = 0° (face-to-face) and ©® = 90° (edge-to-edge) orienta-
tions. The present approximate method of evaluation of Hgs is most

easily applied for these orientations because of symmetry.

Results for Hpy for the ® = 0° orientation are presented in Table III
and were obtained using a one-dimensional search for the minimum of G
in Eq. (28). The exact and approximate results are seen to be in excellent
agreement in the /WKE and USC cases. Similar accuracy is obtained for
other values of l,7g, and F. The WKB results si'low good agreement and
are in error by at most 40% in absolute value over several orders of mag-

nitude variation in Hpy,.

Results for Hpy for the ® = 90° orientation are presented in Table IV.
They were obtained using a two-dimensional search for the minimum in
F, F(by,0p). The agreement of the exact results for Hgs with the IWKB
and USC results is excellent, typically better than 10% for a variety of
values of I ,E, and 7y. This error is most likely due to small errors in the
steepest descents evaluation of the angular portion of the surface
integral. Again, the WKB results show good distance dependence and

acceptable agreement in absolute magnitude for the present application.

The errors in relative values of Hpy for two distances or orientations
for a given pair of states using the WKB wavefunctions are due primarily

to errors in the semiclassical eigenvalue. (The normalization constant
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Fig. 2. Coordinate system used to specify the mutual orientation of
wells A and B. The z axes of the wells are assumed parallel and lie in
the plane of the figure. ® = 0° corresponds to the z axes of the wells

lying along the same line.
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will cancel when calculating relative values and the error from steepest
descents integration is, at most, ~10%.) However, this is less than 20%
over the entire range for the results of Tables (III) and (IV). (At 10 & the
exact Hpy (© = 90°)/ Hpy (® = 0°) is 14.3, the semiclassical value is 15.3.
At 25 &, the exact value is 41.1, the semiclassical value is 48.7.) Overall,
the WKB results are quite accurate. Errors will be larger, however, for
small 7o (< 2.0 &) or larger (1) values at fixed 7. (We have examined up to
I = 6 and found good agreement.) Neither case is of interest for biologi-
cal systems. In general, calculations were performed by choosing a value
of £ which yields a given approximate decay for Hp, with distance.
Therefore, the outer semiclassical wavefunction (WKB, USC, or IWKRE)

will have the same decay as the exact.

For fixed energy, distance, and I, it can be seen that the values of
Hps ( and therefore Tpy) are quite different in the two orientations. The
slopes of Hp, versus separation distance are also somewhat different.
The difference in behavior of Hpy at the two orientations is due to the
difference in the angular functions P* (8) in the region of greatest over-
lap of the two wavefunctions, and was discussed in Ref. 5. In general, one
expects maxima and minima in Hpgs(6) to correlate with maxima and
minima in P/{64) and P[™(6pg).

Not only is the two-dimensional approximate evaluation of Hg, using
WKB outer radial functions quite accurate, its evaluation is significantly
faster than the three-dimensional exact calculation preformed previ-
ously. The exact calculations take from 10 to 12 CPU minutes per orien-
tation on a VAX 11/780. The approximate results take ~15 CPU seconds.
Possible approximate extensions of the present methods to the angular

and radial oblate spheroidal wavefunctions appropriate to spheroidal
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TABLE III. Hg4 as a Function of Distance? for =0°

R Exact WKB USC IWKB
10 7.0(-4)P e.aé-z; 8.7(-4 6.8(-4
15 2.2(-6 1.8(-8 2.2(-8 2.2(-8
20 2.0(-8 1.4é-a 1.9(-8 2.0£—8
25 3.0(-10) 1.8(-10) 2.9(-10) 3.0(-10)

a) For each well the state considered has I =5 m =4, r, = 3.914483,
and Vy = 18.0313eV.

b) The number in parentheses is the power of ten by which the entry
should be multiplied.
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TABLE IV. Hp, as a Function of Distance® for ® = 90°

R Exact WKB Usc IWKB
10 -9.9(-3)P -9.8(-3 -9.8(-3 -9.9(-3
15 -4.5(-5 -4.0(-5 -4.6(-5 4.7(-5
20 -5.8(-7 -4.7(-7 -6.0(-7 6.1(-7
25 -1.2(-8 -8.7(-9 -1.3(-8 -1.3(-8

a) For each well the state considered has 1 =5, m =4, r, = 3.914484,
and V, = 18.0313eV.

b) The number in parentheses is the power of ten by which each entry
should be multiplied.
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molecular shapes is being investigated.

V. Conclusions

A simple and relatively accurate approximate method is given for
evaluating Hp, for states of spherical wells. The results agree with exact
calculations for the ® = 0° and 90° orientations over a wide range of dis-
tances. There is no significant loss of accuracy in using WKB outer radial
wavefunctions. The inner function requires a uniform semiclassical
approximation to be accurately represented inside the well. The two-
dimensional integration yields a significant reduction in computation
time which would be useful for cases where Hpg, is needed for large

numbers of orientations.
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Chapter 6

A Semiclassical Model for Orientation Effects in Electron Transfer

Using Oblate-Spheroidal Wells
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I. Introduction

Increased understanding of biological redox systems has led to the
need for detailed information regarding the effects of mutual orientation
and separation distance on the rate of electron transfer. The nonspheri-
cal structure of many biological redox components, e.g., hemes, chloro-
phyll @ and &, quinones, etc., leads one to expect that the mutual orien-

tation of redox partners can significantly affect rates of electron transfer.

Examples include cytochrome ¢ as well as various photosynthetic
reaction centers. It will be recalled that cytochrome c is a complex in
which a heme lies in a crevice created by a surrounding protein and is
bonded to the protein by thioether bridges.3 It is believed that electron
transfers to and from the heme occur predominantly near the opening of

the crevice to the solution.

Photosynthetic electron transport in plants and green algae is driven
by light-activated electron transfer initiated at two photosystems (I and
II).‘1 The primary charge separation in photosystem II is believed to occur
between an excited chlorophyll and a ground state pheophytin, perhaps
mediated by another intervening chlorophyll.5 Recent linear dichroism
measurements® suggest that these components are held at fixed mutual
orientations and separations, thus raising the question of whether these
orientations and distances play a role in controlling relative rates of

transfer.

The recent crystal structure determination of the reaction center in
the bacterial photosystem Rhodopseudomonas viridis" reveals the rela-
tive orientations of a host of components involved in bacterial photosyn-
thetic charge transport. The need to understand relative rates, both

within the initial charge transier step,8 and between the wvarious
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cytochromes and the initial electron donor,” raises the question of the

possible role played by the orientation of the components as a means of

controlling rates.

Several previous studies have been aimed at qualitatively assessing
orientational effects in certain simplified models.!° Recently, Siders,
et al.! have developed a one-electron model for examining orientation
effects in large, delocalized aromatic systems, and have applied it to
several systems of current experimental interest.? The basis of the
model is the calculation of single-site, one-electron wavefunctions of
oblate-spheroidal wells of constant potential. These wavefunctions are
then used to calculate the electron-transfer matrix element, the predom-
inant distance-dependent quantity in theories of nonadiabatic electron

transfer.

In the present paper two simple approximations to this model are
examined. The approximate model is both computationally much faster
and conceptually simpler. It will be seen to yield accurate results for
Hpg,, within the original model. The paper is organized as follows. The
exact model and the form of the electron transfer matrix element are
outlined in Sec. II. The exact wavefunctions for the original model® are
described in Sec. III and the two additional approximations introduced in
this paper are discussed in Sec. IV. The results for the wavefunction and
the electron transfer matrix element are compared and discussed in Sec.

V, with concluding remarks made in Sec. VI.

II. The Theoretical Model

The present model! is intended to describe electron transfer between

two fixed sites, A and B. In the zeroth-order problem A and B do not
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interact and only the transferable electron is considered explicitly; i.e.,
each electronic wavefunction is a one-electron wavefunction. The state
localized at site A is labeled ¥4; the state localized at site B is labeled ¥5.
The model has been designed to assess orientational effects at various
distances in electron transfer between large aromatic systems and it is
assumed that the transferable electron is delocalized over the aromatic
ring system.

Each isolated site is modeled as an oblate spheroid of constant nega-
tive potential inside the well and zero potential outside the well. Thus, in
oblate spheroidal coordinates!! (£7,¢) the potential is given by Eq. (1)
and is depicted in Fig. 1.

Vo, E<§=2b/d
V=lo s e -‘ &
The molecule is assumed to lie in the zy-plane of the potential. o (see
Fig. 1) is chosen as an approximate in-plane radius of the molecule. b is
chosen to yield a reasonable thickness for the electronic orbital of the
molecule. The usual Cartesian coordinates are defined in terms of these

coordinates by

z=Y%d [(1+8)(1-1)cos ¢, y =% d [(1+EH (10 Esing,  (2)

z =Ydén ,
whered =2Va? - b? 0<f<wo, —1<p=<1, 0<6<2m

The single-site one-electron Schrodinger equation may now be writ-

ten as

(VB+ k3 ¥=0 (3)



NS

Fig. 1. Potential well for a single site. There is cylindrical symmetry

about the z axis.
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em(E + Vo)/ W =kf; £< &

2 _
e E/MP=kf ; E> & (4a)

A choice of V, yields a specific value of the orbital energy £ upon quanti-
zation. The value of E (and hence of V) is chosen so as to give a fall-off of

the rate with distance which is consistent with presently available data.

The rate of nonadiabatic electron transfer between two such fixed

states 4 » B may be written aeledd

k=252 (FC) , (5)

where (F.C.) is a Franck-Condon sum, discussed in detail elsewhere,
e.g., Refs. 14-16. Tp4 is the electronic matrix element which in the

present model may be written as
Tps = (Hpy — SapHua)/ (1 — |5451%) (6)
where

Hpp= [¥B* VE¥A dr Hy = [¥4° VB4 dr (7)

Sup= ¥ ¥ dr .

V8 is the potential of the transferable electron for the isolated site B.
Tps is the primary distance and orientation dependent quantity in Eq.
(5). In Ref. 1 it was found that 7p4 and Hp, agree to within 10% at con-
tact and the agreement increased with separation distance. Since Tgy
requires considerably more computational time, only Hps is calculated

here.

The present semiclassical model was developed to obtain approxi-

mate expressions for ¥4 and ¥¥ and thereby to significantly simplify the
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evaluation of Hps. To facilitate the description of the semiclassical

method, the calculation of the exact wavefunction is outlined first.

III. The Exact Single-Well Eigenfunctions

In the oblate spheroidal coordinate system Eq. (3) is separable so

that
Yo (61,9) = Ry () Spun (1) 1 (90) (8)
The resulting separated equations for £ < &g (inside the well) are

d?9,,
d(pz

+m?,, =0 (9a)

o dS: L 2 . :
‘5?—{(1—772) d:;n} + { n2kZ — 17:72 + A:nn} Stn = 0 (9b)

d dRrinnl d? 2,2, m? i i -
E{(“fz’ T ]+{4 el +_2_A”‘"}R””‘_O' )

1+&

The superscript % indicates a function appropriate to the inner potential
region, m and A, are separation constants. &,(y¢) is equal to
A sinmg + B cosmg and since $,, must be single valued, m is an integer.
The index n orders the eigenvalues A,,, in order of increasing value and
is chosen to have the possible values n=m, m+1, m+2,... This choice is
convenient since in the spherical limit, where a tends to b, the eigen-
function given in Eq. (10) below is dominated by a single ¥,,, term with
n —m =1, 1l being the angular momentum quantum number of the parti-
cle for the spherical case.!! For £> ¢ Eq (3) can be separated in an
identical manner, and all the ¢’s are then replaced by o’s to denote prop-

erties outside the well.
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Since the method is primarily designed to assess orientation effects
between delocalized m-systems, only states with no £é-type nodes, and one
7n-type node will be considered. These states are odd with respect to
reflection in the zy-plane and are labelled (m,m), i.e., a n-like state with
azimuthal quantum number m. (A more complete description of the

states is given in Refs. 1 and 2.)

The quantization condition (i.e., continuity of the wavefunction and
its normal derivative at the well boundary) requires that the exact solu-
tion be written as a linear combination of the separated solutions,1 that
is,

q’:;z,n(érn»qo) = Am,n

T

‘Pﬁz.n(f,ﬂy(ﬁ) = Am,n Z_:oc;iq'frm; E>£0

Ocﬁl‘l’ﬁmi ¢<¢y

8 np™Ms

(10)

\

where n =2r + m + 1 and 4,, , is the normalization constant. Quantiza-
tion is accomplished by iterating the energy E' until ¥,, , and its deriva-

tive are continuous at the boundary £ = &;.

IV. Approximate Single-Well Eigenfunctions

In obtaining approximate single-well functions for use in calculating
Hps, two approximations are made: 1) The sums in Eq. (10) are each
truncated at a single term, one inside, one outside the well, and 2) Each
R, and S,,, is evaluated semiclassically rather than as a sum of known
special functions. V1117 The first assumption was prompted by two obser-
vations: (a) In the spherical limit the inner and outer wavefunctions are
each represented by a single mn term. (For the case of n-like states this

single term has n =m + 1.) Since an oblate spheroid can be viewed as a
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"flattened sphere" it is reasonable that the approximation of using one
term in the sum will be adequate when the eccentricity is not too high.
(b) Empirically, we noted in our numerical calculations that both inside
and outside the potential well it is common for a single Gt and a single C?

to dominate the other coefficients for the states considered.

In view of assumption (1) above, the total wavefunction may be writ-

ten as

Amﬂc'rin+lq'}‘n..m + 1(€.'fl,¢); E= &

Y = A nCns1¥mom + 1(E0.0); E> & B4

Because of this approximation the quantization conditions can only be

approximately satisfied at the well boundary:

Crt1¥ima1 = Grar ¥ (12a)
: v} oy,
Gr+1 __'l‘afl. le=go =~ Gn+1 —’gf—ﬂ—h::go : (12b)

To satisfy Eq. (12a) both sides were squared and then integrated over
n at £ = &, thereby averaging over the boundary. Taking the square root,

and following the same procedure for Eq. (12b) yields

Ol s B0 o (B = G 1B 1 (Eo) (13)
Chia 2 RE g () = Oy BY o (B0) (14)
m+1d$ m,m+1 EO - def m,m+1 EO’

when S,,, and ¢,, are each normalized to unity. This procedure deter-
mines the approximate single site wavefunction to within a normalizaton

constant, for any method of calculating the individual %, and S,,,’s.

A serniclaséical approximation was used next to simplify the evalua-

tion of the R, and S,,,. In previous applications,l'2 the individual K,
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and Sy, were evaluated through series expansions in spherical Bessel

functions and associated Legendre polynomials,11’17

a time-consuming
method, particularly for high eccentricities. In the present study, uni-
form semiclassical approximations or primitive semiclassical approxima-
tions were obtained to the individual R,,,'s and S,,,’s and are seen to be

quite accurate. Previous uniform semiclassical approximations to

spheroidal wavefunctions have been described by Sink and Eu. =

It will be recalled that in a uniform semiclassical approximation a
known function, the comparison function, is introduced together with a
variable, the "mapping variable,” related to the independent variable of
the original differential equation. The approximate oblate-spheroidal
functions will be considered in the following order: S%y, Stn, Ron, Rin.
The S, (n) of interest here can be approximated using a uniform
approximation with the associated Legendre function as the comparison
function (ci. Ref. 18 and Appendix A ). For all n,m > 0 there will be two
turning points for classical motion. The separation constant A, is
obtained using semiclassical quantization procedures.

The differential equation satisfied by S, (n) is Eq. (9b), with &2 > 0,
since (E—V)> 0. Transforming the S}, to remove first derivatives by
introducing'®'®  U,..(n) = Si.(m)-(1 -n®% and wusing the Bethe

modification, i.e., substituting m? for m?—1 one obtains

d? [}‘mn+ci2n2 mz ]
—Upn + - Upn (M) =0, (15)
dn? ) (1-13) (1-n?)? ] il

2.2

d“k
where cf= 4‘ . When cf is zero, the numerator of the term in brackets

placed over a common denominator (1 — %)%, is quadratic in 7, with two

zeros. For ciz;fO, this numerator is quartic and for large enough ciz has



~ 197 -

four real zeros. This trend is seen by plotting the negative of the term
enclosed in brackets in Eq. (15) as a function of n for various positive

2 increases, the term in brackets

values of c? . In Fig. 2 it is seen that as ¢
changes from having two zeros to having four zeros. In the two-turning
point case a treatment exactly analogous to that for S2, (n) yields accu-

rate results.!® (At a given c?

, as . increases, the four-turning point prob-
lemn goes over to a two-turning point problem.) However, for the states of
interest in the present paper the bracketed term in Eq. (15) typically has
four turning points, and thus an alternative method for obtaining Si,,

was needed.

In principle, a four-turning point problem can be treated with a com-
parison function which itself has four turning points, but such problems
are typically as complicated as that for Sp,(n) itself. Accordingly,
results for two single-well problems were used. For a double-well prob-
lem, with the two wells separated by an infinite barrier, the eigenvalues
occur in pairs and the eigenfunctions are symmetric and antisymmetric
combinations of the one-well functions.®® For the finite but large barriers
examined here, a similar idea is exploited to obtain approximate St ’s.
Single-well potentials were devised for the portion of the wavefunction
localized to the left and the right of n = 0. Linear combinations of the two
approximate single-well eigenfunctions were then taken to yield approxi-

mate St (7).

The effective single-well momentum for the portion of the wavefunc-

tion localized in —1 < n < 0 is chosen to be (Fig. 3)

f 2 Amn +CEN?
PIZ(TJ) = m _ AmnTCN

(1?7 (1= , —1<n<0 (16a)

Pi(n) =[m® = App 1, O<n<mn (18b)
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Fig. 2. The S}, eflective potential as a function of 7 for three

different values of V,. The other parameters used in all 3 plots are a

=53, b=28 m=5n=6and E =-28¢€V. corresponds to
V,=26.3022 eV and A}s = 0.3807. — — corresponds to Vp = 12.00 eV
and Al = 30.80. — -+ — corresponds to V, = 3.00 eV and Ay =

42.02.



199

T 1 T
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7

Fig. 3. The S}, effective single well potential for the state localized
between -1 < 7 < 0 as a function of . The parameters used area =5

B, b=m2A m=5mn=6FE =-28¢eV, and V, = 26.3022 eV.
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[ 2 Amn +c21?
PRn) = | B - fmn5 0 |
(1-n%2  (1-79)
where 7; is the point in (0 < n < 1), where PZ(n) = P#(n). The single-well

n<n<1, (16c)

momentum for the portion of the wavefunction localized between
0 <m <1 is simply the reflection of the potential depicted in Fig. 3 about
m = 0. Each of these effective single-well momentums yields a two-
turning point problem and may be solved using a uniform approximation
with a two-turning point comparison equation. The harmonic oscillator
equation is chosen as the latter®! which involves mapping —1 <7 <1 onto
—o <z <o, The mapping would yield poor results near n = —1, or 1,
except that S¥,, is rapidly approaching zero at those points for the states

of interest in this article.

The single-well comparison function is the harmonic oscillator func-

tion which is the solution of

d2
—z+ fz(:z:) ¢N(x):O: (17)
where
2 m
f3=z) = ;_;—L(N +1/ R = 52, N =01, (18)

The choice of N is determined by the type of state to be modeled. The
number of nodes for the function Sp,(n) (excluding n = +1) is n—-m.
Similarly, the number of nodes in the comparison function gy(z) equals
N. Since pairs of gy are combined, one member from each well, one can
obtain Sy, m+1 states by taking the antisymmetric combination of two
N = 0 functions, i.e., the antisymmetric combination of ground-state har-
monic oscillator-like functions. S,,,, states can be obtained by taking

the symmetric combination of the gy(z) solutions in each well. Similar
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reasoning shows that for S,,, states for which n > m+1, where there are
still four turning-points, linear combinations of gy with N = 1,2, etc. will

be required.

Various authors have examined semiclassical approximations to
spheroidal radial functions R,,m(g).ls’lg’zz The function K%, (&) outside

the potential well satisfies the differential equation

i_[(1 + &) e ¥ [dz EkE — Ao + T RO =0 . (19)

d de | |4 1+€2

The substitution W, (£) = R (£)(1 + £)% removes the first derivative

and leads to an effective potential which, for ¢ > &, has no zeros. A WKB

3

approximationz is then used to obtain

£
exp(—{pgdé) '

Bin®) = Gy G (20)
where
[(c2 + A€ + 1) = (m? - 1)
p? = 002_
(£ + 1)?
and
] o _ d2k02
© 4

The inner radial functions Fg, (&) also satisfy Eq. (19), but with the
substitution of © for o throughout. For choices of parameters appropri-
ate to modeling large macrocyclic systems, it was found that there were
no turning points for £ < £;. The tendency towards an absence of turning

points increased with increasing d, increasing Icz-z, and with decreasing n.

When there are no turning points in the region of interest, as was
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always the case for the states studied, a primitive semiclassical approxi-

mation can also be used with no divergences. One obtains for B},

¢
sin( [ pedt + )
(€ + 1)% (p)¥

24 % V(g2 — (2 —
where p?(¢) = ¢ — (e + Amn) (€% + 1) = (m® — 1)] and B is a phase fac-

(& +1)?

tor chosen to yield the correct phase for the semiclassical R%,. To

Rip =

(1)

satisfy the m-like symmetry of the states studied here the radial

wavefunction must vanish at £ = 0, and so 8 must be equal to zero.

V. RESULTS AND DISCUSSION

In this section the exact and approximate results are compared and
discussed for a number of states of interest. Thé physical significance of
these (m,n) states was discussed earlier.!® In particular, (4,m) states are
considered to model the HOMO of porphyrin derivatives and (5,7) states

are considered to model the LUMO in such molecules.

The present section contains a discussion of the single-term
wavefunction; the quantities SZ,, A%n, Stin Abn, B, EL, calculated
from the semiclassical approximations are then compared with those cal-
culated from the exact series expansions in Tables I to V. The exact and
approximate energy quantizations are next compared in Table VI, and the

t1,2

approximate and exac electronic matrix element Hp, are compared in

Table VII and Figs. 5, 6, and 8.

The largest difference between the exact and the present approxi-
mate wavefunctions occurs near the well boundary &€ = £, This is due to

the inaccuracy of the single-term approximation to the exact wavefunc-
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tion (Eq. 10). For & close to § the magnitude of the R%,’s increases
rapidly with n. Also for 7 near +1 the S%,(n)'s for n > m + 1 are larger
than Sy, m+1(n) . Thus, even though G5, ., dominates the other expansion
coeflicients, the products CiR%,(£)Shn(n) (for n > m + 1) are of com-
parable magnitude to the product G 41Rp m+1(E)Sh m+1(m), for & close
to &, and 7 close to 1 or -1. These terms then contribute to the exact
wavefunction and so the approximate wavefunction is inaccurate in these
regions. However, as & increases all the B9, (§)'s approach R, (£) and
the terms for n > m + 1 become unimportant for all . The results for
Hp, given below indicate that this occurs quickly enough for the single-

term approximation to be useful.

A comparison of exact and approximate results for the Sp,’'s and
Apn's for the two states used in the present Hp, calculations is given in

Table I. The agreement for the S;,,,’s is generally better than 1%.

In Table II, exact and approximate S},’s are compared for the above
two states. The agreement is again good, the largest error being less
than 1%. The approximate A%,’s are somewhat inaccurate. The AL, ’s are
determined from the semiclassical single-well quantization. At the lowest
level of semiclassical approximation, A}, for n =m and n = m+1 are
equal. This is not true of the exact results since the barrier between the
wells is finite. The splitting of the pairs of A, can be obtained in several
ways (including a standard semiclassical one). We have simply used the
two single-well functions as basis functions and solved the two-by-two
matrix equation obtained from Eq. (15). The A’s obtained in this way are
shown in Table III. The calculated splitting is in good agreement with the
splitting of the exact A's. The absolute values of both of the approximate

N's are larger than the exact by essentially a constant amount. Neither
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TABLE 1. Outer Sy, (n) for Various i

n=6m=5 n =5, m = 4b
i Sermiclassical® Exact Semiclassical® Exact
9 9.83(1)4 9.83(1 1.93(1 1.92(1
.8 4.71(R 4,70(2 6.81(1 6.79(1
7 1.06(3 1.06(3 1.30(2 1.30(R
.6 1.71(3 1.71(3 1.89(2 1.89(2
B R.24(3 2.24(3 2.31(2 23142
4 2.48(3 2.48(3 2.44(2 2.44(2
3 2.36(3 2.36(3 2.23(2 2.23(2
b 1.8423 1.8453% 1.’?052 1.70E2§
al 1.01(3 1.01(3 9.21(1 9.21(1

a) For both exact and semiclassical cases, £ = -2.8 eV, V, = 26.3022¢V,
a =58, b = 28, ASE = 44.95, AS§ = 45.17.

b) For both exact and semiclassical cases, E = -2.8 eV, V, = 22.1985¢V,
e =54, & =2A, NE=33.86 At = 54.87.

c) The semiclassical function was normalized to the exact function at

m = 0.4. This was done for comparison purposes only and is not
required for the calculations presented here.

d) The numbers in parentheses are the powers of ten by which each entry
should be multiplied.
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TABLE II. Inner Sy, (n) for Various n

n =6, m =52 n =5 m =4°
n sce Exact Sce Exact
9 8.03(3)4 8.03(3 1.28(3 1.28(3
.8 1.78(4 1.78(4 2.15(3 2.16%3
7 1.94(4 1.94(4 2.07(3 2.07(3
.6 1.60(4 1.60(4 1.58(3 1.59(3
.5 1.13(4 1.14(4 1.08(3 1.08(3
4 7.35(3 7.36(3 6.81(2 6.84(2
3 4.44(3 4.45(3 4.06(2 4.08(3
R 2.45(3 2.46(3 2.2322 2.25£2
1 1.08(3 1.09(3 9.79(1 9.88(1

-2.8eV, V, = 26.3022¢V,

a) For both exact and semiclassical cases, F
a =548, b =28, A& = —. 1111, AS§ = .4718.

b) For both exact and semiclassical cases, £ = -2.8eV, V, = 22.1985¢€V,
a =5RK, b =28, AfZ = —9.371, AfE = —8.790.

c) The semiclassical functions were normalized to the exact functions at

7 = 0.60. This was done for comparison purposes only and is not
required for the calculations presented here.

d) The numbers in parentheses are the powers of ten by which each entry
should be multiplied.
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m = 58 m = 4P
Ay Exact Semiclassical Xy Exact Semiclassical
Ass -.293 .381 Ay -9.49 -8.85
As6 -.111 062 A5 <8.37 -8.73

a) E, Vy, a, and b are as for the m=5, n=86 state of Table II.
b) E, Vo, and b are as for the m=4, n=5 state of Table II.
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the semiclassical Sy, or R, are seriously affected by this error in A,,.
For R}, the appropriate AL, obtained from the splitting calculation is

used.

The exact and semiclassical outer radial functions are compared in
Table IV for sample values of k2, m, and d of interest here. For com-
parison purposes, the functions are equated at the smallest £ . The
agreement is excellent over the entire region of interest. Similar accu-
racy is obtained for other states. The respective A2, values used in the
calculations of Rp,’'s for Table IV were from exact and semiclassical

methods, respectively.

The exact and semiclassical K}, ’s for the case of no inner turning
point are compared in Table V. The agreement is again quite good and

similar accuracy can be expected for other states.

Using the above semiclassical approximations to the individual R,
and S,,,, together with the single term approximation, the energy values
can be calculated using Eq. (12)-(14) for given values of the potential and
for various states. The exact and approximate quantization results are
compared in Table VI. There is a fairly large error in the calculated orbi-
tal energy which could be anticipated from the observed contribution of
several terms to the total wavefunctions near the well boundary. Accu-
rate quantization for a given value of the potential is not necessary but is
examined for completeness: the general procedure for calculations of
Hpg, (both approximate and exact) is to choose a value for £ which yields
the desired decay of Hps with distance by adjusting V. Also shown in
Table VI are the values of V, appropriate to equal energies for the exact
and approximale methods. It should be stressed that the error in the

semiclassical energy quantization is not due to the use of semiclassical
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TABLE IV. OQuter Ry, £) for Various ¢

n=6m=>5 n =5m =4
£ Semiclassical® Exact Sermniclassical® Exact
1.0 3.47(-2)4 - 3.47(-2 1.44(-2 1.44(-2
2.0 2.03(-4 2.05§-4 1.12(-4 1.13(-4
3.0 1.86(-6 1.88(-6 1.20(-6 1.21(-8
4.0 2.19(-8 2.21(-8 1.55(-8 1.57(-8
2.0 2.97(-10 3.00(-10 2.23(-10 2.87(-10
6.0 4.38(-12 4.43(-12 3.44(-12 3.50(-12
7.0 6.83(-14 6.90(-14 0.53(-14 5.63(-14
8.0 1.11(-16 1.12(-16 9.18(-16 0.35(-16
a) For both the exact and semiclassical cases, E = -2.8eV,
Vo= 26.3022eV, @ = 54, b = 2R, ASF = 44.95, 5§ = 45.17.
b) For both the exact and semiclassical cases, £ = -2.8eV, V, =

22.1985€V, @ = 58, b = 24, AfZ = 33.36, AJ§ = 33.67.

c) The semiclassical function was normalized to the exact function at
£ =1.0. This was done for comparison purposes only and is not
required for the calculations presented here.

d) The numbers in parentheses are the powers of ten by which each entry
should be multiplied.
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TABLE V. Inner Ry, () for Various &

n =6 m=5®% n =5 m =4b
£ Semiclassical® Exact Semiclassical® Exact
.05 3.24(-2)4 3.18(-2 3.38(-2 3.35(-2
.10 6.25(-2 6.14(-2 6.51(-2 6.48(-2
15 8.80(-2 8.68(-2 9.19(-2 9.16(-2
.20 1.07(-1 1.06(-1 1.12(-1 1.12(-1
.25 1,18(-1 1.18(-1 1.24(-1 1.24(-1
.30 1.20(-1 1.20(~1 1.27(-1 1.87{-1
.35 1.13(-1 1.13(-1 1.20(-1 1.20(-1
.40 9.59(-2 9.73(-2 1.04(-1 1.04(-1
45 7.13(-2 7.31(-2 8.02(-2 7.99(-2
.50 4.08(-2 4.29(-2 9.00(-2 4.93(-2
a) For both the exact and semiclassical cases, E = -2.8 €V,
Vo= 26.3022eV, a = 58, b = 28, AfF = —.111, A% = .562.

b) For both the exact and semiclassical cases, E = -2.8eV,

Vo= 22.1985eV, @ = 58, b = 24, AfF = —9.37, AJS = —8.73.

c) The semiclassical function was normalized to the exact function at
£ = .30. This was done for purposes of comparison only and is not
required for the present claculations.

d) The number in parenthesis is the power of ten by which the entry
should be multiplied.
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TABLE VI. Comparison of Exact and Semiclassical Energies

n=6,m=>5 n=5m=5%

Exact SC(E)® Sc(v)© Exact SC(E)P SC(v)e

Vo 26.30224 25.53.16 26.3022 22.1985 21.4993 22.1985
E -2.8 -2.8 -3.4647 -2.8 -2.8 -3.3934

a) For both the exact and semiclassical cases a = 5& b =23,

b) SC(E) denotes a semiclassical state with the energy equal to that of
the given state of interest.

c) SC(V) denotes a semiclassical state with potential equal to that of the
given exact state of interest

d) All energies are in eV.
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Ky and Sy, but is due to the single-term expansion of the wavefunction.
It will be shown below, however, that these single-term functions are still

accurate enough to yield reasonable results for H BA-

To describe the orientation of the two wells the coordinate system
shown in Fig. 4 is used. Unless otherwise specified, the zy planes of both
wells are chosen to be parallel and the centers of each well are held at a
given separation distance K. ® = 0° (see Fig. 4) corresponds to a "face-

to-face' configuration and ® = 90° to an "edge-to-edge" one.

The exact and approximate Hp, is presented as a function of dis-
tance for transfer between two (4,m) states, for the ® = 0° and ©® = 90°
orientations in Table VII. The agreement is seen to be quite good. The
deviation at small R, especially in the ® = 0° orientation is due to the
contribution of other states in the exact state sum over R, S;,, as noted
previously (cf. Eq. (10)). It is clear that this conlribution from other n-
states is only serious at very small #. For comparison, results using
spherical wells of similar volume and energy are also given in Table VIL
They are seen to be significantly less accurate than the present approxi-

mation to the spheroidal problem, particularly at ® = 0°.

In Fig. 5 exact and approximate results for (5,7) states are compared
at constant edge-to-edge distance for various @'s. It is seen that as the
edge-to-edge distance increases from O to 4R, the accuracy of the
present approximate calculation increases. The agreement is quite good
for an edge-to-edge distance of 48, and for larger separation the agree-

ment remains good.

In Fig. 6 Hp,'s for the same set of orientations for transfer between
(5,m) and (4,m) states are given. Calculations similar to those in Figs. 5

and 6 have been used previously to model electron transfer orientation
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= X (A)

Fig. 4. Coordinate system used to specify the mutual orientation of
well A and well B. The z axes of the wells are parallel and lie in the
plane of the figure in all geometries. ® = 0° corresponds to the 2z

axes of the wells being superimposed.
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TABLE VII. Exact and Approximate Hp, for a pair of (4,7) States as a funec-
tion of distance at ® = 0° and ® = 90°.

@ (degrees) RA) HE® HEP Hiphere ¢

0° 10 3.8 (-4)d 3.0(-4 7.0(-4
15 R.0 -6% 1.8(-6 2.2(-6
20 2.2(-8 2.1(-8 2.0(-8
25 3.8(-10) 3.7(-10) 3.0(-10)

90° 10 -4.1(-2 -5.8(-2 -9.95-3
15 -1.3(-4 -1.5(-4 -4.5(-5
20 -1.5(-6 -1.7(-6 -5.8(-7
25 -3.0(-8 -3.4(-8 -1.2(-8

a) For each (4,m) slate E = —1.1525€V, V,

17.35297eV, o = 4.853,

b = 2.554.
b) For eacz}; (4,m) state E = —1.1525eV, V, = 17.54121eV, a = 4.85%,
b = 2.55A.

c) For each (4,m) spherical state FE = —1.1525eV, V, = 18.0313€V,
r = 3.9154.

d) The number on parentheses to the power of ten by which each entry
should be multiplied.



Hpy (mev)

© (degrees)

Fig. 5. The matrix element Hps as a function of ® at several fixed
edge-to-edge separations for (5,m) => (5,n) transfer. For the donor
and acceptor states o = 5 R, b =2k E = -28 V. ——
corresponds to the exact calculations where V, = 26.302 eV. ——
corresponds to the semiclassical calculations where ¥, = 25.532 eV.
(a) Edge-to-edge separation of 0 8. (b) Edge-to-edge separation of
2 8. (c) Edge-to-edge separation of 4 A.
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Hga (meV)

(b)

Hgp (meV)

Haa (ueV)

© (degrees)
Fig. 6. The matrix element Hp, as a function of © at several fixed

edge-to-edge separations for (5,n) => (4,n) transfer. For the donor
and acceptlor stalesa =5 R b=2 R, E =-28B¢€V. For the exact cal-
culations (— —) the donor V, is 26.302 eV and the acceptor V, is
22.199 eV. For the semiclassical calculations (

) the donor Vjis
25.532 eV and the acceptor Vyis 21.499 eV. (a) Edge-to-edge separa-
tion of 0 &. (b) Edge-to-edge separation of 2 &. (c) Edge-to-edge

separation of 4 &.
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dependence between two porphyrins. Again, at all distances the approxi-
mate results for the HéA's show similar behavior to the exact ones and by

4R edge-to-edge separation the agreement has become excellent.

Results for a different class of orientations (cf. Fig. 7) are given in
Fig. 8. For these results, the wells are held at a given F, in the edge-to-
edge (® = 90°) orientation, but the zy-planes are twisted about the line of
centers through an angle 7 relative to each other. Again, the agreement

is quite good at all distances.

There are several advantages of the present approximation over the
exact method developed in Ref. 1: 1) The present method is significantly
easier to implement. In the exact method the individual F,,,’s and Sy, ’s
were constructed as sums of known special functions. Each sum was then
checked for convergence at every value of the argument for which the
function was evaluated. Moreover, the total wavefunction was itself (in
principle) an infinite sum which must be checked for convergence at each
evaluation. In the present method each R,,, and S,,, is evaluated as sin-
gle term, with convergence needed only for the respective integrals
involved in the semiclassical expressions. The problem of convergence of
a sum thus disappears. 2) The current method is substantially faster
computationally. For each geometry in Figs. 5-7, the current method
treating Hp, as a three-dimensional volume integral required ~ 10 min
CPU time (VAX 11-780) while the exact method required ~ 50 times
longer. (A method of reducing computation time for the exact method is
given in Ref. 2. It could be applied under further approximations to the
present wavefunctions. Its accuracy has not been examined). 3) The
accuracy of thg present method supports the simple conceptual model

previously introduced!® to understand the orientation dependence of
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Fig. 7. Coordinate system used to specify the mutual orientation of
the wells for the calculations presented in Fig. 8. The z-axes of the
wells lie in the plane of the figure and for 7 = 0° the z-axes are

antiparallel and lie along the same line.
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ko) : E

HgpImeV)

Hgaluev)

Hga(nev)

=75

-150

© (degrees)
Fig. 8. The matrix element Hgs as a function of I' at several fixed

edge-to-edge separations for (5,m) => (5,m) transfer. For the donor
and acceptor statesa =5 R b=2 R, E =-1.867€eV. For the exact

calculations (— —) the donor and acceptor V,is 25.191 eV. For the

semiclassical calculations ( ) the donor and acceptor Vj is
24.438 eV. (a) Edge-to-edge separation of 0 &. (b) Edge-to-edge

separation of 5 8. (c) Edge-to-edge separation of 10 4.
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Hp,. Previously, this simple conceptual model has been understood by
analogy with results from the use of spherical wells, where the inner and
outer wavefunctions are each single terms. The sphercidal functions
were envisioned to be continuously distorted spherical functions. Here,
the assumption is explicitly made in treating the inner and outer ¥'s as
single-term functions. The accuracy of these results therefore supports

this model.

VI. CONCLUSION

A semiclassical method of calculating the electron transfer matrix
element Hp, has been formulated. It was shown to yield good agreement
with results in which the exact solution of the Schrodinger equation for
the same model potential was used. This semiclassical method also has
much greater computational efficiency. In any future applications of the
model of Ref. 1 to the calculation of mutual orientation and separation

distance effects, use of the semiclassical method should be appropriate.
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Appendix A: Uniform Semiclassical Analysis

The general method for obtaining uniform semiclassical approxima-
tions to the solutions of homogeneous second-order differential equations
is discussed by a number of authors.®*>?® The present treatment follows
the method of Miller and Good®® and is similar to the treatment
presented earlier by Sink and Eu'® with certain modifications. The outer
S;n are examined for illustrative purposes and similar considerations

yield the other semiclassical functions used.

The differential equation satisfied by S%.(n) is Eq. (Sb) with the
replacement of £? by k2 (kZ < 0). It is convenient to convert this equa-
tion to a purely second-order differential equation by the substitution

SS9, = U2,/ (1 = n?¥%, yielding

d? >
7t Pqg

Ul Al
I e (A1)

where

A t02d%k2/ 4 (mP=1)
(1-7%) (1-n®)?R

Il

pE (A2)

For states with m > 1, p,? will have two zeros for 7 in the interval (-1,1).
Since a primitive semiclassical approximation for U2, will fail at and
near these zeros, a uniform approximation is required there.

In the limit d - 0 the S2, (n) reduce to associated Legendre func-
tions A", with I = n — m, thus P[™ will be used as a comparison function
when d # O.18 A new independent variable v is used, and setting

P ) = Vi / (1-R3)% the associated Legendre equation becomes

i%ﬂof
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where
2 _L{l+1) _ (mP-1)
= ~ , A4
Py =52 T (1R (A4)
which serves as the "comparison equation” for Eq. (A2).
Following standard procedures,25 one then writes
Upn (V) = T(0) Ve (v(m)) (A5)
with 7(n) = (dv/ dn) 4
Equation (A5) is then substituted into Eq. (A2) to obtain
dv 2
.- 2 "
p”[dn +ps+T/T=0, (A8B)

where the primes denote derivatives. Under the assumption that 7/ T

can be neglected, the positive square root in Eq. (A8) yields

dvp(v) =dnp,. (A7)
This equation defines v, the new variable, in terms of 7. To ensure that
the approximation to U, given by Eq. (A5) has no artificial zeros or
singularities it is required that the zeros of p, and p, in the regions of

interest be mapped onto one another; that is, it is demanded that

+n7p vrp
S pgn= [ pWwidv, (A8)
NP ~Vrp

where +7n7p are the zeros of p, and +vyp are those of p,. In general, Eq.
(A8) will only be satisfied for a single value of A,,,. Thus Eq. (AB) deter-
mines A,,,. With Eq. (A8) satisfied T(n) is finite over the entire range of
interest, since the order of the zeros of p, and p, is the same and the

order of singularities of p, and p, is also the same.



- 222 -

Once A, is obtained, the mapping variable v(7n) can be obtained for

any 7) by solving for v(n) in

Frgin=
fpndn= p,dv (A9)

nhp vhp

where n}p is the zero of Py closest ton and vkp, is the zero of p, associ-
ated with n}p via Eq. (A8). Thus, S5, is determined. There are two
differences between the present treatment and that of Sink and Eu.'® 1)
Sink and Eu'® make the Langer modification,?"2® in Eq. (A4); i.e., they set
L(L+1) » (1+%)2 2) In both Egs. (A2) and (A4) they make a modified
Bethe modification,!&19 (m?®-1) » (m+d)? Their interest was in con-
structing a single uniform approximation, valid in form for all mn pairs.
If the Bethe modification was not modified, the method would not yield a
single valued mapping function for the case of | = m =0. The above
modified Bethe substitution correcled for this shortcoming and was

employed by Sink and Eu'® for all m and n.

In the present case, however, high n and m states are considered.
Thus the question of single valuedness for the mapping variable does not
arise. If the Langer modification is not made the S5, reduce asymptoti-
cally to the corresponding F*, as n - «. However, the difference
between using and not using the Langer modification was quite small
( < 0.1%) for the states examined here. The motivation for the standard
Bethe modification is not present here since the mapping function is
defined on a finite interval and has singularities of the same order as the
differential equation for the S,,,. Thus, neither the Bethe or Langer

modifications are made in the present semiclassical approximation to the

outer function S2,.
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Entirely analogous methods were used in obtaining the semiclassical
expressions for the other oblate spheroidal functions used in the present
article. The differences between the functions is merely in the com-
parison function used to represent a given function and, of course, the

form of the effective potential.
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