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ABSTRACT

The effects of large carbon enrichments in static stellar envelopes were inves-
tigated, using new Los Alamos opacities (including low-temperature ca.rbon‘ and
molecular opacities) and including carbon ionizations. To search for the production
of low-mass, low-luminosity carbon stars, detailed stellar evolutionary computations
were carried out for a grid of low-mass stars of two different metallicities. The stars
were evolved from the main sequence through all intermediate stages and through
helium shell flashes on the asymptotic giant branch. The effects of the latest nu-
clear reaction rates, the new Los Alamos opacities, Reimers-type wind mass loss,
and detailed treatment of convection and semiconvection were investigated. Two
low-luminosity carbon stars were achieved, in excellent agreement with observa-
tions. Conditions favoring dredge-up (and thus carbon star production) include a
reasonably large convective mixing length, low metallicity, relatively large envelope
mass, and high flash strength. Mass loss was of major importance, tending to op-
pose dredge-up; the total mass loss amounts inferred from observations suffice to

prevent formation of high-mass, high-luminosity carbon stars.

Composition dependence of the important and widely-used M. — L, M. — T,
and M. — 7;¢ relations at low core mass was obtained; the first two of these differed
significantly from extrapolations from higher-mass stars. The flash strength L7*
was not found to obey any such relation; this renders suspect certain computational

short-cuts frequently used in the literature.
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INTRODUCTION
a) Stellar Evolution and the Carbon Star Mystery

A star’s lifetime is mostly quiet and serene; but it is punctuated by periods
of more violent and interesting behavior. The stars under consideration here are
of relatively low mass, namely between 0.8 and 3.0 solar masses (Mé), so they
do not end up as supernovae; but they do go through episodes of by no means
insignificant violence. During some of these episodes, heavier elements (including
carbon) produced by nucleosynthesis in the stellar interior can be dredged up to
the surface. This results in enrichment of the interstellar medium, since mass loss
(via a continuous stellar wind or a short-lived “superwind”) eventually ejecté into
space all but the central core of the star. (Note that in the context of astrophysics
the term “metals” refers to all elements heavier than helium, and it is used in this

sense hereafter.)

A low mass star, between 0.8 Mg and 3.0 M, starts out by burning hydrogen
in its core. This first stage, referred to as the main sequence (MS), is the longest
stage in the star’s lifetime, as well as the least eventful. The star spends from a
couple of hundred million years (for a 3 Mg star) to over ten billion years (for a

0.8 Mg star) just sitting there, growing only slightly more luminous as time passes.

At the end of the main sequence stage, when the hydrogen in the core has
been exhausted, things happen much more quickly. The star expands, its surface

getting cooler and redder, and climbs the red giant branch (RGB) on a timescale.
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of only millions of years. During this stage of its life, the star is burning hydrogeln.
in a shell around the hydrogen-exhausted core, growing steadily more luminous
but only slightly cooler. This stage is terminated when helium ignites in the core.
For stars of mass greater than about 2.5 Mg, the ignition is uneventful; but for
stars of lower mass, ignition does not take place until the core has been compressed
into degenerate matter, and is correspondingly very violent: it is referred to as the
helium core flash. In either case, the star zips back down the red giant branch,
becoming somewhat hotter and much less luminous, before settling down quietly

on the horizontal branch.

During the horizontal branch (HB) stage, the star burns helium in its core,
and hydrogen in a surrounding shell. The surface grows slowly hotter (bluer),.then
cooler (redder) again, while the luminosity remains nearly constant. The horizontal
branch timescale is between about a half and a tenth of the main sequence lifetime.
Eventually, the core helium is exhausted, and helium burns in a shell around a
degenerate core composed mostly of carbon and oxygen. The hydrogen-burning
shell is extinguished, and the star grows cooler and more luminous in a manner

similar to the red giant stage (and with a similar timescale).

When the helium-burning shell comes close to the hydrogen-helium discontinu-
ity left by the hydrogen-burning shell, the hydrogen-burning shell reignites, and the
star begins the asymptotic giant branch (AGB) stage. This stage is characterized
by double-shell burning (both a hydrogen and a helium shell), and by helium shell
flashes (also called thermal pulses). Helium shell flashes are a violent repetitive nu-

clear runaway phenomenon. The flash begins as the helium-burning shell becomes
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unstable, burning more and more strongly. The star’s surface luminosity is between
10% and 10* solar luminosities ( Lg); but, on a timescale that shortens to days, even
to hours, the helium-burning shell grows to generate energy at a rate of 10° L to
108 Ly. The effect at the star’s surface is relatively small; almost all this energy
goes into causing expansion of the intershell zone. This expansion extinguishes the
hydrogen-burning shell, and eventually quenches the flash. The flash energy gener-
ation causes a convective region to form, reaching from the helium-burning shell up
to a point near the hydrogen-burning shell, and thus mixing upward the products
of flash nucleosynthesis: carbon, a bit of oxygen, and in some cases small but sig-
nificant amounts of heavy elements produced by s-process nucleosynthesis (i.e., by
neutron absorbtion, starting with iron). The carbon-enriched region thus formed is
referred to as the “carbon pocket.” As the flash dies down, over a period of decades
to centuries, the flash-driven intershell convective region disappears, but expansion
continues for some time; and as the outer regions of the star expand, the convective
envelope (which reaches from the surface down to a point not too far outside the
hydrogen shell) reaches even deeper into the star (in terms of mass: if one looked
at events in terms of radius, one would say that the expansion pushed deeper mass.
layers of the star out into the envelope convective zone). At this stage, in some
cases the envelope convective region reaches deep enough to mix part of the carbon
pocket to the surface: this is known as “classical” carbon dredge-up. Eventually
the star contracts again, and the hydrogen-burning shell eventually reignites. The
interflash period prior to the next flash lasts from thousands to hundreds of thou-

sands of years; during this time, the hydrogen-burning shell produces the major



portion of the star’s luminosity.

The asymptotic giant branch stage is terminated when mass loss has removed
virtually all of the star’s envelope (above the burning shells). The star quickly
moves to the left in the Hertzsprung-Russell diagram, on a time scale of hundreds
to thousands of years: the surface temperature grows very hot, while the luminosity
remains nearly constant. A star in this stage of evolution is usually observed to be
the nucleus of a planetary nebulae, as the surrounding shell of lost mass is ionized
by the star’s ultraviolet radiation. The star subsequently cools and dims, becoming

a white dwarf.

A “carbon star” is defined as a star whose surface contains more carbon atoms
than oxygen atoms (i.e., ratio by number n(C)/n(O) > 1, which corresponds ap-
proximately to C' > %O in terms of the fractions by mass of carbon C' and oxygen O
at the star’s surface). This definition originates from observations: in a cool star
(i.e., with effective temperature of a few thousand K) which has n(C)/n(0O) > 1,
not all the carbon at the surface is locked up in carbon monoxide (CO); some car-
bon is left over to form molecules such as CH and CN. The presence of spectral
features due to these molecules thus signals a carbon star to an observer. It should
be noted that there is several times more oxygen than carbon in the interstellar
medium (from which stars form), and thus the surface of a carbon star must some-
how have become enriched in carbon (or depleted in oxygen) relative to its initial
composition. Since carbon stars are observed to lie at the high luminosities and

low effective (surface) temperatures characteristic of AGB stars, the natural choice
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of mechanism for carbon star production is carbon dredge-up due to helium shell

flashes on the AGB.

For a number of years, there was a discrepancy between theoretical models of
carbon star production and the carbon star observations. The observations indicate
that carbon stars exist only at relatively low luminosities: the luminosity distribu-
tion of carbon stars is confined approximately to the range in bolometric magnitude
brighter than My, ~ —3.5 but dimmer than My, ~ —6, which corresponds to the
range 3.3 < log(L/Lg) < 4.3 in the surface luminosity L (relative to the solar lu-
minosity Lg). Where the ages of carbon stars can be determined observationally,
they are such as to imply relatively small initial stellar masses, M; < 4 Mg. On the
other hand, theoretical stellar evolutionary runs only found carbon dredged up to
the surface for stars of higher mass (M; 2 5 Mg), and only at higher luminosities

(brighter than My, ~ —6).

Recently, part of the discrepancy has been removed, when several factors were
pointed out that indicated that might prevent the relatively high-mass stars from
ever encountering helium shell flashes. Observations indicated that mass loss might
be sufficiently extensive that higher-mass stars would lose their entire envelopes
before ever reaching the shell flash stage; and there were theoretical indications that
previous estimates of the critical stellar mass (above which the star’s core mass is
large enough that carbon ignites quietly in the center and the shell flash regime
is avoided) were overestimates: instead of 9 orl0 Mg, this limit might lie rather

lower, perhaps at 5 or 6 M), eliminating the possibility of carbon star formation at
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higher masses. In addition, there were a few reports of dredge-up being found at low
stellar mass and luminosity, but these were isolated stellar models that had been
generated in a rather ad hoc manner. These reports were the motivation for this
thesis: the purpose being to evolve systematically a self-consistent grid of low-mass
stars from well-understood initial main sequence models through the intermediate
evolutionary stages and through a number of flashes on the AGB in order to search
for the production of low-mass carbon stars. A strong additional motivation was
provided by the fact that a number of important and widely-used AGB relations,
particularly the core mass—luminosity relation, had never been investigated for low-
mass stars, only extrapolation from higher-mass stars being available. Stars of low
metallicity were considered (of relevance to the extensive Magellanic Cloud carbon

star observations), as well as stars of solar metallicity.

b) Thesis Organization

This thesis is divided into six chapters, each comprising a section of the work
written up as a paper, plus a seventh chapter comprising a summary of the conclu-

sions presented in the first six chapters.

Chapter 1 reports the results of an investigation of the effects of strong carbon
enrichment on stellar envelopes. The results were obtained using a static stellar en-
velope computation program. It was necessary to make extensive modifications to
the original Paczynski envelope program, to enable it to handle the effects due to
carbon and to improve the accuracy of the physics inputs. The program modifica-

tions and running (and of course debugging) were performed by myself, with some
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guidance from I.-J. Sackmann as to what needed to be done; the paper (reporting.

and interpreting the results) was written in collaboration with I.-J. Sackmann.

Chapters 2 through 4 report the results of the full evolutionary computations
performed to search for carbon stars. The program used to do this was based on the
Paczynski stellar evolution program, but my revisions and additions now comprise
about 85% of the program. A very careful rezoning routine had to be added, in
order to obtain the numerical accuracy needed to follow correctly the extremely vi-
olent helium shell flashes and the even the helium core flash. A major effort had to
be made to create a routine to handle convection and semiconvection in detail (but
without excessive use of CPU time): in order to handle all the possibilities inherent
in mixing due to semiconvection and convective overshoot, this routine turned out
to be the largest and most complex in the entire program. Including mass loss
(via a parameterized stellar wind) turned out to be non-trivial, though less difficult
than some other additions. Numerous modifications and additions were necessary
to solve problems of numerical non-convergence that can arise from many different
sources. One such problem area was the fitting of the stellar to the outer boundary
condition, originally obtained from a pre-computed three-dimensional grid of stel--
lar envelopes; a prohibitively fine grid spacing was necessary at low temperatures.
Envelope computation was therefore consolidated with the main stellar evolution
program, and routines created to enable the program to choose automatically the
appropriate grid spacing and compute envelopes of the correct composition, lumi-
nosity, effective temperature, and mass. Other additions include up-to-date nuclear

reaction rates (including more reactions), correct handling of carbon, nitrogen, and
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oxygen abundances, carbon and molecular opacities, thermodynamic effects of car-
bon and oxygen ionizations, and a number of other modifications and additions
coming under the general heading of improved accuracy in representing the input
physics and modelling stellar events. All of this algorithm design and implementa-
tion was my work. (It should be noted that the program is rather large: a listing of
it comprises nearly as many pages as this thesis, perhaps more if the auxiliary pro-
grams that p;'epare tables of opacities, nuclear rates, and thermodynamic quantities
are included.) I performed many of the stellar evolutionary runs, other runs being
followed by I.-J. Sackmann: it should be noted that these runs involve not only
following and interpreting stellar events in the huge amounts of output generated
by the program, but also watching for fairly subtle indications (besides the blatant
instances of non-convergence) that some particular event is being handled with less
than the requisite accuracy (requiring further program modifications). Chapters
2 and 3 were written largely in collaboration with I.-J. Sackmann, while I wrote
Chapter 4 myself (with discussion and suggestions from I.-J. Sackmann, of course).

The most important results of the thesis are discussed in Chapters 3 and 4.

Chapters 5 and 6 are included largely for the sake of completeness, since 1.
made significant contributions to the work reported therein but the largest por-
tion of the work was performed by others. These chapters report on the associated
s-process nucleosynthesis during helium shell flashes. The T}, — M, relation reported
in Chapter 5 is due mostly to results of the stellar evolutionary runs described in the
previous chapters, but the s-process nucleosynthesis calculations were performed by

R. A. Malaney, who also did most of the writing of the paper comprising Chapter 5.
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In Chapter 6, the necessary time-dependent grid of stellar quantities comes from one
of my stellar evolutionary runs, and I contributed significantly to the algorithm that
was used to Monte Carlo the motion of a particle in a convective region in a physi-
cally self-consistent manner; but the Monte Carlo computations and the writing of

the paper comprising Chapter 6 were done by R. A. Malaney and M. J. Savage.
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CHAPTER 1.

Carbon-Enriched Stellar Envelopes: Nuclei of Planetary Nebulae

and R Coronae Borealis Stars

I.-Juliana Sackmann and Arnold I. Boothroyd
W. K. Kellogg Radiation Laboratory 106-38

California Institute of Technology, Pasadena, CA 91125

ABSTRACT

Envelopes rich in carbon were computed, taking envelope carbon
opacities into account that were hitherto unavailable. All effects of
carbon partial ionizations were fully included. We investigated stars
with envelope carbon content XC = 0.1 and XC = 0.31 (fraction by
weight), and compared them to stars of normal composition. We in-
vestigated R Coronae Borealis stars and nuclei of planetary nebulae,
considering high-luminosity objects of log(L/Lg) = 4.1, of total stel-
lar mass 0.815 M, and ranging in effective temperature from logT, =

3.5 to 5.3.

Below 6000 carbon increased the opacity, due to molecular effects.
The opacity peak around 10* K was dramatically reduced due to carbon
enrichment. From 2x 10* X to 3x 10° K, carbon reduced the opacity by a
small amount. Above 3 x 10 I, carbon increased the opacity by about

20%. Carbon did not change the depth of convection in temperature,
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although in some cases it did drive convection considerably deeper in
mass, at a fixed T,. Carbon shifted stars considerably to the blue in the
H-R diagram, leading to a considerably shallower convection in mass,
for stars at a fixed envelope mass. Computationally, carbon could be

simulated by an equal mass of hydrogen, for XC < 0.1.

For red giants with small envelope masses, carbon molecular opac-
ities can considerably change the envelope structure and the depth of

convection in mass. Carbon molecular opacities must be known reliably.

Subject Headings: nebulae: planetary — opacities — stars: abundances
— stars: atmospheres — stars: carbon — stars:

R Coronae Borealis
I. INTRODUCTION

In the last decade, a large number of carbon stars have been observed in our
galaxy and in the Large and Small Magellanic Clouds (see, e.g., Blanco, McCarthy,
and Blanco 1980; Bessell, Wood, and Evans 1983). These observations show that
carbon enrichment exists in the surface layers of stars. Theoretical computations-
have shown that large amounts of carbon must exist in the deep interior of stars
during late evolutionary stages. However, no theoretical work has been undertaken
to investigate the consequences of carbon enrichment on the envelope structure.
There was no strong motivation for this until recently, because no mechanism ex-
isted for transporting large amounts of carbon to the surface. The dredge-up phe-

nomenon discovered by Iben (1975) and verified by many subsequent investigations
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(e.g., Sugimoto and Nomoto 1975; Fujimoto, Nomoto, and Sugimoto 1976; Iben
1976; Sackmann 1976; Paczynski 1977) does bring a significant amount of carbon
to the surface, so as to produce C/O > 1 (where C/O refers to the number ratio of
carbon to oxygen). This dredge-up phenomenon takes place for masses larger than
5 Mg for Population I stars and is driven by the helium shell flashes. Due to the
dilution in a massive envelope, X C (the proportion by weight of added carbon) re-
mains small. However, mass loss during the red giant stage will reduce considerably
the mass of the envelope. A new flash mixing is then created (Sackmann 1980): it is
very similar to the dredge-up phenomenon, but permits iarge enrichment of carbon.
The red giant remnant has a mass roughly of order 1 Mg, of which the envelope
comprises only a very small fraction. There is no deep convective envelope, only a
shallow surface convection zone due to the hydrogen and helium ionizations. Due to
the small envelope mass, however, the flash-driven expansion can be large enough
that the shallow surface convection reaches down into the intershell carbon pocket.
The dilution now is small, and large carbon enrichment can take place. It seems

plausible that XC ~ 0.1 can be attained with this mechanism.

Hydrogen-deficient carbon stars (HdC stars) and, in particular, R Coronae-
Borealis stars (hereafter referred to as R CrB stars) are carbon stars of a rather
special type. Observations indicate essentially no hydrogen at their surface, but
strong carbon enrichment: some may have XC of order 0.1 (see, e.g., Searle 1961;
Danziger 1965; Warner 1967; Orlov and Rodriguez 1974; Hunger, Schonberner,
and Steenbock 1982; Cottrell and Lambert 1982). They are very luminous stars of

various spectral types across a wide range of the H-R diagram. Recently, knots of gas
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in the unusual planetary nebulae Abell 30 and Abell 78 have also been discovered .
to be carbon-rich and hydrogen depleted (Jacoby and Ford 1983). Their carbon
abundance, though highly uncertain, could also be as high as XC ~ 0.1. (Note
that planetary nebulae are frequently somewhat carbon-enriched, with C/O > 1
[Aller and Czyzak 1983; French 1983]. It is possible for the central star [nucleus] to

be more carbon-rich than the nebula.)

Even though such huge carbon enrichments are known to exist, no enve-
lope structure computations for such objects have taken fully into account car-
bon opacities and other carbon effects. The problem was that no carbon opacity
tables for envelope temperatures were available. However, previously unavailable
carbon-rich opacity tables have kindly been supplied by Huebner (1976) and Magee
(1984) of the Los Alamos Opacity Group. The carbon opacity changes Vi,q (where
V =dInT/dIn P). Via its internal energy contribution, carbon also changes V,q4.
Thus carbon can affect convection, defined by Viaa > Vaq (where “rad” refers to
radiative and “ad” to adiabatic conditions). Carbon also changes the equation of
state, as its six partial ionizations change the mean molecular weight p. It was the:
aim of this paper to take all of the above mentioned carbon effects fully into ac-
count and to investigate possible changes in the resulting envelopes. In particular,
we wished to investigate whether the presence of carbon would drive the convective

envelope deeper in mass, thereby dredging up more carbon, and thus leading to

enhanced mixing.
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II. METHODS

All envelopes presented in this paper were computed for a star of total mass
0.815 M; unless otherwise stated, the star’s luminosity was log(L/Lg) = 4.1. The
envelopes were computed using a program similar to that described by Paczynski
(1969), which includes a simple gray atmosphere model. The main modifications
involved use of carbon opacities and consideration of carbon ionization effects as
described below. The maximum integration step size was reduced by about a factor

of four from that of Paczynski (1969), so that

A(M = M,) AT

e e L L = 20

. <015, 7 < 0.05,
A A A S
BE s naE, 2 —2008, 2 —<0d,
1% T T

for mass M — M, (i.e., measured downward from the surface), temperature T,
density p, radius r, and optical depth 7 (where the restriction on A7 is only applied
for 7 < %) Thus on the order of two hundred steps were required for an envelope,
which was integrated down to the inner boundary condition. Since we did not
have interior models consistent with the envelopes, we chose the inner boundary of
the envelope to occur at the point where the temperature reached T' = 2 x 10% K
(a reasonable compromise between the requirement of complete ionization and the
requirement that the gravitational energy generation be negligible). Note that our
envelope mass, Meyy, is not the conventional envelope mass (which is defined as
M, = M — M., where M is the total mass and M, the core mass of the star).

The difference is small for envelopes having low effective temperatures; but for high
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effective temperatures (logTe ~ 5), there can be an order of magnitude difference.
between these two definitions of the envelope mass. In all of the envelopes, a value
of a = 1.0 was assumed, where a = I/H, is the ratio of the convective mixing

length [ to the pressure scale height H,,.

Note that throughout the remainder of the paper, unless specified otherwise,
quantities are given in the following units: stellar masses, envelope masses, con-
vective masses, luminosities, and radii are given in solar units (Mg, Lg, and Rg
respectively); temperatures T are in degrees Kelvin (), and other quantities are

in c.g.s. units.
a) Carbon Opacities

The Los Alamos Opacity Group supplies tables of the Rosseland mean opac-
ity k as a function of density p and temperature T. These have been calculated
in a self-consistent way in four stages, or generations. Generation I opacities are
those calculated prior to 1965 (see Cox and Stewart 1965). Generation II opacities
are those calculated subsequently with an improved computer code (see Cox and
Stewart 1969, 1970a,b). Generation III opacities are those calculated with further.
improvements, yielding changes of order 10% from generation II (see Cox and Tabor
1976). Generation IV opacities are those calculated including molecular opacities
at low temperatures (T' < 10* K); they are otherwise the same as generation III
(see Meyer-Hofmeister 1982). Table 1 demonstrates that including molecular opac-

ities can cause more than an order of magnitude increase in the opacities at low

temperatures.
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Huebner (1976) kindly provided opacity tables for eleven mixes (including.
eight carbon-rich mixes) from the Los Alamos Astrophysical Opacity Library. These
mixes all had metal content Z = 0.03, where Z here is the mass fraction of the usual
spectrum of elements heavier than helium, including the usual amount of carbon.
Over and above the normal amount of carbon contained in Z, there is an added
carbon content, whose mass fraction has been denoted XC. (As usual, X and Y
are the hydrogen and helium mass fractions, respectively.) These mixes were labeled
A, B, or C for hydrogen contents of X = 0, 0.3, or 0.7, respectively; they were sub-
labeled 1, 2, 3, 4, or 5 for added carbon contents of XC' = 0, 0.2, 0.4, 0.6, or 0.97,
respectively. Thus, for example, mix C-1 refers to a normal mix, with XC = 0,
X =0.70,Y = 0.27, and Z = 0.03, while mix B-2 is hydrogen-depleted and carbon-
rich, with XC = 0.20, X = 0.30, Y = 0.47, and Z = 0.03. The opacity table for
any required mix was interpolated in composition from the above eleven mixes (as

described below).

The above tables only provided opacities for temperatures 7' > 1.2 x 10* K.
Low-temperature opacities (of generation IV, with molecular effects included) were
obtained from two sources. Published opacity tables down to T' = 2320 K were avail-
able (Meyer-Hofmeister 1982) for four mixes containing no extra carbon: (1) X =
0.7, Z =002; (2) X =0, Z =002 (3) X = 0.76, Z = 0.001; and (4) X = 0,
Z = 0.001. A relatively small extrapolation in log Z (and a small adjustment, linear
in X, for the case X = 0.7) yielded low-temperature continuations for the opacity

tables of mixes A-1 and C-1. Also, at Huebner’s suggestion, Magee (1984) kindly
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supplied us with unpublished opacity tables down to 7' = 3000 A" for a carbon-
rich mix. For our purposes, we considered it reasonable to specify this mix as
XC =0.067, X =0,Y = 0.903, and Z = 0.03. Extrapolation in log(Z + XC)

yielded a low-temperature continuation for the opacity table of mix A-2.

The molecular opacities available from Meyer-Hofmeister and Magee are both
Los Alamos opacity calculations. They include both molecular and atomic cross
sections, as well as broadening due to turbulence. (Thermal and collisional broad-
ening are also included, but are less important than turbulence broadening.) The
opacities due to the following molecules were included: H~, H,, HY, H;, H,0, N,,
CO, and CN. In addition, the following molecules were also included in the equa-
tion of state, but their opacities were not included: OH, C,, O,, NO, CO,, NO,,
and CH. It should be noted that low-temperature opacities for carbon-rich mixes
are somewhat uncertain, particularly when both carbon and hydrogen are present,
since oscillator strengths for some molecules have never been measured. For exam-
ple, the importance of the (estimated) molecular opacity of HCN in atmospheres of
very low-temperature carbon stars has been demonstrated by Eriksson et al. (1984).
Kurucz (1984) has made extensive calculations of unmeasured oscillator strengths,
and was in the process of attempting to use them to calculate low-temperature
opacities as of the date of his communication with us. Sharp is collaborating with
Huebner (1984) to include more molecules. Improved molecular opacities are thus

expected to become available in the future.

Low-temperature opacities for mixes B-1, B-2, and C-2 were obtained by in-

terpolation from mixes A-1, A-2, and C-1. Low-temperature opacities for mixes
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A-3, A-4, and A-5 were set equal to those of mix A-2; low-temperature opacities
for mixes B-3 and B-4 were set equal to those of mix B-2. For densities typical of
our envelopes at these low temperatures (i.e., p < 107° gem™?), only minor mod-
ifications were necessary to fit these opacities smoothly to the higher-temperature

tables at T'=1.2 x 10* K.

The eleven mixes described above form the basis for our calculations: the
opacities for any particular envelope composition were obtained by interpolation
among these mixes. The interpolation in hydrogen content X was always linear.
The interpolation in carbon content X C was linear for XC > 0.2; for XC < 0.2,

the interpolation was linear in log(Z + X C).
b) Carbon Ionization Effects

The treatment described in Paczynski (1969) was modified to take all the car-
bon ionizations into account. The Saha Equation was used to compute the number
densities of the ionization stages of hydrogen, helium, and carbon, and the number
density of electrons. It should be noted here that, due to the presence of carbon, it

is not possible to use a “full ionization approximation” for any temperature below

T =2 x 10° I (unlike Paczynski 1969).

At low temperatures, the partition function u{? of an ionization stage r of
the i*! type of atom is equal to the degeneracy g(r';z] of the ground state of that

lonization stage. At higher temperatures, this may no longer be true: there may be
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a significant contribution from excited states. The partition function is given by

‘ . Jmax . AE(")‘
ul =gl + D gt exp (— kBT") ; (2)
=1

where g(ri} is the degeneracy of the j*! excited state, AES’; 1s its excitation energy

above the ground state, and jpax is the point at which the sum is terminated. The
sum must be terminated, since it diverges; the choice of a proper termination point
Jmax, nowever, is not completely trivial. It is reasonable to terminate the sum when
the excited states merge with the “depressed” continuum, or when the size in space
of the wave function of the excited state exceeds the average volume available for
an atom (Cox and Giuli 1968). To reduce computation time, however, we chose
to consider as few excited states as possible. The lowest excited states, with the
smallest excitation energies, have the smallest exponents in their Boltzmann factors,
and so give the largest contributions. We include the first three excited states of C I,
the first two excited states of C II and C III, and the first excited state of C IV.
(Actually, it would probably have been sufficiently accurate to include only the first
excited state of each of these.) The effect on the partition functions is shown in

Figure 1. It was not necessary to consider any excited states for hydrogen, helium,

CvVv,or C VL

As described in Paczynski (1969), required derivatives of the pressure and
the internal energy can be computed numerically. The pressure is given by the
sum of the radiation pressure P, and the gas pressure P;,. The internal energy has
contributions from the kinetic energy of ions and electrons, from the photons in the

radiation field, from the ionization energy involved in creating the ions, and from
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the excitation energy of those excited states which have a significant occupation.

Thus, the internal energy per unit mass is given by

g =3Py ok
2p P
Zi+1 Jmax g exp( AE(‘)/k T) (3)
e s Z Z N(') ZE(-)+ ZAE() rJ - rj/ VB :

Ur

where N is the number density of the r*! ionization stage of the i** type of atom
(which has atomic number Z;), E{’ is the ionization energy of the s'! stage, and
kg is Boltzmann’s constant (note that r = 1 refers to the neutral atom). Once
they had been computed, the pressure and internal energy were used as described

in Paczynski (1969) in the envelope integration program.

ITII. RESULTS AND DISCUSSION

a) ITonizations

Figure 1 shows the temperature at which ionizations of hydrogen, helium, and
carbon take place. Hydrogen is 50% ionized at logT = 3.97. For He I and He 11,
50% ionization occurs at log T = 4.17 and log T' = 4.53, respectively. The first four
ionization stages of carbon tend to mimic those of hydrogen and helium: C 1is 50%
ionized at log T' = 3.85—a similar temperature to that of H I, though slightly cooler.
For C 11, 50% ionization occurs at log T = 4.22—similar to He I. For C 11l and C 1v,
the temperatures of 50% ionization are log T' = 4.45 and log T' = 4.61, respectively—
similar to He 1I. For C v and C VI, 50% ionization occurs at log7T = 5.44 and

log T = 5.60, respectively. These last two ionizations are close together and have
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no counterpart in hydrogen and helium ionizations. (As will be shown later, they.

also have little or no effect on the envelope structure.)

Figure 1 also shows the partition functions of the first four ionization stages
of carbon (see eq. [2] for definition). As is well known, for hydrogen and helium the
partition functions can be considered constant (for H I, u; = 2; for He I, u; = 1; and
for He 11, uy; = 2). For carbon, the partition functions were calculated as described
in Section IIb. Figure 1 shows that the partition functions of C 1, C 11, C III, and
C 1V are not constant. For C I and C II, the deviations from constancy are relatively
minor, of order 20%. For C 11l and C 1V, the partition functions vary by a factor
of 2. For C v and C VI, the partition functions are approximately constant (uy =1

and uyp = 2); they are therefore not included in Figure 1.
b) Carbon Opacity Effects

Table 2 shows that the presence of carbon reduces the opacity at almost all
values of density p and temperature T encountered in an envelope. The typical effect
is of the order of 20%, although near 10* K the reduction can be as much as a factor
of 10. There are, however, two small ranges in (p,T) where carbon increases the-
opacity. One range is at the high-T', high-p end of the envelopes (i.e., the bottom
of the envelopes). There, as may be seen from Table 2, carbon can increase the
opacity by as much as a factor of 2. However, for the densities and temperatures
typical of our envelopes (roughly indicated by the dots in Table 2), this effect was
only of the order of 20%, even after the reinforcement due to the slight density

increase (at a given temperature) caused by carbon. Iben and Renzini (1982a,b)
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showed this opacity increase can lead to a semiconvective zone, transporting carbon.
out and hydrogen in. The other range where carbon increases the opacity is at very
low temperatures (7' < 10* K: see Table 2). Here the increase can be as much as
a factor of 3. However, the carbon opacities are uncertain in this region, since here

the opacity is dominated by molecular opacities which are incompletely known.

One can begin to understand why carbon reduces the opacity by considering
the following (highly simplified) argument: The bound-free opacity (per unit mass)

of a given element 7 at a frequency v is given by

(-')N_
ky(v) = DLbn

; (4)

where agf) is the bound-free absorbtion coefficient per bound electron, N; , is the

number of bound electrons in the n'® orbital, A; is the atomic weight, and my; is

the mass of the hydrogen atom. In the hydrogenic approximation, the bound-free

absorbtion coefficient may be written as

: (5)

0 A 64rtm el? Zf4g(1/)
bf ™~ 33/20}6

where Z! is the effective charge seen by the electrons in the n'" orbital and g(v) is°
the Gaunt factor, a quantum-mechanical correction of order unity (see Schwarzchild
1958, p. 63). (It should be noted that the bound-free absorbtion coefficient is zero for
photons whose energy is smaller than the ionization energy of the relevant ionization

stage of the atom.) The Rosseland mean opacity « is defined by

f°° 1 BBV(T)dV

1 Jo ®w» _er :/°°
s A YU )

0

W(u)du , (6)
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where B,(T) is the Planck function, W(u) is its normalized temperature derivative,.
and u = hv/kgT. However, even without performing this integral, one can obtain
a rough estimate of the ratio of the opacity of a unit mass of carbon relative to that

of a unit mass of hydrogen from the ratio
4
KC(V) -~ a(b?AHNC,n ~ Zé nf{AHNcm
ca(v)  apfAcNun  Z4*ndAcNu.

For a temperature of order 10* K, this ratio becomes

(7)

ke(v) 11 1 1 4 1 (8)
kg(v) 1 32 12 17 9°

It is indeed the case that the bound-free opacity of carbon at this temperature is
roughly an order of magnitude smaller than that of hydrogen, as estimated from

the opacities supplied by Huebner (1976).

As mentioned earlier, the molecular opacities are still poorly known. Including
carbon molecules can increase or decrease the low-temperature opacities by orders
of magnitude (Huebner 1984). We therefore tried to investigate this effect by arti-
ficially varying the low-temperature opacity. We varied the opacity « by a factor of

r=10o0r f;r =0.1 at logT = 3.3 (i.e., setting K ., = fr X K,4q), While leaving &
unchanged at log T = 4.0. In between these two “boundary” temperatures, log fr
varied linearly with logT. For fr = 10, the envelope mass was reduced by a factor’
of 2, at log T, = 3.584 and log L = 4.318. For f; = 0.1, the envelope mass was in-
creased by a factor of 2. The above investigation was carried out before we received
any carbon molecular opacities. All other results presented in this paper were ob-
tained using the opacity tables described in Section Ila: for carbon-rich mixes, the
low-temperature opacities were derived from the tables provided by Magee (1984),

which included carbon molecular opacities.
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c¢) Carbon-rich vs. Normal Envelopes

We considered four different chemical compositions. Case a is our normal mix,
with X =0.70, Y = 0.27, Z = 0.03, and no added carbon, namely XC = 0. (Note
that Z contributes a small amount of carbon, namely 14% of Z by weight.) Case b
is a carbon-enriched mix, with XC = 0.10, X = 0.56, ¥ = 0.31, and Z = 0.03.
Case c is an extreme carbon-enriched case, with XC = 0.31, X = 0.27, Y = 0.39,
and Z = 0.03. Case d is an R Coronae Borealis type mix, with XC' = 0.10, X =0,

Y =(0.87, and Z = 0.08.

i) Resulting Run of Opacity

Figures 2 and 3 refer to envelopes computed for the same luminosity and
effective temperature (log L = 4.1 and log T, = 3.584), comparing the three carbon-
rich cases with the normal case. Figure 2a displays the resulting run of opacity as a
function of temperature in the envelope. The most striking feature is the reduction
of the opacity peak around logT = 4 in the carbon-rich envelopes, relative to the
normal envelope. The predominant cause of this reduction is not the increase in the
carbon content, but the accompanying decrease in the hydrogen content. Relative

to the normal case a, cases b, ¢, and d were reduced by factors of 2, 6, and 100,

respectively.

Another striking feature of Figure 2a is the presence of three opacity peaks for
case d, the R CrB envelope. The peak around log T' = 3.85 is due to the ionization of

C I (just as, in cases a, b, and ¢, the peak around log T = 4 was due to the ionization
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of hydrogen). The peak around logT = 4.2 is due to the ionization of He I, with
a few percent contribution from C II. The peak around log7T = 4.65 is due to
the ionization of He II, with perhaps a minor contribution from C III and C 1V.
The ionizations of C V and C VI have no visible effect on the opacity. The reason
why higher ionizations have less effect on the opacity than lower ionizations can be
understood by considering equations (5) and (6) above. The weight function W (u)

in equation (6) is given by

15  u*exp(—u)

W(u) = 47!'4 [1 _ exp(_u)]2 =

(9)

Thus W(u) has a maximum at u ~ 4, i.e., at hv & 4kgT, and drops off rapidly for
increasing v. However, ay;(v) is zero for v < v,, where hy, is the ionization energy.
At the ionization temperature, hv, ~ 18kgT; thus both W(u) and k(v) fall off
rapidly with v, and so k() makes the major contribution to the Rosseland mean
opacity k. The weight function W (u,) is much the same for all ionizations, since
ug = hyy/kgT is approximately equal to 18 for all ionizations. However, due to the
factor 1/v® in a4, the value of x,;(v,) is much smaller for higher ionizations, which
have higher ionization energies and thus larger v, values. Thus higher ionizations

contribute less to the bound-free opacity.

Yet another striking feature in Figure 2a is the near-equality of the run of
opacity for log T > 4.3 for all four cases. For a given (p,T), the opacity is smaller
for the carbon-rich mixes, as discussed in Section IIIb. However, the density is
increased for the carbon-rich envelopes, as may be seen in Figure 2b. These two

opposing effects tend to cancel, leaving the resulting run of opacity nearly unchanged
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over this temperature range. Also apparent in Figure 2a is the increase of opacity
in the carbon-rich envelopes at the high-temperature and low-temperature ends.
(Note however that mix d has a lower opacity at the high-temperature end than
the normal mix a; this is again compensated by the higher density, to leave the
resulting run of opacity unchanged.) The different opacities at logT < 3.7 are

caused by molecular effects, which are somewhat uncertain.

i1) Convection

In Figure 3, we examine the effects of carbon on convection in the red giant
envelope. Here, it turns out that carbon has relatively little effect. The reason
is that without carbon, for our normal mix, convection reaches down from the
surface to the point where the temperature is log T &~ 4.7. As shown in Figure 2a,
at this temperature carbon does not change the opacity very much, so that Vi4
is not affected much. Figure 3 shows that carbon ionizations do cause dips in
Vad, at nearly the same temperatures as the dips caused by hydrogen and helium;
however, at log T ~ 4.7 there is no ionization taking place to change V,4. Thus the
temperature at which Vi,q and V,4 cross remains nearly unchanged, and convection
always reaches down to a temperature of logT & 4.7. (It should be noted that
the temperature at the bottom of convection is also independent of the envelope
effective temperature, for these stars.) However, if the (p,T) profile is different
for the different mixes, then the convective mass and the total envelope mass are
changed by the addition of carbon. For log T, = 3.584, cases a, b, and ¢ have similar

(p, T) profiles (see Figure 2b) and thus have similar envelope and convective masses.
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However, case d has a significantly different (p,T') profile, with a higher density at
all temperatures in the envelope; its envelope mass and its convective mass are

larger than those of the normal case a by a factor of 5.

For mixes a, b, ¢, and d, envelopes were computed for a large number of effec-
tive temperatures reaching all across the H-R diagram (from log T, = 3.5 to 5.3),
but at the same luminosity (log L = 4.1) and the same stellar mass (M = 0.815Mg).
This was done to investigate the effects of carbon on the envelopes of R CrB stars
and on nuclei of planéta.ry nebulae—stars evolving at constant luminosity from the

red giant branch to the blue across the H-R diagram.

In contrast with the red giant case, in the middle of the H-R diagram (i.e., with
effective temperatures log T, ~ 4) carbon enrichment has a considerable effect, as
may be seen from the convective masses and envelope masses shown in Figure 4.
As in the red giant case, convection always reaches down to log T ~ 4.7. However,
when compared at the same T, envelopes with increased amounts of carbon have an
increased total envelope mass, and also an increased convective mass (e.g., a factor
of 4 from case a to case b at logT, = 4.0). On the other hand, if one compares
envelopes at the same total envelope mass, an increased amount of carbon produces-
an increased T, and thus a decreased convective envelope mass (e.g., a factor of 6
from case a to case b at Meyy = 5.3x107° My: case a has log T, = 4.0 and case b has
log T, ~ 4.28). Note that the convective mass becomes a much smaller fraction of
the envelope mass as one increases T, as one would expect, since a smaller fraction
of the envelope has logT < 4.7. No convection is present in envelopes located far

to the blue in the H-R diagram, i.e., with log T, 2 4.7.
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Although the bottom of the convective region is relatively well established,
this is mot true of the top of the convective region. It is well known that the
mixing length theory of convection breaks down near the photospheric layers. The
bifurcation near log T, = 4.0 shown in Figures 4a and 4b splits the convective region
into two separate zones: the upper zone is associated with H I ionization, the lower
with He II ionization. However, the bifurcation is in the region where convection
would be expected to be present, due to He I ionization. Since the bifurcation takes

place near the photosphere, it is likely to be a spurious effect.
ii1) Shifts Across the H-R Diagram

As shown in Figure 5, one striking result is that dumping carbon into an
envelope has very little effect, over much of the H-R diagram. Cases a and b
are nearly identical for stars redder than log7, = 3.8 or bluer than logT, = 4.5.
However, for a star in the “middle” range of the H-R diagram (3.8 < log T, < 4.5),
the star can be shifted to the blue by a considerable amount (as much as Alog T, ~
0.3) as one changes the mix from a (XC = 0 and X = 0.7) to b (XC = 0.1
and X = 0.56) while holding the envelope mass constant. As one dumps in Stiu,,
more carbon, i.e., as one changes the mix from a (XC = 0 and X = 0.7) to ¢
(XC = 0.31 and X = 0.27), the shift toward the blue is even larger (as much as
Alog T, ~ 0.6). There is also a wider range in the H-R diagram where the envelopes

differ significantly (3.7 < log T, < 4.8).

The difference between the normal case a and the R CrB case d is immense

everywhere in the H-R diagram except for extremely high effective temperatures
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(logTe 2 5). For a red giant envelope at log T, = 3.5, the R CrB mix yields an
envelope mass Meny = 0.043 My, which is four times the mass one obtains with
a normal mix at that effective temperature. Alternatively, one can say that, at
constant envelope mass, the R CrB envelope is shifted to the blue by Alog T, = 0.1
here. The largest shifts, in the “middle” range of the H-R diagram, can be as much
as AlogT. ~ 0.8 (at a fixed envelope mass). This extremely large shift, however,

is not due to the presence of carbon, but rather due to the absence of hydrogen.

d) Carbon Mimics Hydrogen

We constructed envelopes where we replaced a given amount of hydrogen by

an equal amount, by weight, of carbon. The results are presented in Figure 6.

Comparing curves a to e and g to d, one notices in each case that the two
curves are nearly identical, even though one has replaced some of the hydrogen
by carbon. For the former, the largest difference in the envelope mass is 20% (at
log T, ~ 4), while for the latter the largest difference is 30%. This demonstrates
that for stars of small envelope mass, a “small” amount of carbon (up to XC ~ 0.1)
can be simulated by an equal mass of hydrogen, as far as the envelope mass andw
envelope structure are concerned. However, with more carbon, say XC = 0.3, this

no longer holds true, as may be seen by comparing curve f to curve a.

There seems to be a certain saturation effect when one adds carbon with-
out changing the amount of hydrogen (i.e., replaces helium with carbon). As one
increases the carbon content from XC = 0 to XC = 0.1 the envelope changes sig-

nificantly (compare curves d and j). Adding still more carbon, to yield XC = 0.3,
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results in little further change (compare curves h and d). Adding yet more carbon-

results in essentially no further change.

IV. SUMMARY AND SUGGESTIONS

The first four jonizations of carbon behave like those of hydrogen and helium,
while the last two have no appreciable effect (CI « H1, CII & Hel, C III and
C 1V & He 11; C vV and C VI have no counterparts but also have little effect). The
opacity of carbon is slightly less than that of hydrogen, but somewhat more than
that of helium, over most of the (p,T') range encountered in an envelope. If one
considers an initially normal hydrogen-rich envelope where one mixes in carbon and
helium from nucleosynthesis below, the resulting mix has the following property: the
input opacity for the envelope calculations is reduced over most of the (p,T) range
encountered in the envelope, but is increased at the surface and bottom layers of the
envelope. At the surface, the opacity is increased due to molecular opacities which
are still not completely determined. For red giants with small envelope mass, the
envelope mass and convective mass are quite sensitive to these molecular opacities,
which thus must be reliably known. More calculations need to be performed to_
take molecular opacities correctly into account. At the bottom of the envelope, the

opacity increase can lead to semiconvection as found by Iben and Renzini (1982aq, b).

In reference to our aim of investigating possible enhanced mixing due to the
presence of carbon, the results are somewhat inconclusive. We found that, at a
fixed T, the presence of carbon can lead to a significantly deeper convective mizing;

however, at a fixed total envelope mass, the presence of carbon can considerably it
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reduce the convective mixing. Which of these opposing effects dominates can only.
be determined from complete stellar evolutionary models. We intend to resolve
this uncertainty in our next evolutionary calculations. However, a final conclusion

cannot be made with certainty until carbon molecular opacities are more firmly

established.

There is one sensitive region in the H-R diagram where carbon enrichment in
the envelope makes a large difference. For an envelope with an effective temperature
logT, ~ 4, carbon enrichment shifts a star considerably toward the blue in the
H-R diagram when one holds the envelope mass constant. For XC = 0.1, this
blueward shift can be as large as Alog T, ~ 0.3, i.e., a shift from an early F-type to
an early B-type star. This large shift occurs primarily for the following reason: as
carbon enrichment occurs, there is a simultaneous helium enrichment too. Thus the
hydrogen depletion (AX = —0.14) is larger than the carbon enrichment (AXC =
0.1), and the two cannot fully compensate for each other. In this middle part of
the H-R diagram, a small change in envelope mass corresponds to a large change
in envelope effective temperature: this accounts for the sensitivity of this region to

small composition changes.

R CrB type carbon stars have a much bluer location in the H-R diagram when
compared to stars of normal composition, at the same luminosity and the same
envelope mass. This difference can be as much as AlogT, ~ 0.8. This theoretical
blueward shift cannot easily be verified observationally, since observations do not

yield a star’s envelope mass. This blueward shift would, however, have a significant
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effect on the production of R CrB stars as suggested by Iben et al. (1983). As their
star was cooling down toward becoming a white dwarf, they encountered a strong
final flash that shifted it upward and to the right in the H-R diagram, almost back
to the position of the red giant branch, before it moved back parallel to its original
blueward path and started to cool down again. They suggested that such a flash
might cause the ejection of the tiny remaining hydrogen-rich envelope, resulting in
an R CrB type surface composition. If this were the case, our results for R CrB
type envelopes suggest that the track subsequent to the final flash might reach
considerably less far toward the red. The dramatic difference between normal and
R CrB envelopes is not due to the enrichment of carbon, but rather due to the

depletion of hydrogen.

There seems to exist a saturation effect in the envelope structure as one adds
carbon at the expense of helium, provided one holds the hydrogen content constant.
After one has reached XC = 0.1, not too much additional change in the envelope
structure occurs as one adds further amounts of carbon. This remains true even up

to “wild” carbon enrichments of XC = 0.3 and XC = 0.7.

For these stars of low envelope mass, a wonderful simplification exists: it
carbon mimics hydrogen. If one adds a “small” amount of carbon to an envelope
(XC <0.1), it leads to very nearly the same envelope structure as if one had added
the same amount of hydrogen, by weight. The change in envelope mass is 30% at the
most, and usually less than 10%. If one is satisfied by this accuracy in the envelope

structure, this result enables one to cut down immensely on envelope computations:
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carbon need not be included explicitly there. One need not include the carbon
opacity tables. One need not include the six ionizations of carbon. One need not
include its internal energy (which affects V,q), etc. (Of course, the simplification
discussed here applies only to obtaining the structure of such a low-mass envelope.)
For example, it is a wonderful asset when applied to obtaining the outer boundary
condition for interior calculations. It becomes even more dramatic if one encounters
a time-variable envelope composition (e.g., as flash produced carbon is mixed into
the envelope). A large change in the envelope mix of both carbon and hydrogen

can now be reduced to a more easily computable change in hydrogen only.

We wish to express our gratitude to Professors Roger Blandford, Charles A.
Barnes, and Steven E. Koonin for their helpfulness, and to Professors Steven C.
Frautschi and James J. Morgan for financial support. One of us (A. I. B.) wishes
to thank Professors Daiichiro Sugimoto, Ken’ichi Nomoto, and Icko Iben, Jr., for
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Table 1

Effects of Molecules on Opacities

Opacities & for values of log T

log p Generation 3.3 3.5 3.7 3.9
- (new) IV 0.0025 0.0031 0.0032 0.49
(old) II 0.000033 0.000049 0.0023 0.40

0 (new) IV 0.0046 0.0031 0.0039 0.91
(old) II 0.0019 0.000079 0.0012 0.83

g (new) IV 0.0092 0.0073 0.031 3.1
(old) II 0.0023 0.00087 0.011 2.1

Note.—Rosseland mean opacities « for low densities p and temperatures 7T'.
Generation IV opacities, which include the opacity due to molecular lines, are much
larger at low temperatures than generation II opacities, which do not. (Genera-

tion III opacities do not differ much from generation II opacities.)
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Table 2

Opacity Comparison: C-rich Mix vs. Normal Mix

Opacities & for values of log T

log p Mix 3.6 3.8 40 42 45 50 55 6.0 6.3
i C-rich 0.0062 | 0.021 0.11
- normal 0.0034 | 0.026 0.96
m C-rich 0.0066 | 0.024 0.12 0.26
B normal 0.0033 | 0.027 1.55 0.41
- C-rich 0.011 0.055 | 0.60 0.68 0.40
B normal 0.0033 0.035 |47 1.1 0.55
° ° ° ° °
9 C-rich 0.015 0.095| 2.9 3.1 1.1  0.30
normal 0.0046 0.065 | 14. 6.6 1.3 0.40
®
g C-rich 27.  20. 59 0.56 0.25
normal 28. 61. 7.8 0.69 0.34
. C-rich 51. 2.6 0.32
normal 81. 2.7 040
—_—
6 C-rich 24. 0.76 | 0.28
normal 22.  0.76 | 0.35
5 C-rich 3.8 0.39 | 0.27
normal 2.9 0.381]0.34
@
4 C-rich 0.92 | 0.36
normal 0.61 1 0.39
—’—
3 C-rich 6.2 0.85
normal 2.4 0.66

Note.—Rosseland mean opacities & for typical envelope (p,T') values; the dots
indicate roughly the run of density for our envelopes. Carbon increases the opacity
in the (p, T') ranges to the lower left of the lines, but decreases the opacity elsewhere.

C-rich mix ¢ has XC = 0.31, X = 0.27; normal mix a has XC = 0, X = 0.70.
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FIGURE CAPTIONS

Fig. 1.—The degree of ionization for hydrogen, helium, and carbon as a func-
tion of temperature T. The quantity N refers to the total number density of the
it element; N refers to the number density of its 7! stage of ionization (where
r = I refers to the neutral atom). The partition functions u, for the first four ion-
ization stages of carbon are also shown, up to the highest temperatures at which
their respective ionization stages exist in significant amounts (see Section IIb for

discussion of partition functions).

Fig. 2.—(a) Run of opacity « as a function of temperature T in four envelopes
of different chemical composition, at the same luminosity (log L = 4.1) and effective
temperature (log T. = 3.584). Mix a (dotted) is our normal composition: XC = 0,
X =0.70, Y = 0.27, Z = 0.03. Mix b (solid) is carbon-enriched: XC = 0.10,
X =056,Y =031, Z = 0.03. Mix ¢ (dashed) is an eztreme carbon-enriched
case: XC =0.31, X =0.27, Y = 0.39, Z = 0.03. Mix d (solid) is an R CrB-type
composition: XC = 0.10, X =0,Y = 0.87, Z = 0.03. (b) Run of density p as a

function of temperature 7' for the same four envelopes.

Fig. 3.—Convection for the four envelopes of Fig. 2. The adiabatic and radia-
tive temperature gradients (V,q and V.4, respectively) are given as a function of
the temperature T. The convective regions (defined by Vi,q > V,q) are indicated
by “curly” regions, and the mass from the surface to the bottom of convection is

given. The dips in V,q are caused by the partial ionizations of hydrogen, helium,
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and carbon. Panels (a), (b), (¢), and (d) refer to the mixes a, b, ¢, and d, respec-.

tively (as defined in Fig. 2). Note that in all four cases convection reaches down to

the same temperature, log T ~ 4.7.

Fig. 4 —Convection in the envelope, across the H-R diagram. The ordinate,
M — M, gives the mass measured from the surface down, where the surface refers to
an optical depth 7 = 0; the abscissa gives the effective temperature T,. Convection
is indicated by “curly” regions. The lower solid line indicates the bottom of the
envelope (arbitrarily defined by T' = 2 x 10 K'). The top of the convective region is
shown by dashed lines, to emphasize the uncertainties in the mixing length theory
of convection there (see text). Panels (a), (b), (¢), and (d) refer to mixes a, b, c,

and d, respectively (as defined in Fig. 2).

Fig. 5.—Envelope mass Meyy as a function of envelope effective temperature T,
at constant luminosity (log L = 4.1) for the four mizes of Fig. 2. The envelope
mass is here defined unconventionally, as the mass exterior to the point where the

temperature reaches T = 2 x 10% K.

Fig. 6.—Effect on envelope mass M,y of replacing carbon with hydrogen, as
a function of envelope temperature T.. The envelope mass is defined as in Fig. 4.
Curve a (solid): normal mix, with XC = 0, X = 0.7; curve e (dashed): XC = 0.1,
X = 0.6; curve f (dotted): XC = 0.3, X = 0.4. Curve d (dashed): R CrB mix,
with XC = 0.1, X = 0; curve g (solid): XC = 0, X = 0.1. To illustrate carbon

“saturation” effect: curve h (dotted): XC = 0.3, X = 0; curve j (dot-dashed):
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helium envelope, with XC = 0, X = 0 (compare with curve d). Note that all mixes

have Z = 0.03.
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CHAPTER 2.

I. Flash-Driven Luminosity and Radius Variations

for Low Mass Stars

Arnold I. Boothroyd and I.-Juliana Sackmann
W. K. Kellogg Radiation Laboratory 106-38

California Institute of Technology, Pasadena, CA 91125

ABSTRACT

The observable and potentially observable consequences of helium
shell flashes were investigated for a number of low mass stars. Stars of
low metallicity (Z = 0.001) with initial masses of 1.0 Mg, 1.2 Mg, and
2.0 M were considered, as well as stars of solar metallicity (Z = 0.02)
with initial masses of 1.2 My and 3.0 M. For flashes whose strength
was at or near maximum amplitude, light curves and radius curves were
obtained over the full flash cycle. These are of interest to investigations of
envelope instability and mass ejection. Potentially observable luminosity
variations are confined to a few decades immediately following the helium
shell flash, as compared to interflash periods of tens of thousands of years,
and so would be exhibited by less than one AGB star in a thousand;
radius variations would be even harder to observe directly. The slower
variations, however, cause stars of initial mass near 1.0 M to spend as

much as 20% to 30% of the interflash period at a luminosity a factor of
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two lower than the interflash luminosity indicated by the M.— L relation.
Higher mass stars stay closer to the M, — L line. Particularly for the
low-metallicity cases, the post-flash luminosity maximum causes the star
to spend a few centuries at a luminosity as much as twice that indicated
by the M. — L relation. This could cause the star to encounter dynamic

envelope instability and rapid mass loss at a core mass lower by of order

AM,. ~ 0.1 Mg than would otherwise be the case.

I. INTRODUCTION

It is well known that regular luminosity and radius variations occur in
RR Lyrae stars, Cepheids, and Miras. These pulsations, driven by ionization ef-
fects in the stellar envelope, take place on a timescale of hours to years. However,
in addition to Mira-type pulsation, asymptotic giant branch stars have a more ex-
tensive (though much slower) form of luminosity and radius variations, driven by
the repetitive thermonuclear runaway reactions in their interior known as helium
shell flashes, or thermal pulses. The luminosity variations may in some cases be
fast enough to be directly observable. The radial variations are quite as large as
the luminosity variations, but a good deal harder to observe. Perhaps more im-
portant are the potential effects of the luminosity and radius variations on mass
loss. As pointed out by Tuchman, Sack, and Barkat (1978, 1979), the flash-driven
radius and luminosity increase could drive the star’s envelope into a dynamically
unstable regime, leading to rapid mass loss and potentially to ejection of practically

the entire envelope of the star. This would cause the star to leave the asymptotic
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giant branch for the planetary nebula stage at an earlier point in time than would
otherwise be the case. This could, for example, solve discrepancies between observa-
tions and theoretical predictions of the relative number of low-period Mira variables
(Tuchman, Sack, and Barkat 1979). There are also implications for interpretation
of the core mass—luminosity relation, since the star spends part of the flash cycle
at a luminosity rather different from that specified by the M, — L relation (see also

Boothroyd and Sackmann 1987a, hereafter Paper II).

The existence of these flash-driven luminosity and radial variations is well es-
tablished (but seldom reported in any detail) by theoretical investigations of shell
flashes. Occasionally the surface variations during the shell flash cycle are dia-
grammed (see, e.g., Iben 1975, Harm and Schwarzschild 1975, Schonberner 1978,
Sackmann 1980, Wood and Zarro 1981, and Iben 1982), but no previous systematic
and self-consistent investigation has been made. It is the purpose of this paper to
present the results of such an investigation for low mass stars (from 1 Mg to 3 Mg)

of both low metallicity (Z = 0.001) and solar metallicity (Z = 0.02).

II. COMPUTATIONAL DETAILS

Stars of relatively low mass, from one to a few solar masses, present certain
difficulties to a theoretician interested in the later stages of their lifetimes. The
main sequence and red giant branch stages are straightforward, but a star of less
than about two and a half solar masses terminates the red giant branch with an
exceedingly violent helium core flash in its degenerate helium core. This is suffi-

ciently difficult to handle computationally that many investigators prefer to begin



~ BT -
with the subsequent horizontal branch stage, at the cost of a certain arbitrariness
of initial conditions, and continue on from there to the asymptotic giant branch
stage with its helium shell flashes. We have chosen instead to evolve our stars from
initial zero age main sequence models, following them through their entire lifetime
including the core flash, and thus preserving information on initial mass and total
age of the stars. It is true that the core flash can only be approximated by any
non-hydrodynamic, one-dimensional code (see, e.g., Deupree 1984), but an approx-
imation is better than ignoring the event completely, and the effect of inaccuracies
in the core flash is likely to be small. By the time the star reaches the asymptotic
giant branch, the core regions affected by the core flash have in any case been re-
processed by later helium core and shell burning into the degenerate carbon-oxygen

core of the double-shell burning stage.

For the low-metallicity case (Z = 0.001, with initial hydrogen and helium
content X = 0.759, Y = 0.24), stars of initial mass 1.0 Mg, 1.2 Mg, and 2.0 Mg
were considered; for the case of solar metallicity (Z = 0.02, with initial X = 0.71,
Y = 0.27), stars of initial mass 1.2 Mg and 3.0 Mg were considered. The effect
of a Reimers (1975) type wind mass loss M = —n(4 x 1071 My /yr)L/(¢9R) (L, g
and R in solar units: Kudritzki and Reimers 1978) was included whenever a star’s
effective temperature fell below 5000 I, i.e., for log T, < 3.7. As recommended in
Kudritzki and Reimers (1978), the value of n was chosen to be n = 0.4 except for the
3.0 M case, where n = 1.4 was chosen. Every effort was made to include the latest
nuclear reaction rates, neutrino losses, and opacities (including molecular opacities

at low temperatures); the dynamical effects of carbon and oxygen ionizations were
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also included. For a more complete discussion of the computational details, see

Boothroyd and Sackmann (19875, hereafter Paper III).

It should be noted that a mixing length to pressure scale height ratio of
a =1/H, = 1.0 was used when considering envelope convection; choice of a larger
value of a would reduce somewhat the stellar radii found in this paper. Stellar
radius R is approximately inversely proportional to «, and it seems probable that
the appropriate value of a is somewhere around 1.5 to 2 (see Paper III), so the

radius values quoted in this paper are probably overestimates by this same factor

of 1.5 to 2.

III. RESULTS AND DISCUSSION

For each of the stars under consideration, a number of helium shell flashes were
computed. It should be noted that for the lower mass stars, 1.2 M and below, the
Reimers wind mass loss caused the asymptotic branch stage to terminate after only
about half a dozen flashes had occurred. For these stars, the flashes did not quite
reach the full amplitude appropriate to the stars’ core masses. They do not fall far
short, however (see Paper III), and as may be seen from Figure 1, the surface radial
and luminosity variations driven by the flashes settle down to a regular form after
only four or five flashes. Thus the variations encountered for the lowest mass stars
in this work can be considered to be typical of such stars, even if a slightly lower
mass loss rate were really appropriate (so that a couple of further flashes could

occur).
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Another point worthy of mention is that two stars of the same initial mass
but different metallicities result in rather different asymptotic branch stars: a star
of metallicity Z = 0.02 encounters helium shell flashes at a much smaller core mass
than a star of metallicity Z = 0.001. (In this paper we follow the usual double-shell
burning convention of considering the core mass M, to be the mass My interior to
the hydrogen-burning shell.) This is important because most parameters of a helium
shell flash, including its effects on the surface of the star, are a strong function of
the star’s core mass but depend only very weakly if at all on the star’s total mass or
initial mass. Thus in comparing the behavior of different stars, one should attempt
to look at the surface behavior as a function of core mass and metallicity: the star’s
total mass and its initial mass are nearly irrelevant to its behavior on the asymptotic
giant branch, with the caveat that when the envelope mass grows very small the

star leaves the asymptotic giant branch for the planetary nebula stage.

Figures 2 through 6 trace the variation of luminosity and radius with time over
a flash cycle for each of the stars under consideration. The general shape of the light
curves is very similar: from the pre-flash luminosity maximum (point A), a sharp
decline takes place to a minimum (point B), followed by an even steeper return.
to approximately the pre-flash luminosity. From there, the luminosity continues
to increase more slowly to a maximum (point C'); stars of lower core mass have a
smaller secondary peak following this maximum. The luminosity then declines on
a much longer timescale to its interflash minimum (point D) before slowly back up
to the next pre-flash maximum value (point E). The variations in radius track the

variations in luminosity very closely, except when the envelope mass (exterior to
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the hydrogen-burning shell) grows very small; for the 1.0 Mg, Z = 0.001 star and.
the 1.2 Mg, Z = 0.02 star, the last flash digrammed takes place when mass loss
has reduced the envelope mass sufficiently that the star is already moving off to
the left of the asymptotic giant branch in the H-R diagram, toward higher effective
temperatures and lower radii. The luminosity and radius values for each of the stars

at points A through E are given in Table 1.

The shape of the light curves and radius curves is easily explained in terms of
the interior events of .the star. Prior to the helium shell flash, almost all the star’s
luminosity is produced by the hydrogen-burning shell. When the shell flash occurs,
a huge amount of energy is produced in the helium-burning shell, but at first this
affects only the intershell zone directly. The intershell zone expands, pushing the
hydrogen-burning shell out and causing it to cool; hydrogen burning stops entirely,
and the stellar surface contracts and grows dimmer, since it is no longer supported
by the luminosity from hydrogen burning. Eventually the increased luminosity of
the helium-burning shell makes itself felt, and the surface expands and brightens
(by the time this happens, the helium-burning rate is declining again, but is still
quite large). From the peak until the interflash minimum, the surface luminosity-
(and radius) drop in concert with the declining helium burning. As helium burn-
ing declines, the intershell zone contracts and the hydrogen-burning shell heats up
again and reignites. The interflash luminosity and radius minimum occurs as the
growing hydrogen-burning luminosity becomes comparable to the declining helium-
burning luminosity; thereafter, the surface luminosity tracks the hydrogen-burning

luminosity, until the next flash.



- 61 -

All the stars have a small secondary peak in the helium-burning rate, subse-
quent to the main flash. In stars of low core mass this secondary helium-burning
peak gives rise to the secondary surface luminosity and radius peak, as the surface
by this time has settled down to track the helium-burning luminosity (see Figs. 2a,
3a, and 5a). In stars of higher core mass, however, the nuclear timescales are much
shorter. Thus in such stars the secondary helium-burning peak occurs too soon
after the main flash for the envelope to respond to it separately, and the secondary
peak is absorbed into the primary surface luminosity and radius peak. Thus only
stars of lower core mass, where the nuclear timescales of the helium-burning shell

are much longer, have secondary maxima in their luminosity and radius curves.

As may be seen from Figures 2 through 6 and Table 1, the luminosity and
radius variations are considerable: they vary in some cases by more than a factor of
two from their quiescent pre-flash values. The question arises whether they may in
some cases be fast enough to be observable. Table 2 was compiled in an attempt to
answer this question. For those portions of the flash cycle where the surface change
is most rapid, namely for the initial fast decline (between points A and B) and the
subsequent even faster increase in luminosity and radius (between points B and C),
the maximum rate of change of both luminosity and radius are given in Table 2,
along with the percent of the total flash cycle during which these rapid motions are

sustained (as well as their duration in years).

There are several obstacles to direct observation of these changes. Even the

most rapid changes take place on a timescale of decades, so that observations must



- 62 -

cover a long interval (years at least) in order for any changes to be evident. Also,.
many of these stars may be expected to be Mira-type pulsators: these pulsations
are fairly substantial, and have periods of the order of hundreds of days (Tuchman,
Sack, and Barkat 1979), so that it would be necessary to follow the light curve of the
star in fair detail over the observation interval in hopes of averaging these pulsations
out. Worse yet, for these relatively low mass stars, the period during which rapid
surface variations take place comprises less than one part in a thousand of the total
flash cycle (see Table 2). At any point in time, less than one asymptotic giant
branch star in a thousand can be expected to be changing rapidly due to a helium
shell flash. Thus the luminosity variations might be detectable, but are unlikely to

be found except by a lucky accident.

If anything, the prospect for direct observation of the radial motions are worse.
The flash-driven radial contraction and expansion velocities do not exceed a kilo-
meter per second (see Table 2), and might be only half as big (due to the fact that
a larger value of the mixing length parameter « is appropriate, reducing the stellar
radius: see Section II). Thus detection via the Doppler effect would be exceedingly
difficult: larger radial velocities arise from the Mira-type pulsations, from the at--
mospheric turbulence, and from the mass flow of the stellar wind. Direct radius
observations are not very promising either. Ground-based speckle interferometry
(see, e.g., McCarthy 1982, Mariotti et al. 1983) has yielded radius measurements
of about a dozen stars, and the space telescope could yield some direct radius mea-
surements since its resolution is limited only by diffraction (Burke 1984), but such

measurements are limited to relatively nearby objects. Future prospects are a bit
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more encouraging: multiple mirror telescopes with a reasonably long baseline be-.
tween mirrors might achieve exceptional resolutions (Weigelt 1983). One would
have to be rather lucky, however, to find a star close enough to observe which hap-
pened to be in a stage of rapid flash-driven motion, and one would still have to

average out any pulsational motion.

The flash-driven luminosity variations have an important effect on the inter-
pretation of the M, — L relation. Discovered by Paczynski (1970) and confirmed
by others (Iben 1977; Havazelet and Barkat 1979; Wood and Zarro 1981; see also
Paper II), this relation relates the interflash luminosity L of an asymptotic giant
branch star to its core mass M, = My (although composition and total stellar mass
also have some effect). It has proved to be extremely useful in modelling events
on the asymptotic giant branch, providing simple analytic approximations for the
description of the star’s evolution there. It has also been used to infer a core mass
from an observed asymptotic giant branch tip luminosity (Weidemann 1984; Aaron-
son and Mould 1985), thereby obtaining a final mass M ¢ for use in determining the
Weidemann and Koester (1983) M; — My relation. These uses of the M, — L rela-
tion do not, however, take into account the variability of the luminosity during the-
flash cycle. Table 3 presents our results concerning the fraction of the time the star
spends at a luminosity significantly different from what would be expected from use
of the M, — L relation. The lowest mass stars especially spend as much as 20% to
30% at a luminosity less than half that given by the M. — L relation. This would
lead to an underestimate of the core mass by as much as AM, =~ 0.1 M, for as many

as 30% of the low mass stars whose luminosity was observed. Alternatively, one can
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say that the asymptotic giant branch tip luminosity could be underestimated by as.
much as a factor of 2 in sparsely populated clusters. There is also a small chance

of an overestimate. (This is discussed in more detail in Paper II.)

The effect on mass loss could be equally dramatic. The post-flash luminosity
and radius maximum in effect drives the star up the asymptotic giant branch to a
position which it would not reach until much later if quiescent burning was all that
took place. The effeet is especially pronounced in the low-metallicity stars (Z =
0.001), where the luminosity maximum is a factor of 2 greater than the quiescent
value; in the high-metallicity stars (Z = 0.02) this factor is around 1.7. Actual
investigations of envelope stability are beyond the scope of this paper. However,
if the asymptotic giant branch for the star passes through a region of the L — T,
plane where envelopes do become dynamically unstable, this envelope instability
will be encountered at a core mass lower by as much as AM, ~ 0.1 than would
be predicted from the M. — L relation. This could lead to major amounts of mass
loss (Tuchman, Sack, and Barkat 1978, 1979), causing the star to terminate the

asymptotic giant branch phase much earlier than would otherwise be the case.

This work was carried out at the W. K. Kellogg Radiation Laboratory. We
wish to express our gratitude to Professors R. D. Blandford, C. A. Barnes,
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Table 1

Amplitudes of Luminosity and Radius Variations

Initial mass (Mg): 1.0 1.2 2.0 1.2 3.0
Metallicity Z: 0.001 0.001 0.001 0.02 0.02
Flash number: 4-5 4-5 5—6 67 21 =22

Total mass (Mg): ~0.58 ~0.88 ~1.86 ~0.62 ~1.4

Core mass My (Mg):  ~0.535  ~0.553  ~0.628  ~0.524 ~0.653
log(La/Le): 3.465 3.54 3.80 3.47 4.00
log(Lg/Lg): 2.91 3.125 3.58 2.80 3.68
log(Lc/Le): 3.815 3.89 4.12 3.64 4.20
log(Lp/Lg): 3.075 3.18 3.56 3.12 3.76
log(Lg/Lg): 3.525 3.59 3.83 3.55 4.015

AMypol,c—4 (mag): —0.88 —0.88 —0.80 —0.43 —0.50

AMpypol,p—4 (mag): 0.98 0.90 0.60 0.88 0.60

R4/Ry: 310 390 440 470 1000
Rp/Rg: 100 150 270 130 570
Rc/Rg: 480 690 840 570 1270
Rp/Ra: 140 170 260 250 670
Re/Rg: 200 410 470 450 1020
Rp/R4: 0.32 0.38 0.61 0.28 0.57
Rc/Ra: 1.55 1.7¢7 1.91 121 1.27
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Table 2

Greatest Rates of Change of Luminosity and Radius

Initial mass (Mg): 1.0 1.2 2.0 1.2 3.0
Metallicity Z: 0.001 0.001 0.001 0.02 0.02
Flash number: 4—-5 4 -5 5—6 6—7 21 — 22

Total mass (Mg ): ~0.58 ~0.88 ~1.86 ~0.62 | ~1.4

Core mass My (Mg): ~0.535  ~0.553  ~0.628  ~0.524  ~0.653

max]—‘B&-| (/yr):  0.0034 0.0037 0.0052 0.0023 0.018
max|dﬂM| (mag/yr): 0.0085 0.0093 0.013 0.0058 0.045
max‘ B (Ro/yr): 1.42 2.0% 5.1* T1® 28,
max1 Bl (km/sec): 0.03* 0.042 0.112 0.022 0.49*
Duration (years): 150 100 40 250 16

Percent of flash cycle: 0.05% 0.04% 0.04% 0.17% 0.035%

max| <5 (/yr): 0.016 0.0096 0.011 0.013 0.025
max| 47| (mag/yr): 0.040 0.024 0.028 0.033 0.063
max| ‘ (Re/yr): 6.2* 6.22 9.3* 7.9* 35.2
max|4| (km/sec): 0.142 0.14® 0.21° 0.172 0.77>
Duration (years): 30 45 30 40 11

Percent of flash cycle: 0.010% 0.018% 0.032% 0.025% 0.024%

* Note that these radial rates of change would be halved if the mixing length

parameter o were doubled (i.e., if a — 2).
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Table 3

Percent of Time Spent Off the M, — L Line

Initial mass (Mg ): 1.0 1.2 2.0 1.2 3.0
Metallicity Z: 0.001 0.001 0.001 0.02 0.02
Flash number: 4—-5 4-5 5—6 6—7 21 —22

Total mass (Mg): ~0.58 ~0.88 ~1.86 ~0.62 | ~1.4

Core mass My (Mg): ~0.335 ~0.553 ~0.628 ~0.524 ~0.653

Below log L(M.) — 0.05: 5% 48% 30% 57% 24%
Below log L(M.) — 0.10: 41% 32% 15% 44% 15%
Below log L(M.) — 0.20: 2% 20% 6% 27% %
Below -log L(M,) — 0.30:  18% 9% — 1% S
Below log L(M,) — 0.40: 10% 2% ey % E—

Above log L(M.,): 1.9% 2.2% 4.3% 0.7% 3.0%

Note.—For the purposes of this table, the luminosities at points A and E of

the flash cycle were assumed to lie on the M, — L relation that defines the value

of log L(M.,).
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FIGURE CAPTIONS

Fig. 1.—Variation of the stellar radius as a function of time over many flashes
for a star of initial mass 3.0 Mg, showing the regularity and the buildup to the
final shape. Note that this diagram was obtained from a prior run, with no mass
loss, coarser mass zoning and timestep, and no molecular opacities: if molecular

opacities had been included, the radius would have been roughly doubled.

Fig. 2.—Surface variations of the star with initial mass 1.0 Mg and metallicity
Z =0.001: 4** to 5 flashes (core mass My ~ 0.535). (@) Variation of stellar lumi-
nosity and radius as a function of time: note the expanded timescale between the
dashed lines. Time is measured relative to the time of the peak flash. (b) Histogram
of the probability (per unit interval in log L) of finding the star at a given value
of log(L/Lg). Note the low-probability tails at low and high luminosities (scaled

by factors of 100 and 10 respectively) arising from the fast post-flash variation.

Fig. 3.—Surface variations of the star with initial mass 1.2 Mg and metallicity

Z =0.001: 4*! to 5" flashes (core mass My ~ 0.553). Similar to Figure 2.

Fig. 4 —Surface variations of the star with initial mass 2.0 Mg and metallicity

Z =0.001: 5*" to 6'" flashes (core mass My ~ 0.628). Similar to Figure 2.

Fig. 5.—Surface variations of the star with initial mass 1.2 Mg and metallicity

Z = 0.02: 6*" to 7th flashes (core mass My ~ 0.524). Similar to Figure 2.
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Fig. 6.—Surface variations of the star with initial mass 3.0 M and metallicity.

Z = 0.02: 20* to 21°t flashes (core mass My =~ 0.648). Similar to Figure 2.



_72_.

T "3y

00871

0041

(sxeaf) 0007/(,01x88%'0—1) o)
0091 00GT 00%1

™7

T _ T T T — T LS 13 _

S| ST S M S

00¢

00€

007

006G

00T

1 002

snipey

(°g) 4y



ez B

00€ 0G2 002 091

(sxeef) 0001/(,0TXT¥9G¥E L—}) °Wn
e 2

00T

06

G'1 !

G0 0

-—44-_._-._.
-

-_-

-—.

T

-.._...-_.

T
|

|
|
|
|
|
|
|
|
I
I
|
|
1

T™T T

R

o T

M
|
|
|
|
|
|
|
|
|
|
|
|

._-—-n.-_.-—_

s

_..___._

| PR B

M B

1 00T

00¢

1 00¢€

007

1 00G

0€

g€

7'E

9€

8'€

(°9) ¥ snipey

(®1/71)301



- 74 -

q2 Sl
8¢

9'¢

Fan

01X

— Q1

— ST

Oc

(T So1)d £3Iqeqoad



- 75 -

eg T
062

00c

0GT

00T

(sxeef) 0001/(,0Tx702¥L6'E—1) oWn
0S g ST T G0

L — : S

i

=

-1 O

T 7 — T T T T _ | T e _ T — ! S SE EE _ T T T J\7

|
|
I
!
|
I
|

1 ' L 1 — 1 1 il ' ' L ' 1 — A 1 1 'l — 1 1 L 1 _ =\ A A kK — A A ok ' — L

00¢

007

009

c'€

7'E

9'€

8¢

(®°¥) ¥ snipey

(®1/1)301



- 76 -

0T

GI

0¢

Gao

(T do1)d £31Miqeqoad



A | (s1eek) 000T/(,0TX1S6L98°0—1) own
007 0S I G0 0

-77 -

— T T T T _ T T T T _

[ P

00%

009

008

]
9'g
“ 8¢
| 4 0%
_ | : = o _ _ | 2y

sSnipey

(°9) ¥

(®1/71)801



—lll I Illllllll]fTﬁ]Tfll—
B o
i —
X
B I
o @
i | o
- e
_ 1 ™
L H ©
i {_OO
Illl l llllllLLIllllIlllJ;LO
(@) (@) (@) 0 o To) oM
™ aV; a i —

(T 8o1)d £31Miqeqoad

Fig. 4b

108(L/L©)



- 79 -

eg '9ig

0G1

00T

(s1eef) 00071/(,01%9998E€8°9—1) oy
0G € 2 T

|

_ _ T T T T — T T T T —

snipey

(°9) ¥

(®1/T1)801



_80_

qg 'Iud

0]

Gl

(T So1)d 4£3tqeqoad



- 81 -

eg ‘14

06

0V

0€

(sxeef) 0001/(,0Tx0¥618%'0—1) oW}
02 0TI

G0 ¥0 €0 <¢0 10

T

T T — T

o

| SRR P SR | ~ | N T § T —

e B B S B B s R e

T
!
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

0
—_—r

T

|
|
|
|
1,
=
|
|
|
I
|
|
|
1
|
I
|
|
!
|

009

2
o
o
008 E
=y
0007 _
2y
>

00cT

(®1/71)801



- 82 -

[ 5 K & E ¥ % T_l S % % X ik I E ¢ ¥ ¥ l E 8 F o I T o | Tl T X T ITT—‘ -
e
s i ©
20
[ =
- ~
©
- —
e
- —
N—”
- Qp
®)
—
hl L1 1 I Lok _J_ 3§ l 2.1 _2173 lll 3 3.1 l L_F 1§ 3} I L) 3.} l L) _f _J I E_1. 413 l | P - | ]_‘
0 o 0 o Te) o 0 o e o
<t A m ™ AV (QV] ~—i ~—

(T So1)d £yiqeqoad



- 29 .
CHAPTER 3.

II. The Core Mass—Luminosity Relation for Low Mass Stars

Arnold I. Boothroyd and I.-Juliana Sackmann
W. K. Kellogg Radiation Laboratory 106-38

California Institute of Technology, Pasadena, CA 91125

ABSTRACT

It was investigated whether the core mass—luminosity (M. — L)
relation that had been established in the literature for intermediate mass
stars (3 Mg < M < 9Mg) can be extended to low mass stars (0.8 Mg <
M < 3 Mg), where many of the observations take place. Stars were
evolved from the main sequence up the red giant branch, through the
helium core flash and the horizontal branch phase, up to the asymptotic
giant branch where helium shell flashes were followed. Two types of
M, — L relations were obtained, one for the red giant branch (when a
single hydrogen-burning shell surrounds a degenerate helium core), and
another one for the asymptotic giant branch (when two burning shells, of
helium and hydrogen respectively, surround a degenerate carbon-oxygen
core). Detailed calculations were carried out for a metal-poor case (Z =
0.001) for stars of initial masses 1.0 Mg, 1.2 Mg, 2.0 M, and 3.0 Mg,
and for a metal-rich case (Z = 0.02) for stars of initial masses 1.2 Mg

and 3.0 M. The latest nuclear reaction rates were used, as well as
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the latest opacities (including some molecular opacities), and mass loss
via a Reimers-type wind. The dependence of the Af. — L relation on
chemical composition was investigated. For the red giant branch, the
M, — L relation for the metal-rich case (Z = 0.02, g ~ 0.624) was
L = (6.86My)" for 0.3 Mg S My < 0.45 Mg, where all units are in
solar units; the composition dependence was L o u’(Zcno)Y*? (p is
the envelope mean molecular weight, including free electrons). For the
asymptotic giant branch, the M. — L relation for the metal-rich case
(Z =0.02, p ~ 0.618) was L = 52000(My — 0.456) for 0.52 Mo < My S
0.7 M; the composition dependence was L « u%(Zcno)Y?®. The M.—L
relation obtained for the low mass asymptotic giant branch stars drops
less steeply than would be expected from the previous higher-M,. work;
the difference is large at low core masses. Due to luminosity variations
over the flash cycle, observers will see stars that do not lie on the M, — L
relation; the probability and extent of these deviations was described.
The fortunate circumstance was established that, for the M. — L relation
of low mass stars, (i) changes in the hydrogen-burning reaction rate have
only a very minor effect; (ii) uncertainties in the convective mixing length
have negligible effect; and (iii) there is no evidence that the star’s total

mass has any effect.

I. INTRODUCTION

A star on the asymptotic giant branch (AGB) is in a double-shell burning

phase. A central degenerate carbon-oxygen core is surrounded by a helium-burning
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shell, a small intershell zone containing mostly helium, a hydrogen-burning shell.
and an envelope whose composition is not much different from the star’s initial main
sequence composition. Such a star undergoes periodic nuclear runaway reactions in
the helium-burning shell, known as helium shell flashes or thermal pulses. The core
mass—luminosity (M. — L) relation relates the interflash luminosity L of such an
AGB star to its core mass M, (although composition and perhaps total stellar mass
also have a slight effect), where the core mass M, is traditionally considered to be
the mass My interior to the hydrogen-burning shell. The interflash luminosity is
generated mostly by the hydrogen-burning shell, via the CNO cycle; it rises from a
post-flash minimum to an interflash maximum which is sustained over roughly half
the interflash period (for more details on the luminosity profile over a flash cycle,
see Boothroyd and Sackmann 1987a, hereafter Paper I, and references therein).
Theoretically, the M. — L relation has been used widely in semi-analytical models
of asymptotic giant branch behavior. Observationally, it is also a powerful tool.
For example, it has been used to infer a core mass from an observed AGB tip
luminosity (Weidemann 1984; Aaronson and Mould 1985), thereby obtaining a final
mass M ¢ for use in determining the Weidemann M;—M ¢ relation (an observationa,llyw
determined relation giving the mass of the white dwarf produced at the end of a

star’s life, as a function of the star’s initial mass).

Traditionally, the M. — L relation has been derived for the AGB. This stage
of evolution has been computed most frequently for the intermediate mass stars
(83 Mgy £ M < 9 M), since these are easier to compute than low mass stars

(M < 2 Mg). Observationally, however, it is the low mass stars that are most
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frequently encountered. An M, — L relation has not been derived for these low
mass stars with direct, self-consistent computations. Semi-analytical theory predicts
that deviations from linearity of the M, — L relation are to be expected at low
enough core masses (Tuchman, Glasner, and Barkat 1983; see Section II below).
Therefore, it was the aim of this paper to attack the low mass stars, following
the full evolution, and to check whether previously-derived versions of the M. — L

relation were adequate for the commonly observed, low mass stars.

Stars of relatively low mass, from one to a few solar masses, present certain
difficulties to a theoretician interested in the later stages of their lifetimes. The main
sequence and red giant branch (RGB) stages are straightforward, but a star of less
than about two and a half solar masses terminates the RGB with an exceedingly vi-
olent helium core flash in its degenerate helium core. This is sufficiently difficult to
handle computationally that many investigators prefer to begin with the subsequent
horizontal branch stage, at the cost of a certain arbitrariness of initial conditions,
and continue on from there to the AGB stage with its helium shell flashes. We
have chosen instead to evolve our stars from initial zero age main sequence mod-
els, following them through their entire lifetime including the core flash, and thus
preserving information on initial mass and total age of the stars. It is true that the
core flash can only be approximated by any non-hydrodynamic, one-dimensional
code (see, e.g., Deupree 1984), but an approximation is better than ignoring the
event completely, and the effect of inaccuracies in the core flash is likely to be small.
By the time the star reaches the asymptotic giant branch (AGB), the core regions

affected by the core flash have in any case been reprocessed by later helium core and



- 87 -
shell burning into the degenerate carbon-oxygen core of the double-shell burning

stage.

II. PREVIOUS WORK

The M. — L relation for the AGB was discovered by Paczynski (1970). He
considered stars of mass 3 Mg, 5 Mg, and 7 Mg, having metallicity Z = 0.03
(slightly greater than solar) and Zcno = 0.015, with initial hydrogen and helium
content X = 0.70, Y = 0.27, giving p ~ 0.618: p is the mean molecular weight of

the envelope, defined as

-1
1 4

: — 1
X +3Y +42 5X +3-2° (1)

Xi(l1+4 Z;
5 ( )

o= A

i
where X; is the abundance by mass of the ! type of atom, which has Z; electrons
and atomic mass A;; and as usual X, Y, and Z stand for the hydrogen, helium,
and metal abundances. Paczynski used a convective mixing length to pressure scale
height ratio of @ = I/H, = 1. He followed these stars from the main sequence
through the AGB, suppressing flashes by artificially holding the separation between
the hydrogen- and helium-burning shells to a constant value. He obtained the

relation

L = 59250My — 30950 = 59250( My — 0.522) (2)
(everything in solar units) for core masses in the range 0.57 Mg < My < 1.39 M.

Iben (1977) considered a star of 7 Mg. Tracking his references backwards,

one finds that he evolved a star of 7 My of solar metallicity (Z = 0.02) with initial
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X =070, Y = 0.28, p ~ 0.617 (Iben 1972) from the main sequence through
eighteen flashes on the AGB (Iben 1975, 1976), at which point the star had a
core mass of My = 0.96 Mg. At this point, Iben (1977) took this core with an
envelope composition of X = 0.6378, Y = 0.35, Zcno = 0.0122 (giving p =~ 0.648:
presumably the envelope composition change was due to first and second dredge-
up, though this is not stated explicitly), while keeping Z = 0.02 for the purpose of
opacity calculations. One should note that Iben’s definition of the mixing length
ratio a = I/ H), differs by nearly a factor of two from that of most other workers, so
his quoted values of @ = 1.0 and a = 0.7 should be read as o ~ 1.8 and o =~ 1.3
for comparison purposes (see Boothroyd and Sackmann 1987b, hereafter Paper III).
Using artificial flash suppression (similar to Paczynski 1970), he evolved the star
to a core mass of My = 1.16 M, and then My = 1.36 M. At these two points
he turned off the flash suppression and followed the interpulse evolution through a

fraction of a flash cycle. He quotes an M, — L relation of
L = 59000(My — 0.38), (3)
but states that a better fit is obtained from the relation
L = 63400( My — 0.44)(M/7)°*, (4)

where M is the star’s total mass; this relation holds for core masses in the range
0.96 My < My < 1.36 Mg. The dependence on total mass M was apparently
obtained by removing 2 Mg from the envelope (when the core mass was My =

0.96 M) and following the star through one interflash period; he later revised this
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mass dependence (Iben and Truran 1978: see below). Iben (1977), as well as being-
the only one to find a total mass dependence, is the only one to find a dependence
on the mixing length parameter «; this is likely due to the fact that he used the
largest total mass as well as the largest (true) mixing length ratios. As pointed out
by Tuchman, Glasner, and Barkat (1983), large total masses M and large mixing
length parameters « can cause the convective envelope to reach down close to the
burning shells, which can have an effect on the M, — L relation (see below). One
might thus expect a mass dependence and mixing length dependence for the M. —L
relation at higher masses such as considered by Iben (1977), but not at the lower

masses and mixing lengths considered by other investigators.

Havazelet and Barkat (1979) followed a number of stars, of masses 2Mg, 3Mep),
3.7 Mg, 4 Mg, 5 Mg, and 6 M. From Table 1 of their paper, the 2 Mg, through
5 Mg stars would encounter the first helium shell flash at core masses of 0.58 M),
0.82 Mg, 1.05 Mg, 1.07 M, and 1.36 M respectively. These stars had metallicity
Z = 0.01 (half of solar), with initial X = 0.70, ¥ = 0.29 (giving ¢ ~ 0.616), and
Zcno = 0.0014 (rather small); they do not specify their mixing length parameter @,
but probably used a value of 1.0, or perhaps 1.5. One or more of these stars was
followed through a number of helium shell flashes (the details are not specified),

resulting in an M, — L relation of
L = 65000(My — 0.525), (5)

presumably valid for My 2 0.6 Mg,
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Becker and Iben (1980), in their Figure 8, plotted the interflash luminosity .
as a function of core mass for a number of stars from various sources, but did not

attempt to reconcile the differences or expand on the relations of equations (2)

and (4) above.

Wood and Zarro (1981) considered stars of masses 0.8 Mg, 1.0 Mg, 2.0 Mg,
and 3.0 M, of solar metalicity (Z = 0.02), with initial X = 0.68, ¥ = 0.30 (giving
p =~ 0.627); although it is not specified, they probably used Zcno = 0.01, or slightly
more. They used a mixing length parameter of & = 1. They created a number
of artificial starting models, whose structure approximated that of a star slightly
before the shell flashing stage, and having initial core masses of 0.53 Mg, 0.7 Mg,
and 0.8 M; after some spurious transient effects due to this artificial starting point
(often including a single strong shell flash), these stars settled down and entered
the shell flashing stage on the AGB. Many flashes were followed, and the resulting

M. — L relation was
L = 59250( My — .495) (6)
for core masses 0.6 Mgy < Mpu < 0.9 My, with no dependence on the total stellar

mass.

The review article of Iben and Renzini (1983) quotes a number of M, — L
relations. The Wood and Zarro (1981) relation of equation (6) above is quoted for
low-mass stars (though the attribution is “as discovered by Paczyniski 1970 and Uus

1970”). The relation for intermediate mass stars

L = 63400( My — 0.44)(M/7)°1? (

~1
N
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is taken from Iben and Truran (1978), where the power of the total mass depen-
dence was cut in half from the relation of Iben (1977) as “a compromise with the

results of Paczynski (1970) and Uus (1970) who argue the mass independence of

the relationships.” Finally, a relation is quoted as
L = (59250 + 4150z)( My — 0.495 — 0.0505z), < = [(M — Mg)/6.04]"®. (8)

This comes from Iben (1981), as an M. — L relation “that joins together the
Paczynski (1970)-Uus (1970) relationship, which is valid for small stellar masses,
and the Iben (1977) relationship, which is valid for large stellar masses ... The

number 0.495 is taken from Wood and Zarro (1981).”

After the present work had been completed, the paper of Lattanzio (1986)
appeared. He considered stars of mass 1.5 Mg and compositions having ¥ = 0.20
and 0.30 with Z = 0.001, 0.01, and 0.02, using Zcno = 0.6Z; the mixing length
parameter was @ = 1. Starting from the zero age horizontal branch, these stars were
evolved to the AGB and through 5 to 10 shell flashes. For Population I abundances

the resulting M, — L relation was

L = 55320[2.3(Y — 0.20) + 1.0}(Mu — a),

(9).
a = 0.489 + 0.23(Y — 0.20) — 0.70(Z — 0.02),

presumably obtained from core masses 0.55 Mg < My < 0.6 Mg. For the low-

metallicity (Z = 0.001) case, the M. — L relation was
L =51800[1.0 + 4.7(Y — 0.20)] Mg — 26260[1.0 + 6.2(Y — 0.20)] ,  (10)

presumably obtained from core masses 0.6 Mo < My < 0.65Mg. It should be noted

that the slopes of these relations must be rather uncertain, due to the small range
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of core masses over which they were obtained, with only the last flashes attaining

(or perhaps not quite attaining) full amplitude.

Others have shown that the origin of the M.— L relationship can be understood
in terms of the structure of a star with burning shells surrounding a degenerate core,
using semi-analytical approximations. Refsdal and Weigert (1970) considered the
case of a single hydrogen-burning shell surrounding a degenerate helium core of core
mass My < 0.45 Mg, using homology relations. They found an M, — L relation
L « My. Kippenhahn (1981) extended this theory to higher core masses by allowing
for variation in the radiation pressure, but still considered only a hydrogen-burning
shell. He claimed that the luminosity was a strong function of composition for
small core masses, namely L oc u”, where y is the mean molecular weight in the
envelope as defined in equation (1); but that for higher core masses such as are
typical of AGB stars the composition dependence would be rather weaker (due to
the increased radiation pressure in the region just outside the burning shell). Some
dependence on Zgno through the hydrogen-burning rate was implied but not given

explicitly.

Tuchman, Glasner, and Barkat (1983) attempted to provide a more transpar--
ent theoretical derivation of the existence and form of the M. — L relation, for a

more general case. They assume that

the star has the following characteristics:
a) It has a core of mass M, which resembles a classical white dwarf.

b) It has a thin burning shell (or a double shell) which surrounds the
core. The extension of the shell(s) in mass AM, is very small compared

to M..
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c) Just above the burning shell(s) there exists a thin ‘transition
zone’ (whose mass AM <« M,.) within which the drop of pressure P,

density p, and temperature 7', as well as the increase of radius r, are
very sharp.

d) The luminosity in the transition zone is constant and equal to
the local radiative luminosity .

e) The composition within the transition zone is homogeneous and

as usual is described by X, Y, and Z.

f) Within the transition zone we can safely approximate the opac-
ity x by the Thompson scattering expression x = 0.2(1 4+ X).
These conditions are generally satisfied for stars on the AGB, although Tuchman,
Glasner, and Barkat (1983) point out that assumption (d) could be violated in some
cases, if envelope convection reaches down too close to the burning shells (which
could happen for high enough core masses and total stellar masses, and/or large
enough values of the mixing length to pressure scale height parameter «). The
results of their manipulations are a pair of equations relating the luminosity at the
top of the hydrogen-burning shell to the temperature at that point, the core mass
of the star, and the envelope composition; in princple, if not in practice, this pair
of equations could be solved to give the luminosity in terms of the core mass and
composition. Even without such a solution, however, they provide strong indications.
as to the expected dependence of the luminosity on composition. Composition
enters the equations in three ways: through factors of (1 + X') from the electron
scattering opacity, through factors of approximately (5X +3—2) from the molecular
weight p, and through factors of (X Zcno) from the hydrogen-burning rate. From
the way in which these factors enter the equations, the composition dependence

of the M, — L could probably be approximated by a fairly strong p-dependence
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(likely stronger than linear) and a rather weak dependence on Zcyo, likely between.
(ZCN0)1/2° and (Zcno)/3; considering that Zeyo is generally proportional to the
metallicity Z, the Zcno-dependence could be converted to a Z-dependence (with
the same power). Any dependence on total mass or on mixing length would come
from violation of their assumption (d), as discussed above. It should be noted that
the M. — L relation, as they derive it, would be expected to be approximately linear
only for a certain range of core masses M,; fairly small deviations from linearity
are expected at large core masses (M, 2 1.2 M), and large deviations at low core

masses (M, < 0.5 Mg).
ITII. COMPUTATIONAL DETAILS OF THE PRESENT WORK

For the low-metallicity case (Z = 0.001, with initial hydrogen and helium
content X = 0.759, Y = 0.24, giving p ~ 0.589, and Zcno = 0.00075), stars of
initial mass 1.0 Mg, 1.2 Mg, 2.0 Mg, and 3.0 Mg were considered; for the case of
solar metallicity (Z = 0.02, with initial X = 0.71, ¥ = 0.27, giving p ~ 0.613,
and Zcno = 0.015), stars of initial mass 1.2 Mg and 3.0 M were considered.
(Note that Zcno = 0.75Z for both cases, obtained from composition values of Ross-
and Aller [1976], which are quite similar to those of Grevesse [1984].) The initial
stellar composition was obtained via Steigman (1985), by considering a primordial
helium abundance of Y, = 0.24 in the interstellar medium, which grows due to
nucleosynthesis in stars according to AY ~ 1.5AZ; these values are consistent with
the values given by Steigman (1985) of Y, = 0.24+0.01 and of AY/AZ =1.74+0.9,

AY/AZ <1.3+3.6,and AY/AZ = 2+ 1. It should be noted that first dredge-up
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changed the surface composition slightly, so that on the AGB the molecular weight
of the envelope had become p ~ 0.598 for the Z = 0.001 cases and u ~ 0.618 for

the 3 Mg, Z = 0.02 case, p ~ 0.624 for the 1.2 Mg, Z = 0.02 case.

The effect of a Reimers (1975) type wind mass loss

3/2

: _ L _
M = —n(4x 10713 Me/yr)ﬁ = —n(1.34 x 1075 M@/yr)m (11)

(M, L, g, and R in solar units, T, in Kelvins: Kudritzki and Reimers 1978) was
included whenever a star’s effective temperature T, fell below 5000 K, i.e., for
logT, < 3.7. As recommended in Kudritzki and Reimers (1978), the value of 7
was chosen to be n = 0.4 except for the 3.0 M case, where n = 1.4 was chosen.
(It should be noted that the Reimers mass loss rate is close to being inversely pro-
portional to the mixing length parameter «, through the effect of the latter on the

radius and effective temperature.)

Every effort was made to include the latest nuclear reaction rates and neutrino
losses, including neutrino-pair bremsstrahlung. The latest Los Alamos opacities
were used (Keady 1985): these include opacities due to a number of molecules at
low temperatures. The dynamical effects of carbon and oxygen ionizations were

also included.

The *N(p, )30 reaction rate determines the rate of CNO-cycle burning. A
recent measurement of this rate has been made (Schréder et al. 1986, 1987). Pre-
liminary analysis (Rolfs 1986) indicated that at the astrophysical energies relevant

to the present work the rate (dominated by the direct capture process) should be
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only about 4 the value given in Fowler, Caughlan, and Zimmerman (1975, hereafter.
FCZ II). This reduced rate was used in the work presented in this paper. Later,
more complete analysis (Schroder et al. 1986) indicated that a resonance far below
threshold, which had never been considered in previous analyses, contributed signif-
icantly. At the relevant astrophysical energies, the resulting total **N(p, v)!°O rate
was 3 to 4 times that indicated by the preliminary analysis, i.e., 13 to 2 times the
rate given in FCZ II. To test what effect this increased rate would have, a 3.0 Mg
star was evolved with this new, higher CNO-burning rate from the main sequence,
through several helium shell flashes on the AGB. Differences from the case of low
CNO-burning rate were small in all stages of the star’s lifetime, including the AGB,
where the interflash luminosity was increased by only about 4% (see Figure 1; see
also Paper III). Final analysis (Schroder et al. 1987), obtained after this paper
was completed, indicated a smaller contribution from the subthreshold resonance,

giving a rate very similar to that of FCZ II.

It should be noted that in this work a mixing length to pressure scale height
ratio of @ = [/H, = 1.0 was used. The appropriate value for « is rather uncertain,
values up to @ = 2.0 or more being not unreasonable, but the effect of this ratio-
on the star’s luminosity is negligible for low mass stars. Certain runs comprising a
number of flashes on the AGB were repeated with increased values of a, but even
increasing a by a factor of two caused only a 1% increase in the star’s luminosity
(though it had of course a large effect on the radius and effective temperature of
the star). For a more complete discussion of this, and other computational details,

see Paper III.
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IV. RESULTS AND DISCUSSION

a) The M. — L Relation on the Red Giant Branch

It was first pointed out by Refsdal and Weigert (1970) and Kippenhahn (1981)
that an M, — L relation exists for the pre-core flash red giant branch (RGB) phase
for low mass stars, when a single hydrogen-burning shell surrounds a degenerate

helium core. Their semi-empirically derived relation was of the form
]
L o p*My (Zeno)s, (12)

with ( & 7, ¢ ~ 8, and (from Tuchman, Glasner, and Barkat 1983) probably
0 < £ € 1. The above is in agreement with the results of our direct computations.
A low mass star climbing the RGB suffers a small luminosity dip as it settles down
into the form to which the above work applies (moving a little way back down the
RGB before continuing upward), and subsequently follows the M. — L relation of
equation (12) until the helium core flash occurs. Surprisingly, one can define an
M. — L relation even for the lower part of the RGB, before the luminosity dip,
although the relation is followed less accurately there. In Figure 2, low-metallicity
RGB stars of initial mass 0.8 Mg, 1.0 Mg, 1.2 Mg, and 2.0 Mg having Z = 0.001,

Zcno = 0.00075, and p ~ 0.598 are fitted by the relation
42200Mp = (8.41Mu)°, 0.18 < My < 0.32 (10 < L < 150)
L= (13)
412000My = (6.34My)", 0.32 < My <048 (150 < L < 2000)

(everything in solar units, as usual). In Figure 3, a solar composition RGB star of

initial mass 1.2 Mg having Z = 0.02, Zcno = 0.015, and p ~ 0.624 is fitted by the
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relation

44600M;; = (8.51My)°, 0.16 < My $0.25 (5< L < 50)
L = (14)
714000My = (6.86My)", 0.25 < My <0.45 (50 < L < 2000).
For both of these cases, the My-dependence in the region 0.3 Mg < My < 0.4 Mg
is consistent with the prediction of equation (12): this region can be as well fitted

by Mﬁ as by MI; A dependence of MI;/ has been chosen in equations (13) and (14)

in order to fit the region My 2 0.4 Mg as well.

Equations (13) and (14) characterize stars of two different compositions. The
high-core mass portions of these relations are identical except for the normaliza-
tion constants in front, of 412000 and 714000 re<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>