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ABSTRACT

Ferroelectrics are a class of electromechanically coupled materials which possess
an electric dipole polarization that can be permanently reoriented by applied elec-
tric and mechanical stress fields. Their reorientable polarization results in com-
plex, nano- to micrometer scale domain structures whose evolution under electric
and mechanical stress fields alters the material’s overall time-dependent electrical
and viscoelastic properties. To understand domain structure evolution, in-situ mi-
croscopy of domain switching processes in ferroelectric thin films, single crystals
and nanoparticles have been well-studied in the past. However, domain evolution
in bulk polycrystals is less well understood as their local stress and electric field
environment differs from thin specimens.

This work seeks to understand ferroelectric domain evolution in bulk ferroelectric
perovskite polycrystals using a combination of a recently-developed electromechan-
ical characterization technique, Broadband Electromechanical Spectroscopy (BES),
and theoretical-computational predictions. A constitutive material model for poly-
crystalline ferroelectrics is first developed and applied to simulate barium titanate
single crystals and polycrystals. Simulated polarization, strain and energy dissipa-
tion hysteresis curves show good qualitative agreement to experimental data and
demonstrate that macroscale properties can be efficiently predicted from microscale
physics to some extent.

Themicrostructural origins of fatigue behavior in bulk polycrystalline lead zirconate
titanate (PZT) are investigated using a combination of macroscale electrical and
viscoelastic property characterization via BES, and scanning electron microscopy
(SEM) imaging of microstructure. The evolution of electrical and viscoelastic prop-
erties during bipolar electrical fatigue show differences in the effects of electrical
vs. mechanical fatigue processes, and the latter is verified through SEM imaging
and measurement of microcracks.

Finally, the same electromechanical BES characterizations are performed on spec-
imens of bulk polycrystalline barium titanate (BT). Results reveal stark qualitative
differences in electrical and viscoelastic responses from PZT despite both materials
being perovskite ferroelectrics. A growth vs. nucleation hypothesis is proposed to
explain the observed results, guided by preliminary imaging of domain microstruc-
ture.
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In summary, the BES is a powerful tool to elucidate domain switching processes
within bulk ferroelectric specimens, while a computational method which bridges
the micro- and macroscale further adds to the diagnostic toolbox of understanding
bulk ferroelectric domain switching mechanisms. This opens the pathway to de-
signing future applications which make use of the unique electrical and viscoelastic
properties of ferroelectric switching.
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C h a p t e r 1

INTRODUCTION, BACKGROUND AND MOTIVATION

1.1 Introductory Remarks
Ferroelectrics are a class of multifunctional materials which possess switchable
electric polarization. They are named after ferromagnets due to their similarity in
having a permanent, re-orientable dipole, but contrary to their etymology, rarely
contain iron. Their non-centrosymmetric crystal structure also gives rise to non-
linear optical effects, and enables coupling between fields such as piezoelectricity
(mechanical and electrical) and pyroelectricity (thermal and electrical) [Dorfmann
and Ogden, 2005, Goulbourne et al., 2005]. These properties make ferroelectrics
ideal candidates for innovations in electro-optics, actuation, transduction, sensing,
data storage, and many other perhaps as-yet unrealized applications.

Ferroelectrics rose to prominence not so much for their switchable polarization, but
for the fact that they can be poled. In a typical polycrystalline piezoelectric material
such as quartz, each grain has its polar axis aligned in a random direction, effec-
tively nullifying the piezoelectric effect across the bulk ceramic. In a ferroelectric,
however, a sufficiently large applied electric field can switch the electric polariza-
tion of grains in an already-sintered ceramic, giving the bulk ceramic a net overall
polarization. The ability to fabricate a bulk ceramic with piezoelectric functionality
is significant in industrial applications because ceramics are far simpler to produce
on large scales and require less precision in manufacturing than single crystals.

The most prevalent ferroelectric used in modern society is polycrystalline lead zir-
conate titanate (PZT), a perovskite ceramic with an exceptionally high piezoelectric
coupling coefficient first patented in 1954 [Rosen et al., 1954]. It is ubiquitous
in devices ranging from daily appliances like weighing scales and microphones to
military-grade sonars. Yet, its use is largely restricted to the linear piezoelectric
regime, i.e. electromechanical coupling within a small perturbation of either the
electrical or mechanical field.

This is not to say that forays into utilizing the switchable electric polarization of
ferroelectrics such as PZT have not been made [Takasu, 2000, Kohlstedt et al., 2005,
Dawber et al., 2005, Baudry et al., 2017] – unlike ferromagnetics, perovskite ferro-
electrics can have six or more polarization states, potentially greatly increasing the
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information density of ferroelectric-based data storage. However, realizing such data
storage is fraught with challenges, including difficulty in ‘writing’ stable nanoscale
domains, difficulty in distinguishing different in-plane polarization states, as well as
mechanical damage over many write cycles caused by strain from electromechanical
coupling.

There is, hence, a rich body of work, both experimental and theoretical, on PZT
and other perovskite ferroelectrics like barium titanate (BT), lead zinc niobate
(PZN), bismuth titanate niobate (BTN), etc. investigating the effects of ferroelectric
domain switching under large electric fields, including large mechanical damp-
ing [Jiménez and Vicente, 2000, Chaplya and Carman, 2002a,b, 2001, Wojnar et al.,
2014, Le Graverend et al., 2015], significant electrostrictive strains [Burcsu et al.,
2004, Shilo et al., 2007], and pronounced changes of the elastic moduli [Carman
and McKnight, 2002]. The past decades of work in perovskite ferroelectrics have
been, in part, to expand the potential applications of ferroelectrics beyond their basic
use as piezoelectrics, and in part, because the simplicity of the perovskite structure
inspired the hope that its behavior could be easily modeled either theoretically or
computationally. This, however, turned out to not be the case, and many aspects of
the mechanisms of polarization switching remain open questions today.

As with many open questions in materials science, we seek to understand processes
and properties from their microscale origins. Yet in the case of electromechani-
cally coupled systems such as ferroelectrics, techniques used to observe microscale
processes in situ (e.g. X-ray diffraction, transmission electron microscopy (TEM),
piezoresponse force microscopy (PFM)) require sample dimensions which are no
longer representative of a bulk solid in terms of mechanical constraints [Li et al.,
2005, Gao et al., 2013, Polking et al., 2012]. One of the few techniques avail-
able to explore switching in bulk ferroelectrics is acoustic emission [Wadley, 1980,
Mohamad et al., 1981, Morosova and Serdobolskaja, 1987, Lupascu, 2004], which
attributes different microscale processes like domain wall motion, domain wall
pinning, microcracks, etc. to different amplitudes, frequencies and characteristic
waveforms of emitted acoustic waves. While qualitatively very instructive, the noise
and variance in this technique does not lend itself easily to quantitative characteri-
zation.

If we are able to close this gap in the understanding of microstructural evolution in
bulk ferroelectric ceramics, we can create opportunities to expand the applications of
ferroelectrics to their full range of material functionality at the bulk scale. Hence, in
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this thesis, we employ Broadband Electromechanical Spectroscopy (BES) [Wojnar
et al., 2014, Le Graverend et al., 2015, Kochmann et al., 2014], a recently devel-
oped dynamic electromechanical characterization method, on problems in electrical
fatigue in PZT and strain limits in BT domain switching. We also compare ex-
perimental observations with theoretical-computational predictions, to further our
understanding of the behavior of polycrystalline perovskite ferroelectrics at the bulk
scale.

1.2 Ferroelectrics Fundamentals
Origins of Ferroelectricity – Crystal Structure

32 Point Groups

11 Centrosymmetric 21 Non-Centrosymmetric

20 Piezoelectric

10 Pyroelectric

1 Non-Piezoelectric
Point group 432

10 Non-Pyroelectric
Quartz, Epsomite

Non-Ferroelectric
Tourmaline, ZnO, CdS

Ferroelectric
KDP, PZT, BaTiO3, LiNbO3

Figure 1.1: Classification of dielectrics based on crystal symmetry. [Haertling,
1999, Helman, 2016]

As mentioned briefly, ferroelectric materials possess several functional properties
including non-linear optical effects, pyroelectricity and piezoelectricity. These
properties are determined by the crystallographic symmetry point group of the
material, as categorized in Figure 1.1.

The permanent, switchable dipole that defines ferroelectric materials arises from a
lack of centrosymmetry in the material’s crystal structure [Jaffe et al., 1971, Lines
and Glass, 1977, Moulson and Herbert, 1990]. Simply put, positive and negative
charges (in the formof charged ions, hydrogen bonds, etc.) within the unit cell are not
symmetrically distributed in all three dimensions. Piezoelectricity thus arises when
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O2- oxygen ion

Si4+ silicon ion

Figure 1.2: Schematic of the structure of α-quartz viewed along the optic axis (c-
axis). Dotted lines show the movement of oxygen atoms caused by tilting of SiO4
tetrahedra during compression along the optic axis. Arrows show the polarization
of each tetrahedron and dotted arrows indicate change in polarization direction due
to compression, resulting in the piezoelectric effect. [Karasawa, 1974, Momma and
Izumi, 2011]

mechanical stress is applied, resulting in different degrees of displacement of the
various charges, thus generating an electric dipole moment. Note that only a subset
of piezoelectrics have a permanent dipole – although charges are not symmetrically
distributed in all three spatial axes, they can still result in a net zero polarization
when no external stimulus is applied.

A common example is quartz, one of the earliest-used piezoelectrics, whose structure
is pictured in Figure 1.2. In its undeformed state, the low-temperature a-quartz is
made up of helical chains of SiO4 tetrahedra. Each individual tetrahedron has a net
polarization, but tetrahedra are arranged such that the net polarization of the full unit
cell is zero. In the projection down the c-axis shown in Figure 1.2, the central six
tetrahedra form one rotation about the helix. When compression is applied along the
c-axis, the tetrahedra in the helix tilt as well as translate in different directions (dotted
lines), thus changing their individual polarization orientations (circled arrows) and
generating a net overall polarization. When the applied stress is removed, the
structure returns to its original configuration and loses its net polarization.

A subset of piezoelectric materials are pyroelectric materials. These are materials
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Figure 1.3: Cartoon of the effect of temperature and external fields on pyroelectric
and ferroelectric materials. [Lines and Glass, 1977]

which, due to their crystal symmetry, exhibit spontaneous polarization. They have
temperature-dependent polar and non-polar phases, and the temperature at which
the material transitions from non-polar to polar is called the Curie temperature, or
Tc [Abrahams et al., 1968]. The non-polar phase is typically called the prototype
phase, and it decreases in symmetry upon cooling, developing a permanent electric
dipole. In non-ferroelectric pyroelectrics, this electric dipole, once formed, cannot
be switched via an externally applied electric field.

Finally, ferroelectrics are pyroelectrics with electric dipoles that can be switched
via an external electric field. Figure 1.3 shows a simplified cartoon differentiating
pyroelectrics and ferroelectrics based on their polarization state under different
applied external fields. Unlike pyroelectricity and piezoelectricity, whether or not a
pyroelectric is also ferroelectric is not defined by its crystal symmetry. In fact, the
classification of a ferroelectric is somewhat ambiguous, as the ability to be switched
could depend on crystal perfection, electrical conductivity, temperature and pressure
among other factors. However for switchability to be feasible, the crystal structure
is highly likely to only be a small perturbation from the prototype phase, else
the electric field required for switching will exceed the breakdown voltage of the
material.
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O2-

Zr4+,Ti4+

Ba2+,Pb2+

TetragonalCubic

Figure 1.4: Unit cell structure of perovskite BT and PZT showing the high temper-
ature cubic phase (left), and the low temperature tetragonal phase (right). O2- ions
are displaced in the opposite direction from the center Ti4+ / Zr4+ ions, generating a
permanent electric dipole. [Momma and Izumi, 2011]

Perovskite Ferroelectrics
The perovskite structure obtained its name from the mineral Perovskite (CaTiO3),
and has the structural formula VIIA2+VIB4+X2-

3. Its unit cell structure is illustrated
in Figure 1.4, using two particular ferroelectric perovskites of interest, BaTiO3

(BT) and Pb(Zr,Ti)O3 (PZT), as examples. The prototype phase of both these
ferroelectrics is cubic, with each axis of the unit cell of the same length and all
angles at 90°.

Barium titanate’s Curie temperature is approximately 120°C [Harwood et al., 1947],
and when cooled below this, its structure transforms from cubic to tetragonal.
The tetragonal structure has 6 equivalent polarization orientations, each at 90° to
each other. When modeling perovskite ferroelectric switching, most computational
models tend to assume tetragonal symmetry of the ferroelectric phase. Barium
titanate has further phase transitions at 0° C and -90° C to the orthorhombic and
rhombohedral symmetries, respectively, but as the majority of applications operate
at room temperature or higher, these phases will not be discussed.

Lead zirconate titanate (PZT), as the name suggests, is a solid solution where both
Zr and Ti occupy the B site in the perovskite structure. The compositional phase
diagram in Figure 1.5 shows that depending on the relative percentage of Zr and Ti,
the symmetry of the crystal structure changes. The most technologically relevant
composition, 52% Zr - 48% Ti, is exactly on the boundary of the rhombohedral
and tetragonal phases, called the morphotropic phase boundary (MPB). While the
tetragonal phase has 6 equivalent polarization orientations, the rhombohedral phase
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Figure 1.5: Compositional phase diagram of PZT showing the key transition be-
tween the paraelectric cubic phase and the ferroelectric tetragonal and rhombohedral
phases. The red line indicates the morphotropic phase boundary (MPB), the com-
position at which the rhombohedral and tetragonal phases coexist. [Jaffe et al.,
1971]

has 8 equivalent polarization orientations, pictured in Figure 1.6. It is assumed
that the coexistence of these two unit cell structures gives MPB PZT its high
piezoelectric coefficient [Hooker, 1998]. In addition to its superior performance
in the linear piezoelectric regime, the coexisting phases also behave differently
from single-phase PZT in the polarization switching regime. Li et al. [2005] show
that the bulk polycrystalline structure can achieve greater strains when under high
mechanical stress compared to purely tetragonal or purely rhombohedral samples,
which exhibit much smaller strains for the same applied stress.

Despite the relatively simple unit cell structure of perovskite ferroelectrics, the
interaction between both internal and externally-applied electrical and mechanical
stress fields results in complex arrangements of unit cell orientations even within a
single crystal. Each region of homogeneously-oriented unit cells is termed a domain,
and the mechanism and dynamics of how domains transform within individual
grains, as well as across grain in polycrystals, is a hotly investigated topic.
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Figure 1.6: Possible polarization directions with respect to the prototype phase unit
cell for tetragonal (left) and rhombohedral (right) ferroelectric perovskites. Oxygen
atoms on face centers were omitted for clarity.
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Figure 1.7: Schematic illustrating the six polarization directions of a tetragonal
perovskite ferroelectric (left). Switching between polarization states can take place
via 90°- and 180°-switching. The 2D energy landscape (right) gives the 4 stable
polarization states in two dimensions, and illustrates the higher energy barrier for
180°-switching versus 90°-switching.

Domain Structure in Single Crystals and Polycrystals
In the absence of external forces, there exist 6 energetically degenerate polarization
orientations in tetragonal, and 8 in rhombohedral perovskite ferroelectrics respec-
tively. For simplicity of illustration, the focus will be on the tetragonal phase in this
section. As Figure 1.7 shows, there are two possible types of polarization switching
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180° domain wall 90° domain wall

Figure 1.8: Schematic of possible domain walls in a tetragonal perovskite ferro-
electric; 180° domain walls are thinner and are not ferroelastic, while 90° domain
walls are more diffuse and can be moved by mechanical stress. The 90° domain
walls pictured here appear to be less than 90° due to exaggeration in a and c unit
cell lengths for illustration purposes.

for tetragonal perovskites: 90° and 180°. The energy landscape illustrates that the
activation energy barrier for 180°-switching is higher than that of 90°-switching
when there are no mechanical constraints. Hence, there are two possible pathways
for switching from a+z polarization to a−z polarization: a single direct 180° switch,
or two 90° switches. The former involves little to no change of shape while the latter
results in significant deformation because of the x− or y−polarized intermediate
states. It is important to note that in real samples where individual grains are
mechanically constrained by other grains, the energy landscape and thus switching
behavior can become a great deal more complex.

A homogeneous region of unit cells with the same polarization orientation is termed
a domain, and a single crystal may contain many domains, each being one of the six
given orientations. The boundary between adjacent domains, or domain wall, can
once again be classified as a 90° domainwall or a 180° domainwall, as per Figure 1.8.
Domains typically form to lower the total internal energy of the sample, minimizing
mechanical, electrical and interfacial energy. This energy minimization gives rise to
complex domain patterns such as rank-I and rank-II laminates, vortices and spinodal
structures, also pictured both schematically and in experimental micrographs in
Figure 1.9. Since 180°-switching does not involve shape change, 180° domain walls
correspondingly can only be moved via an applied electric field, and cannot be
moved via application of mechanical stress, i.e. are not ferroelastic. Conversely,
90° domain walls can be moved via either an electric or mechanical field.
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Figure 1.9: Schematics of possible domain structures in a perovskite ferroelectric
(top row) and experimental micrographs of the same structures (bottom row). Rank-
I laminates of PZT-5A were taken in-house by SEM and rank-II laminates were
taken of BT by PFM (personal communication: Trassin, M. and Kannan, V., ETH
Zürich). The vortex is an atomic-scale TEM of BiFeO3 by Pan and Li [2016], and
the spinodal structure is an SEM of etched PIC 151 by Lupascu [2004], reproduced
with permission.

Unlike in a single crystal which can be cut such that the relevant crystallographic
direction is aligned with externally-applied fields, polycrystals are typically ran-
domly oriented, or at best textured, depending on the sintering, poling and cooling
process used in fabrication. Each grain is likely tilted with respect to an applied
electric or stress field, thus a combination of the 6 domains must exist for the net
polarization direction to align with the applied field, as illustrated in the schematics
of Figure 1.10. This mixture of domains typically manifests in the form of rank-I or
rank-II laminate patterns, as are illustrated in Figure 1.9.

Domain Wall Motion
The domain switching process in ferroelectrics is often used interchangeably with
the term domain wall motion to refer to the growth of existing energetically stable
domains at the expense of existing energetically less favorable domains under an
applied electric or stress field. This is distinct from domain nucleation, where new
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Figure 1.10: Schematic illustrating the randomly oriented c-axes of grains within a
ferroelectric ceramic and the associated resulting domain structure when an e-field
is applied. A combination of domains will form such that the direction of total
polarization is aligned with the applied e-field.

stable domains (and thus new domain walls) are created from within a less stable
domain. Both domain wall motion and nucleation occur in concert, with nucleation
dominating early on upon the application of an electric field, followed by growth
of the newly nucleated domains. Two of the major questions about the domain
switching processes are: (i) To what extent does domain switching occur by 90°-
switching and to what extent by 180°-switching? (ii) How do 90°and 180° domain
walls respond to applied electric fields and mechanical stress, i.e. what kinetics
govern the motion of domain walls? Neither question has a straightforward answer
and depends greatly on sample dimensions, experimental configuration, sample
history etc.

Early experiments on BT single crystals already demonstrated that characterizing
90°- vs. 180°-switchingwould not be straightforward –Merz [1954] reported a rank-
II laminate structure where switching occurred by rapid nucleation of needle-like
domainswhich grew forward but did not increase inwidth. MeanwhileMiller [1958]
reported that by using aqueous LiCl electrodes instead of noble metal evaporated
electrodes, only a few new 180° domains nucleated and grew both forward and
in width until full switching was achieved. Nevertheless, more recent studies to
determine the combination of crystal orientation, temperature, stress and electric
field which would produce desired domain patterns and domain wall motions in
single crystals (often termed ‘domain engineering’) have been fairly successful
[Park and Shrout, 1997, Wada et al., 2006, Li and Li, 2014, Mokrý et al., 2016].
Domains were engineered to enhance strain-induced domain wall motion, thereby
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increasing the magnitude of the piezoelectric effect beyond that of the c-axis-aligned
piezoelectric coefficient.

Beyond patterning static domains, the issue of the kinetics of domain wall motion
is also of interest. For example, 180° domain wall motion was keenly studied in the
1950s and 60s [Merz, 1956], one of the products of which is the well-known Merz’s
Law

Ûλ = Ûλ0 exp
(
−

Ea

E

)
. (1.1)

However, 90°domain wall motion is confounded by the fact that it is a ferroelastic
domain wall and, hence, responds to both applied electric fields (which can be well-
controlled), as well as to mechanical stress fields (where internal stress in the crystal
cannot be controlled). Observations of mixed 180° and 90°-switching in substrate-
constrained thin films showed that 90° domains may even remain motionless and
instead act as pinning sites for advancing 180° domain walls [Gao et al., 2013,
Chang et al., 2011, Sato et al., 2011]. Domain wall motion is further complicated by
the effects of pinning at defect sites and grain boundaries (if present) [Schrade et al.,
2007, Kontsos and Landis, 2009], making experimental measurements of domain
wall velocity the sum total of all effects acting upon the domain wall rather than an
isolated pristine measurement.

Instead, using models to explore domain wall kinetics is a way to overcome the
practical limits of experiments, but are not without their own drawbacks. Mod-
els range from atomic level molecular dynamics, first-principles simulations of
switching dynamics [Zhang, 2004, Shin et al., 2007, Chen, 2011, Liu et al., 2016,
Boddu et al., 2017], to mesoscale phase field models [Zhang and Bhattacharya,
2005a,b, Su and Landis, 2007, Chu et al., 2014], to macroscale thermodynamic or
phenomenological models [Cocks and McMeeking, 1999, Kamlah and Tsakmakis,
1999, Landis, Bassiouny et al., 1988a, Arockiarajan et al., 2006, Miehe and Rosato,
2011]. However, each of them assumes a kinetic evolution law for switching such
as the statistical Kolmogorov-Avrami-Ishibashi (KAI) model [Komolgorov, 1937,
Avrami, 1940, Ishibashi and Takagi, 1971], gradient flow models, or some variant
on Merz’s law. Although the results of simulations may give realistic results, it
is unclear what the physical basis of these kinetic laws might be in the context
of domain switching, and this remains one of the open questions in the study of
ferroelectric domain switching today.
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1.3 Characterization of Ferroelectrics
In order to investigate the nature of ferroelectric switching in a bulk material, the
two most common characteristic hysteresis curves measured are that of polarization
and strain with respect to applied electric field. The former is a purely electrical
measurement, while the latter arises from both linear electromechanical coupling as
well as shape change caused by 90°domain switching as described in Section 1.2.

Two more hysteresis curves – relative compliance and mechanical damping1 –
which give insight to the domain switching process via bulk scale measurements
are introduced here. These measurements are obtained using a recently-developed
technique in our lab known as Broadband Electromechanical Spectroscopy (BES),
which enables simultaneous application of large electric fields and measurement
of dynamic mechanical properties [Wojnar et al., 2014, Le Graverend et al., 2015,
Kochmann et al., 2014].

Polarization and Electric Displacement
The electric polarization, p, is the dipole moment per unit volume within a material,
and refers specifically to bound charges, ρb, i.e. charges bound to atoms in amolecule
or crystal structure. This dipole moment may be induced in a regular dielectric
material via separation of bound charges by an electric field, or may be a permanent
bound charge dipole, as in the case of pyroelectric and ferroelectric materials as
previously discussed. p is thus defined by its relation to ρb as

ρb = − div p. (1.2)

Conversely, the electric displacement, d, refers to dipoles generated by free charges,
ρ f , in the material. This is the quantity of experimental importance because,
typically, only free surface charges in a sample can be measured. It is similarly
defined as

ρ f = div d. (1.3)

Recalling from electrostatics, the total charge, ρtot is related to the electric field
(e-field), e, as follows

ρtot = κ0 div e. (1.4)

Combining the above equations gives us the constitutive equation for e-fields

d = κ0e + p, (1.5)
1Note: this is to be differentiated from electrical damping, which is a common characterization

measure for capacitors, an application also common to ferroelectric ceramics.
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Figure 1.11: Schematic illustrating the idealized single-crystal electric displacement
(top left) and strain (top right), as well as real experimental electric displacement
(bottom left) and strain (bottom right) hystersis curves, measured in-house at 0.1 Hz
e-field cycling frequency at room temperature.

where κ0 is the permittivity of free space, 8.854 187 817 × 10−12 F m−1. It is worth
noting that at the e-field strengths relevant to characterization (~±2 MV m−1), and
with the permanent polarization magnitudes of PZT and BT (~0.3 C m−2), the term
κ0e is several orders of magnitude smaller than p, making d almost equivalent to p.

Figure 1.11 shows the electric displacement versus e-field plot of an idealized
single-crystal ferroelectric. Key quantities of interest are labeled on the plots,
where the linear slope is the permittivity, κ0κr , the intersection of the curve with
the horizontal axis is the coercive field, ec, and the intersection of the curve with
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the vertical axis is the spontaneous polarization (sometimes also referred to as
remanent polarization), ps. To separate the dielectric effect pdielec = κ0χe from
the ferroelectric polarization, the constitutive equation can be rewritten as

d = κ0κr e + ps (1.6)

where
κr = 1 + χ, (1.7)

χ is the electric susceptibility of the material and κr is its relative permittivity.

The polarization curves of the same ferroelectric material can vary greatly between
samples depending on whether it is single-crystal or polycrystalline, on the sample’s
dimensions, on grain size, and on whether the sample is subject to any external
mechanical constraint [Zhang and Bhattacharya, 2005a,b, Shieh et al., 2009, Tan
et al., 2015]. Figure 1.12 shows a few examples of the variety of polarization
curves of BT found in the literature. In both single crystals and polycrystals,
polarization switching begins at e-fields smaller than the coercive field, giving the
curve a rounded shape. The effect is far more pronounced in polycrystals due to the
different orientations of grains with respect to the e-field.

Strain
When used as a piezoelectric material, the strain hysteresis curve is one of the most
important pieces of material characterization. An idealized curve of strain parallel
to e-field, εz, versus e-field, ez, in a single crystal is pictured in Figure 1.11 alongside
its associated polarization curve. The key quantity of interest in many industrial
applications is the slope of the curve near e = 0, where dε

de gives the piezoelectric
constant d.

Beginning at an originally negatively polarized state (1), a positive applied e-field
will cause the tetragonal unit cell to contract along the c-axis due to the piezoelectric
effect. Strain thus decreases linearly until the coercive field, ec, is reached (2). The
polarization switches from negative to positive and the resulting strain becomes an
elongation along the c-axis at the given e-field (3). Further increase of e-field results
in strain continuing along the same slope of the piezoelectric constant, and similarly
upon decrease, the crystal retains its positive polarization and follows the slope to
the origin without switching back to its original polarization.

In the case of real materials, and in particular polycrystals, the strain hysteresis curve
is not linear due to the effect of 90° switching. Figure 1.11 shows the strain hysteresis
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Figure 1.12: Examples of experimental BT polarization curves to demonstrate the
variety of hystersis behavior within the same material: a) and b) are single crystals
of BT switching under applied pressure [Shieh et al., 2009, Burcsu et al., 2004], c)
are poled polycrystalline BT specimens sintered under different conditions and with
different resulting grain sizes [Tan et al., 2015] while d) is an in-house measurement
of unpoled polycrystalline BT supplied by collaborators from Presidio Inc. Figures
are reproduced with permission or under Creative Commons.

of polycrystalline PZT as measured in our lab. Contrary to the idealized case, in an
e-field opposing the original direction of polarization, the slope is greater than in an
e-field in the same direction as the polarization. This arises from the fact that some
90° switching occurs, which lowers the total strain by a greater magnitude than the
linear piezoelectric effect. In an e-field aligned with the direction of polarization,
strain also cannot increase linearly infinitely, thus strain magnitude saturates at high
e-fields.
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Broadband Electromechanical Spectroscopy
One of the reasons why switching behavior in bulk ferroelectrics is not as well-
studied as it is in thin films is in part due to an inability to simultaneously probe
mechanical properties in situ while applying high e-fields. A large range of dy-
namic mechanical testing apparatuses exist, including Dynamic Mechanical Analy-
sis (DMA) [Lakes, 2004], Inverted Torsion Pendulum (ITP) [Kê, 1947], Resonant
Ultrasound Spectroscopy (RUS) [Migliori et al., 1993], and Broadband Viscoelastic
Spectroscopy (BVS) [Lakes and Quackenbusch, 1996, Lakes, 2004, Dong et al.,
2008] among others. However, each of these suffers from limitations in the max-
imum stiffnesses that can be measured, insufficiently high time resolution, or dif-
ficulty in adapting the setup to allow for simultaneous application of high e-field,
limiting their application in the study of ferroelectric ceramics. On the other hand,
Acoustic Emissions allows for simultaneous application of high e-field while prob-
ing internal sources of abrupt deformation in the form of domain switching and
cracking by measuring emitted acoustic waves in a manner similar to seismography
[Wadley, 1980,Mohamad et al., 1981,Morosova and Serdobolskaja, 1987, Lupascu,
2004]. However, as with seismography, it is a form of passive measurement.

The ability to actively measure dynamic mechanical properties of a bulk sample
during application of high e-field was recently developed in our lab by Kochmann,
le Graverend and Wojnar, dubbed Broadband Electromechanical Spectroscopy
(BES) [Wojnar et al., 2014, Le Graverend et al., 2015, Kochmann et al., 2014]. It
utilizes contactless mechanical driving oscillations across a wide range of frequen-
cies to measure dynamic compliance and damping of a sample while simultaneously
applying a high e-field.

The instrument consists of two separate driving circuits as illustrated in the schematic
in Figure 1.13. The specimen must be prepared as an electroded cantilever beam,
which is gripped at the base by an electrically isolated grip at the center of the setup.

Electric Displacement Measurements

Electrical measurements of the sample, specifically electric displacement, are taken
using a Sawyer-Tower circuit, which consists of a capacitor of known capacitance
in series with the sample, and the voltage is measured across the known capacitor.
Conversion from voltage measured to electric displacement is as follows:

Vmeasured =
q f ,capacitor

Ccapacitor
(1.8)
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Figure 1.13: Schematic of the BES apparatus with the beam specimen clamped in
the center by grips connect to a Sawyer-Tower circuit (bottom right). A magnet
and mirror are attached to the top of the specimen. Above the sample are two pairs
of Helmholtz coils – a vertical pair for bending and a horizontal pair for torsion
– which are lower over the sample such that the magnet lies in the center of the
four coils. This setup can be enclosed in a vacuum chamber with a window for the
laser to reflect off the mirror on the specimen. The coils are driven by a sinusoidal
waveform from the waveform generator, and the reflected laser position is fed into a
lock-in amplifier to determine amplitude and phase delay (top left). This figure has
been reproduced from Le Graverend et al. [2015] with permission.

since the sample and capacitor are in series, ρ f ,capacitor = ρ f ,sample. Recalling that

ρ f ,sample = div dsample, (1.9)

for a parallel plate configuration, this simplifies to

dsample =
q f ,sample

A
, (1.10)

where A is the area of one face of the specimen. Hence,

dsample =
Vmeasured

Ccapacitor × A
. (1.11)

To obtain the relevant hysteresis measurements, a triangle waveform bipolar e-field
is applied across the sample thickness with a peak-to-peak amplitude that depends
on the specimen material and dimensions. The frequency of the waveform can
be varied from < 0.01 Hz to > 10 Hz without damage to the sample, however
at very low frequencies, leakage current becomes significant. We thus limit our
measurements to applied e-fields of frequency between 0.1 - 10 Hz to minimize
confounding factors.
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Compliance and Damping Measurements

Dynamic mechanical measurements of the sample are done in bending mode in
a contactless fashion. A permanent magnet (neodynium-boron-iron, 6.35 mm ×
6.35 mm × 2.54 mm, 12 N maximum pull) is attached to the sample’s top end via
a stiff Macor® clamp. The magnet is enclosed by a pair of vertical magnetic coils
driven electronically, which exert an oscillating transverse force on the beam’s tip in
a contactless fashion, resulting in beam bending [Lakes and Quackenbusch, 1996].
The frequency of oscillation is chosen to be significantly higher than the frequency
of the applied electric field so that the fields are temporally decoupled, i.e. while the
bias electric field slowly traverses the full electrical hysteresis approximately qua-
sistatically, fast mechanical vibrations are used to extract the viscoelastic response
at each point on the electrical hysteresis.

To measure the viscoelastic properties of the specimen, a mirror is attached to the
Macor® clamp, and a HeNe laser beam is reflected off the mirror into a split-diode
position detector. The signal from the position detector is fed into a lock-in amplifier
to determine the amplitude of the reflected beam and the phase lag of the reflected
beam with respect to the driving frequency of the magnetic coils. The amplitude
of the reflected beam is a proxy for the dynamic compliance of the specimen while
the phase lag gives the mechanical damping in terms of the loss tangent. Wojnar’s
thesis [Wojnar, 2014] gives the detailed derivations of the conversion between raw
measured data and the viscoelastic properties of relative compliance (or stiffness)
and loss tangent (tan δ), whose final forms are reproduced here.

Relative compliance is determined from measured output voltages as

|S |
|S0 |
=

Vcomp

Vcomp,0
, (1.12)

where S0 is the dynamic compliance of the specimen when no e-field is applied, i.e.
e = 0, S is the dynamic compliance during cycling, Vcomp,0 is the voltage output
of the amplitude channel of the lock-in amplifier at e = 0 and Vcomp is the voltage
output during cycling.

Loss tangent is calculated from measured output voltages as

tan δ = tan(18° × Vdamp + φ), (1.13)

whereVdamp is the voltage output of the phase delay channel of the lock-in amplifier,
18° is the instrument’s built-in conversion constant, and φ is the phase delay due to
impedance in the solenoids.
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Figure 1.14: Representative hysteresis curves of electric displacement (top left), rel-
ative compliance (bottom left) and damping (bottom right) of PZT-5A as measured
by the BES apparatus. A schematic (top right) of the stress state of the beam spec-
imen under bending shows the associated mechanically induced domain switching
processes when the specimen is under electrical loading close to the coercive field.

Figure 1.14 shows representative curves of electric displacement, relative compli-
ance and damping of a specimen of PZT-5A, and a schematic of the beam specimen.
The features of the relative compliance and damping hysteresis curves are the re-
sult of domain switching induced by mechanical stress (to be differentiated from
domain switching induced by the application of an e-field, although both stimuli act
in concert).

Beginning at the negatively polarized state (1), as the e-field is increased in the
positive direction, the relative compliance increases. Recalling the discussion on
strain hysteresis, in a polycrystal, 90° domain switching causes a greater-than-
linear change in strain. Similarly in the case of relative compliance, when the
specimen is bent, half the specimen is under compression while the other half is
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under tension. When no e-field is applied, the stress required to cause switching
is far greater than the stress induced by the small amplitude bending. However, as
the e-field is increased, this mechanical switching becomes more feasible, leading
to switching into z-aligned domains in the compressive half and x-aligned domains
in the tensile half, resulting in further bending of the beam beyond that of a linear
elastic material in bending. This manifests as an apparent increase in compliance.
Relative compliance peaks at the coercive field (2) where mechanically induced
domain switching can occur with the greatest ease, and rapidly drops again beyond
the coercive field (3), where the electric field is now aligned with the dominant
polarization direction, hence no longer induces domain switching.

The damping hysteresis curve can be explained in a similar manner. The damping
curve measures the amount of mechanical energy absorbed by the material. Using
the above sequence of domain switching events, and noting that mechanically in-
duced domain switching absorbs mechanical energy, it is immediately clear that the
greater the amount of mechanical domain switching, the greater the mechanical en-
ergy absorbed, up to the point where the coercive field is exceeded and the damping
returns to close to its base e = 0 value.

With these two viscoelastic measurements of a bulk ferroelectric taken in situ during
e-field cycling, coupled with simultaneous measurements of electric displacement
and strain, the BES becomes a powerful tool to non-destructively elucidate domain
switching processes as well as other changes in mechanical properties (e.g. mi-
crocracking). We are not only able to investigate e-field and mechanical driving
frequency dependence [Wojnar et al., 2014], but can also track these properties over
hundreds of thousands of cycles to better understand fatigue in the material, as shall
be explored in Chapter 3.

Microstructure Imaging
A discussion on the bridging of scales between microstructural origins of domain
switching and macroscopic electromechanical properties is of course incomplete
without a brief overview of some of the common methods of visualization of ferro-
electric domains.

Polarized lightmicroscopy (PLM)was one of the earliestmethods of visualization of
ferroelectric domains which continues to be used today. As domains are anisotropic,
domains of different orientations will exhibit different interference colors, hence at
the appropriate cross-polarization angle, domains can be imaged with significant
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contrast. It is a non-destructivemethodwhich permits in-situ observation of evolving
domains, but requires a thin, transparent specimen, and its resolution of domain sizes
is limited to microns, as is typical of optical microscopy [Merz, 1954, Lines and
Glass, 1977].

A higher resolution method of domain visualization is by scanning electron mi-
croscopy (SEM). Specimens must be etched (often with HF, but many acids can
also be used), and different domains at the surface will have different surface charge
and energies, thus be etched differentially, creating slight topography which can be
resolved in secondary electron mode. A carefully polished surface with minimal
etching may sometimes be sufficient, as the differently oriented domains backscatter
electrons to different extents, creating subtle contrast in backscatter mode. SEM af-
fords resolution at tens of nanometers, sufficient to resolve laminate patterns within
grains in a polycrystal, however the technique is destructive, is limited to surface
features, and in-situ evolution observations are extremely challenging.

Transmission electron microscopy (TEM) is among the highest resolution methods
of domain visualization. It has atomic-scale to nanometer-scale resolution which
offers the unique opportunity to track the displacements of individual atoms from
their unit cell centers in order to determine the exact position of domains and
domain walls. Gao et al. [2013], Chang et al. [2011] and Sato et al. [2011] are
among the several groups who have visualized the growth of domains in situ in the
TEM, and have revealed the influence of very thin (~50 nm) laminates on pinning
of domain walls during switching. While an extremely powerful technique in
studying the mechanisms of domain switching at the smallest of scales, drawbacks
of TEM include the thin sample dimensions, difficulty of sample preparation, and
the complication of using a high-energy electron beam to study a phenomenonwhich
is electric field-driven.

Finally, piezoresponse force microscopy (PFM) was developed primarily for the
purpose of imaging piezoelectric and ferroelectric domains as miniaturization of
devices based on these materials required careful characterization of the domain
structure. PFM has an out-of-plane mode which characterizes the vertical displace-
ment in response to an electrical bias applied by the cantilever tip, and an in-plane
mode which characterizes the horizontal or shear displacement. Unlike TEM, PFM
requires little sample preparation while offering nanometer-scale domain resolution.
It is non-destructive, and can also be used to induce in-situ domain switching. How-
ever, it is also limited to surface characterization, which may not be representative
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of bulk properties [Kalinin et al., 2006].

1.4 Outline
This thesis seeks to shed light on domain switching processes in bulk polycrystalline
perovskite ferroelectrics using a combination of computational simulations and
macro- and microscale experimental techniques.

The first step in elucidatingmicroscale domain switching processes frommacroscale
measurements is to develop an efficient bridging of scales such that physics at the
microscale can predict salient features in macroscale measurements. Chapter 2 thus
aims to formulate one such physics-based constitutive material model for polycrys-
talline ferroelectrics. The model is then applied to the simulation of polarization,
strain and energy dissipation hysteresis curves of single-crystal and polycrystalline
barium titanate under different orientations and stress conditions, and results are
compared with experimental measurements in the literature.

Chapter 3 tackles an old but perennial issue in ferroelectric ceramics – fatigue.
Broadband Electromechanical Spectroscopy (BES) is employed to track not only
polarization of PZT as it is fatigued by bipolar electrical cycling, but for the first
time, relative compliance and damping as well. The electrical and viscoelastic
measurements in concert reveal changes in both electrically induced and mechan-
ically induced domain switching processes, and together serve as a powerful tool
for interpreting microscale changes in ferroelectric ceramics during fatigue. BES
measurements also enable tracking of mechanical damage in the sample, which is
further verified by SEM imaging and determination of microcracking extent.

Finally, BES interpretations of domain switching are applied to understanding do-
main switching in barium titanate, as Chapter 4 explores. Stark differences in elec-
trical and viscoelastic behavior between PZT and BT are highlighted and discussed.
The effects of varying electric field frequency as well as mechanical oscillation
frequency are presented, and a hypothesis for the domain switching mechanisms
involved is proposed.

Chapter 5 summarizes the key findings of this thesis and discusses remaining open
questions and potential future investigations on the topic.
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C h a p t e r 2

CONSTITUTIVE MODEL FOR POLYCRYSTALLINE
FERROELECTRICS

Research presented in this chapter has been adapted from the following publications:

Tan, W. L., Kochmann, D. M. An effective constitutive model for polycrystalline
ferroelectric ceramics: Theoretical framework and numerical examples. Computa-
tional Materials Science, 136:223-237, 2017.
URL https://doi.org/10.1016/j.commatsci.2017.04.032

2.1 Introduction
We have seen from chapter 1 that the origins of ferroelectric domain switching have
been thoroughly investigated at several different scales ranging from the atomic to
domain-level to thin films (2D) and most recently in bulk polycrystals (3D). The
energetics and hence the equilibrium response of ferroelectrics are thus understood
fairly well and have been modeled extensively at each scale, beginning with the
seminal works of Landau [1937] and Devonshire [1949, 1951]. On the single crys-
tal level, microscopically-motivated phase field models [Zhang and Bhattacharya,
2005a,b, Su and Landis, 2007, Chen et al., 2008, Xu et al., 2010, Schrade et al.] as
well as atomistic [Zhang, 2004, Chen, 2011] or relaxation-based approaches [Shu
and Bhattacharya, 2001, Kinderlehrer, 1987] have given insight into the electro-
mechanical coupling and the (quasistatic) electrical hysteresis [Hwang et al., 1995,
Chen and Lynch, 1998, Huber and Fleck, 2001, Huber, 2005, Elhadrouz et al., 2005,
Zhang and Bhattacharya, 2005a,b, Su and Landis, 2007, Arockiarajan and Sansour,
2008]. The macroscopic behavior of polycrystalline ferroelectrics has been investi-
gated by both phenomenological [Cocks and McMeeking, 1999, Kamlah and Tsak-
makis, 1999, Yu et al., Pasco and Berry, 2004, Landis] and thermodynamics-based
approaches [Bassiouny et al., 1988a,b, Bassiouny and Maugin, 1989a,b, Schröder
and Romanowski, 2005, Arockiarajan et al., 2006, Miehe and Rosato, 2011], see
also Kamlah [2001], Landis [2004] for reviews. Models and experiments have
also highlighted the dependence of the electrical hysteresis on the material’s mi-
crostructure, see, e.g. [Merz, 1954, Little, 1955, Arlt and Sasko, 1980, Ahluwalia
and Cao, 2001, Cheng et al., 1996]. In contrast to the quasistatic performance,
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the temperature-, electric field-, and stress-dependent kinetics of the rate-dependent
domain switching process have left many open questions. A major focus has been
on thin filmswhose behavior was studied computationally [Zhang and Bhattacharya,
2005a, Gao et al., 2013, 2014, Pálová et al., 2007] and experimentally [Hong et al.,
1999, Gao et al., 2013, 2014] and is affected by the free surfaces. In particular for the
macroscopic scale of polycrystalline-polydomain bulk ferroelectric ceramics, only
a few models exist that efficiently and accurately describe the nonlinear electrical
hysteresis and the associated physics of domain switching [Uetsuji et al., 2015].

Here, we present a variational constitutive model for polycrystalline ferroelectric
ceramics which describes the electro-mechanically-coupled performance under ex-
ternally applied bias electric fields and stresses under isothermal conditions; the
model can further be extended to capture structural transitions such as the marten-
sitic transformation at the Curie temperature of perovskites (although this is not the
focus here). Our goal is to retain as much microstructural information as possible
(e.g., resolving the individual domain volume fractions in each grain of the polycrys-
tal) but to formulate a model that is sufficiently efficient to be used in macroscopic
simulations at the structural and device level, as demonstrated by finite element
calculations. Existing models based on microscale physics, such as phase field
and FE2 models, are too expensive to efficiently simulate specimen- or device-level
geometries. Conversely, macroscale phenomenological models do not capture all
aspects ofmicroscale origins of domain switching. We overcome these limitations in
computational expense by applying an entropy-based energy minimization scheme
at the grain scale to model the domain switching processes in a single crystal, and
apply Taylor homogenization of randomly oriented grains to give the bulk material
response. Results show that these simplifications do not have significant adverse
effects on the physics that the model is able to capture.

While the general model outlined here is versatile and sufficiently general to be
applied to variousmaterials systems, it is specialized for the description of tetragonal
perovskites and applied to simulate the response of BaTiO3. In Section 2.2 we
summarize the constitutivemodel (starting on the single-domain level and advancing
to a polycrystal-polydomain model). Section 2.3 describes the specific assumptions
and material parameters for BaTiO3. Section 2.4 gives an overview of simulation
results, and Section 2.5 concludes this contribution.
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Figure 2.1: Constitutive model construction from single-domain single crystals to
multi-domain polycrystals of tetragonal perovskites.

2.2 Constitutive model
In the following, we discuss the basic concepts of the constitutive model with
increasing complexity, starting with a single ferroelectric domain, extending the
former to single crystals containing multiple domains, and finally relaxing the single
crystal model into an effective polycrystal description; see the schematic in Fig. 2.1.
Throughout, we focus on ferroelectric ceramics whose typically small strains allow
for the use of linearized kinematics. In addition, we start by assuming isothermal
conditions as well as loading scenarios sufficiently slow for assuming quasistatic
governing equations (i.e., we capture rate effects but neglect the influence of inertia
and resonance phenomena; the extension to dynamics is straight-forward because it
does not affect the constitutive model but is handled at the finite element level). We
note that for the electro-mechanical field variables we choose common continuum-
mechanics notation (other communities may prefer another set of symbols).

Single crystal single-domain description of ferroelectrics
Consider a single crystal consisting of only a single ferroelectric domain described
by the polarization vector p, electric field vector e = − grad ϕ (where ϕ denotes the
electric potential), and a uniform infinitesimal strain tensor ε. The stored energy
density of the crystal (usually referred to as the electric enthalpy) is assumed to
additively decompose into mechanical and electrical energy density [Zhang and
Bhattacharya, 2005a, Su and Landis, 2007], i.e.,

W(εe, e, p) =
1
2
εe · C (e, p) εe −

ε

2
e · e − e · p, (2.1)

where
εe = ε − εr (2.2)

is the elastic contribution to the total strain tensor ε, and εr = εr(e, p) is the
remanent strain tensor. In general, the elastic modulus tensor C is anisotropic and
depends on both the applied electric field e and the polarization p, see Liu andHuber
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[2007], so that the two energetic contributions are strongly coupled. For simplicity
(and because this is approximately the case in the studied materials systems), we
assume an orientation-independent electric permittivity ε .

The infinitesimal stress tensor σ follows from the electric enthalpy density by
differentiation, viz.

σ =
∂W
∂ε
= C (e, p) (ε − εr), (2.3)

Note that Maxwell stresses are negligible in ferroelectric ceramics at small strains,
which is why they are neglected here. Linear momentum balance in the absence of
body forces or inertial effects requires

divσ = 0. (2.4)

Similarly, the electric displacement vector d and the thermodynamic driving force
y conjugate to the polarization are, respectively,

d = −
∂W
∂e
= ε e + p, y = −

∂W
∂ p

, (2.5)

and Gauss’ law for quasistatics (assuming no free charges are present) implies that

div d = 0. (2.6)

The above constitutive framework must be completed by a kinetic relation for the
evolution of the polarization p, which is generally a dissipative process. Examples
of phenomenological kinetic laws can be found inMiehe and Rosato [2011] or Idiart
[2014].

We note that, if the stress tensor σ is known instead of the strains, it is convenient
to introduce the (full) enthalpy density

W∗(σ, e, p) =
1
2
σ · C−1 (e, p)σ −

ε

2
e · e − e · p. (2.7)

Single crystal poly-domain description of ferroelectrics
Next, we consider a single crystal that consists of multiple ferroelectric domains
differing by their polarization vectors. Such domain structures have been observed
experimentally and primarily arrange in laminate patterns [Arlt and Sasko, 1980,
Hu et al., 1986, Tsou et al., 2011] and (less frequently) vortices [Gruverman et al.,
2008, Chen et al., 2012] to satisfy geometric and electrical compatibility at domain
interfaces. Here, as an efficient approximation, we relax this constraint and neglect
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the exact geometric arrangement. Of course, this is a strong assumption but we must
make compromises between accuracy and efficiency.

Assume a ferroelectric ceramic is in its tetragonal, polar phase with a spontaneous
polarization vector ps of magnitude ps = |ps |. The orientation of ps depends on the
local crystallography of the ferroelectric ceramic. Consider n different tetragonal
domain variants α = 1, . . . ,n whose polarization vectors are given by Rα ps, where
Rα ∈ SO(d) are admissible rotations. In two dimensions (d = 2) we have n = 4
domains, for d = 3 we have n = 6. The domains occupy volume fractions λα, which
satisfy the constraints

0 ≤ λα ≤ 1 and
n∑

α=1
λα = 1. (2.8)

An effective or macroscopic polarization vector may be defined as the volume
average:

〈p〉 =
1
V

∫
Ω

p dv =
n∑

α=1
λα Rα ps . (2.9)

Note that the constraints (2.8) along with Rα ∈ SO(d) ensure that |〈p〉| ≤ ps.
In phenomenological continuum models this constraint is oftentimes enforced by
introducing a remanent penalty energy density [Miehe and Rosato, 2011], which is
not required here.

By adopting the single-domain formulation of Section 2.2, the electric enthalpy
density of domain α is now given by

Wα(ε
e, e) = Welas.,α(ε

e, e) +Welec.,α(e) (2.10)

with the elastic and electric contributions, respectively,

Welas.,α(ε
e, e) =

1
2
εe · Cα(e) ε

e, Welec.,α(e) = −
ε

2
e · e − e · pα. (2.11)

The polarization vector, remanent strains, and elastic modulus tensor of domain α
are defined as, respectively,

pα = Rα ps, εr
α(e) = RT

αε
r(RT

αe, ps)Rα,

Cα,i j kl(e) = Rim Rjn Rko Rlp Cmnop(R
T
αe, ps)

(2.12)

with the anisotropic elasticmodulus tensorC defined in the reference domain defined
by the unrotated polarization vector ps. Note that e is rotated back to the same
reference state because that is where εr and C were defined.
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Based on the above single-domain electric enthalpy, there are several possible
choices for the effective enthalpy density of a poly-domain single crystal. The
most prominent choices are discussed in the following.

Voigt bound (Taylor’s assumption)

By assuming that each domain experiences the same total strain tensor ε, the electric
enthalpy density becomes the volumetric average, i.e.

W(ε, e,λ) =
n∑

α=1
λα Wα

(
ε − εr

α(e), e
)
. (2.13)

This assumption implies that stresses are discontinuous across domains, which
provides an upper bound on the stored strain energy density. It therefore yields a
response that can be expected to be too stiff. Yet, it is conceptually and, above
all, computationally convenient. Note that here and in the following we use the
abbreviation λ = {λ1, . . . , λn}.

The stress tensor is computed as

σ(ε, e,λ) =
∂W
∂ε
(ε, e,λ) =

n∑
α=1

λα Cα(e)
(
ε − εr

α

)
, (2.14)

so that a stress-free configuration requires

ε =
©«

n∑
β=1

λβ Cβ
ª®¬
−1

n∑
α=1

λαCαε
r
α = 〈C〉

−1〈σr〉. (2.15)

with the average stiffness tensor and average residual stresses defined by, respectively,

〈C〉 =
n∑
β=1

λβCβ, 〈σr〉 =

n∑
α=1

λαCαε
r
α =

n∑
α=1

λασ
r
α, (2.16)

If only one variant α exists (i.e., λβ = δαβ), then ε = εr
α. By contrast, if multiple

elastically isotropic domains exist, then zero stresses imply ε = 〈εr〉 =
∑
α λαε

r
α.

Note that here and in the following we drop the dependence of the elastic moduli
and the remanent strains on polarization and electric field (unless when emphasizing
this dependence), since these are obvious from the above definitions.

In order to compare with experimental results, it will be convenient to reformulate
the above relations for the case that the total stress state is known while the total
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strains are not. If an external stress σ is enforced, then the observed total strain
(experienced by each domain) is

ε̃(σ, e,λ) = 〈C〉−1

(
n∑

α=1
λαCαε

r
α + σ

)
(2.17)

and the effective enthalpy density follows as

W∗(σ, e,λ) =
n∑

α=1
λα Wα

(
ε̃(σ, e,λ) − εr

α, e
)

= W∗0 (e,λ) +
1
2
σ · 〈C〉−1σ +

n∑
α=1

λα Welec.,α(e),

(2.18)

where

W∗0 (e,λ) =
1
2

n∑
α=1

λα ε
r
α · Cα ε

r
α −

1
2
〈σr〉 · 〈C〉−1〈σr〉 (2.19)

is a strain energy contribution independent of the applied stresses or strains (the
particular form (2.13) shows that strain energy is stored even if ε = 0; likewise, an
overall stress-free configuration implies stored strain energy in this formulation).

The thermodynamic driving force on volume fraction α is computed as

yα(σ, e,λ) = −
∂W∗

∂λα
= −Wα

(
ε̃(σ, e,λ) − εr

α, e
)
− σ ·

∂ε̃

∂λα
(2.20)

with

∂ε̃i j

∂λα
=

(
〈C〉−1Cα ε

r
α

)
i j
− 〈C〉−1

ik Cα,kl 〈C〉
−1
nl

[
n∑

α=1
λα Cαε

r
α − σ

]
nj

=
[
〈C〉−1Cα(ε

r
α − ε

∗)
]

i j ,

(2.21)

where we tacitly assumed symmetric stiffness tensors and Voigt notation for sim-
plicity of differentiation, and we use conventional index notation. Altogether, we
arrive at

yα(σ, e,λ) = −Wα

[
ε(σ, e,λ) − εr

α, e, pα
]
+ σ · 〈C〉−1Cα

(
ε − εr

α

)
(2.22)

and therefore in a stress-free configuration

y0
α(e,λ) = −

1
2

[
〈C〉−1〈σr〉 − εr

α

]
· Cα

[
〈C〉−1〈σr〉 − εr

α

]
+ e · pα. (2.23)
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Mixed effective formulation

A number of authors have proposed models based on effective remanent strains,
polarizations, and elastic moduli and have used the effective polarization as an
internal variable, see, e.g., Huber et al. [1999], Huber and Fleck [2004], Miehe
and Rosato [2011], Idiart [2014]. In our formulation, this amounts to introducing
effective field quantities via averaging:

peff.(λ) = 〈p〉, εr
eff.(e,λ) = 〈ε

r
α(e)〉 and Ceff.(e,λ) = 〈C〉 , (2.24)

so that an effective electric enthalpy density may be defined as

W(ε, e,λ) =
1
2
(ε − εr

eff.) · Ceff.(ε − ε
r
eff.) −

ε

2
e · e − e · peff. (2.25)

Note that, due to linearity, the electric contribution remains unchanged from the
above Voigt bound.

For a stress-based formulation we use σ = Ceff.(ε − εr
eff.) to obtain

W∗(σ, e,λ) =
1
2
σ · 〈C〉−1σ + 〈Welec.,α(e)〉, (2.26)

so that stress-free conditions yield the observed total strain ε = εr
eff.. The driving

force on volume fraction α is

yα(σ, e,λ) =
1
2
σ · 〈C〉−1Cα〈C〉

−1σ + e · pα, (2.27)

so that in a stress-free configuration the mechanical strain energy plays no role.

One may argue that this approach, though simple and intuitive, is harder to interpret
physically than the others because strains and elasticities are lumped into effective
average tensors. Thus, important effects such as the elastic anisotropy or strain
energy stored in individual domains is accounted for only in an average sense.

Convexification-based model (Reuss bound)

The Voigt construction of Section 2.2 has a clear physical interpretation but the
assumption of equal strains is too strong and the considerable amount of stored
strain energy in case of zero stresses is little physical, as we will show later. As an
alternative, we may introduce the relaxed electric enthalpy density

W(ε, e,λ) = inf
ε1,...,εn

{
n∑

α=1
λαWα(εα − ε

r
α, e) :

n∑
α=1

λαεα = ε

}
, (2.28)
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which includes the convex hull of the elastic strain energy density that requires
minimization with respect to the domain strains εα (for closed-form expressions
see A). Note that we do not employ full convexification which would also imply
minimization with respect to the domain volume fractions (those are asasumed to
evolve in a dissipative manner and kinetic laws for their evolution will be discussed
later).

Stationarity requires that

∂W
∂εα
(ε, e,λ) = 0 for all α = 1, . . . ,n. (2.29)

If more than one variant exists (i.e., λα ∈ (0,1) for at least one α), then we may
rewrite

εα =
1
λα
ε −

∑
β,α

λβ

λα
εβ (2.30)

so that, by using stationarity, the stress tensor becomes (for arbitrary α with λα , 0)

σ =
∂W
∂ε
= λαCα

1
λα

(
1
λα
ε −

∑
β,α

λβ

λα
εβ − ε

r
α

)
= Cα

(
εα − ε

r
α

)
= σα. (2.31)

That is, each domain experiences the same stress tensor (viz. the applied one),
which corresponds to Sach’s construction of Reuss’ lower bound with a uniform
stress across all domains (and incompatible strains). The effective enthalpy density
thus becomes

W∗(σ, e,λ) =
1
2
σ · 〈C−1〉 σ + 〈Welec.,α(e)〉. (2.32)

We observe that, as in the previous case, a stress-free configuration results in a
vanishing effect of the elastic energy. If macroscopic stresses σ are imposed, then
the observed total strain is the weighted domain average, viz.

ε̃(σ, e,λ) = 〈εα〉 =
n∑

α=1
λα

[
εr
α + C

−1
α σ

]
, (2.33)

so that in case of a stress-free configuration we recover ε = 〈εr
α〉.

In analogy to the previous case, the thermodynamic driving force on volume fraction
α here becomes

yα(σ, e,λ) = −Wα(C
−1
α σ, e, pα) = −

1
2
σ · C−1

α (e, pα)σ + e · pα, (2.34)

so that in a stress-free configuration we recover the driving force (2.27).
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Rank-one-convexification-based model

The above model allows for different strains across domains but does not ensure
geometric compatibility across domain interfaces in the sense of Hadamard [1903].
This can be resolved by using the rank-one-convex hull of the strain energy density
instead of the convex hull, see, e.g., Ball and James [1987], Bhattacharya [2003],
Kochmann and Hackl [2011]. For compatibility, the enthalpy density (2.28) is
amended by the additional constraint of rank-one connectivity of the individual
domain strains:

W(ε, e,λ) = inf
ε1,...,εn,
{aαβ}

{ n∑
α=1

λαWα(εα − ε
r
α, e, pα) :

n∑
α=1

λαεα = ε

∧ εα − εβ = aαβ ⊗ nαβ ∀ α , β

}
,

(2.35)

where nαβ is the unit normal between phases α and β, which is known here from
electric compatibility. 180◦-domain walls are commonly parallel to the polarization,
whereas 90◦ domain walls are known to occur under 45◦ angles with respect to the
polarization vectors. Thus, for a given interface between domains α and β, there
exist only two admissible domain wall orientations ±nαβ. For conciseness we
abbreviated {aαβ} = {ai j | i , j, 1 ≤ i, j ≤ n}. Rank-one-convexification in a
general setting of n domain variants is cumbersome and goes beyond the efficiency
envisioned for the proposed model. Therefore, we do not pursue this avenue further
but include it here for completeness and to facilitate discussion. Note that more
complex domain patterns can be obtained by sequential lamination [Aubry et al.,
2003], resulting in higher-order laminate patterns.

Domain mixing: entropic contributions

All of the above formulations of the effective enthalpy densities of poly-domain
single crystals included mechanical and electrical energy. One additional contri-
bution that may gain importance during domain switching as well as during phase
transitions is configurational entropy. We consider the entropy of mixing for n

variants [Partington, 1949], viz.

S = −k
n∑

α=1
λα log λα, (2.36)

with a material constant k (e.g., the specific gas constant times the number of moles
in case of ideal gases). Here, we will interpret (2.36) as a regularizing energy
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contribution with a material parameter k that governs the distribution of domains
(and k = 0 removes all entropic contributions). The free energy density now follows
as

F(ε, e,λ) = W(ε, e,λ) + k T
n∑

α=1
λα log λα (2.37)

with T being the absolute temperature and W one of the above choices for the
energy density. While stresses and strains derived above remain unaffected, the
driving force on volume fraction λα is augmented by an entropic component:

qα(ε, e,λ) = −
∂F
∂λα
(ε, e,λ) = yα(ε, e,λ) − k T (log λα + 1) . (2.38)

Energy-minimizing domain structures
If the domain volume fractions may change without dissipation, the equilibrium
domain structure is obtained from minimization of the free energy. This is physi-
cally unrealistic but will be beneficial to review briefly in order to understand the
dissipative solutions in subsequent sections.

For the particular cases of Voigt and Reuss constructions (Sections 2.2 and 2.2,
respectively), the free energy density of a poly-domain single crystal has the general
form

F(ε, e,λ) =
n∑

α=1
λα

[
Wα(ε, e) + k T log λα

]
, (2.39)

where the definition of Wα depends on the particular formulation for the energy
density (Voigt, Reuss, etc.). It is important to note that even if the form of Wα

is quite different in case of, e.g., convexification-based approaches where Wα =

Wα(εα − ε
r
α, e), the unifying feature of all those energy densities is that

∂F
∂λα
= Wα(ε, e) + k T(log λα + 1), (2.40)

since ∂Wα/∂εα = 0 by definition due to stationarity, see Eqs. (2.28) and (2.35).

Energy-minimizing patterns now correspond to the condensed energy density

Fcond.(ε, e) = inf
λ1,...,λn

{
n∑

α=1
λα

[
Wα(ε, e) + k T log λα

]
: subject to (2.8)

}
. (2.41)

Enforcing constrains (2.8) can be accomplished either by the introduction of La-
grange multipliers (whose Karush-Kuhn-Tucker conditions become numerically
inconvenient) or by the following trick. Let us introduce variables Eα ∈ R
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(α = 1, . . . ,n) and define

λα(E) =
exp(−Eα)∑n
β=1 exp(−Eβ)

(2.42)

so that constraints (2.8) are satisfied automatically. After insertion into (2.41), the
minimizers E∗1, . . . ,E

∗
n are obtained from stationarity:

∂F
∂Eα

=

n∑
β=1

∂F
∂λβ

∂λβ

∂Eα

=
∑
β,α

[
Wβ + kT(log λβ + 1)

]
λαλβ − [Wα + kT(log λα + 1)] λα(1 − λα) = 0

(2.43)

which can be solved for

λ∗α =
exp(−Wα/kT)∑n
β=1 exp(−Wβ/kT)

. (2.44)

Notice the analogy to the probability distribution of a discrete system in statistical
mechanics [Partington, 1949].

Obviously, the lowest-enthalpy domain is assigned the largest volume fraction and
vice-versa. Insertion of (2.44) into (2.39) yields the condensed free energy density

Fcond.(ε, e) = F(ε, e,λ∗) = −kT log
n∑

α=1
exp

(
−

Wα(ε, e)

kT

)
. (2.45)

As discussed, the Reuss and Voigt constructions make no assumption about the
spatial arrangement of ferroelectric domains, which is confirmed by the condensed
energy density that does not differentiate between a collection of domains at the
same level or domains organized in a hierarchical fashion, see B.

The solution (2.45) highlights the influence of the entropic term. Rewriting (2.44)
as

λ∗α =
1

1 +
∑
β,α exp

(
−

Wβ−Wα

kT

) (2.46)

shows that in the limit of kT → 0 only one domain (with the lowest energy) or a
uniform mixture of domains (in case of equal energies) survives:

lim
kT→0

λ∗α =


1, if Wβ > Wα for all β , α,

0, if there is at least one Wβ < Wα,

1/n, if all n energies are equal: Wβ = Wα∀ β.

(2.47)
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In the opposite limit of large values of kT , we expect a uniform domain mixture
irrespective of the individual domain energies since

lim
kT→∞

exp
(
−

Wβ −Wα

kT

)
= 1 ⇒ lim

kT→∞
λ∗α =

1
n
. (2.48)

Domain switching
The above framework only applies if the domain switching process is elastic and
does not involve dissipation. However, the motion of domain walls (as well as the
nucleation of domains) dissipates energy, so that volume fractions λα (α = 1, . . . ,n)
change in a dissipative manner. Let us write the associated kinetic law as [Biot,
1965, Ortiz and Stainier, 1999, Carstensen et al., 2002]

∂F
∂λα
+
∂φ∗

∂ Ûλα
= 0, (2.49)

where φ∗ is the dual (kinetic) potential which we assume to be continuously differ-
entiable to account for rate-dependent behavior without hard thresholds (otherwise,
(2.49) is to be replaced by a differential inclusion). In this case, the above evolution
law can be cast into variational form, viz.

Ûλα = arg min
{
ÛF + φ∗

}
. (2.50)

A temporal discretization is introduced which assumes constant time increments
t j+1 − t j = ∆t so that λ j = λ(t j) = λ( j ∆t) and t0 = 0. Following Ortiz and
Stainier [1999] and writing λ j+1 = λ j + ∆λ, the evolution of λ = {λ1, . . . , λn} is
thus governed by

∆λ = arg min
{
F(λ j + ∆λ) − F(λ j) + ∆t φ∗

(
∆λ

∆t

)}
, (2.51)

which motivates the definition of the incremental potential

F (λ j+1,λ j) = F(λ j+1) + ∆t φ∗
(
λ j+1 − λ j

∆t

)
, (2.52)

where we dropped the energy F(λ j) at the old time step since it does not affect
the minimization with respect to λ j+1 (and we also omitted the explicit dependence
of F on all other fields for brevity). Now, the incremental updates of the volume
fractions follow from

∆λ = arg minF (λ j + ∆λ,λ j). (2.53)

Domain switching in ferroelectrics is an intricate process governed by the domain
wall kinetics. Theoretical insight and experimental evidence confirm differences in
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the kinetics of 90◦- vs. 180◦-domain wall motion. In particular, 180◦-domain walls
display a significantly-higher resistance to motion than 90◦-domain walls under
applied electric fields [Liu et al., 2016]. To properly account for such phenomena,
consider an increment ∆λαβ which denotes the volume fraction whose polarization
Rα ps is changing into Rβ ps. Consequently ∆λ(αα) = 0 and ∆λαβ = −∆λβα, also

λα,j+1 = λα,j +
∑
β,α

∆λαβ. (2.54)

To differentiate between 90◦- and 180◦-domain wall motion, let us define the dual
potential

φ∗ =
∑
(α,β)∈S1

η1 Ûλ1
m1 + 1

(
|∆λαβ |

Ûλ1 ∆t

)m1+1
+

∑
(α,β)∈S2

η2 Ûλ2
m2 + 1

(
|∆λαβ |

Ûλ2 ∆t

)m2+1
, (2.55)

where S1 and S2 denote all pairs (α, β) whose transition corresponds to 90◦- and
180◦-domain wall motion, respectively, and the associated kinetic parameters also
carry subscripts 1 and 2. ηi and Ûλi are viscosities and reference rates, respectively,
and mi represent the corresponding rate sensitivity exponents, see, e.g., Miehe and
Rosato [2011].

Together with (2.54) and (2.55), (2.53) now defines the incremental kinetic updates
(for α, β = 1, . . . ,n and α , β)

∆λαβ = arg minF (λ j + ∆λ,λ j), (2.56)

which, exploiting (2.54), translates into the kinetic relation for ∆λαβ = −∆λβα:∑
α,β

∂F
∂λα

∂λα
∂∆λαβ

−
∑
β,α

∂F
∂λβ

∂λβ

∂∆λβα
+ ∆t

∂φ∗

∂∆λαβ
= 0. (2.57)

Following analogous strategies as in Section 2.2 for energy minimization, the above
flow rule finally leads to (for both the Reuss and Voigt constructions; if ∆λαβ , 0)

Wα + kT log λα −
(
Wβ + kT log λβ

)
+ ηi

(
|∆λαβ |

Ûλi ∆t

)mi

sign(∆λαβ) = 0 (2.58)

for all α, β = 1, . . . ,n. Note that in case of the mixed energy formulation of
Section 2.2, the above form requires changes since (2.40) no longer applies and the
driving force must be modified.

For uniqueness, we solve only for those updates ∆λαβ with α < β. An explicit
solution strategy, e.g., results in the incremental updates

∆λαβ = Ûλi ∆t
[
|qα − qβ |

ηi

] 1
mi

sign(qα − qβ) (2.59)
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with qα = −∂F/∂λα = −Wα − kT(log λα + 1).

As an example, consider the motion of a particular domain wall, i.e., we assume
there are only two domains active in a particular grain. Assume a domain switching
process with λαβ > 0. The domain wall motion is governed by

∆λαβ

∆t
= Ûλi

{
1
ηi

[
Wβ −Wα + kT log

(
λβ

λα

)]} 1
mi

. (2.60)

If the body is approximately stress-free and the volume fractions are approximately
equal (λα ≈ λβ), then this reduces to

∆λαβ

∆t
= Ûλi

[
ε

2ηi
e · (pα − pβ)

] 1
mi

(2.61)

If mi = 1 this yields the gradient flow model often assumed in phase field theory for
ferroelectrics [Zhang and Bhattacharya, 2005a,b, Su and Landis, 2007, Chen et al.,
2008, Nadkarni et al., 2016]:

ηi

Ûλi

∆λαβ

∆t
= −

ε

2
e · (pβ − pα). (2.62)

Finally, note that specific details of the domain wall kinetics can be incorporated
into the above framework by adjusting the reference wall speed Ûλi. For example, the
experimentally-observed Merz law [Merz, 1956] for the electric-field dependence
of the average domain wall speed along with the temperature dependence of domain
wall motion can be reproduced by defining, e.g.,

Ûλi(T, e, p) = Ûλi,0 exp
(
−

ei,0(T)
|e · p |

)
(2.63)

with a thermal activation energy ei,0.

Phase Transformation
The above constitutive model can be extended to describe the temperature-induced
structural transitions in ferroelectric ceramics (although not the focus here). For
example, the martensitic, second-order transformation from the (polar) tetragonal to
the (non-polar) cubic phase at the Curie temperature (for PZT nearTc = 308◦C [Jona
and Shirane, 1962]) can be modeled by including one additional volume fraction,
viz. that of the high-temperature cubic phase which is characterized by εr

cubic = 0
and pcubic = 0 as well as an isotropic incremental tangent tensor Ccubic. The single
crystal free energy density is now defined as

F(·, e,λ,T) =
n+1∑
α=1

λα
[
Wα(·, e) + kT log λα + Ψα(T)

]
. (2.64)
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Ψα is the chemical potential of variant α, which is the same for all tetragonal variants
(Ψα = Ψtetr.(T)) but different for the cubic phase (Ψα = Ψcubic(T)). Obviously,
for T > Tc we must have Ψcubic < Ψtetr., and for T < Tc physics demands that
Ψcubic > Ψtetr.

If no electric field is applied and the body is stress-free, energy minimization leads
to a sharp phase transition at Tc. That is, above the transition temperature the entire
crystal is in its non-polar cubic phase, whereas below the Curie point the crystal
breaks into tegragonal domains of equal volume fractions if no bias electric field is
applied. Thus, we see a volumetric change in the remanent strain which is εr = 0 if
T ≥ Tc and εr = 〈εr

α〉 if T < Tc.

In reality, the phase transition is dissipative, leading to hysteresis. To this end,
we introduce an additional dual (dissipation) potential φ∗trans. that only accounts
for volume fraction changes from the high-temperature phase (n + 1) to the low-
temperature variants (1, . . . ,n), viz.

φ∗trans. =

n∑
α=1
Ψtrans

(
∆λnα

∆t

)
. (2.65)

Polycrystalline ferroelectrics
Having established the theoretical framework for single crystals, we extend the above
model to polycrystalline ferroelectrics. Consider a polycrystal containing nG grains,
each of which being composed of, in principle, n = 2d domains (in d dimensions),
each described by the above single crystal model. Let the grain orientations be
defined by rotations RG

i ∈ SO(d) (i = 1, . . . ,nG). To model the effective response
of the polycrystalline aggregate, we choose a simple Taylor model analogous to
Section 2.2, i.e., we assume that the effective response is the average across all
grains which are subjected to the same strains and electric fields. The obtained
effective material behavior will only present an upper bound to the actual response,
but it is a numerically-efficient approximation commonly employed in, e.g., models
of polycrystal plasticity [Chang and Kochmann, 2015]. The total free energy of the
polycrystal is thus

W(ε,λ, e) =
1

nG

nG∑
i=1

[
n∑

α=1
λi,αWα(ε, e) + kTλi,α log λi,α

]
(2.66)

where λi,α denotes the volume fraction of domain α inside grain i. (We note that a
Reuss-type lower bound can be constructed analogously.) The overall constitutive
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model thus uses the constant-strain Taylor model for the polycrystal, while the
domain behavior within each grain follows the constant-stress Reuss bound.

In the polycrystal shown in Fig. 2.1, we now have remanent strains and polarizations
given by, respectively,

εr
i,α = RG

i ε
r
α

(
RG

i

)T
= RG

i Rα ε
r(ps)

(
RG

i Rα

)T
and pi,α = RG

i Rα ps .

(2.67)

In order to simulate domain switching, we resort to the same kinetic laws of Sec-
tion 2.2. Here, the evolution equations for the domain volume fractions are applied
within each grain individually, and the effective response is obtained from averaging
over all grains. This allows us to solve the variational problem within each grain
independently and thus more efficiently.

2.3 Material-specific model parameters and relations
The theory summarized in the previous sections was for general ferroelectrics and
free of material-specific assumptions. Here, we introduce formulations specific to
ferroelectric ceramics of the perovskite crystal structure such as barium titanate
(BaTiO3) or lead zirconate titanate (PZT). These have an unpolar cubic structure
above the Curie temperature and a tetragonal or rhombohedral-tetragonal structure,
respectively, at lower temperature. The model so far has been sufficiently general
and we make the following specifications only with the aim of presenting numerical
results for the response of (tetragonal) PZT polycrystals.

We assume the link between remanent strain and polarization within a domain to be
given by

εr(p, e) =

[ (
α| | + α⊥

) p

ps
⊗

p

ps
− α⊥I

] (
1 + ξ

e

ec
·
p

ps

)
, (2.68)

where the last term can be linked to the piezoelectric strain coefficients by

hi j k =
∂εr

i j

∂ek
=

1
ec

[ (
α| | + α⊥

) pi p j

p2
s
− α⊥δi j

]
ξ

pk

ps
. (2.69)

α| | and α⊥ are strain-coupling constants [Miehe and Rosato, 2011] such that the
spontaneous strains in the absence of an applied electric field are given by α| | and
−α⊥ parallel and perpendicular to the direction of polarization, respectively. ec is the
coercive electric field. Note that ec appears merely as a scaling parameter (it could
alternatively be absorbed into the constant ξ), so that the experimentally-observed
coercive field is not an input to the model but will be a model outcome.
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For example, if the domain is poled in the x3-direction (i.e., p = pse3) the remanent
strain–electric field relation in Voigt notation becomes

ε11

ε22

ε33

ε12

ε13

ε23


=



0 0 −α⊥ξ
0 0 −α⊥ξ
0 0 α| |ξ

0 0 0
0 0 0
0 0 0




e1

e2

e3

 , (2.70)

and we may conclude that the piezoelectric constants are determined from

d31 = d32 = −α⊥ξ, d33 = α| |ξ. (2.71)

Obviously, the above form neglects shear strains arising from applied electric fields
(d15 = d24 = 0). Since the shear strains are small compared to the longitudinal and
transverse components and because we are primarily interested in the ferroelectric
phenomena, one may justify this assumption for many practical scenarios. A refined
formulation can be found, e.g., in Miehe and Rosato [2011]; here, this would require
changing the coupling term in (2.68) without significant complication.

For a tetragonal crystal structure the six domain variants in three dimensions are
defined by the rotations

R1 =
©«

1 0 0
0 1 0
0 0 1

ª®®®¬ , R2 =
©«
−1 0 0
0 −1 0
0 0 1

ª®®®¬ ,
R3 =

©«
cos π/2 sin π/2 0
− sin π/2 cos π/2 0

0 0 1

ª®®®¬ , R4 =
©«

cos π/2 − sin π/2 0
sin π/2 cos π/2 0

0 0 1

ª®®®¬ ,
R5 =

©«
cos π/2 0 sin π/2

0 1 0
− sin π/2 0 cos π/2

ª®®®¬ , R6 =
©«

cos π/2 0 − sin π/2
0 1 0

sin π/2 0 cos π/2

ª®®®¬ .
(2.72)

The rotation matrices associated with the grain orientations are generally arbitrary
and can be generated from experimental pole figures or from a known mean orien-
tation and standard deviation (as in some of the following simulations).

A list of all material parameters used in subsequent simulations is summarized
in Table 2.1 along with the relevant references. The only material parameters that
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C11 211.7 GPa [Li et al., 1991] m1 2
C12 107.4 GPa [Li et al., 1991] m2 0
C13 114.7 GPa [Li et al., 1991] η1 5
C33 160.6 GPa [Li et al., 1991] η2 1
C44 56.2 GPa [Li et al., 1991] Ûλ1 2000
C66 126.4 GPa [Li et al., 1991] Ûλ2 0

d31 = d32 −50 pC/N [Li et al., 1991] k 3.0 · 10−6

d33 106 pC/N [Li et al., 1991] ξ 6.436 · 10−9

d15 580 pC/N [Li et al., 1991] ec 0.5 MV/m
[Huber and Fleck, 2004]

ps 26 µC/cm2 [Burcsu, 2001] ε
| |
s
∗ 0.82% [Burcsu, 2001]

ε 36.3 nF/m [Li et al., 1991] ε⊥s
∗ −0.27% [Burcsu, 2001]

Table 2.1: Room-temperature BaTiO3 material parameters used in all simulations
(parameters without citation were obtained by fitting to experimental data); ∗under
stress-free conditions and zero strains otherwise.

cannot directly be obtained fromexperimental or theoretical data are those associated
with the kinetic laws (i.e., viscosities, reference rates, and rate sensitivity exponents)
as well as the entropic coefficient k.

2.4 Representative results and comparison to experiments
We apply the constitutive model to single- and polycrystalline BaTiO3 under com-
bined electro-mechanical loading, for which numerical results can be compared to
experimental data of, e.g., Shieh et al. [2009].

Electrical hysteresis, strain hysteresis and dissipation
Applying an electric field to an unconstrained sample results in the well-known
electrical hysteresis and associated butterfly curve illustrating the remanent strain
during each cycle. Damping caused by energy dissipation from domain wall mo-
tion is a measurable indicator of domain-switching kinetics [Wojnar et al., 2014,
Le Graverend et al., 2015].

Single crystal

We apply the single crystal constitutive model described above (using the Sachs
lower-bound construction for the domain mixture) to describe a six-domain BaTiO3

sample under stress-free conditions. Figure 2.2 shows the simulated electromechan-
ical response of BaTiO3 single crystals whose c-axes are tilted at different angles
with respect to an applied electric field in the x-direction. The electric field ampli-
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Figure 2.2: a) Electrical hysteresis, b) strain hysteresis and c) dissipation of single-
crystalline BaTiO3 at c-axis tilts θ of 0◦, 20◦ and 45◦ with respect to the applied
electric field direction. Dotted lines in a) and b) show experimental single crystal
data by Shieh et al. [2009]; d) illustrates the tilt angle. e) and f) show the domain
evolution of an untilted and a 20◦-tilted crystal, respectively.
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tude of ±1.25 MV/m and frequency of 0.2 Hz were chosen to mimic experimental
conditions of Shieh et al. [2009]. Kinetic parameters were chosen to give the best
fit to the experimentally measured behavior in Shieh et al. [2009] (fitting was per-
formed with respect to the best mean deviation of both full electrical and mechanical
hystereses). Interestingly, it appears that the best fit is attained from pure 90◦-domain
switching with little to no direct 180◦-switching (as apparent in Table 2.1 from the
choice m2 = 0 and Ûλ2 = 0). One may indeed expect the 180◦-domain wall mobility
to be lower than that of 90◦-walls, which is reflected by this choice. (We note that
the chosen material parameters are the result of fitting to experimental data and
hence not necessarily unique.)

Computed electrical hystereses and butterfly curves are shown in Figure 2.2a) and
b). The saturated electric displacement and the maximum remanent strain drop
dramatically between a fully-aligned and a 20◦-tilted sample, with minimal decrease
upon further tilting to 45◦. This is visualized by the plot of domain volume fractions
vs. time in Figure 2.2e) and f), where a 20◦-tilt results in an approximately 30-70%
distribution between [001] and [100] domains at maximum electric field.

Figure 2.2c illustrates the energy dissipation caused by domain switching, which
peaks just beyond the coercive field, at the point where electric displacement satu-
rates. This qualitative behavior closely corresponds to experimental measurements
of damping in PZT using Broadband Electromechanical Spectroscopy (BES) by
Wojnar et al. [2014] and Le Graverend et al. [2015] as seen in Figure 2.3d; unfor-
tunately, no such experimental measurements have yet been performed for BaTiO3

but the qualitative behavior is expected to be the same.

Polycrystal

Unlike in the case of the single crystal, decreasing the degree of texturing in the
polycrystal greatly reduces the width of the electric displacement hysteresis curve,
as seen in Figure 2.3. The smaller coercive field indicates that switching occurs
more readily, which is attributed to the significant internal mechanical stresses that
arise at grain boundaries and from domain switching of grains of different tilts. The
butterfly curves also have greater curvature compared to the single crystal case, as
switching occurs gradually over a larger range of applied electric field strengths due
to the different grain orientations. However, the overall conclusion that the greater
the grain misorientation, the smaller the maximum remanent strain, remains valid.

In reality, most ferroelectric devices are polycrystalline and fairly untextured. To
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explore the difference in ferroelectric response due to texturing in polycrystals, we
simulate a polycrystal containing 100 grains of random orientations within a tilt cone
of 0− 45◦. The distribution of orientations is given in the pole figures of Figure 2.4.
We chose a volume element with 100 grains as representative to sufficiently capture
the averaging effect of random orientations while maintaining efficiency. Figure 2.5
shows the convergence of the polycrystal behavior with increasing number of grains
in the simulation, indicating only little deviation beyond 100 grains.

Finally, the dissipated energy in the polycrystal (shown in Figure 2.4c) decreases
sharply with decreasing texture, indicating that the sample retains much of its
energy in the form of internal constraints instead of dissipating it, as in the case of
the unconstrained single crystal. Peak height drops by 70% with just a 10◦ random
off-axis tilt, and peaks gradually become flatter as texture decreases. Overall, the
observed variation of the dissipation vs. applied electric field qualitatively matches
experimental findings for PZT [Wojnar et al., 2014, Le Graverend et al., 2015].
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Figure 2.3: a) Electrical hysteresis, b) strain hysteresis and c) dissipation of poly-
crystalline BaTiO3 simulated with 100 grains of random orientation within cones
of various angles. d) Experimental measurements of damping (viscoelastic loss
tangent) in polycrystalline PZT by Wojnar et al. [2014] shows qualitatively similar
behavior to calculated dissipation curves.
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Stress-dependent domain switching
Experiments have revealed a strong influence of applied compressive stresses on
the domain switching mechanisms, see, e.g., Chaplya and Carman [2002a,b], Shieh
et al. [2009]. Here, we investigate the stress-dependent electromechanical material
response of the model described above.

Single crystal

We use the same parameters as for the single crystal in Section 2.4 and apply a
compressive pre-stress ranging from 0 MPa to 1.5 MPa. Figure 2.6b) shows a clear
increase in remanent strain with increasing precompression. The magnitude of the
strain also corresponds well with experimental results by Shieh et al. [2009]. In our
simulation, the maximum remanent strains at 1.0 MPa and 1.5 MPa precompression
are, respectively, 0.21% and 0.33%, while experiments on BaTiO3 single crystals
showed 0.21% and 0.39% for precompression levels of 0.9 MPa and 1.7 MPa.

Further, we note in Figure 2.6c) and d) that damping peaks decrease slightly with
precompression, but have wider tails beyond the coercive field due to a retention of
90◦-switched states caused by the compression, which require larger electric fields

10° 20° 

30° 45° 

a) b) 

c) d) 

Figure 2.4: Distribution of grain orientations in simulated polycrystal.
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Figure 2.5: Comparison of the electrical hystereses obtained from simulations with
different numbers of grains. All grains are randomly oriented within a 20◦ cone
similar to the distribution shown in Figure 2.4b.

to overcome.

Polycrystal

In contrast to the pronounced effect of precompression on the strain behavior in sin-
gle crystals, the polycrystalline case shows minimal change in electric displacement,
strain hysteresis and energy dissipation. Figure 2.7 shows results for a polycrys-
tal with 100 grains at random tilts within a 20◦-cone. The data show that the
trend of decreasing electric displacement hysteresis width and increasing remanent
strain with increasing precompression still exists for polycrystals, but it is much
less pronounced. This is consistent with the observation that fine-grained BaTiO3

has smaller d33-dependence on precompression than coarse-grained BaTiO3 [Dam-
janovic and Demartin, 1997] (unfortunately, no experimental data showing precom-
pressed results for bulk polycrystalline BaTiO3 are available).

Boundary value problems via finite elements
The constitutive framework outlined above is sufficiently efficient for its implemen-
tation in finite element (FE) simulations. Therefore, going beyond the previous
material point calculations, we now use the same model in an FE framework to
solve electro-mechanically-coupled boundary value problems. We use a variational
in-house code that uses trilinear brick elements with mixed nodal degrees of free-
dom to discretize the displacement and electric potential fields in three dimensions.
The coupled governing equations are solved implicitly (using Newton-Raphson it-
eration) for the electric and mechanical fields, whereas the domain volume fractions
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Figure 2.6: a) Calculated strain, b) experimental strain hysteresis data by Shieh
et al. [2009] for comparison, c) calculated electrical hysteresis, and d) calculated
energy dissipation of unrotated single crystalline BaTiO3 at precompression levels
of 0 MPa, 0.5 MPa and 1.5 MPa. e) shows the domain evolution in an untilted
crystal with precompression (solid line) and without (dashed).

are updated explicitly in a staggered manner after electro-mechanical equilibration.
For sufficiently small time steps (as those chosen here), this is legitimate and con-
verges since all fields vary sufficiently slowly so that electrical and mechanical fields
may be assumed to evolve quasistatically (we use a time step of 10−4 s and a rate of
0.2 Hz).

We choose the example of a cantilever beam (dimensions 1 × 3 × 15 mm) clamped
at the bottom up to 20% of its length, which reproduces the configuration of sam-
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Figure 2.7: a) Electrical hysteresis, b) strain hysteresis and c) dissipation of poly-
crystalline BaTiO3 under precompression, simulated with 100 grains of random
orientations within a 20◦-misorientation cone.

ples used for BES measurements [Wojnar et al., 2014, Le Graverend et al., 2015].
Fig. 2.8 illustrates the effective electric hysteresis and butterfly curve as obtained
from averaging over the whole specimen along with visualizations of the stress
and strain distributions at different stages of the electric hysteresis. The clamping
inhibits displacements of the surfaces in contact with the clamp, hence reducing
domain switching and causing a sharp increase in strain at the transition between the
clamped and the free surface, as seen in Figure 2.8. Thus, the overall magnitude of
electric displacements and remanent strains across the sample during cyclic electric
field loading is reduced compared to an unconstrained sample (dotted line), but
the shape remains unchanged. Also visible is the impact of the clamped boundary
conditions onto the effective sample response as compared to a free-standing sample
(which is important information for the interpretation of BES results).

2.5 Conclusions
We have presented a constitutive model for polycrystalline ferroelectric ceramics
and applied it to simulate the response of single- and polycrystalline barium titanate
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Figure 2.8: Electrical and strain hysteresis of a polycrystallineBaTiO3 beamclamped
at the bottom, simulated with 100 grains of random orientation within a 20◦ cone.
Spatial distribution of electric displacement and strain in the z-direction are shown
at various points in the electric field loading cycle: a) at the coercive field, b) at
maximum electric field amplitude and c) at 0 applied electric field. Dotted lines
represent electric displacement and remanent strain for the unconstrained case.

(BaTiO3). By starting from a single ferroelectric domain in a single crystal, we
gradually expanded the model to describe poly-domains (by convexification) as
well as polycrystals (via a Taylor model). The variational model can account
for thermo-electro-mechanical coupling as well as for some salient features of the
intricate domain switching kinetics (including differences in 90◦- and 180◦-domain
wall motion and electric-field and temperature-dependent domain wall velocities,
although the latter are not investigated here). In addition, the model includes
entropic contributions of domain mixing and admits the extension to describe phase
transformations. All material parameters have been identified from experimental
or theoretical data; kinetic model parameters have been obtained from fitting to
experimental results. Simulated results included the stress-dependent electrical
hysteresis of single- and polycrystals, the associated butterfly curve of remanent
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strain vs. electric field, and the influence of experimental boundary conditions on
the effective response of clamped samples in recent BES experiments. While the
examples have focused on BaTiO3, the presented model is sufficiently general to
be extended to, in principle, any ferroelectric ceramic and beyond (with potential
for modeling ferromagnetic or multiferroic coupling). In contrast to competing
models, the proposed framework is simple and therefore efficient (instead of energy
relaxation or lamination, a simple mixing of domain variants is used; polycrystals
are approximated by the Taylor construction instead of full-field homogenization),
while key microstructural mechanisms and characteristics are retained (instead of an
effective, phenomenological polarization field, we account for domain mixtures and
avoid the introduction of an empirical remanent energy density that is often used to
constrain the effective polarization vector). Of course, this model does not provide
local microstructural details nor does it account for, e.g., domain–grain boundary
interactions. However, it is sufficiently efficient to admit large-scale finite-element
calculations.
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C h a p t e r 3

MECHANICAL DAMAGE DURING BIPOLAR ELECTRICAL
FATIGUE OF PZT

Research presented in this chapter has been adapted from the following publications:

Tan, W. L., Faber, K. T., Kochmann, D. M. In-situ observation of evolving mi-
crostructural damage and associated effective electro-mechanical properties of PZT
during bipolar electrical fatigue. Acta Materialia, 164:704-713, 2019.
URL https://doi.org/10.1016/j.actamat.2018.10.065

3.1 Introduction
Polycrystalline lead zirconate titanate (Pb[ZrxTi1−x]O3, or PZT) is ubiquitous in
actuators, sensors and memory devices due to its superior piezoelectric and ferro-
electric properties [Uchino, 1997, Haertling, 1999, Takasu, 2000]. During operation
such components are frequently subjected to sustained cyclic electrical and mechan-
ical loading, which causes fatigue and an eventual degradation of the mechanical
properties and device performance. Fatigue is especially detrimental during bipolar
electrical loading, which prevents ferroelectric ceramics like PZT and barium ti-
tanate (BaTiO3) frombeingmorewidely used for large strain actuation [Burcsu et al.,
2004] as well as in memory applications and for set-and-hold actuation [Uchino,
1997, Lynch et al., 1995].

Ferroelectric fatigue is a complex process since mechanisms of both mechanical
and electrical fatigue are involved, and it manifests itself through changes to the
material’s microstructure as well as changes in the effective electro-mechanically-
coupled performance [Lupascu, 2004]. Observable effects of bipolar electrical
fatigue include (i) a decrease in amplitude of the polarization hysteresis loop in-
dicating a loss in polarizability, (ii) a decrease in amplitude of the butterfly strain
hysteresis implying a loss in ferroelectric actuation strain, (iii) macroscopic sample
cracking especially near electrodes and interfaces, and (iv) micro-cracking within
the bulk of the polycrystal preferably in an intragranular fashion [Nuffer et al., 2000,
Lupascu, 2004, Balke et al., 2007, Zhukov et al., 2016]. While the latter have clear
consequences on the mechanical material behavior, the creation of free surfaces
also affects the distribution of electrical charges and thereby the ferroelectric perfor-
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mance. It is well-established that the progression of crack growth and mechanical
damage depend strongly on the cycling frequency of the bias electric field, as is
the evolution of the ferroelectric hysteresis and butterfly curve during fatigue. Even
though those effects have been qualitatively observed [Shieh et al., 2002, Zhou et al.,
2004, Promsawat et al., 2017], they have not been quantified in a systematic fashion.

The origin of the effects of ferroelectric fatigue are collectively attributed to a
decrease in domain switching capability with increasing numbers of cycles as well
as macro- and micro-cracking within the body [Shang and Tan, 2001, Zhenhua
et al., 2011, Hinterstein et al., 2014, Genenko et al., 2015]. These effects are
neither independent, nor have they thus far been quantified extensively. Chemical or
structural causes of reduced domain switching include the pinning of domain walls
at charged defects as well as at oxygen vacancies and other domain walls [Zhou
et al., 2004, Robels and Arlt, 1993, Brennan, 2010, Kontsos and Landis, 2009,
Rojac et al., 2010, Guo et al., 2015, Fan and Tan, 2018], a decrease in nucleation
sites for the formation of new domain walls [Tagantsev and Stolichnov, 1999, Zhang
and Bhattacharya, 2005a], development of internal fields [Ozgul et al., 2004, 2008,
Zhukov et al., 2010] and internal damage leading to conductive corrosion paths
[Duiker et al., 1990]. Mechanical causes of fatigue include macro-crack formation
and delamination (particularly near interfaces), micro-cracking within the body
(especially along grain boundaries and regions of high internal stresses), as well as
domain pinning due to mechanical stresses [Lynch et al., 1995, Shieh et al., 2002,
Promsawat et al., 2017, Cao and Evans, 1994].

It is experimentally challenging to isolate and observe the effects of any one of
the aforementioned causal mechanisms. Nuffer et al. [2000] employed acoustic
emission to observe and classify domain switching in PZT (PIC 151) over 108

cycles at 50 Hz. Since acoustic emission events occur due to abrupt local stress or
strain changes within a material, acoustic emission events of different amplitudes
were attributed to ‘difficult’ and ‘easy’ domain wall motion, which occur at different
applied electric fields and are affected by agglomeration of point defects. They also
differentiated domain wall motion from micro-cracking events because the latter are
two orders of magnitude higher in amplitude. However, that study did not quantify
micro-cracking events during fatigue.

A proper quantification of the mechanical damage accrued during ferroelectric fa-
tigue at different bipolar cycling frequencies can serve as the basis for differentiating
domain wall pinning due to cracks or internal stresses versus domain wall pinning
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caused by point defects and chemical alterations of the material. Physics-based and
phenomenological models for the evolution of mechanical fatigue in ferroelectrics
due to bipolar electric field cycling have been developed by assuming growth of
micro-cracks [Arias et al., 2006, Lange and Ricoeur, 2016], but thus far experi-
mental validation of those models is sparse. Additionally, preliminary theoretical
studies [Kim and Jiang, 1996, Sze and Sheng, 2005] investigating the effect of
micro-cracking on the decrease in polarization amplitude have shown that mechan-
ical damage contributes to a polarization decrease, but this effect is over an order of
magnitude smaller than the observed changes in polarization.

Here, we aim to add new qualitative and quantitative insight into the frequency-
dependent ferroelectric fatigue of PZT-5A (Pb[Zr0.52Ti0.48]O3). We use a combi-
nation of Broadband Electromechanical Spectroscopy (BES) [Le Graverend et al.,
2015], 3D Digital Image Correlation (3D-DIC), and statistical analysis of micro-
cracks using scanning electron microscopy (SEM) to isolate and quantify the oc-
currence of micro-cracking as well as the degradation of the mechanical properties
of PZT-5A during bipolar electrical fatigue at various cycling frequencies. BES
allows for the simultaneous application of low-frequency high-voltage electrical cy-
cling and high-frequency contactless mechanical vibrational excitation. The former
serves to characterize the electrical hysteresis and, in combination with 3D-DIC, the
butterfly curve vs. the number of electric cycles. The latter enables the measure-
ment of the dynamic compliance and viscoelastic damping throughout the electrical
hysteresis after selected numbers of electric cycles, thus capturing changes in me-
chanical properties as well as a decrease in microstructural ferroelectric switching
since the measured damping correlates with the kinetics of domain wall motion
[Wojnar et al., 2014]. The remainder of this investigation is structured as follows.
Section 3.2 summarizes the experimental methods, followed by a presentation and
discussion of results in Section 3.3, before Sections 3.4 and 3.5, respectively, discuss
and conclude this study.

3.2 Materials and Methods
Material Samples
We characterize the microstructure as well as the ferroelectric and viscoelastic
properties of lead zirconate-titanate (PZT-5A) beam specimens (H × W × T = 38
mm × 3 mm × 1 mm ) obtained from Piezo Systems, Inc. (Woburn, MA, USA).
As-obtained samples were poled through-thickness with an average grain size of
∼2 µm (as found by SEM inspection). For electrical testing, samples had sputtered
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nickel electrodes covering their two largest, opposite faces.

Broadband Electromechanical Spectroscopy (BES)
We measure the electrical and viscoelastic properties of the PZT-5A samples using
a setup of Broadband Electromechanical Spectroscopy (BES) [Le Graverend et al.,
2015, Wojnar et al., 2014], schematically shown in Figure 3.1. Beam specimens
are clamped at the base by electrically isolated grip electrodes through which a
triangle waveform bipolar electric field is applied with a peak-to-peak amplitude
of 3.8 kV/mm across the sample’s thickness (for reference, the coercive field of
the as-received PZT-5A is 1.18 kV/mm [Hooker, 1998]). Connected to a Sawyer-
Tower circuit, the electrodes also serve to measure the total electric displacement
in terms of accumulated surface charges. Knowledge of the thus obtained aver-
age electric displacement and the applied bias electric field yields the electrical
hysteresis, which is characterized at electric-field cycling frequencies from 0.2 Hz
to 10 Hz. A permanent magnet (neodymium-boron-iron, 6.35 mm × 6.35 mm ×
2.54 mm, 12 N maximum pull) is attached to the sample’s top end via a stiff Ma-
cor® clamp. By enclosing the magnet by a pair of vertical magnetic coils (driven
electronically at 100 Hz AC), we exert an oscillating transverse force on the beam’s
tip in a contactless fashion, resulting in beam bending [Lakes and Quackenbusch,
1996]. By choosing the vibrational frequency significantly higher than the electri-

voltage	amplifier	&
Sawyer-Tower	circuit

specimen	w.	
speckle	pattern

high-speed	cameras
(3D	DIC	setup)

vertical	coils	used	for	bending

horizontal	coils	used	for	torsion

permanent	magnet

grip	electrode

mirror

laser

position	
sensor

waveform
generator

lock-in
amplifier

Figure 3.1: Schematic of the combined Broadband Electromechanical Spectroscopy
(BES) and 3D Digital Image Correlation (DIC) setup. While 3D-DIC is used to
extract the permanent strain in the sample for construction of the ferroelectric
butterfly curve, BES is used to characterize the effective viscoelastic properties and
the ferroelectric hysteresis across each electric cycle.
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cal cycling frequency (yet sufficiently lower than the natural frequency of the beam
sample to avoid resonance), we aim for a decoupling of the mechanical and electrical
measurements; i.e., while the bias electric field slowly traverses the full electrical
hysteresis approximately quasistatically, fast mechanical vibrations are used to ex-
tract the viscoelastic response at each point on the electrical hysteresis. To quantify
the viscoelastic properties, a HeNe laser is reflected off the beam’s tip by a mirror
attached to the magnet clamp and onto a split-diode position sensor whose signal is
fed into a lock-in amplifier to determine its amplitude and phase lag (with respect
to the vibrational driver). The resulting signals admit characterizing the dynamic
compliance and the damping (in terms of the loss tangent) of the specimen [Lakes,
2004]. All viscoelastic measurements are taken at 0.1 Hz electric field cycling after
a stabilization period of six cycles to reduce any kinetic effects on the measured
electro-mechanical data [Wojnar et al., 2014]. That is, even though electric cycling
is performed at different frequencies, those frequencies are temporarily changed
to 0.1 Hz for the duration of each viscoelastic characterization. Since specimens
are tested over large numbers of electric cycles, changing the electric-cycling fre-
quency for only a few cycles in order to obtain clean viscoelastic measurements is
expected to not significantly affect the overall response. Furthermore, all measure-
ments are performed in air to allow for full-field strain measurements via Digital
Image Correlation (described below). It was verified that differences in viscoelastic
measurements taken in air vs. vacuum are negligible for bending at 100 Hz. To
investigate the fatigue behavior, each sample is cycled electrically between 105 to
106 times while recording the above information (with viscoelastic measurements
taken only at selected numbers of cycles without interrupting the electrical cycling
and without remounting the sample).

3D Digital Image Correlation (3D-DIC)
Three-dimensional Digital Image Correlation is used to obtain full-field, contactless
strain measurements of the specimen during electrical cycling. Two high-speed
cameras (IL5 from Fastec Imaging, San Diego, CA, USA) are used for imaging at
25 frames per second for a duration of 12.5s for each data point, and images are
processed using VIC-3D v.8 (Correlated Solutions, Inc., Irmo, SC, USA) to obtain
the in-plane strain and out-of-plane displacement on the sample’s back surface.
Samples are spray-coated with a black and white speckle pattern, which is used to
identify changes in displacements during loading [Sutton, 2008].

In the cantilever beam configuration chosen here to admit vibrational viscoelastic
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measurements, we use 3D-DIC in order to differentiate the in-plane strains from the
effects of out-of-plane movement of the sample which causes an apparent change in
strain of similar magnitude. We note that the strain component thus obtained and
reported in the subsequent butterfly curves is perpendicular to the direction of the
applied electric field, whereas most reported strain data in the literature are parallel
to the applied electric field. Nevertheless, those two remanent strain components
are crystallographically coupled, so that the same qualitative conclusions may be
drawn.

Micro-Crack Statistics
Scanning Electron Microscopy (SEM)

In addition to samples fatigued for the full 105 to 106 cycles, we also investigate the
evolution of micro-cracking by electrically cycling specimens up to intermediate
numbers of cycles, followed by determining micro-crack statistics on images ob-
tained from scanning electron microscopy (ZEISS 1550VP Field Emission SEM).
Samples used for ex-situ micro-crack analysis must be prepared with care so as not
to introduce additional cracks during the preparation process. For each sample, the
nickel coating is removed via hand polishing using alumina polishing paper followed
by four hours of vibro-polishing using colloidal silica. Unlike typical polishing and
etching procedures using HF, colloidal silica vibro-polishing does not etch pristine,
uncracked grain boundaries or differentially etch domains within a grain. This yields
a low surface roughness with high topographic contrast in micro-cracked regions.
Polished surfaces are imaged using SEM in backscattered electron mode (BSE)
at 10 kV with 7000× magnification at a working distance of 7.3mm. BSE gives
high contrast from cracked regions, which allows for automated edge detection of
micro-cracks and cataloging of crack length and density for quantitative statistics.
Figure 3.2 shows a representative SEM image of a fatigued PZT sample with clearly
visible grain boundaries, some ferroelectric domains, voids and cracks. Cracks were
cataloged automatically using ImageJ’s Analyze Particle function (size: 30-Infinity
pixels, circularity: 0.0-0.5) [Schneider et al., 2012]. Eight images per sample were
taken and independently evaluated to yield statistically representative data.

Kachanov Model

In order to correlate themeasuredmicro-crack density withmacroscopicmechanical
properties, homogenization models are a suitable avenue. A simple analytical
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Figure 3.2: Representative SEM micrograph of micro-cracks in a fatigued PZT-
5A sample with automatic edge recognition and size measurement for quantitative
statistics.

homogenization of a cloud of micro-cracks to give the macroscopic compliance is
the model by Kachanov [1992], which assumes a cloud of planar micro-cracks of
random orientations, embedded in an isotropic material. Here, we may approximate
the polycrystalline, untextured bulk PZT as isotropic. However, micro-cracks along
grain boundaries follow a tortuous path and their measured length is not equivalent
to the length of a straight-line crack. We hence account for this tortuosity by
establishing an effective length LR, defined as the diameter of the circle which
fully bounds each micro-crack. The macroscopic compliance S as a function of the
micro-crack density is then approximated by

S
S0
= 1 +

16
(
1 − ν2

0

) (
1 − 3ν0

10

)
9
(
1 − ν0

2
) ρ, (3.1)

where the crack density ρ is defined by

ρ =
1
A

n∑
i=1

LR
2
i . (3.2)

S0 and ν0 are the undamaged base material’s compliance and Poisson’s ratio (for
isotropic polycrystalline PZT, ν0 = 0.35 as per vendor specification), A is the area
of the image, and LRi is the length of the i-th crack (with n cracks in total).

3.3 Results
Evolution of the Electro-Mechanically Coupled Hystereses
Figure 3.3 shows representative hysteresis curves of electric displacement, relative
dynamic compliance and relative damping for specimens cycled at 0.2, 1, 5 and
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Figure 3.3: Broadband Electromechanical Spectroscopy (BES) hysteresis curves of
electric displacement (left column), relative compliance S (middle column) and nor-
malized loss tangent tan δ (right column) for different electric cycling frequencies,
measured after 1, 104, 105 and 106 cycles.
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10 Hz. Curves obtained after 1, 104, 105 and 106 cycles are shown for each elec-
tric cycling frequency to highlight qualitative and quantitative changes in material
behavior. Key trends evident from these curves include the following: (i) The po-
larization magnitude (i.e., the difference between positive and negative remanent
polarization at zero applied electric field) decreases with prolonged bipolar electrical
cycling across all frequencies. (ii) The peak height of the relative compliance de-
creases with cycling across all frequencies. (iii) The peak height of the loss tangent
decreases with cycling across all frequencies. (iv) The relative compliance at zero
applied electric field (measured at the transition from negative to positive e-field)
increases slightly with electric cycling across all frequencies. (v) The viscoelastic
loss tangent at zero applied electric field does not change significantly with cycling.

Trends (i), (ii) and (iii) are attributed to the extent of domain switching induced
either electrically, mechanically or both, while trends (iv) and (v) reflect the base
material property at zero applied electric field where no domain switching occurs.
To further characterize the differences in degradation behavior at different electric
field cycling frequencies, we track the above five parameters continually over the
course of 105 to 106 cycles for each electric cycling frequency.

Electrical Hysteresis
As a standard metric for establishing electrical degradation in ferroelectrics during
fatigue, we track the polarization hysteresis curve height at an applied electric field
of E = 0 kV/mm. As Figure 3.4 shows, the decrease in polarization magnitude
(and thus in polarizability) occurs most rapidly at lower cycling frequencies and
approaches a lower tail-off than at higher frequencies. The curves showing the
polarization magnitude also appear to converge with decreasing cycling frequencies,
where the difference between the 1 Hz and 5 Hz trend is smaller than the difference
between the 5 Hz and 10 Hz, while 0.2 Hz1 behaves very similarly to 1 Hz.

The observed decrease in polarization magnitude is a well-known phenomenon of
bipolar electrical fatigue, which is often attributed to the agglomeration of point
defects and the resulting obstruction of domain wall motion [Robels and Arlt, 1993,
Brennan, 2010, Zhou et al., 2004, Kontsos and Landis, 2009, Rojac et al., 2010, Guo
et al., 2015]. The frequency dependence of the rate of degradation has also been
observed before in various ferroelectric ceramics [Zhang et al., 2001, Zhou et al.,

1We chose to conduct experiments in air to enable the combined use of BES and 3D-DIC, which
unfortunately results in mechanical sample failure especially at low frequencies; therefore, the 0.2Hz
data in Figure 3.4 end prematurely upon sample failure after close to 105 cycles.
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Figure 3.4: Relative polarization magnitude (i.e., height of the electric hysteresis
loop at 0 kV/mm applied electric field) over 106 cycles of bipolar electrical fatigue
for electric cycling frequencies of 0.2 − 10 Hz.

2004, Promsawat et al., 2017], and it is believed to be due to kinetic limitations. At
higher frequencies, full switching may not occur, which reduces internal mechan-
ical damage caused by lattice mismatch during 90◦-switching. High frequencies
also slow down the migration of charged defects, which in turns slows down the
aggregation of point defects and hence delays the degradation of the polarization
arising from domain wall pinning. This is consistent with the observation that at
lower frequencies below 5 Hz (where full switching is achieved) the change in rate
of degradation between one frequency and the next decreases and the reported data
eventually appear to converge.

Viscoelastic Properties
It has been shown [Wojnar et al., 2014] that ferroelectric ceramics exhibit changes
in viscoelastic properties when undergoing electric field cycling. In particular,
the mechanical compliance and damping both peak near the coercive field, which
has been attributed to, respectively, the mechanically induced domain switching
and the dissipative effects of domain wall motion during ferroelectric switching.
Specifically, as the electric hysteresis is traversed slowly by the applied electric field,
the high-frequency vibrations admit characterizing mechanical damping which is
tied tomechanisms of internal friction (here, of domain switching kinetics). Changes
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in the measured loss tangent are hence linked to ferroelectric switching activity and
can thus provide information about the inhibition of ferroelectric switching as a
consequence of fatigue, independent of any signs of mechanical fatigue. In order
to assess both the mechanical changes and the dissipative effects of domain wall
motion, we here track the compliance at E = 0 kV/mm, further the peak compliance,
the loss tangent at E = 0 kV/mm, and the peak damping over 105 to 106 cycles for
different electric cycling frequencies.

Dynamic Compliance

Peaks in dynamic compliance occur close to the coercive field because a small
additional mechanical load can easily overcome the energy barrier between domain
orientations and induce domain switching. When a bending moment is applied,
the side of the specimen in tension switches into a vertical a-domain structure
perpendicular to the applied electric field direction, while the side in compression
switches into a horizontal c-domain structure parallel to the applied electric field.
This mechanically induced domain switching increases the magnitude of bending
of the specimen, manifesting as an apparent increase in dynamic compliance.

Figure 3.5a shows the change in peak relative compliance with cycling at different
electric field frequencies. The shaded yellow region indicates the extent of machine
noise relative to the measured signal. Similar to trends in polarization magnitude,
the peak relative compliance remains fairly stable until 104 cycles before dropping
steeply (depending on electric cycling frequency), then plateauing as it approaches
106 cycles. Note that this drop in peak relative compliance is approximately half
that of the decrease in polarization magnitude. Additionally, the shapes of the
curves differ significantly for 10 Hz and 0.2 Hz, and the lower frequencies do not
converge. These differences suggest that, although both polarization magnitude and
peak relative compliance are related to the extent of domain switching, the former
is primarily a function of changes in electrical properties in the ceramic while the
latter is more closely related to the mechanical properties; hence, the nature of their
fatigue behavior differs.

The base dynamic compliance taken at E = 0 kV/mm is indicative of changes
in the mechanical properties of the specimen independent of domain switching
phenomena. A primary cause for changes in compliance in ceramics is the oc-
currence of macro- and micro-cracking [Gu and Faber, 1995]. Figure 3.5b shows
that the base dynamic compliance of the specimen without applied electric field
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Figure 3.5: a) Relative peak compliance and b) relative base compliance at E =
0 kV over 106 cycles of bipolar electrical fatigue at electric cycling frequencies of
0.2 − 10 Hz. In both figures, the shaded yellow region represents the magnitude of
machine noise relative to data.

increases by more than 10% over 106 cycles of electric field loading at 1 Hz, likely
due to micro-mechanical damage accumulating over time. Higher frequencies of
electric loading yield smaller increases in compliance, with 5 Hz increasing by
approximately 5% and 10 Hz by only about 2%. These trends suggest that greater
mechanical degradation occurs for lower electrical cycling frequencies, similar to
the higher electrical property degradation at lower cycling frequencies observed
via polarization magnitude in Section 3.3. The lowest frequency measurements do
not appear to follow this trend, likely due to complications from holding a high
e-field for long durations, which damages the specimen non-uniformly close to and
away from clamped regions. We note that the changes in mechanical base compli-
ance (Figure 3.5b) are significantly smaller than those of the switching-related peak
compliance (Figure 3.5a).

Damping

Damping, i.e., the loss tangent (denoted by tan δ), is a measure of mechanical
energy absorption through internal friction mechanisms [Lakes, 1999]. Peaks in
damping are observed close to the coercive field and occur due to the energy
absorbed by mechanically induced domain switching during mechanical vibrations.
Figure 3.6a shows the change in peak damping with cycling at different electric
field frequencies. Peak damping degradation trends once again mirror those of the
polarization magnitude and relative compliance, with higher frequencies exhibiting
less degradation. However, the decrease in energy absorption is of much greater
magnitude than either polarization magnitude or relative compliance, decreasing to
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<30% of its original state after 106 cycles. This dramatic decrease suggests that
mechanically induced domain switching suffers more greatly from the effects of
fatigue than does electrically induced domain switching.

The base damping taken at E = 0 kV/mm measures the mechanical energy absorp-
tion in the specimen independent of domain switching phenomena. At zero applied
electric field, no additional absorption of mechanical energy due to domain switch-
ing is expected to occur. Figure 3.6b shows the relative change in base damping of
the specimen at E = 0 kV/mm. There is a moderate change of ±5% over 106 cycles.
However, as damping is very low, this scatter lies within the noise margin as shown
by the shaded region. This small change in damping at zero electric field with little
to no cycling frequency dependence is consistent with the understanding that energy
absorption occurs due to mechanically induced domain switching, which is absent
at E = 0 kV/mm.
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Figure 3.6: a) Relative peak damping and b) relative base damping at E = 0 kV/mm
over 106 cycles of bipolar electrical fatigue at electric cycling frequencies of 0.2 −
10 Hz. The shaded yellow region represents the magnitude of noise relative to the
data.

Strain Hysteresis
The εyy-strain hysteresis (‘butterfly’) curves obtained fromDIC for electrical cycling
at 5 Hz is shown in Figure 3.7a for 103, 104, 105 and 106 cycles. As with the
hysteresis curves of the other electromechanical properties shown in Figure 3.3, the
magnitude of the strain hysteresis decreases with cycling. This change in strain is
due to ferroelastic switching, so this trend is consistent with other indicators of a
reduction in domain switching during fatigue. As these measurements were taken
without mechanical loading of the specimen, the domain switching underlying this
data is purely electrically induced.
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The magnitude of strain change per cycle is measured and plotted in Figure 3.7b for
0.2, 5 and 10 Hz. Shapes and trends of the strain magnitude fatigue curves exhibit
significant similarity to the polarization magnitude fatigue curves (see Figure 3.4),
and both sets of curves exhibit similarmagnitudes of decrease ranging from 40−60%
after 106 cycles. This is consistent with the understanding that both properties
originate from purely electrically induced domain switching and are directly related
to each other crystallographically.

Micro-Cracks
Figure 3.8 shows SEM micrographs of specimens (a) before and (b) after 2 · 106

cycles of fatigue. Micro-cracks appear to form primarily along grain boundaries, but
examples of intra-granular fracture are also visible. Crack densities were measured
using images of polished surfaces for 0, 104, 2 × 104, 105, 2 × 105 and 106 cycles,
cycled electrically at 1 Hz and 10 Hz as representative frequencies. Figure 3.9 shows
the relative crack density evolution for 1 Hz and 10 Hz cycling. Small fluctuations
in early data points, in particular the apparent decrease between 0 and 104 cycles
at 1 Hz, are due to sampling and have a T-test P-value of 0.961, and thus are not
statistically different.

Both show an increase in crack density, with the slower 1 Hz cycling exhibiting a
larger (7%) increase in crack density while the faster 10 Hz cycling only shows a
4% increase. This difference is consistent with macroscopic BES measurements
which suggest that lower-frequency fatigue results in higher levels of degradation
both electrically and mechanically.
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Figure 3.7: (a) In-plane y-direction (vertical relative to beam) strain hysteresis
curves after different numbers of electric cycles for the representative electric cycling
frequency of 5Hz; (b) evolution of the peak-to-peak strainmagnitude over 106 cycles
of bipolar electrical fatigue for all tested frequencies from 0.2 − 10 Hz.
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3.4 Discussion
Our BES and DIC measurements as well as micro-crack statistics are aimed at
shedding light onto the impact of mechanical fatigue (primarily manifesting in
micro-crack and void formation on the microscale of the brittle ceramic) versus
electrical fatigue (stemming from a combination of mechanisms that include domain
wall pinning, chemical alterations, and charge accumulation). While both fatigue

5μm 5μm 

a) b) 

Figure 3.8: a) Polished surface of an as-received, pre-poled PZT specimen, b)
polished surface of a PZT specimen after 2 × 106 bipolar electrical cycles at 1 Hz.
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Figure 3.9: Comparison of the relative crack density evolution during fatigue for
the two representative cases of 1 Hz and 10 Hz bipolar electrical cycling.
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phenomena occur simultaneously and in a coupled fashion, they affect the measured
properties in different ways, which is why the presented data help improve our
understanding of the domain switching behavior and crack growth during bipolar
electric field cycling of ferroelectric ceramics. In the following sections, we first
establish a correlation between the measured mechanical compliance data and the
formation of micro-cracks, followed by a discussion of the evolution of electrical
vs. mechanical fatigue.

Micro- vs. Macroscale Mechanical Properties
In order to quantify the mechanical damage that occurs due to electric cycling, we
have tackled the problem from both the macroscopic scale and the microscopic
scale. On the one hand, using BES we have obtained macroscopic data of the base
viscoelastic properties (viz., compliance and damping) of the entire specimen at
E = 0 kV/mm while fatigue is progressing. On the other hand, by terminating the
electric field cycling after various intermediate numbers of cycles, we have mea-
sured the evolving micro-crack density. Using the model described in Section 3.2,
we can independently calculate and anticipate the decrease in the macroscopic com-
pliance based on the increasing concentration of micro-cracks. Figure 3.10 shows
the comparison between the two compliance metrics, viz. the macroscopic BES
measurements and the microstructurally-informed, calculated compliance based on
the measured micro-crack density for two representative frequencies. The magni-
tudes of change as well as the slopes of both methods are in convincing agreement,
suggesting that the macroscopic changes in dynamic compliance are, to a large
extent, indeed due to bulk micro-cracking and not any other effect which could
potentially alter the compliance, such as changes in domain structure or purely sur-
face and electrode-interface macro-cracking. The presented compliance data thus
allow us to interpret the changes in mechanical properties during fatigue with good
confidence.

Domain Switching
The magnitude of the polarization hysteresis over time has been the most common
proxy to describe fatigue in ferroelectrics. It indicates the degree of domain switch-
ing occurring and has awell-established logarithmic decreasewith cycling, whichwe
have verified via the BES measurements in Figure 3.4. Wojnar et al. [2014] argued
that the strong increase in mechanical compliance and damping near the coercive
field are similarly due to domain switching. Our simultaneous BES measurements
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Figure 3.10: Comparison of the normalized compliance SE=0/S0 measured via BES
at E = 0 kV/mm (red cross markers) and the relative compliance calculated from the
micro-crack statistics (blue diamond markers) at electric field cycling frequencies
of 1 Hz (left) and 10 Hz (right). The shown relative compliance data are normalized
by the respective base values during the first cycle.

of the polarization, peak dynamic compliance, and peak damping at various times
during electric cycling (as shown in Figures 3.4, 3.5 and 3.6, respectively) confirm
a remarkable similarity in the time evolution of these three properties. This indeed
suggests a common underlying cause and corroborates the argument that the motion
of domain walls changes the viscoelastic properties of the ferroelectric under vary-
ing electric field, most pronounced when close to the coercive field where domain
wall mobility is highest. For all three measured properties, a lower electric cycling
frequency leads to a steeper and larger overall decrease in each property. For the
polarization and strain magnitudes, the effect of further lowering the cycling fre-
quency below 5 Hz diminishes quickly, suggesting that electrically induced domain
switching kinetics occurs on a similar timescale that is independent of the cycling
frequency in this slow, quasistatic regime. By contrast, the peak compliance and
peak damping trends differ from those polarization and strain trends in both mag-
nitude and shape, which supports the hypothesis that both properties are associated
with mechanically induced domain switching instead. While lower-frequency cy-
cling appears to degrade more quickly, there is no clear trend of convergence for
the peak compliance in the quasistatic limit, since, e.g., the 0.2 Hz peak compliance
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data decreases more rapidly than those reported for 1 and 5 Hz. This suggests
that – unlike electrical fatigue whose signs tends to converge in the low-frequency
limit – a different mechanical degradation mechanism becomes dominant at low
frequencies (or that the specimen is mechanically degraded non-uniformly at lower
frequencies). Since we could isolate the purely mechanical effects of fatigue through
the E = 0 kV/mm viscoelastic properties of the specimen (which correlate with the
ex-situ micro-crack density measurements, as shown in Section 3.4), it is natural to
conclude that micro-cracking is responsible for the mechanical degradation and that
the latter is hence more sensitive to frequency in the low-frequency range.

We note that the peak compliance data also exhibit a small increase in peak height
until about 104 cycles before decreasing logarithmically. The mechanism for this
small increase is unclear but could be a result of the interplay between micro-crack
formation and increasing alignment of the domain structure of grains resulting in
more mechanically induced domain switching.

Base Viscoelastic Properties
In order to quantify the effect of mechanical degradation on the overall decrease in
ferroelectric performance of the specimen, we examine the change in the base (i.e.,
E = 0 kV/mm) viscoelastic properties of the specimen, as described in Section 3.3.
Figure 3.5b shows a clear increase of the dynamic compliance with time across all
electric loading frequencies, which is in agreement with the formation of micro-
cracks during bipolar electric cycling, hypothesized to be due to internal stresses
caused by strain mismatch across grains during domain switching. In general2, the
measured compliance appears to increase faster for lower frequencies, which could
be due to more complete domain switching increasing the internal mechanical
stresses and hence generating more micro-cracking. Low frequencies are also
more likely to result in charge build-up and internal discharge, which also triggers
cracking. We note that damping at E = 0 kV/mm remains within the level of noise
throughout cycling (see Figure 3.6b), which verifies that mechanically induced
domain switching does not occur far from the coercive field, and that any changes in
internal stresses do not cause significant changes in internal friction of the ceramic
material.

2We note that, as discussed before, the results at 0.2 Hz electric cycling frequency deviate from
some of the trends discussed here for the viscoelastic properties. This was attributed to complications
associated with applying large e-fields over long times, which damages the specimen non-uniformly
close to and away from clamped regions.
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3.5 Conclusions
Viscoelastic and electrical properties of PZT-5Awere measured in-situ during bipo-
lar electrical loading at 0.2, 1, 5 and 10 Hz. The hysteresis curves of polarization,
compliance, damping and strain showed significant degradation over 106 cycles, with
higher frequencies degrading less than lower frequencies. Polarization magnitude
and strain magnitude, both associated with electrically induced domain switching,
decreased by 40-60%. Properties arising frommechanically induced domain switch-
ing such as the peak compliance decreased by 10-30%, while the peak damping
(associated with the domain wall kinetics) decreased by 80-90%. While attribution
of causes of domain switching degradation was not possible, the extent of mechan-
ical damage could be accurately quantified by correlating macroscopic dynamic
compliance and micro-crack density evolution, which showed good agreement and
confirmed that compliance changes during fatigue were primarily due to micro-
cracking. Interestingly, results indicate that electrical fatigue (i.e., the degradation
of domain switching processes as seen in the changes of the polarization magnitude
and strain amplitude as well as in the peak damping indicative of domain switching
activity) converges to a low-frequency limit that is independent of electric cycling
frequency, whereas mechanical fatigue (surfacing in the measured compliance data
and supported by SEM crack counting) strongly depend on frequency even in the
low-frequency limit. This hints at separate mechanisms at play, which may guide
further (particularly micro-scale) experimentation as well as model development.
We note that our study did not probe the micro-mechanical effects of domain wall
pinning, defect agglomeration, oxygen vacancies and other chemical effects; we
cannot assess to what extent each of those individually contributes to the decrease
in domain switching during fatigue.



71

C h a p t e r 4

VISCOELASTIC MEASUREMENTS OF POLYCRYSTALLINE
BARIUM TITANATE

4.1 Introduction
Barium titanate (BT) was the first ferroelectric oxide to be discovered in 1945,
more than 20 years after the discovery of the phenomenon of ferroelectricity in
Rochelle salts and a decade after the discovery of ferroelectricity in the potassium
dihydrogen phosphate (KDP) family of crystals [Rosen et al., 1954]. It is not only
of historical significance, but is also commonly viewed as the archetypal perovskite
ferroelectric. Although BT is no longer prevalent as a piezoceramic due to its
relatively low piezoelectric constant compared to newer materials like PZT, PMN
and PLZT, its simple tetragonal structure makes it an attractive material of study
to understand ferroelectric switching mechanisms [Polking et al., 2012, Gao et al.,
2013] and to model [Kamlah, 2001, Landis, 2004].

Our experiments thus far have focused on PZT due to its ubiquity in modern ap-
plications. PZT is most commonly fabricated at its morphotropic phase boundary
where its tetragonal and rhombohedral phases co-exist, and this coexistence of
phases allows it to accommodate greater strain and gives it its superior piezoelectric
performance [Haertling, 1999, Hooker, 1998, Li et al., 2005]. However, most com-
putational models of ferroelectric switching (including our own) use BT, or purely
tetragonal symmetries as their basis of formulation, either by defining these as the
stable polarization directions a priori, or using 6-welled symmetry for the Ginzburg-
Landau energy landscape [Kamlah, 2001, Zhang and Bhattacharya, 2005a,b, Su and
Landis, 2007, Lange and Ricoeur, 2016]. Such formulations perform well when
simulating hysteresis behavior of single-crystals of BT [Zhang and Bhattacharya,
2005a,b], however, polycrystal formulations, depending on the assumptions used
e.g., whether or not crystal symmetry is accounted for, may capture characteristic
BT behavior [Landis and McMeeking, 2001, Landis] or may more closely resem-
ble experimental polycrystalline PZT hysteresis behavior [Huo and Jiang, 1997,
Cocks and McMeeking, 1999, Kamlah and Tsakmakis, 1999, Landis, Schröder and
Romanowski, 2005, Miehe and Rosato, 2011].

The origin of different switching behavior in PZT and BT is likely due to the
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phenomenon of strain limits. The issue of strain limits in ferroelectric switching is
usually associated with thin films due to strain mismatch with the substrate during
domain reorientation [Cao, 2005]. The constraint on switching leads thin films to
have lower saturated polarization and more diffuse, rounded polarization hystereses
than an unconstrained single-crystal. Li et al. [2005] demonstrated strain limits in
ferroelectric polycrystals of a single crystallographic phase via neutron diffraction
experiments, and in early experiments on poling of polycrystalline BT, Subbarao
et al. [1957] noted that only 9-13% of domains reoriented during poling, likely due
to strain limits.

Most in-situ experimental observations of domain switching processes on the mi-
croscale in BT have thus far been performed on thin films and nanocrystals [Gao
et al., 2013, Polking et al., 2012], as these sample dimensions are necessary for
the characterization methods employed such as transmission electron microscopy
(TEM), polarized light microscopy (PLM) and x-ray diffraction (XRD). Alterna-
tively, only the surface may be visualized in techniques such as piezoresponse force
microscopy (PFM). Experimental data on domain switching processes in bulk poly-
crystals is sparse; the mechanical constraints in bulk specimens due to different
grain orientations and stresses at grain boundaries are not present in the compara-
tively unconstrained single-crystals and comparatively more constrained thin films.
Thus, they present a different switching environment from the more well-studied
geometries. Understanding the nature of domain switching in bulk BT could hence
inform future models of perovskite ferroelectrics, particularly with respect to the
relative importance of incorporating the effect of mechanical constraints, as well as
the importance of crystal symmetry.

Here, the aim is to add new qualitative insight into the frequency-dependent do-
main switching behavior of BT. A combination of Broadband Electromechanical
Spectroscopy (BES) and 3D Digital Image Correlation (3D-DIC) is again used to
probe the ferroelectric and viscoelastic behavior of BT. Preliminary microstructural
imaging was performed in an effort to understand some surprising and unexpected
viscoelastic behavior. Section 4.3 presents the observed viscoelastic behaviors and
trends, which are discussed in terms of potential microstructural origins in Sec-
tion 4.4.
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4.2 Materials and Methods
Material Samples
The ferroelectric and viscoelastic properties of polycrystalline barium titanate (BT)
beam specimens (H × W × T = 29.6 and 34 mm × 3 mm × 1 mm), obtained
in collaboration with Presidio Components Inc. (San Diego, CA, USA), were
characterized. Specimens were prepared via ball-milling of TiO2 and BaO powders
in PVB binder, followed by tape-casting of the slurry. Dried tapes were stacked
and pressed isostatically, then sintered at 1300° C for 10-15 days with a ramp
rate of 10-20° C/h. Sintered plates were cut to shape. As-obtained samples were
unpoled, with an average grain size of ~1.5 µm (by SEM inspection). For electrical
testing, samples were coated with ~210 nm-thick nickel electrodes by electron beam
evaporation on their two largest, opposite faces.

Specimens were prepared for SEM by vibropolishing with 30nm colloidal silica for
4h to obtain a high flatness polish andmild chemical etch to reveal domain structures
within grains. Preliminary piezoresponse force microscopy (PFM) images in in-
plane mode were taken on the surface of as-prepared, unelectroded specimens.

Broadband Electromechanical Spectroscopy
The same setup as in Section 3.2 for Broadband Electromechanical Spectroscopy
(BES) measurements was used for consistency of comparison between specimens
of different materials. The dynamic compliance and phase lag of BT specimens of
two different lengths were probed across a range of frequencies to determine each
specimen’s resonant frequency. These were also used as references for each speci-
men’s E = 0 kV/mm base viscoelastic properties (Figure 4.1). While experiments
were conducted on both lengths of specimens, the higher resonance frequency of
the 29.6 mm specimen offered a larger frequency space to investigate frequency-
dependent trends, thus results presented in this section are taken from this specimen.

4.3 Results
Figures 4.2 and 4.3 show representative hysteresis curves of electric displacement,
relative dynamic compliance and damping for a specimen cycled at 50, 75, 100, 130
and 150 Hzmechanical probe frequency and 0.1, 0.2, 0.5 and 1 Hz e-field frequency,
respectively. Key features evident from these curves include the following: (i) The
polarization of the specimen is insensitive to changes in mechanical probe frequency
or e-field driving frequency. (ii) There are no sharp peaks in relative compliance or
damping. (iii) At low e-field frequencies, hysteresis curves are asymmetric. (iv) The
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Figure 4.1: Viscoelastic response of BT specimens of different lengths (29.6 mm
and 34 mm) showing bending amplitude (blue lines) and phase delay (red lines) at
different mechanical oscillation frequencies to determine resonant frequencies.

shape of the hysteresis of relative compliance and damping change significantly with
mechanical probe frequency. (v) Positions of peaks and dips in relative compliance
and damping shift with e-field frequency.

In pioneering BES work on PZT by Wojnar et al. [2014], relative compliance and
damping changes were interpreted as being associated with domain wall motion.
Sharp peaks in relative compliance and damping at the coercive fields were thus
easily explained, as this is where domain walls are most mobile. This interpretation
was later refined in our study of fatigue in PZT, separating electrically induced do-
main wall motion from mechanically induced (or ferroelastic) domain wall motion,
and showing that these quantities evolved differently over time, and hence, were not
one and the same feature. Given this paradigm, described here are the key trends in
relative compliance and damping observed in BT, and offer a possible interpretation
of domain switching mechanisms based on this data in Section 4.4.

Effect of Mechanical Probe Frequency
Figure 4.2 shows the change in hysteresis behavior in electric displacement, relative
compliance and damping for a specimen cycled at 0.1 and 1 Hz e-field frequency,
respectively, and probed mechanically at 50, 75, 100, 130 and 150 Hz. Previous
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Figure 4.2: Broadband Electromechanical Spectroscopy (BES) hysteresis curves of
electric displacement (top row), relative compliance (middle row) and damping or
loss tangent (bottom row) for different mechanical probe frequencies at 0.1 Hz (left
colum) and 1 Hz (right column) e-field cycling for barium titanate.
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work on PZT had suggested that polarization, relative compliance and damping
were relatively insensitive to changes in mechanical probe frequency, affecting only
the magnitude of peak heights. This insensitivity is indeed reflected in the electric
displacement curves of BT as well, where all curves overlap. However, here new
trends in the viscoelastic evolution of a ferroelectric ceramic during bipolar electrical
cycling are presented.

Relative Compliance

At 0.1 Hz e-field cycling frequency, relative compliance hysteresis curves (Fig-
ure 4.2, middle row) are asymmetric, featuring a prominent single peak close to
E = 0 kV/mm on the positive ramp of the cycle (i.e. ramping from negative to
positive e-field). The negative ramp is largely featureless at 50 Hz mechanical probe
frequency, but gradually also develops into a single peak close to E = 0 kV/mm at
higher mechanical probe frequencies. Both the positive ramp peaks and the nega-
tive ramp peaks remain in approximately the same position across mechanical probe
frequencies; however, their crossover point lies in the negative e-field region, and
the position of this crossover point shifts more negative with decreasing mechanical
probe frequency.

A second feature of note are small dips which occur shortly after the e-field ramp
direction changes. These dips are more prominent at higher mechanical probe
frequencies, but can be found at all frequencies. As with the positions of the peaks,
the positions of these dips appear to be invariant to mechanical probe frequency.

Overall, relative compliance curves at 0.1 Hz remain close to 1 in magnitude,
suggesting that only a small degree of mechanically induced domain switching is
occurring at low e-field magnitudes, and this switching is constrained at high e-field
magnitudes resulting in relative compliance of < 1.

At 1 Hz e-field cycling frequency, relative compliance hysteresis curves take on
a more symmetric, "butterfly" appearance with a distinct crossover point close to
E = 0 kV/mm. While these curves initially look qualitatively very different from
their 0.1 Hz e-field counterparts, they in fact possess the same two peaks on the
positive and negative e-field ramps, respectively, the same two dips after e-field
changes in direction, and a slightly shifting crossover point. As with the 0.1 Hz
e-field case, the positions of the peaks and dips appear to be relatively insensitive to
mechanical probe frequency, while the crossover point shifts negative toward lower
mechanical probe frequencies.



77

Overall, the relative compliance at 1 Hz is consistently > 1 in contrast to low e-
field frequencies, suggesting that mechanically induced domain switching is more
prevalent at all e-field magnitudes at high e-field frequencies, i.e. domain walls are
more mobile.

Damping

Damping hysteresis curves (Figure 4.2, bottom row) at 0.1 Hz e-field frequency are
comparatively more featureless than those of relative compliance, and also have less
of a distinct trend. As the absolute magnitude of the damping is low, particularly
for low mechanical probe frequencies, it is difficult to distinguish potential features
from slight random viscoelastic property variation due to inhomogeneity in the
specimen. Nevertheless, at 150 Hz mechanical probe frequency, there is a hint of
the same central peak as well as a slight dip where the e-field ramp direction changes.
These features occur at the same positions as the corresponding ones in the relative
compliance hysteresis, suggesting that they are correlated and thus likely caused by
mechanically induced domain switching.

In contrast, hysteresis curves of damping at 1 Hz e-field frequency once again exhibit
a distinct "butterfly" shape and resemble the 1 Hz relative compliance curves very
closely, with the exception of the shift of the crossover point. Peaks and dips occur
at the same position across mechanical probe frequencies, and also correspond
to the associated peak and dip positions in relative compliance. High-frequency
oscillatory behavior is evident in some curves (mechanical probe frequency of 50,
75 Hz, at electrical cycling frequency of 1 Hz) as their time scales approach a
similar order of magnitude. High-frequency oscillations have not been removed
during data processing because the low-frequency trends are still sufficiently clear,
and the appearance of these oscillations may present useful information.

Although damping at E = 0 kV/mm rises with increasing mechanical probe fre-
quency, this is largely an effect of higher frequencies approaching the resonant
frequency of the specimen, as seen from Figure 4.1.

Effect of Electric Field Frequency
Figure 4.3 shows the change in hysteresis behavior in electric displacement, relative
compliance and damping for a specimen cycled at 0.1, 0.2, 0.5 and 1 Hz e-field
frequency and probed mechanically at 50, and 150 Hz, respectively. Electric field
frequency has traditionally been associated with elucidation of domain switching
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Figure 4.3: Broadband Electromechanical Spectroscopy (BES) hysteresis curves
of electric displacement (top row), relative compliance (middle row) and damping
or loss tangent (bottom row) for different e-field cycling frequencies at 50 Hz (left
colum) and 150 Hz (right column) mechanical probe frequencies for barium titanate.
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kinetics – that if domain switching occurs at a time scale longer than the rate of
change of e-field, "viscous" behavior emerges and is reflected as a "stretching"
of hysteresis curves, causing key features to occur at higher than expected e-field
magnitudes.

In this case, we do not see such kinetic effects, as the electric displacement curves
are once again insensitive to changes in e-field cycling frequency, suggesting that
domain switching occurs on a time scale shorter than the e-field cycling frequencies
we have chosen. Previous work on PZT had attributed differences in viscoelastic
properties to the state of polarization because PZT’s polarization hysteresis exhibited
e-field rate-dependence [Wojnar et al., 2014]. However, here, dramatic e-field rate-
dependent changes in viscoelastic properties of BT are presentedwithout differences
in polarization state, for which the electric displacement curve is a proxy.

Relative Compliance

Both 50 and 150 Hz mechanical probe frequency curves (Figure 4.3, middle row)
show a gradual shift of relative compliance hysteresis from a central peak on the
positive e-field ramp and either a central peak or trough on the negative ramp at low
e-field cycling frequencies to a dual-peak "butterfly" shape at high e-field cycling
frequencies. As before, these features are less distinct both at low mechanical probe
frequencies and at low e-field cycling frequencies.

The higher central peak at low e-field cycling frequencies which occurs on the
positive ramp shifts toward the right (i.e. to more positive e-fields) at higher e-field
cycling frequencies. The peak on the negative ramp is also clear in the 150 Hz
mechanical probe series of curves, and begins close to E = 0 kV/mm then shifts left
(i.e. to more negative e-fields) at higher e-field cycling frequencies. Such a peak
also exists in the 50 Hz series of curves, beginning at approximately E = −1 kV/mm
for 0.1 and 0.2 Hz curves, but continues shifting in the negative e-field direction at
higher e-field frequencies, hence beyond the amplitude of the applied cyclic e-field.
In both series, the position of the crossover point shifts toward more negative e-fields
for lower e-field frequencies.

The 150 Hz series shows clear trends in the positions of the dips, which occur close
to the point where the e-field switches direction (i.e. high e-field magnitudes) for
low e-field frequencies, and move inward towards lower e-field magnitudes at higher
e-field frequencies. Once again a similar pattern can be seen in the 50 Hz series,
but in a less pronounced fashion.
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Afinal key feature of note is the increasing relative compliance at E = 0 kV/mmwith
increasing e-field frequency, which features prominently in both series, indicating
an increased degree of mechanically induced domain switching at higher e-field
frequencies.

Damping

Damping hysteresis curves at both mechanical probe frequencies (Figure 4.3, bot-
tom row) appear to mirror their respective relative compliance curves in terms of
qualitative features. Both evolve from a central peak to a "butterfly" shape, and
exhibit the same trends in movement of peak and dip positions with increasing
e-field frequency. Positions of peaks and dips correspond closely to the associated
features in the relative compliance curves suggesting a common origin, and can be
clearly seen in the 150 Hz mechanical frequency series, while being more subtle
in the 50 Hz series, which contains large fluctuations in amplitude as well as the
aforementioned high frequency oscillatory signal which masks some of the features.

Damping at E = 0 kV/mm also rises with e-field frequency in a manner similar
to the rise in relative compliance, supporting the interpretation that higher e-field
frequencies enable higher mechanically induced domain wall motion. As evidenced
by the electric displacement hysteresis, these polycrystalline BT specimens do not
have a distinct coercive field, hence the origin of the peaks, dips and overall rise
in relative compliance and damping is more difficult to explain than it was in PZT.
However, it is clear that despite a lack of difference in the overall polarization state
of the specimen, at higher frequency e-field cycling, domain walls are either more
mobile or more abundant, allowing for greater energy absorption. The increase
in height of peaks and dips at higher e-field frequencies also suggests that their
mobility or abundance correspondingly varies to a greater extent than at low e-field
cycling frequencies.

Asymmetry of Mechanical Response
It is of note that almost all viscoelastic hysteresis curves presented thus far have
had a high degree of asymmetry, a feature which is not expected in a specimen
which is geometrically symmetric, unpoled, and composed of pure undoped BT.
Such asymmetry is common in commercially available PZT due to the presence of
dopants, secondary phases, and migration of unswitchable charges due to poling.
However, this is not the case in the current specimens. To ensure that the asymmetry



81
-1.5 -1 -0.5 0 0.5 1 1.5

Original Flipped

0.1 Hz E-field 1 Hz E-field

R
e

la
ti

v
e

 C
o

m
p

li
a

n
ce

L
o

ss
 T

a
n

g
e

n
t

0

0.5

1

1.5

2

-1.5 -1 -0.5 0 0.5 1 1.5

R
el

a
ti

v
e 

C
o

m
p

li
a

n
ce

E-field (kV/mm)

0

0.5

1

1.5

2

2.5

-1.5 -1 -0.5 0 0.5 1 1.5

R
el

a
ti

v
e 

C
o

m
p

li
a

n
ce

E-field (kV/mm)

0

0.5

1

1.5

2

2.5

3

-1.5 -1 -0.5 0 0.5 1 1.5

L
o

ss
 T

a
n

g
en

t
E-field (kV/mm)

0

0.1

0.2

0.3

0.4

0.5

0.6

-1.5 -1 -0.5 0 0.5 1 1.5

L
o

ss
 T

a
n

g
en

t

E-field (kV/mm)

Figure 4.4: Hysteresis curves of relative compliance (top row) and damping (bottom
row) of a polished BT beam specimen in its original position in the BES clamp
(red), and flipped such that the opposite face faces the laser (black). Measurements
were taken at both 0.1 Hz (left) and 1 Hz (right) e-field cycling frequency.

is a feature of the material’s switching behavior, procedures to eliminate or reduce
the possibility of confounding factors such as experimental setup andmicrostructural
or compositional inhomogeneity were undertaken.

To investigate geometric or experimental setup effects, specimens were polished to
remove curvature and BES measurements performed on the same specimen in two
orientations – original and flipped about the vertical axis. Representative resulting
viscoelastic curves are shown in Figure 4.4. Although the curves differ significantly
and are not mirror images of each other, certain key features are mirrored when the
specimen is flipped. In particular, the position of the higher central peak as well as
the crossover point are reflected in the relative compliance and loss tangent of the
0.1 Hz e-field curves. These results suggest that the asymmetry is inherent in the
specimen and is not an artifact of the experimental setup, perhaps due to leakage
current or laser geometry.

To elucidate the source of the asymmetry in the specimen, SEM and EDS were
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performed on a polished cross-section of the specimen. No variations in grain
size were observed through the thickness of the specimen, nor any compositional
variation, at least at the spatial resolution and chemical detection sensitivity of
the EDS. These observations do not eliminate the possibility of microstructural or
compositional variation; however, if such variations exist, they are not significant and
appear unlikely to cause the large asymmetry observed in the viscoelastic properties.
At present, the origin of the asymmetry is unclear.

Microstructure
To determine the microstructural origin of the e-field frequency dependence of
the BT viscoelastic properties, domain structures of an uncycled specimen and
specimens electrically cycled at 0.1 Hz and 1 Hz for 1000 cycles were imaged using
SEM (Figure 4.5). In each case, most grains exhibit a patchwork-like spinodal
domain pattern with no clear laminations. There are also no significant differences
in domain morphology between the uncycled specimen and the specimens cycled
at different e-field frequencies, suggesting that the process which occurs to give rise
to differing domain wall motion during cycling is either not retained upon removal
of the e-field, or is perturbed during the polishing process.

More detailed domain structures can be obtained via piezoresponse forcemicroscopy
(PFM). Collaborators at ETH Zürich1 were able to obtain PFM images of the as-
sintered surface of our uncycled BT specimens. Without polishing, the topography
of the surface prevents imaging of the out-of-plane polarization; however, the in-
plane polarization mode, as shown in Figure 4.6, shows clear rank-II laminate
patterns on the surface of the grains. At several tens of nanometers in width, rank-
II laminates are unlikely to be resolvable through etching, hence the difference in
visualized domains between SEM and PFM.

4.4 Discussion
Through BES measurements and microstructural imaging, efforts are made to shed
light on the domain switching processes within bulk polycrystalline BT. In Fig-
ure 4.7, electric displacement, strain, relative compliance and damping curves of
PZT and BT of equivalent dimensions are shown on the same scale. Absolute polar-
ization, strain and damping changes in BT are much smaller compared to PZT, with
significantly less hysteresis, suggesting less electrically induced domain switching.
It is interesting, however, that relative compliance changes are fairly large, on par

1Images were kindly provided by M. Trassin from the M. Fiebig research group at ETH Zürich.
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control

0.1 Hz

1 Hz

Figure 4.5: Scanning electron microscopy (SEM) micrographs of polished surfaces
of BT specimens showing etched domain structures. The control specimen (top)
was polished as-received. Test specimens were electrically cycled at 0.1 Hz (middle)
and 1 Hz (bottom) for 1000 cycles, then polished and imaged.
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Figure 4.6: In-plane piezoresponse forcemicroscopy (PFM) image of the as-sintered
surface of aBT specimen from the sameproduction batch as those tested byBES.Red
dotted lines indicate rank-II laminate domain patterns. [Personal communication:
V. Kannan and M. Trassin]

with what a PZT specimen exhibits after some electrical fatigue (as per Chapter 3).

Growth vs. Nucleation
To account for all the trends observed in Section 4.3, a growth vs. nucleation
hypothesis of domain switching in polycrystalline BT under differing e-field cycling
frequencies is proposed. Figure 4.8 illustrates the crux of this hypothesis – at low e-
field cycling frequencies, hence low dE

dt , switching occurs via the growth of existing
domains. The area of domain walls thus remains largely constant throughout e-field
cycling, but the domainwallmobilitymay vary slightly, giving the offset central peak
behavior of relative compliance and damping. At high e-field cycling frequencies,
i.e. high dE

dt , the nucleation of newdomains is theorized, thereby creating newdomain
walls, thus increasing domain wall area and consequently relative compliance and
damping.

Although direct observation of nucleation of new domains has only been done in
thin filmTEM specimens under a fairly specific sample-substrate configuration [Gao
et al., 2013], domain nucleation, coalescence and growth has long been theorized
frommacroscopic observations and from parallels to other forms of phase transitions
[Tagantsev et al., 2010]. First principles atomistic models of domain switching have



85-2.5-2-1.5-1-0.50 0.5 1 1.5 2 2.5

BT PZT

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

E
-d

is
p

la
ce

m
e
n

t 
(C

/m
2
)

E-field (kV/mm)

0.5

0.9

1.3

1.7

2.1

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

R
e
la

ti
v

e
 C

o
m

p
li

a
n

ce
 

(S
/S

0
)

E-field (kV/mm)

0

0.4

0.8

1.2

1.6

2

2.4

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

L
o

ss
 T

a
n

g
e
n

t 
(t

a
n

 δ
)

E-field (kV/mm)

-0.10%

-0.05%

0.00%

0.05%

0.10%

0.15%

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

S
tr

a
in

 (
ε y

y
)

E-field (kV/mm)

Figure 4.7: Comparison of hysteresis curves of electric displacement (top left),
strain (top right), relative compliance (bottom left) and damping (bottom right) of
PZT (black) and BT (red). Magnitude of hysteresis of BT is smaller than PZT in
all electrical and viscoelastic properties. Curves were taken at 100 Hz mechanical
probe frequency and 0.1 Hz e-field cycling frequency on samples of equivalent
length.

recently visualized what ferroelectric domain nucleation and growth might look
like under different applied e-field strengths [Shin et al., 2007]. One such study by
Boddu et al. [2017] is reproduced in Figure 4.9, clearly showing the difference in
domain switching behavior under weak and strong e-fields.

The key trends observed in the BES measurements which require explanation are
as follows: (i) Relative compliance and damping at E = 0 kV/mm increase with
increasing e-field. (ii) Peaks in relative compliance and damping begin at low e-field
for low e-field cycling frequencies and move outward toward higher e-fields for high
e-field cycling frequencies. (iii) Dips in relative compliance and damping occur at
high e-fields, almost immediately after the direction of e-field ramp changes for low
e-field cycling frequencies, and move inward toward lower e-fields for higher e-field
cycling frequencies.
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Figure 4.8: Schematic of a growth-dominated mode and nucleation-dominated
mode of domain switching under different e-field frequencies. Dotted lines indicate
domain walls; the growth-dominated mode retains the same total area of domain
walls during switching, while the nucleation-dominated mode increases in total area
of domain walls until switched domains merge.

Increasing Base Relative Compliance and Damping

Under the assumption that low e-field cycling frequencies are growth-dominated,
large changes in the surface area of domain walls during electrically induced domain
switching are not expected, and a low quantity of nucleation also suggests fewer
domain walls available for mechanically induced switching to take place. This is
consistent with the observed overall low relative compliance and damping during
low frequency e-field cycling.

Assuming high e-field cycling frequencies are nucleation-dominated, new domains
are expected to constantly nucleate and merge, creating additional domain wall
surface area. The additional domain wall surface area allows more mechanically
induced domain switching to take place, hence increasing relative compliance and
damping due to the increased capacity of mechanical energy absorption. This is
consistent with the observed overall higher relative compliance and damping at high
frequency e-field cycling.
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Figure 4.9: A molecular dynamics simulation by Boddu et al. [2017] showing the
growth- and nucleation-dominated domain switching mechanisms in single-crystal
BT under different applied e-field strengths at a temperature of 310 K. This figure
was adapted and reproduced under Open Access.

Peak Divergence

Unlike in PZT where relative compliance and damping peak positions were ex-
plained by the position of the coercive field as determined by the electric displace-
ment hysteresis curve, the origin of peaks in polycrystalline BT specimens is less
straightforward to identify due to the lack of a sharp coercive field. Instead, increases
in relative compliance and damping are postulated to originate from an increase in
domain wall surface area.

In a low-frequency, growth-dominated regime, the surface area of domain walls
remains relatively constant at all e-field magnitudes, perhaps a slight decrease at
high e-fields as some domains may merge. This is reflected in both the relative
compliance and damping curves at 0.1 Hz e-field cycling where damping curves are
relatively flat, indicating little change in the extent of mechanically induced domain
switching.

In a high-frequency, nucleation-dominated regime, the surface area of domain walls
would rapidly increase as nucleation takes place, slow down as these nuclei grow
and fewer nuclei form, and finally decrease as nuclei merge and domain wall area
is lost. This is consistent with the high, fairly symmetric peaks in both e-field ramp
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Figure 4.10: Schematic of the effect of e-field ramp direction and internal stress on
mechanically induced domain switching activated by appliedmechanical oscillation.
As the e-field increases (left), internal stresses rise to counter the stresses caused
by electrically induced switching. As both forces are balanced, external mechanical
oscillation can cause switching in both directions. When the e-field decreases
(right), the large internal stress remains while the e-field induced switching force
decreases, resulting in back-switching. As back-switching is mechanically-driven,
external mechanical oscillation can no longer induce forward-switching.

directions at 1 Hz e-field cycling frequency. The position of these peaks shifts
toward higher e-field magnitude with higher e-field cycling frequency likely due to
an increased nucleation probability. The greater the number of nuclei (i.e. highest
e-field frequency), the larger the volume fraction of the switched phase can be
accommodated within the same volume before merging of nuclei occurs, and hence,
the decrease in relative compliance and damping only occurs at higher e-fields.

Strain Limits and Back-switching
Relying solely on a surface area argument overlooks the important fact of strain
limits on switching in polycrystalline ferroelectrics, particularly those of single
phase which have few avenues of accommodating shape change. Here the effect of
back-switching, or internal stress-induced switching which occurs after the removal
or reduction of an applied e-field are discussed.

Dip Convergence

Figure 4.10 shows the balance of forces on a domain wall as the applied e-field
increases in magnitude, and how those forces change when the applied e-field
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switches ramp direction and decreases in magnitude. As the e-field magnitude is
increased, the internal stresses rise to counter the force on the domain wall exerted
by the e-field. As these forces are balanced, the applied mechanical oscillation can
perturb the domain wall in either direction, leading to mechanically induced domain
switching. When the applied e-field magnitude is abruptly decreased, as is the case
for the triangle waveform used for BES measurements, the internal stresses now
exert a greater force on the domain wall than the e-field, leading to internal stress-
induced back-switching. The mechanical oscillation now has to counter the force of
the internal stress in the forward-switching direction, but not in the back-switching
direction. Consequently, only back-switching can be activated by the mechanical
oscillation once the e-field magnitude is decreased, hence, the relative compliance
and damping, both of which measure the extent of domain switching, drop when the
e-field ramp direction changes.

In a low e-field frequency, growth-dominated regime, this dip occurs immediately
upon change in direction of e-field ramp as there are no competing factors. The area
of the domain walls remains approximately constant. Conversely, in a high e-field
frequency, nucleation-dominated regime, the change in e-field direction decreases
the domain mobility, but back-switching increases the domain wall area. The
former decreases the extent of domain switching while the latter increases it, and
this competition is likely what delays the dip in measured relative compliance and
damping to lower e-fields.

The dip takes a finite amount of time to occur as internal stresses are relaxed by
back-switching while the applied e-field magnitude decreases. When both forces
are balanced again, mechanically induced domain switching from the applied me-
chanical oscillation regains its ability to perturb the domain wall in both directions,
causing relative compliance and damping to rise again toward the next peak.

While this hypothesis explains all the salient features ofmeasured BES electrical and
viscoelastic results, and is consistent with our current knowledge of domain switch-
ing behavior, further verification at the microscale either via in-situ observations of
domain evolution or from capturing snapshots of changes in domain morphology
ex situ would provide valuable insight to its validity.

4.5 Conclusions
Viscoelastic and electrical properties of unpoled polycrystalline BT were measured
in-situ during bipolar electrical loading at 0.1, 0.2, 0.5 and 1 Hz, and mechanical
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bending oscillation at 50, 75, 100, 130 and 150 Hz. The electric displacement hys-
teresis curves were insensitive to both electrical and mechanical loading frequency.
Relative compliance and damping hysteresis curves increased in magnitude with
increasing mechanical loading frequency, but the positions of key features and turn-
ing points were not shifted. However, increasing electrical loading frequency was
shown to increase overall magnitude of relative compliance and damping, as well as
shift the positions of key features and turning points. These shifts were explained by
differences in domain nucleation and growth behavior, where low electrical loading
frequency supported growth-dominated domain switching and high frequency sup-
ported nucleation-dominated domain switching. The presence of all salient features
as well as the directions of their shifts could be explained under this paradigm.
Remaining open questions include the determination of the origin of asymmetry of
measured hysteresis curves despite specimens having no discernible geometric or
microstructural asymmetry, and a microstructural verification of the hypothesized
domain switching processes.
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C h a p t e r 5

CONCLUSIONS AND OUTLOOK

5.1 Summary
The goal of this thesis was to develop a better understanding of domain switching
processes in bulk perovskite ferroelectric ceramics using BT and PZT as represen-
tative materials. To do so, microscale physics and macroscale properties needed to
be bridged experimentally as well as computationally. The recently-developed tech-
nique of Broadband Electromechanical Spectroscopy (BES) [Le Graverend et al.,
2015, Kochmann et al., 2014] is one such tool, where elucidation of domain switch-
ing processes from macroscale electrical and viscoelastic measurements enabled
new insight to be gained into old problems such as the mechanisms of electrical
fatigue in PZT ceramics, and the effect of strain limits on domain switching in
BT ceramics. Meanwhile, a constitutive material model incorporating microscale
domain switching physics was formulated as a step toward predicting macroscale
electromechanical properties from microscale processes and vice versa.

In Chapter 2, an efficient, physics-based constitutive model for polycrystalline ferro-
electric ceramics was developed and applied towards simulating polarization, strain
and energy dissipation hysteresis responses in single-crystal and polycrystalline bar-
ium titanate. Physical responses at each scale were taken into account, from the
linear piezoelectric properties of the unit cell, to the mixture of 6 tetragonal domains
at the single crystal level, to the mixture of randomly oriented grains within a poly-
crystal. Grains were homogenized via a Taylor model and domains condensed into
volume fractions using an entropy-based minimization scheme to enable use of the
material model in finite element modeling of real macroscopic specimens. Exist-
ing polycrystalline ferroelectric models which capture microscale physics are often
too computationally expensive to realize specimen-level simulations. Beam-shaped
specimens similar to those used in BES experiments were modeled and exhibited
electric field-induced bending due to the base grips, as was also observed in exper-
iments. The effects of precompression on strain hysteresis, of grain texturing on
hysteresis curve narrowing, and of the appearance of dissipation hysteresis agreed
well qualitatively with experimental observations. This agreement demonstrates
that microstructural mechanisms are well-retained, and although the model does not
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account for interactions between grains, e.g. internal stress caused by deforma-
tion during switching, it shows promise as an efficient way to predict ferroelectric
behavior across scales.

Continuing in the vein of scale bridging, the use of Broadband Electromechani-
cal Spectroscopy (BES) together with microstructure imaging of microcracks on
PZT specimens undergoing bipolar electrical fatigue enabled the quantification of
mechanical damage caused by domain switching in a ferroelectric ceramic in Chap-
ter 3. The electric displacement, relative compliance and damping hysteresis curves
of specimens were measured over 1,000,000 bipolar electric field cycles and their
key features (e.g. peak heights, E = 0 kV/mm values) were tracked. The simul-
taneous measurement of both electrical and viscoelastic properties demonstrated
that electrical properties degraded at a rate far greater than viscoelastic properties
did. This prompted the understanding that dissipation by domain wall motion could
not be considered under a single umbrella, but had to be differentiated into electri-
cally induced and mechanically induced domain wall motion, the latter of which is
measured by the viscoelastic properties of relative compliance and damping. Since
fatigue is a complex phenomenon resulting from myriad changes on the microscale
ranging from charge migration and domain wall pinning to macro and microc-
racking, the ability to separate the electrically induced and mechanically induced
phenomena using simple macroscale measurements gives valuable insight into the
process.

Finally, Chapter 4 employed the above understanding towards interpreting BESmea-
surements of barium titanate. Unlike PZT, barium titanate’s electric displacement,
relative compliance and damping hysteresis curves were significantly smaller in
magnitude, contained no sharp peaks, and generally behaved very differently, qual-
itatively, from PZT. While it has long been known that PZT on the morphotropic
phase boundary is qualitatively different from its single phase compositions and
from other tetragonal perovskites like BT due to its crystal structure [Li et al.,
2005], this fact is sometimes overlooked, and domain switching in PZT may be
discussed in similar terms as that in tetragonal perovskites (i.e. as 90°- and 180°-
switching). These results highlighted the flaw in this assumption. Consequently, a
new hypothesis on domain switching mechanisms in barium titanate was proposed,
incorporating notions of growth-dominated and nucleation-dominated regimes to
explain differences in domain switching observed at different electric field cycling
frequencies.
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In conclusion, the experimental methods presented in this thesis contribute to the
understanding of ferroelectric domain switching processes in bulk polycrystals, es-
pecially when judiciously paired withmicroscale observations. Meanwhile the com-
putational methods developed aid in bridging microscale processes to macroscale
properties in an approximate but efficient way. Together, they enable a potential
pipeline for predicting bulk ferroelectric properties from microscale physics and
vice versa.

5.2 Outlook & Future Work
Some remaining open questions and opportunities for future investigations include
the following:

• The constitutive model introduced in Chapter 2 could be expanded to include
temperature effects via the introduction of a cubic phase and an appropriate
temperature-dependent energy term. Given experimental data on fatigue
behavior, it could also potentially be adapted to model the degradation of
electromechanical properties during fatigue, either with the incorporation of
an evolving damage parameter [Lange and Ricoeur, 2016] or an inactive ‘void’
phase, with the drawback being that this aspect of the model would not be
fully physics-based.

• Chapter 3 established that base compliance degradation was directly caused
by microcracking. The introduction of cracks in a ferroelectric ceramic under
high voltage changes its electrical environment significantly. It would thus
be worth modeling the effect of the known density of microcracks on the
ferroelectric’s polarization hysteresis behavior through FEM to determine
how much of polarization degradation is caused by microcracking and how
much by internal crystal structure effects, e.g. void formation, domain wall
pinning etc.

• The proposed domain switching mechanism in Chapter 4 requires in-situ mi-
crostructural verification. Careful design of the sample dimensions and in-situ
setup may be necessary to preserve the same domain switching environment
as a bulk polycrystal.

• It has been established that grain size affects many properties of a ferroelec-
tric, one of which is domain structure – there exist critical sizes below which
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a grain is a monodomain, or can only support rank-I but not rank-II lami-
nates [Arlt, 1990, Schultheiß, 2018]. Testing how grain size affects measured
BES properties could give further insight into the domain switching process
in barium titanate polycrystals.

• The results in Chapter 4 highlight the importance of crystal symmetry to
strain limits, whereby the presence of multiple phases (e.g. tetragonal and
rhombohedral in morphotropic PZT) accommodates more strain change and
domain switching [Li et al., 2005]. It would thus be interesting to incorporate
rhombohedral phases into future models of PZT to verify if the qualitative
differences between BT and PZT can be reproduced, especially in high fidelity
simulations such as phase field models.

• BT is often subjected to much higher-frequency electrical loads (> 100 Hz)
as it is widely used as a capacitor material. Although operating voltages tend
to be low, some domain switching may still take place. Thus, investigat-
ing its electromechanical response at these frequencies would give valuable
information on domain switching processes under normal operating condi-
tions. The BES apparatus is able to apply electrical loads at frequencies of
up to 104 Hz, however the present setup will need to be redesigned for much
higher frequency measurements due to the multiple resonance peaks at high
frequencies for samples of the current dimensions.
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A p p e n d i x A

DOMAIN REMANENT STRAINS IN THE REUSS MODEL

The convexification-based constitutivemodel described in Section 2.2 uses theReuss
bound to compute the effective response at the single-grain level from the mixture
of domain variants. This requires solving for the individual domain strains in order
to determine stresses in (2.31). The linear set of equations to be solved for the
remanent strains in the ferroelectric domains is
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(A.1)

where α+ and α− refer to a pair of 180◦ domains, and α, β, γ represent the three
orthogonal pairs of domains in a tetragonal perovskite structure. We further note
that the remanent strains εr

α+ and εr
α− represent the coupled strains as per (2.68),

such that (for χ = α, β, γ)
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with
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ec
·
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ps
, (A.3)

so that, from (A.1), strains of opposite domains are related via

ε χ+ = ε χ− + 2εr
χδχ+. (A.4)
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The above system of six linear equations then reduces to the three equations
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with
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A p p e n d i x B

HIGHER-ORDER ENERGY-MINIMIZING DOMAIN PATTERNS

As discussed in Section 2.2, the Reuss and Voigt constructions make no assumption
about the spatial arrangement of ferroelectric domains. The condensed energy
density (2.45) confirms this as follows. Assume that domains form a higher-order
laminate, i.e., assume that each of the n domains decomposes into m domains in
a hierarchical fashion, and that the volume fractions within each of the n domains
are obtained from energy minimization. This implies that the energy of a first-order
domain α is obtained from an energy-minimizing second-order domain mixture,
i.e.,

Fcond.,α = −kT log


m∑
β=1

exp(−Wαβ/T)
 , (B.1)

and insertion into the final solution of (2.45) for Wα leads to the total enthalpy

Fcond. = −kT log


n∑
α=1

m∑
β=1

exp(−Wαβ/T)
 . (B.2)

This result, however, is the same as if we had started with n × m domains on the
same microstructural level. Consequently, the spatial arrangement of domains is not
accounted for in the Reuss and Voigt constructions.


