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Abstract

This work is concerned with the study of several ten-dimensional
field theories intimately associated with superstring theories, and possi-

bilities for obtaining realistic four-dimensional theories from them.

Three chapters follow the N = 2b supergravity from ten to five, then
to four dimensions. First of all, compactifications to five dimensions on
various manifolds are studied. Then the entire mass spectrum for the
compactification on S° is derived using techniques of harmonic analysis
on spheres. A particular set of modes corresponds to a gauged maximal
supergravity theory in five dimensions; this theory, with Yang-Mills
group SO(B), is constructed in detail. By a process similar to analytic
continuation, noncompact versions of this theory are also obtained,
gauging all the semisimple real forms of SO(6). One particular form,
with gauge group SO*(8) =~ SU(3,1), compactifies to flat four-dimensional

spacetime and offers attractive phenomenological possibilities.

The final chapter is concerned with candidates for effective low-
energy theories for N = 1 superstrings with gauge group SO(32) or
Eg x Eg. These effective theories contain curvature squared terms, and
require unusual gravitational interactions to cancel anomalies. The
field equations are derived and found to admit compactifications to flat
four dimensional spacetime, with the possibility of accommodating many

phenomenoclogical considerations.



Table of Contents

Acknowledgments iii
Abstract iv

1. Introduction 1
References 9

2. Chiral N = 2 Supergravity in Ten Dimensions and its Spontaneous

Compactification
2.1 Chiral N = 2b Supergravity 10
2.2 Freund-Rubin type solutions 15
2.3 Pope-Warner type solutions 20
2.4 Discussion 26
References 29

3. The Spectrum of Chiral N = 2 d = 10 Supergravity Compactified on
the Five-sphere

3.1 Introduction 31
3.2 Bosomnic modes 37
3.3 Fermionic modes a7
3.4 Discussion 65

References 68

4. Gauged N = 8 Supergravity in Five Dimensions

4.1 Introduction 70

4.2 Compact and non-compact symmetries 75



_vi-

4.3 Ungauged N = 8 Supergravity

4.4 T-tensor identities

4.5 Lagrangian and transformation rules
4.6 Discussion

References

5. Ten plus R squared goes into Four

5.1 Introduction

5.2 R squared terms

5.3 Field equations

5.4 Compactification to four dimensions
5.5 Discussion

References

Appendix: Conventions for Spacetime Geometry

80
82
87
99
102

104
109
113
119
126
128

130



Chapter 1

Introduction

Much of the incentive for studying supergravity theories has come
from two basic sources. The first is the difficulty of incorporating gen-
eral relativity, enormously successful at the classical level, into the
framework of quantum field theory. Attempting to quantize the gravita-
tional field coupled to matter leads to ultraviolet divergences too severe
to admit sensible interpretation in any known way [1]. Even pure gravi-
tation suffers from this problem [2]. The renormalization programme so
successful for Yang-Mills theories is inapplicable to gravity; the reason
may be traced to the presence of a dimensional coupling constant for
gravity, Newton's constant. A promising approach for eliminating the
divergences is provided by the principle of supersymmetry, a type of
symmetry which relates bosons and fermions. With such a symmetry
one may hope to cancel divergences from bosonic fields against diver-
gences from fermions, taking advantage of the intrinsic minus sign
required for fermionic quantum loop diagrams. Supergravity theories,

which contain the graviton and its fermionic partners under supersym-

metry, the spin-g- gravitinos, indeed exhibit dramatically improved
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quantum properties [3]. Unfortunately, there is no real evidence that
any supergravity theory is finite to all orders, though finite supersym-
metric models have been constructed containing particles of spin < 1
[4].

Besides their improved quantum behavior, a second more aesthetic
reason for studying supersymmetric theories, and especially supergrav-
ity, is the great predictive power inherent in theories with a high degree
of symmetry. Supersymmetry is the only known type of sym_metry which
can relate particles of different spin, and hence can hope to completely
account for the observed particle spectrum from some fundamental
principle. In addition to restricting the combinations of particles that
can occur, supersymmetry places severe restrictions on the possible
interactions between particles. Supersymmetry even restricts the
dimensionality of spacetime; it is believed that consistent supersym-
metrical theories exist only in eleven or fewer dimensions. The eleven-
dimensional supergravity [5] thus occupies a special position among
supergravity theories and it is natural to address the possibility that it
may provide an ultimate theory of nature. (The way that a field theory
can yield an effective low-energy theory in fewer dimensions is dis-
cussed in Chapters 3 and 4.) Unfortunately, the theory is almost cer-
tainly badly divergent at the quantum level, and even at the classical
level appears unable to reproduce the observed phenomenology, aside

from the Yang-Mills gauge group [8].
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It has recently become evident that a fundamentally different type
of field theory, superstring theory [7], may provide considerably more
promising alternatives than any of the supergravity theories in both of
these arenas. String theories are field theories of extended one-
dimensional objects, as opposed to traditional theories of zero-
dimensional points. A string theory may be considered as a point-
particle field theory, with a spectrum containing an infinite number of
particles of unbounded spin and mass. There is a purely bosonic string
theory in 26 dimensions, but it contains a tachyon in its spectrum which
spoils attempts at physical interpretation. Luckily, the supersymmetric

versions of string theories are much better behaved.

The one-loop finiteness of superstring theories is a particularly
stunning and suggestive result, requiring many more types of cancella-
tion than point-particle field theories require. There are arguments to
suggest that quantum finiteness persists to all orders. Furthermore,
superstring theories are fantastically restrictive: there are only five
known (barring essentially degenerate examples in two dimensions), all
requiring spacetime to have ten dimensions. To begin to characterize
these theories will require some general knowledge of ten-dimensional

field theory.

In ten dimensions one may impose both Majorana and Weyl condi-
tions upon a spinor. The Weyl (chirality) condition exists for any even
dimension, since there is an analogue of the four-dimensional 5. In ten

dimensions this matrix is denoted I';;. Its crucial properties are (I';;)? =
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1 and {I'y;, T4} = 0, where I'4 are the ten-dimensional Dirac matrices. (4

= 0,1,...,9 is a ten-dimensional vector index.) The projectors onto left-
and right-handed chiral components are then %—(1 +T'1;). The Majorana

condition can be taken to be a reality condition on the spinors. In order

for this to be consistent with the Lorentz transformation properties of
the spinors, the Lorentz generators ['yp = —21-[1"A, I'p] must all be real.

Thus the gamma matrices may be taken to be either all real or all ima-
ginary.

In four dimensions one may define both Majorana and Weyl condi-
tions, but it is impossible to impose both simultaneously. This is
because 75 is imaginary, so the chirality condition is inconsistent with
the reality condition (unless the spinor itself vanishes). In ten dimen-
sions, however, I'1; is real and one may impose both conditions at once,
for a "Majorana-Weyl” spinor.

The minimal (N = 1) supersymmetry expresses invariance under
transformations parametrized by a single Majorana-Weyl spincr. There
are three distinct superstring theories known with N = 1 supersym-
metry, type I superstrings with gauge group SO(32) [8], and heterotic
superstrings with gauge group SO(32) or Eg x Eg [9].

At the classical level, the known point particle field theories with N
= 1 supersymmetry are super-Yang-Mills gauge theories with arbitrary
gauge group, simple supergravity, and the coupled supergravity-Yang-

Mills system. It turns out that the simple supergravity is inconsistent
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because of gravitational anomalies, and simple supergravity coupled to
Yang-Mills is afflicted with mixed gauge and gravitational anomalies,
unless the gauge group is either SO(32) or ee8 [8]. Even then, one must
alter the theory in order to cancel the anomalies, in a way which naively
breaks the supersymmetry. Chapter 5 contains a more complete dis-
cussion of these N = 1 theories and their relationship to superstrings,

including the relevant references.

If one looks for ten-dimensional theories invariant under a general
number N of supersymmetries, to describe particles of maximum spin
two one can have at most N = 2 supersymmetry. This corresponds to
the fact that in four dimensions, in order to have spin <2 (i.e., at most a
helicity spread of -2 to 2), one must have N < 8, since (at least in Min-
kowski space) each independent supersymmetry transformation can
raise or lower helicity by one-half. Upon dimensional reduction from
ten to four dimensions, in which all fields are taken to be independent of
the extra six coordinates, each ten-dimensional Majorana-Weyl spinor
yields four four-dimensional Majorana or Weyl spinors. Thus N = 2 in

ten dimensions directly corresponds to N = 8 in four dimensions.

In going from N = 1 to N = 2 in ten dimensions, one has a choice for
the relative chirality of the two spinorial supersymmetry parameters,
leading to two fundamentally different N = 2 superalgebras. In type 2a
the two spinorial charges have opposite chirality, so they can be com-
bined into a single Majorana spinor with no definite chirality. Alterna-

tively, relaxing the Majorana condition leads to the type 2b
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superalgebra, in which the two charges have the same chirality and may
be considered as the real and imaginary parts of a single complex (i.e.,
non-Majorana) spinor.

Supergravity theories exhibiting N = 2a and N = 2b supersymmetry
have been constructed; the theories are completely different, even hav-
ing different field content. Both the 2a and 2b supergravities are the
zero-mass sectors of superstrings, the [Ia and IIb theories, respectively.

This completes the list of the five known superstring theories.

The N = 2a theory may be obtained by simple dimensional reduction
of the eleven-dimensional supergravity [10], by taking all fields to be
independent of the eleventh coordinate. The eleven-dimensional theory
contains a graviton, a gravitino and a gauge three-index antisymmetric

tensor. These reduce tod = 10 as follows:

gun > (guv) + (guio=A4u) + (910,10 = 9) (1.1.1)
Y > (Vi) + (Yio=Xx) (1.1.2)
Aynp - (Ayne) + (Awuni0 = Buy) (1.1.3)

where primed indices run from 0 to 10 and unprimed indices from O to
9. Thus the N = 2a theory contains in the bosomnic sector a graviton, a
vector, a scalar and two antisymmetric tensor gauge fields, one with
three indices and one with two. All these fields are real. The fermionic
sector consists of one gravitino and one spinor, both Majorana and

non-chiral.
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The identification of dimensionally reduced fields above, though
physically well motivated, is somewhat heuristic in that complicated
fleld redefinitions are in general required to identify the correct mass
eigenstates. For example, a Weyl rescaling involving the scalar ¢ relates
the ten-dimensional graviton and the corresponding components of the

eleven-dimensional graviton.

The fact that the ten-dimensional fermionic fields in (1.1.2) are
Majorana but not Weyl corresponds to the fact that chirality cannot be
defined in eleven dimensions. In general, dimensional reduction results
in non-chiral theories [11], and it is hence not surprising that there is
no known way to relate the chiral N = 2b theory to higher dimensions.
In this sense the N = 2b theory is on the same footing as the eleven-
dimensional supergravity for providing a fundamental maximal super-
gravity.

All other maximal supergravities, gauged or ungauged, are believed
to be derivable from one or both of these theories by a process of
compactification and truncation. The ungauged supergravities in less
than ten dimensions may be derived from either theory by simple
dimensional reduction,a process which may be considered to be
compactification on a torus and subsequent truncation to the zero-
mass sector. The previously constructed gauged maximal supergravi-
ties, in four and seven dimensions, are derivable from the eleven-
dimensional theory through compactification on the seven- and four-

sphere, respectively. As we shall see, the gauged N = 8 supergravity in
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five dimensions, constructed in Chapter 4, is derivable from
compactification of the ten-dimensional N = 2b theory on the five-

sphere.

The N = 2b theory is extremely interesting from a purely field-
theoretical point of view; some of its unusual aspects will be discussed in
Chapter 2. It is intimately related both to superstrings and to gauged
supergravities. As we shall see in Chapter 4, an "analytic continuation”
of the gauged supergravity resulting from compactification on S°, in
which the isometry group SO(8) of S° is replaced with the noncompact
form SO*(6) = SU(3,1), has a truly remarkable property: it admits
compactifications to flat four-dimensional Minkowski space, with gauge
symmetry SU(3) x U(1) x U(1), global symmetry SU(R), and N = 2 super-
symmetry spontaneously broken at any scale desirable. It would be
extremely interesting to know whether the structure of the associated
[IB superstring exhibits any phenomena analogous to the noncompact
gaugings. It is hoped that a study of the superstring theory can provide
a better geometrical understanding of this most interesting

compactification.
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Chapter 2

Chiral N = 2 Supergravity in Ten Dimensicns

and its Spontaneous Compactification*

2.1 Chiral N = 2b supergravity

Much of the structure of the ten-dimensional supergravity theories
could be inferred from the associated superstring theories, but the
actual construction of the N = 2a and the N = 1 theories proceeded
indirectly through dimensionally reducing the eleven-dimensional
supergravity. This gave the N = 2a supergravity [3], which could be
truncated to N = 1 supergravity coupled to one Maxwell multiplet [4].
The latter theory could either be truncated further to pure N = 1 super-

gravity, or extended by generalizing the gauge group [5].

The N = 2b theory was first formulated in the (noncovariant) light-
cone gauge in terms of a single unconstrained superfield containing all

the physical fields of the theory [6]. The field content could be read off

*The original material contained herein appears in Ref. [1], with a minor
modification given in Ref. [2]. [ acknowledge valuable discussions with Nick
Warner.
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from this superfield, and consisted of a graviton, a real four-index
antisymmetric tensor gauge field Ayypg, a complex scalar B, a complex
two-index antisymmetric tensor Ayy, a complex Weyl gravitino ¥4 and a
complex Weyl spinor A of opposite chirality. The four-index tensor has a
five-index field strength which must be self-dual on shell. The gravitino,
the spinor and the four-index tensor are all chiral fields contributing to
gravitational anomalies, but for this particular field content all
anomalies cancel [?7]. (The N = 2a theory, being non-chiral, has no

problem with gravitational anomalies.)

The construction of the theory beyond leading order in the gravita-
tional coupling constant turned out to be impractical in the light-cone
gauge. [t would have been desirable to implement the standard Noether
procedure to construct the theory in a Lorentz covariant formalism,
but it proved to be quite difficult to obtain the self-duality condition for
Fynpor from a manifestly covariant action principle [8]. Although the
necessary techniques are believed to be available [9], they have not

been applied successfully to the interacting theory.

The windfall for the construction of the N = 2b theory was the reali-
zation that the complete set of covariant field equations and supersym-
metry transformation rules could be deduced by an indirect procedure
[10]. (An alternative approach using superspace techniques is given in
Ref. [11].) It is generic for a supersymmetric theory that in order for
the commutator of two supersymmetries to close upon symmetries of

the theory, the first-order equations of motion must be imposed. (In
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order for the supersymmetry to close off shell, one usually has to intro-
duce auxiliary fields.) Since field equations vary into other field equa-
tions under supersymmetry, all of the supersymmetry transformations
and equations of motion must be interrelated. For the N = 2b theory, an
important ingredient for the analysis, besides these general principles,
was the identification of a global SU(1,1) symmetry which acts non-
linearly upon the complex scalar field B, so that the scalar self-
interaction could be identified as a nonlinear sigma model over the
coset space SU(1,1)/U(1) [12]. This symmetry restricts the possible
forms of the supersymmetry transformations sufficiently to eventually

determine all transformation rules and field equations.

The resulting classical equations of motion, as derived in Ref. [10],

are (to leading order in fermionic fields):

. » 1
Ryn = PyPy + PPy + 5 FP¥%y Fpgpsy +

+ T(GPuGiypg — 15 9unG o Ggr) (2.1.1)

Funper = T35 nparstuvwFT""" (.1.2)

(VP —iQP) Gunp = P Ginp - g—iFuNPQRGPQR (2.1.3)
(V¥ - 2i@Q") Py = o GP¥ Gpgp (2.1.4)

FMNP$WP = é—FNPNFM}\’ = %FNPQ G}\’[pQFM)\ (2.1.8)
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3. ;
TH(Vy — 54Qu)A = g5 THVPOR Frpapn, (R.1.8)

where the following definitions have been made:

= Tﬁ (2.1.7)

Py = ffoyB (2.1.8)

Qu = ffIm(BayB") (2.1.9)

Funp = 38[uAnp] (2.1.10)

Gune = f(Funp — BFynp) (2.1.11)
Funrgr = 50 yAnpr] — Z;Im(A[MNFI;QR]) (R.1.12)
Vi = Vi — 5iQu + s TV FyporsTy. (2.1,18)

The supersymmetry transformations which transform (2.1.1-8) into one
another, and for which the first-order field equations (2.1.2,5,6) are

required for the superalgebra to close, are

Seyt = 2Re e[y (2.1.14)
s = Yue — 5o (T = 964T79) Gypge* (2.1.15)
SAyny = f(eTywA + 45‘1—‘[‘{“01\[] +

+BE'FMN)\’+4E_F[M’1//K[]) (R.1.16)
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3 *
6AMNPQ = —2Im EF[MNP'wQ] + IImA[MNdAPQ] (2.1.17)
SN = PylMe® + ——Gyypl""Pe (2.1.18)
6B = —fRg"A. (2.1.19)

The physical scalar degrees of freedom are carried in the field
strength Py of (2.1.8). The composite vector field @y defined in (2.1.9)
acts as a connection for the U(1) within the global SU(1,1) symmetry.

The charges of the fields with respect to this composite symmetry, as

read off the field equations, are 2 for the scalar B, g—for the spinor A, 1

for the tensor Ayy and -21— for the gravitino. The graviton and the four-

index tensor are neutral.
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2.2 Freund-Rubin type Solutions

As proposed in Ref. [10], we will take as an ansatz for the five-index

field strength

Fuvpor = —€&uupor »  Fmnper = € Emnpqr (R.2.1)

(where the index sets M, u, m run over 0-9, 0-4 and 5-9, respectively);
this is analogous to that taken by Freund and Rubin [13] to give solu-
tions to the eleven-dimensional supergravity. All field equations may

then be satisfied by taking =0, Ayy =0 and the Ricci curvatures

RF'U = _4229#11 ) Rmn = 4ezgmn‘ (222)

Thus the spacetime may be taken to be the direct product of a
negatively curved five-dimensional Einstein spacetime (for convenience
we will take the maximally symmetric case, anti-de Sitter space AdS®
with radius e™!) and a positively curved spacelike Einstein manifold M°
with cosmological constant 4e®. Recall that we use signature

(—++++)(++++4).

The degenerate case, e = 0, allows compactification to a Ricci flat
spacetime Min® (e.g., Minkowski space) for any dimension d < 10, by tak-
ing for the internal manifold a torus T10-¢  This procedure yields the
maximal ungauged supergravity for d dimensions plus, as always,

infinite towers of massive states for each field.

There are also compactifications with e = 0 for any Ricci-flat com-

pact internal manifold, for example, K3 or a product of K3 with a torus.
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The compactification on K3 x T8¢ x #in? for d < 6 (discussed in [14] for
d = 8) always yields a half-maximal ungauged supergravity coupled to
matter. The recently discovered "Calabi-Yau" spaces [15] provide six-
dimensional Ricci-flat internal manifolds leading to quarter-maximal
supergravity theories in four dimensions, or less if products with tori
are considered. Both K3 x K3 and the eight-dimensional generalizations
of Calabi-Yau spaces will provide compactification to two spacetime

dimensions.

As in Ref. [18] we restrict our search for five-dimensional positively
curved compact Einstein manifolds to coset spaces, as a matter of con-

venience. The only candidates are of the form:

(a) S°
SU(3)
(b) SO(S)maximal
(¢) SU() x SUER) x U(1)

U(1) x U(1)

Case (a) is discussed in Chapter 3 and found to admit the full N = 8
supersymmetry. In five dimensions one may have N = 2,4,6,8 supersym-
metry, where the N symplectic-Majorana spinorial supercharges
transform under the invariance group USp(N). The massless sector can
be truncated to a gauged N = 8 supergravity with gauge group SO(8)

(see Section 2.4 below).

As usual for such compactifications, the supersymmetry content is

given by the number of independent solutions ¢ of the equations
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8%y = 0, OA =0, (2.2.3)

where the variations under supersymmetry parametrized by the spi-
norial parameter e are given in eqns. (2.1.15,18) and in general depend
on the background. In other words, the unbroken symmetry is simply
the stabilizer of the vacuum expectation value of the (fermionic) fields.
It is unnecessary to check the variations of the bosonic fields, since
such variations must contain fermionic factors which vanish in the
vacuum. For the present ansatz, equation (2.2.3) for 6A is trivially
satisfied, and for the gravitino we are led to search for Killing spinors on

the internal manifold, that is, spinors 7 satisfying
VYmh = (D — iul'p)n = 0 (2.2.3)

for a constant w, which is a distance scale for the compactification. The

integrability condition for the existence of Killing spinors is then
V. V.1n=L Cum®Tyn = 0 (2.2.4)
[ m» Vn]n — 4 vmn ab?l = iR

where Cpn® is the Weyl tensor on the internal manifold. Thus the Weyl
operator considered as acting on the space of Spin(5) spinors must have

zZeraoes.

The symmetric space (b) with SU(3) isometry is discussed in appen-
dix A of [13], where its curvature tensor is given. A simple calculation
shows that the space (b) has no solutions to the condition (2.2.5) and

hence yields no supersymmetry.
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The manifolds included in case (c) are all U(1) bundles over

SU(2) x SU(2)
U(1) x U(1)

= $% x S?.

They have as covering space the coset spaces of the form

SU(2) x SU(2)
U(1) '

and hence we need only study these in detail. Let SU(2) x SU(R) be gen-
erated by o;, T then the generator of the U(1) in the denominator may
be written as posg + gT3 where p and g are integers determining the
space 7P9, and may be taken to be relatively prime. The most general

space of the form (c) is 7P? modulo a finite cyclic group Z,. Therefore

defing P9 = ™/ Z forr=12,-~".

The coset space directions may then be taken to be generated by
Oq Ta and Z = qog — pT3, where @, 4 run from 1 to 2. Allowing rescalings
in the o4, T4, Z directions of a, 8, 7, respectively, the results of Ref. [17]
allow one to rewrite the Einstein condition F,, = — Agm, in the alge-

braic form

4A
7—2(102 + g%} = Ba(p® + g°) — gfe®

= 2b(p? + ¢°) — p®b? (2.2.5)
= ¢%a? + p2b2,
a” g* ; 2 .2
where a= —, b = 5 One finds for each pair (p*, g°) exactly one
4 ¥ 4
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solution for a and 4. For p® =0, g? = 1 the solution hasa =1, b = ;— (of

course, interchanging p and g merely interchanges @ and b), yielding the
space

701 = %x SU(2) = S? x S?

with isometry SU(R) x SU(2) x SU(R). All other 7P? have isometry group
SU(R) x SU(R) x U(1), the "extra” U(1) coming from right multiplication
by the coset generator Z (see ref. [17]).

The integrability condition (2.2.4) implies that supersymmetry is

only possible for p? = g® = 1. In that case, a=b = ;‘— and we can prove

that there is exactly one complex Killing spinor (for any signs of p and
g), giving N = 2 supersymmetry. This combines with the bosonic gauge
symmetry SU(2) x SU(R) x U(1) and the five-dimensional anti-de Sitter

group SO(4,2) ® SU(R,R) for a full symmetry of SU(R,2|2) x SU(R) x U(1).
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2.3 Pope-Warner type Solutions

We have obtained a further type of solution in which the internal
space M° is a U(1) bundle over a four-dimensional Kihler space M.
Kéhler spaces have been extensively studied in both the physics and the
mathematics literature (see for example [18,19] and references
therein); we will review here only those properties relevant for our solu-

tions.

In terms of an orthonormal vierbein &¢ for M* (i runs from 1 to 4; we

use signature (+ + + +)), the Kéhler form J;; = J;;] satisfies
JiL*=—-6F |, D;J* =0, (2.3.1)

where barred objects refer to the intrinsic geometry of #*. We may take

Jij to be self-dual, i.e., J;; = ;—s,_-jlikl. The Ricci two-form is given by
'jkl Jkl — Eikjt Jkl~ (2.3‘2)
From eqn. (2.3.1), [D;, D—j]Jkl = 0 and we have

Py = Jy Rej = Ry Jij, {2.3.3)

from which we see that Fj; is proportional to J;; if and only if the metric
on M* is Einstein. Taking the curl of (2.3.2), a Bianchi identity for Ejkz
gives 5[1-ij] = 0; hence we can write locally F; = 21_)-[1-‘4]-].

Every Kdhler manifold possesses a gauge-covariantly constant spi-

nor 7 satisfying
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Din = (D; — iud;)n = 0, (2.3.4)

and hence the integrability condition
] = ;
[D;, Djln = (ZRL'J'H Twt —ipPy)n = 0. (R.3.5)

The matrices I} satisty (I}, I;{ =2gy, and we define 75 = ieijkl [k,

There is a charge conjugation matrix C with
CTrielf==0", T==¢ (2.3.8)
Contracting eqn. (2.3.5) with I'? and JY gives u? = i—. Taking p = ;—

for 7, we see that the charge conjugate spinor y = Cn” satisfles eq.

(2.3.4) with o = — Both spinors have negative chirality:

1
7
Vs =—7 , VsX =X (2.3.7)
Contracting eq. (2.3.5) with IV gives (when det}Ej # 0]
J9Tm =ity , J9yy=—dl". (2.3.8)
Choosing the normalization n'n = 1 = x'x, we may identify
Jy = —in'Tyn = ix'Tyx. (2.3.9)

Furthermore, the complex two-form defined by

Ky =xTyn . Kg=—n"Tyx (2.3.10)
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satisfies
Dike = idie . JFKy=iKy, Kyj= yeguk® — (2.3.11)
and
KK =0, KyK'*=2(g;—idy). (2.3.12)

We have made use of the Fierz identity
I“n1€tTing = — I'naelTimy (2.3.13)

for commuting spinors 74, 2 of the same chirality, and an arbitrary spi-

nor ¢e.

We now construct our space #°, a U(1) bundle over M*, by taking for

the metric
ds? =ngpe®e®  a,b =1,..,5 , Nap = (+++++) (2.3.14)

where the orthonormal funfbein is taken to be e®*= (&, e®) with

e® = ¢ (dt — 4;&%) for constant c. The Ricci tensor for M° is then
1
Ry = By + 5c®RF Ry

R55 = i_czﬁijﬁij (2315)

&
1
rP-|H
(9}
<,
&
S]]
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We will take as an ansatz for the complex three-index field strength
Gyr =0 , Giys = ae®™ K. (2.3.16)

Ggpe then satisfiles the Bianchi identity for the ten-dimensional field
strength if we take 8 = —1. The two-index potential which gives (2.3.16)

is then
Ay =iae™ K; , A5 = 0. (2.3.17)

Note that we may take a real since any phase may be absorbed into a

shift of .

For the five-index field strength we use the ansatz (2.2.1) with the
parameter e to be determined. This satisfles the self-duality condition
(2.1.2) and is consistent with the appropriate Bianchi identity, since the

definition (2.1.12) relates the curl of Amppq to
5 » 1
Favcde + 77 Im Ajgy Fege) = (e + é-az)sabcde (2.3.18)

and the curl of this expression manifestly vanishes.

The scalar B has been set to zero, which is consistent with its field
equation (2.1.4) since Gobe Gape = 0. The remaining field equations are

then the Einstein equation (2.1.1):
1
Ry = (4e® + So®)gy

R55 = 422 + g-az
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Rs=0 (2.3.19)
1
2
and from eqn. (2.1.3):

-~ ;’— Gijs = 4ie Gys, (2.3.20)

For a =0 we of course recover the usual Freund-Rubin type solutiomns.

For a # 0, (2.3.20) gives ec = — i—.

Since M* is Kahler, the eigenvalues of }—E_ij must come in two pairs,

and we may write

R;; = diag(u, &, A, A), (2.3.21)

for a suitable choice of basis. Then eqgs. (2.3.15) along with (2.3.19) give

fit— 2—02/,L2 = A- ;—02}\2 = 4e® + ;—az
02(u? +N%) = 4e? + Ta® (2.3.22)
3;(p +A) = 0.
This system of equations, given e = — 41—0 has exactly one solution:

2 so M* must be Einstein. Thus, for a given size of M*,

p=A=ga*=¢"
the solution with a # 0 has its U(1) fibers stretched by a factor —— with

respect to the solution with a =0 and M° Einstein, which has
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There are only two known four-dimensional Kéhler-Einstein spaces
with positive curvature: S? x S? with spheres of equal size, and CP?.
Because Gge is charged with respect to the U(1) of the bundle, the
bosonic gauge symmetry of a solution with a # 0 is broken from the
isometry group of M° to that of M* (SU(2) x SU(2) and SU(3), respec-
tively). These solutions break all supersymmetry as miy be seen by
explicitly verifying that 6A = 0, 6y = 0 have no solutions e(z#, y™).

On the other hand, given a Kéahler-Einstein space M*, the U(1) bun-
dle M° over M* with the Einstein metric (and hence a = 0) always yields
at least N = 2 supersymmetry. It is easy to show that e™¥29 (or e %y,
depending on the orientation of #°) is a Killing spinor on M°. In particu-
lar cases, M®> may have more supersymmetry: for #* = CP?, M° is S°® and
there are eight supersymmetries; for M°> = K3 x U(1) there are four. For
M* = $®xS?, we recover for M° the N = 2 supersymmetric coset space T'!

discussed in Section 1.3.

The solutions discussed here preserve the noncompact global
SU(1,1) symmetry of the ten-dimensional theory. Since the field
strength Ggp. is charged with respect to the original U(1) of the ten-
dimensional theory as well as the U(1) of the fiber, neither of these can
survive as a symmetry of the compactification. However, some linear
combination of the two U(1)’s must leave the expectation value of Ggp
fixed. This combination generates the U(1) subgroup of the SU(1,1)

symmetry.
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2.4 Discussion

The ten-dimensional chiral N = 2 supergravity has been found to
admit a rich variety of compactifications to five dimensions. If there
should exist any further Kahler-Einstein spaces M* with positive curva-
ture, the construction given in section 2.3 will give both a Freund-Rubin
solution with at least N = 2 supersymmetry, and a Pope-Warner solution
(with N = 0 supersymmetry, as always) for each such space. The prob-
lem of classifying such manifolds M*, or Einstein manifolds #°, in gen-
eral, is an open question; the classification here is complete if one res-

tricts oneself to coset spaces.

As stated in Section 2.2, K3 x U(1) gives a compactification with N =
4 supersymmetry. One can construct a number of nontrivial U(1) bun-
dles over K3; unfortunately, the methods given here do not produce any

new solutions of either the Freund-Rubin or the Pope-Warner type.

The present solution with SU(3) symmetry on a stretched five-
sphere is quite analogous to that found for eleven-dimensional super-
gravity on a stretched seven-sphere [20]. In addition, there is another
type of solution that the ten- and eleven-dimensional theories have in
common, namely the de Wit-Nicolai type solutions, in which the space-
time metric is given an internal space dependent Weyl rescaling [21,22].
Both of these solutions for the eleven-dimensional theory appear to
correspond to particular extrema of the scalar potential of gauged N =
8 d = 4 supergravity (see [23] and references therein for discussion). It

is natural to believe that similar relations should exist between the ten-
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and five-dimensional theories; in fact, this conjecture was made in

reference [22] for the solution found there.

More precisely, the issue is whether the scalar potential of the N = 8
supergravity in five dimensions with non-Abelian gauge symmetry SO(8)
(discussed in Chapter 4) possesses extrema for which the supersym-
metry is completely broken and the gauge symmetry is broken to SU(3)
and SO(5). Since this is indeed the case, it is natural to conclude that
the extrema correspond to the Pope-Warner and de Wit-Nicolai type

solutions of the d = 10 theory, respectively.

The question of the precise relationship between a higher-
dimensional theory and lower-dimensional counterparts, especially in
the context of spontaneously compactified supergravity, is as fascinat-
ing as it is difficult. Eleven-dimensional supergravity admits geometri-
cally nontrivial solutions in which it appears that the values of all fields
may lie within the restriction of the full theory corresponding to a com-
plete interacting theory of the massless supermultiplet. If this is indeed
the case, as all available evidence seems to indicate, an understanding
of this phenomenon would contribute a great deal to our knowledge of
the dynamics of compactification and the structure of extended super-
gravities in general. It is fortunate that such a qualitatively different
theory as the ten-dimensional supergravity provides another laboratory

for the investigation of these issues.

Of course, it would be interesting to have compactifications of the

ten-dimensional theory to four dimensions, for comparison with
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phenomenology. As we shall see in Chapter 4, certain gaugings of N = 8
supergravity indirectly, but quite closely, related to the
compactification on S° offer very exciting phenomenological prospects.
The present chapter does not appear to be directly applicable to such
goals, but one should remember that there are several lines of investi-
gation that have gone practically unexplored. For example, a nontrivial
interaction with the scalar field might drop a five-dimensional
compactification to four dimensions, or give completely new
compactifications. In addition, if one takes seriously the full super-
string of which this theory is only a particular limiting case (an option
which may be forced if one is to obtain a consistent quantum theory),

the possibilities for compactification may be substantially different.
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Chapter 3

The Spectrum of Chiral N = 2 d = 10 Supergravity

Compactified on the Five-sphere*

3.1 Introduction

This chapter will be concerned with studying in some detail one of
the compactifications of the chiral N = 2b supergravity discussed in
Chapter 1, the Freund-Rubin type compactification in which the back-
ground geometry describes the product of a five-sphere S° and five-
dimensional anti-de Sitter spacetime AdS®. Recall that for this solution

the five-index field strength is given the expectation value

Fpupo-r = TEB&uypor anpqr = €&mnpgr (3-1-1)

where the parameter e is an arbitrary overall mass scale for the
compactification. Assuming that only the four-index tensor and the

metric are nonvanishing in the background, the Einstein equations read

*Most of the material contained herein appears in Ref. [1]. We acknowledge an il-
luminating discussion with Krzysztof Pilch.
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R[w = —4229’“,, Fmn = 4ezgmn (3.1.2)

while all other field equations are automatically satisfied. Here we are
interested in the maximally symmetric solution to (3.1.2), in which I
describes AdS® and g,,, describes S° both of radius e”!. The Riemann

curvatures are given by
Ryvpe = _ez(gypguo_gpwgvp) (3.1.3a)
Rmnpq = ez(gmpgnq - gmqgnp)- (3- 1 -Sb)

We will be concerned with finding the spectrum of masses for the
effective theory defined in the five-dimensional spacetime. In general, a
theory in a spacetime background which factorizes into the product of a
lower-dimensional spacetime and a compact spacelike manifold # may
be considered as a field theory on the lower-dimensional spacetime.
The dependence of each of the original fields upon the coordinates of ¥
may be expressed in a harmonic expansion, the coefficients providing

the propagating modes on the lower-dimensional spacetime.

A simple example of this mechanism is provided by a complex scalar

¢, which satisfies the field equation
od(z,y) = 0. (3.1.4)

We will assume that the field theory is formulated on a d-dimensional
spacetime which is the direct product of a (d—1)-dimensional spacetime

described by coordinates z, and a circle of radius e~! with coordinate y
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(0 <y < 2me™!). The harmonic expansion of @ on the circle reads
d(z,y) = Te*(z)Y*(y), Y*(y) = exp(ieky) (3.1.5)

where &£ = 0, +1, £2, ... Substituting the expansion (3.1.5) into the field
equation (3.1.4) yields field equations for an infinite tower of modes pro-

pagating in the (d—1)-dimensional spacetime:
2
(o, + a—z?)qak(x)wy) = {(mx—lczez)w’“(x) Y*(y) = 0. (3.1.6)

The spectrum is discrete with masses consistent with unitarity because

the internal manifold (the circle, in this case) is compact and spacelike.

The computations in this chapter are essentially more complicated
versions of the foregoing. Both bosonic and fermionic fields may be
expanded in harmonics of the relevant differential operators on the
five-sphere S° for convenience bose and fermi fields are handled
separately in Sections 2.2 and 2.3. Much of the work consists of prop-
erly diagonalizing coupled modes of various spin. Sensible gauge
choices for the gauge fields of the original theory simplify much of the
analysis, but sometimes such choices require great care to implement,

as we shall see.

The model raises several interesting questions. A sector of the
compactification is expected to contain a maximal (N = 8) supergravity
with the non-Abelian isometry group SO(8) of S° gauged by fifteen vec-

tors. This is in analogy to the compactification of eleven-dimensional
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supergravity on S?, which yields an N = 8 supergravity in four dimen-
sions with gauge group SO(8) [2]. In the latter case, the gauged theory
contains 28 vectors, just enough to gauge SO(8), and the gauging could
be done by simply adding terms of order g to the Lagrangian and
transformation rules, and a scalar potential of order g® to the Lagran-
gian [3]. The ungauged maximal supergravity in five dimensions [4] has
27 vectors, however, 12 more than necessary to gauge SO(8). As we
shall see, there are no vectors arising from the compactification which
could correspond to these extra twelve vectors. Rather, they must be
replaced by a complex sextet of two-index antisymmetric tensor fields

satisfying self-dual field equations of the type discussed in [5].

Based in part upon the work here, the gauged N = 8 supergravity in
five dimensions with Yang-Mills group SO(6) has been constructed, along
with associated noncompact gaugings; the construction is presented in

Chapter 4.

Another question concerns the four-dimensional singleton [6] and
the seven-dimensional doubleton [7] supermultiplets. These multiplets
are ultra-short oscillator-like unitary irreducible representations of the
pertinent superalgebras. Although there are no corresponding pro-
pagating modes in the compactified spectrum, they may be identified
with geometrically interesting sets of gauge modes. In fact, a similar
phenomenon occurs for the five-dimensional doubleton [8] representa-

tion.
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Perhaps most interesting is the question of masslessness. We recall
that in four dimensions the scalars and spinors in the "massless” super-
multiplet (i.e., the supermultiplet corresponding to the gauged N = 8
supergravity, containing all the gauge flelds) satisfy a conformally
invariant field equation. This was considered hardly surprising, since
massless particles should propagate on the light cone. Furthermore,
being in a supermultiplet with so many clearly massless particles
(namely, particles possessing gauge invariances) would lead one to
expect a particle to be "massless,” for any reasonable definition of the

word.

In seven dimensions, however, it was found in several models [9,10]
that the scalars in the same supermultiplet as the massless graviton do
not have a conformal field equation, although for several models these
field equations were the same (to linear order). Thus one seemed to
have a choice of definition of masslessness for scalars: either the scalar
had a conformally invariant field equation, or was related by supersym-
metry to a fleld guaranteed to be massless by gauge invariance. The

same issues hold for spinor fields.

In five dimensions we find a further surprise: scalars and spinors in
different SO(8) representations, but all within the massless supermulti-
plet, have different mass terms! Thus supersymmetry seems to have no
relation to any inherent quality of masslessness for scalars and spinors.

The relationship in four dimensions appears to be quite special.
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Closely related to the doubleton issue is a subtlety concerning the
removal of modes by fixing the general coordinate gauges. After impos-
ing de Donder-like gauge choices, one is still left with a residual gauge
symmetry whose spherical harmonics are conformal scalars [11,12]
(scalar harmonics Y on spheres for which D,,D,Y is proportional to
gmn Y). In the sector of these conformal scalars one can either algebra-
ically eliminate certain nonpropagating modes, or remove them by a
conformal gauge choice. Counting degrees of freedom seems to present
a problem, because in the latter procedure one naively ends up with
more modes than in the former. The resolution, as we shall see, is that
one must use the gauge freedom to eliminate twice as many modes as

there are gauge parameters, as in the case of electromagnetism.

Our work makes contact with the group-theoretical analysis of Ref.
[8] insofar as the entire set of modes we find fit precisely into the super-
multiplets constructed there. In addition, we have obtained the spec-

trum of masses.
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3.2 Bosonic modes

In this section we will determine the bosonic modes for the
compactification of N = 2b supergravity on S°. The procedure will be to
linearize the field equations in terms of excitations about the back-
ground configuration given by eqns. (3.1.1-3b). Diagonalization of the

resulting system will then give the spectrum of bosonic modes.

The ten-dimensional theory possesses a number of gauge invari-
ances, many of which may be fixed for easier identification of the pro-
pagating modes. This is purely for convenience (the gauge modes would
decouple otherwise) but imposing a particular set of covariant gauge
conditions will considerably simplify the analysis. As we will see, the
most natural covariant gauge choices will leave unfixed a particular set
of pure gauge modes which may be identified with the bosonic part of

the “doubleton” representation of U(2,2/|4) [8].

The bosonic field equations, to first order in excitations, are

D¥3yB = 0 (3.2.1)
DHoyAyp) + SiFyporsD94FS = 0 (3.2.2)
Funper = ]_;ECMNPQRSTUVWFSTWW (3.2.3)

Run — 5 FupgrsFNFo¥S = 0. (3.2.4)

Raising and lowering of indices is done with respect to the background

metric gyy. All covariant derivatives are with respect to the
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background spacetime geometry; the U(1) connection @y and its first

variation vanish in the background. To leading order in fluctuations,
Ruv = — S(DpDPhyy + DyDyhpt) + DpD yhun?
MN 5 (DpD hyy + DyDyhp pDuhny (3.2.5)

Funrer = Funpor + 50 n2npoR] (3.2.6)

where gyy = guy + hyy and AMNPQ = EMNPQ + aynpg- The internal gravi-
ton may be rewritten in terms of its traceless component plus a trace

part:
hgpn = Hpn + é—g—,,mn, where H,™ =0 (3.2.7)

and
T = h,™. (3.2.8)

The propagating spacetime graviton is related to Ay, by a Weyl rescaling,

so anticipating the necessary field redefinition we define
= R+ =G 2
Hyy = gyt 3T, (3.2.9)

to give the linearized Weyl shift. (For d spacetime dimensions the

coefficient + is replaced by

1
3 (d-2) .) Furthermore, we label the space

time graviton trace

g = Hf. (82101
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Inserting eqns. (3.2.5-10) into the Einstein equation (3.2.4) gives the

set of three field equations
1 s
E_(D“ 8, + 2e?) Hyy + 8929#Ugo — D@ DPHy)p +
+ LD, D¢ — DuDPhyyy — 7., (0, + 16,2
o Yut/v¥ (e V)p Bg,u.u[:lz Dy—g_e ym
+ 20t 8,000 = O (3.2.11)
(O + 0y run — =Dy DPhny — S DpDPH,, + DDyl 29 — ) —
o Oz + Oy )hyun — 5 DpDPhpy — 5D DPHyp wln(5e — 57
1 1 1
— 5 DuDP Hyp — 5 DnDPhyp + 5e B P (B, By — 48500 50 )
1
+ G—eenpq”(dyapqrs —40p8ugrs) = O (3.2.18)

1 1l = 1 8
2_(D:z +0, — 222)Hmn + ngn(mz +0, — 3222)” + B B 39~ E’ﬂ') -

1 .
= By DBy — D P By + S—Qg,nnquTSt@paqrst = {, 3219)

where 0; = D,D* andO, = D,D™. These equations are coupled to the
field equations resulting from the self-duality condition (3.2.3), which

are given by

= A mnpgr d 5 — B
Sa[y.aupu'r] - 120 Euvpart ama'npqr ¥ e 2 4 3 Tr)epvpo"r (3~2-14)
46[#0,1,‘,‘,],,‘ + Bma,wpq =

5
= = T30 Cuwpo om" 7 (Brnpgr + 40npgrr) + €8uupg himr (3.2.15)
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30[uupimn + R O[mBnlup =

10
= 120 Epvp” Emn®?" (R 8yQrpgr + 30pQgrar). (3.2.186)

The other three components of eqn. (3.2.3), corresponding to Fyymnp,

Fumnpq @0d Frpper, are simply the duals of eqns. (3.2.14-16).

On the mn-dimensional sphere with radius e™! the scalar harmonics
Y*(y) are defined for the index & = i = 0,1,2,... (The label i, means
iscalar; the label k is a conventional designation.) The Y™ are eigenfunc-
tions of the Laplacian 0O, with eigenvalue —Ke?, where we define
K = k(k+n—1). Fork =0, Yis constant, and for £ = 1 the Y* are the
conformal scalars, transforming in the (n+1)-dimensional vector

representation of SO(n+1) and satisfying
Oplln? = =65, 7, s0 Depluy¥ = 0. (3.2.17)

The symbol (mn)| means that this index pair is symmetrized with trace

removed; that is, X(mn) = ;—(an + Xom) — é—g,,mpr. For S° the Y*

transform in the (0,k,0) representation of SO(6) ® SU(4), in the Dynkin

notation.

The transverse vector spherical harmonics Ylm" are defined for & =
1,2,3,... For & = 1, the Y%, are the Killing vectors satistying D(m Y,‘;) =0
and transforming in the adjoint of SO(n+1). The vector harmonics are

eigenfunctions of the Laplacian with eigenvalue (1—K)e® and on S°

transform in the (1,k—1,1) representation of SO(6).
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The transverse traceless tensor spherical harmonics Y,i,‘m = Yfﬁ,mﬂ,
defined for k£ = 2,3,4,..., are also eigenfunctions of Oy, with eigenvalues

(2—K)e®. On S° they transform in the (2,k—2,2) representation of SO(8).

h

Expanding H un» Hmn, ™ and ¢(z,y) into a complete set of spheri-

pv

cal harmonics on S° we have

Hu(zy) = Tep(z)Y(y) (3.2.18)
hun(z,y) = LB (z) YR(y) + SBy(z) D Y*(y) (3.2.19)

Hmn(z,y) = SHYz) Y2, (y) + SH™(2) D Yo (y) +

+ ZH®(2) Dim Dy Y*(y) (3.2.20)
m(z,y) = Ta%(z) Y*(y) (3.2.21)
p(z,y) = Zo™(z) Y*(y) (3.2.22)

where of course ¢* = ?‘”w}fy follows directly from the definition (3.2.10).

We impose the following internal de Donder and Lorentz-type gauge

conditions
D”‘h.(mn)] =0, D""hm# = 0. (3.2.28)

Under diffeomorphisms, one has ohyy = 2 Dyén and by expanding &y
into spherical harmonics it becomes clear that one can gauge away all
z-space fields which correspond to gradients of spherical harmonics in

eqns. (3.2.19,20). This yields
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hun(z,y) = EBR(z) Ye(y) (3.2.24)

Hrn(z,y) = THYZ) Yt (y). (3.2.25)

Those diffeomorphisms which respect the conditions (3.2.23) are

given by
Dimény) = 0 and D™(Dpéy+ Duém) = 0. (3.2.26)

They consist of (i) ordinary SO(68) Yang-Mills symmetries for which &, =
AYz) Y (y) where Y, are the Killing vectors on S° (ii) ordinary five-
dimensional spacetime diffeomorphisms for which &, = £,(z), and finally

(iii) what have been called conformal diffeomorphisms [11,12]:
Em = N(Z) D YY), & = —0,0%z) Y(y) (3.2.27)

where Y¥y) are the k = 1 conformal scalars transforming in the six-
dimensional vector representation of SO(6). These three classes of
diffeomorphisms also respect the form of the expansion
(3.2.18,21,22,24,25) although the z-space coefficient fields will in gen-
eral be transformed. The appearance of the extra conformal
diffeomorphisms is not surprising, because in eqn. (3.2.23) the terms
with D(mDn)|Yi’ cancel when Y* is a k = 1 scalar harmonic, so that no
gauge parameter has been fixed to eliminate these modes. We shall
come back to the role of these conformal diffeomorphisms later, and

use the unfixed gauge freedom.
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We now repeat the foregoing analysis for the antisymmetric tensor
fluctuations ayypg = AMNPQ_EMNPQ- Taking the internal Lorentz-type

gauge conditions
Dm’amnpq = Dmamnpp, = Dmamn;w = Dmam_p.vp =0 (3.2_28)

again removes terms with gradients from the harmonic expansions for

the various fluctuations. One ends up with the expressions

Bpe(Z,y) = €71Eb1,00(z) T (y) (3.2.29a)
Cprn(Z,Y) = e 1Zb7,(z) Yl(y) (3.2.29D)
Cymn(Z.Y) = eT1DbR(z) Y2, (y) (3.2.29¢)
Cpmnp(Z.y) = € 1Z62(z) Vit (y) (3.2.294)
Cmnpg(T,Y) = €7 1Z6% Vit (3.2.29¢)

where the factors of e~ ! are for future notational convenience.

On S*, the transverse antisymmetric tensor harmonics with m
indices (0 < m < m) are defined for the index & = 1,2,3,... and are eigen-
functions of O, with eigenvalue (m—K)e® where as before K =

k(k +n—1). On S°®we can take
Yo = S By B (3.2.30)

e = B D77 (3.2.31)
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The two-index antisymmetric tensor harmonics may be taken to satisfy

first-order self-duality type equations

EmiP T D YR = AT (3.2.32)

where for consistency with the second-order equation DyY,i,in =
(2—}{)22)’:‘,5,L the constant § must be +Rie(k+2). The harmonics Y,i,fn

are then split into the complex conjugate tensors Y&, and Y, which

for £ = 1 transform in the 10 and 10 of SO(6), in general the (0,k—1,2)

and (2,k—1,0) representations.

We can now substitute the expansions of the graviton and the four-
index tensor into the linearized field equations (3.2.11-18), and collect
in each fleld equation the coefficients of a given spherical harmonic.

One thus obtains from (3.2.11)
3 . .
{ 7 (0 +0y +2e) 0G| — D@Dl o) +
+ =D@Dye” | ¥ = 0 (3.2.33)
and
[ 1 DDVl 4 L 1 8e?) ol
1”5 Py + (0 + 50Oy + 16e°)9™ —
— (0, + O, + 32e%) 7™ + é—sw’ﬂ"a#bi;m Y* = 0. (3.2.34)

From (3.2.12) one finds
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; . o
[ > (Max +0,) By + —s LPTTALb e, + 40,0 YR = 0 (3.2.35)

and

|~ 5D+ Dul g™ — g5 4 46%) +
¢ hai ot < 0 529
and (3.2.13) yields
{;—(Dz+Dy—2€2)Hu]Y:rin = 0, (3.2.87)
[ 1 4 Y% —
(Lot B e | D Dy ¥ = 0, (3.2.38)
{D“BE]D(mY%; =0 (3.2.39)
and
{ Tlo_(D;g 1 — 3222)71-7"8 + %DyQOi, + aﬂybis])ﬂs = (). (3240)

The self-duality equation yields from (3.2.14)
{56[#6321,07] - e,wpa.,(;—ezgai‘ — e’ + O, b%) ]Y“ = 0; (3.2.41)
from (3.2.15)
[ 400,b501 + B (0 — 4606 —2B2) |2 = 0 (3.2.42)

and
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{b,";,,p, + €upa™Drb® | D ¥ = 0 (3.2.43)
and finally, from (3.2.16)
30,6121 Va2, — ewp‘"bwemn TP YR = 0 (3.2.44)
and

[b,w,, + €40 05b7 | Dim Yoy = 0. (3.2.45)

We have defined the Maxwell operator (Max)b, = DP(Dyb, — Dyb,).

Comnsider the equations (3.2.41-45) arising from the self-duality con-
dition (3.2.3). For k& > 0, equations (3.2.43) and (3.2.45) allow us to alge-
braically eliminate b#vpg and b,_f,,p, respectively. The curl of eqn. (3.2.4R2)

reads
(K+3)D7b> + D"B> = 0. (3.2.46)

Substituting these results into eqns. (3.2.41) and (3.2.42), and decom-
posing the tensor harmonics Y,i,fn into self-dual components, one obtains

the following three equations which summarize the content of (3.2.3).
(0, — Ke?)b™ + e2( 9" — 27%) = 0 (3.2.47)
(for & > 0), and

(Max — (K+3)e?) by — e?Bpy = 0 (3.2.48)
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30[,bi%) F ;—e(lc $28)eyup"ThEE = 0 (3.2.49)
where we have substituted the eigenvalues for differential operators on
8%
For the special case k£ = 0, Y™ is constant and eqn. (3.2.43) van-
ishes. Then (3.2.46) must be replaced by

1 4
50,0007 = P euparl 597 — 100 (3.2.50)

We now divide all equations arising from the Einstein and self-
duality equations into three classes, which we shall discuss separately:
(i) Maxwell-Proca equations, (ii) coupled scalar equations and (iii) diago-

nal equations.

Maxwell-Proca equations

These consist of the field equations (3.2.48) and (3.2.35), where the

latter yields
>(Max — (K+3)e?) By — 4(Max + (K+3)e?)b = 0 (3.2.51)

upon substitution of (3.2.45). The resulting 2 X 2 system is easily diago-

nalized, yielding two branches of vector fields
vk = B —4(k+3)bk; wk = BE +4(k+1)bf (3.2.52)

with masses
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MZ = (k—1)(k+1)e?, ME = (k+3)(k+5)e? (3.2.53)

where v, satisfies the field equation (Max — Mﬁ)v“ = 0 and similarly for
wy.

These field equations must be supplemented with the transversality
conditions eqn. (3.2.46) and (3.2.39), the latter of which gives D“Bﬁ =

for & > 1, but vanishes for £ = 1. Thus all the v, and w, satisfy

transversality conditions except for v}‘. These latter, having M2 = 0, are
clearly the SO(6) gauge fields; as mentioned before, their gauge invari-

ance has not been fixed.

Coupled scalar equations

There are five equations involving the three scalars goi‘, 7 and b*:

k — 16 &
g = IFT (3.2.54)
for £ > 1 from (3.2.38);
8
DPof, = Du(9* — 5 + 166%) (3.2.55)

for k£ > 0 from (3.2.36) and (3.2.43);

(O — (K+32)e?) ¥ — Ke?(80b% + ¢F — %nk) =0 [(3.2.58)

from (3.2.40) and (3.2.43);

(O, — Ke?)b* + e2( gk — Z7%) = 0 (3.2.57)
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from (3.2.47). The fifth scalar equation, (3.2.34), is linearly dependent
upon the other four so may be dropped. Equation (3.2.55) will supply

the transversality condition for the massive gravitons, as we shall see.

In the case that k& > 1, eqn. (3.2.54) allows us to eliminate ¢* yield-
ing from (3.2.56) and (3.2.57) a simple 2 x 2 coupled system with mass

eigenvalues
M? = k(k—4)e?, MR? = (k+4)(k+8)e?. (3.2.58)

In the absence of an unambiguous definition of mass for scalar fields, M?
is simply taken to be the eigenvalue of 0O,; i.e., a generic scalar field o
satisfies a field equation (O — M?)o = 0. As we shall see, the second
branch in (3.2.58) may be extended down to & = 0, but the first branch

has only £ = 2,3,4,...

For k = 1, (3.2.54) is no longer a field equation, but one could in

principle still use the unfixed conformal diffeomorphisms to obtain ¢! =

1

1 , and proceed exactly as before. One would then naively obtain two

15
modes, with masses as in eqn. (3.2.58) for £k = 1. However, one could use

eqn. (3.2.56) to directly eliminate ¢! and insert the result into (3.2.57).

This reasoning leads to one field equation for only one mode, namely,
(Oop — 45e®)(m! + 1081) = 0. (3.2.59)

The resolution of this apparant inconsistency requires a closer exami-

nation of the conformal diffeomorphisms.
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Under the conformal diffeomorphisms of eqn. (3.2.27), the scalars

transform as follows

o' = (2o + 2N, ém' = 10A, b = —A  (3.2.60)

where the factor of -531 comes from the Weyl shift. The result for 66! fol-

lows from the general result

6A"mpq = ETFrmnpq - 46[m($TAnpq]r) (3.2.61)

by taking the lowest-order terms and making a compensating gauge
transformation. Under the sum of the conformal diffeomorphism and
the compensating gauge transformation with parameter Ap,, =
—4$ngmnp, the other components of Ayypg are all inert except, as
required by self-duality, 4,,5,. Under conformal diffeomorphisms, Auyp0

transforms as

6Ay.vpo = STFT‘U,VFU - 46[};(57Aup0]-r) (3-262)
so that 6bilwp,, = —€uypor DA, if one adds a further compensating gauge
transformation with parameter A,,, = ——45",50#1,‘,. One may verify that

all field equations are invariant under these combined conformal

diffeomorphisms and gauge transformations.

With these preliminaries we will now argue that fixing the conformal
gauge leads to the same result as direct elimination of ¢!. Consider as a

simplified model the field equation
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oAd+B =0 (3.2.63)

with gauge invariance
84 = A, 6B = —OA. (3.2.64)
One can either directly eliminate B by B = —0O4, in which case there are

no surviving propagating modes, or one can use the local symmetry to
fix B = aA. In the latter case, one obtains the field equation (0 + a)4 =
0, which seems to indicate a propagating mode with gauge-dependent
mass. However, we can use the local symmetry once more to gauge 4
completely away. To see this, note that we can still make gauge
transformations which respect B = a4 by using a parameter A which
satisfies (O0+ a)A = 0. Thus "the gauge shoots twice” and no modes

remain; 4 has been shown to be pure gauge.

Returning to our original model, we conclude that in the £k = 1 sec-
tor there is only one mode propagating, namely, the mode in (3.2.59).
This is the & = 1 mode in the second branch of (3.2.58). Thus, although
in the spherical harmonic expansion one does find a second mode at k& =
1, it drops from the theory. In the discussion, Section 2.4, we shall

argue that this set of six scalars is part of the doubleton multiplet.

The necessity of utilizing a residual gauge invariance for a correct
identification of physical modes is familiar in the context of Maxwell

theory. There, the field equations read (in flat spacetime)

OPF,, = OA,—0,(8°4,) = 0. (3.2.85)



..52_

One may use the gauge invariance 6A'“ = duA to gauge BPAP = 0, thus
reducing the number of degrees of freedom carried by A, from four to

three (in four dimensions); the wave equation for these modes is then

o4, = 0. (3.2.66)

In order to restrict 4, to the two physical polarizations, one must utilize
the remaining invariance of (3.2.66) under gauge transformations

parametrized by A satisfying oA = 0.

In the £ = 0 sector, there is no by, term from the expansion of

@mnpg, and (3.2.57) is replaced by (3.2.50). Equation (3.2.56) reduces to
(o, —32e2)n® = 0 (3.2.87)

which describes the dilatational mode of the internal metric. Again, this
mode can be found in the continuation of the second branch of (3.2.58)

tok =0.

Diagonal equations

The remaining fields, b;f,t,, H“ and the gravitons rpam, have diagonal
field equations. From (3.2.44) the antisymmetric tensor fields satisfy

first order self-dual field equations:
[(*D)g5 —iMeZ]biE = 0O (3.2.88)

where (*D )5 = %—emf’"ap. Upon iteration this takes the more familiar

form
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(Max — M?)b}t = 0 (3.2.69)

where the generalization of the Maxwell operator to tensor fields is
(Max)by, = DP(3D[,b,,)). Here, the mass parameter M takes on the

values +(k+2)e for k =1,2,3,...

The scalars H* have masses Ke? = k(k +4)e? as can be read off

from eqn. (3.2.37), for & = 2,3.4....

The graviton field equations appear in (3.2.33). For k£ > 0 the field

redefinition

1

B — 2 _k _ k
%av = Pl ~ Gery(eea) Dwlal(ET 1285 (32.70)

gives
(Ein — k(k +4)e?)dk, = 0, (3.2.71)
where the Einstein operator is defined by
(Ein)®,, = (O; +2e?)®,, — 2D, DPd,),. (3.2.72)

Furthermore, eqn. (3.2.55) shows that @l’jv is transversal on shell.

For & = 0, there is no transversality condition (we have not fixed
the general coordinate invariance) and upon imposition of the scalar
equations (3.2.50) and (3.2.67) the field equation (3.2.33) reads (Ein)¢p,
= 0, the field equation for a massless graviton. Thus we have a tower of

gravitons of (mass)® = k(k+4)e? k =0,1,2,...
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Other bosonic fields

We now discuss the modes contained in the fields Ayy and B. These
fields are purely fluctuations; that is, they vanish in the vacuum. Again

we choose internal Lorentz-type gauge conditions
D"™Appn = 0, D™Ap, = 0. (3.2.73)

The spherical harmonic expansions are then

Aplzy) = Tajs(z) Y(y) (3.2.74a)
Ayn(zy) = Ta(z) YR(y) (3.2.74b)
Amn(z,y) = Za™(z) V2, (y) (3.2.74c¢)

and for the scalar field
B(zy) = SB*(z)Y"(y). (3.2.75)

Substituting these expansions into the field equations (3.2.1,2)

yields
{(D:c +Dy)Bi’]Yi= = 8, (3.2.76)
[(Max +0,)ap, + 2ie sw,‘”"aoai’,c]}’i’ = 0, (3.2.77)
[(Max +0, - 4ez)aff]¥f;’ = 1, (3.2.78)

[Dpa;;]pny‘i’ = 0, (3.2.79)
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(O + O, — 6e?) a® Y,i,fn + R1ie a.izs,,mpq’Dp Y;i = 0, (3.2.80)

and

{D“a;"]D[mY,j;”] = g. (3.2.81)
We immediately identify a tower of complex scalars B* satisfying
(O —k(k+4)e?)BF = 0. (3.2.82)
Substituting the decomposition of Y,i,fn into Y%,, equation (3.2.80) yields
(O — (k+R2)%e® F 4(k +2)e?)ak* = 0, (3.2.83)
describing two towers of complex scalars of masses
M? = k(k—4)e?, M2 = (k+2)(k+8)e? (3.2.84)

for £ = 1,2,3,... There are also complex massive vectors of (mass)? =

(k+1)(k+3)e® k = 1,2,3,... described by (3.2.78) and satisfying the

transversality condition (3.2.81)

The equation of motion for the tensor fields a,, £ = 0,1,2,..., fac-

torizes into the product of two first-order field equations:

(Max — k(k+4)e?)af, + 2ie e, P 0,08 =
= | (*D)g —ie(k +4)6ﬁ$][(*D)§?;+iek5§?; ak, = 0. (3.2.85)

Thus the propagating modes in aﬁy split into two sets of complex tensor
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fields satisfying self-dual equations, with masses ke and (k+4)e. One
can show that the first mode (for £ = 0) is pure gauge and can be con-
sidered part of the doubleton representation. The £ > 0 modes are all

transversal due to eqn. (3.2.79).
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3.3 Fermionic modes

The ten-dimensional gravitino and spinor field equations, linearized

in fluctuations, read

THNP( D + Z;TFQRSTU;FQRSTUFN)@P =0 (3.3.1)
(D — Z—ZEFMNPQRF_MNPQR) = 0. (3.3.2)

We will take a representation of the 32 X 32 ten-dimensional Dirac

matrices which is manifestly Weyl but not Majorana:
T = PP@14xa®0!, T™ = 1,4, @ T Q0% (3.3.3)

where the o' are the usual Pauli matrices and ¥#¥, 7™ are 4 x 4 Dirac
matrices in the five-dimensional spacetime and internal space, respec-

tively. The "ys" matrix in ten dimensions is
]._‘11 = FOFI' "1-\9 = 14x4®14x4®("03)- (334)

The chirality conditions I'); ¥y = —¥yx and I')yA = A imply that we can

write

9\]. (3.3.5)

We decompose the spinor field into spinor spherical harmonics on S°:

Az,y) = TA%(z) ® 24 (y) (3.3.6)
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where both A%(z) and Z%(y) are four-component spinors.

The Z=%(y) are eigenfunctions of Dy = 7" Dy, and can be easily
expressed in terms of the bosonic scalar harmonics. On the n-sphere
with radius e”!, there are two sets of Killing spinors n* and n~ (on S5,

complex conjugates of each other) satisfying
Dmn* + XeTmn* = 0. (3.3.7)
The eigenspinors of P, are then
B = {(ic +n—1)e +1iB, |Y*n* (3.3.8)
for £ = 0,1,2,..., and satisfy

DyEki- = mFEEkE  with mFt = Fie(k + ;—n) (3.3.9)

k

An alternative expression for =*~ in terms of n* can also be obtained; it

is given by
Bk = {(lc +1)e +1D, Yetip*t  k=0. (3.3.10)

On S° the n* and the n~ transform in the spinor 4 and 4 of Spin(6) ~
SU(4). In general, the Z*¥* and the =¥~ transform in the (1,k,0) and

(0,k,1) representations, in the Dynkin notation.

Similarly, the vector-spinor spherical harmonics satisfy

pyEk: = m*EEkE with mF* = Fie(k + 1n) (3.3.11)



_59_

where now k = 1,23,.. The ZE* are both gamma- and space-
transversal:
TMENE = DMERE = 0, (3.3.12)

and can be expressed in terms of the bosonic vector harmonics ( Y*)?

and Killing spinors as follows:

=kt

2kt = [(n=2)egmpt (n+ E)(n +k —2)e Fi(n + &~ 1)D, } -
—(n+k—-1)n+k—2)elTp, Fi(n+ & J& Toppg U™ &
siln— 2V v,Dn — Trg B O™ [( T PR~ (3.3.18)
Again one can express the Z¥ in terms of n*:
sk = {(n—B)egmpEk(k +2)e +ilk +1)D, } -

—(k +1)(k + 2)ePTpy + tke Ty, D™ +

+i(n — 2)e Ty D — Trp D D™ {( Y PP7*. (3.3.14)

On S° the Zk* transform in the (2,k—1,1) and the (1,k—1,2) representa-

tions of SU(4).

It is important to stress that in all of these equations, the deriva-
tives do not act on the Killing spinors but only on the bosonic harmon-

ics. The basic relations to obtain the fermionic spectrum are given in
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(3.3.9) and (3.3.11).

Inserting the expansion (3.3.6) into the spinor field equation (3.3.2)

gives immediately
(Dz +1iDy +e)Ne* = (D +ex(k+ 2)e)X* = 0 (3.3.15)

where D, = 7#D,. Thus we can immediately identify two towers of com-
plex spinors with masses (k + g—)e and (k + ;—)e, for £ =0,1,2,... In the

absence of an unambiguous definition of mass for spinors, we simply

label the eigenvalue of P, the "mass"” (only defined up to a sign).

We now turn to the gravitino field equation. The two cases ¥ = u

and M = m yield, respectively,
PPD Yo — 1Dy (T Ym) + 17Dy +
+ B (T D ) — YWy, = 0 (3.3.18)
T DpYp + 17" D (¥ Y) — 7™ DYy +
+ T (Y D) + AT, = 0. (3.3.17)

We partially fix the ten-dimensional local supersymmetries by trying to
achieve I™¥,, = 0. However, since the supersymmetry in the back-

ground gives
8¥m = (D + Telyxs® Tm)e(z.y) (3.3.18)

upon decomposing the supersymmetry parameter
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e(zy) = Zet(z)E%(y) (3.3.19)
it becomes clear that I™¥,, is invariant under those supersymmetry

modes proportional to n*. Thus the nearest one can come to fixing

[y, =0is
Ym = Ym) + XTmn"* (3.3.20)

where the notation (m) indicates that the gamma-trace has been
removed; that is, Y(m) = ¥m — ;—'rm'rnwn so 7"Ym) = 0. Note that the
coefficients of the other Killing spinors, n~, can be gauged away along

with all the higher modes. (Of course, the situation is reversed for ¥,,.)

We expand the gravitino fields as follows

SYp(z) E4(y) (3.3.21a)

Yulz,Y)
Yem)(,y) = Da(z)Eh(y) + S%(2) Dimy =™ (3.3.21b)

We will first analyze the gravitino field equations in the sectors
excluding n*, and separately consider the n* sector. From eqr.. (3.3.186)

we find

{V“V”Duwf;‘ + (1m* — e )y —
—(5e® + g—(mi‘)z)'yﬁ‘ﬁi‘ 4= 0 (3.3.22)

where the last term arises from y*D™ (). From eqn. (3.3.17) we have
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{ (Dz —im™ + e)ai‘]Ef,‘, = B (8.3.23)

[-—3(5e2 + g—(mi‘)z)ﬁi‘ + 57"”17#102‘ +
+aim¥pryp |2 = 0 (3.3.24)
{ (Bg— g—'imi‘ —e)B% - 7"%1‘ ]D(m)Ei‘ = 0. (3.3.25)

Here, (3.3.24) is obtained by contracting (3.3.17) with 7,,, while (3.3.25)

is the T,,—transverse part. From (3.3.23) we immediately see that the

o describe two towers of complex spinors, of masses (k + g—:t l)e =
(k + 3)e, (k + 2)e, fork = 1,2,3,...

Eliminating 7"1#;‘ in terms of g% from (3.3.24) and the 7, contraction

of (3.3.22) gives
YYp = — 2 (5e +2im™)pY (3.3.26)
Inserting this into (3.3.25) yields
(D, +im™ + 3e)B* = 0, (3.3.27)

which describes two towers of complex spinors, with masses
(k + g_ t3)e = (k- ;—)e, (k + 12—1 e. Normally, the index k& would start

at zero, but since we will handle the n* harmonic separately, for now we

take k£ =1,2,3,...



_63_

For the gravitino modes, eqn. (3.3.22) yields, upon eliminating 8%,
PHPDY + (s — e )yl +
+ +(5e — 2im*)*(*¥}) = 0. (3.3.28)

In order to find the physical propagating gravitino modes, we make the

field redefinition

e = Yl + aDyy (7 ¥). (3.3.29)
We can guarantee that D“cp:f = 0 on shell by taking

3
e = : . 3.3.30
4(2im" + e) ( )

=i _

Note that the denominator only vanishes for = n*, which we will dis-

cuss later. The field equation for ¢, then reads
0 = 7“””DV¢;‘ + (im% — e) kY
= (R-S. +im% + Ze) k4, (3.3.31)
where we have defined the Rarita-Schwinger operator by
(R.-S.)pHt = y*YP(D, + ;—eyu)cpp (3.3.32)

which describes a gauge-invariant massless gravitino mode in our anti-

de Sitter background. The field equations (3.3.31) hence describe two

. o 5 5
(complex) towers of massive gravitini, of masses (k + 5 & §-)e = ke,
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(k +5)e, for £ = 1,2,3,... The n~ mode, which we can include, supplies
the missing gravitino mode with mass = 10e for the second branch.

We must now analyze the * sector. One finds the following two field

equations
YHP DY, — 2—27’“’% + 51y Dyx +Rieytx = 0 (3.3.33)

YWD, Y, + Reyry, + 4iDx + Riey = 0. (8.3.34)

Contracting the first equation and combining with the second gives a

diagonal result for y:

Loy = 0. (3.3.35)

(B, + %

Thus x has the correct mass to fill the £ = 0 position in the upper
branch of modes arising from ﬁi‘. The £ = 0 slot in the lower branch
remains vacant, and may be identified with the spinorial part of the dou-

bleton.

Upon defining the shifted field

8.
Pu = Yot 307uX (3.3.36)
the gravitino field equation becomes simply
(R-B.)g# = 0 (3.8.37)

and hence ¢, (and its complex conjugate) describe the massless gravi-

tino modes consistent with N = 8 supersymmetry.
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3.4 Discussion

We have obtained the complete mass spectrum for the
compactification of chiral N = 2 d = 10 supergravity on S°. The results
may be compared with the U(2,2|4) supermultiplet structure obtained in
Ref. [8]. Naturally, all the modes given here may be fitted into super-
multiplets. Furthermore, all of the representations found in [8] occur in
the compactification, with one important exception: the "doubleton”
representation, which may instead be identified with a set of gauge
modes, as stated in Sections 3.2 and 3.3. These modes are (i) the six
conformal scalars in the k£ = 1 sector of 7 and &%, (ii) the £ = 0 com-
ponent of a::l, which is pure gauge on shell, and (iii) the Fourier
coefficients of the n* terms in wf,‘v

Now that the linearized field equations of the modes found in [8] are
known, one can give physical meaning to the quantity £y, which helps to
characterize the SU(4) representation and should correspond to some
sort of "energy.” In fact, for all of the scalar, spinor, vector, tensor and
graviton modes there is a very simple relationship between the mass

parameter obtained here and the parameter Ey of Ref. [8]. Define ¢ to
be -;—e Fy. Then the linearized field equations that all the scalars satisfy

may be written as
[0, —e(e—4)]e = 0. (3.4.1)

For all the spinors
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[D;—1i(e —2)]x = 0. (3.4.2)
For the vectors
[Max — (e — 1)(e —3)]4, = O. (3.4.3)
For the antisymmetric tensors
[(*D) —i(e—2)]ay, = O (3.4.4)

where the operator ( *D) has been defined in Section 3.2. The gravitons

satisfy
[Ein — e(e — 4) Jhy, (3.4.5)

with Ein the operator defined in Section 3.2. The gravitini require
separate treatment for each tower; for the tower including the massless

gravitini the field equations are

(R-S)¥u— (e — )7, = 0 (3.4.6a)
while for the higher tower we have

(R-S.)¥u— (e = 3)7*¥, = 0. (3.4.6b)

The Rarita-Schwinger operator describing propagation of massless
gravitons has been given in Section 3.3.

The linearized field equations for the scalars and spinors in the

massless supermultiplet, along with their SU(4) representations, are



_6’?_

(Op +4e®)n*=2 = 0 (20") (3.4.7a)
(O, + 3e?)a*=! = 0 (10 + 10) (3.4.7b)

(0)B*® =0 (14+1) (3.4.7¢)
(Ds + Zie)N=0 = 0 (4 +2) (3.4.8a)
(D, = 3ie)B*=! = 0 (20 +20). (3.4.8b)

As mentioned in Section 3.1, the scalars in the massless supermultiplet

have several different masses, as do the spinors.

All forty-two of the scalars in (3.4.7a-c) lie inside or on the boun-
dary of the perturbative stability region, for which is defined by
(O; + a)@ = 0 with a=4e® [13]. Note that the conformally invariant field
equation reads (0O, + 1—5—e2)gp = 0, which is also within the stability
region. The conformally invariant wave equation for spinors is P;x = 0,

as in all dimensions. None of the scalars or the spinors satisfy confor-

mally invariant field equations.
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Chapter 4

Gauged N = 8 Supergravity in Five Dimensions*

4.1 Introduction

The ungauged N = 8 supergravity in five dimensions was con-
structed several years ago [4] following the analogous construction in
four dimensions [5,6]. There is a gauged version of the four-
dimensional theory [6], in which the 28 Abelian vector fields of the
ungauged theory become the non-Abelian gauge fields of the S0(8)ocal
symmetry of the gauged theory. The five-dimensional theory contains
27 vector fields transforming in the fundamental representation of the
non-compact symmetry group Ege). Since there is no 27-dimensional
semi-simple subgroup of Eg() under which all the vector fields transform
in the adjoint representation, it was unclear whether a gauged version

of this theory could possibly exist.

*Most of the original material in this chapter has appeared in letter form as Ref.
[1]. Reference [2] is a more complete version with additional results. An indepen-
dent derivation of much of the structure cf one of the theories discussed here ap-
pears in Ref. [3]



_’?1_

Historically, most of the structure of the ungauged N = 8 theory in
four dimensions was first obtained by dimensional reduction from the
eleven-dimensional supergravity [7]. It has been conjectured that the
gauged N = 8 theory of Reference [8] can be obtained by a consistent
truncation to the massless supermultiplet of the S” compactification of
the eleven-dimensional theory; the evidence that such a truncation
exists is by now practically overwhelming (see Ref. [8] and references
within).

Before considering the five-dimensional theory, it is instructive to
make a digression on the subject of supergravity in seven dimensions.
The ungauged maximal supergravity in seven dimensions [9], which may
be obtained by dimensional reduction from eleven dimensions, contains
ten vector fields, suggesting a possible SO(5) gauging. Such a gauging
would correspond to the massless sector of the S* compactification of
the eleven-dimensional theory which is formally quite similar to the S7
compactification, but with the spacetime and internal space inter-
changed. However, the explicit S* compactification [10] produced some-
thing of a surprise: the massless supermultiplet in seven-dimensional
anti-de Sitter space indeed contained ten vector fields in the adjoint of
the isometry group SO(5), but whereas the ungauged theory contained
five two-index antisymmetric tensor fields, the compactification led to
five three-index antisymmetric tensor fields. Even though, in seven
dimensions, three-index antisymmetric tensor fields are equivalent to

two-index antisymmetric tensor fields at the free-fleld level in flat
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spacetime (via duality transformations), one finds that once one tries to
construct the interacting gauged SO(5) theory this equivalence disap-
pears. In fact, the difficulties encountered at first in gauging the maxi-
mal supergravity [11] did not arise at all when three-index instead of
two-index tensor fields were used [12]. The problem with the two-index
fields is that it is difficult, if not impossible, to render their tensor gauge
invariance consistent with the local SO(5) gauge invariance. The three-

index fields satisfy first-order self-dual field equations of the form

Euvg” Do) = Moy, (4.1.1)

(where M is some mass parameter) and hence do not need any gauge
invariance to yield the correct number of propagating modes. Analo-
gous field equations have been encountered in Chapter 2 and are the
subject of Ref. [13]. In fact, an explicit construction of the oscillatorlike
unitary irreducible representations of SO(6,2), the anti-de Sitter group
in seven dimensions, shows that the two types of tensor field are funda-
mentally different, even having different numbers of degrees of freedom

[14] in anti-de Sitter space.

While the eleven-dimensional supergravity theory naturally
compactifies to seven and four dimensions [15], we have seen in Chapter
1 that the ten-dimensional chiral N = 2b theory favors compactification
to five dimensions. The maximally symmetric compactification of the
ten-dimensional theory on the five-sphere S° admits N = 8 supersym-

metry. Obtaining the spectrum for this compactification was the subject
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of Chapter 3, where it was seen that the full spectrum could be fitted
into the oscillatorlike unitary irreducible supermultiplets of the N = 8
anti-de Sitter supergroup SU(R,2|4) [16]. It was conjectured in Chapter
3 (see also [16,17]) that the massless anti-de Sitter supermultiplet pro-
vides the fields of a gauged N = 8 supergravity theory in five dimensions.
Note that twelve of the 27 vector fields in the Poincaré supermultiplet of
Ref. [4] are replaced by two-index antisymmetric tensor fields. These

tensor fields again satisfy first-order self-dual field equations.

The presence of only fifteen vectors transforming in the adjoint
representation of the isometry group SO(8) suggests an obvious choice
of gauge group for at least one gauging of N = 8 supergravity in five
dimensions. Thus the problem of gauging in five dimensions is somewhat
analogous to that in seven dimensions, in that the appropriate field con-
tent differs from what one would naively guess from the ungauged
theory. In this chapter we construct the gauged N = 8 supergravity in
five dimensions with local non-Abelian gauge group SO(8), and in addi-
tion non-compact gaugings having gauge group S0(5,1), S0(4,2), SO(3,3)
and SO*(6) ~ SU(3,1). As conjectured the fields of the SO(8) theory are
precisely those of the massless N = 8 anti-de Sitter supermultiplet.
Interestingly, these theories have, in addition, a global symmetry analo-
gous to the SU(1,1) of the chiral ten-dimensional theory; this symmetry
is SU(R) for the SO*(8) gauging and SU(1,1) for the others. Further-
more, the theories can be formulated in a USp(8) covariant form similar

to the SU(8) covariant formulation of the gauged N = 8 theory in four
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4.2 Compact and non-compact symmetries

In the ungauged five-dimensional N = 8 theory of [4] the 42 scalar
fields were shown to parametrize the noncompact symmetric space
Eg)/USp(8). Although Egp) will not be a symmetry of the gauged
theories, it plays a crucial role in the formulation. The obvious gauge
subgroup of Egg), SO(6) ~ SU(4), may be embedded in a maximal SL(6,R)
X SL(2,R) subgroup of Egg). The construction of the SO(6) gauging then
generalizes trivially to the noncompact gaugings of SO(p,6-p), p = 1, 2,
3, by taking suitable subgroups of SL(6,R). This is accomplished by
using an invariant metric ¥, with appropriate signature, in the minimal
couplings which break the Eg() invariance. The group SL(R,R) ~ SU(1,1)

will continue to be a symmetry irrespective of the gauge group.

One may also consider the maximal SU*(8) x SU(2) subgroup of Eg(g).
Introducing the invariant metric 6% then breaks the SU*(6) down to
SO*(6) = SU(3,1), with an SU(R) now remaining unbroken. The formal
manipulations to follow are identical to those for SL(6,R) x SL(2,R),

though the tensors will have different reality conditions.

The fundamental 27-dimensional representation of Egg) decomposes

under either the SL(6,R) x SL(2,R) or the SU*(6) x SU(R) subgroup as
27 = (15,1) + (8,2)
and the adjoint representation decomposes as

78 = (35,1) + (1,3) + (20',2) .
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Let Z4F denote a vector in the fundamental representation of Eg(s), and
let Zy and Z™ denote the decompositions under SL(6,R) x SL(2,R) or
SU*(6) x SU(R). We adopt the convention that index pairs AB belong to
Eg, indices [,J,K, - - run from 1 to 6 and transform under SL(6,R) or
SU*(6) with raised indices transforming in the 6 and lowered indices
transforming in the 6. The indices o,B,7, - -+ take the values 1 and 2

and transform under SL(2,R) or SU(R). The vector Zjy is antisymmetric

in [1J], and therefore transforms in the 15 of SL(6,R) or SU*(6).

The infinitesimal action of Eg(g) on its fundamental representation is

given by

87y —2 Al 6N Zpg ZuN
5748 = = . (4.2.1)
¢ 7Ka Y MNKa AKP(Saﬁ % Aaﬁ(SKp 7PB

where A, A% and Zyk, are all real in the SL(6,R) x SL(2,R) basis,
1
Suka = Z[lKla = 5 EUKHNPEQgZ P (4.2.2)

and
As=8% =0, (4.2.3)

The reality requirement on these quantities selects the non-compact

real form Eg), of Es.
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The scalars parametrizing the symmetric space Eg(g) / USp(8) can
be represented in terms of a 27-bein, VAé"b [4]. This may be defined by

exponentiating the infinitesimal transformation (4.2.1), to give
(Z)% = Vg 745 . (4.2.4)

As in Reference [4] we will view V,5® as transforming in the 27 of Eg and
in the 27 of USp(8). The indices a,b,c, -+ run from 1 to 8, transform in
the fundamental representation of USp(8), and can be raised and

lowered with the symplectic metric Qg as follows [4]:
Xa = QabXb , X® = Qa'bXb. (4.2.5)

The R27-bein is skew symmetric and symplectic traceless in the indices
[ab].

The inverse 27-bein, V48, is defined by

‘VabABVABcd - VabIJVIJCd E Vabla Vlacd - ];g' (4.2.8)
where
I8 = 858 + 0,0, (4.2.7a)

and for later convenience we define

abc abce

Joef = gdef 4 ;_Q[abdédgef] (4.2.7b)

3
1% = 63% + S0 ol + £01, 0,40 0 (&8.7e)
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I3 = 1M 4 50, 60807 + 22q,,0,40H 07, (4.2.7d)

These quantities are all projection operators, symplectic traceless in
any pair of indices either both upper or both lower. We define
Xab]| = 1;3 X.q, the antisymmetrization with all symplectic traces
removed, for any USp(8) tensor X, and similarly for X[abc]| ete. In fact,
cd rdef sfgh : ; .

Ty Ige and Iply are projectors onto the 27, 48 and 42-dimensional

representations of USp(8), respectively. The symplectic Schouten iden-

tity [4] states that Iigzg; = 0; that is, X[qscqe]| @lways vanishes.

The inverse relation to eqn. (4.2.6) yields

Ve § i = 65 (4.2.8a)
Via® V7P = 546F (4.2.8b)
yiab KB = v, R Y i =0 . (4.2.8¢)

The cubic invariant J(Z) of Egg) can be expressed in either the SL(6,R) x

SL(2,R) or the SU*(6) x SU(R) basis as

3
J(ZAB) = é—S‘UKZ‘MNZUZKLZMN— z—saﬁZ[JZIaZJﬁ. (4‘2.9)

Since the 27-bein is an element of the group Eg) the quantity
VchBaﬂVAB"" is an element of the Lie algebra of Egg) and hence can be
decomposed with respect to the USp(8) subgroup as the adjoint plus the

42-dimensional representation [4], as follows
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VchBay.VAB“'b =2 Qﬂ[c[aéd]b] + P’u'a,b(:d ) (4.2.10)

where Quap = Qu(ap) is the composite USp(8) connection and Pugyeq =

P,labcd]] describes the physical scalar degrees of freedom. This equa-

tion may be rewritten
VchBD#VABab = Pp_o'bcd (4.2.11)
where the USp(8) covariant derivative acts as follows:

D%, = G5 + B A. (4.2.12)
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4.3 Ungauged N = 8 supergravity
In this section we rewrite the ungauged N = 8 supergravity of Ref.
[4] in a SL(6,R) x SL(2,R) or SU*(6) x SU(R) basis, to facilitate com-
parison with the gauged theory.

The twenty-seven vector fields are Ay, Aﬂl"‘, with corresponding
field strengths FF,,AB = EBU‘AU]AB. The transformation rules of the fields

under supersymmetry are themn, to leading order in fermionic fields,

be,” = %7 Yuq (4.3.1)
64, =9, Vapir (4.3.2)
BA R = g B, 0 (4.3.3)
6’#’1&& = D}J.ea. - ';—vaab (7”7/1. + 27ydﬁ) Cb (4‘34)
- 3
OXabe = \/zzyyppabcdsd + 'ZW?ﬂvau[ab €c]| (4.3.5)
(5VUab VIch
= —2V2i glaybedll (4.3.6)
(SV[aa'b VIacd

where the USp(8) covariant derivative is as in (4.2.12), and we have

defined

Hy™ = FupV% + 7R v, (4.3.7)

and
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19#"'5 = 2735"'102 + V—%—Ec'yyx"’bc. (4.3.8)
The Lagrangian is
el = TR~ S92/ D, Yp0 — S PR
~ 4 Punbca PP — & Hyp ™ — 2 Pyuca oy i
+ %Hﬂu“{xzﬁvw“"mwﬁ — VST Y Xabe — 3 Raca X"
- %E"”"’WSUKZ'W Frinv Frtp0 AN+

+ BT gog Ay Fypl®F P (4.3.9)

The last two terms are the decomposition of the Egeg) invariant Chern-

Simons form

1
- ﬁsuupc‘r (Fyu)AB(ch)BC(AT)CA (43‘10)
where the cubic invariant of Eg(s) expressed in a USp(8) basis is
HEBY = 72457925, (4.3.11)

with 4, B, C indices in the fundamental representation of USp(8).
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4.4 T-tensor identities

As in the four-dimensional gauged N = 8 supergravity, a fourth-rank
tensor will play a crucial role in our construction. This tensor is defined

in terms of the 27-bein as
T%%cd = Y pecd, (4.4.1)
where
¥ = (BVER Vg — V™ VPV Vg (4.4.2)

and n¥ is the SO’(6) invariant metric, where for convenience SO’(8) will
refer to any of the real forms SO(p,8-p) or SO*(6). (For the SO(6) gaug-

II'= 6). Note that the presence of the metric explicitly

ing one takes 7
breaks the SL(6,R) or SU*(6) invariance down to that of the SO'(6) gauge
group. Both the 7- and Y-tensors carry USp(8) indices; T%¢q is analo-
gous to the SU(8) tensor T% of the gauged N = 8 theory in four dimen-
sions [6].

By similar methods to those of Reference [8], one can use the Egg)
structure, though broken, to derive several useful properties of the 7T-
and Y-tensors. By construction, the first four USp(8) indices of Ygpcqes

are those of an element of the Lie algebra of Egg). In particular, if we

define
1
Y;bcdef = 2—( Yabcdef t chabef), (4~4-3)

sothat Y= Y* + Y, then
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Y:bcde_f = Y[abcd]|ef (4-4-4)

corresponds to the 42-dimensional representation and
2
Y‘_abcdef = 5—-6[”’[0 Tb]d]ef (445)

corresponds to the 36-dimensional adjoint of USp(8). From this it fol-

lows that T4 is symmetric in its first two indices.

From the definition (4.4.2) one sees directly that

Yabcdes + Yabercd = Viaas N5 (V%4 VJKef + (cd eef)). (4.4.8)

At this point, considerable simplifications can be made using the cubic
invariant of Egg). Expressing the cubic invariant (4.2.9) in the USp(8)

basis, one obtains the Egg) invariant quantity [4]:
KTy = B% 78 B°, . (4.4.7)

By identifying Z48 with Z® V48 | substituting this into (4.2.9) and com-
paring it with (4.4.7), one obtains cubic identities for the inverse 27-bein

V“8. In particular, equation (4.4.6) may be rewritten as
Yabcdes + Yavefcd =
1 1 1
= 5 (Qce Wapay + 3 terms) — -Qca Waber — 7 Qef Wabca , (4.4.8)

where the "3 terms” are to effect antisymmetry in c ed and e e f and the
last two terms are to render the expression symplectic traceless in the

index pairs [cd] and [ef]. The tensor Wgq is defined by
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Wavea = e Vigas Vigea (4.4.9)
and satisfies Wopca = — Wedan-
By using equations (4.4.6) and (4.4.8) and the trivial identity
1 1
Yabcaer = 37 (Yabcder + Yaberca) = 5 (Yabesca — Yefaved) —

1 1
~ ok Bepaben + Foroany) + = Bopodar — Lattuproan) ¥
2 2

1
+ Z_(chafa.b % Yodubep) » (4.4.10)

one may express Y' in terms of the 7- and W-tensors. Then by using the
fact that Yc:-bcdef is completely antisymmetric, as well as symplectic
traceless, in its first four indices (i.e., equation (4.4.4)), one may derive

a number of nontrivial identities involving the 7- and W-tensors. Define
Agbed = Talbed]| (4.4.11)
and
Tap = TPabc - _ (4.4.12)

Then by taking the Q%°Q9% trace of (4.4.10) one finds that

5. pe s (4.4.13)

Tap = Tpa =

From this and the vanishing of the Q% trace of (4.4.10) one can solve for

Wapeq I terms of Typeg:
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_ 2 2
Wabca = 3_Ta.cbd + 5—0,10 Toa , (4.4.14)

where the expression on the right must be antisymmetrized in @ © b and
c «d. From (4.4.14) we also have Agycq = —3 Wa[pcq)- Finally, by taking
the Q% trace of (4.4.10) and using the fact that it is antisymmetric in

[abc ] one obtains an expression for the T-tensor itself:
_ 3 4
Toica = 4_Aa,bcd = Ega[c Td]]b + (G. o b) . (4.4.15)

Thus we have shown that the T-tensor has only two USp(8) irreducible
components. The tensor Agpcq = Aafbeq]) is symplectic traceless in all
index pairs with the total antisymmetrization A[gscq] vanishing, so it
transforms in the irreducible 315-dimensional representation of USp(8),
while Tg,, being symmetric in its indices, transforms in the 36-

dimensional adjoint.

From the definitions (4.4.2) and (4.4.9), and the orthogonality pro-

perty (4.2.8c) we immediately see that
Yubcdef Wefgh = 0. (4.4.16)

This fact, along with the given decompositions of the tensors involved,
allow one to derive a set of quadratic 7-tensor identities analogous to
those of the four-dimensional theory. Substituting the expressions for

Topcqg and Wapcq into eqn. (4.4.10) gives

Y;bcdef = 2d[e[a.lélf]bcd]l. (4.4.17)
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Substituting this and the expression (4.4.5) for Y~ into eqn. (4.4.16)

gives, after some straightforward manipulation, the two identities

64

255 [1a Tollc = A" 4b]cde (4.4.18)

and

8
5—T°dAcdab + A[aw"Ab“ca + 9Acde[aA°deb]| =0, (4.4.19)

In addition, using (4.2.10) one can derive the differential identities

for the T~ and A-tensors:
5
DuTap = 5 Pu@® Ab)cer (4.4.20)
D;J.Aabcd = SP/J,efa[b ch]lef + 3P;J.ef[bc Wd]laef . (4.4.21)

The entire set of T-tensor identities is important for proving the
supersymmetry of the theory and provides numerous nontrivial con-

sistency checks for our results.
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45 Lagrangian and transformation rules

As discussed in Section 4.1, the fleld content of the SO(8) gauged
theory is expected to differ from that of the ungauged theory by the
substitution of twelve two-index tensor fields BWI‘Jl for the vector fields
A#l‘x of Section 4.3. We will take this field content and construct gauged
supergravities for all the real forms SO'(6) of SO(6). This will prove to be
possible even though the direct geometrical motivation for the field con-

tent provided in Chapter 3 does not apply to the noncompact gaugings.

The starting point for gauging SO'(6) is the introduction of minimal
couplings to A,y for all objects transforming linearly under S0’(6), by
covariantizing the derivatives acting upon them. The transformation
properties of fields under SO’'(6) are induced by the embedding SO'(6) €
SL(6,R) or SU*(6) § € Eg( as discussed in Section 4.2. For example, for
a spacetime scalar X,;; which transforms both with respect to global

SL(6,R) or SU*(6) and composite local USp(8), the covariant derivative is
DuXor = 8, Xar + Qua® Xor — 9 4uim™® Xax . (4.5.1)

The Es(s)/USp(B) coset space structure for the scalars is preserved

throughout the covariantation by taking
vabABDF'VABCd = P#a.bcd = P'u'[a.bcd]1, (4_5_2)

where D, is now given by (4.5.1) and not by (4.2.12). Thus (4.5.2) is the
generalization of (4.2.11). This equation determines the composite

USp(8) connection to be:
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Qﬂab = _é—{ VbCABal_LVAB(w +

+ g Apnn?E (Ve KV s — Vigae V%) | (4.5.3)

The piece proportional to 4,7, supplies the minimal couplings to the fer-

mions, which naively transform only under USp(8).

If we take variations of the scalar and vector fields of the form
6Auy = 0,2 Vopy, Veb4Bsyped = @obed = glabed]] (4.5.4)

where the form of ®®°? is to preserve the coset space structure, then

one finds that
1 2
6Q[.L0-b = 39 Tabcdﬂp.c‘i -3 #(acde ®b)cd.e (4-5‘5>
6Pp.abcd =g Y;bcdefﬂyef + Dy.®abcd: (4-5-6)

where Tgpcq and Y;bmf are precisely the tensors defined in (4.3.1),
(4.3.3). The form of eqns. (4.5.5,8), in fact, provided the motivation for
those definitions. Corresponding to the transformation laws (4.5.5,6)

are several differential identities. The composite USp(8) field strength is

It

Qp,vu.b ay,Qvab 4 Qp,a.c Qucb - (M"’V)

1 2
'3_9 Tabchy,VCd + 3_P[#b0de Py]acde (4.5‘7)
In addition, we have

1
D[PPV]ade = 59 Y;bcdefF;.wefx (4.5.8)
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where we have defined

Fp.va'b FpuIJVUab 2 (4-5-9)

Naturally, F,yy is the SO'(6) covariant Yang-Mills field strength. Making

the further definitions
Bu™ = Bu/* V™ (4.5.10)
B.* = F ™ ¢ B® (4.5.11)
the orthogonality relationship (4.2.8¢) gives both F and B in terms of H:
Fop = H™ Vo (4.5.12a)

Bt = H W 7,0 (4.5.12b)

and allows us to replace F,,*® with H,,* in eqns. (4.5.7,8).

The covariantizations with respect to SO’'(6) have introduced pieces
of order g to most of the scalar identities which are necessary for
demonstrating the supersymmetry of the ungauged theory. On the
other hand, the order g° parts have the same formal structure, suggest-
ing that the gauged and ungauged theories will share many aspects. We

will first present the results of the gauging, then discuss its derivation.

The transformation rules of the fields under supersymmetry, to

leading order in fermi fields, are given by

de, = &% Ypa (4.5.13a)
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64y = 9.® Vaps (4.5.13b)
6B, = 2 Dy (9, Voul®)

+ 29 N7 e Vo (], 7,16° — T Ve (4.5.13¢)
O0Vpa = Dyta — %ig Lot Tt — é—H,,pab(y”’"y# + 27”(5Z) g (4.5.13d)
OXabo = \/ziy"Pﬂabcdsd - \}_—ngdabc et + %7“”1{#1,[“ g (4.5.13e)

& ek | L
=—-2Vv2i glaybedll (4.5.13f)

8 V™ Viaca

where

9, =218 10# ecyﬂxabc (4.5.14)
The Lagrangian for the N = 8 supergravity in five dimensions,

excluding four fermion terms, is then determined to be

= 1 1
el = ZR - 2_¢27MUpDv¢pa 12 )zabc?'#Dy.Xabc

1 1 1 =
- gppabcdpm‘:d - 'S—Hp.uab Fpan ﬁpvabcdwz'yy'V“Xde

1'. % 1 =
+TH {w Y Val¥ — T Ve P Xave — 3 Xaca 7 X%

% -y b 1
+ 59 Tab Vv ¥y — 55 9 Adabe X0 7Y
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== -QFS”UF’UTE MN[ FIJ[LVFKLpUAMNT + gT)PQFIJp.VAKLpAMPoAQNT

2
& 5_9277PQ77RSAIJyAKPvAQLpAMRUASNT

= B—tz—eﬂvm N1 €ag Bul®DyBor®®. (4.5.15)

Clearly, the formal structure of the theory is quite similar to that of
the ungauged theory, especially if one notes that the final term, the

kinetic term for the tensor fields B,wh‘, may be written as

1
+ 8_8'U'me. eaﬂApIJva[a Ba‘rJﬁ

- élg—a‘“’"” ny eaﬁBﬂyl"‘ameJﬂ. {4.5.16)

In fact, many of the manipulations used to verify the supersymmetry
are identical; we will concentrate on the essentially different features of
the present theory. In fact, we have allowed much more deviation from
the structure of the ungauged theory than is apparent here, but it has
turned out that a great many of the restrictions imposed by supersym-

metry operate identically in the two theories.
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The first term in the variation of BFUI“ is analogous to 6Fﬁ§, =
26[‘“(19,,]“" V') in the ungauged theory. The second term, upon substi-
tution in the kinetic term, directly cancels the new variations propor-
tional to D[#Bp(,]l"‘. The corresponding terms for the ungauged theory

vanish due to the Bianchi identity for FWI"‘.

The variation of the kinetic term for BWI‘Jl contributes two more

terms of order g©,
1
ST g B P F o 0™ Ve ™ (4.5.17)

from the first term in dB,_wI“, and

é—E“vat‘:aﬁB‘uula’ﬂpab VabUB,,.,Jﬁ (45 Nl 8)

from the variation of 4, in the gauge covariant derivative. These com-

bine with the variation of the vector Chern-Simons term,
— o eI KN L B0 9:% Van iy (4.5.19)
to give
— i_ ghvPITH o0 F gy ef x

1 3
X ( S—CUKLMNVIJ@ Vizca Viner — > Eag Viras Vea® Vepy’?).  (4.5.20)

The last factor, with the symmetrization in the three index pairs ab, cd,

ef, is precisely the cubic invariant, or rather the explicit translation of
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the cubic invariant from the SL(8,R) X SL(2,R) or the SU*(8) x SU(2)

basis to the USp(8) basis. Hence the expression (4.5.20) reduces to
1
e ZewpwHuvaprabc ﬂ‘rcav (4‘5‘2 1)

in complete analogy to the result one obtains immediately by varying
the Chern-Simons term of the ungauged theory. The rest of the order g°

calculation is the same as for the ungauged theory.

The verification of supersymmetry to order g and g? in many ways
parallels that of the gauged four-dimensional theories. For the order g
calculation the complete set of linear T-tensor identities of Section 3.4
is needed, that is, the decomposition of all USp(8) tensors involved into
irreducible components. (The tensor Wg.q appears in the contribution
of the second term of (55#,,1"‘ to (5H,w“°.) In addition, the differential
identities (4.4.20,21) and (4.5.7,8) are required, as well as the symplec-
tic Schouten identity discussed in Section 3.2. The determination of the
order g terms in the Lagrangian and the transformation rules is then

straightforward.

The remaining uncancelled variations are all of order g? and arise
from the order g variations of the spinor fields in the order g terms of
the form {D-#'y“"w,,, Xx7*¥, and xx. These variations are either of the form

g7y, or £x. Those of the first sort may be written

1 64
— S PYA 55T’ Toc — 4a°% Aycan)- (4.5.22)
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From the quadratic T-identity (4.4.18), we see that the expression in
parentheses is proportional to its symplectic trace, times Qg. Since
E%9H Y 4 is simply e"16e, the expression (4.5.22) may be cancelled by that
part of the variation of a scalar potential eP(®) which is due to the vari-

ation of the vielbein determinant e.

The remaining terms, which may be written

? 1 1 1
_ngz)?mea[ 77 Aeabe T%0 + Aua®® (5 Aberg — 75 Vs Teg) | (4.5.23)

must cancel against the variation of the purely scalar part of the poten-

tial term. The variations of the T-tensors are given by
_ 5 cef
0Ty = 5 B Ap)ces (4.5.24)

0Agbca = 3041, Weaer + 30 (yc Wyjaer (4.5.25)

corresponding to the differential identities (4.2.20,21). The tensor @%bc¢
parametrizing the scalar variations is defined in (4.5.4) and from
(4.5.131f) may be identified as 2V2ixl®cedll. Note that in order for the
variation of the potential, involving (4.5.24,25), to cancel against

(4.5.23), the expression in (4.5.23) multiplying x®°¢e®

must project out
the antisymmetric and symplectic component xtove gl The vanishing of
the trace terms requires a further quadratic 7 identity, precisely eqn.
(4.4.19). The antisymmetry in [abcd] and finally the actual cancellation

against the variation of the scalar potential then follow from straight-

forward manipulations.
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This concludes our summary of the demonstration of supersym-

metry for the gauged N = 8 supergravity theories.

The Lagrangian (4.5.15) is analogous to that of the four-dimensional
gauged theory, with the composite local SU(8) replaced by a composite
local USp(8), and the propagating vector fields now gauging SO'(6)
instead of SO(8). However, one outstanding difference between the four-
and five-dimensional gauged N = 8 theories is that the latter has a glo-
bal invariance of either SL(2,R) ~ SU(1,1) or SU(R), depending on the
gauging. For the compact SO(6) gauging, we believe that the SU(1,1)
may be interpreted as the descendant of the global SU(1,1) symmetry of

the ten-dimensional theory.

In the foregoing we have only gauged the fifteen parameter simple
subgroups of SL(6,R). One might ask whether one can also gauge the
standard contractions of SO(p,6-p). While it may be possible to mimic
the construction of reference [18], it is not clear how this may be done
in our formulation. For these group contractions the invariant metric
n¥ has zero eigenvalues, and consequently the kinetic term for the
B#,,[“ fields, which involves the inverse metric 7y, will be undefined in
the corresponding directions. In order to gauge the contractions of
SO(p,6-p), it may be necessary to replace with vector fields those
antisymmetric two-index tensor fields which would not have well-defined

kinetic terms.

The terms involving the £#YP?T and the vector fields alone constitute

the Chern-Simons form for the gauge group SO'(6). Such terms were
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also found in the gauging of a special class of N = 2 Maxwell-Einstein
supergravity theories in five dimensions [19,20]. As was observed for
these N = 2 theories, the Chern-Simons form, at least for SO(8) ~ SU(4),

X

leads to a quantization of the dimensionless ratio —3, since the fifth
g

homotopy group of SU(4) is Z.

The scalar potential in (4.5.15) has exactly the same form as that of
the four-dimensional theory, the tensors Ty, and Agycq being the analo-
gues of Ay;; and Ax{* of Reference [6]. One can also show that under left
multiplication of the 27-bein by an element of Egg), the tensors Ty and
Agpcq transform in the 351 of Eg). This is analogous to 4; and 4z

transforming in the 912 of Eyy) [R1].

The commutator of two supersymmetries is given by
[6s.5.(£2),055.(e1)] = 8. (&) + b55.(e) + 610 (E7) +
+ 8usp(e)(A’) + Ssor(e)(Aw) (4.5.26)
where to leading order in fermi fields

B = Eykes, (4.5.27a)

.\/—2- _ _
S (38X Erpeac — 7r X E107 20 ) (4.5.27Db)

g% =~y -

ZTS

Bros + 205 — g Tus?™ +

+ é—Htuab(?'TStu +4g7g) |8 (4.5.27c)



2 .
Aab = S“me— 3_7'9 Tabcdgfe‘zi (4'5'2?(1)

Ay = —84u +RieTel Vo (4.5.27¢)

The results are quite analogous to those of the ungauged theory [4], as
expected, though there are some interesting manifestations of the
S0’(6) structure. To determine the supersymmetry parameter &'¢ and
verify the closure of the algebra on x®°, we have assumed that there
are no g-dependent terms in either the Lagrangian or the transforma-
tion rules among the terms of higher order in fermionic fields than
those presented here. The corresponding result has been demonstrated
for the four-dimensional gauging [6], and the cancellation of the g-
dependent terms under this assumption provided a great many con-
sistency checks for the present theory. However, we have not as yet
obtained a complete proof that the gauged theory has the same struc-
ture as the ungauged theory of Ref. [4] to higher order in fermionic

fields.

abc

At any rate, the closure of the algebra on either x*°° or ¥Z requires

the field equations of both, which we give here, to leading order:
7‘WpDu¢pa + 3_$_§'Pvabcd7y7ﬂxb6d - _H ab”? 7po7 %
it 2
= A Hoe 7 P Xabe — 15719 Tan P03 +

1
+ E\/-_z—gAabcd')'quCd = 0 (4528)
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1 i 4
&7 DuXabe = o Puabca 7 Vi — T ¥ Y Vola I, +
1 1
+ T Bifla + G A7 Vi -
. i 1
— 19 Z—A[abef + Ed[aebe Xcllef — 0. (4529)

The closure of the algebra on BWI"‘ requires its own field equation; this
is generic for fields with first-order equations of motion, bosonic as well
as fermionic. The field equation may be written, to leading order in fer-

mionic fields,
DB + “gn e e o Vig® HY = 0 4.5.30
[P vp] 12 agn= e " Euypar Vg ab . ( . )

Up to the scalar factors and the interactions with the vectors, this is
exactly the sort of self-duality field equation discussed in Sections (3.2)

and (4.1), and references therein.
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4.6 Discussion

There is much interesting structure in the scalar potentials for the
various gaugings of N = 8 supergravity in five dimensions. The most
interesting scalar potential is that of the SO*(8) ~ SU(3,1) gauging. For
this gauging, the origin in the scalar manifold is a critical point, with
zero cosmological constant. This means that any Ricci-flat five-
dimensional spacetime, in particular the product of four-dimensional
Minkowski space with a circle, satisfies the field equations. The maxi-
mally symmetric solution breaks the gauge symmetry to its maximal
compact subgroup SU(3) x U(1), which acquires another U(1) factor
upon reduction to four dimensions, from the isometry group of the cir-
cle. (Contrary to what occurs for compact gaugings, even the maxi-
mally symmetric vacuum, if one exists, must break the original gauge
symmetry. A noncompact group may be a gauge symmetry of the
theory, but it cannot be preserved in a sensible vacuum.) The super-
symmetry is broken to N = 2. A global SU(R) symmetry acting upon the
scalars also survives, and to the extent that one believes in composite
scenarios the phenomenological gauge group (with an extra U(1) factor)

may be generated from the
SU(S) X U(l) X U(l) X SU(g)global

symmetry of the four-dimensional theory.

Another remarkable aspect of this gauging is that the scalar poten-

tial is completely flat in the directions of 14 of the 42 scalars. This



- 100 -

means that these scalars may take any value whatsoever, and flat
spacetime will still solve the equations of motion, as long as the other 28
scalars are still zero. This provides a mechanism similar to that of Ref.

[20] for breaking the N = 2 supersymmetry at any mass scale desired.

In the same way that one finds a relationship between
compactification of the eleven-dimensional theory based on S” and criti-
cal points in four dimensions [8], we expect the various vacua of the
gauged SO(B) theory to correspond to compactifications of the ten-
dimensional chiral N = 2b theory. There are two known non-trivial
compactifications of the latter theory based on S°. One solution,
obtained in Section 2.3, has a non-vanishing value for the complex
three-index fleld strength, with the metric obtained from S° by stretch-
ing in the direction of the U(1) fiber over CP? This solution has SU(3)
gauge symmetry. The other solution [22], similar to that of Reference
[R3], assigns all the field strengths the standard values for the trivial
compactification, but gives the space-time metric a Weyl rescaling which
depends on the internal coordinates. This solution has SO(5) gauge

symmetry. Both of these compactifications break all supersymmetries.

We have indeed found critical points of the potential in the local
S0(6) invariant Lagrangian (4.5.15), breaking all the supersymmetry
and reducing the gauge symmetry to SO(5) and SU(3), respectively. The
SO(5) invariant critical point corresponds to giving an expectation value
to a scalar in the 20’ of SO(6). Similarly, the SU(3) critical point

corresponds to an expectation in the 10 + 10 of S0(6). This agrees with
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the identification in Chapter 3 of the ten-dimensional origins of these
modes, and suggests that the 20’ and 10 + 10 play similar roles to the

scalar and the pseudoscalar fields, respectively, in the four-dimensional

theory.
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Chapter 5

Ten plus R squared goes into Four*

5.1 Introduction

There has been a recent surge of interest in ten-dimensional
theories of N = 1 supergravity coupled to super-Yang-Mills matter, due
to the intimate connection these theories are believed to have with
superstring theories. The coupled field theory was first formulated for
arbitrary gauge group [1] (but see [R] for a correction to the four-
fermion sector) following the coupling of the pure Maxwell multiplet [3].
Unfortunately, it was soon realized that none of these theories, as they
stood then, admitted compactifications to a maximally symmetric four-
dimensional spacetime [4] (see [5], however, for solutions with non-

maximally symmetric four-dimensional cosmologies).

Meanwhile, it has been shown that all the ten-dimensional field

theories with N = 1 supergravity are inconsistent because of either

*[ acknowledge helpful discussions with Shahram Hamidi, Michael Green and John
Schwarz.
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purely gravitational or mixed gauge and gravitational anomalies, unless
the Yang-Mills matter multiplet has gauge group SO(32) or Eg x Eg. For
those gauge groups all anomalies cancel (at the one-loop level) upon the
addition of a suitable local counterterm, if one takes the proper gauge
and Lorentz transformation properties for the fields of the theory [8].
This statement generalizes to the entire SO(32) Type [ superstring
theory [6], and motivated the construction of the Eg X Eg and SO(32)

heterotic superstring theories [7].

The anomaly cancellation for the field theory requires the two-
index tensor gauge field B,,, in the supergravity multiplet to have an
unusual Lorentz transformation property. Naively, one might have
expected a tensor B,,, with two world indices to be inert under local
Lorentz transformations, transforming only under general coordinate
transformations. However, under Lorentz transformations with param-

eter By, it is necessary to impose
BBy = Uipm™ 8,18°%, (5.1.1)

where a, b, - -+ are flat (local Lorentz) indices and m,n,p, - are
curved (world) indices. The field strength for Bn,, Hpmgp, must not
transform under Lorentz transformations; this is accomplished by
modifying Hpnp by subtracting away a term which varies into the curl of
the expression in equation (5.1.1), namely, the Lorentz Chern-Simons

form
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1 1
(ng)mnp = Z_R[mnabwp]ba_ S_W[mabwnbcwp]ca. (5.1.2)

As pointed out in [8], these modifications are exactly analogous to the

appearance of the Yang-Mills Chern-Simons form
(08P mnp = Tr{+Fimndp] = 3AmAndp)) (5.1.3)

in the three-index field strength which now reads
Hpnp = OmBrp] + %(mgy)mm, — (<81)map- (5.1.4)

The fields 4,, and F,, and the Yang-Mills gauge parameter A are
antihermitian matrices in the adjoint representation of the gauge group
G = SO(3R2) or Eg x Eg. The following transformation rules under local

Yang-Mills and Lorentz transformations establish our normalizations:

64m = DpA = 8pA + [Ap, A (5.1.5)
bwm® = Dp0%® = §,0% + 0w, ®0%P + o, Q% (5.1.6)
6Bmn = — 35T (AfmOn)A) + (™ 8,,10% (5.1.7)

0Fmn = [FounAl, ORmn® = BRpnl®:8.%, O0Hpy, = 0. (6.1.8)

In order to cancel the gauge and gravitational anomalies, the
Lagrangian itself must have a local counterterm S added. This counter-
term is expressible as the sum of terms of the form constant X

y _
gTNPETStUVW 5 Zmnpgrstuvw, WHETe Zynparstuvw 18 either
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Bren Tt { Fpg Frps Fru Py ) (5.1.9a)
Bl o™ Bo™ By B™, (5.1.9b)
an)(pqrs){tuvwv (5.1.9¢)
(031) mnp (©037) grs Xiuvww (5.1.94d)
or
(w31, ¥)mnp (091, 1) grstuvw» (5.1.9e)

where the X,n50's are either Tr(Fpp Fpq) 0T Bpn® By ®®, and
(w'c?)}’)mnpq'rst = Tr(F[manqFrsAt] +
+ FFAS + FA® + A" terms) (5.1.10)

and similarly for wd;.

The field theory of Ref. [1] is invariant under the global scale

transformation

L3QL, gF*-0g™, p-2le,

L L
1 1

b
"//;.L"Q4'W/J,r A-QfA, x> Q% (5.1.11)

corresponding to an invariance of string theories which is expected to
survive in the classical low-energy effective theories [8]. The counter-
term S would require an overall scalar factor of ¢~ in order to preserve

this invariance. However, such a factor would spoil the gauge
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invariances of the theory (for example, invariance under 8B, = OmEnl)
and hence cannot appear, indicating that the scale invariance is broken

at the one-loop order.
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5.2 R squared terms

In addition to these necessary modifications for anomaly cancella-
tion, it is known that the effective theories corresponding to superstring
theories must contain terms quadratic in curvatures (see Ref. [9] and
references therein). In general one expects £? terms (and higher-order
terms, in a general background metric) to lead to badly behaved
theories, in which the graviton inverse propagator is fourth-order in
derivatives. However, it has been shown [10] that a particular combina-
tion of R? terms is “safe,” having only two-derivative inverse propaga-

tors. This combination,

4!

Yt = 2—55’%’%%"Rm’s Rg™
= RR— A RRE.. RO (5.2.1)

is a topological invariant in four dimensions, the Euler class, and hence
leads to no dynamics. (As usual, 075E7 = S[FdoFod; with all antisym-
metrizations of unit weight. In four dimensions 6798? = ﬁs"m”q Bt )

However, in more dimensions y* has dynamical content with sensible
propagators. So far, explicit calculations in string theories have yielded
only pieces of y*, but, as argued in [10], the fact that string theories are
ghost-free strongly suggests that the F? terms appear exactly as in eqn.

(5.2.1).
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As an aside, we remark that there is an extremely easy proof that

y* and its generalizations

8 — 6_' m s t
Yy = o3 dtusﬁi%";/ mn uqu‘uw}erzy

R3 + 3R(R™PY Ryppng — A R™ Rppn) + 16 B RPR,™ +

+ 2R"m'pq(qursﬁrsmn — 4K, R + 12 EpyP Ry — 12RmTanpq),

8! j
y® = gdmfé%rﬁmnw%qzy&snﬁmu = B - (5.2.2)

and so forth, all lead to ghost-free theories.* Consider the Lagrangian

L = f(®)y® (5.2.3)

where f(®) is an arbitrary scalar function of the other fields of the

theory (but not their derivatives). Under a metric variation

6g™* = A™" we have
SRl = BpnP I + gp[mp[phn]ﬂ , (5.2.4)
so
6(eL) = 90efORIRLT 3] Rrntoh + 2D Dhn| By ™

— ik

=™ g L (5.2.5)

* Essentially the same argument was found independently by B. Zumino [11].
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where e is the vielbein determinant. The term with two derivatives of
A™" may be integrated by parts, but when either of the derivatives acts
upon a Riemann curvature, the result vanishes due to the Bianchi iden-

tity
DB = b = DR, = (5.2.6)

(which holds in our formalism, since the connections do not contain tor-
sion) and the antisymmetry imposed by the delta symbol. Thus the con-
tribution to the graviton field equation is polynomial in curvatures, and

in fact is
270 OZEERES f Rrun 00" + 2( D! Dpu ) 9 B0y Rog™ Brs™
1

The inverse propagator for A™" is given by the variation of the field
equation (i.e., the piece of the Lagrangian quadratic in A™") and clearly
can have only two derivatives acting on A™", for arbitrary background

curvatures. The same argument obviously applies to all the y* (i=4).

The introduction of the Lorentz Chern-Simons form in the field
strength Hp,np certainly spoils the supersymmetry of the theory in Ref.
[1]. One way to restore supersymmetry is to couple towers of fields of
arbitrarily high spin so as to reproduce an entire superstring theory,
but it is still uncertain whether there is a well-defined effective theory

containing a finite number of particles which describes low-energy
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superstring interactions and is supersymmetric and anomaly free as a
field theory. If one simply tries to modify the Lagrangian and transfor-
mation rules to restore the supersymmetry, one is led to consider at
least R® type terms, but there is no compelling reason to believe that
there are not many more types of interactions, for example, the y® and
y® terms in the series of equation (5.2.2). In ten dimensions y!° is a

total derivative and the higher-order y* vanish.

We will take the approach advocated in much of Ref. [9] and study
the best candidates for effective theories we have so far, namely, the
theories of [1] with gauge group G = Eg X Eg or SO(32), the Chern-Simons
modifications to Hpap, and plausible R? terms. As will be discussed,
there is reason to suspect that some of the classical solutions we con-
sider will solve the string field equations and provide sensible back-

grounds for string theories.
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5.3 Field equations

Motivated by these considerations, we proceed to an analysis of the

Lagrangian given by

L = ___1_3_1_¢-—2Dm¢D w_ﬁw—ZHman +
242 K2 - 2 i
+ 30T e TE(F™ Fp) +y* |+ S, (5.3.1)

where Hppp is given in (5.1.4) and y* in (5.2.1), and we have set the fer-
mionic fields to zero to look for compactifications. The sign of the vec-
tor kinetic term is positive since the trace is negative definite (recall
that the F,, are antihermitian matrices). The gravitational coupling x
has dimensions of (length)* and the (strictly positive) scalar field ¢ has
dimensions of (length)®. The form of the y* coupling is taken from [9] as
generalized in [10]. The scalar factor multiplying y* is to preserve the
classical scale invariance of eqn. (5.1.11); in general, y* requires a fac-

tor of !~ in front.

Several of the field equations are completely straightforward to

read off from (5.3.1). The equation of motion for the scalar field is

2 _ = o
;2—40 le(gﬂ lam(p) + 3'6290 3H7nanmnp -

— 29 = Tr(F™Fpn) +y*) = 0. (5.3.2)

For the tensor field B,,, we have
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2 mmpy . L _8S
DP(§0 H7n )+ 3’C2 6an

= 0 (5.8.3)

The counterterm S should be properly considered part of the one-loop
effective potential, ignorable at the level of the present discussion.
However, it will turn out that for the background configurations we will
consider (i.e., factorized "4 + 6" spacetime geometry and our ansitze
for Fp, and By,,,) the general form of expressions (5.1.9a-¢e) is sufficient
to show that the contributions of S to the field equations all vanish. For
now we will formally include these contributions (which are completely

straightforward to evaluate) but not discuss them in any detail.

To determine the field equation for 4,, we need to know how Hp,,y
varies under a general change in 4,,. For the Yang-Mills Chern-Simons

form
8(wY)mnp = —8mTr(Anb4p)) + Tr (Fimnb4p]). (5.3.4)

The presence of the first term leads to noncovariant field equations, but

it is of the same form as a variation of By,
1
OBmn = “§5‘TT(A[m5An])~ (5.8.5)

By definition, the right-hand side of eqn. (5.3.5) will simply multiply the
Bmn field equation when the Lagrangian is varied with respect to Apn.
Hence if we are only interested in the whole system of field equations,
we are free to ignore the first term in the variation of (w3y)mnp given in

(5.3.4). Equivalently, we may consider the variation of 4,, as inducing a
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compensating variation of F,, to cancel the unwanted term. The
remaining part of the variation of (w3y)mnp, the last term in (5.3.4),

leads to perfectly gauge-covariant field equations for 4,,.

The fact that the Lagrangian varies into a combination of field
equations suggests that one has not properly identified the true
independently propagating modes. The formalism in which a variation
of 4, induces a compensating transformation of B, is reminiscent of
what generically occurs when the physical fields of a theory form a non-
linear realization of a symmetry group. The Yang-Mills gauge symmetry
is indeed nonlinearly realized here, as reflected in its action on By, (see
eqn. (5.1.7)). These issues will be clarified by a better geometrical
understanding of the unusual gauge transformations of B,; such an
understanding may come from a study of the superstrings containing

this field.

The resulting fleld equation for A, (modulo the field equation for

Bpn) is then

Do(g7 F™) + 82 2H™ Fry — 22 = 0, £0,8:6)
i

For the graviton we have the analogous problem that the Chern-

Simons variation is not covariant:
60 mnp = —Opm (9n® 6wp?®) + Rimn® 663p1°%. (5.3.7)

(6w,,® is covariant since Dy, is, but, of course, wnp® itself is not.) Again
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one notes that under arbitrary vielbein variations de,,% the first term
has the form of a variation of B,,. One then obtains a contribution to
the graviton field equation due to the last term of eqn. (5.3.7), and

exactly the same conceptual issues as for the 4,, field.

It is interesting to note that by defining
6Bpn = —-w[m‘“’dwn]b“ * B 00,% — BB, @1 00"  16.3.8)

one not only cancels the noncovariant part of 8(w3;), but also exactly
reproduces the local Lorentz transformation of B,,, since the antisym-
metric part of de,,q acts as a Lorentz transformation. Note that the last

term of eqn. (5.2.8) is simply a gauge transformation. For the sym-

metric part e(n%0en)q = — ;—hmn (recall A™ = §g™"), only the last term

of eqn. (5.3.7) contributes, yielding
8Homy = Bispmn " h1- (5.3.9)

The analogous interpretation of the Yang-Mills gauge transformation of
B™ as a special case of its dependence of 4,, (as reflected in eqn.
(5.3.5)) cannot be realized since 4,, is an elementary field, as opposed

to we,®,

The contribution from the R® terms to the graviton field equation is

easily evaluated as

B(eg™'y*) = ew T hH 120TEY Rna's0f +
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+ (@D Do) g OF | Rpg™ — -;—guLa}. (5.3.10)

Using the expressions (5.3.9) and (5.3.10) to vary the H® and y* terms,
the covariant equation of motion for the graviton, modulo the equation

of motion for B,,, is then

O=—1—R .._1_—26 3 _%'ZHPQH —
52 | mn /cch m¥Pon¥ 5 ¥ m npg

- BDT(‘P—ZHpq(mRn)mq) +

1 = 1 _
¥ zP : %Tr(szpan) + 24gmvdx}sz£11:'Rtuqr(‘PDst¢ l) +

+ 2(R R = 2 BepP Rnp — 2 P Rppng + BT Rppgr) } +

0S5 1
e e (5.3.11)

As pointed out in Ref. [8], the scale invariance of eqn. (5.1.11) implies
that the Lagrangian vanishes on shell (at least when the anomalous con-
tribution from S vanishes, as it will in our case). In fact, the Lagrangian
itself is a linear combination of the scalar field equation and the trace

of the graviton field equation. Thus we may impose eqn. (5.3.11) without
the last term —;—gan, and upon imposing the scalar field equation

(5.3.2), L = 0 will emerge as a consistency check.
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The Bianchi identity following from eqn. (5.1.4),
1
40 m Hnpq) = S—OTI‘(F[manq]) — R[mna’bqu]ba, (5.9,12)

serves as the integrability condition for the field B,,.
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5.4 Compactification to four dimensions

We may now look for solutions of the system of equations
(5.3.2,3,6,11,12). We are interested in solutions with maximal four-

dimensional spacetime symmetry, so we take

R,P° = RBudfy, which gives R,Y = 3udy (5.4.1)

and we require all other fields to only have components in the internal
six dimensions. From now on, indices &, v, -+ run over the four space-
time directions and m, n, ' - - run over the six internal directions. The
parameter u is negative for anti-de Sitter space and positive for de
Sitter space. We will take for an ansatz ¢ = constant, which, as stated in
Ref. [4], would require Fp,, and Hmpnp to vanish if the y* term were
absent. This is easy to see in this context. Since the metric is positive
definite in the internal six directions, the scalar field equation (5.3.2)
forces both the (H)? and the (F)? terms to vanish, unless, of course, the

y* term can cancel them.

We will follow Ref. [9] (and references within) and consider an
embedding of the holonomy group H within the gauge group G, either
SO(3R) or Eg X Eg. Let the generators of the internal local Lorentz group
SO(8) be Mgy = M), Where @, b,, - are flat internal vector indices.
Then the holonomy group is the subgroup of SO(8) spanned by the cur-
vature operator Rp,,® My as it sweeps over the internal manifold. If
2™ = a,l%] is any spacetime tensor with a,,® My, taking values within

the holonomy group, the same will hold for
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A4,% = 0, +a,%. (5.4.2)

The embedding of H in G gives a prescription for considering 4,,* as a

gauge field in the algebra of G. We then have for the usual Yang-Mills

field strength

anab = Rmnab + Z(D[ma'n]ab + a’[muan]Cb)' (5‘4'3)

In eqn. (5.4.3), Dpa,® is the covariant derivative of 2,®, considered to
be a tensor with three spacetime indices (one curved, two flat). The
"extra” spacetime connections come from the w,® part of 4,%, as is

generic for this type of ansatz.

If we take Fpp = 0 = Kyype and Hppp = 0, our fleld equations reduce
to those considered in Ref. [9], and we recover the result stated there
that by taking the ansatz of eqn. (5.4.2) with a,*® = 0, all the field equa-
tions may be satisfied for a certain class of embeddings of H in G. If the
embedding is such that the trace of a matrix in the adjoint representa-
tion of G is 30 times the trace in the vector representation of SO(8),
then the scalar field equation and the Bianchi identity (5.3.12) are
automatically satisfied. All contributions to the field equations due to
the counterterm S vanish. The Maxwell equation (5.3.6), which from
(5.4.3) concerns the divergence of the Riemann tensor, is satisfied since

a contraction of the gravitational Bianchi identity (5.2.68) gives

D, E"P® = 2 plepbls (5.4.4)
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which vanishes in this case.

Besides Ricci-flat examples, a promising manifold to attempt
compactification on is the six-sphere. As discussed in Ref. [12], S®
admits an almost-complex structure Fj,, which is not covariantly con-

stant (as a true complex structure must be) but rather satisfies
Danp = Tmnp = T[mnp]- (545)

The tensor Tpup and its dual S,y satisfy a number of nice algebraic and
differential identities and provide natural candidates for background
values for Hpnp and 2,®. Unfortunately, if we take Hppp and an® to be
arbitrary linear combinations of Tppnp and Sppp, there are no nontrivial

solutions to the field equations and the Bianchi identity.

Another natural possibility is the product of two three-spheres.
Since S®x S® may be considered as the group manifold SU(2) x SU(2)
with the standard (Killing) metric for the group, the structure constants
(in a local orthonormal frame) provide a natural three-index antisym-
metric tensor on the manifold. This tensor is, in fact, a parallelizing
torsion, which means that the curvature constructed from the modified
connection ['pp? + Spnf, where Sppp is a tensor proportional to the

structure constants of the group, vanishes identically. That is,

Rmnpq(l_‘ ¥ S) = Rmnpq(r) + [Dmsnpq + Smprsnrq - (m "’n)

1l
o

(5.4.6)
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This property may be sufficient to ensure the consistency of a super-
string theory with the given manifold as background; we will return to

this point in Section 5.5.

Let the two spheres have inverse radii m; and m,, so the Riemann
and Ricci curvatures for the first S® of the internal manifold are given

by
R = 2m3?éf, and RF = 2misk. (5.4.7)

Throughout most of the discussion, it will only be necessary to explicitly
consider the first S3 (with indices 4,j, - -); the second S® behaves
exactly analagously. The spin connection leading to eqn. (5.4.7) may be

taken to be
Wije = MM &%k (548)

(where &;; is the covariantly constant tensor). We take for the vector

potential
AZ% = (1 + A wi*, (5.4.9)

which is indeed of the form (5.4.2) with 2,* = Aw,®. The field

strength is then
F;.kl = gfld,gl , Where f; = (]_ —A?)mlz (5410)

Comparing eqns. (5.4.10) and (5.4.6), we see that F;;** is simply the

Riemann curvature in the presence of torsion Sp*® = @,%, so the
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manifold is indeed parallelized for S = +m e4y.

As previously remarked, for this particular type of ansatz for F,
and the form of the curvatures, all of the terms in S, eqns. (5.1.9a-¢),
have at least two factors which vanish. Thus there is no contribution to

any of the field equations from S.

The ansatz
Hijk = hlei,-k (5.4.11)

automatically satisfies both the field equation for By, eqn. (5.3.3) and

its Bianchi identity (5.3.12). The Maxwell equation becomes
(RE — 1)(hy — 59”—2m1>\1) =0 (5.4.12)
i

with the analogous statement for the second S3. The scalar field equa-

tion may be written

./} + 22/ = oyt - 6kPpT AP (5.4.13)

where here the R? terms are
yt = 24(uP +6um?® +3m¥m3), (5.4.14)

m? = m? + m% and h® = hf + R}
In (5.4.13) we have defined 30z; to be the ratio of a trace taken over
matrices in the adjoint representation of G, to the trace taken in the

adjoint of SU(R);. This ratio does not depend upon which matrices one
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uses, but is a characteristic of the embedding SU(R); € G. For example,z;

=g = ;— for all three of the embeddings
SU(2) x SU(R) x SO(1R) x Eg < Eg X Eg,

SU(R) x E» x SU(R) x E; c Eg x Eg

and
SU(2) x SU(R) x SO(28) ~ S0O(4) x SO(R8) c S0(32),
while z; = 2z = 1 for the embedding
SU(R) x SU(R) x SO(26) ~ S0(3) x SO(3) x SO(28) < S0(32),

and z; = zo = 2 for the embedding

SU(R) x Eg x SU(R) x Eg ¢ Eg x Eg

with each SU(R) embedded maximally within the SU(3) commuting with

the Eg C Ea.

The graviton field equations reduce to

wlp + 3m? — 5‘%) =0 (5.4.15)

and

1—2m% +9kPp2hE + 2971z, 7 +
K
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+6¢‘1m12(2/,1,+m2—m12) = 0 (5416)

and similarly for the other S3. Adding and subtracting eqn. (5.4.18) for

subscripts “1"” and "2"” and using the other field equations we have

3kt K2
m M 22 5 L 0 (5.4.17)

1 - _
(-,C?— 129 u)(mf —m3) + 297 (a1 fF — zof3) +
+9k%¢ 1 (hE - h3) = 0. (5.4.18)

Note that the condition L = 0 has indeed emerged from the ficld equa-

tions, as promised.

The system of equations (5.4.12,13,15,17,18) has a wide class of
solutions for various values of the group theoretical factors =, zz and
relative sizes of the two three-spheres; in fact, there are no recessary
restrictions on the embedding of H at all. If we look for solutions with

vanishing four-dimensional cosmological constant (& = 0) and for sim-

plicity take m¥% = mj§ = ;—mz and A = w8 = ;—hz, we find that if we

take A? = A§ = 3, we always have a solution with ¢ = fczmz(Z——xl),

B* = %, provided that the embedding of the holonomy group in G is
K

such that z; = z5 < 2—.
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5.5 Discussion

We can easily obtain compactifications to flat four-dimensional Min-
kowski space, since we have seen that there are embeddings of
SU(R) x SU(R) in either SO(32) or Eg X Eg with z; = z5 < 2—. The resulting
gauge symmetry will have two factors, the first of which is the unbroken
part of the ten-dimensional Yang-Mills group, namely, the little group
for the embedding of the holonomy group H in G. As we have seen, this
can be (for example) SO(12) x Eg, E; X E» or SO(28). The second factor is
the isometry group of S x S3, SO(4) x SO(4) ~ [SU(2)]*.

The resulting four-dimensional field theory (in Minkowski space) can
certainly accommodate a range of phenomenological considerations,
especially via a number of the techniques developed in Refs. [2,9] and
elsewhere. The gauge symmetry for some of our models may be easily
broken to realistic low-energy grand unification groups, with the needed
chiral couplings. However, due to the inherent limitations of our
approach, we feel that it is most appropriate to postpone a full-scale
investigation of phenomenological implications. The field theories we
study here, while anomaly-free, have not been rigorously shown to be
related to theories of more fundamental interest, such as versions of
these theories in which supersymmetry is restored, or of course the full
superstring theories themselves.

The results we present are interesting, however, in that they natur-

ally lead to the consideration of background geometries which are likely

to be relevant for superstring theories. The fact that the manifolds are
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absolutely parallelizable may be sufficient to ensure the consistency of
a superstring theory with the given manifold as background [13]. In
general, a string theory may be formulated as a sigma-model defined on
the two-dimensional world sheet of the string. One expects that confor-
mal invariance of this sigma model is necessary for a well-behaved
quantum theory of strings (but see for example Ref. [14] for a possible
approach circumventing this requirement). This property has been
demonstrated to two-loop order in Ref. [13] for absolutely parallelizable
manifolds such as S® x S3. In Ref. [15] this property was demonstrated
to all orders for Ricci-flat Kdhler manifolds (which are relevant for Ref.

[9]), if one assumes that no supersymmetry anomalies arise.
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Appendix: Conventions for Spacetime Geometry

We always take as the spacetime signature ng, = diag (- + + + ... );
that is, positive in all spacelike directions. Letters near the beginning of
the alphabet denote local Lorentz (flat) indices; letters near the middle
denote global (curved) indices. The Levi-Civita symbol ¢™ is taken to
be the covariantly constant true tensor regardless of the type of

indices, and is only numerically constant when all indices are flat.

The sign conventions for the Christoffel and spin connections are

fixed by
DXy = 8m X + TP Xy (A.1.1)
D Xg = 0 Xg + ©Oma’ Xo. (A.1.2)

The curvature is given by

[ B Ui 1 X = B ' X (A.1.3)
[ B, D1 Xy = Bopna X (A.1.4)

or explicitly
Rowg® = Bplyp® + L™ Tne? = {mon) (A.1.5)

Rmnab = amwnab 2 C‘Jrn.a.cc'-Jncb - (m "’n)- (A.l.ﬁ)
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The metricity condition on the vielbein is
Dpena = Omeng + I'mnPepa + Oma’eny =0, (A.1.7)
so we have
[ Doy B ) pe = Bonpqa + Fra 8ot = BBpmipey = 0,  (4.1.8)

which establishes the consistency of our two definitions for the curva-

ture. All (anti-)symmetrization is with weight one; for example, Xim Yo =

1

E(Xm Yn - XnYm)-

The condition (A.1.7) allows one to solve for the connections, and
hence the curvature, in terms of the vielbein e,,* (for a general torsion
Trmn® = mn)P, which we always take to be zero). We do not need the
explicit expressions, but only their variations with respect to the viel-
bein. Decompose a general §e,,® = ¢,% into its symmetric and antisym-

metric parts:
hap =Reey) aud Agy = &fap] (A.1.9)
80 6e,," = —%—h.m‘" + An% and 6gmn = Amn. Then it turns out that
00mab = DmAas — Diahim (A.1.10)

and

—

6Tmn? = =DPRhopy — DimhnP. (A.1.11)



= 1 dd =

Thus Ag plays the role of a local Lorentz transformation, and A,,, car-

ries the dynamical information. The variation of the curvature is given

by
6™ = BBy (8]
= 2A°1 Ry Pl — 2 Dy D% R, ). (A.1.12)
If we define the Ricci tensor and scalar as Fpn = Bppn” and R = R,™,
then we have
8Bmn = — 3(DpDPhmn, + D Dph?) + DD P (A.1.13)

and

6R = —R™ Ry + Dp(DghP? — DPhT). (A.1.14)



