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Abstract 

This work is concerned with the study of several ten-dimensional 

field theories intimately associated with superstring theories, and possi­

bilities for obtaining realistic four-dimensional theories from them. 

Three chapters follow the N = 2b supergravity from ten to five, then 

to four dimensions . First of all, compactifications to five dimensions on 

various manifolds are studied. Then the entire mass spectrum for the 

compactification on S5 is derived using techniques of harmonic analysis 

on spheres. A particular set of modes corresponds to a gauged maximal 

super gravity theory in five dimensions; this theory, with Yang- Mills 

group S0(6), is constructed in detail. By a process similar to analytic 

continuation, noncompact versions of this theory are also obtained, 

gauging all the semisimple real forms of S0(6). One particular form, 

with gauge group S0*(6) Rj SU(3,1), compactifies to fiat four -dimensional 

spacetime and offers attractive phenomenological possibilities . 

The final chapter is concerned with candidates for effective low­

energy theories for N = 1 superstrings with gauge group S0(32) or 

E8 x E8 . These effective theories contain curvature squared terms, and 

reqmre unusual gravitational interactions to cancel anomalies. The 

field equations are derived and found to admit compactifications to fiat 

four dimensional spacetime, with the possibility of accommodating many 

phenomenological considerations . 
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Chapter 1 

Introduction 

Much of the incentive for studying supergravity theories has come 

from two basic sources. The first is the difficulty of incorporating gen­

eral relativity, enormously successful at the classical level, into the 

framework of quantum field theory. Attempting to quantize the gravita­

tional field coupled to matter leads to ultraviolet divergences too severe 

to admit sensible interpretation in any known way [1]. Even pure gravi­

tation suffers from this problem [2]. The renormalization programme so 

successful for Yang-Mills theories is inapplicable to gravity; the reason 

may be traced to the presence of a dimensional coupling constant for 

gravity, Newton's constant. A promising approach for eliminating the 

divergences is provided by the principle of supersymmetry, a type of 

symmetry which relates bosons and fermions . With such a symmetry 

one may hope to cancel divergences from bosonic fields against diver­

gences from fermions, taking advantage of the intrinsic minus sign 

required for fermionic quantum loop diagrams. Supergravity theories, 

which contain the graviton and its fermionic partners under supersym-

metry, the spin-~ gravitinos, indeed exhibit dramatically improved 
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quantum properties [3]. Unfortunately, there is no real evidence that 

any supergravity theory is finite to all orders, though finite supersym­

metric models have been constructed containing particles of spin 5; 1 

[ 4]. 

Besides their improved quantum behavior, a second more aesthetic 

reason for studying supersymmetric theories, and especially supergrav­

ity, is the great predictive power inherent in theories with a high degree 

of symmetry. Supersymmetry is the only known type of symmetry which 

can relate particles of different spin, and hence can hope to completely 

account for the observed particle spectrum from some fundamental 

principle. In addition to restricting the combinations of particles that 

can occur, supersymmetry places severe restrictions on the possible 

interactions between particles. Supersymmetry even restr icts the 

dimensionality of spacetime; it is believed that consistent s:J.persym­

metrical theories exist only in eleven or fewer dimensions . The eleven­

dimensional supergravity [5] thus occupies a special position among 

supergravity theories and it is natural to address the possibility that it 

may provide an ultimate theory of nature. (The way that a field theory 

can yield an effective low-energy theory in fewer dimensions is dis­

cussed in Chapters 3 and 4 .) Unfortunately , the theory is almost cer­

tainly badly divergent at the quantum level, and even at the classical 

level appears unable to reproduce the observed phenomenology, aside 

from the Yang-Mills gauge group [6 ]. 
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It has recently become evident that a fundamentally different type 

of field theory, superstring theory [7], may provide considerably more 

promising alternatives than any of the supergravity theories in both of 

these arenas. String theories are field theories of extended one­

dimensional objects, as opposed to traditional theories of zero­

dimensional points. A string theory may be considered as a point­

particle field theory, with a spectrum containing an infinite number of 

particles of unbounded spin and mass . There is a purely bosonic string 

theory in 26 dimensions, but it contains a tachyon in its spectrum which 

spoils attempts at physical interpretation. Luckily, the supersyrnmetric 

versions of string theories are much better behaved. 

The one-loop finiteness of superstring theories is a particularly 

stunning and suggestive result, requiring many more types of cancella­

tion than point-particle field theories require. There are arguments to 

suggest that quantum finiteness persists to all orders. Furthermore, 

superstring theories are fantastically restrictive: there are only five 

known (barring essentially degenerate examples in two dimensions), all 

requiring spacetime to have ten dimensions . To begin to characterize 

these theories will require some general knowledge of ten-dimensional 

field theory. 

In ten dimensions one may impose both Majorana and Weyl condi­

tions upon a spinor. The Weyl (chirality) condition exists for any even 

dimension, since there is an analogue of the four-dimensional-y5 . In ten 

dimensions this matrix is denotedf11 . Its crucial properties are (f11 ) 2 = 
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1 and ~f11, fA!= 0, where fA are the ten-dimensional Dirac matrices. (A 

= 0,1, ... ,9 is a ten-dimensional vector index .) The projectors onto left-

and right-handed chiral components are then ~ ( 1 ± f 11 ). The Majorana 

condition can be taken to be a reality condition on the spinors . In order 

for this to be consistent with the Lorentz transformation properties of 

the spinors, the Lorentz generators rAE = ~[fA, f 8 ] must all be real. 

Thus the gamma matrices may be taken to be either all real or all ima­

ginary. 

In four dimensions one may define both Majorana and Weyl condi­

tions, but it is impossible to impose both simultaneously. This is 

because 75 is imaginary, so the chirality condition is inconsistent with 

the reality condition (unless the spi.nor itself vanishes) . In ten dimen­

sions, however, f 11 is real and one may impose both condition~ at once, 

for a "Major ana-Weyl" spinor . 

The minimal (N = 1) supersyrnrnetry expresses invariance under 

transformations parametrized by a single Majorana-Weyl spinc·r . There 

are three distinct superstring theories known with N = 1 supersym­

metry, type I superstrings with gauge group S0(32) [8 ], and heterotic 

superstrings with gauge group S0(32) or E8 x E8 [9 ]. 

At the classical level, the known point particle field theories with N 

= 1 supersymmetry are super-Yang-Mills gauge theories with arbitrary 

gauge group, simple supergravity, and the coupled supergravity-Yang­

Mills system. It turns out that the simple supergravity is inconsistent 
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because of gravitational anomalies, and simple supergravity coupled to 

Yang-Mills is afflicted with mixed gauge and gravitational anomalies, 

unless the gauge group is either S0(32) or ee8 [8]. Even then, one must 

alter the theory in order to cancel the anomalies, in a way which naively 

breaks the supersymmetry. Chapter 5 contains a more complete dis­

cussion of these N = 1 theories and their relationship to superstrings, 

including the relevant references. 

If one looks for ten-dimensional theories invariant under a general 

number N of supersymmetries, to describe particles of maximum spin 

two one can have at most N = 2 supersymmetry. This corresponds to 

the fact that in four dimensions, in order to have spin~ 2 (i.e ., at most a 

helicity spread of -2 to 2), one must have N ~ 8, since (at least in Min­

kowski space) each independent supersymmetry transformation can 

raise or lower helicity by one-half . Upon dimensional reduction from 

ten to four dimensions, in which all fields are taken to be independent of 

the extra six coordinates, each ten-dimensional Major ana-Weyl spinor 

yields four four-dimensional Majorana or Weyl spinors . Thus N = 2 in 

ten dimensions directly corresponds toN = 8 in four dimensions. 

In going from N = 1 to N = 2 in ten dimensions, one has a choice for 

the relative chirality of the two spinorial supersymmetry parameters, 

leading to two fundamentally different N = 2 superalgebras . In type 2a 

the two spinorial charges have opposite chirality, so they can be com­

bined into a single Majorana spinor with no definite chirality . Alterna­

tively, relaxing the Majorana condition leads to the type 2b 
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superalgebra, in which the two charges have the same chirality and may 

be considered as the real and imaginary parts of a single complex (i.e., 

non-Majorana) spinor. 

Supergravity theories exhibiting N = 2a and N = 2b supersymmetry 

have been constructed; the theories are completely different, even hav­

ing different field content. Both the 2a and 2b supergravities are the 

zero-mass sectors of superstrings, the IIa and lib theories, respectively. 

This completes the list of the five known superstring theories . 

The N = 2a theory may be obtained by simple dimensional reduction 

of the eleven-dimensional supergravity [10], by taking all fields to be 

independent of the eleventh coordinate. The eleven-dimensional theory 

contains a graviton, a gravitino and a gauge three-index antisymmetric 

tensor . These reduce to d = 10 as follows : 

AM'N'P ~ ( AMNP) + ( AMN,10 = BMN) 

(1 .1.1) 

(1.1.2) 

(1 .1.3) 

where primed indices run from 0 to 10 and unprimed indices from 0 to 

9. Thus the N = 2a theory contains in the bosonic sector a graviton, a 

vector, a scalar and two antisymmetric tensor gauge fields , one with 

three indices and one with two . All these fields are real. The fermionic 

sector consists of one gravitino and one spinor, both Majorana and 

non-chiral. 
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The identification of dimensionally reduced fields above, though 

physically well motivated, is somewhat heuristic in that complicated 

field redefinitions are in general required to identify the correct mass 

eigenstates. For example, a Weyl rescaling involving the scalar rp relates 

the ten-dimensional graviton and the corresponding components of the 

eleven-dimensional graviton. 

The fact that the ten-dimensional fermionic fields in ( 1.1.2) are 

Majorana but not Weyl corresponds to the fact that chirality cannot be 

defined in eleven dimensions. In general, dimensional reduction results 

in non-chiral theories [11], and it is hence not surprising that there is 

no known way to relate the chiral N = 2b theory to higher dimensions. 

In this sense the N = 2b theory is on the same footing as the eleven­

dimensional supergravity for providing a fundamental maximal super­

gravity. 

All other maximal supergravities, gauged or ungauged, are believed 

to be derivable from one or both of these theories by a process of 

compactification and truncation. The ungauged supergravities in less 

than ten dimensions may be derived from either theory by simple 

dimensional reduction,a process which may be considered to be 

compactification on a torus and subsequent truncation to the zero­

mass sector. The previously constructed gauged maximal supergravi­

ties, in four and seven dimensions, are derivable from the eleven­

dimensional theory through compactification on the seven- and four­

sphere, respectively. As we shall see, the gauged N = 8 supergravity in 
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five dimensions, constructed in Chapter 4, is derivable from 

compactification of the ten-dimensional N = 2b theory on the five­

sphere. 

The N = 2b theory is extremely interesting from a purely field­

theoretical point of view; some of its unusual aspects will be dis cussed in 

Chapter 2. It is intimately related both to superstrings and to gauged 

supergravities. As we shall see in Chapter 4, an "analytic continuation" 

of the gauged supergravity resulting from compactification on S5 , in 

which the isometry group S0(6) of S5 is replaced with the noncompact 

form S0*(6) Rj SU(3, 1 ), has a truly remarkable property: it admits 

compactifications to fiat four-dimensional Minkowski space, with gauge 

symmetry SU(3) x U(l) x U(l), global symmetry SU(2), and N = 2 super­

symmetry spontaneously broken at any scale desirable . It would be 

extremely interesting to know whether the structure of the associated 

liB superstring exhibits any phenomena analogous to the noncompact 

gaugings. It is hoped that a study of the superstring theory can provide 

a better geometrical understanding of this most interesting 

compactification. 
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Chapter 2 

Chiral N = 2 Supergravity in Ten Dimensions 

and its Spontaneous Compactification • 

2.1 Chiral N = 2b supergravity 

Much of the structure of the ten-dimensional supergravity theories 

could be inferred from the associated superstring theories, but the 

actual construction of the N = 2a and the N = 1 theories proceeded 

indirectly through dimensionally reducing the eleven-dimensional 

supergravity. This gave the N = 2a supergravity [3 ] , which could be 

truncated to N = 1 supergravity coupled to one Maxwell multiplet [ 4]. 

The latter theory could either be truncated further to pure N = 1 super-

gravity, or extended by generalizing the gauge group [5 ]. 

The N = 2b theory was first formulated in the (noncovaria.nt) light-

cone gauge in terms of a single unconstrained superfield containing all 

the physical fields of the theory [6]. The field content could be read off 

•The original material contained herein appears in Ref. [1], with a minor 
modification given in Ref. [2]. I acknowledge valuable discussions with ;'{ick 
Warner . 
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from this superfield, and consisted of a graviton, a real four-index 

antisymmetric tensor gauge field AMNPQ• a complex scalar B, a complex 

two-index antisymmetric tensor AMN· a complex Weyl gravitino 1/JM and a 

complex Weyl spinor ">-.. of opposite chirality . The four-index tensor has a 

five-index field strength which must be self-dual on shell. The gravitino, 

the spinor and the four-index tensor are all chiral fields contributing to 

gravitational anomalies, but for this particular field content all 

anomalies cancel [7]. (The N = 2a theory, being non-chiral, has no 

problem with gravitational anomalies .) 

The construction of the theory beyond leading order in the gravita­

tional coupling constant turned out to be impractical in the light-cone 

gauge. It would have been desirable to implement the standard Noether 

procedure to construct the theory in a Lorentz covariant formalism, 

but it proved to be quite difficult to obtain the self-duality condition for 

FMNPQR from a manifestly covariant action principle [8 ]. Although the 

necessary techniques are believed to be available [9 ], they have not 

been applied successfully to the interacting theory. 

The windfall for the construction of the N = 2b theory was the reali­

zation that the complete set of covariant field equations and supersym­

metry transformation rules could be deduced by an indirect procedure 

[ 1 O]. (An alternative approach using superspace techniques is given in 

Ref. [11].) It is generic for a supersymmetric theory that in order for 

the commutator of two supersymmetries to close upon symmetries of 

the theory, the first-order equations of motion must be imposed. (In 



- 12 -

order for the supersymmetry to close off shell, one usually has to intro-

duce auxiliary fields.) Since field equations vary into other field equa-

tions under supersymmetry, all of the supersymmetry transformations 

and equations of motion must be interrelated. For theN= 2b theory, an 

important ingredient for the analysis, besides these general principles, 

was the identification of a global SU(1,1) symmetry which acts non-

linearly upon the complex scalar field B, so that the scalar self-

interaction could be identified as a nonlinear sigma model over the 

coset space SU( 1,1) /U( 1) [ 12]. This symmetry restricts the possible 

forms of the supersymmetry transformations sufficiently to eventually 

determine all transformation rules and field equations. 

The resulting classical equations of motion , as derived in Ref. [10 ], 

are (to leading order in ferrnionic fields): 

(2 .1.1) 

(2 .1.2) 

(2 .1.3) 

(2.1.4) 

(2 .1.5) 
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rM( _ 3 · ) _ _!:__ rMNPQR 
'VM 2'-QM A- 2 4o FMNPQRA , (2 .1.6) 

where the following definitions have been made : 

.f- 1 
(2 .1.7) 

(2 .1.8) 

(2.1.9) 

(2 .1.10) 

GMNP = f(FMNP- BFMNP) (2 .1.11) 

(2 .1.12) 

"' = _ 1 · _i_ NPQRS f 
'VM - 'VM 2'-QM + 480 f F NPQRS M· (2.1.13) 

The supersymmetry transformations which transform (2 .1.1-6) into one 

another, and for which the first-order field equations (2 .1 .2,5,6) are 

required for the superalgebra to close, are 

(2 .1.14) 

(2 .1 .15) 

(2 .1.16) 



- 14 -

oAMNPQ = IT 3 • -2Im t; [MNP'ifiQ] + 4ImA[MN6ApQ] (2.1.17) 

o"A = fM • 1 MNP PM £; + 24 cMNPr £; (2 .1.18) 

6B = -r2 c·"A. (2.1.19) 

The physical scalar degrees of freedom are carried in the field 

strength PM of (2.1.8). The composite vector field QM defined in (2.1.9) 

acts as a connection for the U(l) within the global SU(1,1) symmetry. 

The charges of the fields with respect to this composite symmetry, as 

read off the field equations, are 2 for the scalar B, ~ for the spinor "A, 1 

for the tensor AMN and ~ for the gravitino. The graviton and the four-

index tensor are neutral. 
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2.2 Freund-Rubin type Solutions 

As proposed in Ref. [10], we will take as an ansatz for the five-index 

field strength 

(2.2.1) 

(where the index sets M, f.t, m run over 0-9, 0-4 and 5-9. respectively); 

this is analogous to that taken by Freund and Rubin [13] to give solu­

tions to the eleven-dimensional supergravity. All field equations may 

then be satisfied by taking B = 0 , AMN = 0 and the Ricci curvatures 

(2 .2.2) 

Thus the spacetime may be taken to be the direct product of a 

negatively curved five-dimensional Einstein spacetime (for convenience 

we will take the maximally symmetric case, anti-de Sitter space AdS5 

with radius e-1) and a positively curved spacelike Einstein manifold W 

with cosmological constant 4e2 . Recall that we use signature 

( -++++ )( +++++ ). 

The degenerate case, e = 0, allows compactification to a Ricci fiat 

spacetime Mind (e.g., Minkowski space) for any dimension d < 10, by tak­

ing for the internal manifold a torus T10-d. This procedure yields the 

maximal ungauged supergravity for d dimensions plus, as always, 

infinite towers of massive states for each field. 

There are also compactifications withe = 0 for any Ricci-fiat com­

pact internal manifold, for example, K3 or a product of K3 with a torus. 
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The compactification on K3 X re-d X Mind ford~ 6 (discussed in [14] for 

d = 6) always yields a half-maximal ungauged supergravity coupled to 

matter . The recently discovered "Calabi-Yau" spaces [15 ] provide six-

dimensional Ricci-fiat internal manifolds leading to quarter-maximal 

supergravity theories in four dimensions, or less if products with tori 

are considered. Both K3 x K3 and the eight-dimensional generalizations 

of Calabi-Yau spaces will provide compactification to two spacetime 

dimensions. 

As in Ref. [ 16] we restrict our search for five-dimensional positively 

curved compact Einstein manifolds to coset spaces, as a matter of con-

venience. The only candidates are of the form: 

(b) SU(3) 
S 0 ( 3) maximal 

(c) SU(2) x SU(2) x U( 1) 
U(1) x U(1) 

Case (a) is discussed in Chapter 3 and found to admit the full N = 8 

supersymmetry . In five dimensions one may have N = 2,4 ,6 ,8 supersym-

me try, where the N symplectic-Major ana spinorial supercharges 

transform under the invariance group USp(N). The massless sector can 

be truncated to a gauged N = 8 supergravity with gauge group S0(6) 

(see Section 2.4 below) . 

As usual for such compactifications, the supersymmetry content is 

given by the number of independent solutions c of the equations 
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(2 .2.3) 

where the variations under supersymmetry parametrized by the spi­

norial parameter c: are given in eqns. (2.1.15,18) and in general depend 

on the background. In other words, the unbroken symmetry is simply 

the stabilizer of the vacuum expectation value of the (fermionic) fields . 

It is unnecessary to check the variations of the bosonic fields, since 

such variations must contain fermionic factors which vanish in the 

vacuum. For the present ansatz, equation (2 .2 .3) for o.\ is trivially 

satisfied, and for the gravitino we are led to search for Killing spinors on 

the internal manifold, that is, spinors 71 satisfying 

(2.2.3) 

for a constant ;..t, which is a distance scale for the compactification . The 

integrability condition for the existence of Killing spinors is the rr 

(2.2.4) 

where Cmnab is the Weyl tensor on the internal manifold . Thus the Weyl 

operator considered as acting on the space of Spin(5) spinors must have 

zeroes. 

The symmetric space (b) with SU(3) isometry is discussed in appen-

dix A of [13], where its curvature tensor is given . A simple calculation 

shows that the space (b) has no solutions to the condition (2.2.5) and 

hence yields no supersymmetry . 
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The manifolds included in case (c) are all U(1) bundles over 

SU(2) X SU(2) = S2 x S2. 
U(l) x U(l) 

They have as covering space the coset spaces of the form 

SU(2) x SU(2) 
U(1) 

and hence we need only study these in detail. Let SU(2) x SU(2) be gen-

erated by ai, Tf; then the generator of the U(l) in the denominator may 

be written as pa3 + qT3 where p and q are integers determining the 

space TPq, and may be taken to be relatively prime. The most general 

space of the form (c) is TPq modulo a finite cyclic group Zr · Therefore 

define pqr = TPq1'1Lr for r = 1,2, · · · . 

The coset space directions may then be taken to be generated by 

aa, T A and Z = qa3 - pT3 , where a, A run from 1 to 2 . Allowing rescalings 

in the a a, T A• Z directions of a, (3, {, respectively , the results of Ref . [ 1 7 ] 

allow one to rewrite the Einstein condition Rmn =- ll.gmn in the alge-

braic form 

where a= b = It_ 
- 2" 

I 

(2 .2.5) 

One finds for each pair (p2 , q2 ) exactly one 
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solution for a and b. For p 2 ::::: 0, q2 = 1 the solution has a= 1, b = ! (of 

course, interchanging p and q merely interchanges a and b), yielding the 

space 

T-Jl = SU(2) X SU(2) ::::: S2 x S3 
U(1) 

with isometry SU(2) x SU(2) x SU(2) . All other TPq have isometry group 

SU(2) x SU(2) x U( 1), the "extra" U( 1) coming from right multiplication 

by the coset generator Z (see ref. [ 1 7]) . 

The integrability condition (2 .2.4) implies that supersymmetry is 

only possible for p 2 = q2 ::::: 1. In that case, a ::::: b = ~ and we can prove 

that there is exactly one complex Killing spinor (for any signs of p and 

q), giving N = 2 supersymmetry. This combines with the bosonic gauge 

symmetry SU(2) x SU(2) x U( 1) and the five-dimensional anti-de Sitter 

group S0(4,2) ~ SU(2,2) for a full symmetry of SU(2 ,2 I2) x SU(2) x U(l) . 
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2.3 Pope-Warner type Solutions 

We have obtained a further type of solution in which the internal 

space Af5 is a U( 1) bundle over a four-dimensional Kahler space M4 . 

Kahler spaces have been extensively studied in both the physics and the 

mathematics literature (see for example [18, 19] and references 

therein); we will review here only those properties relevant for our solu-

tions. 

In terms of an orthonormal vierbein e1- for M4 (i runs from 1 to 4; we 

use signature ( + + + +)),the Kahler form ~i = J[ii] satisfies 

(2.3.1) 

where barred objects refer to the intrinsic geometry of M4 . We may take 

~ito be self-dual, i.e ., Jii = ~ [iiklJkl_ The Ricci two-form is given by 

(2.3.2) 

From eqn. (2.3.1), [Di, Df]Jkl = 0 and we have 

(2 .3.3) 

from which we see that Pii is proportional to Jii if and only if the metric 

on M4 is Einstein . Taking the curl of (2.3 .2), a Bianchi identity for ~ikl 

gives D[ipik] = 0; hence we can write locally Pii = 2 D[iAi] . 

Every Kahler manifold possesses a gauge-covariantly constant spi-

nor 1] satisfying 
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(2.3.4) 

and hence the integrability condition 

(2.3.5) 

There is a charge conjugation matrix C with 

(2 .3 .6) 

Contracting eqn. (2 .3 .5) with pi and ji gives J.L2 = ! . Taking f.L = ~ 

for TJ, we see that the charge conjugate spinor x = CT]• satisfies eq. 

(2.3.4) with f.L =- ~. Both spinors have negative chirality: 

15TJ = - TJ , 15X =-X· (2.3.7) 

Contracting eq. (2.3.5) with fi gives (when detRti ~ 0) 

(2.3 .8) 

Choosing the normalization 7Jt7J = 1 = xtx, we may identify 

(2 .3 .9) 

Furthermore , the complex two-form defined by 

(2 .3 .10) 
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satisfies 

(2.3.11) 

and 

(2.3.12) 

We have made use of the Fierz identity 

(2.3 .13) 

for commuting spinors 1/t. 71 2 of the same chirality, and an arbitrary spi-

nor c. 

We now construct our space M5 , a U( 1) bundle over M4
, by taking for 

the metric 

a ,b = 1, ... ,5 , 1/ab = (+++++) (2 .3.14) 

where the orthonormal ftinfbein is taken to be ea = ( el- , e5 ) with 

e5 = c ( dT - Aiel-) for constant c. The Ricci tensor for fif5 is then 

(2 .3 .15) 
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We will take as an ansatz for the complex three-index field strength 

(2.3.16) 

Gabc then satisfies the Bianchi identity for the ten-dimensional field 

strength if we take {3 = -1. The two-index potential which gives (2 .3.16) 

is then 

A - · -iT V ii - 1-a e .n.ii ' Ai5 = 0. (2.3 .17) 

Note that we may take a real since any phase may be absorbed into a 

shift ofT. 

For the five-index field strength we use the ansatz (2 .2 .1) with the 

parameter e to be determined. This satisfies the self-duality condition 

(2 .1.2) and is consistent with the appropriate Bianchi identity, since the 

definition (2 .1.12) relates the curl of Amnpq to 

(2.3 .18) 

and the curl of this expression manifestly vanishes. 

The scalar B has been set to zero, which is consistent with its field 

equation (2 .1.4) since cabccabc =0 . The remaining field equations are 

then the Einstein equation (2.1 .1) : 
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~5 = 0 (2 .3 . 19) 

R - ( 2 1 2) J.l.ll-- 4e + 2a gJ.L11 

and from eqn. (2 .1.3): 

- :!:_ G· ·5 - 4ie G· ·5 c 't) - t} . (2 .3.20) 

For a = 0 we of course recover the usual Freund-Rubin type solutions . 

For a .,r. 0, (2 .3.20) gives ec =- ~. 

Since M4 is Kahler, the eigenvalues of ~i must come in two pairs, 

and we may write 

f4i = diag (f..L, f..L, A., A.), (2.3 .21) 

for a suitable choice of basis . Then eqs. (2 .3.15) along with (2 .3 .19) give 

(2.3 .22) 

This system of equations, given e =-
4
1c , has exactly one solution: 

f..L =A.= 2 a 2 = c-2 , so M4 must be Einstein . Thus, for a given s ize of M4
, 

the solution with a .,r. 0 has its U(1 ) fibers stretched by a factor '7 with 

respect to the solution with a = 0 and ~ Einstein, which has 
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There are only two known four-dimensional Kahler- Einste in spaces 

with positive curvature: S2 x S2 with spheres of equal size, and O::P2. 

Because Gabc is charged with respect to the U(1) of the bundle , the 

bosonic gauge symmetry of a solution with a #- 0 is broken from the 

isometry group of AP to that of M4 (SU(2) x SU(2) and SU(3), respec-

tively) . These solutions break all supersymmetry as may be seen by 
• 

explicitly verifying that of..= 0, o1/JM = 0 have no solutions t:(xJJ. , ym) . 

On the other hand, given a Kahler- Einstein space M4 , the U(1) bun-

dle AP over M4 with the Einstein metric (and hence a = 0) always yields 

at least N = 2 supersymmetry. It is easy to show that e-iT/2 71 (or e-iT12x. 

depending on the orientation of AP) is a Killing spinor on M5 . In particu-

lar cases, j~ may have more supersymmetry: for M4 = o::P2 , W is S5 and 

there are eight supersymmetries; for W = K3 x U(1) there are four . For 

M4 = S2 x S2 , we recover for lvP the N = 2 supersymmetric coset space T11 

discussed in Section 1.3 . 

The solutions discussed here preserve the noncompact global 

SU( 1,1) symmetry of the ten-dimensional theory . Since the field 

strength Gabc is charged with respect to the original U( 1) of the ten-

dimensional theory as well as the U(1) of the fiber, neither of these can 

survive as a symmetry of the compactification. However, some linear 

combination of the two U(1 )'s must leave the expectation value of Gabc 

fixed . This combination generates the U( 1) subgroup of the SU( 1,1) 

symmetry . 
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2.4 Discussion 

The ten-dimensional chiral N = 2 supergravity has been found to 

admit a rich variety of compactifications to five dimensions . If there 

should exist any further Kahler-Einstein spaces M4 with positive curva­

ture , the construction given in section 2 .3 will give both a Freund-Rubin 

solution with at least N = 2 supersymmetry, and a Pope-Warner solution 

(with N = 0 supersymmetry, as always) for each such space . The prob­

lem of classifying such manifolds M4 , or Einstein manifolds F, in gen­

eral, is an open question; the classification here is complete if one res­

tricts oneself to coset spaces. 

As stated in Section 2.2 , K3 x U(l) gives a compactification with N = 

4 supersymmetry. One can construct a number of nontrivial U( 1) bun­

dles over K3; unfortunately , the methods given here do not produce any 

new solutions of either the Freund-Rubin or the Pope-Warner t ype . 

The present solution with SU(3) symmetry on a stretched five­

sphere is quite analogous to that found for eleven-dimensional super­

gravity on a stretched seven-sphere [20 ]. In addition, there is another 

type of solution that the ten- and eleven-dimensional theories have in 

common, namely the de Wit-Nicolai type solutions, in which the space­

time metric is given an internal space dependent Weyl rescaling [21 ,22 ]. 

Both of these solutions for the eleven-dimensional theory a ppear to 

correspond to particular extrema of the scalar potential of gauged N = 

8 d = 4 supergravity (see [23] and references therein for discussion) . It 

is natural to believe that similar relations should exist between the ten-
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and five-dimensional theories; in fact, this conjecture was made in 

reference [22] for the solution found there. 

More precisely, the issue is whether the scalar potential of the N = 8 

supergravity in five dimensions with non-Abelian gauge symmetry S0(6) 

(discussed in Chapter 4) possesses extrema for which the supersym­

metry is completely broken and the gauge symmetry is broken to SU(3) 

and S0(5). Since this is indeed the case, it is natural to conclude that 

the extrema correspond to the Pope-Warner and de Wit- Nicolai type 

solutions of the d = 10 theory, respectively. 

The question of the precise relationship between a higher­

dimensional theory and lower-dimensional counterparts, especially in 

the context of spontaneously compactified supergravity, is as fascinat­

ing as it is difficult. Eleven-dimensional supergravity admits geometri­

cally nontrivial solutions in which it appears that the values of all fields 

may lie within the restriction of the full theory corresponding to a com­

plete interacting theory of the massless supermultiplet. If this is indeed 

the case, as all available evidence seems to indicate, an understanding 

of this phenomenon would contribute a great deal to our knowledge of 

the dynamics of compactification and the structure of extended super­

gravities in general. It is fortunate that such a qualitatively different 

theory as the ten-dimensional supergravity provides another laboratory 

for the investigation of these issues . 

Of course, it would be interesting to have compactifications of the 

ten-dimensional theory to four dimensions, for comparison with 
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phenomenology. As we shall see in Chapter 4, certain gaugings of N = 8 

supergravity indirectly, but quite closely, related to the 

compactification on S5 offer very exciting phenomenological prospects . 

The present chapter does not appear to be directly applicable to such 

goals, but one should remember that there are several lines of investi­

gation that have gone practically unexplored. For example , a nontrivial 

interaction with the scalar field might drop a five-dimensional 

compactification to four dimensions, or give completely new 

compactifications . In addition, if one takes seriously the full super­

string of which this theory is only a particular limiting case (an option 

which may be forced if one is to obtain a consistent quantum theory), 

the possibilities for compactification may be substantially different. 



- 29-

References for Chapter 2 

[1] L. J. Romans, Phys. Lett. 153B (1985) 392. 

[2] M. Gunaydin, L. J. Romans and N. P. Warner, Caltech pre print ( 1985). 

[3] I. C. G. Campbell and P. C. West, Nucl. Phys. B243 (1984) 112. 

F. Giani and M. Pernici, Phys. Rev. D30 ( 1984) 325 . 

M. Huq and M.A. Namazie, Trieste preprint IC/83/210 (1983). 

[ 4] E. Bergshoeft', M. de Roo, B. de Wit and P. van Nieuwenhuizen, Nucl. Phys. 

B195 (1982) 97 . 

A. H. Chamseddine, Nucl. Phys. B185 (1981) 403. 

[5] G. F. Chapline and N. S. Manton, Phys. Lett. 120B (1983) 105. 

[6] M. B. Green and J . H. Schwarz, Phys. Lett. 122B (1983) 143. 

[7] L. Alvarez-Gaum~ and E. Witten, Nucl. Phys. B234 (1984) 269. 

[8] N. Marcus andJ. H. Schwarz, Phys. Lett. 115B (1982) 111. 

[9] W. Siegel, Berkeley preprint UCB-PTH-83/22 (1983). 

[10] J. H. Schwarz, Nucl. Phys. B226 (1983) 269 . 

[11] P . S. Howe and P. C. West, Nucl. Phys. B238 (1984) 181. 

[12] J. H. Schwarz and P. West, Phys. Lett. 126B (1983) 301. 

[13] P. G. 0 . Freund and M.A. Rubin, Phys . Lett. 97B (1980) 233. 

[14] P. K. Townsend, Phys . Lett. 139B (1984) 283. 



- 30-

[15] P . Candelas , G. T. Horowitz, A. Strominger and E. Witten, Santa Barbara pre-

print (1984) . 

[16] L. Castellani, L. J . Romans and N. P . Warner, Nucl. Phys . B24 1 (1984) 429 . 

[17] L. Castellani, L. J . Romans and N. P . Warner, Ann. Phys. 157 (1984) 394. 

[18] C. N. Pope and N. P . Warner, Class. Quantum Grav. 2 (1985) Ll. 

[19] K. Yano, "Differential Geometry on Complex and Almost Complex Spaces," 

Macmillan, New York, 1965 ; 

N. Hitchin, Adv. Math. 14 (1974) 1. 

[20] C. N. Pope and N. P. Warner, Caltech Preprint CALT-68- 11 76 (1984). 

[21] B. de Wit and H. Nicolai, Phys . Lett . 148B (1984) 60 . 

[22] P . van Nieuwenhuizen and N. P. Warner, Stony Brook Preprint ITP-SB-84-75 

(1984) . 

[23] B. de Wit , H. Nicolai and N. P . Warner, CERN preprint TH 4 052 (1 98 4). 



- 31 -

Chapter 3 

The Spectrum of Chiral N = 2 d = 10 Supergravity 

Compactified on the Five-sphere* 

3.1 Introduction 

This chapter will be concerned with studying in some detail one of 

the compactifications of the chiral N = 2b supergravity discussed m 

Chapter 1, the Freund-Rubin type compactification in which the back-

ground geometry describes the product of a five-sphere S5 and five-

dimensional anti-de Sitter spacetime AdS5 . Recall that for this solution 

the five-index field strength is given the expectation value 

F JJ.llprrr = - e f: J.Lllprrr , F mnpqr = e f: mnpqr (3 .1.1) 

where the parameter e is an arbitrary overall mass scale for the 

compactification. Assuming that only the four-index tensor and the 

metric are nonvanishing in the background, the Einstein equations read 

•Most of the mater ial contained herein appears in Ref . [1]. We acknowledge an il­
luminating discussion with Krzysztof Pilch. 
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(3 .1.2) 

while all other field equations are automatically satisfied. Here we are 

interested in the maximally symmetric solution to (3.1 .2), in which gJ.I.11 

describes AdS5 and 9mn describes S5 , both of radius e-1. The Riemann 

curvatures are given by 

(3.1.3a) 

(3 .1.3b) 

We will be concerned with finding the spectrum of masses for the 

effective theory defined in the five-dimensional spacetime . In general, a 

theory in a spacetime background which factorizes into the product of a 

lower-dimensional spacetime and a compact spacelike manifold M may 

be considered as a field theory on the lower-dimensional spacetime. 

The dependence of each of the original fields upon the coordinates of M 

may be expressed in a harmonic expansion, the coefficients providing 

the propagating modes on the lower-dimensional spacetime . 

A simple example of this mechanism is provided by a complex scalar 

IP, which satisfies the field equation 

o~P(x,y) = 0 . (3 .1.4) 

We will assume that the field theory is formulated on a d-dimensional 

spacetime which is the direct product of a ( d-1 )-dimensional spacetime 

described by coordinates x, and a circle of radius e-1 with coordinate y 
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(0 < y < 2rre-1). The harmonic expansion of ci> on the circle reads 

«P(x,y) = L:cpk(x)yk(y), yk(y) = exp(ieky) (3 .1.5) 

where k = 0, ±1, ±2, ... Substituting the expansion (3.1.5) into the field 

equation (3 .1.4) yields field equations for an infinite tower of mode s pro­

pagating in the ( d-1 )-dimensional spacetime : 

The spectrum is discrete with masses consistent with unitarity because 

the internal manifold (the circle, in this case) is compact and spacelike . 

The computations in this chapter are essentially more complicated 

versions of the foregoing. Both bosonic and fermionic field s may be 

expanded in harmonics of the relevant differential opera tors on the 

five-sphere S5 ; for convenience bose and fermi fields are handled 

separately in Sections 2 .2 and 2 .3 . Much of the work consists of prop­

erly diagonalizing coupled modes of various spin. Sensible gauge 

choices for the gauge fields of the original theory simplify much of the 

analysis, but sometimes such choices require great care to implement, 

as we shall see . 

The model raises several interesting questions. A sector of the 

compactification is expected to contain a maximal (N = 8) supergravity 

with the non-Abelian isometry group S0(6) of S5 gauged by fifteen vec­

tors . This is in analogy to the compactifica tion of eleven-dimensional 
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supergravity on S7 , which yields an N = 8 supergravity in four dimen­

sions with gauge group S0(8) [2]. In the latter case, the gauged theory 

contains 28 vectors, just enough to gauge S0(8), and the gauging could 

be done by simply adding terms of order g to the Lagrangian and 

transformation rules, and a scalar potential of order g2 to the Lagran­

gian [3]. The ungauged maximal supergravity in five dimensions [ 4] has 

27 vectors, however, 12 more than necessary to gauge S0(6). As we 

shall see, there are no vectors arising from the compactification which 

could correspond to these extra twelve vectors. Rather, they must be 

replaced by a complex sextet of two-index antisymmetric tensor fields 

satisfying self-dual field equations of the type discussed in [5]. 

Based in part upon the work here, the gauged N = 8 supergravity in 

five dimensions with Yang-Mills group S0(6) has been constructed, along 

with associated noncompact gaugings; the construction is presented in 

Chapter 4. 

Another question concerns the four-dimensional singleton [6] and 

the seven-dimensional doubleton [7] supermultiplets . These multiplets 

are ultra-short oscillator-like unitary irreducible representations of the 

pertinent superalge bras . Although there are no corresponding pro­

pagating modes in the compactified spectrum, they may be identified 

with geometrically interesting sets of gauge modes. In fact, a similar 

phenomenon occurs for the five-dimensional doubleton [8] representa­

tion. 
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Perhaps most interesting is the question of masslessness. We recall 

that in four dimensions the scalars and spinors in the "massless" super­

multiplet (i.e ., the supermultiplet corresponding to the gauged N = 8 

supergravity, containing all the gauge fields) satisfy a conformally 

invariant field equation . This was considered hardly surprising, since 

massless particles should propagate on the light cone . Furthermore, 

being in a supermultiplet with so many clearly massless particles 

(namely, particles possessing gauge invariances) would lead one to 

expect a particle to be "massless," for any reasonable definition of the 

word. 

In seven dimensions, however, it was found in several models [9 , 1 0] 

that the scalars in the same supermultiplet as the massless graviton do 

not have a conformal field equation, although for several models these 

field equations were the same (to linear order) . Thus one seemed to 

have a choice of definition of masslessness for scalars: either the scalar 

had a conformally invariant field equation, or was related by supersym­

metry to a field guaranteed to be massless by gauge invariance. The 

same issues hold for spinor fields. 

In five dimensions we find a further surprise : scalars and spinors in 

different S0(6) representations, but all within the massless supermulti­

plet, have different mass terms! Thus supersymmetry seems to have no 

relation to any inherent quality of masslessness for scalars and spinors. 

The relationship in four dimensions appears to be quite special. 
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Closely related to the doubleton issue is a subtlety concerning the 

removal of modes by fixing the general coordinate gauges . After impos­

ing de Dander-like gauge choices, one is still left with a residual gauge 

symmetry whose spherical harmonics are conformal scalars [ 11, 12] 

(scalar harmonics Y on spheres for which DmDn Y is proportional to 

gmn Y). In the sector of these conformal scalars one can either algebra­

ically eliminate certain nonpropagating modes, or remove them by a 

conformal gauge choice . Counting degrees of freedom seems to present 

a problem, because in the latter procedure one naively ends up with 

more modes than in the former. The resolution, as we shall see, is that 

one must use the gauge freedom to eliminate twice as many modes as 

there are gauge parameters, as in the case of electromagnetism. 

Our work makes contacl with the group-theoretical analysis of Ref. 

[8 ] insofar as the entire set of modes we find fit precisely into the super­

multiplets constructed there. In addition, we have obtained the spec­

trum of masses. 
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3.2 Bosonic modes 

In this section we will determine the bosonic modes for the 

compactification of N = 2b supergravity on S5 . The procedure will be to 

linearize the field equations in terms of excitations about the back-

ground configuration given by eqns. (3.1.1-3b) . Diagonalization of the 

resulting system will then give the spectrum of bosonic modes. 

The ten-dimensional theory possesses a number of gauge invari-

ances, many of which may be fixed for easier identification of the pro-

pagating modes. This is purely for convenience (the gauge modes would 

decouple otherwise) but imposing a particular set of covariant gauge 

conditions will considerably simplify the analysis. As we will see, the 

most natural covariant gauge choices will leave unfixed a particular set 

of pure gauge modes which may be identified with the bosonic part of 

the "doubleton" representation of U(2,2 l4) [8]. 

The bosonic field equations, to first order in excitations, are 

(3.2.1) 

M 2 F- DQARS --D O[MANP] + ~ NPQRS 0 (3.2.2) 

= 1 FSTUVW 
FMNPQR 120 CMNPQRSTUVW (3.2.3) 

R 1 F F PQRS -- 0 
MN - 6 MPQRS N · (3 .2 .4) 

Raising and lowering of indices is done with respect to the background 

metric 9MN· All covariant derivatives are with respect to the 
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background spacetime geometry; the U( 1) connection QM and its first 

variation vanish in the background. To leading order in fluctuations, 

(3 .2.5) 

(3 .2.6) 

-
where 9MN = fiMN + hMN and AMNPQ = AMNPQ + aMNPQ· The internal gravi-

ton may be rewritten in terms of its traceless component plus a trace 

part: 

h H 1-
mn - mn + 59mn1T' where (3.2.7) 

and 

(3 .2.8) 

The propagating spacetime graviton is related to hJJ.11 by a Weyl rescaling, 

so anticipating the necessary field redefinition we define 

H h 1-
)J.II - )J.II + 3 g )J.II1T > (3 .2.9) 

to give the linearized Weyl shift . (For d spacetime dimens ions the 

coefficient ~ is replaced by (d~2 ) .) Furthermore, we label the space-

time graviton trace 

(3 .2.10) 
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Inserting eqns. (3.2.5-10) into the Einstein equation (3 .2.4) gives the 

set of three field equations 

(3.2.11) 

1( 1 1 1 4 - n +n...)h - -D flPh - -D DPH +D D (-m- -7T)-2 '-'X ~y p.n 2 f.J. '"np 2 n f.J.P f.J. n 2 T 15 

(3.2.12) 

0 , (3 .2 .13) 

where Ox = DJJ.DJ.J. and Dy = DmDm. These equations are coupled to the 

field equations resulting from the self-duality condition (3.2.3), which 

are given by 

(3 .2 .14) 
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(3 .2.16) 

The other three components of eqn. (3 .2 .3) , corresponding to Fp.vmnp• 

Fp.mnpq and Fmnpqr• are simply the duals of eqns. (3 .2.14-16) . 

On the n-dimensional sphere with radius e-1 the scalar harmonics 

yi~(y) are defined for the index k = is = 0,1,2 , ... (The label is means 

iscalar; the label k is a conventional designation.) The yi~ are eigenfunc-

tions of the Laplacian Dy with eigenvalue - Ke 2 , where we define 

K = k (k + n- 1 ) . For k = 0, Y is constant, and fork = 1 the yi are the 

conformal scalars, transforming in the (n+ 1 )-dimensional vector 

representation of SO(n+1 ) and satisfying 

(3.2 .17) 

The symbol (mn) I means that this index pair is symmetrized with trace 

transform in the (O ,k,O) representation of S0(6) ~ SU(4), in the Dynkin 

notation . 

The transverse vector spherical harmonics r;;:, are defined for k = 

1,2 ,3 , ... Fork = 1, the Pm are the Killing vectors satisfying D(m ~) = 0 

and transforming in the adjoint of SO(n+ 1 ). The vector harmonics are 

eigenfunctions of the Laplacian with eigenvalue ( 1-K ) e2 and on S5 

transform in the (1,k-1 ,1) representation of S0(6) . 
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The transverse traceless tensor spherical harmonics ~n = Yl:nn)l, 

defined for k = 2,3,4, ... , are also eigenfunctions of Dy. with eigenvalues 

(2- K) e2
. On S5 they transform in the (2,k -2,2) representation of S0(6) . 

Expanding HJ.i-v• hJ.I-n• Hmn • 1T and rp(x ,y) into a complete set of spheri-

cal harmonics on S5 we have 

HJ.I-v(x ,y) 
i . 

= ~ 9'~v(x) Jfis(y) (3.2.18) 

hJ.I-n(x,y) = ~B::(x) Y~(y) + ~B:: (x) Dn yis(y) (3.2.19) 

Hmn(x,y) = ~~'(x) ~n(Y) + ~Hiv(x)D(mQI(y) + 

+ ~His(x) D(mDn) l yis(y) (3.2.20) 

rr(x ,y) = ~rris(x) yis(y) (3 .2 .21) 

(3.2 .22) 

where of course rpis = §P'vrp:Zv follows directly from the definition (3 .2.10). 

We impose the following internal de Dander and Lorentz-type gauge 

conditions 

(3.2.23) 

Under diffeomorphisms, one has ohMN = 2 D(M~N) and by expo.nding ~M 

into spherical harmonics it becomes clear that one can gauge away all 

x-space fields which correspond to gradients of spherical harmonics in 

eqns . (3.2.1 9,20). This yields 
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hJJ.n(x ,y) = ~Bi:(x) Y~(y) 

Hmn(x,y) = ~lf'(x)~n(y). 

(3 .2 .24) 

(3.2.25) 

Those diffeomorphisms which respect the conditions (3 .2.23) are 

given by 

(3 .2.26) 

They consist of (i) ordinary S0(6) Yang-Mills symmetries for which ~m = 

A i(x) Y/,(y) where Y/n are the Killing vectors on S5 , (ii) ordinary five­

dimensional spacetime diffeomorphisms for which ~JJ. = ~JJ.(x), and finally 

(iii) what have been called conformal diffeomorphisms [11,12 ]: 

(3.2.27) 

where P(y) are the k = 1 conformal scalars transforming m the six­

dimensional vector representation of S0(6) . These three classes of 

diffeomorphisms also respect the form of the expansion 

(3.2 .18,21 ,22,24,25) although the x-space coefficient fields will in gen­

eral be transformed. The appearance of the extra conformal 

diffeomorphisms is not surprising , because in eqn. (3 .2 .23) the terms 

with DcmDn) l yi• cancel when yi• is a k = 1 scalar harmonic, so that no 

gauge parameter has been fixed to eliminate these modes . We shall 

come back to the role of these conformal diffeomorphisms later, and 

use the unfixed gauge freedom. 
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We now repeat the foregoing analysis for the antisymmetric tensor 

fluctuations aMNPQ = AMNPQ-AMNPQ· Taking the internal Lorentz-type 

gauge conditions 

(3 .2 .28) 

again removes terms with gradients from the harmonic expansions for 

the various fluctuations. One ends up with the expressions 

ap.vpa( X' Y) = e- 1'i:.bJ:vpa(x) J.iis(y) (3.2.29a) 

ap.vpm (x ,y) = e-1r.bJ:vp(x) f,;,(y) (3.2 .29b) 

ap.vmn (x ,y) - e- 1 'i:.b~~(x) ~n(Y) (3.2.29c) -

ap.mnp(x ,y) = e - 1 'E. b ;i' ( x ) -r:;,np ( y ) (3.2.29d) 

amnpq(X ,y) = e -1 r. b is Y!,s mnpq (3 .2.29e) 

where the factors of e-1 are for future notational convenience . 

On sn, the transverse antisymmetric tensor harmonics with m 

indices (0 < m < n) are defined for the index k = 1,2,3, ... and are eigen-

functions of Dy with eigenvalue ( m-K) e2 , where as before K 

k ( k + n - 1 ) . On S5 we can take 

(3.2.30) 

(3 .2 .31) 
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The two-index antisyrnrnetric tensor harmonics may be taken to satisfy 

first-order self-duality type equations 

pqrD ...-...t.2 
Cmn p Iqr = f3~n (3.2.32) 

where for consistency with the second-order equation Dy ~n = 

(2-K)e2 ~n the constant (3 must be ±2ie(k+2) . The harmonics ~n 

"+ . are then split into the complex conjugate tensors Pmn and P~n· which 

fork = 1 transform in the 10 and 1o of S0(6), in general the (O,k-1 ,2) 

and (2,k -1 ,0) representations . 

We can now substitute the expansions of the graviton and the four-

index tensor into the linearized field equations (3 .2 .11-16), and collect 

in each field equation the coefficients of a given spherical harmonic . 

One thus obtains from (3 .2 .11) 

(3.2.33) 

and 

From (3.2 .12) one finds 
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and 

(3.2.36) 

and (3.2.13) yields 

(3.2.37) 

(3.2 .38) 

(3 .2 .39) 

and 

The self-duality equation yields from (3.2 .14) 

r 5 a b is ( 1 2 is 4 2 is + bis) ] "'fts --l [.u vprrr] - t; 1 .. wprrr 2e rp - 3e 1T Dy I 0; (3.2.41) 

from (3.2 .15) 

r4a bi.., T(( 42)bi.., 2Bi..,)]"',i,, = 0 l (.u llpU] + t; jJ.llpU 0y - e T - e T l m (3 .2.42) 

and 
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r bi' + TD bi' ]n vis = 0 l p.vpa f: p.vpa T m I (3 .2.43) 

and finally, from (3.2.16) 

(3 .2 .44) 

and 

(3.2.45) 

Consider the equations (3.2.41-45) arising from the self-duality con-

clition (3.2.3) . Fork > 0, equations (3 .2.43) and (3.2.45) allow us to alge-

braically eliminate b~vpa and b;J:vp• respectively. The curl of eqn . (3 .2.42) 

reads 

(3 .2.46) 

Substituting these results into eqns. (3.2.41) and (3.2.42), and decom-

posing the tensor harmonics ~n into self-dual components , one obtains 

the following three equations which summarize the content of (3 .2 .3) . 

(3 .2.47) 

(fork > 0), and 

(3 .2 .48) 
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(3 .2.49) 

where we have substituted the eigenvalues for differential operators on 

For the special case k = 0, Y:~ is constant and eqn. (3 .2 .43) van-

ishes . Then (3.2.46) must be replaced by 

5 a bo = e2" ( 1 mo 4 1ro) lfl vprrr] "'p.vprrr 2..,. - 3 · (3 .2.50) 

We now divide all equations arising from the Einstein and self-

duality equations into three classes, which we shall discuss separately: 

(i) Maxwell-Proca equations, (ii) coupled scalar equations and (iii) diago-

nal equations . 

Maxwell-Proca equations 

These consist of the field equations (3.2.48) and (3.2 .35), where the 

latter yields 

(3 .2 .51) 

upon substitution of (3.2.45) . The resulting 2 x 2 system is easily diago-

nalized, yielding two branches of vector fields 

(3 .2 .52) 

with masses 
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M; = ( k - 1 ) ( k + 1 ) e 2 , M~ = ( k + 3 ) ( k + 5 ) e 2 (3.2 .53) 

where vJJ. satisfies the field equation (Max- M;)vJJ. = 0 and similarly for 

These field equations must be supplemented with the transversality 

conditions eqn. (3.2.46) and (3 .2.39), the latter of which gives DP-B~ = 0 

for k > 1, but vanishes for k = 1. Thus all the vJJ. and wp. satisfy 

transversality conditions except for v~. These latter, having M; = 0, are 

clearly the S0(6) gauge fields; as mentioned before, their gauge invari-

ance has not been fixed . 

Coupled scalar equations 

There are five equations involving the three scalars rpi•, rri• and bi• : 

k 16 k 
rp = 157T (3 .2 .54) 

fork > 1 from (3.2 .38) ; 

(3 .2 .55) 

fork > 0 from (3 .2 .36) and (3 .2.43) ; 

(3 .2.56) 

from (3.2.40) and (3 .2.43); 

(3 .2.57) 
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from (3 .2 .47) . The fifth scalar equation, (3 .2 .34), is linearly dependent 

upon the other four so may be dropped . Equation (3 .2 .55) will supply 

the transversality condition for the massive gravitons, as we shall see . 

In the case that k > 1, eqn. (3.2 .54) allows us to eliminate cpk yield­

ing from (3 .2 .56) and (3 .2 .57) a simple 2 x 2 coupled system with mass 

eigenvalues 

JiZ = k(k-4)e2 , M2 = (k+4)(k+8)e 2 . (3 .2 .58) 

In the absence of an unambiguous definition of mass for scalar fields, M2 

is simply taken to be the eigenvalue of Dz; i.e ., a generic scalar field a 

satisfies a field equation (Ox- M2 )a = 0 . As we shall see, the second 

branch in (3.2 .58) may be extended down to k = 0, but the first branch 

has only k = 2,3,4 , ... 

For k = 1, (3 .2.54) is no longer a field equation, but one could in 

principle still use the unfixed conformal diffeomorphism s to obtain cp 1 = 

~~ 1T 1, and proceed exactly as before. One would then naively obtain two 

modes, with masses as in eqn. (3 .2.58) fork = 1. However, one could use 

eqn. (3 .2 .56) to directly eliminate cp 1 and insert the result into (3 .2 .57) . 

This reasoning leads to one field equation for only one mode, namely, 

(3 .2 .59 ) 

The resolution of this apparant inconsistency requires a closer exami­

nation of the conformal diffeomorphis ms. 
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Under the conformal diffeomorphisms of eqn. (3.2.27) , the scalars 

transform as follows 

(3.2.60) 

where the factor of 
5
3
° comes from the Weyl shift. The result for ob 1 fol­

lows from the general result 

(3 .2 .61) 

by taking the lowest-order terms and making a compensating gauge 

transformation. Under the sum of the conformal diffeomorphism and 

the compensating gauge transformation with parameter Amnp = 

-4tzAqmnp, the other components of AMNPQ are all inert except, as 

required by self-duality , AJ.Lvpa· Under conformal diffeomorphisms, AJ.Lvpa 

transforms as 

(3 .2 .62) 

SO that Ob~vpa = -E:J.I.llpaTDTA, if one adds a further COmpensating gauge 

transformation with parameter AJ.Lvp = -4 ,r-AaJ.Lvp · One may ve rify that 

all field equations are invariant under these combined conformal 

diffeomorphisms and gauge transformations . 

With these preliminaries we will now argue that fixing the conformal 

gauge leads to the same result as direct elimination of rp 1. Consider as a 

simplified model the field equation 
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oA + B = 0 (3.2.63) 

with gauge invariance 

oA = A., oB = -of.... (3 .2 .64) 

One can either directly eliminate B by B = -oA, in which case there are 

no surviving propagating modes, or one can use the local symmetry to 

fix B = aA. In the latter case, one obtains the field equation (o + a)A = 

0, which seems to indicate a propagating mode with gauge-dependent 

mass. However, we can use the local symmetry once more to gauge A 

completely away. To see this, note that we can still make gauge 

transformations which respect B = o:A by using a parameter A. which 

satisfies (o + o:).\ = 0 . Thus "the gauge shoots twice" and no modes 

remain; A has been shown to be pure gauge. 

Returning to our original model, we conclude that in the k = 1 sec­

tor there is only one mode propagating, namely, the mode in (3 .2.59). 

This is the k = 1 mode in the second branch of (3.2.58). Thus, although 

in the spherical harmonic expansion one does find a second mode at k = 

1, it drops from the theory. In the discussion, Section 2.4, we shall 

argue that this set of six scalars is part of the doubleton multiplet. 

The necessity of utilizing a residual gauge invariance for a correct 

identification of physical modes is familiar in the context of Maxwell 

theory. There, the field equations read (in flat spacetime) 

(3 .2 .65) 
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One may use the gauge invariance oA~ = of.k.A to gauge oP Ap = 0, thus 

reducing the number of degrees of freedom carried by A,u. from four to 

three (in four dimensions); the wave equation for these modes is then 

oAJ.k = o. (3 .2.66) 

In order to restrict Af.k to the two physical polarizations, one must utilize 

the remaining invariance of (3.2.66) under gauge transformations 

parametrized by A satisfying oA = 0. 

In the k = 0 sector, there is no bmnpq term from the expansion of 

amnpq• and (3.2.57) is replaced by (3.2 .50). Equation (3 .2.56) reduces to 

(3.2.67) 

which describes the dilatational mode of the internal metric. Again, this 

mode can be found in the continuation of the second branch of (3 .2 .58) 

to k = 0. 

Diagonal equations 

The remaining fields, b~"t. Ift and Lhe gravitons fl'~v) l · have diagonal 

field equations. From (3 .2.44) the antisymmetric tensor fields satisfy 

first order self-dual field equations: 

[( *D)aT_iMoaT ]bi±- 0 
JkV JkV UT (3.2.68) 

where ( *D)f;.~ - ~ t,u./aTaP. Upon iteration this takes the more familiar 

form 
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(3.2 .69) 

where the generalization of the Maxwell operator to tensor fields is 

(Max)bJL11 = .DP(3D[pbJL11]). Here, the mass parameter M takes on the 

values ±(k +2)e fork = 1,2,3, ... 

The scalars 1ft have masses Ke 2 - k (k +4) e2 , as can be read off 

from eqn. (3.2 .37), fork = 2,3,4, ... 

The graviton field equations appear in (3.2.33). For k > 0 the field 

redefinition 

k ~ 1 ( 2 k k) 
cpJLII - 9'Luv)l- (k+ 1 )(k+3 ) D(p.Dv)l 5rr - 12b (3.2 .70) 

g1ves 

(3 .2 .71) 

where the Einstein operator is defined by 

(3.2 .72) 

Furthermore, eqn. (3 .2 .55) shows that ~Pt11 is transversal on shell. 

For k = 0, there is no transversality condition (we have not fixed 

the general coordinate invariance) and upon imposition of the scalar 

equations (3.2.50) and (3.2.67) the field equation (3 .2.33) reads (Ein)rp~11 

= 0, the field equation for a massless graviton. Thus we have a tower of 

gravitons of (mass) 2 = k(k +4)e 2 , k = 0,1,2 , ... 
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Other bosonic fields 

We now discuss the modes contained in the fields AMN and B . These 

fields are purely fluctuations; that is, they vanish in the vacuum. Again 

we choose internal Lorentz-type gauge conditions 

(3 .2 .73) 

The spherical harmonic expansions are then 

A~11 (x ,y) - ~ a~11(x) yi~(y) - (3.2 .74a) 

A~n(x ,y) - ~ai;(x) Y~(y) - (3 .2 .74b) 

Amn(x ,y) = ~ aiz(x) ~n(Y) . (3 .2 .74c) 

and for the scalar field 

(3 .2.75) 

Substituting these expansions into the field equations (3.2 .1,2) 

yields 

(3 .2 .76) 

(3.2.77) 

(3 .2.78) 

r DPai~ ]n ~fts = 0 l p~ n I , (3 .2 .79) 
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(3 .2 .80) 

and 

(3.2 .81) 

We immediately identify a tower of complex scalars Bk satisfying 

(3 .2.82) 

Substituting the decomposition of ~n into yi~n · equation (3 .2.80) yields 

(3.2 .83) 

describing two towers of complex scalars of masses 

M2 = k ( k - 4 ) e 2 , M2 = ( k + 2 ) ( k + 6 ) e 2 (3 .2 .84) 

for k = 1,2,3, .. . There are also complex massive vectors of (mass) 2 = 

(k + 1 )(k +3)e 2 , k = 1,2,3, ... described by (3 .2 .78) and satisfying the 

transversality condition (3 .2 .81) 

The equation of motion for the tensor fields a~n· k = 0 ,1,2, ... , fac-

torizes into the product of two first-order field equations: 

= ( (*D)~~- ie (k +4 )o~~ ]( (*D)~~+ iek o~~ )a:A = 0. (3 .2.85) 

Thus the propagating modes in atv split into two sets of complex tensor 
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fields satisfying self-dual equations, with masses ke and (k +4 )e. One 

can show that the first mode (for k = 0) is pure gauge and can be con­

sidered part of the doubleton representation. The k > 0 modes are all 

transversal due to eqn. (3 .2 . 79). 
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3.3 Fermionic modes 

The ten-dimensional gravitino and spinor field equations, linearized 

in fluctuations, read 

(3.3 .1) 

( 171 _ ...i_fMNPQRF- ) - O 
P 240 MNPQR - · (3.3.2) 

We will take a representation of the 32 x 32 ten-dimensional Dirac 

matrices which is manifestly Weyl but not Majorana: 

(3.3.3) 

where the ai are the usual Pauli matrices and 1~'-, Tm are 4 x 4 Dirac 

matrices in the five-dimensional spacetime and internal space, respec-

tively. The "15" rna trix in ten dimensions is 

(3.3.4) 

The chirality conditions f 11 --¥M = --{rM and f 11 A -A imply that we can 

write 

(3.3.5) 

We decompose the spinor field into spinor spherical harmonics on S5 : 

(3.3.6) 
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where both ;x._il(x) and zi1(y) are four-component spinors . 

The 2i1(y) are eigenfunctions of Ely = Tm Dm. and can be easily 

expressed in terms of the bosonic scalar harmonics . On the n-sphere 

with radius e-1, there are two sets of Killing spinors 7]+ and 71- (on S5, 

complex conjugates of each other) satisfying 

(3 .3.7) 

The eigenspinors of Ely are then 

= [ ( k + n - 1 ) e ± illy ) yk 7] ± (3 .3.8) 

fork = 0,1,2 , ... , and satisfy 

(3.3.9) 

An alternative expression for zk- in terms of 71+ can also be obtained; it 

is given by 

k ~ 0 . (3 .3 . 10) 

On S5, the 7]+ and the 7]- transform in the s pinor 4 and 4 of Spin(6) ~ 

SU(4) . In general, the zk+ and the zk- transform in the (l ,k,O) and 

(0 ,k ,1) representations, in the Dynkin notation. 

Similarly, the vector-spinor spherical harmonics satisfy 

(3.3 .11) 
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where now k = 1,2,3, ... The 'E.~± are both gamma- and space-

transversal: 

T m';;'k± = nm';;'k± = 0 
~m ~m , (3.3.12) 

and can be expressed in terms of the bosonic vector harmonics ( r*)P 

and Killing spinors as follows: 

'E.~± = [ (n- 2)e gmp f (n + k )(n + k- 2)e T i(n + k- 1 )l'y ~-

- ( n + k - 1 ) ( n + k - 2) e 2 T mn T i ( n + k ) e T mnp fln ± 

(3.3 .13) 

Again one can express the 'E.~- in terms of 7]+ : 

'E.~- = [ ( n - 2 ) e g mp f k ( k + 2 ) e + i ( k + 1 ) Ely ~ -

(3.3.14) 

On S5 the 'E.~± transform in the (2,k-1,1) and the (1,k-1 ,2) representa-

tions of SU(4). 

It is important to stress that in all of these equations, the deriva-

tives do not act on the Killing spinors but only on the bosonic harmon-

ics. The basic relations to obtain the fermionic spectrum are given in 
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(3 .3 .9) and (3 .3 .11). 

Inserting the expansion (3.3.6) into the spinor field equation (3.3.2) 

gives immediately 

(Elx + i.Ely + e);>._k± = (Elx + e ± (k + ~ )e );._k± = 0 (3.3 .15) 

where Elx = -yP.Dw Thus we can immediately identify two towers of com­

plex spinors with masses (k + ~ )e and (k + ~ )e, for k = 0,1 ,2, .. . In the 

absence of an unambiguous definition of mass for spinors, we simply 

label the eigenvalue of Elx the "mass" (only defined up to a sign). 

We now turn to the gravitino field equation. The two cases M = f.L 

and M = m yield, respectively, 

(3 .3 .16) 

(3 .3.17) 

We partially fix the ten-dimensional local supersyrnmetries by trying to 

achieve rm'l'm = 0 . However, since the supersymmetry in the back­

ground gives 

(3.3.18) 

upon decomposing the supersyrnmetry parameter 
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(3.3.19) 

it becomes clear that rm'l'm is invariant under those supersymmetry 

modes proportional to 7]+ . Thus the nearest one can come to fixing 

(3.3.20) 

where the notation (m) indicates that the gamma-trace has been 

removed; that is, 1/l(m) = 1/lm - ~ TmTn'l/ln so Tm'J/I(m) = 0. Note that the 

coefficients of the other Killing spinors, 7]-. can be gauged away along 

with all the higher modes . (Of course, the situation is reversed for -¥~.) 

We expand the gravitino fields as follows 

(3.3.21a) 

(3.3.21 b) 

We will first analyze the gravitino field equations in the sectors 

excluding 7]+ , and separately consider the 7]+ sector. From eqr . . (3 .3 .16) 

we find 

(3 .3.22) 

where the last term arises from -yJJ.Dm'J/I(m) · From eqn. (3 .3 .17) we have 
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(3.3 .23) 

(3.3 .24) 

(3 .3 .25) 

Here, (3.3.24) is obtained by contracting (3.3.17) with Tm, while (3.3.25) 

is the Tm-transverse part. From (3 .3 .23) we immediately see that the 

ait describe two towers of complex spinors, of masses (k + ~ ± 1 )e = 
3 7 

(k + 2)e, (k + 2)e,fork = 1,2,3, ... 

Eliminating 'YP.1fi~ in terms of (3i1 from (3.3 .24) and the 'Yp. contraction 

of (3 .3 .22) gives 

(3 .3.26) 

Inserting this into (3.3 .25) yields 

(3 .3 .27) 

which describes two towers of complex spinors , with masses 

5 1 11 
(k + 2 ± 3)e = (k- 2)e, (k + 2 )e. Normally , the index k wCiuld start 

at zero, but since we will handle the TJ+ harmonic separately , for now we 

take k = 1,2,3, .. . 
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For the gravitino modes, eqn. (3.3 .22) yields, upon eliminating (Ji1, 

(3 .3.28) 

In order to find the physical propagating gravitino modes, we make the 

field redefinition 

(3 .3 .29) 

We can guarantee that D~-'rp~ = 0 on shell by taking 

a = 
4 (2im il +e) 

3 
(3 .3 .30) 

Note that the denominator only vanishes for 3i1 = 7]+ , which we will dis-

cuss later . The field equation for rp'"' then reads 

= ( R S . i1 5 ) p.i1 . - . + 'Lm + 2 e rp , (3 .3.31) 

where we have defined the Rarita-Schwinger operator by 

(3 .3 .32) 

which describes a gauge- invariant massless gravitino mode in our anti-

de Sitter background. The field equations (3 .3.31 ) hence describe two 

(complex) towers of massive gravitini, of masses ( k + ~ ± ~ )e = ke, 
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(k + 5 )e, for k = 1,2,3, .. . The TJ- mode, which we can include, supplies 

the missing gravitino mode with mass = 10e for the second branch. 

We must now analyze the TJ+ sector . One finds the following two field 

equations 

(3.3 .33) 

(3 .3.34) 

Contracting the first equation and combining with the second gives a 

diagonal result for x: 

11 
( El x + 2e ) X = 0 . (3.3.35) 

Thus x has the correct mass to fill the k = 0 position in the upper 

branch of modes arising from {3i1. The k - 0 slot in the lower branch 

remains vacant, and may be identified with the spinorial part of the dou-

bleton. 

Upon defining the shifted field 

(3 .3 .36) 

the gravitino field equation becomes simply 

(R.-S .)!f>P- = 0 (3.3.3?) 

and hence IPp. (and its complex conjugate) describe the massless gravi-

tina modes consistent with N = 8 supersymmetry. 
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3.4 Discussion 

We have obtained the complete mass spectrum for the 

compactification of chiral N = 2 d = 10 supergravity on S5 . The results 

may be compared with the U(2,2l4) supermultiplet structure obtained in 

Ref. [8]. Naturally, all the modes given here may be fitted into super­

multiplets. Furthermore, all of the representations found in [8 ~ occur in 

the compactification, with one important exception: the "doubleton" 

representation, which may instead be identified with a set of gauge 

modes, as stated in Sections 3.2 and 3.3. These modes are (i) the six 

conformal scalars in the k = 1 sector of 7Ti,. and bi", (ii) the k = 0 com­

ponent of a'J:v which is pure gauge on shell, and (iii) the Fourier 

coefficients of the 7)+ terms in 'lj;~ . 

Now that the linearized field equations of the modes found in [8 ] are 

known, one can give physical meaning to the quantity E0 , which helps to 

characterize the SU(4) representation and should correspond to some 

sort of "energy ." In fact, for all of the scalar, spinor, vector, tensor and 

graviton modes there is a very simple relationship between the mass 

parameter obtained here and the parameter Eo of Ref. [8 ]. Define c to 

be ~ e E0 . Then the linearized field equations that all the scalars satisfy 

may be written as 

[Ox - c( f; - 4) J 'P - 0 . (3.4.1) 

For all the spinors 
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[E>x- i(c- 2)]x = 0. (3 .4 .2) 

For the vectors 

[Max- ( c- 1 )( c- 3) ]A,u. = 0. (3.4.3) 

For the antisyrnrnetric tensors 

[ ( *D) - i ( c - 2) ] a,u.v = 0 (3.4.4) 

where the operator (*D) has been defined in Section 3.2. The gravitons 

satisfy 

[ Ein - c( c - 4) ] h,u.v (3.4.5) 

with Ein the operator defined in Section 3.2. The gravitini require 

separate treatment for each tower; for the tower including the massless 

gravitini the field equations are 

(3.4.6a) 

while for the higher tower we have 

(3.4.6b) 

The Rarita-Schwinger opera tor describing propagation of massless 

gravitons has been given in Section 3.3. 

The linearized field equations for the scalars and spinors in the 

massless supermultiplet, along with their SU(4) representations, are 
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(Oz: + 4 e2) rrk=2 = 0 ( 20') (3.4 .7a) 

(Oz: + 3 e2) ak=l = 0 ( 10 + 10) (3.4 .7b) 

(Oz:) Bk=O = 0 ( 1 + 1) (3.4 .7c) 

(.EJ 3 · ) ,>.._k=O x ± "2'-e = 0 (4 + 4) (3.4 .8a) 

(.Elx ± re) (3k=l = 0 (20+20). (3.4 .8b) 

As mentioned in Section 3.1, the scalars in the massless supermultiplet 

have several different masses, as do the spinors . 

All forty-two of the scalars in (3.4 .7a-c) lie inside or on the boun-

dary of the perturbative stability region, for which is defined by 

(Oz: +a)~ = 0 with a~::Ae 2 [13 ]. Note that the c onformally invariant field 

equation reads (Oz: + 1
4
5 e 2)~ = 0, which is also within the stability 

region . The conformally invariant wave equation for spinors is ElxX = 0, 

as in all dimensions. None of the scalars or the spinors satisfy confer-

mally invariant field equations . 
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Chapter 4 

Gauged N = 8 Supergravity in Five Dimensions* 

4.1 Introduction 

The ungauged N = 8 supergravity in five dimensions was con-

structed several years ago [ 4] following the analogous construction in 

four dimensions [5,6]. There is a gauged version of the four-

dimensional theory [6], in which the 28 Abelian vector fields of the 

ungauged theory become the non-Abelian gauge fields of the S0(8)1ocal 

symmetry of the gauged theory . The five-dimensional theory contains 

27 vector fields transforming in the fundamental representation of the 

non-compact symmetry group Ee(e)· Since there is no 27-dimensional 

semi-simple subgroup of E6(e) under which all the vector fields transform 

in the adjoint representation, it was unclear whether a gauged version 

of this theory could possibly exist. 

•Most of the original material in this chapter has appeared in letter form as Ref. 
[ 1]. Reference [2] is a more complete version with additional results. An indepen­
dent derivation of much of the structure of one of the theories discussed here ap­
pears in Ref. [3] 
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Historically, most of the structure of the ungauged N = 8 theory in 

four dimensions was first obtained by dimensional reduction from the 

eleven-dimensional supergravity [7]. It has been conjectured that the 

gauged N = 8 theory of Reference [6] can be obtained by a consistent 

truncation to the massless supermultiplet of the S7 compactiftcation of 

the eleven-dimensional theory; the evidence that such a truncation 

exists is by now practically overwhelming (see Ref. [8 ] and references 

within). 

Before considering the five-dimensional theory, it is instructive to 

make a digression on the subject of supergravity in seven dimensions . 

The ungauged maximal supergravity in seven dimensions [9 ], which may 

be obtained by dimensional reduction from eleven dimensions, contains 

ten vector fields, suggesting a possible S0(5) gauging. Such a gauging 

would correspond to the massless sector of the S4 compactiflcation of 

the eleven-dimensional theory which is formally quite similar to the S7 

compactification, but with the spacetime and internal space inter­

changed. However, the explicit S4 compactifica tion [ 10 ] produced some­

thing of a surprise: the massless supermultiplet in seven-dimensional 

anti-de Sitter space indeed contained ten vector fields in the a djoint of 

the isometry group S0(5), but whereas the ungauged theory contained 

five two-index antisymmetric tensor fields, the compactification led to 

five three-index antisymmetric tensor fields . Even though, in seven 

dimensions, three-index antisymmetric tensor fields are equivalent to 

two-index antisymmetric tensor fields at the free-field level in fiat 
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spacetime (via duality transformations), one finds that once one tries to 

construct the interacting gauged S0(5) theory this equivalence disap-

pears. In fact, the difficulties encountered at first in gauging the maxi-

mal supergravity [ 11] did not arise at all when three-index instead of 

two-index tensor fields were used [ 12]. The problem with the two-index 

fields is that it is difficult, if not impossible, to render their tensor gauge 

invariance consistent with the local S0(5) gauge invariance . The three-

index fields satisfy first-order self-dual field equations of the form 

(4.1.1) 

(where M is some mass parameter) and hence do not need any gauge 

invariance to yield the correct number of propagating modes . Analo-

gous field equations have been encountered in Chapter 2 and are the 

subject of Ref. [13 ]. In fact, an explicit construction of the oscillatorlike 

unitary irreducible representations of S0(6,2), the anti-de Sitter group 

in seven dimensions, shows that the two types of tensor field are funda-

mentally different, even having different numbers of degrees of freedom 

[14] in anti-de Sitter space . 

While the eleven-dimensional supergravity theory naturally 

compactifies to seven and four dimensions [15 ], we have seen in Chapter 

1 that the ten-dimensional chiral N = 2b theory favors compactification 

to five dimensions. The maximally symmetric compactification of the 

ten-dimensional theory on the five-sphere S5 admits N = 8 supersym-

metry. Obtaining the spectrum for this compactlficatiorr was the subject 
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of Chapter 3, where it was seen that the full spectrum could be fitted 

into the oscillatorlike unitary irreducible supermultiplets of the N = 8 

anti-de Sitter supergroup SU(2,2I4) [ 16]. It was conjectured in Chapter 

3 (see also [ 16,1 7]) that the massless anti-de Sitter supermultiplet pro­

vides the fields of a gauged N = 8 supergravity theory in five dimensions . 

Note that twelve of the 27 vector fields in the Poincare supermultiplet of 

Ref. [4] are replaced by two-index antisymmetric tensor fields . These 

tensor fields again satisfy first-order self-dual field equations. 

The presence of only fifteen vectors transforming in the adjoint 

representation of the isometry group S0(6) suggests an obvious choice 

of gauge group for at least one gauging of N = 8 supergravity in five 

dimensions. Thus the problem of gauging in five dimensions is somewhat 

analogous to that in seven dimensions, in that the appropriate field con­

tent differs from what one would naively guess from the ungauged 

theory . In this chapter we construct the gauged N = 8 supergravity in 

five dimensions with local non-Abelian gauge group S0(6), and in addi­

tion non-compact gaugings having gauge group S0(5,1 ), S0(4,2), S0(3,3) 

and S0*(6) Rj SU(3,1) . As conjectured the fields of the S0(6) theory are 

precisely those of the massless N = 8 anti-de Sitter supermultiplet. 

Interestingly, these theories have, in addition, a global symmetry analo­

gous to the SU( 1,1) of the chiral ten-dimensional theory; this symmetry 

is SU(2) for the S0*(6) gauging and SU(1,1) for the others. Further­

more, the theories can be formulated in a USp(8) covariant form similar 

to the SU(8) covariant formulation of Lhe gauged N = 8 theory in four 
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dimensions . 
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4.2 Compact and non-compact symmetries 

In the ungauged five-dimensional N = 8 theory of [ 4] the 42 scalar 

fields were shown to parametrize the noncompact symmetric space 

Ea(s)/USp(8). Although Ea(s) will not be a symmetry of the gauged 

theories, it plays a crucial role in the formulation . The obvious gauge 

subgroup of E6 ce). S0(6) ~ SU(4), may be embedded in a maximal SL(6,lR) 

X SL(2,lR) subgroup of Ea(a)· The construction of the S0(6) gauging then 

generalizes trivially to the noncompact gaugings of SO(p,6-p), p = 1, 2, 

3, by taking suitable subgroups of SL(6,lR) . This is accomplished by 

using an invariant metric 7]IJ, with appropriate signature, in the minimal 

couplings which break the Ea(s) invariance. The group SL(2 ,JR) ~ SU( 1,1) 

will continue to be a symmetry irrespective of the gauge group . 

One may also consider the maximal SU*(6) x SU(2) subgroup of Ea(s)· 

Introducing the invariant metric o11 then breaks the SU*(6) down to 

S0*(6) ~ SU(3,1), with an SU(2) now remaining unbroken . The formal 

manipulations to follow are identical to those for SL(6,lR) x SL(2,lR), 

though the tensors will have different reality conditions. 

The fundamental 27-dimensional representation of Ee(s) decomposes 

under either the SL(6,lR) x SL(2 ,lR) or the SU*(6) x SU(2) subgroup as 

2 7 = (15, 1) + ( 6 1 2) 

and the adjoint representation decomposes as 

78 = (35,1) + (1,3) + (20',2) . 
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Let zAB denote a vector in the fundamental representation of Ea(S)• and 

let Zu and zla denote the decompositions under SL(6,JR) x SL(2,lR) or 

SU*(6) x SU(2) . We adopt the convention that index pairs AB belong to 

E8 , indices I, J, K, · · · run from 1 to 6 and transform under SL(6,JR) or 

SU*(6) with raised indices transforming in the 6 and lowered indices 

transforming in the 6. The indices a,{3, -y, · · · take the values 1 and 2 

and transform under SL(2,lR) or SU(2). The vector Zu is antisymmetric 

in [JJ], and therefore transforms in the 15 of SL(6,lR) or SU*(6) . 

The infinitesimal action of Ea(a) on its fundamental representation is 

given by 

6Zu 2:; !JP{l 

ozAB = = (4.2.1) 
ozKa 

where f.J;, Aap and l:uKa are all real in the SL(6,lR) x SL(2,lR) basis, 

" " 1 "MNP{J L-IJKa = "-'[!JK]a = e;cuKMNPCap"-' • (4 .2 .2) 

and 

AI _ Aa _ 0 
HJ-H a- . (4.2.3) 

The reality requirement on these quantities selects the non-compact 

real form E8c6 ) . of E5 . 
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The scalars parametrizing the symmetric space Ea(a) 1 USp(8) can 

be represented in terms of a 27-bein, V Aff' [ 4]. This may be defined by 

exponentiating the infinitesimal transformation (4 .2.1), to give 

( Z')ab = v AB"b zAB . (4.2 .4) 

As in Reference [ 4 ] we will view V ABab as transforming in the 27 of E6 and 

in the 27 of USp(8). The indices a, b, c, · · · run from 1 to 8, transform in 

the fundamental representation of USp(8), and can be raised and 

lowered with the symplectic metric Oa.b as follows [ 4]: 

(4 .2.5) 

The 27- be in is skew symmetric and symplectic traceless in the indices 

[ab ] . 

The inverse 27- be in, 'ltab AB, is defined by 

where 

and for later convenience we define 

r'gh 
abed 

def 1 (1 A' [d(1ef] 0a.bc + 2~j[a.b ucpj 

(4.2 .6) 

(4 .2 .7a) 

(4 .2.7b) 

(4 .2 .7c) 
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(4 .2 .7d) 

These quantities are all projection operators, symplectic traceless in 

any pair of indices either both upper or both lower . We define 

X[abJI = I~ Xed• the antisyrnrnetrization with all symplectic traces 

removed, for any USp(8) tensor Xab, and similarly for X[abc] i etc . In fact, 

I~, I:{ and I!{~~ are projectors onto the 27, 48 and 42-dimensional 

representations of USp(8), respectively . The symplectic Schouten iden­

tity [ 4] states that I[J~iJ.e = 0; that is, X[abcde] i always vanishes. 

The inverse relation to eqn. (4.2 .6) yields 

VlJab t;'f _ ;: IJ 
VabKL - v KL 

V ab V, J{J _ ;:J ;:{J 
Ia ab -viva 

yiJab V, K{J _ V ab V. - 0 
ab - fa abKL - · 

(4 .2 .8a) 

(4.2.8b) 

(4 .2.8c) 

The cubic invariant J(Z) of Ea(e) can be expressed in either the SL(6,lR) x 

SL(2,lR) or the SU*(6) x SU(2) basis as 

(4 .2 .9) 

Since the 27-bein is an element of the group Ea(e) the quantity 

lfcdABaJJ. VABab is an element of the Lie algebra of Ea(e) and hence can be 

decomposed with respect to the USp(8) subgroup as the adjoint plus the 

42-dimensional representation [ 4]. as follows 
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(4 .2.10) 

where QjJ.O.b = QJJ.(aJJ) is the composite USp(8) connection and P J.W.bcd = 
P JJ.[abcd]l describes the physical scalar degrees of freedom. This equa­

tion may be rewritten 

(4.2 .11) 

where the USp(8) covariant derivative acts as follows : 

(4 .2 .12) 
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4.3 Ungauged N = 8 supergravity 

In this section we rewrite the ungauged N = 8 supergravity of Ref. 

[ 4] in a SL(6,1R) x SL(2,1R) or SU*(6) x SU(2) basis, to facilitate com-

parison with the gauged theory. 

The twenty-seven vector fields are AJJ-1J, A/a. with corresponding 

field strengths FJJ-v AB = 2 O[JJ-Av]AB· The transformation rules of the fields 

under supersymmetry are then, to leading order in fermionic fields, 

"A Ia - nil ab V. Ia u JJ- - vJJ- ab 

" - ..J-2 · JJ-p d 3 JJ-VH uXabc- '~-'l JJ-abcdf: + z..J2 'l J.W[abf:c]! 

oviJab 

"V ab u Ia 

y!J 
cd 

Vlacd 

(4.3.1) 

(4.3.2) 

(4 .3 .3) 

(4.3.4) 

(4.3.5) 

(4.3.6) 

where the USp(8) covariant derivative is as in (4 .2 .12), and we have 

defined 

H ab F yiJab + F Ia V ab 
JJ-V - JJ-V IJ JJ-V Ia (4.3.7) 

and 
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(4 .3.8) 

The Lagrangian is 

-1L - _!_R- _!_.;};a J.I.VPD ,,, - _1_:-:tWc JJ.D 
e - 4 2 '~"JJ.'Y v'l"pa 12 X 'Y JJ.Xabc 

__ 1_P.,~, dpj.~.ctbcd _ _!_ H b HJJ.vab __ i -P _ .. d.;J;a-vv-vJJ.xbcd 
24 ,.....,.,c 8 j.l.lltt 3.../2 llu.uC 'Y jJ. 1 1 

1 J.I.IIPCTT IJKLMN F F A - 96 C C IJ JJ.V KLpa MN-r 

+ 1 JJ.llpa-r A F I a F JfJ Be Cap JJ.lJ vp a-r · (4 .3.9) 

The last two terms are the decomposition of the Ea(e) invariant Chern-

Simons form 

(4 .3.10) 

where the cubic invariant of Ea(e) expressed in a USp(8) basis is 

(4.3 .11) 

with A, B, C indices in the fundamental representation of USp(8). 
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4.4 r-tensor identities 

As in the four-dimensional gauged N = 8 supergravity, a fourth-rank 

tensor will play a crucial role in our construction. This tensor is defined 

in terms of the 27- be in as 

yabcd = ya.e be cd' (4.4 .1) 

where 

.. nth - (2 ylKab N V ab N la) JL N 
I-- cdtlf = V cd,JK- Ja V cd '7} V ef!L , (4.4.2) 

and '7}IJ is the S0'(6) invariant metric, where for convenience S0'(6) will 

refer to any of the real forms SO(p,6-p) or S0*(6). (For the S0(6) gaug-

ing one takes TJIJ = oiJ). Note that the presence of the metric explicitly 

breaks the SL(6,1R) or SU*(6) invariance down to that of the S0'(6) gauge 

group. Both the T- and Y-tensors carry USp(8) indices; rabcd is analo-

gous to the SU(8) tensor T-ikl of the gauged N = 8 theory in four dimen-

sions [6 ]. 

By similar methods to those of Reference [6], one can use the E6c6) 

structure, though broken, to derive several useful properties of the T-

and Y-tensors. By construction, the first four USp(8) indices of Yabcdef 

are those of an element of the Lie algebra of Ee(e) · In particular, if we 

define 

(4.4 .3) 

so that y = y+ + r, then 
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~cdef = Y[abcd]ief (4 .4 .4) 

corresponds to the 42-dimensional representation and 

y-a.b - 2 .t[a. mb] 
cdef - 3v [c 1- d]ef (4 .4.5) 

corresponds to the 36-dimensional adjoint of USp(8). From this it fol-

lows that Tabcd is symmetric in its first two indices. 

From the definition (4.4.2) one sees directly that 

(4.4 .6) 

At this point, considerable simplifications can be made using the cubic 

invariant of E6(B)· Expressing the cubic invariant (4.2 .9) in the USp(8) 

basis, one obtains the E6(6) invariant quantity [4]: 

J( za.b ) = za.b zb c zc a. . (4.4.7) 

By identifying zAB with zab vabAB, substituting this into (4.2.9) and com-

paring it with (4.4 .7), one obtains cubic identities for the inverse 27-bein 

Va.bAB· In particular, equation (4 .4 .6) may be rewritten as 

Ya.bcdef + Ya.befcd = 

where the "3 terms" are to effect antisymmetry in c ~ d and e ~ f and the 

last two terms are to render the expression symplectic traceless in the 

index pairs [cd ] and [ej]. The tensor Wa.bcd is defined by 
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(4.4 .9) 

and satisfies Walled = - WcdaO· 

By using equations (4.4 .6) and (4.4.8) and the trivial identity 

1 
+ 2( Yc:dlifab + Ycdab ef) , (4 .4 .10) 

one may express y+ in terms of the T- and W-tensors . Then by using the 

fact that Ycibcdef is completely antisyrnrnetric, as well as symplectic 

traceless, in its first four indices (i.e ., equation (4 .4 .4)), one may derive 

a number of nontrivial identities involving the T- and W-tensors . Define 

(4.4 .11) 

and 

Tab = rc abc · (4 .4.12) 

Then by taking the obcode trace of (4.4 .10) one finds that 

T. - T. - 15 we 
ab - ba - 4 acb · (4 .4 .13) 

From this and the vanishing of the obc trace of (4 .4 .1 0) one can solve for 

Wabcd in terms of Tabcd: 
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(4.4.14) 

where the expression on the right must be antisymmetrized in a {-) b and 

c #d. From (4.4.14) we also have Aabcd = -3 Wa.[bcci]l· Finally, by taking 

the oc.te trace of (4.4.10) and using the fact that it is antisymmetric in 

[abc] one obtains an expression for the T-tensor itself : 

(4.4 .15) 

Thus we have shown that the T-tensor has only two USp(B) irreducible 

components . The tensor Aabcd = Aa.[bcci]l is symplectic traceless in all 

index pairs with the total antisymmetrization A[a.bcci] vanishing, so it 

transforms in the irreducible 315-dimensional representation of USp(B), 

while Tab, being symmetric in its indices, transforms in the 36-

dimensional adjoint. 

From the definitions (4.4 .2) and (4.4 .9) , and the orthogonality pro-

perty (4.2.8c) we immediately see that 

""!..lab wet = 0 
J cdef gh · (4.4 .16) 

This fact, along with the given decompositions of the tensors involved, 

allow one to derive a set of quadratic T-tensor identities analogous to 

those of the four-dimensional theory . Substituting the expressions for 

Tabcd and Wa.bcd into eqn. (4.4.10) gives 

(4 .4 .17) 
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Substituting this and the expression (4.4.5) for y- into eqn. (4.4.16) 

gives, after some straightforward manipulation, the two identities 

64 T c "' 
225 [a. lb] jc = (4.4.18) 

and 

(4.4 . 19) 

In addition, using (4.2 .1 0) one can derive the differential identities 

for the Tab- and A-tensors: 

D T. - 5 p cefA 
}J- ab - 2 J.J.(a. b)cef (4 .4 .20) 

(4.4 .21) 

The entire set of T-tensor identities is important for proving the 

supersyrnmetry of the theory and provides numerous nontr ~vial con-

sistency checks for our results . 
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4.5 Lagrangian and transformation rules 

As discussed in Section 4.1, the field content of the S0(6) gauged 

theory is expected to differ from that of the ungauged theory by the 

substitution of twelve two -index tensor fields BJJ./a for the vector fields 

A/a of Section 4 .3 . We will take this field content and construct gauged 

supergravities for all the real forms S0'(6) of S0(6). This will prove to be 

possible even though the direct geometrical motivation for the field con-

tent provided in Chapter 3 does not apply to the noncompact gaugings. 

The starting point for gauging S0 ' (6) is the introduction of minimal 

couplings to AJJ.IJ for all objects transforming linearly under S0'(6), by 

covariantizing the derivatives acting upon them. The transformation 

properties of fields under S0'(6) are induced by the embedding S0'(6) E: ~ 

SL(6,1R) or SU*(6) l c: Ee(e) as discussed in Section 4 .2. For example, for 

a spacetime scalar Xa1 which transforms both with respect to global 

SL(6,1R) or SU*(6) and composite local USp(8), the covariant derivative is 

(4.5.1) 

The Ee(e)/USp(B) coset space structure for the scalars is preserved 

throughout the covariantation by taking 

'tfabAB D V cd - p abed = p [abed] I 
JJ. AB - JJ. - JJ. ' (4.5.2) 

where DJJ. is now given by (4 .5.1) and not by (4.2.12) . Thus (4.5.2) is the 

generalization of (4.2.11 ). This equation determines the composite 

USp(8) connection to be: 
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(4.5.3) 

The piece proportional to Ap.IL supplies the minimal couplings to the fer-

rnions, which naively transform only under USp(8) . 

If we take variations of the scalar and vector fields of the form 

.tA - -11 ab ~ t;-f,.J.AB.t yABcd. = rc~abcd _ t;;~[abcd]l 
v p.IJ - vJJ. Vab!J, v- v I'JI I'JI (4 .5.4) 

where the form of eabcd is to preserve the coset space structure, then 

one finds that 

0 Q = 1 T. -11 cd 2 p cde r.;, 
p.ab 3g abed Vp. - 3 p.(a otllb)cde (4.5 .5) 

(4 .5.6) 

where Tabcd and Ycibcdef are precisely the tensors defined in (4.3.1), 

(4.3.3). The form of eqns . (4.5.5,6), in fact, provided the motivation for 

those definitions. Corresponding to the transformation laws (4.5 .5,6) 

are several differential identities. The composite USp(8) field strength is 

1 T b F cd 2 p be de p = 39 a cd ~ll + 3 Lu v]acde · (4.5.7) 

In addition, we have 

D P = 1 g Y.+ F ef [JJ. v]abcd 2 a.bcdef p.v • (4.5.8) 
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where we have defined 

F ab - F yiJab 
j.J.V = j.J.V [J • (4.5.9) 

Naturally, FJJ.vlJ is the S0'(6) covariant Yang-Mills field strength. Making 

the further definitions 

B ab - B [a u ab 
JJ.V = JJ.V r [a (4.5 .10) 

(4.5.11) 

the orthogonality relationship (4 .2.8c) gives both F and Bin terms of H: 

(4 .5.12a) 

B la - H ab V, la 
j.J.V - j.J.V a1J (4.5.12b) 

and allows us to replace FJJ.vab with HJJ.vab in eqns . (4.5.7,8) . 

The covariantizations with respect to S0'(6) have introduced pieces 

of order g to most of the scalar identities which are necessary for 

demonstrating the supersyllll1letry of the ungauged lheory. On the 

other hand, the order g0 parts have the same formal structure, suggest-

ing that the gauged and ungauged theories will share many aspects. We 

will first present the results of the gauging, then discuss its derivation. 

The transformation rules of the fields under supersymmetry, to 

leading order in fermi fields, are given by 

(4.5.13a) 



a vuab 

oV ab Ia 

where 
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viJ 
cd 

(4 .5 .13b) 

(4.5 .13c) 

(4 .5.13d) 

(4 .5 .13e) 

(4.5 .13f) 

(4 .5.14) 

The Lagrangian for the N = 8 supergravity in five dimensions, 

excluding four fermion terms, is then determined to be 

1 p pjJ.IJ)Jcd 1 H HJJ.llab i p ~/,a v . J.l. bed - 24 j.J.O.bcd - 8 J.l.llab - 3-.12 vabcd 'I' J.l. 7 Y X 
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_1 zr ~( )2 ( )2 ] + 96 g l 225 Tab - Aabcd 

- _1_ p.vpUT IJKLMNr F F A PQF A A 
96 f: f: l IJp.v KLpa MNT + gT} IJp.v KLp MPaAQNT 

- _l_f:p.vpCJT TJL'J f: R B Ia D B J{J Bg a,_ p.v p UT · (4.5.15) 

Clearly, the formal structure of the theory is quite similar to that of 

the ungauged theory, especially if one notes that the final term, the 

kinetic term for the tensor fields Bp.}a, may be written as 

+ 1 p.vpaT A B Ia B Jp B f: E: a{J p.IJ vp UT 

1 p.vpUT B Ia a B Jp - Bg f: T] IJ tap p.v p uT · (4.5.16) 

In fact, many of the manipulations used to verify the supersymmetry 

are identical; we will concentrate on the essentially different fE.atures of 

the present theory. In fact, we have allowed much more deviation from 

the structure of the ungauged theory than is apparent here, but it has 

turned out that a great many of the restrictions imposed by supersym-

metry operate identically in the two theories. 
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The first term in the variation of Bp.}a is analogous to oFL't = 
2 Cl[p.( '11 11tb }fab !a) in the ungauged theory. The second term, upon substi-

tution in the kinetic term, directly cancels the new variations propor­

tional to D[p.Bpu{a. The corresponding terms for the ungauged theory 

vanish due to the Bianchi identity for F p.vla. 

The variation of the kinetic term for Bp.}a contributes two more 

terms of order g0 , 

.!_<-p.!1pC17'~ B laF . ..,11 ab rv. J{J 
4 "' ""a{J p.v pu!J vr ab (4.5.17) 

from the first term in oBp./a. and 

(4.5.18) 

from the variation of Ap.IJ in the gauge covariant derivative. These com-

bine with the variation of the vector Chern-Simons term, 

1 p.vpC17' IJKLMNF F ~ll ab ~ - 32t f: !Jj.i-!1 KLpuVr VabMN (4.5.19) 

to give 

( 1 IJKLMN~ ~ t;'l- 3 ~ ~ fa~ JfJ) 
X BE: V !Jab V KLcd V MNef - 2tap V IJ(ab V cd V ef) · (4.5.20) 

The last factor, with the symmetrization in the three index pairs ab, cd, 

ef, is precisely the cubic invariant, or rather the explicit translation of 
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the cubic invariant from the SL(6,lR) x SL(2,lR) or the SU*(6) x SU(2) 

basis to the USp(8) basis. Hence the expression (4.5 .20) reduces to 

- .!.._ J.WPUTH a H b ~~~ c 
4 f: JJ.II b pa cVT a• (4 .5 .21) 

in complete analogy to the result one obtains immediately by varying 

the Chern-Simons term of the ungauged theory. The rest of the order go 

calculation is the same as for the ungauged theory. 

The verification of supersymmetry to order g and g2 in many ways 

parallels that of the gauged four-dimensional theories . For the order g 

calculation the complete set of linear T-tensor identities of Section 3 .4 

is needed, that is, the decomposition of all USp(8) tensors involved into 

irreducible components . (The tensor Wabcd appears in the contribution 

of the second term of oBJJ.Ja. to oHJJ.II ab .) In addition, the differential 

identities (4.4.20,21) and (4 .5.7,8) are required, as well as the symplec-

tic Schouten identity discussed in Section 3 .2. The determination of the 

order g terms in the Lagrangian and the transformation rules is then 

straightforward. 

The remaining uncancelled variations are all of order g2 , and arise 

from the order g variations of the spinor fields in the order g terms of 

the form fJJ.IJJ. 111j; 11 , X.1JJ.1/IJJ. and XX· These variations are either of the form 

f{JJ.1/IJJ. or Ex. Those of the first sort may be written 

t 2 = JJ. b ( 64 T c 'T' A ccte A ) -T2g f: I 1/lf.J. 225 a 1 be - a bcde · (4 .5 .22) 
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From the quadratic T-identity (4.4 .18), we see that the expression in 

parentheses is proportional to its symplectic trace, times Oab. Since 

f!L{J.L"//JJ.ll. is simply e-1oe, the expression (4 .5.22) may be cancelled by that 

part of the variation of a scalar potential eP( q,) which is due to the vari-

ation of the vielbein determinant e . 

The remaining terms, which may be written 

- ...i_ 2 :-:u.bc d r 1 'T'6 Jg ( 1 1 ,..., T. ) ] V2 g X E: l 27Aeabc 1 d +Ada 2Abcfg- 45ubf cg (4.5.23) 

must cancel against the variation of the purely scalar part of the paten-

tial term. The variations of the T-tensors are given by 

.r: T. = 5 1\i\ CB!A u ab 2'-".i(a b)cBj (4 .5.24) 

(4 .5.25) 

corresponding to the differential identities (4 .2 .20,21 ) . The tensor ea.bca 

parametrizing the scalar variations is defined in (4.5.4) and from 

(4.5.13£) may be identified as 2-v'2iXfa.bc c;dJ I. Note that in order for the 

variation of the potential, involving (4 .5 .24,25) , to cance l against 

(4.5 .23), the expression in (4 .5.23) multiplying XO'bc c;d must project out 

the antisymmetric and symplectic component Xfa.bc c;dJ I. The vanishing of 

the trace terms requires a further quadratic T identity, prec isely eqn. 

(4.4 .19). The antisymmetry in [abed ] and finally the actual cancellation 

against the variation of the scalar potential then follow from straight-

forward manipulations . 
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This concludes our summary of the demonstration of supersym­

metry for the gauged N = 8 supergravity theories. 

The Lagrangian (4 .5 .15) is analogous to that of the four-dimensional 

gauged theory, with the composite local SU(8) replaced by a composite 

local USp(8), and the propagating vector fields now gauging S0'(6) 

instead of S0(8). However, one outstanding difference between the four­

and five-dimensional gauged N = 8 theories is that the latter has a glo­

bal in variance of either SL(2,IR) Rj SU( 1,1) or SU(2), depending on the 

gauging. For the compact S0(6) gauging , we believe that the SU(1 ,1) 

may be interpreted as the descendant of the global SU( 1,1) symmetry of 

the ten-dimensional theory. 

In the foregoing we have only gauged the fifteen parameter simple 

subgroups of SL(6 ,IR) . One might ask whether one can also gauge the 

standard contractions of SO(p ,6-p) . While it may be possible to mimic 

the construction of reference [ 18 ], it is not clear how this may be done 

in our formulation . For these group contractions the invariant metric 

7JIJ has zero eigenvalues, and consequently the kinetic term for the 

BJJ-/a. fields , which involves the inverse metric 7JIJ, will be undefined in 

the corresponding directions. In order to gauge the contractions of 

SO(p ,6-p), it may be necessary to replace with vector fields those 

antisymmetric two-index tensor fields which would not have well-defined 

kinetic terms . 

The terms involving the f:JJ-vpaT and the vector fields alone constitute 

the Chern-Simons form for the gauge group S0 ' (6) . Such terms were 
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also found in the gauging of a special class of N = 2 Maxwell-Einstein 

super gravity theories in five dimensions [ 19,20]. As was observed for 

these N = 2 theories, the Chern-Simons form, at least for S0(6) ~ SU(4), 

leads to a quantization of the dimensionless ratio 

homotopy group of SU(4) is~ . 

IC 
3' g 

since the fifth 

The scalar potential in (4 .5 .15) has exactly the same form as that of 

the four-dimensional theory, the tensors Tab and Aabcd being the analo-

gues of Alii and A2{kl of Reference [6]. One can also show that under left 

multiplication of the 27-bein by an element of Es(S)· the tensors Tab and 

Aabcd transform in the 351 of Es(s)· This is analogous to A 1 and A2 

transforming in the 912 of E7(7) [21 ]. 

The commutator of two supersymmetries is given by 

(4 .5.26) 

where to leading order in fermi fields 

(4.5 .27a) 

(4 .5 .27b) 

(4.5 .27c) 
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(4 .5 .27d) 

(4 .5.27e) 

The results are quite analogous to those of the ungauged theory [4], as 

expected, though there are some interesting manifestations of the 

S0 ' (6) structure . To determine the supersymmetry parameter ~·a. and 

verify the closure of the algebra on xa.bc, we have assumed that there 

are no g-dependent terms in either the Lagrangian or the transforma-

tion rules among the terms of higher order in fermionic fields than 

those presented here . The corresponding result has been demonstrated 

for the four -dimensional gauging [6] , and the cancellation of the g-

dependent terms under this assumption provided a great many con-

sistency checks for the present theory. However, we have not as yet 

obtained a complete proof that the gauged theory has the same struc-

ture as the ungauged theory of Ref. [ 4 ] to higher order in fermionic 

fields . 

At any rate, the closure of the algebra on either xa.bc or 1/J~ requires 

the field equations of both, which we give here , to leading order : 

JJ-VPD ~1, i p v JJ- bed i Hpu [.u. v]~1,b 'l V'l'pa. + 3.,;z va.bcd'l 1 X - 2 a.b 1 'lpu1 'f'v-

+ 1 g A -vJJ-xbcd = 0 BVZ abed t (4 .5 .28) 
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(4 .5 .29) 

The closure of the algebra on BJ.1-.,f" requires its own field equation; this 

is generic for fields with first-order equations of motion, bosonic as well 

as ferrnionic. The field equation may be written, to leading order in fer-

rnionic fields, 

D B fa 1 IJ afJ V ab HaT = 0 
[.u vp] + 12 g 7J C C J.l-liPUT JfJ ab · (4 .5.30) 

Up to the scalar factors and the interactions with the vectors, this is 

exactly the sort of self-duality field equation discussed in Sections (3.2) 

and (4 .1), and references therein . 
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4.6 Discussion 

There is much interesting structure in the scalar potentials for the 

various gaugings of N = 8 supergravity in five dimensions. The most 

interesting scalar potential is that of the S0*(6) Rl SU(3, 1) gauging. For 

this gauging, the origin in the scalar manifold is a critical point, with 

zero cosmological constant. This means that any Ricci-ftat five­

dimensional spacetime, in particular the product of four-dimensional 

Minkowski space with a circle, satisfies the field equations. The maxi­

mally symmetric solution breaks the gauge symmetry to its maximal 

compact subgroup SU(3) x U(l ), which acquires another U( 1) factor 

upon reduction to four dimensions, from the isometry group of the cir­

cle . (Contrary to what occurs for compact gaugings, even the maxi­

mally symmetric vacuum, if one exists, must break the original gauge 

symmetry. A noncompact group may be a gauge symmetry of the 

theory, but it cannot be preserved in a sensible vacuum.) The super­

symmetry is broken to N = 2. A global SU(2) symmetry acting upon the 

scalars also survives, and to the extent that one believes in composite 

scenarios the phenomenological gauge group (with an extra U( 1) factor) 

may be generated from the 

SU(3) x U( 1) x U( 1) X SU(2)global 

symmetry of the four-dimensional theory. 

Another remarkable aspect of this gauging is that the scalar poten­

tial is completely fiat in the directions of 14 of the 42 scalars. This 
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means that these scalars may take any value whatsoever, and fiat 

spacetime will still solve the equations of motion, as long as the other 28 

scalars are still zero. This provides a mechanism similar to that of Ref. 

[20] for breaking theN= 2 supersymmetry at any mass scale desired. 

In the same way that one finds a relationship between 

compactification of the eleven-dimensional theory based on S7 and criti­

cal points in four dimensions [8], we expect the various vacua of the 

gauged S0(6) theory to correspond to compactifications of the ten­

dimensional chiral N = 2b theory . There are two known non-trivial 

compactifications of the latter theory based on S5 . One solution, 

obtained in Section 2.3, has a non-vanishing value for the complex 

three-index field strength, with the metric 0 btained from S5 by stretch­

ing in the direction of the U( 1) fiber over [}P2 . This solution has SU(3) 

gauge symmetry. The other solution [22 ], similar to that of Reference 

[23], assigns all the field strengths the standard values for the trivial 

compactification, but gives the space-time metric a Weyl rescaling which 

depends on the internal coordinates. This solution has S0(5) gauge 

symmetry. Both of these compactifications break all supersymmetries. 

We have indeed found critical points of the potential in the local 

S0(6) invariant Lagrangian (4.5.15), breaking all the supersyrnrnetry 

and reducing the gauge symmetry to S0(5) and SU(3), respectively. The 

S0(5) invariant critical point corresponds to giving an expectation value 

to a scalar in the 20' of S0(6) . Similarly, the SU(3) critical point 

corresponds to an expectation in the 10 + 10 of S0(6). This agrees with 
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the identification in Chapter 3 of the ten-dimensional origins of these 

modes, and suggests that the 20' and 10 + 10 play similar roles to the 

scalar and the pseudoscalar fields, respectively, in the four-dimensional 

theory . 
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Chapter 5 

Ten plus R squared goes into Four• 

5.1 Introduction 

There has been a recent surge of interest in ten-dimensional 

theories of N = 1 supergravity coupled to super-Yang-Mills matter, due 

to the intimate connection these theories are believed to have with 

superstring theories. The coupled field theory was first formulated for 

arbitrary gauge group [1 ] (but see [2] for a correction to the four-

fermion sector) following the coupling of the pure Maxwell multiplet [3 ]. 

Unfortunately, it was soon realized that none of these theories, as they 

stood then, admitted compactifications to a maximally symmetric four-

dimensional spacetime [ 4] (see [5 ], however, for solutions with non-

maximally symmetric four-dimensional cosmologies). 

Meanwhile, it has been shown that all the ten-dimensional field 

theories with N = 1 supergravity are inconsistent because of either 

•I acknowledge helpful discussions with Shahram Hamidi, Michael Green and John 
Schwarz. 
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purely gravitational or mixed gauge and gravitational anomalies, unless 

the Yang- Mills matter multiplet has gauge group S0(32) or E8 x E8 . For 

those gauge groups all anomalies cancel (at the one-loop level) upon the 

addition of a suitable local counterterm, if one takes the proper gauge 

and Lorentz transformation properties for the fields of the theory [6 ]. 

This statement generalizes to the entire S0(32) Type I superstring 

theory [6], and motivated the construction of the E8 x E8 and S0(32) 

heterotic superstring theories [7]. 

The anomaly cancellation for the field theory requires the two­

index tensor gauge field Bmn in the supergravity multiplet to have an 

unusual Lorentz transformation property. Naively, one might have 

expected a tensor Bmn with two world indices to be inert under local 

Lorentz transformations, transforming only under general coordinate 

transformations . However, under Lorentz transformations with param­

eter ®ab, it is necessary to impose 

(5.1.1) 

where a, b, · · · are fiat (local Lorentz) indices and m, n, p , · · · are 

curved (world) indices . The field strength for Bmn' Hmnp' must not 

transform under Lorentz transformations; this is accomplished by 

modifying Hmnp by subtracting away a term which varies into the curl of 

the expression in equation (5 .1.1), namely, the Lorentz Chern-Simons 

form 
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( 0 ) .!._R ab ba 1 ab be ca 
CJ3L mnp - 2 [mn CJp] - 3CJ[m CJn CJp] (5 .1.2) 

As pointed out in [6], these modifications are exactly analogous to the 

appearance of the Yang-Mills Chern-Simons form 

(5.1.3) 

in the three-index field strength which now reads 

(5.1.4) 

The fields Am and Fmn and the Yang-Mills gauge parameter A are 

antihermitian matrices in the adjoint representation of the gauge group 

G :::: S0(32) or E8 X E8. The following transformation rules under local 

Yang-Mills and Lorentz transformations establish our normalizations : 

(5.1 .5) 

(5.1.6) 

(5.1.7) 

.~:R ab :::: 2 R [a e b] Umn mncc • oHmnp - 0 . (5.1.8) 

In order to cancel the gauge and gravitational anomalies , the 

Lagrangian itself must have a local counterterm S added. This counter-

term is expressible as the sum of terms of the form constant x 

mnpqrstuvw X z h z l. s · th t; mnpqrstuvw • w ere mnpqrstuvw el er 
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Bmn Tr ( F'pq Frs Ftu Fvw) , (5 .1.9a) 

B Rp a.b Rr be R cd Rv d.a mn q s tu w • (5.1.9b) 

Bmn Xpqrs Xtuvw • (5.1.9c) 

( c.;gL)mnp ( CJgy )qrs Xt~vw (5 .1.9d) 

or 

( CJgL, Y )mnp ( CJ~ L, Y )qrstuvw' (5.1.9e) 

(5 .1.10) 

and similarly for CJ~L · 

The field theory of Ref. [1 ] 1s invariant under the global scale 

transformation 

1 1 1 

1/JJJ. ~ 0.-41/Jf-L, A~ 0.4/\, X~ 0.4 X (5.1.11) 

corresponding to an invariance of string theories which is expected to 

survive in the classical low-energy effective theories [8 ]. The counter-

termS would require an overall scalar factor of rp-4 in order to preserve 

this invariance . However , such a factor would spoil the gauge 
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invariances of the theory (for example , invariance under oBmn = O[m(n]) 

and hence cannot appear, indicating that the scale invariance is broken 

at the one-loop order . 
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5.2 R squared terms 

In addition to these necessary modifications for anomaly cancella-

tion, it is known that the effective theories corresponding to superstring 

theories must contain terms quadratic in curvatures (see Ref. [9] and 

references therein). In general one expects R2 terms (and higher-order 

terms, in a general background metric) to lead to badly behaved 

theories, in which the graviton inverse propagator is fourth-order in 

derivatives . However, it has been shown [10] that a particular combina-

tion of R2 terms is "safe," having only two-derivative inverse propaga-

tors . This combination, 

il_0m11-pq R rs R tu 

2 2 rstu mn '"]Jq 

= R2- 4Rmn R + RmnpqR mn mnpq • (5 .2.1) 

is a topological invariant in four dimensions , the Euler class , and hence 

leads to no dynamics. (As usual, o~%q = orro~ofoZJ with all antisym-

metrizations of unit weight. In four dimensions o~'?uq = 2~ cmnpq Crstu · ) 

However, in more dimensions y 4 has dynamical content with sensible 

propagators . So far , explicit calculations in string theories have yielded 

only pieces of y 4 , but, as argued in [10] , the fact that string theories are 

ghost-free strongly suggests that the R2 terms appear exactly as in eqn. 

(5.2 .1) . 
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As an aside, we remark that there is an extremely easy proof that 

y 4 and its generalizations 

Y
6 = .Ql_0 mnpqrs R tu R vw D zy -

2 
3 tuvw:z;y mn ~ "]Jq ~ "Ts 

R 3 + 3 R ( Rmnpq R - 4 Rmn R ) + 16 R n R P R m + mnpq mn m n p 

!!l__~mnpqr~tuR vw R zy D ziR kl = J?-4 + .. . 
2

4 Uvw:z;yzJkl mn ~ "]Jq ~ "Ts tu (5 .2.2) 

and so forth, all lead to ghost-free theories.* Consider the Lagrangian 

(5 .2.3) 

where j(ifl) is an arbitrary scalar function of the other fields of the 

theory (but not their derivatives). Under a metric variation 

ogmn = hmn we have 

(5 .2.4) 

so 

1 hmn L - 2e 9mn (5 .2.5) 

• Essentially the same argument was found independently by B. Zurnino [11]. 
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where e is the vielbein determinant. The term with two derivatives of 

hmn may be integrated by parts, but when either of the derivatives acts 

upon a Riemann curvature, the result vanishes due to the Bianchi iden-

tity 

(5.2.6) 

(which holds in our formalism, since the connections do not contain tor-

sian) and the antisymmetry imposed by the delta symbol. Thus the con-

tribution to the graviton field equation is polynomial in curvatures, and 

in fact is 

(5.2 ,7) 

The inverse propagator for hmn is given by the variation of the field 

equation (i.e ., the piece of the Lagrangian quadratic in hmn) and clearly 

can have only two derivatives acting on hmn, for arbitrary background 

curvatures. The same argument obviously applies to all the yi (i:;::-:4) . 

The introduction of the Lorentz Chern-Simons form in the field 

strength Hmnp certainly spoils the supersymmetry of the theory in Ref. 

[ 1]. One way to restore supersymmetry is to couple towers of fields of 

arbitrarily high spin so as to reproduce an entire superstring theory, 

but it is still uncertain whether there is a well-defined effective theory 

containing a finite number of particles which describes low-energy 
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superstring interactions and is supersymrnetric and anomaly free as a 

field theory . If one simply tries to modify the Lagrangian and transfor­

mation rules to restore the supersymrnetry, one is led to consider at 

least R2 type terms, but there is no compelling reason to believe that 

there are not many more types of interactions, for example, the y 6 and 

y 8 terms in the series of equation (5 .2.2). In ten dimensions y 10 is a 

total derivative and the higher-order yi vanish . 

We will take the approach advocated in much of Ref. [9] and study 

the best candidates for effective theories we have so far, namely, the 

theories of [1] with gauge group G = E8 x E8 or S0(32) , the Chern-Simons 

modifications to Hmnp• and plausible R2 terms . As will be discussed, 

there is reason to suspect that some of the classical solutions we con­

sider will solve the string field equations and provide sensible back­

grounds for string theories. 
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5.3 Field equations 

Motivated by these considerations, we proceed to an analysis of the 

Lagrangian given by 

L = - _1_R- _1_m-2 Dmrn D rn- 3fC2 rn-2 }!"tnp H + 
2 fC2 fC2 r r m r 2 r mnp 

(5 .3 .1) 

where Hmnp is given in (5.1.4) and y 4 in (5.2 .1), and we have set the fer-

rnionic fields to zero to look for compactifications . The sign of the vee-

tor kinetic term is positive since the trace is negative definite (recall 

that the Fmn are antiherrnitian matrices) . The gravitational coupling JC 

has dimensions of (length)4 and the (strictly positive) scalar field cp has 

dimensions of (length) 6 . The form of the y 4 coupling is taken from [9 ] as 

generalized in [10]. The scalar factor multiplying y 4 is to preserve the 

classical scale in variance of eqn. (5 .1.11 ); in general, y 2i requires a fac-

tor of ljOl-i in front. 

Several of the field equations are completely straightforward to 

read off from (5.3.1 ). The equation of motion for the scalar field is 

(5 .3.2) 

For the tensor field Bmn we have 
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(5.3.3) 

The counterterm S should be properly considered part of the one-loop 

effective potential, ignorable at the level of the present discussion. 

However, it will turn out that for the background configurations we will 

consider (i.e., factorized "4 + 6" spacetime geometry and our ansatze 

for Fmn and Bmn) the general form of expressions (5.1.9a-e) is sufficient 

to show that the contributions of S to the field equations all vanish. For 

now we will formally include these contributions (which are completely 

straightforward to evaluate) but not discuss them in any detail. 

To determine the field equation for Am, we need to know how Hmnp 

varies under a general change in Am. For the Yang- Mills Chern-Simons 

form 

(5 .3.4) 

The presence of the first term leads to noncovariant field equations, but 

it is of the same form as a variation of Bmn• 

(5.3.5) 

By definition, the right-hand side of eqn. (5.3.5) will simply multiply the 

Bmn field equation when the Lagrangian is varied with respect to Am· 

Hence if we are only interested in the whole system of field equations, 

we are free to ignore the first term in the variation of (CJgy)mnp given in 

(5.3.4) . Equivalently, we may consider the variation of Am as inducing a 
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compensating variation of Bmn to cancel the unwanted term. The 

remaining part of the variation of (c.;gy)mnp• the last term in (5.3.4), 

leads to perfectly gauge-covariant field equations for Am. 

The fact that the Lagrangian varies into a combination of field 

equations suggests that one has not properly identified the true 

independently propagating modes . The formalism in which a variation 

of Am induces a compensating transformation of Bmn is reminiscent of 

what generically occurs when the physical fields of a theory form a non-

linear realization of a symmetry group . The Yang-Mills gauge symmetry 

is indeed nonlinearly realized here, as reflected in its action on Bmn (see 

eqn. (5 .1.7)). These issues will be clarified by a better geometrical 

understanding of the unusual gauge transformations of Bmn; such an 

understanding may come from a study of the superstrings containing 

this field . 

The resulting field equation for Ap (modulo the field equation for 

Bmn) is then 

Dn(rrlptnP) + 31C2rp-2}FrtnPFmn- oo: = 0 . 
p 

(5 .3 .6) 

For the graviton we have the analogous problem that the Chern-

Simons variation is not covariant: 

.r:( o) = a ( etb.r: bet)+ R ab.r: bet v CJsL mnp - [m CJn vCJp] [mn vCJp] · (5.3 .7) 

(oc.;m ab is covariant since Dm is, but, of course, CJm ab itself is not.) Again 
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one notes that under arbitrary vielbein variations oem a, the first term 

has the form of a variation of Bmn· One then obtains a contribution to 

the graviton field equation due to the last term of eqn. (5 .3.7), and 

exactly the same conceptual issues as for the Am field. 

It is interesting to note that by defining 

(5 .3.8) 

one not only cancels the noncovariant part of o(c.;gL), but also exactly 

reproduces the local Lorentz transformation of Bmn• since the antisym­

metric part of oema acts as a Lorentz transformation. Note that the last 

term of eqn. (5.2.8) is simply a gauge transformation. For the sym-

metric part ecm aoen)a = - ~ hmn (recall hmn = ogmn), only the last term 

of eqn. (5.3.7) contributes, yielding 

(5.3 .9) 

The analogous interpretation of the Yang-Mills gauge transformation of 

Bmn as a special case of its dependence of Am (as reflected in eqn. 

(5.3 .5)) cannot be realized since Am is an elementary field , as opposed 

to CJm ab. 

The contribution from the R2 terms to the graviton field equation is 

easily evaluated as 



- 117 -

(5 .3 .10) 

Using the expressions (5.3 .9) and (5 .3 .10) to vary the H2 and y4 terms, 

the covariant equation of motion for the graviton, modulo the equation 

of motion for Bmn• is then 

(5.3.11) 

As pointed out in Ref. [8], the scale invariance of eqn. (5.1.11) implies 

that the Lagrangian vanishes on shell (at least when the anomalous con-

tribution from S vanishes, as it will in our case) . In fact , the Lagrangian 

itself is a linear combination of the scalar field equation and the trace 

of the graviton field equation. Thus we may impose eqn. (5 .3.11) without 

the last term - ~ gmnL, and upon imposing the scalar field equation 

(5.3.2) , L = 0 will emerge as a consistency check. 
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The Bianchi identity following from eqn. (5 .1.4), 

(5.3 .12) 

serves as the integrability condition for the field Bmn · 
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5.4 Compactification to four dimensions 

We may now look for solutions of the system of equations 

(5.3.2,3,6,11,12) . We are interested in solutions with maximal four­

dimensional spacetime symmetry, so we take 

(5.4.1) 

and we require all other fields to only have components in the internal 

six dimensions . From now on, indices f..t, v, · · · run over the four space­

time directions and m, n, · · · run over the six internal directions. The 

parameter f..t is negative for anti-de Sitter space and positive for de 

Sitter space . We will take for an ansatz rp = constant, which, as stated in 

Ref. [ 4 ], would require Fmn and Hmnp to vanish if the y 4 term were 

absent. This is easy to see in this context. Since the metric is positive 

definite in the internal six directions , the scalar field equation (5.3 .2) 

forces both the (H) 2 and the (F) 2 terms to vanish, unless, of course, the 

y 4 term can cancel them. 

We will follow Ref. [9] (and references within) and consider an 

embedding of the holonomy group H within the gauge group G, either 

S0(32) or E8 x E8 . Let the generators of the internal local Lorentz group 

S0(6) be Ma~; = M[ab] • where a , b, , · · · are fiat internal vector indices . 

Then the holonomy group is the subgroup of S0(6) spanned by the cur­

vature operator Rmn ab Mab as it sweeps over the internal manifold. If 

am ab = am[ab] is any spacetime tensor with am ab Mab taking values within 

the holonomy group, the same will hold for 
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A ttb = ,, ab + a ttb m - ""'m m · (5.4.2) 

The embedding of H in G gives a prescription for considering Am ab as a 

gauge field in the algebra of G. We then have for the usual Yang-Mills 

field strength 

F. ab - R ttb + 2 ( D ab + ac cb) mn - mn [m~] a[m ~] · (5.4.3) 

In eqn. (5.4 .3), Dm~ab is the covariant derivative of ~ttb, considered to 

be a tensor with three spacetime indices (one curved, two flat) . The 

"extra" spacetime connections come from the CJm ttb part of Am ab , as is 

generic for this type of ansatz. 

If we take Rmn = 0 = RJJ.vpu and Hmnp = 0, our field equations reduce 

to those considered in Ref. [9], and we recover the result stated there 

that by taking the ansatz of eqn. (5.4 .2) with amab = 0, all the field equa-

tions may be satisfied for a certain class of embeddings of H in G. If the 

embedding is such that the trace of a matrix in the adjoint representa-

tion of G is 30 times the trace in the vector representation of S0(6), 

then the scalar field equation and the Bianchi identity (5 .3 .12) are 

automatically satisfied. All contributions to the field equations due to 

the counterterm S vanish. The Maxwell equation (5.3.6), which from 

(5.4 .3) concerns the divergence of the Riemann tensor, is satisfied since 

a contraction of the gravitational Bianchi identity (5.2.6) gives 

(5 .4 .4) 
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which vanishes in this case . 

Besides Ricci-flat examples, a promising manifold to attempt 

compactification on is the six-sphere. As discussed in Ref. [12], s6 

admits an almost-complex structure Fmn which is not covariantly con­

stant (as a true complex structure must be) but rather satisfies 

(5.4.5) 

The tensor Tmnp and its dual Smnp satisfy a number of nice algebraic and 

differential identities and provide natural candidates for background 

values for Hmnp and am ab . Unfortunately, if we take Hmnp and am a.b to be 

arbitrary linear combinations of Tmnp and Smnp• there are no nontrivial 

solutions to the field equations and the Bianchi identity . 

Another natural possibility is the product of two three-spheres. 

Since s3 X S3 may be considered as the group manifold SU(2) X SU(2) 

with the standard (Killing) metric for the group, the structure constants 

(in a local orthonormal frame) provide a natural three-index antisym­

metric tensor on the manifold. This tensor is, in fact, a parallelizing 

torsion, which means that the curvature constructed from the modified 

connection f mnP + SmnP, where Smnp is a tensor proportional to the 

structure constants of the group, vanishes identically . That is, 

- 0. (5 .4 .6) 
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This property may be sufficient to ensure the consistency of a super-

string theory with the given manifold as background; we will return to 

this point in Section 5.5. 

Let the two spheres have inverse radii m 1 and m 2 , so the Riemann 

and Ricci curvatures for the first S3 of the internal manifold are given 

by 

(5.4.7) 

Throughout most of the discussion, it will only be necessary to explicitly 

consider the first S3 (with indices i, j, ... ); the second S3 behaves 

exactly analogously. The spin connection leading to eqn. (5.4.7) may be 

taken to be 

(5.4.8) 

(where ciik is the covariantly constant tensor). We take for the vector 

potential 

which is indeed of the form (5.4.2) with 

strength is then 

a ab 
m 

_ -, " ab tqwm . 

(5.4.9) 

The field 

(5.4.10) 

Comparing eqns. (5.4.10) and (5.4.6), we see that Fi/l is simply the 

Riemann curvature in the presence of torsion Sm ab = am ab, so the 
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manifold is indeed parallelized for Stik = ±m1eiik · 

As previously remarked, for this particular type of ansatz for Fmn 

and the form of the curvatures, all of the terms inS, eqns. (5.1.9a-e), 

have at least two factors which vanish . Thus there is no contribution to 

any of the field equations from S . 

The ansatz 

(5.4.11) 

automatically satisfies both the field equation for Bmn eqn. (5.3.3) and 

its Bianchi identity (5 .3 .12) . The Maxwell equation becomes 

(5.4 .12) 

with the analogous statement for the second S3 . The scalar field equa-

tion may be written 

(5.4.13) 

where here the R2 terms are 

(5.4 .14) 

In (5.4.13) we have defined 30xi to be the ratio of a trace taken over 

matrices in the adjoint representation of G, to the trace taken in the 

adjoint of SU(2k This ratio does not depend upon which matrices one 
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uses, but is a characteristic of the embedding SU(2)i c G. For example,x1 

= x 2 = ~ for all three of the embeddings 

SU(2) x SU(2) x S0(12) X E8 c E8 X Ea. 

SU(2) x E7 x SU(2) x E7 c E8 x Ea 

and 

SU(2) x SU(2) x S0(28) ~ S0(4) x S0(28) c S0(32), 

while x 1 = x 2 = 1 for the embedding 

SU(2) x SU(2) x S0(26) ~ S0(3) x S0(3) x S0(28) c S0(32), 

and x 1 = x2 = 2 for the embedding 

SU(2) x E6 x SU(2) X E6 c E8 X Ea 

with each SU(2) embedded maximally within the SU(3) commuting with 

the Ea c Ea. 

The graviton field equations reduce to 

(5 .4 .15) 

and 
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(5.4 .16) 

and similarly for the other S3 . Adding and subtracting eqn. (5 .4.16) for 

subscripts "1" and "2" and using the other field equations we have 

/C2 
= --L = 0 

3 
(5 .4 .17) 

(5.4.18) 

Note that the condition L = 0 has indeed emerged from the fi8ld equa-

tions, as promised. 

The system of equations (5.4 .12 ,13,15,17,18) has a wide class of 

solutions for various values of the group theoretical factors x1, x2 and 

relative sizes of the two three-spheres; in fact, there are no recessary 

restrictions on the embedding of H at all. If we look for solutions with 

vanishing four-dimensional cosmological constant (JJ- = 0) and for sim­

plicity take mf = m~ = ~ m 2 and hf = h~ = ~ h2
, we find that if we 

take t...r = f...~ = 3, we always have a solution with cp = IC2m 2 ( ~ - xt) , 

2 2 
h2 = rp ~ , provided that the embedding of the holonomy group in G is 

3/C 

3 
such that x 1 = x2 < 

4
. 
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5.5 Discussion 

We can easily obtain compactifications to flat four-dimensional Min­

kowski space, since we have seen that there are embeddings of 

SU(2) x SU(2) in either S0(32) or E8 x E8 with x 1 = x2 < ~ . The resulting 

gauge symmetry will have two factors , the first of which is the unbroken 

part of the ten-dimensional Yang-Mills group, namely, the little group 

for the embedding of the holonomy group H in G. As we have seen, this 

can be (for example) S0(12) x E8 , E7 x E7 or S0(28). The second factor is 

the isometry group of S3 X S3, S0(4) X S0(4) Rj [SU(2)]4 . 

The resulting four-dimensional field theory (in Minkowski space) can 

certainly accommodate a range of phenomenological considerations, 

especially via a number of the techniques developed in Refs . [2 ,9] and 

elsewhere . The gauge symmetry for some of our models may be easily 

broken to realistic low-energy grand unification groups , with the needed 

chiral couplings. However, due to the inherent limitations of our 

approach, we feel that it is most appropriate to postpone a full-scale 

investigation of phenomenological implications . The field theories we 

study here , while anomaly-free , have not been rigorously shown to be 

related to theories of more fundamental interest, such as versions of 

these theories in which supersymmetry is restored, or of course the full 

superstring theories themselves . 

The results we present are interesting, however , in that they natur­

ally lead to the consideration of background geometries which are likely 

to be relevant for superstring theories. The fact that the manifolds are 
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absolutely parallelizable may be sufficient to ensure the consistency of 

a superstring theory with the given manifold as background [13]. In 

general, a string theory may be formulated as a sigma-model defined on 

the two-dimensional world sheet of the string. One expects that confor­

mal in variance of this sigma model is necessary for a well-behaved 

quantum theory of strings (but see for example Ref. [ 14] for a possible 

approach circumventing this requirement). This property has been 

demonstrated to two-loop order in Ref. [13] for absolutely parallelizable 

manifolds such as S3 X S3 . In Ref. [ 15] this property was demonstrated 

to all orders for Ricci-:flat Kahler manifolds (which are relevant for Ref. 

[9]), if one assumes that no supersymmetry anomalies arise . 
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Appendix: Conventions for Spacetime Geometry 

We always take as the spacetime signature 7Jab = diag ( - + + + ... ); 

that is, positive in all spacelike directions. Letters near the be~inning of 

the alphabet denote local Lorentz (flat) indices; letters near the middle 

denote global (curved) indices. The Levi-Civita symbol tmnp ... is taken to 

be the covariantly constant true tensor regardless of the type of 

indices, and is only numerically constant when all indices are flat. 

The sign conventions for the Christoffel and spin connections are 

fixed by 

The curvature is given by 

or explicitly 

(A.1.1) 

(A.1.2) 

(A.1.3) 

(A.1.4) 

(A.1.5) 

(A.1.6) 
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The metricity condition on the vielbein is 

(A.1 . 7) 

s.o w.e have 

(A.1.8) 

which establishes the consistency of our two definitions for the curva-

ture. All (anti-)symmetrization is with weight one; for example, X[m Yn] = 

The condition (A.1.7) allows one to solve for the connections, and 

hence the curvature , in terms of the vielbein em a (for a general torsion 

TmnP = f[mnt• which we always take to be zero) . We do not need the 

explicit expressions , but only their variations with respect to the viel-

bein . Decompose a general Oem a= E:m a into its symmetric and antisym-

metric parts : 

(A. l . 9) 

(A.1.10) 

and 

(A.1 .11) 
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Thus Aab plays the role of a local Lorentz transformation, and hmn car­

ries the dynamical information. The variation of the curvature is given 

by 

(A.l . l2) 

If we define the Ricci tensor and scalar as Rmn = RmpnP and R = Rmm, 

then we have 

(A.1.13) 

and 

(A. l.14) 


