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I. Idempotent Multipliers of Hl on the Circle

IT. A Mean Oscillation Inequality for Rearrangements

by Ivo Klemes

Department of Mathematics

California Institute of Technology

Abstract

HL(T) is the space of integrable functions f on the circle T
such that the Fourier coefficients ;(n) vanish for negative integers
n. A multiplier is by definition a map m of Hl to itself such that
the Fourier transform diagonalizes m. Let fi(n) denote the diagonal

coefficients of m for nonnegative n. Then m is called idempotent

if each coefficient is zero or one.

Theorem: If m is jdempotent, then the set of n for which m(n) = 1
is a finite Boolean combination of sets of nonnegative integers of
the following three types: finite sets, arithmetic sequences, and
lacunary sequences.

By definition, a sequence is lacunary if there is a real number
g > 1 such that each term of the sequence is at least as large as
q times the preceding term. The theorem 1implies a classification
of the projections in Hl which commute with translations, or, what
is equivalent on the circle (but not on the line), of the closed,
translation idinvariant subspaces which are complemented in H. In

the course of the proof, a Tower bound is obtained on the operator



norm of a multiplier whose coefficients are 0 or greater than 1 in
magnitude. This bound implies that the number of nonzero coefficients
in disjoint intervals of the same length is the same, up to some factor
depending on the norm of m, provided that both intervals are shorter
than their distance from 0.

Part II is unrelated to Part I. There it is proved that a general
expression measuring the oscillation of a function on an interval
is minimized by the decreasing rearrangement of the function. A special
case of this expression is the BMO norm for functions of bounded mean

oscillation.
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INTRODUCTION

In a paper 1% pages long written in 1933, Paley [9] proved the

inequality 5
i

<>: lank|21>%SC(q)fO |f(e)] de,

k=1
where f is an integrable complex valued function on the circle

T = R/2nZ having Fourier series
f~ > aneine , (f e HL)
n=0
and where {nk}kjl is g-lacunary; q > 1 and
nk+1 2 qng k=1, 2, -

Paley's inequality implies the existence of a square-integrable function

g with Fourier series

o)

and also the boundedness of the projection f p g from Hl into HZ, for
a fixed { ng}.
In 1953, Helson [4] characterized the subsets £ c Z having the

property that

> ape™% e Ll implies 3 ap eim 1
n=-o nek

Helson's theorem is that this holds if and only if

N
E= U(axj2 +8;)\ F
i=1
for some N > 0, aj, Bj ¢ Z, and a finite set F < Z. The question

of what happens when Hl replaces Ll in Helson's theorem is the main

subject of this thesis. The result (Theorem 1) is that E (a subset of the
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nonnegative integers) is obtained by union and complementation from
finitely many sets of two kinds. These are the sets in Helson's theorem
(restricted to nonnegative integers) and the lacunary sequences appearing
in Paley's inequality. The proof also consists of two corresponding
parts. Two slightly different proofs of the second part, concerning
lacunarity, are given. One of these is a new Tlower bound on the norm
of a multiplier having coefficients ejther 0 or greater than 1 in
magnitude (lemma 5). Both versions depend on the inequality of McGehee,
Pigno, Smith [8] (see Theorem 2), combined with some counting arguments,
and an upper bound on the Ll norm of certain sums of Fejér kernels (lemma
3). The latter lemma is probably well-known.

By the H1-BMO duality, the property

S apeint ¢ Hl = 37 apeind ¢ Hl
n=0 nek

is equivalent to the property

2 apein® ¢ BMO =3 apeind ¢ BMo.
n=0 - nek

It turns out that the proof of Theorem 1 can be modified, using the
full McGehee, Pigno, Smith result on one-sided interpolation, to prove

the same conclusion about E assuming only the property

S apeint ¢ H” =3 apeindc BMO.
n=0 ek
These modifications are considered in section 3.
Part II is completely disjoint from Part I. It is a paper about
an inequality concerning the nonincreasing rearrangement f* of a real

function f on [0,1]. A special case of this result is that ||f*H BMO

< 1flgmo
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Notation

T = R/2nZ, the circle
H1(T): the space of complex valued functions f on the circle T such

that f is Lebesgque integrable and f(n) = 0, n < 0, where
£(n) uf e=1n6 £(g)de/2m.

Hl is a Banach space with the norm
2

111 =;f5ﬂlf(e)1 de/2r .

H® (T): the space of complex valued functions f on the circle T such
that ess sup |f| =|f] < ~and f(n) =0, n<0. H {is a Banach

space with the norm |f[_

M(T):the space of Borel measures on T

For w € M(T), |u| denotes the total mass of u and also equals:

sup {|f * ulp 2 f e LU(T), Iflp <1}

BMO(T): the space of complex valued integrable functions f on T such

that the supremum over intervals I < T of
1
T
e g 1
is finite, where f] = TTT .}; i

BMOA(T): the subspace of BMO(T) of functions f such that

f(n) = 0, n < 0 (analytic BMO).
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PART I
1. Statement and context of the result.
1.1 Definitions
A multiplier of HI(T) is a map m : H! » Hl such that for some
sequence{cn}n‘:o in € and for all f ¢ Hl, n > 0,
W(F(n) = cof(n). ()
Here §(n) is the nth Fourier coefficient of g:

2T
g(n) =f0 e~inBg(g)do/2r.

A multiplier of Ll(T) is, similarly, a map m : LI > L1 such that
(1) holds for some two-sided sequence {cn}neZ for all fe L and

n € Z. I will use the notation

m(n) = cy
to indicate the correspondence between m and {cp}. When the domain
of m is Hl, the domain of m is ingZyn20})= Z>O bv definition.

Also, supp m = {n : m(n) # 0} denotes the support of m.

An idempotent multiplier is one such that mom = m (a projection).

In this case it is clear that m(n) = 0 or 1 for each n.

1.2 Background on idempotent measures

Let m1, mp be idempotent multipliers of Hl and e the identity

map of Hl. Then
e, e-mij, myomp, mp + Mp - M} oM
are idempotent multipliers having coefficient sequences

e =1, é-myp, rﬁl mo, rﬁl £ rﬁg - ?nl ?ng,



with supports

Zyg, o0 \ Supp M1, supp M1 N supp M2, supp m] Usupp m2 ,
respectively. The same holds for idempotent multipliers of Ll except
that Z replaces Z_>_0. In both cases it 1is clear that the collection
of all supports, {supp m, m is an idempotent multiplier} is closed
under finite union, finite intersection, and complementation (this
is called a Boolean ring).

In terms of multipliers, Helson's theorem reads as follows:

Helson's theorem [4]. Let E c Z. There  exists an idempotent

multiplier m : L1 s L1 with supp m = E if and only if E is in the ring
of subsets of Z generated by the sets oaZ + 8, o, Be Z.

The sets aZ +pRare just cosets of additive subgroups of Z, and the
ring they generate is called the coset ring of Z. Yet another equivalent
statement of the theorem is that a sequence m of 0's and 1's  defines
an L1 multiplier if and only if for some integer p > 1 we have fi(n+p)
= m(n) for all but finitely many n ¢ Z.

When o # 0, the idempotent m with supp m=oZ + B has the explicit

form

al-1

l
1 &
n(F)(e) = g1 2 e2mgk/|al f(g-2mk/|al).

%l k=0
This is more often written as the convolution

m(f) =u*f, felLlT) _ (2)

where p is the discrete measure on T with masses TgT e2miB k/hll at the
points 2nk/|a| in T, k = 0, ..., |a] -1. In fact, it is well-known

that (2) is a 1-1 correspondence between all multipliers
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m : LI(T)> LY(T) and all Borel measures u on T. If m andvu satisfy

(2), then

where { is defined by

i(n) fT e~10dy(g).

If m is idempotent, then w * u = p, and such u are called idempotent
measures. Helson's theorem 1is wusually stated as a characterization
of idempotent measures in terms of supp {. More complete information
on idempotent measures, on arbitrary locally compact Abelian groups,

may be found in Chapter 1 of [3].

1.3 Result on Hl

The theorem to be proved states:

Let E cZyg. There exists an idempotent multiplier m : H1 > H1 with
supp m = E if and only if E is in the ring of subsets of Zyq generated

by lacunary sequences and the sets (aZ + 8) N Zyg, o, BeZ.

Paley's 1inequality implies that, for eath lacunary sequence E, there
exists an idempotent multiplier m : Hl - HZ < Hl with supp @ = E. Also,
if m : L1 > Ll is an idempotent multiplier, then so is the restriction
mg of m to HL, and supp mg = (supp m) N Zyp. Hence the "if" part of
the theorem 1is a consequence of the "easy" part of Helson's theorem,
and Paley's inequality. The main result of this thesis is the "only

if" part:

Theorem 1: Let m : Hl > Hl be an idempotent multiplier. Then supp m
is in the ring of subsets of Zyp generated by the arithmetic sequences,

finite sets, and lacunary sequences.
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The proof will use the fact that a multiplier is necessarily a bounded
linear transformation. This general property of multipliers of a
commutative Banach algebra may be found in [7]. It is a direcf
consequence of the closed graph theorem and the uniqueness of Fourier

coefficients.

2m
Definition |m| = sup{|m(f)|1 : [f]1 = JB |f(e)|do2m < 1, f e H1}

Before continuing, I will give an excuse for use of the multiplier
terminology. Helson [5] actually later proved a stronger version of

his theorem as follows (the semi idempotent theorem):

Let w ¢ M(T). If u(n) =0 or 1 for all n > 0,then (supp p) N Zsg differs

by a finite set from a periodic sequence in Zyg.

This implies that all idempotents m : Hl -~ Hl of the form m(f) =
uxf, U ; M(T) are also of the form m(f) = vx f where veM(T) and
AL AVERL VI As a corollary, when supp m is lacunary, we have an object
which exists only as a multiplier and cannot be a measure.

I would finally like to isolate two main ingredients of the proof
of Theorem 1 (for the proof see the next section). Helson [5] considered
the weak™ 1imit points of the set of measures {e~iN8du(p): n > 0} to
get useful information about u. The same idea occurs in [3], where
a proof of Cohen's idempotent theorem is presented. (The generalization
of Helson's to locally compact abelian groups). I use a variation of
this; considering weak™ limit points of { e~1M®m(ein®K,(6)) : n > O}where
m is an idempotent H1 multiplier and Kn(6) is Fejer's kernel.

Next, the argument depends on:
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Theorem 2 (McGehee, Pigno, Smith [8]):

2’]T N . N Iak
f Z akemke|dezc E K
0 Tx=1 k=1
where ny < .-+ < ny are integers, N is a natural number, {agl}cC , and

c > 0 is an absolute constant.

This result resolved the Littlewood conjecture

2m

Jy

N
2. e1nke'de > ¢ log N.
k=1

Historically, Cohen's theorem is also related to Littlewood's
conjecture, through the fact that Cohen [1] started by obtaining the
Tower bound c(log N/log log N)1/8 and then used the method of proof
in his proof of the idempotent theorem. The McGehee, Pigno, Smith
inequality will give certain lower bounds on |m| when |m(n)| > 1 or

%(n) = 0 on an interval of integers n (lemmas 2,5).

2. Proof of Theorem 1.

|
Lemma 1. For each idempotent multiplier m : Hl = Hl there is an
idempotent measure u ¢ M(T) such that the multiplier of Hl defined
by

mo(f) = m(f) - u % f, fe#l

satisfies the condition:

For all integers x > 0 there is an integer g > 0
such that [g,g + x] N supp ﬁo = . Briefly, (3)

supp ﬁo has arbitrarily large gaps.



9

mg may not be idempotent, but satisfies ﬁo(n) e {-1, 0, 1} for
all n. Also note that supp W is in the coset ring (by Helson's theorem)

and that
supp = (supp o) o (Zyq N supp ).

Hence, if Theorem 1 is to be true, it must be that supp ﬁo is either
finite or a finite union of lacunary sequences (and the theorem would
also follow if this were so). Proving the latter will be the next

step, but first the proof of the lemma:

Proof of lemma 1:

For each n > 0 let K, denote the Fejer kernel

n :
Kn(e) = 2. <1 - 9;3%) elib, g eT.

Recall that K, > 0 and

2T
| Kn "1 =f0 Kn(e)de/2m =1

for all n. Fix an idempotent multiplier m: Hl - Hl. Since the function

eindK,(8) is in Hl, we may define functions g,(6) by

gn(8) = e=1MOm(eindk, (6)) n =0, 1, ...

Then [gnl; < |m| |Knl; = Iml for al1 n; hence the sequence {gn(®)ds/2n}
has a weak™ Tlimit point v in M(T). This implies that, for some

increasing sequence {nk}kfl and for all ge Z,

1im g, (2) = v(2).

k—oo

Note that for |2|< n we have
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A - P 2]\ A
gn(2) = Kp(e)mntg) = <1 = '%1%) m(n+y).
Now for fixed fecZ we eventually have || < ng so that

~ A A
14 - yin (1- 22k ) = 11 +).
lim gni(2) = 1im < i+l | M(ngte ) jom m(ny+g, )

k> o

Since m(n) e {0, 1}, this limit is 0 or 1; hence \, is idempotent. By
Helson's theorem there exist p > 1 and t > 0 such that

~

vie*p) =v(n)s |2 >t

Consider the remainders of {ng} modulo p. There must be some

r. 0 <r<p-1such that ng = r mod p for infinitely many ng. Letting
du(e) = elrédv(e)

satisfies the lemma, as will be verified:
Clearly [(n) = $(n-r) and u is idempotent. Let x > 0 be given.

For fixed 2, vw(g) = m(ng+y) eventually, and thus for sufficiently

large k we have
v(g) = mngs 2y, L=1t,t+1, ..., t+ x. (4)

By the definition of r, there is also some ng = r mod p, ng > r such

that (4) holds. Then
V(L) = 3(2+nk-r) = u(nte), 2= t, t+ 1, ..., b+ X

hence ﬁg(n) = m(n) - a(n) = 0 for all n ¢ [ng + t, ng #+ t + x], so

we can take g = ng + t.
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2.2 Lacunarity and Fejér's Kernel

It is easy to see that a set E of nonnegative integers is either

finite or a finite union of lacunary sequences if and only if for

some ¢ > 0 and 0 < o <gwe have

|[@n, Bn] PE|] <c n=0,1, 2, ...

(Here |A| is the cardfna1ity of the set A).
Rudin [12] used the following argument to show that supp m must

be of this form if m HL -~ HZ s an idempotent multiplier. First,

by the closed graph theorem
B=sup {|m(f)]z : |fl1 <1, feHl} <o

Next, considering f(8) = ei3"f3K3n( 6) where K is Fejér's kernel, we

get by Bessel's inequality that

n
B2 > | m(f)llgz 22 In(3n+5)F(3n+5) |2
j=-n

n
_ 2z ’ J 2
- j:z_:J m(3n+]) <1 - 351“1)'
n

>-% 2. m(3n+j)

j=-n
_ 4 -
= §-[[2n,4n] n supp m| .

Similarly, for Hl multipliers, and using Theorem 2 instead of Bessel's

inequality, we get the following lemma:

Lemma 2. Let m : HL > Hl be a multiplier such that

Ia(n)l_flfor all n < supp m.
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Let a, y ¢ Z, a > y > 1 and define

b
I

| [a, a+y) 0 supp m|

(o]
"

| [a+y, a+2y) N supp m |
then
Imi2 5| t0s (155
where c is the absolute constant in Theorem 2.
Proof: Define V e Hl by
V(o) = (efad + eflaty)®) xy y(o).

Then | V]; < 2 and

Therefore

AN = (W) V()] =[] > 1, § < [a» a+y] nsupp m

/\ A
supp m(V) c [0, a+2y) n supp m .

Now estimate |[m(V) |1 using Theorem 2, but enumerating supp EKV) from

right to left, say

TN
supp m(V) ={ny > n2 > --- > ny}.

By defirition, ng+1, Ng+2> ..., NB+A € [a, aty) N supp m;hence

N
[ m(v) 12> c le (V) (ng) | /k
K:

B+A 1+A
1 1+B+A 1+A
>c¢ 2. 1 2clog <‘TI§‘> Z8 ]°9< 1+B>'
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This gives

1+A
Iml > IO/ V1 > 5 Tog (355

Similarly, considering
W(e) = (e(a+yle + eil(a+2yif)k, (o)

and numbering supp‘ﬁ?ﬁ? from left to right gives

1+B
I ml>$ 109 (2).

The method of Tlemma 2 gives more general estimates if we use
more general combinations of Fejer kernels, but only if we estimate

the norm of these combinations more carefully, as in the next lemma.

Lemma 3. Let y > 0, aj < ap < .-+ < ay be integers satisfying
gl 8 2 ¥y * 1y k= 1y 25 vuus N = 1,

Let 215 €25 s«+5 ¢ € &3 then

N

%; 1ake )’ do/2n g(K}: |ck| )

2m

A

Proof: Since Ky > 0, the Cauchy-Schwartz inequality gives

k=1

N N
27 ; 2 2 ;
<f"r‘ 2, CkewkeKy(e)' d6/27r> - <f”!§2 cke' 38 | /K T8) /Ky (o) de/zn>2
0 Il 0 k=1

Sinhce
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¥ :
Ky(e) = 2. (1 - ﬂ%{) eije,
==

and from |j| <y, ak+1 - ak > y + 1 follows

ak -~ a3 +j=0ek=2,j=0,
. N. 2
we see that the last integral equals D’ |ck|°.
k=1
Only the special case ¢c] = c2 = ... = ¢y = 1 will be needed. Some

discussion concerning the significance of the general case is given

in section 3.

2.3 First proof of Theorem 1

Let mgp be the multiplier in the conclusion of lemma 1. It remains
to show that supp mg is finite or 1is a finite union of Tlacunary

sequences. It suffices to show

sup |[3y, 6y) n supp my| < w
yeN

under the assumptions (3) and ]ﬁo(n)| > 1, n e supp ﬁo. By lemma 2,

there is a constant p> 1 depending only on |mg! such that
%.B < A < pB whenever max(A,B) > o (5)

where, as in lemma 2,

=
1]

I[a,a + x) n supp Mo,
B = i[a + X, a + 2x) [ supp ﬁm ,

a>x>1,a, x € Z.

The constant o may be chosen from Z for convenience.
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Now suppose
30 < |[3y, 6y) nsupp fg| = s for some y ¢ N.
Define N > 1 by
3pN £8< 3pN+1.

[ claim there 1is a sequence of integers 3y < x] < xp < -+ < XN
satisfying

(i) Xge1- Xk > 3y, k=1, 2, ..., N-1,

(ii) I[xk»> xk + 3y) N supp mg| = 3pN-k+1, k=1, 2, ..., N.

The claim follows easily from the gap condition (3) and the uniformity
condition (5): There exists g > 3y such that |[g, g + 3y)n

supp mg| = 0. But s > 3pN, so there exists xi, 3y < x] < g, such that
|[X1, x1 + 3y) N supp ﬁo = 3pN.

If N> 2, continue by noting that for

=
M

|[x1, x1* 3y) n supp gl = 3N,

poe)
1]

|[x1 + 3y, x1 + 6y) n supp mp|,

condition (5) implies B > 3pN-1. Again some g > x7 + 3y such that

'[g, g + 3y) N supp ﬁol = 0 is available; hence
|[x2, x2 + 3y) nsupp mg| = 3pN-1

for some x2 > x1 + 3y. Continuing this way gives the required sequence.

By property (ii) and the uniformity (5) it follows that

|[xk + ¥s xg + 2y) n supp ﬁg]_z oN-k (6)
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for each k. Finally, define f ¢ Hl by

£(5) 2; (e (k¥ 4 oTF2¥)8 ¢ (o) -

By lemma 3, |f|1 < v/2N. Now estimate |[mg(f)|; as in the proof of

lemma 2 by enumerating supp'ﬁG??) backwards, say

i
supp mo(f) = {nT < n7-1 < -+ < np < np

N .,
= U (xk» xx *+ 3y) n supp mg.
k=1
Note that for n, ¢ (xk, xg + 3y) we have
2 < 3p + 302 54 stern o 3pN-k+l 5_3pN—k+2- (7)

1}

Also note that f = 1 on [xk + ¥» Xk *+ 2y]. Thus by Theorem 2:

T "

i

Imo(f)]1 > ¢ Z [mo(F)(n, )| /2
9=

> €

S |mo(ng)|/2

L

N

2

k=1 nge[xgt+y, xk+2y)
N
c Xz

N-k/3pN—k+2 by (6) and (7),

= ¢ N/3p2

Hence [mg| > | mo(f) |1 / Jf]1 > ¢ /ﬂ)(3/§bz). But 3pN+1 > s, SO S
is bounded by constants not depending on y, as was to be shown.

This concludes the first proof of Theorem 1. The second proof
will give a better estimate on the number s = [[3y, 6y) n supp 'h0|
above. The argument above resulted in

Hmg 12
s < 3N+ < 3,7 Il
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where vy is some absolute positive constant. If p were independent
of |mg|, this estimate would be

S i ea“mouz (8)

for some constant a. But, in fact, lemma 2 only gives p < e® HmO".
Nevertheless, (8) is true. The proof involves a more careful counting
argument which yields a sequence analogous to {xx} above, without

the use of lemma 2, as will be seen below.

2.4 Second proof of Theorem 1.

Lemma 4. lLet Ec Z, a, b, y ¢ Z and
y>0, b>a+y.

Define A

I[a, a +y) nEl,

B

I[b, b +y) DE|.

Suppose that A > B. Then there is a finite sequence of integers

a -y <xy<XN-1 < 0 < xp2<x3<b-ywith the following properties:
(i) %k = X1 2 ¥> k=1, 2, ... N-1

N
(ii) Define F = U [xg-y, xg*t2y).
k=1

Define the function M on Z by

M(n) =|1F nEnn,«) .

Then M satisfies

1) M(xp +y) < 2B, M(x1) - M(xy +y) > B
2) Mlxg+1 +y) - Mxg) < 2M(xk)

3) M(xg+1) - Mixk+1 + y) > M(xk)

4) M(xy) > A/2, M(xN-1) < A/2.
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N N
Remark: Let F = kE; [xk» Xk + y) N E. Condition (ii) is set up to
imply that
Y 1 1+A
«, ——>c1 lo <;—— &
nek M)~ T\ > ’
and also N < c3 log <%{A> + Cq,

for some absolute constants c; > 0, ¢c3 > 0, c2, cq4. This will be

proved later, in the course of lemma 5.

Proof of Tlemma 4: Let x7 be the Tlargest integer in (-«, b - y]

satisfying |[x1, X1 *+ ¥)n E| > B. Such an integer exists because
a € (-w,-b - y] and |[a, a + y)N E| = A > B. This also implies a
< x3 <b-y. Define inductively a finite or infinite sequence
X1 > x> ... as follows:

Suppose x3 > -++ > Xk, k > 1, have been, defined. Let xg+] be

the largest integer in (-«, xg - y] satisfying:

|[Xk+1> Xk+1 * ¥) N E| >

k-1
|([xks xk + 2y) U U [x, - ¥s x, +2y))0 Els
=1

if such an integer exists; if not,then stop.
The sequence having been defined, let N be the least index such

that
N-1
[(Dxns xn + 2¥) U Y [x, - ¥ x, +2y))0 E| > A/2.
),Z,=
We now check that N is well-defined and that (i) and (ii) hold.
Let K be the Targest index such that xg exists and x¢ > a - y. K

exists since x; > a > a - y and since there are finitely many xy in

[a - ¥y, x1]. We claim that
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K-1

| (Dxgs XK+ 2Y) U ;}1 [x, = ¥» x, +2)) DE| > A2 (10)
There are three cases: 1) a + y < xg. Then by definition of XK
condition (9) fails for each xg+1 in [a - y, x¢ - ¥yl = [a - y, al.
In particular it fails for xg+1 = a, and this yields (10)
since |[a, a+y)nE| =A>A/2. 2) a<xg<a+y. Then either
|[a, xk) 0 E| > A/2 or|[xk, a + y)] > A/2; hence either
lixk -y> xg) 0 E| > A/2 or |[xk,xg + y) NE! > A/2. But (9) must fail
for Xk+1 = XK - ¥ > a - y; thus both of the latter possibilities imply
(10). 3) a -y < xgk < a.Then |[xk, xk + 2y)n E] > |[a, a +y) n E|
= A, so (10) is clear.

The existence of K implies that N is well-defined and also that

XN > a-y. Now (i) is true by definition. As for (ii):

1) M(x3) - M(xp + y) = |[x1, x1 + ¥) n E| > B by definition.
Next, we have M(xj + y) = |[x1 +y, x3 + 2y) n E|. Suppose
X1 +y<b=-y. Then by definition of x; we must have

|[x1 + y, x1 + 2y) n E| < B. Now suppose b - y < x] +y. Then

|[x1 +y, x1 +2y)p E| = |[x1 +y,b)n E| + |[b, x1 +2y)n E]

| A

Ix1 + y, b)n E| + |[[b, b + y)pn E|

1]

|[[x1 +y, b) n E| + B.

If x1 =b -y, then [x3+y,b)nE =|p] = 0. If x3 <b -y -1,
then B > |[b - y, b) a E| by definition of x3, and |[[b - y, b) N E| >
|[x; + ¥y, b)p E| since b - y < xy + y. Thus M(x3 + y) < 2B in all

cases.
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2) Suppose Xk+1 = Xk - Y. Then M(xg+1 + y) - M(xg) = 0. Suppose
Xk+1 < Xk- ¥y. Then by (9) we have

|[x, x + y)yn E| < M(xg) (11)
for all x € (Xk+1> Xk - ¥1. If xgx = ¥y < Xk+1 *+ ¥, then

M(xg+1 + ¥) = M(xg) < M(xg - y) - M(xg)

I

| [xk= ¥> xks N E| < M(xg).

If Xk+1 + ¥y < Xk = Y, then

M(xke1 + ¥) = M(xg) = [([xk+1 + ¥> Xk+1 + 2¥) U [xg = ¥» xg))DE]
< |[xk+1 * ¥s xk+1 + 2y) NE| + |[xk -y, xk)NE]
< 2M(xg) by (11).
3) This is just (9).
4) This is the definition of xy.

Combined with the McGehee Pigno Smith inequality, Temma 4 implies:

Lemma 5. There is a constant § > 0 such that any multiplier

m: Hl > H1 with [ﬁ(n)]lz 1, n < supp m satisfies:

1+A \?
Il > slog( )

|[a, a +y)n supp M|,

where A

B

1]

|[b, b+ y) n supp m|,

and a, b, y € Z are any integers satisfying a > 2y > 0, b > a + y.

Proof: For the proof we assume A > B since an entirely symmetric
argument works for A < B. Let E = supp m and consider the
sequence{xk}E=1 obtained by applying lemma 4 to the data E, a,

b, y. The function f defined by
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N
fle) = 3 (/X4 ot (XK )Ky_1(0)
k=1

is in Hl since X] >+ > XN 2>2a-y2>)Yy, and we have |f|; < 2/N
by Temma 3 and the condition Xy - Xg+1 > Y.

The function m(f) satisfies

e A A
supp m(f) = supp m nsupp f

=

cy [xk -y, xk +2y)nE=F

%

N = T
and [m(f)(n)| =|m(n)f(n)]|
N -
>1forne U [xk» xk +¥y)n E =F.
k=1
By Theorem 2 and the definition of M(n) in lemma 4,

M) L 2 c X [(Fn)|M(n)
ner

>c 2 1/M(n).
nef

We will now prove the remark following lemma 4: We have

N Mixg)
Zomm) =Y ¥ .
neF k=1 t=M(xgty)+1
M(xn)
This is almost like E: 1/t except for some missing pieces
t=B+1
which are small. In fact:
M(x1+y)
2 1/t < (M(x1+y)-B)/B < 1 by ii(1)
t=B+1

and
) M(x1+y)+B

Mixg B 1
X1t > X oyt 2 M(x1+y)+B = 3
t=M(x1+y)+1l  t=M(xy+y)+1
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(again by ii(1)). Therefore
M(x1)

z . %§?1)1/t (12)
1/t 2= -
t=M(xf;y)+1‘ 4 £=B+1

Similarly, for k = 1, 2, ..., N-1 we have

M(xk+1*Y) -
1/t < (Mxg+1 + ¥) - M(xg))/M(xg) < 2 by ii(2)
t=M(xy)+1
and
M(Xk+1) M(xk+1+y)+M(xk) .
>yt > 2 e > Mxd > 7
t=M(x+1ty)+1  t=M(xy+1+y)+1 M(xi+14y)+M(xy)
(by 1i(3) and ii(2)). Therefore
M(xk+1) 1 M(§§+1)
I/t >3 > Ut . (13)
t=M(xk+1+y)+1 t=M(xg)+1

Putting together (12) and (13) we have
M(xn)
2 1/t
t=B+1
1+M(xy)
log 1+B

% B
log (liéé§> by 1i(4).

2 1/Mn) >

ner

O| =

0|~

2

O| =

-
On the other hand,

M(x1) > B + M(x3 +y) > B by ii(1)

M(xk+1) > M(xg) + Mxg+1 + ) by 1i(3)

> 2M(xk) since Xxk+1 + Y < Xg»

imply  M(xy-1) > 2N=-2M(xq) > 2N-2(1+8),
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M(xN-1)
1og<——Tq§L>
N log 2 T2

or

< log <—111'%2>/109 2 + 2 by ii(4).

We therefore have

1+A/2 %
1712 < 2 (1og (142 /105 2 + 2)",

()1 > § 1og (L4242,

nmnzaQ09<g%>fé

for some constant § > 0.

and this implies

This concludes the proof of lemma 5. The second proof of
Theorem 1 is the following:

Let mg be the multiplier in the conclusion of lemma 1. (Thus
supp Mg has arbitrarily Tlarge gaps and |mg(n)l > 1 for
n e supp ﬁo). Let y > 0 be an integer, let a = 2y, and let

b >a + y be such that [b, b + y) is contained in a gap; i.e.,
B = |[b, b+ y) nsupp %0| = 0.

By lemma 5 we have
N 6 “m PZ
A = |[2y, 3y) Asupp mg| < cq e“2IM0I

and this holds for all y. Thus supp ﬁb is finite or a finite
union of lacunary sequences, as was to be shown.

I do not know whether the exponent % is sharp in lemma 5,
even for the case B = 0. On the other hand, the exponent 1 1in

lemma 2 is clearly sharp for the case B = 0, for the same reason
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that the McGehee, Pigno, Smith inequality is sharp; the multiplier

determined by

1 n e[0,A]

m(n) = ,
0 otherwise

has norm the order of log A. One may speculate that lemmas 2 and
5 are far from being sharp when A and B are both large, since it may

be that a lower bound in terms of [A-B[, rather than A/B, exists.

3. Some consequences and remarks.

Recall that in the proof of Theorem 1, an important step was

identifying a sequence of disjoint intervals.

[xk> Xk *+ 3y) k=15 2, «..s N

(where 0 < 3y < x, < Xy & =m» <XN)

1

having the property that

A

|[[xks xk + 3y) n supp m| = pN-k+1

for some number p> 1. This made it possible to conclude that |m|was
large if N was large, regardless of how far xy was from xi1. An analogy
may be drawn between this situation and a certain gap theorem of Y.
Mayer, as proved by J. Fournier in [2] I will state this

result since it, in fact motivated my approach above:

Let
0 <np<mp <np <mp <inp < vve <mg <ng < e

be integers such that
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lt+] — Mesl 2 &Nk s K= 1; 25 wus

for some positive number €. Let u be a Borel measure such that'h(n) =0

for ng <n <m, K =1y 25 os

Then

o]

2 Jatm) |2 < cful®
k=1

for some absolute constant c.

Here are some of the analogies:

1) The density of supp M in [mg, ng) is decreasing at least
geometrically. The density of supp m in [xk, xx + 3y) is decreasing

geometrically.

2) There is no restriction from above on how far my4+1 is from

ng. There is no restriction from above on how far xy+; is from xg.

3) Suppose only finitely many (mg, ng) are considered and
dg(mg) =1, k = 1, 2, ..., N. Then the estimafe is |u| > c/N , the
same as in the proof of Theorem 1 for |m|.

Fournier proves the above gap theorem by a special case of his
general method for constructing bounded functions with prescribed
Fourier coefficients. The result is that a function G ¢ L™ exists

such that
G{mg) = u(mg) k= 1s 25 oos

[oe]

suppAG c U [mg, ng)
k=1

Similarly, the McGehee, Pigno, Smith inequality is a consequence of
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another L* construction; if g3 > 2o > ... > 27 > 0 are given integers,
and Y1, Y2, ... Y7 are on the unit circle, then a function ¢ ¢« L
exists such that

Re(o(a)vk) 25 » k=1, 2, ooy T

supp ¢ < [4T,),
|oll < c, an absolute constant.

Now observe that in both constructions the functions are in fact
analytic; G, ¢ ¢ H”. By taking into account this additional property
of ¢, the proof of Theorem 1, and of the case A > B of lemma 5 can
be modified to yield the same conclusions from the weaker assumption
that m is a Fourier multiplier of the space H” into BMOA, the space
of analytic functions of bounded mean oscillation. This is a weaker
assumption because, by theHl—BMOA duality, the property

m: Hl - Hl
is equivlent to
m : BMOA - BMOA

for Fourier multipliers m. I will now discuss the changes needed

to make the proofs work under the assumption that m : H® > BMOA. Let

[m| = sup{ Hm(¢)HBMOA: o H lel, <1}

Lemma 1: The only change is that we define gp by

gn(8) = ei3n6m(ei3n6K (g)) n =0, 1, ...
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We show that |gnfq » n =1, 2, ..., are bounded by duality:

Let
Vp(g) = (ei2nd 4 e1‘4n6)K2n(e)_
Then
Vp(j) =1 2n < j < 4n,
supp Vn < [0, 6n),

[¥af1 £ 2

Let f e Lm,lf! < 1. Then the convolution Vy, * f ¢ H satisfies

vy * f| < 2 and

2T
fo e13n0g, (6)TTo)do/2n
2w
= m(ei3n6Kk,(g))F(6)de/2m
0
2m .
= m(e¥3n8K,(9)) (Vn*f)(o)de/2n
0

~

2T
= f e13”eKn(e) m(V,*f)(6) do/2n (since m=G or 1).
0

By the Hl-BMOAduath, the magnitude of the last integral is bounded

by

c lei3nekn (o)l 1] m(vn*£)l gyo

Scfml Wo*fl, < 2c|m].

But the supremum of the first integral over Hf”ooi 1 is Just ﬂgnll 18

hence |gnl1 < 2c|m| for all n.
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I thank T. Wolff for suggesting the use of the function V, 1in the

above calculation.

Lemma 2 and the first proof of Theorem 1: Consider,for instance, the
set {nT < n7-1 < ... < n2 < np} in the proof. Let ¢¢ H be the McGehee,

Pigno,Smith construction for this set, with Y, = sgn m(n ); i.e.;

)
ve(bln,)+ Sonlatng)) ) > 1/s
supp ¢c [nT,e)

lol,, < c-

We then show that ﬂm(¢){|BMOA1's large, by duality: Integrating against

the same function f e H! used in the proof gives

/N Im(oNguop>ifl1 1m(6) [guon

2
> |e Rej; m(¢)f de/2n!

¢ N/32 as in the proof.

|\v

So the final estimate, ||m|| > c¢/N/(3/202),has the same form as before.
Notice that we can get ¢ «H™, instead of merely L, because of the
backwards enumeration of the set {nQ}. In general, the set may be
very spread-out, so this is not possible in the other direction. For
this reason, Tlemma 5 does not carry over completely, but does work
for the case A > B, m : H~ ~BMO, l%(n)] > 1, n e supp m.

As a final remark, I will note the connection between Temma 2

and the following theorem of C. Fefferman, which I quote from Smith

[13].
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Let ax > 0, k =0, 1, 2, ... . Then the following two conditions

are equivalent:

o)
-

1) 2z ngag eike < BMOAfor all sequences {n} such that
k=0
el = Longe €, k=0,1,2, ...

o [(j*1)n-1 \2
2) sup, 2, ( 2. ak > < o,

neZ® =1 \K=3n

The connection is that lemma 2 and the Hl1-BMQA duality immediately

give the implication 1) = 2). In fact, the case ng = 1 implies

b(g) = ) akeike ¢ BMO.
k=0
Now fix y ¢« Z* and define
flg) = & cj(eiiye +ei(j+l)ye)Ky_1(e)
Il
(j+1)y-1
where Bl = 2 o
k=Jy

By a direct calculation it can be seen that

2m = y-l
o{0)f(2) de/2m = ;Z: cj 2 (ajyst * a(J+1)y+t)<1'"%%J>
0 j=1 t=-yil
o) J,Y‘*‘:‘v"l
> > Cj 2. ag
J=1 k=Jy
-2 2
=

On the other hand, the integral is bounded by
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o]

lobguon IF I < ¢ 1olpyon 2<_z 5)

J=l
where we have used lemma 2 to estimate |f[;. We conclude

(J+1)y-1\»
2 <c ol <
Sy 3 BMOA

RN
i

J

for all y ¢ Z*, and so 2) follows.
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PART II

The purpose of this paper is to prove an extremal property of the
decreasing rerrangement of a function on an interval. As a consequence,
we obtain the sharp constant ¢ = 1 in the inequality
*lgmo < c|f lgMo » thus refining a result contained in Theorem 3.1
of [1].

Let I ¢ R be a bounded nondegenerate interval. For f ¢ LI(1) 1et
f* < L1(I) denote the decreasing rearrangement of f. For a subset
E <I with [E| > 0, denote the average of f over E by fE =
(1/|E|)‘& f(t)dt. The letters F,G will be reserved for functions
F, G : [0,o) - [0,») with the special properties that F(0) = 0, F()\)/x
is increasing for XA > 0 and G(A)/x is decreasing for ) > 0. (We note

for clarity that the only condition on G(0) is G(0) > 0.)

With the above notation the main result is:

Theorem. Let f ¢ L1(I) and let o ¢ R such that fg = o for at Tleast
one interval K < I. Suppose f o |f - o, G o |f -] € L1(1) where F,G

have the above properties. Then

r *
Folf - Folf-o
JJ | al ¢ ll& If -

(1) % <
R S

where the supremum on the left is over all intervals J < I with ﬁ;==a,

the supremum on the right is over all intervals Kc I such that fx =o,
and where by definition-% =0, % = o for x > 0. |

Before proving the theorem we apply it to f ¢ BMO (I). For
1 < p < » taking F(x) = AP, G()) = 1, and taking the supremum over

all o on both sides of (1) gives:



34

Corollary. For f < BMO(I) and 1 < p < = we have

l rp * *
sup —— f% - £ |P < su
p -JJ] JI < sup

17
i I - fglp
Jo 1] Jel [ald Jl

where on both sides the supremum is over all intervals J c I such that
|dl > 0.
The proof of the theorem may be divided into two lemmas. The

first is a refinement of the well-known rising sun lemma and its proof

is omitted (for the original rising sun lemma see [3] or [2], p. 293).

n

Lemma A. Let f < L1(I) where I is a bounded interval, let o ¢ R, and
suppose fi < a. Then there is a finite or countable set g of pairwise
disjoint subintervals of I such that f =afor each L ¢ ¢ and f < «

almost everywhere on I\US.

The second lemma contains the main computations.

Lemma B. Let f ¢ L1(I) where I is a bounded interval. Suppose J < I

is an interval with [J] > 0 and E < I is a set with |E| > 0, such that

=a and  (i1) [yF* - al< JEIF - al

—~
-—
S
-
*
1
=
m
1

Assume that F o ]f -al G o |f -<x] € L1(I) where F,G are the functions
in the theorem Then

LF o [f*-al ’ JgF o |f-o

2 ; £ —
(2) 46 © |F*- o [5G o |f-q

where by definition %—= 0 and %-= o for x > 0.
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Proof of Lemma B. If [J!f* -a| = 0,then f; F o |f* -a| = 0 since

F(0) = 0, and this gives (2). We now assume jﬁ[f* -a| > 0. Define

the functions m, M, n, N for X > 0 by

(A)—ffit - adt » M(A) = J f(t) - oadt |
{t:f (t)-o>r}Ind {t:f(t)-o>A}TE

n(0) = S % *((tt))d>tm.n_d > NV = f{t:ocgf-(tf)gt)_)}(rjltE '

Letting H = F or G, the integrals in (2) are given by

fJHo [f*-a = -f(o,w)H(x)/xdm(x) +H(0) [{t : £*(t) =a}nd| -f(o,m)H(x)/xdn(x)

JeHe |f -a| =-f(0’oo)H(x)/AdM()\)+H(0) [{t:f (t)=a}nEl -f(o,m)H()\)/AdN(K).

We claim that

(F1) = fg, myF(0/2dm(2)/m(0) < =f(g. yF(N/2dM(2)/M(0),

(F2)  =J(g,w)F(R)/2dn(0)/n(0) < -J (g F(2)/2dN(2)/N(0),

b

(61) - J(g,w) &0/ 2dm(2)/m(0) > - [y y&(A)/2dM(2)/M(0),

b

(G2) -f(o,m)G(x)/mn(x)/n(o)z —f )G(A /XdN(A)/N(0),

(63) G(O)|{t : F*(t) = a}nJd|/m(0) > G(0)[{t : f(t)=a}NE|/M(0)

Assuming the claim for the moment, we derive (2) as follows:
Hypotheses (i) and (ii) of the lemma imply m(0) = n(0) =
% jd[f* - a|_g-%]t|f -a| = N(0) = M(0). In particular,m(0) = n(0) # O
and M(0) = N(0) # 0. Recalling that F(0) = 0, we obtain (2) by dividing
the sum of (F1) and (F2) by the sum of (Gl), (G2), and (G3).
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We now prove the claim. The easiest inequality is (G3):

We note
o} <d since fj = By

that {t : f*(t) = JyIf* =al > 0, and f* is de-
al NJ| =t : £%(t) =a}| =

f(t) =a} D El

creasing. Therefore |[{t : f*(t)
[{& & f{t) =a}] > U%
M(0), (G3) follows.

Since G(0) > 0 and m(0) <

The other inequalities will follow by intdgration by parts, once
we establish

=

(iiia) ”5% and  (iiib)

E

) M o s o

To prove (iiia) write J = [a,b] where a < b and set )

= ¥(a+0) - a.
(We include the possibility that Xq

= +x,.) For 0 < A < X1 we have

) f*(t) -adt _ F*(t) - odt
m(0) - m(x) = f{t:0<f*(t)-ogmm ) f{t:0<f*(t)-oc9}
= T f(t) -odt f(t) - odt _
£:0<F(t) a2 i ti0cf(t) TN
= M(0) - M()).
Recalling that m(0) < M(0) we obtain m(O%E8§X)_Z M(O&Zggk) S0 that

m(A)/m(0) < M(A)/M(0). Forx > X1 we have m(\) = 0,s0 (iifa) is proved.
The proof of (iiib) is similar and we omit it.

To prove (F1) we may assume without loss of generality that

FCA)/ X = ¢(X) 1is a bounded increasing function

Since m(0+0) = m(0)
integration by parts yields

(by the monotone
convergence theorem).

and m{ A) = 0 as X > ®

=~ Jo, 9 o( A)dm(A1)/m(0) = ¢(0+0) + f(o,w)m(%)/m(o)d¢(x).

Similarly ,
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= (0,)® (W)AMO)/M(0) =40 + 0) + 7 M()/M(0)ds(2).

In view of (iiia) and the fact that d¢ > 0, we obtain (F1) by comparing
the last two equations. The proofs of (F2), (Gl), and (G2) are similar.

This concludes the proof of lemma B.

Proof of the Theorem. We first note that both sides of inequality

(1) are invariant under the transformation f o -f, o p- g, SO that
we may assume fy < a. Let g be the set of intervals given by lemma
A and set E = Uf. Let J I be any interval such that fj = a. We

check that Jf -a = S /f -0 =0 so that fg = a. Also,

[f-al =2 [|f-al=X 2/ f-a
g |f ol o L1 -el E{t f:f(t)nrn L

= 2f f o = f - = 2f *_ o,
t:F(t)Sar NE (e F(8)Sal () >0l
2/  fy -0 = f|f* - al
- {t:f*(t)>a] fid J] |

Therefore lemma B applies and we obtain inequality (2). If

Ié.(ao |f -a| > 0 then

e Fo lf-al T JL Feolf-qf IL Fo| f-a
® = < SUp —=—75—7 °*
Go | f-q ! & IF= == . Go | -
J | f-a LegfLG If-aol LE;'[L | f-al

and the latter does not exceed the right-hand side of (1). If
fE Go If-al=0 and{E Fo |f-al =0, then by our convention
{: Fool|lf -al/ é G o|f -a|=0 < R.H.S. of (1). IffE Golf -a| =0

and éF o |f —al > O,then{ Folf -n| >0 for some L ¢ £,whereas
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{G o If - a|= 0, so that the right-hand side of (1) is +o and we again
have é Folf -u]/é G o |f -al<R.H.S. of (1). Hence in all cases
we have by (2) that 5 Foo|f" - al/ J;6 0 |[f*-a] <RHS. of (1).
Taking the supremum over all admissible J yields (1).

We now consider functions of bounded mean oscillation on the

circle T = R/2nZ. For f € BMO(T) define

_ 1 -
[F1= s4p 137 L1F-fa)s

where J ranges over all intervals in T. Let f# denote the symmetric
decreasing rearrangement of f. Making use of the corollary, it can
be shown that ||f*] < 2|f|. However, there are functions f such that

W#” > |f|. We give an example, omitting the computations.

Define £(0) = £(1) = £(-1) = 0, () = f(-3) = 1 and interpolate
linearly for the remaining ¢ [-m,w]. Then f# is the piecewise linear
function with corners (-1,0), (0,1), (1,0), and it can be shown that
> IF,

The failure of the inequality ”f#“ < If] is due to the fact
that the supremum "f#|! may be achieved for an interval J on which
f# is not monotone. This makes it possible to construct an
(equimeasurable) ‘"perturbation" f for which [f]| < Uf#n (as in the

above example).

We conclude with two problems.:
1) For f < BMO(T), are there any equimeasurable rearrangements g

for which |g| is minimal, and if so, describe them.

2) What is the best constant c such that ”f#” < c||f]| for all

f e BMO(T)?



39

Acknowledgements. The author wishes to thank Professor T. H. Wolff

for suggesting the problems in this paper and pointing out the relevance
of the rising sun lemma. The basic covering strategy was motivated

by the proof of Theorem 3.1 in [1].

REFERENCES

[1] Bennett, C., DeVore, R. A., Sharpley, R., Weak-L~ and BMO. , Ann.
of Math. 113 (1981), 601-611.

[2] Hardy, G. H., Littlewood, J. E. PGlya, G., Inequalities, Cambridge

University Press, 1967.

[3] Riesz, F., Sur un théoreme de maximum de MM. Hardy et Littlewood. ,

Journ. L.M.S. 7 (1932), 10-13.



