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Abstract

Classical spin models with a discrete abelian symmetry ( Z,)are studied

and compared to analogous models with a continuous (0(2)) symmetry.

The dependence onp (the number of states) of some quantities, e.g., the
pressure and correlation functions, is studied. For high p, under fairly gen-
eral conditions, the pressure of the Z; invariant model converges exponen-
tially, in p, to that of the O(2) model. Results of a similar nature, although
obtained under more restrictive conditions, are presented for a class of

expectation values.

Several different methods of proving Mermin- and Wagner-like results
are reviewed and it is suggested that these methods are not sufficiently
powerful to be used in obtaining upper bounds on the magnetization tem-
perature of the two dimensional Z, model. A rigorous lower bound is obtained

using a Peierls-Chessboard method.
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1.1 Introduction

The study of lattice systems serves as a tool for determining the appli-
cability of the general theory of Statistical Mechanics. It provides a ground
where mathematically rigorous statements can be made about infinitely
large systems. Examples of general statements would be proofs of the
existence of thermodynamic functions in the infinite volume limit and
existence of equilibrium states. More specific results would be proofs of the
existence or nonexistence of phase transitions, results concerning the
invariance or non invariance of the equilibrium states under certain sym-
metry transformation of the Hamiltonian, etc.. The fact that this type of
result can be obtained for nontrivial lattice systems justifies the use of Sta-
tistical Mechanics in the study of real physical systems, even though the
underlying dynamics of the latter may be much more complicated and
therefore general results may not be available. The agreement between its

predictions and experiment is, however, the main practical justification.

The mathematical results are also of importance in the study of Quan-
tum Field theories due to the "remarkable"” similarity between the Euclidean

space Green's function generating functionals and partition functions.

Historically, the subject originated with the proposal in 1920 by W. Lenz
and the study by the E. Ising (in one dimension) [1] of what is known as the
Ising model in order to explain ferromagnetism as a collective phenomenon.
In one dimension, this model with nearest neighbor interaction is rather
trivial, can be solved exactly and shows no phase transition and zero spon-
taneous magnetization. Ising's conjecture that this would be the case for

higher dimensions was proved to be wrong in 1936 by R. Peierls [2] who
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showed, through the use of a very clever argument (see Chapter III), that for
sufficiently low temperatures the spontaneous magnetization was nonzero in
two dimensjons. The argument was completed by R. B. Griffiths [3] in 1964,
and by Dobrushin [15] who showed that the spontaneous magnetization was
zero at sufficiently high temperatures, establishing the existence of a phase
transition. Meanwhile, the existence had been proved by L. Onsager [4] in
1944 by explicitly solving the model in two dimensions -- an exact calculation
of the free energy in zero external fleld -- and finding the celebrated loga-

rithmic divergence of the specific heat.

A large number of models have been since proposed, allowing for

different interactions, more states, different symmetries and lattices.

It is of great interest to understand which features of a given lattice
Hamiltonian are indeed responsible for the general thermodynamic behavior
of the system and which are responsible for specific details. To obtain this
kind of information, it is necessary to consider a general formulation of the
problem, in order to simultaneously treat classes of interaction which share
a given property. Many works have contributed to the formalism of lattice
gases and spin systems, initiated in the 1960s by Gallavoti, Miracle-Sole,

Ruelle, Robinson and Lanford (Wightman [5]).

We will mainly study classical spin systems with a discrete ZIJ symi-
metry, (where P is the number of allowed states of a spin). The limit of
P e is particularly interesting since the resulting system has a continuous
(0(2)) symmetry. In two dimensions the spontaneous breaking of this con-
tinuous symmetry is forbidden. We study various proofs of this result in
Chapter 1I, trying to understand if these methods can be applied to the Zp
system to obtain upper bounds on the temperature, above which, there is no

spontaneous symmetry breaking.
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Chapters III and IV deal with the discrete symmetry system. After
reviewing results [8,7] about the phase structure in two dimensions in Sec-
tion III.1, we turn to the new results in this work. In section III.2 we use the
Peierls-Chessboard method to obtain a rigorous lower bound on the magneti-
zation temperature of the two dimensional 77, system. This method pro-
vides, besides the rigorous lower bound result, an intuition on the mechan-
ism driving the phase transition,‘ and based on it, an heuristic argument is
presented in Section IIl.4, indicating that Chapter II's methods of proving
the absence of symmetry breaking for the continuous system cannot be
generalized to obtain rigorous upper bounds on the magnetization tempera-
ture of the Zp model. The reason can be trailed back to the weak treatment

of entropy contributions.

In Chapter IV we analyze the convergence of certain quantities, espe-
cially the pressure, in the discrete systems to their analogue in the continu-
ous case. It is proven that the convergence is exponentially fast in the
number of states p for any fixed temperature and p sufliciently large. The
result is general in the sense that it is valid for a large class of Hamiltonians
and any lattice dimension. We obtain similar but weaker results for some

type of correlation functions at high temperatures.



1.2 Formalism

First let us define the problem. We use the notation of Simon [8]. Consider a
ZV lattice and at each site 1 associate a spin variable S; which takes values on a
compact metric space {). Denote by P(ZV) the set of all subsets of ZV and
Py (Z") the set of finite subsets. An assignment of values of S; for all 1€A
AEP(ZY) is called a configuration and O is used to denote the set of

configurations in A.

Cp will denote the set of real continuous functions on 0A | We define an
interaction as the assignment of a function ®(X)€Cz to each X€P, (ZY). We
will only be interested in translation invariant interactions, such that
(X +1)=7;P(X) for 1€ZY, and T; the translation mapping from Cy-Cy,;.
The interactions that will be physically interesting will have restrictions on the

growth of ®(X) with X| Therefore, we introduce the following norms for ®€Cy

Iq)leozsupsem Iq)(s )I (1a)

kol = X X1 '1el. (1b)
0eX

1ol,= X 19l . (1c)
O0eX

where X€ Py (ZY), X is the number of sites in X and the sum is over all those

X which contain the site with all coordinates zero.

Using the norms of eq(1) we define B, the set of interactions ® with [|®]|
finite, and B, the set of ® with |®]; finite. B and B, are Banach spaces in these
norms and B ;CB. Another interesting space By is obtained by considering the

finite range interactions, for which ®(X)=0 if IXI>R, then BoCB;.

The free boundary condition Hamiltonian H4(®) of a system in A€P, (ZY)

associated to an interaction ® is defined by
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Hp(®)= 2} 2(X) . (®)
XcA
To introduce the statistical aspects of the problem we introduce a measure

d tig;on Qiii called the @ prio7T measure. Ug; will always be normalized to one

We now introduce the partitidn function Z at temperature =1/

Z\(®)= feFH ) TTdu,, | (4)
1€A

the finite volume pressure pA(‘I))

PA®)=fInZ\(®) | (%)

and the expectation values of observables, i.e. functions f €C)

<f>pp= ﬁg)"f JePH (q’)g\dum : (6)
This defines the canonical ensemble and we will call a state of the finite physical
system an expectation value functional on the functions f€C,. We are
interested in the equilibrium states of a physical system which can be deter-
mined by all the expectation values of functions of an isolated system when we
let the time approach infinity. Typically, the equilibrium state of a physical sys-
tem will consist of at least one macroscopically homogeneous region, which is
called a phase and is described by giving the values of a small set of parameters,
(e.g., temperature, external magnetic field, pressure, etc.). The structure of the
phases will depend on the values of these parameters and any change in the
phase structure is believed to be associated with nonanalytical dependence of
the equilibrium state on these parameters. To obtain nonanalytical behavior of
the partition function or the pressure as defined by equations (4) and (5) we

must consider the thermodynamic limit, which is obtained by letting the volume
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of A tend to infinity in a suitable manner as defined below. The first rigorous
treatment of this was given by Van Hove [9]. We will describe this limit procedure
although the simpler procedure of letting A be a hypercube of volume @Y cen-

tered at 0 and letting @ - will suffice in most of the problems treated here.

We say that a sequence of sets A, tends to infinity in Van Hove's sense if for
any integer @ and %A, ={i€ZY/ cube C of side @ centered at % , CNA,#¢
and CNAS#¢],

8 A,
_’A_ﬁn‘_—)o as n - |
For further developments concerning the infinite volume limit, see Fisher [10]

and Fisher and Ruelle [11].

One might argue that the experiments are done with finite size samples and
therefore one might expect that transitions are not sharp but extended over an
interval of temperature which depends on sample size. However, for samples
which are much larger than the correlation lengths, the approximation of infinite
volume should be appropriate. Furthermore, in these cases, due to the calcula-
tional difficulties arising from considering large but finite volumes, many ques-
tions can be better treated by considering the infinite volume limit. We will not
deal here with finite size effects. Although sometimes working in a finite volume,
we will take A—»>c at the end of the calculations. Experimentally (see e.g.Ahlers
[12]), the finite size will only affect measurements which have a resolution in
Itl:‘T—Tcl/ T, of the order of 1079 Before that, for the best solid materials,
sample inhomogeneities will come into play since they smooth the transitions
over a range of about 10™% For liquid-gas transitions there is a gravitational
effect which also acts in a range of the order of t=10_4. due to the density
difference between the two phases. For a theoretical treatment of finite size

effects see V.Privmman and M.Fisher [13] and references therein.
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With this in mind, we define the pressure as the limit of eq(5)

p(®)=lim px(?) . | (7)

Whether the limit exists depends on the interaction ®. It can be proved (see
e.g.Simon [B])that if $€F then the limit exists. An interesting case of interac-

tions outside B for which the limit exists is the Coulomb interaction.

It should be noted that calling p the pressure is terminology borrowed from
the grand canonical ensemble and that the pressure as defined above is minus

the free energy per site times .

The interesting point to make about the pressure is that by considering
arbitrary interactions, the thermal averages or expectation values of functions
can be obtained by taking directional derivatives, i.e., by looking at the tangent
functionals to the pressure. For example, for A€CX define the interaction \I'j( to

be the translate of A
VX(X+1)=T;A for i€ZY

VX(Y)=0 if Y is not a translate of X .
Then

1 .

m < ) 4> = —l%pA(¢+t\Pj() ) (8)

i+XCcA B

This procedure may be used to define translation invariant equilibrium states of
the infinite system for interactions on the B space (see e.g., [14]). This is
equivalent to an alternative definition using the Variational Principle, which says
that the invariant equilibrium states minimize the free energy per site. This is

directly related to the fact that the pressure is convex in the interactions, which

is easily seen using the convexity of exp(.) and Holder's inequality:
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Pt E+(1-1)¥) < tpp(D)+(1—1)pA(F) . (9)

This can be extended to the infinite volume for ® and V€5

We now introduce a piece of notation, the concept of boundary conditions
and yet another definition of equilibrium states, which is useful even for nonin-
variant states, in terms of the so called DLR equations. DLR stands for

Dobrushin-Lanford-Ruelle [15,16].

Given A' and A,ACA',t EQMA,S €A then let s X¢ denote
(sxt) =5, tf a€A

=t, if acA]A : (10)
Consider now the Hamiltonian
Hp(s/t) = ) ®(X)(sxt). (11)
XnA#g
The partition function Z A(s/ t) obtained by summing over all configurations on

(A keeping a configuration of £ €A fixed is the partition function with boun-

dary conditions t €QAA

The DLR equations are suggested by comparing different configurations in A
with the same boundary conditions.

If $CB (finite range) we take A’ to include all sites i for which there is an X
such that 1€X and XNA#¢@. Then the conditional probabilities of configurations

s;and s,€0}, given t €OMA fixed are related by

P(sy/t) = P(sy/t) eflHNso/ t)—Hx(s1/ 1)) (12)

P(s;/ t) are conditional probability densities if () is not discrete. Then for

a state p,' and f €C)' we can associate a measure p,'(s,dt) on QNIA by



-9-
pa(F)=<f>p=f [ f(sxt)pp(s.dt)dpu(s) (13a)
oA

(du(s)=]] &y ) such that

acA

pn(s1.dt) = pp(sadt) g B(HN(se/ t)—Hp(s1/ t)) _ (13b)

The important point is that a similar formula holds for A'=Z" and ®CFH, there-
fore defining properties of the states of the infinite system. It can be proved that
invariant states satisfying these equations also satisfy the variational principle
and are thus also equilibrium states. In many practical cases it is better to work
with the DLR states since one can then make statements which hold in the ther-
modynamic limit.

Another way, equivalent to the DLR equations, of defining the equilibrium
states is through a set of inequalities proposed by Fannes, Vanheuverzwijn and
Verbeure [17].

Suppose there is a group G of transformations (2-{) such that for all
s,t€() there is a U€G with the property Us = £ (U acts transitively on Q).

Denote by & the set of maps from Cyvonto Cyv which satisfy
(i) the measure d i is invariant under U.
(ii) U = [] U;, where U; €G; and G; is a copy of G at site i, A is bounded.
1€A

Note that U is invertible and (Us ), = S, if a is not in A.

For any U€ @ define U on Cyv by
(Of)s)=f(Us)

for f € CZV, S EQZV.

For H€ B denote by

UH—H=I{}m UHA'—HA’ 7
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Then we have
Theorem [17]

Forall f €Cyhv, f=20,f #0 and U€Q a state p satisfies

‘H—HIf)
p(f)

o(f) < p(UF) exp g2LT" (14)

if and only if p satisfies the DLR equations.
Remarks :

1) DLR imply eq(14) under the weaker conditions on @ that : (i) du is

invariant under U, (ii) U is invertible and, (iii) (US ), = S, if & is not in A.

2) For the converse to be true we need the stronger conditions which are

satisfied by all current models.

3) In most applications we only need the weaker result

o(f)=p(0f) exp |07H — H], (15)

a direct consequence of Jensen's inequality.
4) The inequalities are statements about the infinite volume system.

5) We only prove the first part since we will not use the second.For a proof

that the inequalities imply the DLR equations see the original reference [17].

Proof

DLR imply the inequalities. Since f =0, f #0 and p(f )>0

p(Of) = 4 Q{M J (U Ysxt))p(s,dt)dpuls) .

Using condition (1iii): f (U™}sxt) = f ((U~1s)xt) . change variables s > Us,

then

p(OF)= [ [ f(sxt)p(Us,dt) duls)
QAQMA
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since d u is invariant. Using eq(13b) for infinite volume

po(0f) = 49'{1‘1{(8”) po(s,dt) e PHNs/)—BHNUs/t)g y(5)

Multiply and divide the rhs by p(f ), and using that

_ [ (sxt)o(s,dt)du(s)
w o)

is a probability measure ,and the convexity of the exponential, we can apply

Jensen's inequality to

Df) = BH(s/t) - BH(Us/t)g
p(Of) p(f)g;n[me v

to obtain

- f(sxt)[H(s/t)—H(Us/t)]p(s,dt)du(s)
p(Of)=p(f) expﬁéﬂ{ﬂ )
- p(fB(H(s/t)—H(Us/t)))
P(Uf)—p(f)exp P(f)
(H=U"'H))
p(f)

o(0F) = p(f) exp g2

which is equation (14).

These inequalities are very useful in applications if a bound of the type

o(f (H=U1H)) _
e

can be obtained, where K is independent of the domain of f, in view of the fact

exp

that if two extremal DLR states are mutually absolutely continuous they are
equal, proving that the states are invariant under the transformation U, (S.Sakai

[18,19], J.Bricmont, J.Lebowitz and C.Pfister [20]).
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II. Continuous Symmetry

The absence of spontaneous symmetry breaking in the one dimensional
nearest neighbor interaction Ising model led to the conjecture, by Ising, that
the same would happen for the higher dimensional cases. This was proved to
be wrong by Peierls, by specifically obtaining a lower bound for the critical
temperature. It also happens that there is spontaneous symmetry breaking
in one dimension if the interactions are allowed to be of long range (decay-
ing as 1/ 72 or slower), as shown first by Dyson for the hierarchical models.
For systems with continuous symrmetries, a similar effect occurs in two
dimensions. The word similar is used here in the sense that if the interac-
tions decay sufficiently fast, in two dimensions there is no spontaneous sym-
metry breaking. In higher dimensional lattices, even those models with short
range interactions exhibit spontaneous symmetry breaking for non-zero
temperatures. The reason for this phenomenon may be traced to the
existence of excitations of arbitrarily small energies which disorder the sys-
tem at any finite temperature. A similar result, known as the Coleman
theorem [R1], is that continuous symmetries cannot be spontaneously bro-
ken in two-dimensional (continuum) field theories, since if they could, mass-
less Goldstone bosons would appear, which is not allowed by strong infrared

divergences.

Several results concerning this type of phenomenon have appeared in
the literature. The first rigorous results in this subject were obtained by
Mermin and Wagner [22] and Mermin [23] who showed that the spontaneous
magnetization was zero for some quantum Heisenberg ferromagnets and for
classical systems, respectively, and also by Hohenberg [24] who showed that
certain Bose gases do not undergo a Bose condensation in two dimensions. A

deeper result was obtained by Dobrushin and Shlosman [25], showing that
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every equilibrium state is invariant under the continuous symmetry, for
classical systems with finite range. This result has been extended [26,33] to
include some long range interactions, with even optimal results for some
classes of classical spin systems. The first results concerning the invariance

of states were obtained by Garrison, Wong and Morisson [52].

In this chapter we will look at some of the proofs of what has been
called the Mermin and Wagner phenomenon. We will not concentrate on
obtaining optimal results concerning the range of interactions but, we will
study the mechanisms behind the methods in order to see if they can be
generalized to study systems with discrete symmetries. In Chapter III an

argument will be presented against this possible generalization.
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II.2. Classical Bogoliubov Inequalities and Local Ward Identities

The first rigorous proofs of the absence of symmetry breaking for cer-
tain classical models in two dimensions by Mermin used the classical analo-
gue of the Bogoliubov inequality for quantum systems. Driessler, Landau and
Fernando Perez [27] have obtained general results concerning this inequal-
ity, in which they emphasize the fact that it is related to the existence of a
one-parameter group of transformations leaving the measure invariant. This
symmetry leads to a set of identities, in much the same manner as gauge
invariance leads to the Ward identities (or Slavnov Taylor identities) in gauge

theories, and are thus called local Ward identities.

Consider a one parameter group of transformations that acts on (]
U(t):Q-0Q .
For A € C,2 define A by

A':%[U(t)A]tzo . (1)

Driessler ef al. prove the following :

Proposition 1
<H '>=0 (R)
<A>=B<H 'A> . (3)

Proof, <A>=fdM€ BHA (e ~BHd 14 is normalized : fdy,e “Plely

Since the measure is invariant
1= fdue #H= [dye—BU®H)

then
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0 = In [ d e ~BUEH) = d%‘ln [dpue=BUME),_ =
= fdu(—pH e FH=<H '>,

proving Equation (R).
For (3):

<U)A> = [dueBUE)'Hy

%<U(t),4>lt=0 = <4>= ﬁfd,u(—%(U(t)‘lH)e‘ﬂU(t)_lHAL=o

<A'>=B<H'A>

The classical Bogoliubov inequality can now be obtained by using Schwartz

inequality | <AB>PR < < 4R ><|BR >, and equation (3)
kA >R = BA<H 'A>R < BR<AR><H 2> (4)

Using the notation A" =(H ')’ and eq.(3) for A=H '
<H'>=B<H 'H '> obtaining

<A SR < B<ARS<H' > (5)

The importance of eq. (5) in applications is derived from the fact that <4'>
is bounded by a product of two factors, one of them independent of A. If
<H'> can be proved to be zero for a suitable transformation U, then the
state will be invariant under U. It is this separation that allows one to obtain

information about a general state.

The Ward identities are also useful in proving the existence of critical
lengths in some classical models in dimension =3 and obtaining upper
bounds (mean field) for critical temperatures [27]. Actually these problems

provided the motivation for their study. For mean field upper bounds on the
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critical temperatures using the Ward identities see also B.Simon [28].

II.3 The Mermin and Wagner Theorem

The initial proofs of the Mermin and Wagner theorem showed that as the
external magnetic field 2 is reduced to zero the spontaneous magnetiza-

tion reduces logarithmically in h (like ( hnh, )_}5)

It is of more interest to obtain results concerning the invariance of the

states under global O(2) transformations.

Let A be as in the previous section and U and U ve given by

Ut) = I;zut(i) (1.a)
O(t) = .Hzauf(i)t (1) (1.b)

where f (i):Z2—>R will be chosen later; (1) is a single spin transforma-
tion.

The idea is to choose f (1) such that inside a bounded region Ag, U=0T
and far away from Ag, U'=1. Then one proves that </7""> can be made arbi-
trarily small, which implies, through (5), that <A> is invariant under U for
A € O™, Since Ay is arbitrary it then follows that the state is invariant.

We will just treat the case of nearest neighbor interactions (Simon [8]).
The general case has been studied by Klein et al. [29] and by Bonato
et al. [30], who obtain the best possible conditions on the interaction

range and also study clustering properties using the same approach.

Consider

0= Huf ()t ()
teA

where % (;3; acts on the angle 8; as Uy (;);6;=0; +1f (7).
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Then

H == 3 cos(6,=8;+t(f (i)-f (j)) (3
N
and

dtzUH% 0 = L(f ()= (§))%cos(6;-6;)

]

I<—UH>& 0= E(f (1)—f (4))? (4)

by eq.(5) of the previous section

<2 0al->2 < p<AB TS (1)~f ())? . ®)
i
Remembering that f has to satisfy
1 1€
f)= 0 il >> diam Ay (8)
we consider g,(x): B2~ R such that
1kl
() =1e kb1, (")
Note that
f|Vg£(x) ‘Zdzx = (8)
and

f‘Vgs(x l —hmZ—-[ (in~1)—g,(in~! ]'n]

= lmlou(in ™=, 0] ©)

Therefore, if f (r{,):ge(’m_l) is chosen, <%UHL¢ —g> can be made arbi-
trarily small and the state proved to be invariant since Ay is arbitrary. As

mentioned before, this method can be used to study clustering properties.
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However, it "only" obtains logarithmic decay lower bounds [50], when we
know that in some models (McBryan and Spencer [31]) the correlation func-

tion decays like a power. See Section III.2. for more comments on this.
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II-4 Energy Entropy Inequalities - A

The idea behind the method described here (Simon & Sokal [32]) prov-
ing that the spontaneous magnetization for the plane rotor model is zero, is
a very nice formalization of arguments concerned with the balance of
entropy and energy that go back to Herring and Kittel [53]. It also draws
from the concept of relative entropy introduced by Araki [54]. Heuristically,
one initially considers a magnetized phase, represented by a configuration
with all spins parallel. One can decrease the free energy by doing the follow-
ing: Flip all spins inside a block of side L and surround the block with layers
of spins rotated very slowly. For example, rotate the first layer by
m[1—(1/ L)]. the next by w[1—(2/ L)] and so on, so that after L layers,
the spins are left unchanged. This transformation resembles that performed
in the previous section. The energy is increased by [ 1—cos(2m/ L)]L3
constant. The entropy gain is related to the number of places where we
could choose the block ~In{A/ LP(AX volume of the system). For large
volumes the entropy gain dominates the energy shift and the free energy is
decreased for any temperature T > 0. Thus the initial magnetized phase can-

not be an equilibrium state.

Needless to say, this is not at all rigorous, since the argument is
cavalier about notions of phase and entropy. Also, it is not clear why it does
not work for more than two dimensions, since the requirement would be to
dominate an energy ~L272 with an entropy ~In (A/ L), which can be

done if A is large enough.

The method is as follows: First compare the entropy S,,;, of a statisti-
cal mixture of n states, each obtained by a suitable transformation of the
original state, and the entropy of the original state S Simon and Sokal

obtain that (see Theorem 1 below ):
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Spmiz =S o=—(Energy shift)

Then the entropy of the mixture is compared with the average of the
entropies S; of the mixture components. If the mixture components were

totally disjoint one would have
Spmiz=(1/ 1) 2.5 +in(n)
T

For not totally disjoint but "almost disjoint” components (see Theorem
2) Simon and Sokal prove that
Smiz=(1/ 7)Y, S; +in(n)—constant
1
If the transformations performed leave the @ prioTi measure invariant,
then (1/7?,)251; =Sg. For large n, the two inequalities are contradictory
T
since the energy shift can be shown to be finite and one concludes that the
components are not "almost disjoint”. The important point is that if one
assumes the spontaneous magnetization (infinite volume) to be non zero it
can be proved that the components are almost disjoint in the precise sense

of theorem 2, conditions (i) and (ii). Therefore, the magnetization has to

vanish.
The notation is as follows:

A is the volume of the lattice.

_lBH 13 o _np
g_ZAe ’f niglfz’ft_ng

d g the @ priori measure (a probability measure).
dv;=f;d ug (probability measure, if T}

leaves d iy invariant).
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T; are transformations which rotate the spins as suggested by the

heuristic argument. See theorem 2.

Theorem 1
Let S(f)=—ffInfdug.then S(f)+ [flngdug=<0 .

Proof

This is a direct consequence of Jensen's inequality and the convexity of - log
S(f)+[fingdug = [in(g/ f)fdue=1In(fgduo) =0
Note that J f Ingd g can be rewritten as
S7ingdug = fgingdue + f(f —g)ingdug = —S(g)-AE
where AF is the "energy shift"
AE = = [(f ~g)ingdyu = 2%, [g (Inf i-Ing) du

where f 4 is obtained from g by transforming with T,;_l.

Therefore Theorem 1 expresses the first inequality

S(f)-S(g)=—-AF . (1)

The second inequality is obtained from the following theorem.

Theorem 2
If the components are almost disjoint in the following sense:
There exists a ¢ = 0 such for each i there is a set 4; ( Af the complement

of A; such that 4; UAS =QA, the internal space) with



S(F) = 105 (fi) 2 nn -k, (2)

Proof

We just follow the proof by Simon and Sokal:
1
S(f) == = BS(f;) ~Inn =

=%5—§}ff«;ln[ L% Y a1
t=1 'sz]

-2 5 [ awin( I

§IN

by Jensen's inequality:

>—— E lnfdMo f1,+2f1,f.7)%

J#
using (a+b)k ak+ b%

311\5

‘Z: [ 1+ due (X fof )4

j#i
using —In(1+z)>—=z

>- 2 E 1+ f dug (3 fif )Y

J#

72 fdlu'of /2(21' )1/2+fd/v"0f1/2 Zf 1/2 ,

J#i F#

using Schwarz inequality: ffgs('\/ffz)(\/fgz)
7?.‘2 (i (4) V2L v (4)]Y B v (A 2L T v (40)1VRS

j# j#
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using conditions (i) and (ii) finally
z%znfl.c V24+(c/n)V3(n—1)3=—4c /73

is obtained, proving Theorem 2 .

Theorems 1 and 2 have made no assumption about the form of the
transformations 7; or how conditions (i) and (ii) can be satisfied. The sub-

sets 4; and Af have not been specified yet.

These conditions can be obtained, using a Chebyshev inequality under
the assumption that the infinite volume spontaneous magnetization is not

zero. But first, a comment about the range of interactions is necessary.

The restriction that the energy shift be finite constrains the range of

the interaction. Simon and Sokal prove the following theorem.

Theorem 3

The spontaneous magnetization is zero for a plane rotor with Hamil-

tonian H=—)J (i—j)cos (¥;—9;), J (1—7)=0 and
i

YR (1)< (3)

1#0
This constraint roughly states that the couplings decay as N
or faster. Pfister [33] proves a stronger result, which for this case is:
Theorem 4
All states are O(R) invariant if there exist a constant C > 0 and an integer p

so that
LELHFEJ@) <CF, (L) (4)

where F,(L) diverges at most like In(L)Ing(L) - - - In, (L) for large L

and In (.)=Inln, _4(.) (See [33] for a proof).
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This constraint is such that the theorem is valid if the coupling behaves
like 7 ~4Ingr - - - In, 7 ., for large distances, a behavior which seems criti-
cal in view of the fact that the theorem is false if J(r)
~r~4ngr - - - lnp_lT(lin)l""e. See comment 4 of ref.[33] . Pfister's
method is related to the one presented in the next section. However, his
main contribution lies in the way the energy shifts are bounded, an idea

which could be used in the present context.

Now let us return to the problem. Consider a volume A of size
(RL+1).(Rl+1) centered at the origin with all spins outside A pointing in
the 1- direction. The transformations 7; will be such that they rotate the
spins in a 3k X3k block B, flipping the spins inside a block B; (concentric
to Bi) of k Xk spins and slowly rotating those spins outside B;: rotate by
m[1 — (1/k)] the first layer of spins outside B;, by 7[1 — (2/k)] the
next, and so on until the last layer, the border of 5, is rotated by 7/ k. We

have the liberty of choosing L, k, and 7 as fit.
The concept of "almost disjoint”, as stated by condition (i) and (ii) is as

follows:

Choose 4; as the subset of (4 such that

A: Yol >o0

QEB-;
and (5)
A Y ofl=0
(XEB{
0&1) is the component in the "1-direction" of the spin &,. With this choice

V(Af)=Probability that ¥, o{<0=P _,( ¥ ofV)

acBb; acb;

1 —
V(Af)ZZ_AEa{I;soe 'BHdMo .
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Denoting the states by <. >, 5, call

B:

1]

and
F=YobV-qa
By

Choose b < @ then

—BH
Pya(Tofsb)= [ S—dpuq
By Yoll=b “A

1 e ~FH
= — b—a)? d
(b —a)zzo{;b( ) Zp .
1 e —BH
< — of{V—a)? d 10
(b —a)zzaﬁsb(g & gy

2

since (x —a) is minimum when x=b for £<b . By adding positive contribu-

tions, we can extend the integral to QA, for b=0

1

Plo i) = =
B a

<F2>+')\ .

It is easy to understand that <ZG(1)>+,>\ decreases when the interac-
tions are decreased, which is what effectively happens if we increase the
volume A. This, in fact, can be rigorously proved by the correlation inequali-
ties of Griffiths [34], Kelly and Sherman [35] and Ginibre [36]. Thus, by a

GKS inequality:
a=mk?

where m = <o'>, ,, is the spontaneous magnetization.

Assume m #0, then

1
<> (6)

P+,A(§‘G&$O)$m2 4
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and is beginning to look like condition (i), provided <F?> is well behaved. It
can be proved that
i<FZ> — i
k4 +AT 4 Z [<Ua07>+,A—<0a>+,A<07>+,A] (7)
CX,}'GB‘
can be made arbitrarily small when l-c since <.>4,» is ergodic. It

satisfies some decomposition properties, see, e.g., Israel [14].

Now given . choose k and [ (sufficiently large) so that

Py A > ‘70((1)$O)S

ach;

(8)

3|~

for all 1<i<m. [ is chosen so that (7) can be made small and the 5; blocks

do not intersect.

If (B) is satisfied we can apply Theorem 2. Combining with Theorem 1

(remember that 7; leave the measure d (g invariant).

In(n) —AC%< S(f) — S(g) < —AF . (9)

The next step is to bound the energy shift AF
AE = f(g=f) ing du
AE=1Y
n #
AF;= fe~#H(H-T1H)

The only contributions to H —T.,-,_lH come from the interactions of
spins inside B.,; with
a) spins outside A
b) spins inside A

By taking A sufficiently large (2) can be made arbitrarily small.
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Ti_l can be written as a product of single spin rotations

T.,"_l = l_L Ria .

acB;

Then the contribution from (b) will be of the form

AE,=— Y J(a=7)[<R;aBa RiyBy> 1 p=<0p.0)>4 4]

<a,7>€A
AE;= Y, J{a—7)[<cos(8,—0,+¢a—¢y)>—<cos(6,—6.,)>]
<a,y>€A
ls I I (¢a_§07)2
BEEY I (a—) cos(pa—p,) — 11 = T (a=y)—5"—
Where ¢, is given by
_n(1-Te
g =m(1-=7)
0, a=ag€l
ra={ld-£ a=8cHIB  Jal=maxioy oy}
k. a=aeNB

then

7T2 J 2
AE,,;—<— '272‘2 (Oi—’}’) (7‘0(—’7’7)

Write Z as
(2 %4

ZJ(a—?)("‘ L ASDIE DY DIEINDNDY

@78 agy @87 ay oy &Y
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The first and last terms vanish and each of the other four terms can be
bounded by

Y <CkRYJ(a)af

«y

Therefore, there exists a K< such that
|AE;| < K

and (9) is contradictory if 7 is sufficiently large, proving that the magneti-

zation vanishes for any non-zero temperature.

Finally, we note that the most interesting use of this method is the
proof, modulo a slight technical assumption, of the so called Thouless effect
[37], that the magnetization of the one-dimensional 1/7% Ising model is
discontinuous at the critical temperature [32]. The energy shift diverges
logarithmically and still can be controlled by the entropy. That infinite
energy shifts can be controlled using this method seems to be a characteris-

tic of one-dimensional lattices. For a comment on this see Chapter III.
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1I-5 Energy Entropy Inequalities-B

In this section we present yet another method to prove the absence of
spontaneous symmetry breaking in two dimensions. The argument consists
of a very simple application of the powerful energy entropy inequalities of
Fannes, Vanheuverzwijn and Verbeure [17], (see section 1.2) and a trick
already used in Section I1.3 to control the second order energy shifts.

The result to be proved is the following.

Theorem

The states of the (nearest neighbor interaction) plane rotor model are
O(R) invariant for any temperature 7>0.

Remarks

1. Pfister, [33], controls the second order energy shifts for long range
interactions. See Theorem 4 of Section II.4 for constraints on the decay of
the interactions.

2. In the previous section the magnetization was proved to be null. That
method can also be used to prove the invariance of the states under group
transformations, [32].

Proof : Let g be an even function of each of its arguments §; which
lie inside a block Ag of . X7 sites.

Let U be the transformation defined in section IL.3, that acts on the

Hamiltonian

H=— ¥ cos(6;-6,) (1)
2

as

O~tH==}cos(8;,=6;=t(f (1)=f (5))). ®
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Now, following section 1.2 eq.14, the energy entropy inequality relates the
expectation values of g and 1

(H-0U"1H)
p(g)

o(0g)2p(g)exp p £

and from equations (1) and (2)
AH=H-U"1H=
=—Y.cos(8;~6;)[ 1—cost (f (i)~ (j))] +
+ sin(9;-6;)sint (f (1)1 (7))

so that in p(g AH) we have integrals of even times even and even times odd
functions. Only the first term (even times even ) survives (cosine), but this
term can be made as small as we want by choosing f appropriately, as
already seen in Section 11.3. Therefore p{(Ug) and p(g) are proved to be
equal. By letting m, and therefore Ag, go to o, the states are proved to be

invariant under global rotations.
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1.1 Discrete Symmetry: The Z,, Model

In order to compare the Ising model and the plane rotor models and
understand their differences, it is interesting to consider a class of models
which interpolate between them. So, allow the spins to point to any of the
vertices of a regular p-sided polygon. By maintaining the functional form of
the interactions and by appropriately normalizing the @ pri07% measures,
we can expect that in the =2 case and in the limit of p infinite, we reob-
tain the Ising and the plane rotor models respectively. We will be interested
in how certain quantities, such as the pressure and correlation functions ,

depend on the number of states p.

These models are invariant under simultaneous rotation of the spins by
_m /p . the ZP group and are therefore called Zp models. They are also
known as the clock or vector Potts model, introduced in the fifties by Domb
and Potts [38] and have proved to be interesting also in their own right,
since there seems to be a relationship between the two-dimensional classical
model and the four-dimensional Zp lattice gauge theories, which could be
attributed to the similar manner they behave under duality transforma-
tions. These gauge theories may be relevant to the problem of color

confinement in Quantum Chromodynamics ('t Hooft [39], Polyakov [40] ).

The interest in this model is not only theoretical, because it seems to
be related to problems of thin films of noble gases in crystalline substrates

[41] and problems related to melting in two dimensions [42].
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II1.2 Phase Structure in Two Dimensions

We will now discuss some results concerning the phase diagram in two
dimensions [6], [7], [43]. The Kosterlitz Thouless (KT) phase transition of the
plane rotor model , [44], [45] can be understood heuristically in terms of the
topological excitations, called vortices. At high temperatures the main con-
tributions to the partition function is due to configurations with unbound
vortices. The vortex can be associated with configurations where the spins in
a region wind up around a central position in a whirlpool manner. At low
temperatures the vortices bind in pairs of opposite handness. The
differences between the two phases are shown in the clustering properties.
At high temperatures the correlation function decays, as usual, exponen-
tially, while the decay is as an inverse power at low temperatures. The
existence of this transition was proved rigorously by Frohlich and Spencer
[48] who developed a formalism that might be considered to be the first
rigorous version of the Renormalization Group (other rigorous versions of
the RG , for example the treatment by Eckmann and Collet [47] of the

Hierarchical model, are restricted to very specific models).

For sufficiently high p (and T), one expects that the discrete system
will behave like the plane rotors and that it even might exhibit a KT transi-
tion. At sufficiently low temperatures, however, the discreteness of the sys-
tem will cause spontaneous symmetry breaking. So, with hindsight, one
expects the Zp model to have at least three different phases , for p high
enough:broken symmetry phase with long range order at low temperatures;
short range ordered or "topologically” ordered phase , with algebraic decay
of correlations;and a disordered phase with exponential decay of correla-

tions at high temperatures.



-83 -

Elitzur, Pearson and Shigemitsu [7] proposed this phase structure for
the nearest neighbor (nn) cosine and Villain Zp models [48]. They proved
that for the Villain model the three region-picture is consistent with (i)the
existence of the KT transition in the plane rotors Villain model, (ii)self dual-
ity and (iii)correlation inequalities (comparing the correlations of the
discrete and continuous systems of the original as well as the dual vari-
ables). The result is not complete for the cosine interactions , since this
model is not self-dual, and also since self-duality does not exclude the possi-

bility of a richer phase structure.

Their results indicate that the temperature of onset of magnetization

decreases as 1/ pz.

Also in [48], Frohlich and Spencer rigorously prove the existence of an
intermediate phase with a power law behavior, without explicitly giving the

P dependence of the magnetization temperature.

Monte Carlo calculations (see for example , Alcaraz et al. [49]) also sug-

gestal/ pz dependence of the magnetization temperature.

We will now apply the Peierls-Chessboard argument to obtain a lower
bound on this temperature. We obtaina 1/ pz behavior for this lower bound
that is, there exists a constant K’ such that for T<K'/p? there are mul-

tiple phases.
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1.3 Lower Bound - Reflection Positivity and the Peierls-Chessboard Argument

The beauty of the Peierls argument lies not only in the simplicity of the
proofs of existence of phase transitions, but also in the fact that it gives an intui-

tive explanation of the mechanism that drives the transition.

Consider the nearest neighbor (n.n.) ferromagnetic Ising model in two
dimensions with plus boundary conditions . For any configuration draw unit
length lines across the bonds that join two n.n. spins in different states. One
readily sees that each configuration will be associated with a set of closed lines
called contours. See Figure 4. The probability of having a contour of length | 71
can be bounded by the product of two terms: Ce —~#7| , which is an energy contri-
bution; and the number of such contours which can be bounded by _
| Y FaexpC | 94 l an entropy contribution. The expectation value of a spin depends
on the balance of these two terms and can be shown to be non zero for f8

sufficiently large.

This choice of contours is well suited for the Ising model but for other
models, as is the case for the 71, model, this may not be appropriate. Bounding
the probability of these contours, requires in these cases more sophisticated
methods, such as reflection positivity plus chessboard estimates. For the Zp
model one can think of separating spins in different states by contours of
different type, depending on the angle of separation of the neighboring spins.
This is cumbersome and it is not clear how to proceed . There are many possible
choices of contours. For example, contours that separate spins pointing in a
given fixed direction from the rest (see Figure 5) or separate spins peinting down
from those pointing up, where up and down are subsets of the internal space.
The problem that arises is that now there is not a one to one mapping between
sets of contours and configurations. This means one has to take into account

some additional entropy factors. The problem arises in the estimative of the
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probability of the contours, and is handled by the method of chessboard esti-

mates.

We will now introduce the notion of Reflection Positivity. The origin of such a
notion comes from the positivity of the inner product in Hilbert spaces in Quan-
tum Field Theories translated to the Euclidean sector, and is originally due to
Osterwalder and Schrader [56]. It was originally used in relation to the study of
phase transitions by Glimm, Jaffe and Spencer [57] . Further developments
appear in Frolich and Lieb [58], Frolich, Simon and Spencer [59], Dyson, Lieb and

Simon [60], and Frolich, Israel, Lieb and Simon [61].
First,we will define and prove Reflection Positivity (RP) for the Zp model.

Consider A, a 2V x2V square, let < . >g denote the noninteracting system
_expectations and impose periodic boundary conditions. Let A be any vertical (or

horizontal) line that passes between sites.

Let F' be a real function of the variables to the right of A and 8,F the

"reflected” function, i.e. , if
F = f(0iz.4y)
then
ONF = £ (0_(iz—rz)Hod2" iy)

AZ is the coordinate of the vertical line A.

The measure will be said to be Reflection Positive if the following is satisfied :
<FO,F>=0. (RP)
It is obvious that

( < F >4)%=0
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leading to
0<( < F >0 )% = <F>q<0,F>o=< FO,F>; . (1)

Therefore, we have RP for the noninteracting measure.

The nearest neighbor interaction 7’, Hamiltonian with periodic BC can be

written for any AZ as

H=H1+9)\H1—ZGM+%,iy-a7\x—}é,iy ‘Zam +2N 14l iy Oz +2y_ Wiy
W )
or symbolically :

(The minus signs are essential.)

Let < . > denote the usual expectation values :

<.exp—fH >q

<.>=
<. >

Then
< FOF > = %<(Fe ~BH1\g, (Fg ~BH1)gBhBh g Bl OK' 5,
expand the last two exponentials and use eq.(1) for each term to obtain :
< FG\F >=20. (2)

This proves reflection positivity for the interacting measure.

Combining this result with the proof of the Schwarz inequality, one obtains
<FBG>R << FOF >< GOG > (3)

which is a result of great technical utility.
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Consider |A| positive functions f;of only one variable 0. Equation (3) is use-
ful to study the following form :
< IT filoy) > (4)
1€A
Choose a A plane. This separates A into two parts A; and Ap , (4) can be written
as :
< JT fi(os)6x H f;(ffeg) >
1€Ap JEAL
where 8] is the site obtained by reflecting j.From (3)

< J1filo;) >=

1€

< Hfm(ct) Hfz(aez >%< ].—_[fj(o i) Hfg (0'61)>%

1 €A R % €A R jE L
this procedure can be repeated for all vertical planes A and then again for the
horizontal ones, to obtain

< Hfz o) ><[[< [Ifs (0' ) >VIAL )

1€A jJeA

The f's above were functions of a single site. In applications we will need a
more general result [61]. Separate the sites into two types, A, and A,, depend-
ing on whether the  coordinate is even or odd. Let the site 7 be of the even type
and j its nearest neighbor to the right. Consider the following expectation :

< II filo3)f j(0j) > .
T€A,
Using similar arguments to those that led to Eq.(5) we can obtain
< [1fil03)f (o) > =< TTA() (8)
1€l 1€l
where A(1) is the following
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AG)=< T  fuloxdfu(o,) >¥W
a-nal, bond
where % (resp ¥ )is 1 (resp J ) or j (resp 1 ) depending on the Z coordinate of

a, for { n=0,£1,22, -~ )
e —Cp=4M ,4n —1
then . =%,v =J, and if
Ty —Qp =4Mm —2,4Nn —3

then % =j and v =1.
The separation done here is one of four possible. One could take the odd

components, or look at vertical bonds. From this, three formulae equivalent to

(8) result.

The functions f will now be tailored to represent contours separating
regions of spins which point in different directions. The contours can be chosen
to separate regions of spins pointing, for instance, in the zero-direction from oth-
ers pointing elsewhere. Another possibility is to consider contours that separate
regions with spins "up'" from regions with spins "down’. A spin will be said to be
up if it points in the direction 7, with 0=<=n <p/ 2 and down if p/ 2<n<p —1.

Let x{* be the characteristic function of the event

nth direction "

" g; points in the

and x;" . Xi the characteristic functions for 0; being up or down, respec-
tively.

It will turn out that the use of the second type of contour has technical
advantages in proving the existence of a phase transition. So, let ¥ be a contour

of the second type and call | its length. The probability of 7Y occurring is
P(y)=<]Ixi'xj > (7)
v
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The product is taken over all bonds 2j that cross the contour, with % inside and
J outside ¥ . As above, four types of bonds can be distinguished, two horizontal
types, with the left site having x coordinate even (h.e.) or odd (h.o.), and two
vertical, with the lower site's x coordinate even (v.e.) or odd (v.0.). Choose one of
these types, making sure that the number of bonds is larger than or equal to
I’)‘I/ 2. We can suppose, without any loss, that this condition is satisfied by the h.e.
type. "Throw away" the rest by substituting their projectors, in eq.(7), by one.
This gives the bound:
P(y)=< TI xixj > (8)
tjh.e.
where the product is now over only one type. Using Eq.(8)
Piy)= TI 4y (9)
tjh.e. €y
where A is given by
A=< I1 X2xy >/ W (10)
all bondsuv h.e.in A

where now (w,v) is (+,—) or (—,+) depending on the Z coordinate of % :
if ix—ux=4n or 4n—1 then (u,v)=(+—-),
if ix—ux=4n-2 or 4n—3 then (u,v)=(—+).

However, due to the periodic boundary conditions, all the A's are equal. Since

there are at least |}/ 4 such A’s (or h.e. bonds), then
P(y)=AV4, (11)

The important thing that has been accomplished is that we can now estimate A
using simple thermodynamic arguments. The structure of A4 is similar to that of

a partition function with the following constraints: two columns of spins pointing
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"up" alternate with two columns of spins pointing "down".

o <TDcbde 8>,

Z (12)
The bound
gﬁIAI 2m
AIAI/ZSQZ [[p/ZZ]—l pil e6005;--IT(m—‘n.)]}gAI
n=0 m=[p/2]
or
- " —8(1—cos 2T
AW/zs[ e 28I ][[plz 1 pzl . B8(1 cosp(m—'n))]’ﬂAl (13)

Ye BET To m=lps2]

is obtained by substituting for all the interactions of "like" spins (both pointing
either up or down) its least possible value, —1. The interactions between "unlike"
spins are kept, and summed over. Notice that the entropy contributions are still

considered, since the number of configurations is kept the same. Here

[p/R]=p/2for p even, and [p/R]=(p+1)/2 for p odd.

Now let 8=Fqp 2 We will use the following bound. One can find a constant ¢

such that 1—cosz >cz? for |z|<7r. Also there is a function C(Bg) such that

2m
[p/2]-1 p-1 e—ﬁ(l—cos?(m—n))sz[?’éz]ke —48omk?
n=0 m=(p/2] k=1

<g ¢k (14)

C(Bg) goes to = as 8y goes to oo, which means, given K one can find a K such
that for o> K’ one has C(Bg)>K.

The probability of the contour P(7¥) , therefore has the following bound :
P(y)<exp[- 2 c(6,)] (15)

We now turn to the problem of proving the existence of a phase transition.

Since we have worked all along with periodic boundary conditions, we cannot
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calculate a magnetization, because by symmetry the expected value of any spin
component is zero. However, we will be able to prove the existence of multiple
phases, by proving that under certain conditions the state is not ergodic. That is,
it fails to satisfy certain decomposition properties, and therefore it is not a pure
state. See for instance Israel [14]. For a pure state the following is true :
,}\}Eﬁw—i 'jzew[<x€“ X7 >—<xi><xj '>] =0 (16)

By symmetry, all directions of the spin are equally probable

1
X>=5
and so
<X¢+>=%X[P/ R]
" 1
<Xj >=EX(P—[P/ 2])
which is,
1/72 for p even
XG> = [(p+1)/ 2p for p odd (172)
__ /2 for p even
Xj > = (p—1)/R2p for p odd (17b)

Therefore, if we prove that <X.,~:"XJ'-'> is less than 1/ 4, for p even, or less than
(p?—1)/ 4p? for p odd, for any (i, j) Eq.(16) will fail to be satisfied.
The only configurations that will contribute to <xi Xj > are those which

have a contour that either is wrapped around i or j or A:

X XTOEYPHLP)+ Y2 P(Y) (18)
127 jZ'y um;’ndA

from (15)
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= i [# of contours of length M]e"l’rlc(ﬁo)
=4

The number of contours N (}}]) is bounded by a product of two contributions,
N ()=(bA+1)3xe M

the first term coming from a translational degree of freedom of the contour, and
the second from the three possible choices one has when constructing a contour

step by step, ¢ < 3.
<xixi>= 3 (b 1)?xechle TACED/ ¢
=4

Note that for C (;30) >C the right hand side is summable, and that there is a K,
such that for C(Bg)=K>c it is less than 1/ 4 (for even p ) or (p2—1)/ 4p= (if

P is odd). This means that there are multiple phases for
Bo>K

that is

-1
B>Kp? or <&
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II1.4 Upper Zounds: An Heuristic Argument

The proposed phase structure of the two dimensional Z, models [7] shows
an ordered phase for temperatures below T, (p) , which decreases to zero as p
tends to infinity, as should be expected from the Mermin and Wagner theorem.
This leads one to think that a decreasing (going to zero when P tends to infinity)
upper bound for Tc (p) could be obtained if the same methods used to prove
the Mermin and Wagner theorem, are applied to the Zp model. For example, if in
the energy-entropy methods, the first order contribution to the energy shift
ceased to be zero below a certain temperature it would prove that the magneti-
zation is zero above such a temperature. These procedures, however, seem inap-
propriate to treat the discrete symmetry system, when studied more carefully.
Roughly, the reasons for this are the following. The main problem that appears
in the generalization to models with discrete symmetries, of the methods based
in the energy-entropy inequalities, lies in the fact that the first-order energy

shifts are aiways finite.

The methods that use the Bogoliubov inequality need, implicitly, the
existence of a one parameter, twice differentiable, family of symmetry transfor-
mations. A generalization of the Ward identities to discrete symmetries is possi-
ble. However, the term that contains the Hamiltonian, in the Bogoliubov inequal-
ity, cannot be made arbitrarily small, in the discrete symmetry case, for reasons
that resemble those that make the first order energy shifts that occur in the

energy-entropy inequalities methods at least finite.

McBryan and Spencer [31] prove the absence of symmetry breaking in the
two dimensional plane rotor model in a completely unrelated (technically)
manner. Their method consists of obtaining an upper bound for the two point
correlation function that decays like an inverse power.This bound is obtained by

deforming the contours of integration of the angular variables into the complex



- 44 -

plane and using some properties of the two dirmensional lattice massless propa-
gator. The Z:D invariant model is related to the plane rotor model plus symmetry
breaking fields as seen in the work of Jose ef @l [6]. It can be seen that the
McBryan and Spencer technique cannot be applied to this model with continuous
variables.The reason for this is that the massive, instead of the massless lattice
propagator, now appears, and this does not have the appropriate decay proper-

ties.

In the absence of a rigorous method to obtain upper bounds on the magneti-
zation temperature Tc(p), we present an heuristic argument which claims the
T, (p) to go to zero at least as fast as 1/ p. The motivation for this comes from

looking back at the Peierls argument of the previous section.

For the Zp model ( or Ising ) the upper bound on the number of contours of

length '7. , enclosing a site 7 , has roughly two contributions.
[
NG < {c Jy P]xlecg"l

The first term comes from a translational degree of freedom of a contour of
area = | 04 R. We will call this contribution to the entropy, for reference, as trans-
lational entropy. The second term is obtained by considering that at each step of
the construction of a contour one has at least three choices of how to proceed to
the next step, thus a ™ exp(| 04 in 3) upper bound. This is clearly an upper
bound since no restriction to close the contour has been made. However, there is
also a lower bound on this number since otherwise the high temperature regime
would be ordered. The contribution from this term to the entropy will be called
shape entropy. While there is no clear-cut difference between these two contribu-
tions a rough distinction can be made. If our space, instead of a lattice, were a
continuum these two could be understood as infrared ( translation ) and ultra-

violet ( shape ) contributions to phase space.
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One of the appealing facts about the Peicrle argianont i3 thal it sives an ide s
of the mechanism driving the phase transition. The system is magnetized at low
temperatures because the energy dominates. At higher temperatures the shape
entropy dominates the energy and the system is disordered. The translational

entropy alone would not be enough to diserder the system.

For systems with a continuous symmetry, (as seen in Chapter II), flipping
the spins inside fixed regions, suitably surrounded by layers of slowly rotated
spins, is enough to prove, (as in the Simon and Sokal method), that the magneti-
zation is always zero, provided the number of regions where one could have done
the rotation is of the order of the area of the region. It is then only necessary to
include entropy contributions that could be called translational. In no place was
it necessary to allow the shapes of the regions to vary. The translational entropy
is enough to prevent spontaneous symmetry breaking. It is therefore reasonable
to expect that these methods, when applied to systems with discrete sym-
metries, will not be strong enough to obtain the upper bound on 7, (p) since
they do not include the shape entropy. Note that in one dimension this
differentiation of the entropy into two types is senseless and the energy entropy
inequalities can be applied, for example, to study the Thouless effect in the one-

dimensional Ising model with 1/ 72 interaction, [37] and [32] .

The methods based on the Bogoliubov inequality do not take into account
the many possible shapes of the region where the transformation can be done
and therefore only consider the translational entropy. Since this method can be
used to obtain best possible results concerning the range of interactions
(Bonato et al [30]) one is led to think that if the system does not have spontane-
ous symmetry breaking for any 7>0, then translational entropy alone is
sufficient. Clustering bounds obtained by this method characteristically show

only logarithmic decay for the correlations instead of the power law behavior
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obtained in some specific models Ly other reibods (el vner Tporeer (310
This weak result could probably be traced back to the soft treatment of the

entropy. To conclude, we present the following argument.

Consider a magnetized phase with all spins in the [B] state ( [ ] is the
P

largest integer less or equal to —2- ) and also consider a square biock B of side
Ng =N+[g]-—2, Rotate the spins in the outer row of 5, by £ ( the smallest
possible change ) clockwise; in the next row, second closest to tﬁe boundary of B,
rotate the spins by 2% and repeat this until the row that the spins are rotated

([B] —R). Inside the square of side N concentric to B, choose L > kNp
and rotate all spins outside a closed contour of length L by % [p] l) and by
—[g] those inside.

The energy increase due to this rotation can be bounded by

AE < —an

where L, is the perimeter of a square in the n*? step. The factor 1/p? is due
2m

to the change in energy of each nearest neighbor pair of spins =1—cos—.

There are of the order of p/ 2 steps and each L, is bounded by L, <c'L so
c coL
A< —(ByeroL = 2=
p? 2 p

One can think of the many different possible shapes of the contour of length L as
contributing to the entropy of the system, since all these possible configurations

have the same energy ( # of contours of length L ). This has a lower bound
AS > 1n e®
then the change in free energy is

L
AF=AE-AS< %—Tc oL
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which is negative and thus the orizinal phase unstable if

(o]
T>—=.
p
Note one could improve this bound by considering the entropy generated by

ailowing the outer squares to change shapes, perhaps even to the optimal result

T>c / p? which is believed to be the correct behavior (see [7,49]).
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IV.1 Exponential Bound - A Limit Theorem

In describing the phase structure of the Zp model in two dimensions, it
was said, in Chapter 3, that for high temperature and large p its behavior
should be similar to that of the plane rotor model. The idea behind that
comment is that the "energy fluctuations” per unit spin would be larger than

the flnite excitation energy of a discrete spin, under those conditions.

Our intention, in this section, is to study this loose statement, trying to
understand how certain quantities depend on the number of states p. From
these comments, one might think that the resemblance would appear only
at high temperatures. One could also, naively expect the existence of an
expansion for certain thermodynamic functions around the continuous sym-
metry theory, in inverse powers of the number of states. It is of interest,
therefore to have the following result, proved below in Theorem 1. For any
fixed temperature, the pressure of the 77, systems converge exponentially
fast in the number of states, to that of the 0(2) model. The proof presented
below is remarkably simple, and avoids cumbersome perturbation expan-
sions by looking at properties of the @ p7r207% integration measures. It is
due to this simplicity that a quite general result, with respect to the range

of interactions and the lattice dimension, can be obtained

A related result, concerning the convergence of correlation functions, is
also presented (Theorem R2.). The result is that this convergence is also
exponential in the number of states, provided certain conditions concerning
the Holder continuity of the correlations (see definition 2) are satisfied.

These conditions are likely to hold at high temperatures.
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IV.2 Converg 2nce of the Pressure

Corside . a Z, invariant model in a volume A € ZV with Hamiltonian

Hy(®)= ) ¢x(6)
XcA

(1)

periodic in each of its variables 8; , and a Z, invariant @ priori measure

=) d .
tIGIA Hp (65)

where

d iy (8 2—23223 (86— Z%n)

Call dv the O(R) invariant measure

dv=1]dwu,;(8;)

1€A

where

du;=d8;/2n

Introduce the partition functions

=fd,1/p e ~RHA
Z2® = [dye B

and the pressures

P 0@) = hmPZ?’ P{E)
Ao

where

P ?® =20z 0@

Denote by < . >f’"0(2) the expectation values.

(2)

(3)

(7
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We will prove the following result:

Theorem(1):

If:

by cB,=§ o/l = S sup by, is finite )
0eX

®x is periodic in each of 8; €F, and

®y is analytic for ‘ Im&; |<4, and there is 0<g () such that

IRedy (6+ia,8) = 88,8 g(a) ,

then there is a bounded function C(f), and a constant a,0<a<A

such that, for fixed §,

I—M <exp (PZp(ﬁ)_P0(2)<B)) < 1+w

1—¢ ~PC 1—g ~Pe

(8)

with C(B) given by C(ﬁ)‘—'exp[ﬁlwl(l+g (a))] and g (@) is a monotonic

increasing function of @ ( grows exponentially in @ ).

Femarks

1) The difference of the pressures is exponentially small in p, the
number of states for fixed § and sufficiently large p, since in that case the

left hand side of eq.(8) is positive and therefore
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ln(1—w)spzp(ﬁ)_p0(2)(ﬁ)$1n(l+ el e—p“)
1-e™% 1—¢ —Pa

using the expansion ln(l+x)=.'r +...the difference is seen to be exponen-

tial.

R) The theorem implies there is no " 1 over number of states " expansion for

the pressure of the Z‘z7 system around the O(R) system.

8) In one dimension, for the nearest neighbor cosine interaction plane
rotors, the pressures can be celculated explicitly and seen to converge

exponentially in the number of states.

4) For the Villain model in two diriensions, heuristical arguments about high

temperatures seems to suggest that a gaussian convergence can occur

(exp—p?).
5) The result is independent of the dimension v of the lattice.
6) The theorem can be extended to lattice Zp and U {1) gauge theories.

7) This theorem improves results {see Simon [8] chapter 2 ) using Bishop-de

Leew order that prove that the convergence is at least as fast as 1/]72
B) The theorem is a consequence of the fact that for periodic functions
Riemann sums converge exponentially to the Riemann integral in the

number of points.

9) If there are only M-body interactions, 7 finite, the last condition is
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satisfied automatically, given that €5 .

We need the following well known preliminary result concerning the

expoiential decay of Lhe Fourier coefficients of a periodic function.

Progosition 1

Let f(8):C-R be a periodic ( f (8+27)=f (8) ) positive function,

analytic for Im{6)<A4 .

Call
~ 1 _n S
=51 @)e*0d6 . ©)

Then for any a, A>a >0 there is a positive constant (which depends on

a but not on k£ ) C; such that

—leoe‘k“sf,cs+clfoe =K (10)

Procf of Proposition 1:
Consider a rectangzular contour B in the complex &-plane, with vertices

at 0,27,2m+1¢,2¢ . Since f is analytic inside and on the contour

[t @0 L2 =0
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( Integration is performed counterclockwise.)

Then
2T 2m+ia

0=/ (0)e*%a/2n+ [ f(6)e*Cd6/2n
0 an

ia 0
+ [ f(6)e*9d6/2n+ [f(0)e®0do/ 2r .

2n+ia

Since f(@)euce is periodic, the second and fourth integral canczel,

leaving

2r+ia

_m
Fe=Jf(©)e*®do/2n= [ f(6)e®®do/ 2.
0 W

Changing 8 »8 +1a , the right- hand side can be written as

_m
fr=e7* [f(6+ia)e*0do/2m,
0

and then

-~ ~ ~
—C1f pe*e<f  <Cif ge %,
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where

em
JIf (6+ia)de
0

= : (11),

Cl_ 2n

Since ffd@sﬂf!d@ , this completes the proof of Proposition 1.
We now prove the following result which shows the exponential conver-

gence of Riemann sums to the Riemman integral for periodic functions.

Proposition 2:

Let f,C; and @ be as above and diy, and AV defined by egs. (3) and

(5). Then

2 e =P _Cie P2
_f?_]sfdupf(e)s[l+l_1:;_m]fd/,cf(9). (12)

Jaur O1-————=5

Proof of Proposition 2:

First we need the following result:

Jau1©)= 1 T (19)

which comes from
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SJdu,f(6) 2 fde 5(6 %)f ()

Ly fd@é@ 2rp)f( ).

Prn=—x0

Using

= 3 91@6:% 3 6(0—Emmy, (14)

Using Proposition 1 this can be bounded by

Fom2Cifo i e [y, £ (6)<F o+2C1f o 3 e 7o

=1
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using
a
—kpd— £ g d_e
Z_:le 1—e‘P“ and, f o=/ 5= (9).

we obtain

2Ce

Sy )fduf )= fdpuyf (©)
L
=(1+— =) dus (6)

This completes the proof of Proposition 2. We now turn to the proof of

Theorcrn 1.

Proof of Theorem 1.

Assume there are only M -body interactions with 7¢ finite. Consider the

Boltzrarn factor exp—f/ 4 and a site i. Integrate the variable 8.

Sincz eXp—fBH, satisfies the conditions of Propositions 1 and 2 we

have

[1- Cge‘i”“ fd/% WT:ACK)

Sfd:u'p’(,e _ﬂHA(et:e)

S[l_{.g%ad_e?_)%]fdme_ﬂ[—lzﬂ(el,g) . (15)
—€
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The Hamiltonian is written as H(@i,g), where & represents all the

other variables. We now need a bound on C(&) independent of &

anm o~
I ~11(0.+12.8) .
0
Clg)= = "
fe "5H(5m',9)d6i
0

So consider

lg ~BH (6:+ia.8)_, ~BH(6:,6)

¢ ~BH(01.0) o ~B(ReH (04 +ia §)-H(6:8)_ 17

Write H as

H(8.8)=Y 6,(6.9) .

reX
XcA

Sirce by hypothesis ®x(8,8) is analytic for hm(@ )‘<A; for @ < A, and for

8,8 real we have the bound :
| Re®y(6+ia,8) < 84(6.8) g (a)

where g (@) is a positive bounded function for @ < A. If there are infinite

body interactions this property will be imposed as a requirement. Then

> - —BIReY &x(6+ia,6)-Y 8x(6.6)]
o —B[ReH (0+ia,6)-H(0.6)]= I &

BY 8y (1+g(a))
<e icX

P~

<e ﬁ”i’] l1(1+g (@)
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nere | 1@, = l# | ¢; . . . . .
where |'Pl = Z || (infinite volume), which for ®C B is finite and indepen-

Xcz
den: of 8 and &. Therefore C(g) can be bounded by:

ﬂe -BH(6+ia.8)y g _fe -8H(6.8)q 9
[eBH©.0)

Cc(8)-1=

<o Ath(1+g(@)_,

C(8)<e!h(1+9(2))- Cy

Tt.c ~ofore Equation (15) can be rewritten as

2C e P% 2
(-1 due
< [dpePHOD)
2Ce P2 _ =
S[l'i’ l_ﬂe_pa ]fd,l,&ie BH(6:,0) ) (16)

We -ow ncte that if two functions f,9 € CA are such that
f(B) =g (@) for any Bt
tho

Sdpf=fdug and [dumf=[duyg.

Call
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K™ is positive.
We now choose another site, j . Integrate w.r.t. d,uj and multiply by

K™ the right inequality of Eq. {18) to get

K_zfd,u,;d,u,je‘5H$K—fd,u,p,;fdu.je ~Plg

d i d 'e_BH .
HpiJ @ Hpj

Integrating w.r.t. dy; and multiplying by K * the left inequality of Eq. (186),

we obtain
Sty [ pipse PH<K* [dpd e ~F2
< K2 [du,; [due 4.

Repeating this procedure, of integrating w.r.t. the continuous measure
and bounding the result with the integral w.r.t. the Z, and a K* factor for

every site in A, we get, by definition of the finite volume partition function
K—[AIZX(Z) SZ}%" - K'HMZX(Z) _ (17)

Since log( . ) is monotone increasing, we can take the logarithm and divide

by the volume \Al to obtain

Ink—+ P9® < p% < Ink*++ pg@ (18)

or, using the values of K*



s, (18)
€

Since the bound of C(g) was obtained even for the limit of infinite volurre,

Equation (19) is valid in that limit, which completes the proof of Theorem .
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IV.3 Convergence of the Correlations

We now turn to the expectation values of functions in a translationally invari-

ant state.

Consider changing the Hamiltonian by adding a function A€ Cyx, X CP;(ZV)

and all its translates in A

Hp(dx+t¥g)=3 (dx+tV{)=H)(®)+t Y 7,4 20
XcA (P+X)cA
then
d
EEPA(‘I)+t\P)‘?)It=O=—&< E T,,;A>A,@ (21)
(G+X)cA

where <. >, ¢ denotes expectation values with respect to the original

measure.Note that for translationally invariant states, the limit A exists, and

}Emﬁ< T 1 A>pe=<A>g (22)
e (#+X)cA

The problem we want to consider is the following :

Let V be a linear vector space. Given a sequence F}, of functions from V
- K that converges pointwise to F' such that for any m, |Fn —Fl<Ce=on | we

want to know under which conditions
a)The derivatives DFy, »DF’, and
b)The convergence is also exponential.
To answer this we need the following (see, e.g., Simon [8])

Definition 1. Let F be a real valued function on a vector space V. F is

convex if and only if
F(6z+(1-8)y)<0 F(z)+(1—-8)F(y) (23)

for all z, € V and 0=8<1, and also
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Proposition 3 (idem)

Let F' be a convex function on K then at every

(DF)(z)=lim L (Z¥)—F (2)]
Y10 +y

exits, and for every z<w
D F(z)<D*F(z)<D F(w)<D*F(w) (24)

and also, for all but countable z
(D7F)(z)=(D*F)(z) . (5)

Proposition 4 (idem)

Let Zan be a sequence of convex functions on /¢ that converge pointwise to

F', then
(i) F is convex.
(ii) Convergence is uniform in compact subsets.

(iii) For any fixed Z
(D~F)(z)<lim(D™Fy,)(z)<lim(D*F, )(z)<(D*F)(z) .
If F' is differentiable at Z then
(DF)(z)=Um(D*F)(z) -

We now introduce the notion of Holder continuity

Definition 2. A function h:R->FR is said to be Holder continuous of

order 7 in a region D if there exist positive constants M and 7 such that:

|h(y)—h(z)| < M|z—y |7 (26)
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forallz,y € D

Proposition 5

Let F}, be a sequence of convex functions that converge to F'. Let C and a
be positive constants such that

(i) [Fn (z)—F(z )|< Ce ™€ for any 2

(ii) F, (2) and F'(2) are differentiable in a neighborhood of x .

(iii)DFn (I) are Holder continuous of order 7

Then

—_n 27
| DF,,(z)-DF(z)| < (2C+M)e  1+7 (27)

Proof of Proposition 2. We want to bound quantities of the type
| DF, (z)-DF(z)| .

First of all, consider (¥ >z, 0 <8 < 1)

F,(6z+(1-0)y)-F(z)
(1-6)(y—=)

+ =4
D*Fp(z) 1611?’?

then by convexity

D*F,(z)= o (y;:Z" =) (28)

and similarly

- _ . Fn(y)—Fn(9x+(1_9)y)>Fn(y)—F(x)
D Fn(y)—léﬁ)l 8(y—=z) - Y-z

(29)

Similar formulas hold for D*F’ since F' is convex by proposition 4. If F’ and F},

are differentiable at

D+F=DF, DtF,=DF, .
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Suppose DF,, (z)—DF(y)=0 then

D+Fn(x)—D—F(y)$Fn(y)_Fn(;)_;F(y)+F(x)

San (Y)—F (y +Fp (2)-F ()
Y-z '

Consider a sequence Y,, =% +e—mA, m and A to be chosen later. Using condi-

tion (i) of the proposition
D*F,(z)-D"F(y,,)<2Ce~ma+md (30)
If DF,,—DF(y) were negative consider instead D¥F(y)—D~F, (y) to obtain
D¥F(y,,)—D~F,(xz)<2Cematmd (31)

Since the F 's are assumed differentiable in a neighborhood of Z, we obtain from

Equations 30 and 31
| DF (y,,)—DF, (x)| <2C e ma+ma (32)

Note that if no further assumptions are made about DF’ the bound cannot be
used for Y, >Z(m ->x). Here enters the Holder continuity, condition (iii) (see

Eq. 26), for if
| DF(y)-DF(z) | <M ly—=z |7 (33)
then

| DF(z)—DF, (z)| =| DF (2)—DF (Y, )+ DF (y,, )~ DF,, (z) |

< |DF(2)~DF (y,,) '+ DF (y,)—DFn () |

From Equations 32 and 33 we obtain
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| DF(2)—DF,, (z) | < Me~ma7+2Ce na+ma | (34)

We can now choose ™ and A. The best choices are

a

m=n and A=—— .
1+y

(35)

Then

e
| DF(z)-DF, (z) < (M+2C)e  1+7

completing the proof of Proposition 5.

Note that Holder continuity on DF'(Z) implies in Holder continuity on the

DF,, (z), for under conditions (i) through (iii)
\DF,, (y)—-DF, (z)<DF, (y)—DF (x)+\DF () —DF (y +DF (y )—DF,,(z )

<2(Ce -na+mA +Me —m7A+2 Ce -na+md

and for Y =%,, as above
lDF‘I’). (ym)—DFn (x )IS(4C+M)|3: _ymb

With this in mind we can now prove the following theorem.

Theorem 2. 1f Hy(®y+t¥4{) satisfies the conditions of Theorem 1,
PFP(d+t¥) and P{®) (+t V) are differentiable w.r.t. ¢ in a neighborhood of
t =0, and %pr(¢+t ¥) or ?%PX(Z) (®+tV¥) are Holder continuous, and the
number of states p is sufficiently large such that the difference between the
pressures is exponentially small, then there are positive constants @', Cg', M and
7 such that

ZCB'+M _pa','_L
—F Ve

< 4 >Er—< 4 >PPk( ) 1+y
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Proof :
The proof follows immediately from Proposition 5 once we note that:
1.PfP($+1¥) are convex.

2.Since a bound uniform in | Al can be obtained using Proposition 5, the

bound is valid in the limit A= oo,
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