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Abstract

An algorithm is developed for determining the exact ground state prop-
erties of quantum many-body systems which is equally applicable to bo-
sons and fermions. The Schroedinger eigenvalue equation for the ground
state energy is recast into the form of a many-dimensional integral
through the use of the Hubbard-Stratonovitch representation of the im-
aginary time many- body evolution operator. The resulting functional in-
tegral is then evaluated stochastically. The algorithm is tested for an ex-
actly soluble boson system and is then extended to include fermions and
repulsive potentials. Importance sampling is crucial to the success of
the method, particularly for more complex systems. Improved compu-
tational efficiency is attained by performing the calculations in momen-

tum space.
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§1. Introduction

In this thesis, an algorithm is developed for determining the exact
ground state properties of quantum many-body systems. The Schroed-
inger eigenvalue equation for the ground state energy is recast into the
form of a many-dimensional integral through the use of the Hubbard-
Stratonovitch representation of the imaginary time many-body evolution
operator. The resulting functional integral is then evaluated stochasti-
cally. The advantage of this algorithm is that fermions and bosons are

incorporated equally into the formalism.

Background. Exact solutions of the many-body Schroedinger equa-
tion are of interest as benchmarks against which to test approximation
methods and as tests of given Hamiltonians by comparison with experi-
mental observables. Several methods have been used to obtain such solu-
tions. The Green’s Function Monte-Carlo (GFMC) and the related path
integral or diffusion Monte-Carlo (DMC) algorithms [Ka74,Ce79,Wh83] are
the most commonly used approaches. In both, properties of many-body
systems are calculated by filtering a trial wavefunction ¢ to the exact
ground state. The GFMC involves filtering by means of the operator
1/ (E+H), while the DMC uses the propagator filter, e 77, in the form of a
diffusion equation. The many-body wavefunction is described statistically
by an evolving ensemble of configurations, each of which is specified by
the coordinates of the particles. These methods have been applied to the
many-boson problems of liquid He [Ka74,Ce79,Ka81], liquid and solid
hydrogen [Ce81] and three- and four-nucleon systems with state-

independent central potentials [Za81].

Unfortunately, the GFMC and DMC algorithms provide only a

restricted description of fermion systems. The proper inclusion of the
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Pauli principle is a major difficulty and has in fact precluded their unre-
stricted application to nuclear systems with A >4 or with state-
dependent potentials. The difficulty arises because antisymmetrization
enforces a spatially non-local constraint between configurations differing
by the exchange of a pair of particles - a condition difficult to apply with

the simple local algorithms used to evolve the ensembles.

Consider the DMC in which the Schroedinger equation in imaginary-

time is written as

—M:;—’T)—z (H — Ep)¥(R,T) = [—2%\72 + V(R) = Ep]¥(R.T) ,(1.1)
where I is a 3A dimensional vector specifying the coordinates of A parti-
cles and E7 is a constant shift in the zero energy. This is a diffusion equa-
tion for ¥ with the V* term representing random diffusion due to zero-
point motion and [V(R) — Ey] describing a branching process in which
the number of diffusers changes in proportion to the density. The branch-
ing decreases/increases the probability density in regions where V(FR) is
large/small. Starting from the initial condition, ¥(#,0) = ®(®), the solu-
tion to Eq. (1.1),

T
Fpdt

S Er
VR, T)=e® e HT o(R)
can be calculated by a Monte-Carlo method. The ground state energy is

then given by

E, = hmm ) (1.2)

T <P |¥>
For the diffusion interpretation to be valid, however, ¥ must always
be positive (or always negative) since it is a population density. This is
true for bosons. However, fermion wavefunctions have nodes - places
HT

where the wavefunction vanishes and changes sign. Theoretically, if e~

could be applied exactly, beginning with an antisymmetric trial
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wavefunction ® would provide a good fermion energy. However, Monte-
Carlo evaluations are not exact and the diffusion process itself (Eq. (1.1))
incorporates nothing about wavefunction symmetries. Thus, "symmetric
noise" grows with 7 as configurations cross the nodes, and antisymmetry
is destroyed. In fact, as T-~, the denominator and numerator in Eq. (1.2)
vanish. One can say that the fermion "excited"” state relaxes to the sym-

metric boson "ground” state.

A number of solutions to this problem have been proposed, but each
restricts the application of the DMC to many systems of physical interest.
The GFMC has the same limitation, since it also relies on an interpreta-
tion of the wavefunction as a density. The obvious solution involves brute
force; i.e., starting with a good guess for ¢, keeping the total time T short

and using a great many configurations to ensure good statistics.

A more acceptable solution used in the GFMC and DMC algorithms is
the fixed node approximation. Inside a connected nodal region, the
wavefunction is of one sign and vanishes at the boundaries. If each such
region can be treated separately, the problem becomes equivalent to that
for bosons. This is accomplished by considering the nodal surfaces as
fixed absorbing barriers in the diffusion process. A new probability den-

sity function f (R,T) = ¥(R,T)$(R) is introduced in Eq. (1.1), yielding

8 - Bgep - By (Lveyr (£ - 5y (1.3)
The random diffusion remains the same, but the branching term now
depends on the trial wavefunction ¢. By making a proper choice for 9,
branching can be reduced, improving the efficiency of the diffusion algo-
rithm - a process known as importance sampling [Ka74,Ce79,Ce80]. The
remaining term in Eq (1.3) is a drift directed by the force Vd/®. In

regions of low probability (small @), this force is large, "repelling”
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configurations. Thus, the trial wavefunction prevents diffusion across

nodes by fixing their location throughout the calculation.

The energy obtained using this method is an upper bound on £,
within statistical errors. The closer the nodes of ¢ are to the actual
ground state nodes, the better the value achieved. In one-dimension,
antisymmetrization alone is sufficient to specify the locations of the
nodes. In two or three-dimensions, however, antisymmetrization is not a
sufficient condition and nodal surfaces must be determined by the
dynamics. In this case, the nodes are not specified uniquely and only vari-
ational estimates result. This has given reasonable results in such prob-
lems as the electron gas [Ce80], molecules [An75,ReB82,Ce83] and nuclear

systems [Se83].

A third way of treating fermion systems is to write the wavefunction
as the difference of two non-negative functions - ¥ = ¥* — ¥~ A GFMC can
then be performed using pairs of points, one from each of the two dis-
tinct populations. This has been applied to few-body problems [Ar82].
Unfortunately, the precise algorithm requires a sufficient density of
points in configuration space in order to filter out a significant portion of
the symmetric components in ¥* and ¥~. For systems containing more
than 3-4 particles, this population requirement appears to make compu-

tations unfeasible.

Auxiliary field Monte-Carlo (AFMC). Considering the difficulties just
described, the development of an alternative algorithm for many-body
ground states, useful for fermions as well as bosons, is of interest as a
general approach to many-body physics. Two alternative algorithms, the
method of coherent states [Ko82a,Av83] and the AFMC [Ko82b,Su84], have

been investigated. They appear to be related though this has not been
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rigorously proved. Both are based on the possibility of using a different
basis to specify the many-body system - one that allows the exact
enforcement of the Pauli principle. Rather than working with
configurations of particle coordinates, the wavefunction is used directly,

so that antisymmetrization can be built in at each step.

In the coherent state method, use is made of the resolution of unity
operator for an overcomplete set of states [B180,Ko82a]. The result is a
path integral for the system wavefunction (rather than for coordinates)
with the evolution expressed as an functional integral over all wavefunc-
tion paths [Av83]. An alternative formulation using a real Slater deter-

minant resolution of unity has also been discussed [Tr83b].

The auxiliary field algorithm involves a path integral representation
of the many-body propagator. The "path’" is defined not by the state of
the system directly, but indirectly in terms of the history of an external
one-body field coupled linearly to the density (or the pairing density). The -
many-body wavefunction is represented by a set of single-particle
wavefunctions evolving in this. random one body potential - a sym-
metrized product of single-particle orbitals for bosons or a Slater deter-

minant for fermions.

This algorithm is motivated by a method utilized in nuclear problems
- the mean-field approximation [Ne82b and references cited therein]. The
mean free path of nucleons in nuclear matter is quite long for excitations
up to the Fermi energy (10 Mev/nucleon). Thus to a good approximation,
each nucleon feels only an average one-body field generated by the oth-
ers. This "mean-field"” picture is crucial to the nuclear shell model. It also
provides the basis for understanding many systems in condensed matter

[Bi79] and solid state physics [Mu78].
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In dynamical problems, the mean-field is time-dependent and can be
determined self-consistently by all of the nucleons. This idea is employed
in time-dependent-Hartree-Fock (TDHF) theory. The total wavefunction of
the system is taken to be a Slater determinant with the time evolution of
the single-particle wavefunctions defined by a time-dependent least
action principle - the deviation between the many-body determinant and
the Schroedinger equation solution is minimized [Ke76,Ri80]. The TDHF
method has been used extensively in such problems as slab geometries
[Bo76], induced fission [Ne78], light and heavy ion systems [Ko77] and
analytically solvable models [Yo77].

In the time-dependent mean-field approximation (TDMFA), attention

iy
is shifted from the wavefunction to the evolution operator, U(t)=e * |

where H is the many-body Hamiltonian. U(7) has several useful proper-
ties. If the Hamiltonian has eigenstates |n> with corresponding energies

E,, U(t) can be expanded as

Ut) =% |n> et <n |, (1.4)
k{4
The trace, formed by summing the diagonal matrix elements of U over a

complete set of states, is then given by

tru(t) = Ye nt | (1.5a)
n
with Fourier transform
dt eBir U(t) =y —2 1.5b)
{. ;E - En (

Thus, the energy eigenvalues can be determined by locating the poles of

the transform of the propagator.

Another useful expression emerges in the imaginary-time limit,

l=—1T. In this case, the propagator expansion becomes
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U(r)=SIn>e ™  <n| | (1.6)

n
As T-o, only the ground state survives in the sum and U(T) acts like a
ground state filter - the large T limit of the trace (which is just the parti-
tion function for a system with temperature 1/ 7) decays exponentially

-E,T

as e , and the ground state energy can be read off directly.

A different representation for the propagator is derived via the
Hubbard-Stratonovitch transformation - an operator identity which allows
linearization of the exponent of the square of an operator through the
introduction of an auxiliary field (o). U(¢) is expressed exactly by a
coherent sum of one-body evolution operators, U,(t), each propagating
the system in a time-dependent one-body potential specified by o. The
sum is over all possible configurations of the potential [Le80a]. This is a
functional integral [Fe65] with the "paths" defined by the auxiliary field.
The process may be conceived of as the extraction of an effective boson
field responsible for the fermion-fermion interaction. A similar approach
is used in the semi-classical analysis of relativistic field theories

[Ra75,Da75].

In the TDMFA, the stationary phase approximation is used to evaluate
matrix elements of the Hubbard-Stratonovitch representation of the pro-
pagator, <f |U(T)|i>, between any given states |f> and |i>. Only the
configuration - the one-body potential - expected to give the most
significant contribution to the functional integral is retained. Note that
this potential depends on the precise matrix element being calculated - it
is an artificial theoretical construct which cannot be defined uniquely, let
alone measured. Nevertheless, it does provide a convenient physical
insight. The TDMFA has been used to extract information about bound

states [Re?Q,LeBO,ReBO,NeBZb], spontaneous and induced fission
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[Le80c,Ke81,NeB2b], the nuclear partition function [Le80b], and scatter-
ing in many-nucleon problems [Al81a,Al181b,Ne82b,Tr83].

The auxiliary field Monte-Carlo (AFMC) algorithm developed here, is
also based on the calculation of matrix elements of the Hubbard-
Stratonovitch (HS) representation of the evolution operator. As in the

T is used to

GFMC and DMC, the imaginary-time propagator U(T) =e™#
filter a trial wavefunction, ®, to the exact ground state ¥; ie., the

ground-state energy, £,, for a system of 4 particles is written as

<b|H e HT|p> (1.7)

oS PE oo
where ¢ is, in principle, any trial wavefunction not orthogonal to ¥. When
the functional integral expressi‘on for U(T) is substituted in the matrix
elements of Eq. (1.7), the resulting equation is amenable to exact evalua-
tion via the standard Metropolis Monte-Carlo technique [Me53]. This
involves a random walk over trajectories defined by the HS one-body
potential. The principle advantage of the HS expression for the energy is
that it allows the evolving many-body wavefunction, e 7 |®>, to be
expressed as an combination of single-particle orbitals. For fermions,

antisymmetrization of the orbitals can be enforced exactly throughout

the time evolution.

The use of an auxiliary field to eliminate fermion-fermion interac-
tions, has been applied to the restricted problem of particles on a one-
dimensional lattice [Hi83]. The system is described by a Hamiltonian
H = H,+H;, where H, is bilinear in the fermion operators and

Hr = Creng
is the two-body interaction. The n are occupation numbers at a lattice
site for electrons with spin up or down. The Hubbard-Stratonovitch

transformation applied to the partition function
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allows the exponent of the interaction term to be expressed in a form bil-
inear in fermion operators. The linearization is performed by introducing
either an integral over a continuous auxiliary variable or a trace over a
discrete Ising variable which takes on only the values +1. Expectation

values, written in terms of the partition function, can then be evaluated

stochastically [Hi82].

This thesis describes the AFMC algorithm. Section 2 derives the
Hubbard-Stratcnovitch representation of the many-body evolution opera-
tor. Approximate solutions of transition amplitudes using this formula-
tion are given in Section 3 and the relationship of this method to other
standard nuclear physics techniques is briefly discussed. The approxima-
tions provide an indication of the proper initial cenditions to be used in

the exact AFMC solution.

The Metropolis Monte-Carlo method and its utilization in the auxiliary
field formalism are discussed in Sections 4-6. Section 7 describes the
application to a simple test case - the exactly soluble delta function
potential for a system of bosons. The various contributions to the energy

resolved by the AFMC are discussed in some detail.

Section 8 extends the method to fermions interacting via finite range
potentials. The formalism remains the same as for bosons, but in practi-
cal terms a procedure to maintain antisymmetrization is introduced.
Section 9, discusses improvements in the efficiency of the method by
working in momentum space, rather than defining the wavefunction on a
space mesh. These are important if the method is to be extended to more
realistic systems. In Section 10 the difficulties involved in applications to

repulsive potentials are treated. Two possible algorithms are then investi-
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gated for incorporating systems with strong repulsive cores. Finally, Sec-
tion 11 summarizes the results and discusses limitations of the method.

Possible future applications are indicated.
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§2. Hubbard-Stratonovitch representation of the propagator

The imaginary-time evolution operator filters a trial wavefunction ¢
to the exact ground state ¥. That is, the ground state energy £, for a sys-

tem of A particles is given by

. <H®|e 1T o>
E, = lim :
C Tae <dle T 0>
where ¢ is any trial wavefunction not orthogonal to ¥. This is clear from

, (2.1)

the spectral expansion of the propagator:
el =% |n> e Bl en |
n

As T-« only the smallest E, (namely, £,) survives in the sum, and only

the ground state value remains in the expression for the energy.

Eq. (2.1) allows a more efficient evaluation of the resulting path
integral for the energy than does use of the unselective trace of Eq. (1.5),
since the statistical errors associated with the use of a finite ensemble of
trajectories are reduced. (Note that if ¢ is the exact ground state, Eq.
(R.1) will give E = E, independent of the errors in the numerator and
denominator.) As in the GFMC and DMC methods, the efficiency of calcula-

tions is enhanced when ¢ closely approximates V.

We now wish to recast the expression for the energy into the form of
a multi-dimensional integral. This is done using the auxiliary field or Hub-
bard Stratonovitch representation of the imaginary-time propagator
U(T) = e AT To derive the necessary transformation, consider the gen-

eral Hamiltonian

H=3 Teagalegth 3 vage abafasa, (2.2)
ap afys
= zKaﬁ pﬁa + % 2 vaﬁ'yé p—ya pBﬁ
af afys

where
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Ppa = adag
is the density operator and

Kag = Tag = 1o LVarsp
7
contains the kinetic energy plus a self-interaction term which will be

removed later. The subscripts o, 8,7, and 6 represent internal degrees of

freedom - spin,isospin, ete. - as well as spatial coordinates.

It is convenient to work in the interaction representation. The Hamil-
tonian is divided into an "unperturbed” part K =K. gpg, and a "per-
turbed” part v = v,g50,4ap6p. Operators are then time-dependent and
include evolution under K - for example, the density operator becomes

pﬂa(t) = eKt pﬁa e—Kt

The interaction many-body propagator describes evolution under the
"perturbed" part of the Hamiltonian, v;(¢t) = e® v e 8 [Fe71]. Writing

this out in full,

i
(—[w(t)dt)
Ul(tf,t.,_) = Tt e t (23)

ty
~% [t Y pyalt) vagys paslt)
- Tt & t afys
ty
—x[ (p(t), vp(t))
= Tt e 1

where T; indicates the time ordering operator. The Schroedinger many-

’

body evolution operator is related to U; by U(¢) = e ™8 U, (¢).

The Hubbard-Stratonovilch (HS) transformation introduces an auxili-
ary ficld in order to reduce the exponential of a two-body operator (e.g.,
vy in Eq. (2.3)) to a functional integral over an infinite set of exponentials
of one-body operators. The traces of such exponentials can be evaluated

easily and also can be approximated using the stationary phase approxi-
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mation (SPA). The transformation was originally developed to calculate
the many-body partition function for systems containing two-body
interactions [Hu59,St57]. It is based on the integration of an exponential

of a quadratic form:

d %vaanUn
[ [ = = (det B)# | (2.4)
m

where B, is any real symmetric matrix. This can be seen to be correct
by diagonalizing B,,, via an orthogonal transformation, noting that the
required Jacobian is unity, and then performing standard Gaussian
integrations to get a product of inverses of square roots of the eigen-
values of B. Shifting o,, by a constant p,, (i.e. undiagonalizing the

exponent), results in the desired expression

"%ZPmanPn o do %ng‘gmn In _EUmanpm
2o o . (@5)

Here, the o, have been introduced to linearize an exponent quadratic in

p. Eq. (2.5) also holds when p,, are a set of commuting bounded operators,
as may be seen by considering the action on a complete set of eigen-
states. This commutation requirement will turn out to be superfluous.

Eq. (2.5) can be applied to the propaga'tor in Eq. (2.3) by discretizing
the time integral into intervals At such that & = kAf and letting the
labels m and n in (2.5) represent a, 8, and #; so that

Pr >Pgaltic)
On >0ga(te)

Byn > Bagoplle ti) AZ
Confining interest to instantaneous potentials,

Baﬁ,a'ﬁ’(t:t') = Vaa'gg o(t—t"),
we obtain an expression for the propagator for a single time step Af

U(At) = e % (@) ve@) At — fp[o] ehlo(t) vo(t)) At 5 —(o(t), vp(t)) At (2 @)
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A shorthand notation has been used here -

(o(£), vp(t)) = Zﬁ’pﬁa(t)vaa'ﬁﬁ' ppalt)

afa’
- and similarly for the (o(¢), vo(¢)) and (o(¢), vp(t)) integrals. The meas-
ure of integration is

At dog,(t
D[o] = det[vd] [] —ﬁ_a(i)— . (.7)
afk Ven
Passing to the limit Af -0 and from sums over k£ to integrals over ¢,

we obtain the complete expression for the propagator from time ¢; to ¢, -

i
of
—%[dt (p(t), vo(t))
Ul(tht'L) = Tt e t

L .
¥ [ (), valt))
= [ Dlole * UP(t, t;) (2.8)
where
b
- [ di (a(t), vp(t))
U]U: Tt e i

This is a path integral expression for the propagator in which a time-
dependent auxiliary field, o(t), which is coupled linearly to the density,
has been introduced. At this point, it should be noted that the noncom-
mutative nature of the p does not invalidate the derivation. The time
ordering 7; implies the appropriate products of exponentials at different

times and as Af -0, equal time commutators vanish.

For actual evaluations, it is convenient to return to the Schroedinger
picture. The HS representation of the many-body propagator is then

given by

b
%tfdt(a,va)
Ut b)) = [Dlole ™ Uglts ), (2.9a)

where
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b

~[dt ho(t)
Up=T,e " (2.9b)
describes the evolution with respect to
h’a(t) = Z [Kaﬁ’ + Z Uﬁ’a'(t) va'aﬂ'ﬁ] pﬁa(t) (2-90)

af a'f’
= 2 [Kaﬁ’ + Waﬁ(t>] pﬁa(t) .
ap

Amidst all the notation, it is important to note the significance of Eq.
(2.9). The A-body operator U, describes the propagation due to a one-
body time-dependent hamiltonian which is a linear functional of the auxi-
liary field. The total evolution operator, U, is then a coherent sum of an
infinite number of these one-body propagators (each involving a different
one-body potential parametrized by a different ¢ field) with a ""gaussian

weighting factor'” e#(0:v9),

To see more clearly what this means physically, consider a Hamil-
tonian involving only an instantaneous local two-body potential,
Vagyé = Oay Ops v(zr, — zg). For simplicity, spin and isospin variables are
suppressed so that the labels a and § can be replaced by a single spatial
coordinate and only the diagonal density operator p(z) = a'(z) a(z) con-
tributes in Eq. (2.9¢). In first quantization, the Hamiltonian is

2

H=3% 2 iy § g -g)
= + v L — X
is1 *m i#j=1 ’ ?

and the corresponding propagator is given by

T
. }ﬁfdt dz dz'o(z ,t )v(z—z")o(z' t)
U(T)= | Dlo(z,t)]e ® U(T) . (2.10)

Here, o(x,t) is a real field integration variable whose measure is defined

in Eq. (2.7) and

T
—fdt [K+ fdz dz'o(z,t)v(z—z")p(z’)]
Us(T) ’

il

Tte (211)

T 4
—fdt Y hiz.t)
= Te v =



= 16 —
with

ho(z t) = —L5—3%/ 022 £ Bv(0) + [dz’' v(z—zo(z't) .
2m
The -(+) refers to fermions (bosons). U, describes a simultaneous evolu-
tion of A particles from {=0 to {=7 in a time-dependent potential,
Wox,t) = fv (z—x")o(z',t)dz’. All particle interactions are now mediated
through the o field. Thus, the HS transformation has mapped an interact-
ing particle problem to a system of non-interacting particles coupled to a

fluctuating external field.

The expansion for the propagator (Eq. (2.9)) can be substituted into
the expression for the ground state energy (Eq. (2.1)) to give the form

chosen {for Monte-Carlo evaluation:

T
% [ (oot <H®| U, |d>
[ Dlo(z t)]e ® <b|U, | &> [‘ o
. <P | U, | o>
5y = lygm 7 . (R.12)
}éf(a,va)d.t
[ Dlo(z.t)le © <d|U,| >

Before describing the numerical techniques required, it is important to
understand the various energy contributions being resolved in the exact
calculation of this integral. Therefore, someé approxirnate solutions to Eq.
(2.12) are considered in the next section. These also provide an indication
of the proper trial wavefunctions and initial conditions on the ¢ field for

use in the Monte-Carlo process.

The AFMC method is in some respects similar to a formulation used
in Monte-Carlo simulations of relativistic field theories [Fu80,B181,Sc81].
In these problems, the fermion degrees of freedom are "integrated out",
leaving only a boson theory with an effective action (analogous to the our
HS representation). The principal problem in such calculations is the

evaluation of the enormous determinant (of dimension equal to the
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number of lattice sites) appearing in the effective action. This is essen-
tially due to the presence of the filled Dirac sea. For non-relativistic sys-
tems, the dimensionality of the determinant required to compute
<®| U,|d> is relatively small and its direct evaluation is possible. This
also emphasizes the advantage of the AFMC algorithm over the GFMC or
DMC methods - positive and negative contributions to the norm are can-

celed exactly rather than statistically.
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§3. Time-dependent mean-field approximation (TDMFA)

The auxiliary field formulation for the transition amplitude between

initial and final states |i> and | f >,

<f 1Ul4>= [Dld] AS@vD) oy (3.1)
= [Dlo)eSl]

can be evaluated semiclassically using the stationary phase approxima-
tion (SPA). This amounts to solving 6S[c] =0 by picking out the
configuration(s) - the field(s) ¢, - which provide(s) the most significant
contribution(s) to the integral. It seems likely that if all the particles are
affected by the interaction, small changes of the ¢ field will produce large
changes in S, so that this approximation is valid - at least for a
sufficiently large number of particles. An exact criterion for applicability

is difficult to formulate, however.

For clarity, only the simplified case of an instantaneous local poten-
tial is treated, though everything in this section can be done for the gen-

eral Hamiltonian, Eq. (2.2). Setting the variation

z'viz—z')plz’ e—fh” 1
__60?:5t) :fdx'v(x—x')a(:r’,t) Y thfd ( Jo(z't) 2>

<fI|T e_fh”]i>
4

<F | Ug(tp 8)p(z' 8) Uyt t)]1> ]
<f Ul L) 3> ]

to zero, results in a self-consistent equation for o,. The solution is the

[
= fd:z;'v(:z:—x') la(x’,t) -

time-dependent mean-field approximation

< N Ug, (g ) pla b)) U, (,4:) 1>
O'o(x,t)—' <f iUo-o(tf,t-L')li> (32)

corresponding to a transition amplitude e®1%] Ty ensure that a real

mean-field is obtained, the integral (3.1) can be written instead as
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SDlo) 1<f U, li>] erle] (3.3)

where
Sesrlo] =% [(o, vo) +iIn<f | Ugli> — i1n<f | Ug|i>"] .

The resulting SPA solution is just the real part of Eq. (3.2) and the transi-
tion amplitude is |<f |Ug, |i> | eSs19%]  The difference between this
result and (3.2) arises from the use of different parts of the integrand to
define the SPA. Note that the precise form of ¢, is also dependent on the
final and initial states; i.e., the exact matrix element being evaluated.
This points out the unphysical nature of the mean-field. It is not a funda-

mental entity and is not uniquely defined or measurable.

We now consider an important case in which the initial and final

states are A-particle Slater determinants:

|[i> =AY [1vh (3.4)
F j=1
_% A
lf>=@An7y Ileb .
P j=1
where the sum over P stands for all possible permutations. Bosons can
be treated by replacing the permutations with simple products. The tran-

sition amplitude for the Slater determinant wavefunctions is

<1 Uli> = [Dlo] ¥ @ qetegi| U, |4 >  (3.5)
A .
= 07 f Dol # 9 [T <oy 03 19>
7=1
In writing this, we have used the fact that U, is just a product of commut-

ing one-body operators (see Eq. (2.11))

A .
Us=[] UZ (3.6)
g=1
and is therefore symmetric in particle coordinates. The SPA mean-field

solution to (3.5) is
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TP 3 oz ) vay(z.t)

. P j=1 ~
oo(z.t) = Re det<g(z,t)|v(z,t)> (5,72}

where

Uz, (t.8) |¥5> (3.7b)
Ui (b 01 9> .

1Y, (z.t)>
I‘p](x’t)>

Expressed in different language, the functions ¢; and ¥; satisfy the

differential equations

v (x,t)
——%61} = —(K + Wy )v;(z,t) (3.7¢)
0528 o (K4 W,)p0e0)

where

K = p?/2m-Y%v(0)
is the kinetic plus self-energy term and

A
Y (=DPY o )z t)

_ ; P Jj=1 !
Wy (z,t) = —z') R ¢
ou(xr ) f’U(ZL‘ z') Re det<goj(:r’,t)|1’/pj(x',t)> i

is the one-body potential determined by the mean-field, o,. The mean-
field can be calculated self-consistently using Egs. (3.7). An initial guess is
made for o, which is then used to generate the wavefunctions ’gbj(x ) and
@;(z,t) via Egs. (3.7c). Substituting the results in (3.7a) gives a new value

for o,, for which the process is then repeated.

In special cases, the mean-field solution can be related to other stan-
dard approaches in many-body physics. In particular, if

|f> = Ug, (t;.t;) |[1>, the differential Egs. (3.7¢) reduce to

ov; 2 N NEE
5= L O+ [ve) L IwE Ty . (G8)
This is similar to the time-dependent Hartree-Fock (TDHF) equation but

without the exchange term in the potential - it is actually just the
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Hartree approximation.

Another important special case occurs when the final state is
required to be identical to the initial state and an eigenfunction of the
Hamiltonian; ie., <i|U(ff,4;)[i> = e Bty single-particle
wavefunctions are taken to be

¥i(z.t) = ey,
pj(z ) = ey,

where ¥; is a normalized, time-independent single-particle wavefunction

and ¢; acts as a single-particle energy. The differential Egs. (3.7¢c) then

reduce to
g ,
(Z—=%u(0) + W,,) ¥s(z.t) = &5 95(z.t) (3.9a)
with
W, (x) = fv(x —z)o,(z')dz' (3.9b)
and
A
o, (z) = _ZIWj(x)lz : (3.9¢)
e

As expected, the mean-field o, is independent of time and just equal to
the single-particle density. The energy £ is determined by writing out the

SPA transition amplitude

e—E(tf—ti) - <’l:‘ U(tf,ti) [i> (3.10&)
- e%(ao,vao)(tf—ti) det<g; (z,t) ]’gbj(x,t)>

3 A —_ . —T .
- e%‘[(aar“’go) He Ej(t_f ty) <,¢] I,w]> )
J=1
and equaling the exponents to obtain

E =3 e; —¥lo,,vo,) (3.10Db)

7=1

= £ <G Z-hoO)li> + % <iilvli> |

1,7=1

~ D~

Thus, the energy of the static system in the mean-field approximation is
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the standard Hartree energy plus the self-energy term.

It is crucial to note that the character (not the value) of the mean-
field is unaffected by the form of the initial and final states. Despite the
fact that antisymmetrized wavefunctions (3.4) were used, only a direct
matrix term appeared in the differential Egs. (3.8) and (3.9) and the
energy Eq. (3.10); i.e., the SPA solutions correspond to the Hartree and
not the Hartree-Fock approximation. This could pose a problem, particu-
larly in nuclear systems where exchange matrix elements are compar-

able to direct matrix elements.

There is a connection between the artificial o field and nuclear field
theory [Le80b]. The mean-field corresponds to the meson field generated
by the self-consistent distribution of fermions. The scalar meson cou-
pling produces the direct and the vector meson coupling the exchange
matrix elements. In particular, the one-pion-exchange-potential contri-
butes to the HF energy of nuclear matter only through the exchange

term.

Quadratic corrections. A study of the higher order corrections to the
SPA clarifies the issue of the exchange matrix elements and provides-
several interesting features. Quadratic contributions to the transition
amplitude are obtained from an expansion of S[o] to second order in

¢ = 0 — g,, the variation of ¢ from the mean-field solution:

fD[cr] eSlol fD{or] exp {S{o, ]
, : 8%S -y
+ [dz dz'dtdt T ¢z, t)e(z' b)) (3.11a)

_ [ detlu@=z) 8¢t =t)] |* sl

525 7
et 5 5@ £ |o,

where the subscript indicates that the quantity in brackets is to be

(3.11Db)
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evaluated at o,. The second equality is derived from Eq. (2.4). Using the
fact that the measure D[c] is defined relative to det(v §) (Eq. (2.7)) and

making the change of variables from o to ¢, we obtain

B O B G [ %
JDlgle ™ = [J_L]dzte:;

Letting m and n stand for space-time coordinates, 625/ 6% correspond

to B and going to the continuum limit, the result (3.11b) follows.

The second functional derivative of .S is

625 ~ , |
So(z ,t)da(z't) ~ S(t—t\v(z—x)

—ffd,x" de"'v(z—z")v(z'—z"") C,(x"t";xz""'t"")
= [ fdzdt"6(t—t") v(z —z")[S(t"~t) 6(z"~x)
+ [ [dzdtC,(z "tz ) vz —x") 6(t"~1")]
=[v ][l - C,v 6] (3.12)

where (, is defined by

=J he (t)
<f T p(zt)p(z't’)e S

= [y (1
<f]Tte f o()
=) o (¢)
_ &S| Tip(zt)e / ’

<f[Tte_fh"(t){i> <f|Tie

>
C(xt;x't') = L

[1>
S )

[i> <f | Typlz't)e
X0

(1>

(3.13)
|1>

Note that C, is just a time-dependent generalization of the familiar
density-density correlation function. Substituting (3.12) in the quadratic
term in (3.11b), cancelling the ratio in det(vd), and using the identity

detB = exp(trinB), yields

det[1 — C, (v6)] ™ = exp(~%trin[1 — C, (v 8)]) = exp¥ i tr—l—[CO (vé)]™
n=1 n

so that to second order
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[DloleSllm e®l) exp 30 tr—i—-[C,, (W)™ . (3.14)
n=1
In the stationary limit, in which |i> = |f > is considered to be an
eigenstate of A, and o is time-independent, ¢, reduces to

Cstete = <i | Pi(z) Y(a) i) (e | i> — <i|phz) wz) 0> <ilyiz) () |i>

=p(z)d(z—z") —p(z,z") p(z',x)
where

A
plz.z) = Y v(x)y;(z")
Jj=1
is the one-body density matrix. Substituting this expression into the first
contribution to the sum over n in Eq. (3.14), the leading order correction

to the SPA is obtained:

Lty 3ty §) = }gfdxdx'dt cstatic(z ¢ z't Vv (z—x') (3.15)
= % [dzdz'dt[o(2)é(z ~z') ~ p(z.5) p(z'2)]
X v(zx—z")
—[%Av(0) - % _Zk<jlc v [k7>] (4 —t;) .
The first term exactly cancels the zmpleasant self-energy term v(0) in

(3.10b) while the second adds the proper Fock exchange matrix elements.

To understand the physical meaning of the remaining terms in the

sum over n in (3.14) write C, as

: / ~hotr hgt' N, ~hat )
<i| Ty [e" p(z)e " p(z) e |0

Cstatic — =TS (3.19)
_ <[ plz)e M i> <if[e™ p(zYe i >
<t|i> <i|i>

Expressed in terms of field operators, this result is just a product of two
Green’s functlions, starting at ¢ and ¢’ and ending at ¢' and ¢ respectively;
le., it is just a particle-hole excitation bubble. [C, (v 6)]™ is therefore
made up of a chain of n such bubbles connected by matrix elements of

the instantaneous interaction potential v. The trace connects the chain
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back on itself to form the random phase approximation (RPA) ring, with

the factor of ;11,— stemming from a counting argument about different

ways of choosing the top of the ring.
Combining all the quadratic corrections yields an expression for the
transition amplitude

[ 2
—[Zq | 217> + %2 <sk |v |k —ki> + Egpy (b )
<'L]U(tf,t1)’i>&’e I i*

The energy of the system now contains the proper Hartree-Fock plus the
RPA contributions, without the self-energy term. For a time-dependent
h,, the details are more complex, but the structure of the %trC, (v6)

terms is identical, generating the seli-energy and exchange pieces.

The recovery of the exchange terms can be accomplished in another
way. Different pairings of creation operators ] and ag in Eq. (2.2) will
lead to different means of introducing the ¢ field. Such alternative formu-
lations are useful for suggesting different approximations - ie. one results
in the Fock terms in the SPA solution with the Hartree contributions aris-

ing from the quadratic corrections.

In the AFMC algorithm, use is made of the original pairing of creation
operators, Eq. (2.2). This results in the appearance of densily, rather
than pairing density, operators. Typically, initial conditions are taken
from the static mean-field solution (3.9). Thus, in exact Monte-Carlo
evaluation, we are actually resolving the exchange, RPA, and other higher
order corrections. This will be discussed in detail in Section 7 where the

AFMC is applied to an exactly soluble system.
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§4. Numerical techniques - discretization of the integral

In the next three sections, techniques for the numerical evaluation of
the auxiliary field energy integral (Eq. (2.12)) are discussed. A tractable
many-body wavefunction is constructed from sets of single-particle func-
tions. The fields are then discretized on a space-time mesh and an
appropriate approximation for the single-particle evclution operator U,
is derived. The center-of-mass motion is treated by the addition of a har-
monic oscillator potential which confines the system to the mesh. In Sec-
tion 5, the Metropolis algorithm is described and techniques for perform-

ing the AFMC random walk are discussed in Section 6.

Many-body wavefunction. Although, in principle, the ground state

energy

-HT
E, = lim <¢|HeHT | d>
Treo <Ple™H|P>
can be found by using any trial wavefunction, ®, not orthogonal to the

true ground state, the AFMC method is tractable only if ¢ is made up of
single-particle orbitals. In particular, symmetrized product states are
used for bosons and Slater determinants for fermions. U, is written as a
product of propagators, each of which séparately evolves one of the
single-particle states, Eq. (3.6), so that many-body matrix elements
reduce to one- or two-body integrals, which can be evaluated directly (see
Egs. (3.4)-(3.5) for the appropriate matrix elements and wavefunctions).
The limitations created by this restriction on the form of  are discussed

later.

Space-lime discretization. We consider only one space dimension
and bound space-time to a region 0<t<7, |z |<L/2 by defining an

(N+1)x} mesh.
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z; = (j-%M ¥ Az, j=1, - M Ax=L/M
t; = (i-1)Af, i=1, -+ ,N+1 At=T/N
M is taken to be even to avoid points at the spatial origin - in case of
potentials with singularities. Of course, we suppose that Az and Af are
sufficiently small. For Az, this is determined by the accuracy of spatial
integrations, while Af must be small compared to all time scales in the
problermn and must yield sufficient accuracy for the discrete evolution

operator (see below).
The wavefunctions are defined on the mesh, while the ¢ fields are
taken to be on the half-time points, i.e. 0} = o(t;—y,z;). The equation for

the energy (2.12) is discretized as

N
%) (owo)ht <H®|U,|d>
T i=1 g
[ Dlole <®| U, | &> AL

Eo(T=NAt) = . (4.1)

) %f}(a,uo)iAt
S Dloile = <d| U, |d>
N

) H :
where the measure is just D[o}] = ][] [] doj (since any overall constants
i=1 j=1

cancel in the ratio) and the inner product is given by the sum
M M . . 5
(cvo); = 2 2 U} Yk o (Az) Vik = U(xj—xk) .
i=1k=1

N
The discretized evolution operator is expressed as a product U, = [ U}
i=1

with UY(At) effecting the evolution of single-particle wavefunctions from

t; to tiv1 under the one-body hamiltonian

. M .
hi(z;) = —D% 2m + kz vj 0x(Az). (D is the usual 3-point discretization
=1

of the second-derivative).

Discretization of the propagator - Crank-Nicholson approximation.

From the standard derivation of the Hubbard-Stratonovich transforma-
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tion using a discretization of the time, it can be shown that any form
used for U% must meet certain accuracy requirements. Consider the aux-
iliary field representation for a single time step, Eq. (2.6). Expanding the
exponents schematically and performing the resulting Gaussian integrals
results in

At
e—z—(p- vp) _ f D[] e#t (0. va) ~At (o, vp)

~ Cf do e”bt (0. va)(1 4 At (0, vp) + ¥ALtR (0, vp)2...)
V7 +O+%Atzp2"u2\/% )
Vv At oVBu AL
Writing out the term on the left hand side as 1 + %At (p, vp).... and

~ &

equating coeflicients of AT, we see that the constant C must be
expansion for U, evidently corresponds to the order Af{ term in the
expansion for U. The -implication is that any discrete approximation for

the propagator U, =[] U%(At) had better be correct through second
i

order to ensure that the Hubbard-Stratonovitch transformation works.

The Crank-Nicholson formula for U, familiar from time-dependent
Hartree-Fock calculations [Bo?ﬁ,Ke?G,Ko??] is of the required accuracy.
It is also computationally efficient for the AFMC, since its effect on a
single-particle wavefunction can be quickly evaluated. To derive this for-
mula for the propagator, we begin with the discretized Schroedinger

equation (A= 1)

il — ot A .
() = % hith gl vk (4.2a)

v At
Here, the superscript 4 labels the time discretization and the subscripts
J and k the space mesh points. A is the discretized form of the Hamil-

tonian,
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hiFh = -W(éj,m + 0 o1 — R0 1) + WA G, (4.2b)
where W}*x is the auxiliary field (or the Hartree-Fock) potential at the

half-time points on the mesh.

The naive approximation is to set (p“'% N @b, If any time-dependence
of A is ignored, this results in a formula for the evolution operator
otiN (1 —i AL R )@,
where the spatial variables have been suppressed for simplicity. Note
that if the Hamiltonian is hermitian, the expression (1 —1 At A ) is not
unitary. Therefore, this discretization of the propagator results in
numerical instabilities - in particular, problems with those components of

¢ having the largest modulus eigenvalues.

A better approximation is given by

N OO R V-
so that

i+1N(1—ihAt/2\(pi
1+ih At/277
as can be seen by direct substitution. This is the Crank-Nicholson for-

@ (4.3)
mula. It possesses two advantages over the previous expression. First, in
real time, it is manifestly unitary, while in)the imaginary-time limit, the
existence of A in both numerator and denominator prevents exponential
amplification of that component of ¢ associated the eigenvalue of largest
modulus. Secondly, the expression is good through order At? as can be

seen by a simple expansion

(1—v;hAt/2\:(1_ i At
1+1h At/27 2

=1-tAt h —

4 2
R)(1 = AL, AT e

2 4
_A.tf_h?« cee

2
which is just U, (At) = e "4 {5 second order.
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The discrete U, involves operations using only sparse matrices - in
fact, tridiagonal matrices, as long as a three-point expression for the
second derivative is used in the formula for the Hamiltonian h (4.2b).
Rewriting Eq. (4.3) in imaginary time as

(1 + hor/2)(*+! + ¢*) = 2¢° (4.4)
it is clear that the operation of finding ¢**! + ¢* (and hence ¢'*!) is
equivalent to inverting a tridiagonal matrix (1 + h,7/2). A method known
as Gaussian elimination and backwards substitution provides an efficient
algorithm for doing this [Va62]. Explicitly, consider solving 4z =k for z,

where A is an MXM tridiagonal matrix with elements labeled as

rbl 1 O 0 0
ap by cp 0 0

A=1|0 a3 b5 0
I
0O 0o o

and k& is an M component column vector. The components of z are given

by the recursion relation

Zni1 = Wnzg tgn  1=n=H -1 (4.58)
with
... S
fd b, +0, 0,
2<n<M (4.5b)
g - kn ~ Cnfn
Fum] b, +cp, wy,

These equations are derived by substituting (4.5a) for z,_; and 2,4, in
the matrix component equalion a, z,_; + b, z,, + ¢, z,,,, = k,, and equat-
ing the coefficients of 2z, and 1. The initial values used in the recursion
equations are determined by the boundary conditions on z. Since the

wavefunction vanishes at the edges of the coordinate mesh, ie.

vy =9, =0, it follows that wy_; =gy-1 =0. Two sweeps through the
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space mesh of M points are then required to invert the matrix 4 using
(4.5) - the first to calculate the w; and g;, the second to determine the 2

components.

In the case of a time-dependent Hamiltonian the approximation

i1 _ | 2 —
1+ AT/ 2

can be used by first calculating an approximate h*% and then performing

1]g (4.6)

¥

the wavefunction evolution. This requires two inversions for each time

step.

Self-interaction term. The auxiliary field representation of the pro-
pagator contains a self-energy term which was ignored in formulating the
Hamiltonian of Eq. (4.2b). To see that this is permissible, consider a Ham-

iltonian involving instantaneous two-body interactions

2
H=3% 2L g5 Vi, -z . (4.7)

i=1 ”M i)

The corresponding propagator, U,, describes single particle evolution

under
ho= [ [K(z) + W(z.t)]p(z,t)dz (4.8)
where
% = 12257+ 1 V(0)
and

W(z,t) = fdx’ Viz—z")o(z',t) .

It is evident that the self-interaction term contributes only a constant
shift of the energy scale %4 V(0) in the time evolution. Since this does
not affect the results, the term can be eliminated in actual computations.
In fact, to maintain a convenient normalization of the wavefunctions, an

arbitrary constant term is added to h,, without affecting the energy
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values obtained.

Center-of-mass motion. In nuclear systems, all particles are of
approximately the same mass. Therefore, the center-of-mass of the sys-
temn cannot be fixed. To get around this problem, an harmonic oscillator
potential is included which confines the system within the space mesh.

The Hamiltonian for A particles then has an additional term

Hq =% mAQ¥(Y z;/ 4),

sz 2 mQZ
= £ 4 . X
54 L% T oy ijl %
containing both one- and two-body pieces. When this is incorporated into
the auxiliary field equation, Eq. (4.8), the additional terms
—}é—mQE ¢+ mQ . [f dz'z"olz" )]
A A
are added to the one-body Hamiltonian 2, and the exponent in (o, vo) has
an extra piece
sz r i et 1]2
'A—L/ O'(J‘J )d:z:
These changes are easily incorporated into the calculation. The resulting

ground state energy is merely shifted by the zero-point energy of the

oscillator, namely ¥%AQ.



§5. Metropolis algorithm

The expression for the ground state energy in Eq. (2.12) is a form

amenable to Monte-Carlo evaluation. This is evident when the equation is

written as
<H®|U,| >
[ Dl wio) @"U |(|I)>
E, = lim = (5.1a)
Lo [ Dlo] wlo]
where
Wio] = 2OV 511 15> (5.1b)

W[o] plays the role of a probability distribution for an evaluation of the

energy term <H®|U,|®>/<®| U, |9>.

The integral (5.1) can be evaluated using a Monte-Carlo technique
developed by Metropolis et al. [Me53,Bi79]. The Metropolis algorithm is a
Markov process - that is, instead of choosing a set of configurations ¢ ran-
domly and weighting them according to some factor, W, it constructs a
random walk through configuration space according to W and weighs the
resulting configurations equally. Applied to the auxiliary field representa-
tion, an uncorrelated sequence of o fields is generated, distributed
according to the weight functional W[c¢]. The energy is then simply the
average of the estimator term, <H®|U,|®>/<d|U,|®>, over the various

configurations.

The precise algorithm is stated as follows:
Metropolis algorithm. Let W[o;] be the weight of the initial
configuration /. If changing o; to oy results in a
configuration /I with weight W[oy], then the change is

accepted if



W
[os] s 1
Wlo;]
or if
W ]
—‘[UL]> a uniform random number on [0,1] .
W[U[]

Otherwise the change is rejected and configuration 7 is kept

as the new configuration in taking the energy average.

The Metropolis algorithm can be proved rigorously using the central
limit theorem. However a more intuitive argument shows that a Markov
chain, established according to the above rule, asymptotically
approaches the distribution of states determined by the weight W. Con-
sider a change from configuration / to configuration /7, where the weight
Wloy] > Wlo;]. Such a move has an a priori probability Ty = Trag,
since this is just determined by the probability of a random walk in any
direction. Using the Metropolis algorithm, the total transition probabili-

ties for changes between configurations / and // are just

T(I-1I) = Tiap —p:y[[—g]}—

T(-1)= Tygar = Trapr -
The total number of transitions between states I and II, N; .y, is given

by the transition probabilities times the populations, N; and Ny, of those

states

W
Nyagp = Ny TU-II) = Ny T(I-1D) ——L(i”—]

Wloy]
N[[_,[ = N][ T([[-’I) = NH T(I—’I]) .

Then the net change in population between the two states is

Wloy]l Ny,
Wlo;] Ny -
Note thal as long as the population ratio Nj;/ N; is smaller than that

A]V]..[[ = ]\7] T(I—’[]) [

determined by the relative W[o], Nj; increases. Contrarily, if the N ratio
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is the larger, Nj; decreases. Therefore, asymptotically - after many moves
- the Metropolis algorithm results in a distribution which is the same as
that of the weights W[o]. A similar discussion holds when W[oy] < W[o;],

of course.

Many transitions o;-»0j result in large changes in the weights. Hence
the probability of acceptance cf a given change is small and convergence
is slow. To remove this difficulty, one can introduce a parameter A and
require that |o; — 07| < A in some sense. The parameter A is adjusted so
that the acceptance ratio - the percentage of changes accepted - is
appropriately large. However, the size of the changes in o must not be
limited too stringently or the new configuration will be highly correlated
with the previous one. This will slow the approach to the asymptotic
region, creating difficulties in the energy calculations (see the discussion

of error analysis in Section 8).

The Metropolis algorithm requires that W[o] be positive definite. This
condition is always satisfied by symmetrized product boson states and
spin and/or isospin symmetric fermion Slater determinant wavefunctions
in a state-independent potential. More general systems, in particular
those with partially filled levels [Hi83], are not guaranteed to meet the
requirement. If W[o] is not positive definite, | W| can be used as the
weight and the sign W/ |W| appended to the energy contribution from
each configuration. However, even here W must be predominantly of one
sign for the denominator in (5.1a) to remain large and good statistical
accuracy be achieved. While we have no guarantee that W is well-behaved
in the general case, results for fermion systems treated by other

methods offer some encouragement on this point [B181].

As is also clear from the form of the weight factor, the integrals over
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o in (5.1) will not converge unless (o,v0) is negative definite; i. e., the
eigenvalues of the polential v are all less than zero. For attractive poten-
tials this creates no difficulties. In the repulsive case, one can enforce
this condition by adding an appropriate two-body interaction term to H

which shifts £, in a trivial way (Section 10).
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§6. Numerical techniques - Metropolis calculation of the integral

The Metropolis algorithm is applied to the discretized auxiliary field
integral, Eq. (4.1), by making random changes in the value of the o field
at points on the space-time mesh (c}). Each such change results in a new
field configuration for which the Monte-Carlo weighting test can be
applied and an energy estimator calculated. A sweep or trajectory is
defined as completed when changes have been attempted for all points on

the space-time mesh.

In practice, the o field is updated for all space points at a single time
value before the acceptance/rejectance test is applied. Energy contribu-
tions are calculated only after this has been done for all times, i.e. at the
end of a trajectory. In fact, energies are actually estimated even less
often, due to the necessity of using statistically independent values in
averaging (see error analysis, below).

Computalion of the Metropolis weights. There are two computational
simplifications that result from this method of performing the Metropolis

random walk. The weight function in discretized form is

N
) }ﬁA-er(a,'uo)i
Wloj=e = & <®| Uy Uy_y .. Uj... Uy Uy | 8> (6.1)

where U; = g (k) At

is the evolution operator from ¢; to £;,,. Consider-
ing the exponential factor, it is evident that changes in the o field at a
fixed time point ¢;, affect only one piece in the sum, giving a net contribu-

tion to Wloy )/ Wlo;] of

o —%AT{fdz dz’ (os(z &) v(z—2") os(z't;) — [dz dz'oy(z ty) v(z—2") op(z'ty)

The o fields at other time slices can ignored.

A further gain in computational time is achieved by evolving the trial
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wavefunction <®| from the left once before the Monte-Carlo sweep begins
and storing the resulting <®| Uy Uy_; ...U; for all i. During the sweep,
the “changed" fields o' are used to evolve the wavefunction forward, so
that at any time %, the wavefunction U';_; U';_...U';|®> is known (U';
describes evolution under the 'mew" potential determined by ¢'). To per-
form one step in the Metropolis walk, only a single evolution, U;’, and the

calculation of two overlaps of already known wavefunctions
Uy - Uy U Uiy - UY[9
@ Uy - U Uy Uy - UY[O>

are necessary to determine the matrix element contribution to the

weight ratio.

Initial conditions. The eﬁiciéncy of AFMC calculations is enhanced if
the trial wavefunction ¢ closely approximates the true ground state ¥. In
actual calculations we have used either the stationary phase approxima-
tion (SPA) states (Hartree solutions) or a basis with variationally set

parameters (Section 8).

The initial condition on the ¢ field is also taken to be the SPA solution

in the Hartree limit - namely o, from Eq. (3.9¢) - at all time slices:

A
Oinit (Tj.6:) = 0o (2;) = z};l |, (xj)lz for all ¢; . (6.2)

This is just the particle density; i.e., the mean-field generated by all of

the particles in the stationary limit.

Importance sampling. To improve the efficiency of the Metropolis
random walk, the AFMC algorithm incorporates a form of importance
sampling - a biasing of the trajectories beyond that determined by the
weight factor W. In general, if the same size random change is made for

o} al every space-time point, a great many configurations will be
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rejected. For example, the tails of both the trial and ground state
wavefunctions are likely be very similar while their peaks may be consid-
erably different. Thus the size of a step which would be be accepted for a
point in the tail region would be far too small to allow points in the peak
to approach their asymptotic values in a reasonable amount of computer

time.

The importance sampling technique used to improve convergence is
one in which changes in the ¢ field are scaled according to some field
n(z,t). That is, the new sigma field ¢’ is randomly generated from the old

field by

o'}=0f+6 n} Ao (6.3)
where j and 1 indicate points on the space-time mesh, ¢ is a random
number between -1 and 1, and Ao is a constant factor used to increase or
decrease the overall size of the random steps. Typically, the scaling field
7 1s only a function of spatial coordinates; i.e., it is the same at every

time slice. A reasonable choice for 77 has been found to be the initial

sigma field, g,, so that fracticnal changes are being made in the field.

It turns out to be practical to choose Ao - a measure of the size of
changes in o - so that 30-70% of the moves are accepted according to the
Metropolis test; i.e., the acceptance ratio is between 0.3 and 0.7. This
enables the o field distribution to converge to the asymptotic limit in a
reasonable amount of computer time. Of course the precise value for Ao
is highly dependent on the choice of the weighting scheme as discussed
above. In a general way, a value of Ao on the order of one indicates a rea-

sonable choice of the importance sampling field 7.

Error analysis. There are absoclute constraints on the accuracy of

results obtained using the AFMC, imposed by the numerical techniques,
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especially the use of a finite time step Af. The algorithm is, of course,
exact as Af-»0 but this limit is impossible to reach in actual calculations.
A lower bound on the time step is set by the rate at which the trial func-
tions evolve. Too small a Af and the evolution operator will not filter the
system to the asymptotic limit in a reasonable number of steps. On the

other hand, an upper limit on At is imposed by the accuracy with which

N o
[]Us for the discretized propagator (the Crank-Nicholson version),

1=1
approximates Uyi(T). In practice, Af is set approximately according to
time scales in the problem and then varied until consistent results are

obtained for different step sizes.

Statistical error analysis is performed as for standard Gaussian

statistics [Bi79]. The estimate for the energy is given by £ +6F, where

E = — 2 EW) V = 4 Teorr (6.4)

is an average calculated only once every 7., sweeps, over a total of
(m+m,)Ter trajectories, and
1 —
([ Fg CEC I S— E(W) - EJ? 6.5
L, [E0) - ] (6.5)
is the standard deviation. FE(v) is the energy estimator

<H®|U,| 9>/ <$| U,|d> alter v Metropolis sweeps.

The energies E(v) must not be affected by the initial conditions on
the wavefunctions and o field. In order to ensure this, v, = my, Teyy Lra-
jectories are performed before contributions to the energy average are
taken. For v larger that v,, E(v) should differ from £ by no more that
expected statistical deviations - the asymptotic limit. The value for the

relaxation time is checked by performing a special long run and ensuring
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that the resulting energy average does not differ from those found in the
production runs. The use of different initial conditions provides another

test of the relaxation.

Once the initial relaxation has occurred, the precision of the energy
estimate is increased by averaging at many subsequent times. Any
desired precision can, in principle, be achieved simply by increasing the
sample size m. In practice the m ™ dependence of the statistical errors
renders it impractical to compute observables to a precision greater

than 1%.

For the averages to be meaningful and for the calculation of variance
to be valid, statistically independent values must be used. Since each
configuration is generated from the previous one, some correlations are
to be expected. This can be taken into account by allowing a sufficient
number of trajectories, 7., to occur between each contribution to the
energy estimator (see Eqgs. (6.4)-(6.5)). To determine the correct value for
this quantity, a correlation test on the energies is performed. The auto-

correlation function C is given by

£ = — Bl BEFloaRiiy cRien)s (6.6)

(KER(t)—<E(t)>%) (REA(t+71)> — <E(t+71)>%)

where the time variables { and T now refer to computational time; i.e., to
the number of trajectories. Note that if the energies at different times
are completely uncorrelated, the autocorrelation C vanishes. In actual
calculations, the energies are considered sufficiently uncorrelated when
C is less than 0.1. The correlation length, T.r, is then defined as the

number of trajectories satisyfing this condition.

The relaxation times and correlation lengths are strongly affected by

the choice of the importance sampling field 7. A poor choice of the
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weighting for the random walk will result in a need for a great many tra-
jectories in order to compute statistically independent values. For a par-
ticularly poor case, the system will fail to approach the asymptotic region

within a reasonable amount of computational time.
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§7. Model calculation - the delta function potential

For a first investigation, the AFMC method is applied to a system
which is exactly soluble and has been studied in some detail. This allows
appropriate initial conditions to be set up so that convergence to the
known answers can be investigated. It also permits a detailed considera-
tion of the various energy contributions beyond the mean-field values

being resolved by the AFMC.

The model system consists of 4 bosons of mass m in one-dimension,
interacting with each other through an attractive zero-range potential ol

" strength V, - the delta function potential. The Hamiltonian is given by

A 2 ‘
H=3 L yy 5 6z —2;) + hma0d(Y 2,/ 4)2, (7.1)
i=1 *Mm i#j i

where an harmonic oscillator of frequency {1 has been added to the sys-

tem to confine the center-of-mass motion. By measuring lengths in terms

2
0

e

of f—?’-—and energies in terms of , the interaction strength V, can be
m

removed from the problem so that the only meaningful parameter is A

(and Q, but this is not intrinsic to the system). For notlational conveni-

2 >
ence, in the following discussion, Zb—is set equal to 1.

The Hamiltonian (7.1) with = 0, (i.e., without the harmonic oscilla-

A
lor), has solutions of the form ¥ = ]| f(z;—=z;). Note that if the
1,7=1

wavefunction is antisymmetric in any two variables, one of the delta func-
tion interactions in the Hamiltonian will not contribute, and the system
will then be unstable with respect to breakup into two subsystems. There-
fore, only systems with complete spatial symmetry form bound states -
l.e. bosons or fermions having a "color” degree of freedom with degen-

eracy A, which provides the correct antisymmetrization. The analytical
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solution [Mc64,Mc65,Ca75,Yo76] shows that a boson systems has exactly

one bound state with eigenvalue

Eqf = —A(A-1)A+1)VE/ 24 (7.2)

and eigenfunction

Vo A
4 Z l zj[
‘IIA(II"""“A) - C:4€ 1<

Cy = A'[(A—1)! VA~11% s the normalization factor.
Mean-field approximation and higher order corrections. The Har-
tree mean-field approximation solution [Ca75] uses a product trial

wavefunction
; A
Sy(zy, - zg) = [ e () (7.3)
i=1
and minimizes

[
<Oy | Hosol 0> = 4 |[H1900 (=) (% = %V, (4-1) [y ]
with respect to the normalized single particle wavefunction ¢, (z). This

results in an equation for g,

[ 2 = V, (4-1) |y (2)|7¢] @y () = 0 (7.42)
with one bound state solution )
VYV, (4-1)
eplz) = 2 = (7.4b)
2cosh(¥V, (4—-1)z)
and single particle energy
e=—V2(A-1)%/8 . (7.4¢)
The Hartree energy of the bound state
Ey = <Ho=o> = Ale + %V, (4-1) [ ¢ |*] (7.5)
A
= —éz"voz (A-1)?

agrees with the exact solution to leading order in 4.
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Recalling that the particle number is the only parameter in the

model after appropriate scaling, an examination of the Hartree values

suggests an expansion in :Z— Perturbation theory provides the correct

series and gives systematic corrections to the mean-field approximation.
The Hamiltonian is divided into an unperturbed part inveolving the Har-

tree definition of the single particle potential

Hy, =% [6p? - (A=1)V, gy (z) |2 (7.62)
7
(note the similarity to equation (7.4a)) and a perturbed part which repro-

duces the correct interaction

V==V, Yo(z—z;) + (A-DV, Y oy ()12 .
i#j i
The single particle solutions to (7.6a) are just the bound state ¢, and the

excited continuum states

[ L ) OV ) — 4
‘r”k(“:[g%ﬁ 1>lezkm4-1>z tanh (4 —1)¥, ) uc} (7.6b)

with energies

—

er = (A—1)*VEk?/8 . (7.6¢)
The lowest order correction term in the perturbation series is then
<(I)H | V‘ ‘I’l ><q)1 I Vl (I’H>
(Eg—E)

where ¢, are a complete set of excited states of the Hartree equation

AER = 2;

constructed from symmetrized products of the eigenfunctions ¢, and ¢,

[De74]. The prime indicates that the sum excludes ®5. Explicitly,

az? = a1y v L2k 1 45 ey (@) @)er ()]

(Rep —&x —&x) 7.7

~ 0.9956 4(A—1) V2/ 24

which is of order A%,
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The terms in the perturbation series can be shown diagrammatically
by use of the Goldstone expansion [Fe71]. While this expansion is derived
for fermions, it can be applied to a boson system by introducing a ficti-
tious "color” degeneracy and disregarding the unphysical color singlet
(see Figure 1 and Table 1). The 4 dependence of the various diagrams is
easily determined. Any linked diagram has [ interactions and C closed
loops. The contribution of each interaction yields a factor of (4—1)? from
the normalization of the eigenfunctions (7.4b,7.6b) and a factor of
(A-1)"1 from the integration over spatial variables. (All wavefunctions
depend on (A—1)z and the potential has zero-range allowing the removal
of the A dependence by a change of variables.) A diagram containing I
interactions, also has /-1 energy denominators, each yielding a factor of
(A—1)"% (7.4c,7.6c). Closed loops contribute as A from the sum over
“color’ degeneracies. Thus the overall dependence of the energy goes as
AL#=I Self-energy insertions in the propagators have C=1 and /=1 and

hence are independent of 4.

In Figure 1, the term labeled SPA is that part of the Hartree energy
which has order A3 The A® energy contributions come from the
exchange diagram labeled n=1 and the random phase approximation
(RPA) diagrams. The n=1 term provides the remaining contribution to
the Hartree energy, being incorporated with the SPA diagram into equa-
tion (7.5). The n=2 diagram, the first term in the RPA series, yields the
AE? energy explicitly derived in Eq. (7.7). The rest of the order A? correc-
tions arise from the remainder of the RPA chain. In passing, it should be
noted that this expansion, which allows the 4% contribution to be

restricted to a single diagram, depends crucially upon the choice of basis

in Eq. (7.6).
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The spurious center-of-mass motion leads to corrections of order 47}

relative to the leading term. If the mean-field solution is obtained for the

A
Hamiltonian without the center of mass energy Hgm = —i( p:)% ie.,
i=1
: _AR(A-1)Y,
for Hg-o—H; ., the Hartree energy obtained is By E— so that
A(A-1)V,
B = ——(—-24# an order A% correction.

In summary, the exact energy is made up of the following contribu-

tions:
Ey=Ey+ Eop +AE? + 0(2x1074 42 V?) (7.8)
with
Ey = —A(A-1)2V, m/ 2402 = (A=13 g,
0 A+1

the Hartree energy,

7 1
bc.m. = ( ) EA

A+1
the center-of-mass term, and
o 1
AE*= = .9956(A+1 ) Ey

the leading order (RPA) correction. The center-of-mass term makes up
exactly half of the difference between the Hartree and exact ground state
energies, with all but .5% of the remaining gap accounted for by the lead-
ing term in the RPA chain. Choosing the Hartree wavefunction as the trial
state means that essentially, the order A4® center-of-mass and RPA ener-

gies must be resolved by the AFMC.

AFMC model calculation. AFMC calculations of the ground state

—HT
energy E(T) = lim <Héle | &> for the delta function interaction have

T+ <$|e~HT >
been periormed for several different numbers of particles. For this

potential, the propagator reduces to a very simple form:
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U= [ Dlo(z,t)] hS =V Fat) (7.9a)
with

~f at [ﬁ(%nvi— Vyo(z.0))é(z~=,)]
Uy=1T e (7.9b)

Since the wavefunction consists of 4 identical one-body functions and the
evolution operator U, is exactly the same for each, the problem is
equivalent to that for a one-particle system; i.e. only one single-particle
wavefunction and one o field must be used in the calculation. Of course,
in determining many-body matrix elements, appropriate powers of 4 are

necessary.

For simplicity, physical units appropriate to nuclear systems are
used - #2/m = 41.47 MeV—m® and V, = 41.47 MeV-fm. Parameters for the
A=86, 10, and 20 particle systems are given in Table 2. A mesh is used con-
sisting of 30 spatial points and up to 160 time points. The results are
checked not to have any significant dependence on the size of the
discretizations in space and time, Af and Az, when these parameters are
small enough. Typical values of Af are on the order of 107261072 g,

while the spatial mesh interval is about 0.1 fm.

The strength of the center-of-mass harmonic oscillator can be chosen
freely within certain limits. The oscillator length, 7., = V& mAQ, is
required to be smaller than the mesh size, L/2 , so that the system is
confined and zero boundary conditions can be imposed on the single-
particle wavefunctions at z = + L/2 . The edges of the mesh will then
have no affect on the solution. This condipion provides a lower bound on

the frequency Q.

As remarked earlier, for the Metropolis algorithm to be usable, the

exponent in the weight factor (o, vo) must be negative definite (Section
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5). This is identical to requiring the potential v to have only negative
eigenvalues. Since v now includes both the delta function potential and
the two-body piece from the harmonic oscillator, the negativity condition
enforces another bound on (). Consider the eigenvalue equation

L/2

dz' f (z)z' = Af(z).  (7.10)
—-L/2

Expanding f (z) in a Legendre series, it is immediately clear that the only

mQ?

Vi(z)=-Vf(z)+

solutions are

A=-V,
with f (z) any function orthogonal to z and
RmO® 2 I3

= CF =-V + =
Fle)=c A “ 4 3 8<O

The nontrivial eigenvalue provides an upper limit for Q.

Thus, the oscillator frequency can be taken to be anywhere in the

range

4h
AL2

<A< 64V, / mL3 . (7.11)
For the given systems, é convenient choice for the center-of-mass oscilla-
tor is AQ =25 MeV. This corresponds to a oscillator length of
Tem = V1.65/ A Im - several times the spéce discretization. The precise
values for 7., , as well as the potential eigenvalues A, are given in Table
2. Use of the harmonic oscillator, shifts the exact ground state energy,
E,, by the zero-point energy, bl = 12.5 MeV. To check that the system
is being properly confined by the potential, different choices of (I are

tested for total times T in the asymptotic limit. The resulting values for

the ground state energy E(T) vary in the expected way.

In the Hartree mean-field limmit, the oscillator term can be treated

non-self-consislently since it gives only a very small contribution to the
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energy for the parameters used -

AE, .. = %pmAQ? ?{A.ﬂ% (z)|Rz? + %A(A—l)(ffcpb(x)lzx)z]

= }émﬂzf

The total Hartree energy for the confined delta function potential system

|2z? |

oy (Z)

(7.1) is
Ey = m*mOPb%/ 244 — A(A-1)*VEm/24h2 .

Parameters for the Metropolis random walk. The trial function ¢ is
taken to be the Hartree single-particle product wavefunction of Egs.
(7.3)-(7.4). Following the discussion of Section 3, an appropriate choice
for the initial o field is the SPA solution for the Hartree case, Eq. (3.9) -
Oinitir = A ¢&(z). Importance sampling is implemented by weighing
changes in the ¢ field according to the initial field; i.e., the weighting field
7 in Eq. (6.3) is just Ojpuq - Table 2 gives the Monte-Carlo sampling
parameters. The size of changes in o, weighted according to the initial

field, range from Ac = 2.0-5.0, giving an acceptance ratio between 0.50

and 0.60.

To obtain correct energy values, the number of trajectories required
for relaxation from the initial conditions and for decorrelation of energies
must be determined. These values are, of course, highly dependent on the
choice of the importance sampling field and the size of Ao. For the
parameters chosen, a "thermalization” interval of some 1000 sweeps is
taken before the calculation of the energies begins. To test that this ini-
tial relaxation period is sufficient, a couple of long runs of up to 20000
trajectories are made, with no change in the resulting energy values. A
variety of choices for Ao are also used to check the thermalization; all

yielded the same results.
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To assure that only statistically independent energies are averaged,
the autocorrelation test of Eq. (6.6) is performed. A typically example for
the ten particle system is shown in Figure 2 as a plot of the autocorrela-
tion function C(7) versus trajectory number. The correlation length,
Teorr, 1S taken to be the number of trajectories at which C falls to less
than 0.1. For the systems chosen, T, = 20—25 trajectories (Table 2).
Contributions to the energy are then computed only once every 7., tra-
jectories. The energies are calculated over the 1000 to 6000 trajec-
tories, so that some 200 to 250 field configurations are used in the aver-

ages. Note that the initial relaxation period is some 40-50 times T¢gpr-

Results. Results are shown in Figures 3-5, in the form of plots of
E(T). The dashed and dotted lines indicate the Hartree and exact ener-
gies respectively, including the harmonic oscillator contribution. Two
energy estimators are used: the standard <®|H U,|$>/<®|U,|$> and
the equivalent form with the Hamiltonian on the right,
<O| Uy |H®>/ <P|U,|$>. For reference, the case of a time step
At = 1.0x107®s where the discretization is slightly too large for proper
evolution is displayed in Figure 4. The data points in the asymptotic
region are consistently slightly below the exact energy value and that
given by the next smaller time discretization. Thus the correct size for Al
can be determined by performing the AFMC with various size time steps

and checking that the results converge to the same value.

E(T) shows an initial relaxation and then asymptotically approaches
a value which fluctuates around the expected result for each A. The con-
vergence becomes more rapid with increasing numbers of partcles. This
is due to the nature of the spectrum of excited states of the model, in

which the energy gap to be resolved increases with increasing 4. Consider
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Figure 6, where the logarithm of the difference between E(7) and its
asymptotic value are plotted for 4=10. Two different relaxation scales are

clearly seen.

The rapid initial relaxation is related to the energy gap between the
intrinsic ground state and the excited states. Suppose the trial
wavefunction ¢ can be written approximately as

¢~ o, + ad, okl ,
a linear combination of the ground (£,) and first excited states. The

latter comnsists of A—1 bound particles plus one particle in the excited

A~2

continuum at zero energy (£, = Y] E,) . Then, the expression for £(T)
is
<H®|e H 3>
E(T) = ’ 7.12
(1) <d|e AT |p> ( )

<E,d, + aBd e 1o, + oe P>
$, + a*lflle~E°T(<I)o + oelfo ~ E‘)T¢1)>
[E, + o2E;e=E 7]

[ + oo 7]

~ B, [1 — ofe ™8 T]

where AE = I}y — E, is the energy gap. In this approximation, a plot of

[z (n)-E,) . . . .

ln{ T versus time 7" will have slope —AFE. In Figure 6, this slope
H Lo

is indicated by the dotted line. It is a lower bound on the relaxation, since

other excited states also contribute in Eq. (7.12). The dashed line is asso-

ciated with the relaxation of the center-of-mass motion in the harmonic

oscillator potential. While the asymptotic region is not reached for times

T used in the calculation, T is long enough for the oscillator energy to be

resolved within stalistics.
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Figure 7 shows plots of the wavefunction for the 10 particle system,
averaged every 20 trajectories, over the range from 1000-2000 sweeps.
The wavefunctions are obtained for calculations with ~, the number of
times steps, set at 0, 20, 40, 60, 80 and 100. For the parameters used, the
asymptotic limit of the ground state energy is reached after approxi-
mately 80 time steps. After that, the wavefunctions are identical within

error bars except for normalizations.

The wavefunction normalizations are arbitrary since various constant
factors have been altered in the propagator exponent - the self-energy
term is removed (see Section 5) and a constant equal to the Hartree
single-particle energy (7.4c) is introduced to h, precisely in order to
maintain the wavefunction norm. These factors do not affect the energy
values obtained. In the asymptotic limit, the wavefunction normalization

is expected to rise exponentially as e L

The wavefunction error bars are primarily due to the statistics gen-
erated by the random walk in the thermalized region. However, the
center-of-mass oscillation has not been removed and so some of the vari-
ation particularly at the peak is due to zero point motion. This is fairly

small since the oscillator length is only a few mesh spacings.

A plot of the o field for the 10 particle system is shown in Figure 8.
Once again, each field value is the result of averaging every 20 trajec-
tories, over the range from 1000 to 2000 sweeps. The o field is extremely
erratic in nature and a question arises as to how such a random one-body
potential, W(z) = —V,0(z), is generating the correct results. However,
the wavefunction repends very little to wild fluctuations in the o field.
The evclution of & produces physically reasonable functions (Figure 7),

allowing accurate calculations of expectation values. The lack of
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smoothness in the o field is, of course, caused by the method chosen for
the Metropolis walk, where single points in space-time are randomly
changed. The possibility of a better, more physical, algorithm is dis-

cussed in Section 9.

These results provide an encouraging demonstration that the AFMC
method can be applied to describe the ground state energy of a simple
many-boson system. A typical calculation of some 60 time steps took 4
hours of CPU time on a VAX 11/750 without floating point accelerator
(about 5 minutes on a CDC 7600). It is particularly noteworthy that the
computational effort for the system does not increase with the number of

particles.

A question of time scales arises. The total time necessary to resolve
the trial wavefunction to the ground state is expected to be on the order
of T mh/AFE, where AF is a measure of the energy gap involved. Since
the delta function potential has only a single bound state, T is quite short
since the energy gap AF is large. For systems with several bound states,
the time needed may be much greater. On the other hand, it should be
noted that although the total time 7 involved is greater for the smaller
systems, the number of discrete time steps required in the calculation -

and therefore the amount of computer time - are on the same order

(Table 1).

Unfortunately, the delta function potential used in this initial investi-
gation is a very special case. The Hartree potential becomes deeper and
narrower with increasing 4; i.e., the system does not saturate. This is a
major limilation of the tlest model, since saturation is an important
feature of nuclear matter. Further, the accuracy of the Hartree approxi-

mation does not generalize to other potentials. The same feature that
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prevents saturation is crucial to obtaining the 1/ A4 expansion of the
energy contributions - the lack of a length scale in the delta function
interaction. For a more general finite range potential, making the
transformation v agys #4 Vagys changes the Hamiltonian so that the cou-

pling constant cannot be removed from the problem.



- 56 -

§8. Fermions

One of the primary motives for developing the AFMC method is the
proper treatment of fermions. Several considerations are important in
dealing with such systems. First, the formalism is very similar to that
obtained for bosons, especially in the case of state-independent poten-
tials. The enforcement of antisymrnetric statistics, however, requires a
few additional numerical techniques. Second, the method must be
extended to finite range potentials. The delta function interaction is a
poor choice for studying fermions, since only those particles with the
same spatial wavefunction (and different "colors') interact. Finally, since
a general many-body system does not have an obvious expansion of the
energy in powers of A7, the choice of a trial wavefunction requires a lit-

tle investigation.

Except for the admission of variables describing internal degrees of
freedom, the propagator formalism is identical to that used for the boson
delta function interaction system. Consider a Hamiltonian with an instan-
taneous local two-body potential which possesses spin and isospin as well

as spatial dependence:

H=K+%f Y, de dz’ po(z) veg(= 2') pp(a) (8.1)
,
where a and 8 run over the combined spin sums and the density operator

is defined as

pa(z) = al(z)aq(z) .
K is the kinetic plus self-energy piece
— f T r_ hz 2 _
K= ) al(@)l-5 -V =} (0)]aa(z) .
o m
The time variable has been supressed for notational simplicity. Specializ-

ing to the above Hamiltonian, Eq. (2.9) yields the auxiliary field represen-
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tation of the many-body propagator

%Y, fdt (O Vagap)
U= [Dlog(z.t)]e * U, (8.2a)

where the inner product is

(0 Vagp) = [ d2dz’ 04(2)v,ag(z—2) og(z") | (8.2b)

hT —fdt[K+fdzdz’z:tra(z)vqp(z—:c')pﬁ(x’)]
Uy,=e ""=T;e af (8.2¢)

is the one-body propagator. It should be noted that although the above
discussion was in terms of specific spin degrees of freedom, it obviously

holds for any internal "color” variables.

If the potential is "color"-independent, v,g = v, a combined sigma

field and density can be defined of the form

O(z) = ), 04(z) (8.3a)
o
pz) = Ypale) (8.3b)
o
where the sums are over the non-spatial degrees of freedom. In this case,

the propagator written in terms of the redefined fields
U = [ Dlate,6))eh/ =196 (8.4)

U, = oo 7, e—fdt {K+fdxdz'a(z)v(z—z')ﬁ(z')]

becomes formally identical in appearance to the case without internal
variables, see Egs. (2.10)-(2.11). As in the boson case, only one sigma field
is necessary - i.e. all the individual o, are subsumed in &, which deter-
mines the evolution of the trial wavefunction. For a more general
interaction, all the fields o, must be kept separately, each being used to
evolve the corresponding single-particle wavefunctions independently -

the problem then involves simultaneous solving of a systems of the form

considered here, one for each of the non-spatial degrees of freedom.
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Slater determinant fermion wavefunctions. The numerical applica-
tion of Eq. (8.4) to a fermion system requires an antisymmetric form for
the wavefunction, while the Crank-Nicholson algorithm used to evolve the
many-body system works only for single particle wavefunctions. These
two requirements mean that the AFMC is tractable in practice only if the
wavefunction is taken to be a Slater determinant:

\_% -y A
|@>=(41)77 ) H@Pp(xy,)
P u=1 _
where P is a sum over the permutations of the A particles and the ¢, are

linearly independent.

The use of Slater determinants adds a few numerical complexities to
the computation of the ground state energy. Both the Metropolis weights
and the energy estimators for fermions now involve matrix elements

between determinants [Br66]. These are given for the overlap and general

A
one-body (7' = ) ¢,) and two-body (V = }v,,) operators below:
p=1 v

A
< |¥> = N (-1DF [] <pul¥pu> = detB,, (8.5a)
P n=1

where B, is the matrix made up of the elements <ga#[1!/,,> as w,v=1,...4;

<[ T|¥> = <P|¥> Y <guty> (B Ny (8.5b)
MV
and
<O VIE> = K<d|¥> 3 <gup,|v |V s> (8.5¢)
pvy6

X[(B—l)yy, (B—l)éu - (B_l)'/v(B_l)é,u] .
The above equations are derived by noting that they are merely expan-
sions of the overlap determinant in the cofactors, c (af) and c(ag,yd),

defined by

detpb = 2 baﬁcaﬁ
g
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and
detB = 3 b b gsc (@B, 70) .
76

For a spin-isospin degenerate system, (i.e.,, a state-independent
potential), A particles exist in N = A/4 different orbital states. The
matrix elements then split into four identical NxN blocks each of which
is an orbital overlap matrix. Letting the particle numbers (u,v) stand for

orbital (2,7) and internal («,8) quantum numbers,

By = <@ial¥ig> = <@i|¥;>0ag = BijOug »

and the matrix elements become

<$|¥> = (detB;)* (8.6a)
BT |¥> =<8 [¥> Y <@t P> (B Njvin (8.6b)
ijpv
= 4<(I7 !\I’> 2<§0i,t’y’/j> ((B_l))]l
g
<O VI¥> = <P |¥> Y <piapjplv | ViaVip> (8.6¢)

X [(B™ s (B™yj Oaar Ogp — (B™ij (B~ agp Opa]

= 8<% |¥> i§L<§0i¢j v | Yy >
X [(B™ N (B — 4B N (BNl -
Note that for the various matrix elements required in the AFMC random
walk and energy average, it is necessary to calculate determinants and

inverses of N by N matrices. The computational time needed for this can

become prohibitive for very large systems involving few degeneracies.
The discretized Crank-Nicholson propagator, Uy(At), is composed of

a preduct of one-body operators, éach separately evolving a spatial one-

body wavefunction in the Slater determinant. As has been noted earlier



_60_

(see Section 3), there is nothing intrinsic to the propagator formulation
that guarantees that fermion statistics will be preserved. Therefore, in
order to maintain the antisymmetry of the system, a Schmidt orthogonal-
ization of the spatial states, ¢1,¢2,...¢y, is performed after each step of
the time evolution

oI = Pt — T < ppits gpev (8.7)

7=1
It is important to note that the single particle wavefunctions are nof nor-

malized in this process. The orthogonalization is just equivalent to a

change of basis, pl*¥ = ZAU old This results in a change in the Slater

determinant wavefunction which is just a constant factor. Indeed,
P = (detd) ¢ = ¢°¢ since A is a lower triangular matrix with diago-

nal elements equal to one.

Finitle-range potential. For a test case of the fermion formalism, a
more realistic finite range interaction is needed. An exponential potential

(i.e., a one-dimensional Yukawa) is selected:

wilg) = -;%e-lz!/a (8.8)
where V, is the strength and e the range of the potential. Note that in
the limit @ -0, this is identical to the delta function potential. The main
computational complexity entailed by use of this interaction is the per-
formance of the convolution integral W(z) = fv(x —z')o(z") dz' for the

one-body potential.

The convolution of v may be determined easily by noting that W(z)
satisfies a Helmholtz equation. The second derivative of ¥ is given by
Vo
[2
V. .
“lz=zl/e Gendr — —2— [e~lz-F /e gz
e AC (zdz’ = —2 f ()

W'(z) = f(g@( —z') — 1) e—lz-z'|/a o(z")dz ']
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Vo 1
= + =W
a® o(=) a* (=)

so that W satisfies the differential equation

W'(z) — =5

a a
In discretized form, this is a tridiagonal matrix equation (again assuming

o(z) . (8.9)

the three point formula for the second derivative) and can be solved by
the method of Gaussian elimination and backwards substitution discussed
for the evolution operator (Section 4). The only extra difficulty is that the
initial condition for the method requires that W(z) be zero at the edges
of the spatial lattice. To satisfy this condition, the spatial mesh for the
convoluted field must be extended on the order of @ - the range of the
potential - beyond the mesh points where the wavefunction boundary

condition is zero.

It might be assumed that an even more simplified evaluation is possi-
ble for this interaction. The convolution for W(z) is just a Laplace

transform of the o field with the inverse transformation given by

202 _
o(z) = g—zv—l—W(x). Since this acts like a change of variables, the
2]

AFMC can be constructed with W(z,l) - the actual external potential -
used as the random field instead of ¢. Recall that this is actually done in
the delta function interaction model, since the sigma field and the exter-
nal potential are identical except for a constant factor. Unfortunately,
calculations performed in this manner for the finite-range potential
result in extremely long correlation lengths for the energy estimator and
hence a failure to obtain good statistics in a reasonable amount of com-
puter time. This occurs due to a poor biasing in the importance sampling
scheme used to select the W fields - a point that will be seen to be partic-

ularly relevant later.
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AFMC calculations. As a first check, the a0 limit of the potential is
taken by setting the range to be less than a tenth of the mesh spacing
Ar. By appropriate choice of the strength V,=41.47a, the problem is
identical to the delta function problem of the previous section. The
bosons are treated as fermions with 4 internal degrees of freedom and
the combined field formuiation (8.3-8.4) is used. The results are identical

within statistics to those given earlier.

Spin-isospin degenerate systems are chosen for the application of the
AFMC to a finite range exponential interaction. Such systems can be
viewed as containing pairs of protons and neutrons with spin up and
down. This choice has certain advantages. First, it allows a test of the
combined field formalism of Eq. (8.4). Secondly, a larger number of par-
ticles are involved for the same amount of computer time, helping to
ensure that the mean-field picture is valid - attempts to apply the AFMC
to systems of two particles fail to yield convergence with good statistics.
Finally, the weight factor for a system with four spin-isospin degrees of
freedom, can immediately be seen to be positive definite. Recalling the
discussion leading up to equation (8.6a), all matrix elements consist of
determinants of spatial overlap integrals raised to the fourth power and
are obviously non-negative. For non-degenerate fermions and unfilled lev-

els this is not true a priori.

The constants for the potential (8.8) are taken to be V, = 41.47 Mev-
fm and @ = 0.8 fm - on the order of typical nuclear strengths and ranges.
Systems of 4, 8, and 12 particles are treated - corresponding to 1
(bosons), 2 and 3 orbitals. Table 3 contains the sets of parameters used in
the calculations. Mesh sizes vary from 40 to 60 points, with the spatial lat-

tice becoming slightly more closelv spaced for the multiple level systems
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as well as extended in range (Az = 0.20—0.25 fm). The increased length
and fineness of the spacing are needed due to the qualitative nature of
the higher orbital wavefunctions, which have greater curvature and
elongated tails. Results are verified not to depend on the size of the spa-
tial mesh if Az is sufficiently small. Time lattices of up to 160 points are
used, with at least two values of Al tested for each system. Values of Af

range from 107 to 107 s.

As before, a center-of-mass oscillator is used to confine the system.

The complete Hamiltonian is then

2
H= .‘é g’;n + g‘;—éje"’i ‘”J"/"'+}ém¢402(§x¢-/~4)2 . (8.10)
For the combined exponential potential plus harmeonic oscillator, an
exact determination of the eigenfunctions of the total potential is
difficult. However, the requirement that the exponent (o, v o) be negative
definite can still be met if the strength of the harmonic oscillator is not
too great. For the given systems, A{ is taken to be 10 MeV and the sign of
the exponent is checked explicity during the calculation. The center-of-
mass zero point motion is on the order of r.,, = 0.6-1.0 fm, (several

times the discretization) so that the systems are confined within the spa-

tial mesh.

The choice of a trial wavefunction ¢ is no longer obvious for fermions
with finite range interactions. For the standard formulation of the auxili-
ary field used to derive the propagator expression Eq. (8.2), Slater deter-
minant wavefunctions yield a first order SPA solution for the energy
which contains only direct terms (Section 3). Therefore, Hartree-Fock
wavefunctions do not necessarily provide the optimal ¢. In the present

AFMC calculations, trial Slater determinants composed of basis states for
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a harmonic oscillator are used instead - a common self-consistent poten-
tial for the shell model -
#n = Hy(pz) e #F=

where H, are the Hermite polynomials [Ab70,De74]. As a check on the ini-
tial condition and the energy convergence, the AFMC is also run for the 4
particle boson system using the trial wavefunction 1/ cosh(fBz), the Har-
tree wavefunction for the delta function interaction. The parameters, 8
are set variationally to minimize the energy - the variation being per-
formed without the center-of-mass oscillator potential. Table 4 shows the
parameters and variational energies for the three systems. It should be
noted that in all cases the sums of binding energies for the possible sub-
systems are smaller in magnitude than the energy for the complete sys-
tem. The non-self-consistent contribution of the center-of-mass oscillator

to the initial energy of the system is also given in Table 4.

Taking a hint from the delta function calculation, the initial o field is

A N
assigned to be )} Igoﬂ(x)]z: 4% |p;(z)|? where the u sum is over all
p=1 i=1

single-particle states, and the © sum is over different spatial orbitals. This
field is also taken to be the importance sampling function 7 in Eq. (6.3). It

is not clear that this is the optimum choice in either case.

Results. Results are shown as plots of £(7) in Figures 9-12 for the 4,
8, and 1R particle systems. Varialional energies for the trial wavefunction,
including the center-of-mass oscillator contribution, are indicated by the
dotted lines F£,. As always, checks are made to insure independence of
the mesh discretization and the strength of the harmonic oscillator. All
plots show the same initial relaxation and asymptotic approach to a limit-

ing energy around which the remaining points fluctuate as in the delta
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function case. Figure 10 compares the results for the two different trial
wavefunctlions. Both provide a quick resolution to the same ground state
energy. Note that in all cases the energies include a 5 MeV contribution

from the center-of-mass oscillator.

Figure 13 shows a typical autocorrelation function for the 12 fermion
system. Typical values of 7., are around 20-25 trajectories. These corre-
lation lengths are the same as in the delta fuﬁction case - a good sign,
since il means that the spatial range of the potential does not translate
into longer correlation lengths. The initial relaxation is taken to be 1000
sweeps, with energies taken over the next 2000. These values are checked
by a few runs, some involving many more trajectories and others much

larger total times.

Plots of the single-particle wavefunctions are shown in Figure 14 for
the three level system after N=0, 40, 80, and 120 time steps of size
At = 2.5x107%s . Note that the asymptotic limit in the energy is achieved
at N=120, T'=300x10"%s. The plots are averaged every 25 trajectories
over sweeps 1000-2000, with the center-of-mass motion included. The nor-
malizations are held roughly constant by removing the self-energy term
and inserting an appropriate energy shift in the evolution routine. An
examination of the plots shows that the spatial wavefunctions maintain
their relative antisymmetry, remaining quite smooth within error bars.
As in the delta function case, the o field and one-body potential are irreg-
ular in nature and no meaningful physical interpretation is possible.

Nevertheless, the wavefunctions appear quile reasonable.

The total time needed to resolve the ground state energy is on the
order of T = i/ E, in all three cases - i.e.; T is shorter for the systems

with more particles and larger binding energies. The number of discrete
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time steps is on the same order as in the delta function potential case.
Since the number of trajectories required by thermalization and statisti-
cal independence of the energies is also the same, the necessary CPU
time is increased only by the additional time needed for the evaluation of
the convolutions and a multiplicative factor depending on the number of
orbital states involved. Typical computational times for the 3-level sys-
temn (note that only half as many trajectories are used to calculate the
energy than in the delta function case) are on the order of 6 hours of CPU

time for the same Vax 11/750 with floating point accelerator.
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§9. Momentum space algorithm

Several considerations suggest that a better algorithm for the auxili-
ary field Monte-Carlo is possible. The method used in the previous sec-
tions has the disadvantage of resulting in extremely irregular o fields.
This is caused not by insufficient resolution due to the space discretiza-
tion, but by the Metropolis walk itself in which random changes are made
at every mesh point. The integrability of such extremely erratic functions
becomes rather questionable. Further, the physical intepretation of the
convolution integral W(z) = fd,x’v (zx—z")o(z') as a one-body external
potential in which the particles move is made difficult by its correspond-
ing irregularity.

The spatial algorithm also appears somewhat inefficient. Points in the
 tails of the wavefunction are relatively unimportant in the evolution of
the system - field values near the mesh edges are not significantly
changed in the random walk as may be seen from the wavefunction plots
and the choice of the importance sampling field n. This suggests that a
faster random walk might be generated by making correlated changes of

all space points at one time slice.

An investigation is made of an alternative algorithm using a momen-

tum space decomposition of the fields

oz,t) = ) sin(Rgmz / L) og(t) =z:=L/2-L/2 , (9.1)

g=1
where the sine decomposition imposes zero boundary conditions on the o
fields al the ends of the mesh. The spatial discretization sets an upper

limit for the frequency components g of M—1=L/dx. The Metropolis ran-

dom walk is performed according to

og®U(t) = o,‘l’ld(t) +6my Ao, (9.2)
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with ¢ a random variable on [-1,1] and Ac a factor which determines the
overall size of changes in the field. 7y is an importance sampling field
which weights frequency components rather than individual mesh points.
Note that every space point at a given time slice is altered by a single
change in o,. The Metropolis test is performed after all frequency com-
ponents are changed at a given time slice - 1i.e., after the value of O'q(tj)
is changed for all ¢. This method is essentially the same as the previous
AFMC algorithm, merely using a different importance sampling scheme.
In actual calculations, a fast Fourier transform rather than a sine series
decomposition is used. This results in faster computational times, with
good accuracy as long as zero boundary conditions on the wavefunction

and one-body potential are maintained.

It seems likely that only the low and intermediate frequency com-
ponents of o will contribute significantly to the evolution - higher fre-
quency components primarily affect the falloff of the wavefunction tails.
In order to determine if this is true, calculations are made with o, fixed
(ng = 0) for g>Ny. N, is then increased until the energy remains the
same within statistical errors. The exact functional form of the non-zero
components of the importance sampling field 7y is discussed for the indi-

vidual systems below.

A considerable gain in CPU time is possible working in momentum
space by the elimination of the convolution integrals in the potential. The
spatial convolution, performed by Gaussian elimination and backwards
substitution (see Eq. (8.9)), takes up on the order of 50% of the routine
time (and more in the case of more complicated interactions). For a
potential with spatial dependence only upon relative coordinates, the

convolution integral W(z,t) and Metropolis exponent (o,v0) can be
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replaced by a simple product and sum involving Fourier transform com-

ponents:
Wk,t)=v(k)o(k,t)

M-1
(owa)= 3 o'(k,t)Wk,t) .
k

Internal variables are suppressed for simplicity. A further savings results
- the extension of the spatial mesh to insure zero boundary conditions on
W(z) is no longer necessary. Since these extensions are on the order of
the length scale of the attractive potential, roughly (2a/dz)xN mesh
points can be eliminated. (N is the number of time steps in the calcula-
tion.) It should be noted that the potential is assumed to have a Fourier
transform. However, this imnposes no further limits on the applicability of
this frequency importance sampling, since it seems unlikely that the
algorithm would be an improvement for a potential not satisfying this

condition (e.g., a hard core potential).

Though the space mesh can be entirely eliminated, for the purpoées
of this section, it is more convenient to perform only the importance
sampling and the convolutions in momentum space. However, in a case
involving two potentials of significantly different length scales, the use of
mornentum space provides a great increase in efficiency (see the discus-
sion in Section 10 on systems with repulsive cores). The wavefunctions
are still Slater determinants, but are expressed in terms of their Fourier

components while the propagator is given by

] S a8y ok t)vk)olk,t) —[ dt)) ok, t)v (k) plk 1)
U(T) = [Dlotk)le” * e F (9.3)

where p(k) is the density operator and D[o(k)] is the measure of integra-

tion in momentum space.
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Bosons. The two AFMC importance sampling algorithms are com-
pared for the case of 10 bosons interactiong with the exponential poten-
tial of the previous section. Table 5 lists the various parameters used. The
mesh contains 64 space points with Az = 0.15 fm and up to 180 time steps
of size At = 5.0x107®s. All of the standard tests on the discretization are
performed. The center-of-mass harmonic oscillator is chosen to have
strength A{ = 10 MeV and the trial function is taken to be a product of
the single-particle wavefunctions Cy e ~#F*z° yith § determined variation-
ally to minimize the energy. Energies are calculated over 2000 trajec-

tories after a relaxation of 1000 sweeps.

Results are shown as Figure 15 as a plot of E(T), for two different
importance sampling fields - the spatial sampling function

n(z) = [0 (z)? (9.4a)

and a momentum space field, reflecting the initial Fourier decomposition

of the o field

ng = og q=<N, . (9.4b)

Both cases yield the same ground state energy, with a total time for con-

vergence on the order of 4.0x107%% s. Note that the center-of-mass har-

monic oscillator shifts the true ground state energy by 5 MeV. Correlation

lengths are not significantly different for the two methods - statistical

independence is assured by calculating the energy estimators only once

every 40 sweeps.

Other than the considerable gain in CPU time from the elimination of
the convolution integral, there is an improvement in efficiency for
momentum importance sampling because only the 10 lowest frequency
terms in the decomposition must be changed to obtain the results shown,

i.e. 7, = 0 for g>10. Hence, for a given Metropolis step, only 10 random
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changes must be made as contrasted to 60 (the number of space mesh
points) for the spatial importance sampling scheme. The limit on Ny
implies that significant length scales are on the order of 1.0-2.0 fm - a
reasonable result for an exponential potential of range 0.8 fm. Overall,
the momentum space routines require roughly 50% of the CPU time of

the spatial algorithm.

This example indicates the critical nature of importance sampling in
establishing an efficient algorithm. A momentum space scheme, produces
a significantly faster random walk, by changing Fourier frequency com-
ponents rather than individual field values. However, a poor choice of the
the n, field will negate this advantage by requiring a very long thermali-
zation period and therefore failing to converge in a reasonable number of
trajectories. It should be recalled from the previous section, that an
importance sampling based on W(z) resulted in extremely long correla-
tion lengths and poor statistics for the delta function system. In general,
the autocorrelation test eliminates the worst choices for the importance
sampling field. However, it does not indicate the optimum choice of 7,
since it cannot distinguish between schemes changing the field at single
points and those performing spatially correlated changes. The present

AFMC method does not allow Metropolis steps involving time correlations.

Fermions. The case of 12 spin-isospin degenerate fermions with an
exponential interaction, calculated in Section 8, is treated by various
Fourier decomposition algorithms and the results are compared. Param-
eters are given in Table 6 for the spatial and two frequency importance
sampling functions

Ng = |oF| g <N, (9.5a)
and
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Mg = 1.0 g<N, , (9.5b)

which has a faster falloff with g. Results for the weighting function

1 _
Mg = q— g=N; , (9.5¢)
are not shown, since they are similar to those obtained for ny = 0,. The
mesh parameters, the trial wavefunction and the initial condition on the

o field are the same as in Section 8.

Energy results calculated over 2000 trajectories after a 1000 trajec-
tory thermalization are shown in Figure 16. Note that the actual ground
state is 5 MeV lower, after the contribution from the center-of-mass oscil-
lator is removed. Only the ten lowest frequencies are used in the momen-
tum space calculations (N, = 10), implying that interparticle spacings on
the order of 1.0-2.0 [ are typical. Convergence to the asymptotic energy
occurs after a total time T = 3.0x107®3s for spatial importance sampling
and for the Fourier weighting field of Eq. (9.5b). This value of 7 for the
optimal importance sampling functions, indicates that an energy gap on
the order of AE = A/ Af = 20 MeV is being resolved. Importance sampling
schemes with a bias towards the very lowest frequencies (Egs. (9.5a) and

(9.5¢)) are not successful.

A typical autocorrelation plot is shown in Figure 17. The correlation
lengths for the three choices of importance sampling show significant
differences. The n, =1 function has 7., = 18 trajectories, some 30%
smaller than the spatial weighting method and 80% less than the
Mg = oé"it function. This implies that the importance sampling field of Eq.
(8.5a) is a poor choice. In fact, it is apparent from the energy plot that
thermalization is not achieved - not surprisingly, since a relaxation
period of only 8 correlation lengths (1000 trajectories) is used. The

energy values of Eq. (9.5) are consistently above those resulting from the
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use of spatial importance sampling - only for many time steps are the

correlations reduced sufficiently so that convergence is attained.

Plots of the wavefunction, ¢ field and one-body potential are shown in
Figures 18-20. The wavefunctions are a slightly smoother variation of
those obtained with spatial importance sampling (Figure 14); in fact, they
are identical within statistical errors except for the arbitrary normaliza-
tions. The sigma flelds remain erratic, though slightly smoother than
before. The one-body potential shows some structure - three symmetri-
cally situated potential wells which reflect the three orbital states of the

fermions.

The saving of CPU time is again on the order of 50% for the momen-
tum schemes, primarily from the elimination of the convolution integrals
and the need to use only 10 frequency changes for each time interval.
Part of the differences in efficiency is masked, since energies can actu-
ally be obtained with the same statistics for fewer trajectories in the fre-
quency importance sampling scheme of Eq. (8.5a), due to the reduced

correlation length.



- 74 -

§10. Treatment of repulsive potentials

Application of the AFMC algorithm to systems including repulsive
potentials involves additional difficulties. For the evaluation of the energy
integral, the inner product (o,v0) in the Metropolis exponent must be
negative definite or the integrals will not converge. This requirement is
explicitly enforced for the delta function system by a suitable choice of
the center-of-mass oscillator frequency. In the case of a finite range
attractive potential, the negativity property can still be satisfied for a
sufficiently weak oscillator potential and may be explicitly confirmed dur-
ing the Monte-Carlo evaluation. However, for systems containing repulsive
potentials, it may not be possible to satisfy the condition for any choice
of ). This depends on the relative strengths and ranges of the attractive
and repulsive components of the potential - for very weak repulsive cores
a straightforward application of the algorithms of the previous sections is
adequate. Unfortunately, to treat nuclear systems a way must be found

to deal with interactions including strong repulsive cores.

Two methods are considered for dealing with such systems. Using the
same formulation as before, an appropriate two-body interaction term
can be added to the Hamiltonian to ensure that the eigenvalues of the
resulting effective potential are negative definite. This additional poten-
tial can be constructed so that a known energy shift results. The second
method involves a generalized formulation using complex fields. The
extra degree of freedom provided by the imaginary part of the field
allows the construction of the exponential factor (o,v0) in such a way as

to satisfy the negativity condition.

Additional potential method. Consider the Hamiltonian for a system

with local instantaneous two-body interactions and explicit dependence



on "color' variables

H=K+ }éfd,z dx'Zpa(:z)vaﬁ(:z,x’)pﬁ(x') (10.1)

—K+}éfdxdx Za ) aa(z)vag(z—z)af(z)ag(z’) .
The sums over o and range over all the internal degrees of freedom and
K includes the potential self-energy term. The propagator is the

ccherent sum

%Zfdt (oqv aﬁoﬁ)
U= [Dlog(z.t)]e U, , (10.2)

with the inner product defined to be

(G aglp) = fdn: dz'o,(z,t) vaglz—z') og(z',l).
For an arbitrary potential, there is no guarantee that (o,v0) is nega-
tive definite. However, consider the effect of an additional potential
Vagl(z,2") = Céag S(z—x") |
where C is some constant. This potential contributes an extra term to the

exponent in the Metropolis weight.:

(o,w0)%d = CfdeUE(x) . (10.3)
a
Since this has the sign of C, by choosing the strength of the potential to

be sufficiently negative, the exponent can be forced to satisfy the sign

condition.

Now, consider the effect on the energy. The potential V*¥¢ contri-

butes an additional term to the Hamiltonian

Hodd = }ﬁdexdxaT Jaj(z') Cougb(z—2") apg(z') ay(x) (10.4)

= %cfzdx al(@)al(z)a(z) ag(®) .
o8
For fermions, this expression vanishes immediately since the a,a, term

vanishes by standard antisymmetric statistics. Thus, the added potential
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yields a zero energy shift while allowing the enforcement of the exponent
negativity condition. Bosons can be incorporated into the formalism by

treating them as fermions with 4 internal degrees of freedom.

The evolution operator U, describes propagation under the single-

particle hamiltonian

hy,=K+ fd:rz Cog(z) palz) + fdxdx'Zoa(x)vaﬁ(x —z') pg(z") (10.5)

where the kinetic term is given by

¢4
K =3 fal(@)[-5 -V~ %v(0)] aa(z)
a m
and the term in C is the contribution from the added potential. In actual

calculations, a harmonic oscillator is also added to the system to confine

the center-of-mass. This contributes a piece to both K and v 4.

In Egs. (10.4)-(10.5), it is no longer possible to use the combined
sigma field and density of Eq. (8.3) - the dependence of the additional
potential on the internal variables results in products over a so that we
can no longer perform the sums. Hence, fields and wavefunctions must be
stored separately for each of the Ny, non-spatial degrees of freedom.
The resulting AFMC calculations then consist of simultaneously evolving

Ngeg identical systems.

Static potential. A test case is chosen which has been solved using
standard techniques in a study of meson-nucleon field theory [Se83]. For
static heavy baryons, the scalar and vector meson interaction reduces to
a sum of attractive and repulsive Yukawa potentials that reproduce the
basic properties of the nucleon-nucleon force. In one-dimension, Yukawas
become exponentials and the static potential is given by

[95 -my |z | 9.5% -mg |z |
vizg) =p|l—e " ———e Y (10.6)
ey UL
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— %(VAe_IzVaA + VRe_leaR) .
The parameters are set to provide a reasonable nucleon-nucleon potential
with a repulsive core, V(z=0)>0, and a typical nuclear core radius, z, -
defined by V(z,)=0 - which is taken to be 0.4 fm. The range of the poten-
tial is fixed by the meson masses - mg is chosen to be the mass of the

pion, m, = 140 MeV, and my = m, = 783 MeV, the mass of the omega.

The binding energy per particle for nuclear matter in the mean-field

approximation is

Ep g 7* o~ g7 952]
= + ~ 10.7

where p is the density and M in the nucleon mass, 939 MeV. Note that the
one-dimensional system saturates in the mean-field approximation as

long as the volume integral of the potential

fd,:z: v(z)}=C

is attractive (C<0). Motivated by three-dimensional nuclear matter, the
binding energy per nucleon is fixed to be -16 MeV at saturation, p,,’
defined by

[0(Bms /8)| _

l dp Po
These considerations are sufficient to specify gg = 196 MeV and gy = 890
MeV, yielding potential parameters

Vs
Vi

—137.283 MeV ay = 1.407 1 (10.8)
506.002 MeV ap = 02501 .

I
I

Figure 21 shows a plot of this potential.

The potential is slightly unrealistic in setting the scalar meson mass

to be that of the pion - in realistic calculations of the nucleon-nucleon
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potential, the intermediate range attraction is dominated by two-pion
exchange. Thus, the range is actually characterized by twice m,, and
phenomenological potentials are of considerably shorter range than that
of Figure 21. A more realistic model is described in [Ne82a], consisting of
a sum of a repulsive and attractive gaussian potentials with parameters
defined to reproduce appropriate dimensionless ratios of realistic nuclear

interactions.

AFMC model calculalion. A test case involving four nondegenerate
fermions is calculated. This is just about the smallest system that can be
treated using the AFMC - four is very few particles for a mean-field formu-
lation to be valid. Application of the AFMC method to a two particle sys-
tem in the same potential does not succeed in converging to the ground
state energy with good statistics, though it does set an upper bound.
However, AFMC solutions for the potential of Eqgs. (10.6) and (10.8) require
a great deal of computational time and as a test case on a small machine,

the four particle system seems sufficient.

Table 7 lists the parameters for the AFMC calculation. The calculation
is performed using both spatial and Fourier decomposition importance
sampling. The mesh consists of 150 points of spacing Az = 0.08 fm. The
time interval is At = 0.001x107° s and up to 60 time steps are used. All
standard test on the mesh discretization are performed. The difference in
the ranges of the attractive and repulsive potentials requires the mesh
spacing to be roughly four times as dense as would be needed for the
purely attractive case. Most of these points are wasted however - while
close spacing is needed over the range of Vg, for mesh points in the
exponential tail of V4, a much larger spacing is sufficient to resolve

details. To reduce the necessary computational time, either a variable
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spaced mesh can be used or the formulation in momentum space can be

set up (see Section 9).

A center-of-mass harmonic oscillator is again added to the Hamil-
tonian in order to confine the system to the mesh. The strength of the
oscillator is chosen so that the zero-point motion is significantly smaller
than the spatial mesh and yet large enough to be resolved by the mesh
intervals; ie., Ar <7.,, <L/2 The added potential V** must be
sufficiently strong to enforce the negativity condition on the Metropolis
exponent (o,v0) including the contribution from the center-of-mass oscil-
lator. This is checked explicitly during the calculation. For the four parti-
cle system, the strength of the harmonic oscillator potential is taken to
be #) = 2 MeV, corresponding to a range of 2.3 fm. The strength of the
added potential (10.3) is then set at -200 MeV.

The choice of the trial function is motivated by the results for the
purely attractive potential - i.e., Slater determinant wavefunctions built
on harmonic oscillator basis states with a parameter determined varia-
tionally by minimization of the energy. Since fermions already exhibit
antisymmetrization "repulsion”, these wavefunctions should still be rea-

sonable choices for the present potential. The initial condition on the o

4
field is again taken to be oy (z) = ) g (z) |2

i=1

Importance sampling in both the spatial and momentum schemes is
determined by the initial condition, 7=0444 . Only the 15 lowest fre-
quency components in the Fourier decomposition are changed during the
random walk. Results are checked to be the same within statistical
errors when more components are included. This indicates that the

important length scales are on the order of 0.8-2.0 fm - a result that
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seems physically understandable since the potential has this range (Fig-
ure 21). Higher components are resolving details much smaller than aver-
age inter-particle spacing.

Results. The results shown in Figure 22 are in agreement with the
value obtained by [Se83], £,=—-64.7+0.7 MeV, when the 1 MeV center-of-
mass energy is taken into account. Both importance sampling schemes
converge to the asymptotic energy in a time on the order of
T = 1.0x107%%s. However, the results from the spatial weighting process
fluctuate considerably. The value of 7 suggests that an energy gap on the
order of 10 MeV is being resolved - however this is only a rough estimate
as there is no way of identifying the various excited states for this

interaction.

The autocorrelation function for the momentum space routine is
shown in Figure 23. There is a significant difference in correlation lengths
for the two importance sampling methods - the spatial weighting scheme
has 7¢or hall again as large as for the 7, case. This is another indication
that momentum importance sampling is more efficient. The correlation
test also provides a check on how much the additional potential is

affecting the evolution.

Plots of the wavefunction and one-body potential are shown in Fig-
ures 24-25. The wavefunction remains smooth, with the evolved functions
showing a slightly greater repulsion. Normalizations are not meaningful,
since constant energy shifts have again been introduced into the evolu-
tion hamiltonian A,. The one-body potential is a relatively smooth func-
tion showing several symmetrically placed barriers, separating potential
wells where the particle density is concentrated - a physically reasonable

result. The center-cf-mass oscillator compresses the overall radius and
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increases the density in the center.

The CPU time required for the momentumn space routine is 12 hours
on the Vax 11/750 with floating point accelerator and roughly twice that
for spatial importance sampling. The major difficulty with extending this
calculation to systems containing more particles is that the computer
time goes as the number of particles - and hence spatial orbitals, even for
systems with internal degrees of freedom. However, the convergence and
statistics are expected to be better for such systems, as the mean-field
picture becomes increasing valid.

Complex field formulation. A different method for the treatment of
repulsive potentials uses a formulation involving complex fields. The
derivation of the expression for the many-body propagator can be per-
formed formally as in Section 2 for the case where o and p are complex

variables. The resulting expression for the propagator is then

U(T) = [Dlo(x)o"(z))e ¥/ @ (10.9)
= [Dlo(z) o (@) v ~S v

where the measure of integration contains both real and imaginary com-
ponents of ¢ and the matrix products involvé complex conjugates, i.e. the

inner products are given by
(ovo) = fdxdz’o'(z)v(x —z") o(z") (10.10)
(o.vp) = fdzdz'pl(z)v (z—2") p(z")

(o,vp) = fdxd,x’[o'(a:)v(x —z")p(z") + o(z)v(z—z")pl(z")

In the above equations, "color” variables are suppressed for simplicity.

It is clear that for a real two-body potential depending only on rela-

tive coordinates (i.e. v(z,z')=v(z',z)), the Metropolis weight exponent
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(ovo) = ([op —io7)v[op +1i07])
= (op,v og) + (07,v o)
as the two terms involving an inner product of the real part and the ima-

ginary part of the sigma field vanish. In this case, the exponent is expli-
citly real and contains an extra degree of freedom which allows the nega-

tivity condition to be enforced.

However, since the fields are complex, the Slater determinant
wavefunctions and overlap elements have a phase as well as a magnitude.
The equation for the ground state energy £, must be rewritten so that a
real Metropolis weight factor is obtained. This is done by noting that the
energy inself must be real and therefore can be expressed by the ratio of

the real parts of the integrals:

* 0,vo < Ug|d>
[0l 2@ a0, 10> j’;ﬁj ‘('b
E, =lim Re 2 (10.11)
A= fD[U,U'] <b| U, | P>
» }éf(a,'ua) [ <(I)If1Ua'q)>1
; fD[o,o]e Rel<(ban[<I>> PN
= m
-0 [ D[o,6"] Re<d| U, | &>
e %S (owo) | Re<® | H U, | &>
D ’
. [ Dloo]e l[<¢|u,,[¢>>| POIATS
o . Re<d|U,|d>
[ Dloo’] <8 U, 8> | RIATS

The resulting equation expresses the ground state energy as a ratio of the

. ) <O|H Uy | 9>
average of two quantities - the energy estimator d th
& b &y <@ | U, o> ¢ e
signature estimat <0| Oy 9>
¢ e estimator -
¢ [<®] Uy &>

This algorithm has been tried for both the spatial and the Fourier
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decomposition importance sampling schemes. The results have not been
good - while the approximate energies have been obtained, the statistics
are poor. This is due to cancellations in the denominator integral.
Apparently, in order to use this scheme, a cleverer importance sampling

scheme for biasing the random walk is necessary.
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§11. Conclusion

The auxiliary field formalism provides a method for determining the
exact ground state energies of many-body systems. In principle, using the
numerical techniques developed in this thesis, AFMC solutions can be
obtained for a variety of interactions. In practice, of course, there are
limits imposed by the amount of computer time required. Also, it should
be noted that the use of the AFMC is restricted to systems for which a
mean-field picture is reasonable; otherwise, the underlying HS transfor-
mation is not valid. In particular, systems of two particles do not yield

good results when treated by the algorithm.

The AFMC has been tested on several boson and fermion systems in
one-dimension, involving both attractive and repulsive potentials. While
the formalism is identical in both cases, numerically, an antisymmetriza-
tion procedure is used for fermions in order the maintain proper statis-
tics (Section 8). In cases where results are known from other techniques,
whether exact solutions or Monte-Carlo values, comparisons of the ground
state energies show good agreement (Sections 7 and 10). These results
are an encouraging demonstration that the AFMC algorithm provides

correct results for a number of many-body systems.

A principal advantage of the AFMC method is its proper treatment of
fermions. The HS representation of the propagator allows the system to
be described by a set of single-particle wavefunctions for which antisym-
metrization can be enforced exactly - a property not shared by the GFMC
and DMC algorithms. However, whether or not the AFMC will be able to
resolve ground state energies to give better results that the other
Monte-Carlo methods for systems of physical interest remains an open

question.
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A good choice for the initial conditions is necessary to obtain conver-
gence to the ground state for a reasonable amount of computational
effort. As noted earlier, the AFMC method becomes more efficient as the
trial state ® approaches the true ground state. Unfortunately, there are
no precise criteria for an optimal choice of either the trial wavefunction
or the initial sigma field. Note that the simplest possible choice, the SPA
solution, does not take into account the particle statistics - yielding Har-
tree rather than Hartree-Fock energies for fermions. However, SPA
results as well as physically likely wavefunction solutions provided rea-

sonable choices of ¢ for the models calculated in Sections 7-10.

From the results for the various systems treated, it is also clear that
as in other Monte-Carlo methods for many-body ground states, impor-
tance sampling is critical to obtaining efficient convergence and good
statistics. A poor choice of the weighting function n causes extremely
long correlation and thermalization lengths, making calculations imprac-
tical. A choice faor n based on the initial conditions has been found to be
generally adequate, though not necessarily optimal. The trick in the AFMC
is to build into the method as much as possible of the physics without
biasing the results by limiting the degrees of freedom of the system. In
fact, the full power of the method is shown when as many symmetries as

possible are broken.

The proper incorporation of fermion statistics in the AFMC is paid for
by the need to specify wavefunctions and fields involving many values
rather than a single coordinate for each particle. If the wavefunction is
defined on a spatial mesh, the number of lattice points becomes prohibi-
tive. This is especially true in several dimensions where meshes become

extremely large, unless there is symmetry so that various spatial degrees
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of freedom can be integrated out (i.e., axial or radial symmetry). Poten-
tials with repulsive cores add to the problem, since they require a very
fine mesh spacing to resolve the short length scale of that part of the
potential. However, the momentum space AFMC algorithm appears to cir-
cumvent this problem, at least for regular potentials with Fourier
transforms. It eliminates the need {for a spatial lattice and appears to
reduce the number of Metropolis steps required for the evolution of the
wavefunction. The method is also more efficient since the momentum
space random walk scheme involves only the lowest frequency com-
ponents. This provides some hope that more complicated systems can be

treated with the AFMC.

The treatment of other systems is fairly straightforward. Preliminary
investigation of the 1/7 potential indicates that calculations are only
feasible using the momentum space algorithm, due to the nature of the
convolution integral. A similar statement applies to infinite systems such
as nuclear matter, where periodic boundary conditions are enforced. As
an aside, it should be noted that many-body forces can be treated in the
AFMC formalism. Successive application of the following schematic for-

mulas for reducing even and odd powers of g

exp (= [7*) = [ Dlglexp(fo™) exp (-2 f ¢"p"™) (11.1a)
exp (= [+ = exp (=% [ [0™ + 5" P) exp (% [ 5°") (11.1b)
exp (% [ o7 *0)

1l

S DIx]exp( [ X3 exp(— [ [p" +p™*]x)
exp (% [ 9%") exp (% [ p*"+V)

ultimately leads to an expression linear in g which may be incorporated

into the AFMC propagator.
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Certain limitations restrict the kind of expectation values for which
the AFMC method can provide adequate results. The ground state energy
is given by an integral over a product of a function £(o) times a probabil-

ity distribution P(o)

gl

S Dlo) P(o) E(0) = lim 3, E(03) (11.2)

1=1

where the o are distributed according to P[o]. Though generally true, in
practice, this formula is only useful when the variance is small or
equivalently when the integrand is at least predominantly of one sign.
This means that only imaginary-time calculations are possible in order to
eliminate cancelling phases in the evolution operator. Further, the
exponential weighting of eigenstates implies that only low-lying states

may be calculated.

The formulation of Eq. (2.1) using a trial wavefunction leads to good
energy and density values but makes the calculation of other observables
difficult - often requiring the introduction of new approximations. Opera-
tors O which are constants of the motion are an exception, of course,
since they can be calculated using the same random walk as in the
energy determination and the eigenvalue estimator
<P|OU|d>/<d|U|d>. A typical method for the evaluation of other
ground state expectation values makes use of the trace - i.e. for a one-

body operator

Z<a|0!a>e_E°‘T

<Y O|¥> = %}E"‘ ZQ—E’QT (11.3)
o
—-HT
_ hmTrOe
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Though formally straightforward, the sum over all basis states a becomes

difficult when working with wavefunctions.

The many-body wavefunction is taken to be a Slater determinant of
single-particle states (or a simple product for bosons), since the HS
representation of the propagator is a product of one-body operators. This
restricts the AFMC algorithm to the evaluation of expectation values of
few-body operators which involve only a few single-particle wavefunctions.
In the AFMC calculations described, the Crank-Nicholson approximation
for the evolution operator U(T) has been used. Another possible choice
for U(T) is a Taylor series expansion through the first few terms, which
has proved accurate in TDHF calculations [F178]. Unfortunately, a practi-
cal algorithm using a general many-body wavefunction and propagator
has not been developed. However, in the static case, the use of Slater
determinants can be justified on the grounds that particles do no
interact with each other directly because of the Pauli principle, but only

indirectly through the wall of the self-consistent field.

For potentials with a very strong repulsive core, a determinantal
form for the wavefunction is not a good approximation to the exact eigen-
state. Unfortunately, such strong, short range interactions are needed in
nuclear potentials and become even more important in several dimen-
sions; the kinetic energy alone can cause saturation in one-dimension but
not in three. The repulsive potential tested for the AFMC was not hard-
core (Section 10). Dealing with the short range correlations required by
stronger repulsive cores may not be possible in the AFMC algorithm,
excepl by replacement with sorﬁe sort of an effective interaction (e.g., a

Skyrme potential).

While apparently not necessary for the systems treated thus far, for
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more complicated systems it may be useful to incorporate second order
and RPA corrections in choosing the initial and importance sampling
fields. Whether this results in faster computational times will be system
dependent - a balance between quicker convergence to the ground state
and the extra effort in performing the random walk. The Metropolis

weight factor can be written as eSlel with
Slo] = (oc,v0)-In<d | U | d> (11.4)

NS[o]+S1+(c—0,) M (o —0,) +.... ,
where o, is the mean-field approximation solution, .S; the linear term,
which vanishes by definition of the SPA, and the last term gives the qua-
dratic corrections:

(<o | wplvpU 0> <&|UvpU|d>?]
<®|U|> o|U|e>2 |

0S
6o; 60,

= 5t‘;tj v (z; —xj) -

By diagonalization, the quadratic term is incorporated into the Metropolis

exponent by writing

Yarof  Sloa] — Ywaof
e * e A

where the o, are used as the new field variables. This allows correlated
changes in space and time, although the present evolution routines
restrict this to space correlations only. The method is similar to that
used for Ising models near the critical points, in which blocks of spins are

changed.

Recently, progress has been made in developing functional integral
techniques for nuclear physics using a variety of representations of the
evolution operator [Ko82a,Ne82a], including the many particle Feynman

path integral

Sd(zy...zq)e : (11.5)
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sums involving overcomplete sets of states and the auxiliary field formu-
lation. Each offers a different possibility for SPA and Monte-Carlo solu-
tions. In the Feynman path integral, the number of stochastic variables
equals the number of particles. Both the other two forms allow explicit
enforcement of fermion statistics by using fields defined on a mesh and
hence require considerably more variables than particles - both to
resolve details on the order of inter-particle spaces and to generate the
exponential tails of the wavefunctions. This makes their application in
many dimensions numerically difficult. However, the AFMC formulation in
momentum space appears to provide a considerable easing of this situa-
tion. The AFMC also possesses another significant and perhaps crucial
advantage - it is the only form that allows the integral to be cast into a
form involving predominantly non-negative terms in several dimensions
(see equation (11.2)). For the Feynman path integral of Eq. (11.5), the
sign of the integrand is path dependent in more than one-dimension due

to the antisymmetric nature of particle interchange.

Comparison of exact ground state and mean-field solutions is a rich
testing ground for approximation methods presently utilized in many-
body physics. Questions concerning the validity of the SPA api)roximation
and the appropriate choices for the effective interaction in the mean-field
equations can be investigated. Three-dimensional systems have more
freedom than their one-dimensional counterparts, including phase transi-
tions and the breakdown of mean-field theory near critical points. How-
ever, the scale of computations means that the treatment of realistic
potentials will be extremely time consuming. For multidimensional sys-
tems, the AFMC approach lies at the limit of presently available computer

facilities. The development of more powerful stochastic techniques for
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many-fermion problems therefore remains a major conceptual challenge

in this field.
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Table 1. Energy contributions for the delta function potential correspond-
ing to the Goldstone diagrams in Figure 1. C is the number of closed

loops, I the number of interactions. The order of the energy contribution

is AC_1+2.

Diagram | C | I | Order Energy

§ —4%(a-1)V2/24

n=2 2lgi A°F —0.99564 (4 —1)V2/ 24

RPA c|cCc| 47 remaining A% energy
contribution
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Table 2. Parameters for systems of A bosons, delta function interaction.
The mesh is defined by N At x (M—1) Az, the harmonic oscillator by the
frequency Q with corresponding length 7. ,, and the random walk by the
step size Ao yielding an acceptance ratio of K, . Energies are calculated
every Teo, trajectories from trajectory v; to vy. A is the nontrivial eigen-

value of the potential.

A 6 8 10 10 20 20
Al 1.0 25 0.5 1.0 | 005  0.10
(Xlo-—zss) A e . . ¢, =
N 125 50 160 120 160 130
Az (im) 015 015 | 0.10 010 | 004 004
M 30 30 30 30 30 30
) (MeV) 25 25 25 25 25 25
A (MeV) 2540 -25.40 | -30.08 -39.08 | -41.26 -41.26
rom (fm) 052 052 | 041 041 | 029 029
Ao 5.0 3.0 3.2 2.1 3.5 2.4
Boie 055 056 | 055 058 | 055 055
T o »
(trajmrosies) | 2 o5 20 20 25 25
V; 1000
(trajectories) | 1000 1000 | 1000 1000 | 1000
Ve 6000
(trajeclories) | 6000 6000 | 6000 6000 | 6000
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Table 3. Parameters for 4 spin-isospin degenerate fermions, exponential
potentialv interaction. The mesh is defined by N At x (M—1) Az, the har-
monic oscillator by the frequency Q with length 7.,,, and the random
walk by the step size Ao yielding an acceptance ratio of Ky, . Energies are
calculated every T, trajectories from trajectory v; to vy. The trial
wavefunction is specified to be either the harmonic oscillator (g) or the

delta function (c) basis with parameter 6=1/8.

A 4 4 4 8 8 12 12
At(x107%5s) | 20.0 400 40.0 | 25 50 | 25 5.0
N 50 70 70 140 100 | 160 100
Az (fm) 025 0.25 025|020 020 020 020
M 40 40 40 50 50 70 70
H) (Mev) 10 10 10 10 10 10 10
Tem (fm) 1.0 1.0 1.0 | 072 072 | 059 0.59
Trial
wavefunction g g £ g g g g
b (fm) 1.4 1.4 0.9 1.4 1.4 1.6 1.6
Ao 80 60 55 | 140 11.0] 120 8.0
Race 0.50 050 050 | 055 055 ]| 051 0.50
Te
(tr ajec"t’;ries) 25 25 25 25 25 25 20
U.
(trajecltories) 1000 1000 1000 | 1000 1000 | 1000 1000
Ve
(trajeciories) 6000 6ooov 6000 | 6000 3000 | 3000 3000
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Table 4. Variational energies for A particles, exponential potential
interaction. £4 refers to the energy of A particles for the Hermite-
Gaussian (HG) or the Hartree delta function potential (HD) trial
wavefunction with length parameter 6=1/8. The harmonic oscillator is

not included in the variational determination of §.

A Trial b Ey Eg Eis Harmonic
wavefunction (fm) || (MeV) (MeV) (MeV) Oscillator (MeV)

4 HG 1.4 -36.4 = = 0.8

4 HD 0.9 -35.8 = = =

8 HG 1.3 -36.3 -98.3 = 1.5

12 HG 1.6 -36.2 -98.3 -168.5 3.1
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Table 5. Parameters for A=10 bosons, exponential potential interaction.
The mesh is defined by N At x (M—1)Az, the harmonic oscillator by the
frequency (I with length 7 ,,, and the random walk by the step size Ao
yielding an acceptance ratio of K, . Energies are calculated every 7.¢.
trajectories from trajectory v; to vy. The harmonic oscillator trial func-
tion parameter is b=1/p. The importance sampling schemes used are
indicated, with only the lowest N, frequencies involved in the random

walk.
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Spatial Momentum
importarnce importance
sampling samplin e |
Mg R Ng"
At (x107®3s) 5.0 5.0
N 160 140
Az (Im) 0.15 0.15
M 64 64
H1(MeV) 10.0 10.0
Te.m (fmM) 0.65 0.65
b (Im) 1.5 1.5
all spacé points
N changed 10
Ao 8.5 7.0
R 0.53 0.56
Teorr 40 40
(trajectories)
Vi 1000 1000
(trajectories)
i
3000 3000

(trajectories)
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Table 6. Parameters for A=12 spin-isospin degenerate fermions, exponen-
tial potential interaction. The mesh is defined by NAt{ x (M—1)Az, the
harmonic oscillator by the frequency (1 with length 7¢,, , and the random
walk by the step size Ao yielding an acceptance ratio of /g . Energies are
calculated every T, trajectories from trajectory v; to vy. The harmonic
oscillator trial function parameter is b=1/8. The importance sampling
schemes used are indicated, with only the lowest N, frequencies involved

in the random walk.
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Spatial Momentum  Momentum
importance importance importance
sampling samplin sampling
Ng N 0g" Mg ¥ 1
At (x107%%) 2.5 2.5 2.5
N 160 100 120
Az (fm) 0.20 0.22 0.22
M 70 64 64
H1(MeV) 10.0 10.0 10.0
Tomn (IE1) 0.59 0.58 0.59
b (fm) 1.6 1.6 1.6
N, all Sé)}?;;gle)gints 10 10
Ao 12.0 32.0 16.0
- 0.51 0.52 0.52
(trajzccog)ries) < 15 18
(trajeg}'wr.les) 1000 1000 1000
s 3000 3000 3000

(trajectories)
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Table 7. Parameters for A=4 fermions, attractive and repulsive exponen-
tial potential interaction. The mesh is defined by N At x (M—1)Az, the
harmonic oscillator by the frequency Q with length r.,, , and the random
walk by the step size Ao yielding an acceptance ratio of Ky . Energies are
calculated every 7., trajectories from trajectory v; to vy. The harmonic
oscillator trial function parameter is 6=1/§. The importance sampling
schemes used are indicated, with only the lowest N, frequencies involved
in the random walk. V,4; in the strength of the additional potential

required by the negativity condition on the Metropolis exponent.
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Spatial Momentum
importance | importance
sampling sampling
Ng ¥ Oinit
At (x107%4s) 1.0 1.0
N 100 -
Az (fm) 0.08 0.09
“ 150 128
)(MeV) 2.0 5 0
Tem, (fm) 2.3 5 3
b (im) 1.3 e
M - 15
ao 3.5 3.0
Foce 0.54 855
(trajzgzo{;r)ries) 45 30
(traje:tfories) 1000 1000
(trajeg{ories) 3000 3000
Vaga (MeV) -200 -200
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Tigure 1. The Goldstone diagram expansion for the energy of the delta
function potential system. Table 1 gives the order and values of the

energy contributions from each diagram.
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Figure 2. The energy autocorrelation function (6.6) versus trajectory
number for a system of 10 bosons interacting via the delta function
potential. The correlation length is defined to be the number of trajec-

tories at which the function drops to less than 0.1. Parameters are given

in Table 2.
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Figure 3. E(T) for 8 bosons, delta function interaction. EFy = —2598.19 is

the Hartree energy and £, = —350.35 the exact ground state energy,

including the center-of-mass harmonic oscillator. Two size time steps are

used: = = 1.0x107%s and A=2.5x107%%s. Parameters are given in Table 2.
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Figure 4. E(T) for 10 bosons, della function interaction. Ey = —1399.61 is
the Hartree energy and £, = —1688.14 the exact ground state energy,
including the center-of-mass harmonic oscillator. Two size time steps are

used: o = 1.0x107%%s and A=0.5x107%%s. Parameters are given in Table 2.
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Figure 5. E(T) for a 20 bosons, delta function interaction. Ey = —12475.6
is the Hartree energy and E, = —13776.3 the exact ground slate energy,
including the center-of-mass harmonic oscillator. Two size time steps are

used: e = 1.0x107%s and A=0.5x107%%s. Parameters are given in Table 2.
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Figure 8. Plot of In[E(T)-E,/ Ey—E,] for 10 bosons, delta function
interaction. Two size time steps are used: o = 1.0x10™®s and
A=0.5x10"s. The dotted line shows the relaxation due to the energy gap
between the ground and the first excited state. The second relaxation
due to the center-of-mass oscillator, is indicated by the dashed line.

Parameters are given in Table 2.
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Figure 7. The wavefunction for 10 bosecns interacting via the delta func-
ion polential is shown for the time step size At = 0.5x107%%s after 0 (trial
wavefunction), 20, 40, 60, 80, and 100 evolution steps. The results are
averaged over trajectories 1000-2000, computed every 25 trajectories.
Parameters are given in Table 2. For clarity, the wavefunctions at later
time slices are shifted up and to the right as indicated by the zeroing

base line for each.
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FFigure 8. Sigma field for the delta function potential. The o field for 10
bosons is shown for the siée At = 0.5x107s alter 0 (trial ¢ field), 20, 40,
80, 80, 100 evolution steps. The results are averaged over trajectories
1000-2000, computed every 25 trajectories. Parameters are given in Table

. For clarity, the fields at later time slices are shifted up and to the right

as indicated by the zeroing base line for each.
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Figure 8. E(T) for 4 spin-isospin degenerate fermions, exponential poten-

tial interaclion.

selfconsistent

center-of-mass harmonic oscillator.

Eyer = —35.88eV is the variational energy plus non-

Two size time steps

are used: s = 4.0x107%*s and A=2.0x107%*s. Parameters are given in Table

3.
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Figure 10. E(T) for 4 spin-isospin degenerate fermions, exponential poten-
tial interaction. E,4 = —35.8MeV is the variational energy plus non-
seliconsistent center-of-mass harmonic oscillaAtor. Two different initial
cenditions are used: o = harmonic oscillator basis and A = delta function
basis with the size of the time step 4.0x107®*s in both cases. Parameters

are given in Table 3.
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Iigure 11. E(T) for 8 spin-isospin degenerate fermions, exponential polen-

tial interaction. Ey,., = —96.5MeV is lhe variational energy plus non-

seliconsistent center-of-mass harmonic oscillator. Two size time steps

are used: o = 5.0x107%%s and A=2.5x107%%s. Parameters are given in Table

3.
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Figure 12. E(T) for 12 spin-isospin degenerate fermions, exponential
potential interaction. FE,e, = —164.4MeV is the varialional energy plus
non-seliccnsistent center-of-mass harmonic oscillator. Two size time
steps are used: s = 2.5x107®s and A=5.0x107%3s. Parameters are

e given in
Table 3.
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Figure 13. Typical autocorrelation function for 12 spin-isospin degen-
erate fermions, exponential potential interaction. This example is for 30
time steps of size 5.0x107®s. The correlation length is defined to be the
number of trajectories at which the function drops to less than .1.

Parameters are given in Table 3.
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Iigure 14. The three orbital wavefunctions for 12 spin—isospim degenerate
fermions interacting via an exponential potential are shown for the size
At = 2.5%x107%s after 0 (trial wavefunction}, 40, 80, and 120 evolution
steps. The results are averaged over trajectories 1000-2000, computled
every 25 trajectories. Parameters are given in Table 3. For clarity, the
waveiunctions at later timne slices are shifted up and to the right as indi-

cated by the zeroing base line for each.
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Figure 15. Comparison of E(T) for spatial and momentum space impor-
tance sampling for a system of 10 bosons, exponential potential interac-
tion. The pcints = = spatial sampling while A = Fourier decomposition
sampling with frequency importance sampling given by the initial condi-

tion. Paramelers are given in Table S.
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Figure 16. E(T) for 12 spin-isospin degenerate fermions exponential
potential interaction. The = points are identical to Figure 12, and the A
and the diamond points show Fourier decomposition sampling with 1/¢q
and uniform frequency importance sampling respectively. All three use a

time step of 2.5x10™®s. Parameters are given in Table 6.
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Figure 17. Energy autccorrelation function for 12 spin-isospin degenerate
fermions interacting via an exponential potential using Fourier decempo-
sition sampling with uniform frequency impecrtance sampling. This plot is
for 30 time steps of size 2.5x10‘255. The correlation length is defined to be
the number of trajectories at which the function drops to less than 0.1.

Parameters are given in Table 6.
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Figure 18. The three crbital wavefunctions for 12 spin-isospin degenerate
fermions interacting via exponential potential are shown for
At = 2.5x107%s after 0 (trial wavelunction), 40, 80, and 120 evolution
steps. The results are averaged over trajectories 1000-2000, computed
every 23 trajectories. In this case the changes in the sigma field are per-
formed with Fourier decomposition importance sampling with uni
weighting. Parameters are given in Table 6. For clarity, the waveifunctions
al later time slices are shifted up and to the Vright as indicated by the

zeroing base line for each.
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Figure 19. The combined ¢ field for 12 spin-isospin degenerate fermions
interacling via an exponential potential is shown {for the size
Al =2.5x107%s after 0 (trial sigma field), 40, 80, and 120 evolution steps.
The resulls are averacged over trajectories 1000-2000, computed every 25
trajectories. In this case, the changes in the sigma field are performed
with Fourier decomposition importance sampling with uniform weighting.
Parameters are given in Table 8. For clarity, the flelds at later time slices
are shifted up and to the right as indicated by the zeroing base line for

each. Error bars are suppressed.
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Figure 20. The one-body potential for 12 spin-isospin degenerate fermions
interacting via an exponential potential is shown for At = 2.5x107%%s after
0 (initial one-body potential), 40, 80, and 120 evolution steps. The results
are averaged over trajectories 1000-2000, computied every 25 trajec-
tories. In this case the changes in the o field are performed with Fourier
decomposition importance sampling with uniiorm weighting. Parameters
are given in Table 8. For clarity, the fields at later time slices are shifted
up and to the right as indicated by the zeroing base line for each. Error

bars are suppressed.
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TFigure 21. The stalic nuclear potential of Egs. (10.6)-(10.8).
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Figure 22. E(T) for 4 fermions interacling via a combined attractive and
repulsive exponenlial potential. The time step sizes are = = 1.0x107%%s
wilh the changes in the o field performed using Fourier decomposition
importance sampling given by the initial condition and A=2.5107%s using

spatial sampling. Parameters are given in Table 7.
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Figure 23. Encrgy autocorrelation function for 4 fermions interacting via
a combined attractive and repulsive exponential potential with Fourier
decomposition importance sampling using the initial condition. This plot
is for 30 time steps of size 2.5x1Q‘25s. The correlaticn lengin is defined to
be the number of trajectories at which the function drops to less than

0.1. Parameters are given in Table 7.

1.0

i

=

e

<

e

%

o

8 O O ' PR h./\.,\ ............ //w/\__,_\/\\/

2 ' AN
~0.5 = f

0 50 100 1
TRAJECTORIES

5



- 1,}2 =

Figurc 24. The four orbital wavefunctions for 4 fermions interacting via a
combined attractive and repulsive exponential polential are shovwmn for
At = 1.0x107%'s after 0 (trial wavefunction), 10 and 20 evolution steps.
The results are averaged over trajectories 1000-2000, ccmputed every 30
trajectories. The changes in the o field are pericrmed with Fourier
decompositicn importance sampling given by the initial condition.
Parameters are given in Table 7. For clarity, the wavefunctions at later
time slices are shifted up and to the right as indicated by Lhe zeroing

base line for each.
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Figure 25. The one-body potential W(z) for 4 fermions interacting via a
sum of an attractive and repulsive exponenlial potential is shown {or the
size Al = 1.0x107™'s after 20 evolution steps. The results are averaged
over trajec.torics 1000-2000, computed every 30 trajeclories. In this case,
the changes in the o field are performed with Fourier decompositicn
importance sampling given by the initial cqnditicn. Parameters are given
in Table 7. For clarity, the fields at later time slices are shifted up and to

the right as indicated by the zeroing base line for each.
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