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Abstract

A two loop calculation in the N=4 supersymmetric Yang Mills theory is per-
formed in various dimensions. The theory is found to be two-loop finite in six
dimensions or less, but infinite in seven and nine dimensions. The six-
dimensional result can be explained by a formulation of the theory in terms of
N =2 superfields. The divergence in seven dimensions is naively compatible with
both N=2 and N=4 superfield power counting rules, but is of a form that can-
not be written as an on-shell N=4 superfield integral. The hypothesized N=4
extended superfield formalism therefore either does not exist, or at least has
weaker consequences than would have been expected. By analogy, four-

dimensional supergravity theories are expected to be infinite at three loops.

Some general issues about the meaning of finiteness in nonrenormalizable
theories are discussed. In particular, the use of field redefinitions, the generali-
zation of wavefunction renormalizations to nonrenormalizable theories, and
whether counterterms should be used in calculations in "finite"” theories are
studied. It is shown that theories finite to 7 loops can have at most simple-pole

divergences at n+1 loops.

A method for simplifying the calculation of infinite parts of Feynman
diagrams is developed. Based on the observation that counterterms are local
functions, all integrals are reduced to logarithmically divergent ones with no
dependence on masses or external momenta. The method is of general use, and

is particularly effective for many-point Green functions at more than one loop.
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Introduction.

A minimal requirement of a theory is that, when it is used for calculations,
it should give finite results for physical quantities. Quantum field theories, how-
ever, fail this simpie test. This was first found in 1939 [1], when the self energy
of the electron was found to be infinite in quantum electrodynamics. Since QED
is a very valuable theory, ways of circumventing such divergences were sought.
It was found that if the mass and charge of the electron in the lagrangian were
taken, in each order of perturbation theory, to be infinite by precisely the right
amount, all calculations of physical quantities yield finite answers. While this so
called renormalization [2] procedure could be considered aesthetically unpleas-
ing, it is clearly an unqualified experimental success. Furthermore, QED has
been generalized to Yang-Mills theories, renormalizable gauge theories that
have been successfully used to describe the strong, weak and electromagnetic
interactions. All these theories have parameters that are either dimensionless
or of positive mass dimension. Once these parameters are renormalized, the

theories give finite results.

The renormalization idea works only if gravity is ignored, however.
Einstein's theory of gravity has an interaction characterized by Newton's con-
stant, which has negative mass dimension. Classically, the theory is both exper-
imentally verified and theoretically beautiful. However, it does not fall into the
class of renormalizable theories. As the order of perturbation theory is
increased, higher powers of Newton's constant appear and, to keep the effective
action dimensionless, additional coupling constants are accompanied by deriva-
tives. Thus, successive terms in the perturbation expansion contain potentially
divergent expressions, which are different at each order. This situation is com-

monly described by saying that such theories are "power-counting



nonrenormalizable”. If a procedure such as renormalization is attempted, an
infinite number of different counterterm structures is needed to preserve the
finiteness of the theory. In practice, these terms are suppressed by factors of
the energy divided by the Planck mass, or about seventeen orders of magnitude
at presently available accelerator energies. However, as a theoretical issue,
when quantum effects become important, the necessity of an infinite number of
renormalization parameters destroys the predictive power of the theory. In
field theories containing gravity, we must therefore avoid the lure of renormal-

izability and demand finiteness for a successful theory.

Einstein gravity does have some success as a quantum theory. If a one-
loop calculation is performed in pure Einstein gravity, it is found that the theory
is finite [3]. However, as soon as gravity is coupled to matter, a divergence that
cannot be eliminated by renormalization is encountered. One must thus search

for a more clever way of extending the pure gravity theory.

A clue for doing this can be found from the case of renormalizable theories.
It is seen there that divergences can be softened or eliminated by introducing
supersymmetry [4], a symmetry between bosons and fermions. The simplest
example of this is for the vacuum energy. Since supersymmetric theories have
equal numbers of bosons and fermions, their free hamiltonians can be written

as
H=2%’(a7a+aaT+bTb +bb%)

where @ and b are the bosonic and fermionic annihilation operators in the Fock
space. Since the bosonic oscillators commute, while the fermionic ones

anticommute, the total vacuum energy seen by normal ordering H is zero. The



fact that supersymmetry softens the divergences of scalar masses to loga-
rithmic ones has made supersymmetric phenomenology popular, as quantum
corrections in these theories do not give large masses to low mass scalars [5].
What is more important in this context, is that there is a class of renormalizable

theories with extended supersymmetry that are completely finite [6].

With this in mind, it is natural to hope that by joining supersymmetry to
gravity, one could obtain nonrenormalizable field theories that have no diver-
gences in the perturbative expansion of their S matrix elements. Supersym-
metric theories containing gravity are known as supergravity theories [7]. The
supersymmetries become local, and are gauged by spin-3/R2 particles known as
gravitinos. Indeed supergravity theories do have improved convergence proper-
ties and are one [B] and two [9] loop finite. This is already better than the non-
supersymmetric case, and could even be better than pure gravity, which may
diverge at two loops. However, unlike their globally supersymmetric counter-
parts, there are no formal proofs of finiteness for supergravity, at all orders,

and it is unclear whether or not the finiteness persists.

The purpose of this work is to gain insight into the higher-loop finiteness of
these theories. The most general proofs of finiteness in renormalizable super-
symmetric theories are based on formal power-counting arguments. However,
for supergravity power-counting arguments can, at most, postpone the onset of
divergences by a few loop orders, since the potential divergences become more
severe loop by loop. The most powerful power counting arguments available
have been proposed by Grisaru and Siegel [10]. In d dimensions at L loops, they
would (if valid) exclude divergences for supergravity for

2(N—-1

1<L< g ) (1)



(Here N denotes the number of supersymmetries with respect to four dimen-
sions.) These arguments do not apply at one loop for technical reasons, but the
one loop case can be checked either by explicit calculation or by other argu-
ments. The power-counting depends on some assumptions about the existence
of superfield formalisms and these assumptions are known to be true only for
N=2. The N=2 power counting in eq. (1) is clearly uninformative, and it is
important to discover whether these rules are valid up to N=8, corresponding
to the maximally extended supergravity theory. If this were the case, it would
show that N=8 is at least six loop finite, which, given our present state of

ignorance, would be a valuable piece of information.

The subject of this thesis is the N=4 supersymmetric Yang-Mills theory
[11] in more than four dimensions. This is the maximally supersymmetric
interacting theory not containing gravity. Because gravity calculations are
extraordinarily difficult, and Yang-Mills theories are power-counting nonrenor-
malizable in more than four dimensions, this is a more convenient testing
ground for the power counting rules than supergravity. In this case finiteness is

predicted for

2(N—1
1<L< pr— . ()

The rule can again be trusted only for N<2, but this is already sufficient to
prove the finiteness of N=2 Yang-Mills theories beyond one loop in four dimen-
sions. Most of the N=2 theories are infinite at one loop, but some can be found

that are also one-loop finite. We shall test these rules at two loops for N=4 and

d>4.



Chapter I of the thesis contains a review of supersymmetric theories and
auxiliary fields, and a brief discussion of superspace and the power-counting
rules. Chapter Il contains a description of a new method that was developed for
calculating the infinite parts of momentum integrals [12]. The method is of gen-
eral applicability, and is described in the case of a @3 theory in six dimensions
for pedagogical purposes. Chapter III addresses the meaning of finiteness in
nonrenormalizable theories. In particular, field redefinitions, the generalization
of wavefunction renormalizations to nonrenormalizable theories, are discussed.
These issues are used in studying whether counterterms should be used in cal-
culations in "finite” theories. It is shown that the S matrix of theories finite to
7. loops has at most simple-pole divergences at m+1 loops. Chapter IV contains
the details of the calculation of the N=4 Yang-Mills theory. It is found, among
other results, that N=4 Yang Mills is infinite at two loops in seven dimensions.
While this is seemingly in agreement with eq. (2), the form of the divergence is
incompatible with the assumptions used in its derivation. This implies that if
superfield formalisms exist for N>2, they must have an unusual structure
violating the assumptions of Grisaru and Siegel. A discussion of all the results
and their implications appears in Chapter V. By analogy, the results suggest
that all four-dimensional supergravity theories are infinite at three loops, and
are thus inconsistent theories. If this is true, they could be useful only as
effective low-energy descriptions of more fundamental theories, such as super-

strings [13].
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I. Supersymmetry and Superspace.

a) Supersymmetry.

Supersymmetry is the only symmetry that relates particles of different
spins [14]. The supersymmetry generator transforms bosons into fermions and
thus satisfies anticommutation relations. As could be expected from the spin
statistics theorem, it is a spinor and it changes the spins of particles by —% The
feature that characterizes the superalgebra is that the anticommutator of two

supersymmetry transformations produces a spacetime translation.

Many of the features of supersymmetry can be illustrated in one of the sim-
plest supersymmetric theories, the N=1 Yang-Mills theory [15]. The particles of
the theory are a Majorana, or real, spinor in the adjoint multiplet of a gauge
group, and a Yang-Mills vector boson. As in all supersymmetric theories, there
are an equal number of fermionic and bosonic degrees of freedom. Thus, a
massless vector has two polarizations, and a Majorana spinor has two degrees of
freedom when the Dirac equation is used. The lagrangian of the theory is

L=-7(FRP—3XDA+ 5 (B (3)

o -
D=

where Fm, is the field strength of the vector and D# is the gauge-covariant
derivative. Here, B® is a pseudoscalar field, which has no dynamics, and van-
ishes by its field equation. Such fields are called auxiliary fields. They do not
represent any particles, but are introduced to enforce the equality of the Bose
and Fermi degrees of freedom of the fields themselves, and not just of the parti-
cles they represent. Thus, the vector field has three components after a gauge

is fixed, the spinor has four and the auxiliary field has one. The supersymmetry



transformations of the fields are parametrized by an infinitesimal anticommut-

ing Majorana spinor &. They are

0Ay = —1EY4A
OA = 2 Yag€ *+ 17sBe
2 af /af 5
OB =¢€ysDN . (4)

These transformation leave the lagrangian of eq. (3) invariant up to a total
derivative. Commuting two of supersymmetry transformations, labeling the

generator by @, gives

[£1Q.82Q] = R&xy e Py (5)

where P, is the translation generator, with a gauge transformation added to

make it gauge covariant, Thus

5pyAp=FV“ , 0pA=D,A , 0pB=D,B . (6)

Consider what happens when the auxiliary field is eliminated. This can be
done either by using the equation of motion 5=0, or equivalently by integrating
over B in the Feynman path integral. The supersymmetry transformations of
eqs (4) are modified by setting B to zero. It is clear that the modified lagran-
gian will be invariant under the modified supersymmetry transformations. The
only change occurs in the commutator of two supersymmetry transformations

on the spinor. There is now an additional term

1ys5(e281—€182) 75D A . (7)



Thus, the supersymmetry algebra closes only on the mass shell. Finding auxili-
ary fields is a major problem in supersymmetry, and is sometimes very difficult.
It is possible to do component calculations without knowing them, but they are
necessary for superfield calculations. The auxiliary field problem is discussed

further in section c.

b) Superspace, Superfields and Power-Counting Rules.

Since supersymmetry is a spacetime symmetry, it is natural to attempt to
understand it geometrically. This leads one to the concept of superspace [18].
Superspace has many uses and is a subject in itself. However, in this work
superspace concepts will be needed only for the understanding of the theorem

of Grisaru and Siegel. This section provides a brief summary of the subject.

If supersymmetry is to be realized geometrically, it is necessary to have

anticommuting coordinates €. Under a supersymmetry transformation
00 =¢
Oz, =Riey,0 . (B)

The spacetime coordinates must transform under supersymmetry, since the
anticommutator of two supersymmetries is a translation. For the rest of this
section the standard practice of using SL(2,C) notation for the Lorentz group

will be followed. In this notation the supersymmetries are written as

002 = g2
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The indices « and & run from one to two, and @ is the complex conjugate of 0.

We now define superfields $[z,0,0], which are objects that transform
covariantly under supersymmetry transformations. Superfields can be formally

expanded in a power series in @ and o:
B[z,0,0] = ¢ + 0% + 8%y + 62X + - - (10)

Since the & and 8's anticommute, the power series stops after a finite number
of terms (in this case nine). The component fields in the expansion of ® can be

understood as ordinary gauge, auxiliary and physical fields.

In addition to superfields, it is necessary to have the idea of derivatives. In
ordinary spacetime, ai# is a covariant object. Thus, if ¢ is a scalar, 3,9 is a
z

vector, In superspace 84= is not covariant, as z transforms under super-

=
862

symmetry. However, it is easy to see that the derivatives

D,=0,4 + }ié'aa&
and
Dg=084+ iaaaa& (11)

are invariant under supersymmetry transformations, and thus produce covari-
ant tensors. Here 6aa~:~a—‘2a-& denotes a spacetime derivative. The D's satisfy the
z

algebra

DaD&d = 5 0aa - (12)
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The only ingredient still needed for constructing supersymmetrically
invariant quantities, is a rule for integrating over superspace. One can formally
write‘fd‘*x d?0 d?0, but the fermionic integral must be defined. This is done
using Berezin integration [17]. If X is a single Grassmann variable,
$[z,X] = ¢(z) + X¥(z). Then de‘I’ = 9. This definition is the only one (up to
normalization) which is invariant under translations of X. Integration over fer-
mionic variables is thus equivalent to differentiation. The superspace integral

therefore becomes
[d*zd?0d?0% = [d*zD?D?%% . (13)

With this information, supersymmetric objects can be construct simply by

integrating combinations of D's and superfields over superspace.

We are now in a position to write the N=1 Yang-Mills theory above in super-
space [18]. Ordinary Yang-Mills is obtained by replacing d, with V, =8, — 4,
The procedure here is similar. The covariant derivatives V., Vg4 and V,4 are
defined. In order to preserve the structure of superspace, the algebra of eqgs

(1) is kept, i.e.

(Vo Vgl = V4V 41 =0 (14a)

VaV il = ZVas (14b)

The second equation can be regarded merely as the definition of Vg4 The
derivative V, can be expanded as Dy — t[',, and the potential I, is then the fun-
damental field of the theory. However, eq. (14a) gives a constraint on I',, which

therefore cannot be used as an integration variable in a path integral.
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Other objects can be constructed from [';. For example
- trga
Wa - é [v »Va&] (15)

is the lowest-dimensional field strength corresponding to the connection I'y. It
contains the spinor of the theory at & = 0. By using (super) Jacobi identities on

the definition of W,, it can be shown that it satisfies

Eﬁ &: Wad =0 , (16a)

EV"‘,Wa‘i ={Weilg =8 , (18b)

where W;, is the complex conjugate of W,, and the & = 0 part of the superfield
B is the auxiliary field introduced in section a. The equation of motion of the

theory is thus
B=0 - (VO =0 . (17)

Using these methods the supersymmetries and equations of motion can be
obtained in terms of these "on-shell quantities”. To quantize the theory, how-
ever, it is necessary to write I’y in terms of an unconstrained superfield. This
means solving the constraints in eq. (14a) for V4. In the case of N=1 supersym-

metric Yang-Mills the solution is
Vo=e"Dye? | (18)

where V is a complex superfield. V can now be used as a true quantum field in

an action. In fact the action for N=1 Yang Mills is simply
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Sz—ﬁé Stz fdRe wx(v)wa(V) (19)

with W defined by eqs (15), (14b) and (18). This action is supersymmetric, even

though there is no integral over 8 since W satisfies eq. (17a), it is "chiral”.

The theorem of Grisaru and Siegel [11] can now be stated. If an uncon-
strained lagrangian exists, all counterterms at more than one loop can be writ-
ten as o complele integral over all superspace of connections and field
strengths. This means, in particular, that V can never occur, and one cannot
have chiral integrals, such as fd20. The theorem fails at one loop, since the
quantization involves an infinite number of ghosts coupling only to background

fields.

We can now see the implications of this for Yang-Mills theories and super-
gravity. In N-extended Yang Mills in d dimensions, the lowest dimensional coun-

terterm possible is
AS = (g¥)1 [z dMeT DT (20)

where L is the number of loops. g% has dimension (4—d) and fd@ has dimen-

sion 1/ 2, since it acts as a derivative. As AS is dimensionless, it follows that

0> (4—d)(L—1) —d+%-4N+2 (21)

for a counterterm to exist. This implies finiteness for 1 <L< adb{_%} ;
For supergravity, the lowest dimension counterterm is the superdeter-

minant of the supervielbein, a direct analogue of detV in ordinary gravity. Thus

AS = (k¥)! [d%zd*No sdetV . (22)
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Here x? has dimension 2—d, and therefore

0> (2—d.)(L—1)—d+%-4 N+0 | (23)

implying finiteness for 1 <L< gdﬁ__?l) .

The derivation of these rules fails if no unconstrained formalism is known,
since the Feynman rules cannot be constructed. This is the case for all (but
one) theories with N>2. In the next section it is shown that even the auxiliary
field problem is difficult to solve for N=4 Yang Mills [19]. Since superfields
automatically incorporate all the physical and auxiliary fields, they cannot exist
if the auxiliary fields do not. A calculation testing the power counting rules thus

can provide information as to whether superfield formalisms can exist, and what

form they may take.

c¢) Problems with Auxiliary Fields.

The auxiliary fields in the previous sections were introduced to close the
supersymmetry algebra off shell. It is instructive to consider the auxiliary fields
used for closing the Lorentz algebra [20]. These are used whenever a gauge
theory is studied, but are generally not recognized because of the manifest
covariance of the notation. The simplest such example is a free massless vector

Ay in d dimensions. It is described by the lagrangian

L= PP =2 4,04+ 2(34) . (24)

The physical and auxiliary parts of A, can be untangled by going into a light-
cone gauge. Defining f* = (f°+fL)/~/2, where L is the longitudinal direction,

the metric becomes f-g = flgt—ftg™—fg*, with Latin indices labeling the
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transverse directions. If the gauge A* = 0 is used, the lagrangian can be writ-

ten as

L= éAiDAﬁ%Bz , (25)

where B = 0-A. In this gauge it is clear that B represents an auxiliary field,
while A; represents the transverse propagating degrees of freedom of the vec-

tor.

The Lorentz transformations of these fields are obtained by taking the
Lorentz transformation in the covariant theory and adding gauge transforma-

tions to preserve the gauge choice. The generators can be written as
Jij = Lij + S‘ij Jr =1+ J+i — L+i
and

Jizrig Pogi g (26)
p p
where [%f is the orbital angular momentum and SY is the transverse spin angu-

lar momentum. Since the J's represent the Lorentz algebra, SY and K* can be

shown to satisfy
[ S%,Kk]=is%KI —io Kt  [K' KI]=ip?SY .  (27)

Thus if p?#0, SY and K7 together generate SO(d—1). This is the well-known
result that massive particles are classified by the little group SO(d—1). (Mas-
sive representations occur since p29f0 off shell.) In the case of the vector, the

generator K7 acts as
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64t =69 PR

6B=[047 , (28)

and 4; and B form the fundamental representation of SO(d—1). If one now
goes to the mass shell, p® = B=0. The K’ generators decouple, and only
SO(d—2) remains. Therefore the massless particles form a representation of
the helicity group SO(d—2).

Finally, as in the supersymmetry example, the auxiliary field B can be set
to zero by solving its equation of motion. If this is done, the K7 generators no
longer exist, and even the off shell fields are only a representation of SO(d—2).
The Lorentz transformations are modified by setting B to zero. The theory is
still Lorentz invariant but, in analogy with eq. (7), the commutator of two J™
transformations, which should be zero in the Lorentz algebra, is proportional to
pz and vanishes only on the mass shell. The light-cone lagrangian, with its com-
plicated Lorentz transformations (27), is the analogue of a supersymmetric
theory written in components, while the covariant lagrangian and transforma-
tions correspond to a theory in superspace. This demonstrates the
simplifications that are obtained by having manifest symmetries, but shows that

it is at the expense of introducing gauge and auxiliary degrees of freedom.

We now present an interesting example of a theory for which "usual”
Lorentz auxiliary fields do not exist. The example exists for all d =4n+2
dimensions but, to be specific, we work in six dimensions. In this case the field is

A,WT, and satisfies the field equation

1’Objects with multiple indices are totally antisymmetric in those indices.
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Fuvp = Fuyp (R9)
where thefield strength F,, is defined by
Flvp = 30,400 (30)

and the dual is taken with the six index Levi-Civita tensor eé™"P9T  The equation

of motion is invariant under the gauge transformation
Ay, =R0,4,) . (31)

By taking the divergence of eq. (29), one sees that it describes a massless parti-
cle. To study the propagating modes, one can choose the on-shell momentum to
be p~, without loss of generality. Using the gauge transformation of eq. (31),
the light-cone gauge A** =0 can be chosen. Then eq. (29) implies that
B; =0,A%=0,and 4 = Zi,-. where this dual is with respect to the four index

transverse e9*t,

The problem of finding the auxiliary fields for this theory, which must be
solved for a covariant lagrangian to be found, is now clear. There is one physi-
cal multiplet in a self-dual representation of SO(4). However, off shell the fields
must be a representation of SO(5), and the anti self-dual field is automatically
included. If A is to propagate, but A{; is to be auxiliary, the lagrangian

analogous to eq. (26) would have to be

1

L=2aP04g+ it

8

1

AGR+ -

B? . (32)

Because Ag;’ and B; now have the same dimensionality, it is impossible to write

the analogue of the K7 transformations of eq. (28). Therefore there is no
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quadratic action which will propagate one of these and not the other. The solu-
tion to this dilemma is to use a Lagrange multiplier term to eliminate one field

[21]. The covariant lagrangian for the theory is

L= =1 Fup PPt 2 NFOL7 T,y (33)

where F{J), is the anti-dual part of Fl,, and A is a symmetric traceless

Lagrange multiplier field, that enforces eq. (29).

In N=4 Yang Mills, the problem is very similar. Let us consider both the
on-shell and off-shell representations. The theory is a naturally written as a
massless ten dimensional supersymmetric theory. On shell, the spectrum thus
forms representations of the helicity group SO(8), with the supersymmetry

charge @% a spinor of SO(8). The on-shell supersymmetry algebra is
(@, Q% =0% | (34)

where the spinor indices are real and run over eight values. Eq. (34) is simply
the definition of a Clifford algebra, and if the spinor indices are regarded as the
vector indices of another SO(8), the charges can be represented by '77: matrices.
The representation of these is a Dirac spinor, which can be broken into left and
right handed pieces. In terms of the original SO(8), these are the dotted spinor
and the vector representations and, indeed, N=4 Yang Mills contains one vector

and one spinor.

Off shell, the fields form a representation of the massive little group SO(9),

and the supersymmetry generator is a spinor 16 of SO(9). The algebra is

(o, gfl =% | (35)
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with A and B going from one to sixteen. This algebra is the definition of the
Clifford algebra of SO(16), and its fundamental representation is the sum of the
two 128 dimensional spinors of SO(16). When these are broken into SO(9)
representations, they give a traceless tensor g%, an antisymmetric tensor Apx
and a "Rarita-Schwinger field" ¥/ These representations are familiar as the
fields of eleven dimensional supergravity, which on-shell has the same algebra
as eq. (35). An arbitrary representation of eq. (35) is these fields multiplied by
some SO(9) representation. The result that will be important for the auxiliary
field problem, is that the number of fermions in any of these representations will

be a multiple of 128.

The final ingredient needed is that fermionic auxiliary fields always come in
pairs, Covariantly, this is seen by noting that the lagrangian for fermionic auxi-
liary fields must be XV, and X and ¥ cannot be equal since they must have
dimensionality 3/ 2 or 5/ 2, while the lagrangian has dimension 4. Here this is
seen by noting that if X and ¥ are SO(8) spinors, the K* transformation must

act on them as

_1
5“#—27X

X = % YOV (36)

to satisfy the algebra of eq. (28). Thus ¥ and X clearly cannot be identified.
Thus spinor auxiliary fields always come in pairs, and each pair has 16 degrees
of freedom. However, one can now see that the counting is inconsistent. Equat-
ing the total number of fermions to the number of auxiliary and physical fer-

mions, one needs



= 8 »

128n =16m +8 (37)

but there are no (integral) solutions to this equation.

N=4 Yang Mills therefore cannot have a quadratic action in superspace,
and an analogue of the Lagrange multiplier of eq. (33) is needed. Thus far this
has not been found, and it is unclear what properties such a theory would have.
It is this uncertainty which raises doubts about the validity of the power count-

ing rules in these cases, motivating the calculation which follows.
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Il. A simple method for calculating counterterms.

Before proceeding with the calculation, it is necessary to have a method of
evaluating Feynman diagrams. The difficult step in this is performing the
integrations over the loop momenta of the diagrams. The integrations can be
done, for example, using the method of Feynman parametrization, but it is then
necessary to integrate over the parameters. These integrals are relatively easy
for simple graphs, but become increasingly difficult as the number of prop-
agators in the diagrams increases. This method is thus particularly difficult to
implement for many-point functions at more than one loop, and all other avail-

able methods run into similar difficulties.

The finite parts of Green functions are complicated functions of the Man-
delstam invariants and the parameters of the theory. This must.be so as, in
order to satisfy unitarity, they have cuts and poles in the complex plane. It is
difficult to envision these functions arising as the result of a procedure much
simpler than the one outlined above. On the other hand, the counterterms
needed at each order of perturbation theory have a much simpler structure.
They are guaranteed by general arguments to be local functions in coordinate
space, and are thus merely polynomials in momentum space. This theorem is
central to our method. It was rigorously proved in the case of dimensional reg-
ularization [22] in ref. [23]. The theorem does not depend on any properties of
the theory, such as renormalizability, but is a statement on momentum
integrals. If one is interested only in the renormalization properties of a theory,
the theorem suggests that it should not be necessary to use the full Feynman
parametrization procedure. This simplification is in common use at one loop.
For example, if an integral is logarithmically divergent, its divergent part must

be a pure number and cannot depend on any momenta. All external momenta in
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the propagators can therefore be set to zero, resulting in far simpler denomina-
tors in the integral. In this chapter the procedure is extended to arbitrarily
divergent multiloop diagrams. In fact, the simplification is especially effective
when integrals depend on many different momenta, as is the case in multiloop

calculations of many-point functions.

The method described here was developed for the calculation in chapter IV
of two loop four-point functions in N=4 Yang Mills theory in more than four
dimensions [R4]. It should also be very useful for calculations in (super) gravity
theories, which are also nonrenormalizable. In this chapter the method is illus-
trated in the far simpler case of a massive @3 theory in six dimensions. This is a
renormalizable theory and thus has a less divergent structure than the Yang

Mills theory, but the simplifications will still be clear.

a) One Loop.

The action of the ¢ theory in 6—¢ dimensions is
= (8-, 1 ) A 3
S—fd °x(2fp(E] m )§0+3!,u,"2§0 ) . (1)

It is written in Euclidean space (7, = 0,,), to avoid the necessity of performing
Wick rotations on the integrals. Here ¢ is the dimensional regularization param-
eter and w is the dimensional regularization mass, used to keep A dimensionless
in 6—e¢ dimensions. The potential of the theory is unbounded from below, and
the theory is thus ill defined, but it can nevertheless be studied in perturbation
theory and is renormalizable in six dimensions, as could be expected from the

dimensionlessness of A. The vertices are simply‘r

1t m #0, ¢ must be shifted to eliminate tadpole diagrams. This does not affect any
of the results below.



-22 -

1
= Ptm? \[/ =Au (2)

We start by reviewing the one loop corrections to this theory. There is one

propagator graph, shown in fig. 1.

Figure 1.
The One-Loop Propagator Correction.

Its value is

=l 2 Mede—sk 1
=g N[ @mF* (B+m?) ((k +p+m?) ®)

where %‘ is a combinatoric factor. (Our combinatorics is chosen so that graphs

are generated by the effective action.) The denominator can be simplified using

the Feynman parametrization formula

1 _ T'(a+B) : z®1(1 — z)f-1
a®f ~ T(a)T(B) {dz (@z +b(1—z))%*8 (4)

where I is the Euler gamma function. The momentum integral is evaluated using

d% __ 1 TI(n—-d/2) .
S G (Ic2+m) G Ty VR (5)

Thus /3 becomes

1
I = ‘—i A2T(es2 — 1) (4mp)*? [dz (m2+p2z (1—z)1=%2 | (6)
0
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where

A

M amr "

The Feynman parameter integral is difficult unless m=0. However, if one

expands the expression in powers of &, the integral can be done, giving

_ A/ pP+em?, 2 - < O S
e = [ B tyetlog ) — gp*—gm
2 \1/2
+ 1 (p2+am®¥2 L aresinn ( E_ ) ") role) . (8)
3 Vp? Ll

p

Here 7, is the Euler number, arising from the expansion
e .n®, » 3
I‘(1+s)=1—878+—2-(€ +y2)+0(e%) . (9)

As promised, the finite part of /5 is complicated, but the infinite part is a
quadratic function of p and m. This information can be used to simplify the
evaluation of the infinite parts of the diagrams. Consider, for example, the one

loop vertex correction, which is given in fig. 2,

&

_ 7\!5/2 2 yf"da'sk 1
I 3! A (2m)8 % ((k+p)?+m?) ((k—q)?+m?) (k?+m?) (10)

Figure 2.
The One-Loop Vertex Correction.
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One factor of u®? has been pulled out to preserve the dimensionality of the ver-
tex. This integral could also be done using Feynman parametrization. The finite
part, however, is even more complicated than that of /3, and involves diloga-
rithm functions. On the other hand, the pole part of /5 is dimensionless , and
cannot depend on p, g or m. The infinite part of /3 can therefore be extracted

from

8/2 d6 £l
o 2 :
I3 f (2o (k2)3 + finite . (11)

(From this point on, finite terms will be dropped.) The prime denotes that the
integral is infrared convergent and is not zero as it would formally be in dimen-
sional regularization. This means that in eq. (10) the limit m -0 should be
taken after the limit £€»0. In this case one could obtain the answer by keeping
m and only letting p and g go to zero. However, in general it is easier to avoid

explicit mass terms. Thus

d% %% _ 1 i _
Inff 6—:: (Ic2)3 21;% Inf(4_)?s_/a 5 F(S/Z)(mz) Ere
= S RN W
rlrg»% (4m)3 e (4m3 e 2

where Inf denotes "the infinite part of”. This integral is the only one ever
needed for one-loop divergence calculations. Thus, no Feynman parametriza-

tions are needed in this case. The final result for the vertex is

/2
Is= —’L 7\2 s (13)

where A is defined in eq. (7).
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Let us now calculate /5 again, taking advantage of the polynomiality of its
infinite part. In this case little is gained since /5 contains only two propagators.
However, the calculation is instructive, because /5 is not logarithmically diver-

gent. Since the pole part of /5 is a polynomial of degree 2,

1 d g
I (2p = m* 5) Iz (14)

by homogeneity. In fact, since /s itself is homogeneous with degree 2—¢, eq.
(14) could be made exact by inserting a factor of 2/ (2—¢). However, as will be
seen when the multiloop case is considered, this is not desirable. It is better to
concentrate on the pole part, for which eq. (14) is true. The diagram is now
reduced to

o }\—2 Meds—sk ( m2

L 4 Y (2m)8-* _(k2+m2)2((k+p)2+m2)

m? p2

C (kP+m?) ((k +p)P+mP)?  (kP+m?)((k +p)2+m?)?

- k-p
(Ic2+m2)((k +p)2+m2)2) : (15)

The first three integrals are now logarithmically divergent, but the fourth one is
linearly divergent. The procedure is thus repeated for the linearly divergent

term, using

) d
lin = (P 5= 42m? =)l (16)
I

Consequently

k, N 4k ke p,
(k2+m?) ((k +p)?+m?)? (k2 +m?) ((k +p)%+m?)3
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where convergent integrals have been dropped from the rhs. The infinite part of

I5 is thus

A® s d®*k  —2m?-p® ky Icv)

@mEs | A e ) e

using the result in eq. (12). The second integral is a dimensionless tensor, and
must therefore be proportional to 0,,. Since §,,=6—¢, contraction with §,,

shows that

f’ ds—sk ky.ku _f‘ d® %k kzdp.v

= 19
(2m)®® (k)4 ()8t (6—e)(kR)* (18)
Thus one arrives at the final result
A2 d® %k
Ip= — (-2 -
2 ) (—2m? p )f (2m)8~2 (kz)s
A2 1 1
= —Z (—2m2 = 'B‘PZ) E ) (20)

as before. This may not be the most efficient way of computing the pole part of
an integral as simple as /s, and the example is only of pedagogical value.
Nonetheless, the method used is very advantageous in more complicated cases,

and can be easily implemented on a computer.

The one loop renormalized action can now be seen to be
Sl =S- fds_txlz fﬂz =— fd6‘8x13 {03
2
= faee(Semo1 - £y - Smer - £y M 0501 - By Jey

where A is defined in eq. (7).



-0 «

b) Two Loops.

We can now illustrate this method for higher loop diagrams. At two loops

the corrections to the propagators are given in fig. 3. Graph 2a contributes

I = -}ﬁ 28 'u,z:dB—ak Mcds—sl 1
2™ 4 (2m®= Y (2m)8* (k2+m?)(lB+m?)
1

(k=0 +m®)((k +p 2+mB) (L +p )2+ m?) P2

1P I

Figure 3.
Two-Loop Propagator Corrections.

To calculate I3, using the standard techniques, it is necessary to reduce it to
logarithmically divergent integrals. This can be done by using the homogeneity
of I3, in external momenta, as was done in eq. (14) (but keeping the & terms).

An equivalent technique is to insert the identity

L (2w, Ty oy

2(6—2) \ Ok, ' 0l : 2%

into the integrand, and integrate by parts. It is necessary to have logarithmi-
cally divergent integrals in order to be able to expand the integrand in powers
of € (see the appendices of ref.[25]). The resulting integrals can then be calcu-
lated, with some effort, by doing four Feynman parameter integrals. The result

is
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4 2 2 2
S i T LT R SYNE. O (A g
E

lza = 4 3 e 471'/,1,2 B Be e P
R 2 2y3/2__1 ; p? \1/2
+ +4m — h . 24
Se(p ) _\/ 2arcsm (4 2) ) (R4)

p

Unlike the one loop case, the nonlocal functions occur even in the infinite
part of /55. This is due to the well-known phenomenon of overlapping diver-
gences. The similarity of I35 and /5, however, suggests the solution to this prob-

2
lem. The counterterm graphs I'sq and [I's, each contribute & I5, since

E 2
A = ASL"Z (1- %+0(7\4)) . (25)

The sum of the graphs /s, and ['p4 thus gives

. _ A pP+em® _ 3 1
Taator = loa* 20 = 7 (B = 5omP— op?) . (29)

2

which is again a simple polynomial in p2 and m~, In fact even 7, and 4m have

disappeared from the total answer.

The simplicity of Io4¢ is expected, since the two loop counterterm must be
a "nice” object. However, this result is stronger, as it is true for graphs (2a) and
(2b) separately. The precise theorem of ref [23] is that the infinite part of sub-
tracted Feynman diagrams are polynomial in masses and momenta. A sub-
tracted integral is essentially an integral minus similar ones with divergent

subintegrals replaced by their infinite parts. For (2a), symbolically,

I = [k fdt— fdk t( fdt) - fdrini( fak) . (27)

Pictorially, one can show boxes around subdivergences as in fig. 4.
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DD

[ S |

I'za I'zp
Figure 4.

Two-Loop Propagator Subtractions.

When the infinite parts of the integrals in these boxes are subtracted, the
resulting divergent part is a local function. Thus lsgip: = I—Ilogsub = It '2q
and Iops0¢ = Iop +1'2p can be treated separately. In general, the sum of the sub-
tracted diagrams is equal to the sum of diagrams plus counterterm diagrams.
However, one must be careful to associate the appropriate counterterm
diagrams to each graph to obtain simplifications graph by graph. If one sub-
tracts the integrals, rather than the graphs, counterterms never need be used
explicitly.

Some features of the cancellations resulting from adding /34 and 'z, can
now be understood. The "arcsinh" term disappears, as it must in order to
obtain a local answer. All factors of log41w,2 also cancel, because there is no
other dimensionful parameter that can enter in the logarithm. The cancellation
of the log4mu? terms implies a relation between the 6—12 parts of Isq and ['gq.

On dimensional grounds, from eq. (25)

_ 92, A B A B, 6 2A logu
= =4+ ) =+=+ ; 28
Iog = 1 ( 2 & ) &2 & e (28)
while for the corresponding subtraction
.0\, C D, Clogu
Is, = ut += ) + =+ . 29
2a = M ( 2 ¢ ) 2 & s (29)
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Thus for the logu terms to cancel, C must equal —RA and the eiz part of the
counterterm diagram is thus —2 times that of the original diagram. This result
is independent of the details of the diagrams or the theory. For example, since
pure gravity is one loop finite, it needs no one-loop counterterms and the S
matrix at two loops is at most -3; [26]. This is an oversimplification, because
(gauge dependent) one loop Green functions can be infinite, but the argument
can be made rigorous. This will be done in chapter III. At n loops, the cancella-
tion of all the log™u terms relates the ;15, 258 ;17; poles of the diagrams to
those of the counterterm diagrams. In renormalizable theories these relations
are familiar from renormalization group arguments [27]. Having recognized the
great simplification that the cancellation of the overlapping divergences intro-
duces, from now on we will restrict our attention to integrals from which sub-

divergences are subtracted out.

Let us now calculate the two loop vertex correction before returning to the
propagator graphs. There are two graphs, shown together with their subtrac-

tions in fig. 5. Graph 3a contributes

&/2 £,76~¢ £,.36—¢
130-:)\ At Mda—k Mds—L - ! 24,2
2 (em)e— Y (2m)%® (k*+m=°)((k—L)*+m*<)
1

erpRrmA (k=g Pt mB (s p P emA (—g+mD) ~ 0

It contains six propagators, and would require five Feynman parametrizations if
calculated naively. However, I3gs: Will not depend on p, g, m or factors of

(4mu?)%, and these can all be dropped. Therefore I3gs0; simplifies to

=1y e %%k A 1 - r_d®e 1 31
Taator = 3 At Af(zn)s-'-‘(f (2m)8% 14(k —1)? it [ (Rm)®® l‘*(k—l)z)( !
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L=
I'sp

Figure 5.
Two-Loop Vertices with Subtractions.

The only subdivergence in this case comes from the ! integral. The second term
corresponds to the graph with the box replaced by the vertex counterterm. The

! integral can be done with one Feynman parametrization, giving

' 6—c _ _
J (gmsfa B 0P = (any P(o/2) H 85?%5(5 22) 7y, (o2)

where the integral defining the Euler beta function

: o _T(a+)T(B+1)
{dzx (1—-z)f = T(atF+2) , (33)
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has been used. The infinite part of the I integral is simply . It should be

1
(4m)3e
noted that, if the mass were kept for infrared regularization, deriving this result
would have been more difficult, as another parameter integral would have been

necessary.

The infinite part of /3440 now becomes

1 LR I'(1—e/2)T(R—e/2) 1 11
2)‘ A é‘zf 6—e I'(er2) r'(sa—e) (k2)3+a/z & (k2)3 (34)

One then arrives at the final answer using

r d% %k 1 . I'e) _ 1 1 8 _
f (Rm)8=e (k?)3+e2 ~ (4m)3 T(3+es2)  (4m)°® Re (1 +e 4 7¢))(35)
and
d% %k _ 1 T(er2) _ 1 1, &
-[(2n&”(k%3' (4m® 2  (4m)? c(1=57) (36)

From these formulae it is seen that the iz part of the subtraction is indeed
€

twice that of the integral. Putting eqs (34-386) together gives

x; 7\4
- 74— (U 4 N T
Inator = M (= 25+ 76 ) (37)
The calculation of Igps0¢ is similar, and the result is
At At
- £/2 -
Ispior = A ( 5422 2886 ) (38)

The simplification of letting p, g and m go to zero has allowed the evaluation
the vertex graph using only one fairly easy parameter integral. If the integral
were done naively, not only would five parameter integrals be needed, but the
resulting integral would be very complicated, with the parameters mixing in a

complicated way. We stress again that the simplification comes from
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considering diagrams together with the corresponding subtractions, so that

only an overall divergence is left.

To use these simplifications in the propagator graphs it is necessary to
reduce the integrals to logarithmically divergent ones. Consider again /2. The
infinite part of the subtracted integral is quadratic in p and m, so, as in one

loop,

~ (L a 2
Doatot (EP“E‘FTH W)[Zatot - (39)

Since the integral and the subtraction have different degrees of homogeneity, it
is seen that, if one required an exact result, a simple formula such as eq. (39)

could not be used. In /54, the integrand can be reduced using

1
(6P +m?)(+m)((c 1 +m3)({k +p)F+m?)((L+p)7 +m?)

_kp
(k2+mB)(BB+mP) ((k—1)F+m2) ((k +p)*+mP)2((L+p)?+m?)

_ 4m? _ m? _ 2p? (40)
(RBPERUk -1 (DR —DFF (BR3P —1?
The first term above is still linearly divergent, and the procedure is repeated :
’C.Uv
(2+mB)(B+m?)((k =12 +m?)((k +p)?+m®)>((L+p)?+m?)
2k ,t- 4k k-
Lt + oL (41)

(k%2123 (k=017  (RH)* (132 (k —1)?

As a result, the integral can be written as
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AY o d8 e o g8 —4m?—2p?
I = —
Ratot f(z'n)e_‘f (27\')5"’ (]c2)3(L2)2(1c—L)2

8(k-p)? _ m? 1 4k-plp
(KD —17 B E—DE (PP kI

, (42)

where all the integrals are implicitly subtracted.

The evaluation of these integrals proceeds along lines similar to that dis-
cussed above, but there are some features which make it instructive to con-

tinue. The first integral is the same as that encountered in the vertex diagram.

uky The L int 1 and its subtrac-
kz i etdtin egra and 1ts suptrac

tion can be done as before. The k integral is then proportional to 51w- and k,k,,
2

The second one has an additional factor of

Ok
must be careful. If lc“k,, had appeared in a subtraction integral, it must be
2

can be replaced by This substitution could be done earlier, but one

replaced by , since all £'s in the subtraction are set to zero.

§75%
6
The remaining two integrals both have no divergent subintegrals, and are

thus purely of order % Once again using Feynman parametrization

f’ d8 -tk f d8-zl 1 _

(2me= (2m)® (k2)R(1R)R((k—L)?)%
g 1
f g:)slfe kz)z( (lc2)11 +&/2 (4")_3+8/2F( 1 +5/2)_{d3’ (2{1l=—=z))™™"* ) .(43)

Since the integral has no iz part, &€ can be set to zero in the result of the 1
€

integral except for the power of k?. (This would lead to a factor of 2 error, as

can be seen from eqs (35) and (36).) The k integral is now easily evaluated,

resulting in

1
E < (44)
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In the final integration of eq. (43), it is possible to replace k,l, with

B 8,k L with no ambiguity, since the integral is 0(;1: ). The integrand can then

be written as

5, 3EZ+P=(k—1)?)

Y
6 BPPk—1P et

The first two terms are the familiar integral from the vertex, while the third
term factors into two one loop integrals. None of these integrals need to be
subtracted, as their sum has no subdivergences. However, if one is, all must be.

The result is

. ]8—¢ 8—¢ k.l 0
J e - ¥ ()
(2m) (Rm)>® (6%)2(1%)3(k—1)?  48e
and substituting in eq. (42) one obtains
_ Al £2+6m2 1 o 1 o
Toatot = a1 ( 5e2 phoited ) ; (47)

as in eq. (26). However, with this method only one simple Feynman parameter
integral was needed, compared with the four nastily intertwined integrals used

in the original derivation. The calculation of /5y is now straightforward, yielding

7\4 1 1 2 1 2 1 1 2 11 2 4
Tabtot 4 | g2 ( 2 18 ) e( 24 216p ) 148)

The final two loop renormalized action is



” 1 A2 5at 1324
— d6 & 2 — N —
Sz f x(2¢D¢(1 65+3632 4325)
_ 1 2p2( - A B5A% 23A%
smP (1 - % a5 © aBe )
A erep3(q ﬁ 52 11t
tou ¢3(1 e 485)) . (49)

We have seen that, up to two loops in the @3 theory, all integrals can be
reduced to fairly simple logarithmically divergent integrals with no masses or
external momenta. Whereas the example is rather trivial, it should be clear that

the method will work at any loop order for any theory.

¢) Discussion.

We conclude this chapter with some comments for applying this method to
more complicated theories. The @3 theory is a scalar theory with at most quad-
ratically divergent integrals. The resulting logarithmic integrals, therefore,
contained at most two vector indices. The relation A“B,, o< 6#—!/ could be used to
eliminate these indices. In a more complicated theory one would would
encounter higher rank tensors. These can be eliminated in the same way. Thus,
if an integral had a numerator k,k,l,l; for example, one could use the

replacement
kuk lole = a6#y6p0+b(6m,6w+6,,p6m) 5 (50)

The coefficients @ and b can be determined by contracting both sides with d's in

two different ways.

One important feature that has not been seen here, has to do with the

indices in the subtractions. When the logarithmically divergent integrals are
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evaluated, the tensor §,, is generated, where (formally) the indices go from one
to (d—e¢). If the integral occurs in a subtraction, the tensor must be replaced
with (5;;;—, where barred indices go from one to d. This is necessary because ¢ is
set to zero in the subtraction. If this tensor is contracted with a d—e& dimen-
sional object, the barred indices can be replaced by unbarred ones. This can be
remembered by regarding & as a positive real number. In this theory, all indices
are contracted with momenta that go from one to d—¢, and thus barred indices
are unnecessary. In fact this subtlety can be ignored in all renormalizable
theories when dimensional regularization is used. This is so, because all pole
parts in these theories have the same form as the original lagrangian, where
indices are always contracted with momenta or fields. However, in a nonrenor-

malizable theory containing spinors, indices can be associated only with ¥

matrices, and barred indices cannot be reduced to unbarred ones.

Another point is that at more than two loops the subtractions of graphs are
more complicated [28]. A three loop graph with its subtractions is shown in fig.
6. In addition, the two loop graphs subtracted in D and E must have their own
one loop subdivergences subtracted (or they would not be local). Working with
the subtracted graphs is equivalent to adding the one and two loop counterterm
graphs, as in fig. 7. It must be noted, however, that only the counterterm from
Is, and not that of /3, must be used in D' and E', as can be seen by looking at D
and E. If one added both the two loop propagator diagrams together, however,

one could simply add all the counterterm diagrams.
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A Three-Loop Propagator Graph with Subtractions.
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Figure 7.
A Three-Loop Propagator Graph with Counterterms.
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The final comment is that at one loop the only integral required is

d—gf,
f (Zz)d/z' which can be done trivially. At two loops the integrals have the

form

T B e 1
fd kfd L (kZ)a(LZ)b(k_l)Zc ’ (51)

with a+b+c=d. As the number of loops is increased, the integrals become
more and more complicated. At three loops, for example, one encounters

integrals of the form

d—¢ d—¢ d—¢ 1
fd kfd Lfd o (kz)a(lz)b(mg)c(k—L)ze(lc—m)zf(l—m)zg 168}

with a+b+c+e+f+g=3/2d. These integrals can sometimes be done easily
using Feynman parameters, but sometimes other methods such as Gegenbauer
polynomials [29] are needed. There has been much work in developing tech-
niques for propagator integrals to many loops [29]. The method described here
of differentiating graphs and setting momenta and masses to zero allows one to
calculate the infinite parts of arbitrary divergent graphs with any number of
external legs in any theory to 7 loops, using the results of massless propagator
calculations at (n—1) loops, and then integrating over the propagator

momenta,



-40 -
III. The Meaning and Properties of Finite Theories.

In asking whether or not a theory is finite, one must be careful to refer only
to physical quantities, such as S matrix amplitudes. Even if a theory is physi-
cally finite, its Green functions are, in general, infinite. If the finite theory is
also renormalizable, these divergences can always be removed by infinite

wavefunction renormalizations of the form
®'(z) = Zd(z) , (1)

with Z a dimensionless quantity independent of the field . These rescalings are
unphysical and gauge dependent. This is in contrast to the renormalization of
the parameters of the lagrangians, such as masses and coupling constants,
which leads to physically meaningful quantities such as the 8 function. In gauge
theories the redefinitions also result in a change of gauge, but this complication
does not alter the discussion. In renormalizable theories finiteness can be for-
mulated equivalently as the lack of ultraviolet divergences in S matrix elements,

or by the absence of mass and charge renormalizations.

In nonrenormalizable theories, the situation is very similar. However, as
there are dimensionful parameters in the theories, the rescalings of eq. (1) can

be generalized to become field redefinitions

¢'(z) = fl2(=)] . (2)

Here f can be nonlinear, and its only restriction is that it be a local function of
$. In eliminating infinities, this locality will be insured by the locality of the
counterterms. In gauge theories the complications due to field redefinitions
involving ghosts and changes of gauge will not affect any arguments given below.

We note that eq. (1) is just a special case of eq. (), corresponding to a linear
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redefinition of the fields. The important feature is that, as for wavefunction
renormalizations, nonlinear field redefinitions do not affect the S matrix. This
well ‘known argument goes as follows. Apart from source terms, field
redefinitions can be absorbed by a change of variable in the path integral. The
jacobian of this transformation is of the type deft(1 +X), as ¢' = ¢+ O(%). It can

be evaluated in perturbation theory using the path integral representation
det(1+X) = [dadec el +Xe (3)

where ¢ and ¢ are anticommuting ghost fields. Since X is a local operator, the
ghosts ¢ and ¢ have local interactions. Because the ghost propagator is simply
one in momentum space, all ghost loop diagrams contain integrals of polynomi-
als. They therefore vanish in dimensional regularization, and the jacobian is
one [30]. The change of variables also alters the c;)uplings to the sources,

which become

Jfe(=)] (4)

where _f"1 is also a local function in perturbation theory. There is thus a cou-
pling of the source J to several fields ¢’ at the same spacetime point, and the
Green functions differ from those obtained by the usual J®' coupling. However,
it is familiar from the proofs of renormalizability of Yang-Mills theories that the
additional source couplings do not affect the S matrix [31]. When the sources
are put on shell and the external legs are amputated for computing S matrix
elements, the contributions from the nonlinear source couplings lack the neces-
sary poles on some of the external legs, and therefore vanish. The conclusion is
that finite theories in general produce redefinitions of the type (2), but these do

not affect the S matrix.
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In practice, when doing explicit loop calculations, the redefinition in eq. (2)
appears as a power series in the coupling constants of the theory, and can be

written as a power series in i (here not set equal to one)
d'(z) = &(z) + hoy(z) + BPes(z) + - - - (5)

It is interesting to examine the meaning of finiteness loop by loop. At one loop,
inserting (5) in the action implies that the counterterm needed to make Green's

functions finite in a finite theory is of the form
Si[®] = S[e]+h <S¢y = S[d'] . (8)

A theory is thus one loop finite if its counterterms vanish with the use of the

classical field equations

65 _
@‘_0 ’ (7)

On

since they can be absorbed by a field redefinition, using eq. (8).

A well-known example of this is provided by pure Einstein quantum gravity
at one loop. This was discussed by 't Hooft and Veltman [3] in a background
field de Donder gauge. The Green functions are infinite, but can be made finite

by introducing the counterterm
AS=V-gh(aR, R* +bR?) (8)

where @ and b are gauge dependent coefficients. This follows simply from the
power counting at one loop, general coordinate invariance and the Gauss-
Bonnet identity, which implies that R? and Rﬁy are the only independent gen-
eral coordinate invariant scalars of dimension four. Since the equation of

motion implies K, = 0, AS vanishes on shell and the theory is one loop finite.
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Indeed, AS can be written as
AS=V-gh(R*™ - 19 R)(a Ry — (b+1a)guR) | (9)
which corresponds to the field redefinition
0= G+ L @Ry~ (b + 1a)guR) | (10)

In fact, because the S matrix is physical, it is general coordinate invariant in
any gauge and background field methods are not necessary. One loop finiteness
follows simply from the fact that (B), which is the only possible correction to the
S matriz, vanishes on shell, Another(proof that the counterterm of eq. (B) is
unphysical is that there is a gauge [32] (not a very convenient one for actual
calculations) in which @ and b are zero. In this gauge the Green functions

themselves are one-loop finite, and no field redefinitions are needed.

Before asking whether a theory is finite at higher loops, one must decide
whether to calculate with S or 5;, the action plus the one loop counterterms.
The sensible definition of a finite theory is that the S matrix calculated from the
original action must not diverge. Thus at any order, calculating without coun-
terterms, the infinities of the Green functions must vanish on shell, giving a
finite S matrix. In this sense, the common statement that "a theory is finite if
its counterterms vanish on shell” is true. It should be noted, however, that cal-
culations are not conveniently done in this manner. If counterterms are not
used, Green functions have overlapping divergences. This is not a problem in
principle but, as was shown in chapter II, it makes the evaluation of graphs very

difficult.

It is thus important to see how calculations can be done using counter-

terms. A clue to this problem can be obtained from the renormalizable case.
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There, using or not using counterterms is a question of whether or not to insert
wavefunction renormalizations into Feynman diagrams. However, factors of "Z"
from ?ertices are canceled by 1/ Z's from propagators. Moreover, the proper
definition of the S matrix involves a rescaling of the external legs, and the two
procedures are clearly equivalent. In the nonrenormalizable case, one can
analogously calculate either with the original action or with the action of the
redefined field. This action is not just S;, however, since additional terms from
the Taylor series expansion of S[®] also contribute. Thus at two loops (to be

definite) one can calculate with

) 5S B2 5%8
5[¢]=S[¢]+n—6—¢¢1+567)2¢12 : (11)

rather than with S[®]. The first correction provides the counterterms neces-
sary for removing the divergences of Green functions at one loop. The second
term is already 0(7‘7.2) and is thus inserted only into tree diagrams. It therefore
produces no overlapping divergences, and the cancellation of the overlapping
divergences by the first term is preserved. It is however necessary to include
this term or one would erroneously conclude that the theory had additional
divergences at two loops. This also occurs for renormalizable theories where a
@™ vertex is multiplied by Z™, not by (1+n(Z—1)). If one wishes to calculate
only with the original action and its counterterms (i.e. without the second order
term in eq. (11)), a mathematically equivalent, if philosophically different, pro-
cedure is to calculate the effective action in this way and determine the coun-
terterms. Then the fwo-loop counterterm would contain the "62" term, and the
theory is finite if all the counterterms fit into one and two-loop field

redefinitions. This method is less suited to working with the S matrix.
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To summarize, finiteness can be stated in several equivalent ways.
1) The S matrix, calculated without counterterms, is finite.
2) The counterterms of the theory combine into field redefinitions.
3) The S matrix, calculated using lower order field redefinitions to remove

overlapping divergences, is finite.

We find the third definition to be the most convenient one. It can be imple-
mented by calculating in the theory with all diagrams completely subtracted
and adding the O(A™) terms from the Taylor expansions of the field redefinitions
at less than n loops. If the theory is finite at m loops, the remaining infinities

will vanish on shell or when S matrix elements are calculated.

The equivalence of calculating with or without field redefinitions has an
interesting consequence for the first physical divergence of a theory. If a
theory is finite to m—1 loops, but infinite at n loops, the n loop divergence of
the S matrix, which could a. priori be of the type —:: P s :17;7, is purely :1: In
renormalizable theories, this result follows from the observation that all higher
order poles can be obtained from simple poles using the renormalization group
[R6]. A proof of this result for pure gravity at two loops has been given by Chase
[27]. He used the observation, proved in chapter II, that the eiz part of a two
loop graph is — % that of the corresponding counterterm graph. He then used a
field redefinition to show that the gauge fixed action could be redefined back to
the original Einstein-Hilbert action, and that the counterterms thus give no
contribution, The gauge fixing terms and ghosts considerably complicate his

proof, and the proof is, in fact, slightly flawed, as the possibility that the gravi-

ton redefinition contains ghost-ghost terms was ignored.

1

; . 1
TI:n odd dimensions E o TR
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It is possible to evade the problems caused by gauge invariance altogether,
and give a simple proof of the general result. This follows from the gauge-
indepéndence of the S matrix. If the S matrix of a theory is n—1 loop finite in
some gauge, it will also be finite in a ghost free gauge, such as an axial or light
cone gauge. In this physical gauge the theory shows no sign of its gauge invari-
ance. If the desired result holds in non-gauge theories, it implies that the n
loop S matrix has no compound poles in this gauge. Again using the gauge
independence of the S matrix, this result must hold in any gauge. It is thus only

necessary to prove the result for a non-gauge theory.

If a theory is finite to m—1 loops, one can calculate the n loop contribution

to the S matrix without counterterms. It has the form

A A
ne 1 2 n .
M . 2 on finite (12)

where f is the dimensional regularization mass introduced to preserve the
dimensionality of the constants in the action. If the S matrix is calculated with
field redefinitions, however, it cannot have any overlapping divergences, and
thus logu can never appear in its divergent part. Since the two methods of cal-
culation are equivalent, logiu also cannot appear in the infinite part of eq. (12).

Expanding
= 1+nelogut+ -+ (13)

it follows that only 4; can be non zero, giving the required result.
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IV. Quantum Corrections to N=4 Yang Mills.

We now describe in some detail the various steps involved in the calculation
of the ultraviolet divergences of N=4 supersymmetric Yang-Mills at two loops.
The theory is formulated most simply in ten dimensions [12], where it describes
the interactions of an adjoint multiplet of Majorana-Weyl (i.e. real left-handed)

spinors with a Yang-Mills field. The action is

S= fa1%] - ;11- FegF2 — % X %y (D] (1)
where
(DaA)® = 0,A% + g f2°ARN° (2)
and
Fig = 0,A% — 8gA% + g f*°A%45 . (3)

Early Greek letters are used to denote ten dimensional indices. In the following,
middle Greek letters will be used for d dimensional indices. The action has been
Wick rotated into Euclidean space ('nap= Gap). to avoid the necessity of perform-
ing Wick rotations when doing loop integrals. (Rigorously these spinors do not
exist in Euclidean space, but this causes no problems.) The f“bc’s are the
structure constants of a semisimple Lie algebra, and are real and totally

antisymmetric. The supersymmetry transformations of the theory are

0AS = —1EY,A%

1
5?\“=5 af Yog € (4)
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where 74g is the product of 74 and yg antisymmetrized with weight one. The
lagrangian can be dimensionally reduced to any dimension d<10 simply by
dropping the dependence of the fields with respect to 10—d spatial coordinates.
The fields then split into irreducible representations of the d-dimensional
Lorentz group. For example, in going from & =10 to d =4 the spinor splits into
four four-dimensional Weyl spinors, and the vector splits into a four-dimensional
vector and six scalars. However, while it is natural to use d dimensional indices
in d dimensions, this is inconvenient for explicit calculations, because the
action splits into many pieces. Therefore, we will keep the form of the action in
eq. (1) for all d<10 (changing d'% to d%z). This simplifies the Feynman rules

and also has the effect of allowing similar manipulations in all dimensions.

Since the intermediate results of a calculation diverge even in a finite
theory, it is necessary to regularize the action. To preserve the gauge invari-
ance of the regularized action, a dimensional regularization scheme should be
used. Ordinary dimensional regularization does not preserve the equality of
Bose and Fermi degrees of freedom, and the regularized action is thus not
supersymmetric. Therefore, a supersymmetric modification of dimensional reg-
ularization, known as dimensional reduction [33], should be used. In this
scheme momenta are continued to d—e dimensions, as in dimensional regulari-
zation, but fields are left d-dimensional. The notation above is very convenient
for this scheme, which can be implemented simply by replacing g with g «*? and
d%z with d% %z, while leaving the ten dimensional indices on the fields

untouched.

The Feynman gauge (8q44)=0 results in the simplest vector propagator
and is therefore used in the calculation. The quantum action of the theory,

obtained by the usual Faddeev Popov prescription, is
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1 iz 1
S = fdlox - Z FgﬁFgﬁ - é A %7a(DgN)* — é (aaAa)z

+C‘aDCa+ng/2fabcc_aAgaacc , (5)

where c® is the familiar ghost field. The Feynman rules are shown in fig. 1. It
should be noted that, since the spinor is Majorana, the spinor propagator has no

"arrow'" associated with it.

We choose to calculate the four-spinor S matrix amplitude. This has two
advantages. Tirst, this case requires a total of 43 one and two-loop diagrams, to
be compared with 100 for the spinor-spinor-vector-vector amplitude and 69 for
the four-vector one. Secondly, four-spinor terms are superficially less diver-
gent than terms involving vectors, even though, once gauge invariance is used,
vector terms are actually less divergent than spinor terms. Multi-spinor ampli-
tudes, however, do have the disadvantage of requiring the use of Fierz identi-

ties, relating different spinor structures.

In order to calculate this amplitude, the types of diagrams shown in fig. 2
are needed. Writing non 1PI graphs for S matrix calculations is equivalent to
calculating the 1PI graphs for the effective action and using the equations of
motion. In either method, three 1PI Green functions, the vector propagator, the
vector-spinor-spinor vertex and the four-spinor amplitude must be calculated.
From the diagrams, it can be seen that external spinors can be put on shell, but
external vectors must be kept off shell since they couple to spinors. Spinor pro-

pagators corrections are proportional to (p?)(d—4)L72

at L loops. Thus in four
dimensions the spinor propagator is renormalized, inducing a renormalization

of the external spinor legs. In more than four dimensions these corrections
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vanish when the legs are put on shell, and the spinor propagator need not be

calculated.

(= >0

Figure 2.

The four-spinor S matrix. Circles denote 1PI graphs.

a) One Loop Graphs.

We can now study the one loop Green functions. These are both interesting
in their own right, and useful as insertions in two loop diagrams. We calculate
the effective action or, equivalently, the generating function for the S matrix. It
is thus not necessary to permute external legs, greatly reducing the number of
diagrams. Furthermore, because the spinor fields anticommute, all "minus”
signs are automatically taken care of. With this method, the combinatoric fac-
tor of a graph is simply one over the dimension of the group of all symmetry
transformations of the graph, allowing interchanges of both internal and exter-

nal legs.

All the one-loop graphs needed are shown in fig. 3. The vector propagator

corrections contribute

f@—f—dA“ (—p) (Papg — Nagp ) AR(R) [ & (2 )d_e kz(k1+p)2 (6)

to the effective action. This structure has already been manipulated to write it

as a transverse tensor. We remind the reader that the "vector” indices in (6)
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run from 1 to 10, and thus also represent scalars in d dimensions. It is a non-

trivial feature, that only occurs at one loop, that all d dimensional indices

disappear.

The spinor propagator correction equals

= Ejd—¢
_292>\ a.(_p)ﬂ )\a(p)f ?2:_)(1_1: kz(k1+p)2 ) (7)

where, from this expression on, the external momentum integrals (with their

factors of (27)%) are omitted for brevity.
PR A
¢ \
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Figure 3.
The one loop graphs.
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The vertex corrections give

'_i' £/2..2 rabc Msdd_ak 1
2 KT ) emT k)P —q)
- AS(—p—q) Ap) {yalBk? + 6pk —Rqk — K4 —Rp4 —2p-q]

— 4K (p+q)a + 84 (p+k)adN’(g) . (8)

Finally, the four-spinor Green function equals

1 5 o 2 ¥—7 rufdi=ck 1
—219 M9 d—¢ 1.2 2 2 \2
4 . ) (Rm) k<(k+p)<(k—qg)*(k—qgq—1
CNED) 7k 1A% (@) A (—p—g—T)7a (K — —# ) 7pA%(r) . (9)

Here the group theory factor is written diagrammatically, as explained in the
appendix, using a notation first introduced by Cvitanovié [34]. The indices on

the group theory graphs will often be omitted if they appear in this order.

b) Pole Parts.

Extracting the pole parts from the integrals in eqs (6-8) is straightforward.
First, one loop finiteness is trivial in all odd dimensions, because there are no
poles at odd numbers of loops in odd dimensions. In d =4 the four-spinor 1PI

amplitude of eq. (9) converges, whereas the amplitudes of eqs (8) and (7) give

2 - -
- @%)2—:[41:}\% A% — 2AS[hA% +5ig fPeR ey A48 | . (10)

where

hAZ = [0 A5 — 0,0-4% . (11)
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The field equation for 4, is
[hdg + Zgus ™R by,)" + 0(49) =0 (12)
while A® satisfies
(PA)® = AN + gusifabcgbye =g | (13)

Substituting these results into (10), it is seen that the divergence vanishes on
shell, and N=4 supersymmetric Yang-Mills theory is thus one-loop finite in
four-dimensions [35]. This is, of course, well known. Here we have seen how the

finiteness is recognized in terms of the on-shell effective action.

From (10), one can read off the field redefinitions (in this case simply the
wavefunction renormalizations) induced by the counterterms needed to make

the Green functions finite. They are

2 2
64% = — =L 2 4
and
4 2
A =— 29 _ja 15
. (4m)2e il

In six dimensions the pole parts of the effective action that contribute to

the four spinor S-matrix can be written as

2 11 . 2 =
—9—( T | 5 AGDAR + 19/ SThAG A7l

2 _ _
+ gz }\a'ya}\b~)\°'ya?\d , (18)
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where the spinors have been put on shell. Once again, all & dimensional indices
have canceled. In obtaining this expression, it was necessary to use Fierz and
group theory identities, as illustrated in the appendix. For example, when mul-

tiplied by the box group theory factor,
A YOyByBA N yOylyP A 4 d X YONX YOA . (17)

The use of the vector equation of motion now causes the divergence to van-
ish. Thus the divergences in the Green functions can be removed by the field

redefinition

542 = ——9°_ (rpaz + 3igpaex by ac) (18)
“ 3(4m)3e e R a '

The redefinition is now nonlinear, as anticipated in the previous section. There
are also other terms in §A% which cannot be determined from this calculation,
and are obtained by making other Green functions finite, as well as field
redefinitions for spinors and ghosts. In general the field redefinitions mix all
fields in the theory. As we have stressed, field redefinitions are gauge-
dependent and unphysical, but they are useful (in principle, at least) for
higher-loop calculations. In practice, the method of subtraction of subdiver-
gences omits explicit mention of them altogether. This should be clear from the

discussion that follows.

In eight dimensions even after the equation of motion is used a divergence
remains [36]. This divergence is physical. After simplification using Fierz iden-
tities, symmetries of the group-theory factor and the Jacobi identity it can be

written in the simple form
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_é;\ayaaﬁ)\b.;cyaap;\d#[ ]:I + é[ >__< + I ] ] (19)

All eight-dimensional indices have disappeared from this expression. It is impor-
tant that the group theory factor is totally symmetric, as demonstrated in the
appendix. This result is simply the four-spinor piece of the supersymmetric
counterterm found by Green, Schwarz and Brink in their one-loop string-theory

calculations [38].

The calculation can also be repeated in ten dimensions. In this case only
ten dimensional indices have to be dealt with, but the integrals have a higher
superficial degree of divergence, and manipulating the results is somewhat more

tedious. After simplifications, the result can be written as

Wl

Xayaapxb.}'\cyaaﬁ}\d_LMﬂ;e ﬁ [s [ — + \Y ]

+t[I—‘%]+u[_H—I]], (20)

where the Mandelstam invariants are the differential operators

S =RpgPy , t=Rpgpc ., and u =2pgpg . (21)

This apparently bizarre way of writing the result is actually very convenient.
The expression (20) could be simplified by using the Jacobi identity in eq. (A.5),
and the relation s +{+w = 0, which holds for massless particles. However, we
have chosen to write it in a way that the total symmetry of the second factor is
manifest. The result has the same "kinematic factor” as the eight dimensional

result, and is thus again part of an N=4 supersymmetric structure.
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Our calculations therefore agree with the superstring result [38] that the
onset of divergences at one loop occurs in eight dimensions. They also illustrate
the need for nonlinear field redefinitions to make Green functions finite in
theories which are finite but power-counting nonrenormalizable. Finally, they
provide us with the building blocks for the two-loop calculation to be presented

in the following.

c) Two Loops.

As stated in chapter III, we want to eliminate the overlapping divergences
from two-loop graphs. This could be done by associating to each graph the
corresponding counterterm graphs, but we shall instead use the equivalent pro-
cedure of performing subtractions on the integrals. Thus, we never explicitly
mention counterterm graphs. The two-loop diagrams contributing to the vector
and spinor propagator corrections, the two-loop vertex correction and the
four-spinor amplitude are shown in fig. 4. The spinor propagator correction is
again needed only in four dimensions. In these graphs the shaded portions
denote the total one-loop propagator and vertex corrections. Using these
insertions corresponds to performing a partial Schwinger-Dyson expansion. It
turns out that the number of diagrams is minimized by doing this for two and

three point insertions, but not for four and and higher-point ones.

Once the graphs are written down, the next problem is to extract their
divergences in different dimensions. The remainder of this section will deal with
technical details concerning the derivation of the results. This should clarify
the remarks made at a rather more abstract level in the previous chapter. The
discussion of the results and their interpretation is the subject of the next

chapter.
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In four dimensions, the finiteness of N=4 Yang Mills can be seen in two
equivalent ways (methods (2) and (3) of chapter III). The action plus the one

and two loop vertex and propagator counterterms is

%A%DA%(1—@":—)2§+@%—4(—§+"%))
_iFﬁy(l—@%%+@%(¥+%))
_%X‘la?\“(l—%% (4)4(36 +£9)

+ 4 gteRoppta(i- 5 104 £ (38 4 L)

M % gfoe R ey, abas (1 - (f:)z 1—80 + (7;%1(% + g ) . @2

where to apply the usual methods, we have introduced the indices 7 and j to
refer to the six scalars. Eq. (22) corresponds to the standard method of calcu-

lation. The counterterms simply induce the wavefunction renormalizations

, 2 2 4 41
Ay=4,(1- 2 ;"‘g (5—2—_))

(4m)? € (4m)* Re
. g® 2, g* .8 1
a,=24,(1 et (e )
' — = 2 é - Q §
Fea(l-pim e tam (At 26)

but no charge renormalization, and the theory is thus finite [36]. If, on the
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other hand, we want to calculate with the field redefinitions, it is necessary to

2
include the ng term from eq. (I11.11)'. This can either be done explicitly or by

adding the graphs in fig. 5.

+ T

Figure 5.

Field Redefinition Contributions. Dots represent counterterms.

These give the additional contribution

(Egr)‘*_ez (—2A42[A2 + BiX2AA® — 16ig f®C A %y,AP4S) . (24)

In this way, the infinite part of the two loop effective action becomes

4 .
9" | (8 _lygeq e (2 _ Bygerqae— 2 (B9 4 Byiegie
i' abc _2__‘1’ ﬂ y a b c _7_' abc __1_+_1_ 5y a b ¢

t39f (82 + 28)(7\ Yok ) A + 59 ( 2 = (A %7uN°) 45 [R5)

When the equations of motion are used, this infinity vanishes.

Next consider the d = 5 case. Here the extraction of pole parts is rela-
tively simple, because no one-loop subdivergences are present. These integrals
could be evaluated straightforwardly by a Feynman parametrization, but factor-
ing out the momentum dependence is still a simpler procedure. The result for

the effective action is

TAs this term is purely 0(1/ &%) and we know from the arguments of the previous
section that the S matrix has no 1/ &? part, we could ignore it altogether. However,
it is kept, as it provides a useful check of the calculation.
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4
g% |~ L jazae y 13 4o 2ge
(4m)%¢ o Ak Chrag 15 O
> abc ____1__7__ b c 29 b c
+ig fave ( 2501 “VuA OeAf + S0 R 2o\ Chds )
7 1
+ g2 (48>\ @y ACA Cy Al — 6o>‘ sy AER Sy, A% ) | | (28)

Using the equations of motion, the theory is again finite.

In six dimensions the calculation becomes more complicated. There are
subtleties due both to the nonrenormalizability and to the presence of subdiver-
gences. Moreover, the superficial degree of divergence of the diagrams
increases, and the integrals of the four-spinor Green function must be
differentiated up to four times to reduce them to logarithmically divergent ones.
Nonetheless, the method described in Chapter II simplifies matters considerably

and, after many manipulations, we arrive at the result

g* R, AR7 \ jar3 4a a
(4m)8 (-3 * Beas e Cr 43 _)A Chr 42
+ig £ (- oTh + 2T ) (Reyan®) DR 4

72 g 1728¢

. abc 1 289 s .

+ b d
55 4 R ey 0 (R 7ar)

+9

2 1 b d
+g (28882 6912 YA %7, A0 0 (A Sy,A%) (27)
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for the divergences from one and two-loop graphs. The algebraic manipulation
program SMP [37] was used in performing the differentiations, and particularly
for the 7y matrix algebra needed in simplifying these results. The square of the
one-loop field redefinitions from the graphs of fig. 5 give

___1_ 94 a3 sa ; abcy a bR 4c
18 (471')682 ( aDl‘Aa s Szgf A 7a>\ Dl‘Aa

2

+ 2| RO R 7)) (28)

When these results are added, and the field equations are used, all iz diver-
€

gences cancel, in agreement with the general arguments presented in the previ-

ous section. The interesting result is that the % terms also cancel [R4]. The

the effective action has no divergences on-shell, and thus the S-matrix is finite.

Finally we describe the results in seven and nine dimensions [38]. Again, as
in d=5, the calculation is conceptually rather simple, since no one-loop sub-
divergences occur in the integrals. The calculations are, however, very difficult
in practice, due to the high superficial degree of divergence of the integrals.
(The divergent part of the four point Green function in nine dimensions contains
eight powers of momenta.) Because of the number of terms obtained after the
differentiation, it was necessary to write specialized programs (in the C

language) for their manipulation.

In both cases the theory is found to diverge. As in the one loop ten-
dimensional result, the S matrix is the product of the kinematic factor from eq.
(19), and a totally symmetric factor made from group theoretical invariants and

Mandelstam variables. The seven dimensional result is



- 83 -

>’I

BaAD R Oy Bad —IoTT_
ﬂ 7a [ (477)7

3¢ @9— (Y ] )
EEFNB R
+u(§[§(+—9—%[->——<—1])]. (29)

The nine dimensional result is similar, though somewhat more complicated :
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In the next chapter the meaning of the results presented here, and their impli-

cations for superspace and supergravity are discussed in detail.
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Appendix.

Qur spinors are anticommuting and satisfy both the Majorana condition
A=CAT (A.1)
and the Weyl condition
A=yl (A.2)

in ten dimensions. All Fierz identities can be derived from the fundamental one
b—
)\a}\ —Ta (}\ 7a}\a)7a+ 8- 16 ()‘ 7aﬁ‘7 )7aﬁ7 32 51 ()\ 7aﬁ'yda>\ )7aﬁ762 (A3)

For the group theory factors it is convenient to use the graphical represen-

tation introduced by Cvitanovié [34]. Structure constants are represented by a

F —>)\ ) (A.4)

Since f‘"bc is antisymmetric, the vertex changes sign whenever two of its legs

trilinear vertex

are interchanged. The Jacobi identity is a quadratic relation in structure con-

stants, and in this notation reads

I+%-H=o . (A5)

At one loop only one new group theory structure is encountered in
processes with up to four particles. The one loop propagator group theory

diagram gives
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_O_ - — , (A.6)

which is a definition of the quadratic Casimir, and the one loop vertex group

- - % Y (A7)

after the use of eqs (A.5) and (A.6). On the other hand, the box diagram

theory diagram gives

(A.8)

is an independent invariant tensor. It is manifestly symmetric under reflections
about its diagonals and sides. Its antisymmetric part can be reduced to tree

structures using

(A.9)

0|

N N

as can be seen using eqs (A.5), (A.8) and (A.7). The irreducible totally symmetric

1
AT ) e

At two loops new structures emerge, but again only from diagrams with four

invariant tensor is

external legs. They are represented by the double-box diagram

(A.11)
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and by the nonplanar diagram

(A.12)

These two structures are not independent. The Jacobi identity (A.5) implies

(A.13)

=

The nonplanar diagram is irreducible. It is manifestly symmetric under
interchanges of its two upper legs or its two lower legs, and, as can be seen from

of eq. (A.13), it is symmetric under the interchange of its upper and lower legs.

a b a c a d
+ +* =0 .
(A.14)
d d b

The nonplanar diagram thus has the same symmetry properties as

g w

It is crucial, however, that in general the nonplanar and tree group theory ten-

Finally

sors are independent. (It should be appreciated how simply all these identities
can be derived from the Jacobi identity (A.5) using the graphical notation. It
would be very difficult to do this working directly with the products of many

structure constants.)

Finally, the symmetries of the group theory factors can be combined with
the Fierz identity to relate different structures, and this is of course crucial in

the calculation. As an example of many such relations, consider
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A%(D)7a7p? N(q) A (—p—g—T)7avpd A4(r) .  (A.18)

Since the box diagram is symmetric about its diagonals, it follows that the
expression above equals the one obtained by interchanging A and A°® and rela-

beling g = —p—qg—r. Thus
X®Ya7gt N0 A 7avpl A > X%y vt AR P yavp(—B—4)AE , (A17)
where the equation of motion of the spinor,
#A(r)=0 (A.18)
has been used. Using the Fierz identity (A.3) implies

A%7a7p? NOACya7pd A% + BA O AL-A Cf A — BuA Py, Al-A Sy, Al

16

- - 1 o -
+ 3 SA Y AL A Cy Al — 3 SA "'7,,7577}\"'}\ °7a75777\d =0 , (A19)

when multiplied by the box group theory diagram.

Performing similar manipulations on other structures, eq. (18) can be

simplified into terms involving only one 7 matrix. Thus, one can replace

X%y 7pt N A ya7pd A2 > — BA%#AE-X g Ae
— 1BUX CY A A CYaAd — Bs X Fy Al-A Sy Al | (A.20)
when the expression is multiplied by the box group theory diagram. There are

many such results. They can all be derived using similar methods and will not be

shown here.
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V. Discussion.

The divergences found in the previous section all have similar structures.

They can be written as

PO PYSEPNL NPy S (1)

Wl

multiplied by a totally symmetric tensor T constructed out of the structure con-
stants f%° and the Mandelstam invariants s, £ and % of the four-particle pro-
cess. The results of our analysis are summarized for convenience in the table

below.

loopsidi™ | 4 5 8 7 8 9 | 10
1 0 0 0 | 8 | Ts | O | T
2 0 0 0 T - To -
Table 1.

Divergence Structure in All Dimensions at One and Two Loops.

The calculations in eight and in ten dimensions were not done at two loops,

since the theory was already found to be infinite at one loop in these cases.

The fact that divergences take the simple form (1) was originally noticed at
one loop in the string theory calculation of ref. [36], and the persistence of this
result to two loops is rather fortunate. The expression (1) can be completed to
give the four-point interactions including vectors by enforcing N=4 supersym-

metry. The result is
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1 o
= Faﬁ Faﬁ F-,& F75 + 21A 7a63>\Fa7Fﬁ.,

= 1 - =
— 1A 7aﬁ77\ Fada-,Fﬁé . 5 A 7‘,65?\ A 7‘,65)\ ) (2)

where Flgg is the linearized field strength of the vector. This expression is
supersymmetric on-shell, i.e. when the the field equations are used, provided its
group theory indices are contracted with a totally symmetric invariant tensor.
This is somewhat tedious to prove but, once it is done, the supersymmetry of the
divergences in all dimensions follows, since any totally symmetric tensor factor
is invariant under supersymmetry. As the calculations were performed in a

nonsupersymmetric gauge, the supersymmetry of the results is a good check.

The tensor factors in the cases where divergences are found are all

different. In eight dimensions at one loop the tensor is simply

g

Ta=(—491$—48(]j+é[>—<~+*]) - ©®

It does not contain any Mandelstam invariants, as is clear on dimensional
grounds. In ten dimensions at one loop the invariant tensor does contain Man-

delstam invariants. It is given by

Ti0= 3(130 (47;)5 [ H \7/ J

T =-101 @

In seven dimensions at two loops the tensor is



- =

- 27
15 (4m)7e

w@@ s ~-T 1)) e

b

and in nine dimensions at two loops it is

s o ( L2830~ T )

3024

13 Y5l 5 _
_53(4536 @ * 133056 [ I < ] )

(T i (D)

. d

a5 v - 1)) e

In each case the tensors that appear are the most general ones allowed on

dimensional grounds. If the structure of the divergence is assumed, the only
problem is to determine the coefficients. The one surprise from this point of
view is that the two-loop divergence in six dimensions which could, a priori, be
proportional to Tg, vanishes [24].

The expressions T;9 and T; are very similar. Their only difference lies in

the fact that eq. (5) contains a more complicated group theory invariant. This

additional invariant cannot occur at one loop, since it has the topology of a
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two-loop diagram. As shown in the appendix, the tree group theory factor in eq.
(5) satisfies similar identities as the nonplanar group theory factor. In general,
howe\;er, it is an independent invariant. For example, in the case of SO(N),
where the structure constants can be written as products of metric tensors, it
can be shown that the two tensors are proportional only in the relatively trivial
cases of SO(3) and SO(4). This is crucial for the interpretation of the seven

dimensional result.

Let us now consider the results in the various dimensions. At one loop all
theories are finite in odd dimensions. The results in even dimensions were first
obtained in ref. [36] by taking the zero slope limit of the corresponding super-
string theory amplitudes. The four-dimensional result has been understood by a
light-cone superspace argument [39], and later by instanton methods [40] and
by an application of the Adler-Bardeen theorem [41]. The result is well known,
and is true to all orders. In six dimensions one-loop finiteness follows simply
from supersymmetry. In that case the only dimensionally correct gauge invari-
ant vector counterterm is of the form F3. However, this cannot be completed
into an N=4 supersymmetric invariant. Divergences do occur in eight and in

ten dimensions.

At two loops in four dimensions, the methods used to show finiteness at one
loop still apply. In addition, because N=2 superspace formalisms exist [4R2],
finiteness is guaranteed by the N=2 power counting rules. Possible divergences
in five dimensions at two loops have the same structure as one-loop ones in six
dimensions, and vanish for the same reason. The two-loop finiteness in six
dimensions is more subtle. The result found in eight dimensions at one loop,
when dimensionally reduced, has the correct dimensionality to occur in six

dimensions at two loops. Moreover, the superfield power counting appears to
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rule this out only if N=4 superfields exist. (N=4 superfields could exclude a
divergence in six dimensions while allowing one in eight dimensions, because the

theorem about the structure of the counterterms does not apply to one loop.)

However, Howe and Stelle [43] succeeded in explaining the six-dimensional
result in terms of the existing N=2 superfield formulation. Their argument
goes as follows. When N=4 Yang Mills is written in terms of N=2 superfields,
the spectrum splits into two multiplets. There is a Yang-Mills multiplet and a so
called hypermultiplet, or N=2 scalar multiplet. The only two-loop counterterms
for the Yang-Mills multiplet, that are allowed on dimensional grounds, are of the

form
Fo4VygVecFeP (7

with various possible contractions of the indices. Here F'is the dimension 3/2
field strength of N=2 Yang-Mills in six dimensions, which at & =0 contains the
spinor of the theoryT. The structure in (7) is the type of counterterm used in
the derivation of the power counting rules (see eq. (1.20)). However, the

superfield F satisfies the on-shell Bianchi identity

VauFP4=0 (8)
and its equation of motion is

ViFE=0 (9)

t @ is an SU(2) index, and 4 is a spacetime spinor, or SU°(4) index.
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where V p is a spacetime derivative. It follows that all possible contractions in
eq. (7) lead to expressions that vanish on shell, and there is thus no counter-
term for this sector. It is then argued that counterterms containing the hyper-
multiplet do not occur since the nonlinearly realized supersymmetry would
relate these counterterms to the nonexistent pure vector counterterm. Thus in
this case, the power counting formula can be strengthened, and N=2

superfields are sufficient to give finiteness in six dimensions.

The N =2 superspace analysis does allow a counterterm at three loops [42]

in six dimensions. The unique possible structure is
A“ﬁ"éfdex d809 e pop FACFPRFOYFPPC® c°? + more (10)

where "more" denotes the hypermultiplet terms, and 4 is a group theory factor
antisymmetric in both the (af) and the (74) indices, and symmetric under the
interchange of the two. From the appendix of chapter IV it can be seen that, in

less than three loops, such a group theory factor can be only

(11)

or

a c b c
(12)
d d

Indeed, by integrating out the anticommuting variables, one can show that the
expression in eq. (10), multiplied by the two group theory factors, reproduces

the one-loop divergence in ten dimension and the two-loop divergence in seven
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dimensions. They both have this structure, since they have the same dimen-
sionality as the three-loop six-dimensional result. One would expect that the
three-loop six dimensional result, which is unknown, would have additional
invariant group theory tensors, as the seven dimensional result had more than
the ten dimensional one. It can be noted, parenthetically, that to this order, the
structure of (2) is unique because of the uniqueness of eq. (10). The fact that
the same kinematic factor also appears in nine dimensions has not been under-
stood in terms of superfields. It is an open question whether this structure per-

sists to higher orders of perturbation theory, but this appears likely.

The divergence in seven dimensions is given by eqs (2) and (5). The result,
when dimensionally reduced to six dimensions, can thus be obtained from the
N =2 superfield integral of eq. (10). Thus the seven-dimensional result can be
written in a non-manifestly Lorentz invariant way as a N=2 superspace integral
over six-dimensional superfields. (This is suggestive of an extension of six-
dimensional N=2 superfields above six dimensions, as can be done with four
dimensional N=1 superfields [44].) What one is really interested in, however, is
attempting to write an N=4 superspace counterterm, as in eq. (I.20). The only

gauge invariant candidate at the linearized level is
Tr [ d7zd1%0 T, W4 (13)

where ['4 is the spinorial connection of ten-dimensional Yang-Mills, .and WA is
the corresponding linearized on-shell field strength?. At the linearized level wA

is given by

THere 4 is an SO(9,1) spinor index.
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WA = (7 )48 (y*)P(DeDpT's — DpDeTp) . (14)

The term (13) is gauge invariant. This is not manifest, but follows immediately

from the linearized on shell Bianchi identity satisfied by WA
DiWwA=0 . (15)

The nonlinear generalization of (13) can be obtained using the methods in ref.

[45]. The resulting expression

(7o) 48 (7*)CP ( DaTp Del'p — Dpl'p Del'y

2
= g Il Delp. Tal+ 3 Ip[Del'a,Tpl — T T} tT4.I'p} ) (16)

is somewhat unenlightening, but can be understood by noting that its variation

is
26T, WA . (17)

The important point is that the group theory factors in (16) are, at most
trees. The term has a manifest N=4 supersymmetry, and thus an N=2 super-
symmetry. As (R) is the unique term with N=4 supersymmetry, (13) must be
proportional to it. It is even possible that the highest @-component of the
integrand in eq. (13) is a total divergence, causing the whole integral to vanish.
In either case, the N=4 superspace counterterm is clearly different from the
seven dimensional result, since the group theory factor in eq. (5) contains

“"non-planar"” structures, which cannot be written as "trees”. The seven
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dimensional result thus cannot be written as a full superspace integral of on-

shell N=4 superfields.

The main conclusion of this work is that the basic ingredient of the N=4
superfield power counting, the form of the on-shell effective action, is explicitly
violated. Although the violation of the power-counting was discovered in N=4
Yang-Mills in higher dimensions, this demonstrates that one should not trust the
power-counting of extended superspace for any theory for which the off-shell
superfield formalism is unknown. The only theory for which N>2 superfields are
known is simple supergravity in ten dimensions, together with its dimensional
reductions [468]. However, this theory already diverges at one loop [47], and is

thus somewhat uninteresting.

These results lead to the conclusion that divergences invariably appear
whenever there is no good argument excludiﬁg them. There are no miracles.
What are the implications for supergravity? It has been suggested that N=8
supergravity might be two-loop finite in eleven dimensions [48], even though it is
already infinite in eight dimensions at one loop. This is not even sustained by
the N=8 power counting. Our results suggest that this is extremely unlikely. In
particular, the nine-dimensional two-loop result is a good analogue of this case,
since at one loop the N=4 Yang Mills theory is infinite in eight dimensions and
trivially finite in nine dimensions. If the eleven-dimensional supergravity is
indeed two-loop infinite, this would undermine the use of this theory for a
Kaluza-Klein approach to the unification of the fundamental interactions, as the
underlying theory would be divergent. The compactification to four dimensions
would not affect the divergence, as the theory would still look eleven dimen-

sional at very small scales.
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In four dimensions, all pure supergravity theories are known to be finite up
to two loops. The superspace power counting arguments can be used for N=1
and N:2, but this has no further implications. Furthermore, explicit super-
space counterterms for supergravity have been studied in ref. [49] and, unlike
the case of six-dimensional Yang-Mills at two loops, three-loop counterterms
are available for the N=2 supergravity multiplet which do not vanish on shell.
It is therefore very likely that all supergravity theories will diverge at three
loops in four dimensions. If this is actually true, supergravities could not be
considered to be fundamental theories. One possibility is that they could be
considered to be limits of string theories at energies below the Planck mass.
N =2 superstring theories in ten dimensions have been shown to be one loop
finite [36], unlike their ten-dimensional field theory limits. The analysis of
divergences in string theories is quite different, and one could hope that this
would persist to all orders. The final word on these issues may have to await

further explicit calculations.
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