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ABSTRACT

On the seismograms of many earthquakes the waves reflected from the
outer boundary of the earth's core oftentimes write traces which appear
larger then the size of the shock warrants. A systematic study has been
made of the displacement ratios of these core reflections to the direct
body waves. Data accumulated during the course of this investigation
tend to confirm the idea that the displacement ratios of the longitudinsal
waves reflected from the core to the longitudinal direct waves are greater
than the presently accepted theory would indicate. Some possible causes
of these differences are investigated, but reascneble éhanges in the as=
sumptions do not result in an explanation of all of the discrepancy be-
tween the observed and theoretical data. Additional research projects
are suggested that might help in answering some of the puzzling features

of these phencmenas
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I. INTRODUCTION

This paper deals with the energy of seismic waves reflected from the
core of the earth. As in all sclentific problems, a study of this subject
invites two different lines of approach: the theoretical consideration of
the question based entirely upon inductive reasoning and a consideration of
the results obtained by physical measurements of the actual phenomena ine
volved. Theoretically, problems of energy transmission by seismic waves
have been presented by many former workers in seismology; physical measure=
ments of seismic wave amplitudes and energies, however, have previously
been presented only for direct body waves, surface waves, and waves which
have reflected from the surface or crustal layers of the earth. In this
report, the results obtained by previous investigators of the theory will
be presented, largely without derivation of pertinent formulae; and the
writer will restrict himself to the quantitative physical measurements
made during the course of recent research and to some of the implications
of the results obtained.

The notations used in this paper are all in current use by various
authors; but due to differences in notation, a brief resumé of the symbols
is not out of order at this place. The longitudinal wave will be desig-
nated as P; the ﬁransverse wave as S. The letter ¢ indicates a reflection
from the core boundary. Thus PcP is the wave that travels from the epi-
center of the earthquake to the core boundary as & longitudinal wave, is
reflected there, and proceeds to the surface of the earth as a longitudinal
wave. The symbol V¥ will be used for velocity with a subscript to indicate
the wave in question. A subscript o will be used to indicate that the
quantity refers to its value at the surface of the earth, 1 will indicate
that the gquantity is to be evaluated in the mantle adjacent to the core

boundary, and 2 will indicate that the quantity is to be evaluated in the
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core adjacent to the core boundary. Thus, the symbol vPl represents the

velocity of longitudinal waves in the mantle just outside the core. Angles
of incidence will be indicated by i. Amplitudes will be represented by A.
Incident rays will be shown by a subscript e or i, reflected waves by the
subscript r, and refracted waves by the subscript f. Thus the amplitude
of a reflected transverse wave will be &,.,, and the sine of ite angle of
of incidence will be shown as sin iee Density will be shown by the
symbol ¢ . Energy will be indicated by E. Thus the energy of the in-
cident longitudinal wave will be shown as Eip‘ Axes of reference, x, ¥,
and z ﬁill be right hand with the z-axis in the vertical direction and
the x-axis in the direction of the componant of the ray in the horizontal
plane. Displacements will be designated as u, v, and w, in the directions
X; ¥, and z, respectively. When maximum horizontal displacement is to be
indicatied, the symbol u will also be used, and its use will allow it to be
distinguished from the horizontal displacement in the direction of wave
propagation. ugy and uyg will be used to show the horizontal displacement
in the east-west and the north-south direction, respectively. The symbolA
will indicate epicentral distances in degrees of arc. h will be used for
depths of focus. Other symbols will be designated and defined as occasion
arises for their use. A resumé of notation cen be found in Appendix A.
Certain assumptions have been made throughout the course of the in-
vestigations leading to this report. These assumptions make the results
less precise than would be the case if all of the factors involved were
definitely and conclusively known. In the following presentation, the
assumptions will be enumerated and discussed. The systematic errors caused
by these assumptions are largely reduced by using ratios wherever possibles

however, random errors,due to many suppositions and probably varying

physical phenomena at the focus or source of the seismic energy, are
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introduced and tend to enlarge the scattering of recorded data. The essence,

therefore, of the evaluation of the data obtained is, as in any other inter-
pretative problem, a search for confirmation or condemnation of a given
hypothesis, with due regard for the inherent errors in the data. The in-
herent errors in this case are probably larger than the precise physicist

is used to dealing with. The reader is requested to keep in mind these
thoughts while proceeding through the following discussion, as the methods
used throughout are believed to result in accuracies at least of first

order definiteness.
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II. THEORY
The theory of the transmission of seismic waves has been discussed
previously by many authors. The following discussion is a brief resume
of those portions of the theory pertinent to the present discussion.
The true amplitude of a seismic wave for any point can be expressed

by the following formula:

Ay=CTf sin ig diy  fwdD (1)

sinAcosio aan

where
A = incident amplitude

C = constant depending on the energy at the source of the earth-
queke, the radius of the earth, and the units used

T = period of the seismic waves

[
]

square root of the product of the ratios of transmitted or
reflected energy, as the case may be, to the incident
energy at each discontinuity of density and/or wave
velocity along the path of the ray.

_(xkdD : ,
eﬁ‘= absorption along the ray path D where the absorption factor
is k

N = epicentral distance in degrees of arc

ig = angle of incidence of the ray at the source

i, = angle of incidence of the ray at the recording point
Details of the derivation of the above formula and the assumptions made
can be found in Gutenberg 14/. The assumptions made in the derivation of
this formula are: (1) the source of the energy is a point, (2) close to
the focus, or source of the energy, energy is propagated spherically in
equal amounts in all directions, (3) higher order terms in approximating
infinitesimals are disregarded, and (4) energy flow in the direction of
the wave front is negligible.

If it is desired to obtain the displacement of the ground at any

point on the earth's surface, the incident amplitude (Ae) mast be malti=
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plied by a factor which is the ratio of the ground displacement to the

incident amplitudes
u=ho(uflg); vaho(v/Ag); or wat(w/a,) (2)
where:
ufb,, v[/A_, w/A, = the ratio of the ground displacement in the u,
v, and w directions, respectively, to the
incident amplitude, depending only on Poisson's
ratio and the angle of incidence for a given
wave type.
Values of u/Ae, v/Ae, and w/A_ have been determined under varying assump-
tions of the value of Poisson's ratio at the surface (see 36/, 13/, 24/,
and 18/. Gutenberg, in the last referemce cited, has plotted these ratios
for both transverse and longitudinal incident waves, for values of Poisson's
ratio of 0.273, 0.260, 0.239, and 0.215. Throughout this report, where this
ratio is required, these graphs will be used and a Poisson's ratio of 0.2850
will be assumed. Using this value in lieu of the others mentioned can make
no more than a 10 percent difference im the above ratios.
The various variables in equations (1) and (2) can be discussed further.
The constant C is dependent on the energy released at the focus in the form
of wave type in question, the radius of the earth, and the unite used. The
last two of these three factors remsin constents at all times; the energy
release, however, is different for each earthqueke and is possibly-different
for different types of waves (longitudinsl or transverse), although studies
to date show that there is probably little varition in the latter 19/. The

relationships of the angles of incidence in the formula are derived from

the following equation, depending on Snell! law:

I's sin 1s - I‘o Sin ‘10

v ¥

S



wheres
r_ = distance from the center of the earth to the earthquake focus

redius of the earth

&)
I

V_ = velocity of the wave in question at the focus

V_ = velocity of the wave in question at the earth's surface.
The quantity dio/dcsis obtained from a plot of i, vs.A, which in turn
can be readily determined from sin i = Vo/'v , where V is the “apparent
velocity" obtained from the observed traveltime curve of the phase in
question and V, is the velocity at the surface of the wave in question at
the surface. This formula cen be derived by simple geometry from a sketch
of the wave front at the surface.

The absorption e'JKdD is a relatively small factor. Gutenberg 19/,
from a study of P, P'P', and P'P'P!', found that the value of k=0.00012/km;
and, as this equals the value previously found for G waves (very long sure
fece waves), he concluded that " it seems, therefore, that for all those
earthquake waves which are not much affected by crustal layers the absorp-
tion is about the same". Using this value of k and considering the fact
that the largest difference in the path lengths of the direct waves and
the waves reflected from the core boundary is at a zero epicentral distance,
one can readily calculate the maximum reduction factor in the amplitude

ratio of PcP/P or ScS/S:

Absorption = Ve /P ROl 2ESR00 =1/b.496

wheres
k= 0.00012/lm
D= 5840 km = two times the depth of the core boundary from the
surface of the earth
This gives a maximum amplitude reduction factor for ebsorption of 0.704,

i.e. the theoretical value of the ratio of the amplitude of PcP to the

smplitude of P will be under maximum conditiomns reduced by 30 percent by
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considering absorption in lieu of disregarding it. Of course; this percent-

age is theoretically reduced as the epicentral distance is increased; until,
at A=103° , P grazes the core and the absorption of both P and PcP are
theoretically equal.

The factor £ of equation (1) has been the subject of discussion by
many previous workers. Knott 26/, in 1888, published the first paper from
which the values of the ratios of reflected and transmitted energies to in=
cident energies could be determined. Results of research by Zoeppritz 35/,
which developed comparable formulae from consideration of amplitudes instead
of energies, were published in 1919 after his death. Blut 4/, in 1932,
further contributed to the theory by publishing equivalent formulae derived
from & consideration of the absolute energy relationships. Macelwane 27/
presents a recapitulation of the development of the formulae of these three
men, and the reader is referred to his discussion for further details, if
the original publications are unavailable. Subsequent discussions and numeri-
cal computations of the factors contained in f have been published by Jeffreys
24/, Muskat 29/, Dix 10/, Joos and Teltow 25/, Muskat and Meres 30/, Ott 31/,
Gutenberg 18/, and Dana 8f/. Among these the last two papers are of particular
importance in this report as they contain numerical date directly bearing on
distant earthquakes, and the theoretical values referred to in this paper
will be largely teken from these two articles.

A brief review of the methods employed by Zoeppritz in the derivation
of his equations is presented below primarily to bring to mind the assump-
tions involved. By simple geometry, assuming plane waves (where each parti-
cle propagating the wave moves with harmonic vibrations) and neglecting
any energy flow in the direction of the wave front, the following formulae
for the instentaneous amplitude (&, for longitudinal waves and Pis for

transverse waves) are derived:
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im (t !»@Ml—lp-ffmlzp)

§l_;o =AiF Ve
im (7.‘-‘ X gsan €is +zm£is)
§[5=A[5 & ‘/J'I

wheres

m= 21 /T

Again by simple geometric relationships, the following formulae can be

derived for the reflected and transmitted wave amplitudes:
2 e Bt

) -{FP:A"Fe ‘Vpr
% x“‘-l"s'lcml.'rs
é; = A Ez‘"16é_ T )
rs rs
( y XleP-l-chﬁ,)
E;-P: Af’velm Vrz
_ | Xadulys + E cow Lys)
_?}5=Af5 e lm(f VSZ 7

Using the fundamental equations of wave motion (where elastic processes

only are considered and the body forces have been neglected):

O _ A2z g9
ot*~  §

at-z.(wx’ &JS,OJZ) /’&V (Cdx) 5)‘:‘]2)

where:s

@ = dilatation = 3:.1. O 4 d wr
ox 341 PP

= one-half the components of the curl, with respect to
the axes indicated by subscripts

¥ = Laplacian operator 2%—1 3; g;

Coy, oy, iz

,\)/4: Leme's constants,

the components of the normal and tangential stresses can be derived. The
following boundary conditions which must be satisfied can then be express-

ed in terms of displacements:

(1) Bquality of the sums of the normal displacements on the two
sides of the discontinuity
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(2) Equality of the sums of the tangential displacements on the
two sides of the discontinuity

(3) Equality of the sums of the normal stresses across the dise
continuity

(4) Bquality of the sums of the tangential stresses across the
discontinuity.

These boundary conditions, of course, assume thet the plane of the dis-
continuity is without slip. Assuming an incident longitudinal wave and

using simple geometric relationships, the following formulae for the dise

placement components can be derived:

Uiy = Fip acie L wi, = By cow 4y
Uy = £, acn Lip wrp =-—13r o Lyp
Ups = $,s eovlpg wis = Bps o lps
Usp '4_ fﬁ, Mt'fp wip = f’f’F cos L'f,u
g =~ ml'fs Wys = 'iffs e Les

Now, assuming plane waves, the following Zoeppritz equations for the case
of an incident longitudinal wave can be obtained by substituting the
equations for the displacement components and the equations for the in-

stantaneous amplitudes into the boundary conditions:
Aip migf = A,.F c{m,c'[/, +Ars e irs —Aff’ o L',c’p ~Ags o Lpg =0
Aile})o+ Arp Mél/p + Ars /0005/3 - A.yp M[f}’ +A§S coe z;p‘g =0
- Aip o025~ Arp conRs ¥ Ars (1) aie Zirs + Aup (EEE) couisp ~ A(B) Vs i, =0

= Aip cou2ipt Amp sue 24,5 # Ars (-‘%) coa Rips + A;,;( )(YZ) (sz)mzzf/a Afs(f—,)(\//f) {\—‘ff’—;)coa,gcs o)

Similarly, assuming an incident transverse wave, (with vibration of parti-

cles on the vertical plane, i.e. SV type) the following formulse can be

written for the displacement componentss:
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U = Fis con i Wi = P e Ly
Lpp = §rp Ala Lrp G ™ =2 SO {rp
Ll = $r oo s Wi = Lrs win Zz’s
K™ $5 0on lgp wi = dgp 0w b
Lg =—¥y coutlys wis = g i ilyg

and the Zoeppritz equations are:

—Ais /MQS "Aff’ m"(ﬂ +Ars Mé.z‘s ‘Aﬂ’ <o élff -,4{5 e é'fs =10
Ais Loty —/IrF ~aere ‘;)’ + Ay coaiss =Asp M[f/, +Ass coe tys =0

Ajs den & tjs ‘Arp( )C%Zhs ‘rArs anllis ""AW( )(%)MZ[{S ‘f’Afs(‘;TLX—\\Z—f)M‘k

t
Q

~Ais coaléyg fAr/:( )dchbpvtArs con s +/4ff, ‘Zﬁ/z) ain Clgp = Afs(f’,)(\/”) conigs = O

. Agsuming that the incident transverse wave is propagated by the vibration
of particles in a horizontal plane (SH type), the normsl strains equation
and the normal stress equation disappears and the Zoeppritz equations be-

comes
A[s + Ars "'/4fs =g

s = A As(Ble) im0

)

There are two special cases of reflection that are of particular interest
in this report, i.e. the reflection of a longitudinal wave at the core
boundary and the reflection of a transverse wave at the core boundary. In
the case of the incident longitudinal wave against the core boundary, we
will assume that the core acts as a liquid, inasmuch as the transmitted
transverse wave through the core has not been observed. This assumption
causes Vgo=C, sin ifp y» and the tangential strain equation disappears.
Therefore, Zoeppritz'! equations for an incident longitudinal wave become:
Aip coa tip — Arp coadyp FArs gl v“/’f,a coalpp=Q
- /47 coallys - Arp cow 2Ujs+ A@(%WZQ ,7"/}{/9(%)(%‘;,—7) =0
~Rip con iy +hp 2soe Lot hrs(B)eoe 24 -0
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In the case of the incident transverse wave (SV_type) against the core

. boundary, Zoeppritz! equations similarly reduce to:

“Ajis o i “Arp concy  t Ap el — Agpcow g <O

s acin Zss ~Acp({E) coniyy t Ars 0in 2is + AfP(!L)(Z%z) -0

s ALs coa 2es ‘f’ArF(—‘;—’) 4«1}»»21,‘"’, +Ars Coe2lis -0

In the case of the incident transverse wave (SH type) against the core
boundary, Zoeppritz' equations reduce tos

Rig = Ay

From a consideration of the problem from an energy viewpoint, such
as Knott or Blut used, the following check equafion of energy can be de=-
rived (again assuming that the energy‘flow is perpendicular to the wave
front):

(a) for an incident longitudinal wave,

2 ¢
___,L + Ars” ain g Afg 02\ _ain 2ilso
/ Atf A(F MZ:’: * (fl) MZLL/,

(b) for an incident transverse wave (SV type),

jo Drpl 2w Blap 4 A +%<%_> Bl
L5 1

A[S‘ MZ‘*LS ALS "””“—Z‘LS
(¢) for an incident transverse wave (SH type),

. As®
= Ais®

The energy ratios can also be expressed as:

(2) for an incident longitudinal wave,

b _ Ap’®
Eiﬁ /41.‘}92

.sz:. roe (iﬂ walifp

’M‘thﬁ

Ers - Ars i LFe
Lip  Aip* aiciys

(b) for an incident transverse wave (SV type):
_&L Ar 2 2["5
Eis ALf Ao 2l
s At
Es Ais"
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Ego _ Aso- (21) ecn 2Lsp
L Ais™ Vi 2 &y
(¢) for an incident transverse wave (SH type),
Ers - A .
Eis Ais*®
The numerical computations for Ae, u, v, and w as shown in formulae

(1) and (2) above have been presented by Dana g/ for P, SV, SH, PcP, PeS,
and Sc8, and many other phases. His calculations are all based on the

following assumptions:

vpo = 5.5 km/sec Vo = 3.2 lm/sec
v§1 = 13.7 km/sec ; Vg = 7.25 km/sec
V%z = 8.0 km/sec

/o, = 10.1/5.4
In his computations, the value of the constant C is taken to be equal to
Ty and the period T is taken as 1. The absorption K is assumed to be
negligible; so the absorption term eﬁ?dD is considered to be unity.

In addition tc the evaluation of Ae, u, v, and w for the various
phases, Dana also computed the ratios of u, v, and w for PcP/P, PcS/P,
Scs(SV)/sV, ScsS(SH)/SH, ScS(SH)/SV, ScP/SV, and various other combinations.
As the value of C is a constant at least for the same type of wave (longi-
tudinal or tfansverse) for the same earthquake if the energy is assumed to
be propagated equally in all directions around the scurce, or focus, this
factor cancels in deriwing these ratios and ite assumed value has no bearing
on the ratios obtained.

Dana's assumption that the period is 1 sec gives the smame results as
though he had computed the ratio of u/Te, v/Te, and w/Te; so, in comparing
observations with his computations, it is necessary to reduce the observa=
tions to ratios of u/Te, v/Te, or w/Te, or in effect to multiply the ratio
of u's by the reciprocal of the ratio of the observed periods. In the re-

duction of the observational data obtained for this report, the value of
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u/Te (or w/Te) was obtained for each phase which was measured, and the ratios

of u/Te (or w/Te) for PcP/F, PcS/P, etc., were obtained by the division of
these quantities.

On the graphs in the later parts of this report, the theoretical curves
which are presented are plotted from the calculations of Dana, except where

otherwise specifically indicated.
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I1I. INSTRUMENTATION

Prior to evaluating the results obtained by seismographs, in terms

of either ground displacements or energy relationships; it is, of course,

necessary to obtain the response characteristics of the various instruments

used in the investigations.

For this report the instruments which were used were those in normal

operation at the Seismological Laboratory at Pasadena, California. A list
of these seismographs follows:
Normal
Inst. Design Design Static
No. Comp. ZType of Instrument To Tz Magnif .
I N-8 Wood-Anderson Torsion 0.8 sec 2800
II B-W Wood-Anderson Torsion 0.8 2800
IIA 2 Benioff Electro-Magnetic 1 90 sec
Iva N-8 Benioff Electro-Magnetic 1 90
1VB B-W Benioff Electro-Magnetic 1 90
v EB-W Wood=Anderson Torsion 6 800
VA N-8 Wood-Anderson Torsion 6 800
VI N-S  Benioff Strain 0.016(ca) 70
VIA Z Benioff Electro-Magnetic 1 0.23
VIBN N-8 Benioff Electro=Magnetic 1 0.2
VIBE E-W Benioff Electro-Magnetic 1 0.2
N=S North-South To Pendulum free period
E-W East-West Tg Galvanometer free period
Z Vertical

The theory of the response of these instruments has been reported, at

least partially, in various publications, but the portions of the theory

relevant to the present discussion will be briefly summarized in the follow-
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ing pages.

Also the necessary tests for obtaining response characteristics
were made during the course of this project and the results of these

tests will be given in this chapter.
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Wood-Anderson Torsion Seismograph

The theory of the Wood-~Anderson torsion seismograph has been reported
by Anderson and Wood 1/.
Assuming a continuous ground displacement of simple harmonic Form:
€ = C sinwt
where?
§ = displacement of the earth particles
C = Maximum ground displacement

@

27 [Te
Te = Period of the ground vibration,
we arrive at a solution of the differential equation of motion of the

seismograph of the form reported by Galitzin 12/, Wiechert 34/, and many

others:
V=4A%/C=V,/[U
where:
V = dynamic magnification
A* = maximum trace amplitude of the seismogram
V., # static mangifigation
U7 = (1+ap) :.—/LLgf(uP)
u, = Te/To
Tg = free_period of th g seismometer
42 = (17) = 1a(éfe)
£ = damping constant of the differential equa.tion of motion
w.= 21 [To 2) 2
flup) = [Zu,,/(1+u',

To determine the maximum "emplitude" of the earth displacement, one
multiplies the maximum trace amplitude (A*) of the seismogram times U
for the earth period in question divided by the static magnification of
the seismograph:

C = A*U/V,
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Short Period Wood-Anderson Torsion Seismograph (Instruments I and II)

The short period Wood-Anderson seismographs (Instruments I and II) of
the Pasadena Seismological Laboratory were tested on October 23, 1946; and,

from & number of determinations, the following date were obtaimned:

To Q
0.
Instrument I 0.80+0.01 ‘ 11.0+1.0
Instrument II 0.65+0.05 11.85+0.4

where:
To = pendulum free period

§ = damping ratio

Galitzin's tables 11/ were used to obtain/,afi 0.63 for Instrument I,
and ‘/afé 0.62 for Instrument II; and to obtain log U vs. u from u = 0.0 to
2.0 by steps of O0.1. A nomograph developed by Schmidt §§/ was used for the
values of U vs. u from u = 2.2 to 5.2 by steps of 0.2. From these date Te
vs. U/V% were obtained, for values of Te from 0.000 to 4.160 sec by steps
of 0.080 sec for Instrument I, and from d.OOO to 3.276 sec by steps of
0.063 sec for Instrument Ii. These data are given in tables 1 and 2 and
are shown graphically on graﬁhs 1 and 2.

The theoretical response‘curves of these instruments, when ddjusted
to their normal conditions of To = 0.80 sec and h = 0.85, are shown in

table 3 and graph 3.
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Long Period Wood-Anderson Torsion Seismographs (Instruments V and VA)

The long period Wood-Anderson torsion seismographs (Instruments V and
VA) of the Pasadena Seismological Laboratory were tested on October 23,

1946, and from & number of determinations the following data were obtained:

~ To e
Instrument V 6.36+0.01 32.41+3.6
Instrument VA 5.65+0.02 30.41t2.4

As Galitzin's tables do not contain log U vs. u for these values of
free period, thelnecessary computations were made. For Instrument V:
¢ =32.4; h= 06742;//4%= 0.45; and for Imstrument VA: ¢ = 30.4; h= 0.735;
"= 0.46. Tables 4 and 5 give the results of computation of U for these
instruments. Also sﬁown is Te vs. U/V0 for both instruments, Te ranging
from 00.00 to 25.44 sec for Instrument V and from 00.00 to 22.60 sec for
Instrument VA. The data of Te vs. U/V0 for the two instruments are shown
on graphs 4 and 5.

The theoretical response curves for these instruments, adjusted to
their normal conditions of To = 6 sec and h= 0.85, are shown in table 3

and graph 6.
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Benioff FElectro-Magnetic Seismograph

The general theory of the Benioff Electro-magnetic seismograph has
been presented by Benioff 2/. Assuming that the ground displacement is of
continuous simple harmonic form, that is:

? =C sinwt

w =21 [Te

where
€ = displacement of the earth particles
Te = period of the earth wave
C = maximum "amplitude" of ground displacement,
and if the seismometer and galvanometer damping are adjusted to the critical
value, then:
z = CBQ sin (wt+a)
where:
z = displacement of the recording light spot on the photographic
paper
@ = frequency response characteristic
A = phase displacement of the galvenometer relative to the
earth's displacement
B = magnification constant depending on distance of galvanometer
lens to recording drum, steady state length and section of
trangducer air-gap, and reluctances of transducer, of shunt
and of leakage of system.
The quantity Q is the most important quantity in the above formula if one
wishes to compare maximum earth displacement, or energies, from different
phases in the same earthquake, as it is the only instrumental variable in-
volved, for the other quantity involving the instrument can be considered
as a consiant composed of terms relating only to the optical, mechanical,
and eleectrical features of the instrument. This frequency response charac-

teristic can be determined from the original differential equations of

motion and the theory of the electro-magnetic transducer as:



= (CO:-f’ &)L)[(wjl'f'wl'i‘ 4651607_]!/1

Q
where:
eo, = 20To
CUj = ZTT/Tg
To =
Te =
£ =

20

co?

free period of pendulum
free period of galvenometer
3 deamping constant in the damping term of the galvanometer

differential equation of motion

With the assumption that we have critical damping of both pendulum and

galvanometer (i.s. 53

If we now let:
u
Yg

we can reduce Q to:

Q
now setting:

e

k
we obtain:

a

P

h

fl

a§;€==a%):

603

(coot+ w‘)(cojl+ o)

Te/To and

Te/Te

To up

2 (1+ u (T +ugd)

4
C sin (wt+a)

B/2m

To up
(1 + wp™ )1 +uq™)

9 and

which is the well known equation of dynamic magnification developed by

Galitzin 12/.

If one wishes to compare only the ratios of ground displacemeat of

two different waves, as mentioned above, one may compare the ratios of

a/k for each wave, as k contains only instrumental "constants" which will

remain the same for a given instrument for the same earthquake.
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However, if one wishes to compute actual ground displacements, the

instrumental constants become important. The determination of B by
electrical, magnetic, and optical analysis of the component parts of the
seismometer and galvanometer systems is extremely difficult, if not im-
possible (for a theoretical discﬁssion'of the eguations involved see
Galitzin 12/, Benioff 2/, etc.). However, there are several other methods
of determining this constant. The method used for this report was that
of suddenly applying a sméll force to the pendulum of the seismometer
(the well known dropped test weight method)7

If the energy of a dropped test weight of mass m, is transmitted to
the pendulum at its center of percussion parallel to the free direction

of motion of the pendulum, whose mass is M, then:

where?

Zw

trace amplitude on the seismogram at the time t

mog/M

i

acceleration of gravity

- {2+(wo-wj)t}e‘“’°t - {2—(coo—caj)—t} & y*
(cwo - ey’

§
g
U

(see Appendix B for details of derivation)

When B is determined, the maximum amplitude of the ground motion (c)
can be determined by measuring the maximum trace amplitude on the seis-
mogrem and multiplying by l/a for the period of earth motion (Te) in
question:

C = A*/a

# This formula has not been published, to the writer's knowledge. Its
derivation was accomplished by Dr. H. Benioff, California Institute of
Technology, who forwarded it to the author.
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where:

A% = maximom trace amplitude on the seismogram
If the ground displecement is desired in microns gu) and the trace
amplitude is measured in millimeters (mm), the formula is:

C = (A*/a) x 1000

wheres
¢ = maximum ground displacement (microns)
A* = maximum trace amplitude on seismogram (millimeters)
a = dynamic magnification
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Long Period Benioff Electro-Magnetic Seismographs
(Instruments IIA, IVN, and IVE)

There are three long period Benioff electro-magnetic seismographs
in routine operation at the Pasadena Seismologicel Laboratory. Instrument
IIA is a vertical component pendulum of 1 sec free period electromagnefical-
ly coupled to a 90 sec galvanometer. Instruments IVN and IVE are horizone
tal component pendulums of the same period and coupled to the same type of
galvanometers,‘

A theoretical response curve for these instruments has been calculated
(see table 6), and k/a vs. Te and a/k vs. Te have been plotted on graph 7.
4 periodic damping has been assumed for both pendulum and galvanometer in
these calculations.

A theoretical response éurve to the dropping of the test weight has
been computed using £he formula of the step function response characteris-

tic U: )
o ' {Z+(&%—a@)f}euakf__{E~(a%—a3)f} e_aﬁf

(a%“&ﬁ)s

Numerical calculations are shown in table 7, and a graphical presentation

showing ﬁ vs. t has‘been prepared as gfaph 8.

The time at which maximum U, or maximum trace amplitude, is reached
may be easily obtained by differentiating U with respect to t, and setting
the result equal to zero, and solving for t:

ay _ e *{(@-wj} a2+ ]} + € T to-0) + a2 ~ (- ) ]
ac = YRt
(&Jo 5‘{7)

Inserting numerical constants:

a,
p
J

2n/To=27r, and
21 Tg=21/90 ,

Won

&,
and disregarding Cfgi'as infinitesimal with respect to € 4 4

we obtain:
t = ot Loy = 14.48 sgec.
C(Jj (C(]a - C(Jj)
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By differentiating twice and again inserting constante, one obtains the

point of inflection of the curve at:

t = 2 = 0.322 sec.
(eoo ~ a2y )

Ae an example of the method necessary to construct a response curve
showing dynamic magnification (V) vs. period of the earth waves (Te) , or
maximum earth amplitude_divmed by trace amplitude (C/A*) vs. Te, the
following is cited. On February 6, 1947, tests were run on Instrument
IVN which gave tﬁe following datas

Test weight on === zZ.= 72.8mm (max)
Test weight off -== z,= 71.8mm{max)

Inserting this data into the formulas

V=a=Aa%/C= BQ
where
B = Zw(ma,)() /? U(rnax)
$ = m,G/M = 0.000002 X 9800 = 0.0196 m/sec” (these
) Benioff instruments are s¢o constructed
that the mass of the test weight is
0.000002 of the mass of the pendulum)
Zw(muf 72 mm
Uime = 0.133 sec®
thens

B = 72 mm, 5 = 27600/sec
0.0196 mm/sec® x 0.133 sec

Inserting the valve of B into the equation of dynemic magnification:

P B e e g

Computing V vs. Te, or C/A* vs. Te, is merely a matter of multiplying
the values of a/k, or kfa, respectively, by the factor 4393, which has
been done in table 8. Values of a/k and k/a can be taken from the pre-

viously mentioned table 6. A graph showing V vs. Te and C/zA* vs. Te
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has been prepared (see graph 9).

The point of maximum response can be easily obtained for these instru~
ments by differentiating the formula for a/k with respect to Te, setting

the result equal to zero, and solving for Te:

alk = Te To® Tg?
(To? + Te?)(Tg? + Te?)

Since the maximum of afk is the minimum of k/as

iid%laz = 3 Te* 4 (To? + Tg®) Te® = To? Tg® =0
T

Solving for To=l sec and Tg=90 gec:
Te = 0.99976 sec.

For this value of Te:

ajk = 0.49994
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Short Period Benioff Electro-Magnetic Seismographs
(Instruments VIA, VIEN, VIEE)

There are three short period Benioff electro-magnetic seismographs

in routine operation at the Pagadena Seismological Laboratory. Instrument
VIA utilizes the same pendulum as Instrument IIA, but the output of a
second trensducer is electro-magnetically codpled to a galvanometer with
a free period of 0.23 sec. Instruments VIBN and VIBE utilize the outputs
of the pendulums of Instrumente IVN and IVE, respectively, but they are
coupled into galvanometers of 0.2 sec free period.

Theoretical response curves, assuming aperiodic damping of pendulums
and galvanometers, have been prepared (see tables 9 and 10). Graphs show=
ing k/a vs. Te and afk vs. Te for Instruments VIA and VIB have been pre-
pared (see graphs 10 and 11).

Maximum response occurs at a point which may be determined by dif-
ferentiating k/a with respect to Te, equating to zero, and solving for Te.
Results show & maginum response for Instrument VIA at Te = 0.211 sec and
gives a value of kfa = 9.13. For Instrument VIB this point is at Te = 0.187;
kfa = 10.37.

Determination of the response coefficient (U) is similar to the method
shown previousiy under the "Long Period Benioff Electro-Magnetic Seismo
graph". Response in this case, however, depends more upon the characteristics
of the pendulum than was the case with the iong period instruments. Calcu~
lation of U for instruments VIB are shown in tablé 11 and results graphi-
cally presented are shown in graphs 12 and 13.

To find the time at which meximum U occurs, the problem is again the
same as in the case of the long period instruments except in this case et

cannot be disregarded and the differentiated equation is transcendental

in form. For Instfument VIB (To = 1 sec; Tg = 0.2 sec), the equation
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du/dt = O reduces to:

By methods of successive approximations this may be solved, and gives a

value of t = 0.2384 sec.
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Benioff Strain Seismograph

The theory of the Benioff strain seismograph has been reported by
Benioff 3/.
In this paper it is shown that if the ground displacement is of the
fofm:
? =C sinwt ,
the equation of motion for the light spot on the recording drum is:
%i-f_- +2¢82 4 oMz =Vaotslnawt
which is identical with the simple pendulum seismograph equation, the
solution of which iss
z =T, G C sin (wt +§)
where:

Vo = static magnification

G = 1
[0+ 4R w] ™




29

Long Period Benioff Strain Seismograph (Instrument VI)

There was one long period Benioff strain seismograph in routine opera~
tion at the Pasadena Seismological Laboratory during the period of time
that the earthguakes occurred which were studied for this report. Since
then an additional horizontal instrument has been installed.

As the galvanometers in use with these instruments have a free period
of 70 sec, and are critically damped, one cen readily obtain the value of
G in the previously mentioned equation. Then by plotting:

V=Aa*/C =70 |
one could obtain the dynamic magnification characteristics of Instrument VI.

However, as V, is practically impossible to determine accurately and
is always a constant for a given instrument during the same earthquake, we
may use G as a multiplying factor when trying to obtain the ratio of maxi-
mum earth displacements for various phases during the same earthquake, in
the same way that a/k is used for the Benioff electro-magnetic instruments.

¢ and 1/G have been calculated and the results are shown in teble 12

and graph 13.
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IV. PROCEDURE

The methods employed during the measurements and the subsequent cale
culations will be briefly discussed in this chapter.

From a comprehensive file of earthquekes, which is maintained at the
Seismological Laboratory at Pasadena, shocks were selected with epicentral
distances from Pasadena grester than 20° and less than 900, with magni-
tudes (as per Richter's megnitude scale 32/) of 7.0 or more, with shallow
focus (depth in general 10 to 30 km), recorded during the years 1940 to
1945,inclusive. Not all earthquakes of this classification were used for
this study; the ones excluded were those which had azimuths and distances
of such values thét they were adequately covered by data from other shocks.
The shocks used for this report are listed in table 13,

The origin.times, locations, and magnitudes of many of these shocks

are presented by Gutenberg and Richter 23, p. 615-17/; these data for the
rest of the shocks are taken from unpublished work of Dr. B. Gutenberg.

The earthquakes are designated by a number which will be used for identi-
fication purposes. On table 14, the "quality" is the symbol originated by
Gutenberg and Richter. It indicates the quality of the location as follows:
4; epicenter probably within 1 degree of arc; B, within 2 degrees; C, within
3 degrees. "Fad" is a cross-index to Dr. Gutenberg's file of location,
origin time, and magnitude computations.

Some earthquakes with a depth of focus of as much as 60 kilometers
were used in this study, but the use of these shocks was restricted to
those areas where shallower shocks were unavailable. In table 13 all
shocks with foci slightly deeper than normal are noted as have a depth
(n).

The trace amplitudes and trace periods of the P, PcP, PcS, S, and
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and ScS phases were measured on the seismograms of these shocks to the

closest tenth of a millimeter. Depending upon the instrument in question,
the speeds of the recording drums are such that a second of time is either
1 m or 0.5 mu (strain--~Instrument VI---0.25 mm); so that the maximum
possible accuracy of period measurement is either 0.1 or 0.2 sec. Actually,
for long period waves the accuracy is not this high, especially when the
amplitude is not large, as there is often indecision on the part of the
measurer as to the true point of maximum amplitude or the true location of
the zerc line. Some variation is usually to be noted between individual
oscillations in the same wave train, with the period generally increasing
as one proceeds toward the tail of the wave train. However, in almost all
cases several period measurements can be made and an aversage reading can

be obtained. Maximum amplitudes were measured; and, in most cases the maxi-
mom occurred in the second or third oscillation of the wave train instead
of at the first oscillation recorded for the particular phase. The results
of these measurements are shown in table 14.

Graphs 14 to 19, inclusive, were then used to obtain the factor R,
which is é%ééi for the torsion instruments, g%% for the electro-magnetic
instruments, and l%g for the strain. Multiplying this factor with the
observed trace amplitudes A* results in the value RA* (Ae/Te for the torsion
instruments, (-léié— for the electro-magnetic instruments; and -—l-mwfor
the strain). The last two quantities above, namely (~l—lé$ and __[Q ) VATy
directly as Ae/Te, if records taken with the same instrument are ccmparedc
As the various instruments have only one direction of freedom of movement,
oriented N-S, E-W, or vertical, the quantity RA%® varies directly as uNS/Te,
uEW/Te, or w/Te, as the case may be, again assuming records from the same

instrument are compared. From these data the values of uNSPcP/Te ’

Uys
o gci/Te , etc., are obtained by division. The results of these computations
w 8/Te
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are shown in table 14. In this table new symbols are intreduced for

convenience in designating the following quantities:

uyg (or ugy, or w) PcP/Te

= 81
uys (or ugy, or w) P [Te
uyg (or ugy, or w) PeS/Te
—— = 82
uys (or ugy, or w) P [Te
uyg (or ugy, or w) ScS/Te _ o,
uyg (or ugy, or w) S /Te
Uyg (Or upy, or w) ScP/Te  _ -

uys (or ugys or w) S [Te

In general it was assumed that the dominating period carried the
greatest amount of energy. However, in all cases of doubt, where there
were more than one pronounced period registered, both, or in some cases
several, periods and their respective amplitudes were measured. In such
instances the set of values which showed upon computation the greatest
energy was used in subsequent calculations. This rule was not strictly
adhered to, however, For example, in shock number 19-565, S showed two
well-developed periods, one of 24.0 sec with a trace amplitude of 3.1 and
one of 6.0 sec with a trace amplitude of 1.3. The values computed for
RA* for these two dominant periods were 3.33 and 1.33, respecﬁively.

However, ScS for this same shock was recorded on the same instrument with
ugy ScS/Te
unw S ITe
graphed in this instance, the 8.0 sec wave of ScS was compared with the

only one dominant period of 8.0 sec. When the ratio of was
6.0 sec period wave of S instead of with its 24.0 sec wave. With such a
difference in the two frequencies, it was assumed that this procedure
would give more exact results.

The results obtained by the methods outlined above have been graphed
for clearer visualization. In these graphs, the symbols u and w have been
used in lieu of the terms u/Te and w/Te. As stated previously, the u and

- w computed by Dana 9/ were in reality these quantities. Graphs 20 to 25,
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inclusive, are as follows:

Graph 20 ——- g%g;ﬁi_ and 3§§PCP as a function of A
Graph 21 —=- “%“%gzw as a function of &
— U.EWSCS uNSScS .
Graph 22 e and Ty as a function of A
G e B ScS
e w S as a function of A

ugyFes uygPes upyScP UygScP

Graph 24 o ‘lEWP 9 U’NS"' 9 T Ewb 9 and W as a
function of O

Graph 26 -.. X.EcS and LSCE as a function of A

w P w S

In practice it is impossible to distinguish definitely between the
phases PcS and ScP for shallow earthquakes. Therefore, graphs 24 and 25
were computed with the supposition that the phase arriving at the proper

and, in the case of

time was, in the case of u(er ) Bes s PeS;

u(or w)P

3%22_31522 s ScP, even though the two numerators are identical. However,
ulor w

assuming that the longitudinal and transverse waves receive equal amounts
of energy at the source, the theoretical values of upyPcS and nNSPcS are
approximately three times those of upyScP and uygScP, and theoretically

w ScP is about 10 to 15 times w PcS (see page 39 for a further discussiomn).
uEchs ,
Pos UEW
Uys*C , and %mggg_) the other ratios represented in graphs 24 and 25
Oyt

are of little interest.

Therefore, since most of the energy is represented in the ratios

Several points of interest regarding the general reliability of the
data presented in graphs 20 to 25, inclusive, should be brought to light
prior to a careful study of these charts.

The accurate recognition of the various phases in question is, of
course, one of the most important problems which the seismogram interpreter
must face. The P wave is always the first arrival (see fig. 1) in the

range of distances in which we are interested, and there is little doubt
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about its true identification. There are several epicentral distances,

on the other hand, at which PcP may be regarded with more scepticism. At
40 to 45 degrees, PcP and PP (the longitudinal wave which is reflected
once at the surface of the earth about halfway between the focus and the
recording station) arrive within a few seconds of each other. However,
the writer found little trouble, in most cases, in distinguishing between
these two phases. A much greater difficulty is encountered at distances
greater than about 70 degrees. In this range PcP arrives a few seconds
after P. Sometimes, it is intimately associated with the P train and is
so "overridden" by the P train that interpretation is not good, especially
in the larger distances of this range. . Ansther factor contributing to
the doubtful interpretation of PcP at these distances is the possible
presence of pP (the wave which is reflected at the surface of the earth
near the epicenter and then proceeds to the recording station.) If the
shock occurs at the surface of the earth, pP is, of course, non-existent;
however, if there is depth of focus, pP should be present, and the pP =P
time interwval increases with an increase in the depth of focus. Therefore,
even though the earthquakes with which we are interested ars known to be
surface shocks, they may have enough depth of focus to produce a pP, which
will record on the seismogram a few seconds after P. The same reasoning
applies to the phase sP. In this range of distances greater than about
70 degrees, doubt arises whether one is measuring pP, sP, or PcP. Some-
times, the recognition of PcP is fairly certain; sometimes it is extremely
doubtful.

At distances less than about 39 degrees, the identification of PeS
(or ScP) is questionable, especially if its period is as long as the period
of S, which arrives at about the same time or earlier.

Aside from the complication mentioned in the last paragraph, S is
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readily distinguished except at distances greater than about 84 degrees. In

this range, S is preceded by SKS (the wave which travels to the core boundary
as a transverse wave, through the core as a longitudinal wave, and thence
to the recording station as a transverse wave).

There are several ranges of distance where the recognition of ScS on
the seismogram may become dubious. At less than 40 degrees it is usually
so intimately mixed with the short period surface waves that no interpreta-
tion is possible. At distances less than about 47 degrees, distinguishing
SeS from SS may be difficult. At distances greater than 65 degrees there
is the possibility of interference by SKS (see Gutenberg 15/). From 70 to
80 degrees, PS and PPS arrive within a few seconds of ScS, and identifica-
tion is not positive. At distances greater than 80 degrees interference
similar to that of pP, sP, and PcP exists; in this case it is pS, sS, and
S¢S that may be hard to distinguish.

Another source of interpretation difficulty arises from the type of
routine recording employed. The light beam from the galvanometer falls on
a continuously rotating drum, around which the photographic paper is wrapped.
This drum rotates at the rate of one revolution every 15 mimutes (or 30
minutes, depending on the instrument) and travels at right angles to the
direction of rotation at the rate of 2.5 (or 5.0 mm) per revolution. This
causes the recorded trace to be proximate to itself every 15 (or 20) minutes.
Therefore, oftentimes in a large earthquake the trace of the large surface
waves, which arrive for an hour or more after the beginning of the shock,
override the recording of the earlier phases so badly that the record is a
scrambled, intricate muddle of lines that cannot be interpreted. In such
cases table 14 has been marked by the symbol "ov". Drifting of the zero

line may also cause an overriding effect which prevents interpretation; but

such trouble is rarely found on any of the instruments except the strain
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seismograph.

The reliability of the various instruments deserves mention at this
peint. The torsion instruments may be expected to maintain their stability
over a longer period, i.e. their simple mechanical and optical system pro-
bably changes properties less than the more complicated mechanical and
electro-magnetic system of the Benioff type instruments. A study of graphs
14 to 19, inclusive, discloses some interesting facts concerning variations
which might arise due to small errors in the measurement of trace pericds.
Both the short-periocd torsions and the short-period Benioffs have a large
change in magnification x period per change in period in the range of fre-
quencies in which we are interested. The long-period torsions have much
less change, and the long-period Benioffs have a practically flat response
over this range. The conclusions that may be drawn from these facts are
(1) the long-period torsions are probably the most reliable instruments
for computing actual ground displacements because of their better stability
and fairly low magnification x period gradient, and (2) the long-period
Benioffs and the long-period torsions are the most reliable instruments
for computing ratios of ground displacements for the same earthquake, the
former because of their almost flat magnification x period gradient and
the latter because of their fair magnification x period gradient and their
simpler systems, which have no galvanometers or electrical circuits to
cause deviation. These facts should be borne in mind during subsequent

discussions of the results.
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V. RESULTS

The data shown in graphs 20 to 25, inclusive, can now be discussed
in greater detail. All of the data shows the wide scatter that is to be
expected in a study of this sort. The use of displacement ratios instead
of absolute values of displacement, which disposes of the necessity of
considering the absolute energy released during a given earthquake, still
requires the assumption that the energy is propagated equally in all direc—
tions from the focus. The direction and type of movement at the focus,

i.e. the tectonic factors involved, make it improbable that such an assump-
tion is true. This may account for much of the scatter, but it seems
reasonable to assume that such effects would be more or less of a random
nature if data wefe presented from a variety of shocks at various distances
and azimiths as is the situation in this study (see fig. 2). Therefore,
even if these effects are present, a statistical mean curve could still be
applied to the data.

Another cause of scatter is the group of assumptions made with regard
to the instrumentation and seismogram interpretation. It is unlikely, how-
ever, that these assumptions would account for more than a factor of 2 or 3 -
in the results, especially when it is considered that, in lieu of actual
displacements, ratios of displacements of waves that are sometimes of identi-
cal period and most of the time very close to the same period are being
evaluated. Two graphs have been prepared which show the consistency between
the long-period Benioff and the long-period Wood-A nderson instruments.
Graph 26 shows the ratios of the ground displacements computed from Instru-
ment IVB to the ground displacements computed from Instrument V for both the
P and PcP phases. Graph 27 shows the ratios of the ground displacements
divided by the trace periods for the same instruments and phases. The

expected scatter in the results is apparent. The graphs suggest several
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other points of interest. The graph of the ratios of the ground displace-

ments shows a much wider scatter than the graph showing the ratios of the
- ground displacements divided by the periods. This implies that the regis-
trations of the seismographs are more reliable for receipt of energy for
various parts of the spectrum than for the recording of ground amplitudes;
i.e. the energy content of a given portion of the spectrum, while varying
from the energy content of another part of the spectrum, will not vary as
much as the ground amplitude resulting from the application of that energy.
As the ratios of instrument IVB/V are greater at shorter epicentral dis—
tances, four more graphs (graphs 28 to 31, inclusive) were prepared, show=
ing ratios of ground displacement and gzggg@g%%%g%gggggg& as a function
of the trace periods recorded by these instruments. A study of these
graphs contributes nothing towards the solution of this problem. Appear-
ances indicate that period measurements on one of these instruments can
be viewed with scepticism.

The u ratios of PcP/P (graph 20) show observed values of approximately
10 times the theoretical values. The w ratios of PcP/P are not nearly so
inconsistent, being, in general, only 2 to 5 times greater thén the
theoretical curve. The u and w ratios of SeS/S (graphs 22 and 23) are
fairly consistent with the theoretical computations, i.e. they seem t&
group themselves fairly within the limits of probable error. The inter-
pretation of the PcS/P and the ScP/S data (graphs 24 and 25) is less
conclusive. A condition which does ﬁot appear on these graphs is that
the actual horizontal displacement (u) of PcS should theoretically be
about three times that of ScP and the vertical displacement (w) of ScP

should theoretically be about 10 to 15 times that of PcS, if the value

of C in equation (1) on page 4 is the same for both an initial longitu-

dipal and initial transverse wave at the source (see Dana 9, p.30,tables/).
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Gutenberg 19, p.61/ found that the value of C* for S waves is very close

to the value of C for P waves. Therefore, it may tentatively be assumed
that a preponderance of the displacement in the vertical direction is
probably due to the ScP phase; and, more uncertainly, most of the hori-
zontal displacement is due to the presence of the PcS phase. The data
tend to confirm this idea, as the w ratios of ScP/S are more in accord
with the theoretical values than are the w rations of PcS/P; and the u
ratios of PcS/P are, in general, only twice their theoretical values, while
there is a much greater disparity between the u ratios of ScF/S and their
theoretical values. The method of approach used in this research gives
no insight into the conformance or non-conformance of the u ratiocs of
ScP[/S or the w ratios of PcS/P, and the graphs showing these ratios are
of little interest, as mentioned previously. In general, therefore, it
can be said that the displacement ratios of ScS/S and ScP/S seem not
unreasonable in the light of the present theory, the horizontal displace-
ment ratios of PcS/P and the vertical displacement ratios of PcP/P are
not unprobable, and the horizontal displacement ratios of PcP/P seem
definitely greater than the theory indicates.

Explenation of the discrepancies between the observed and the theor-
etical horizontal displacement ratios of PcP/P could fall into two general

classifications: (1) the theoretical values of the displacements of PcP

#* Gutenberg'’s C is not the same as the C used in this paper, although it is
e measure of the percentage of the total energy of the earthquake carried
by the wave in question. If we designate the value of C given by Gutenberg
as Cy, and call the C of Dana and this paper Cg, it is readily shown that:
logyp C2 = (0.2 M + 0.7) = Cy
where
M = magnitude of earthgquake.
Therefore, for a given earthquake (where M is a constant) if Gy is found
to be equal for different phases, 02 must be equal for those phases.
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might be smaller than is actually the case, or (2) the theoretical values

of the displacements of P might be greater than is actually true. In an
effort to clarify this situation, the magnitudes of the various egrthquakes

were computed by means of a formula developed by Gutenberg 19, p.66,form.

{18)/. This formula contains an empirical constant and was originally de~
rived for use with body waves. The computations are shown in table 15 and
the results are graphed on graph 32. To obtain these magnitudes, which
are logerithmically proportional to the square roots of energies, an
evaluation must be made of the magnification of the instruments used. TFor
V (long-period Wood=-Anderson) and
the values shown in table 15, instruments/IIA, IVA, and IVB (1ong~period
Benioff
Benioffs) were used, and the magnification constant of the‘/ instruments
was set at Q = 4393, a value determined for instrument IVA as explained
previously in the chapter on instrumentation. Even if this constant is
wrong by é factor of 2, the magnitude is changed by only 0.3. The "true"
magnitudes (i.e. those computed from the records of many stations record-
ing and reporting displacements due to the shock in question) minus the
magnitudes as computed from Gutenberg's formula for body waves using the
displacement values obtained for PcP and P in this study are pletted as
ordinates on graph 32; the "true" magnitudes are shown as abscissas.
All seismic stations have a certain "ground factor' which, in many cases,
causes the trace amplitudes of the incoming waves to appear larger or
smaller than their true amplitudes would indicate. The "ground factor
at Pasadeﬁa, obtained over many years of amplitude study, is approximately
0.2 on the magnitude scale (i.e. Pasadena shows a smaller smplitude than
én average station should with no “ground factor®). On the graph this
phenomenon has been included in chputing Mg. Any phase giving the THrue

observed" magnitude should, therefore, show a cluster of points about the

zero axis. A glance at graph 32 reveals that the values determined from
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the P phase of the earthquakes used for this study are close to their

theoretical values, whereas the magnitudes determined from the vertical
component of ground displacement of PcP are slightly too high and the
magnitudes determined from the horizontal components of ground displace-
ment of PeP are approximately 1.0 magnitude tco large. This gives a‘
strong indication, if the empirical constant of Gutenberg's formula is
correct, that the PcP‘phaée, and not the P phase, varies from the theore
etical expectations and has about 10 times the amplitude (or about 70
times the enmergy) that the theory indicates. That the empirical constant
of Gutenberg's formula is correct is verified by the fact that
magnitudes computed from PP conform to those obtained from P.

‘The above results invited a closer scrutiny of the factors involved
in the theoretical determination of the displacements of PcP. To aid in
this analysis the various factors of formula (1) on page 4 were graphed.

Graph 34 shows the percentage of the displacement ratio loss due to u

(or w)/Ae, f, and ﬁggkiﬂ-’ dip ¢4, PcP/P at various epicentral dis-
sin & an
+term

tances. Since the absorptioniwas not calculated into the theoretical
curves presented on graphs 20 to 25, it has not been included on this
graph, although it varies from about 0.70 at A= 0° to 1.00 at A= 1030,
as mentioned previously. The effect of absorption, if included on graphs
20 to 25, would be to further enlarge the diffefences between the observed
and theoretical displacement ratios of PcP/P, since the path of PcP is
always longer than the path of P. A study of graph 34 reveals that none
of these factors contributes less than about 40 percent of the reduction
in the displacement ratios of PcP/P at an epicentral distance of from 50°
to 60°. Thereforé, if it is supposed that any one of these factors is set
'equal to unity, it would have a maxiﬁum effect of making the theoretical

displacement ratios only about two and one-balf times their value, in this
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range of distances, under the present assumptions. Setting these factors

equal to unity i3, of course, an absurdity. If f is set equal to unity,
it would mean that, at the reflection at the core boundary, all of the
energy of an incident longitudinal wave would be reflected as & longi-
tudinal wave. The existence of PcS and P' (the wave which passes through
the core as a longitudinal wave after refraction from a longitudinal wave
at the core boundary) disputes this possibility. If AT P
sinA AN
set equal to unity, it would mean that there is less energy spread per
unit distance in the PcP wave than in the P wave and that no spreading
takes place due to the convexity of the reflecting core surface. Setting
u/AeXgégzg?be possible but would dispute the theory of reflection at a
free surface uhder the conditions of small angles of incidence.

As a further study of possible changes in the thecretical displacements
of PcP, it was thought desirable to see in more detail what influence
changes in the physical constants on either side of the core boundary
would have on the factor f. The velocity of longitudinal waves (Vpl) and
the velocity of shear waves (Vgy) in the mantle just outside the core
boundary of 13.7 lkm/sec and 7.25 km/sec, respectively, is established

within close limits of error by many years of meticulous research by

many workers ( a resume is given in Macelwane 28, pp. 265-7&/; see also

Gutenberg and Richter 22, pp. 134-5/). These are the velocities used

by Dana in his calculations. Although a large amount of work has also
been done on the velocity of longitudinal waves within the core (see

Macelwane 28, pp. 274=80/; Gutenberg and Richter 21/), the possible error

in the results of this work is greater. Dana used in his calculations
the value of 8.0 km/sec for the velocity of longitudinal waves just in-
side the core boundary (Vpg). The assumption that the core does not

transmit shear waves, based upon the fact that no such waves have ever
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been recognized on seismograms, may be in error. However, if it is ae-

sumed that shear waves are transmitted into the core, the amount of re-
flected energy would decrease, causing still further reduction in the
theoretical displacement values, a condition opposed to the desired
correction. The ratio of the densities on either side of the core boundary
is still more doubtful than the velocities of seismic waves in this
region of the earth's interior. Dana used the values of 10.1 gm/cmg for
the density just within the core boundary and 5.4 gm/cm; Jjust outside

the core. These data were taken from a table reprinted after Bullen 5,6/.
However, Bullen, in his revised work assigns the values 9.69 gm/cm3 and
5.56 gm/cms, respectively. In investigating f, the values for the mantle
Just outside the core boundary were left unchanged, but Vpg and §b/?1
were varied to see what the effect on the factor f would be. An upper
limit of 9 km/sec and a lower limit of 7 km/sec were set on V. 2 as the

p

extreme possibilities for this element. A value of 292 beyond these two
limits is considered highly improbable. For ?é/?l extreme 1limits of
2.0 and 1.0 were set. Anything beyond these limits would involve density
distributions in the core that are considered impossible. Therefore,
three various values of 92/91 were chosen (2.0, 1.5, and 1.0) and two
velues of V5 were chosen (7.0 km/sec and 9.0 km/sec); then the values
of f for an incident and reflected longitudinal wave (\/ﬁ;;7ﬁ;;) were
computed using these si® conditions (see table 16). The graphical pre-
sentation of thése data and the values obtained by Dana (Vpgz 8 km/sec;
€5/$1= 10.1/5.4) are shown in graph 35. The value of wfﬁ;;7ﬁ;; is
always positive, and it has been graphed above and below the zero line
only to avoid confusion in interpretation. The points w@re the curves

cross the zero line are changes in phase (from compression to dilatation)

of the reflected wave at the reflecting surface. As can be seen from the
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graph, the maximum conditions of Vio= 9 km/sec and 9,/P; = 2.0 would

Y
result in an increase in f, and thus an increase in u (or w), of only
about 16 percent.

One other phenomenon concerning the core boundary should be mention-
ed at this time. This is the spread of the reflected seismic energy due
to the convexity of the core's surface, which makes the reflecting sur-
face act as a convex mirror instead of as a plane mirror. This spread
is theoretically taken account of in the dio/da,term of equation (1) on
page 4 (see the derivation of this formula in 14/ for details.)

That the angle of incidence at the core may vary somewhat from the
computed values without seriously affecting the value of f can be readily
seen by inspecting graph 35. Since the angle of incidence at the core (ic)
is é function of the epicentral distance (A) and since the curve of
\/5;;7ﬁ;;- is relatively flat, a swall change in the angle of incidence
would not affect the theoretical value of f materially.

One of the assumptions made in the theory is that there is no first
order discontinuity between the bottom of the crust and.the core boundary.

This assumption is based upon good observational data (see Gutenberg and

Richter 20/.

There are certain conditions near the surface of the earth that are
worthy of discussion. As previously mentioned, there is the possibility
that the energy might not leave the focus of the earthquake equally in
all directions. To increase the theoretical displacement ratios of PcP[P ,
the assumption would have to be made that, in genersl, more energy be proe
pagated downward than horizontally at the source. If this were true, at

large epicentral distances where the angles of incidence of P and PcP

become about the same (see graph36) there would be a large decrease in the
D
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displacement ratios. One might argue that PcP, in some unexplained fashion,

leaves the focus in a different azimuthal direction than does P. Table 17
shows the variations between the true azimuths from Pasadena to the epicenters
of the shocks and the azimuths calculated from the E-W and N-S displacements
shown by instruments IVA and IVB (long-period Benioffs). The greatest varia-
tion is 220 and the differences group themselves nicely about their true
values. These data are considered to be quite confirmatory for azimathal
studies of this sort.

The values of the wave velocities (Vpo and Vg,) and the dependent
angles of incidence (io) at the surface of the earth are involved in the
theoretical calculations. In Dana's calculations,; used for the theoretical
curves of this report, the longitudinal wave at the surface (Vpo) was assigne
ed a value of 5.5 km/sec. This is very close to the value determined for
the "granitic" layer under Pasadena 16, 17/. However, the crustal layers
may be too thin with respect to the wave lengths of P and PcP at large
epicentral distances to affect the angles of incidence. If the period of
a seismic wave is, for example, 3 seconds, the wave length in a medium with
a velocity of 5.5 km/sec is 16 1/2 km, which is comparable with the 18 lam
thickness of the "granitic" layer near Pasadena. Below the "granitic"
layer are two "basaltic" layers, totaling some 19 km thick near Pasadena,
which have velocities for longitudinal waves of 6.0 and 6.9 km/sec. Below
this is the outer boundary of the mantle, with a velocity of 8.0 km/sec.

Due to the prevalence of periods of P and PcP of several seconds, it is
doubtful how the angles of incidemnce éf these phases correspond to the
various velocities in the crust.

In an attempt to investigate this situation, the angles of incidence

(ipo) of P and PcP were computed from the observed displacements of instru-

ments IIA, IVA, and IVB (1ong=period Benioffs). Table 17 shows these
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computed values for P, which were calculated using the following formulae:

‘\/{1 'rsz + uEw2

tan .:-i: =
w
i= 2 iso
sin by = (vpo/vso) sin i,
where

i o= "apparent" angle of incidence at the surface of the earth
iso = angle of incidence for transverse waves at the surface
ipo = angle of incidence for longitudinal waves at the surface

The conversion from i to i,, which is shown in the last two formulae above

was accomplished by a conversion table showing i-1i o for various values

P
of ipo prepared by Gutenberg 14, p.48, tab.4/. This chart is reproduced

graphically as graph 39. These computed values of ip0 are compared with
the theoretical values of the angles of incidence (;pot)’ which were ob-
tained from Dana 7, p. 110/. Dana, as previously mentioned, used a malue
of Vgo of 5.5 km/sec. i, = inoy has been plotted as a function of epi-
central distance on graph 37. The ipo values of PcP were computed in the
same way as those of P, and the ipot values of PcP were also teken from
Dana 7, p. 37/ for a value of Vpo of 5.5 km/sec. The values of ipo - g0t
for PcP have been plotted as a function of epicentral distance on graph 38.
To investigate the effects of the crustal layers on the angles of

incidence, 1po

- ippt was computed, assuming Vﬁo as 8.0 km/sec, and the

results were also plotted on graphs 37 and 38. For this problem, ipot

for P was computed by using the following formula (see Gutenberg 14, p.lgl/:
sin dpoy =V, (dt/ad) = \NAA

where:

V. = velocity of longitudinal waves at the surface = 8.0 lkm/sec

V. = "apparent" velocity as computed from the travel-time curve.

The values ofiﬁxwere taken from Dana 7, p.108/. The values of i,0¢ for PcP

for a value of Vpo = 8.0 km/sec were computed by the following formulal
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r, sin i ,¢ _ X sin i,e

where

=
I

° radius of the earth = 6366 km

Yo = radius of the core = 3446 km

angle of incidence at the core (taken from Gutenberg and

i
pe Richter 22, 1.103/)

These values of ipot are shown in graph 36.

The plots of P in graph 37 show the scatter that is expected from
this method of obtaining the angles of incidence, but they are grouped
fairly well around the zero line. However, the plots of PcP in graph 38
show a peculiar arrangement that shows little difference at about = 65°
but an increasing difference with a decrease in epicentral distance. This
deviation of the observed angles of incidence of PcP from their theo:etical
values is at present unexplained. The use of V_ = 8.0 km/sec instead of

P

VDo = 5.5 km/sec makes little difference in a consideration of the observed

values of i, and their theoretical values.
The use of Vo = 8.0 km/sec in lieu of Vo = 5.5 km/sec does make &

considerable difference, however, in the theoretical displacement ratios of

PcP/P because of the % / XEE_EQ_Sig term. wu and w have been computed
sinAa do

for various epicentral distances using this larger value of Vj4,, and the

results are tabulated in table 20 and shown on graph 40. A study of the

graph reveals that the theoretical displacement ratios are increaded by

Y

correction, while in the right direction for diminishing the difference

11/2 to 2 times when Voo = 8.0 lm/sec instead of V_ = 5.5 km/sec. This

between the observed and theoretical values, is far short in magnritude for
explaining the full variation of the horizontal displacement ratios of

PcP/P.
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VI. CONCLUSIONS

A study of the ratios of the observed ground displacements produced
by seismic waves reflected from the earth's core to those produced by
direct body waves has led to results that strongly indicate that the
horizontal displacement ratios of PcP/P are definitely larger than that
which is expected from the presently accepted theory; the vertical dis-
placement ratios of PcP/P and the horizontal displacement ratios of
PcS/P are slightly greater, but not unreasonably so; and the horizontal
displacement ratios of ScS/S and the vertical displacement ratios of
ScS/S and ScP/S are reasonably in accordance with what is to be expecteﬁ°

Two reéults of further investigation indicate that the csuses fod
the discrepahcies mentioned above secem to involve the PcP phase and not
the P phase. Magnitudeé of the earthquakes investigated, when computed
from the ground displacements produced by PcP, are definitely greater
than the sizes of the earthquskes warrant; whereas, the magnitudes deter-

mined from P are consistent with expectations. These were computed by

Gutenberg's formule 19, p.66, form.(18)/ for determining magnitude from
body waves. The empirical constant contained in this formule has been
-derived from a study of surface ﬁaves; and, as the ground displacements
of both P and PP have given consistent results in many previous calcula-
tions, the constant is undoubtedly correct within close limits of error.
The other inconsistency is the result of observations of the incident
directions of the PcP waves at the earth's surface. The angles of inci-
dence of the PcP waves are not in accordance with their theoretical values;
whereas the P waves are‘reasonably conformable.

An investigation of the theoretical formula for the displacement due
to seismic waves reveals that no single factor can be changed sufficiently

to account for the observed horizontal displacement ratios of PcP/P. 4
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reasonable change in the physical constants for the earth's core produces

only about 16 percent change in these displacement ratios. An assumption
that the energy is, in general, propagated from the focus in an unequal
manner, such that the PcP wave would receive more than the amount it would
obtain with equal distribution, does not seem to be in accord with the ob-
served displacement ratios. The assumption that the angle of incidence at
the Mohorovi¥ié discontimuity (the discontinuity at the bottom of the
earth's crust) is to be used (since the thickness of the crustal layers

is comparable with the wave length) would account for about 15 or 20 per-
cent of the discrepancy of the horizontal displacement ratios of PcP/P

and would improve the fit of the other phases. The angles of incidence

of PcP computed from the observed data agree with the values computed from
the ray theory neither on this assumption nor on the assumption that the
seismic waves angles of incidence are affected by the crustal layers; their
peculiar behavior is,‘as yet, not definitely explained.

A number of assumptions have been made in deriving the instrumental
constants and frequency response characteristics. The errors which are’
introduced in this way are considered to be small with respect to the
variation of the ground displacement ratios from their theoretical wvalues.

In general, the recognized, recorded wave train of PcP is shorter than
that of P. This suggests two possible sources of error. The energy of
PcP may be contained in a shorter time span than the energy of P; although,
if such be true, the writer has no explanation for the mechanism causing
the phenomenon. Its effect would tend to increase the ground displacement
of P_cP. However, since a continuous ground motion of simple harmonic
form has been assumed in deriving the instrumental responses and a definite
time of beginning of motion is the actual physical case, it is possible

that a later oscillation in the P train has been measured than in the
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case of the PcP wave. Theoretically, the result of such measurement

would be to decrease the observed ground displacement ratio of PcP/P.
However, neither of these effects explain the disagreement of the angles
of incidence of PcP.

In the derivation of the formulae for the reflection coefficients
at the core boundary, the assumption of plane waves is & simplifiéation
which may not be justified. If a more complex analysis of the problem
would lead to the result that the reflected compressional wave contains a
transverse component in addition to its longitudinal motion, this would
serve to explairn the apparent greater angle of incidence computed from the
observed amplitudes of PcP. Additional theoretical investigation is

required to solve the problem.
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VII. SUGGESTIONS FOR ADDITIONAL STUDY
Several projects that might yield results that would clarify the
situation concerning the return of seismic energy after reflection or re-
fraction at the core boundary will be mentioned in this paragraph. A study
of the PcP, Se8, PcS, and ScP phases from deep focus earthquakes would add
considerable data. The use of deep focus earthquakes presents several ad-
ventages over the use of surface shocks, namely: (1) The irnterference or
overriding by surface waves ig non-existent, (2) PcS and ScP can be dis~
tinguished readily because they arrive at different times, and (3) at dis-
tances over 70 degrees, pP and sP would not interfere with the recognition
of PcP, nor would sS interfere with ScS. New theoretical values similar
to Dana's would have to be calculated. Another approach would be to study
the phases which are transmitted through the core, such as P!, P'F!, SKS,
PKS, PKKP, SKKS, etc. Dana has calculated the theoretical displacement

values for these phases for surface shocks.
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Appendix A

SYMBOLS USED IN THIS REFORT

Wave designation and transmission and reflection theory

A

c

E

e or i

(=1

jole)

pot

(= |

iore

pP

%

P!

PAph

=Maximum amplitude

=Reflection at the core boundary

=Energy

=Incident (subscript)

=8quare root of the product of the ratios of transmitted or reflect-
ed energy, as the case may be, to the incident energy at each
discontinuity of density and/or wave velocity along the path of
the ray

=Refracted (subscript)

=Depth of focus

=Angle of incidence

=Angle of incidence of longitudinal waves at the surface (calculated
from observations)

=Angle of incidence of longitudinal waves at the surface (calculated
from the ray theory and travel-time curves)

=Apparent" angle of incidence

=Incident (subscript)

=Wave through the earth's core

=Magnitude

=Direct longitudinal body wave

=Longitudinal wave (subscript)

=The wave which travels from the earthquake focus as a longitudinal
wave, reflects from the earth's surface near the epicenter, and

thence travels as a longitudinal wave to the recording station.

rface
=The longitudinal wave reflected once at the earth'sfﬁb&ht half-
way between the focus and the recording station.

=The wave which travels through the mantle as a longitudinal wave,
refracts into the earth's core, travels through the earth's core,
refracts into the mantle, and travels as a longitudinal wave to
the recording station.

=The wave which travels as a P!, reflects at the surface of the earth,



sV

SH

SKS

sP

Xs¥s2
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and thence proceeds to the récording station as P!.

=Reflected (subscript)
=Direct transverse body wave
=Transvérse wave (subscript)

=Transverse wave, with vibration of particles in the vertical plane
containing the ray path.

=Transverse wave, with vibration of particles in a horizontal
direction.

=The wave which travels through the mantle as a transverse wave,

refracts into the earth's core, travels through the core, re-
fracts into the mantle, and travels to the recording station
as a transverse wave.

=The wave which travels from the focus as a transverse wave, re-
flects from the earth's surface near the epicenter, and thence
travels to the recording station as a longitudinal wave.

=Period

=Time

=Period of the ground motion

=Displacement, horizontal, in the plane of wave propagation; also
maximum horizontal displacement; also u/Te

=Component of the horizontal displacement in the north-south direction
=Component of the horizontal displacement in the east-west direction
=Wave velocity

=MApparent" wave velocity

=Displacement, horizontal, at right aﬁgles to the plane of wave
propagation. :

=Displacement, vertical; also w/Te

=Coordinate axes (z=vertical, x=horizontal in the plane of wave
propagation)

=Evaluated at the surface of the earth (subseript)
=Evaluated in the mantle adjacent to the core boundary (subscript)
=Bvaluated in the core adjacent to the core boundary (subscript)

=Epicentral distence in degrees of arc



®  =Di =ou _ov . ow
ilatation . T . 5.

/\y"‘ =Lames constants

? =Density

¢ =Instantaneous amplitude

@&, wy w,=One-half the components of the curl, with respect to the axes in-
dicated by the subscripts.
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Instruments

Ae =Maximum ground emplitude

A% =Maximum trace amplitude

a =Galitzin's dynamic magnification symbol for electro-magnetic
instruments

B =Magnification constant

=Meximum ground displacement

G =V/V°,(strain seismograph)

g =Acceleration of grafity

h = Qﬂq,ﬁdamping constant

,k . =Galitzin's constant for electro-magnetic seismographs =B/2

M =Mass of penduium or imertial reactor of seismometer

m, =Mess of test weight

Q =Frequency response characteristic

R =A general.s abol used to indicate é%éé: for the torsion Sf'am -
graphs, Te for the electro-magnetic seismographs, and Te
for the strain seismograph

T =Period

Te =Period of ground motion

To =Free period of pendulum or inertial reactor of seismometer

Te =Free period of galvanometer

] =Time

u =Te/To

U =Te/To

Uy =Te/Tg

U =(1+ ) wfii;?gfgs where f(u)_[:u/(l+ (for Wood-Anderson
seismographs

U =Step function response characteristic of electro-magnetic seis-
mograph

v =Dynamic magnification
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=Static magnification

=Trace amplitude of the seismogram at time t

=Phase displacement of the galvanometer relative to the ground
displacement.

=Damping constant of the differential equation of motion of the
seismometer

=Damping constant of the differential eguation of motion of the
galvanometer

zloglg? |

=(1-h® ):1-(6/0%)2 = damping constant

=Displacement of the ground particles; ground displacement
=Damping ratio

=277 [Te = angular frequency of ground motion

=2 " [To = angular frequency of pendulum or inertial reactor of
seismometer

=2 77 [Tg = angular frequency of galvancmeter
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Appendix B

Theoretical response to the dropping of a test weight

Vb
MW*ZME%-FMC%ZX ='—m03 where: M= pendalorm mass
1, = 'mass of test weig h_i’
dx + 7€ dx © welx = "moﬂ/M q- acceleration of 7,—«.\/«‘%4.;
dt dt €= dam/n'bfw constant

&Jo=freqt/enc:j of penda /um'(ﬂ&t)

if: seismomelter c/a,m/a,‘nj is eritical;
X 2 = - 3 = Mo
Mjiz+2wag?x+ woxw-Moﬁ/M P where ? mg/M
the 57‘le’ac/7 state solulion of +h;s is:

u ~&J¢t s o
xw et (Gt oty 5 G eowee T (Gret) beT”

whean: f:O;%fo;‘ x=0

C’,-’_g“ 5 CZ‘%:ZIEE

fcz

Wyt
and:
jjz - e, e-woi'[% +%‘§_] +e-'w,z‘[&] ) _?ie-wot

Since: the out pat of the se;smometer transducer,

dx "‘n¢o -wolt
E = iz, 25 emu. =T __gte where: = Flux
ZXo dt ZXo ? ?;‘: no.of turns of coil

X,?sf@t"c air gap /enﬂﬂg_

(jje can a,fp/y 15/1/'5 E/ecl‘ro-mo,zlive j(orce z‘o the i’ermina&/s of “he

ga/«/anomc’f'e/’ and the equation of motion of the 7a/wznomei'er

becamejf
d2e 426,98 4w,v0 = DE where: O=angular deflection afja./vznamez’er
‘;F Jdt J rm (3 =</ampr'ﬂ constant « “

" o?

D:e/eotro—dynam:‘c ”"
= Surm ofﬁa./vanomez‘er resis Lances

m=moment of jnertia ofia./va.nomel‘er
Su,ff)ehsfon,
_Z;,éma/«cmj the value of E,

de 98 4 0 - kD gte
il B il B e |

—uJot -uo‘f

= Fp‘t’c

D
where F is defined b:j = —ZZ ;m
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The stea Iy stafe solition of Fhis /'5( when the seismometer aém/m‘nj
’s cr/z‘/c‘z/) e 57 = wj) g

e - e’wjt[c3 + Cot + Fp{ i—je“"?ftc“‘“tc/t - [te wite ot el

.2711‘271*@2‘;‘,17 where shown and l’ec{ucinj-.

éu,' "”)t

0- e'wjt[ca +Cqt + Fpe{w7'w°)t [(-'——-—'t - (_—“w?-w.ﬁu

(wj'w_o)i((w?_wo)l - @—Z;m,‘)]

e (we-wat( t z frageedah®
+e [C., + Fﬁ(wj ~wo) &7 CZ‘;-EJ‘ ‘(w7 -w.,)’) +Fp (iwy “w,)t )]

- _wje‘“5£@3+c4f rFpe

S5

when f’oj 6=0/;--—3%?=0

. 2fp
03 ((d 9 B wo)3

.

j‘wo)l

Insert‘/hj consZan?s and Sf‘m/://'fyl'nj:

_ {2 +<wo-wg)t}e-w°t ~ {2 - (wo- wg)t} e“’*’ﬂt} ]
6 - FP[ (Wo-w§)3

Leﬁ‘my Yhe 7140411//[7 in bracrets be U:
6= FpU

= U where: Ew = trace amplitude, on recording drum at timet

Zw ZLFP tnder /‘R-F/Me'nce Of c/r'opp:‘ng test weiyht a,‘t')
time=%=0 _ : ’

ch{l"j: L= distance from 7wlva,nome'ler’ lens Zo recor-c{in?

B'-:--—ZLF . drum.
Zw=~-8BpU

B-_—_Z.‘:’___. where: Bz constand of amplificatior
P: mgj/m eoit ‘ -
- {2+ (wewp)t]e ™ [z -[wo-wﬁt} g s,

(wo-twg)®
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Appendix C

Graphs
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