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. ABSTRACT
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In this thesis the tortional-Tlexural response of 2 two-dimens
sional eirfoil %o forced oseillations of various Irequencies and at
verious airspeeds is investizated, The airfoil chosen has charactor—
istics which are typleal of modern &merican transoort wings, and the
speeds cover the range from zers airspsed wp through the speeda for
forsional-flexnral flubber and %ofSidnal divergenes.,

In the latbter part of this thesis, curves are plotted zhowing
the effects whieh chenges in the assumed wing paremstsrs heve on the

torsionel-Ilexural fluttsr cpeed and the torsional diverpence specd,



IHTRODUCTION

A study of the phenomencn of flutter of an airfoil in an airstream
leads at oncs to the concluslon that it is ﬁ'ery complicated in nature
and consequently prastically impossibls, or at least very difficult, to
. visualize clearly. The equations of motion of en airfoll oseillating in
an airgtream have been derived by a mmber of investigetors; and the
conditions at flui:“wi*s or at the limit of stability of the wing, have
been investigated. In this thesis, the conditions which éxist et
velocitios and frequencies cther then flutter are investig:ai;sd in hopes
that such an inwstig&%i‘en will shed additiomal light on the natures of
flutter and how it devolops. ‘

The typas of flutter selected for this investigation is the tor-
sional.flexural type or one which involves the benriix;g and twisting of
the wing, Such a system is one of Two degrees of freedom. The main
difference between the oscillating wing and the usunl type of oscillating
system that we ars acoustomed to comsider is that the wing in iteelf i3
not a conservative system, for under the proper conditions it will absorb
suerpy from the airstream, and 1% is this fact that mekes flutter pos-
sible. The flexing and twisting of the wing _i?.' the eirstream eceuse the
aerodynamic forees and mements on the wing to changs, These changes in
turn eause the wing to flex and twist. In genersl, the megnitude end
phase relation of thess changes ave functioms of the velocity and fre-
queney. The majority of the tims, the net offect of these forces and
" maments 1s to damp the oscillatiom, but umder vertain conditioms their

phase relations may be such that they have s negative damping effsot
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and cause the ozsillations to build up. This condition we call flubter,
Host of the theoretical investigations of flutter have been two
dimengional, that ia, the veriations of the perameters along the wing
span have been nsglowted or at the best ew@régeék For thig reason, and
beoauge ‘the paramsters involvsd are diffiocult %o determins, it has been
suggsﬁﬁad that it may be possible to deternine the flu%f:er speed of an
sotual plans by plotting eurves of the natural frequensy of the wing in
bending and torsion egeinst ai?spéad aend then extrapolating these curves
to intersection under the supposition that the speed at which ths two
natural frequeneies coincide is the flubter spesd. The natwre of the
surves ;%wt be kngwn in eyder to perform this extrapolation and will be
investigatsd in this thesis, The natural frequoncies could be determined
in flight by means of & forcing oseillator and plek-up or by means of e
pickwup alonz allowing the aceidental "aiy bumps” to set the wing in vi-

bration,
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§ = ghord of wing

¢ = distanse of the elastic axis behind the querter chord point in
fraction of chord, |

o = distence of the center of gravity or inertias axis behind the elas-

| tic axis expressed as a fractiom of tho chord.

e = elastie axis, i.s. the point at which an applied force will produce
no rotation of the wing.

k = spring constent of the wing in bending of flexure (foree/unit
vertisal displasement).

T/4= torsicnal constant of the wing (torque/radian).

Téﬁ
Re = X or the "elastis radius’l¢-angular deflection of the wing. .
y5 = vertical displacement of eny poimé J of the wing, positive up.

P = elreular frequency of oseillailon (z‘adim/s@c)&

x : ,
P, =) s matural frequency of the wing in banding neglecting the effect

of the apparent mass of ths air,



mp = mAes of wing per unit span.

my, = "apparent mass of alr", i.e. the mass of ths eircumscribed
oylindeyr of air one wnit in length,

v = Porward velocity or airsneed.

V = _y = redused wsloeity,

p e

P = A.iB = a coamplex function of ths reduced %aloei'by which enters
inte the consideration of the effect of the wake
on & wing in steady state oselllatians,

( ) = static response, that is, the response at ¥ = 0 and v = O,

Fj = yortical asciilatory foreo applied at the point j, positive up,

ﬁj = moment of the applied fores aboubt the point j, positive nosing up,

Q= mass densliy of alr,

Py = ;23 chord point,

B, = 250 ehord point,

Ph = .76 chord point.

L = 1ift foree

I = memesd of inertia,
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EJUATICHS FOR TORSIONAL-FLEXURAL OSCILLATIOHS

The ¢ase to be csonsié.aréd is a two-dimensional ons where the

airfoil is assusmed to have uniform characteristics along the span
and to be infinitsly long.

| The aerodynemis forces and moments on an alrfoil in steady stats
oseillstion ere as followss

(1) The forees and moments which arise from the fact that a cer-
tain amownt of alr around the wing also must bs accelsrated when the
wing is accslerated. The "apparent” mass of air involved when the wing
is accelerated perpendicular to its chord is equal to ny = ‘z;_%gi or
the cirsumscribed eylindeyr of air, The “ap?werrt“ mement of inertis
of air whi«s}_‘z is the smownt involved in anguley acgelerations of the

wing is equal to IL = npqé’ R

(2) The changes in the 1ift and moment due to vertisal veloeity,
the angular velosity, snd the engular rotation of the wing considering
the motion as quagi-steady, that is, ths motion iz considered slow
snough to 2llow the oirculation or 1ift to follow the changes,

(3) The forces and momembs which arise from the offect of the
vortices shed by a wing in stsady state oseillation. This classification
is that suggested by Karmdn and Sears in referenss (1),

. The above considerstions result in the followling forces snd
moments on an alrfoil in steady stats oscillations: |

At 28 per cent of the chord

L= 51/06?3 (éag}h) P

v



At 50 per sent of the chord
2 1 . .
L = npe* (@ + %}
o
At 75 per ecent of the ghord
’
Lenped v b
4

Homent soupleo

H{ﬁpﬁég
i

where () bané. (7) are the first end second tine derivatives. These
relations have ?.msn derived by Lombard in reference (2).

In ad&itien‘to the asrodynsmie forees, the following elastis
and inevtia foress will acts

(1) The moments and forces arising from the deflection of the
slastie miis and the rotatien sbowt the elastic axis., |

P o= Jdy, and Hoa wkqaazés

(2) Yhe forces and moments arising from the inertis and moment |
of inertia of the wing's zmss,

F =-uriog and  Has oI

Using these Toroes and moments , Lonberd in reference (2) has set
up the equatioms of equilibrium for a two-dimensicnal wing in steady
state oseillation, Ths derivation assusss no structural damping and
small oseillations, the lattsr condition allowing second order and
higher terms to bs negietghed in certein instances., The segquations ave

as follgws:

() 2 -5, [+ A-sprte x|
s 13 , # ¢ ‘ .
%mgﬂl:“’ﬂzlag)*’(g‘*@“l“ 1)172“‘&?1'2"3;)3
1 (‘:-;3“ T I i P Vo8
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(1b) + :.'E.ZEG - ‘;’E[w 1)128 e+ g+ m_}:_)pgj
g du

* ‘%23[ ~HE @ (%_ ws)&zﬁ}e- %g%» 173(»5%*(8%){%«{»@)*’ 3%53')]

In the above squabtions the barred quantities are veobtors rotabing
in the somplex plane et sn angular veloeity V., The yeal parts of these
veotors represent the actwal guantity and their relative angular posi.
tions determine their phase ?alatiensﬁ‘ This use of the complex plang is
camon practice in meny ields of engineering, especially in electriecal
‘enginsering, and it is pertioularly sdapted to vibration problems, 4
thorough explanation of its ues is given in “Hechanical Vibrations™ by
J, P, Den Hartog.

To deberming the limit of stability or flutier conditions the ap-
nlied forces and moments are set equal to zero.

The equai:;i:ons then have the form:

0= “;}'h 21_ 1 ¥ ;ﬁ }:12

0 = T 21 + o App

In order that there be a solution other than 0,0 the determinant
of the coefficlents of g}' aud:ga st equal zewo, and sinee this involves
complex quantitiss, we obtain two squabions to determine V and /from the
condition that both the reals end imaginaries must equal zero. ‘Since 7
cannot be expressed expliocitly, the equations canmot bs solved explicitly,
but Kagsner and Fingado in reference (3) have provided curves for the so-
lution of the squations, |

This solution gives only the conditions et flutter speed and it is
desirable to investigate the conditions which exist at other speeds and

]

fregquenecies,



Baeausé of the mumber of paramsters which enbter inte thwy squi-
librium equations, it was necessary to assume cpriaia numesrisal valuss
for all of them sxespt the veloeity of flighi:.#and the frequansy of
vibration, In choosing these mmerical valuss an sttempt wes made to
selest onss v:hiah were typical of modern American transport uisplanes,
The waluss selected were as follows:

1; Elastic axis at 35 per cent of the chord, i,e) €= 0,10

2. Cembor of gravity of wing at 40 psr cemb of chord, i.e,,

€+ o= 0,16
5. Radius of gyraticn of wing =10,0625c% .0, iF = 0,0825

4, Sending Crequency at zero airspeed, neglecting the apparent

= 300 oyeleg/tin = 10n rad/see
5, Slastio radius =050 i.e., A° = 0,50
6, Ratio of the mass of wing per unit length to the apnerent MARS
of the eir o= 8,00

7. ling chord = 7.5 ft.
8, Ving weight = 2.7 1bs/f%
Then by Kassner Fingedo Chart flutier occurs abs

P 57,2 redfses

wfe = 13,2 1l/see corresponding %o 3574 mph,

Y o= 1,28

Retwming now to the equations of equilibrium (la) & (1) and

substituting the wing parameters, we obtaing
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i

— A —

A Z
(2) +F_= 7, [+ 97 + 0,667 1Py P67 ém Essswo 667 32 P
= @

0167 1Py ~ 0;39177 2]
— A A _
(2p) + M.250% 3?'3! «88.7 + 0,1917 :73_] v do| + 452.0,0048 P 2+ 0,0833 1:?3;]
oy B o

Hotss This notation of Ell”‘ %g, ‘abo, dosa not agree ewactly with the

notation of &yy, &yp, ete, in Lombard's report.

DETCRMINATION ﬁ TUE IIOIIAL HODES AT w=0

Sebting v = 0 in oquabidns {2) we obtain:

(32) +F_ =% |+ 987 - 126702+ e [+ 598 - 0&‘:91*793]

‘%"
(3b) + H.260 = Su | - 98,7 ¢ 0.19170 2+ B | + 45¢ - 0,008
- |

To determine the nabyral frequencies of vibration we set ths
detorninant of the B@f‘i‘iﬁ’iﬁﬁfk& of ¥ end gg o wéo and obtain thh
frequency cquabions

e 8030 ¥ 2 + 6,080,000 = 0O
the roots of whish ars:
P o= 29,0 yed/see
P = 84,8 rad/s08
fow using equation (5b) and substitubing V= 25,0, we obtain

0 = Ty [~ 88,7 + 161] + o [+ 454 = 4,0]

b0 = ;138 W,
This equation is sabisfisd if the wing oscillates with e nodal point

6.5 chord lengths nheed of the lending edie;
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Again using equation (:-513) and substitubing P = 84,8, we obbain
0=y, [ ~88.7 « 1378] + Fo [+ 452-34.5 ]

s = 3,05 ‘f}*ﬁ

This equation indicates a nodal point at 42,2 per sent of the chord
behind the leadimg sdge. '

If an oseillating fé!“&ﬁ" is applied at the nodal point of one
nermal mods, the resulting vibra%iens will be in the otl;er normael mode,

- We will now shift the flexural ecordinate of our efuations from

¥y, £ Yianoge Then from the geaustry of the sst-up, we obtain
P = Fjazp - 2328 Fo

which when substituted in sguations (2) results in:

() Lo G [ A )b [ 4, - 2224,
(26) + Mz25e _ 7 ), be (4, —.328 4,
e [Au] ebe[ A- 528 A, ]

Furtheyr transformation wiil plase thoss squations in a mora
useful form, Hoting that
and substituting (4a) and (4b) in this, we obbaing

\

Ao se - -~ o _ ~
i—é/ﬂf;c :g,‘qz:)_ ZfAz/ - 6,75,4,,]+¢('Z -/42&‘. 329 142( - é-76’4,2+42224”j
or ’

By +:j7;é.5b e er f; g - yoll B i - —
.(50 e T s [-A, +,/4g42,]+¢c |.3284,-A, -0956 4, +. /f'a%z}
Likewisze;

?f;%?% = %;255 + F x 1728 which when (4a) and {4b) ere

substitubed in, ecults in

A gzee = - -7 - _ -
(58) fv/ﬁs_cic_zg.m [Ao4.172 3, [+Fe - coc87,4.172 A= Gzvd, 4]

c /'77;



Hobing that

6.92F 4284 ®=m = nﬁ»ﬁ»ﬁﬂ
5. 18 By 6o T50m;

and 6.92F 5 g, o (FPY , squaticns (5) then reduse to the following

&
B 2o
when the values of the Afs frem (2) ave inbroducsd.

L B,
(62) loz:rf-‘.uzc = Hazs [,L 1002 + 0,667 PPz, — 11952 _/

B
+ ¢c f—o 2194 PJ)U/(; 0.179< Pfe — O. @e7/34f/¢]

Bz,
(s) ,é_q_Z/_.éﬁS-/5(421[4.7/./+0//4741)/3'0‘/c~ 0090 1° j

e
— B — - .
tgc [4‘77 1.0597LPU/p — 0.0376L PP = 47 PU—.06 721{]

Equations (76) are not actually in the normal form at zerc velosity,
begause the normal coordinates are y o, and V.50 but sinve ths lat=
ber poiuh does not lie on the wing, and since it is desirable to retein ¢
as & soordinate iun order to better vigualige the motion, the éguations
have besn placed in this form,

The equetions of izzoticm are now such that we can obtain the two
principal modes of osgillation at gere airspsed by setting either F. 4226
or F 5 aqual to zero, thus applying %he escillating foree at a nodal

~5,56
point, Tho resulting oscillations will bs ebout the opposite nodal point.

HODE I
R s o d

=

To produce what we shall call Hode 1, we apply an oseilleting

foroe of the form FlecsPt, or in the somplex plans of the form F‘ej‘;}ts

at the ,422 chord point, and in order to express the amplitude of reo-



sponsge in e form wihieh is independent of the megnitude of the a@?lie&

foree, we divide by the statis deflection whiech thils erplied force

would produce if the alrspeed (w) and the frequency () werc zero.
Louations (6) then booome

[ 2 l;"";"’F - s - — .~ - 7 —_— — .
{7a) /025 Fazge Y /]‘/4‘,7 ‘/i B,,J! +¢C[5/zj7

177 ;=

(70) €92 Fe5e

— r o - - >
= O = 3 ,422[_ 52,\] +¢C[Bgzj
=
() 55.422=+%—2— F:Z“‘A‘A)t _gﬁff__: 5——24/44 e"'")é
(g,ez&)o ( </£L)
(1) Fo. - Bupeert ge . Bafn vt

A (gc), (52 '/A)o

@

< | = B,

end (), denctes the static deflection,
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In o ginilar manmer we conl Droduce lode 2 by applying the oscil-

lating forece al the «6,5 chord polnt.

{5a WXy . - s 7 T 7
Vo) L—» ~~~~~ AELc O = ",5;".’-4?2_ ﬂ )/1j + CE_ 5/2 ]
- ‘
. G = S — =
tony G, 95 Fvive i Lot — 5 LT
SR S R R aze | Be, |+ gci .,
177 = v 4 -
(80) .. - — Uz Fle vt Gowzz B,/ et

— j< _#;_',)zf { ) .-
<8€i) ‘,”(L = + _,fé_".{ ~ (—;’J (,%‘;\ - (/j///ﬁfi\ (_-2“‘ 27
Z:X (_‘: s Ty
e (Busa ],
(80) .92z 5,.

whore A and ( }a have the smw significonce as in ode 1.
In eguation (8¢}, the flesural response has beon divided by the

statie enguler rosponse because the stabtic flermural recnonse of the

YT g
ITIENG A

¢




A
2

. ooz . ! : % o -
‘substitubed in eguations {7, and (5. Valuss of »° fram O to 130

N ) . . ~— .
in shbeps of 10 were thon asswwmwd and She value ¥ detormined fram

-

the corresponding V = v/e. This enable

a

I ug to ecaleulate tis s

C

my -

and hence the defleetions. The cnlculatlions arve, of course, in

5

tie commlex forme <he deflections nlotbed are the naximem dellege

-

o
tiong; ‘thabd is, the modulus of v and §,
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Yorsional divergence will oceur in the wing when the rate of
change of noment of the aerodynamie forces with respeet to o chonpge
ia the angle of attack exeeeds the rate ol cliange of the olastic rew

gtoring noment with respeet to o changs in engle,

In order to determine the velocity at which this divergence

occurg, we must determine the velocity at which A of our equations of
notion becomes equal to zero at zero frequency, sinee this is the fre-
quency at which divergenee cocurs,

Then noting that at Vs 0

Ve vy =o0and T =1, the & of equation {la) and
P2
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letuwrning now to the equation (6b) end setbing v
-

zero, we oblalin the equation of moltlon of the wing with the 430 chord

sgual Lo
422 .

=25 2 A~_4z.’<« , B. | +dc i 3
7 e ‘ (_{'/7//;— - C [DZIJ ¢ ¢CL B“’J

et

t iz also implied that we are asnlying o force at the (420 clord

2,

noint of such variable magnitude tha

Then apvlying an psoillating moment of the forn 'cos P4, or
itg " in the complex pleme, snd dividing the responce by tho statile

regoonse, we obtaln:

o ) <=l
(aov) ge- Me
Bix
(10e) dc _ (Bex)o nt \
(jZC) = (422 chord polat Tiwed)
(3

Aesponse curves Ior the abowe two uwdes of oseillations have
been plotted, The amplitudes nloticed are the mazlmua valueg or

modulug.
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The response curves for one depree of freedom as shomm in

Sig L end 2 are typloal famili o dax o8 ons with the
igures 1 end 2 sre typlcal lamilies of dawmed oscillabtions with the
¢arpping inereasing with airspeed. The torsiomal response curves show

the effect of the torsional divergence phenwmenon near zero frequcncy
with the resoon se beow ming lerge ot 302 m,p.he which is slichtly below
the divergence speed of the wing with the 422 chord noint fixed, At
speeds above this, the deflection is actually opposite to the anvlied
foree wihich mosans that a force must be asplied to keen the wing from
diverpging.
The response curves given in Figures 3 to 11 for ode 1, or the
mode which at zero alrvspeed is predominetely flexural, indicate thab
neturel frequency of [lesre which occurs ut zero airspeed is damped
out oz the airspeed increases. The demping is even preater in the
tvo degrees of {roedom than in fhe one degree of froedom case discuse
sed above. It should be remembered in exauining these curves that as

"

soon as the alrspeed is other than zero, the wdes are no longer nore

mal modes, end we are oblalning some cross responses. <he peaks on

the right of the curves of response of ¥y to & force ot the 422
»

2 03y
4220

2

chord point ore of this neture since they arise from ths dc or Lore
sionnl response,.
The curves of llode 2 or the torsional nwode at zero airspeed, ac

given in Jipures 12 to 189, iac’aica*ta that the torsiocnal oscillations are

inereasingly daaved itk ';:mz‘méng elrspeed and that the Irequency of

el l"Q *:\ VLR Ty

to the lefv or decruocos. fowever, ac the
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Llutter speed is approached, the danping becomes less and the amplitude
builds wp. The cwrves fﬁr 440 mepohe indieate torsiomal diverponce oG-
curing at zero freguency.

As stated in the introduction, one of the purncses of this invesw
tipation wwe to determine the possibility of predict ting the speed at which
flutter would occur by plotting the natural torsional and flexural
frequeacies at various airspeeds as éetur" ned by flipht tests, If the
frequency at whilch the meximum response ococurs at any piven airspced is

lled the natural frequency and these frejuencies plotted against aire
gpoed, the curves will be those which would be obiained by flight tests
and are shown in Fipure 21, It ean be soon at once thet flutter does
not occeur where the torsion and flexural curves intersect, but thet the
flexural mode has been demped out, as was pointed oub before, =ud thot
flutter occurs at a point on the torsiomal curve without varning other

than a bullding up of the amplitude of response., This method of att enpt-

ing to prediet flutter apnears to be impractical,
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PARAVSTERS

In order to oblain some idea of the imyvortance of the various
paremelters and to ianvestigate the effects which cu‘m; & in these para-
weters will have on the torsional flewurel {lutter speed snd the tore

sionel divergence speed, one paraneter at & time has becn varied while

ag the remaini fag v wing paranebers ab the values chosen lor tho re-
sbigetion. *“y use of the Hassner and Fingado chart of
referencs (3] for Tlutter speed and the previously derived eguation for
torsional divergence wpeed, curves have been plotted ghowing thelr
variotion end are glven in Pisures 22 te 20, The circled noinbs In-
dicate the basiec wing.

The boresional divergence bLeing non-dmenie in nsbture is rather
she bending frequency and inertie axis
have nothing to do with torsional divergence hense the torsienal die
verzence gpesd remains constant as they are varied, Increasing ’"%::1@
wing welght while holding the torsional frequeney conatant or increase

ing the torsiomal frequency while holding i and Mo, i.e, the moment

nertia, constent meens thet the torsicnel stiffmess and hence the

A.u

ivergence spoed is increasing, loving the elastic axis baeck on the
i in effect pives the serodyr o forees, which ecan be considered
ey aobting at the quorter chord, & longer moment arm ond hence decrensed

the diverpence speeds O course, the elastic axis at the guarter clovd

in an infinite diverpence speed. Jfu inecreasc in

altitude decreased the asrodymenic forces on the wing at o given soeed

e 5 s 14 o iy s my Y
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even thelr character might well be different, It will

be noted that the effect of moving the c¢lastie and inertia

.

oY

axes sirulteneously is not the sum of

the effects of moving

them individually,
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