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Abstract

A TLA™ specification and proofs of relevant properties for an algo-
rithm that computes the cyclic core of a minimal covering problem. This
algorithm was originally proposed in the context of two-level logic mini-
mization. The modules FiniteSetTheorems, Functions, FunctionTheorems,
NaturalsInduction, SequenceTheorems, TLAPS, WellFoundedInduction
can be found in the distribution of TLAPS v1.4.3: http://tla.msr-inria.
inria.fr/tlaps/dist/current/tlaps-1.4.3.tar.gz. This document ac-
companies the dissertation available at: http://resolver.caltech.edu/
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MODULE FiniteSetFacts

Additions to the module FiniteSetTheorems from the library of TLAPS.
Some theorems from the module FiniteSetTheorems can be found also in
the module NaiadClockProofFiniteSets[1, C.5 on p.57].

Author : Toannis Filippidis
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EXTENDS
FiniteSet Theorems,
Naturals
In order to ensure independence from builtin support of Sequences by TLAPS,
these modules have been developed and checked by replacing the modules
FiniteSets, FiniteSetTheorems, Sequences, SequencesTheorems
with renamed copies, (FiniteSets_copy etc.), and appropriately adjusting
EXTENDS statements where needed.
Special case of FS_Union
COROLLARY FS_UnionDisjoint =
ASSUME
NEW S, NEW T,
A IsFiniteSet(S) A IsFiniteSet(T)
ASNT) ={}
PROVE
Cardinality(S U T) = Cardinality(S) + Cardinality(T)
PROOF
()1. Cardinality(SU T) =
Cardinality(S) + Cardinality(T) — Cardinality(S N T)
BY FS_Union
(1)2. Cardinality(SN T) =0
BY FS_EmptySet
(1) QED
BY (1)1, (1)2, FS_Cardinality Type

A corollary of FS_AddElement.
COROLLARY FS_AddElementUpperBound =
ASSUME
NEW S, NEW z,



IsFiniteSet(S)
PROVE

LET Q = SU{z}

IN A IsFiniteSet(Q)

A Cardinality(Q) < Cardinality(S) + 1

PROOF
(1) DEFINE Q = S U {z}
(1)Y1. IsFiniteSet(S)

(1)2. A IsFiniteSet(Q)
AV Cardinality(Q) = Cardinality(S)
V Cardinality(Q) = Cardinality(S) + 1
BY (1)1, FS_AddFElement
(1)3. A Cardinality(Q) € Nat
A Cardinality(S) € Nat
BY (1)1, (1)2, FS_Cardinality Type
(1) QED
BY (1)2, (1)3

Using this lemma directly works well.
LEMMA ImageOfFinite =

ASSUME
NEW S, NEW Op(-),
IsFiniteSet(S)
PROVE
LET
Img = {Op(z): z €S}
N

A IsFiniteSet(Img)
A Cardinality(Img) < Cardinality(S)
PROOF
(1) DEFINE
Img = {Op(z): z € S}
f = [ze S Op(a)
(1)1. f € Surjection(S, Img)
BY DEF Surjection
(1) QED
BY (1)1, FS_Surjection

COROLLARY ImageOfFinite2 =

ASSUME
NEW S, NEW arg2, NEW Op(, ),
IsFiniteSet(S)

PROVE



LET
Img = {Op(z, arg2) : = € S}
IN
A IsFiniteSet(Img)
A Cardinality(Img) < Cardinality(S)
PROOF
BY ImageOfFinite

COROLLARY ImageOfFinite3 =
ASSUME
NEW S, NEW arg2, NEW arg3, NEW Op(-, _, _),
IsFiniteSet(S)
PROVE
LET
Img = {Op(z, arg2, arg3): = € S}
IN
A IsFiniteSet(Img)
A Cardinality(Img) < Cardinality(S)
PROOF
BY ImageOfFinite

(* Proofs checked with TLAPS version 1.4.3 *)



MODULE Optimization
Generic notions of optimization and binary relations as functions.

- minimal, maximal, minimum, maximum elements

- reflexive, irreflexive, transitive, symmetric, antisymmetric relations

— antichains, chains
- properties of the above

Author: Ioannis Filippidis

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.
EXTENDS

FiniteSetFacts,

Integers,

WellFoundedInduction

IsAFunction(f) = f = [z € DOMAIN f — f[z]]

Support(R) = {p[1]: p € poMAIN R}U{p[2]: p € DOMAIN R}

IsReflexive(R) = LET S = Support(R)
IN VzeS: Rz, z]

IsIrreflezive(R) = LET 8 = Support(R)
IN VzeS: -R[z, 2]

IsTransitive(R) = LET S = Support(R)
IN Vz,y,2€S8: (Rlz, y ARy, z]) = Rz, 7]

IsSymmetric(R) = LET 8 = Support(R)
IN Vz,y€S: Rz, y]= Rly, z|

IsAntiSymmetric(R) = LET S = Support(R)
IN Vaz,y€S8: (Rlz, y|A(z#y)) = ~R[y, z]

S is a set of pairwise comparable elements(totality).

IsChain(S, Leq) SV, yedl: Leqlz, y] V Leqly, ]

S is a set of pairwise incomparable elements.
IsAntiChain (S, Leq) S vz yedl:
(z #y) = (—Leglz, y| N —Leqly, z])

Optimization

When the minimum exists, it is unique, similarly for the maximum.
IsMinimum(r, S, Leq) = Ar €S
AVu e S\{r}: Leq[r, u]



IsMazimum(r, S, Leq) = Ar € S
AVu e S\{r}: Leqlu, r]

This definition requires that Leq be reflexive,
so it applies to partial orders.

IsMinimalRefl(r, S, Leq) ArelS

AVu e S\{r}: —Leglu, r]

IsMazimalRefl(r, S, Leq) 2 Ares
AVu e S\{r}: —Leq[r, u]

Most general definition, applies even if Leq is not anti — symmetric,
so also to preorders.

IsMinimal(r, S, Leq) AresS

AVu € S: Leqlu, r] = Leq[r, u]

IsMazimal(r, S, Leq) = Ar e S
AVu € S8 : Leq[r, u] = Leqlu, 7]

This definition is used in the implementation, because the BDD of
Eqlu, r]turns out to be(much)smaller than the BDD of Leq[r, u].
IsAMinimumAlt(r, S, Leq, Eq) 2 Aresd
AV u € S: Leqlu, r] = Eqlu, 7]

If a minimum does exist, then it is unique, so clearly “minima”
refers to minimal elements.In presence of the minimum, Minima is
a singleton.
Minima(S, Leq)
Mazima(S, Leq)

{z € §: IsMinimal(z, S, Leq)}
{z € §: IsMazimal(z, S, Leq)}

A
A

IndicatorFuncToRel(f) = {z € DOMAIN f: f[z] = TRUE}
IrreflexiveFrom(Leq) =
LET
S £ Support(Leq)
IN
[t € S xS —IF t[1] = t[2] THEN FALSE ELSE Leg[t]]

Definition of IsMaximal restated as a theorem.
LEMMA MazProperties =

ASSUME
NEW Leq, NEW S, NEW z, NEW other,
IsMazimal(z, S, Leq)

PROVE
ANz e S
A (other € § N Leq[z, other]) = Leg|other, z]



PROOF
BY DEF IsMaximal

COROLLARY MaximaProperties =
ASSUME
NEW Leq, NEW S, NEW z, NEW other,
z € Mazima(S, Leq)
PROVE
Nz e S
A (other € S A Leqlz, other]) = Leq|other, x]
PROOF
BY MaxProperties DEF Maxima

THEOREM MazIsIdempotent =
ASSUME NEW S, NEW Legq
PROVE LET Maz(Q) = Mazima(Q, Leq)
IN  Mazx(Maz(S)) = Maz(S)
PROOF
BY DEF Maxima, IsMaximal

THEOREM MazlsSubset =
ASSUME NEW S, NEW Leg
PROVE Mazima(S, Leq) C S
PROOF
BY DEF Maxima

THEOREM MaxzSmaller =

ASSUME
NEW S, NEW Leg,
IsFiniteSet(S)
PROVE
LET
Maz = Mazima(S, Leq)
IN

A IsFiniteSet( Max)

A Cardinality(Maz) < Cardinality(S)
PROOF
BY MazxIsSubset, FS_Subset

S = Max(S)when S is an antichain.
A
THEOREM MazSame =
ASSUME
NEW S, NEW Legq,



IsFiniteSet(S),

Cardinality(S) = Cardinality( Mazima(S, Leq))
PROVE

S = Mazima(S, Leq)
PROOF
(1) DEFINE

Maz = Mazima(S, Leq)

Card(R) = Cardinality(R)
(1)1. SUFFICES ASSUME S # Max

PROVE FALSE

(1)2. A Maxz C S
AN Maz # S
BY MazlsSubset, (1)1
(1)3. Card(Maz) < Card(S)
BY (1)2, FS_Subset
(1) QED
BY (1)3

THEOREM MazimalsAntiChain =

ASSUME

NEW S, NEW Leg,

IsAntiSymmetric(Leq),

S C Support(Leq),

S = Mazima(S, Leq)
PROVE

IsAntiChain(S, Leq)
PROOF
(1)1. SUFFICES ASSUME NEW = € §, NEW y € 5,

Nz #y
A Leg[z, y]
PROVE FALSE

BY DEF IsAntiChain
(1)2. ~Legly, 1]

BY (1)1 DEF IsAntiSymmetric
(1)3. Leg[y, ]

(2)1. IsMazimal(z, S, Leq)

BY (1)1 DEF Mazima
(2) QED
BY (1)1, (2)1 DEF IsMazimal

(1) QED

BY (1)2, (1)3

THEOREM AntiChainlsMazima =



ASSUME
NEW S, NEW Legq,
A IsReflexive(Leq)
A IsAntiChain(S, Leq)
PROVE
S = Mazima(S, Leq)
PROOF
(1)1. SUFFICES ASSUME NEW = € S, NEW y € 5,
Leqly, ]
PROVE Leg|z, y]
BY DEF Mazxima, IsMaximal
(1)2.cASE z =y
BY (1)1, (1)2 DEF IsReflexive
(1)3.CASE z # y
BY (1)1, (1)3 DEF IsAntiChain
(1) QED
BY (1)2, (1)3

THEOREM EquivDefsOfMin =
ASSUME NEW S, NEW Leq, NEW Fg,
Vu, r €S8: Eq[u, r] = (Leq[u, r] A Leq|r, u])
PROVE Vr € §:
IsMinimal(r, S, Leq) = IsAMinimumAlt(r, S, Leq, Eq)
PROOF
BY DEF IsMinimal, IsAMinimumAlt

If z € S(so S is nonempty), and T is not a minimum,
then some y € S\ {z}is smaller than .
THEOREM SmallerEzxists =
ASSUME
NEW Leg, NEW S, NEW z € S,
—IsMinimal(z, S, Leq)

PROVE
dyeS: Ny#zx
A Leqly, =]
AjLeQ[a% y]
PROOF

BY DEF IsMinimal

THEOREM LargerExists =
ASSUME
NEW Leq, NEW S, NEW z € S,
—IsMaximal(z, S, Leq)
PROVE



dyeS: Ny#z
A Leg[z, y]
A _'LGQ[ya Z]
PROOF
BY DEF IsMaximal

THEOREM StrictSubsetOfFinite WellFoundedOnSubsets =
ASSUME
NEW S,
IsFiniteSet(S)
PROVE
LET
LeqRel = StrictSubsetOrdering(S)
IN
IsWellFoundedOn(LegRel, SUBSET S)
PROOF
BY FS_StrictSubsetOrderingWellFounded, FS_FiniteSubsetsOfFinite

PROPOSITION Indicator TrueOnRel =
ASSUME
NEW f
PROVE
Va € IndicatorFuncToRel(f) : flz]
PROOF
BY DEF IndicatorFuncToRel

PROPOSITION IndicatorEquivRel =

ASSUME
NEW f, NEW z

PROVE
LET R = IndicatorPuncToRel(f)
IN (z € R)= Az € DOMAIN f

A fla]
PROOF
BY DEF IndicatorFuncToRel

PROPOSITION SupportOfSymmetricDomain =
ASSUME
NEW Leq, NEW §,
(DOMAIN Leq) = (S x )
PROVE
S = Support(Leq)



PROOF
(1) DEFINE Z = Support(Leq)
(H1.zcCS
BY DEF Support
(2. SC Z
(3) SUFFICES ASSUME NEW u € S
PROVE u € Z

(3) QED
BY DEF Support
(1) QED
BY (1)1, (1)2

PROPOSITION LtDomainlsSupportSquared =

ASSUME
NEW Leq
PROVE
LET
Lt = IrreflexiveFrom(Leq)
S = Support(Lt)
IN (S x.S)=DOMAIN Lt
PROOF

(1) DEFINE Lt = IrrefleziveFrom(Leq)
()1. pIck S: (S x S) = DOMAIN Lt

BY DEF IrreflexiveFrom
(1)2. S = Support(Lt)

BY (1)1, SupportOfSymmetricDomain
(1) QED

BY (1)1, (1)2

PROPOSITION LtHasSameSupport =
ASSUME
NEW Leq
PROVE
LET Lt = IrreflexiveFrom(Leq)
IN  Support(Lt) = Support(Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
Lt = IrreflexiveFrom(Leq)
(1)1. Support(Lt) C Z
BY DEF IrreflexiveFrom, Support
(1)2. Z C Support(Lt)
(2)1.Yu € Z: 3p € DOMAIN Lt : p[l] =u



BY DEF IrreflexiveFrom
(2)2. Z C {p[1] : p € DOMAIN Lt}
BY (2)1
(2) QED
BY (2)2 DEF Support
(1) QED
BY (1)1, (1)2

PROPOSITION LtHasSameDomain =

ASSUME

NEW Leg,

35 : DOMAIN Leq = (S x S)
PROVE

LET Lt = IrreflexiveFrom(Leq)

IN DOMAIN Leq = DOMAIN Lt
PROOF
(1) DEFINE

Z = Support(Leq)

Lt = IrreflexiveFrom(Leq)
(1)1. PIcK S : DOMAIN Leg = (S x §)

(2. S=2
(2)1. ASSUME NEW u € S
PROVE u € Z
BY (1)1 DEF Support
(2)2. ASSUME NEW u € Z
PROVE u € S
(3)1. PICK p € DOMAIN Leg : V p[1]
vV p[2]

U
U

BY DEF Support
(3)2. Ap[l] € S
Ap2) € S
BY (1)1
(3) QED
BY (3)1, (3)2
(2) QED
BY (2)1, (2)2
(1)3. DOMAIN Lt = (Z x Z)
BY LtHasSameSupport DEF IrreflexiveFrom
(1) QED
BY (1)1, (1)2, (1)3

PROPOSITION LtlsIrreflezive =
ASSUME



NEW Leq
PROVE
LET Lt = IrreflexiveFrom(Leq)
IN  Islrreflexive(Lt)
PROOF
(1) DEFINE
Z = Support(Leq)
Lt = IrreflexiveFrom(Leq)
(1)1. SUFFICES ASSUME NEW % € Z
PROVE —Lt[x, ]
(2) Support(Lt) = Support(Leq)
BY LtHasSameSupport
(2) QED
BY (1)1 DEF Islrreflexive
2. (z,z) € ZxZ
BY (1)1
(1) QED
BY (1)2 DEF IrreflexiveFrom

PROPOSITION Ltls Transitive =
ASSUME
NEW Leg,
A IsAntiSymmetric(Leq)
A IsTransitive(Leq)
PROVE
LET Lt = IrreflexiveFrom(Leq)
IN  IsTransitive(Lt)
PROOF
(1) DEFINE
Lt = IrreflexiveFrom(Leq)
Z = Support(Leq)
W = Support(Lt)
M. z=w
BY LtHasSameSupport
(1)2. ASSUME NEW z € W, NEW y € W
PROVE (z, y) € DOMAIN Lt
(2) (W x W) = DOMAIN Lt
BY LtDomainlIsSupportSquared
(2) (z, y) € (W x W)

(2) QED

(1)3. SUFFICES ASSUME NEW z € W, NEW y € W, NEW z € W,
Lt[z, y] A Ltly, 2]



PROVE Lt[z, 2]
BY (1)3 DEF IsTransitive
(D4 z#y
(2)1. SUFFICES ASSUME z = y
PROVE FALSE

(2)2. (z, ) € DOMAIN Lt
BY (1)2
(2)3. Lt[z, z]
BY (1)3, (2)1
(2) QED
BY (2)2, (2)3 DEF IrreflexiveFrom
(1)5. Legz, 1]
(2)1. (z, y) € DOMAIN Lt
BY (1)2
(2)2. Lt[z, y]
BY (1)3
(2) QED
BY (2)1, (2)2 DEF IrreflexiveFrom
(1)6. Leg[y, 2]
(2)1. (y, z) € DOMAIN Lt
BY (1)2
(2)2. Lt[y, 2]
BY (1)3
(2) QED
BY (2)1, (2)2 DEF IrreflexiveFrom
(1)y7. Leg[z, 2]
(2)1.ANz € Z
ANy eZ
Nz € Z
BY (1)1, (1)3
(2) QED
BY (2)1, (1)5, (1)6 DEF IsTransitive
(1) QED
(2)1. (z, z) € DOMAIN Lt
BY (1)2
(2)2. x # 2
(3)1. SUFFICES ASSUME z = 2
PROVE FALSE

(3)2. Leg[z, y] A Leqly, z)
BY (1)5, (1)6, (3)1
(3)3. = Leqly, z]
D1 (z € Z)N(y € Z)
BY (1)3, (1)1

10



(2. z#y
BY (1)4
(4)3. Leg[z, y]
BY (3)2
(4) QED
BY (4)1, (4)2, (4)3 DEF IsAntiSymmetric
(3) QED
BY (3)2, (3)3
(2) QED
BY (2)1, (2)2, (1)7 DEF IrreflexiveFrom

PROPOSITION FiniteLatticeInduces WellFounded =
ASSUME
NEW Leq, NEW §,
LET
Z = Support(Leq)
IN
A IsFiniteSet(S)
A IsTransitive(Leq)
A IsAntiSymmetric(Leq)
NS CZ
PROVE
LET
Support(Leq)
IrreflexiveFrom(Leq)
IndicatorFuncToRel(Lt)

7 2
Lt =
R £

IN

IsWellFoundedOn(R, S)

PROOF
(1) DEFINE

7 = Support(Leq)

Lt = IrreflexiveFrom(Leq)

W = Support(Lt)

R = IndicatorFuncToRel(Lt)
(DY1. IsIrreflexive(Lt)

BY LtlsIrreflexive
(1)2. IsTransitive(Lt)

BY LtlIsTransitive
(H3.Vee Z: (z,2) ¢ R

(2)1. SUFFICES ASSUME NEW & € Z
PROVE (z, z) ¢ R

(2)2. —Lt[z, z]
(3) (2, z) € (Z x Z)

11



(3) QED
BY DEF IrreflexiveFrom
(2) QED
BY (2)2 DEF IndicatorFuncToRel
(1)4. SUFFICES ASSUME —IsWellFoundedOn(R, S)
PROVE FALSE

(1)5. PICK f € [Nat — 5] :
Vn € Nat: (f[n+1], fln]) € R
BY (1)4 DEF IsWellFoundedOn
(16.Vn € Nat: f[n]e W
BY (1)5, LtHasSameSupport
(1)7. ASSUME NEW i € Nat, NEW j € Nat,
1<)
PROVE (f[j], f[i]) € R
(2)1.Vn € Nat : Lt[f[n+1], f[n]]
BY (1)5, IndicatorEquivRel
(2)2.Vn € Nat: Lt[f[i +n+ 1], f[i]]
()1, Le[fli + 1], L]
BY (2)1, ()7
(3)2. ASSUME NEW n € Nat,
Lt[f[i 4+ n + 1], f[a]]
PROVE Lt[f[i + n + 2], f[i]]
M1k =i+n+l
()2, Lt[f[k + 1], [£]
BY (2)1, (3)2
(4)3. Lt[f[k], fi]]
BY (3)2
(4)4. surrICES Lt[f[k + 1], f[4]]

(4)5. Af [k] €
Aflk+ ] ew
Al €
Y (1)6
(4) QED
BY (4)2, (4)3, (4)5, (1)2 DEF IsTransitive
(3) QED

BY (3)1, (3)2, NatInduction
(2)3. Li[fli + (G =i = 1) +1], f[d]]
3l.n=j—i-1
(3)2. n € Nat
BY (1)7
(3)3. Lt[f[i + n+ 1], f[7]]
BY (3)2, (2)2

12



(3) QED

Y (3)3
(2 >4 Lt[fb],f[l]]
Y (1)7, (2)3
(2)5. ( [7], f]i]) € DOMAIN Lt
<>< [], [i]) € (W x W)
v (1)6
(3) W Z
BY LtHasSameSupport
(3) QED
BY LtDomainlsSupportSquared
(2) QED

BY (2)4, (2)5, IndicatorEquivRel
(1)8.Vi, j € Nat: (i #j) = (f[s] # fl5])
(2)1. SUFFICES ASSUME NEW i € Nat, NEW j € Nat,
i<j

PROVE f[i] # f[J]

@2. (17, £1i}) € R
BY (2)1, (1)7
(2) QED
BY (2)2, (1)6, (1)3, LtHasSameSupport
(1)9. PICK k € Nat : k = Cardinality(S)
BY FS_Cardinality Type
(1) DEFINE
k+1
D 1..m
T {f[n]: n € D}
(1)10.V4,j € D= (i #3) = fi] # flj]
BY (1)9, (1)8
()Y11. ExistsBijection(D, T)
(1.9 2 [ne Do f[n]
(2)2. g€ [D— T]

m

e 11> 11>

(2)3. g € Injection(D, T)

BY (1)10 DEF Injection
(2)4. g € Surjection(D, T)

BY DEF Surjection
(2)5. g € Bijection(D, T)

BY (2)3, (2)4 DEF Bijection
(2) QED

BY (2)b DEF EistsBijection

(1)12. A IsFiniteSet(T)

A m = Cardinality(T)

Y (1)11, FS_NatBijection, FS_CountingElements

13



(1)13.AT C S
NT #S
BY (1)8
(1)14. Cardinality(T) < Cardinality(S)
(2)1. A Cardinality(T) < Cardinality(S)
A (Cardinality(T) = Cardinality(S)) = (S =T)
BY (1)13, FS_Subset
(2) QED
BY (2)1, (1)13
(1) QED
(2)1.m <k
BY (1)9, (1)12, (1)14
(2) QED
BY (2)1

THEOREM FiniteSetHasMinimal =
ASSUME
NEW Leq, NEW §,
LET
Z = Support(Leq)
IN
A IsTransitive(Leq)
A IsAntiSymmetric(Leq)
A IsFiniteSet(S)
NS CZ
NS #{}
PROVE
Jv € S: IsMinimal(v, S, Leq)
PROOF
(1) DEFINE
7 = Support(Leq)
Lt = IrreflexiveFrom(Leq)
W = Support(Lt)
R = IndicatorFuncToRel(Lt)
H1. SCcw
BY LtHasSameSupport
(1)2. IsWellFoundedOn(R, S)
BY FiniteLatticeInduces WellFounded
(3. Ppick v e S: Yue S: (u,v) ¢ R
BY (1)2, WFMin
(Y4.Yu € S: —Lt[u, v]
(2)1. SUFFICES ASSUME NEW u € S
PROVE —Lt[u, v]

14



(2)2.Nue W
ANveW
BY (1)3, (2)1, (1)1
(2)3. (u, v) ¢ R
BY (1)3
(2)4. (u, v) € DOMAIN Lt
(3) (u, vy € (W x W)
BY (2)2
(3) QED
BY LtDomainlsSupportSquared
(2) QED
BY (2)3, (2)4, IndicatorEquivRel
(1)5. Vu € S\ {v}: —Leq[u, v]
(2) SUFFICES ASSUME NEW u € S\ {v}
PROVE —Leq[u, v]

(1. (u,v) € Zx Z
BY (1)1, LtHasSameSupport
(2)2. Lt[u, v] = Leq[u, v]
BY (2)1 DEF IrreflexiveFrom
(2) QED
BY (1)4, (2)2
(1) QED
BY (1)5 DEF IsMinimal

THEOREM HasSomeMinimalBelow =
ASSUME
NEW Legq, NEW S, NEW u € S,
LET
Z = Support(Leq)
IN
N IsFiniteSet(Z)
A IsReflexive(Leq)
A IsTransitive(Leq)
A IsAntiSymmetric(Leq)
NS CZ
PROVE
Jv e S: A Leglv, u]
A IsMinimal(v, S, Leq)
PROOF
(1) DEFINE
R = {res8: Ler, u]}
Z = Support(Leq)
(1. uweR
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BY DEF IsReflerive
(1)2. IsFiniteSet(R)
BY FS_Subset DEF R
(1)3. PICK v € R: IsMinimal(v, R, Leq)
BY (1)1, (1)2, FiniteSetHasMinimal
(1)4. sUFFICES IsMinimal(v, S, Leq)
(2)1. Leg[v, u]
BY (1)3 DEF R
(2) QED
BY (2)1
(1)5. SUFFICES ASSUME —IsMinimal(v, S, Leq)
PROVE FALSE

(1)6. PicK w € S\ {v}: A Leq[w, v]
A = Leqlv, w]
BY (1)5, SmallerExists
(. w e R
BY (1)6, (1)3 DEF IsTransitive
(1) QED
BY (1)3, (1)7, (1)6 DEF IsMinimal

(* Proofs checked with TLAPS version 1.4.3 %)

(=

The definitions above use bounded quantifiers to enable using TLC'.
Also, sets instead of predicates reduce the amount of nesting in the
definitions(flat is better than nested).The same definitions are
possible using higher — order operators and unbounded quantifiers.
These are given below.

*)

(* Defining IsMinimal and IsMazimal using Leq * )
IsMinimal(r, IsAMember(-), Leq) 2
A IsAMember(r)
AV u: ValsAMember(u)( * outside the collection, or )
V =Leq[u, r|( * r no smaller than u, or *)
V Leg[r, u]( * v smaller than or equal to u *)

IsAMinimumAlt(r, IsAMember(-), Leq, Eq) 2
A IsAMember(r)
AVu: VIsAMember(u)
V —Leg[u, ]
V Eqlu, 7]

IsMazimal(r, IsAMember(-), Leq) 2

A IsAMember(r)
AVu: V aIsAMember(u)
V = Leq(r, u]
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V Leq|u, 7]
A

IsA MazimumAlt(r, IsAMember(-), Leq, Eq)
A IsAMember(r)
AVu: VIsAMember(u)
V = Leq(r, u]
V Eq[r, u]

(=

Design choices :

1.operator vs function for Leq

2.Leq as argument vs as CONSTANT

3.Leq vs Gegq

4.expressing Min using Max

5.1sAMember as operator vs set containment

*)

( * Ezpressing IsMinimal using IsMazimal * )

IsMinimal(r, IsAMember, Leq) =
A IsAMember(r)
AVu: V-alsAMember(u)
V —Legu, T]
V Legq[r, u]
LET Geg[{a, b) € DOMAIN Legq] 2 Leg(b, a]
IN A IsAMember(r)
AV u: V -IsAMember(u)
V ~Geg[r, u]
V Geglu, 7]
LET Geg[{a, b) € DOMAIN Leg] = Leq[b, a]
IN  IsMaximal(r, IsAMember, Geq)

(% The above indicates a possible alternative definition for IsMinimal. * )

(* Defining IsMinimal and IsMazimal using Geq * )

IsMinimal(r, IsAMember(-), Geq) 2
A IsAMember(r)
ANAw: V-aIlsAMember(u)
V = Geq[r, u]
V Geglu, 7]

IsMazimal(r, IsAMember(-), Geq) =
A IsAMember(r)
AVu: V —aIsAMember(u)
V = Geglu, ]
V Geqr, u]

(* Design note on defining mazima * )

THEOREM
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TRUE= Vc2>u
V(e > u)

Ve>u
V =(¢ > u) A TRUE

=Vc>u
Va(e>u)A Vu>c
vV =(u > c)

= V¢ > u(*c at least as large as u * )
V(e >u) A (u > c)( *u strictly larger than c )
V(e > u) A=(u > ¢)(* ¢ and u incomparable * )

(* We want cases 1 and 3 only, so *)
Ve>u
V(e >u)A—=(u > c)

Ve>u
V=(u > ¢)

(* It can also be shown that :

(r<)=(=0)=-(LgAp#q)
*)
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MODULE MinCover

Definitions of minimal covering, and properties of minimal covers.

Author: Ioannis Filippidis

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.
EXTENDS

Integers,

Optimization

CONSTANTS Cost

Minimal set covering

CostLeq[t € (DOMAIN Cost) x (DOMAIN Cost)] =
LET
T t[1]
u t[2]
IN  Cost[r] < Cost[u]
CardinalityAsCost(Z) = Cost = [cover € SUBSET Z + Cardinality(cover)]

> >

C and X suffice to define a cover, because the notion of covering
involves elements from a cover and a target set to cover.Y is trrelevant.
IsACover(C, X, IsUnder) = Yz € X : 3y € C: IsUnder[z, y|
IsACoverFrom(C, X, Y, IsUnder) =
A C € SUBSET Y
A IsACover(C, X, IsUnder)
CoversOf (X, Y, IsUnder) = {C € SUBSET Y : IsACover(C, X, IsUnder)}

The set Y is irrelevant to the notion of a cover, but is necessary to

define a notion of minimal element.

IsAMinCover(C, X, Y, IsUnder) 2
LET
Covers = CoversOf (X, Y, IsUnder)
IN

IsMinimal(C, Covers, CostLeq)

MinCost(X, Y, IsUnder) =

LET

Cov = CoversOf (X, Y, IsUnder)

min = CHOOSE u € Minima(Cov, CostLeq) : TRUE
IN

Cost[min]
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IsACover(C, X, Leq)
Refines(A, B, Leq)

Refines(X, C, Leq)
Vue A: v e B: Leqlu, v]

1l

!
I

The operator Refines from the module Lattices is equivalent to the
operator IsACover from the module MinCover.
PROPOSITION RefinesMeansCover
ASSUME
NEW A, NEW B, NEW Leq
PROVE
Refines(A, B, Leq) = IsACover(B, A, Leq)
PROOF
(1)1. ASSUME Refines(A, B, Leq)
PROVE IsACover(B, A, Leq)
(2)1.Vu e A: v e B: Leqlu, v]
BY (1)1 DEF Refines
(2)2. IsACover(B, A, Leq) =
VeeA: Jy € B: Leg[z, y]
BY DEF IsACover
(2) QED
BY (2)1, (2)2
(1)2. ASSUME IsACover(B, A, Leq)
PROVE Refines(A, B, Leq)
(2)1.Vz € A: Jy € B: Leg[z, y]
BY (1)2 DEF IsACover
(2)2. Refines(A, B, Leq) =
Vue A: v € B: Leqlu, v]
BY DEF Refines
(2) QED
BY (2)1, (2)2
(1) QED
BY (1)1, (1)2

Transitivity of the operator Refines.
LEMMA RefineslsTransitive 2
ASSUME
NEW A, NEW B, NEW C, NEW Legq,
LET
S = Support(Leq)
IN
NACS
ANBCS
NCCS
A IsTransitive(Leq)
A Refines(A, B, Leq)



A Refines(B, C, Leq)
PROVE
Refines(A, C, Leq)
PROOF
(1) DEFINE
S = Support(Leq)
(1)1. SUFFICES
ASSUME NEW p € A
PROVE dr € C: Leg[p, 7]
BY (1)1 DEF Refines
(1)2. PICK ¢ € B: Leg[p, q]
(2)1. Refines(A, B, Leq)

(2) QED
BY (1)1, (2)1 DEF Refines
(1)3. PIcK 7 € C: Leqlq, 7]
(2)1. Refines(B, C, Leq)

(2) QED
BY (1)2, (2)1 DEF Refines
()d.Ape S
ANg€eS
Ares
(2)I.AACS
ANBCS
ANCCS
BY DEF §
(2) QED
BY (1)1, (1)2, (1)3, (2)1
(1)5. Leg[p, q] A Leg[q, 7]
BY (1)2, (1)3
(1) QED
(2)1. IsTransitive(Leq)

(2) QED
BY (1)4, (1)5, (2)1 DEF IsTransitive

Transitivity of the operator IsACover.
COROLLARY Coveringls Transitive 2
ASSUME
NEW A, NEW B, NEW C, NEW Leg,
LET
7z = Support(Leq)
IN



NACZ
ANBCZ
NCCZ
A IsTransitive(Leq)
A IsACover(A, B, Leq)
A IsACover(B, C, Leq)
PROVE
IsACover(A, C, Leq)
PROOF
BY RefineslsTransitive, RefinesMeansCover

If S refines T, then any subset of S refines T.
PROPOSITION SubsetRefinesToo =
ASSUME
NEW S, NEW R, NEW T, NEW Leg,
A Refines(S, T, Leq)
A R € SUBSET S
PROVE
Refines(R, T, Leq)
PROOF
(H1.Vue S: Jve T: Leqglu, v]
(2)1. Refines(S, T, Leq)

(2) QED
BY (2)1 DEF Refines
()2.YVue R: ues

(3. Yu € R: Jv e T: Leqlu, v]
BY (1)1, (1)2

(1) QED
BY (1)3 DEF Refines

Auziliary fact to aid TLAPS.
PROPOSITION CostLegHelper =
(DOMAIN CostLeq) = ((DOMAIN Cost) x (DOMAIN Cost))
PROOF
BY DEF CostLeq

Substitution of cardinality in the definition of CostLeq.
PROPOSITION CostLeqToCard =
ASSUME
NEW S,
NEW A € SUBSET 9,



NEW B € SUBSET S,
CardinalityAsCost(S)
PROVE
CostLeq[(A, B)] = (Cardinality(A) < Cardinality(B))
PROOF
(1)1.A A € SUBSET S
A B € SUBSET S

(1)2. Cost = [c € SUBSET S — Cardinality(c)]
(2)1. CardinalityAsCost(S)

(2) QED
BY (2)1 DEF CardinalityAsCost

(1)3. (A, B) € DOMAIN CostLeq

BY (1)1, (1)2 DEF CostLeq
(1)4. CostLeq[(A, B)] = (Cost[A] < Cost|[B])

BY (1)3 DEF CostLeq
(1)5. A Cost[A] = Cardinality(A)

A Cost[B] = Cardinality(B)

BY (1)2, (1)1
(1) QED

BY (1)4, (1)5

PROPOSITION MinCoverProperties =
ASSUME
NEW Leq, NEW C, NEW X, NEW Y,
IsAMinCover(C, X, Y, Leq)
PROVE
A C € SUBSET YV
A IsACover(C, X, Leq)
AV r € SUBSET Y :  Any other cover from Y
V = A IsACover(r, X, Leq)
A CostLeq[(r, C)]
V CostLeq[(C, r)] costs no less.
PROOF
(1) DEFINE Covers = CoversOf (X, Y, Leq)
(D)1. IsMinimal(C, Covers, CostLeq)
BY DEF IsAMinCover
(1)2. C € Covers
BY (1)1 DEF IsMinimal
(1)3. A C € SUBSET Y
A IsACover(C, X, Leq)
BY (1)2 DEF CoversOf
(1) HIDE DEF CostLeq



(1)4. ¥r € SUBSET Y :
V = A IsACover(r, X, Leq)
A CostLeq[(r, C)]
V CostLeq[{C, )]
BY (1)1 DEF IsMinimal, CoversOf
(1) QED
BY (1)3, (1)4

The previous proposition when we have Cardinality as Cost.
PROPOSITION MinCoverPropertiesCard =
ASSUME
NEW Leq, NEW Z, NEW C, NEW X,
NEW Y € SUBSET Z,
A IsAMinCover(C, X, Y, Leq)
A CardinalityAsCost(Z)
PROVE
A C € SUBSET Y
A IsACover(C, X, Leq)
AV 7r € SUBSET Y :
V = A IsACover(r, X, Leq)
A (Cardinality(r) < Cardinality(C'))
V (Cardinality(C') < Cardinality(r))
PROOF
(1)1.A C € SUBSET Y
A IsACover(C, X, Leq)
AV 7r € SUBSET Y :
V = A IsACover(r, X, Leq)
A CostLeq[(r, C)]
V CostLeq[{C, T)]
(2)1. IsAMinCover(C, X, Y, Leq)

(2) QED
BY (2)1, MinCoverProperties
(1)2. Y CZ

(1)3. CCz
BY (1)1, (1)2
(1)4. ASSUME NEW 1 € SUBSET Y
PROVE
A CostLeq[(r, C)] = (Cardinality(r) < Cardinality(C'))
A CostLeq[(C, r)] = (Cardinality(C) < Cardinality(r))
(2)1. r € SUBSET Z
BY (1)4, (1)2
(2) QED



(3)1. CardinalityAsCost(Z)

(3) QED
BY (1)3, (2)1, CostLeqToCard
(1) QED
BY (1)1, (1)4

COROLLARY MinCoverHasMinCard =
ASSUME
NEW Leq, NEW Z, NEW C, NEW X,
NEW Y € SUBSET Z,
NEW r € SUBSET Y,
A CardinalityAsCost(Z)
A Cardinality(C) € Nat
A Cardinality(r) € Nat
A IsAMinCover(C, X, Y, Leq)
A IsACover(r, X, Leq)
PROVE
Cardinality(C) < Cardinality(r)
PROOF
(Y1.V Cardinality(C) < Cardinality(r)
V Cardinality(r) < Cardinality(C)

(1) QED
BY (1)1, MinCoverPropertiesCard

Any two mintmal covers C, H have the same cardinality,
because X, Y are subsets of a finite complete lattice.
THEOREM AlIMinCoversSameCard =

ASSUME
NEW C, NEW H, NEW Leq, NEW X, NEW Y, NEW Z,
A IsAMinCover(C, X, Y, Leq)
A IsAMinCover(H, X, Y, Leq)
A CardinalityAsCost(Z)
A IsFiniteSet(Y)
ANY CZ
PROVE
Cardinality(C) = Cardinality(H)
PROOF
(1)1. AN H € SUBSET Y
A IsACover(H, X, Leq)
AY7r € SUBSET Y :
V = A IsACover(r, X, Leq)
A Cardinality(r) < Cardinality(H)



V Cardinality(H) < Cardinality(r)
(2)1. IsAMinCover(H, X, Y, Leq)

(2) QED
BY (2)1, MinCoverPropertiesCard
(1)2. A C € SUBSET Y
A IsACover(C, X, Leq)
AV r € SUBSET Y :
V = A IsACover(r, X, Leq)
A Cardinality(r) < Cardinality(C)
V Cardinality(C) < Cardinality(r)
(2)1. IsAMinCover(C, X, Y, Leq)

(2) QED
BY (2)1, MinCoverPropertiesCard
(1)3. (Cardinality(C) < Cardinality(H))
= (Cardinality(H) < Cardinality(C'))
BY (1)1, (1)2 7+ C in (1)1
(1)4. (Cardinality(H) < Cardinality(C))
= (Cardinality(C) < Cardinality(H))
BY ()1, (1)2 7+« H in (1)2
(1)5. A Cardinality(C) € Nat
A Cardinality(H) € Nat
(2)1. IsFiniteSet(C) A IsFiniteSet(H)

31.ACCY
ANHCY
M1, A IsAMinCover(C, X, Y, Leq)
A IsAMinCover(H, X, Y, Leq)
(4) QED

BY (4)1, MinCoverProperties
(3)2. IsFiniteSet(Y)

(3) QED
BY (3)1, (3)2, F'S_Subset
(2) QED
BY (2)1, FS_Cardinality Type
(1Y6.CASE Cardinality(C) < Cardinality(H)
(2)1. Cardinality(H) < Cardinality(C)
BY (1)6, (1)3
(2) QED
BY (1)6, (2)1, (1)5
(1)7. AsSUME —( Cardinality(C) < Cardinality(H))
PROVE FALSE
(2)1. Cardinality(C) > Cardinality(H)



BY (1)7, (1)5

(2)2. Cardinality(C) > Cardinality(H)
BY (2)1, (1)5

(2)3. Cardinality(C) < Cardinality(H)
BY (2)2, (1)4

(2) QED
BY (1)7, (2)3

(1) QED
BY (1)6, (1)7

THEOREM MinCoverEquivCoverCard =
ASSUME
NEW Leq, NEW X, NEW Y, NEW Z,
NEwW C, NEW H,
A IsAMinCover(C, X, Y, Leq)
A IsFiniteSet(Y)
ANY CZ
A CardinalityAsCost(Z)
PROVE
IsAMinCover(H, X, Y, Leq)
= ANH € SUBSET Y
A IsACover(H, X, Leq)
A Cardinality(H) < Cardinality(C)
PROOF
(1) DEFINE
Props = A H € SUBSET Y
A IsACover(H, X, Leq)
A Cardinality(H) < Cardinality(C)
Covers = CoversOf (X, Y, Leq)
(1) use DEF CoversOf
(1)1. ASSUME IsAMinCover(H, X, Y, Leq)
PROVE Props
(2)1.ANH € SUBSET Y
A IsACover(H, X, Leq)
BY (1)1, MinCoverProperties
(2)2. Cardinality(H) = Cardinality(C)
BY (1)1, AliMinCoversSameCard
(2)3. A Cardinality(H) € Nat
A Cardinality(C) € Nat
BY (1)1, MinCoverProperties, FS_Subset,
FS_Cardinality Type
(2) QED
BY (2)1, (2)2, (2)3
(1)2. ASSUME Props



PROVE IsAMinCover(H, X, Y, Leq)
(2)1. SUFFICES IsMinimal(H, Covers, CostLeq)
BY (1)2 DEF IsAMinCover
(2)2. SUFFICES
ASSUME NEW u € Covers, CostLeq[(u, H)]
PROVE CostLeq[(H, u)]
BY (1)2, (2)2 DEF IsMinimal
(2)7. N H € SUBSET Z
Au € SUBSET Z
BY (1)2, (2)2, Y C Z
(2)6. SUFFICES Cardinality(H) < Cardinality(u)
BY (2)7, CostLeqToCard
(2)5. A Cardinality(H) € Nat
A Cardinality(C) € Nat
A Cardinality(u) € Nat
(3)1.AH € SUBSET Y
A C € SUBSET Y
Au € SUBSET Y
BY (1)2, MinCoverProperties, (2)2
(3) QED
BY (3)1, FS_Subset, FS_Cardinality Type
(2)4. Cardinality(H) < Cardinality(C)
BY (1)2
(2)3. Cardinality(C) < Cardinality(u)
(3)1. Cardinality(u) < Cardinality(H)
BY (2)2, (2)5, (2)7, CostLeqToCard
(3)2. Cardinality(u) < Cardinality(C')
BY (2)4, (3)1, (2)5

(3) QED
BY (3)2, (2)2, MinCoverPropertiesCard, (2)5
(2) QED
BY (2)3, (2)4, (2)5
(1) QED

BY (1)1, (1)2

PROPOSITION CheaperCoverFExists =
ASSUME
NEW Leq, NEW X, NEW Y,
NEW C € COU@T’SOf(X, Y, Leq), S0 some cover exists
—IsAMinCover(C, X, Y, Leq)
PROVE
3 OtherCover € SUBSET Y :
A OtherCover # C
A IsACover(OtherCover, X, Leq)
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A CostLeq[{ OtherCover, C)]
A —CostLeq[(C, OtherCover)]
PROOF
BY SmallerExists DEF IsAMinCover, CoversOf, IsMinimal

LEMMA SubtractFromBoth =

ASSUME
NEW Leq, NEW X, NEW E, NEW C,
LET
Z = Support(Leq)
IN
A IsAntiSymmetric(Leq)
ANE CX
ANX CZ
A X = Mazima(X, Leq)
A IsACover(C, X, Leq)
PROVE
LET
Xe = X\ E
Ce = C\E
IN
IsACover(Ce, Xe, Leq)
PROOF
(1) DEFINE
Xe % X\E

Ce = C\E
(1)1. SUFFICES ASSUME NEW u € Xe
PROVE Jv € Ce: Leg[u, v]
BY DEF IsACover
(1)2. PiIcK v € C: Leq[u, v]
BY DEF IsACover
(1)3. SUFFICES ASSUME v € E
PROVE FALSE
BY (1)2, (1)3 DEF Ce
(4. u#wv
BY (1)1, (1)3 DEF Xe
(1) QED
(2)1. IsAntiChain(X, Leq)
BY MazximalsAntiChain
(2)2.ANue X
ANveX
BY (1)1, (1)3
(2) QED
BY (2)1, (1)2, (1)4, (2)2 DEF IsAntiChain
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LEMMA AddToBoth =
ASSUME
NEW Leq, NEW X, NEW Y, NEW F, NEW C,
ANCCY
N E C Support(Leq)
A IsReflexive(Leq)
A IsACoverFrom(C, X, Y, Leq)
PROVE
LET
XE
YE
CE

XUE
YUE
CUFE

(e 11> 1l

IN
IsACoverFrom(CE, XE, YE, Leq)
PROOF
(1) DEFINE
XFE XUFE
YE YUE
CE CUE
()1. IsACover(C, X, Leq)
BY DEF IsACoverFrom
(1)2. IsACover(CE, XE, Leq)
(3W1.Ve e X: Jye C: Leglz, y]
BY (1)1 DEF IsACover
(3Y2.Vz € XE: Jy € CE: Leq[z, y]
BY (3)1 DEF IsReflexive
(3) QED
BY (3)2 DEF IsACover
(1)3. CE € SUBSET YE

e 11> 11>

(1) QED
BY (1)2, (1)3 DEF IsACoverFrom

L

(= Proofs checked with TLAPS version 1.4.3 %)
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MODULE Lattices

Operations for minimal covering within a lattice, and theorems about them.

— bounds, Supremum, Infimum, sets of elements above and below
— Floor, Feil, Floors, Ceilings, MaxFloors, MaxCeilings

— quastorder, partial order, lattice, complete lattice

— some reverse operations : Hat, MaxHat, unfloor

— properties of the above

The results from this module form the basis for proving correct the algorithm

in the module CyclicCore.tla.

Author : Toannis Filippidis
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EXTENDS

FiniteSetFacts,

MinCover,

Optimization

ThoseUnder(X, y, Leq) = {z € X : Leq[z, y]}
ThoseOQver(Y, ©, Leq) = {y € Y : Leq[z, y]}
Umbrella(z, X, Y, Leq) = UNION {

ThoseUnder(X, y, Leq) : y € ThoseOver(Y, z, Leq)}

IsBelow(r, S, Leq) = Yu € S: Leq[r, u]
IsAbove(r, S, Leq) VueS: Leqlu, r]
IsTightBound(r, S, Leq) =
LET
7 = Support(Leq)

e 11>

IN
ANreZ
A IsAbove(r, S, Leq)
AV q € Z: IsAbove(q, S, Leq) = Leq[r, q]

HasTightBound(S, Leq) =
LET Z = Support(Leq)
IN 3Jr € Z: IsTightBound(r, S, Leq)
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TightBound (S, Leq) =
LET Z = Support(Leq)
IN CHOOSE r € Z : IsTightBound(r, S, Leq)

UpsideDown(Leq) =
LET Z = Support(Leq)
IN [t € Zx Zw— Leq[t]2], t[1]]

HasSup(S, Leq)
HasInf (S, Leq)

HasTightBound (S, Leq)
LET Geq = UpsideDown(Leq)
IN  HasTightBound(S, Geq)

A
A

Supremum(S, Leq) = TightBound (S, Leq)
Infimum(S, Leq) = LET Geq = UpsideDown(Leq)
IN  TightBound(S, Geq)

Floor(y, X, Leq) = Supremum(ThoseUnder(X, y, Leq), Leq)
Ceil(z, Y, Leq) = Infimum(ThoseOver(Y, z, Leq), Leq)

Floors(S, X, Leq) = {Floor(y, X, Leq) : y € S}
Ceilings(S, Y, Leq) = {Ceil(z, Y, Leq) : = € 8}

In Coudert s terminology:

1. \max\tau-X or “column reduction” the operator MazFloors
2.\maz\tau-Y or “row reduction” the operator MaxzCeilings
MazFloors(S, X, Leq) = Maxima(Floors(S, X, Leq), Leq)
MazCeilings(S, Y, Leq) = Mazima(Ceilings(S, Y, Leq), Leq)

IsAQuasiOrder(R) = A IsReflexive(R) A IsTransitive(R)
A IsAFunction(R) A3 S : S x S =DOMAIN R

IsAPartialOrder(R) =
A IsReflexive(R) A IsTransitive(R) A IsAntiSymmetric(R)
A IsAFunction(R) A3 S : S x S = DOMAIN R

IsALattice(R) =
A IsAPartialOrder(R)
ALET Z = Support(R)
IN V.S €SUBSET Z: V Cardinality(S) # 2
V HasInf (S, R) A HasSup(S, R)

IsACompleteLattice(R) =
A IsAPartialOrder(R)
ALET Z = Support(R)
IN VS € SUBSET Z: HasInf(S, R) A HasSup(S, R)

SomeAbove(u, Y, Leq) 2 CHOOSE r € Y : Leqlu, r]
SomeMazAbove(u, Y, Leq) = SomeAbove(u, Maxima(Y, Leq), Leq)



SomeMazAbove(u, Y, Leq) = CHOOSE m € Mazima(Y, Leq) : Leq[u, m)]
Hat(S, Y, Leq) = {SomeAbove(y, Y, Leq) : y € S}
IsAHat(H, C, Y, Leq) =
A H € SUBSET Y
A Refines(C, H, Leq)
A Cardinality(H) < Cardinality(C')
MazHat(S, Y, Leq) = Hat(S, Mazima(Y, Leq), Leq)
MazHat(S, Y, Leq) = {SomeMazAbove(y, Y, Leq) : y € S}

SomeUnfloor(u, X, Y, Leq) = CHOOSE y € Y : u = Floor(y, X, Leq)
Unfloors(S, X, Y, Leq) = {SomeUnfloor(y, X, Y, Leq) : y € S}
Unfloors satisfies IsUnfloor, but we use IsUnfloor to prove

theorems in order to be able to replace Unfloors with the more

concrete and computationally simpler Hat when F' is an antichain.
N

IsUnfloor(C, F, X, Leq) = A F = Floors(C, X, Leq)
A Cardinality(C) < Cardinality(F)

Properties of lattices.

THEOREM Lattice Properties =
ASSUME
NEW Leq, IsACompleteLattice(Leq)
PROVE
A IsReflexive(Leq)
A IsTransitive(Leq)
A IsAntiSymmetric(Leq)
A IsA Function(Leq)
ATS: § xS =DOMAIN Leq
ALET Z = Support(Leq)
IN VS € SUBSET Z: HasInf(S, Leq) N HasSup(S, Leq)
PROOF
BY DEF IsACompleteLattice, IsAPartialOrder

THEOREM SuplsUnique =
ASSUME
NEW Leq, NEW S,
S C Support(Leq),
IsACompleteLattice(Leq)
PROVE
LET Z = Support(Leq)
IN Vu,veZ:
(IsTightBound(u, S, Leq) A IsTightBound(v, S, Leq))
= (u=v)
PROOF



BY DEF IsTightBound, IsACompleteLattice, IsAPartialOrder, IsAntiSymmetric

THEOREM SupErists =

ASSUME
NEW Leq, NEW §,
A IsACompleteLattice(Leq)
A S C Support(Leq)

PROVE
LET

A

r

Support(Leq)
Supremum (S, Leq)

e 11>

IN
ANr ez
A IsAbove(r, S, Leq)
AV q € Z : IsAbove(q, S, Leq) = Leq[r, q]
PROOF
BY DEF IsACompleteLattice, Supremum, HasSup,
HasTightBound, TightBound, IsTightBound

THEOREM InfExists =
ASSUME
NEW Leq, NEW S|
IsACompleteLattice(Leq),
S C Support(Leq)

PROVE
LET
Z = Support(Leq)
r = Infimum(S, Leq)
IN

ANr ez

A IsBelow(r, S, Leq)

AY q € Z: IsBelow(q, S, Leq) = Leqq, 7]
PROOF OMITTED

THEOREM SuplsMonotonic =
ASSUME
NEW Leq, NEW A, NEW B,
IsACompleteLattice(Leq),
LET Z = Support(Leq)
IN NACB
ANBCZ
PROVE
LET
a = Supremum(A, Leq)



b = Supremum(B, Leq)
IN
Legla, 0]
PROOF OMITTED

THEOREM SupOfRefinement =
ASSUME
NEW Leq, NEW A, NEW B,
IsACompleteLattice(Leq),
LET Z = Support(Leq)

IN ANACZ
ABC Z,
Vu€ A: v € B: Leqlu, v]
PROVE
LET
a = Supremum(A, Leq)
b = Supremum(B, Leq)
IN
Leq[a, b]
PROOF
(1) DEFINE
Z = Support(Leq)
a = Supremum(A, Leq)
b 2 Supremum(B, Leq)

(H2.Na € Z
A IsAbove(a, A, Leq)
AV q € Z : IsAbove(q, A, Leq) = Leqla, q]
BY SupFEzists
(1)3.Abe Z
A IsAbove(b, B, Leq)
AV q € Z: IsAbove(q, B, Leq) = Leq[b, q]
BY SupFExists
(1)4. IsAbove(b, A, Leq)
(2)1. SUFFICES ASSUME NEW u € A
PROVE Leg|u, b]
BY DEF IsAbove
(2) DEFINE v = CHOOSE r € B: Leq[u, 7]
(2)2. Leq|u, v]

(2)3. Leqlv, b]
BY (1)3 DEF IsAbove
(2) QED
(3)1. IsTransitive(Leq)
BY DEF IsACompleteLattice, IsAPartialOrder



32. (ue Z)N(ve Z)N(be Z)
BY (1)3
(3) QED
BY (2)2, (2)3, (3)1, (3)2 DEF IsTransitive
(1) QED
BY (1)2, (1)3, (1)4

LEMMA PartialOrderHasSymmetricDomain =
ASSUME
NEW Leg,
IsAPartialOrder(Leq)
PROVE
LET Z = Support(Leq)
IN (DOMAIN Leq) = (Z x Z)
PROOF
(1) DEFINE Z = Support(Leq)
()1. PIcK S : (DOMAIN Leq) = (S x S)
BY DEF IsAPartialOrder
(1)2. SUFFICES Z = S
BY (1)1
1)3.zC S
BY (1)1 DEF Support
(4. SC Z
(3) SUFFICES ASSUME NEW u € S
PROVE u € Z

(3) QED
BY (1)1 DEF Support
(1) QED
BY (1)3, (1)4

COROLLARY LatticeHasSymmetricDomain =
ASSUME
NEW Leg,
IsACompleteLattice(Leq)
PROVE
LET Z = Support(Leq)
IN (DOMAIN Leq) = (Z X Z)
PROOF

BY PartialOrderHasSymmetricDomain DEF IsACompleteLattice

Properties of Floor



SupEuzists for Floor
PROPOSITION FloorEzists =
ASSUME
NEW Leq, NEW X, NEW y,
LET
Z = Support(Leq)
IN
A IsACompleteLattice(Leq)
ANXCZ
PROVE
LET
A
U
/

IN

Support(Leq)
ThoseUnder(X, y, Leq)
Floor(y, X, Leq)

e e e

Nfez
A IsAbove(f, U, Leq)
AV q € Z : IsAbove(q, U, Leq) = Leq[f, q]
PROOF
(1) DEFINE
Z Support(Leq)
U ThoseUnder(X, y, Leq)
f Floor(y, X, Leq)
(WM. vcz
BY DEF ThoseUnder
(1)y2. f = Supremum (U, Leq)
BY DEF Floor
(1) QED
BY (1)1, (1)2, SupFuxists

e e e

COROLLARY FloorsIsSubset =
ASSUME
NEW Leq, NEW X, NEW S,
LET
Z = Support(Leq)
IN
ANXCZ
NS CZ
A IsACompleteLattice(Leq)
PROVE
LET Z = Support(Leq)
IN  Floors(S, X, Leq) C Z
PROOF
BY FloorExists DEF Floors



If w is below y, then u is below Floor(y, X, Leq)
PROPOSITION FloorIsAbove ThoseUnder =
ASSUME
NEW Leq, NEW X, NEW Y, NEW y, NEW u € X,
LET
Z = Support(Leq)
IN
NXCZ
A IsACompleteLattice(Leq)
A Leglu, y]
PROVE
LET fy = Floor(y, X, Leq)
IN  Leq(u, fy]
PROOF
(1) DEFINE
U = ThoseUnder(X, y, Leq)
fy = Floor(y, X, Leq)
Hl.uelU
BY DEF ThoseUnder
(2. UCX
BY DEF ThoseUnder
(1)3. fy = Supremum(U, Leq)
BY DEF Floor
(1) QED
BY (1)1, (1)2, (1)3, SupEzists DEF IsAbove

THEOREM FloorIsMonotonic =
ASSUME
NEW Leq, NEW X, NEW u, NEW v,
IsACompleteLattice(Leq),
LET
Z = Support(Leq)
IN
ANu€eZ
ANv € Z
A Leq|u, v]
NXCZ
PROVE
LET
a

b

Floor(u, X, Leq)
Floor(v, X, Leq)

1> e

IN
Leqla, 0]
PROOF



(1) DEFINE
Support(Leq)
ThoseUnder(X, u, Leq)
ThoseUnder(X, v, Leq)
Floor(u, X, Leq)
Floor(v, X, Leq)
(1)2. A a = Supremum(A, Leq)
A b = Supremum(B, Leq)
BY DEF Floor
(1)3. AC B
BY LatticeProperties DEF IsTransitive, ThoseUnder
(1)4. BC Z
(2)1. BC X
BY DEF ThoseUnder
(2) QED
BY (2)1
(1) QED
BY (1)2, (1)3, (1)4, SupIsMonotonic

SR e N
> 11>

[ 11> 11 |

THEOREM FloorIsSmaller =
ASSUME
NEW Leq, NEW X, NEW y,
IsACompleteLattice(Leq),
LET Z = Support(Leq)
IN Ay€eZ
ANXCZ
PROVE
LET 7 = Floor(y, X, Leq)
IN  Leq[r, y]
PROOF
(1) DEFINE
Z Support(Leq)
T Floor(y, X, Leq)
S ThoseUnder(X, y, Leq)
(1)2. r = Supremum(S, Leq)
BY DEF Floor
(1)3.Vq € Z: IsAbove(q, S, Leq) = Leq[r, q]
(2)1. HasSup(S, Leq)
BY DEF IsACompleteLattice, ThoseUnder
(2)2. 3u € Z . IsTightBound(u, S, Leq)
BY (2)1 DEF HasSup, HasTightBound
(2) QED
BY (1)2, (2)2 DEF Supremum, TightBound, IsTightBound
(1)y4. IsAbove(y, S, Leq)

(e 11> 1>



BY DEF ThoseUnder, IsAbove
(1) QED
BY (1)3, (1)4

PROPOSITION FloorIsldempotent =
ASSUME
NEW Leq, NEW X, NEW v,
LET
7 = Support(Leq)
IN
A IsACompleteLattice(Leq)
ANX CZ
ANv €EZ
ANy € Z: v = Floor(y, X, Leq)
PROVE
v = Floor(v, X, Leq)
PROOF
(1) DEFINE
7 = Support(Leq)
(1)1. PICK y € Z : v = Floor(y, X, Leq)

(1) DEFINE
Bv
By

ThoseUnder(X, v, Leq)
ThoseUnder(X, y, Leq)

fu Floor(v, X, Leq)

fy Floor(y, X, Leq)
(1)2. A fu = Supremum(Buv, Leq)

A fy = Supremum(By, Leq)

BY DEF Floor
(1)3. v=Jfy

BY (1)1
(1)4. SUFFICES fv = fy

BY (1)3
(1)5. SUFFICES Bv = By

BY (1)2
(1)6. By C Bv

BY (1)3, FloorlsAboveThoseUnder DEF ThoseUnder
(1)7. Bv C By

(2)1. SUFFICES ASSUME NEW u € Bv
PROVE u € By

(111> 11> e

(2)2. Leq[u, v]
BY (2)1 DEF ThoseUnder
(2)3. Leq[v, y]

10



BY (1)3, FloorIsSmaller
(2)4. Leg[u, y]
(3)1. IsTransitive(Leq)
BY LatticeProperties
B)2.ueZANveZNyeZ
(1. BvC Z
BY DEF ThoseUnder
DH2.uvweZ
BY (2)1, (4)1
(4) QED
BY (4)2, (1)1
(3)3. Leq[u, v] A Leg[v, y]
BY (2)2, (2)3
(3) QED
BY (3)1, (3)2, (3)3 DEF IsTransitive
(2) QED
BY (2)4 DEF ThoseUnder
(1) QED
BY (1)6, (1)7

THEOREM FloorsSmaller =
ASSUME
NEW X, NEW Y, NEW Legq,
IsFiniteSet(Y)
PROVE
LET
R £ Floors(Y, X, Leq)
IN
A IsFiniteSet(R)
A Cardinality(R) < Cardinality(Y)
PROOF
BY ImageOfFinite DEF Floors

THEOREM MazFloorSmaller =

ASSUME
NEW X, NEW Y, NEW Leq,
IsFiniteSet(Y)
PROVE
LET
R £ MaxFloors(Y, X, Leq)
T 2 Floors(Y, X, Leq)
IN
ARCT

A IsFiniteSet(R) A IsFiniteSet(T)

11



A Cardinality(R)
A Cardinality(T)
PROOF
(1) DEFINE
R MazFloors(Y, X, Leq)
T Floors(Y, X, Leq)
(1)1. R = Mazima(T, Leq)
BY DEF MaxFloors
(1)2.RC T
BY (1)1, MazlsSubset
(1)3. A IsFiniteSet(T)
A Cardinality(T) < Cardinality(Y)
BY ImageOfFinite DEF Floors
(1)Y4. A IsFiniteSet(R)
A Cardinality(R) < Cardinality(T)
BY (1)2, (1)3, FS_Subset
(1) QED
BY (1)2, (1)3, (1)4, FS_Cardinality Type

rdinality(T)

< Ca
< Cardinality(Y)

e 11>

Geq properties.

THEOREM UpsideDownHasSameSupport =
ASSUME
NEW Leq
PROVE
LET
Geq = UpsideDown(Leq)
IN  Support(Geq) = Support(Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
Geq = UpsideDown(Leq)
(1)1. Geq = [t € Z x Z — Leq[t[2], t[1]]]
BY DEF UpsideDown
(1)2. Support(Geq) C Z
(2)1. DOMAIN Geq = Z X Z
BY (1)1
(2) QED
BY (2)1 DEF Support
(1)3. Z C Support(Geq)
(3)1.Vu € Z: Ip € DOMAIN Geg: p[l]=u
BY (1)1
(3Y2. Z C {p[1l] : p € DOMAIN Geq}
BY (3)1

12



(3) QED
BY (3)2 DEF Support
(1) QED
BY (1)2, (1)3

LEMMA LegSwapOfGeq =
ASSUME
NEW Leq
PROVE
LET
Geq = UpsideDown(Leq)
Z Support(Leq)
w Support(Geq)

e 11>

IN
AW =127
AV u, v € W: Geqlu, v] = Leg[v, u]
PROOF
(1) DEFINE
Geq = UpsideDown(Leq)
Z Support(Leq)
w Support(Geq)
(Y W=12Z
BY UpsideDownHasSameSupport
(1) SUFFICES ASSUME NEW u € W, NEW v € W
PROVE Geqlu, v] = Leg[v, u]

e 11>

(H1. (u,v) € Zx Z

(1) QED
BY (1)1 DEF UpsideDown

THEOREM SwapPreservesOrderProperties =
ASSUME
NEW Leq
PROVE
LET
7 = Support(Leq)
Geq = UpsideDown(Leq)
IN
A IsReflexive(Leq) = IsReflexive(Geq)
A IsTransitive(Leq) = IsTransitive( Geq)

A IsAntiSymmetric(Leq) = IsAntiSymmetric(Geq)
PROOF

(1) DEFINE

13



Z = Support(Leq)
Geqg = UpsideDown(Leq)
= Support(Geq)
(1)1. Geq = [t € Z x Z — Leq[t[2], t[1]]]
BY DEF UpsideDown
1)2. W =2
BY UpsideDownHasSameSupport
(1)3. ASSUME IsReflexive(Leq)
PROVE IsReflezive(Geq)
(2)1. SUFFICES ASSUME NEW z € W
PROVE Geg|z, ]
BY DEF IsReflexive

(2)2.2 € Z

BY (1)2
(2)3. Leq[z, ]

BY (1)3, (2)2 DEF IsReflexive
(4. (z,2) € Zx Z

BY (2)3, (2)5
(1)4. AsSUME IsTransitive(Leq)
PROVE IsTransitive( Geq)

(1. Vz,y,z€ Z: (Leq[z, y] A Leqly, z]) = Leq|z, ]
BY (1)4 DEF IsTransitive

(2)2.Vz,y, z € Z: (Geqly, z] A\ Geq[z, y]) = Geqlz, z]
BY (2)1, (1)1

(2) QED
BY (1)2, (2)2 DEF IsTransitive

(1)5. ASSUME IsAntiSymmetric(Leq)
PROVE IsAntiSymmetric(Geq)
(2)1. SUFFICES ASSUME NEW z € W, NEW y € W,
Geqlz, y| A (z # y)
PROVE —Geqly, z]

BY DEF IsAntiSymmetric

(22.x € ZNyeZ
BY (2)1, (1)2

(2)3. (z,y) € ZxZ
BY (2)2

(2)4. Legly, =]
BY (2)1, (1)1, (2)3

(2)5. ~Leglz, 1]
BY (2)4, (1)5, (2)2, (2)1 DEF IsAntiSymmetric

(2) QED

14



3. (y,z) € ZxZ
BY (2)2
(3) QED
BY (1)1, (3)1, (2)5
(1) QED
BY (1)3, (1)4, (1)5

THEOREM UpstdeDownlsLattice 2
ASSUME
NEW Leg,
IsACompleteLattice(Leq)
PROVE
LET Geq = UpsideDown(Leq)
IN  IsACompleteLattice( Geq)
PROOF
(1) DEFINE
Z = Support(Leq)
Geqg = UpsideDown(Leq)
= Support(Geq)
(1)1. Geq = [t € Z x Z — Leq[t[2], t[1]]]
BY DEF UpsideDown
(1)2. Support(Geq) = Z
BY UpsideDownHasSameSupport
(1)3. DOMAIN Leq = Z X Z
BY LatticeHasSymmetricDomain
(1)4. IsReflexive(Geq) N IsTransitive(Geq) A IsAntiSymmetric(Geq)
(2)1. IsReflexive(Leq) N IsTransitive(Leq) A IsAntiSymmetric(Leq)
BY DEF IsACompleteLattice, IsAPartialOrder
(2) QED
BY (2)1, SwapPreservesOrderProperties
(1)5. IsAPartialOrder(Geq)
(2)1. IsAFunction(Geq)
BY (1)1 DEF IsAFunction
(2)2. DOMAIN Geq =Z X Z
BY (1)1
(2) QED
BY (2)1, (2)2, (1)4 DEF IsAPartialOrder
(1)6. ASSUME NEW S € SUBSET Z
PROVE HasInf (S, Geq) A HasSup(S, Geq)
(2)1. HasSup(S, Geq)
(3)1. HasInf (S, Leq)
BY DEF IsACompleteLattice
(3) QED
BY (3)1 DEF HasInf, HasSup
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(2)2. HasInf (S, Geq)
(3)1. HasSup(S, Leq)
BY DEF IsACompleteLattice
(3)2. Leq = UpsideDown(Geq)
(4)1. IsAFunction(Leq)
BY DEF IsACompleteLattice, IsAPartialOrder
(4)2. UpsideDown(Geq) = [t € Z x Z — Geq[t[2], t[1]]]
BY (1)2 DEF UpsideDown
(4)3.Vt € Zx Z: Geq[t]2], t[1]] = Leq[t[1], ¢[2]]
(5) HIDE DEF Geq
(5) SUFFICES ASSUME NEW t € Z X Z
PROVE Geq[t[2], t[1]] = Leq[t[1], t[2]]

(5)1. (¢]2], t[1]) € Z x Z

(5) QED
BY (5)1, (1)1
(4)4. UpsideDown(Geq) = [t € Z x Z — Leq[t[1], t[2]]]
BY (4)3, (4)2
(4)5. UpsideDouwn(Geq) = [t € Z x Z > Leq(t]]
BY (4)4
(4)6. Leq = [t € Z x Z — Leq|t]]
BY (1)3, (4)1 DEF IsAFunction

(4) QED
BY (4)5, (4)6
(3) QED
BY (3)1, (3)2 DEF HasSup, HasInf
(2) QED
BY (2)1, (2)2

(1) QED
BY (1)2, (1)5, (1)6 DEF IsACompleteLattice

Ceil properties.

PROPOSITION CeilErists =
ASSUME
NEW Leq, NEW Y, NEW z,
LET
Z = Support(Leq)
IN
A IsACompleteLattice(Leq)
ANY CZ
PROVE
LET
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Z Support(Leq)
v ThoseOQver(Y, z, Leq)
¢ = Ceil(z, Y, Leq)

> >

IN
NeceZ
A IsBelow(c, V, Leq)
AY q € Z: IsBelow(q, V, Leq) = Leq|c, ¢]
PROOF OMITTED  For symmetric reasons as FloorEzists.

COROLLARY CeilingsIsSubset =
ASSUME
NEW Leq, NEW Y, NEW §,
LET
Z = Support(Leq)
IN
ANY CZ
NS CZ
A IsACompleteLattice(Leq)
PROVE
LET Z = Support(Leq)
IN  Ceilings(S, Y, Leq) C Z
PROOF
BY CeilEzists DEF Ceilings

PROPOSITION CeillsBelowThoseOver =
ASSUME
NEW Leq, NEW X, NEW Y, NEW z, NEW v € Y,
LET
7 = Support(Leq)
IN
ANY CZ
A IsACompleteLattice(Leq)
A Leg[z, v)
PROVE
LET C = Ceil(z, Y, Leq)
IN  Leq[C, v]
PROOF
(1) DEFINE
T ThoseQver(Y, z, Leq)
c Ceil(z, Y, Leq)
Wl.veT
BY DEF ThoseQuver
(H2. TCY
BY DEF ThoseQver

> 1>
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(1)3. C = Infimum(T, Leq)
BY DEF Ceil
(1) QED
BY (1)1, (1)2, (1)3, InfExists DEF IsBelow

THEOREM CeillsLarger =

ASSUME
NEW Leq, NEW Y, NEW z,
IsACompleteLattice(Leq),
LET Z = Support(Leq)
IN Az €Z

ANY CZ

PROVE
LET r = Ceil(z, Y, Leq)
IN Leq[z, ]

PROOF
(1) DEFINE
Z = Support(Leq)
r = Ceil(z, Y, Leq)
Geq = UpsideDown(Leq)
S 2 ThoseUnder(Y, x, Geq)
w = Floor(z, Y, Geq)
P = Support(Geq)

(1)1. IsACompleteLattice( Geq)
BY UpsideDownlsLattice
(1)2. Geq = [t € Z x Z — Leq[t[2], t[1]]]
BY DEF UpsideDown
(1)3. Leg[z, w] = Geqlw, ]
(2)1.Z =P
BY UpsideDownHasSameSupport
(2)2. x € Z

(2)3. weP
(3Y1. w = Supremum(S, Geq)
BY DEF Floor, ThoseUnder
(3)2. SC Z
BY DEF ThoseUnder
(3)y3.5C P
BY (2)1, (3)2
(3) QED
BY (3)1, (3)3, (1)1, SupFEuzists
(2)4. DOMAIN Leq = Z X Z
BY LatticeHasSymmetricDomain
(2)5. DOMAIN Geq =27 X Z
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BY (1)2
(2)6. (xz, w) € DOMAIN Leg
(3) HIDE DEF Z, P

3)
<3>
YL @2 23 @
(2)7. <w, z) € DOMAIN Geq
Y (2)1, (2)2, (2)3, (2)5
(2) QED
BY (1)2, (2)6, (2)7
(1)4. Leqlz, w]
(2)1. Z = Support(Geq)
BY UpsideDownHasSameSupport
(2)2. Geq[w, x]
BY (1)1, (2)1, FloorlsSmaller
(2) QED
BY (2)2, (1)3
(5. r=w
(2)1. ThoseOver(Y, z, Leq) = ThoseUnder(Y, x, Geq)
Y (1)2 DEF ThoseOver, ThoseUnder
(2)2. w = Supremum(S, Geq)
BY DEF Floor, ThoseUnder
(2)3. r = Infimum(S, Leq)
Y (2)1 DEF Ceil, ThoseOver
(2) QED
BY (2)2, (2)3 DEF Supremum, Infimum
(1) QED
BY (1)4, (1)5

Similar to MazFloorSmaller.
THEOREM MazCeilSmaller =
ASSUME
NEW X, NEW Y, NEW Leq,
IsFiniteSet(X)
PROVE
LET
R
T

MaxCeilings(X, Y, Leq)
Ceilings(X, Y, Leq)

> >

IN
ARCT
A IsFiniteSet(R) A IsFiniteSet(T)
A Cardinality(R) < Cardinality(T)

A Cardinality(T) < Cardinality(X)
PROOF

(1) DEFINE
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R MazCeilings(X, Y, Leq)
T Ceilings(X, Y, Leq)
(1)1. R = Mazima(T, Leq)
BY DEF MazCeilings
(2. RC T
BY (1)1, MazIsSubset
(1)3. A IsFiniteSet(T)
A Cardinality(T) < Cardinality(X)
BY ImageOfFinite DEF Ceilings
(1)4. A IsFiniteSet(R)
A Cardinality(R) < Cardinality(T)
BY (1)2, (1)3, FS_Subset
(1) QED
BY (1)2, (1)3, (1)4, F'S_Cardinality Type

e 1>

Reasoning about the variant(termination).

THEOREM FloorEqual =
ASSUME
NEW Leq, NEW X, NEW Y, NEW X0, NEW YO0, NEW y € Y,
IsACompleteLattice(Leq),
LET Z = Support(Leq)
IN AXO0CZ
ANYOCZ
NX CZ
ANY CZ
A IsFiniteSet(X0) A IsFiniteSet(Y0)
the next line should be provable from the above line
A IsFiniteSet(X) A IsFiniteSet(Y)
A X = MazxCeilings(X0, Y, Leq)
A'Y = MaxFloors(Y0, X0, Leq)
A Cardinality(X) = Cardinality(X0)
PROVE
y = Floor(y, X, Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
RTX0 = Ceilings(X0, Y, Leq)

y0 = CHOOSE 1€ Y0: y= Floor(r, X0, Leq)
50 = ThoseUnder(XO0, y0, Leq)

S1 = ThoseUnder(X0, y, Leq)

52 = ThoseUnder(RTXO0, y, Leq)

S = ThoseUnder(X, y, Leq)

a = Floor(y0, X0, Leq)

20



Floor(y, X, Leq)
c Floor(y, X0, Leq)
(1)1. A Floor(y0, X0, Leq) = Supremum/(S0, Leq)
A Floor(y, X0, Leq) = Supremum(S1, Leq)
A Floor(y, X, Leq) = Supremum(S, Leq)
BY DEF Floor
(H2.AS0C Z
NS1CZ
NSCZ
BY DEF ThoseUnder
(1)3.Na € Z
NbeZ
Ne €Z
BY (1)1, (1)2, SupEuxists
(1)4. SUFFICES Leq|y, b]
(2)1. Leg[b, y]
BY FloorlsSmaller
(2)2. IsAntiSymmetric(Leq)
BY DEF IsACompleteLattice, IsAPartialOrder
(2) QED
BY (2)1, (2)2, (1)3 DEF IsAntiSymmetric
(1)5. y = Floor(y0, X0, Leq)
(2)1. sUFFICES 3r € Y0: y = Floor(r, X0, Leq)

e 1>

(2)2. Y = Maxima(Floors(Y0, X0, Leq), Leq)
BY DEF MaxFloors
(2)3. Y C Floors(Y0, X0, Leq)
BY (2)2, MazIsSubset
(2) QED
BY (2)3 DEF Floors
(1)6. SUFFICES Leq|a, b]
BY (1)5
(1)7. X = Ceilings(X0, Y, Leq)
(2)1. X = Mazima(RTXO0, Leq)
BY DEF MazCeilings
(2)2. X C RTX0
BY (2)1, MazIsSubset
(2)3. Cardinality(RTX0) < Cardinality(X0)
BY ImageOfFinite DEF Ceilings
(2y4. Cardinality(X) < Cardinality(RTXO0)
BY (2)2, FS_Subset, MaxzCeilSmaller
(2)5. Cardinality(X) = Cardinality(X0)

(2)6. Cardinality(X0) < Cardinality(RTXO0)
BY (2)4, (2)5
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(2)7. A IsFiniteSet(RTXO0)
A Cardinality(X0) = Cardinality(RTX0)
BY (2)2, (2)6, MazCeilSmaller, FS_Cardinality Type
(2)8. Cardinality(X) = Cardinality(RTX0)
BY (2)7
(2) QED
BY (2)1, (2)7, (2)8, MazSame
(1)8. S0 C S1
(2)1. SUFFICES Yz € SO0 : Legz, y]
BY DEF ThoseUnder
(2)2. y = Supremum(S0, Leq)
BY (1)1, (1)5
(2)3. IsAbove(y, S0, Leq)
BY (2)2, (1)2, SupEuxists
(2) QED
BY (2)3 DEF IsAbove
(1)9. Leg|a, c]
BY (1)8, (1)1, (1)2, SupIsMonotonic
(1)10. SUFFICES Leq|c, b]
(2)1. Leg|a, c]
BY (1)9
(2)2. Leg[c, b]
BY (1)10
(2)3. IsTransitive(Leq)
BY DEF IsACompleteLattice, IsAPartialOrder
(2) QED
BY (2)1, (2)2, (2)3, (1)3 DEF IsTransitive
(1)11. SUFFICES Refines(S1, S, Leq)
BY (1)1, (1)2, SupOfRefinement DEF Refines
(1)12. SUFFICES Refines(S1, S2, Leq)
BY (1)7
(1)13. SUFFICES Vu € S1: Jv € S2: Leqlu, v]
BY DEF Refines
(1)14.Vz € S1: Leq[z, y]
BY DEF ThoseUnder
()15.Vz € S1: Leq[z, Ceil(z, Y, Leq)]
BY (1)2, CeillsLarger
(1)16. Vo € X0: Ceil(z, Y, Leq) € RTX0
BY DEF Ceilings
()17.¥z € X0: LET C = Ceil(z, Y, Leq)
IN  Leqlz, y] = Leq[C, y]
BY CeillsBelowThoseOver
(1)18. S1 C X0
BY DEF ThoseUnder
(1)19.Vz € S1: LET C = Ceil(z, Y, Leq)
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IN  Leq[C, y]
BY (1)18, (1)14, (1)17
(1)20. Vo € S1: Ceil(z, Y, Leq) € RTX0
BY (1)18, (1)19 DEF Ceilings
()21.Vz € S1: Ceil(z, Y, Leq) € S2
BY (1)19, (1)20 DEF ThoseUnder
(1) QED
BY (1)15, (1)21

THEOREM CeilEqual =
ASSUME
NEW Leq, NEW X, NEW Y, NEW X0, NEW YO0, NEW z € X,
IsACompleteLattice(Leq),
LET Z = Support(Leq)
IN AXO0CZ
ANYOCZ
ANX CZ
ANY CZ
A IsFiniteSet(X0) A IsFiniteSet(Y0)
A IsFiniteSet(X) A IsFiniteSet(Y)
A X = MazCeilings(X0, Y, Leq)
A'Y = MazFloors(Y0, X0, Leq)
A Cardinality(Y) = Cardinality( Y 0)
PROVE
x = Ceil(z, Y, Leq)
PROOF OMITTED  similar to proof of FloorEqual

THEOREM Flizpoint =
ASSUME

NEW Leq, NEW X, NEW Y, NEW X0, NEW YO,

IsACompleteLattice(Leq),

LET Z = Support(Leq)

IN
ANX0CZ
ANYOCZ
ANX CZ
ANY CZ
A IsFiniteSet(X0) A IsFiniteSet(Y0)
The next line should be provable from the previous line.
A IsFiniteSet(X) A IsFiniteSet(Y)
A X = MazCeilings(X0, Y, Leq)
A'Y = MazFloors(Y0, X0, Leq)

variant unchanged

A Cardinality(X) = Cardinality(X0)
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A Cardinality(Y) = Cardinality(Y0)
PROVE
A X = MazCeilings(X, Y, Leq)
A'Y = MazFloors(Y, X, Leq)
PROOF
()1. Y = MazFloors(Y, X, Leq)
(2)1. Y = Mazima(Y, Leq)
BY MazxlIsldempotent DEF MaxFloors
(2)2. SUFFICES Y = Floors(Y, X, Leq)
BY (2)1 DEF MazFloors
(2)3. SUFFICES ASSUME NEW y € YV
PROVE y = Floor(y, X, Leq)
BY (2)2 DEF Floors
(2) QED
BY FloorEqual
(1)2. X = MazCeilings(X, Y, Leq)
Proof similar to that of step (1)1.
(2)1. X = Mazima(X, Leq)
BY Mazlsldempotent DEF MazCeilings
(2)2. SUFFICES X = Ceilings(X, Y, Leq)
BY (2)1 DEF MazCeilings
(2)3. SUFFICES ASSUME NEW z € X
PROVE 2z = Ceil(z, Y, Leq)
BY (2)2 DEF Ceilings
(2) QED
BY CeilEqual
(1) QED
BY (1)1, (1)2

Removing essential elements is an isomorphism for the minimal covers.

X NY contains only essential elements.
PROPOSITION CommonAreEssential =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C,
IsACompleteLattice(Leq),
LET
Z = Support(Leq)
IN
ANCCY
NX CZ
ANY CZ
NY = Mazima(Y, Leq) antichain
A IsACover(C, X, Leq)
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PROVE
(Xny)cc
PROOF
(1)1. SUFFICESs Vu € XNY: Vye Y:
Leqlu, y| = (u=1y)
BY DEF IsACover
(1)2. IsAntiChain(Y, Leq)
BY LatticeProperties, MaximalsAntiChain
(1) QED
BY (1)2 DEF IsAntiChain

LEMMA RemainsMinCoverAfterAddingEssential =
ASSUME
NEW Leq, NEW X, NEW Y, NEW Ce,
IsACompleteLattice(Leq),
LET
A
E

Support(Leq)
Xny

> 1>

IN
ANXCZ
ANY CZ
A X = Mazima(X, Leq)
ANY = Mazima(Y, Leq)
A IsAMinCover(Ce, X \ E, Y\ E, Leq)
A IsFiniteSet(Z)
A CardinalityAsCost(Z)
PROVE
LET
E=XnY
C = CeUE
IN  IsAMinCover(C, X, Y, Leq)
PROOF
(1) DEFINE
Z Support(Leq)
E XNy
Card(u) = Cardinality(u)
C = CeUE
Xe 2 X\ E
Ye 2 Y\E
(1)1. SUFFICES ASSUME —IsAMinCover(C, X, Y, Leq)
PROVE FALSE

> 11>

A
A

(1)2. A IsACover(Ce, Xe, Leq)
A Ce € SUBSET Ye
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BY MinCoverProperties
(1)3. PICK W € SUBSET Y :
A IsACover(W, X, Leq)
A CostLeq[(W, C)]
A —CostLeq[(C, W)]
(2)1. IsACoverFrom(C, X, Y, Leq)
(3)1. IsACoverFrom(Ce, Xe, Ye, Leq)
BY (1)2 DEF IsACoverFrom, IsACover
(3)2. IsACoverFrom(C, Xe UE, YeU E, Leq)
BY (1)2, (3)1, LatticeProperties, AddToBoth
(3) QED
BY (3)2
(2)2. C € CoversOf (X, Y, Leq)
Y (2)1 DEF IsACoverFrom, CoversOf
(2) HIDE DEF C
(2) QED
BY (1)1, (2)2, CheaperCoverEzists
(1) DEFINE We = W\ E
(1)4. We € SUBSET Ye
BY (1)3
(1)5. A IsFiniteSet( W) A IsFiniteSet( We)
A IsFiniteSet(C) A IsFiniteSet(Ce)
A IsFiniteSet(E)
(2)1. USE FS_Subset
(2)2. IsFiniteSet(Ce)
BY (1)2
(2)3. IsFiniteSet(FE)

(2)4. IsFiniteSet(C)
BY (2)2, (2)3, FS_Union
(2)5. IsFiniteSet(W)
BY (1)3
(2)6. IsFiniteSet( We)
BY (2)3, (2)5
(2) QED
Y (2)2, (2)3, (2)4, (2)5, (2)6
(1)6. A C’ard(W) = Card(We) + Card(FE)
A Card(C) = Card(Ce) + Card(E)
(2)1. Card(W) = Card(We) 4+ Card(E)
(3Y1. W= WeUE
W1.ECW
BY (1)3, CommonAreEssential
(4) QED
BY (4)1
(3)2. WenE ={}
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BY (1)4
(3) QED
BY (1)5, (3)1, (3)2, F'S_UnionDisjoint
(2)2. Card(C) = Card(Ce) 4+ Card(E)
(3)1. C=CeUE

(3)2. CenE ={}
BY (1)2
(3) QED
BY (1)5, (3)1, (3)2, FS_UnionDisjoint
(2) QED
BY (2)1, (2)2
(1)7.A C € DOMAIN Cost A Ce € DOMAIN Cost
A W € DOMAIN Cost A We € DOMAIN Cost
BY (1)2, (1)3 DEF CardinalityAsCost
(1)8. CostLeq[( We, Ce)]
(2)1. UsE DEF CardinalityAsCost, CostLeq
(2)2. CostLeq[(W, C)]
BY (1)3
(2)3. Card(W) < Card(C)
(3)1. (W, C) € DOMAIN CostLeq
BY (1)7
(3)2. Cost|W] < Cost[C]
BY (2)2, (3)1
(3) QED
Y (1)7, (3)2
(2 )4 Card(W ) < Card(Ce)
Y (1)5, (1)6, (2)3, FS_Cardinality Type
(2) QED
(3 )1 Cost[We] < Cost[Ce]
v ()4
(3)2. < Ce) € DOMAIN CostLeq
BY <1>7
(3) QED
BY (3)1, (3)2
(1)9. = CostLeq[(Ce, We)]
(2)1. USE DEF CardinalityAsCost, CostLeq
(2)2. SUFFICES ASSUME CostLeq[(Ce, We)]
PROVE FALSE

(2)3. Card(Ce) < Card(We)
(3)1. (Ce, We) € DOMAIN CostLeq
Y (1)7, CostLeqHelper
(3)2. Cost[Ce] < Cost|We]
BY (2)2, (3)1
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(3) QED
BY (1)7, (3)2
(2)4. CostLeq[(C, W)]
(3)1. (C, W) € poMAIN CostLeq
BY (1)7, CostLegHelper
(32, Card(C) < Card(W)
BY (2)3, (1)6, (1)5, FS_Cardinality Type
(3)3. Cost[C] < Cost[W]
BY (1)7, (3)2
(3) QED
BY (3)1, (3)3
(2)5. = CostLeq[(C, W)]
BY (1)3
(2) QED
BY (2)4, (2)5
<1>10. CostLeq[(Ce, We}] because C' is a minimal cover and
W is a cover that costs no more
than C, so they must cost the same.
(2)1. V¥r € SUBSET Ye:
V = A IsACover(r, Xe, Leq)
A CostLeq[(r, Ce)]
V CostLeq[(Ce, )]
BY MinCoverProperties
(2)2. We € sUBSET Ye
BY (1)4
(2)3. IsACover(We, Xe, Leq)
BY (1)3, SubtractFromBoth, LatticeProperties
(2) QED
BY (2)1, (2)2, (2)3, (1)8
(1) QED
BY (1)9, (1)10

LOCAL PhantomProp(OtherCover, C, X, Leq) 2
A OtherCover # C
A IsACover(OtherCover, X, Leq)
A CostLeq[(OtherCover, C))
A —CostLeq[(C, OtherCover)]

The following helps Isabelle check proof correctness.
THEOREM CheaperCoverExistsHelper =
ASSUME
NEW Leq, NEW X, NEW Y,
NEW C € COUeTSOf(X, Y, Leq), so some cover exists
—IsAMinCover(C, X, Y, Leq)

28



PROVE

3 OtherCover € SUBSET Y : PhantomProp(OtherCover, C, X, Leq)
PROOF
BY CheaperCoverEzxists DEF PhantomProp

If C is a minimal cover of X,
then C\ E is a minimal cover of X \ E
LEMMA RemainsMinCoverAfterRemovingEssential =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C,
IsACompleteLattice(Leq),
LET
Z
E

Support(Leq)
XxXny

1> 11>

IN
ANX CZ
NY CZ
AN X = Mazima(X, Leq)
ANY = Mazima(Y, Leq)
A IsAMinCover(C, X, Y, Leq)
A IsFiniteSet(Z)
A CardinalityAsCost(Z)
PROVE
LET
E=XnY
Xe 2 X\ E
Ye 2 Y\E
Ce C\E

e 11> 11>

IN
IsAMinCover(Ce, Xe, Ye, Leq)
PROOF
(1) DEFINE
= Support(Leq)
E=XNnY
Card(u) = Cardinality(u)
= C\E
Xe £ X\E
Ye = Y\E
(1)1. SUFFICES ASSUME —IsAMinCover(Ce, Xe, Ye, Leq)
PROVE FALSE

(1y2. A IsACover(C, X, Leq)

A C € SUBSET Y
BY MinCoverProperties
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(1)3. pick We € SUBSET Ye:
A IsACover(We, Xe, Leq)
A CostLeg[{(We, Ce)]
A —CostLeq[{Ce, We)]
(2)1. IsACover(Ce, Xe, Leq)
Y (1)2, SubtractFromBoth, LatticeProperties
(2)2. Ce € SUBSET Ye
BY MinCoverProperties
(2)3. Ce € CoversOf(Xe, Ye, Leq)
BY (2)1, (2)2 DEF CoversOf
(2) QED
Extra step to help Isabelle check the generated proofs.
(3)1. 3 We € SUBSET Ye: PhantomProp(We, Ce, Xe, Leq)
BY (1)1, (2)3, CheaperCoverEzistsHelper
(3) QED
BY (3)1 DEF PhantomProp
(1) DEFINE W = WeUE
(Y. IsACoverFrom(W, X, Y, Leq)
(2)1. IsACoverFrom(We, Xe, Ye, Leq)
BY (1)3 DEF IsACoverFrom
(2)2. IsACoverFrom(We U E, Xe UE, YeU E, Leq)
Y (2)1, AddToBoth, LatticeProperties
(2)3.NX =XeUF
ANY =YeUFE

(2) QED
Y (2)2, (2)3
(1)5. A IsszteSet( W) A IsFiniteSet( We)
A IsFiniteSet(C) A IsFiniteSet(Ce)
A IsFiniteSet(E)
BY (1)2, (1)3, FS_Subset, FS_Union
(1)6. A Card(W) = Card(We) + Card(E)
A Card(C) = Card(Ce) + Card(FE)
(2)1. USE F'S_UnionDisjoint
(2)2. Card(W) = Card(We) 4+ Card(E)
BY (1)5
(2)3. Card(C) = Card(Ce) + Card(FE)
(3)V.ECC
BY (1)2, CommonAreEssential
(3) QED
BY (3)1, (1)5
(2) QED
BY (2)2, (2)3
()7.A C € DOMAIN Cost A Ce € DOMAIN Cost
A W € DOMAIN Cost A We € DOMAIN Cost
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BY (1)2, (1)3 DEF CardinalityAsCost
(1)8. CostLeq[(W, C)]
(2) use DEF CardinalityAsCost, CostLeq
(2)1. CostLeq[(We, Ce)]
BY (1)3
(2)2. Card(We) < Card(Ce)
BY (1)7, (2)1
(2)3. Card(W) < Card(C)
BY (2)2, (1)6, (1)5, FS_CardinalityType
(2) QED
(3)1. Cost|W] < Cost[C)]
BY (2)3, (1)7
(3)2. (W, C) € bOMAIN CostLeq
BY (1)7
(3) QED
BY (3)1, (3)2
(1)9. = CostLeq[(C, W)]
(2) uSE DEF CardinalityAsCost, CostLeq
(2)1. SUFFICES ASSUME CostLeq[(C, W)]
PROVE FALSE

(2)2. Card(C) < Card(W)
BY (2)1, (1)7
(2)3. CostLeq[(Ce, We)]
(3)1. Card(Ce) < Card(We)
BY (2)2, (1)6, (1)5, F'S_CardinalityType
(3) QED
BY (3)1, (1)7
(2)4. = CostLeq[{Ce, We)]
BY (1)3
(2) QED
BY (2)3, (2)4
(1)10. CostLeq[({C, W)]
(2)1. Vr € SUBSET Y :
V = A IsACover(r, X, Leq)
A CostLeq[{r, C)]
V CostLeq[{C, 1))
BY MinCoverProperties
(2)2. AN W € SUBSET Y
A IsACover(W, X, Leq)
BY (1)4 DEF IsACoverFrom
(2) QED
BY (2)1, (2)2, (1)8
(1) QED
BY (1)9, (1)10
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THEOREM MinCoverUnchangedByEssential =
ASSUME

NEW Leq, NEW X, NEW Y,

NEwW C, NEW Ce,

IsACompleteLattice(Leq),

LET
A
E

Support(Leq)
XxXny

(1> 1>

IN
ANXCZ
ANY CZ
A X = Mazima(X, Leq)
ANY = Mazima(Y, Leq)
A IsFiniteSet(Z)
A CardinalityAsCost(Z)
NC = (CeURE)
ANCe=C\E

PROVE

LET
E=XnY
Xe 2 X\E
Ye 2 Y\E

e 11>

IN
IsAMinCover(C, X, Y, Leq) = IsAMinCover(Ce, Xe, Ye, Leq)

PROOF
(1) DEFINE

E=XNnY

Xe £ X\E

Ye = Y \E
(1)1. ASSUME IsAMinCover(C, X, Y, Leq)

PROVE IsAMinCover(Ce, Xe, Ye, Leq)
(2)1. Ce=C\ E

(2) QED
BY (1)1, (2)1, RemainsMinCoverAfterRemovingEssential
(1)2. ASSUME IsAMinCover(Ce, Xe, Ye, Leq)
PROVE IsAMinCover(C, X, Y, Leq)
(2)1. C=CeUE

(2) QED
BY (1)2, RemainsMinCoverAfterAddingEssential
(1) QED
BY (1)1, (1)2
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Hat properties.

Above each element in a partially ordered finite set
there exists some mazimal element.
THEOREM HasSomeMazimalAbove =
ASSUME
NEW Leq, NEW S, NEW u € S,
LET
Z = Support(Leq)
IN
A IsFiniteSet(Z)
ANSCZ
A IsReflexive(Leq)
A IsTransitive(Leq)
A IsAntiSymmetric(Leq)
PROVE
Jv e S: A Leglu, v]
A IsMazimal(v, S, Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
Geq = UpsideDown(Leq)
= Support(Geq)
(1)1. A IsReflexive( Geq)
A IsTransitive( Geq)
A IsAntiSymmetric( Geq)
ANW=2Z
BY SwapPreservesOrderProperties, UpsideDownHasSameSupport
(1)2. PICK v € §: A Geq|v, u]
A IsMinimal(v, S, Geq)
BY (1)1, HasSomeMinimalBelow
(1)3. Leq[u, v]
BY (1)2, LeqSwapOfGeq
(1Y4. IsMazimal(v, S, Leq)
(2)1.AveS
AV q € S: Geqlg, v] = Geqlv, ¢
BY (1)2 DEF IsMinimal
(2)2.Vq € S: Leqlv, q] = Leq[g, v]
BY (2)1, LeqSwapOfGeq
(2) QED
BY (2)1, (2)2 DEF IsMazimal
(1) QED
BY (1)3, (1)4
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Any subset Y of a partially ordered finite set Z can be mapped to
its “MaxHat”, made of mazimal elements above each y € Y

LEMMA HasMazHat =
ASSUME
NEW Leq, NEW S, NEW Y
LET
Z = Support(Leq)
IN
A IsAPartialOrder(Leq)
A IsFiniteSet(Z)
NS CY
ANY CZ
PROVE
LET
Maz = Mazima(Y, Leq)
IN
VYyeS: Jym € Max : Leqly, ym]
PROOF
(1)1. ASSUME NEW y € S
PROVE Jym € Y : A Leqly, ym]

A IsMazimal(ym, Y, Leq)
2)1.yeY

(2) QED

BY (2)1, HasSomeMazimalAbove DEF IsAPartialOrder

(1) QED
BY (1)1 DEF Mazima

H is smaller than S if any two of the selected mazimal
elements above different elements of P coincide.

PROPOSITION MazHatProperties =
ASSUME

NEW Leq, NEW S, NEW Y,
LET
Z = Support(Leq)
IN
A IsAPartialOrder(Leq)
A IsFiniteSet(Z)
NS CY
ANY CZ
PROVE
LET
Maz = Mazima(Y, Leq)
H = MazHat(S, Y, Leq)
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IN
A IsFiniteSet(H)
A H € SUBSET Max
A Refines(S, H, Leq)
A Cardinality(H) < Cardinality(S)
PROOF
(1) DEFINE
Maz = Mazima(Y, Leq)
H = MazHat(S, Y, Leq)
(1)1. IsFiniteSet(S)
BY FS_Subset
(1)2. A IsFiniteSet(H)
A Cardinality(H) < Cardinality(S)
(2) DEFINE
f = [u € S+ SomeMazAbove(u, Y, Leq)]
(2)1. f € Surjection(S, H)
BY DEF Surjection, MaxHat
(2) QED
BY (2)1, (1)1, FS_Surjection
(1)3. A H € SUBSET Max
A Refines(S, H, Leq)
BY HasMazHat DEF MaxHat, SomeMazAbove, Refines
(1) QED
BY (1)2, (1)3

THEOREM MazHatlsCoverToo =
ASSUME
NEW Leq, NEW X, NEW S, NEW H,
LET
Z = Support(Leq)
IN
A IsTransitive(Leq)
A IsFiniteSet(Z)
ANXCZ
NS CZ
NHCZ
A Refines(S, H, Leq)
A IsACover(S, X, Leq)
PROVE
IsACover(H, X, Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
(1) uSE DEF IsACover
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(1)1. SUFFICES ASSUME NEW u € X
PROVE Jym € H : Leq[u, ym]

(1)2. PICK y € S : Leg[u, y]
BY (1)1
(1)3. PICK ym € H : Leqly, ym]
BY DEF Refines
(WA Nu e Z
Ny € Z
ANym € Z
BY (1)1, (1)2, (1)3
(1) QED
BY (1)2, (1)3, (1)4 DEF IsTransitive

Effect of MaxzCeilings(X)on minimal covers.

Maz (X )preserves covers.
LEMMA MazPreservesCovers =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C € SUBSET Y,
LET
Z = Support(Leq)
IN
A IsFiniteSet(Z)
A IsAPartialOrder(Leq)
ANXCZ
ANY CZ
PROVE
LET Maz = Mazima(X, Leq)
IN  IsACover(C, X, Leq) = IsACover(C, Maz, Leq)
PROOF
(1) DEFINE
7 = Support(Leq)
Maz = Mazima(X, Leq)
(1)1. AssuME IsACover(C, X, Leq)
PROVE IsACover(C, Maz, Leq)
BY (1)1, MazIsSubset DEF IsACover
(1)2. ASSUME IsACover(C, Maz, Leq)
PROVE IsACover(C, X, Leq)
(2)1. SUFFICES ASSUME NEW u € X
PROVE Jy € C: Leq[u, y]
BY DEF IsACover
(2)2. PICK v € X : Leg[u, v] A IsMazimal(v, X, Leq)
BY (2)1, HasSomeMazimalAbove DEF IsAPartialOrder
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(2)3. v € Max
BY (2)2 DEF Mazima
(2)4. PIcK y € C: Leq[v, y]
BY (1)2, (2)3 DEF IsACover
(25. Leglu, 3
(3)1. (Z x Z) = DOMAIN Leg
BY PartialOrderHasSymmetricDomain
3)2.Nu € Z
ANv EZ
ANy € Z
BY (2)1, (2)2, (2)4
(3)3. Leq[u, v] A Leg[v, y]
BY (2)2, (2)4
(3) QED
BY (3)2, (3)3 DEF IsAPartialOrder, IsTransitive
(2) QED
BY (2)5
(1) QED
BY (1)1, (1)2

Ceilings(X )preserves covers.
LEMMA CeilPreservesCovers =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C € SUBSET Y,
LET
Z = Support(Leq)
IN
ANX CZ
ANY CZ
A IsACompleteLattice(Leq)
PROVE
LET Top = Ceilings(X, Y, Leq)
IN  IsACover(C, X, Leq) = IsACover(C, Top, Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
Top = Ceilings(X, Y, Leq)
(1)1. AssuME IsACover(C, X, Leq)
PROVE IsACover(C, Top, Leq)
(2)1. SUFFICES ASSUME NEW u € Top
PROVE dy € C: Leq[u, y]
BY DEF IsACover
(2)2. PicK 7 € X : u= Ceil(r, Y, Leq)
BY (2)1 DEF Ceilings
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(2)3. PICK y € C : Leq|r, y]
BY (1)1 DEF IsACover
(2) QED
BY (2)2, (2)3, CeillsBelowThoseQver
(1)2. ASSUME IsACover(C, Top, Leq)
PROVE IsACover(C, X, Leq)
(2)1. SUFFICES ASSUME NEW 1 € X
PROVE Jy € C: Leq[r, y]
BY DEF IsACover
(2) DEFINE u = Ceil(r, Y, Leq)
(2)2. Leq[r, u]
BY (2)1, CeillsLarger
(2)3. PICK y € C: Leq[u, y]
(3Y1. uw € Top
BY DEF Ceilings
(3) QED
BY (3)1, (1)2 DEF IsACover
(2)4. IsTransitive(Leq)
BY LatticeProperties
(2) QED
(3V.Ar e Z
ANu € Z
ANy €Z
MHl.uveZ
BY (2)1, InfEzists DEF Ceil, ThoseOver
(4) QED
BY (2)1, (2)3, (4)1
(3)2. Leq[r, u] A Leg[u, y]
BY (2)2, (2)3
(3) QED
BY (3)1, (3)2, (2)4 DEF IsTransitive
(1) QED
BY (1)1, (1)2

MazCeilings(X )preserves covers.
THEOREM MazCeilPreservesCovers =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C € SUBSET Y,
LET
Z = Support(Leq)
IN
A IsFiniteSet(Z)
A IsACompleteLattice(Leq)
ANX CZ
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NY CZ
PROVE
LET R = MazxCeilings(X, Y, Leq)
IN  IsACover(C, X, Leq) = IsACover(C, R, Leq)

PROOF

(1) DEFINE
Top = Ceilings(X, Y, Leq)
Maz = Mazima(Top, Leq)

R = MazxCeilings(X, Y, Leq)
()1. R = Max
BY DEF MazCeilings
(1)2. IsACover(C, X, Leq) = IsACover(C, Top, Leq)
BY CeilPreservesCovers
(1)3. IsACover(C, Top, Leq) = IsACover(C, Maz, Leq)
(2)1. Top C Support(Leq)
BY InfEzists DEF Ceilings, Ceil, ThoseOver
(2)2. IsAPartialOrder(Leq)
BY DEF IsACompleteLattice
(2) QED
BY (2)1, (2)2, MazPreservesCovers
(1) QED
BY (1)1, (1)2, (1)3

THEOREM MinCoverUnchanged ByMazCeil =
ASSUME

NEW Leq, NEW X, NEW Y, NEW C € SUBSET Y,
LET

Z = Support(Leq)

IN
A IsFiniteSet(Z)
A IsACompleteLattice(Leq)
ANX CZ
ANY CZ
PROVE
LET R = MazCeilings(X, Y, Leq)
IN  IsAMinCover(C, X, Y, Leq) = IsAMinCover(C, R, Y, Leq)
PROOF
BY MazxCeilPreservesCovers DEF IsAMinCover, CoversOf

Effect of Mazima(Y)on minimal covers.

Soundness of Maz(Y) :

Every cover using elements from Maz (Y )that is minimal within Maz(Y )is
a cover from Y minimal within Y.
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LEMMA MinCoversFromMaxSuffice =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C,
LET
7z = Support(Leq)
Maz = Mazima(Y, Leq)
IN
A IsAPartialOrder(Leq)
A IsFiniteSet(Z)
ANX CZ
ANY CZ
A IsAMinCover(C, X, Max, Leq)
A CardinalityAsCost(Z)
PROVE
IsAMinCover(C, X, Y, Leq)
PROOF
(1) DEFINE
zZ = Support(Leq)
Maz = Mazima(Y, Leq)
()1. A C € SUBSET Maz
A IsACover(C, X, Leq)
AV 1 € SUBSET Maz :
V = A IsACover(r, X, Leq)
A CostLeq[(r, C)]
V CostLeq[{C, 1))
BY MinCoverProperties
(1)2. A C € SUBSET Max
A Maz € SUBSET Y
BY (1)1, MazIsSubset
(1)3. SUFFICES ASSUME —IsAMinCover(C, X, Y, Leq)
PROVE FALSE

(1)4. PICK P € SUBSET Y :
N IsACover(P, X, Leq)
A CostLeq[(P, C]
A —CostLeq[(C, P)]
(2)1. C € CoversOf (X, Y, Leq)
(3)1. C € SUBSET Y

BY (1)2
(3)2. IsACover(C, X, Leq)
BY (1)1
(3) QED
BY (3)1, (3)2 DEF CoversOf
(2) QED

BY (2)1, (1)3, CheaperCoverEzists
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(1) DEFINE Pm = MazHat(P, Y, Leq)
(1)5. A Pm € SUBSET Max
AVy € P: Jym € Pm: Leqly, ym]
A Cardinality(Pm) < Cardinality(P)
BY MazHatProperties DEF Refines
(1)6. A IsFiniteSet(C) A (Cardinality(C) € Nat)
A IsFiniteSet(P) A (Cardinality(P) € Nat)
A IsFiniteSet(Pm) A (Cardinality(Pm) € Nat)
(2)1. C € SUBSET Z
BY (1)2
(2)2. P € SUBSET Z
BY (1)4
(2)3. Pm € SUBSET Z
BY (1)5, (1)2
(2) QED
BY (2)1, (2)2, (2)3, FS_Subset, FS_Cardinality Type
(1)7. A C € DOMAIN Cost
A P € DOMAIN Cost
A Pm € DOMAIN Cost
BY (1)2, (1)4, (1)5 DEF CardinalityAsCost
(1)8. IsACover(Pm, X, Leq)
(2)1. IsTransitive(Leq)
BY DEF IsAPartialOrder
(2)2. IsACover(P, X, Leq)
BY (1)4
(2)3. PCZAPMC Z
(3)1. SUBSET Z = DOMAIN Cost
BY DEF CardinalityAsCost
(3) QED
BY (1)7, (3)1
(2)4. Refines(P, Pm, Leq)
BY (1)5 DEF Refines
(2) QED
BY (2)1, (2)2, (2)3, (2)4, MazHatIsCoverToo
(1)9. CostLeq[{(Pm, C)]
(2)1. CostLeq[{P, C)]
BY (1)4
(2) uSE DEF CardinalityAsCost, CostLeq
(2)2. Cardinality(P) < Cardinality(C)
BY (2)1, (1)7
(2)3. Cardinality(Pm) < Cardinality(C')
BY (2)2, (1)5, (1)6
(2) QED
BY (2)3, (1)7
(1)10. = CostLeq[(C, Pm)]
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(2)1. ~CostLeq[{C, P)]
BY (1)4
(2) use DEF CardinalityAsCost, CostLeq
(2)2. =(Cardinality(C) < Cardinality(P))
BY (2)1, (1)7
(2)3. Cardinality(C) > Cardinality(P)
BY (2)2, (1)6
(2y4. Cardinality(C) > Cardinality(Pm)
BY (2)3, (1)5, (1)6
(2)5. =(Cardinality(C) < Cardinality(Pm))
BY (2)4, (1)6
(2) QED
BY (2)5, (1)7
(1) QED
(2)1. CostLeq[(C, Pm)]
(3)1. Pm € SUBSET Max
BY (1)5
(3)2. IsACover(Pm, X, Leq)
BY (1)8
(3)3. CostLeq[(Pm, C)]
BY (1)9
(3) QED
BY (3)1, (3)2, (3)3, (1)1
(2) QED
BY (2)1, (1)10

Completeness of Maz(Y) :
For each cover from Y minimal within Y, there exists a cover from Maz(Y')
minimal in Maz(Y).So, if a minimal cover from Y exists, then a minimal cover
from Maz(Y )also exists.
LEMMA MazHatOfMinCoverIsAMinCover =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C,
LET
Z = Support(Leq)
IN
A IsAPartialOrder(Leq)
A IsFiniteSet(Z)
ANXCZ
ANY CZ
A IsAMinCover(C, X, Y, Leq)
A CardinalityAsCost(Z)
PROVE
LET
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Maz = Mazima(Y, Leq)
Cm = MazHat(C, Y, Leq)
IN
IsAMinCover(Cm, X, Maz, Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
Maz = Mazima(Y, Leq)
(I)1. A C € SUBSET Y
A IsACover(C, X, Leq)
AV T € SUBSET Y :
V = A IsACover(r, X, Leq)
A CostLeq[(r, C)]
V CostLeq[(C, )]
BY MinCoverProperties
(1)2. IsFiniteSet(C)
BY (1)1, FS_Subset
(1)3. DEFINE Cm = MazHat(C, Y, Leq)
(1Y4. A IsFiniteSet(Cm)
A Cm € SUBSET Maz
A Refines(C, Cm, Leq)
A Cardinality(Cm) < Cardinality(C')
BY (1)1, MazHatProperties
(1)5. A C' € SUBSET Z
A Cm € SUBSET Z
BY (1)1, (1)4, MazIsSubset
(1)6. IsACover(Cm, X, Leq)
BY (1)4, (1)1, (1)5, MaxHatlsCoverToo DEF IsAPartialOrder
(1)y7. Cardinality(Cm) = Cardinality(C)
(2) usE DEF CardinalityAsCost, CostLeq
(2)1. CostLeq[{Cm, C)]
(3)1. Maxz € SUBSET Y
BY MaxlIsSubset
(3)2. A Cm € DOMAIN Cost
A C' € DOMAIN Cost
BY (1)1, (1)4, (3)1
(3) QED
BY (1)4, (3)2 DEF CostLeq
(2)2. CostLeq[{C, Cm)]
(3)1. Cm € SUBSET Y
BY (1)4, MazlsSubset
(3)2. A IsACover(Cm, X, Leq)
A CostLeq[(Cm, C)]
BY (1)6, (2)1
(3) QED
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v (D)1, (3

(2)3. A C’ardmalzty
A Cardinality

)L, (3)2
(
(
BY (2)1, (2)2, <<1>
(

Cm) < ardinalz'ty( C)
Cm) > Cardinality(C)
5

m

(2)4. A Cardmalzty Cm) € Nat
A Cardinality(C) € Nat
BY (1)2, (1)4, FS_Cardinality Type
(2) QED
BY (2)3, (2)4
(1)8. ASSUME NEW 7 € SUBSET Maz,
A IsACover(r, X, Leq)
A CostLeq[(r, Cm)]
PROVE CostLeq[{Cm, 1)]
(2) uske DEF CardinalityAsCost, CostLeq
(2)1. r € SUBSET Y
Y (1)8, MaxIsSubset
(2)2. CostLeq[(r, C)]
(3)1. Cardinality(r) < Cardinality(Cm)
BY (1)8, (1)5, (2)1
(3)2. Cardinality(r) < Cardinality(C')
BY (3)1, ()7
(3) QED
BY (3)2, (1)5, (2)1
(2)3. CostLeq[(C, )]
BY (1)1, (1)8, (2)1, (2)2
(2) QED
(3)1. Cardinality(C) <
BY (2)3, (1)5, (2)1
(3)2. Cardinality(Cm) <
BY (3)1, (1)7
(3) QED
BY (3)2, (1)5, (2)1

Cardinality(r)

Cardinality(r)

(1) QED
BY (1)4, (1)6, (1)8 DEF IsAMinCover, IsMinimal, CoversOf

Floor effects on minimal covers.

PROPOSITION UnfloorProperties =
ASSUME
NEW Leq, NEW X, NEW Y, NEW u,
A IsACompleteLattice(Leq)
A u € Floors(Y, X, Leq)
PROVE
LET y = SomeUnfloor(u, X, Y, Leq)
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IN
ANy ey
A u = Floor(y, X, Leq)
PROOF
(1)1.3y € Y: w= Floor(y, X, Leq)
BY DEF Floors
(1) QED
BY (1)1 DEF SomeUnfloor

Cf = Floors(Unfloors(Cf)).
But it is possible that C # Unfloors(Floors(C)).

The cause is that different elements in C can have the same Floor.
So for two elements yl, y2 € C it can be r 2 Floor(yl) = Floor(y2),
but Unfloor(r)will be a choice of one of yl or y2.

The choice is arbitrary, because Unfloor is defined using CHOOSE .

PROPOSITION UnfloorSetProperties =
ASSUME
NEW Leq, NEW X, NEW Y, NEW Cf,
A IsACompleteLattice(Leq)
A Cf C Floors(Y, X, Leq)

PROVE
LET C' = Unfloors(Cf, X, Y, Leq)
IN
A Cf = Floors(C, X, Leq)
ANCCY
PROOF
(1) DEFINE

C = Unfloors(Cf, X, Y, Leq)
(1)1. SUFFICES ASSUME NEW u € Cf
PROVE 3y € Y : u = Floor(y, X, Leq)
BY (1)1 DEF Floors, Unfloors, SomeUnfloor
(1) QED
BY UnfloorProperties

The assumption IsAntiChain(Cf, Leq) A Cf C Floors(Y, X, Leq)
does not suffice in the following proposition, because Cf can be an
antichain of elements that are not mazimal within Floors(Y, X, Leq).
In that case, Leq|z, fy]ldoes not contradict the antichain property,
because fy is outside the set of comparison(in that case the antichain).
PROPOSITION MazFloorsHatlsUnfloor =

ASSUME
NEW Leq, NEW X, NEW Y, NEW Cf,
LET
Z = Support(Leq)
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IN
ANXCZANYCZ
so that Floor exist
A IsACompleteLattice(Leq)
A IsFiniteSet(Cf)
ensures that each z € Cf is below some y € Y
and that elements in Cf are mazimal within Floors
A Cf C MazFloors(Y, X, Leq)
PROVE
LET
C = Hat(Cf, Y, Leq)
IN
A Cf = Floors(C, X, Leq)
A Cardinality(Cf) = Cardinality(C)
IsUnfloors is slightly weaker.
PROOF
(1) DEFINE
7Z Support(Leq)
c Hat(Cf, Y, Leq)
Yf 2 Floors(Y, X, Leq)
F = Floors(C, X, Leq)
Card(S) = Cardinality(S)
(1)1. IsFiniteSet(C)
BY ImageOfFinite DEF Hat
(1)2. A Cf C Mazima(Yf, Leq)
NCfCYf
NYfCZ
(2)1. Cf C Mazima(Yf, Leq)
BY DEF MaxFloors
(2)2. Cf C Vf
BY (2)1, MazlsSubset
(2)3. Yf C Z
BY FloorEzists DEF Floors
(2) QED
BY (2)1, (2)2, (2)3
()3.Vze Cf: Jye Y : z= Floor(y, X, Leq)
BY (1)2 DEF Floors
(W4.Vze Cf: Jye Y : Leqlz, y]
BY (1)3, FloorIsSmaller
()5.Vz € Cf : Jy e C: Leq|z, y]
BY (1)4 DEF Hat, SomeAbove
()6.Vy e C: Jz€ Cf: Leq|z, y]
BY (1)4 DEF Hat, SomeAbove
1)7. CC Y
BY (1)4 DEF Hat, SomeAbove

e 11>
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(1)8. F C Yf
BY (1)7 DEF MazFloors, Floors
(9. Cf = F
(2)1. ASSUME NEW z € Cf, NEW y € C, NEW fy € F,
A Leq|z, y]
A fy = Floor(y, X, Leq)
PROVE z = fy
Essentially the “conversely” in Coudert s Lemma 3.
(3) DEFINE fz = Floor(z, X, Leq)
(3)1. Leq[z, fy]
<4>1. (z eZ)N(y e Z)
Y @)1, (12, @)1, ()7
<4>2 Leq[z Jy]
Y (2)1, (4)1, FloorlsMonotonic
4 >3 z=fz
BY (1)3, (4)1, FloorIsIdempotent
(4) QED
BY (4)2, (4)3
(3)2. z € Maxima(Yf, Leq)
BY (2)1, (1)2
(3)3. fy € Yf
BY (2)1, (1)8
(3)4. Leqlfy, 2]
BY (3)2, (3)3, (3)1, MaximaProperties
(3)5. Leq(fy, 2] A Leg[z, fy]
BY (3)4, (3)1
(3)6. fy € Z
BY (3)3, (1)2
A7 (fye Z)yN(z € Z)
BY (3)6, (2)1, (1)2
(3)8. IsAntiSymmetric(Leq)
BY LatticeProperties
(3) QED
BY (3)5, (3)8, (3)7 DEF IsAntiSymmetric
(2)2. Cf C F
(3)1. SUFFICES ASSUME NEW z € Cf
PROVE z € F

(3)2. PICK y € C': Leq[z, y]
BY (3)1, (1)5
(3) DEFINE fy = Floor(y, X, Leq)
(3)3.fy e F
BY DEF Floors
(3)4. SUFFICES z = fy
BY (3)3
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(3) QED
BY (3)1, (3)2, (3)3, (2)1
(2)3. FC Cf
(3)1. SUFFICES ASSUME NEW fy € F'
PROVE fy € Cf

(3Y2. Pick y € C : fy = Floor(y, X, Leq)
BY (3)1 DEF Floors
(3)3. PICK z € Cf : Legq|z, ]
BY (3)2, (1)6
(3)4. SUFFICES z = fy
BY (3)3
(3) QED
BY (3)1, (3)3, (3)2, (21
(2) QED
BY (2)2, (2)3
(1)10. Card(Cf) = Card(C)
(2)1. Card(Cf) < Card(C)
(3) HIDE DEF C
(3) QED
BY (1)9, (1)1, ImageOfFinite DEF Floors
(2)2. Card(C) < Card(Cf)
BY ImageOfFinite DEF Hat
(2) QED
BY (2)1, (2)2, (1)1, FS_Cardinality Type
(1) QED
BY (1)9, (1)10

Effect of Floor on covers.

THEOREM FloorPreservesCover =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C, NEW Cf,
LET
Z = Support(Leq)
IN
ANXCZNY CZ
NCCZ
A IsACompleteLattice(Leq)
A Cf = Floors(C, X, Leq)
PROVE
IsACover(C, X, Leq) = IsACover(Cf, X, Leq)
PROOF
(1) DEFINE
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Z = Support(Leq)
W crcz
BY FloorslsSubset
(1)1. AssuME IsACover(C, X, Leq)
PROVE IsACover(Cf, X, Leq)
(2)1. SUFFICES ASSUME NEW u € X
PROVE Jy € Cf : Leq|u, y]
BY DEF IsACover
(2)2. piIcK v € C: Leq[u, v]
BY (1)1 DEF IsACover
(2) DEFINE y = Floor(v, X, Leq)
(3. Leg[u, 9]
BY (2)1, (2)2, FloorlsAbove ThoseUnder
(2)4. y € Cf
BY DEF Floors
(2) QED
BY (2)3, (2)4
(1)2. AsSUME IsACover(Cf, X, Leq)
PROVE IsACover(C, X, Leq)
(2)1. SUFFICES ASSUME NEW u € X
PROVE Jy € C: Leqlu, y]
BY DEF IsACover
(2)2. PICK v € Cf : Leq[u, v]
BY (1)2 DEF IsACover
(2)3. PICK y € C': v = Floor(y, X, Leq)
BY DEF Floors
(2)4. Leg(v, y]
B)l.veZAhyeZ
BY (2)2, (2)3
(3Y2. v = Floor(y, X, Leq)
BY (2)3
(3) QED
BY (3)1, (3)2, FloorlsSmaller
(2) QED
(3)1. Leq|u, v]
BY (2)2
(3)2. Leql, 1]
BY (2)4
(3)3. IsTransitive(Leq)
BY LatticeProperties
B ueZANveZNyeZ
BY (2)1, (2)2, (2)3
(3) QED
BY (3)1, (3)2, (3)3, (3)4 DEF IsTransitive
(1) QED
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BY (1)1, (1)2

A more general version of the next corollary can be proved about Hat,
by a proof similar to MazHatlsCoverToo

COROLLARY UnfloorPreservesCover =

ASSUME
NEW Leq, NEW X, NEW Y, NEW Cf, NEW C,
LET
Z = Support(Leq)
IN
ANXCZNY CZ
ANCCZANCFCZ
A IsACompleteLattice(Leq)
A IsACover(Cf, X, Leq)
A Cf = Floors(C, X, Leq)
PROVE
IsACover(C, X, Leq)
PROOF

BY FloorPreservesCover

Effect of Floor on minimal covers.

LEMMA FloorPreservesMinCover =
ASSUME
NEW Leq, NEW X, NEW Y, NEW C,
LET
Z = Support(Leq)
IN
A IsACompleteLattice(Leq)
A CardinalityAsCost(Z)
ANX CZ
ANY C Z A IsFiniteSet(Y) Finiteness of Y
may be avoidable, but of Y[ appears to be necessary.
ANCCY
A IsAMinCover(C, X, Y, Leq)
PROVE
LET
Cf = Floors(C, X, Leq)
Yf = Floors(Y, X, Leq)
IN
IsAMinCover(Cf, X, Yf, Leq)
PROOF
(1) DEFINE
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Z = Support(Leq)
cf £ Floors(C, X, Leq)
Yf & Floors(Y, X, Leq)
Card(S) = Cardinality(S)
(1) IsFiniteSet(C)
BY FS_Subset
(IV1.ACfC Z
ANYfCZ
BY FloorsIsSubset
(1)2. A IsFiniteSet(Cf) A IsFiniteSet( Yf)
A Card(Cf) < Card(C)
BY FloorsSmaller
(1)3. A IsACover(C, X, Leq)
A C € SUBSET Y
AV T € SUBSET Y :
A IsACover(r, X, Leq)
A CostLeq[(r, C)]
= CostLeq[(C, r)]
BY MinCoverProperties
(1)4. SUFFICES ASSUME —IsAMinCover(Cf, X, Yf, Leq)
PROVE FALSE

(1)5. PICK Wf € SUBSET Yf :
A IsACover(Wf, X, Leq)
A CostLeq[{Wf, Cf}]
A —CostLeq[{Cf, Wf)]
(2)1. Cf € CoversOf (X, Yf, Leq)
(3) IsACover(Cf, X, Leq)
BY (1)3, FloorPreservesCover
(3) Cf € SUBSET Yf
BY (1)3, FloorsIsSubset DEF Floors
(3) QED
BY DEF CoversOf
(2) QED
BY (1)4, (2)1, CheaperCoverEzists
(1)6. A IsFiniteSet( W)
A Card(Wf) < Card(Cf)
(2) Card(Wf) < Card(Cf)
BY (1)5, (1)1 DEF CardinalityAsCost, CostLeq
(2) IsFiniteSet( Wf)
BY (1)5, (1)2, F'S_Subset
(2) QED

(1) DEFINE W = Unfloors(Wf, X, Y, Leq)
(Wi AWCY
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A Wf = Floors(W, X, Leq)
BY UnfloorSetProperties
(1)8. WCZAWfCZ
BY (1)1, (1)7
(1)9. A IsFiniteSet(W)
A Card(W) < Card(Wf)
BY (1)6, ImageOfFinite DEF Unfloors
(1)10. CostLeq[(C, W]
(2) N W € SUBSET Y
A IsACover(W, X, Leq)
A CostLeq[{W, C)]
(3) IsACover(W, X, Leq)
(4) IsUnfloor(W, Wf, X, Leq)
BY (1)7, (1)9 DEF IsUnfloor
(4) QED
BY (1)7, (1)5, FloorPreservesCover
(3) CostLeq[{W, C)]
4y Card(W) < Card(C)
BY (1)9, (1)6, (1)2, FS_Cardinality Type
(4) QED
BY (1)7 DEF CardinalityAsCost, CostLeq
(3) QED
BY (1)7
(2) QED
BY (1)3
(1) IsFiniteSet(W) A IsFiniteSet( Wf) A IsFiniteSet(Cf)
BY (1)9, (1)2, (1)6
(1) use F'S_CardinalityType DEF CardinalityAsCost, CostLeq
(H11. Card(C) < Card(W)
20 CCZAWCZ
BY (1)8
(2) QED
BY (1)10
(1)12. Card(Wf) < Card(Cf)
2)CfczAnwfcZ
BY (1)8, (1)1
(2) QED
BY (1)5
(1)13. Card(W) < Card(C)
BY (1)2, (1)12, (1)9
(1) QED
By (1)11, (1)13

. A
LEMMA UnfloorPreservesMinCover =
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ASSUME
NEW Leq, NEW X, NEW Y, NEW Cf, NEW C,
LET
Z = Support(Leq)
Yf £ Floors(Y, X, Leq)
IN
A IsACompleteLattice(Leq)
A CardinalityAsCost(Z)
NX CZ
ANY C Z A IsFiniteSet(Y)
ANCCY
A IsAMinCover(Cf, X, Yf, Leq)
Relation of unfloor C to Cf
A Cf = Floors(C, X, Leq)
A Cardinality(C) < Cardinality( Cf)
PROVE
IsAMinCover(C, X, Y, Leq)
PROOF
(1) DEFINE
Z = Support(Leq)
Yf & Floors(Y, X, Leq)
Card(S) = Cardinality(S)
(WH1.AYfCZ
A IsFiniteSet( YY)
BY FloorslsSubset, FloorsSmaller
(1)2. A IsACover(Cf, X, Leq)
A Cf € SUBSET Yf
AYr € SUBSET Yf :
A IsACover(r, X, Leq)
A CostLeq[(r, Cf)]
= CostLeq[(Cf, r)]
BY MinCoverProperties
(1)3. SUFFICES ASSUME —IsAMinCover(C, X, Y, Leq)
PROVE FALSE

(1)4. PICK W € SUBSET Y :

A IsACover(W, X, Leq)
A CostLeq[{W, C)]
A —CostLeq[(C, W)]

(2) C € CoversOf (X, Y, Leq)
(3) IsACover(C, X, Leq)

BY (1)2, FloorPreservesCover

(3) C € SUBSET Y

(3) QED
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BY DEF CoversOf
(2) QED
BY (1)3, CheaperCoverEgists
(1) DEFINE Wf = Floors(W, X, Leq)
(5. Wf C Vi
BY (1)4 DEF Floors
(1)6. IsACover(Wf, X, Leq)
BY (1)4, FloorPreservesCover
Wi WCZANWfFCZANCFCZ
BY (1)5, (1)4, (1)2, (1)1
(1) A IsFiniteSet(W) A IsFiniteSet( Wf)
A IsFiniteSet(C) A IsFiniteSet(Cf)
BY (1)4, (1)2, (1)1, FS_Subset, FloorsSmaller
(WWCZAWfFCZANCFCZ
BY (1)4, (1)5, (1)1, (1)2
(1) use F'S_CardinalityType DEF CardinalityAsCost, CostLeq
(1)8. Card(C) < Card(W)
(2)1. Card(Wf) < Card(W)
BY FloorsSmaller
(2)2. CostLeq[{Wf, Cf)]
BY (1)4, (2)1
(2)3. CostLeq[{Cf, Wf)]
BY (1)2, (1)5, (1)6, (2)2
(2)4. Card(Cf) < Card(Wf)
BY (2)3
(2) QED
BY (2)4,
(1)9. Card(W)
BY (1)4
(1) QED
BY (1)8, (1)9

(2)1
< Card(C)

FloorPreservesMinCover and UnfloorPreservesMinCover combined.
THEOREM MinCoverPreservedIfFloors =
ASSUME

NEW Leq, NEW X, NEW Y, NEW C, NEW Cf,

LET
Z = Support(Leq)

IN
A IsACompleteLattice(Leq)
A CardinalityAsCost(Z)
ANX CZ
NY C Z A IsFiniteSet(Y')
ANCCY
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A Cf = Floors(C, X, Leq)
A Cardinality(C) < Cardinality( Cf)

PROVE
LET
Yf £ Floors(Y, X, Leq)
IN
A IsAMinCover(C, X, Y, Leq) = IsAMinCover(Cf, X, Yf, Leq)
A Cardinality(C) = Cardinality( Cf)
PROOF
(1) DEFINE

Yf = Floors(Y, X, Leq)
(1)1. IsFiniteSet(C) A IsFiniteSet( Cf)
(2)1. (C C Y) A IsFiniteSet(Y)

(2)2. IsFiniteSet(C)
BY (2)1, FS_Subset
(2)3. Cf = Floors(C, X, Leq)

(2)4. IsFiniteSet(Cf)
BY (2)2, (2)3, ImageOfFinite DEF Floors
(2) QED
BY (2)2, (2)4
(1)2. A Cardinality(C') € Nat
A Cardinality(Cf) € Nat
BY (1)1, FS_Cardinality Type
(1)3. ASSUME IsAMinCover(C, X, Y, Leq)
PROVE IsAMinCover(Cf, X, Yf, Leq)
BY (1)3, FloorPreservesMinCover DEF Yf
(1)4. AsSUME IsAMinCover(Cf, X, Yf, Leq)
PROVE IsAMinCover(C, X, Y, Leq)
BY (1)4, UnfloorPreservesMinCover DEF Yf
(1Y5. Cardinality(C) = Cardinality(Cf)
(2) DEFINE
k = Cardinality(C)
m = Cardinality(Cf)
2)1. k< m
BY DEF k, m
(2)2. m <k
BY (1)1, ImageOfFinite DEF k, m, Floors
(2)3. (k € Nat) A (m € Nat)
BY (1)2
(2) HIDE DEF k, m
(2)4. ASSUME
(k<m)A(m<k)
PROVE k =m
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L

BY (2)3, (2)4
(2) QED
BY (2)1, (2)2, (2)4 DEF k, m
(1) QED
BY (1)3, (1)4, (1)5

(* Proofs checked with TLAPS version 1.4.3 %)
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MODULE Orthotopes

Definitions of discrete orthotopic covers.

Author: Toannis Filippidis

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.
EXTENDS

FiniteSets,
Reals
CONSTANTS Variables, Domain, CareSet

ASSUME IsFiniteSet( Variables)

N = Cardinality( Variables)
Assignments = [Variables — Int)
ASSUME

A Domain C Assignments

A Domain # {}

A IsFiniteSet(Domain)

A CareSet C Domain

Point = Domain N CareSet

EndPoint(k) = [1 ..k — Assignments]
IsInOrthotope(z, a, b) = Ywvar € Variables :

(a[var] < z[var]) A (z[var] < b[var])
IsNonEmpty(a, b) = 3z e Assignments : IsInOrthotope(z, a, b)
IsInRegion(z, p, ) = 3i € DOMAIN p : IsInOrthotope(z, pli], q[i])
OrthotopicSet(a, b) = {z € Assignments : IsInOrthotope(z, a, b)}
Orthotope(Dom) = {OrthotopicSet(a, b) : a, b € Dom}
SameQuver(f, p, q, S) = Yz € S: flz] = IsInRegion(z, p, q)

CONSTANT f

p, q define a cover that contains k orthotopes
IsMinDNF (k, p, q) =
A SameOver(f, p, q, Point)
AV r € Nat: Yu, v € EndPoint(r): wu, v define a cover that
contains r orthotopes
V =SameOver(f, u, v, Point) not a cover, or
V r >k u, v has at least as many disjuncts as p, ¢

Problem: Minimal orthotopic formula in disjunctive normal form for BDD.
Assumptions about the characteristic function f to cover.
ASSUME
A f € [Assignments — BOOLEAN ]
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AV x € Assignments \ CareSet : f[z] = FALSE
THEOREM
3k € Nat: Ip, ¢ € EndPoint(k) : IsMinDNF(k, p, q)

PROOF OMITTED  some DNF exists, by finiteness of CareSet
L




MODULE CyclicCore

Correctness of the cyclic core computation.
This algorithm was originally proposed in [1].

Author: Ioannis Filippidis

References

[1] Olivier Coudert “Two-level logic minimization: An overview” Integration, the VLSI Journal
Vol.17, No.2, Oct 1994, pp. 97-140 10.1016/0167 — 9260(94)00007 — 7

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.
EXTENDS

FiniteSetFacts,

Integers,

Lattices,

MinCowver,

Optimization,

TLAPS

CONSTANTS
Leg,
Xinit, Yinit
VARIABLES
X,  Current set to be covered.
Y,  Set of elements available for covering X .
E, Accumulates essential elements.

Xold, Yold, History variables used to detect fixpoint.
1 Program counter.

Z = Support(Leq)
ASSUMPTION CostlsCard =
Cost = [cover € SUBSET Z — Cardinality(cover)]

Definitions for convenience.
RowRed(u, v) = MazxCeilings(u, v, Leq)
ColRed(u, v) = MazFloors(v, u, Leq)

Card(S) = Cardinality(S) shorthand

InitIsFeasible = 3C : IsACoverFrom(C, Xinit, Yinit, Leq)
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ASSUMPTION ProblemInput =
A IsACompleteLattice(Leq)
A IsFiniteSet(Z)
A Xinit C Z
A Yinit C Z
A InitlsFeasible

THEOREM HaveCardAsCost = CardinalityAsCost(Z)
PROOF
BY CostlsCard DEF CardinalityAsCost

THEOREM LeqTransitive = IsTransitive(Leq)

PROOF

BY ProblemInput DEF IsACompleteLattice,
IsACompleteLattice, IsAPartialOrder

THEOREM LeglsPor = IsAPartialOrder(Leq)
PROOF
BY ProblemInput DEF IsACompleteLattice

Specification of cyclic core computation.

Typelnv =
A X € SUBSET Z
AY € SUBSET Z
AN E € SUBSET Z
A Xold € SUBSET Z
A Yold € SUBSET Z

ANiel..3
Init =

A X = Xinit
ANY = Yinit
NE ={}
A Xold = {}
A Yold = {}
ANi=1

ReduceColumns =
ANi =D)AGE =2)
ANY' = ColRed(X, Y)
A Xold' = X
AYold =Y
A UNCHANGED (X, E)



ReduceRows =
ANi =2)A("'=3)
A X" = RowRed(X, Y)
A UNCHANGED (Y, E, Xold, Yold)

RemoveEssential =

AiE=3)A(i"=1)

A LET
Ess 2 XNY Essential elements.

IN

ANX'"= X\ Ess
ANY'=Y\FEss
ANE'" = E U Ess

A UNCHANGED (Xold, Yold)

Next =
V ReduceColumns
V ReduceRows
V RemoveFEssential

vars
Spec

(X, Y, E, Xold, Yold, i)
Init A O[Next]pars A WE a5 (Neat)

e >

IsFeasible = 3C : IsAMinCover(C, X, Y, Leq)
HatIsMinCover =
VO, H:
V = A IsAMinCover(C, X, Y, Leq)
A IsAHat(H, C U E, Yinit, Leq)
A IsAMinCover(H, Xinit, Yinit, Leq)
A Cardinality(H) = Cardinality(C) + Cardinality(E)

<

Useful = O(IsFeasible \ HatIsMinCover)
ReachesFizpoint = OO[FALSE| (x| v)

Invariants.

THEOREM TypeOK = Spec = O Typelnv
PROOF
(1)1. ASSUME Init
PROVE Typelnv
(2)1. {} € suBSET Z

(22.NX = Xinit AN Y = Yinit i =1
AE ={}AXold = {} A Yold = {}



BY (1)1 DEF Init
(2)3. Xinit € SUBSET Z A Yinit € SUBSET Z
BY ProblemInput
(2)4. X € SUBSET Z A Y € SUBSET Z
BY (2)2, (2)3
(2)5. AN E € SUBSET Z
A Xold € SUBSET Z A Yold € SUBSET Z
BY (2)1, (2)2
(2)6.i€1..3
BY (2)2
(2) QED
BY (2)4, (2)5, (2)6 DEF Typelnv
(1)2. ASSUME TypeInv A Next
PROVE Typelnv’
(2)4. AN X € SUBSET Z A'Y € SUBSET Z
AN E € SUBSET Z
A Xold € SUBSET Z A Yold € SUBSET 7
ANiel..3
BY (1)2 DEF Typelnv
(2)1. ASSUME ReduceColumns
PROVE Typelnv’
B)2.A (i =1)A (I =2)
ANY' = ColRed(X, Y)
A Xold = X
AYold =Y
A UNCHANGED (X, E)
BY (2)1 DEF ReduceColumns
(3)3.i"€1..3
BY (3)2
(3Y4. Xold" € SUBSET Z A Yold' € SUBSET Z
BY (3)2, (2)4
(3)5. X’ € SUBSET Z A E' € SUBSET Z
BY (3)2, (2)4
(3)6. Y = MaxFloors(Y, X, Leq)
BY (3)2 DEF ColRed
(3)7. Y’ € SUBSET Z
BY (3)6, (2)4, FloorslsSubset, MaxlsSubset, ProblemInput
DEF MazxFloors, Z
(3) QED
BY (3)3, (3)4, (3)5, (3)7 DEF Typelnv
(2)2. ASSUME Typelnv A ReduceRows
PROVE Typelnv’
B At =2)A (1" =3)
A X' = RowRed(X, Y)
A UNCHANGED (Y, E, Xold, Yold)



BY (2)2 DEF ReduceRows

(3)2. i €1..3
BY (3)1

(3)3.AY’ € SUBSET Z A E’ € SUBSET Z

A Xold" € SUBSET Z A Yold' € SUBSET Z

BY (3)1, (2)4

(3)4. X' = MazCeilings(X, Y, Leq)
BY (3)1 DEF RowRed

(3)5. X' € SUBSET Z
BY (3)4, (2)4, CeilingsIsSubset, MazIsSubset, ProblemInput

DEF MazxCeilings, Z

(3) QED

BY (3)2, (3)3, (3)5 DEF Typelnv
(2)3. ASSUME Typelnv A RemoveEssential
PROVE Typelnv’

(3) DEFINE
Ess = XNY

B A =3)A ([ =1)
ANX'=X\FEss
ANY' =Y\ Ess
ANE" =EUEss

A UNCHANGED (Xold, Yold)
BY (2)3 DEF RemoveEssential
(3)2.4 €1..3
BY (3)1
(3)3. Xold" € SUBSET Z A Yold' € SUBSET Z
BY (3)1, (2)4
(3)4. X’ € SUBSET Z A'Y' € SUBSET Z
M. X' CXAY' CY
BY (3)1
(4) QED
BY (4)1, (2)4
(3)5. B’ € SUBSET Z
(4)1. Ess € SUBSET Z
(5)1. Ess € X
BY (3)1
(5)2. X € SUBSET Z
BY (2)4
(5) QED
BY (5)1, (5)2
(4)2. E' = EU Ess
BY (3)1
(4)3. E € SUBSET Z
BY (2)4
(4) QED



BY (4)2, (4)3, (4)1
(3) QED
BY (3)2, (3)3, (3)4, (3)5 DEF Typelnv
(2) QED
BY (1)2, (2)1, (2)2, (2)3 DEF Neuxt
(1)3. ASSUME Typelnv A [Next]yars
PROVE Typelnv’
BY (1)2, (1)3 DEF Next, vars, Typelnv
(1) QED
(2) DEFINE
Inv = Typelnv
Nz = Next
(2)1. ASSUME Inv A [Nz]yars
PROVE Inv’
BY (2)1, (1)3 DEF Inv, Nz
(2)2. (Typelnv A O[Next]yers) = O Typelnv
BY (2)1, PTL DEF Inv, Nz
(2)3. (Init A O[Next]yars) = O Typelnv
BY (1)1, (2)2
(2) QED
BY (2)3 DEF Spec

THEOREM MazimalAtEssAuz =
Spec = OA(i=2)= ANX = Xold
A'Y = ColRed(Xold, Yold)

A (i =3) = ANX = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
PROOF
(1) DEFINE Inv = A (i =2)= A X = Xold
A'Y = ColRed(Xold, Yold)

A(i=3)= AX = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
(1)1. ASSUME Init
PROVE Inv
BY (1)1 DEF Init, Inv
(1)2. ASSUME Inv A [Next]yars
PROVE Inv’
(2)1. SUFFICES ASSUME Next
PROVE Inv’
BY (1)2, (2)1 DEF wvars
(2)2. ASSUME ReduceColumns
PROVE Inv’
BY (2)2 DEF ReduceColumns, Inv



(2)3. ASSUME ReduceRows
PROVE Inv’
BY (1)2, (2)3 DEF ReduceRows, Inv
(2)4. ASSUME RemoveEssential
PROVE Inv’
BY (1)2, (2)4 DEF RemoveEssential, Inv
(2) QED  goal from (2)1
BY (2)1, (2)2, (2)3, (2)4 DEF Next
(1) QED
(2)1. (Inv A O[Next]yors) = Olnv
BY (1)2, PTL
(2)2. (Init A O[Next]yars) = OInw
BY (2)1, (1)1
(2) QED
BY (2)2, PTL DEF Spec

THEOREM MazimalAtEss =
Spec = 0OV i#3
V A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
PROOF
(1) DEFINE
InuMazAtEss =
AN(i=2)= ANX = Xold
A'Y = ColRed(Xold, Yold)
AVi#3
V A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
H2. ( A(i=2)= ANX = Xold
A'Y = ColRed(Xold, Yold)

A(i =3)= AX = RowRed(Xold, V)
A'Y = ColRed(Xold, Yold)) = InvMazAtEss

(1) QED
BY (1)2, MaximalAtEssAuz, PTL

More invariants.

THEOREM Spec = O0(X CZAY C 7)
PROOF
(1) DEFINE Inv = AX C Z
NY CZ
(1)1. ASSUME Typelnv



PROVE Inv
BY (1)1 DEF Typelnv, Inv
(1)2. (OTypelnv) = Olnv
BY (1)1, PTL
(1) QED
BY TypeOK, (1)2, PTL

THEOREM YERefinesYinit =
Spec = ORefines(Y U E, Yinit, Leq)
PROOF
(1) DEFINE
Inv = Refines(Y U E, Yinit, Leq)
(1)1. Spec = O(IsFiniteSet(X) A IsFiniteSet(Y))
(2)1. Spec = OTypelnv
BY TypeOK
(2)2. (OTypelnv) = O(IsFiniteSet(X) A IsFiniteSet(Y))
(3)1. TypeInv = A X € SUBSET Z
A'Y € SUBSET Z
BY DEF Typelnv
(3)2. IsFiniteSet(Z)
BY ProblemInput
(3)3. Typelnv = (IsFiniteSet(X) A IsFiniteSet(Y))
BY (3)1, (3)2, FS_Subset
(3) QED
BY (3)3, PTL
(2) QED
BY (2)1, (2)2
(1)2. Inv" = Refines(Y' U E’, Yinit, Leq)
BY DEF Inv, Refines
(1)3. ASSUME TypeInv A Inv A ReduceColumns
PROVE Inv’
(2)1. SUFFICES Refines(Y' U E’, Yinit, Leq)
BY (1)2
(2)2. SUFFICES
ASSUME NEW u € (YU E')
PROVE Jv € Yinit: Leq[u, v]
BY (2)1 DEF Refines, Refines goal from (2)1
(2)3. ASSUME NEW w € (Y U E)
PROVE Jv € Yinit: Leqw, v]
(3)1. Refines(Y U E, Yinit, Leq)
BY (1)3 DEF Inv
(3) QED
BY (3)1 DEF Refines, Refines
(2)4.CASE u € E'



(3)1. E' = E
BY (1)3 DEF ReduceColumns
(3)2. u e E
BY (2)2, (2)4, (2)3, (3)1
(3) QED  goal from (2)2
BY (3)2, (2)3
(2)5.CASE v € Y’
(3Y1. Y’ = MazxFloors(Y, X, Leq)
BY (1)3 DEF ReduceColumns, ColRed
(3)2. Y’ C Floors(Y, X, Leq)
BY (3)1, MazIsSubset DEF MazFloors
(3)3. u € Floors(Y, X, Leq)
BY (2)5, (3)2
(3)4. PICK y € Y : u = Floor(y, X, Leq)
BY (3)3 DEF Floors
(38.y € Z
BY (3)4, (1)3 DEF Typelnv
(3)5. Leq[u, y]
2. X CZ
BY (1)3 DEF Typelnv
(4)3. Z = Support(Leq)
BY DEF Z
(4)4. IsACompleteLattice(Leq)
BY ProblemInput
(4) QED
BY (3)8, (4)2, (4)3, (4)4, FloorIsSmaller, (3)4
(3)6. PICK v € Yinit : Leqly, v]
BY (2)3, (3)4
7. uez
BY (3)3, FloorslsSubset, ProblemInput, (1)3 DEF Typelnv, Z
3)1l.v ez
BY (3)6, ProblemInput
(3)9. Leg[u, y] A Legly, v]
BY (3)5, (3)6
(3)10. Leq[u, v]
BY (3)8, (3)7, (3)11, (3)9, ProblemInput, LeqTransitive
DEF IsTransitive, Z
(3) QED
MH1. v € Yinit
BY (3)6
(4) QED  goal from (2)2
BY (3)10, (4)1
(2) QED
BY (2)4, (2)5, (2)2  exhaustive by (2)2
(1)4. ASSUME Inv A RemoveEssential



PROVE Inv’
(2) DEFINE Ess = XNY
(2)1.AY' =Y\ Ess
ANE" =FEU Ess
BY (1)4 DEF RemoveEssential
(2)2. (Y'UE') = (YUE)
1. (YYUE') = ((Y\Ess) U (EU Ess))
BY (2)1
(3)2. (YYUE') = ((EssU(Y \ Ess))UE)
BY (3)1
(3)3. (EssU (Y \ Ess)) = Y
M1. Y C (EssU (Y \ Ess))

(4)2. Fss C Y
BY DEF Ess
(4)3. (EssU (Y \Ess)) C Y
BY (4)2
(4) QED
BY (4)1, (4)3
(3) QED
BY (3)2, (3)3
(2)3. Refines(Y U E, Yinit, Leq)
BY (1)4 DEF Inv
(2)4. Refines(Y' U E', Yinit, Leq)
BY (2)3, (2)2
(2) QED
BY (2)4, (1)2
(1)5. ASSUME Inv A ReduceRows
PROVE Inv’
(2)1. (YYUE") = (YUE)
(3)1.Y' =Y AE =E
BY (1)5 DEF ReduceRows
(3) QED
BY (3)1
(2)2. Refines(Y U E, Yinit, Leq)
BY (1)5 DEF Inv
(2)3. Refines(Y' U E’', Yinit, Leq)
BY (2)1, (2)2
(2) QED
BY (2)3, (1)2
(1)6. ASSUME Typelnv A Inv A Next
PROVE Inv’
BY (1)6, (1)3, (1)4, (1)5 DEF Neuxt
(1)7. ASSUME Init
PROVE Inv
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(2)1. SUFFICES Refines(Y U E, Yinit, Leq)
BY DEF Inv
(2)2. Y = Yinit N E = {}
BY (1)7 DEF Init
(2)3. (YUE) = Yinit
BY (2)2
(2)4. Refines(Yinit, Yinit, Leq)
(3Y1. Vu € Yinit : Leq[u, u]
(4)1. Yinit C Z
BY ProblemInput
(4)2. IsACompleteLattice(Leq) N Z = Support(Leq)
BY ProblemInput DEF Z
(4)3.Yu € Z: Leqlu, ul
BY (4)2 DEF IsACompleteLattice, IsACompleteLattice,
IsAPartialOrder, IsA PartialOrder,
IsReflexive
(4) QED
BY (4)3, (4)1
(3Y2. Vu € Yinit : Jv € Yinit . Leq[u, u]
BY (3)1
(3) QED
BY (3)2 DEF Refines
(2) QED  goal from (2)1
BY (2)3, (2)4
(1) HIDE DEF Inv
(1)8. ASSUME Inv A [Typelnv A Next]yars
PROVE Inv’
BY (1)8, (1)6 DEF Inv, vars
(1) QED
(2)1. (Inv A O[Typelnv A Next]yars) = Olnv
BY (1)8, PTL
(2)2. (Init A O[Typelnv A Next]yars) = Olnv
BY (2)1, (1)7
(2)3. (Init A O Typelnv A O[Next]pqrs) = Olnv
BY (2)2, PTL
(2) QED
BY (2)3, TypeOK DEF Spec, Inv

THEOREM XinitRefinesXE =
Spec = ORefines(Xinit, X U E, Leq)
PROOF
(1) DEFINE Inv = Refines(Xinit, X U E, Leq)
(1)1. ASSUME Init
PROVE Inv
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(2)1. A X = Xinit
NE = {}
BY (1)1 DEF Init
(2)2. Refines(Xinit, Xinit, Leq)
(3)1. SUFFICES ASSUME NEW u € Xinit
PROVE Leq[u, u]
BY (3)1 DEF Refines
(3)2. SUFFICES u € Support(Leq)
BY (3)2, LeqlsPor DEF IsAPartialOrder, IsReflexive
<3> QED  goal from (3)2
BY ProblemInput, (3)1 DEF Z
(2) QED
BY (2)1, (2)2
(1)2. ASSUME Inv A [TypeInv A Typelnv' A Next]yars
PROVE Inv’
(2)1. SUFFICES ASSUME Typelnv A Typelnv’ A Next
PROVE Inv’
BY (1)2, (2)1 DEF wvars
(2)2. ASSUME ReduceColumns
PROVE Inv’
BY (1)2, (2)2 DEF ReduceColumns
(2)3. ASSUME ReduceRows
PROVE Inv’
(3)1. SUFFICES
ASSUME NEW u € Xinit
PROVE Jv € (X'UE'): Leq[u, v]
BY (3)1 DEF Refines
(3)2. PICK 7 € (X UE): Leq|u, 7]
BY (1)2, (3)1 DEF Refines
(3)3.CASE r € E
BY (3)2, (3)3, (2)3 DEF ReduceRows
(3Y4.CASE r € X
DH2.Nu e Z
ANreZ
BY (2)1, (3)1, (3)4, ProblemInput DEF Typelnv
(4)1. piIcK v € X' : Leq[r, v]
(5) DEFINE
t = Ceil(r, Y, Leq)
= Ceilings(X, Y, Leq)
BGyl.Ate S
A Leg[r, t]
6)1.te S
BY (3)4 DEF t, Ceilings
(6)2. Leq|r, t]
BY (2)1, (3)4, ProblemInput,
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CeillsLarger DEF Typelnv, Z
(6) QED
BY (6)1, (6)2
(6)2. X' = Mazima(S, Leq)
BY (2)3 DEF ReduceRows, RowRed, MaxzCeilings
(5)6. S C Z
BY (2)1, CeilingsIsSubset, ProblemInput
DEF Typelnv, Z
(5)3. PICK v € X': Leqlt, v]
(6)1. PICK v € S : A Legt, v]
A IsMazimal(v, S, Leq)
BY (5)1, (5)6, HasSomeMazimalAbove, ProblemInput
DEF IsACompleteLattice, IsAPartialOrder, Z
6)2. v € X'
BY (5)2, (6)1 DEF Mazima
(6) QED
BY (6)1, (6)2
(5Y5. AT € Z
ANt €Z
ANv€EZ
BY (4)2, (5)1, (5)6, (5)3, (2)1,
ProblemInput DEF Typelnv
(5) QED
BY (5)3, (5)1, (5)5, LeqTransitive
DEF IsTransitive, Z
DH3.veZ
BY (2)1, (4)1, ProblemInput DEF Typelnv
(4) QED
BY (3)2, (4)1, (4)2, (4)3, LeqTransitive
DEF IsTransitive, Z
(3) QED
BY (3)3, (3)4, (2)3 DEF ReduceRows
(2)4. ASSUME RemoveEssential
PROVE Inv’
(3) DEFINE Ess = XNY
(3)1.AX"= X\ Ess
ANE' = FEUEss
BY (2)4 DEF RemoveEssential
(3)2. (X'UE") = (XUE)
BY (3)1
(3) QED
BY (1)2, (3)2
(2) QED  goal from (2)1
BY (2)1, (2)2, (2)3, (2)4 DEF Next
(1) QED
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(2)1. (Inv A O[Typelnv A Typelnv’ A Next]yqrs) = Olnv
BY (1)2, PTL

(2)2. (Init A O[Typelnv A Typelnv' A Next]yars) = Olnv
BY (2)1, (1)1

(2)3. (Init A OTypelnv A O[Next]yars) = Olnv
BY (2)2, PTL

(2) QED
BY (2)3, TypeOK, PTL DEF Spec

THEOREM YincompE =
Spec = 0Ny €Y : VYee€ E: —Leqle, y])
PROOF
(1) DEFINE
Vy € Y: Vee€ E: —Leqle, y
Vi#3
V A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
(1) HIDE DEF Inv, Aux
(1)1. ASSUME Init
PROVE Inv
(@)1 B = {}
BY (1)1 DEF Init
(2) QED
BY (2)1 DEF Inv
(1)2. ASSUME A Typelnv A Inv A Next
AVi#3
V A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
PROVE Inv’
(2)1. ASSUME Inv A ReduceColumns
PROVE Inv’
(3)1.AY' = MazFloors(Y, X, Leq)
NE =FE
BY (2)1 DEF ReduceColumns, ColRed
(3)2. SUFFICES
ASSUME NEW y € Y/, NEW e € F’
PROVE —Leg|e, y]
BY DEF Inv
(3)3. SUFFICES
ASSUME Leqle, y]
PROVE FALSE
goal from (3)2
(3Y4. e € E
BY (3)2, (3)1
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(3)5. Y' = Mazima(Floors(Y, X, Leq), Leq)
BY (3)1 DEF Magzima, Maxima, MaxFloors
(3)6. Y’ C Floors(Y, X, Leq)
BY (3)5, MazlsSubset
(3y7.PICK p € Y : y = Floor(p, X, Leq)
BY (3)2, (3)6 DEF Floors
(3)14. p € Z
(4)1. Y € SUBSET Z
BY (1)2 DEF Typelnv
(4) QED
BY (3)7, (4)1
(3)8. Legly, p]
W1.XCZz
BY (1)2 DEF Typelnv
(4)2. Z = Support(Leq)
BY DEF Z
(4)3. IsACompleteLattice(Leq)
BY ProblemInput
(4) QED
BY (3)7, (3)14, (4)1, (4)2, (4)3, FloorIsSmaller
(3)12. Legle, p]
(4)1. Legle, y] A Leqly, p]
BY (3)3, (3)8
4)2. (e Z)N(ye Z)N(p € 2)
5Yl.ec Z
(6)1. E € SUBSET Z
BY (1)2 DEF Typelnv
(6) QED
BY (3)4, (6)1
(5)2.ye Z
(6)1. y = Floor(p, X, Leq)
BY (3)7
(6)2. IsACompleteLattice(Leq)
BY ProblemInput
(6)3. X C Z
BY (1)2 DEF Typelnv
(6Y4. Z = Support(Leq)
BY DEF Z
(6) QED
BY (6)1, (6)2, (6)3, (6)4, FloorEzists
(5) QED
BY (5)1, (5)2, (3)14
(4)3. IsTransitive(Leq)
BY ProblemInput DEF IsACompleteLattice,
IsACompleteLattice, IsAPartialOrder
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(4) QED
BY (4)1, (4)2, (4)3 DEF IsTransitive, Z
(3)13. = Leg(e, p]
D1l (pe Y)A(e€ E)
BY (3)4, (3)7
(4) QED
BY (4)1, (1)2 DEF Inv
(3) QED
Y (3)12, (3)13
(2)2. ASSUME Inv A ReduceRows
PROVE Inv’
. (Y =Y)AN(E'=F)
BY (2)2 DEF ReduceRows
(3Y2.Vye Y: Vee E: —Legle, y]
BY (2)2 DEF Inv
(3)3.Vye Y': Vee E': —Leqle, y]
BY (3)1, (3)2
(3) QED
BY (3)3 DEF Inv
(2)3. ASSUME Inv A RemoveEssential
PROVE Inv’
(3) DEFINE Ess = XNY
(3. (Y =(Y\ Ess))\N(E'=(EU Ess))
BY (2)3 DEF RemoveEssential
(3)2.Vye Y: Yee E: —Lege, y]
BY (2)3 DEF Inv
(3)3. SUFFICES
ASSUME NEW y € Y/, NEW e € F’
PROVE —Leg[e, y]
BY DEF Inv
(3)4. Y' C Y
BY (3)1
35.y €V
BY (3)3, (3)4
(3)6. (e € E)V (e € Ess)
BY (3)1, (3)3
(3)7.CASE ¢ € F
BY (3)5, (3)7, (3)2
(3)8.CASE e € Ess
41.Yp, g€ Y: (p#q) = —-Leg[p, q|
(5)1. 385 : Y = Maxzima(S, Leq)
BY (1)2, (2)3 DEF ColRed, MazFloors, RemoveEssential
(5)2. Y = Mazima(Y, Leq)
BY (5)1, MazIsIdempotent
(5)3. Y C Support(Leq)
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(6)1. Y € SUBSET Z
BY (1)2 DEF Typelnv
(6)2. Z = Support(Leq)
BY DEF Z
(6) QED
BY (6)1, (6)2
(5)4. IsAntiSymmetric(Leq)
BY ProblemInput DEF IsACompleteLattice,
IsACompleteLattice, IsAPartialOrder
(5)5. IsAntiChain(Y, Leq)
BY (5)2, (5)3, (5)4, MaximalsAntiChain
(5) QED
BY (5)5 DEF IsAntiChain
(4)2.e#y
(5)1. y € (Y \ Ess)
BY (3)3, (3)1
(5)2. y ¢ Ess
BY (5)1
(5)3. e € Ess
BY (3)8
(5) QED
BY (5)2, (5)3
3. (e Y)AN(yeY)
BY (3)8, (3)b DEF Ess
(4) QED  goal from (3)3
BY (4)1, (4)2, (4)3
(3) QED
BY (3)7, (3)8, (3)6
(2) QED
BY (1)2, (2)1, (2)2, (2)3 DEF Neuxt
(1)3. ASSUME Inv A [TypeInv A Aux A Next]yars
PROVE Inv’
BY (1)3, (1)2 DEF Inv, Auz, vars
(1) QED
(2)1. (Inv A O[TypeInv A Auz A Next]yars) = Olnv
BY (1)3, PTL
(2)2. (Init A O[TypeInv A Auzx A Next]yars) = Olnv
BY (2)1, (1)1
(2)3. (Init A OTypelnv A OAuz A O[Next]yars) = Olnv
BY (2)2, PTL
(2) QED
BY (2)3, PTL, MazimalAtEss, TypeOK DEF Spec, Aux, Inv

THEOREM noYcapE 2
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Spec = O((Y NE) ={})
PROOF
(1)1. Spec = O(Typelnu AN(Vy € Y : Ve € E: —Legle, y)))
BY TypeOK, YincompE
(1)7. SUFFICES
ASSUME Typelnv A (Vy € Y : Ve € E: —Leqle, y])
PROVE (Y NE)={}
BY (1)1, (1)7, PTL
(1)2. SUFFICES
ASSUME NEW y € (Y NE),
A Typelnv
AN YgeY:VeeE: —Legle, q]
PROVE FALSE
BY (1)7, (1)2
(1)3. ~Leqly, y]
BY (1)2
(1)4. IsReflexive(Leq)
BY ProblemInput DEF IsACompleteLattice, IsACompleteLattice,
IsAPartialOrder
(1)5. y € Support(Leq)
2l.yeY
BY (1)2
(2)2. Y CZ
BY (1)2 DEF Typelnv
(2)3. Z = Support(Leq)
BY DEF Z
(2) QED
BY (2)1, (2)2, (2)3
(1)6. Leq[y, y]
BY (1)5, (1)4 DEF IsReflexive
(1) QED  goal from (1)2
BY (1)3, (1)6

A minimal cover of Xinit, Yinit can be constructed from a minimal cover
of X, Y.
THEOREM HatIsMinCoverlnit =
ASSUME Init
PROVE HatIsMinCover
PROOF
(1)1. SUFFICES
ASSUME
NEW C, NEW H,
A IsAMinCover(C, X, Y, Leq)
A IsAHat(H, CUE, Yinit, Leq)
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PROVE
A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(C) + Card(E)
BY (1)1 DEF HatlsMinCover, Card

(H2.ANE ={}
AN X = Xinat
ANY = Yinit

BY DEF Init
(H3.AN(CUE)=C
A Card(C) 4+ Card(E) = Card(C)
(2)1. (CUE)=C
BY (1)2
(2)2. Card(C) + Card(E) = Card(C)
(3Y1. Card(C) € Nat
BY (1)1, (1)2, MinCoverProperties, ProblemInput, FS_Subset,
FS_CardinalityType DEF Card
(3)2. Card(E) =0
BY (1)2, FS_EmptySet DEF Card
(3) QED
BY (3)1, (3)2
(2) QED
BY (2)1, (2)2
(1)4. IsAHat(H, C, Yinit, Leq)
BY (1)1, (1)3
(1)5. IsAMinCover(H, X, Y, Leq)
(2)1.ANH € SUBSET Y
A Cardinality(H) < Cardinality(C)
BY (1)4, (1)2 DEF IsAHat
(2)2. IsACover(H, X, Leq)
(3)1. Refines(X, C, Leq)
BY (1)1, MinCoverProperties, RefinesMeansCover
(3)2. Refines(C, H, Leq)
BY (1)4, (1)2 DEF IsAHat
3)3.NXCZ
NC CZ
ANHCZ
BY (2)1, (1)2, ProblemInput, (1)1, MinCoverProperties
(3) QED
BY (3)1, (3)2, (3)3, RefineslsTransitive,
LeqTransitive, RefinesMeansCover DEF Z
(2) QED
BY (1)1, (2)1, (2)2, HaveCardAsCost,
MinCoverEquivCoverCard, (1)2, ProblemInput, FS_Subset
(1)6. Card(H) = Card(C) + Card(E)
(2)1. Card(H) = Card(C)
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(3)1. IsAMinCover(C, X, Y, Leq)
BY (1)1
(3)2. A'Y € SUBSET Z
A IsFiniteSet(Y)
BY (1)2, ProblemInput, FS_Subset
(3)3. CardinalityAsCost(Z)
BY ProblemInput, HaveCardAsCost
(3) QED
BY (1)5, (3)1, (3)2, (3)3,
AllMinCoversSameCard DEF Card
(2) QED
BY (2)1, (1)3
(1) QED
BY (1)5, (1)6 DEF Init

THEOREM HatIsMinCoverUnchanged ByReduceColumns =
ASSUME
A Typelnv A Typelnv’
A(Y N E) = {})
A Refines(Xinit, X U E, Leq)
A Refines(Y U E, Yinit, Leq)
A HatlsMinCover
A ReduceColumns
PROVE
HatIsMinCover’
PROOF
(1)1. IsFiniteSet(Xinit) A IsFiniteSet( Yinit)
(2)1. Xinit C Z A Yinit C Z
BY ProblemInput
(2)2. IsFiniteSet(Z)
BY ProblemInput
(2) QED
BY (2)1, (2)2, FS_Subset
(1)2. IsFiniteSet(X) A IsFiniteSet(Y)
(2)1. X € SUBSET Z A'Y € SUBSET Z
BY DEF Typelnv
(2)2. IsFiniteSet(Z)
BY ProblemInput
(2) QED
BY (2)1, (2)2, FS_Subset
(1)3. SUFFICES
ASSUME NEW C, NEW H,
A IsAMinCover(C, X', Y', Leq)
A IsAHat(H, C UE’, Yinit, Leq)
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PROVE
A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(C) 4+ Card(E")
BY DEF HatlsMinCover, Card
(4. B' = EAX' = X
BY DEF ReduceColumns
(1)5. HC Z
(2)1. H C Yinit
BY (1)3 DEF IsAHat
(2)2. Yinit C Z
BY ProblemInput
(2) QED
BY (2)1, (2)2
(1)6. X € SUBSET Z A E € SUBSET Z
BY DEF Typelnv
(1)7. A IsAMinCover(C, X, Y', Leq)
A IsAHat(H, C UE, Yinit, Leq)
BY (1)3, (1)4
(1)8. IsACoverFrom(H, Xinit, Yinit, Leq)
(2)2. IsACover(C, X, Leq)
BY (1)7, MinCoverProperties
(2)3. IsACover(CUE, X UE, Leq)
(3W1.Vee X: Jye C: Leglz, y]
BY (2)2 DEF IsACover
(3)2. SUFFICES
ASSUME NEW z € (X UE)
PROVE Jy € (CUE): Leqlz, y]
BY DEF IsACover
(3)3.CASE z € X
4)1. picKk y € C: Leq[z, y]
BY (3)1, (3)3
2.y € (CUE)
BY (4)1
<4> QED  goal from (3)2
BY (4)1, (4)2
(3)4.CASE ¢ € F
DHl.z e Z
(5)1. E € SUBSET Z
BY DEF Typelnv
(5) QED
BY (3)4, (5)1
(4)2. IsReflexive(Leq)
BY ProblemInput DEF IsACompleteLattice,
IsAPartialOrder
(4)3. Leq[z, ]
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BY (4)1, (4)2 DEF IsReflexive, Z
4)4. z € (CUE)
BY (3)4
(4) QED
BY (4)3, (4)4
(3) QED
BY (3)3, (3)4, (3)2
(2y4. IsACover(H, X UE, Leq)
3)1.Vu e (XUE): Jve (CUE): Leqlu, v]
BY (2)3 DEF IsACover
(3)2. Refines(CUE, H, Leq)
BY (1)7 DEF IsAHat
(3)3.Vpe (CUE): Jqe H: Leq|p, q]
BY (3)2 DEF Refines
(3)4. SUFFICES
ASSUME NEW 4 € (X UE)
PROVE Jy € H: Leq|u, y]
BY DEF IsACover
(3)5. PICK v € (CUE) : Leqlu, v]
BY (3)4, (3)1
(3)6. PICK ¢ € H : Leg[v, q]
BY (3)5, (3)3
(3)7. Leq[u, v] A Leg[v, q]
BY (3)5, (3)6
3)8. (ue Z)N(veZ)N(qge Z)
MHl.uweZ
(5)2. u € (XUE)
BY (3)4
(5) QED
BY (1)6, (5)2
4)2.v € Z
(5)1. v e (CUE)
BY (3)5
(5)2. F € SUBSET Z
BY DEF Typelnv
(5)3. Y’ € SUBSET Z
BY DEF Typelnv
(5)4. C € SUBSET Y’
BY (1)3, MinCoverProperties
(5)5. C' € SUBSET Z
BY (5)3, (5)4
(5)6. (CUE) € SUBSET Z
BY (5)2, (5)5
(5) QED
BY (5)1, (5)6
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3. q€ Z
5)1.qe H
BY (3)6
(5) QED
BY (5)1, (1)5
(4) QED
BY (4)1, (4)2, (4)3
(3)9. Leg[u, q]
BY (3)7, (3)8, LeqTransitive DEF IsTransitive, Z
(3) QED
(4)1. Leg[u, q] A (q € H)
BY (3)9, (3)6
(4) QED  goal from (3)4
BY (4)1
(2)5. Refines(Xinit, X UE, Leq)

(2)6. IsACover(H, Xinit, Leq) TODO
(3. HCZ
BY (1)5
(3)2. Xinit C Z
BY ProblemInput
(3)3. (XUE)C Z
BY (1)6
(3Y4. A IsACover(X U E, Xinit, Leq)
A IsACover(H, X UFE, Leq)
BY (2)4, (2)5, RefinesMeansCover
(3) QED
BY (3)1, (3)2, (3)3, (3)4, LeqTransitive,
Coveringls Transitive DEF Z
(2) QED
(3)1. IsAHat(H, C U E, Yinit, Leq) = (H C Yinit)
BY DEF IsAHat
(3)2. H C Yinit
BY (3)1, (1)7
(3) QED
BY (2)6, (3)2 DEF IsACoverFrom
(1) DEFINE H2 = Hat(C, Y, Leq)
(1)9. A C C MazFloors(Y, X, Leq)
NCCZ
(2)1.cCY’
BY (1)3, MinCoverProperties
(2)2. Y’ = MaxFloors(Y, X, Leq)
(3)1. Y' = ColRed(X, Y)
BY DEF ReduceColumns
(3) QED
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BY (3)1 DEF ColRed
(2)3. Y’/ € SUBSET Z
BY DEF Typelnv
(2) QED
BY (2)1, (2)2, (2)3
(1)10. IsFiniteSet(C)
(3)1. IsFiniteSet(Z)
BY ProblemInput
(3)2. CCZ
BY (1)9
(3) QED
BY (3)1, (3)2, F'S_Subset
(1)11. A C = Floors(H2, X, Leq)
A C C MazFloors(Y, X, Leq)
A Card(C) = Card(H?2)
(2)1. X € SUBSET Z A Y € SUBSET Z
BY DEF Typelnv
(2)2. C C MaxFloors(Y, X, Leq)
BY (1)9
(2)4. IsACompleteLattice(Leq)
BY ProblemInput
(2) QED
BY (2)1, (2)2, (1)10, (2)4,
MazFloorsHatlsUnfloor DEF H2, Z, Card
(1) DEFINE
Yf 2 Floors(Y, X, Leq)
(1)12. H2C Y
(2)1. SUFFICES
ASSUME NEW u € C
PROVE Jr € Y : Leq[u, r]
BY DEF H2, Hat, SomeAbove
(2)2. C C MazFloors(Y, X, Leq)
BY (1)11
(2)3. C C Mazima(Floors(Y, X, Leq), Leq)
BY (2)2 DEF MazFloors
(2)4. C C Floors(Y, X, Leq)
BY (2)3 DEF Mazima
(2)5. u € Floors(Y, X, Leq)
BY (2)1, (2)4
(2)6. PICK 7 € Y : u = Floor(r, X, Leq)
BY (2)5 DEF Floors
7. reZz
BY (2)6 DEF Typelnv
(2)8. X C Z
BY DEF Typelnv
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(2)9. A IsACompleteLattice(Leq)
A Z = Support(Leq)
BY ProblemInput DEF Z
(2)10. Leg|u, 7]
BY (2)6, (2)7, (2)8, (2)9, FloorlsSmaller
(2) QED  goal from (2)1
BY (2)6, (2)10
(1)13. IsAMinCover(H2, X, Y, Leq)
(2)1. IsAMinCover(H2, X, Y, Leq) = IsAMinCover(C, X, Yf, Leq)
(3)1. IsACompleteLattice(Leq)
BY ProblemInput
(3)2. CardinalityAsCost(Z)
BY HaveCardAsCost
3)3. X CZ
BY DEF Typelnv
(3)4. Y C Z A IsFiniteSet(Y)
(4)1. Y € SUBSET Z
BY DEF Typelnv
(4)2. IsFiniteSet(Z)
BY ProblemInput
(4) QED
BY (4)1, (4)2, FS_Subset
(3)5. H2C Y
BY (1)12
(3)6. C = Floors(H2, X, Leq)
BY (1)11
(3)8. Cardinality(H2) < Cardinality(C)
(4)1. Card(C) = Card(H2)
BY (1)11
(4)2. IsFiniteSet(C)
BY (1)10
(4)3. IsFiniteSet(H?2)
(5)1. Y € SUBSET Z
BY DEF Typelnv
(5)2. IsFiniteSet(Z)
BY ProblemInput
(5)3. IsFiniteSet(Y)
BY (5)1, (5)2, FS_Subset
(5Y4. H2C Y
BY (1)12
(5) QED
BY (5)3, (5)4, F'S_Subset
(4) QED BY (4)1, (4)2, (4)3, FS_Cardinality Type DEF Card
(3)9. Z = Support(Leq)
BY DEF Z
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(3Y10. Yf = Floors(Y, X, Leq)
BY DEF Yf
(3) QED
BY (3)1, (3)2, (3)3, (3)4, (3)5, (3)6, (3)8,
(3)9, (3)10, MmCoverPreservedIfFloors
(2)2. IsAMmCover(C’ X, Y’ Leqg)
BY (1)7
(2)5. Y = Mazima(Yf, Leq)
(3)1. Y = MaxFloors(Y, X, Leq)
BY DEF ReduceColumns, ColRed
(3)2. Y’ = Mazima(Floors(Y, X, Leq), Leq)
BY (3)1 DEF MaxFloors
(3) QED
Y (3)2 DEF Yf
(2)6. IsAMinCover(C, X, Yf, Leq)
(3. XCZAYCZ
BY DEF Typelnv
(3)2. YfC Z
M1, Yf = Floors(Y, X, Leq)
BY DEF Yf
(4) QED
BY (4)1, (3)1, ProblemInput, FloorsIsSubset DEF Z
(3) QED
BY (2)2, (2)5, (3)1, (3)2, ProblemInput, LeqlsPor,
HaveCardAsCost, MinCoversFromMazSuffice DEF Z
Maz <+ Y', Y + Yf
(2) QED
BY (2)1, (2)6
(1)14. ASSUME
NEW Chnew, NEW Hnew,
A IsAMinCover(Cnew, X, Y, Leq)
A IsAHat(Hnew, Cnew U E, Yinit, Leq)
PROVE
A IsAMinCover(Hnew, Xinit, Yinit, Leq)
A Card(Hnew) = Card(Cnew) + Card(E)
Y (1)14 DEF HatlsMinCover, Card
(1)15. ASSUME
NEW Hnew,
IsAHat(Hnew, H2 U E, Yinit, Leq)
PROVE
A IsAMinCover(Hnew, Xinit, Yinit, Leq)
A Card(Hnew) = Card(H2) + Card(E)
Y (1)13, (1)14, (1)15  Cnew « H2
(1)16. PICK H3: IsAHat(H3, H2U E, Yinit, Leq)
(2)1. H2C Y
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BY (1)12
(2)2. (H2UE) C (YUE)
BY (2)1
(2)3. Refines(Y U E, Yinit, Leq)

(2)4. Refines(H2 U E, Yinit, Leq)
BY (2)2, (2)3 DEF Refines can refine this proof
(2) DEFINE
W = Hat(H2U E, Yinit, Leq)
(2)6. Card(W) < Card(H2U E)
(3) DEFINE § = H2UE
(3)1. IsFiniteSet(S)
W1 H2C Y
BY (1)12
(4)2. Y € SUBSET Z A E € SUBSET Z
BY DEF Typelnv
4)3. (H2UE)C Z
BY (4)1, (4)2
(4)4. IsFiniteSet(Z)
BY ProblemInput
(4) QED
BY (4)3, (4)4, FS_Subset DEF S
(3Y2. W = {SomeAbove(y, Yinit, Leq) : y € S}
BY DEF W, Hat, S
(3) HIDE DEF H2, W, S
(3)3. Cardinality({SomeAbove(y, Yinit, Leq): y € S})
< Cardinality(S)
BY (3)1, ImageOfFinite
(3) QED
BY (3)2, (3)3 DEF S, Card
(2)7. IsAHat(W, H2U E, Yinit, Leq)
(3)5.Vu € (H2UE): 3y € Yinit: Leq|u, y]
BY (2)4 DEF Refines
(3Y4.Vu € (H2UE): 3y € Yinit :
Ay = SomeAbove(u, Yinit, Leq)
A Leq|u, y]
BY (3)5 DEF SomeAbove
(3)1. W C Yinit
(4)3.Vy € Hat(H2U E, Yinit, Leq) : y € Yinit
BY (3)4 DEF Hat
4)4. Yy e W: y € Yinit
BY (4)3 DEF W
(4) QED
BY (4)4
(3)2. Refines(H2U E, W, Leq)
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(4)1. SUFFICES
ASSUME NEW u € (H2U E)
PROVE Jy € W : Leqlu, y]
BY DEF Refines
(4)2. PICK y € Yinit : Ay = SomeAbove(u, Yinit, Leq)
A Leq[u, y]
BY (3)4
DH3.ye W
BY (4)2 DEF W, Hat
<4> QED  goal from (4)1
BY (4)2, (4)3
(33. Card(W) < Card(H2U E)
BY (2)6
(3) QED
BY (3)1, (3)2, (3)3 DEF IsAHat, Card
(2) QED
BY (2)7
(1)17. N IsAMinCover(H3, Xinit, Yinit, Leq)
A Card(H3) = Card(H2) + Card(E)
BY (1)15, (1)16
(1)18. Card(H3) = Card(C) + Card(E)
v ()11, (1)17
(1)19. Card(H) € Nat A Card(H3) € Nat
(2)1. IsFiniteSet(H) A IsFiniteSet(H3)
(3)1. IsFiniteSet(H)
W1.HCZ
BY (1)5
(4)2. IsFiniteSet(Z)
BY ProblemInput
(4) QED
BY (4)1, (4)2, FS_Subset
(3)2. IsFiniteSet(H3)
(1. H3 C Yinit
BY (1)17, MinCoverProperties
(4)2. IsFiniteSet( Yinit)
(5)1. (Yinit € SUBSET Z) A IsFiniteSet(Z)
BY ProblemInput

(5) QED
BY (5)1, FS_Subset
(4) QED
BY (4)1, (4)2, F'S_Subset
(3) QED
BY (3)1, (3)2

(2) QED
BY (2)1, FS_CardinalityType DEF Card
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(1)20. SUFFICES
ASSUME —IsAMinCover(H, Xinit, Yinit, Leq)
PROVE FALSE
(2)1. IsAMinCover(H, Xinit, Yinit, Leq)
Y (1)20
(2)2. IsAMinCover(H3, Xinit, Yinit, Leq)
Y (1)17
(2)3. Card(H) = Card(H?3)
(3)3.V Card(H) < Card(H3)
V Card(H) > Card(H3)
Y (1)19
(3) QED
BY (2)1, (2)2, (3)3, HaveCardAsCost,
ProblemInput, FS_Subset,
AllMinCoversSameCard DEF Card
(2)4. Card(H) = Card(C) + Card(F)
v (1)18, (2)3
(2)5. Card(H) = Card(C) + Card(E")
BY (2)4, (1)4
(2) QED  goal from (1)3
BY (2)1, (2)5
(1)21. H € CoversOf (Xinit, Yinit, Leq)
Y (1)8 DEF IsACoverFrom, CoversOf
(1y22. Card(H) > Card(H3)
(2)1. Card(H) > Card(H?3)
(3Y1. H € CoversOf (Xinit, Yinit, Leq)
y (1)21
(3)2. IsAMinCover(H3, Xinit, Yinit, Leq)
Y (1)17
(3) QED
BY (3)1, (3)2, (1)19, HaveCardAsCost,
MinCoverHasMinCard, ProblemInput
DEF Card, CoversOf
(2)2. ASSUME Card(H) = Card(H?3)
PROVE FALSE
(3Y4. IsAMinCover(H, Xinit, Yinit, Leq)
Y (1)17, HaveCardAsCost, (1)21, (2)2,
MinCoverEquivCoverCard, ProblemInput,
FS_Subset DEF CoversOf, Card
(3) QED
BY (3)4, (1)20
(2) QED
BY (2)1, (22, (1)19
(1)23. IstmteSet(C’ /\IsF'zmteSet( )
(2)1. (C C Y')A(Y' C Z) A IsFiniteSet(Z)
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BY (1)7, ProblemInput, MinCoverProperties
DEF IsAMinCover, Typelnv
(2)2. IsFiniteSet(C)
BY (2)1, FS_Subset
(2)3. (E € SUBSET Z) A IsFiniteSet(Z)
BY ProblemInput DEF Typelnv
(2)4. IsFiniteSet(E)
BY (2)3, FS_Subset
(2) QED
BY (2)2, (2)4
(1)24. Card(H) > Card(C) + Card(FE)
BY (1)18, (1)22
(1y25. Card(H) < Card(C) + Card(FE)
@)1 (CNE) = {}
()L (YN E) = {}

32 (V' E) = {}
BY (3)1, (1)4
(3)3. CCY’
BY (1)3, MinCoverProperties
(3) QED
BY (3)2, (3)3
(2)2. Card(CUE) = Card(C) 4+ Card(E)
(3Y1. Cardinality(C U E) = Cardinality(C) + Cardinality(E)
— Cardinality(C N E)
BY (1)23, FS_Union
(3)2. A Cardinality(C) € Nat
A Cardinality(E) € Nat
A Cardinality(C N E) =0
BY (1)23, FS_Cardinality Type, (2)1, FS_EmptySet
(3) QED
BY (3)1, (3)2 DEF Card
(2)3. Card(H) < Card(CUE)
BY (1)7 DEF IsAHat, Card
(2) QED
BY (2)2, (2)3
(1) QED  goal from (1)20
Y (1)24, (1)25, (1)19, (1)23, FS_CardinalityType DEF Card

Row reduction leaves the set of (minimal) covers unchanged.
THEOREM HatIsMinCoverUnchangedByReduceRows =
ASSUME
A HatlsMinCover A Typelnv
A ReduceRows
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PROVE
HatIsMinCover’
PROOF
(1)1. SUFFICES
ASSUME NEW C, NEW H,
A IsAMinCover(C, X', Y’  Leq)
A IsAHat(H, CUE’, Yinit, Leq)
PROVE
A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(C) + Card(E")
BY DEF HatlsMinCover, Card

(W2.ANE' = E
A X" = RowRed(X, Y)
ANY' =Y

BY DEF ReduceRows
(1)3. IsAMinCover(C, X, Y, Leq)
(2)1. IsAMinCover(C, X', Y, Leq)
BY (1)1, (1)2
(2)2. X' = MazCeilings(X, Y, Leq)
BY (1)2 DEF RowRed
(2) QED
BY (2)1, (2)2, ProblemInput, MinCoverProperties,
MinCoverUnchangedByMazCeil DEF Z, Typelnv
()4, IsAHat(H, C U E, Yinit, Leq)
(2)1. IsAHat(H, C U E’, Yinit, Leq)
BY (1)1
(2)2. ' =F
BY (1)2
(2) QED
BY (2)1, (2)2
(1)5. A IsAMinCover(C, X, Y, Leq)
A IsAHat(H, C U E, Yinit, Leq)
BY (1)3, (1)4
(1)6. A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(C) 4+ Card(E)
BY (1)5 DEF HatIsMinCover, Card
(1)7. Card(H) = Card(C) 4+ Card(E")
(2)1. Card(H) = Card(C) + Card(E)
BY (1)6
(2)2. E'=E
BY (1)2
(2) QED
BY (2)1, (2)2
(1)8. QED  goal from (1)1
BY (1)6, (1)7
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If C is a cover after, then C' U E’ is a cover before.
THEOREM HatlsMinCoverUnchanged ByRemoveFEssential =

ASSUME
A Typelnv A Typelnv’
A(Y N E) = {}

A(i=3)= AX = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
A HatlsMinCover
A RemoveFEssential
PROVE
HatIsMinCover’
PROOF
(1)14. A X = Mazima(X, Leq)
ANY = Mazima(Y, Leq)
(2)1. A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
BY DEF RemoveFssential
(2) QED
BY (2)1, Mazlsldempotent DEF RowRed, MaxzCeilings, ColRed, MaxFloors
(1) uSE DEF Card
(1)1. SUFFICES
ASSUME NEW Ce, NEW H,
A IsAMinCover(Ce, X', Y', Leq)
A IsAHat(H, Ce UE', Yinit, Leq)
PROVE
A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(Ce) + Card(E")
BY DEF HatlsMinCover
applied for HatIsMinCover’
(1) DEFINE
Ess =2 XNY
C £ CeUEss
(2.AN X" =X\ Ess
ANY'=Y\FEss
BY DEF RemoveFEssential
(1)3. (Cen Ess) = {}
(2)1. Ce C Y’
BY (1)1, MinCoverProperties
(2)2. (Y' N Ess) ={}
(3)1. Y/ =Y\ Ess
BY (1)2
(3) QED
BY (3)1
(2) QED
BY (2)1, (2)2
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(Y4, IsAMinCover(C, X, Y, Leq)
(2)1. X = Mazima(X, Leq)
BY (1)14
(2)2. Y = Mazima(Y, Leq)
BY (1)14
(2) DEFINE
Xe = X'
Ye = Y’
(2y4. A IsAMinCover(Ce, Xe, Ye, Leq)
ANBEss=XNY
A Xe= X\ Ess
A Ye =Y\ Ess
BY (1)1, (1)2 DEF Xe, Ye, Ess

(2)5. A C = Ce U Ess
A Ce = C\ Ess

(3)1. C = Ce U Ess
BY DEF C
(3)2. Ce = C\ Ess
(4)1. SUFFICES (CeN Ess) = {}
BY DEF C
(4) QED  goal from (4)1
BY (1)3
(3) QED
BY (3)1, (3)2
(2) HIDE DEF C
(2) QED
BY (2)1, (2)2, (2)4, (2)5, HaveCardAsCost, ProblemInput,
MinCoverUnchangedByEssential DEF Typelnv, Z
(1)5. ASSUME
A IsAMinCover(C, X, Y, Leq)
A IsAHat(H, CUE, Yinit, Leq)
PROVE
A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(C) + Card(E)
BY (1)5 DEF HatlsMinCover
applied for HatlsMinCover
(1)6. (CeUFE')=(CUE)
(2)1. (CeUE") = (Ce U (E U Ess))
(3Y1. E' = E U Ess
BY DEF RemoveEssential, Ess
(3) QED
BY (3)1
(2)2. (CeU (E U Ess)) = ((CeU Ess) UE)
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(2)3. (CeU Ess) UE)=(CUE)
BY DEF C
(2) QED
BY (2)1, (2)2, (2)3
(1)7. IsAHat(H, C UE, Yinit, Leq)
(2)1. IsAHat(H, Ce U E’, Yinit, Leq)
BY (1)1
(2)2. (CeUE")=(CUE)
BY (1)6
(2) QED
BY (2)1, (2)2
(1)8. A IsAMinCover(C, X, Y, Leq)
A IsAHat(H, C U E, Yinit, Leq)
BY (1)4, (1)7
(1)9. A IsAMinCover(H, Xinit, Yinit, Leq)
A Card(H) = Card(C) + Card(E)
BY (1)8, (1)5
(1)10. A IsFiniteSet(H) A IsFiniteSet(Ce)
A IsFiniteSet(E) A IsFiniteSet(Ess)
(2)1. H C Yinit
Y (1)1 DEF IsAHat
(2)2. EssC Y
BY DEF Ess
(2)3. Ce C Y
Y (1)1, MinCoverProperties
(2)4. Y € SUBSET Z A E € SUBSET Z
BY DEF Typelnv
(2)5. Y’ € SUBSET Z
BY DEF Typelnv
(2)6. Yinit C Z
BY ProblemInput
(2)7. IsFiniteSet(Z)
BY ProblemInput
(2)8. A IsFiniteSet(Y') A IsFiniteSet(Yinit)
A IsFiniteSet(Y') A IsFiniteSet(E)

(Y
BY (2)4, (2)5, (2)6, (2)7, FS_Subset
(2)9. A IstmteSet(Ce) A IsFiniteSet(Ess) N IsFiniteSet(H)
BY (2)1, (2)2, (2)3, (2)8, FS_Subset
(2) QED

BY (2)8, (2)9
(Y11, Card(C) = Card(Ce) + Card(Ess)
(2)1. C = Ce U Ess
BY DEF C
(2)2. (Cen Ess) ={}
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BY (1)3
(2)3. IsFiniteSet(Ce)
BY (1)10
(2)4. IsFiniteSet(Fss)
BY (1)10
(2) QED
BY (2)1, (2)2, (2)3, (2)4, FS_UnionDisjoint
()12, Card(H) = (Card(Ce) + Card(Ess)) + Card(E)
(2)1. Card(H) = Card(C) + Card(F)
BY (1)9
(2)2. Card(C) = Card(Ce) + Card(Ess)
BY (1)11
(2) QED
BY (2)1, (2)2
(1)13. A (Card(H) € Nat) A (Card(Ce) € Nat)
A (Card(E) € Nat) A (Card(Ess) € Nat)
BY (1)10, FS_Cardinality Type
(1)15. Card(H) = Card(Ce) + Card(E")
(2)1. Card(H) = Card(Ce) + (Card(Ess) + Card(FE))
v (1)12, (1)13
(2)2. Card(E") = Card(Ess) + Card(E)
(3)1. E' = (Ess UE)
BY DEF RemoveFEssential, Ess
(3)2. (EssNE) ={}
MH1. Ess=(XNY)
BY DEF FEss
(4)2. Fss C Y
BY (4)1
(3. (YN E) = {}

(4) QED
BY (4)2, (4)3
(3)3. IsFiniteSet(E) A IsFiniteSet(Ess)
BY (1)10
(3) QED
BY (3)1, (3)2, (3)3, F'S_UnionDisjoint
(2) QED
BY (2)1, (2)2
(1) QED  goal from (1)1
BY (1)9, (1)15

Any minimal covers of X, Y yield (via Hat) a minimal cover
of the initial problem Xinit, Yinit.
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THEOREM RecoveringMinCover =
Spec = OHatIsMinCover

PROOF
(1) DEFINE
IwYE = (YNE)=1{}
InuMazAtEss = (i = 3) = A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
Nz =
A Next

A Typelnv A Typelnv’
A InvYE A InvYE'
A InuMazAtEss
A Refines(Xinit, X U E, Leq)
A Refines(Y U E, Yinit, Leq)
(1) HIDE DEF InvYE, InuMazAtEss, Nx
(1)1. ASSUME
A Nz
A HatlsMinCover
PROVE
HatIsMinCover’

BY (1)1, HatIsMinCoverUnchanged ByReduce Columns,
HatlsMinCoverUnchanged ByReduce Rows,
HatlsMinCoverUnchanged ByRemoveFssential
DEF Next, InvYE, InvMazAtEss, Nx

(1)2. ASSUME A HatIsMinCover
A [Nl‘]vm‘s
PROVE HatIsMinCover’
BY (1)1, (1)2 DEF HatlsMinCover, vars
(1)3. (HatlIsMinCover A O[Nz]yers) = OHatIsMinCover
BY (1)2, PTL
(Y4, (Init A O[Nz)ypars) = OHatIsMinCover
BY (1)3, HatlsMinCoverlnit
(1)5. V = A Spec
A OTypelnv
AOInvYE
A OInvMazAtEss
A ORefines(Xinit, X U E, Leq)
A ORefines(Y U E, Yinit, Leq)
Vv OHatlsMinCover
BY (1)4, PTL DEF Nz, Spec
(1)6. Spec = OInvMazAtEss
(2)1. VaVi#3
V A X = RowRed(Xold, V)
A'Y = ColRed(Xold, Yold)
V InvMazAtFEss
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BY DEF InuMazAtEss
(2) QED
BY (2)1, MazimalAtEss, PTL
(1) QED
BY (1)5, TypeOK, noYcapE, (1)6,
XinitRefinesXE, YERefinesYinit, PTL
DEF InvYE

Proof that covering X with elements from Y remains feasible.

THEOREM RemainsFeasible =

Spec = OlsFeasible
PROOF
(1) DEFINE

InuMazAtEss = (i =3) = A X = RowRed(Xold, Y)

A'Y = ColRed(Xold, Yold)
(1)1. ASSUME InitlsFeasible A Init A Typelnv
PROVE IsFeasible

(2) DEFINE
Covers = CoversOf (X, Y, Leq)
PZ = SUBSET Z
(2) HIDE DEF Covers, PZ
(2)1. sUFFICES 3 Q € Covers : IsMinimal(Q, Covers, CostLeq)
BY (2)1 DEF IsFeasible, IsAMinCover, Covers
(2)2. Covers # {}
(3Y1. pick C : IsACoverFrom(C, Xinit, Yinit, Leq)
BY (1)1 DEF InitlsFeasible
(3)2. (X = Xinit) A (Y = Yinit)
BY (1)1 DEF Init
(3) QED
BY (3)1, (3)2, MinCoverProperties
DEF Covers, CoversOf, IsACoverFrom
(2)3. A Covers C SUBSET Z
A IsFiniteSet( Covers)
A IsFiniteSet(Z)
(3)1. Covers C SUBSET Y
BY DEF Covers, CoversOf
(3)2.AY C Z
A IsFiniteSet(Z)
BY (1)1, ProblemInput, FS_Subset DEF Typelnv
(3) QED
BY (3)1, (3)2, FS_SUBSET, FS_Subset
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(2) DEFINE
S = {Cardinality(u) : u € Covers}
leg = [ce Sx 8 c[l] <c[2]
(2) HIDE DEF S, leq
(2)7.N S € SUBSET Nat
NS #{}
A IsFiniteSet(S)
A S = Support(leq)
(4)1. S € SUBSET Nat
(5)1. SUFFICES ASSUME NEW u € Covers
PROVE Cardinality(u) € Nat
BY ()1 DEF §
(5)2. u € SUBSET Z
BY (5)1, (2)3
(5) QED  goal from (5)1
BY (2)3, FS_Subset, FS_Cardinality Type
(4)2. S = Support(leq)
BY SupportOfSymmetricDomain DEF leq
(0)3. 5 £ {}
BY (2)2 DEF S
(4)4. IsFiniteSet(S)
BY ImageOfFinite, (2)3 DEF S
(4) QED
BY (4)1, (4)2, (4)3, (4)4
(2)4. PICK v € S : IsMinimal(v, S, leq)
(3)2. IsTransitive(leq)
(4)1. SUFFICES
ASSUME
NEW z € S, NEW y € §, NEW z € S,
leq[(z, y)] A leq[(y, 2)]
PROVE
teql(z, 2)]
BY (4)1, (2)7 DEF IsTransitive
M2 x2<y N y<z
BY (4)1 DEF leq
(4)3.z € Nat N y € Nat N z € Nat
BY (4)1, (2)7
4.z <z
BY (4)2, (4)3
(4) QED  goal from (4)1
BY (4)1, (4)4 DEF legq
(3)3. IsAntiSymmetric(leq)
(4)1. SUFFICES
ASSUME
NEW z € S, NEW y € S,
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leglz, y] N zF#y
PROVE
~leqly, ]
BY (4)1, (2)7 DEF IsAntiSymmetric
4)2. 2 <y
BY (4)1 DEF leg
DH3. <y
By ()1, (4)2, (2)7
(4)4. ~(y < z)
(5)1. 2 € Nat A y € Nat
BY (4)1, (2)7

(5) QED
BY (4)3, (5)1
(4) QED
BY (4)4, (4)1 DEF leq
(3) QED

BY (2)7, (3)2, (3)3, FiniteSetHasMinimal

(2)5. PICK @ € Covers : v = Cardinality(Q)
BY (2)4 DEF S
(2)6. ASSUME NEW W € Covers, CostLeq[{W, Q)]
PROVE CostLeq[(Q, W)]
(3) DEFINE u = Cardinality( W)
(3) HIDE DEF u
(3. uels
BY (2)6 DEF u, S
(3)2. leg[u, v] = leg[v, u]
BY (2)4, (3)1 DEF IsMinimal
3)3.v<u
<4>1 u € Nat A v € Nat
Y (2)4, (3)1, <2>
@2 (<) = (v <)
BY (3)2, (2)4, (3 >1 DEF leq
(4) QED
BY (4)1, (4)2
(3Y4. Cardinality(Q) < Cardinality( W)
BY (3)3, (2)5 DEF u
(3) QED
BY (2)5, (2)6, (3)4, HaveCardAsCost,
(2)3, CostLeqToCard DEF Z
(2) QED  goal from (2)1
BY (2)5, (2)6 DEF IsMinimal

(1)2. ASSUME
A IsFeasible
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A Typelnv A Typelnv’
A InvMaxAtEss
A Next

PROVE IsFeasible’

(2)1. ASSUME
IsFeasible \ Typelnv A ReduceColumns
PROVE
IsFeasible’
(3)1. pick C : IsAMinCover(C, X, Y, Leq)
BY (2)1 DEF IsFeasible
(3) DEFINE
Ccf Floors(C, X, Leq)
Yf Floors(Y, X, Leq)
Cm MazHat(Cf, Yf, Leq)
Ymf = Mazima(Yf, Leq)
(3) HIDE DEF Cf, Yf, Cm, Ymf
(3)2. A IsACompleteLattice(Leq)
A IsAPartialOrder(Leq)
A CardinalityAsCost(Z)
ANX CZ
ANY CZ
NYfCZ
A IsFiniteSet(Y)
A IsFiniteSet(Z)
BY (2)1, ProblemInput, HaveCardAsCost,
FS_Subset, FloorslsSubset
DEF IsACompleteLattice, Typelnv, Z, Yf
(3)3. IsAMinCover(Cf, X, Yf, Leq)
BY (3)1, (3)2, MinCoverProperties,
FloorPreservesMinCover DEF Cf, Yf, Z
(3Y4. IsAMinCover(Cm, X, Ymf, Leq)
BY (3)2, (3)3, MazHatOfMinCoverIsAMinCover DEF Cm, Ymf, Z
35 ANX' =X
ANY' = Ymf
BY (2)1 DEF ReduceColumns, ColRed, Ymf, Yf, MaxzFloors
(3) QED
BY (3)4, (3)5 DEF IsFeasible

e 11> 11>

(2)2. ASSUME
IsFeasible \ Typelnv A ReduceRows
PROVE
IsFeasible’
BY (2)2, MinCoverUnchangedByMaxCeil,
ProblemInput, MinCoverProperties
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DEF ReduceRows, RowRed, Z, Typelnv, IsFeasible

(2)3. ASSUME
A IsFeasible A RemoveFEssential
A Typelnv A Typelnv’
A InuMazAtEss
PROVE
IsFeasible’
(3)1. A X = Maxima(X, Leq)
ANY = Mazima(Y, Leq)
BY (2)3, MazIsIdempotent
DEF InvMazAtEss, RemoveFEssential,
RowRed, MazCeilings, ColRed, MaxFloors
(3)2. A IsFiniteSet(Z)
A CardinalityAsCost(Z)
A IsACompleteLattice(Leq)
BY ProblemInput, HaveCardAsCost
3)3.NX CZ
ANY CZ
BY (2)3 DEF Typelnv
(3Y4. pick C : IsAMinCover(C, X, Y, Leq)
BY (2)3 DEF IsFeasible
(3) DEFINE
Ess = XNY
Ce = C\ Ess
(3Y6. AN X' = X \ Ess
ANY'=Y\ Ess
BY (2)3 DEF RemoveEssential
(3)5. IsAMinCover(Ce, X', Y', Leq)
BY (3)1, (3)2, (3)3, (3)4, (3)6,
RemainsMinCoverA fter RemovingEssential
DEF Ce, Ess, Z
(3) QED
BY (3)5 DEF IsFeasible
(2) QED
BY (1)2, (2)1, (2)2, (2)3 DEF Next
(1)3. ASSUME A IsFeasible
A [TypeInv A Typelnv' A InvMazAtEss A Next]yars
PROVE IsFeasible’
BY (1)2, (1)3 DEF IsFeasible, vars
(1) QED
(2)1. vV = A IsFeasible
A O] Typelnv A Typelnv’ A InoMazAtEss A Next],qrs
V OIsFeasible
BY (1)3, PTL
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(2)2. V = A Init A Typelnv
A O[Typelnv A Typelnv' A InuMazAtEss A Next]yqrs
V OIsFeasible
BY (1)1, (2)1, ProblemInput
(2)3.V = A Init
A OTypelnv
A OInvMazAtEss
A O[Next]yars
V OIsFeasible
BY (2)2, PTL
(2)4.V = A Spec
A OTypelnv
A OInvMazAtEss
V OIsFeasible
BY (2)3 DEF Spec
(2)5. Spec = OInvMazAtEss
(3Y1. VAVi#£3
V A X = RowRed(Xold, Y)
A'Y = ColRed(Xold, Yold)
V InvMazAtFEss
BY DEF InvMaxAtEss
(3) QED
BY (3)1, MaxzimalAtEss, PTL
(2) QED
BY (2)4, (2)5, TypeOK, PTL

(* Proofs checked with TLAPS version 1.4.3 *)

(* The below theorem has been checked by a human. *)

(* Reasoning about termination using the variant. *)

(* Suppose that the cardinalities of both X and Y remained unchanged. It should be E = {},
otherwise both X and Y would have decreased in cardinality. So X, Y have unchanged cardinality
through the row and column reductions. BY Fizpoint, the reductions leave both X and Y
unchanged. *) THEOREM Termination =
Spec = ReachesFizpoint
PROOF
(1) uSE  DEF Spec, Next, ReduceColumns, ReduceRows, RemoveEssential, Cardinality
(1) Spec = OO (Next)-i
(2)1. Spec = OENABLED Next
OMITTED
(2)2. Spec = OO (Next)_vars
BY (2)1
(2)3. Next = (' # 1)
BY DEF Next, ReduceColumns, ReduceRows, RemoveEssential
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(2)4.(Next)_vars = (Next)_1
BY (2)3 DEF wars
(2) QED
BY (2)2, (2)3
(1)1. Spec=0O0(X CZAY C2Z)
OMITTED
(1)2. A Xinit C Z A Yinit C Z
A IsFiniteSet(Xinit) A IsFiniteSet( Yinit)
OMITTED
(1)3. Spec = ©O[ A Cardinality(X) = Cardinality(X')
A Cardinality(Y) = Cardinality(Y"')]-vars
(2)1. Spec = O(IsFiniteSet(X) A IsFiniteSet(Y))
(3)1. IsFiniteSet(Z)

(3) QED
BY (1)1, (3)1
(2)2.0[ A Cardinality(X') < Cardinality(X)
A Cardinality(X) € Nat]-vars
BY (2)1, MazCeilSmaller
(* ReduceColumns = (Card(X') = Card(X)) * )
(* ReduceRows = (Card(X') < Card(X)) *)
(* RemoveEssential = (Card(X') < Card(X)) * )
.O[ A Cardinality(Y') < Cardinality(Y)
A Cardinality(Y) € Nat]-vars
BY (2)1, MazFloorSmaller
(* ReduceColumns = (Card(Y') < Card(Y)) )
(* ReduceRows = (Card(Y') = Card(Y)) *)
(* RemoveEssential = (Card(Y') < Card(Y)) *)
(2) QED
BY (2)2, (2)3(* Well — founded induction *)
(1)4. vV = Spec
VOVi#3
V A X = MazCeilings(Xold, Y, Leq)
A'Y = MazFloors(Yold, Xold, Leq)
OMITTED
(1)5. vV =Spec
vVoOvi+£3
V A X = MazCeilings(Xold, Y, Leq)
A'Y = MazFloors(Yold, Xold, Leq)
BY (1)3, (1)4
(1)6. vV = Spec
VoOvi#3
V(XnY)={)
BY (1)3 DEF RemoveEssential( * otherwise X, Y would decrease
because Ess = X N'Y would be non — empty. * )
(1)7. vV = Spec
VoOvi#3
V A X = MaxCeilings(Xold, Y, Leq)
A'Y = MazFloors(Yold, Xold, Leq)
AXAY) =}

(2)3
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BY (1)5, (1)6
(1)8. vV = Spec
voO[Vi#3
V A X = MazCeilings(Xold, Y, Leq)
A'Y = MazFloors(Yold, Xold, Leq)
A UNCHANGED (X, Y)]-vars
BY (1)7
(1)9. vV =Spec
voo[vi#3
V A X = MazCeilings(X, Y, Leq)
ANY = MazFloors(Y, X, Leq)
A UNCHANGED (X, Y)]|_vars
BY (1)8, Fizpoint
(1)10. V ~Spec
voo[vi#l
V A X = MazCeilings(X, Y, Leq)
ANY = MazFloors(Y, X, Leq)]-vars
BY (1)9 DEF Next, RemoveEssential
(1)11. vV —Spec
von[Vvi#l
V A X = MazCeilings(X, Y, Leq)
AY = MazFloors(Y, X, Leq)
AY' = MazFloors(Y, X, Leq)
A UNCHANGED X]_vars
BY (1)10 DEF ReduceColumns, ColRed
(1)12. vV —Spec
voo[vi#l
V A X = MazCeilings(X, Y, Leq)
AY = MazFloors(Y, X, Leq)
A UNCHANGED (X, Y)]-vars
BY (1)11
(1)13. vV =Spec
v orO[Vi#£2
V A X = MazCeilings(X, Y, Leq)
AY = MazFloors(Y, X, Leq)
A X' = MazCeilings(X, Y, Leq)
A UNCHANGED Y]_vars
BY (1)12 DEF ReduceRows, RowRed
(1)14. vV =Spec
VoO[Vi#£2
V A X = MazCeilings(X, Y, Leq)
AY = MazFloors(Y, X, Leq)
A UNCHANGED (X, Y)]-vars
BY (1)13
(1)15. Spec = ©0O[(¢ € 1..3) = UNCHANCED (X, Y)]_vars
By (1)9, (1)12, (1)14
(1)16. Spec = O(3 € 1..3)
BY TypeOK
(1) QED
BY (1)15, (1)16 DEF wars, ReachesFizpoint
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MODULE StrongReduction

An algorithm that takes as input the set of minimal covers made of elements
from Mazima(Y, Leg) and returns the set of minimal covers from Y. The algorithm is described
with Cm as input, which is one minimal cover made of maxima.

The original cyclic core algorithm yields some minimal covers, but not necessarily the entire set
of minimal covers. Some minimal covers can be lost with that approach. Instead, the algorithm
described below enumerates covers below Mazima(Y, Leq), amending the step where the original
algorithm could lose covers.

Author: Ioannis Filippidis

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.
EXTENDS

FiniteSetFacts,

FunctionTheorems,

Lattices,

Sequences,

Sequence Theorems,

TLAPS

In order to ensure independence from builtin support of Sequences by TLAPS,

these modules have been developed and checked by replacing the modules FiniteSets,
FiniteSetTheorems, Sequences, SequencesTheorems with renamed copies, (FiniteSets_copy etc.),
and appropriately adjusting EXTENDS statements where needed.

CONSTANTS Leq, X, Y

Z = Support(Leq)
ASSUMPTION CostlsCard =
Cost = [cover € SUBSET Z — Cardinality(cover)]

ASSUMPTION ProblemInput =
A IsACompleteLattice(Leq)
A IsFiniteSet(Z)
ANX CZ
ANY CZ

THEOREM X YAreFiniteSets =
A IsFiniteSet(X)
A IsFiniteSet(Y)
PROOF
(H1I.ANX CZ
ANY CZ
BY ProblemInput
(1)2. IsFiniteSet(Z)

1
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BY ProblemInput
(1) QED
BY (1)1, (1)2, F'S_Subset

THEOREM HaveCardAsCost = CardinalityAsCost(Z)
PROOF
BY CostlsCard DEF CardinalityAsCost

THEOREM LeqlsPor = IsAPartialOrder(Leq)
PROOF
BY ProblemInput DEF IsACompleteLattice

Only(ymaz, C) = {u € X : Yyother € C\ {ymaz} :
—Leq[u, yother]}

=

BelowAndSuff (ymaz, C, V)
{yeV:
A Leqly, ymaz)
AY q € Only(ymaz, C): Leq[q, y]}

Cm is a cover of X from Mazima(Y, Leq)
AllCandidatesBelow(Cm, V) =
{S € SUBSET V :
A Cardinality(S) = Cardinality(Cm)
unnecessary to consider smaller subsets (they cannot be
covers), or larger subsets (they cannot be minimal)

A Refines(S, Cm, Leq)}

If IsFiniteSet(S), then f is a bijection, by FS_NatBijection.
A
Enumerate(S) =
LET Dom = 1.. Cardinality(S)
IN CHOOSE f: f € Bijection(Dom, S)

Image(f, S) = {f[z]: z € S}

MinCoversOf (U, V., IsUnder) =
{C € suBseT V : IsAMinCover(C, U, V, IsUnder)}

Specification of the procedure EnumerateMincoversBelow.
CONSTANTS Cm
VARIABLES stack, MinCoversBelow

Maz = Mazima(Y, Leq)



Lm = Enumerate(Cm)
N = Cardinality(Cm) N = Len(Lm)
Patch(r) = Image(Lm, r .. N)

Typelnv = A stack € Seq(SUBSET Y')
A MinCoversBelow C SUBSET Y

Init = A stack = ({})
A MinCoversBelow = {}

Terminal case that adds a minimal cover to the set MinCoversBelow.
Collect =

LET
end = Len(stack)
Partial = stack[end)
i = Cardinality( Partial)
front = SubSeq(stack, 1, end — 1)

IN
Ni=N
A stack’ = front
A MinCoversBelow’ = MinCoversBelow U { Partial}

Branching that generates all minimal covers induced by replacing the
next maximal element ymaz with all those below it that suffice (succ).
Ezpand =

LET
end = Len(stack)
Partial = stack[end)
i Cardinality(Partial)
k i+1
front = SubSeq(stack, 1, end — 1)

1> 11>

1>

ymax
Q =
succ

enum
more

Lm[k] element to replace

artial U Patch(k)

BelowAndSuff (ymaz, Q, Y)
Enumerate(succ)

[r €1..Len(enum) — Partial U {enum|r]}]

Y

e 11> 1>

IN
ANi <N
A stack’ = front o more
A UNCHANGED MinCoversBelow

A

Next =
A stack # ()
AV Collect

V Ezpand



vars
Spec

(stack, MinCoversBelow)
Init A O[Next]pars A WE a5 (Neat)

> 1>

Invariants.

PartialCoversInStack =
V si € DOMAIN stack :
LET
Partial = stack|si]
i Cardinality( Partial)
k 1+1
Q Partial U Patch(k)

A IsAMinCover(Q, X, Y, Leq)
A (Partial N Patch(k)) = {}

e 11> e

IN

LeqToBij(C) = CHOOSE g € Bijection(1.. N, C) :
Vgel..N: Leqlglg], Lm[q]]

IsPrefizCov(PartialCover, g) =
LET

A
7 =

Cardinality( PartialCover)
IN
PartialCover = {glq] : g€ 1..4}

InvCompl(C) =
LET
g = LeqToBij(C)
IN
V 3n € DOMAIN stack : IsPrefixCov(stack[n], g)
V = IsAMinCover(C, X, Y, Leq)
v C € MinCoversBelow

InvSound(C) = (C € MinCoversBelow) = IsAMinCover(C, X, Y, Leq)

Auxiliary theorems about minimal covers.

THEOREM SubsetYFinite =
ASSUME NEW S € SUBSET Y
PROVE A IsFiniteSet(S)
A Cardinality(S) € Nat
PROOF
BY XYAreFiniteSets, F'S_Subset, FS_Cardinality Type



THEOREM LmlisBijection =
ASSUME
Cm € SUBSET Y
PROVE
Lm € Bijection(1 .. N, Cm)
PROOF
(1)1. IsFiniteSet(Cm)
BY SubsetYFinite
(1)2. PICK n € Nat : EuxistsBijection(1 .. n, Cm)
BY (1)1, FS_NatBijection
(3. n=N
(2)1. Cardinality(Cm) = n
BY (1)2, FS_CountingElements
(2)2. N = Cardinality(Cm)
BY DEF N
(2) QED
BY (2)1, (2)2
(1)4. ExistsBijection(1 .. N, Cm)
BY (1)2, (1)3
(1)5. Bijection(1 .. N, Cm) # {}
BY (1)4 DEF EwistsBijection
(1) QED
BY (1)5 DEF Lm, Enumerate, N

THEOREM NType =
ASSUME
Cm € SUBSET Y
PROVE
N € Nat
PROOF
BY SubsetYFinite DEF N

THEOREM PatchProperties =
ASSUME
NEW k€ 1..(N+1),
Cm € SUBSET Y
PROVE
LET Pc = Patch(k)
IN A Pc € SUBSET YV
A Pc € SUBSET Cm
A IsFiniteSet(Pc)
A Cardinality(Pc) = N — k+1
PROOF
(1) DEFINE



Pc = Patch(k)
R=k..N
()5. Nk € Nat
AN € Nat
BY NType
(1. Pc ={Lmlz]: z € R}
BY DEF Pc, Patch, Image, R
(1)9. Lm € Bijection(1 .. N, Cm)
BY LmlsBijection
(1)2. A R C DOMAIN Lm
ADOMAIN Im =1.. N
(2)1. DOMAIN Lm =1.. N
BY (1)9 DEF Bijection, Injection
(2) QED
BY (2)1, (1)5 DEF R
(1)3. Lm € [1.. N — Cm)|
BY (1)9 DEF Bijection, Injection
(1)6. Pc C Cm
BY (1)1, (1)2, (1)3
(1)4. IsFiniteSet(Cm)
(2)1. Cm € SUBSET Y

(2) QED
BY (2)1, SubsetYFinite
(1y7. IsFiniteSet(Pc)
BY (1)6, (1)4, F'S_Subset
(1)8. Cardinality(Pc) = N —k+1

(2) DEFINE
g = N—k+1
S 2£1..¢q
f=heS—n—1+k
g = Restrict(Lm, R)

(2)1. g € Bijection(R, Pc)
(3)Y1. Range(g) = Pc
BY (1)1 DEF g, Range, Restrict
(3)2. R € SUBSET 1 .. N
BY (1)2
(3) QED
BY (1)1, (1)9, (3)1, (3)2, Fun_BijRestrict
(2)2.q€0..N
BY (1)5
(2)3. f € Bijection(S, R)
(3) USE (2)2, (1)5 DEF f
(3)1. f € Injection(S, R)
BY DEF Injection



(3)2. f € Surjection(S, R)
BY DEF Surjection
(3) QED
BY (3)1, (3)2 DEF Bijection
(2)4. Cardinality(R) = q
BY (2)3, (2)2, FS_CountingElements DEF EzistsBijection
(2)5. Cardinality(R) = Cardinality(Pc)
(3)1. IsFiniteSet(R) A IsFiniteSet(Pc)
M1, IsFiniteSet(R)
BY (2)2, (2)3, F'S_NatBijection DEF EzistsBijection
(4)2. IsFiniteSet(Pc)
BY (1)6, Cm C Y, XYAreFiniteSets, FS_Subset
(4) QED
BY (4)1, (4)2
(3) QED
BY (2)1, (3)1, FS_Bijection DEF ExistsBijection
(2) QED
BY (2)4, (2)5 DEF ¢

(1) QED

BY (1)6, (1)7, (1)8

THEOREM PatchSplit =

ASSUME
NEW k €1.. N,
AN € Nat
A Cm € SUBSET Y
PROVE
A Patch(k) = {Lml[k]} U Patch(k + 1)
A Lmlk] ¢ Patch(k + 1)

PROOF
(1) DEFINE

kp = k+1
S=k..N

A

Sp = kp..N

()1. Patch(k) = Image(Lm, S)

BY DEF Patch, S

(1)2. Patch(kp) = Image(Lm, Sp)

BY DEF Patch, Sp, Image

(1)3. Image(Lm, S) = Image(Lm, Sp) U {Lml[k]}

(2)1. Image(Lm, S) = {Lm[z]: x € S}
BY DEF Image, S
(2)2. Image(Lm, Sp) = {Lm[z]: = € Sp}
BY DEF Image, Sp
(2)3. {Lm[z]: =z € S} ={Lm[k]} U{Lm|[z]: z € Sp}



(B)V.Ak €1..N
AN € Nat

(3) QED
BY (3)1 DEF kp, S, Sp
(2) QED
BY (2)1, (2)2, (2)3
(1)d. Lm[k] ¢ Patch(k +1)
BY LmlsBijection DEF Patch, Bijection, Injection, Image
(1) QED
BY (1)1, (1)2, (1)3, (1)4

THEOREM BelowAndSuffIsFinite =
ASSUME
NEW R, NEW C, NEW ymaz,
IsFiniteSet(R)
PROVE
LET S 2= BelowAndSuff (ymaz, C, R)
IN  IsFiniteSet(S)
PROOF
(1) DEFINE
S = BelowAndSuff (ymaz, C, R)
(H1. SCR
BY DEF BelowAndSuff
(1)2. IsFiniteSet(R)

(1) QED
BY (1)1, (1)2, FS_Subset

THEOREM EnumerateProperties =
ASSUME
NEW S, IsFiniteSet(S)
PROVE
LET
enum = Enumerate(S)
Dom = 1.. Cardinality(S)
IN
A enum € Bijection(Dom, S)
A Len(enum) = Cardinality(S)
A Len(enum) € Nat
PROOF
(1)2. PICK n € Nat : EuxistsBijection(1l .. n, S)
(2)1. IsFiniteSet(S)



(2) QED
BY (2)1, FS_NatBijection
(1)3. n = Cardinality(S)
BY (1)2, FS_CountingElements
(1)5. Bijection(1 .. n, S) # {}
(2)1. ExistsBijection(1 .. n, S)
BY (1)2, (1)3
(2) QED
BY (2)1 DEF FEuwistsBijection
(1) DEFINE enum = Enumerate(S)
(1)6. enum € Bijection(1 .. n, S)
BY (1)5, (1)3 DEF Enumerate, enum
(1y7. enum € Seq(S)
BY (1)2, (1)6 DEF Bijection, Injection, Seq
(1)8. ADOMAIN enum = 1 .. Len(enum)
A Len(enum) € Nat
BY (1)7, LenProperties
(1)9. enum € Bijection(1 .. Cardinality(S), S)
BY (1)3, (1)6
(1)10. Len(enum) = Cardinality(S)
(2)1. 1 .. Len(enum) = 1 .. Cardinality(S)
BY (1)9, (1)8 DEF Bijection, Injection
(2)2. enum € Bijection(1l .. Len(enum), S)
BY (1)9, (2)1
(2) QED
BY (2)2, (1)8, F'S_CountingElements DEF ExistsBijection
(1) QED
BY (1)9, (1)8, (1)10 DEF enum

Auxiliary theorems about minimal covers.

Application of MinCoversFromMazSuffice to current context.
LEMMA MinCoverFromMazYIsMinCoverFromY =
ASSUME
NEW C,
IsAMinCover(C, X, Max, Leq)
PROVE
IsAMinCover(C, X, Y, Leq)
PROOF
(1)1. A IsAPartialOrder(Leq)
A IsFiniteSet(Z)
ANX CZ
ANY CZ



BY LeqlsPor, ProblemInput
(1)2. CardinalityAsCost(Z)
BY HaveCardAsCost
(1) QED
BY (1)1, (1)2, MinCoversFromMazSuffice DEF Z, Max

A minimal cover C contains only essential elements. Otherwise, some
element y € C would be redundant, so (C \ {y}) a cover, thus C' not minimal.
THEOREM MinimalHasAllEssential =

ASSUME
NEW C,
IsAMinCover(C, X, Y, Leq)
PROVE
Vye C: Only(y, C) #{}
PROOF
(1)1. SUFFICES
ASSUME
NEW y € C,

Only(y, C) = {}
PROVE FALSE

(1) DEFINE Cy = C\{y}
(1)5. Cy € SUBSET Y
BY MinCoverProperties DEF Cy
(1)2. IsACover(Cy, X, Leq)
(2)1. SUFFICES ASSUME NEW z € X
PROVE Jq € Cy: Leq[z, q]
BY (2)1 DEF IsACover
(2)2. SUFFICES ASSUME V¢ € Cy: —Leq[z, ¢
PROVE FALSE
BY (2)2
(2)3. z € Only(y, C)
Y (2)2 DEF Only, Cy
(2) QED
v (2)3, (1)1
(1)3. A Cardmalzty((] ) < Cardinality(C')
A Cardinality(Cy) € Nat
A Cardinality(C) € Nat
(2)1. IsFiniteSet(C)
BY MinCoverProperties, SubsetYFinite
(2)2. Cy C C
BY DEF Cy
(2)3. Cy # C
3)1.yeC
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(3) QED
BY (3)1 DEF Cy
(2) QED
BY (2)1, (2)2, (2)3, FS_Subset, FS_Cardinality Type
(Y4, Cardinality(C) < Cardinality(Cy)
(2)1.A'Y € SUBSET Z
A IsAMinCover(C, X, Y, Leq)
A CardinalityAsCost(Z)
BY ProblemInput, HaveCardAsCost
(2)2. N Cy € sSUBSET YV
A IsACover(Cy, X, Leq)
A Cardinality(Cy) < Cardinality(C')
BY (1)5, (1)2, (1)3
(2) QED
BY (2)1, (2)2, MinCoverPropertiesCard
(1) QED
BY (1)3, (1)4

Any minimal cover C from Y refines some minimal cover Cm from Mazima(Y, Leq),
and they have the same cardinality. So

MinCoversOf (X, Y, Leq) C UNION {

AllCandidatesBelow(Cm, Y) : Cm € MinCoversOf (X, Mazima(Y, Leq), Leq)}
Also, MinCoversOf (X, Mazima(Y), Leq) induces a partition of MinCoversOf (X, Y, Leq).
THEOREM MinCoversSubseteqUnionCandidatesBelow =

ASSUME
NEW C,
IsAMinCover(C, X, Y, Leq)
PROVE
AM : A IsAMinCover(M, X, Maz, Leq)
A C € AllCandidatesBelow(M, Y)
PROOF
(1) DEFINE
M = MazHat(C, Y, Leq)
(D)1. IsAMinCover(M, X, Max, Leq)
(2)1. Z = Support(Leq)
BY DEF Z
(2)2. IsAPartialOrder(Leq)
BY LeqlsPor
(2)3. A IsFiniteSet(Z)
ANX CZ
ANY CZ
BY ProblemInput
(2)4. IsAMinCover(C, X, Y, Leq)
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(2)5. CardinalityAsCost(Z)
BY HaveCardAsCost

(2) QED
BY (2)1, (2)2, (2)3, (2)4, (2)5, MazHatOfMinCoverIsAMinCover

DEF Max, M
(1)2. A C € SUBSET Y
A IsACover(C, X, Leq)
(2)1. IsAMinCover(C, X, Y, Leq)

(2)2. C € CoversOf (X, Y, Leq)
BY (2)1 DEF IsAMinCover, IsMinimal
(2) QED
BY (2)2 DEF CoversOf
(1)3. A Refines(C, M, Leq)
A Cardinality(M) < Cardinality(C')
(2)1. Z = Support(Leq)
BY DEF 7
(2)2. IsAPartialOrder(Leq)
BY LeglsPor
(2)3. A IsFiniteSet(Z)
ANY CZ
BY ProblemInput
(24. CCY
BY (1)2
(2) QED
BY (2)1, (2)2, (2)3, (2)4, MazHatProperties, CostIsCard DEF M
S+ C,H+ M
(1)4. Cardinality(C) = Cardinality(M)
(2)1. IsAMinCover(C, X, Y, Leq)

(2)2. IsAMinCover(M, X, Y, Leq)
(3)1. IsAMinCover(M, X, Maz, Leq)
BY (1)1
(3) QED
BY (3)1, MinCoversFromMazSuffice, ProblemInput, LeqIsPor,
HaveCardAsCost DEF Mazx, Z
(2) QED
BY (2)1, (2)2, AliMinCoversSameCard, HaveCardAsCost,
XYAreFiniteSets, ProblemInput
C+— C,H+ M
(1)5. C € AllCandidatesBelow(M, Y)
(2)1. C € SUBSET Y
BY (1)2
(2)2. Cardinality(C) = Cardinality(M)
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BY (1)4

(2)3. Refines(C, M, Leq)
BY (1)3

(2) QED
BY (2)1, (2)2, (2)3 DEF AllCandidatesBelow

(1) QED

(2)1. IsAMinCover(M, X, Maz, Leq)
BY (1)1

(2)2. C € AllCandidatesBelow(M, Y)
BY (1)5

(2) QED
BY (2)1, (2)2 DEF Max

Any minimal cover from Y is a finite set, because the lattice Leq has
a finite domain.
THEOREM MinCoverlsFinite =
ASSUME
NEW C,
IsAMinCover(C, X, Y, Leq)
PROVE
A IsFiniteSet(C')
A Cardinality(C) € Nat
PROOF
()1. IsFiniteSet(C)
(2)1. IsAMinCover(C, X, Y, Leq)

(2)2. C € SUBSET Y
BY (2)1, MinCoverProperties
(2)3. IsFiniteSet(Y)
BY XYAreFiniteSets
(2) QED
BY (2)2, (2)3, F'S_Subset
(1)2. Cardinality(C) € Nat
BY (1)1, FS_Cardinality Type
(1) QED
BY (1)1, (1)2

If a minimal cover C refines a minimal cover Cm,
then each ym € Cm has some y € C below it.
THEOREM MinCoverRefinementHasBelow =

ASSUME
NEW C € SUBSET Y,
NEW ym € Cm,
A IsAMinCover(Cm, X, Y, Leq)
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A IsACover(C, X, Leq)
A Refines(C, Cm, Leq)
PROVE
dy € C: Leqly, ym]
PROOF
(1)1. SUFFICES
ASSUME Vy € C: —Leqly, ym]
PROVE FALSE
BY (1)1
(1) DEFINE
H = Cm\{ym}
(1)2. A Cm € SUBSET Y

A IsFiniteSet(Cm)
A Cardinality(Cm) € Nat
(2)1. IsAMinCover(Cm, X, Y, Leq)

(2) QED
BY (2)1, MinCoverProperties, MinCoverlsFinite
(1)3. H € SUBSET Y
(2)1. H C Cm
BY DEF H
(2) QED
BY (2)1, (1)2
(1)4. IsACover(H, X, Leq)
This proof reminds of MazHatlsCoverToo
(2)1. Refines(C, Cm, Leq)

(2)2.Vu e C: Jv e Cm: Leqlu, v]
BY (2)1 DEF Refines
(2)3. ASSUME NEW u € C, NEW v € Cm, Leq[u, v]
PROVE v # ym
(3)1. SUFFICES ASSUME v = ym
PROVE FALSE
BY (3)1
(3)2. Leq[u, ym)]
BY (2)3, (3)1
(3)3. = Leq[u, ym]
BY (1)1, (2)3 y<« u
(3) QED  goal from (3)1
BY (3)2, (3)3
(2)4.Vu e C: Jve Cm\{ym}: Leqlu, v]
BY (2)2, (2)3
(2)5. IsACover(C, X, Leq)

(2)6.Vz € X: Jue C: Leqlz, u
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BY (2)5 DEF IsACover
(2)7. ASSUME NEW z € X
PROVE Jv € H : Leg[z, v]
(3)1. PIcK u € C : Leq[z, ul
BY (2)6, (2)7
(3)2. PIcK v € Cm\ {ym} : Legq[u, v]
BY (2)4, (3)1
(3)3.ve H
BY (3)2 DEF H
(3)4. Leqlz, v
(4)1. IsTransitive(Leq)
BY LeqlsPor DEF IsAPartialOrder
(4)2. Z = Support(Leq)
BY DEF Z
(4)3. Leq[z, u] A Leg[u, v]
BY (3)1, (3)2
4. (re Z)N(ue Z)N(v e Z)
G)l.zeZ
6)l.z e X
BY (2)7
6)2. X CZ
BY ProblemInput
(6) QED
BY (6)1, (6)2
(5)2. ue Z
6)1.u e C
BY (3)1
6)2. ¢ CZ
(M. CCY

(M2.YCZ
BY ProblemInput
(7) QED
BY (7)1, (7)2
(6) QED
BY (6)1, (6)2
(5)3. v e Z
(6)1.v e H
BY (3)3
(6)2. HC Z
(ML.HCY
BY (1)3
(M2.YCZ
BY ProblemInput
(7) QED
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BY (7)1, (7)2
(6) QED
BY (6)1, (6)2
(5) QED
BY (5)1, (5)2, (5)3
(4) QED
BY (4)1, (4)2, (4)3, (4)4 DEF IsTransitive
(3) QED
BY (3)3, (3)4
(2) QED
BY (2)7 DEF IsACover
(1)5. A IsFiniteSet(Cm) A Cardinality(Cm) € Nat
A IsFiniteSet(H) A Cardinality(H) € Nat
(2)1. IsFiniteSet(H) A Cardinality(H) € Nat
(3)1. IsFiniteSet(H)
(4)1. H € SUBSET Y
BY (1)3
(4)2. IsFiniteSet(Y)
BY XYAreFiniteSets
(4) QED
BY (4)1, (4)2, F'S_Subset
(3)2. Cardinality(H) € Nat
BY (3)1, FS_Cardinality Type
(3) QED
BY (3)1, (3)2
(2) QED
BY (2)1, (1)2
(1)6. Cardinality(H) < Cardinality(Cm)
BY (1)5, FS_Subset DEF H
(1y7. Cardinality(Cm) < Cardinality(H)
(2)1. A Cm € SUBSET Y
A IsACover(Cm, X, Leq)
AV T € SUBSET Y :
V = A IsACover(r, X, Leq)
A Cardinality(r) < Cardinality(Cm)
V Cardinality(Cm) < Cardinality(r)
(3)1. IsAMinCover(Cm, X, Y, Leq)

(3) QED
BY (3)1, HaveCardAsCost, ProblemInput, MinCoverPropertiesCard
(2)3. IsACover(H, X, Leq)
BY (1)4
(2)4. Cardinality(H) < Cardinality(Cm)
BY (1)6, (1)5
(2) QED
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BY ()1, (1)3, (2)3, (24 re H
(1) QED  goal from (1)1
BY (1)5, (1)6, (1)7

Analogous to HasMazHat
LEMMA HasHat =
ASSUME
NEW S, NEW T,
NS CZ
ANT CZ
A Refines(S, T, Leq)
PROVE
LET
H = Hat(S, T, Leq)
IN
IsAHat(H, S, T, Leq)
AN H € SUBSET T
A Refines(S, H, Leq)
A Cardinality(H) < Cardinality(S)
PROOF
(1) DEFINE
H = Hat(S, T, Leq)
(1)1.ANH € SUBSET T
A Refines(S, H, Leq)
(2)1. Refines(S, T, Leq)

(2) QED
BY (2)1 DEF H, Hat, SomeAbove, Refines
(1)2. Cardinality(H) < Cardinality(S)
(2)1. IsFiniteSet(S)
(3)1. IsFiniteSet(Z)
BY ProblemInput
(3)2. S C 7

(3) QED
BY (3)1, (3)2, FS_Subset
(2) QED
BY (2)1, ImageOfFinite DEF H, Hat
(1) QED
BY (1)1, (1)2

Theorems establishing a bijection using Leq.
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If a minimal cover C refines a minimal cover Cm,
then no ym € Cm can cover two elements a, b € C.
THEOREM AtMostOneBelow =

ASSUME
NEW C,
NEW ym € Cm,
NEW a € C, NEW b € C,
A IsAMinCover(Cm, X, Y, Leq)
A IsAMinCover(C, X, Y, Leq)
A Refines(C, Cm, Leq)
ANaFb
A Leg[a, ym]
A Leq[b, ym]
PROVE
FALSE
PROOF
(1) DEFINE
Rest = C\{a, b}
H Hat(Rest, Cm, Leq)
Q = HU{ym}
k Cardinality(C)
(1)1.A C € SUBSET Y
A Cm € SUBSET Y
A IsFiniteSet(C)
A IsFiniteSet(Cm)
A Cardinality(Cm) € Nat
A Cardinality(C) € Nat
ANk € Nat
(2)1.A C € SUBSET Y
A Cm € SUBSET Y
(3)1. A IsAMinCover(Cm, X, Y, Leq)
A IsAMinCover(C, X, Y, Leq)

[ 1> [

(3) QED
BY (3)1, MinCoverProperties
(2)2. IsFiniteSet(Y)
BY XYAreFiniteSets
(2)3. IsFiniteSet(C) A IsFiniteSet(Cm)
BY (2)1, (2)2, FS_Subset
(2) QED
BY (2)1, (2)3, F'S_Cardinality Type
(1)2. A H € SUBSET Cm
AN H € SUBSET Y
A IsFiniteSet(H)
A Cardinality(H) € Nat
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(2)1. Refines(Rest, Cm, Leq)
(3)1. Refines(C, Cm, Leq)

(3)2. Rest € sUBSET C
BY DEF Rest
(3) QED
BY SubsetRefinesToo
S <+ C, R+ Rest, T + Cm
(2)2. A Rest € SUBSET Z
A Cm € SUBSET Z
(3)1. Rest € SUBSET C'
BY DEF Rest
(3)2. Rest € SUBSET Y
BY (3)1, (1)1
(3) QED
BY (1)1, (3)2, ProblemInput
(2)3. AN H € SUBSET Cm
A Refines(Rest, H, Leq)
A Cardinality(H) < Cardinality(Rest)
BY (2)1, (2)2, HasHat DEF H
S < Rest, T + Cm
(2)4. A IsFiniteSet(H)
A Cardinality(H) € Nat
(3)1. H € SUBSET Cm
BY (2)3
(3)2. IsFiniteSet(Cm)
BY (1)1
(3) QED
BY (3)1, (3)2, F'S_Subset, FS_Cardinality Type
(2) QED
. (HCCm)A(Cm CY)
BY (2)3, (1)1
(3) QED
BY (3)1, (2)4
(1)3. A @ € SUBSET Cm
A IsFiniteSet(Q)
A Cardinality(Q) € Nat
A Cardinality(Q) < Cardinality(H) + 1
(2)1. @ € SUBSET Cm
(3)1. Q = HU {ym)
BY DEF @)
(3)2. HC Cm
BY (1)2
(3)3. ym € Cm
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(3) QED
BY (3)1, (3)2, (3)3
(2)2. A IsFiniteSet(Q)
A Cardinality(Q) < Cardinality(H) + 1
Y (1)2, FS_AddFElementUpperBound DEF @
S+ H, z <+ ym
(2)3. Cardinality(Q) € Nat
Y (2)2, FS_Cardinality Type
(2) QED
BY (2)2, (2)3, (2)1
(1)4. A IsFiniteSet(Rest)
A Cardinality(Rest) € Nat
(2)1. Rest € SUBSET C
BY DEF Rest
(2)2. IsFiniteSet(C)
BY (1)1
(2) QED
BY (2)1, (2)2, FS_Subset, FS_Cardinality Type
(1)5. IsACover(Q, X, Leq)
(2)1. IsACover(H, Rest, Leq)
3. Vue C: Jve Cm: Lequ, v]
(4)1. Refines(C, Cm, Leq)

(4) QED
BY (4)1 DEF Refines
(3)2.Vu € Rest: v € Cm: Leqlu, v]
BY (3)1 DEF Rest
(3)3.Vu € Rest : LET r = SomeAbove(u, Cm, Leq)
IN  Leqlu, 7]

BY (3)2 DEF SomeAbove
(3Y4.Vu € Rest: Ir € Hat(Rest, Cm, Leq): Leq|u, 7]
BY (3)3 DEF Hat
<3)5 Vu € Rest: 3r e H: Leqlu, r]
Y (3)4 DEF H
(3) QED

BY (3)5 DEF IsACover
(2)2. IsACover(Q, C, Leq)
(3)1. SUFFICES
ASSUME NEW u € C
PROVE Jv € @ : Leqlu, v]
BY (3)1 DEF IsACover
(3)2.cASE u € {a, b}
(4)1. Leq[u, ym]
(5)1. A Leg[a, ym]
A Leg[b, ym]
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(5) QED
BY (3)2, (5)1
4)2. ym € Q
BY DEF @)
(4) QED
BY (4)1, (4)2
(3)3.CASE u ¢ {a, b}
MH1. v e C\{a, b}
BY (3)1, (3)3
(4)2. u € Rest
BY (4)1 DEF Rest
(4)3. PICK v € H : Leq[u, v]
BY (2)1, (4)2 DEF IsACover
M. v e Q
BY (4)3 DEF @
(4) QED
BY (4)3, (4)4
(3) QED  goal from (3)1
BY (3)2, (3)3
(2)3. IsACover(C, X, Leq)
(3)1. IsAMinCover(C, X, Y, Leq)

(3) QED
BY (3)1, MinCoverProperties
(2¥4.NQ CZ
NCCZ
NXCZ
3. YCZ
BY ProblemInput
(3)2. ¢ C 7
M1.cCy
BY (1)1
(4) QED
BY (4)1, (3)1
3)3.Qc 2z
MH1. Q@ C Cm
BY (1)3
4H2. Cm CY
BY (1)1
(4) QED
BY (4)1, (4)2, (3)1
(3)4. X C Z
BY ProblemInput
(3) QED
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BY (3)2, (3)3, (3)4
(2) QED
BY (2)2, (2)3, (2)4, ProblemInput, LatticeProperties,
Coveringls Transitive DEF Z
(1)6. Cardinality(Q) <k —1
(2)1. Cardinality(H) <k — 2
(3)1. Cardinality(C\ {a, b}) =k — 2
DHl.ae C

(4)2. IsFiniteSet(C)
BY (1)1
(4)3. A IsFiniteSet(C \ {a})
A Cardinality(C \ {a}) = Cardinality(C) — 1
BY (4)1, (4)2, F'S_RemoveElement
4. Cardinality(C\{a}) =k —1
BY (4)3 DEF k
{4)5. b € (C\{a})
(B)L.Aa#b
ANb el

(5) QED
BY (5)1
(4)6. Cardinality(C \ {a, b}) = Cardinality(C \{a}) —1
BY (4)3, (4)5, FS_RemoveElement
(4) QED
BY (1)1, (4)4, (4)6
(3)2. Cardinality(Rest) =k —2
BY (3)1 DEF Rest
(3)3. Cardinality(H) < Cardinality(Rest)
BY (1)4, ImageOfFinite DEF H, Hat
(3) QED
BY (3)2, (3)3
(2)2. Cardinality(Q) < Cardinality(H) + 1
(3)1.V Cardinality(Q) = Cardinality(H)
V Cardinality(Q) = Cardinality(H) 4+ 1
(4)1. IsFiniteSet(H)

BY (1)2
(4)2. Q = HU {ym}
BY DEF ()
(4) QED
BY (4)1, (4)2, FS_AddElement
(3) QED
BY (3)1, (1)2, (1)3

(2) QED
(3)1. Cardinality(H) € Nat
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BY (1)2
(3)2. Cardinality(Q) € Nat
BY (1)3
(3)3. k € Nat
BY (1)1
(3) QED
BY (2)1, (2)2, (3)1, (3)2, (3)3
(1)y7. k < Cardinality(Q)
(2)1. @ € SUBSET Y
(3)1. Q C Cm
BY (1)3
(3Y2. Cm C Y
BY (1)1
(3) QED
v (3)1, (3)2
(2)2. IsACover(Q, X, Leq)
BY (1)5
(2)3. Cardinality(Q) < Cardinality(C')
BY (1)6, (1)1, (1)3 DEF k
(2)4.Vr € SUBSET Y :
V = A IsACover(r, X, Leq)
A (Cardinality(r) < Cardinality(C))
V (Cardinality(C) < Cardinality(r))
(3Y1. IsAMinCover(C, X, Y, Leq)

(3) QED
Y (3)1, HaveCardAsCost, ProblemInput,
MinCoverPropertiesCard
(2)5. Cardinality(C) < Cardinality(Q)
BY (2)1, (2)2, (2)3, (2)4
(2) QED
BY (2)5 DEF k
(1) QED
BY (1)1, (1)3, (1)6, (1)7

If a minimal cover C refines a minimal cover Cm,
then no two elements a, b € Cm can cover the same element y € C.
THEOREM AtMostOneAbove =
ASSUME

NEW C,
NEW y € C,
NEW a € Cm, NEW b € Cm,
A IsAMinCover(Cm, X, Y, Leq)
A IsAMinCover(C, X, Y, Leq)
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A Refines(C, Cm, Leq)
NaFb
A Leqly, a]
A Legly, b]
PROVE
FALSE
PROOF
(1) DEFINE
C\{y}
Hat(S, Cm, Leq)
HU{y}
Cardinality(Cm)
(1)1.A C € SUBSET Y
A Cm € SUBSET Y
(2)1. A IsAMinCover(Cm, X, Y, Leq)
A IsAMinCover(C, X, Y, Leq)

Qo m®
e e 11 e

(2) QED
BY (2)1, MinCoverProperties
(1)2. A IsFiniteSet(C')
A IsFiniteSet(Cm)
A Cardinality(Cm) € Nat
(2)1. IsFiniteSet(Y)
BY XYAreFiniteSets
(2) QED
BY (1)1, (2)1, FS_Subset, F'S_Cardinality Type
(3. AVu e C\{y}: —Leqlu, a
AVu e C\{y}: —Leq[u, b]
(2)1. ASSUME
NEW r € Cm,
NEW u € C'\{y},
Legly, ]
PROVE
_'LEQ[uv 7"]
(3)1. SUFFICES
ASSUME Leq|u, 7]
PROVE FALSE
BY (3)1
(3)2. u#y
BY (2)1
(3)3. A IsAMinCover(Cm, X, Y, Leq)
A IsAMinCover(C, X, Y, Leq)
A Refines(C, Cm, Leq)

(3) QED  goal from (3)1
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BY (2)1, (3)1, (3)2, (3)3, AtMostOneBelow
a+ Y, b u, ym<+r
(2)2.Na € Cm
Ab e Cm

(2) QED
BY (2)1, (2)2
(4. Na ¢ H
Nb ¢ H
(2)1.a ¢ H
(3)1. SUFFICES
ASSUME a € H
PROVE FALSE
BY (3)1
(3)2. PICK u € S : a = SomeAbove(u, Cm, Leq)
BY (3)1 DEF H, Hat
(3Y3. ue C
BY (3)2 DEF S
(3Y4. 3r € Cm : Leqlu, 7]
(D1, Refines(C, Cm, Leq)

(4) QED
BY (4)1, (3)3 DEF Refines
(3)5. Leq|u, a)
(4)1. a = SomeAbove(u, Cm, Leq)
BY (3)2
(4) QED
BY (4)1, (3)4 DEF SomeAbove
(3Y6. ~Leq[u, a]
BY (1)3, (3)2 DEF S
(3) QED
BY (3)5, (3)6
(2)2.b ¢ H
(3)1. SUFFICES
ASSUME b € H
PROVE FALSE
BY (3)1
(3)2. PICK u € S : b = SomeAbove(u, Cm, Leq)
BY (3)1 DEF H, Hat
(3)3.ue C
BY (3)2 DEF S
(3Y4. 3r € Cm : Leqlu, 7]
(4)1. Refines(C, Cm, Leq)

(4) QED
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BY (4)1, (3)3 DEF Refines
(3)5. Legq[u, b]
1. b = SomeAbove(u, Cm, Leq)
BY (3)2
(4) QED
BY (4)1, (3)4 DEF SomeAbove
(3)6. —Leq[u, b]
BY (1)3, (3)2 DEF S
(3) QED
BY (3)5, (3)6
(2) QED
BY (2)1, (2)2
(1)5. A H € SUBSET Cm
A Refines(S, H, Leq)
A Cardinality(H) < Cardinality(S)
2)1.ANSCZ
ANCmCZ
(3)1.5C 2
MH1. scCcC
BY DEF S
DH2. CCY
BY (1)1
4)3. Y CZ
BY ProblemInput
(4) QED
BY (4)1, (4)2, (4)3
(3)2. Cm C Z
1. Cm CY
BY (1)1
4)2. Y CZ
BY ProblemInput
(4) QED
BY (4)1, (4)2
(3) QED
BY (3)1, (3)2
(2)2. Refines(S, Cm, Leq)
(3)1.5CC
BY DEF S
(3)2. Refines(C, Cm, Leq)

(3) QED
BY (3)1, (3)2, SubsetRefinesToo
S+ C, T+ Cm, R+ S
(2) QED
BY (2)1, (2)2, HasHat DEF H T + Cm
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(1)6. A IsFiniteSet(H)
A Cardinality(H) € Nat
A Cardinality(H) < k —2
(2)1. H C Cm\{a, b}
BY (1)5, (1)4
(2)2. A IsFiniteSet(Cm \ {a, b})
A Cardinality(Cm\ {a, b}) =k — 2
(3)1. a € Cm

(3)2. IsFiniteSet(Cm)

BY (1)2
(3)3. A IsFiniteSet(Cm \ {a})

A Cardinality(Cm \ {a}) = Cardinality(Cm) — 1

BY (3)1, (3)2, F'S_RemoveElement
(3)4. b € (Cm\{a})

4)1.Ab € Cm

ANa#b

(4) QED
BY (4)1
(3)5. A IsFiniteSet(Cm \ {a, b})
A Cardinality(Cm\ {a, b}) = Cardinality(Cm \ {a}) — 1
BY (3)3, (3)4, F'S_RemoveElement
(3)6. Cardinality(Cm) € Nat
BY (1)2
(3) QED
BY (3)3, (3)5, (3)6 DEF k
(2) QED
BY (2)1, (2)2, FS_Subset, FS_Cardinality Type
(1y7. IsACover(Q, C, Leq)
(2)1. SUFFICES
ASSUME NEW u € C
PROVE Jv € @ : Leqlu, v]
BY (2)1 DEF IsACover
(2)2.CASE u =y
(3) DEFINE v = y
3. veq
1. v e HU{y}
BY DEF v
(4) QED
BY (4)1 DEF @
(3)2. Leq|u, v]
(4)1. Leqly, y]
®)l.yeZ
6)l.ye C
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6)2. CCY
BY (1)1
6)3. Y CZ
BY ProblemInput
(6) QED
BY (6)1, (6)2, (6)3
(5)2. IsReflexive(Leq)
BY ProblemInput DEF IsACompleteLattice,
IsAPartialOrder
(5) QED
BY (5)1, (5)2 DEF IsReflexive, Z
(4) QED
BY (4)1, (2)2 DEF v
(3) QED  goal from (2)1
BY (3)1, (3)2
(2)3.CASE u # y
(3. we C\{y}
BY (2)1, (2)3
(3Y2. ue s
BY (3)1 DEF S
(3)3. Refines(S, H, Leq)
BY (1)5
(3Y4.Vpe S: Jqge€ H: Leg|p, q]
BY (3)3 DEF Refines
(3)5. PICK v € H : Leq[u, v]
BY (3)4, (3)2
(3)6. v € Q
BY (3)5 DEF @
(3) QED  goal from (2)1
BY (3)5, (3)5
(2) QED
BY (2)2, (2)3
(1)8. IsACover(Q, X, Leq)
(2)1. IsACover(Q, C, Leq)
BY (1)7
(2)2. IsACover(C, X, Leq)
(3Y1. IsAMinCover(C, X, Y, Leq)

(3) QED
BY (3)1, MinCoverProperties
(2)3. IsTransitive(Leq)
BY ProblemInput DEF IsACompleteLattice, IsAPartialOrder
(24.NX C Z
NC CZ
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ANQCZ
3)1.XCZ
BY ProblemInput
(3y2. CC 7
MH1. CcCcvy
BY (1)1
4H2. Y CZ
BY ProblemInput
(4) QED
BY (4)1, (4)2
3)3.Qc 2z
(1. Q = HU{y)
BY DEF @
2. Y CZ
BY ProblemInput
4H3. HC Z
(5)1. H C Cm
BY (1)5
(5)2. Cm C Y
BY (1)1
(5) QED
BY (5)1, (5)2, (4)2
M. ye Z
G)l.ye

(52. CC Y
BY (1)1
(5) QED
BY (5)1, (5)2, (4)2
(4) QED
BY (4)1, (4)3, (4)4
(3) QED
BY (3)1, (3)2, (3)3
(2) QED
BY (2)1, (2)2, (2)3, (2)4, CoveringlsTransitive DEF Z
A<~ X, B+ C,C+ Q
(1)9. A IsFiniteSet(Q)
A Cardinality(Q) € Nat
A Cardinality(Q) < k —1
(2)1. A IsFiniteSet(Q)
A Cardinality(Q) < Cardinality(H) + 1
(3)1. IsFiniteSet(H)
BY (1)6
(32 Q= H U {y}
BY DEF @
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(3) QED
BY (3)1, (3)2, FS_AddElementUpperBound
(2)2. A Cardinality(H) € Nat
A Cardinality(H) < k — 2
BY (1)6
(2)3. k € Nat
BY (1)2 DEF k
(2)4. Cardinality(Q) € Nat
BY (2)1, FS_Cardinality Type
(2) QED
BY (2)1, (2)2, (2)3, (2)4
(1)10. k£ < Cardinality(Q)
(2)1. Q € SUBSET Y
(1. Q = HU{y}
BY DEF @
(3)2. HCY
4H1. H C Cm
BY (1)5
4)2. Cm C Y
BY (1)1
(4) QED
BY (4)1, (4)2
(3)3.yeY
MHl.ye C

4)2.CCY
(5)1. IsAMinCover(C, X, Y, Leq)

(5) QED
BY (5)1, MinCoverProperties
(4) QED
BY (4)1, (4)2
(3) QED
BY (3)1, (3)2, (3)3
(2)2. IsACover(Q, X, Leq)
BY (1)8
(2)3. Cardinality(Q) < Cardinality(Cm)
(3)1. Cardinality(Q) € Nat
BY (1)9
(3)2. Cardinality(Cm) € Nat
BY (1)2
(3)3. Cardinality(Q) <k —1
BY (1)9
(3Y4. k = Cardinality(Cm)
BY DEF k
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(3) QED
BY (2)1, ()1, (3)2, (3)3, (3)4
(2)4.Vr € SUBSET Y :
V = A IsACover(r, X, Leq)
A Cardinality(r) < Cardinality(Cm)
V Cardinality(Cm) < Cardinality(r)
(3)1. IsAMinCover(Cm, X, Y, Leq)

(3) QED
BY (3)1, HaveCardAsCost, ProblemInput,
MinCoverPropertiesCard
(2)5. Cardinality(Cm) < Cardinality(Q)
BY (2)1, (2)2, (2)3, (2)4
(2) QED
BY (2)5 DEF k
(1) QED
(2)1. A Cardinality(Q) € Nat
ANk € Nat
BY (1)9, (1)2 DEF k
(2)2. Cardinality(Q) <k —1
BY (1)9
(2)3. k < Cardinality(Q)
BY (1)10
(2) QED
BY (2)1, (2)2, (2)3

If a minimal cover C refines another minimal cover Cm, then Leq
induces a unique bijection between them.
THEOREM MinCoverRefinementInducesBijection =
ASSUME
NEW C,
A IsAMinCover(C, X, Y, Leq)
A IsAMinCover(Cm, X, Y, Leq)
A Refines(C, Cm, Leq)
PROVE
LET g = LeqToBij(C)
IN  Ag € Bijection(1.. N, C)
AVqgel..N:
A Leglglq], Lm[q]]
AVpel..N\{q}:
Lm[qlis above only g[q]
A = Leq(g[p], Lm[q]]
glqlis below only Lm[q]
A =Leqlglq], Lm[p]]
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PROOF
(1) DEFINE
LeqToBij(C)
[ym € Cm — CHOOSE y € C: Leqly, ym]]
¢ € 1.. N f[Lm[q]]]
Range(h)
()1. A IsAMinCover(C, X, Y, Leq)
A IsAMinCover(Cm, X, Y, Leq)
A Refines(C, Cm, Leq)
A C € SUBSET Y
A IsACover(C, X, Leq)
A Cm € SUBSET Y
(2)1. A IsAMinCover(Cm, X, Y, Leq)
A IsAMinCover(C, X, Y, Leq)
A Refines(C, Cm, Leq)

NS
IR

(2)2.A C € sSUBSET YV
A IsACover(C, X, Leq)
BY (2)1, MinCoverProperties
(2)3. A Cm € SUBSET Y
BY (2)1, MinCoverProperties
(2) QED
BY (2)1, (2)2, (2)3
(H2.Vym € Cm: Aflym] € C
A Leglf[ym], ym]
(2)1. SUFFICES ASSUME NEW ym € Cm
PROVE A f[ym] € C
A Leglf [ym], ym]
BY (2)1
(2)2. flym] = CHOOSE y € C : Leqly, ym]
(3)1. ym € DOMAIN f
MH1. ym € Cm
BY (2)1
(4)2. Cm = DOMAIN f
BY DEF f
(4) QED
BY (4)1, (4)2
(3) QED
BY (3)1 DEF f
(2)3.Vyq € Cm: Jy e C: Leqly, yq|
BY (1)1, MinCoverRefinementHasBelow
(2)4. 3y € C: Leqly, ym]
(3)1. ym € Cm
BY (2)1
(3) QED
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BY (2)3, (3)1  yg+ ym
(2) QED  goal from (2)1
BY (2)2, (2)4
(1)3. A h € Bigection(1 .. N, C)
AV q€1..N: Leg[hlq], Lm[q]]
(2)1.he[l..N— (]
(3)1. ASSUME NEW ¢ € 1.. N
PROVE h[gq] € C
(4) DEFINE
ym = Lmlq]
y = flym]
41.Lme1..N — Cm)]
BY (1)1, LmlisBijection DEF Bijection, Injection
2. ym € Cm
BY (4)1, (3)1 DEF ym
3.y e C
(6)1. flym] € C
BY (1)2, (4)2
(5) QED
BY (5)1 DEF y

BY (5)2 DEF y
(4) QED
BY (4)3, (4)4
(3) QED
BY (3)1 DEF h
(2)2. h € Injection(1 .. N, C)
(3)1. SUFFICES
ASSUME
NEW qa € 1.. N, NEW ¢gb€1.. N,
A qa # gb
A hlqa] = h[qb]
PROVE FALSE
BY (3)1, (2)1 DEF Injection
(3)2. A hlqa] = f[Lm][qa]]
A hlgb] = f[Lm[qb]]
BY (3)1 DEF h
(3) DEFINE
a

b

Lm[qa]
Lm/[qb]

> >
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(2. f[Lmlqa]] = f[Lmlqb]
BY (4)1, (3)2
(4)3. fla] = f[b]
BY (4)2 DEF a, b
(4) QED
BY (4)3 DEF y
(3Y4d.Na#b
ANy e C
ANa € Cm
Abe Cm
A Legly, a] A Leq[y, b]
A1 ANLme[l.. N — Cm]
AVal,blel..N:
(Lm[al] = Lm[bl]) = (al =01)
BY (1)1, LmlisBijection DEF Bijection, Injection
M+ Lm, S« 1..N, T+ Cm
DH2.Ngael..N
Agbel..N
A qa # gb
BY (3)1
3. a#b
(5)1. Lmlga] # Lim[qb]
BY (4)1, (4)2
(5) QED
BY (5)1 DEF a, b
4. NnyeC
ANa € Cm
Ab e Cm
A Legly, a] A Leq[y, b]
(5)1.Aa € Cm
Ab e Cm
(6)1. A Lm[ga] € Cm
A Lm[qb] € Cm
BY (4)1, (4)2
(6) QED
BY (6)1 DEF a, b
(5)2. A fla] € C
A Leg[f[a], a
A Leq(f[b], 0]
BY (1)2, (5)1
(5)3.AnyeC
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A Leqly, a]
A Legly, 0]
Y (5)2, (3)3 DEF y
(5) QED
BY (5)1, (5)3
(4) QED
BY (4)3, (4)4
(3) QED  goal from (3)1
BY (3)4, (1)1, AtMostOneAbove

(2)3. h € Surjection(1 .. N, C)
An alternative proof for this step is via AtMostOneBelow
(3)1. SUFFICES
ASSUME NEW t € C,
Vsel..N: hls]#t
PROVE FALSE
BY (3)1, (2)1 DEF Surjection
(3)2. h € Injection(1 .. N, C)
BY (2)2
(3)3.ARCC
ANR#C
MH1.RCC
BY (3)2 DEF R, Range, Injection
DH2.t¢ R
(5)1. SUFFICES
ASSUME t € R
PROVE FALSE
BY (5)1
(5)2. PICK s € 1.. N: hl[s] =1t
(6)1.he[l..N = (|
BY (3)2 DEF Injection
(6)2. (DOMAIN h) = (1.. N)
BY (6)1
(6)3. t € {h[z]: x € DOMAIN h}
BY (5)1 DEF R, Range
(6)4. t € {h]z]: z€1..N}
BY (6)2, (6)3
(6) QED
BY (6)4
(5) QED  goal from (5)1
BY (5)2, (3)1
(4) QED
BY (4)1, (4)2
(3)4. h € Surjection(l .. N, R)

h is a surjection on its range
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BY (2)1, Fun_RangeProperties DEF R
f<h, S«<1..N, T+ C
(3)5. N € Nat
(4)1. N = Cardinality(Cm)
BY DEF N
(4)2. IsFiniteSet(Cm)
(5)1. C'm € SUBSET Y
BY (1)1
(5)2. IsFiniteSet(Y)
BY XYAreFiniteSets
(5) QED
BY (5)1, (5)2, F'S_Subset
(4) QED
BY (4)1, (4)2, FS_Cardinality Type
(3)6. A IsFiniteSet(1 .. N)
A Cardinality(1 .. N) = N
(4) DEFINE bij = [z €1.. N+ 1]
(4)1. bij € Bijection(1.. N, 1..N)
BY DEF bij, Bijection, Injection, Surjection
(4) QED
BY (4)1, (3)5, F'S_NatBijection, FS_CountingElements
DEF FuxistsBijection
(3)7. A IsFiniteSet(R)
A Cardinality(R) = N
M1, h € Injection(l .. N, R)
BY (3)2, (3)4 DEF Surjection, Injection
(4) QED
BY (3)4, (3)6, (4)1, FS_Surjection
S+ 1..N, T+ R
(3)8. Cardinality(R) < N
(M1, IsFiniteSet(C)
(5)1. C € SUBSET Y
BY (1)1
(5)2. IsFiniteSet(Y)
BY XYAreFiniteSets
(5) QED
BY (5)1, (5)2, FS_Subset
(4)2. Cardinality(R) < Cardinality(C)
BY (4)1, (3)3, FS_Subset, FS_Cardinality Type
4)3. Cardinality(C) = N
(5)1. N = Cardinality(Cm)
BY DEF N
(5)2. Cardinality(C) = Cardinality(Cm)
BY (1)1, AliMinCoversSameCard,
HaveCardAsCost, ProblemInput,

36



XYAreFiniteSets
(5) QED
BY (5)1, (5)2
(4) QED
Y (4)2, (4)3
(3)9. A Cardmalzty(R) € Nat
A Cardinality(R) <
A Cardinality(R) =
BY (3)7, (3)8, FS_ CardmalityType
(3) QED
BY (3)9, (3)5

(2)4. ASSUME NEW ¢ € 1.. N
PROVE Leg[h[q], Lm[q]]
(3) DEFINE
ym = Lm|q]
y = flym]
(3)1. hlg] = y
(4)1. hlq] = f[Lm][q]]
(5)1. ¢ € DOMAIN h
(6)l.g€el1..N
BY (2)4
(6)2. (DOMAIN h) = (1.. N)
BY DEF h
(6) QED
BY (6)1, (6)2
(5) QED
BY (5)1 DEF h
(4) QED
BY (4)1 DEF y, ym
(3)2. Legly, ym]
MH1. ym € Cm
(5)l.gel..N
BY (2)4
(5)2. Lm € [1.. N — Cm]
BY (1)1, LmlIsBijection DEF Bijection, Injection
(5)3. Lmq] € Cm
BY (5)1, (5)2
(5) QED
BY (5)3 DEF ym
(4)2. Leq[f[ym], ym]
BY (1)2, (4)1
(4) QED
BY (4)2 DEF y
(3) QED
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BY (3)1, (3)2 DEF ym
(2) QED
BY (2)2, (2)3, (2)4 DEF Bijection
(1)4. A g € Bijection(1 .. N, C)
AYqel..N: Leqglq], Lm[q]]
BY (1)3 DEF g, LeqToBij
(1)5. ASSUME
NEW g € 1.. N,
NEW p € 1.. N\ {q}
PROVE
A —Leg[g[p], Lm/[q]]
A —Leq(g[q], Lm/[p]]
(2)1.Ap# g
Apel..N
ANq€el..N
B).p#q
BY (1)5
(3)22.Apel..N
ANgel..N
BY (1)5
(3) QED
BY (3)1, (3)2
(2)2. Leq[g[q], Lm[q]]
BY (1)4, (1)5
(2)3. ASSUME Leq[g[p], Lm[q]]
PROVE FALSE
(3) DEFINE
A
@ = glp]
b = gldl
ym = Lm|q]
(3. a#b
(4)3. g € Bijection(1 .. N, C)
BY (1)4
(4)4. glp] # gld]
BY (2)1, (4)3 DEF Bijection, Injection
(4) QED
BY (4)4 DEF q, b
(3Y2. A Leg[a, ym]
A Leg[b, ym]
BY (2)3, (2)2 DEF a, b, ym
(3Y3.Na e C
ANbeC
Aym € Cm
MHl.ANa € C
NbeC
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5)l.gel[l..N — C]
BY (1)4 DEF Bijection, Injection
(5)2.Ap€el..N

ANgel..N
BY (1)5
(5) QED
BY (5)1, (5)2 DEF a, b
2. ym € Cm

(5)1. Lm € [1.. N — Cm)|
BY (1)1, LmlIsBijection DEF Bijection, Injection
(5)2.¢q€1..N
BY (1)5
(5) QED
BY (5)1, (5)2 DEF ym
(4) QED
BY (4)1, (4)2
(3) QED
BY (1)1, (3)1, (3)2, (3)3, AtMostOneBelow
(2)4. ASSUME Leq[g[q], Lm]p]]
PROVE FALSE
(3) DEFINE
a Lm|p]
b Lm|q]
y = gldq]
3)1.a#b
BY (2)1, (1)1, LmlisBijection DEF Bijection, Injection, a, b
(3)2. A Legly, o
A Leqly, b]
BY (2)2, (2)4 DEF a, b, y
(3)3.ANa € Cm
Ab e Cm
ANy e C
MH1.ANa € Cm
Ab e Cm
(5)1. Lm € [1.. N — Cm]
BY (1)1, LmlIsBijection DEF Bijection, Injection
(5)2. A Lm[p] € Cm
A Lm[q] € Cm
BY (5)1, (2)1
(5) QED
BY (5)2 DEF a, b
2. ye C
B)l.ge[l..N = C]
BY (1)4 DEF Bijection, Injection
(5)2. glgl € C

(e 11> >
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BY (5)1, (2)1
(5) QED
BY (5)2 DEF y
(4) QED
BY (4)1, (4)2
(3) QED
(4) QED
BY (3)1, (3)2, (3)3, (1)1, AtMostOneAbove
(2) QED
BY (2)3, (2)4
(1) QED
BY (1)4, (1)5 DEF g

Type formula for the operator more that appears in the definition in
the definition of the action Ezpand
THEOREM MorelnSeqSubsetY =
ASSUME
A Typelnv
A stack # ()
PROVE
LET
end = Len(stack)
PartialCover = stack[end)
i = Cardinality( PartialCover)

1>

k 1+ 1
ymaz = Lml[k]
Q = PartialCover U Patch(k)
suce = BelowAndSuff (ymaz, Q, Y)
enum = Enumerate(succ)
more = [r € 1.. Len(enum) — PartialCover U { enum|r]}]
IN
more € Seq(SUBSET Y')
PROOF
(1) DEFINE

S = SUBSET Y

end = Len(stack)
PartialCover = stack[end)

i Cardinality(PartialCover)
k 1+ 1

ymaz = Lmk]

Q = PartialCover U Patch(k)

> >

succ = BelowAndSuff (ymaz, Q, Y)
enum = Enumerate(succ)
more = [r € 1.. Len(enum) — PartialCover U {enum|[r]}]
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(1) HIDE DEF S, end, PartialCover, i, k, ymax, @, succ, enum, more
(1)1. SUFFICES more € Seq(S)
BY (1)1 DEF S, end, PartialCover, i, k, ymaz, @, succ, enum, more
(1) DEFINE
n = Len(enum)
(1)2. more = [r € 1 .. n +— PartialCover U {enum|r]}]
BY DEF more, n
(1)3. IsFiniteSet(succ)
(2)1. IsFiniteSet(Y)
BY XYAreFiniteSets
(2) QED
BY (2)1, BelowAndSuffIsFinite DEF succ
(1)4. n € Nat
(2)2. Len(enum) € Nat
BY (1)3, EnumerateProperties DEF enum
(2) QED
BY (2)2 DEF n
(1)5. SUFFICES
ASSUME NEW r € 1..n
PROVE (PartialCover U {enum[r|}) € S
(2) DEFINE F(r) = PartialCover U {enum][r]}
(2) HIDE DEF F
(2)1.¥rel..n: F(r)e s
BY (1)5 DEF F
(2)2. [rel..n— F(r) € Seq(9)
BY (2)1, (1)4, IsASeq
(2) QED  goal from (1)1
BY (2)2, (1)2 DEF F
(1)6. succ C'Y
BY DEF succ, BelowAndSuff
(1y7. enum € Bijection(1 .. n, succ)
BY (1)3, EnumerateProperties DEF enum, n
(1)8. enum|r] € succ
BY (1)5, (1)7 DEF Bijection, Injection
(1)9. enum[r] € Y
BY (1)6, (1)8
(1)10. PartialCover € SUBSET Y
(2)1. Typelnv

(2)2. stack € Seq(S)
BY (2)1 DEF Typelnv, S
(2)3. N end € Nat
A stack € [1 .. end — 5]
A (DOMAIN stack) = (1 .. end)
BY (2)2, LenProperties DEF end
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(2)4. end € (1.. end)
BY (2)3, stack # () DEF end, EmptySeq
(2)5. end € (DOMAIN stack)
BY (2)3, (2)4
(2)6. stacklend] € S
BY (2)3, (2)5
(2) QED
BY (2)6 DEF PartialCover, S
(1)11. (PartialCover U {enum|r]}) € SUBSET Y
BY (1)9, (1)10
(1) QED  goal from (1)5
BY (1)11 DEF S

Invariance theorems.

THEOREM TypeOK =
Spec = O Typelnv
PROOF
(1)1. ASSUME Init
PROVE Typelnv
(2)1. A stack = ({})
A MinCoversBelow = {}
BY (1)1 DEF Init
(2)2. stack € Seq(SUBSET Y')
(3)1. stack € [1..1 — SUBSET Y]
BY (2)1
(3) QED
BY (3)1, SeqDef DEF Seq
(2)3. MinCoversBelow C SUBSET Y
BY (2)1
(2) QED
BY (2)2, (2)3 DEF Typelnv
(1)2. ASSUME Typelnv A Next
PROVE Typelnv’
(2) DEFINE
end = Len(stack)
Partial = stack[end)
i = Cardinality(Partial)
k 1+ 1
front = SubSeq(stack, 1, end — 1)
ymaz = Lm[k]
Q = Partial U Patch(k)
succ = BelowAndSuff (ymaz, Q, Y)
enum Enumerate(succ)

>

>
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more = [r € 1.. Len(enum) — Partial U {enum|r]}]
(2)1. A stack € Seq(SUBSET Y')
A MinCoversBelow C SUBSET Y
BY (1)2 DEF Typelnv, Next
(2)2. SUFFICES A stack’ € Seq(SUBSET Y)
A MinCoversBelow' C SUBSET Y
BY (2)2 DEF Typelnv
(2)3. front € Seq(SUBSET Y')
BY (2)1, FrontProperties DEF Front
(2)4. more € Seq(SUBSET Y)
BY (1)2, MoreInSeqSubsetY DEF Next
(2)5.cAsE Collect
(3)1. stack’ € Seq(SUBSET Y)
BY (2)5, (2)3 DEF Collect
(3)2. MinCoversBelow’ C SUBSET Y
(4)1. SUFFICES Partial € SUBSET Y
BY (2)1, (4)1, (2)5 DEF Collect
(4)2. end € 1.. end
(5)1. end € Nat
BY (2)1, LenProperties
(5)2. end # 0
BY (2)1, (1)2, EmptySeq DEF Next
(5) QED
BY (5)1, (5)2
(4) QED
BY (2)1, (4)2, ElementOfSeq
(3) QED
BY (3)1, (3)2
(2)6.CASE Fzpand
(3)1. stack’ € Seq(SUBSET Y)
BY (2)6, (2)3, (2)4, ConcatProperties DEF Ezpand
(3)2. MinCoversBelow’ C SUBSET Y
BY (2)1, (2)6 DEF Ezpand

(3) QED
BY (3)1, (3)2
(2) QED
BY (2)5, (2)6, (1)2 DEF Next
(1) DEFINE
Nz = Next

(1)3. ASSUME Typelnv A [Nz]yars
PROVE Typelnv’
BY (1)2, (1)3 DEF Typelnv, vars
(1) QED
(2)1. (TypeInv A O[Nz)yers) = OTypelnv
BY (1)3, PTL
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(2)2. (Init A O[Next]yars) = OTypelnv
BY (2)1, (1)1

(2) QED
BY (2)2, PTL DEF Spec

We now show that :

MinCoversOf (X, Y, Leq) C UNION {
MinCoversBelow(Cm) : Cm € MinCoversOf (X, Mazima(Y, Leq), Leq)}

Note that upon termination Len(stack) =0

THEOREM StrongReductionCompleteness =
ASSUME
NEW (' € SUBSET Y,
The assumption C € AllCandidatesBelow(Cm, Y),
too, implies this domain formula.
A IsAMinCover(Cm, X, Max, Leq)
A C € AllCandidatesBelow(Cm, Y)
PROVE
Spec = OInvCompl(C')
PROOF
(1) DEFINE
g = LeqToBij(C)
end = Len(stack)
PartialCover = stack|[end]
i = Cardinality(PartialCover)
k i+1
front = SubSeq(stack, 1, end — 1)

1>

Y
ymaz = Lm[k]
Q = PartialCover U Patch(k)
= BelowAndSuff (ymaz, Q, Y)
enum = Enumerate(succ)
more = [r € 1.. Len(enum) — PartialCover U {enum|[r]}]

After = {g[t]: t € (k+1).. N}

(1) HIDE DEF g, end, i, PartialCover, k, front,
y, ymaz, Q, succ, enum, more, After

(1)1. ASSUME Init
PROVE InvCompl(C)

(2)1. stack = ({})

BY (1)1 DEF Init
(2)2. end =1
BY (2)1 DEF Len, end

44



(2)3. N =0
A PartialCover = {}
(3)1. PartialCover = {}
BY (2)1, (2)2 DEF PartialCover
(3)2. i =0
BY (3)1, FS_EmptySet DEF i
(3) QED
BY (3)1, (3)2
(2)4. 3t € DOMAIN stack : IsPrefizCov(stack[t], g)
(3)1. end € DOMAIN stack
BY (2)1, (2)2
(3)2. IsPrefizCov(PartialCover, g)
(4)1. PartialCover = {glq]: g€ 1..1i}
BY (2)3
(4) QED
BY (4)1 DEF IsPrefixCov, i
(3)3. PartialCover = stack[end]
BY DEF PartialCover

(3) QED
BY (3)1, (3)2, (3)3
(2) QED
BY (2)4 DEF g, InuCompl
(H2.ACmCY
A Cm C Max

(2)1. Cm C Mazima(Y, Leq)
(3)1. IsAMinCover(Cm, X, Mazx, Leq)

(3) QED
BY (3)1, MinCoverProperties DEF Max
(2) QED
BY (2)1, MazIsSubset DEF Maz

(1)3. ASSUME Typelnv A Typelnv' A Next A InvCompl(C')
PROVE InvCompl(C)’
(2)1. N € Nat
(3Y1. N = Cardinality(Cm)
BY DEF N
(3)2. Cardinality(Cm) € Nat
4)2. Y CZ
BY ProblemInput
(4)3. Cm C Z
BY (1)2, (4)2
(4)4. IsFiniteSet(Z)
BY ProblemInput
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(4) QED
BY (4)3, (4)4, FS_Subset, FS_Cardinality Type
(3) QED
BY (3)1, (3)2
(2)2. SUFFICES
ASSUME IsAMinCover(C, X, Y, Leq)
PROVE
V 3n € DOMAIN stack’ : IsPrefixCov(stack[n]’, g)
Vv C € MinCoversBelow’
(3)1. InuCompl(C)’
= V3dn € DOMAIN stack’ : IsPrefizCov(stack[n]’, g)
V = IsAMinCover(C, X, Y, Leq)
Vv C € MinCoversBelow'
BY DEF InvCompl, IsPrefizCov, g,
IsAMinCover, CoversOf, IsMinimal, IsACover
(3)2.V 3n € DOMAIN stack’ : IsPrefizCov(stack[n]’, g)
V = IsAMinCover(C, X, Y, Leq)
Vv C € MinCoversBelow'
BY (2)2
(3) QED
BY (3)1, (3)2
(2)3.V 3n € DOMAIN stack : IsPrefixCov(stack[n], g)
VvV C € MinCoversBelow
(3Y1. InvCompl(C)
BY (1)3
(3)2.V In € DOMAIN stack : IsPrefirCov(stack[n], g)
V = IsAMinCover(C, X, Y, Leq)
Vv C € MinCoversBelow
BY (3)1 DEF InvCompl, g
(3) QED
BY (3)2, (2)2
(2)4. AssUME C € MinCoversBelow
PROVE C € MinCoversBelow'
(3)Y1. A stack # ()
AV Collect
V Ezpand
BY (1)3 DEF Next
(3Y2. MinCoversBelow C MinCoversBelow’
(4)1. AssuME Collect
PROVE MinCoversBelow C MinCoversBelow’
BY (4)1 DEF Collect
(4)2. ASSUME Expand
PROVE MinCoversBelow C MinCoversBelow’
(5)1. UNCHANGED MinCoversBelow
BY (4)2 DEF Ezpand
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(5) QED

BY (5)1
(4) QED
BY (3)1, (4)1, (4)2

(3) QED
BY (2)4, (3)2

(2)5. SUFFICES
ASSUME C ¢ MinCoversBelow
PROVE
V 3n € DOMAIN stack’ : IsPrefixCov(stack[n]’, g)
Vv C € MinCoversBelow’
(3)1. AsSUME C € MinCoversBelow
PROVE V 3n € DOMAIN stack’ : IsPrefizCov(stack[n]’, g)
Vv C € MinCoversBelow’
BY (2)4
(3) QED
BY <2>5, <3>1 which are exhaustive cases

(2)6. A stack € Seq(SUBSET Y')
A stack € [1 .. Len(stack) — SUBSET Y]
A (DOMAIN stack) = (1 .. Len(stack))
A Len(stack) € Nat
(3)1. stack € Seq(SUBSET Y)
BY (1)3 DEF Typelnv
(3) QED
BY (3)1, LenProperties

(2)7. end € Nat
BY (2)6 DEF end

(2)8. A stack’ € [1 .. Len(stack’) — SUBSET Y|
A (DOMAIN stack’) = (1 .. Len(stack’))
A Len(stack’) € Nat
(3)1. stack’ € Seq(SUBSET Y)
BY (1)3 DEF Typelnv
(3) QED
BY (3)1, LenProperties

(2)9. A stack # ()
AV Collect
V Ezpand

BY (1)3 DEF Next

(2)10. A end € (Nat\ {0})
A (end — 1) € Nat
(4)1. end € Nat
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BY (2)7
(4)2. end #0
(5)1. stack # ()
BY (2)9
(5) QED
BY (2)6, (5)1, EmptySeq DEF end
(4) QED
BY (4)1, (4)2

This is almost theorem FrontProperties from
the module SequenceTheorems, for the case of end # 0.
(2011.LET sub = SubSeq(stack, 1, end — 1)
IN A sub € Seq(SUBSET Y)
A Len(sub) = (end — 1)
AVnel..(end—1):
A n € DOMAIN sub
A sub[n] = stack[n]
(3) DEFINE
a =1
b = end—1
sub = SubSeq(stack, a, b)
(3)1. stack € Seq(SUBSET Y)
BY (2)6
(3Y2. a € (1 .. (Len(stack) + 1))
BY (2)10 DEF end, a
(3)3. b € ((a—1) .. Len(stack))
BY (2)10 DEF end, a, b
(3)4. A sub € Seq(SUBSET Y)
A Len(sub) =b—a+1
BY (3)1, (3)2, (3)3, SubSegProperties DEF sub
(3)5. A (DOMAIN sub) =1 .. (end — 1)
A Len(sub) = (end — 1)
(4)1. (DOMAIN sub) =1 .. Len(sub)
BY (3)4, LenProperties
(4)2. Len(sub) = (end — 1)
BY (3)4, (2)10 DEF a, b
(4) QED
BY (4)1, (4)2, (2)10
(3)7. SUFFICES
ASSUME NEW n € 1 .. (end — 1)
PROVE A n € DOMAIN sub
A sub[n] = stack[n]
BY (3)4, (3)5, (3)7 DEF sub, a, b
(3)6. n € DOMAIN sub
BY (3)7, (3)5 DEF sub, a, b
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(3)8. sub[n] = stack[n]
MHl1.vjel..(b—a +1):
sub[j] = stack[a + 7 — 1]
BY (3)1, (3)2, (3)3, SubSeqProperties DEF sub
@2.¥jel.. (b—a-+1):
sub[j] = stack[j]
BY (4)1, (2)10 DEF a
(4)3. DOMAIN sub=1..(b—a+1)
BY (3)4, LenProperties
(4) QED
BY (3)6, (4)2, (4)3
(3) QED
BY (3)6, (3)8
(2)12. PICK ¢ € DOMAIN stack : IsPrefirCov(stack[q], g)
BY (2)3, (2)5
(2)13. ¢ € 1.. Len(stack)
(3)1. ¢ € DOMAIN stack
BY (2)12
(3) QED
BY (3)1, (2)6

If the partial cover that is a prefix of C is not in the last element
on the stack, then it remains where it is in stack .

(2)14. ASSUME ¢ < Len(stack)
PROVE 3n € DOMAIN stack’ : IsPrefixCov(stack[n]’, g)

(3)l.qgel..(end —1)
DHl.qgel..end
BY (2)13 DEF end
(4)2. ¢ < end
BY (2)14 DEF end
(4) QED
BY (4)1, (4)2, (2)7

(3)2. A stacklq] = stack|q]
A ¢ € DOMAIN stack’
(4)1.case Collect
(5)1. stack’ = SubSeq(stack, 1, end — 1)
BY (4)1 DEF Collect, end
(5) QED
BY (5)1, (3)1, (2)11
(4)2.CASE Ezpand
(5)1. stack’ = front o more
BY (4)2 DEF Expand, front, more, enum, succ, ymaz, @Q,
k, i, PartialCover, end
(5)2. A stacklq] = front|[q]
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A g € DOMAIN stack’
(6)1. A front € Seq(SUBSET Y')
A Len(front) = (end — 1)
BY (2)11 DEF front
(6)2. more € Seq(SUBSET Y)

BY (1)3, (2)9, MorelnSeqSubsetY DEF
end, PartialCover, i, k, ymaz, Q,
suce, enum, more

(6)3. ¢ € 1.. (Len(front) + Len(more))

(7 >1 Len(more) € Nat

Y (6)2, LenProperties
(7 >2 Len(front) (end — 1)
Y (6)1
(7 QED
BY (7)1, (1)2, (2)10, (3)1
(6)4. g < Len(front)
(7)1. Len(front) € Nat
Y (6)1, LenProperties
(7) QED
BY (7)1, (3)1, (2)10, (6)1
(6)5. A stack’ € Seq(SUBSET Y)
A stacklq] = front|[q]
A Len(stack’) = Len(front) + Len(more)
BY (6)1, (6)2, (6)3, (6)4, (5)1, ConcatProperties
(6)6. DOMAIN stack’ =1 . (Len(front) + Len(more))
Y (6)5, LenProperties
(6)7. ¢ € DOMAIN stack’
BY (6)3, (6)6
(6) QED
BY (6)5, (6)7
(5)3. front[q] = stack|q]
BY (3)1, (2)11 DEF front
(5) QED
BY (5)2, (5)3
(4) QED
BY (4)1, (4)2, (2)9
(4)1, (4)2 are exhaustive by (2)9
(3)3. IsPrefizCov(stack[q]’, g)
M1, IsPrefizCov(stack[q], g)

vy (2)12
(4)2. stack|q] = stack|q)’
BY (3)2
(4) QED
BY (4)1, (4)2

(3) QED
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BY (3)2, (3)3

So it suffices to consider only the case of g as last element.
(2)15. SUFFICES
ASSUME
q = Len(stack)
PROVE
V dn € DOMAIN stack’ : IsPrefizCov(stack[n]’, g)
Vv C € MinCoversBelow’
(3) QED  goal from (2)5
BY (2)13, (2)14, (2)15, (2)7 DEF end
(2)16. PartialCover = stack|q]
(3)1. ¢ = end
BY (2)15 DEF end
(3) QED
BY (3)1 DEF PartialCover

(2)17.Ni€0.. N
A PartialCover € SUBSET Y

(3)1. stack € Seq(SUBSET Y)
BY (1)3 DEF Typelnv
(3)2. A Len(stack) € Nat
A (DOMAIN stack) =1 .. Len(stack)
A stack € [1 .. Len(stack) — SUBSET Y|
BY (3)1, LenProperties
(3)3. ¢ € DOMAIN stack
BY (2)15, (3)2
(3)4. stack|q] € SUBSET Y
BY (3)2, (3)3
(3)5. PartialCover € SUBSET Y
BY (2)16, (3)4
(3)6. IsFiniteSet(Y)
BY XYAreFiniteSets
(3)7. IsFiniteSet(PartialCover)
BY (3)5, (3)6, F'S_Subset
(3)8. Cardinality(PartialCover) € Nat
BY (3)7, FS_Cardinality Type
(3)9. i € Nat
BY (3)8 DEF i
(3)10. (i < N)V (i = N)
BY (1)3 DEF Next, Collect, Expand, i, PartialCover, end
(3)11.i €0.. N
BY (3)9, (3)10, (2)1
(3) QED
BY (3)11, (3)5

o1



(2)18. PartialCover = {g[t]: t € 1..1}
(3)1. IsPrefizCov(stack[q], g)
BY (2)12
(3)2. PartialCover = stack|q|
BY (2)16
(3) QED
BY (3)1, (3)2 DEF IsPrefitCov, i, PartialCover
(2) USE (2)1 N € Nat

The below step asserts that Leq establishes
a unique bijection between C' and Cm.
(2)19. A g € Bigection(1 .. N, C)
AVqlel..N:
A Leqlg[ql], Lm[q1]
AVpel..N\{ql}:
A —Leq[g[p], Lm[q1]]
A —Leq[glql], Lm[p]]

(3)1. IsAMinCover(C, X, Y, Leq)
BY (2)2
(3)2. IsAMinCover(Cm, X, Y, Leq)
M1, IsAMinCover(Cm, X, Maz, Leq)

(4) QED
BY (4)1, MinCoverFromMaxYIsMinCoverFromY DEF Max
(3)3. Refines(C, Cm, Leq)
(41. C € AllCandidatesBelow(Cm, Y)

(4) QED
BY (4)1 DEF AllCandidatesBelow S+« C
(3) QED
BY MinCoverRefinementInducesBijection,
(31, (3)2, (3)3 DEF g

(2)20. C={g[t]: te€l.. N}
BY (2)19 DEF Bijection, Surjection
(2)21. ASSUME i = N
PROVE C € MinCoversBelow’

(3)1. Collect
(1. A stack # ()
AV Collect
V Ezpand
BY (1)3 DEF Next
(4)2. ~Ezpand
(5)1. =(i < N)
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BY (2)21, (2)17
(5) QED
BY (5)1 DEF Ezpand, i, PartialCover, end
(4) QED
BY (4)1, (4)2
(3)2. PartialCover = C
M1, PartialCover = {g[t]: t€1.. N}
BY (2)18, (2)21
(4) QED
BY (4)1, (2)20
(3)3. PartialCover € MinCoversBelow'
(4)1. MinCoversBelow' = MinCoversBelow U { PartialCover}
BY (3)1 DEF Collect, PartialCover, end
(4) QED
BY (4)1
(3) QED
BY (3)2, (3)3

(2)22. SUFFICES
ASSUME ¢ < N
PROVE Jn € DOMAIN stack’ : IsPrefizrCov(stack[n]’, g)

(3)1.i€0..N
BY (2)17
(3)2. (i < N)V (i = N)
BY (3)1
<3> QED  goal from (2)15
BY (2)21, (2)22, (3)2
(2)21, (2)22 are exhaustive by (3)2

(2)23. k€1..N
(3)1. N € Nat
BY (2)1
(3)2.i€0..(N-1)
BY (2)17, (2)22
3)3. k=i+1
BY DEF k
(3) QED
BY (3)1, (3)2, (3)3

(2)24. Ny € C
ANy €Y

3)1.yeC
(41.kel..N
Y (2)22, (2)17 DEF k
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(4) QED
BY (2)19, (4)1 DEF y, Bijection, Surjection
3)2. CCY
BY (2)2 DEF IsAMinCover
(3) QED
BY (3)1, (3)2

(2)25. ASSUME y ¢ succ
PROVE FALSE C cannot be a cover in this case.
B3)V.kel.. N
M)1.i€0..(N—1)
BY (2)17, (2)22

MH2. k=i+1
BY DEF k
(4) QED

BY (4)1, (4)2, (2)1
(3)2. PICK = € Only(ymaz, Q) : —Leq[z, y]
MHl.yeY
BY (2)24
(4)2. Leqly, ymax]
Gyl k=i+1
BY DEF k
(5)2.i€0..(N—1)
BY (2)17, (2)22
(5Y3.k€1..N
BY (5)1, (5)2, (2)1
(5)4. LeglglH], Lm[k]
BY (2)19, (5)3
(5) QED
BY (5)4 DEF y, ymax
(4)3.y ¢ {
yl € Y : A Leqlyl, ymaz)]
AV ql € Only(ymaz, Q) : Leg[ql, y1]}
BY (2)25 DEF succ, BelowAndSuff
(4)4. =V q1 € Only(ymaz, Q) : Leg[ql, y]
By (4)1, (4)2, (4)3
(4)5. 3 q1 € Only(ymaz, Q) : —Leg[ql, y]
BY (4)4
(4) QED
BY (4)5
(3)3. PICK yc € C': Leqlz, yc]
(4)1. ASSUME NEW u € X
PROVE Jyc € C': Leqlu, yc]
(5)1. IsAMinCover(C, X, Y, Leq)
BY (2)2
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(5)2. IsACover(C, X, Leq)
BY (5)1, MinCoverProperties
(5) QED
BY (5)2 DEF IsACover
4)2.z € X
BY (3)2 DEF Only
(4) QED
BY (4)1, (4)2
(3)4. yc £y
(4)1. SUFFICES
ASSUME yc = y
PROVE FALSE
BY (4)1
(4)2. ~Leg[z, y]
BY (3)2
(4)3. Leg[z, y]
(5)1. Leqlz, yc]
BY (3)3
(5) QED
BY (5)1, (4)1
(4) QED  goal from (4)1
BY (4)2, (4)3
(3)5. ASSUME yc € PartialCover
PROVE FALSE
1. ye € Q\ {ymaz}
(5)1. yc € Q
BY (3)5 DEF @
(5)2. yc # ymazx
(6)1. SUFFICES ASSUME yc = ymaz
PROVE FALSE
BY (6)1
(6)2. Leqlyc, ymaz]
(Ml.yce C
BY (3)3
(7)2. C € SUBSET Y

(1)3. yc e Z
BY (7)1, (7)2, ProblemInput
(7) QED
BY (6)1, (7)3, LeqlsPor
DEF IsAPartialOrder, IsReflexive, Z
(6)3.i€0..(N—1)
BY (2)17, (2)22
(6)4. PICK t € 1..7: yc = g[t]
(N1. PartialCover = {g[t]: t € 1..4}
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BY (2)18
(7) QED
BY (3)5, (7)1
(6)5. ke 1.. N\ {t}
(7) USE (2)1 N € Nat
(Nl k=i+1
BY DEF k
(3. ke(i+1)..N
BY (7)1, (6)3

(. tel..i
BY (6)4
(5. k#¢
BY (6)3, (7)3, (7)4
(7) QED
BY (7)5, (3)1
(6)6. ~Leqg[g[t], Lmlk]]
(Ml.tel..N
BY (6)4, (6)3
(7) QED

BY (2)19, (7)1, (6)5 g t,p« k
(6)7. = Leq[yc, ymax]
(T)1. ye = g[t]
BY (6)4
(7)2. ymax = Lmlk]
BY DEF ymax
(7) QED
BY (6)6, (7)1, ()2
<6> QED  goal from (6)1
BY (6)2, (6)7
(5) QED
BY (5)1, (5)2
(4)2. V yother € Q \ {ymaz}: —Leq[z, yother]
BY (3)2 DEF Only
(4)3. ~Leq[z, yc]
BY (4)1, (4)2
(4) QED
BY (3)3, (4)3
(3)6. ASSUME yc € After
PROVE FALSE
ML pPick t € (k+1).. N: yc=glt]
(5)1. After ={g[t]: te (k+1)..N}
BY DEF After
(5)2. yc € {g[t]: te(k+1)..N}
BY (3)6, (5)1
(5) QED
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BY (5)2
(4)2. DEFINE yt = Lmlt]
(4)3.tel..N
(). te(k+1)..N
BY (4)1
(5Y2. kel.. N
BY (3)1
(5) QED
BY (5)1, (5)2
(4)4. Leglyc, yt]
(5)2. Leqlglt], L]
BY (2)19, ()3
(5)3. ye = g[t]
BY (4)1
(5)4. yt = Lmlt]
BY DEF yt
(5) QED
BY (5)2, (5)3, (5)4
(4)5. Leqz, yt]
(5)1. Leqlz, yc]
BY (3)3
(5)2. Leglyc, yt]
BY (4)4
(5)3. IsTransitive(Leq)
BY ProblemInput DEF IsACompleteLattice,
IsAPartialOrder
5. ANz e Z
ANyc €7
ANyt €7
6.z e Z
(Nl.ze X
BY (3)2 DEF Only
(2. X CZ
BY ProblemInput
(7) QED
BY (7)1, (7)2
(6)2. yc € Z
(H1l.yce C
BY (3)3
(MN2.CCY
BY (2)2 DEF IsAMinCover
(M3.YCZ
BY ProblemInput
(7) QED
BY (7)1, (7)2, (7)3
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(6)3. yt € Z
(NHY1. Lm[t] € Om
(81.t €1..N
BY (4)3
(8) QED
BY (8)1, (1)2, LmlIsBijection DEF Bijection,
Injection
(2. Cm C Y
BY (1)2
(3. YCZ
BY ProblemInput
(7) QED
BY (7)1, (7)2, (7)3 DEF yt
(6) QED
BY (6)1, (6)2, (6)3
(5) QED
BY (5)1, (5)2, (5)3, (5)4 DEF IsTransitive, Z
(4)6. yt € Q\ {ymaz}
5)L. yt € Q
(6)1. yt € Patch(k)
(Ml.te(k+1)..N
BY (4)1
(7)2. Patch(k) = Image(Lm, k .. N)
BY DEF Patch
(7)3. Patch(k) ={Lml[j]: j€k..N}
BY (7)2 DEF Image
(4. tek..N
BY (7)1, (3)1
(7)5. Lm|t] € Patch(k)
BY (7)3, (7)4
(7) QED
BY (7)5 DEF yt
(6) QED
BY (6)1 DEF @
(5)2. yt # ymaz
(6) USE (2)1 N € Nat
(6)1. Lm € Injection(1 .. N, Cm)
BY (1)2, LmlIsBijection DEF Bijection
6)2.te(k+1)..N
BY (4)1
6)3. kel..N
BY (3)1
(6)4. A k € DOMAIN Lm
At € DOMAIN Lm
(1. (1.. N) = (DOMAIN Lm)
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BY (6)1 DEF Injection
(7)2. k € DOMAIN Lm
BY (7)1, (6)3
(7)3.tel..N
BY (6)2, (6)3, (2)1
(7) QED
BY (7)1, (7)2, (7)3
(6)5. k # t
BY (6)2, (6)3
(6)6. Lml[k] # Lm]t]
BY (6)1, (6)4, (6)5 DEF Injection
(6) QED
(N1, ymax = Lm[k]
BY DEF ymaz

(7)2. yt = Lmlt]
BY DEF yt
(7) QED

BY (6)6, (7)1, (7)2
(5) QED
BY (5)1, (5)2
4)y7. Vyother € Q \{ymaz}: —Leq[z, yother]
BY (3)2 DEF Only
(4)8. = Leq[z, yt]
BY (4)6, (4)7  yother < yt
(4) QED
BY (4)5, (4)8
(3)7. yc ¢ (PartialCover U {y} U After)
BY (3)4, (3)5, (3)6
(3)8. C = (PartialCover U {y} U After)
(4)1. PartialCover = {g[t]: t € 1..1}
BY (2)18
4)2.i€0..(N—-1)
BY (2)17, (2)22
(3. k=i-+1
BY DEF k
(4. kel..N
BY (4)2, (4)3, (2)1
(4)5. After ={g[t]: te (k+1).. N}
BY DEF After
(4)6. PartialCover = {g[t] : t€1..(k—1)}
BY (4)1, (4)3, (4)2
()7 y = glk]
BY DEF y

(8. (1..N)=((1..(k—1)U{kYU((k+1)..

BY (4)4, (2)1
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(4)9. {g[t] : t € 1.. N} = (PartialCover U {y} U After)
BY (4)5, (46, (4)7, (4)8
(4)10. C ={g[t]: te1..N}
BY (2)20
(4) QED
BY (4)9, (4)10
(3)9. yc ¢ C
BY (3)7, (3)8
(3) QED
BY (3)3, (3)9

(2)26. ASSUME y € succ
PROVE Jn € DOMAIN stack’ : IsPrefirCov(stack[n]’, g)
(3) DEFINE
Ns = Cardinality(succ)
(3)1. enum € Bijection(1l .. Ns, succ)
(4)1. enum = CHOOSE [ : f € Bijection(1 .. Ns, succ)
BY DEF enum, Enumerate, Ns
(4)2. Bijection(1 .. Ns, succ) # {}
(5)1. PICK n € Nat : FExistsBijection(1 .. n, succ)
(6)1. IsFiniteSet(succ)
(N 1. BelowAndSuff (ymaz, @, Y)C Y
BY DEF BelowAndSuff
(M2. succ C'Y
BY (7)1 DEF succ
(7)3. IsFiniteSet(Y)
BY XYAreFiniteSets
(7) QED
BY (7)2, (7)3, FS_Subset
(6) QED
BY (6)1, FS_NatBijection
(5)2. n = Cardinality(succ)
BY (5)1, FS_CountingElements
(5)3. EwistsBijection(1 .. Ns, succ)
BY (5)1, (5)2 DEF Ns
(5) QED
BY (5)3 DEF EuzistsBijection
(4) QED
BY (4)1, (4)2
(3)2. PICK 7 € DOMAIN enum : enum[r] =y
M1, y € succ
BY (2)26
(4)2.3r € (1..Ns): enum[r]=y
BY (3)1, (4)1 DEF Bijection, Surjection
(4)3. (DOMAIN enum) = (1 .. Ns)
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BY (3)1 DEF Bijection, Surjection
(4) QED
BY (4)2, (4)3
(3)3. AT € DOMAIN more
AT € Nat
(4)1. A (DOMAIN enum) = (1 .. Len(enum))
A Len(enum) € Nat
(5)1. enum € [1 .. Ns — succ]
BY (3)1 DEF Bijection, Surjection
(5)2. Ns € Nat
(6)1. IsFiniteSet(succ)
BY BelowAndSufflsFinite, X YAreFiniteSets DEF succ
(6) QED
BY (6)1, FS_Cardinality Type
(5)3. enum € Seq(succ)
BY (5)1, (5)2 DEF Seq
(5) QED
BY (5)3, LenProperties
(4)2. (DOMAIN more) = (1 .. Len(enum))
BY DEF more
(4)3. A (DOMAIN enum) = (DOMAIN more)
A (DOMAIN enum) C Nat
BY (4)1, (4)2
(4) QED
BY (3)2, (4)3
(3Y4. more[r] = PartialCover U {enum[r]}
BY (3)3 DEF more
(3) DEFINE
W = PartialCover U {enum|r]}
(3) HIDE DEF W
3. AW ={g[t]: tel..(i+1)}
Ny €W
41. W = PartialCover U {y}
BY (3)2 DEF W
(4)2. PartialCover = {g[t]: t € 1..1}
BY (2)18
(3. y = gli+1]
(5)1. y = g[k]
BY DEF y
(5)2. k=1i+1
BY DEF k
(5) QED
BY (5)1, (5)2
M4, W={g[t]: tel..i}U{gli+1]}
BY ()1, (12, ()3
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5. (1 €0.. N)A(N € Nat)
BY (2)17, (2)1
(4) QED
BY (4)1, (4)4, (4)5
(3Y6. Cardinality(W) = k
(4)1. g € Bijection(1 .. N, C)
BY (2)19
(4) DEFINE gW = Restrict(g, 1 .. k)
(4)2. ¢W € Bijection(1 .. k, W)
(5)1.1..kC1..N
BY (2)23, (2)1
(5)2. ¢W € Bijection(1 .. k, Range(gW))
BY (4)1, (5)1, Fun_BijRestrict DEF gW
(5)3. Range(gW) =W
BY (3)5 DEF W, Range, gW, Restrict, k
(5) QED
BY (5)2, (5)3
(4) QED
BY (2)23, (4)2, FS_CountingElements DEF ExistsBijection
(3)7. stack’ = front o more
1.V Collect
V Ezpand
BY (1)3 DEF Next
4)2.i€0..(N-1)
(5)1.i€0..N
BY (2)17
(5)2. N € Nat
BY (2)1
(5)3.i< N
BY (2)22
(5) QED
BY (5)1, (5)2, (5)3
4)3. =(i = N)
BY (4)2, (2)1
(4)4. =~ Collect
BY (4)3 DEF Collect, i, PartialCover, end
(4)5. Ezpand
BY (4)1, (4)4
(4) QED
BY (4)5 DEF Expand, front, more, end,
enum, succ, Q, ymazx, k, i, PartialCover
(3)8. PICK n € DOMAIN stack’ : stack[n]’ = more[r]
(4) DEFINE
fm = Len(front) + Len(more)
j = r+ Len(front)
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(4) HIDE DEF fm, j
(4)1. stack’ = front o more
BY (3)7
(4)2. A T € DOMAIN more
AT € Nat
BY (3)3
(4)3. more € Seq(SUBSET Y)
BY (1)3, MoreInSeqSubsetY DEF Next, end, PartialCover,
i, k, ymaz, Q, succ, enum, more
(4)4. front € Seq(SUBSET Y)
BY (2)11 DEF front
(4)5. A Len(more) € Nat
A Len(front) € Nat
BY (4)3, (4)4, LenProperties
(4)6. A DOMAIN stack’ =1 .. fm
AVdel..fm:
V =(d > Len(front))
V stack[d]" = more[d — Len(front)]
BY (4)1, (4)3, (4)4, ConcatProperties, LenProperties
DEF fm
M7 ANjeLl. .. fm
A j > Len(front)
(5)1. r € 1.. Len(more)
BY (4)2, (4)3, LenProperties
(5) QED
BY (5)1, (4)5 DEF j, fm
48.3Inel.. fm:
An=j
A stack[n]” = more[n — Len(front)]
BY (4)6, (4)7
Tricky point: cannot use j in place of n here,
because the operator j is defined as an expression
that contains a variable.So it does not necessarily
hold that stack[j] = more[j — Len(front)], due to
the priming operator.
(4)9. (j — Len(front)) = r
BY (4)5, (4)2 DEF j
(4)10. j € DOMAIN stack’
BY (4)6, (4)7
(4) QED
BY (4)8, (4)9, (4)10
(3)9. IsPrefitCov(stack[n]’, g)
(M1, stack[n]’ = more[r]
BY (3)8
(4)2. more([r] = PartialCover U {enum[r]}
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BY (3)4
4)3. stack[n) = W
BY (4)1, (4)2 DEF W
(4)4. stack[n] ={g[t]: t€1..k}
BY (4)3, (3)5 DEF k
(4)5. Cardinality(stack[n]') = k
BY (4)3, (3)6
(4) QED
BY (4)5, (4)4 DEF IsPrefizCov
(3) QED
BY (3)8, (3)9
(2) QED  goal from (2)22
BY (2)25, (2)26

(1Y4. ASSUME InvCompl(C') A UNCHANGED vars
PROVE InvCompl(C)’
BY (1)4 DEF InvCompl, vars
(1)5. ASSUME [TypeInv A Typelnv' A Neat]yqrs A InuCompl(C')
PROVE InvCompl(C)’
BY (1)3, (1)4, (1)5
(1) DEFINE
Inv = InvCompl(C)
Nz = Typelnv A Typelnv' A Next
(1)6. ASSUME Inv A [Nz]yars
PROVE Inv’
BY (1)5, (1)6 DEF Inv, Nz, vars, InvCompl
(1) QED
(2)1. vV = A Inv
A D[Nx]vars
Vv OInv
BY (1)6, PTL RuleINV1
(2)2.V = A Init
A O[Typelnv A TypeInv' A Next]yars
vV OInvCompl(C)
BY (1)1, (2)1 DEF Inv, Nz
(2)3. V= A Init
A OTypelnv
A O[Next]yars
vV OInvCompl(C)
BY (2)2, PTL RuleINV2
(2) QED
BY (2)3, TypeOK DEF Spec
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The theorem StackContainsPartialCovers proves that PartialCoversInStack
is an inductive invariant. That PartialCoversInStack is an inductive invariant
is used in the theorem StrongReductionSoundness to prove that InvSound is
an invariant.

THEOREM StackContainsPartialCovers =
ASSUME
NEW C,
IsAMinCover(Cm, X, Maz, Leq)
PROVE
Spec = O PartialCoversInStack
PROOF
(1)3. A IsAMinCover(Cm, X, Y, Leq)
A Cm € SUBSET Y
(2)1. IsAMinCover(Cm, X, Maz, Leq)

(2) QED
BY (2)1, MinCoverFromMazYIsMinCoverFromY ,
MinCoverProperties DEF Mazx
(1)4. N € Nat
BY (1)3, XYAreFiniteSets, FS_Subset, FS_Cardinality Type DEF N

(1)1. ASSUME Init
PROVE PartialCoversInStack
(2) DEFINE
Partial = stack[1]
i = Cardinality(Partial)
k= i+l
Q = Partial U Patch(k)
(2) HIDE DEF Partial, i, k, Q
(2)1. stack = {({})
BY (1)1 DEF Init
(2)5. Partial = {}
BY (2)1 DEF Partial
(2)2. SUFFICES IsAMinCover(Q, X, Y, Leq)
BY (2)1, (2)2, (2)5 DEF Q, k, i, Partial, PartialCoversInStack
(2)3. @ = Patch(1)

(3)2. k=1
BY (2)5, FS_EmptySet DEF i, k
(3) QED
BY (2)5, (3)2 DEF Q
(2)4. @ = Cm

(3)1. Patch(1) = Image(Lm, 1 .. N)
BY (2)3 DEF Patch
(3)2. Image(Lm,1.. N) = Cm
BY (1)3, LmlIsBijection DEF Image, Bijection, Surjection
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(3) QED
BY (2)3, (3)1, (3)2
(2) QED  goal from (2)2
BY (1)3, (2)4

(1)2. ASSUME Typelnv A Typelnv' A Next A PartialCoversInStack
PROVE PartialCoversInStack’
(2)1. SUFFICES
ASSUME
NEW siNext € DOMAIN stack’
PROVE
LET
PartialNext = stack[siNext)’

iNext = Cardinality(PartialNext)
kNext = iNext+ 1
QNext = PartialNext U Patch(kNext)

IN
A IsAMinCover(@QNext, X, Y, Leq)
A PartialNext N Patch(kNext) = {}
BY (2)1 DEF PartialCoversInStack

(2)6. ASSUME
NEW si € DOMAIN stack
PROVE

LET
Partial = stack|si]
i Cardinality( Partial)
k 1+1
Q Partial U Patch(k)

e 11> 1>

IN
A IsAMinCover(Q, X, Y, Leq)
A Partial N Patch(k) = {}
(3)1. PartialCoversInStack
BY (1)2
(3) QED
BY (3)1, (2)6 DEF PartialCoversInStack

(2) DEFINE
end = Len(stack)
front = SubSeq(stack, 1, end — 1)
Definitions pertaining to PartialCoversInStack.
si = IF siNext < Len(stack) THEN siNext ELSE Len(stack)
Partial = stacksi]

i = Cardinality(Partial)
E =i+l
Q = Partial U Patch(k)
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Definitions pertaining to Expand.
PartialE = stack[end]

iE = Cardinality( PartialE)
kE = iE+1

ymazr = Lm[kE]

QE = PartialE U Patch(kE)

succ = BelowAndSuff (ymaz, QE, Y)
enum = Enumerate(succ)
more = [r € 1.. Len(enum) — PartialE U {enum|[r]}]

Definitions pertaining to PartialCoversInStack .

PartialNext = stack[siNext)'

iNext = Cardinality(PartialNext)
kNext = iNext + 1
QNext = PartialNext U Patch(kNext)

(2) HIDE DEF end, si, Partial, i, k, @), PartialNext, iNext, kNext, QNext,
PartialE, ymaz, QF, iE, kE, succ, enum, more

(2)13. A stack € Seq(SUBSET Y')
A stack € [1 .. Len(stack) — SUBSET Y|
A (DOMAIN stack) = (1 .. Len(stack))
A Len(stack) € Nat\ {0} so end #0
(3)1. stack € Seq(SUBSET Y)
BY (1)2 DEF Typelnv
(3)2. stack # ()
BY (1)2 DEF Neut
(3) QED
BY (3)1, (3)2, LenProperties, EmptySeq
(2)15. A stack’ € Seq(SUBSET Y)
A stack’ € [1 .. Len(stack’) — SUBSET Y]
A Len(stack’) € Nat
(3)1. stack’ € Seq(SUBSET Y)
BY (1)2 DEF Typelnv
(3) QED
BY (3)1, LenProperties

(2)14. A siNext € 1 .. Len(stack’)
A siNext € Nat
BY (2)1, (2)15
(2)16. A si € DOMAIN stack
Asi € 1.. Len(stack)

(3)1. si € 1.. Len(stack)
(4)1.cASE siNext < Len(stack)
(5)1. si = siNext
BY (4)1 DEF si

67



(5)2. A si € 1.. Len(stack’)
A si < Len(stack)
A Len(stack) € Nat
BY (4)1, (5)1, (2)14, (2)13
(5) QED
BY (5)2
(4)2.CASE —(siNext < Len(stack))
(5)1. si = Len(stack)
BY (4)2 DEF si
(5)2. Len(stack) € Nat\ {0}
BY (2)13
(5) QED
BY (5)1, (5)2
(4) QED
BY (4)1, (4)2
(3)2. (DOMAIN stack) = (1 .. Len(stack))
BY (2)13
(3) QED
BY (3)1, (3)2

(2)12. A IsAMinCover(Q, X, Y, Leq)
A @) € SUBSET Y
A IsACover(Q, X, Leq)
A IsFiniteSet( Q)
A Cardinality(Q) = N
A Cardinality(Q) € Nat
(3)1. IsAMinCover(Q, X, Y, Leq)
(M1, PartialCoversInStack
BY (1)2
(4)2. si € DOMAIN stack
BY (2)16
(4) QED
BY (4)1, (4)2, (2)6 DEF PartialCoversInStack,
si, Partial, i, k, Q
(3)2. A @ € SUBSET Y
A IsACover(Q, X, Leq)
BY (3)1, MinCoverProperties
(3)3. A IsFiniteSet(Q)
A Cardinality(Q) € Nat
BY (3)2, XYAreFiniteSets, FS_Subset, FS_Cardinality Type
(3Y4. Cardinality(Q) = N
BY (3)1, (1)3, AllMinCoversSameCard, HaveCardAsCost,
XYAreFiniteSets, ProblemInput DEF N
(3) QED
BY (3)1, (3)2, (3)3, (3)4

—_ —
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(2)20. A front € Seq(SUBSET Y)
A Len(front) = end — 1
A Len(front) € Nat
AVjel.. (end—1): front[j] = stack[j]
BY (2)13, FrontProperties, LenProperties DEF Front, front, end

(2)21. A more € Seq(SUBSET Y)

A Len(more) € Nat
A DOMAIN more = 1 .. Len(more)

(3)1. more € Seq(SUBSET Y)
BY (1)2, MoreInSeqSubsetY DEF Next, end, PartialE,

1B, kE, ymaz, QF, succ, enum, more

(3) QED

BY (3)1, LenProperties

siNext € front
(2)7. ASSUME siNext < Len(stack)
PROVE A IsAMinCover(@QNext, X, Y, Leq)
A PartialNext N Patch(kNext) = {}
(3)1. si = siNext
BY (2)7 DEF si
(3)2. stack[si] = stack[siNext]’
(4)5. PICK 7 : 7 = si 7 has constant level, unlike si

(4)1. SUFFICES stack[r] = stack[r]’
BY (4)1, (3)1, (4)5
(4)6. r € 1..(end —1)
BY (4)5, (3)1, (2)7, (2)13, (2)16 DEF end
(4)2. Collect V Expand
BY (1)2 DEF Next
(4)3.cAsE Collect
(5)1. stack’ = front
BY (4)3 DEF Collect, front, end
(5) QED
BY (5)1, (4)6, (2)20
(4Y4.CASE FEzpand
(5)1. stack[r]) = front[r]
(6)1. stack’ = front o more
BY (4)4 DEF Ezpand, front, end,
more, enum, succ, ymaz, QFE, kE, iFE, PartialE
(6)2. r € 1.. (Len(front) + Len(more))
(1. r € 1.. Len(front)
BY (2)20, (4)6
(7)2. ASSUME NEW [f € Nat, NEW [m € Nat
PROVE 1..[f C1..(lf +1m)
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BY (7)2
(73. (1 .. Len(front)) C
(1.. (Len(front) + Len(more)))
BY (2)20, (2)21, (7)2
(7) QED
BY (7)1, (7)3
(6)3. r < Len(front)
BY (4)6, (2)20
(6) QED
BY (2)20, (2)21, (6)1, (6)2, (6)3,
ConcatProperties
(5)2. front[r] = stack][r]
BY (4)6, (2)20
(5) QED
BY (5)1, (5)2
(4) QED
BY (4)2, (4)3, (4)4
(3)3. @ = QNext
BY (3)2 DEF Partial, i, k, Q,
PartialNext, iNext, kNext, QNext
(3)4. IsAMinCover(QNexzt, X, Y, Leq)
BY (3)3, (2)12
(3)5. PartialNext N Patch(kNeat) = {}
(4)1. Partial N Patch(k) = {}
BY (2)6, (2)16 DEF Partial, k, i
(4)2. PartialNext = Partial
BY (3)2 DEF Partial, PartialNext
(4)3. k = kNext
BY (4)2 DEF 4, k, iNext, kNext
(4) QED
BY (4)1, (4)2, (4)3
(3) QED
BY (3)4, (3)5

silNext € more
(2)8. SUFFICES
ASSUME siNext > Len(stack)
PROVE A IsAMinCover(QNext, X, Y, Leq)
A PartialNext N Patch(kNext) = {}
(3)1. siNext € Nat
BY (2)15
(3)2. Len(stack) € Nat
BY (2)13
(3) QED  goal from (2)1
BY (2)7, (2)8, (3)1, (3)2
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DEF @QNext, kNext, iNext, PartialNext

(2)18. si = Len(stack)
By (2)8, (2)13, (2)14 DEF si

(2)17. i € Nat
(3)1. stack € [1 .. Len(stack) — SUBSET Y]
BY (2)13
(3)2. si € DOMAIN stack
BY (2)16
(3)3. stack[si] € SUBSET Y
BY (3)1, (3)2, ElementOfSeq
(3)4. IsFiniteSet(Y)
BY XYAreFiniteSets
(3)5. IsFiniteSet(Partial)
BY (3)3, (3)4, FS_Subset DEF Partial
(3) QED
BY (3)5, FS_CardinalityType DEF i

(2)19. A Collect V Expand
A Partial = stack[end)]
(3)1. Collect vV Ezpand
BY (1)2 DEF Neut
(3)2. Partial = stack[end)]
BY (2)18 DEF Partial, end
(3) QED
BY (3)1, (3)2

(2)9. ASSUME ¢ = N
PROVE FALSE
(3)1. Collect
(4)1. =(i < N)
BY (2)9, (2)17, (1)4
(4) QED
BY (4)1, (2)19 DEF Expand, i, end
(3)4. siNext > end
BY (2)8 DEF end
(3)5. siNext € 1.. (end — 1)
(M1, stack’ = SubSeq(stack, 1, end — 1)
BY (3)1 DEF Collect, end
1H2.1€1..(end+1)
BY (2)13 DEF end
3. (end —1) € (1 —1) .. end)
BY (2)13 DEF end
(4)4. (end —1) = ((end — 1) = 1+41)
BY (2)13 DEF end
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(4)5. Len(stack’) = end — 1
BY (4)1, (4)2, (4)3, (4)4, (2)13, SubSeqProperties DEF end
(4) QED
BY (2)14, (4)5
(3)6. end € Nat
BY (2)13 DEF end
(3) QED
BY (3)4, (3)5, (3)6

(2)10. SUFFICES
ASSUME ¢ < N
PROVE A IsAMinCover(@QNext, X, Y, Leq)
A PartialNext N Patch(kNext) = {}

(3)1. (i = N)V (i < N)

BY (2)19, (2)18 DEF Collect, Expand, i, Partial
(3) QED  goal from (2)8

BY (2)9, (2)10, (3)1

(2)2. SUFFICES A QNext € SUBSET Y
A IsACover(QNext, X, Leq)
A Cardinality(QNext) = N
A PartialNext N Patch(kNext) = {}
goal from (2)10
(3) HIDE DEF @QNext
(3)1. IsAMinCover(QNexzt, X, Y, Leq)

BY (1)3, (1)4, (2)2.
MinCoverEquivCoverCard, X YAreFiniteSets,
ProblemInput, HaveCardAsCost DEF N

(3) QED
BY (2)2, (3)1

(2)11. Ezpand

(3)1. =(: = N)
BY (2)10, (2)17, (1)4
(3) QED

BY (2)19, (3)1 DEF Collect, i, end

(2)23. A PartialE = Partial
NKE =k
ANiE =1
AQE = Q
A ymaz = Lml[k]
Nk €l1..N

Bl kel..N
M1 k=i+1
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BY DEF k

(4)2. i € Nat
BY (2)17

(4)3. i< N
BY (2)10

(4)4. N € Nat
BY (1)4

(4) QED
BY (4)1, (4)2, (4)3, (4)4

(3) QED

BY (3)1, (2)18 DEF PartialE, Partial, end,

kE, k, iE, i, QE, Q, ymax

(2)26. ASSUME
NEW S € SUBSET ), NEW yk,
Ayk € BelowAndSuff (ymaz, Q, Y)
Aymaz ¢ S
PROVE
yk & S
(3)9. SUFFICES ASSUME yk € S
PROVE FALSE
BY (3)9
(3y7. ymax ¢ S
BY (2)26
(3)14. PICK z : z € Only(ymaz, Q)
MH1. ymaz € Q
(5)1. ymaz € Patch(k)
BY (2)23, (1)4, (1)3, PatchSplit DEF ymaz
(5) QED
BY (5)1 DEF @
(4) QED
BY (2)12, (4)1, MinimalHasAllEssential
(3)10. Vw € Q\{ymaz}: —Leqlz, w]
BY (3)14 DEF Only
(3)11. yk € Q\ {ymaz}
(D1, yk # ymaz
BY (3)9, (3)7
(4)2. yk € Q
BY (3)9, S C @
(4) QED
BY (4)1, (4)2
(3)12. = Leq[z, yk]
BY (3)10, (3)11
(3)13. Leg|x, yk]
(M1, yk € BelowAndSuff (ymaz, Q, Y)
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BY (2)26
(4) QED
BY (4)1, (3)14 DEF BelowAndSuff, ymaz
<3> QED  goal from (3)9
Y (3)12, (3)13

(2)22. PICK yk :
A yk € BelowAndSuff (Lm[k], Q, V)
A PartialNext = Partial U {yk}
A yk ¢ Partial

(3)2. PICK 7 € 1 .. Len(enum) :
PartialNext = PartialEE U {enum|r]}
(4)1. stack’ = front o more
BY (2)11 DEF Ezpand, front, end,
more, enum, succ, ymazr, QF, kE, iFE, PartialE
(4)2. A front € Seq(SUBSET Y)
A more € Seq(SUBSET Y)
BY (2)20, (2)21
(4)8. A Len(front) € Nat
A Len(more) € Nat
A end € Nat\ {0}
A siNext € Nat
BY (2)20, (2)21, (2)13, (2)14 DEF end
(4) USE (4)8
(4)3. siNext € 1 .. Len(stack’)
BY (2)14
(4)4. siNext > Len(front)
(5)1. Len(front) = end — 1
BY (2)20
(5)2. siNext > end
BY (2)8 DEF end
(5) QED
BY (5)1, (5)2
(4)5. A stack[siNext]” = more[siNext — Len(front)]
A siNext € 1 .. (Len(front) + Len(more))
(5)1. A Len(stack’) = Len(front) + Len(more)
AYj € 1..(Len(front) + Len(more)) :
stack[j] = 1F j < Len(front)
THEN front[j]
ELSE more[j — Len(front)]
BY (4)1, (4)2, ConcatProperties
(5)2. A siNext € 1 .. (Len(front) + Len(more))
A =(siNext < Len(front))
(6)1. =(siNext < Len(front))

74



BY (4)8, (4)4
(6)2. siNext € 1 .. (Len(front) + Len(more))
By (4)3, (5)1, (4)4, (48
(6) QED
BY (6)1, (6)2
(5) QED
BY (5)1, (5)2
(4) DEFINE 7 = siNext — end + 1
4)6. r € 1.. Len(enum)
(5)1. SUFFICES r € DOMAIN more
BY (5)1 DEF more
(5)2. siNext € end .. (end + Len(more) — 1)
(6)1. siNext > end
BY (2)20, (2)8 DEF end
(6)2. siNext € 1 .. (end — 1+ Len(more))
BY (4)5, (2)20
(6) QED
BY (6)1, (6)2
(5)3. r € 1 .. Len(more)
BY (5)2, (4)8 DEF r
(5) QED
BY (5)3, (2)21
(4)7. more[r] = PartialE U {enum][r]}
BY (4)6 DEF more
(4)10. stack[siNext] = more[r]
BY (4)5, (2)20 DEF r
(4)9. PartialNext = PartialE U {enum|[r]}
BY (4)7, (4)10 DEF PartialNext
(4) QED
BY (4)6, (4)9
(3) DEFINE yk = enum|r]
(3)3. yk € BelowAndSuff (Lm[k], @, Y)
M1, IsFiniteSet(succ)
BY BelowAndSufflsFinite, X YAreFiniteSets DEF succ
(4)2. enum € Bijection(1 .. Len(enum), succ)
BY (4)1, EnumerateProperties DEF enum
(4)3. r € DOMAIN enum
BY (3)2, (4)2 DEF Bijection, Injection
(4)Y4. enum|r] € succ
BY (4)2, (4)3 DEF Bijection, Injection
(4) QED
BY (4)4, (2)23 DEF yk, succ
(3)4. yk ¢ Partial
(4)2. Partial N Patch(k) = {}
BY (2)6, (2)16 DEF Partial, k, i
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(4) DEFINE S = Partial
4. ymax ¢ S
(5)1. ymax € Patch(k)
BY (2)23, (1)4, (1)3, PatchSplit
(5) QED
BY (4)2, (5)1
(1)5. 5 C Q
BY DEF S, @
(4) QED
BY (4)4, (3)3, (4)5, (2)26, (2)23 DEF S
(3) QED
BY (3)2, (3)3, (3)4, (2)23

(2)25. PartialNext N Patch(k + 1) = {}
(3)1. Partial N Patch(k) = {}
BY (2)6, (2)16 DEF Partial, k, i
(3)2. PartialNext = Partial U {yk}
BY (2)22
(3)3. Patch(k) = {ymaz} U Patch(k + 1)
BY (2)23, (1)4, (1)3, PatchSplit
(3)4. Patch(k + 1) C Patch(k)
BY (3)3
(3)5. Partial N Patch(k +1) = {}
BY (3)1, (3)4
(3)6. SUFFICES yk ¢ Patch(k + 1)
BY (3)2, (3)5
(3) QED
(4) DEFINE § = Patch(k + 1)
M1, ymax ¢ S
BY (1)3, (2)23, PatchSplit DEF S
(4)2. S € SUBSET @
BY (3)4 DEF S, @
(4)3. yk € BelowAndSuff (ymaz, Q, Y)
v (2)22, (2)23
(4) QED  goal from (3)6
BY (4)1, (4)2, (4)3, (2)26

(2)24. A iNext € Nat
A kNext € Nat
ANk € Nat
A kNext =k +1
A IsFiniteSet( PartialNext)
A Cardinality(PartialNext) = k
(3)1. IsFiniteSet(Partial)
(4) DEFINE § = DOMAIN stack
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(M1, Partial = stack]si]
BY DEF Partial
(4)2. stack[si] C Y
(5)1. si € S
BY (2)16 DEF S
(5)2. stack € [S — SUBSET Y]
BY (2)13 DEF S
(5) QED
BY (5)1, (5)2
(4)3. Partial C'Y
BY (4)1, (4)2
(4)4. IsFiniteSet(Y)
BY XYAreFiniteSets
(4) QED
BY (4)3, (4)4, F'S_Subset
(3)2. yk ¢ Partial
BY (2)22
(3)3. A IsFiniteSet( Partial U {yk})
A Cardinality(Partial U {yk}) = i + 1
BY (3)1, (3)2, F'S_AddElement DEF i
(3Y4. A IsFiniteSet(PartialNext)
A Cardinality(PartialNext) = i + 1
BY (3)3, (2)22
(3)5. A iNext =i+ 1
A iNext € Nat
BY (3)4, (2)17 DEF iNext
(3Y6. A kNext = k + 1
A kNext € Nat
ANk € Nat
(4)1. A kNext = iNext + 1
ANk=1+1
BY DEF kNext, k
(4) QED
BY (4)1, (3)5, (2)17
(3) QED
BY (3)4, (3)5, (3)6 DEF k

(2)3. QNext € SUBSET Y
(3)1. QNext = PartialNext U Patch(kNext)
BY DEF QNext
(3)2. PartialNext € SUBSET Y
(4)1. PartialNext = Partial U {yk}
BY (2)22
(4)2. Partial € SUBSET Y
(5)1. Partial C Q
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BY DEF @)
(5)2. QC ¥
BY (2)12
(5) QED
BY (5)1, (5)2
4)3. yk € Y
BY (2)22 DEF BelowAndSuff
(4) QED
BY (4)1, (4)2, (4)3
(3)3. Patch(kNext) € SUBSET Y
BY (2)24, (1)3, (1)4, (2)23, PatchProperties
(3) QED
BY (3)1, (3)2, (3)3

(2)4. IsACover(QNext, X, Leq)
(3)1. SUFFICES
ASSUME NEW z € X

PROVE Jy € QNext : Leq[z, y]
BY (3)1 DEF IsACover
(3)2.cAasE Jy € Q \ {ymazx}: Leg[z, y]
1. pick y € Q\{ymaz}: Leg[z, y]
BY (3)2
If y is an element from @ other than yk,
then it belongs to the intersection of @) and QNext.

(4)2. SUFFICES y € QNext
BY (4)1, (4)2
(4)3. Ay € Partial U Patch(k)
Ay # ymax
BY (4)1 DEF @
(4)4. Patch(k) = (Patch(kNext) U {ymax})
(5)1. Patch(k) = (Patch(k + 1) U{ymaz})
(6)1. N € Nat
BY (1)4
(6)2. kel..N
BY (2)23
(6)3. ymax = Lmlk]
BY (2)23 DEF ymazx
(6) QED
BY (6)1, (6)2, (6)3, (2)23,
(1)3, (1)4, PatchSplit
(5)2. kNext =k +1
BY (2)24
(5) QED
BY (5)1, (5)2
(4)5. y € Partial U Patch(kNext)
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BY (4)3, (4)4
(4)6. (Partial U Patch(kNext)) C QNext
(5)1. PartialNext = Partial U {yk}
BY (2)22
(5)2. QNext = PartialNext U Patch(kNext)
BY DEF (QQNext
(5) QED
BY (5)1, (5)2
(4) QED
BY (4)1, (4)5, (4)6

(3)3.casE Vy € Q\{ymaz}: —Leq|z, y]
(4)1. SUFFICES Leq[z, yk] goal from (3)1
(5)1. yk € QNext
(6)1. yk € PartialNext
BY (2)22
(6)2. PartialNext C QNext
BY DEF QNext
(6) QED
BY (6)1, (6)2
(5) QED
BY (4)1, (2)22, (5)1
If z is in the k-th gap, then yk covers it,
because yk was selected to have this property, via BelowAndSuff.
4)2. x € Only(ymaz, Q)
BY (3)1, (3)3 DEF Only
4)3. AykeY
A yk € Leqly, ymaz]
Vu € Only(ymaz, Q) : Leqlu, yk]
(5)1. yk € BelowAndSuff (ymaz, Q, Y)
BY (2)22, (2)23 DEF ymax
(5) QED
BY (5)1 DEF BelowAndSuff
(4) QED  goal from (4)1
BY (4)2, (4)3
(3) QED  goal from (3)1
BY (3)2, (3)3

(2)5. Cardinality( QNext) = N
(3) DEFINE Pc = Patch(kNext)
(3)8.AN € Nat
ANk € Nat
BY (1)4, (2)24
(3)1. QNext = PartialNext U Pc
BY DEF QNext, Pc
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(3)6. Cardinality(@QNext) = Cardinality( PartialNext) +
Cardinality(Pc) — Cardinality( PartialNext N Pc)
M1, IsFiniteSet(PartialNext)
BY (2)24
(4)2. IsFiniteSet(Pc)
(5)1. kNext € 1 .. (N +1)
BY (2)23, (2)24, (1)4
(5)2. Cm € SUBSET Y
BY (1)3
(5) QED
BY (5)1, (5)2, PatchProperties DEF Pc
(4) QED
BY (3)1, (4)1, (4)2, FS_Union
(3)2. Cardinality(PartialNext N Pc) =0
M1. PartialNext N Pc = {}
BY (2)25, (2)24 DEF Pc
(4) QED
BY (4)1, FS_EmptySet
(3)3. Cardinality(PartialNext) = k
BY (2)24
(3Y4. Cardinality(Pc) = N — k
(41, kNext =k +1
BY (2)24
(4)2. Cardinality(Pc) = N — kNext + 1
(5)1. kNext € 1.. (N +1)
BY (2)23, (2)24, (1)4
(5)2. C'm € SUBSET Y

BY (1)3
(5) QED
BY (5)1, (5)2, PatchProperties DEF Pc
(4) QED
BY (4)1, (4)2, (3)8

(3) QED
BY (3)6, (3)2, (3)3, (3)4, (3)8

(2) QED  goal from (2)2
BY (2)3, (2)4, (2)5, (2)25, (2)24
(1)5. ASSUME PartialCoversInStack A UNCHANGED vars
PROVE PartialCoversInStack’
BY (1)5 DEF PartialCoversInStack, vars
(1)6. ASSUME [Typelnv A Typelnv’ A Next]yars A PartialCoversInStack
PROVE PartialCoversInStack’
BY (1)2, (1)5, (1)6
(1) DEFINE
Inv = PartialCoversInStack
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Nz = TypeInv A Typelnv' A Next
(1)7. ASSUME Inv A [Nz]yars
PROVE Inv’
BY (1)6, (1)7 DEF Inv, Nz
(1) QED
(2)1.V = A PartialCoversInStack
A O[Typelnv A Typelnv' A Next]yars
V OPartialCoversInStack
BY (1)7, PTL DEF Inv, Nz RuleINV1
(2)2.V = A Init
A O[Typelnv A TypeInv' A Next]yars
V OPartialCoversInStack
BY (1)1, (2)1
(2)3. V= A Init
A OTypelnv
A O[Next]yars
V OPartialCoversInStack
BY (2)2, PTL RuleINV2
(2) QED
BY (2)3, TypeOK, PTL DEF Spec

‘We now show that:

MinCoversBelow(Cm) C MinCoversOf (X, Y, Leq)

THEOREM StrongReductionSoundness =
ASSUME
NEW C,
IsAMinCover(Cm, X, Maz, Leq)
PROVE
Spec = OInvSound(C)
PROOF
(1)1. ASSUME Init
PROVE InvSound(C)
(2)1. MinCoversBelow = {}
BY (1)1 DEF Init
(2) QED
BY (2)1 DEF InvSound
(1)2. ASSUME Typelnv A PartialCoversInStack A Next A InvSound(C')
PROVE InvSound(C)’
(2)1. A stack # ()
A Collect V Expand
BY (1)2 DEF Next
(2)2.CASE Ezpand
BY (1)2, (2)2 DEF Ezpand, InvSound
(2)3.cAsE Collect
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(3)5. SUFFICES ASSUME C' € MinCoversBelow'
PROVE IsAMinCover(C, X, Y, Leq)
BY (3)5 DEF InvSound
(3) DEFINE
end = Len(stack)
Partial = stack[end)

i = Cardinality(Partial)
k= i+l
Q = Partial U Patch(k)

(3)8. end € DOMAIN stack
(4)4. stack € Seq(SUBSET Y)
BY (1)2 DEF Typelnv
(4)1. A Len(stack) € Nat
A DOMAIN stack =1 .. Len(stack)
BY (4)4, LenProperties
(4)2. A end € Nat
ANend € 1..end
BY (4)1, (2)1, (4)4, EmptySeq DEF end
(4)3. end € 1.. Len(stack)
BY (4)2 DEF end
(4) QED
BY (4)1, (4)3
(3)7.AN4 € Nat
ANk € Nat
AN € Nat
(4)1. stack € Seq(SUBSET Y)
BY (1)2 DEF Typelnv
(4)2. Partial € SUBSET Y
BY (4)1, (3)8, LenProperties DEF Partial
(4)3. IsFiniteSet(Partial)
BY (4)2, SubsetYFinite
(4)4. i € Nat
BY (4)3, F'S_CardinalityType DEF i
(4)5. k € Nat
BY (4)4 DEF k
(4)6. N € Nat
BY MinCoverFromMazYIsMinCoverFromY ,
MinCoverProperties, NType
(4) QED
BY (4)4, (4)5, (4)6
(3)1.Ai=N
A MinCoversBelow' = MinCoversBelow U { Partial}
BY (2)3 DEF Collect, i, Partial, end
(3)2. IsAMinCover(Q, X, Y, Leq)
BY (3)8, (1)2 DEF PartialCoversInStack,
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Q, Partial, end, k, i
(3)3. @ = Partial
(1. k=N +1
BY (3)7, (3)1 DEF k
(4)2. Patch(k) = {}
BY (4)1, (3)7 DEF Patch, Image
(4) QED
BY (4)2 DEF @)
(3Y4.cAsE C € MinCoversBelow
BY (1)2, (3)4 DEF InvSound
(3Y6.cASE C ¢ MinCoversBelow
(4)1. C = Partial
BY (3)6, (3)5, (3)1
(4) QED
BY (4)1, (3)3, (3)2
(3) QED
BY (3)4, (3)6
(2) QED
BY (2)1, (2)2, (2)3
(1)3. ASSUME [Typelnv A PartialCoversInStack N Next]yars A InvSound(C')
PROVE InvSound(C)’
BY (1)2, (1)3 DEF InvSound, vars
(1) DEFINE
Inv = InvSound(C)
Nzt Typelnv N\ PartialCoversInStack N\ Next
(1)4. ASSUME Inv A [Nzt]yars
PROVE Inv’
BY (1)3, (1)4 DEF Inv, Nzt, InvSound, vars
(1) QED
(2)4. (Inv A O[Nzt]yars) = Olnv
BY (1)4, PTL RuleINV1
(2)1. V = A InvSound(C)
A O[Typelnv A PartialCoversInStack N Next]yars
V OInvSound(C)
BY (2)4 DEF Inv, Nat
(2)2.V = A Init
A O[Typelnv A PartialCoversInStack N Next]yars
V OInvSound(C)
BY (1)1, (2)1
(2)3. V= A Init
A OTypelnv
A OPartialCoversInStack
A O[Next]yars
V OInvSound(C)
BY (2)2, PTL RuleINV2

1>
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(2) QED
BY (2)3, StackContainsPartialCovers, TypeOK, PTL DEF Spec

L

THEOREM StrongReductionSafety =
ASSUME
NEW C,
IsAMinCover(Cm, X, Maz, Leq)
PROVE
A Spec = OInvSound(C)
A (C € AllCandidatesBelow(Cm, Y))
= (Spec = OInvCompl(C))
PROOF
(1)1. AssuME C € AllCandidatesBelow(Cm, Y)
PROVE C € SUBSET Y
BY (1)1 DEF AllCandidatesBelow
(1) QED
BY (1)1, StrongReductionSoundness, StrongReductionCompleteness

(* Proofs checked with TLAPS version 1.4.3 *)
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