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Abstract
This is a proof that any nested GR(1) property is equivalent to a GR(1) property,
by adding an auxiliary variable that counts up to the nesting depth, which is at most
equal to the number of states. In practice the nesting depth is small.

The proof style below is described in [1]. The results are proved for stutter-sensitive
properties, and stutter-sensitive temporal quantification (3|, W). Wherever we invoke ar-
guments about history-determined variables, these are analogous to the stutter-invariant
case [2].

The rules of TLAT are assumed for declaring variables, so when writing g : a in
a theorem statement, the identifier ¢ stands for a fresh name in the context where the
theorem is applied. For this reason, where possible we do not mention assumptions about
what identifiers can occur when.

ASSUME The operators take Boolean values, except where otherwise noted.

Definition 1 Let d € Nat, H; € Nat,=,, € Nat. A chain condition is a formula of the
form:
AVmel.d : ANPp_1=Qn
AVIE€ON.ZE, : &= Py
AVm e O0..d : N Qu = Py,
AVL€O0.Hpy : Ny = (P A=Qum)
AVLEO.Ey : &= Qnm

ASSUME ChainCondition = The operators P, Qm,E&mi, Nmi satisfy a chain condition
(Definition 1).

Definition 2 (Nested GR(1) property [3]) Let
20O /\meo..d/\ vV aPy,
V oA kem..d N\ ico.m, 0Ok
VvV OQm
A (Qm = Nico.=z, B0~ Em)
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¢ is a nested GR(1) property.



A nested GR(1) property is defined here as a liveness formula. Inserting a liveness formula
of this form in a stepwise implication operator (>, WhilePlusHalf, or some other choice)
can yield an open-system property.

|
r

Proposition 3

LET ¢; = O((A\;O0CA;) = B)
wa = (N\:OCA;) = OB
IN 91 =2

(1)1. DEFINE ¢
P2
(1)2. SUFFICES
ASSUME NEW o, IsA Behavior (o)
PROVE 0 = @1 = pa
(1)3. cASE 0 = \;0CA4;
(2)1. o = (N:OCA4;) = O(A,004;)
(2)2. CASE ¢ |=-0OB
(3)1. ¢ = <©-B
BY (2)2
(3)2. o EON;O00A4;
BY (1)3, (2)1

O((A;00A;) = B)
(/\ZD<>A1> = OB

> 1>

(3)3. 0 = —p1

(ONOCA) AO=B =0(-BANOCA;) =-0((\;004;) = B)
(3)4. o = ~p2
(3)5. QED

BY (3)3, (3)4
(2)3. CASE 0 = 0B
BY (2)3 DEF ¢1, @2
(2)4. QED
BY (2)2, (2)3
(1)4. CASE 0 =\ ;OCA;
(1. o | o1
BY (1)4 DEF ¢
(2)2. 0 =2
<3>1 g ): ViODﬂAi
BY (1)4
(3)2. QED
BY (3)1 DEF (g
(2)3. QED
BY (2)1, (2)2
(1)5. QED
BY (1)3, (1)4



Proposition 4 PROVE

LET ¢; = O(a = <b)
P2 £ 3Jg: A g=TRUE
AD(¢ = (bV (g A-a)
A OOq
IN g01 = SOQ

(1)1. SUFFICES
ASSUME NEW o, IsA Behavior (o)
PROVE 0 = @1 = 9
(1)2. ASSUME 0 = ¢1
PROVE 0 = @9
The variable ¢ is history-determined in Hist = g : (¢ = TRUE) AO(¢' = bV (ma A q)).
It remains to show that ¢; and Hist imply OC¢g. The case OCa implies OO, so OC¢ .
The case OO-a is split as (O—a) V O(a A O-a’). For the subcase O-a, ¢ starts and
remains TRUE. For the subcase ¢(a A O-a’), some infinite suffix of ¢ has —a from the
second state onwards, and <b, so ¢g’. Thus, ¢O¢'.
(1)3. ASSUME 0 = o
PROVE 0 = ¢
The case (aAb) implies a = <b. The case (aA—b) implies —¢’. By OC¢, eventually there
is a (¢’ A—¢)-step. Such a step implies b. The two cases are exhaustive, thus O(a = ©b).
(1)4. QED
BY (1)2, (1)3

Proposition 5 PROVE
(O((a A /\jDObj) = Oc¢)) = ((/\jDObj) = O(a = <c))

(D1 ((a AN;00b;) = Oc) = ((A;000;) = (a= <c))
(1)2. QED
BY (1)1, Proposition 3 with 4, <~ b;, i+ j, B+ (a= <c¢)

Proposition 6 PROVE

((/\jDObj) = 0(a = <c¢)) =3 : (/\jDObj) = A ¢ = TRUE
AO(¢" =cV(gA—a))
A OOq

PROOF BY Proposition 4, rules for 3.

From this point on we assume that history-determined variables (¢, r, etc.) do not occur
implicitly (so ¢, a, etc. below are independent of those history variables), only explicitly
where shown.



Proposition 7 DEFINE

o1 = Fg: (\;00b;) = A ¢ = TRUE
AD(¢ =cV(maAq))
A OCq
Ar,q : A (A\;00b;) = A g =TRUE
A O(¢"=cV(gA—a))
A OOCq

1>

P2

A r = TRUE
A O(r" =cV(rA-a))

PROVE Y1 = P2

PROOF BY the rules for introducing bound variables, r does not occur in any of the expres-
sions a, ¢, bj, ¢. So r is a history-determined variable.

Proposition 8 DEFINE

o1 = Fr,q: A (N\;00b)) = A ¢=TRUE
AD(¢" =cV(maAq)
A OOCq
A T = TRUE
ADO(r" =cV(maAr))
@2 = Fr: A (N;00D;) = O0r

A 7 = TRUE
AO(r =cV(maAT))

PROVE @1 = @9

(DL o1 = ¢
Within the consequent, ¢ and 7 are both history-determined by the same formulas. Thus,
O(q = r), which together with O<C¢ implies OO in the consequent. We then eliminate
g (recall the assumption that ¢, do not occur in a, ¢, b;).

(1)2. 2 = ¢1
Introduce a history-determined variable r in the consequent. Again, identical formulas
imply that O(r = ¢) within the consequent, so O0<C¢ implies OGr. Omit the conjunct
0Cg.

(1)3. QED
BY (1)1, (1)2

Proposition 9 PROVE

(D((a AN ;E0b;) = <>c)) =3 : ﬁ I%(Z/TRL'E\/ ona) "
¢ =cV(naig
A (\;BCh;) = O00q

BY Proposition 5, Proposition 6, Proposition 7, Proposition 8.




Proposition 10 ASSUME For all m € 0..d, for any j with j € 0..d A\ j # m, variable q,,
does not occur in any of P, Nk, Qm -

PROVE
LET o1 = A meo.aB((Pm A (/\kEm..d /\ZEOA.H;C DO_‘%Z)) = CQm)
0, = go,...,qq : N\ meo..da\ ¢m = TRUE
A D(q;n =QmV (=Pmu A qm))
A (Nkem..a Nico.., BO M) = BCqm
IN  ©1 =2

(1)1. ASSUME NEW m € 0..d
PROVE D((Pm A (/\kem..d /\leo..H,c DOﬁnkl)) = <>Qm)
=3dlg, : A gm
ANBO(y = Qm Y (=Pm A qm))
A (Akem..a Nico..m, O0—m) = 0Oqm
PROOF Substitute a <= P, b; <= —Mp1, ¢ < Qm, ¢ < ¢y, in Proposition 9.
(1)2. QED
By hypothesis, (1)1,

%:OD((Pm A ( /\ /\ Doﬁnkl)) = OQm)
kEm..d 1€0.. Hy
¢ _oNgm : A gm = TRUE
A D(Q;n = Qm \ (_‘Pm A Qm))
A (Arem..a Nico. ., O00—) = 00qpm
go,...,qa : /\E_oA ¢m = TRUE
A D(q{m = Qm V (ﬁpm A Qm))
A (Arem..a Nico..n, O00—) = 0O¢m

Proposition 11 PROVE

LET ¢ = N meo..d\ ¢m = TRUE
ANO(¢hy = Qum V (=P A qm))
A (Nikem..a Nico.m, OO M) = BCqm
o2 = A meo..d\ ¢m = TRUE
A D(Q;n = Qm V (=Pp A QM)>
A (A keo..d Ao, 3O mK) = OO qm
IN 1 = @2

(1)1. DEFINE ¢1 = A meo..aA ¢m = TRUE
A D(Q;n = Qm V(= Pm A qm))
A (/\kem..d Nico..m, DQ_”W) = 0Cqm
P2 = N\ meo..a\ @m = TRUE
A D(q;n = Qm V (=Pm A qm))
A (A keo..d \ico.z,00-nK) = OOCqm,
(1)2. SUFFICES
ASSUME NEW o, IsA Behavior (o)
PROVE 0 = @1 = 2



(1)3. ASSUME 0 = ¢
PROVE 0 |= @2

(1)4. ASSUME 0 = o
PROVE 0 = ¢
(2)1. VE € 0..d : VI € 0..Hy, : ngg = (P A Q) = Py,
<2>2. Vk € O(d — 1) : P = Qk+1
(2)3. Vk € 0..(d—1) : Yl € 0..Hy, : 1, = P, = Qpi1
BY (2)1, (2)2
(2)4. Vk € 0..(d—1) : Vrek.d: Qy= Q-
<3>1 Vk € O(d — 1) : Qk = Qk+1
<4>1. Vk € O..(d — 1) : P = Qk+1
BY ChainCondition
<4>2 Vk €0..d : Qr = P
(4)3. QED
BY (4)1, (4)2
(3)2. Vk € 0..(d—1) : Vre(k+1)..d : Q= Qr
MH1. vre(k+1).d:k<k+1<r<d=k<r<d
(4)2. QED
BY (4)1, (3)1, NatInduction
<3>3. Vk : Qr = Qg
(3)4. QED
BY (3)2, (3)3.
(2)5. YVm € 0..d : Vk € 0..(m —1) : VI € 0.Hy, : Ny = Qm
<3>1 Vm € 0..d : Vk € O(m — 1) :Vle 0. Hyg : ng= Qk+1
MH1. Yme0..d : Vke€0..(m—1) : k€ 0. (m—1)=0.(d —1)
(4)2. QED
BY (4)1, (2)3.
(3)2. Ym € 0..d : Yk € 0..(m —1) : Qp+1= Qm
(1. Vme€0..d :Vke€0..(m—1) : me (k+1)..d
B ke0.m—1)=k<m-1=k+1<m
(5)2. me€0.d=m<d
(5)3. QED
BY (5)1, (5)2.
4)2. Ym € 0..d : Yk € 0..(m—1) : (k+1) € 0..(m—1+1) =0..m C 0..d (the k+1
here is k in (2)4).
(4)3. QED
BY (4)1, (4)2, (2)4.
(3)3. QED
BY (3)1, (3)2,Vm € 0..d : Yk € 0..(m—1) : VI € 0..Hy, : (("71@[ = Qr+1)N(Qi11 =
Qm)) = N = Qm
(2)6. Ym € 0..d : Vk € 0..(m —1) : VI € 0..Hj, : OOny = 00Q,
(3)1. (A= B) = (©COA = <0OB)
(3)2. (©OB) = (OOB)
(3)3. (A= B) = (C0A = 0OCB)
BY (3)1, (3)2.
)4 (N = Qm) = (OO = OCQmn)
BY (3)3 with A < np, B+ Qn



(3)5. QED
BY (2)5, (3)4.
<2>7 o ': Yo = /\mEO..dD(qlm = Qm \ (_'Pm A Qm))
(2)8. Vm € 0..d : 0 EOCQ,, =00q,,
(3)1. o EOCQ, =00,
BY (2)7.
(3)2. QED
BY (3)1 and OC¢),, = OOCq,,
(2)9. Vm € 0..d : Vk € 0..(m —1) : VI € 0..Hy, : 0 =0, = O0Cq,
BY (2)6, (2)8
(2)10. Vm € 0..d : 0 = (V keo..(m—1) V ic0..7, O0nm) = OO,
(3)1. Vm €0..d : 0 = (Vieo.(m-1) Vico.z,2001) = V keo..(m-1) V ic0.. 5,0 qm
BY (2)9
(3)2. Vm € 0..d : (VkGO..(mfl) \/leO..HkDOQm) =0Cq.,
(3)3. QED
BY (3)1, (3)2
(2)11. QED
BY (2)10, as follows:

ocEws=0FE A A meo.iq = TRUE
A /\mGO..dD(q/m = QmV (=Pm A qm))
AV keo.da Vico.m, O0nk V OO g,
=0 E A Ameo..dqg = TRUE
A /\WEO..dD(qlm =QnV (ﬂPm A Qm))
AV V kem..a Vico.m, OOk
V V keo..(m-1) V ico..m, 0Nk
VvV OOqm,
=0 ': A /\mEO..dq = TRUE
A /\mEO..dD(q{m = Qm V (_'Pm A qm))
AV V kem..a V ico. o, OOk
Vv Olq,,
VvV O0Cqm,
=0 E A A meo..aqg = TRUE
A /\mEO..dD(qlm =QmV (=Pn A qm))
AV V kem..a Vico. 1, 00Nk
v OCq,,
=0 ': @1

(1)5. QED
BY (1)3, (1)4
Proposition 12
LET ©1 = Ameo.aOV —Pr,

V = Akem..d N ico..m, OO Mk
vV oOQm

2 = Jqo,---.qa * A N\ meo.aqm = TRUE
A /\mGO..dD(qlm = Qm \ (_‘Pm A qm))
A (/\mGO..d /\ lEO..HmDO_‘nml) = /\mEO..dDOQm
IN @1 = @2



BY Propositions 10 and 11

Proposition 13 ASSUME NEW m € 0..d PROVE

LET ¢1 = D(Qm = /\lEO..EmDO_‘gml)
A
Y2 = /\leO..EmDO_‘Eml
IN @1 = @2
(1)1. DEFINE ¢; = D(Qm = /\leo.AEmDO_‘gml)
A
w2 = Nieo.z,007Em

(1)2. SUFFICES
ASSUME NEW o, IsA Behavior(o)
PROVE 0 = @1 = pa
(1)3. ASSUME 0 = 9
PROVE 0 = ¢

2)1. AT O0=E = O A7 00=E

PROOF /\j;"oDOﬂfml = /\l:;”oDDQ—\meE OA 200 =Em
(2)2. (BAZBOEm) = O((=Qm) V A ZBO~Em)
PROOF ( l:;”oDO_‘gml) = ((_'Qm) \ /\l::moDO_‘gml)
(2)3. QED
BY (1)3, (2)1, (2)2
(1)4. ASSUME o = ¢
PROVE 0 |= 2
(2)1. CASE 0 = 0-Q,
(3)1. VI €0.5 : &u = Qum
BY ChainCondition
(3)2. VI € 0.2, : 7Qm = ~&m
BY (3)1
<3>3 Vie0.2, : (D_‘Qm) = (D<>_‘§ml)
BY (3)2
(3)4. QED
BY (2)1, (3)3
(2)2. CASE 0 = -0-Q,,
<3>1 P1 A <>Qm = O /\ ZEO..EmDO_‘f’ml

<3>2 <>/\ lEO..EmDO_‘gml = /\ leoungDO—\gml = /\ lEOA.EmDO_‘gml = (,02

BY [4, p.93], OC(A A B) = (CA) A (OB).
(3)3. QED
BY (2)2, (3)1, (3)2
(2)3. QED
BY (1)4, (2)1, (2)2
(1)5. QED
BY (1)3, (1)4

Proposition 14 PROVE

LET ©1 = (Ameo.a A ico ., 00 Mmi) = Ameo.a A ico.z, DO Emi
A
w2 = Ameo.aNico.z,007Em
IN 901 = 902



(1)1. DEFINE ¢
P2
(1)2. SUFFICES
ASSUME NEW o, IsA Behavior(o)
PROVE 0 = @1 = ¢9
(1)3. 0 = 2= ¢1

(A meo..a A ico.t, 00 mm) = N\ meo..a A ico.z, DOEm
A meo..a \ 1co..5,,0C—Em

A
A

<1>4 oz ): ©1 = P2
(2)1. DEFINE F 2 A eo..a A\ 1co.. 1, DO
(2)2. CASE o = F
BY (2)2 DEF F, 1, ps
(2)3. CASE 0 |=~F
3. (=F) =V meo..a V ico..,, OOnmi
<3>2. \/meO..d\/leo..HmODnml =3dm €0..d : Al €0..H,, : COnyy
(3)3. Ym € 0..d : VI € 0.H,, : Ny = VEk € 0..d : Vr € 0..Hy, : —&pyr
1. Ym €0..d : VI € 0..Hyy : Qi = Py A2Q oy
4)2. Ym € 0..(d—-1) : Py = Ppia
4)3. Vm€0..(d—1) : Vge (m+1).d : P, = P,
BY (4)2, NatInduction
4)4. Vm € 0..(d—1) : Vg€ (m+1)..d : =P, = =P,
(4)5. Vm € 0..d : VI € 0.2, : Eou = Qm
BY ChainCondition
4)6. Ym € 1..d : VI € 0., : &y = Pt
BY ChainCondition
<4>7 fml =Py 1=>-P,h o= =Py
vre0.im—1) : Vi€ 0.5, : & = ~Pr.and Vm € (r+1)..d : VI € 0.5, :
P’I" = _'gml
8. Ym e 0..(d—1) : Qm = Qm+1
4)9. Vm € 0..(d—1) : Vg€ m..d : =Q4 = ~Q and ~Q, = —Q,
4)10. Ym € 0..d : VI € 0.2 : &t = Qm
PROOF Vm € 0..d : VI € 0.2, : = Qum = &
411. Vm € 0..q : VI € 0.Ep, : Q¢ = (mQm) = &
(4)12. QED
PROOF Vm € 0..d : VI € 0.Hp, : Ny = —Qm = VEk € 0..m : VO € 0.2 : —€po
by (4)1, (4)11. Also,Vm € 0..d : VI € 0..Hp, : Nyy = Py = Vk € (m+1)..d :
vl € 0.2, : —‘fkg by <4>7 These imply that Vk € 0..d : VO € 0.2}, : —‘fkg.
(3Y4. Vm € 0..d : VI € 0.H,, : <Oy = Vk € 0..d : Vr € 0.2 : OO~Ey,
BY (3)3
(3)5. Vm € 0..d : YVl € 0..H,, : ¢0nyy = Vk €0..d : Vr € 0..
BY (3)4, (OOA) = (OCA)
(3Y6. Ym € 0..d : ¥l € 0.H,, : OONpy = A keo.d N\ reo..5, 0O Ekr
(3)7. Vmeo.aVico.#, O00mi = Akeo..a A reo.z, 00 Ekr
BY (3)2, (3)6
(3)8. QED
BY (2)3, (3)7 DEF @1, 2
(2)4. QED
BY (2)2, (2)3
(1)5. QED

koo OOk

(1]



Figure 1: The automaton that corresponds to the auxiliary variable p that reduces memory
to d + 1.

BY (1)3, (1)4
Proposition 15 PROVE

(/\ me0.d N Qm = Nico.z, D<>_‘£ml))

=V 2 Ameo.a Aieo.#,BONmi
V A meo..a \ico.z,0CEm

BY Propositions 13 and 14

Lemma 16

LET 91 = O Ameo.aAV ~Pr,
V = A kem..d Nico. 1, B0 Mg
vV OQn,
A (Qm = /\ lEO..EmDO_‘ng)
0, = Fgo,..,qq : A A meo..d\ ¢m = TRUE
A D(q/m =QnV (_‘Pm A qm))
AV 2N meo..a N\ ico..m, DO Mm
\ /\mGO..d/\ DOQm
A Nieo.z,B80-Em

IN @1 =2

BY Propositions 12 and 15
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Proposition 17 PROVE

LET ¢1 = 3Jg0,.,qd : Ameo..a\ ¢m = TRUE
AD(Q;n:va(ﬁPm/\qm))
A OOCq,,
g2 = p:Ap=d+1
A Op’ = CHOOSE 1 € 0..(d +1) :
AYme0.d: (m<r)=V Qn
VA =P,
ANp>m
A(r<d)=-Vv Q,
vV A =P,
ANp>r
AOOC(p=d+1)
IN ©1 = P2

3 below is stutter-sensitive temporal quantification.
A
Respose(q0, .., qd) =
VvmeO..d:

A gm = TRUE

ADO(gm’ = Qm V (=Pm A qm))
A OO gm

phil = 34q0, .., qd : Response(q0,

-5 qd)
ChooseP(r) =

AN VmeO..d: (m<r)=VQ@nm

V=aPmA(p>m)
AN (r<d)=-VvaQr
V=PrA(p>r)

SMP(p) =

Ap=d+1

AO(p’ =CHOOSE r € 0..(d+1): ChooseP(r))
SpecP(p) =

A SMP(p)

ANOO(p=d+1)

phi2 = Ap: SpecP(p)

The satisfaction relation (|=) below is of raw TLA+
THEOREM Reduction WithLinearMemory =

ASSUME NEW sigma, IsABehavior(sigma), ChainCondition
PROVE sigma |= phil = phi2
PROOF

()1. sigma = phil = phi2
(2)1. SUFFICES

ASSUME sigma = phil

11



PROVE sigma = phi2

(2)2. sigma =3 p: SMP(p)
BY DEF SMP p is history-determined
we will prove liveness of p in SpecP
(2)3. PICK tau : A IsABehavior(tau)
A EqualUpToVars(tau, sigma, “p", “q0", .., “qd")
A tau |= SMP(p) A Response(q0, .., qd)
BY (2)2
(2)4. SUFFICES tau E=0OO(p=d+1)
BY (2)3 DEF SpecP, SMP, phi2
and that p does not occur in the spec
(2)9. tau =0O(3r €0..(d+1): ChooseP(r))
(3)1.cASEVm €0..d: QmV (=PmA(p>m))
4h1.¥Ym €0..4d:
(m<(d+1)=(@mV (=PmA (p > m)))
BY (3)1
(4)2. A ChooseP(d + 1)
A(d+1)e0..(d+1)
BY (4)1 DEF ChooseP
(4) QED
BY (4)2
(3Y2.cASEdm €0..d: =QmA (PmV —(p > m))
(4)1.PICK z€0..d:
AN =QzN(PzV—(p>2z)
ANVteO..d:
(t<z) = (QLV(=PtA(p>1t)))
BY (3)2, SmallestNumberPrinciple
choose the smallest such z.
(4)2. (z < d) = (=Qz AN (PzV =(p > 2)))
BY (4)1
(4)3. A ChooseP(z)
Nze0..(d+1)
BY (4)1, (4)2
(4) QED
BY (4)3
(3)3.3r €0..(d+1): ChooseP(r)
BY <3>1, <3>2 which are exhaustive
(3) QED
BY (3)3
(2)10. tau EOAp €0..(d+1)
A ChooseP(p’)
BY (2)3, (2)9 DEF SMP
The next step ensures that if ever p’ < (d + 1), then —gm’, which starts a chain of ¢Qm, leading to the
bottom, and to (p = d + 1) again.
(2)5. tau =0V >p
VvimeO0..d: Ap'=m
A —gm’

12



BY (2)10, (2)3
O(p € 0..(d + 1), so if p decreases, then p’ = r € 0..d. Since Choose(p’), it is =(Qr V (=Pr A (p > r)), thus
—gr’, by DEF Response.
(2)6. V = A O(gm € BOOLEAN )
AQ(gm’ = @mV (=Pm A gm))
vV O((—gm) = (@m = qm'))
BY PTL
(2)7. tau = A O((—gm A —~gm') = =Qm)
AB((—gm) = (@m = gm'))
(3)1. tau = A gm = TRUE
AO(gm’ = QmV (=Pm A gm))
BY (2)1, (2)3 DEF EqualUpToVars, phil
(3) QED
BY (3)1, (2)6
(2)8. tau EVm € 0..d: O((—gm)=CQm)
(3. tau=EVm e 0..d: OOgm
BY (2)3 DEF Response
(3) QED
BY (3)1, (2)7
(2)11. tau =EOV-A(p=m)A(p €0..d)
A=Qm
Vp =m
(3. -@m = -P(m—1)= .. = -P0
BY ChainCondition
3)2. (p=mApe0..d)=
Vre0..(m—1): (p>r)

(3)3. (mQmA(p=m)A(p€0..d)) =
VreO..(im—1): Ap>r
A —Pr
BY (3)1, (3)2
(3)4. tau = O(
(=@mA(p=m)A(p€0..d))
= (p' = m))
BY (3)3, (2)10 DEF ChooseP

Otherwise the second conjunct of ChooseP would be violated.

3Y5. (=QmA(p=m)A(p €0..d))
= (~@m A (p < m))

(3)6. tau = O(
(=@mA(p=m)A(p€0..d))
= (p' < m))
BY (3)5 DEF ChooseP Otherwise (m < p’) so it must
be (Qm V (=Pm A (p > m))), which is not the case.
(3) QED
BY (3)4, (3)6
(2) DEFINE TopOrLower(m) = (0..(d+ 1))\ (m .. d)

13



(2)12. tau = O(Qm = A gm’
A p" € TopOrLower(m)
(3)1. tau = O(Qm = gm’)
BY (2)3 DEF Response
(3)2. gm = Q(m+1)= .. = Qd
BY ChainCondition
(3)3. tau =E0O(Qm = (p' ¢ m .. d))
BY (2)10, (3)2 DEF ChooseP The second conjunct of
ChooseP would be violated by such a p’ as r.
3)4. tau = O(p' €0.. (d+1))
BY (2)10, RawRuleINV 2
(3)5. tau = O(@m = (p’ € ((0.. (m—1))u{d+1})))
BY (3)3, (3)4
(3) QED
BY (3)1, (3)5 DEF TopOrLower
(2) QED
BY (2)5, (2)7, (2)11, (2)12
Initially p = d + 1 BY DEF SMP. Assume p’ < p. Then By (2)5, 3m € 0..d : (p’ = m) A =gm’. It
is mgm’ = =@Qm. Until gm’, it is (mgm A —gm’). By (2)7 follows that =@Qm until ~gm A gm’. BY (2)7,
—gm A gm' implies @m. BY (2)11, p’ = m = p while =Qm, so while =gm A =gm’. BY (2)12 Qm implies
(p' <p=m)V(p)=d+1). SoO((p’ < p)=<"Qm’) (because we started with ~Qm, and G@Qm). So p is
strictly decreasing until p’ = d + 1 (by induction over steps of the behavior).
(1)2. sigma = phi2 = phil
(2)1. SUFFICES
ASSUME sigma = phi2
PROVE sigma = phil

(2)2. sigma =3 p : SpecP(p)
BY (2)1 DEF phi2
(2)3. sigma =3¢0, .., qd: Yme€0..d:
A gqm = TRUE
AO(gm' = @mV (=Pm A gm))
qo, - - -, qq are history-determined.
(2)4. PICK tau : A IsABehavior(tau)
A EqualUpToVars(tau, sigma, “p", “q0", .., “qd")
Atau |= A SpecP(p)
AVme0..d:
A gm = TRUE
AO(gm’ = Q@mV (=Pm A gm))
BY (2)2, (2)3
(2)5. SUFFICES tau [=Vm € 0..d: OOgm
BY (2)4 DEF phil, Response
(2)6. SUFFICES tau =Vm € 0..d: O((gm A—gm') = <gm/)
BY <2>4, PTL whenever any g, becomes FALSE,
it eventually becomes again TRUE. Thus, the goal from (2)5 follows.
(2)7. tau =VYm €0..d: O((gmA—-gm’) = (=Qm A Pm))
BY (2)4
(2)8. tau =EVm € 0..d: OOC(p' > m)
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BY (2)4 DEF SpecP

(2)9. tau =EVm €0..d: O(=QmA Pm) = (p' <m))
BY (2)4 DEF SpecP, SMP, ChooseP

we proved under (1)1 that ChooseP(p’) holds.

(2)10. tau EVm € 0..d: O(p' >m) = (@mV (=Pm A (p > m))))
BY (2)4 DEF SpecP, SMP, ChooseP

(2)11. tau EVm €0..d:

O((~Qm A Pm) = O((p < m) Ay > m)

BY (2)9, (2)8

(2)12. tau EVm € 0..d: O(=QmA Pm) = SQm)
BY (2)10, (2)11

(2)13. tau EVm € 0..d: O(Qm = gm’)
BY (2)4

(2014, tau EVm € 0..d: O(=QmA Pm) = Ogm’)
BY (2)12, (2)13

(2) QED
BY (2)7, (2)14

(1) QED
BY (1)1, (1)2
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