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Abstract

A collection of TLA' modules about operators for defining open-
systems. Modules describing the semantics of relevant temporal logics
precede those modules that pertain to stepwise implication operators. The
latter modules contain theorems that express the operators WhilePlus,
WhilePlusHalf , and Unzip in raw TLAT. A definition of realizability fol-
lows, and a module on the effect of hiding history-determined variables
on realizability. This document accompanies the dissertation available at:
http://resolver.caltech.edu/CaltechTHESIS:07202018-115217471.
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MODULE TLASemantics

Some notions about TLA+ in the metatheory.
The TLA+ fragment of constant operators servers as the metatheory. So the metatheory is

ZF + cHOOSE + functions, similarly to [2, Chapter 16].
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EXTENDS Naturals, NaturalsInduction
CONSTANT VarNames META Set of all variable names [2, p.311].

Axiomatic definition of states and behaviors.

IsAFunction(f) =
f = [z € DOMAIN f — flz]]

IsAState(s) =
A IsAFunction(s)
A DOMAIN s = VarNames

IsABehavior(b) =
A IsA Function(b)
A DOMAIN b = Nat
AV n € Nat: IsAState(b[n])

NatGeq(n) = {r € Nat: r>n}

The finite behavior made of the first n states of behavior sigma.
Prefiz(sigma, n) = [i € 0..(n — 1) — sigmali]]
The infinite behavior that starts after the first n states of sigma.

Suffiz(sigma, n) = [i € NatGeq(n) — sigmali]]

More formally, in this metatheoretic statement H should be

a string that is a TLA+ formula.
N

PrefizSat(sigma, n, H) =
Ftau : A IsABehavior(tau)
AVi€e0..(n—=1): tau[i] = sigmali]
Atau = H

If a behavior prefix can be extended to satisfy a propert P, then the
same prefix can be extended to satisfy any property @ weaker than P.



THEOREM PrefirSatImp =
ASSUME
NEW n, The condition n € Nat is unused, so not assumed.
NEW sigma, IsABehavior(sigma),
TEMPORAL P, TEMPORAL @,
P=qQ
PROVE
PrefizSat(sigma, n, P)
= PrefixSat(sigma, n, Q)
PROOF
(1)1. SUFFICES
ASSUME PrefixSat(sigma, n, P)
PROVE PrefizSat(sigma, n, Q)

(1)2. PICK tau : A IsABehavior(tau)
AVie0..(n—1): tau[i] = sigmali]
Atau = P
BY (1)1 DEF PrefizSat
(1)3. tau E= Q
2)1. P=Q
BY PrefizSatImp!assumption
(2) QED
BY (1)2, (2)1
(1)4. A IsA Behavior(tau)
AVi€0..(n—1): tau[i] = sigmali]

Atau = Q
BY (1)2, (1)3
(1) QED

BY (1)4 DEF PrefizSat goal from (1)1

The first n states of tau and sigma match.
THEOREM PrefizSatAsSamePrefiz =
ASSUME
NEW sigma, IsABehavior(sigma),
NEW n € Nat,
TEMPORAL H
PROVE
PrefizSat(sigma, n, H)
=3Jtau: A IsABehavior(tau)
A Prefiz(tau, n) = Prefiz(sigma, n)
Atau = H
PROOF
(1)1. SUFFICES
ASSUME NEW tau, IsABehavior(tau)



PROVE (Prefiz(tau, n) = Prefix(sigma, n))
=Vie0..(n—1): tau[i] = sigmali]
BY DEF PrefizSat
(1) DEFINE
SamePrefiz = Prefiz(tau, n) = Prefiz(sigma, n)
TauPrefic = [i € 0..(n— 1) — tau[i]]
SigmaPrefic = [i € 0.. (n — 1) — sigmali]]
(1)2. SamePrefiz = (TauPrefix = SigmaPrefiz)
BY DEF Prefix, SamePrefix, TauPrefix, SigmaPrefix
(1)3. SamePrefix = A DOMAIN TauPrefit = DOMAIN SigmaPrefix
AVYi € DOMAIN TauPrefix :
TauPrefix|i] = SigmaPrefiz[i]
BY (1)2
(1)4. DOMAIN TauPrefiz = DOMAIN SigmaPrefix
BY DEF TauPrefix, SigmaPrefix
(1)5. Vi € DOMAIN TauPrefiz : A TauPrefiz[i] = tauli]
A SigmaPrefix[i] = sigmali]
BY DEF TauPrefix, SigmaPrefix
(1)6. SamePrefix
=VYi € DOMAIN TauPrefiz : tau[i] = sigmali]
BY (1)3, (1)4, (1)5
(1y7. SamePrefix
=Vie0..(n—1): tau[i] = sigmali]
BY (1)6
(1) QED
BY (1)7 DEF SamePrefix

PROPOSITION SamePrefizImpliesPrefitSatToo =
ASSUME
TEMPORAL H,
NEW n € Nat,
NEW sigma, IsABehavior(sigma),
NEW eta, IsABehavior(eta),
A Prefix(sigma, n) = Prefiz(eta, n)
A PrefixSat(sigma, n, H)
PROVE
PrefizSat(eta, n, H)
()1. PICK tau : A IsABehavior(tau)
A Prefiz(tau, n) = Prefix(sigma, n)
Atou = H
BY PrefizSatAsSamePrefix
(1)2. Prefiz(sigma, n) = Prefix(eta, n)
BY SamePrefizImpliesPrefizSatToo ! assumption

(1)3. A IsA Behavior(tau)



A Prefiz(tau, n) = Prefiz(eta, n)

Atau = H
BY (1)1, (1)2
(1) QED

BY (1)3, PrefixSatAsSamePrefic

If the first n states of two behaviors are the same,
then PrefizSat for n, H has the same value for both behaviors.
THEOREM EquivPrefizSatIfSamePrefiz =
ASSUME
TEMPORAL H,
NEW n € Nat,
NEW sigma, IsABehavior(sigma),
NEW eta, IsABehavior(eta),
Prefiz(sigma, n) = Prefiz(eta, n)
PROVE
PrefizSat(sigma, n, H) = PrefizSat(eta, n, H)
(1)1. PrefizSat(sigma, n, H) = PrefizSat(eta, n, H)
BY SamePrefixImpliesPrefizSatToo
(1)2. PrefizSat(eta, n, H) = PrefizSat(sigma, n, H)
BY SamePrefixImpliesPrefixSatToo
(1) QED
BY (1)1, (1)2

The “while” operator —>
[3, Sec. A4donp. A—2]
sigma = While(A, G) =
AV n € Nat: PrefixSat(sigma, n, A) = PrefizSat(sigma, n, G)
A sigma = A= G

The “while plus” operator mrs

Semantic form of stepwise implication.

For the safety properties A 2 OEnovNest and ¢ = OSysNext, the semantic operator corresponds
to the syntactic operator as follows
sigma = StepwiseImpl( EnvNext, SysNext) = PrefizPlusOne(sigma, A, G)
PrefirPlusOne(sigma, A, G) =

Vn € Nat: PrefizSat(sigma, n, A) = PrefixSat(sigma, n + 1, G)

The while-plus operator [2, p.316].
sigma = A > G =
A PrefizPlusOne(sigma, A, G)
A sigma = A= G



This theorem expands the definition of > .
THEOREM WhilePlusProperties =

ASSUME

NEW sigma, IsABehavior(sigma),

TEMPORAL A, TEMPORAL G,

A G
PROVE

Asigma = A= G

AV n € Nat :

PrefizSat(sigma, n, A) = PrefiztSat(sigma, n+ 1, G)

BY DEF >, PrefizPlusOne

We can view 1> (other stepwise operators too) as an infinite conjunction:
sigma = A T G =

A PrefizSat(sigma, 0, A) = PrefizSat(sigma, 1, G)
A PrefizSat(sigma, 1, A) = PrefizSat(sigma, 2, G)

NA= G

Metatheoretic definition that means

{var € VarNames: - |= F = (Vwvar: F)}
It seems that a semantic definition needs to mention all other variables, thus an infinity of strings.
A syntactic definition can be given for any (finite length) formula by simply parsing it.
VariablesOf (formula) = {
var € VarNames : 3 sigma, tau :
A IsA Behavior(sigma)
A IsABehavior(tau) tau is same as in 3 DEF
A RefinesUpTo Var(tau, sigma, var)
A =((sigma = formula) = —(tau = —formula))}

Stutter at state forever.
Stutter(state) = [n € Nat > state]

Keep states 0 .. k and stutter state k indefinitely.
StutterAfter(sigma, n) = [i € Nat+— 1¥ i < n THEN sigmali]
ELSE sigma|n]]

THEOREM StutterAfterIsABehavior =
ASSUME
NEW n € Nat,
NEW sigma,
IsABehavior(sigma)
PROVE
LET



A

eta = StutterAfter(sigma, n)
IN
IsABehavior(eta)
(1) DEFINE eta = StutterAfter(sigma, n)
()1. A IsA Function(eta)
A DOMAIN eta = Nat
BY DEF eta, StutterAfter
(1)2. ASSUME NEW i € Nat
PROVE IsAState(etali])
(2)1. ASSUME NEW 7 € Nat
PROVE [sAState(sigmal[r])
(3)1. IsA Behavior(sigma)
BY ASSUME
(3) QED
BY (2)1 DEF IsABehavior
(2)2. PICK 1 € Nat : sigma[r] = eta[i]
(3)1.CASE i < n
(M1, sigmali] = etali]
BY (3)1 DEF eta, StutterAfter
(4) QED
BY <4>1, <1>2 The witness is <.
(3)2.CASE i > n
(4)1. sigma[n] = etali]
BY (3)2 DEF eta, StutterAfter
(4) QED
BY <4>1 The witness is n.
(3) QED
BY (3)1, (3)2, (1)2
(2)3. IsAState(sigmal[r])
BY (2)1, (2)2
(2) QED
BY (2)2, (2)3
(1) QED
BY (1)1, (1)2 DEF IsABehavior

THEOREM StutterAfterHasSamePrefiz =
ASSUME
NEW n € Nat,
NEW k € Nat,
k<mn,
NEW sigma,
IsABehavior(sigma)
PROVE
LET



eta = StutterAfter(sigma, n)
IN
eta[k] = sigmalk]
BY DEF StutterAfter

THEOREM StutteringTail =
ASSUME
NEW n € Nat,
NEW k € Nat,
k> n,
NEW sigma,
IsABehavior(sigma)
PROVE
LET
eta = StutterAfter(sigma, n)
IN
eta[k] = sigma[n]
BY DEF StutterAfter

THEOREM StutterAfterInit =

ASSUME
NEW n € Nat,
NEW sigma,
IsA Behavior (sigma)
PROVE
LET
eta = StutterAfter(sigma, n)
IN
etal0] = sigmal0]
(1)1. n € Nat

BY StutterAfterInit!assumption
(1)2.CASE 0 < n
BY StutterAfterHasSamePrefix
(1)3.CASE 0 > n
BY StutteringTail
(1) QED
BY (1)1, (1)2, (1)3

Metatheoretic statements asserting that P is a TLA+ expression of
a certain level. Used for bookkeeping during hand-written proofs.

IsStateLevel(P) = TRUE
IsTemporalLevel(P) = TRUE



Metatheoretic statement asserting that P is a TLA+ formula.
Useful to distinguish from raw TLA+ formulas that aren’t TLA+ formulas.

IsATLAPlusFormula(P) = TRUE

The stutter-free form fo of o, [2, p.316].

If the behavior sigma contains a finite number of nonstuttering steps, then Natural(sigma) is a
finite sequence. A similar operator in [1] yields an infinite sequence with a stuttering tail. Either
of these definitions can be used to define temporal quantification.

Natural (sigma) =

LET
f[n € Nat] = 1F n =0 THEN 0
ELSE IF sigma[n] = sigma[n — 1]
THEN f[n — 1]
ELSE f[n—1]+1
S = {f[n]: n € Nat}
IN
[neS—

$igma[CHOOSE i € Nat : f[i] = n]]

The behaviors s and t differ only in the values of variable var. This is s =yqr ¢ in [1].
EqualUpToVar(s, t, var) =
Vn € Nat: Vv € VarNames : (v # var) = (s[n][v] = t[n][v])

p ~ o asserts that the sequences fjp and fo are equal [1].

Sim(rho, sigma) = Natural(rho) = Natural(sigma)

A useful definition, based on [1].
RefinesUpTo Var is noncommutative (though both EqualUpToVar and Sim are commutative).
RefinesUpToVar(tau, sigma, var)
drho 1 A IsABehavior(rho)
A Sim(rho, sigma)
A EqualUpToVar(rho, tau, var)

The similarity of sutter-free forms after overwriting the variable z in
the behavior 7. [2, p.316].
A

SimUp To Var(sigma, tau, var)
LET

Natural(sigma)

Natural(tau)

> >

h s = |n € DOMAIN t + [t[n] EXCEPT ![var| = s[n][var]]]

Temporal existential quantification, based on [1].
AXIOM



sigma =3z : F =
Jtau : A IsABehavior(tau)
A RefinesUpToVar(tau, sigma, “X")
Atau |E F

Temporal existential quantification, based on [2] and [3, p. A — 2].
AXIOM
sigma =3Jz: F =
Jtau : A IsABehavior(tau)
A SimUpToVar(sigma, tau, “X")
Atau = F




MODULE TemporalLogic

Some definitions about temporal properties.

Author: Ioannis Filippidis

References

1] L. Lamport, “Miscellany”, 21 April 1991

[ port, Yy, P

[2] M. Abadi and S. Merz, “On TLA as a logic”, Deductive Program Design, 1996

[3] B. Alpern and F.B. Schneider “Defining liveness”, IPL, 1985 10.1016/0020—0190(85)90056—0

[4] B. Jonsson and Y .-K. Tsay, “Assumption/guarantee specifications in linear-time temporal
logic”, TCS, 1996, 10.1016,/0304 — 3975(96)00069 — 2

[5] M. Abadi and L. Lamport, “Conjoining specifications”, TOPLAS, 1995
10.1145/203095.201069

[6] L. Lamport, “Proving possibility properties”, TCS, 1998 10.1016/50304 — 3975(98)00129 — 7

[7] M. Abadi and L. Lamport, “An old-fashioned recipe for real time”, TOPLAS, 1994,
10.1145/186025.186058

[8] U. Klein and N. Piterman and A. Pnueli, “Effective synthesis of asynchronous systems from
GR(1) specifications”, VMCAI, 2012, 10.1007/978 — 3 — 642 — 27940-9_19 (Technical report
2011 — 944 of Courant Inst. of Math. Sciences)

[9] A. Pnueli and R. Rosner, “On the synthesis of an asynchronous reactive module”, ICALP,
1989, 10.1007/BFb0035790

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.

EXTENDS TLASemantics, NaturalsInduction

Safety and liveness.

MustUnstep(b) = A b= TRUE
A O[b" = FALSE],
A O (b = FALSE)

SamePrefir(b, u, z) = O(b= (u=z))

Front(P(_, ), z, b)) = 3u: P(u) A SamePrefiz(b, u, x)
A syntactic definition of closure [1].

See also [2, Sec. 5.3] and [4, Sec. 2.1 on p. 52].

CI(P(L), z) = Vb: MustUnstep(b) = Front(P, x, b)

A semantic definition of closure [6, Eg. (1) on p. 342] and [7, p. A —2].
The syntactic and semantic definitions of closure are equivalent.

sigma = CIl(P) £ Vn € Nat: PrefizSat(sigma, n, P)

Using closure we can define safety and liveness [6, p. 343].
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These definitions are equivalent to those that mention violating behaviors [6, Eq.(2) on p.343]
IsSafety(P(_)) = Vz: P(z)= CI(P, z)
IsLiveness(P(_)) = Vz: CI(P, z)

Each property is decomposable into safety and liveness [3].
A

SafetyPart(P(-), x) = CI(P, z)
LivenessPart(P(_), z) = SafetyPart(P, z) = P(z) [4, Sec. 2.3 on p.54]

Conjoining the safety and liveness parts yields the property P.
THEOREM

ASSUME
TEMPORAL P(_), VARIABLE &
PROVE
P(z) = A SafetyPart(P, z)
A LivenessPart(P, x)
PROOF
()1. LivenessPart(P, x) = (SafetyPart(P, ) = P(z))
BY DEF LivenessPart
(1) QED
BY (1)1

For any temporal property P, the safety part is a safety property and
the liveness part is a liveness property.

THEOREM
ASSUME
TEMPORAL P(_), VARIABLE %
PROVE
LET
S(u) = SafetyPart(P, u)
L(u) = LivenessPart(P, u)
IN

A IsSafety(S, )
A IsLiveness(L, x)
PROOF OMITTED

IsMachineClosed(S(_), L(-), ) =
LET
SL(u) = S(u) A L(u)
IN
S(z) = CI(SL, x)
IsConstant(P) = J¢: O(P = c¢)
Canonical(Init, Next, L, v) = Init A O[Next], A L

The “state machine” form.



SM (Init, Next, v) = Init A O[Next],

Any action comprises of a nonstuttering and a stuttering part.
StutteringPart(A, v) = AA (v="1)
NonStutteringPart(A, v) = <A>v alternative name: ChangingPart
THEOREM
ASSUME STATE v, ACTION A
PROVE A = V StutteringPart(A, v)
\/ <A>’U

OMITTED

THEOREM
ASSUME STATE v, ACTION A
PROVE (4), = [A],
OMITTED

trick for handling other arities:

LET P(z) 2 L(z.p, z.q)
IN IsLiveness(P)

Temporal quantification in raw TLA+ with past.

Teamporal quantification that preserves stutter-invariance [8, Sec. 2.1].
See also [9] (where behavior indices are not used though).

sigma, i =3z : F =
dtau, k :
A IsA Behavior (taw)
ANk € Nat
Atau, k = F
A I rho :
LET
Start(r) = 0..(r —1)
End(r) = Nat )\ Start(r)
RhoFront = [n € 0 .. Start(k) — rho[n]]
TauFront = [n € 0 .. Start(i) — tau[n]]
RhoTail = [n € End(k) — rho[n]]
TauTail = [n € End(i) — tau[n]]
IN
A IsA Behavior(rho)
A Sim(RhoFront, TauFront)
A Sim(RhoTail, TauTail)
A EqualUpToVar(rho, tau, “X")



Temporal quantification that breaks stutter-invariance [8, Sec. 2.1].
sigma, i = EEEx : F =
Jtau : A IsABehavior(tau)
A EqualUpToVar(sigma, tau, “X")
Atau, i E F

Properties of closure

LEMMA ClosureProperties =

ASSUME
TEMPORAL P, NEW sigma, NEW n € Nat,

A IsA Behavior (sigma)
A sigma = CI(P)
PROVE
Jtau: A IsABehavior(tau)
AYi€0..n: tau[i] = sigmali]
Atau |= P
OMITTED

[6, Prop. 1/item 2] and [7, Sec. B3 on p. A — 4]
LEMMA ClosurelsMonotonic =
ASSUME

VARIABLE z,
TEMPORAL A(_), TEMPORAL B(_),
Vu: A(u) = B(u)
PROVE
Cl(4, z) = CI(B, z)
PROOF
(1)1. Cl(A, z) =
Vb: V-MustUnstep(b)
v3u:
A A(u)
AO(b = (u=1z))
BY DEF (I

(1) DEFINE
H = 3u: N4

(
(
G = 3u: A B(
(

(2. H=3u: A A(u)
AVz: A(zx) = B(x)
AOb = (u=1x))
BY DEF H and ClosureIsMonotoniclassumption



(3. H=3u: A A(u)

BY (1)2
(1)4. H= G
BY (1)3 DEF G
(1)5. Cl(A, z) =
Vb: V-MustUnstep(b)
VG
BY (1)1, (1)4 DEF H, G
(1)6. CI(B, z) =
Vb: V-MustUnstep(b)

v3u:
A B(u)
AOb = (u=1x))
BY DEF Cl
(1) QED

BY (1)5, (1)6 DEF G

If the closure of property P is satisfiable, so is P.
LEMMA SATClosurelnit =
ASSUME
TEMPORAL P,
STATE Init, STATE v, ACTION Next,
NEW sigma,
A E CIU(P, z) = (Init A O[Next],)
A IsA Behavior (sigma)
A sigma = Init
PROVE
Jtau : A IsABehavior(tau)
A tau[0] = sigmal0]
A sigma = P
PROOF
(1) DEFINE eta = [n € Nat — sigma0]]
(1)2. IsA Behavior(eta)
(1)3. eta |= O[FALSE],
BY DEF eta
(1)4. eta = Init
(2)1. sigma = Init

(2) QED
BY (2)1 DEF eta
(1)5. eta = CI(P)
(2)1. eta = Init A O[Next],



BY (1)3, (1)4
(2)2. | CI(P) = (Init ANO[Next],)

(2) QED
BY (2)1, (2)2
(1)6. PICK beta : A IsABehavior(beta)
A beta[0] = etal0]
A beta = P
BY (1)5, ClosureProperties
(1) QED
(2)1. etal0] = sigmal0]
BY DEF eta
(2) QED
BY (1)6, (2)1

LEMMA ClosureOfSafety =

ASSUME
TEMPORAL P,
IsSafety(P)

PROVE
Cl(P)=P

OMITTED

PROPOSITION ClosureAndLiveness =
ASSUME
VARIABLE Z, VARIABLE ¥,
STATE Init, ACTION Next,
TEMPORAL L,
LET
v
S
IN
IsMachineClosed (S, L)
PROVE
LET

(z, y)
Inst A O[Next],

e e

(z, y)
Init A O[Next],
SAL

e e e

v
S
P
IN
pP
PROOF
(1) DEFINE

vo={z,y)
S = Init AO[Next],

(L A CI(P))

>



P =SAL
(H1. S=CI(SAL)
BY DEF IsMachineClosed
(1)2. (SAL)=(LACI(SAL))
BY (1)1
(1) QED
BY (1)2

If a property P implies a safety property @,
then the closure of P implies Q.
LEMMA Closurels TightestSafety =
ASSUME
TEMPORAL P, TEMPORAL @,
A IsSafety(Q)
ANP=@Q
PROVE
Cl(P)= Q
OMITTED

The closure of a property P is the tightest safety property that P implies
[6, Prop.1/item 1]. Also, Extensivity among Kuratowski’s closure axioms.
LEMMA Closurelmplied =

ASSUME
symbols u and b are undeclared in the current context
TEMPORAL P(_),
VARIABLE T
PROVE
P(z) = CI(P, x)
PROOF
(H1. P(z) = 3Ju: Px)ANO(u=1x)

The bound variable « is a history-determined variable.
u is undeclared in the current context, so u does not occur in the expression P(z).
(1)2. Fu: P(x)AO(u = z))
=Vb: V-MustUnstep(b)
V3u: AP(u)
AOb = (u=u1x))
(2)1. Qu: P(x) AO(u = x))
=3Ju: P(z)ANO(u=2z)AP(u)
OMITTED  a proof of this step should argue about all
possible temporal-level expressions P(_), thus in terms
of all the production rules of the grammar, and the semantics.
(2)2. Fu: P(x)AO(u=z)A P(u))
=3Ju: O(u=2z)A P(u)



(2)3. (Au: O(u=2)A P(u))
=Vb: Ju: O(u=2z)AP(u)

The identifier b is undeclared in the current context,
so b does not occur in the expression P(u).
(2)4. (Vb: Ju: O(u=1z)A P(u))
=Vb: V-MustUnstep(b)
V3u: Plu)AO(b= (u=1))

(2) QED
BY (2)1, (2)2, (2)3, (2)4
()3. Cl(P, z) =V b: V-MustUnstep(b)
V3u: AP(u)
AO(b = (u=1))

BY DEF (I
(1) QED

BY (1)1, (1)2, (1)3

COROLLARY Closureldempotent =
ASSUME
TEMPORAL P
PROVE
Ler C = CI(P)
N Cl(C)=C
()1. CI(P) = Cl(Cl(P))
(2)1. P = CI(P)
BY Closurelmplied
(2) QED
BY (2)1, ClosureIsMonotonic
(1)2. CL(CI(P)) = CI(P)
OMITTED  Sketch: for any m-prefix of sigma, pick an extension tau,
with tau |= CI(P). BY DEF of Cl, every prefix of tau is

extensible to a behavior that satisfies P. For the n-prefix of tau pick such an extension
eta, with eta = P.

The behaviors sigma and tau have common n-prefix. Thus, eta is an extension of
sigmal0 .. n] that satisfies P. BY DEF of Cl, sigma = CI(P).

(1) QED
BY (1)1, (1)2

LEMMA ClosureOfImpl =
ASSUME
TEMPORAL E, TEMPORAL M
PROVE



(CI(E)= Cl(M)) = CH(E=M)
PROOF
(1. CI(M) = CI(E= M)

(2)1. M = (E= M)

(2) QED
BY (2)1, ClosureIsMonotonic
(1)2. (=CI(E)) = CI(E= M)
(2)1. (=CI(E)) = -E
BY ClosureImplied
(2)2. (-E)= (F= M)

(2)3. (E=M) = CI(E= M)
BY Closurelmplied
(2) QED
BY (2)1, (2)2, (2)3
(1) QED
BY (1)1, (1)2

PROPOSITION ConjClosureInsideClosure =
ASSUME
TEMPORAL A, TEMPORAL B,
A= Cl(B)
PROVE
Cl(4) = CI(ANCIDB))
PROOF
(1) DEFINE
Q = AACIB)
(H1. Cl(Q) = CI(A)
2)1. Q@ = A
BY DEF @
(2) QED
BY (2)1, ClosurelsMonotonic
(Y2, CI(A) = Cl(Q)
(2)1. A = CI(B)
BY ConjClosurelnsideClosure!assumption
(2)2. A= (AN CI(B))
BY (2)1
(2)3. 4= Q
BY (2)2 DEF @
(2) QED
BY (2)2, ClosureIsMonotonic
(1) QED
BY (1)1, (1)2



N
PROPOSITION ClosureSample =
ASSUME
these operators may depend on variables declared in the context

where this theorem is used. So the bound identifiers declared within the theorem and its
proof are assumed to stand for identifiers that are selected to be different from all previously
declared identifiers.

This is required by the rules of TLA+, which doesn’t allow redeclaration of an identifier,
even a bounded identifier.
VARIABLE 7,

CONSTANT R(-, -),
TEMPORAL P(_)

PROVE
V-3u: R(u, z) A Cl(P, u)
V3u: R(u, z) A Pu)

PROOF
(H1. 3u: R(u, z) A CI(P, u))
=3u: AR(u,z)
AVD:
V = MustUnstep(b)
var: AP(r)
AO(b = (r=u))
BY DEF Cl

(1)2. A q: MustUnstep(q)
BY DEF MustUnstep
()3. (3u: R(u, z) A CI(P, u))
=3u: AR(u,z)
A q: MustUnstep(q)
AVD:
V = MustUnstep(b)
var: AP(r)
AD(Db = (r=u))
BY (1)1, (1)2
(Y4. (3u: R(u, z) A CI(P, u))
=3u, q:
A R(u, ) A MustUnstep(q)
AVD:
V = MustUnstep(b)
v3r: AP(r)
AO(b = (r=u))
BY (1)3  pull 3 ¢ outside
(1)5. (Au: R(u, z) A CI(P, u))
= Ju, q:
A R(u, ) A MustUnstep(q)
A V = MustUnstep(q)
var: AP(r)
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ANO(g = (r=u))
BY <1>4 DEF V  substitute STATE ¢ for b
(1)6. (Qu: R(u, z) A CI(P, u))
= 3Ju, q:
A R(u, ) A MustUnstep(q)
Adr:  AP(r)
AO(qg = (r=u))
BY (1)5
(1)7. ASSUME VARIABLE ¢, VARIABLE 4
PROVE V = A MustUnstep(q)
AO(g = (r=u))
Vr=u
(2)1. ASSUME VARIABLE ¢, VARIABLE 4
PROVE MustUnstep(q) = (¢ = TRUE)
BY DEF MustUnstep
(2) QED
BY (2)1
(1)8. (Ju: R(u, z) A CI(P, u))
= 3Ju, q, 7:
A R(u, z) A P(r)
A (r=u)
BY (1)6, (1)7
(1)9. (3u: R(u, z) A CI(P, u))
=3Ju, q, r:
R(r, z) A P(r)
(1)10.v—-3u: R(u, z) A Cl(P, u)
var: R(r,z)AP(r)
BY (1)9
(1) QED
BY (1)10

A property is equisatisfiable with its closure.
See also SATClosurelnit
LEMMA Closure EquiSAT =
ASSUME
TEMPORAL P(_)
PROVE
(Qu: P(u)) = Ju: CI(P, u)
PROOF
(1. Qu: P(uw)) = Ju: CI(P, u)
(2)1. ASSUME VARIABLE 4
PROVE P(u) = CI(P, u)
BY ClosureImplied
(2) QED
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BY (2)1
(1)2. Au: CI(P,u)) = Fu: P(u)
can also use: BY ClosureSample
(2)1. Qu: CUP, u))
=3u: Vb: V-MustUnstep(b)
va3r: AP(r)
AO(b = (r=u))
BY DEF Cl
(2)2. Qu : CI(P, u))
=3Ju: Vb: V-MustUnstep(b)
v3r: P(r)
BY (2)1
(2)3.d¢q: MustUnstep(q)
BY DEF MustUnstep
(2)4. Qu : CU(P, u))
=3Ju: Aq: MustUnstep(q)
AVD: V- MustUnstep(b)
v3ar: P(r)
BY (2)2, (2)3
(2)5. Ju: CU(P, u))
= Ju, q:
A MustUnstep(q)
AV Db : V- MustUnstep(b)

v3r: P(r)
BY (2)4
(2)6. u: CU(P, u))
= Ju, q:

A MustUnstep(q)
A V = MustUnstep(q)
v3ar: P(r)
BY (2)5 DEF V
(2)7. Ju: CU(P, u))
= Ju, q:
Ir: P(r)
BY (2)6
(2) QED
BY (2)7
(1) QED
BY (1)1, (1)2

Properties that relate PrefixSat and PrefirPlusOne to closure.

LEMMA PrefirSatOfClosure =
ASSUME
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NEW sigma, IsABehavior(sigma),

NEW n € Nat,

TEMPORAL P
PROVE

PrefizSat(sigma, n, P) = PrefixSat(sigma, n, Cl(P))
PROOF
(1)1. P = CI(P)

BY Closurelmplied
(1) QED

Y (1)1, PrefizSatImyp

LEMMA PrefizPlusOneFEquivWhile PlusOfClosures =
ASSUME
TEMPORAL F,
TEMPORAL M
PROVE
PrefizPlusOne(E, M) = (CI(E) %> CI(M))
OMITTED  TODO

LEMMA WhilePlusOfClosures = 1 think this proof holds also in RTLA +
ASSUME
TEMPORAL A,
TEMPORAL G
PROVE
(CI(E) *> CI(M)) = PrefitPlusOne(CI(E), CI(M))
(1) DEFINE
CE i CI(E)
CM = Cl( )
(1)1. (Cl(Ec) > Cl(Mc)) = PrefizrPlusOne(Ec, Mc)
BY PrefizPlusOneFEquivWhilePlusOfClosures
()2. A Cl(Ec) = Ec
A Cl(Mc) = Mc
BY Closureldempotent
(1) QED
BY (1)1, (1)2

Properties of stepwise operators.

For brevity, this section uses the semantic closure operator CI(P(-)), instead of the syntactic
operator CI(P(-), ). These two operators yield the same result whenever property P depends on
no variables other than its argument. Similar adaptations apply to other operators in this section.

In order for these conclusions to hold for other similar operators (e.g., WhilePlusHalf), those
operators should have the same basic properties, in particular While PlusOfClosuresIsSafety and
WhilePlusSafetyLivenessDecomp.
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The stepwise implication of safety properties is a safety property.
Equivalently, the stepwise implication of closures is a safety property.

[6, Lemma 1 on p. A — 3]
PROPOSITION WhilePlusOfClosureslsSafety =
ASSUME
TEMPORAL A, TEMPORAL G
PROVE
LET C = CI(A) *> CI(G)
IN  IsSafety(C)
PROOF
(1) DEFINE
ClA Cl(4)
ClG Cl(G)
C = CI(A) & CI(G)
(1)1. surFICEs CI(C) = C
BY DEF IsSafety, C
(1)2. surFICcESs CI(C) = C
(2)1. C = CI(C)
BY Closurelmplied
(2) QED
BY (2)1, (1)2
(1)3. SUFFICES
ASSUME
NEW sigma, IsA Behavior(sigma),
sigma = CI(C)
PROVE sigma = C

|l

(1)4. SUFFICES
ASSUME —(sigma = C)
PROVE FALSE

(1)5. =¥n € Nat :
PrefizSat(sigma, n, CIA) = PrefixSat(sigma, n + 1, CIG)
BY (1)4 DEF >
(1)6. PICK n € Nat :
PrefizSat(sigma, n, CIA) A\ —~PrefizSat(sigma, n + 1, CIG)
BY (1)5
<1>7. Any extension of sigma’s n-prefix satisfies CIA.
ASSUME
NEW eta, IsABehavior(eta),
Prefiz(sigma, n) = Prefiz(eta, n)
PROVE
PrefizSat(sigma, n, CIA) = PrefizSat(eta, n, ClA)
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BY FEquivPrefixrSatlfSamePrefix
<1>8. No extension of sigma’s (n + 1)-prefix can satisfy CIG.
ASSUME
NEW eta, IsABehavior(eta),
Prefiz(sigma, n+ 1) = Prefizx(eta, n+ 1)
PROVE
PrefizSat(sigma, n + 1, CIG) = PrefizSat(eta, n + 1, CIG)
BY FEquivPrefixSatlfSamePrefix
(1)9.
ASSUME
NEW eta, IsABehavior(eta),
Prefiz(sigma, n+ 1) = Prefizx(eta, n+ 1)
PROVE
A PrefizSat(eta, n, CIA)
A —PrefixSat(eta, n + 1, CIG)
(2)1. Prefiz(sigma, n) = Prefiz(eta, n)
BY (1)9 DEF Prefix
(2 )2 PreﬁxSat(sigma n, ClA) = PrefizSat(eta, n, ClA)
v (1)9, ()1, ()7
(2 )3 PreﬁxSat(Szgma n+ 1, CIG) = PrefizSat(eta, n+ 1, CIG)
v (1)9, (1)8
(2 >4 PreﬁmSat(eta n, ClA)
BY (2)2, (1)6
(2)5. = PrefizSat(eta, n + 1, CIG)
BY (2)3, (1)6
(2) QED
BY (2)4, (2)5
(1)10. V eta :
V = A IsA Behavior(eta)
A Prefiz(sigma, n + 1) = Prefiz(eta, n+ 1)
V' A PrefizSat(eta, n, CIA)
A = PrefizSat(eta, n + 1, CIG)
BY (1)9
(1)11. V eta :
V = A IsA Behavior(eta)
A Prefiz(sigma, n + 1) = Prefiz(eta, n+ 1)
V-VEk € Nat :
PrefizSat(eta, k, CIA) = PrefizSat(eta, k + 1, CIG)
Y (1)10
(1)12. V eta :
V = A IsABehavior(eta)
A Prefiz(sigma, n + 1) = Prefiz(eta, n+ 1)
V =(eta = C)
Y (1)11 DEF C
(1)13. =Feta: A IsABehavior(eta)
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A Prefix(sigma, n 4+ 1) = Prefix(eta, n + 1)
Aeta = C
BY (1)12
(1)14. = PrefizSat(sigma, n, C)
BY (1)13, PrefixrSatAsSamePrefic
(1)15. —(sigma = CI(C))
BY (1)14 DEF Cl The semantic definition of closure.
(1) QED
BY (1)3, (1)15  goal from (1)4

The open-system propery A > @ is the conjunction of a safety and
a liveness part. The safety part involves only closures, which is useful. The liveness part relates
stepwise to logical implication ( > to = ).

That CI(A) &> CI(G) is the safety part and A = G the liveness part does not follow from this
theorem, but from WhilePlusSafetyLivenessDecomp.

[6, Lemma 2 on p. A — 3]
THEOREM WhilePlusAsConj =

ASSUME
TEMPORAL A, TEMPORAL G
PROVE
A G = ACI(A) &> ClIG)
NA=G
OMITTED

[6, Lemma 3 on p. A — 3]
PROPOSITION StepwiseAntecedent =

ASSUME

TEMPORAL A, TEMPORAL G
PROVE

(ANASD Q) = G
OMITTED

PROPOSITION StepwiseConsequent =
ASSUME
TEMPORAL A, TEMPORAL G
PROVE
G = (A% G)
OMITTED

Closure distributes over stepwise implication.
THEOREM WhilePlusMachineClosed Repr =
ASSUME
TEMPORAL A, TEMPORAL G
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PROVE
Cl(A % G) = (CI(A) *» CI(@))
PROOF
(1) DEFINE
P=A%G
C = Cl(A) & Cl(G)
(H1. Cl(P)= C
1. P =C
(3)1. A % G = A Cl(A) &> ClI(G)
NA=G
BY WhilePlusAsConj
(3)2. A *> G = (Cl(A) & Cl(G))
BY (3)1
(3) QED
BY (3)2 DEF P, C
(2)2. CI(P) = CI(C)
BY (2)1, ClosureIsMonotonic
(2)3. Cl(C)=C
(3)1. IsSafety(C)
BY WhilePlusOfClosuresIsSafety DEF C
(3) QED
BY (3)1, ClosureOfSafety
(2) QED
BY (2)2, (2)3
(1)2. C = CI(P)
(2)1. SUFFICES
ASSUME
NEW sigma, IsABehavior(sigma),
sigma = C
PROVE
sigma = CI(P)

(2)2.CASE sigma = CI(A)
(3)1. sigma = CI(G)
BY (2)1, (2)2, StepwiseAntecedent DEF C
(3)2. SUFFICES
ASSUME NEW n € Nat
PROVE PrefizSat(sigma, n, P)
BY DEF Cl goal from (2)1
(3)3. PICK tau : A IsABehavior(tau)
A Prefiz(tau, n) = Prefiz(sigma, n)
Atau = G
BY (3)1, PrefizSatAsSamePrefix
(3)4. tau = A *»> G
BY (3)3, StepwiseConsequent
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(3)5. Jtau : A IsABehavior(tau)
A Prefix(tau, n) = Prefix(sigma, n)
Atau = P
BY (3)3, (3)4 DEF P
(3) QED
BY (3)5, PrefixSatAsSamePrefiz  goal from (2)1
(2)3.CASE —sigma = Cl(A)
(3)1. sigma = CI(A) &> CI(G)
BY (2)1 DEF C
(3)2. sigma = A= G
(M1, sigma = —-CI(A)
BY (2)3
2. (-CI(A)) = A
BY Closurelmplied
(4)3. sigma = —A
BY (4)1, (4)2
(4) QED
BY (4)3
(3)3. sigma = A > G
BY (3)1, (3)2, WhilePlusAsConyj
(3)4. sigma = P
BY (3)3 DEF P
(3) QED
BY (3)4, ClosureImplied
(2) QED
BY (2)2, (2)3
(1) QED
BY (1)1, (1)2

A representation theorem.
THEOREM WhilePlusSafetyLivenessDecomp =
ASSUME
TEMPORAL A, TEMPORAL G
PROVE
LET

IN
A SafetyPart(AG) = C
A LivenessPart(AG) = (C = AG)
PROOF
(1)1. SafetyPart(A *> G) = CI(A) %> CI(G)
BY WhilePlusMachineClosedRepr DEF SafetyPart
(1)2. LivenessPart(A > G)
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= (Cl(A) & Cl(G)) = (A® G)
BY (1)1 DEF LivenessPart
(1) QED
BY (1)1, (1)2

THEOREM
ASSUME
TEMPORAL F, TEMPORAL M
PROVE
Cl(E *> M) = CI(E= M)
PROOF
(1)1. CI(E > M) = (CI(E) = CI(M))
BY WhilePlusSafetyLivenessDecomp
(1)2. (ClI(F) = CI(M)) = CI(E=M)
BY ClosureOfImpl
(1) QED
BY (1)1, (1)2

Feedback sustains M.
THEOREM WhilePlusFeedback =
ASSUME
TEMPORAL M,
- ': =M M is satisfiable

PROVE
LET C = CI(M)
N (CHC) = C
PROOF
(1) DEFINE C = CI(M)

(H1. ¢ = (C % 0)
BY StepwiseConsequent
nH2.(C»C) = C
(2)1. SUFFICES
ASSUME
NEW sigma, IsABehavior(sigma),
sigma = C > C
PROVE
sigma = C

(2)2.¥Yn € Nat :
PrefizSat(sigma, n, C)
= PrefixSat(sigma, n+ 1, C)
BY (2)1, WhilePlusProperties
(2)3. PrefizSat(sigma, 0, C)
(3. - -M
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BY WhilePlusFeedback!assumption
(3)2. Jtau : A IsABehavior(tau)
Atau = M
BY (3)1
(3) QED
BY (3)2 DEF PrefizSat
(2)4.Vn € Nat : PrefizSat(sigma, n, C)
BY (2)2, (2)3, NatInduction
(2)5. sigma = CI(C)
BY <2>4 DEF Cl semantic DEF of closure
(2) QED
BY (2)5, Closureldempotent DEF C
(1) QED
BY (1)1, (1)2 DEF C

Feeding the same temporal property as both arguments of the while-plus
operator cancels out the liveness part of that property.

LEMMA FErasingLiveness =
ASSUME
TEMPORAL M
PROVE
(M *> M) = (CI(M) *> CI(M))
PROOF
(WV1. M %> M = ACI(M)*> Cl(M)
ANM =M
BY WhilePlusAsConj
H2. M =M

(1) QED
BY (1)1, (1)2

If M is satisfiable, then the while-plus property M I M is the closure
Cl(M) of M.
COROLLARY ClosureViaWhilePlus =
ASSUME
TEMPORAL M,

PROOF

(H1. (M > M) = (ClI(M) > CI(M))
BY FErasingLiveness

(1)2. (Cl(M) &> CI(M)) = CI(M)
BY WhilePlusFeedback

20



(1) QED
BY (1)1, (1)2

An instance of the schema from [5, Lemma 5].
LEMMA ConjoiningSafety =

ASSUME
TEMPORAL A, TEMPORAL B, TEMPORAL C, TEMPORAL D,
IsSafety(A), IsSafety(B), IsSafety(C), IsSafety(D)

PROVE
VoAA B

ANC D

V(AAB) % (CAD)

OMITTED

THEOREM
ASSUME
TEMPORAL P, TEMPORAL (Q,
IsSafety(P), IsSafety(Q),
SE-(PAQ)
PROVE

V = Q
P

v

AP
AQ
VPAQ
PROOF
(H1.V-AP & Q
ANQ > P
V(PAQ) > (QAP)
BY ConjoiningSafety
(1)2. (P A Q) % (QA P))
=(PAQ)
@1 ~E~(PAQ)

(2)2. IsSafety(P A Q)
OMITTED  The conjunction of safety properties is safety.
(2) QED
BY (2)1, (2)2, WhilePlusFeedback
(1) QED
BY (1)1, (1)2

If we weaken the first argument and strengthen the second argument of Y ,
then the resulting open-system refines the open-system we started with.
. A
THEOREM RefinementOfWhilePlus =
ASSUME
TEMPORAL A, TEMPORAL G,
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TEMPORAL P, TEMPORAL R,
AP = A
NG =R
if each of A, G, P, R contains recurrence,

then these are GR(1) problems (via Klein-Pnueli). If each has GR(1) liveness, then these
are GR(2) problems.

PROVE
(A% G) = (P R)
PROOF
(H1.A A > G = A PrefizPlusOne(A, G)

NA= G

AP > R = A PrefizPlusOne(P, R)
ANP =R

BY DEF >

2. (A= G) = (P=1R)
(2)1. SUFFICES (PA (A= G))= R

(2)2. (PN(A4=@G)) = G
3. P=A
BY RefinementOfWhilePlus!assumption
(3) QED
BY (3)1
(2)3. G =R
BY RefinementOfWhilePlus! assumption
(2) QED
BY (2)2, (2)3  goal from (2)1
(1)3. PrefirPlusOne(A, G) = PrefitPlusOne(P, R)
(2)1. SUFFICES
ASSUME
NEW n € Nat,
NEW sigma, IsABehavior(sigma)
PROVE
V —(PrefizSat(sigma, n, A) = PrefizSat(sigma, n + 1, G)
V PrefixSat(sigma, n, P) = PrefixSat(sigma, n + 1, R)
BY DEF PrefizPlusOne
(2)2. SUFFICES
ASSUME
A PrefixSat(sigma, n, A) = PrefizSat(sigma, n+ 1, G)
A PrefixSat(sigma, n, P)
PROVE
PrefizSat(sigma, n+ 1, R)
goal from (2)1
(2)3. PrefizSat(sigma, n, A)
(3)1. PrefizSat(sigma, n, P)
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BY (2)2
(3)2. P= A
BY RefinementOfWhilePlus! assumption
(3)3. PrefizSat(sigma, n, P) = PrefixSat(sigma, n, A)
(4)1. IsA Behavior(sigma)
BY (2)1
(4) QED
BY (4)1, (3)2, PrefixSatImp
(3) QED
BY (3)1, (3)3
(2)4. PrefizSat(sigma, n+ 1, G)
BY (2)3, (2)2
(2) QED
(3)1. G =R
BY RefinementOfWhilePlus! assumption
(3)2. PrefizSat(sigma, n+ 1, G) = PrefizSat(sigma, n+ 1, R)
(4)1. IsABehavior(sigma)
BY (2)1
(4) QED
BY (4)1, (3)1, PrefizSatImp
(3) QED
BY <2>4, <3>2 goal from (2)2
(1) QED
BY (1)1, (1)2, (1)3

Proof of rewriting > with safety as first argument.

. . . A
PROPOSITION WeakeningLivenessPreservesMachineClosure =

ASSUME
TEMPORAL S, TEMPORAL L, TEMPORAL R,
Cl(SANL)y=S

PROVE
C(SAN(LVR)) = S

PROOF

(1)1. DEFINE
Z = CI(SA(LVR))
H2. =7

(1. (SAL) = (SA(LVR))

(2)2. CI(SANL) = CI(SA(LVR))
BY (2)1, ClosureIsMonotonic
(2)3. 8= Cl(SAN(LVR))
BY (2)2

and WeakeningLivenessPreservesMachineClosure!assumption
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(2) QED
BY (2)3 DEF Z
1)3. Z2=2S8
(2)1. (SA(LVR))= S

(2)2. CI(SAN(LVR)) = CI(S)
BY (2)1, ClosureIsMonotonic
(2)3. Z = CI(S)
BY (2)2 DEF Z
(2)4. CI(S) =8
(3)1. CI(LAS) =S

BY WeakeningLivenessPreservesMachineClosurelassumption
(3)2. CI(CI(L A S)) = CI(S5)
BY (3)1
(3)3. CI(CU(L A S)) = CI(LAS)
BY Closureldempotent
(3)4. CI(L A S) = CI(S)
BY (3)2, (3)3
(3) QED
BY (3)1, (3)4
(2) QED
BY (2)3, (2)4
(1) QED
BY (1)1, (1)2 DEF Z

A claim on p. 528 in [5].
THEOREM Rewriting WhilePlus WithSafetyArgl =
ASSUME
TEMPORAL E, TEMPORAL M
PROVE
LET
ENew
MNew

CI(E)
CI(M) A (E = M)

e {1

IN
A(E *> M) = (ENew *> MNew)
A IsSafety( ENew)
PROOF
(1) DEFINE
EM = E*% M
ENew = CI(E)
MNew = CI(M)A(E = M)
(1)1. EM = A CI(E) > ClI(M)
ANE =M
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BY WhilePlusAsConj
(1)2. EM = A CI(E) > CI(M)
A CI(E) = Cl(M)
ANE =M
(2)1. (CI(E) & CI(M))
= ACI(CI(E)) % CI(CI(M))
A CIE) = CI(M)
BY WhilePlusAsConj
(2)2.V =(CI(E) > CI(M))
V CI(E) = Cl(M)
BY (2)1
(2) QED
BY (1)1, (2)2
(1)3. EM = A CI(E) > CI(M)
A CIE) = Cl(M)
A (CUE) N E) = M
(2)1. E = CI(E)
BY ClosureImplied
(2)2. E = (E A CU(E))
BY (2)1
(2) QED
Y (1)2, (2)2
(1)4. EM— /\Cl( > Cl(M)
A Cl(
A Cl(
BY (1)3
(1)5. EM = A CI(E) &> CI(M)
A CIUE)= ACI(M)
ANE =M

E)

E)= CI(M)
E)= (E= M)
E

E

BY (1)4
(1)6. EM = A CI(CI(E)) *> CI(CI(M) A (E = M))
ACUE)= ACI(M)
ANE =M
(2)1. CI(F) = CI(CI(E))
BY Closureldempotent
(2)2. CI(M) = Cl(CI (M) AN (E = M))
In words: The pair M, CI(M) is machine-closed.
(3)1. M = ClI(M)
BY Closurelmplied
(3)2. M = (Cl(M)ANM)
BY (3)1
(3)3. ClI(M) = CI(Cl(M) AN M)
BY (3)2
(3Y4. Cl(M) = Cl(Cl (M) AN (M V—E))
BY (3)3, WeakeningLivenessPreservesMachineClosure
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with S 2 ClU(M), L 2 M,R £ —E
(3) QED
BY (3)4
(2) QED
BY (1)5, (2)1, (2)2
(1)7. EM = A Cl(ENew) *> Cl(MNew)
A ENew = MNew
BY (1)6 DEF ENew, MNew
(1)8. IsSafety( ENew)
(2)1. CI(ENew) = CI(CI(E))
BY DEF Enew
(2)2. CI(CI(E)) = CI(E)
BY Closureldempotent
(2)3. CI(F) = ENew
BY DEF ENew
(2)4. Cl(ENew) = ENew
BY (2)1, (2)2, (2)3
(2) QED
BY (2)4 DEF IsSafety
(1) QED
BY (1)7, (1)8 DEF EM, ENew, MNew

The liveness part is shifted to the second argument of Ry
A form of “saturation”.
PROPOSITION
ASSUME
TEMPORAL FE, TEMPORAL M
PROVE
E*>M = ACIHE) % Cl(M)
A CI(E) = (LivenessPart(E) = M)
PROOF
(1) DEFINE
EM = E*% M
(1)1. EM = A CI(E) &> CI(M)
ANE =M
BY WhilePlusAsConj
(1)2. (E = M)
= ((EACUE)) = M)
BY ClosureImplied
(1)3. (E A CI(E)) = M)
= (CI(E) = (E = M))

(Yd. (CU(E) = (E= M))
(CE) = (EV-CIE))=M))
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(1)5. LivenessPart(E) = (Cl(E) = E)
BY DEF LivenessPart

(1) QED
BY (1)1, (1)2, (1)3, (1)4, (1)5

The raw version of RuleINV1 from the module TLAPS.
THEOREM RuleRawINV1 =

ASSUME
STATE I, ACTION N,
(INN) = I

PROVE
(INON) = OI

OMITTED
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MODULE TemporalQuantification

Proof rules for temporal quantifiers 3, V in TLA+.

References

[1] L. Lamport, The temporal logic of actions, TOPLAS, 1994 10.1145/177492.177726

[2] L. Lamport, Specifying systems, Addison-Wesley, 2002

Copyright 2016-2017 by California Institute of Technology. All rights reserved. Licensed under
3-clause BSD.

EXTENDS Naturals, NaturalsInduction, TLASemantics

Proof rule E1 from [1, Fig.9 on p.905].
THEOREM RuleE1 =
ASSUME
TEMPORAL F'(_),
STATE f
PROVE
F(f) = (Qa: F(z))

Proof rule (schema) for instantiating universal temporal quantification.

THEOREM InstantiateAA =
ASSUME
TEMPORAL F'(_),
STATE f
PROVE
(Vo: F(z)) = F()
PROOF
(1)1. SUFFICES
ASSUME
~((Ve: F(z)) = F(f))
PROVE
FALSE

(2. AVz: F(zx)
A=F(f)
BY (1)1
(1)3. -z : —F(x)
(2)1.Vx: F(x)
BY (1)2
(2) QED
BY (2)1 DEFV Vaz: P £ ~(3a: —P) [2, p.315]
()d. Az : —F(z)
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(@)1 ~F(f)
BY (1)2

(2)2. (=F(f)) = Fz: ~F(z)
BY RuleE1

(2) QED
BY (2)1, (2)2

(1) QED
BY (1)3, (1)4

THEOREM UniversalClosure =
ASSUME
TEMPORAL G(-),
ASSUME VARIABLE x

PROVE G(z)
PROVE

Vu: G(u)
PROOF

(1)1. sUFFICES - u: —G(u)
BY (1)1 DEF V
(1)2. SUFFICES
ASSUME Jdu: —G(u)
PROVE FALSE
goal from (1)1
(1)3. ASSUME VARIABLE
PROVE G(u)
BY UniversalClosure!assumption
(4. Ju: G(u) AN—-G(u)
BY (1)2, (1)3
(1)5. Ju : FALSE
BY (1)4
(1) QED
BY (1)5




MODULE WhilePlusTheorems

We prove the equivalence of the “while-plus” operator > to a formula in

raw TLA+ with the past operator Farlier. In other words, we convert %> from TLA+ to a
stepwise formula in raw TLA+ with past (PastRTLA + ) that is more suitable for using synthesis
algorithms originally developed for LTL [5]. The result that we formally prove is analogous to [4,
Lemma B.1 on p.70].

Due to the past operator, the satisfaction relation |= of PastRTLA + resembles that of LTL (it
includes an index of the behavior state). So for PastRTLA + formulas we will use the notation

sigma, i = phi
and for TLA+ formulas the notation
sigma = phi
If phi is a TLA+ formula, then we can apply the equivalence

(sigma |= phi) = (sigma, 0 = phi)

For the closure of a behavior sigma:
(sigma = CIU(F)) = (sigma |=Vn € Nat: PrefizSat(sigma, n, F))

In PastRTLA + we will allow writing [A]_v as shorthand for AV (v = v’). On its own, this
expression is ungrammatical in TLA+.

The directive BY Semantics refers to PastRTLA + and TLA+ semantics.
Author: Ioannis Filippidis
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EXTENDS TLASemantics, TemporalLogic, Integers, TLAPS

Definitions of past operators. For A an action, UpToNow corresponds

to Historically in LTL and Earlier to WeakPrevious Historically. A different definition is needed
when A is a temporal formula (using the Suffix operator), but we apply these operators to actions
only.
sigma, i = UpToNow(A) = Yk e€0..i:

(sigmalk], sigmalk + 1])[[A]]
VEeo.. (i—1):

(sigmalk], sigmalk + 1])[[4]]

sigma, i |= Earlier(A)

The definitions that work for A an arbitrary temporal formula.
sigma, i = UpToNowTemporal(A) =
VkeO0..i: Suffix(sigma, k), 0= A
sigma, i = EarlierTemporal(A) =
Vke0..(i—1): Suffiz(sigma, k),0= A

The syntactic definition of closure requires keeping track of variables,
which is cumbersome. In this module we use the following semantic definition.

sigma |= CI(P) = ¥n € Nat : PrefizSat(sigma, n, P)

Incremental implication spread over a behavior.
The operator Farlier is of PastRTLA + .
StepwiseImpl( EnvNext, SysNext) = O(Earlier(EnvNext) = SysNeaxt)
Causal but not strictly [6]
WeakStepwiseImpl( EnvNext, SysNext) = O(UpToNow(EnvNext) = SysNext)

The “trianglelefteq” operator defined in [7, p.220].
sigma |= AsLongAs(P, Q) =
Vn € Nat :
(Vm €0..n: Suffix(sigma, m) E P)
= (Suffix(sigma, n) = Q)
The “vartriangleleft” operator defined in [7, p.220].
The operators OneStepLonger and PrefizPlusOne are inequivalent.
sigma |= OneStepLonger(P, Q) =
Vn € Nat :
(Vme0..(n—1): Suffix(sigma, m) = P)
= (Suffiz(sigma, n) = Q)
The operator OneStepLonger can be expressed using the operator AsLongAs.
THEOREM ASSUME TEMPORAL P, Q
PROVE OneStepLonger(P, Q) = AsLongAs(Q = P, Q)
PROOF OMITTED

An operator defined in [9, p.16:3] and slightly differently in [8].



NotUntil( EnvNeat, SysNext) = —Until( EnvNeat, —=SysNeaxt)

Comparing the definitions of Lamport [7], Klein and Pnueli [6],
MacMillan (8], Namjoshi and Trefler [9].
THEOREM ASSUME ACTION E, §
PROVE StepwiseImpl(E, S) = OneStepLonger(E, S)
PROOF OMITTED

THEOREM ASSUME ACTION E, S
PROVE WeakStepwiseImpl(E, S) = AsLongAs(E, S)

THEOREM ASSUME ACTION F, S
PROVE NotUntil(E, S) = OneStepLonger(E, S)
PROOF OMITTED

The RawWhilePlus operator is essentially the same with that studied
by Klein and Pnueli [6]. The differences are in the strict causality and the initial condition (akin
to comparing —> and T ).

If the component initial condition Is constrains the initial value of component variables y, then
use appropriate DEF of realizability.
If SysNext constrains z’ (next env var values), then RawWhilePlus is unrealizable (for the same

reason b is unrealizable in that case). LTL synthesis literature passes SysNezt that leaves z’
unconstrained, so unrealizability does not arise there, but other issues do.

If SysNext results by rewriting a property as the conjunction of a machine-closed pair, then z’
can happen to be constrained. If so, then unrealizability arises.

Any closed-system property G in A I @ has this issue (because the rewriting is always possible,
and then the claims we prove apply). Only if G leaves z entirely unconstrained is unrealizability
avoided. However, in that case G allows wild behavior within PrefizrSat(sigma, n, G).
RawWhilePlus(
IeP(_, _), Ie, Is,
EnvNezxt, SysNezxt,
Le, Ls) =
V-dp, q: IeP(p, q) unsatisfiable assumption ?
V Als
AV —le
VA StepwiseImpl( EnvNext, SysNext)
A (OEnvNext A Le) = Ls

The RawWhilePlus operator offers 5 degrees of freedom,
emphasized by the following canonical forms. The forms differ by whether the main operator is
conjunction or disjunction.

RawWhilePlusConj(InitA, InitB, EnvNext, SysNext, Liveness)
A InitB
A InitA = A StepwiseImpl( EnvNext, SysNext)

A



AV O EnvNext
V Liveness

RawWhilePlusDisj(InitC', InitD, EnvNext, SysNext, Liveness) =
InitC = A InitD
A StepwiseImpl( EnvNext, SysNext)
AV O EnvNext
V Liveness

The operators RawWhilePlusConj and RawWhilePlusDisj can express the
same properties, as shown by the following two theorems.
THEOREM
ASSUME

CONSTANT IeP(-, _),
STATE le, STATE Is,
ACTION EnuvNext, ACTION SysNext,
TEMPORAL Le, TEMPORAL Ls

PROVE
LET
InitB = (3p, q: IeP(p, q) = Is
InitA = Ie
Liveness = Le = Ls
IN

RawWhilePlusConj (InitA, InitB, EnvNext, SysNext, Liveness)
= RawWhilePlus(IeP, Ie, Is, EnvNext, SysNext, Le, Ls)
PROOF

THEOREM
ASSUME
CONSTANT IeP(-, _),
STATE le, STATE Is,
ACTION EnuvNext, ACTION SysNext,
TEMPORAL Le, TEMPORAL Ls,
PROVE
LET
InitC = A3dp, q: IeP(p, q)
NlIs = Ie
InitD = Is
Liveness = Le = Ls
IN
RawWhilePlusDisj(InitC, InitD, EnvNext, SysNext, Liveness)
= RawWhilePlus(IeP, Ie, Is, EnvNext, SysNext, Le, Ls)
PROOF

PROPOSITION AlwaysSysNextImpliesStepwiseImpl =



V -0OSysNext

V StepwiseImpl( EnvNext, SysNext)
PROOF
(1)1. (OSysNext)

= O(Earlier(EnvNext) = SysNext)

BY PTL
(1) QED

BY (1)1 DEF StepwiseImpl

PROPOSITION AlwaysEnvNextAndStepwiselmpl =
V = A OFEnvNext
A StepwiseImpl( EnvNext, SysNext)
Vv OSysNext
PROOF
(1)1. (OFnvNext)
= OFEarlier( EnvNext)
BY DEF FEarlier
(1)2. V =~ A OFEarlier( EnvNext)
A O(Earlier( EnvNext) = SysNext)
Vv OSysNext
BY PTL
(1) QED
BY (1)1, (1)2

Converting between PastRTLA + and TLA+.

The raw logic allows for stutter-sensitive properties, though the motivation for using the raw logic
is to translate to a stepwise form and connect with results on fixpoint algorithms.

The satisfaction relation ( =) can be defined in two ways: with or without an explicit index of
a state in the behavior (i.e., sigma = P versus sigma, index = P). TLA does not use such an
index. An index is necessary to define past operators, because an index stores information from
previous states in a behavior. We use an index, in order to include past operators.

There are two flavors of temporal quantification: one that preserves stutter-invariance (3), and
one that does not. The definition of 3 in TLA and raw past TLA differ, because we are using =

with an index. See the module TemporalLogic for how | EE is defined in raw TLA with past.
LEMMA CommonModels =
ASSUME TEMPORAL F,
IsATLAPlusFormula(F')
PROVE (sigma, 0 = F) = (sigma = F)
PROOF
BY Semantics

Relating PrefizSat to closure.



LEMMA PrefizSatForClosure =
ASSUME
TEMPORAL P,
NEW n € Nat,
NEW sigma,
IsABehavior(sigma)
PROVE
PrefizSat(sigma, n, P) = PrefizSat(sigma, n, CIl(P))
PROOF
(1)1. PrefizSat(sigma, n, P)
=3Jtau: A IsABehavior(tau)
AVi€e0..(n—1): tauli] = sigmali]
Atau = P
BY DEF PrefizSat
(1)2. PrefizSat(sigma, n, CI(P))
= Jtau: A IsABehavior(tau)
AVi€e0..(n—1): tauli] = sigmali]
A tau = CI(P)
BY DEF PrefizSat
(1)3. PrefizSat(sigma, n, P) = PrefizSat(sigma, n, Cl(P))
(2)1. P = CI(P)
BY Closurelmplied
(2) QED
BY (1)1, (2)1, (1)2
(1)4. PrefizSat(sigma, n, CI(P)) = PrefizSat(sigma, n, P)
(2)1. SUFFICES ASSUME PrefizSat(sigma, n, Cl(P))
PROVE PrefizSat(sigma, n, P)

(2)2. PICK tau :
A IsABehavior(tau)
AN Vi€e0..(n—1): tauli] = sigma[i]
A tau = CI(P)
BY (2)1, (1)2
(2)3.Vr € Nat : PrefirSat(tau, r, P)
(3)1. tau = CI(P)
BY (2)2
(3) QED
BY <3>1 DEF Cl the semantic definition of closure
(2)4. PrefizSat(tau, n, P)
BY (2)3
(2)5. PICK eta : A IsABehavior(eta)
AVie0..(n—1): etali] = tau[i]
Aeta =P
BY (2)4 DEF PrefizSat
(2)6.Vi€0..(n—1): etali] = sigmali]



B)YL.AVie€e0..(n—1): eta[i] = tau[i]
AYi€e0..(n—1): tau[i] = sigmali]
BY (2)2, (2)5
(3) QED
BY (3)1
(2)7. A IsABehavior(eta)
AVie0..(n—1): etali] = sigmali]
Aeta = P
BY (2)5, (2)6
(2) QED
BY (2)7, (1)1
(1) QED
BY (1)3, (1)4

One direction of PhiEquivRawPhi.

PROPOSITION RawPhilmpliesPhiStepll =

ASSUME
VARIABLE 7, VARIABLE y,
NEW sigma, META NEW
IsABehavior (sigma),
CONSTANT IeP(_, _),
CONSTANT IsP(_, _),
CONSTANT NeP(_, _, _, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL Le, TEMPORAL Ls,
AV u, v: IeP(u, v) € BOOLEAN
AV u, v: IsP(u, v) € BOOLEAN
AYa,b,c,d: NeP(a, b, ¢, d) € BOOLEAN
AYa, b, c,d: NsP(a,b, ¢, d) € BOOLEAN ,
LET

[ 11> 10> 1>

Ns
EnvNext
SysNext [Ns],
RawPhi = RawWhilePlus(
IeP, Ie, Is,
EnvNext, SysNext, Le, Ls)
IN
sigma, 0 = RawPhi
PROVE



LET

A
v = {2, y)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z, y, z', y')
Ns = NsP(z, y, z', ')
A = Ie NO[Ne], A Le
G = Is AO[Ns|, A Ls
IN
sigma = A= G
PROOF
(1) DEFINE
A
v = (z,9)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z, y, 2', y')
Ns = NsP(z, y, z', y')

A = Ie NO[Ne], A Le
G = Is NO[Ns|, A Ls
EnvNext [Ne],
SysNext [Ns],
RawPhi = RawWhilePlus(
IeP, Ie, Is,
EnvNext, SysNext, Le, Ls)
()1. (sigma, 0 = A) = (sigma E A)
(2)1. IsSATLA PlusFormula(A)
BY DEF A, Ie, Ne
(2) QED
BY (2)1, CommonModels DEF A
(1)2. (sigma, 0 = G) = (sigma = G)
(2)1. IsATLAPlusFormula(G)
BY DEF G, Is, Ns
(2) QED
BY (2)1, CommonModels DEF G
(1)3. SUFFICES ASSUME sigma, 0 = A
PROVE sigma = G
(2)1. (sigma = A = G)
= ((sigma = A) = (sigma = G))
BY Semantics
(2)2.CASE —(sigma, 0 = A)
(3Y1. —(sigma = A)
BY (2)2, (1)1
(3)2. (sigma = A) = (sigma = G)
BY (3)1
(3) QED

> >



BY (3)2, (2)1
(2)3.CASE sigma, 0 |= A
(3)1. sigma = G
BY (1)3
(3)2. (sigma = A) = (sigma E G)
BY (3)1
(3) QED
BY (3)2, (2)1
(2) QED
BY (2)2, (2)3
(1)4. A sigma |= Te A O[Ne], A Le
A sigma, 0 |= Ie A O[Ne], A Le
(2)1. sigma = A
BY (1)3, (1)1
(2)2. sigma = Ie A O[Ne], A Le
BY (2)1 DEF A4
(2)3. sigma, 0 = Ie A O[Ne], A Le
BY (2)2, CommonModels DEF Ie, Ne
(2) QED
BY (2)2, (2)3
<1>5. dp, q: IeP(p, q) The assumption is satisfiable.
(2)1. sigma = Ie
BY (1)4
(2)2. sigma = IeP(z, y)
BY (2)1 DEF le
(2) QED
BY (2)2
(1)6. sigma, 0 = A Is
A StepwiseImpl( EnvNext, SysNext)
A (Le A OEnvNext) = Ls
(2)1. sigma, 0 = A le
A3p, q: IeP(p, q)
BY (1)4, (1)5
(2)2. sigma, 0 =
vV —3p,q: IeP(p, q)
V. Als
AV le
VA StepwiseImpl( EnvNext, SysNext)
A (OEnvNext A Le) = Ls
(3)1. sigma, 0 = RawPhi
BY RawPhilmpliesPhiStepl1lassumption
(3) QED
BY (3)1 DEF RawPhi, RawWhilePlus
(2) QED
BY (2)2, (2)1



(1)7. sigma, 0 |= Ls
(2)1. sigma, 0 = Le A OEnvNext
BY (1)4 DEF EnvNext
(2) QED
BY (1)6, (2)1
(1)8. sigma, 0 = O[Ns],
(2)1. sigma, 0 = OFEnvNext
BY (1)4 DEF EnvNext
(2)2. sigma, 0 |= StepwiseImpl( EnvNext, SysNext)
BY (1)6
(2)3. sigma, 0 = OSysNext
BY (2)1, (2)2, AlwaysEnvNextAndStepwiseImpl
(2) QED
BY (2)3 DEF SysNext
(1)9. sigma, 0 = G
(2)1. sigma, 0 = Is AO[Ns], A Ls
BY (1)6, (1)7, (1)8
(2) QED
BY (2)1 DEF G
(1) QED
BY (1)9, (1)2 = goal of (1)3

If the first (n — 1) steps of a behavior sigma satisfy the assumption
Ie A O[Ne]-v, and (causal) stepwise implication holds of sigma, then the first n steps of sigma

satisfy the guarantee Is A O[Ns]_v.

Note that such any TLA+ safety property (like Ie AO[Ne]-v) is stutter-extensible [4], so it suffices
to talk about the first (n — 1) steps, as opposed of the first n states. The n-th state matters only
for the last step. The property le A O[Ne]-v can be satisfied by any n-th state, by stuttering

forever.
LEMMA TakeOneMoreStep =
ASSUME
VARIABLE Z, VARIABLE ¥,
NEW sigma, META NEW
IsABehavior (sigma),
NEW n € Nat,
CONSTANT NeP(_, _, _, _)
CONSTANT NsP(_, —, —, _),
AYa, b, c,d: NeP(a,Db,
b

)

¢, d)
AYa, b, c,d: NsP(a,b, c,d),
LET
v = (2, y)
Ne = NeP(z, y, z', y')
Ns = NsP(z, y, z', y')
EnvNext = [Ne],

SysNext = [Ns],

10



IN
A PrefixSat(sigma, n, O[Nel,)
A sigma, 0 |= StepwiseImpl( EnvNext, SysNext)

PROVE
LET
v = (z,y)
Ns = NsP(z, y, 2, y)
IN
Vre0..(n—1):
(sigmalr], sigma[r + 1])[[[Ns],]]
PROOF
(1) DEFINE
A
v = (z,9)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z, y, 2', y')
Ns = NsP(z, y, z’, y')
EnvNext = [Ne],
SysNext = [Ns],
PlusOne = Earlier(EnvNext) = SysNext)

Behavior sigma’s first (n — 1) steps of sigma satisfy EnvNezt.
(1)1. ASSUME NEW k € 0..(n —2)
PROVE (sigmalk], sigmalk + 1])[[EnvNext]]
(2)1. PrefizSat(sigma, n, Ie A O[Nel,)
BY TakeOneMoreSteplassumption
(2)2. PICK tau : A IsABehavior(tau)
AYi€e0..(n—1): tau[i] = sigmali]
A tau = Ie A O[Ne],
BY (2)1 DEF PrefizSat
(2)3. ASSUME NEW 1§ € Nat
PROVE (tauli], tau[i + 1])[[[Ne],]]
BY (2)2, Semantics
(2)4. (taulk], taulk + 1]) = (sigmalk], sigma[k + 1])
BY1.Ake0..(n—-1)
ANk+1)€0..(n—-1)
BY (1)1
(3) QED
BY (3)1, (2)2
(2) QED
(3)1. (taulk], taulk + 1])[[EnvNext]]
BY (1)1 DEF EnuvNext
(3) QED
BY (3)1, (2)4
Convert to a statement that uses Earlier.
(1)2. ASSUME NEW r € 0.. (n —1)

11



PROVE sigma, r = FEarlier( EnvNext)
(2)1. SUFFICES ASSUME NEW k € 0.. (r —1)
PROVE (sigmalk], sigmalk + 1])[[EnvNext]]
BY DEF Earlier
(2)2.k€0..(n—2)
(3)1. (k € Nat)
Y (21, (1)
(3)2. (k <r-1
v @)1, (1)
<3>3 k<n-—2
BY (3)1, (3)2
(3) QED
BY (3)1, (3)3
(2) QED
BY (2)2, (1)1
Plus one step for SysNext.
(1)3. ASSUME NEW 7 € Nat,
sigma, r = Earlier( EnvNext)
PROVE (sigmal[r], sigma[r + 1])[[SysNext]|
(2)1. sigma, 0 = OPlusOne
BY DEF Stepwiselmpl, PlusOne
and TakeOneMoreSteplassumption
(2)2. Vi € Nat : sigma, i = PlusOne
BY (2)1, Semantics
(2)3. sigma, r = PlusOne
BY (2)2, (1)3
(2)y4. V =sigma, r |= Earlier( EnvNext)
V sigma, r = SysNext
BY (2)3, Semantics DEF PlusOne
(2)5. sigma, r = SysNext
BY (2)4, (1)3
(2) QED
BY (2)5, Semantics
(1)4. ASSUME NEW r € 0.. (n—1)
PROVE (sigmalr], sigma[r + 1])[[SysNext]]
(2)1. sigma, r = Earlier(EnvNext)
BY (1)2, (1)4
(2)2. r € Nat :
BY (1)4
(2) QED
BY (2)1, (2)2
(1) QED
Y (1)4 DEF SysNext

(r € Nat)

A\
2
JA(r<n-—1)
2

12



PROPOSITION RawPhilmpliesPhiStepl2 =
ASSUME

VARIABLE Z, VARIABLE ¥,
NEW sigma, META NEW
IsA Behavior (sigma),
CONSTANT IeP(-, _),
CONSTANT IsP(-, _),
CONSTANT NeP(_, _, _, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL Le, TEMPORAL Ls,
AVu, v: IeP(u, v) € BOOLEAN
AYu, v: IsP(u, v) € BOOLEAN
AYa, b, c,d: NeP(a, b, ¢, d) € BOOLEAN
AV a, b, c,d: NsP(a,b, c, d) € BOOLEAN ,

LET
v = (2, y)
Is = IsP(z, y)
le = IeP(z, y)
Ne = NeP(z,y, 2, ')
NS é NSP(I7 y’ $/7 y/)
EnvNext = [Ne],
SysNext = [Ns],
RawPhi = RawWhilePlus(
leP, Ie, Is,
EnvNext, SysNext, Le, Ls)
IN

A IsMachineClosed(Ie A O[Nel,, Le)
A IsMachineClosed(Is A O[Ns],, Ls)
A sigma, 0 = RawPhi
PROVE
LET

<
I12
—
8
<
~

> || b

L LTSS
z
S

AnzZz55

IN
Vn € Nat :
PrefizSat(sigma, n, A) = PrefizSat(sigma, n+ 1, G)
PROOF
(1) DEFINE
v = (2, y)

Is = IsP(z, y)
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Ie = IeP(z, )

Ne é Nep(x7 y? x/’ y/)
Ns Aé NsP(z, y, 2, y')
A = Ie ANO[Ne], A Le
G £ Is AO[Ns], A Ls
CIA i CI(A)

CIG = CI(G)

EnvNext = [Nel,
SysNext = [Ns],
RawPhi = RawWhilePlus(
IeP, Ie, Is,
EnvNext, SysNext, Le, Ls)
(1)4. A CIA = (Ie A O[Ne],)
A CIG = (Is A O[Ns],)
BY DEF ClA, CIG, A, G, IsMachineClosed
and RawPhilmpliesPhiStep12lassumption
(1)8. sigma, 0 =
vV —dp, q: IeP(p, q) unsatisfiable assumption ?
vV Als
AV —le
VA StepwiseImpl( EnvNext, SysNext)
A (OEnvNext A Le) = Ls
(2)1. sigma, 0 = RawPhi
BY RawPhilmpliesPhiStep12!assumption
(2) QED
Y (2)1 DEF RawPhi, RawWhilePlus
(1)1. SUFFICES ASSUME NEW n € Nat
PROVE PrefizSat(sigma, n, A) = PrefizSat(sigma, n+ 1, G)

(1)2. SUFFICES PrefizSat(sigma, n, CIA) = PrefizSat(sigma, n + 1, CIG)
(2)1. IsA Behavior(sigma)
BY RawPhilmpliesPhiStepl2!assumption
(2)2. IsTemporalLevel(A) META
BY DEF A, Ie, Ne, IsTemporalLevel
(2)3. IsTemporalLevel(G) META
BY DEF G, Is, Ns, IsTemporalLevel
(2 >4 PreﬁwSat(sigma n, A) = PrefizSat(sigma, n, ClA)
Y (1)1, (2)1, (2)2, PrefizrSatForClosure
(2 )5 PreﬁxSat(szgma n+ 1, G) = PrefizSat(sigma, n+ 1, CIG)
Y (1)1, (2)1, (2)3, PrefizrSatForClosure
(2) QED
BY (1)2, (2)4, (2)5
(1)3. SUFFICES ASSUME PrefizSat(sigma, n, CIA)
PROVE PrefizSat(sigma, n+ 1, CIG)
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(1)5. PrefizSat(sigma, n, Ie A O[Nel,)
BY (1)3, (1)4
(1)6. SUFFICES PrefizSat(sigma, n + 1, Is A O[Ns],)
BY (1)4
First we handle the initial conditions.
(1)7. 3 p, q IeP(p, q) IeP is satisfiable, so A is satisfiable.
(2)1. PICK tau : A IsABehavior(tau)
AYi€e0..(n—1): tau[i] = sigmali]
A tau = Ie A O[Ne],
BY (1)5 DEF PrefizSat
(2)2. tau = Ie
BY (2)1
(2)3. tau = IeP(z, y)
BY (2)2 DEF Ie
(2) QED
BY (2)3, Semantics
(1)12. sigma, 0 =
A Is
AV ale
VA StepwiseImpl( EnvNext, SysNext)
A (OEnvNext A Le) = Ls
BY (1)8, (1)7
(1)9. ASSUME n =0
PROVE PrefizSat(sigma, n + 1, Is A O[Ns],)
In this case satisfiability of the assumption suffices to
prove that the consequent holds.
(2)1. SUFFICES PrefizSat(sigma, 1, Is A O[Ns],)
BY (1)9
(2)2. SUFFICES Jtau : A IsABehavior(tau)
A tau[0] = sigma[0]
A tau = Is A O[Ns],
BY DEF PrefizSat
(2)3. sigmal0] = Is
BY (1)12
(2) DEFINE tau = [i € Nat — sigmal0]]
(2)4. IsAState(sigmal0])
(3)1. IsABehavior(sigma)
BY RawPhilmpliesPhiStepl2!assumption
(3) QED
BY (3)1 DEF IsABehavior
(2)5. IsA Behavior(tau)
BY (2)4 DEF tau, IsABehavior
(2)6. taul0] = sigma[0]
BY DEF tau
(2)7. taul0] = Is
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BY (2)3, (2)6
(2)8. tau |= O[Ns],
<3>1. ASSUME ¢ € Nat all tau steps are stuttering
PROVE tauli + 1] = tau[i]
BY DEF tau
(3)2. ASSUME ¢ € Nat, tau[i + 1] = tau[i]
PROVE (tauli], tau[i + 1])[[[Ns]]]
BY Semantics stuttering step
(3) QED
BY (3)1, (3)2, Semantics
(2)9. tau = Is AO[Ns],
BY (2)7, (2)8, Semantics
(2) QED
BY (2)5, (2)6, (2)9  wiTNESS tau for goal of (2)2
(1)10. SUFFICES ASSUME n > 0
PROVE PrefizSat(sigma, n + 1, Is A O[Ns],)
current goal from (1)6
(2)1. (n=0)V(n>0)
BY (1)1
(2)2.CASE n =0
BY (1)9
(2)3.CASE n. >0
BY (1)10
(2) QED
BY (2)1, (2)2, (2)3
(1)15. (n € Nat) A (n > 0)
BY (1)1, (1)10
(1)11. sigma, 0 |= Ie
(2)1. PICK tau : A IsABehavior(tau)
AVi€e0..(n—=1): tau[i] = sigmali]
A tau |= Ie A O[Nel,
BY (1)5 DEF PrefizSat
(2)2. taul0] = Ie
BY (2)1

(3)1. IsStateLevel(Ie)
BY DEF Je
(3) QED
BY (2)4, (3)1, Semantics
(1)13. sigma, 0 = A s
A StepwiseImpl( EnvNext, SysNext)
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We omit the liveness conjunct, because irrelevant to this
part of the proof, which concerns stepwise implication, thus only safety.
BY (1)12, (1)11
Done with initial conditions. We address below the stepwise implication.
(1)14. SUFFICES Jw : A IsABehavior(w)
AYi€e0..n: wli] = sigmali]
A w E Is AO[Ns],
current goal from (1)10
(2)1. 3w : A IsABehavior(w)
AVie0..(n+1)—1): w[i] = sigmali]
A w = Is A O[Ns],
BY (1)14
(2) QED
BY (2)1 DEF PrefizSat
(1) DEFINE eta = StutterAfter(sigma, n) Infinitely stuttering tail.
prove that eta is the WITNESS w
(1)16 eta = O[Ns],
The first (n — 1) steps of eta satisfy the action [Ns]-v.
(2)1. ASSUME NEW k € 0..(n—1)
PROVE (etalk], etalk + 1])[[SysNext])
(3)1. (sigmalk], sigmalk + 1])[[SysNext]]
(4)1. PrefizSat(sigma, n, O[Ne],)
BY (1)5 DEF PrefizSat
(4)2. sigma, 0 |= StepwiseImpl( EnvNext, SysNext)
BY (1)13
(4) QED
BY (4)1, (4)2, TakeOneMoreStep
(3)2. (etalk], etalk + 1]) = (sigmalk], sigmalk + 1])
A1.ANke0..n
ANk+1)€e0..n
BY (2)1
4)2.Vi€0..n: etali] = sigmali
BY DEF eta, StutterAfter
(4)3. A etalk] = sigmalk]
A etalk + 1] = sigmalk + 1]
BY (4)1, (4)2
(4) QED
BY (4)3
(3) QED
BY (3)1, (3)2
Steps of eta from the n-th onwards satisfy the action [Ns]-v.
These are stuttering steps, so this step’s proof has no dependencies.
(2)2. ASSUME NEW k € Nat, k> n
PROVE (etalk], etalk + 1])[[SysNext]]
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(3)1. (etalk], etalk + 1]) = (sigma[n], sigma[n])
BY (2)2, StutteringTail DEF eta
(3)2. (sigmaln], sigmaln])[[SysNext]]
(1. (sigma[n], sigmaln])[[v’ = v]]
BY DEF v
(4) QED
BY (4)1, Semantics DEF SysNext
(3) QED
BY (3)1, (3)2
(2)3. ASSUME NEW k € Nat
PROVE (etalk], eta[k + 1])[[SysNext]]
BY (2)1, (2)2
(2) QED
BY (2)3, Semantics DEF SysNext
(1)17. eta = Is
(2)1. sigma, 0 = Is
Y (1)13
(2)2. sigmal0] = Is
BY (2)1, Semantics DEF Is
(2)3. etal0] = sigmal0]
(3)1.n >0
Y (1)10
(3) QED
Y (3)1 DEF eta, StutterAfter
(2)4. eta[ | = Is
BY (2)2, (2)3
(2) QED
BY (2)4, Semantics DEF Is
(1)18. IsA Behavior(eta)
BY StutterAfterlsA Behavior
(1)19. ASSUME NEW k € 0..n
PROVE etalk] = sigmalk]
(2)1.CASE k < n
BY StutterAfterHasSamePrefix DEF eta
(2)2.CASE k =n
(3)1. etalk] = sigma[n]
BY Stuttering Tail
(3) QED
Y (3)1, (2)2
(2 )3 (k <n)V (k=
Y (1)19
(2) QED
BY (2)1, (2)2, (2)3
(1) QED
(2)1. A IsA Behavior(eta)

n)
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AYi€0..n: etali] = sigmal[i]
A eta |= Is A O[Ns],
BY (1)18, (1)19, (1)17, (1)16
(2) QED
BY (2)1  goal from (1)14

LEMMA RawPhilmpliesPhi =

ASSUME
VARIABLE T, VARIABLE 7,
NEW sigma, META NEW
IsABehavior(sigma)
CONSTANT [eP(_, _),
CONSTANT IsP(_, _),
CONSTANT NeP(_, _, _, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL Le, TEMPORAL Ls,
AYu, v: IeP(u, v) € BOOLEAN
AYu, v: IsP(u, v) € BOOLEAN
AYa, b, c,d: NeP(a, b, c, d) € BOOLEAN
AYa, b, c,d: NsP(a,b, ¢, d) € BOOLEAN ,
LET

(111> 11> e

EnvNext
SysNext [Ns],
RawPhi = RawWhilePlus(

IeP, Ie, Is,

EnvNext, SysNext, Le, Ls)

IN

A IsMachineClosed(Ie A O[Nel,,, Le)
A IsMachineClosed(Is A O[Ns],, Ls)
A sigma, 0 = RawPhi

PROVE
LET

v = (2 9)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z,y, 2, ')
NS é NSP(I7 y’ l’l, y/)
A = Ie NO[Ne|, A Le
G = Is AO[Ns|, A Ls
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Phi = A% G

IN
sigma = Phi
PROOF
(1) DEFINE
A
v = (2,9)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne é NeP('I.7 y? l./’ y/)
Ns = NsP(z, y, z', y')
A = Ie ANO[Ne], A Le
G = Is NO[Ns|, A Ls
Phi = A% G
EnvNext = [Ne],
SysNext = [Ns],
RawPhi = RawWhilePlus(
IeP, Ie, Is,

EnvNext, SysNext, Le, Ls)
(1) SUFFICES
Asigma = A= G
AV n € Nat: PrefixSat(sigma, n, A)
= PrefizSat(sigma, n + 1, G)
BY DEF “», PrefizPlusOne, A, G, Is, Ie, Ns, Ne
(1)1. sigma = A = G The liveness part.
BY RawPhilmpliesPhiStep11
(1)2. Vn € Nat : The safety part.
PrefizSat(sigma, n, A) = PrefizSat(sigma, n+ 1, G)
BY RawPhilmpliesPhiStep12
(1) QED
BY (1)1, (1)2

The other direction of PhiEquivRawPhi.

LEMMA PhilmpliesRawPhi =
ASSUME

VARIABLE Z, VARIABLE ¥,
NEW sigma, META NEW
IsABehavior (sigma),
CONSTANT IeP(_, _),
CONSTANT IsP(_, _),
CONSTANT NeP(_, _, _, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL Le, TEMPORAL Ls,
AV u, v: IeP(u, v) € BOOLEAN
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AYu, v: IsP(u, v) € BOOLEAN
AV a, b, c,d: NeP(a,b, ¢, d) € BOOLEAN
AYa, b, c,d: NsP(a,b, ¢, d) € BOOLEAN ,

LET
v = (z, )
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z, y, ', y')
Ns = NsP(z, y, ', y')
A = Je AO[Ne], A Le
G = Is AO[Ns|, A Ls
Phi 2 A% G

IN

A IsMachineClosed(Ie A O[Nel,,, Le)
A IsMachineClosed(Is A O[Ns],, Ls)
A sigma |= Phi

PROVE
LET
v = (z,9)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z, vy, z', y')
Ns = NsP(z, y, 2, y')
EnuNext = [Ne],
SysNext = [Ns],
RawPhi = RawWhilePlus(
IeP, Ie, Is,
EnvNext, SysNext, Le, Ls)
IN
sigma, 0 = RawPhi
PROOF
(1) DEFINE
A
v = (z,9)
Is = IsP(z,y)
Ie = IeP(z, y)
Ne = NeP(z,y, z', y')
Ns = NsP(z, y, ', y')
A = Ie AO[Ne], A Le
G = Is NO[Ns], A Ls
Phi = A% G
CIA = Cl(A)
CIG = CI(G)

EnvNext = [Nel,
A

SysNext = [Ns],
RawPhi = RawWhilePlus(
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IleP, Ie, Is,
EnvNext, SysNext, Le, Ls)
(1)9. A CIA = (Ie A O[Ne],)
A CIG = (Is AO[Ns]y)
(2)1. Cl(Ie A O[Ne], A Le) = (Ie A O[Nel,)
BY DEF IsMachineClosed, Ie, Ne, v
and PhilmpliesRawPhilassumption
(2)2. CI(A) = (Ie A O[Nel,)
BY (2)1 DEF A
(2)3. CI(Is N O[Ns], A Ls) = (Is A O[Ns],)
BY DEF IsMachineClosed, Is, Ns, v
and PhilmpliesRawPhilassumption
(2)4. CI(G) = (Is AO[Ns],)
BY (2)3 DEF G
(2) QED
BY (2)2, (2)4 DEF CIA, CIG
(1)1. SUFFICES ASSUME sigma, 0 |=3p, q¢: IeP(p, q)
PROVE sigma, 0 = A Is
AV —le
V' A StepwiseImpl( EnvNext, SysNext)
A (OEnvNext A Le) = Ls
BY DEF RawWhilePlus
(1)2. sigma, 0 = Is
(2)1. A % @
BY PhilmpliesRawPhilassumption
(2)2. PrefizSat(sigma, 0, A) = PrefizSat(sigma, 1, G)
BY (2)1 DEF *>, PrefizPlusOne
(2)3. PrefizSat(sigma, 0, A)
(3)1. SUFFICES PrefizSat(sigma, 0, CIA)
(4)1. IsTemporalLevel(A)
BY DEF A, Ile, Ne
(4)2. 0 € Nat

(4)3. IsABehavior(sigma)
BY PhilmpliesRawPhilassumption
(4) QED
BY (4)1, (4)2, (4)3, PrefizrSatForClosure
(3)2. SUFFICES PrefizSat(sigma, 0, Ie A O[Ne],)
BY DEF ClA, IsMachineClosed
and PhilmpliesRawPhilassumption
(3)3. SUFFICES Jtau : A IsABehavior(tau)
A tau = Ie A O[Nel,
BY DEF PrefizSat
(3)4. PICK p, q: IeP(p, q)
BY (1)1
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(3)5. DEFINE
state = [var € VarNames — IF var = “X" THEN p ELSE (]
eta = Stutter(state)
(3)6. eta = Ie
(4)1. eta0] = state
BY DEF eta, Stutter
(4)2. A state.x = p
N state.y = q
BY DEF state
(4)3. state|[Ie]]
BY (4)2, Semantics DEF state, Ie
(4) QED
BY (4)3, (4)1, Semantics DEF eta
(3)7. eta = O[Ne],
(4)1. SUFFICES ASSUME NEW i € Nat
PROVE etali] = eta[i + 1]
BY (4)1, Semantics
(4) QED
BY DEF eta, Stutter
(3)8. eta = Ie A O[Ne],
BY (3)6, (3)7
(3)9. IsABehavior(eta)
(4)1. IsAState(state)
BY DEF state, IsAState
(4) QED
BY DEF eta, Stutter, IsABehavior
(3) QED
BY <3>8, <3>9 goal from (3)3
(2)5. PICK tau : A IsABehavior(tau)
AVi€e0..(1-1): tau[i] = sigmali]
A tau = CIG
(3)1. PrefizSat(sigma, 1, G)
BY (2)2, (2)3
(3)2. PrefizSat(sigma, 1, CIG)
BY (3)1, PrefixSatForClosure DEF CIG
(3) QED
BY (3)2 DEF PrefizSat
(2)6. tau[0] = sigmal0]
BY (2)5
(2)7. tau = Is A O[Ns],
BY (2)5 DEF IsMachineClosed, CIG, G
and PhilmpliesRawPhilassumption
(2)8. taul0] = Is
BY (2)7
(2)9. sigmal0] = Is
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BY (2)8, (2)7
(2) QED
BY (2)9, Semantics
(1)6. SUFFICES ASSUME sigma, 0 |= Ie
PROVE sigma, 0 = A StepwiseImpl( EnvNext, SysNext)
A (OEnvNext A Le) = Ls
Previous goal from (1)1
BY (1)2, (1)6
(1)7. sigma, 0 = StepwiseImpl( EnvNext, SysNext) safety part
(2)1. SUFFICES ASSUME NEW n € Nat
PROVE sigma, n = Farlier(EnvNext) = SysNext)
BY Semantics DEF Stepwiselmpl
(2)2. SUFFICES ASSUME sigma, n = Earlier( EnvNext)
PROVE sigma, n = SysNext

(2) DEFINE eta = StutterAfter(sigma, n)
(2)6. IsABehavior(eta)
Y (2)1, StutterAfterIsABehavior DEF eta
(2)3. eta = O[Ne],
(3)1. SUFFICES ASSUME NEW k € Nat
PROVE (etalk], etalk + 1])[[[Ne]y]]
(4)1. IsSATLAPlusFormula(O[Ne],)
BY DEF Ne, v, ISATLAPlusFormula
(4) QED
BY (3)1, (4)1, Semantics
(3)2. (n € Nat) A (k € Nat)
BY (2)1, (3)1
(3)3. IsABehavior(sigma)
BY PhilmpliesRawPhilassumption
(3Y4.CASE k < n
(M1, etalk] = sigmal[k]
BY (3)2, (3)3, (3)4, StutterAfterHasSamePrefix DEF eta
(4)2. etalk + 1] = sigmalk + 1]
(5)1. ((k+1) € Nat) A (n € Nat)
BY (3)2
(5)2.casE (k+1)<mn
BY (5)1, (5)2, (3)3, StutterAfterHasSamePrefix DEF eta
(5)3.cAasE (k+1)>n
(6)1. etalk + 1] = sigma[n]
BY (5)1, (5 ) (3)3, StutteringTail DEF eta
(2. (k+1) =
(MH1. (k< n)/\(k—l—l) >n
BY (3)4, (5)3
(N2. (k+1)<n
BY (7)1, (5)1
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(M3NEk+1<n)A(k+1>n)
A ((k+1) € Nat) A (n € Nat)
BY (7)1, (7)2, (5)1
(7) QED
BY (7)3
(6) QED
BY (6)1, (6)2
(5) QED
BY (5)1, (5)2, (5)3
(4)3. (etalk], etalk + 1]) = (sigmalk], sigma[k + 1])
BY (4)1, (4)2
(4. (sigmalk], sigmalk + 1])[[[Ne],]]
(5)1. sigma, n |= Earlier([Ne],)
BY (2)2 DEF EnvNext
(5)2.Vi€0..(n—1):
(sigmali], sigmali + 1])[[[Ne],]]
BY DEF Farlier
(5)3.k€0..(n—1)
BY (3)1, (3)4
(5) QED
BY (5)2, (5)3
(4) QED
BY (4)3, (4)4  goal from (3)1
(3)5.CASE k > n
(M1, etalk] = sigma[n]
BY (3)2, (3)5, (3)3, StutteringTail DEF eta
(4)2. etalk + 1] = sigma[n]
5L (k+1)>n
BY (3)2, (3)5
(5)2. ((k+1) € Nat) A (n € Nat)
BY (3)2
(5) QED
BY (5)2, (5)1, (3)3, StutteringTail DEF eta
<4>3. eta[k] = eta[k + 1] A stuttering step.
BY (4)1, (4)2
(4)4. (etalk], etalk + 1])[[v" = v]]
BY (4)3, Semantics DEF v
(4) QED
BY (4)4, Semantics goal from (3)1
(3) QED
BY (3)2, (3)4, (3)5
(2)4. PrefizSat(eta, n+ 1, Ie A O[Nel,)
(3)1. eta = Ie A O[Ne¢],
(4)1. IsSATLAPlusFormula(Ie)
BY DEF le, IsATLAPlusFormula
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(4)2. sigmal0] = Ie
BY (1)6, Semantics DEF Ie
(4)3. eta0] = sigmal0]
BY StutterAfterInit DEF eta
(4)4. etal0] | Ie
BY (4)2, (4)3
(4)5. eta |= Ie
BY (4)1, (4)4, (2)6, Semantics DEF Ie
(4) QED
BY (4)5, (2)3
(3)2. A IsA Behavior(eta)
AVieO0..(n+1)—1): etali] = etali]
A eta = Ie A O[Nel,
BY (2)6, (3)1
(3) QED
BY (3)2 DEF PrefizxSat
(2)5. PrefizSat(sigma, n+ 1, A)
(3)1. (n+1) € Nat
BY (2)1
(3)2. PrefizSat(eta, n+ 1, CIA)
BY (2)4, (1)9
(3)3. PrefizSat(eta, n+ 1, A)
Note that if Le is non-trivial, then eta may violate A, so we could not have used eta
directly as the witness for PrefizSat(eta, n+1, A), only for PrefizSat(eta, n+1, ClA).
BY (3)1, (3)2, PrefizSatForClosure DEF CIA
(3)Y4. Prefix(eta, n + 1) = Prefiz(sigma, n + 1)
(3) QED
(4)1. IsABehavior(sigma) A IsABehavior(eta)
BY <2>6 and PhiImpliesRawPhilassumption
(4)2. IsTemporalLevel(A)
BY DEF A, Ie, Ne, v
(4) QED
BY (3)1, (3)3, (3)4, (4)1, (4)2, SamePrefirImpliesPrefixSatToo
(2)7. PrefizSat(sigma, n + 2, O[Ns],)
(3)1. ASSUME NEW 7 € Nat,
PrefizSat(sigma, r, A)
PROVE PrefizSat(sigma, 7+ 1, G)
(4)1. sigma = A > G
BY PhilmpliesRawPhi!assumption
(4)2. sigma =Vk € Nat :
V = PrefizSat(sigma, k, A)
V PrefixSat(sigma, k+ 1, G)
BY (4)1, WhilePlusProperties
(4) QED
BY (4)2, (3)1
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(3)2. PrefizSat(sigma, n+ 2, G)
(4)1. (n+1) € Nat
BY (2)1
(4)2. PrefizSat(sigma, (n+1)+ 1, G)
BY (4)1, (2)5, (3)1
4)3. (n+1)+1=n+2
BY (2)1
(4) QED
BY (4)2, (4)3
(3)3. PrefizSat(sigma, n + 2, CIG)
(4)1. IsTemporalLevel(G)
BY DEF G, Is, Ns, v
(4)2. (n+2) € Nat
BY (2)1
(4)3. IsA Behavior(sigma)
BY PhilmpliesRawPhilassumption
(4) QED
BY (4)1, (4)2, (4)3, PrefirSatForClosure DEF CIG
(3) QED
BY (3)3, (19
(2)8. (sigmaln], sigmaln + 1)[[[Ns]]]
(3)1. PICK tau : A IsABehavior(tau)
AVie0..(n+2)—1): tau[i] = sigmali]
A tau |= O[Ns],
BY (2)7 DEF PrefizSat
(3)2. A n € Nat
A(n+1) € Nat
BY (2)1
(3)3. A tau[n] = sigma[n]
A tau[n + 1] = sigma[n + 1]
MH1.Vie0..(n+1): tauli] = sigmal[i]
BY (2)1, (3)1
(4) QED
BY (4)1, (3)2
(3)4. (tau[n], tau[n +1])[[[Ns],]]
BY (3)1, (3)2
(3) QED
BY (3)3, (3)4
(2) QED
(3)1. IsA Behavior(sigma)
BY PhilmpliesRawPhilassumption
(3)2. n € Nat
BY (2)1
(3)3. sigma, n = [Ns]y
BY (2)8, (3)1, (3)2, Semantics DEF Ns, v
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(3) QED
BY (3)3 DEF SysNext goal from (2)2
(1)8. sigma, 0 = (OEnuNext A Le) = Ls  liveness part
(2)1. SUFFICES ASSUME sigma, 0 |= Le A OEnvNext
PROVE sigma, 0 = Ls
BY Semantics
(2)2. sigma, 0 A
(3)1. sigma, 0 = Ie A Le A OEnvNext
BY (1)6, (2)1
(3) QED
Y (3)1 DEF A, EnuNext
(2)3. sigma, 0 = A= G
(3)1. sigma = A > G
BY PhilmpliesRawPhilassumption
(3)2. sigma = A= G
BY (3)1 DEF *»
(3)3. IsATLAPlusFormula(A = G)
BY DEF A, G, Ie, Is, Ne, Ns, v
(3) QED
Y (3)2, (3)3, CommonModels
<2)4 szgma, 0 G
Y (2)2, (2)3
(2) QED
Y (2)4 DEF G
(1) QED
BY (1)7, (1)8

This theorem proves that the solvers synthesize open-system TLA+ specs,
whenever the pairs happen to be machine-closed, and Ns does not mention z’. If Ns does mention
z' then the property resulting from I can be unrealizable (unless Y u: Ns(z, y, u, y’) is not
FALSE).

THEOREM PhiEquivRawPhi =
ASSUME

VARIABLE T, VARIABLE 7,
NEW sigma, META NEW
IsABehavior (sigma),
CONSTANT IeP(_, _), The suffix “P” stands for “parametric”.
CONSTANT IsP(_, _),
CONSTANT NeP(_, _, _, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL Le, TEMPORAL LS, thus TLA+ formulas
AYu, v: IeP(u, v) € BOOLEAN
AYu, v: IsP(u, v) € BOOLEAN
AYa, b, c,d: NeP(a, b, c, d) € BOOLEAN
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AYa, b, c,d: NsP(a,b, ¢, d) € BOOLEAN ,

LET
A

v = {z,y)

Is = IsP(z, y)

le = IeP(z, y)

Ne = NeP(z, y, z', y')

a2 o

N‘S - N'SP(Iv ya$7y)

IN

A IsMachineClosed(Ie A O[Ne],, Le)

A IsMachineClosed(Is A O[Ns],, Ls)
PROVE
LET

v
Is

1>
—~

T, y)
IsP(z, y)
IeP(z, y)
NeP(z, y, ', ')
NsP(z, y, «', y')
Ie A O[Ne], A Le
Is AO[Ns], A Ls
Phi = A% G
EnvNext [N e]v RTLA + but not TLA+ expression
SysNext [Ns],
RawPhi = RawWhilePlus(
leP, Ie, Is,
EnvNext, SysNext, Le, Ls)

> || >
L LTSS

=

IN
(sigma, 0 = RawPhi) = (sigma = Phi)
PROOF
BY RawPhilmpliesPhi, PhilmpliesRawPhi

Machine-unclosed representations.

This theorem tells us how to convert > to the
stepwise form. The only difference with PhiEquivRawPhi is that A, G are not defined by machine-
closed representations (meaning a conjunction of a machine-closed pair of properties).
A, G may be defined by machine-unclosed representations. So this theorem tells us that in
general we have to first compute a machine-closed representation, before converting from > to
the stepwise form, which we do in order to decide realizability via fixpoint computations.

In other words, this theorem differs from PhiEquivRawPhi in that defined symbols have been
replaced by declarations of symbols together with axioms about their properties. So those symbols
were defined by machine-closed expressions, whereas here they are only declared, and could be
defined by machine-unclosed expressions.
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In implementation we need to compute the closure of properties, so the closure needs to be
expressible directly, without using temporal quantification. For open-system specifications where
only finitely many relevant states, this rewriting is always possible.

THEOREM MachineUnclosed WhilePlus =
ASSUME

VARIABLE z, VARIABLE ¥,
NEW sigma, META NEW
IsABehavior (sigma),
CONSTANT IeP(_, _),
CONSTANT IsP(_, _),
CONSTANT NeP(_, _, _, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL Le, TEMPORAL Ls,
TEMPORAL A, TEMPORAL G,
AV u, v: IeP(u, v) € BOOLEAN
AV u, v: IsP(u, v) € BOOLEAN
AYa,b,c,d: NeP(a, b, ¢, d) € BOOLEAN
AYa, b, c,d: NsP(a,b, c, d) € BOOLEAN ,

LET
A
v = (z,y)
Is = IsP(z, y)
le = IeP(z, y)
Ne = NeP(z, y, z', y')
a2 o
NS - NSP(‘/Bv ya$7y)
IN

N A = (le NO[Ne], A Le)
A IsMachineClosed(Ie A O[Ne],, Le)
A G = (Is AO[Ns], A Ls)
A IsMachineClosed(Is A O[Ns],, Ls)

PROVE
LET

v = (o, y)
Is = IsP(z, y)
le = IeP(z, y)
Ne = NeP(z, y, «', y')
Ns = NsP(z, y, z', ')
A = Ie NO[Ne], A Le

G = Is AO[Ns|, A Ls

EnvNext = [Ne],

SysNext = [Ns],

Phi = A% G

RawPhi = RawWhilePlus(

IeP, Ie, Is, EnvNext, SysNext, Le, Ls)

IN

(sigma, 0 = RawPhi) = (sigma = Phi)
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PROOF SKETCH

(1) DEFINE
v = (o)
Is = IsP(z, y)
Ie = IeP(z, y)
Ne = NeP(z, vy, z', )
Ns = NsP(z, y, ', y')
A = e NO[Ne], A Le
G = Is AO[Ns], A Ls
P = Ie AO[Ne], A Le
Q = IS ADO[Ns], A Ls
(HN.A>G = P Q
(2)1. A= P
BY DEF A, P
(2)2. G=0Q
BY DEF G, @
(2) QED
BY (2)1, (2)2
(1) QED

BY (1)1, PhiEquivRawPhi

!

I

Alternative proof structure

The proof can be structured differently by using the identity:

A a=AcCcA) B 0@
NA= G

The second conjunct is present in the definitions of both of the operators 1> and RawWhilePlus.
Only the first conjunct needs a lengthier proof, which reduces to

PrefizPlusOne(Cl(A), Cl(G))
= V-3p, ¢: IeP(p, q)
V Als
A IeP(z, y) = StepwiseImpl([Ne]-v, [Ns]-v)

where the actions and state predicates are those of the machine-closed canonical forms, as in the
proof above.

Jonsson and Tsay structure their proof in this way. The module WhilePlusHalfTheorems follows
this approach for the operator WhilePlusHalf .
1

r
[4, Lemma B.1 on p.70] does not hold for the case that H_E is
unsatisfiable. Below is the analysis of that case. That case is covered by the theorems above.

The below proposition shows that:
- = ( (OraLsE) &> (OrALSE) ) = O(Earkier(FALSE) = FALSE)

PROPOSITION
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A = TRUE = ((OFALSE) *> (OFALSE))
A raw = FALSE = O(Earlier(FALSE) = FALSE)
“raw” stands for “raw TLA+ with past”
PROOF
(1)1. = TRUE = ((OFALSE) “> (OFALSE))
(2)1. |= FALSE = OFALSE
OBVIOUS
(2)2. (FALSE ‘> FALSE) = ((OFALSE) Y (OFALSE))
BY (2)1
(2)3. TRUE = (FALSE %> FALSE)
BY PhiEquivRawPhi
(2) QED
BY (2)2, (2)3
(1)2. raw |= FALSE = O(FEarlier(FALSE) = FALSE)
(2)1. ASSUME NEW sigma, IsABehavior(sigma)
PROVE (sigma, 0 = O(Earlier(FALSE) = FALSE))
= Vn € Nat: sigma, n | Farlier(FALSE) = FALSE
BY DEF O
(2)2. ASSUME NEW sigma, IsABehavior(sigma)
PROVE (sigma, 0 = O(Farlier(FALSE) = FALSE))
= Vn € Nat: sigma, n = - Earlier(FALSE)
BY (2)1
(2)3. SUFFICES
ASSUME NEW sigma, IsABehavior(sigma)
PROVE dn € Nat: sigma, n = Earlier(FALSE)
BY (2)2
(2)4. sigma, 0 = Earlier(FALSE)
BY DEF Earlier
(2) QED  goal from (2)3
BY (2)4
(1) QED
BY (1)1, (1)2
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[

MODULE WhilePlusHalfTheorems

Properties of the operator WhilePlusHalf, a variant of Ry

Below is a proof of the stepwise form of WhilePlusHalf in raw TLA+ with past temporal operators.
This module includes definitions that are relevant to the family of stepwise implication operators.
These definitions include syntactic and semantic definitions of these operators.

Author: Toannis Filippidis

Copyright 2016 — 2017 by California Institute of Technology. All rights reserved. Licensed under
3-clause BSD.
EXTENDS

TLASemantics, TemporalLogic, TemporalQuantification,

NaturalsInduction, TLAPS

PROPOSITION ShorterPrefizSat =
ASSUME
NEW n € Nat,
NEW sigma, IsABehavior(sigma),
TEMPORAL G
PROVE
PrefizSat(sigma, n + 1, G) = PrefizxSat(sigma, n, G)
PROOF
(1)1. SUFFICES ASSUME PrefizSat(sigma, n+ 1, G)
PROVE PrefizSat(sigma, n, G)

(1)2. Jtau :
A IsA Behavior (tau)
AVie0..(n+1)—1): tau[i] = sigmali]
Atau = G
BY (1)1 DEF PrefizSat
(1)3. Ftau :
A IsA Behavior(tau)
AYi€0..n: tau[i] = sigmali]
Atau |= G
BY (1)2
(1)4. ASSUME
NEW tau,
Vie0..n: tau[i] = sigmali]
PROVE
Vie0..(n—1): tau[i] = sigmali]
(2)4. n € Nat
BY ShorterPrefixrSat
(2)1. SUFFICES ASSUME NEW ¢ € 0.. (n—1)
PROVE tauli] = sigmali]

73



(2)2. ASSUME n =0
PROVE FALSE
3)l.(n—-1)= -1
BY (2)2
(3)2.0..(n—1)={}
BY (3)1
(3)3. 7 € {}
BY (3)2, (2)1
(3) QED
BY (3)3
(2)3.cASE n >0
3)1.(n—1)€0..n
BY (2)4, (2)3
(3)2.0..(n—1)C0..n
BY (3)1
(3)3.i€0..n
BY (2)1, (3)2
(3) QED
BY (3)3, (1)4
(2) QED
BY (2)2, (2)3, (2)4
(1)5. Jtau :
A IsA Behavior(tau)
AVi€0..(n=1): tau[i] = sigmali]
Atau = G
BY (1)3, (1)4
(1) QED
BY (1)5 DEF PrefixSat

PROPOSITION
ASSUME
NEW n € Nat,
NEW sigma, IsABehavior(sigma),
TEMPORAL A, TEMPORAL G

PROVE
PrefizPlusOne(sigma, A, G) =
Vn € Nat :
PrefizSat(sigma, n, A) = A PrefizSat(sigma, n, G)
A PrefizSat(sigma, n+ 1, G)

PROOF
(1)1. PrefizPlusOne(sigma, A, G) =

Vn € Nat :

PrefizSat(sigma, n, A)
= PrefizSat(sigma, n+ 1, G)



BY DEF PrefixrPlusOne

(1)2. PrefizSat(sigma, n + 1, G) = PrefizSat(sigma, n, G)
BY ShorterPrefizSat

(1) QED
BY (1)1, (1)2

Semantic definition of “while” operators.

The semantic and syntactic definitions of > and WPH are equivalent,
despite the semantic ones omitting stutter-equivalence. This ows to the fact that temporal quan-
tification serves for only replacing the behavior’s tail, not for step-refinement.

The While operator from the module TLASemantics.
Copied here for comparison.

sigma = While(A, G) =

AV n € Nat: PrefizSat(sigma, n, A) = PrefizSat(sigma, n, G)
A sigma = A = G
The WhilePlus operator. Compied here for comparison.
PrefizPlusOne(sigma, A, G) 2
Vn € Nat: PrefizSat(sigma, n, A) = PrefizSat(sigma, n + 1, G)
sigma = A T G 8
A PrefizPlusOne(sigma, A, G)
A sigma = A = G

Attention: the signature of the operator is in the object language (TLA+),
but the definition is in the metatheory. Thus, z and y need delicate handling.
sigma = WhilePlusHalf (A, G, x, y) = notice this is =, not =
LET
SamePrefizSatXY (tau, n, H) =
A IsA Behavior(tau)
Atau |E H
AVie0..(n—1):
A tauli].x = sigmali].z
A tauli].y = sigmali].y
PrefizSatVar(n, H) =
dtau : SamePrefixSatXY (tau, n, H)
PrefizSat VarPlusHalf (n, H) =
Jtau : A SamePrefixSatXY (tau, n, H)
A tau[n].y = sigma[n].y
IN
Asigma = F = G
AV n € Nat :
PrefizSatVar(n, F) = PrefizSatVarPlusHalf (n, G)



The semantic definitions of $ WPH$ and > both are meaningful in raw \tlaplus. The syntactic

definitions are equivalent to the semantic definitions within TLA4. The syntactic definitions are
equivalent to the semantic ones also within raw TLA+, even after replacing temporal quantification
by its stutter-sensitive version.

The reason is the same as mentioned above: the definitions utilize temporal quantification for
only hiding the behavior’s tail; not for step-refinement.

Each operator could be defined in roughly three ways:
within TLA+ (e.g., WhilePlus), which is also sensible within raw TLA+, within raw TLA+ (e.g.,
RawWhilePlus), and in the metatheory, with the below definition as a demonstration:

MetaWhilePlusHalf (sigma, A, G, z, y) =
LET
SamePrefirSatXY ...

Contents of module OpenSystems (refactored).
These are syntactic definitions for the family of “while” operators.

Variable b starts in BOOLEAN and changes at most once to FALSE.
MayUnstep(b) = A b € BOOLEAN
A O[b = FALSE],
Variable b starts in BOOLEAN and becomes FALSE with at most one change.
Unstep(b) = A MayUnstep(b)
A <O(b = FALSE)
Variable b starts TRUE and changes once to FALSE.
MustUnstep(b) = A b= TRUE
A Unstep(b)

Redefined from module TemporalLogic to change arity.
SamePrefir(b, u, v, z, y) = O(b= ((u, v) = (z, 9)))
PlusHalf (b, v, y) S Av=y

AOb = (v = y/)](b,v, )
Redefined from module TemporalLogic to change arity.
Front(P(-, -), z, y, b) =
du, v:
A P(u, v)
A SamePrefix(b, u, v, x, y)
FrontPlusHalf (P(_, ), z, y, b) =
Ju, v:
A P(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
FrontPlus(P(-, ), z, y, b) 2 3y, 0:

LET
vars = (b, z, y, u, v)
Init = (u, v) = (z,y
Next = b= ((u/, v') = (2, y'))



Plus = O[Next] yars

IN
A P(u, v)
A Init A\ Plus
An additional definition (not in the module OpenSystems).
This is a syntactic definition of the While operator.

While(A(, =), G(, 2), z, y)

Vb:
(MayUnstep(b) A Front(A, z, y, b)) = Front(G, z, y, b)

[1, p.337].

The TLA+ operator Ers expressed within the logic
[1] Leslie Lamport, “Specifying systems”, Addison-Wesley, 2002
WhilePlus(A(-, =), G(-, -), =, y) =

Vi
(MayUnstep(b) A Front(A, z, y, b)) = FrontPlus(G, z, y, b)

A variant of the WhilePlus operator.
WhilePlusHalf (A(_, _), G(_, ), z, y) =

Vb:
(MayUnstep(b) A Front(A, z, y, b)) = FrontPlusHalf (G, z, y, b)

An operator that forms an open system from the closed system that the

temporal property P(z, y) describes.

Unzip(P(-, 2), z, y) =

LET
P(v, u) swap back to z, y

WhilePlusHalf (Q, @, v, u) swap to y, z

Q
—
&
<
~—
> 11>

WhilePlusHalf (A, P, z, y)

PROPOSITION SwapInSamePrefiz =

ASSUME
VARIABLE 4, VARIABLE v, VARIABLE I, VARIABLE ¥y
PROVE
SamePrefiz(b, u, v, y, T)
= SamePrefix(b, v, u, z, y)
PROOF
(1)1. ASSUME VARIABLE %, VARIABLE v
PROVE
SamePrefiz(b, u, v, y, T)
= D(b = (<u7 U> = <y7 :E>))
BY DEF SamePrefix
(1)2. ASSUME VARIABLE %, VARIABLE v

PROVE



How quantification of initial conditions is handled distinguishes between
a disjoint-state specification (3V) and a shared-state specification (33 or VV).

Below we use a definition of closure that takes three arguments.
CIP(.), z,y) = Vb: MustUnstep(b) = Front(P, z, y, b)

A

WPH(A, G, xz,y) = WhilePlusHalf (A, G, z, y)

analogous to Closure EquiSAT
PROPOSITION ClosureEquiSATHalf =
ASSUME
VARIABLE y,
TEMPORAL P(_, _)
PROVE
Au, v: (v=y)AP(u, v))
= Ju,v: (v=y)ACIP, u, v)
PROOF
(1) DEFINE
CIP(u, v) = CI(P, u, v)
Hl.v-Fu,v: ANv=y
A P(u, v)
v3u,v: Av=y
A CI(P, u, v)
BY ClosureImplied
(H2.v-Fu,v: ANv=y
A CI(P, u, v)
v3u,v: Av=y
A P(u, v)
(2) DEFINE R(v, y) = v =1y
(2)1. SUFFICES
V-3u, v: R(v, y) A Cl(P, u, v))
V3u, v: R(v, y) A P(u, v)
BY DEF R
(2) QED
BY ClosureSample goal from (2)1
(1) QED
BY (1)1, (1)2



PROPOSITION Replace WithClosure WithinFront =
ASSUME
VARIABLE &, VARIABLE ¥, VARIABLE b,
TEMPORAL P(_, _)
PROVE
LET
Fr(P(_, ), b) = Front(P, z, y, b)
CIP(u, v) = CI(P, u, v)
IN
V = MustUnstep(b)
V Fr(P, b) = Fr(CIP, b)
PROOF
(1) DEFINE
Fr(P(-,-), b) = Front(P, z, y, b)
CIP(u, v) = CI(P, u, v)
(1)1. Fr(P, b)
=3u,v: AP(u,v)
A SamePrefiz(b, u, v, z, y)
BY DEF Fr, Front
(1)2. Fr(CIP, b)
=3u,v: ACIP(u, v)
A SamePrefix(b, u, v, z, y)
BY DEF Fr, Front
(1)3. Fr(P, b) = Fr(CIP, b)
(2)1. ASSUME VARIABLE 4, VARIABLE v
PROVE P(u, v) = CIP(u, v)
BY Closurelmplied
(2)2. Fr(P, b)
=3u,v: AP(u, v)A CIP(u, v)
A SamePrefiz(b, u, v, z, y)
BY (1)1, (2)1
(2)3. Fr(P, b)
=3u,v: A CIP(u, v)
A SamePrefiz(b, u, v, x, y)
BY (2)2
(2) QED
BY (2)3, (1)2
(1Y4. V =~ MustUnstep(b)
vV Fr(CIP, b) = Fr(P, b)
(2)1. Fr(CIP, b)
=3u,v: AVr: V-MustUnstep(r)
V Front(P, u, v, r)
A SamePrefix(b, u, v, x, y)
BY (1)2 DEF CIP, Cl
(2)2. Fr(CIP, b)



= 3Ju, v: A V-MustUnstep(b)
V Front(P, u, v, b)
A SamePrefiz(b, u, v, z, y)
BY (2)1, InstantiateAA
(2)3. V =~ MustUnstep(b)
V = Fr(CIP, b)
V3u,v: A Front(P, u, v, b)
A SamePrefiz(b, u, v, x, y)
BY (2)2
(2)4. V = MustUnstep(b)
vV —Fr(CIP, b)
V3u,v: AIp,q: AP(p,q)
A SamePrefiz(b, p, q, u, v)
A SamePrefiz(b, u, v, x, y)
BY (2)3 DEF SamePrefic
(2)5. V = MustUnstep(b)
vV —Fr(CIP, b)
v3u, v, p, q:
AP(p, q)
A SamePrefix(b, p, q, u, v)
A SamePrefiz(b, u, v, z, y)
BY (2)4
(2)6. ASSUME
VARIABLE u, VARIABLE ¥, VARIABLE p, VARIABLE ¢
PROVE
V = A SamePrefix(b, p, q, u, v)
A SamePrefix(b, u, v, x, y)
V SamePrefiz(b, p, q, z, y)
(3)1. SUFFICES
VoADd = (p, g) = (u, v)))
AD(b = ((u, v) = (z, y)))
VO = ((p, ¢) = (2, y)))
BY DEF SamePrefix
(3)2. (AD(b = ((p, q) = (u, )))
)/\ ?(b = ((u, v) = (z, y)))
g(b= A{p, q) = (u, v)
) A (u, v) = (z, y)

BY PTL
(3)3.v-0(b = A{(p, q) = (u, v)
Afu, v) = (z, y))
v o= ({(p, ¢ = (z, y)))
BY PTL

(3) QED

)



BY (3)2, (3)3  goal from (3)1
(2)7.V =~ MustUnstep(b)

vV = Fr(CIP, b)
v3u, v, p, q:
A P(p, q)
A SamePrefix(b, p, q, T, y)
BY (2)5, (2)6
(2)8. V = MustUnstep(b)
vV ~Fr(CIP, b)
vap, q:
A P(p, q)

A SamePrefiz(b, p, q, T, y)
BY (2)7

(2)9. V =~ MustUnstep(b)
V ~Fr(CIP, b)
vV3u, v:
A P(u, v)
A SamePrefiz(b, u, v, z, y)

BY (2)8  rename the bound variables p, g to u, v
(2)10. V =~ MustUnstep(b)

vV = Fr(CIP, b)
V Fr(P, b)
BY (2)9, (1)1
(2) QED
BY (2)10
(1) QED
BY (1)3, (1)4

PROPOSITION Replace WithClosure WithinFrontPlusHalf =
ASSUME

VARIABLE , VARIABLE Yy, VARIABLE b,
TEMPORAL P(_, _)
PROVE

LET

FPH(P(_, ), b) = FrontPlusHalf (P, z, y, b)
CIP(u, v) = CI(P, u, v)

IN

V = MustUnstep(b)

V FPH(P, b) = FPH(CIP, b)
PROOF
(1) DEFINE

FPH(P(_,_), b) = FrontPlusHalf (P, =, y, b)
CIP(u, v) = CI(P, u, v)
(1)1. FPH(P, b)



=3u,v: AP(u,v)
A SamePrefiz(b, u, v, x, y)
A PlusHalf (b, v, y)
BY DEF FPH, FrontPlusHalf
(1)2. FPH(CIP, b)
=3u,v: ACIP(u, v)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
BY DEF FPH, FrontPlusHalf
(1)3. FPH(P, b) = FPH(CIP, b)
(2)1. ASSUME VARIABLE 4, VARIABLE 0
PROVE P(u, v) = CIP(u, v)
BY Closurelmplied
(2) QED
BY (1)1, (2)1, (1)2
(1)4. vV = MustUnstep(b)
vV ~FPH(CIP, b)
Vv FPH(P, b)
(2)1. FPH(CIP, b)
=3u,v: AVr: V-MustUnstep(r)
V Front(P, u, v, 1)
A SamePrefiz(b, u, v, x, y)
A PlusHalf (b, v, y)
BY (1)2 DEF CIP, (I
(2)2. V =~ MustUnstep(b)
V3z: A MustUnstep(z)
AO(b = 2)
AO[Z = b](b,z)
(3)1. SUFFICES
ASSUME
NEW sigma, IsA Behavior(sigma),
sigma |= MustUnstep(b)
PROVE sigma =3z : A MustUnstep(z)
ANOb = 2)
AO[Z = b](b,z)

(3)2. tau = [n € Nat —
[sigma[n] EXCEPT !["Z"] =
IF n =0 THEN TRUE
ELSE sigma[n — 1]["b"]]
a one-step delay
(3)3. IsA Behavior(tau)
BY (3)1 DEF tau
(3)4. tau = MustUnstep(b)
D1, sigma = MustUnstep(b)
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BY (3)1
(4)2.Vn € Nat : tau[n]["b"] = sigma[n]["b"]
BY DEF tau
(4) QED
BY (4)1, (4)2
(3)5. EqualUpToVar(tau, sigma, “z")
BY DEF FEqualUpToVar, tau
(3)6. Sim(sigma, sigma)
BY DEF Sim
(3)7. CHOOSE k € Nat :
AVn e€0..k: tau[n]["b"] = TRUE
AVn € Nat: (n>Fk) = (tau[n]["b"] = FALSE)
BY (3)4 DEF MustUnstep, Unstep, MayUnstep
(3V8.LET m = k+1
IN AVne0..m: tau[n]["Z'] = TRUE
AVn € Nat: (n>m) = (tau[n]["z’] = FALSE)
BY (3)7 DEF tau
(3)9. tau = MustUnstep(z)
BY (3)8 DEF MustUnstep, Unstep, MayUnstep
(3)10. tau = AO(b = 2)
ADO[z" = bl 2)
A)1.AVn €0..k: tau[n]["b"] = TRUE
AVn €0..k: tau[n]["Z'] = TRUE
AVn € Nat: (n>Fk) = (tau[n]["b"] = FALSE)
BY (3)7, (3)8
(4)2.Vn € Nat : (tau[n]["b"] = tau[n]["Z"])
Writing (tau[n][“b"] = TRUE) = (tau[n][“Z"] = TRUE)
would not lead to the desired conclusion below, unless we invoked the type invari-
ant.
BY (4)1
(4)3.¥n € Nat : tau[n] E (b= 2)
BY (4)2
(4)4.Vn € Nat: (tauln], tau[n+ 1)) E 2" =b
BY DEF tau
(4)5.Vn € Nat :
(tauln], tauln + 1)) = [ = b,
BY (4)4
(4) QED
BY (4)3, (4)5
(3)11. tau = A MustUnstep(2)
AO(b = 2)
ADO[z" = bl 2)
BY (3)9, (3)10
(3)12. A IsA Behavior (tau)
A A IsABehavior(sigma)  RefinesUpToVar

11



A Sim(sigma, sigma)
A EqualUpTo Var(sigma, tau, “z")
A tau |= MustUnstep(z) AO(b = z)
(4)1. IsA Behavior(tau)
BY (3)3
(4)2. IsA Behavior(sigma)
BY (3)1
(4)3. EqualUpToVar(tau, sigma, “z")
BY (3)5
(4)4. Sim(sigma, sigma)
BY (3)6
(4) QED
BY (4)1, (4)2, (4)3, (4)4, (3)11
(3) QED
BY (3)12 DEF RefinesUpToVar, 3
(2)3. V = MustUnstep(b)
V ~FPH(CIP, b)
vV3u, v:
ATz A MustUnstep(z)
AO(b = 2)
AD[z" = bl 2)
AV r: V-aMustUnstep(r)
V Front(P, u, v, r)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
BY (2)1, (2)2
(2y4. V =~ MustUnstep(b)
vV ~FPH(CIP, b)
v3u, v, z:
A MustUnstep(z)
AO(b = 2)
AO[Z = b](b,z}
AV r: V-MustUnstep(r)
V Front(P, u, v, 1)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
BY (2)3
(2)5. V = MusUnstep(b)
V ~FPH(CIP, b)
v3u, v, z:
A MustUnstep(z)
AO(b = 2)
AO[ = b](b’@
AV MustUnstep(z)
V Front(P, u, v, z)
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A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
BY (2)4
(2)6. V =~ MusUnstep(b)
V ~FPH(CIP, b)
v3u, v, z:
A MustUnstep(z)
AO(b = 2)
A D[Z/ = b](b,z)
A Front(P, u, v, 2)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
BY (2)5, InstantiateAA
(2)7.V = MusUnstep(b)
V ~FPH(CIP, b)
v3u, v, z:
A MustUnstep(z)
AO(b = 2)
AO[ = b]<b7z>
A3p, q:
A P(p, q)
A SamePrefix(z, p, q, u, v)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
BY (2)6 DEF Front
(2)8. V =~ MusUnstep(b)
V ~FPH(CIP, b)
v3u, v, z,p,q:
A MustUnstep(z)
AO(b = 2)
AO[Z = b]<b7z>
AP(p, q)
A SamePrefix(z, p, q, u, v)
A SamePrefiz(b, u, v, z, y)
A PlusHalf (b, v, y)
BY (2)7
(2)9. ASSUME
VARIABLE 2, VARIABLE p, VARIABLE ¢,
VARIABLE u, VARIABLE v
PROVE
V = A SamePrefiz(z, p, q, u, v)
A SamePrefiz(b, u, v, T, y)
AO(b = 2)
V SamePrefix(b, p, q, z, y)
BY DEF SamePrefix
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(2)10. ASSUME
VARIABLE 2, VARIABLE p, VARIABLE ¢,
VARIABLE u, VARIABLE v
PROVE
V = A MustUnstep(z)
A SamePrefiz(z, p, q, u, v)
A PlusHalf (b, v, y)
Vg=y
(3)1. PlusHalf (b, v, y) = (v=1y)
BY DEF PlusHalf
(3)2. V ~SamePrefiz(z, p, q, u, v)
Vz=(¢g=0v)
BY DEF SamePrefix
(3)3. MustUnstep(z) = (z = TRUE)
BY DEF MustUnstep
(3) QED
BY (3)1, (3)2, (3)3
(2)11. ASSUME
VARIABLE 2, VARIABLE p, VARIABLE g,
VARIABLE 4, VARIABLE v
PROVE
VaAOb = 2)
AO[Z = b}<b72>
A SamePrefiz(z, p, q, u, v)
A PlusHalf (b, v, y)
\ D[b = (y/ = q/)](b,y,q)

3. v-A0(b = 2)
A2 = b](s, 2
vap = ZI]<b7v,y7q>
(4)1. SUFFICES
ASSUME
(b= 2) N2 =], 2
PROVE
[b= 2,0, 4.9)
BY PTL
(4)2.CASE UNCHANGED (b, z)
G (b=2") = (b= 2)
BY (4)2
(5)2. b= 2’
BY (4)1, (5)1
(5) QED
BY <5>2 goal from (4)1
(4)3.CASE “"UNCHANGED (b, z)
5)1. 2/ =D
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BY (4)1, (4)3
(5)2. b= 2
BY (5)1
(5) QED
BY (5)2
(4) QED
BY (4)2, (4)3

(3)2.V ~SamePrefix(z, p, q, u, v)
v O[Z' = (v = ¢, v,y q2)
(4)1.V —~SamePrefir(z, p, q, u, v)
vO(z = (v=1q))
BY DEF SamePrefiz
(4) QED
BY (4)1, PTL

(3)3.VaADD = 215, 0,4. )
AB[Z = (v = @), 0,9, q,2)
vab= (v =¢)Nw, vy q
(4)1. SUFFICES
ASSUME
A “UNCHANGED (b, v, y, q)
A [b = Zl](b,v,y, q)
A2 = (0" = ¢)ib,0,9.0.2)
PROVE
b= (v =¢)
BY PTL
D2.Nb = 2
NZ'= (v =¢)
BY (4)1
(4) QED
BY (4)2

(3)4.V-ADO(b = z)
A I:I[Z/ = b](b,z)
A SamePrefix(z, p, q, u, v)
VAL = (v = ¢, 0,y 42
AD[b = 2], 0,4, q)
BY (3)1, (3)2

(3)5.V-ADO(b = z)
A D[Z/ = b](hz)
A SamePrefix(z, p, q, u, v)

VO = (v =),y q
BY (3)3, (3)4
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(3)6.Vv-ADO(b = 2)
A O[z" = bls, 2y

A SamePrefix(z, p, q, u, v)

A PlusHalf (b, v, y)
VADD = (v =)o, v,y a0
A= (v =Y)](b,0,4)

Y (3)5 DEF PlusHalf

B)7.VaADD = (v =¢)b, 0,49

A D[b = (U/ = y/)](b,v,y)

A SamePrefix(z, p, q, u, v)

AOb = 2)

VB[ = (4 = a0
(4)1. SUFFICES

ASSUME
[b = ( )](b v, Y, q
[b = ( )](b v, y)
Nz = (5, 4) = (o, o)
ANb==z2
PROVE

(b= (v = q)w, v, q

BY PTL
(4)2. SUFFICES

ASSUME b A "UNCHANGED (b, y, q)

PROVE y' = ¢
goal from (4)1
(4)3.CASE UNCHANGED ¢
(5)1. “UNCHANGED (b, y)
BY (4)2, (4)3
B)2.Ab= (vVV=1¢)
ANb= (v =1y
BY (5)1, (4)1
(5) QED
(6)1. b
BY (4)2
(6) QED
BY (5)1, (5)2, (6)1
(4)4.CASE “"UNCHANGED ¢
BGYL v #£ v
(6)1. b= (v = ¢')
BY (4)1, (4)4
(6)2. v = ¢
BY (6)1, (4)2
(6)3. v # q
BY (4)4, (6)2
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BY (5)1, (5)2, (6)1 goal from (4)2
(4) QED
BY (4)3, (4)4

(3) QED
BY (3)6, (3)7

(2)12. V ~MusUnstep(b)
V —FPH(CIP, b)
vV3u, v, z,p, q:
A P(p, q)
A SamePrefiz(b, p, q, T, y)
Ng=1y
ANOb = (Y =),y
BY (2)8, (2)9, (2)10, (2)11
(2)13. V = MusUnstep(b)
V ~FPH(CIP, b)
viap, g:
A P(p, q)
A SamePrefix(b, p, q, z, y)
Ng=y
AOb = (v =),y )
BY (2)12
(2)14. V = MusUnstep(b)
v ~FPH(CIP, b)
vap, q:
A P(p, q)
A SamePrefiz(b, p, q, z, y)
A PlusHalf (b, q, y)
BY (2)13 DEF PlusHalf
(2) QED
BY (2)14, (1)1
(1) QED
BY (1)3, (1)4
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This decomposition is of the same form as that of Er
This fact can be used to prove a safety-liveness decomposition analogous to the theorem
WhilePlusMachineClosedRepr.
THEOREM WhilePlusHalfAsConj =
ASSUME
VARIABLE ¥, VARIABLE v,
TEMPORAL A(-, _), TEMPORAL G(-, -)

PROVE
LET
ClA(u, v) = CI(A, u, v)
CIG(u, v) = CI(G, u, v)
IN

WPH (A, G, z, y) = N WPH(CIA, CIG, z, y)
NA(z, y) = Gz, y)

PROOF

(1) DEFINE
ClA(u, v) = CI(A, u, v)
ClG(u, v) = CI(G, u, v)

Fr(P(_,_), b) = Front(P, z, y, b)
FPH(P(_,_), b) = FrontPlusHalf (P, z, y, b)
(1) use DEF WPH, WhilePlusHalf, Fr, FPH, Front, FrontPlusHalf
SamePrefix, PlusHalf, MustUnstep, MustUnstep

(1)3. ASSUME
TEMPORAL (-, _), TEMPORAL R(_, _)

PROVE
WPH(Q, R, z, y) =
AVDb: (Fr(Q, b) AO(b=TRUE)) = FPH(R, b)
AVD: (Fr(Q, b) AN MustUnstep(b)) = FPH(R, b)

(
(
AVDb: (Fr(Q, b) AO(b=TFALSE)) = FPH(R, b)
(2)1. MayUnstep(b) = V D(b = TRUE)
V MustUnstep(b)
V O(b = FALSE)
BY DEF MayUnstep
(2)2. WPH(Q, R, 2, y) =
Vb:
A (Fr(Q, b) AO(b = TRUE)) = FPH(R, b)
A (Fr(Q, b) A MustUnstep(b)) = FPH(R, b)
A(FPr(Q, b)) ANO(b = FALSE)) = FPH(R, b)
Y (2)1 DEF WPH
(2) QED
BY (2)2 DEF V

(1)4. ASSUME VARIABLE b
PROVE  The first conjunct of (1)3is A = G
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(Vo APFr(A, b)
A O(b = TRUE)
VvV FPH(G, b))
= (A(z, y) = G(z, v))
(2)1. ASSUME
TEMPORAL P(_, _)
PROVE
V =0(b = TRUE)
V P(z,y)=3u, v:
A P(u, v)
A SamePrefiz(b, u, v, x, y))
(3)1. ASSUME VARIABLE 4, VARIABLE v
PROVE V —0(b = TRUE)
V SamePrefix(b, u, v, x, y)
= 0((u, v) = (z, 9))
BY DEF SamePrefix
(3) QED
BY (3)1 DEF 3
(2)2. v =0(b = TRUE)
V Fr(A, b) = Az, y)
BY (2)1 DEF Fr
(2)3. Vv =0O(b = TRUE)
V FPH(G, b) = G(z, y)
(3)1. FPH(G, b)=3u, v:
A G(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
BY DEF FPH
(3)2. ASSUME VARIABLE 4, VARIABLE v
PROVE
V =0(b = TRUE)

V SamePrefix(b, u, v, z, y) = PlusHalf (b, v, y)
BY DEF SamePrefix, PlusHalf
(3)3. Vv =O(b = TRUE)

VFPH(G, b)=3u, v:
A G(u, v)

A SamePrefix(b, u, v, x, y)
BY (3)1, (3)2
(3) QED

BY (2)1, (3)3
(2) QED

(3)1. (V= A Fr(A, b)

A O(b = TRUE)
V FPH(G, b))

= (A(z, y) = G(z, v)))
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-0(b = TRUE)
(Fr(A, b) = FPH(G, b))
= (A(z, ) = G(z, v)))

(3Y2. v =~0(b = TRUE)
V (Fr(A, b) = FPH(G, b))
= (A(z, y) = G(z, y)))
BY (2)2, (2)3
(3) QED
BY (3)1, (3)2

V
V

(1)5. ASSUME VARIABLE b
PROVE (Fr(A, b) A MustUnstep(b)) = FPH(G, b)
= (Fr(CIA, b) A MustUnstep(b)) = FPH(CIG, b)
(2)1. V =~ MustUnstep(b)
V Fr(A, b) = Fr(CIA, b)
BY Replace WithClosure WithinFront
(2)2. V =~ MustUnstep(b)
V FPH(G, b) = FPH(CIG, b)
BY Replace WithClosure WithinFrontPlusHalf
(2) QED
BY (2)1, (2)2

(1)6. ASSUME VARIABLE b
PROVE (Fr(A, b) AO(b = FALSE)) = FPH(G, b)
= (Fr(ClA, b) AO(b = FALSE)) = FPH(CIG, b)
(2)1. v —0O(b = FALSE)
V Fr(A, b) = Fr(CIA, b)
(3)1. ASSUME TEMPORAL P(_, _)
PROVE
V —0O(b = FALSE)
V Fr(P,b)=3u,v: P(u,v)
BY DEF Fr, SamePrefix
(3)2. Qu, v: A(u,v)) = Ju, v: ClA(u, v)
BY ClosureEquiSAT
(3)3. v =0O(b = FALSE)
V Er(A, b)) =3u, v: A(u, v)
BY (3)1
(3)4. Vv =0O(b = FALSE)
V Fr(CIA, b) =3 u, v: ClA(u, v)
BY (3)1
(3) QED
BY (3)2, (3)3, (3)4
(2)2. v =0O(b = FALSE)
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V FPH(G, b) = FPH(CIG, b)
(3)1. ASSUME TEMPORAL P(_, _)
PROVE
V —0(b = FALSE)
VFPH(G, b)=3u,v: (v=y)A P(u, v)
BY DEF FPH, SamePrefix, PlusHalf
(3Y2. Au, v: (v=y)AG(u, v))
=3du,v: (v=y)A ClG(u, v)
BY ClosureEquiSATHalf
(3)3.V =O(b = FALSE)
VFPH(G,b)=3u,v: (v=y)A G(u, v)
BY (3)1
(3)4. v =0O(b = FALSE)
V FPH(CIG, b)=3u, v: (v=y)A CIG(u, v)
BY (3)1
(3) QED
BY (3)2, (3)3, (3)4
(2) QED
BY (2)1, (2)2

(1)7. WPH(A, G, z,y) =
NAlz, y) = Gz, y)
AV : (Fr(ClA, b) A MustUnstep(b)) = FPH(CIG, b)
AVb: (Fr(CIA, b) AO(b = raLSE)) = FPH(CIG, b)
21 (A(z, y) = G(z, y))
=(Vb: Az, y) = G(z, y))

(2) QED
BY (1)3, (2)1, (1)5, (1)6

(8. V =(A(z, y) = G(z, y))
vVb: (Fr(CIA, b) AO(b = TRUE)) = FPH(CIG, b)
(2)1. (A(z, y) = G(z,y)) = (CUA, z,y)= CIG, z, y))
BY ClosurelsMonotonic
(2)2. (CU(A, z, y) = CUG, z, y))
=Vb: VvV-O(b = TRUE)
V Fr(ClA, b) = FPH(CIG, b)
proof similar to that of (1)4
(2) QED
BY (2)1, (2)2

(1)9. WPH(A, G, z, y) =
NA(z, y) = Gz, y
AVb: (Fr(CIA, b)
AVYDb: (Fr(ClA, b)
AV D (Fr(CIA, b)

)

AO(b = TRUE)) = FPH(CIG, b)
A MustUnstep(b)) = FPH(CIG, b)
AO(b =FALSE)) = FPH(CIG, b)
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(2)1. WPH(CIA, CIG, z, y) =
AVb: (Fr(CIA, b) AO(b = TRUE)) = FPH(CIG, b)
AV : (Fr(ClA, b) A MustUnstep(b)) = FPH(CIG, b)
AVYDb: (Fr(ClA, b)) AO(b =FALSE)) = FPH(CIG, b)
BY (1)3 DEF Cl4, CIG
(2) QED
BY (1)9, (2)1

THEOREM WhilePlusHalfSafetyLivenessDecomposition =
ASSUME
VARIABLE %, VARIABLE ¥,
TEMPORAL A, TEMPORAL G

PROVE
LET
w = WhilePlusHalf (A, G, z, y)
C = ClA, z,y) > CIG, z, y)
IN

A SafetyPart(W) = C
A LivenessPart(W) = (C = W)
PROOF OMITTED  similar to WhilePlusSafetyLivenessDecomp.

Expressing WhilePlusHalf in raw TLA+ with past.

An operator used to describe WhilePlusHalf in raw TLA+. The arguments

InitA and InitB are not environment and component initial conditions; they are just appropriately
defined predicates.

RawWhilePlusHalf (
InitA, InitB,
EnvNext, Next, SysNext,
Le, Ls) =
InitA = A InitB
A O(Earlier(EnvNext) = A Earlier(Next)
A SysNext)
A (ILe A OEnvNext) = Ls

The conjunctive form of the operator has the advantage of making

reasoning about closure easier, for the particular form of InitA that arises by translating WPH
to raw TLA+.

Expanded form after the intended substitutions (see below):

RawWhilePlusHalfFull(
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IeP (-, ), JeP(-, 2), IsP(-, -),
EnvNext, Next, SysNext, Le, Ls)
vV —3p, q: leP(p, q) = JeP(p, q)
V Adp: IsP(p, y)
A V=V aleP(x, y)
V JeP(x, y)
V A IsP(z, y)
A IeP(z, y) vV O(Next A SysNext)
AV =leP(z, y)
V O(Earlier(EnvNext) = A Earlier(Next)
A SysNext)

=

A V=V aleP(z, y)
Vv JeP(z, y) A Le AN OEnvNext
V Ls

This is the “shallow” case.
PROPOSITION

ASSUME
CONSTANT JeP(_, _), CONSTANT IsP(_, _),
ACTION EnuvNext, ACTION Next, ACTION SysNext,
TEMPORAL Le, TEMPORAL Ls

PROVE
RawWhilePlusHalfFull(

TRUE, JeP, IsP, FnuNext, Next, SysNext, Le, Ls)

vV—dp, g: JeP(p, q)
V Adp: IsP(p, y)
A V= JeP(x, y)
V A IsP(z, y)
A O(Earlier(EnvNext) = A Earlier(Next)
A SysNext)
A (Le AN OEnvNext) = Ls
PROOF

If | IeP(z, y), then the above becomes
v —=3p, ¢: JeP(p, q)

VvV A3p: IsP(p, y)
AV —JeP(z, y)
V A IsP(z, y)

A O(Earlier( EnvNext) = A Earlier(Next)

A SysNext)
A (LeP(z, y) NOEnvNext) = LsP(z, y)

SIH (EnvNext, Next, SysNext) =
O(Earlier(EnvNext) = A Earlier(Next)
A SysNext)
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PROPOSITION

ASSUME ACTION EnvNext, ACTION Next, ACTION SysNext
PROVE WeakStepwiseImpl( EnvNext, SysNext)
= SIH (EnvNext, SysNext, TRUE)

PROOF

PROPOSITION

ASSUME ACTION EnvNext, ACTION Next, ACTION SysNext
PROVE StepwiseImpl(EnvNext, SysNext)

= SIH (EnvNext, TRUE, SysNext)

= SIH (EnvNext, SysNext, SysNext)

PROOF

Stepwise form of WhilePlusHalf .
THEOREM WhilePlusHalfStepwiseForm =

ASSUME

VARIABLE , VARIABLE ¥,

NEW sigma, IsABehavior(sigma),
CONSTANT IeP(_, _),

CONSTANT JeP(_, _),

CONSTANT IsP(-, -),

CONSTANT NeP(_, _, —, _),
CONSTANT NsP(_, _, _, _),
TEMPORAL LeP, TEMPORAL LsP,

The constants are predicates.

TEMPORAL level expressions can only be formulas, so LeP and LsP are certainly Boolean-

valued.
AV u, v: IeP(u, v) € BOOLEAN
AV u, v: JeP(u, v) € BOOLEAN
AYu, v: IsP(u, v) € BOOLEAN
AYa, b, c,d: NeP(a, b, c, d) € BOOLEAN
AYa, b, c,d: NsP(a,b, c, d) € BOOLEAN ,
LET
1y = (z, y)
Is = IsP(z, y)
Ie = IeP(z, y)
Je = JeP(z,y)
Ne = NeP(z, vy, z', y')
Ns = NsP(z, y, ', y')
Le = LeP(z, y)
Ls = LsP(z, y)
A(u, v) =
LET
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IN

I = (JAO[N]ys A L)

Q(u, v) =
V —leP(u, v)
V A JeP(u, v)

A O[NeP(u, v, u', v")](u, v)

R(u, v) = AIsP(u, v)

IN

for our intended usage, the term leP =- LeP never arises;
either IeP is TRUE, or LeP is TRUE. So this assumption reduces to either:
ClU(I = (J AO[N]-vrs)) = (I = (J ADO[N]-vrs))

A O[NsP(u, v, u', v")](y, v

or Cl(J AO[N]-vrs A L) = (J AO[N]-vrs)

The first case is easy to prove, because it is a safety property (alternatively, we can invoke
the safety-liveness decomposition of WhilePlusHalf .

The second case is a typical machine-closure condition.

AVu,v: CIA, u,v)=Q(u, v)

AV u, v: IsMachineClosed(R, LsP, u, v)

PROVE
LET
Au, v) =
LET
I = IeP(u, v)
J = JeP(u, v)
N = NeP(u, v, v/, v')
vrs = (u, v)
L = LeP(u, v)
IN
I = (JAO[N]ys A L)
Glu, v) =
LET
I = IsP(u, v)
N 2 NsP(u, v, u’, v')
vrs = (u, v)
L = LsP(u, v)
IN

A

I AO[N]yrs A L

Phi = WhilePlusHalf (A, G, z, y)
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1y = (z,y)

Ie = IeP(z, y)

Is = IsP(z, y)

Ne N NeP(z, y, ', ')
Ns = NsP(z, y, z', y')
Le = LeP(z, y)

Ls = LsP(z, y)
EnvNext [Nel(z, y)

A

2
Next = [Ns](z, )
SysNext = [3r: NsP(z, y, v, ¥')]y

RawPhi = RawWhilePlusHalfFull(
IeP, JeP, IsP, EnvNext, SysNext, Le, Ls)
IN
(sigma, 0 = RawPhi) = (sigma = Phi)
PROOF
(1) DEFINE
A

Is = IsP(z, y)
le = IeP(z, y)
Je = JeP(z,y)
Ne = NeP(z, y, «’, y')
Ns = NsP(z, y, «', y')
Le = LeP(z, y)
Ls = LsP(z, y)
A(u, v) =
LET
I = IeP(u, v)
J = JeP(u, v)
N = NeP(u, v, u', v')
vrs = (u, v
L = LeP(u, v)
IN
I= (JAO[N]ys AL
G(u, v) =
LET
I = IsP(u, v)
N £ NsP(u, v, v/, v')
ors = (u, v)
L = LsP(u, v)
IN
I ANO[N]ys AL
ClA(u, v) = CI(A, u, v)
CIG(u, v) = CI(G, u, v)
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Fr(P(,-), b) = Front(P, z, y, b)
FPH(P(_,_), b) = FrontPlusHalf (P, =, y, b)

Q(u, v) = IeP(u, v) = A JeP(u, v)
A D[Nep(uv v, ula U/)](u,m
R(u, v) = IsP(u, v) ANO[NsP(u, v, u', v")] (4, v)

- 2 [Nelia, y)
Next = [Ns](z, )
SysNext = (3r: NsP(z,y,r, y)ly

FEnvNext

Not using bound variables via ¥ u, v here would be a mistake.

To understand why, consider the operator Foo(u) £ 2 = u and what the assertion Foo(z)

tells us (nothing).
(5. Yu, v: ClA(u, v) = Q(u, v)
(2)1.Yu, v: ClA(u, v) = CI(A, u, v)
BY DEF CIA
(2)2.Yu, v: Cl(A, u,v)=
V —leP(u, v)
vV A JeP(u, v)
A O[NeP(u, v, u', v')](u, v)
BY DEF A
and WhilePlusHalfStepwiseForm ! assumption
(2)3.Yu, v: CI(A, u, v) = Q(u, v)
BY (2)2 DEF @
(2) QED
BY (2)1, (2)3

(1)6. Vu, v: CIG(u, v) = R(u, v)
2)1.Yu, v: ClG(u, v) = Cl(G, u, v)
BY DEF CIG
(2)2. ASSUME VARIABLE 4, VARIABLE v
PROVE R(u, v) = CI(G, u, v)
(3)1.LET F(u, v) = R(u, v) A LsP(u, v)
IN R(u, v) = CI(F, u, v)
BY DEF R, IsMachineClosed
and WhilePlusHalfStepwiseForm ! assumption
(3)2. G(u, v) = (R(u, v) A LsP(u, v))
BY DEF G, R
(3) QED
BY (3)1, (3)2
(2) QED
BY (2)1, (2)2

(1)7. ASSUME VARIABLE b
PROVE Fr(CIA, b) = Fr(Q, b)
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(2)1. Fr(ClA, b) =3 u, v:
A ClA(u, v)
A SamePrefix(b, u, v, x, y)
BY DEF Fr, Front, CIA
(2)2. Fr(ClA, b) =3 u, v:
A Q(u, v)
A SamePrefix(b, u, v, x, y)
BY (2)1, (1)5
(2) QED
BY (2)2 DEF Front, Fr
(1)8. ASSUME VARIABLE b
PROVE FPH(CIG, b) = FPH(R, b)
(2)1. FPH(CIG, b)=3wu, v :
A CIG(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
BY DEF FPH, FrontPlusHalf
(2)2. FPH(CIG, b)=3wu, v :
A R(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
BY (2)1, (1)6
(2) QED
BY (2)2 DEF FrontPlusHalf, FPH

(1. WPH(A, G, z, y) =
liveness part
NAlz, y) = G(z, y)
initial condition
AVb: (Fr(ClA, b) AO(b = FALSE)) = FPH(CIG, b)
stepwise implication

AV : (Fr(ClA, b) A MustUnstep(b)) = FPH(CIG, b)

This expansion combines the theorem
WhilePlusHalfAsConj
with reversal of some of its final steps.
(2)1. WPH(A, G, z, y) =
A WPH(CIA, CIG, z, y)
AN Az, y) = G(z, y)
BY WhilePlusHalfAsConj

(2)2. WPH(A, G, z, y) =
AVYb: (Fr(ClA, b)) AO(b = TRUE)) = FPH(CIG, b)
AV : (Fr(ClA, b) A MustUnstep(b)) = FPH(CIG, b)
AVD: (Fr(CIA, b) AO(b = FALSE)) = FPH(CIG, b)
NA(z, y) = Gz, y)

28



OMITTED

(2)3.V=(A(z, y) = G(z, y))
VVb: (Fr(CIA, b) AO(b = TRUE)) = FPH(CIG, b)
OMITTED
(2) QED
BY (2)2, (2)3

The liveness part.
(1)2. (A(z, y) = G(z, y))
= V-V -leP(z, y)
V A JeP(z, y)
A D[Nep(x, Y, xla y,)hx,y)
A LeP(z, y)
V A IsP(z, y)
ANO[NsP(z, y, ', ¥')] (2, )
A LsP(z, y)
This assertion is expressed in TLA+. Any TLA+ formula is also

a formula of raw TLA+ with past, so we can transfer this equivalence to the raw logic. The
same observation applies to the assertion of step (1)6 below.

BY DEF A, G

The initial condition.
(1)3. (Vb : (Fr(CIA, b) AO(b = FALSE)) = FPH(CIG, b))
= V-(3p, ¢: IeP(p, q) = JeP(p, q))
vViap: Is(p, y)

(2)1. ASSUME VARIABLE b
PROVE ( (Fr(CIA, b) AO(b = FALSE)) = FPH(CIG, b) )
=( (Fr(Q, b)) AO(b=FALSE)) = FPH(R, b) )
BY (1)6, (1)7
(2)2. ASSUME VARIABLE b
PROVE ( (Fr(Q, b) AO(b = FALSE)) = FPH(R, b) )
= V(Fr(Q, b) ANO(b = FALSE))
V FPH(R, b) AO(b = FALSE)

(2)3. ASSUME VARIABLE b
PROVE V —0(b = FALSE)
VFr(Q,b) = 3p, q: IeP(p, q) = JeP(p, q)
(3)1. v =0O(b = FALSE)
VE(Q,b)=3u,v: AQ(u, v)
A SamePrefix(b, u, v, x, y)
BY DEF Fr, Front
(3)2. v =0O(b = FALSE)
VFr(Q,b)=3u,v: Q(u, v)
(4)1. v =0O(b = FALSE)
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V SamePrefix(b, u, v, T, y)
BY DEF SamePrefix
(4) QED
BY (3)1, (4)1
(3)3. Fu, v: Q(u, v))
=3p, q : IeP(p, q) = JeP(p, q)
M1 Fu, v: Qu, v))
=3Ju,v: V-leP(u, v)
V A JeP(u, v)
A O[NeP(u, v, u', v")](u, v)
BY DEF (@)
2. Au, v: Qu, v))
= Vv3u,v: —IeP(u, v)
V3u,v: AJeP(u, v)
A DO[NeP(u, v, u', v")] (4, v)
BY (4)1
3. Fu, v: Qu, v))
= Vidp, q: —IeP(p, q)
vV3p, q: JeP(p, q)
BY <4>2 just stutter forever the initial state
(4) QED
BY (4)3
(3) QED
BY (3)2, (3)3
(2)4. ASSUME VARIABLE b
PROVE V —O(b = FALSE)
VFPH(R,b) = dp: IsP(p, y)
(3)1. vV =0O(b = FALSE)
VFPH(R,b)=3u, v:
A R(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
BY DEF FPH, FrontPlusHalf
(3)2. VvV =0O(b = FALSE)
VFPH(R,b)=3u,v: R(u, v)A(v=y)
(4)1. v =0(b = FALSE)
V SamePrefix(b, u, v, T, y)
BY DEF SamePrefix
(4)2. Vv —0O(b = FALSE)
V PlusHalf (b, v, y) = (v = y)
BY DEF PlusHalf
(4) QED
BY (3)1, (4)1, (4)2
(3)3. Au, v: R(u, v) A(

A(v=y))
=dp: IsP(p, y)



MH1. Au, v: R(u, v)A(v=1y))
=3Ju,v: AIsP(u, v) A (v=y)
A O[NsP(u, v, ', v")] (4, o)
BY DEF R
2. Fu, v: R(u, v)A(v=y))
=3u, v: IsP(u, v) A (v=y)
BY <4>1 just stutter forever the initial state
DH3. (Fu, v: IsP(u, v) A (v=y))
=dp: IsP(p, y)
BYL. (Fu, v: IsP(u, v) A (v=y))
=3u, v: IsP(u, y) AN(v=1y)

(5)2. Awu, v: IsP(u, y) A (v=1y))
=3u: IsP(u,y) ANJv: v=y

(5)3. Qu: IsP(u, y) AJv: v=y)
=3u: IsP(u, y)

(5)4. Au: IsP(u,y)) = dp: IsP(p, y)

(5) QED
BY (5)1, (5)2, (5)3, (5)4
(4) QED
BY (4)2, (4)3
(3) QED
BY (3)2, (3)3
(2) QED
BY (2)1, (2)2, (2)3, (2)4

The stepwise implication (part of safety).
()4, (sigma =V b : (Fr(CIA, b) A MustUnstep(b)) = FPH(CIG, b))
= sigma, 0 = at this point we have to use past raw TLA-+

to accommodate for the operator Farlier.

V-V -ale
V Je
VvV Als
AlIeVv O(Next A SysNext)
A Ie = O(Earlier( EnvNext) = A Earlier(Next)
A SysNext)
(2)7. ASSUME VARIABLE 4, VARIABLE v
PROVE
V- Ab=TRUE
A O[b = FALSE],
v D[bl = b](u, v, T, Yy)
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(3)1. V= Ab € BOOLEAN
A [b = FALSE],
Vb =b

(3)2. V= A b = TRUE
A O[b = FALSE],
VvV O(b € BOOLEAN )

(3) QED
BY (3)1, (3)2
(2)1. (Vb : (Fr(CIA, b) A MustUnstep(b)) = FPH(CIG, b))
=Vb: V-MustUnstep(d)
V Fr(CIA, b) = FPH(CIG, b)

(2)2. Vb : (Fr(CIA, b) A MustUnstep(b)) = FPH(CIG, b))
=Vb: V-MustUnstep(b)
V Fr(Q, b) = FPH(R, b)
BY (1)7, (1)8
(2)3. ASSUME VARIABLE b
PROVE V = MustUnstep(b)

vV Fr(@, b) =
V —leP(z, y)
V A JeP(z, y)

ADO[b = NeP(z, y, o', y')|(z, )

(3) USE DEF Ie, Je, Ne
(3. Fr(Q, b)=3u, v:

A Qu, )

A SamePrefix(b, u, v, x, y)

BY DEF Fr, Front
(3)2. V =~ MustUnstep(b)
vV 3u,v: AQu, v)
A SamePrefiz(b, u, v, z, y))

Nle= AJe
A D[b/ = N€]<I)y>

(4)1. vV = MustUnstep(b)
V-Ju, v: AQ(u, v)
A SamePrefiz(b, u, v, z, y)
Vie= AlJe
A D[ = Ne],
(5) DEFINE
F = A MustUnstep(b)
Adu,v: AQ(u, v)
A SamePrefiz(b, u, v, z, y)

z,y)

!
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(5)1. v —F
V3u, v:
A Q(u, )
A SamePrefiz(b, u, v, T, y)
A MustUnstep(b)

BY DEF F
(5)2. vV —F
V3u, v:
AV =leP(u, v)
vV A JeP(u, v)

A O[NeP(u, v, u', v')](u, v)
AD(b = ((u, v) = (@, )
A b = TRUE
A O[b' = FALSE]p
BY (5)1 DEF @, SamePrefiz, MustUnstep
(5)6.V —F
v3u, v:
AV =IeP(u, v)
vV A JeP(u, v)
ADQ[
[NEP(U, v, ulv 'U/)](u,'u)
](u,v,z,y)
AB(b = ((u, v) = (2, 9)))
A b = TRUE
A D[b/ = b]<u) v, z,y)
BY (5)2, (2)7

(5)3.V = F
v3u, v:
AV =leP(u, v)
V A JeP(u, v)
A

](u,v,z,y)
AB(b = ((u, v) = (z, y)))
Ab = ((u, v) = (z, y))
A b = TRUE
A D[b/ = b](u, v, T, y)
BY (5)6, RuleINV2

(5)4.V —F
vV3u, v:
AV —IeP(u, v)
V A JeP(u, v)
AO[
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~(b' A D)
[NeP(x Y, 7’5 Y],
ANb = ((u, v) = (z, >)

/\b’=>(<u ') = < " y)
Ab =b

](u, v, Z,Y)

AB(b = ((u, v) = (z, y)))
Au, v) = (2, y)

BY (5)3
(5)7.V —F
v3u, v:
AV —IeP(u, v)
vV A JeP(u, v)

AO[
b = [NeP(z, y, @', ')z, )
](u,v,z,y)
AD(b = ((u, v) = (z, y)))
A{u, v) ={(z, y)
BY (5)4
(5)5. Vv F
v3u, v:
V =leP(z, y)
vV A JeP(z, y)
ADO[Y = NeP(z, y, @', ¥z, y)
BY (5)4
(5) QED
©6)1. (Ju, v:
IeP(z, y)
= A JeP(z, y)
AO[ = NeP(z, y, @', 4)(z.y))

le = A Je
A D[bl = Ne](%m
BY DEF le, Je, Ne
(6) QED
BY (5)5, (6)1 DEF F
(4)2. V = MustUnstep(b)
V-ole= AlJe
N D[bl = Ne](%m
V3u,v: AQu, v)
A SamePrefiz(b, u, v, T, y)
(5) DEFINE
H = A MustUnstep(b)
ANle= A Je
N D[b, = Ne](%w
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(5)1. A, v:

AB(b = ((u, v) = (z, y)))

A D[b/](u, v)

stutter u, v after b falls

(5)2. ASSUME VARIABLE «, VARIABLE v,

b’ € BOOLEAN A [b] (4, )

PROVE [(—b") = NeP(u, v, ', v')](u, o)
(6)1. SUFFICES ASSUME —b’ A “UNCHANGED (u, v)
PROVE FALSE

(6)2. b’
(7)1. “UNCHANGED (u, v)
BY (6)1
(7) QED
BY (7)1, (5)2
(6) QED
BY (6)1, (6)2 goal from (6)1
(5)3. V =~ MustUnstep(b)
vV3u, v:
AD(b = ({0, v) = (z, 1))
A D[], )
A O[(=b") = NeP(u, v, v, v')](u, v)
(6)1. MustUnstep(b) = O(b € BOOLEAN )
BY DEF MustUnstep
(6) QED
BY (6)1, (5)1, (5)2
(5)4.v -H
VA D[b/ = b]<u70717y>
ANle= AlJe
A D[b/ = N6]<m’y>
BY (2)7 DEF H, MustUnstep

(5)5.v -H
vV ADD = by, v, o, )
ANle= AJe
A D[b/ = Ne]@’y)
Au, v:
AD(b = ((u, v) = (z, y)))
A D[], v)

AO[(=V) = NeP(u, v, v/, v')](u )
BY (5)4 DEF H
(5Y6. vV -H
V A b = TRUE
AQ = b](u) v, z,y)
ANle= NJe
AN D[b/ = N6]<x7y>
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ANdu, v:
Ab = ((u, ) = (@, 1))
AO(b = ((u, v) = (2, 3)))
A D[b/](u,v)
A O[(=b") = NeP(u, v, v, v')](u, v
AV —leP(z, y)
V A JeP(z, y)
A D[b, = Ne](m,y}
BY (5)5 DEF H, MustUnstep, Ie, Je, Ne
(5)7.v-H
v AOR = b](u,v,z,y)
ANle= AJe
ADb = N6]<I’y>)
Adu, v:
A, 0) = (2, 9)
AD(b = ({u, v) = (z, 3)))
A D[b/](u,v)
A O[(=b") = NeP(u, v, v, v')](u, v)
AV —leP(z, y)

V A JeP(z, y)
A O]
(0" = NeP(z, y, 2', ¥ )iz, y)
Jz, v, u,v)
BY (5)6
(5)8.V -H
V3u, v:

Au, v) = (z, y)
AD(b = ((u, v) = (z, y)))
N D[b/]w’v)
A O[(=b") = NeP(u, v, v, v')](u, v)
AV —IeP(u, v)
V A JeP(u, v)
A O]
N[V = NeP(z, y, ', y')|(z, )
Ab =D
Ab = (1, 0) = (2, 3))
ANV = ((u, 0") = (2", ¥))

](z, Y, u, v)

iac

BY (5)7
(5)9. vV —H
v3u, v:
AB(b = ((u, v) = (z, y)))
A O[(=b") = NeP(u, v, u', v')](u, v)
A V =leP(u, v)
V A JeP(u, v)
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ADO[
A [b, = NeP(:c, Y, xla y/)](x,y>
A = ((u, v) = (z, y))
AV = (o), ) = (o', )
Jw,y,u,0)
BY (5)8
(5)10. v -H
V3u, v:
AD(b = ((u, o) = (2, 9))
AO[(=b") = NeP(u, v, v, v')](y, v)
AV —IeP(u, v)
vV A Je(u, v)
A O = NeP(u, v, u', v')](u, v)
BY (5)9
(5)11. v —H
v3u, v:
AB(b = ((u, v) = (z, 9)))
AV —IeP(u, v)
AV AJeP(u, v)
N D[(—\b/) =
NeP(“? v, ulv ,U/)](u,ﬂ)
AO[b = NeP(u, v, u', v')] (4, v)
BY (5)10
(5)12. v —-H
V3u, v:
AD(b = ((u, 0) = (3, 9))
AlIeP(u, v) =
A JeP(u, v)
A O[NeP(u, v, u', v")](u, v)
(6)1. H = O(b € BOOLEAN )
BY DEF H, MustUnstep
(6) QED
BY (5)11, (6)1
(5)13. v —H
v3u, v:
A Q(u, v)
A SamePrefix(b, u, v, x, y)
BY (5)12 DEF @, SamePrefix
(5) QED
BY (5)13 DEF H
(4) QED
BY (4)1, (4)2
<3> QED  TODO: turn into a SUFFICES to reduce indentation
BY (3)1, (3)2 DEF le, Je, Ne
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(2)4. ASSUME VARIABLE b
PROVE V = MustUnstep(b)
V FPH(R, b) = A IsP(z, y)
ADO[b = NsP(z, y, ', ')z, y)
ADO[b=3r: NsP(z,y, r, y)l
(3) USE DEF Is, Ns
In this direction, we derive a quantified formula that

is independent of the bound variables u and v. This allows us to eliminate the temporal
quantifier 3.

(3)1. FPH(R, b) =3 u, v :
A R(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
BY DEF FPH, FrontPlusHalf
(3)2. SUFFICES
V = MustUnstep(b)
V(3u, v: AR(u,v)
A SamePrefiz(b, u, v, z, y)
A PlusHalf (b, v, y))
= Als
N D[b/ = NS](I’ )
AD[b=3r: NsP(z,y, r, y)ly
BY (3)1, (3)2
(3)3. V =~ MustUnstep(b)
V-3u,v: AR(u,v)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
VvV Als
A O = NS}{x,y)
ADO[b=3r: NsP(z,y, r, y)y
(4) DEFINE
F = A MustUnstep(b)
AJu, v: AR(u,v)
A SamePrefix(b, u, v, T, y)
A PlusHalf (b, v, y)
MH1. v =F
V3u,v: AR(u,v)
A SamePrefiz(b, u, v, z, y)
A PlusHalf (b, v, y)
BY DEF F
(4)2.V —F
V3u, v:
A IsP(u, v)
A O[NsP(u, v, u', v")] (4, v)
AB(b = ((u, v) = (z, y)))
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ANv =1y
AT = (& = 1), 009
BY (4)1 DEF R, SamePrefix, PlusHalf
(4)3.V —F
vV3u, v:

A IsP(u, v)

A O[NsP(u, v, u', v")] (4, o)

AO(b = ({u, 1) = (2, 9)))

ANv =1y
A\ D[b = (U/ = y/)]<b7ﬂ,y>
A b = TRUE

A O[b’ = FALSE],
BY (4)2 DEF F, MustUnstep
(4)4.V ~F
v3u, v:
A IsP(u, v)
AO[NsP(u, v, u', v')] (4, v)
AD(b = ((u, v) = (z, y)))
ANb= ((u, v) = (z, y)

ANv =1y
ABb = (v =y, 0,4
A b = TRUE
A O[b" = FALSE],
BY (4)3
(4)5.V —F
V3u, v:

A IsP(u, v)

A O[NsP(u, v, u', v')] (4, v)
AD(b = ((u, v) = (z, y)))
Ay, v) = (z, y)

A D[b = (1}' = y')]<b7v,y>

A b = TRUE
A O[b' = FALSE]p
BY (4)4
(4)6. VvV —F
v3u, v:
A IsP(z, y)

A O[NsP(u, v, u', v")](y, o)

AO(b = ((u, v) = (z, y)))
AL = (v =95, 0,v)

A b = TRUE
A O[b" = FALSE],,
BY (4)5
(4)7.V —F
V3u, v:
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A IsP(z, y)
A O[NsP(u, v, u', v")] (4, v)
AD(b = ({u, 8) = (2, 3)))
AN D[b = (1)/ = y/)](b»%y)
A b = TRUE
A O[b’ = FALSE],
BY (4)6
(4)8.V —F
vV3u, v:
A IsP(z, y)
AD
[NsP(u, v, u', v")](u, v)
Jw, v,2, )
AD(b = ((u, v) = (z, ¥)))
A O]
(b= (v" = 4)]b,0,0)
](u,v,z,y)
A b = TRUE
A O[b = FALSE],
BY (4)7
(4)9. vV =F
vV3u, v:
A IsP(z, y)

](u,v,x,y)
AD(b = ((u, v) = (z, y)))
AO[
(b= (v =y)]b, 0,4
](u,'u,m,y)
A b = TRUE
A O[b = FALSE],
BY (4)8
(4)10. v =F
V3u, v:
A IsP(z, y)
A O]
(bAV) = [NsP(z, y, 2, ¥ )iz, y)
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hu,v,z,y)
A O]
Ab = (0, 0) = (2, 9))
A[b= (v = ]<b v, )
A [NsP(u, v, ’, )]y
}{u,v,z,y)
A b = TRUE
A O[b' = FALSE]p
BY (4)9
(MH11. v =F
V3u, v:
N IsP(z, y)
AO[
Ab =D
A (b A b/) = [NSP(_’L'7 Y, l'/, yl)](x,y)
}(u,v,z,y)
AO[
ANb = ((u, v) = (2, y))
Ao = (v =y, 0,4)
ANb = [NsP(z, y, v, y')],
Mu,v,x,y)
A b = TRUE
AO[b" = FALSE],
(5)1. ASSUME VARIABLE %, VARIABLE v
ANb = ((u, v) = (2, y))
Ao = (V" =y, 0,4
A [NsP(u, v, u', v")]y
PROVE b = [NsP(z, y, v/, y')],
(6)1. SUFFICES ASSUME b A “UNCHANGED Yy
PROVE NsP(z, y, v, y’)

(6)2. (u=2) A (v=y)
(1. b
BY (6)1
(12 (u, v) = (z, y)
BY (5)1, (7)1
(7) QED
BY (7)2
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BY (5)1, (8)1
(7) QED
BY (7)1, (7)2
6)4. v # v
(ML.y' #y
BY (6)1
(M2 (v=y)A @ =y
BY (6)2, (6)3
(7) QED
BY (7)1, (7)2
(6)5. NsP(u, v, v/, v')
BY (5)1, (6)4
(6) QED
(ML (u=2)A(v=y)A (' =1
BY (6)2, (6)3, (6)4
(7) QED
BY (6)5, (7)1  goal from (6)1
(5) QED
BY (4)10, (2)7, (5)1
()12, v —F
v3u, v:
A IsP(z, y)
AO[
b = [NsP(z, y, o', y')|(z, )
}{u,v,z,y)
AO[
b= [3r: NsP(z,y, 7, y),
}(u,v,z,y)
BY (4)11
(4H13. v ~F
vV3u, v:
N IsP(z, y)
AO[b = NsP(z, y, 2, y))iz, )
AO[b=3r: NsP(z,y,r, yl)}y
BY (4)12
(4)14.V =F
V AIsP(z, y)
A = NsP(z, y, o', §')(z, )
AD[b=3r: NsP(z,y, 4y
BY (4)13
(4) QED
BY (4)14 DEF F, Is, Ns

(3Y4.V =~ A MustUnstep(b)
A Is
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A D[b/ = NS]<$7y>
AOb=3r: NsP(z,y, r, y)ly
V3u,v: AR(u,v)
A SamePrefiz(b, u, v, z, y)
A PlusHalf (b, v, y)

(4) DEFINE
H = A MustUnstep(b)
A Is
AOb = NS]<m7y>
AOb=3r: NsP(z,y, r, y)ly
MH1. Ju, v:
a[b] (u,v) stuttering tail
same prefix
AB(b = ((z, y) = (u, v)))
A D[b = (’Ul = y/)](b,v,y)
aO[(b A —|bl) = falling edge
Ao = y/
Au' =1F 3y =y THEN u
ELSE CHOOSE r: NsP(z, y, 1, y)
Jtb, v,9)
OMITTED  TODO
(4)2. ASSUME VARIABLE u, VARIABLE v,
b’ € BOOLEAN A [b](y, )
PROVE [(—b) = NsP(u, v, u', v')](u, v)

(4)3. V =~ MustUnstep(b)
V3u, v:
[ ] (u, v)
a(b = ({2, ) = (u, v)))
O = (v =y), v, )
O[(bA-b) =
Ay =1
Auw' =T1F y' =y THEN u
ELSE CHOOSE r: NsP(z, y, r, )

v,

o,
A D[)(ﬁ ) :> NsP(u, v, u', v")](u, v)

Y (4)1, (4)2
(4)4.v -H
V A b = TRUE

A O(b € BOOLEAN )

A D[b/ = b](u,v,x,y}

A Is

N D[b/ = NS](z’w

ADO[b=3r: NsP(z,y, 7, y)ly
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Y (2)7 DEF H, MustUnstep
(4)5. v —H

V A b =TRUE
A O(b € BOOLEAN )
A D[b/ = b](u,u,z,y)
N IsP(z, y)
A = NsP(z, y, ', ')z, 4
AO[b=3r: NsP(z, y, 7, v),

/\Eluv
O[b]
O(b = (( y) = (u, v)))
alb = W‘—yﬂwww>
al(b A=b) =
ANV =y

Au' =1F y =y THEN u
ELSE CHOOSE r: NsP(z, y, r, y')

J(b, v
A O]
Y (4)3, (4
4 >6 VvV -H
V3u, v:
A b = TRUE
/\b:><’LL, ’U>:<f1?, y>
N IsP(z, y)
A O(b € BOOLEAN )

b
( ) :> NSP(U v, u/7 ’U/)](u,v)
Y4 DEF H, Is, NsP

U, T, Y)
/\Db’:>NsP(:E Y ' Y )z, y)

[

[

/\D[b:>37" NsP(z, y, r, y')ly
O[b]¢u
O =
Db =
Of

(< y) = (u, v)))
b= (v—y)]<b,v,y>
(bA=b) =
Av' =1

Au =1F 3y =y THEN u
ELSE CHOOSE r: NsP(z, y, r, y)
J(b. 0,9
A O[(=b) = NsP(u, v, u', v')](u, v)
BY (4)5
(4y7.v—-H
v3u, v:
A, v) = (2, y)
A IsP(u, v)
A O(b € BOOLEAN )
A D[b/ = b](u,mm
A D[

2 Y)
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N D(b = <377 y> = <u’ U>))
ANv =
ADb = (v = y)]b,0,4)
AD[
[(bA =) =
AV =y
Au =1F 3y =y THEN u
ELSE CHOOSE 1: NsP(z, y, r, y’)
](b,v,y)
](u,v,x,y)
A O[(=b) = NsP(u, v, v, v")](u, v)
BY (4)6
<4>8. vV -H
V3u, v:
A IsP(u, v)

A O(b € BOOLEAN )
A O = by, v, 2, )
A D[
ANbD =D
Ab = ((z, y) = (u, v))
A = (2, y) = (v, v'))
Ab = [NSP($, Y, ZE/, y/)](ac,y)

](u,v,I,y>
ADO(b = ((z, y) = (u, v)))
ANV =1y
A= (v = y)]b, v, )
A D[

Ab= (2, 9) = (u, )
AN[b=3r: NsP(z,y, r, y)ly
A V(b A—b)
vV AU =y
Auw =1F y' =y THEN u
ELSE CHOOSE 1: NsP(z, y, r, y’)
](u,v,x,y)
A O[(=b) = NsP(u, v, v, v")](u, v)
(5)1. ASSUME
A b € BOOLEAN
A'b' € BOOLEAN
ANbA=D
PROVE
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—UNCHANGED b
OBVIOUS
(5)2. ASSUME VARIABLE u, VARIABLE v,
A b € BOOLEAN
A'b' € BOOLEAN

PROVE
VoV (b A b
vV AY =y

Au =1F 3y =y THEN u
ELSE CHOOSE r: NsP(z, y, 1, y)
V UNCHANGED (b, v, y)

V VvV =(b A b))
V A —“UNCHANGED b
AV AV =1

Au' =1F 3y =y THEN u
ELSE CHOOSE r: NsP(z, y, 7, y)
V UNCHANGED (b, v, y)
BY (5)1
(5)3. ASSUME VARIABLE u, VARIABLE v,
A b € BOOLEAN
Ab € BOOLEAN

PROVE
VoV (b A b))
vV A =g

Au =1F y' =y THEN u
ELSE CHOOSE 1: NsP(z, y, r, y’)
V UNCHANGED (b, v, y)
VvV Va(bA=b)
vV A =9
Auw' =1F y' =y THEN u
ELSE CHOOSE 1: NsP(z, y, r, y’)
BY (5)2
(5) QED
BY (4)7, (5)3
(4)9.v -H
vV3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
A = ((z, 9) = (u, 0)))
ANv=1y
AOb = (v = y/)]<b,v,y>



A (D" N b) = [NsP(u, v, u', v')](u, v
](u,v,x,y)
A O
Ab = ((z, y) = (u, v))
AN[b=3r: NsP(z,y, r, y)ly
AV (b A=D)
vV AU =y
Au' =1F y' =y THEN u
ELSE CHOOSE r: NsP(z, y, r, y)
](u,v,z,y)
A O[(=b) = NsP(u, v, v, v')](u, v)
BY (4)8
(4)10. v —H
vV3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
AB(b = ((z, y) = (u, v)))
ANv=1y
A D[b = (U/ = :'/)](b,v,y)

AO[
[(' AD) = NsP(u, v, v, v’)hu,v)
](u,v,x,y)
ADO[
V (b A b))
V A[3r: NsP(u, v, r, y)ly
A <.73, y> = <u7 U>
AV =y
Aw' =1F v/ = v THEN u
ELSE CHOOSE r: NsP(u, v, r, v')
](u,v,z,y)
AO[(=b) = NsP(u, v, u', v")](u, v)
BY (4)9
MH11. v -H
V3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
AB(b = (2, y) = (u, v)))
ANV =1y
A D[b = (U/ = y/)]<b7v,y>

{(b Ab') = NsP(u, v, u', v')](u, v)

A O
ADO[(=b) = NsP(u, v, u', v")](u, v
A O

[
vV =(b A b))
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V A[3r: NsP(u, v, r, v')],
Az, ) = (u, v)
Ao = y/
Au' =1IF v = v THEN u
ELSE CHOOSE r: NsP(u, v, r, v')
](u,'u,m,y)
BY (4)10
(4)12. ASSUME VARIABLE u, VARIABLE v,
A b € BOOLEAN
A D" € BOOLEAN
A “UNCHANGED (u, v)
A[3r: NsP(u, v, r, v')]y
Au' =1F v/ = v THEN u
ELSE CHOOSE 1 : NsP(u, v, r, v')
PROVE
NsP(u, v, v, v')
(5)1. ASSUME UNCHANGED v
PROVE FALSE
(6)1. v/ =1F v' = v THEN u
ELSE CHOOSE 7 : NsP(u, v, r, v')
BY (4)12
6)2. v = u
BY (5)1, (6)1
(6)3. UNCHANGED (u, v)
BY (5)1, (6)2
(6)4. “UNCHANGED (u, v)
BY (4)12
(6) QED
BY (6)3, (6)4
(5)2.CASE “"UNCHANGED v
(6)1. 3r: NsP(u, v, r, v)
BY (4)12, (5)2
(6)2. u' = CHOOSE r: NsP(u, v, r, v')
(7)1. v/ =1F v’ = v THEN u
ELSE CHOOSE r: NsP(u, v, r, v)
BY (4)12
(7) QED
BY (7)1, (5)2
(6) QED
BY (6)1, (6)2
(4)13. ASSUME VARIABLE 4, VARIABLE v,
A'b € BOOLEAN
Ab" € BOOLEAN
A[3r: NsP(u, v, r, v")],
Au' =1F v = v THEN u
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ELSE CHOOSE 1 : NsP(u, v, r, v')
PROVE [NsP(u, v, v, v')] (4, v)
BY (4)12
(4)14.v —-H
vV3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
AO(b = (2, 4) = (u, )
ANv=1y
A D[b = (v’ = y’)]<b7v7y>

ADO[(bADL") = NsP(u, v, u', v')] (4, )
ADO[(=b) = NsP(u, v, u', v")](u, v)
AO[
vV =(b A =b)
V A[3r: NsP(u, v, 1, v')],
Au' =1F v/ = v THEN u
ELSE CHOOSE r: NsP(u, v, r, v')
N [NsP(u, v, w', v')](u, v)
](u,'u,m,y)
Y (4)11, (4)13
(4)15. v ~H
vV3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
AO(b = ((z, y) = (u, v)))
ANv =1y
A D[b = (’Ul = y/)]<b7v,y>

ADO[(bADL") = NsP(u, v, u', v')](u, v)
A D[(=b) = NsP(u, v, u', v')](u, v)
A O]

(b A=b") = [NsP(u, v, u', v")](y, v
](u,v,m,y)
BY (4)12
(4)16. vV ~H
V3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
AB(b = ((z, y) = (u, v)))
ANv =1y
A D[b = (U/ = :'/)](b,v,y)

AD[(bAY) = NsP(u, v, u', v')](u, )
A D[(=b) = NsP(u, v, v, v')](u, )
AO[
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[(bA=b") = NsP(u, v, u', v')](u, v
](u,'u,m,y}
BY (4)15
MH17.v —-H
V3u, v:
A IsP(u, v)
A O(b € BOOLEAN )
AO(b = (2, 3) = (u, )))
ANv=1y
A D[b = (v/ = yl)]<b,v,y>

AO[(=b) = NsP(u, v, v, v")](u, v)
ADO[(bA DY) = NsP(u, v, u', v')](u, )
ADO[(bA=b") = NsP(u, v, u', v')](u, v
BY (4)16
(4)18.V ~H
vV3u, v:
A IsP(u, v)
A O[NsP(u, v, v, v")](u, o)
A O(b € BOOLEAN )
AB(b = (2, 4) = (v, )))
ANv=1y
AT = (0 = 16,019
BY (4)17
(4)19.v —-H
vV3u, v:
A R(u, v)
A SamePrefix(b, u, v, x, y)
A PlusHalf (b, v, y)
BY (4)18 DEF R, SamePrefiz, PlusHalf
(4) QED
BY (4)19 DEF H
(3) QED
BY (3)3, (3)4  goal from (3)2

(2)5. (Vb : (Fr(ClA, b) A MustUnstep(b)) = FPH(CIG, b))
=Vb:
V = MustUnstep(b)
V VoV aleP(z, y)
V A JeP(z, y)
ADO[b = NeP(z, y, o', y')|(z, )
V A IsP(z, y)
ADO[b = NsP(z, y, ', ¥')](z, )
AOb=3r: NsP(z,y, r, y)y
BY (2)2, (2)3, (2)4
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At this point we transition to raw TLA+ with past operators.
(2)6. ASSUME
sigma =V b :
V = MustUnstep(b)
V-V -ale
VvV A Je
AOb = N6]<$,y>
VvV Als
A = NS}<x7y>
AOb=3r: NsP(z,y, r, y)ly
PROVE
sigma, 0 =
VoV -ale
vV Je
VvV Als
AleV O(Next A SysNext)
A Ie = O(Earlier( EnvNext) = A Earlier(Next)
A SysNext)
(3) USE DEF Ie, Je, Is, Ns, Ne
(3)1. sigma, 0 =V b :
V' = MustUnstep(b)

vV =V -ale
V A Je
AOb = N6]<z’y>
vV Als

A O = Ns}(x,y)
AO[b=3r: NsP(z,y, r, y)y
BY (2)6
(3)2. SUFFICES
ASSUME sigma, 0 = Ie = Je
PROVE
A sigma, 0 = Is
A V sigma, 0 |= Ie
V sigma, 0 = O(Next A SysNeat)

A V —sigma, 0 |= Ie
VVi € Nat:
sigma, i =
Earlier(EnvNext) = A Earlier(Next)
A SysNext

(3)3. Vtau :
V —IsA Behavior(tau)
V = RefinesUpTo Var(tau, sigma, "b")
V tau, 0 = with the declaration VARIABLE b
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V = MustUnstep(b)
V-V -ale
VvV A Je
N D[b/ = N€]<I7y>

VvV A s

A\ D[b/ = NS]<I,y>

ADO[b=3r: NsP(z,y, 7, y)ly

BY <3>2 DEF V  in raw TLA+

The following steps ((3)4, (3)5, (3)6) use sampling
sequences, defined as tau, in order to draw the target conclusions.
(3)4. sigma, 0 = Is
(4) DEFINE tau =
LET state(n) = [sigma[n] EXCEPT !["b"] = (n = 0)]
IN [n € Nat — state(n)]
(4)1. A IsABehavior(tau)
A RefinesUpToVar(tau, sigma, “b")
BY DEF tau, IsABehavior, RefinesUpToVar,
Sim, Natural, EqualUpTo Var
(4)2. tau, 0 = MustUnstep(b)
BY DEF tau, MustUnstep, Unstep, MayUnstep
(4)3. tau, 0 = O[b" = Ns]z, 4
BY DEF tau
4. tau, 0 = (Ie = Je) = Is
BY (3)3, (4)1, (4)2, (4)3
(4)5. sigma, 0 = (Ie = Je) = Is
BY (4)4 DEF tau IeP, JeP, IsP are CONSTANTS
(4) QED
BY (4)5, (3)2 DEF tau

(3)6. V sigma, 0 = Ie
V sigma, 0 = O(Next A SysNext)
(4)1. SUFFICES
ASSUME NEW i € Nat, sigma, 0 = —le
PROVE sigma, i = Next A SysNext

(4)2. Next = SysNext
BY DEF Next, SysNext
(4)3. SUFFICES sigma, i = Next
BY (4)2  goal from (4)1
(4)4. DEFINE tau =
LET state(n) = |
sigma[n] EXCEPT !["b"] = (n < i+ 2)]
IN [n € Nat — state(n)]
(4)5. A IsA Behavior(tau)
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A RefinesUpTo Var(tau, sigma, “b")
BY DEF tau, IsABehavior, RefinesUpToVar,
Sim, Natura, EqualUpTo Var
(4)6. tau, 0 = MustUnstep(b)
BY DEF tau, MustUnstep, Unstep, MayUnstep
4)7. tau, 0 = —1e
BY (4)1 DEF tau, Ie IeP is independent of b.
(4)8. tau, 0 = O[b" = Ns],
BY (4)5, (4)6, (4)7, (3)3
4)9. tau, (i+1)E Db
BY DEF tau
(NH10. tau, i =0’
BY (4)9
(4)11. tau, i = b" A [b" = Ns]
BY (4)10, (4)8
(4)12. tau, i |= [Ns](z, 4
BY (4)11
(4)13. tau, i = Next
BY (4)12 DEF Next
(4) QED
BY (4)13 DEF tau, Next Next is independent of b.

YD

z,y)

(3)5. ASSUME
NEW ¢ € Nat,
sigma, 0 = Ie
PROVE
sigma, i |= Earlier(EnvNext) = A Earlier(Next)
A SysNext
(4) DEFINE tau =
LET state(n) = [sigma[n] EXCEPT ![“b"] = (n < i)
IN [n € Nat — state(n)]
(4)1. A IsA Behavior(tau)
A RefinesUpToVar(tau, sigma, “b")
BY DEF tau, IsABehavior, RefinesUpToVar,
Sim, Natural, EqualUpToVar
(4)2. tau, 0 = MustUnstep(b)
BY DEF tau, MustUnstep, Unstep, MayUnstep
(4)3. tau, 0 =
VoV -ale
VvV A Je
AD[b = Ne],
VA D[b/ = NS}<$7y>
AOb=3r: NsP(z,y, r, y)ly
BY (4)1, (4)2, (3)3
(4)4. SUFFICES ASSUME sigma, i = Earlier( EnvNext)

T, y)
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PROVE sigma, i = A Earlier(Next)
A SysNext

(5. ¥k e0..(i—1):
(sigmalk], sigmalk + 1])[[EnvNext]|
BY (4)4 DEF Earlier
(4)6.CASE 1 =0
(5)1. tau, 0 = A b = TRUE
AO(b = FALSE)
(6)1. A taul0]["b"] = TRUE
AV j € Nat\{0}: taulj][“b"] = FALSE
BY DEF tau, (4)6
(6) QED
BY (6)1
(5)2. tau, 0 = A Je
A D[b/ = N6]<I,y>
(6)1. tau, 0 = Je
(N1, tau, 0 = Ie
BY (3)5 DEF tau
IeP does not depend on b.
(7)2. tau, 0 = Ie = Je
BY (3)2 DEF tau
(7) QED
BY (7)1, (7)2
(6)2. tau, 0 = O[b" = Ne|(z,
BY (5)1
(6) QED
BY (6)1, (6)2
(5)3. tau, 0 =
N D[b/ = NS]<m’y>
AO[b=3r: NsP(z,y, r, y)ly
BY (4)3, (5)2
(5)4. tau, i = SysNext A Earlier(Next)
(6)1. tau, 0 = [b=3r: NsP(z,y, 7, y)ly
BY (5)3
(6)2. tau, 0 =[3r: NsP(z,y, r, ¥ )]y
BY (6)1, (5)1
(6)3. tau, 0 = SysNext
BY (6)2 DEF SysNext
(6)4. tau, 0 = Earlier(Next)
BY DEF Earlier
(6)5. tau, 0 = SysNext A\ Earlier(Next)
BY (6)3, (6)4
(6) QED
BY (6)5, (4)6
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(5) QED  goal from (4)4
BY (5)4 DEF tau, SysNext, Earlier, Next
because variable b does not occur in the formula
SysNext A Earlier(Next)
b is declared as VARIABLE b in (3)3
(4)7.CASE i >0
(5)1.AVj €0..i: taulj]["b"] = TRUE
AVj € Nat: (j > i) = (tau[j]["b"] = FALSE)
BY DEF tau
(5)2. tau, i = Earlier( EnvNext)
BY (4)4 DEF tau, Farlier, EnvNext, Ne
(5)3.Vke0..(i—1):
(taulk], taulk + 1])[[EnvNext]]

(6)1. A (i — 1) € Nat
A(i—1)>0
A(i—1)<i

BY (3)5, (4)7

(6) QED
BY (5)2, (6)1 DEF Farlier
(5)4. tau, 0 = O[b" = Ne|(z,
6)1.VEe0..(i—1):
(taulk], taulk + 1))
[b/ = Ne}(t,y)]]
BY (5)3 DEF EnuvNext
(6)2. Yk € Nat: (k>1)=
(taulk], taulk + 1])[]
[b/ = Ne}(z,y)]]
(NH1.Vk € Nat: (k>1i)=
(taul[k], taulk + 1])[[-0]]
BY (5)1
(71)2.VEk € Nat: (k>1)=
(taulk], taulk + 1])[[-b']]
BY (7)1 b’ = FALSE at these steps.
(7) QED
BY (7)2
(7)3. Yk € Nat :
(taulk], taulk + 1))
[b/ = Ne}(ﬂ:,y)]]
BY (6)1, (6)2
(7) QED
BY (7)3
(5)5. tau, 0 = AO[b" = Ns|(z 4
AOb=3r: NsP(z,y, r, y)ly
(6)1. tau, 0 = A Je

A D[b/ = NE](m,w
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(N1. tau, 0 = Je
(8)1. tau, 0 |= Ie
BY (3)5 DEF tau
IeP does not depend on b.
(8)2. tau, 0 = Te = Je
BY (3)2 DEF tau
(8) QED
BY (8)1, (8)2
(7)2. tau, 0 = O[b" = Ne|(z,
BY (5)4
(7) QED
BY (7)1, (7)2
(6) QED
BY (4)3, (6)1 DEF tau
(5)6. tau, i = [3r: NsP(z,y, 7, y')ly
(6)1. tau, i = b
BY (5)1
(6)2. taw, 0 =0[b=3r: NsP(z, y, r, ¢')]y
BY (5)5
(6)3. tau, i =[b=3r: NsP(z, y, r, ¢')]y
BY (6)2
(6) QED
BY (6)1, (6)3
BY (5)5, (5)1
(5)7. tau, i = Earlier([Ns](z, 4))
(6)1. Vk € Nat : tau, k = [b" = Ns|z, )
(7)1. tau, 0 = O[b" = Ns|(z, 4
BY (5)5
(7) QED
BY (7)1
(6)2.Vke€0..i: tau, k=D
BY (5)1
(6)3.Vke0..(i—1): tau, k=Y
(M1.A(i—1) € Nat
A

BY (6)2, (7)1
(6)4. Yk €0..(i—1):
tau, k |= 0" A [b' = Nsl(z,
BY (6)1, (6)3
(6)5.VEke0..(i—1):
tau, k = [Ns],
BY (6)4

T, y)
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(6) QED
BY (6)5 DEF Earlier
BY (5)1
(5)8. tau, i = SysNext A\ Earlier(Next)
BY (5)6, (5)7 DEF SysNext, Next
<5> QED  goal from (4)4
BY (5)8 DEF tau, SysNext, Earlier, Next
(4) QED
(5)1. i € Nat
BY (3)5
(5) QED  goal from (4)4
BY (4)6, (4)7
(3) QED
BY <3>47 <3>5, <3>6 goal from (3)2

(2)8. ASSUME
sigma, 0 =
VoV -ale
Vv Je
VvV Als
A eV O(Next A SysNext)
A Ie = O(Earlier(EnvNext) = A Earlier(Next)
A SysNext)

PROVE
sigma =Vb :
V = MustUnstep(b)
V-V -ale
VvV A Je
A D[b, = Ne](%w
VvV Als
N D[b/ = NS]@)y)
AOb=3r: NsP(z,y,r, y)ly
(3) USE DEF Ie, Je, Is, Ns, Ne
(3)1. SUFFICES
ASSUME
NEW tau,
A IsA Behavior(tau)
A RefinesUpToVar(tau, sigma, “b"),
VARIABLE b
PROVE
tau, 0 |=
V = MustUnstep(b)
V-V -ale
V A Je
AO = N@](I’ )
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V Als
A\ D[b' = N8]<x7y>
AOb=3r: NsP(z,y,r, y)ly
BY DEF V
(3)2. SUFFICES
ASSUME
tau, 0 =
A MustUnstep(b)
ANle= AJe
A\ D[b/ = Ne]@’y)
PROVE
tau, 0 =
A Is
A D[b/ = NS]<x7y>
ADO[b=3r: NsP(z,y,r, y)ly
goal from (3)1

VvV Als
AlIeV O(Next A SysNext)
A Ie = O(FEarlier(EnvNext) = A Earlier(Next)

A SysNext)
(3)3. tau, 0 = F
MH1. Vrho :
V —IsABehavior(rho)
V =Sim(rho, sigma)
Vrho, 0 = F

BY <2>8 DEF F' Even though F is not a TLA+ formula,

it is stutter-invariant.

(4)2. YV rho, eta :
V —IsABehavior(eta)
V —IsABehavior(rho)
V = EqualUpToVar(rho, eta, “b")
V(eta, 0 F) = (rho, 0 F)
BY DEF F The variable b does not occur in F.
(4)3. A IsA Behavior(tau)
A3drho : A IsABehavior(rho)
A Sim(rho, sigma)
A EqualUpToVar(rho, tau, “b")
BY (3)1 DEF RefinesUpToVar
(4) QED
BY (4)1, (4)2, (4)3 DEF F

(3)4.CASE tau, 0 = —le
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(MH1. tau, 0 =
A ls
A O(Next A SysNext)
BY (3)3, (3)4 DEF F
(4)2. tau, 0 =
A Is
N |:|[]\75}<gc7 )
A D[E'T’I NSP(LE, Y, T, y/)]y
BY (4)1 DEF Next, SysNext
<4> QED  goal from (3)2
BY (4)2

(3)5.CASE tau, 0 = Ie
1. tau, 0 = A Je
AOY = N€]<
BY (3)2, (3)5
(4)2. tau, 0 =
A ls
A O(Earlier( EnvNext) = A Earlier(Next)
A SysNext)

T, y)

(5)1. tau, 0 = Ie = Je
BY (3)5, (4)1
(5) QED
BY (3)3, (5)1, (3)5 DEF F
(4)3. SUFFICES tau, 0 =
N D[b/ = NS](z’w
A Ob=3r: NsP(z,y, 7, ¥)ly
BY (4)2  goal from (3)2
(4)4. P1CcK i € Nat\ {0} :
A Vne0..i: tau, n = b= TRUE
A Vn € Nat: (n>1i)= (tau, n = b = FALSE)
(5)1. tau, 0 = MustUnstep(b)
BY (3)2
(5) QED
BY (5)1 DEF MustUnstep, Unstep, MayUnstep, tau

(4)5. tau, i = SysNext A Earlier(Next)
(5)1.Vn € Nat : tau, n }= [b' = NeJ, )
BY (4)1
(5)2.Vne€0..(i—1): tau,nlE= b
BY (4)4
(5)3.Yne0..(i—1):
tau, n = 0" A [b" = Ne|(z, 4
BY (5)2, (5)1
(54.Yne0..(i—1):
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tau, n = [Ne] iz, )
BY (5)3
(5)5. tau, i = Earlier([Ne](z, 4))
BY (5)4 DEF FEarlier
(5) aep
BY (5)5, (4)2

(4)6. tau, 0 = O[b" = Ns]z 4
(5)1.Vne0..(i—1):
tau, n = [b" = Ns|iz,y)
6)1.Vne0..(i—1):
tau, n = [Ns](z, )
BY (4)5 DEF Next
(6) QED
BY (6)1
(5)2.Vn € Nat: (n>1)
= (tau, n = [b" = Nsl(z,y))
(6)1.¥n € Nat :
(n > i) = (tau, n = b = FALSE)
BY (4)4
(6)2. Vn € Nat:
(n > 1) = (tau, n = b’ = FALSE)
BY (6)1
BY (6)2
(5)3.Vn € Nat : tau, n = [b" = Ns|(z )
BY (5)1, (5)2
(5) QED
BY (5)3 DEF O
(4)7. tau, 0 =0[b=3r: Ns(z,y, r, y)y
G Yneo0.. i:
tau, n = [b=3r: NsP(z,y, r,y))y
(6)1.Vne0..(i—1):
tau, n =3r: V NsP(z, y, v, y')
Vig=r) N (y=1)
BY (4)13
(6)2.¥ne0..(i—1):
tau, n = [3r: NsP(z,y, r, y')ly
BY (6)1
(6)3.¥ne0.. i:
tau, n = [3r: NsP(z,y, r, y')ly
(1. tau, i = [3r: NsP(z,y, r, y')y
BY (4)5 DEF SysNext
(7) QED
BY (6)2, (7)1
(6) QED
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BY (6)3
(5)2.Vn € Nat: (n>1i)=
tau, n = [b=3r: Ns(z,y, r, ¥ )]y
(6)1.Vn € Nat:
(n > 1) = (tau, n = b = FALSE)
BY (4)4
(6) QED
BY (6)1
(5)3.Vn € Nat :
tau, n = b= 3r: Ns(z,y, 7, y)ly
BY (5)1, (5)2
(5) QED
BY (5)3 DEF O
(4) QED  goal from (4)3
BY (4)6, (4)7

(3) QED  goal from (3)2
BY (3)4, (3)5

(2) QED
BY (2)5, (2)6, (2)8
(1) QED
BY (1)1, (1)2, (1)3, (1)4

The above theorem assumes that actions are defined using constants.
Essentially the same proof can be used when the environment action Ne is defined using constant
operators and Farlier (in other words, when this is an action that results from converting WPH
to raw TLA+ with past).

In that case the proof should be modified to address two points:

1. The operator A is declared (not defined) in TLA+ and assumed to be equivalent to a raw
TLA+ formula. This assumption is:

('sigma |= C(A, z,y) ) = (sigma, 0=
le = A Je
A O[Earlier(Ne) = (Earlier(N) A Ns))
)

For writing the operator Farlier we have to be within raw TLA+, which is why on the left-
hand-side we have sigma |= CI(A, z, y), whereas on the right-hand-side we have sigma, 0 =

2. The proof should be carried out mostly within raw TLA+ with past. In other words, we should
“move” to raw TLA+ before the step that replaces the closure CI(A, z, y) with a specific
formula.

Again, the reason is that the closure is expressed using past temporal operators, so we cannot
write it in this form within TLA+.
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3. Combining the two previous points, closure and past operators need to coexist within the same
logic. This requires expressing temporal quantification 3 in raw TLA+ with past (since past
operators need an indexed satisfaction relation ( =), so they are not expressible in TLA+).

This definition is given in the module TemporalLogic.

4. When we reach the step of substituting w, v with z, y in the environment action (and vice
versa in the reverse direction of proof), we have to do this replacement also within Earlier.
This replacement is justified by observing that if b is true at some state in a behavior, then it
must have been true in all previous states. Thus, (z, y) = (u, v) in all those previous states
(similar argument to how SamePrefiz is handled).

We could write the existential quantifier outside the box [...]|-y,
though that would be ungrammatical as an action after O.
PROPOSITION
ASSUME
VARIABLE ¥, VARIABLE ¥,
CONSTANT Next(—, —, -, _)
PROVE
LET
3a’: [Next(z, y, ', y')]-(z, y)
Applying rigid quantification to a primed variable is
ungrammatical in TLA+.
A = Ju: V Neat(z, y, u, y')
V{u, y') = (z, )

B = Ju: [Next(z, y, u, y'ly
C = [Bu: Neat(z,y, u, y')],
IN
NA=B
AB=C
(1) DEFINE

A = Ju: V Neat(z, y, u, y')
V(u, y') = (2, y)

B = Ju: [Ne:vt(x, Y, U, y/]y
(1) CAé [Fu: Next(z, y, u, y')]y
H1.A=C

(2)1. (3u: V Next(z, y, u, y')
V(u, y') = (2, )

V3u: Next(z, y, u, y')
V3u: {u,y)=(z,y)

(2)2. Qu: (u, y) = (z, 9))

= Adu: u==z
Ny =y
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(2)3. (Ju: V Next(z, y, u, y')
V{u, y') = (z, y))
= VvV3u: Next(z, y, u, y')
Vy' =y
BY (2)1, (2)2

(2)1. (3u: [Next(z, y, u, y']y)
=3Ju: V Next(z,y, u, y)
vy =y

(2)2. B= V3u: Next(z,y, u, y’)
Vy' =y
BY (2)1 DEF B
(2) QED
BY (2)2 DEF C
(1) QED
BY (1)1, (1)2

Expressing Unzip in raw TLA+ with past.

We apply the raw form of WhilePlusHalf twice, recursively. The form was
proved for constant actions, but as noted above the proof can be modified for the case of an
environment action that contains past temporal operators.

THEOREM
ASSUME
VARIABLE ¥, VARIABLE ¥,
CONSTANT (-, _),
CONSTANT N(, ),
TEMPORAL L(, )
PROVE
LET
P(u,v) = AI(u, v) A L(u, v)
AO[N (u, v, u', V)], v)
EnvNext = [3r: N(z,y, 2', )]s
SysNext = [3r: N(z, y, r, ¥')]y
Next = [N(:I:? Y, I/a y/)](a:,y)
Raw =
Adp: I(p,y)
AV-3gq: I(z, q)
VvV AI(z, y)
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A OV = Earlier( EnvNext)
V SysNext A Earlier(Next)
A (OEnvNext) = L(z, y)
IN
Unzip(P, z, y) = Raw
PROOF
(1) DEFINE
P(u,v) = AI(u, v) A L(u, v)
A D[N(ua v, ulv Ul)](u,v)
Q(u, v) = P(v, u)
(1. Unzip(P, z, y) =
LET
A(u, v) = WPH(Q, Q, v, u)
IN
WPH (A, P, z, y)
BY DEF Unzip
(1)2. ASSUME VARIABLE , VARIABLE ¥
PROVE WPH(Q, Q, v, u) =
LET

Ll

p,q: I(p, q)
q: I(u, q)
A (G = I(u, v))

F
G

&
e [ 1> e

lv /)](u, v)

IN
V —le

(2) DEFINE

A

(2)1. WPH(Q, Q, v, u) =
V—3p, ¢: TRUE = I(p, q)
V Adgq: I(u, q)
A V =V 2TRUE
vV I(u, v)
vV A I(u, v)
A I(u, v) vV O(Next A EnvNext)
AV =1 (u, v)

V O(Earlier(Next) = A Farlier(Next)
A EnvNext)
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A V =V 2TRUE
V I(u, v) A L(u, v) A ONext
V L(u, v)
BY RawWhilePlusHalfFull DEF @Q
(2)2. WPH(Q, Q, v, u) =
v-3p, q: I(p, q)
vV Adg: I(u, q)
AV =I(u, v)
V O(Earlier(Next) = EnvNext)
AV =L(u, v)
V —ONext
V L(u, v)
BY (2)1
(2)3. WPH(Q, Q. v, u)
V-3p, q: I(p,
V Adg: I(u,q
AV =I(u, v)
V O(Earlier(Next) = EnvNext)
BY (2)2
(2)4. WPH(Q, Q, v, u) =
vV oF
VAG
AV -I(u, v)
V O(Earlier(Next) = EnvNext)
BY (2)3 DEF F, G
(2)5. WPH(Q, @, v, u) =
vV oF
VvV GA=I(u, v)
V G A O(Earlier(Next) = EnvNext)
BY (2)4
(2)6. WPH(Q, @, v, u) =
VaAF
NG = I(u, v)
V G A O(Earlier(Next) = EnvNext)
BY (2)5
(2) QED
BY (2)6 DEF le, Je, F, G
(1) DEFINE
F = 3p,q: I(p, q)
G = 3q: I(z, q)
le = FA(G=I(z,v))
Je = @G
These definitions differ from those in (1)2 because they are
in terms of z, y instead of u, v.

)
~—

65



Nexzt = [N(z, y, ', ¥ )iz, y)
EnvNext = [Fr: N(z,y, 2/, 1)
SysNext = [3r: N(z,y, 7, 9y )y
(1)3. Unzip(P, z, y) =
vV —Ju, v:

VoA3dp, g I(p, q)
AV-TIq: I(u, q)
vV I(u, v)
V3g: I(u, q)
V. A3p: I(p,y)
A V=V ale
V Je
V AI(z, y)
A lIeV O(Next)
A Ie = OV = Earlier(Earlier(Next) = EnvNext)
V SysNext A Earlier(Next)
AV -=aV-ale
V Je A O(FEarlier(Next) = EnvNext)
V L(z, y)
BY DEF (1)1, (1)2, WhilePlusHalfStepwiseForm
with the caveat about WhilePlusHalfStepwiseForm and past
operators within the environment action that was noted ealier
(H11. v =I(z, y)
V Ie
1. I(z,y) = F
31 I(z,y) = 3p,q: I(p, q)

(3) QED
BY (3)1 DEF F
(2)2. I(z,y) = (G=I(z,vy))

(2) QED
BY (2)1, (2)2 DEF Ie
(1)4. Ju, v:
V-A3p, q: I(p, q)
AV-3q: I(u, q)
vV I(u, v)
v3g: I(u, q)
2)1. 3u, v:
VoA3p, g I(p, q)
AV-3qg: I(u, q)

vV I(u, v)
v3ag: I(u, q)
)= (
V3du, v:
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_‘/\Ep’q I(pa Q)

AV-3q: I(u, q)
\/I(u,v)

V3u,v: Jq: I(u, q)

)

(2)2. Bu,v: Fq: I(u, q))
=3dp, q: 1(p, q)

3. (< A3p, gz 1(p. 0)
AV=3q: I(u, g)
vV I(u, v)
)= (
vV-3dp, q: I(p, q)
VaVv-adg: I(u, q)
vV I(u, v))

(2)4. Fu, v :

=A3dp,q: I(p, q)
AV-Iq: I(u, q)
\/I(u, v))
(
V3u,v: —3p, q: I(p, q)
V3u,v: Adg: I(u, q)
/\—\I(uy'u))

BY (2)3
<2>5~ (3 U, V:

V=an3dp, g Ip, q)
/\\/ﬁﬂq; [(u’ q)
VI(u, v)
V3q: I(u, q)
)= (
V3u,v: =3p, q: I(p, q)
V3u,v: Adg: I(u, q)
A= (u, v)
\/Hp’q; I(pvq)

BY (2)1, (2)2, (2)4
<2>6~ (H’LL,U:

VaA3p, g I(p, q)
AV=3q: I(u, q)

vV I(u, ’U)

V3q: I(u, q)

)= (
V=3p, q: I(p, q)
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v3p,q: I(p, q)

V3u,v: Adg: I(u, q)
/\_‘I(ua U)

)

BY (2)5
(2) QED
BY (2)6
(1)5.V —F
V(le=Je) =G
(2)1. (Ie = Je)
=(FA(G=1(z,9) = G)
BY DEF le, Je
(2)2.V - F
V (Ie = Je)
= (G = I(z, y) = G)

32, (G = I(z, y)) = G)
=VGA-I(z,y)
VG
BY (3)1
(3) QED
BY (3)2
(2) QED
BY (2)2, (2)3
(1)6. Unzip(P, z, y) =
A Fp: I(p, y)
AN VG
vV AI(z, y)
A OV =Earlier(Earlier(Next) = EnvNext)
V SysNext A Earlier(Next)
A V =(Je A O(Earlier(Next) = EnvNext)
Vv L(z, y)
BY (1)3, (1)4, (1)5, (1)11
(1)7. ASSUME NEW sigma, IsABehavior(sigma)
PROVE
(sigma, 0 |=
OV —Earlier(Earlier(Next) = EnvNext)
V SysNext A Earlier(Next))

sigma, 0 =
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OV —Earlier( EnvNext)
V SysNext A Earlier(Next)
(2) DEFINE
A = v =Earlier(V —~Earlier(Next)
V EnvNext)
V SysNext A Earlier(Next)
B £ Earlier(EnvNext) = A Earlier(Neat)
A SysNext
(2)1. ASSUME Vn € Nat : sigma, n |= A
PROVE Vn € Nat: sigma, n =B
(3)1. SUFFICES
ASSUME NEW n € Nat,
PROVE sigma, n = B

&)

(3)2. SUFFICES
ASSUME sigma, n |= FEarlier( EnvNext)
PROVE sigma, n |= SysNext A Earlier(Next)
BY DEF B goal from (3)1
(3)3. SUFFICES
sigma, n = Earlier(Earlier(Next) = EnvNext)
(4)1. sigma, n = A
(5)1.Vk € Nat : sigma, k= A
BY (2)1
(5)2. n € Nat
BY (3)1
(5) QED
BY (5)1, (5)2
(4)2. sigma, n |= V —Earlier(Earlier(Next) = EnvNext)
V SysNext A Earlier(Next)
BY (4)1 DEF B
(4) QED
BY (3)3, (4)2  goal from (3)2
(3)4. (sigma, n = Earlier(EnvNext))
= sigma, n = Earlier(EnvNext V - Earlier(Next))
(4)1. EnvNext = (EnvNext V - Earlier(Next))

(4)2. n € Nat
BY (3)1
(4)3. IsA Behavior(sigma)
BY (1)99
(4) QED
BY (4)1, (4)2, (4)3 DEF FEarlier
(3) QED
BY (3)2, (3)4  goal from (3)3
(2)2. ASSUME V' n € Nat : sigma, n |= B
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PROVE Vn € Nat: sigma, n = A
(3)1. SUFFICES
ASSUME NEW n € Nat
PROVE sigma, n = A

(3)2. SUFFICES
ASSUME sigma, n = Farlier(Earlier(Next) = EnvNext)
PROVE sigma, n |= SysNext A Earlier(Next)
BY DEF A goal from (3)1
(3)3. SUFFICES
sigma, n = Earlier( EnvNext)
(M1, sigma, n = B
(5)1.Vk € Nat : sigma, n = B
BY (2)2
(5)2. n € Nat
BY (3)1
(5) QED
BY (5)1, (5)2
(4)2. sigma, n = Earlier(EnvNext) = A Earlier(Next)
A SysNext
BY (4)1 DEF B
(4) QED
BY (3)3, (4)2  goal from (3)2
(3)4. SUFFICES
ASSUME sigma, n = —Farlier( EnvNext)
PROVE FALSE
goal from (3)3
(3)5. sigma, 0 |= ~Earlier( EnvNeat)
(3) DEFINE
P(m) = sigma, m = —Earlier(EnvNext)
prepare for downward induction
MH1.Vkel..n: P(k)= Pk—-1)
(5)1.CASE n =0

(5)2. SUFFICES ASSUME n > 0
PROVE Vk €1l..n: P(k)= P(k—-1)
(6)1. n € Nat
BY (3)1
(6) QED
BY (6)1, (5)1, (5)2
(5)3. SUFFICES
ASSUME NEW k£ € 1..n, P(k)
PROVE P(k —1)
goal from (5)2
(5)4. sigma, k |= —~Farlier( EnvNext)
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BY (5)3 DEF P
(5)5. PICK j € 0..(k—1): sigma, j = ~EnvNext
(M1. (k >0)A(k € Nat)
®)1.kel..n
BY (5)3
(8)2.1€1..n thusl..n#{}
BY (3)1, (5)2
(8) QED
BY (8)1, (8)2
(2. -Vre0..(k—1): sigma, r = EnvNext
BY (5)4 DEF Earlier the general DEF for past
operators
(M3.3r €0..(k—1): sigma, r = ~EnvNext
BY (7)2
(M4.0€0..(k—1) thus0..(k—1)#{}
BY (7)1

BY (6)1, (6)2
(5)7. sigma, j |= Earlier(Next) = EnvNext
(6)1. sigma, n = Earlier(Farlier(Next) = EnvNext)
BY (3)2
(6)2.¥Vre0..(n—1):
sigma, v = Earlier(Next) = EnvNext
BY (6)1, (3)1 DEF Earlier
(6) QED
¥ {6)2, (5)6
<5>8 szgma, J | —Earlier(Next)
Y (5)5, (5)7
(5)9 szgma, (k —1) = —Earlier(Next)
Y (5)8, (5)5, (3)1 DEF FEarlier
<5>1O sigma, (k—1)
V = Earlier(EnvNext)
V Earlier(Next) N\ SysNext
6)1. (k—1)€0..(n—1)
BY (5)3
(6)2. (k — 1) € Nat
BY (6)1
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(6) QED
BY (2)2, (6)1 DEF B n+« (k—1)
(5)11. sigma, (k — 1) = ~Earlier(EnvNext)
BY (5)9, (5)10
(5) QED
BY (5)11 DEF P goal from (5)3
(4)2. P(0)
BY (3)5, DownwardNatInduction
see NaturalsInduction
(4) QED
BY (4)2 DEF P
(3)6. sigma, 0 = Earlier( EnvNext)
BY DEF Earlier
(3) QED
BY (3)5, (3)6
(2) QED
BY (2)1, (2)2 DEF O
(1)8. Unzip(P, z, y) =
A Fp: I(p, y)
AN VG
vV AI(z, y)
A OV =Earlier( EnvNext)
V SysNext A Earlier(Next)
A V =(Je A O(Earlier(Next) = EnvNext)
V L(z, y)
BY (1)6, (1)7
(1)9. Unzip(P, z, y) =
A Fp: I(p, y)
A V-oTg: I(z, q)
vV AI(z, y)
A O(FEarlier( EnvNext) = A Earlier(Next)

A SysNext)
A V =0O(Earlier(Next) = EnvNext)
V L(z, y)
BY (1)8 DEF G

(1)10. vV ~O(Earlier( EnvNext) = A Earlier(Next)

A SysNext)
V ( O(FEarlier(Next) = EnvNext))
= OFEnuvNext
OMITTED

(1) QED
BY (1)9, (1)10
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MODULE Unzip Theorems

Theorems related to the operator Unzip.

Obvious proofs below are so for TLAPS v1.4.3.

Author: Ioannis Filippidis

Copyright 2017 by California Institute of Technology. All rights reserved. Licensed under 3-clause
BSD.

EXTENDS WhilePlusHalf Theorems
EzistsUnique(P(_)) =

AJu: P(u)

AVu, v: (P(u)AP(v)) = (u=v)

THEOREM InessentialNoninterleaving =

ASSUME
VARIABLE Z, VARIABLE y, CONSTANT Inv(_, _),
CONSTANT SysTurn(-, ), CONSTANT Next(_, —, , _),

LET SysNext(p, q, v)
EnvNext(p, q, u)

Ju: Next(p, q, u, v)
Jov: Next(p, q, u, v)

> 1w

IN
AV =(SysTurn(z, y) A Inv(z, y))
V EzistsUnique(LAMBDA 7 : EnvNext(z, y, 1))
A SysNext(x, y, y') A EnvNext(z, y, z')
PROVE
V = A SysTurn(z, y)
A Inv(z, y)
V Next(z, y, z', y')
PROOF
(1) DEFINE

SysNezxt(p, ¢, v) = Ju: Next(p, q, u, v)
EnvNext(p, q, u) = 3v: Next(p, q, u, v)
(1)1. SUFFICES
ASSUME SysTurn(z, y) A Inv(z, y)
PROVE Next(z, y, z’, y')

(1)3. SUFFICES
ASSUME —Neat(z, y, z', y')
PROVE FALSE
goal from (1)1
()2.A3Ju: Next(z, y, u, y')
A3Jv: Next(z,y, z’, v)
(2)1. A SysNext(z, y, y')
A EnvNext(z, y, z')

1
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(2) QED
BY (2)1 DEF SysNext, EnvNext
(1)4. PICK w : Next(z, y, u, y')
BY (1)2
(1)10. PICK v : Next(z, y, ', v)
BY (1)2
(1)5. u # 2’
(2)1. SUFFICES ASSUME u = z’
PROVE FALSE
(2)2. Next(z, y, u, y')
BY (1)4
(2)3. Next(z, y, ', y')
BY (2)1, (2)2
()4 ~Neat(, y, o/, )
BY (1)3
(2) QED
BY (2)3, (2)4  goal from (2)1
(1)6. SUFFICES u = z’
BY (1)5  goal from (1)3
()7.A3Ja: Next(z, y, u, a)
A3b: Next(z,y, z’, b)
BY (1)4, (1)10
(1)8. A EnvNext(z, y, u)
A EnvNext(z, y, ')
BY (1)7 DEF EnuvNext
(1) QED
(2)1. EwxistsUnique(LAMBDA 1 : EnvNext(z, y, r))
(3Y1. SysTurn(z, y) A Inv(z, y)
BY (1)1
(3)2.V =(SysTurn(z, y) A Inv(z, y))
V EzistsUnique(LAMBDA r: EnvNext(z, y, 1))

(3) QED
BY (3)1, (3)2
(2) QED
BY (1)8, (2)1 DEF EristsUnique

THEOREM CPreSimplerByConjunctivity =
ASSUME
NEW Next, NEW SysNext, NEW EnvNezt, NEW Target,
Next = (SysNext A EnvNext) Conjunctivity
PROVE
( A SysNext



A EnvNext = Target)
(A SysNeat
A EnvNext = A Next
A Target)
PROOF
A SysNext
N EnvNext = Target

A SysNext
A EnvNext = SysNext
N EnvNext = Target

A SysNext
A EnuvNext = A SysNext
N Target

A SysNext
A EnvNext = A SysNext A EnvNext
A Target

A SysNext
A EnvNext = A Next
N Target
THEOREM FEquienablednessImpliesCartesianity =
ASSUME
VARIABLE &, VARIABLE ¥,
CONSTANT EnvNezt(_, _, ),
CONSTANT SysNext(—, _, _),
(Ju: EnvNext(z, y, u)) =3Jv: SysNext(z, y, v)
PROVE
The proof goal says that NewNezt is Cartesian.
LET
NewNext(p, q, u, v) 2 A EnvNezt(z, y, u)
A SysNext(x, y, v)
IN
A SysNext(x, y, y') = 3u: NewNext(z, y, u, y')
A EnvNext(z, y, ') = 3v : NewNext(z, y, ', v)
PROOF

Actions $ EnvNext, SysNext$ that result from $ Unzip$ are enabled at the
same states.
PROPOSITION EquiEnablednessFromUnzip =
ASSUME
VARIABLE , VARIABLE ¥,
CONSTANT Next(—, _, _, _),



CONSTANT SysNext(-, _, _),

CONSTANT EnvNezt(—, —, ),

AYwv: SysNext(z,y, v) =3Ju: Next(z, y, u, v)

AV uw: EnuNext(z,y, u) =3Jv: Next(z, y, u, v)
PROVE

(Ju: EnvNext(z, y, u)) =3Jv: SysNext(z, y, v)

(1)1. (ENABLED EnvNezt(z, y, z')) = Ju: EnvNezt(z, y, u)
(1)2. (3u: EnvNezt(z, y, w)) =3Ju: Jv: Next(z, y, u, v)
(1)3. (3u: Fv: Nezt(z, y, u, v)) =3I v: Ju: Next(z, y, u, v)
(1)4. (3v: Fu: Nezt(z, y, u, v)) = Jv: SysNezt(z, y, v)
(1)5. (3 v: SysNezt(z, y, v)) = ENABLED SysNezt(z, y, y')
L

COROLLARY
ASSUME
VARIABLE x, VARIABLE Y,
CONSTANT Next(-, -, -, =),
CONSTANT SysNext(—, _, _),
CONSTANT EnuvNezt(—, —, ),
AYwv: SysNext(z,y, v) =3Ju: Next(z,y, u, v)
AV u: EnuNext(x,y, u) =3Jv: Next(z, y, u, v)
PROVE
LET
NewNezt(p, q, u, v) = A EnvNezxt(z, y, u)
A SysNext(z, y, v)
IN
A SysNext(x, y, y') =3 u: NewNext(x, y, u, y')
A EnvNext(z, y, ') = v : NewNext(z, y, 2, v)
PROOF
(1)1. (3u: EnvNezt(z, y, w)) = Jv: SysNezt(z, y, v)
BY EquiEnablednessFromUnzip
(1) QED
BY (1)1, EquienablednessImpliesCartesianity
COROLLARY
ASSUME
VARIABLE x, VARIABLE Y,
CONSTANT Next(-, -, -, =)
PROVE
LET
The operators SysNext and EnvNext are already “balanced”, but may not imply Next
when conjoined. This is why we have to do the factorization as the next theorem below.
SysNext(p, ¢, v) = Ju: Next(p, q, u, v)
EnvNeat(p, q, u) = 3v: Next(p, ¢, u, v)
NewNext(p, q, u, v) =



A SysNext(z, y, v)
A EnvNext(z, y, u)
NewNext is conjunctive and Cartesian,
so the controllable step operator is simpler when we apply Unzip to a property defined

using NewNext.
IN

A SysNext(x, y, y') =3 u: NewNext(z, y, u, y')
A EnvNezt(z, y, ') = v : NewNext(z, y, 2, v)
PROOF

PROPOSITION PoofTheAntecedent =
ASSUME
CONSTANT A, CONSTANT B,
CONSTANT C, CONSTANT D),
A= D
PROVE
(NA
A (B = C))

(AA
A(DAB) = C)
PROOF

Even though TLAPS proves the above, below is a proof by hand.
PROPOSITION
ASSUME
CONSTANT A, CONSTANT B,
CONSTANT C, CONSTANT D,
A=D
PROVE
(AA
A(B = 0))

(NA
AN(DAB)= ()
PROOF
(1)1. ASSUME A A
NB=C
PROVE A A
AN(DAB)=C
(2)1.NA
ANCV-B
BY (1)1



(2)2. (C'V ~B) = (CV =BV -D)

(2)3.N A
ANCV-=BV-D
BY (2)1, (2)2
(2) QED
BY (2)3
(1)2. ASSUME A A
AN(DAB)=C
PROVE A A
ANB=C
(2)1.NA
A V(D A B)
vC
BY (1)2
(2)2.N A
AV-DV-B
e
BY (2)1
(2)3.V N A
A V-B
e
vV AA
A-D
BY (2)2
(2)4. =(AAN-D)
3)1. A= D

(3) QED
BY (3)1
(2)5.v ANA
ANB=C
V FALSE
BY (2)3, (2)4
(2) QED
BY (2)5
(1) QED
BY (1)1, (1)2

THEOREM SeparatingTheRealizablePart =

ASSUME
VARIABLE T, VARIABLE ¥,
CONSTANT Next(—, _, _, _),



CONSTANT Target(—, _),

CONSTANT EnvNezt(—, —, ),

CONSTANT SysNext(—, _, _),

(ENABLED SysNext(z, y, y')) = ENABLED EnuvNezt(z, y, z)
PROVE

LET

NewNext(u, v) =
A SysNext(z, y, v) A EnoNext(z, y, u)
A Vw: EnvNext(z,y, w) = Nezxt(z, y, w, v)

The second conjunct shrinks the first in order
to ensure receptivity at those states.

NewSysNext(v) = Ju: NewNext(u, v)
NewEnvNezt(u) = 3v: NewNext(u, v)
A= 3Ju:

A SysNext(z, y, v)
AYu: EnvNext(z,y, u) = A Next(z, y, u, v)
A Target(u, v)
B = 3u:
A NewSysNext(v)
AV u: NewEnvNext(u) = A NewNext(u, v)
A Target(z', v)
C = 3v:
A NewSysNext(v)
AV wu: NewEnvNext(u) = Target(u, v)

IN
A NewNext(x', y') = Next(z, y, z’, y')
NA=B
NA=C
A NewNext(x', y') = (NewSysNext(y') A NewEnvNext(z'))
PROOF
(1) DEFINE
A= Ju:

A SysNext(z, y, v)
AVu: EnvNext(z,y, u) = A Next(z, y, u, v)
A Target(u, v)
(H1. A=
Jov: A SysNext(z, y, v)
AV u: EnvNext(x,y, u) = Next(z, y, u, v)
AYu: EnvNext(zx,y, u) = Target(u, v)

=

(1)2. DEFINE NewSysNext(p, q, v)
A SysNext(p, q, v)
AYr: EnvNext(p, q, r) = Next(p, q, r, v)

This definition of NewSysNext differs from that in the
theorem statement. Nevertheless, we show their equivalence below.



()3. A=

Jv: A NewSysNext(z, y, v)

AYu: EnvNext(z,y, u) = Target(u, v)

BY (1)1 DEF NewSysNext

Y
(1)d. A
=R

s Vu:
A NewSysNext(z, y, v)
A V= A EnvNext(z, y, u)
A ENABLED NewSysNext(z, y, y')

V Target(u, v)

(2)1. ASSUME NEW v
PROVE NewSysNext(x, y, v) =V u: NewSysNext(z, y, v)

BY DEF NewSysNext

(2)2. ASSUME NEW v
PROVE NewSysNext(z, y, v) = ENABLED NewSysNext(z, y, y')
BY DEF NewSysNext

(2)3. (3v: A NewSysNezt(z, y, v)
AYu: EnvNext(z, y, u) = Target(u, v))

i Il
<

EE
AV u: NewSysNext(z, y, v)

AYu: EnuNext(z,y, u) = Target(u, v))

BY (2)1
(2)4. A =
Jv: Yu:
A NewSysNext(z, y, v)
A EnvNext(z, y, u) = Target(u, v)
BY (1)3, (2)3
(2) QED
BY (2)4, (2)2 R

(1)5. DEFINE NewNext(p, q, u, v) =
A SysNext(p, q, v) A EnvNext(p, q, u)

AYr: EnvNext(p, q, r) = Next(p, ¢, r, v)
(1)6. ASSUME NEW p, NEW ¢, NEW u, NEW v
PROVE NewNezt(p, q, u, v) = A NewSysNext(p, q, v)
A EnvNezt(p, q, u)

BY DEF NewNext, NewSysNext

(1)7. ASSUME NEW p, NEW ¢, NEW v
PROVE NewSysNext(p, ¢, v) = Ju: NewNezxt(p, q, u, v)

(2)1. (3u: NewNext(p, q, u, v))
A SysNext(p, q, v) A EnvNext(p, q, u)

=du:
AYr: EnvNext(p, q, r) = Next(p, q, v, v)

BY DEF NewNext
(2)2. (3u: NewNext(p, q, u, v))
= A SysNeat(p, ¢, v)



A 3w : EnvNext(p, g, u)
AV : EnvNext(p, q, r) = Next(p, ¢, r, v)
BY (2)1
(2)3. SysNexzt(p, q, v) = Ju: EnvNext(p, ¢, u)
(3)1. SysNexzt(p, q, v) = Is: SysNext(p, q, s)

(3)2. (s : SysNext(p, q, s)) = Ju: EnvNext(p, q, u)
(4)1. (ENABLED SysNext(z, y, y')) = ENABLED EnvNext(z, y, z')
BY SeparatingTheRealizablePart!assumption
(4) QED
BY (4)1
(3) QED
BY (3)1, (3)2
(2)4. (3u: NewNext(p, q, u, v))
= A SysNeat(p, ¢, v)
AYr: EnvNexzt(p, q, r) = Next(p, ¢, v, v)
BY (2)2, (2)3
(2) QED
BY (2)4 DEF NewSysNext
(1)8. DEFINE NewEnvNext(p, ¢, u) = Jv: NewNezt(p, q, u, v)
(1)9. ASSUME NEW p, NEW ¢, NEW u
PROVE NewEnvNezt(p, q, u) = A EnvNext(p, g, u)
A ENABLED NewSysNext(p, q, y')
(2) DEFINE F' = NewEnuNext(p, q, u)
(2)1. F
=3dv: A SysNext(p, q, v) A EnvNext(p, q, u)
AV r: EnvNext(p, q, r) = Next(p, q, r, v)

=3Jwv: A NewSysNext(p, q, v)
A EnvNext(p, q, u)
(2)3. F = FnouNext(p, q, u) AJv: NewSysNext(p, q, v)
(2)4. F = FEnvNext(p, q, u) A ENABLED NewSysNexzt(p, q, y')
(2) QED
BY (2)4 DEF F
(1)10. A =
Jv: Vu:
A NewSysNext(z, y, v)
A NewEnvNext(z, y, u) = Target(u, v)
BY (1)4, (1)9
(1)11. ASSUME NEW p, NEW ¢, NEW u, NEW v
PROVE NewNezt(p, q, u, v) = A NewSysNext(p, q, v)
A NewEnvNext(p, q, u)
(2)1. NewNext(p, q, u, v) = A NewSysNext(p, q, v)
A EnvNezt(p, q, u)
BY (1)6



(2)2. NewSysNext(p, q, v) = ENABLED NewSysNext(p, q, y')

(2)3. NewNezt(p, q, u, v) = A NewSysNext(p, q, v)
A EnvNext(p, q, u)
A ENABLED NewSysNext(p, q, y')
BY (2)1, (2)2
(2) QED
BY (2)3, (1)9
(1)12. A =
Jv: YVu:
A NewSysNext(z, y, v)
A NewEnvNezt(z, y, u) = A NewNext(z, y, u, v)
A Target(u, v)
BY (1)10, (1)11, CPreSimplerByConjunctivity
(1)13. ASSUME NEW p, NEW ¢, NEW u, NEW v
PROVE NewNezt(p, q, u, v) = Next(p, q, u, v)
(2)1. SUFFICES ASSUME NewNext(p, q, u, v)
PROVE Next(p, q, u, v)

(2)2. A SysNext(p, q, v) A EnvNext(p, q, u)
AV r: EnvNext(p, q, r) = Next(p, q, r, v)
BY (2)1 DEF NewNext
(2)3. A EnvNext(p, q, u)
AV r: EnvNext(p, q, r) = Next(p, q, r, v)
BY (2)2
(2) QED
BY (2)3  goal from (2)1
(1) QED
BY (1)7, (1)10, (1)11, (1)12, (1)13 DEF NewNext, NewEnuNext

COROLLARY
ASSUME
VARIABLE p, VARIABLE ¢,
CONSTANT Next(-, -, -, -),
CONSTANT Target(-, —)
PROVE
LET
SysNext(z, y, v) Ju: Next(z, y, u, v)
EnvNext(z, y, u) Jov: Next(z, y, u, v)
NewNext(z, y, u, v) =
A SysNext(z, y, v) A EnoNext(z, y, u)
A VYw: EnvNext(z,y, w) = Next(z, y, w, v)
NewSysNext(z, y, v) £ Ju: NewNext(z, y, u, v)
NewEnvNezt(z, y, u) 2 3y NewNezt(z, y, u, v)

e 11>
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A(z,y) = 3v: Yu:
A SysNext(z, y, v)
A EnvNext(z, y, u) = A Next(z, y, u, v)
A Target(u, v)
IN
A NewNext(p, q, p’, ¢') = Next(p, q, p’, ¢')
Conjunctivity and Cartesianity
A NewNext(p, ¢, p', ¢')
= A NewSysNezt(p, q, q')
A NewEnuvNext(p, ¢, p')
NA(p,g)=3Fv: Yu:
A NewSysNext(p, q, v)
A NewEnvNezt(p, q, u) = A NewNext(p, q, u, v)
A Target(u, v)
NA(p, q)=3v: YVu:
A NewSysNext(p, q, v)
A NewEnuvNext(p, q, u) = Target(u, v)
PROOF
BY FquiEnablednessFromUnzip, SeparatingTheRealizablePart

Unzip has desirable properties:

1. the assumption is by construction safety, and
2. the assumption is well-separated.

Recall that:
Unzip(P) = WPH(WPH(P, P), P)

The assumption in the WhilePlusHalf that defines Unzip is a safety property.

That this property, namely WPH(C, C, y, z), is safety follows similarly to the proof of
WhilePlusMachineClosedRepr.

PROPOSITION

ASSUME
TEMPORAL P(_, _),
VARIABLE T, VARIABLE ¥
PROVE
LET C = CI(P, z, y)
IN  WPH(P, P, y, ) = WPH(C, C, y, z)
PROOF
(1) DEFINE
C = CUP, z,vy)
(1. WPH(P, P,y,z)= AN WPH(C, C, y, x)
A P(y, z) = P(y, z)
BY WhilePlusHalfAsConj
(1)2. P(y, =) = P(y, z)

11



(1) QED
BY (1)1, (1)2

This proposition ensures well-separation of the first and second argument
given to WhilePlusHalf for defining Unzip.

PROPOSITION
ASSUME
TEMPORAL P(_, _),
VARIABLE Z, VARIABLE Yy

PROVE
LET
Q(u, v) = P(v, u)
E(u, v) = WPH(Q, Q, v, u)
IN

A ClUP, z,y)= CUE, z, y)
A P(z,y) = CI(E, z, y)

PROOF
(1) DEFINE
Q(u, v) 2 P(v, u)
E(u, v) = WPH(Q, Q, v, u)

(1. P(z, y) = WPH(Q, Q. 3, ©)
(2)1. WPH(Q, Q, y, z) =
Vb: VA MayUnstep(d)
A Front(Q, y, z, b)
V FrontPlusHalf (Q, y, x, b)
BY DEF WPH, WhilePlusHalf
(2)2. ASSUME VARIABLE b
PROVE P(z, y) = FrontPlusHalf(Q, y, z, b)
(3)1. FrontPlusHalf (Q, y, z, b)
=3u, v:
A Q(u, v)
A SamePrefiz(b, u, v, y, x)
A PlusHalf (b, v, z)
BY DEF FrontPlusHalf
(3)2. ASSUME VARIABLE 4, VARIABLE v
PROVE
SamePrefiz(b, u, v, y, )
= SamePrefix(b, v, u, z, y)
BY SwapInSamePrefix
(3)3. FrontPlusHalf (Q, y, x, b)
=3dv, u:
A P(v, u)
A SamePrefix(b, v, u, T, y)
A PlusHalf (b, v, x)

12



BY (3)1, (3)2
(3)4. FrontPlusHalf (Q, y, z, b)
=3u, v:
A P(u, v)
A SamePrefiz(b, u, v, z, y)
A PlusHalf (b, u, )
BY (3)3
(35. P(z, y) = 3w, v:
AD((u, v) = (2, 1))
A P(z, y)

(3Y6. P(z, y) = Ju, v:
AB((u, v) = (2, y))
ANu==z
A P(u, v)
BY (3)5
(3y7. P(z, y) = Ju, v:
A O({u, v) = (2, 3))
ANu=c
A D[u/ = I/](b,u,z)
A P(u, v)
BY <3>6 TLA rule
(3)8. P(z, y) = Ju, v:
A Db = ((u, v) = (z, 9)))
ANu=c
A D[b = (u/ = Il)}{b,u,w)
A P(u, v)
BY (3)7
(3) QED
BY (3)4, (3)8
(2) QED
BY (2)1, (2)2
1)2. P(z, y) = E(z, 1)
BY (1)1 DEF E
()3. P(z, y) = CIU(E, z, y)
(2)1. E(z, y) = CUE, z, y)
BY ClosureImplied
(2) QED
BY (1)2, (2)1
(LYd. CI(P, z, y) = CI(E, z, y)
(2)1. CI(P, z, y) = CI(CUE, z, y), z, y)
BY (1)3, ClosurelsMonotonic
(2)2. CI(E, z, y) = CI(CI(E, z, y), ©, y)
BY Closureldempotent
(2) QED
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BY (2)1, (2)2
(1) QED
BY (1)3, (1)4 DEF E

Expand an expression that occurs in the first argument of WhilePlusHalf
within Unzip.
PROPOSITION
ASSUME
TEMPORAL P(_, _),
VARIABLE Z, VARIABLE ¥, VARIABLE b
PROVE
LET
Q(u, v) 2 P(v, u)
IN
Front(Q, y, z, b) = Front(P, z, y, b)
PROOF
(1) DEFINE
Q(u, v) = P(v, u)
()1. Front(Q, y, =, b)
=3u,v: AQu, v)
A SamePrefix(b, u, v, y, x)
BY DEF Front
(1)2. ASSUME VARIABLE «, VARIABLE ¥
PROVE
SamePrefix(b, u, v, y, )
= SamePrefix(b, v, u, z, y)
BY SwaplInSamePrefiz
(1)3. ASSUME VARIABLE u, VARIABLE v
PROVE Q(u, v) = P(v, u)
BY DEF @
(Y4, Front(Q, y, x, b)
=3u,v: AP(v, u)
A SamePrefiz(b, v, u, x, y)
BY (1)1, (1)2, (1)3
(1)s5. Front(Q, y, =, b)
=3v,u: AP(v,u)
A SamePrefix(b, v, u, x, y)
BY (1)4
(1)6. Front(P, z, y, b)
=3v,u: AP(v,u)
A SamePrefiz(b, v, u, z, y)
BY DEF Front
(1) QED
BY (1)5, (1)6
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THEOREM NotEztensible =

ASSUME
Jtau: A IsABehavior(tau)
Atau = B
A tau[0].a = 1
A tau[l].a = 20
A tau[0].b = 2

PROVE FALSE
PROOF
(1)3. PICK tau :
A IsABehavior(tau)

A tau |E B

A LET
s0 = taul0]
s1 = tau[l]

IN
ANsO.a=1
Asl.a =20
A s0.b =2
(1) DEFINE
50 = tau[0]

s1 = taull]
IsNonstuttering(step) = step[1] # step[2]
(1)4. tau = OO(b = 2)
BY (1)3 DEF B
(1)1. IsNonstuttering((s0, s1))
(2)1. s0.a # sl.a
BY DEF s0, sl
(2) QED
BY (2)1 DEF IsNonstuttering
(1)2. s1.b =1
BY (1)1 DEF B, s0
(1)5. 3@ € Nat : tauli].b # tau[i + 1].b
A step that changes b eventually occurs.
BY (1)2, (1)4 DEF sl
(1)6. ¥Yn € Nat :
V tau[n] = tau[n + 1]
V tau[n] # sl
V (tau[n], tau[n + 1)[[b" # b]]
Any nonstuttering step from $s_1$ must change $6$.
BY (1)2, (1)3 DEF sl, B
(1)7. 3§ € Nat :
AVE€el..j: taulk] = sl
A {taulj], taulj + 1)[[b' £ ]
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The earliest nonstutering step after $tau[1]$ does change $b3.
BY (1)5, (1)6, LeastNumberPrinciple
(1)8. taulj +1].b = 20
(2)1. taulj].a = 20
(3)1. taulj] = sl
BY (1)7
(3)2. s1.a =20
BY (1)3 DEF sl
(3) QED
BY (3)1, (3)2
(2)2. (taulf], taulj + 1])[[b" = a]]
(31 (taulj], taulj +1])[[b" # b]]
BY (1)7
(3)2. tau = B
BY (1)3
(3) QED
BY (3)1, (3)2 DEF B
(2) QED
BY (2)1, (2)2
(1)9. tau[j +1].0 € 1..2
(2)1. tau = B
BY (1)3
(2) QED
BY (2)1 DEF B
(1) QED
BY (1)8, (1)9
L
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[ MODULE Realizability

A definition of what it means for a function to realize a property.

References

Ioannis Filippidis, Richard M. Murray “Formalizing synthesis in TLA+” Technical Report,
California Institute of Technology, 2016 http://resolver.caltech.edu/ CaltechCDSTR:2016.004

Leslie  Lamport “Miscellany” 21  April 1991, note sent to TLA mailing list
http://lamport.org/tla/notes/91-04-21.txt

EXTENDS FiniteSets

IsAFunction(f) = f = [u € DOMAIN f — f[u]]
IsAFiniteFen(f) = A IsAFunction(f)
A IsFiniteSet(DOMAIN f)

[ MODULE Inner

VARIABLES I, y
CONSTANTS f, g, mem0

Realization(mem, e(_, _)) =

LET
v
A

(mem, z, y)
Az’ =[]
A mem’ = g[v]

e 11>

IN
A mem = mem0
A Ole(v, v') = Al,
ANWEF (rem, 2y (e(v, v') A A)

Realize(Phi(_, _), e(_, _)) =
A IsAFiniteFen(f) A IsAFiniteFen(g)
A (Imem : Realization(mem, €)) = Phi(z, y)

Inner(f, g, mem0, z, y) = INSTANCE Inner

IsARealization(f, g, mem0, Phi(_, _), e(-, =)) =
Vi, y:
Inner(f, g, mem0, z, y)! Realize( Phi, )
IsRealizable(Phi(_, _), e(_, _)) =

af, g, mem0 :
IsARealization(f, g, mem0, Phi, e)
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MODULE HistorylsRealizable

For a specification that includes history-determined variables, we prove that
it suffices to synthesize an implementation with the history variables unhidden. More precisely

LET
Spec(z, h) = Prop(z) A History(z, h)
SpecH (z) 2 an Spec(z, h)

IN
IsRealizable(SpecH) = IsRealizable(Spec)

This result is useful for using temporal synthesis algorithms that do not reason about 3 (for exam-
ple GR(k) synthesis), and then hiding the history variables, in order to obtain an implementation
for properties that contain temporal quantification of only history variables.

Author: Toannis Filippidis
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EXTENDS TemporalLogic, TLAPS

MODULE HistoryDeterminedVar

VARIABLE v,
CONSTANT Init(—, ) corresponds to f in [2, Eq.(4)]
CONSTANT Next(—, _, _) corresponds to g in [2, Eq.(4)]

Hist(h, v) =
LET
N = (W = Next(h, v, v")),
IN
A h = Init(v)
A B[N, v)

THEOREM HistoryEzists =

Vov: 3h: Hist(h, v)
PROOF OMITTED
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ATTENTION: Below this point, 3 stands for stutter-sensitive
quantification. For simplicity, a stutter-sensitive definition of realizability is used, in raw TLA+.
An analogous result can be shown in TLA+.

We also use a simplified definition of IsRealizable, with mu omitted. Realizations that contain an
initial condition are used.

[ MODULE RawHistoryDetermined Var
VARIABLE v,
CONSTANT Init(—, _)
CONSTANT Next(—, _, _)

Hist(h, v) =
LET
N = = Next(h, v, v")
IN
A h = Init(v)
AON

THEOREM HistoryFuxists =
Vv: 3h: Hist(h, v)
PROOF OMITTED

PROPOSITION ImplEE =
ASSUME
TEMPORAL A(_), TEMPORAL B(_),
Va: A(q) = B(q)
PROVE
(Jq: Alg)) = (Fq: B(g)

PROPOSITION HidingHistoryPreservesRealizability =
ASSUME
CONSTANT (-, —, _),
TEMPORAL Phi(_, _, _),
IsRealizable(I, Phi)
PROVE
LET
Init(z,y) = 3q: I(z,y, q)
PhiH (z, y) = 3q: Phi(z, y, q)
IN
IsRealizable(Init, PhiH )
PROOF
(1) DEFINE
g(z, y) = CHOOSE q: I(z, vy, q)



. N
Init(z, y) = Jq: I(z,y, q)
We cannot use CHOOSE to define fz, ... because CHOOSE cannot be applied
to a temporal-level expression. PICK can, but can occur only in proofs.

()1. PICK fzl, fq, fml, r:
N IsAPFunction(frl)

A IsAFunction(fq)
A IsAFunction(fm1)
AN Vz, y, q:
vV-3m:
LET
args = (z,y, q, m)
IN
Nz, y, q)
Am=r
AOAz" = frl]args]
Aq' = fqlargs]
Am' = fmllargs]
V Phi(z, y, q)

BY DEF IsRealizable
and HidingHistoryPreservesRealizability ! assumption
(2. Vz,y:
vV-=dq,m:
LET
args = (z, y, q, m)
IN
Nz, y, q)
Am=r
ANOAz" = frl]args]
ANq' = fqlargs]
A m' = fmlfargs]
v3gq: Phi(z,y, q)
BY (1)1, ImplEE

(1) DEFINE
repack(t) =

LET
z = t[1]
y = 1[2]
g = t[3]
ml = t[4]

IN

<x7 y’ <TrLA]" q>>
Value(t, F'(2)) =
LET

Y

t[1]
t[2]

e 11>



m2 = t[3]

initial arguments

argsi = (z, y, g(z, y), r)
init = F(argsi)

arguments when changes occur
args = (z, y, m2[2], m2[1])
later = F(args)

IN
IF m2 = (r)
THEN 4nit
ELSE later
fz2 =
LET
OldDom £ DOMAIN frl
R = {repack(t): t € OldDom}
§ = RU{(z, y, (r)}
F(args) = frl[args]
IN
[t € S+ Value(z, F)]
fm2 =
LET
OldDoms = (DOMAIN fm1) U DOMAIN fg
here U is necessary
R = {repack(t): t € OldDoms}
5 2 RU{(r v, (1))
F(args) = (fm1[args], fqlargs])
IN
[t € S+ Value(z, F)]
(3. Vaz, y:
V-3m2:

LET
args = (x, y, m2)
IN
ANq: I(z,y, q)
Am2=(r)
ANOAz" = fe2[args]
A m2' = fm2[args]
V3q: Phi(z, y, q)
(2)1. ASSUME VARIABLE Z, VARIABLE ¥
PROVE
V-Im2:
LET
args = (z, y, m2)
IN
ANg: I(z,y, q)



Am2=(r)
ANOAz" = fr2[args]
A m2' = fm2]args]
v3gq, m:
LET
args = (z,y, q, m)
IN
N(z,y, q)
Am=r
AOAZ = frl]args]
Aq' = fqlargs]
A m' = fmlfargs]
(3) DEFINE A =
Am2:
LET
args = (z, y, m2)
IN
ANdq: I(z,y, q)
Am2=(r)
ANOAz" = fr2[args]
A m2" = fm2]args]
(3)1.v -4
vVIm2:
q is determined by history
ANqg: Ng=yg(z,y)
AD(g = m2(2))
m is determined by history
Adm: Am=r
AO(m' = m2[1])
from A
A LET
args = (z, y, m2)
IN
ANq: I(z, y, q)
Am2=(r)
AOAz" = fx2[args]
Am2' = fm2[args]
BY RawHistoryDeterminedVar! HistoryExists
(3)2. v -4
vaAm2, g, m:
LET
args = (z, y, m2)
IN
ANdz: [(I, Y, Z) avoid synonymy with ¢
Ng =g(z, y)



Am=r

AOAq¢ =m2[2]
Am' = m2[1)

Am2=(r)

ADOA ' = fr2[args]
Am2 = fm2[args]

BY (3)1
(3)3.v -4
vaAm2, q, m:
LET
argsi Aé (z,y, 9(z, y), r)
args = (x, y, m2[2], m2[1])
IN
ANI(z, y, q)
ANm=r

AOAq =m22)
Am' = m2[1)
Am2=(r)
AOAz =1F m2=(r)
THEN fz1[argsi]
ELSE fz1[args]

Am2 =1F m2 = (r)

THEN (fm1[argsi], fq[argsi])
ELSE (fm1[args], fqlargs])

BY (3)2 DEF g, fx2, fm2

(3)4. Vv -

Am2=r)
AO3a, b: m2' = (a, b)

v O(m2 # (r))

<3>5. Vv —A
vaAm2, q, m:
LET

IN

A
argsi = (z,y, ¢, m)
args = <{E, Y, q, m>

NI(z,y, q)
Ngq :g(ﬂc, y)
Am=r

AOAq =m2[2]
Am' = m2[1)
Am2=(r)
AOAz =1F m2 = (r)
THEN fz1]argsi]



ELSE frl[args]
Am2 =1F m2 = (r)
THEN (fm1[argsi], fq[argsi])
ELSE (fml1[args|, fqlargs])
BY (3)3, (3)4

(3)6.v A
vaAm2, q, m:
LET
args = (z,y, ¢, m)
IN
ANI(z, y, q)
Am=r
AOAq¢ =m2[2]
Am' =m2[1]
AOAZ" = frl]args]
A m2' = (fm1[args], fq[args])
BY (3)5
<3>7. VvV —A
vidgq, m:
LET
args = (z,y, ¢, m)
IN
Nz, y, q)
Am=r
ANOAZ" = frl]args]
Aq' = fqlargs]
A m’ = fml]args]
BY (3)6
(3) QED
BY (3)7 DEF A

(2) QED
BY (1)2, (2)1
(1)4. A fx, fm, m0 :
A IsAFunction(fx)
A IsA Function(fm)
AVz, y:
vV-3m:
LET
args = (z, y, m)
IN
A Init(z, y)
A m =m0
ANOAz" = fr[args]
A m' = fmlargs]
V3q: Phi(z, y, q)



(2)1. A IsA Function(fx2)
A IsA Function(fm?2)
BY DEF fr2, fm2
(2) QED
BY (2)1, (1)3 DEF Init
(1) QED
BY (1)4 DEF IsRealizable

Revealing history-determined variables leaves realizability unchanged.

Caution:

1. The next value y; of the environment variable y should not occur in fnezt if we want a Moore
implementation.

2. h should be history-determined by functions. Functions instead of operators are necessary for
a straightforward proof that a function that controls the value of h does exist.

Otherwise we would have to argue in terms of what values are relevant to realizability, which

is complicated, and likely requires reasoning outside the object language (an independence-like
proof).

PROPOSITION UnhidingHistoryFuncPreservesRealizability =
ASSUME

CONSTANT finit, CONSTANT fnext,
CONSTANT Init(, _),
TEMPORAL Phi(—, _, _),
A LET
PhiH(z, y) = 3h: Phi(z, y, h)
IN
IsRealizable(Init, PhiH )
ALET
History(h, z, y) =
A h = finit[z, y]
A O(h = fneat[h, z, y, z'])
IN
Vz,y, h: Phi(xz,y, h) = History(h, z, y)
PROVE
LET I(z,y, h) = Init(z, y) A (h = finit[z, y])
IN  IsRealizable(I, Phi)
PROOF

(1) DEFINE
I(z,y, b) = Init(z, y) A (h = finit[z, y])
History(h, z, y) = A h = finit|z, v
AO(h' = fneat[h, z, y, z'])
()Y1. PICK fz, fm, mO :
A IsAFunction(fr)
A IsAFunction(fm)



AN Vaz, y:
V=3am:
LET
args = (z, y, m)
IN
A Init(z, y)
Am =m0
ANOAz" = fr[args]
Am' = fmlargs]
V3h: Phi(z, y, h)
BY DEF IsRealizable

and UnhidingHistoryFuncPreservesRealizability ! assumption
(2. Vz,y:
V —=3m : Realization(Init, m0, fx, fm)
v3q: Phi(z, y, q)
BY (1)1
(H3.Va,y, h:
V= Adm: Realization(Init, m0, fz, fm)
A History(h, z, y)
V Adq: Phi(z,y, q)
A History(h, z, y)

BY (1)2
(1)4.Vz,y, h:
V—=3Im: A Realization(Init, m0, fz, fm)
A History(h, z, y)
V Phi(z, y, h)
(2)1.Vz,y,q: Phi(z,y, qg) = History(q, 7, y)
BY UnhidingHistoryFuncPreservesRealizability ! assumption
(2)2.Vz,y, h:
V-3m:

A Realization(Init, m0, fx, fm)
A History(h, z, y)
V3q: APhi(z,y, q)
A History(q, z, y)
A History(h, z, y)
BY (1)3, (2)1
(2)3.Vaz,y, q, h:
V = A History(q, z, y)
A History(h, z, y)
VO(qg=h)

(3)1. ASSUME VARIABLE 7, VARIABLE ¥, VARIABLE A, VARIABLE ¢
PROVE

A History(q, x, y) =

ANDO(q" = freat[q, z, y, 2']
A History(h, z, y) =



A h = finitlz, y]
NO(W = fnestlh, @, y, o))
BY DEF History

(3) DEFINE
H = History(q, =, y) A History(h, z, y)
Inv =2 g=h

Nezt(u) = u' = fnext[u, z, y, ']
(3Y2. H = Inv
(1. H = (q= finit[z, y])
BY (3)1 DEF H
42. H = (h = finit[z, y])
BY (3)1 DEF H
(4) QED
BY (4)1, (4)2 DEF Inv
(3)3. (Inv A Next(q) A Next(h)) = Inv'
M1 Inv = (¢, z, y, ') = (h, z, y, 2'))
BY DEF Inv
MH2.V-n{q,z,y,z')=(h, z, y, ')
A Next(q) N Next(h)
Vg =h
BY DEF Next
DH3. (¢ =n") =Inv’
BY DEF Inv

(4) QED
BY (4)1, (4)2, (4)3
(3) QED
BY (3)1, (3)2, (3)3, RuleRawINV1
(2)4.Vz,y, h:

V—-3m: A Realization(Init, m0, fx, fm)
A History(h, z, y)

vig:
A Phi(z, y, q)
AB(g=h)

A History(q, z, y)
A History(h, z, y)
BY (2)2, (2)3
in effect flexible substitution
(2)5.Vz, y, h:
V=3 m: A Realization(Init, m0, fx, fm)
A History(h, z, y)

vig:
A Phi(z, y, h)
AB(g=h)
BY (2)4
(2) QED
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BY (2)5
(H)5.Vz, y, h:
(Im : A Realization(Init, m0, fx, fm)
A History(h, z, y))
=3m:
LET
args = (x, y, m)
IN
A Init(z, y)
Ah = finit[z, y]
A m =m0
ANOAz" = fr[args]
AL = fnext|h, x, y, ']
Am' = fmlargs]

BY (1)1 DEF Realization, History
(1) DEFINE

Dom = (DOMAIN fr) U (DOMAIN fm)

Proj(T, i) = {t[i]: t e T}

DomX Proj(Dom, 1) U Proj(DOMAIN fnext, 2)
DomY Proj(Dom, 2) U Proj(DOMAIN fnext, 3)
DomM = Proj(Dom, 3)

DomH Proj(DOMAIN fnezt, 1)
repacking

S = (DomX x DomH) x DomY x DomM

b=

> >

1>

F(f,t) = LTz = t[1]1] y = t[2] m = t[3]
G(f,t) = tET 2 = t[1][1] h = t[1][2] y = t[2] m
A IN f[h7 x’ y? fx[x7 y7 m]]
fr2 = [t e S F(fz, t)]
fm2 = [t € 8w F(fm, t)]
fh2 = [t € 8 — G(fneat, t)]
(1)6. Vz,y, h:

(3m: A Realization(Init, m0, fx, fm)
A History(h, =, y))
=3m:
LET
args 2 ((h, o), y, m)
IN
NI(z, y, h)
A m =m0
ANOANZ = fr2[args]
AR = fh2[args]
Am' = fm2[args]
BY (1)5 DEF I, fr2, fm2, fh2
(1) QED
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BY (1)4, (1)6 DEF IsRealizable DEF I

Combining the two previous directions into one theorem.

THEOREM RealizingHistory =
ASSUME
CONSTANT finit, CONSTANT fnext,
CONSTANT Init(—, _),
TEMPORAL Phi(_, _, _),
LET
History(h, z, y) =
A h = finit[z, y]
A O = fneat[h, @, y, o))

IN
Vaz,y, h: Phi(z,y, h) = History(h, z, y)
PROVE
LET
I(z, y, h) = Init(z, y) A (h = finit[z, y])

PhiH (z, y) = 3h: Phi(z, y, h)
IN
IsRealizable(I, Phi) = IsRealizable(Init, PhiH)
PROOF
BY HidingHistoryPreservesRealizability,
UnhidingHistoryFuncPreservesRealizability

12



MODULE Representation

A safety formula ONext in RTLA + can be unsatisfiable even when Next is.
This cannot happen with the TLA+ formula O[Nezt]_v, because deadends cannot form. Deadends
return when conjoining a liveness formula to O[Nexzt]-v.

In other words, there is no such thing as an unsatisfiable TLA+ formula of the form O[Newt]_v
(or Init A O[Next|-v whenever Init is satisfiable).

Conjoining an initial condition Init to O[Next]_v preserves information present in Init and Next
(at least that information which is essential when taking steps forward, which is what matters for
RawWhilePlus).

Conjoining a livevess formula to the safety formula Init A O[Next]-v destroys information, in
the sense that the resulting property is representable by multiple canonical formulas. Among
these canonical formulas are some whose subformulas Init, Next, Liveness lead to different
RawWhilePlus properties.

Author: Ioannis Filippidis
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EXTENDS TemporalLogic, TLASemantics

Any safety property is machine-closed with respect to TRUE [1, Prop.3].
PROPOSITION
ASSUME
STATE Init,
ACTION Next
PROVE
Cl(Init A O[Next],, A OOTRUE)
= Init A O[Next],
PROOF
(1) DEFINE
A Init A O[Next], A OOTRUE
B = Init A O[Next],
(1)1. TRUE = OOTRUE
BY PTL
(1)2. A=B
BY (1)1
(1)3. CI(A) = CI(B)
BY (1)2
(1)4. CI(B) = B
B is a safety property.
(1) QED

e 11>
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BY (1)3, (1)4

RTLA + results.

In RTLA + a weaker action yields weaker safety.
PROPOSITION WeakerActionRTLA =

ASSUME
ACTION Al, ACTION A2,
Al = A2
PROVE
(0A1) = (OA2)
PROOF

(1)1. Vs1, s2: (IsAState(sl) A IsAState(s2)) =
(s1, s2)[[A1]] = (s1, s2)[[A42]]
(1)2. SUFFICES
ASSUME
NEW sigma, IsABehavior(sigma),
sigma = OA1
PROVE
sigma = OA2
(1)3. ASSUME NEW n € Nat
PROVE (sigmaln], sigma[n + 1])[[A1]]
BY (1)2
(1)4. ASSUME NEW n € Nat
PROVE (sigmal[n], sigma[n + 1])[[A2]]
(2)1. A IsAState(sigmaln))
A IsAState(sigmaln + 1])
BY (1)2, (1)4 DEF IsABehavior
(2) QED
BY (1)1, (1)3, (2)1
(1) QED
BY (1)2, (1)4

In RTLA + equal actions yield same safety.
COROLLARY EquivActionsRTLA =
ASSUME
ACTION Al, ACTION A2,
Al = A2
PROVE
(0A1) = (0OA42)
PROOF
(1)1. (DA1) = (DA2)
BY WeakerActionRTLA



(1)2. (ODA2) = (OA1)

BY WeakerActionRTLA
(1) QED

BY (1)1, (1)2

The converse of the previous proposition does not hold, due to deadends.
This RTLA + fact corresponds in TLA+ to the multiplicity of representations of a property as a
conjunction of safety and liveness.

PROPOSITION RawTails =

PROVE
LET
Al = FALSE
A2 = (z=1)A(z' =2)
IN
A (O0A1) = (OA2)
AN— Al = A2
PROOF
(1) DEFINE
Al = FALSE
A2 = (z=1)A(z' =2)

(H1l. - = Al = A2

(2)1. SUFFICES

Js, t: A IsAState(s)
A IsAState(t)
A (s, t)[[A2 A —A1])

(2)2. PICK s : IsAState(s) As[[z]] =1

(2)3. PICK t : IsAState(t) A t[[t]] =2

(2 )QED

Y (2)2, (2

(1)2. (DAI) = (
(2)1. (BA1) = (DA2)

(3)1. ~(0A1)

BY DEF Al
(3) QED
Y (3)1, PTL

(2)2. (0A2) = (OA1)

<3>1. SUFFICES ~OA2 A2 leads to a deadend.

(3)2. SUFFICES

ASSUME Jsigma : A IsABehavior(sigma)
AOA2

3 DEF Al, A2 goal from (2)1

)
DA2)

PROVE FALSE
(3)3. PICK sigma : A IsABehavior(sigma)
A sigma |= OA2
BY (3)2



(3)4. A sigmal0][[z]] = 1
A sigmall][[z]] = 2
(4)1. (sigma[0], sigma[1])[[(x = 1) A (a' = 2)]
BY (3)3 DEF A2
(4) QED
BY (4)1
(3)5. —(sigmall], sigma[2])[[A2]]
BY (3)4 DEF A2
(3) QED
BY <3>37 <3>5 goal from (3)2
(2) QED
BY (2)1, (2)2
(1) QED
BY (1)1, (1)2

In RTLA + equivalent initial conditions and actions yield the same
safety property.
COROLLARY
ASSUME
STATE I1, STATE [2,
ACTION Al, ACTION A2,

11 =12,

Al = A2
PROVE

(ILANOA1) = (I2A042)
PROOF

()1. (OAl1) = (OA2)
BY FquivActionsRTLA
()2, (I1ANOA1) = (J1ADOA2)

BY (1)1
(1)3. 11 =12
(1) QED

BY (1)2, (1)3

TLA+ results.

Similar to the previous corollary, but in TLA+.
PROPOSITION
ASSUME
STATE I1, STATE [2, STATE v,
ACTION Al, ACTION A2,
11 =12,



Al = A2
PROVE
(I1 AO[A1],) = (I2A0[42],)

Two equivalent tails are defined by actions with equivalent
nonstuttering parts.
PROPOSITION Inverting Tails =
ASSUME
STATE v,
ACTION Al, ACTION A2,
(0[41],) = (0[42],)
PROVE
(A1), = (A42),
PROOF
(1)1. SUFFICES
ASSUME
NEW s1, NEW s2, [sAState(sl), IsAState(s2),
A(s1, s2)[[(A1),]
A~(s1, s2)[[(A2),]
PROVE FALSE
BY Semantics
(1) DEFINE sigma = [n € Nat — IF n =0 THEN s1 ELSE s2]
(1)2. IsABehavior(sigma)
BY DEF sigma, IsABehavior
(1)3. sigma = O[A1],
@)L (4), = [4],
(2) QED
BY (1)1, (1)2, (2)1 DEF sigma
(1)4. =(sigma = 0O[A2],)
(2)1. sigmal0] # sigmall]
(3)1. (sigmal0], sigma(1])[[(A1),]]
BY (1)1 DEF sigma

(3) QED
BY (3)1
(2)2. ~(sigmal0], sigma[1])[[v" = ]|
BY (1)3
(2)3. ~(sigmal0], sigma[1])[[(AL), V (v/ = v)]
BY (2)2, (1)1 DEF sigma
(2)4. ~(sigmal0], sigmalt])[[[A1],]

31 (v =v)ANAL) = (v =)
(3)2. A1= VALA (v =)
v (A1),



(3)3. [A1], = V (A1)
Vo' =w
BY (3)1, (3)2
(3) QED
BY (2)3, (3)3
(2) QED
BY (2)4
(1)5. (sigma = O[A1],) = (sigma = O[42],)
BY (1)2
(1) QED
(1)3, (1)4, (1)5  goal from (1)1

LEMMA BozActionEnabled =
ASSUME
STATE v, ACTION A
PROVE
ENABLED [A],
(H1. [A]l, = (AV (v =v))

(1)2. ENABLED (v’ = v)
(2)1. SUFFICES
ASSUME NEW s1, IsAState(s1)
PROVE Js2: A IsAState(s2)
A (s1, s2)[[v' = o]]

(2) DEFINE s2 = s1
(2)3. IsAState(s2)
BY (2)1 DEF s2
(2)4. s2[[v]] = s1[v]]
BY (2)1, (2)3 DEF s2
(2)5. (s1, s2)[[v = v]]
BY (2)4
(2) QED
BY (2)3, (2)5
(1)3. ASSUME ACTION P, ACTION @)
PROVE (ENABLED P) = ENABLED (P V Q)

(1)4. ENABLED (A V (v = v))
BY (1)2, (1)3

(1) QED
BY (1)1, (1)4

In the presence of an initial condition, the actions of two state machines
are equivalent only at reachable states, but may differ elsewhere.



PROPOSITION InvertingStateMachines =
ASSUME
STATE I1, STATE [2, STATE v,
ACTION Al, ACTION A2,
LET
SM1 = I1A0QO[Al],
SM2 = 12 AO[A2],
IN
SM1 = SM2
PROVE
LET
SM1 = I1A0QO[Al],
IN
ANI1=12
A SM1 = 0O[Al A A2],
(1) DEFINE
SM1 = I1A0Q[Al],
SM2 = 12 AO[A2],
()1. SM1 = SM2
BY InvertingStateMachines
(2. 11 =12
(2)1. 11 =12
(3)1. SUFFICES
ASSUME NEW s, IsAState(s), s[[11]]
PROVE s[[I2]]
BY STATE [1, STATE [2
(3) DEFINE sigma = Stutter(s)
(3)2. IsABehavior(sigma)
BY (3)1 DEF signa, Stutter, IsABehavior
(3)3. sigma = SM1
(M1, sigma = 11
(5)1. sigmal0] = s
BY DEF sigma, Stutter
(5)2. s[[11]]
BY (3)1
(5) QED
BY (5)1, (5)2
(4)2. sigma = O[A1],
(5)1. sigma }= O[FALSE],
BY DEF sigma, Stutter
(5) QED
BY (4)3
(4) QED
BY (4)1, (4)2 DEF SM1
(3)4. sigma = SM2



BY (3)3, (1)1
(3)5. sigma = 12
Y (3)4 DEF SM2
(3) QED
<4>1 szgma[O][[ 2]]
Y (3)5, <3> and STATE [2
<4>2 szgma[ | =
BY DEF sigma, Stutter
(4) QED
BY (4)1, (4)2
(2)2. 12 = I1
PROOF similar to that of (2)1.
(2) QED
BY (2)1, (2)2
(1)3. SM1 = (SM1 A SM2)
BY (1)1
()d. SM1 = (O[A1], A DO[A2],)
Y (1)3 DEF SM1, SM2
(1)5. SM1 = O[A1 A A2],
BY (1)4
(1) QED
BY (1)2, (1)5
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CONSTANT SysNext(—, _, _), EnvNext(_, _, _), Target(_, )

SysNext by syntax is independent of u, so of z’
A
Step(z, y) =
Jv: Vu:
A SysNext(z, y, v)
A EnvNext(z, y, v) = Target(u, v)

StepU(z, y) =
Jv: Yu:
EnvNezt(z, y, u) = A SysNext(z, y, v)
A Target(u, v)

THEOREM
ASSUME
VARIABLE Z, VARIABLE ¥y
PROVE
Step(z, y) = ANJv: SysNext(z, y, v)
A StepU(z, y)
BY DEF Step, StepU

Detailed proof because it is instructive.
THEOREM Same Thm WithDetailedProof =
ASSUME
VARIABLE Z, VARIABLE ¥y
PROVE
Step(z, y) = AJv: SysNext(z, y, v)
A StepU(z, y)
PROOF
(1) DEFINE
Au, v) =
A SysNext(z, y, v)
A EnvNext(z, y, u) = Target(u, v)
B(u, v) =
A SysNext(z, y, v)
A EnvNext(z, y, u) = A SysNext(z, y, v)
A Target(u, v)
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F = 3v: Yu: B(u,v)
EnabledEnv = 3u: EnvNext(z, y, u)
EnabledSys = Juv : SysNext(z, y, v)

(WI.AF=3v: Yu: B(u, v)
A Step(z, y) =3Jv: Yu: A(u, v)
BY DEF A, B, F, Step
(1)2. Step(z, y) = F
(2)1. SUFFICES ASSUME NEW 4, NEW ¥
PROVE A(u, v) = B(u, v)

BY (2)1, (1)1
(2) QED
BY DEF A, B
(1)3. Step(z, y) =
Jov: A SysNezxt(z, y, v)
AV u: EnvNext(z,y, u) = A SysNext(z, y, v)
A Target(u, v)

BY (1)2 DEF F
(1)y4. Step(z, y) = A EnabledSys
A StepU(z, y)

(2)1. Step(z, y) = Jv : SysNext(z, y, v)

BY (1)3
(2)2. Step(z, y) = StepU(z, y)
BY (1)3 DEF StepU
(2) QED
BY (2)1, (2)2 DEF EnabledSys
(1)5. (EnabledSys A StepU(z, y)) = Step(z, y)
(2)1.CASE —EnabledEnv
(3)1. EnabledSys = Jv :
BY DEF EnabledSys

(3)2. Vv : VYu: EnvNext(z,y, u) = A SysNext(z, y, v)
A Target(u, v)

A SysNext(z, y, v)

BY (2)1
(3)3. EnabledSys =

Jov: A SysNezt(z, y, v)
AYu: EnvNext(z,y, u) = A SysNext(z, y, v)

A Target(u, v)

BY (3)1, (3)2
(3) QED
BY (3)3, (1)3

(2)2.CASE FEnabledEnv
(3)1. SUFFICES ASSUME EnabledSys A StepU(z, y)

PROVE Step(z, y)

(3)2. PICK v : Yu: EnvNext(z,y, u) = A SysNext(z, y, v)
A Target(u, v)



BY (3)1 DEF StepU
(3)3. SysNext(z, y, v)
(4)1. PICK r: EnvNext(z, y, 1)
BY (2)2 DEF EnabledEnv
(4)2. EnvNext(z, y, r) = SysNext(z, y, v)

BY (3)2
(4) QED
BY (4)1, (4)2
(3) QED
BY (3)2, (3)3 DEF Step
(2) QED
BY (2)1, (2)2
(1) QED

BY (1)4, (1)5

EnvNext here depends on y’

THEOREM
ASSUME
CONSTANT EnvNextR(_, _, _, _),
VARIABLE Z, VARIABLE ¥y
PROVE
LET
StepR(z, y) = Jv: Yu:
A SysNext(z, y, v)
A EnvNextR(z, y, u, v) = Target(u, v)
StepUR(z, y) = Jv: Yu:
EnvNextR(z, y, u, v)
= A SysNext(z, y, v)
A Target(u, v)
IN

StepR(z, y) = ANJv: SysNest(z, y, v)
A StepUR(z, y)
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