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ABSTRACT

This thesis is based on several papers published by the author and some
more work to be published. We explain the technical problem of minimizing
Higgs potentials using group theoretical concepts. Three mathematical results
which belong to distinct areas are used to analyze the Higgs potential in an
abstract way. The problem reduces to one of finding "contours" of directional
minima and thus our method is geometrical. It is explained in detail and demon-
strated for some simple cases. We show that the Michel-Radicati conjecture and
the Gell-Mann-Slansky conjecture have geometrical significance besides predict-
ing the most likely symmetry groups of the absolute minimum of the potential.

We also apply the method to a non-monotonic potential.
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CHAPTER 1

1.1 INTRODUCTION

After the discovery of the Higgs mechanism [1], it has been employed
almost exclusively in the gauge symmetry breaking problem because it breaks a
local gauge symmetry without damaging the renormalizability [2]. Though it is
not the only known mechanism to do such a job [3,4], certainly it is the only
tractable one. Partly due to its tractability it drew considerable attention of
theoretical physicists despite some ugly features. There is a consensus that
though it may not be a fundamental mechanism it would describe the effective
phenomena arising from some unknown fundamental interactions. It was
applied to the unification of electromagnetic and weak interactions [5] with
great success and subsequently to fancier grand unification theories [6]. Here
some major difficulties arose, namely the gauge hierarchy problem [7] and prol-
iferation of Higgs parameters etc. As the spontaneous symmetry breaking
mechanism was devised by Landau [B] to explain the second order phase transi-
tion in type II superconductors, the mechanism has been widely employed in
condensed matter physics [9,10]. The importance of the Higgs problem in the
contemporary theoretical physics is indicated by the existence of several exten-

sive review articles [11].

The technical problem of minimizing the Higgs potential and finding the
symmetry of the vacuum actually was overlooked by most model builders. It is
not the least aspect of model building because the representation content of
scalar particles is not the only ingredient in determining the vacuum symmetry;
the actual structure of the potential also comes in to play a major role. Some-

times the surviving symmetry group turns out to be smaller than we expected
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from branching rules of the Higgs representation.
It seems a bit in reverse order to review historical developments of the
theory before presenting some explanations of the terminology. We urge the
reader unfamiliar with the subject to skip the following paragraph for a moment

until he finishes reading the whole of chapter I

There are three major mathematical results one needs to solve the Higgs
problem:

1) invariant polynomials specify orbit;

2) there is a basic set of invariant polynomials;

3) the structure of the orbit space.

The first result which is the most important for our purpose was clearly per-
ceived by Aronhold [12] in 1863. The second result is due to Hilbert [13]. As Weyl
stated in his book [14], "Hilbert founded the proof of the invariant theoretical
main theorems on a general proposition concerning polynomial ideals that is
one of the simplest and most important in the whole of algebra”. Relatively
recently much work was done [15] on the orbit space structure of a single
irreducible representation. These results lay in the backyard until very
recently. Brout [16] first noticed the importance of the orbit structure and of
the conjugacy classes of subgroups. Michel and Radicati [17,18] took further
steps in this direction and in addition studied the geometrical structure (in the
field component space) of orbits. They defined the orbit parameters and expli-
citly constructed the orbit space. Based on a theorem by Michel [17] concern-
ing the critical orbits, they conjectured that a fourth degree Higgs potential
preserves the maximal symmetries possible. Later Li [19] simplified a set of
Higgs fields by group transformations, which was equivalent to parametrizing
orbits succinctly, But his method of minimizing the Higgs potentials was a con-

ventional one. Recently Ruegg et al. [20,21] looked for the minimizing directions
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while keeping the magnitudes of the Higgs fields constant instead of extremizing
the whole potential with respect to field components, which was partly in confor-
mity with Michel's method but was a first step towards new methods of minimi-
zation. Subsequently Gell-Mann and Slansky [22] attempted to generalize
Michel's conjecture for one irreducible representation to two irreducible
representalions. Most recently Abud and Sartori [23] fully utilized the above
results in their work and treated each invariant as a coordinate in a hyper-space
where an orbit is represented by a point. They further unveiled some geometri-

cal aspects of the hyper-space.

The geometrical method that is going to be reviewed in this thesis, is based
on a collection of papers [24,25,26,27] published by the author plus work
presently in progress [28]. Although this method was inspired by Prof. Gell-
Mann's remark in his lecture concerning the existence of some parameter speci-
fying the orbit of SUj adjoint representation, it carries the foregoing works
further and elucidates the rich geometrical nature of the extremization prob-
lem. It is based on the observation that the orbits and the conjugacy classes of
subgroups are the relevant quantities to describe the minimum of the Higgs
potential which is invariant under a linear transformation of a compact Lie
group on the scalar fields. Hilbert proved that there is a basic set of invariants
such that all the other invariants are expressed in terms of them and provided a
systematic method to find all the basic invariants. It has been known that invari-
ants specify orbits, i.e., one can view an orbit as a point in a (I +1)-dimensional
vector space. How can we describe a direction in such a space? Indeed there is a
set of parameters that can be used for such purpose. We define dimensionless
ratios of invariant polynomials as orbit parameters. These parameters can be
considered as some set of generalized angles specifying a direction in the

representation space. Their ranges being bounded they occupy a localized
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region (called the orbit space) in the orbit parameter space, which can be

regarded as a l-dimensional vector space.

Since the scalar potential is a group invariant function it can be expressed
in terms of the basic invariants. But a classical scalar potential is restricted to
be a fourth degree polynomial of the scalar fields due to renormalizability*.
Because of this restriction it is normal that a subset of all the basic invariants
appear linearly in the Higgs potential. The potential can be written in terms of
the norm of the field and a few orbit parameters. For a given set of orbit param-
eters we can survey the behavior, particularly extrema, of the potential along
the corresponding direction in the vector space. By varying the orbit parame-
ters we can survey the whole space in search of the absolute minimum where
the vacuum resides. Because of the linearity the absolute minimum of the
potential occurs on the boundary of the orbit space, which is a projection of the

complete orbit space.

The potential can be minimized abstractly for a general representation of a
general compact group. The difficult part of extremizing the potential in the
conventional methods is equivalent to finding the orbit space boundary, which is
unique for each different representation. In our original works we used the
Michel-Radicati conjecture for one irreducible representation (irrep) and the
Gell-Mann-Slansky conjecture for two irreps as a guide to find the orbit space
boundary. Later we found that much work has been done by mathematicians
[15] on the structure of the orbit space for one irrep. Their results were derived
without referring to invariants at all and, though general, are not too under-
standable for an average physicist. With our formalism many things become

intuitively clear. The main result is that the orbit space consists of some I-

¢ In the solid-state physics the free energy need not be restricted to be a fourth degree poly-
nomial of order parameters but in some cases it is important to go to higher degree [29].
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dimensional volume occupied by the generic stratum of the lowest level sym-
metry group and all the other strata of higher symmetries forming the singular

boundaries. The strata of the highest symmetries are the most singular.

As we shall see the absolute minimum of the Higgs potential occurs on the
most protrudent portions of the projected orbit space boundary. Though there
is no coherent logical relationship between singularity and protrusion of a stra-
tum, we observe that most singular strata are normally most protrudent (at
least locally though not globally). Consequently the absolute minimum of the
potential is most likely to occur at the stratum of highest symmmetries in accor-

dance with the two conjectures above,
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1.2 HIGGS PROBLEM AND ORBIT PARAMETERS
Though our method can be applied to any kind of Higgs potential, we
will take a rather simple case to show the main ideas. In a non-abelian gauge
theory, where the scalar potential has a symmetry G X reflection and the
scalars transform as an n-dimensional irreducible representation £ of G*, the

Higgs potential can be written as

1 . o 1 B £l
V(p) = - z—mzzlsoiw P A ein )Pt (1.2.1)
i= =1

1 ] & 1 L) L 2
+ Z‘Al Jiju ;PP + Z‘Az JijPiPj ey +

V(p) is invariant under a group transformation

M

) T(9)ip:

1

i =

2

where T(¥) is an n-dimensional matrix corresponding to a group element. In

general
&
T(8) = exp(—i),91X1) |
=1

where X; are generators of the group and ¥; are group parameters specifying

an element of the group.

As is well known, due to the negative mass term the minimum of the poten-
tial occurs at some nonzero values v of ¢. The vacuum, defined to be at the
minimum of the potential, respects only a subgroup G' of the symmetry group G
of the Lagrangian. Mathematically speaking, T(¥) v = v only if T(¥) is an ele-

ment of G' C G, otherwise T(¥) v # v.

* (7 is a semi-simple compact Lie group.
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When one tries to find the minimum of the potential, one faces significant
difficulties;
1) Finding the solution for arbitrary coupling coefficients by setting
0V/ 0p; = 0 is very difficult because it requires us to solve simultaneous cubic

equations of too many unknowns.

2) For numerically given values of the coefficients we may try to use some
well-developed computer programs to minimize the potential. But it will not be
helpful because the minimum occurs along valleys in ¢ space. To put it more
clearly, we may choose ¢; = v and {X;,X5 X3} as our subgroup singlet and gen-
erators respectively, or we may equally well choose ¢ =v and {X4,X5.Xe}. In
general there is a continuum of equivalent sets of ¢; and {X;, Xy, Xn}. The Higgs

potential is totally blind to such differences.

We will now introduce some useful group theoretical concepts. The orbif of
¢, is defined to be the set of states ;o(“) that can be expressed as ;o(“) = T(8) ¢q
with 7'(¥) an clement of G. The Little group of ¢, is defined to be the subgroup
G'y of G that leaves ¢, invariant, T(¥)p, = ¢4 for T(¥)eG'y € G. Considering
that 7(®)g, = T(£)pe is true if and only if T(¢) = T(£§)T(¥) with T(9¥') an ele-
ment of G'; we see that the states of an orbit are in one-to-one correspondence
with the coset G/ G'y. It can easily be shown that the little group ', of any
state g, on the orbit of g, is conjugate to G'y. If the T(¥) are unitary then all
the states ¢(®) have the same norm Pa¥e. In general, there is a continuum of dis-
tinct orbits respecting the same little group up to conjugation. The set of all
such orbits is called the strafum of the little group. Note that if the little groups
of two orbits are distinct then the orbits are distinct. However the converse is
not true, i.e., if two orbits are distinct their little groups are not necessarily

different.
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Two important theorems concerning invariants and orbits can be found in

the literature:
Theorem 1; Imvariant polynomials P(p) specify orbits of .

From this theorem [12] we see that each invariant polynomial in the Higgs
potential is constant on an orbil and thus is a function of orbits. When we seek a
solution to the Higgs problem, we are actually seeking the orbit that minimizes

the potential, and its little group.

Thearem £2; There exists a set of invariant polynomials I;(p), called the
integrity basis such that every invariant polynomial P(y) con be expressed
as a polynomial of I : P(y) = P[I,{(¢)] .
This is the celebrated theorem of Hilbert's [13]. The invariants in the integrity
basis are not necessarily independent and indeed for some representations
there are constraints among them. We will call the complete set of independent
invariants, basic invariants. The number (l +1) of basic invariants is different for
each different representation . Thus we can visualize an orbit as a point in the

(L+1)-dimensional space of I,.

Our crucial observation is that the dimensionless ratios of invariants to the

magnitude of the ¢ vector, for example

n
A= Faapipivees () vivi )R, (1.2.2)

i=1

can also be used to specify strata, and yield a powerful tool in minimum prob-

lem. We will call the dimensionless ratios orbif parameters, They can be con-

sidered as a set of generalized angles containing all the directional information.
From the definition we can readily see that their ranges are bounded and thus
they occupy a localized region (called the orbit space)* in the orbit parameter

space, which can be regarded as a l-dimensional vector space.

* We think Michel and Radicati [ 18] were the first physicists who constructed orbit spaces ex-
plicitly.
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CHAPTER II ONE IRREDUCIBLE REPRESENTATION

1.1 OUTLOOK WITH AN EVEN DEGREE HIGGS POTENTIAL

Before we analyze the general scalar potential let us consider a simple case
to develop general ideas. Suppose the scalar fields transform as an n-
dimensional irreducible representation (irrep) £ of a compact (or finite) group
G and in addition have a reflection symmetry. Then the most general Higgs
potential can be written as

V@) = = Lm2(1p]] + L 11p] 1204 + AN@) + Ahe@) + -+ 1, (.11)

where

n
Hell = Yede
1=1

P =wi/ o] %.

Since we want the potential V(p) to increase to += as ||¢||->=, we impose a

condition on the coupling coefficients;
A+ AN@)+ A2(@) + -+ >0  for any N(8) . (11.1.2)

Our new variables are ||¢|| and \;(@). Since the potential is made of quadratic
and quartic invariants only, normally A; do not constitute the complete set of
orbit parameters. However we shall soon see that these constitute the complete

set of | .rameters needed to specify the absolute minimum of the potential.

If we choose a particular direction in ¢ space, then the orbit parameters

will take definite values. We can easily see how the Higgs potential behaves in
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this direction;

-—___l_ 2 1_: 2
V== omflel| + ~4'lel”, (11.1.3)

where m and A' are constant numbers. This function behaves like Fig. 11.1.1.

The extremum for this particular choice of A; (@) is found by setting

oV 1
BTl = 2 [~ ™ (4 + Akt dehet - )l lel ] (I1.1.4)
equal to zero. We obtain
m®

HWHO = A +A1A1+A2A2+ s ] (H,lo)

which is automatically positive for m®> 0 due to the condition (11.1.2). Noting
that

RV

STt s i o) o

is always positive due to the condition (11.1.2), we see that eq.(I1.1.5) is a local

minimum (which we call the directionaol minimum of the potential in the direc-

tion of ¢ specified by A\ (?).

\% \Y%

Fig. 11.1.1 Fig. 11.1.2
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At the directional minimum

Vo (®) = V(0] 161 1=11011,

m4

1
4: (A T Al)\1+ Ag}\z'l‘ ot )

1

(11.1.7)

2
m
—T||¢||o :

As we change the direction in ¢ space (i.e., the A\;(@)), the location of the
minimum will move around as in Fig. 1I.1.2. To find the absolute minimum we just

have to look for the lowest of those directional minima. Since

= llel 124, (11.1.8)

V is a monotonic function of A;. Thus the absolute minimum of V is not at

0V/ o, = 0, but at the boundary points of the region of "physical” A;.

To find these boundary points, note that the orbit parameters are dimen-
sionless ratios of invariants such as eq.(1.2.2), i.e., they depend on # whose mag-
nitudes are less than one. These defining equations permit a precise determina-
tion of the region of "physical” A;. In particular it is immediately clear that for

any configuration of @, the range of A; is bounded above and below:
>\i min = N(@) = >\i max -

In an actual calculation the first practical task will be to calculate the physical

region of A\;(@), which we shall call the orbit space*.

* A proper description is the stratum space, which is a projection of the true orbit space. The
choice was made because "Orbit Space" is close enough and phonetically sounds softer. Later
we found that Michel and Radicati [18] named it the same way.
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Suppose there are two orbit parameters A; and Az. In the A; — Ap plane,the
orbit space will look like the warped polygon in Fig. I1.1.3. It is important to note
(viz, eq.(I.2.2)) that the orbit space is independent of Higgs coupling coefficients

and masses, though it does depend on the group and the representation.

Turning our attention to the potential, let us put
= A + A1A1+ AzAz i (1119)

For given values of A, A, A; and C, this will represent a line in A, — A, space (Fig.
11.1.3) According to condition (11.1.2) the line can only intersect orbit space when
C>0. As we increase C at fixed A, A4, 4p, the line will sweep the orbit space.
The minimum physical value of C will occur where the line first touches the orbit
space. By eq.(I.1.6) this corresponds to the absolute minimum of the Higgs
potential. Above the absolute minimum of V there is a continuous range of V and
|l¢] ], where 8V/ 0| |¢|| = 0 can be satisfied by some choice of \;. As we further
increase C, the line finally leaves the orbit space at the highest of the direc-

tional minima where V has the form of the upper curve in Fig. I11.1.2.

A2

Fig. 11.1.3
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Our considerations with Fig. 11.1.2 have suggested that V has no other

extremum than the absolute minimum and the local maximum at | |¢|| = 0.

For some special values of A; and A, the line can first touch the boundary of
orbit space at two points. In such cases there are two different valleys of
extrema (two orbits) that cannot be connected by a gauge transformation and

the vacuum has an accidental degeneracy.

If there are more than two orbit parameters, then

C=A+ AN+ Aghot - - + A (I1.1.10)

represents a plane in A space and the situation can be depicted as in Fig. 11.1.4.
The procedure to find the minimum will be the same as before. Since the abso-
lute minimum always occurs at the boundary of the orbit space, we have to find
the (s-1) surface parameters and the value of the potential at the first contact
point in the s-dimensional orbit parameter space. However the orbit space of a
single irrep is normally conjectured to be star-shaped (Fig. I1.1.4) and normally
all we need to know is the location of the cusps. Detailed explanation will be

presenled in CHI1L.2-3 and CHV.
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When the representation is complex, the potential can in general contain

terms of the type
( H hyjr @i 991+ complex conjugate )

=2 |H| cos[h + 3@ n(@)|le]? (I1.1.11)

where
| | = magnitude of H ,
h = argument of H ,

0<n(P) < NVenax -

At the minimum of the potential, A + ¥ = 7, and (@) is determined in the same

way as the A;.

In problems where cubic potentials or effective potentials are considered,

the potential takes the general form

V(o) = 3-Allel| + S(B:6:(5) + Boa(@) +.. 11 lo] 12

+ 2 (C+ Con@) +- 1l 1ol 2+ H(D6@) +.11 1¢] 12+ - (1L1.12)

If we choose a direction in ¢ space, all the orbit parameters will become con-
stant numbers and we can easily see how the function behaves in that direction
of ¢. However due to Theorem 2, some orbit parameters associated with higher
degree (=5) polynomial invariants are polynomials of lower degree parameters.
Eventually the problem will become non-linear and one may expect that detailed
solution will be far more complicated. However, as we shall see in CHV the prob-

lem can still be reduced to a form similar to the one presented in this chapter.
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The classic paper of Li [19] dealt with single irreps of Higgsons in SU, and
S0O,. Only cases involving a single orbit parameter were considered, i.e., the
orbit space was always a line Ayin < A(@) < Apax. The absolute minimum is found
trivially by substituting the boundary value of the orbit parameter into eq.

(11.1.8).
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I1.2 GENERAL FORMALISM
Let us start with a case where there is one cubic invariant polynomial and
one non-trivial quartic invariant polynomial. As we will see our result can be
trivially extended to a more general case where there are more cubic and quar-

tic invariant polynomials.

To simplify the notation, we set

=gl |V?, (I1.R.1a)
A=A+ A, (IL.2.1b)
B'=Bg . (IL.2.1¢c)

Then the Higgs potential takes the form,

=— ——r%+ =3+ gt s
|4 5T 37 7 (11.2.2)
We impose the positivity condition,

A+ Ax(@) >0, (11.2.3)

on Lhe coupling coefficients in order to ensure that V-+e as | |g] |-,

As explained in the previous section, since the potential is a monotonic
function of o and B we do not differentiate with respect to o and g to find the

extremum of the potential. Differentiating with respect to r we obtain,

%TK= r (—-m®P+ B'r + A'T?) (I1.2.4)

There are three extrema:

(i) 7o =0 (11.2.5a)
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o ST
(i) 7, = 2% ‘gA,+ 4 m (I1.2.5b)

—B'— VB?+ 4A'm?
RA' '

It

(iii) T,

(11.2.5¢)

To find out the nature of each extremum, let us check the second derivative,

——=-mP + 2B'r + 34'T° . (11.2.8)

The value of the second derivative at each extremum is:

(i) -m? (11.2.7a)
(ii) —é\/%(\/ﬁ - B (11.2.7b)
(iii) ;FTD,(\/E + B") (I1.R2.7¢)

where D = B®+ 44'm?,

In order to prevent confusion, we will treat the three cases, m?®> 0, m?®= 0,
and m?< 0, separately.
fa) m*>0

In this case, taking eq. (I1.2.3) into account, D is automatically positive and
greater than | B'|. Checking signs in eqgs. (I1.2.5) and (I1.2.7) we find that solution
(i) is a local maximum, solution (iii) is unphysical, and solution (ii) is a local

minimum for either sign of B'. The local minimum is lower when B'< 0.

Substituting solution (ii) into eq. (11.2.2) we obtain

Vo= — m* mRPR"®? N m2B' o B \(—B’+ \/m\
¢ 44" 124" 34' 124%7 2A' )

i
|
4>-|a~

: (11.2.8)
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which is negative definite for A'> 0, m®> 0, and B'< 0. This equation defines a
curve in the a—g plane (or A'—B" plane). To get a rough idea, we have made com-
puter generated plots of the contours for several k values for a particular case
(4, A;, B, m* > 0) (Fig. 1.2.1). Despite the complicated look of eq. (II.2.8), the
contours turned out to have simple shapes. For a given k, the contour is a
smooth curve with no extrema in the region 4 + 4,0 > 0. Each k£ contour passes
through the point [a=(m*/k—-A)/A,=0] to reach the point
[a=-A/ A, B=V2/3m3/~Vk B | where A' goes negative. As k is reduced from
+, where the contour is the horizontal line a=—A/ 4;, the k contour rises up
and slides to the right in the case (4, 4;, B, m® > 0). When it makes the first
contact with orbit space, it yields the absolute minimum of the potential. As k is

further reduced, the & contour sweeps through the entire orbit space.

mé>0
k, > ko> ks Q
K| ko k3
1.O—r

| ]
1.0 1.0 ’8

A'>0

A/:O ——————————————————————— P

Fig. I1.2.1
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The above statements on the movement of the & contour are justified by
checking the direction of the gradient vector Vk =(dk/ d«, 8k / 8F). In terms of

p = VB?+ 4A'm?/ | B'| > 1, its components are;

_ 10k _ 1 3
4 9A' 4A; O
_ mt me " 2 mep' B3 —B'+ VB 4A4'm?
= + — ( \( \
4A% B4’ 3 4% 4437 24" b
mer BvS y m2

+ + ]
(Zx 12A'2’(A'\/B—'2W’

m* +1
= Z,LTE(%——TZ >0, (11.2.9)
_ 1ok __ 1 ok
4 8B’ 4B 0B
_ m*|B'| . (mz - 2 ) |B'| + VB?+ 4A'm®
BA? 34" 44%®’ 24 ¢
1 A
+(11';,2|,5"| & [B'|3\( VB*+ 44'm* |
34 124%®’ 2A' .

_mP|B'| (p+1)F
Y Sk

(11.2.10)

The orientation and direction of movement of the &k contour as k decreases are

summarized in Fig. 11.2.2 for each sign of 4; and B.
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Using eqs. (11.2.9) and (I1.2.10) one can compute the second derivative:

d?4' _ _ d_ (9k/9B)
dB"? dB' (9k/0A")

14 =1
= 0. 11.2.1
om? p > ( 1)

One finds that the k& contour is always concave in the direction towards which it

is moving.

Though the potential has a simplified structure in this case, it still has
directional extrema. Solution (i) is an inflection point and solution (ii) with

B'< 0 is the directional minimum.

Eq. (11.2.8) reads, for m®= 0 and B'< 0, as follows:

o= 11.25:1':
- ﬁ_ (I1.2.12)
which is negative definite. Solving eq. (II.2.12) for A' we obtain
A'= |B'|¥3/(3k)V3 . (11.2.13)

This is a familiar curve, somewhere belween a slraighl line and a parabola, and
thus gives some insight into the complicated & contour found in the other cases.
We see that k& is a measure of the flatness of the curve. As k is reduced, the
curve becomes steeper or equivalently the & contour pivots about the point

(A'=0, B'=0) towards the A'-axis.
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(¢) m*<0
In the region where B'*— 4A'|m?| > 0, solution (i) is a local minimum, solu-
tion (ii) with B'< 0 is a local minimum, and solution (iii) with B'< 0 is a local
maximum. If the cubic term is strong enough, solution (ii) will be the lower
minimum. Otherwise solution (i) will be the lower. In the region where

B'?— 4A'|m?| <0, there is only one local minimum at the origin.
Directional behavior of the potential is most complicated in this case. The
evolution of the potential through the configurations listed above as k& decreases

is shown in Fig. 11.2.3.

\% \Y

(c) (d)

Fig. 11.2.3
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Eq. (I1.2.B) reads, for m®< 0, and B'< 0, as follows:

_mt ImPl|BE mPl 1B 1B % B+ VR 44 [mP]
44’ 124" 34’ 1247 RA’ :

= - -———m—f——(Sp‘* + Bp3 + 6p® — 1)
12A'(1—p?)? '

M

_k o
- (I1.2.14)

which is not negative definite for 0 <p < 1. Eqgs. (I1.2.9), (11.2.10), and (I1.2.11)
can be used for the m?< 0 case with m® replaced by —|m?| and (p—1) by (1-p).
The direction of the gradient vector Vk =(d8k/ d«, 8k / 8f8) is the same as before.
The k£ contour is again concave. The k& contour does not slide but pivots about
the point (a=—-A/ A, f=0). For simplicity let us concentrate on the case
A Ay, B, —m® > 0 (Fig. 11.2.4). As k is reduced from +e the k contour pivots
clockwise until it meets the orbit space. Ask is réduced to zero, which happens

when p = 1/3, the contour becomes the parabola,

] (IL2.15)

Beyond this poeint & takes on negative values. As the & contour touches and
becomes identical to the parabola B'?— 44'|m?| =0 at k = —m?*/34', the two
extrema at 7, #0 coincide and become an inflection point leaving the origin as

the only extremum, the absolute minimum.

If the first contact occurs with the £ =0 contour an interesting phenomenon
occurs. In this case we have a spontaneous symmetry breaking at r, #0 and no
symmetry breaking at 7, =0 (Fig. 11.2.3b). It will be interesting to see what kind

of physics happens in such a degenerate vacuum.
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The problem can again be reduced to the same form in cases involving one
irreducible representation with more cubic and quartic invariants. To see this,
note that the potential still has the form (II.2.2) in these cases, with A' and B
dependent on more orbit parameters «; and g8; but still linear in them. Egs.
(I1.2.9) and (I1.2.10) still hold for each 8k/0wx; and dk/98; and (I1.2.11) still
holds. We see that a hyper-k-surface approaches to the orbit space as k is
reduced from +e. The k surface is again non-convex in the direction towards
which it is moving, Again the first contact, i.e., the absolute minimum, can

occur only on the non-concave segments of the orbit space boundary.
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I1.3 THE GENERAL STRUCTURE OF THE ORBIT SPACE OF ONE IRREDUCIBLE
REPRESENTATION

Due to the monotonicity of the Higgs potential with respect to the orbit
parameters the absolute minimum occurs on the boundary of orbit space, at the
point of first contact with the potential minimizing k-surface. If the k-surface is
flat (CHIL.1) or concave in the direction towards which it is moving (CHIL2), its
point of contact is further restricted to non-concave segments on the orbit
space boundary. These features are universal to a general Higgs potential for
scalar bosons belonging to an irreducible representation of the symmetry
group. What is different for each different representation is that each has its

own unique orbit space.

Although the structure of the orbit space for an irrep was unveiled [15]
abstractly by a group of mathematicians, we derived the same result in a more
intuitive way. An important clue leading to a general description of an orbit
space is found in Michel's work. Michel and Radicati [ 17,18] were among the first
who realized the importance of the orbit structure and of the conjugacy classes
of subgroups. They took further steps in this direction and in addition studied
the geometrical structure (in the field component space) of orbits. They conjec-
tured that if the representation of the symmetry group G of a fourth degree
Higgs potential is irreducible on the real, its minima preserve maximal little
groups. This was based on a theorem by Michel [17] that when | |¢| | is held con-
stant, all invariant polynomials are stationary at a critical orbit, which is iso-
lated in its stratum and has a maximal little group. This theorem amounts to
saying that there is a cusp at each critical orbit point. If these cusps are the
only non-concave portions of the boundary, the Michel-Radicali conjecture is
proved. These considerations led us to anticipate that the orbit space of one

irrep would be star-shaped (I'ig. 11.1.4).
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Let us give somewhat more specific arguments on the structure of a com-
plete orbit space of one irrep. First the dimension of a complete orbit space for
one irrep is one less than the number of independent invariant polynomials. The
latter number is equal to the number of simplified Higgs field components, which
we have called ¢; so far. The two sets of parameters are equivalent ways of
specifying a stratum point. The non-linear transformation rules among them are
given by the definitions of the orbit parameters. Let us denote the ratios of the
components as before, 7= ¢;/ ¢;+1. If we consider the Jacobian determinant
ey, 0z c - y) /8(ry, 2, - - 71y), then we can easily deduce the necessary

condilions for a boundary poinl:

At a point on the boundary point of the orbit space, the rank of the

Jacobian determinant is less than or equal to (I-1).

When the rank of the determinant is (!—s) in some regions of the orbit space,
the regions form (Il —s)-dimensional surfaces. The regions are singular regions
embedded in higher-dimensional space. Let us define P= (ay, @g, * *+, oy) to
describe the boundary conditions in more detail. When s=l in some regions
they correspond to singular points, i.e., cusps. Equations for them are

8P _

o0 (11.3.1)

When s=(I—1) in some regions they correspond to singular curves, i.e., edge

curves. Equations for them are

0P, 0P , . 0P

or, org or, U

where 8P/ 8r;= 0 is allowed for some i's but not for all. When s=(I—2) in some
regions they correspond to singular two-dimensional surfaces, i.e., warped sur-

faces. Equations for them are
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0o, 0o Oog

Waﬁ o, =0  forall(a,b.c) (11.3.3)

Eijke

where &5(80g/ 07;)(80y, / 07;) = 0 is allowed for some (a,b) but not for all.

Eq. (I1.3.1) imposes ! conditions on I 7;'s, implying that the stratum of the
cusp has only one parameter, i.e., one singlet. This guarantees that the little
group of the cusp is a maximal little group. Eq. (I1.3.2) imposes ({—1) conditions
onl r;'s, leaving two parameters. The stratum of the curve has a semi-maximal*
(or maximal) little group. Eq. (I1.3.3) imposes ({—2) conditions on I 7;'s, leaving
three parameters. The corresponding stratum commonly has a one-level lower
little group.

From the above considerations and some examples (CHII.4, CHIV.1) we can
picturize the complete orbit s; ce of one irrep as follows; On the boundary of
the complete orbit space there are cusps of maximal little groups, singular
curves of semi-maximal little groups connecting the cusps, and singular sur-
faces of lower level little groups stretching between the curves, and so on. Inside
the boundary all the points belong to a stratum, called the generic stratum,
corresponding to a unique little groﬁp. It is noteworthy that the lower level little
groups are subgroups of higher level little groups when the strata of the latter
lie on the strata of the former. For example, when a cusp lies on two curves of

different little groups they are subgroups of the little group of the cusp.

The main result of ref. [156] is that the generic stratum occupies some I-
dimensional volume (an open, dense, and topologically connected region) and all
the other lower dimensional strata form the singular boundaries of the generic

stratum. It is noteworthy that this pattern repeats whichever stratum we start

* A little group is a subgroup whose sub-representations contain singlets. Maximal little
groups are the largest little groups which do not contain each other. Semi-maximal little
groups are second largest little groups whose sub-representations contain more singlets than
maximal little groups. Semi-maximal little groups do not contain each other.
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from. FFor example, if we start from a two-dimensional surface the curves close
most of the boundary of the surface and the cusps close both the curves and the

surface,

If the Michel-Radicati conjecture is to hold, the projected orbit space (con-
structed out of the invariants employed in the 4th degree Higgs potential) must
have f[urther properties; Cusps should be globally most protrudent. In other
words, all the boundary surfaces must lie inside the polyhedron which is con-
structed by drawing straight lines between all the cusps. As we shall see in
CHIV.1, the cornplete orbit spaces do not have this property. Whether or not the

projected orbit spaces have the property remains to be seen.

However in the examples of CHIV.1 we find that the cusps are locally more
protrudent than the curves, the curves are locally more protrudent than the
two-dimensional surfaces and so on. We do not yet have a general proof or dis-

proof of the observed hierarchy of concavities.
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I1.4 APPLICATION TO SU(N) ADJOINT REPRESENTATION

I1.4.1 THE HIGGS POTENTIAL FOR SU(5) ADJCINT REPRESENTATION

In the spirit of doing simple things first and then extending to a general
case we will first consider SU; adjoint [30] to show concretely how our method is
applied. We will consider the most general Higgs potential invariant under SUsg

gauge transformation:

m2 5 . ; B 5 i ”
Vig) = — 5= 2 ¢'¢0at 5= 3 ¢heledt
i.J=1 ij.k=1
AL S . A B .
it Lot + ‘;}L Y Fivieetiete (I1.4.1)
i.j=1 1§ k=1

Diagonalizing the traceless hermitian matrix ¢*;, we obtain

2 © B & A8 A 8
Vig) == =Yool + T Yol + T(Nef P+ Yol (I1.4.2)
t=1 i=1 =1 i=1
with
¢i = ¢ and 5= — @1~ Pz~ P3 — Ps . (11.4.3)

We further express the potential as

Vi) == 2 lloll + L@ o192+ La v aa@)llpll?  (124)

where

I

el 2_1;05 . (11.4.5)

Yed _ ritrdtrd+ L+ (ritratrgt 1)t

= , 11.4.6
(V)R [ri+rf+rf+ 1+ (riptrprrgt LR ( )

>
i
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2ed _ ri+rd+rd+ l —(rivrotrat 1)3

il

B B = [72rrB4 1+ 14 (ryt rat rat 1 72

(11.4.7)

with ;= ¢,/ ¢4. Note that 8 can be positive or negative for the same « depending

on the signs of the fields,

We impose the positivity condition,

A+ A(B) >0,

on the coupling coefficients in order to ensure that V-+o as | |¢]| |,

11.4.2 MAXIMAL AND SEMIHIAXIR AL LITTLE GROUPS AND ORBIT SPACE

(11.4.8)

The maximal little groups and associated branching rules [22,31] of 24 are

as follows:
SUxU,: 24 =1(0) + 4(—5) + 4(5) + 15(0)
5= 1(4) + 4(—1)
¢ =a(l,1,1,1,~4)
o =13/ 20
g=+3/2V5
SUgxSUx Uy : 24 = (1,1)(0)+(1,3)(0)+(8,1)(0)+(3,2)(—5)+(3,R)(5)
5 = (3,1)(=R)+(1.2)(3)
¢ = a(2,2,2,-3,-3)
o ="7/30

g=+1/V30

(I1.4.9)

(11.4.10)

(I1.4.11)

(I1.4.12)

(11.4.13)

(11.4.14)
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where we also have listed the branching rule of 5, the form of ¢ which
transforms as a singlet under the listed subgroup, and the orbit parameters for

each case,

The semi-maximal little groups and associated branching rules of £4 are as

follows:
SUgx U xU, :
24 = 1[0,0]+1[0,0]+1[0,2]+1[0,-R]+8[0,0]
+3[—5,1]+3[—5,—1]+’3[5,1]+§[5,—1] (11.4.15)
5 =3[—R,0]+1[3,1]+1[8,-1]
¢ =(a,a,a,b,-3a-b) (11.4.16)
_ _8a*+b*+(3a+b)* _  Bri+1+(3r+1)* (I1.4.17)
[3a®+b*+(3a+b)*R  [3r®+1+(3r+1)*
k= [sfi‘fZ?f(éZ’iZ?z)fm =* [sfi’ffi(éfﬁfz’fs/z : (11.4.18)
SUxSUoxUx U,

24 = (1,1)[0,0]+(1,3)[0,0]+(1,1)[0,0]+(R,1)[0,3]+(R,1)[0,-3]

+(3,1)[0,0]+(1,2)[ =5,~2]+(2.2)[~5.1]+(1,2)[5.2]+(2.,2)[5,~1](1.4.19)

5= (1,1)[-R,—R]+(2,1)[-R,1]+(1,R)[3,0]

¢ = (a,a,b,b,—2a—2b) (11.4.20)
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_ _Ra*+Rb*+(Ra+2b)* _ _Rri+R+(Rr+R)* (11.4.21)
[RaR+2b%+(Ra+2b )2 [2r2+2+(2r +R2)°)° o
_  Ra’+2b3—(2a+2b)° _ Rri+2—(Rr+R)®
f= [207+2b°+ (20 +20 2172 © [2re+2+(Rr+R)P /2 ' AT 2.2

where we have listed two U, charges in the brackets. We have underlined the

singlets.The curves that represent the strata of these little groups are displayed
in Fig. 11.4.1.

— SU3xX U; XU,
_---SU2X SU2>< U|><UI

SU, X SU, X U,

0.1

-0.8 -06 -04 -02 00 02 04 06 08¢

Fig. 11.4.1
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A simple-minded approach to finding the boundary of the orbit space is to
extremize f for each «. Instead we can use the following idea. Consider a set of
p; such that «, g lies on the boundary. Make an infinitesimal variation of one of
the fields ¢;. The resulting change da/ dyp;, 08/ d¢; forms a vector in «, 8 space.
This vector cannot take us out of orbit space, therefore it must have vanishing
component normal to the boundary. This requirement that the vector vanish or
point along the orbit space boundary holds for infinitesimal variations in each

@i, giving us the necessary condition for a boundary point;

At a boundary point, all fleld companents ¢; must either salisfy
do/ dr; =88/0r; =0 (11.4.23)

or musl have a common value of

do/ Or;
e 11.4.2
3B/ or; (11.4.24)
Partial derivatives of o and g with respect to r; are:
da _ 4[r3+(r +rotra+1)?] (11.4.25)
0ry  [rP+ri+ri+i+(ritrotrat 1) o
A r+(ritragtrgtl)][ri+rd +rd+14(r+rotrg+1)?)
[rR+r8+r8 +1+(r +7rotrg+1)*]? '
08 _ (+ 3[rf—(r1+ra+rg+1)?] (11.4.26)
or; [rE+r8 +r§+1+(r +ratrat1)?]V? o

8[ri+(r+rotrgt)][rd+rd+rd +1—(r +ratrz+1)d)
[rE+7r8 +r8 +14(r +ro+rg+1)P]/?

We confirm that ¢ = a(1,1,1,1,—4) and ¢ = ¢(2,2,2,—-3,-3) satisfy the condition
(1.4.23); ¢ =b(r,r,r,1,—87—1) and ¢ = b(r,r,1,1,—Rr —R) satisfy the condition

(11.4.24).
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To ensure that these curves really form the boundaries, we have plotted

several thousand random stratum points. No peint was found outside the boun-

daries defined by the curves (A) and (B) of Fig. 11.4.1.

11.4.3 LOCATION OF THE ABSOLUTE MINIMUM

Using the general formalism developed in CHIL.2 we can locate the absolute
minimum immediately. Since the k contours behave similarly for m?< 0 as for

m®> 0, we can treat all three cases together.

Due to the concavity of the boundary curves of the orbit space and the con-
cave shape of the k& contour, the first contact can occur only at
(a=13/ 20, B=+3/2VD), the stratum of SU4xU,, or at (a=7/30, f=+1/+30), the
stratum of SUgxSUgxU;, in agreement with the Michel-Radicati conjecture.
When A,> 0, the absolute minimum may occur at either stratum depending on
the values of the other coupling coefficients. When 4,< 0, the absolute minimum
occurs only at the stratum of SU4XU,. Note Luat of the two cusps with the same
&, the one with B'< 0 gets the first contact because it yields a lower value of the

potential.

I1.4.4 SU(N) ADJOINT REPRESENTATION

The formalism for SUs 24 can be extended trivially to the case of SUy
adjoint representation by extending the sums to N. What is different is that
there are more maximal little groups and the orbit space boundary has more

cusps as the group gets bigger.

The strata for the maximal little groups of SUy adjoint representation are

of the form

e=a (11,1, o e PP (i B (11.4.27)
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where m elements have the common value o and the other (N—-m) elements
have the common value —am/ (N—-m). For fixed m eq. (I1.4.27) represents the

stratum of SU,, XSUy_,» X U;. The orbit parameters for this stratum are.

m + (F-m) ()
o= , (11.4.28a)
[m + (V=m) (7T

m - (o) (G

[+ (N=m) (7

8=t (11.4.28b)

The list of maximal little groups for SUy adjoint representation is:
SUN—IX Ul' SUN-z)(SUgX Ulv S

SUn-1),2xSUn+1)s2X Uy (N 0dd) or SUy,exSUy,2x U, (N even). (11.4.29)

The strata for the semi-maximal little groups of SUy adjoint representation

are of the form
g=af(rr, - 711 - ,1, -mr—(N-m-1)) (11.4.30)

where m elements have the common value ar, (N-m—1) elements have the
common value a, and one element is the negative sum of all the other elements.
For fixed m., eq. (11.4.30) represents the stratum of SU,, XSUy—pm-1XUxU,. The
orbit parameters for this stratum are:

mrt + (N—-m—1) + (mr + (N-m—1))*
[mr? + (N-m—-1) + (mr + (N-m —1))*?

o= . (11.4.31a)

mrd + (N-m—1) — (mr + (N-m—1))3
['rm'2 + (N-m-1) + (mr + (N—m—l))2]3/2

B=+ (I1.4.31b)
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It can easily be checked that egs. (I.4.27) and (11.4.30) satisfy the necessary
conditions for boundary points, eqs. (I1.4.23) and (I.4.24), respectively. The
cusps and curves of the boundary are shown in Fig. I1.4.2 for several low N*.
Again computer generated random stratum points never appeared outside the

boundary.

It will be noted that the boundary curves corresponding to semi-maximal
little groups in Fig. 11.4.2 are all concave again. One sees, using the same k& con-
tour as in the previous section, that only the cusps corresponding to the maxi-
mal little groups can yield the absolute minimum, in agreement with the
Michel-Radicati conjecture. Consideration of Figs. 11.2.2 and 11.4.2 together shows
that when 4,< 0, the absolute minimum occurs only at the stratum of SUN_lx i
When A,> 0, the absolule minimum may occur at any of the strata of maximal
little groups, the choice depending on the value of the other coupling

coefficients.

Again the Michel-Radicati conjecture is found to be true for any SUy

adjoint.

* No curve is shown for SUj because Try? is not independent of (TrgR)?, i.e., there is no a, in
this case.
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CHAPTER 1T TWO IRREDUCIBLE REPRESENTATIONS

ITI. 1 GENERAL FORMALISM

When there are two irreps, £ and S, of scalar bosons ¢ and y the most gen-

eral renormalizable Higgs potential invariant under G X reflection can be writ-

ten as
I 1 9
Vipx) = = oMl lpl| = 5-m®| Ix] |
+ 2[4+ 40(@) + Aeae(@) + - 1l |7

+ =[C+ Con(R) + Cara(® + -+ 1N xII?

»P|»—*

+ (8 + Bp@R+ - Mol (HL.1.1)

While «a; and 7; specify the orbits and associated little groups of £ and S,
respectively, §; specifies relative directions between orbits of £ and orbits of S.
When xy moves on an orbit with the direction of ¢ fixed, the little group of the
reducible representation (£ + S) changes whereas the separate little groups of

E and S remain the same. §; specifies the location of y on its orbit.

Let us define
A=A+ Ajey(P) + Aeoa(P) + - -

C'=C+Cn(@+ Cayva(0)+ -+ . (II1.1.2)

B'=B+BfBR+

Again we impose positivity conditions on coupling coeflicients so that V » += as



w A =

| l@]]|> e and/or ||x||-> =

A>0,
Cc>0 , (1I1.1.3)
B'> -VAT .

We will treat |[¢]|], ||x!|], a.(@), 7:(X), and B;(2.%) as independent variables
and extremize the potential with respect to these. The reasoning is similar to
the one irrep case. If we choose a particular direction in ¢p—x space, all the orbit

parameters will be determined and the potential reduces to a function of | |¢| |

and | |x]] :
:—_1__2 _l__ 2
V=i pl| - 5-m? x|
—1—' [ .]‘_’ 2 1_'
A el P+ O+ 58 el X (I1.1.4)

The directional behavior of the potential is schematically shown in Fig. 111.1.1,

v $

(o
Q
Pad

Fig. 111.1.1
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The extremum for the particular choice of orbit parameters, conveniently

expressed in terms of the variables r=||p||% and s=||x| % is given by the con-

ditions
_6_1”___ ) - i BY =
6T_T(A'r' + B's ) =0,

There are four solutions;

) r=s=0, (111.1.6a)
m r=0, s,=m?C", (111.1.8b)
Im s=0, r®=MV/A", (111.1.8c)

MRC'— mPB' mPA'— M*B'
rR= = = g®= o 111.1.64
V) re=(lelle= S s%= o= = o s (I1.1.64)

To ascertain which solution is the minimum for this particular choice of
direction in ¢p—x space (i.e.,the directional minimum), recall that at a minimum

the second derivatives

0%V _ .2 o? 2 "2
W_(AT + B's® — M?) + R A'r* |

62V_ 1,2 1l 2 1o
53—2—-(37' + C's?—m®) + 2 C's® | (111.1.7)

RV

37 0% =2 B'rs

must satisfy

2
_ng >0, (111.1.8a)



£ls0, (111.1.8b)

RV RV ( 8*V \2
or? Bs? dros’

(111.1.8c)

Of course solution I is not a minimum unless M*< 0 and m®< 0, a case we shall
not be concerned with. We see from eqs.(111.1.8) - (II.1.8) that solution II (pure x)

is a directional minimum if
m?*> 0 ,
mrB'> M*C' . (1I1.1.9)
Solution HI (pure ¢) is a directional minimum if.
M*> 0,
MRB'>m?A' . (111.1.10)

Solution IVis a directional minimum if

MRC'> m?B' (I.1.11a)
mPA'> M*B' (II1.1.11b)
A'C'> (B')? (II1.1.11¢)

for A'> 0 and C'> 0.

[l¢]1o> 0 and ||x]||o> 0 is guaranteed only if the conditions (II1.1.11) are
satisfied. This is in contrast to the case of one irrep where ||¢||,= 0 was
ensured by the positivity conditions, 4> 0 and m®> 0. Relations (III.1.11) serve
to replace the conditions #*> 0, m?> 0 which are overly strict because the Higgs

fields ¢ and x can both develop nonzero vacuum expectation values even with
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M?*< 0 or m®< 0 when B'< 0.

From another point of view M2C' = m?B' and m®A' = M?B' represent the
boundaries where the directional minimum shifts from solution IV to solution I
or Il respectively. If solution IV is the directional minimum, extrema II and III
are saddle pbints (assuming now m?> 0, M?> 0) as indicated in Fig. 111.1.1b. In
this case evaluation of the potential at the minimum yields

1 (m*A' + M*C' — 2 M*m*B")
4 (Arcr — B'z)

o~
-
®
>
N’
0

(1I1.1.12)

]

- 02 gl 1o +m2|Ix]1o).

When solution IV does not satisfy the conditions (II.1.11), it occupies a saddle
point and either solution I (with ¥, = —m?*/4C') or 1 (with V, = — M*/ 44")

becomes the directional minimum,

The foregoing discussion has been concerned with a particular direction in
p—x space. As we now change the direction in ¢-—x space (ie. the
o; , B; , and ;), the location of the minimum will move around. The absolute

minimum will be the lowest of these directional minima. Since

oV _ 1 2 4

o 4 el 1?4 . (II1.1.13a)
oV _ 1 2

5y, 2 [IXIIFG (111.1.13b)
oV _ 1 .

6, - 2 HellllxI1B: . (111.1.13¢)

V is a monotonic function of the orbit parameters o; , f; . and ;. Thus once

* The conditions ([II.1.11) are only necessary conditions for solution IV to be the absolute
minimum. There are additional conditions for sufficiency [see CHIIL3].
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again the absolute minimum of ¥ occurs at a boundary of the orbit space rather

thanat 0V /0x; = 0, etc.

To illustrate how determination of the absolute minimum proceeds, let's

look into the simple case where

A=A+ Aa(B) ,

C'=C+CpR) . (1IL1.14)

B'= B+ Bg(@X) -

Let us set

Vo(@.%) = — Z— (111.1.15)
Then from eq.(111.1.12),
m*(A + A0) + M¥C + Cyy) — 2 H*m?(B + B,f)
=k [(A+ A;0)(C + Cyy) — (B + B,A)?] . (111.1.18)

It can easily be shown that the above equation represents a cone in a —y — g
space. That is, the potential minimizing k-surface is a cone in this problem.
After some coordinate transformations, it reduces to

Alcl

P
R Bf

(X" — ¥%} , (II1.1.17)

where
X=(X+7Y)Ve,

Y=(X-Y)/VE,



X' =oa+ 'Al—— ‘];‘Z‘l— ' (111.1.18)
o, L m

Y =7+ o ke
_ B Mem?

Z=8+ 5= Tp,

While the coupling coefficients determine the shape and orientation of the cone,
the value of k determines the location of the vertex of the cone which moves on
a straight line in a —y — 8 space as k varies. As we decrease k from +, the
cone begins to touch the orbit space at some k (Fig. 11I.1.2). This k gives the

minimum energy, and the point of contact gives the orbit.

B

Fig. 11.1.2
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Some further details concerning the cone are as follows.

The straight line along which the vertex of the cone moves lies on the cone
(i.e., it is a generating line of the cone.).

The condition A'C' = B"® holds on the k = = cone and A'C"' > B® holds inside
it. Recalling that A'C' > B™® is a condition for solution IV (ie., ||lell, and
[{x||o both nonzero), we see that when this solution gives the minimum
ene'rgy, the orbit space lies entirely within the " forward " part of the cone,
i.e., the part which narrows as k decreases (Fig. 111.1.2).

The line along which the vertex moves is also the intersection of the two

planes

MRC' = m*R'
and

mPA' = M*B'

which formed the boundary between selutions II or IIT and IV. These planes
slice the inside of the cone into three pieces. Only when the cone touches
the orbit space on the M?C' > m*B', m*A' > M*B' side of these planes do we

get type IV solutions. Such type IV solutions yield the absolute minimum

energy if they occur at k > M*/ A', andk > m*/ C,.

While the formalism in the preceding two paragraphs is universal to all the

cases where there are three orbit parameters o, 7, and g, each different case

will have a different orbit space and different physical meaning for the boundary

surface. The formalism can be extended trivially to a general case where there

are more «'s, ¥'s, and f's. The k-surface will be a mixture of a plane and a cone

in some hyper-space.
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1.2 THE GENERAL STRUCTURE OF THE ORBIT SPACE OF TWO IRREDUCIBLE

REPRESENTATIONS

While the trace of the hierarchical relationship between the levels of little
groups and the concavities and dimensions of their strata observed in one irrep
case is still visible in two irrep cases, the orbit space boundary of two irreps is
more complex and things are pretty much mixed. The existence of a modified
resemblance can be inferred from the observation that whereas orbit parame-
ters associated with each irrep tend to form warped concave boundary surfaces,
orbit parameters associated with both irreps tend to destroy such behavior
because with the field components of one irrep fixed (consequently orbit param-
eters associated with that irrep are fixed.), one can always change the field com-
ponents of the other irrep creating a volume traced by pencils. Moreover the
volume occupied by the generic stratum is not always confined by the strata of
higher symmetries but the generic stratum itself surfaces on the boundaries.

This "looseness” stems from the non-compactness of the representation space.

Again an important clue leading to a description of an orbit space of two
irreps is found in the Gell-Mann-Slansky conjecture [22] concerning the likely lit-
tle groups of the absolute minimum of a 4th degree Higgs potential. Since the
conjecture was made shortly before the current work started we restate it in the

following.

To state the conjecture let us define the maxi-maximal little groups;
Suppose there are two irreps X and 5. First, we construct a list of maximal lit-

tle groups and branching rules for £:

R=1+ri+ra+ - for G'y C G

I

l+rgtry+ - for G'y C G
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For each G'; the branching rules of .S will be
S=s;,+sp+s83+ - for G'g C G

=84+ S5+8g+ - for Gy C G

Then we-make a list of maximal little groups and branching rules for each s;:

S;= 14+t +ta+ - for G{V c G,
82=1+t3+f4+"' fOl"Géz)CG'a
o=l by +bgt oo for G{? < G,
Ss=1l+by+bgt voo for G2 < &Y
This procedure yields a list, {G{,..:G® .. .G?,....GP ... -} of

maozxi—mazximal little groups. Repeating the same procedure staring from S,
we obtain another list of maxi-maximal 1it£le groups, which is different from the

previous list.

The Gell-Mann-Slansky conjecture states that the minimum of a fourth

degree Higgs potential will preserve no smaller subgroup than is in the list of
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maxi-maximal little groups, which is made of the union of the two lists.

In the previous chapter we have seen that the potential minimizing k-
surface for a Higgs potential of two irreps which has separate reflection sym-
metries in addition to the symmetry of the gauge group is a hyper-cone. This
implies that if the Gell-Mann-Slansky conjecture is to hold fof such a class of
Higgs potentials then the strata of maxi-maximal little groups must occupy most
protrudent portions, i.e., cusps, convex curves and surfaces etc., of the orbit

space boundary. Specific examples will be given in the following chapters.

To help the reader to understand the abstract statements made above, let
us briefly explain dimensionalities of strata of two irreps. Suppose the branch-

ing rules for two irreps, £ and S, under G'CG are
R=ry+rag+ -,
S=s;+8z+ -

If K contains one singlet and S one singlet of &', then the stratum will be a point
in the orbit space. If £ contains one singlet and S two singlets of G' or vice
versa, the stratum will normally be a curve in the orbit space, though there are
exceptions. If £ contains one singlet and S three singlets of G' or vice versa, the
stratum is likely to be a two-dimensional surface. If & contains two-singlets and
& two singlets of &', the stratum is likely to occupy a three-dimensional volume.
The occasions when we have more singlets than the parameters needed to
specify the stratum are more common for two irrep than one irrep cases. These
ambiguities will be partially clarified at the end of CHIII.4. Also the range of vali-
dity of the Gell-Mann-Slansky conjecture will be discussed later at the end of

CHV.
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I11.3 APPLICATION TO SU(N) ADJOINT + VECTOR REPRESENTATIONS

I1.3.1 HIGGS POTENTIAL FOR SU(5) 24 + 5

In this chapter we apply the general formalism derived in the previous
chapter Lo the case of SU, adjoint + veclor representations. This particular
problem has been solved by many people [32] ever since Georgi and Glashow [6]
formulated the grand umification theory based on SUs; symmetry. In other
branches of physics [9], namely in the second order phase transition occurring
in order-disorder phenomenon [10], the spontaneous symmetry breaking prob-
lem already became so complicated that more powerful means were required.
But in elementary particle physics it was the appearance of grand unification
theories that prompted the need of more powerful methods than conventional
ones. There was just no hope of minimizing the scalar potential with conven-
tional methods when the representation of the scalar bosons is as huge as the

ones introduced in SO,g or Eg unification theories [33].

We will consider two scalar fields: ¢;7, which transforms as the 24-
dimensional adjoint representation, and x;, which transforms as the 5-
dimensional (complex) vector representation. The most general renormalizable

Higgs potential invariant under SUg x re flection is

ﬂl 5 ., 6
Vlpw) == 5= X ooy~ —”;—2 (1.3.1)
j=1 i=1
A . .
+ Z‘ i it + '4_ i v pi* et

i.J.k.l=1

C /i
+ "‘(EIX‘ Xi)?
i=

)
Z% ;%) Zx" Xk)+ Y XedeiFxe

t.J=1 i.j.k=1
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where we have represented the 24 as a 5X 5 traceless hermitian matrix.
Because ¢/ is hermitian, we can always choose the coordinate system of p—y
space in such a way that only x and the diagonal elements of ¢f develop v.e.v. In

terms of p; = p{ the "potential"” that we are going to minimize can be written as

Mz 2 5. :
me=—§—§ﬁ—%ﬁ2mm (111.3.2)
i=1 i=1

A, S 4 5

i (igl 4 g
c .

+ ;;-(i=lxzxa)2
B

+§_ in z)+_i:§01 Xv.Xt

with
$5= — %1~ @2~ P3— Pa . (111.3.3)

We further express the potential in the simplest form as

V) = = Lol - 2= x| (1134
+ (A4 A (@) o] 2

1 2
+4C|1X||

(B + B 8@ el ] x!

N|)—-
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where

< 1% Xi

1: o]
i = NS (111.3.5)
(el D% 2 (Il
and the independent variables are now the field strengths
el Eii: of (111.3.6a)
=]
5 L
x| = XXX (111.3.6b)
i=1
and the orbit parameters
X
i B s (111.3.7)
(el )?
2y,
Yedxix I

f= (Lef) xx)

I11.3.2 ORBIT SPACE AND MAXI-MAXIMAL LITTLE GROUPS FOR SU(5) 24 + 5

As we stated in the previous chapter the orbit space of two irreducible
representations is made of pencils. The reason is as follows:
Assign a set of numerical values to ¢;. For the a thus determined, vary x; to
obtain a range of 8. Repeating the process, we eventually cover the entire orbit

space.

We see from eq. (I11.3.8) that the maximum of § is reached when y; points
along the largest element of ¢; and the minimum when x; points along the smal-
lest element of ¢;. These simple considerations yield three straight line sections

of the boundary (Fig. 111.3.1):
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(I) If one of the g¢; is zero, then By = 0. In this case

pitostest(piteates)t _ 7
(pf+pd+od+(pitoates)?)® ~ 12

i—s o= , (I11.3.9)

which is the a of the SU, adjoint representation.

() If ¢ = a (1,1,1,1,-4), then « takes the maximum value 13/20 and 1/20 < g <

4/5.

() If ¢ = a (2,2,2,-3,-3), then a takes the minimum value 7/30 and /15 < @<

3/10.

O.BF

Qa

0.2 “—SU,XxXSU,XU,

| ] 1 | | | | J

0] 0.2 0.4 0.6 0.8 B

Fig. 11.3.1
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To find the remaining, curved sections of the boundary in Fig. I11.3.1 we
could extremize # for each «, but this method is very laborious. The second
method of finding the boundary is to solve the equations for a boundary peint,
which were originally devised for this problem by Prof. Frautschi,

do o8
.2 LC . =0 111.3.10
dp: Doy ( )

and

o/ By, _ 0u/Byps _ Ba/Bpsz _ 0o/ 0Bps _ Bo/ Bps
88/ 0y, 0B/ 0p; 0B/ 0p3 OB/ 0py 0B/ 0ps

(1I1.3.11)

Though this method is more civilized than the first one it is still not satisfactory
because it requires us to solve high degree simultaneous algebraic equations of
many unknowns. In the original work [R5] we actuélly tried hard to solve these
equations. Though we could find the wanted solutions we also found unwanted
solutions and could not find the complete set of solutions. We realized that the
best use of the above two equations is to confirm our final answers. The third
method is to guess the answers assuming that the Gell-Mann-Slansky conjecture
holds. As we explained at the end of the previous chapter, if the conjecture is to
hold, the strata of maxi-maximal little groups must occupy most protrudent
segments of the boundary of the projected orbit space built from the invariants

employed in the 4th degree Higgs potential.

The maximal little groups of 24 and associated branching rules are:
R4 = 1(0) + 4(-5) + 4(5) + 15(0) SU.x U, (I11.3.12)
= (1,1)(0)+(8,1)(0)+(1,3)(0)+(3,R)(58)+(3,R)(—5) SUs x SUz x U,(I11.3.13)

where the U, charges are displayed in an arbitrary normalization in the

parentheses.
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The branching rules of 5 under these subgroups are:
5=1(4) + 4(-1) SU, x U, (111.3.14)
= (3,1)(-2) + (1,2)(3) SUgx SUzx Uy . (111.3.15)

The maximal little groups of these sub-representations of 5 (for the listed sub-

groups), and the associated branching rules are:

1(4) =1 SU, (1I1.3.18)
4(-1) = 1(0) + 3(-1) SUsx U, (1I1.3.17)
(3.1)(=2) = (1L,1)(0) + (2.1)(-1) SU x SUz x U, (111.3.18)
(1,2)(3) = 1(0) + 1(3) - SUsx U, . (111.3.19)

Therefore we obtain a list of three maxi-maximal little groups, whose branching

rules for 24 and § are
SUy: 5=1+4 (I11.3.20)
R4=1+4+4+15
SUsx U;: 5=1(0) + 1(3) + 3(-1) (1I1.3.21)
24 =1(0) + 1(3) + 3(4) + 1(-3) + 3(—-4)
+ 1(0) + 3(—-1) + 3(1) + 8(0)

SUs X SU, X Uy : 5=(1,1)(0) + (1,2)(1) + (2,1)(-1) (111.3.22)

24 = (1,1)(0) + (1,2)(-1) + (. 1)(1) + (1,2)(1) + (R.1)(-1)

+ (1,1)(0) + (3,1)(0) + (1.3)(0) + (R.RQ)(R) + (R.2)(—2) .
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Starting from the maximal little group of 5, SU,, we obtain another list of

maxi-maximal little groups along this route:
SU4. SlUg x Ul- SUg X SUg x U,, and SUs .

As we see in this example, lists of maxi-maximal little groups along two different

routes are different in general.

Having found the list of maxi-maximal little groups let us find their strata,
namely the field components transforming as the singlets of the little groups.

The stratum of SUg X U, is found to be
¢ =(a,a,a,b,~-3a-b) , x=1(00007) . (111.3.23)
which occupies a curve that can be characterized by the parameterr =a/b :

3e*+b*+(3a+b)* 3rt+1+(3r+1)*
= = , 111.3.24
* " [3aP+b%+(3a+b )2 [3re+1+(3r+1)°F ( )

g = (3a +b)? _ (3r+1)°
3a?+b%+(8a+b)?  3ri+1+(3r+1)?

The curve is displayed as a function of = in Fig. II1.3.2. If r is eliminated, the

curve can be expressed as

_ 107 [ 85,, 13o, (4-5B)¥? 2
a=oogt 55:—(6 —55% + = (Bpyv= , (111.3.25)

The stratum of SU, x SUp x U; is found to be

¢ =(a,a,bb,—Ra—-2b) , x=(0,0001) . (111.3.26)
which occupies the curve

o = Ra'+Rb%+(Ra+2b)* _ _Rri+R+(Rr+R)*
[Ra*+2b%+(2a+2b )*?  [2rP+2+(Rr+2)*]?

: (111.3.27)
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g = (2a+2b)? _ (Rr +2)?
Ra+2b+(Ra+Rb)®  2rf+2+(2r+2)?

The curve is displayed as a function of » in Fig. lIL.3.2. If r is eliminated, the

curve can be expressed as the part of the parabola

o=t %Z—{p’ e 38 (111.3.28)

0.2}= =372 -3/2

| | ] ] ] | | J
0 0.2 0.4 0.6 0.8 8

Fig. 111.3.2
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The stratum of SU, is found to be

¢ =a(1,1,1,1,-4) , x=(0,00,0,F) , (111.3.29)

which is located at

a=13/20 , B=4/5 . (111.3.30)

This stratum occupies the cusp at the upper right hand corner of orbit space,
where the SUs x U; curve, SU; x SUz X U; curve, and horizontal line all inter-

sect,

The stratum of SUj is found to be

¢ = (eg,a,a,b,-3a-b), x=(0,0,0,f.9), (111.3.31)

which occupies the planar region confined by the SUgxU, curve and the upper
horizontal line (Fig. 111.3.3). Note that the horizontal line, which is a one-
dimensional stratum, belongs to the SUj stratum.

a

~

Fig. 111.3.3
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In order to see if these lines (I — III) and curves form the boundary let us
first check the boundary conditions. For purposes of varying a and 8, we can

replace ¢ by
f—z (r1, 72,73, 1, —7,—To—75— 1) (111.3.82)
4

without loss of generality since o and g8 are dimensionless. It will suffice for our

present needs to restrict y to the " 5 direction " :
x=(0.0007f) . (111.3.33)

The reason is that we can always arrange ;'s such that the 5th component is the
smallest or the largest yielding respectively left or right extreme values of g for

fixed a. The form of & and g is now

ri+ri+ri+ 1+ (ri+rot rgt 1)
i &= 1T raTrg (ri+ 7ot 73 ) ' (I11.3.34)
[rR3+ 78+ 78+ 1+ (r+ 1ot 7rat 1)° PR

(7’1+ Tot T3t 1 )2

= 111.3.35

4 T+ T8+ TE+ L+ (T4 Tot T+ 1)? ( )
Differentiating, one finds
4[rd+(r +rotrg+1)d
60( - 5 [’r?- ( 1 2 3 )] 5 (111.3.36)
or;  [rE+ri+ri+i+(r +ratrgt1)?R
4[ri+(r+rotrgt ) ][r i +rd +rd+14+(r +rotrg+1)?]
[rR+73+75+1+(r +rotrgt1)?]® '

0 _ R(ri+rotrgt ) [ri+ri+rd +1—ri(r +ratrgt+1)] (111.3.37)

or; [rR+7rE+r§ +1+(r +ra+rg+ 1)

To see that the curves and the lines we have found can form the orbit space

boundary we have checked that eq. (111.3.10) is satisfied at the cusp representing



-80 -
the SU, stratum and eq. (II1.3.11) is satisfied on the one-dimensional strata,
namely the curves representing the strata of SUgxU,;, SUxSUzxU;. On the
upper horizontal line belonging to the SUs stratum and the lower horizontal line
belonging to the SUpxU; stratum 08a/0r; =0, and on the vertical line
08/ or; = 0.

To bolster our confidence that the curves and lines we have located really
form the boundary of orbit space, we have plotted several thousand stratum

points at random (Fig. I11.3.4). They all lay within our boundary.

The main point of our observation is that most of the orbit space boundary
is covered by the strata of maxi-maximal little groups but there are some por-
tions belonging to lower level little groups. It is noteworthy that the most protru-
dent portions, namely the cusp and the convex portions, are covered exclusively

by the strata of maxi-maximal little groups.

O'BT

| | | | ! | ! |
0 0.2 0.4 0.6 0.8 B

Fig. 111.3.4
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It is important to survey the orbit space structure a little further. The stra-

tum of SUsx U, is represented by
¢ =(a.a,b,c,—Ra-b-c), x=(0,00,1.9). (111.3.38)

It is a three-dimensional stratum and occupies the whole orbit space. The

branching rule of 5 under SUsx U, is
5=2(1) + 1(0) + 1(-R) + 1(0) . (111.3.39)

It is immediately clear that this SUsx U, is a subgroup of SUs.

As we have seen in these examples various strata overlap each other or
more accurately a stratum of a larger little group is included in the strata of
smaller little groups that are subgroups of the larger, e.g., the stratum of SU, is
the common point of the strata of all the little groups. This raises the issue of
uniqueness of the little group corresponding to a stratum point. Since we are
dealing with a projected space of the complete orbit space, it is natural for us to
expect degeneracies. If we are provided with just two numbers, namely (a, ),
then there is a set of p;'s and x;'s that yields these numbers. However if we are
given additional conditions such as the boundary conditions, then we can deter-
mine the corresponding field configuration uniquely. We could establish the fol-
lowing result: On most of the boundary portions except for the vertical line the
cofresponding field configuration and thus the little group are uniquely deter-
mined, but to a point on the vertical line or to an interior point there
corresponds a set of little groups none of which can be excluded in favor of the

others.
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1I1.3.3 MINIMIZING THE POTENTIAL

I11.3.3.1 CONDITION FOR THE MINIMUM

The general formalism derived in CHIIL.1 can be used for the case of SUs 24

+ 5 with the following identification:
A=A+ A a®d) ., (111.3.40)

B'=B+B,8@X)

We shall concentrate on the normal Higgs case m® > 0, M*® > 0. In this case
solution I is the familiar local maximum at zero field, which we shall not be con-

cerned with. Solution Il is the Higgs minimum for a pure y field and has energy
B ==, (111.3.41)

Solution II is the Higgs minimum for a pure ¢ field and has energy

M M
T~ e — 111.3.42
=T Ad T T YA )] (111:3.42)

Solution IV has non-zero v.e.v. for both fields and is therefore the solution of

principal interest to us. Its energy is

_ (m*A' + M*C — 2 M*m?*B")
4(A'C - B®)

Vo(@.%) = (111.3.43)

It

- U2 lg] o +m?[Ix] o).

The energies for directional minima IIl and IV are orbit- dependent. The
absolute minimum for solution I is obtained by varying ¢ to find the minimum

of A', which is either at oy = 13/ 20 or o, = 7/ 30 depending on the sign of A;.
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The absolute minimum for solution IV is obtained by varying $ and ¥ as dis-
cussed below. Comparison of the absolute minima for solutions II, IIT and IV then

gives the lowest overall energy for the Higgé system.

II1.3.3.2 GEOMETRY OF THE MINIMUM ENERGY CURVE

To determine the absolute minimum of solution IV, we begin by setting

V(3.8 = - ﬁ-. (111.3.44)
Then from eqs.(111.3.483), (111.3.44), and (II1.3.40) one finds
mHA + A0) + MAC — 2 M?m?(B + B,f)
=k [(A+ 4,0)C — (B + B,f)?] . (111.3.45)

We see that eq.(I111.3.45) represents a parabola in a—f space. As k decreases
from +e, the parabola moves in a—g space. The absolute minimum of solution IV
for a given set of Higgs couplings and masses occurs at that &£ for which the par-
abola first touches a portion of the orbit space boundary satisfying the criteria
of egs.(Ill.1.11a-c), and the point of first encounter yields the orbit of minimum

energy.

To visualize the movement of the parabola with &, it is useful to rewrite it as

B MPmR,, _ AlC-m¥k) A Mt
- = o e sy | £}
(B + B, kB, B? (o Ak A1) (111.3.46)
At k& = o the parabola has the limiting form
By Al A,
B+ 5= Fala+ 1 (I11.3.47)

As k varies, the vertex of the parabola at



B MPm?

k = == B A S N
o, (k) A, + kA B, (k) 7, + k B, (111.3.48)
traces out the straight line trajectory
m? Ao, (k) — oo ()] — M2 B1[Bo (k) — Bo(=)] =0 (1I1.3.49)

from o, (=) = —A/ A, B, (=) = —B/ B, to infinity. Moreover as k is decreased the
parabola narrows, flips orientation at k& = m*/ C where (I11.3.46) becomes the

vertical line

B MRC
e e 111.3.50
ﬁ B[ szl ( )
and then broadens again as k decreases further. Amidst all this movement every
parabola, independent of k£, passes through the intersection point of the vertex
trajectory (I11.3.49) and the vertical line (111.3.50):

. A MiC . B M*C
- + = - =t
Ay m*4, Fo B,  m?B,

(111.3.51)

Thus the parabolas move with £ as indicated in Fig. I11.3.5: as k£ decreases from
o« the parabolas remain entirely inside the k = = parabola, narrowing to the
vertical line at £k = m*/ C, then flip to lie entirely outside the k = « parabola at

k <m*/ C, broadening to the limiting line

m*(A + A,0) + MAC = 2 MPm3(B + B,f) (111.3.52)

atk =0,



vertex
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Fig. 111.3.5
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The relation of this complicated behavior of the minimum energy curve to
the simpler behavior found in CHIIL1 for a case with 3 orbit parameters is
described as follows. The two parameter case we have studied in this example
corresponds to the ¥ = 0 plane of the 3 parameter case. The intersection of this
plane with the cone yields a parabolic conic section (Fig. III.3.6a), while the
planes M?C' = m®B' and mPA' = M®*B' become straight lines and their intersec-
tion becomes the fixed point common to all solutions in the ¥ = 0 plane. As k&
decreases the vertex of the cone moves along the generating line towards the
= 0 plane, causing the conic section to shrink, reduce to a line when the vertex
reaches the plane at k = m*/ C (Fig. [11.8.6b), and flip as the plane subsequently

cuts into the other branch of the cone (Fig. 111.3.6¢).

Fig. 111.3.6
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I11.3.3.3 THE SUFFICIENCY CONDITION FOR SOLUTION IV TO BE THE ABSOLUTE
MINIMUM

The inequalities (II1.1.11) define a region in the a—g plane, which we will call
the "allowed" region, where directional minima of type IV occur. The region is
shown schematically in Tig. 111.3.7a for the 'particular case 4> 0, B;> 0 with nor-
mal Higgs masses m®> 0, M?> 0. The equations for the parabola, the slant line,
and the vertical line boundaries of the allowed region are given by replacing ine-
qualily signs with equality signs in relations (I11.1.11¢), (1I.1.11b), and (1l1.3.11a)
respectively. It is important to note that these are the same as eqs. (111.3.47),
(111.3.49), and (111.3.50) for the k=c parabola, the trajectory of parabola vertices,
and the parabola flip line. Thus the dominant geometrical features of the previ-

ous chapter all have a simple physical interpretation.

(a) m? >O,M2>O

M3C < m2B’
B'< -v/A'C
unstable
& m2 AI< M2 BI
A’ < O unstable
(b) m2>0,M%<0 (¢c) m3< 0, M2 >0
—~Sol. IV allowed
, Sol.IM
B'<-/A' C allowed
unstable B'<-vA'C \{
unstable |
A’ < O unstable A’ < O unstable

Fig. 111.3.7
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It is also possible to work out allowed regions for solution IV for the "semi-
Higgs" potentials with m? > 0, #? < 0 and m? < 0, M? > 0. These are displayed
in Fig.. II1.3.7b and II1.3.7¢ for the particular case 4, > 0, 8, > 0. Figs. 1I1.3.7b
and II1.3.7¢c have the expected qualitative feature that although type-IV direc-
tional minima with both fields nonzero still exist when only one mass term has
the Higgs sign [B' < 0 makes them possible], the allowed region for them is

smaller.

The location of orbit space relative to the allowed region determines
whether we obtain directional minima of type IV:

i) If the orbit space is totally inside the allowed region, then directional
minima of type IV occur everywhere in the orbit space.

ii) If the orbit space straddles the B' = — VA'C branch of the parabola, which
is the left branch in the case shown in Fig. II1.3.7, then ||¢]||, » +>~ and
[Ix]|o » +e at stratum points along the parabola. Higgs couplings leading to
this unstable result must be forbidden (positivity condition (III.1.3c)).

iii) If the orbit space straddles the slant and/or the vertical lines within the par-
abola, then directional minima of type IV occur at the stratum points within the
allowed region. At nonallowed points of the orbit space, directional minima of
type 1II or Il may occur.

iv) If the orbit space lies entirely outside the allowed region, no directional
minima of Lype IV oceur.

The absolute minimum of solution IV corresponds to the first contact of the
moving parabola (I11.3.46) with orbit space in the allowed region. However in case
iii) of the preceding paragraph, directional minima of solutions II or IIl as well as
IV are present and there is still the question of which solution gives the lowest
energy. To settle this question we compare egs. (111.3.41) and (I11.3.42) to

(111.3.43). First let us take the difference of eqs. (I11.3.41) and (111.3.43) :
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_ m* L MmAA+ MAC -2 MPmPB' _ (MPC —mPB')?
4C 4(A'C — B®) 4C (A'C — B®)

(111.3.53)

We see that at stratum points inside the parabola (4'C > B'?), type IV solutions
always give a lower minimum than type IL Secondly let us take the difference of

eqs. (111.3.42) and (111.3.43) :

M m*A' + MAC - 2 M*mPB’
- + : 111.3.54
4A', 4(A'C - B ( )

m4Alm
M4

Mt B mPAYy,
- _BZ + — 2 + —
4A1m(AlC _ Blz) [ 1 (ﬁ B] .MzBl ) AI(C

)& = m)]

where A',= A + 0 A1, Q4 = Quip for 4; > 0, and &, = Qpey for 4; < 0. Setting
the right hand side of eq. (111.3.54) equal to zero again defines a parabola whose
vertex is on the line o = &, and allows us a geometrical study which we leave

the reader as an exercise.

The result is that in case i), there are always stratum points that make eq.
(111.3.54) positive and a type IV solution gives the absolute minimum. In case iii),
a type IV solution commonly gives the absolute minimum, but there is a range of
Higgs coupling coefficients for which eq. (I11.3.54) is negative at all the stratum

points in the allowed region and a type III solution yields the absolute minimum.
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III.3.3.4 CAN MINIMUM ENERGY ORBITS LIE ON STRAIGHT LINE ORBIT SPACE

BOUNDARIES?

We now wish to show that although solution IV can be a directional minimum
on the straight line segments of the orbit space boundary, the absolute
minimum never lies on the horizontal line boundaries, and in only one degen-

erate case on the vertical line boundary.

At the point of first contact, the moving parabola must have the same slope
as the boundary of orbit space (except at cusps). The horizontal boundary lines
at onax= 13720 and opyin= 7/30 have slope da/df = 0. Therefore the parabola
can make its first contact with orbit space on one of these horizontal boundaries
only il the contact occurs at the parabola vertex. But in the case 4, >0, B; >0
depicted in Fig. II1.3.8, the parabola already contacts other orbit space boun-
daries (Fig. 111.3.8a) before its vertex reaches a horizontal boundary (Fig.
111.3.8b). A horizontal boundary can be the last point touched (Fig. 111.3.8c) but
not the first. The same property is readily verified for the other possible ranges
of A, , B,. Thus solution IV never gives the minimum energy at a horizontal line

boundary.

The vertical boundary line at § = 0 has slope da/ df = «». The moving para-
bola has infinite slope only when it flips. Therefore (apart from the cusp at
a« = 1/4, 8 = 0 which has no definite slope) the point of first contact can occur
on the vertical boundary line only under special circumstances: the left-hand
edge of orbit space must lie along the vertical line where the parabola flips, and
the rest of orbit space must lie on its disallowed side (Fig. I11.3.8Bd). In this case
solution IV has k = m*/ C, degenerate in energy with solution II, and the field
|l¢]| ], of solution IV vanishes since m®?B' = M?C along the vertical line. Thus the

vertical line never gives a minimum energy solution with two nonzero fields.
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k=00
(a)
Ky
k=0
(c)

Fig. 111.3.8
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I11.3.3.5 MINIMUM FOR VARIOUS RANGES OF HIGGS PARAMETERS
Throughout this chapter our illustrative figures have been specialized to the
case A; > 0, B; > 0. In this case, the point of first contact of the parabola with an
allowed portion of the orbit space (if any) occurs on the lower left boundary of
orbit space . Here the minimum energy solution has residual symmetry

SUp x SUz x U, with orbits characterized by =3/ 2 <b/a< -1 (Fig. 111.3.2).

In the case A4,;< 0, B;> 0 the point of first contact (if any) occurs on the
upper left boundary of orbit space. Here the minimum energy solution has resi-
dual symmetry SUgx U, with orbits characterized by —4 <b/a=< -3 (Fig.
I11.3.2).

Proceeding in this way, one finds that the four possible sign combinations of
A,, B, yield minimum energy solutions on the four corners of orbit space as
summarized in Fig. II1.3.9. These results agree with those of Buccella, Ruegg, and

Savoy [20], who employed analytic methods.

$o

SU,X U,  SU,XSU,X U,

>

A

SU, SU,, SUz X U,

Fig. 111.3.9
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A, and B, are only two of the seven Higgs parameters 4, 4, B, B, C, m,
and M. Ideally one would like to generalize Fig. 1II1.3.9 to the full seven-
dimensional Higgs parameter space, listing the exact boundaries of the unstable
region where | |¢|| and/or ||x|| - = (positivity conditions (III.1.3) violated), the
non-Higgs region |]¢|| = |]x|| = 0 (m?®< 0, M®*< 0), the region of single-field
Higgs solutions, and the region of two-field solutions (conditions (IT1.1.11)
satisfied plus the sufficiency condition discussed in CHIIL3.3.3), together with
the exact boundary separating SU, from SUg x U; residual symmetries in the
A,> 0, B1< 0 sector of Fig, 111.3.9. The task of mapping these boundaries remains

arduous, and we shall not carry it out here.

111.3.4 HIERARCHICAL SYMMETRY BREAKING via SU;-SU§XSUFXU, - SUSxUE™

If one begins with an SUgsymmetric grand unification theory [6] and
attempts to fit the phenomenological facts, one is led to introduce a hierarchical
symmetry breaking [7]. First one assigns ¢ a huge v.e.v., which breaks the sym-
metry down to SU§>.<SU§“XU1 giving huge masses to gauge bosons not belonging
to SU§xSU¥xU,. Then one assigns x a much smaller v.e.v., which further breaks
the symmetry down to SU§XU$™. One normally treats the second stage as a per-

turbation to the first stage.

There are four very restricted portions of the boundary curves (A) and (B)
of Fig. l11.3.2, where this conventional concept of perturbative hierarchical sym-

metry breaking is fully applicable:

i)  Points at or near (a = 7/ 30, = 3/ 10) represent

SUs»SUXSUYx U, SUEx Ue™,
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ii) points at or near (a = 7/ 30, § = 2/ 15) represent

SUs»>SUEXSUEXU»SUxSUgx Uy,

iii) points at or near (a = 13/ 20, § = 4/ 5) represent

SUg»SUXU,»SU§XUS™ or SU,,

iv) points at or near (&« = 13/ 20, § = 1/ 20) represent

SUg-»SUXU»SU§XU™.

The region of greatest phenomenoclogical interest is the first one, near
(a=7/ 30, =3/ 10).

However, our exact nonperturbative solution makes it clear that the condi-
tion | x| 1o/ |l¢]]o << 1 does not necessarily imply that gauge symmetry break-
ing occurs perturbatively and hierarchically. In general both fields should be
trealed with equal status. Tor example, while keeping ||x||o/ |l¥|lo < 1 we
can let the k-parabola first touch a point near the middle of one of the two con-
vex portions of the curve (A), where « is far from its extrema corresponding to
SU§xSUPxU, or SUXU; .

Now let us examine our type-IV solution directly. We observe that

lxlle _ (mP/ HP)(A + A1) — (B + B.f)

Telle ~ ~ 1C - (m?/ #O(B + 5] Gl e
can be made very small either by setting
mPA' & M*B (111.3.56a)
or by taking
C>» A, |B'|, m? M? . (111.3.56b)

Next, with an eye to the phenomenological situation, we take 4,>0, 5,<0,

which places the first contact of the & parabola on the lower right SUszx U™
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orbit space boundary. Near (a=7/ 30, =3/ 10) the slope of the orbit space boun-
dary is very small, so do/ df of the k parabola at first contact would have to be

very small in this region. The general formula for the slope of the k& parabola is

do_ _ R Bf B HPm?
d8 = A,(C-m*/k) U B, kB )
~ 2 B? ~
= AC—mi/ k) (B —B.(k)] . (1I.3.57)

where B, (k) refers to the parabola vertex at the given value of k. This slope can

be made small either by taking

a) B—Bo(k)~0 (111.3.58a)
or
B '
b) e ST (111.3.58b)

In the first case the parabola vertex (slant line) passes very near the point
(a=7/ 30, =3/ 10). In the second case the vertex can be far away but the & par-

abola is very flat in the vicinity of orbit space.

Case o) is identical with the first condition for making | |x| |,/ | |¢|], small,
(mRA'~ M?B'). It requires what appears to be an unnaturally precise cancella-
tion of coupling coeflicients, a problem which has stimulated much research
activity [4,7].

Case b) is compatible, but not identical, with the second condition for mak-
ing |Ix|le/ |l¢]||e small (C > A', |B'|, m?/ M?). Therefore the possibility exists
(as already stated) that, while ||x||s/ ||¢]||o<< 1. the point of first contact is
far away from (a=7/30, =3/ 10) on the SUsxU§™ boundary curve. In any event,

very large C leads us to a strong coupling quantum field theory. It is a
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possibility, but we do not know how to treat such a theory.

Up to now our analysis has been entirely classical, but a very important set
of issues is raised by considering the radiative corrections. Whereas the classi-
cal Higgs potential is linear with respect to orbit parameters, radiative correc-
tions are non-linear [34]. If these radiative correction terms are important then
the absolute minimum can occur on the non-convex portions of the orbit space
boundary (see CHV), in which case the little group will be smaller than maxi-
maximal. The radiative correction terms are likely to play important roles in
determining the symmetry of the vacuum if the gauge coupling coefficient is
larger than the Higgs self-coupling coefiicients, or if there is no quadratic term
at all. Little groups smaller than maxi-maximal have not been noticed in the
investigations of radiative corrections thus far [35], but no complete investiga-
tion has been performed yel and the danger is certainly present in the general
case. The basic strategy for avoiding such a disaster is to prevent non-linear
terms from playing major roles in determining the minimum of the effective

potential*.

In general, radiative corrections will also introduce new orbit parameters
into the effective potential (this possibility exists because in the classical Higgs
potential we have been dealing with a subspace of the complete orbit space). The
resulting increase in the dimensionality of orbit space complicates the problem
but does not introduce difficulties of principle. Some aspects of the complete

orbit space will be described in CHIV.

Thus far we have not been able to shed any light on the gauge hierarchy
problem, but we will try to use our method to resolve some of the difficulties in a
future work [36], where we will consider radiative corrections and renormaliza-

tion group behavior [37] for several different values of m® and M%.

* Qur preliminary computation based on the effective potential in ref. [34], which contains
only gauge boson loop contributions, indicates that the effective potential is monotonic with
respect to a and § in the neighborhood of the point (a=7/30, §=3/10).



= B
I11.3.5 GENERALIZATION TO SU(N) ADJOINT + VECTOR

The whole class of models SUy adjoint + vector can be discussed by a trivial
generalization of the techniques introduced in this paper for SU;. The Higgs field
¢ij,» which transforms as the (N?—1) dimensional adjoint representation, is
represented by an NXN traceless hermitian matrix which we put in the diagonal
form ;= 6;¢;. The Higgs field x; transforms as the N-dimensional (complex)
vector representation. The potential V(gp,x) and orbit parameters o and g retain
the same forms (111.3.2), (111.3.7), and (II1.3.8) with the sums extending from 1 to

N.

In searching for the boundaries of orbit space, we consider a one-parameter

stratum of the form
p=(rr, - 1,1, —nr-m) (111.3.59)
(ie., n elements r and m elements 1 withn+m+1=N) and
x=(00, - 0,1) . (111.3.60)

One can readily show that this stratum satisfies the necessary condition
(Il1.3.10-11) for a boundary curve. It has the symmetry SUy-, for m=0,
SUy-gxU, for m=1, and SU,xSU, xU, for m=2. The whole range of subgroups
SUy-1,  SUypxUy, -+ down to SUy,eXSUps2)-1xU; (N even) or

SU(N_I)/QXSU(N_I)/zx Ul (N Qdd) occurs.

The stratum for m =0 is the point

__n3+1
n(n + 1)?

= . (111.3.61)

Each stratum with m=>1 occupies a curve in orbit space which can be
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characterized by the parameter 7:

nri+m+ (nr +m)t

[nr*+m + (n7r+m)P

(nr +m)?

= nr*t+m + (nr+m)? LS. B2
A useful formula for the slope of the curve is
2_ m+1 \ m m—1 \
da _ 0o/ 0r _ B(n —1)(r+ T ’(T+n+1 )+ n—1"
a8~ ap/or (111.3.63)

(r+%——){nr2+ m + (nr+m)?]

This formula exhibits all the turning points 8a/8r =0 and 08/ dr = 0 of the

curve, except for the cusp factor (r—1) which occurs in both 8o/ 8r and 88/ dr

and cancels out of their ratio. Substituting these values of 7 into eq. (I11.3.62) we

obtain the list of « and g at all turning peints given in Table I11.3.1.

Turning Point T a B
a 1 (m+n)3+1 m+n
e (m+n)(m +n+1)? m+n+1
; —(m—1) n(m-1)44mn—-13+n-m} (n—m)?
fooal min znd n-1 [nm-1)*+m(n-12+(n-m)?R | nim-1)2+m(n-1)%+(n-m)?
—-m m34+(n+1)3 m
it iy n+l m(n+1)(m+n+1)? (n+1)(m+n+1)
—n P P
P n nm (m+n)? v
o —(m+1 (m+1)34n3 n
i n n(m+1)(m+n+1)2 m+)(m +n+1)

Table 111.3.1
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If r is eliminated, the curve can be expressed as

mP-mn+n? | R(mP-4imn+n?)  mP-6mn+n?,

=g mn(m+n) mn(m +n)? mn(m+n)?

mP-mn+n?® | mP—4mn+n?,
mn (m+n) mn (m+n)? -

=B [

mP—mn+n?

mn(m+n)

+ i(1’“—"ﬂl[n+77»L~(Mm+1) L (-T-n%)v2 . (111.3.64)

(n+m)3

In most cases this curve has the teardrop-type shape we found in
SUs » SUgxU,. An exception is the case n=m, where the coefficient of the
square root vanishes and (111.3.64) simplifies to a parabola as in

SUg » SUxSUzxU; . Note that this only occurs for N odd.

A check with random stratum points for several low N verifies that the
boundary of orbit space is formed by the curves (I11.3.64) together with a verti-
cal line at 8§ = 0, a horizontal line at 0y, and (for N odd) a horizontal line at
Omin as in SUs. The first few cases are depicted in Fig. 111.3.10. Each of the sub-
groups SUy_y, SUy_gxU,, -+ occupies some portion of the orbit space boun-

dary.

The k parabola described in CHIII.3.3 is the same for any SUy adjoint + vec-
tor. The various sign combinations of A;, B; control the orientation of the k& par-
abolas as in CHIIL.3.3.5 and yield minimum energy solutions on the four corners
of orbit space as summarized in Fig. I11.3.11. These results again agree with
those obtained by Buccella, Ruegg, and Savoy [20]. And once again, symmetry
subgroups found at minimum energy are maxi-maximal little groups in accor-

dance with the Gell-Mann-Slansky conjecture.
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Fig. 111.3.10
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B,

A
SUn-1)72 X SUn-1)72 X U; (N odd)

SU,_, X U (n-1n72 X SYin-nns2 X Yy
e or SUp/2 X SUin/z)- XUy (Neven)
- A
SUy_;» SUp-p XU, , SUp.5 X SU, XU,
SUn-|

""" SUn-n/72 % SUn-ys2 X Uy (N odd)
or SUN/2 X SU(N/Z)"l X U| (N even)

Fig. 111.3.11
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A new feature not found in SUs is the indented boundary segments found,
e.g., in SUg near the intersection of the SUXU; and SUsxSUzx U, curves (Fig.
111.3.10). The minimum energy stratum point cannot lie on these segments
because the k& parabola can never make its first contact there. A simple con-
struction which indicates the restricted range of stratum points is to draw a
straight line tangent to, e.g., the SUXU; and SUgxSUxXxU, curves on the lower
right boundary of SUs 35 + 8 orbit space (Fig. 111.3.12). The boundary segments

closed in by this straight line never supply the lowest energy orbit.

SU4 xUI

7/
/

SUx X SU, XU,

Fig. 111.3.12
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1.4 APPLICATION TO SO(N) ADJOINT + VECTOR REPRESENTATIONS

In this chapter we deal with the case of SOy adjoint + vector representa-
tions. Though the same formalism as derived in the previous chapter is used for
the minimizing procedure, its algebraic simplicity allows us to concentrate on
the geometrical and group theoretical nature of the spontaneous symmotry
breaking problem. We are going to observe a proliferation of maxi-maximal little
groups. Though many of their strata lie inside the projected orbit space associ-
ated with the partial list of invariants employed in the classical Higgs potential
and thus do not yield the absolute minimum, all of them have the equal
geometrical status of being singular points, curves, and surfaces on the com-
plete orbit space boundary. Also we are going to observe a proliferation of

singlets. Some of them are grouped together and behave like one parameter.

We will treat the S0;, and SOgz,, cases separately because the two cases
have somewhat different features. We treat S0,y as a prototype of the whole
class of SOz, cases, because SOjp is the smallest group that behaves like gen-
eral SOz, as we can see from Dynkin diagrams. The results are trivially
extended to the S0z, cases. We treat SO, as a prototype of the whole class of
S0Osp +1 cases for similar reasons. Again the results are trivially extended to the

SOz, +) cases.

I.4.1 HIGGS POTENTIAL FOR SO(10) 45 + 10

We will represent 45 by a 10x10 real antisymmetric matrix, ¢;, and 10 by a
10-dimensional real vector, x;. Then the most general classical potential for the

Higgs scalar fields, invariant under S0,q, can be written as follows*:

¢ Adjoint representations of small SO,, groups, namely S0,, SOg, and S0g, have additional
invariant polynomials of a generic form &y g 9y * * * ¢a, which are of degree less than 5. In
such cases our Higgs potential, eq. (IIL.4.1), is not the most general one.
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MR m?
Vig.x) = + e i(j P4Ph ~ 5 gXiXi
i.j=1 i=1

A 10 A 10
G4 Z‘( Y e )+ ““41 Vij ik Prl Pui
i.5=1 ijdet=1

C 10 o
+ Z‘(ZXz‘Xi)
=1
B B
— 2—( 5(3 ¢ij¢ji)(§Xka) - ‘2—1‘ ﬁ Xi%iiPixXe - (I11.4.1)
1.5=1 k=1 1.4 k=1

A pauge transformation, which is equivalent to an orthogonal transforma-

tion, can simplify v.e.v. of the fields into the following form:

0 ¢ )
-, 0 0 0 0
0 ¢
~gp O 0 0
0 @3
p=| 0 0 4 0 0
0 ¢4
0 0 0, 0
0 ¥s
| 0 0 0 —¢5 0 |
= [¢1.02.903.00.05] (111.4.2)

xT = (x1.0.X2.0,X3.0.X4.0.X5.0)

= [X1.X2 X8 XaXs] - (111.4.3)

We have defined shorthand notations for the matrix and the row vector for con-
venience. In terms of this reduced set of components the potential takes a

simpler form:
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4
Vipx) = — M2 3 g e X2
i=1 i=1
2 2 4, 8 4
+ AN e R+ 52 o
i=1 2 i=1

xXF)?

+
rP-lQ
i

+B (DR ) Exd) + (S ek xd)
i=1 k=1

= f=1
The orbit parameters are:

o = Y0P PaPy . 2 Lel
(-Legwn)®  (RLeE)

_ ri+rddrdiri+l
2 (ri+ri+ri+ri+1)?

w0 PijPiXe Yot

B e 00D 2098 O

risf+risf+risd+risi+i

R(ri+ri+r+ri+1)(sf+sf+s§+sf+1)

(IIL.4.4)

(I11.4.5)

(I11.4.6)

With 73 = 9i/ ¢, i = xu/ X5 In terms of ||| = ~Ygyes. |1x1] = Txé. « and

B, we can write the potential in the simplest form:
Vg == L1 lp1] - 25 x|
+ (A + 4 o@)] ol I?
+2C | [xI1?

+ 18+ B, 8GO lpl]11X1] -

(1I1.4.7)
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I11.4.2 MINIMIZATION OF THE HIGGS POTENTIAL FOR S0(10) 45 + 10

In order to find the boundary of the orbit space, we simply anticipate the
answers by looking for the strata of the maxi-maximal little groups of the Gell-
Mann-Slansky conjecture. Then we verify our answers using the method given at
the begining of CHIIL.3.2 and by checking that they satisfy the necessary condi-
tions for a boundary point. Since the group S0y is fairly large, it is a rather
lengthy procedure to find the maxi-maximal little groups. For our representa-
tions, 45 + 10, it might look unnecessarily sophisticated. It looks even more so
for higher SOy. But if one considers other cases, e.g., 45 + 16 [21] of S0;q, one
realizes that simplifications like eqs. (111.4.2) and (II1.4.3) are not possible in gen-
eral and finds that the procedure is really a fool-proof way of finding the orbit
space boundary. We refer the reader to Slansky's excellent review article [22]
for the method of finding maxi-maximal little groups.

First let us consider the route starting with maximal little groups of 45.

The maximal little groups [22,31] of 45, and the associated branching rules are:

a) SUsx U : (111.4.8)
45 = 1(0)+10(4)+E(;4)+24(0)
10 = 5(2)+5(-2)

b) SOgx U, (111.4.9)
45 = 1(0)+8, (2)+8, (—2)+28(0)
10 = 1(2)+1(—2)+8,(0)

) SUzx SOgx Uy : (111.4.10)

45 = (1,1)(2)+(1,1)(0)+(1,1)(~2)+(3,1)(0)
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+(1,15)(0)+(2,6)(1)+(2,6)(—1)
10 = (R, 1)(1)+(2,1)(—1)+(1,8)(0)
d) S0,x SUzx U (1I1.4.11)
45 = (3,1,1)(0)+(1,3,1)(0)+(1,1,1)(0)+(1,1.3)(—4)
+(1,1,3)(4)+(1,1,8)(0)+(2.2,3)(2)+(2.2.3)(—R)
10 = (2,2,1)(0)+(1,1,3)(2)+(1,1,3)(-2)

We have adopted a SUpxSU, notation for SO, sub-representations.

The maxi-maximal little groups along each of the four sub-routes are:

sub-route a) :
SU % U, (1I1.4.12)
10 = 1(0)+4(1)+1(0)+4(—1)
45 = 1(0)+4(1)+6(R)+4(—1)+8(—2)+1(0)+4(1)+4(-1)+15(0)
sub-route b) :
S0 : (I11.4.13)
10 = 1+1+8,
45 = 1+8,+8,+28
S0, % U, (1I1.4.14)
10 = 1(1)+1(-1)+1(0)+7(0)

45 = 1(0)+1(1)+7(1)+1(—-1)+7(-1)+7(0)+21(0)
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sub-route c) :
SOgx Uy : (11L.4.15)
10 = 1(1)+1(0)+ 1(0)+1(—1)+6(0)
45 = 1(1)+1(0)+1(—1)+1(1)+1(0)+1(-1)
+15(0)+6(1)+6(0)+6(0) +6(—1)
SUz X SOsx Uy : (1I.4.18)
10 = (R,1)(1)+(2, 1)(=1)+(1,1)(0)+(1,5)(0)
45 = (1,1)(R)+(1,1)(0)+(1,1)(—2)+(3,1)(0)+(1,5)(0)
+(1,10)(0)+(2,1)(1)+(2,5)(1)+(2,1)(~1) +(2,5)(~1)
sub-route d) :
SOsx SUz x U; (1I.4.17)
10 = (3,1)(0)+(1,1)(0)+(1,3)(1)+(1,8)(-1)
45 = (3,1)(0)+(3,1)(0)+(1,1)(0)+(1,3)(—2)+(1,3)(2)
+(1,8)(0)+(3.3)(1)+(1.3)(1)+(3.3)(=1)+(1,3)(-1)
SOy x SUz x Uy (1I.4.18)
10 = (2,2, 1)(0)+(1,1,2)(1)+(1,1,1)(0)+(1,1,2)(—1)+(1,1,1)(0)
45 = (3,1,1)(0)+(1,3,1)(0)+(1,1,1)(0)+(1,1,1)(—R)+(1,1.2)(-1)

+(1,1,1)(R)+(1,1,2)(1)+(1,1,1)(0)+(1,1,R)(1)+(1,1,R)(-1)
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+(1,1,3)(0)+(2,2,1)(0)+(2.2.2)(1)+(2,2,1)(0)+(2.2,2)(-1)

Next let us consider the route starting with maximal little groups of 10. In
this case the procedure is rather simple because 10 has only one maximal little

group, SOqy. The branching rules are:

S0y (111.4.19)
10 = 149
45 = 9+36

Following the same procedure, we obtain the list of the maxi-maximal little

groups along this route: SO, SOXU,, SUXU,, SUXSOsxU 4, SO3xSUgX U,
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As we mentioned in CHIIL 3.2, the lists of maxi-maximal little groups along
two different routes are found to be different. The total list of maxi-maximal lit-
tle groups, the forms of ¢ and yx which transform as singlets under them, and the

orbit parameters for them are listed in Table I11.4.1.

Maxi—maximal |

Little Group Singlet Form « g

susty | V2 lonoss] | sy | T
S0q ;? z [[8,’8"8’85]] /2 /2

S0.xU, i - [[3'8"3’3 ‘é]] /2 0
soUy | 2 [[ggggva]] 2(111::)2 2(1;2)

SUxS0sx U, i :: [[8_'8.’5 :g.’g]] 1/4 0

SO0sxSUsx U, ;? i [[g,gll('fdgf])] 1/6 1/8

505Uy z : [[8.'8.,8.51'/?] 2(11:22::)2 2(1+12r2)

Table 111.4.1
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The points and curves representing the strata of maxi-maximal little groups
are shown in Fig. II1.4.1. Unlike the case of.SUN adjoint + vector, strata of some
maxi-maximal little groups are totally buried inside the orbit space and do not
contribute to the boundary. This is because we are considering a projected

space of the complete orbit space. We will come back to this issue in CHIII.4.5.

Using the minimization procedure of CHIII.3.3, one immediately finds that:
When 4,> 0, B> 0, the absolute minimum occurs at the stratum of SUXU,;
when A;> 0, B,< 0, the absolute minimum occurs at the stratum of SUXU,; or
S0g;
when 4,< 0, B;> 0, the absolute minimum occurs at the stratum of SO;xU,;

when 4,< 0, £,< 0, the absolute minimum occurs at the stratum of S0Og.

a
0.5
SU,XS0gx U, 50XV
= SO4XSUZXU|
S04 %SU3XU,
i SU.XU,
- 1 - 1 j L
0 0.5

Fig. 111.4.1
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The number of maxi-maximal little groups grows rapidly as we go to higher
n and the Gell-Mann-Slansky conjecture becomes less effective because the
strata of more and more maxi-maximal little groups are totally buried inside the
orbit space. However, the "usable" boundaries, where absolute minima occur,

consist of the strata of just three maxi-maximal little groups;

SUp, 1 X Uy, SOgp_p SOgn_gx U, . (111.4.20)

Their strata are listed in Table 111.4.2.
Thus the results of the S0, case for absolute minima can be extended to
S0y, with SUXU, replaced by SU,_xU,, SOg by S0s, o, and SO,xU,; by

S0y, sxU,.

Maxi—maximal )

Little Group Singlet Form o g
p=[bb, - ba] 1+(n—1)r* 1

Pl et x=[00,--.0v] 2(1+(n—-1)r?)? | 2(1+(n—1)r?)
=000 -,0a]

SO0gp 3 x =100, ,0v] 1/2 1/2

¢ =00, ,0,0,a]

SOZTL—SX Ul X = [0,0' T ,O,U,O] 1/2 O

Table 111.4.2
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III.4.3 THE HIGGS POTENTIAL FOR SO(7) 21 + 7

The Higgs potential for this case is of the same form as eq. (I11.4.1) except

that the upper limit of the sum is now 7. But after the gauge transformation the

simplified v.e.v. of the fields take slightly different forms than before:

0 @

~g; 0O 0 0
" 0 ¢2 " "
_ —pz O
¢ = . 0 ¥s
—p3 0
0 0 0 0o
= [p1.eavs] .
XT = (X1.0.x2.0.X3.0.X4)
= [X1XeXaXa] -
Instead of eq. (II1.4.4) we now have
29 2 -
Vipx)=—M lez- _Z + X§)
i= =1

& 21\2 Al - 4
A(Ypf )+ El ¥ o
i=1 i=1

C
+ L0 0y
i=1

The orbit parameters are:

N 2 Pii it Prr P _ 2 Y i
(—Deyen)® (RYef)?

(111.4.21)

(111.4.22)

(111.4.23)
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- LTkl (111.4.24)
- R (ri+r§+1)? ' o
g= D Xi®ii P Xe YofxE
T e 2y ~ - 3
Lol LX) o (30 ) (3oxk + xD)
i=1
_ risf+risg+1 (111.4.25)

R(ré+rd+1)(sf+s5+1+s8)
with 7, = ¢;/ 93, 8 = X/ Xs. Bq. (111.4.7) can be used without change.

111 4.4 MINIMIZATION OF THE HIGGS POTENTIAL FOR SO(7) 21 + 7

As before we look for the strata of the maxi-maximal little groups to find
the boundary of the orbit space. First let us consider the route starting with
maximal little groups of 21. The maximal little groups of 21, and the associated

branching rules are:
a) SUsx SOsx Uy : (111.4.26)
21 = (1,3)(0)+(3,1)(0)+(1,1)(R)+(1,1)(0)
+(1,1)(-R)+(2,3)(1)+(.3)(-1)
7 = (L3)(0)+(2,1)(1)+(2,1)(-1)
b) SOsx U : (111.4.27)
21 = 1(0)+5(1)+5(~1)+10(0)

7= 1(1)+1(—-1)+5(0)



-05 -

c) SUsx U : . (111.4.28)
21 = 3(1)+3(—1)+1(0)+3(—2)+3(2)+8(0)

7= 1(0)+3(1)+3(-1)

The maxi-maximal little groups along each of the four sub-routes are:

sub-route a)
SUyx U, x U, : (111.4.29)
7 = 1[0,1]+1[0,0]+1[0,~1]+2[1,0]+2[1.0]
21 =1[0,1]+1[0,0]+1[0,-1]+3[0,0]+1[R,0]+1[0,0]
+1[—2,0]+2[1,1]+2[1,0]+2[1,—-1]+2[-1,1]+2[~1,0]+2[~1,~1]
S0s% U, (I11.4.30)
7 = 3(0)+1(1)+1(0)+1(0)+ 1(~1)
21 = 3(0)+1(1)+1(0)+1(=1)+1(1)+1(0)
+1(—1)+3(1)+3(0)+3(0)+3(~1)
sub-route b) :
S0, (11.4.31)
7T=14+1+b
21 = 1+5+56+10
SO, x Uy (111.4.32)

7 = (L,1)(1)+(1,1)(-1)+(1.1)(0)+(2.2)(0)
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21 = (1, 1)(0)+ (1, )(1)+(R.2A(1D)+(1,1)(-1)
+(2.2)(—1)+(1,3)(0)+(3,1)(0) +(2.2)(0)
sub-route c) :
Slg% Uy ; (111.4.33)
7 = 1(0)+3(1)+3(-1)
21 = 3(1)+3(—1)+1(0)+3(—2)+3(2)+8(0)
SU;x U : (111.4.34)
7 = 1(0)+1(0)+R(1)+1(0)+=(-1)
21 = 1(0)+2(1)+1(0)+2(=1)+1(0) +1(~L)+2(=1)
+1(R)+2(1)+1(0)+R(1)+=2(—1)+3(0)

Next let us consider the route starting with maximal little groups of 7. 7
has only one maximal little group, SOq. Following the same procedure, we obtain

the list of maxi-maximal little groups along this route: S0s,SUgx Uy, SOXU,.
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The total list of maxi-maximal little groups, the forms of ¢ and y which

transform as singlets under them, and the orbit parameters for them are listed

in Table I11.4.3.

Maxi—maximal .
Little Group g et . 'B
¢=[bb.a] 1+2rt
sszleUl X = [0,0,0.'U] W 0
¢ =[0b.a] 147t 1
SOSX Ul X = [0,0,’U,O] 2(l+7‘2)2 2(1+7‘2)
Y = [D,O,a]
SOs x=[00vo0] | R Ve
v =[0,0,a]
SO4X Ul X = [D,O.O.'U] o 0
p = [a,,a,a]
SUgx U, x =[0,0,0v] b °
P = [b,b,a] 1+2rt 1
SUgx U, x=[00v.w] | 2142737 | 2(1+2r%)(14s7)

Table 111.4.3
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The points and curves representing the strata of maxi-maximal little groups are
shown in Fig. I11.4.2,

Once again one easily finds that:
When A;> 0, B> 0, the absolute minimum occurs at the stratum of SUzxUy;
when 4,> 0, B,< 0, the absclute minimum occurs at the stratum of SUpxU, or
N0
when 4,< 0, B;> 0, the absolute minimum occurs at the stratum of SOxU,;

when 4;< 0, B,< 0, the absolute minimum occurs at the stratum of S0s.

]
a
5

0.5 L V4
=)

X
>
X

oN
=)
wn

o i ; Ll 1 ] 1 L

0.5

Fig. 1I.4.2
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In this example the relationship between the signs of 4; and B; and the
strata of the absolute minimum is most transparent. When B;> 0, # is chosen to
be zero and the minimum (maximum) value of « is chosen for 4,> 0 (4,< 0) to
yield the lowest potential minimum. When B;< 0, the maximum allowed value of
g is chosen to yield the lowest potential. The balancing between « and g is more
delicate in this case because more options are available along the convex curved
portion corresponding to SU,xU,. This property was used in ref. [20,21] to

minimize the potential.

The generalization to the S0,,,; adjoint + vector case is trivially done by
using the results of the SO, case with SUgx U, replaced by SU, xU,, SUXU, by
SUp XU, S05 by S0s,_,, and SOXU; by SOp, _oxU,. The strata of usable por-

tions of the boundary are listed in Table 111.4.4,

Maxi—maximal . ;
Little Group Singlet I'orm o g
p=[bb, - ba] 1+(n—1)r* 1
SUn—le] X - [O'O, 5 & ,O,'U,'U)] 2(1+(7L—1)T2)2 2(1+(n_1)7‘2)(1+52)
p =[0,0,---,0,a]
Sozn—l X = [0.0. P ,0,’1},0] 1/2 1/2
¢ =[0,0, - ,0,a]
SOZ‘n-—EXUI X - [0,0' S ,D.O,'U] 1/2 0
¢p=[aa, - ,oa]
SUHXUI sy [0.0. L. ,0,0,'U] 1/2n 0

Table 111.4.4
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II1.4.5 THE GEOMETRICAL SIGNIFICANCE OF MAXI-ITAYXIMAL LITTLE GROUPS

In CHII.4 we have seen that strata of maximal and semi-maximal little
groups, namely singular points and curves on the complete orbit space boun-
dary, are partially buried inside the projected orbit space used in the Higgs
problem. Though it is hard to visualize the complete orbit space, the points and
curves corresponding to some maxi-maximal little groups that are buried in the
projected orbit space in the examples of present chdpter are thought to lie on
the boundary of the complete orbit space. In this chapter we list the complete
set of basic invariants for the adjoint + vector representations of S0, and SOy,
and compute the ranks of the Jacobian determinants for each stratum of the

maxi-maximal little groups.

Let us consider S0,y adjoint + vector representations again. The complete

set of elementary invariant polynomials for them is:
Ag = Tro®= —23 pF Ay =Tro* =230 Ag= Tre®=-2)0f,  (1114.35)
Ag = Tre® = 22308, As = Eyjtimnoper 9ij Pt PmnPop Par = R°P 102030405,
C=Yx . (111.4.36)
Bz = Trxe®x = =21 xiefxi, Ba = Trxe*x = 21 xivix:, (111.4.37)
Bg = Trxp® = R xi¢fx: Be = Trxe®x = 2 xiedxi.

We have confirmed that at the strata of SO, SOxU, SUxSOsxU,;, and
SO0xSUgx Uy, the Jacobian determinant
8(0, g, 08, 05,82.84.86.88)/ 0(7 1.72,73,74,51,52,53,54) is of rank zero (i.e., eq (11.3.1)
is satisfied.), and at the strata of SOgx Ul; SO0xSUgx Uy, and SUXU,, the Jaco-
bian determinant is of rank 1 (i.e., eq. (I1.3.2) is satisfied.) with the orbit param-

eters deduced from the above invariant polynomials.
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For SO, adjoint + vector representations, the complete set of elementary

invariant polynomials is:

Ag = Tro? = —RY 08, Ay=Tro* =20t Ag= Tro® =218 (111.4.38B)
C=Yxf+xi (111.4.39)
By = Trxg® = Ry efXe. Ba = Trxe*x = R x:0i%:. (111.4.40)

Bg = Trxe® = —2) xiedxi.

with i running from 1 to 3. We also have confirmed that at the strata of
S0s, SO4xU,, and SUgxU,, the appropriate Jacobian determinant is of rank
zero, and at the strata of SOsxU,, SUgxU;xU,, and SUzx U, (with w = 0) it is of

rank 1; and at the stratum of SUgxU,, it is of rank 2.

The complete 3-dimensional orbit spaces of SO5 and SUg adjoint + vector

representations will be illustrated in CHIV.2.

1.4.6 COMMENTS

A careful reader may have noticed that the number of independent parame-
ters is less than the number of singlets for a given maxi-maximal little group
listed in egs. (111.4.12)-(I11.4.18) and eqs. (111.4.29)-(111.4.34). Generally, to specify
a point in the complete I-dimensional orbit parameter space we need ! parame-
ters. We can use ! dimensionless ratios of field components or ! independent
invariants with ||¢|| and ||x|| excluded for this purpose. These are the
relevant parameters in determining the dimensionalities of cusps, curves, and
surfaces of the complete orbit space. The most general stratum with full
independent parameters is called the generic stratum. Finding appropriate
field components to describe the generic stratum of a representation is a non-

trivial job [19] and the total number of them [38] is not necessarily small.



- 108 -
(Though Hilbert provided a systematic method of constructing a complete set of
basic invariant polynomials for a general representation it has not been worked
out explicitly except for adjoint representations of classical and exceptional Lie
groups [39] and a few other simple cases. To construct invariant polynomials
one needs a tractable method for computing Clebsch-Gordan coefficients, which

is not available yet.)

Lacking these important pieces of information we cannot but work with
singlets in practice. The stratum of a maximal little group of one irrep which has
one singlet occupies a null-parameter subspace, that is, a point. The stratum of
a semi-maximal (or maximal) little group of one irrep which has two singlets
normally occupies a one-parameter subspace, that is, a curve. The stratum of a
maxi-maximal little group which has one singlet from each of the two irreps
occupies a null-parameter subspace. The stratum of a maxi-maximal little group
which has one singlet from one irrep and two singlets from the other often
(though not always) occupies a one-parameter subspace. When there are more
singlets the stratum of a maxi-maximal little group occupies a higher dimen-

sional subspace, e.g., the SUzx U, of SO,.

However in many cases, especially for smaller little groups there tend to be
more singlets than the parameters needed to specify the stratum. This is
because the extra singlets can be removed by global gauge transformations. In
our dealing with adjoint representations so far we have used a diagonalized
matrix form to specify the fleld components. If the matrix which is invariant
under some subgroup contains some off-diagonal components, they can always
be grouped together (via group transformation) with diagonal components and
thus we see less parameters than we started with. (This simplification is
achieved by choosing appropriate group parameters, which we called ¥; in

CHI.R, and thus the maximum possible number of reduction is the number of
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group generators. If the dimension of the representation is D and the exact
number of reduction is [, then the dimension of the generic stratum, g, is
Dy =D — D, —1 for one irrep and J; = D — D, — 2 for two irreps. As far as we
know there is not yet a tractable way to compute D,.) Consequently these field
components that are grouped together appear as single entities in invariant
polynomials. In such cases the number of singlets is misleading in determining

the dimension of the stratum.
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CHAPTER IV COMPLETE ORBIT SPACES

Now that we have given the general procedure for minimizing the Higgs
potential the remaining problem is to survey the orbit spaces. Though most of
the fourth degree Higgs potentials contain only a partial list of the complete
orbit parameters, in more sophisticated problems more and more orbit parame-
ters are included. In this regard and for the sake of completeness it will be

instructive to survey the complete orbit spaces.

The general structure of the complete orbit space has been unveiled by a
group of mathematicians [15]. It has been known that the generic stratum occu-
pies some l-dimensional volume and the lower dimensional strata form the
singular boundaries of this volume. Equivalently the generic stratum occupies
an open, dense, topologically connected region and thus the boundaries must
belong to the lower dimensional strata. We demonstrate this and also that lower
dimensional strata always form the boundaries of higher dimensional strata in
the specific examples that we have worked out. That is, the "openness”
decreases as we go to lower dimensional strata and only the null-dimensional

stratum is truely closed.

IV.1 COMPLETE ORBIT SPACES OF ADJOINT REPRESENTATIONS

Let us briefly review some group theoretical results [40] to set up our nota-
tion. For the algebra of order N and rank (I+1) we choose a Cartan-Weyl basis,

so that the commutation relations assume the standard form:
[Hi.Hj]=O i, =18, - ,(L+1);

[Hi, Bl = 21 (0) B, a=1,8, -+ [ (N-1-1)/%; (IV.1.1)

i+l
[Ea- E—a] = izri(a)Hi:
=1
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[Ea Eﬁ] = NogEasp,

where Ngg # 0 only if r(a) + r(g) is also a root. The matrices are normalized such

that
TrH H; =1, TrEE_, =1,

with all the other combinations of matrices yielding zero. Furthermore the

roots r(«) satisfy the condition

Z'rf.(a)rj(a) = 5«;;;

Using the generalized Casimir operators derived by Racah [39], Gruber and
O'Raifeartaigh [41] have derived forms for the Casimir invariants that are more
useful in practice. It has also been known that the field components can be
reduced by a group transformation to ({+1) (number of rank) irreducible com-
ponents which correspond to H;'s in the Cartan-Weyl basis. Utilizing these

results we can readily write down the tractable form of each invariant.

The complete set of invariant polynomials for adjoint representations can

be obtained by using the matrix form for the fields,
@ = ﬁ vi X (IV.1.2)
i=1

where ¢; is the ith component of ¢ in vector notation and X; is the matrix
corresponding to the ith generator. Note that X; can be based on any represen-

tation. Using the notation
Iy = Tro™, (1Iv.1.8)

we list the complete set of invariant polynomials in Table IV.1.1 along with other

useful properties for each classical and exceptional Lie group. The ', of S0y, is
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of a form similar to A5 in eq. (111.4.35). Using the convention

¥ = Z%’Hi =[a;, ag 0, @, Q1 +1)]

(IvV.1.4)

where we have defined the square bracket as the diagonal elements of the

matrix, we can directly write down the orbit parameters in the following generic

form

b Tro™ ’
(Trp?)m/?
, _ RMayay oy
X = (Tr ooy ?
GROUP INVARIANTS ORDER RANK

S, I Ig, - L4, n(n +2) n
SO0sp 41 Io, Iy, -, Iap n(en+1) n
Spen Io, I, » - | Iop n(En+1) n
S0z, I Iy <0 Iopa I', n(Rn—1) n
Ge Iz, Ig 14 2
Fy {2, Ig, Ig, 112 o2 4
Eq Io, Is, Ig Ig, Ig, 112 78 6
By o, Ie, I, g, Inz, Tha, 1 133 7
Eg Ia. I8, 112, 1140 118, 20, T2, I30 =48 8

Table IV.1.1

(IV.1.5a)

(IV.1.5b)
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IV.1.1 GROUPS OF RANK TWO

There is only one orbit parameter for the adjoint representation of a group

of rank 2 and thus the orbit space is a line.

SuU(3)
We choose the vector representation for the basis of the matrices. The

stratum of each little group is represented as follows:

SUgxUj : 3= 1[-2] + 2[1], (IV.1.6)
¢ =[e.2,—Ra],
og = + 1/ VB,
Uxu, ¢ =[ab,—a-b] (IV.1.7)

a3+b3—(a+b)3
(a?+b*+(a +b)?)3/ 2"

Oz =

The orbit space consists of two end points corresponding to SUpx U/, and the

interior corresponding to U,xU;.

S0(5) and Sp(4)
We choose the 5-dimensional vector representation for the basis. The stra-

tumn of each little group is represented as follows:
SO0sxU, : 5=1[1] + 1[-1] + 3[0], (Iv.1.8)
¢ = [a,—2,0,0,0],

oy =1/2;
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SUU; 5 = 1[0] + 2[1] + 2[~1], (IV.1.9)

¢ =[e,—a,0,~a,0],

0y = 1/4;
UxU, : ¢=la, —a, b, -b, 0] (Iv.1.10)
- 2at+2b4%
7 (20”4207

The orbit space consists of two end points corresponding to SOgxU,,

SUzXx U, and the interior corresponding to Uy;xUj.

S0(4)
Although SO, may be considered to be a direct product group SUxSUs we

include it for completeness. We choose the vector representation for the basis.

The stratum of each little group is represented as follows:
SUxU, {2.8) = R[1] + R[-1], (Iv.1.11)

¢ =la,-a,a,-a],

O('g =4 1;
UxU ¢=la, —a, b, -b] (Iv.1.12)
b
=2
R = ® ogRiope

The orbit space consists of two end points corresponding to SU;x U, and the

interior corresponding to U,xU;.
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G(2)
We choose the 7-dimensional representation for the basis. The stratum of

each little group is represented as follows:

S0sxU, 7= 3[0] + R[1] + R[-1], (IV.1.13)
¢ =[a,-a,a,-a,0,0,0],
0g = 1/ 16;

SUxU] 7 = 1[0] + 1[2] + 1[-2] + 2[1] + 2[-1], (IV.1.14)
¢ = [Ra,0,—Rae,a,—a,a,—-a,],
0g = 33/ 1R88B;

Uxu, : ¢ = [2a,0,~Ra,a+b,a-b,—a+b,—a-b], (IV.1.15)

2(20)8+2(a +b)8+2(a —b )8
[2(Ra)?+R2(a+b)*+2(a—b)?]3

Og =

The orbit space consists of two end points corresponding to SO0sxUj,

SUzx U, and the interior corresponding to U;xU,.
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1Iv.1.2 GROUPS OF RANK THREE

There are two orbit parameters for the adjoint representation of a Lie

group of rank 3. The orbit space turns out to be a warped triangle.

SU(4) and S0O(6)
We choose the 4-dimensional representation for the basis of the matrices.

The stratum of each little' group is represented as follows:
SUsxU, : 4 =1[-3] + 3[1], (IV.1.16)

¢ =[a,a,a,-3a],

o=+ 1/ \/g,
oy =7/ 18,
SUXSUpxUj 4= (2,0)[1] + (1L2)[~1], (IV.1.17)

Y= [a'al—al—a]l

Og = D,
oy =1/4;
SUXU XU, 4= 1[1,1] 4 1[1,~1] + B[—1.0], (IV.1.18)

¢ =[e,a,b,—R2a-b],

2a3+b3—(2a +b)3

= + ,
e [2aR+b%+(Ra +b)?]3/?
e Rat+b*+(Ra+b)* |

*7 [2aP+bP+(2a+b )PP

U xU;xU, ¢ =[ab,c,—a-b-c], (Iv.1.19)



=111 =

o = & a8+b3+c8—(a +b +c)8
37 T [aP+bR+c?+(a+b+c )R]2

_ _a*+b*+c*+(atb +c)t
P [a?+b%+cB+(a+b+c *]R
The orbit space is shown in Fig. IV.1.1. It is a warped triangle. Two cusps
+P1 of [SUsxU,] and cusp P2 of [ SUzxSUzxU,] are connected by the curve of
[SUoxU;xU,;]. The cusps and the curve together form the boundary of the gen-

eric stratum of [ U;x U;x U, ] which occupies the interior.

04"

-PlI +Pl
Cl Cl
P l:SU5XU,
P2:SU,XxSU, XU,
Cl:SUxU;xU, po
r m T T —T | (13
-0.75 0.0 0.75

Fig. IV.1.1
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We choose the vector representation for the basis. The stratum of each lit-

tle group is represented as follows:

SO:xU,;

SUXSOX U,

SUgxU,

SUxU,xU,

7 =1[1] + 1[-1] + 5[0], (Iv.1.20)

¢ = [a,—,0,0,0,0,0],

oy =1/2,
g = 174
7=(1,3)[0] + (R, 1)[1] + (B, 1)[-1], (Iv.1.21)

¢ = [a,—a,e,—,0,0,0],

o, =1/4,
0(6 = 1/ 16,
7 =1[0] + 3[1] + 3[-1], (IV.1.22)

¢ =[a,—a,a,—a,a,—-a,0],

o, =1/6,
Kg = 1/ 36,
7=1[0,0]+1[0,1]+1[0,~1]+2[1,0]+2[~1,0]. (IV.1.23)

¢ =[a,—a,a,—a,b,-b,0],

_ _4a*+Rb*
(4a%+267)2 "

Qg = ___4_(1_'?_-’:_?_9_6—'
87 (40?4273
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SOxUXU, v=1[1,1]+1[1,~1]+1[-1,1]+1[-1,-1]+3[0,0],  (IV.1.24)
¢ =[a,-a,b,~b,0,0,0],

_ _Ra*+2b*
(2a®+2b?)R '

= 208+2b8
87 (2a%+26%)

U xUxU,; : v =[e,—a,b,-b,c,—c,0], (Iv.1.25)

— Rat4+2b%+2c%
*” (2aP+26%+20%)7 |

_ _Ra8%+2p8+2c"
(Ra®+2b%+2c?)3

The orbit space is shown in Fig. IV.1.2. It is again a warped triangle. Cusp P1
of [SOsxU,] and cusp PR of [SUxS0O3xU,] are connected by straight line L1 of
[SOgxUyxU,]. All three cusps including cusp P3 of [SUsxU,] are connected by
curve C2 of [SUgxU;xU,]. All the cusps and Ll and C2 together form the boun-

dary of the generic stratum [ U,;xU,xU,] which occupies the interior.

0.37
P1:SOzXU,

P2: SU,XS05XU,
% 1 P3:SUxU,

L1: SOgXUXU,
C2: SU,XU,X U,

Pl

0.5

Fig. IV.1.2



Sp(6)

We choose the vector representation for the basis.
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tle group is represented as follows:

SpyxU;

SUxSUXU,

SUgx U, -

SUXU XU, (A)

6 = 1[1]+1[—-1]+4[0],

¢ = [0,-2,0,0,0,0],

a, = 1/2,

0g = 1/ 4
6=(2.1)[0]+(L1.2)[1]+(1.R)[-1].
¢ = [a,-a,a,-a,0,0],

oy =1/4,

I
—
~N
=
o

Cg

o, =1/86,

g = 1/ 36
6=1[0,1]+1[0,—1]+2[1,0]+2[-1,0],
¢ =[a,~-a¢,a,—-a,b,-b],

- 4at+2b*
(4a®+Rb%)* '

4a8+2p8

%= (4a?+20?)

The stratum of each lit-

(IV.1.26)

(IV.1.27)

(IV.1.28)

(IV.1.29)
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SUpxUxUs (B) 8=1[1,1]+1[1,~1]+1[-1,1]+1[-1,-1]+2[0,0],  (IV.1.30)
¢ = [e,—a,b,-5,0,0],

- 20%+2b4%
(RaP+2b?%)R ’

i 2a%+2p8
87 (Ra®+202)3 "

Uy xU;xU; ¢ =[a,—a,b,—b,c,—c], (1v.1.31)
_ _Ro*+2b*+2c*
(Ra®+R2b%+2c?)?
_ _2a5%+2b5+2c"
(2a®+2b2%+2c?)3

The orbit space is shown in Fig. IV.1.3. As we can see from Fig. IV.1.2 and
Fig. IV.1.3 the orbit space of the Spg adjoint is identical to that of the SOy
adjoint. This identity persists between the Spgp, adjoint and the S0z, adjoint

for any n because the orbit parameters are identically defined. Only the labeling
of the little groups is different.

0.3 1
PI: Sp4x U‘ Pl
. | P2:suxsuxy,
6 1 P3:SULXU,

L I: SUzxU,x U, (B)
C2: SU;xUxU, (&) C2

0.5

Fig. IV.1.3
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1IV.1.3 GROUPS OF RANK FOUR

There are three orbit parameters for the adjoint representation of a Lie

group of rank 4. The orbit space turns out to be a warped tetrahedron.

SU(5)
We choose the vector representation for the basis of the matrices. The stra-

tum of each little group is represented as follows:
SUXU, 5= 1[-4] + 4[1], (IV.1.32)
¢ =[a,a,a,a,-4a],
ag = + 3/ V5,
oy = 13/ 20,
05 = + 51/ 40V5;
SUgxSUpxU; 5= (3,1)[2] + (1.2)[-3]. (Iv.1.33)
v = [Ra,2a,2a,—3a,—-3a],
og = + 1/V30,
oy =7/ 30,
as = + 13/ 30V30;
SUsx U xU; 5 =1[0,1]+1[-3,-1]+3[1,0], (Iv.1.34)

¢ =[a,a,a,b,—3a-b],

- 3a3+b3—(3a+b)3
87 [3aR+b%+(3a+b ]2 '
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- 3a*+b4+(3a+b)*
%~ [3a%+b%+(3a+0 )7 '

o = 3a%+b°—(3a+b)° |
®7 " [3a?+b%+(3a+b)E]/2

SUXSUpxU,xU, 5=(1,1)[—2.~2]+(1,2)[1,0]+(2,1)[0.1], (IV.1.35)

¢=[a,ab,b,—Ra-2b],

2a’+2b3—(2a+2b )3

3= * Tea?+262+(2a+2b )2 /2 '
_ _Ra*+2b*+(Ra+2b)*
[2a®+R2bR+(Ra +2b )*]*
e = i Ra’+2b°—(2a+2b)° |
[RaR+2b%+(2a+2b)°]/*
SUXUxUyxUy 5=1[0,1,0]+1[0,0,1]+1[-R,—1,—1]+2[1,0,0], (IV.1.38)

¢ =[a,a,b,c,—Ra—-b-c],

. 2a%+b3+c3—(2a+b +c)?
. [Ra®+b2+c?+(Ra+b +c )?]3/?

. Ra*+b*+ct+(Ra+b+c)*
* 7 [2aR+b%+cR+(Ra+b+c B’

2a°+b%+c®—(2a +b +c)°

% = * [2af+berci+(Ra+b+c )i 2
Ux Ty XU xU, ¢ =[ab,c.d—a-b-c—d], (Iv.1.837)
o al+b3+c8%+d3—(a +b +c +d)3
3

T 7 [aR+bR+cR+dP+(a+b +o +d)R]R

- _o%+b*+c+d*+(a+b +c +d)*
[a®+b2+cP+dP+(a+b+c+d)*]F '
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ag = a%+b%+c%+d®—(a +b +c +d)° :
[a®+b2+c2+d%+(a+b +c +d)?]>?

The orbit space is shown in Fig. IV.1.4. 1t is a thin warped tetrahedron.
Cusps + P1 of [SU,XxU,] and cusps + P2 of [SUgxSUzxU,] are connected by both
curves C1 of [SUsxU;xU,;] and curves C2 of [SUxSUxU;xU,]. The two curves
lie on the warped surfaces of [SUxU;xU;xU;]. All these cusps, curves and
surfaces together form the boundary of the generic stratum [U,xU,xU;xU;]

which occupies the interior.

The curves are all concave. One of the principal curvatures of each surface
is zero (the surface is flat in this direction) and the other is negative (the sur-

face is concave in this direction).



-PI

Cl Cl

c2 +P|

> C2 #P1:

+P2:

-P2 Cl c1:
Cc2:

+P2

Gy
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aglz]

)\as[x]

asl1]

6=60°
$=30°

SUXSUgXU XU,

F-0.6

+P|

The complete orbit space of the SUs adjoint representation. Shown at the upper
left corner is a view from the direction oriented 30° from the ag axis and 60°
from the oy axis. The numbers in the square brackets are the relative ratios of
scale. Each projection is a view from the positive direction of the axis not shown

in the picture. The dotted curves represent edges on the back (hidden) side of

the orbit space.

0.6

as

Fig. IV.1.4

+PI

Qg

Qg

0.6

+P|



S0(9)
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We choose the vector representation for the basis. The stratum of each lit-

tle group is represented as follows:

S0% U] ‘

SoﬁxSU.:x Ul :

SUXSUpX U,

SUXU;

9=1[1]+ 1[-1] + 7[0],

¢ = [2,-2,0,0,0,0,0,0,0],

o, = 1/2,
OLB = 1/ 8-

9 = (5,1)[0] + (1.R)[1] + (1.R)[-1],

¢ =|a,—o,0,—a,0,0,0,0,0],

oy = 1/4,
0g = 1/ 18,
g = 1/64:.

9=(3,1)[1]+(8,1)[-1]+(1,3)[0],

¢ =[a,—a,a,—-a,a,-a,00,0],

o, = 1/6,
g = 1/ 86,
og = 1/216;

9 = 1[0] + 4[1] + 4[-1],

(IV.1.38)

(IV.1.39)

(IV.1.40)

(IV.1.41)



SUsxU XU,

SUxSUxUx Uy

SUEXSOSX le UJ ’
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¢ =[a,—0,a,—-a,0,-a,a,-a,0],

oy, = 1/8,

og = 1/ 64,

ag = 1/512;

9=1[0,0]+1[0,1]+1[0,~1]+83[1,0]+3[-1,0], (Iv.1.42)

¢ =[a,~aa,-aa—ab,-b,0],

o = Bat+2b*

T (6aP+2p7)?

o = B8a0+2b°

97 (Ba?+2b%)3

o = Ba0+28°

8~ (6a?+20%)* '

9=(1,1)[0,0]+(2.1)[1,0]+(2.1)[-1.0] (1V.1.43)

+(1,2)[0,1]+(1,R)[0,-1],

¢ =[a,—a,a,—-a,b,—b,b,~b,0],

T

7 (40R+4bRR

o = 4a8+4b8

°7 (4aP+4b?)3

o = A0t+abd

87 (40?+4b?)t "

9=(1,1)[0,1]+(1,1)[0,~1]+(2,1)[1,0] (IV.1.44)

+(2,1)[—1,0]+(1,3)[0.0],



SOXU XU,

SszleleUl (A) »

SUz)(UlXUIXU] (B) i
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¢ =[e,—a,a,—a,b,—5,0,0,0],

_ 4a%+2b*%
% (aaP+2077 '
_ 4a5+2p8
%6 = (4a?+262) '

4084258

= (4a?+RbR)% ;
9=1[1,0]+1[-1,0]+1[0,1]+1[0,—1]+5[0,0],
¢ =|a,—z,b,-b,0,0,0,0,0],

_ Ra*+Rb*
%= (2ar2p?) !

_ 2a%+2b8
% = (2a?+2b2)3 '

_ 2aB+2p8
%8 = (2atr2p)t

9=1[0,0,0]+1[0,1,0]+1[0,~1,0]

+1[0,0,1]+1[0,0,—1]+R[1,0,0]+2[-1,0,0],

g =la,—a,a,—-ab,-b,c,—c,0],

_ 4at42bt+2ct
%" (4atr 2242028 |
_ 4a%+26%42¢8
% = (4a+2b%+2c%)° '

4a08+2b842¢8

%8 = (4a®+2b2+2c)t '

9=1[1,0,0]+1[-1,0,0]+1[0,1,0]+1{0,-1,0]

(IV.1.45)

(IV.1.46)

(IV.1.47)
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+1[0,0,1]+1[0,0,—1]+3[0,0,0],

;0 = [a’—alb '—b & ,—C ,0,0,0]'

B
(2a®+2b%+2c?)? ’

- 2a%+2b%+2c8
(Ra®+2b%+2c?)3

&g

_ _RaBf+2p%42c%
87 (2aR+2b%+2c3)%

UxU;xU;xU; : ¢ =[ae,—a,b,~b,c,—c,d,—d,0], (IV.1.48)

- _Ra*+2b%+2c*+2d*
(2a®+2bR+Rc?+2d%)?

_ _Ra%+2b%+2c5+248
(Ra®+2b%+2c?+2d?)3 ’

Xg

_ _Ra®+2p%42c%42d%
(2aR+R2b%+2c?+Rd%)*

The orbit space is shown in Fig. IV.1.5. It is a thin and sharp tetrahedron.
Cusp P1 of [SO;xU,] and cusp PR of [SOsxSUyx U, ] are connected by curve C1 of
[SOsxUxU,]. Cusp P3 of [SUsxSUzxU,;] and cusp P4 of [SUsxU,] are con-
nected by curve C2 of [SUzx U;xU,] which connects also P1 and P4. PR and P4
are connected by curve C3 of [SUxSUpxU,xU;]. P1, PR and P3 are connected
by curve C4 of [SUxSO3xUxU,]. The stratum of [SUx U;xU;X U, (B)] occu-
pies the warped triangular surface P1-P2-P3 bounded by C1 and C4. The stratum
of [SUxU,xU,xU; (4)] closes the rest of the boundary of the generic stratum

[UxU;xU;xU,] which occupies the interior.

Cl1 and C3 are convex plane-curves and C2 and C4 are concave space-
curves. Surface P1-P2-P3 is convex along its length but it meets with a

o,= constant plane along a straight line. All the other surfaces meet with a
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o= constant plane along concave curves. Surface P1-P3—P4 is totally con-
cave. Each of surfaces PR—P3—P4 and P1-P2-P4 have two principal curvatures

of opposite sign, i.e., the surfaces are saddle-shaped.

a,l1]

Qg
0.125

0.125

0.25 0.25J

Fig. IV.1.5

The complete orbit space of the SOg adjoint representation. Shown at the upper
left corner is a view from the direction oriented 55° from the g axis and 55°
from the o, axis. The numbers in the square brackets are the relative ratios of
scale. Each projection is a view from the positive direction of the axis not shown
in the picture. The dotted curves represent edges on the back (hidden) side of

the orbit space.
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Sp(8)
We choose the vector representation for the basis, The stratum of each lit-

tle group is represented as follows:
SpexU; @ B=1[1] + 1[-1] + 6[0], (IV.1.49)

¢ = [a,—2,0,0,0,0,0,0],

0, =1/2,
0g=1/4,
0g=1/8;
SpxSUpxU, © 8= (4,1)[0]+(1.2)[1]+(1,R)[-1], (IV.1.50)

¢ = [a,—0,02,-2,0,0,0,0],

oy =1/4,
og = 1/ 16,
og = 1/ 64;
SUgxSUpxU; : 8= (3,1)[1]+(3,1)[-1]+(1,2)[0], (IV.1.51)

¢ =[a,~c.a,—a,a,—a,00]
o, =1/6,

og = 1/ 36,

og = 1/216; -

SUXU, @ B=4[1] +4[~-1], - (IV.1.52)
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¢ =[a,—a,a—-a,0-aa-a],

oy = 1/8,
og = 1/64,
ag = 1/512;
SUxUxU, . 8=1[0,1]+1[0,~-1]+3[1,0]+3[-1,0], (Iv.1.53)

¢ =|e,—a,a-aa-ab,-b],

o, = Bat+2b*
7 (BaP+2bR)R

e 6a5+25°
97 (6a?+2b?)8 "

i 6a®+268
87 (6a?+2p%)t

SUxSUpxUyxU; (4) © 8= (1,2)[1,0]+(1,2)[-1,0]+(2.1)[0,1]+(2.1)[0,~1], (IV.1.54)

¢ =[e,—a,a,-ab,-bb,-b],

e 404+4b%
*7 (40P+ap?)R
oy 2= 4a8+4b8
87 (40R+4b?)3 "
o 2 4a8+4b8
87 (40%+4b?)t "
SUxSUpxU;xU; (B) 8= (1,1)[0,1]+(1,1)[0,-1]+(1,2)[0,0] (IV.1.55)

+(2,1)[1,0]+(R,1)[-1,0],

¢ = [a,~a,a,—a,b,~b,0,0],
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SUpx U xU;xUy (A)

SUxUxU,xU, (B) :
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4044254

4a8+2p8

6~ (aa%+202)3 '

o = 4a8+268
87 (4a?+2b2) "

8 = 1[1,0]+1[—1,0]+1[0,1]+1[0,-1]+4[0,0],
¢ = [a,~a,b,~b,0,0,0,0],

o, = 20%4+2b*
4 (2a®+2b%)° '

o = 2a68+2p8
87 (2a®+2b%)3 "

Rab+268
(2a?+267)% °

8 = 1[0,1,0]+1[0,~1,0]+1[0,0,1]+1[0,0,~1]

+2[1,0,0]+2[-1,0,0],

¢=[a,—a,a-ab,~b,.c,—c],

o = 4at+2b%+2c*

7 (407+2b%42cR)R
o = _205+R26%+2c8

57 (4a®+2bR+2¢?)8 "
e = 408+268+2c8

87 (4aR+2b+2cR)%

8 =1[1,0,0]+1[~1,0,0]+1[0,1,0]+1[0,~1,0]

+1[0,0,1]+1[0,0,-1]+2[0,0,0],

(IV.1.56)

(IV.1.57)

(IV.1.58)
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¢ =[a,—a,b,~b,c,—c,0,0]

Rat+2b%+2c?
(Ra*+2b*+2c*)R

4:

Rab+266+2c8
(Pef+2b°4+230%)° *

6:

2a8+268+2c8
{(Rn?+2b2%+20%)t

g =

UxUxUxU, : ¢=[a,—ab,~b,c,—c,d—d]

o = Rat+2b%+2c*+2d*

7 (20R+2b%4+2cR+2dR)R
e 2a8+2b6+2c6+2d8

87 (20R+2b%+2c%+2d7)3
= Ra+26%+2c04+2d8

87 (2aP+2b+2c?+2d?)t

(IV.1.59)

The orbit space is shown in Fig. IV.1.6. Again it is identical to the S04 case.

Thus we omit further details.
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a4[1] a,

057 Pl
agl?]
6=55°
=55°
’ P27 C2
C4§
P3—f~+—C3
: A
P3: SULXSUXU, C27|'pP4
P4: SUXU,
C1: SpXU,xU,
C2: SUXU,XU, s
C3: SUxSU.XU,XU,(A) : - - . .
Pl C4: SUXSUXU,xU,(B)

0.125

10.25 0.25 ]
Qg Qg

Fig. IV.1.6

The complete orbit space of the Spg adjoint representation. It is identical to

that of the SOg adjoint.
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S0(8)
We choose the vector representation for the basis. The stratum of each lit-

tle group is represented as follows:
SOgxU, © B=1[1]+ 1[-1] + 6[0], : (Iv.1.60)

¢ = [2,-2,0,0,0,0,0,0],

o, = 1/2,
ag = 1/4,
o'y =0
SOXSUXU, @ 8= (211)[1]+(R,1,1)[-1]+(1.2,2)[0], (Iv.1.61)

¢ = [a,—a,a,-2,0,0,0,0],

oy = 1/ 4,
og = 1/ 186,
o'y = 0;
SUXU; : B=4[1] + 4[-1], (IV.1.8R)

¢ =|c,—a,e-a,0—-aac—-al,

o, = 1/8,
g = 1/ 64:,
oKy =+ 1/4

SUxU;xU, :  8=1[0,1]+1[0,~1]+3[1,0]+3[~1], (Iv.1.83)
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¢ =la,~0,a,—-a,0,-ab,-b],

o = Bat+2b?

7 (6aR+2bR)R
o = 6a8+2p0

5~ (6a+pb3)® ’
o= 4 2%q3p |

* (6a2+2b%)?

SUXSUpxU;xU; : 8= (2,1)[1,0]+(2,1)[~1,0]+(1,2)[0,1]+(1,2)[0,~1], (IV.1.64)

¢ =la,~a,0,—-a,b,~-b,b,—b],

_ _4a'+4b*
47 (aaP+ab2?
o = altabd
87 (407 4?8
O i L
¢ (Ga?rap?)?

SOXUXU; 8= (1,1)[1.0]+(1,1)[~1,0]+(1,1)[0,1]+(1,1)[0,~1] (IV.1.65)
+(2.2)[0.0].
¢ = [a,—a,b,-5,0,0,0,0],

o = 2at+2b4
* 7 (202+2b7)2

2a8+2p8

6~ (2alrand)® '

SUpxU;xU;xU; : B=1[0,1,0]+1[0,~1,0]+1[0,0,1]+1[0,0,-1] (IV.1.66)
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+2[1,0,0]+2[—1,0,0].
¢ =[a,—o,a,—ab,-b,c,—c],

_ _4a*+2b%*+2c*
(4a®+2b%+2c%)?

4

o = 4a5+2b%+2¢8
87 (40”+2b%+2c%)°

o 2%4q2he i
* (4a®+2b%+Rc?)R ’

UxUxUxU; : ¢=[a,—ab,~b,c,—c.d,—d], (Iv.1.87)

_ 20%+2b%+2c%+2d*
(2a?+2b”+2c?+2d%)?

_ _Ra%+2b%+2¢5+2d"
(Ra®+Rb%+2cR+Rd%)8 '

g

ol = Rtabed )
7 (2aR+2b%+2c?+2d?)

The orbit space is shown in Fig. IV.1.7. It is a warped tetrahedron. Cusp P1
of [SOgxU,] and cusp P2 of [SO,xSUzxU,] are connected by line L1 of
[SO0xUxU,]. Cusps +P3 of [SU,xU,] and PR are connected by line I2 of
[SUaxSUxUyxU;]. P1 and +P3 are connected by curve C3 of [SUsxU;xU,].
The stratum of [SUxU;xU,xU,;] closes the boundary of the generic stratum

[UxUxU,;xU,] which occupies the interior.

The projected orbit space o,—0g is not closed by the one-dimensional strata
L1, 12 and C3. The concave punctured portion belongs to the two-dimensional
stratum. This is related to the fact that the triangular surface P2 — +P3 — —P3
is convex in the direction +P3 -» —P3 but concave in the direction normal to it.
All the surfaces that contain cusp PR are saddleshaped. Surface

P1 — +P3 — —P3 is totally concave.
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+P3 . a:P3
ain 5 )
C3
a 1] agltl L2 LI
6=90° \
¢=32° NN
P2 =PI Cc3 /
L2—
P1: SOgXU, C3
P2: SOXSUgXU,
+ P3: SU‘XUI ]
L1: SOJU,XUI J
L2: SUxSUXU,XU,
C3: SU’xU’le1 -P3
-P3
0.3 0.3
a’ ' ‘ ' ' ‘ ' ' as
+£3 L2 4 L2 -p3 1 +P3
C3 c3—
1 surface:
P2\\ L2
c3 1 c3 T C3
P2
= LI
a,” Pl 0'5&‘ Pl
Fig. Iv.1.7

The complete orbit space of the S0g adjoint representation. Shown at the upper
left corner is a view from the direction oriented 3R° from the o, axis and 90°
from the o'y axis. The numbers in the square brackets are the relative ratios of
scale. Each projection is a view from the positive direction of the axis not shown
in the picture except for the one viewed from the —og axis. The dotted curve

represents edges on the back (hidden) side of the orbit space.
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F(4)
We choose the 26-dimensional representation for the basis. The stratum of

each little group is represented as follows:

SOXU; : (1v.1.68)
R6 = 1[0]+1[R]+1[—R]+7[0]+8[1]+8[—-1]
¢ = [Ra,—Ra,Ba's, 8(—a)'s, BO's]
og = 1/96,
og = 11/ 6912,

oy = 19/ 442368 ;

Spex U, (IV.1.69)

26 =6[1] + 6[—1] + 14[0]

p=[Bas, 6(-a)s, 140's]

og = 1/ 144,
og = 1/864,
0y = 1/ 124416 ;
SUXSUxU, (4) (IV.1.70)

26 = (8,1)[0]+(3,2)[ 1]+(3,1)[-2]+(B.2)[-1]+(3.1)[2]

p=[6as,6(-a)s,3(2a)s, 3(—Ra)'s, 80s]

0g =11/ 1296 ,
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og = 43/ 46656 ,
Q2 = 683/ 60466176 ;

SUXSUXU, (B) (Iv.1.71)

26 = (1,1)[0]+(1,2)[3]+(1,R)[-3]+(1.3)[0]
+(3,1)[-R]+(3.2)[1]+(3.1)[R]+(3.2)[~1]
¢ =[2(3a)s, 2 (-3a)'s, 6as, 6(-a)s,
3 (2a)'s, 3(—2a)'s, 4 0's],
og = 23/ 2592,
o = 193/ 186624 ,
&2 = 14933/ 967458816 ;
SOsx U XU, (IV.1.72)
26 = 1[0,0]+1[2,0]+1[—2,0]+1[0,2]+1[0,—2]
+5[0,0]+4[1,1]+4[1,—-1]+4[-1,1]+4[-1,-1],
¢ = [Ra,—Ra,2b,~2b, 6 O's,
4 (a+b)s, 4 (a=b)'s, 4 (~a+b)'s, 4 (—a—b)s],

_ R(Ra)*+2(2b)8+B(a+b)8+B(a—b)8

% = T2(2a)7+2(26 )2+ B(a +b )?+8(a—b )2 '
_ R(Ra)®+2(2b)8+8(a+b)%+B(a—b)8
% = T2(20)%+2(26 )2+ 8(a +b P+8(a—b)e]*
_ 2(2a)"?+2(2b )2+ B(a+b)+8(a~b)12
Kz =

[2(Ra)?+R(2b)*+B(a+b)*+B(a—b)?]® '
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SngSszle Ui ¥ (IVI?B)

26 = (1,1)[2,0]+(1,1)[0,0]+(1,1)[-R,0]+(1,3)[0,0]
+(2,1)[0,1]+(R. 1)[0,—1]+(1,2)[ 1, 1]+(1,R)[1,-1]
+(2,2)[1,0]+(1,2)[-1,1]+(1.2)[-1,—1]+(2.2)[—1.0] ,

¢ = [Ra,—Ra,b,b,—b,~b,(a+b),(a+b),(a=b),(a-b),
(-a+b),(—a+b).(—a-b),(-a-d), 4as, 4(-a)s, 40s],

2(Ra)8+4b%+4(a+b)8+4(a—b)%+Bal

Xxg = - )
87 [2(2a)?+4b%+4(a +b )*+4(a—b )?+Ba?
i 5 2(2a)8+4b8+4(a +b)%+4(a—b)8+Ba®
87 [2(2a)2+4b%+4(a +b )?+4(a—b )?+Bal]* '
o = 2(2a)P+4b®+4(a +b )% +4(a—b)*+B8a®
27 [2(2a)?+4b?+4(a +b )?+4(a b )?+Ba?]s '
SUzx UyxU; (A) : (IV.1.74)

26 = 3[1.1]+5[1.—1]+3[;1,1]+§[—1,~1]
+3[0,-2]+3[0,2]+8[0,0]
¢ =[3(atb)s, 3 (a-b)s, 3(—a+b)'s,3(-a-b)s,
3 (2a)'s, 3(-2a)'s, 8 0's ]

6(a+b)8+6(a—b)8+6(2a)8

8= [6(a +b)*+6(a—b)*+6(2a)*]?
6(a+b)8+6(a—b)8+6(2a)8
" [6(a+b)%+6(a—b)?+6(2a)?]*
_ 8{a+b)®+6(a—b)R+6(2a)?
(45T

"~ [6(a+b)?+6(a—b)R+6(2a)?]¢
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SUsxU;xU, (B) : (IV.1.75)

26 = 1[2,0]+1[0,0]+1[—2,0]+1[0,0]+3[0,2]+3[0,-2]
+1[1,3]+8[1,-1]+1[1,-3]+3[1,1]
+1[-1,3]+3[~1,-1]+1[~1,-3]+3[-1,1] ,

¢ = [2a,0,—2a,0,3 (2b)'s, 3 (—2b)'s,
(@+3b), 3 (a—b)'s,(a—Sb), 3(a+b)s,
(—a+3b), 3 (—a—b)'s,(~a—3b), 3 (~a+b)'s],

2(2a)9+6(2b)%+2(a+3b)%+2(a —3b)%+6(a +b )8+6(a —b )8

%6 = T2(20)7+6(26 )2+2(a +3b)2+2(a—3b )+ 6(a +b )2 +6(a b ) ]° '
o = 2(2a)8+6(25)8+2(a +3b)2+2(a—3b)8+6(a +b)8+6(a —b )®
87 T2(2a)?+6(2b)?+2(a+3b )2 +2(a —3b )?+6(a+b )2 +6(a —b )?]*
o = 2(2a)?+6(2b )% +2(a+3b) *+2(a—3b)P+6(a+b)?+6(a —b)®
127 T [2(2a)?+6(2b)?+2(a+3b)2+2(a —3b )?+6(a+b )2+6(a —b)?]8
SU X UyxUyx Uy (A) (IvV.1.78)

26 = 1[2,0,0]+1[0,0,0]+1[—R,0,0]+3[0,0,0]+1[0,1,1]
+1[0,1,-1]+1[0,—-1,1]+1[0,-1,-1]+R2[1,1,0]+R[1,-1,0]
+2[1,0,1]+2[1,0,-1]+2[~1,1,0]+2[~1,-1,0]
+2[-1,0,1]+2[-1,0,—1],

or 2(22)8+2(b+c)8+2(b—c)5+4(a +b)8+4(a —b)5+4(a +c )8+4(a—c)®
8~ [2(2a)?+2(b +¢ )2+2(b—c )P+4(a+b)*+4(a—b)2+4(a+c )P +4(a—c )F]°

i = 2(2a)842(b +¢ )2+2(b —c )P+4(a +b)8+4(a —b)P+4(a+c )P+4(a —c)®
87 [2(20)2+2(b +¢ )2+2(b—c *+4(a+b P+4(a—b)2+4(a+c )P+4(a—c *]*
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i = 2(2a)®+2(b +¢ ) ?+2(b—c) P+ 4(a +b ) P+4(a —b) P+4(a+c ) P+4(a —c )1?
7 T12(2a)2+2(b+¢ )2+2(b —c P+4(a+b)*+4(a—b )2 +4(a+c P+4(a—c )FS '

SUxUxUxU, (B) : (Iv.1.77)

26 = 1[2,0,0]+1[0,0,0]+1[—2,0,0]+1[0,0,2]+1[0,0,0]
+1[0.0,—2]+2[0,1,0]+2[0,—1,0]f1[1.1,1]+1[1.,1,—1]
+1[1,-1,1]+1[1,—1,-1]+2[1,0,1]+2[1,0,~1]+1[~1,1,1]
+1[-1,1,-1]+1[-1,-1,1]+1[-1,-1,-1]+R[-1,0,1]+R[ -1,0,-1]

2(Ra)8+2(2¢ )+4b%+4(a +c )+4(a—c)®

+2(a+b +¢ )*+2(a+b —c)B+2(a—b +c )5+2(—a +b +c )E
2(2a )2+2(2¢ )+ 4b*+4{a+c )*+4(a—c )?

+2(a+b +¢ Y*+2(a +b —¢ Y*+2(a—b+c )*+2(—a+b +c)?

Kg= SEE)

2(2a)8+2(2¢c )8+4b8%+4(a+c )8+4(a—c)8
+2(a+b+c)®+2(a+b—c)8+2(a-b +c)B+2(—a +b +c)B

2(2a )?+2(2¢ )*+4b%+4(a+c)?+4(a —c )?
I+2(a +b+¢ P+2(a+b—c *+2(a—b +c)?+2(—a+b+c)?

4

p—

[ 2(20)2+2(2¢ ) B+4b B+4(a +¢ ) P+4a(a—c )P

l+2(a +b+¢)R+2(a+b—c )P+2(a—b+c ) P+2(—a+b +c)1?
2(2a)?+2(2¢ P+4b2+4(a+c )B+4(a—c)? .

+2(a +b +c *+2(a+b —¢ )?+2(a—b +¢ )2+2(—a +b +c )?

Nyp=

UxUxU,xU; : (IV.1.78)

¢ = [2a,0,-Ra,2c,0,—Rc,b+d,b—d,-b+d,-b—d,
a+b+c,a+b—c,a-b+c,-a+b+c,—a-b—c,—a-b+c,
—a+b—c,a-b—c,oc+c+d,a+c—d,a—c+d,—a+c+d,

—a—-c¢—d,—a—c+d,—a+c—d,a—c—d]
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where we omitted the expressions for ag, ag, and ;2.

The orbit space is shown in Fig. IV.1.8. 1t is a very thin warped tetrahedron.
Cusp P1 of [SO,xU;] and cusp PR of [Spstl] are connected by curve Cl of
[SOsx U xU,]. Cusp P2 and cusp P3 of [SUsxSUyx U;(A4)] are connected by curve
CR of [SUaxU,xU(4)]. P1 and cusp P4 of [SUzxSUzxU,(B)] are connected by
curve C3 of [SUsxU;xU;(B)]. All the cusps are connected by curve C4 of
[SUXSUxU,xU,]. Surface S1 (P1-PR-P3) and surface S2 (P2-P3-P4) belong to
the stratum of [SUXUxU;xU,(4)]. Surface S3 (P1-P3-P4) and surface S4 (P1-
P2-P4) belong to the stratum of [SU,xU,;xU,;xU,(B)]. The interior is occupied

by the generic stratum of [U;xU;xUxU,].

CR and C3 are convex plane-curves. Cl and the portion of C4 between P3
and P4 are concave space-curves. The other portions of C4 are convex space-
curves. Surface Pl — P3 — P4 is totally concave. All the other surfaces are

saddle-shaped.
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P4 g2 PI

P2 ] c3

agl10] | Ci
C3

P
1072 4
/k P1: SOXU, cz
P2: Sp

SpexU, )

P3: SULXSUSXU, (A

asl25] a3l01] P4: sugcgugg:és) 1p2
C1: 505m1xU1
G B
¢=45° 3: XU XU, ' . == .
Pl 4 supxsUXUXU, 0. 1074 0.4

Gz

a . . 2 0.5 0.5

P2 P2 ik

P4 I | PAN C|
cl 1073 4078

Cc3

Pl Pl

L1.s 1.5
ag Qg

Fig. IV.1.8

The complete orbit space of the F, adjoint representation. Shown at the upper
left corner is a view from the direction oriented 45° from the og axis and 50°
from the og axis. The numbers in the square brackets are the relative ratios of
scale. Each projection is a view from the positive direction of the axis not shown
in the picture. The dotted curves represent edges on the back (hidden) side of

the orbit space. The unlabeled curves are all portions of C4.



-141-
IvV.1.4 COMMENTS

In the previous examples we have observed that the orbit spaces for the
adjoint representations of S0,,,,; and Spp, have identical geometrical shapes.
Another interesting observation is, as Michel [11] pointed out, that the orbit
spaces of some representations of finite groups have also identical shapes to
them. For example, the orbit space for the vector representation of the
octahedral group 0, is identical to that of S0, adjoint. The basic set of invari-

ants are Ip=pf+pf+0s, I,=pt+oitod Ig=pf+pf+ef. The orbit space is depicted

in Fig. IV.1.9.
1 prc
© Y4y
P2: Cav Pl
@6 /4 P3: Cj,
} LI:C,
c2:C, Co LI
P2
P3~ C2
1 LN 1 A &5
Qs/2

Fig. IV.1.9
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Another interesting observation is that the orbit space for the adjecint
representations of SUy has the same geometrical shape as that of the sym-
metric tensor representations of SOy. For example let us consider the traceless
symmetric tensor of S0s, ¢;;. The basic set of invariant polynomials consists of
Tr¢?, Trygd, Trg* and Try®. Since gy is a real symmetric matrix, it can be diag-
onalized [19] by an orthogonal transformation. Thus the orbit space is identical
to the SU; adjoint. It is depicted in Fig. IV.1.10. Note that the little group of the

generic stratum is the null group.

P1:SU,xSU,
P2:S0,xU,
Cl:SO4
Cl c2:uxy,
surface: U,
interior: null

Fig. IV.1.10
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The most interesling observation is that the orbit spaces for the adjoint
representations of Lie groups of the same rank all have similar geometrical
shapes, namely straight line for groups of rank two, triangle for groups of rank
three, tetrahedron for groups of rank four, and so on. This implies that there is
an interesting relationship between the degree of polynomial invariants and the
shape of the orbit space. For example, SUs adjoint has only two maximal little
groups but odd degree invariants such as /3 and /5 duplicate the number of
cusps providing the third and fourth cusps needed to build a tetrahedron. But
for the adjoint representations of all the other groups of rank four there are
four maximal little groups and their invariants are of even degree yielding only

four cusps, just enough to build a tetrahedron,
It will be both interesting and important to see if our last observation holds
generally: Is it true that a three-dimensional orbit space of an irreducible

representation is always a warped tetrahedron?
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IV.2 TWO IRREDUCIBLE REPRESENTATIONS

The orbit spaces of two irreducible representations are normally high
dimensional because after one of the representations is simplified only a small
number of group parameters (which were called 9¥9; in CHI.2) are left for further
simplification of the other representation. We have found two cases where the

orbit space is three dimensional, SUjs adjoint + vector and S0O5 adjoint + vector.

Iv.2.1 SU(3) ADJOINT + VECTOR REPRESENTATICNS

Using the same notation as in CHIIIL. 3, the orbit parameters are:

Yed

Qg = W (Iv.2.1)

8= ZX;%)G B,= ZX;SO? Xi
! (ZS"?)UE(EX-;')&)' # (2501:2)(2)(1’)(11)'

(Iv.2.2)

The stratum of each little group is represented as follows:
SUp : B=1+2+2+3 (Iv.2.3)

3=1+2,
¢ =[a,a,—-Ra],
x =[0,0,c],
ag = + 1/ V8,
B, = + 2/ VB,
Bz =2/3.

U, : ¢=[ab-a-b] (Iv.2.4)
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x =[0.0.c],

g = (aB+63—(a+b)3)/ (aP+b2+(a +b)3)¥?,
B1=—(a+b)/ (a®+b%+(a+b )}V
Bo=(a+b)%/ (aP+b*+(a +b)?),

The generic stratum is represented by eqgs. (IV.2.1-2) and its little group is the
null group. Can a curve confine a three-dimensional volume? The answer is no
and thus the stratum of the null group must confine itself. The volume is
extremized when either x; or xz is equal to zero with all the other components
non-zero. The orbit space is shown in Fig. IV.2.1. The strata of SUj;, namely the
cusps, are the most protrudent as we might guess from the fact that they satisfy
th.e most singular boundary conditions. The stratum of U;, namely the curve, is
the next most singular. This may lead us to expect that such hierarchical rela-
tionship would be a prominent feature of the orbit space of two irreps. But as we
shall see in the next example the strata of a lower level little group can be as

singular as the higher level ones.
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6="72°
$=—18° Bz
0.75

aa[‘-]

SU,

SUe ]
U, U\x
Bz _ —  ag
0.75 0.5
U
! 10.75 U; 3
0.75 SUg
SUg
B, B1
Fig. IV.2.1

The complete orbit space of the SUg adjoint + vector. Shown at the upper left
corner is a view from the direction 18° from the #; axis and 72° from the g; axis.
The dotted lines are hidden lines. The numbers in the square brackets are the
relative ratios of scale. Each projection is a view from the positive direction of
the axis not shown in the picture. Here the dotted lines are portions of the

boundary belonging to the null group stratum. Thus the hidden curves are drawn

solidly.
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IV.2.2 SO(5) ADJOINT + VECTOR REPRESENTATIONS

Using the same notation as in CHIIL 4, the orbit parameters are:

PNy

T 2008
_ Yxeix 8= P Xepix
YD Oxaxitxaxs) - (RYeAE(X XX +Xaxs)

Bz

(IV.2.h)

(IV.2.8)

where ¢ runs from 1 to 2. The stratum of each little group is represented as fol-

lows:
S03: 10=1+3+3+3,

5=1+1+3
v = [a.0],
x = [¢.0,0],
oy =1/8,
B =1/2,
By=1/4.
10 = 1(0)+1(R)+1(—R)+3(0)+2(1)+R(-1),
5= 1(0) + 2(1) + 2(-1),
¢ =[a,a]

x =[0,0,c].,

(IV.2.7)

(1V.2.8)
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oy =1/4,
f2=0,
Bs=0
Uxu, : (1Iv.2.9)
¢ =[ab]
x =[0,0,c]

oy = (Ra* + 26%)/ (2a® + 2b?)?,

U (IV.2.10)
¢ =[ab]
x =[0,c.d]
g = (Rat + 20%)/ (2a® + 2b7)?,
Bz = (b%c®)/ (2a® + 2b®)(c? + d?),
Ba = (b%c®)/ (Ra® + 2b%)3(c? + d?),

The generic stratum is represented by eqs. (IV.2.5-8) and its little group is the
null group. The stratum of U; is two-dimensional and thus has a chance to
enclose the whole volume. The U, stratum occupies the surfaces represented by
dotted lines in Fig. IV.R.2, but the surface represented by solid lines is a part of

the generic stratum. This is in contrast to the case of one irrep where there was
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no mixture of this kind. That is, equally singular surfaces consist of both the
stratum of a maxi-maximal little group and a lower level one. Though the portion
of the surface belonging to the null group is more singular than the interior
there is no way to distinguish them because there is no more subgroup left. The
volume is extremized when either y, is equal to zero (U,;) or xs is zero (the null

group) with all the other components non-zero.

Ay
Uy
0.5 S0,
U,XU,
U,
SUXU; 1
B4
0.25
SX0;
SUXU X
05 uxu, [/ Al UixU, 0.25
ay = * By
Uy U,
U, | | U,
Uy U
1
Lo.5 0.5
S0, B2 B2 S04
Fig. IV.2.2

The complete orbit space of the S0s adjoint + vector. Shown at the upper left
corner is a view from the direction 20° from the 8; axis and 80° from the oy axis.
The dotted lines are hidden lines. The numbers in the square brackets are the
relative ratios of scale. Each projection is a view from the positive direction of
the axis not shown in the picture. Here the hidden curves and lines are drawn

solidly.
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IV.2.3 COMMERNTS

Contrary to the case of one irrep where the strata of successively lower
level little groups occupy successively higher dimensional and less singular
(locally less protrudent) surfaces on the orbit space boundary, the orbit space
boundary of two irreps is more complex and things are pretty much mixed.
Whereas orbit parameters associated with each irrep tend to form warped con-
cave boundary surfaces, orbit parameters associated with both irreps tend to
destroy such behavior. With the field components of one irrep fixed (conse-
quently orbit parameters associated with that irrep fixed), one can change the

field components of the other irrep creating a volume traced by pencils.

Indeced we have already observed such mixing in the projected orbit spaces
of the SUy and SOy adjoint + vector representations. The straight lines, namely
vertical and horizontal lines, belong to either a maxi-maximal little group or a
lower level little group. In the case of SUs adjoint + vector (Fig. IV.2.1) we find
that the maxi-maximal little groups, SUs and U,, occupy most protrudent por-
tions of the boundary. But in the case of SOs adjoint + vector (Fig. IV.2.2) we find
that the U; stratum occupies the boundary planes indicated by the dotted lines
and the stratum of the null group occupies the boundary plane indicated by the
solid lines. That is, there is no sharp distinction between the maxi-maximal lit-
tle group, UV,, and the lower level little group, the null group, in terms of dimen-
sionality and concavity. It may be that the mixing takes place only among the
flat or concave portions of the boundary. But we do not have an argument to

support this wild conjecture.

Another interesting point is that the little groups alone cannot distinguish
the fine structure of the orbit space. In both of the above mentioned examples
we see that the null group strata consist of two-dimensional surface and three-

dimensional volume. In the SO;5 case the strata of U, consists ol an edge curve
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and two-dimensional surfaces. This indistinguishability comes from the fact that,
whereas for a given group there are only a finite number of subgroups, there is
no limit to the dimension, D, of a representation. The lower limit to the dimen-
sion of the corresponding orbit space is (D - the number of generators - 1) for
one irrep and (D - the number of generators - 2) for two irreps. Thus the indis-
tinguishability is observed in both cases. The difference between the two cases
may be that, whereas in one irrep case there is no dimensional mixing between
the strata of little groups of different levels, “uch dimensional mixing generally

occurs in two irrep case.
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CHAPTER V GENERALIZATION TO NON—-LINEAR POTENTIAL

Because of the restriction that the classical Higgs potential must be made
of at most fourth degree polynomial invariants, it contains only part of the com-
plete set of orbit parameters (except in a few cases of low dimensional represen-
tations of small groups) and is linear with respect to them if they are indepen-
dent. The potential can be readily minimized with respect to the partial list of
orbit parameters, which is much less than'the number of field components. Due
to the linearity the absolute minimum is most likely to occur on the most pro-
trudent portions of the orbit space boundary, where the boundary conditions
reduce the number of independent parameters drastically. The boundaries,
consisting of strata of higher little groups, extremize the complete orbit space
and we see that the difficult extremization procedure employed in the conven-
tional methods is transferred to the one of finding the boundary of the orbit
space. The latter procedure is facilitated by some general mathematical results
such as Michel's theorem [17] for one irreducible representation, which states
that when | |p]|| is held constant all invariants are stationary at a critical orbit
corresponding to a maximal little group and thus implies that if we extremize
one orbit parameter then we actually accomplish extremization of all the orbit
parameters. If we carefully consider the necessary conditions for a boundary
point, we further realize that in order to find a one-dimensional stratum all we
need to do is to solve two equations of type eq. (I1.3.2). In practice we do not
attempt to solve such high degree algebraic equations but instead we simply

look for singlets.

However if the orbit parameters appearing in the Higgs potential are not all
independent then the potential is no longer linear with respect to basic orbit
parameters. (For example this happens for two adjoint representations.) There-

fore the danger arises that the absolute minimum may occur inside the
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projected orbit space. In the examples we considered so far linearity was
equivalent to monotonicity. But a non-linear function of a variable can still be
monotonic with respect to the variable. What really counts in such extremum

problems is monotaonicity rather than linearity.

V.1 ONE IRREDUCIBLE REPRESENTATION

To see how monotonicity plays the major role in our problem let us recon-
sider the case of SUg adjoint representation alone. Let us examine the following

hypothetical potential:
V=Mr®+ BBrd + (A + Aja) 74 + D@8 (V.1.1)

where 7 = ||¢||VY% 8= Tre¥/ ||e||%? and a= Tre*/ ||e||? We impose the

positivity condition:
D>0, A+Ac>0 (V.1.2)

to ensure that ¥V -» += for all («,8) as | |¢]|| -+ «. Partial derivatives of the poten-

tial with respect to r, o, and g are:

27V= 2Hr + 3BBr? + 4(A+A;0)r3 + DS (V.1.3)
vV _ . .

v _ V.1.4

Bt Ayr® (V.1.4)

%z r3(B + 2Dgrd) . (V.1.5)

The potential is monotonic with réspect to o because eq. (V.1.4) has a definite
sign. Let us proceed to find extrema neglecting for the moment subtleties con-

cerning 8. Setting eq. (V.1.5) equal to zero we obtain

Bo = - B/2Drd . (V.1.6)
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Substituting eq. (V.1.6) into eq. (V.1.3) we obtain

€ = — M/ 2(A+4,0) . (V.1.7)
We choose M < 0 to guarantee that eq. (V.1.7) is positive. From egs. (V.1.6) and
(V.1.7) we obtain

(V.1.8]

We can choose B > 0 without loss of generality. Then eq. (V.1.8) represents a
curve which, if it traverses the orbit space at all, passes through the lower left
corner of the orbit space for A; > 0 or the upper left corner of the orbit space

for A; < 0 without crossing 8 = 0 (Fig. V.1.1).

a

Fig. V.1.1
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If the curve dees not pass through the orbit space, then there is no "physi-
cal" value of # that satisfies eq. (V.1.6) and thus the potential is monotonic with
respect to f§ despite the non-linearity. The absolute minimum will occur some-
where on the boundary curve, most likely at the cusps because they are most

protrudent.

If the curve passes through the orbit space (Fig. V.1.1), then extrema occur
on the portion of the curve immersed in the orbit space. Substituting egs.
(V.1.6) and (V.1.7) into eq. (V.1.1) we obtain the extremum value of the potential,

M? B?

Yo =~ At aD (1.8}

As we can expect from the monotonicity of the potential with respect to « the
absolute extremum along the curve occurs at a point where the curve and the
orbit space boundary meet. We have confirmed that for fixed « our solutions,
eqs. (V.1.6) and (V.1.7), satisfy the inequalities for a local minimum among the
partial derivatives of the potential with respect to r and 8

. 2
92V 2V o2V atv _ | 8%v |

—>0, —>0, >
or? op° or? agt = |0rog |

(V.1.10)

Therefore the absolute extremum obtained above is indeed the absolute

minimum.

Suppose we make a 3-dimensional map of the directional minimum V(r,) on
the orbit space (Fig. V.1.1). Then we can imagine that the 4, term tends to make
a north-south-wise slope, the B term tends to make a east-west-wise slope, and
the D term tends to make a valley along the g =0 line. Our slopes are not
rugged at all but very monotonic. Look! There is a canyon descending from
northwest to southeast marked eq. (V.1.8) and it is lower than the central line

which fails to become a valley. The above map refers to a case where A; > 0,
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B >0, and D > 0. The last point comes from the fact that the directional
minimum on the g = 0 line, equal to —M?/ 4(A+4,0a), is always higher than V, of
eq. (V.1.9). The absolute minimum occurs at the end of the canyon, i.e., where
the curve and the orbit space boundary meet and the little group is semi-
maximal. This example shows that when the directional minimurm of the poten-
tial is monotonic in all but one orbit parameter the lowest possible little group
of the absolute minimum is one level lower than the maximal little groups. We
believe that the level can be lowered at most by one each time we have a con-

straint like eq. (V.1.8).

Let us consider the general situation on a more solid ground. The procedure
employed in the previous example does not always yield the absolute minimum
and sometimes leads to a trivial solution. Thus we are not guaranteed that we
would get all the local minima and only the minima in this way. Conceptually,
the best way to find the extremum is to solve first 8V/ dr = 0 for 7,(e,f) and

then compute 8 V/ 60&],___,0 and 9V/ BBI,,:,.D, Physical extrema can occur only on

the 7, (a,f) > 0 side of the orbit space. The curves defined by
6V/6cx]r=,a=0 . (vV.1.11)
ov/ BB|T=,.D =0 (V.1.12)

divide the orbit space into regions. In each of them the partial derivatives have
definite signs. In each region we repeat the same procedure as we did for a
monotonic case. The absolute extremurn of the region will occur on the regional
boundary, which consists of portions of the orbit space boundary and the por-
tions of the curves, 8V/8a = 0 and 8V/ 88 = 0 passing through the orbit space. If
the potential is a smooth function of its variables the potential extremizing k-
cohtour will be a smooth curve and the first contact with the regional boundary

is most likely to occur at cusps including new ones, though there is a possibility
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that it may occur on concave curves corresponding to semi-maximal little
groups. When the directional extremum is monotonic with respect to one of the
orbit parameters (say, «) the absolute extremum may still occur at the cusps
corresponding to maximal little groups. But a new possibility arises that it may
occur at the new cusps, where the concave boundary curves and the curve
0V/ 3B =0 meet. It will never occur at those points on the curve 8V/88 =0
which lie inside the orbit space because the directional extremum is still mono-
tonic with respect to a and the absolute extremum is carried to end points,

namely the new cusps.

A necessary condition for an interior point to be the absolute extremum is
that both egs. (V.1.11) and (V.1.12) should be satisfied in the orbit space. This
situalion is undesirable because the interior points of our projected orbit space
correspond to a set of little groups, {SUxU;xU;xU,, UxUxU;xU,}, and we
cannot exclude either of them in favor of the other because the boundary condi-
tion is not applicable to an interior point. (However the interior points of the

complete orbit space do correspond to a unique little group, U,xU,;xUxU;.)

V.2 TWO IRREDUCIBLE REPRESENTATIONS

A similar result is obtained for a simple but non-linear potential for two

irreps. For example let us consider the following potential:

' 2 '
- M e A 4 m” o o4 D 2. 242
V= 5Tt T 5SS+ s Brs®¥ + 27‘8151 (V.2.1)

where r 20, s =0, and -1 <9 < 1. Eq. (V.2.1) can be considered as a simplified
potential for any two identical real irreps, e.g., two adjoints or vectors. In gen-
eral A' and C' contain orbit parameters. In order to ensure that V - += as

7 -» © and § - o« we impose
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A'>0, C >0 DS > VAT (V.R.R)

Partial derivatives of the potential with respect tor, s, and 4 are:

%}: — MPr + A'r3— Bs® + Drs%s? (V.2.32)
%;{_: _ mzs + CISS_ Brd + Ds’rzﬁz , (stb)
_g_g_z _ Brs + Dris?g (v.2.3¢c)

Disregarding the uninteresting solutions where r and/or s vanishes, and solving

eq. (V.2.3c) for ¥, we obtain
S, = B/ Drs . (V.2.4)
Substituting eq. (V.2.4) into egs. (V.2.3a), (V.2.3b) we obtain
rr = MR A, 2 =mPr L. (V.2.5)

This makes it necessary to impose M? > 0 and m? > 0. Substituting eq. (V.2.5)
back into eq. (V.2.4) we obtain

BVA'C

Yo = Dlm

(V.2.8)

To be more specific let us choose D >0, B >0 and consider a case where
A'= A+A o and C' = C+Cyy. Then eq. (V.2.6) represents a quadrant of a cone
(Fig. V.2.1). Its vertex is located at (o = — A/ A, y = — C/ C;, ¥ = 0) and its axis
lies in the a—y plane midway between the o and y axes. Note that the two lines,

oa=—-A/A andy=—C/C,, are always on the cone.

For acceptable potentials with V » +o as T or s » o, the planes o = — A/ 4,

and y = — C/ (), lie outside the orbit space, which is in any case centered about
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¢ = 0 (Fig. V.2.1). If the cone is too wide in the ¥ direction to intersect the orbit
space, then there is no "physical" value of ¥ that satisfies egs. (V.R.4), (V.2.5)
and the potential is monotonic with respect to 4. In this case the apparent non-
linearily gives way to monotonicity of the directional minimum and the absolute
minimum occurs on the orbit space boundary, most likely on the strata of the

maxi-maximal little groups.

Fig. V.2.1
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If the cone is narrow enough to pass through the orbit space (Fig. V.2.1),
then extrema occur on the portion of the cone immersed in the orbit space.

Substituting egs. (V.2.5) and (V.2.8) into eq. (V.2.1) we obtain

M4 m*  B?
—~ — - . V.2.7
44" 4C' 2D ( )

Va:

Since we chose D > 0 we are assured at least that ¥, of eq. (V.2.7) is lower than
the directional minimum at %4 = 0. We have confirmed that for fixed « and y our
solutions, egs. (V.2.4) and (V.2.5), satisfy the inequalities for a local minimum
among the partial derivatives of the potential with respect to r, s, and ¥, includ-
ing a 3x3 determinant. Therefore the absolute minimum occurs at a boundary

point of the intersection of the orbit space cut by the cone.

In the "wide" case where egs. (V.2.4) and (V.2.5) are not satisfied in the orbit
space, a two-dimensional k-surface moves to meet the three-dimensional orbit
space and the most protrudent portions of the boundary get the first contact.
But in the "narrow" case where these equations are satisfied in the orbit space,
eq. (V.2.4) introduces a constraint among the orbit parameters and thus
reduces the dimension of the whole space effectively. On the cone the situation
becomes similar to a monotonic case. A potential-minimizing k-contour moves
to meet the boundary of a two-dimensional intersection. What was a curve is now
a cusp and what was a three-dimensional volume is now a two-dimensional sur-
face (Fig. V.2.1). Thus some portions of the boundary which were less protru-
dent can now be utilized. Since the maxi-maximal little groups occupy first few
low-dimensional boundary surfaces (though mixed with lower level ones) they
can still be utilized but there is a new possibility that lower level little groups

can also be utilized.

There are two formidable difficulties in analyzing a realistic potential. First

& general fourth degree Higgs potential for two irreps is of the form:
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Ve gl + Eyppr iz A2 (v.28)
= x|+ 2yl s Sy e
+ 5ol 1211172+ T ol LI |+ 2Ll 1721 1]

+q el 21X 12+ PR el ]+ @' TIx] V3] o] [

where primed quantities normally contain orbit parameters. T' contains S® and
thus makes the potential non-linear with respect to the orbit parameters that
are in S'. The S' term is present only when the two fields belong to the same real
representation. It can be removed by redefining ¢ and x but non-linearity still
shows up in higher degree lerms, e.g., A' and €' terms. Secondly the orbil space
of two irreps is very complicated and of very hig‘h dimension.

Whether the Gell-Mann-Slansky conjecture, which states that the absolute
minimum of a fourth degree Higgs potential for two irreps preserves a maxi-
maximal little group, holds or not depends on the structure of the orbit space
boundary. A good test-case is provided by two adjoints [30,42] of SU,. The most
general Higgs potential [42] is of the form eq. (V.2.8) with each primed quantity
containing one orbit parameter except for the 7' term which contains three
including S'®. Diagonalizing ¢ and counting the number of singlets, we can make
the following rough sketch of the orbit space: the most salient and low dimen-
sional portions of the boundary consist of the strata of the maxi-maximal little
groups. However the stratum of the smallest maxi-maximal little group, U;xU;,
is at most 6-dimensional and cannot cover the whole boundary surface of the
11-dimensional projected orbit space. Less salient portions of the boundary sur-
face correspond to the semi-maxi-maximal little group, U,, whose stratum is at

most 10-dimensional. The least salient portions of the boundary surface
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correspond to the null group. A detailed analysis will take a tremendous amount
of algebra. At this stage we suppose that the lowest possible little group will be
U,*, considering that it corresponds to the second most protrudent portions of
the boundary surface. Therefore it is likely that the Gell-Mann-Slansky conjec-

ture does not hold in this case.

If we impose separate reflection symmetries on gach scalar field then the S
term disappears along wilh other lerms. We believe Lhal Lhis additional sym-
metry removes all the non-linearity, whether it comes explicitly as explained
above or implicitly from a constraint among apparently independent orbit
parameters. Another advantage of even degree Higgs potentials is that the
potential minimizing k-surface for this case is known in general to be the cone
of CHIILL.1. (When there are more than three orbit parameters the k-cone
represents a cone in a hyper-space.) Consequently the most protrudent portions
of the orbit space boundary, which we conjectured correspond to the maxi-
maximal little groups, will get the first contact. We believe that the Gell-Mann-
Slansky conjecture for two irreps holds at least for an even degree Higgs poten-
tial.

The main source of non-linearity, namely S', is absent when the two fields
belong to different representations. It will be a challenging problem to find the
potential minimizing k-surface for a non-even degree potential without S' term

and check whether or not the Gell-Mann-Slansky conjecture holds in such cases.

However non-monotonicity does not always yield viclation of the conjecture.
Even when the directional minimum is non-monotonic with respect to some orbit

parameters, there are instances where the conjecture still holds because of the

* Wu [42] stated without proof that the absolute minimum of a Higgs potential for two adjoint
representations of SUy could diminish the little group to nothing. His statement can be true
when several orbit parameters are non-monotonic so that non-salient portions of the orbit
space boundary, which may correspond to the null group, are utilized. But in his problem
there is only one non-monotonic orbit parameter.
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orbit space geomeltry. In the case of two vectors the whole orbit space

corresponds to the maxi-maximal little groups.

Finally we would like to point out that though classification of little groups
of two irreps in the way explained in CHIIL2 is relatively effective to the first
level, it becomes much less effective because the second level little groups cover
almost all the subgroups left and the mixing occurs both ways. But we cannot

think of a better classification scheme.
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