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linewidth of the LIF signal may be used to detect whether the pump laser intensity 

is linear or nonlinear. 

To see how this works, consider that equation 0. 7 4, the general solution for the 

upper-state population immediately after the application of the pump laser pulse, can 

be written as 
0 Ioc2 gz 

N2 (v) = N1 h 3 S(v), 
87r l/21 gi 

(0.88) 

where the dependence of N 2(v), and therefore LIF signal, on pump laser frequency is 

contained in the normalized lineshape function 

with 

S(v) 
S(v) =a a+ S(v) 

gi 
a= . 

Ioc2 gi + gz 

(0.89) 

(0.90) 

In general, this lineshape function is difficult to simplify, since S(v) is a convolution 

integral given by equation 0.54. For the purpose of illustrating the qualitative influ

ence of laser power on its shape, however, it is convenient to consider a regime in 

which S(v) is a Lorentzian function £(v) with a HWHM t5v0 , as in the case of a PLA 

plume collisionlessly expanding into vacuum where .C(v) is the lineshape of the pump 

laser. It can be shown that in this case the lineshape S(v) is also Lorentzian, with a 

HWHM given by 

(0.91) 

For sufficiently low pump laser intesity, reduces to the width of the pump laser 

lineshape, t5v0 , which is independent of laser intensity. However, with increased laser 

intensity, the linewidth grows, an effect commonly refered to as power broadening. 

For lineshape functions S(v) which are not Lorentzian, power broadening at high 

laser intensity is similar, although a solution for the linewidth cannot as easily be put 

into closed form. Evidence of LIF signal with a spectral linewidth greater than the 

the width of S(v) indicates a pump laser intensity which is nonlinear. 
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Appendix B The DSMC method 

B.1 Generation of a background gas 

The velocity distribution function appropriate for an equilibrium gas is given in Carte

sian coordinates by 

(0.92) 

with -oo < Vx, Vy, Vz < oo, and Vp = J2kT /m. There are several Monte Carlo 

methods available to generate an ensemble of particles consistent with this function. 

One could generate each velocity component seperately by direct integration using 

b'.l I I 2_ lvp e-u2 du= erf( ~) = R, 
yf7r -= Vp 

(0.93) 

where R is a random number satisfying 0 < R < 1. The speed component jvi I can 

then be obtained from tabulated error function data, with the sign of Vi determined 

using a second random number. This method is computationally inefficient because 

a data table must be searched to find the value jvil that best satisfies equation 0.93. 

For Monte-Carlo simulations, the best method is the one that is most computa

tionally efficient, even if somewhat indirect. To this end, one can obtain each velocity 

component by integration if it is treated as a one-dimensional projection from a two

dimensional velocity. In a two dimensional subspace, the probability P(v)dv of a 

particle having a speed between v and v + dv is given by 

1., - 112 

P(v)dv=~e v~dv, 
Vp 

(0.94) 
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which can be integrated to give 

r= 2 2 

Jo P(v)dv=l-e~P ='R1 , (0.95) 

so that v = vPJ-log(R1 ) for the velocity in the two dimensional space. Since the 

orientation in this subspace is random, it can be chosen as as the x, y plane so that 

(0.96) 

and 

(0.97) 

The velocity component Vz may be treated as a projection from a virtual two

dimensional subspace, giving 

(0.98) 

This method only requires four random numbers to generate all three velocity com

ponents and requires no look-up tables. 

Positions for gas particles are generated by integrating the cylindrical spatial dis

tribution function 

P(r,z)drdz = R;Drdrdz, (0.99) 

where R is the radius of the cylindrical volume. This gives r = RVR1 or x = 

RVR1cos(27r'R2) and y = RVR1sin(27r'R2). The axial position is given by z = DR3 

where D is the cylinder's length. The position of each particle therefore requires three 

random numbers. 
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B.2 Generation of plume particles 

The velocity distribution function appropriate for an ensemble of particles generated 

by thermal effusion is given by 

(0.100) 

with -oo < Vx,y < oo and 0 < Vz < oo. The velocity components Vx and Vy may be 

obtained for each particle using the method previously described for a background 

gas, while the z component of velocity may be obtained by direct integration, giving 

Vz = vPJ-log(R3 ). Only three random numbers are required to specify all three 

velocity components. 

The position of each plume particle is initialized to x = rsVR1cos(27rR2 ) and 

y = r 8 VR1sin(27rR2 ), with z = Vzb..tR3 • The z position is not initialized to exactly 

zero to account for the uncertaintly in when during the time step the particle was 

desorbed. 

B.3 Treatment of collisions using DSMC 

The treatment of collisions is the heart of the DSMC method. At each time step a 

number of collision pairs, given by 

N 2 F( O'Vr )maxb..t 
Npairs = -------

211;, 
(0.101) 

is randomly selected in each cell, where N is the number of simulation particles in the 

cell, F is the number of real atoms that each simulation atom represents, ( O'Vr )max 

is the greatest value of collision cross section x relative velocity experienced in the 

cell, D..t is the time step, and 1<, is the volume of the cell. Bird recommends that 

the quantity N 2 be replace by N N to account for statistical fluctuation, however, for 

very unsteady flow N is not well-defined. 

Having randomly selected Npairs collision pairs, a pair is ''accepted and a collision 



209 

executed if n < O"Vr I (avr )max, otherwise the pair is "rejected and the two particles 

are not disturbed. The quantity ( O"Vr )max is a parameter that is updated for each cell 

every time step after first being initialized to a some reasonable value. For optimum 

computational efficiency, the initial value should be small enough that at least a few 

updates occur in each cell during the simulation. 

VHS cross sections are based on the empirical observation that the viscosity µ of 

a typical gas is related to the temperature by µ(T) = µref(T/Tref )w where µref is the 

viscosity at some reference temperature Tref· This functional form of the viscosity 

has theortical foundations in Chapman-Enskog theory, which considers perturbations 

of the distribution function about a Maxwellian. The parameters w and µref may be 

obtained for a wide variety of atoms [79]. 

It can be shown that the diameter of a VHS molecule is given by 

d _ 15 (m/7r) 112(kTref )w 
- 8 f(9 /2 - W )µref E~-l/2 ' 

(0.102) 

where Et = mrv;/2 is the relative translational energy of a collision pair with mr 

defined as the reduced mass of the pair. The cross section a is then a = 7rd2 • For 

collisions among unlike molecules, the mean collision diameter may be used so that 

B.4 The Larsen-Borgnakke model 

When molecules with rotational and/or vibrational energy collide, translational mo

mentum is conserved but total translational energy is not. The Larsen-Borgnakke 

method provides a computationally efficient way to treat collisions among such molecules. 

The close spacing of rotational energy levels ( 6.Er < < kT) allows the rotational en

ergy of a diatomic molecule to be treated as if the molecule has two internal degrees 

of freedom, each of which tends to acquire an energy kT /2 in equilibrimn. ·when a 

molecule with two internal degrees of freedom having a combined energy Ei~t collides 
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with another atom, its internal energy after the collision El~t can be determined by 

1' 1 R 
Eint = (Eint + Et)(l - 5/2 ), 

-W21 
(0.103) 

where w21 is the average of the parameters w1 and w2 appropriate for each molecule 

and Et is the relative translational kinetic energy of the pair before the collision. 

Equation 0.103 which is valid whether or not the second molecule has internal energy, 

has been rigorously proven to produce the correct equipartition of energy. If the 

second molecule has no internal modes then E~ = Et + Elnt - El~t, however, if the 

second molecule also has two internal degrees of freedom, its internal energy after the 

collision is then given by 

21 · 2 ')( R Eint = ( Eint + Et 1 - r-: j ) 
0 2 - W21 

(0.104) 

d E - E' E 2 E 2' an t - t + int - int. 

In general one or both of the molecules may have more than two internal rotational 

degrees of freedom. The energy El~t of molecule with (1 internal modes after a collision 

can be determined by sampling from the normalized probablity 

P(El' ) = (i/2 - W21 + 1/2 ( El~t ) (i/2 - W21+1/2 (1 - El~t ) 
int (i/2 - 1 Elnt +Et + 3/2 - W21 Elnt +Et ' 

(0.105) 

leaving E~ = Et + Elnt - El~t for translational energy. If the second molecule has 

( 2 > 2 internal rotational modes then the energy E'f~t can then be determined by 

sampling from the normalized probablity 

P( E2' ) = (2/2 - W21 + 1/2 ( E'f~t ) + (2/2 - W21 + 1/2 (1 - Ef~t ) 
int (2/2 - 1 E'fnt + Ei 3/2 - W21 E'fnt + Ei 

(0.106) 

or, if 172 = 2. by using equation 0.104. The translational energy afterward is then 

Et= E; + E~it - E'f~t· 

Unlike rotational levels, the spacings between vibrational levels are not closely 

spaced, so treatment of vibrational energy transfer requires a slightly different ap-
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proach, but the sequential assigment of energy to successive internal modes remains 

the same. Suppose, for example, equation 0.103 is used to determine the rotational 

energy of the first molecule after the collision, leaving energy E;. The vibrational 

level of this molecule after the collision i' can be determined by sampling from the 

normalized probability 

( .,) if:).Ev 
p i = 1 - E' 'f:).E ' 

t + i v 
(0.107) 

where f:).Ev denotes the energy spacing between vibrational levels. This process leaves 

Et = Et+( i-i')f:).Ev which can be used in the place of E; in equation 0.104 or equation 

0.106 to determine the rotational energy of the second molecule, whose vibrational 

energy can then be determined. Having assigned the final rotational and vibrational 

energy for each molecule, the final energy Et is then divided between the two particles 

such that momentum is conserved. 

As a DSMC simulation progresses, the rotational temperature of a diatomic gas 

is simply obtained by assuming 2 thermal degrees of freedom, that is Trot = Er / k. 

The vibrational temperature is not as easily obtained. However if one assumes that 

the vibrational levels are populated according to a Boltzmann distribution, then the 

population of state i should satisfy 

( ) iEv 
Zn N· = C- -

i kT' (0.108) 

where C is a constant. A least-square fit to this function using all levels for which 

Ni > 0 can therefore be used to define a vibrational temperature. 

B.5 Bi-molecular chemical reactions 

A typical bi-molecular chemical reaction takes the form A+ B B C + D and the rate 

equation governing the concentration of species A is given by 

(0.109) 
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where k1 and k2 take the form 

-Ea 
k(T) = AT'l)ek'I', (0.110) 

where A and 'r/ are constants and Ea is the reaction's activation energy. These pa

rameters are tabulated for a wide variety of reactions. Bird has demonstrated that a 

reaction cross section of the form 

(0.111) 

produces a forward reaction rate of the form in equation 0.110 if Ee > Ea, C2 

ry-1 +w12, and 

(0.112) 

where Ee is the sum of the translational, rotational, and vibrational energies of both 

colliding molecules, ( is the average number of internal degrees of freedom contribut

ing to Ee, and Eis a symmetry factor that equals one if ( 1 = ( 2 , otherwise equals two. 

The probability of a reaction, assuming Ee > Ea is then given by 

A sample from this distribution determines whether a selected pair chemically reacts 

before the available energy is redistributed. If so, the energy is reduced by Ea and 

the collision is completed as previously described. By inspection, the probability for 

a reaction is maximum for 

Ee= ( + 3/2 - W21 Ea 
1 -w21 - 'r/ 

(0.114) 

and drops to zero if Ee is much greater than or much less than this value. Typically 
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