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Abstract

Quantum chaos entails an entropic and computational obstruction to describing a system
and thus is intrinsically difficult to characterize. An understanding of quantum chaos is
fundamentally related to the mechanism of thermalization in many-body systems and the
quantum nature of black holes. In this thesis we adopt the view that quantum information
theory provides a powerful framework in which to elucidate chaos in strongly-interacting
quantum systems.

We first push towards a more precise understanding of chaotic dynamics by relating
different diagnostics of chaos, studying the time-evolution of random matrix Hamiltonians,
and quantifying random matrix behavior in physical systems. We derive relations between
out-of-time ordered correlation functions, spectral quantities, and frame potentials to relate
the scrambling of quantum information, decay of correlators, and Haar-randomness. We give
analytic expressions for these quantities in random matrix theory to explore universal aspects
of late-time dynamics. Motivated by our random matrix results, we define k-invariance in
order to capture the onset of random matrix behavior in physical systems.

We then refine our diagnostics in order to study chaotic systems with symmetry by
considering Haar-randomness with respect to quotients of the unitary group, and in doing
so we generalize our quantum information machinery. We further consider extended random
matrix ensembles in the context of strongly-interacting quantum systems dual to black holes.

Lastly, we study operator growth in classes of random quantum circuits.



Published Contents

A large portion of this thesis is adapted from papers that have appeared as preprints on
the arXiv and as publications in journals. Both the DOI number linking to the journal and
a link to the arXiv version are given in each published reference. For all publications, all
authors contributed equally.

Chapter 2 is essentially the same as:

e J. Cotler, N. Hunter-Jones, J. Liu, B. Yoshida, “Chaos, Complexity, and Random
Matrices,” JHEP 11 (2017) 048, arXiv:1706.05400 [hep-th].

Chapter 3 is partially based on work in progress with Beni Yoshida, which will appear

elsewhere in a future publication:
e N. Hunter-Jones and B. Yoshida, “Late-time chaos and symmetry,” To appear.
Chapter 4 is essentially the same as:

e N. Hunter-Jones, J. Liu, “Chaos and random matrices in supersymmetric SYK,”

JHEP 05 (2018) 202, arXiv:1710.08184 [hep-th].

Chapter 5 is partially based on work in progress, which will appear elsewhere in a future

publication:

e N. Hunter-Jones, “Operator growth in random circuits with symmetry,” To appear.

vi


https://dx.doi.org/10.1007/JHEP11(2017)048
https://arxiv.org/abs/1706.05400
https://doi.org/10.1007/JHEP05(2018)202
https://arxiv.org/abs/1710.08184

Contents

Acknowledgments

Abstract

Published Contents

1 Introduction

1.1
1.2

Symptoms of chaotic dynamics . . . . ... ... 0oL

Outline of the thesis . . . . . . . . . . .

2 Chaos, complexity, and random matrices

2.1
2.2

2.3

2.4

Introduction . . . . . ...
Form factors and random matrices . . . . . .. .. ... ..o
2.2.1 Random matrix theory . . . . . . . .. ... oo
2.2.2  Spectral form factors . . . . .. ..o
2.2.3  4-point spectral form factor at infinite temperature . . . . . . . . ..
Out-of-time-order correlation functions . . . . . . . .. .. .. .. ... ...
2.3.1 Spectral form factor from OTOCs . . . . . . ... ... ... .....
2.3.2 OTOCs in random matrix theory . . . . . ... ... ... ... ...
2.3.3 Scrambling in random matrices . . . . . .. ..o
Frame potentials and random matrices . . . . . . .. ... ... ... ...
2.4.1  Overview of QI machinery . . . . . . . ... ... ... ... ...
2.4.2 Frame potentials for the GUE . . . . . .. .. ... ... ... ....
2.4.3 Higher k frame potentials . . . . . .. ... ...

vil

iii

vi



2.4.4  Frame potentials at finite temperature . . . . . .. ... 53

2.4.5 Time scales from GUE form factors . . . . . .. ... ... ... ... 55
2.5 Complexity and random matrices . . . . . . . . .. ... o7
2.6 Characterization of Haar-invariance . . . . . . . . . .. .. .. .. ... ... 61
2.7 Discussion . . . . . ..o 67
2.A Scrambling and 2-designs . . . . . ... ..o 68
2.A.1 Scrambling . . . . ... 69
2.A.2 Unitary designs . . . . . . . . .. 70
2.A.3 Approximate 2-designs . . . . . ..o 71
2.B Information scrambling in black holes . . . . . . .. ... ... ... ... .. 73
2.C Spectral correlators and higher frame potentials . . . . . . .. .. ... ... 7
2.C.1 Expressions for spectral correlators . . . . . . ... ... 80
2.C.2 Expressions for higher frame potentials . . . . . ... ... ... ... 83
2.C.3 Expressions for Weingarten . . . . . . . . ... ... L. 84
2.D Additional numerics . . . ... 85
2.D.1 Form factors and numerics . . . . . . .. ..o 85
2.D.2  Frame potentials and numerics . . . . . . . ... 89
2.D.3 Minimal realizations and time averaging . . . . .. .. .. ... ... 90
Late-time chaos and symmetry 92
3.1 Imtroduction . . . . . . . .. 92
3.2 Haar-averages and symmetry classes . . . . . . ... ... L. 94
3.2.1 QI review and Haar-randomness . . . . . . . . . . . .. ... .. ... 95
3.3 Late-time OTOCs for symmetry classes . . . . . .. .. ... ... ... ... 102
3.4 Symmetric k-designs and k-invariance . . . . . . .. ... 113
3.4.1 Frame potentials for symmetric k-designs . . . . . . .. ... ... 115
3.4.2 Random matrices and symmetry . . . ... ..o L 120
3.5 Random subsystems and symmetry . . . . .. ... ... 126
3.A An overview of Weingarten calculus . . . . . . . . ... 0oL 129
3.A.1 Integrating over compact Lie groups . . . . . .. ... .. ... ... 129

viii



3.A.2 Integrating over compact symmetric spaces . . . . . . . .. ... ... 133

3.B Higher-point correlation functions . . . . . .. .. ... ... ... .. .. .. 135
3.C  k-invariance in spin-systems . . . . . . .. ..o 136
Chaos and random matrices in supersymmetric SYK 142
4.1 Introduction . . . . . . . .. 142
4.2 Setup and overview . . . . ... 145
4.2.1 Supersymmetric SYK model . . . . . . ... 145
4.2.2 Spectral form factor . . . .. ... 146
4.3 Form factors for Wishart matrices . . . . . . . . .. ... ... ... 151
4.3.1 Basic setup in random matrix theory . . . . .. .. ... ... 151
4.3.2 Two-point form factor at infinite temperature . . . . . . . . . . . .. 155
4.3.3 Two-point form factor at finite temperature . . . . . . . . ... ... 157
4.3.4 Four-point form factor at infinite temperature . . . . . . . . .. . .. 158
4.4 Chaos and Wishart matrices . . . . . . . . . . ... ... 159
4.4.1 Qloverview . . . . . . . . e 160
4.4.2 Frame potentials . . . . . .. ..o 161
4.4.3 Correlation functions . . . . . . . ... 164
444 Complexity . . . . . . . 166
4.5 Chaos in supersymmetric SYK . . . . . . .. ... 0oL 167
4.6 Conclusion and outlook . . . . . . . . .. ..o L 170
4.A Numerics . . . . . . 171
Operator growth in random quantum circuits 173
5.1 Introduction . . . . . . . .. 173
5.2 Operator growth in unitary random circuits . . . . . . . . .. .. ... ... 178
5.3 Operator growth in symmetric random circuits . . . . . . . .. .. ... ... 182
5.3.1 Operator growth in random orthogonal circuits . . . . . .. ... .. 183
5.3.2  Operator growth in random symplectic circuits. . . . . . . . . . . .. 189
5.3.3 Operator growth in random Al circuits . . . . . . .. ... ... ... 190
5.3.4  Operator growth in random AIl circuits . . . . .. .. ... .. ... 195

X



5.4 DISCUSSION . . . . . o o,

5.A Operator growth in random matrix theory . . . . . . ... ... ... ....

Epilogue

Bibliography



Chapter 1

Introduction

Strongly-interacting quantum systems are inherently difficult to describe. The lack of a deep
understanding of chaotic dynamics is at the heart of many open questions in theoretical
physics. Any progress towards defining quantum chaos should shed light on both thermal-
ization and transport in quantum many-body systems and black hole information loss. As
such, the resurgence of interest in quantum chaos over the past few years has emerged as
a confluence of ideas from quantum field theory, condensed matter physics, and quantum
gravity, incorporating many old ideas from each subfield and inspiring many new seemingly
disparate avenues of inquiry. Broadly speaking, the ambitious goal of this line of research
is to answer the following question: How can we characterize quantum chaos in physical
systems?

In this thesis we will use tools and ideas from quantum information theory to study and
understand chaos in quantum many-body systems. Quantum chaos is a generic feature of
strongly-interacting systems, but much of our understanding is phenomenological and precise
definitions are not immediately clear. Having the spectral statistics of a random matrix and
chaotically decaying correlation functions are seen as a strong indication of quantum chaos,
but what exactly is being diagnosed by these diagnostics demands clarification.

The approach taken in this thesis stems from the observation that one can learn a lot
about the universal aspects of a system by asking how it processes quantum information.
For instance, Hayden and Preskill [1] considered a simple random unitary model of a black

hole to demonstrate how rapidly information is scrambled and emitted. The suggestion that



black holes are the fastest scramblers [2, 3] has lead to new measures of chaos in quantum
systems [4, 5, 6] and soluble models of black holes and holography [6, 7]. Connections have
been explored with more traditional notions of chaos [8, 9], and quantum information ideas
have begun to shed light on the connections between chaos, scrambling, and random matrices
[10, 11, 12].

Over the last decade, it has become evident that quantum information provides a formid-
able conceptual framework for thinking about quantum field theory and holography. Exam-
ples include entropic derivations of c-theorems, constraints from holographic entanglement
entropy, quantum error correction in bulk reconstruction of local operators, the averaged
null-energy condition from relative entropy, as well as constructing tensor networks to real-
ize salient features of the bulk geometry. More broadly, quantum information is a cornerstone
of modern condensed matter and many-body physics, where entanglement and complexity
have played an essential role in the classification of topological phases, the development of
tensor network methods, and an understanding of thermalization.

With our motivation in mind, we will first overview a few symptoms of chaotic dynamics.
This will set the stage for the ideas we explore in the bulk of this work. We then provide a

brief summary of the work done in each chapter of this thesis.

1.1 Symptoms of chaotic dynamics

Interest in quantum chaos has existed for some number of years, where the working definition
of quantum chaos seems to vary between decades and subfields. Very broadly speaking, the
picture evolved from quantizing a classically chaotic system to studying universal correlations
in the spectrum to, more recently, studying correlation functions in thermal states.

Before embarking on a historical tour, there are a few admissions we must make. First,
although connections do exist in specific few-body systems, quantum chaos is different from
classical chaos. As was emphasized in [13], there is a dishonesty even in referring to the object
of study as ‘quantum chaos’ because it suggests quantum phenomena related to classically
chaotic behavior.

Classical chaos refers to an exponential sensitivity of phase space trajectories to small



perturbations in initial conditions, but (at least naively) the classical notion of chaos does
not apply to quantum systems: Schrodinger’s equation is linear, unlike the nonlinear equa-
tions in classical mechanics and fluid dynamics that given rise to unpredictable behavior
in deterministic systems. Moreover, the overlap of quantum states evolved with the same
Hamiltonian is constant in time and uncertainty relations obfuscate the notion of sensitivity
to small changes in phase space coordinates. This is all to say that quantum chaos is different
from classical chaos.

There is also another dishonesty in calling certain quantities ‘probes’ or ‘diagnostics’ of
chaos, because it makes it sound like there is a definition of the thing you are trying to diag-
nose. As we mentioned above, a precise definition of quantum chaos in many-body systems
remains elusive. In this thesis, we will continue to refer to these measures as ‘symptoms’ of
chaos, with the implication that they are symptoms of (possibly many) underlying physical
phenomena in quantum systems which we still do not quite understand.

We will first overview some symptoms of quantum chaos, i.e. quantities we can compute
that make manifest the underlying chaotic dynamics. This includes operator growth, random
matrix statistics, chaotic correlation functions, scrambling of quantum information, and
Haar-randomness. This list is far from exhaustive, nor are the notions distinct. Here we
simply focus on a few of the ideas that will come up repeatedly in this thesis. Furthermore,
we will try and be precise, but our goal will be to present an intuitive picture. As such, many
details and subtleties will be elided, but will be addressed more thoroughly in the body of
the thesis.

Operator growth

Although the subject of quantum chaos really started with the study of universality from
random matrices, the first diagnostic of chaos we will discuss is operator growth, as it is in
some sense the most intuitive. The growth of operators in local quantum spin systems has
a long history, where nested commutation with the Hamiltonian can be used to bound the
propagation of information [14, 15], but our discussion here is motivated a little differently
and applies more generally to non-local Hamiltonians, largely following [16, 10].

Consider a few-body operator O acting only on one (or some non-extensive) number of



sites, where O is not necessarily geometrically local. Working in the Heisenberg picture, the

time-evolved operator,

O(t) = Qe 1 (1.1)
can be expanded and written as a sum of nested commutators

. . t2 ’t3
O(t) = O™ = O — it[H, O] — 5 H, [H, 0] + ’3—|[H, [H,[H,O]]... (1.2)
If the Hamiltonian is built out of few-body interactions, then the nested commutators will
generate larger and larger operators. To be more precise, we want to consider the growing
operator written in a basis of operators. For a system of n qubits, where H = (C?)®" and

d = dimH = 2", we can always write an operator as a sum of Pauli strings
Ot) =Y w10y, (1.3)
p

where {O,} is the set of Pauli strings formed by tensoring together Pauli operators for each
qubit. Pauli strings are a complete orthonormal basis for the algebra of operators on H,
with their own inner product CllTr 0,0, = 6p4. More generally, we could consider systems
built out of qudits or fermions, where each also gives a basis of operators for H, but we
assume you are given a natural tensor decomposition of your Hilbert space in terms of the
local degrees of freedom at hand. For simplicity, we will continue to refer to the elements in
the basis of operators as Pauli strings.

It is important to note that the operator norm is conserved under unitary time evolution
ETI (O)'O(t)) = ;lTr (0'0) =1, (1.4)

for an appropriately normalized operator. This fact, and the orthonormality of Pauli strings,

gives that the sum of the squares of the coefficients v, is conserved

> P =1, (1.5)



a constraint on operator growth simply arising from unitary dynamics.

It is in this sense |y,(¢)[* is the probability of finding an operator O, in the growing
operator at a time t. We can also talk about the weight of an operator on strings of a
given length, simply by summing all coefficients for Pauli strings of length ¢, wt,(O(t)) =
> lpl=t |7(t)|>. From Eq. (1.5), we have that the sum of the weights from length 1 to length
n Pauli strings must be one. For a growing operator O(t) in generic chaotic systems, the
weight of the operator will shift to longer and longer Pauli strings, eventually saturating so
that almost all of the weight of the operator is on strings of length n, the size of the system.

If our H is the Hamiltonian of a spin system and O is a local Pauli operator, say Z; the
Pauli Z operator on site j, then repeated commutation will generate longer and longer Pauli
strings. For instance, consider the canonical example of a 2-local spin chain Hamiltonian
on n spins with Ising-type nearest neighbor interactions and parallel and transverse fields
H=->.ZZ1—h) ,X;—g> . Z;. Wenow look at the growth of the operator Z; from the
nested commutators in Eq. (1.2). The first commutator of H with the operator Z; generates
Y;. The second commutator gives terms X;, Z;, X;Z;,1, and Z;_1X;, where we now get
contributions from length 2 Pauli strings. As we time evolve, and the dominant behavior of
the operator Z;(t) shifts to higher nested commutators, the weight of the operator shifts to
longer Pauli strings.

This is the simplest manifestation of the butterfly effect: small perturbations growing

to affect the system. A simple local operator time evolved with a chaotic Hamiltonian will

quickly grow to an operator the size of the system.

Chaos and random matrices

The diagnostic most firmly established in the history of quantum chaos is rooted in random
matrix theory. Random matrix theory arose from nuclear physics as a statistical approach
to understanding the energy levels of complex atomic nuclei [17, 18]. Having the spectral
statistics of a random matrix has even been proposed as the defining feature of a quantum
chaotic system [8]. Very roughly speaking, the intuition is that the structure of high energy
states of a chaotic Hamiltonian is so complicated that certain properties simply behave as if

the Hamiltonian were itself a random matrix. More precisely speaking, there are universal



aspects of the eigenvalue correlations in a chaotic Hamiltonian.

The simplest universal features of chaotic spectra are nearest-neighbor correlations. If
you compute the differences between neighboring eigenvalues and make a histogram plot,
then for a chaotic system the resulting distribution is Wigner-Dyson, which goes to zero for
small energy differences, i.e. the energy levels ‘repel” and eigenvalues of a chaotic system are
not degenerate. Again, the rough intuition is that we need many symmetries in order to tune
eigenvalues to sit on top of one another, and an integrability’s worth to have an extensive
number of degeneracies. This phenomenon of level repulsion was famously observed in heavy
atomic nuclei and has since been understood in a broad array of quantum chaotic systems;
see [19, 20, 21] and references therein.

However, universal correlations in chaotic spectra extend far beyond neighboring eigen-
values. Eigenvalues in the spectra of chaotic systems experience long-range repulsion, which
causes the eigenvalues to be anticorrelated and gives rise to spectral rigidity. An incredi-
bly useful quantity that allows us to see universal behavior in the spectral statistics is the
spectral form factor Ro(5,t), which can be defined in terms of the analytically continued

partition function Z(3,t) = Tr(e PH~#1) ag

Here (-) denotes the average over an ensemble over Hamiltonians—for instance, a disordered
quantum system or an ensemble of random matrices. We will address this further when
the quantity is discussed later in the thesis. This quantity is equivalently defined as the
Fourier transform of the 2-point spectral correlation function (p(A)p()\')), where p(\) is
the spectral density. The spectral form factor has been studied extensively in the random
matrix literature [18, 22, 23] and especially [24, 25, 26], but has appeared more recently in
the context of the Sachdev-Ye-Kiteav model [9].

We plot the spectral form factor as defined above for a generic chaotic system in Fig. 1.1.
As we time-evolve the quantity from its initial value, it will exponentially decay and then
might experience a power-law decay, although the details of this depend on the system

(specifically on the spectral density). At an intermediate time-scale called the dip time, we
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Figure 1.1: The 2-point spectral form factor Rs, where we have denoted some of the impor-
tant behaviors in a chaotic quantum system.

transition into a linearly increasing ramp, then level-off into a plateau. The late-time plateau
is the result of eigenvalue repulsion: late times corresponds to small energy differences, so in
the absence of degeneracies the form factor becomes constant once we start probing scales
smaller than the mean spacing. The linear ramp is the consequence of long-range spectral
correlations, a universal signature of random matrix statistics.

There are a few ways of deriving this linear ramp in random matrix theory; one is from
the logarithmic repulsion of eigenvalues. In a saddle-point approximation, this gives rise to
a linear growth at early times. The linear growth more generally arises from the sine-kernel
[22] from which we compute the spectral 2-point functions. We introduce and discuss this
further in Ch. 2, but the point is that a linear growth in the connected piece of the spectral
2-point function is an important signature of random matrix statistics in the spectrum and

a universal feature of quantum chaotic systems.

Out-of-time order correlation functions

A recent surge of interest in quantum chaos has revolved around the out-of-time-ordered
correlation function (OTOC), a 4-point function of a pair of operators evaluated in thermal
states

(AB(t)AB(t))s, (1.7)



where A and B are few-body operators and B(t) = e~*#¢Be~t Black holes are chaotic and
fast scrambling systems [1, 2]. It was further understood by Shenker and Stanford [4, 5] as
well as Kitaev [6] that black holes are maximally chaotic in the sense that a bound on the
early-time behavior of the OTOC is saturated [27]. The OTOC is actually a somewhat old
idea, dating back to work by Larkin and Ovchinnikov [28], who considered electron /impurity
scattering in superconductors and wrote down a Green’s function that captured something
chaotic about the nature of the scattering, relating it to diverging semiclassical trajectories
for the electrons. We now understand this Green’s function in terms of the augmented
contour prescription behind the OTOC.

The OTOC has been used to probe quantum chaos in many different systems. It can be
computed in holographic systems as a bulk scattering process in a shockwave background
[4, 5], with a universal exponential early-time growth governed by the exponent A\ = 27/f.
The OTOC can also be computed in holographic CFTs where a contour prescription for
out-of-time ordering allows one to extract the same universal exponent from the vacuum
Virasoro block [29]. As we mentioned, a bound on this chaotic exponent A\, < 27/ [27]
means that black holes (and holographic systems) are maximally chaotic.

Separately, Kitaev proposed a solvable model of strongly-interacting Majorana fermions
that reproduces many features of gravitational systems and black holes [6], namely an emer-
gent reparamentrization invariance and a zero-temperature entropy. Futhermore, an explicit
calculation of the OTOC shows that the theory also saturates the chaos bound [6, 7, 30].

In general, the out-of-time-ordered correlation function will decay in a chaotic system. In
a large IV system, this is characterized by an early-time exponential growth of corrections to
the initial value, suppressed by a small parameter, say 1/N or Gy, and growing exponentially
in time with an exponent A\;. At a time of order ¢t ~ S log IV, these suppressed terms become
large and the OTOC decays. At very late times, the OTOC decays to something small. We
plot these features in Fig. 1.2.

The decay of the OTOC can be understood as operator growth [16]. We described
before that an operator evolved by a chaotic Hamiltonian grows to longer and longer Pauli
strings. For a local operator B, consider the commutator of the time-evolved operator B(t)

with another operator A which has support on some distant site: [A, B(t)]. For QFTs the
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Figure 1.2: The out-of-time-ordered correlation function (OTOC), where we denote the
expected behaviors in a chaotic quantum system.

commutator is zero at time ¢ = 0 as space-like separated operators commute. For spin
systems, Paulis at distant sites with non-overlapping support commute. As we start time-
evolving, the operator B(t) grows to extend over the system as its weight shifts to longer
and longer Pauli strings. The failure of A to commute with B at some time is captured by

the decay of the OTOC. Consider the squared commutator

([A,B®))s (1.8)

where we take the Hermitian conjugate. Expanding the quantity out into four 4-point

functions, we find that two of them are in the out-of-time ordering and two are trivial
([A, B(t)]*)s = (AB(t) B(t)A)s + (B(t) AAB(1))s — (AB(t)AB(t))s — (B(t) AB(t)A)s , (1.9)

where we are assuming that the operators A and B are Hermitian. If A and B are Pauli
operators, then the first two terms are simply 1. More generally, in a generic strongly-
coupled many-body system or QFT, the first two correlators will quickly decay to their
disconnected components (AA)(BB). For the sake of intuition, it is helpful to think of these
terms as the norm of a perturbed thermal state, i.e. ||B(t)A|3)||, which becomes constant

as the perturbation allays. Whereas the OTO terms are more like the inner product of two
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Figure 1.3: On the left: evolution by a unitary operator, or more generally a channel,
denoting the input and output subsystems. On the right: the state representation of the
unitary on the doubled Hilbert space.

different states AB(t)|3) and B(t)A|S), where we act with A in different ways to affect
the growth of the time-evolved operator B(t). The statement that these terms decay is a
manifestation of the butterfly effect, acting with A has drastically changed the state and the

inner product is small. Thus, operator growth is one of the many things captured by the

OTOC.

Scrambling of quantum information

Scrambling is the statement that local quantum information becomes delocalized under uni-
tary evolution and spreads over the entire system [1, 2], and information about local degrees
of freedom can no longer be accessed by local measurements. The unitary evolution U; might
be time-evolution by a Hamiltonian, application of a quantum circuit, and more generally
might be a quantum channel. Scrambling is usually discussed with respect to a specific
initial state. The most common notion of scrambling is that, starting with a simple state
|1), the evolved state Uy 1) looks nearly maximally mixed on arbitrary subsystems (which
constitute less than half of the total system).

Consider a unitary that acts on many qubits (or qudits), with total Hilbert space dimen-
sion d. As shown in Fig. 1.3, we divide the input degrees of freedom into subsystems A and
B = A¢, and the output into subsystems D and C = D¢, where B and D are somewhat larger
than their complements. Scrambling is the statement that we cannot reconstruct the local
information in A with any arbitrary subsystem D in the output, i.e. the state is scrambled
as we cannot learn about it by performing local measurements.

Let’s be a little more precise. We want to talk about the scrambling properties of the
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chaotic unitary itself. Following [10], we employ the state representation of the operator |U)

[31, 32], considering the operator U as a state on the doubled Hilbert space
1 N
U) =1® U, |EPR) , where |EPR) = ﬁz 19) 17) - (1.10)
J

The state representation of our operator U; with the subsystems labeled is shown in Fig. 1.3.
We can now talk about the entropies of subsystems in the 4-partitite state |U;). We say that
the information is delocalized by the unitary if the mutual information I(.A, D) is small,
and thus we cannot learn about local information in 4 by acting locally on the output.
Moreover, we say that the chaotic unitary has scrambled the quantum information in the
input if the mutual information I(A,CD) is large, i.e. the information about A has spread
nonlocally over the entire output. Equivalently, the mutual information I(.4, BD) becoming
large implies we can reconstruct the state once it has scrambled over the system by accessing
the other input degrees of freedom in B.

We would like to highlight one relation between the decay of 2-point functions and delocal-
ization of quantum information, as well as the decay of 4-point functions and the scrambling
of quantum information. This is primarily due to the ideas and techniques developed in
[10], but appeared as discussed here in [12] and reproduced in this thesis in Sec. 2.B. We
will simply summarize here and refer the reader to these papers for details. Moreover, the
physics here was essentially understood and explained in [1].

Again, consider a unitary operator which takes input subsystems A and B to output
subsystems C and D, where the subsystems A and D have dimensions d 4 and dp. Employing
the state representation of the operator U and averaging over a basis of operators on the

subsystems A and D, we can relate the 2-point functions to the mutual information as

1 2
/doAdop (0.0 (1)|* = = el (AD) (1.11)
AYD

where I®)(A, D) is the Rényi-2 mutual information, I® (A, D) = Sff) + Sg) - Sffl)), in terms
of reduced density matrices in the Choi state |U). For local operators on subsystems .4

and D the decay of 2-point functions occur after the thermalization time ¢ ~ . Here the
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decay of 2-point functions means that the mutual information between A and D systems
becomes small and the information has delocalized. In the language of [1], this is Bob failing
to reconstruct Alice’s state on A with only the Hawking radiation D.

Now we consider the 4-point function averaged over the operators on subsystems A and
D. Again using the state representation of the operator, we can relate the OTO 4-point

functions to the mutual information as
/ dO4dOp (O4Op(H)OAOp(t)) = e~ *ABP) (1.12)

where now we find the Rényi mutual information between the subsystems A and BD. For
local operators on subsystems A and D, we expect that for chaotic systems, the OTOCs
will decay after a scrambling time ¢ ~ §log N, the mutual information between A and BD
becomes large. This means that the local information in A has scrambled over the entire
system. This also has the interpretation that Bob can reconstruct Alice’s state on A by
accessing both the early-time radiation B and the emitted quanta D. The chaotic decay of
2-point functions and OTO 4-point functions imply that a chaotic unitary can be viewed
as a quantum error-correcting code, where the quantum information on the A subsystem is
delocalized and encoded nonlocally in the C and D subsystems. When the unitary is viewed
as a four-partite state, that the mutual information between A and any two of the other
subsystems is the same, implies we can tolerate the erasure of any one subregion and still
reconstruct the state on A.

It is in this sense a chaotic unitary, and black holes, may be seen as a quantum error-
correcting code, and is one way to relate the chaotic decay of correlation functions to the

delocalization and scrambling of quantum information.

Haar-randomness

The last measure of chaotic dynamics we will discuss, and one that plays a primary role
in this thesis, is the randomness of the unitary evolution itself. Consider the unitary time
evolution by a chaotic Hamiltonian e~#* € U(d). To extract universal aspects of late-time

dynamics, we often average over the unitary group [1, 11]. Roughly speaking, the intuition
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should be that chaotic time-evolution spreads randomly over the unitary group and, at late-
times, we can extract universal behavior by averaging over U(d). More precisely, we are

interested an ensemble of unitaries generated by (an ensemble of) Hamiltonians at a time ¢
E={e ™ Heé&y}, (1.13)

where the £y might be a disordered spin-system, the Sachdev-Ye-Kitaev model, or a random
matrix ensemble. We want to understand how random the ensemble & with respect to
the Haar measure, the invariant measure on the unitary group. As Haar-random unitaries
require exponential circuit complexity, we do not expect that physical time-evolution becomes
exactly Haar-random. But we can quantify how random the ensemble is with the notion of
a k-design.

A unitary k-design is a subset of the unitary which reproduces averages over the unitary
group, capturing the first £ moments of the Haar ensemble. As measure of randomness we
will discuss many times in this thesis is the frame potential ]-"ék), a quantity we can compute
for any ensemble of unitaries. ]:ék) is lower-bounded by the Haar value, with equality if
and only if we form a k-design, and in this sense defines a distance to randomness. We are
interested in the time-scales at which the ensemble & becomes Haar-random and forms a
k-design.

Being Haar-random relates to other measures of chaos we have discussed so far. A 2-
design looks maximally mixed on subsystems, as for Haar-random unitaries in [33], and
scrambles by achieving decoupling in the sense of [1]. Moreover, by Haar-averaging over
random operators and random Hamiltonians, we will be able to relate OTOCs, the spectral

form factor, and the frame potential, as we will explore in more detail in Ch. 2.

Outlook

As we stressed before, the above list of symptoms of chaos is certainly not exhaustive; we
have not mentioned entanglement production and the growth of entanglement entropy or
complexity, although both will be discussed in this thesis. Nor are the symptoms distinct;

many of the diagnostics can be understood as related to one another, as we have already
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discussed. Understanding the relations between these symptoms of chaos is part of the goal
of this thesis. Moreover, we have not mentioned other aspects of real-time dynamics in
strongly-interacting many-body systems, namely, thermalization and transport. There is
still much to be done in order to understand the connection between chaos, transport, and
thermalization. Nevertheless, it seems likely that quantum information will continue to play
a central role in our understanding of quantum matter and quantum gravity by shedding
light on chaotic dynamics. Being of the opinion that some of the deepest insights in physics

come from a chaotic union of subfields, we view the liminal nature of the field as exciting.

1.2 Outline of the thesis

Motivated by many of the ideas discussed in this introduction, we will use tools and ideas
from quantum information theory to study the universal aspects of chaos and randomness
in strongly-interacting quantum systems.

In Chapter 2, we relate different diagnostics of chaos, study the time-evolution of ran-
dom matrix Hamiltonians, and define a measure of random matrix behavior in physical sys-
tems. We will connect the notions of chaotic correlation functions, randomness, information
scrambling, complexity, and random matrix behavior by deriving relations between probes
of chaos, namely: OTOCs, spectral correlators, and the frame potential—a measure of Haar-
randomness. We also consider the time-evolution by Gaussian random matrix Hamiltonians
and analytically compute the spectral form factors, OTOCs, and frame potentials to quantify
chaos and scrambling. We give a precise sense in which early-time random matrix evolution
is unphysical, showing that random matrix evolution fails to capture operator growth and
Lyapunov behavior, both expected features of chaotic Hamiltonians. Of more interest, we
find that at an intermediate time-scale random matrix evolution forms a unitary k-design,
but at late times deviates from this and becomes less Haar-random. This motivated us to
introduce k-invariance, defined as the difference between the frame potential of an ensemble
of unitary time-evolutions and its Haar-invariant counterpart. This is a computable measure
of late-time chaos for physical systems, where the difference becoming small indicates the

onset of a random matrix description.
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In Chapter 3, we extend many of the tools developed in the previous chapter to consider
chaotic systems with symmetry. Specifically, we consider Haar-average over different quo-
tients of the unitary group making use of Weingarten calculus for more general Lie groups
and compact symmetric spaces. The averages over the different spaces correspond to the
universal aspects of different symmetry classes of Hamiltonians. We compute the OTOCs
and frame potentials of the different symmetry classes to describe the universal aspects of
late-time chaos in systems with symmetry. We also generalize the notion of a k-design to
different Lie groups and compact symmetric spaces, making precise what it means to be
random with respect to a subgroup or quotient of the unitary group. We further general-
ize k-invariance to ensembles with symmetry. As a check, we study the time evolution of
time-reversal invariant random matrix Hamiltonians and identify the timescales at which
they form symmetric k-designs. We also consider subsystems of random states with sym-
metry. Lastly, we numerically investigate k-invariance in spin-systems and in SYK, a first
step towards making precise the connection between the time scales at which we achieve
k-invariance and scrambling.

In Chapter 4, we extend our study of quantum chaos to systems with symmetry in a dif-
ferent way, considering extended random matrix ensembles. The motivation is to investigate
chaos in supersymmetric SYK, where we compute the form factors and frame potentials for
Wishart random matrices and find agreement with the model. This highlights a distinction
between early-time chaos in the chaotic decay of OTO correlators, and late-time chaos in
terms of Haar-randomness and scrambling.

In Chapter 5, we explore a simple application of the tools developed earlier in this thesis
by considering quantum circuits built out of random unitaries drawn from quotients of the
full unitary group. Random quantum circuits are simple minimal models to understand
operator growth and the emergence of dissipative hydrodynamics. We derive the transition
probabilities of the Markov process governing operator growth in five classes of symmetric
random circuits and then compute the butterfly velocities and diffusion constants for a

spreading operator by solving a simple random walk in each class of circuits.
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Chapter 2

Chaos, complexity, and random

matrices

This chapter is essentially the same as

e J. Cotler, N. Hunter-Jones, J. Liu, B. Yoshida, “Chaos, Complexity, and Random
Matrices,” JHEP 11 (2017) 048, arXiv:1706.05400 [hep-th].

Abstract

In this chapter, we consider time evolution by Gaussian Unitary Ensemble (GUE) Hamil-
tonians and analytically compute out-of-time-ordered correlation functions (OTOCs) and
frame potentials to quantify scrambling, Haar-randomness, and circuit complexity. While
our random matrix analysis gives a qualitatively correct prediction of the late-time behavior
of chaotic systems, we find unphysical behavior at early times including an O(1) scram-
bling time and the apparent breakdown of spatial and temporal locality. The salient feature
of GUE Hamiltonians which gives us computational traction is the Haar-invariance of the
ensemble, meaning that the ensemble-averaged dynamics look the same in any basis. Moti-
vated by this property of the GUE, we introduce k-invariance as a precise definition of what
it means for the dynamics of a quantum system to be described by random matrix theory.
We envision that the dynamical onset of approximate k-invariance will be a useful tool for
capturing the transition from early-time chaos, as seen by OTOCs, to late-time chaos, as

seen by random matrix theory.
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2.1 Introduction

Quantum chaos is a general feature of strongly-interacting systems and has recently provided
new insight into both strongly-coupled many-body systems and the quantum nature of black
holes. Even though a precise definition of quantum chaos is not at hand, understanding how
chaotic dynamics process quantum information has proven valuable. For instance, Hayden
and Preskill [1] considered a simple model of random unitary evolution to show that black
holes rapidly process and scramble information. The suggestion that black holes are the
fastest scramblers in nature [2, 3] has led to a new probe of chaos in quantum systems,
namely the 4-point out-of-time-order correlation function (OTOC). Starting with the work
of Shenker and Stanford [4, 5], it was shown [27] that black holes are maximally chaotic in
the sense that a bound on the early time behavior of the OTOC is saturated. Seperately,
Kitaev proposed a soluble model of strongly-interacting Majorana fermions [34, 35|, which
reproduces many features of gravity and black holes, including the saturation of the chaos
bound [6, 7]. The Sachdev-Ye-Kitaev model (SYK) has since been used as a testing ground
for questions about black hole information loss and scrambling.

In recent work, [9] found evidence that the late time behavior of the SYK model can be
described by random matrix theory, emphasizing a dynamical perspective on more standard
notions of quantum chaos. Random matrix theory (RMT) has its roots in nuclear physics
[17, 18] as a statistical approach to understand the spectra of heavy atomic nuclei, famously
reproducing the distribution of nearest neighbor eigenvalue spacings of nuclear resonances.
Random matrix theory’s early success was later followed by its adoption in a number of
subfields, including large N quantum field theory, string theory, transport in disordered
quantum systems, and quantum chaos. Indeed, random matrix eigenvalue statistics have
been proposed as a defining characteristic of quantum chaos, and it is thought that a generic
classically chaotic system, when quantized, has the spectral statistics of a random matrix
ensemble consistent with its symmetries [8].

Current thinking holds that both spectral statistics and the behavior of the OTOC serve
as central diagnostics of chaos, although the precise relation between the two is unclear.

OTOCs have recently been studied using techniques from quantum information theory, and
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it was found that their decay as a function of time quantifies scrambling [10] and randomness
[11]. The goal of this chapter is to connect various concepts as a step towards a quantum
information-theoretic definition of quantum chaos that incorporates scrambling, chaotic cor-
relation functions, complexity, approximate randomness, and random matrix universality.

As alluded to above, an important first step to bridge early-time chaos and late-time
dynamics is to understand the relation between the OTOC and the spectral statistics. We
derive an explicit analytical formula relating certain averages of OTOCs and spectral form
factors which holds for arbitrary quantum mechanical systems. A simple corollary is that
spectral form factors can be approximated by OTOCs defined with respect to random (typ-
ically non-local) operators, highlighting the fact that spectral statistics are good probes of
macroscopic thermodynamic properties, but may miss important microscopic physics such
as early-time chaos. We also compute correlation functions for an ensemble of Hamiltonians
given by the Gaussian Unitary Ensemble (GUE), and find that 4-point OTOCs decay faster
than 2-point correlators contrary to findings for local quantum Hamiltonians [27]. Due to
the basis independence of the GUE, averaged correlation functions do not depend on sizes of
operators, and thus can be expressed solely in terms of spectral form factors. Furthermore,
we find that correlators for GUE Hamiltonians do not even depend on the time-ordering
of operators. These results imply that the GUE ignores not only spatial but also temporal
locality.

Another important question is to understand the approach to entropic (as well as quan-
tum complexity) equilibrium via pseudorandomization at late times in strongly coupled sys-

tems. We consider the ensemble of unitaries generated by fixed GUE Hamiltonians, namely
EFVE = {e """, for H € GUE}, (2.1)

and study its approach to Haar-randomness by computing frame potentials which quantify
the ensemble’s ability to reproduce Haar moments. We find that the ensemble forms an
approximate k-design at an intermediate time scale, but then deviates from a k-design at
late times. These results highlight that the k-design property fails to capture late time

behavior of correlation functions. An interesting application of unitary k-designs is that
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Haar-randomness is a probe of quantum complexity. We apply techniques from [11] to lower
bound the quantum circuit complexity of time evolution by GUE Hamiltonians and find a
quadratic growth in time.

In order to make precise claims about the behavior of OTOCs and frame potentials for
GUE Hamiltonians, we need explicit expressions for certain spectral quantities. Accordingly,
we compute the 2-point and 4-point spectral form factors for the GUE at infinite temperature,
as well as the 2-point form factor at finite temperature. We then use these expressions to
discuss time scales for the frame potentials. We also analytically compute the late-time value
of the k-th frame potential for arbitrary k.

Under time evolution by strongly-coupled systems, correlations are spread throughout
the system and the locality of operators as well as time-ordering appear to be lost from the
viewpoint of correlation functions, as implied by the late-time universality of random matrix
theory. Also motivated by the k-design property’s failure to capture late-time chaos (i.e.,
ESVE fails to be Haar-random at late times), we propose a new property called k-invariance,
which may provide a better probe of chaos at both early and late times. The property of k-
invariance characterizes the degree to which an ensemble is Haar-invariant, meaning that the
ensemble is invariant under a change of basis. When the dynamics becomes approximately
Haar-invariant, correlation functions can be captured solely in terms of spectral functions,
which signifies the onset of an effective random matrix theory description. We thus provide
an information theoretically precise definition of what it means for a system’s dynamics to
be described by random matrix theory. Specifically, we say that an ensemble of Hamiltonian
time evolutions &; is described by random matrix theory at times greater than or equal to
t with respect to 2k-point OTOCs when &; is approximately k-invariant with respect to
its symmetry class, for example the symmetry class of either the unitary, orthogonal, or
symplectic groups.

The chapter is organized as follows: In Section 2.2, we provide a brief overview of random
matrix theory and explicitly compute the spectral form factors for the GUE at infinite and
finite temperature. In Section 2.3, we compute correlation functions for the GUE, including
the OTOC, and demonstrate that they can be expressed in terms of spectral correlators as

well. In Section 2.4, we compute frame potentials for the GUE, and extract the timescales

19



when it becomes an approximate k-design both at finite and infinite temperatures. We show
that the frame potentials can be also expressed as products of sums of spectral correlators.
In Section 2.5, we discuss complexity bounds and complexity growth for the GUE. In Section
2.6, we discuss Haar-invariance as a diagnostic of delocalization of spatial degrees of freedom
and random matrix universality at late times. We conclude with a discussion in Section 2.7.
The appendices contain a review of various information-theoretic definitions of scrambling
in the literature, a discussion of information scrambling in black holes, more details of our

random matrix calculations, and numerics.

2.2 Form factors and random matrices

For a long time, the spectral statistics of a random matrix were seen as a defining feature of
quantum chaos. More recently, it has been proposed that the late time behavior of certain
strongly coupled theories with large numbers of degrees of freedom also exhibit a dynamical
form of random matrix universality at late times [9]. The central object of study in this
recent work is the 2-point spectral form factor,® which is defined in terms of the analytically

continued partition function
Ro(8,t) = (|Z(B, 1)), where Z(B,t) = Tr(e P11 (2.2)

and where (-) denotes the average over an ensemble of Hamiltonians. In SYK as well as
standard RMT ensembles, the 2-point spectral form factor decays from its initial value and
then climbs linearly back up to a floor value at late times. The early time decay of the form
factor is called the slope, the small value at intermediate times is called the dip, the steady
linear rise is called the ramp, and the late time floor is called the plateau. In Fig. 2.1 we

observe these features in SYK with N = 26 Majoranas, which has GUE statistics at late

!One motivation for studying this object is a simple version of the information loss problem in
AdS/CFT [36], where the apparent exponential decay of 2-point correlation functions in bulk effective field
theory contradicts the finite late-time value of e=©(5) implied by the discreteness of the spectrum. As we
shall see in the next section, the 2-point form factor is equivalent to the average of 2-point correlation func-
tions. More recently, chaos and information loss in correlation functions and form factors have also been
studied in holographic CFTs [29, 37, 38, 39, 40].
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Figure 2.1: The 2-point spectral form factor for SYK with N = 26 Majoranas at inverse
temperature 5 = 5, computed for 1000 random samples. The slope, dip, ramp, and plateau
are labeled.

times.? Furthermore, it was found that in SYK, time scales and many features of the slope,
dip, ramp and plateau agree with predictions from RMT.

In this section, we briefly review random matrix theory. Further, we study the 2-point
spectral form factor for the GUE at both infinite and finite temperature, compute its analytic
form, and extract its dip and plateau times and values.® In addition, we compute the 4-point
form factor and extract relevant time scales and values. We find that the late-time rise in the
4-point form factor is quadratic in ¢, in contrast to the linear rise in the 2-point form factor.
The expressions derived in this section will give us analytic control over the correlation
functions and frame potentials discussed in later sections. For a detailed treatment of the

random matrix ensembles, we refer the reader to [23, 43, 19].

2.2.1 Random matrix theory

The Gaussian Unitary Ensemble GUE(d, i, o) is an ensemble of d x d random Hermitian

matrices, where the off-diagonal components are independent complex Gaussian random

2For SYK with N Majoranas, particle-hole symmetry dictates the symmetry class of the spectrum, where
N (mod 8) = 2 or 6 corresponds to GUE statistics [41]. Furthermore, the spectral density of SYK and its
relation to random matrices has also been discussed in [42].

3We consider the GUE since it corresponds to the least restrictive symmetry class of Hamiltonians. The
generalization of our analysis to the GOE or GSE is left for future work.
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variables N(u,o)c with mean p and variance o2, and the diagonal components are inde-
pendent real Gaussian random variables N(u,0)g. It is common in the math literature to
work with GUE(d, 0, 1) which has zero mean and unit variance, but we will instead use the
normalization GUE(d,0,1/+/d) so that the eigenvalues do not scale with the system size.*

The probability density function of the ensemble has a Gaussian form
P(H) o e 2TH” (2.3)

up to a normalizing factor. As the GUE is invariant under unitary conjugation H — UHUT,
the integration measure dH = d(UHUT) is likewise invariant. The probability measure
P(H)dH on the ensemble integrates to unity.

Instead of integrating over dH directly, it is convenient to change variables to eigenval-
ues and diagonalizing unitaries. Up to a normalizing constant C' defined in Eq. (2.166) in

App. 2.C, the measure becomes
dH = C|[AWN)* [ [ andU (2.4)

where dU is the Haar measure on the unitary group U(d) and A()) is the Vandermonde

determinant

A =T = ). (25)

i>j
The joint probability distribution of eigenvalues is

P(A1,.. . M) = Ce 2 2N A2, (2.6)

and is symmetric under permutations of its variables. For simplicity, we define a measure

DX which absorbs the Gaussian weights, eigenvalue determinant, and constant factors. We

“The reason for using the normalization GUE(d,0,1/v/d) instead of GUE(d,0,1) is as follows: With
the standard normalization GUE(d,0,1), the energy spectrum ranges from —2v/d to 2v/d. This implies
that by applying a local operator, one may change the energy of the system by O(v/d). With the physical
normalization GUE(d, 0,1/v/d), the energies lie within the range —2 to 2, and local operators act with O(1)
energy. See [44] for discussions on normalizing ¢-local Hamiltonians.
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integrate over the GUE in the eigenvalue basis as
(O(N\)que = /D)\ O(\)  where /D)\ = C’/Hd/\,-|A(/\)|Qe_gZi No—1. (2.7)
The probability density of eigenvalues p()), where

/ dAp(\) = 1, (2.8)

can be written in terms of the joint eigenvalue probability density by integrating over all but

one argument

p()\> = /d)\l Ce d)\dflp()\l, ce ,)\dfl, )\) . (29)

The spectral n-point correlation function, i.e. the joint probability distribution of n eigen-

values, p(™ is defined as

PN, A = /dAnH L dXgP(M, . N (2.10)

With these definitions at hand, we quote a few central results. In the large d limit, the

density of states for the Gaussian ensembles gives Wigner’s famous semicircle law,

1
p(A)=—vV4—-X as d— o, (2.11)

2

where the semicircle diameter is fixed by our chosen eigenvalue normalization. Also in the

large d limit, the spectral 2-point function

P (A, Ao) = /d)\g AP ) (2.12)

can be expressed in terms of a disconnected piece and a squared sine kernel as [23]

d 2 sin® (d(A — Xg))

P2 (A, Ag) = =1 "Mre) = 5o (dr(h — X2)*

(2.13)
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2.2.2 Spectral form factors

The 2-point spectral form factor for a single Hamiltonian H is given in terms of the analyt-

—ﬁH—th)

ically continued partition function Z(/3,t) = Tr (e as

RI(B,1) = Z(8,0)2°(8,£) = Tr (e~ PH=HI Ty (¢-#H+ilt). (2.14)
Similarly, the spectral form factor averaged over the GUE is denoted by

Ra(B,t) = (Z(B.0)Z* (B, 1)) = / DAY el hmlem i), (2.15)

which is the Fourier transform of the spectral 2-point function. At infinite temperature
B = 0, the Fourier transform of the density of states is just Z(t) = Tr (e~ ), the trace of

unitary time evolution. Using the semicircle law, we take the average of Z(t) at large d

(Z(t))que = / DAZe—W =d / dX p(\)e M = dh(2t) : (2.16)

L t

where Ji(t) is a Bessel function of the first kind. The function J;(2t)/t is one at ¢t = 0
and oscillates around zero with decreasing amplitude that goes as ~ 1/t32, decaying at late

times. At infinite temperature, the 2-point spectral form factor for the GUE is
Ro(t) = (Z(1)Z*(t)) oy = / dH Tr(e ") Ty () = / DAY e hlt (2.17)
12
More generally, we will also be interested in computing 2k-point spectral form factors

Rox(t) = <(Z(t)Z*(t))k>GUE = /DA D et A A (2.18)

i’s,j's

the Fourier transform of the spectral 2k-point function p*).> Although the form factors can

be written exactly at finite d, our analysis will focus on analytic expressions that capture

5In the random matrix literature, the 2-point form factor is often defined as the Fourier transform of
the connected piece of the spectral 2-point correlation function, where the connected piece of the spectral
2k-point function is often referred to as the 2k-level cluster function. Our definition for the 2k-point spectral
form factor Ro includes both connected and disconnected pieces.
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the large d behavior.%

Note that in [9], 2-point form factors were normalized via dividing by Z(/3)?. At infinite
temperature, this simply amounts to dividing by d?, but at finite temperature the situation
is more subtle. As we will comment on later, the correct object to study is the quenched form
factor (Z(B3,t)Z*(8,t)/Z(3)?), but since we only have analytic control over the numerator
and denominator averaged separately, we instead work with the unnormalized form factor

Ro as defined above.

2-point spectral form factor at infinite temperature

Here we calculate the 2-point form factor at g = 0. Working at large d, we can evaluate Ro

by first pulling out the contribution from coincident eigenvalues

Ra /D)\ D el = d+d(d—1)/d)\1d)\2p (A1, Ag)eiPr 2t (2.19)

7.7

In the large d limit, we can make use of the sine kernel form of the 2-point function Eq. (2.13).

Using Eq. (2.16), we integrate the first term, a product of 1-point functions, and find
e J220)
/ Dads py) p() M0 = SLZ (2.20)
In order to integrate the sine kernel, we make the change of variables:

U = )\1 — )\2 and Uy = )\2 s (221)

which allows us to rewrite the integral

in? (d(A\ — X ,
d2/ dAldel(I; ((A( 1 A )2) e = / du, / dulsn; () gt (2.22)
(A1 — Az mu

Having decoupled the variables, in order to integrate over u; and us, we must employ a short

distance cutoff. We develop a certain approximation method which we refer to as the ‘box

6In addition to relating the form factor to the fidelty of certain states, [45] also studies the 2-point spectral
form factor for the GUE, computing an analytic form at finite d and discussing the dip and plateau.
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approximation,” and explain its justification in App. 2.C. Specifically, we integrate u; from

0 to ug, and integrate uy from —m/2 to m/2,

t

in2(d , 1—5, for t<2d
d / duldufmd(—g1> gmt =gd M . (2.23)
T 0, for ¢>2d

Note that in the random matrix theory literature, a common treatment [24] is to approximate
the short-distance behavior of p® (A1, \;) by adding a delta function for coincident points
A1 = Ao and inserting a 1-point function into the sine kernel. For R, this gives the same
result as the approximation above, but this short-distance approximation does not generalize
to higher k-point form factors, as discussed in App. 2.C. The 2-point form factor we compute

is”

Ra(t) = d?ri(t) — dry(t) +d, (2.24)
where we define the functions
9 1—4, for t<2d
r(t) = Jl(t ) , and 7m(t) = 2 . (2.25)
0, for t > 2d

As was discussed in [9], we can extract the dip and plateau times and values from Rs.

From the ramp function ry, we observe that the plateau time is given by

t,=2d, (2.26)

where after the plateau time, the height of the function R, is the constant d. This value can
also be derived by taking the infinite time average of R.,.

The other important time scale is the dip time ¢4, which we can estimate using the

"We emphasize that this function relied on an approximation and while it captures certain desired behav-
ior, it should not be viewed as exact. In App. 2.D we provide numerical checks and discuss an improvement
of the ramp function r5(t).
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asymptotic form of the Bessel function at large ¢, which gives

1 cos(2t — 3w /4)

(2.27)

oscillating at times ~ O(1) with decaying envelope ~ t~%2. While the first dip time is
O(1), we will be interested in the dip time as seen by the envelope, especially because the
oscillatory behavior disappears at finite temperature (see Fig. 2.3). Solving for the minimum
of the envelope of Rs, we find

tg~Vd, (2.28)

up to order one factors. The true minimum of the envelope and ramp is (6/7)"/4V/d ~
1.18V/d, but in light of the approximations we made, and the fact that the precise ramp
behavior is somewhat ambiguous, we simply quote the dip time as {5 ~ Vd. At ty, we find
the dip value Ry(tyq) ~ Vd. We plot the 2-point form factor for different dimensions d in
Fig. 2.2.

GUER; atB=0
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Figure 2.2: The 2-point spectral form factor at infinite temperature, as given in Eq. (2.24),
plotted for various values of d and normalized by the initial value d2. We observe the linear
ramp and scaling of the dip and plateau with d.

The oscillations in the early time slope behavior of the form factor simply arise from the

oscillatory behavior of the Bessel function, i.e. the zeros of 7 ().
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2-point spectral form factor at finite temperature

Recall that spectral 2-point function at finite temperature is defined as

As described in App. 2.C, we insert the spectral 2-point function p® and, using the short-

distance kernel, find Ry(t, 5) in terms of the above functions:

First we comment on the validity of the approximations used in the finite temperature
case. The first and third terms of Eq. (2.29), dominating at early and late times respectively,
are computed from the 1-point function. Therefore, the expression captures the early time,
slope, and plateau behaviors. The dip and ramp behavior, encoded in the ry term, are more
subtle. The expression correctly captures the slope of the ramp, but deviates from the true
ramp at large 5. We will discuss this more in App. 2.C, but here only discuss quantities
around the dip for small 3, where Eq. (2.29) is a good approximation.

The ramp function ro, which is the same as at infinite temperature, gives the plateau
time

t, =2d. (2.30)
For convenience we define the function hy(8) = Jy(2i3) /i3, which is real-valued in 8. The

initial value and plateau value are thus given by

R2(0) = ((B))*d*,  Ralty) = hi(28)d. (2.31)

To find the dip time, we make use of the asymptotic expansion of the Bessel function as

2 2

dtg (cosh(43) — sin(4t)) ~ % cosh?(23) . (2.32)

d27"1(t + Zﬁ)?"l(—t + Zﬁ) ~

8For instance, to emphasize its real-valuedness, we could equivalently write hy(3) as a regularized hyper-
geometric function h1(8) = o F1(2; 5%).
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Finding the minimum of the expression gives the dip time

tqg=hy(8)Vd where hy(f) ~ (1 + ; + 0(54)) : (2.33)

and evaluating R, at the dip gives

Rg(td) =~ h3(ﬁ)\/g where hg(ﬁ) ~ (1 + 572 + 0(54)> , (234)

up to order one factors. While we could write down full expressions for the dip time hs and
dip value hg3 in terms of the Bessel function, we only trust Eq. (2.29) in this regime for small
B, and thus report the functions perturbatively.

The 2-point form factor is plotted in Fig. 2.3 for various values of d and 5. While
increasing the dimension d lowers the dip and plateau values and delays the dip and plateau
times, decreasing temperature raises the dip and plateau values and delays the dip times. We
also note that lowering the temperature smooths out oscillations from the Bessel function.”
After normalizing Ry(3,t) by its initial value, the late-time value is ~ 25 where S@ is

the thermal Rényi-2 entropy.

GUE R atB=1
Rap GUE R, ford = 100
1L Rap
0.100 - 1
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104 - \ 0.010 -
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- - ‘4 ‘5 t . . . . .
0.1 1 10 100 1000 10 10 0.1 1 10 100 1000

Figure 2.3: The 2-point spectral form factor at finite temperature as per Eq. (2.29), on
the left plotted at different values of d, and on the right plotted at different temperatures,
normalized by the initial value. We see that the dip and plateau both scale with § and d
and that lowering the temperature smooths out the oscillations in Rs.

9While the oscillatory behavior still persists at finite temperature, the width of the dips become very
sharp as we increase 8 and thus the oscillations are not observed when plotted. Furthermore, if we average
over a small time window, the oscillations are also smoothed out.
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2.2.3 4-point spectral form factor at infinite temperature

We can also compute the 4-point form factor at infinite temperature, defined as

Ru(t) = (ZW)Z()Z () Z (1)) g = / DX Y el Ao, (2.35)
iji kb
As we explain in App. 2.C, we compute R4 by replacing p¥ by a determinant of sine kernels

and carefully integrating each term using the box approximation. The result is
Ru(t) = d'ri(t) + 2d°r5(t) — 4d°ro(t) — Tdro(2t) + 4dry(3t) + 4dry(t) +2d*> —d,  (2.36)

given in terms of the functions r(¢) and ry(t) defined above. The initial value of Ry is d*.
Given the dependence on the ramp function, the plateau time is still ¢, = 2d. The plateau
value 2d* — d matches the infinite time average of Eq. (2.35). The dip time is found again

by considering the leading behavior of R4 and expanding the Bessel functions

Ji2t) t bt
—(t—=2)~ — +=(t—2). 2.
5t =2~ s+ ot -2) (2:37)

Solving for the minimum, we find the dip time
ty~Vd, (2.38)

where at the dip time R4(t4) ~ d. We plot the R4(t) for various values of d in Fig. 2.4.

Let us summarize the time scales and values for the form factors considered above:
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Figure 2.4: The GUE 4-point spectral form factor at infinite temperature, plotted for different
values of d and normalized by their initial values. We observe the scaling of the dip and
plateau, and the quadratic rise ~ t2.

form factor | time scale time value
Ra(t) initial 0 d?
dip Vd Vd
plateau 2d d
Ra(t, ) initial 0 h3(8)d?
dip | ha(B)Vd | hs(B)Vd
plateau 2d hy(25)d
Ra(t) initial 0 d*
dip Vd d
plateau 2d 2d?

The f—dependent functions were defined above.

With an understanding of the first few form factors, we briefly describe the expected
behavior for 2k-point form factors Rox(t) (with & < d). Initially, Ry decays from d?* as
~ J?(2t)/t?* reaching the dip at time t4 ~ v/d where Roy(tq) ~ d*/?. The ~ t* growth
after the dip levels off at the plateau time 2d, with plateau value ~ kd*.

Given that we employed some approximation to compute the form factors, we perform
numerical checks for the expressions above in App. 2.D. At both infinite and finite tempera-
ture, we correctly capture the time scales, early time decay, dip behavior, and the late-time

plateau, but find slight deviations from the analytic prediction for the ramp. We discuss this
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and possible improvements to the ramp function in App. 2.D.

Later we will study frame potentials which diagnose whether an ensemble forms a k-
design. We will find that the frame potentials for the ensemble of unitaries generated by the
GUE can be written in terms of the spectral form factors discussed here, thereby allowing

us to extract important time scales pertaining to k-designs.

2.3 Out-of-time-order correlation functions

2.3.1 Spectral form factor from OTOCs

Although quantum chaos has traditionally focused on spectral statistics, recent developments
from black hole physics and quantum information theory suggest an alternative way of
characterizing quantum chaos via OTOCs [1, 4, 27, 10]. In this subsection, we bridge the
two notions by relating the average of 2k-point OTOCs to spectral form factors. We work
at infinite temperature (8 = 0), but note that by distributing operator insertions around
the thermal circle, the generalization to finite temperature is straightforward. The results
in this subsection are not specific to GUE and are applicable to any quantum mechanical
system.

Consider some Hamiltonian H acting on an d = 2"-dimensional Hilbert space, i.e. con-
sisting of n qubits. We start by considering the 2-point autocorrelation function (A(0)AT(t)),

time evolved by H. We are interested in the averaged 2-point function:
1 . ,
/ AACAWO)AT(D) = / dA Te(Ae=Ht Al gitit) (2.39)

where [ dA represents an integral with respect to a unitary operator A over the Haar measure
on U(2"). We note that since the 2-point Haar integral concerns only the first moment of

the Haar ensemble, we can instead average over the ensemble of Pauli operators!”

/ dA(A(0)AT(t)) = % D Tr(Aje AL, (2.40)

10This is because the Pauli operators form a 1-design.
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where A; are Pauli operators and d* = 4" is the number of total Pauli operators for a system
of n qubits. To derive the spectral form factor, we will need the first moment of the Haar

ensemble

/dA ATAT = ééfﬁéﬁ, or equivalently /dA AOAT = %ZTr(O)I[. (2.41)

Applying Eq. (2.41) to Eq. (2.39), we obtain

Te(e™™)]* _ Ry()
/ dA(A(0)AT(t)) = > = 32 : (2.42)
where RE (t) = |Tr(e™")|?* is the same as R (t) from before, but written for a single

Hamiltonian H instead of averaged over the GUE. Thus, the 2-point form factor is propor-
tional to the averaged 2-point function.
This formula naturally generalizes to 2k-point OTOCs and 2k-point form factors. Con-

sider 2k-point OTOCs with some particular ordering of operators
(A1(0)By(t) - - - Ax(0)By(t)) where A;B;---AxBp =1. (2.43)

Operators which do not multiply to the identity have zero expectation value at t = 0, and
the value stays small as we time-evolve. We are interested in the average of such 2k-point

OTOCs. By using Eq. (2.41) 2k — 1 times, we obtain

T RE(D)
d2k ko ’

/ dA; -+ dBy_1d Ay (A (0)Bi(t) - - - A, (0) Bu(t)) (2.44)

where By = A,TC e BIAI. Thus, higher-point spectral form factors can be also computed
from OTOCs. In fact, by changing the way we take an average, we can access various
types of form factors. For instance, let us consider OTOCs (A1(0)By(t) - - - Ax(0) B (t)) with
B; = A}. We then have

Tr<€—th)kTr(eint)

[ Az A )AL () A0) L) = . (2.45)

dk+1
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The fact that the expression on the right-hand side is asymmetric is because the operator
A (0)AT(t) - - Ax(0)Al () is not Hermitian.'!

These expressions not only provide a direct link between spectral statistics and physical
observables, but also give a practical way of computing the spectral form factor. If one wishes
to compute or experimentally measure the 2-point form factor R (), one just needs to pick
a random unitary operator A and study the behavior of the 2-point correlator {A(0)AT(¢)).
In order to obtain the exact value of Ro(t), we should measure (A(0)A(t)) for all possible
Pauli operators and take their average. Yet, it is possible to obtain a pretty good estimate
of Ro(t) from (A(0)A(t)) with only a few instances of unitary operator A. Consider the
variance of (A(0)A(t)),

MAOA @) = [dAAOAO)E - | [aaa@aiey] . (2

If the variance is small, then the estimation by a single A would suffice to obtain a good
estimate of Ry (t). Computing this, we obtain

ALAOA (1), ~ O ! ). (2.47)

This implies that the estimation error is suppressed by 1/d. By choosing a Haar unitary
operator A (or 2-design operator, such as a random Clifford operator), one can obtain a good

estimate of Ry(t).

A check in a non-local spin system

To verify Eq. (2.42) and the claim that the variance of the 2-point functions is small, consider
a random non-local (RNL) spin system with the Hamiltonian given as the sum over all 2-body

operators with random Gaussian couplings J;;qz [46]:

Hpxe == Y JijapSPSy (2.48)

7:7‘7.7C¥7/[3

HBY learned Eq. (2.45) from Daniel Roberts.
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where 7, j sum over the number of sites and «, # sum over the Pauli operators at a given site.

Such Hamiltonians have a particularly useful property where locally rotating the spins of

Hygni, with couplings J;;.s creates another Hamiltonian Hyy,, with different couplings J;

More precisely, if we consider an ensemble of such 2-local Hamiltonians; o
Ernt, = {Hrnw, for Jijas € Gaussian} (2.49)

the ensemble is invariant under conjugation by any 1-local Clifford operator
Ernt = VEVT, V€ 1-body Clifford . (2.50)

Here a Clifford operator refers to unitary operators which transform a Pauli operator to a
Pauli operator. For this reason, the 2-point correlation function (A(0)A'(#))exy, depends

only of the weight of Pauli operator A:
(A0)AT(t)) gy = Cm, Where A is an m-body Pauli operator (2.51)

and where (- )¢, denotes the ensemble (disorder) average. Thus, this system is desirable
for studying the weight dependence of 2-point correlation functions.
As mentioned above, we can write the average over 2-point correlation functions as the

average over all Paulis as

T 1 ; R? RNL (t)

dACA)AT (1) = — Y (A(0)AI(1)) = 22—, (2.52)

4n _ d?
A€ePauli

time evolving with Hrnp,. Numerically, for a single instance of Hgrnr,, we find that the average
over all 2-point functions of Pauli operators gives R, as expected. In Fig. 2.5, for n = 5 sites
and averaged over 500 random instances of Hgryy, to suppress fluctuations, we plot Rs along
side all 2-point functions of Pauli operators. We observe that correlation functions depend
only on the weight of A, with the higher weight Pauli operators clustered around Ry. The

arrangement of the 2-point functions for Paulis of different weight depends on the number

of sites n. But for n = 5, the even and odd weight Paulis are respectively below and above

35



—R2

weight 0

0.8 |-

Pt smatgmmf e A(weight 1

oaeit, P ight 5

NSRS weight 3

W R 9
g : weight 2
M cang Y weight 4

04+

0.2 -

time

Figure 2.5: The 2-point form factor and the 2-point functions (A;A;(¢)) of Pauli operators
for Hgrny, for n = 5 sites and averaged over 500 samples. The thick blue line is R,/d? and
surrounding bands of lines are all 1024 Pauli 2-point functions of different weight.

Ro at later times and weight 2 and 3 Paulis are the closest to Ro. We will comment on the
size dependence of correlators in Sec. 2.6.

The conclusion is that we can choose a few random Paulis, and by computing 2-point
functions, quickly approximate Ro. We also checked that by increasing the number of spins,

the variance becomes small and 2-point functions become closer to Rs.

Operator averages and locality

Let us pause for a moment and discuss the meaning of considering the operator average
from the perspective of spatial locality in quantum mechanical systems. In deriving the
above exact formulae relating the spectrum and correlators, we considered the average of
OTOCs over all the possible Pauli operators. For a system of n qubits, a typical Pauli
operator has support on ~ 3n/4 qubits because there are four one-body Pauli operators,
I,X,Y, Z. It is essential to recognize that the average of correlation functions is dominated
by correlations of non-local operators with big supports covering the whole system. Thus,

the spectral statistics have a tendency to ignore the spatial locality of operators in correlation
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functions.'?

In fact, the spectral statistics ignore not only spatial locality but also temporal locality
of operators. Namely, similar formulas can be derived for correlation functions with various

ordering of time. For instance, consider the following 4-point correlation function:
(A(0)B(t)C(2t)D(t)) (2.53)

where the C' operator acts at time 2t instead of 0 such that the correlator is not out-of-time-

ordered. Computing the average of the correlator with ABC'D = I, we obtain

_ Ra(t)
- =,

/ dAdBAC (A(0)B(t)C(2t)D(t)) (2.54)

which is exactly the same result as the average of 4-point OTOCs in Eq. (2.44). Indeed,
time-ordering is washed away since GUE Hamiltonians cause a system to rapidly delocalize,
thus destroying all local temporal correlations.

In strongly coupled systems with local Hamiltonians, correlation functions behave rather
differently depending on the time ordering of operators, as long as the time gaps involved
are small or comparable to the scrambling time [28, 4, 5, 6]. This observation hints that
the spectral statistics are good probes of correlations at long time scales, but may miss
some important physical signatures at shorter time scales, such as the exponential growth

of OTOCs with some Lyapunov exponent.

2.3.2 OTOCs in random matrix theory

Next, we turn our attention to correlators averaged over random matrices, analytically com-
puting the 2-point correlation functions and 4-point OTOCs for the GUE. We begin with

the 2-point correlation functions for the GUE

(A(O)B(#)) e = / dH{A0)B(t)) where B(f) = = B0 (2.55)

12Gignatures of the locality of an individual Hamiltonian may be seen in properties of its spectrum, as
argued in [47].
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where [ dH represents an integral over Hamiltonians H drawn from the GUE. Since the
GUE measure dH is invariant under unitary conjugation dH = d(UHUT) for all U, we can

express the GUE average as
(A(0)B(t))que = / / dHAU(AUe "M'UTBUMUT) (2.56)

by inserting U, UT where dU is the Haar measure. Haar integrating, we obtain

Ro(t) — 1

(A0)B(t))cur = (A)(B) + A2 — 1

(AB),  (AB) =(AB) = {A)(B)  (2.57)

where ((AB)) denotes the connected correlator. If A, B are non-identity Pauli operators, we

have
Ro(t) — 1
<A(O)B(t>>GUE = W (A = B) (2'58)
=0 (A# B).
If Ro(t) > 1, we have
(AO) AT (D) cop =~ 2 (2.59)

for any non-identity Pauli operator A. It is worth emphasizing the similarity between
Eq. (2.59) and Eq. (2.42). Recall that Eq. (2.42) was derived by taking an average over
all Pauli operators A and is valid for any quantum mechanical system while Eq. (2.59) was
derived without any additional assumption on the locality of Pauli operator A. Namely, the
key ingredient in deriving Eq. (2.59) was the Haar-invariance of the GUE measure dH. The
resemblance of Eq. (2.59) and Eq. (2.42) implies that the GUE is suited for studying physical
properties of chaotic Hamiltonians at macroscopic scales such as thermodynamic quantities.

Next, we compute the 4-point OTOCs for the GUE

(A0)B(t)C(0)D(t))cue - (2.60)
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Inserting U, UT, we must compute the fourth Haar moment

(A(0)B(t)C(0)D(t))que = / / dHAU(AUe ""'UTBUM UTCUe U DUMUT) .
(2.61)

We can avoid dealing directly with the (4!)? terms generated by integrating here and focus on

the leading behavior. Assuming that A, B, C, D are non-identity Pauli operators, we obtain

R4(t)
a*

(A(0)B(1)C(0)D(t))aun = (ABCD) (2.62)
Thus, OTOCs are almost zero unless ABC'D = .13 A similar analysis allows us to obtain
the following result for 2k-point OTOCs:

Rok(t)

The above equation is nonzero when A B ... ApBy = I. Again, note the similarity between
Eq. (2.63) and Eq. (2.44). Recall that in order to derive Eq. (2.44), we took an average over
OTOCs with A;B; ... A B, = 1. This analysis also supports our observation that the GUE
tends to capture global-scale physics very well.

Similar calculations can be carried out for correlation functions with arbitrary time-

ordering. For m-point correlators, at the leading order, we have

1 . . .
<A1 (tl)Ag (tg) Ce Am(tm»GUE ~ <A1 Ce Am>d—mTr(e*’t”H)Tr(e*"”H) . Tr(e*”mlH) y

(2.64)

where ¢;; = t; — t;. Namely, we have:

R4(t)

(A0)BR)C(2t)D(¢))cue = (ABCD)—7—.

(2.65)

So, for the GUE, (A(0)B(t)C(2t)D(t))que =~ (A(0)B(t)C(0)D(t))gue. This implies that

13In fact, one can prove that the GUE averaged OTOCs are exactly zero if ABCD is non-identity Pauli
operator for all times.
MFor analysis related to Eq. (2.62) in the context of SYK, see [48].
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the GUE does not care if operators in the correlator are out-of-time-ordered or not, ignoring
both spatial and temporal locality.

Careful readers may have noticed that the only property we used in the above derivations
is the unitary invariance of the GUE ensemble. If one is interested in computing correlation
functions for an ensemble of Hamiltonians which are invariant under conjugation by unitary
operators, then correlation functions can be expressed in terms of spectral form factors. Such
techniques have been recently used to study thermalization in many-body systems, see [49]

for instance. We discuss this point further in Sec. 2.6.

2.3.3 Scrambling in random matrices

Finally, we discuss thermalization and scrambling phenomena in random matrices by study-
ing the time scales for correlation functions to decay.

We begin with 2-point correlators and thermalization. In a black hole (or any thermal
system), quantum information appears to be lost from the viewpoint of local observers. This
apparent loss of quantum information is called thermalization, and is often associated with
the decay of 2-point correlation functions (A(0)B(t)) where A and B are some local opera-
tors acting on subsystems H 4 and H p which local observers have access to. In the context of
black hole physics, H4 and Hp correspond to infalling and outgoing Hawking radiation and
such 2-point correlation functions can be computed from the standard analysis of Hawking
and Unruh [50, 51]. 2-point correlation functions of the form (A(0)B(t)) have an interpreta-
tion as how much information about initial perturbations on H 4 can be detected from local
measurements on Hpg at time t. A precise and quantitative relation between quantum infor-
mation (mutual information) and 2-point correlation functions is derived in Appendix 2.B.
The upshot is that the smallness of (A(0)B(t)) implies the information theoretic impossibil-
ity of reconstructing from Hawking radiation (defined on Hp) an unknown quantum state
(supported on H4) that has fallen into a black hole.

Is the GUE a good model for describing thermalization? For the GUE, we found
(A(0)B(t)) ~ Ra(t)/d* for non-identity Pauli operators with AB = 1. Since the early
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time behavior of Ry(t) factorizes and is given by

J1(2t)?

(A(0) AT () qup =~ o

(2.66)

the time scale for the decay of 2-point correlation functions, denoted by t3, is O(1). This is
consistent with our intuition from thermalization in strongly coupled systems where t5 ~ .
As such, quantum information appears to be lost in O(1) time for local observers in systems
governed by GUE Hamiltonians.

Next, let us consider 4-point OTOCs and scrambling. To recap the relation between
OTOCs and scrambling in the context of black hole physics, consider a scenario where Alice
has thrown an unknown quantum state into a black hole and Bob attempts to reconstruct
Alice’s quantum state by collecting the Hawking radiation. Hayden and Preskill added an
interesting twist to this classic setting of black hole information problem by assuming that
the black hole has already emitted half of its contents and Bob has collected and stored
early radiation in some quantum memory he possesses. The surprising result by Hayden
and Preskill is that, if time evolution U = e~*! is approximated by a Haar random unitary
operator, then Bob is able to reconstruct Alice’s quantum state by collecting only a few
Hawking quanta [1]. This mysterious phenomenon, where a black hole reflects a quantum
information like a mirror, relies on scrambling of quantum information where Alice’s input
quantum information is delocalized over the whole system [10]. The definition of scrambling
can be made precise and quantitative by using quantum information theoretic quantities as
briefly reviewed in App. 2.A and App. 2.B.

The scrambling of quantum information can be probed by the decay of 4-point OTOCs of
the form (A(0)B(t)AT(0)BT(t)) where A, B are some local unitary operators. An intuition is
that an initially local operator B(0) grows into some non-local operator under time evolution
via conjugation by e~*#! and OTOCs measure how non-locally B(t) has spread. For this
reason, the time scale t; when OTOCs start decaying is called the scrambling time.

Having reviewed the concepts of scrambling and OTOCs, let us study scrambling in

random matrices. For the GUE, we found (A(0)B(t)C(0)D(t)) ~ R4(t)/d* for non-identity
Pauli operators with ABC'D = I. Since one can approximate R4 as Ry(t) ~ Ro(t)? at early
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times, we obtain

(2.67)

This implies that the decay time scale of 4-point OTOCs is t4 ~ %tg, which is O(1) and is
faster than the decay time of 2-point correlation functions. This behavior is in strong contrast
with behaviors in chaotic systems studied in the context of black hole physics. Namely, in

holographic large-N CFTs with classical gravity duals, the decay times are
ty~ 3, ty ~ Blog N* (2.68)

with t4 > t5. Also, the scrambling time ¢4 ~ O(1) violates a bound on quantum signalling
which would hold for quantum systems with local interactions [1, 3]. The pathology can be
also seen from the viewpoint of black hole information problems. If black hole dynamics is
modeled by the time evolution of some Hamiltonian sampled from GUE random matrices,
then the scrambling time for OTOC decay is O(1). So Bob might be able to reconstruct
Alice’s quantum state in O(1) time. If Bob jumps into the black hole after decoding Alice’s
quantum state, Alice can send a quantum message with O(1) energy to Bob and verify the
quantum cloning.

Another difference between GUEs and actual chaotic systems can be seen from the behav-
iors of correlators of the form (A(0)B(t)C'(2t)D(t)). In the previous subsection, we showed
that (A(0)B(t)C(2t)D(t)) ~ (A(0)B(t)C(0)D(t)). In strongly chaotic large-N systems, we
expect the following behaviors [6, 27]:

(A(0)B(H)A(0)B(t)) = 1 — %e”, B <t < BlogN. (2.69)
(A(0)B(HC(20)B(t)) = (A)(B)(C)(B),  t=~p. (2.70)

Thus these two types of correlators should behave in a rather different manner.
These discrepancies clearly highlight the failure of GUE to capture early-time quantum
chaos behavior which is present in realistic strongly-coupled systems. What was wrong about

random matrices? Recent developments from black hole physics teach us that the butterfly
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effect in chaotic systems stems from delocalization of quantum information where initially
local operators grow into non-local operators. However, for the GUE, the system does not
distinguish local and non-local operators. To be concrete, let Aj,ca be some one-qubit Pauli
operator, and A,on-iocal = U AiocarUT be some non-local operator created by conjugating Ajocal

via some non-local unitary U. Due to the Haar invariance of the GUE measure, we have

<Alocal(0)Alocal(t)>GUE - <An0n—local(O)Anon—local(t)>GUE . (271)

As this argument suggests, the GUE is a good description of quantum systems which have
no notion of locality. After the scrambling time, we expect that an initially local operator
Ajoeal(0) will time evolve to Ajoear(t) which has support on the whole system, and the notion
of locality is lost (or at least obfuscated) after the scrambling time. We thus expect that
(Atocal (0) Alocal (1)) cur Will be a good description of two-point correlation functions after
the scrambling time. Similarly, the GUE does not distinguish time-ordering as seen from
(A(0)B(t)C(2t)D(t)) ~ (A(0)B(t)C(0)D(t)). This implies that, at late time scales when
the GUE becomes a good description, the system forgets the locality of time. In this sense,
the GUE captures physics of quantum chaos after the locality of spacetime is forgotten. We

will elaborate on this issue in Sec. 2.6.

2.4 Frame potentials and random matrices

In discussions of black hole information loss, we often approximate the chaotic internal
dynamics of a black hole as evolution by a Haar random unitary [1, 4], and talk about
typical black hole states as random pure states generated by Haar unitaries [33]. While it is
impractical to generate a Haar random unitary operator — due to its exponential quantum
circuit complexity, as noted by [1] — it often suffices to sample from an ensemble that only
reproduces the first few moments of the Haar ensemble. [11] made significant progress in
quantifying chaos in OTOCs by relating the late-time decay of 2k-point OTOCs to the k-th

frame potential, measuring the distance to Haar-randomness.'®

15 Also of interest, [52] recently discussed scrambling and randomness and showed that the Rényi k-entropies
averaged k-designs are typically near maximal.
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One efficient way of generating a unitary k-design is to employ random local quantum
circuits where one applies random two-qubit unitary gates at each unit time [53, 1, 54] and
the ensemble monotonically becomes a k-design as time evolves. Motivated by tensor network
descriptions of the AdS/CFT correspondence [55, 56], random local quantum circuits have
been used as a toy model of the Einstein-Rosen bridge and the dynamics of the two-sided AdS
black hole [10]. While such toy models are successful in capturing key qualitative features
such as fast scrambling and complexity growth, their dynamics is not invariant under time
translations. A natural question is to ask if systems of time-independent Hamiltonians are
able to form k-designs or not.

In this section we study time-evolution by the ensemble of GUE Hamiltonians and quan-
tify its approach to Haar-randommness by asking when it forms a unitary k-design. We
consider the ensemble of unitary time evolutions at a fixed time ¢, with Hamiltonians drawn
from the GUE

EFUE = {e ", for H € GUE}. (2.72)

As the frame potential quantifies the ensemble’s ability to reproduce Haar moments, i.e.
form a k-design, we will be interested in the time scales at which we approach “Haar values.”
Making use of the spectral form factors computed for the GUE, we derive explicit expressions
for the frame potentials and extract the key time scales. We find that the GUE ensemble
forms an approximate k-design after some time scales, but then deviates from being a k-

design.

2.4.1 Overview of QI machinery

We begin by introducing the formalism of unitary k-designs and defining the frame potential.
Consider a finite dimensional Hilbert space H of dimension d. We are primarily interested
in ensembles of unitary operators £ = {p;,U;}, where the unitary U; appears with some
probability p;. A familiar ensemble might be the Haar ensemble. The Haar ensemble is the

unique left and right invariant measure on the unitary group U(d), where

[ =1 [ o= [ agwo- [ Cagov. e

Haar
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for some function f and for all V' € U(d). Taking k copies of H, we can consider an operator
O acting on H®, i.e. O € A(H®*) the algebra of operators on the Hilbert space. The k-fold

channel of O with respect to Haar is'¢

o®

Haar

(0) = /H dU (USHTOU®* (2.74)

Given an ensemble of unitary operators & = {p;, U;}, we might ask how Haar-random
it is. More specifically, we should ask to what extent our ensemble reproduces the first
k moments of the Haar ensemble, a notion quantified by unitary k-designs.!” The k-fold

channel with respect to the ensemble & is
oM (0) = / dU (USR oU®k | (2.75)
Ue€

written here for a continuous ensemble. We say that an ensemble £ is a unitary k-design if
and only if
o (0) - of]

Haar

(0), (2.76)

meaning we reproduce the first & moments of the Haar ensemble. But it does not make
sense to compute the k-fold channels and check this equality for all operators in the algebra.
Thus, we want a quantity which measures how close our ensemble is to being Haar-random.

The frame potential, defined with respect to an ensemble as [57]
FP = duav | Te(Utv)|*
e = r(UTV)|™, (2.77)
Uvee

measures Haar-randomness in the sense that it tells us how close the ensemble is to forming
a unitary k-design. More precisely, it measures the 2-norm distance between the k-fold
channel @fgk) with respect to the ensemble £, and the k-fold twirl @ﬁ“gar with respect to the

Haar ensemble. The frame potential will be a central object of study in this section.

16The k-fold channel of O is also referred to in the literature as the k-fold twirl of O.
I"Note that in the quantum information literature, these are often referred to as unitary t-designs. But
here t will always denote time.
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The k-th frame potential for the Haar ensemble is given by

)

Haar

=k! for k<d. (2.78)

Furthermore, for any ensemble £ of unitaries, the frame potential is lower bounded by the
Haar value

FO > F) (2.79)

Haar »

with equality if and only if £ is a k-design. In particular, the deviation from the Haar value
Fék) - FI({’;)M corresponds to the 2-norm distance of 2-fold quantum channels. The notion of
an approximate k-design is reviewed in App. 2.A.

We will also need to compute moments of the Haar ensemble, i.e. the ability to inte-

grate monomials of Haar random unitaries. The exact formula [58,; 59] for evaluating these

moments is given by

] in 7714 bn __ j in 4
/ dUUL . URUT U = 60 o6

O',TGSn

. -1
b 5kT<n)Wg(TO' ), (2.80)
where, for the n-th moment, we sum over cycles of the permutation group S,,. The Wein-
garten function Wg, a function of cycles ¢ € S, is defined in App. 2.C.3. Performing
Haar integrals then simply amounts to contracting indices and computing the Weingarten

functions.

2.4.2 Frame potentials for the GUE

k =1 frame potential

The first frame potential for the GUE is written as

7Y | aH.dH ~§TeH? o~ §TeH3 |y (it ,—iHat 2
GUE = 1dHs e e 2 r(ette ) (2.81)
Noting that the GUE measure is invariant under unitary conjugation, we find
1 _ —4TrH?  —4TrH?2 At t 2
Fotp = dUdV | dH\dHye 2 "™ie 2 Te(UTAJUVTIA V)| (2.82)
Haar
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where we define A = Ue™ U1 i.e. the matrix exponential of the GUE matrix in the diagonal

basis. Going into the eigenvalue basis, we can express the GUE integral as
Fale = / DM D, / dU Te(UTATUA) Tr(ASUTALU) (2.83)

where we have used the left and right invariance of the Haar measure to write the expression

as a single Haar integral. Written out explicitly with indices,

Flw = / DA\ D)y / dU (UgiUg;UTf;;IUngQ Al WAQZA;;f;Al;;z), (2.84)

Lj1
and we can do the Haar integral using the second moment

o 1 o o
/ AU UL URU UM, =~ (87:,02,00002 + 67,00, 161

d2 — 1\ mme 2 ma - my
1o 1
— <008, 0, 003002 — —o, 0% 011082 ) (2.85)

We find
1 1
Fh = / DNDX; —— (TrAITrAITrA;TrA2 - (dTrAiTrAl + dTrA;TrA2)>
or equivalently
|
1
Fe =5 (Rg +d®—2Ry) (2.86)

written in terms of the 2-point form factor

Ry = / DAY et (2.87)
i,

We know from the expression found in Sec. 2.2, that at early times Ry ~ d?, so the early
time behavior of the frame potential is dominated by the R term until near the dip time.
At the dip time, Ry ~ v/d and .Fé%E ~ 1, achieving the Haar value and forming a 1-design.
At late times ¢ — 0o, we take the late time limit of Ry where only the d;; terms contribute,

and find Ry = d, meaning that the first frame potential fé%E ~ 2 or double the Haar value.
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The first frame potential is plotted in Fig. 2.6.
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Figure 2.6: The first and second frame potentials for the GUE, using the infinite temperature
2-point and 4-point form factors computed in Sec. 2.2, plotted for d = 200 and d = 1000,
respectively. We observe the decay to the Haar value at the dip time and a subsequent rise
at late times.

A common intuition is that physical systems will become more and more uniformly
random as time passes. Then one might expect that the frame potential, a measure of
Haar randomness, would be a monotonically decreasing function with time. While it is
monotonic for random local quantum circuits, we found that it is not generically monotonic
for ensembles of unitaries generated by fixed Hamiltonians.'® In Sec. 2.6, we propose an

alternative quantity which may be monotonic at late times.

k = 2 frame potential
We can similarly compute the second frame potential using the unitary invariance of the

GUE measure:

d

Fo = / dHydHy e~ ™ =8 T3 | Ty (¢iHiteitfat) | (2.88)

_ / DM D)y / dUTr(UTAiUA2>Tr<A;UTA1U)Tr(UTA{UAQ)Tr@;UTAlU),

where again, A is the exponentiated diagonal matrix. The fourth moment of the Haar

18Frame potentials monotonically decrease in local random circuits and Brownian circuits [53, 3] where
the time evolution is Markovian in the sense that the system samples different Hamiltonians, or infinitesimal
time evolution operators, at random at each time step. In Markovian ensembles, spectral form factors are
monotonically decreasing, and there is no ramp behavior. If the ensemble £ is generated by a Markovian
process and is invariant under complex transposition € = £, then we have F*)(t) = Ry (2t).

48



ensemble that appears here generates 4!> = 576 terms. Recalling Eq. (2.80), we can compute
the fourth moment by computing the necessary Weingarten functions and summing over
o-function contractions.

We relegate the presentation of the full expression for the £ = 2 frame potential, and
the definitions of the spectral quantities on which it depends, to Appendix 2.C.2. While
fg&E depends on a number of spectral form factors, the dominant and interesting behavior
is entirely captured by the 2-point and 4-point spectral form factors. At early times, the
dominant contribution is

RQ
Barly :  Falg ~ s (2.89)

As we approach the dip time, the spectral quantities in the second frame potential,

2 2 2 2 2
]:GUENQ-FF— T + FER—T + 2 + p T +...,

(2.90)

are suppressed. From the calculation in Sec. 2.2, we have Ry ~ v/d and R4 ~ d at the dip,
meaning all terms are suppressed, with the exception of the leading constant. Thus, at the

2)

ESVE achieves the Haar value f}(Iaar

dip time, the ~ 2 and forms an approximate unitary
2-design.

At late times, in the infinite time average, we know that Ry — d, and R4 — 2d? —d from
the two eigenvalue pairings in the sum where the exponent vanishes, i.e. 0;;0;, and 0;¢0;x,

and accounting for the © = j = k = £ terms. This tells us that the only terms that survive

at late times, and are not suppressed in d, are

R 4R3
Late : f((;QI)JE ~ 24 d_44 + d_22 : (2.91)

which gives us Fg&E ~ 10, to leading order in 1/d.

2.4.3 Higher k frame potentials

Let us review what we have discussed so far.

k =1 Frame Potential
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We computed the first frame potential for the GUE to be

LR 2R
(Rg +d?—2R,) ~ 1 2 (2.92)

(1
Faoe = d2 2

d? —1
for large d. In the late time limit, where ¢ — oo, we have that R, — d, and the late time
behavior goes like fé%E ~ 1+ R2/d? and ]—"é%E — 2 or double the Haar value.

R2
Early:.Fé%E%d—;, Dip : Falp ~ 1, Late: Faop ~ 2. (2.93)

k = 2 Frame Potential

We discussed the early and dip behaviors above. The terms unsuppressed at late times are

R2  4AR3
‘Fé2[)JE, late A2+ d_44 + 2 . (294)

Since Ry — d and Ry — 2d? — d in the late time limit, féQL)JE approaches 10.

R2

2 .

Barly : Fo)g & ~+. Dip: Foo~2, Late: Folp ~ 10. (2.95)

k = 3 Frame Potential

The full expression for the third frame potential is given in App. 2.C.2. The leading order

behavior at early times is R2/d®, and at the dip time, the third frame potential approaches

its Haar value. Again, the late time behavior above is better understood by looking at the

dominant form factors. At late times, the terms that contribute at zeroth order in d are
R2  9RZ 18R3

(3)
fGUE,lateNG—i_ﬁ—i_F_'— d2

96, (2.96)
as Ry — d, R4 — 2d?, and Rg — 6d° to leading order in d. In summary,

R2
Early : Fily & d—66 , Dip: FO,~6, Late: Fily ~96. (2.97)

k = 4 Frame Potential

It is not tractable to compute the k = 4 frame potential, as the Haar integrals involved (the
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eighth moment of the Haar ensemble), generate (8!)* ~ 1.6 billion terms. But the interesting
behavior can be understood from the dominant terms at leading order in d at different time
scales. Recall that the 2k-th moment of the Haar ensemble can be written as the sum of
d-functions and the Weingarten function Wy (defined in App. 2.C.3) over elements of the
permutation group Sai. At large d, the Weingarten functions go as [60, 59]

1
~—_—
Ak—#cycles

Wy (o) (2.98)

where ‘#cycles’ denotes the number of cycles in the permutation . The Weingarten function
contributing at leading order in 1/d is the one labeled by the partitioning of 2k into ones,

i.e. the trivial permutation of Sy, which contributes as

WL, }) ~ %. (2.99)

All other Weingarten functions, labeled by the integer partitions of 2k, contribute at sublead-
ing order at early and late times. Thus, instead of computing the full fourth frame potential,
we can compute the terms of combinations of spectral functions with this Weingarten func-
tion as their coefficient. In the sum over elements of the permutation group o, 7 € So, we

1'is the trivial permutation, i.e. 7 = ¢. Computing this

simply need the terms where 70~
we find the dominant contribution to the k& = 4 frame potential, at leading order in 1/d.
The full expression is still too large to reproduce here, but we can comment on the relevant
features. The early time behavior is
2
(4) - Rs
‘FGUE, early ™ ﬁ : (210())
At the dip, where R,, ~ d/?, all terms are suppressed, leaving only the constant Haar value

24. Lastly, the late time behavior is

R2 16RZ  T2R?  96RZ
4
Fém, we ~ 20 5+ g = 1560, (2.101)
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In summary,

RQ
Early : Fap ~ —& - Dip  Fidp ~ 24, Late: Fopp ~ 1560. (2.102)

k-th Frame Potential

We are now poised to discuss the general form of the k-th frame potential

(Ra)?
d?k ’

Early : }"GUE Dip : FGUE ~ k! (2.103)

We can also determine what the general late time value should look like. Above, we under-
stood that the plateau value of the k-th frame potential is the sum of the Haar value and
the contributions of the spectral functions. It was only the squares of the spectral functions
that gave contributions which were not suppressed by 1/d at late times. Extrapolating from

above, we expect the k-th frame potential to have

(k) R Rins R;
FGUE, 1ate = Haar + spectral functions ~ k! + Tk + T2 + ...+ Ch-17g5 (2.104)

with coefficients ¢,. Given the way the spectral form factors are generated from Haar inte-
gration, we can understand these coefficients as the number of partial bijections of a given
length. For example, for £ = 3 there are 24 partial bijections on a 3 element set of length
2, i.e. 24 nonclosed cycles of length two, which gives us 24 ways of constructing the 2-point

functions for £k = 3. More generally, the coefficients above can be written as

co(k) = (’;)2&, (2.105)

where for k = 4, we have the coefficients 1, 16, 72, 96, 24. The k-th coefficient is the
Haar value ¢ (k) = k!, i.e. the number of ways to construct 0-point functions in the Haar
integration. We can then write down the general late time behavior for the k-th frame

potential

GUE late ~ ZC@ d2( k Z : (2106)
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Since the late time value of the 2k-point spectral form factor is, to leading order in d,

R = k!d*, the late time floor value for the k-th frame potential of the GUE is

k
k!?
GUE late ~ Z( ) é' (k- é - 27 (2.107)

where the first few terms of this sequence are 2, 10, 96, 1560.

We emphasize that while the purpose of this section is to understand GUE Hamiltonians,
the derivations in this subsection where we relate the frame potential to spectral 2k-point
functions only used the unitary invariance of the measure to proceed in doing the calculations
by Haar integration. Thus, if we are handed an ensemble whose measure is unitarily invariant,

the same relations hold.

2.4.4 Frame potentials at finite temperature

We now generalize the discussion of the frame potential to ensembles at finite temperature
and compute the thermal frame potential for the GUE. Again we consider the ensemble
of unitary time evolutions at a fixed time ¢, with H drawn from an ensemble £. One
might consider generalizing the frame potential to finite temperature by defining the frame
potential with respect to a thermal density matrix pg = e ## /Tr(e=?#), and taking thermal
expectation values. With this in mind, we define the frame potential at finite temperature
by taking the average over all thermal 2k-point functions, with the operator insertions A

and B spaced equidistant on the thermal circle
(AB(t)... AB(t)) = Tr((e_ﬁH/%Ae_ﬂH/%B(t) . e_BH/%Ae_BH/%B(t))/Tre_BH . (2.108)

Averaging the norm-squared 2k-point correlation function over all operators and then aver-

aging over the ensemble, we find

Tr(ef(B/Qkfit)Hl6*(&/2k+it)H2) ‘%

Tr(e=BH1)Tr(e—AHz2) /d?

F = / dHydH, | (2.109)
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Note that this definition differs from the one in the Appendix of [11] by a factor of d>. With
this slight change in normalization, we reduce to the usual frame potential .Fék) at infinite

temperature.

k =1 Frame Potential

Let us compute the first thermal frame potential for GUE Hamiltonians:

(1) ‘Tr(UTe—(ﬁ/Q—it)m Ue—(6/2+it)D2) |2
g(t, B) = / DX DX, / dU T (e P Tr(c ) P . (2.110)

where we use the invariance of the GUE measure under unitary conjugation, diagonalize H
where D is the diagonalized Hamiltonian, and use the left and right invariance of the Haar

measure to write a single Haar integral. Doing the Haar integral, we find

Fu(t,8) = ——(RA(t /2) + d* = 2Ra(t, 5/2)) (2.111)

d? -1

where we define

. B (t B)Z* 13 zt)\ )\)6 BXi+A;)
Rt = (2000 )™ [ P e

which is normalized such that we recover the infinite temperature form factor R (t) when
B — 0. This normalization differs from (|Z(t, 8)|>/Z(3)?), which gives an initial value of one.
Here the thermal form factor which naturally arises from the thermal frame potential has a
late time value which is S-independent. The initial value of Ry(t, 3), and thus }"&)jE(t, B),
depends on the 5.

In stating the time scales for the thermal frame potential, we will work with the ‘quenched’
version of Eq. (2.112) where the numerator and denominator are averaged separately. As we
mentioned in Sec. 2.2.2, the ‘annealed’ 2-point form factor is the correct object to consider,
but we opt to work with the more analytically tractable quenched form factor. Numerically,

the two functions are in close agreement with each other.
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2.4.5 Time scales from GUE form factors
With an understanding of the behavior of the GUE spectral form factors from Sec. 2.2.2, we
can now look at the time scales for the dip and plateau of the first frame potential

Fabe = R2+d* - 2R,) . (2.113)

I
(d* —1)
At ty ~ Vd, when Ry = V/d, we reach the minimal Haar value of 1, and at the plateau time
t, = 2d, when Ry = d, we reach the late time value of 2.

There is another time scale at play here which is an artifact of working at infinite tem-
perature. We might also ask what is the first time the form factor or frame potential reaches
its minimal value. This time scale can be attributed to the first zero of the Bessel function,
J1(2t) = 0 at t ~ 1.92, and is universal for all values of d. This is the first time at which the
ensemble becomes a 1-design. Something like the scrambling time, where the frame potential
begins to deviate rapidly from its initial value, occurs at O(1) time.

Using the explicit expression for the GUE 4-point form factor, we can also verify the
expected time scales in the second frame potential F((;QI)JE. At the dip time, t4 ~ v/d, we have
that all the form factors appearing in the .7:((32&13 are suppressed by powers of d, and thus the
leading term is the Haar value, f((;21)jE(td) ~ 2. Further, the plateau values of the spectral
form factors R, and R4 give us the late time value of .7:((;2%}3 ~ 10.

Lastly, we can extract the time scales and values of the finite temperature frame potential

from our discussion of Ry(t, 5). The initial value of the first frame potential is

FH Lt =0,5) = 2MB2" (2.114)

h(8)? 7

where hy(8) = J1(2i8)/if3. At the dip time, tq ~ hy(/2)v/d, the thermal form factor defined
above Ry (tq, 8/2) ~ vVdhs(8/2)/hy(B), with the functions defined in Sec. 2.2.2. For < d,
we have

Filp(ta, ) = 1. (2.115)
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Finally, as we can see from time averaging Eq. (2.112), at the plateau time
Fii oty B) =2 2.116
GUE( P> 6) ) ( : )

for any 3, as the late time value of the thermal frame potential does not depend on the
temperature.

Let us briefly comment on the dip value of the k-th frame potential at infinite temper-
ature. As we discussed, at the dip time t; ~ v/d, the frame potentials reached the Haar
value and form an approximate k-design for some k. Determining the size of k requires an
understanding of the corrections to the dip value. The leading order correction to the Haar
value at the dip comes from R3/d* ~ 1/d, the coefficient of which is ¢;_;(k) = k!k. So at

the dip time
F) k

meaning we form an approximate k-design for k < d.

The claim that the GUE forms a k-design at intermediate times but then deviates from
this behavior at late times might at first seem surprising, but the late time behavior makes
sense if we consider the dephasing of GUE eigenvalues in the ¢ — oo limit. Under the
exponential map A — e, the GUE eigenvalues are distributed around the circle and at
early times will still be correlated and logarithmically repel. However, at late times the
eigenvalues will spread uniformly around the circle. Moreover, explicitly computing the level
density for the GUE under the exponential map and taking the long time limit, one finds
that the density becomes constant and the eigenvalues are independently and uniformly
distributed. Eigenvalue statistics of Haar random unitary operators can be characterized by

the following well-known relation [61]
/ AU =t k<d. (2.118)
Haar

If we suppose that the eigenvalue distribution of U is random, then [ dU tr(U")tr(U ) would

not depend on t. Therefore, the late-time eigenvalue statistics of unitaries generated by fixed

19Tf one views ¢ as a discrete time and U as a time evolution in a unit time with a Hamiltonian H = ilogU,
then the above equation mimics the late-time ramp and plateau behavior.
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GUE matrices is quite different from those of Haar unitaries, which have eigenvalue repulsion.

2.5 Complexity and random matrices

In recent years, the notion of quantum complexity has attracted significant attention in the
study of quantum many-body systems [62, 63, 64]. By quantum complexity of a quantum
state |¢), we mean the minimal number of elementary local quantum gates necessary to
(approximately) create |¢) from a trivial product state with no entanglement. A similar
characterization applies to the quantum complexity of unitary operators constructed from
the identity operator. Quantum complexity provides deep insight into what kinds of physical
operations are allowed (or prohibited) in a given physical system as states or operators of
very large complexity cannot be prepared or implemented in a short period of time by
the evolution of local Hamiltonians with finite energy density. Quantum complexity has also
proven useful in condensed matter physics where topological phases of matter can be classified
in terms of the quantum complexity of ground state wavefunctions [65]. More recently, it was
asked whether the AMPS thought experiment can be carried out in a physically reasonable
amount of time and resources by considering the computational complexity of decoding the
Hawking radiation [66]. In the past few years, quantum complexity has been considered in
holography as a possible CFT observable?® to study the late-time dynamics of the AdS black
holes [63, 64].

Despite all the promises of the usefulness of quantum complexity, a precise understand-
ing of the growth of quantum complexity in quantum many-body systems, especially in
AdS/CFT, continues to elude us. While it is possible to see a hint of complexity growth
from entanglement dynamics at early times before the scrambling time,?! the late-time com-
plexity growth remains difficult to observe as the extremal surfaces do not go through the
interior of the black hole and entanglement entropies get saturated at late times. From a
mathematical perspective, it is extremely challenging to compute the quantum gate com-

plexity of a given quantum state [¢)) as one essentially needs to consider all the possible

20At least with respect to some subspace of states of the boundary CFT.
21For example, from the level-statistics of the entanglement spectrum [67].
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quantum circuits creating |¢)) and find the one with the minimal number of gates. Thus it
would be valuable to have an analytical toy example of Hamiltonians whose dynamics indeed
makes the quantum complexity of wavefunctions increase even after the scrambling time by
providing a rigorous lower bound on quantum complexity.

Here, we present analysis of complexity growth of typical Hamiltonian time evolution by
GUEs and show that quantum complexity indeed grows in time. A lower bound on a typical
unitary operator in an ensemble £ can be computed from a simple counting argument.
Observe that short depth quantum circuits can prepare only a small number of unitary
operators which occupy a tiny fraction of the whole space of unitary operators. The idea
is that, if there are so many unitary operators in £ which are sufficiently far apart and
distinguishable, then most of operators in £& cannot be created by a short depth circuit.
Furthermore, it has been found that lower bounds on the number of distinguishable unitary
operators in £ can be obtained by frame potentials, a measure of randomness in £. Although
such a counting argument often gives a rather loose lower bound, it is still possible to obtain a
rigorous complexity lower bound for a system of quantum many-body Hamiltonians. See [11]
for a rigorous treatment and details.

To be concrete, let us consider a system of qubits where we pick a pair of qubits and
apply an arbitrary two-qubit gate at each step. While the circuit complexity for generating
an ensemble and the circuit complexity for generating a particular unitary in the ensemble
are different, the former provides an approximate lower bound for the circuit complexity
of typical unitary operators in the ensemble [11]. We define the number of quantum gates
necessary to create an ensemble £ by a quantum gate complexity Cgate. The lower bound on

the quantum gate complexity is then given by

2kn — log, F*)
2log(n)

(2.119)

Cgate -

up to some constant multiplicative factor. Let us consider the bound for small k. In Sec. 2.4,

we found that F*) drops to its minimal value ~ k! at t ~ O(1) (the first zero of the Bessel
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function). We thus have

2kn —log, "2 akn —log, RE,(1) _ 4k(n — log, R (1))

Cgate(t) > D) log(n) - 2 log(n) o 2 10g(n)

(2.120)

up to the first dip time tq;, ~ O(1) where we have used an approximation Ray ~ (Rq)%*.

Thus, at t ~ O(1), the following lower bound on the complexity is obtained:

Coate(tap) = O (lol;%) . (2.121)

Converting it into a quantum circuit complexity, we obtain

Ceircuit (taip) > O (@) : (2.122)

This lower bound should be valid as long as k ~ O(1). As we have discussed in Sec. 2.2 and
Sec. 2.4, the early-time oscillations of spectral form factors and frame potentials disappear
at finite temperature. It would be then useful to consider the complexity lower bound based
on envelope functions of form factors and frame potentials. Since the asymptotic behavior

is given by Ry (t) ~ 1/t32, we would have

klogt
Caate(3,1) > O <10g<n)) : (2.123)

where [ implies that we consider the asymptotic behaviors of the envelope. Thus, the
quantum circuit complexity grows at least logarithmically in ¢ up to the thermal dip time.
While the above studies are able to provide rigorous lower bounds on quantum circuit
complexity, the bounds are not meaningful when £ is small. To obtain a meaningful lower
bound on quantum complexity, we need to evaluate the frame potential and form factor for
large k. Analytically computing Ry, and F*) for large k seems rather challenging. Instead,
we employ a certain heuristic argument to derive the decay of Ry, and F*). Let us begin

by recalling the early-time behavior of 1-point form factor. The 1-point form factor Ri(t)
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can be analytically written via a contour integral as follows [68]

. d
Rty = de2a § T (LY (1 i 2.124
() = de 2mi \ it du) © (2.124)

For d — oo, the integral gives the Bessel function:

du [ 1 i\ . (20
— | — 1—— T T 2.125
fm‘ (—z’t) ( du) ‘ ! (2.125)
But Ji(2t) ~ ¢t for t < 1, so we have

R(t) ~ de‘t2/2d—J1(2t>

2.126
= (2.126)

where the Gaussian decay is dominant for ¢t < 1 while, for 1 < t < v/d, the Bessel function
dominates the decay. In a similar manner, the 2k-point form factor can be analytically

written as

du; it \? ¥ 1
_ d2k —kt2/d% J j (=1)7 dtu; det :
Rar(t) H 2mi Vo du; ‘ ¢ u; —ug + (=1)7it/d )’

(2.127)

where the sign of +it depends on the index of u; and the integral part is equal to unity at
t = 0. In previous sections, we have neglected the Gaussian decay because our discussions
were mostly centered on small k spectral form factors. But, for large k, the Gaussian decay
part is no longer negligible. Let us bound the form factor by using the Gaussian decay part

only by neglecting the decay contribution from Bessel functions in the integral part:
Rop(t) < d*Fe*/d. (2.128)

While the validity of this inequality for large k remains unclear, we assume its validity up
to the dip time ~ v/d when ramp behavior kicks in. The notion of unitary k-design and its

application to complexity would be meaningful only up to k& ~ O(d) (see [11] for instance).
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By using this approximate bound for k& = ¢d with ¢ ~ O(1), we will have
Fled) < ]2k o2t (2.129)

up to the dip time ~ v/d. This leads to the following estimate of quantum complexity growth
for the GUE:

ct?

>
~ log(n)’

(2.130)

Cgate

which predicts a quadratic growth of quantum complexity.

Let us compare our estimate with predictions from the AdS/CFT correspondence. Ac-
cording to the conjecture that quantum complexity is proportional to the volume in the bulk,
the early-time complexity (volume) growth is quadratic in time, and then becomes linear
in time. Our analysis above suggests that the complexity growth for the GUE is (at least)
quadratic in ¢ for a long time until very close to the saturation of quantum complexity ~ d.
One may find that > complexity growth is unphysical as the system has evolved only for
time t. The point is that the GUE Hamiltonian is generically non-local and is comprised
of O(n)-body terms whereas we measure quantum complexity by using two-local quantum

gates as building blocks.

2.6 Characterization of Haar-invariance

From the perspective of operator delocalization, it is clear why the GUE fails to characterize
information scrambling and dynamics in local quantum systems at early times. Recall that

the GUE is Haar-invariant, meaning

/ dU/ dH f(UHUT) = / dH f(H), (2.131)
UecHaar HeGUE HeGUE

where U is integrated over the unitary group U(d) and where f(H) is an arbitrary func-
tion. As a consequence, a typical GUE Hamiltonian is non-local (or O(n)-local), so local

operators are delocalized essentially immediately. Indeed, the Haar-invariance of the GUE
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ensemble and non-locality of its Hamiltonians resulted in unusual behaviors of OTOCs whose
decay time was shorter than that of 2-point correlation functions. It thus appears that local
chaotic Hamiltonians and a typical Hamiltonian from a Haar-invariant ensemble behave in
a dramatically different way.

However, previous studies on chaotic Hamiltonians suggest that at late times, Haar-
invariant Hamiltonian ensembles, such as the GUE, GOE and GSE, capture behaviors of
correlation functions remarkably well. This apparent tension between early time and late
time behaviors may be resolved in the following manner. Initially, any ensemble of local
Hamiltonians is not Haar-invariant because Hamiltonians are made of local terms. This can
be clearly seen from the fact that the OTOC, (A(0)B(t)A(0)B(t)), behaves rather differently
depending on the sizes of operators A, B. Yet, after the scrambling time when local operators
become delocalized by Hamiltonian evolution, it becomes harder to tell whether the original
operators A(0), B(0) were local or not, and we expect that the unitary ensemble becomes
‘approximately’ Haar-invariant.

With this observation in mind, we are naturally led to consider a fine-grained character-
ization of Haar-invariance which we shall call k-invariance. Intuitively, k-invariance refers
to an ensemble of unitary operators which appear to be Haar-invariant up to k-th moments.
More precisely, let £ be an ensemble of unitary operators. We define a Haar-invariant ex-

tension & of this ensemble by:

/ dU = / dW dWUWT). (2.132)
veé W eHaar ve€

From the construction, we can easily see WEWT = & for any unitary operator W, and so the

Haar’ed ensemble is independent of any basis. Let us consider the k-fold twirl superoperator:
oW () = / AU USH (U (2.133)
ve€
Then, £ is said to be k-invariant if and only if

oY (-) = oL (). (2.134)
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An ensemble of unitaries is Haar-invariant if and only if it is k-invariant for all £ > 1. Similar
definitions apply to Haar-invariance with respect to orthogonal and symplectic groups.

The utility of k-invariance can be seen from an explicit relation between correlation
functions and spectral statistics. Recall that we have derived the following relation in the

GUE by using the Haar-invariance of the GUE measure:

Rok(t)

(A1(0)By(8) ... A(0) Bu(t)) cup = (A1 By ... ABy) =

(2.135)

It is clear that the same derivation applies to any ensemble which is k-invariant. The
implication is that, after the k-invariance time, the behavior of 2k-point OTOCs can be
completely determined by the spectral statistics alone. The physical significance of the k-
invariance time is that it is the time scale when OTOCs behave in a similar way regardless of
the locality or non-locality of the operators A;, B; (as well as their time-ordering). A similar
conclusion holds for k-th frame potentials which can be written only in terms of spectral
form factors for k-invariant ensembles. Thus, k-invariance and its associated time scale will
be a useful notion to characterize the loss of locality from the perspective of 2k-point OTOCs
and the onset of random matrix behavior.

How can one verify that some ensemble £ is k-invariant? One formal approach is to use

frame potentials. Let us define the following operator
S = / dUU®* @ UT®" - [ dUU®* @ Ut (2.136)
& &

which corresponds to the difference between tensor expanders from £ and its Haar-invariant
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extension £. Then we have

0 < tr(S'S) :/ dUdV |tr(UTV) %

UVveE

— / dUdv / dW [tr(UTW VW%
uveé W eHaar

- / dUdV / AW [tr(WU Wiy |2 (2.137)
uveé W eHaar

+ / dUdv / dWay |tr(WUTWIY vy )2
uveE W,Y eHaar

where F, ék) is the k-th frame potential for an ensemble £. Here we used the fact that the Haar

unitary ensemble is left and right invariant. Therefore, we arrive at the following inequality

FE > 7 (2.138)

with equality if and only if £ being k-invariant. The difference fék) — ]:ék) measures the

2-norm distance to being k-invariant.?? The above derivation is a straightforward general-

ization of a method used in [57].

Haar-invariance in a spin system

Let us examine k-invariance for the random non-local (RNL) spin system discussed in
Sec. 2.3.1 where we defined the Hamiltonian in Eq. (2.48) as the sum over all 2-body opera-
tors with random Gaussian couplings J;j.3. The time evolution of the first frame potential
for this ensemble as well as its Haar-conjugated generalization are shown in Fig. 2.7 along
side the difference .Fél) — ]:3(“1)7 measuring the distance to l-invariance. We only report nu-
merics for a modest spin system of n = 6 spins. The difficulty of performing frame potential
numerics is mentioned in App. 2.D.

We find that in this chaotic spin system, at early times we quickly deviate from 1-

invariance, but after evolution by the system’s chaotic dynamics, we observe an approach

22For a more rigorous analysis, the diamond distance should be considered. While the diamond norm is
difficult to compute in general, there are some examples of ensembles of realistic Hamiltonians where the
diamond norm can be analytically computed. We hope to address this in a future publication.

64



to approximate l-invariance at late times. For this system, we see that the frame potential
approaches, but does not equal, its Haar-invariant counterpart at later times. But we found
numerically that increasing the number of sites makes this late time difference smaller. Thus

we expect that at large N for chaotic systems, we reach k-invariance at late times.

Frame potentials for HrnL Distance to k-invariance
20 AFD
— F(” for HgrnL 8
1000 - 1 — AV - F“)Haar‘ed
— F%gareq for HraL
6
100 -
4
10+
2
1L
L L L L L L t —— il ] ] ] ] t
0.01 0.10 1 10 100 1000 0.01 0.10 1 10 100 1000

Figure 2.7: On the left we plot the first frame potential fé;)NL for Hrni, along side the first
frame potential for its Haar-invariant extension fg) , computed numerically using the 2-
RNL

point form factor as in Eq. (2.86). On the right we plot the difference, measuring the 2-norm
distance to l-invariance and observe approximate 1-invariance at late times.

Comments on k-invariance

While frame potentials provide a quantitative way of judging if an ensemble £ is k-invariant
or not, it would be beneficial to relate it to some physical observables such as correlation
functions. It is perhaps not a big surprise that k-invariance can be verified by 2k-point

OTOCs. The following statement holds:

(A1(0)By(t) ... Ap(0)Bg(t))e
= (A1(0)By(t) ... Ax(0)Bi(t))e VA;,B; <= £ is k-invariant  (2.139)

where A;, B; are Pauli operators, and flj, B]- are some transformations from A;, B; such that

Aj=wAWr B =WBW! (2.140)
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where W is an arbitrary element of unitary 2k-design. The proof is straightforward and thus
is skipped.

Motivated by late-time random matrix universality of chaotic quantum systems, we have
introduced a novel quantum information theoretic concept, k-invariance, as a possible way
of bridging early-time and late-time physics. We would like to comment on a few caveats.
First, consider an ensemble of unitary operators £ generated by some Hamiltonians. Since
Ei—o = {I}, the ensemble is Haar-invariant at time ¢ = 0. Thus, an ensemble is initially
k-invariant and is expected to immediately deviate at ¢ > 0 and then eventually become
approximately k-invariant. Therefore .Fék) — .Fék), which quantifies k-invariance, is not a
monotonic quantity under time evolution. However, we expect that it is monotonically
decreasing at late times. We observe these features in the non-local spin system described
above. Depending on the symmetries of the system of interest, we would need to consider
the Haar measure with respect to an appropriate Lie group G' C U(d).

Second, for realistic physical systems with local Hamiltonians, it is not likely that an
ensemble & becomes k-invariant in an exact sense even at very late times. This can be seen
from a recent work which shows that the late-time value of infinite temperature OTOCs
(A(0)B(t)A(0)B(t)) of g-local Hamiltonians is O(1/N) if operators A, B are local and have
overlaps with the Hamiltonian [69], based on an Eigenstate Thermalization Hypothesis
(ETH) argument. A similar argument applies to late-time values of two-point correlators.
On the other hand, the Haar average of OTOCs is O(1/d?) (or O(1/d) for an average of
absolute values). Thus, OTOCs for local operators and OTOCs for non-local operators may
have significantly different late-time values. However, it should be noted that a prediction
from the AdS/CFT seems to suggest that correlation functions may become exponentially
small e"9%) even if A, B are local operators. This may suggest a subtle but important
distinction between ordinary strongly interacting systems and gravitational systems which
leads to a far-reaching question concerning the universality of gravity and the universality
of random matrix theory, seen from the lens of k-invariance.

Let us conclude the section with a brief remark on the Eigenstate Thermalization Hy-
pothesis (ETH). The notion of k-invariance may be viewed as a dynamical analog of Berry’s

conjecture about random eigenvectors, which was the motivation behind ETH [70, 71, 21].
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A basic assumption of ETH is that matrix elements of a local operator O, with respect
to energy eigenstates, look “random” inside some sufficiently small energy window AFE. A
system achieving k-invariance roughly tells us that energy eigenstates may be treated as
random vectors after sufficiently long times for studying dynamics via OTOCs.?® Given the
prevalence of eigenstate thermalization in strongly correlated many-body systems,?* a pre-

cise relation between k-invariance, ETH and OTOCs would provide clarity on defining what

it means for a quantum system to be chaotic.

2.7 Discussion

Random matrix theory provides a powerful paradigm for studying late-time chaos. We have
leveraged the technology of random matrix theory and Haar-invariance to study correlation
functions like OTOCs which diagnose early-time chaos, and frame potentials which diagnose
randomness and complexity. The salient feature of the GUE which gave us computational
traction is its Haar-invariance, namely that the ensemble looks the same in any basis. As a
result, the dynamics induced by GUE Hamiltonians is non-local (O(N)-local) with respect to
any tensor factor decomposition of the Hilbert space, and so the dynamics immediately de-
localizes quantum information and other more subtle forms of correlations. Accordingly, the
GUE captures features of the long-time physics of a local system that has been delocalized.

In a chaotic quantum system described by a local Hamiltonian, there are two temporal
regimes of interest: times before the system scrambles and thus has mostly local correla-
tions, and times after the system scrambles when correlations have effectively delocalized.
We suggested that the transition between these two regimes may be due to the onset of
approximate Haar-invariance, and we defined k-invariance as a precise characterization. A
careful understanding of Haar-invariance for ensembles of local quantum systems could yield
precise insights into the apparent breakdown of locality, and tell us in what time regimes
we can use Haar-invariance to calculate late-time physics (i.e., correlation functions, frame

potentials, complexity, etc.) A concrete way of studying delocalization of operators and

ZThe related notion of quantum ergodicity and randomness of eigenstates was recently discussed in [72].
24Gee [21] and references therein. Interestingly, evidence for ETH has also been discussed recently both in
the SYK model [73] as well as in its free fermion counterpart [74].
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the emergence of k-invariance would be to compare connected pieces of OTOCs with local
and non-local operators and observe their eventual convergence. Of particular interest is
to find the 2-invariance time when all the 4-point OTOCs, regardless of sizes of operators,
start to behave in a similar manner. This time scale must be at least the scrambling time
since OTOCs with local operators start to decay only around the scrambling time while
OTOCs with non-local operators decay immediately. Relatedly, a recent work [75] strives to
understand the onset of random matrix behavior at early times.

In this chapter, we computed correlation functions averaged over an ensemble of Hamil-
tonians. Chaotic systems described by disordered ensembles tend to have small variance in
their correlators, and their averaged correlation functions are close to those computed for
a simple instance of the ensemble. Even in regimes where replica symmetries are broken,
performing time bin averaging reproduces the averaged behaviors very well. We find in App.
2.D.3 that the time bin-averaged frame potential in the large d limit for two samples agrees
with averaging over the whole ensemble.

We conclude by mentioning a far reaching goal, but one that provides the conceptual
pillars for these ideas, namely understanding black holes as quantum systems. While black
holes are thermodynamic systems whose microscopic details remain elusive, questions about
information loss can be precisely framed by late-time values of correlation functions within
AdS/CFT [36], where unitary evolution can be discussed in terms of the boundary CFT.
Ultimately, we would like to use random matrix theory to characterize chaos and complexity
in local quantum systems and identify late-time behaviors which are universal for gravita-
tional systems. An interesting future question is to see if gravitational systems are described
by random matrices in the sense of k-invariance and pinpoint some late-time behavior which

results from gravitational universality.

2.A Scrambling and 2-designs

Recently there has been growing interest in scrambling and unitary designs from the high
energy and quantum information communities. Here we provide a short summary of different

ways of quantifying them for infinite temperature cases.
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2.A.1 Scrambling

We begin with scrambling. Consider a system of qubits and non-overlapping local (O(1)-
body) Pauli operators V, W and compute OTOC = (VW (t)VW (t)) where W (t) = UWUT.
The initial value of OTOC at ¢ = 0 is 1. Scrambling is a phenomenon where the OTOC

becomes O(e) with € < 1 being a small but finite constant:

(VW) VW (t)) = Ole) for all pairs of local operators V, W (2.141)

It is often the case that OTOCs with local operators are the slowest to decay. This can be
seen from our analysis on 4-point spectral form factors. So, by the scrambling time, OTOCs
with non-local operators are already O(e) or smaller. The scrambling time is lower bounded
by O(log(n)) in the case of 0-dimensional O(1)-local systems due to a Lieb-Robinson-like
argument [3].

Scrambling has caught significant attention from the quantum gravity community since
it is closely related to the Hayden-Preskill thought experiment on black hole information
problems [1]. Assume that V, W act on qubits on some local regions A, D respectively, and
define their complements by B = A¢, C' = D¢. Imagine that A is an unknown quantum state
|1)) thrown into a “black hole” B, and the whole system evolves by some time-evolution
operator U = e "' At time ¢, we collect the “Hawking radiation” D and attempt to
reconstruct (an unknown) [¢) from measurement on D. Such a thought experiment was
considered by Page who argued that, if a black hole’s dynamics U is approximated by a
random unitary operator, then reconstructing |1) is not possible unless we collect more than

n/2 qubits of the Hawking radiation [76]. As we shall show in Appendix 2.B, the impossibility

of reconstruction of A from D is reflected in the smallness of the 2-point correlation functions:

(VI (1)) = O(e) for local VW —  no reconstruction of A from D.  (2.142)

The famous calculations by Hawking and Unruh imply that these two-point correlators are
thermal, and quickly become small.

Hayden and Preskill considered a situation where a black hole B has already emitted
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half of its contents, and we have collected its early radiation and stored it in some secure
quantum memory M. The quantum memory M is maximally entangled with B, and the
question is whether we can reconstruct [¢)) by having access to M. It has been shown that
scrambling, as defined above, implies that we can reconstruct |¢)) with some good average

fidelity by collecting the Hawking radiation on D at time ¢:
(VW) VW (t)) = O(e) — reconstruction of A from D and M. (2.143)

Therefore, scrambling implies the possibility of recovering local quantum information via
local measurements on the Hawking radiation. A random unitary operator U typically
gives very small OTOCs which enables reconstruction of A in the Hayden-Preskill thought
experiment.

Reconstruction problems in the Hayden-Preskill setting are closely related to the problem
of decoupling. A crucial difference between scrambling and decoupling is that decoupling
typically considers A, D to be some finite fraction of the whole system and concerns the
reconstruction of unknown many-body quantum states supported on a big region A. Since
we quantify the reconstruction via fidelity for many-body quantum states, the requirement
tends to be more stringent. The relation between scrambling and decoupling is discussed

in [77] in the context of local random circuits.

2.A.2 Unitary designs

Next let us discuss unitary 2-designs. Consider an ensemble of time evolution operators Uj
with probability distributions p;; € = {U;,p;} with ) ;pj = 1. The 2-fold channels of £ and

the Haar ensemble are
Oe(p) =Y pU; @ Us(p)UT @ Ul Bptaws(p) = / AW UUEU U  (2.144)
j Haar

If ®g(p) = Praar(p) for all p, then we say £ is 2-design. One can check if £ is 2-design or not
by looking at OTOCs. Consider the OTOC (VW (¢)VW (t)) for arbitrary Pauli operators

V, W which are not necessarily local operators. We will be interested in the ensemble averages
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of OTOCs:

VWOV ()e = > p(VUWUIVU;WU]). (2.145)
J
I (VW) VW (t)e = (VW (t)VW(t))Haar for all pairs of Pauli operators V, W, then the
ensemble forms a unitary 2-design [11].

A typical unitary operator from a 2-design achieves scrambling because

1

(VW () VW (1)) Haar >~ (VW (t)VW () iaar = = (2.146)

1
d
for any (possibly non-local) Pauli operators V, W. The first equation implies that the OTOC
value for a single instance from the ensemble is typically 1/d in absolute value while the
second equation implies that the OTOC, after ensemble averaging, is 1/d?. Since OTOCSs
are small, a typical 2-design unitary operator U implies scrambling, but the converse is
not always true. Recall that scrambling only requires OTOC = O(e). There is thus a big
separation in the smallness of the OTOC, and the scrambling time may be much shorter
than the 2-design time. Also, scrambling requires OTOC = O(e) only for local operators
while a 2-design unitary makes the OTOC small for all pairs of Pauli operators. The lower
bound for the exact 2-design time is O(log(n)), but no known protocol achieves this time
scale.

One important distinction between scrambling and the 2-design time is how small the
OTOCs becomes. The phenomena of scrambling concerns the deviation of OTOC values
from the maximal value 1. The concept of a 2-design concerns the deviation of OTOC
values from the minimal value O(1/d). The former is related to early-time chaos and the

latter is related to late-time chaos.

2.A.3 Approximate 2-designs

Finally, let us briefly discuss the notion of approximate 2-design. When two quantum op-
erations ®¢ and Py, are close to each other, we say that £ is an approximate 2-design.

In order to be quantitative, however, we need to pick appropriate norms with which two
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quantum operations can be compared. The 2-norm distance can be defined in a simple way

via

2-norm = /Tr(SS1)

2.147
Sz/ijUj®Uj®U}®U}—/H AWUeUeU eU'. (2.147)
J

aar

If S =0, then ®¢ and Py,. would be the same. We say that £ is a d-approximate 2-design
in the 2-norm if 1/ Tr(SST) < 6.
Frame potentials are closely related to the 2-norm distance because Tr(SS') = F¢ —
Fhaar > 0. In [11], a relation between the frame potential and OTOCs has been derived
7
/ AAdBACAD|(AB(CD(1) e = 75 (2.148)
In practice, the main contribution to the left-hand side comes from OTOCs of the form
(AB(t)AB(t))e. For simplicity of discussion, let us assume that (AB(t)C'D(t))s = 0 when
C # Aor D # B (where A, B,C, D are non-identity Pauli operators). Then, a simple

analysis leads to
[(AB(t)AB(t))¢]* ~ 6° (2.149)

for typical non-identity Pauli operators A, B. Thus, being a d-approximate 2-design in the
2-norm implies that OTOCs are typically small. However, this does not necessarily imply
scrambling because OTOCs with local operators are often the slowest to decay. In order
to guarantee scrambling, we would need a g—approximate design in the 2-norm (under an
assumption on (AB(t)CD(t))s = 0 for C' # A or D # B). For this reason, an alternative
distance measure called the diamond norm is often used in quantum information literature.

See [78] for relations between different norms.
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2.B Information scrambling in black holes

In this Appendix, we discuss behaviors of 2-point correlators and 4-point OTOCs from the
viewpoint of information scrambling in black holes. We begin by deriving a formula which
relates two-point autocorrelation functions and mutual information. We will be interested

in the following quantity

{040 (1))avs|” = 2L d2 Y > {0401, (2.150)

D 0 ePsOpePp
where (O40p(t)) = 5Tr(0AUOpUT) and U is the time-evolution operator of the system,
and P4 and Pp are sets of Pauli operators on A and D. There are d% and d%, Pauli operators.
The relation between apparent information loss and two-point correlators can be un-
derstood by using the state representation |U) of a unitary operator U. Given a unitary
operator U acting on an n-qubit Hilbert space H, one can view U as a pure quantum state

|U) defined on a 2n-qubit Hilbert space H ® H:
U)=U®IEPR), |EPR) = Zm ®j). (2.151)
Or equivalently, |U) = \/27 > Uigli)®[j) where U = 37, - U; 5]i) (j|. One easily sees that the

quantum state |U) is uniquely determined by a unitary operator U. The state representation

allows us to view |U) apcp as a four-partite quantum state:

1

U
V28

U) = : (2.152)

I I
¢ D
A B

[ [

where B = A° and D = C° in the original system of qubits. Given the state representation

|U) of a unitary operator, we can derive the following formula

1 o
040D (1)) ay I®(A.D) 2.153
g d2 d?
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where I®)(A, D) is the Rényi-2 mutual information between A and D for |¥), defined by
1@(A, D)= 8P + 85 — 8%,
To derive the formula, let p4p be the reduced density matrix of |U) on AD. Its graphical

representation is

— —
B A
Ut
C D
1 I—
== (2.154)
C D
U
B A
|1 L
The averaged 2-point correlator is given by
| | |
B A A B
Ut Ut
o || s
, 1 LOp |- 119
(00D (1))avi| = = (2.155)
C D D C
U U
B A A B
[ ' ' L |
[oa4-+[od]

where dotted lines represent averaging over Pauli operators. By using éZOeP O® 0" =

SWAP, we obtain

TY(PZD) L @
" 2 _ = oI"*(A,D) 2.1
| <OAOD( )>an| dAdD did% ( 56)

Let us think a little more about the formula we have derived. For strongly interacting
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systems, it is typically the case that
So, the following relation for the autocorrelation functions holds approximately:

> {040A(t)? = 2/ AP) (2.158)
OAEPA
where we took A and D to be the same subset of qubits.

The above formula has an interpretation as information retrieval from the early Hawking
radiation. Consider scenarios where Alice throws a quantum state [¢)) into a black hole
and Bob attempts to reconstruct it from the Hawking radiation. In accordance with such
thought experiments, let A be qubits for Alice’s quantum state, B be the black hole, C
be the remaining black hole and D be the Hawking radiation. Then, the averaged 2-point
correlation functions have an operational interpretation as Bob’s strategy to retrieve Alice’s
quantum state. Let us assume that the initial state of the black hole is unknown to Bob and
model it by a maximally mixed state pg = fl—]';. Alice prepares an EPR pair |[EPR) 4z on her
qubits and her register qubits. Notice the difference from the Hayden-Preskill setup where
Bob had access to some reference system B’ which is maximally entangled with the black
hole B. In this decoding problem, we do not grant such access to Bob. He just collects the
Hawking radiation D and tries to reconstruct Alice’s quantum state.

The most obvious strategy is to apply the inverse U'. However, Bob does not have access
to qubits on C. So, he applies UgD ® [ to pc ® ppr Where pc = 11_2 Graphically, this

d

corresponds to

| |
B A
UT
C D
w4 (2.159)
 Vdadgd ' '
\/ABC’ C D
U
B A
| |

5



The success of decoding is equivalent to distillation of an EPR pair between A and R. So,

we compute the EPR fidelity. Namely, letting II be a projector onto an EPR pair between
A and R, we have

] |
B A
Ut
C D
1
—
C D
U
) B A
— |
F = (Y|II|v) = 7 — (2.160)
B A
Ut
C D
|
— |
C D
U
B A
| |
which leads to
F =Tr(phe) = Tr(php) = dadpl{Oa0p(t))avgl - (2.161)

Therefore, the decay of 2-point correlation functions indeed implies that Bob cannot recon-

struct Alice’s quantum state.

Finally, let us summarize the known relations between correlation functions and mutual

information:

(040D(1)040D (t))ayg = 2717 A5D) (2.162)

43 (O40D (1) yag|* = 2774 (2.163)

Note that the first formula proves that the decay of OTOCs leads to large I® (A, BD) which
implies the possibility of Bob decoding Alice’s quantum state by accessing both the early

radiation B and the new Hawking radiation D. These two formulae allow us to formally
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show that a black hole can be viewed as a quantum error-correcting code. Let A, D be
degrees of freedom corresponding to incoming and outgoing Hawking radiation, and B, C' be
degrees of freedom corresponding to other exotic high energy modes at the stretched horizon.
Since a black hole is thermal, we know that [(O4Op(t))aye| decays at t ~ O(5). Also, due to
the shockwave calculation by Shenker and Stanford [4], we know that (O4Op(t)O40p(t))ave

decays at t ~ O(fBlog N). These results imply that after the scrambling time:
IPA,D)~0 T¥(A,C)~0. (2.164)

The implication is that quantum information injected from A gets delocalized and non-locally

is hidden between C' and D. The error-correction property can be seen by
I@(A,BD)~2a  IP(A,BC)~2a I%(A,CD)~2a, (2.165)

where a is the number of qubits on A. Namely, if we see the black hole as a quantum code
which encodes A into BC'D, then the code can tolerate erasure of any single region B, C, D.
In other words, accessing any two of B, C, D is enough to reconstruct Alice’s quantum state.
Thus, black hole dynamics, represented as a four-partite state |U)apcp, can be interpreted

as a three-party secret sharing quantum code.

2.C Spectral correlators and higher frame potentials

In this Appendix we will present formulas for form factors from random matrix theory. For
GUE(d,0,1/v/d), d x d matrices with off-diagonal complex entries and real diagonal entries
chosen with variance 02 = 1/d, the joint probability of eigenvalues for GUE, with normalizing

factors, is

d®/? a5 52
e 2 BN T = ) (2.166)

PA,..., ) =
(M d) (%)d/z szﬂ’! i
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and the joint probability distribution of n eigenvalues (i.e., the n-point spectral correlation

function), defined as

PN\ = /dAnH o dANP(M, - A (2.167)

We can compactly express p™ (\1,...,\,) in terms of a kernel K [43, 23] as

d—mn)! n
p(n) ()\17 ceey )\n) — ( dl ) det (K()\Z, )\j))i,jzl . (2168)
In the large d limit, the kernel K is approximately
(dsin(d(\ — A))) L,
— fi
T dDy =) r A
K\, \j) = (2.169)
a 4— N2 for 1=7,
\ 27

where the ¢ # j case is called the sine kernel, and the ¢ = j case is simply the Wigner
semicircle. In the large d limit, the basic approach for computing spectral form factors will
be expanding the determinant in Eq. (2.168) using the kernel in Eq. (2.169), and computing
the Fourier transform of the resulting sums of product of kernels. Thus we will have sums

of integrals of the form [23]

/H AN K (A, M) K (Aay A3) . K (A1, A ) I (A, Ap) €8 iz Bk
=1

= %/dAeiz;nlkm /dkg(k:)g(k: + %)g(k‘ + l;—;) ...g<k+ k;d1> : (2.170)

where we define the Fourier transform of the sine kernel

g(k) = /dT‘62kaM _ 1 f0r|/<] <
o 0 for|k| >

(2.171)

NI—= N

The delta function singularity from the [ d\e?>i=1 %" integral in Eq. (2.170) is an artifact

of our expansion around infinite d, namely that %% is not regulated in the (\; +\;)
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direction. The most direct method to soften this divergence is to impose a cutoff

d o d [ =
- / dr etz kide RECL (2.172)

T ™ —7/2

which is fixed by the normalization condition

e [l e ) o5

—d. (2.173)
k1. km=0

While the ‘box approximation’ of applying the cutoff allows us to compute higher-point
spectral correlators in the large d limit, it does lead to errors relative to an exact answer
whose closed form is not tractable.?> Thus we must be careful to keep track of these errors
and compare with numerics. However, we find that at infinite temperature, the box approx-
imation of the spectral form factors is analytically controlled at early times like O(1) and
late times greater than O(v/d).

To understand the errors of the box approximation, we first consider various cases heuris-
tically: when we have ) . k; = 0, the X integral in Eq. (2.170) is directly fixed by normaliza-
tion. When ) . k; # 0, the X integral in Eq. (2.170) dephases and so decays when | k;| is
large, and thus the induced error is unimportant at long times. At small, O(1) values of the
|k;|’s (assuming that m is O(1)), the error induced by the box approximation is also small
and the value is still close to the ), k; = 0 value.

For instance, carefully keeping track of factors of d tells us that in Ry, for early times like
O(1) the error is suppressed by O(1/d) relative to largest order terms, while for late times
after O(v/d) the error is suppressed by O(1/+/d) relative to the largest order terms.

In this discussion, particularly for > . k; = 0, we assumed simple sine kernel correlations
and found 75 to be a pure linear function. However, a more delicate treatment shows some
other transition time scale at early times, which likely complicates the functional form of ry
and gives a different slope for the ramp. We briefly address this issue for our numerics in
App. 2.D.

Since the dephasing of the X integral at large | ), k;| is suppressed at finite temperature,

25For instance, the Fourier transform of the semicircle distribution decays as t~3/2, whereas the Fourier
transform of a box decays as t 1.
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to better capture long-time finite temperature eigenvalue correlations we use a modified

kernel K which is valid in the short distance limit [A, — | ~ O(1/d) [25, 68],

sin (dm (A — X)pM (A + A7) /2))

K 4) = i — Aj) !
i J

(2.174)

which naturally provides a cutoff in the (\; + );) direction. However, this approximation
assumes the continued domination of the regulated integral in the short distance limit, which
may not be true for large 8. However, for small 8 the modified kernel is reliable. In the
generic case, one should consider the full expression of Hermite polynomials as the sine
kernel, and correctly take the limit. A complicated formula has been derived in [25, 68] from

a saddle point approximation.

2.C.1 Expressions for spectral correlators

Using the analysis above, it is straightforward to compute form spectral correlation functions

for the GUE. It is convenient to define

) 1—L fort<2d i 2
5(21) 2 , r3(t) = —Sm(?/tQ/ ) : (2.175)
7

<
i
—~
~
~—
Il
3
[\
—~
-
~—
Il

0 for t > 2d

as mentioned earlier. The infinite temperature form factors which appear in the calculation

of the first and second frame potentials are

d d
Rg(t) = /D)\ Z ei()\ii)\j)t, R471(t) — /D}\ Z ei()‘iJF)\j*Q)\k)t’

ij=1 ij,k=1
d d
Ra(t) = / DX D T Raa(t) = / DAY Pt (2.176)
4,4,k =1 4,7=1

As Ry is simply Ro(2t), we only need to compute the first three spectral correlation func-

tions. We will also investigate the finite temperature version of Ry, which we defined as

d
Ra(t, B) = / DAY il mAOtA) (2.177)

1,j=1
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R, at infinite temperature

We start by computing Rs at infinite temperature:
Ro(t) =d + /d)\l d)s (K()\l, MK (X, Ag) — K2(\y, Ag))ei(A“’\Q)t. (2.178)
Evaluating the first term in the integral, we find
/ dM K (Mg, Ap)e! / dXo K (Mg, Ap)e ™2t = d?ri(t). (2.179)
The second term can be evaluated using Eq. (2.170), and we find
/ dMdN K2 (Mg, Ag) et P22t — @y (1) (2.180)

The final result is
Ra(t) =d+ d%f(t) —dro(t) . (2.181)

R, at finite temperature

As explained above, to better capture long-time correlations at finite temperature we will

use the short-distance-limit kernel K. Firstly, for i = j, we have
d / DXe 2 = dr(2iB) . (2.182)
For i # j we have

d(d _ 1) / D)\ ei()\l—/\Q)t—ﬁ(/\l"r)\Q)
= /d>\1d)\2 (I?()\l, MK (Mg, Xo) — K2(\, )\2)>ei(’\1’A2)t*B(Al+’\2)

= d*ri(t +iB)ri(—t +iB) — dri(2iB)ra(t) . (2.183)
Putting everything together, we obtain

RQ = d’l“l(QZﬂ) + d27“1 (t + zﬂ)rl(—t + Zﬁ) — d?”l (225)7‘2(15) . (2184)
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R, at infinite temperature

We now compute Ry4(t), again by separately considering coincident eigenvalues, using the

determinant of kernels, and Fourier transforming to find

Ru(t) = d*ri(t) — 2d°ri(t)ra(t)r3(2t) — 4dPr3 (t)ro(t) + 2d%r  (2)73 (t) + 4d°r3(t)
+ 2dP73(t) + Ay (8)r3(2t) 4+ 8dPry (t)ra(t)rs(t) — 2d°r1 (2t)ro(t)r3(2t)
— 4dPr (t)ro(2t)r5(t) + d?r?(2t) — 4d®ri(t) — 4d>ry(t) + 2d°

We can simplify this formula at early times of O(1) and late times greater than O(v/d) by

dropping subdominant terms and find
Ry~ dri(t) + 2d°ra(t) — 4d>ry(t) + 2d* — Tdry(2t) + 4dry(3t) + 4dry(t) —d,  (2.186)
where the 2d%r3(t) term gives a quadratic rise at late times, akin to the ramp in R,.

R4, at infinite temperature

We find that

Raui(t) = dri(26)r3 (t) — d®ry (2t)ra(t)rs(2t) — 2d%r ()12 (2t)r3(t)

+ d?r3(2t) + 2dPri(t) + 2dro(3t) — dro(2t) — 2dra(t) +d. (2.187)
Just as above, we can approximate R4 ; at early and late times by

Raq =~ dPry(28)r7(t) + 2dro(3t) — dro(2t) — 2dry(t) +d . (2.188)
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2.C.2 Expressions for higher frame potentials
k = 2 frame potential

We computed the second frame potential for the GUE to be

Feve :( (d* — 8> +6) R2 +4d> (d® — 9) Ry + 4 (d° — 9d* + 4d® + 24) R2

—8d” (d* — 11d° + 18) Ry + 2 (d* — 7d* + 12) Ri; — 4d* (d* — 9) Rup
+ (d" — 84 + 6) R}, — 8 (d" — 8d° + 6) RoRy — 4d (d” — 4) RyRu,
+16d (d° — 4) RyRay — 8 (d? + 6) RyRuz + 2 (d° + 6) RyRa

—4d (d* — 4) Ry1Rap + 2d* (d* — 12d* 4 27) )

/((d —3)(d — 2)(d — )d?(d + 1)(d+2)(d + 3)) .

with form factors as defined in Eq. (2.176). Let us try and extract the interesting behavior
encoded in the expression. We know the maximal value of the spectral n-point functions
defined above at early times, Ry ~ d?, Ry ~ d*, R4y ~ d?, and Rys ~ d*>. From the
expression for the frame potential above, we keep the terms that are not suppressed in 1/d,

i.e. can contribute at least at zeroth order:

2 2
@ 8R, 36RZ 4R: 4R, 6R2 B8R: R2 Ri, 4R,
Few~2=p T et E Ty e @ a @
2R3, 16RyRy1  16R4Ru1  4AR4Ruy  2R4Run  4R4iRus
d Y A R R
64R.Rs  SRaRy
R I T

with the Haar value appearing at the beginning. At early times, the leading order behavior
is féQI)JE ~ R3/d*. From our calculation of the n-point form factors, we know that at the
dip time all form factor terms above are suppressed in d, meaning the frame potential goes
like the Haar value. Knowing the late time value of the 2-point and 4-point form factors,
the terms above that will contribute at late times are

R2  4AR3

Late : Fidy ~ 2+ T (2.189)
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which gives ~ 10 in the large d limit. In the strict ¢ — oo limit, where Ry — d, Ry — 2d*>—d,

and R4, Ra2 — d, we have

9 10d? + 22d — 20 9
Féiw =5 g o FO ~10ford>1. (2.190)

As the left-hand side expression is valid for any d at late times, in doing the numerics and

taking the sample size to be large, this is the value for d we should converge to.

k = 3 frame potential

The full expression for the third frame potential of the GUE is

‘FC(}3[)JE = (Gd"‘ + 18R2d'? — 36R,d'? — 318d!2 — 846R2d!" + 9R2d'0 + 18R2 d'% 4+ 9R?,d!" + 1836R,d!" — 7T2R,R,d!" + 36R.d'® — 36R, »d!° + 5550d'°
+144R, Ry 1 d° — 36R4 Ry d” — 36Ry 1 Rad® + 11574REdS — 369RId® + RId* — 828R?2 d° + 9RIR?,d" — 18R, R3 ,d* — 441R?,d* + 6R2 d°
+4RZ,d% + 12725.,# +4R7 ,d° — 29772R,d® + 8276R,R4d® — 1728R,d® + 36R,Red® — 18R, Red® — 12Rd® — 36R; Ry 2d® + 18R Ry 2d®
+1800R,2d® — 36R,  Rg,1d® — 24Rg4d® — 37158d° — 6192R, R, 1 d” + 1332R Ry d” + 36R¢Ry1d7 + 108R, Ry Ray2d” + 1548R, Ry ad”
—144R,Rg1d" + 108R ; Rg1d" — 12R5Re,1d” — 36RRy2Rp1d” + 36Ry 2R 1d” + T2Ry 1 Re2d” — 24R1 R d” + 144Ry R 3d” — T2Ry Ry 2R 5d”
+72R4 2 Rgad” — 24R6 3R ad” — 48R3 Rad” — 39978R;d® + 3726R3d° — 41R7d% 4+ 11610R} | d° — 29TR R} ,d® + 594R, R} ,d° + 6750R] ,d°
—204R d° — 156R ,d° — 348R} (d® — 148R7 d° + 169812R,d" — 42768R,R4d" + 24732R,d® — 1512R, Red" + 7T38R,Red® + 528 Rsd"
+1512R; Ry 2d® — 432R, Ry 2d% — 162R, Ry Ry 2d" — 486R4 Ry 2d% + 18R, R Ry 2d" — 18R Ry pd® — 27972Ry »d" 4 1224R, 1 R 1 d° + 144R, R »d°
—144R, R 2d® + 16R6Re2d° + T2R2 Ry 2 R 2d® — T2Ry 2R 2d® — 48R4 2d® — 360R4 1 R 3d° + 120R6,1 R 3d® — 144R, R 4d® + 72Ry Ry 2R, 4 d°
—T2R42Re4d® + 32R2Re4d° + 1032R 4d® + 89040d° + 7T2576R2 Ry, 1 d® — 11232R Ry, d° — 1188Re Ry 1d° — 3132R,Ry 1 Ry2d® — 18792R, Ry 2d°
+5040R, R, d° — 3564R,Re,1d° + 396Rs R, 1d° + 1044R, Ry 2R d®> — 1044R, ;R d° — 2232R 4 R 2d° + T44Rg  Re od° — 5040R, R 5d°
+482R, R 3d° — 48R Re3d” + 2088R, Ry 2R sd® — 2088Ry 2 Re,3d° + 648Rg2Resd” + 288Ry 1 Read® — 96Rg 1 R ad® + 1488R 3R 4d® — 522R2d*
—52128R3d" + 458R2d" — 55692ij,d’ + 243[)R§R§‘2(i" — 4860R,R3 ,d! — 35190723‘2(1‘ + 1794R2 d' + 16607252(1’ + 2388R2 ,d' + 14407234(1’
—274320R,d* + 146412R,Ryd" + 17172R, Red’ — 8244R Rgd* — 6276Rsd* — 15876RI Ry 2d" + 18144R, Ry pd’ + 3078R, Ry Ry »d* + 324R Ry o d?
—B342R, R Ry 2d* + 342Rs Ry 2d* + 141408Ry 2d* — 10764R 4 R, d* — 4608R, R od* 4+ 3672R R 2d* — 408RsRg2d* — 1368R, Ry 2 R 2d*
+1368Ry 2 Rp2d* + 1968R g d* + T200R 4 R 3d* — 2400R 61 Resd? + 3312R, R d? — 288R R ad* + 32R R sd* — 1368RoRy 2 Ry gd?
+1368Ry 2R ad — T52R 2 Read! — 11568Rd? — 96000d* — 199728 R, Ry 1 d® — 4392R; Ry d® + 9144RRy 1 d? + 26352R, Ry R,z d?
+51552R 4 Ra2d® — 37296 R R, 1 d® + 27432R, R d® — 3048 R R, 1d° — 8T84R, Ry 2R 1d° + 87T84R, 3R, d® + 1T928Ry 1 R 2d® — 5976R 1 R 2d?
+37296R2Re,3d° — 1080R, R 5d® + 120Rs R 3d® — 17568 Ro Ry 2 Re3d® + 17568 R4,3Re3d> — 190512R2 Ry 2d? — 100800R4d* — 5736Rg 2 Re,sd°
—T20R4 1 Re1d* + 240Rs 1 R 4d® — 11952R 6 53Re sd’ + 141840RJd> — 49284R7d> — 1258R2d* + 111852R};  d* + 1098R; R} ,d* — 219(}7{2723‘_@’
+53712R7 ,d* — 3756R§v‘d7 — 3188R2,d* 4+ 108R? ,d* — 2736R§v4d7 + 288000R,d? + 5472R, R4d? — 47376 Ry Red? + 22644R Red? + 14400Rd?
+14400R3 R 2d> — 9396R, R4 Ryd? + 49824R Ry 2d” 4 1044Ry R Ry 2d? — 1044Rg Ry 2d? — 115200R, 2d> + 22536R 1 R 1d? + 24624R, R 2 d*
—16488R R d? + 1832R R 2d? + 41T6R2 Ry 2 Rg2d? — 41T6R 4 2R 2d? — 19200R g 2d? — 45720R, R 3d? + 15240Rs R 3d? + 8352R, R 4d?
—8352R Rg4d? + 928R R 4d> + 41T6R, Ry 2Re4d? — 4176Ry 2R 5d? + 5520R 62 Rg4d? + 19200R 4d? + 133200R, Ry 1 d + 53208R,y Ry d
—12312R¢ Ry, d — 62208R, Ry, Rayzd + 4608Ry 1 Ry od + 32400R, R, d — 36936R, R d + 4104R R, d + 20736 R, Ry 2R d — 20736 Ry 2 R 1 d
—33048R4,1 R 2d + 11016 R, Re2d — 32400R, R zd — 25272R 4 Rezd + 2808 R Resd + 41472R, Ry 23R sd — 41472R; ;R 3d + 16632R6 2 R 3d
—16848R 4 Read + 5616Rs,1 R sd + 22032R6 3R sd — 216000R2 — 2160R2 + 240R2 — 105840R? | — 12960R2R 2, + 25920R,R2, — 34560R 2,
—2160RZ, — 2160R2, — 19440R2 , — 960R2 , + 43200R, Ry + 14400R, Ry — 4320R4 R + 172800R, Ry 5 + 25920R, R4 Ry — 69120R4 Ry
—2880R, R Raz + 2880R Ry + 12960Ry 1 Re 1 + 14400R2 R 2 + 4320R4 R 2 — 480RRe2 — 11520Ro Ry 2Rz + 11520R 4 2R 2 + 90720R 4 1 R 5
—30240R4,1 R 3 — 28800R2Rg s — 2880R R4 + 25920R ;R4 — 11520R2 R4 2Reu + 11520R 4 2R — 6720R6 2Ry 1)

/((d=5)(d = 4)(d = 3)(d = 2)(d = 1)d*(d + 1)(d + 2)(d + 3)(d + 4)(d + 5)) -

The expression is best appreciated from a distance.

2.C.3 Expressions for Weingarten

Lastly, we give the definition of the unitary Weingarten function, which appeared in the
integration of Haar random unitaries in Eq. (2.80). The 2k-th moment of the Haar ensemble

appeared in the k-th frame potential. For the n-th moment, the Weingarten function is a
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function of an element o of the permutation group S,, and presented as defined in [59],

. xa(e)*xa(o)
Wy(o) (nDQEA: OB (2.191)

where we sum over integer partitions of n (recall that the conjugacy classes of S,, are labeled
by integer partitions of n). y, is an irreducible character of S,, labeled by A (as each irrep of S,
can be associated to an integer partition) and e is the identity element. s,(1) = sx(1,...,1)
is the Schur polynomial evaluated on d arguments and indexed by the partition A. For

instance, the Weingarten functions needed to compute the first frame potential were

1
d(d>—1)

and Wyg({2}) = — (2.192)

Wo({1,1}) =

2.D Additional numerics

We conclude with a few numerical checks on the formulae we derived for the form factors

and frame potentials.

2.D.1 Form factors and numerics

As we mentioned in Sec. 2.2.2 and discussed in App. 2.C.1, in order to derive expressions for
the form factors for the GUE we had to make approximations which should be compared to
numerics for the GUE.

We briefly remind the reader that at infinite temperature, we derived the expression
Ra(t) = d?r3(t) — dry(t) +d. (2.193)

Numerical checks of this expression are shown in Fig. 2.8. We see that the approximations
employed work well at § = 0, reproducing the early time oscillations, dip, plateau, and
ramp features. But there is some discrepancy in the ramp behavior which merits discussion.
As we take d — oo, the difference between the predicted ramp and numerical ramp is not

suppressed. In Fig. 2.8, we see that the relative error between the numerics and analytic
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Numerics for GUE R, at =0

Rold?
1 I8 Numerics
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Relative Error
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Figure 2.8: Numerical checks of the GUE 2-point spectral form factor at infinite temperature
for various values of d and normalized by d?. The analytic expressions derived in Sec. 2.2
are in the lighter shades and the numerics for GUE are in darker shades. Numerics were
done 10000 samples from the GUE. On the right we plot the relative error between the
numerics and analytic predictions. We observe good agreement at early and late times, and
see deviations around the ramp.

prediction does not decrease as we increase d, indicating that this difference in the ramp
prediction is not an artifact of finite d numerics. On a log-log plot, this shift from the
numerics suggests that we capture the correct linear behavior, but with a slightly different
slope for the ramp.

The 75(t) = 1 — t/2d function which controls the slope behavior comes from the Fourier
transform of the square of the sine kernel. Recall that in our approximation, we integrated
over the entire semicircle. A phenomenological observation is that the modified ramp function
defined by 75(t) = 1 — 2t/wd, where we change the slope to 2/, does a much better job of
capturing the ramp behavior. Working in the short-distance limit of the 2-point correlator
PP (A1, A2) (as in [24]) and integrating the sine kernel over the entire semicircle, we obtain
79 whose behavior we only trust near the dip.

Numerically, we find that this modified slope of 27 /d better captures the ry function near
the dip, with error that is suppressed as we take d — oco. The same numerics are reported
in Fig. 2.9, but with the modified ramp behavior. There is still some discrepancy near the
plateau time when we transition to the constant plateau value, but the ramp behaviors near
the dip are in much better agreement.

We understand the Bessel function contribution to Rs(t), which arises from 1-point func-
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Numerics for modified R, at =0
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Figure 2.9: The same numerics as reported in Fig. 2.8, but now compared to the analytic
expression with the modified ramp behavior 75(t).

tions. The subtlety above is really in the connected piece of the 2-point function
Ro(t)eon = Ra(t) — d*ri(t). (2.194)

Numerically, we see that the connected 2-point form factor for the GUE exhibits three
different behaviors: an early time quadratic growth, an intermediate linear growth, and
then a late-time constant plateau. The closed form expression we derived in Sec. 2.2 should
be viewed as a coarse approximation before the plateau, approximately capturing the linear
regime. The modified ramp function 79(t) = 1 —2t/wd appears to capture the linear behavior
near the dip with the correct slope. In [68], a more detailed treatment of the connected
correlator is given at early times. From the integral representation of the connected 2-point

form factor, they find that

1 1
Early : Ro(t)eon ~ 12 — 5 th+ 3 R (2.195)

to leading order in d (Eq.(2.28) in [68]). The three behaviors are compared with numerics
in Fig. 2.10.
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Connected 2-point form factor for GUE at f=0
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Figure 2.10: Numerics for the connected 2-point spectral form factor for GUE at infinite tem-
perature plotted for d = 500 with 10000 random samples. The dashed line is the expression
Eq. (2.196) approximating the three regimes of the connected form factor.

In summary, the three regimes of the connected 2-point form factor are roughly captured by

Ro(t)eon =4~ 2t for 1St<2d, (2.196)

The early time quadratic behavior does not play an important role in our analysis of GUE
correlation functions and frame potentials, but is of independent physical interest. This
intruiging early-time behavior of the connected 2-point form factor is explored in [75].

At finite temperature we find good agreement between the expression Rs(t, ) and nu-
merics at early and late times, but again see a deviation of the dip and ramp behaviors from
the analytic prediction, as shown in Fig. 2.11. Using the modified ramp 7y we find closer
agreement at small £, but as we increase § the predicted ramp behavior again starts to
deviate from the numerics, indicating that there is a S-dependence to the slope that we do
not fully understand. But as we discussed in App. 2.C.1, we only trust the short-distance
approximation at finite temperature, and thus R (¢, 5), for small 5. We also report numerics

for the R4 expression in Fig. 2.12.
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Figure 2.11: Numerical checks of the finite temperature 2-point spectral form factor for GUE
at 8 = 0.5, plotted for various values of d and normalized by their initial values. Numerics
were done with a GUE sample size of 10000. The left figure uses the expression for Ra(t, 3)
derived in Sec. 2.2.2 and 2.C.1, whereas the right figure uses the modified ramp 75 discussed

above.
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Figure 2.12: Numerical checks the infinite temperature 4-point spectral form factor for GUE
with 10000 samples, plotted for various values of d and normalized by their initial values.
The left figure uses the R4 expression derived in App. 2.C.1, and the right figure uses 7.

2.D.2 Frame potentials and numerics

As the frame potential depends on the eigenvectors of the elements in the ensemble (and not
just the eigenvalues as per the form factors) and requires a double sum over the ensemble,
numerical simulation of the frame potential is harder than for the form factors. For an
ensemble of d x d matrices, we need to consider sample sizes greater than d?* for the k-th
frame potential, which amounts to summing over many samples for fairly modest Hilbert
space dimension. Instead, for a given d, we can sequentially increase the sample size and

extrapolate to large |Equg|. In Fig. 2.13 we consider the first frame potential for the GUE at

d = 32 and, in the limit of large sample size, find good agreement with the analytic expression
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computed from R,. Alternatively, we can numerically compute the frame potentials by
ignoring the coincident contributions to the double sum in F*) ie. when U = V. For a
finite number of samples, these terms contribute d?/|€| to the sum, meaning we must look at
large ensembles before their contribution does not dominate entirely. Ignoring these terms,
we can time average over a sliding window to compute the frame potential with only a few
samples, as shown in Fig. 2.13.

Numerical check of A" for GUE

FO6ue

1000 - == Prediction from R,

— Large |¢| extrapolation . . )
Time bin average of F'"’ for GUE
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Figure 2.13: Numerical computation of first frame potential for the GUE at d = 32. On
the left, we sequentially increase the number of samples and extrapolate to large sample size
(red line), which agrees with the both the frame potential computed from R, numerics as

in Eq. (2.86) (blue line) and the analytic expression we derived for ]-"é%E. On the right, we

time bin average Fg&E as described above and, for d = 32 and 100 samples, we find good
agreement with the quantities on the left.

2.D.3 Minimal realizations and time averaging

Given an ensemble of disordered systems, one can ask whether a quantity averaged over the
ensemble is the same as for a single random instance of the ensemble. It is known that up
until the dip time, the spectral form factor is self-averaging, meaning that single instance
captures the average for large d [79]. However, the spectral form factor is not self-averaging
at late times. We can try to extract the averaged behavior from a single instance in regimes
dominated by large fluctuations by averaging over a moving time window. In Fig. 2.14, we
see that for a single instance of the GUE, the time average of the spectral form factor at

finite [ gives the same result as the ensemble average for sufficiently large d. For the frame
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potential, we can consider two instances, the smallest ensemble for which the frame potential

makes sense. Ignoring the coincident terms in the sum, we see that the frame potential is

also self-averaging at early times and that the time average at late times agrees with the

ensemble average and analytic expression.
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Figure 2.14: On the left: the time average of the thermal 2-point form factor at § =5 and
d = 500. On the right: the time average of the first frame potential for d = 500 computed for
two instances. In both figures, the time average of the minimal number of instances agrees

with the ensemble average.
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Chapter 3

Late-time chaos and symmetry

This chapter is partially based on work in progress with Beni Yoshida, which will appear

elsewhere in a future publication.
Abstract

We study the universal features at late-times in chaotic systems with symmetry and compute
the late-time asymptotic form of the out-of-time ordered correlation function for different
symmetry classes. As realizing different antiunitary symmetries picks out a quotient of the
full unitary group, we use Weingarten calculus for the associated compact symmetric space
and find different asymptotic forms of the OTOC in each symmetry class, where the leading
terms are universal and the symmetry appears in the 1/d corrections. We also generalize
the notion of a k-design and k-invariance to different symmetry classes and apply them to

both random matrix ensembles and physical systems with symmetry.

3.1 Introduction

Computing averages over the unitary group has become an indispensable tool in quantum
information. Understanding the properties of Haar random unitaries and states allows one to
extract universal or generic features of quantum systems. Random unitaries have also proved
useful in approximating chaotic dynamics, where we typically average over the full unitary

group U(d) to study universal features of chaotic systems, for instance the entanglement
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in random subsystems and late-time values of correlation functions, and ask at what time-
scales an ensemble of unitaries representing the time-evolution of a physical system looks
Haar-random. Roughly speaking, as e *#* € U(d) is always valued in the unitary group,
we average over U(d) to extract universal features and ask when some ensemble & of time
evolutions looks Haar-random with respect to U(d). If the physical system of interest realizes
some symmetry, we need to refine our measures of chaos and randomness as the unitary time-
evolution might really be valued in a subset of the unitary group. Of course, given a fixed
Hamiltonian, the subset of the unitary group that time-evolution will explore is determined
by H, but we are interested in symmetry classes of Hamiltonians where the existence of a
symmetry determines a specific subset, and in this sense is universal.

The famous insight due to Dyson [80], was that systems which realize (or break) anti-
unitary symmetries fall into three different symmetry classes, labeled: A, AI, and AII. These
refer to the Cartan labels for compact symmetric spaces, where here it is the unitary gen-
erated by the Hamiltonian e~** that is valued in the subset of the unitary group. Dyson’s

three classes are:

A U(d) no symmetry
AL U(d)/O(d) time-rev inv w/ T?% =1
AIl: U(2d)/Sp(2d) time-rev inv w/ T? = —1

where T is the time-reversal anti-unitary operator. Note that when equipped with an invari-
ant measure, the ensembles on these spaces are often referred to as the circular ensembles
CUE, COE, and CSE.

One of our goals in this chapter will be to consider averaging over these other spaces in
order to understand the universal behavior of chaotic systems with symmetry. There is a
further refinement of this classification scheme by Altland and Zirnbauer [81] for free fermion
Hamiltonians. One way of interpreting this classification scheme is that the first-quantized
Hamiltonian lives in the tangent space of 10 different compact symmetric spaces, depending
on how that Hamiltonian realizes time-reversal and charge-conjugation symmetry (and their
combination). We are interested in interacting systems acting on the physical Hilbert space.
We are able to compute averages over the 10 symmetric spaces in Altland and Zirnbauer’s

classification, but the implications for physical systems of interacting fermions are less clear.
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We will mention averages of OTOCs over all 10 classes, but we will primarily be interested
in the 3-fold classification applicable to general interacting quantum systems: A, Al, and

AlL

3.2 Haar-averages and symmetry classes

We start by briefly overviewing the basic machinery of taking Haar-averages over the uni-
tary group, a formalism which has become known as Weingarten calculus. We then discuss
extensions of these averages to other Lie groups and to different quotients of the full uni-
tary group. The formalism for performing these averages is known as Weingarten calculus.
Weingarten calculus allows us to integrate moments of orthogonal and symplectic groups as
well as quotients of the unitary group called compact symmetric spaces. We should think of
this as averaging over a symmetry class.

Although integrating over the unitary group has appeared in the literature of a number of
different subfields, including lattice gauge theory, 2d QCD and matrix models, and transport
in disordered systems, the methods of taking Haar integrals have become indispensable tools
in quantum information theory. Diagrammatic methods for computing Haar-moments were
developed in the lattice gauge theory and condensed matter literature in the 80’s and 90’s.!
But exact expressions for moments of the unitary group were given by Collins [58] and Collins
and Sniady [59]. These ideas are deeply rooted in Schur-Weyl duality for the unitary group.
The formalism for taking Haar-averages is known as Weingarten calculus, acknowledging
Weingarten’s early work on the subject [60].

Collins and Sniady [59] detailed how to compute moments of U(d) and the other com-
pact Lie groups O(d) and Sp(2d). Weingarten calculus for the orthogonal group was further
clarified and expanded in work by Collins and Matsumoto [88], as well as in [89, 90]. Build-
ing on this work, Matsumoto generalized these methods to compute moments of compact
symmetric spaces [91, 92].

Before diving in, let’s just sketch what these moments look like. For the compact Lie

groups, integrating gives a double sum over elements of the symmetric group or a subset

IFor example, in [82, 83, 84, 85, 86, 87].
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thereof, and for the compact symmetric spaces, quotients of the Lie groups by a Lie subgroup,

the moments take the form of a single sum

Lie groups : /dU Uk @ (U = Z 6,0: W% (o7, d), (3.1)

o, T

symmetric spaces : /dU U* @ (U®) = Z S WG K (0, d) (3.2)

where the index structure of the product of delta functions will depend on the permutation(s)
we sum over. As we will see late, if the group or subgroup is orthogonal or symplectic, the
moments themselves involve transposes, symplectic conjugation, or chiral conjugation. The

point of the above expressions is heuristic.

Comment on terminology:

In a slight abuse of terminology, we will refer to averages over the unitary group as ‘Haar-
averages,” even though the Haar-measure may be put on any compact Lie group and by
involution on to quotients thereof. So when we say ‘integrate over Haar,” we mean over the
unitary group with respect to the Haar measure. In all other cases, we will explicitly say

which space we integrate over.

3.2.1 QI review and Haar-randomness

Here we give a brief overview of some quantum information theoretic definitions and notation.
The discussion here follows the discussion in [11, 12] as well as [93]. We consider a finite-
dimensional Hilbert space H of dimension d. We are interested in an ensemble of unitaries
E = {p;, U;} that acts on this Hilbert space, where U; € U(d) and p;’s are probabilities. Said
equivalently, we have a subset of the unitary group and some probability measure on it. The
ensemble could be finite or infinite, either discrete or continuous. The Haar measure is the

unique left and right invariant measure on U(d),

e DI = [ IOV = | @100) o
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for a function f and for all V' € U(d). As we are often interested in moments of an ensemble,
consider an operator O acting on the k-fold Hilbert space H®*. The k-fold channel with

respect to an ensemble of unitaries is

%) (0) = /g dU(UF) OUH . (3.4)

A unitary k-design is an ensemble £ for which the k-fold channels of the ensemble and Haar
are equal, meaning that for any operator O € A(H®*)

2{)(0) = ofp)

Haar

(0). (3.5)

This means the ensemble of unitaries £ exactly reproduces the first £ moments of the Haar
ensemble. This idea captures how randomly distributed the unitaries in £ are. The more
randomly distributed around the unitary group, the more moments of the Haar ensemble
we can reproduce. When we reproduce the moments exactly, £ is a unitary k-design. Given
some ensemble, one might ask how close to forming a k-design we are. One quantity which
measures this distance is the k-th frame potential [57], defined as a double integral over the
ensemble & as

FP = / dUdV | Te(UTV)[2% (3.6)
UVeE

For some ensemble of unitaries &€ = {p;, U;}, the frame potential tells us how Haar-random
the ensemble is. More precisely, for a given k, it tells us how close the ensemble is to forming
a unitary k-design. For any ensemble of unitaries &£, the frame potential is lower bounded
by the Haar value

= k!, (3.7)

Haar » Haar

fg(k) > F (k) where F, (k)

as we discussed above. It will be useful to review the proof of this here as we will use
similar techniques to lower bound frame potentials for different symmetry classes. Consider
the operator S, defined as the difference between the k-fold channels of £ and the Haar

ensemble:

5— / AU (U & U — / AU (U @ U (3.8)
£ Haar
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Noting that the norm of the operator is positive semi-definite Tr ST.S > 0, this implies

/ dUdV}Tr(UTV)}%—Q/ dU/ dV|Tr(UTV)|2k+/ duav |Te(UV)|* > 0.
U. vee |4 U,

Ve€ €Haar V €Haar
The first and last terms are respectively the frame potentials for £ and the Haar ensemble.
Using the left-invariance of the Haar measure, the middle term is also just the frame potential
for the Haar ensemble. Therefore, we find that

FP > F) (3.9)

Haar »

as desired. In this sense the frame potential quantifies a distance to randomness.

Haar-random unitaries

We will quickly review integration over Haar-random unitaries. The approach that leans
heavily on the representation theory of symmetric groups in described in App. 3.A, while
the exposition here is much more information theoretic in spirit.

To compute averages over the unitary group explicitly, we need to integrate monomials
of Haar-random unitaries. Here the convenient notation and discussion of the Weingarten
function follow [94]. As we mentioned, the formalism is called Weingarten calculus and
follows from Schur-Weyl duality for the unitary group. The exact expression [58, 59] for
integrating over U(d) is

/ AU Usjy - Ui Ul U =Y 8, m)d-(710)We" (07, d) (3.10)
o,TESK
where for the k-th moment we sum over elements the permutation group S,. Here we have
defined the d-function contraction of indices indexed by a permutation o € Sy as
- (7|7) =10

5 (3.11)

o) *** Yikdo(k)

The unitary Weingarten function acts on elements of Sy and has a simple interpretation in

terms of an inverse of a matrix which counts the cycles of a permutation, which we review
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in our discussion of Schur-Weyl duality below. The expression of the unitary Weingarten
function as a Fourier expansion in terms of characters of the symmetric group is given in
App. 3.A

Schur-Weyl duality for the unitary group is the statement that if an operator O in the
algebra of operators acting on the k-fold Hilbert space H®*, commutes with all operators
V@ where V acts on H, then that operator must be a linear combination of permutation

operators P,

Schur-Weyl — O = Z co Py, (3.12)

oeSy,

where the permutation operator P, permutes the k copies of H. More explicitly, for a state
W1, ..., ¥k) on H®¥, the permutation operator acts as Py [{1,...,¢%) = [Yoq1),-- -, Vo)),
and equivalently by conjugation for an operator on the k-fold Hilbert space. As the k-fold
channel of Haar @gjar((’)) is invariant under k-fold unitary conjugation, by the invariance
of the Haar measure, this means that the channel can be written as a linear combination
of permutation operators. Moreover, again by the invariance of the Haar measure, the
argument of the k-fold channel @g?ar(O) is also invariant under unitary k-fold conjugation,
we can write the channel as

)

Haar

(0)= > Wyl,P,Tx(P.0). (3.13)
o,TESK

This also simply an application of Eq. (3.10) to the k-fold channel. Here ngT is the

Weingarten matrix, the entries of which are the unitary Weingarten functions Wyg¥ (o ~17, d).

Taking the k-fold channel of a permutation operator must give @ggar(Pg) = P,, and thus

the Weingarten matrix is simply the inverse of the matrix of inner products of permutation

operators

Wol. = (Te(P,P)) (3.14)

where elements of the matrix Tr(P,P,) = d#¥¢(7) and simply count the number of cycles
in the product of permutations.
It is straightforward to derive the value of the Haar frame potential and will be useful

when we generalize our discussion to other groups and quotients. From the invariance of the
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Haar measure, the frame potential Eq. (3.6) for the Haar ensemble is

F®)

Haar

= /dU T (U Te(U)) = > Wyl Te(P,Pr) = k!, (3.15)
o,TES)
for k < d. When viewed as a matrix equation we just have the trace of the identity matrix

on S, and thus the above sum just counts the number of elements in Sg.

Random orthogonal matrices

The exact formula for integrating over Haar random orthogonal matrices is [59, 88]
/ A0 Oyjy - Oy, = > Ag@) AW (07 7, d) (3.16)

where we sum over elements of My, the set of pair partitions on the set 2k element set

{1,2,...,2k} and we have defined a combination of J-functions labeled by o € Sy

A7) =4 J (3.17)

oW io(2) " Yig(2k—1)t0(2k) *

We discuss more details of this formula and the representation theoretic expression for the
orthogonal Weingarten function in App. 3.A.

Schur-Weyl duality for the orthogonal group is given by the action of the Brauer algebra
[59], which has a basis of pair partitions on a set of 2k elements. The set of pair partitions
Moy, has dimension (2k)!/(2%k!) and can be realized as a subset of the permutation group
Sor. We describe pair partitions in more detail in the appendix, but for now, the important
thing for writing the Haar-integrals over O(d) is that these are just a subset of Sor. With
this in mind, Schur-Weyl duality for O(d) implies that if an operator @ commutes with all
operators V& with V' € O(d) on the k-fold Hilbert space H®*, then it can be written as

Schur-Weyl  — 0= > ¢S,, (3.18)

UGMQk

where S, are no longer simply permutation operators on the k£ copies, but instead involve

permutations and projections. For example, the basis elements for £ = 2 are the identity
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and swap operator (as in the unitary case), and also a projection onto EPR pairs

d
S;=1®1I, Sswapli,j)=15,7), Sepr= Z 1)l - (3.19)
=1

Just like in the unitary case, Schur-Weyl duality for the orthogonal group means we can

write the k-fold channel over O(d) as

o(0)= Y W2, S, Ti(S.0), (3.20)

o,7T€ Moy

where here ngT is the Weingarten matrix for the orthogonal Weingarten functions. Taking
the channel of the operator S, must give S,, and thus the Weingarten matrix is the inverse

of the inner product of the basis elements S,, written as a matrix equation as
WeC. = (Tx(S,5,)) . (3.21)

It is now simple to compute the frame potential Eq. (3.6) for the orthogonal ensemble.

From the invariance of the Haar measure on O(d), we find

(2K)!
ok

FE = / dO Tr(O*M)Te((0%M)) = Y~ Wy, Tx(S,S,) = (3.22)

O',TEMQk

for £ < d. Viewed as a matrix equation, the inner product on S,’s is just the inverse of
the Weingarten function, and the frame potential is just equal to the number of elements in

Mgk.

Random symplectic matrices

The compact sympectic group is a subgroup of the unitary group defined as the intersection
of symplectic matrices Sp(2d, C) and the unitary group U(2d), defined with even dimension.

It is a real Lie group and consists of the unitary matrices for which UPU = I. The symplectic
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transpose is defined as

OP = JoTJ", where J= , (3.23)
-I; 0O
and [ is a d x d identity matrix. Another way of expressing the symplectic unitary condition
is as unitaries for which UJU? = J, where we can also write J = iY ® I;. Some useful
identities to keep in mind are J'J =1 and J? = —L.
The expressions for integrating over symplectic matrices were discussed in [59, 88, 95],

where the moments are given explicitly as

/ dS Sivjy - Sigegme = Y, ALO)ALGTIWGT (07 7, d) (3.24)
o,TE Moy,
for symplectic unitaries S as defined above. In the k-th moment we sum over pair partitions
Ms;, and contract indices according to a J-graded combination d-functions following the
notation in [92]

AL(@) =6, .0 (3.25)

lo(1)lo(2) lo(2k—1)%0(2k) ’

where ¢’ is j-graded as d;; = (J);;. For a more details and a discussion of the symplectic
Weingarten functions, refer to the discussion in App. 3.A. We note the similarity with the
orthogonal Haar integrals.

Schur-Weyl duality for the symplectic group is much the same as the orthogonal case,
instead given by the action of the J-graded Brauer algebra and means that if an operator O

commutes with all symplectic matrices S®* on H®*, then it can be written as

Schur-Weyl — O = Z oS, (3.26)

o€ Moy

where S/ are the basis elements of the graded Brauer algebra. The elements can be written
as simple permutation and projection operators on the k-copies of the Hilbert space realized

just as the orthogonal elements but adding J when we contract the i indices and J¥ when
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we contract j indices. The k-fold channel over Sp(2d) is

L(0)= Y WgrS Ti(S.0), (3.27)

o,T -0
[ TEMQk

where here ngf; is the symplectic Weingarten matrix, again the inverse of the inner product
of the basis elements S, written as a matrix equation as Wy52 = (Tr(SgS;))_l. Just as in
the orthogonal case, the frame potential for the unitary symplectic group counts the number

of pair partitions, F = (2k)!/2%k!, for k < d.

3.3 Late-time OTOCSs for symmetry classes

We are interested in the asymptotic form of the OTOCs in a chaotic system. Consider the
OTO 4-point function
(AB(t)CD(t)), (3.28)

where B(t) = UtBUtT with the unitary time-evolution operator U; = e~*#* generated by some
physical Hamiltonian. For very chaotic systems, we expect that long after the system has
scrambled, the OTOC will reach a small late-time value. Although in a physical system,
the OTOC will fluctuate in time around this late-time floor, we should be able to study the
universal aspects of this floor value. By taking the unitary operator U to be Haar-random
and averaging the OTOC over the entire unitary group, we find a universal form of the
late-time asymptotic value [11, 96].

For any quantum system, we always consider unitary dynamics U, € U(d), i.e. we time
evolve with elements of the unitary group. The Haar averaged correlators are universal in
this sense; for generic chaotic systems our time-evolution moves unfettered over U(d). But if
our chaotic system is endowed with some symmetry, say time-reversal invariance, the unitary
time-evolution operator will instead live in some subset of the unitary group. Thus, we must

take a more fine-grained look at the universal properties. Within a given symmetry class we

should instead average correlators over the subset to explore universal properties.
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Haar random unitaries

For a chaotic system with no symmetries, we expect that the late-time value of the OTOC
approaches its Haar-random value. We first review the Haar-averaged 2-point function and
OTO 4-point function. The expressions for U(d) averaged correlators have been previously

derived and discussed in [11, 96]. The Haar-averaged 2-point function is

1

(AB())toar = /H dU Tr(AUBU') = %Tr(A)Tr(B) = (A)(B), (3.29)

given simply by the disconnected piece. We will see that the 2-point functions differentiate
between some, but not all, of the different symmetry classes.

We can also compute the Haar-averaged OTO 4-point function using the second moment

of U(d), and find that

1
(AB(t)CD(t))taar = — / dU Tr(AUBUTCUDUY)
Haar

= L (AC)H(BY(D) + (A)(C)BD) - (AC)BD) — (ABYCND)).
(3.30)
or equivalently, written more compactly as
(AB(t)CD(t)) Haar
= (AC)(B)(D) + {A)(C){BD) — {A)(BYC)(D) ~ - (AC)(BD)., (331)

where (-). denotes the connected piece of the 2-point function, (AB)., = (AB) — (A)(B).
Although it is clear from the above expression, for later comparison against forms of the
OTOC for different symmetry classes we note that for traceless operators, the leading order

contribution to the Haar-averaged 4-point function is
1
(AB(t)C'D(t))Haar =~ —E(ACMBD) : (3.32)

We can also compute the 6-point OTOC for Haar random unitaries. The leading order piece
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is universal, meaning it contributes asymptotically for all symmetric classes. The explicit
form is given in the appendix. It will be interesting to note some aspects of higher point

functions. For traceless operators, the Haar-averaged 6-point OTOC is

(4> —2)(AEC)(BFD) 2(ACE)(BFD)
<AB(t)CD(t)EF(t)>Haar - (d _ 1)(d _ 1)(d+ 1)<d_|_ 2) (d — 1)(d 1)<d—|— 1)(d+ 2)
(ACE)(BDF

2(AEC)(BDF) 2 )
(d—1)d-1D)d+1D)(d+2) (d—1)d-1)(d+1)(d+2)
To leading order this gives

(AEC)(BFD)

<AB(t>OD(t>EF<t)>Haar ~ d?

(3.33)

We can also compute the Haar-averaged 8-point OTOCs, but refrain from reproducing them
here. Again, we find that the leading order contribution is universal and holds asymptotically

for all classes.

AI: U(d)/O(d) Time-reversal symmetric

If our system has time-reversal symmetry, with 72 = 1, then the unitary time-evolution
operator is valued in U € U(d)/O(d). The universal form of the late-time correlators is

found by averaging over the quotient space U(d)/O(d). The Al averaged 2-point function is

(AB@»::éﬂ;ﬂfﬁpﬂﬂﬂﬁ%:E%;«ABU4wNAMB»

= (A)(B) + < (AB").. (3.34)

which is already distinct from the Haar-averaged case. The OTO 4-point function is
1
MB@XHXQ%:E/(%WﬂAUBWCUDUU, (3.35)
AT
which we can integrate using the second moment of Al random unitaries

/ AU UUpnUL UL, = S 8, (imnlhigp) Wy (o5 d) (3.36)

€Sy
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Integrating and computing the AT Weingarten functions, we find

(AB(t)CD(t))a1 =

T 2 ((ACHBID) + (A CHED) + J(ACETY(D) + S(ADTC)B)

+ é(ABTDT><C> +

d

NCEED) <d<A><B><O

1
+ E<AODTBT> +

1 1
(A)(BTCDT) + — -
1

(D) + S(ABTC)(D) + L(ACD")(B) + +(AC)(BD)

(AB"CD") + —(AD"CB"))

| —

(ACBTDT) + $<ABT><ODT> + %(ABTDT@

+{ABTY(CYD) + (A)(BTCYD) + S(ANBTDTC) + - (ADT)(BC)
1 1

+ {A)(B)(CD") + (AD™)(B)(C) + (AD"BTC) + -<ADTBT><0>) . (3.37)

2

S

IS

The important thing to note is that to leading order at large d, we find
(AB(t)CD(t))a1 = (AC)(B)(D) + (A){C)(BD) + (A)(BI(C)(D) + %Z(- ) (3.38)

The same as the Haar-integrated OTOC, but with different terms suppressed in powers of
d. We have yet to find an elegant form of the suppressed terms as connected components.

The leading order contribution for traceless operators is

(AB(t)CD(t))a1 = —%((AC><BD> + (ADTY(BCT) + (ABT)(CD™)

— (ABTCD") + (ADTCB")) ... (3.39)

We see that the leading order term from the Haar-averaged OTOC appears but with four
additional terms. We can also compute the 6-point OTOC, and interestingly, we find that

the leading order contribution for traceless operators is

(AB(OCD()EF () g = AP 5T><CF Do (3.40)

which contributes at a higher order than the Haar-averaged 6-point functions.
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AII: U(2d)/Sp(2d) Time-reversal symmetric

If our system has time-reversal symmetry, but instead where 72 = —1, then the unitary
time-evolution operator is valued in V' € U(2d)/Sp(2d). The AIl averaged 2-point function

18

<AB@»MF:é/EVTNAVBVUZ<AxBy_%ﬁ_ﬁABD%. (3.41)

We can further compute the Haar-averaged OTO 4-pt function (AB(¢)C'D(t)) for All by
integrating V = JV as

/ AU Vi, 3, Vi Vi Vil = So(iniaizial jijajsja) Wot (o3 d) . (3.42)

oESy

Integrating and computing the AIl Weingarten functions, we find

(AB(t)C'D(t))art =
(2d)*(d — 1)
d(2d — 1)(2d — 3)

Lapbpr L aysropry + L L
+ 55 (ABPDP)(C) + - (ANBCD®) + e
2d

- G Er— (AUABNCHD) + 55(ABPC)D) + S5(ACDP)(B) + 5(AC)(BD)
_ ﬁ _ #(AOBDD% + 2—1d<ABD>(ODD> _ ﬁmBDDD@
— (ABP)(C)(D) — (A)(BCY(D) + = A)(BDPC) + 1=(ADP)(BC)
1

4d?

((AC)HBID) + (A)(C)BD) + o (ACBPYD) + 5 {ADC)(B)

(ABPCDP) + —(ADPCBP))

(ACDPBP)

— (A)(B)(CD") — (AD”)(B)(C) (ADPBPC) + ;—d<ADDBD><O>) :

(3.43)

Note that some of the subleading terms come with different signs than in the previous
case and also instead of transpose (natural for orthogonal groups) we have the symplectic

transpose OF = JOTJT. Again, we find that at large d

(AB(t)CD(t))an = (AC)(B)(D) + (A)(C)(BD) + (A)(B){C)(D) + %l(- ) (344)
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The same as the Haar-integrated OTOC, but with different terms suppressed in powers of
d. The leading order contribution to the AIT OTOC for traceless operators is

(AB()CD(0)an = — 1 ((ACYBD) + (ADP)(BCP) + (ABP)(CDP)

— (ABPCD") + (AD”CB")) ... (3.45)

Computing the 6-point AIl averaged OTOC, we find that to leading order for traceless

operators
<ADD><BED)(CFD>
5 +...,

(AB(t)CD(t)EF(t))an = — (3.46)

which just as in the AII case, contributes at order 1/d instead of at order 1/d* as was the

case for Haar-random unitaries.

BD: O(d) random orthogonal

Averaging over the orthogonal group, we have
1
(AB(t))o = pi / dO Tr(AOBO™) = (A)(B). (3.47)

So interestingly, this is the first case where we cannot see the difference at the level of the
2-point function, but to probe this symmetry class, we must look at the OTOCs. The OTO

4-point function

(AB(H)CD(1))o = é / 4O Tr(AOBOTCODOT)

- %«AOMBMD) + (A)(C)(BD) + 6—11<ACT>(BDT)>
e (A BOND) + (AT YD) + (BD") )

+ S{AC)(BD") + S{ACT)(BD) + 5{AC)(BD)).

ISHE

(3.48)
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again with the same leading order terms. We can express this more compactly as

(AB()CD(1)o =
(ACYB)(D) + (A)(CHBD) = (ANBNC)D) + 5 =5 (ACT)(BD),
- o (AC)BDY). + (ACT)(BD). + (AC)(BD).). (3.49)

For traceless operators and to order 1/d?, the orthogonal OTOC is

1

(ABOCD(t))o = -

(ACT)(BD")—— ((AC)(BD)+(AC")(BD)+(AC)(BD")) ... (3.50)

QU

Note that the Haar, AI, and AIl averaged OTOC all had the leading order contribution
appear at order 1/d?, whereas here the contribution appears at order 1/d.
We can also compute the 6-point OTOC for orthogonal evolution. To leading order for

traceless operators we find

(AB(H)CD(H)E(R) F(t))o = %((AEO)(BFM + (ACTETY(BFDT)

+ (AETC)(BD"F") + (AEC")(BF'D)) +... (3.51)

C: Sp(2d) random symplectic

Averaging over the symplectic group, we find the averaged 2-point functions

(AB(t))s, = % / dS Tr(ASBS') = (AV(B) . (3.52)
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Again, to probe this symmetry class, we must look at the OTOCs. The OTO 4-point function

(AB(t)CD(t))s, = % / dS Tr(ASBS'CSDSY)

o 2d(2d - 1)
2(d—1)(2d+ 1)
2d
C2d-1)(2d+1)
1

+ %(AC)(BDD) + 2—1d<AC’D><BD> +5(ACH(BD)), (3.53)

1
2d

(¢ACHB)(D) + (ANC)(BD) — - (ACP}BD?))

(2d<A><B><C><D> — (ACP)(B)(D) — (BD"){A)(C)

again with the same leading order terms. We can express the OTOC more compactly as

(AB()CD(t))sp =

(ACHBND) + (ANCHBD) — ANBNCND) - g
1

T 2d-1)(2d+ 1) ((AC)(BDP). + (AC*)(BD). + (AC)(BD).) . (3.54)

(ACP)(BD").

For traceless operators and to order 1/d?, the symplectic OTOC is

(AB(t)CD(t))s, = —2—1d(ACD)<BDD) - 4—;2(<AC)<BD> + (ACPY(BD) + (AC)(BDP)) ...
(3.55)

where again we find that the leading order contribution appears at order 1/d. We can also

compute the 6-point OTOC for symplectic matrices. To leading order for traceless operators

we find

(AB(t)CD(t)E(t)F(t))sp = 4—(112((AEC><BFD> + (ACPEP)(BFD")

+ (AEPCY(BD”FP) + (AECP)(BF"D)) + ... (3.56)

ATIL: U(d)/(U(a) x U(b))

This is the first of the so-called chiral ensembles, where d = a+b. Most generally, elements of

AIII are defined as I,,U"I,,U, with Haar-random U and I, = diag(/,, —I). For convenience,
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we define w = a — b, the difference in dimensions. The 2-point function

1
(AB())am = — / dW Tr(AW BWT)
d ATIIT

(w+1)(w—1)

= @@= P @@y
= (ANB) + = ). (3.57)

where we have defined B = wBl1,, As a sanity check we can plug in the identity for the two
operators and we get one. Similar to the previous cases where we sum over elements of the

cyclic group Sk, the OTO 4-point function can be integrated using the AIII integral

/ AW Wi WieWoun Wi = > 86 (ikmp|jing) Wy (o a,b) . (3.58)

oESy

We can compute the full expression for the AIIT averaged OTOC, but the expression contains
24 terms and itself is not terribly enlightening. The important aspects to note are that to

leading order in 1/d, we find
(AB(t)CD(t))amr = (AC)(B)(D) + (A)(C)(BD) + (A)(B)(C)(D) + é(- )y (3:59)

the same leading order contribution as in the other classes. For traceless operators, to leading

order in 1/d, the AIII OTOC is

(AB(t)C'D(t)) A :%«AECB) — (ACY(BD) + (w?* — 1){AB)(CD)

+ (w? = 1)(AD)(CB)) + ... (3.60)

We can also compute the 6-point OTOC and find that for traceless operators, the leading

order contribution appears at 1/d>.
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BDI: O(d)/(0(a) x O(b))

The second of the chiral ensembles, where d = a + b. Generally, elements of BDI are defined
as 1,,071,0, with Haar-random orthogonal O. The 2-point function averaged over the

space is

(AB(t))sp1 = %z / dW Tr(AW BWT)

_Wd+)—2d, - 4ab -
= =P gar gy WANB) + (ABT)
— (AV(B) + w(d+1)—2d (AB)C N 4ab (ABT>C, (361)

d(d+2)(d—1) d(d+2)(d—1)

where B = wBly and w = a — b. Again we can check that insert identity operators gives

one. Using the second moment of BDI random unitaries

/ AW Wi, Wi, Wisis Wi = > Ao (M)W (00,0, (3.62)

o€Msg

we can compute the averaged OTO 4-point function and find to leading order
(AB(t)CD(t))sp1 = (AC)(B){D) + (A)(C){BD) + (A)(B)(C)(D) + é(- ) (3.63)

For traceless operators and to order 1/d?, the BDI averaged OTOC is

(AB()CD(0)son = (ACT(BDT) — — ({AC)(BD) + (ACT)(BD) + (ACYBD™)
+ (ABTY(CD™y + (AD"Y(CB™) + 2(ACTY(BD") + 2(AD)(BC)
+ 2(AB)(CD) — w*(AD)(CB) — w*(AB)(CD) — (ADCB)

— (ABTCD™) — (ADTCB™) — (ACTDTB) — <ADBTCT>) . (3.64)

CII: Sp(2d)/(Sp(2a) x Sp(2b))

The last of the chiral ensembles, again where d = a + b. Elements of this space can be

written as V' = ~abSDfabS, where S is a Haar-random symplectic matrix _fab = diag(Lup, Lap)-
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The averaged 2-point function is

(AB(t))cn = 2_1d /dW Tr(AW BWT) (3.65)
w?(2d —1) —d ~ ab -
- d<d(E 1)(2131 AT s f)(Zd Ty (2AUANB) — (AB7) - (3.66)

w2d—-1)—d ,, = 4ab
dd-1Dedr Pt gasnedt

= (AV(B) + (ABP),, (3.67)

where here B = fabeab. At leading order in the CII averaged OTOC, we again find the

same universal contribution. For traceless operators and to order 1/d?, the CII averaged

OTOC is

(AB(t)CD(t))cu = — —d<ACD><BDT> 1R (<AC>< D)+ {ACP)(BD) + (AC)(BD")
+ (ABPY(CDP) 4+ (ADPY(CBP) 4+ 2(ACP)(BDP) + 2(AD)(BC)
+2(AB)(CD) — w*(AD)(CB) — w*(AB)(CD) — (ADCB)

— (ABPCDTY — (ADPCBP) — (ACPDPB) — (ADE’DCD)> . (3.68)

DIII: O(2d)/U(d)

One of the BAG ensembles, where elements of the space can be written as V = OP0O with

Haar-random orthogonal matrix O. The 2-pt function is

1
2d —1

(AB(H))pm = %z / AV Tr(AV BV = (A)(B) — (ABP), . (3.69)

The DIII averaged OTOC gives the same asymptotic contribution as in the other symmetry
classes. To second order in 1/d, we find that for traceless operators, the DIII OTOC is

(AB()CD(t))pm =5 (ACT><BDT>——(<AC>< D)+ (AB”)(CD") + (AD”){CB”)

2d 4d?
—2(ACTY(BDT) 4+ 3(ACT)Y(BD) + 3(AC)(BD*) — (AD?B"C)

— (ACDPBPY — (ABPC'DPY — (ADPCBP) — <ADOB>> . (3.70)
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CI: Sp(2d)/U(d)

Another of the BAG ensembles, where elements of the space can be written as V = ISPIS

with Haar-random symplectic matrix S. The 2-pt function is

(AB(1)er = %z / 4V Tr(AVBVP) = (A)(B) + (AIBPD)..  (3.71)

2d +1

The CI averaged OTOC gives the same asymptotic contribution as in the other symmetry
classes. To second order in 1/d, we find that for traceless operators, the CI OTOC is

(AB()CD(0)ex = — 55(ACP)(BDP) — 1 ({AC)BD) + (ADP)(CBP) + (ABP) (CDP)

— 2(ACPY(BDP) + 3(ACP)(BD) + 3(ACY(BDP) — (ADCB)
+ (ADBPCPY + (ACPDP B — (ABPCDP) — <ADDCBD>> . (372)

3.4 Symmetric k-designs and k-invariance

In Chapter 2, we introduced the notion of k-invariance to capture the onset of a random
matrix description in (an ensemble of) physical systems. Given the above discussion, one
might expect that for a chaotic system with symmetry (such as time-reversal invariance), we
should refine the definition to account for the symmetry.

Recall that the frame potential provides a quantitative measure of randomness of an
ensemble of unitaries. Considering the ensemble of unitaries generated by an ensemble of

Hamiltonians

&E={e™", with Heé&y}, (3.73)

where the ensemble of Hamiltonians might be a system with quenched disorder, like SYK or
a disordered spin chain, or a random matrix ensemble. By computing the frame potential for
this ensemble ]—"ék) (t), a function of time, we quantified how chaotic or random the system
is at certain timescales. If the k-th frame potential is equal to the frame potential for
the invariant measure on the unitary group, the Haar ensemble, then we form a k-design,

meaning we reproduce the first k& moments of the unitary group. The frame potential is
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lower-bounded by the Haar value and thus is a well-defined distance to randomness

distance to k-design: Féf) () — ff(llﬁa)ar >0, (3.74)
where ]-"I({];)ar = k!. In [12], we introduced a more interesting lower bound given by the notion

of k-invariance. If the k-th frame potential is instead equal to the frame potential for the
Haar-conjugated ensemble & = UEUT, which also lower bounds it, then we say the ensemble
is k-invariant

distance to k-invariance: ]—"éf) (t) — ]—"ék) (t) >0. (3.75)

This captures something more interesting about the time-evolution of systems. The intuition
should be that we are measuring how random the dynamics look by how invariant they are
under a unitary change of basis. For example, if we consider the random matrix ensemble
GUE, then as the ensemble is by definition unitarily invariant, then we are always exactly
k-invariant for all k. If we consider a physical system, we expect that k-invariance is a good
measure of how scrambled the system is under chaotic time-evolution.

In summary, the ensemble forms a k-design or is k-invariant iff

k-design . Fo(t) = Fah., and  k-invariant :  Fe (t) = F(1). (3.76)

Haar » £

If a system is chaotic, then we expect the late-time floor value of the difference ]-'éf) (t) —
fg) (t) to be small. But just as we have seen in previous sections, the late-time behavior
depends on the symmetries of the system. Now we ask how to refine the definition of a
k-design and k-invariance for systems with symmetry.

Given some ensemble of Hamiltonians with symmetry
E={e"™, Heé&y}, where e eUd)/K (3.77)

and where K is some subgroup of U(d) determined by the symmetry class. For example,
K = O(d) for some systems with time-reversal symmetry (the Al case). For a given quotient

of the unitary group, a symmetric k-design is an ensemble that reproduces the first k-
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moments of the compact symmetric space
symmetric k-design: Féf)(t) - F((Jk()d)/K >0. (3.78)

For example, if we wanted to understand the time-scales at which the random matrix ensem-
ble GOE becomes randomly distributed over (a quotient of) the unitary group, we should
compute féf) (t) — .7-"((]]2[) Jo(a)- We can also generalize the notion of k-invariance. Recall that
before we defined the Haar-invariant ensemble & = U& U, conjugating by Haar-random uni-
taries. For an ensemble of Hamiltonians with some symmetry, we should define the invariant
ensemble with respect to the symmetry sym(&;) = VEVT where V € K. The distance to
symmetric k-invariance is thus

symmetric k-invariance: }—gc) (t) — fs(fr)n(gt)(t) >0. (3.79)

For example, if we have the GOE, then the invariant ensemble sym(Egor) = O&qopO =
EcoE, as the GOE is orthogonally invariant. This means that the GOE is always k-invariant
with respect to its symmetry class, just as for the GUE. More generally, for an ensemble of
physical Hamiltonians with symmetry we should look at the late-time value of its symmetric

k-invariance to observe the onset of random matrix behavior in its symmetry class.

3.4.1 Frame potentials for symmetric k-designs

The frame potential for any ensemble of unitaries £ is lower bounded by its Haar value k!,
and in this sense defines a distance to randomness. More precisely, it is the 2-norm distance
of the k-fold channels with respect to the ensemble £ and the Haar ensemble. Simply stated,
we can compute the k-th frame potential for some ensemble and the number we get tells us
how close we are to reproducing the first £ moments of the unitary group. As we discussed
above, if our ensemble of unitaries has some symmetry, we should expect that the distance
to randomness should be refined to account for the symmetry. For instance, if our system
has time-reversal symmetry, the ensemble of unitary time-evolutions should reach a minimal

value corresponding to the compact symmetric space.
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We will first review the computation of the frame potential for the full unitary group
U(d) and then compute the frame potentials for the Lie groups O(d) and Sp(2d). Then we
compute the frame potentials for some of the compact symmetric spaces U(d)/K. We then
review the derivation of the lower bound by the Haar frame potential using tensor expanders,

and then generalize to different symmetry classes.

Haar random unitaries

As we reviewed in Sec. 3.2, Schur-Weyl duality allows one to write the k-fold channel over
the Haar ensemble as a sum over permutations with Weingarten coefficients. When writing
out the frame potential we find Weingarten coefficents and their inverses, which count the
cycles in an element of Sj, cancel such that the expression is simply a sum over elements of
Sk, which gives

F =kl (3.80)

Haar

Symmetric k-designs

We now generalize the notion of a k-design to different symmetry classes. Consider some

ensemble of unitaries valued in a quotient of the unitary group
&= {pi, Uz} where U; € U(d)/K, (381)

and where K is a closed subgroup of the full unitary group. As we discussed previously,
the involution for which K is a fixed point set defines a map which allows us to realize the
quotient space as a subset of the unitary group, this is essentially the Cartan embedding.
An invariant probability measure on the compact symmetric space is induced from this map.

Analogous to the proof before that the frame potential for any ensemble of unitaries
is lower-bounded by the Haar-value, we now show that any ensemble of unitaries valued
in U(d)/K is lowered bounded by the frame potential for the compact symmetric space.

Consider the operator S, the difference between the k-fold channels of £ and the invariant
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ensemble for the compact symmetric space U(d)/K:
S = /dU (UM @ Uk — / dU (UM @ U®F . (3.82)
£ U(d)/K
As the operator STS is positive semi-definite Tr STS > 0, this implies that

FE + Fly 2/ dU/ dv [Te(U'V)[* > 0. (3.83)
veé VeU(d)/K

Now we note that as the elements of the ensemble £ are in the compact symmetric space
U(d)/K, then we can use the left /right invariance of the probability measure on the quotient
to absorb the U’s into the V'’s, and the last term simply becomes the frame potential for
U(d)/K

FE > Fil i for £={p,U; € U(d)/K}. (3.84)

Note that if the ensemble £ were simply some ensemble of unitaries, not necessarily restricted
to live within a quotient of the unitary group, then the above derivation would not hold.
This is not surprising; all we have shown here is that the frame potential for the invariant
measure on the quotient space lower bounds the frame potential for any ensemble consisting

of unitaries from that quotient.

Frame potentials for Al

Recall that the frame potential is lower bounded by its Haar random unitary value fl({?ar =kl
This was how we measured randomness, as a distance to reproducing the first £ moments of
the Haar ensemble. But if we are given some ensemble of unitary time evolutions respecting
an additional symmetry, like time-reversal invariance, we should instead look at the ensem-
bles ability to reproduce moments of a subset of the full unitary group, with respect to that
symmetry. Namely, if the measure is orthogonally invariant, as with certain Z7 invariant

systems, then we should quantify randomness with respect to the frame potential of quotient

space U(d)/O(d).
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Consider the frame potential for the compact symmetric space Al

FE = / dUdV | Te(UTV)[* = / U | Te(U)] ™. (3.85)
Ud)/0d)

U(d)/0(d)

To compute first frame potential we sum over elements of Sy, for which we need the Wein-

garten function Wyl(a € Sy, d) = 1/(d + 1), and thus find
FU=-"" and Fl=x2 for d>1 (3.86)
AT , AT : :

The first thing to note is that unlike for the compact Lie groups, the frame potentials for the
compact symmetric spaces depend on the dimension d. Schur-Weyl duality for the compact
Lie groups allowed us to write the k-fold channels as linear combinations of a set of basis
elements (which depended on the group). This meant that the Weingarten function arose as
the inverse of the inner products of these basis elements. For the compact symmetric space,
this is no longer the case. For instance, the Al Weingarten function is a product of the
unitary Weingarten matrix and the inner product of orthogonal basis elements [91, 92]. Said
in the language of these papers convolution on Sy of the unitary Weingarten function and
the class function for the orthogonal group (of which the orthogonal Weingarten function is
the inverse). So the Al frame potentials will not have an exact closed form in terms of k,
but what we are really interested in is the asymptotic value.

To compute the second frame potential for Al, we sum over elements of S, for which we

need the Weingarten functions

—1
d(d+1)(d+3)

d—+2
d(d+1)(d+3)’

Wet({1,1},d) = Wyt({2},d) = (3.87)

where the argument of the Weingarten function is the coset type of the permutation, as

reviewed in App. 3.A. Computing the second frame potential we find

7O _ 8(d* + 2d — 2)
AL (d+1)(d+3)°

and Fo)~8 for d>1. (3.88)

We can now discuss the general form of the k-th frame potential. As we explain in App. 3.A,
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just like for the orthogonal Weingarten functions, the AT Weingarten functions are constant
on the double coset of Sy, which means they are labeled by the coset-type of the permutation.
The coset-type of a permutation o € Sy is an integer partition of k. The leading term in
the large d limit will be given by the Weingarten function of coset-type {1,1,...}. Given the
simple relation between orthogonal and Al functions, this arises from the asymptotic form

of Wy© [59)
1

0
Wy (0, d) ~ —=5y »

(3.89)

where o € Sy, u is the coset-type of o, and £(u) is the length of the integer partition p. As
we sum over elements of Sy in the Al Haar-integral (not pair partitions as in the orthogonal
case), the asymptotic form of the frame potential is given by counting the number of elements

of Sy, of coset-type {1,1,...}, which gives
F a2k kl for d>1. (3.90)

Thus, given that the frame potential of a compact symmetric space is lower bounded by
its Haar-value Eq. (3.84), any ensemble of unitaries in U(d)/O(d) forms an Al symmetric

k-design if and only if its frame potential equals 2Fk!.

Frame potentials for AII

The discussion here is essentially the same as the previous subsection. We now want to

consider the frame potential for the compact symmetric space AIl

}"X‘?I:/ dUdV\Tr(UTV)\Z’“:/ dU\Tr(U)\Q’“. (3.91)
U(2d)/Sp(2d) U(2d)/Sp(2d)

We will just compute the first frame potential before turning to the more general discussion.
For the first frame potential we need the Weingarten function Wy (o € Sy, d) = e(0)/(2d —

1), which depends on the sign of the permutation. Proceeding we find

4d

2d——1 , and F/gll)l ~2 for d>1 , (392)

1
‘7:/(&1)1:
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again depending on the dimension d.

More generally, although the exact values of the AIl frame potentials are different from
Al the asymptotic form is the same. Just like for the symplectic Weingarten functions, the
ATl Weingarten functions are also constant on the double coset of So and are labeled by
the coset-type of o. The asymptotic form of Wg°? is the same as the orthogonal Weingarten
functions [59], meaning the leading order contribution will arise from permutations of coset-
type {1,1,...}. Summing over elements of Sy in computing the AII frame potential we

simply count the number of permutations of this coset-type, which gives
FE ~ bkl for d>1. (3.93)

As Eq. (3.84) shows that frame potential of a compact symmetric space is lower bounded by
its Haar-value, any ensemble of unitaries in U(2d)/Sp(2d) forms a AIl symmetric k-design

if and only if its frame potential equals 2¥k!.

3.4.2 Random matrices and symmetry

In Sec. 3.4, we generalized the notion of a k-design to ensembles with symmetry. Let’s now
turn to random matrix ensembles with symmetry and determine the time scales at which
the evolution forms a k-design. In [12], we computed the frame potentials for the Gaussian
unitary ensemble and found that at an intermediate time scale, the dip time t; ~ v/d, the
GUE forms a k-design and reproduces k < d moments of the Haar ensemble, but at late-
times the frame potential increases and the GUE is no longer Haar-random. We refer the
reader to [12] for details. For comparison to other random matrix ensembles, we quickly
review the result for the k = 1 frame potential of the GUE. The k-th frame potential for the
GUE can be computed by going to the unitarily rotating to the eigenvalue basis and then
Haar-integrating, resulting in an expression in terms of the 2k-spectral form factors. For
k =1 we found

1 .
Fibe = ﬁ(733 +d* —2R,), where R,= / D)\Z et At (3.94)

.3
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is the 2-point form factor for the GUE. At very early times, Ry ~ d? so the behavior of
the frame potential is approximately ~ R3/d? until near the dip time. At the dip time tg4,
Ry ~ V/d and the frame potential achieves its Haar-random value Félt)]E ~ 1. But at late
times Ry ~ d and the frame potential becomes ]:((;II)JE ~ 2, which means the GUE no longer
forms a 1-design. More generally, for the k-th frame potential [12] found that

k R3 k k kP2
Early : F4), ~ dTQ: , Dip : Fady &~ k!, Late : Fal, ~ Z o (3.95)
=0

Frame potentials for the GOE

Now we consider the Gaussian orthogonal ensemble and the ensemble of time-evolutions

generated by GOE Hamiltonians
& = {e”™", where H € GOE}. (3.96)

The GOE is the random matrix ensemble for time-reversal invariant Hamiltonians with
T? = 1. For electronic systems, these are Hamiltonians with time-reversal invariance and
preserving SU(2) spin. In the language of this chapter, these are systems in the symmetry
class Al; H is a real Hermitian matrix and e *#* € U(d)/O(d). The symmetric k-design

condition for this symmetry class is

AT k-design :  F27(t) > Fify o (3.97)

(d)

Recall that we also showed that for the compact symmetric space U(d)/O(d), the frame
potential is

‘Fl(Jk()d)/O(d) ~ 2% for d>1 and d>k, (3.98)

where the first few terms of this sequence are 2, 8,48, and 384.
We now want to compute the frame potentials for the GOE and show that at the dip
time the GOE forms an Al k-design. We give an explicit derivation of the first GOE frame

potential and then quote our results for higher k.
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k =1 frame potential

The first frame potential for the GOE

Tr (eiHlte*iHQt) 2

]ﬁ%E:i/}Hﬂdkbeg“Hﬂzg“Hg , (3.99)
can be computed by noting that the GOE measure is invariant under conjugation by or-
thogonal matrices, meaning we can diagonalize the Hermitian matrices integrating over the
invariant measure on the orthogonal group. For convenience, we define A = Ue H'UT, i.e.
the diagonal matrix exponential of the GOE Hamiltonian. Thus in the eigenvalue basis, we

can express the frame potential as
f&£=:/JIMD&u/dOTdO%ﬂOAgTdAyﬂﬁﬂn, (3.100)

where we have used the left/right invariance of the Haar measure. To integrate this we need

the second moment of the orthogonal group O(d), as we reviewed in Sec. 3.2

/d00j1k10j2’€20j3k30j4k‘4: Z Jo(1)Jo(2) Ja(3)10(4)5k7(1)k7(2)5’€7(3)’€7(4)Wg (o T) (3.101)

o,TEMy

where we sum over the pair partitions My. The three elements of My are {{1,2},{3,4}},
{{1,4},{2,3}}, and {{1,3},{2,4}}. The two Weingarten functions for the orthogonal group
we will need are

d+1 -1
d(d+2)(d—1) amlywogﬂ>:dw+2xw—n’

9 ({1.1}) = (3.102)

labeled by the coset type of the permutation. Recall that Wy© (o) is a function on o € Sy
and is constant on the double coset of Ss,, meaning that the Weingarten function only
depends on the coset type of o. In the above sum, the two cases correspond to whether
the pair partitions in the sum are equal or not, i.e. we use Wy?({1,1}) when o = 7 in the

sum, and Wy®({2}) when o # 7. Summing over the pair partitions and doing the d-function

122



contractions, we find

Fiom = ((d+1)R2 + 2d* — 4dR,) , (3.103)

1
d(d+2)(d— 1)

where again R is the 2-point form factor. As a sanity check, we can evaluate at ¢t = 0, where
Ry = d2, and find F4), = d2. Just like in the GUE, we sce that the early time behavior of

the first frame potential is dominated by the 2-point spectral form factor for the GOE

1
Barly :  Fily ~ - (3.104)
At the dip time, when R, ~ v/d, we find that
3 . (1) ~
Dip: Fyop ~ 2. (3.105)

At late times, in the limit ¢ — oo where Ry = d, we find

342
Late : Fiop = Ty 3 fr d>1. (3.106)

k = 2 frame potential

We can compute the second frame potential for the GOE using the fourth moment of the
orthogonal group, integrating and computing the Weingarten functions we find an expres-
sion in terms of the spectral form factors for the GOE. We give the first few terms of the

expression:

2 2 2 2
© . RI 12R} 16R, 8RZ SRZ 32R, 16R,R,
Foop =8+ +— ottt - = T

(3.107)

Again we note that at early times, the second frame potential is dominated by the 4-point
form factor, but at the dip time we find that the frame potential reaches a value of 8 and
forms an Al symmetric 2-design, but not a unitary 2-design. At late times, we deviate away

from this and get the asymptotic value 20 in the ¢ — oo limit and for d > 1. In summary,
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for the second frame potential for the GOE, we find

R2
Early : '7:((32513 R~ d_44 : Dip : f((;go)E ~ 8, Late : .F((;Q())E ~ 20. (3.108)

k-th frame potential

We can now comment on the general features for the k-th frame potential for the GOE.
Just as for the unitary Weingarten functions, the orthogonal Weingarten functions have an

asymptotic form at large d
1
~ (Ak—#cycles

Wg° (o) (3.109)

in terms of the number of cycles in the permutation o. Note that the k-th frame potential
involves the 2k-th moment of the orthogonal group, hence the 4k factor in the denominator.
This tells us that the leading order terms will be for Weingarten function evaluated on the
identity permutation, i.e. when o = 7 in the Haar-integration. Recall that we sum over the
subset of Sy consisting of pair partitions. For the k-th frame potential, which requires the
2k-th moment, the number of pair partitions is (4k)!/(4%(2k)!). It turns out that the subset
of these elements on the double coset labeled by the integer partition 2k, which generate the
index contractions and give the leading order contribution, contains 2¢k! elements, which
are the terms that survive at the dip of k-th frame potential for the GOE. The early time
decay and the dip value for the GOE frame potentials are
) - R k) ok

BEarly : Foop =~ ik Dip : Fiop ~ 27!, (3.110)
for d > 1. This means that at the dip time, the GOE forms an Al symmetric k-design, just
as the GUE forms a unitary k-design at the dip. Moreover, as was also the case for the GUE,
at late times the random matrix eigenvalues dephase and we are no longer Haar-random with

respect to the symmetry class.

Frame potentials for the GSE

The discussion here is essentially the same as for the GOE, so we will keep the discussion

somewhat brief. Consider the ensemble of unitaries generated by the time evolution of GSE
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Hamiltonians, i.e. where H is drawn from GSE
E={e" where H € GSE}. (3.111)

Recall that we define the GSE to consist of 2d x 2d Hamiltonians, and thus 2d is the dimension
of the Hilbert space in the following discussion.

We can compute the first frame potential noting that the GSE measure is invariant under
conjugation by symplectic matrices, meaning we can diagonalize the Hermitian matrices
integrating over the invariant measure on the symplectic group. In the eigenvalue basis, we

can express the frame potential as
Fogs = / DX\ DAy / 48 Te (UPALUA,) Tr (AJUPALU) (3.112)

where UP is the symplectic adjoint of U, and we’ve used the left /right invariance of the Haar
measure. To integrate, we use the moments of the Haar measure on the symplectic group.
The formulae are essentially the same as in the last subsection. To integrate we need the

second moment of Sp(2d)

D D S _
/dU Uitk Ujaka Uy Ujaky = Z O (1130 (2) O 31ty Ok 1y K 2) Ok 3y e 0y YV (O 7). (3.113)

o,7EPy
The two symplectic Weingarten functions we will need are

2d — 1
2d(2d — 2)(2d + 1)’

1
2d(2d —2)(2d + 1)
(3.114)

Wy ({1,1}) = €(0) Wy ({2}) = €(0)

Summing over the pair partitions and doing the d-function contractions, we find

I _ 1 2 5
Fase = 50— @d+ 1) ((2d = 1)R3 +2(2d)° — 8dRy) (3.115)

where here R, is the spectral form factor for the GSE. Again at the dip F((}ls)E ~ 2 and
we form a symmetric AIl 1-design, but not a unitary 1-design. At late times t — oo, we

find ]:éIS)E ~ 3, and deviate away from Haar-randomness. While the exact expressions and
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subleading corrections are different from the GOE, and the actual expressions for the GOE
and GSE spectral form factors are different, the essential aspects of the discussion are the
same. At the dip time, which is the same time-scale for GSE form factors, we find the
asymptotic value of 2¢k!, which is also the symmetric k-design value for the symmetry class
AIlL In summary, just as for the GOE, the early time decay and the dip value for the GSE
frame potentials are

Rix

Barly : Foly ~ Qi D FR ~ 28k (3.116)

meaning we form a Al symmetric k-design and then at late-times become less Haar-random

with respect to the AIl compact symmetric space.

3.5 Random subsystems and symmetry

In this section we study the reduced density matrix of a random state with respect to
different symmetry classes. We are interested in the trace distance of ps(U), the reduced
density matrix of a subsystem in a random state, to the maximally mixed state. Simply
stated, we want to understand Page’s theorem for different symmetry classes. This section
differs slightly from the goals of the previous sections, where we studied the time-evolution
and late-time features of chaotic systems with symmetry. Studying random subsystems for
different symmetry classes is a nice application of the tools developed in this chapter, but

will also be physically interesting.

Haar-random unitary states

Consider a bipartite system H = H ® Hp, a Haar-random state U |¢)g), and its reduced

density matrix on A:

pa(U) = TrgUpoU',  where po = [t0)(tho] - (3.117)

Denote the dimensions d = dimH, d4 = dim H 4 and dg = dim H 5, and define the difference

with the maximally mixed state as Apy = pa(U) — p%, where p¥* = 14/d4 is the maximally
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mixed state on the A subsystem. Recall that we can upper bound the 1-norm distance

[ dU ||Apall1 by computing the Haar-average of the squared 2-norm distance

2 I
J w10 = [am(pA@) - Foaw)+ ). (3.118)

The last two terms are always trivially Haar-averaged, even if we are averaging over some

symmetry class and not the full unitary group; the non-trivial piece is always the Trp?% (U)

term. Note, this is the same computation done to show decoupling prr = pr ® pg in [1].
Recalling that for any operator O acting on a Hilbert space H 4, the 2-norm bounds the

I-norm as ||O||3 < da|| M]3, we can bound the trace distance as

/dUHApAHf < dA/dUTrpi(U) ~1. (3.119)

For Haar-random unitaries, it is simple to compute

dy+ dp
dU Trp% (U) = =—2 3.120
| e - S (3120
and thus we find that
2 —1 dy
dU | ApullP < ZA— 2 & 24 121
[avlseal < At~ 22 (3.121)

meaning that if the A subsystem is smaller than half the total system then typical states on

that subsystem look very close to maximally mixed.

Random orthogonal states

It is straight-forward to extend this calculation to other symmetry classes and ask if the same
is true for random states with respect to some quotient of the full unitary group. Obviously,
we expect it to be true and that typical states should look maximally mixed on subsystems,
but we want to know what the corrections are.

We now consider a Haar-random state O |1y), with respect to the orthogonal group O(d).

127



All we need to compute is the average of Trp%(O)

_dA+dB+1

dO Trp4(0) = —""—— | 3.122
|, @0 o) = (3.122)

which is almost identical to the Haar-random case. We find

2 di—{-dA—Q N da

with leading corrections that appear distinct in the orthogonal case and go like 1/dp and

—2/d .

Random Al states

We now consider a Haar-random state U |1)y), where U is drawn randomly from the quotient

U(d)/O(d). Again, we compute the average of Trp? (U)

(A% +3d —2)(da +dg) = 2(d+2)Tr(p%) — 2Tr(p%)
d(d+1)(d + 3) d(d+1)(d + 3) ’

/ dU Trp4(U) = (3.124)
Al

which is a little more non-trivial than the Haar case. Note that the purity of the reduced
density matrix on the A and B subsystems in the initial state |¢)y) appears in the 1/d% cor-
rections. Again the leading order term gives [ dU ||Apalli S da/dp, and leading corrections
which go like 1/d.

Note that in this case, we have assumed that the initial state is pure and so it transposes
to itself, but if we assume otherwise, the expression of the averaged density matrix on the

subsystem involves transposed density matrices.

Random symplectic states

We now consider a Haar-random state S |1)y), where S is drawn Haar-randomly from the

symplectic group Sp(2d). Again, we compute the average of Trp%(S)

_dy+dp—1)(2d—1)+2

/Sp@d) dS Trp%(S) = DT (3.125)
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Again the leading order term gives [ dU ||Apall1 S da/dp, with leading corrections that go
like 1/b and a/2d, differing from the above cases at order 1/d%. We have assumed that the
initial state is pure, but if we start with a mixed state, the expression of the averaged density

matrix on the subsystem involves pP.

Random AII states

We now consider a Haar-random state U [¢y), where U is drawn randomly from the quotient

U(2d)/Sp(2d). Again, we compute the average of Trp%(U)

2o (d=1)(da+dp)  2(d—1)Tr(p3) — Tr(p3)
/AH AU TroalU) = =00 1) d(2d — 1)(2d — 3)

(3.126)

The leading order term gives [ dU ||Apall1 S da/dp, with 1/d corrections and the purity of
the subsystems in the initial state appearing at order 1/d%. Again, we have assumed that
the initial state is pure, but if we start with a mixed state, the expression of the averaged

density matrix on the subsystem involves p?.

3.A An overview of Weingarten calculus

In this appendix, we review Weingarten calculus and the formalism for averaging over the
unitary group, as well as orthogonal and symplectic groups. Then discuss averaging over

compact symmetric spaces, quotients of Lie groups.

3.A.1 Integrating over compact Lie groups
Integration over the unitary group

As was given in Sec. 3.2, the expression for integrating over Haar-random unitaries is [58, 59]

/ AU Uyjy - Ui g U UL = > 6,()m)o-(710)Wg (07 7, d) (3.127)

o, TESE
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where we sum over elements of S and denote a d-function contraction of indices indexed by

a permutation o € Sy, as

k
50(;|j) = H 5in,ja<n) = 5i17jo’(1) T 5ikaja(k) : (3'128)

n=1

As we discussed in Ch. 3.2, the unitary Weingarten functions can be computed noting that
@ggar(Pa) = PB,, for the k-fold channel of Haar given in Eq. (3.13), and where P, are
permutation operators on the k copies of H®*. The unitary Weinarten matrix is the inverse
of the matrix of inner products Wyl . = (Tr(P,P;))~", the entries of which are simply given
by counting the closed loops in the contracted permutations, e.g. Tr(P,P;) = d¥°*(7) The
elements of the Weingarten matrix are the Weingarten function Wy¥ (o017, d).

The unitary Weingarten function acts on elements of Sy and has a Fourier expansion in

terms of characters of the symmetric group [59] as
1 M)y
Wy¥(o,d) = — E M7 (3.129)

where we sum over integer partitions A of k, as conjugacy classes of S; are labeled by
integer partitions. x*(o) is an irreducible character of Sy labeled by A and here T is the
identity element of the symmetric group, and x*(I) is simply the dimension of the irreducible
representation A\. The factor in the denominator, from which the d dependency of the

Weingarten function arises, is a polynomial

ad= 1] @+i-1), (3.130)

(4,5)€X
where we take the product over (i, 7) the coordinates of the blocks in the Young diagram of
A. Said equivalently, A is some integer partition of k, with elements ;. The product is taken
over ¢ from 1 to the length of the partition, and j from 1 to A;. While this expression of
the unitary Weingarten function relies heavily on machinery from the representation theory
of symmetric groups, and is less intuitive than the more quantum information theoretic

derivation above, this form is far more tractable if we are interested in explicitly computing
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large moments of U(d) as we do not need to invert a k! x k! matrix.

Moreover, the in expansion in terms of characters makes it clear that the Weingarten
functions only depend on the cycle-type of the permutation o. Recall that the cycle-type
of 0 € Sj is an integer partition A of k denoting the disjoint cycles in o, with lengths \;
written as an ordered list (Aq, Ag,...), where Ay > Xy > ... and >, \; = k. For instance,
the permutation {2,1,3,4} has cycle-type (2,1,1). We will always denote the cycle type
of a permutation with parentheses (curly brackets being used to denote coset-type). The

Weingarten functions used to compute second moments, labeled by their cycle-type, are

1
d—Dd+1)’

—1

Wot (1, 1), d) = dd—1)(d+1)

We"((2),d) =

(3.131)

The expression in Eq. (3.129) allows us to implement the calculation of WyY in Mathematica

and compute, for instance, Weingarten functions for the sixteenth moments with ease.

Integration over the orthogonal group

The formula for integrating over monomials of orthogonal matrices is [59, 88|

/ 1005, - Onin = 3 Bol@)D(P)WGO (0 1, d) (3.132)
O',TGMQk
where we sum over elements of Msy, the set of all pair partitions of the set {1,2,...,2k}

and we have defined a combination of d-functions indexed by a pair partition o

k
AU(T) = H 5ia(2n71)ia(2n) - 5%(1)6@7(2) e '5ia(2k—1)5io(2k) : (3'133)

n=1

A pair partition ¢ € My, is a partition of a set of 2k elements into pairs, written as
{{o(1),0(2)},...,{c(2k — 1),0(2k)}, where o(2n — 1) < ¢(2n) and o(1) < 0(3) < ... <
0(2k — 1). Let’s consider a simple example: the set of pair partitions of 4 elements, My,

contains three elements

{{1,2},{3,4}}, {{1,4},{2,3}}, {{1,3}.{2,4}}. (3.134)

131



Realized as a subset of Sy, these are simply the three permutations {1,2,3,4}, {1,4,2,3},
and {1,3,2,4}. Generally, My, contains (2k)!/(2"k!) elements.

Recall that Schur-Weyl duality for the unitary group is the statement that irreducible
representations of the unitary group can be decomposed into tensors irreps of the symmetric
group and the unitary group summed over partitions, which allows us to write down a general
formula for integrating monomials of unitaries over the Haar measure. For the orthogonal
group the action of the Brauer algebra gives the analog of Schur-Weyl duality; the Brauer
algebra has a natural action on the space of polynomials commuting with the action of O(d).
The Brauer algebra has a basis formed by pair partitions, which can be realized as a subset
of the symmetric group.

As we mentioned in Ch. 3.2, the k-fold channel of the orthogonal group is

o5'(0)= > Wyl,.S,Ti(S,0), (3.135)

O',TGMQk

where S, are the basis elements of the Brauer algebra. As <I><Ok )(SU) = S,, we simply compute
the matrix of inner products Tr(S,S;), the entries given by counting the number of loops
in the graph they define d9*(°7) . The orthogonal Weingarten matrix must be the inverse
Wy, = (Tr(S,S-))~", which is unique.

As the above construction of Wg© requires inverting a factorially large matrix, if we are
interested in computing higher moments of O(d) we should instead use a convenient Fourier
expansion. The orthogonal Weingarten function has been discussed in [88, 90, 89]. Just as
the unitary Weingarten function admits an expansion in characters of the symmetric group,

the orthogonal Weingarten function has an expansion in zonal spherical functions

2’c !
Wy®( k' Z . where 2)(d) = H (d+2j—i—1) (3.136)

Ak (i.4)EA

and we sum over integer partitions of k. Here w*(o) is the zonal spherical function, which

can be defined in terms of symmetric characters

w(0) QWZX (c€), (3.137)

£eHy,
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where H}, is the hyperoctahedral group, a subgroup of Sy, of order 2¥k!, and is the centralizer
of the permutation build out of k& disjoint transpositions. Pair partitions are representatives
of the left-cosets of the hyperoctahedral group in Sy;. For more on zonal spherical functions
and Hy, see [97]. A quick aside: the denominator in the unitary Weingarten functions ¢y (d)
in Eq. (3.129), arises from the Schur polynomial, a symmetric function naturally associated
with the symmetric group. The denominator for the orthogonal Weingarten function in
Eq. (3.136) arises from the zonal polynomial, the symmetric polynomial naturally associated
with the pair (Sox, H).

The orthogonal Weingarten functions depend only on the coset-type of the permutation,
with the coset-type defined in [97] as follows: Compose the pair partition corresponding
to the identity permutation {{1,2},{3,4},...}, with the pair partition of o € Sy, and
count the length of the cycles, which are always even {2A;,2\,,...}. This gives an integer
partition of k as A = {A1, Ag,...}. The partition A\ F & is said to be the coset-type of the
permutation o € Sy, and is constant on the the double cosets of Ss,. Note that we denote
the cycle-type of a permutation with parentheses and the coset-type with curly brackets.
For example, the permutation {1,3,2,4} has cycle-type (2,1,1) and coset-type {2}. The
orthogonal Weingarten functions used to compute second moments, labeled by their coset-

type, are

d+1
d(d—1)(d+2)

—1

Wi ({1,1},d) = d—D{d+2)

Wy°({2},d) = y (3.138)

3.A.2 Integrating over compact symmetric spaces

We now review Weingarten calculus for compact symmetric spaces—quotients of Lie groups
by Lie subgroups.

AL U(d)/O(d)

The first of the circular ensembles, Al denotes the compact symmetric space U(d)/O(d).
The group O(d) is not normal in U(d), but the elements of the coset can be realized by the
Cartan embedding into U(d). Said equivalently, the involution Q(U) = U* on U(d); O(d)
is the closed subgroup fixed by the involution (as O* = O). The quotient U(d)/O(d) can
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then be identified with a subset of U(d) defined by U + (U*)™*U = UTU. Simply stated,
this is the subset of U(d) of symmetric unitaries. This is the symmetry class generated by
time-reversal symmetric Hamiltonians (where the time-reversal operator squares to unity).

If V is a Haar random unitary then a random element of U(d)/O(d) is simply VIV The
map above induces an invariant probability measure on the space from the Haar measure.
The set and the induced measure are often referred to as the circular orthogonal ensemble
(COE). Exact expressions for averages over random elements of this space were worked out

in [91, 92]. From the expressions derived there, we can take averages over Al as

/AI du Uili? T UZ?k 112kU]T1J2 e ]2k 12k Z 5 ?j WgAI U d) (3139)

€Sy

where the Al Weingarten functions are simply related to the Weingarten functions for the
orthogonal group as

Wy (o, d) = Wy®(o,d + 1). (3.140)

This implies that the Weingarten functions for Al only depend on the coset type of o. We
give the first few Weingarten functions labeled by the coset type of o € Sy

d-+2 1
ddi @ WD =Ty

Wo{1}d) = -5+ Wol{1L1}d) =

More generally, the higher Weingarten functions can be computed using the Fourier expan-

sion of the Orthogonal Weingarten function.

ATI: U(2d)/Sp(2d)

The next of the circular ensembles, AIl denotes the compact symmetric space U(2d)/Sp(2d).
Again, the elements of the coset can be realized as a subset of U(2d) by the Cartan embed-
ding. Consider the involution Q(U) = (UP)~! on U(2d), where now Sp(2d) is the subgroup
fixed Q. The quotient space U(2d)/Sp(2d) is identified with a subset of U(2d) defined by
U +— UPU, which this is the subset of symplectically symmetric unitaries. This is the
symmetry class generated by time-reversal symmetric Hamiltonians where the time-reversal

operator squares to -1.
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If V is a Haar random unitary then a random element of U(2d)/Sp(2d) is simply VPV,
and again the map induces an invariant probability measure on the space. In this case
the set and the induced measure are often referred to as the circular symplectic ensemble
(CSE). Averaging over random instances of U(2d)/Sp(2d) was worked out in [92]. From the
expressions derived there, we can take averages over All as

/ dU J U,y .. J Uy iy JUL L JUT =Y @M (e.d),  (3.141)
All

Jij2 J2k—1J2k
UESQk

where the AIl Weingarten functions are related to the Weingarten functions for the sym-
plectic group as

Wo (o, d) = WP (0,d — 1/2). (3.142)

This implies that the Weingarten functions for AII also only depend on the coset type and
signature of o. For example, a few of the Weingarten functions labeled by the coset type of
o € Sy, are

 e(o)(d—1) B €(o)
Wg({lv 1}7d) — d(2d _ 1)<2d _ 3) ’ Wg<{2}’d) o _Qd(Zd — 1)(2d - 3) .

Weingarten calculus can also be extended to other symmetric spaces, including the chiral

and BdG ensembles. We refer the reader to [92] for further details.

3.B Higher-point correlation functions

As we mentioned in the text, the leading terms in the asymptotic form of the correlation
functions is the same irrespective of the symmetry class. For the 2-point, OTO 4-point, and
OTO 6-point function, we list the leading order terms in the d — oo limit, which appear to

be universal.

(AB(1)) ~ (A)(B) (3.143)

(AB()CD(1)) = (AC)(B)(D) + (A)(C)(BD) + (A)(B)(C)(D) (3.144)
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(AB(t)CDQR)EF(t)) = (A(CHENBDF) + (B)(D)(F){ACE) + (A)(D)(BF)(CE
+(B){E)

—(ANBY(DNFNCE) — (A{CHD)(E)(BF) — (A)(C)(E)(F)(B

—(BY{CHD)(F)(AE) — (BY(D)(E)(F)(AC) + 2(A)(B)(C)(D)(E)(F

(3.145)

AC)HDF) + (C)(F){AE)(BD) — (A)(B){(CNE)(DF
F)(CE

—~_ ~— ~ ~

We also compute the asymptotic form of the OTO 8-point function and checked that it
was universal, i.e. the leading contribution for all symmetry classes, but as the leading term

contains 55 terms, we refrain from reproducing it here.

3.C k-invariance in spin-systems

In this appendix we present a numerical investigation of k-invariance in spin systems and

SYK models. The quantity we investigate here is the 1-invariance, given as
Linv:  FP ) - FO(), (3.146)
and where €& = UEU for Haar-random U.

Random Nonlocal 2-body

Consider systems of N spins all-to-all interacting with random couplings and summed over

all possible 2-body interactions
RNL:  H=> Jus; S5}, (3.147)
ijaf

where each J is Gaussian random with variance 1/N, and we sum over all possible 2-body
interactions between all pairs of sites 7, 7, and «, 8 run over the local Paulis at the site. We

plot the l-invariance for 5, 6, 7, and 8 spins
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1-inv for RNL Logleg 1-iny for RNL

Fo-F s Fo-Fs FPs for N=7 RNL
or 100 — N=5 10 — ¥
gop — N=5 — N=6 — F
5 10 1000
sof — N=6 N=7
4nf N=T \ — N=8 100
or — N=8
10
e 010
10F 1
o ¢ oot 0.10 1 10 w !
010 1 10 100 o1 1 10 100

and observe an increase in the distance to 1-inv at intermediate times, but a constant value
at late times, which does not change as we increase N. On the right we plot the difference
between the frame potential and the Haar’ed frame potential for N = 7 spins. Note that
the system is time-reversal invariant, where even and odd N alternate between 72 = £1.
Computing the symmetric 1-invariance to account for the symmetry of the system, we find

that the late-time floor value drops to zero

sym 1-inv for RNL LogLog sym 1-inv for RNL
Fe-Fa FoF s FPs for N=7 RNL
or 100 — N=5 10" — Fe
8O F .
— N=5 — N=6 — Fe
50F 10 1000
— N=6 N=7
40f N=7 . — N=8 100
aof _
— N=B 10
20F 0.10
10F 1 .
. . . 0 ¢ oot 0.10 1 10 oo !
0.10 1 10 100 04 1 10 100

Random Nonlocal 3-body

Consider systems of N spins all-to-all interacting with random couplings and summed over

all possible 3-body interactions

HR3L:  H= > JogiSS)S), (3.148)

ijkaBy

where each J is Gaussian random with variance 1/N?  we sum over all possible 3-body
interactions between all triplets of sites 4, j, k, and «, 3,7 run over the local Paulis at the

site. We plot the 1-invariance for the 3-local Hamiltonian
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1-inv for HR3L LoglLog 1-inv for HR3L

FP for N=7 HR3L
10 — Fe

1000 — Fe

t 0.01 010 1 10 100

and observe an N-dependent distance to 1-inv at intermediate times, but independence at
late times. The floor value here fluctuates around zero and thus the 3-local system appears
to achieve 1-variance at late times. On the right we plot the difference between the frame

potential and the Haar’ed FP for N = 7 spins.

Random Nonlocal 4-body
Consider systems of N spins all-to-all interacting with random couplings and summed over
all possible 4-body interactions

HRAL:  H= Y J°Sesis)s), (3.149)

7
ijkaByd
where each J is Gaussian random with variance 1/N?, and we sum over all possible 3-body
interactions between all triplets of sites 4, j, k, and «, 3,7 run over the local Paulis at the

site. We plot the 1-invariance for the 4-local model

} 1-inv for HR4L Loglog 1-inv for HR4L
Fe-Fe FoFe FP for N=7 HR4L

— N=5 107 — Fe

5f N6 10 ~
) 4 1000 — 7
4 N=7
ab — N=8 0100 — N=5 100
— N=B
af 0.010 Ne7 10
i 0.001 — N=B ,
. 1 ¢ : . . . . ¢ 0.04 010 1 10 100 t
0.10 1 10 100 0.01 0.10 1 10 100

and, just as in the 2-local model, observe an N-dependence at intermediate times and a
late time floor value that seems to be robust in the large N limit. On the right we plot

the difference between the frame potential and the Haar’ed FP for N = 7 spins. Just like
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the 2-local model, the 4-local model is time-reversal invariant. Computing the symmetric

l-invariance we find that late-time floor value drops to zero

sym 1—inv for HR4L LogLog sym 1-inv for HR4L EP for No7 HRAL
; - riN=
Fe-Fs Fe-Fs
5k N — N=5 10 — Fe
5 N=5 10
— N= — N=6 —F
al N=6 4 1000 Fe
N=T N=7
Elg — N=B 0100 \‘ — N=8 100
|
18 0.010 10
1L 0.001
1 1
. _./_:r}k . " t : . .| t 0.01 a.10 1 10 100 t
Q.10 1 10 100 0.0 0.10 1 10 100

Sachdev-Ye-Kitaev Model

Consider a system of N all-to-all interacting Majoranas with random couplings

SYK : H =" JijreXiXiXeXe (3.150)

ijke

where each J is Gaussian random with variance 6/N?, and we sum over all 4-local interac-

tions. We plot the 1-invariance for 10, 12, and 14 Majoranas

1-inv for SYK
FoFs FPforN=14 SYK

8r v — Fs

— Fe

t o.M 2,10 1 10 100 1000 10*

0.0

and observe the N-dependence of the distance to 1-inv at intermediate times, but also a
dependence at late times. This shouldn’t be surprising as 10 and 14 correspond to GUE,
but 12 corresponds to GSE, so we expect a difference measure of k-invariance. To correctly
account for the late-time behavior we should extract the contribution from a single charge

sector.
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Supersymmetric SYK Model

Consider a system of N all-to-all interacting Majoranas with random couplings

SUSY : H=@Q? where Q= ZZ ClireX;XEXe (3.151)
ijke
and where each C' is Gaussian random with variance 2/N, and we sum over all 3-local

interactions in the supercharge. We plot the 1-invariance for SUSY SYK and find

1-inv for SUSY
Fo-Fr FP for N=14 SUSY

— Fe
000 -

L ' '
t 0. 0190 1 o 100 1000 10*

L
0.01

Chaotic Disordered 1D Spin Chain

Consider a system of N spins interacting with nearest-neighbor couplings and disordered

transverse and parallel fields
ChNN : H==> ZiZi—Y gZi-» hXi, (3.152)

where both h and g are Gaussian random with variance 1/N. We compute the 1-invariance

for the chaotic spin-chain

1=inv for ChNMN Loglog 1-inv for ChNN
?'S-ji's ﬂ"a-ﬂi'a FPs for N=7 ChNN
4 10 —
ao0o - — N=3 " — N=5 Fe
N=6 1000 N=6 1000 — Fe
8000 — N=7 — N=7
100 100
4000 [
1o 10
2000
! 1
e e L . . . " " " . t ool 040 1 10 o0 sooo ot
001 oo 1 10 100 1000 10 001 040 1 10 100 o001t
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and observe an N-dependence of the distance at intermediate times, but also a dependence
at late times. Both the intermediate values and late time values are huge compared to the
random systems above. On the right we plot the difference between the frame potential and

its Haar’ed equivalent for N = 7 spins.

Integrable Disordered 1D Spin Chain

Consider a system of N spins interacting with nearest-neighbor couplings and disordered

transverse field
ItNN:  H=-Y ZZi-Y hX;, (3.153)

where both h are Gaussian random with mean 1 and variance 1/N. Note, we also tried
mean zero couplings and the result is essentially the same. We plot the 1-invariance for the
integrable spin-chain

1-inv for IntNN LogLog 1-inv for InthN

- = FP for N=7 InthNN
Fe-Fe FeFs
A —
— N=5 1 N=5 0 Fe
12000} /\ .
N=6 N=6 1000 — Fg
10000} | 1000
I| — N=T N=T
8000 |
| \I\ 100 [
&000 |
/ \ T 10
4000 10
0ot 1 ! 1 1 A A 1
" A S S t 4 t
7 . . . . " " M oM oA 1 10 100 1000 0
aer 010 1 10 100 1000 10 oot 0A0 1 10 o0 sooo ot

and observe an N-dependence of the distance to 1-inv both at intermediate times and late
times. Again, both the intermediate values and late time values are huge compared to the
random systems above and even larger than the chaotic local spin chain. On the right we
plot the difference between the frame potential and the Haar’ed version for N = 7 spins.

This is evidence that the late-times floor captures the chaotic and nonlocal nature of the

system.
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Chapter 4

Chaos and random matrices 1n

supersymmetric SYK

This chapter is essentially the same as

e N. Hunter-Jones, J. Liu, “Chaos and random matrices in supersymmetric SYK.,”

JHEP 05 (2018) 202, arXiv:1710.08184 [hep-th].
Abstract

We use random matrix theory to explore late-time chaos in supersymmetric quantum
mechanical systems. Motivated by the recent study of supersymmetric SYK models and
their random matrix classification, we consider the Wishart-Laguerre unitary ensemble and
compute the spectral form factors and frame potentials to quantify chaos and randomness.
Compared to the Gaussian ensembles, we observe the absence of a dip regime in the form
factor and a slower approach to Haar-random dynamics. We find agreement between our
random matrix analysis and predictions from the supersymmetric SYK model, and discuss

the implications for supersymmetric chaotic systems.

4.1 Introduction

A recent surge of interest in quantum chaos has revolved around a strongly-interacting

quantum system called the Sachdev-Ye-Kitaev (SYK) model [6, 35]. This model of N all-
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to-all randomly interacting Majorana fermions is solvable at strong-coupling and appears to
be in the same universality class as black holes, exhibiting an emergent reparametrization
invariance and an extensive ground-state entropy. More compellingly, the out-of-time order
correlation function (OTOC) of the theory [6, 7] saturates a universal bound on chaotic
growth [27], a seemingly unique feature of gravity [4, 5] and conformal field theories with
a holographic dual [29]. The low-energy description of the theory in terms of a Schwarzian
effective action also encapsulates dilaton gravity in AdSs [98, 99]. This model should be seen
as a valuable resource for understanding both black holes and quantum chaos.

There have already been a myriad of generalizations of the SYK model, including an
extension by Fu, Gaiotto, Maldacena, and Sachdev, to a supersymmetric model of strongly
interacting Majoranas [100], which has been further explored in [101, 102, 103, 104, 105]. The
supersymmetric version of the model also displays many of the same holographic properties.
Notably, at strong-coupling the theory has an emergent superconformal symmetry which
renders it solvable and allows one to compute correlation functions. At low-energies the
symmetry is broken, giving a Schwarzian-like effective action which mimics supergravity
in AdS, [106]. Like its non-supersymmetric counterpart, the model has random matrix
universality in its spectral statistics [41, 107] and appears to exhibit thermalization in its
eigenstates [73, 108], both hinting at underlying chaotic dynamics.

Although we lack a precise definition of quantum chaos, there are still universal features
one expects of quantum chaotic systems: most notably, having the spectral statistics of a
random matrix [8]. Information scrambling [1, 2] and chaotic correlation functions [4] have
also been extolled as symptoms of chaos. Ideas from quantum information have helped make
these notions more precise, quantifying how scrambling [10] and randomness [11] are encoded
in OTOCs. Similarly, [12] explored the connection to random matrix dynamics, quantifying
randomness and scrambling in the time evolution by random matrix Hamiltonians and com-
puting a quantity called the frame potential. The onset of random matrix behavior can also
be seen in the spectral form factor, which has been studied in the SYK model [9].

Motivated by this, we may ask the question: what are the universal features of super-
symmetric SYK models, or more generally, of all supersymmetric quantum chaotic systems?

And how do we quantify them from an information-theoretic standpoint?
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To address this, we consider the Wishart-Laguerre ensembles, also termed random covari-
ance matrices [43], which appeared in the random matrix classification of the supersymmetric
SYK models [107]. Recall that the Hamiltonian in supersymmetric quantum mechanics is
constructed as the square of a supercharge. Loosely speaking, the intution is that this random
matrix ensemble arises from squaring the Gaussian random matrices, just as we might think
of a chaotic supersymmetric system defined by a disordered supercharge. In this chapter
we consider the simplest Wishart-Laguerre ensemble,! the Wishart-Laguerre unitary ensem-
ble (LUE), corresponding to supersymmetric quantum systems without additional discrete
symmetries. In the following, we will quantitatively derive predictions for the spectral form
factors, frame potential, and the out-of-time-ordered correlators, where a central distinction
from the non-supersymmetric models arises in the spectral 1-point functions, which modifies
the early time decay of the spectral form factor. A slower decay in the LUE frame potential
indicates less efficient information scrambling and the failure of the ensemble to become
Haar-random. Our predictions for the LUE match those from the 1-loop partition function
of the supersymmetric SYK model.

The chapter is organized as follows: In Section 4.2, we review the supersymmetric model
and spectral form factor, discussing its universal features and behavior in SYK models. In
Section 4.3, we review the basic tools in random matrix theory and then compute spectral
form factors for the Wishart-Laguerre ensemble. In Section 4.4, we explore chaos in this
random matrix ensemble by computing the frame potentials and correlation functions, and
comment on its complexity growth. In Section 4.5, we discuss chaos in supersymmetric SYK
and compare with the random matrix predictions, concluding in Section 4.6. In Appendix

4.A we present some numerical checks of our expressions.

Interestingly, Wishart ensembles have appeared in studying the reduced density matrix in systems
evolved with random matrix Hamiltonians [109]. Wishart ensembles have also appeared in random ma-
trix contructions of supergravity to explore the space of AdS vacua [110].
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4.2 Setup and overview

4.2.1 Supersymmetric SYK model

We first briefly review the supersymmetric extension of the SYK model. For an in-depth
discussion of the original model, see [7]. Consider N all-to-all interacting Majorana fermions
tp; with random couplings, which anticommute as {1, 1;} = d;;. The (2¢ — 2)-point N’ =1
supersymmetric model is constructed from the supercharge @), a g-body Majorana interaction

with odd ¢. The Hamiltonian is then given by the square of the supercharge as

H=@Q* where Q=i""2 Y ¢y ;.. 0, (4.1)

11<...<iq

with Gaussian random couplings C; of mean and variance

1---2q

J?(qg —1)!
(Ciy.ip) =0, <Cizq> = N1 (4.2)

and where J is a positive constant. We also define J as J* = 297172 /q, with a slightly more
convenient scaling in q.

In the large N limit, this model shares many of the same appealing holographic features
as the SYK model, such as chaotic correlation functions, a zero-temperature entropy, and an
emergent superconformal symmetry which is broken at low-energies, admitting a Schwarzian-
like desciption [100]. We can compute the free energy at large N by evaluating at the saddle

point, and at low temperatures find

N
logZ:—6E0+Nso+c2—ﬁ+..., (4.3)

where sy is the zero-temperature entropy density and c is the specific heat. In the super-
symmetric theory we have ¢ = an?/J with a constant a, which becomes ¢ = 7%/4¢*J in
the large ¢ limit. The ground-state entropy density is computed to be sy = %log(Z coSs ;—q)
and the ground state energy FE, can be subtracted off.

The SYK model with N Majoranas enjoys a random matrix classification, where the

symmetry class of the theory is dictated by a particle-hole symmetry [41, 9]. Depending on NV,
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the spectrum will display level statistics of one of the three Gaussian ensembles: GUE, GOE,
or GSE. For the supersymmetric extension of SYK, we can similarly classify the random
matrix behavior for a given number of Majoranas N, going beyond Dyson’s classification to
the extended 10-fold symmetry classification of Altland-Zirnbauer [81]. Understanding how
anti-unitary symmetries act on the supercharge (), we can identify the appropriate symmetry
class [107]. The Hamiltonian, given as the square of the supercharge, then has random matrix
description in terms of the Wishart-Laguerre ensembles. The level statistics are still those of
the Gaussian ensembles, but the spectral correlations are different. Roughly, we can think of
the supersymmetric SYK behaving like the square of Gaussian random matrices, which are
the Wishart ensembles. For more details, see [107] as well as an extension of the classification
to the N' = 2 supersymmetric models [105].

Speaking generally, there a number of reasons one might wish to consider supersymmetric
generalizations of SYK. For instance, much is understood about the low-energy physics in
nearly AdS, spacetimes purportedly dual to the low-energy dynamics in SYK, but the exact
holographic dual of the theory is not known. As many of the best understood examples
of AdS/CFT are supersymmetric, one might hope that this particular construction might
provide guidance on the correct UV completion of the SYK model. Less ambitiously, consid-
ering the supersymmetric models might be useful in contructing higher dimension analogs

[102].

4.2.2 Spectral form factor

Quantum chaotic systems are often defined to have the spectral statistics of a random matrix.
An object familiar in random matrix theory which exhibits these universal properties is the
spectral form factor. We will introduce this object more precisely in our review of random
matrix theory in Sec. 4.3.1, but the 2-point spectral form factor R(t, 5) can be given simply

in terms of the analytically continued partition function

Ro(t, B) = <Z(5,t)Z*(ﬁ,t)>, where Z(f,t) = Tr(e’ﬁH”'tH) , (4.4)
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and where the average (-) is taken over an ensemble of Hamiltonians (e.g. SYK, or some
disordered spin system, or a random matrix ensemble). This object was discussed more
recently in [9], where they studied the form factor in SYK and found that the theory revealed
random matrix behavior at late times. From the bulk point of view, one motivation for
studying this object was a simple version of black hole information loss [36]: 2-point functions
appear to decay exponentially in terms of local bulk variables, whereas a discrete spectrum
implies a finite late-time value. The same inconsistency is apparent in the spectral form
factor.

Some characteristic features of the time-evolved form factor R4 (t), exhibited in both the
SYK model and in random matrix theories, are: an early time decay from an initial value
called the slope, a crossover at intermediate times called the dip, a steady linear rise called
the ramp, and a late-time floor called the plateau. In Fig. 4.1 we observe these features
in SYK. While the early time decay depends on the specific system, the ramp and plateau
should be universal features of quantum chaotic systems. The ramp is characteristic of
spectral rigidity: the long-range logarithmic repulsion of eigenvalues. The anticorrleation of
eigenvalues causes the linear increase in the form factor. At late times, or at energy scales
smaller than the mean spacing, the form factor reaches a plateau as degeneracies are rare

and neighboring eigenvalues repel in chaotic systems.

SYK form factor SYK connected form factor

200\S

Plateau Plateau

Q
o8
1075 1 Dip 105 1

oot ; 100 10° 10° 0 o0 . 00 0 0 0
Figure 4.1: The 2-point spectral form factor and its connected component for SYK with

N = 24 Majoranas at inverse temperature S = 1, computed for 800 realizations of disorder.
We observe the slope, dip, ramp, and plateau behaviors.
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SYK form factor and GUE

Recently, [9] studied the form factor in SYK and found agreement with random matrix theory,
showing analytically and numerically the aspects of the dip, ramp, and plateau of SYK agree
with those of the Gaussian unitary ensemble (GUE), an ensemble of d x d random Hermitian
matrices. We will avoid explicitly introducing and defining the original Majorana, instead
simply mentioning a few details to better frame the discussion of the model’s supersymmetric
extension.

The emergent reparamentrization invariance of SYK at strongly-coupled is broken spon-

taneously and explicitly at low-energies, yielding an effective description in terms of the

Sch
1-loop

~Y

Schwarzian derivative [6, 7]. The 1-loop partition function of the Schwarzian theory Z
eN/28 | 33/2 can be analytically continued to 3+ it to study the form factor of SYK. At early
times, Ro(t, 3) is dominated by the disconnected piece which gives a 1/t> power law decay,

normalized by its initial value we have

(Z(B,t)Z*(5,t)) N B3e=eN/B
(Z2(8))? -

(4.5)

for times greater than ¢ 2 V'N when the time dependence in the exponent disappears and
where ¢ is the specific heat of the theory. To isolate this contribution, [9] considered a special
limit (a ‘triple scaled’ limit) where only the Schwarzian contributes. Moreover, [111] showed
that the Schwarzian theory is 1-loop exact and recieves no higher-order corrections, indicating
that the power-law decay predicted by the Schwarzian should dominate the disconnected
form factor for long times.? This power law decay is simply the Laplace transform of the

statement that the spectrum has a square-root edge®
p(E) ~ sinh V2cEN . (4.6)

Knowing the free energy in the large N limit, we can also show that the form factor of SYK

Nso/2

transitions to a ramp at a dip time t45 ~ e , growing linearly until a plateau time of

t, ~ elVs0+eN/28 \where 54 is the zero-temperature entropy density.

2For more on solving the Schwarzian theory, see [112, 113].
3As discussed in [7]. The spectral density of SYK has been further studied in [9, 42, 114].
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Many of these features of the SYK form factor agree with the universal predictions from
GUE. The form factor for GUE has been studied extensively in the random matrix literature
(23, 24, 68] and references therein, and revisited more recently in the context of SYK and
black holes in [9, 45, 12]. Simply stating the results, the early-time decay of the GUE form
factor transitions to a linear ramp at a dip time of t; ~ V/d, growing linearly until the
plateau time t, ~ d. We note that around the plateau time the ramp is not quite linear as
nonperturbative effects become important as we transition to the plateau [115]. The non-
universal early time decay also has the same power law 1/t3, due to the fact the Wigner
semicircle law for Gaussian random matrices p(\) = %\/4—7)\2, also exhibits a square-root

edge.

Supersymmetric SYK form factor

From the large N partition function of the supersymmetric theory, we can also make pre-
dictions as to the behavior of the spectral form factor. We will present a more explicit
treatment of this in Sec. 4.5. At low-energies, the fluctuations around the large N saddle
point of the supersymmetric theory break superconformal symmetry; the action for these
reparametrizations is a super-Schwarzian [100], where the action integrates over 7 and a
superspace coordinate 6 and the super-Schwazian acts just like the standard Schwarzian
derivative except as a super-derivative, respecting a similar chain rule. The action gives a

1-loop partition function

5S¢ 1 so+c
ZT—SIO}:)p(B) ~ \/ﬁ_jeN o+elV/28 ) (47)

which differs in the 1-loop determinant from the SYK model. The super-Schwarzian theory
is also 1-loop exact [111], ensuring its validity away from very early times. Analytically
continuing the partition function § — § + it, disconnected piece of the form factor which

dominates at early times, is
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exhibiting a 1/t decay in the slope, slower than the decay in SYK. This can also be understood
as the contribution from the edge of the spectrum, where the Laplace transform of the 1-loop

partition function gives
1

VIE

observing a square-root growth at the edges of the spectrum.

p(E) ~

cosh (V2¢NE), (4.9)

As we discuss later, computing the ramp function for supersymmetric SYK, we find the

Nsq

ramp and slope intersect at a dip time t; ~ e"“*°, which is the same time scale as the

ramp’s transition to the plateau t, ~ e™

. The slow decay at early times means that the
slope transitions to ramp behavior at the same time-scale as the plateau time, i.e. the ramp
is hidden beneath the slope. We plot the 2-point form factor for the model in Fig. 4.2.
Subtracting the disconnected contribution reveals the ramp in the connected form factor,

also plotted. The lack of a dip in the supersymmetric model will have implications for our

discussion of the frame potential and randomness.

SUSY SYK form factor SUSY SYK connected form factor
Rz RZC
1k 1F
0.100 | 0.100 -
%,
®
0.010 0.010
0.001} Plateau 0.001} Plateau X
Q
104 107k Qgé\
t t

o.‘o1 1 1$o 107 10° 10° o.‘o1 1 10‘0 107 10° 10°
Figure 4.2: The 2-point spectral form factor and its connected piece for the supersymmetric
SYK model with N = 24 Majoranas at inverse temperature § = 1, computed for 800

realizations of disorder. We observe the slope and plateau behaviors, while the ramp is
obscured by the slow early-time decay of the 1-point function.

Notation

A brief comment on notation. In recent work studying the spectral form factor, the nor-

malized 2-point form factor is often denoted as g(t,3), and its connected component as
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9c(t, B):

(28,012 (3.1)

A= Zy

and gc(t7 /B) = g(tv 6) - (410)

While in [12], we denoted the 2-point form factor as Ro(t, §), and more generally the 2k-th

form factor as Rox(t, 3). Just to be clear

o R2<t76>

Ro(t)
g9(t, B) = ZB) :

orat f=0: g¢(t,0)= pp

(4.11)

For us, working directly with the numerator turns out to be more convenient when discussing
the frame potential and correlation functions, and avoids subtleties regarding the appropriate

or tractable normalization, i.e. ‘quenched’ vs ‘annealed’.

4.3 Form factors for Wishart matrices

4.3.1 Basic setup in random matrix theory

In this chapter, we consider the Wishart-Laguerre Unitary Ensemble (LUE), an ensemble
of d x d random matrices which can be generated as H'H, where H is a complex Gaussian
random matrix with normally distributed complex entries drawn with mean 0 and variance
0? = 1/d. This is the ‘physics normalization’, where the spectrum does not scale with system

size.* The joint probability distribution of LUE eigenvalues is given by
d d
P(Ndx = C AN [T e 2™ dx, (4.12)
k=1

where A()) is the Vandermonde determinant and the constant factor is defined such that
the distribution integrates to unity. One can think of LUE matrices as square of a Gaussian
random matrix. More generally, we could define d x d Wishart matrices generated by d’ x d
Gaussian matrices, where d’ > d, which gives a slightly more general eigenvalue distribu-

tion. But given the supersymmetric Hamiltonians we consider defined as the square of the

4Note that it is common in the random matrix literature to instead work with unit variance o2 = 1.
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supercharge, we just consider Wishart matrices generated by square matrices with d = d'.

We average over the random matrix ensemble as
(0) = /D)\O where /D)\ = C/Hd)\k|A()\)|26_;Zk’\’“ : (4.13)
k
The spectral density is given by integrating the joint probability P(\) over d — 1 variables,
p(A) = /d)\ld)\g coedXg_1 P(A, Ay oo Mg, M) (4.14)

More generally, we can define the k-point spectral correlation function by integrating over

all but & arguments

p(k)(>\1, )\2, ey )\k) = /d)\k+1d)\k+2 ce d}\d P()\l, )\27 Ce )\k, >\k+17 cey >\d) . (415)

Recall that for the Gaussian ensembles, we may take the large d limit famously recover
Wigner’s semicircle law for the distribution of eigenvalues. Instead in the LUE, we take the

large d limit and find [116]

() = %Mm ), (4.16)

which is referred to as the Marc¢enko-Pastur distribution.
Just as in the GUE, the LUE is a determinantal point process, which means the k-point
spectral correlators are given by a kernel K as

k
ig=1"

!

(4.17)

Demonstrating the universality of Dyson’s sine kernel [22], the Wishart ensemble has sine
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kernel statistics in the large d limit [117, 43], meaning

sin (dp(u)ﬂ()\i - )‘j))
KOuh) = (A = A7) (4.18)

d .
TS Ai(4—N) for i=7,

where u is an arbitrary constant valued in [0,4]. We will fix the value of « numerically.”
The spectral form factor, defined as the Fourier transform of the spectral correlation func-

tions, is a standard quantity to consider in random matrix theory; see [23] for an overview.

We define the 2-point spectral form factor in terms of the analytically continued partition

function Z(3,t) as®
Ra(t, B) = (Z(8,1)Z°(5,1)) = / DAY ¢ttt (4.19)
]
where the continued partition function Z(f,1t) is
Z(B,t) = Tr (e P11 (4.20)

More generally, we consider k-point spectral form factors which we define as

Row(t, B) = ((Z(8.H)7° (8,0 ) (4.21)
— /D)\Zei()\il-i-...-i-)\ik—)\jl—...)\jk)te—ﬁ(kil+...+>\ik+)\j1+...+)\jk) ) (422)
i7j

In the following subsections, we will compute the LUE spectral form factors and compare
analytical results with numerical observations.

At large d, we compute the spectral form factors by Fourier transforming the determinant

5The analogous constant in considering the GUE would be fixed to u = 0, given the symmetry of the
spectrum. However, for the LUE v = 0 it is divergent. The value of u specifies the center of the two
eigenvalues \; and A;.

6This is slightly different than the standard presentation in the RMT literature, where the form factor is
usually given as the Fourier transform of a connected form factor, called the cluster function. Here we work
with both connected and disconnected pieces.
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of kernels in Eq. (4.17). We integrate the products of K as [23]

/ (H ) eikj’\j> KA, M) K (A2, As) - K (Ae1, M) I (A, Ap)
j=1

—ad/d)\eiZ?—1W/dkg(k)g<k+ b Ja(k+ k2 )a(k+ k”‘l), (4.23)

27TOéd 27Tad 27TOéd

where the Fourier transform of the sine kernel is

o di 1 for |k| < 1/2
g(k) = /dr ik sin(rr) = { il / (4.24)
r 0 for |k| > 1/2,

and where oy = dp(u). The integral over the sine kernel is unbounded and can be treated

by imposing a cutoff. We use the box approzimation [12]

n /204 o sin (Y7 ki/2p(u
Oéd/d)\ezz]._lkj,\ —>ad/ A\ el Simikid — g (§J_1 i/20( )) 7 (4.25)
—d/2a4 Zj:l k;/2p(u)
fixed such that Eq. (4.23) over the truncated range with k; = 0 integrates to d. This will be
helpful in computing the higher-point spectral form factors, for instance, R .
It will also be convenient to define the following functions which will appear in computing

the LUE form factors

ri(t) = e (Jo(2t) — iJi(2t))

t
(1) = 1— Irdp() for 0<t<2ndp(u)
0 for ¢ > 2mwdp(u)
r3(t) = o) (@.26)
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4.3.2 Two-point form factor at infinite temperature

Let us start with the simplest case, the two point spectral form factor at infinite temperature

£ = 0. Pulling out coincident eigenvalues, we have

Ro(t) = / DAY M = 4 d(d - 1) / dApd)g pP (A1, Ag)efPr=A2)t (4.27)
1,3
The determinant of kernels in Eq. (4.17) gives a squared 1-point function and 2-point function

contribution. Using the integration formula in Eq. (4.23), we obtain
Ro(t) = d + d*|r(t)]* — dry(t) (4.28)
in terms of the functions defined above, and where
Ir(H)|? = J3(2t) + J7(2t) . (4.29)

In Fig. 4.3, we plot the infinite temperature LUE 2-point form factor as derived in
Eq. (4.28) along side the GUE form factor (see [12]). Note that unlike in the GUE case there
is no dip or ramp. The lack of an intermediate time scale at which the initial slope decay
transitions at the dip to a linear growth to a plateau, is due to the slow decay of the 1-point
functions which gives the slope.

Subtracting off the contribution from the 1-point functions defines the connected piece

of the 2-point form factor

Ry(1) = (|1Z(8,1)?) — (Z(B,1))" = d — dra(t) (4.30)

which exposes the linear growth before the plateau. The connected components are also
plotted in Fig. 4.3.

The transition point in the function of r; is defined as the plateau time ¢, = 2moy, where
ag = dp(u). The value of 2wy is not straightforwardly fixed given the unbounded support
when integrating over kernels. The constant also determines the linear slope of the ramp

function 79 prior to the plateau. As we discuss in App. 4.A, the constant wu is fixed by
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Figure 4.3: On the left: the 2-point spectral form factor and its connected component for
the LUE at infinite temperature, as given in Eq. (4.28), plotted for different values of d and
normalized by the initial value d>. We observe the slow 1/t decay down to the plateau value,
hiding the linear ramp in the connected piece. On the right: the 2-point spectral form factor
for the GUE at infinite temperature, with a faster early-time decay exposing the ramp.

numerically fitting to the ramp. We find a plateau time of ¢, ~ 7d/2 for the LUE 2-point
form factor.

Using the asymptotic form of the Bessel function,

Ji(z) ~ \/gcos (z - k77r - %) , (4.31)

we conclude that the disconnected piece decays at early times (for ¢ much smaller than d
but larger than O(1)) as

rL (8P (1) = JR(28) + J2(28) 1t (cos?(2t — m/4) +sin(2t —7/4)) = —.  (4.32)

~
™ mt

This O(1/t) decay of the LUE form factor is to be contrasted with the slower O(1/t?) decay in
both the GUE and the SYK model [12, 9]. However, the connected piece, dominated by the
universal sine kernel in the large d limit, still sees the steady linear rise O(t) at intermediate
time scales. This fact reaffirms the expectation that the decay in the disconnected piece,
the Fourier transformed one-point functions, is model dependent. However, the ramp in the
connected 2-point function is a universal feature of quantum chaotic systems.

In addition to a hidden dip, another difference with the GUE result is the lack of an
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oscillating decay in the LUE at infinite temperature. In the GUE, the Bessel function decay
at B = 0 gives a true dip time O(1). The envelope of this decay was what we considered as

the decay to a dip given that a finite 5 smoothed out the oscillations.

4.3.3 Two-point form factor at finite temperature

Now let us consider the two point form factor at finite temperature. For small 3, one may
effectively insert the one point distribution in the integration formula. We walk through the
computation in some detail as it will mimic the calculation of the supersymmetric SYK form

factor in Sec. 4.5. To be concrete, we write

Ra(t, B) = /D)\Zemi/\j)teﬁ(&ﬂj)
i,

I
s}

d/d/\ p()\)e—QﬁA + d(d _ 1) /d)\ld)\g p(2)()\1’ )\Z)ei(Al—/\Q)te—ﬁ()\1+>\2)
[ o

dX p(N)e 2 + / X (KO A)K (R, Ag) = K2(Ag, Ag) |/t 80 8

dTl (225) + d27“1 (t + Zﬁ)?"1<—t + Zﬁ) - /d/\ld)\QKQ()\l, )\Q)ei()‘l_’\z)te_ﬁ()‘l+’\2) y (433)

simply integrating the kernels as specified above. For the final integral, we make the change
of variables

1
Uy = 5()\1 + )\2) y Ug = )\1 — )\2 . (434)

which allows us to compute

. 2
/ dA1ddy K? (g, Ag)e!Mi 2l Putde) — / dusdus (—Sm(dm2>) giuzt=2Bu

U2
: 2
R /dul e~ 2P p(uy) /du2 (M> et = dry(2iB)ry(t) , (4.35)

TU2

where we regulate the unbounded integral with the insertion of p(u;). The 2-point spectral

form factor at finite temperature is

Ro(t, B) = dri(2iB) + d*ri(t +iB)ri(—t +iB) — dri(2iB)ra(t) . (4.36)
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Figure 4.4: The 2-point spectral form factor for LUE at finite temperature, as given in
Eq. (4.36), plotted for different values of d and at different temperatures, normalized by the
initial value. The plateau value depends on both d and [, while the plateau time is just d
dependent.

We plot the analytic result in Fig. 4.4 and observe that at finite temperature there is still no
clear dip time in LUE, unlike for the GUE, and that the plateau time ¢, does not depend on
B. For the LUE, we define hi(8) = r1(2if3), a purely real function of the inverse temperature,

with the plateau value

Ralty, ) = b (28)d. (4.37)

At small but finite 8 we have

hi(268) =1-28+48>+0(8%), (4.38)

compared to the GUE result 1 + 2% + O(8*) [12], one can see that the LUE plateau value

is smaller than GUE, which is also observed in numerics.

4.3.4 Four-point form factor at infinite temperature

As an example of a higher point form factor, we compute the 4-point R4 at infinite temper-

ature. By definition we have

R4(t)

(ZWZWZA) Z(t)) yp = / DX Y At Aar (4.39)

i7j7k:7£
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To evaluate the expression we must consider all possible ways in which the eigenvalues can
collide in the sum, i.e. all equal, A\; = A;, Ay = A, etc, and treat them separately. Making
use of the 2-point form factors we derived above, and computing the 3 and 4-point function
contributions by expanding the determinant and integrating products of kernels as Eq. (4.23),

we obtain

Ra(t) = d'|ri(t)|* = 2d°Re(r3 (1)) ra(t )7“3(2t) — 4’| (1) *ro(t) + 2d°Re(ry (26)r7%(1))
+4dP|r (t)]? + 2d°7r5 (t) + d®r3(t)r3(2t) + 8d°Re(ry (t))ra(t)rs(t)

— 2d*Re(ry(2t))rs(2t)ro(t) — 4d*Re(r(t))rs(t)ra(2t) 4+ d*|ri (2t)?

(

— 4d?r (8)* — 4dPry(t) + 2d* — Tdro(2t) + 4dry(3t) + 4dry(t) —d.  (4.40)

In the large d limit, some of the terms above are subdominant or suppressed in d at all times,

allowing us to simplify the expression as
Ru(t) = dH|ri(t)[* + 2d*r3(t) — 4dry(t) + 2d* — Tdray(2t) + 4dry(3t) + 4dry(t) —d, (4.41)

similar to the result we derived for the GUE [12]. At times much earlier than the plateau

time, we have

tt —2mp(u))  d*  t(t —27p(u))

Ry~ d ()] + om2p(u)? | w2 + 212 p(u)?

(4.42)

Again, we find a slow decay of O(1/t*) and thus no visible dip at large d. The plateau time
is still 2may, with a plateau value Ry4(t,) = 2d* — d ~ 2d*.

4.4 Chaos and Wishart matrices

We want to study the chaotic nature of time-evolution by LUE Hamiltonians. Consider the

ensemble of unitary time-evolutions generated by LUE random matrices

& ={e"", with H € LUE}. (4.43)
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We want to understand how random LUE time-evolution is by asking when the ensemble
forms a k-design. Computing the frame potential for the ensemble will quantify a distance to
Haar-randomness. We also compute correlation functions of operators evolved by the LUE

to look at early-time chaos in the chaotic decay of 2k-point functions.

4.4.1 QI overview

Before discussing the frame potential and measures of chaos for the random matrix ensemble,
we will briefly overview the quantum information theoretic concepts and tools we use, namely
the notion of a unitary k-design and the frame potential. For a more in-depth review of these
in the context of information scrambling in chaotic systems, see [11, 12].

For a finite dimensional quantum mechanical system, with Hilbert space H of dimension
d, the unitary group U(d) can be equipped with the Haar measure, the unique left/right
invariant measure on U(d). Given some ensemble of unitary operators £, we say that the

ensemble forms a unitary k-design if it reproduces the first k-moments of Haar

/ dU(U®k)T(-)U®k=/ dV (VER (VR (4.44)
Haar veE

for any operator. More intuitively, we should think of this as capturing how random the
ensemble is, in that the ensemble is sufficiently spread out over the unitary group to reproduce
its statistics. A precise measure of Haar-randomness is the frame potential [57], which
measures the 2-norm distance between the k-th moments of an ensemble £ and Haar. The

k-th frame potential is defined with respect to an ensemble £ as
FO = / dUav | Te(UTV)[*. (4.45)
UVeE
The frame potential for any ensemble £ is lower bounded by the Haar value

FH > Fl (4.46)

Haar »

with equality iff £ forms a k-design. The k-frame potential for the Haar ensemble is simply
FE — Kl for k < d.

aar
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The frame potential appeared in the context of information scrambling and black holes
as the average of all out-of-time ordered correlators [11]

= — = FH, (4.47)

2k 1
‘ J2(k+1)

1
o 2 (B ABUD),
A’s,B’s

where “B(t)” = UBUT and U € &, averaged over any ensemble of unitaries £, with each A;
and B; summed over all Pauli operators. This makes precise an approach to randomness,
where the chaotic decay of correlators at late-times means the frame potential becomes small

and the ensemble forms a k-design.

4.4.2 Frame potentials

First frame potential at 5 =0

We start by computing the first frame potential at infinite temperature ]-"ék) for the ensemble

of LUE time-evolutions. Following [12], we have
FIE%)E = /dHldHQ ¢~ 2T o= g TH3 | Tr(e"te 1) 2. (4.48)

Using the unitary invariance of the ensemble and integrating using the second moment of

the Haar ensemble, we find

1
F

U= T (R3+d* —2R,), (4.49)

with the same dependence on the form factors as in the GUE case.

In Fig. 4.5 we plot our analytic form of the first frame potential of the LUE at infinite
temperature. We can see that there are significant differences between the supersymmetric
and non-supersymmetric cases. The slow decay of the LUE means there the ensemble does
not form a k-design at the dip. At late-times after the plateau, we find the frame potential

approaches a value of 2.
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First frame potential at finite

We can also generalize the frame potential to finite temperature by averaging over all thermal
2k-point functions with operators spaced equidistant on the thermal circle (i.e. inserting p'/2*

between operators in the 2k-OTOC). Averaging over operators, we find [11]

Tr(6_(/3/2k—it)H1e—(ﬁ/Qk—l—it)Hg) ‘216

Tr(e=BH)Tr(e—AHz2) /d? ’

F = / dH,dH, | (4.50)
&

with the normalization that gives the standard frame potential as § — 0. For the LUE, we

compute the finite temperature frame potential just as above, Haar integrating to find

Fila(t,8) = ——(R3(8/2) + & — 2Ra(5/2) ) . (4.51)

a? —1
where we define a slightly more conveniently normalized form factor

eitAi=Aj) p=BAi+Aj)

s (4.52)

Ro(t,B) = / DA 2

As it is more analytically tractable, we opt to separately average the numerator and de-
nominator (the ‘quenched’ version), and checked numerically that the results are in good

agreement. We see that at early times, near ¢ = 0, we have the S-dependent value

hi(B/2)*
P~ #5 (439

while at late times, after the plateau time, we have fégE(tp, B) =2.
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Figure 4.5: We show the first and second frame potentials for the LUE at infinite temperature
at d = 1000. The slow decay means we do not form a k-design at the dip time. For
comparison, the Haar value is plotted in grey.

Second frame potential at 5 =0

The second frame potential for the LUE at infinite temperature is expressed in terms of the

spectral form factors as [12]

7O 1
LUE ™ (@2 — 9)(d? — 4)(d? — 1)d?

+4(d° — 9d* + 4d* + 24) R5 — 8d* (d* — 11d° + 18) Ry — 4d* (d° — 9) R

((d4 _ 8% 1 6) R + Ad? (d — 9) R4

+ (d' = 8d* + 6) Ri, + 2 (d' — 7d° + 12) R}, — 8 (d* — 8d” + 6) RoRy
—4d (d® — 4) RyRay + 16d (d* — 4) RoRuq — 8 (d* + 6) RoRap

+2(d® +6) RyRu2 — 4d (d* — 4) Ry R + 2d* (d* — 12d> + 27) ) . (454)

where we have defined

d d
Raq(t) = / DX Y efOtm2l Ry (t) = / DAY Xt (4.55)

i,5,k=1 ij=1
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The 4-point form factor with two coincident eigenvalues, R42(t), is simply Ro(2t). The
3-point form factor R4 ; () for the LUE can be computed just as in Sec. 4.3, where we find

Ruq(t) = d3Re(r1(2t)r]k2(t)) — d*Re(r(2t))r3(2t)ro(t) — 2d°Re(r}(t))rs(t)ra(2t)

+ d?|ry(2t) ]2 + 2d2 |7y (2)|? + 2dro(3t) — dry(2t) — 2dro(t) +d. (4.56)

We plot the second frame potential for LUE alongside the first frame potential in Fig. 4.5.
The second frame potential has an initial value of d* and late-time value of 10, just as for
the GUE. But again the difference arises at intermediate time scales, where the LUE fails to

form a k-design.

4.4.3 Correlation functions

As we discussed before, the recent interest in quantum chaos has involved extensive discussion
of out-of-time order correlation functions (OTOCs). Namely, the following 4-point functions

of pairs of operators in thermal states
(AB(t)AB(t))s where B(t) = e ' Bet. (4.57)

We consider OTOCs with operators evolved by LUE Hamiltonians and averaged over the
random matrix ensemble. In [12], we studied 2k-OTOCs and related them to spectral quan-
tities, both by averaging over the operators in the correlation function or over an ensemble
of Hamiltonians. In that work, we averaged 2k-OTOCs over the GUE and related the cor-
relators to spectral quantities using the unitary invariance of the measure. As the LUE is
similarly invariant, the relation between correlation functions averaged over the random ma-
trix ensemble and the form factors will be the same as thus parts of the discussion here will
closely follow [12]; the differentiating aspects of LUE time-evolution thus lie in the spectral
form factors themselves.

First we look at the 2-point function and integrate over Hamiltonians drawn from the

LUE, using the unitary invariance of the measure and Haar integrating in the eigenvalue
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basis
B Ro(t) — 1

(AB(t))rug = / dH{AB(t)) = —p—

(AB)c+ (A)(B), (4.58)

where (AB). denotes the connected correlator. For non-identity Paulis, the expression is

nonzero for B = A", and thus

Ro(t)
a2’

LUE average : (AA'())rup ~ (4.59)

for Ro(t) > 1. We note that, just as is the case for GUE, if we instead average the same

2-point function over all operators A, we arrive at the same expression

Operator average : /dA (AAT(1)) = Rfl—gt) ) (4.60)

which is true regardless of the Hamiltonian. The fact that the LUE averaged 2-point function
equals the operator averaged correlator means that LUE does not care about the size or
locality of the operator A, given that we made no assumptions about about A in computing
Eq. (4.59), and thus is blind to phenomena relevant for early-time chaos such as operator
growth.

We next compute the 4-point OTOC averaged over the LUE, using the fourth moment

of Haar and looking at the leading order behavior

Ru(t)
d*

(AB(t)AB(t))Lug = / dH (AB(t)AB(t)) ~ (4.61)

for non-identity Pauli operators A and B. Note that the OTOCsS of the form (AB(t)CD(t))
are all almost zero unless ABC'D = 1.

We can now comment on the time scales that LUE describes as seen from the averaged
correlation functions. The time scale of 2-point function decay corresponds to the time scales
for which the system thermalizes. Using the early time piece of the 2-point form factor we

derived in Sec. 4.3, where the contribution from the 1-point function gives the decay

AN (1)) s ~ JE(28) + J2(2E) ~ % | (4.62)
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contrasted to the 1/t3 decay for GUE. Similarly, we can comment on scrambling in the LUE
by looking at the early time decay of the LUE averaged 4-point OTOCs. The early time
behavior of the 4-point form factor means the OTOC decays like

(AB(t)AB(t))us ~ (J2(2t) + J2(21))* ~ o (4.63)

The characteristic time-scale for decay of LUE 2-point functions is to ~ O(1), or for
systems at finite temperature O(/3). The time-scale for 4-point function decay is also order
1, but faster than the decay of 2-point functions ¢4, ~ t5/2. Although the decay is slower
than for GUE, unsurprisingly, the conclusion about the LUE’s perception of early-time chaos
is the same: the LUE 4-point OTOCs decay faster than the LUE 2-point functions, which

means the random matrix ensemble fails to describe scrambling at early times.

4.4.4 Complexity

Lastly, we briefly comment on the complexity growth under time-evolution of LUE Hamilto-
nians. Here we simply discuss the results; details and definitions of ensemble complexity and
its relation to the frame potential are given in [11, 12]. The gate complexity of an ensemble

&, i.e. the number of gates needed to generate &, is lower bounded by the frame potential as

2kn — log fék) (1)
2logn ‘

e(t) >

(4.64)

At early times before the dip time ¢ < t;, the dominant contribution to the k-th frame
potential is fék) ~ R2 (t)/d* [12]. For k < d, the 2k-th form factor goes as Roj, ~ riF,
the function defined in Eq. (4.26) in terms of Bessel functions. The decay r? ~ 1/t, gives a

lower bound on the growth of the circuit complexity

ct) >0 (klogt) , (4.65)

logn

where the slower decay for LUE still gives the same logarithmic lower bound as GUE. In-

terestingly, in GUE the 1-point function contribution to the form factor at early times is an
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oscillating Bessel function decay JZ(2t)/t*, which formally gives a dip time O(1). As these
oscillations are not present in the LUE, we can bound the complexity up to the dip time
even at infinite temperature. But for large k, we recover the quadratic growth of complexity:

C > t?/logn, hinting again at the unphysical nature of LUE evolution at early times.

4.5 Chaos in supersymmetric SYK

The supersymmetric SYK model admits a classification by Wishart-Laguerre random matrix
ensembles and has a density of states which closely follows a Marcenko-Pastur distribution
[107]. Having discussed the properties of LUE random matrices, we turn to the supersym-
metric SYK model and check that the form factor acts similarly. From the frame potential,
we then discuss the Haar-randomness of the model’s time evolution.

Assuming that the spectral statistics of the theory are Gaussian, as both SYK and the
Wishart matrices are, allows us to use the sine kernel to compute the spectral n-point
functions. We note that if the statistics are GUE/GOE/GSE, the sine kernel is slightly
modified and the ramp function differs as we approach t ~ d, but the universal growth of the
ramp is still present. Knowing that the supersymmetric SYK model has Gaussian spectral
statistics [107], we can compute the finite temperature form factor for the theory just as in

Eq. (4.33), and find
Rao(t, B) = (Z(B+it)Z(B —it)) = /D)\ Z o=t = BONAN))
zal/dE,o(E)e—zBE+ |<Z(5+it))}2—d/dEe_QﬁEp(E)TQ(t), (4.66)

(A1 + A2). Continuing,

where 75(t) is the ramp function from the LUE and we define £ = 1

we find the finite temperature form factor
Rao(t, B) = (Z(B+it)|* + Z(28) (1 — ra(t)) - (4.67)

As a sanity check, the late-time value Z(25) here matches the infinite-time average of the

spectral form factor. As we discussed in Sec. 4.2, the 1-loop partition function from the
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super-Schwarzian theory is

Ziioop(B) ~ e TN, (4.68)

where sq is the ground-state entropy density and c is the specific heat. At early times, the

form factor is dominated by its disconnected component, decaying as 1/t

2N sg

Jt

e

Early :  Ra(t,5) ~ (4.69)

for times greater than ¢ ~ /N = log d/2, but shorter than ¢ ~ V/d. Computing the connected

form factor, we find

RS(t,8) = (Z(B+it)Z(B — it)) — [(Z(B + it))|*

=Z(28)(1 —ra(t)) = ;eNSOJ“CN/w(l — (1)) . (4.70)

26T

Equating the 1/t decay with the ramp gives a dip time t; ~ €%, the same order as the
plateau time ¢,. Even in light of the exactness of the super-Schwarzian theory, we should
be cautious in extrapolating to very late times. It is possible that in the large N theory the
slope is not well-described by the effective theory at late times and, in turn, decays faster at
an intermediate time scale.

Lastly, to get a hint at the nature of scrambling and an approach to randomness in SYK
and its supersymmetric extension, we numerically plot the first frame potential for each in
Fig. 4.6 at infinite temperature and for N = 16 Majoranas. The faster decay and dip that
appears for SYK means the frame potential decays quickly, forming an approximate k-design
at the dip time. Although the dip value of the SYK frame potential for N = 16 is larger
than the Haar value, we checked that as we increase N the dip value decreases and expect
that SYK forms an approximate k-design in the large N limit. The frame potential for the
supersymmetric model exhibits a much more gradual approach to its minimal value which is
larger than in SYK, indicating less effective information scrambling and a greater distance
of the ensemble to forming a k-design. It would be interesting to see, either numerically or

analytically, if these behaviors persist at large N. Both theories, like their random matrix
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Figure 4.6: Numerics for the first frame potential of SYK and supersymmetric SYK at
B = 0 for N = 16 Majoranas and 200 samples. The decay and dip of SYK indicates
faster scrambling and an approximate k-design behavior not as readily apparent in the
supersymmetric model.

counterparts, become less random and increase after the dip, deviating further from an
approximate design, which suggests that k-invariance [12] might provide a better insight in
how information scrambles in SYK models.

There are a few comments worth making relating the discussion here with the behavior
of the form factor in similar models.” In the complex SYK model, the spectral form factor
appears to have a 1/t* power-law decay at early times [118, 73], in contrast to the Majorana
and SUSY SYK models. As we discussed, the respective power-law decays in these models
arise from the Schwarzian and super-Schwarzian modes governing the low-energy physics,
and persist for a long time as a result of the 1-loop exactness of the effective actions. In the
complex SYK model, where we have a conserved U(1), there is an additional contribution
to the effective action from the phase fluctuations of the reparametrization mode, as was
discussed in [118]. Combined with the contribution from the Schwarzian mode, the parti-
tion function has a Z(8) ~ 1/(8J)? dependence. Continuing to real-time, the early-time
contribution to the 2-point form factor gives a power-law decay Ra(t) ~ |Z(3,t)]* ~ 1/t
As the low-energy description is likely also 1-loop exact, one expects this behavior to persist
for a long time. It is further interesting to note that while the power-law indicates a more

rapid onset of late-time chaos as seen by the frame potential, the additional U(1)-mode does

"We thank an anonymous JHEP referee for raising these points.
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not contribute to the Lyapunov exponent of the theory [119]. Thus, like Majorana SYK and
SUSY SYK models, the complex SYK model is maximally chaotic at early times, but in the
above sense scrambles quicker.

We should also comment on the behavior of spectral quantities more generally in chaotic
systems with gravitational duals. In 2d CFTs, an analysis of the contribution from different
saddles indicates a persisting 1/t3 decay in the form factor for holographic CFTs, and a
1/t decay for rational CFTs [39].8 A slow decay of spectral quantities also appears in the
D1-D5 theory at the orbifold point, in line with the fact that the theory does not have
chaotically decaying correlation functions [121] and appears to exhibit a logarithmic ramp
[40], in contrast to the universal linear ramp we expect in chaotic systems. Although [9]
argued for the rapid decay of spectral functions and the late-time appearance of a ramp in
super Yang-Mills at strong-coupling, better analytic control of spectral quantities is needed
to understand quantum chaos in holographic theories.

On a slightly less related note, a recent work [122] also considered the infinite temperature
2-point spectral form factor for Wishart matrices in a different context. Namely, they studied
the statistical properties of the reduced density matrix on spatial regions in quantum many-
body systems. They also comment on universal features of Wishart matrices in Floquet
systems. As there is a sense in which Floquet systems may be thought of as supersymmetric
quantum mechanics [123], where the Floquet unitary is built from two ‘supercharges’, it

would be interesting to explore further connections with our work.

4.6 Conclusion and outlook

In this chapter, we considered the Wishart-Laguerre unitary ensemble in order to understand
universal features of supersymmetric quantum mechanical systems. We computed the 2-point
spectral form factor for the LUE and found the one-point function contribution gives a 1/t
power law decay at early times, hiding the dip and transitioning directly into the plateau.

This is relatively slow compared to the ~ 1/t3 decay seen in both SYK and the GUE. The

8Relatedly, [120] discussed a distinction between entanglement scrambling in rational and holographic
CFTs.
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universal ramp behavior from the sine kernel can be seen in the connected LUE 2-point
form factor. These results agree with the prediction from the 1-loop partition function in
supersymmetric SYK. This slow decay implies the onset of a random matrix description
occurs at much later times. This can best be seen from the frame potential, where we find a
more gradual decay to Haar-random dynamics. Moreover, the frame potential for the LUE,
unlike that of the GUE, does not reach the Haar value and does not form an approximate
k-design. This is also what we predict and observe numerically in the supersymmetric
SYK model, where the slower decay and larger dip value imply less effective information
scrambling.

The supersymmetric model, while maximally chaotic, sees a slower onset of random
matrix behavior—made evident by the lack of a dip in the form factor and by the slow
approach to Haar-randomness in the frame potential. The apparent distinction here between
early-time chaos, in terms of chaotic correlation functions, and late-time chaos, in terms of

scrambling and Haar-randomness, demands a deeper understanding.

4.A Numerics

In this appendix we discuss numerics to fix an analytic form of the form factors for LUE
and to further provide checks on the expressions we derived for the form factors and frame
potentials. As we mentioned in Sec. 4.3, there was a free parameter u in the expressions we
derived for the k-point form factors. This dependence appears in the ramp function ry(t),
defined in Eq. (4.26), and determines both the slope of the linear ramp in R$(t) and the
plateau time. Numerically computing the connected 2-point form factor for d = 500, we fix
u by fitting the ramp between times ~1 and \/c_l/ 2. We know that the early time behavior
of the ramp is quadratic before t ~ 1 and expect a loss of analytic control as we approach
the plateau time. We thus linearly fit points in this intermediate regime and find u = 1.156.
We hope to derive this result more rigorously in the future.

We also present some numerical checks of our expressions for the LUE 2-point form
factor in Fig. 4.7, where we find good agreement in the slope, ramp, and plateau. Our

results were derived for LUE at large d and thus should capture the perturbative behavior.
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Figure 4.7: Numerics for both the LUE 2-point form factor and its connected component,
compared to the analytic expressions derived in Sec. 4.3, for d = 500 and with 10000 sam-
ples. We find good agreement in the slope and plateau, with expected deviations around
the plateau time. The very early time behavior of the connected form factor can also be
understood analytically.

But in the transition to the plateau, nonperturbative effects [115] become important and
our results deviate from numerics in this regime. After the plateau time, we return to
contributions from the 1-point function. At very early times, before t ~ O(1), the connected
component grows as R§(t) ~ t*. This quadratic growth can be derived from an impressive
integral representation of the connected 2-point form factor [68]. We have also checked our
expressions of the finite temperature and higher point LUE spectral functions and found

good agreement with numerics.
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Chapter 5

Operator growth in random quantum

circuits

This chapter is partially based on work in progress, which will appear elsewhere in a future

publication.
Abstract

We study random quantum circuits with symmetry, where the local 2-site unitaries are
drawn from a quotient of the full unitary group U(d). Random quantum circuits are minimal
models of unitary local chaotic dynamics and can be used to study operator growth and the
emergence of dissipative hydrodynamics. We derive the transition probabilities of the local
Markov process on Pauli strings in the operator growth for five classes of symmetric random
circuits. We then compute the butterfly velocities and diffusion constants for a spreading

operator by solving a simple random walk in each class of circuits.

5.1 Introduction

In this chapter we study operator growth in local random quantum circuits with symmetry,
where instead of Haar random 2-site unitaries, we construct the circuits using unitaries drawn
from a quotient of the unitary group. This is a simple application of the tools developed in

Ch. 3, making use of Weingarten calculus for compact Lie groups and compact symmetric
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spaces. Here we consider 5 different symmetry classes of random circuits: O(d), Sp(d),
AL U(d)/O(d), and AllL: U(d)/Sp(d). In each of the five cases we build a one-dimensional
random circuit with random gates from the group or symmetric space. Each of the symmetric
random circuits defines a different Markov process of local updates on the evolving Pauli
strings, which gives rise to operator growth under random circuit evolution.

Random quantum circuits have been studied extensively in the quantum information
community, largely focused on understanding the convergence properties, for instance [124,
125, 126, 54]. More specifically, [126] showed that random quantum circuits form approxi-
mate unitary 2-designs in polynomial depth. [54] expanded on these results using the spectral
gap of the moment operator. [77] studied decoupling in random quantum circuits and showed
that decoupling occurs in circuits of polylogarithmic depth. More recently, in a nice series
of papers random quantum circuits have been used to study entanglement growth [127] and
operator spreading under random unitary dynamics [128, 129] and with conservation laws
[130, 131]. The study of ballistic operator growth in random circuits contrasts interest-
ingly with analytic results for weakly interacting metals [132, 133] and numerical results for
spin-chains [134]. Moreover, random quantum circuits also give an emergent picture for the
evolution of entanglement under unitary dynamics [135, 136].

The random quantum circuit models considered in this chapter are just a simple gener-
alization of the constructions in [128, 129]. Moreover, while our construction of symmetric
circuits builds in symmetry to the local random unitary, the random circuit as a whole does
not obey any conservation law. Therefore, almost by construction, we do not see the beau-
tiful picture that emerges in [130, 131]. There the random quantum circuit models obey a
local conservation law, where the block diagonal random unitary preserves local z-spin, i.e.
is Haar-random within fixed charge sectors of the z-basis. In these models, they find an
emergent coupled diffusion process, where non-conserved operators propagate ballistically,
with fronts that spread diffusively, and where conserved charge dissipates diffusively as con-
served operators decay to non-conserved operators which again propagate ballistically. This
coupled process gives rise to long hydrodynamic power-law tails in the weight of the evolving
operator.

Instead, the models we consider here instead give rise just to the ballistic growth of an
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operator and the diffusive spreading of the ballistic front. Whereas operator growth in the
unitary random circuits can be understood as a simple biased random walk, in the symmetric
circuits we find that the endpoint dynamics are governed by different types of random walks.
The endpoint of evolving strings in the Al and AIl random circuits are governed by a biased
random walk with correlation between steps. The edge of an evolving Pauli string in the
O(d) and Sp(d) random circuits is governed by a biased correlated random walk with an
internal state. In each case we derive the butterfly velocity and diffusion constant of the
evolving operator.

We will start by reviewing basic properties of unitary random quantum circuits, discussing
the local Markov process and operator growth. We then discuss the Markov process in the
symmetric random circuits, deriving the respective transition probabilities of the Markov
process updating evolving Pauli strings. Then we discuss operator growth in the symmetric
random circuits and derive the butterfly velocity and diffusion constant by solving a random
walk governing the endpoint dynamics of operator growth.

In this chapter we will not explicitly review the formalism for taking Haar-averages.
Weingarten calculus for Lie groups and compact symmetric spaces was reviewed and dis-
cussed extensively in Ch. 3. The methods for performing Haar averages over compact Lie
groups were worked out in [58, 59, 88], and extended to compact symmetric spaces in [91, 92].
In computing the averages over compact symmetric spaces, we have relied heavily on the

methods developed there.

Random quantum circuits

Consider a one-dimensional chain of n qudits, with local dimension ¢, evolved by a random
circuit built from layers of 2-site unitaries. Each layer or time-step of the random circuit
alternates between acting on all even links between qudits at even time-steps, and odd links
at odd time steps. Explicitly, the ¢-th layer of the circuit for even ¢, Uy eyen, is given by the
tensor product of 2-site unitaries U; ;41 for even 7, and the ¢-th layer for odd ¢ by tensoring
Uiit1 for odd i. We denote the unitary implementing the ¢-th layer as Uy, and the evolution
to time t is simply the product of ¢ layers of the circuit. The architecture of the random

quantum circuit is shown in Fig. 5.1. Each 2-site unitary U, ;4 is drawn at random from the
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Figure 5.1: Random quantum circuits built from staggered layers of 2-site unitaries and
where each unitary is drawn at random from the unitary group, or a subgroup or quotient
thereof.

unitary group U (q2) or from some subgroup or quotient.

We'll go over the basic structure of operator growth in random circuits to set the stage
for the rest of the discussion in this chapter. The discussion here is general and applies to
all classes of random circuits in this chapter. Recall that we can expand any operator in a

basis of operators (like Pauli strings for qubit systems) as
O(t) = Z'Yp(t)op : (5.1)
P

We will refer to the elements in the basis as Pauli strings regardless of local dimension; the
only difference is that generalized Paulis are no longer Hermitian, but this does not affect the
discussion. We should think about the coefficients 7, () as probabilities of finding the opera-
tor O, in the growing operator, or equivalently the weight of the growing operator on a given
Pauli string. Unitary evolution UtOpUtT and the orthonormality of Paulis #Tr(OaOb) = O
means the operator norm is conserved under time-evolution, and thus the probabilities are
conserved [y, (t)? = 1.

Consider the evolution of a local operator Oy in the random circuit. The local 2-site
unitaries will act on the operator and the range of its support will grow ballistically, spreading
outwards by one site at each side every time step, as shown in Fig. 5.2. While the operator
will grow to a linear combination of all Pauli strings with support on the 2t + 1 sites at time

t in the light-cone of the operator, we want to know the distribution on those Pauli strings,
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Figure 5.2: Operator growth in random quantum circuits. On the left: the ballistic growth
of the support of an initially local operator. On the right: an example of the right edge of a
Pauli string moving back after evolution by a layer of the circuit.

i.e. the shape of the support of that operator on Pauli strings. We can define the weight of
the evolving operator on its left/right edge as [128, 129]

pur(ist) = ) (5.2)
pEOL /R (7)
where we sum over all Pauli strings with the left or right-most non-identity Pauli operator at
site 7. We will see that the edges of the growing operator grow ballistically but also spread
diffusively, such that pr g (7,t) obeys a simple biased diffusion equation.

As we will discuss, we can solve for this distribution of the support of the operator by
studying the random walking of the edges of the Pauli strings. The random circuits define a
Markov process governing the internal dynamics of the growing operator, where each Pauli
string in the growing operator is stochastically updated to another Pauli string. As we will
discuss in the next section, each local 2-site unitary gives a Markov process on two site pairs
of the Pauli string, taking identities to themselves and non-identity Paulis uniformly to all
other non-identity Paulis. For instance, two sites in a Pauli string might get updated like
(XY) — (ZX). An update like this occurs for each two sites, i.e. at every link, alternating
between even and odd links in the circuit.

We can understand the distribution of the each of the evolving operator by thinking
about the edges of the evolving Pauli strings. In the random circuit evolution, each Pauli

string is random walking through the space of Pauli strings. Moreover, the end of each Pauli

177



string has some probability of moving back. For instance, say the two Pauli operators at
the right-most gate, which doesn’t simply act on identities, is (X I). There is a probability
that this gets updated to (ZI) and the gate to the right in the following time-step has only
identities going in. Thus in the coordinate system on the links, the operator moves back, as

shown in Fig. 5.2. This is a simple biased random walk on the edge of a Pauli string.

A note on notation and terminology:

To prevent any confusion, we make very clear the notation used to denote local dimensions.
We will consider one-dimensional chain of qubits, where the local dimension is 2, but more
generally, we denote the local dimension in qudit chains as ¢. In this chapter, we define the
dimension of a 2-site unitary as d = ¢?, so that the local unitaries are drawn from U(d) (and
U(4) in the case of qubits). We will also refer to the basis of operators as Pauli strings, re-
gardless of the local dimension. Lastly, in previous chapters we defined the symplectic group
with even dimension 2d, i.e. defined the symplectic group as the intersection of symplectic
matrices Sp(2d, C) and the unitary group. Here, for consistency of the discussion and ease
in comparing formulae, we denote the symplectic group Sp(d) and the compact symmetric

space All: U(d)/Sp(d), keeping in mind that d must be taken to be even in these two cases.

5.2 Operator growth in unitary random circuits

Let’s start by reviewing the story for unitary random circuits, where each local 2-site unitary
in Fig. 5.1 is drawn Haar-randomly from U(d). Consider the evolution of some local operator
O(t), at time zero acting on a single site, by the unitary random circuit. We can understand

the growth of this operator in the random circuit by solving for the coefficients |v,(t)|?.

2

o (B)]2 = q%nm(og)op)\ _ q%Tr(Ut(’)(t C)UO,)TH U0 — DUSO,),  (5.3)
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where we consider the layer implementing the ¢-th time step acting on the operator at t — 1.

Expanding in the operator basis

O = Zva (t = Dy (t — )T (U,0.U{O,) T (U,0,U] 0,) (5.4)

7

we now Haar average the expression, decomposing the expression into a product over 2-site
operators and 2-site random unitaries. For a single 2-site operator the expression we find
averaging using the 2nd moment is

d?

o (d00,10p1 + 1 — 601 —6p1) . (5.5)

/ dU Tr(UOU'0,) Tr(UOUT0,) =
U(d)

where we are just looking at the operators O, and unitaries at a single 2-site gate. Taking
the product over all pairs of sites on which the 2-site random unitaries act, we can write

Eq. (5.4) as

1 :
(1) ZSpa|’yat DI?, where S0 = [T (080851 + = (1=aDA-02)) . (5.6)

S

where the symmetric matrix determines the growth of the operator at each time step. The
matrix S,, is the transition matrix of a local Markov process on Pauli strings, where the
Pauli string is updated stocastically at pairs of sites with transition probabilities determined
by Spe. The matrix S), essentially tells us that at each pair of sites we take IT — I or a
non-identity 2-site Pauli operator to any of the non-identity Paulis O, — O, each with prob
1/(d* — 1), which makes sense as there are d*> — 1 non-identity 2-site Paulis (or rather the

qudit generalization thereof).
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Unitary Markov process:

The transition probabilities for the Markov process defined by a Haar-random 2-site unitary

acting on the evolving Pauli string are

IT—1II with prob 1

O, = 0, with prob 1/(d*> —1).

These are local update rules 2-site pairs of operators in the Pauli string, which gives rise to a
biased diffusion process. Looking at the endpoints, the update rule says that the left /right-
most non-identity Pauli on the ¢-th site is mapped to a non-identity Pauli on the 2 and 7 + 1
sites. As there are ¢* — 1 non-identity 2-site Paulis and ¢®> — 1 of them have an identity at the
i+ 1 site, there is a probability of the edge of the operator moving back p = (¢>—1)/(¢* —1).
The biased random walk governing the edge of an evolving operator gives rise to a biased
diffusion process at long times. The weight of the operator on the left/right edges obeys a
biased diffusion equation [128, 129]

pur(it)= Y Im®F = Owple,t) =vpdepla,t) + DIp(x,t),  (5.7)

PO /R (4)
where we sum over all Pauli strings with the left or right-most non-identity Pauli operator

at site . The edges of the growing operator grow ballistically but also spread diffusively,

with butterfly velocity and diffusion constant

2_1 22
UB:q and D = e

— 0.8
> +1 (¢ +1)? (5:8)

which all arises the the local update rule on the edges of the growing operator. We should
think about this as a random walk on the Pauli strings where the Pauli strings want to grow
larger, but there is some probability that they move back, i.e. biased diffusion.

It will be useful for later comparison with the unitary random circuits to give the 1/q
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expansion of the butterfly velocity and diffusion constant in Eq. (5.8)

2 2 2 2 4
vpRl——+——— and D~— — — ¢

6
—. 5.9
T @ ¢ ¢ (5.9)

Note that it is convenient to define our coordinate system on the links, i.e. with respect
to the 2-site gates, instead of the qudits. This way, the edge of an evolving Pauli either

moves forwards or backwards at each time step.

Quick review of biased random walks

We can understand the derivation of the butterfly velocity and diffusion constant in the
unitary random circuit as a simple biased random walk. Let’s consider the right endpoint
of the growing operator, so the bias refers to the preference of the operator to move right.
At each time step we have a random variable x; which takes values +1: we get —1 with
probability p, meaning the random walker moves left, and 4+1 with probability 1—p, meaning

the operator moves right. The position of the operator at a time ¢ is then given by

X(t) = im (5.10)

As the endpoint dynamics are Markovian, meaning the steps at successive times are uncor-

related and the random variables x; are iid, we simply compute the mean
t
(X(1) = (wi) =tlw;) =t(1—2p) — wvp=1-2p, (5.11)
i=1
which gives us the butterfly velocity vp, and the second moment
¢
(X (0% =) (wixy) = t(af) = ¢, (5.12)

ij=1

which gives the variance and the diffusion constant

(X(t)*)e=4pt(l—p), — D=2p(1—p). (5.13)
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Therefore, computing the probability of moving back p = 1/(¢? + 1) in the random circuits
gives the above velocity and diffusion constants.

We can arrive at the same conclusion noting by counting the left and right moves. Again,
consider the motion of the right end of the Pauli string, and let ¢ denote the number of left
steps and r the number of right moves. Clearly, ¢ = ¢ + r and the position of the random

walker is x = r — £. The distribution on the number of left and right moves is

e = (1) (5.14

From this we can compute the mean and variance of x = r — ¢ after t timesteps get vg and D
as above. Said equivalently, the binomial distribution on the endpoint of the string is simply

the sum of Bernoulli distributed random variables making up the steps in the random walk.

5.3 Operator growth in symmetric random circuits

Now let’s generalize the story to random circuits constructed out of local gates randomly
drawn from quotients of the unitary group. We will consider 5 different symmetry classes, lo-
cal orthogonal and symplectic matrices, and the two quotients of the unitary group U(d)/O(d)
and U(d)/Sp(d). In each case the analysis is more complicated than the analysis for the ran-
dom unitary circuits, but we can in fact solve the operator growth analytically. For each
case we derive the Markov process that corresponds to the growth of a Pauli string in the
random circuit, where the transition probabilities encoding the local update rules on a Pauli
string are simply given by Haar-integrating over the quotient space. We then solve for the
dynamics of the ends of the evolving operator. In the unitary random circuits, the growth
of a Pauli string is a Markov process and the dynamics of the end of the operator is itself an
autonomous Markov process. In the symmetric circuits the evolution of a Pauli string is also
a Markov process, in each case with different Markov rules/transition probabilities. But the
dynamics of the endpoints are no longer Markovian. This is because the biased random walk
describing the successive time steps of the edge of the growing operator now has correlations

between different time steps. In the language of random walks and diffusion the edge of the
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growing operator in the symmetric circuits is a persistent biased random walk. The persis-
tence refers to the operator having some ‘inertia,’ i.e. wanting to move in the same direction
as the previous time step. In our symmetric random circuits, we find that the successive
time steps are anticorrelated, thus the random walks are biased and anti-persistent.

In each of the four symmetric random circuits we consider, we compute the probability
of an operator moving back, which gives the butterfly velocity. The analysis of the diffusion
constant is a little more subtle. The anticorrelation reduces the diffusion constant from its
uncorrelated value, i.e. the one that would be computed by p the probability of moving back.

Before discussing the four random circuit models, we summarize our findings in the tables

below
Random circuit model UB vpg for g = 2 vg at large q
Unitary U(d) L 3 (=06) 1-24+2-2
Orthogonal O(d) (5.31) % (=~ 0.5897) 1— q% + q% — ;iﬁ
Symplectic Sp(d) (5.37) & (=~0.467) 1— q% — q% + ;%
AT U(d)/O(d) (543) 3 (=0.5) 1— q% - q% + %
AIL U(d)/Sp(d) (5.59) 1 (=0.25) 1-3-2-3

5.3.1 Operator growth in random orthogonal circuits

The random unitary circuit picture is nice, we see the emergence of a diffusive phenomena
from unitary dynamics. But as the random circuit breaks all symmetries and obeys no
conservation laws, we also want to know what happens when we start building in symmetry
in different ways. We could construct a unitary random circuit which obeys a conservation
law explicitly in terms of some local operator. Alternatively, we could ask what happens
when we consider a random circuit with 2-site gates restricted to obey some symmetry.

Consider a circuit of 2-site Haar random orthogonal operators. For a single 2-site operator,

183



consider

/ dU Tr(UOUT0,) Tr(UOUT0,,) (5.15)
O(d)

— g (€ DETHOTONTHO, - ETHO, PTHO0D) + ..

(5.16)

The second moment of the orthogonal group gives an expression with nine terms, and after

some reworking we find

m((&m — D) (81 — 1) + (601 — (=1)¥)(5p1 — (—1))

FS= ()= (1)), (517)

- d?éa,b(aa,lap,l n

where Y, and Y}, count the number of Y operators in the O, and O, operators at the sites we
are acting on, i.e. simply accounting for whether the Pauli is even or odd under transposition.

This expression means that
(8P = Spalrat = DI, (5.18)
with the S, defined in the expression above as

() 55) 1 (5) (5) (=) (5 g
Spo =TT (003003 + gy (053 = DO = 0+ (003 = (™) 653 = (1))

s

Fo= (1)) (1)), (519)

which defines the transition matrix of the orthogonal Markov process.

Orthogonal Markov process:

We should again interpret this as a Markov process with local update rules defined by S,,.

In the orthogonal case, the matrix S, tells us that at each site we take identities to identites,

184



even non-identity Paulis to even and odd non-identity Paulis to odd:

IT—1II1 with prob 1
even O, — even O, with prob  p. =2/((d —1)(d +2))
odd O, = odd O, with prob p, =2/(d(d —1)).

So far this is not too surprising given what we understand about O(d) and the action of
Paulis under the group. But we see an interesting conservation law encoded into the growing
wavefront, the wavefront is growing diffusively, but there are two coupled diffusion processes,
where even Paulis are mapped to even and odd Paulis are mapped to odd.

We can now solve for the operator growth in the random orthogonal circuits. First we
want to compute the probability of an operator moving back. Unfortunately, this is no
longer as simple as the unitary random circuit, where the endpoint undergoes autonomous
Markovian dynamics. The probability of an operator moving back depends on whether the
operator at the farthest most gate is even or odd, and further depends on whether the action
at the previous timestep was a move forward or backward. The structure of the alternating
gates at each time step means that even operators output from a gate can input odd operators
at the next gate. Consider Y'Y, an even 2-site operator, if this operator appears at the edge
of the growing operator, then the input to the gate of the farthest gate at the next time
step is Y1, an odd operator. So we need to treat the dynamics of even and odd operators
carefully.

We start by discussing the case for qubits and then derive formulae for general local
dimension ¢. The probability of an even Pauli moving back is 2/9, i.e. if we get a X or Z1.
For odd Paulis we have 1/6, i.e. if we generate a Y. Denote the probabilities of even and

odd operators moving forwards or backwards as

2 7 1 5
p<—e:§7 pe—>:§7 p<—o:67 po—>:6‘ (5.20)

Now we need to find the probability that the operator at the end of the string, at the
rightmost gate, is even or odd by relating it to the probability it was even or odd at the

previous time step. We must take into account whether the operator has moved forward or
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backwards, as the probabilities of an even or odd operator depend on which action occurs.
An even operator moves forward to an even operator with probability 6/7, but moves back
to an even operator with probability 3/4. When an even operator moves forward to an even
operator, the rightmost operator will be either XT or ZI, which occurs 6/7 times, the 1/7
occurs when an even operator moves forward to an odd operator, which only happens when
Y'Y is generated and the operator at the rightmost gate is YI. An even operator moves back
to an even operator with probability 3/4, when XT or ZI is generated and the operator at
the rightmost gate is {I, X, Z} ® {X, Z}.! Meaning the i + 1-th entry of the gate will be an
even operator, but the i-th entry has probability 3/4 of being even, and thus the operator
has probability 3/4 of being even. A similar analysis holds for the odd operators, all together

we find

6 1 2 3
pe—>e:§u pe—)ozg’ po—)ezaa po—)ozg’
1 1 1 1
_ 1 _ 1 _1 _ 1 21
Pec—e 6’ Pe—o 18’ DPoe g’ Poo o4 (5 )

The probability of the rightmost operator being even or odd at time ¢ is thus

pe(t) = (peﬁe + peee)pe(t - 1) + (poae + poee)po(t - 1)

po(t) = (po—m + po(—o)po(t o 1) + (pe—m + pe(—o)pe(t - 1) ) (522)

and for qubits we get the equations governing the evolving probabilities:

pet) = Spt =1+ St = 1), = plt— D+ gp-1). (529

This itself is a Markov process, where the probability of finding an even or an odd operator
at the end of the evolving string updates at each time step. We solve for the stationary
distribution (i.e. where the probabilities are the same at each time step) and find p, = 9/13

and p, = 4/13. Thus we can compute the probability of an operator moving back in terms

'Here we have assumed that the 1-site operators coming from the random circuit behind the evolving end
of the string appear with uniform probability, which quickly becomes the case after a few time steps and the
interior of the evolving Pauli string rapidly mixes.
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of the probability the operator at the end of the evolving string is even or odd:

D = PeePe + DeoPo s (5.24)

and find p = 8/39 for qubits. This gives a butterfly velocity of vp = 23/39 &~ 0.5897. Very
close to the unitary butterfly velocity for qubits vg = 3/5. We should mention, in case
the reader is suspect of how close the result is to the unitary case, that we have confirmed
this value of the orthogonal butterfly velocity by computationally simulating the evolving
operators in the random orthogonal circuits.

We can now derive the butterfly velocity for general local dimension. First we define the

number of even or odd operators for a local dimension of d

ne(d) = w) ne(d) = ———

5 (5.25)

Thus the number of even/odd operators at a single site is n.(¢) and n,(g). The probabilities
of an even and odd operator moving backwards are a simple generalization of what we

discussed above in the case of qubits

n0(q)

ne(d)

and p_, = (5.26)

The probabilities of even/odd operators moving forwards or backwards to even/odd operators

~ (ne(q) + )nelq) ~ no(g)? ~ (ne(q) + )nolq) ~ ne(q)no(q)
pe%e - ne(d) ) pe%o - ne(d) b pO*)B - n()(d) ) pO*}O - n0<d) )
_ (ne(q) + Dnelq) _ n(q)? ~ ne(q)no(q) ~ (ne(q) + 1)no(q)
Pece = ne(d)qQ sy DPeo = no(d)q2 s DPoe = _ne(d)qZ s Po+o = no(d)q2 .
(5.27)
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The equations determining the probability of the rightmost operator at a time ¢:

pe(t) = (pe—>e +peee)pe(t - ]-) + (po—>e + po%e)po(t - ]-)

Po(t) = (Poso + Poco)Do(t = 1) + (Pemso + Peco)Pe(t — 1), (5.28)

for general local dimension ¢ become

_ (g+2)(¢° +1) ¢ -1
1 (¢—1(¢* —q+2)
po(t) - 2q2 po(t - 1) + 2q(q2 + 2) pe(t - 1) : (529)

As a sanity check, the probabilities of p.(t — 1) and p,(t — 1) add to unity. Solving for the
stationary distribution, we find p, and p, and then compute the probability of an operator

moving back to be
2
¢ +q+2
_ . 5.30
P D@2+ D) (530)

This gives a butterfly velocity for orthogonal random circuits

PP +q) +q—3

vg = , 5.31
S g+ D@+ 205 D) 31
which has a series expansion in ¢ as
2 6
vp=1——=+—+..., 5.32
p=1- 5 (532

the same as the unitary case up to second order in 1/¢ in Eq. (5.9). Note the absence of

contribution at 1/¢* For qubits where ¢ = 2, we find the butterfly velocity vg = 23/39.
The moral of the story seems to be that operator growth in orthogonal random circuits

proceeds very similarly to that in unitary random circuits; the main difference is that the

analysis is somewhat more tedious.
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5.3.2 Operator growth in random symplectic circuits

Consider now a circuit of 2-site Haar random symplectic gates. To understand the operator

growth, first consider the action of a single random gate
/ dU Tr(UOUTO,) e (UOLUT0,) . (5.33)
Sp(d)

Computing the second moment we find the transition matrix for the symplectic circuits

_ (5 5(5) 1 (5) (5) (s) (56 ;
Spo =TT (003003 + (g gy (061~ DO = 0+ (003 = (1™) @5 = (-1))

s

(1= (D)%) = (1)), (5:34)

which is unsurprisingly similar to the orthogonal case. Noting that under symplectic conju-
gation Paulis are either even or odd: O = JOI'J" = £0,. Here we have defined (—1)%
to be +1 for symplectically even Paulis and —1 for odd Paulis. The above transition matrix
tells us that Paulis which are even under symplectic conjugation are taken to symplectically

even Paulis and odd to odd.

Symplectic Markov process:

In the symplectic case, we find that at each gate we take identities to identites, even non-

identity Paulis to even and odd non-identity Paulis to odd:

IT—1I with prob 1
even O, — even O, with prob p. =1/((2d — 1)(2d + 1))
odd O, = odd O, with prob p, = 1/(d(2d + 1))

where again we mean the even or odd action under symplectic conjugation J (9; J' = +0,.
Note that this is not as conceptually simple as the transpose above, where we just simple
count the number of Y operators in the Pauli string. The matrix J depends on the size of
the gate, so for 2-qubit operators J = 1Y ® [. Even 2-qubit Paulis are XY, IX, ZY ... and

odd are X Z, XTI, IY, ..., which we see are not symmetric.
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The analysis for operator growth in symplectic random circuits is essentially the same as
in the orthogonal case, we have that even and odd operators are mapped to themselves with
uniform probability. The only difference is that the set of Paulis invariant under symplectic
transpose is different that in the orthogonal case, thus giving slightly different probabilities.

The equations determining the probability of the rightmost operator at a time t¢:

pe(t) = (pe—>e + pe<—e)p€ (t - 1) + (po—w + po&e)po(t - 1)

pa(t) = (po—m + po(—o)po(t - 1) + (pe—m + pe(—o)pe(t - 1) . (535)

Repeating the same analysis but with the symplectic version of n. and n,, we find the

probability of the end of an evolving Pauli string moving back to be

2
q“—q+2
p= , 5.36
@+ D@ —q+1) (530
which gives a butterfly velocity vg =1 — 2p
4 3 -3 7
vp = -9 +4q for qubits: vp = —. (5.37)

(> +1)(¢* —q+1) 15

5.3.3 Operator growth in random Al circuits

Consider now a circuit of 2-site Haar random Al gates. To understand the operator growth,

we again consider the action of a single random gate
/dUﬁ@@JW%ﬂMW%WQJ (5.38)
AT

We can compute the average using the second moment of the U(d)/O(d) and find the tran-

sition matrix

_ (5) 5(5) 1 () _ 1y(5(5) _
Spa - H <5a,15p,1 + d(d + 1)(d + 3) ((d + 4)(5a,1 1)(5;7,1 1)

S

S S 2 a
+2(d+ 2001 =08 + 5 (1= (1)), (5.39)
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where (—1)@P) is +1 if the Paulis commute [0,,0,] = 0, and —1 if they anticommute
{0,,0,} = 0. This is a little more interesting than the cases above. Here we see that the
identity is mapped to the identity, and non-id Paulis are mapped to a linear combination of
all other non-identity Paulis, but with a higher probability of being mapped to itself, and

different probabilities for Paulis they commute and anticommute with.

AT Markov process:

From the above transition matrix, we can list the transition probabilities for the AI Markov

process
IT—1II with prob 1
Op = Ouzp with prob ps = (3d 4+ 8)/d(d + 1)(d + 3)

Op = Ouzp and [0,,0,] =0 with prob p. = (d+4)/d(d+ 1)(d + 3)
Oy, — O,z and {0,,0,} =0 with prob  p, = (d + 2)?/d*(d + 1)(d + 3).

We should now think about the butterfly velocity and the diffusion constant in the Al circuits
and determine how they are affected with the above updates. As a sanity check, recall that
exactly half of Pauli operators commute with a Pauli operator O, (including itself and the
identity) and half anti-commute. So we see that the probabilities for a non-identity Pauli

operator add to one: p, + p.(d?/2 — 2) + p.d?/2 = 1.

AT operator growth

Now we study operator growth in the Al random circuits. The fact that an operator is more
likely to update to itself already indicates the the butterfly velocity will be slower. The Al
Markov update rules make analyzing the operator growth a little more intricate than in the
unitary circuits as the movement of the endpoint of the string is no longer autonomous.
The probability that an operator moves back depends on what happened in the previous
time-step. Nevertheless, we can still exactly solve for the operator growth. For an operator
that has moved forward at the previous timestep, e.g. X1, the probability the string moves

back is p; = ps + (d/2 — 2)p. + (d/2)p, (the probability it goes to itself plus the other d — 2
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commuting or anticommuting operators that also move back). If the operator has moved
back at a previous timestep, then the operator at the edge of the string has a non-identity
Pauli at the rightmost site, e.g. XZ, and will move forward with higher probability (as it
going to itself moves the operator forward). In this case the probability the operator moves
back is py = (d/2 — 1)p. + (d/2)pa.

Now we can describe the probability that an operator moves back at time ¢, p(t), in terms

of the probability of the operator having moved back at the previous timestep

p(t) = (p2 = p1)p(t — 1) + 1. (5.40)

Either solving for the stationary probability or by summing the series we can solve for p(t)

and find

y4!
t) = ——. 5.41
p(t) E— (5.41)

More explicitly, we have the probability of a Pauli string moving back in the Al circuit as

. P45d+2
P B AP 1 5d+ 4

1
and for qubits: p= 1 (5.42)

This gives a butterfly velocity for Al random circuits vg = 1 — 2p in terms of the local

dimension ¢
¢ +5¢*+2
S+ 4 +5¢ + 4

1
vp and for qubits: vg = 3 (5.43)

Note that this is quite a bit slower than the unitary random circuits where vg = 3/5. The

above expression is exact for any local dimension ¢, but we can expand in powers of ¢ to find

2 2 14

for the Al circuits.
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Diffusion in random AI circuits

Recall that for the growing operator in the random Al circuits, we derived the probability

of an operator moving back to be

p(t) =p1+p(t —1)(p2 —p1), (5.45)

with the probabilities p; and p, defined above. The dependence on the probability of moving
back introduces correlation between the time steps. The evolution of the end of the operator
in the random circuit is a persistent biased random walk, where there is a direct correlation
with the motion at a previous timestep. As the prefactor ps — p; is negative, there is an
anticorrelation; the random walker is more inclined to move in the opposite direction from
its previous motion.

The correlation between timesteps does not affect the mean (X (t)), which is why deriving
the probability of moving back p directly gives us the butterfly velocity vg. Correlations
between timesteps affect the variance (X). and thus the diffusion constant. Generally, we

can compute the variance of X (t) = ' z;

(X(1)%)e =) (wiwj)e = 4tp(1 —p) + > _(wiz;)e (5.46)
1,J i#]
where the first term is simply the diffusion constant. Define ¢(|i — j|) = (x;z;) as the
correlator between time steps, where we have translational invariance in time. Clearly,
c(0) = 4tp(1 — p) = 2Dyt. To compute the correlations for the Al random walker, we need
to look closer at the direct correlation between time steps.
The probability of moving back in an Al circuit, Eq. (5.45), means that the random

variable z; at a time step 7, is a sum of two random variables
T = ar;_1 + p1x;, where o= (ps—p1) (5.47)

and where z;_; is the step taken at the previous timestep and x is an iid random vari-

able, with mean and variance to be determined. There is now a direct correlation between
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timesteps given by the coefficient of the z; ; variable a = py — p;. We already know the

mean and variance of x; to be

(r)=(1-2p), and (22} =4p(1—p). (5.48)

We can fix the mean and variance of the random variable z; from Eq. (5.47). Taking the

mean we find

1—-2
(@) = alziy) + (e — (@) = p? (5.49)
and taking the variance we find
1—p +
(12 = (@2 Do+ P2 = (aP)e = 4(1 — p)— 2T P2 (5.50)

First we note that if po» = p1, the correlation between time-steps vanishes and the endpoint
dynamics are uncorrelated and Markovian. In this case the probability of moving back is
p = p1. We see that in terms of 2 the mean and variance of z; from Egs. (5.49) and (5.50)
become (z;) = (1 —2p;) and (27). = 4p1(1 — p1), as expected. As a second sanity check, if
p1 = 0, the probability of moving is zero and the endpoint deterministically moves forward.

We can now compute the correlator between random steps at successive times and find

that for a difference
c(t) = (zizj)e = 2Doa’, where t=|i— j|. (5.51)

Therefore, rewriting the sum in Eq. (5.46) by making a change of variables and then summing

the resulting series, we find

l+a afl-a)
l—-a (1—-a)?’

(X(t)?), = 2Dt + 2 Xt:(t —t)e(t') = 2Dyt

t'=1

(5.52)

For times ¢t > 1, we have

1+«

(X(t)%)e ~ 2Dart, where Dar= :
—

Dy, (5.53)
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and Dy = 2p(1 — p) is the uncorrelated diffusion constant.

5.3.4 Operator growth in random AII circuits

Consider now a circuit of 2-site Haar random AII gates. To understand the operator growth,

we again consider the action of a single random gate

/ dU Tt (UOUT0,) Tr (UOUT0,) (5.54)
All

= (2d)25a,b<5a,15p,1 " d—2)(8a1 — 1)(Gp1 — 1) +2(d — 1)30p(1 — 5],71))) .

1
d(2d — 3)(2d — 1) ((
(5.55)

Again, like in the Al circuit, we see that the identity is mapped to the identity, and non-id
Paulis are mapped to a linear combination of all other non-identity Paulis, but with a higher

probability of being mapped to itself.

AII Markov rules:

IT— 1T with prob 1

Op = Oup with prob ps = (3d —8)/d(d — 3)(d — 1)

Op = Ouzp [04,0,] =0 with prob p. = (d —4)/d(d —3)(d — 1)

Op = Ouzp {04,0,} =0 with prob p, = (d — 2)?/d*(d —3)(d—1)  (5.56)

Again the analysis is much the same as the Al random circuits, where there is a higher
probability of an operator going to itself, and separate probabilities of an operator updating
to operators which commute or anticommute with that operator. One interesting difference

here is that for the case of ¢ = 2, local qubits, the updated probabilities become

For qubits: ps=1/3, Pa = 1/12, pe=0. (5.57)

So the probability an operator updates to itself is fairly high, and no 2-qubit gate updates

to a gate with which it commutes. This means that operator growth will happen fairly
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slowly as the operators at the end of the Pauli string, always of the form XTI, have a much
higher chance of updating to themselves, and thus moving back, than in the other symmetric
circuits.

Just as in the Al random circuit, we can exactly solve for general local dimension ¢ the

probability for an evolving operator to move back

(¢*—2)(¢° - 1)
q6_4q4+5q2_4'

p= (5.58)

For g = 2, this gives p = 3/8. The butterfly velocity for random AlI circuits is then given as

_¢®—6¢"+11¢> -8
o q6_4q4+5q2_4'

B (5.59)

For ¢ = 2, qubit chains this gives a butterfly velocity of vp = 1/4, substantially slower than

in the other random circuits. Expanding this at large ¢ we find
l1————— — (5.60)

giving the same leading order term in 1/¢, but different subleading corrections.

The diffusion constant is also given just as in the Al case, where the correlation between
steps is & = ps — p; in terms of the p,, p., and p, defined for the AII random circuits.
Meaning the endpoint dynamics of the AIl random walker are also a biased random walk
with anticorrelated steps. The diffusion constant is Day = }J_r—gDo, where Dy = 2p(1 — p) is
the uncorrelated diffusion constant in terms of the stationary probability of moving back in

the AII circuits p.

5.4 Discussion

In this chapter, we have studied operator growth in different classes of symmetric random
circuits where the local 2-site unitaries are drawn from quotients or subgroups of the unitary
group. Just as in the unitary case, we were able to understand the growth of operators in

the random circuit as a Markov process on the evolving Pauli strings. Studying the operator
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edge in the unitary circuits, one can solve for the growth as a biased random walk, where
evolving Pauli strings have some probability of moving back. This defines a butterfly velocity
and diffusion constant for the support of the operator on its edge, where the endpoints of
O(t) grow ballistically with vg but spread diffusively. The weight of the operator on its left
and right ends py,/r satisfies a biased diffusion equation, a dissipative process emerging from
unitary dynamics. We expanded on this picture by considering random quantum circuits
built out of random gates drawn from the orthogonal O(d) and symplectic Sp(d) groups,
as well as the quotients of the unitary group U(d)/O(d) and U(d)/Sp(d). Each class of
random circuits gave rise to a different Markov process on evolving Pauli strings, and operator
growth in the random circuits could be solved by understanding the endpoint dynamics as
a random walk. In the AI and Al circuits, we found a persistent biased random walk with
anticorrelation between steps. In the orthogonal and symplectic circuits, we found a similar
random walk with bias and correlation, but where the random walker also carried an internal
state. In all four of the classes of random circuits, we solved for the butterfly velocities and
diffusion constants by solving the simple random walk.

We can also comment more generally on properties of the random circuit models consid-
ered here. It is known that unitary circuits of polynomial depth form approximate k-designs
[126, 54] and achieve optimal decoupling [77]. As we discussed in Ch. 3, Haar-random O(d)
and Sp(d) and random unitaries from U(d)/O(d) and U(d)/Sp(d) do not, in general, form

k-designs. The frame potential for O(d) and Sp(d) is (;kklg!!, and only coincides with the frame
potential of U(d) for k = 1, meaning Haar-random orthogonal and symplectic matrices form
unitary 1-designs, but do not reproduce any higher moments of the unitary group. The frame
potential for AI and AIl is 2¥k! for large d, and thus they do not form k-designs for any
k. For the random circuits considered in this paper, we expect orthogonal and symplectic
circuits of polynomial depth to form approximate 1-designs, but will not capture any higher
moments. More interestingly, in Ch. 3 we also defined the notion of a symmetric k-design,
with respect to subsets of U(d). We expect combining our results above and employing
similar methods to [126, 54|, would show that symmetric RQCs of polynomial depth form

approximate symmetric k-designs.

Moreover, in Ch. 3 we looked at the reduced density matrix on subsystems of random
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symmetric states, finding essentially the same result as Page’s theorem: random symmetric
states locally look maximally mixed. A similar calculation also shows that random symmet-
ric unitaries also achieve decoupling with only subleading corrections to the Haar-random
calculation. The expectation would be that random symmetric circuits also achieve decou-
pling in polylogarithmic depth, but precisely computing the depth and understanding how

suboptimal random symmetric matrices are would be an interesting avenue for future work.

5.A Operator growth in random matrix theory

Here we compute analytically compute the coeflicients v, (t) for the Gaussian unitary ensem-
ble (GUE) in order to study operator growth in random matrix theory. Recall that we can

expand any operator in a basis of operators as
O(t) = 3 1(1)0,. (561)
p

where the coefficients v, (t) are probabilities of finding the operator O, in the growing opera-
tor, or equivalently, the weight of the growing operator on a given Pauli string. The fact that
the operator norm is conserved means that the probabilities are conserved ° |,(t)[* = 1.

We want to consider evolving by a random matrix Hamiltonian, where U = e~*#! where
H € GUE. To study operator growth we need to compute the coefficients ,(t) averaged over
GUE, more precisely we need the first and second moments of the coefficients. We will not
review the necessary random matrix machinery here, but refer to [12] as well as definitions

given in Ch. 2. Consider the growth of an operator Oy(t) = e *HtOye'".

GUE averaged 7,(t)

We can compute the first moment

Yp(t) = éTr(Oo(t)Op) = éTr(e_thOoethOp) , (5.62)
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using the unitary invariance of the GUE measure dH, then integrating using the 2nd Haar

moment, and find

Ry—1 Ra(t)
Wl = s = oyt~ (5.63)

with all other coefficients vanishing.

GUE averaged |7,(t)[?

More interesting is the average of |7,(t)|?, which is the probability of finding a given operator

O, in the evolving operator. We can compute the second moment,

7, ()] = %Tr(e_th(’)oethOp)Tr(e_th(QoethOp) , (5.64)
using the unitary invariance of the GUE measure dH, and then integrating using the 4th
Haar moment. We find an expression involving (4!)? terms, which we will not reproduce
here. First, we give the leading order behavior in d which captures the early time piece, i.e.
the decay of the support on the initial operator. For the late-time behavior we need the 1/d?
terms, as the coefficients all decay order 1/d? terms.

At leading order we find

Ralt
d4

l
—

o, (1) ~ and |y,20,(t)* = = . (5.65)

This isn’t surprising; the support on the initial operator decays in time as 1/t* and all other
coefficients are around 1/d? at early times.
Looking at the 1/d? terms we can then discuss the late-time behavior of GUE operator

growth. The coefficient of the initial operator Oy is

(5.66)

R4 1 4R, 4R, 2R471 ,R,4,2
(L_# FTRR +d2)

70, () ~ s + 2

Furthermore, we find that the probabilities of O, depend on whether they commute or
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anticommute with the initial operator Oy. The second moments of the coefficients are

1 3R,  2Ru,

[Yp0o (1) |* ~ 5t i (0,0 =0, (5.67)
1 R 2R )
oy () & =+ =5 = =25 if {0, 00} =0. (5.68)

This means that at early times the Oy coefficient decays from unity and all other coefficients
are ~ 1/d*. We note as a sanity check the non Oy coefficients vanish at t = 0 as Ry = d*
and Ry = d*. Around the dip time, when all the form factors are ~ 1, the coefficients are
uniformly equal to 1/d?. At late-times there are 1/d* fluctuations around the values 1/d?.
The probabilities of the anticommuting operators increase with the ramp as the probabilities
of the commuting operators decreases. The most interesting thing is that the initial operator

becomes more likely again, with a probability twice that of the other operators. In summary,

) 1 2 1
Dip: Iyt~ 5,  Late: ho, 0P~ and IypsoOf ~ . (5.69

At the dip time, after the support on the initial operator has decayed, all operators are
equally likely. But at late-times, in the plateau regime, the weight on the initial operator is

twice that of all other operators.
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Epilogue

I know that all beneath the moon decays,
And what by mortals in this world is brought,
In Time’s great periods shall return to nought;

That fairest states have fatal nights and days;

-William Drummond of Hawthornden'

!Likely referring to the universality of chaotic dynamics
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