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ABSTRACT

Witten proposed a fasinating program interpreting the Jones polynomial of knots on
a 3-manifold by counting solutions to the Kapustin-Witten equations with singular

boundary conditions.

In Chapter 1, we establish a gluing construction for the Nahm pole solutions to
the Kapustin-Witten equations over manifolds with boundaries and cylindrical ends.
Given two Nahm pole solutions with some convergence assumptions on the cylindri-
cal ends, we prove that there exists an obstruction class for gluing the two solutions
together along the cylindrical end. In addition, we establish a local Kuranishi
model for this gluing picture. As an application, we show that over any com-
pact four-manifold with S® or T3 boundary, there exists a Nahm pole solution to
the obstruction perturbed Kapustin-Witten equations. This is also the case for a

four-manifold with hyperbolic boundary under some topological assumptions.

In Chapter 2, we find a system of non-linear ODEs that gives rotationally invariant
solutions to the Kapustin-Witten equations in 4-dimensional Euclidean space. We
explicitly solve these ODEs in some special cases and find decaying rational so-
lutions, which provide solutions to the Kapustin-Witten equations. The imaginary
parts of the solutions are singular. By rescaling, we find some limit behavior for
these singular solutions. In addition, for any integer k, we can construct a 5|k|
dimensional family of C! solutions to the Kapustin-Witten equations on Euclidean
space, again with singular imaginary parts. Moreover, we get solutions to the

Kapustin-Witten equation with Nahm pole boundary condition over 3 x (0, +0).

In Chapter 3, we develop a Kobayashi-Hitchin type correspondence for the extended
Bogomolny equations on Xx with Nahm pole singularity at X x {0} and the Hitchin
component of the stable SL(2, R) Higgs bundle; this verifies a conjecture of Gaiotto
and Witten. We also develop a partial Kobayashi-Hitchin correspondence for so-
lutions with a knot singularity in this program, corresponding to the non-Hitchin
components in the moduli space of stable SL(2, R) Higgs bundles. We also prove
the existence and uniqueness of solutions with knot singularities on C X R*. This is

joint a work with Rafe Mazzeo.

In Chapter 4, for a 3-manifold Y, we study the expansions of the Nahm pole solutions
to the Kapustin-Witten equations over Y X (0, +c0). Let y be the coordinate of (0, +c0)

and assume the solution convergence to a flat connection at y — oo, we prove the
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sub-leading terms of the Nahm pole solution is C! to the boundary at y — 0 if and
only if Y is an Einstein 3-manifold. For Y non-Einstein, the sub-leading terms of
the Nahm pole solutions behave as y log y to the boundary. This is a joint work with
Victor Mikhaylov.
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Chapter 1

A GLUING THEOREM FOR THE KAPUSTIN-WITTEN
EQUATIONS WITH A NAHM POLE

1.1 Introduction

In [63], Witten proposed a gauge theory approach to the Jones polynomial and
Khovanov homology. Witten predicted that the coefficients of Jones polynomial
should count certain solutions to the Kapustin-Witten equations over R® x (0, +0c0)
with singular boundary conditions on R? x {0}. See [25] for a physics approach of
this program.

Given a smooth 4-manifold X with boundary, let P denote a principal SU(2) bundle
over X and let gp be the adjoint bundle. Let A be a connection over P and @ be a gp

valued one-form. The Kapustin-Witten equations are:

Fp—DOAD+*xdy® =0,

(1.1)
45D = 0.

When the knot is empty, the singular boundary condition is called the Nahm pole
boundary condition and in [45], Mazzeo and Witten proved that there exists a unique
Nahm pole solution to (4.1) which corresponds to the Jones polynomial of the empty
knot. For a general 4-manifold X with 3-manifold boundary Z, we hope to find
ways to count the number of solutions to the Kapustin-Witten equations with the
Nahm pole boundary condition over the boundary. This might lead to the discovery

of some new invariants.

Therefore, a basic question to ask is whether there exists a solution to (4.1) with the
Nahm pole boundary condition over a general 4-manifold with boundary? In [27],
the author constructed some explicit solutions to the Kapustin-Witten equations
over S3 x (0, +c0). Kronheimer [37] constructed some explicit solutions to the
Kapustin-Witten equations over Y> X (0, +o0), where Y is any hyperbolic closed
3-manifold.

Following Taubes [53] [54], in order to prove the existence of solutions, we hope
to establish a gluing theory for the Kapustin-Witten equations, such that the known
Nahm pole model solutions can be glued to general 4-manifolds with boundary to

obtain new Nahm pole solutions.
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Figure 1.1: Gluing X;, X, along the cylindrical ends

The main difference in gluing in the Nahm pole case compared to the gluing in the
Yang-Mills case and the Seiberg-Witten case is that the Nahm pole boundary is not
a classical non-degenerate elliptic boundary condition. However, it is a uniformly
degenerate elliptic problem, as studied by R.Mazzeo [41]. We mainly need the
analytic tools developed in [41] [45].

For i = 1,2, let X; be 4-manifolds with boundaries Z; and infinite cylindrical ends
identified with ¥;x(0, +00). Let (A;, @;) be solutions to the Kapustin-Witten equations
(4.1) over X; with Nahm pole boundary conditions over Z; and convergence to flat

SL(2;C) connections (A, @,,) over the cylindrical ends.

IfY1 =Y, (A,, @p,) = (Ap,, @p,), we can define a new 4-manifold X # and approx-
imate solutions (A¥, ®F) by gluing together the cylindrical ends. See Figure 1.1,
where the shaded parts are glued together.

We prove the following theorem:

Theorem 1.1.1. Under the hypotheses above, if

(a)For some py > 2, limr_ ;e ||(Ai, @;) — (A, q)P)”LfO(Y[x{T}) =0,
(b) p is an acyclic flat SL(2; C) connection,

then forp >2and A € [1 - 117’ 1) and sufficiently large T, we have:

1

. A+ 1p .
(1) for some constant o, there exists a y*"» H," pair (a, b) € QXﬂT

with

(QP) X 'Q;(gr (QP)

—6T
||(a’ b)”y/HIl,flL{) S Ce s
- - 2 2 _
(2) there exists an obstruction class h € H(A1’®l)(X1) X H(A2,®2)(X2) such that h = 0
if and only if (Aﬁ +a,OF + b) is a solution to the Kapustin-Witten equations (4.1).

In the statement of the theorem, p acyclic means that p is a regular point in the

representation variety, and H(zAA ;) Means the cokernel of the linearization operator
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1
of the Kapustin-Witten equations over the point (A;, ®;). Further, y“v Hé’p and

1
y“F_lLf are weighted norms which will be precisely introduced in Section 5.

In addition, in Section 8, we also prove a gluing theorem when p is reducible with

a different weighted norm.

The statement and proof of Theorem 1.1 are analogous to the statement and proof
of the gluing theorem for the ASD equation, due to C.Taubes [53], [54]; cf. also
[19], [20], [24].

Moreover, for p € (2,4) and 1 € [1 — [l), 1), denote by M; the moduli space of
solutions to the Kapustin-Witten equations satisfying the assumption (a), (b) in
Theorem 1.1 modulo the gauge action. We have the following Kuranishi model for

the gluing picture.

Theorem 1.1.2. Let (A;, ®;) be a connection pair over a manifold X; with a Nahm
pole over Z;. For sufficiently large T, there is a local Kuranishi model for an open

set in the moduli space over X R

(1) There exists a neighborhood N of {0} C

2 2
N 10 Hiy, ) X Hiay 0y

1 1
H(A.,(D,) X H(Az,q)z) and a map V¥ from

(2) There exists a map ® which a homeomorphism from ¥~1(0) to an open set

Here H("A_ o)) is the k-th homology associated to the Kuranishi complex of (A;, ®;) and
My is the moduli space of Nahm pole solutions to the Kapustin-Witten equations
over X*. See also the Kuranishi model construction in Seiberg-Witten theory by T.

Walpuski and D. Aleksander [17].

As for the model solutions, we don’t know whether the obstruction class vanishes or
not and right now we don’t have any transversality results for the Kapustin-Witten
equations. We just consider the obstruction class as a perturbation to the equation.
See [18] for the obstruction perturbation for ASD equations. We obtain the following

theorem:

Theorem 1.1.3. Let M be a smooth compact 4-manifold with boundary Y. Assume
Y is §3, T3 or any hyperbolic 3-manifold. WhenY is hyperbolic, we assume that the
inclusion of m1(Y) into n1(M) is injective. For a real number Ty, we can glue M to

Y % (0,Tp] along OM and Y x {Ip} to get a new manifold, which we denote as Mry,.
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For Ty large enough, there exists a SU(2) bundle P and its adjoint bundle gp over

My, such that given any interior non-empty open neighborhood U C M, we have:
(1) There exist hy € Q%,, (ap), ho € le (ap) supported on U,
To To

(2) There exist a connection A over P and a gp-valued I-form ® such that (A, ®)
satisfies the Nahm pole boundary condition over Y x {0} c My, and (A, ®) is
a solution to the following obstruction perturbed Kapustin-Witten equations over

MT'

0°

FA—DAD+*xds® = hy,
(1.2)
dy® = hy.

Here is the outline of the paper. In Section 2, we introduce some preliminaries on the
Kapustin-Witten equations, including the Kuranishi complex and some examples of
the Nahm pole solutions. In Section 3, we introduce a gauge fixing condition and
the elliptic system associated to the equations. In Section 4, we study the gradient
flow of the Kapustin-Witten equations, and the structure of the linearization operator
over Y X R. In Section 5, we establish the Fredholm theory for the linearization
operator over manifolds with boundaries and cylindrical ends. In Section 6, we build
up a slicing theorem and Kuranishi model for the Nahm pole solutions. In Section
7, after assuming the solution over cylindrical ends is simple and Lf converges to
a flat SL(2; C) connection over the cylindrical end for p > 2, we prove that the
solution will exponentially decay to the SL(2;C) flat connection in the cylindrical
ends. In Section 8, we describe the obstruction in the second homology group of the
Kuranishi complex to the existence of solutions when gluing along the cylindrical
ends. In Section 9, we build up a local Kuranishi model for the gluing picture.
In Section 10, we apply the gluing theorem and get some existence results for the
Nahm pole solutions to the perturbed equations. In Appendix 1, we introduce the L”
version of Mazzeo’s work for a uniformly degenerate elliptic operator. In Appendix
2, we introduce a proof of a Hardy type inequality for the weighted norm which is

used to prove a slicing theorem.

1.2 Preliminaries of the Kapustin-Witten Equations and the Nahm Pole Bound-
ary condition
In this section, we introduce some preliminaries on the Kapustin-Witten equations

and the Nahm pole boundary condition.



Y, := Yx{T}

Figure 1.2: The shape of manifold we study

¥x(0,+e)

Kapustin-Witten Map

Let X be a smooth compact connected four-manifold with two connected boundary
components ¥ and Z. Take X to be the four-manifold obtained by gluing X and
Y X [0, +o0) along the common boundary Y , that is X := X Uy (¥ X [0, +c0)).
For any positive real number 7, we denote by Y7 the slice ¥ x {T} c X and
X(T) := X Uy (Y x (0,T)). For simplicity, the metric we always consider on X is
cylindrical along a neighborhood of Z and is the product metric over Y X [T, +0)

for some T big enough. This is illustrated in Figure 1.2:

Now suppose P is an SU(2) bundle over X, gp is the associated adjoint bundle and
Ap is the set of all the SU(2) connections on P. We define the configuration space
as follows: Cp := Ap X Ql(gp), Cp := Q*(ap) X Q(ap).

The gauge-equivariant Kapustin-Witten map is the map KW : Cp — C;D:

Fo—®AD+xds®
KW(A®):=| "~ A (1.3)
4%

To be more explicit, denote by Gp the gauge group of P. Then, the action of g € Gp
on (A, @) € Ap x Ql(gp) is given by

g(A,®) = (A-(dag)g™", gDg ™).

Under this action, the Kapustin-Witten map is gauge equivariant, i.e.,
KW(A - (dag)s™ . g0g™") = gKW(A D)g™".

Nahm Pole Boundary condition
In [63], Witten proposed a gauge theoretic approach to Jones polynomial. A key
objective of this program is to study the solutions to the Kapustin-Witten equations

(4.1) satisfying the Nahm pole boundary condition.



To begin with, we introduce the Nahm pole boundary condition.

Given a 4-manifold X, with 3-dimensional boundary Z, a SU(2) bundle P over X
and the associated adjoint bundle gp, for integers a = 1,2, 3, take {¢,} to be any
unit orthogonal basis of 7Z, the tangent bundle of Z, take {e;} to be its dual and
take {t,} to be section of the adjoint bundle gp with the relation [t,, t5] = 2€4pctc-
Identify a neighborhood of Z with Z x (0, 1), denote the boundary of W by W and
identify it with Z x {0}. We denote by y as the coordinate on (0, 1).

Definition 1.2.1. A connection pair (A, ®) € Cp over X satisfies the Nahm pole
boundary condition if there exist {¢,}, {t.} as above such that the expansion of
(AD)iny > 00fZx(0,1)will be A ~ Ag + O(y) and ® ~ % +O0(1). In
addition, we call (A, ®) € Cp a Nahm pole solution if (A, @) is a solution to the

Kapustin-Witten equations (4.1).

In fact, a Nahm pole solution to the Kapustin-Witten equation will have more

restrictions on the expansion, as pointed out in [45].

Proposition 1.2.2. [45]For a Nahm pole solution (A, ®) to the Kapustin-Witten

equation, we have
(1) Dy =0.

(2) Using Y, ext, to identify gply with TY, Ay is the Levi-Civita connection of Z.

Examples of Nahm Pole Solutions
Here are some examples of solutions to the Kapustin-Witten equations satisfying

the Nahm pole boundary condition.

Example 1.2.3. (Nahm [51])Nahm pole solutions on T3 xR*. Take the trivial SU(2)
bundle and denote (A, ®) = (0, %). Then Fy = 0 and ® A ® = W.
In addition, d,® = —W. Therefore, (A, @) is a Nahm pole solution to the

Kapustin-Witten equations Fy — ® A @ + %xds® = 0.

Example 1.2.4. Nahm pole solutions on S> x R*. Equip S* with the round metric
and take w be Maurer—Cartan 1-form of S° and we can write w = g~'dg for some
suitable function g : S — SU(2) with deg(g) = 1. Then, let y be the coordinate of



R*, and denote

6e2Y 6(e + 1)e?
e +4eY +1 (e +4e +1)e? - 1) (1.4)
2(e™ + ¥ + 1 6(e + 1)e® '
(A @) = (2 ) e+ 1 v).

eV +4e +1 (e +4e + 1)(e - 1)

Theorem 6.2 in [27] shows that (A, @) and (Ay, ®,) are two Nahm-Pole solutions
to the Kapustin-Witten equations. In addition, the solutions (4.56) will converge to
the unique flat SL(2; C) connection in the cylindrical end of S° x R*.

Example 1.2.5. (Kronheimer [37]) Nahm pole solutions on Y3 x R*, where Y3 is
any hyperbolic three manifold.

Let Y3 be a hyperbolic three manifold equipped with the hyperbolic metric h.
Consider the associated PSL(2;C) representation of n{(Y). By Culler’s theorem
[15], this lifts to SL(2; C) and determines a flat SL(2; C) connection V%, Denote
by V¢ the Levi-Civita connection and by A the connection form. Take iw :=
v/lat _ i Then locally, w = Y, tieX where {e*} is an orthogonal basis of T*Y
and {t,} are sections of the adjoint bundle gp with the relation [t,, tp] = 2€,pcte. We
also have *yw = Fyi.. Therefore, by the Bianchi identity, we obtain V'¢(kxyw) = 0.

Combining Fy1,; = 0 and the relation v/iat _yle = jw, we obtain Fyi,,;, = 0.
Hence Fi. = w A w, V¥€w = 0.

Take y to be the coordinate of R* in Y3 x R*, set

e+ 1
fO) =
and take
(A, @) = (A, f(y)w). (1.5)

Clearly, f(y) = lasy — +oo and f(y) ~ % asy — 0.

Let us check that the solution satisfies the Kapustin-Witten equations over Y3 X

(0, +0). We compute

Fue =D AD = (1 - f2)Fye,
dyc® = dycw + f'(y)dy Aw = f'(y)dy A w,

and

dgic *yx(0,+00) (f (V)W) = dpic (f(y)kyw) A dy) = f(y)dgc(kw) Ady = f(y)(dpe Fpe A dy) = 0.



Combining this with the previous equations and using the relation 1 — f> + f’ =0,
we see that KW (A, @) = 0.

Since f(y) = lasy — +oo, (1.5) converges to the SL(2; C) flat connection p.

Example 1.2.6. Nahm Pole solutions on the unit disc D*.

This is an example from [27] of the Nahm pole solution to the Kapustin-Witten
equations (4.1) over a compact manifold with boundary. Identify the quaternions H
withR*, x = x1 + xo + x3J + x4K € H and let D* be the unit disc of H. Now define:

3(Jx12 + 1)
(Ix|* + 41x> + D(lx]* = 1)

(A, @) = (Im( %dx), Im( %dx)).

|x|* +4|x]2+1

It is shown in [27] that this solution is a Nahm pole solution to the Kapustin-Witten

equations over D*.

Example 1.2.7. (S.Brown, H.Panagopoulos and M.Prasad [11])Two-sided Nahm

pole solutions on (=7, 7) X T3,

Consider the trivial SU(2) bundle P over (-7, 5) X T3 and let {t,} to be elements
in gp with the relation (t,,tp] = 2€.cte and dx; to be three orthogonal basis of
cotangent bundle of T3. Now define:

1 | ;
(AD) = (0, ———drrty + ——dopts + 2 ), (1.6)
co

3
s(y) cos(y) cos(y)
Then it is easy to check that KW(A, ®) = 0.

Remark. All these solutions over manifolds with cylindrical ends decay exponen-
tially to flat SL(2; C) connections. The ® terms in these examples do not have a dy

component on the cylindrical ends.

Kuranishi Complex
Now we will present the Kuranishi complex associated to the Kapustin-Witten
equations (4.1). See also [40] some similar computations for the Vafa-Witten

equations

Given a connection pair (A, ®) € Cp satisfying (4.1), the complex associated to
(A, @) is:

0
d(A,d’)

d! @
0 — Q%ap) — Q'(ap) x Q' (5p) —> Q(ep) x Qap) - 0. (1.7)
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0 . . . . 1 . . . .
where d( A0) 18 the infinitesimal gauge transformation and d( A0) 18 the linearization

of KW at the pair (A, ®).

To be more explicit, denote the Lie algebra of Gp by Q°(gp). Then, the corresponding

infinitesimal action of & € Q%(gp) will be:

40, (€ : 2ap) — Q' (3p) X Q' (ap),

—dsé
£, @]

The linearization of the Kapustin-Witten equations at a point (A, @) is given by:

0 (1.8)
d(A@)('f) =

d}y.p) : Q' (ap) X Q' (ap) - Q(ap) x Q(ap).
1 a | [ daa—[®,b]+x(dsb + [D,al)
dawy| o | =

—x [a, *®] + d}b
The following result about this Kuranishi complex is classical:

(1.9)

Proposition 1.2.8. The connection pair (A, ®) € Cp satisfies KW(A, ®) = 0 if and

only if V&€ € Q0(gp), we have d(lA ) © d?A cI))(g) =0.

Proof. The Q?*(gp) component of the image of d(l Ad) © d(OA, q))(f ) equals:

— dpdpé + [D,[D, £]] + *(d4[&, D] + [D, —da&])
= — [Fy, &] + [@ A D, &] — *[dsD, £]
= — [FA —ODOA (D+*dA(I),§].

While the Q°(gp) component is:

di[€, ] — x[—daé, *D]
= — *dA[é:, *(D] + *[dAé‘:’ *(D]

== [é‘:’ *dA * (D]
=[¢&, dy@].
The statement follows immediately. m|
Therefore, d(OA’ o and d(1 .0 0 (1.7) will form acomplex. We can define the homology
groups:
0 0 1 1 0 2 1
H( AD) = Ker d( A DY H( AD) = Ker d( AD) /Im d( A DYy and H( AD) = Coker d( AD)"



10

We denote the isotropy group of connection pair (A, ®) as ' ¢) = {u € G|u(A, ®) =
(A, ®)}. Recall that H(OA,d)) is the Lie algebra of the stabilizer of (A, ®) and H(l A.D) is
the formal tangent space.

The formal dual Kuranishi complex with respect to the L? norm and Dirichlet
boundary condition is:

1,% 0, %

2 0 d(/"\,d)) 1 1 d(A,d?) 0
0 — Q%(gp) x Q7(gp) — Q' (ap) X Q' (gp) — Q"(gp) — 0, (1.10)

where
dlr, - Q3 ap) x Qap) — Q'(ap) x Q' (ap).
g 4] dia +x[D, a] - [D, B] (1.11)
@ g — x dpa + *[®, *a] + duf |
and

d% - Q' (ap) x Q' (ap) — Q(ap).

a (1.12)
d&f@) ( , ) = ( —~d*a + *[®, xb] ) .
The Kapustin-Witten map also has the following structure:
Proposition 1.2.9. The map KW has an exact quadratic expansion:
KW(A +a,® + b) = KW(A, @) + d, (@, b) + {(a, b), (a, b))},
where
aNa—bADb+ x[a,b]
{(a, D), (a,b)} = : (1.13)

— x [a, xb]

Proof. We have the following direct computation:

Fara— (O + D) A (D + D) + *dasa(® + b) @ df, (O + b)
=Fs+dpa+aNha—DPAND—-[D,b]-bAD

+ *daD + xdab + x[D, a] + x[a, b]

& di® + dyb — x[a, *D] — x[a, xb]
=KW(A, ®) + d(lA(D)(a, b) + {(a, b), (a, b)}.
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1.3 Gauge Fixing, Elliptic System and Inner Regularity

Recall that we consider a smooth 4-manifold X with boundary 3-manifold Z and
cylindrical ends identified with Y X (0, +o0) and with an SU(2) bundle P over X.
In this section we will discuss the properties of solutions to the Kapustin-Witten

equations (4.1) away from the boundary Z.

Suppose that (A, @) is a fixed reference connection pair in Cp and write (A4, ®) =
(Ag, @g) + (a, b). Our Sobolev norms used in this section are defined in the usual

way: for example, for a € Ql(gp), we write

k
; 1
lallz ) == O IV all?, )7
j=0
and for a pair (a, b) € Q!(gp) ® Q'(gp), we write

o p Py
ll(a, b)”L,f(X) T (”a”L,f(X) + ”b”Lf(X))p’

for any 1 < p < oo and non-negative integer k.

Gauge Fixing Condition
For gauge-invariant equations, in order to use elliptic PDE theory, we need to define

a suitable gauge fixing condition.

Given a reference connection pair (Ag, @), in our situation, we can considered the
traditional Coulomb gauge or another gauge differing by lower order terms which is

. 0,% .
associated by the operator d( A.0p) 1D (1.10).

Denote

gf . 0%
L(Ao,@o) T d(AO,cpo) (1.14)

and we have the following definition:

Definition 1.3.1. Let (A, ®) € Cp and denote (a, b) := (A, ®) — (Ag, Dg). We say
(A, @) is in the Coulomb gauge relative to (Ag, ©g) if dzoa = 0. In addition, we
say (A, ®) is in the Kapustin-Witten gauge relative to (Ao, @o) if (a, b) satisfies
gf —
‘E(Ao,%)(a’ b)=0or
dy a —x[®o, %b] = 0.

For the Coulomb gauge fixing, there are some known results in [62] for compact

manifolds with boundary.
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Proposition 1.3.2. [62, Theorem 8.1] Suppose U is a compact submanifold of X,

P is the SU(2) bundle over X. Fixed a reference connection pair A, there exists a

constant C depending on Ag such that if (A, ®) € Cp and for p > 2,
1A= Aollpr@y < €

then there exists a gauge transformation u € Gp such that

&3, (u(A) = A) = 0,
* (u(A) = Ag)lgu = 0.

(1.15)

We also prove a simple result on the existence of the Kapustin-Witten gauge repre-

sentatives, working over a closed base manifold.

Proposition 1.3.3. Let M be a closed 3 or 4-dimensional manifold and let P be
an SU(2) bundle over M, fix (Ag, ®g) € Cp := Ap X gp. There exists a constant
c(Ag, @g) such that if (A, @) € Cp and for some p > 2,

(A = Ag, @ = Do)l > ar) < (Ao, Do),

then there is a gauge transformation u € Gp such that u(A, ®) is in the Kapustin-

Witten gauge relative to (Ao, @g).

Proof. Denote a := A— Ag and b := ® — @, so by definition, for u € Gp, the gauge
group action on (A, @) will be:

u(Ao + a) — Ag = uau™' - (dAou)u_l,

u(®y + b) — Dy = u(I)ou_1 +ubu~! - D).

The equation to be solved for u € Gp, is

& (uau™ = (dagu)u™") = x[@o, *(uou~" — @g)] — *[@o, xubu~'] = 0. (1.16)

We write u = exp(y) = eX for a section y € gp, and define

G(x, a,b) := d}; (eXae X ~(da,e*)e™)—*[ @, *(eX Dpe ™ ~Dg)]—*[ Do, xeX be™¥].

To solve the equation G(y,a, b) = 0, we use the implicit function theorem. We

extend the domain of G to sections y € Lg (M) and bundle valued 1-forms a, b €
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Lf (M). Since for p > 2, Lg (M) sections are continuous in 3-dimensions and 4-
dimensions, we get G(y, a, b) in LP(M). The derivativeof Gat y =0,a=0,b=0
is
DG(¢, . B)
=@ - &, dagé — *[Do, *[£, o] — *[Do, k]
= — d}) da,é — x[ Do, x[¢, Do]] + d @ — *[ Do, %f].

Denote H(¢) := _dXOdAo‘f — %[ D, %[£, Dp]] and I(a, B) := d:“oa/ — %[ D, %3], then

DG(¢, . B) = H(&) + I(a. B).

Denote Ay = Ag + iDg and define
dgo(a +if) = d)y @ — x[ Do, xfB] +i(d) B+ *[D, *a]).

Obviously,
I(a,B) = Re(dgo(a/ +iB)).

If we show that the operator H is surjective to the image of /, the implicit function
theorem will give a small solution y to the equation G(y, a, b) = 0. Thus we will

study the cokernel of the operator H.

It n € Coker H, we have
(H(&),n) =0 forall &,

by taking & = 7, we obtain

(H(m), 1) = =lldagnllzzon) = 1 Polllz2car)-

Therefore, any element 17 in the cokernel of H satisfies ||d4,n|| = 0and ||[, Do]|| = O,
which implies
dp,(n) = 0.

If for some o, Bo, I(ao, Bo) is not in the image of H, we have da,I(ao, So) = 0 and

we know that:

0 =(da,Re(dy (a0 +ifo)), @ + ifo)
=(Re(d}; (a0 +ifo)), d}; (@ + ifo))
=(Re(d}, (a0 +ifyo)), Re(d}, (a0 +ifo)))-

By taking the real part of the inner product, we get I(a, By) = 0.

Therefore, H is surjective to the image of I and by implicit function theorem, we

prove the result. O
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Elliptic System

Now, we will use the gauge fixing condition to get an elliptic system associated

with the Kapustin-Witten equations. This is also considered similarly for the Vafa-
. . . 11 1 .

Witten equations in [40]. We denote L4, a,) := d( A0.Do)" Here the d( A0.Dg) 18 the

linearization of the Kapustin-Witten map in (1.7).

Given (Ao, @) € Cp, by Proposition 1.2.9, for (a, b) € Q!(gp)xQ!(gp), the equation

KW(Ap + a, ®g + b) =y is equivalent to

Liaow0)(a, b) +{(a, b), (a, b)} = o — KW(Ao, Do).

To make the equation elliptic in the interior, it is natural to add the gauge fixing
e gf _ *x o _

condition L( Ao, q)o)(a, b)y=0ord ha = 0.

By adding the Kapustin-Witten gauge, we define the Kapustin-Witten operator

D(40,00)"

Diagay : Q' (ap) x Ql(ap) = Q(ap) x Q(ap) x Q(gp)

of (1.17)
Diapwo) = Liaowo) + L4, 0y
Denote ¢ = g — KW(Ag, @), then the elliptic system can be rewritten as:
Dayop)(a, b) +{(a,b),(a,b)} = ¢. (1.18)

Similarly, for the Coulomb gauge, we can denote D, ay) := L(4o.00) + dy . then we

get another elliptic system:
Dag00)(a b) + {(a, b), (a,b)} = ¥ (1.19)

Interior Regularity of the Elliptic System
Local interior estimates for the elliptic system (1.18) are considered in [22] in the

context of PU(2) monopoles.

Theorem 1.3.4. [22] Take a bounded open set ) in the interior part of X and let P
to be a principal SU(2) bundle over X. Suppose that P|q is trivial and T is a smooth
flat connection. Suppose that (a, b) is an L%(Q) solution to the elliptic system (1.18)
over Q and take the back ground pair (Ao, ®g) = (I, 0), where  is in L,%(Q) for
k > 1 an integer. There exist an constant € = €(Q) such that for any precompact

open subset Q' C Q, if ||(a, b)||4q) < € we have (a,b) € L,% (&) and there is a
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universal polynomial Qy(x, y), with positive real coefficients, depending at most on
k, Q, Q" with Q;(0,0) = 0 and

@Bz o) < Qe 20y @ Dl

In addition, if (W, 7) is in C*(Q) then (a, b) is in C*(Q") and if (Y, 7) = 0, then

1@ D)2, @ < Clita D)l )-

By the previous theorem, we can get interior regularity for the solutions with Nahm

pole boundary conditions:

Corollary 1.3.5. If (A, @) is a solution to the Kapustin-Witten equations (4.1) over
X, for Q C a bounded open set, if ||(A, D)|| L (@) is bounded, then for any proper
open subset Q' C Q, (A, @) is smooth over €.

Proof. Applying Proposition 1.3.2 and Theorem 1.3.4, the corollary comes out

immediately.

1.4 Gradient Flow

In this section, we will discuss the gradient flow associated to Kapustin-Witten
equations over a cylinder X :=Y X R. See Taubes [56] for a general computation of
the topological twitsted equations. Denote the coordinate in R as y, then we use the
product metric on X and the volume form we specify is Voly A dy, where Voly is a
volume form over Y. In this section, we denote by x4 the 4-dimensional Hodge star
operator of Voly A dy and denote by x the 3 dimensional Hodge star operator with

respect to Voly.

Generalized Gradient Flow Equations

To begin, suppose P is an SU(2) bundle over X and A is a given connection on P.
Using parallel transport along the slice of Y into ¥ X R, we can consider A as a map
from R to connections on P. Similarly, the field ® can be written as ® = ¢ + ¢,dy.
Here ¢ is a map from R to Q!(gp) and ¢, is a map from R to the section of the

adjoint bundle gp.
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If (A, @) = (A, ¢p+¢,dy) obeys the Kapustin-Witten equations (4.1), then we compute

d
FA—(D/\(D = —d—Ady+FA+ [¢y,¢]dy—¢A¢,
y
d
*4da D = *dA¢y - *d—y¢ + *xdsd N dy, (1.20)

d
*4dA*4<D:d—¢y+*dA*¢:O.
Y

Thus the Kapustin-Witten equations (4.1) are reduced to the following flow equa-

tions:

d
A= kdsp = [$y, 8] =0,

dy

d

d—y¢—dA¢y —*(Fy— ¢ Ap)=0, (1.21)
d *

d_y¢y - dA(b =0.

These gradient flow equations are closely related to the complex Chern-Simons
functional. Denote A := A +i¢, then the complex Chern-Simons functional CSC(A)

on 3-manifold Y3 is:

2
CSC(A) := / Tr(A A dA + §A AAAA). (1.22)

Now, we define the following functional for the flow equations (1.21)

Definition 1.4.1. Use the notation above, the extended Chern-Simons functional
ECS is denoted as follows:

ECS(A, ¢, ¢y) = %Im(CSC(A)) + /Y Tr(¢ A xdsdy), (1.23)

where the Im is taking the imaginary part of the complex Chern-Simons functional.

Then we have the following proposition:

Proposition 1.4.2. Equation (1.21) is the gradient flow for the extended Chern-

Simons functional.
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Proof. Take A = Ag +a, ¢ = ¢o + b, ¢, = (¢y)o + ¢, then the linearization of
1Im(CS®(A)) is:

/bA(FA0—¢0A¢0)+/a/\dA¢.

In addition, the linearization of fY Tr(¢ A xdagy) is:
[0 nxda(0 0+ [ Triansl@ o dnb + [ Tr(e nxd g0
Y Y Y

Therefore, the gradient of ECS at (Ao, ¢o, (¢,)o0) is:

VECS(Ao, ¢o, (¢y)0) = (—*daypo—[(¢y)0, o). —day(#y)o—*(Fas—poAdo), —d} ¢o),

(1.24)
where the minus sign is coming from the inner product we take for s, s" € Q%(gp) is
—Tr(ss”).

The result follows immediately. |

In addition, we can compute the Hessian operator Hs4,4,) of —ECS at point

(A’ ¢’ ¢y):

Hinga,) - Qp(ar) X Qy(ap) x Q)(ap) = Qy(ap) X Qy(ap) X Q)(ap),

a *dsb + x[¢,al + [¢y, b] — [¢, c] (1.25)
(/‘{(A,¢,¢y) b |=| *dsa — x[¢,b] + dsc — [¢y, al
c dyb — x[a, *¢]

Then we have the following expansion of the extended Chern-Simons functional
ECS:

Proposition 1.4.3. For (a,b,c) € Q;(g p) X Q)I,(g p) X Qg(g p), we have the following
expansions: (1) For the ECS, we have

ECS(A +a, ¢ + b, ¢, + c) — ECS(a, b, c)
1
= ‘/Y(<(a’ b, c), VECS(4, ¢, ¢y)> - 5((61, b, c), W(A,¢,¢y)(a’ b,c)) —{a, b, 6}3)’
(1.26)

where VECS(A, ¢, ¢y) is the gradient of ECS defined in (1.24), Hag.p,) is the

Hessian operator (1.25) and {a, b, c}3 are cubic terms of a, b, c.
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To be explicit, if we denote B = a + ib, then the cubic terms are

1
{a,b,c}® = §Im(B ABAB) + b A *[a,c]. (1.27)

(2) For VECS, we have

VECS(A + a, ¢ + b, ¢, + ¢) — VECS(A, ¢, ¢)

) (1.28)
== Hpp,)(a b,c)—{a b,c},
where
*[a, b] + [c, b]
{a,b,c}* =|[a,c] + *(a Aa—*bAb)|. (1.29)
— * [a, xb]
Proof. By a direct computation, we can verify these results. O

As we have the gauge action, we can formally defined the extended Hession operator
for ECS:

The extended Hession operator &H at the point (A, ¢, ¢,) is defined as:

EH (a0, * Qy(8p) X Qplap) X Qp(ap) X Q(ap) = Qy(p) X Qy(ap) X Qp(ap) X Q(ap),

a *xdaby + x[¢, a1] + daag — [, bo] + [#y, b1]

EHnso) b | _| *daar = *[¢, b1l + dabo + [, ao] = [y, a1]
T ao dyay + *[by, *¢] + [¢y, bo]

bo dyby — x[ar, *¢] + [¢,, ao]

(1.30)

We have the following proposition of these two Hessian operators:
Proposition 1.4.4. (/) 87—((A7¢,¢y)(a1, b1,0, by) = 7—((A,¢,¢y)(a1, b1, by).

(2) EH and H are self-adjoint operators.

Proof. By a direct computation, we can verify these results. O

In some case of 4-manifold with boundary and cylinderical ends, we can have some
simplification of the flow equations (1.21). Let X to be a 4-manifold with boundary
Z and cylindrical end which identified with ¥ x (0, +c0) and we denote y to be the

coordinate of (0, +c0).
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Definition 1.4.5. Let (A, @) to be a solution to the Kapustin-Witten equations (4.1)
over X. Over the cylindrical end Y X (0, +0), let ¢, be the dy component of ¢. The
solution (A, @) is called simple if there exists Ty such that the restriction of ¢, over
Y X (T, +0) is zero.

Here is an identity due to Taubes:

Lemma 1.4.6. [56, Page 36] If (A, ¢, ¢,) satisfies (1.21), we have the following
identity:

0

yasyl +|dady| +2[[y, ¢]1* = 0.

1. 9 9
F

2(—a—y2|¢y|2 +d*d|g, ) + |

With this identity, we have an immediate corollary by the maximum principle:

Corollary 1.4.7. Let (A, ® = ¢ + ¢, dy) be a solution to the Kapustin-Witten equa-
tions or equivalently the flow equations (1.21) over Y X I where I C R. We have the
following:

(1) Over Y X R, if supy|¢y| has limit zero in the non-compact directions of R, then
¢y =0overY xR

(2) OverY X (0, +c0), let y be the coordinate of (0, +00). If (A, ®) satisfies the Nahm
pole boundary condition over Y x {0} C Y x (0, +00) and converges under C° norm

to a flat SL(2; C) connection when y — +oo, we have ¢, = 0.

Proof. (1)is animmediately corollary of the previous lemma and maximal principle.
For any (A, ® = ¢ + ¢,dy) in the assumption of (2), by the definition of Nahm pole
boundary condition and flat SL(2; C) connection, we know

ii—r}(l) sup [@ylysxiyy = 0, yEIPoo SUP I8y lysxyy = 0

(2) also follows from an application of maximal principal. O
Therefore, we have the following simplification of the gradient flow equation:

Corollary 1.4.8. When ¢, = 0, (1.21) reduces to simple gradient flow equations:

d

d—yA — xdsp = 0,

Ly x(Fa= 1) =0 (1.31)
dy

d*¢ = 0.
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This will be the gradient flow to the functional Im(CSC(A)) along with the stability

condition d¢ = 0.

Proposition 1.4.9. If (A, ¢) satisfies the first two equations of (1.31):

d
—A—*dag =0,
dy

d
d—¢—*(FA—¢/\¢)=0,
y
then d%(dA * @) = 0.
Proof. We compute:

d d d d

d_y(dA * @) =d* d_y¢ + [d_yA’ *xP| - [*d—yf/’, Al
= dA(Fa— ¢ N @) + *dap A k¢ — *xp A *dadp
=0.

Acyclic Connection of the Characteristic Variety

Now, consider the behavior of the complex Chern-Simons functional in a neighbor-
hood of an SL(2; C) flat connection. For a 3 manifold Y3, let p : 71(Y?) — SL(2;C)
be an SL(2; C) representation of ¥>’s fundamental group and let A = A + i¢ be the

flat SL(2; C) connection associated to p.
A flat SL(2; C) connection will satisfy the equations:

Fa—¢dpNgp=0,
dad = 0.

Denote gg as the complexification of gp, then a flat SL(2; C) connection will bring

in a twisted de Rham complex:
00.Cy Y. ol.Cy 98 ~2, Cy 94 3, C
0— Q%(gp) — Q' (gp) — Q(gp) — Q' (gp) = 0, (1.32)

with the homology groups:

‘. Ker(dy : Q*(a5) — Q*1(g5))
A7 Im(dy, : Qk‘l(gg) — Q"(QE))
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In addition, we have the natural identification given by the real part and imaginary

part of the bundle:
OF(g5) = Q(p) ® O (gp).

To be explicit, given a + ib € QF (gg), we have the following maps:

ds, : Q(g5) — Q1 (gp),

dp(a+ib) = dsa — ¢, b] +i(dab + [¢, a]),

dt - Q1 () — k(o)

dy(a +ib) = dya — x[¢, %b] + i(db + *[$, xa]).
Remark. Given s,s’ € QO(gg), under the identification of Qo(gg) = Q%ap) @
QO%gp), there exist s1, s2, 51,85 € QO%gp) such that s = s1 +isr and s’ = s1+ 5. The

inner product we take is (s, s") = =Tr(s5") = (s15]) + (s25}) and d} is the adjoint of

dux with respect to this inner product. This explains the sign of dg(a +ib).

Now we will discuss the Hessian for the complex Chern-Simons functional.

For the first two equations of (1.31), we have:

d
—A —xdpp =0,
dy

J (1.33)
d—¢—*(FA—¢/\¢)=O-
y

By a direct computation, we define the Hessian for the functional at an SL(2;C)

connection A = A +i¢ as:
0x - Qy(ap) = Qy(sp),

o, [ @) [ *dab sl (1.34)
“\ b |\ xdaa—x[s,0] |

which is a y-independent linearization of (1.33).

In addition, it is not hard to see that the Hessian operator is horizontal, which means

Q4 can also be considered as an operator:

Op : Ker dj — Ker dj.
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However, it is much eaiser to consider operators with gauge fixing conditions. We

define the extended Hessian Q A as follows:

04 - Qh(ap) x Qb (gp) x Q0(sp) X Q%(ap) — Q) (ap) X Qh(gp) X Q0 (ap) X Q0 (ap),

ap *daby + x[¢, a1] + daao — [, bo]
o b | _| *daar =x[¢, b1l + dabo + [¢, ao]

ap dyay + x[b1, x¢]

bo dyby — *[ay, *¢]

(1.35)

Now we have the following proposition about the Hessian operator:

Proposition 1.4.10. (/) QA = EH (440) and it is a self-adjoint operator.

(2) QA is an isomorphism if and only ifHdLIX =0and HX =0.

Proof. (1) is an immediate corollary of Proposition 1.4.4.

For (2), using the Hodge theorem, we can decompose the 1-form as Ql(gg) =
Ker d} @ Im du. Under this decomposition, the extended Hessian operator can be
separated into two parts, which we denote as QA = Qa ® Su. Here Sy is defined as
follows:

Sp s Im dy x Q%gp) — Im dy x Q°(gp),

aj daao — [¢, bo]

s, b | _| dabo+ [4,a0] . (1.36)
a dyay — *[¢, *b]
bo diby + *[¢, *a]

By Hodge theory, we know that Ker(Q) = Ker dy N Ker d} = H A and Ker(S4) =
HY) O
Therefore, we have the following terminology:

Definition 1.4.11. The flat connection A is called non-degenerate if H 11% is zero and

acyclic if H}x and HX is zero.

Now, we will discuss the relation of the extended Hessian and the linearization of
the Kapustin-Witten map. Let (A, ®@) be a solution to the Kapustin-Witten equations.
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Recall the linearization
Liaw) : Qk(gp) x Q(sp) = Q% (ap) x Q(gp),
a daa — D, b] + *x(dab + [D, a]) (1.37)
Law) = N
1) — % [a, %] + db

as well as the gauge fixing operator

L4 Q') x Q' () = Q(ap),

a (1.38)

Lf/{@)( ) ) = d%a + %[b, *®].

and define the following operator

Do) = Liao) + L‘(gij)) : Ql(gp) x Q' (gp) — Q*(ap) x Q(gp) x Q(gp).

Let 7 to be an interval of R and denote y as the coordinate of /. Over Y X I, we have

the following identifications:

Q5 (ap) = Q)(ap) ® Qy(ap),

apdy + a1 — ay ® ay,

Q% (ap) = Qb (ap) ® QL (ap),

ardy + ay — a; ® *a;.

(1.39)

Take (a, b) € Q;(gp) X Qﬁ((gp), under the previous identification, we denote a =
apdy + ay, b = bypdy + by, then we have the following relation of the operator D4 )
and the extended Hessian EH:

Proposition 1.4.12. For any connection (A, ® = ¢ + ¢,dy) over Y X I, if we choose

a gauge such that A don’t have dy component, then we have

d
Lo = ot Hiap.0,)

d
Daw) = _d_y + EH (44,9,)-

Proof. Over Y xR with volume form Voly A dy, under the identification (1.39), take
a = apdy + a; and b = body + by, and we have the following computation:

d
dpa —[®,b] = (—d—ym +daao — [, bol + [y, b1])dy + (daar — [¢, b1]),
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and

d
dpb +[®,a] = (_d_ybl +dabo + ¢, a0l = [¢y, a1])dy + (daby + [¢, a1]).

Therefore, we have
daa — [, b] + *4(dab + [p, a])

d
:(_d_yal +daag — [¢, bo] + [¢y, b1] + *(daby + [¢, a1]))dy

" *(—diybl + dubo + 6, ao] - [6y, ar] + *(dacr - [6 b1])).

By our assumption, @ doesn’t have dy component, we have the following computa-

tion:
d:‘qb — %4 [a, *4(13]

d
=dxby — x[a;, *®] - Ebo +[¢y, a0l

d
=d, b1 + *[D, xa;] - d—ybo + [¢y, aol.

Similarly, we have
dz“a + *4[b, %4 D]

d
=dya; + x[b1, x®] - d—yao — [¢y. bol

d
=dya; — %[, xb] - e [y, bol.

The result follows immediately from our computation. O

1.5 Fredholm Theory

In this section, we will introduce the Fredholm theory for the Kapustin-Witten
equations with Nahm Pole boundary condition over manifold with boundary and
cylindrical end. See [19], [23] for the Fredholm theory of manifold with cylindrical
end and see also [45],[41], for the Fredholm theory on compact manifold with

boundary.

Sobolev Theory on a Manifold with Boundary
In this subsection, we review the Sobolev theory on a manifold with boundary and

cylindrical end.
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We begin with a suitable functional space. Take X to be a compact four-manifold
with two boundary components Y and Z. Take X to be the four-manifold gluing X
and Y x [0, +o0) along the common boundary ¥ , X = X Uy Y X [0, +0). Denote by E
a bundle over X and fix a background connection V, let LZ (X, E) be the completion

of smooth E-valued functions on X with respect to the norm

k
171z = () Y

where V* f is the symmetric tensor product of V f.
For a manifold with boundary, we have the following Sobolev embedding theorem

Proposition 1.5.1. ([9, Thm 2.30], [62, Appendix]) For a compact 4-manifold X
(with boundary), k > 1, g > p and the indices p, q are related by
4 4
k——>1-—,
p q

then there is a constant Cy such that for any section f of a unitary bundle over

X.p.q
X, we have

1fllzs < C pge 111

As amanifold with cylindrical ends has finite geometry, we have the parallel Sobolev

embedding theorem for a manifold with boundary and cylindrical ends.

Corollary 1.5.2. If X is a 4-manifold with boundary and cylindrical ends, k > |,
q > p and the indices p,q are related by
4 4

k—=>1-2,
p q

then there is a constant Cx p 4, such that for any section f of a unitary bundle over

X,we have

1lls < Uflr-

Proof. After identifying the cylindrical ends with Y X [0, +c0), we can take open
covers {U;} as follows: Uy := X/(Y X[1,+))andfori > 1,U; :=Y x(i—1,i+1).

Given a function f, let f; be the restriction of the function to the open cover U;, for

p < g, we have the following inequality,

+00 +0oo +
1 1 1
= CQO] 1Allfy)e < CQO] 1) < C(.Z; 1Al},)7 < ClLf -
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Elliptic Weight and Nahm Pole Model

In this subsection, we will discuss the elliptic weights and Fredhlom property of the

Kapustin-Witten operator, which is first introduced in [45],[41] .

Take X to be a manifold with boundary and cylindrical end, choose a cylindrical
neighborhood of X which we will denote as ¥ x (0,1] ¢ X, Y x {0} = 9X.

Now we shall study the action of £ on the weighted Sobolev space, and so we start

by giving the definition of these.

Choose a smooth function y : X — R, which is smaller than 1 and equals the
distance function d(x, dX) in a neighborhood of 0 X.

For any 1 € R, we can define the following weighted Sobolev space:
YILP(X,E) = {y"fIf € L'(X. E)}.

It is easy to see that a suitable norm on this space will be:
- 1
P hwsca = ([ 5 1fPa0},

Next, we have the following edged Sobolev space which was introduced in [41].
Using a local coordinate on X and let y to be the coordinates locally orthogonal to

the boundary, we have
HYP(X) = {f € LP(X)|(y3:)* (v, Y f € LP(X),Vj + |a| < k}. (1.40)

To be explicit, a suitable norm on this space will be

1oy = ([ D0 108" GO )7,

X vitlal<k
We define the weighted edge Sobolev space as follows:

YVHSY = {(f =y filfi € HYP). (1.41)

Mazzeo and Witten in [45] have the following theorem for the Fredholm property of
the Kapustin-Witten operator D4 ¢) with suitable weighted edge Sobolev spaces:

Theorem 1.5.3. [45, Proposition 5.2] Let X be a manifold with boudary and (A, @)
be a Nahm pole solution to the Kapustin-Witten equations. Let Do) be the
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Kapustin-Witten operator (1.17) to the Nahm pole solution, and suppose that A €
(=1, 1), then the operator

Diawy : yYTTHY (X) = v 2 LX)
is a Fredholm operator.
We also have the following modification of the Theorem for p > 2 due to R.Mazzeo
[42]:

Theorem 1.5.4. [42] Let X be a manifold with boudary and (A, ®) be a Nahm
pole solution to the Kapustin-Witten equations. Let D4 o) be the Kapustin-Witten
operator (1.17) to the Nahm pole solution, and suppose that A € (—=1,1) and p > 2,

then the operator
Doy 1y P HP(X) - 3T LX)

is a Fredholm operator.

Proof. See Appendix 1. O

Now, we will introduce some basic properties of these weighted Sobolev spaces that

will be used in this paper.

Proposition 1.5.5. yng’p ={fell|feyLP,VfeylLr ...Vkfeyl=kLPy,

Proof. By (1.40), for g € H"", we know that g € LP,Vg € y \LP,.-. Vkg €
y~*LP. Therefore, by the definition of the weighted edge Sobolev space (1.41), for
f e ylH(])"p , there exist a g € Hg’p such that f = y'g. For any positive integers

m,n < k, by the Leibniz rule, we have
vanf Z yl lvmvn l (142)

By the definition of g, we have V;”Vg‘ig € y"™™"LP, therefore yl‘iVTV;‘,‘ig €
yl_m_”LP. So for m, n, we have V;”ng € yl_m_”LP.

Therefore, for any integer j with 0 < j < k, we have V/ f € y/=/L?.

In addition, we have the following properties for these spaces.
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Proposition 1.5.6. (1)(Different Weight Relation)For any positive integer p, if 15 >
A1, then
YELP(X) =y LP(X).

Here the < means the inclusion of Banach space.
(2)(Embedding to Usual Sobolev Space) y/lH(]){’p — y/l_ka,

(3)(Hélder inequality) YA, A1, A3 € R with A < Ay + Ay, and positive real numbers

D, q,r, we have

1 gl oy < 1l oo lglly o o

Proof. (1) Given a function f over a manifold X, we have the following inequality:
= ~p| £|1P\5
||f||y/11Lp =([vy |f17)P
= (/ y—/lzpy(/lz—/ln)p|f|p);-,
< (/ y_’lzplflp)%(here we use A, > 1p).

(2) Given f € ylH(];’p, by Prop 1.5.5, for any 0 < j < k, V/ f € y!=/LP and by (1),
we have the embedding y'~/LP < y/=¥LP_ The result follows immediately.

(3) Given two functions f and g over X, we have the following inequality:
et
I elyurco = ([ £y
I P S|
< ([t ey
N -\4\g
<[y (gy )0

< ”f”y/il LP(X) ”g”y/‘zLCI(X)'

Using these inequalities, we have the following two corollaries:

Corollary 1.5.7. (1) Forany 1 € R, p > 2, we have

P HP(X) o T LI sy L (),
(2) ForA>1- %, we have

<
(T T N 1 R



29

(3)For A = 1=, p =2, we have [E P A

P LP(X) P LT(X)”g”y/Hl’l

P L{’(X)'
Proof. For (1) this is immediate corollary of Proposition 1.5.6 combining with the
Sobolev embedding LY < L% with p > 2.

2)Fora>1- 11—7, we have 1 + % +1 <A+ 11—7 + A+ %. By Proposition 1.5.6, the

Holder inequality implies the result.

(3) For 4 > 1—%,wehave/l+%—l < /1+%—1+/1+Il)— 1. Using Proposition
1.5.6 and Sobolev embedding Lf <> 2P the statement follows immediately. O

Fredholmness on Infinite Cylinder
In this section, we introduce the Fredholm theory for the Kapustin-Witten operator
Daw) (1.17) over the four-manifold W := Y3 X (—00, +00).

Consider a smooth solution (A, @) to the Kapustin-Witten equations over W, which
converges in Lf norm to acyclic flat SL(2, C) connection over both sides, we have

the following proposition:

Proposition 1.5.8. Under the assumption above, the operator D ¢) : Lf W) -
LP(W) is a Fredholm operator.

Proof. By Proposition 1.4.12, we have D4¢) = —diy + &H. As we assume that
(A, @) converges to acyclic flat connections over both sides, for some p > 2, this is a
classical result of [39, Theorem 1.3]. See [23, Proposition 2b.1] for the Yang-Mills

case and also [38, Proposition 14.2.1] for the p = 2 version.

The Kapustin-Witten Operator with Acyclic Limit

As before, denote by X a compact four-manifold with two boundary components Y
and Z. Take X to be the four-manifold obtained by gluing X and ¥ x [0, +co0) along
the common boundary Y , that is X = X Uy Y X [0, +0). Given an SU(2)-bundle P
over X, and a solution (A, @) to the Kapustin-Witten equations (4.1), with Nahm pole
boundary condition on Z and which converges in Lf norm to acyclic connections

over the cylindrical ends for some p > 2, we have the following theorem:

Proposition 1.5.9. Under the assumption as above, the Kapustin-Witten operator
(1.17)
Diaoy 1 ¥ THY(X) = 3y LP(X)
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is a Fredholm operator.

Proof. We will use the parametrix method to prove this theorem. For simplicity, we

denote D4.¢) by D in this proof. To be more explicit, we hope to find two operators
Py LX) - YT HM (X)

and
A+l 1, A-1+1
R:y"vHP(X) -y TP LP(X)

such that S'(p) := DP(p) — p, S"(p) := RD(p) — p, are two compact operators.

Choose Uy := Y X (T, +0) and let U; be a compact cylindrical neighborhood of 9 X.
By Proposition 1.5.8, there exist Py, Ry such that over Uy, we have DPy(p) = p and
RoD(p) = p. By the compactness of X, we can take a finite cover {U;|i = 0---n}.
In each open set U;, by Theorem 1.5.4 and the elliptic operator property on the inner
open set of the manifold, there exist P;, R; and compact operators Sl.l and Sl.’ such
that DP;(p) = p + 5(p). RiD(p) = p + S/ (p).

Denote X = U], U;, take S(l)(p) := 0 and Sj(p) := 0. We take a partition of
unity {f;} to these covers and define operators P(p) := ., BiPi(p) and R(p) :=
Z?:() BiRi(p).

We have
DP(p) = ) VB % Pi(p) + ) BiDP,(p)
i=0 i=0

- ) (1.43)
- Z VBi * Pi(p) + p + ZﬁiSf(p)-
i=0 i=0

Here, 3.7 S ll (p) is a finite sum of compact operators and it will be compact.

For the terms ., V3; x Pi(p), recall that

1 1
Py TR LP(X) — YR HYP(X).

In addition, we know V; is supported over X. For functions supported on X, the

norm y’”zl’H(;’p (X) is equivalent to L (X) and yﬂ_HIL’LP(X ) is equivalent to LP(X).

By the compactness of the Sobolev embedding of Lf (X) into LP(X), we know that
i_o VBi * Pi(p) is also a compact operator.



31

For the right inverse, we have the following computation:
n n n
RD(p) = Y BiRD(p) = ) Bilp+S{(p) = p+ > BiS (p). (1.44)
i=0 i=0 i=0

Here 3.7 B;S! (p) is a finite sum of compact operator thus it is a compact operator.

To summarize, we proved that D is a Fredholm operator. O

Reducible Limit Connection

Given (A, ®) a solution to the Kapustin-Witten equations (4.1) over W := Y X
(=00, +00), take ¢ as the coordinate for (—oo, +00). Assume that (A, ®) L% converges
to a non-degenerate SL(2; C) flat connection (A,,, ®,,) when y — —oo and a non-
degenerate SL(2; C) flat connection (A,,, ®,,) when y — +oo. Fori = 1,2, if either
of (A, ®,,) is reducible, Proposition 1.5.8 is not true since zero can be in the

spectrum of the extended Hessian operator Q( Apis®,,) (1.35).

Therefore, we hope to use a weight to get rid of the 0 spectrum and we need
to introduce the exponential weight in the cylindrical end. For any real positive
number a and norm U, given an arbitrary smooth function 2 which equals ¢® over
every cylindrical end [T, +c0) X Y and Y X (—co, —=T'] when T is big enough, we can
define the weighted norm by

£l = 11Afllu-

To be explicit, for a f, we denote ||f||y/l+[%Hé’5 = ||hf||yﬂ+%Hg,p and ||f||yﬂ+1%_1Lg =
1Sl iy,

Our operator D4 ¢) can naturally defined over these weighted spaces:

11 1_
Doy : Y P HPP(W) -y 7T LEW).

We have the following result:

Proposition 1.5.10. Under the assumption as above, we can choose « such that the

operator D )« - Lf W) — LE(W) is a Fredhom operator.

Proof. Considering the operator D4 ¢), Over a tube, acting on the weighted Sobolev

space with e®' as weight function. This is equivalent to an operator D’ acting on an
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unweighted space with the relation

D = Daw)a — @.

Therefore, when « is not in the spectrum of the extended Hessian operator over the

limit flat connections Q( Api®p,)> this is a classical result of [39, Theorem 1.3]. O

Sobolev Theory for weighted space

Recall that we denote by X a compact four-manifold with two boundary components
Y and Z. Take X to be the four-manifold obtained by gluing X and Y x [0, +co) along
the common boundary Y , that is X = X Uy ¥ x [0, +00). Take an SU(2)-bundle P
over X, and a solution (A, ®) to the Kapustin-Witten equations (4.1), with Nahm
pole boundary condition on Z which converges to a reducible SL(2; C)-connections

over the cylindrical ends.

Over this space X, for any real number a and norm U fix a smooth weight function
h which approximates e’ over the cylindrical end [T, +c0) X Y. When T is large

enough, we can define the weighted norm U, as:

1A llv, = IR fllu-

Similarily, we have the Sobolev embedding theorem for the weighted norms.

Proposition 1.5.11. If X is a 4-manifold with boundary and cylindrical ends, k > |,
q > p and the indices p,q are related by

4 4
k——=>1-—,
p q

for any given weighted function, there exists a constant C, such that for any section

fof a unitary bundle over X, we have
||f||qu,a/(X) < C”f””gﬂ(x)-

Proof. This is immediate from the definition of the weighted norm and the usual

Sobolev embedding theorem. O

In addition, after fixing a weight function, we have the following inequalities for

these weighted edge norms:



33

Proposition 1.5.12. (1) For any A € R, we have

A+L o1, A+L-1
Y UPHYP(X) = yTrTLY (X),

(2) ForA>1— 1% , @ > 0, we have the following inequality:

<
T Y 1 T ] D,

Proof. The statement in (1) is immediately using Corollary 1.5.7 and the definition
of weighted Sobolev space. By Corollary 1.5.7, we know

If&ll ats
y

<
b < 1L

1 .
7 LZP(X)”g“y/HF—lL(ZYp(X)
In addition, as we assume a > 0, we know that

”f” ard g
y

<
Pl Lar(x) © ”f”y/H%_]L

x0)

The statement in (2) follows immediately. O

Fredholm Property for the Reducible Limit

Proposition 1.5.13. Under the assumpution above, there exist a such that the

operator
1, —1+4
Dipwna ¥ 7HT(X) - y TP LIX)

is a Fredhlom operator.

Proof. The main difference between the reducible limit and the acyclic limit is the
behavior of the operator D4 ¢) over the cylindrical end. In the reducible case, we
use Proposition 1.5.10 over the cylindrical ends to get a parametrix and the results

follow similarly as Theorem 1.5.9. O

The Index
Now we will give an explicit computation of the index for a manifold with cylindrical

end.

For a compact manifold with boundary, in [45], Mazzeo and Witten have a compu-
tation of the index of D4 ¢) where (A, ®) is a Nahm pole solution to the Kapustin-
Witten equations (4.1):
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For our case, let X be a manifold with boundary Z and cylindrical end which is
identified with Y X [0, +00). We finish a parallel computation for the index of a
manifold with boundary and cylindrical end. Under the previous assumption, by

Proposition 1.5.9, 1.5.13, we can define the index for these Fredholm operator.

If (A, @) has an acyclic limit, we denote by Indx(P) the index of D4 ¢) in the setting
of Theorem 1.5.9:

Indx(P) := dim KerD4 ) — dim CokerD4 o). (1.45)

For compact manifold with Nahm pole boundary condition, Mazzeo and Witten has

the following computations:

Proposition 1.5.14. [45, Proposition 4.2] Let X be a compact manifold with bound-
ary, let P be an SU(2) bundle over X, let (A, @) be a solution to the Kapustin-Witten
equations with acyclic limit which satisfies the Dirichlet boundary condition over
the boundary, then

IndP = -3 y(X).

After a modification of their proof, we have the following computation for solutions

have irreducible limits:

Proposition 1.5.15. Let X be a manifold with boundary and cylinderical ends,
let P be an SU(2) bundle over X, let (A, ®) be a solution to the Kapustin-Witten
equations with acyclic limit which satisfies the Dirichlet boundary condition over
the boundary, then

IndP = -3 y(X).

Proof. Let (A, @) be a solution to the Kapustin-Witten equation with Dirichlet
boundary condition, then the index of the operator D4 ¢) corresponds to the relative
boundary condition for the Gauss-Bonnet operator, which the index is equals to
-3 x(X, 0X) and by Poincare duality, y(X, 0X) = x(X).

O

Proposition 1.5.16 ([45, Proposition 4.3]). Under the same assumption as Propo-
sition 1.5.15, let (A, @) be a solution to the Kapustin-Witten equations (4.1) with the

Nahm pole boundary condition over X, then
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IndP = -3 y(X).

Here x(X) is the Euler characteristic of X.

Proof. First consider the special case of (0, 1] x Z with the product metric. Let
(A, o) be a connection pair satisfying the Nahm pole boundary condition over
{0} x Z and regular over {1} X Z. Let Dy be the elliptic operator corresponding
to this. By [45] (3.12), as Dux is pseudo skew-Hermitian, we have Ind D z=0.

Now consider a general (A, @) over X satisfying the Nahm pole boundary condition,
we choose a tubular neighborhood of X near the boundary and identify it with
Y x (0, 1]. Let Dy & be the restriction of the operator D4 ¢) to ¥ X (0, 1] and let Dg
be the restriction of D4 ¢) over the complement of Y x (0, 1] in X. By a standard

excision theorem of index [10, Prop 10.4], we obtain

Ind Dp0) = Ind Dy g + Ind Dg.

By the previous argument, we have Ind Dy = 0 and by Proposition 1.5.15, we
know Ind Dg = x(X). Thus we have Ind D4 ¢) = x(X).

O

If (A, @) is a reducible but non-degenerate limit as in the case of Proposition 1.5.13,

we denote by Indx(P, @) the index of D4 ), With respect to weight a:

Indx(P, @) := dim KerD4 p), — dim CokerD4 p)q- (1.46)

Take a™ to be a real number that is slightly bigger than 0 and below the positive
spectrum of Q 4, and @™ to be a real number that is slightly smaller than 0 and above

the negative spectrum of Q 4, then we have two indices:

Ind}(P) := Ind(P, a™), Indy(P) := Ind(P, a"). (1.47)

For i = 1,2, suppose X; is a manifold with boundary Z; and cylindrical end Y; X
[0, +o0) and Y1 = V>, P; is an SU(2) bundle over X;. Let (4;, ®;) € Cp, converge to
the same SL(2; C) flat connection p, then we can glue these two manifolds along the
common boundary Y to form X* and a bundle P*. As it converges to the same flat

connection p, we can define a new pair (A¥, ®%) on PF.



36
We denote by Ind y (Pﬂ) the index of the operator D44 gy on X i,

If (A;, ®;) both have acyclic limits, then we have the following gluing relation of

these indices:

Proposition 1.5.17. Indy(P*) = Indy, (P;) + Indy, (P2).

Proof. 1t is straight forward to apply the same argument in [19, Proposition 3.9] to

our case. O

If (A;, ®;) is reducible but non-degenerate, we can choose a; = —a; > 0 whose
absolute value is smaller than the smallest absolute value of eigenvalues of Q Ay
We denote Ind}}1 (P1) to be the index corresponding to the weight @ and Indy, (P2)

to be the index corresponding to the weight ;. We have the following Proposition:
Proposition 1.5.18. Indy;(P*) = Ind} (Py) + Indy (P,).

Proof. See [19, Proposition 3.9], the same argument is straight forward in our
case. O

Moreover, for the index over the same bundle with small positive and negative

weights, we obtain:

Proposition 1.5.19. [19, Proposition 3.10] Ind3(P) — Indy(P) = — dim ker@ A,
Now we will do some explicit computation of indices. Consider the model case W
to be the ’flask’ manifold obtained by gluing a punctured 4-sphere to a tube S° X R.

Consider the trivial bundle and the trivial connection over this space, we have the

following Lemma for indices:
Lemma 1.5.20. The indices for W are
Indj, = -6, Indy, = 0.
Proof. Obviously, W§W is diffeomorphic to S*. In addition, by Proposition 1.5.16,

we know the index of operators D4 ¢) Over S*is -6. Therefore, by the gluing relation
of the index Proposition 1.5.18, we have

Indy, + Indy, = —6.
In addition, by Proposition 1.5.19, we have
Indy, = Indy, — 6.

Combining these two index formulas, we get the result we want. O
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Corollary 1.5.21. If the cylindrical end of X has the form S> x [0, +c0), we have

Ind}(P) = =3 x(X) — 3, Indy(P) = -3 x(X) + 3. (1.48)
Proof. Denote by X a smooth compactification of X over the tube S° X [0, +c0) and
denote by P the extension of the bundle P.

By Proposition 1.5.18, we have
Ind}(P) + Indy;, = Indg(P),

Indy(P) + Ind;, = Indg(P).

In addition, by Proposition 1.5.16, we know that
Indg(P) = -3 x(X) = -3x(X) - 3.
We get the result we want. O

1.6 Moduli Theory
In this section, we will introduce the moduli theory for the solutions to the Kapustin-

Witten equations (4.1) with Nahm pole boundary condition.

Framed Moduli Space

In this section, we will give suitable norms to define the moduli space.

Let X to be a smooth 4-manifold with 3-manifold boundary Z and cylindrical end
which is identified with Y X (0, +c0). Now suppose P is an SU(2) bundle over X, gp
is the associated adjoint bundle, Ap is the set of all SU(2) connections on P, and
Cp := Ap x Ql(gp).

For i = 1,2, 3, fix an orthogonal frame {e¢;} € T*Y, choose a reference connection
pair (Ao, @g) € Cp to the Kapustin-Witten equations (4.1). We require that (Ag, Og)
satisfies the Nahm pole boundary condition for this frame, thus there exists {z;} € gp
23:1 e,-li cps

’T. In addition, fix

a flat acyclic SL(2; C) representation p. If we denote Y7 := {T} XY C (0, +o0) X Y,

such that the leading expansion of ®y when y — 0is ®y ~

we assume that (Ag, @y) convergence to p in Lf norm for some p > 2.

Now, we will introduce a suitable configuration space. Given real numbers p, A with

p>2andde|l- %, 1) , we have the following definition:
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Definition 1.6.1. Given a smooth Nahm pole solution (Ag, ®y), we define the framed

configuration space C’I{ ; as follows:
C/" = {(A0.@0) + (a.b) | (a.b) € Y PHY Q' (ap) x Q'(ap))}.  (1.49)

1
Here y’1+5Hé’p (Q'(gp) x Q(gp)) is the completion of smooth 1-forms with respect

1
to the norm y’HP Hé’p.

We have some basic properties of the framed configuration space:

Proposition 1.6.2. (/) Any (A, ®) € C [{ 3 satisfies the Nahm pole boundary condition.

(2) Assume X has non-vanishing boundary and cylindrical end which identified with
Y X (0, +00). Let P be an SU(2) bundle over it, let (A, D) be a connection pair

Z:/111

satisfying the Nahm pole boundary condition, denote is the leading part of

3,0

@ If (A, D) — %) € Hé’p (X), then there exists a global gauge transformation
fr

g € G such that g(A}, @) € Cp,/l.

Proof. For (1),asfor A € [1 - %, 1) ,p > 2, any differential form which blows-up as

1
y~!is not contained in y/HP Hé’p , the result follows immediately.

For (2), for i = 0,1, (A;, ®;) both satisfies the Nahm pole boundary condition
(Definition 1.2.1). Then there exists orthogonal basis e; € T*Y and t}: € gp for

= 1,2,3 such that [t;'.l, t;'.z] = €j j3t;3 where €, ,;, is the Kronecker symbol of

3 et
j1, j2, j3. In addition, let the asymptotic expansion of ®; at y = 0 to be # +
O(y). By the commutation relation of t;., there exists a § : Z — SU(2) such

3 el
that g(#)g—l _ Tt . By the Hopf theorem, the homotopy type of maps

from Y3 to SU(2) is totally determined by the degree. Given § : Z — SU(2),
consider Y5, = Y X {Tp} € X, we can choose a band to connect Z and Y which is
homeomorphic to Z#¥y,. We can choose a map &’ : ¥y, — SU(2) whose degree
equals minus degree of g and extend these two maps to Z#§Y7, and denote as g. Then

g has degree zero and can be extended to whole X, which we denote as g.

By the assumption that (A;, ®@;) are smooth, we have g(A, @1)—(Ag, Dg) € y“zl’H(;’p
m|

Remark. For a general compact 4-dimensional manifold with boundary, Proposi-

tion 1.6.2 is not true. For D*, the 4-dimensional unit disc, a choice of frame gives a
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map from S* — SO(3) which is n3(SO(3)). Two frames corresponding to different
elements in 73(SO(3)) can not be globally gauge equivalent.

As we fixed a base connection (Ag, @) to define the framed configuration space, we

can also consider the gauge group that preserves the frame.

Definition 1.6.3. The framed gauge group G'" is defined as follows:
G = {g € Aur(P) | gly = 1}. (1.50)
Given g € G/", the action of g on (Ag, ®g) will be

g(Ao, @) = (A9 — da,g &', gDog ™). (1.51)

Then, we have

(Ao, Do) — (Ag, Do) = (—da,g g7, [8 Dolg ™). (1.52)

We consider the following weighted frame gauge group 91{ ;:

r r - 1o - Lo
Gl ={g€ G |dag g™ ey T H(Q"), [g. ol € y" 7 HyT(QN).
(1.53)

For convenience, we denote d%(¢) := d(OA0 (Do)(f) = (da,é, [Do, £]) and we have the

following lemma on the weighted frame gauge group QI{ 2

Lemma 1.6.4. g}{; ={g e G| Vg e y/l"‘,l,LP’ Vig € y“%‘lLP, (@, g] €
YELP, Voo, g] €y L0,

Proof. Obviously {g € G/ | d°% € Y7 LP, Vo(d)g € y"*» ' LP} Q,fﬁ- For

1
the other side, we argue as follows: take a := dAOgg_l, then a € y“PHé’p —
1_ 1_ . . .
y" 77 L2 By dy,g = ag, we have Vog € y'* 7~ L2 since the pointwise norm of
1
1_g

g is 1. Inaddition, Voda,g = (Voa)g+aVog. As Voo € y“P L? and the pointwise
norm of g is 1, we have Voag € y“!l’_lLP. Asa e y“llﬁ_lep, Vog € y’“ll’_lLZp,
we have aVyg € y“ll’_lLP. For [g, ®glg~! € y“ll’Hol’p(Ql), we have [g, Dglg~! €
y“il_’Lp. Letting B = [g, @o]g~", then B € y’H?l’L” implies Bg = [g, Do] € y’”ll’Lp.

1 1 1
In addition, 8 € y/Hl_’Hé’p implies Vo € y’“l_’LP and 8 € y’HE_lep . In addition,

we have Vog € "7~ LP, thus Vo[g, @] = Vo(B g) = (Vop)g +BVog € Ny
1 1_
Therefore, QI{Z c{ge G/ | Vog e y"rLP, V%g e yti 1Lp}_
o

1 1
Thuswecanrewriteggg asQI{Z ={ge G/ | d% e y""r LP, Vod'g € y"p 7 LPY.
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A+l

Lemma 1.6.5. The space y" " » Hg’p(gp) is an algebra and y/Hll’Hé’p(gp) is a
module over this algebra.

1
Proof. For the algebra statement, we only need to prove ujuy € y! +P+1H§’p (gp), or

1 1 1
equivalently, ujuy € y* v L7, Vo(uyuz) € y"*7 L, V2(uyup) € y*r ' L7,

1
/1+;+1H2,p

1 1
), we have u; € y“PHLP, Vou; € y/HPLP and V(Z)ui €

Since u; € y
1
yl+1—7—le'

By Proposition 1.5.6, u; € y’H%HHé’p — y/HIL’Lq7 — y/HIL’sz.By Corollary 1.5.7,
/l+l+1 p .. /1+l l,p /1+l—1 2p

we have ujuy € y© 7" L. In addition, we know Vou; € y""PHy" < y""r 'L

and u; € y“x%Lzl’. As A > l—ll),wehave/l+ll)+/l+%—1 > /l+zla' By the Holder

1
inequality in Proposition 1.5.6, we have Vou u, € y“l_’L” .

1 2 1_
MPHHO’p, asp>2andd>1- %, we have u; € y“P lLé’ < CY and
1

1_ _
Viu e y"* 571 LP. Therefore, we have Vauuy € yUeipe,

Foru; € y

The module statement can also be proved in a similar way. O

Fix a base point py € X and define a system of neighborhoods of the identity in Gp
as

Ue=1g € 6" 114%]l 1.p,, < & 1900 1oy, < l8po) =11 < €},
(1.54)

This topology is independent of the base point py.
With the previous lemma, we can establish a Lie group structure on G/”:

Corollary 1.6.6. (1) QI{ 3 is a Lie group with Lie algebra
Lie(G!,) =y o T HY (ap).
(2) Qg; acts smoothly on CI{;

Proof. This result follows immediately from Lemma 1.6.4 and Lemma 1.6.5. O

Now, we have the following proposition of the framed configuration space C; ; and

the framed gauge group QI{ 3:

Proposition 1.6.7. For any (A, ®) € Ci ", we have KW(A, @) e y1+117_1 LP(Q%aQY),
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Proof. By the definition of Cp > there exists (a,b) € y" 7 H," (' (gp) X Q'(gp))
such that (A, ®) = (Ag, @) + (a, b).

By Proposition 1.2.9, we have KW(A, ®) = KW (Ao, o) +L(a, b)+{(a, b), (a,b)}.
Here {(a,b), (a,b)} is a quadratic term. By theorem 1.5.4, we have £!(a,b) €
y’”l%_lLl’(Q2 x Q0). By the embedding y’”ll’Hé’p — y’”ll’_lLf — y’”!l’_lLZp, we
have {(a, b), (a, b)} € y*» ' LP. 0
Now we will study the behavior of the gauge group (1.53) over the cylindrical end.
We have the following proposition which describes the limit behavior of the group

QI{ ; We need the hypothesis that p is acyclic. Let (A,, ®,) be the flat SL(2;C)

connection associate to p.

Recall that d°, _ (¢) = (da&,[®,&]) and p acyclic implies Ker d° = 0 and the
(A,D) (Ap @)

connection dy, itself may still be a reducible SU (2) connection.
We have the following lemma over the cylindrical end:

Lemma 1.6.8. Suppose X is a manifold with boundary and cylindrical end which is
identified with Y X (0, +00), for (Ag, ®g) a reference connection which Lf converges

to (Ap, ®,) over the cylindrical end for p > 2, then for T is large enough, we have

(1) d°

(o 00) ° LYY X (T —1,T + 1)) = LY(Y X (T = 1,T + 1)) is injective,

() NlElle wrxr-17+1)) < C”d(OAO’(DO)é:||Lf(Y><(T—1,T+l))'

Proof. For convenience, during the proof, we write L] short for L (Y x(T'—1,T+1)).

(1) Denote (a, b) = (Ap, @) — (Ao, Do), then for any & € LY, we have

145, 0,/ = A€l < ClLa. £l + 116 £1lp) < Clllallr + 1Bl0)lIENs.

0 .
If € € Ker d( Ao.do) W€ obtain

1Sy o Ellr < Cllalle + 1611l

For T is large enough, C(||a|| + ||D] L{’) is smaller than the operator norm of d(OAO’ )’

which implies ¢ = 0.
(2) If the inequality is not true, then there exists a sequence {&,} with

1€allpp =1, lim ||d(OAO,®O)§n||L{, =0,

which implies ||&,|| 7 is bounded.
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Then, &, weak converges to & in Lg and strongly converges to &, in L”, which

implies ”d(vo,cDo)ScOO”L{’ =0 and ||§°°||Lf = 1. As Ker d(OAo,%) = 0, we have &, = 0,

contradicting || || = 1.

We have the following corollary:

Corollary 1.6.9. If over the cylindrical end, (Ag, ©g) converges in Lf norm to

(Ap, @p) and (Ap, @) is an irreducible flat SL(2; C) connection, then Ker d?Ao,‘Do) =
0.
Proof. As before, we denote d° := d° By Kato inequality, we know for & € Q°,

(AO’(DO)'
we have the pointwise estimate

d|¢| < |da,¢] < 1d°€)].

Therefore, ¢ € Kerd” implies |£| is a constant. In addition, by Lemma 1.6.8, we
know & =0over Y X (T — 1,T + 1) when T is large enough, therefore, we have ¢ is

identically zero. O

Proposition 1.6.10. [f the limiting connection p is irreducible, then for T is large
enough, there is a constant C such that for any section & € ap, with d°¢ € LP(Y x
[T, +00)) and Vod°¢ € LP(Y X [T, +0)), we have

(1) |é] — 0 at the cylindrical end and sup |¢] < C(||dO§||Lf(y><[T,+oo))),

(2) Either |g(x) — 1| = 0 or |g(x) + 1| — 0 as x tends to infinity in X.

Proof. (1) For an integer k > T + 1, over aband By :=Y X (k — 1,k + 1), we have

1€llcosey < N1€lle s, < C||d0§||L{’(Bk)-
The statement follows immediately.

(2) Denote by g the restriction of g to the band By. After identifying different
bands with Y2 x (-1, 1), we can consider {gx} a sequence of gauge transformation
over Y3 x (=1, 1) with ||Vod®gi|lz», ||Vogkllr converging to zero. As the pointwise
norm of g is always 1, by Rellich lemma, g; strongly converges to g in Lf which

implies d’g. = 0. By our assumption, we have g,, = +1. m|

Now, we can define a framed quotient space as follows:
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Definition 1.6.11. We define BI{ ; as the following weighted framed moduli space:
8" =cl /gl
In addition, we have the following definition of the moduli space:

Definition 1.6.12. The framed moduli space M[{ ;tip (X) is defined as follows:

MITP(X) = {(A,®) € CLLIKW(A, @) = 0}/G". (1.55)

We have the following basic properties of the framed moduli space:

Proposition 1.6.13. (1) For any (A, ®) € Mi ;’p satisfies the Nahm pole boundary

condition.
(2) Any (A, @) € M;;p converges to p in Lf norm.

Proof. (1)is an immediate consequences of Proposition 1.6.2. (2) is a consequence
of the definition of C 1{ Z O

Slicing Theorem
Now we study the local properties of the moduli space and we will assign a suitable

norm to the Kuranishi complex (1.7).

Define (QY, A, k, p) as follows:
k,
(Q°, A, k, p) := y' HyP(Q(sp)).

Here the notation yAHg’p (Q%ap)) means the completion of the smooth sections of

Q%ap) in the norm yﬂHg’p . Similarly, we define
@' x Q' 4,k p) = v Hy" (@' (ap) X Q'(3p))

and
(Q* x Q°, A, k. p) == y Hy"(Q(ap) x Q(ap)).

Now we rewrite the Kuranishi complex (1.7) at the point (Ag, @g) with respect to

the new norm as follows:

1 din,, 1 Liag, 1
0 — (Q° A+1+-,2, p) —2 (@'%Q!, A+, 1, p) =22 (@2% QP A4+ ~—1,0, p) — 0,
p p p

(1.56)
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Here we only considered A € [1 — %, 1).

We have the following Proposition for the operator a,’(OA0 )"

os 0 .
Proposition 1.6.14. The operator d( o.00)’

dO

R Lo,
O on YT HIP@p)) — v HYP Qo) x Q1 (0p))

0

is a closed operator.

Proof. see Appendix 2. O

0, ALl
®Kerd Ny 7Hy")

Corollary 1.6.15. y**7 H(Q!(3)xQ! (gp)) = Im O

0
d(AOsCDO)

Proof. Let x = (x1,x2) € Q'(gp) X Q'(gp), by definition of d?AO o) We have

(deg o0& %) = (dagé, x1) + ([@o, €], x2)
where (, ) means the L? inner product.

Integrating by parts, we have

(dng.n) = 6 dim) = [ ire )

As & € y"THP(Q0(gp)) and x, € y™*7 HIP(Q!(gp) X Q(gp)), we have x;[sx = 0
and &|gx = 0. Therefore,

0 _ 0,%
{dipg00)6: %) = (& dis ) %)

Suppose x € Coker d° then for V¢ € Mll’HHz’p we obtain (d° &Ex)y=0
pp (Ao.®o)’ Y 0> (Ao ®9)*” '
As A > —1, integrating by parts, we have (& d®*  xy = 0. Thus d** x = 0.

’ (AO’CDO)
Combining this with Proposition 1.6.14, we finish the proof.

(AOchO)

Fixe a reference connection pair (Ag, Op) € CI{ ; and € > 0. We set:

T(A,(D),E = {(a’ b) S QI(QP) X QI(QP) | d(OAT(D)(a’ b) =0, ||(Cl, b)”y,lﬁ—piH(;,p < 6}'
(1.57)

Thus we have a natural map p : Ts0) — BI{ ;, which is induced by the inclusion

of T(4,0)¢ into C ; 3 composed with quotienting by the gauge group g}{ 2

We have the following slicing theorem for the moduli space BIJ; :1
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Theorem 1.6.16. Given a point (A, ®) € Cpf ", denote by [(A, D)] € B}{ 3 the equiv-

alence class under the projection map. For small € > 0,

(1) if (A, @) is irreducible, then T o o) is a homeomorphism to a neighborhood of
[(A,®)] in B".
j2

(2) if (A, @) is reducible, then Tis @).¢ /T'(a @) is a homeomorphism to a neighborhood
of [(A, ®)] in B}f; .

Proof. Consider the map

S : Tiaw)e X Gp/{£1} — Cp,

(1.58)
SA+a,®+b,g)=g(A+a ®+Db).
The map has derivative ata = 0,6 =0,g =1 as:
DS Ker {7y, x Q(ap) — Q'(ap) x Q' (ap),
’ (1.59)

(aa b’ é:) - (a, b) + d?A,(I))(f)
By Corollary 1.6.15, we know DS is always surjective.

(1) If (A, @) is irreducible, then DS is injective, by the implicit function theorem,

we know for € small enough, S is a homeomorphism.

(2) If (A, @) is reducible, then DS has kernel H(OA, )’ Let H(OAL’(D) be the orthogonal of

H(OA ) with respect to the L? inner product. Then this time the restriction map

S : Tiawpe X exp(H i)/ {1} — Cp

is alocal diffeomorphism. In addition, the multiplication map I'( A’(I))XGXP(H(OX‘(D)) —
Gp at the identity will have derivative 1. Thus for g € Gp close to 1, there exist
I € T(aew) and m € exp(H(OX"q))) such that g = ml and the splitting is unique.
Therefore, we get a homeomorphism from T4 ¢)¢/I'(4@) to a neighborhood of

[(A, @)] in Bl’; .

Kuranishi Model
Given (Ag, ®@¢) a solution to the Kapustin-Witten equations, all the other solutions

within the slice 7(4 ¢)¢ are given by the set Z(¥) of zeros of the map

1_

v
Tawye — Y7 LP(Q%(ap) x Q0(gp)),

(1.60)
Y(a,b) = KW(Ag + a, @y + b) = L(a, b) + {(a, b), (a, b)}.



46

By Theorem 1.5.9, DY is a Fredholm operator and for the homology associated to

the Kuranishi complex, we have the following identification:

2
Hy ¢)

1 ~ 0,% A+d o Lp
Hiy ) = KerL N (Kerd(AO,(DO) Ny "PH;").

~ KerL* N y“l%_le,
(1.61)

Therefore, we have the following Kuranishi picture of the moduli space:

Proposition 1.6.17. [18, Proposition 8] For any solution (A, ®) with KW (A, ®) = 0,
for € sufficiently small, there is a map p from a neighborhood of the origin in the
harmonic space H (1A7 o) 10 the harmonic space H, (ZA, o) such that if (A, @) is irreducible,
a neighborhood of [(A, ®)] € MI{ rﬂ is carried by a diffeomorphism onto

Z(p) = P_I(O) - H(IA,@

and if (A, @) is reducible, then a neighborhood of [(A, ®)] is modelled on

Z(p) /T a0)-

1.7 Exponential Decay

In this section, we will prove the exponential decay over the cylindrical ends which
is identified with ¥ x (0, +co0) with the convergence assumption. We denote y as
the coordinate of (0, +c0). As before, let Voly be a given volume form of Y. We
denote x4 by the 4-dimensional Hodge star operator with respect to the Volume
form Voly A dy and denote % by the 3 dimension Hodge star operator with respect
to Voly.

Theorem 1.7.1. Let (A, @) be a solution to the Kapustin-Witten equations over
Y3 % (0, +00), and Y7 := Y3 x {T} € Y3 x (0, +o0) is a slice. For a non-degenerate

flat SL(2; C) connection (A,, ¢,) corresponding to the representation p.

Suppose for some p > 2, imr_, 1o ||(A, @) = (Ap, ¢p)l LPy) = 0, then there exists a
positive number 6, such that ||(A, @) — (Ap, ¢p)llco¥x(T,+00)) < Ce™T,

We follow the ideas in [19].

Overslice Y;, denote (A, )|y, = (A(t), p(t)+¢,(t)dy), denote y(1) := (A(t), ¢(1), ¢y(2)).
Recall the gradient of the extended Chern-Simons function is denoted as VECS, then

the flow equations (1.21) can be rewrote as

i«y(z) + VECS(y(7)) = 0. (1.62)
dy
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Definition 1.7.2. The analytic energy is defined as E*"(t) := /y | %y(t)|2+ |[VECS(y(2))|*dVol.

Now we introduce some basic computation related to the analytic energy E*(¢).
Let ECS(p) to be ECS(A,, ¢,,0) and ECS(T) to be ECS(y(T)), then we have the

following proposition:

Proposition 1.7.3. OverY X (0, +c0), under the assumption of Theorem 1.7.1, denote
(A ® = ¢ + ¢ydy) and denote J(T) := [ &™(1)dt, then J(T) = 2(ECS(T) -
ECS(p)).

Proof. We have the following computations for the gradient flow equations (1.62):

d
0= / |-y + VECS ()
YX[T,+00) QY

d d (1.63)
— [ O + IVECSGO)P + 200, VECS (1)
YX[T,+c0) 4Y dy
By definition of the gradient, we obtain

d

/ 2(d—y(t), VECS(y(t))) = 2(ECS(p) — ECS(T)). (1.64)
YX[T,+0) y

Therefore, J(T) = 2(ECS(T') — ECS(p)). O

Let (A;, ®; = ¢;+(¢y):dy) be the restriction of the solution (A, @) to the slice ¥;. Take
(al" bl’ Cl‘) = (Al" (Dl" (¢y)l)_(Ap’ ¢p’ 0)’ denote 7—{p(al’ bl" Cl) = 7‘{(Ap,qﬁp,O)(ata bh 0’ CI)
and EH, := EH (4, 4,0)- Then we have the following lemma:

Lemma 1.7.4. Under the assumption of Theorem 1.7.1, then for t large enough,

there exist positive constant Cy, Cy such that we have the following estimates:

E"(1) 2 CLIIEH p(ar. br, )l 2y, (1.65)
ECS(Ap + ar, ¢y + by, 1) = ECS(Ap, ¢, 0) < ColIEH p(ar, by, )y, (1.66)

where C, is a number depends on the smallest absolute eigenvalue of EH .

Proof. As we assume p is nondegenerate, by Proposition 1.4.10, we have the fol-

lowing estimate ||(a;, by, c,)llle(m < C\EH p(ar, by, o)l 12(y,) over the slice ¥;.

In addition, by the convergence assumption, (a;, by, ¢;) will have small Lf norm
when 7 is large enough, by Proposition 1.3.3, in each slice ¥;, we can make (A, ®@) in

the Kapustin-Witten gauge relative to (A, ®,):

Lé{)@p)(a,, bt) =0.
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To be explicit, we have
d}"‘pa, — x[D, xb;] = 0. (1.67)

Under this gauge, we have

Wp(al, bl" Cl) = Swp(ala bl‘a Cl)' (168)

Now, we have enough preparation for proving the estimate.

E(1) > /Y IVECS(Ar, 6. ()0)]?
> /Y |Hy(ar, brs 1) + {(ag, by )}

2 |7_{p(ata bb Ct)|2 + |{(ata bb Ct)2}|2 + 2<7_{p(at9 bt» Ct), {(ata bb Ct)2}>'
Y;

(1.69)

Over 3 dimensional manifold, we have the Sobolev embedding Lf(Yt) — L"(Y;) for
r <6.

Then we have
I{(ax, br, 01)2}2”1%2()/[) < Cll(as, by, Ct)”iét(yf) < CllEH p(ay, by, Cl)lliz(y,)’

<7_{p(al‘9 bt’ Cl‘)’ {(at’ bta C[)2}> < C”S?_{p(at’ bta Ct)“iZ(Yl)
Y;

By the convergence assumption, we know lim;— o |EH p(as, by, o)l 2y,) = O.
Thus, for inequality (1.69), ||{(a;, by, c,)z}zllzz(y) and fY, (Hy(as, by, 1), {(ar, by, c)?})
can be absorb by the first term and by choosing ¢ large enough, we get the estimate

we want.

For the statement (2), under the gauge fixing condition (1.67), we have the following

estimate

((as, by, c1), 7‘{p(at, bs, c1))
Y
= [ (as, b, 1), 87'{p(az, by, ¢1)) (1.70)
Y,

1
SS ”87{p(at, bl" Cl‘)”]%Z(yf)»
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where ¢ is smallest absolute eigenvalue of the operator &H,, and by the non-

degenerate assumption, Ker6H , = 0 and ¢ is bounded blow away from 0.

Thus, we have

ECS(A, + as, ¢p + by, c;) — ECS(A,, ¢, 0)

1 3
<- 5 Y,<(at’ b, c1), 7—{p(at’ by, ¢1)) - /Yl{(a’ b,c)’}

(1.71)
<CIEH olar, b )2y, + CIEH p(ar bro )y,
SCZ ”87—[,0(6% bt, C[)”I%Z(Y,)'
O

Now we obtain the following proposition:

Proposition 1.7.5. With the assumption above, if E¥\(t) is bounded, then there exists
a constant C such that
J(T) < Ce™.

Proof. By Lemma 1.7.4, we have the following:

J(t) = ECS(AP +ag, ¢p + by, cr) — ECS(Ap, éps 0)
< G|EH y(ar, by, )|

L(Y,)
< % £ (r) (1.72)
< —g—?%](t).
Thus, take 6 = %, we have:
dJ(t)

570+ 22 <o,
O+ ==

From here we get that J(7) < Ce™%'. O

Using these corollaries, we can give the following estimate of the decay of solutions.

Proposition 1.7.6. ForallT is large enough that we have ||(A;, ®;)—(Ap, CDp)||iz(YX[T +e0)) <
-6T g’ ’
Ce ",

Proof. Fixing a Kapustin-Witten gauge for (a;, by, ¢;) := (A, ¢, (¢y)0) — (Ap, ¢, 0).

By the non-degenerate assumption, we have ||(a;, by, ¢;)|| 2y < CIIEH p(ar, by, co)llr2yy)-
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In addition, by Lemma 1.7.4, for T is large enough, we have

1EH (ar, b2y, < CE(0).

Therefore, we compute

+00
(A ®) = (A Ol 2rsrecy) = /T I 50l

+00
sc/ IEH o(ar, bl 2y di
T PR THILA) (1.73)

+00
<C / EY(t)dt
T

<CJ(t).

By the exponential decay of J(¢), we proved the result for k=1. Take bootstrapping
method, we get that the Ll% norm exponentially decays. O

Proof of Theorem 1.7.1: We only need to show that for every integer k, we have
l(as, by)|lck < Ce . By the Sobolev embedding for L2, and C*, the result follows
immediately. O

1.8 Constructing Solutions
In this section, we will prove the gluing theorem for the Kapustin-Witten equations

with Nahm pole boundary condition.

For i = 1,2, consider X; to be a 4-manifold with boundary Z; and infinite cylindrical
end identified with ¥; x (0, +c0) C X;, let P; to denote a SU(2) bundle and (A;, ®;) €
Cp, be a solutions to the Kapustin-Witten equations over bundle P; which approach to
a flat connection p; and satisfies the Nahm pole boundary condition on the boundary
Z;.

If Y; = Y5, we can define a new family of 4-manifolds X*”. To be precise, we fix
an isometry between Y; and Y,, we first delete the infinite portions ¥; X [27, +c0)
Yo%, [2T,+o0) from the two ends, and then identify (y,t) € Y, X (T,2T) with
(y,2T —t) € Yo X (T, 2T). This is in Figure 1.3 and Figure 1.4:

In addition, if the limit flat connections coincide, we denote p = p; = ps, we can
fix an identification of these flat bundles and get a new bundle P*T with a natural

connection (Aﬁ, CDﬁ), which we will explicitly define in subsection 7.1.

Now we restate our theorem as follows:
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Figure 1.3: Two cylindrical-end manifold X; and X, with boundary
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Figure 1.4: X;, X, glued together to form X*"

Theorem 1.8.1. Under the hypotheses above, if

(a) im7— 4c0 [[(As, ©;) = (Ap;, (D,Oi)”LfO(Yix{T}) = 0 for some po > 2,
(b) p is an acyclic SL(2; C) flat connection,

thenforp >2and A € [1 - 117’ 1), we have:

1
(1) for some constant 9, there exists a y“l_’Hé’p pair (a, b) € Q;H(gp) X Qi{w(gp)

with
-6T
”(a’ b)”y/H%—lLf < Ce 4
: : 2 2 —
(2) there exists an obstruction class h € H(A|,<I>1)(X1) X H(Az,cpz)(XZ) such that h = 0
if and only if (A* + a, ®% + D) is a solution to the Kapustin-Witten equations (4.1).

We break the proof of this theorem into several parts.

Approximate Solutions
Denote by (a;, ¢;) = (A;, D;) — (Ap,, @), the difference between our solution and

the limit flat connections.

Define a new pair (A}, @) = (A, ®,,) + x(t)(ai, ¢;), here x(t) is a cut off function
which equals 0 on the complement of ¥; X (T + 1,+o0) and 1 on X;(T) := X;\Y; X
(T, +c0). From this construction, we know that KW(A;, ®@7) is supported on ¥ X
(T, T +1).
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As (A, @}) and (A}, @)) agree on the end, we can glue then together to get an
approximate solution (A%, ®%) on X*, and we denote the new bundle as P¥. Using

the above process, we can define a map:

I:Cp, xCp, = Cpt

- (1.74)
I((A1, @), (A, D7) := (AF, DF),
and this map depends on choice of 7" and the cut-off function we choose.

We have the following estimate for the approximate solution:

" § ol -8T
Proposition 1.8.2. || KW(A*, @ )”y/HIL’_ILP(X”T) < Ce ™.

Proof. By construction, we know K W(A*, @%)is only supported on a compact subset

of X*T and in this area the weight function is bounded. Combining this with the

exponential decay result: Theorem 1.7.1, we get the estimate we want. m|
Gluing Regular Points
First, we assume that H2 = 0 and H> = 0 and the limit flat connection is

(A1,®1) (A2,@2)

irreducible.

We use the previous notation from (1.17). Recall that L4, ¢,) is the linearization of
gf is
(Ai’q)i)

the Kapustin-Witten gauge fixing operator (1.14). Now, we denote D; := L; & Lf !

the Kapustin-Witten equations, we denote £; := L4, o,)- Recall Ligf =L

By Theorem 1.5.9, we get a Fredholm operator over X;:

Dy Y FHI(X) - YT LX),

By assumption, we know 9; is surjective, then there exists a right inverse
1 1
Qi : YL () — YT HYT (X)) (175)

such that D;0Q; = Id. Therefore, after restricting the domain of Q; to the image of
L;, we get a right inverse for £; and for simplicity, we still denote the right inverse
as Q; and we obtain .L;Q; = Id.

Take ¢; to be a cut off function supported in X;(27), with ¢;(x) = 1 on X;(T) and
¢1+¢> = 1on X, The graph of cut-off function ¢; is in the following Figure 1.5:

By definition, we chose ¢; with the estimate ||V ¢;||z~(x,) < €(T) < %
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Figure 1.5: The graph of cut-off function ¢

Take & € Yy LP(XHTY, denote by & the restriction of & on X;(2T), then we define
a new approximate inverse operator Q(¢) := ¢101(£1) + $202(&>), which can be
written as

0y o7 LX) - ¥ HYP(X;). (1.76)

Denoting £ := L pt oty as follows:

LTy o P () — ' L ().
After these preparations, we have the following relationship between these two

operators:

i 0 A+5=17 p T
Lemma 1.8.3. For L*, Q as above, and for V¢ € y™ r~ LP(X*), we have

1L70) = €1 1oy < eDEN 1oy

LP(XHT) — PILP(XHTY

Proof. For L (&), by definition, we have the following computation:

LT0@) = LT ($101(6) + $202(£))
=V % Q1(£1) + Vo x 0a(&) + 01 L7 01(&6) + 02 L7 02(&)
=Vé1 x Q1(£1) + Vo * 02(6) + $1.L101(61) + $2L202(£2)
+ 1 (LT = £1)01(&) + 62(LT - £2)02(&).
For the term V¢ x Q1(£1) + Vo x 02(&), we know ||V~ < €(T).

(1.77)

Therefore, we obtain

IV *Q1(§1)||y4+i_1

PTLP(XHT)

< eDNQUEN 1ojr,,
By Proposition 1.5.5, y“ll_’HS’p(XﬁT) c y*» LP(X#T), and by Proposition 1.5.6, we
obtain y“ll’LP(X“T) C y“I%_ILP(XﬁT),therefore, y’”!l’Hé’p(XﬁT) C y“tl’_lLP(X’iT).
In addition, by (1.75), we know

DN 1 oy S CHN g
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Therefore, we obtain

Vo1 * Ql(fl)”y/ni—l

PTLP(XHT)

SG(T)IIQl(fl)IlyML_I

PTLP(XHT)

<eMIQiEDI )

<e(M)ClIEN 1oy
y p

HS”’(XW) (178)

Lp(XHTY

where the constant C is independent of 7. Similarily, we have the same estimate for

0o:

Vo % Qz(fz)llyﬂg,f] < €(T)C||§||y4+},4 (1.79)

Lp(X#T) ~ Lp(XH#T)’

For the term ¢1(.£ﬁT - L)01(&) + ¢2(.£ﬂT — £3)05(&), by Theorem 1.7.1, we
know that the operators £# — £, and £# — £, are order zero and the operator

norm will exponentially decay as 7 — oo . Therefore, we have

61(L7 — £)01(&1) + o (L7 — £2)Q2(§2)||y4+;4”( < f(T)||§||yA+IL,1

XHT) LP(XHT)
(1.80)
For the remaining terms, we have
$1.Li101(61) + $92L202(5) = ¢1&1 + ¢2lr = ¢ (1.81)
Combining all the discussion above, we get the estimate we want.
m]

Proposition 1.8.4. There exists an operator Q¥ with
QﬁT . y/l+%—le(XﬁT) N y/l+ll)Hé,p(XliT)’

such that LYY Q¥ = Id. In addition, there exists a constant C independent of T

such that for V¢ € y/Hll_’_le (X;), we have

1Q N 1. < CIEN aepo

HyP (XHT) Py

Proof. Take R(¢) := LT Q&) - ¢, by Proposition 1.8.3, we know when 7T is large
enough, the operator norm of R will be very small. Therefore, R + Id is invertible.

Take Q¥ := Q(I d + R)~! then by definition, we have that Q" is an operator from
YT (XY to VP HIP(XT) and L7 QFT = 1d.
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The operator norm of R + Id is less than three and the operator norm of Q is
dominated by the operator norm of Q; plus the operator norm of Q,. Thus, the

operator norm of Q¥ is independent of T'.

Given an approximate solution (A¥, ®%), for any connection (A, @), write
(A, @) = (A*, ®¥) + (a, b).

We hope to find suitable (a, b) such that KW (A, @) = 0.

By Proposition 1.2.9, we have the following quadratic expansion:
KW(A, @) = KW(A*, o) + £ (4, b) + {(a, b), (a, b)}.
We will solve the equations

KW(A*, o) + £¥ (a,b) + {(a, b), (a, b)} = 0. (1.82)

Take 17 := —KW(A¥, ®*) and replace (4, b) by Q" (a), then the quadratic expansion
becomes

n=a+{Q"(a), Q" (a)}. (1.83)

1_
Now our target is to solve this equation for some a € y“ﬂ Tpp (X tiT).

Take S(@) := {Q* (), Q" ()}, we have the following proposition for the operator
S:

Proposition 1.8.5. Forany 1y € [1 — 119’ 1), S is an operator:
Sy LP(xTy s M Lp(x T

satisfying S(0) = 0 and for two elements o, B € LP(X'), there exists a constant k
independent of T such that

15@) =SB 1y

< —
o S Kl o, + 0B e =Bl )

Proof. First, we prove S is the suitable operator. As Q¥ : YUl Lp(xTy S
y“ll_’HS’p (X*T), using the Sobolev embedding y“%HS’p (XHT) — y“z]_’_lLf (X*T)(Corollary

1_ L

1.5.7), we can consider Q¥ as an operator from y“P 1L‘”(inT) to y“l’_lLf(XﬁT).
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Denote a = (a1, @) and from the definition of S, we have

S(@) = {(a1, @2), (@1, 2)}
Q7 (1) A QT (1)) — Q" (a2) A QY (a2) + *[Q (1), Q" (a2)]
— % [@"T (@), *Q" ()]
(1.84)

As the terms appearing in S(«) are quadratic terms, using the Holder inequality for

1
>1—= <
Az 1=y suchthatlifgll oy, o) < WA e o r 181 gor i

1.5.7), we have that S is an operator

(Corollary

S - y/H_ll’Lp(XﬁT) N y/l+llJLp(XﬁT).

Now, we will show that S has the desired estimate. Denote 8 = (81, 82), from the
definition of §, we have the following computation:

S(a) - S(B)
={(a1, @), (a1, @2)} — {(B1, B2), (b1, B2)}

3 Q' (a1) A Q¥ (1) — QT (a2) A QT (a2) + *[Q¥ (@1), Q™ (a2)] — *[Q*T (B1), Q¥ (B2)]
=% [QT (@), *QT ] + *[QFT (B)), *QPT 5]

(1.85)
Now we make estimates for each term appearing in S(@) — S(B).
||Q (a'l)/\Q (al) Q (,81)/\@ (,Bl)Hy/Hll,—le(XﬁT)
T T _Ofr
S”Q (al) A (Q (al) Q (ﬁl))lly/l-#%—lLP(XﬁT)
n II(QﬂT(al) _ QﬁT(IBI)) A QﬂT(,Bl)“ A+}J—1L,,(Xur)
<||Q (al)”y/H%_lL{)(XﬁT)”Q (1) - Q (ﬂl)” %71LP(XﬂT)
Qi QiT Q" e
FIQTEN 1y I 00 = QTN
SC||CVI||yA+}J—1Lp(XﬁT)|| Al VB Lo (xiTy
+ C“ﬁl “y/H%_lLP(XﬁT)”al - ﬁl “y’H%_ILP(XﬂT)
<Clarll st ry + B aegor Mt = Bill gy )

1
y P T LP(XHT) y P T Lp(XHT) 17 LP(XHT)
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For another term, we have
% 1@ (@), @ (02)] = *[QT (B, QT (B efo1, i
<[I[Q" (1), @7 (a2)] - [Q" (a1), QT ()]
(@ (1), @7 (8] - [Q7 (B1). QT (B 1.y

<@ (1), @' (a2 =B po

LP(XHT)

+11Q (@1 = B0, QT (BN 1

PTLP(XHT) LP(XHT)
<Clrl g1 or 192 = B2y 1
+ ||ﬁ2||y/l+%—1Lp(XuT)”al - ﬁl ||y/l+1i,—1Lp(XuT)
SCOl gy gy + W8 gy YN0 = Bl it )
(1.87)
Similarily, we have the following estimate:
| = *1Q (), xQ (@2)] + +[Q (B1). *Q* (B 1.
YT PTLP(XHT)
(1.88)
Sc(lla”y,ull,fle(XﬁT) + ”ﬁ”y/”%*le(XﬁT))(”a’ - ﬂ”y’”llf]u’(xﬂ))'
Combining the previous computations, we have the result we want. O

We have the following lemma about the operator S:

Lemma 1.8.6. (/20] Lemma 7.2.23) Let B be a Banach space and let || ||g be the
normon B. Let S : B — B be a smooth map on the Banach space B with S(0) = 0
and ||S& — S& | < k(|&1lls + l21l)1E1 — &2lB), for some constant k > 0 and
all &, &, in B,then for each n € B with ||n|lp < ﬁ, there exists a unique & with
I€NlB < % such that

§+8) =n.

We now can complete the proof of Theorem 1.1.

Proof of Theorem 1.1: Recall we hope to solve the equation (1.83), which is

n=a+Sa).

1

By Proposition 1.8.5, in Lemma 1.8.6, if we take the Banach space Bas y** 7! LP(X#T),
we know that the operator § satisfies the assumption in Lemma 1.8.6. Therefore,

1
there exists an solution « to equation (1.83) with a € y’”l_’_lU’ (XHT),

Let (a,b) := Q¥ (@) where (a, b) € Q! x Q!, then (A*, ®¥) + (a, b) is a solution to
the Kapustin-Witten equations (4.1).
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Now we will prove the regularity statement of Theorem 1.1. By Proposition 1.8.4,

we have
Q' yMILJ_ILP(XﬁT) — y/Hll’Hé’p(XﬁT).

Therefore, we know (a, b) € y’”!l’Hé’p (XHT),

As S satisfies

IS@ =SB 1cj 1 gory S KU g or BN e MBI iy )
= < 2 i
Take 8 = 0, we have ||S(a)||yﬁ+%_1Lp(XﬂT) < k”a”y“%*lu(xﬂr)' By equation (1.83),
we have the following estimate:
”a/”y/H%—le(XuT) S”nlly/“—li’_lLP(XﬁT) + ||S(a)||y/l+1%—1Lp(XuT) (1 89)
<7l a1, +kllell?,, :
y TPTLP(XHT) yU P Lp(xHT)
WLOG, we can assume 1 — k||| .1, > % and we obtain
y T PTLP(XHT)
ol 1ty < 2000 g1 (1.90)
. s . #T
AsinProposition 1.8.5, we use the estimate ||Q (a)”y“z%*lLf(xﬂT) < C”a”y“%"LP(XﬁT)’
we have
1@ D e, < Nl gy < 200 sy (19D
Applying Proposition 1.8.2, we get the estimate we want. O

We can say more about the regularity of solutions we get. Using the equations

(1.82), we have the following proposition.

Proposition 1.8.7. For p > 2 and T is large enough, suppose (a, b) satisfies the

equations (1.82) over X ﬁT, then (a, b) is smooth in the interior of X i,

Proof. Fix ainterior opensetU C X o, By (1.91), for any given constant C, we can

choose T is large enough such that ||(a, b)|| .1, < C. Applying Theorem
Yy PTLY(XAT)

1.3.2 over U, we get a gauge fixing condition for (a, b). Combing this with equations

(1.82) and using the bootstrapping method, we get the regularity we want. O

Corollary 1.8.8. Under the assumption as Theorem 1.8.1, if H(ZAA o) = 0 and the
limiting flat connection is irreducible, then for T is large enough, there exists a

solution to the Kapustin-Witten equations (4.1).
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Gluing Singular Points in Moduli Space

In this subsection, we will deal with the singular points (A;, ®;) with H(ZAi,q>,~) *
1 1

0. As before, we take the norm yMFHé’p(X,-) on Q%Q_(gp) and y’Hz_’_le(Xi) on

Q(?)f,- (ap) @ Q%(i (ap).

As before, we denote H(zA, o = (Q%(ap) x Q%gp))/Im.L;. For any T € Q*(gp) x
Q%ap), we denote by [1] € H(zAi,CDi) the equivalence class of 7.

We have the following lemma for this cohomology group:

Lemma 1.8.9. Given any bounded open set U C X;, for any a € H(ZA‘ ;) there exist
a B € Q%(gp) x Q%gp), such that B8 is supported in U and [B] = a as cohomology

class.

Proof. As the range of L; is closed in y“TI’_ILP(QZ(gp) x Q%gp), we have the
following splitting:

Y L@ (ap) x ©%ap)) = ImL; @ (Ker L2 0y 57 LP), (1.92)

where L* is the L? adjoint of £;.

1

Thus we have the identification H> ) = KerLf n y*~lLP. By the classicial

(A, D;
unique continuation property of an elliptic operator on the interior [4], for any a €
Ker.L*, we have & nonvanishing on any interior open set. Denote / = dim H(ZA' o)

then for an integer j, 0 < j < [, there exist a basis {a;} € H(2 In addition, we

Ap®;)

can choose {a;} orthogonal to each other w.r.t the L? inner product.
In order to prove the lemma, we only need to prove the statement for one of the base
a;. We claim that for any fixed a;, there exists a differential form f € Q*(gp)xQ%(gp)
such that (f,a;) # 0 and f vanishes over the boundary, f|sy = 0. If not, for any
f e C(‘;"(Qz(gp) x Q%ap)), we have (f, a;) = 0. This will imply a; is identically O

over an interior open set which contradicts a; € Ker.L*.

By the Gram—Schmidt process and rescaling, we can find a function g which vanishes
over dU, (g,a;) = 1 and for s # j (g,a,) = 0. By the splitting (1.92), we know
there exists a go € ImL;, such that g = go + a;. m|

By the previous lemma, we know there exists linear operators o7,

. g2 2 0
O-l . H(Aivq)i) — Qxl @Q i
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such that the operators
Li®o:Qy ®Qy ®H}y ) — O & QY

are surjective. By Theorem 1.5.9, we know that H(ZA' o) is finite dimensional,

therefore, we can take the image of o5 to be supported in X;(T') for T is large enough.

In the notation above, take H = H> ® H?

(A1.01) (Ar.dy) WE Can define a map o:

— . 2 0
c=01+0mHoQ, 0Q .

As L; & o is surjective, there exists an operator Q;, such that (£; & 07)Q; = Id,

Qi: Q3 @0} — Hl 4, ® Q% Q. (1.93)

Composing Q; with the projection map into different part of the image, we get

operators m; and P;. To be explicit, Q; := m; & P; where
. 0?2 0 2
T QX,- &) QXi - H(A,-,(I),-)’
and
P Qy Q) — Q) 0O} .

Therefore, by definition, for V¢ € Qi ® Q?Q_, we have

&= LiPi(¢&) + oimi(é).

As before, we take ¢; be a cut off function supported in X;(27) as in Figure 1.5, with
#i(x) = Lon X;(T) and ¢, +¢> = 1 on X*. We have the estimate IVoillL=x,) < e(T).

: 2 0
Given & € QXﬁT & QxﬁT’

two approximate inverse operators as follows:

denote by &; the restriction of & to X;(2T'), we can define

Let P(¢) 1= ¢1P1(&1) + p2P2(&2), R(€) := ¢1mi(&1) + doma(é). Similarly, we take
L .= .[j( Ab oty WE have the following lemma:

Lemma 1.8.10. || L P(&) + o#(¢) - €Ml g < €DIEN -

plLp(xHTy T LP(XHT)’

Proof. Compared to Lemma 1.8.3, we have some additional terms in computing
L7TP,
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We have the following computation:

LITPE) = LY (91P1€) + LY (92P2¢)
= Vo1 % P1(£) + Vo * Po(€) + ¢1 LY P1(&) + 62.LY Py(¢)
= Vo1 % P1(§) + Vo * Pa(§) + 1 L1 P1(€) + $2LaPa(€)
+ 1 (LT = L)PE) + ¢ (LT — Lo)Pa(€).

(1.94)

For the terms ¢ L1 P1(€) + ¢ Lo P>(€), we have

$1.L1P1(E) + ¢2L2Pr(€)
=(¢1 + $2)(&) + pro1m1(€) + Prorma(€) (1.95)
=¢£ + on(£).

For the other terms in the final step of (1.94), the estimates are exactly the same as

Lemma 1.8.3 and is bounded by E(T)Hg”y“x%*‘u’(xﬁ)'

Combining all the arguement above, we get the estimate we want. m|

Now we can construct the inverse of the operator £

Corollary 1.8.11. ForT is large enough, there exist operators P : Q2 &Q°,  —

XHAT R xHT
Q;w ® Q;(W and 7 in ® Q%T — H such that V¢ € Q?(W ® Q())(ﬁT, we have
¢ = LTPHE) + on' (¢). (1.96)

In addition, the operator norm of P and n#" is bounded independent of T.

Proof. By Lemma 1.8.10, denoting R := (L & o)(P & #) — I1d, we know that
when 7 is large enough, R has operator norm small. Therefore, /d + R is invertible
and Q = (P @ #)(1 + R)~! will be the right inverse of £ & o~. As the image of
Qis H(ZAmﬂ) <) Q;(ur @ Q;(ur’ we can take P# to be the projection to the Q' @ Q!
part of image of Q and 7T to be the projection of H? part of image of Q, then by
definition, we have

¢ = LTPI(E) + on®l ().

By classical functional analysis, we know the operator norm of /d + R can be choose
to be smaller than 3 and the operator norm of P & # is dominated by Q; (1.93).
Therefore, the operator norm is independent of 7. O
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For a pair (£, h) with § € Q< & Qxﬁ

i and h € H?, consider the perturbation

T
equation

KW((A*, %) + P (&) + o(h) = 0. (1.97)

Therefore, we have

KW(AY, @) + LT P (&) + (P (&), P (£)} + o(h) = 0,
KW(AY, @) + & — ol (&) + {PH(£), P (&)} + o (h) = 0.(Applying (1.96))
(1.98)

Take h = 7#7(£), we obtain

KW(AY ©%) + £ + {P¥ (&), P (&)} = 0, (1.99)

which is the equation (1.83) and it has solution £&. As P is an operator mapping
QL @00, QL ®Q ., wecan define (a,b) € Ql,, ®Q},, by (a,b) := PH ().
Then if we denote (A, @) := (A¥ + a, @ + b), (A, ) will solve the equation

KW(A, ®) + o(h) = 0.

By the previous arguments, we get the following corollary, which completes the

proof of the second part of Theorem 1.1.

Corollary 1.8.12. For any interior open set U, there exists (a,b) € Q;NT ® Q}(W
and h € H(ZA.,cb,) ) H(2A2,<I>2) solve the equation KW(A? + a, ® + b) + o-(h) = 0 and
satisfy (1) (A* + a, ®F + b) is a solution to the Kapustin-Witten equations over X*T

if and only if h=0.

(2) We have the estimate:

(a, b)||yd+%_ly, <Ce™, |lo(h)|| < Ce™?T.

1

These two constants depend on the choice of the open set and ¢ is the positive

constant in Proposition 1.8.2.

(3) o(h) is supported in U.
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Proof. The first statement is obvious. For the second statement, by definition, we

have

T
@Bl g, = IPFED g,

< Cll¢ll 1, (P is bounded)
> h (1.100)
< CIKW(AL M| .1, ,(By (1.90))
yorPTLY

< Ce T ( By Proposition 1.8.2)

Similarly,

T
”O'(h)”y,n}i,qu = ”(7'(7'1'1:i (é:))”y“ll’_lLf

< C||€]l MILILP(R“T and o are bounded) (1.101)
y g ]

< Ce T ( By Proposition 1.8.2)

The third statement is a direct corollary of lemma 1.8.9. |

Given (A;, @;), denote by I; the isotropy group of (A;, @;), I; = {g|g(A; D;) =
(A;, ®;)}. By Corollary 1.6.9, we know I; = 1. We will combine the Kuranishi
descriptin in Proposition 1.6.17 with the previous construction. Let N; C H(lAi,CDi)
be a set parametrize a neighborhood of (A;, ®@;) in the moduli space of Nahm pole

solutions. If we denote N := N; X N,, then we have the following proposition:

Proposition 1.8.13. For large enough T and small enough N;, given n € N then we
have

(1) A family of y“rl’Hé’p connections (A(n), ®(n)) + (a(n), b(n)) parametrized by N.

(2) There existamap¥ : N — H(ZAI,QI)XH(ZAZ,%)’ such that (A(n), ®(n))+(a(n), b(n))

satisfies the Kapustin-Witten equations if and only if ¥(n) = 0.

(3) Let Myur be the moduli space of Nahm pole solutions to the Kapustin-Witten

equations over X, then there exists a map ©, whose image is the moduli space Myyr :

0:¥0) > My
n — (A(n), ®(n)) + (a(n), b(n)).

(1.102)
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i . : T T
Figure 1.6: The shaded part is ¥ X -3 7)

Gluing for Non-degenerate Limit
In this section, we will build the gluing theorem for the reducible connection. For
simplicity, in this subsection, we only consider the case H(zAA @A)(Xi) = 0. For the H?

non-vanishing case, the result will follows similarly as in subsection 7.3.

As before, we are dealing with manifolds X, X, with cylindrical ends and boundaries
as in Figure 1.3. We constructed X o7 identified the connecting region with ¥ X

(=Z, ). This will be more precisely shown in Figure 1.6.

For a positive real number «, take a smooth weighted function Wy = (3711 and
over a neighborhood of the boundary of X ¥ let Wr be the distance function to the

boundary.

Over the manifolds with boundary and cylindrical ends X; and X,, we have fixed
weighted functions W; and W,, such that in the connected area W = ea(%”),
W, = ¢®5=1) and in the neighborhood of the boundary, W; and W, are the distance
functions to the boundaries. It is easy to get that in the common area W, W, and

Wr dominated each other.

On 1-forms of X*', use the norm y“IL’HS’C’: (X*T) given by the weighted norm
given by Hé’p (X*T) and weight function Wr. On the 2-forms of X #T use the norm
y’”zlv_ng(X ¥T given by LP(X*T) and weighted function Wr. Respectively, we get
Y B (X;) and T LE(X;) for X;.

By these constructions, we get the following estimate for the approximate solution:

. < C(el @0,
+I77] Lg(XﬁT)

Proposition 1.8.14. ||[KW(A", @) .
y

Proof. By Theorem 1.7.1, we know the C* norm will decays as ¢~%. In addition,
we have the weighte function that equals to ¢® in the end. Therefore, we get the

decay rate we want. O

Therefore, we can take @ < ¢ such that the approximate term exponentially decays

as T — oo,
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Fori = 1,2, denoting .L; := L4, a,), We can regard the operator as

1_

1
Lio YT HY(X) -y LX),

For the approximate solution (A%, %), we also have the Fredholm operator LgT for
the weighted norm

1_

1
LIy o Hp P (XT) - y e L (),

By our assumption H(ZA,», cD,-)(Xi) = 0, we know there exists a right inverse Q;:

1_ 11
Qi : yrTILL(X) -y H T (X,),
such that £; ,Q; = Id.

As before, we take ¢; be a cut off function supported in X;(27) as in Figure 1.5,
with ¢;(x) = 1 on X;(T) and ¢; + ¢ = 1 on X*T and we can have the estimate

IVoill=x,) < e(T).

Take £ € y’”pl_ng(X *T), denote by & the restriction of & on X;(2T'), then we define
a new approximate inverse operator Qu (&) := ¢101(&1) + ¢202(&2), which can be
written as

AL A+i-1.p A+L o 1p

Q: y r La/(Xi) -y pH()’a(Xi)-

Right Inverse
Similarily, we have the following estimate for the operator £B,T.
Lemma 1.8.15. For LiT, O as above, and for V¢ € y’”!l’_]Lg(XﬁT), we have

1L 0u(e) - . < €€ g

P (xHT) T PILE (x4

Proof. After we choose @ < §, we still get the exponential decay result and the

proof is exactly the same as Lemma 1.8.3. O
Proposition 1.8.16. There exists an operator QiT,

Qi+ y T LAY - v H (X
such that Lffaﬁf = Id. In addition, the operator norm of QS, is independent of T.
Proof. By Lemma 1.8.15, we know LgTQAC, has an inverse and we just take fo =

QAC,(Lf,T 0.)~!. By definition, we get the inverse we want. For the independence of T

from the operator norm, the arguement is exactly the same as Proposition 1.8.4. O
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Existence Theorem

Over X for arbitary (A, @), we denote (a, b) := (A, D) — (A%, ®F). We have the

following expansion for the Kapustin-Witten map:

KW(A, @) = KW(AL @8 + £7 (4, b) + {(a, b), (a, b)}. (1.103)

Take S, (a, b) = {(a, b), (a, b)}, then we have the following proposition:

Proposition 1.8.17. Forany Ay € [1—1%, 1), S, isan operator S, : y’”ll’_le(XﬁT) —
y“l%_le(XﬁT) satisfying S,(0) = 0 and for two elements B,y € yM%_ILg(XﬁT),

there exists a constant k such that

1Se(B) - Sa(V)IIyM,i,f < k(IIBIIyM;Tng + IIVIIyMIL,fng)(II,B - VIIyM%ALg)-

1 —_—
Ly

Proof. The proof is basically the same as the proof of Proposition 1.8.5. We only
need to check the Sobolev inequality is still true in the weighted case and this is

proved in Proposition 1.5.12. m|
Now, we have a parallel theorem to Theorem 1.1:

Theorem 1.8.18. Under the gluing hypotheses in the beginning of the chapter, if
(a) imr_, 0 |[(A;, ;) — (Ap,s d)pl.)||L§o(YiX{T}) = 0 for some py > 2,

(b) p is a non-degenerate SL(2; C) flat connection,

then for Ay € [1 — 117’ 1), there exists a real number a > 0 such that we have

1

. Qo+1 r7Lp .
(1) for some constant o, there exists a y °+2H0,a pair (a, b) € QXﬂT

with

(QP) X 'Q;(ur (gP)

(a=6)T
@By g, < €,
(2) there exists an obstruction class h € H(ZA1 (Dl)(Xl) X H(ZA2 c1>2)(X2) such that h = 0
if and only if (A* + a, oF + b) is a solution to the Kapustin-Witten equations (4.1).

Proof. For the case that H? vanishes, by Proposition 1.8.17, we know that the
opertor S, satisfies the assumption for Lemma 1.8.6. By Proposition 1.8.14, we
know we can choose 1 small enough satifying Lemma 1.8.6. Therefore, by Lemma
1.8.6, there exists a solution to the equation (1.103) and we get a solution to the
Kapustin-Witten equations (4.1). The regularity statements of the connections in

the theorem will follows by the same way as in Chapter 8.1.
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Similarly, we can follow exactly the same as Chapter 1.8.3 and prove the second

statement of the theorem.

1.9 Local Model for Gluing Picture
In this section, we will give a Kuranishi description of the gluing construction for

the Kapustin-Witten equations.

For the description for the anti-self-dual equations, see [19], [20], [53]. In this

section, we assume p € (2,4), 1 € [1 — 117’ 1) and denote by ¢ the real number
4

satisfying the relationship 1 + % =5

Gauge Fixing Problem
For i = 1,2, let M; be the moduli space of Nahm pole solutions to the Kapustin-
Witten equations over X; defined in (1.55). Let N; be pre-compact subsets of the

moduli space M; such that any element of N; is regular in the moduli space M;. To

be more explicit, for any (A;, ®;) € N;, we have H(OA o = =0 and H(A o) = = 0. By
Proposition 1.8.13, we know there exists a map ®r defined as follows:
@T NI XNy — Mx. (1.104)

We have the following proposition on the map ©:

Proposition 1.9.1. There exists a Ty, such that for any T > Ty, we have:

(1) For (A;, ®;) € N, let (A, D) := Op((A1, D1), (A, D)), we have H =0,

(A o)

(2) Or is a diffeomorphism to its image.

Proof. (1) Let (A, ®%) be the approximate solution, let (a, b) := (A, @) — (A%, @)

By Theorem 1.8.1, we have ||(a, b)|| ! bipp < Ce™“T. Let £(1Au o (L(A(D) ) be

the 11near1zat10n operator of (A¥, ®F) (L( A®))- By Proposition 1.8.4, there exists an
operator Q" : y “lr S yMPH ? such that £(1 " (Dﬂ)Qﬁ = Id. Therefore, we can
choose T big enough such that ||£(A @)Q -r!

1
that L( AD)

(AF,0H)
has a right inverse and it is surjective.

Q* IIyMIL),le < 5. This implies

(2) By the assumption that N; is regular, we have dim N; = IndP;. By Proposition
1.5.17, we have IndP = IndP; + IndP;. Let Im(®) to be the image of ®@. We have
dim(Im(®)) = dim Ny +dim N,. Therefore, in order to prove O is a diffeomorphism,

we only need to prove d@ is injective. Choose an open subset U C X; which is away



68

from the gluing part. By Proposition 1.8.7, we know over U, (A, ®) is C! close to
(A, @) thus proves that dO is injective. O

Now we will characterize the Nahm pole solutions we found by our gluing construc-
tion. Given solutions (A;, ®;). Let (A, ®%) be the approximate solution. Let d; be

the metric on the space 8B given by

dy([(Ar, @) [(A2, @2))) = Inf [I(A1, 1) = A0, @) 1y ,- (11105)

Then, we can define an open neighborhood U(€) of (A¥, OF) by

Ugaan(€) = {(A, @) € BIdj((A, @), (A, D] < &, [KWA D 1,1, < €}
(1.106)

Then we have the following theorem

Theorem 1.9.2. For x =0, 1,2, if H(’:‘_ o) = 0, then for small enough €, any point

(A, @) € U(e) can be represented by the following form (A, ®) = (A%, %) + Q¢,

where ||@|| .. L, < Ce and Q is the right inverse operator defined in Proposition
y

1.8.4.

We prove Theorem 1.9.2 by the method of continuation. We need a new interpreta-

tion of the operator.

Given (A;, ®) satisfying the assumption of Theorem 1.9.2, let (A% ®*) be the ap-
proximate solution over X 7 In this section, for simplification, we denote £ the
linearization operator of (A*, ®%) and let Q be the right inverse of £. Combining
this with the embedding y“%Hé’p — y/”zl’_qu, we have

£y HPQ(ap) x Q'(gp)) — v 7 LP(Q(ap) x Q(ap)),

TR, . el 1 (1.107)
Q:y" P LP(Q(gp) x Q7(gp)) — ¥y LU(Q (gp) X Q' (ap)).

Let B € Ut ot)(€), then WLOG, we assume B = (A*, ®%) + (4, b) and consider B,
which is a path of connection pairs defined as follows:

B, := (A", @) + t(a, b)
and we can define the following set S:

Definition 1.9.3. Given § small enough, define S C [0, 1] to be the interval of all
t € [0, 1] such that there exists gauge transform u : [0,t] — G and ¢ : [0,t] —
Q%(ap) x QO(gp) such that
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(1) #(0) = 0, u(0) = 1,
(me0=MWWHQ@JWmM%Wm < 4.

Py

Our target is to prove S = [0, 1]. By definition of S, we have the following Proposi-

tion:

Proposition 1.9.4. S is non empty.

Proof. As By = (A%, ®%), take ¢y = 0 and u(0) = 1, we know 0 € S. O

Now, we are going to prove S is an open set and before the proving, we will need

some preparations.

Let d° to be d° in the Kuranishi complex (1.7), where for & € Q%gp), d°(¢) =
(A%.0%)

(—d &, [£ ®%]). For any £ € Q%(ap) and ¢ € Q*(gp) x Q(ap), define the operator

1T :Q%gp) x Q*(gp) X Q%gp) — Q'(sp) x Q' (ap),

(1.108)
(&, ¢) > d"(€) + 0(¢).

Let V; be a norm over Q%(gp) X Q%(ap) x Q%(ap) defined as follows:

16 ®)llv, = l2°&)ll I e
y y

plp’

For (a, b) € Q!(gp) x Q'(gp), we define another norm V5 as

P

1Ga, )llv, = [l@ D)l aopv , + ILC@ O i

Then we have the following Proposition:

Proposition 1.9.5. Considering 11 as operator from V; to V,:
I1:V) -V,
we have

(1) I is a bounded operator from Vi to Va,

(2) There exists a constant C independent of T such that ||(¢, ¢)|ly, < C||IL(E, @)||vs.
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Proof. (1) We have the following computation for the operator I1:

IT1(€, ),
<||d°#) + QAN aprp, + 1L &)+ Lo QDN apr,,

(Here we use £ o d’(¢) = [KW(Aﬁ, <I>ﬂ), &land Lo Q =1d)
<O ogory, + 1N 1oy, + IKWCAT @), €]

<1d°E)| 41,
y P

1
plrp

y +llell

||y/l+%—le

La + ”(p”y/HILfILP.

(1.109)

(2) Take @ = d°(&) + O(¢), then we have Lo = [KW(AF, ®F), £] + ¢. We have the
following estimate:

P lLa

WO 1y, < = Oy

< IIaIIyM%_] + ||Q¢||yd+%_1” (1.110)

L4

<
<l gy 1000y

In addition, by the relation La = [K W(Aﬁ, d)ﬁ), &)+ ¢, we have
i ot
101 cpry, < 1Ll g, + IKWCARDRLEN oy,

< ||le|lv, + €l|é]lco(Here we use Proposition 1.8.2)

< llelly, + elldo(f)llym_1 (1.111)

p L4

= ”a”Vz + Ella - Q¢||y,1+%_1Lq

< llall + ellal oy, + €loll iy,

By taking € small enough, we get ||¢|| .1, < Clla|ly,.
y

p LpP

By definition, (&, ¢)|lv, = IIdO(f)IIy/H%_]
(1.110) and (1.111), we obtain

T ||¢||y bty Combining equations

1€, &llvi < Cllelly, = CIITIE, @)llv-

By this estimate, we get an immediate corollary:

Corollary 1.9.6. I1 is an injective operator.
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Proposition 1.9.7. For x = 0, 1,2, if H&bq)i) = 0, the operator 11 is a surjective
operator from Vi to V;

Proof. As Q is the inverse of L, by the assumption H(’;i’(bi) =0, we know Ind IT =

—Ind D(4¢) = 0. By Proposition 1.9.5, we know II is injective, thus IT is surjective.
]

Proposition 1.9.8. S is an open set in [0, 1].

Proof. By Proposition 1.9.7, I1 is surjective. By the implicit function theorem, we

get the result immediately. O

Now, we hope to prove that the set S is a closed set. To begin with, we prove that

the condition (2) in Definition 1.9.3 is a closed condition:

Lemma 1.9.9. For suitable § and €, we have ||¢;|| kot < %6.
y

Proof. By the relation u,(B;) = (A, ") + O(¢,), we have:
KW(ui(By) = KW(A%, ) + ¢, + {Q(¢/). Q(¢1)}. (1.112)
Therefore, we have
f ot 2
194, < KWL QN oy + IKWBN 1oy, + IQGOIE,

(Here we use Proposition 1.8.2 and de finition (1.106))
< e(T)+e+C?lgl
y

l .
A+F—1Lq

(1.113)

For 6 < #, e(T) < %5 and € < 16, we have ||¢;| < %(5, so the open condition is

also closed. O
Proposition 1.9.10. For 6 small enough and suitable parameter T and €, S is a
closed set in [0, 1].

Proof. Now is routine to prove the set § is closed. Let assume a sequence t; € S
with #; — fy. For simplification, we denote B; := B;, and ¢; := ¢,,. By the definition
of S, we have the relationship u,(B;) = (AP, d)ﬁ) + O(¢;).

By Lemma 1.9.9, we have the closed condition ||¢;|| . 1 0. By definition of
y

|
< =
= 2

S

B;, we have B; = (A%, ®%) + 1;(a, b) and (a, b) € y“!‘l’Hé’p - y’l+
1
strongly converges in y**» ' L”.

_lLf. We know B;
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By the uniform bound on the ¢;, the ¢; converges to a limit ¢o weakly in y“ll’_le.
Define A; = (A%, ®%) + Q(¢;). A; is uniformly bounded in y“ll_’HOl’p — y“tl’_lLf.

1
Therefore, A; converges weakly in y’l“Ll_’_lL‘i7 .

As u; is a gauge transformation, by the relation u;(B;) = A;, we have du; = u;A;— Bju;.
1

By the boundedness of A; and B;, we know u; weakly converges to ug in y’”l_’_ng .
1

Therefore, by the Sobolev embedding theorem, u; strongly converges in y’”!_’_lLf

to ug. Therefore, we have the relationship ug(Bg) = Ao which imply 7y € S. O

We get an immediate corollary from Proposition 1.9.4, Proposition 1.9.8 and Propo-
sition 1.9.10:

Corollary 1.9.11. For the set S in definition 1.9.3, we have S = [0, 1].
The proof of Theorem 1.9.2 follows immediately.

Local Model for Regular Moduli Space
Now, we are able to construct a local model for the gluing picture in the acyclic case

without the assumption on H'.

Denote n; = Ind(P;) and we don’t assume n; = 0. Denote M;‘,i (M;) to be the
moduli space which only consists of solutions to the Kapustin-Witten equations
over X; (XﬁT), which have H? = 0.

For i = 1,2, given two solutions (A4;, ;) € MI*Ji, there exists an open neighborhood

U; such that we can find functions
x Ui c Mp — R"
which give local coordinates around (A;, @;) in the moduli spaces M7 . Denote

Up(€) = {(A, @) € B|3(Ap, Do) € M5, dj((A @), (A, Dp)) < €, [|KW(A, CD)IlyM%_lLP < €}.
(1.114)

Then by the exponential decay result (Theorem 1.7.1), we know that by choosing

suitable compact sets G; C X; and cut-off functions, we have a natural inclusion U;

into M . Choose y; € Im(x;(U;)) and define the cut-down moduli space
L= x7'(1) 0 x; ' (v2) " M5 € Un(e),
which has virtual dimensional 0.

For T is large enough, recall I : Cp, X Cp, — Cp is the operator defined in (1.74)
that constructs the approximate solution. Denote by (Ag, @g) := I( Xl‘l(yl), X5 L(y,))
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the approximate solution constructed by Xl_l(yl) and )y, '(y2). Then we have the

following Proposition. Compare this to Theorem 1.9.2:

Proposition 1.9.12. For € small enough, there exists a unique solution (A’, ®") in L
such that Uy p,)(€) N L = (A', D).

Now, we will define a distance to make a comparision between connection pairs
(Ag, @g) over X i and (A;, ®;) over X;.

We can define the norm d as
d((A%, ©%); (A1, 1), (Az, D2)) = inficg,||(Ao, Do) — I((Ay, @1), (A, @)l Laxtr)
(1.115)

where the I is the operator that constructs the approximate solutions defined in
(1.74).

Summarizing Proposition 1.9.1 and Theorem 1.9.2, we obtain the following state-

ment:

Theorem 1.9.13. Denote by U; the compact sets of regular points in the moduli
space M;;i. There exist Ty, € such that for T > Ty and € < €, there exist open

neighborhoods N; of U; and a map
O:N XN, — M;,

such that

(1) ® is a diffeomorphism to its image, and the image contains regular points,
(2) d(B((Ay, 1), (A2, @2)); (A1, @1), (A2, @2))) < € for any (A;, @;) € N,

(3) Any connection (A%, ®%) e M with d((A%, @%); (A}, D), (Ar, Dy)) < € for some
(A;, @;) € N, lies in the image of ©.

Now we will have a brief discussion of the local gluing picture in the general case
the H? is non-vanishing. For (A;, ®;) € M; with H>(A;, ®;) non-vanishing, we can
do the trick as in Section 1.8 by adding some finite dimensional linear space as
the obstruction class and have a similar obstruction type statement as in Theorem

1.9.13. We will precise by state the theorem in general in the next subsection.
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Conclusions

Now, we can summarize what we have proved and state the following theorem

Theorem 1.9.14. Let (A;, ®;) be connections pairs over manifolds X; with Nahm
poles over Z;, for sufficiently large T, there is a local Kuranishi model for an open

set in the moduli space over X 0.

(1) There exists a neighborhood N of {0} C

2 2
N to H(A1»¢’1) X H(Az,q’z)'

1 1
H(A1,<I>1) X H(A2,<I>2) and a map ¥ from

(2) There exists a map ® which is a homeomorphism from ¥~1(0) to an open set
Vc M;ﬁ.

1.10 Some Applications

In this section, we will introduce some applications of the gluing theorem 1.8.1.

As for the model solution in Section 2, we don’t know whether the obstruction
class vanish or not and right now we don’t have any transversality result for the
Kapustin-Witten equations. We just consider the obstruction class as a perturbation

to the equation. See [18] for the obstruction perturbation for ASD equations.
Consider a compact 4-dimensional manifold X* with a cylindrical end which is
identified with Y3 X [0, +0), given any SL(2; C) representation p of 1 (X*):

p: m(X*) — SL(2;C),

denote by (A,, @,) the SL(2;C) flat connection associated to p. Then we know

(A, @,) satisfies the following equations:
Fi,—®,A®, =0,
ds, @, =0, (1.116)
pr(Dp =0.

Obviously, (A,, @,) is a solution to the Kapustin-Witten equations (4.1).

By gluing the suitable SL(2; C) flat connection, we have the following theorem:

Theorem 1.10.1. Consider a smooth compact 4-manifold M with boundary Y.
Assume Y is S3, T? or any hyperbolic 3-manifold. ForY is hyperbolic, we assume
the inclusion of ©1(Y) into w1 (M) is injective. For a real number Ty, we can glue

M with Y x (0,Ty] along OM and Y X {Tp} to get a new manifold, which denote
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as Mg, ==Y x(0,Ty) U M. For Ty large enough, there exists an SU(2) bundle P

and its adjoint bundle gp over Mr, such that given any interior non-empty open

neighborhood U C M, we have:
(1) There exist hy € Q%,I (ap), hy € QSI)/I (ap) supported on U,
To To

(2) There exists a connection A over P and a gp-valued 1-form ® such that (A, ®)
satisfies the Nahm pole boundary condition over Y x {0} C Mz, and (A, ®) is
a solution to the following obstruction perturbed Kapustin-Witten equations over
MT() N

FA—CD/\(D+*dA(D:/’L1,

(1.117)
5D = hy.

Proof. By Example 4.4.3, 1.2.3 and 4.4.4, we know we have model Nahm pole
solutions for ¥ x (0, +c0) when Y is §3, T or any hyperbolic manifold. Denote
the limit of the model solution as p which is a flat SL(2; C) connection. Here the
model solution for hyperbolic manifold has limit in cylindrical end to a irreducible
flat SL(2; C) connection.

Let Mo, =Y X (0, +00) U M, choose the flat connection p and this will give a solution
to the Kapustin-Witten equations over M.,. For Y hyperbolic, we use the assumption
71 injective in order to obtain a flat SL(2;C) connection over M., with limit the
irreducible SL(2; C) connection over the cylindrical end coming from the hyperbolic

metric.

Applying Theorem 1.8.1 and Theorem 1.8.18, we can glue these two solutions

together and by Corollary 1.8.12, we prove the statement for /1, h;. O

In addition, by gluing the model solutions (Ag, ®9) on Example 4.4.3, 1.2.3 and

4.4.4 with themselves, we get the following corollary:

Corollary 1.10.2. For a 3-manifold Y3 equals to S3, T> or any hyperbolic 3-
manifold, for T large enough, there exists a solutions (A, ®) over Y3 x (=T, T) to the

twisted Kapustin-Witten equations

KW(A,®)+h=0.

Here (A, @) satisfies the Nahm pole boundary condition over Y3 x{-T} and Y>x{T}

and h can be choosen to be supported on any interior open set.
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Appendix 1

In this Appendix, we will give a brief introduction to the Fredholm theory of
uniformly degenerate elliptic operators that is developed in [41] and [45]. We use

the notation from [45] for most of the definitions in this Appendix.

Let M be a compact smooth 4-manifold with 3-manifold boundary ¥ and choose
coordinates (¥, y) near the boundary where y > 0 and X = (x1, x2,x3) € R3. A
differential operator Dy is called uniformly degenerate if for @ = (ay, as, @3), in any

coordinate chart near the boundary, it has the form

Do= D, AaEY08Y (8", (1.118)

Jj+|a|<m
where (yax)a = (ya)q )a1 (yaxz)a/z (ya)g )a3 .

We define the leading term of 9y in this coordinate chart as

D= Y Aja(E )08 (y8,)". (1.119)

J*lal=m

The operator Dy is called uniformly degenerate elliptic if Dy is elliptic at the interior
point and if in a neighborhood of the boundary and for (1.119), we replace each yd,,
and yd), by variables V—1k; and V—1k4 and it is invertible when (ky, - - -, k4) # 0.

There is a model operator over Ri, called the indicial operator

(Do) = Z Ajo(,0)7. (1.120)

j<m

The indicial root of 1(Dy) is the set of complex numbers A such that s=*1(Dy)s* is

not invertible.

In [41], Mazzeo works in the class of pseudodifferential operators on M adapted to
some particular type of singularity which includes the Nahm pole bounary condition.
The class is called O-pseudodifferential operators. Denote by ‘I’(’)‘ (M) the elements

which are described by the singularity structure of their Schwartz kernels.

Given a pseudodifferential operator A, we denote the Schwartz kernel of A as
ka(y, X, y, X') which is a distribution over M? := M x M. We allow k4 to have the
standard singularity of pseudodifferential operator along the diagonal {y = y’, X =
%'} and we will require some special behavior over the boundary of M2, which in
coordinates is described as {y = 0,y" = 0} and over the intersection of diagonal
with the boundary, {y =0,y = 0,X = X'}
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Let Mg be a real blow-up of M? at the boundary of diagonal, which is constructed
by replacing each point in {y = 0,y = 0, X = X’} with its inward-pointing normal
sphere-bundle. We can describe it in polar coordinates:

y vy X=X

RE R

Each point at R = 0 is replaced by a quarter-sphere and (R, w, x") can be regarded

- - 1 ’oA
R=(+()V+[X-% 2% w = (wo0pd) = (

as a full set of coordinates. Mg is a manifold with corners, we call the surface

corresponding to R = 0O the front face. The surfaces corresponding to wg = 0 and

’

0
e Mg — M? Wesay A € W} if k4 is the push forward of a distribution on Mg by

w;, = 0 are called its left and right faces. We have an obviously blow-down map

the blow-down map .

Take a cut-off function y over MO2 which is equals 1 over a small neighborhood of
the diagonal set {wy = wj, @ = 0} and 0 outside of a larger neighborhood. Then
kp = Ky + K, where k), = xka and £ = (1 — x)ka. Here «/, supported away
from the left and the right faces and has a pseudodifterential singularity of order m
along the lift diagonal area. If we factor «/, = R‘4/?:4, then K4 extends smoothly of
the front face of Mg along the conormal diagonal singularity and R~* only depends
on the manifold’s dimension that corresponds to the determinant of the blow-down

map 7 and «; is smooth over the diagonal singularity.

Now we have the following definition of space ‘I’g”s’“’h(M ):

Definition 1.10.3. For any real number s, a, b, we denote a psedudifferential opera-
tor A € Sab( MY if its Schwartz kernel k4 has polyhomogeneous expansion with
the terms R™*** at the front face, wy at the left face and (ug at the right face.

We denote A € W~%(M) if its Schwartz kernels are smooth in the interior and

polyhomogeneous at two hypersurfaces (y = 0 and y' = 0) of M?.

In this setting, the identity operator Id € ‘{’8’0’0’0, has zero order over the diagonal
and its Schwartz kernel §(y — y’)8(X — X’) is supported over the diagonal which has
a trivial expansion at the left and right faces. In polar coordinates, we have the

following identification:
§(y — y)O(F = %) = R™*6(wo — wp)d(d), (1.121)
and this corresponds to zero in the second superscript.

Now, suppose P is an SU(2) bunlde over M and let (A, ®) € Cp be a Nahm pole

solution to the Kapustin-Witten equations. For simplification, let D := D4 ¢). We
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denote Dy = yD. As pointed out in [45], Dy is a uniformly degenerate operator of
order 1. Choose p > 2 and ¢ satisfying % + é = 1.

In [45] Section 5.3, Mazzeo and Witten prove the following result:

Theorem 1.10.4. [45] There exists operators S € ‘¥, 1’1”1]9(M), R, € ‘P“x”i’h(M)
and R, € p-obA guch that

DoS=1Id-R;, SoD=1Id-R,, (1.122)

where A = 1 for the case this paper considered and b > 1.

In [41], Mazzeo prove the following lemma about the distribution ‘I’g”s’“’h.

Lemma 1.10.5. /41, Theorem 3.25, Remark above Proposition 3.28]

e For any real number & and &, take A € P~>%" and let A’ = y* Ay’ be its

conjugation, then we have A’ € Y~o5+0-0a=0"b+4

o For A € Y~—®sab ifa > —%, b > —é, s >0, andu € LP, v € L1, we have
|(Au, v) 2| < \lullpel|vllLe, which implies that A is a bounded operator from LP to
LP.

We have the following proposition whose proof is slightly modified from [41] Section
3 due to R. Mazzeo.

Proposition 1.10.6. For any real number A and any p > 1, the operator D,
Dy HY (M) — Y5 LA (M) (1.123)

is a bounded linear operator.

Proof. As D is a differential operator, the result follows immediately from the
definition of D. O

For the operator S, we have the following proposition:

Proposition 1.10.7. For A € (-1, 1), the operator S € ‘P(;l’l’l’b(M).'
Sy P (M) - YT (M) (1.124)

is a bounded linear operator.
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Proof. Denote the Schwartz kernel of S as «s. By choosing a cut off function over
the diagonal, ks = k¢ + k¢ where k¢ supported away from the left and the right faces
and has a pseudodifferential singularity of order m along the lift diagonal area and
kg is smooth over the diagonal. Denote S’ (S”) to be the operator corresponds to

the Schwartz kernel «¢(«¢

We first prove that §” : ML_ILP (M) — y/HlL’H Lp (M) is bounded. It is sufficient to
prove that §’y~! is bounded operator from y YL (M) to y’HFH Lp (M). We denote
A’ := §’y~! and now the A’ is dilation invariant. Choose a Whitney decomposition
of M into a union of boxes B; whose diameter in x and y directions is comparable
to the distance to M. For each B;, we can choose an affine map p; which identifies

1
a standard box B with B;. For f € y“l_’_]Ll’(M ), denote by f; its restriction to
1

_1-1
. , P £
B;. Then || f ||y ! HY? (o) and 3y, I £ ] HiP(5) A€ comparable to each other
where y; can be the y coordinate of any points in B; and same for || f]| ,, . and
y 2
-1
2y "lfillLes,). We denote A] to be the restriction of A” over B; then we have
pr(A'f)i = Alp? f;). By the approximate dilation invariance, we know A’ are a

uniformly bounded family of psedodifferential operators. Then we have
1A A1 e iy < Z 3 P Wl ooy < € Z 5 PP Py

The classical L? theory about pseudodifferential operators of order 1 in every box

[58] gives
P} (A" f)ill P (B) = 1AIP] fill sy < ClIPT filles) = Cll fillres)-

Summarizing the discussion above, we get

1A p ClLAN ey

7 “’(M) PLP(MY

thus we get ||S f||y1+%_1 ) = < [l VEB Loy

Now, let’s consider the operator S”, for some » > 1. For any integer k and k’, we
will show S” : y’”ll’_ng’p(M) — y“!lﬂHg/’p(M) is a bounded operator. As S” is an
infinite smoothing operator over the diagonal, we only need to prove S” is bounded
from y’”!l’_le to y“éL” . Denote A” = y’“!l’S”yl_ll’_A, then after the shifting, on
the left faces, A” will be polyhomogenous with leading order b + A + 1% — 1. In order
to get bounds of the Schwartz kernel, we require that b + 4 + 117 -1> —é. When

A > —1, this is automatically satisfied as » > 1. The leading order on the right faces
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willbe 1 — A — [l,, as A < 1land A = 1, we automatically get 1 — A — [l, < —%. By
applying the second bullet of lemma 1.10.5, we get A” is bounded from L? to L?
which implies that §” is bounded from YU L 1o yh P, O
For the operator R;, R,, we have the following proposition:

Proposition 1.10.8. For A € (—1,1),i = 1,2, and any A’ < 1, the operator R;
R YT HEP (M) — yV 5 HE P (M) (1.125)
is a bounded for any k, k’. In addition,
R : y1+Il,Lp N y1+ll,Lp

is a compact operator.

Proof. We first prove the bounded statement. As R; € ¥~ it is smooth over
the diagonal, we only need to prove that R; is a bounded operator from y“IL’L”
to yﬂ’%LP . Using the same trick as the previous proposition, we denote R] =
'Ry y_’l_tl’. In order to get C° bound of the Schwartz kernel, now we require

o< 1—17 + 1 on the left face, which implies 2’ < 1, same argument works for R;.

By Arzela-Ascoli theorem, we get that R; is compact operator. O

Appendix 2

Let X be a manifold with boundary Z and cylindrical end with a fixed limit SL(2; C)
flat connection, then for any connection pairs (A, @) satisfying the Nahm boundary
condition over Z and converges to SL(2; C) flat connection over the cylindrical end
in Lf norm for some p > 2, we will prove the closeness property of the operator

0 . .
d( Ao.Do)’ In this appendix, we assume k > 0 and 4 > —1.

We have the following lemma about bounded linear operators between Banach

Spaces:

Lemma 1.10.9. [62, Appendix E, Lemma E.3] Let D : X — Y be a bounded

operator between Banach spaces.
(i) The following are equivalent:
e D has a finite dimensional kernel and its image is closed.

e There exists a compact operator K : X — Z to another Banach space Z and a

constant C such that

lullx < C(l|Dully + [|Kullz) Yu € X. (1.126)
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(ii) The following are equivalent:
e D is injectie and its image is closed.

o There exists a constant C such that

llullx < C||Dully Yu € X. (1.127)

In particular, if a bounded linear operator satisfies (1.126) and it is injective, then it
satisfies (3.45).

Consider the operator d4, associated with the following norms defined as:

1 1
d, - YT HP QO (gp)) — YT HP(Q (gp)). (1.128)

0
By the definition of the norm, dy, is a bounded linear operator.

Let Q°%(qp) be the direct sum of odd differential forms and let Q¢""(gp) be the

direct sum of even differential forms. Consider the following operator:
1 even 1 s e
Ky HIT QO gp)) — ¥ HYT(Q (gp)). (1.129)

We denote Ky = yK and we will study the semi Fredholm property of operators K
and Kj.

Proposition 1.10.10. Ky is a uniformly degenerate elliptic operator and 0 is the

only indicial root.

Proof. The statement of uniformly degenerate elliptic operator is obvious. The
indicial operator of Ky is I(Kp, 1) = Ajpd where A is an invertible matrix. Thus
1(Kp, A) is not invertible if and only if 4 = 0. O

In [41], Mazzeo proves the following semi Fredholm theory of uniformly degenerate

operator:

Theorem 1.10.11. /41, Theorem 6.1] For any A > 0, there exist operators G and P
such that

GKo=1d - P.
Here G is a bounded operator G : y’HIl’HS’p — y“ll’Hg’p and P is a compact

operator.

Remark. As there is only one indicial root, the A in the original statement has to be
0. The bounded operator statement and compact operator statement can be proved

in a similar way as Proposition 1.10.7 and Proposition 1.10.8.
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An immediately corollary of this theorem is that

Corollary 1.10.12. When A > 0, Ky has finite dimensional kernel and closed range.

Proof. By the previous theorem, as P is a compact operator and if f € KerKy, we
have Pf = f. Therefore, the kernel of P is finite dimensional. By Lemma 1.10.9

and the boundness property of G, we know Kj has closed range. O

We have the following proposition:

Proposition 1.10.13. For A > —1, theda, : y** 7" H2P(Q%gp)) — y** 7 HP(Q!(ap))

has finite dimensional kernel and closed range.

Proof. WLOG, we can assume Kerdy, is zero and prove the closed range statement.
As Q%ap) is a closed subset of Q¢"¢"(gp), the restriction of K over Q%(gp) which

is ydy, also has closed image. By Lemma 1.10.9, we have the following inequality

< .
||M||y,l+%+|H§’p(Qo(gP)) —_ CllydAOM”y/H_%_HHé’p(gl(gp)), (1 130)
which implies
<
||u||yd+%+1Hoz,,,(QO(gP» < CIIdAoullyM;,H(i,,,(Ql(gP». (1.131)
Thus dy4, has closed range. m]

Remark. IfKer ds,=0, we have ||f||yz+i+1 < C||dA0§||yA+L which is a gauge theory
r P
version of the LP Hardy inequality over Rﬁ for compact supported functions u and

s=pl+p+1:
. n-1 1
( / Wty = L / Y= ul?)? (1.132)
R? p R%

Now we have the following proposition:

Proposition 1.10.14. The operator

1 2 1,
oy o YT HIP @ 0p) — YT HT Q! (0p) % Q' (0p))

is a closed operator with finite dimensional kernel.

Recall the definition of d(OAO,(DO) is d(OAO’q)O)(f) = (dg (&), [Do, €]). Therefore, we

. 0 . 0
obtain Ker d( Ao.00) C Ker dy, and by Proposition 1.10.13, we know Ker d( 40.00) has

finite dimension.
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Without loss of generality, we assume Ker d?AO,%) = 0. By Proposition 1.10.13,
there exists a constant such that Hu”y“%“ﬂjp(go(gp)) < C”dAOu”y“%H(}P(Ql(gP))' By
adding a positive term on the right hand side of the inequality, we have
)
sC(IIdAOullyM%Hé,p(Ql(gP» + ||[®o, u] ||yﬂ+%Hé,p(Ql(gP)))
=C||d(y, gy IIy/H;) .
Applying Lemma 1.10.9, d° is a closed operator. O

(Ao, Do)
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Chapter 2

ROTATIONALLY INVARIANT SINGULAR SOLUTIONS TO
THE KAPUSTIN-WITTEN EQUATIONS

2.1 Introduction

In [63], Witten proposed a new physical interpretation of the Jones polynomial and
Khovanov homology in terms of counting the solutions of a certain supersymmetric
gauge theory in four dimensions and five dimensions. The BPS equations of N=4
twisted super Yang-Mills theory in four dimensions are called the topological twisted

equations [34] and play an essential role in this framework.

Let X be a connected, smooth, oriented 4-manifold with a Riemannian metric. Let
P be a chosen principle SU(2) bundle over X and let ad(P) denote the adjoint bundle
of P. The topological twisted equations are equations for a pair (A, ¢) where A is a

connection on P and ¢ is a ad(P) valued 1-form. These equations have the following

form:
(Fa=¢A¢+1dag)” =0,
(Fa=¢Ap—2""ds)” =0, 2.1)
d%¢ = 0.
Witten points out that the most interesting case to study is when 4 = —1. In this case,

we obtain the following equations, which we call the Kapustin-Witten equations:

Fao—¢No—*dag =0, 22)
dy¢ = 0.

In [34], Kapustin and Witten prove that over a closed manifold, all the regular
solutions to the Kapustin-Witten equations are flat SL(2; C) connections. Therefore,
the regular solutions to these equations are not so interesting over closed manifolds.
However, the Kapustin-Witten equations are interesting over non-compact spaces
with singular boundary conditions. Witten’s gauge theory approach [63] to the Jones
polynomial conjectures that the coefficients of the Jones polynomial of a knot are
determined by counting the solutions to the Kapustin-Witten equations with Nahm
pole boundary conditions. See also Gaiotto and Witten [25] for an approach to this

conjecture. The case of the empty knot is resolved in [44].
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In addition, Taubes studied the compactness properties of the Kapustin-Witten
equations [57][56]. He shows that there can be only two sources of non-compactness.
One is the traditional Uhlenbeck bubbling phenomenon [60] [61], and another is the

non-compactness coming from the unboundness of the L? norm of ¢.

Therefore, a natural question to ask is whether the Uhlenbeck bubbling phenomenon
can appear for solutions to the Kapustin-Witten equations. In addition, do we have
a model solution to the Kapustin-Witten equations.

In this paper, we construct some singular solutions to the Kapustin-Witten equations.

To be more precise, consider the trivial SU(2) bundle Py over R*. Denote x to be
a point in R*, after identifying R* with the quaternions H and the adjoint bundle

ad(Py) with imaginary part of the quaternions, we prove the following:

Theorem 2.1.1. for any real number C, the formulas

3C _

Alx) :Im(C2|x|4 +4C|x[2 + 1 de) (2.3)
) 3C(Clx|*> + 1) - |

$(x) _Im((C2|x|4 +4C|x|2 + 1)(Clx|> = 1) de)

give solutions to the Kapustin-Witten equations (4.1) with the following properties:

(1) For C # 0, the solutions are smooth away from |x| = \/I—E and decay to 0 when

|x| — oo.

(2) The solutions have instanton number Q.

(3) When C — +oo, |F4| converges to a Dirac measure at x=0.

(4) For C # 0, the pole singularity of ¢ at |x| = % cannot be removed by SU(2)
gauge transformations.

In addition, we also prove the following theorem:

Theorem 2.1.2. There exists a family of rotationally invariant solutions to the
Kapustin-Witten equations on Euclidean R* with instanton number +1. These
solutions are smooth away from a sphere where the real parts are C' and the

imaginary parts are singular.

In addition, given an integer k, we can generalize the ADHM construction [6] and

obtain the following theorem:
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Theorem 2.1.3. Given an integer k, there exists a 5|k| dimensional family of singular
solutions to the Kapustin-Witten equations on Euclidean R*. When k = +1, these

include the solutions from Theorem 1.2.

We conjecture that under some non-degeneracy condition, the solutions we obtain

in Theorem 2.1.3 have instanton number k.

In addition, Witten in [63] suggested to study solutions to (4.1) with a singular
boundary condition called the Nahm pole boundary condition. Solutions with the
Nahm pole boundary condition play an important role in the gauge theory approach

to the Jones polynomial.

In the last chapter, we observe the relation between the singularity which appears in

Thm 1.1 and the Nahm pole boundary condition and get the following theorem:

Theorem 2.1.4. There exist two Nahm pole solutions to the Kapustin-Witten on
$3 x (0, +00), with instanton number % and —%.

In Section 2, we find a system of non-linear ODEs which will give rotationally
invariant solutions to the Kapustin-Witten equations. In Section 3, we find a first
integral of these ODEs and solve them to obtain the solutions in Theorem 1.1. In
Section 4, we prove the rest part of Theorem 1.1. In Section 5, we construct other
families of solutions to the Kapustin-Witten equations and prove Theorem 1.2 and
Theorem 1.3. In section 6, we build up the relation of our singular solution and

Nahm pole.

2.2 ODE:s from the Kapustin-Witten Equations

Background

In accordance with the philosophy of the ADHM construction [5][6] for the anti-
self-dual equation, we use quaternions to describe the gauge field in R*. We begin

by briefly recalling the elementary properties of quaternions.

We have three elements I, J, K satisfying the identities: > = J> = K> = —1, IJ =
-JI =K, JK =-KJ =1, KI = -1IK = J. A general quaternion x is of the
following form:

x =x1 +x20 + x3J + 4K,

where x|, x, X3, x4 are real numbers. After choosing a canonical basis of R*, we can

naturally identify points in R* with quaternions. The conjugate quaternion is given
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by
X =x1 —x0 —x3J — x4K

and with we have the relation xy = yx. In addition, we also know that xx =
ix = |x|2 = inz_ For x = x1 + xoI + x3J + x4K, the imaginary part of x is
Im(x) := xpI +x3J + x4K. Therefore, the Lie group SU(2) can be identified with the
unitary quaternions and the Lie algebra su(2) can be identified with the imaginary

part of the quaternions.

Using the well known isomorphism of the Lie group SO(4) with SU(2) X SU(2)/~,
the action of SO(4) on a quaternion x is given by x — axb, where a, b are unitary

quaternions.

In order to find rotationally invariant solutions, we assume that the gauge fields of
(2.1) (4.1) have the following form:

A(x) : = Im(f(z) xdx)
¢(x) : = Im(g(r) xdx) 2.4)

= |x)?

Here f(t), g(¢) are real functions with variable ¢ = |x|>. Obviously, ¢ > 0.
.. V) . . ) df (1)
Remark. In the remaining part of the paper, we use f’, g" to simplify writing =7~

and dfl—(tt).

Proposition 2.2.1. A(x) and ¢(x) defined as in (2.4) are rotationally invariant up

to gauge equivalence.

Proof. It is easy to see that for a, b are two unitary quaternions, under the
change x — axb, we obtain |axb|?> = |x|?, A(axb) = Im(f(t) axb d(axb)) =
bIm(f(t) xdx)b. Therefore, A(axb) is gauge equivalent to A(x) by a constant gauge
transformation. Similarly, we can show ¢(x) is also rotationally invariant up to the

same gauge transformation. m]

Basic Properties of Rotationally Invariant Connections

As the equations (4.1) depend on the metric, we need to be explicit about the metric

we choose.

Definition 2.2.2. A metric g on R* is called rotationally invariant if in quaternion

coordinate g = h(t)dx ® dx. h(t) here is a positive function, t = |x|%.
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4

Example 2.2.3. The Euclidean metric dx ® dx and the round metric

on R* are both rotationally invariant metrics.

Remark. In the rest of the paper, all the metrics we considered are rotationally

invariant.

Now, we will introduce some basic properties of connections in (2.4).

Lemma 2.2.4. Im(¥dx A Xdx) = —3|x|*> dX A dx — 3 %dx A dXx.

Proof. Since the wedge product of a real form with itself is zero, we know that
R(xdx) AN R(xdx) = 0.

Since iy + dF
R(Tdx) = WTXX

we obtain

0 =R(xdx) A R(xdx)
_(Xdx +dxx) A (Xdx + dxx)

4
_)de/\idx+)?dx/\d)?x+td)E/\dx+dXx/\d)Ex

4

In addition, we have
xdx A xdx +dix AN dxx
2

The plus sign on the right hand side of the above identity is because given two

Im(xdx A Xxdx) =

quaternion one forms w1, w>, we have w; A wy = -7 A @.

The result follows immediately. m|

Lemma 2.2.5. Im(xdx) A Im(Xdx) = Im(Xdx A Xdx).

Proof. We calculate that

Im(xdx) A Im(Xdx)
_(Xdx —dxx) A (Xxdx — dxx)
B 4
_)de AXdx —xkdx Ndix —tdx ANdx +dxx Adxx
a 4

(by Lemma 2.2.4)

_)de AXdx +dxx Ndix
B 2
=Im(xdx A Xdx).
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Lemma 2.2.6.
dxAdx = =2((dxi Adxy+dxsAdxg)[+(dx) Adxs+dxgAdxy)J+(dxi Adxg+dxa Adx3)K)

dindx = 2((dxi Adxr+dxgNdx3)[+(dxy Adx3+dxy Adxg)J +(dx) Adxg+dx3 Adx;)K).

Proof. By direct computation. O

Remark. Given a rotationally invariant metric g (Definition 2.2.2), we can define
the Hodge star operator with respect to g. Denote Q**(Q*") to be the self-dual
(anti-self-dual) two-forms with respect to the Hodge star operator. It is easy to
see that dx A dx € Q* and dx A dx € Q>~. Also Im(dx A d%) = dx A dX and
Im(dx A dx) = dx A dx.

Separating Terms in the Topological-Twisted equations
Since the equations in (2.1) are separated into the self-dual parts and the anti-self-
dual parts, we also want to separate our calculation into the self-dual parts and the

anti-self-dual parts.

Lemma 2.2.7. For A(x) defined as in (2.4), we have
1
Ff= —E(f’ + f2) &dx A dix

1 1
F; :(Etf’—zzf%f) dx A dx.

Proof. We calculate that

Fi=dA+ANANA
= dIm(f xdx) + Im(f? Zdx A %dx)
= Im(df %dx) + Im(f dx A dx) + Im(f? %dx A Zdx)
=Im((f’ + f?) Xdx A Xdx) + Im((f't + f) dX A dx) (by x% = |x|* = 1)

= —%( '+ At dx Adx + (f't + f) dx A dx — %( '+ f?) xdx A dix (by Lemma 2.2.4)
= (%tf’— %tf2+f) dx A dx — %(f’+f2) Xdx N dxx.

The result follows immediately. O
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Lemma 2.2.8. For ¢(x) defined as in (2.4), we have

1
(pAP)t = —Egz Xdx A dxx

(AP = —%gzt dx A dx.

Proof. We calculate that

¢ A ¢ =Im(g xdx) A Im(g xdx)
=Im(g? Xdx A %dx) (by Lemma 2.2.5)

1 1
= - Egzz dx A dx — Eg2 Zdx A dix. (by Lemma 2.2.4)

Lemma 2.2.9. For (A(x), ¢(x)) defined as in (2.4), we have

(dag)" = —%(g’ +2fg) Xdx A dxx

1
(dag)” = (Eg’t +g— fgt)dx Adx.

Proof. We calculate that

dap =dp+ANP+PNA
=dIm(g xdx) + Im(2fg Xdx A Xdx) (by Lemma 2.2.5)
=Im(dg xdx) + Im(g dx A dx) + Im(2fgxdx A xdx)
=Im((g’ +2fg) Xdx A xdx) +Im((tg’ + g) dx A dx)

1 1
:(—E(g’ +2fg)t+(g't+g))di Ndx — E(g’ +2fg) Xdx N dxx

1 1
:(Eg’t +g— fgt)dx Adx - E(g’ +2fg) Xdx A dxx.

Now, we will discuss the third equation of (2.1).
At first, we have the following identity:

Lemma 2.2.10. x;Im(x) + x,Im(x/) + x3Im(xJ) + x4Im(xK) = 0.
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Proof. We calculate that

x1Im(x) + xpIm(x7) + x3Im(xJ) + x4Im(xK)
:xl(—le -x3J — X4K) + X2(X1[ + x3K — X4J)

+ x3(x1J = 2K + x41) + x4(x1 K + xpJ — x31)
=0.

O

Lemma 2.2.11. Given a rotational invariant metric h(t)dx ® dXx, denote  to be the
Hodge star operator with respect to this metric, we have d(Im(x) x dx; + Im(x1) %
dxy + Im(xJ) % dx3 + Im(xK) * dx4) = 0.

Proof. By definition, we have Im(x) = —xp1 —x3J —x4K, *x(dx1) = hdxy Adx3 Adxy,
therefore (dIm(x)) x dx; = 0. Similarly, we have (dIm(x/)) x dx, = (dIm(xJ)) %
dxz = (dIm(XK)) * dx4 = 0.

Therefore,
d(Im(x) *x dx; + Im(xI) * dxp + Im(xXJ) % dx3 + Im(XK) * dxy4)

=24 (xIm(%) + x2Im(x]) + x3Im(xJ) + xsIm(¥K)) (2.5)
=0.

O

Lemma 2.2.12. For (A(x), ¢(x)) defined asin (2.4), we have AN*x¢p+*pAA = 0.

Proof. For A A x¢, we calculate that

AN K¢
=fg Im(xdx) A xIm(xdx)
=fg (Im(X)dx; + Im(xI)dx; + Im(xJ)dx3 + Im(XxK)dx4)A
(Im(X) * dx; + Im(XI) % dx; + Im(xJ) % dx3 + Im(XK) * dx4)
=fg (Im(¥)Im(x)dx; A *xdx; + Im(XI)Im(X1)dx; A *xdx;
+ Im(xJ)Im(xJ)dx3 A *dx3 + Im(XxK)Im(XK)dxs A *dxy).
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In addition, we calculate that
*xpANA
=fg xIm(xdx) A Im(xdx)
=fg (Im(X) * dx; + Im(x1) % dx; + Im(xJ) * dx3 + Im(XK) * dxq)A
(Im(x)dx; + Im(x1)dxy + Im(xJ)dx3 + Im(xK)dx4)
=fg (Im(¥X)Im(x) x dx; A dx; + Im(xI)Im(XI) * dxy A dx;
+ Im(xJ)Im(xJ) * dx3 A dx3 + Im(XxK)Im(XK) * dx4 A dx4)
=—A A %x¢.
Therefore, we obtain A A x¢ + ¢ A xA = 0. m|

Proposition 2.2.13. For (A(x), ¢(x)) defined as in (2.4), for a Hodge star operator

correspond to a rotational invariant metric h(t)dx @ dx, we have ds % ¢ = O.

Proof. By definition,
dyg*xp=dxd+AAN*p+*¢ AA.
First, we compute d x ¢ = 0.
Take £ to be the Hodge star operator correspond to the Euclidean metric in R?,
then xdx; = h(t)* g dx;.
By (2.4), we have
¢ = g Im(xdx)
= g (Im(x)dx; + Im(xI)dxy + Im(xJ)dx3 + Im(xXK)dxy).
Therefore, we calculate
d* ¢
= d(gh?) (Im(X) *g dx; + Im(X]) *g dxs + Im(ZJ) *g dxz + Im(ZK) *g dxs))
+ g d(Im(X) xg dx; + Im(xI) *g dx; + Im(xJ) g dx3 + Im(XK) *g dx4)

A(gh? d(gh?

= (gh”) Im(X)dx; A *gdx; + (gh”)
X1 X2

d(gh?) . _ d(gh?)

+ P Gxim(XJ )dx3 A *gdxs +

= 2(gh?) () Im(x") + xoIm(x7]) + x3Im(x"J) + x4Im(x"K))dx; A dxa A dxz A dxs (by Lemma 2.2.10)
=0.

Im(x1)dxy A *xgpdx;

Im(xK)dxs A xpdxs (by Lemma 2.2.11)

Combining this with Lemma 2.2.12, we finish the proof.
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ODE:s from the Kapustin-Witten Equations
Recall that the topological twisted equations (2.1) are equivalent to the following:
Fi— (¢ A @) =-Adag)"
Fy— (@A) =47 (dag)”
dy¢ = 0.
By Proposition 2.2.13, we know that dy¢ = 0 is always satisfied under our assump-
tion (2.4).
Combining Lemma 2.2.7 and 2.2.9, we obtain the following ODE:s:
{f’+/lg’+f2—g2+2/lfg:0

TS Y 5yl ) -1 _ (2:6)
tff —tA g +2f =20 g+gt—ft+2fgd =0.

To summarize the previous computation, we have the following theorem:

Theorem 2.2.14. Given a solution (f(t), g(t)) to the ODEs (2.6), taking A(x) =
Im(f(x) Xdx) and ¢(x) = Im(g(x) Xdx) gives a solution to the topological twisted
equations (2.1).

By some linear transformations, we obtain the following ODE:s:

A+ A Def +20f —(A=ANYef?—1g*)-2g +4fgt =0 07
A4+ A Dtg’ + 247 g = 2f + (A= A2 f gt + 21(f2 - %) = 0. '
Taking 4 = —1, we obtain
’ —2fgt=0
tff+f+g—-2fgt 2.8)
g’ +g+f—1(f*-g»)=0.

We call the equations (2.8) the Kapustin-Witten ODEs.

Remark. The equations (2.7) are degenerate at t=0, which means that we may not
have the uniqueness theorem for a given initial value. Given a solution (f(t), g(t)) to
(2.7), if we assume (f(t), g(t)) is continous near t = 0 and lim,_,o(t f'(¢), tg’(t)) =
(0,0), we can take t — 0 in both sides of the equations (2.7) and we obtain that

A£(0) = g(0).

2.3 Explicit Solutions for ODEs
In this section, we will discuss some properties of the equations (2.7) and explicitly

solve the equations (2.7) for some special cases.
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Change of Variables
We are going to simplify the equations (2.7) by a change of variables.

Take f(r) := tf(t), §(¢) := tg(¢), then the equations (2.7) become

A+ o 1= ~ .
Ly (- - +i-2fz
i +2r1 pi —21—1 29)
tg = @ -2f)+(f-F2+8).

2 2

Remark. It is easy to see that if (f,g) is a solution for some parameter Ay, then
(f,—g) is a solution for —Ay. This is compatible with changing the orientation of

the manifold in the topological twisted equation (2.1).

Taking u(r) := f(r) - %, v(t) := g(t), we obtain

A+ 27! A-2"1 1
tu' = (u? —v* = =) = 2uy
2 2 4
_1 1 (2.10)
= — uv —(u” —v-—-).
> \% > v % 1

In order to obtain an autonomous ODE systems, we take i(s) := u(e®) and ¥(s) :=
v(e®). We obtain

A+t Py 1
7 = (@ - 7% - <) - 207
’ ! ? 1 ! (2.11)
/l+/l_ ~/ /l_/l_ 2~~ (~2 -2 1)
vVo=-= v — (i = v- = =).
2 2 1
Here i’ := dz—(f) and 7’ = dZE‘S)'

Some Basic Properties
Even though the equations (2.11) are non-linear, we can find a first integral which
can simplify the equations in some special cases.

Proposition 2.3.1. Given (ii, V) a solution to the equations (2.11), 1(ii, V) = %ﬁ3 —

~~ 1~ A-a' -
2 4 (V3

av= — it — . }1\7) is a constant.
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Proof. We calculate that

1 1
(§a3 — v - 70
1
=@ — @'V - 207 — il
| (2.12)
(@* - 7% - 7) 207
A=A 5 D
e )+ (209)?)
We calculate that
3 - @29 + -y
1
=020 — Vid* - 20’ + i
(2.13)
=— @ -9 - )v — i’ (2av)
1
P22 2 12
=)+ (2 .
(@ - - )+ Q)
The proposition follows immediately. O

Since we would like our solution to exist near ¢ = 0, recalling that ii(s) = e° f(e®) —

%, v(s) = e*g(e®), we obtain the following restrictions: limg_,_ i(s) = —% and
lims—,_o 7(s) = 0. Therefore, combining this with Proposition 2.3.1, we have the
following identity:
1 1 A- 1 1
§ﬁ3—fm2—zﬁ— (v - v+4v) ER (2.14)

By Proposition 2.3.1, we can prove the following:

Proposition 2.3.2. For A # +1, if f(t) does not blow-up in finite time, then g(t) will

not blow-up in finite time.

Proof. By the identity (2.14), we have

15 1. A- 3 1
(v 25 v) av? T

If f(t) does not blow-up in finite time, & will also not blow-up in finite time. If ¥
blows-up in finite time then the right hand side of the identity will be unbounded

but the left hand side will be bounded, which gives a contradiction. O
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Even though the topological twisted equations (2.1) are not conformally invariant,
we still have that it is invariant under rescaling by a constant, which leads to the

following proposition:

Proposition 2.3.3. If (fo(1), go(t)) is a solution of the equations (2.7), then for any
constant C, (C fo(Ct), Cgo(Ct)) are solutions to the equations (2.7).

Proof. By a direct computation. O

t’Hooft Solution when 1 = 0
In this subsection, we will prove that we can obtain the t’ Hooft solution of Yang-Mills

equation from the equations (2.7). By taking 4 = 0, (2.1) becomes

(Fa=¢A$) =0
(dad)” =0 (2.15)
&' = 0.

If ¢ = 0, then we are just considering the anti-self dual equation

Fi=0.
By taking A = 0, (2.7) becomes
’ 2 2
+f -8 =0
I+ g (2.16)
g't+2g-2tfg=0.

By Theorem 2.12, we know that every solution to the equations (2.16) will give a

solution for the SL(2; C) anti-self-dual equation.

If g = 0, the equations (2.16) have a solution ( f(¢), g(¢)) = (ﬁ, 0). The correspond-
ing gauge fields are (A(x) = Im(ﬁxlzidx), ¢(x) = 0), which recovers the t'Hooft
solution for anti-self-dual equation in [14].

~ . : PN S S B B
Remark. We can also find a solution using the first integral I(ii, V) = Vit” — 37° — 4 V.

After some computation, we obtain the solution (f(t), g(t)) = (ﬁ, %) to (2.16).
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Explicit Solutions to the Kapustin-Witten ODEs
Taking A = —1, the equations (2.7) become

! -2 =0
tff+f+g-2fgt @17
g+ f+g—1(f*-g*)=0.
We can find a solution .
f@) = 5
(2.18)
o) = tan(—% In(z) + C).

2t
However, the solution will have so many poles that O will be an accumulation point

of singularities, which is not what we want. We hope to find a solution which is

well-defined near 0.

From the equations (2.10), we obtain the ODEs corresponding to the Kapustin-

Witten equations:
tu' = 2uv

1 (2.19)
’ 2 2
v =ut — vt - -,
Vi=ut-vi- o
Recalling that u(r) = 1f(t) — % and v(¢) = tg(t), we hope to obtain a solution
well-defined near + = 0. Therefore, we hope to solve (2.19) for the initial value

(0) = -3,v(0) = 0).
By taking i(s) := u(e®), ¥(s) := v(e®), we obtain an autonomous system of ODEs:

~/ ~

i =2av

P S S |
V/:uZ_VZ__

< ‘1‘ (2.20)
lim d(s) = —=
§——00 2

lim ¥(s) = 0.
§—>—00

By Proposition 2.3.1, we the following identity:

1 1
e
i +4u TR 2.21)

2

W] —

Vi —
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Combining (2.20) and (2.21), we obtain

129%i = Qi+ 1)*@@ - 1)

i = 2iav

1 222
lim di(s) = —= (222)
§——00 2

lim ¥(s) = 0.
§——00

Assuming i < 0, take W(s) := —ii(s), so we are trying to solve the following ODE:s:

W(s) = i%\/W(s)\/W(s) + 12W(s) - 1).

We first solve W(s)" = %\/W(s)\/W(s) + 12W(s) - 1),

Taking H(s) := #ﬁ%, we have the following Lemma:
Lemma 2.3.4. #2(3) dH(s) = —ds

Proof. We calculate that
_ (2W(s) — DHW(sY
AVB(W(s)2 + W)W (s)2 + W(s)

In addition, we calculate that

H'(s)

_ (@W(s) - 1)
12(W(s)? + W(s))

1- H(s)2 =

Combining this with W(s) = —=+/W(s)\yW(s) + 12W(s) — 1), the result follows
V3

immediately. O

By the previous lemma, 1 ln(zggj) = —s + C. Therefore, H(s) = gi:iij Com-
.. . _ 1+4W(s) _ 2-3H’+3HVH?-1

bining this with H(s) = m, we find W(s) = T oGH-4) -

Therefore, we have
1C?*? -2Ct+1

W(nt) = - .
(Int)= 3 G vaci+1

By definition,
% — W(lnt)
S

f@)=
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We calculate that

3C

1) =
F@) Ct2 +4Ct+1

(for any constant C).
Putting this into the equations (2.20) and taking g(t) = w, we obtain

3C(Ct+ 1)
(C212 + 4Ct + 1)(Ct — 1)

g(t) =

ForW(s) = — %\/ W(s)\/ W(s) + 1(2W(s)—1), we obtain another solution ( f(¢), g(¢)) =
( 1 C*2+Ct+1 3C(Ct-1) )
; )

C21244Ct+1°  (C212+4Ct+1)(Ct+1)

To summarize, by solving the equations (2.7) with 4 = —1, we obtain the following
proposition:
Proposition 2.3.5.
3C
fil)) = ——
(Ct)* +4(Cr) + 1 (2.23)
3C(Ct+1) '
g(1)

T (COE4CH+ D(Cr—1)

1 C#2+Ct+1

t)=—
A) tC22 +4Ct + 1
3C(Ct+1)

) =
80 = (P v acn + D= 1)
are two families of solutions to the Kapustin-Witten ODEs (2.8).

(2.24)

2.4 Instanton Number Zero Solutions

In this section, we will give a complete proof of Theorem 1.1.

Computation of Instanton Numbers

We will now give a formula to compute the instanton number for the rotationally

invariant solutions, which will prove property (2) of Theorem 1.1.

Lemma2.4.1. xdxAdxixAxdxAdxx = 24t% dx)AdxaAdx3Adxas, dXAdxANdXNdx =
=24 dxy AN dxy A dxz A dxy.

Proof. By Lemma 2.2.6, it is just a direct computation. O
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Combining this with Lemma 2.2.7, we obtain that

[Fx P = 6(f +2f —tf*)

2.25
Fi = 6(f + 12 o

Since we are considering the solutions over the non-compact space R*, the instanton

number is defined as:

Definition 2.4.2. Given that a connection (A(x), ¢(x)) is a solution to the Kapustin-
Witten equations (4.1), if the integral ﬁ fR4 tr(Fa A Fy) exist, we define the instanton
number k for (A(x), ¢(x))is k := # /R4 tr(Fa A Fy) € R

For a rotationally invariant solution as in (2.4), we have a simple formula to compute

the instanton number.

Proposition 2.4.3. For a globally defined C' connection A(x) = Im(f(t) Xdx) over
R*, by taking f(t) := t f(t), the instanton number k satisfies:

k=6 /0 F(F =D fdi = @ —3) 5.

Proof. We calculate that

1
k=—= tr(Fa AN F,
el ) r(Fa A Fy)

1 _
== A4(|F;|2 —|F7 %) dxi A dxa A dxz A dxg
1 r L f22.2 , 2,2
=2 O(f + f)yt—6@f +2f —tf°)) dx; ANdxy Adxz A dxy
2 Jpa
=2 24(tf —Ef + f)dxy Adxy Adxs A dxy
1

4 — 24( f(f - 1)f ) dxi A dxy A dxz N dxy

1 L 1
= 4—212\/01(53) / (F(F = D) di (by dxi A dxy A dxs A dxs = d Vol 5rdr)
s 0

=6 / +oo( F(f = 1)f") dr (since Vol(S?) = 27?)
0
=Q2f -3/
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Remark. The previous formula for the instanton number only works for connections

with the specific type A(x) = Im(f(¢) xdx).

For A(x) = Im(f(¢) xdx), a conjugate form of (2.4), we have the following corollary:

Corollary 2.4.4. For a globally defined C' connection A = Im(f(t) Xdx) over R?,
by taking f(t) := t f(¢), the instanton number k satisfies:

“+00

k==6 [ F(F-1fdi=G2-27) 15

0

Proof. We can calculate in a similar way and obtain that

|Fi12 = 6(tf +2f —tf?)?

|Fx P = 6(f"+ £, >0
By the same computation as in Proposition 2.4.3, we obtain the result. O
Corollary 2.4.5. The solution ( fi(t), g(t)) = ( t2+i Pl z2+431§i+11)2 t—l)) to the Kapustin-
Witten ODEs (2.8) has instanton number zero.
The solution (f>(1),g(t)) = %tfj:l , (12+i$;2t_1)) to the Kapustin-Witten ODEs

(2.8) has instanton number zero.
Proof. Defining fi(r) := t (), then £1(0) = fi(+o0) = 0. Therefore, by Proposition
2.4.3, we know the instanton number of A(x) = Im( fi(¢) Xdx) is O.

Similarly, for /(¢) := 1 fo(r), we have f(0) = f>(+o0) = 1. Therefore, by Proposition
2.4.3, we know the instanton number of A(x) = Im(f>(¢) xdx) is O. O

Proposition 2.4.6. Given that (f(t), §(t)) is a solution to the equations (2.9), if

(1) lim,—o f(¢) and lim,_,o (1) exist.

(2) imy_ 400 f(¢) and lim,_, o §(t) exist.

Then A(x) = Im(@ Xdx) is a connection with instanton number 0, 1 or -1.

Proof. After a change of variable and translation, the ODEs (2.9) turn into (2.11).

Equation (2.11) is an autonomous system, therefore the limit point must be a equi-
librium point of (2.11).
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There are two equilibrium points, (i, V) € {(%, 0), (- %, 0)} or equivalently (£, 3) €
{(0,0),(1,0)}.  Therefore, (f(0),g(0)) € {(0,0),(1,0)} and (f(+c0), g(+e0)) €
{(0,0),(1,0)}. By Proposition 2.4.3, we know that A(x) = Im(@idx) can only

have instanton number O, 1 or -1. m|

Bubbling for Instanton Number 0 Singular Solutions to the Kapustin-Witten
Equations
In this subsection, we will prove property (3) of Theorem 1.1: the existence of some

bubbling phenomenon for singular solutions.

By previous computation, we know that:

|Fy|? = 6(tf +2f —tf*)?

[F41 = 6+ f271. =
Consider the solution 3

f0) = 2 +4r+1 (2.28)

o(1) 3(t+1)

T @A+ )-1)
Combining (2.27) and (2.28), we obtain that
|Fal> =IF{ 1 + | Fy P
=(6(tf" +2f —tf*? +6(f" + f2)r)
10821 + 217 + 12 + 21 + 2)
(12 + 4t + 1)*

As the curvature norm |Fy4| plays an important roles in the Uhlenbeck compactness

theorem [20] [60], we also hopes to understand it in the Kapustin-Witten equations.
The graph of |F4|(¢) is depicted in Figure 1:

Proposition 2.4.7. |F4|(t) is decreasing and |F4|(0) is its maximum.

216(482+5t*+313+812+19¢+15)
- 5 < , SO
(t2+4t+1)
|F4|” < Oforallt > 0. Therefore, |F4| is decreasing and | F4|(0) is its maximum. 0O

Proof. A direct computation shows that %lF W) =

By Proposition 3.5, for any constant C, we have the solutions

Con 3C
fr@) = C22 +4Ct + 1 (2.29)
o) = 3C(Ct+1)

(C2t2 +4Ct+1)(Ct - 1)
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Figure 2.1: Norm of |F4| as a Function of Radius ¢

t

to the Kapustin-Witten ODEs.

We define |Ff|(t) as the curvature norm for fC(¢), then we have the following
proposition:

Proposition 2.4.8. (1) |F§|(t) = C|F4|(Ct).

(2) fou IFSP()dVol = [, |Fal*(t)dVol.

Proof. For (1), this is an immediately computation. For (2), by the definition of

t = |x|?, we get the result immediately. O

Proposition 2.4.9. Let D to be a real number defines as follows: D := fR4 |Fg|2(t)dVol.

Then we have lim¢e_; 4o %|Ff|(r) = 0o, where O is the Dirac measure at Q.

Proof. By Proposition2.4.8, we know that%lFAcl(t) = %|FA|(Ct) and fR4 %lFAclz(t)dVol =
1. Therefore, the function %lFAl(Ct) is a rescale of |F4|(¢) and has integral 1. By
classical approximations to the identity results [52], we obtain lim¢c_, 1« % |FAC|(t) =
00- O

Non-removability of Singularities for ¢ by SU(2) Gauge Transformations
In this subsection, we will prove property (4) of Theorem 1.1. It is suffice to consider
the C = 1 case.

By Lemma 2.2.9, we obtain that

3(£2 + 3t +2)

FdxAdR
P +4i+ D) -1)B+32 -3+ 1)

(dag)" = —%(g’+2fg) XdxAdix =

283 + 32+ 1

3 dxAdx.
E+4t+ D)= +32-3t+1) raax

1
(dag)” = (Eg't+g—fgt) dindx = —
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We calculate that

432218 + 617 + 5% + 267 + 61* + 263 + 52 + 61 + 2)

ldag|* = ) P 213 4 22 2
(> +4t+1)(t = 1)*(t° + 31> =3t + 1)

Therefore, we know ||da¢||; 2 is unbounded near ¢ = 1.

Since ||dad||;2 is invariant under the SU(2) gauge action, we know that the singu-

larities of ¢ can not be removed by SU(2) gauge transformations.

2.5 Non-Zero Instanton Number Solutions
Instanton Number +1 Solutions

In this subsection, we are going to give a proof of Theorem 1.2.
First, we are going to give a construction of an instanton number 1 solution.

By Proposition 2.4.3, we know that the instanton number is determined by the limit
behavior of our connection A(x) = Im(f(z) Xdx). In order to construct an instanton
number +1 solution, we only need to construct a solution with different equilibrium

points at = 0 and t = +o0.

By Proposition 2.3.5, taking C = 1, we have the following solutions:

3
fil) =
- +4r+1
. 3 +1) (2.30)
S = e A )a—-1)
1 2+¢+1
{fZ(t):?t2+4t+l 2.31)
1) = 3(t+1) '
= e a1

As g1(t) = ga(t), we hope to understand the relationship of fi(¢) and f»(¢). The
graphs of fi(¢) and f>(¢) are depicted in Figure 2 and obviously, we get fi(1) = f(1).

Now, we hope to glue these two solutions to obtain a new solution.

Proposition 2.5.1.

3

> 'd) r<1

m(t2+4t+1xx ( )
(1 2+r+

m_—
ttr+4r+ 1

3(t+1) _
(-2 +4t+1) x)

Alx) = (2.32)

)de) t>1)

#(1) = Im( (2.33)
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Figure 2.2: Graph of fi(7) and f»(¢).

f1(t)

20

is a solution to the Kapustin-Witten Equations (4.1) which satisfies the following

properties:
(1) The solution has instanton number=1.

(2) A(x) is C* away fromt = 1 and C' att = 1, ¢(t) is singular at t = 1.

Proof.
3

2+4r+1
12+1+1

ttt+4r+1

(r<1)

f@)= (2.34)

=1

Taking £(f) = ¢ f(z), by a direct computation, we know that £(0) = 0, f(+c0) = 1.
By Proposition 2.4.3, we know that the instanton number is equal to 1.
Defining u(t) := f(t) — %, then
112-21+1
— (<1

H 2
=2t +
(t=1).

22441+ 1
By a direct computation, we know that u(¢) is a C! function. Therefore, A(x) is also

a C! connection. O

Remark. By Corollary 2.4.4, we know

Imtf————mu)@sn
o
m( gy 241 2D
3(t+1) _
o(x) = Im((t D@4t D) X x) (2.37)

is a instanton number —1 solution to the Kapustin-Witten equations.
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Linear Combination of Solutions

In this subsection, we aim to generalize the ADHM construction from [5] to obtain
higher instanton number solutions to the Kapustin-Witten equations. However,
there exists an essential problem to generalizing the instanton number computation
method from the anti-self-dual equation case [5]. We conjecture that we will obtain

some higher instanton number solutions from this construction.

In view of Corollary 2.4.4, without loss of generality, we can focus on instanton

number k > 0.

Now, let Ay,...,A; be k real numbers and by, ..., by be k numbers in H. Take
U := (A1(x = by), ..., Ax(x = b))’ and U* be the conjugate transpose of U. Take

eo=1, ey =1, ep = J, e3 = K, then for any quaternion b;, we can write b; = b;je;.
Now we are going to compute an identity which is parallel to k = 0 case.

Lemma 2.5.2. For any g(t) € C!, d x Im(g(|U|?) U*dU)=0

Proof. We calculate that

dim(g(|U[*) = U*dU)

k
= Z dg(|U)Im(A(% — b;) A *d(x — b;)) (by Lemma 2.2.11)

dg(|UIHA2Im((X — b;)ej) A xd(x; — bij)

M-

.
Il
—

m((i - l_),-)ej) de' A *de

U|2

Im((X — bi)e;) dx; A *dx;

- - - I
\P‘%#

2(x, blj)ZIm((x bi)e;) dx; A *dx;
j=1

k4
Z Z 222 (x; — bi)Im((% — by)e;)
=1 j=1

|
o
OQ\
b
=)

”.M» i M» i MA

M- 5
~ p—
1~

T

4 4 4
=¢’dVol Z Afl}(Z(xj — bi)Im((% — bi)e;) + Z(xj — bi)Im((% — by)e;)).
=1 =1 j=1 j=1 j=1

(2.38)
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Therefore, in order to show d * Im(g(|U|*) U*dU)=0, we only need to show

4 4
(xj — bi)Im((X — by)e;) + Z(xj — bij))Im((X — by)e;) = 0.
j=1 Jj=1

By translation, without loss of generality, we can assume b; = 0. Then we calculate
that

4
D (&) = bi)Im((®)e;)
j=1

4 4
= xIm((De;) = > byIm((Fe;) (2.39)
j=1 j=1
4
= - Z blem(()E)ej).
j=1
For the rest, we calculate that
4 p—
D xjIm((% - by)e))
j=1
4
= - Z ijm(Blej)
=l (2.40)

= — (x1(=bp2l = bi3J — bisK) + x2(by1 I + bsK — bysJ)
+ x3(binJ = bppK + bial) + x4(bp K + bpJ — bizl))

4
= Z b Im((X)e;).
j=1
Therefore, we obtain the following identity:
4 4
D = bipIm((E = bi)ej) + Y (xj = bip)Im((E = by)e;) = 0.
j=1 j=1

Combining all the things above, we obtain the lemma. O
Lemma2.5.3. Forany f(t), g(t) € C!, we haveIm(f(|U|*) U*dU)AxIm(g(|U|?) U*dU) =
0.

Proof. Since f(|U|?), g(|U|?) are real functions, we only need to show that Im(U*dU)A
*Im(U*dU) = 0.
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We calculate that

Im(U*dU) A xIm(U*dU)

Zk: 24:/1 Im((% — b; i)ej) dxj A Z Z/lz Im((X — by)en) * dxy,
=1

i=1 j=1 m=1 n=
kK k4 ) ] (2.41)
Z Z Z 222Im((x - by)e )Im((X — by)e;) dx; A *dx;
i=1 m=1 j=1
— xIm(U*dU) A Tm(U*dU).
O

Corollary 2.5.4. For any f(1),g(t) € C', if A(x) = Im(f(|U|?) U*dU) and ¢(x) =
Im(g(|U|%) U*dU), then we have ds x ¢ = 0.

Proof. Wehavedsx¢ = dp+AANk¢p+ @ AxA. This is a direct corollary of Lemma

2.5.2 and Lemma 2.5.3. O
. 2 .
Taking f(¢) = ﬁ, (1) = %12:4111 ,g() = %, we have the following

proposition:
Proposition 2.5.5.
3
im( A(IUP) U*dU) = 1m( Utav) (Ul <1
m( i) TraE) s

Alx) =

m ( 1 |[U*+|UP+1

U U*dU)
(f2(| g \UR U +4]U)2 + 1

U*dU) (U = 1)
(2.42)

2
U+ 1) U*dU) (2.43)

(U= DU +4U? + 1)

are solutions to the Kapustin-Witten equations.

#(x) = Im(g(|U|2) U*dU) - Im(

Proof. By Corollary 2.5.4, the equation d¢ = 0 is always satisfied. Therefore, we
only need to show that the equation F4 — ¢ A ¢ — *xda¢p = O is satisfied by (A(x),
¢(x)) defined above.

For
(A(x), ¢(x)) = (Im(f(|UIH)U*aU), Im(g(|JUIHU*dU)), (2.44)

we observe that all the computations in Section 2 can be finish similarly. To be more

precise, replacing every computations in section 2 of ¢ = |x|> with |U|?, replacing
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x with U and x with U*, we can easily obtain the following results comparing to
Lemma 2.2.7, Lemma 2.2.8 and Lemma 2.2.9:
1
Fi= —E(f’ + ) U*dU A dU*U,
1 1
Fy = (Etf' - Etfz + ) dU* A dU
1
(¢ A @) = —Eg2 U*dU A dU*U
1 (2.45)
(AP = —Egzt dU* A dU

1
(dag)* = —E(g’ +2fg) U*dU A dU*U

1
(da)” = (Eg't +g— fgt)dU* AdU.

The derivative here is taking the derivative of |U|%.

Therefore, by (2.45), we could get an ODEs comparing to (2.6):

FAURY + 2g(IUPY + fFUIR? = g(IUIP? + 22 £(UHg(IUI*) = 0,
tFUPY =t g((UPY + 2£(IUIP) - 227 g(IUI?) (2.46)
+ (UMt = fAUPYt + 2t f(IUP)g(UHA™! = 0.

The derivative here is the derivative of |U|>.

Comparing this with (2.7), we are exactly solving the same equations. Therefore,
comparing to Proposition 2.5.1, our construction gives solutions to the Kapsutin-
Witten equations. |

Proof of Theorem 1.3. By our construction, we have the freedom to choose k real
numbers Ay, ..., Ax and k quaternions by, ..., by in H in Proposition 2.5.5. Therefore,

we have a Sk dimension family of solutions to the Kapustin-Witten equations. O

2.6 Nahm Pole Boundary Solution over S* x (0, +c0)
In this section, we will show that our solutions in Section 4 can provide solutions
on §3 x (0, +0c0) with Nahm Pole boundary.
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Nahm Pole Boundary condition

Now, we will discuss what is a Nahm Pole boundary condition to the Kapustin-
Witten equations. Give a closed 3-manifold Y3, let P to be a principle SU(2) bundle
over Y3 x (0, +0) and let ad(P) denote the adjoint bundle of P. Give a point x € Y3,
for integer a=1,2,3, let ¢, be any orthonormal basis of 7Y and t, € ad(P) satisfy

the lie algebra relationship [z, 1] = €upete-

From [44] [63], we have the following definition of Nahm Pole boundary condition
on Y3 x (0, +c0) and denote y as the coordinate on (0, +co).

Definition 2.6.1. A solution (A, ¢) to KW equation (4.1) over Y3 x (0, +o0) satisfies
the Nahm pole boundary if there exist orthonormal basis e, such that the Taylor

3 *
. . . . _i tqer
expansion in y coordinate nears y = 0 will be ¢ ~ Lozt fata +¢o+...,A ~

y
Ag+ya; +...

Nahm Pole Boundary condition over S> x (0, +)
In this subsection, we will describe the Nahm Pole boundary condition on S3 and

show that our solution satisfy the Nahm pole boundary condition.

Now, we first describe the tangent space of S°. Consider S° as the unit quaternion,
3 ={x=x1+xl +x3J +x4K € I[-]lel2 + x% + x% + xé% = 1}, and the metric is
induced by Euclidean metric on R*. Fix a point x € S°, we can identify the tangent
space with vectors on R*, T,.S3 = {v € R* < v, x >= 0}, here we consider x as a

vector space on R*.

Define three orthnonormal basis
er = (=x2, X1, —X4, X3)
er = (—x3, X4, X1, —X2) (2.47)
e3 = (—xs4, —x3, X2, X1).

Obviously, we have T.S3 = span{ey, ez, e3}.

So by the induced metric from the Euclidean metric on R*, we have the dual unit

basis
= —xodx1 + x1dxy — X4dX3 + X3d)C4

*
€]
e; = —X3d)€1 + X4d)€2 + xldX3 - deX4 (2-48)
3 = —xadx) — x3dx + xodx3 + x1dxy.



111
In addition, we have
Im(xdx) =(—xpdx; + x1dxy — x4dx3 + x3dx4)1
+ (—X3dxl + X4dX2 + deX3 - deX4)J
(2.49)
+ (—x4dx1 — x3dxy + xodxs + xldx4)K

= eTI + e;J + e;‘K.
Therefore, (0, w) can be consider as a leading term of Nahm pole boundary
condition on S3.

Now, we will show that the following singular solutions to the Kapustin-Witten
equations over R* can be consider as solutions to the Kapustin-Witten equations
over (0, +00) X S3.

As the first equation of (4.1) are conformal invariant, consider the solutions

3C
A(x) =I d
) m(C2|x|4+4C|x|2+1 * x) .50
#(x) =Im( SCChE+ 1 ) |
O (C?x)F + 4CIx)2 + D(Clx2 = 1) '

Using the following conformal transformation,

¥ (0,+0) x 8§ 5> RY |
|X|Zﬁ

1
(y,w) > —e’w.
Ve

Then the pull back of (2.50) using ¥ gives the following solution on (0, +00) x S
6 3
_ *
A) M 462 + 1 ; fa€a

2 3
o) AZrD e
=1

T A+ (e - 1) &

(2.51)

6(e®+1) N
> (Y +4ey +1)(e2-1)

It is easy to see that when y — 0 % and y — +o0, the solution

exponentially decays.

From section 4, we get another solution to the Kapustin-witten equations (4.1),

1 CHx|*+Clx)*+1
|x|% C2|x|* +4C|x|?> + 1
3C(Clx]?+ 1)

(C2|x]* +4C|x|2 + D)(C|x|2 - 1)

A(x) :Im( de)

(2.52)

(x) :Im( de)
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Following the same process, we get another solution to the Kapustin-Witten equa-

tions with Nahm Pole and exponentially decays.

Then the pull back of (2.52) using ¥ gives the following solution on (0, +c0) x S°:

2 Myl
Alx) = e e 146 + 1 Z faa

(2.53)

¢(X) _ 6(e2y + 1) Z tae;

(e +4de? + 1)(e? — 1) &

Therefore, we have the following theorem:

Theorem 2.6.2.

(1)

6 *
A) Tt de 4 1 Z:‘ faCa
a=

3
¢(x) _ 6(62y + 1) Z l‘ae;

(e™ +4e? + 1)(e? — 1) “

is a solution to the Kapustin-Witten equations over (0, +00) X S> with Nahm pole

boundary with instanton number +%.

2)
2 M e+l
Ax) = e e+ 4e2V + 1 Z faCa

6(e” +1
00 = e T Z_;rae;

(e® +4e2y + 1)(e

is a solution to the Kapustin-Witten equations over (0, +00) X §3 with Nahm pole

boundary with instanton number —%.
Proof. The computation of instanton number directly follows from Prop. 4.3. O
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Chapter 3

THE EXTENDED BOGOMOLNY EQUATIONS AND
GENERALIZED NAHM POLE BOUNDARY CONDITION

This is joint work with Rafe Mazzeo.

3.1 Introduction

An intriguing proposal by Witten [63] interprets the Jones polynomial and Khovanov
homology of knots on a 3-manifold Y by counting solutions to certain gauge-
theoretic equations, see [34], [63], [26] for much more on this. In this picture,
the Jones polynomial for a knot K C Y is realized by a count of solutions to the
Kapustin-Witten equations on Y X R* satisfying a new type of singular boundary
conditions. We refer [25], [64], [65] for a more detailed explanation, along with
[43], [46] and [28] for the beginnings of the analytic theory for this program. In
the absence of a knot, the problem is still of interest and may lead to 3-manifold
invariants. When K = (), the singular boundary conditions are called the Nahm pole
boundary conditions, while in the presence of a knot, they are called the generalized
Nahm pole boundary conditions, or Nahm pole boundary conditions with knot
singularities. For simplicity, we usually just refer to solutions with Nahm pole or

with Nahm pole and knot singularities.

There are two main sets of technical difficulties in this program. The first arises from
the singular boundary conditions, which turn the problem into one of nonstandard
elliptic type. These are now understood, see [43], [46]. A more serious difficulty

involves whether it is possible to prove compactness of the space of solutions to

I

Figure 3.1: A knot placed at the boundary of ¥ x R*
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the Kapustin-Witten (KW) equations. An important first step was accomplished by
Taubes in [55], [56], but at present there is no understanding about how the Nahm
pole boundary conditions interact with these compactness issues.

Gaiotto and Witten [25] proposed the study of a more tractable aspect of this problem.
Suppose that we stretch the 3-manifold across a separating Riemann surface X in
a Heegard decomposition of ¥ which meets the knot transversely. In the limit, Y
separates into two components Y* and zooming in on the transition region leads to
a problem on ¥ X R x R* which is independent of the R direction normal to the
separating surface. We are thus led to study the dimensionally reduced problem,
called the extended Bogomolny equations, on £ X R* with the induced singular

boundary condition.

A further motivation for studying the moduli space of solutions of the extended
Bogomolny equations on X X R* is provided by the Atiyah-Floer conjecture [8]. In
terms of a handlebody decomposition Y* = Y+ Uy Y™, the Atiyah-Floer conjecture
states that the instanton Floer homology of Y can be recovered from Lagrangian
Floer homology of two Lagrangians associated to the handlebodies in the moduli
space M(X) of flat SU(2) connection of X. These Lagrangians consist of the flat
connections which extend into Y™ or Y~. Another way to view M(X) is as the
moduli space for the reduction of the anti-selfdual equations to X. One then expects
to use Lagrangian intersectional Floer theory to define invariants. We refer to [16],

[1] for recent progress on this.

In any case, we are presented with the problem of studying the dimensionally re-
duced Kapustin-Witten equations on £ X R* with generalized Nahm pole boundary
conditions. We describe these now; their derivation and further explicit computa-
tions appear in Section 2 below. Let P be a principal SU(2) bundle over Z, pulled
back to ¥ x R™, and gp its adjoint bundle. The extended Bogomolny equations are
the following set of equations for a connection A on P, and gp-valued 1- and O-forms

¢ and ¢1, respectively:
Fp— ¢ N §=kdad,
da¢ = x[¢, $1], (3.1
dy¢ = 0.

The knot corresponds in this setting to where the stretched knot crosses X, or in

other words, to a set of marked points {p1, ..., py} on X, see Figure 3.2.
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y

Figure 3.2: ¥ x R*; the ‘knots’ correspond to points on X x {0}

In the following we the standard linear coordinate y on R*. Define M{E" and
M%E to be the moduli spaces of solutions to (3.1) which satisfy the Nahm pole,
and generalized Nahm pole, boundary conditions at y = 0, and which converge to
an SL(2,R) flat connection as y — oo. For the second of these spaces, we tacitly
restrict to the subset of solutions which are compatible with a SL(2,R) structure,
as explained more carefully in Section 3. The subscripts NP and KS here stand
for ‘Nahm pole’ and ‘knot singularity’. We also write M for the moduli space of
stable SL(2, R) Higgs pairs and recall that M = Mt MU where the first term
on the right is the Fuchsian, or Hitchin, component and MM the union of the
other components. It is well-known that MMt identified with a finite cover of the

Techmiiller space for X.

In the spirit of Donaldson-Uhlenbeck-Yau [21],[59], Gaiotto and Witten [25] define

maps

. EBE Hit

; (3.2)
I : MEEE 5 pqHe,

which we recall in Section 3. They conjecture that /yp is one-to-one. We prove this

here and also describe the map Igxg. Our main result is:

Theorem 3.1.1. (i) The map Inp is bijection. Explicitly, to every element in the
Hitchin component MY there exists a solution to (3.1) satisfying the Nahm pole
boundary condition. If two solutions to (3.1) satisfying these boundary conditions

map to the same element in MM under Inp, then they are SU(2)-gauge equivalent.

(ii) The map Ixs is two-to-one: for every element in the MM there exist two
solutions to (3.1) which satisfy generalized Nahm pole boundary conditions with

knot singularities and which are compatible with the SL(2, R) structure as y — oo.
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Any solution to (3.1) satisfying these boundary and compatibility conditions is equal,

up to SU(2)-gauge equivalence, with one of these two solutions.

We define in Section 3 what it means for solutions of (3.1) with knot singularities
to be compatible with the SL(2, R) structure as y — co. This condition allows (3.1)
to be reduced to a scalar equation. There are almost surely solutions to (3.1) which

do not satisfy this condition.

The expectation, explained in [63], is that the Jones polynomial should be recovered
by counting solutions to the extended Bogomolny equations on R? x R*, with a
knot singularity at some K ¢ R3. Thus, as a dimensionally reduced version of this

problem, we also consider these equations on C X R*:

Theorem 3.1.2. Given any positive divisor D = ), n;p; on C, there exists a solution
to (3.1) which has knot singularities of order n; at p;. This solution is unique to the

scalar equation.

Acknowledgements. The first author wishes to thank Ciprian Manolescu, Qiongling
Li and Victor Mikhaylov. The second author is grateful to Edward Witten for
introducing him to this problem originally and for his many patient explanations.
The second author has been supported by the NSF grant DMS-1608223.

3.2 Preliminaries
We begin by considering various ways in which the extended Bogomolny equations

(3.1) may be interpreted.

S!-Invariant Kapustin-Witten Equations
Let X be a smooth 4-manifold with boundary, P an SU(2) bundle over X and gp the
adjoint bundle of P. If A is a connection on P and @ is a gp-valued one-form, then

the Kapustin-Witten equations for the pair (A, @) are

Fg—q)/\(l)+*dgq)=(),

~ (3.3)
dx® = 0.
A

Consider the special case where X = S'xY is the product of a circle and a 3-manifold,

and where (A: ®) is an S! invariant solution to (4.1). We then set

A=A+ Adx, ®=¢+ ¢idxy, (3.4)
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where A, ¢ € Qll,(gp) and Ay, ¢ € Q?,(gp) are independent of x; € S'. Then (4.1)
becomes
Fy—¢ N —*dag1 —x[A1,¢] =0,
*dpad + [¢1, d] + daAy =0, (3.5)
dy¢ —[A1, ¢1] = 0.

Denoting the quantities on the left of these three qualities by X, X> and Xj,
respectively, we define the expressions

o = / X0 + 1%+ X
Y

I :/|FA—¢A¢—*dA¢1|2+|*dA¢+[¢1,¢]|2+|dz¢|2, (3.6)
Y

I = / AL 6112 + [dadr P + |[An ¢1]2
Y

and also, if Y is a 3-manifold with boundary,

I = - / Tr(daAr A 61) — / Tr([Ar ¢1] A %9).
oY oY

After a straightforward calculation, assuming that all integrations are valid, we have
Iy=1+15L +Is. (37)

Since Iy, I, I, are all nonnegative, we deduce the

Proposition 3.2.1. If (A1, ¢1) satisfies a boundary condition which guarantees that
I = 0, and if (A, ¢) is irreducible, then Ay = 0 and (3.5) reduces to the equations

corresponding to I} = 0.

The case of principal interest in this paper is when Y = X X R;r and (A: (5) satisfy the
Nahm pole boundary conditions at y = 0 and converge as y — oo to a flat SL(2,C)
connection. The conditions of this proposition are then satisfied. We recall the
claim, see [56, Page 36] as well as [28, Corollary 4.7], that for solutions satisfying
these boundary conditions, the dy component of ¢ vanishes. Results from [43] show
thatas y \, 0, A ~ y? and ¢; ~ %, hence x¢ = 0 at y = 0. In addition, A and ¢,
both converge to 0 as y — oo. These facts together imply that /3 vanishes at both
y =0 and y = oo, so Proposition 3.2.1 holds.

If an S'-invariant solution satisfies the Nahm pole boundary condition at y = 0 and

converges to a flat SL(2, C) connection as y — oo, then the pair (A, @) satisfies the
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so-called extended Bogomolny equations on X X R*:

Fa—¢N¢=%daody,
dag = *x[¢, ¢1], (3.8)
dz¢ =0.

Here A is a connection, ¢ € Q'(gp), ¢1 € Q%ap) and the dy component of ¢

vanishes.

These equations reduce, when ¢; = 0, to the Hitchin equations, when ¢ = 0, to the
Bogomolny equations, and when A = 0 and ¢ is independent of X, to the Nahm
equations. Thus one expects that all known techniques for these special cases should

be applicable to these hybrid equations as well.

Hermitian Geometry

Choose a holomorphic coordinate z = x; +ix3 on Z and let y be the linear coordinate
on R*. In these coordinates, define dy = V2 dxy + V3dxz + V, dy and ¢ = ¢ dx +
¢3dxs = %(c,oZ dz + (,02 dz), where ¢, = ¢ — i¢3; we also write ¢ = ¢,dz. Using

these, we can rewrite (3.1) in the “three D’s” formalism: with A, = A, —i¢y, set

2)1 = Vz + iV3,
Dy, =ad g, = [¢, ], (3.9)
D3 :Vy—i(ﬁl :ay-l-ﬂy :0y+Ay—i¢1.

The adjoints of these operators are

Z)Ir = —Vz + iV3,
D] = [ +ig3. ], (3.10)
D; =-V, —i¢.

The extended Bogomolny equations can then be written in the alternate form

3
[D;, Dj1=0,4j=1,23 and ) [D; D]]=0. (3.11)

i=1

We write out the last of these, which is the most intricate. Noting that

[D1, D] =[V2+iV3,-Vs +iV3] = 2iF,
[Ds, DI = -2i[¢2, 43], (3.12)

[Ds, DI]=-2iV,¢1,
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we have
3

1
% 21Dk D= Fs - [¢2, ¢3] - Vyh1 = 0.
1

k=
As is standard for such equations, cf. [63], the smaller system [D;, D;] = 0 is
invariant under the complex (SL(2;C)-valued) gauge group Qg, while the full
system (3.11) is invariant under the unitary gauge group, O; — g~ 'D;g, g € Gp
and the final equation is a real moment map condition. Following the spirit of
Donaldson-Uhlenbeck-Yau [21],[59], we thus expect that Hermitian geometric data

from the Qg—invariant equations play a role in solving the moment map equation.

Suppose that E is a rank 2 Hermitian bundle over £ X R*. As we now explain,
for any function f and section s, Di(fs) = 0:fs + fD;s, which is a d-operator
in Newlander-Nirenberg sense; 9, is then a Kx-valued endomorphism of &, while
D3 specifies a parallel transport in the y direction. In terms of these, the equations

[D;, D;] = 0 have a nice geometric meaning.

Denote by Ey := Elsyx(y) the restriction of E to each slice X x {y}. Since Dlz =0
is always true for dimensional reasons, the Newlander-Nirenberg theorem gives that
D, induces a holomorphic structure on Ey for each y, i.e., in some gauge, we can
write D; = d. A connection A is compatible with this holomorphic structure if A%!

equals .

Next, [D1, D;] = 0 says that the endomorphism ¢ is holomorphic with respect to
this structure, so (E, Dy, ¢) is a Higgs pair over each slice. Finally, the equations
[Ds, D3] =0, [Dy, D3] = 0 show that this family of Higgs pairs is parallel in y, i.e.,
there is a specified identification of these objects at different values of y.

Following [21], a data set for our problem consists of a rank two bundle E over
¥ X R* and a triplet of operators ® = (D, Dy, D3) on C*(E) satisfying
* Di(fs)=0:fs+ fDis, D3(fs) = (0yf)s + fDss for f € C*(Z xR*) and
s € C*(E);
* D, = [, ] for some ¢ € Q(gp);
* [D;, Dj]=0foralli,.
Given (E, ®), a choice of Hermitian metric H on E determines Hermitian adjoints

D: of the operators D; by the requirements that for any smooth functions f and

sections s:
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* Dj and D] are derivations, i.e., D{(fs) = (0. f)s+ fDis, Di(fs) = (Oy f)s +
fDss, while Dy(fs) = fDa(s);

* 0:H(s,s") = H(Dys,s") + H(s, D}s’), dyH(s,s") = H(Dss,s") + H(s, D}s");

* H(Dys,s") + H(s, Z)és’) =0

The moment map equation in (3.11) can be regarded as an equation for the Hermitian
metric H. Indeed, setting D, = %(Z)3 + Z);), D:=Diand D, = Z)i, we define a
unitary connection Dy, and an endomorphism-valued 1-form ¢ and O-form ¢; on
(E,Q,H) by

Dals) : = Di(s)dz + D, (s)dz + Dy(s)dy,
[¢. 5] : = [Da, s]dz + [ D5, s1dz, (3.13)

by = %(@3 - D).

We call (A, ¢, ¢1) a unitary triplet. Note however that in an arbitrary trivialization
of E, (A, ¢, 1) may not consist of unitary matrices. We recall a standard result [7]
which provides the link between connections in unitary and holomorphic frames. In
the following, and later, we refer to parallel holomorphic gauges. These are, as the
moniker suggests, holomorphic gauges for each E, which are parallel with respect
to Ds.

Proposition 3.2.2. With (E,®, H) as above, there is a unique triplet (A, ¢, ¢y)
compatible with the unitary structure and with the structure defined by ©. In other
words, in every unitary gauge, A* = —A, ¢* = ¢, ¢T = —¢1, while in every parallel
holomorphic gauge, D\ = 0 and D3 = 9, i.e., ACD = Ay —igy =0.

Proof. With the convention H(s,s’) = §"Hs’, we compute first in a holomorphic
parallel gauge, from the defining equations for the D/, that JH = (A09)TH and
0yH = H(-Ay, —i¢1), so in this gauge, A = ALY = H-19H and Ay +igr =
—~H'0,H.

Suppose next that we know H with respect to a homolomorphic frame. If g is a

complex gauge transformation such that H = g'g, then in the parallel holomorphic
gauge,
A = HoH =¢7'(¢) 7 (0.8Ng + 570, A%V =0, (B4

If A is the connection form in unitary gauge, then

A= (g")og", Ar = —(8:9)87", (3.15)
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and ;f; = —ZZ. Thus g transforms the holomorphic form to the unitary one.

Similarily, the same Higgs field in holomorphic and unitary gauge, ¢ and ¢, are

related by
¢, =898, ¢:=(g) o' g (3.16)

For the final component, suppose that (A, is given in holomorphic gauge. Then in

unitary gauge,

| / :
A= 50057 =& o). 61= 3N e + a8’ G

O

We now record some computations in a local holomorphic coordinate chart. Writing
Dy =0 +a, 1); =9, + A Dy =9, + A, and Z); =dy + ?{/y, we compute:

AL = gl H - H Y (a)"H,
A=A Lo =H'9H-H'a " H+a,
' =H'¢"H,
A,=H'9,H-H'A, H.

(3.18)

Thus if @ = Ay = 0, and the adjoint operators become

D] = -0, =—(0.+ H'0.H), D] =-D, = ¢, |, D] =-D; = -0, - H'0,H.
(3.19)

Altogether, in a local holomorphic coordinate z for which the metric on X equals
g2|dz|?, and in the holomorphic parallel gauge where Dy = 8, D3 = 9y, then in

local coordinate (z, y), the extended Bogomolny equations (3.11) become

~0:(H'9.H) - g3d,(H '0,H) + [¢,, ¢¥] = 0. (3.20)

Two sets of data (E, ®) and (E, (?)) are called equivalent if there exists a complex
gauge transform g such that g‘lﬁig =D;, i =1,2,3. A key fact is that (E, ®) is

completely determined by a Higgs pair (&, ¢) over the Riemann surface X.

Proposition 3.2.3. (1) Suppose that (E,®) and (E, ©) are two data sets. If the
restrictions of © to E, and © to some possibly different E, are complex gauge

equivalent, then (E, ®) and (E, (:3) are equivalent.
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(2) If (E, ©, H) is a solution to the extended Bogomolny equations , and if g is a com-
plex gauge transform, then (E, ®%), where ©®8 = (g7'D1g, g 'D1g, g7'D3g), H® =

Hg*H g is also a solution.

Proof. Since D3 and D; both define isomorphisms of the Higgs pairs, (1) follows
immediately. Then, recalling that D: is the conjugate of D; with respect to H, one

may check (2) directly from the definition. O

3.3 Boundary Conditions
In this section we introduce boundary conditions for the extended Bogomolny equa-

tions over ¥ X R* at y = 0 and as y — +o0.

SL(2,R) Higgs-bundles
We impose an asymptotic boundary condition as y — +oo by requiring that solutions
of (3.1) converge to flat SL(2,R) connections. To explain this more carefully, we

recall some basic facts about the moduli space of stable SL(2, R) Higgs-bundles, cf.
[31], [32].

Consider a Riemann surface X of genus g > 1. A Higgs bundle consists of a
pair (&, ¢) where & is a holomorphic structure on a complex vector bundle E and
¢ € H'(End(&) ® K) is a Higgs field. Let (&, ¢) be a rank 2 Higgs bundle such that
deg E = 0. It is proved in [31] that once an SL(2, R) structure is fixed, there is an
isomorphism & = L~! @ L, where L is a line bundle with 0 < degL < g — 1, in
terms of which the Higgs field takes the form

_|0 @ 3.21)
2=15 o -

where @ € HY(L?>® K) and 8 € H(L?> ® K). WhendegL =g —1and L = K>

for one of the 22¢ square roots of K, then we write this canonical form for the Higgs

b
¢ = (3.22)

Here 1 is the canonical identity element in Hom(L, L™")® K = Hom(K %, K '%)®K =
O and ¢ € H(L? ® K) = H°(K?) is a holomorphic quadratic differential. This set
of Higgs bundles constitutes the Hitchin component of the SL(2, R) moduli space.

field in the familiar form

The splittings with | deg L| < g — 1 constitute the non-Hitchin components. Write
k = deg L so that deg(L™> ® K) = degK — 2degL = 2g — 2 — 2k. Thus when
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0 < k < g — 1, the section a has 2g — 2 — 2k zeros; these are of course invariant

under complex gauge transform.

If $y =0in (3.1), orif D3 = 0 in (3.11), we obtain the Hitchin equation

Fr+[p,¢*] =0, da9 = 0. (3.23)

A rank 2 Higgs pair (&, ¢) with det(&) = O is stable if for every ¢-invariant
subbundle S C E, deg S < 0. We say in general that (&, ¢) is polystable if it is direct
sum of stable Higgs bundle. In the rank 2 case, a polystable Higgs bundle takes the

a 0
form(E=L"® L, ¢= 0 )), but by assumption we shall exclude these.
—d

The solvability of the Hitchin equation (3.23) was analyzed completely in [31].

Theorem 3.3.1. [31] Let (&, ¢) be a Higgs pair over X. There exists an irreducible
solution H to the Hitchin equations if and only if the Higgs pair is stable, and a
reducible solution if and only if it is polystable.

0
When deg L > 0, the Higgs pairs (L™' @ L, ¢ = (,3 g)) are all stable. If deg L = 0,
, : . 0 «a o
then L = O and E is holomorphically trivial. If ¢ = 5 ol then the pair is stable
if and only if neither a nor g are identically zero. If precisely one of «, 8 vanishes,
the pair is neither stable nor polystable and the Hitchin equation has no solution.

If both @ = g = 0, then the Higgs bundle is polystable and there exist a reducible

solution.

In this paper we restrict attention to irreducible solutions. The moduli space of

stable SL(2, R)-Higgs pairs can then be described as follows:

Theorem 3.3.2. [31] The SL(2,R) Higgs bundle moduli space contains 2g — 1
components, classified by the degree k of the line bundle L, |k| < g — 1. The
component M]fL(Z’R) is a smooth manifold of dimension (6g — 6) diffeomorphic to a
complex vector bundle of rank (g — 1 + 2k) over the 2%¢-fold cover of the symmetric

product 287772y,

0
Proof. We sketch the proof. For the SL(2,R) Higgs bundle (L' ® L, (ﬂ g)), the
zeroes of @ € HY(L™%? ® K) give a divisor D where O(D) = L™> ® K, and hence an
element of $?67272k%. Then 8 € H(Z, O(-D)K?) determines a line bundle.
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Note that since we are working with SL(2,R), given D we can only determine
L? = O(-D)K, but L itself can only be recovered up to the choice of a line bundle
I with I? = O. There are precisely 2%¢ such choices. O

We recall finally a well-known result:

Proposition 3.3.3. The harmonic metric H corresponding to a stable SL(2,R) Higgs
h 0

pair splits with respect to the decomposition E = L'eL H= |

A proof appears in [13, Theorem 2.10].

The Nahm Pole Boundary Condition and Holomorphic Data
We next recall the Nahm pole boundary condition and its associated Hermitian
geometry, following [25].

The starting point is the model solution [63]. Consider a trivial rank 2 bundle E

over C x R*. The model Nahm pole solution is

1{0 1 1 (1 O
A, =0, = — , Ay = —ip) = — . 3.24
z (bz y (0 O) y ¢1 2)’ (0 _1) ( )

Bl

1
N
Under the singular complex gauge transformation, these fields become g = (y )

y
0 : . o
top = (O ,A; =0and A, = 0, i.e., the connection in the R™ direction transforms
to 9.
_1
Now, s = @y 12 is an 93 parallel section of E for any a,b € R, and indeed is

by2
a solution of the full extended Bogomolny equations. A generic solution of this
form blows up as y — 0, but there is a well-defined subbundle L c E, called the
vanishing line bundle, defined as the space of solutions which tend to 0 as y — 0.

For this model solution and line bundle, span {¢(L), L ® K} = E ® K at all points.

We say that a solution (A, ¢, ¢1) to (3.1) on a rank 2 Hermitian bundle E with
determinant zero over X satisfies the Nahm pole boundary condition if in terms of

any local trivialization

+ 0>y~ (3.25)

1{0 1
A ""O —l+6, —
z ) @ y(o 0 2

1 (1 O
£ 007 ﬂy:_(o -
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as y — 0. As described in [43], it is of course necessary to consider fields which
lie in some function space, e.g. a weighted Holder space, and the error estimate
O(y~!7€) is interpreted in terms of that norm. The regularity theory in that paper
shows that a solution of the extended Bogomolny equations, or indeed of the full

Kapustin-Witten system, is then much more regular after being put into gauge.

In exactly the same way as in the model case, this boundary condition defines a
line bundle L C E, and since det E = O, we have E/L = L~!. On the other hand,
span{¢(L),L ® K} = E ® K, so that pushing forward L via

LY E®K — (E/L)®K (3.26)
showsthat L = L' ® K, i.e., L = K%, and then E /L = K_%. In other words,

05K >E—K2—0. (3.27)

In addition, denote i1 : ¢(L) - E® K andi; : L ® K — E ® K, and define:

1:p(L)®L®K - EQ®K
#(L) (3.28)

=1 +1.
As span{¢(L), L® K} = E ® K, we obtain that i is surjective between two rank two
bundles thus isomorphism. Tensoring by K~!, we obtain E = K @Ko

Under a complex gauge transform, we can then put the Higgs field into the form

0 01
| we compute that g7l pg = (,3 ol This shows

— ! ! Setti =

= . cttin =
¢ g g8
that a SL(2,R) Higgs bundle lies in the Hitchin component of the SL(2,R) Higgs

bundle moduli space.

In summary, recalling that MEpF is the moduli space of solutions of the extended
Bogomolny equations with limit in SL(2, R) and Mt is the Hitchin component of
stable SL(2, R) Higgs bundle, we have now explained the map Ixp : MEIEE — MHIC
Gaiotto and Witten [25] conjectured that this map is a bijection, and we show below

that this is the case.

Knot Singularity
We next define the model knot singularity introduced by Witten in [63], and the
modified Nahm pole condition for knots. In the Riemann surface picture, knot

singularities correspond to marked points, at which monopoles are wrapped.
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Fix coordinates z = xp + ix3 € C and y € R" on C x R*. Then, with respect to
u

0 n
the Higgs field ¢ = (O ZO and Hermitian metric H =

0
_M), equation (3.20)
e

takes the form
—(A+ 0P+ r*e* =0, (3.29)

where A = 8)%2 + (’))%z and r = |z|.

Assuming homogeneity in (z, y) and radial symmetry in z, Witten [63] obtained the

model solution

Un(r,y) = log ( 20+ 1) . (3.30)

To investigate this further, introduce spherical coordinates (R, i, 6),

L y r
R=+r2+y2 z=ré? siny ==, cosy = —.
ye 2 v R v R

Writing a = \/r2 + y2 + y and b = \/r2 + y2 — y, then

b
%:1+%:1+sinw, ﬁzl—%:l—sinw,
and hence
U,=-logy—nlogR+ log
S, (w)
where .
Sa() = Su(a, b) = Z a"kpk.
k=0
Note that Uy = —log y when n = 0, which recovers the model Nahm pole solution.

Moreover, U, is compatible with the Nahm pole singularity in the sense that U,, ~
—logyasy - Oforr > € > 0.
einl? 0

Defining g, = ( 0 gl

) , then in unitary gauge

A= g;;lagm Az = _(a—gn)gn_l’ ¢, = gn‘:ag;;l’ ¢1 = _(gn Oygn + aygngn )
(3.31)
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or explicitly,

0 Z'eUn
¢ =
0 0

_2 (n+1)cos"y o [0 1
" R (1 +sinyg)™*! —(1 —sinw)””e 00

1 (m+1Dcos"y ;5[0 1
T Rsing S,0) ¢

00 (3.32)
£0
1= _U;l 2 i)
U
Cn+ (1 +sing)™! + (1 —sing)™! (£ 0
R (1+sing)™! — (1 —siny)"! {0 —%
A, =0.
aeUn/?
Suppose that s is a section with D35 = 0. Then for any a,b € R, s = be-Unl?2
e n

is a solution, where eV = (n + 1)/(yR"S,(¢)). As in the Nahm pole case, we can
still define a line subbundle L corresponding to parallel sections whose limits as
y — 0 vanish; generic parallel sections blow up. However, a new feature here is
that span(L ® K, ¢(L)) # E ® K precisely at the knot singularities, reflecting the
zeroes of ¢.

For any p € X we can transport the model solution to £ x R* using the local
coordinates (z, y), giving an approximate solution (A?, ¢, </)f ) in a neighborhood of

(p,0). It is convenient

Definition 3.3.4. A solution (A, ¢, ¢1) to the extended Bogomolny equations satisfies
the general Nahm pole boundary condition with knot singularity of order n at

(p,0) € X X R" ifin a suitable gauge it satisfies
(A, 6. 61) = (A", ¢, ¢) + O(R™**(siny)™'*) (3.33)

for some € > 0, where R and r are the spherical coordiates used above.

Corresponding to a solution with knot singularity is a set of holomorphic data.
Suppose (A, ¢, ¢1) is a solution with a knot singularity at the points {p;} with orders
nj,j =1,---,N. We define the line subbundle L of E and obtain the exact sequence

0>L—o>E—L"—>0. (3.34)
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Using the asymptotic boundary condition at y — +oc0 and the Milnor-Wood inequal-
ity [50], [66], we have |degL| < g — 1.

The knot singularity and Higgs field induce a map
P.LLEeK > L' 9K (3.35)

Regarding P as an element of H*(L™? ® K), we deduce that that there are 2g — 2 —
2 deg L marked points, counted with multiplicity.

The data we must specify then consists of the following:

1. An SL(2;C) Higgs bundle with a line subbundle L;

2. Marked points {p;} with orders n;;

3. Generic parallel sections of E over X \ {p;} blow up at the rate y‘%;

4. The section P € H(L™2K) in (3.35) has zeroes precisely at p ; of order n;.

Just as for the Nahm pole case, we impose an SL(2, R) structure on the Higgs bundle.

The following assumption simplifies the Hermitian geometric data.

Definition 3.3.5. Suppose we have a solution to (3.1) which satisfies the general

Nahm pole boundary conditions, and assume that the solution converges to an

0
is compatible with the SL(2, R) structure at y = oo if either L or L™ is the vanishing

0
SL(2,R) Higgs bundle (L' ® L, ¢ = (,3 a)) as 'y — oo. We say that this solution

line bundle.

Merely assuming that the Higgs bundle converges to an SL(2, R) Higgs bundle, as
above, is not enough to imply that L is the vanishing line bundle.

Remark. If the exact sequence (3.34) splits, the Higgs field may take the slightly

r «a
more general form ¢ = 5 . Such Higgs fields with t # 0 exist, but at present we

do not know whether it is possible to solve the extended Bogomolny equations with
knot singularity with this data. The vanishing of t will play a minor but important
technical role below in Proposition 3.3.9, which we need in proving uniqueness

theorems later.
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The compatibility of the solution with the SL(2, R) structure is a technical condition
that allows us to reduce the Bogomolny equation to a scalar equation. There is one
special case where we do not need to assume this compatibility condition. Under
the assumption of Definition 3.3.5, denote the vanishing line bundle as L’. We then

obtain

Proposition 3.3.6. If L’ # L or L™, then deg L’ < —|deg L|,

Proof. The line subbundle L’ induces the exact sequence:
0L L ''eL->L'5o0,

which defines the holomorphic map y; : L — L' and y, : L' — L’~'. Since
L’ # L or L™', we obtain that neither 1 nor vy, equal the identity. In other words,
we obtain non-zero elements y; € H'(L™' ® L’~!) and v, € H(L ® L’~"). Since
¥1, v do not have poles, we obtain deg(L™! ® L'"!) > 0 and deg(L ® L") > 0,
which implies deg L’ < —|deg L|. O

Denoting by N := }, n; the sum of the orders of the marked points, we conclude the

Corollary 3.3.7. IfdegL > 0and N <2g -2+ 2deglL, then L' = L.

Proof. Recall that N = 2g —2 —2deg L’, and furthermore, if N < 2g —2+2deg L,
then deg L’ > —deg L. Proposition 3.3.6 then implies this result. O

Regularity

We have defined these boundary conditions both at y = 0 and at the knot singular
points by requiring the fields (A, ¢) to differ from the corresponding model solutions
by an error term, the relative size of which is smaller than the model. In the
existence theorems later in this paper this may be all we know about solutions at
first. However, to be able to carry out many further arguments it is important to know
that, in an appropriate gauge, solutions have much stronger regularity properties.
Fortunately there is an appropriate regularity theory available which was developed
in [43] in the Nahm pole case and [46] near the knot singularities. We note that in
those papers solutions to the full four-dimensional KW system are treated, but those
results specialize directly to the present setting, and in fact there are some minor but

important strengthenings here which we point out inter alia.

Regularity theory relies on ellipticity, and to turn the extended Bogomolny equa-

tions into an elliptic system we must add an appropriate gauge condition. We recall
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the choice made in [43] for the KW system on a four-manifold and then specialize it
in our dimensionally reduced setting. Fix a pair of fields (XO, ¢/SD) on a four-manifold
which are either solutions or approximate solutions of KW equations. Then nearby
fields can be written in the form (Z, P) = (;fo, #°)+(a, ¥). The gauge-fixing equation
is then

dia + *[¢°, xy] = 0. (3.36)

It is shown in [43] that adjoining (3.36) to the KW equations is elliptic.

Denote by £ the linearization of this system at (A\O #°). Thisisa Dirac-type operator
with coeflicients which blow up at y = 0 and R = 0 in a very special manner. In the
absence of knots, £ is (up to a multiplicative factor) a uniformly degenerate operator,
while near a knot it lies in a slightly more general class of incomplete iterated edge
operators. These are classes of degenerate differential operators for which tools of
geometric microlocal analysis may be applied to construct parametrices, which in
turn lead to strong mapping and regularity properties. We refer to [43], [46] for
further discussion about all of this and simply state the consequences of this theory

here.

Before doing this we first recall that for degenerate elliptic problems it is too re-
strictive to expect solutions to be smooth up to the boundary. Instead we consider
polyhomogeneous regularity. Let X be a manifold with boundary, with coordinates
(s, z) near a boundary point, with s > 0 and z a coordinate in the boundary. We say

that a function u is polyhomogeneous at 90X if

w N
u(s,z) ~ Z Z aje(z)s” (log s)’, aje € CT(0X).
j=0 =0
The exponents y; here is a sequence of (possibly complex) numbers with real parts
tending to infinity; importantly, for each j, only finitely many factors with (positive
integral) powers of log s can appear. The set of pairs (y;, £) which appear in this
expansion is called the index set for this expansion. Denoting this index set by 7,
we say that u is 7-smooth, which emphasizes that this regularity is a very close
relative of and satisfactory replacement for ordinary smoothness. Similarly, if X is
a manifold with corners of codimension 2, with coordinates (s, 52, z) near a point
on the corner, then u is polyhomogeneous if
co  Nij
u(st,$2.2) ~ Y D aijpg(2)s]'sy (log s1) (log 52)7.
i,j=0 p.g=0
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In other words, we require the expansion for u to be of product type near the corner.
These are all classical expansions with the usual meaning and the corresponding
expansions for any number of derivatives hold as well. The reason for introducing
this more general notion is precisely because at least in favorable situations, solutions
of have this regularity but are not smooth in a classical sense. The important point
is that this is a perfectly satisfactory replacement for smoothness up to the boundary
and allows one to analyze and manipulate expressions using these ‘Taylor series’

type expansions.

We first consider the case where there are no knot singularities, but note that this
result is a local one and can be applied away from knot singular points. Here the

manifold with boundary is simply ¥ X R* and we use coordinates (y, z).

Proposition 3.3.8 ([43]). Let (A, ¢, ¢1) be a solution to the extended Bogomolny
equations near y = 0 which satisfies the Nahm pole boundary conditions and is in
gauge relative to the model approximate solution. Then these fields are polyhomo-

geneous with

~ _1fo 1 BV
A—O(l),so—y(o O)+0(y), ¢1—y(0 -)+0(y10gy)

—L
2

This statement incorporates recent work in [29] which provides much more detail
about the expansions than is present in [43].

To state the corresponding result in the presence of a knot singularity, we first define
the manifold with corners X to be the blowup of £ x R* around each of the knot
singular points (p;,0). In other words, we replace each (pj, 0) by the hemisphere
R = 0 (parametrized by the spherical coordinate variables (i, 8)), points of which
label directions of approach to that point. The discussion is local near each p; so

we may as well fix coordinates (R, ¥, ). The corner of X is defined by R = ¢ = 0.

Proposition 3.3.9 ([46]). Let (A, ¢, ¢) satisfy the extended Bogomolny equations near
(0,0) as well as the gauge condition relative to the model knot solution U,. Then
these fields are polyhomogeneous with the same asymptotics as in the previous

proposition when y — 0 away from the knot, while
A= A"+ O(R siny), ¢ = ¢" + O(Rsiny), ¢1 = ¢] + O(R*(siny) log(siny))

near the knot. Here (A", ¢", ) is the model solution described in §3.3 associated
to U,.
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Referring to the language of [46], these rates of decay, i.e., the first exponents in the
expansions beyond the initial model terms, are indicial roots of type /1 and /1’. The
exponent 0 is a possible indicial root of type /1’, but does not appear in our setting
because the SL(2, R) structure forces ¢ to have no diagonal terms, see Remark 3.3,
and it is precisely in these diagonal terms where the exponent 0 might appear in the

expansion.

The Boundary Condition for the Hermitian Metric

Since we must deal with singularities of the gauge field, it is often simpler to work
in holomorphic gauge but consider singular Hermitian metrics. We now describe a
boundary condition for the Hermitian metric compatible with the unitary boundary
condition defined above. We use the Riemannian metric g = géldzlz + dy? on
¥ x R*. The following result is a direct consequence of the previous computations
in Section 3.3, 3.3.

“N. Fix
0

p € 2x{0} and an open set U,, containing p. Let H be a polyhomogeneous solution

0
Proposition 3.3.10. Consider the Higgs bundle (E = L™' @ L, ¢ = (ﬂ

to the Hermitian Extended-Bogomolny Equations (3.11).

0 1
(1) Suppose that in a local trivilization on Uy, ¢|y, = ( 0). If for some € > 0,
*

. (y-1<go +0(9)) 0

— 0, (3.37)
0 y(gg! + 0(yf)>) 7

then the unitary solution with respect to H satisfies the Nahm pole boundary condi-

0
tion near p and (1 is the vanishing line bundle in this trivialization.

ZI’l
(2) Suppose that in a local trivialization on Uy, ¢|y, = O) (where z = 0 is the
*

point p). In spherical coordinates (R, 0,y), suppose for some € > 0,

(eU"(l + O(R®)) 0 )
H = as R — 0. (3.38)
0 eUn(1 + O(R®))

Then the unitary solution with respect to H satisfies the Nahm pole condition with

0
knot singularity at p and | is the vanishing line bundle in this trivialization. .
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Since we wish to work with holomorphic gauge fields and singular Hermitian
metrics, we obtain some restrictions. Let P be an SU(2) bundle and (A, ¢, ¢1) a
solution to the Extended Bogonomy Equations (3.1) with Nahm pole boundary and
knot singularities of order n; at the points p;, j = 1,-- -, n. For each j choose small
balls B; around p;, and also let By be a neighborhood of X \ {By,---, B;} which
does not contain any of the p;. Choosing a partition of unity y; subordinate to
this cover, define the approximate solution u = }; =0 Xj Unj where Unj is the model

solution, and with U,, = —log y.

Proposition 3.3.11. There exists a Hermitan bundle (E, H) such that:

(1) (H,A®D ¢, Ay) is a solution to the Hermitian Extended Bogomolny equations,
(2) (AOD, o, Ay) is bounded as y — 0;

(3)H = e“hir hi
hyr e "hy

are bounded.

), where u is the approximate function above and the h;;

Proof. We have explained that (A, ¢, ¢1) is polyhomogeneous, i.e., (A, ¢, ¢1) =
(API, @Pi, ¢’1’f ) + (a, b, c) near p;, where (a, b, c¢) are bounded. Near other points of
2 x {0} (A, ¢, ¢1) is the sum of a Nahm pole and a bounded term. Since P is
an SU(2) bundle over ¥ X R™, it is necessarily trivial, so consider the associated

rank 2 Hermitian bundle (E, Hy), with Hy = Id in some trivialization. Now write

hiv hia 1)
= e where the h;; are bounded. Then (Hop, A™", ¢, A,), where ¢ = ¢,
21 N2
A, = A, —i¢y, is asolution to the Hermitan extended Bogomolny equations (3.11).
>0
Consider the complex gauge transform g = ¢ _« |- Since u is compatible with
e 2

the knot singularity, we obtain a new solution (H’, A®V’, ¢, A, H' = Hog'g =
(€”h11 hi>

u

,and AQD’ ¢’, A’ are all bounded. O
_ y
hy1 e "hy

We conclude this section with a brief discussion about the regularity of a harmonic
metric which satisfies the boundary conditions described here. Such metrics corre-
spond precisely to the solutions (A;, Ay, ¢, ¢1) of the original extended Bogomolny
equations , and for this reason one obvious route to obtain this regularity is to exhibit
the direct formula from the set of A’s and ¢’s to the metric H. Another reasonable
approach is to simply look at the equation (3.20) defining H and prove the necessar-
ily regularity directly from this equation. In fact, the methods used in [43] and [46]



134

are sufficiently robust that this adaptation is quite straightforward. In the interests

of efficiency, we simply state the conclusion:

Lemma 3.3.12. A harmonic metric H which satisfies the boundary conditions

discussed above is necessarily polyhomogeneous.

The terms which appear in the polyhomogeneous expansion of H may be determined

by the obvious formal calculations once we know that the expansion actually exists.

3.4 Existence of Solutions
We shall prove in this section an existence theorem for the extended Bogomolny
equations on X X R*, either without or with knot singularities at y = 0. The proofs

employ the classical barrier method, which we review briefly.

Semilinear Elliptic Equations on Noncompact Manifolds

We consider on a Riemannian manifold (W, g) the elliptic equation
N@u):=-Au+ F(x,u) =0, F e€C”(WxR). (3.39)

A C? function u* is called a supersolution for this problem if N(u*) > 0, while
u~ is called a subsolution if N(#~) < 0. These are called barriers for the operator.
It is often much simpler to construct such functions which are only continuous,
and which satisfy the corresponding differential inequalities weakly (either in the

distributional or viscosity sense).

Proposition 3.4.1. Suppose that W is a possibly open manifold, and that there exist
continuous barriers u™ which satisfy u~ < u* everywhere on W. Then there exists

a solution u to N(u) = 0 which satisfies u™ < u < u™.

Proof. (Sketch) We first assume that W is a compact manifold with boundary. Then
u* are bounded functions and we may choose 1 > 0 so that 9,F(x,u) < A for all
numbers u lying in the interval [u~(x), u™(x)] for every x € W. The equation can
then be written as

(A= Du = F(x,u) = F(x,u) — Au.

We then define a sequence of functions u;, j = 0, 1,2, ..., by setting up = u~ and
successively solving (A — Dujy = F (x,u;), and with u;,1 equal to some fixed
function ¢ on W which satisfies u™|gw < ¢ < u™|sw. The monotonicity of Finu
and the maximum principle can be used to prove inductively that u™ = uy < u; <

up < --- < u*. When W is a manifold with boundary we require a version of the
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maximum principle which holds up to the boundary even for weak solutions; one

version appears in [33, Theorem II.1].

It is then obvious that u; converges pointwise to an L™ function u, and standard

elliptic regularity implies that u € C* and that N(u) = 0.

Now suppose that W is an open manifold. Choose a sequence of compact smooth
manifolds with boundary Wy with W; ¢ W, c - - -, which exhaust all of W. For each
k, choose a function ¥, on W which lies between = and u* on this boundary,
and then find a solution uy to N(ug) = 0 on Wy, uy = ¥ on 0Wy. The sequence uy
is uniformly bounded on any compact subset of W, so we may choose a sequence
which converges (by elliptic regularity) in the C*™ topology on any compact subset
of W. The limit function is a solution of N and still satisfies #~ < u < u™ on all of
w. O

We conclude this general discussion by making a few comments about the construc-
tion of weak barriers. A very convenient principle is that sub- and supersolutions
may be constructed locally in the following sense. Suppose that U and U, are
two open sets in W and that w; is a supersolution for N on U;, j = 1,2. Define
the function w on U; U U, by setting w = wy on Uy \ (U; N U), w = wyp on
U\ (U, NUy), and w = min{wy, wp } on U} NU;. Then w is a supersolution for N
on U UU,. Similarly, the maximum of two (or any finite number) of subsolutions is
again a subsolution. In our work below, the individual w; will typically be smooth,
but the new barrier w produced in this way is only piecewise smooth, but is still a

sub- or supersolution in the weak sense. We refer to [12, Appendix A] for a proof.

The Scalar Form of the Extended Bogomolny Equations
Following the discussion in §3, suppose that E = L & L~! and

0 «
QO:

5 0] (3.40)

When deglL = g—-1,L = K 172 and @ = 1, we seek a solution of the extended
Bogomolny equations which satisfies the Nahm pole boundary condition at y = 0,
while if deg L < g — 1, then the zeroes of @ determine points and multiplicities p;
and nj on X at y = 0 and we search for a solution which satisfies the Nahm pole

boundary condition with knot singularities at these points.

Fix a metric g = g(2)|dz|2 +dy? on X xR* (where z = x» +ix3 is a local holomorphic
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0
coordinate on X), and assume also that the solution metric splits as H = (0 h_l),

where £ is a bundle metric on L~!. We are then looking for a solution to
~Aglog h + gy*(h*ad@ — h™2Bp) = 0. (3.41)

We simplify this slightly further. Choose a background metric 4o on L~! and recall
that its curvature equals —A,, log hg. Then writing & = hge" and calculating the

norms of @ and S in terms of gy and Ay, (3.41) becomes
Kiy = (Agy + 00)u + |af*e™ — |B[Pe™ = 0. (3.42)
In the remainder of this paper, we denote by N(u) the operator on the left in (3.42).

An explicit solution to this equation was noted by Mikhaylov in a special case [47]:

0 1
Example 3.4.2. Consider the Higgs pair (E = K2 & K_%, @ = 0 0)). Let go be

the hyperbolic metric on X with curvature =2 and hy the naturally induced metric
on K~12, for which Ky, = —1. Then restricted to X-independent functions, (3.42)

equals
—1-0ju+e =0. (3.43)

We seek a solution for whichu ~ —logyasy — 0andv — 0 as y — oo. The first
integral of (3.43) is u' = —Ve?* — 2u — 1, and hence the unique solution is

& ds
= oy (3.44)
/u Ve?s — 25— 1

Note that u is monotone decreasing and strictly positive for all y > 0.

We now describe the precise asymptotics of this solution. If u — oo, then s is large;

write the denominator as es\/ 1 —(2s + 1)e~2, whence
y = / e (1 + %(ZS +D)e ™+, )ds~e"+...,
u

sou ~ —logy. Similarly, if u < € for some small €, then €** —2s — 1 ~ 252 + ...
whenu < s < €, so

+...)ds:A—llogu+...,

« ds €
M—[ \/c'325—2s—1+/u(E V2

sou=Ce V2 4+ .., Obviously, with only a little more effort, one may develop full

asymptotics in both regimes.
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Limiting Solution at Infinity
We first consider the simpler problem of finding a solution of the reduction of (3.42)

reduced to X, i.e., of
K — Al + |a]?e®= — |B|?e™ "= = 0, (3.45)

where K = Kj,, and A = Ag,. Without loss of generality, we assume deg L > 0 and
note that since deg L™! < 0, /z K < 0 (and is strictly negative if the degree of L is
positive). A solution to (3.45) is the obvious candidate for the limit as y — oo of

solutions on X x R*.

Proposition 3.4.3. If « # 0, which is equivalent to the stability of the pair (E, @),
there exists a solution u., € C*(X) to (3.45).

Proof. Since this is an equation on X rather than X x R*, this follows immediately
from the existence of solutions to the Hitchin equations [31]. However, we give
another proof, at least when deg L > 0, using the barrier method. A proof in the

same style when deg L = 0 requires more work so we omit it.

Solve Aw™ = K — K, where K < 0 is the average of K, and set u~ = w™ — A for
some constant A. Then K — Au~ + |a|?e®* — |B2¢™2 < K + |a|*¢¥ 4, which is

negative when A is sufficiently large. Thus u~ is a subsolution.

To obtain a supersolution, first modify the background metric Ao by multiplying it
by a suitable positive factor so that its curvature K is positive near the zeroes of «.
Next solve Aw* = |a|> — B where B is the average of |a|? and set u* = w* + A.
Then

K — Aut + |a'|zequr - |ﬁ|2e_2qu —K+B+ |a,|2(62(w++A) ~1)- |I8|2€—2(w++A)

> K + B +2|al*(w* + A) — |B[2e 2+,

Away from the zeroes of « this is certainly positive if we choose A sufficiently large.
Near these zeroes we obtain positivity using that K + B > 0 there and since the final

term can be made arbitrarily small. Thus u* is a supersolution.

Noting that u~ < u™ and applying Proposition 3.4.1, we obtain a solution of (3.45).
]

Observe that since it is only the boundary condition, but not the equation, which
depends on y, this limiting solution is actually a solution of (3.42) on any semi-
infinite region X X [y, ), yg > 0.
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Approximate solutions and regularity near y = 0

As a complement to the result in the previous subsection, we now construct an
approximate solution ug to (3.42) near {y = 0}. Unlike there, however, we do not
find an exact solution, but rather show how to build an initial approximate solution
and then incrementally correct it so that it solves (3.42) to all orders as y — 0. In

the next subsection we use 1 and u., together to construct global barriers.

We first begin with the simpler situation where there is only a Nahm pole singularity

without knots.

Proposition 3.4.4. Let L = K'/? and a = 1. Then there exists a function uo which
is polyhomogeneous as y — 0 and is such that N(ug) = f decays faster than y* for
any € > 0.

Proof. We seek ugp with a polyhomogeneous expansion of the form

—logy + Z aje(z)y’(logy) = ~logy +v,
it
where all the coefficients are smooth in z, and where the number of log y factors is
finite for each j. Rewriting N(—logy + v) as
2 1

(—ayz + F) v+ F(e” —2v = 1) = |BI*y*e ™ = Agyv + Ky, (3.46)
and inserting the putative expansion for v shows that ap; = aj, = 0 for all £ and
a| = %(Kh0 —|BI?, azr =0 for £ > 1,ie., v ~ az1y*logy + ary> + O(y*(log y)!)
for some £. Inductively we can solve for each of the coefficients a;, with j > 2 using
that

(=05 +2/y*)y’ (log )’
= ¥/ (log )2 ((=j(j = 1)+ 2)(log y)? = €(2j ~ Dlog y = (¢ = 1))..
Note that the coefficient ay is not formally determined in this process and different

choices will lead to different formal expansions, and also that there are increasingly

high powers of log y higher up in the expansion.

Now use Borel summation to choose a polyhomogeneous function uy with this
expansion. This has a Nahm pole at y = 0 and satisfies N(ug) = f = O(y") for all
¢, as desired. O

We next turn to the construction of a similar approximate solution to all orders in

the presence of knot singularities. To carry this out, we first review a geometric
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construction from [46] which is at the heart of the regularity theorem quoted in
§3.4 for the full extended Bogomolny equations and the analogous result for (3.42)

which we describe below.

If p € X, we define the blowup of £ X R* at (p, 0) to consist of the disjoint union
(Z xR*)\ {(p,0)} and the hemisphere S2, which we regard as the set of inward-
pointing unit normal vectors at (p,0), and denote by [ x R*; {(p,0)}], or more
simply, just (X x R™), There is a blowdown map which is the identity away from
(p,0) and maps the entire hemisphere to this point. This set is endowed with
the unique minimal topology and differential structure so that the lifts of smooth
functions on XxXR™* and polar coordinates around (p, 0) are smooth. We use spherical
coordinates (R, i, ) around this point, so R = 0 is the hemisphere and ¢ = 0 defines
the original boundary y = 0 away from R = 0. This is a smooth manifold with

corners of codimension two.

Now fix a nonzero element @ € H%(L2K) and denote its divisor by Z;VZ | 1jDj-
For each j, choose a small ball B; and a local holomorphic coordinate z so that
pj = {z = 0}, and write la|? = O'jzrz”f there, with r = |z| and o; > 0. Extend r
from the union of these balls to a smooth positive function on X \ {py,...,pn}. By
the existence of isothermal coordinates, we write gy = ¢>% g, where gy is flat on each

~20Ag, in these balls, and by

ﬁj, and set g = go + dy?, § = o + dy®. Then Ag, =€
dilating gy, we can assume that =% = 1 at each p;. We denote by (£ X R¥),, .~

the blowup of £ x R* at the collection of points {p1, ..., py}.

Proposition 3.4.5. With all notation as above, there exists a function uy which is
polyhomogeneous on (£ X R*),,, . and which satisfies N(ug) = f with f smooth
and vanishing to all orders as y — 0 (i.e., at all boundary components of the

blowup.

Proof. In a manner analogous to the previous proposition, we construct a polyho-
mogeneous series expansion for ug term-by-term, but now at each of the boundary
faces of (X R™),, _pn-

The initial term of this expansion involves the model solutions U,. Choose noninter-
secting balls B; with B; cc B; and an open set By € X\ Uj.\'zlﬁj so that ij:oéj =Z.
Let {x;} be a partition of unity subordinate to the cover {B;} with y; = 1 on B,
J = 1. We lift each of these functions from X to the blowup of X x R*. Finally, set
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G; := Uy, —logo;j, where Gy := Up — log|a| = —log y — log |@|. Now define

N
ﬁo = Z)(J'Gj. (347)
j=0

We compute that N(iip) = fy, where fj is polyhomogeneous and is bounded at the
original boundary ¥ = 0 and has leading term of order R~! at each of the ‘front’

faces where R = 0.

Our goal is to iteratively solve away all of the terms in the polyhomogeneous
expansion of fo. This must be done separately at the two types of boundary faces.
It turns out to be necessary to first solve away the series at R = 0 and after that
the series at 4 = 0. The reason for doing things in this order is that, as we now
explain, the iterative problem that must be solved at the R = O front faces is global
on each hemisphere, and the solution ‘spread’ to the boundary of this hemisphere,
i.e., where ¢ = 0. By contrast, the iterative problem at the original boundary is
completely local in the y directions and may be done uniformly up to the corner

where R = ¢ = 0, so its solutions do not spread back to the front faces.

For simplicity, we assume that there is only one front face, and we begin by consid-

ering the model case (C x R*)q, on which the linearization of (3.42) at U, can be

written
Ly= 02— Z0p— A+ 22 = —2 2,4 L (—A + T(w)) (3.48)
"TORTRIRT RS TOORT R TR UTOS e
where the potential equals
T(‘ﬁ) = ﬂ
sin® S,y )?

In general terms, L, is a relatively simple example of an ‘incomplete iterated edge
operator’, as explained in more detail in [46], based on the earlier development of
this class in [2, 3]. We need relatively little of this theory here and quote from [46]
as needed. In the present situation, we can regard L, as a conic operator over the
cross-section S2. (It is the fact that this link of the cone itself has a boundary which

makes L, an ‘iterated’ edge operator.)
The crucial fact is that the operator

induced on this conic link has discrete spectrum. The proof of this is based on
the observation that 7(¢) ~ 1/y2 as ¢y — 0. It can then be shown using standard
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arguments, cf. [2, 3], that the domain of J as an unbounded operator on L?(S?) is
compactly contained in L2. This implies the discreteness of the spectrum. Another
proof which provides more accurate information uses that J is itself an incomplete
uniformly degenerate operator, as analyzed thoroughly in [41]. The main theorem
in that paper produces a particular degenerate pseudodifferential operator G which
invers J on L?. It is also shown there that G : L*(S?) — y?HZ(S?) (where H}
is the scale-invariant Sobolev space associated to the vector fields ¥y, ¥ dg). The
compactness of wzHg(Si) < L%(S?) follows from the L? Arzela-Ascoli theorem.
There is an accompanying regularity theorem: if (J—A)w = f where (for simplicity)
f is smooth and vanishes to all orders at ¥ = 0 and A € R (or more generally can
be any bounded polyhomogeneous function), then w is polyhomogeneous with an

expansion of the form
W~ Z wje(@W Y (log ), wie € CX(Sh).

As usual, there are only finitely many log terms for each exponent y;. These
exponents are the indicial roots of the operator J, and a short calculation shows
that these satisfy 2 = y9 < y; < .... Note that the lowest indiical root equals 2,
so solutions all vanish to at least order 2 at ¥ = 0, which is in accord with our
knowledge about the behavior of solutions to the linearization of (3.42) at the model

Nahm pole solution —log y.

Denote the eigenfunctions and eigenvalues of J by w; (i, 6) and A;. Since T(¢) > 0,
each ; > 0. The restriction of L, to the it eigenspace is now an ODE L,; =
—0% — 2R20g + R72;. Seeking solutions of the form R°u;(, 0) leads to the

corresponding indicial roots

which are the only possible formal rates of growth or decay of solutions to L,u = 0
as R — 0. To satisfy the generalized Nahm pole condition, we only consider
exponents greater than —1, i.e., the sequence 0 < 6; < 65 < .... We now conclude

the following

Lemma 3.4.6. Suppose that f ~ %, fic(¥, )R (log R)! is polyhomogeneous at the
face R = 0 on (C x R")o, where all fij; are polyhomogeneous with nonnegative
coefficients at y = 0 on S2. Then there exists a polyhomogeneous function u such
that Lyu = f + h, where h is polyhomogeneous at = 0 and vanishes to all orders

asR— 0. AtR -0, u~ Y u ngy-; (log R)!; the exponents y} are all of the form
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Yi + 2,f where 'y appears in the list of exponents in the expansion for f, or else
6" + ¢, t € N. Each coefficient function uj, as well as the entire solution u itself

and the error term h, vanish like y* at the boundary = 0.

Using the same result, we may clearly generate a formal solution to our semilinear
elliptic equation in exactly the same way. Therefore, using this Lemma, we may now
choose a function ii; which is polyhomogeneous on (X X R*),, . and such that
N(ip + i1) = fi, where f] vanishes to all orders at R = 0 and is polyhomogeneous
and vanishes like 2 at = 0. The lowest exponent in the expansion for ii; equals
min{1,6; > 0}.

The final step in our construction of an approximate solution is to carry out an
analogous procedure at the original boundary y = O away from the front faces.
This can be done almost exactly above. In this case, (3.46) can be thought of as
an ODE in y with ‘coefficients’ which are operators acting in the z variables, so
we are effectively just solving a family of ODE’s parametrized by z. This may
be done uniformly up to the corner R = ¢ = 0. We omit details since they are
the same as before. We obtain after this step a final correction term i, which is

polyhomogeneous and vanishes to all orders at R = 0, and which satisfies
N(io + oy + i2) = f,

where f vanishes to all orders at all boundaries of (£ X R¥),, -

The calculations above are useful not just for calculating formal solutions to the
problem, but also for understanding the regularity of actual solutions to the nonlin-
ear equation N(u) = 0 which satisfy the generalized Nahm pole boundary conditions
with knots. The new ingredient that must be added is a parametrix G for the lin-
earization of N at the approximate solution up. This operator G is a degenerate
pseudodifferential operator for which there is very precise information known con-
cerning the pointwise behavior of the Schwartz kernel. This is explained carefully
in [43] for the simple Nahm pole case and in [46] for the corresponding problem
with knot singularities. We shall appeal to that discussion and the arguments there

and simply state the

Proposition 3.4.7. Let u be a solution to (3.42) which is of the form u = ug + v
where v is bounded as y — 0 (in particular as v — 0 and R — 0). Then
u is polyhomogeneous at the two boundaries v = 0 and R = 0 of the blowup

(ZXR),,.. and its expansion is fully captured by that of uy.

PN’
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Existence of solutions

We now come to the construction of solutions to (3.42) on the entire space ¥ X R*
which satisfy the asymptotic SL(2, R) conditions as y — oo and which also satisfy
the generalized Nahm pole boundary conditions with knot singularities at y = O.
We employ the barrier method. The main ingredients in the construction of the

barrier functions are the approximate solutions u( and u, obtained above.

We first consider this problem in the simpler case.

0 1
Proposition 3.4.8. If E = K'?> @ K™'? and ¢ = 5 of i.e. there are no knot

singularities, then there exists a solution u to (3.42) which is smooth for y > 0,
asymptotic to us, as' y — oo, (and which satisfies the Nahm pole boundary condition
aty =0).

Proof. Choose a smooth nonnegative cutoff function 7(y) which equals 1 for y < 2
and which vanishes for 7 > 3, and define i = 7(y)ug + (1 — 7(y))uc. We consider

the operator
N©) = N(@ +v) = =(32 + Agy)v + *1(e® = 1) + |BPe (1 — ™) +

—+
where f = N(@) is smooth on £ XR , vanishes to infinite order at y = 0 and vanishes

identically for y > 3.

We now find barrier functions for this equation. Indeed, we compute thatif 0 < € <
1, then

]V(AyE) = Ae(1 — €)y 2 + XY = 1) + |27 21 — 724 + .

The second and third terms on the right are nonnegative because Ay¢ > 0, and we
can certainly choose A sufficiently large so that the entire right hand side is positive

forall y > 0.
We can improve this supersolution for y large. Indeed,
N(A &) > —A'e*e™ + 224 e + B2 2 (1 — e 247 + ¥,
and if € is sufficiently small and A’ is sufficiently large, then the entire right hand
side is positive, at least for y > 1, say.

We now define v = min{Ay€¢, A’e”*’}. The calculations above show that v* is
a supersolution to the equation. Essentially the same equations show that v~ =

max{—Ay€, —A’e "} is a subsolution.
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We now invoke Propostion 3.4.1 to conclude that there exists a solution v to N (v) =0,
or equivalently, a solution u = ii + v to N(u) = 0, which satisfies |u + log y| < Ay€
asy — Oand |u—ue| < A’e™® as y — oo. The regularity theorem for (3.42) shows
that this solution is polyhomogeneous at y = 0, and hence must have an expansion
of the same type as i, and a similar but more standard argument can be used to

produce a better exponential rate of decay as y — oo. O

0
Proposition 3.4.9. LetE = L& L™ and ¢ = (,3 C(;/) be a stable Higgs pair, and let

(pj, nj) be the ‘knot data’ determined by a. Then there exists a solution u t o (3.42)

of the formu = it + v wherev — 0asy — 0and as y — oo.

Proof. We proceed exactly as before, writing
NO) = N@ +v) = (32 + Agy v + [ae® (¥ = 1) + [BPe 2 (1 — ) + f,

with f = N(i) vanishing to all orders as y — 0 and identically for y > 3. The same
barrier functions obviously work in the region y > 3, and also in the region near

y = 0 away from the knot singularities.

To construct barriers near a knot (p, 0) of weight n, recall the explicit structure of
fi near this point and expand the nonlinear term e¢?” — 1 one step further to write in

some small neighborhood of the front face created by blowing up this point

—~ 2 1 -

N(v) = (—a,g—ﬁawﬁ(-As3 + ) +ke*Un(e® —1-2v) +|BPe 2V (1—e ) + £.
Here k is a strictly positive function which contains all the higher order terms in
the expansion for 7, and T is a slight perturbation of the term 7 appearing in the
linearization L,. Let uy denote the ground state eigenfunction for this operator on
S2. The corresponding eigenvalue A(, is a small perturbation of Ao, which we showed

earlier was strictly greater than 0. Now compute

N(AR po(, 0)) = (A = e(e + 1)ARpo + f +E,

where E is the sum of the two terms involving ¢*2U»

e’ —1-2v >0and 1 —e 2", we have that E > 0, and if € is sufficiently small, then

this first term on the right has positive coefficient, and dominates f. We have thus

. As before, since v > 0 implies

produced a local supersolution near (p, 0). The full supersolution is

v = min{AR® o, A'y/%, A"},
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We have chosen to use the exponents € and €/2 in the first two terms here in order to
ensure that the first term is smaller than the second in the interior of the front face
R = 0; indeed, ARy < A’(Rsiny)€/?> when R < (A’/A)*€(siny)</?. This means
that v* agrees with A’y€/? near the original boundary and with AR 1o near the other

boundaries, and as before, with the exponentially decreasing term when y is large.

A very similar calculation with the same functions produces a subsolution v~.
Altogether, we deduce, by Proposition 3.4.1 again, the existence of a solution

u =i+ vto N(u) = 0 with the correct asymptotics. O

3.5 Uniqueness

In this section, we prove a uniqueness theorem for solutions of the extended Bogo-
molny equations satisfying the (generalized) Nahm pole boundary condition. This
will be phrased in terms of the associated Hermitian metrics. The key to this is the

subharmonicity of the Donaldson metric, which we recall in the first subsection.

The Distance on Hermitian metrics

Suppose that H is a Hermitian metric on a bundle E, with compatible data (A, ¢, ¢),
which satisfies the extended Bogomolny equations. As we have discussed, it is
possible to choose a holomorphic gauge which is parallel in the y direction such that
Dy = 0;, Dy = ad ¢, D3 = 0y. In this gauge, the Hermitian metric H determines
the gauge fields by

0" =0+H '0H, ¢* =H '¢'H, 8] = 0™ +i¢) =0, + H'd,H,  (3.49)

where of course 0 is the complex differential on ¥ and in this trivialization ¢’ =

¢ = @". We can then write the extended Bogomolny equations as
O-(H"0H) + [¢*", o] + n30,(H™'8,H) = 0,
where h(z)ldzl2 is the Riemannian metric on X.
Following [21], we define the distance between Hermitian metrics
o (Hy, Hp) = Tr(Hy ' Hy) + Te(H; ' Hy) — 4, (3.50)

and recall from that paper two important properties:

1) o(Hy, Hy) > 0, with equality if and only if H; = H>;

2) A sequence of Hermitian metric H; converges to H in the usual C° norm if
and only if supy o(H;, H) — 0.
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Lemma 3.5.1. Suppose that Hy and H, are both harmonic metrics. Then the

complex gauge transform h := H YH, satisfies

Oz(h~' 0N h) + 8,(h™' 3 h) + [~ [@*, b, ¢] = 0. (3.51)

Proof. In holomorphic gauge,
Ay = Hy'0Hy = k" 'H{'OH h + h™'0h = H{'OH, + h™ 0 b,

hence 6Z(H2‘16‘H2) - BZ(H;I(?H]) = 3:(h~'04 h).
Similarly,

H;'0,Hy = H{'9,Hy + h™"(0,h + [H; '8, Hy, h]) = Hy'0,Hy + b~ h.
Hence 8, (Hy'8,Hy) — 8,(H;'8,Hy) = 8,(h™' 8, h).
Finally,

[*"™, @] = [*™, @] = [ [*™, h), ).

Altogether, we deduce the stated equation from the harmonic metric equations

0:(H; ' 0H)) + [0*™, o] + h30,(H; '0,H)) = 0, j = 1,2.

We next show that o is subharmonic.

Proposition 3.5.2. Define h = H| YH, as above, where H, and H, satisfy the
Extended Bogonomy equation. Then (A + 8y2)0' > 0on X x(0,+00).

Proof. We first compute
8:9.Tr(h) = Tr(8:0" h)
= Tr(d=(hh~' 04" b))
= Tr(0:(h)h ™' 04 h) + Tr(ho=(h~ 10" h))
> Tr(hd:(h~' 0" h)),

(3.52)

since Tr(BhB*) > 0 for any matrix B.
Continuing on,
A
07 Tr(h) = Tr(8,05"" h)
= Tr((8yh)h ™" 8" ) + Te(h(9y(h™' 37" h))) (3.53)
> Tr(h(dy(h~' 8" h))),
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where we use 9, = ((’)yﬂ ')* and that « is the conjugate transpose with respect to H;.

Finally,

0 = Tr([[¢™, hl, ¢])

—1p * —1p * (3.54)
= Tr([h, ¢]h™ " [¢™, h]) + Te(h[h™"[¢7, A, ¢]).

Since Tr([, ¢]h~'[¢*, h]) > 0, we obtain Tr(h[h~'[¢*, K], ¢]) < O.

Putting these together gives

(0:0; + h§O7)Tr(h) > Tr(hdz(h™' 9™ h) + hih(dy(h™' 67" b))
> Tr(hdz(h~'d* h) + K3 (0, (W™ 87" h + B[~ [¢*, b, ¢])))
> 0,
(3.55)

and dividing by h(z) proves the claim. O

Asymptotics of the Hermitian metric
In order to apply the subharmonicity of o(H}, H) from the last subsection, we need
to understand the asymptotics of this function near y = 0. This, in turn, relies on a
detailed examination of the asymptotics of the Hermitian metric.
r «a
Proposition 3.5.3. Fix a Higgs pair (E = L' ® L, ¢ = (ﬁ ). Forany p € %,
-t

choose an open set U, around (p,0) in X XR™. Let H be a solution to the Hermitian
extended Bogomolny equations (3.11); as explained earlier, H is polyhomogeneous

on (XX R),, ,n (Where the p; are the zeroes of a).

0 1
(1) Suppose in some local trivilization in U, that ¢|y, = ( O)’ where q is holo-
q

morphic. Suppose also that

ok~ o)
o) o)

) (3.56)

Here O(y?®) indicates a polyhomogeneous expansion with lowest order term a smooth
multiple of y°. Suppose also that H satisfies the Nahm pole boundary condition in

unitary gauge. Then

HN(y_lgo+O(1) o(1) ) 357

o(1) ygy' +0(1)
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where o(1) indicates a polyhomogeneous expansion with positive leading exponent.

n

Z
) where z = 0 is the point p

(2) Suppose that in a local trivilization, ¢|y, = (

and q holomorphic. If, in spherical coordinates

H:(O(y_lR_n) 0(1)), (3.58)
o) o)
then 1
H:(c)(y R™) 0(1)) (3.59)
o(1) O(yR")

hir hi2

Proof. We first address (1). Write H = ( ) and consider a gauge transfor-

ha1 ha

b
mation g for which H = g2. Then ¢g" = g and g = (g d) where a and d are real

functions and ad — bb = 1. We then compute

y B ( b) 0 1)(d —b) (bdq—aB —b2q + a?
c=gpg = _ =

dl\g o) \=b a| \a2q-5 —bdg+ab

Q

) . (3.60)

S

By proposition 3.3.8, the Nahm pole boundary condition requires that

bdq — ab ~ o(1), d®q — B* ~ o(1), —b*q + a®> ~ &L + o(1). (3.61)
y

a’>+bb ab+bd
ba+bd d*+ bb
positive, hence b and d are bounded. Combining this with (3.61) and the relation
ad — bb = 1, we obtain

By definition, H = g*> = . The leading terms of d* + bb is

1 1
a~y gl d~yig b=o(y?) (3.62)
and thus
2+bb ab+bd - - 1
| th a2+ Ay _ [ go+o(y™) f() _ (3.63)
ba + bd d-+ bb o(1) yg, +o(y)
As for (2), we compute
T 8vE b a g —t|\-b a
(3.64)

_ | bdq - abz" + atd + |b|*t —b*q + a*7" — 2bat
- d’>q — 7'b* + 2tdb —bdq + abz" — |b|*t — adt)
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By Proposition 3.3.9, the knot singularity implies that

bdg—abz"+atd+|b|*t ~ O(1), —b*q+a*z"-2ba ~ "¢V +- .. | —bdgq+abz"~|b|*t—adt ~ O(1).
(3.65)

a’>+bb ab+bd -

- , - | where d* + bb ~ O(1), so by the same
ba+ bd d-+ bb

positivity, d and b are both O(1). Next, eV = f(¢)/yR" where f is regular. From
—b?q + a’7" —2ba ~ 7"eYr we geta ~ y_%R_%. In addition, since ab + bd = O(1)
and ad — bb = 1, we see that b ~ y%R§, sod ~ y%R%. Altogether, H has the form

(3.59). O

As before, H = g% = (

Proposition 3.5.4. Suppose H; = (p{( U ) j = 1,2, are two solutions which both
. S
Jj J

satisfy the Nahm pole boundary condition at y = 0 and have the same limit as

y — oo, Then Hy = H,.

Proof. By Propositions 3.3.11 and 3.5.3, we see thatas y — 0, p; ~ ylgo+---,
sj ~ yga1 + -+, gj ~ o(l). We claim that this implies that o-(H;, H>) — 0 as

y — 0. First,
T
S — *
H1_1H2 _ |[S1P2~ 914, . ’
* _‘11 q2 + P152
SO
Te(H; ' Ha) = s1p2 — q19) — gl qo + pr1sa = 2 + o(1). (3.66)

The same holds for Tr(H, 'H}). This proves the claim.

We have now see that o-(Hj, H>) is nonnegative and subharmonic, and approaches

0 as y — 0 and also as y — oo, hence o(H}, Hy) =0, i.e., Hy = H>. O

Proposition 3.5.5. Let H) and H; be two Hermitian metrics which are both solutions
with a knot singularity of degree n at (p,0). Then there exists a constant C such that
o(Hy, Hy) < C in a neighborhood U of (p, 0).

Proof. Write H; = (Z; d’ ) j = 1,2. By Propositions 3.3.11 and 3.5.3,
i %
aj ~ y IR, dj ~ yR", bj = o(1), b; =o(1).

Thus Tr(Hle_l) =aidr — blb; - bibz + diap = O(1), and similarly, Tr(Hz_lHl) =
O(1). The result follows immediately. O
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We next recall the Poisson kernel of A, = Ag) + (93_ For any p € X, P,(z,y) is
the unique function on ¥ x R* which satisfies AgP,(z,y) = 0, Ply=0 = J,4, and
P(z,y) — 1/Area(X) as y — co.

Theorem 3.5.6. Suppose that there exist two Hermitian metrics Hy, H, which are

solutions and satisfy the Nahm pole boundary condition with knot singularities at

r «a
pj of degree nj, as determined by the component « in the Higgs field ¢ = (ﬁ )

Suppose also that H) and H, have the same limit as y — oo. Then H; = Hj.

Proof. By Proposition 3.5.3, oc(H;,Hy;) —» Oasy —» Oand z ¢ {p1,...,pn}. Near
each p; there is a neighbourhood U; where o-(Hy, Hy)|y, < C.

Now define Q(z, y) to equal the sum of Poisson kernels ij: 1 Pp,(z,y). Then for any
€ >0, (Ag, + c’)yz)(O'(Hl,Hz) —€Q)>0,and o(H,H;) —€Q < 0asy — 0and as
y — oo. This means that o-(H;, H) < €Q. Since this is true for every € > 0, we
conclude that o(Hy, H>) < 0, i.e., H = H;. O

3.6 Solutions with Knot Singularities on C x R*
We now consider the extended Bogomolny equations on C x R* with generalized

Nahm pole boundary conditions and a finite number of knot singularities.

Degenerate Limit

Consider a trivial bundle E over C x R, as in [63] and [25], the limiting behavior
of the classical Jones polynomial indicates that one expects that for solutions of the
extended Bogomolny equations on C X R*, ¢ — 0 and ¢; — 0 as y — oo. The
equation D3¢ = 0 also implies that the conjugacy class of ¢ is independent of y,
and as argued in these papers, this implies if Q is any invariant polynomial, then

0,0(p) = 0, hence that ¢ is necessarily nilpotent.

Based on these heuristic considerations, we consider a trivial rank 2 holomorphic

0
bundle over C and assume ¢ = 0 pE)Z) . We can assume p(z) is a polynomial

as up to a complex gauge transform the equivalent class of the Higgs bundle only
depends on the zeros of the upper trangular part of ¢. In general, the vanishing
R(z)
S(z)
K(z) := (s Ap(s5))(z) = p(2)S(z)? of the determinant bundle, which we can naturally

section determined by the line bundle has the form s = ( ) Consider the section

identify with a holomorphic function on C. Its zero set defines a positive divisor D.
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If the singular monopoles all have order 1, as K(z) := (s A ¢(s))(z) = p(2)S(2)?, we
R

obtain that S(z) will not have zeros. Up to a complex gauge transform g = 0 5,

1

. o 0 p(2) 0
we can assume in the same trivialization, ¢ = 0 0 and s = aE In general, we

t 0
can only assume ¢ = ( p ) and the vanishing line bundle correspond to s = (1)
q -t

with the nilpotent condition that > + pg = 0.

Although we expect to be able to solve extended Bogomolny equations with knot

singularities corresponding to any divisor, the equation will generally not reduce to
: : 0 p(2) 0 :
a scalar one, except in the special case where ¢ = 0 0 and s = . and it

gives an SL(2, R) structure. Now the extended Bogomolny equations reduce to
—(A+ 0}y + |p(2)|Pe® =0, (3.67)

and we shall search for a solution for which v — —Clogy as y — oo.

Remark. It is not enough to simply require that v — —co as y — oo. Indeed, if
p(z) = 1, then z-independent solutions solve the ODE —u” + ¢** = 0. One solution
is —log y, but there is an additional family log(smh—fcy)) forany C > 0. These are the
only global solutions to this ODE. The solutions in this second family grow like —Cy

i
asy — oo, and ¢; — C | ? . | These solutions appear in [36] and is described

2
by Gaiotto and Witten [25] as a real symmetry breaking phenomenon at y — oo.

Existence

In this section, we will prove the

Proposition 3.6.1. Let p(z) be any polynomial on C of degree Ny > 1. Then there
exists a solution u to (3.67) satisfying the generalized Nahm pole conditions with knot
determined by the divisor D = ), n;p; of the polynomial p, and which is asymptotic
to —(Np + 1)1log R — log siny + O(1) as R — oo, uniformly in (¢, 8) € S2.

Proof. As before, first construct a function & which is an approximate solution to
this equation with boundary conditions to all order in all asymptotic regimes, and
then use the method of barriers to find a correction term which gives the exact

solution.
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We first pass to the blowup of C x R™ around the points (p;, 0), and in an additional
step, also take the radial compactification as R — oo. This gives a compact manifold
with corners which we call X for simplicity; there are boundary faces Fi, ..., Fy,
each hemispheres corresponding to the blowups at the zeros of p, another boundary
face F, also a hemisphere, corresponding to the radial compactification at infinity,

and the original boundary B, which is a disk with N smaller disks removed.

The first step in the construction of # is to use the approximate solutions near each
of these faces. Around Fj, j =1,..., N, we use Un;; near Fo, we use Uy, but now
of course with R — oo rather than near 0, and finally near B we ue —log y. Pasting
these together gives a polyhogeneous function iy on X for which N (fig) = fo blows
up like 1/R; near each F;, decays like R~3 near F,,, and blows up like —log y near

y = 0. Here we are denoting the nonlinear operator by N as before.

The second step is to correct the expansions, or equivalently, to solve away the terms
in the expansions of fy, at each of these boundary faces. Near each F; this is done
exactly as in the last section. Near F it is done in a completely analogous manner,
solving away the terms of order R~/ using correction terms of order R~'~/. Near
Fj we are using the solvability of the operator J,, while near F, we use the operator
Jn,. Finally, exactly as before, we solve away the terms in the expansion of the
remainder as y — 0 along B. This may be done uniformly up to the boundaries of
B. Taking Borel sums of each of these expansions, there exists a polyhomogeneous
function @; on X which satisfies N (fip + @1) = f1 where fj vanishes to all orders at

every boundary component of X. The approximate solution is & = g + ;.

Now write ]V(v) = N(ii + v). We expand this as

N) = =Agv + ¥ p(2)F(€* 1) + fi.

We construct a supersolution using the following three constituent functions: first,
;fuévo near F, (where ,uévo is the ground state eigenfunction for Jy,); next, R;.,ugj

near F;. Finally, y/? near B. We then take
vt = min{R;f,uéVO, Riuy', ... Ry, y</2}.

It is straightforward to check that N(v*) > 0. With the obvious changes, we also
obtain a function v~ for which N (v7)<o.

Proposition 3.4.1 now implies that there exists a solution v to this equation. By
construction, u = i + v satisfies all the required boundary conditions. O
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As in Section 4, this existence theorem is accompanied by some sharp estimates for

the solution u.

Proposition 3.6.2. The solution u obtained in the previous proposition is polyho-
mogeneous on X. In particular, it has a full asymptotic expansion as R — oo, where

the leading term is the model solution Uy,

This, in turn, leads to a uniqueness theorem for the scalar equations:

Theorem 3.6.3. Let p(z) be a polynomial on C of degree Ny > 1. Suppose that u,
and uy are two solutions to (3.67) satisfying the generalized Nahm pole conditions
with knot determined by the zeroes of polynomial p at y = 0. Assume also that as

R — oo, ui ~Uyn,+ R 1=12 Thenu; = up.

Proof. By (3.67),
~(A+ 02)(u1 — ) + [P — &%) = (~(A+ 82) + [P PF(ur, o)) w = 0

Here w = uy — up and F(uy, up) = (e — €?2)/(u; — u). By assumption that both
u; and u, satisfy the same boundary conditions, and using the regularity theory for
solutions, we obtain that lim,_,o w = 0, while by the hypothesis on decay at infinity,
limg_, w = 0 as well. Noting that F(uj,u;) > 0, no matter whether u; < up or

u1 > up, the maximum principle implies that w = 0, i.e., u; = up. |
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Chapter 4

THE EXPANSIONS OF THE NAHM POLE SOLUTIONS TO THE
KAPUSTIN-WITTEN EQUATIONS

This is joint work with Victor Mikhaylov.

4.1 Introduction

Witten [63] proposed a fascinating program for interpreting the Jones Polynomial
of knots on a 3-manifold Y by counting singular solutions to the Kapustin-Witten
equations. We refer [25], [64], [48], [34], [63], [26] for more detailed explanations,
along with [43], [46] and [28] for the beginnings of the analytic background to this
program. In the absence of a knot, the singular boundary condition is called the
Nahm pole boundary conditions and the counting of singular solutions might lead

to new 3-manifold invariants.

Let P be a principal G bundle over Y x R* where R* = (0, +o0), and let gp be the
adjoint bundle. The Kapustin-Witten equations are the following set of equations

for a connection A and gp-valued 1-form @, respectively:

Fp—DOAD+*xdy® =0,
4.1
dy® =0.
In [43], Mazzeo and Witten proved a regularity theorem for the Nahm pole solutions.
For any Nahm pole solution (A, @) to the Kapustin-Witten equations with a gauge
fixing condition, (A, @) is polyhomogeneous along the boundary. Roughly, if we
denote y to be the coordinate of R* and x the local coordinate of Y, (A, ®) will have

the following expansions:

+oo  rj

A~w+ Z Z yi(log yVaip,

=1 el (4.2)

+oco r;

D~y e 30 Y ilogsV i

i=1 p=1

where e : TY — gp is the vierbein form thatngives an endormorphism of the

tangent bundle 7Y of Y and adjoint bundle gp and w is the Levi-Civita connection
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of Y under the pullback of e. For each i, r; is a finite positive integer and a; , b
are 1-forms independent of y coordinate and smooth in x direction. The choice of
the vierbein term e depends on a choice of principle embedding p : su(2) —» G
and we write the image of p as su(2),. Let Qll,(gp)(resp. Qg(gp)) be the gp-
valued 1-form(resp. O-form) over Y, the action of su(2), will give a decomposition
Q},(gp) = oV, (Q%gp) = ®7,), where the V,; and 7, are irreducible modules and o

takes values in positive integers.

We have the following descriptions of the polyhomogeneous solutions to the Kapustin-

Witten equations:

Theorem4.1.1. Let (A, @) be a polyhomogeneous Nahm pole solution to the Kapustin-
Witten equations over Y X R*. In the temperal gauge, we write A = w + a,
o = 5 + b+ ¢ydy, where f + b and A don’t have dy component. Let a’, b”
be the projection of a, b into the irreducible module Vi and let ¢ be the projection

of ¢y into the irreducible module t,. Suppose a”, b?,¢7 have the expansions

+o00 7y +o00 1y +o00 1y
a” ~ 3" aly(logy), b7 ~ > N b7y (logy), ¢7 ~ > ) (@7 )y (log y).
i=1 p=0 i=1 p=0 i=1 p=0

We write a} := ag’o, by = bz—,O’ (¢7)k = (¢7)k.0 and obtain:

(1) When o =1, a', b, ¢; have the expansions with leading terms

5

a' ~ y?log yail +y2al + 0(y2),
s

b' ~ ylog ybi1 + yb} + O(y?),

5
¢y ~ ¥ log y(py)a1 + ¥ (¢y)2 + O(y2).
When o > 1, a, b” and ¢ have the expansions with leading terms

a” ~ yHal, O, BT~ YL+ 0G7 ), ¢ ~ YT ($D)est + OGTHE).

o+l
(2) The expansions of a, b are determined by the coefficients a_. |, by, (qb;' )ot1- To
be explicit, let (A, ®) be another solution with the expanfion coefficients &Z,p’ [;Z,p’ (q@') kp-
b = by and (69),,,, = (F7)o+1 then (A, ®) and (4, )

= 4%

If for any o, aj . ot

1
have the same expansions.

As the O(1) terms of the A’s expansion is the Levi-Civita connection, we can build
up the relationship of the geometry of Y and the expansions of the Nahm pole

solutions. Under the previous assumptions, we obtain:
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Theorem 4.1.2. (1) If bi,l = 0, then the expansions of (A, ®) don’t contains "log y"

terms.

(2) bi . = 0ifand only if Y is an Einstein 3-manifold.

Combining this with the existence results [51], [27], [37], we obtain the following

corollary:

Corollary 4.1.3. OverY X R*, there exists a Nahm pole solution whose sub-leading

term is smooth to the boundary if and only if Y is an Einstein 3-manifold.

We can determine the expansions more clearly when G = SU(2) or SO(3):

Theorem 4.1.4. When G = SU(2) or SO(3), under the previous assumptions, let
(A, @ = ¢ + ¢,dy) be a polyhomogeneous Nahm pole solution, we obtain.:

(1) (A, ® = ¢ + ¢ydy) has the following expansions:

+oo +oo i
A~wH Z Z awipy? (logy)', ¢~y e+ Z Z bai-1,py” " (log y),

i=1 p=0 i=1 p=0
+oo 1 )
by~ D D (dyiiy*(logy),
i=1 p=0
where e is the vierbein form and w under the pull back of e is the Levi-Civita

connection of Y.

(2) If Y is an Einstein 3-manifold, then (A, ® = ¢ + ¢, dy) has the following expan-

sions:

A~w+ i aiy, ®~yle+ i Z baic1y* 7, ¢y ~ i Z(¢y)2iy2i~
i=1

i=1 p=0 i=1 p=0

Acknowledgements: The authors greatly thanks C.Manolescu, R.Mazzeo, and
C.Taubes for their kindness and helpful discussions. This work was finished during

the Simons center conference "Gauge Theory and Low Dimensional Topology".

4.2 The Nahm Pole Solutions

In this section, we will summarize some basic properties of the Nahm pole solutions

to the Kapustin-Witten equations, largely following [43], [30], [49].



157
The Setup of the Nahm Pole Solutions

Let Y be a smooth 3-manifold with a Riemannian metric and we write M := Y X R*
and y be the coordinate of R*. We choose the product metric over M and volume
form Voly A dy, where Voly is the volume form of Y. Let P be an G bundle over M,
where G is a compact Lie group with Lie algebra g. Let gp be the adjoint bundle,

take A be a connection of P, and let ® be a gp valued 1-form.

Given a principle embedding p : su(2) — g, for an integer a = 1,2, 3 and a point
x €Y, take {e,} to be any unit orthogonal basis of 7Y, the cotangent bundle of Y
and take {t,} to be sections of the adjoint bundle gp lie in the image of p with the
relation [t,, tp] = €upcte. We write the vierbein form e := ?: | tie;, where e gives an
endormorphism of the tangent bundle 7Y to the adjoint bundle gp. The definition

of the vierbein form e depends on the choice of p.

Definition 4.2.1. A solution (A, @) to (4.1) over M is a Nahm pole solution if for
any point x €Y, there exist {¢,}, {t,} as above such that when y — 0, (A, ®) has
the following expansions: A ~ O(y~17€), ® ~ y~le + O(y~'*€), for some constant
€ >0.

Now, we will introduce some basic terminology of the regularity of a function
over manifold with boundary, largely follows from [41]. Let X = (x1, x2, x3) to be
the local coordinates of Y. For any (gp-valued) differential form @, we say « is
conormal if for any j > 0 and k = (ky, ko, k3) with k; > 0, sup |(y6y)j0§a| <Cp
where 6§ = 84‘; (9,’6‘226,]2 and the sup is taken over an open neighborhood of the
boundary. We say « is polyhomogeneous if @ is conormal and has an asymptotic
expansion & ~ 3, y¥/(log y)’@;,(X). Here the exponents y; lie in some discrete set
E c C, called the index set of @, which has the properties that Ry; — co as
Jj — oo, the powers p of logy are all non-negative integers, and there are only

n n
~

finitely many log terms accompanying any given yY/. The notation means

sup |a — 2y Y (log yYaj,| < yBRn+1(log y)?, and the corresponding statements

must hold for the series obtained by differentiating any finite number of times.

Now, we will summarize the regularity theorem in [43]:

Theorem 4.2.2. ([43, Prop 5.3, Prop 5.9, Section 2.3)] For (A, ®) a Nahm pole
solution to the Kapustin-Witten equations, choose a smooth reference connection Ay

and denote ® the leading term of ®©, if (A, @) satisfies the gauge fixing equation

A3 (A = Ag) — *4[@o, *4(P — Dy)] = 0,
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where %4 is the 4-dimensional Hodge star operator, then (A, ®@) is polyhomoge-

neous with the following expansions:

+0o  rj +oo rj

A~w+ Z Z y'(log yWaip, ©~ yle+ Z Z yi(log y)Pbip. 4.3)
i=1 p=1 i=1 p=1
Here for each i, r; are finite positive integers and a; p, b;, are I-forms independent

of y coordinate and smooth in x direction.

Remark. We write a := A — Ay, b := ® — @, the statement that (A, ®@) is poly-
homogeneous with the gauge fixing condition d:;ga — %4 D, *4b] = 0 is proved in
[43, Proposition 5.9] and it also works for many other gauge fixing conditions, for
example A, = 0 and d;oa — x[D, xb] = 0, or even d:“O(A — Ao) = 0, where A, is the
dy component of A and * is the Hodge star operator of Y. It is straight forward to
check that these two gauge fixing conditions will only bring integer expansions. The
claim that (A, @) has the leading terms (w + y(log y)Pay, y~'e + y(log y)?) is proved
in [43, Section 2.3].

For (A, ®) a Nahm pole solution over ¥ x R*, under the temperal gauge, we can
assume A doesn’t have dy component. We write ® = ¢ + ¢,dy. We have the
following well-known vanishing claim for the ¢, term, for a proof see [56, Page 36],
[28, Corollary 4.7].

Proposition 4.2.3. For (A, ®) a Nahm pole solution over Y XR*, write ® = ¢+ ¢, dy,
then if limy_, 1o |¢y|co = 0, then ¢, = 0.

It is straightforward to obtain the following:

Corollary 4.2.4. Let (A, ®) be a Nahm pole solution convergences to a flat irre-

ducible G® connection at y — oo, then ® don’t have dy component.

As pointing out in [49], the reducible limit is important to considered, where ¢,
term might appear. In our paper, we don’t make any assumption of the limit of the

solution at y — +oo0.

Elementary Representation Theory

Now we will introduce some representation theory of su(2). Consider a principal
embedding p : su(2) — g, we call the image su(2), the principal subalgebra. When
p is a principal embedding, under the action of su(2),, g decomposes as a direct

sum of irreducible modules 7, with dimension 20~ + 1, and we write g = ®,T,.
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Here o are positive integers of which precisely one equals to 1, corresponding to the
principle subalgebra. For simple Lie algebra g, the values of o are precisely compute
in [30]. For example, when G = SU(N), the values of o are 1,2,3,--- ,N — 1.

Under the action of su(2);, the decomposition of g will automatically induce a
decomposition of Q}/(gp), which is the gp-valued 1-from on Y. We write V,, =
Qy(15), and then

We can define the projection map P, : Qll/(gp) — V,and Py : Q?,(gp) — Q(1,),
for a,b € Q},(gp), we write a’ = P,a, b’ = P,b and ¢§‘ = Psrdy. The
Clebsch-Gordan theorem will imply the following proposition:

Proposition 4.2.5. [35] Under the previous assumptions, for o, 0 are positive

integers, then

[oa] o g1+o (o] o o1+o
*a’! A b? € 690'=|0'1—0'2|V0—’ *[ y »a ] € eBg-=|0-1—0'2| g

It is also important to understand the action of the vierbein form e. We define a

linear operator:

LV, >V,
4.5)

a — x|e,al,
which obeys the following properties:

Proposition 4.2.6. [43, Section 2.3.2] (1) L has three eigenspaces V7, VO,V with

g’ o’

dimension 20 — 1,20 + 1,20 + 3 and eigenvalues o + 1,1,—0. We can write
V,=V;eVie Vs

(2) For 1-form a € V,, [*e, a] = 0 implies V) component of a is zero.

We also denote V° := @,V,;, where o € {+, —,0}. For an integer k, we can define
the following operator L] (a) := ka + x[e, a] and obtain

Corollary 4.2.7. L7 is an isomorphism for k # (o + 1), -1, -0

Let w be a connection on Y, for the 3-dimensional differential operator xd,,, which

acts from the space Qll,(g p) to itself, has the following properties:

Proposition 4.2.8. [30, Page 5]xd, : V;, — V2, V¥ - V- Vie Vi Vi —
V0o Vi,
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In addition, the vierbein form e will give an identification of V10 and Q%(1;). We

define the operator

I:Q'(gp) - Q%p),

I'(a) := x[a, xe],

(4.6)

where a is a 1-form, then we have the following identities:
Proposition 4.2.9. [49, Appendix A] For a € V, = Q'(1,), b € Q°(1,), we have:

(1)Ta = T(a)°, [e,Ta] = 2(a)’, T'[e, b] = 2b, where (a)° means the projection to
the VO part under the decomposition V, = Vi @ VO @ V2,

(2)[e, d%a) = 2(xd,a)°, T(*d,a) = d¥a, where (xd,a) is the V2 part of xd,,a.

With this preparation, we will state an algebraic lemma which will be heavily used

in the following parts of the paper:

Lemma 4.2.10. Foraj,a; € Vo, b e V), ci,cp € Q%) and a positive integer r, if

they satisfy the following algebraic equations,

(o + Day = x[e,a1] —[e, c1],

o+ e =-Tay,

( )ci 1 @7
rai + (o + Day = x[e, az] + [, €] + *d,b,

rci + (o + 1)ea = —Tap + dsb,

then a; = 0and c; = 0.

Proof. Consider the V' part of the first equation, and we obtain (a;)™ = 0, where
(a1)* is the V& part of a;. As —(0 + 1)as + *[e,a>] € V* @ V? and by Lemma
4.2.8, xd,b € V" @ VO, consider the V. part of the third equation, and we obtain
(a1)” =0.

The only situation left is the V? part. Consider the V° part of the first two equations,

we obtain

U(al)o =—le,c1], c1 = — Ia;. (4.8)

o+1
Applying Proposition 4.2.9, we obtain o(a;)° = %(m)o_ When o # 1, then
(a1)° = 0.

If o = 1, then the two equations in (4.8) are equivalent. To be explicit, we obtain

(@1)° = —[e,ci] or ¢; = —%Fal. We consider the V2 part of the last two equations,
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we obtain

r(a1)” + (a2)° = [c2, €] + (*dy,b)° 49)
rey +2c = -Tay + d(:b. '

Using [e, ] acts on the second equation of (4.9), we obtain
0 0 _ 0
—r(ay)” +2(a)” = 2[co, €] + 2(xd,,b)".
Comparing the coefficients with the first equation of (4.9), we obtain (a;)® =0. O

Lemma 4.2.11. Let a,0 € V0, ¢,E € Q°1,), let A be a real number such that
A # 2 or —1. If they satisfy

A-1Da=0-]e,¢], 1¢p = -Ta+E, (4.10)
then
-l (O-[eE]) = (A-DE-TE). @l
T2 e=) 0= = ' '

Specially, if ® =E =0, thena = ¢ = 0.

Proof. Applying [e, ] to the second equation, by Proposition 4.2.9, we compute

Ale, ¢l = —[e,Ta]l +TE = -2a + T'E.

Combining with the first equation, we obtain a = ﬁ(ﬂ@) — [e,E]). Acting
the operator I' to the first equation and combing with the second, we will obtain
o= m((/l — 1)Z — I'®). The rest follows immediately. O

4.3 Leading Expansions of the Nahm Pole Solutions

In this section, we will determined the coefficients of the Kapustin-Witten equations
up to several leading terms. For P a principle G bundle over Y X R*, A a connection
over P and @ a gp-valued 1-form. We choose a gauge such that A doesn’t have dy

component. We write ® = ¢ + ¢,dy.
The Kapustin-Witten equations reduce to the flow equations:
0yA = *dpd + [§y, ¢],

Oy = dady + *(Fa — ¢ A §), (4.12)
Oypy = ds¢.
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Wedenote A=w+a, ®=yle+b+ ¢y dy where w is a connection independent
of the R™ direction, a, b are 1—forms independent of y. Recalling theorem 4.2.2, we

can assume a, b have expansions with leading order O(y(log y)?).

By a straight forward computation, the O(y~2) order coefficients of the flow equa-
tions (4.12) is xe = e A e, which is automatically satisfied. The O(y~!) order
coefficients of equations (4.12) reduce to dye = 0, d)e = 0. These equations can

be understood as:

Proposition 4.3.1. [43, Section 4.1] Under the pull back induced by the vierbein

forme : TY — gp, w is the Levi-Civita connection of Y.

Under the decomposition of Proposition 4.2.6, we can also decompose the dual xF,,

of the Riemannian curvature
*F, = (xF,)” + (%xF,)", (4.13)

where the first term is the curvature scale and the second term is the traceless part
of the Ricci tensor, where these determine the curvauture tenser completely for 3-
dimensional manifold. In addition, under the decomposition (4.4), xF,, € V;, which

is the principal subalgebra.

Leading Order Expansion
Now, we will explicitly study the expansions of the subleading terms. Recall that
we write A = w +a, © = y‘le + b + ¢y dy, using (4.12), we obtain the following
equations:
dya = xdy,b+y~! x[a,e] +y7'[$y, e] + *[a, b] + [y, b],
dyb = xF, -y ' x [e,b] + %d,a + dy¢y + [a, ] + ka Aa—xb A Db, (4.14)
dypy = dib -y~ % [a, %e] — x[a, %b].

o=1
Recalling (4.4), we have the projection map P, : Ql(gp) = V, and P, : Qo(g p) —
Q%1,). We define a” = Pya, b° = Pyb, ¢7 = Po¢y By Proposition 4.3.1,
P1 % F,, = xF,,. Using #; to (4.14), we obtain:

dya' = *dyb' +y~! x[e,a']+y7 ¢y, e] + Pi(x[a, b] + [y, b)),

Oyb' = *F, -y~ x[e,b'] + xdy,a' + du¢), + Pi([a, ¢y] + xa A a —*b A b),

Oypy = dib' —y' x [a', xe] — Pi(x[a, xb]).

(4.15)



163

By Theorem 4.2.2, suppose a!, b', zp; have the following expansions:

ry "1
a' ~ > aj ,y(logy)+ - Z by ,y(ogy) '+, ¢} ~ > ($))1,y(logy)'+ -
p=0 p=0
For simplification, we also denote a1 =al 10 and b1 = b1

We obtain the following proposition:
Proposition 4.3.2. (a) allp = (gb;)l,p = 0 for any p,
(b) Forp > 2, b} /=0,

(c) b% | equals to the V¥ part of xF,,. Moreover, there exists c* € V* such that we

can express bi in the following way:
1 + 1 0 1 -
by=c"+ 5(*F“’) + 5(*Fw) .

Proof. (a) Consider the O((log y)"") order coeflicients of the first and third equations
of (4.15), we obtain:

aj,, =*[e, am] (61, €],

(¢’y)l r = [alrl *e]

(4.16)

As [(¢;)1’,1,€] e VO, by Proposition 4.2.6, (a}’rl)+ = (a}’rl)_ = 0. Projecting the
first equation into V° part, we obtain [(¢;)1,r1, e] = 0. Using Proposition 4.2.9, we
obtain (¢})1,, = I[(#})1.1. €] = 0. Combing this with (¢})1,, = — % [airl,*e], we
obtain (a]l’r1 )% = 0. By an induction on the integer ry, (1) is proved.

(b) For r; > 2, consider the O((log y)*) and O((log y)"*) coefficients of the second
equation of (4.15), we obtain

bl = kbLJ

1L
1 1
rlb +b1r1 1= [e blrl 1]

(4.17)

1,11

The first equation implies b} . = 0, where as b} . | + *[e, b]
sl I

Lr_1] € V*, from the

second equation we obtain b{ - =0.
»F1
(c) Consider the O(log y) and O(1) coefficient equations for the "b" terms, we obtain
by, +*[e,b},]1=0
by, + by + x[e,b]] = *F,, (4.18)
0,

- a% + x[e, a}] = [a%, xe] = 0.
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The first equation implies b},l € V*. From the second equation, we obtain that
b}J is determined by the V* part of xF,,. However, for any ¢* € V¥, b} + ¢ also
satisfies

by, +by+c* +*[e, by +c*] = *F,

and b{ can not be determinant by these algebraic equations. m|

Now, suppose the leading orders of (a, b) is y instead of y(log y), we compute the
O(1) coeflicients of equations (4.14) : b} + %|e, b}] = xF,, and obtain the following

theorem:

Theorem 4.3.3. If the sub-leading term (a, b) of a polyhomegenous solution is C'

to the boundary, then Y is an Einstein 3-manifold.

Proof. 1f (a,b) is C', we obtain b} , = 0. By (4.18), we obtain b} + x[e, bj] = xF,.
By Proposition 4.2.6, this implies F,, ¢ V*. In addition, by Proposition 4.3.1, we
obtain that w is the Levi-Civita connection, thus F,, € V~ & V° which implies Y is

Einstein. O

Now, we will determine the next order of the expansions. We have the following

descriptions of the "y*" order coefficients:

Proposition 4.3.4. Under the previous notation, we have :
1 _

(b)forp 22, ay, = ($y)2, =0,

(¢) ()™ =0, (a} )* = J(xdybl )" and (a} ) = L(xdb!,)", (#h)1 = Sd3b}

(d)there exist c° € VO, ¢= € V™, such that we can write

1 1 1
al = —§(*dwb}’1)+ + 5(*dwb})+ +cl 4+ - g(*dwb}’l)o + (xdyb})",
(4.19)

1
(¢;)2 = _EFCO'

Proof. (a) For r, > 0, consider the O(y(log y)?) coefficients of (4.14), we obtain
2bé =K le, bé rz], which implies b% ., = 0. By induction, we obtain bép = 0 for
any p > 0.
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(b) Now, we will consider the ¢, and a parts. For r, > 2, consider the O(y(log y)"?)
and O((ylog y)>~1) coefficients of (4.14), the quadratic terms don’t contribute to
this order and we obtain

1 1 1
2ay,, = *le,ay,, ] - [, ($y)2],
1 1
2(¢y)2,r =—% [a2,r2’ *e]’
1 1 1 1
om T 205, =*leay,, 1+ 1(¢))20-15€],

1 1 1
r2(¢y)2,r2 + 2(¢y)2,r2—1 =—% [aZ,rz—l’ *e].

(4.20)
ra

By Lemma 4.2.10, we obtain al =0.

2r

For statement (c) and (d), we will first determine the V* part of the coefficients.

Consider the O(y log y) coeflicients, we obtain

2y, = *dyb) |+ x[e,ay ]~ [e,(¢))1],

4.21)
2(¢y)21 = diby, —Tay,.

The V* projection of the first equation gives (a% Dh = %(*dwb% Db As b} L EVT,
dwb%’1 € V* @ V0. The V™ projection of the second equation gives (ail)_ = 0.
From the O(y) coeflicients, we obtain

2ay + ay | = xdyb| + *[e,a}] - [e,(4})2], 42
($3)21 + 2¢y)2 = dsby — x[aj, *e].

The V* projection of the first equation gives aé = %(*dwb}ﬁ - é(*dwb{’l)f We

cannot determine the V™ part of the aé.
Now, consider the V9 projection of (4.21) and (4.22), we obtain
(a3,)" = (*dub) Do — [e. ($1)21],
(@)" + (a3 )’ = (xdub})° = [e, (¢))2], (4.23)
(@y)21 +2(6))2 = dsb} —Ta,.
Using [e, ] acts on the third equation and combing with the first equation, we obtain
2(ay)° - (ay)° = 2(xdy,b})° = 2[e. (¢))2] — (%d,b} ),

1,0 1 \0 1,0 1 (4.24)
2(a,)” + 2(“2,1) = 2(kd,by)" = 2[e, (¢y)2]
Thus, we obtain (al )° = 3(xd,b! )°. Using (4.21), we compute

1 1 1 1 1
()21 = 5d3b}, = 5Tas, = 5dibi, = cTOduby ) = zdibl,.  (425)
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Now, we write (a;)o =c+ (*dwb})o - %(*dwb}’l)o, then we compute

1 1 1
(¢y)2 = —5(¢;)z,1 + —d;b} - Era;
1 1 1
—g(d(jb{’l)o ~d}b} - STa ) (4.26)
1
= —EFCO.

For o > 1.

Now, we will study the coefficients of the expansions when o > 1.

Under the projection P, : Ql(gp) = V7 of (4.14), as P, x F, = 0 for o £ 1, we
obtain
0ya” = *d,b” + y' x [e,a”] + y7 [y, €] + Pr(x[a, b] + [¢,, b]),
0yb” = =y~ x [e,b7] + *d,,a” + dydy + Po([a, dy] + *a Aa—%b A b), (4.27)
Oy¢7 = dsb” — y~' % [a”, xe] — Po(%[a, xb)).

(o))

Let oy, - - -, on be the possible indices of (4.4) with o; > 1. We assume a”, b7, ¢,

have the expansions with leading terms:

ri
~ Z all yi(logy) + -, b7 ~ X" BT yli(logyy + -+,
= (4.28)
o5 ~ Zw;'f)m,pyﬂf (log y)” + -+
p=1
Relabel these indices, we can assume 1 < 4; < Ay < --- < Ay. As we only care

about the leading asymptotic behaviors, we can assume A; < 0.

Proposition 4.3.5. (a) For o > 1, the expansions of a”, b” and ¢7 are

a” ~ Y a0, b7~ yTbT + O(HE), ¢ ~ v (D)gsr + O H)

a'+1

; ag o— a .« a (o R (o
where we write aj | :=a; ., by =0b7  ,and (@5)o+1,0 1= (PT )or+1-

(b) There exist cg € VC(,), c, €V, ct € VI, such that we can write the leading

coefficients of the expansions of a”, b”, and ¢ as

(¢§)}-)O’+1 = Cg-i’ bg = C;—a

1
a’, | =c,+ S (*dwc+)+ + (*dy,b7)° + (Y, €]

(4.29)
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Proof. We will show a“' 2 +1

by induction on the index i. As when i = 1, the proof is exactly the same as the

= bjrlii,p = (0 forany 4; < 0; and p > 1. We prove

following proof, and we omit the proof for this case.

Suppose forany i < k-1, aﬁ hp = b;fp = (¢y")4;+1 = 0forany 2; < ojand p > 1,
in other words, 0; = A;. Then for i = k, consider the quadratic terms of (4.27), by
Cebsch-Gordan coefficients [35] and the induction assumption, for some positive

integer p, we have

Po(x[a, b] + *[¢y, b]) € Oy (log y)), Po(*[a, %b]) € Oy (log y)"),
Py(xa Aa—*xbAb+[ad,]) € O™ (logy)).
(4.30)

Next, we consider the coefficients of O(y*~!(log y)?) and O(y*(log y)?). When

Ax < oy, the quadratic terms will not influence our following discussions.

Consider the O(y*~!(log y)'*) and O(y*(log y)"*~!) order coefficients of the first

equation of (4.27), we obtain

ha, = *le.al, 1+ (67 )l (@) = ~Tal, . (431)

ATk

Projecting the first equation into V* and V™ part, for A; < o and any ry, (a7 A rk)i =
0.

Consider the V? part of the equation, we obtain

(/lk - 1)(a/1k T )0 [(¢yk)/lk Tk ]7 (¢;-k)/lk,rk = _Faf{:’rk- (432)

Applying Lemma 4.2.11, we obtain a3*, = 0.

Consider the O(y*~!(log y)*) and O(y*~!(logy)*~!) order coefficients of the

second equation of (4.27), for r; > 1, we obtain

b I Y S C—— L | (4.33)

Ok
= — %
e, b AksTr-1 AT k-1

ATk

I, rib%*

/lk Tk /lk Tl

Thus, Ay = oy and bj]’: e = 0 for rp > 1. The O(y“*) order coefficients give
orbogt = — % [e, by<], thus bgt € V* and it might be non-zero.

Now, we can assume that a%%, qb have the leading expansions

N Z Y log yPalt,, 4 Z Y7 log Y)Y (¢T o +1.0  (4.34)
p=0 p=0



168

where for simplification, we also denote the highest order of the "log y" terms as ry.

For ; < oxandry > Oor A = oy andry > 1, consider the O(y* (log y)*), O(y*(log y)*~1)
order coefficients of (4.15), we obtain

(/lk + l)a/lk+l I = *[6 a/lk_'_lrk] [(¢y )/lk+lrk’ ]’

g
(g + 1)¢/lk+1rk = =% [ay, 0 xel, 4.35)
rka/l i T+ 1)‘1/1 il = e “A ilret] T [(¢y)/lk+1rk el
(@Y ) aer i + (A + 1D(B3* )/lk+l,rk—1 = —x[ayf, . xel.
By Lemma 4.2.10, we obtain angﬂ,rk = (@7 )i +1 = 0.
When A; = oy and r;, = 1, we obtain
(0% + 1)610_ +1,1 = *[e, acrk+1 1] [(¢y )/lk+1 T el,
[0y
(/lk + 1)¢0'k+1 rk =—% [a0'11:+1,rk’ *6], (4 36)
(o + 1)(10"+1 + a0'k+1 | = *dubgt + *le, aZ’ZH],
’”k(‘ﬁ;-k)o-kﬂ,rk + (/lk + 1)(¢§k)0'k+1,rk—l =—% [agllz+l,rk—l’ *e]'
Applying Lemma 4.2.10, we obtain ag" L (¢;-k)ﬂk+l’rk = 0 for rp > 1. This

completes the first half of the proposition.

For the second half of the proposition, we can assume for o > 1, we have the

expansion

a7 ~ y7aZ, + OO, BT ~ YT+ 00, 97 ~ ¥ (@)t + OGH).

Ayl

Using (4.27), the leading coefficients satisfy the following equations:

(0 + Dag,, = *dubg +*[e,ag 1+ [(¢7)o+1, €],

ob = — [, b7), (4.37)
(o + 1)(@)o+1 = dyby —*x[ag, . el.

The claim follows immediately. O

Remark. Even by Proposition 4.3.5, the leading terms in the expansions of a’, b”
don’t have "logy" terms, the log terms might still appear in the rest terms of the
expansion. By Proposition 4.2.5, the quadratic terms that come from the expansions

of a', b' will contribute to the expansions of a”, b”.
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Formal Expressions of Higher Order Terms
In this section, we will give formal expressions of Higher order terms. We write the

expansions of a, b, ¢, as

a -~ Z ak,pyk(log y)p’ b~ Z bk,pyk(log y)p7 by ~ Z bk,pyk(log y)p

and write agp = Poayp, b‘k’ b= Po b p. For each order of k, there will be only a
finite number of p such that a;’ . b‘krp and (47 ),p are non-vanishing. We obtain the

following proposition:

Proposition 4.3.6. For any integer o, p > 0 and k > o + 1, agﬂ’p, bg,p, (AT )kp

o b (@5 g1} for all possible integers oy in the decom-

are determined by {a(Ti 1 Doy

position (4.4).

Proof. Using (4.15), (4.27), consider the O(y*(log y)?) and O(y*~!(log y)?) order

coeflicients, and we obtain

(k+1)af,, , —*le.af,, ] = xdub, = (p+ 1)al,, o + (ks e]

+Po Z (*[ak,.prs biypr] + [(By)k1p1s Dry.ps ]
ki+ko=k, pi+p2=p

kap + x[e, b‘,:’p] = *dwag_l’p +dw($3 k-1 — (P + l)bg’pJrl

+ Po Z *(ag,py A Akypy = by py A Diypy + [y prs (D) ks s
ki+ky=k, p1+p2=p

(4.38)

(k + (@D k+1p = =(p + I kr1,pr1 + (Ao iy — *[al, ,» *el

- Ps Z (*[akl,Pl’ *bkzypz])'

ki+ky=k, p1+pa=p

We can write the left hand side of the first equation as — £ 1p) and the left

—(k+1)N " k+
hand side of the second equation as L7 (b7 p).

When k£ > o + 1, by Corollary 4.2.7 and Lemma 4.2.11, we see agﬂp, b‘kfp

[oa
k+1,p+1°

(&7 )k+1,p+1 and lower yk order terms. Inducting k and p, we can complete the

and (@7 )k+1,, are uniquely determinant by an algebraic combination of a

proof. O
For the log y terms appear in the expansions, we have the following Proposition:
Proposition 4.3.7. If b{ | = 0, then the expansion of a, b don’t have "log y" terms.

To be explicit, for any p # 0 and any o, we have agp = b} b= 0.
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Proof. By Proposition 4.3.4, if b}’l = 0, we obtain ail = (¢;)2,1 = 0. Combing
this with Proposition 4.3.5, for any o, a“, b will not contain ”log y” terms in
their leading orders of the expansions. We will prove the proposition by induction.
Suppose for k, for any o, the expansions for a”, b’ up to order O(yk+%) don’t
contains ”log y” terms. Let r by the largest order that for some o, a, 1, Or b(/:+1,r

non-vanishing. By (4.38), as by our assumption a? = b7 = 0, we obtain

k+1,r+1 k+1,r+1
— L)@ 0,) = dobl, + [($7)kr1 €]

+Po Z (*Laky.prs Prypr] + [(By)k1.p1> Dity.p 1D
ki+ka=k, p1+p2=p

a a — [oa
L (biyy,) =% doay,

+Po Z *(ag, py A Akypy = brypy A brypy + [k prs (D) kops )
k1+k2=k+1, pP1tp2=r
(k+ (@ kst = dSbT, = *[af . kel =Py > (Klagp *bsps)

ki+ky=k+1, p1+par=r
(4.39)

By the induction assumption, for r # 0, b7 =0, @], = 0 and the quadratic term
in the previous equations vanish. By Corollary 4.2.7 and Lemma 4.2.11, for r # 0,
az-+1,r = bz-+1,r = (¢§;—)k+1,r =0. =

Now, we can complete the proof of the first two theorem in Chapter 1:

Proof of Theorem 1.1

Proof. The statement (1) follows from Proposition 4.3.2,4.3.4,4.3.5. The statement
(2) follows from Proposition 4.3.6. ]

Proof of Theorem 1.2
Proof. The statement follows from Proposition 4.3.4 and 4.3.7. O

More Restrictions

In this subsection, we will provide a geometry restriction of the coefficients of the

expansions. By Theorem 1.1, we can assume a, b have the expansions

a~ayy*logy +ay*+ -, b~byiylogy +biy+-, ¢y ~ (¢y)21y*logy + (¢y)2y*
(4.40)

The following identity over closed manifold comes from [34]. For any 4-manifold
M with 3-manifold boundary Y, let P be a principle SU(2) bundle and gp its
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adjoint bundle, A a connection on P and ® a gp-valued 1-form, denote I, :=
(FA—DAD+dy®)" and I_ := (F4 — ® A ® + ds®)”, where +(—) means the
(anti-)self-dual parts of the two form over the 4-manifold M. We obtain:

Proposition 4.3.8.
/ Tr(1? + 12) = / Tr(Fs A Fy) + / Te(® A dy®). (4.41)
M M Y
Proof. We compute
/M Te(I? + I?) = /M Tr(F3 + (@) = 2F4 A (@) — da® A da®).

Integrating by parts, we obtain /M Tr(2Fs A @ + da® A dy®) = /Y Tr(D A dsD).
In addition, [, Tr(®*) = 0. O

Denote M =Y x R*, consider (A, ®) a Nahm pole solution and convergence C* to
a flat G© connection at y — oo. Let ¥, := Y x {y} ¢ ¥ x R*. By previous identity,

we obtain the following:

lim Tr(® A dy®) — / Tr(® A dy®) + / Tr(Fa A F) = 0. (4.42)
y=0Jy, Yoo M

In addition, recall the Chern-Simons functional of a connection A over 3-manifold Y
isCp(A) := /Y Tr(ANdA+ %A/\A/\A) and it satisfies /M Tr(FaAFy) = /M dCp(A) =
Cr(Aly,) — Cp(Aly,.,)

By Proposition 4.3.1 and the assumption that (A, @) convergence to G© flat connec-
tion at y = 400, we obtain that fM Tr(F4 A Fja) is determined by the Levi-Civita
connection and the limit flat connection. In particular, it is bounded and we denote
k= - /M Tr(Fa A Fy) + /Ym Tr(® A dg®). Combing this with (4.42), we have the
following relationship:

k=1m [ Tr(® A ds®), (4.43)
y—=0Jy,

where k is a finite number.

We obtain the following proposition:
Proposition 4.3.9. For (A = w + a,® = y~'e + b), a polyhomogeneous solution

with expansions as in (4.2), we have

lim | Tr(® A dy®) = — lim / Tr(e A *y_lﬁya). (4.44)
y—0 Y, y—0 Y,
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Proof. As ® doesn’t have dy-component, under the temporal gauge, we compute:

/ Tr(® A dy®) = / Tr(® A *4(Fp — @ A D))
Y, Yy

__ / TH® A %4(02) + / TH® A %4(F)),
Y,

y Y
where %4 is the 4-dimensional Hodge star of M.
For the first term, when y small, as ¢, ~ O(y* log y), we compute
[ 1@ nxa@) = [ 10 @) + [ Tioydy Ax(@2)
Yy Yy Yy
= [ 6 Ax18.6,D) + o)
Yy
~togy [ Tite Axle. (@)D + [ Trte A xlen(,)2D) + oD,
Y,

y

(4.45)

Using the identity xe = e A e over Y, for any O-form ¢, we have
Tr(e A *[e, c]) = Tr(e’c —e A c A €?) = 0.
im,_, *4(D?)) = 0.
Thus, lim,_,o /Yy Tr(® A *4(P°)) =0
For the other term, we have

/ Tr(D A *4Fy) = / Tr(® A *4(dy,a))
Y,

y Yy

o / Tr(® A %(dya))
Y,

y

= —/ Tr(y_le A x(0ya) + b A x(dya))

¥y

= —/ Tr(y~'e A x(dya)) + o(1).

Y,
The last equality is because b ~ O(y(log y)”) and dya € O((log y)”) for some p. O
We have the following corollary:
Corollary 4.3.10. For the polyhomogeneous solutions (A, @), we obtain:
(1) /YO Tr(e A %az1) = 0,

(2) k = 2/1,0 Tr(e A *xay), where Yy is Y X {0} C Y x R,
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Proof. By previous computation, the non-vainishing terms of Tr(y~'e A *0ya) will
be
Tr(2log ye A *az 1 + e A *az | + 2e A xay).

By the polyhomogeneous assumption, we know a, € C*(Y). Combine this with
(4.44), we know all singular terms should vanish. Thus /Yo Tr(e A *ay1) = 0 The
only remaining term that contributes to the integral is /Y() Tr(e A xa;), which verifies
the statement (2). O

4.4 The Expansions When G = SO(3) or SU(2)

Formula Expansions

In this section, we will determine all the rest terms in the expansion of a Nahm pole
solution when G = SU(2) or SO(3). When G = SU(2) or SO(3), in the notation of
(4.4), we only have o = 1 and 7 is the only irreducible module. Proposition 4.3.2,

4.3.4 still works for this case. We will give a proof Theorem 1.4 by induction.

For k > 1, suppose (a, b, ¢,) satisfies (4.14) and has the following expansions:

Nk+1

ko
a-~ Z Z aipy”'(logy)’ + Z a+1py  (logy) + - - -,
p=0

i=1 p=0
ki . k1
b~ 0> baic1py T H(logyV + > barpy™ gy + -, (446)
i=1 p=0 p=0
ki _ "k+1
By~ > D ($)nipy*(logyV + > (@ )ake1py™ T logy)? + -
i=1 p=0 p=0
where " - - " means the higher order terms. In addition, we denote
ki . ko _
Ay 1= Z Z azipy* (log ), By = Z Z byi—1,,y* (logy),
zk:l 12:0 i=1 p=0 (447)
ok i= ) D (9 )ipy*(log v,
i=1 p=0

which are terms in the expansions of a and b which vanish slower than O(y2k+%).

Recall for any 1-form «, we define Ly;+1(@) = (2k + 1)a + *[e, a] and obtain the

following proposition:

Proposition 4.4.1. Assume a, b have the expansions in (4.46), let p, s be non-negative

integers, and we have:
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(1)For any p, ask+1,p = (¢y)2k+1,p = 0 and for integer s > k + 1, bygs1,5 = 0,

(2)For k +1 > s > 0, bags15 = 2k+1(®2k+1 (s + Dbok+1.5+1), where O3,
depends on Ay and Boy. If Ay and Boy don’t have log terms, for s > 1, we obtain

byks1,s = 0.

Proof. Consider the first equation in (4.14), consider the expansion of order O(y?*(log y)"2+1),
the quadratic term %[a, b] will not contribute as Ay, Cy only contains even order

terms and B, only contains odd order terms. Thus, we obtain

(2k + 1)a2k+l,r2k+1 = *[67 a2k+1,r2k+1] + [(¢y)2k+1,r2k+1, e],

(2k + 1)(¢y)2k+1,rzk+1 = _ra2k+1,r2k+1'

(4.48)

As k > 1, by Proposition 4.2.6 and Lemma 4.2.11, we obtain axi41,,,,, = 0. By
induction, we obtain a1, = 0 for any p.

For the second equations of (4.14), let s, 51, 52 be non-negative integers, we define

k
@311 1 = *dyaoks + do(Py)ak,s + Z Z *aay 5, A2k-21,5,

[=1 s1+s2=s

—Z Z *b2i_15,D2k-21-1.5, +Z Z *[asys,, (hy)2k-215, ]

=1 s1+s52=s5 =1 s1+852=s5

(4.49)

where axy s, bak s are understood as zero if it don’t appears in the coefficients of A
and sz.

Consider the coefficients of order O(r**(log y)*), and we obtain

(2k + D)bogs1,s = — * [e, baky1,6] + O34y — (s + Dbogyi541- (4.50)

Thus, as £k > 1, we obtain bygy1s = 2k+1(®2k+1 (s + Dbok+1.5+1).- Suppose

S = Mk+1 and Mk+1 > k + 1, then @;2]?:11 = 0. Thus, b2k+1,i’2k+1 = 0 for Mk+1 > k+1.

If Ak, By don’t contain log terms and s # 0, we obtain G);k = 0. By induction
of s, this proves the last claim. O

There is another type of expansions we need to consider: for k > 1, suppose (a, b)
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has the following expansions:

I2k+2

a-~ Z Z azi py* (log y)P + Z aresnpy 2 (log y)P + -

i=1 p=0
k+1 i ¥
b~ Zzl:b 2i-1(log y)P + rsz 2k 2(Jog y) 4 - - - 4.51)
e 2i-1,pY gy 2k+2,pY gy ) .
i=1 p=

2k+2

Z Z(qby)zl py*(log )’ + Z(%)zm py* 2 (log ) + -

i=1 p=0
where "- - - " means the higher order terms. Similarly, we define
ki K+l
Aok+1 1= Z Z a2 py* (10g y)P, Bogsr = Z Z bai—1,py* ' (log y)?,
ik:I pl=0 i=1 p=0 (4.52)
Cok+1 1= Z Z(¢y)2i,py2i(10g y)P.
i=1 p=0

We obtain the following proposition:

Proposition 4.4.2. Assume a, b, ¢, have the expansions in (4.51), let p, s be non-

negative integers, and we have:
(1)For any p, bakyz, = 0 and for integer s > k + 2, a5 = (¢y)2k425 = 0,

(2)For k +1 > s > 0, we can write

1
a;k+2,s = Skt 3((5 + 1)az+k+2,s+1 +(03;,0)"),

_ 1 _ y e
Uypyos = ﬁ((z + Day o601 T (05,5)7),

1
agk+2s = 2—((2k +2)((s + Dagks2,541 + ®§k+2)) — e, Eilﬁz —(s+ 1)(¢y)2k+2,s+1],
* 4k- + 6k
(@y)oksns = 7 (K + D(E42 = (5 + D(@y)2ka2,541) = T((s + Dazksose1 + 05 ,5)),

(4.53)

ark42,s = L_(Zk 12)( 0% = (5 + Dazkr2,s41), where @3 o, Eogya depend on Aspy1,
Bok+1 and Coxs1. If Aozgs1 and Boyy1 don’t have log y terms, for s > 1, we obtain

bk = 0.

Proof. Consider the O(y**!(log y)'2+2) terms of the second equations of (4.14). As

Aok +1, Cok+1 only contains even order expansions and 851 only contains odd order
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expansions, the quadratic terms doesn’t contribute and we obtain (2k +1)box42, .., +
*[e, bok+2.r,.,]=0, which implies b2 42,,,,, = 0. By induction, we obtain for any p,

boks2p = 0.

For a non-negative integer s, write

O Z Z (@215, D2kv1-21,55] + *[(Dy)21,515 D2k s1-2125] + *dwbsy 4,

=1 s1+s2=8

E;k+2 = Z Z *[a21,S17 *b2k+1—21,S2]'
(4.54)

We compute the O(y**!(log y)*) coefficients and obtain

2k +2)azks2,s + (s + Dazki2,541 = O3 5 + ke, azpsas] + [(#y)2k42,50 €], 4.55)
(2k +2)(dy)2k+2,s + (5 + 1)(Dy)2k42,541 = —Tasksos + E5p 5.
As k > 1, applying Lemma 4.2.11, we obtain (4.53).

_ k+2  _ mk+2
Suppose s = ry+1 and rge; > k + 2, then 0%, = E505 = 0. Also by

the assumption of the expansion, we have axii25+1 = (¢y)2k+2541 = 0. Thus,
k4250 = W2k42irapsy = 0 fOT 1opy2 > k + 2. If Apps1, Bok+1 don’t contain log

S
terms and s # 0, we obtain O, _,
claim. O

= 0. By induction of s, this proves the last

Now, we will give a proof for Theorem 1.4:

Proof of Theorem 1.4: By Proposition 4.3.2, 4.3.4, 4.4.1, 4.4.2, the result follows

immediately. O

Examples

Now, we will introduce some known results that verifies our theorem:

Example 4.4.3. [27] Nahm pole solutions on S*> x R*. Equip S3 with the round
metric and take w be Maurer—Cartan 1-form of S° and w satisfies the following
relation dw = —2w A w and *w = w A w. Denote y the coordinate of R* and denote
6e2 6(e> + 1)e
w,
et +4e2 +1 7 (eP +4e + 1) (e - 1)

(A, @) =(

w), (4.56)

[27, Theorem 6.2 ] shows that (A, ®) is a Nahm-Pole solution to the Kapustin-Witten
equations. In addition, the solutions (4.56) will converge to the unique flat SL(2; C)

connection in the cylindrical end of S° X R*.
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The expansions of this solution along y — 0 will be

2, 2 4 1 1 1 58
A~(1—§y2+—y4——y6+--~)w, <D~(;——y—— Sy

9Y " 135 3733 togsy T e

(4.57)

Example 4.4.4. [37] Nahm pole solutions on Y X R* where Y is any hyperbolic
three manifold.

Let Y be a hyperbolic three manifold equipped with the hyperbolic metric h. Con-
sider the associated PSL(2;C) representation of n\(Y), this lifts to SL(2;C) and
determines a flat SL(2;C) connection V% Denote by V' the Levi-Civita con-
nection and by Al the connection form. Take iw = V/' — V!¢ Then locally,
w = X tie} where {e} is an orthogonal basis of T*Y and {t,} are sections of the
adjoint bundle gp with the relation [t,, tp] = 2€4pcte. We also have xyw = Fyic.
Therefore, by the Bianchi identity, we obtain V'(xyw) = 0. Combining F tlar = 0
and the relation V' — V!¢ = jw, we obtain Fyic,i, = 0. Hence Fi = w AN w,
Vicw = 0.

e2+1

Take y to be the coordinate of R* in Y3 x R, now set f(y) := e
(A, @) = (A, f(y)w). We refer [28, Section 2.3] for a record of proof in [37] that

this is a Nahm pole solution to the Kapustin-Witten equations.

and take

As Al is independent of y, the solution has the following expansions:

11 1 2
A~AC O~ (m+2y-—y +——y +- . .
: (y+3y 50 Yot Jw (4.58)
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