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ABSTRAGT

A ge;_neral strgés-strain relationship. 1n incremental and
invariant f.o::}(m' is _djer‘iv‘ed for sand on the basis of experimental
evidence. .,Tiffe resulting expression does not include the yield condi~
tionﬁbut ma.ke% allowance fo# the direction of loading and the" state of
stress. Two ﬁew m'odified and dimensionless invariant fantions are
introduced and;a detailed description and classification of stre>ss‘
paths pr‘esenitedr. A new first yield criterion for sand stressed to yield
along one stress patﬂ is 'd(eveldped from experimental evidence. The
friction angle in triaxial compression was minimum and 14° less
than that 1n triaxial exteﬁsio;n. The Molﬁr—CouLm%:b yi‘el‘d iriterion
extended to three dimensions is re‘jegzged." |

‘»Ernp?asis is placed on the 1mk4(.}rf&~,‘c of obtaining hrmogeneous

~stress in physical experiments. A zzéw. s_gﬁei‘iqgi compre5 zion ap-

paratus was developed to study thé behavior of .'sa_'_‘r:id ,im‘d'e'r spherical

compression. Disadvantages of former apparatu

ses were largely

/ - . . .
) . . . Eoae "5 . . N . sor T
overcome by elimination of frictional loading, and'a homogeidou: state

‘. of stress was obtained. A new stress controlled ﬁhrveé—-d.ime;nsio;;a;
compression apparatus capable <‘)f applyi’ng principal stresges to a
rectangular plate sarr é ‘was developed to study the behavior of sand-
under a general stress state, paffiC}ilarly under deviatoric stress.
This apparatus provigg;d for the ind‘eperident measurement of volu-

métri’C's‘fieain and allowed for the development of considerable:

defg’rrhati sioan obtaining yield.
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1. INTRODUCTION

1.1 GRANULAR MATERIALS

Granular material consists of solid particles or grains and
the inter-space between, or voidse The granular material qf primary
interest here is sande OSand is composed of particles of various
sizes and shapes. The grains ére relative;y large (diameters ex-
ceeding 0.07L mn) with respect to colloidal sizes and are primarily
composed of quartz minerals. Grain size distributions are commonly
obtained in the laboratory by use of sguare mesh sieves. Graiﬁ
shape may be observed under a low power microscope.

A particular granular material may be considered as homogene=-
ous or non-~homogeneous, and as isotropic or anisotropic. The
definitions of these terms are first made in a geometrical frame of
reference and are closely related to the scale in whic“ the material
is vieweds If the grains of various sizes and shapes are randomly
distributed_in space, the material is defined as geometrically |
homogeneous. If the grains are randomly oriented in space, the
material is defined as geometrically isotropic. It is doubtful that
any granular material found in nature is perfectly homogeneoﬁs or
‘isotropic in this sense.

The scale of view is significant to the foregoing definitions
of homogenity and isotropy. The word random has statistical'implica-
tions, and‘the number of particles involved must therefore be great

enough to give a valid statistical representation of the material.
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If only several grains existing within a real granular mass were
viewed, the picture would necessarily be both non-homogeneous and
anisotropice The same material viewed on a larger scale might be
essestially homogeneous and isotropic.

Consider a particular gramular material existing in nature,
and the question of classification in terms of homogenity and iso-
tropy. A three-dimensional picture of the grain structure would
provide a basis of classification; however, this is not practically
obtained. Qertain physical tests are s@ggested. A graih size analy-
sis performed on samples obtained at various locations within fhe
material in space iery likely pfovides the most direct answer to the
question of homogenity. The resnlts are, of course, physically re-
lated to the size of samples obtained and the spacial locations
representede The question of isotropy is far more difficult because
any sampling techniqﬁe is essentially destructive with respect ﬁo the
maintenance of grain orientation. Physical tests, for example the
determination of the resistance to fluid flow in various directions,
might yield uﬁequa.l results which would indicate the material to be
geometrically anisotropic on a scale corresponding to the size of the
‘test sample. The reverse physical indication might not, howeﬁr, be
geometrically conclusives A material vhich is geometrically homoge=
neous and isotropic will, under spherical states of stress (equal,
all-around pressure), be strained equally in all directions. The
reverse statement again, however, may not lead to a de{inita

geometric conclusion. Many physical tests might be coﬁsidered in
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this light.‘ A substantial problem exists in obtaining relatively
undisturbed samples of the gramular material for testing. Field
(in-situ) tests might be considered in order to eliminate some of

the undesirable effects of sample disturbance.

1.2 STRESS AND STRAIN IN GRANUIAR MATERIALS

The relationship between streés and‘stréiﬁ for sand is indeed
complex. Previous laboratory investigations have considered special
cases; however, certain experimental limitations and a lack of
generality havé left much to be desireds Theoretical investigations
have necessarily been limited to the study of simplified models. For
the most part past studieé of the stress~strain problem in granﬁlar
materials have been concerned with failure, the limiting or the
ultimate state. | |

The most well-kﬁown relationship between siress and strain is
perhaps that represented by Hooke's law. This iinear relatioﬁship is
‘not often used beyond the proportional limit for the materials to
which it applies, and certainly it does not contain any statement
" about yield or the failure condition. Various empirical oriteria are
-used iﬁ engineering works to predict failure in solids which closely
follow Hooke's law atlsmall strainsg, and fof the most part these afa
finally expressed as functional felationships between the stresses.
In.engineering practice the Mbhr-Coulomb failure criterion has 1ong
been used to express the limiting condition for soils in general.

It is unlikely that soil of any ﬁype follows Hooke's law
' closely even at very small strains, and it would be fortunate indeed
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if a single‘sfressestrain functional relafionship could be develqped
which would apply‘over wide ranges of deformation including the limit .
condition. Osborne Reynolds (1)” observed that granular materials
undergo volume change upon shearing, and it\is now well known that
the»relationship between stress and strain in sand is non-linear

over a considerable range in deformation.

The term stress without qualifying phrases is herein defined
as force per total unit areas The area involved is mostly void area
and is large with respect to the actual area of grain contacts.
Stress so defined is a statistical quantity which necessarily must be
obtained as an average to include many grain contacts. The statisti=-
cal nature of the definition places an obvious limitation on the size
of the real problems to be solved in that a truly representative
nnmbef of particles must be present. The usual procedure in continuum
mechanics is adopted herein in that stress will be mathematically
.treated:as a differential quantity, the area shrinking to zero in the
limit. The expz;ession "gtress at a point® and tho uso of caleulus
- should not, however, be allowed to erase the physical meaning of
quantities thus operated upon.

‘ The term strain without qualifying phrases 1s herein defined
as a change in length per initialjunit length, and like stress will
be mathematically treated as a true limit value. This definition

corresponds with that commonly used in the tnedry of elasticity and

*Reference numbers used in the text refer to correspondingly
-numbered items in the reference 1ist which follows the appendixes.
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has proven suitable in theoretical developments where the square of
the strains are small with respect to unity.

Consider‘a granular system which contains fluid within the
volds. Iﬁ practice the fluid may be restricted from free motion by
many factorse An open system is defined as a system in which, during
the process of straining, the pore fluid pressure at a point in space
remaing constant in time. A closed system is defined as a‘systemAin
which the mass of pore fluid within remains constant in time. The
terms open and closea system are attributed to Kezdi (2)s Normally
the open system is free to drain at the boundaries while the closed
system is normally sealed from drainage at the boundaries. Whether
or not a system in practice is considered essentially open or closed
depends considerably on the rate of loading or deformation and the‘
compressibility of the pore fluid.

Throughout this work the well-known efféctive stress principle
attributed to Terzaghi will bekassumed valide.

1.3 LIMITED SﬁMMARY OF PREVIOUS WORK
1.31 EARLY WORK | |
Scientific progress in understanding the behavior of granular
materials was very slow until the latter part of the eighteenth
century., In 1776 C. Ao Coulomb (3) published his famous essaj which
dealt in large part with the problem of earth pressure on retaining
walls. In this work Coulomb suggested the failure law bearing his

name which separated the strength of seil into components of cohesion
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and friction.' He applied the lawé of friction and cohesion as they
are known for solid bodies.

In 1857 Rankine (L) publiched a notable theory of earth
pressure which stated in part that the shearing resistance was propor-
tional‘to-the normal pressure along the surface of rupture.
Basically; this reiterated Coulomb's assumption about the stréngth of
soll disregarding cohesion; however, Rankine's work dealt directly
with stress while Coulomb's work dealt with total force. About 1881,
Mohr (5) published hiQ ®*Circle of Stress™ method of stress analysis--

- a tool commonly used toéay in dealing with two=dimensional sﬁress
problemse .

According to Capper ahd Cassie (6), the measurement of the
shearing strength of sand utilizing what is commonly known.as a
direct shear box appears to have been accomplished first in France
by Leygue about 1895. It is noteworthy and somewhat surprising
that the classical theories of earth pressure were developed prior
to the performance of physical laboratory tests on soil. In some
respects this was putting the cart before the horse; névertheless,
in considerable measure the #ision of the classical figures, i.e.
'Coulomb and Rankine, was born out in practice.

Since these early times, the‘entire subject of soil mechaniés

~ was placed in perspective perhaps more by thé i§te Karl Terzaghi than
by any other individual. Physical laboratory and full-scale field
investigations have followed, many of which deal with the strength
of granular materiala The art of testing soils was much improvad
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by the advent of the triaxial compression test. A brief history of
the triaxial test is given by Haythornthwaite (7).

1.32 SPECIF"IC EXPERTMENTAL STUDIES ON SAND

Experimental studies involving the relationship between the
state of stress and the failure condition for sands were performed
by Kjellman (8), Habib (11), Bishop and Eldin (10), .Jé.kobson (12),
Kirkpatrick (13), Peltier (1kL), Haythornthwaite (7), and Wu, Loh,.and
Malvern (18). These particular works are summarized in Table 3.1 |

Roscoe, Schofield and Wroth (15) indicated the existence of a
unique critical voids ratio line for sand as based ilp,on tests carried
out in a simple shear apparatus. Hvorslev (16) summarized the
results of strength studies on sand pfevious to 1960.

Tests performed by Xjellman (8) and Jakobson (12) for the most
part did not reach yield and are regarded mainly as stress-strain
studies. Wilson and Sutton (9) considered the tangent modulus. of
elasticity for two sands over a wide range in porosity as based
upon triaxial compression test results. Chaplin (17) discussed the
compressibility of sands and considered the change in number of gi-ain ’

_contacts with porosity.

1.33 GENERAL REIATIONSHIP BETWEEN STRESS AND STRAIN IN SOILS
Hoshino (19, 20, 21) presented hypothetical fheories of
deformafion for soils. In the final paper his previous theories are
modified somewhat to accouﬁt ‘for volume change induced by shearing in

the triaxial compression test..



-8~

Newmark (22) introduced a failure hypothesis for soils, and a |
stress=-strain relationship in the form of invariant functions. This
paper is believed to be particularly significant in that it suggests
an approach in which a general stress~strain relationship might be
obtained from experimental evidence.

Meyerhof (23) emphasized the importance of the general three-
dimensional stress-strain problem in soil mechanics. Kondner (24)
suggested a hypérbolic stress~-strain relationship which might be
appli’ed in specific cases to certain soils over their entire range

in deformation.

l; 34 YIELD AND PLASTICITY THEORIES

Ideal theories of plasticity are advanced in standard texts,
i.e. Prager and Hodge (25). Which ideal theory might be applied to
soil in general or sand in particular is still open to question.
Kezdi (2) clearly states the arbitrary nature of plasticity theories
as appiied to soil mechanics. Coleman (26) and Coleman and Russam (27)
indicate a possible yield criterion for soils in invariant form.  Hu (28)
discussed the significance of the spherical stress state in the
plastic flow of metals. Haythornthwaite (29) expressed doubt as to
the validity of the Coulomb failure criterion as applied to soil for
complex stress states. Haythornthwaite (30) also considered the range
of the yield condition in ideal plasticity.'

DeWet (31) discussed the use of the energy concept in soil

mechanics. Takagi (32) dealt with the>plane plastic deformation of
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soils and suggested a general yield criterion in arbitrary invariant

form.

1.35 THE STUDY OF SIMPLIFIFD GRANULAR MATERIALS

Deresiewicz (33) summarized current knowledge as well as pre-
senting the possible direction of future work with respect to granular
| materials composed of groups of spherical particles. - Newland and
Allely (3L, 35) studied triaxial compression tests on lead shot and
~discussed the effects of membrane penetration. Rowe (36) performed a
theoretical and experimental study of ideal assemblies of rods and
uniform spheress The removal of end plate restraint was attempted
in triaxial tests. Laszlo (37) also studied the stability of groups
of cylinders and spheres. |

1.4 PURPOSE AND SCOPE OF THIS STUDY

The purpose of this investigation was to obtain a relationship
between statically applied stress and the resulting strain in sand.
General relationships were formulated ﬁhich contain arbitrary funce
tionse A limited number 6f physical laboratory tests were carried
out to empirically define thé form of these functions, and a new
Yield criterion was obtainede A spherical compfession apparatus was
E developed to define the relationship between spherical stress and
spherical strain for samples of sand at various degrees of initial
porosity. A three-dimensional compression apparatus was developed to
| study the more general relationship between stress and straing

however, the initial porosity in the three-dimensional tests was
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relatively low (dense sand) and essentially constant. Theoretical
developments based upon simplified models of gramular material were
not attempted.

At the outset, strains were assumed small in order that the
usual engineering definition of strain might be utilizec}. Theories
of finite deformation provide better derinitions of strain where the
deformations become relatively large; however, these theories give
. rise to certain analytical complexities usually resulting in the
-study of special cases. .

The physical laboratory tests were stress controlled, thus
~ the approach adopted throughout this study was to proceed in
discussion from stress to strain. The test specimens were saturatéd
with water, but the stresses were applied slowly, and the strains
were essentially static prior to yield. All tests were considered to
be fully drained and the systems completely open. Ph}‘l “ical
laboratory tests were not purpésely carried beyond yield.

Symbols will be defined where they first appear and are
summarized in the appendix. Tables, figures and equations are
nunbered separately for each chapter; the number before the period
denotes the chapter and the number following the period gives the
" number of the item in the chapter. -
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5. A DIRFCT RELATTONSHIP BETWEEN STRESS AND STRAIN
FOR GRANULAR MATFRIAL SUBJECTED TO
CONTROLLED STATICALLY APPLIED LOADS IN AN OPEN SYSTEM

The load-deformation behavior of a representative sample of
granular material subjected to a homogeneous state of external stress
must necessarily represent the integrated action of its cohstituant

parts. The following discussion thus proceeds from small scale to

-+ large scale behavior. It has been previously suggested that the

relationship between stress and strain is dependent on the scale in

which the material is viewed.

201 SMALL SCALE BEHAVIOR--A SINGLE PARTICLE
Consider a single grain subjected to concentrated loads and
torques as shown in Figure 2.1. Fach force is inclined from the

normal to the contact surface (envisioned as a plane bounded area)'

by an angle of obliquity. ﬂ‘

Figure 2.1 Single Particle under Ioad

Internal grain deformations consist of elastic (returnable)
and plastic (non-returnable) components. Elastic deformations

ocour throughout the grain, and may be associated primarily with
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.the present 1oading*. Plastic deformafions are largely the result of
stress concentration, i.e. at particle contacts, and depénd consid-
erably on the entire history of loading. The stresseg“existing withinA
the real grain at any given time are indeterminate. It is possible
that weak grains may fracture when subjected to relatively low loads,
. aﬁd factors conducive to such undesirable behavior are:
| 1. Sudden irregularities in grain shape
2. Internal non-homogenities or irregularities existing
with the grain _ _
3¢ Structural grain shapes 1eading.to th; development of
high bending stresses, i.e. needles or plates (not
common in sand). -

The particular grain shown in Figure 2.1 must be in static
equilibrium unless yleld is in progress. It is important to note
that ylield referred to in this context is associated primarilj with
grain to grain slippage and occurs on a relatively small scale.
Here'the abilify of a contact to support surface stress without

the occurrence of a discontinuity in deformation is of critical

*an elasticity theory due to Hertz (38) expresses the relative
approach A of two spheres, each of radius R, compressed statically
by a force N which is directed along their line of centers as

2
A =2 2%3—21\1 2/3

R172

Here v and E denote Poisson's ratio and Young's modulus respectively,

the power relationship is due to the increase in contact area with

- loade Deresiewicz (33) summarizes this and later developments for
deformation under inclined load and torsion, . ' L
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importance*. If the torques were absent, it might Ee presumed that
the angle of obliquity must be limited such that tan a % f where f is .
the static coefficient of grain to grain friction. It is suggested,
however, that the presence of torque increases the deviatoric state of
. grain contact stress,.and thus decreases the effective limit value £,
| A classification of contact stability with respect to grain to
grain slippage is given as follows: A sub~critical contact exists
where the interface stresses are beloy yield, and where there is no
danger of impending relative motions A critical contact exists where
the interface stresses have approached yield as a limit and where

- slippage is impending. A super-critical contact exists where the
- contact surfaces are in a state of relative motion.
| If a certain contact becomes critical, a mimte additional
obliquity in loading or a mimute additional adverse torque will cause
the contact to become super-critical. Should the particle yield,
certain adjustments are required if static equilibrium is to be
attalned once again. These adjustments likely involve onb or ﬁ
combination of the following factors:

- 1o Number of particle contacts
- 2¢ Location of particle contacts

3¢ Orientation of particle contacts

*According to Gemant (39), the basic mechanism of external
friction is go complex that there is yet no generally accepted theory
available. The well-known Coulomb law of solid friction is still
. empirically baseds Numerous experimental studies have indicated that
the static Coulomb coefficient of friction is essentially independent
of load and dependent upon the nature of the surface and temperature
in addition to other factors.



ke Magnitude of loads

5. Direction of loads

6. Magnitude of torques

7« Direction of torques

It seems reasonable that a grain which has yielded on a small

scale will rgquife less adjustment to reach a new equixibrium if the
number of contacts is initially high, and if the contacts are
uniformly spaced and symmetrically oriented about the particle.

2.2 INTERMEDIATE SCALE BEHAVIOR--A FEW PARTICLES
Consider now increasing the scale of view to include a few
_ part;cles as shown in Figufe 2.2 External loads and torques are
applied to the system by adjacent particles. The deformation of the
group with respect to some reference stage in past history includes
that previously mentioned for each individual particle plus the
integrated effects of relative grain to grain displacement. Relative
grain movements may occur with translation and/or rotation. Those
displacements associated with frictional energy dissipation result in

i\

plastic group defprmation.
23—

Figure 2.2 A Few Particles under lLoad
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The ggomeﬁric grain structure for such a small group of sand
particles must necessarily be non-homogeneous and anisotropic. An
engineering definition of stress and strain in the context of Section
1.2 is not possible for such a group of particles which does not sta-
tistically represent the material. The field of view must be enlarged.

2.3 LARGE SCALE BFHAVIOR-~A NUMBER OF PARTICLES
SUFFICIENT TO STATISTICALLY REPRESENT THE
BEHAVIOR OF THE SYSTEM

Consider now a cube-shaped model of the material statistically
'containing a large number of particles as 11lustrated in Figure 2.3.

For convenience the cube may be taken of unit dimensions.

Figure 2.3 A Representative Number of Particles under Stress

The existing state of stress* can now be defined in engineering
terms, and the stress components ’t’ij (i, =1, 2, 3) may be
considered as externally appliede Stress will be transmitted

*The notation for stress and strain here is the same as that
used by Sokolnikoff (L4O) except that the sign convention for stress
is reversed, i.e. ’ﬁid refers to stress on the i plane in the =j

direction, thus resulting in positive signs for the usual compression
stress. ' :
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throughout tﬁe model by certain particleé, and a system of internal
contact forces and torques serves to transmit the loads from particleb-
to particles All particles are not necessarily lpaded;-some groups
may be entirely free from loade If each particle is in a state of
static equilibrium, there are no super=-critical contacts; and it
~ follows that the entire system must be in a state of static equilib-

| riume The effects of vibration are neglecteds The stiffness of the
model depends on many factors. The actual paths‘of force transmission
are indeterminate; however, the number, location and direction of the
paths must be related to the size, shape, orientation and location of
each particles The elastic and plastic properties of the grains and
the coefficients of grain td grain friction also have a bearing on the

stiffness of the sample. The possibility of grain slippage at a given

grain to grain contact is dependent primarily upon the angle of oblig-"

uity of the contact force, and this in turn is dependent upon the
existing state of applied external stress.

Now let it be assumed that the boundary stress components 1}J
are changed by L}‘Tij'in such a way that certain internal contacts
become super=critical. If relatively small groups of particles, ine
cluding these criticallgrains, are able to adjust in such a way that

motion is damped on a relatively small scale, the boundaries will
| sense motion followed by static equilibrium once again. In other
words, the rate of strain as sensed at the boundaries will essentially
decrease in time after application of the boundary load incfement. On

" a large scale this behavior is defined as static or below yields
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If the boundary stresses are returned to their former values,

i the model is not expected to return preciéely to its original configue
| ratione The degree of elasticity is prigarily depend;ﬁt upon the
relative amounts of elastic and plastic deformation which occurred
:due to the previous stress increment.

Suppose now that the boundary components of stiress are changed
in such a way that, at a certain state of"stress, yield spreads to a
large number of particles and equilibrium cannot be maintained within
the sample as a whole. Even though the boundary loads are held con=
stant, the sample deforms at a rate which increases with time. That
condition where at a fixed state of stress the state of strain becomes
contimously dependent upon time is herein defined as first yield.

After first yield has been obtained, the strain response of the
model is dependent upon time and the state of stress which is applied.
Physical testa which are stress controlled by dead load are generally
terminated soon after first yield due to equipment limitations and
the following discussion is hypothetical. It is assumed that the
gtate of stress is subject to control at all times.

Figure 2.4 a) represents the hypothetical and idealized stress-
strain behavior of an initially dense sand in a stress controlled
environment. An equal all-around pressure is first applied td the. -
model, point O representing the initial state. As deviatoric or
Shearing stress is slowly applied, the strain response is essentially
static and is given by Oa. At a, the rate of strain increases in time,
"and first yield is uniquely defined for the stress path previously
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tracede The state of stress is held constant at the first yield value,
~ and the rate of strain increases to reach a constant value at b, con- .
tinuing to point ¢ where the shearing stress is then either increased
or decreaseds Curve cd represents response t§ an increased dgviatoric
stress at ¢, while cdo represents response to a particular decreased
deviatoric stress causing the rate of strain to approach zero asymp-
totically. The horizontal curves bc, de and doeo all represent

; ultimate yields, and the corresponding states of stress are related

to porosity and rate of strain. It is suggested that the particular
nltimate yield obtained from a decreasing state of deviatoric stress
following first yield such that the rate of strain approaches zero in

time be defined as static ultimate yield.

2.4 THE SEARCH FOR A QUANTITATIVE AND GENERAL
STRESS=-STRAIN RELATIONSHIP

The purpose of this section is to develop a mathematical
exprgssion of a general nature to represent the relationship between
statically applied stress and the resulting strain for granular
materials in an open system. The approﬁch taken is in large part
empirical, and certain unspecified functions must eventually be

 determined, at least approximately, by the performance of physical

laboratory experiments.

2.1 EIASTIC SOLIDS
The state of stress and the state of strain both possess the

: prpperties'of a tensor, each involving nine components--six of which



. are independent. The usual engineering definition of straln has been
adopted here which assumes that the square of the strains are negli-

.gible with respect to unity (small éuperposable strains).

1 (2% __1) |
€ - + (201)
i3 2’(3:::j %, .

where u; (uJ) represents the displacement of a point in the 1 ()
direction, and x, (xi) represents the initial j (1) co-ordinate of the
pointe The sign convention is chosen such that an increase in volume
(positive dilatancy) will be associated with extension strain.

It is assumed here that the relationship between stress and
strain for anisotropic but elastic solids may be expressed‘by a
: genefalized Hooke's law (LO) modified so as to contain certain

arbitrary and possibly non-~linear coefficieﬁt functions. '

€5 by Ty W Sk L=1,23) (2.2)

or .
€=BT (2.3)

where € 1s the strain tensor, B is the transformation matrix com=
posed_ofVBl coefficient functions, and T 1s the stress tensor. Since
613- €ji and 7&3‘ 151, it may be shown that the 81 coefficient
functions bijkL in the B matrix contain at most 36 independent func-
tionse If the conditions of anisotropy are fixed with respect to

the 1, 2 and 3 axes, the number of independent functions may be appro=-
. priately reduced by further analysis, see Iove (L1). For a 1i£earxy
-eiastic and isotropic medium it 1s well known that there exist only
two independent coefficient functions in the B matrix.
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2.42 NON-EIASTIC SOLIDS

| In the case of non-elastic materials a unique relationship
between stress and strain may not be written in the form of Equa-
tion 2.2 because the behavior 1is dependeﬁt upon the direction as well
as the magnitude of load variation. The direction of loading is per-

. haps best reflected in differential form for a single stress increment.

deij - dijkL a 'TkL, (i, Jy k, L =1, 2, 3) (2.4)
where ‘ ' '

In this form éach coefficient function dijkL is given a double
'identity, one function, dijkLC’ corresponding to an increase in the
corresponding stress, the other function, dijkLR’ corresponding 1o a
decrease in the correépbnding stresse In this formalation there
would be at most 72 possible functions to be determined by physical

experimentation.

2.43 GRANULAR MATERIALS

 The stress-strain relationship for granular materials may be
described in general form by Equations 2.l through 2.6. The coeffi-
cient functions dijkL are measures of stiffness and thus may be
takeh to be mechanical properties of the material. For granular
materials if is assumed that these are iﬁ turn related to variables
- previously mentioned in Sections 2.1 through 2.3. (Initially all

variables thought likely to bear upon the stiffness of sand will be
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Numerous simpllifications will be made later for purposes of
Let it be aSsumed that the following set of vafiables is
to those of Sections 2.1 through 2.3:

Modulus of elasticity of the grain material, E

Poisson'é ratio of the grain material, IV

Yield strength of the grain material, s

Coefficient of grain to grain friction, f

Actual sta-te of existing stress, Ti 3 (components)

State of strain measured from an isotropic state,

G"ij (components)

Porosity of the material, n

Coefficients representing particle shape, a n

Coefficients representing grain size distribution, bn.

The modulus of elasticity E and Poisson's ratio V of the grain

material are involved in the elastic deformation of a single particle

as may be seen by the simplest of theories, i.e. the Hertz theory.

" The yield strength of the grain material s is related to the plastic

deformation of the grains where highly stressed, and may also be re-

lated to the coefficient of grain to grain friction fe The existing

stress components. ’7;_ j are included to account for shear and normal

forces existing between the grains in addition to other factorse-

 friction and slippage being highly dependent on contact loads. The

strain components €" 13 measured from an isotropic state are given to

represent the effact of orientation or anisotropy of the grain struce

ture. The porosity of the material n is included primarily as a
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ﬁeasure of the number of grain contacts. The factors required to
represent the effect of particle shape a, increase with the complexity
of the shapé, i.e. one diameter required for a sphere, two for a
cylinder, three for an ellipsoid, ete. The factors required to
represent the effect of grain size distribution'bn increase with the
complexity of the grain size distribution curve.
The following direct relationship between stress and strain is’
proposed: |
d eij = diJkL.d‘TkL, | (i, 3, ky T =1, 2, 3)
(Equation 2.l;) where
1 : '
-, ‘ "

For a particular granular material the coefficient functions may be

reduced to
ki gre (M €545 Tyy)s  dT=0 (2.9)
93 317% gizg (09 €40 Tig)s 4T <0 (2.10)

In this case the varisbles E, U/, s, £, a_and b_, all dealing with
certain physical and mechanical properties of the grains themselves,
are assumed to remain constant during the process of straining. The
possibility of grain fracture has been neglected.

In order to further simplify the relationship between stress
and strain, and in order to faéilitate the planning of a limited
- mumber of laboratory experiments, it is desirable to carefully consider
the utility of stress and strain invgriant functionse
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2.5 YIELD CRITERIA

2.51 FIRST YIELD

Stress-strain diagrams in simplified form were given in Fig-
. ure 2.4¢ The curves Oa and 0'a' are considered to represent that
' portion of the stress-strain behavior included within the range of the
relationshipa expressed in the previous section. Points a and a!
represent first yield as defined by Ssction 2.3 for initially dense
and initially loose sands respectively. If the curves Oa and O'a' are
assumed horizontal at a and a', then according to Equation 2.4 the

requirement that at least one coefficient function di becomes infie

kL
nitely large defines first yield. On this basis, thejfirst yield

_ | condition may be included within the range of the general stress-
strain relationships of the previous section. It should be mentioned
that these relationships based on the engineering definition of strain
become less accurate with increasing strain.

Unfortunately, near the limit condition, certain practical dif-
ficulties are associated with the generality of the stress-strain
relationships previously presented. Consider, for example, the dense
-sand at first yield. The stress-strain relationship may break sharply
at a and thus may not be clearly defined by experimental data. If
the sharp curvature could be detected, still it would be difficult %o
empirically fit a continucus function to the entire range of deforma=

tion including first yieldeea limit condition. The loose sand is

more desirable in this respect, but the strains are larger.
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In search for a practical first yleld criterion and consider-
ing the possible requirement that a single céefficient function dijkL'
in Equation 2.l becomes infinitely large at first yield, then in the
limit it follows that

g =y, (n, €7y, Tyy) =0 (2.12)

93 5xL
where dly is regarded as a single functional relationship to be obe
‘4tained empirically from physical experiments. If geometric isotropy

1s neglected the strain components G"ij are dropped resulting in

2.52 ULTIMATE YIELD
According to Section 2.3, an ultimate yield criterion corre-
sponding to a fixed state of stress rationally includes a statement on

the state of rate of strain. Equation 2.11 so modified gives

de
@ . . i
Ay (B €50 Ty =0, &gt (2:23)

In this formulation for ultimate yield the state of rate of strain has
replabed the state of non-isotropic strain in the equation for first

yielde For a fixed rate of strain, for example, static ultimate yield
as defined by Section 2.3 (points d, and d,' of Figure 2.1), Equation

2,13 is further modified giving

duy (Bs Tys) =0 (2.14)

The consideration of isotropy has disappeared, If the, norosity at
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static ultimate yield is considered constant for a particular granular
material then Equation 2.1} may be reduced finally to
£(T;)=0 S (2.15)

- Ideal theories of plasticity for isotropic materials which assume
constant volume during yield, i.e. Kezdi (2), give the following
empirical relationship.for the limiting state

£ (ai, )5 03) =0 - (2.16)
where 915 Oy and 0y are principal stresses. The latter form is
equivalent to Equation 2.15. The experimental works of Hvorslev (16)
and Roscoe, Schofield and Wroth (15) for limited stress étates support
the hypothesis represenﬁed'by Equation 2.1k.
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3+ THE RELATIONSHIP BETWEEN STRESS AND STRAIN IN INVARIANT FORM
FOR GRANUIAR MATERTAL SUBJECTED TO CONTROLLED
STATICALLY APPLIED IOADS IN AN OPEN SYSTEM

3.1 STRESS INVARIANT FUNCTIONS

Stress and strain invariant functions are developed in standard
texts: see Timoshenko and Goodier (38), Sokolnikoff (LO), and Love
(Ll)e Newmark (22) diascussed the possible use of invariant functions
in stress-strain studies of cohesive soils. Sections 3,11 #nd 3.12
are not original with the author, and are includéd to provide a brief
introduction to invariant functions and a certain coﬁtinuity of
presentation. |

Relationships between the principal stress ratio 9», origi-
nally presented by Lode (L42), and various stress invariants are
developed in Section 3.13 where a new modified and dimensionless
third stress invariant function I3* is introduced. 'Relationships
between the friction angle &, well known as a parameter in the Mohr-
Coulomb strength criterion, and the principal stress ratio 8 are
developed in Section 3.1li where a new modified gnd dimensionless
second stfess invariant function I2* is introduced,

The relationships given in Sections 3,13 and 3.1 allow the
investigator using variables different from those of this study an
avenue of comparison. In combination with the first invariant
function, the author later adopts the second and third modified and
dimensionless invariant functions as convenient variables, and these

are used where possible in the presentation of test resultss FPhysical
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Justification for the use of these particular invariant functions is

given in Section 3.k

3.11 THE ORIGINAL STRESS INVARIANT FUNCTIONS Iin’ IZn’ I3n

The original stress invariant functions arise from a state-
ment of force equilibrium in three dimensionse Given a cubic element,
i.es Figure 2.3, subjected to stress components . 7&3’ it is possibie
to find three orthogonal and principal stresses T from solution of
the cubic equation ' |

3 2 -
77 5 IlnT + I, T+ I3n 0 (3.1)

where the first, second, and third normal stress. invariants are

respectively
O™ Tt Top* T3 - 2
} T 2_ T 2_ 12 N
Ton™ 11 To2* Ta2 T33* T13T33= Ty Tp3™= Tig (3.3)
T T T
I T2 Too Tos G

T3 T3 T3

Principal stresses as determined from Equation 3.1'do not
require specification of the orientation of axes 1, 2 or 3 except
that they be mutually orthogonal; therefore the stress functions Iln’
Ién and I3n given by Equations 3.2, 3.3 and 3.4 are invariant from
- the axes of orientation.

If the axes of orientation are principal axes, the shear stress

components may be eliminated from Equations 3.2, 3.3 and 3.} giving
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ha® Tt Tt Ta3 (3.2)
Ln® T Tao* Tpp T33* 711 Ta3- | (3.5)
Ip® T11 7o T33 (3.6)

3.12 MODIFIED STRESS INVARIANTS 115 I, I3 '
Specification of any three linearly independent functions of
the three original stress invariants allows for the deterﬁmtion of
-the three original invariants and thus fpr the state of stress at a
point independent from the orthogonal axes of orientation. Three such
functions which have proven to be of ‘congiderable value in material
studies are designated as the first, second and third modified stress

\
. invariants and are given respectively by

Il-f L, ~ (3.7)
1. 2 ,
LIy 3 1n | (3.8)
I T |
] 1nton | 2 3 |
I Iy ——* 77 I, (3.9)

The utility of this particular scheme of modified stress invariants
is based primarily upon the physical behavior of isotropic materials
where spherical stresses cause only spherical strains s and where
deviatoric stresses cause only deviatoric 'strains. The division of
~ stress is given by |

T t ml (3.10)

Ty = T3 Oy (3.12)
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where
7;5' = gpherical stress

733" = deviatoric gtress
= 1, inj
= 0, if]

The first modified stress invariant is dependent only upon the spherie

é313 = Kroeneoker delta function ésij{

cal state of stress while the second and third modified stress

invariants are dependent only upon the deviatoric state of stress

as i1t can be shown that L |
1'1-’]' + 7'2 + '7'33 (3.12)
I2 7&1 7%2" + 7}3 + 2 7i2“ +* 2'T 3 + 2 733 (3.13)
T 7" Ty
37 1T" 7o T3 (3.14)

" 1] fu
T13" Tas" T3
If the 1, 2 and 3 axes are principal axes then the preceding expres-
sions are simplified

= Tpr Topv T3 | (3012)
I= Ty or TyptPs 1'33u2
=i T-T (T, - )2*(7 )  (3.18)
3 11~ ‘22 22" 33 -°33 ' °
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3.13 REiATIONSHIPS INVOLVING THE PRINCIPAL STRESS RATIO
Consider the state of stress such that
< < ‘ :
Oy %0, =0y | (3.17)
where 0., 0, and oy are defined by the inequality as major, inter-

mediate and principal stresses respectively. The principal stfess
ratio” is given by

O,=0. o,= 20,%+ O,
el ("i“;) -1 51.2.03 3, (3.18)
128 33

and solving for o, then

o2 3. A% (3.29)
The first invariant stress function Ii may be axpressa ! sccording to
‘Equation 3.12 as

I) =0+ 0, +ay (3.20)

and upon substitution of Equation 3.19 for o, gives
: 0,40 0.-C :
I, =3 (32) - g (32 (e
The deviatoric stresses are from Equation 3.11
I | I, . : '
LI - — U = - e LU | - .
0 =0 =3 O =05, 0 =0y -5 (3.22)

and upon substitution of Equation 3.21 for I1 becone

O. = .
o =2t (o) 1 £ (2 (3.23)

¥Lode (42) utilized parameters (L and V for principal stress
and principal strain ratios respectively in a study of the effect of
the intermediate principal stress on the yield properties of metalse



o = =% (oy-0,) = --ﬁumi) (3.20)
0-311 " QT."S (g ..o- Yy =1« (—-—-2) (3.25)
The second modified invariant function is rewri'tten from Equation
3-15 as
. I2 - 01“2 . 0.2112 . 0.3'1:_2 (3426) l

Upon substitution o£ Equations 3.23, 3.2L and 3.25 one obtains
+8 2

= 225 (0y-05)° (3.27)
The third modified invariant function is rewritten from Equation
3.16 as
= " n t
13 o," o," o, : (3.28)

\
Upon substitution of Equations 3.23, 3.2l and 3.25 one cobtains

1, - 38 2323 5200p )

3
3 .

1'58'9'(9 -9 )(01-03) (3.29) |

Equating (_al- 3) obtained from Equations 3.27 and 3.29 leads to

36 1, 9(9 %2

where 13% is defined as the third modified and dimensionless stress
invariant function. The function 13* was normalized for the sake of
simplicity such that the range in 13* and © coincides Also, in this

way 13* represents the ratio of 13 t0 its maximum positive value with

I2 fixed.

Figure 3.; gives Iz/(cl- 3)2 and 2!23/(43:!.--33)3 aslfunctions of 8.
Figure 3.2 gives Iy* as & function of § .
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The principal stress ratio § is dependent only upon the devia=-
toric state of stress since Il is absent from Equation 3.30. This can
be shown directly if 015 O and crj from Equation 3.22 are substituted

into Equation 3.18 giving O N2 Mg M
1 2 3

\? - q;ﬁ;éa : (3.31)

3.1 RELATIONSHIPS INVOLVING THE FRICTION ANGLE &
In general the friction angle & 1s defined in so0il mechanics
literature by
sin @ = %‘:‘? | | (3.32)
3 ‘ .
and physically 'bh‘is represents the maximum ratio of shear to normal
stress as viewed in two dimensions, i.e. by use of the Mohr Circle
of Stress.
Substituting Equations 3.19, 3.20 and 3.27 into Equation 3.32
results in |

gin @ = 34 : (3433)
: 3 L%
‘ p) |
‘where the second modified and dimensionless stress invariant function

12* is defined by
: 2

L = I,/I, (3.34)

‘l‘his‘ relationship expresses the friction angle in terms of the
principal stress ratio and the second modified and dimensionless
siress invariant function. |

By holding 8 (or IB*) constant, the following equations for
particular states of stress are obtained: o \‘
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Triaxial Compression? 0'230'3;‘ g, Iy#=1

sin &, = 3 (3.35)

Average Compression, o0,= '1+03/2; g, Igx=0
sin 8 = —2\/T* | | (3.36)

.\/5 2

Triaxial Extension, 0,%0,} 9, 13* = ]l
sin @ .= 3

- .(2\/§3 [ L ]— 1

, 12*

(3.57)

Figure 3.3 gives & as a function of I for fixed values of 8.

- 342 STRAIN INVARIANT FUNCTIONS

The three original strain invariant functions are obtained from
a statement of deformation geometry. The preceding three sections may
be used directly to express the relationéhips between strains. and
strain invariants if ’Ti j‘is replaced by € 13° oy is replaced by ei,
the term I is replaced by the term J, and the term § is replaced by -k
The latter sign switch is a result of the author's sign convention
which reqﬁires that 1limits be reversed in Equat.idn 3.24. It should be
remembered that tensile stress was taken negative and tensile strain

was taken positive.

3+3 THE GENERAL RELATIONSHIP BETWEEN STRESS AND STRAIN
IN INVARIANT FORM FOR LINEARLY ELASTIC SOLIDS

The purpose of this section is to present a stress~strain rela-

tionship in terms of invariant functions for a material which in the



past has been studied in considerable detail. The relationship be-
tween stress and strain for isotropic, linearly elastic solids is well
‘known in the theory of‘elasticity and is given by standard texts (38,
LO, L1). Poisson's ratio V and the modulus of elasticity E are the
two material parameters which allow for the unique relationship be-
tween stress and strain. It is simply demonstrated that principal
stresses are coincident with the corresponding principal strains.

Consider the element shown in Figure 3.l subjected to principai '

stresses T:Ll’ 7'22, 7'33. 3 .
33
733
Toe €22
PRLE T
€ ’l‘ll// 2

Figure 3.1 Element Subjected to Mutually Orthogonal Principal Stresses

. Hooke's law states that

nE=—F -V - ""E"'/ | (3.38)
.622-:%%-1/_’%1.‘ 1%2 o (3.39)
..§33-=1%3--z/—7-—§1-3:-1/-%- - (3.40)

S S Gyt €3 €5 - €p =0 (3.41)

From these equations the following relationships may be derived:
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1-2p |
€% €a0* €357 '(—E“)("l*°2+°3) ~ (3.12)

2(€11-€5p) P H(€5pm633)°4(€),-€,5)%)

-, 1+U2 1 2 2 2y |
€ +€2+€3‘ €1+62+€ _ E+€2+€l_
11 22 33 1 =22 1l “22 =33
(€352 [€p~(E5=—2) (€, (=522 |
o T+ T T. Ty #T,+T. T+ T T,
1.3 11 '22 11 22 11 22 '33
R A e e N e L C S
(3eliki)
" which may then be written in invariant form as
5 -2 - ) 1 - (3.15)
e B2 e 1, (3.16)
J3u _(_J:_:'é’:__v)3 I3- -M3 :[3 , - (3e47)

where M and N are mechanical properties of the material defined by

1+V 1% ' -
WeZp ad N=g (3.18)

Equations 3.45, 3.46 and 3.47 indicate that the first strain invariant

(spherical) is dependent only upon the first stress invariant (spherie
cal), and that the secohd and third modified strain invariants

| (deviatoric) are dependent'only upon the second and third modified

stress invariants (deviatoric) respectiveky.

| The appearance of the same material property M in Equations

3.46 and 3.h7‘suggests a simple relationship between the second
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and third modified stress and strain invariant functions. From

Equation 3.46 5
2.1/2
' (Tﬂ)
sl
and upon substitution into Equation 3.L7 leads to

J I | |
- Ly = 3y or i = Iy (3.19)
I

M=

wh g A 3 a I Ve 53 (3.50)
: ere. 3 = an 3* = . ' L]
Y3 J2372 3 "I"‘723 5=

The terms JB* and 13* are modified and dimensionless strain and stress
inv’arian‘t functions respectively. It should be noted that I3* proved |
to be a convenient variable in the developments of Section 3.13.

| In summary, a most simplified and>c0mplefe felationship 564
tween stress and strain for an isotropic and linearly elastic material

is given in invariant form by

goreem AR
eI, (3.L6)
-J g% = ;3* ) X (’3..51{

3t 'THE GENERAL RELATIONSHIP BETWEEN STRESS AND STRAIN
IN INVARTANT FORM FOR GRANULAR MATERIALS

3.41 INTRODUCTION
' Certain diffigulties are encountered in the use of invariant

functions to obtain a stress-strain relationship for sand. The sig-

nificant property of invariants, independence of orientation, results
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in the assumption that principal stresses are coincident with éorre- |
sponding principal strains; and this assumption is strictly valid only
for isotropic materials. It is not possible, even for linearly
elastic anisotropic solids, to obtain relationships of the form of
Equations 3.45, 3.46 and 3.51 solely in terms of invariant functions
from a generalized Hooke's law. i

A paper of particular interest which discussed the complex be=-
Havior of soil was given by Newmark (22), His suggested stress-strain

relationship for cohesive soil follows:

€ocr -.fl ("oc'f) + £ (Toor) + 13 (@ | o (3.52)
]{}’ ocr = £, (Gpgp) * e (Toep) * £ (@) ' . (3.53)
0 = 2 (o) *+ £ (Togp) + 29 (@) (3454)

In these equations the functions fl to f9 are arbitrary functions and
3.1 ) —\/—2 =
€ocr = 5 1 Yoor =V3 s 8=
o I © 31
= 1 5:\/_; ' ) = -——3-
%cr*3hr Tom V3 TTy

Converting Equations 3.52, 3.53 and 3.5l into invariant form

' | T I
39 =853 1)+ f2<\/3:2-> + 2,03 i) | N 2
[3 I, I |
%\/32 - 5,G L) fsﬁ\[ )G (3.56)

“ I I, . :
Iy E ) . 'f8<\/;2-> » £5(3 i) | (3.57)
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Upon generalizing Equations 3.55, 3.56vand 3457 somewhat

3y = g (1)) + gy(T)) + gB<-f§) (3.58)

Newmark's formulation implies a unique relationship befween
stress and strain and thus does not allow for inelastic behavior, The
author prefers not to place undue importance upon the values of stress
and strain corresponding to any particulaf ﬁlane. It is perhaps.
better to deal directly with the three invariant functions of stress
and strain in functional relationships. The third invariant functions
deserve cafeful consideration in a study of this type.

Tt is worthwhile to assign some physical significance to the
various modified invariant functions in order to better understand

‘their possible relationship‘to the behavior of granular materialse.

The first stress invariant function Il represents the sum of the
normal stresses occurring on any three mﬁtually orthogonal planes
through a point, and thus represents a measure of normal stress aver=-
Aaged over all planes through a point. The second modified stress
“invariant 12 is three times the square of the resultant shear stress
oceurring on those planeé subjected to a norﬁal stress 11/3.

The ratio of shear stfess to a corresponding mean normal stress

\jsi' VIz/Il‘is significant to the behavior of granular materials
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as this physically represents some measui'e\ of angle of obliquity,
and‘thus of friction and grain to gréin‘slippage.‘
The third modified stress invariant is a measure of the distri-

bution of shear and normal stresses occurring on all plgnes through a
point. If a sand is strained in three‘dimehsions, it is suggested
that theAstress-strain‘behaiior reflects in considerable measure thatl
which occurs on all planes through a point (not a siﬁgle plane as in
ﬁhe Mohr-Coulomb theory), and thus the third invariant stress function
obtains significance. The distribution~of shear and normal stresses
is a function of fhe stress ratio 9’, and according totEquation 3.37
then is also a function of.the‘thifd modified and dimensionle;s stress

invariant.

3.42 PROPOSED GENERAL REIATIONSHIPS-~CONSIDERING TOTAL STRAIN HISTORY
Based upon EQuétions 2.4, 2.9 and 2.10, and by the use of

physical reasoning'sﬁggested in the preceding section, the foilowing

- relationship is proposed to represent the stress-strain behavior of a

particular granular material in invariant form.

ddy = C;,dT; + C,,dL % + CleIB* - (3.61)

dJy = Cppdly + CpydTyn + CpadIH (3.62)
dJg# = Cyydl) # CgpdI % # Cgqdlyw (3.63)
wher ' |
S Hmere Oy = cijc(n, Jos I3%s I)s Tp¥, I, dI, >0 ~ (346L)
and | ‘

Gy = gin(n, Jé, Igts T, Tty I%), AL <) (3.65)
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In this formulation the modified strain invariant functions J2 and JB*
replace the strain componehts 6'3J’ while the modified stress invari-
~ant functions Il’ 12* and IB* replace the stress components ‘735 in
Equations'2.9 and 2.10. In this case physical experiments are re-
quired to establish at most 18 coefficient functions. The advantage
of invariant functions in reducing the amount of data to be obtained

by experimentation is apparent.

3.43 PROPOSED GENERAL RELATIONSHIPS=-=CONSIDERING SPHERICAL STRAIN
HISTORY ‘ ' '

A reduction is proposed to simplify the program of laboratory
experimentation and the analysis of datae. If the terms J2 and J3*
are removed from ﬁquatiéns 3+6L and 3.65, the effect of aeviatoric
strain history has been neglected.‘ The resulting relationship between

stress and strain is given by Equations 3.61, 3.62 and 3.63 where

\ .
Cij = Cijc(n, I, I, IB*), de:.o ) (3.66)

M oy Cyglny T, Iy, ), dTge0 (3.67)

If a limited number of laboratory experiments are to be performed,
and if the porosity is essentially constant, then Equations 3.66 and
3.67 are finally reduced to | |

| ci:j = CijC(Il’ I %, 13*)', de>Q - | - (3.68)

O35 = CygplTys T, Ip%),  aIy<0 (3.69)

It must be realized that the end product of this section is in-

deed the result of extensive simplification. The amount of reduction
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justified is certainly open to question. The amount of reduction
hecessary in planning a limited program of experimentation is nevere

theless considerable. The relative importance of the terms Il’ IZ*

and 13* depends upon the state of stress in addition to other factors.

3.5 YIELD CRITERIA

3.51 FIRST YIELD

Following the discussion of Section 2.51, and proceeding to the
general stressw-strain relationship in invariaﬂt fa;m as sugge&ted by
Equations 3.61 through 3.65, first yield might be defined by the re=
quirement that at least one of the coefficient functions Cij beconmes
infinitely large. Difficulties associated with this appfoach to a
first yield criterion are the same as those listed in Section 2.51.
| In search of a more practical criterion, and considering the
possible requirement that one coefficient function in Equations 3.61
through 3.63 becomes infinitely large at firsi yield, then it follows
that in the limit

1 ,
a-i—j- = cly(,n, Ips JB*, I,, I, 13*).- 0 (3.70)

where Cly is regarded as a single functional relationship to be
obtained from physical experiments. If deviatoric strain history is
neglected, the modified strain invariant functions J, and J3* are

neglected resulting in

B G



L6~

3.52 ULTIMATE YIELD
Following the discussion of Section 2.52, Equation 3.70 is

modified to account for the influence of the rate of strain by

cuy(n, ps I3¥, Ip, Iy¥, 13*) =0 A (3.72)
In this relationship for ultimate yield the state of rate of devia~
toric strain as given by 52, 53* has replaced the state of deviatoric
strain as given by J2, JB* in Equation 3.70 for first yield. For a
fixed rate of strain, for example, static ultimate yield as defined by
- Section 2.3, Equation 3.72 is further modified giving

csuy(n, I, Lk, ;3*) =0 (3-73)‘
If the porosity at static ultimate yield were a fixed Jralue for a par-
ticular granular material, Equation 3.73 would finally be reduced to

C, uy(,Il, Iy#, Ip*) = 0 (3.74)

which is totally lacking in reference to sﬂrain history and is
. equivalent to the ideally plastic formulation given in terms of

principal stresses, Equation 2.16.

3.53 PAST WORK ON THE FORM OF THE YIELD SURFACE

For purposes of comparison Table 3.1 prééents‘a summary of the
results of certain laboratory investigatioﬁs which might be useful in
-attempts to define the so-called yield surface in the form of Equation
2.16 or 3.7h. Of principal interest is the éhape of the yield surface
f(oi, )5 03) which is cut by ah octahedral plane (oi+02+03=constant).

This envelope of intersection has conventionally been compared with

the Mohr-Coulomb theory. Variance of the friction angle ¥ along the
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envelope essentially represents variance from the Mohr-Coulomb theory
of failure. In comparing experimental studies the effects of several
variables--not always well defined--must be considered:
1. Type of soil tested
2. Initial porosity
3. Stress path ideally followed
lie Definition of shear failure
Se. Stress concentration, i.e. as related to the various
equipment
6+ Methods of calculation and correction of test resultse
It is suggested that the effect of non-homogeneous loading
presents the most difficult problem in comparison, particularly for
the denser sands. - Several investigators indicate that the inxefmedi-'
ate principal stress is an important factor in determining the
Shearing strength of sand. 1If this be true, then the friction angle ‘
actually depends upon the stress ratio 9 or the modified and dimen-
sionless stress invariant function IB*'
" Hvorslev (16) summarized ideas prior to 1960 regarding the
shape'of the failure surface in principal stress space. His Figure

LO ¢) is reproduced with minor modification here as Figure 3e5.

Mohr=-Coulomb
' Haythornthwaite's N Kirkpatrick
Wt n ) |
., : v Mlnimw“o W Modified Von Mises .
. e'?’,,j%){' . )hr— o
03 r/ /“'J 1

Figure 3.5 Several Possible Yield Envelopes on Octahedral Plane.
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L. CONSIDERATION OF LABORATORY TESTS
: AND THE STUDY OF CONTROLLED STRFSS PATHS
' IN OBTAINING A STRESS-STRAIN RELATIONSHIP

L.l INTRODUCTION

Apart from inaccuracies in measurement, a physical laboratory
test cannot be devised which is ideal. It is not possible to form a
sample which is perfectly in accordance wifh preconceived desires.
Each sample will likely have inhiomogenities. An unknown degree of
initial anisotropy may result during the process of forming. 1In
addition, the sample may not be stressed or strained in the desired
homogéneous manner. Physical equipmeni most often limits the magnie
tude of loads and‘deformaﬁions obtainable. |

Itbis not possible to exercise a great deal of control over the
méthods of forming sand samples; however; it is perhaps possib;e by

indirect means to determine the degree of isotropy obtained.

h.ll“NON-HOMOGENEOUS APPLICATION OF STRESS
If the apparétus performs in such a way that non-uniform
boundary loads are applied, there will be unknown variations in siress

and strain occurring within the test specimen. It is not possible in

severe cases of stress concentration to accurately interpret the aver-

age stress-strain data obtained. Every effort should thus be made to
design physical test equipment first which is capable of applying a
homogeneous state of stress. This conclusion was clearly stated by

Kjellman (8) in 1936,
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Le12 TEST COMPARISON--LENSE SAND

The results of two‘hypotnetigal shear tests performed on ini-
tially dense sand are to be compared: the first using equipment which
ifnposeé homogeneous boundary loads, and the second using equipment
which imposes non-homogeneous boundary loads. It is further specified
that both tests are to follow the same paths of average stress.

It is assumed that the first test would produce a valid stresse
strain relationship for the stress path chosen. Non-nomogeneous
boundary loading in tﬁe second test would lead to stress variation
within the specimen. On a small scale, certain zones may be rela-
tively free from shearing distortion while certain zones may yield
prematurely at relatively small average strains. In denée sands local
yield is associated with volumetric expansion (positive dilatancy) and
leads to progressive weakening., The manner in which the yield zone
grows is related to the magnitude and manner of boundary load appli-
cation, and thus must be related to the details of the particular test
_equipment involved. When the local yield zone extends entirely
through the sample the results may be spectacular. It is suggested
thal the average shear stress causing such a progressive failure is
most often low compared with that required to develop yield in the
homogeneous case where the average shear strain may be noticeably
higher. The effects of non-homogeneous loading vary, however, with
the average state of stress as will be discussed in Chapter 9.

This process of progressive yielding in dense sand is undesira-

ble in a strength experiment.because it is dependent upon the
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particular details of the mechanical equipment involved. A similar
process occurs in nature, and the difficulties in correlation of the
two cases are>thougnt primarily due both to differences in scale and

in stress concentration.

3.13 TEST COMPARISON--LOOSE SAND ‘

The results of two nypotneticél shear tests performed on ini-
tially loose sand are to be compared under the same conditions as
those of Section L.12.

Again, it is assumed that the first test would produce a valid
stress-gtrain relationship for the stress path chosen. It is well
known that the initial sheéring of a loose sand is associated with
consolidation (negative dilatancy) which must effec£ively increase the
overall distortional rigidity of the sample. It is suggested that the
non-homogeneous test might tend to accelerate the growth of stability
zones; however, there is little reason to believe that the stresse
strain results obtained in the two tests would differ appreciably. On
this basis, perhaps both tests would reach yield at nearly the same
average state of stress and strain.

Practical problems are encountered in the formation of loose
sands as the material is highly sensitive.to vibration. Vibration
occurring during a stress-strain experiment may also result in the
tabulation of misleading data. To a considerable degree the behavior
of loose sand in nature must represent the combined effect of static
loading and vibration. Difficulties in correlating associated natural

phenomena with laboratory test results, in addition to other factors,



Sl

are likely due to differences in vibration. This study is primarily

concerned with dense sand, and the effects of vibration are neglecteds

Lhe2 CONSIDFRATION OF PARTICULAR LABORATORY TESTS

Laboratory épparatus developed and utilized by the author in
this study included spherical compression test equipment to study the
stress-strain felationsbip for the special case of spherical stress,
and three-dimensional compression test equipmenx'to study primarily
the stress-strain relationships for cases involving the variation of
deviatoric stress. Both sets of apparatus are fully described in the
following chapiers. Tests considered for possible use in this study

are covered in the ensuing discussion.

Le21 THREE-DIMENSIONAL COMPRESSION

The three~dimensional compression test is a stress controlled
experiment in which three mutually orthogonai and principal stresses
may be arbitrarily varied on a plate-or cube-shaped specimen. It is
not possible to'vary the orientation of the applied stresses, but in
other respects the test is completely general. XKjellman developed a
test of this type (8), and further work utilizing this equipment has
been continued by Jakobson (12).

Stress paths are not limited by the three~dimensional ﬁest
<‘apparatus except as to magnitude. The most useful stress paths* for
this study are believed to be those recommended in Figure Lel, and

are based on the use of stress invariant functions.

: A sumnary of stress path notation used by the aubhor with a- .
suggested system of stress path classification is given in Section Le3.



Lhe22 TRIAXTAL COMPRESSION

The triaxial compression test is ideally a stress controlled
experiment in which three orthogonal principal stresses are applied to
a test specimen in such a way that the inienmediate principal stress
o, is equivalent to the minor principal stress o3+ In terms of

invariants this restriction may be stated

361
= 3 a
13‘* —1—7-2— 1 (Le1)

2

In practice the normal triaxial compression test is far from
ideals Stress contreol is desired; nowever, strain control is intro-
duced due to end-plate restraint. Friction between the end plates and
the sample results in introducing an unknown shear stress distribu-
tion on two faces of the test specimen.

Balla (L3) and Haythorntawaite (7) discuss tie mechanics of the
linearly elastic and ideally plastic triaxial specimen respectivexy.
Bjerrum and Kummeneje (Lli) compare the shearing resistance of sand
samples with circular and rectangular‘cross section. Bishop and
Henkel (L5) give thorough treatment to triaxial test procedures in
a complete texte

The key to improvement of normal triaxial compression test
equipment lies first in the elimination of end-plate friction. A
substantial step in this direction appears to have been taken by Rowe
and Barden (L6). Much more work along this line is required befére

conclusive evidence is obtained.
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Ideal triaxial compression stress path diagrams are given in
Figure L.2 and include those recommended for this study as well as

those commonly used.

Le23. TRIAXTAL EXTENSION

| The triaxial extension test is ideally a stresg controlled
experiment in which three orthogonal principal stresséé are applied
to a test specimen in such a way that the intermediate principal
stress o, is equivalent to the major principal stress o,. In terms

of .stress invariants this restriction may be stated

| 36 I, -
Iy = 7 " -1 | (Le2)
2 . '
‘In practice the normal triaxial extension test is performed
utilizing equipment similar to that for the normal triaxial comprese
sion test. In fact, the equipment is most often identical, and |
similar problems involving the effects of end-plate friction are
introduceds The effects of stress iariation are not gomparéble in
the two tests. Improvement of normal triaxial extension tesﬁs aéain
lies first in the elimination of end=-plate friction. '
Ideal triaxial extengion stress path diagrams are given by
Figure Ue3 and include fhose recommended for this study as well as

those commonly used.

L2l AVERAGE COMPRESSION
The average compression test ideally is a stress controlled

experiment in which three orthogonal principal stresses are applied
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to a test specimen in such a way that the intermediate principal
stress o, is the average of the major and minor principal stresses
o1 and'oé respectively. In terms of stress invariants this restric-

tion may be stated

3\/6 Iy

Ij* = —E;-BTQ— s 0 | (th)

There is no laboratory test equipment yet designed specifically‘
to follow the awerage compression stress path. A simple test‘of this
type would seem desirable as the state of stress is midway between
triaxial compression and triaxial extension. Such a test may more
nearly approach a state of plane strain than either the triaxiél
compression or triaxial extension test.

Ideal stress path diagrams are given in Figure L.k and include
those recommended for this stﬁdy as well as those which might possibly

be used if specific test equipment were developeds

L3 CLASSIFICATION OF STRESS OR STRAIN PATHS
Ih the future it is likely that numerous studies will be

carried out in which various paths of stress and strain are followed.
Tt seems desirable to put forth a system of classification now wnich
possesses some generality in order that future work may be referenced
quickly and in brief fashion.

| The suggested system gf classification is based upon the
siresses or strains or functioné thereof, i.e. invariant functions.
The first term in the following classification deals with the type of

function which is comitroliod. T.e subscripts appearing on this
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function signify the specific functions held constant.  The final
subscript is either mull or R which signifies an increase or decrease -
respectively in the remaining and variable function. A statement re-
garding the variable function is therefore included onlj by omission.
‘Tnié method of classification is suitable only where three independent
variables are invélved, and where there is little doubt as to the
identity of the "remaining" wvariable.

; In

For example, consider the stress path designation 113*

this case the I signifies that the invariant stress functions are con-
trollede The subscripts 1 and 3% signify that the first stress
ihvariant and the third modified and dimensionless stfess invariant
are held constant. Only.by omission is 1t observed that the variable
is the second stress invariant 12 (or the second modified and dimen-
sionless stress invariant 12%); and only by omission is it seen that
this variable is increased during tﬁe test thus giving direction to
the path designgted. The term 113*(TC) signifies all of the preceding,
and in 'addition specifies that the stress path belongs to the triaxial
compression state of stress. \
As a further example consider the term 623R’ in this case
the € signifies that the linear strains are controlled. The‘sub-
scripts 2 and 3 signify that strains in the 2 and 3.directions are
held constant. Only by omission is it ascertained that the variable
is the strain in the 1 direction; and by including the subscript R it
is shown that the strain €, is decreased during the test thus giving

direction to the path designated. The specific term €,..(0D) might

23R
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be used to specify that the strain path belongs to the one-dimensional

strain case with €2= €.= 0,

3

It is suggested that specific and particularly%ﬁell known tests
might be classified apart from this basic system avoiding the use of
numéfals. For example, use SC for a spherical compression test where
the stresses are increased, and SCR for a similar test where the
stresses are decreased.

Table h;1 is designed primarily for stress controlled tests
and contains suggested stress path classifications, all of which are
referenced to the stress invariant functioné for EOmparison, including

those commonly used in the past as well as those considered most

likely to be used in the near future.

L4 SOLUTION FOR PRINCIPAL STRESSES USING CONTROLLED
STRESS INVARIANT FUNCTIONS

The use of invariant functions in material studies has been
previously emphasized. If it is desired to control the stress invari-
ant functions during the progress of a stress controlled test, then

it is necessary to pre-calculate the principal stresses.

T | I

Tay 2 =2

\ 33 \1'3 \‘733 3

T, 3
» 22 - U

T. | — - ‘ T
,l%/’)? El /’}’ T Il ,/’J? _ Il
3 3 23

1
//’///// Actual k ’////// Spherical ’///// Deviatoric

Figure L.5 Principal Stress Division
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Consider a cube-shaped element subjected to principal stresses
Ty10
of stress is first divided into spherical and deviatoric components.

7&23 733 as shown in'Figure L. 5. For convenience, the state

The principal stresses for thne spherical state of stressvare given by
>! 1 1= . .
7}j_’ Téz 3 733 Il/B gnd are later to be added to those obta;ned

for the deviatoric state of stress.
.For the deviatoric state of stress the following set of equa-

tions represents the first stress invariant, the second modified

stress invariant, and the third modified stress invariiat respectivelw

Ty * Tyt + T3 =0 (Lob)
2 2 2
Ty = Ty Tyt To5t | - (5)

13 = 7‘111‘: 7‘2211 7‘331: - (h‘é)

Solution of these equations for the deviatoric principal stress 7&1“

in terms of the invariants results in the cubic expression

: I
.7il"3- 53 T. MaI. =0 (Le7)

A slress solution in dimensionless form is desired for the sake of

generality. The following dimensionless variables are advanced

. T..1
Ty = I;_l - (L.8)
, Ig '
12* """‘é‘ . (’4-9)

i : o (heo
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and upon substitution into Equation Ls7 one obtains

3/2 -
. I3 T M I o T 3
A 30 (L4.11)
- 3\6
and since physically Il_f 0 then
I 1,2 1x

# T M3 3 ‘
Ty o= 22 2 3 =0 y (Le12)

36

The three real roots 7' 1"# of this equation are given by

'\/-—I*cos( + 120°)

I2* cos (3 + 20,0°)

wiry
Ny
*
Q
©
@

and

(Le13)

%I

where 1

6 = cos IB* ' L (La1k)
Finally, the original sbresses in dimensionless form are ob=-

tained by addition of the spherical stress in.dimensionless form to

the deviatoric stress in dimensionless form oh
To.% =%+ T, © (Le15)
ii 3 il , )

The following convention of principal stress control was adopted

< < < <
= = #* * B O, .
03 0, =0, Or 03 =0, )
Table L.2 gives the dimensionless principal siresses o, O,%

1?72
and 03* for the range of variables 0 = IQ* = 0.25 and -1 = IB% 1

Solutions corresponding to negative (tensile) stress values are not in-
cluded for physical reasons. To obtain principal stresses for a
specific experiment multiply the dimensionless values taken from the

table by the first stress invariant I.,

e
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5+ SPHFRICAL COMPRESSION APPARATUS
AND EXPFRIMENTAL PROCEDURE

The spherical compression apparatus included that equipment

necessary to experimentally determine the relationship between stress

and strain for sand samples subjected to a spherical state of stress.

The relationship was expected to be dependent upon porosity, and

provisions were included for the measurement of sample volume.

The apparatus was designed and constructed to meet the follow=-

- ing requirements:

1.

2

3.

Se

Allow for the formation of a relatively homogeneous-and
isotropié sample of Ottawa sand

Maintain the sample in a fixed shape prior té the appli-
cation of external or internél pressure

Allow for the application of a specified and measurable
normal stréss to the sand skeleton

Allow for the measurement of strain induced by changes

in the applied state of stress

‘Allow for the determination of the total sample volume.

5,1 DESIGN

Normal triaxial compression equipment was used as a basis for

design of the sphericél compression apparatus with one notable excep=

tion, the end plates. It was dasired to eliminate, as mich as

possible, the boundary friction associated with the rigidity of tri-

“axial end platess A schematic section of the svherical compression
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,apparaﬁus is given by Figure 5.1. Photographs of the test equipment

are included in Section 5.l.

5.11 SAMPLE MEMBRANE

The 0.032-in. thick latex rubber membrane was cylindrical in
shape, and was approximately 2—3/h in. in diam by 10-1/2 in; in height
The membrane was necked down at the top to 1 in. in diam in order to
reduce the effect of end restraint and still allow space for the
placement and compaction of sand. A uniform section approximately
1 in. long at the top allowed for the connectioﬁ of a drainage cap in
the usual manner. The base of the membrane was provided with a 1/L-in.
tube connection to allow for saturation of the test specimen and for

the measurement of internal volume change.

£.12 SAMPIE FORM _
A rigid aluminum cylinder 2-3/L in. ID and 10-1/2 in. inlhcight
was provided to contain the test sample and fix the boundaries during

i

sand placement.

5.13 COMPRESSION CHAMBER

The lucite compieSsion chamber was approximately L=1/2 in. ID .
and 20 in. in height, and was designed to carry approximately 200 psi
static intermal presstre with a factor oi safety of L against failure.
Rubber O-rings were provided to seal the chamber.

Two valves were provided §n the top plate to allow for appli-

cation of air pressure and ventilation of the chambers Three valves

K

for filling and emptying the

@
+

were provided on the base piate, on
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compression chamber with water, one for admittance of water to the
base of tﬁe sample, and one to allow for drainage of air and water
from the top of the sample during the process of'saturation..

Two fittings on the base plate and inside the test chamber were
provided;to allow for connection of supply and drainage lines to the
est sample. A
connection to the top of the sample and to the internal drain line.
This valve allowed for the application of vacuum to the base of the
dry test specimen and the subseduent removal of the rigid aluminum
form prior to assembly of the compression chamber. Screens were
.placed at the base and at the top of the specimeh to prevent movement
of sand from the sample. A split-cylinder base was prov;ded to

support the sample and allow for alignment of the sample form.

5.1 ACCESSORY EQUIPMENT
Air Pressure Gage and Regulator .

An air pressure regﬁlator provided controlled application of
air pressure (up to 100 psi) to the compreésion chamber. Several
laboratory type Bourdon gages were furnished for measurement of air
pressure. The low rangé gage had a capacity of 60 psi and a least
division of 0.25 psi, while the high range gagevnad a capacity of

100 psi and a least division of O.SVpsi.

Pressure-Volume Tanks and Piping System
Three pressure-volume tanks, described .in Chapter 6, Served for
Tilling the spherical compression chamber with water and‘emptying it,

for supplying water to the base of the sample, and for the removal
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of air and water purged from the top of the test spscimen during the
process of saturation.

The piping system allowed for the application of vacuum to the
sample, saturation of the test specimen, and measurement of volume

changes occurring within the test specimen.

Volumetric Strain Burette
A 1l0~cc burette was provided +to accurately measure the volume
changes occurring within the pores of the test specimen. The least
- reading of the burette was 0.05 cc, which corresponded to a none

5

corrected volumetric strain of approximately 5 x 10 7.

5.2 STRESS-STRAIN EXPFRIMENTAL PROCEDURE
Where possible the following expérimental procedure was adopted
as standard after Spherical Compression Test No. L-2; exceptions will
be noted in the presentation of particular test results. Frequent
‘reference will be made in the ensuing discussion to Figure 5.1, and

capital letters refer directly to this figure.

5.21 SAMPIE FORMING

The base of the compression chambérvwas cleaned and placed on
the table. The sample membrane T, Figure 5.2, was sealed to the
supply line L by binding #ith a thin rubber strip Us Half of the
split-cylindér base EE was set in place on the base plate E, and the
supply tubing L was clamped at the ?roper elevation by tightening the
"internal supply fitting K. Figure 5.3 shows tne‘base connection prior

to clamping. The remaining half of the split-cylinder base was
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inserted to form a base for the test specimen, Figure 5.k, and the
sample cylinder form FF was bound to the split-éylinder base with
masking taﬁe (not shown)e

Approximately 2000 gm of oven dry sand was weigheﬁ out in a
glasé beaker and poured through a glass funnel into the sample mem-
brane, Figure 5.5. Various degrees of initial density were obtained
by tamping with a 1/2-in. diam steel rod at regular intervals during
the placement process. When the sand reached a 1evel‘approxiﬁately ’
1 in. below the top of the membrane, the sand remaining in the glass
beaker was weighed.

"The sample drainage cap S with valve R closed was insertedlintof
the membrane until the base of the cap rested lightly on the sand sur-
facee The membrane was then'carefully sealed to the cap by binding
with thin rubber stripping U. Valves 0, X, Z and I were closed, and
valves N, W and J were opecneds A vacuum of 5 psi was applied t6 the
base of the sample from the drainage reservoir. The vacuum source
was,providéd by an aspirator attached to a sink faucei, Figure 6.8,
and the vacuum was measured with a Bourdon gage. Upon application of
vacuum the specimen contracted somewhat, and the sample cylinder form
‘Was removed.

The internal drain line Q was carefully coupled to the internal
drain valve R at the top of the specimen, and to the internal base
draln f;ttlng P, Figuré 5.6, Valves O and R were opened, thus apply-
ing vacuum to the top of the sbecimens then valves J and W were

closed.
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$.22 COMPRESSION CHAMBER ASSEMBLY

 The lucite cylinder, lubricated with silicone grease over areas.
to be in cohtact with the rubber O-ring seals AA, was set in place on
the base plate and the cap plate B was inserted. The tie‘ rod wihg
nuts OC were hand tightened against the top plate.

The compreésion chamber was then 1ifted and placed upon a
metric balance.  The air relief valve D was opened. Valve C was
closed and the air pressure supply line A was attached. The sample
'supply line from pressure-volume tank no. l was filled' sith water and
attached to closed valve I. The chamber fill line leading from prese
sure~volume tank no. 3 was filled with water and attached to closed
valve F» Figure 5.7 shows the assembled compression chambors Photo—
graphs of the sphérical apparatus were taken after the performancé of
the experiments and at that time the pressure-volume tanks were in use
in the three—dlmen31onal compression testse Reference is made to
Figure S.1 for the actual piping details which the photographs do not

accurately describea

5.23 INITIAL SAMPLE VOLUME DETERMINATION

The weight of the compression chamber and its contents waé
recorded, and the water volume in the fill reéervoir was noted. The
chamber f£ill valve F was then opened, and upon overflow abt valve D‘,
both valves‘F and S were closed. The weight of the compression

chamber and its contents was recorded once again and the water volume

in the i1l reservoir was noted.



Figure 5.3 Base Prior to Connection, Spherical Compression

Apparatus
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Se2L SATURATION OF IHE SAND SAVMPLE

Air pressure valve C was opened and an external pressure of
L.S psi was applied, Valves I and J were opened until water appeared
at the base of the compression chamber, then valve J was closed. The
sam@le supply reservoir volume was recorded and the metric scale
welght was noteds The sample supply valve J was then opened and water
was allowed to enter the specimen. When water appeared at the drain-
age cap the scale weilght and supply reservoir volumes were reéorded.
Water was allowed to flow through the test specimen until air bubbles
were no longer visible within the internal drain line. At this point
sampie supply valve J and sample drain valve O were closgd and the
scale weight recorded.

The burette ¥ was filled witn water and valves X, Z and W were
opened momentarily, allowing water to fill the measurement system.
The burette was again filled with wgter, the reading recorded. Valves
X, Z, 0 and J were opened allowing water to move freely from both ends
of the spécimen; As the sample had been under vacuum at the top, the
specimen expanded due to the decrease in effective stress, and water
moved from the burette to the sample.. When the burette volume reached
equilibrium in time, the burette reading and metric weight were

recorded.

The burette was made movable in a vertical direction in order
that a constant pore fluid pressure might be maintained within the
Lest specimen, thus reducing the possible adverse effects of air come

pressibility within the fluld msasurement gystem. Atmospheric
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pressure was naintained near the center of the sample in order that the

effects of pore-waber pressurs might be neglected;

5.25 STRESS-STRAIN EXPERIMENT

"The initial pressure was L.5 psi in all experiments; however,
the stress path was varied in dif ferent experiments. The maximum
number of loading intervals was ten. The lowest applied external
pressure was 1l-1/3 psi,vand sach successively higher pressure was
1-1/2 times as large as the previous one. The highest applied exter-
nal pressure was 76.9 psi. Load increments were applied slowly (10~
15 sec), and were maintained for approximately 2 min. Burette readings

were recorded prior to andifollowing each load application.

5.3 EXPFRIMENTAL DETAILS

The spherical compression chamber volume determination given
in Appendix Al was used in the estimation of sample volume.

Strain effects including rubbér penetratidng drain line conme-
pression ana temberature change are given in Appendix A3+ A discussim
of vibration and steps taken to reduce the effects of vibration on
experimental results is presented in Section 943

Rubber penetration normally accounted for 20~503% of the total
volume change as recorded at the burette, and test data were corrected
for this effect (see Appendix A6). Test results were not corrected

for other effects which were considered negligible in comparison.
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6. THREE-DIMENSIONAL COMPRESSION APPARATUS
AND EXPERIMENTAL PROCEDURE

The three-dimenéiqnal compression apparatus included that
equipment necessary to experimentally determine the relationship
between stress and strain for a sample of sand subjected to a general
state of statically applied stress. The author designed and con-
structed apparatus to meet the followlng essehtial requiremenﬂs:

1. Allow for the-formation of a relatively homogeneous and
isotropic sample of Ottawa sand |

2. Maintain the sample in a fixed shape prior to the
application of confining préssure

3. Allow for the application of an arbitrary state of
principal stress

L Allow for the measurement of principél strainé induced
by dhanges in the applied state of principal stress

5. Allow for the determination of sample volume.

6.1 DESIGN
6011 GENERAL |
Rubber pressure cells were used to apply principal stresses to
five faces of a square, plate-shapéd sample contained within a rubber
membrane. A relatively rigid chamber provided space for containment
of the sample and the pressure cells. Three principal strains were
measured from the volume changes occurring within the pressure cells,

and volumetric strain was measursd directly by the movement of water
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from the void spaces wiihin the test spécimen. A check was thus
provided on the measurement of strain. The specimen could conceivably
undergo cdnsiderable deformation without the development of mechanical
interference at the corners. ’ |
The three~dimensional compression apparatus was composed of

eight major components:

1. Sample membrane

2. Sample form

3+ Compression chamber

i« Pressure cells

5. Pressure~volume tanks

ba Volume.'bric strain burette

T« Saturation-rotation device

8. Press frame.
Schematic drawings and photographs are given early in the cnapﬁer 50
that the reader may quickly gain a comprehensive view of the apparatus.
Numerous photographs are presented later in the chapter for illustra-
tion of experimental procedure. Photographs of partic-lar details are
given in Appendix 7. |

Schematic diagrams first given illustrate:
1. The compression chamber containing a test specimen, but
with cover plates remoﬁed, Figure 6.1
2. A typical pressure-volume tank, Figure 6.2
3« Overall piping system including air pressure_control

and measurement, Figure 6.3.
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Photogrgpné first given illustrate:
l.lA side view of the compression chamber, saturation-
" rotation device and press frame, Figure 6.l

2. A top view of the compression chamber, Figure 6.5

3. The four pressure-volume tanks and their relationship
to the compression apparatus, Figure 6.6

L. A front view of three pressure-volume tanks including
the air pressure control panel behind, Figure 6.7

5. The vacuum source, Figure 6.8.

6.12 SAMPLE MEMBRANE

The sample membrane,‘Figure A7.12, was formed of 0.055-in. thick
latex to sheath a sand specimen approximately 2 in. in height and
15=1/2 in. sq. Two openings were provided in diagonal corners for.

placement and removal of sand, for saturation of the test sample, and

for volumetric strain measurement.

6.13 SAMPLE FCRM
A wood form consisting of two parts was designed to hold the
sample membrane in a relatively fixed position during sand‘placement,

Figure 6.9. It was approximately 16 in. sq and 2 in. thick in inside

dimensions when assembled.

6,1 COMPRESSION CHAMBER

A compression chamber, composed primarily of steel, was designed
1o contain the sand specimen and the rubber pressure-cells. The inside

dimensions wers approximately 2 in. in thickness by 20 in. square.
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Figure>6.h Side View of Compression Chamber, Saturation-Rotation

Device and Press Frame, Three-Dimensional Compression
Apparatus '

Figure 6.5 Top View of Compression Chamber, Three-
- Dinmensional Compression Apparatus)



Figure 6.6 Four Pressure-Volume Tanks and Compression Chamber,
' Three-Dimensional Compression Apparatus

Figure 6.7 Front View of Pressure-Volume Tanks 3, 1 and L4, and Air
Pressure Control Panel, Three-Dimensional Compression
Apparatus ‘ '



Figure 6.8 Vacuum Source, Three-Dimensional
Compression Apparatus

Rectangular pistons, Figures ATl and A7.2, entered the chamber through
cylinders at the corners to provide separation for the side pressure=-
cellse Control of piston motion was provided by the installation of
turnbuckles outside the chamber. ﬁoles were provided through the
pistons for passage of water lines from the test specimen.

A recess was provided in the base of the chamber adjacent to
the test specimen for containment of the base pressure-i:ell which was
approximately 12 in. sq and 1/2 in. deep.r Two cover plates were pro-
- vided, a lucite plate‘which was placed next to the sample, and a steel
plate with cutouts to serve as observation windows. The side pressure-
‘cells were sealed inside the test chamber at the piston cylinders with
acrylic plastic plates. Holes were provided in the compression chamber

for the admittance of a water line to each pressure-cell.
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6.15 PRESSURE~CELLS

The compromizz necessary in cbtaining ideal boundary conditions
is somewnat dependent upon the range in expected deformatlon. This
equlpment was designed to allow approxlma‘bely 20% strain (3 to 3-1/2 in.)

The side pressure-cells, Figure A7.10, were made larger than the
spaces allowed within the compression chamber in order that cell skin
tension might be neglected, thus allowing direct measurement of applied
pressures The base pressure-éell was made smaller than the bése Qf the
test specimen (see Figure 6.1L) in order that considerable deformation
might be4permitted without the occurrence of pressure-cell interference
Latex equipment used in forming rubber components is shown by Figures

AT.9 and A?ollo

6.16 PRESSURE=-VOLUME TANKS

Four identical pressure-volume tanks were designed to form &
part of the three-dimensional compression apparatus. Pressure~volume
ianks 1, 2 aﬂd'3 were used in connection with the application of. three
principal stresses to the test specimen, and for’the measurement of the
resulting three'principal strains. .The fourth tank was used primarily
in saturating the sand sample.

A typical tank, pressure-volume tank no. 1 of Figure 6.2, was
composed of fwo reservoirs and four relatively small tubes. Regulated
air pressure was applied at the tqp and thus to the water interface
near the centér of the tank. Water filled the pressure~cells Gl-l and
Gl-2, Figure 6.1, and was continﬁous into the base of pressure-volume

tank no. l. Numerous valves were provided for experimental
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flexibility, ?igures A7.7 and A7.8. Provisions were made to supply the
cells with relatively large volumes of water from the reservoirs or '
‘relativeiyiémall volumes from the graduated tubes. The tubes could be
operated individually or in combination. Fach tube had a least read-
ing 6f 1 cc and a capacity of 150 cc, corresponding approximately to a

L

non-corrected least strain of 1.k x 107~ and a strain capacity of 2.1%.
The foregoing information applies as well to tank no. 3 except that it
was connected to side pressure-éells G3~1 and G3-2 of Eigure 6. 1a

Pressure-volume tank no. 2 was connected to base pressﬁre—cell
H. The corresponding least strain in this case was approximately
2.2 % Ii.O")4 and the strain capacity of a single tube was 3.3%.

In the initial saturation of a test specimen, the front reser-
voir of pressure~volume tank no. L served as a water supply source,
the rear reservoir fbr drainage. |

The four tanks were supplied with a common vacuum and a common
distilled water line, Figure 6.3. In order that water could be peri-
odically,de-aired3 the rear reservoirs were placed on vacuum while the
front resefvoirs were dctive and under positive pressure. Each tank

had a separate air pressure regulatof and Bourdon pressure gage.

6.17 VOLUMETRIC STRAIN BURETIE

A 25 cc‘burette Wés put in line with the sample supply in order
to allow for an accurate measurement of internal volume change, and
thus volumetric strain during a stress-strain experiment. The least

reading of the burette was 0.1 cc, éorresponding approximately to a



“93m

5

non-corrected volumetric strain of 1.k x 107", Tne full range of the

_h'

burette corresponded to a volumetric strain of 3.5 x 10

6.18 SATURATION-ROTATION DEVICE

The compression chamber including the test specimen weighed over
300 1b assembleds In order‘to £111 the sample voids with water while
the sample was in place within the compression chamber it was necessary
to provide a handling tool. The saturation-rotation device, Figures
A7.5 and A7.6, allowed for rotation of the compression chamber about
two mutually orthogonal and horizontal axes in such a way that the
diagonal corner membrane openings might be high and low points within

the test specimen.

6.19 PRESS FRAME

Deformation of the compression apparatus under in%ernal pressure
was minimized by addition of a press frame, Figure A7@§, for lateral
restraint. With the frame fully bolted a spherical compression chamber
pressure of 100 psi was calculated to produce only 0.0l in. expansion
at the center of the test chamber, and this corresponded approximately
%0 0.5% equivalent sample strain. Spherical chamber pressures during
this study did not exceed 18 psi on the average, and only hélf of the
press frame bolts were utilized. . . |

FEase in handling the top portion of the press frame was provided
by an existing box franme aiready equipped with a lifting device which
also provided a convenient level of support for the compression appara-

" tus. Vibration isolators, Figure A7.lL, were placed under the corners
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of the box frame to reduce the effects ol structural vibration occur-

ring at the floor.

6.2 STRESS~STRAIN EXPFRIMFNTAL PROCEDURE
The following experimental procedure was adoptedvas standard

following Experiment No. 2, and major exceptions will be given in the
presentation of particular test results. Frequent reference will be
made to the schematic drawings, Figures 6.1 and 6.2. Where valves are
referred to by two numbers separated by a dash the first numbér indi-
cates the pressure-volume tank number, and the second humber indicates
the valve numher corresponding to Figure 6.2. For example, valve 31

refers to valve number 1 of pressure~volume tank no. 3.

6,21 SAMPIE FORMING
The sample membrane was wiped clean of grease and placed in the

lower half of the wood form, Figure 6.9. A piece of lOOémesh/ﬁn; brass
screen material was cut, rolled and fit into tﬁe end of a section of
polyflow tubing approximately 10 ft in length. The screened end of the
tubing was inserted in one of the two open membrane corner tubes and |
the joint was bound with thin rubber stripping, Figure 6.10. A second
piecé of polyflow tubing was cut to a length of 12 in. and inserted
into the diagonally opposite corner tube, and this joint was similarly
 sealeds The top haif of the wood form was set in 'place and the two
units were bolted together. Thick rubber stripping was bound to the
polyflow tﬁbing at the diagonal ends, Figure 6,11, and was pushed tight

against the form to provide some rigidity in the connection. The form,
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with one diagonal end resting on a table, was clamped to a wooden sup-
port such that the short open tube was at the top. A\funnel was bound
to the short tube with masking tape and clamped to thg‘woqden supporte
Fifteen 1lb of dry Ottawa sand was weighed out in an aluminum pan
and poured into the funnel with a scoop, Figure 6.12. When the pan was
empty, 13431 1b of dry sand was weighed out and poured into the funnel.
Upon filling the membrane, the form was vibrated with a rubber hammer,
Figure 6.13, over its entire surface and sand was added until 28.31 1b
of dry sand was in place within the rubber membrane. At this stage the
funnel was removed and a small piece of sie&a maéerial was cut, rolled
and placed tight against the sand within the upper polyflow tube. A
wooden plug was inserted in the end of the longer tube at the base.
The form was then released from the wooden support and moved in a horie

zontal position to a table adjacent to the compression apparatus.

6.22 CONTAINMENT OF SAND SAMPLE WITHIN THE COMPRESSION CHAMBER

The plastic dust cover was removed from the compression chamber
in the horizontal preparation position, Figure 6.1k, and silicon grease
was applied to all inside partse The corner piston assembly, D of Fig=
ure 6.1, was removed from the chamber and placed on the pressure-
volume table. The longer drain tube from the sand sample was passed
through this piston from the side to be adjacent to the sample and
connected to the vacuum manifold.. A vacuum of 12 psi was slowly ap-
plied %o the sand sample and the form bolts were‘removed. The top half

of the form was lifted from the sample, Figure 6.15, and the test
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specinen was examined. If there were visible depressions on the sur=
face, the test was aborted and a new sample formed.

Upoh obtaining a suitable sample, the top face of the membrane
was greased and the sample was carefully lifted from the form, turned
over.and placed witnin the compression chamber by hand. The corner
piston assembly was set in place within the compression chamber, Fig-
ure 6.16, and all pistons were édjusted to meet the diagonal corners
of the test specimen. Silicon grease was then applied to the top and
sides of the sample membrane. The lucite cover plate was lubricated on
the lower surface with silicon grease and set in place, Figure 6.,17.
The steel cover plate was installed and bolted down, Figure 6.18.

Frequent reference will now Be made to Figure 6.2.  In the be-
ginning, valves 1 through 26 (all four ﬁnits) were closed. Valves 13,
17, 23, 1 and 2 were then opened and an air pressure of 5 psi was ap-
plied through B (first three units). Valve 3 was opened (first three
units) allowing water to flow from the front reservoirs to the pressure.
cells. .Tne test sample at this stage was confined by an internal ,-y
vacuum of lé psi and an externally applied pressure of 5 psi.

Vacuum.pressure was reduced to atmospheric and £he vacuum line
was separabed abéu’n 20 ine from the end of the piston bracket D1 of
Figure 6.1. An open needle valve (drain valve) was installed at this
location and the tubing was re-connected. The wood plug was then
removed from the supply tube at the base of the test specimen and a

needle valve (supply valve) ﬁas attached and closeds The vacuum was

again increased to 12 psi.
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At this point the first three preséure-volume tanks were con-
nected by attachment of & short piece of polyflow tubing from valve
1-12 to val#e 3-9 aﬁd from valve 3-12 to valve 2-9. These valves were
then opened and valves 2~13 and 3~13 were closed resulbing in the ap-
plicaﬁion of a common pressure to all graduated tubes. Valve 23 was
closed and valve L was opened (first three units) thus connecting the

right graduated tubes directly to the pressure-cells.

6423 SATURATION OF SAND SAMPLE

Valves 1-3, 1-1 and 1-2 were closed and the compression chamber
was rotated by hand about a horizontal axis parallel to the box frame,
Figﬁrejé.l9, to a vertiéal'position. The chamber was then rotated
aboﬁt a horizontal éxis normal to the box frame so that the supply
tubing was low and the drain tubing was ﬁigh, TFigure 6,20,

Pressure-voluﬁe tank no. L was now prepared for use as a sample
supply source. First all valves were closed, and an air pressure of
5 psi was applied through B of Figure 6.2. Valves 15, 21, Qh'and.QS
were opened allowing wgter to flow from the rear to the front reser=
voir. Upon filling the front ressrvoir, valves 21, 2L and 25 were
closed and valve 23 was 6pened. A piece of polyflow tubing about 6 ft
in length was connected directly to valve 2 of the front reservoir.
Valve 2L was opened and upon f£illing,the line was connected to the
supply valve»atvthe base of the test specimen. A note was made of the
supply reservoir volume, and then’the supply valve was opened allow-

ing water to enter the sample.
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* Upon cobservation of water at the top drain vé.lve, the supply
reservoir Yolume was again recorded. Water was allowed to flow through
the sample under vacuum until water appeared in fhe vacuum bottles,
Figure 6.8. At this point the drain valve was closed and the line ex-
tending‘from the draln valve to the bottles was removed and attached to
valve 25 (rear reservoir). This line was filled with ;ater by opening
valves 19 and 25, and upon filling was attached to the drain valve once
again. The drain valve was then opened allowing water to flow back

into the sample due to the existing partial vacuum.

6.2 'PLACEMENT OF CHAMBER WITHIN PRESS FRAME

Tthcompression chamber was rotated to a horizontal position and
moved to the center of the box frame. The top half of the press frame
was lowered by means of a crank to rest on the compfession chamber,
Figure 6.21, and four tie bolts were inserted and tightened to provide
lateral restraint, Figure 6.22.

Valves 1-3, 1-1 and 1«2 were re-opened and equilibrium was
usually obtained in about 1 hr. The drain valve and fhe.supply valve
were closed and the supply line}was connected to a 25 cc burette. The
burette was filled with water to the same level as that normally used
in the pressure-volume tubes (base level) thus providing a balance of .
pore;water pressure with the head of waterlnormally existing on the
pressure-cells. The supply valve was then opened and the right-hand
pressure-volume tube was adjusted io base level by varying the pres-
sures in the fror;t reservolr and cre;.cking valve 23 momenbarily (first

three units).
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6.25 AIR VOLUME DEIFRMINAT LON

- A sample air volume determination was made essentially by chang-
ing the poré fluid pressure and noting the corresponding volume change.
The pressure change was accomplished by simply raising and lowering the
burstte a few inches within its holder; the volume change was obtained

directly from the burette readings, Appendix All.

6.26 INITIAL SPHERICAL COMPRESSION CYCLES
Water was withdrawn from the burette to the 25 cc mark by use of
a polyethylene bottle connected to a small diameter plastic tube. The
burette and the pressure-volume tubes were again adjusted to base level.
Pressure was applied to all cells to 30 psi in increments of
S psi and réleased to 5 psi in increments of 5 psi; Each load incre-
ment was maintainéd for approximately 15 min. Readings of the three
right-hand pressure-volume tubes and the volumetric strain burette were
taken prior to and following each load increment.
| Approximately four complete cycles of compression and extension
were made prior to the perférmance of each specific devi;toric stress-
- strain experiment. Water was taken from the burette when its range of
operation was threatened and the water level was periodically adjusted
to base level. The final compression cycle was‘performed to leave
each pressure-cell at 18 psi, the spherical stress normally used in the

deviatoric stress-strain experiments.

6,27 DEVIATORIC STRESS-STRAIN EXPERIMENT
With the sample under 18 nsi all arocund pressure, regulators 2

and 3 were aQjusied wo Coveuop Tressures of AJ psi; valves 2~13
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and 3~13 were opened, and valves 2.9, 3=12, 3-9 and 1-12 were closed.
The pressure-volume tubes were adjusted to base level and the burette
was filled to the 5 cc mark and adjusted to base level. Each parallel
pair of side pressure-cells were always used to apply the major and
minor principal stresses, and the base cell was always used to apply
the intermediate ﬁrincipal stress: Figure 6,1, Gl-1 and Gl-2 for 61,
G3-1 and G3-2 for ) and H for Ope

The initial stress path invariably was of the type 1 and

13~:e( ]
IB* consbant, I2 or IE* increased)s The subsequent sﬂiesa paths were
varied in the different experiments. The effective principai stresses
used were pre-calculated by use of Table L.2 with knowledge of the
particular stress path desired. ZEach load increment was maintained for
a period of approximately 15 min. Readings of the three right-hand
pressure~volume tubes and of the buretie volume were taken prior to and
following each increment of loading. The burette and the graduated
tubes were periodically adjusted to base levelg The difference of head
caused by a graduated tube level other than base zero was normally
taken into account by correction of the applied air pressure at the
beginning of a ioad increment. Fpr the yield tests, however, several
adjustments were normally required at relatively high deviatoriclstrcsé
states. When the rate of volume change as recorded by the burette did
not decrease in time after the application of a deviatoric stress ine
crement, it was assumed that fipst vield had been obtained and all flow
valves were shult as quickly as possible. The loads were then reduced

by one load decrement, the flow valves opened and the test continued.
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If the volume change indicated by the buretts continued to increase,
the loads wers immediately reduced by the next load decrement. Upon
obtaining a static condition once again, the usual 15 min load interval
was normally adopted. The state of stress was always returned to the

spherical state existing prior %o thg deviatoric cycle.

6,28 FINAL SPHERICAL CQMPRESSION CYCLES

Several/experiments included a series of spherical compreséion
cycles following the deviatoric stress paths. These were performed in
the same manner as init;al spherical compression cycles. In each case
the supply valve was finally closed at a common cell pressure of 5 pei,
sealing-the sample, and the air pressure was then reduced to atmos-
pheric in all pressure-volume units. Valves 1, 2, L4, 13 and 17 were

closed and valve 23 was opened.

6.29 COMPRESSION CHAMBER DISASSFMBLY

The press frame was unbolted and lifted above the compression
chamber. The chamber was moved to the preparation position and the
steel cover plate was removed. The sample was visually examined
through the lucite cover plate fqr zones of progressive failure. Fig-
ure 6.23 shows the only sample which exhibited such a failure, Sample
No.. 10.

A vacuﬁm of 2 psi was applied to pressure-volume tanks 1, 2 and
3. Valve 16 was opened and valves 1 and 2 were opened in sequence for
a few momenfs drawing water from the pressuré—cells into the front res-

ervoirs. Valve 16 was closed and valves 10 and 15 were opened.
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The lucite plate was carefully lifted from the chamber, wrapped
with a plastic cover and stored. The sample supply and drain valves
were disconnécted from the sample. The extended pistonsvwere retracted
into the pistbn cylindérsj ana the piston;assembly was carefully re-
moved from the compression chamber,

The sample was 1lifted from the chamber and'placed on a plat-
form scale. The polyinW'drain and supply tubes were removed from
the membrane, and the wet test specimen and membrane were weighea
togethers

The sheathed sample was taken to a sink platform where the sand
was washed into an aluminum pan. When the membrane was completely free
of sand it was hung up to dry overnight. The pan of wet sand was
placed in a ventilated oven at 100°C to dry. In the morning the mem-

brane was weighed and the sand removed from the oven and stored.

6.3 EXPERIMENTAL DETAILS

Variocus effects were considered for possible corcreclion of
measured stress-strain data. Strain effects including rubber penetrae-
tion, pressure-cell behavior and temperature change are given in
Appendix A8. Stress effects including membrane behavior and boundary
friction are given in Appendix A9. Photographic measurement of prin-
cipal strains was attempted unsuccessfully and is reported in Appendix
A10. Air volume determination is given in Appendix All. Measures were
taken to minimize the effects of ﬁibration by the installation of

vibration isolators, as is discussed in Chapter Y.
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Errors due to temperature change were considered negligible.
Test results were normally corrected for strain effects attributed to
rubber penetration and pfessure-cell behavior. Variations from this
procedure are reported in Chapter 7. AL small sbtrains, the pressure-
cell correction was of the same order of magnitude as the measured
strain,while at relatively high strains (near yield) the pressure-cell
corrections were on the order of L% of the measured principal strains
and the rubber penetration correction was on the order of 1% of the
measured volumetric strains. (See Appendix A.3)

Boundary friction was estimated to be less than 0.2 psi‘on the
basis of supplemental tests and was neglected in calculations. Stress
effects attributed to membrane behavior were taken into acc§unt only
in the development of a first yield criterion, Section 8.5, and at
yield accounted for approximately 5% of the applied major principal

stress and 10% of the applied minor principal stress.

Figure 6.9 Sample Membrane in Place within Bottom Half of Wood Form,
Three-Dimensional Compression Apparatus
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Figure 6.10 Attachment of Drain Line to Sample Membrans,
Three~Dimensional Compression Apparatus

Figure 6.11 Stiffening the Drain Line Connection at the Sample Form,
Three-Dimensional Compression Apparatus ‘
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Figure 6.13 Vibration of Mold Form with Rubber Mallet,
Three-LCimensional Compression Apparatus
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Figure 6.14 Compression Chamber Prepared for Sample,
. Three-Dimensional Compression Apparatus

Figure 6,15 Formed Test Specimen under Vacuum,
Three-Dimensional Compression Apparatus
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Figure 6.16 Test Specimen in Place within Compression Chamber,
Three-Dimensional Compression Apparatus

-

Figure 6.17' Lucite Cover Plate Installed on Compression Chamber,
Three-Dimensional Compression Apparatus
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Figure 6.18 Steel Cover Plate Bolted to Compression Chamber,
Three—Dimensional Compression Apparatus

Figure 6,19 Rotation of Compression Chamber to Vertical Position,
Three-Dimensional Compression Apparatus
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Figure 6.22 Bolting the Press Frame, Three-
Dimensional Compression Apparatus

Figure 6.23 Local Failure of Three-Dimensi~nal
Compression Test Sample No. 10
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7« RESULTS OF LABOCRATORY FXPERIMENTS.

7.1 PRELIMINARY TESTS AND DESCRIPTION OF SAND
The gfanular material used in both the spherical’and three=
diménsicnal compression stressttrain experiments was Ottawa sand

composed chiefly of subangular and subroundedfqugrtz pafticles.

7,11 GRAIN SIZE AND SHAPE

A photograph of representative Ottawa sand grains used in the

laboratéry invéStigations is given in Figure 7.1.

Figure 7.1l Representative Ottawa Sand Grains

A mechanical analysis was performed using standard Squafe.mesh
sieves, and the resulté of five separaﬁe_tests‘are shown ih>Figure 7+2.
The effective diameters fell between 0.3 and 1.0 mm which appeared to
be in agreement with the direct'dbservation mentioned above. Accordiné'
to the Unified System of Classification, and based upon the grain size

distribution curve, the material was classified as a fine to medium
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sand of uniform gradation. Hazen's uniformity coefficient Cu<D60/DlO)

was 1.7, and the effective size D, was 0.k mm,

7.12 SPECIFIC GRAVITY OF SOLIDS

Two specific gravity tests were performed, each on approximately
200 gm of representative»material, utilizing a volumetric (water) dis=~-
placement method. The results were 2.6L and 2.66. A specific gravity

of 2465 was assumed throughout the remainder of the test program.

7.13 DENSITY, VOID RATIO AND POROSITY

| Density tests were performed on representative samples of oven
dry sand utilizing a steel unit weight cylinder of about 0.1l cu ft in
volume. The hilghest dry density obtained by vibration of the bucket
with a rubber mallet was 110 1b/cu ft and wés indicative of maximun
densities préctically obtainable in the three-dimensional compression
apparatus. The lowest dry density obtained by careful placemeﬁtvof dry
sand without impact or vibration was 9S'lb/cu ft. The corresponding

values of porosity were 0.3l and 0.L43 respectively.

7.1L PRELIMINARY STRENGTH TESTS

The angle of repose determined by pouring sand into a large pan
was approximately 30°, Several direct shear tests were pefformed at a
Shearing displacement of 0.05 in. per min on cylindrical samples of dry
sand 2.hl_in. in diam and 1 in. in height. Absolute porosities and
normal displacements were not measureaa Peak point friction angles ob-
tained for normal pressures ranging from 11 %o 55 fsi were from 25° for

the Loosest test condlition wo L5° Tor the most dense test condibione
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(orresponding peak point shearing displacements were from 0.12 in.
(5.0%) to 0,03 (1.3%) and the ultimate friction angle was on the
order of'2h° for all samples.

Four drained triaxial compression tests were performed on satu-
ratea cylindrical samples of sand using standard equipment. Variations
in initial density were obtained by compaction with a 2-in. diam steel
plunger. Detailed results for two tests are given by Figure 7.3 as is.
normal~-where a plot of initial porosity versus peak point friction
angle for all tests is‘also presented. For an initial porosity of 0.35
and a constant lateral pressure of 8 psi, the peak point friction angle
was 37° and occurred at approximately L% axial strain and 2% volumetric

straine.

7.2 STRESS-STRAIN FXPFRIMENTS, SPHERICAL COMPRESSION APPARATUS
Six spherical compression tests were attempted, the firsﬁ three

of which failed due to apparatus malfunctions. A brief resune of the
entire program is followéd by the presentation of experimental logs and
test results for Experiments L, 5 and 6. Complete data and example
calculations of test results for Experiment No. 6 are given in Appen-
dixes A5 and A6 respectively. Test results were corrected for the
effects of rubber penetration, Appendi# A2,1; volume changes occurring

over long periods of time were neglected.

7To21 RESUME OF LABORATORY PROGRAM
) Experiment No. l.--Lsakage occurred in the volume measurement
system at an undetermined location within the compression chamber. The

test faiied Lo producs ussiul datas
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Experiment No. Ze--The vacuum pump failed during the saturation
period and the sample was seriously distorted due to lack of confine-
ments The test was aborted.

Experiment No. 3.--Once again leakage occurred in the volume
measﬁrement system at an undetermined location within the compression
chamber. The rate of flow was slight, but varied,in time. The test
was discontinued.

Experiment No. U.--Difficulties were encountered early during
this experiment; however, these were laﬁer corrected and useful data
were obtained. A pattern for subsequent work was established. The
final porosity of this test sample was 0.37.

Experiment No, 5.--This experiment was performed successfully
on the least dense material, and the finél porosity was 0.39%.

Experiment No. 6.--This experiment was performed successfully

on the most dease materialy the final porosity was O 3k

T.22 TFXPERIMENTAL 1OGS AND TEST RESULTS

Experimental logs, Tables 7.1, 7.2 and 7.3, give the test
series, stress history and comments for each experiment. A new fest
series indicates a considerable lapse of time or a change in the load-
ing program.

The test results are given graphically, Figures 7.4 through T7.16.
Plots giving porosity n as a function of applied spherical stress o for
the entire experiment are followed By a plot giving volumetric com-
pressibility -an/ad¢ as a funciion of applied spherical stress o for

Tfiral cycles of stress.
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Test Cycle Key: o @ 5-4-16 ~130- Clear Circles - Compression
: Solid Circles - Extension

& 5-k-17 Compressibility based on volume
measurements ctrected for rubber
penetration.
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Figure 7+13 Volumetric Compressibility as a Function of Applied Spherical
Stress.

Spherical Compression Test Nos. 5-4-16 and 5-4-17
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Test Cycle Key: © @ 6-1-16 w13} Clear Circles - Compression

Solid Circles - Extension:
6 6 6-1-17 Compressibility based on volume
g 6-1-18 measurements corrected for rubber
penetration.
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Figure 7a16 Volumetric Compressibility as a Function of Applied Spherical
Stress.

Spherical Compression Test Nos. 6-1-16 through 6-1-18
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7.3 STRESS-STRATN EXPFRTMENTS
THREE-DIMENSTONAL COMPRESSION APPARATUS

Fifteen three-dimensional compression experiments were attempted,
two of which failed due to apparatus malfﬁnctions. A brief resume of
the entire program is followed by the presentation of experimental logs
and test results for Experiment Nos..2 through 6 and 8Lthrough_15.
Complete data and example calculations of test results for Experiment
No. 13 are given in Appendixes Al2 and Al3 respectively.

.In all experiments the volumetric compressibilities were cor-
rected for the effects of rubber penetration, Appendix AB.l. Principal
strains for all experiments, with exception of Experiment No. 2, were
corrected for pressure~cell effects including rubber penetration, Ap-
pendix A8.2. The principal strains of Experiment No. 2 were corrected

for pressure-cell effects, but rubber penetration was neglected.

T«31 RESUME OF LABORATORY PROGRAM

Experiment No. l.--All pressure-cells leaked at the clamped
valve-core-rubber connections under pressures as low as 5 psi. No
useful data were obtained. New pressure-cells were constructed using
valve-core joints bonded with epoxy adhesive.

Experiment No. 2.--The first deviatoric stress-strain data were
obtained from this experiment. The apparatus was tested and experi=-
mental procedures were developed. The photographic measurement of
strain proved to be impractical aﬁd erratic. An accurate measurement
of strain was not obtained for initial test cycles and final test

cycles were carried out on a sample with a considerable history of
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Streés and strain. Average compression siress paths 113*(AC) WEre pre-
dominate, and these normally were immediately preceded and followed by
spherical stress cycles. One circular compression stress path 112 was
carried out.
| Experiment No. 3.--Initial spherical stress cycles were per=-

formed for purposes of calibration. This experiment was designed
primarily to carry out a circular compression stress path 112 at a
relatively low deviatoric state of stress. The triaxial compression
stress path IlB*(TC) was used to develop initial shear. Regulator
no. 1 failed during the first circular compression cycle. The sample
was seriously distorted and the test was completed prematurely.

Experiment No. L.-~This experiment was designed primarily to
obtain yield in triaxial compression 113%(TC) and to stﬁdy the subse-
‘quent behavior in spherical compression (SC). Initial spherical stress
cycles were performed for purposes of calibration and for comparison
with final spherical stress cycles.

Experiment No. 5{--Initial spherical. stress cycles ﬁere per-
formed for purposes of calibration and comparison. This experiment was

designed primarily to obtain yield in triaxial extension I,. (TE) and

133
to study subsequent behavior in spherical compression (SC). Following

this, however, yield was obtained in average compression I.. (AC)

’ 13%

followed by spherical stress cycles, and finally a yield was obtained

in triaxial compression IlB*(TC) followed by spherical stress cycles.
Experiment No. 6.--This experiment was designed primarily to

carry out a circular compression 112 stress path at deviatoric stresses
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slightly below yield. The triaxial compression I.. (TC) stress path

13%
vas utilized to develop initial shear, and the triaxial extension
stress path 113%(TE) was utilized for return to the spﬁerical stress
states Spherical stress cycles were performed initi#lly and finally.
Experiment Nos. 7=15.--These experiments were designed to obtain
yield from a spherical state of stress using a variety of IlB* stress
paths. In separate tests IB* was varied from ~0.8 to 0.8 in increments
of 0.2, skipping the null value (average compression). Initial spheri-
cal stress cycles were carried out for purposes of calibratlon. Final
spherical cycles wére not performed. Experiment ﬂo. 7 failed during
the process of saturation due to a block in the supply line caused by

algae in the water supply reservoir. All pressure-volume tanks were

cleaned and further difficulties were not encountered,

7.32 EXPERIMENTAL LOGS AND TEST RESULTS

The experimental logs, Tables 7.4 through 7.9, give the test
series, stress history, and appropriate comments for each experiment.
A new test series generally indicates a change in the loading program.
The stress history is given in terms of the first stress invariant Il
and the second and third modified and dimensionless stress invariants,
I2* and IB* respectively.

The test resulls are given graphlically for each test series,
Figures 7«17 through 7.47. Resulﬁs for deviatoric stress paths are
generally followed by results for spherical compression cycles which

were carried out prior to and following the corresponding deviatoric

tests
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Figure 7+30 Strains and Strain Invariants as a Function of the Second
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Modified and Dimensioniess Stress jnvariant.
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Figure 7«37 Strains and Strain Invariants as.a Function of the Third
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Figure 738 Strains and Strain invariants as a Function of the Second
Modified and Dimensionless Stress invariant.
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8. ANALYSIS QF TEST RFSULTS

8.1 SPHERICAL COMPRESSION EXPFRIMENTS

8.11 EXPERIMENT NO. L (Median Porosity)

Erratic results, Figure 7.L4, reported for tests L=l through
L6 were not considered reliable. Improvements were subsequently made
in the apparatus and in the test procedures, and the results for tests
L~7 and Li-8 were considered valid. Figures 7.5, 7.6 and 7.7 indicate
that the strain response was nearly elastic at porosities of 0.365-
0.368, and that with exception of test cycle L-8-6 approximately 96~98%
of the maximum volumetric deformations were returnable in a full cycle
of stress from 1.3 to 77 psi.

‘Plots of volumetric compressibility versus pressure, Figure
7.8 (log~log scale), for the final three cycles of stress are closely
fit by the relationship\ - N |
| - ﬁLg = 7.60 x 1oL 5-0-852 (8.1)

o
n(c = 18 psi) = 0.366
Based upon plotted resulis, the-vﬁlumetric compressibility in exten=-
sion was less than the above relationship would indicate with the.major
deviations occurring at intermediate loads. Unfortunately, rubber
penetration leads to the same sort of deviation, Figure A2.8, and it is
possible that the differences given by Figuré 7.8 ;re in part due to

errors in rubber penetration corrections.
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8.12 EXPERIMENT NO. 5 (Highest Porosity)

Figure 7.9 indicates that strain response was for the most
part elastic for each of the first five complete cycles of stress, and
that at porosities of 0.388-0.393 approximately 89~90% of the maximum
voluﬁetric deformations were returnable in a single stress cycle. The
degree of elasticity for these initial stress reversals was essentially
unchanged for a constant minor stress of 1.3 psi and increasing values
of maximum stress from 10.1 to 51.3 psi.'

Figure T.1l0 indicates that under three consecutive and rela-
tively small stress reversals from 15.2 to.22.8 psi the strain response
was measurably elastic.

Figure 7.1l shows that for a maximum stress of 76.9 psi the
degree of elasticity increased gradually with a decreasing range in
stress variation, and that at porosities of 0.386-0.399 approximately
95% of volumetric strain was returnable for a full cycle of stresse

Figure 7.12 illustrates strain response under various stress
reversals, and shows that under a full stress cycle the returnable
deformation was approximately 97% at porosities of 0.386~0.389. On the
average, the degree of elasticity advanced steadily (from 89 to 97%)
with the number of stress cycles and with a relatively small decrease
in porosity. ‘

Plots of volumetric compressibility versus pfessure, Figure
7.13 (log-log scale), for the final two cycles of stross are closely

fit by the relationship -0. 867
. i o- )

= 1.20 x 107> (8.2)

an
ag

n(o = 18 psi) *= 0.387
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Based upon plotted results, volumetric compressibility in extension was
less than the above relationship would indicate with the major devia-

tions occurring at intermediate loads (same as previous experiment).

8.13 EXPERIMENT NO. 6 (Lowest Porosity)

Figure 7.1l indicates that the strain responee under short
reversals of stress was essentially elastic at porosities of 0,3L1-
0.3L3.

Figure 7.15 shows that under a full cycle of stress approxi-
mately 97% of the maximum volumetric deformation was returnable.

Plots of volumetric compressibility versus pressure, Figure
T.16 (log-log.scaie) for the final three cycles of stress are closely

fit by the relationship ) it% . 6,70 x io‘h 0-0.837 (6.3)

n{o = 18 psi) & 0.342
Again the volumetric compressibility in expansion was somewhat less

than the above relationship would indicate at median loads.

8.1 COMBINED ANALYSIS--EXPERIMENTS L, 5 and 6,
ASSUMING ELASTIC STRAIN RESPONSE

Based upon Figures 7.8, 7.13 and 7.16 and assuming volumetric
compressibility in extension equivalent to that in compression, the

following relationship between volumetric compressibility and spherical

stress is proposed C,(n) '
- %% =C(n) o 2 (8eLt)

The porosity for a single cycle of stress varied slightly. .Figure 8.1

gives a plot of Cl and C2 from Equations 8.1, 8.2 and 8.3 versus the
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pordsity obtained at o = 18 psi. For the range of porosities repre-
sented, n = 0.34-0.39, thg relationship between 02 and n is closely fit
by the linear relationship C,= «0.609 « 2/3 n. The relationship between
02 and n might be fit by a third degree polynomial function; however,
insufficient data were obtained to justify such an assumption.

The estimation of porosity for a particular stress-strain inter-

val is given by integration of Equation 8.l

- f dn = f Cl(n) c do (845)
T %

where n, and ) represent initial values of porosity and stress respec-
tively. If Cl(n) and Cz(n) are assumed constant for a particular

stress-strain interval then Equation 8.5 is approximated by

e Cl(no) Opz(n0)+l- . Cz(no)+l (5.6)
0 021n05+I 0 v *
For the particular sand of this study the values Cl(no) and Cg(no)
might be obtained from Figure 8.1 for lack of more complete evidence.
Equation 8.4 may be converted to the form of equations given in
Section 3.43 as follows: Porosity is defined by n = VV/V and by
differentiating one obtains VV
dn = d(-v—) ’
Since the change in solid volume was assumed at the outset to be

negligible and the strains small then it follows that

vy

dn'i - = -%Y- = dJl - (8'7)



~181~

Also, for spherical stress states where 0= Op= 03 it follows that

T
Il= o+ oyt 03= 36, o= 5 (8.8)
and by differentiation then 1
do = ¥ dI, (8.9)

Upon substituting Equations 8.7, 8.8 and 8.9 into Equation 8.l then
C,(n) C,(n)
1 2
Assuming elastic and isotropic strain response and upon comparison with
the general stress-strain relationships given by Equations 3.61, 3.62,
3.63, 3.66 and 3.67, it follows that for spherical stress states

dJl= clld11+ CleIB* (8.11)

dJ2= 021d11+ 023d13* (8.12)

dJ3= G dT,+ CyydIg% (8.13)

and cijc’ cinn Cij(n, I, %, 13*) - Cij(n, 115 0, xB*)

where

. Cl(n) Cz(n) ]
and
Cgy= C3p= €p3= Cpg= O (8.15)

For the spherical state of stress, C33 at this stage is arbitrary.

For the three-dimensional compression experiments, the pdrosity
n was on the order of 0.3k and the initial strain response under
spherical stress cycles might be approximated by Equatlion 8.3, which

when converted into the form of Equation 8.10 reads

. -l . =0.837
dJ; ~5.60 x 10 Il dIl (8.16)
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and in this case

0, I,#) = =5.60 x 107k 170837 (g7

Ciq= C,,(0s3k, I 1

1°
8.15 COMBINED ANALYSIS--EXPFRIMENTS L, 5 and 6,
- CONSIDERATION OF NON-ELASTIC STRAIN RESPONSE
The returnable volumetric strain expressed as a per cent of the
maximum which occurs for a complete cycle of stress is here defined as
the degree of elasticity Dv

Ny=np

D (8.18)

v ng-n;
where ny= initial poroasity at initial otreos %
n, = porosity at maximum stress oy

n,= final porosity at initial stress %

A plot of the degree of elasticilty for fixed range stress cycles
from 1.3 to 76.9 psi versus porosity is given by Figure 8.2 for the
combined experiments. The effect of stress history becomes more sig;
nificant with increasing porosity. It is suggested that Dv = 100%
represents an upper limit which the various curves would approach as=-
ymptotically with increasing stress history and decreasing porosity.

The degree of elasticity normally increases as the range of
stress decreases,and varies little with the magnitude or level of
stress.

In summary, the stress-strain behavior reported here was for the
most paft elastic. The stress levels were limited from 1.3 to 76.9 psi

and the porosities ranged from 0.3L to 0.39.
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8.2 THREE-DIMENSIONAL COMPRESSION EXPERIMENTS

8.21 SPHERICAL COMPRESSION STRESS PATHS

Spherical compression stress paths, denoted SC for increasing I1
(compression) and SCyq for decreasing I, (extension), were carried out
both prior to and following certain deviatoric stress cycles, Figures
Tel9, Te23, 7429, Te31l, 7+33, 7.35 and 7.39. The initial tests indicate
lower compresslbilities, i.e. Figure 7.39, than would be predicted frpm
spherical apparatus results obtained at the same porosity, Figure 7.16.
This may be explained by the fact that the base cell in the three-
dimensional apparatus did not apply normal stress over the entire base
of the test specimen. (This was neglected in computing the compressi=
bility -an/ac.) The major deviations normally occurred at low to
intermediate loads (520 psi), while the compressibilities at 25-30 psi
were practically equivalent. This may be explained by the introduction
of shear through slightly non-homogeneous loading at higher pressures.
Extension compressibilities were noticeably lower, supporting the pre-
vious statement. Errors in the rubber penetration corrections may also
have contributed to the foregoing deviationse The spherilcal apparatus .
was considered nearly ideal and produced a more accurate siress-strain

relationship for the initial states of spherical stress.

8,22 CIRCULAR COMPRESSION (DEVIATCRIC) STRESS PATHS,
NOT CARRIED TO YIELD

Circular ¢ompression stress paths, denoted I12 for increasing
IB%, and I12R for decreasing 13*, were carried out with Il and 12*

held constant.
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Figure 7.21 represents results from three circular compression
stress paths, the first of which was carried out from an initial state
of deviatoric stress well below yield, which in turn was developed from
a spherical stress state by way of an average compression test (Ii?zo).
The éircular test for Ij* increasing from O to 1 indicated that EvﬂJl)
decreased slightly, J2 increased slightly and -JB* increased slightly.

Upon decreasing I3* then from 1 to -1, Jl increased, J2 increased and

-JB* decreased. Finally, upon increasing I.#* from -1 to O, Jl remained

3
essentially fixed, J2 decreased and -JB*Aremained essentially constant.
Assuming that progress toward yield and the resulting decreased sta-
bility are associated with volume expansion and increasing J2 results
in the conclusion that the IlZR stress path (;f%decreasing) leads to=-
ward yield, and that the 112 stress path (13% inereasing) leads toward.
increased stability. The IlzR-stress path might be considered for use
as a yield test if 12* were initially greater than some indeterminate
critical valuee.

Figure 7.27 represents results of one circular compression
stress path carried out from a relatively small initial state of devia-
toric stress, which in turn was developed from the spherical stress
state by way of a triaxial compression test (IB% = 1). The results are
considered inconclusive as the strains were of the same order of magni-
tude as the pfessure-cell corrections. It appears that evﬁJl)
remained essentially constant as 13* was reduced from 1 to -l. This
was believed.to be the most reliable measurement since it was not

affected by pressure-cell compressibility to the same degree as was
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the measurement of principal strains. On the basis of physical reason-
ing it was hoped that it might be shown that stress-strain behavior for

I % approaching zero would be comparable with that of the linearly elss-

2
tic and isotropic solid for which J;= 0, J,= O and -JB% = IB% (see
Equations 3.k45, 3.46 and 3.51).

Figure 7.37‘represents the results of a circular compression
stress path carried out from an initial state of deviatoric stress near
yield, which was in turn developed from the spherical stress sfate by
way of a triaxial compression test'(IB* = 1)« The test indicated that
for I3* decreasing from 1 to -1, éijl) increased, J, increased, and
IB*.

The first two results substantiated earlier statements regarding the

ne

-JB* decreased approximately according to the relationsnip -JB*

unstable characteristic of the IlQR stress path, and it is likely that

yield was nearly obtained for I ‘= =1, The latter result was most

3*
interesting; however, Figure 7.19 would not substantiate the hypothesis
that -JB* = 13* for either the iqp OF the IlZR stress paths. The re-
sults of Experiment 2 were in general considered less reliable than
those of subsequent experiments.

It is difficult, on the basis of the limited number of I 2 tests

1
performed, to arrive at a meaningful mathematical expression for the
stress-strain relationship in the form of Equations 3.61, 3.62, 3.63,

3.66 and 3.67. For circular compression these expressions reduce to

dJ, = CleIB-u- 4 (8.19)
dd,= CZBdIB* (8.20)
AT %= C, . dI. % (8.21)

3 33773
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and |
C, 5" C33(ns Ips Tp%s L) (8.22).

Since the strain response is dependent upon the direction of loading

then CijC # Cin. The strain response was slight for the IlZ stress

path where dI_% >0, thus it might be assumed that

3
' = 2] (i.e. linear (8.23)

elasticity)

f 0, C330

Based upon Figure 7.37 a straight line fit to the volumetric strain

data gives

Ik 2.5 x 10™3 - 2.9 x 10~ I (8.2L)
. 8dy |

and since 013= 75?;; it follows that
c13R(0'32’ gL psi, 0.10, 13*) = -2,9 x 19"3 _ (8.25)

A straight line fit to the J2 response curve gives
10glo JZ’ -3056 - 00725 IB* . (8‘26)

or in exponential form

5= o~(8e18 + 1,67 I ) (8.27)

24J
. 2 . :
and since C23 7§T;¥ it follows tha?

C?BR(O'Bu’ N psi, 0.10, 13*) = =1.67 e-(8-18+1.67 IB*) (8426)
The relationship between -JB% and IB* is approximately given by
=Jg% = Lo (8.29)

6>J3*
and since 033= 3T it follows that
3

C335(03, 5L psi, 0.10, I) = 1" (8.30)
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The coefficient functions given by Equations 8.23, 8.25, 8.28 and 8.30

strictly include only the effect of the variable I_%* as they were de=-

3
rived from a single test with n = 0.3L, Il= 54 psi and I % = 0.10. It

2
is suggested that Il is of minor impoartance in the deviatoric tests
except as included in 12% = I2/I12. A major question still remains as
to the effect of I % Equation 8.15 requires that 013R~and C23R ap=-

proach zero at 12% = 0. A possible set of coefficient functions which

satisfies the latter requirement and agrees with Equations 8.25 and

8-28 is
-3 IZ% b
clBR(O'BZ’ I psi, 12*: IB*)= ‘2~9 x 10 (m) (8-31)
and

)m -(8.18+1.67 I %)

23R(o.3h Sk pei, Iy, Ig* *)= -1.67(O 5 (8.32)

where p and m are arbitrary constants. Further discussion will follow
analysis of radial compression tests carried to yield, Section 8.2Lk,

where the values p = 2 and m = 1 are suggesbed.

8.23 RADIAL COMPRESSION (DEVIATORIC) STRESS PATHS,
NOT CARRIED TO YIELD

Radial compression stress paths, denoted 113* for increasing 12*
and IlB*R for decreasing 12* were carried out with Il and IB% held con-
stant. Figures 7.17, 7.18, 7.20, 7.22, 7«2k, 7+25, 7.26, 7.36 and 7.38

illustrate rcsults from such tests not carried to yield.

8231 Experiment No. 2. Results of the first deviatoric stress

cycle, Figure 7.17, are not considered reliable. The data was not
corrected for the effect of pressure-cell compression nor was internal

volume change measured.
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Results of the aecond average compression stress cycle, Figure
7.18, indicate that volumetric strain 6‘#Ji) initially decreased then.
increased, beComiﬁg positive for Ia* exceeding 0.06, The relationship
between J2 and Iz* for increasing values of I2* was nearly of the form
logiOJ2= a3+ ahI2*’ where 3y and a) were constants with IB* = 0, The
function —JB* decreased, becoming negative with increa@ing Iz%. The
degree of volumetric strain return upon rebound exceeded that of the
principal strains by a factor of 2 to 3.

The form of results obtained from the third average compression
stress path (increasing 12*), Figure 7.20, essentially substantiates
earlier worke The next average éompression stress path, Figure 7.22,
which followed a circular test series, indicates relatively small
strain response in return to the spherical stress state.

A series of four average compression stress cycles, Figures 7.2L
and T.25, were carried out to obtain a measure of the influepcé of Il
on the strain response. Deviatoric stresses were relatively small, and
the results are inaccurate at corresponding strains. The interpreta-
tion of results is questionable; however, it appears from Figure 7.2
that J, (volumetric strain) is initially negative for I, =L5 psi and
positive for I,= L5 psi. From Figure 7.25 it seems evident that I, has
no marked effect upon J2 (except as included in Iz*). The function
-JB# is so sensitive to errors in strain measurement that nothing would

be gained by its presentation. Additional deviatoric tests were care

‘ried out at I,= 5L psi, thus some initial negative volumetric strain
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was to be expected. The.effects of the variable Il were neglected in
planning further experiments in favor of the variable iz* = I2/Ilz.
In general, the results of Experiment No. 2 are not considered
so reliable as those of subsequent experiments, but this experiment
clearly pointed the way and indicated the form of results to be

expecteds.

8.232 Other Experiments. An average compression stress path was
used to develop initial shear for a circular test series, Figure 7.26;
however, the atrains were so‘small that the results are considered un;
reliable. The results of a triaxial compression stress path, Figure
7.36, indicate that as Iz*_was increased Jl initially decreased then
increased; J2 increased nearly in accordance with the relationship
loglOJz? a3+ ahIZ*’ where 8y and a) are constants; and -J3* increased,
nearly reaching 1 at 12* = 0,10, The latter result depended somewhat_'
on the method of calculation, and was of interest because it was exe
pected that -J3* = 1 throughout (assuming an initially isotropic
sample). The unexpected deviation was attributed to errors in strain
measurement below IZ* = 0,08 It is considered that the nmumerical
values of strain and functions thereof obitained where J,< O are most

1
likely unreliable and not deserving of detailed numerical analysis.

8.2y RADIAL COMPRESSION (DEVIATORIC) STRESS PATHS,
CARRIED TO YIELD FROM AN INITIALLY SPHERICAL STATE OF STRESS

A number of tests were carried to first yield, as defined in
Section 2.3, from a spherical state of stress by way of radial compres-

sions Figure 7.28 gives the results of a triaxial compression test
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(13% = 1);_Figure T.30 gives the results of a triaxial extension test
(IB% = ~1); and Figures‘7.h0 through 7.47 give the results of radial
tests for which 13* = «0,8, -0.6, ~0.4, =0.2, 0.2, O.L, 0.6 and 0.8

reapectively.

8+241 The First Stréin Invariant as a Function of the Second and

Third Modified and Dimensionless Strain Invariants. Figure 8.3 gives

Jl plotted against Iz% and I.3% for ten I vield tests. In each case

3 133

J1 was calculated by summation of the principal strains and the J, sur-

1
face is erratice Figure 8.L gives a similar plot; but here Jl was
taken directly as the corrected volumetric strain measurement. The Jl
surface of Figure 8.L is relatively smooth and is considered superior
to that of Figure 8.3. Justification [for the calculation of the prin=-
cipal strain €1= Ev-(€2+€3) is given by comparison of the two plots,
and by the probability that the o1 pressure~cell lags the test specimen
.movement, to a greater degree than 'in. the spherical calibration tests.
Various comparisons of this nature were given in the presentation of
test reéults, Chépter 7. Further analysis is thus primarily based upon
the corrected strain measureménts EVJ 62 and 63, with El calcu=-
lated. Figure 8.5 gives the J1 surface from Figure 8.4 transformed to
an octahedral plane in principal stress space. A substantial break in
the Jl surface occurs for 13% = 0.,8-1.0. A triaxial compression test
performed on an initially anisotropic sample, Figure‘7.3h, reached
yield at 12% = 0.18-0.20, suggesting that the foregoing breék may be
too sharp buﬁ nevertheless represents a true characteristic of the

material and is not just the result of a single test error. Further
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indications of unusual behavior occurring near the triaxial compression
stress state are given by the Jl sufface depression (volumetric compres-
sion) occurring for IS%.?. 0.4 and O. OZSIZ%SO.O9.

Detailed consideration of first yield is deferred to Section 8.4
where the state of stress.prior to and following.yield will be cor-
rected for the effect of the rubber membrane.

Figure 8.6 gives a combined plot showing Jl as a function of 12*
for ten tests at fixed values of IB%. The simplest expression giving

negative initial and positive final values of Jl was selected to fit

this data--a second order polynomial in 12% with coefficients in IB*

2 _
Jy ao(IB%) + al(IB*) L + a2(13*) I (8.33)

Three points were chosen for curve fitting at fixed values of Ij*:

Jj= 0 at T,= 0, T at Jj= 0, and J; at I immediately before yield.

The first condition requires that aO(IB*) = 0. Values of ay and a,

were determined for each test and plotted against I.%* as shown in

3

Figure 8.7, resulting in the following approximations
al= = 063 (803&»)
a,= 0,92 - 0.38 I (8.35)

Substitution of Equations 8.34 and 8.35 into Equation 8.33 results in

Jy= =0.083 Ix + (0,92 ~ 038 %) 1% - (8.36)
In the form of Equations 3.61 and 3.66 for this case with I, and IB%
constant
dJy= Cp T, (8.37)
where

Cijc(n, Is I%, 13%)'= ClZC(O.Bh, Sl psi, I%, IB*) (8.38)



~198-

24
and since 012= 7§TE§ it follows from Equation 8+36 that
Cyp¢” -0.063 + (1.84 - 0,76 13*) Iy (8.39)

Equation 8.39 is considered most reliable where Jl 0, or from Equa=-

tion 8.39
1o I s 0. 063

2 7T 0,92 - 0,30 1

- (8.L,0)
3' .

For Jl<:O it is suggested that a better approximation is perhaps given
12C '

Neglecting elastic rebound for decreasing Iz* (i.es Figure 7.46)

results in .
Cqog® O (8.42)

8.2l12 Second Strain Invariant as a Function of the Second and

‘Third Modified and Dimensionless Stress Invariants. Figure 8.8 gives

J2 plotted against I2-u~ and IB% for ten 113* yield tests. TFigure 8.9
gives the J, surface from Figure 8.8 transformed to an octahedral plane

in principal stress space. Again, a noticeable break occurs in the J2

surface for 13-21- = 0,8-1.0 and I2-L'-2 0.12.

Figures 8.10 and 8.1l give combined plots showing J2 as a func-
3

tion of IQ* for ten tests at fixed values of I %, The expression given

to represent these results is
1ogloJ2= 33(13*) + ah<13*) I (8.43)
Curve fitting was based primarily upon results where 12%120.06; Values

of aq and a) were determined for each test and plotted against I.* as

3
shown in Figure 8.12, resulting in the following approximations

a3 = =T.5 | - (8.Lk)
a), = 36 - 10.2 Igx (8.L5)
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Equation 8.L3 is given in exponential form by

3, e2.30(a3+ah IZ%) | (8.16)

and uvon substitution of Equations 8.LL and 8.L45 may bte written

J2= 882.9 121‘3(1—0o283 IB‘)‘L)-17‘27 (80)47)
In the form of Equations 3.62 and 3.66 for this case with Il and 13%
constant _

dd,= CpndI * (8.48)
where ‘ _

CijC(n"Il’ 12*3 13*) = szo(OoBh; Sk psi, 12%,13%) (8.49)
9.d,
and since C, = ~— it follows from Equation 8.47 that
22 813w

82.9 Iz%(l-O.QBB IB*)-173“7

0220= 82.9 (1-0.283 13*) e (8.50)

Neglecting elastic rebound for decreasing I,* (i.e. Figure 7.46)

results in

czzaé 0 - (8.51)

8.243 The Third Modified and Dimensionless Strain Invariant as

a Function of the Seéond and Third Modified and Dimensionless Stress

Invariants. Figure 8.13 gives -J, results plotted against I_ % and I_x

3 4 3
for eight yield tests. The vertical boundaries of this plot were

assumed such that IB%, -JB% = 1 and 13%, -JB% = -l. Errors in strain

measurement are particularly noticeable in the calculation of ~J_ 2 and

3
the results are not smooth. ILines of constant -JB% for the linearly
elastic solid would be vertical such that -J3* = IB*. Figure 8.1l

gives the -JB% surface from Figure 8.13 transformed to an octahedral

plane in principal stress space.
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Figure 8.15 gives combined plots showlng -JB% as a function of
Iz* for eipght tests at fixed values of IB%. Curve Ifitting was primari-
1y based upon those results for I2%§30906, corresponding with the
previous case. The erratic nature of the data for Iz%f 0,04 is attribe
uted to errors in strain measurement. A linear expression in IZ* was

selected to fit these results with the coefficients inlIB%

-JB% = aS(IJ*) + aé(IB*) I _ (8.52)

Values of ag and ag were determined for each test and plotted against
IB* as shown in Figure 8.16 resulting in the following approximations

ag = =0.10 + 0.70 Iy (8.53)

3
ag = =3.00 (1 - 13%2) | (8.5%)

Substitution of Equations 8.53 and 8.5L into Equaiion 8.52 results in

| . 2
-Jg# = -0.10 + 0.70 Ly - 31 - 13*.) L% (8.55)
In the form of Equations 3.63 ahd 3.66 for this case with Il and IB%
constant
dJ3= CypdTy# (8.56)
where
Cijc(n, I, I, IB%) = CBZC(O'Bh’ Sk psi,Iz%,IB*) (8.57)
3 Jx
and since 032== 575 it follows from Equation 8.55 that
2:(‘
Cprm 3(L = I3%) (8.58)
32C 7 3 *

Neglecting elastic rebound for decreasing 12% (i.e. Figure 7.46)

results in

,CBER =0 (8.59}
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8.2LL Application to Circular Compression. Equations 8.25 and

8.28 were derived from a single test and do not include the effect of
~the variable 12%.' Equations 8.31 and 8.32 were proposed to include the
effect of IE%; however, the constants p and m were arbitrary. Ones
would not expect to obtain an accurate mesasure of circular response
from equations derived from radial stress paths because of differences
in stress-sirain history and the direction of loading. TFor lack of a
better method, however, partial differentiation of Equations 8.36 and

8.50 with respect to I.* results in

3
8J
?§T£¥ = -0.38 12%2 (8.60)
3
and
&4J

2 _ 23.5 1% e82.9 I,%(1-0.283 ;3*)-17.27 (8.61)

For IQ% = 0.10 these expressions reduce to

54 '
7§T;¥ = =3.8 x 107 | (8.62)
) |
and
24d s '
AT = 235 om(8:98 + 2.3L Ipx%) (8.63)
3

which indicate strain response which is of the same order of magnitude,
but high as compared with that from circular compression Equations 8.25
and 8.28 respectively. There is little reason to believe the response
should be equivalent; however, it was considered that the general fornm
of the relationship might be similar, and thus give some indication as
to suitable constants p and m for use in Equations 8.31 and 8.32.
Equation 8.60 suggests the value p = 2, and Equation'8.6l suggests the

value m = 1,
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843 A GENERAL STRESS-STRATN RELATIONSHIP IN INVARIANT FORM
The following stress-strain relationships from Chapter 3 were
adopted for purposes of analysis

4Jy= GpqdIy 7 Gppaly® + Cpq

dIB% [3.61]
dJ2= C21dIl_+ CQZdIz% + C23d13% [3.62]

dJB—x- =.c3ld11l + CBZdIQ-:'r + 033:31 [3.63]

where _ _ )
cij= CijC(n’ L5 L%, 13%), d,LJ,)O {53061

= Cin(n, Il’ Ie%, IB*), de<’O [3.67]
The coefficient functions obtained by preceding analyses are

summarized as follows for the particular sand of this study at n *0.3L

Spherical Compression

C110= Cqqg= -5+60 x 107k 11'0'837 (I, in psi) [8.16]

Co10% o= © [8.15]

Cy10= C31™ O {8.15]
Radial Compresgion

Cipc® 0,063 + (1.84 = 0.'76 1'3*) L%, 12%2_0.6 | (8439)

= 0, 12*'< 0.6 _ 18.41

Ciog= O | 18.42)

82,9 IQ%(1—0¢283 IB%)-lY.Z?

Cong™ 82.9 (1-0.283 1_3*)e [8.50)

C22R= O . IB-; 51.1’
2

0320= 3(1 - IB% ) [8.58]

Cyop= O 18.59)



-212-

Circular Compression

ClBC= 0 | _ 18.23)
013R= ~0.29 I2*2 18,31

. 0230= 0 [8.23)
-(8018"'1067 IB*) .

C23R= -16.7 12* e 18.32)
0330 Cyqp= -1 18.23, 8.30|

The foregoing incremental stress-strain equations do not include
the yield condition, and are best applied to stress histories obtained
in this investigation. In the general form presented, however, pre-

dictions may be made for an arbitrary stress increment.

8.4 A FIRST YIELD CRITERION BASED ON RADIAL COMPRESSION STRESS PATHS
PROCEEDING FROM AN INITTAL SPHERICAL STATE OF STRESS

Analyses of previous sections were based upon test results cor-
rected for the strain effects of membrane penetration and pressure-cell
behavior; applied stresses were used throughout. Since the major and
minor principal strains at yield were on the order of 2-5%, the stress
effect, Appendix A9, was measurable and will be taken into account
‘here. Corrected principal stresses and stress invariant functions,
Table 8.1, were calculated from the corrected principal strains immedi-
ately prior to and following first yield for the ten radial tests of
Section 8.24. Figure 8.17 gives I,* plotted as a function of IB%, and
a first yield range is established. Figure 8.18 gives results from
Figure 8.17 transformed to an octzhedral olane in principal stress

space for comparison witi twie Moenr-Jouwomb tiaeory ol failure.
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The first yield stress relationship in generzl form as given by

Equation 3.71 was
Cly(n’ I, Iy, I3x) =0
and since n and Il were easentially fixed for the ton radial tests

considered here, the relationship is given by
This may be written in the form
‘szs - 5(13*) - (8.6L)

The simplest expression in invariant form which was found to fit the

first yield range was
I = 0.116 +0,016 (1 + 1'3«-)2 (8.65)

This expression is plotted as a solid continuous curve on Figures

8.17 and 8.18.
It is suggested for the stress history represented that a first
yield criterion which accounts for variations in porosity might be

approximated by the generalization of Zquation 8.65 such that

I = by(n) + by(n)[1 + 13-*52 (8.66)
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Third Modified and Dimensionless Stress Invariant,
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9. DISCUSSION

9.1 ISOTROPY

The question of isotropy is important in the interpretation of
experimental results obtained in this investigation. The stress=
strailn relaﬁionship for sand subjected tolgeneral streés states i in
part dependent upon stress-straln history or induced anisotropy. After
forming and upon application of spherical sfress, test specimens in |
both apparatus were believed isotropie. Three-dimensional compression
samples ﬁere believed to become increasihgly anisotropic with applica=

tion of deviatoric stress.

9.11 SPHERICAL COMPRESSION

No attempt was made to measure linear strains in the spherical
apparatuse Volumeiric strains were sufficient upon the aséumption that
the material was isotropic. Specimens were formed by pouring éand into
a cylindrical mold-~lower porosities'beiﬁg obtained by compaction with
a small-diameter rod. The high degree of elasticity (later discussed)
, obtained in the spherical apparatus was believed indicative of isotrop=
ic deformations. Anisotropic sand subjected to spherical stress
undergoes shearing distortiﬁn which leads to higher and less elastic
volumetric strains in comparison with isotropic material at the same

porositys.

9.12 THREE-DIMENSIONAL COMPRESSION

Were the three-dimensional compression samples isotropic prior

to deviatoric tests? It is possible that the sample forming procedure,
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Figures 6.12 and 6.13, may have led to some diagonal stratification
and anisotropy. Uﬁon being subjected to spherical sitress the defore
mations recorded by the volume change in the side cells were
practically equivalent and 11 may be assumed that the material propere
ties in the directions of minor and major principal stress were the
same. Unequal compressibility of the base cell precluded & direct
comparison with the intermediate prineipal strain under spherical
compression.

If the specimens were initially stratified, angular distortion
should have been evident near yield. Thne metnod of sample preparation
and stress application were related and consistant as indicated by

Figure Y.l¢ All samples remained visibly rectangular in shape with

exception of Specimen No. 10, Figure 6.23, which yielded localky,'

and this may be attributed to a non-homogenity either in the material . -

or in the stress application. Several indications thus substantiaté

the view that the samples were initially isoiropic.

Stress g, Angular
Application  } Distortion
N
N \\\\ o
. AN N 3
RN
AR Y N \\
\\\\'\ \\\\\

Figure 9.1 Anisotropic Three-Dimensional Test Specimen
Subjected to Fixed Stress System

Were three-dimensional'compression samples isotropic moving

from spherical compression at low states of deviatoric stress?
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Adopting the aimplified assumption that the material is linearly
elastic it follows that
~d€ 1" gudal'f g12602+ g13do3

~d€ o™ g21d61+ g22602+ g23da3

-d€ 3" g31d61+ g32d02+ g33d¢73 |
where 8y 3 are elastic constants possibly dependent upon orientation.
If ihe test apeci:ﬁens were diagonally stratified, then it follows by
transformation of axes 1 and 3 that 833" 8133 841° 813 €30™ €3p g.nd
g23- 8ois and thus the first strain invariant may be written.

~dJ = ~d€ |- d€ = d€ 4= adI)+ (bea)do,

2= et 8yt 83
For the deviatoric experiments dIl = Q0 so that
aJ, = (a-b)do2

If the material is isotropic then b = a and dJ = O (seeEquation 3.&5).
Results obtained from deviatoric tests (i.e. Fijures 7.40
tnrough 7.L7) best agree with the isotropic assumption or dJ,= O
Generally the initial sign of dJl was negative and then positive with
increasing 12* irrespective of the sign of doa in. the variocus tests.
- At low states of deviatoric stress the measured principal
strains were of the same order of magnitude as the pressure-cell
corrections and thus the volumeiric strain measurements corrected for

rubber penetration were believed the only reliable results. The
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consistent however slight consolidation indicated initially is thought
to represent a true mechanical characteristic of the material even
though the accuracy of data obtained is questionable.

Anisotropic behavior was particularly noticeable where samples
had yielded under relatively high states of deviatoric stress. Spheri-
cal cbmpression stress cycles performed following deviatoric tests
carried to yield (Figures 7.29, 7.31, 7.33 and 7.35), and following
deviatoric tests not carried to yield (Figures 7.19, 7.23 and 7. 39)
indicate higher compressibilities in comparison with initial isotropic
values. Anisotropic strain response is indicated by the variation of
the major principal strain difference with spherical stress. Follow~
ing a deviatoric test, volumetric compressibilities decreased with
cycles of spherical stress--approaching former isotropic values-- and
the rate of change_ of major principal strain difference decreased.
Increasing cycles of spherical stress reduced anisotropy; however, it
seems doubtful that the isotropic case would ultimately be obtained

in this fashion.

9.2 ELASTICITY

The behavior of initially isotropic sand subjected to spherical
stress was essentially elastic while the behavior of initially iso-
tropic sand subjected to deviatoric stress was essentially inelastic.
Isotropy and elasticity are evidently related with reference to the
stress-strain behavior of sand. The hypothesis is advanced that

‘elastic sand must be isotropic.
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9.21 SPHERICAL COMPRESSION

The degree of elastic deformation obtained from tests performed
in the spherical apparatus (see Figure 8.2) is dependent upon porosity
and stress higtory. Higher degrees of elastic return were obtained
with decreasing porosity while the effect of increasing cycles of
stress was more noticeable with increasing porosity. The dégree of
 elasticity was generally 90—100%, thus the sand of this study may be
considered essentially elastic under spherical stress.

Highei elasticity recorded for denser samples is likely related
to the decreased load carried by individual contacts while increases
in elasticity with cycies of stress may be due to strain hardening of

individual contactse

9,22 THREE~DIMENSIONAL COMPRESSTON

The degree of elastic return based upon radial stress cycles
carried to yield from spherical compression (Figures 7.28 7.30 and
7+40 through 7.47) was approximately 20% for minor principal strains,
15% for majof principal strains, 15-20% for intermediate principal
strains, and k0% for volumetric strains. Similar results were recorded
from deviatoric tests not reaching yield (Figures 7.18, 7.22 and 7;38).
On this basis it is concluded that the behavior of sand subjected to
deviatoric stress 1s relatively inelastice The manner in which elas-
ticity varies as radial stress cycles are increased in span from
spherical stress to yleld was not studied in detail becéuse of inaccu=
rate measurement of amﬁll'(i.e. less than 0.2%) principal strains. Tt

is considered likely that the degree of elasticity varies from
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90-~100% at spherical compression to values indicated in the foregoing
at yield.

Few circular compression stress cycles were carried out; how=
ever, Figures 7.21, 7.29 and 7.37 indicate that for constant I1 and If@
- decreasing 13* is assoclated with strain response toward yield and ine
creasing 13* is associated with relatively inelastic sirain response.

The degree of elastic return for initial cycles of spherical
stress was generally on the order of 70-90%. This was lower than obe
tained in the sphérical compregsion apparatus, and is thought to
represent the result of less homogeneous léading. Compressibilities
obtained were generally higher in compression and lower in extension,
Figure 7.3l. In comparison, Figure 7.16 indicates sup riority of the
spherical compression apparatus for the determination of spherical

stress~strain relationships.

- 9¢3 FFFECTS OF VIBRATION

A det#iled study of vibration was-not performed as a part of
this study; however, the effecta of vibration on experimental results
were coﬁsidered important and measures were taken to reduce these |
effectse -

The apparatus was housed in the first ﬁasement story below
ground of Thomas Fngineering Building and the normal level of vibration
Iwas slight, there béing no heavy traffic about the structure.

During the initial stages of experimental work (Spherical Com=
pression Test L-1) the‘starting of a vibration machine one floor above'

the apparatus prodﬁced & noticeable increase in the rate of volumetiric
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strain. Measurements of acceleration produced b& various building
equipment were subsequently made at the apparatus and it was discovered
that the forementioned machine produced accelerations of 2 x lO'h g
when operated at relatively low frequencies from 10 to 30 cycles per
seconde Attempts to cushion the spherical apparatus with fibrous mats
were not successful.

Stéps immediately taken to reduce the possible adverse effects
of vibration on spherical experiments included not operating the vibra-
tlon machine during tésts sﬁbsequent to L=2 and reducing the time
interval between successive load increments to 2 minutes. In prepara-
tion for three~dimensional experiments the compression chamber was

mounted on vibration isolators, Figure A7.L, as was the vibration

equipment on fhe floor above.

9.1y REPRODUCIBILITY OF TEST RESULTS

Vhere spherical specimens were most elastic, i.e. Figuré 7.16,
repeated cycles of stress gave reproducible resulis. Different samples
were not formed to the same initial porosity; thus reproducibility of
entire experiments cannot be guaranteeds

Nearly equal initial porosities were obtained in three-dimen-
sional compression experiments and initial cféles of spherical stress
yielded comparabié results, Figures 7.26, 7.29,.7.31 and 7.39. Each
three-dimensional sﬁecimen was then subjected to a different stress
program such that identical experiments were not available for coﬁpari—
son. Results from similar stress paths, Figures 7.28 and 7.3k, were

not strictly compafable becaﬁse the stress history was different.
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9.5 SPHERICAL STRESS-STRAIN RELATIONSHIP

If the expression derived from spherical apparatus tests and

given by Equation 8.k
C,(n)
. .d_n e 0 (n)G 2
do 1
or Equation 8.6 C. (n) C.(n)
R R— 2 aT:
1 311+021n5i Il i

is taken {0 describe the stress-sirain relationship for a ﬁarticular-
sand then stress-strain history and the direction of loading have been
neglected, and it must be assumed that the material is isotropic and
elastice For the sand of this study the values Cl and 02 as functions
of porosity are given for final stress cycles by Figure 8.1.

Wilson and Sutton (9) derived a relationship of the form 68009/3
where € is linear strain and C a3 constant on the' simplified assumptions
that sand consists of spheres in the loosest (cubic) state of packing,
and that the Hertz contact theory (38) is valid. Equations 8.k and 8.6
satisfy this theory only if Cl(n) = 2C and c2('n) = -1/3. The ques-
tionable projéction of triaxial compression test re_sults reported by
Wilson and Sutton to sphericgl compressién (zero shgar stress), Figures
7 through 10, generally does noﬁ satisfy the relationship € = Ccz/ 3 N

Kjellman (8), using three-dimensional apparatus, presented data
for a spherical test on sand, Figure 5, from which the author obtained
;= l.21 x 1074 and Cp= ~0,403. For a stress cycle from O to 170 psi,
the degree of elastic return was 78%. Jakobson (12),using the same
apparatus, reported a sphe:pical stress-sirain relationship for sand in

the form € = Co‘_‘. - Jakobson implied the foregoing relationship was
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derived to account for inelastic behavior--which it does not. No data

was included on glastic return. For a single compression path, Figure
5, the author obtained C,= 1.52 x 1072 and C,= =038

Chaplin (17) indicates that non-spherical grain-to-grain con-
tacts may account for variations from Hertzian theories and suggests
values of a in the Jakobson formulation of 1/2(02- -1)2). Triaxial
compression results reported by Chaplin indicate that about 0.025%
axial strain is required to obtain the factor 1/2 in one-dimensional
consolidation. As with the Wilson and Subton investigation, the pro=
jection of this result to spherical compression is questionable.

The author's work indicates a degree of elastic return of 90—
100% which dependé upon porosity and stress higtory. With the excep-
tion of Kjellman's data, none of the forementionéd investigators have
consldered extension or elasticitys. The results of numerous one-dimen-
slonal consolidation tests which are associated with appreciable shear
have perhaps led to the erroneous impression that sand is relatively
inelastic in spherical compression. ,

For a particular sand it is suggested that Cl(n) be considered
primarily as a measure of grain contacts per uniti volume. Considerable
variation from the author's values (which were on the order of 10'3)
are thus extected in different sands.

For a particular sand iﬁ is suggested that Cz(n) be considered
as a measure of the increase in grain contact area with load. The
variation of Ca(n) from the value =1/3 is attributed to two effects:
the increase in the number of grain contacts with load, and the
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non=spherical shape of certain grains at contact. The latter effect,
originally suggested by Chaplin, is considered minor because the |
overall recorded behavior was essentially elastic.

'The author's study indicates values of Cz(n) on the order of
-0.85, which are much less than those indicated by previous investiga=-
tionse Large deviations do not seem physically reasonable and it is
thought that shearing stress associated with.test equipment has
generally led to highgr values of C,e Also, it is not clear whether
account was taken of membrane penetration by former investigators,
1ees Kjellman and Jakobsone The author's data uncorrected for rubber
penetration would lead to higher values for Cz(n) of about =0.67.

The spherical compression apparatus used in this investigation
was thought superior to those used by previous investigators mainly
because particular care was taken to eliminate boundary friction, and

stress application was considered essentially homogeneous.

96 DEVIATORIC STRESS-STRAIN RELATIONSHIPS

Two basically different stress path families were used to
develop relationships between applied deviatoric stress and strain
response. Little data was obtained in circular compression, while a
relatively large amount of data was obtained in radial compression.
The measurement of principal strgins at low deviatoric stress was con=
sidered unreliable and relationships obtained were not expected to
represent material behavior near spherical compression. “

Invariant functions were used throughout in planning and analy-
sis of experimental work and.thus the resulis obtained include the
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effect of stress-strain history or induced anisotropy specifically for
the stress paths carried out. Deviatoric stress=-strain relationships
do not account fbr variations in porosity as the initial porosity was

essentially constant at 0.3L for all three~dimensional test specimens.

9.61 GCIRCULAR COMPRESSION

Circular compression tests were carried out with Il- SL psi and
12* fixeds Coefficient funciions 613, 023
Section 8.22) to fit the relationships given by Equations 8.19 through

822

and 633 were estimated (see

dJ*C dI_ * dd,= C,.dI = G, dI #
’ 2 )

13773 23773 3 33773

in terms of the second and third modified invariant stress functions,

The results are sMrized in Section 8.3. o
The author's use of the circular compression stress path in-

volving variation of the third stress invariant function is original

and no data is available for comparison.

9.62 RADIAL COMPRESSION
Radial compression tests were carried out with L= 54 psi and
Ij* fixeds Coefficient functions 012, 022 and 033 were estimated (see

Sections 8423 and 8.24) to fit the relationships given by Equations

8.37, 8.8 and 8.56

dJl- ClzdIz*, dJ = CZZdIZ dJ3- 032d12*

in terms of the second and third modified invariant stress functionse.
The results are summarized in Section 8.3.
Previous 1nveatigations which have included deviitoric stress

paths of the radial compression type are rarse. Standard triaxial
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compression and extension tests (Sections L.22 and L.23) are performed
~with variations in spherical as well as deviatoric stress and are
asgociated with non-homogeneous loading. Standard triaxial compres=-
sion test results for the sand of this study are given by Figure 7.3.

Kjellman (8), using three-dimensional compression apparatus,
presented test data for deviatoric radial compression tests comparable
with those of this study; however, no attempt was made to obtain a
stress-strain relationship. Kjéllman‘s Figures' 8 and 9 for average
and triaxial compresgsion tests may be compared with Figures 7.32 and
7428 respectively from this investigation. The major difference noted
in this comparison involves volumetric strain. Kjellman indicates |
higher initial consolidation and less expansion prior to yield. The
sphericallstate of stress was approximately three times higher in
Kjellman's testse Of course, the sands tested were not identical.

No provision was made for the independent measurement of wvolumetric
strain in the Kjéllman apparatus, the results relying entirely on
addition of the principal strains.

Jakobson (12), using the Kjellman apparatus, performed triaxial
compression and extension tests and analyzed data %o obvain the modulus
of elastliclity and Polsson's rabtio as functions of the friction angle
below yield. Stress paths were carried out in standar@.fashion such
that spherical stress varied during an experiment. Jaﬁﬁbson illunge-
trated how both Poisson's ratic and the modulus of elasticity vary with
shearing stress; however, the use of these terms in application to the

complex behavior of sand is questionable. Both the modulus of
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elasticity and Poisson's ratio are simply defined for initially iso-
tropic material which is subjected to triaxial compression or
extension; however, it is not apparent how these iterms can be extended

_ to the general case.

9+7 GENFRAL STRESS=-STRAIN RELATIONSHIPS

The superpositidn of strain response in incremental form for one
spherical and two deviatoric stress paths as summarized in Section 8.3
represents the first attempt to obtain a general stress-strain rela-
tionship for sand based on experimental evidence. The incremental fom
of the relationships accounts for non-linearity, and the double defi=
nition of each coefficient function accounts for the direction of
loading. The three stress paths of this investigation were orthogonal
at a point in principal stress space.

The proposed siress-strain relationships in invariant form do
not completely account for siress-strain history or induced anisotropys
In application, principal strains must be assumed coincident with prin-
cipal stresses. Direct application of relationships proposed for a
single stress increment first requires transformation of stress com-
ponents to invariant stress functions. The selection of the proper
coefficient funcitions Cij requires definition of the sign of corre-
sponding invariant siress increments. Application of the stress-strain
relationship in invariant form results in obtaining invariant strain
functions which then must be transformed to strain components.

For a significaﬁt change in the state of siress, the foregoing
procedure for a single stress increment may be utilized in obtaining a
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step-wise integration of the invariant relationships. The mamner of

gtressing muét be completely specified over the history considered as .
the coefficient functions are in general dependent both upon the state
of stress and the direction of loading. Depending upon the individual

case considered, certnln terms may be integrated in closed forme

9.8 FIRST YIELD CRITERIA
The yield relationship derived from experimental data, Figure
8417, and expressed by Equation 8.65 in invariant form was
| I = 0,116 + 0,016 (1#13*)2
The initial porosity for all deviatoric tests was 0.3L and thus the
relationship does not account for variations in porosity. The stress
history for the related tests, Figures 7.28, 7.30 and 7.40 through
Te47, was limited and the foregoing relationship is associated with a
particular family of stress paths as follows: each sample was first
subjected to several cycles of spherical stress where it was assumed
the material was isotropic, and then deviatoric stress was applied to
first yleld such that Il- 5k psi and Ié* = gonstant. Values of 13*
were varied from -1 to 1 in ten experimonts. '
It was suggested that generalization of Equation 8.65, obtained
from this investigation, into the form of Equation 8.66
'12*'- b, (n) + bé(n)[l+I3*}2
might be developed 1o account for variations in porosity.
Anisotropic behavior of sand subjected to deviatoric stress

suggests that a first yield oriterion might better incilde, in more
détail, the effect of stress~strain histdry, Section 2.43. A detailed
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study of the effect of stress-strain history on first yield was not
performeds A single triaxial compression test carried to yield on an.
initially anisotropic specimen, Figure 7.3L, indicates failure at 12* =
0s18-0420 while a similar test on an initially isotropic sample, Figure

7.28, indicates failure at I % = 0,16-0,18. The latter result was,

2
however, believed low in comparison with similar tests. (See the pro-

Jection of test data, Figure 8.17, to I_# = 1 where first yield is

3
estimated at 12* = 0,18.) A single average compression test on an ini-
tially anisotrople sample, Figure 7.32, indicated yiel. at I,% = 012~
0s13 which is comparable with interpolated data for initially isotropic
tests, Figure 8.17, where at IB* = 0, IQ* = 013« The amount of such
data obtained does not justify a conclusive statement on the effect of
stress-strain history on first yield.

The results of past investigations on the form of the yield
surface for sands were summarized in Table 3.1. Conventionally such
studies are compared with the Mohr-Coulomb faiiuré law, and a similar
comparison for this study 1is given by Figure B.iB. This investigation
indicates major divergence from the Mohr-Coulomb theory where the
friction anglelis independent of the state of stress. As the state of
stress advances from iriaxial extension to average compression, the
friction angle remains essentially constant at 52°;while in moving to
triaxial compression, the friction angle is reduced to 38°.

On the basis of gtandard triaxial compression tests, Figure 7.3,
the peak point friction angle was 37.5° at an initial porosity of 0.34,

L% axial strain and 2% volumetric strain. The corresponding
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three-dimensional compregsion test, Figure 7.28, required 2-3% axial
strain, 1-1/2-2-1/2% lateral strain, and 1/2-1% volumetric strain to
reach first yield. The generally higher strains recorded in the stand-
ard triaxial equipment are attributed to the relatively r_xon—homogeneous
application of stress, Section L.12.

Of previous investigations reported in Table 3.1, the author's
work best agrees with the works of Kjellman and Jakobson. It is un=-
fortunate that Kjellman did not give data for triaxial extensiong
however, an 8° higher friction angle was recorded for average compres-
sion in comparison wiﬁh triaxial compression. With some imagination
Jakobson's work, which generally did not reach yield, can be extended
to indicate a 9-17° higher friction angle for triaxial  sxtension as
compared with triaxial compression. The agreement of this study,
which indicates a 14° higher angle of friction in both triaxial exten-
sion and average compression as compared with triaxial compression,
with the works of Kjellman and Jakobson is attributed to a relatively
homogeneous application of stress in both apparatuses.

The author's apparatus possesses one significant advantage over
Kjellman's with reference to yield studies in that considerabls strains
(ieee 10%) ﬁay be obtained without development of mechanical inter-
ference at corners of the test specimen. The app#ratus of this study
is capable of déveloping yield in a variety of>materials and the
questionable projection of test results to yield is thus avoided.

Experimental works reporting equivalent or lower frictionlangles

in triaxial extension as compared with triaxial compression, i.e. Habib
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(11), Bishop and Eldin (10), Kirkpatrick (13), Wu, Loh and Malvern
(18), and Haythornthwaite (7), are thought to have involved considera-
ble stress variation. It is suggested that these investigations

have measured too much the characteristics of the corresponding test
apparatus and too little of the true properties of sand. The use of
different apparatus, i.e. Kirkpatrick's thick cylinder and standard
triaxial tests, in predicting the effect of the stress state on the
strength of sand cannot be recommended.

In gddition to experimental evidence, the following argument is
advanced .in support of the relatively high friction angle obtained in
triaxial extension: Consider two elements of like sand subjected to
the same major and minor principal stresses.

Shear a) Triaxial

Stress Compr.

p\ Normal Stress
03 u 61 |

b) Triaxial Extension

Figure 9.2 Mohr's Circles of Stress for Triaxial Compression
and Triaxigl Extension

‘Tha intermediate principal stress for element A, Figure 9.2 a), is
equivalent to the minor principal strescs while the intermediate prin-
cipal stress for element B, Figure 9.2 b), is equivalent to the major
principal stress. The shear stresg obtained by averaging over all
planes is equivalent in both cases; however, the normal stress obtained

by averaging over all planes is significantly higher for element B
in triaxial extension. '
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If failure were to ooccur according to the Mohr-Coulomb concept
then both elements would yield at the same friction angle--the maximum
.ratio of shear to normal stress occurring on a particular plane being
identical in both cases. On the other hand, if failure’ is attributed
to shearing on many planes then the ratio of shear to normal siress on
a variety of planes, i.e. stress distribution, becomes important.
Since the first element is associated with a higher ratio of average
shear to normal st;ess, yield occurring apart from the Mohr-Coulomb
concept will occuf with a higher friction angle in extension. This
simplified physical argument may be extended to other stress states;
however, equations based on experimental evidence and including variae
tion in the third stress invariant are best adapted fo, analysis,
ises Equation 8.65 for the particular conditions of this study.

The recent work of Rowe and Barden (46) in reducing end plate
friction in standard triaxial compression tests on sand has produced
some interesting results. In comparison with fixed end specimens
later and multiple failure surfaces were observed, lower peak point
friction angles measured, and smoother stress-strain response recorded.
The author considers the lower friction angle ébtained for free ended
specimens as due to less variance from the ideal triaxial compression
stress state. Normally, the effects of stress concentration are
expected to reduce the apparent friction angie except for the single
case of the triaxial compression teste It would be most interesting
to see the resulis of free and fixed end triaxial extension tests

compareds On the basis of this study, the free end iriaxial extension
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test will indicate significantly higher and mere realistic friction
anglese

Additional work is thought necessary along the foregoing lines
prior to reaching defihite conclusions. Assuming, howevef, that tri-
axial compression and extension apparatus can be designed to eliminate
end plate'friction and 8tlill provide for stability, such tests can be
recommended in conjunction with more complex apparatus for stress=-
strain studiess For example, ths functions bl(n) and bz(n) of Equation
8.66 (obtained from three-dimensional apparatus) might be practically
determined for a particular sand over a wide range in initial porosity.

This study did not consider plane strain in detail; however, |
experimental evidence was inadvertently obtained for a special case.
Figures 7.lli, 745 and 7.L6 indicate that a state of plane strain was
nearly obtained from spherical compression to yield for 0.2 % IB*ﬁ 0s 64
Stress corrected results at yield, Figures 8.17 and 8.18, indicate
I3* = 0.3, 6= 0.2, Iy = 0.145 andAQ = 50°, Stress-strain results
are approximately given for plane strain under radial compressilon
stress by Figure 7.L45. The 12° higher angle of friction in comparison
with triaxial compression is of special'inxerest.

Local failure, Figure .6'. 23, waé, fobserved, in only one experiment
of this entire inves£igation. Even the standard triaxial compression
tests, Figure 7.3, perfbrmed on this sand at comparable porosities and
_states of stress exhibited bulging failure. The unique failure plane

concept asgociated with the Mohr-Coulomb failure law must be rejected

on the basis of this study. A noted occurrence of a progressive zone
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of failure is considered the result either of stress concentration or
of non-homogenities occurring within the material.

Kjellman (L47) presented a stimulating paper on the topic
Do Slip Surfaces Exist?" and generally concluded that they do note
This paper was overly simplified in several respects and the author
cannot agree with much of the discussion advanceds The conclusion
doubting the slip-surface concept is, however, considered valid.

A major question still remains in regard to the.effect of
stress-strain history on first yield. Bishop and Eldin (10), using
standard triaxial apparatus, indicate little effect of stress history
on the strength of sand over a wide range in initial porosity. The
author believes that a unique firs’g yield surface does not exist for
& particular sand in principal stress sp;ce independent from stresse-
strain history prior to yield. Magnitudes of possible deviation
cammol be advanced on the basis of this study and it is possible that
under certain conditions such deviations may be negligible as compared

with the accuracy of measurement practically obtainable.
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10. CONCLUSIONS AND RECOMMENDATIONS

10.1 CONCLUSIONS

le Physical tests are particularly useful in obtaining a
general stress-strain relationship for sand if the state of stress
is homogensous and subject to complete controle

2+ The use of invariant functions allows for the reduction of
variables in planning experimental work and in analysis of results.

3« The most desirable stress paths in obtaining a general
stress-strain relationship are those three obtained by holding two
stress invariant functions constant and varying the third.

ke A judicious aelection of invariant functionsfand corre=
sponding stress paths is most properly made with reference to the
physical behavior of the material. In this case the variables Il’
Ié* and 13* were considered appropriate.

S« Sand samples subjected only to spherical stress were
essentially elastic. Sand subjected to deviatoric stress became
increasingly anisotropic toward yield and was essentially inelastice

6« Anisotropic sand subjected %o spheriéal'stress became less
anisotiropic with increasing cycles of stresse

T« Due to the anisotropic behavior of sand uﬁdér deviatoric
stress, the use of invariant functions to describe the general
stress-strain behavior of sand is in error.

| 8¢ The Mohr-Coulomb yield criterion does not completely describe

the effect of thé straas sthate on firat yield. The friction angle



assoclated with the triaxial compression stress state is minimum. The
unique failure plane concept is rejected.
9. For limited stress-strain history it is possible to obtain

a relatively simple yield criterion in invariant form.

10.2 RECOMMENDATIONS
It is recommended that additional work be carried out to improve
the design of stress-sirain apparatus-innovations in test equipment
are highly desireds The equipment of this study was thought to apply
a more homogeneous state of stress than previous apparatus; however,
this is subject‘to improvement. Provisions for more accurate measure-
ment of strains (particularly small strains) are also desired. The
strain effects attributed to rubber components of the author's appa-
ratus wera particularly undesirable.
Specific improvements in the spherical apparatus of this study
are recommended as follows:
1. Provide for measurement of axial and transverse straine
2. Harden the sample membrane in the transverse direction to
reduce the effects of rubber penetration. Materials other
than latex rubber might be considered.
Specific improvements in the three-dimensional compression
apparatus of this study are recommended as follo:wss
| le Enlarge the base pressure-cell to 1l in. in square dimen-
sions. This_requires the construction of a spacer plate

and a base pressure=cell.
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2. Obtain stronger and more durable side pressure-cells which
more closely fit the space alloweds It would be desirable
to increase the magnitude of the principal stress to 100 psi.

- Synthetic rubber cells are recommended.

3+ Make provisions for measurement of principal strains apart
from thﬁse obtained by volumetric displacement.

Further investigations of the spherical stress-strain relation-
ship for a variety of sands are recommended. It is suggested'that
special care be taken in the measurement of both lineQL and volumetric
strain. A more detailed study of the effects of stress-strain history
‘on the degree of elasticity obtained would be of interest.

Additional work toward obtaining a general stress-strain rela-
tionship for sand might well first consider the use of variables and
stress paths suggested in this study. The effect of variation in
porosity might be determined in detail for particular stress histories.
Finally, the difficult problem of developing a sfress-strain relation-
ship which would include in considerable detail the effect of stress-
strain history should be considered.

A detailed study of the effect of stress-strain history on
first yield for various sands would be of practical interest. Care
mst be taken in developing equipment which is capable of measuring
variations due to this effect. The question "Does sand possess a
unique first yield envelope independent of stress-strain history?" has

not been conclusively answered on the basis of experimental evidence.
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SUMMARY OF SYMBOLS

area
constants

functions of 13* defined by Eq. 8.33
functions of IB% defined by Eq. 8.43
functions of IB% defined by Eq. 8.52

nth parameter representing gfain shape -
matrix defined by Eqe. 2.3

functions of n defined by Eg. 8.66

nth parameter representin%“grain size
distribution |

element of B matrix

spherical stress-strain porosity functions
defined by Eq. 8.4

coefficient function of invariant stress-
strain relationship for sand: (Eq. 3.61,

g if dI,>0, =,

3:62 and 3.63) = Gi i3R

J J

if dIJ.< 0

first, ultimate yield and static ultimate
yield invariant stress-strain functional
relationships

Hazen's uniformity coefficient

particle size determined by sieving



)

Jl’

J.3

Jps J

1in? J2n’ J3n-
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volumetric degree of elasticity defined by Eq. 8.18
first yield, ultimate yield and static ultimate-yiéld
stress~strain functional relationships

coefficient in generalized Hooke's law for inelastic
solid

modulus of elasticity

(1) base of natural log; and (2) void ratio

coefficient of grain to grain friction
ideally plastic yield relationships -
constant in generalized Hooke's law for linearly

elastic solid

‘subscripts in indical notation

first, second and third normal stress invariants

first, second and third modified stress invariants

second modified and dimensionless stiiss invariant =
0 .

L4

third modified and dimensionless stress invariant =

= first, second and third normal strain invariants

first, second and third modified strain invariants

third modified and dimensionless strain invariant =
2

J2/J1

length

(1 +v)/E

exponent defined by Eq. 8.32'
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K
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Oy, cé*,.ci*
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Ve
coefficient of compressibility
applied force
exponent defined by Eq. 8.31
yield strengthvof grain material
displacements
volume
co=~ordinates
angle of obliquity
principal stress ratio in three dimensions =
(01-202+03)/(al-03)
principal strains arranged in order of magnitude
component of strain tensor, positive for extensioh
volumetric sirain | _
;Kronecker delta = 1 if i=j, = 0 otherwise
porosity
-1

cos I.%

3

principal strain ratio in three dimersions =
(€-2€,+€,)/(€1-€,) |

Poisson's ratio

sphericallstress

principal stresses arranged in order of magnitude
dimensionless principal stresses, o % = ai/I1
component of stress tensor, positive where -

compressive
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T. .* = dimensionless component of stress tensor

. -1
g 4 = friction angle = sin (01'03)/(°i+°3)

All stresses are effective stresses and positive for compression.

8ui ou
ij= axj OxX

All strains are engineering strains (i.e.
tive for extension.

Primes represeﬂt spherical components of stress and strain.

Double primes represent deviatoric components of stress and straih.

Stars represent dimensionless variables.

Dots over symbols fepresent derivatives with respect to time.

Stress path notation is given by Table L.l.
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A2. STRAIN EFFFCTS--SPHFRICAL COMPRESSION APPARATUS

A2.1 RUBBFR PENETRATION
A2.11 TINTRODUCTION

The importance of membrane penetration was brought to the
author's attention by Dr. R. F. Scotte The penetration depends in
general upon fhe relationship between skin thickness and the size of
void spaces available for penetration. Previous investigators have
considered the effect for relatively thin membranes, i.e. Newland -
and Alley (3L, 35).

The rubber membrane used in the spherical compression tests was
approximately 0.032 in. in thi;kness; a typical sand Siain diameter was
0.024 in. Assuming that a typical void space span is approximated by
a grain diameter, the ratio of skin thickness to spanned length is on
the order of unity. The behavior of this relatively th;ck membrane was

assumed to be that of bearing penetration.

A2.12 RUBBER PENETRATION TESTS

A.sheet of rubber approximately 0.051 in. in thickness manufac-
tured in a manner similar to that of the spherical compression membrane
- was cut to form two discs, each 2.10 in. in diam. These discs were
bonded to cylindrical brass loading plates with rubber cement. The
flat exposed rubber surfaces were separated using cardboard strips ap-
proximately 0.0L5 in. in thickness, and masking tape was wrapped around
the perimeter of the assembly-~leaving space for removal of the card-

board sirips, Figure A2.1. After removal of the spacer strips, tape
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was wrapped around the entire perimeter of the assembly, forming three
layers. Upon the incision of a small hole and attachment of a funnel,
Figure A2.2, the space between the rubber discs was filled with Ottawa
sand and the assembly was vibrated with a rubber mallet to obtain the
maximum density possible. A small piece of tape was used to seal the
hole upon filling. The loading plates with attached rubber discs,
spacer strips, and tape are shQWn'in Figure A2.3.

The apparatus used to stress the sandwich assembly, Figure A2.lL,
included a béthroom scale, a one=-dimensional consolidation device, and
a 1/10,000-in., dial gage. A schematic diagram of the test is given in
Figure A2.5. The rubber sandwich containing the sand layer was loaded
according to fhe pressures normally used in the spherical compression

tests; the time of a particular load application was 2 min.

Flgure A2.1 GSpaced Cyllndrludl Loadxng Plates,
: Rubber-Penetratlon Test Apparatus

Figure A2.2 Tapéd‘Loa ate Assem i& Ready for Sand
Placement, Rubber-Penetration Test Apparatus



Figure A2.3 Loading Plates with Attached Rubber Discs, Spacer Strips
and Masking Tape, Rubber-Penetration Test Apparatus

\

™

Figure A2.L Load-Deflection“Méchanism, Rubber-Penetration Test
Apparatus
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Direct Load

Load Disk 7

Deflection

% ZVﬁRR

Masking 7 Rubber Cement 3
Tape —} / :
2 / . . do
4 ;j '/ 4
z Rubber Di skJ /
g ]
Rubber on Rubber
it [\ P
{ o

Rubber on Sand .-

'Basis of calculation:
Normal pressure ¢ = P/A

Corrected rubber penetration Wo = Woo = Woo

"Figure A2 .5 Schematic Diagram = Rubber Penet

ration Test
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Folloﬁing a load~deformation test the sand was removed, and |

én identical load sequence was performed. The rubber penetration value
for two sand-rubber surfaces was taken as the difference between the
two corresponding test deformationAvalues. This procedure empirically
accounted for deforﬁation occurring within the apparatus, and for axial
deformations occurring within the rubber due to normél loading and to
the lack of sufficient restraint in preventing lateral strains. Figure
A2.6 gives rubber penetration W, obtained as a function of normal

pressure o.

A2.13 RUBBERk PENETRATTON VOTIMFE CORRECTION

Based upon the cylindrical dimensions of the spherical cdmpres-
sion test sample indicated in Figure A2.7, the rubber-sand surface
contact area was estimated to be 653 sq cm.

R

1l ine 26 75 ine

075 dnwlyt e

Figure A2.7 Spherical Compression Membrane

~

Figure A2.8 gives the volume correction based upon Rubber Penstration

" Test Nos 1 as a function of applied pressure.

A2.2 DRAIN LINE COMPRESSION

42,21 INTRODUCTION

The drain line Q of Figure 5.1 was»enciosed within the

~ spherical compression chamber during a stress-strain'test and deformed
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due to changes in applied pressure.. The effect of drain line compres-

sion was determined as described below.

42.22 DRAIN LINE COMPRESSTON TEST

| The spherical compression apparatﬁs was prepared as for a
stress-strain experiment, ahd the sample drainage cap S was connected
to the internal base drain fitting P The burette Y was filled with
water and valves Z, I, W, J, X and N were opened in sequence momen-
tarily to completely f£ill the measurement system. The burette was
refilled andlfhe compreésion apparatus assembled as usual. Upon
filling the compression chamber with water, valve D was closed and air
pressure was applied through valve A« Drain line volume change was
recorded at burétte Y under pressures to 70 psi. At 78 psi the total
. drain line compression from atmospheric pressure wasv0.13 ce, and the
behavior over the entire range of loading was essentially lineér and

elastic.

A2,3 TEMPERATURE CHANGE
The volume of water contained within a typical test specimen
was ﬁpproximately 350 cec, and the volume Of'thé piping system was ap~
proximately 70 cc--thus forming a total measurement system volume of
‘approximately k20 cce A temperature change of 1°C corresponded to a
calculated volume change oi approkimately O.ll.cd neglecting entrapped

air and apparatus deformation.
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A3+ STRESS FFFECTS=~-SPHFRICAL COMPRESSION APPARATUS

The test sample was covered in major part (99%) by the latex
membrane, and sand skeleton déformation occurred essentially in union
with that of the membrane boundary. Upon the application of spherical
' pressure to the specimen, the sample and membrane were strained simule
taneously-~the sand skeleton accepting the major load. In order to
estimate the load carried by‘the rubberhsheath it was necessary first

to obtain an approximate stress-strain relationship for the rubber.

A3.1 TENSILE TEST OF A RUBBER STRIP
A sheet of rubber 0.117 cm in thickness was mamufactured in a
manner similar to that for the membrane itself, and was cut in rectan-
gular form approximately 5 cm in width by 30 cm in length. Four pieces
of 1/L~in. thick plywood approximately 5 c¢m sq were cut, and two pieces
were bonded to each end of the rubber strip with rubber adhesive.v A

- Ceclamp was then applied to each end, holding the rubber fixed between

- C«Clamp o

Iengﬁh | __—Ruler
. *///—Rubber Strip

| ,——Plywood Squares
Lead Shot

Aluminum Pan

Wire

ey

Figure A3.1 Schematic Diagram of Tensile Test Apparatus
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Figure A3+2 Tensile Stress as a Function of Strain - Latex Strip.
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the plywood pieces.‘ One day was allowed for curing. Two marks were
: made with india ink 5 cm apart and normal to the 1ongitudinal axis of .
the strip. The strip was loaded with lead shot and the deformations
measured with a ruler. Figure A3.1 showsia schematic diagram of the
apparatus, and the method of calculation and test results are illus=

trated by Figure A3.2.

: A3.2 STRESS CORRFCTION DUE TO MEMBRANE BEHAVIOR
Consider the ideal sketch of a cylindrical test sample shown in

Figure A3.3 a)'stbjectedvto an external spherical state of stress.

c,
03R
Y yd
\\~_____",/ t v
— L] -
~ - | 2
- -— O..= g /
— - 1R :
‘a) Cylindrical Sheathed Sample b) Rubber Skin Element A

o.!

3

. [+

3R .o
- “2R

-

2

s}
¥V

$ 44
Pt

-

ylflflfi

W
N

'l——-D——,.

/\vTTT

‘¢) Vertical Eqdilibrium d) Horizontal Equilibrium

Figure A3+3 Rubber-Sand Interaction, Cylindrical
Sample under Spherical Stress
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If the membrane is thin relative to the size of the test sample then
- a statement of vertical force equilibrium, Figure A3.3 c) gives
. 2 2' . v
D nDd
'TI = Anl
0'3 T*O'BRHD"} O’T (3 )

where
03' = avg normal stress supported by sand on horiz planes

GBR = avg normal stress supported by rubber skin on horiz
planes
D = diameter of cylindrical sample
t = thickness of sample membraﬁe
from which it follows that

_ bt
Oy = 0 =F Ogp o ] (43.2)

, o
A statement of horizontal force equilibrium, Figure A3.3 d) gives

" 0," DH + o (2Ht + 2Dt) = oDH - (43.3)
where ‘ : |
02' = avg normal stress supported by and on vertical planes
Oéﬁ = avg normal stress supporﬁed by rubber skinvon
vertical planes |
H = height of test cylinder
from which
B R o

According to Equations A3.2 and A3.l the average vertical and hori-
zontal sand skeleton stiresses are equal if Oop ™ °§é and if the'ratio
D/H = 1. Tt should be realized that all non-spherical membrane shells
ﬁill, however; lead to the development of certain non—uniform sand

skeleton stresses even though the average stresses may be equivalents
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fhe particular sample shape used in the spherical compression test

‘ apparatus was not a perfect cylinder, and the ratio D/H = 1/L.

\ Upon evaluation of o, , a solution for o,' and o' may be ob-
tained. For the rubber skin element A shown in Figure A3.3 b) Hooke's

law states that

.
N

1R v v o
. |
Ry v
~€R " F “F %R - F °n (43.6)
o
_9%R oy v
“€R"F -FT %% "T n (43.7)

w
.x

‘where €;p, EZR and €3R represent tensile rubber sirains, and E and
vV represent the modulus of elasticlty and Poisson's ratio for rubber

respectively. Addition of Equations A3.5, A3.6 and A3.7 gives

+ €

< 3R

+ €

1R 2R E )(ciﬁ * Opp * 033) ’(A3-8)

Assuming that Boisson’s'ratio for rubber is 1/2 it follows that

€r*€p *€p =0 | (43.9)

Equations 3.5, A3.6 and A3.7 may then be written in the form

2 ;
S : 2 :
Oop = Og = 3 (2 €, * €3R) E . (A3.11)

If the soil structure is assumed to deform isotropically and the mem-

Vbrane boundary is assumed to follow the soil structure, it follows that

| &
BT Yl o | (43.32)
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where Gv is the volumetric strain of the soil skeleton, and since

_. Og" O then Equations A3.10 and A3.11 .may‘be reduced to
| 2%
Opp = O3p = O = (Ev) (A3.13)

and finally substituting Equation A3.13 into Equations A3.2 and

A3.L gives ‘ ‘ :
03' -a-é‘ﬁt(d-g} ev) : (A3.1)
o mo- B+ (o-F ) (43.15)

Uéing the value E = 263 psi obtained from the tensile test of a
rubber strip and the dimensions of the spherical compression membrane,

D = 2.75 in., & = 0.032 in. then finally results in
03" = 0.954 o + B.13¢€_ | (A3.16)
02'_ = 0,971 o + 5.156v (A3.17)

from which it is possible to determine average soil skeleton stresses

as corrected for the stiress effect of the rubber membrane.
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Ah; CHAMBFR VOLUME DETERMINATION--SPHFRICAL COMPRESSION APPARATUS

The volume of water necessary to fill the spherical compression
chamber, excluding that of the sample membrane and supplemeﬁtary
attachments, was required in order that the total sample volume could
be determined by displacement occurring within the coﬁ;ression chamber.
The sample membrane T of Figure 5.1 was attached in the usual manner to
the internal supply fitting K, and the split;cylinder base EE was in-
serted under the membrane. Valve R was closed and the internal drain
line Q was connected to the internal base drain fitting and to the
sample drainage cap S. The compression chamber was assembled and
'plaéed ﬁpon the metric scale, the usual attachments being made. The
relief valve D was opened, and water was allowed to reach the base of
the chamber through valve F. The'total weight of the compression
chamber and its contents was recorded as well as the volume of the
i1l reservoir. The chamber fill valve F was then opened allowing de-
aired and distilled water to enter the chamber. Upon filling, valve F
‘was then closeds Again the total weight of the compression chamber
and its conténts was recorded as well as the volume of the fill reser-
voire. The temperature wés also noted. The difference between the
initial and final weights of de-aired, distilled water at this particu=-
’laf temperature provided the most accurate measure of chamber volume
excluding the usually included accessories. The difference in fill
_raéervoir volume before and after filling served as a check. The

results of two tests are given in Table AL.l.



Table Ali.1 Spherical Compression Chamber
Volume Determination

Test Number 1 T 2

Wt of water req'd to .
£i11 chamber, gn W, L4159.6 | L159.7
Temperature, °C T 26 26
Density of water, gm/cc| ¥, 0. 9968 0. 9968

GCalce'd wol of water
req'd to fill v
chamber, cc : ce

k173 L173

Assuming the chamber volume at 26°C was L173.00 cc, chamber
volumes were estimated for various temperatures as follows:
Vp = Vageg * 208 TVpge; = Vpgep(l + 2a4T)
where ’

VT chamber volume at'temperature T

v26oc = chamber volume at temperature 26°C

@ = linear coefficient of expansion of lucite cylinder

aT

change in temperature from 26°C

The results of volume calculations at various temperatures using
a=5x 10'5/“0 are presented graphically in Figure Al.l. Also

included are the corresponding weights of de~aired, distilled water.
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A5. COMPLETE DATA--SPHFRICAL COMPRESSION FXPERIMENT NO. 6
_ Initial Data .
Weight dry sand, 177.L gnm
Test sample under vacuum Le5 psl, temperature 25.5°C
Compression chamber volume:

Chamber Weight Fill Reservoir

+ Ballast 1, gnm . Volumsg, cc
Before fill 604.0 - L4000
After £ill 374845 835
Sample saturation:

Chamber Weight Sample Supply Reservoir

+ Ballast 2, gm Volume, cec
Before £ill | 2lile 0 300 150 kS0
After fill ' ~ 579.0 : 150 0 L1l
After percolation 588.0 _ |
Burette readings: .
After percolation 2.73 cc

I. P. stress-strain test 7.07 cc

Final Data
Chamber Wéight" - Fill Reservoir
+ Ballast 3, gm Volume, cc
Before emptying 3762.0 | 700
After emptylng | ~ 621.0 o 3885

Specimen removed from compression chamber: .
7 Wbight of wet sample + membrane 2183.0 gm
Weight of membrane : 58.8 gm
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A6, CALCULATION OF TEST RESULTS-~-SPHERICAL COMPRESSION EXPERIMENT NO. 6

Initial Data
Weight solids, W_ = 17784 gn
o , Ws  1778.4 em
Volume solids, Vs = -K—s = T.E—g_m%c = 671.1 cc
Sample volume by weight measurement (use): |
Wt chamber water at .25. 5°C (Figure AL.1), W, .= L4160 gm
Wt chamber water excl. sample, Wog™ 37h8e5-60L40 = 31LL.5 gm
Wt water displ. by sample, W =W - W= 1015.5 gm

w

= S8 _ 1015.5 gm  _
- Sample volume, V ~ 5. 9568 an/ce 1018.8 cc

w

Sample volume by volume measurement (check only):
Vol chamber water aﬁ 25.550 (Figure AL.1), Voo™ L4173 ce
Vol chamber water excl. sample, Vo™ L000=-835 = 3165 cc
Sample volume, V =-_Vcc- Vcs= 1008 cec | o |
Water volume by weight measurement (use):
Wt water accepted by sample through percolation,
W = 58840 - 2LLe0 = 3LL.0 cc

WW 3)4’4-00
Volume of water, V = ¥, = 0-9568 345.1 cc

Volume water by volume measurement (check only):
Vol water accepted by sample upon filling,

V_= 300 + 150 + 450 ~(150 + 0 + L11) = 339 cc

" Void volume, Vva V- VS== 101848 = 671.1 = 347.7 cc
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Physical properties:
\

Porosity, n = '\7! = %.—;%?—8 = 0,341
' v
Void ratio, e = y% = %%%%%— = 0.518 .
s
A
. : 3L5.1
Degree of saturation, S = -~ = = 99.3%
. >0V, 3T
W .
Dry density, de“ 'VE = i?;B:b = 1,746 gm/cc’

Final Data
Sample volume by weight measurement (use):
Wt chamber water atv 25,0°C (Figure AlL.1), W, .= L4160.36 gm
Wt chamber water excl. sample, Wcs= 3762.0-621.0 = 3141.00 gnm

Wt water displ. by sample, W = W, - Wcsu 1019.36 gm

W
U Uss _ 1019.36 _
Sample volume, V %, 0.95707 1022, ce

Sample volume by volume‘ measurement (check only):

| Vol chamber water at 25.0°C (Figure Al.l), Vcc= L4173 cc
Vol chamber water excl. sample, Vos™ 3885 - 700 = 3185 cec
Sample volume, V = Vcc.. Vcs= 988 cc

Volume water by final sample weights:
Wt of wet sand, W = 2183.0 - 58.8 = 2124.2 gm
Wt of water, w%a\wg- W = 212L.2 - 1778,k = 345.8 gm

W

V- 3458
Vol of water, Vw %, 0.55707 346.8 ce

Void volume, an Ve sz 1022,k - 671.1 = 351.3
| Physical properties:

v
i = wy. e -.BWMS,-;L%B =
Porosity, el A PN 0.3LL



=266~

v
Void ratio, e = Vz = %%%l% = (0,523
N s L]

v
Degree of saturation, § = VH = guizg = 98.7%
) v

’ Wy 1778.4
Dry Density, Xa- T = o - 1739 gm/cc

Stress-Strain Data
Initial point volumes, o = L.5 psi:
Sample vol, V o= V+ AV, = 1018.8 +(7.07-2.73) = 1022.7k cc
where VO= sample vol immediately after percolation
ZSVBO’ burette vol change to the initial point

Void .'V'Ol, VVIP" VIP“ VS“ 1022)40 7h -671.10 = 351. 0)4 CC

Stress-strain calcuiations:

Table A6.1 illustrates the method of calculation used in order to
obtain pofosity n and volumetric compressibility -AV/V Ac as a func-
tion of spherical stress o. The burette volume change E:ANB was
obtained by differencing the burette readings VB, Table AS.1, from.the
base point at 1.3 psi. The rubber penetration volume corrections'VR |

were obtained from Figure A2.8, interpolation being required where the

loading program varied from that of the rubber penetration test.

Final point volumes, o = L5 psi:
The sample volume obtained under final data is comparable with

that given by the stress-strain table.
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A7. SUPPLEMENTAL THREF-DIMENSIOWAI COMPRESSTON APPARATUS PHOTQGRAPHS

~ Figure A7.1 Piston Assembly, Three-Dimensional
S ) Compression Apparatus

Figure A7.2 Piston Assembly Components: Spacer Cylinder, Base
: Cylinder, Clamp Bar, Rectangular Piston, Clamp Bolt,
Three-Dimensional Compression Apparatus
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\
Figure A7.3 Press Frame, Three-Dimensional
o Compression Apparatus

Figure AT.L4 Vibration Isolator, Three~
Dimensional Compression Apparatus
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.

Figure A7.5 Saturation-Rotation Device, Side View,
Three~Dimensional Compression Apparatus

Figure A7.6 Saturation-Rotation Device, Top View,
Three~-Dimensional Compression Apparatus
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Figure A7.7 Attached Manifold, Pressure-Volume Tank No. 1,
Three-Dimensional Compression Apparatus

Figure A7.8 Piping Detail at Top of Pressure~Voliie Tanks,
Three~Dimensional Compression Apparatus
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Figure A7.9 Aluminum Mold, Dipping and Coagulant Tanks and Stirring
Rods, Side Pressure-Cell Latex Equipment
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Figure 7.10 Side Pressure-Cell with Attached Aluminum Valve Core,
Three-~-Dimensional Compression Apparatus
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Figure A7.11 Stainless Dipping and Coagulant. Tanks, Base Pressure=-
" Cell and Sample Membrane Molds, and Stirring Rods,
- Latex Equipment

Figure A7.12 Sample Membrane, Three-Dimensional Compression Apparatus



-27h=

AB. STRATIN EFFECTS~~-THREE-DIMENSTONAL COMPRESSION APPARATUS

A8.1 RUBBER PENETRATION
The rcader i; referred to Appendix A2.1 for introductory re«
marké. For a spherical state of stress the rubber penetration effect
in the three-dimensional apparatus wés’similar to that in the spherical
compression apparatus; howéver, for a deviatoric state of stress each

parallel pair of sample faces was subjJected to different pressures.

A8.11 RUBBER PENETRATION TESTS

| Rubber Penetration Test Nos. ZA’and 23 were perfqrmed in the
fashion of Appendix A2.12 éxcept that the time of loadﬁapplication was
15 min, corresponding to that of the three-dimensionalkéompression
tegts. In addition, the loading program was modified to correspond to
’spherical stress cycies from 5 to 30 psi. Figures AB.2 and A83. give
rubber penetration Wh as a functionvbf pressure o for compression aﬁd

extension from 18 psi respectively.

 A8.12 VOLUMETRIGC PENETRATION CORRECTION--SPHERICAL STRESS
Based upon the average dimensions of the tﬁreegdimensional
sample indicated in Figure 48.1, the total rubber-sand surface area for

spherical compression was estimated to be 3860 sq cme TFigure AB8.)

/}-—155" ‘—l |

lfy /1

Flgure A8s1 Average Dlmen31ons, Three-Dimen51onal Plate Sample
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gives the rubber penetration volume correction VR as a function of ap=

plied pressure o for compression from 18 psi based on Test 2A. Figure

A8.5 gives the rubber penetration volume correction aé”a function of -

applied pressurc for extension from 18 poi based on Test 2B.

A8.13 VOLUMETRIC PENETRATION CORRFCTION--DEVIATORIC STRESS

The side pressure-cells were not in contact over the entire area
of the vertical sample faces because of the piston separations. Based
upon the overall dimensions of the vertical faces, the surface penetra-
tion area corresponding to the pfincipal stress oy and to the principal
stress 03 was estimated to be 58.9 s8q in. Figure AB.§ gives the rubber
penetration volume correction VR3 as a function of applied pressure oy
as based upon Test 2B with pressures decreasiﬁg from 18 psi. Figure
ABe7 gives the rubber penetration volume correction le as a function
of applied pressure o as based upon Test 2A with pressures incréasing
from 18 psi.

The base pressure=-cell was not in contact with the entire lower
face of the‘test specimén due to the provision for shearing deforma-
tion. Based upon an area equivalent to twice that of the base
pressure=-cell, the surface penetration area corresponding to the prin-
cipal stress cévwas estimated to be 288 sq. in. Figure A8.8 gives the
. rubber penetration volume correction VR2 as a function of applied

pressure o, based upon Test 2A for pressures increasing from 18 psi,

and based upon Test 2B for pressures decreasing from 18 psi.
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(cc.)

Rubber Penetration Volume Correction,(l) VR3

o 2 4 6 8 10 12 14 16 18
Minor Principle Stress, o3 (1b./sq. in.) |

(1) Based on Rubber Penetration Test No. 2B and o
surface area of 58.9 sq. in. 3
Extension from 18 1b./sq. in. pressure followed by
subsequent compression.

Figure A8,6 Rubber Penetration Volume Correction as a Function
of Applied Pressure., Minor Principle Stress (63)
Surface, 3-D Cumpressiun Tests,

20
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A8.2 PRESSURE-CELL

Air was trapped initially in pockets between the pressure-cells,
the compféssion chamber and the test sample. As internal pressure was
applied to a cell, some air was extruded; and upon reduction of cell
pressure, some air returneds With increasing cycles of stress the
pressure~cell still exhibited non-linear behévior as the total expul=-
sion of air was not.possible; however, the behavior became more elastic
 and thus was approximately taken into account by calibration. A
separate calibration was obtained initially for each experiment through

the performance of several spherical compression cycles of stress.

A8.21 PRESSURE-CELL CALIBRATION

After the performance of initial spherical compression cycles,
the true volumetric strains may be estimated by correction of the bu-
rette readings for rubber penétration, Section A8.12. Assuming an
isotropic sample, the three principal strains are identical under

spherical compression

Elﬂ 62” 63 (A8.l)
and the volumetric strain is ' \
€v= €l +€2+ €3 (A802)
so it follows that
€ € € *
€,=—2, €= —X €= Y  (48.3)

Considering the behavipr of‘oi side cells; the corresponding principal
strain is given by
€ : Z&Ij_.
l“ '—f‘l—— - (AB- J—L)
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where'Ll is the total length of the sample in the direction of o, .

1
The change in length ALl is given'by
R LsVl_ .
1 A
1
where L&Vd.is the volume change occurring within incompressible oy

cells, and Ai is the projected area of the sample-cell contact. From

Fquations AB.) and A8.5 it follows that

et (a86)
€, = == AB.6
1l AlLl
The volumetric strain is given by

AV :
EV = T ' (AB.?)

where AV is the volume change occurring within the grain skeleton,

and V is the total sample volume. Substituting Fquations A8.6 and

48,7 into Equation AB.3 then gives

AL
171y
AV = () av (A8.8)

A similar development for the intermediate (base) and minor

(side) cells resultec in

OV, = (-—-——AzLZ)Av ; (48.9)
Qv EYi .
and v
AV, = (ifé)av | S (48.10)
37 \ET .

For purposes of calculation the following initial dimensions
were taken as representative for all tests:
Al = AB = 1»90 X lho?S Sq ine
A2 = 12 x 12 sq in.
Ll = 103 = 1505 in.
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L2 = 1,90 in.

V = 7300 cc = LL6 cu in.

Based upon these dimensions, Equations A8.8, AB8.9 and A8.10 are

AV, = 0.32587 (48.11)
AV, = 0.20547 | (A8.12)
AV = 0,325V - (48.13)

The differences between volume changes recorded at the three
graduated pressure-volume tubes'and those given by Equations A8.11,
48412 and A8.13 were assumed due to the effects of air compressibility

and rubber penetration. The pressure-cell contributions are thus

-AVPCl = Afle - 0.325AV (A841L)
-AVPCZ = AVZB - 0.205AV 4 (48.15)
-AvPCB = L\V3B - 0.325AV (48.16)

where VPCi represents the volume change correction due to the o cell
compressibility and rubber penetration; ViB the recorded volume change

at the corresponding graduated pressure-volume tube.

A8.3 TEMPERATURE CHANGE
Neglecting entrapped air, temperature change was palculated'to

induce volume changes in the various measurement systems as follows:

Measurement System Volume Volume Change
ce ce/C®

Sample voids , 2520 0.7

Side cells (Gi or 03) 2540 0.7

‘Base cell (Cé) : 1060 0s3
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A9. STRESS EFFECTS--THREE-DIMENSIONAL COMPRESSION APPARATUS

A9.1 MEMBRANE BEHAVIOR

The reader is referred to Appendix A3 for introductory remarks.
Upon the occurrence of strain within .the three-dimensional test speci-
men, the membrane accepted a portion of the applived external load, thus
modifying the stress taken by the grain skeleton. If the membrane
dimensions are large with respect to thickness, the sides of f.he mems
brane may be neglected in analysis, amd g,representative internal
eiement examined, Figure A9.l.
a) /r - : —’LL“" H . b)

= /) I

1

Figure A9.1 Rubber-Sand Interaction, Element of Plate Specimen,
Three-Dimensional Compression Test

This element is subjected to the applied principal stresses Oys O,

- and 0'3, as shown in Figure A%.1 a).k The sand accepts most of the load
through development of the stresses al’, 03' and Oy} the rubber skin

~ takes the remainder through the developmentvof the stresses %R and

3R TFigure ASs1 b)»
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Assuming membrane thickness t small relative to sample thick=
ness H, a statement of equilibrium in the 1 direction is given by
= 1
o = oy T + 0.p2%

or ot

o' =0 - oy (49.1)
A corresponding statement of equilibrium in the 3 'directions leads to
B L :
1 m - —— ' .
oy %y = T % | (49.2)
The rubber stresses, Figure A9.1, are determined by the method of

‘Section A3.2. Equations 43.10 and A3.11 modified for this case are

o1g = g - -'g‘ (2€, +€,) E (A9.3)
O3p = Opp = 3 (2 GBR + 6137 E , (A9.4)

Substitution of Equations A9.3 and A9.ly into Equations AS9.1 and

49.2 respectively gives

o mo- Flop-58 (e rep) ()
0"“0‘-'?':&‘{0' —'?'E(2€ +€ )j (A96)
3 3 H 2R 3 3R 1R *
Assuning that o= 02,’ €5~ €, and €35 €5» it follows that
o' ==L [0,-2E8 (2€., +€.)] (49.7)
1 1l H 2 3 1 3 *
2t 2 :
. 03' o3~ [02-3 E (2 63 "’61).\ (49.8)

‘Using E = 263 psi (from Figure A3.2) » and given representative meme
brane dimensions % = 0,055 in. and H = 1.90 in., the corrected stresses

sre 0! =0 0.0579 [0p- 175.3 (€4 €)1 (49.9)

03 = G- 0.0579 [0, 175.3 (2€,+ €0  (49.10)
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A9.2 BOUNDARY FRICTION
Silicon grease was applied to the outer surface of the sample
membrane to reducevboundary frictions Tests were performed to obtain

& measure of the amount of fricticn actually developed.

A9.21 BOUNDARY FRICTION TESTS

A schematlic diagram of the boundary friction test apparatus is
given in Figure A%.2. A tee connection was added to the line from
pressufe-volume.tank no. 1 to pressure~cell Gl~l1 , and a new needle
valve BF1l was installed, Figure A9.3. The connecting lines were filled
with water and attached to a Statham pressure transducer. The output
‘of the transducer was measured by use of an automatic recorder,
Figure A9.l. ' |

Friction tests were carried out following the performance of
Test Noe lh'S'Ilé%R’ the test specimen remaining in-place within the
compression chémber. Initially all pressure-cells were under a prese=
sure of 18 psi. The intermediate o, cell was sealed by closing valve
2-3, Figure 6.2, and the minor 03 cells were sealed by closing valves
3«1, 3-2 and 3-3. Préssures‘ were applied to a live 011, side cell
(free to change in volumé) and measured at the opposite dead (sealed)
%D side cell. The difference in pressure (live-dead) was measured,
and the corresponding force was considered to be carried in shear by
the upper and lower faces of the test specimena

Tnitially valve PVl was closed and all other valves of Figure

AZ+2 were opsn. The automatic recorder was switcnéd oi and the poten~

tial corresponding to 18 psi recorded. Prior to the application of
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each load, valve BF1l was closed allowing the live cell (Gl-2) preésure
to be retorded. Valve PV1-27 was then closed and valve BF1 opened
allowing the dead cell pressure to be recorded. The i%ad increment was
applied and the dead cell pressure automatically recorded in time.

When equilibrium had been established, valve BFl was closed and valve
PV1-27 was opened--recofding the live cell pressure once again. This
proce&ure was'répeéted for each load increment. Normally about 95% of
the total pressure change occurred during the load application

(1/2 miﬁ), andlthe remaining 5% in from 1 to 2 min.

The ultimate difference between live and dead cell readings from

the inked record of potential was compared directiy with the difference

in live cell (known
obtained by proportion. This procedure essentially provided a cbntinu-
ous calibration of the tfansducer in time. Details of Friction Test
Noss 1, 2, 3A and 3B follow.

Friction Test ﬁb. 1
Pressure program: 18, 25, 30, 25, 18 psi

Details: Pistons were rocked at 30 psi

Friction Test No. 2
Pressure program: 18,20,25,30,25,20,18,15,10,5,10,15,18 psi

Details: Pistons were rocked at 30 psi

Friction Test Nos. 3A and 3B
Pressure program: 18,20,25,30,25,18 and 18,15,10,5,10,15,18 psi
Details: Pressures in 1live and dead cells were equalized following

first cycle at 18 psi.
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Pressure K G-l
Transducer

‘Compression
* Chamber
50
BFI PV “t g3 \
e s s +
P-vi-27 P-VI-2
P-VI-M

Hydraulic Circuit

Statham

\, INPUT
P . LA
A Tr;?\:jz:r @_ 250004 0-8V ==
0-50 psi.. 4 |

CUTPUT

—— Auto-Recording
Potentiometer
0=-10 Millivolts

Ele¢trical Circuit

Figure A9 2 Schematic Diagram - Boundry Friction Test Equipment, Three-
‘ Dimensional Compression Apparatus
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Figure A9.3 Piping Details for Friction Test,
- Pressure-Volume Tank No. 1

30

Figufé A9.h Auto-Recorder for Friction Test

A9.22 BOUNDARY SHEAR AS MEASURED BY FRICTION TESTS

A statement of force equilibrium for the plate specimen, Figure
A9.5, gives

(o= 05)(1.90 x 15,25 = 2T (15,25 x 15.25)
or
T = 0.0872 (0,7= o7p) | (A9.11)

where T 1s the average boundary friction stress developed in psi by a
live~dead pressure difference (o~ o;p) in psi. Figure A9.5 illus-
trates results from friction tests 1, 2, 3A and 3B.
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A1O0. THE PHOTOGRAPHIC MFASUREMENT OF STRAIN,
THREE-DIMENSIONAL COMPRESSION APPARATUS

An unsuccessful attempt was made.to photographically measure
, min6£ and major principal strains early in the experimental program.
Forithe record, ihe method of measurement will be briefly described.
(Ses Figure 7.17 for photographic_results.)

The sample membrane was marked with india ink to form an or-
thogonal network of lines 1/2 in. apart and parallel to the major and
minor principél stresses. Graph paper lines (10/in.) were superimposed
on transparent film by use of a photographic process, and the tilm was
bonded to the inéide surface of the lucite cover plate;yith cellophane
tape having adhesive on both sides. A Polaroid camefa;%as attached to
the press.frame and focused with a closeup lense on the teat specimen
as viewed through the plexiglas center window. The field of view was
approximateiy 5-1/2 in. sq. Artificial lighting was provided at two
gides of the 6ompression chamber. | |

Photographs were taken using transparency film prior to and
followiné the application of pérticular load increments. The pictures
were mounted in 3-1/L x l-in. plastic lantern slide frames for en-
larged projection on a glass screen covered‘with mylar filme Distances
from the inked lines on the membrane to the fixed lines on the cellu=-
loid film were measured on the screen with a 0.0Ol-in. ruler, and
related principal strains were calculated. The enlarged inked lines{

on the membrane were not initially clear or unifornm; and after the mem=-

brane was greased several times, the lines became more blurred.

{
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All. ,ATR VOLUME DETERMINATION--THREE-DIMENSIONAL COMPRESSION APPARATUS

Assuming constant femperature, Boylet's law states that

PAVA = (A11.1)

vhere :
' PA = absolute air pressure within test specimen

> o
VA = air volume contained within test specimen
C = a constant
It follows from differentiation that

P,dvV, + V,dP, = O

, AVA O TATA
or ‘
av AV
V,==-E 3, Py AT, - (A11.2)

The air volume apparatus was composed of the volumetric strain

burette connected to the voids of the specimen as shown in Figure Alll

Final

Position

Volumetric Strain Burette

Initial

Position

| : samre

Figure All.1 Air Volume Apparatus



«295-

Initially the head of water to ihe center of the specimen was he
Uponv, raising the burette a distance y, the head increased by Ah and
the burette volume reading changed by AV = sz- \'f %" ‘ Equation All.2

written in terms of head of water is

- PAAV
V, = : All.
A " ¥, 8F,7%, {42.3)
- where ‘ : '
PA Py .
= =h + =  with P, = barometric pressure (A11.L)
B Sw \ B
and since P
A v v
w

it follows from Equation All.3 that

. P
. By AV

Assum;i.ng a uniform burette cylinder, Figure All.l indicates that
= - E ] - .I.-I- '
AR =y =(xpxy) = W=V =V, )} 7= (Uy=27) g (A11.7)
where . H = length of graduated portion of burette
V = volume capacity of burette

Upon substitution of Equation All.7 into Equation Al11.6 then

P .
V, 8 (n+8) — BV _ (A11.8)

A e ~ H
| . w- (Vy—AV) v
Here PB/TSW = 1034 cm of water, h = 58 cm, Vyn 25 cc, H = 35 cm,

"~V = 25 ce yielding

A 5 .
A= 0.2 \\

where VA is taken to represent the air volume in cc within the test
sample, and AV is the observed burette volume change in cc cc‘)rre-,
sponding to raising the burette within its holder 35 cm in height
(25 cc)s | '
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A12. COMPLETE DATA--THREE~DIMENSIONAL COMPRESSION EXPERIMENT NO. 13
 Initial Data
Wt of dry sand sample = 2831 1b

Saturation (9 min)
Initial supply reservoir vol o 5080 cc

Final supply reservoir vol 2600 ce

Air volume test

~ Burette base level Burette reading
25 co | Teks cc
b ce , | o 5.9 ce
25 co ~ Teb cc
0 cc 5.9 cc
Final Data

Wt wet sand + membrane = 34.95 1b

Wt membrane = 1l.23 1b

g

Stresé—Strain Data ;
Table Al2.1 presents data for the initial spherical cycles
of stress, and Table Al2.2 presents data for the following

deviatoric stress cycles.
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Table Al2.1 Stress-Strain Data~-Three-Dimensional Compression
Experiment No. 13, Spherical Stress Cycles

Pressure~Volume Pressure-Volume
- Tube Readings Bur. Tube Readings Bur.
Time Pres. V A v Read. [Time Pres.V v v Read.
min o B2 B3. Bl V.,cc | min o B2 B3 Bl V,,ccC
. CC ce ce B . ¢C ce cc B’
psi psi
© 4 80.0 80.0 80.0 25.0 25 70.0 7h.5 7h.2 8.9
0 10 707 T1le2 T1.0 18.5] 1316 30 64«9 T71.5 70.9 6.3
5 10 70.0 T70.7 70.5 18.5 30 6L.3 T71l.7 70.L 6.1
6 15  60s5 63.8 63.2 13.6| 1326 25 68.2 T73.0 72,4 8.0
15 59.2 63.0 62.7 13.8 25 68.3 73.0 72.L 8.0
22 20 5047 5703 56.8 10.1| 1334 20 73.0 75.2 75.0 10.2
20 L9.8 56.8 5642 10.1 20 T73.1 75.L4 75.1 10.3
31 25 L2.2 52.4 5l.) 6.9 1340 15 78.5 78.4 78.1 13.0
25 L41.5 51.8 51.0 6.8 15 78,8 78.7 78.4 13.1
1. L2 30 35.8 L8.0 L7.0  L.O| 1349 10 86,0 83.1 83.1 16.6
30 35,0 LT7.2 U6.3 3.8 10 86.7 83.7 83.7 16.8
57 25  39.0 L9.5 LB.L 5.7[1354 5 97.8 92.0 92.5-22.3
25 39.0 49.5 L8.5 S8 5 99,0 93.0 93.6 22,7
65 20  L3.8 52.4 5l.4 Bo1l| 1363 10 92.0 86.8 87.2 16.9
. 20 LLheO 52,7 51.7 Be2 10 91.5 86.5 87.0 16.8
©70 15 50,0 56.1 55.3 11.111369 15 85,0 82.0 81l.8 12.6
15 50e5 5645 55.8 113 15 B8Le7 B8le5 B8leli 1246
80 10 8.5 6148 61.2 1Le8| 1380 18 B80.2 790 79.0 10.6
10 9.2 62,4 61.8 15,1 18 B80.0 78.8 78.8 10.5
90 . 5 Tlel 71e5 718 20,8 1368 15 83.0 B80s5 80l 1242
5 73s1 T72.5 72.6 21,2 15 83.2 80.7 80.5 12.2
104, 10  6L.8 65.6 65.0 15.0]1390 10 89.0 8U4.2 8Us5 15.9
10 6Le? 65.2 6L.9 15.0 10 89.4 BLe6 B8Le8 16.0
110 15 5743 60,0 5942 10.7[1400 5 98.2 92.0 92.6 21.9
@15 5648 5943 59.0 10.6 5 99.0 92.8 93.3 22,1
117718  52.2 56.5 55.9 8,5 | 1405 10 92,0 8.6 86.8 16.3
1 127 18 51.7 56.2 55.8 8.5 10 91.6 86.2 86.L 1643
1296 17.8 ULB.8 53.5 53.0 12.7 1410 15 85.2 B8l.8 B81l.6 12,2
© 18  (80.0) (80.0) (BaO) 12,6 15 85.0 8l.5 8l.4 12.1
1300 20 77.2 78.4 78.3 11.6 11417 (18 B80.3 78,8 78.8 10.1
| @20 70,0 78.2 78.2 11.6|1427* 18 80.2 78.5 78.5 10.1
) 1310 25 7063 The9 TheS 9'0 ‘

_Temperature = (1) 26.9°C; (2) 27.0’&; (3) 2L.0°Cy (L) 25.5°G4
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© Table Al2.2 Stress-Strain Data--Three Dimensional Compression‘
Experiment Nos. 13, Deviatoric Stress Cycles

Cell Pressures

Press.-Vol. Tube Readings Bur.Read.

]

Vg2

VBB

\

v

% 3 1 Bl B
psi psi psi ce ce ce cc
18.00 18.00  18.00 80.0 80.0 80.0 5.0
17,06  1heTh 22,20 80,6 = B82.2 76.5 ka7

80.7 82.2 763 e 7

16.67 13.39 " 23.9L4 81.0 83.7 The5 Li.5
81.0 83.9 74.0 L5

16437 12435 25,27 81.2 85.3 7245 Lol
81.3 "85.Lh - 72.3 Lol

16.12 11.48 26.1,0 81.5 87.2 70.5 L3
; 81.6 87.7 69.8 Le?2

15.90 10.71 27439 81.8 89. L 68.0 Le2
- ' 8108 89.8 6707 }-LOZ
15.70  10.0% 28429 82.0 92.1 65.3 L3
82.0 93.5 63.5 h.2

15.52 9.37 29.11 82.2 95,2 62.0 Le5
‘ . 82.2 947 61.5 LeS

15.35 8.77 = 29.88 82.6 100, 2 573 5.1
o . 82.8 103.1 She7 5.2

15.18 8422 30.60 83.0  106.0 52.2 5:9
: 83.0  107.0 5l.5 5.9

15.03 769 31.28 834 114.0 L5.5 7e5
83.8  132.8 27.6 9.0

(80.0) (80.0)

14,89 7.18 31.93 8.0 85.5 75.0 11.1
: 8.6 96.0 67.0 12.9

1. 75 6470 32,55 85.0  102.0 62458 15,2
85-5 ' 117: 3 50.14 18,2
(80.0) (80.0) (0.0)

1. 62 6.2) 33.1L 8640 90.0 73.0 L0
8647 104.0 62.7 7.5

(80.0) (80.0) (0.0)

1. L9 580, 33.72 87.0 90,0 73.0 Le2
88.0 109.8 588 9.8

: (80.0) (80.0) (0.0)

1)4.37 5‘37 Bho 27 v 88'5 95l O 70.0 70 O
(80.0) (80.0) (0.0)

1425 Le95 3L.80 90.5 105.0 6L.0  10.8
92.8 152.0 2845 23.7
(80,0) (80,0) (0.0)




Table Al2.2 continued

299 =

~__Cell Pressures Press.-Vol. Tube Readings Bur.Read.
%, 03 o VB2 VB3 vBl VB
psi psi psi ce ce cc ce
9Le3 146.0 35.2 25.0
(80.0) (80.0)

14.37 5.37 . 3hLe27 9le2 80.2 . 79.6 253
e 2 80.2 79.6 2543

1. L9 5.80 33.72 9l 2 798 79.8 25.1
- 9k.2 79.8 79.8 25.1

1h.62 6.2 33.14 9L.0 7940 80.0  2L4.8
9.0 79.0 80.0 2L.8

1. 75 6.70 32455 940 78.5 80,4  2L.5
14.89 7.18 31.93 93.8 78.0 . 80.7 2Lh.0
‘ " 93.8 78.0 80.7 2L.0

© 15,03 7.69 31.28 93.7 17«2 80.8 23.5
93.7 772 80.8 32.5

93.7 76,0 8l.2 22.8

15.35 ° 8.77  29.88 93.6 7he8 81.8 21.9
93.5 74.0 81.8 21.6

15.52 9.37 29.11 93.3 7342 82.2 20.9
. ' 93.3 73.2 82.2 20,9

15.70 10,01  28.29 93.1 71.3 82,9  19.5
' 93.1 707 83.1 19.1
15.90 10. 71 27439 92.8 6846 8349 17.6
92.8 68.6 83.9 17.6

16.12 11.48 26.40 92.3 6Ll 85.5  1lL.6
16437 12.35 25.27 92.0 60.3 87.0 11.5
92.0 60.3 87.0 11.5

16.67 13.39 23.94 - 91.3 52.3 89.8 6.2
: 91.1 L49.5 90.3 L9
(25.0)

17.06 1.7k 22.20 90.5 Lo.5 oL.2 18.9
90.1 38.0 95,2 17.4

18,00  18.00 18.00 . 86.0 0.5 113.8 -1.8
‘ (10.0)

v 860 0 . -30 0 1150 0 . 6. S
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Al3. CALCULATION OF TEST RESULTS-~THREE-DIMENSIONAL COMPRESSION
EXPERIMENT NO. 13 '

Initial Data

Wt of dry sand sample, W_ = 28.31 1b

=

~ _ s 28,31 x U53.6 gm _ ),
Vol solids, V, 5 525 g L8L6 cc

Water vol based on initial £ill (check only)

Vw = 50B0 - 2600 = 2480 ce

Air volume determination (Appendix A1l)
T = 156 156

A 20002 s -
2=0:2 e - 0.2

= 50 cc

where x = vol change (cc) for 25 cc equivalent nead change

Final Data (use)

Wt wet sand, W= 3]4'95 - 1023 = 33.72 1b

~

N

Wb water, W= W - W= 33.72 = 28,31 = 5.l b = 5.L1 x L53.6 = 2U5h gn
W

Vol water, V_ = % & -?-)2‘%-‘- = 245, gm

Vol voids, V.=V +V,= 2454 + 50 = 250 ce

Total vol, V = v VS = 2504 + LBL6 = 7350 cc
) v '
Porosity, n = '\72 = %% = 0,341
' v
Void ratio, e = p¥ = 220L . 0,517
| ’ V. Leké

Degree of saturation, S = ;‘—' —y%g% = 98%
: v
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Stress -Sti‘ain' Data

Table Al3.1 deals with the initial spherical stress cycles. The
burette vdlume change ZAVB and the gradﬁated pressure-volume tube vol=-
ume changes EAVBl, ZAVB2 and ZAVBBI were obtained by differencing the
volﬁhle readings given in Table Al2.1 from the initié,l point. The vclume

change ZAV was obtained by adding the rubber penetration correction VR

from Figure AG.l4 to the burette v§1ume change ZAVg. Pressure-cebll
volume change corrections ZAVPCi were calculated by subtracting the
.graduated tube volume changes ZAVB i from the sample volume change con=
tributions SAV 4+ Section A8.2 gave ZAT,= 0,205 ZAV and 2NV, =
ZAV = 0.325 SAV. Figures Al3.1, Al3.2 and A13.3 present plots of

| pressure~cell corfe ctions as a célibrat-ion for the deviatoric stress
test. The calculation of volumetric compressibility is not showneethe
method being almost identical to that given by Table A6.1.

Table A13.2 deals with the deviatoric stress cf;'les.» The bu=-
rette volume change EAVB and the graduated pressure-volume tube volume
changes ZAVBl, ZAVB2 and ZAVB3 were obtained by differencing the
volume readings given in Table Al2.2 from the initial pointe The
prgssure-cell corrections VPCZ ’ VPCB and vPCl were obtained by.projec-
tion of the plots given by Figures Al3.1, Al3.2 and Al3.3 from 118 psie
Corrected pressure-QCell volume chéngés ZAvi were obtained by addition
of the pressure-cell corrections to the graduated' tube volume changes
= AvBi’ Principal strgins were calculated from

L IO S0V, 4

“ . -l
175" TI  TL90 x 17503550/ 16,367 ~ 1428 x 107 247, 5

€




- -302-
AV, >IN

= : = § -,4
2" LI, T Tz X T2L.90)] 16,387 ~ 223 x 107 247,
Rubber penetration corrections' for volumeiric strain v.;3, VRi and VRZ _

were taken from Figures A8.6, A8.7 and A8.8 respectivei[y, and added to
ZAVB to obtain the corrected volume change SAV. Volumetric strain
was calculated by € v ZAV/V . In this case V was taken constant and
equal to the ‘init.ial‘ volume for the deviatoric test (7302.L cc), thus

€, 1369 x 107l

2O0V.e The initial volume was calculated from the -
final vo;Lﬁme determination, accounting for the total volume change
occurring in the deviatoric test (7350-L7.6 = 7302.L cc).

Tables Al3.3 and Al3.l present the two different methods used
in calculation of the strain invariants. In Table Al3.3, volumetric
strain is calculated as the sum of the three princ'ipal strains obtained
from Table 13.2. In Table Al3.L, the volumetric strain from Table
Al13.2 is usgd in conjunction with the principal strains é2 and 63.
Here the major principal strain is calculated by €= €v-( 62 -;'EB).

Theb second modified strain invariant was calculated by

1., 2

and the third modified and dimensionless strain invariant J 3* was
calculated from k = 1 = 2[( € 1" 62)/(6 1" € 3)] in conjunction with

Figure 3.2 where the analogous terms were k = -Q and J % = T i,

T
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Table Al3.3 Calculation of Strain Invariants Based on 61) 62, 3
Three~Dimensional Compression Experiment No. 13,
Deviatoric Stress Cycles
€.-€
I* € € € €. J 1l 2
2 v 2 3 1 2
c10% | x 10t | x10* | x 104 xaot| x 108 | €17€3 | K | =Ig*
0 0 0 0 0 0 _
1 0 -1 1 1 27
2 0 | -1 2 -2 8.7 0625 | =050 | ~0.74
13 1 7 | 1850 | <226 | 38.1] 0.8 | -0.0k | -0.07
lLL hs 10 191 -156 604» 2 0. J.I-8 =0 Ob ~0e 07
15 67 1L 250 «197 100.0 0.7 | -0.06 | «0.10
16 135 23 h).].é —33h 3 050 O ,00 hé ' "'00 08 -Oq 1)4
15 135 23 Lh7 =335 306, 5 0. 16 -0.08 | =0.1}4
1l 136 24 L7 =335 | 306k | Ouh6 | ~0.08 | -0.1k
0 72 13 353 -29) 209.5 0. 447 =006 | =0.10
Table Al3.4 ‘Calculation of Strain Invariants Based on ev’ 62, 63
Three-Dimensional Compression Experiment No. 13,
Deviatoric Stress Cycles |
0 0 0 0 0 0
1 -1 -1 1 -1 2.7 0 =1.00 | «1.,00
2 -1 -1 2 -2 8¢ 7 0.25 =0.50 | ~0.75
13 | 27 | 7 | 150 | <30 | 39.2| 09 | -0.02 | -0.03
1 L1 10 191 | «160 61.6 0.148 -0, 0L | =0.07
15 61 1 250 =203 102.7 0.48 =0.0L | =0.07
16 128 23 LL6 341 | 310.3 0. 146 ~0.08 | =0.14
15 | 128 23 Lk7 =342 | 311.8 0sLi6 | ~0.08 | ~0.1h
i 128 2l L7 =343 | 312.6 | 046 | <0.08 | -0.1k
2 | 100 | 22 | Ll | =335 | 280.7 | 0.8 | =00k | =0w07
1 91 20 399 =-328 26l v 0. 148 =0+ 0Ly =0 07
0 65 13 353 ~301 21h.0 0.48 | =0.04 | =0.07
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