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of Gl in the usual matrix multiplication form we must take the
transpose of one of the nucleon factors to get the indices in the

correct position. Working on the incoming nucleon we have

[j(l”fé”s"]: = El+§)75CJT := E;TysT(l.,.gTz’ :

- [-c ¢t 7 C (L - C—_;_lglﬁ—g)]: =-El +g ) 7g C]: (A-6)

L)

where we have used the properties of C given above.— Now we can write

G, as (using (l)?. = (l)z)

Q
1

2 ' B
2 < BPPB > u(p') [(1-51"- F)vs (1 +%)(l +%) 75 (1 +m—tF€|u(p)

x Tr [C 75 (l+§')(l+§)750 ('):]

— pe ; b
2 < BPPB > u(p') [(l - r—,;?-F)(l - % a - %)(l + nTt'Fi] u(p)
n n

x Ti» [(1 +§') 1+ }i— )] . (A-7)

Let us proceed by evaluating the trace factor which we shall label

X(t).
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2K (¢) = Tr I:(l+§')(l+é)J = Tr [1.+L;—l-ér+ ilé.':}
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To simplify the rest of Gl we need to work out the form of

u(p') Gp u(p) for the various operators Qp which appear. We
expect on general principles that the result cin always be expressed
as u(p') Qp u(p) = a(a+gDb)u where § = 3(d +4') . In
the following table we present the general results which can easily
be verified by the reader (see e.g. ref. 51). Recall that

s=(+a)= (0 +a)°, t=(p-0)%= ('~ @)% p, =(p-p)=(a"-q),

u o= (p-a)%=(p -a)? .



b d'd
b d'8,
b, d8,

TABLE I

(@

d'db,
£+ db,

t(u-m°)
2(s-u)
2(s-u)
m -t

m(s-u)

cTT



Using the table we find

ﬁ(l-ﬁ—tF) -4y (1-Ly@a+tru
" H H M

) P , B.q' b.a B.P d'p
. ﬁ[ -a’-°-}.«“+5§F-ﬁ-iﬁumJC F+mt F + tEtF+,d_g'2 - th
TR m m a " Wm

O N S S L b i b )]s

2 2
n pm n, m K m M womo

n n n

4

- -u+m2+2 s—mg-2 t .<3-m2-s-m2
=u[l+ L P+ L p 4 F + + “Ep
m M mnp. 2 L m

u m2 = Tt (u m2
- B = R _J__;_).
F 2 2 F

n Boom
2 4m 2m 4m t 2t t 2mt
+q -H-mnuF-—g-mnuF-meF-m V.F-2mF-2m2F]u
b o M bom Woomo
-[s-m - 2 F t F 2
= s = u(s-u)- 55 (u - m%)
M n Moom
n
2t
-¢{2@2+H)+ 2F2(4m“+t)+__-2 g (p.+m)]u (A-9)
vl mo W Hoom

Note that in our simplified treatment of the neutralizer F2 = F.
Since we are interested in the large |s| , |u| , fixed t limit

(u~ -s), we can further simplify Gy by defining the functions
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g (s,t) = -%l:l P 2EE E—E] (A-10a)
m 2
" n m
n
h (s,8) = 2 [(m+p.) (1+35) + = (4mu+t)] (A-10D)
U m n

So, using Egs. A-7, A-8, and A-10 we have

G, (m,s,8) = 4< BPPB > K(t) u(g+ghn) u (A-11)

With the above calculation as practice ;we can proceed to
evaluate the other eight terms in fairly short order. The ordering
used in the following is to successively look at each term in Y for

a fixed term in V.

K 5L c |
H K L 'E D F G  ABT “C

[crsa+t >]h T - n o2+ & >]i <1>: [ad) 75]d

g n h e

G. = IR § g 8

»
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a b b c b
@ @ aegEn [aeBre] u

+_—
m
g n a

[<§><§PB>—<B—PPB>] a (l+§)750C75

x (l+§')(l'-%F) s @+ &+ 40 +§EF)} u

b

= F)
n

[<ﬁ5PB>-<§><§PB>:}ﬁ {(1+§) (1+§') (1 -

x (1-L)a-L) (1+:%F)} u (a-12)
. n
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(Recall that C C = -1)

To evaluate this expression we note that

i) @+B) @el) - i) @+ Bl LR

m

S G(e+l-2 4 ZREY)  k(s) d(p) (A-13)

m

where we have used Eq. A-8. The remainder of the expression between

u(p') and u(p) is just what we had in Eq. A-9, so that
Go(n,s,t) = [< BPPB > - < B > <PPB >] K(_t) u (g + ¢h) u (A-14)

The next term is

L E D «C A B J
= 5 5 s8° 8 &
G € " Bp % Py O PFg % % % capr B¢

" b k- v M) 4 e
B a2 [ e o,

x [(l + %) 75]:

(a2 s c]b u, (p)

8

a b xﬂt ¢
x (1) (1) 1+=F)
i g n d

[< B > <PPB > - < BPPB >} a {(-1)(1 + né) 75 C (-1) ¢ 7s

] | ﬁ 1 ﬁ
x,(l+§)(l-iF)75 (l+%)(l+%)75 (l+%F)} u

]

[<ﬁPB>—<§><§PB>]ﬁ{(l+£)(l+g)(l-éF)
: n

x (1 -%'j (1 -%) (1 +'§EF)} u | (A-15)
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where we have used Eq. A-6 and the corresponding form for
f

[C Ye (1 + 1%):] . Inspection shows that Eq. A-15 is identical to
h

Eqa A"l2o

Gy = G, = <BPPB> -<B><PPB> K(t) u (g +¢nh) u (A-16)

Next we have

FOR=H K =L E D C A B T
- 5 5
Go= € By b Py B Pp By B By epyy By

@75a+§w]jawv>a~%mi bgu+§3]iui

a a b b ¢ =
x [arbr] W @ arffn [orbrge] ww
e ;

i g n d b
e <> <Tem> |1 {a- £y 1.t

=[<BPP><B>-<BPPB>]u€l-5—F)'75(l+u)(l+“)75

2, ? P
x (l+xTF) (-1) (l+m)75C(-l)075(l+m) u
—[<§13PB> <ﬁp><13>] '{(1 ﬁ—tF) (1-1')(1-91)
- } ~ b T m m m

YS.b é él} .
X (l+fﬁ—F> (l+m) (l+m) u : (A-17)

Similarly to Eq. A-13 we find

@+l @+ um) = @+ B4 ELEE) up) = k(¢) u(p).  (a-18)

m



So again we have just Eq. A-9 and we find

G, = [<B_PPB>-<)_3§P><B>] K(t) u (g + gh) u (A-19)

The fifth term has the form

B ; 8E PD 5 5A sB J

GHR
L 2 °0 °F °¢ o Ba

= K
= S}
G € B q

F
R

, b p. k ,12 e
o] Feva-gn fsa)] @

<

u_(p)

. d a a b 5_: c
&1+974e“§(”g“+mn”dBl*ﬁ’SQb

— — - - ' '
[<BB><PP>-<BBPP>:]uu Tr[Cys (1+§) (1-5—1«*) 75
n

, 2
x (l+%) (l+%) Vs (l+r_n§F) (-1) (l+§) 750]

[<§B><§P>-<§B§P>] uu Tr [(1+§') (1-§EF)
n

Ve Y
x (l-%)(l-%}(l+§’£‘)(l+é)} (A-20)

1
Using the fact that (1 + é ) acting to the right and (1 + é) acting
to the left are, for our purposes, just like u(p') u(p), i.e,
1 ]
(l+é)1$' = (l+é)m and xﬁ(l+é) = m(l+é), the trace
m m m m
1
factor is easily simplified to give Tr[(l 4 g )(g + @/h)(1 +§ )] .

This is straightforward to evaluate using p .- Q =p' - Q = _s_;_u .
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To leading order in s we obtain
= = = = 4 s
G =-[<BB><PP>-<BBPP>Juu[2gK(t)+Th] (A-21)

The last term which we shall calculate explicitly is

HFR =G K =
= o)
G6 € B R °H P

- iy b, k Y e
« [erya+d] Fena-gEn [a+d] o

b

—~ d a
x [0+9 75]e (1), (1)

g n d

P c c
Grgtn [a+D g c]b u_(p)

= [<'1§§PB>+<§P><'B‘><B>+<'B'B§P>-<'13'P><§B>

-<B'§P><§>-<§§P><B>:]

‘ 0'1160 c'l;z{c
u{(l+)750(l- mt F)c'lysc(l- )
c‘lgc L c'ltc )}

(1 - 7 ) © 750(1+ N F)075(1+ )}u

n

= [<§P><§B>+<B§P><1’3’>+<§I>'P><B>-<”B?PB>

-<§P><B><§>-<§B§P->:l
. G{(l é) (l+é-t-F) (1 -5‘1) (1 i') (l-é"-F)(l-kﬁ') u
o m m " m m "

(A-22)
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We can simplify the Dirac portion of this expression by noticing that
the quantity in the brackets is just like the expression appearing in
the trace of Eq. A-20 except that we must interchange q +9q'.,
pep' , and Py ©-D, - Of course these changes do not affect the
variables s, t, and Q so that g + Q h appears as before and we
obtain
Gg =[<'§P><BB>+<B§P><'§>+<§§P><B>-<1?15PB>
. :
-<§P><B><§>-<§B§P>J
- T
x u{(l+§) (g + € n) (l+§)}u
= [<§P><§B>+<B§P><§>+<ﬁP><B>-<ﬁPB>

-<'15P><B><§>-<'B'B§P>]

x a{g (4-%)+§(s-u)h-¢h(4-—t2-)}u . (A-23)

Finally, to leading order in s, we have

0
n

[<'1'5P><§B>+<B’§P><1‘3’>+<1§P><B>-<§§PB>
-<§P>‘<B><§>-<§B§P>]

% & {g K(t) - 4 hK(t) + 2 h} " (a-22)

To complete these calculations, the reader can easily verify
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that the following equations are true.

G, = G, (A-25a)
Gy = G (A-25b)
Gg = Gg (A-25c¢)

Adding up all of these contributions and noting that < B>=<B>=0
(see Eq. VI-6), we arrive at the result shown «dn Eq. VI-10 (to get to
that result we must also remove the inessential overall factor

1
¥ =
Hoom

G (n,s,t) =

|
p=

=]

™M

= (1 o°) 4 {< BPPB > {Q g K(t) -8=h+ 10 ¢ K(t)h]

+ ( <BB>< PP > - < BBPP >) [6gK(t)+8]§£h-2¢K(t)hJ}u

= u<s <ﬁPB>{(l+:l—-g-)(4Om2+16mp.-6t)+n—lF-
n n

(160 mep + 16 mt - 24 u‘t)}+(< BBPP>- < BB > < PP > )

x {El + ;—g)(s n® + 32 mp + 6 t) + m£(32 m2p.+ 32mt + 24@%}
n n

ct

- 4%(4m2-t) [(m+“)(l+ﬁ_%)+rf—' (4mp,+"t)]

x (5<BPPB>+<BBPP>-<BB><PP>) pu. (VI-10)

The other quark diagrams of Fig. VI-1 and the other kinematic

limits are all calculated in similar fashion.



2.

3.

4.

7.

121

REFERENCES

M. Gell-Mann, Physics Letters 8, 214 (1964); G. Zweig, CERN

Reports Th 401 and Th 412 (1964), unpublished.

See also J. J. Kokkedee, The Quark Model, (W. A. Benjamin,

Inc., New York, (1969) where further references are given.

See e. g. H. Harari, Rapportuer Talk, Proceedings of the

Fourteenth International Conference on High Energy Physics,
CERN, Geneva (1968).

R. P. Feynman, M. Kislinger and F. Ravndal, Caltech Preprint
CALT-68-283 (1970), to be published in Physical Review. The
approach of this paper is similar in several respects to the
work in this thesis.

R. Carlitz and M. Kislinger, Phys. Rev. D 2, 336 (1970).

See e. g. H. Harari, Lectures in Theoretical Physics,

Colorado U. P., Boulder, Colorado, Vol. VIII - B (1965).

E. W. Colglazier and J. L. Rosner, Nuclear Physics B27, 349
(1971). See also E. W. Colglazier, Ph.D. Thesis, Caltech
(1971).

A partial list of the available Duality-Veneziano Reviews is:

G. Veneziano, Rapporteurs Talk, XVth International Conference

on High Energy Physics, Kiev (1970) and Proceedings of the

International School of Subnuclear Physics (1970);

M. Kugler, Proceedings of the Schaldming Winter School (1970);

C. Lovelace, Review paper for the Irvine Conference (1969);



8.

10.

12.

13.

122

S. Mandelstam, Lectures at the Brandeis Summer Institute,

(1970); D. Sivers and J. Yellin, preprint, UCRL - 19418 (1969),
to be published in Rev. of Modern Physics. (This last work

is interesting because of its different (i.e., neéa.tive)
attitude.)

See e. g. D. Sivers and J. Yellin, preprint, UCRL - 19418

(1969), where a more complete statement is given as

N N
[ oav v® A(v,t) = [ av v® {Z (Regge poles)

=N -N
+ Z (Regge cuts) + Background %

R. Dolen, D. Horn and C. Schmid, Phys. Rev. 166, 1768 (1968).
See e. g. C. Schmid, Phys. Rev. Letters 20, 689 (1968);

S. Frautschi, Lecture on Duality atrMcGill Summer School (1969),
Caltech preprint CALT-68-218 (1969).

See e. g. I. S. Gradshteyn and I. H. Ryzhik, Table of
Integrals, (Academic Press Inc., New York, 1965), (8.722(1))
(read p for v in the exponent of the bracket on the left).

We have for z = cos @ = 1 + t/2k2 with |t/k2| < 1,

P, (z) ~ JO(2E dom \/-l—tl—ﬂé_lzg ) so that, if a zero is to

dom

remain fixed in t, £ - ~~/—k2 ~ Ns must be true.

d
H. Harari, Phys. Rev. Letters 20, 1395(1968); P. G. O. Freund,
Phys. Rev. Letters 20, 235 (1968).

See e. g. R. N. Silver, Ph.D. Thesis, Caltech (1971), to be

published.



14.

15.

16.

17.

18.

19.

20.

2l.

22.

123

J. Mandula, J. Weyers and G. Zweig, Annual Review of Nuclear
Science, Vol. 20, 289 (1970).

S. Ellis, P. Frampton, P. Freund and D. Gordon, Nuclear
Physics B 24, 465 (1970).

H. Harari, Phys. Rev. Letters 22, 562 (1969); J. L. Rosner,
Phys. Rev. Letters 22, 689 (1969); see also ref. 14.

G. Veneziano, Nuovo Cimento 574, 190 (1968).

N. N. Khuri, Phys. Rev. 185, 1876 (19F9); G. Tiktopoulos,
Phys. Letters 31B, 138 (1970).

See e. g. K.Bar@akci and H. Reugg, Phys. Letters 28B, 242
(1968); C. L. Goebel and B. Sskita, Phys. Rev. Letters 22,
259 (1969).

C. H. Llewellyn Smith, Talk at the Austin APS Meeting (1970).
S. Mandelstam, Phys. Rev. 183, 1374 (1969); K. Bardakci and
M. B. Halpern, Phys. Rev. 183, 1456 (1969).

R. Carlitz and M. Kislinger, Phys. Rev. D2, 336 (1970) and
Phys. Rev. Letters 24, 186 (1970). A dual model with fixed
cuts has been presented by K. Bardekci and H. B. Halpern,
Phys. Rev. Letters 24, 428 (1970). However, they consider
only the 4 point function and eliminate the parity doublets
only from the leading trajectory. Another model with fixed

cuts (G. Venturi, Nuovo Cimento Letters 3, 753 (1970)),

*  which came to the author's attention subsequent to the present

work, also treats only the leading trajectories. Neither

paper makes a meaningful attempt to treat 'a quark model of



124

hadrons.
23. See e. g. G. Veneziano, ref. 7.
24, C. B. Chiu, Caltech preprint CALT-68-28L (1970), to be

published in Nuclear Physics.

25. For a more complete description see ref. 1 and J. Yellin,
Preprint UCRL - 18637 (1968).

26. See e. g. S. Fubini Qnd G. Veneziano, Nuovo Cimento 644,
811 (1969).

27 S. Frautschi, Caltech preprint CALT-68-286 (1970), to be
published in Physical Review.

28. D. J. Gross, Nuclear Physics Bl3, 467 (1969); P. Olesen,
Nuclear Physics B18,459 (1970); P. H. Frampton and
R. J. Sivers, EFI preprint COO 264-528 (1969).

29. Handbook of Mathematical Functions, edited by M. Abramowitz

and I. A. Stegun, (U. S. Government Printing Office, Wash-

ington, D. C., 1966), p. 256, 257.

30 R. Z. Roskies, Phys. Rev. Letters 21, 1851 (1968).
Bl See e. g. A. Martin, Phys. Letters 29B, 321 (1969).
32, D. Atkinson et al., Phys. Letters 29B, 423 (1969).
33. C. Lovelace, Proceedings of the ANL Conference on nxt and sK

Interactions, (1969).

34. K. Kikkawa, B. Sakita and M. A. Virasoro, Phys. Rev. 184,
1701 (1969).
35. L. Susskind, Phys. Rev. D1, 1182 (1970) and Phys. Rev. Letters

23, 545 (1969); Y. Nambu, Proceedings of the International




36.

37.

38.

39.

40.

42.

43.

44,

125

Conference on Symmetries and Quark Models, Wayne State

University (1969); S. Fubini, D. Gordon and G. Veneziano,
Phys. Letters 29B, 679 (1969).
S. Mandelstam, Phys. Rev. D1, 1720 (1970); G. Frye, C. W. Lee

and L. Susskind, Dual Symmetry Theory of Hadrons II: Baryons,

Yeshiva University preprint (1969).

S. Mandelstem, Phys. Rev. D1, 1734 (1970).

R. Carlitz, S. Ellis, P. G. O. Freund and Satoshi Matsuda,
Caltech preprint CALT-68-260 (1970), unpublished.

See e. g. M. Gell-Mann, Phys. Rev. Letters 14, 77 (1965).
P. G. 0. Freund, A. N. Maheshwari and E. Schonberg, Phys.
Rev. 159, 1232 (1967); H. J. Lipkin, Phys. Rev. 159, 1303
(1967).

A. Salam, R. Delbourgo and J. Strathdee, Proc. Royal Soc.
(London) A, 284, 146 (1965); B. Sakita and K. C. Wali, Phys.
Rev. 139, B1355 (1965).

J. Ds Bjorken and S. D. Drell, Relativistic Quantum Fields,

(McGraw-Hill Book Co., New York, 1965).

Such functions have been previously considered by M. Suzuki,
Phys. Rev. Letters 23, 205 (1969), where further references
are given.

For a discussion of this problem see G. Veneziano, Rapporteur

Talk, XVth International Conference on High Energy Physics,

Kiev, 1970.

F. Drago and S. Matsuda, Phys. Rev. 181, 2095 (1969).



46.

47.

48.

49.

S0.

Sl.

S2.

53.

S4.

128

See e. g. K. Bardakci and M. B. Halpern, Phys. Rev. Letters
24, 428 (1970), vhere this approach is applied to a model
similar to the present one.

E. T. Copson, Asymptotic Expansions, (Cambridge University

Press, Cambridge, 1965), p. 24.

J. Mathews and R. L. Walker, Mathematical Methods of Physics,

(W. A. Benjamin, Inc., New York, 1965), p. 78.

E. C. Titchmarsh, Theory of Functions, (Oxford University
<

Press, 2nd edition, London, 1939), p. 177.

A good discussipn of mathematical duality and how the
situation changes in the presence of unitarity cuts is given
by R. Oehme, Nuclear Physics B16, 161 (1970). |

Dirac notation as in J. D. Bjorken and S. D. Drell,

Relativistic Quantum Mechanics, (McGraw-Hill Book Co., New

York, 1964).

See e. g. R. Delbourgo and M. A. Rashid, Proc. Royal Soc.
A286, 412 (1965).

For a discussion of the problems with the usual SU6W
couplings see R. Delbourgo and H. Rashid, Phys. Rev. 176,
2074 (1968).

A good review of data and models for backward slN is given by
E. L. Berger and G. C. Fox in a paper presented at the

Argonne Symposium on Polarization ,(1970), Argonne preprint

ANL/HEP 7019 (1970).



127

SS. S. Humble, M. H. Vaughn and R. K. P. Zia, A Dual Model for

7l Scattering Without Parity Doublets, Rutherford Lab.

preprint (1970).



