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Abstract

This thesis discusses several results in perturbative field theory. The
first two sections present a calculation of the order a2 corrections to the
event shape in e*e~ annihilation into hadrons. A technique for the calcu-
lation of Feynman diagrams based upon a generalization of the multipole
expansion of a potential is discussed in the third section. Computer pro-
grams which can be used evaluate the traces which arise in the evalua-

tion of Feynman diagrams are described in an Appendix.
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The first two papers in this thesis concern the investigation of quan-
tumn chromodynamics (QCD) through the use of perturbation theory. QCD
is presently believed to provide a correct description of hadronic interac-
tions [1]. Studied perturbatively, the interaction between the elemen-
tary quanta in QCD is found to be small when the energies involved are
large relative to hadronic masses, and to diverge for smaller energies [2].
These results are the theoretical reflections of the observed approximate
scaling in high energy lepton-hadron interactions on the one hand and
confinement of quarks and gluons inside hadrons on the other. The scale
dependence of the strength of the interaction in QCD may be absorbed
into an energy-dependent effective coupling [2,3]. A typical high-energy
hadronic interaction may be broken into three phases. In the initial
phase the incident hadrons are resolved into their constituents; in the
middle phase these quarks and gluons interact sufficiently energetically
that perturbation theory may be used to calculate the outcome of their
scattering; and in the final phase the scattered quanta combine to form
hadrons. Although the initial and final processes lie beyond the perturba-
tive regime and are presently incalculable, it is believed to be possible to
isolate their effects in a universal manner, leaving a finite, calculable,
perturbative kernel [4]. Thus, by studying features of hadronic interac-
tions which are sensitive to the structure of events only at short dis-
tances, useful results may be obtained from QCD using perturbation

theory.

High energy e*e” annihilation into hadrons is probably the simplest
process to analyze in QCD since the initial state does not contain any
quarks or gluons. At intermediate center of mass energies, the perturba-

tive final state consists of a quark and an anti-quark. Each particle then



o B

evolves into a shower of hadrons whose directions of motion are col-
limated. At sufficiently large energies, the observed final states are
indeed approximately collinear: they consist of two jets of hadrons. At
greater center of mass energies, one of the quarks may radiate an ener-
getic gluon while still in the perturbative regime. If this gluon has
sufficiently high transverse momentum to escape the quarks, it may
evolve into a third jet. The rate at which three jet final states occur [5] is
therefore proportional to the coupling a; between quarks and gluons.
However, the scale at which a; acts, and consequently the magnitude of
g, cannot be determined from the lowest order calculation alone. A
change in the scale of oy is formally of order o? and can be made con-
sistently only if all of the order a2 corrections are also known. The first
radiative correction to the acollinearity distribution is given in the first
paper in this thesis. For any definition of a three jet event, the three jet
rate can be found from this distribution. The qualitative result is
independent of the precise definition, however: the corrections are large.
The implications of this result for the reliability of perturbation theory

are also discussed in paper 1.

The details of this calculation are presented in paper 2 of this thesis.
The n-dimensional gamma matrix algebra required in the evaluation of
the diagrams was performed using computer programs developed here.

The progams are described briefly in an appendix.

After this calculation was completed, several other workers studied
the same process. The thrust distribution has been calculated using our
result for the unintegrated cross section; the corrections to it are also
found to be large [6]. Two other groups have repeated the entire calcula-

tion, each using a different method for isolating the infra-red divergences



-3-

in each diagram and showing that they vanish when added together. Both
methods are distinct from the one which we employed. One of the groups
also finds large corrections to both the thrust distribution and the acol-
linearity [7]. The second group has found much smaller corrections to
the thrust distribution [8]. Since the quantities computed by the various
groups are different, the possibility remains that all results are correct.
All groups have obtained the same result for the unintegrated cross sec-

tion.

The third paper of this thesis presents a new method for evaluating
the divergent integrals which arise in Feynman diagram calculations. The
integrands are invariant functions of the momenta of the real and virtual
particles in the diagram. Each factor in the denominator is just the pro-
pagator of a spinless particle, i.e. the Fourier transform of a radial poten-
tial. When the integrals are dimensionally regularized, the integration
variables are the N-dimensional momenta of the virtual particles. In the
usual procedure, explicit covariance is maintained at each step of the
calculation. This leads, in the multiloop case, to subsidiary integrals
which in general can be evaluated only numerically. It is of great interest
however to have an analytic expression for these integrals. With such
expressions, the origin of large constant terms may be investigated. For
many integrals, if a particular Lorentz frame is chosen and each propaga-
tor is expanded in multipole moments around the chosen center, the
integrals which result are straightforward to evaluate. Since the poten-
tial is spherically symmetric, the different moments are not coupled and
the angular intergration is replaced by a sum over the moments. In
order for this method to be of practical use, the moments must be found

in an indefinite number of dimensions so that the divergences of
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perturbation theory can be controlled. The expansions in paper 3 have
been used to calculate the three-loop charge renormalization effects due

to quartic scalar interactions in general gauge theories [9].
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Shapes of Three and Four Jet Events in e+e_ Annihilation

R. K. Ellis*, D. A. Ross**, and A. E. Terrano
California Institute of Technology, Pasadena, California 91125

Presented by A. E. Terrano

In this talk I describe the results of the calculation of event
shapes in ete~ annihilation to order tdg(details and complete refer-
ences have been presented elsewhere]). Our results are presented in
terms of the tensor

pp’

o = 2= |7, ,

a a a

where P; are the components of the center of mass three-momentum of

hadron a and the sum runs over all hadrons. Since this tensor com-

bines parallel momenta linearly, it is infra-red finite and calcul-

able in perturbation theory. The eigenvalues of 0 are determined by
the characteristic equation

= 0; 0<C,D<1

The quantities C and D are symmetric functions of the eigenvalues

= + ) = A
C = 3002, + Ak + 25010, D = 27(A3,0,)

and provide a convenient measure of the shape of the event. Since
the tensor has unit trace, the distribution in the eigenvalues is
fully determined by the distribution in C and D. _

In QCD perturbation theory we can define an analogous tensor 6
by replacing the observed hadron momenta P by the parton momenta p.
These two tensors are equal up to hadronization corrections which
vanish like inverse powers of the total center of mass energy Q, but
which at present energies play a significant role in the determina-
tion of the shape of the hadronic events. We have calculated the
properties of 6 for massless quarks and gluons in QCD and have taken
no account of the effects of hadronization. Nevertheless, our cal-
culation is a prerequisite for a more complete analysis. _

For a two jet final state, only one of the eigenvalues of ©
will be nonzero, and both C and D will vanish; for a three jet final
state, two of the eigenvalues will be nonzero with the result that
C lies between O and .75 while D vanishes. Thus C measures the
acollinearity of an event and D measures its acoplanarity.

Invited talk presented at XXth Int. Conf. on High Energy Physics,
Madison, Wisc. (1980)
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In Fi C 49 . : S g =
n Fig. 1 we display —-EE’ln units of -— for the process e e
% 0

&g an in the Born approximaiton. The distribution is completely
specified by adding a term propotional to 8(C) such that the total
cross-section is equal to o = oo(l -+ as/ﬂ ). The determination of

the O(ai) correction to the distribution in Fig. 1 requires the_cal-
culation (for C # 0) of the cross-sections for ete ‘-*quG and qqqq
in the Born approximation and ete~+qqG to one loop. The ultraviolet
divergences are controlled using dimensional regularization and re-
normalization is performed according to the MS prescription. After
renormalization the diagrams still contain mass singularities and
infrared divergences. These are also controlled by dimensional reg-
ularization. Processes containing four partons in the final state
masquerade as three jet events in the region in which one of the par-
tons is soft and/or collinear with respect to another. The singu-
larities present in this region are controlled by generalizing four
particle phase space to n dimensions.
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Fig. 1. =g to O(a ) Fig. 2. —-gg-to O(a )
OdC OdC

In Fig. 2 we present our results for the O(a ) contributions to

k g—-1n units of (—5) (the number of flavors is taken to be 5). An

og dC
idea of the order of magnitude of the corrections with respect to the
lower order term, Fig. 1, can be obtained by noting that for Q =

Gev, 95£g—l n 1 (A = 500 Mev); it is evident that they are compar-

27 30
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able in size. Specifically, we may refer to all values of C greater
than 0.5 as multijet events. Then, as an estimate of the size of the
multijet fraction, we find

2 2

1 a_(Q7) a Q)
LB o o s s

L, Tacdc =28 =5 (1+37T

Q|

&
At Q7 30 Gev, the correction is 100%.
Some contributions to the cross section mav be summed to all
orders. The small C behavior has been showmn to be

do 3 2.0, ’s
ac ¥ 3¢ &XP | C; In () n)

. " 2 ’ o > 2, 2
Furthermore, the continuation of Q to positive values in the 1In" (-Q")
120

80

40

Fig. 3. The contributions 8é‘thc =
diffe¥ent Casim?r terms to E?E' JTj_‘q
The histogram gives the tota

cross section; the dashed line
the contribution of terms which
may be summed to all orders.
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terms from the loop integrations in the three parton final state dia-
grams gives rise to terms proportional to m2 which, being associated
with the leading poles, also may be exponentiated. Finally, the char-
acteristic momentum of the interactions will be somewhat smaller than
Q2. The presence of the term
S, S
13723 C
A bt
By ln(——zpr—ﬂ By 1n(P)
where Sij is the invariant mass of partons i and j and By is the coef-
ficient of g3 in the expansion of the beta function, suggests that the
running coupling constant should be evaluated at dt/6 rather than at
Q. In Fig. 3 we have compared the sum of these terms with the 0(a’)
contribution to the cross section. The terms proportional to C%,
CFCA; and CFTR are plotted seperately. The dashed lines give
11C o

G
8k A2 A 2T ) s
Foueils (—2C}. 1n (2) + (CF + 2)Tr = 6 " 3 R) ln(6) o

where L.O. is the lowest order cross section. The histogram gives
the total cross section. As can be seen, the remaining O0(X°) cor-
rections are small. o

1) R. K. Ellis, D. A. Ross, and A. E. Terrano, Caltech preprint
CALT 68-785 ( to be published in Nucl. Phys. B)
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3. Perturbative Evaluation of Event Shapes in e*e~ Annihilation
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The observation in e+e- annihilation of planar hadronic eventsl) whose
three jet structure can be interpreted as the result of gluon bremsstrahliung froc
a quark antiquark pair, directly reveals the constituent structure of the QCD
field theory. The departure of the observed final hadronic state from a simple
two jet configuration is proportional to the coupling of gluons to quarks in QCD
perturbation theory and therefore is a sensitive measure of the strong coupling
constant a_. In this paper we calculate the first radiative correction (O(ai))
to the three jet structure necessary for the meaningful determination of as(Qz)
or equivalently the scale parameter of the strong interactions A.

Since the original proposalz) that event shapes in e+e- annihilation would
provide evidence for gluons, many variables3’4) have been suggested to describe
the jet structure of the final state hadrons. A theoretically acceptable variable
must be insensitive to the emission of soft and/or collinear radiation. Variables,
which combine parallel momenta linearly, are free from mass singularities and
infrared divergences and hence are reliably calculable in a perturbation series
. 2
in QS(Q )

The analysis we present calculates the shape of an e+e- hadronic event
due to the production of massless quarks and gluons, instead of in terms of the
observed particles which are hadrons and leptons with finite mass. Thus a
further requirement to impose on jet variables is that they should be insensitive
to the process of hadronization. At asymptotic energies this is certainly true
since the effects of hadronization fall like powers of the center of mass energy
Q relative to the leading terms. At presently investigated wvalues of Q, under-
standing of the non-perturbative effects associated with hadronization is
crucial to the extraction of information about the strong coupling constant.

The interpretation of the experimental data also requires the inclusion of

corrections due to the finite angular and energy acceptances of the particle
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detection equipment. Moreover the shape of the final state is influenced by
the proximity of heavy quark thresholds and the decay of resonant states
(e.g., p,J/¥,T). None of the above effects are included in our present analysis.

Nevertheless the calculation of the effects of perturbative QCD is a

prerequisite for a complete analysis of event shapes in e+e- + hadrons. It is
therefore this question which we address here.

We present our results in terms of global event shape parameters which do
not require the determination of a jet axis. This gives a characterization of
the event shape in terms of a continuous range of the parameter; no statement
need be made about which jet a given hadron belongs to. Furthermore no mini-
mization program (which for a large event multiplicity can be very costly in
computer time) is required. Our results are presented in detail to allow the
reader to extend them to include the effects which we have neglected.

We consider first of all the 3 x 3 tensor6’7),

;7
§ & a Pa
gld Myl 2 (1.1
L |7
a

i
where the sum on a runs over all final state hadrons and Pa is the center of

mass three-momentum of the ath hadron(Fl). By principal axes transformation

we can reduce 6 to a diagonal tensor, the eigenvalues of which are given by

the roots of the characteristic equation(rz),

- +— - e— 02

where we have used the condition that € is normalized to have unit trace. In

terms of the eigenvalues of 6,C and D are given by

D = 27 A A, C= 3(A1l2 + A0, + A (1.3)

1*2*3 oAy + Ay .
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For a two-jet event both C and D vanish, whilst for a planar event,

C = 3>\1(1 - xl) . (1.4)

and D vanishes. Hence the distribution in the variable C provides an effective
measure of the multijet jet structure of the event with special emphasis on
planar events. The distribution in D measures the deviation from planarity
of the events. 1In Fig. 1 we display the contours of constant C and constant D
on the eigenvalue plot. By imposing C > 1/2 we effectively exclude the two-jet
region.

An alternative way to measure the structure of events is with the shape
parametersa),

m=£ l .

4 m a
H = —— ) )Y, (2) . (1.5)
g (D) b, L8 e

In eq. (1.5) the variable a is summed over all final state hadrons and Pa is

the center of mass three momentum of the ath

hadron and Qa the angle between
its direction of motion and an arbitrary fixed axis. The first non-trivial

shape parameter is H, which may also be written,

2

oI, |
By s ] =g Byleont ) g (1.6)
a,b Q

where P2 is the second Legendre polynomial. Eq. (1.5) does not distinguish
between events differing by the emission of soft and/or collinear particles
and hence will be free of divergences in perturbation theory.

By expansion of the tensor eiJ in spherical tensors we may easily show that

two of the measures of event structure we have discussed are identical,
c=(Q-H) . (1.7)

This identity is extremely useful. The quantity C is easier to visualize
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because it is related to the reduction to principal axes of a momentum ellipsoid;
on the other hand, eq. (1.6) for H2 is a more convenient starting point for per-
turbative calculations since it is more readily cast into covariant form.

We now turn to the evaluation of the distribution of C or (1 - Hz) in the

perturbation theory of quarks and gluons. We consider the reactions,

o = * - - = e
ee +vy (Q -+ qq, qqG, 9qGG, gqqqq N (1.8)

and we denote the final state parton momenta by P> where,

_ 2 _ 3 _ 2
543 (pi+pj) » 844k T (pi+pj+pk) » Yiy T Sij/Q 2] ek},

(1.9)

g 2
and since we take the masses of partons to be zero, P; = 0.
In analogy with eq. (1.1) we construct a tensor from the parton variables

of the final state,

Pin
=1ij a a
67 = ) T | ) lp | . (1.10)
partons a pa partons a =

The tensor 6 which we calculate perturbatively differs only from the
tensor 8 by terms which vanish as an inverse power of the total center of mass

energy,

eid - 81 4+ 0 (1/Q) . (1.11)

In complete analogy with the preceding discussion we can define the
variables C and D for the tensor 6. The C parameters are given (for two, three

and four particle final states respectively) by,

c® _ o 5 , (1.12)
3 s
(3 ij
¢’ =31- ] : :
i,9=1 (2p; Q)(2pj Q)
1<]
6 s.,S,,8

(s)p%813)(s79+5,3)(5)3+5,3)
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) : 15
¢t =3{1- -]
N " (Zp; Q) (2p, Q) .
i<j

As a confirmation of our assertion that C is infrared finite, we may explicitly

(4) (3)

demonstrate that C assumes the same form as C in the region of collinear
or soft emission by taking the appropriate limit. 1In the limit in which, for

example, particles three and four become collinear eq. (1.14) becomes,

2
@)  © 51345734 (Q =814, 8,3,) _
C.” *~5 2 ’ 53, = 0
Q=5 45,0 (Q=5,5,) (8, 5,%s,3,)
s s S fixed
134°5234 o
Making the identification $134 = 513 and Sy, = Sp3s €4- (1.15) reduces to

eq. (1.13). The covariant expression for the variable D is given for a four

parton final state by,

2 2 2.2 2 2
%) 2(81,51 955453, F 51251452353, % 513514523524) ~ (5125347513574, % 5145,3)

D =27

+s

(syp+sy3F8))(8)9F8)3%8,,)(s5348,3+85,)(5),+5,,+53,)

(1.16)
The structure of this paper is as follows. In the next section we

calculate the differential cross section for processes involving three particles

(3)

in the . final state. Representing this as ¢ we obtain the distribution in C,

(3)
do "7 _ f a0 sc-c®) (1.17)

dcC

(3)

where C is the expression given by eq. (1.13). The above expression contains
divergences due to the emission of soft and collinear particles. In Section III

we calculate the contribution to the cross-section due to the production of four

partons in the final state. This may be schematically written as,

(%)
4o " - [ as™s(c-c™) , (1.18)
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where C is given by eq. (1.14). Eq. (1.8) also contains singularities in the

three-jet region. Thus the total contribution is given by,

do _ do’® . ao®®

ac = dc *ac C#0

3)

ds®sc-c®y + a6 scc-c3) i (1.19)

As a calculational device it is convenient to deal only with finite quantities.

(4)

Hence we evaluate the terms in do which contain singularities in the region

in which four jets masquerade as three,

singular

s (4) region ., (s) i (1.20)

We thus rewrite eq. (1.19).

g . Ec(z.)a(c_cu.)) A dc<s>6(c_c(3>] N Edo<s>+do(3>)6(c_c<3)£}.

(1.21)
Each of the terms in square brackets is now finite in the three-jet region,

(but still contains divergences in the two-jet region (C=0)); the first is finite

9)

by construction and the second by virtue of KLN theorem”™’. The calculation of

do (4)
dD

alone. 1In Section IV we present our numerical results for the above distributions

is much less complex because for D # 0 it receives contributions from do

Our conclusions are presented in Section V.
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II. Processes involving two and three particles in the final state

As explained in the previous section our operating procedure is to calculate

the contributions to the event shape of the various processes(F3).
ee” > alp) + 3y ; (2.1)
efe” > a(p)) + qp,) + Gpy) ; (2.2)
ete” » a(py) + a(p,) + G(py) + G(p,) ; (2.3)
ete” » a(py) + a(p,y) + alpy) + alp,) y (2.4)

where the symbols in brackets denote the momenta which we assign to the various
particles. 1In this section we present our results for eq. (2.2). Our treatment
of the processes with four particles in the final state is given in Section III.
There exists a certain region of phase space, corresponding to the soft or
collinear emission of a gluon in which the three-jet process shown in Fig. 2b,c,
similates a two-jet event shown in Fig. 2a. This is precisely the region in which
the intermediary propagators vanish and individual transition probabilities
contain divergences, which vanish in the total transition probability after the
inclusion of virtual gluon exchange as a consequence of the KLN theoremg).
We choose to regulate these divergences, as well as the normal ultraviolet di-

11)

vergences by continuing the dimensionality of spacetime n to n = (4-2¢). 1In

this scheme the phase space for the massless final state particles is modified

so that,

n

. j dp,
@3 = @n® f| 1 —Ei= sf6h] - %pi) (2.5)
i=1 (2n) i=1

After performing angular integations we obtain
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2
rs) ¥)- Ay f dsy, 8y ,-1) ¢ (2.6)
4Q
A €
3) %[ 1 f4n 1 "
(PS) 7= — ———(—) ————fdy; 28Y A (¥1 202 1=V a=Y 0 ) 6 (1-y. =y, .)
B {5 bl Tl o 23(¥13Y23(17¥157Y,3) ¥137Y23
(2.7)
_[1 _ra-e) fan\® 2
where A) = |-~ T(2-20) (QZ) Q

The matrix elements are calculated as follows. The first step is to
calculate the transition probability for a virtual photon of mass Q2 to produce
the various final states eqs. (2.1-2.4). If we integrate over the angular

correlations between the final state and the incoming beams the summation over

the polarizations of the incoming virtual photon may be replaced by _guv

] @ @ = - " (2.8)

polarization

Explicit calculations of this matrix element and all other matrix elements

12)

in this paper are calculated in n dimensions using GAMALG which is implemented

in MACSYMA13). The result for the two-jet cross section, which defines our

normalization is given by,

éL-do(z) = H[dy,, 6(y;,-1) 3 H=1+0(e) , (2.9)
0
2 nf
4o 2
where oy = —5 N, )) e, and N, = 3 is the number of colors, n. is the number
3Q k=1

of flavors, ey is the charge of the quark in units of the proton charge and H is
a constant of proportionality equal to one in four dimensions.

From the three-jet diagrams of Fig. 2 we obtain,

€

(3) a 2
1 do s 4Ty 1 1 -€
— ————=H—C — T(8,558,435,2)0(1-y. =¥,,)(¥,.Y,,(1-Y 3—y23))
% dsl3ds23 2n °F Q2 I'(1-¢) Q4 12°713°723 13 723 13723 1

{2.10)
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where

_ (1-5)523 (l-s)s13 2[512(5124-5134-523)— csl3sz3]
T(s17+814:853) = c +
13 g3 $13%23

(2.211)

and ¢ is an arbitrary parameter with the dimensions of mass included to keep

the coupling constant dimensionless in n dimensions. From eq. (2.10) alone we

can calculate & do(3)
c dcC

0
where there are infrared divergences. Setting € = 0 and introducing the more

for all valuves of C except in the two-jet region (C=0)

usual variables X, = l—y23, x, = l—yl3, we have,
o 1 1 x24x2 6(1-x.) (1-x,) (x,+x,-1)
L 40 . 5 ¢ [ax fax, e(xtx,-1) il 6<— LAl A W >
% dc 2n °F 0 1 0 2 1 72 (l—xl)(l—xz) xlxz(z-xl—x2
(2,12
Performing the delta function integration we obtain
x3(C)
2
1 a6 %, [ an 6x[Cx°+ (x=2)2) - 6(1-x) (1 +x°) ]
°% ¢ 2 F 2 6, /6 ¥ =
xz(C) C (Cc+6) (x—-EIg (E:g-x)(xz-x)(x-xz)x (2.13)
where
" 1+ —259 + Y (1-%9)
x,(C) = < . (2.14)
G+2)
From the above integral we can obtain the limiting asymptotic form around
the three-jet value C = 3/4,
(3) 6 a a
_g_ dodc 5 - CF 23'” __2_-_nS_ = (5.73) ,TTS;_ . (2.15)
0 c=7 3°/3
b 140t
A plot of 5 dc is shown in Fig. 3. This plot together with the infor-

mation on the value of the total cross section through order (as) completely

specifies the distribution. The whole C distribution can be computed by adding
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a delta function at the origin whose coefficient is such that the area under

the curve is equal to the known perturbatively corrected total cross-section.

Employing the MS subtraction schemela), this result for this quantity is given
bylS,lé)’
2 2, 2
1 a (Q )(3 ) (GS(Q) 1238, 11
7N TR Vo ) Bl CF(B "8 Cr~ 2 Tr 6ty
2
_ e @) (aS(Qz) ’
=1+ e - ) (1.986 - 0.115 uf) s (2.16)
where17),
a_(@°
s Q - 1
2 2
i [by €2 Q /A2+b1/b00n @ Q% /1%
1IN - 4T
C R 17 .2 5§
3) = 1.202 = — =[Sl N =2 -
£(3) 021, b, 5 ’bl (6 W =5 B Tp= 6 TR) . (2.17)
4 "t
and the Casimir operators are CF = E’NC = 3, TR =5 - At present we are

interested only in the O(as) correction but we include the O(ai) correction for
later convenience.

The radiative corrections to the three gluon cross-section are shown in
Fig. 4. 1In order az they give contributions because of their interference
with the lower order diagrams of Fig. 2b,c. To calculate the corrections we
found it most efficient to square the amplitudes and perform the traces to reduce
the transition probability to a Lorentz scalar, before integrating over the
virtual gluon loop momentum £.

It is then convenient to shift numerator factors so that they cancel against

denominators. For example, we rewrite,

2P, 1 1

- -

2 2 2 7 2 2 2
L (z-pz) (z+p3)2(z+pl+p3)2 2(2-p2) (z+p3) (2+p1+p3)2 2% (2+p3) (£+pl+p3)

(2.18)
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By so doing we reduce the problem to a set of standard integrals involving
fewer denominators and fewer powers of the loop momentum in the numerator.
To aid the reader who wishes to check our results we have presented our results
for certain integrals in Appendix A.

We perform calculations in the Feynman gauge. As previously noted the ultra-
violet divergences are controlled by dimensional regularization. We perform
renormalization in the so-called MS scheme which corresponds to the subtraction
of ultraviolet poles together with the attendant Euler-Mascheroni constant

and £ 41. The MS counterterm is given by,

1 . CT /"s) (411’].1 ) 11 2 -e
= do " =H | ==|C |5 ——— =fds. .ds, . T(Q =5, .=5,2+5,255,2) (¥12Y0n(1=¥. a=¥ )
% \27)"F & 're o 13023 15 g351 3Py Wg¥ag b T 4 T oy
a 2¢ 2T 1IN
s| I'(1-g) [4my R c\ [1 . g 2
[(—2ﬂ> m_zg)( . ) ( B — ) (E-!»E,‘Q /v ) + O(ej . (2.19)

up to terms of order € and higher which have been added so that eq. (2.19)
can be cast in a convenient form. The function T, defined in eq. (2.11) gives
the kinematic structure of the O(as) cross section.

In intermediate stages of the calculation the length of the expression
becomes large, but the final result for the three-gluon cross-section assumes

the relatively simple form

1, (3) 2, @) a2} 1 | —e, 2
— do = H c ( ) ds..ds..ds,. (y..Y.,¥,,) 6(Q =s,,-5,,5,,)
2 12 2 23
00 27 F Q2 F(l—E)Q4 127713 3 13723 12 13
a 24\ €
_s I'(1-e) f(4mu
T(s19:813°523) (1 ¥+ 2, T(l—2e)( o )
2C_+N y a
Flc 1 ) 11 12 2 R) s
x ¥ - (3CF- ZCFZ“ y12+ 6 NC+NCF/n Y1323 3 i e o F (512,513,323)

a 2TT2 NC N

3+ == 07 )(———(c +=5y 8 - cgly.  +-C 02y 4.2 -fwzy ))
2n [1(8122513:823) T3 (Cp+ ) - BCo = Clny  p+ 5 (0 vy 9 yy3 740 Yo3)) 1
(2.20)
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where the function F is defined as

Pl . o5 en ] = BB 12, ®12  %12%°%3 12+513]
’ ’ =
12713 23 F 5124-s13 S,~,+s s S53

2
.
Cplhs g+ 2s),8)5+45)98,3%5145,3) Ne 813
)

+
(s15%5;,5

+ in Y13

2
= (s95%5,3)

» 2

Cplésyy+25)98,3+ 45,783+ 5,35,9) Ne 833
+inyy, Y +(sl2+s)
- E12™ Fqq

)

-2(6 s R{Y. 55¥ )+ R(Yqns¥.,)+
F 2 (313 23) 12°723 122743 (s

; 2 2 2 2 2, 2 2
h ) 12-i-(slz+sl3) +(s12 ﬂ3) Q (s 4-523
13 23 13 23 13

si2 2s

13

-2 £n =

: ylz((s P i (s, .+ )):] Ne T(s15:8137523)R (35553 + (2.21)
13" Sz3 137 %23

and the function R is defined as,

2
R(x,y) = [}nx@ny -ﬂnxﬁn(l-x)-ZnyZn(l-y)4-I%-— Liz(x)-Liz({a s (2.22)

where Liz(x) is the normal dilogarithm function
X
1,60 = - [ 2422 g, . (2.23)

Several features of eg. {2.20) are worthy of note. Firstly, the coupling
constant in eq. (2.20) is now the running coupling constant defined in the MS
scheme. Secondly, the divergent terms comirng from the emission of soft and
collinear radiation have the same form as the lowest order cross-section
(modulo logarithms). Thirdly, we note the appearance of ﬂz terms proportional
to the lowest order cross section which are intimately related to the soft

singularity
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2ZE 2. E
=(4“; ) (— % + nz)(a_r;__) + 0(e) . (2.24)
Q Q

E

() 4]

This concludes our discussion of the three-parton final state.



.

III. Calculation of Diagrams Involving Four Particles in the Final State

The aim of this section is to present the calculation of diagrams with
four partons in the final state, set up in such a wav that the singularities
which occur when a four jet event masquerades as a three jet event (i.e.,
the region of one soft and/or collinear emission) can be easily extracted.
Since we are interested in calculating a Lorentz invariant quantity, we are
at liberty to evaluate different terms in the transition probability in
different Lorentz frames.

For example, if we are interested in a term which contains the denom-

inator s it is convenient to set up the four body phase space as a ''quasi

13"

three body production"

Q> P13 * Py 7 P

L (pl + p3) - (3.1)

We shall refer to this as the "1-3 system.'" To write down the four-particle
phase space in this system we move to the center of mass frame of the pro-

duced composite,

n
[
w

Py ™ 5 (1,....,sin8cosb',cos8) (3.2)
/ %13

P ™ 5 (1,....,-sinBcos8',-cos8) (3.3)
S.,.=S

b, - 123 713 (0.1 (3.4)
2/ %33
s -s

P, = 138 13 (1,....,5inB,cosB) (5.3

2 /513
where the dots in eqs. (3.2, 3.3) indicate n - 3 unspecified, equal and

opposite angles (in n dimensions) and n - 3 zeros in egqs. (3.4, 3.5). Four
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momentum conservation constrains cos?8,

2
(1-cos®) _ 513°% ~51237S134%515)

— - (3.6)
. (19378130 (5134781 3)
: _ l-cos? : ; ] ; :
Setting v = — s we obtain for the n dimensional phase space in this svystern,
2 2
(4) 1 4w 1 S ¢ -e
P = (L . 5 "
(F8) Ao{(sﬁz (Qz) Facey) “1e H951239913,9Y130793Y1347Y19)
=F =-E
13*17Y1237V134) 130 8(r13)8(5313,7Y13) 8 5417y 957Y; 3,)
! - 1 . -2
Jav(v(1-v))™" £= [de' sin f8'1) . 3.7
0 6' 0

A_ is given in eq. (2.7), S is the statistical factor and N is a normal-

0

ization factor determined such that

e‘

(3:.8)

fde' sin-ZEe' = Ne. = 225n T(1-2¢)

0 r?(1-¢)
After integration over 6' and v, the angular distribution of the pro-

duced composite s the form of the phase space distribution is very similar

1.8
to the three particle phase space (eq. (2.7)), except for the differing range
of integration. The lower limit of the Y13 integration is specified by the

8 functions,

8(y13)8(y 31y 537V 3,) » 8(¥19) 0=y 557y 3, )F0(y 3%y 5, D)0 (Y 41y, gy, 5,)

so the range of the s integration is split so that,

13

71237134 Y1237134
Y12377134

A term containing a denominator s,, will give a singularity only in the first

13

region of integration. The structure of this first region of integration

when substituted into eq. (3.7) is exactly analogous to eq. (2.7). Possible
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divergences resulting from the emission of parton 3 collinear and/or soft
with respect to parton 1 are associated with the integrations over S13> V

and 8' in the first region of s integration.

13

The calculation of the transition probability for the process

* -
¥ (Q) = q(pl) + q(pz) + G(p3) + G(pa) (3.9)

from the eight diagrams shown in Fig. (5) contains in principle 36 terms.
Many of them are related by interchange of momentum labels and, in all, only
13 transition probabilities need be calculated. 1In Table (1) we give the
momentum label interchanges necessary to generate all the transition prob-
abilities from the thirteen which we choose to calculate. The interference
of graph Bi with Bj is written as Bij’ (L =24)-

It is therefore sufficient to consider the thirteen transition proba-
bilities on the top row of Table (1), which we display in Fig. (6). The
on-shell partons are denoted by the cutting lines and the numbers refer to
the labels of the external legs. The transition probabilities are seen to
fall into three classes:

A) Planar QED type graphs with group weight Cé .

B) Non-planar QED type graphs with group weight CF(CF- 7?)

C) QCD graphs involving the three gluon vertex with group weight CFNC'
All matrix elements are generated in n dimensions using GAMALG. We

sum over the two physical polarizations of the produced gluons. This is

most easily accomplished by summing over the polarizations tv.ith

*
e’ = g™ (3.10)
pol

but including 'ghost loop graphs' in diagrams B77, B87 (and B88) to take

account of the fact that the gluon current is not conserved.
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Our method of calculation of the event shape parameter C depends cru-
cially on our ability to divide the transition probabilities into pieces
which are divergent in the three jet region when a single denominator from

the set s s Sy, OT S vanishes. This is clearly always possible

34

since the vanishing, for example, of s

13* S23* B4

13 corresponds to the region in which
gluon Py is collinear and/or soft with respect to quark Py In the Feynman
gauge (cf. eq. (3.10)), - and in all but physical gauges - a particular di-
agram contains overlapping infrared divergences. 1Individual graphs diverge
as any one of several si.'s vanish, reflecting the fact that it may be made
to simulate a three jet diagram in several different ways. We divide each
graph into pieces which only contain singularities as a single sij vanishes.
These various pieces correspond to the different ways that a four parton
final state can assume three jet structure because of the coalescence of
two partons.

Two examples will clarify our procedure. Suppressing numerator factors
graph B532 (Fig. 6) may be written as

B2 ~——1— . (3.1D)
$134°13°14
The potentially dangerous terms in eq. (3.11) are 513 and s, since 5134
can vanish only in the two jet configuration in which partons 1, 3 and 4

recoil against parton 2. Partial fractioning eq. (3.11), we get,

B52 ~ — 4 + 1 . (3.12)

2
$134513(513%%14) 5134514 (513%514)

The first term in eq. (3.12) should be calculated in the "1-3 system" eq.

(3.2 - 3.5). In this system s is one of the subsequent variables of

134

integration and hence for the purposes of the 13 integration it is held

fixed. Both denominators 313 and <Sl3+514) may vanish (at fixed 5134 and
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) but the latter only when s 3 also vanishes, since s and s are both

5123 13 14

positive semi-definite

1

( )y >0 (s,,=0, cos€ = 1) 3 (3.13)

5137514 13
The treatment of the second term in eq. (3.12) is identical in the "1-4
system'.

Partial fractioning similar to the above must be applied throughout.
For example, suppressing most of the numerator, graph B41 (Fig. 6) is given
by,

512
BA41 ~ — . (3.14)
%13%94%397 24

Performing successive partial fractioning we rewrite this term as,

12 < 12

- + (3eb) + (1o2) + Berb, 1e2)].
$13514523%24 (83478130 (sy5%sy, ) (s5%8)3)8,4

(3:15)
The first term in eg. (3.15)(written out explicitly)is singular as S5 O

In the "1-3 system'" we may write its singular part,

s -+ 0
512 13
(s,,=8,,)(5,,+s.,) (s, ,+s5,,)s ,
2475137 ©°137°147 ©9137%237%13 fixed s ,5,5,,
1)
- LK . (3.16)
(Q7=51737873,)873,(S13V¥s155(1-V))s, 4

The right-hand side of eq. (3.16) contains two denominators singular in the

three jet region but both require the vanishing of S13° For this argument

12

vanishes partons 2 and 4 are parallel so that 12 and $14

the presence of the s factor in the numerator is essential. In the '"1-3
"

system' when 13

are proportional to one another. The constant of proportionality depends

only on the variables 51923 and $134 which are kept fixed during the $13

integration. Hence in the singular limit 512/(513+51A) is replaced by a
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2
t | o T i - - i |
constan he denominators 5134 and (Q 3123 5134) can also vanish but only in
the two-jet region C = 0.
Our calculation procedure is as follows. We first calculate all the

(4)

transition probabilities in n dimensions. The full result for do in four
dimensions is given in Appendix B. We then partial fraction, as described in
the previous paragraph so that the resultant pieces are divergent in the three-
jet region only when a single sij vanishes. We then collect together all the
terms corresponding to the various Sij' The answers fall into different pieces
identified by differing group weight factors. Here in the text we present the
singular parts of these terms in the three-jet region for spacetime dimensionality
n = 4 -2c¢. After integration the singularities of these pieces will explicitly
cancel against the poles in the virtual diagrams (eq. (2.20)).

The part of the four-parton cross section which is singular when a quark

) (F&4
and a gluon are collinear (or soft) with respect to one another is given by )

1 (s) %s 4\ 1 1 ~€ ~E ~E
o 1 THE CF( ) 7| §/95123951349513 000391300 Avpp3aa) Oy

% 1 27 Q2 I (1-¢) QA

1 T
- 1 . . =2€_,
8(y13)8(yy53Y13, 791378 (1= ¥1557Y73,) é dv (v(1-v)) Ny é dé’ sin 6

2
1°% (Aﬂuz)E 1 T8y 998 340 O =510575134)
2 2nm

®/ ra-e) 513

2s s s
123 134 123
C( —l-v-s(l—v)) +N( = - = —')
F (sl3v+~s123(l—v)) (& (sl3v4-sl34(l v)) (sl3v4-5123(l v))

+ {3+ 4) + {(1 < 2)) + ((1 2,5 4) R (3.17)
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and the function T is given in eq. (2.11). The above formula is to be inter-
preted with v and 6' transforming under the indicated interchanges. Under
(3 <>4) interchange (i.e., transforming from the "1-3 system'" to the "1-4

system') we have

e—12 o %12
Syp¥8gy Byt ey,
s s
(1 - sinbcosf'sinf - cosBcosB) = = 4}: S a? = (1-sin5cosé'siné-—cosécosé)
14”7 534 137 %34

(3.18)
and similarly for the other interchanges. Several features of eq. (3.17)
should be noted. Firstly it has the kinematic structure of the O(as) matrix
element. It is proportional to the matrix element squared T in which particles
one and three (or the other interchanges) are considered as a single composite.

Also the coefficient of the S13 singularity proportional to C_ may be written

B

for v # 1 as

n# 4 2
qu(v) =Ca5 -1 -v-e@v) )
which is seen to be the generalization to n dimensions of the Altarelli-Parisi

function18>. The other singular contributions in eq. (3.17) are proportional

to NC. These are terms, which are singular in the three-jet region but make

no contribution, in the leading log approximation. They are therefore not
related to Altarelli-Parisi kernels. The existence of these terms indicates
that the leading log approximation may not be used to extract information about
subleading logs.

The other terms proportional to the N, are singular in the limit when a

C

pair of gluons become collinear and/or parallel. Their contribution is,
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1 () oy 2s o (am?)o 1 L fas . ds,. .4 R "e
F Qz T(1-¢) Q4 13498234983, (¥134Y034)  (A-¥y3,7Y53,) (v4,)

1 m
- _ _ =g 1 ., —2E
8030801342347 34) € (1Y 347¥3,) g WD R é g B 9

1 5 (Anuz 3 g N
2 21 27/ T-e) sy, 134752347 S13475234)

[ Bogy . 5234 S " $134
(sq,%8,3)  (s3,%sy,)  (s3,+s.3)  (s5,+s;,)

(3.19)

2 2
Q (Q"-8)3,75,3,) }

-4 + 2v (l-vﬂ + (2(1-e)cosze'-1) 4v(1-v)
81345234

Here again the result has the kinematic structure of the lowest order with par-

tons 3 and 4 interpreted as a single particle (plus terms which vanish after

integration over €'). In this formula 6' and v are the angles appropriate to

(F7)
the "3-4 system " . To check our results we note that after integration over
g' for v # 0,1 we obtain the Altarelli-Parisi kernellg)
B uF = 5 [+t = 4+ Belloud] : (3.20)
GG C v 1-v

This kernel is unchanged in n dimensions.

Lastly we calculate the matrix elements for the process,

Y*(Q) + E(p1> + E(pz) + q(py) + alp,) > (3.21)

from the diagrams shown in Fig. 7. Only twelve of the possible thirty-six
transition probabilities are independent. In Table (2) we display the inter-
changes necessary to recover all the transition probabilities from the twelve

which we choose to calculate. These twelve transition probabilities are shown
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graphically in Fig. 8 where the cutting lines indicate the particles which are
on-shell. The diagrams clearly fall into three cl:.ses distinguished by their
group weight factors. Diagrams A81, A82 and A53 together with their companions
generated by interchange (Class F) give no contribution in an experiment in
which the charge of the final particles is not detected. This is a consequence
of charge conjugation - the non-Abelian generalization of Furry's theoremlg).
The matrix elements for the remaining two classes (D and E) are given in four

dimensions in Appendix B. Here in the text we quote only the pieces singular

in the three-jet region, in n dimensions,

a 2,€
_ s 4y 1 1 _ _ , 17€
L gols) = B op G ( ) =) A {?d5123d5134d513[(y123y134)(1 Y1237134Y13]

o 2
o, 11 Q
1 -e 1 1 -2¢
6(y13ﬁ(y123y134—y13)e(1-y123-yl34) f dv(v(1l-v)) N f dé'sin “ 78!
0 g' O
3 gg Aﬂpz ! Tr T(QZ— _ 5. ..} v24-(1-v)2—s
Lam \ 2 F(i-2} Byq F123 81340 BBy (1-¢)
2,.2
Q0 ~ 8y ny—8y a,)
= 123 134 4 v(l-v)(écosze' - (lie))
$123°134
+{(1<—>2) + {(3<—>4 + {(1 <« 2)(3 < &) . (3.22)

As a check on this result we notice that after integration over 6' the

coefficient of the 13 pole is proportional to

pnt (v?+ufw2-e) , (3.23)

e T e
which reduces to the normal Altarelli-Patis&s) function in the limit e-0.
Eqgs. (3.17, 3.19 and 3.22) contain the singular part of the four-parton

cross section as we approach the three-jet region. We therefore define

(s) _

368 = 4o (8) (3.24)

%1+ ¥1 4 11T
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The two quantities in eq. (1.21) are now fully defined. Performing the

B in all the parts of eq. (3.24) and changing

(F6)

first three integrations

the names of the variables we may write

=g

14,06) _ s (4”“2 . L [ds, . ds. .ds, ( )
o 21 UF 2 ] T(l-g) &+ "%12%%13%%93F19% 1973

0 Q Q
2\¢€
2 Gs T'(1-¢) (lom;
8(Q7 =51 5781 375,30 T(5195513:5,3) 50 7120 .
i(zc +N)+l(3c - 2C_on +il N 4n 712 -ET)
2 TR e Pl Sl T N Cenyl3y23 3 1

-
2 2 2 1 7 2 -7 = é’ 7
-+ CF %7 Y12 -Ln yl3—2“ Yo3~ 2L12(1—yl3) - 2L12(l-}23) + 7-3 Y1273 2“}13 2»‘}23:]

-
a2, 1,20 1,20 L 7 1, 1,
Ne |- 260 vypr 3 bn yy3¥ 500 ¥yy-2Liy Ay ) +9g = g oyy3- L"y23]
-

2 2 10 !
L Foey += bny N o . o2
TR (3 Ry 13 3 B 23 9 ) 5. 430

Adding this to eq. (2.20) we obtain,

2
(s) (3) o _(Q7)

1 do +ds _ _Ss e w

= ac == G & fds 295134853 8(1-y1 5=y 3755

0
{%(512’513’323) [} *

%s S 2 2 3 3

) 8(c-cP (s ,515,5,,))

13°523

v .32 67 11 1
* on Nc(i" b yyp=2L1,(1-y 1)) + 75 - G Y 13 - gﬂy23)

a
S (2 _ 10 _s 3.26
T TR(3 Wngygt Inygy ) 9)] * o F(512’513’523)} ’ b
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where the function F is given in eq. (2.21). All poles have vanished in eq. (3.26)
as they must and the limit € - 0 has been taken. Eq. (3.26) can be can be evalua-
ted by a simple numerical integration. The full C distribution is given by the
sum of eq. (3.26) and the term,

éL- do(A)
0

scc-cy - as®sc-c?) . (3.27)

Eq. (3.27) is completely finite except at C=0 and hence may be evaluated
in four dimensions. In the next section the numerical values of the distri-

butions of the C and D distributions are discussed.
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IV. Results

The numerical integration of the terms in eq. (3.26) and eq. (3.27) are
treated separately since eq. (3.26) is a two-dimensional integration, (which
we performed by ordinary numerical integration), whereas eq. (3.27) requires
integration over five parameters and was integrated using a Monte Carlo tech-
nique which we describe below.

It was not practical to invert the expression for C(A) to use the delta
function to eliminate one of the variables of integration. We therefore generated

(4) (s)

and binned them according

(4)

events, calculated the cross-sections do and do

(4) (3) (3)

and C

and C respectively. 1In general, the bins C

to their values of C
do not coincide. However, in the infrared limit where four-jet events simulate

three-jet events

s,.~>0 ;
R B I ) O(Sijl/z) , 4.1)
(s)
(4)

(4)

(c.f., eq. (1.15)), so that in this region do and its singular part dc

are guaranteed to fall in the same bin and hence cancel. The approach of C

(3) (4) (s)

to C is slow. Moreover do and do have double poles. There exist
regions of phase space for which C(a) and C(B) lie in adjacent bins but where
do(a) and do(s) are still large, thus adding a large contribution of one sign
to one bin and a large contribution of the other sign to an adjacent bin. This
causes fluctuations in our histograms which gradually decrease as the number of
points is increased. Despite the fact that for the parts of the cross-section
which contain double poles, over 106 points were taken, remnants of the e
fluctuations can be seen in our histograms.

In Figs. 9,10,11 we present our results<FS) for the quantity g %% for the

group weights CFN CFTR and C% respectively. All three distributions display

C!

a discontinuity at C = 3/4. Above C = 3/4 the differential cross-section receives
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(4)

contributions from do only; these contributions diverge as C- 3/4 from

above, as we approach the point where four jets coalesce to three. At the
point C = 3/4 and for all points C < 3/4 this divergence is cancelled by dc(s).
For C> 3/4 the cross-section is constrained to be positive; for C<3/4 the

distributions,Figs. 9, 10, 11, are higher order corrections to the lower order

distribution, Fig. 3, and may therefore be negative as in Fig. 10. The leading

log behavior (c.f., eq. 3.26) around C= 08’20) is visible in Fig. 11.
a a
do| . _s&C(,__s 2
ac 27 C G. o 2 CF £ C) 8 (4.2)

However by comparison with Figs. 9, 10, we see that only at extremely low values
of C is this leading log behavior the dominant effect. We have no way of cal-
culating the distribution in the first bin since it contains divergences which
are cancelled by the O(ai) contributions to two-jet processes (proportional to
a delta function at the origin). We can use the total cross—section15’16), now
known up to 0(a§), to calculate what the average value in this bin should be.
Since the correction to the total cross-section is small, but the correction
for C>0.05 is large, a sizeable negative contribution is required in the first
bin to balance it.

From our figures we can calculate the fraction of events which lie in the

range 1/2<C<1. This gives a measure of the multijet events (see Fig. 1). Our

numerical estimate is,

2 2
1 a_(Q7) a_ (Q7)
% J g—g ac = 2.8 (—527—) 14 K(—iﬂ———) . (4.3)
172
where,
K = 36.5 % 0.5 ; (46.4)

By choosing the range 1/2<C <1 we have excluded the pure two-jet region and

also the perturbative two-jet events which are promoted to higher values of C
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by hadronization. Choosing a notional value of

ag @)

~on ~ .03 Q = 30 GeV, A = 0.5 GeV s (4.5)

we see that the perturbation series in eq. (4.5) does not appear to converge.

Our conclusion is that the multijet fraction of e+e- hadronic events cal-
culated in the MS renormalization prescription does not give a convergent per-
turbation series despite the fact that the total e+e- cross section leads to
a well-behaved perturbation series in this renormalization scheme. The
problem of isolating and resumming the large terms is complicated by the fact
that we do not have an analytic answer for the whole cross-section. Moreover
in the piece for which we do have an analytic expression (eq. (3.26)), several
large terms contribute to the overall large effect. Not all the terms have
the same sign, so that by resumming one piece we may destroy a cancellation
and aggravate the situation rather than improve it. In view of these diffi-
culties, we limit ourselves to certain tentative suggestions.

In. eq. (2.24) we noted the appearance of n2 terms related to the soft
singularity. Since the soft logarithms exponentiate it is presumably true that

2 . " .
the 7° terms also exponentiate. Under this assumption eq. (4.5) becomes

2
a_(Q7) N
s Cy 2 2 2
1 } 40 4c ~ o Gt 2 8(————GS(Q ))(1+9 @) ))
o} 172 dc & exp : 2T 27

(4.6)
After extraction of the exponential, the remaining correction at PETRA energies
would be in the perturbative range. To illustrate this point we have piotted
in Fig. 12 the total 0(a§) correction to g-%%-, ;ogether with the O(Gs) contri-
bution (Fig. 3) multiplied by a factor ;E'(CF4“?§)HZ). Independent of any

exponentiation hypotheses, Fig. 13 shows that the shape of the distribution

is not substantially altered for values of 0.3<C<0.75.
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Eq. (3.26) also contains terms of the form

as 2 11
27

m\3R™ 6 Nc) £ (13753 : Va3

whose physical origin is that the four momentum squared which determines the
strength of the quark gluon coupling is not Q2 but a smaller number. The
running coupling constant should therefore be evaluated not at Q2 but at
Q2 multiplied by a possibly C-dependent factor chosen to cancel as closely
as possible the effect of the terms in eq. (4.7).

It appears that a reliable perturbative estimate for the fraction of
multijet events will require a detailed understanding of the infrared singu-
larities and the mass singularities, leading and subleading logs together with

associated terms.

do

In Fig. 13 we have plotted the total ap Vs D and its breakup into the
group weight factors C;, CFNC’ CFTR' The bulk of the cross-section is contained
2
in the "QED-1like" piece proportional to CF' (The same is true for g%% in the

2
purely four-jet region C> 3/4, whereas for C<3/4 the CF and CFNC pieces are of
similar size.) Whilst we cannot compare directly because we calculate different
quantities our results are in qualitative agreement with Ref. 10.

Finally we have calculated the average values of C and D.

c —(ii)c (hr? - 33) (1417 =) (4.8)
€)= 27 F - zm '

2
(D) = (%) 60.5 (4.9)

These average values are very sensitive to the effects of hadronization.
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V. Conclusions

We have calculated the az corrections to event shapes in e+e_ annihilation
using the perturbation theory of massless quarks and gluons and neglecting the
fragmentation of these partons into final state hadrons. The results have been
presented in terms of differential cross-sections with respect to C and D. The
double differential cross-section in € and D completely specifies the
distribution in the eigenvalue plot (Fig. 1), and hence the shape
of the event. In order to obtain results which were free from infrared diver-
gences it was necessary to calculate both the one-loop correction to the cross-
section for a three-parton final state and the tree diagram cross-section for
the production of four partons.

After integration of the four-jet cross-section, both of the above contri-
butions contain double and single poles. The potentially singular parts of the
four-parton cross-section are easily recognizable since they are proportional
to a lower order three-jet cross-section folded with the appropriate Altarelli-
Parisi kernel. However in addifion to these pieces the four-jet cross section
contains singular terms not proportional to Altarelli-Parisi kernels which after
integration contribute at the level of subleading logs. This confirms that the
leading pole approximation can be used to obtain the coefficient of the leading
but not the subleading logs. This, of course, does not alter the status of the

KLN theorem; the infrared divergences of the two parts still cancel.

€ do

5 dc displays

The histogram obtained for the differential cross-section
such a large correction over the O(Gs) distribution that doubt is cast on the

validity of the perturbation expansion. However over a large range of C

0.35C<0.75 this large correction is dominated by a nz which arises from a

mismatch in the above-mentioned cancellation of double poles; the one-loop
2 a2
diagrams generate a an (—Qz) and the four particle cross-section has a &n° (Q)

g s 3 2
with opposite sign. . There is reason to believe that these 7m~ terms
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can be summed to all orders giving a large exponential factor multiplying a
convergent perturbation series. As we have emphasized in the previous section
this procedure of selecting one of the large terms and resumming it is scarcely
justifiable.

Notwithstanding this convergence problem, we find a large O(az) contri-
bution to the differential cross section away from the two-jet region C = 0.
The 0(&5) correction to the total cross-section on the other hand is small
eq. (2.16), so that the large corrections for C # O must be balanced by a large
correction of opposite sign at C = 0.

Before these results may be compared with experimental data, the effects
of hadronization should be taken into account. Hadronization is the process
by which quarks and gluons arrange themselves into color singlet states by
exchanging soft quarks and gluons. Logical consistency requires that the pro-
gram of hadronization implemented when parton bremsstrahlung is taken into
account should differ from that applied to the bare quark-antiquark jets,
otherwise we run the risk of double counting. The converse of this statement
is that the final state interactions which we calculate represent the first
primitive (non-confining) steps in the hadronization. Since the effects of
hadronization fall like a power of the energy and the effects we calculate vanish
only logarithmically there must exist an energy for which the perturbation series
in aSGQ% is a faithful approximation to QCD. At present energies we know that
the hadronization will introduce significant smearing effects. In particular the
large negative correction at C = 0, when smeared out will reduce the calculated
corrections for C> 0. This smearing of perturbative two-jet events should
change only low values of C and the effects of hadronization at large values

of C should be much less spectacular. If this hope is vindicated, and if the



s
large contributions to the perturbation series can indeed be summed, we
would expect a much larger multijet fraction, defined by making a lower cutoff
on C, than previously estimated.
We are pleased to acknowledge useful discussions with R. P. Feynman,
R. D. Field, T. Goldman, Z. Kunszt, H. D. Politzer, and S. Wolfram. We thank

the MATHLAB at MIT for the use of MACSYMA.
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Appendix A
In this appendix we give the values of the harder integrals used in the

calculation. The first integral is required to isolate the singular piece of

the four jet cross-section which contains a double pole.

V—E(l—v)—E

- -1l-¢e v A-v) ~
I(x,y) J ds s Jo v il

2
= ____—r (l‘C) ..]; .l = 'éli - l ’-2
1.9 = 7050 y [2 2"

1 X
— o - Li - =) +
+ g y - 1i,Q y) O(s)}
(A.1)
The remaining two integrals are required for the calculation of the one loop

21)

corrections to the three jet cross-section. Setting Q2 = (pl+p2+p3)2 we have

Jf dnk 1
2 2
(2'rr)n k (k—pz) (k+p3)2(k+Pl+P3)2

i Car X ra+e)ri@-e) _ 2 LS T )
3 5 2 7 " Y1323

167 Q T'(1-2¢) 313523 3
1.2 1.2
T2 Y3t g Yy YR 4aYyy) O“)]
(A.2)
where R(x,y) is given in eq. (2.22). Lastly, we have,
d"k k-Py BePy
@)™ (ktp, )2 (kp,) 2 (ktp +p,)
“ 1 2 1'°3
i 2 s2 s2 %)
_ < 4m )e T (1+€)T°(1-¢) 1 [ 12513 “* V12
- 2 T2 - 3
167 Q T(2-2¢) € 4(sl3+sz3)
2 2 2 2
L S13%23 F S13%3 * 5100513 T 29155 523)1 5 3%13%4
2 2
8(s13 + 523) J 4(513 + 523)
2 2 "2 2
8 . ny, (s ,ny.,, + 8., + 8 .+ 4s, .s,.)
4 12 1213 12 23 . 13 13°23° | 006
8(s.. + s..)
13 23 (a.3)
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Appendix B
In this appendix we present the differential cross-section calculated

2
in order o for the production of a four parton final state. The reaction

= S -
e e = qqGG gives a contribution,

1@ ¢ (2= ¢ [ 4 [dy.. [ay..oe o
o F\ 27 2 Y123 7 Y34 Y13 9013000 93Y134 = ¥13)

m

- _ _ 1 i, q
©(y13 + 1 = ¥yp3 = Vy3y) [ av 3 Jg @8

‘(A+B+C) + (1=2) + (3=4) + (1==2,3=4)

(8.1)
The reaction e e - aaqq gives the contribution,
g 2
1. (2 a ., , 5 3
oodc = CF< 7 > 7] avypy [ dvyg, [ ay 500 )00y, 5515, = 9

1. 1 ¢m '
O(y3 + 1 = Y103 = ¥13) Jodv 5 é ds

:(D + E) + (1=2) + (3=4) + (1=2,3=4)

(B.2)

where the quantities v and 6' are defined by eqs.(3.2-3.5). The quantities
A,B,C,D and E are given in the following equations. Our results for tl:

matrix element for the first reaction are in agreement with the results of
Ali et al. (ref.10) except for typing error which will be corrected in the

published version of their paper.



—45—

- 2 2
- CF{ (512534 7 513524534 F 514523534 ¥ 351959353, F 3555.,55, + 45,5,

2 2 2
+ = -
13523524 T 2512523504 T 813514524 T 2512513%24 125128, * 814573 t 25,55,

9 2 2 2 2
+ 3 +
814523 T 4592514503 T 481,85 F 280,81, 128,198,485, + bsips,, + 28),s ..

3
2o 90 128 48y 0y Byny®d ¥ UBguByy * SiaByy + Sygfa, = S1aByy * Byptagl

2 2
(5135734) + 2553 (Q7-s13)/ (5148, 4,8,,) + 534/(2513524):

(B.3)

- - N - 2
B By = Byfd {(512524834 * B9%308as T S13%a Y B1a%14% Tt 28105148000

2

2
(5135134525514) 7 51p(Q + 83,0819, /(504,8,3,81,5,,) - (25135, + s, +

S135p3 * 2895530/ (s135,4,5,,) 512512351247 (251351459352,)

(B.4)

2
€= X [ B e T T e T T o T T i T Ty Tl T 1Y

+ 4 2 - s2 + s + s_..S..8 + s..s.,s - s..8.,8 - 52 s
ByaPan ™ Syaas v Pystestu 1593 24 1314524 12°%14°24 13724
2 2
= 350551355, 7 514523 T S14523 T 513514503 T 3512514523 T 5125135230/
2 2 2

(4513,503,53,) + (385,85, = 35148,,85, % 35198,,55, * 351,585,353, " 513504

2
1250353, T 651251453, * 251551353, T 251253, ¥ 514523524 T 351352350,

2 2 2
259359454 * 4512514524 ¢ 2812513524 + 351,853 + 251,553 + 251,51,

2 2
zs12 14 ¥ 6519514573 = 2819813 - 12 5190/ (451451 3,553453,) + (251,53,

+

2
= 28038),53, * 81955,5g, ¥ 481387355, F 48198),85, ¥ 25),8,453, * 251,85,

2
813524 ¥ 351,5235)4 F 45135235, = 251351,554 * 451251450, * 2525135,

2 2 2 2
251,553 7 481353 F 25)35,,8,5 F 25),8),8,3 F 45198)45,3 +25.,8), F 451,513

2 2
+ hs198195), T 251,8,,)/(4s

+

135134524534) ~ (81953, = 251,8,,84, ~ 251459,53,
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(continued)

) 2
14523534 t 513523534 F 812514534 F 251251353, T 287,5,, ~ 451351,5,,
2 2 2 2 2

45135p, ~ 514523 T 51353 t 81951351, T 5155130/ (25,354,573,)

2

+ (syps5, -4 -2 - 4

514524534 = 2513524534 T 2514573534 4513523534 T 4512514534
S..S.,S + 252 s + 252 s - 2s..8.,S - s 52
13514524 13594 14523 13515523 ~ %19%14

2 2 2
$12513514 ~ 5125130/ (453,54,

-4 - g

15195
- & )

(B:5)

~ 2 2
i - TR{ [(513523534 t 512523534 T %12%34 t 513%23%4 T 2512%23%4 T 514523
2 32 Y - (s 52 - s..S8,.,8
155193 12534 7 513524534

2
12524534 ~ 514523534 T $12523%34 T 513%24 t 514523524 T 513523524

2 2 2
= BygPgy T s11.523)/(51351235134)J * [(1‘”3’2“°4)] :

12513504 + 512514523 F 5125135,/ (s

(B.6)

. 2
E = i ~ I‘c/z){[(slzsm%a B T R Pl B T
-s.,s,.8s,, +s_.8..8., +s.,s.,s,, + 52 s,, - 8§ 52 - 52 S.. - 85,.5.,5..)/
14523524 ¥ 513523%24 T 13514524 T S13%24 T S14%23 T %1523 T S13%14%23

(s1357351235%134 51051953, = 52355, = S138), T 514573 T 5145130/

2
(eygPagting) = By + Bygdley, 4 s23)534’(5135235134523A)J
+ [(1=3, 2-=4)]
(8.7)
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Footnotes
This tensor differs from the tensor used by Wu and Zobernig (Ref. 8)
which is not linear in collinear momenta. Their tensor is not finite
in QCD perturbation theory.
The factors of 1/3 and 1/27 are included so the variables span the range

from 0 to 1.

The four-jet reactions, egs. (2.3, 2.4) have also been considered in Ref.

and DeGrand, Ng and Tye, (Ref. 3).
In the following equations we have dropped integrable square root singu-
larities.

(3)

This is permissible because C in the delta function is independent
of these variables and therefore gives no constraint.

One of the integrals required is given in Appendix A.

In our notation this corresponds to the interchanges 1-+3, 34, 2~>1,
4=+2 in eqs. (3.2 - 3.5).

In these plots o is the total cross section, eq. (2.16) corrected to

order a (and not 00).

10
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Figure Captions
Eigenvalue plot showing lines of constant C and constant D. By imposing
cC > l-we exclude the two-jet region. For A, > A, >\, only the top right-

2 1 2 3

hand triangle is populated.

* ~
(a) The reaction y »q + g
% -
(b,c) The reaction y =+ q + q + G.
a
Cdo . . s
Plotof cOdC (in units of ZTT) vs. C.

* -
Virtual corrections to the process vy (Q) *q + q + G. Diagrams 12 to 19
are contributions to wave function renormalization. Corrections to the
gluon wave function involving ghosts or the four-gluon vertex and similar

in structure to graphs 18 and 19 have not been shown.
*  _
Diagrams contributing to the process y =+ qqGG.

* -
Transition probabilities for the process Y = qqGG. On-shell particles are
indicated by the short cutting line and the numbers refer to the momentum
labels. All the other transition probabilities can be obtained by permu-

tation of momentum labels.

* -
Diagrams contributing to the process Yy -+ gq qq. Diagrams which differ

only by the exchange of identical final state fermions have a relative

minus sign.

* = -
Transition probabilities for the process Y =+ qq qq. On-shell particles

are indicated by a short cutting line and the numbers refer to the momentum
labels. All other transition probabilities can be obtained by exchange

of momentum labels.
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The part of the O(az) correction to g%% containing the Casimirs CFNC ig
a2
plotted in units of (Eﬁ) against the variable C.

The part of the O(ai) correction to g%% containing the Casimirs CFTR is
a

2
plotted in units of (3%) against the variable C. The number of flavors

is set equal to 5.

The part of the O(u2) correction to g%% containing the Casimirs Cé is
a_\2
plotted in units of (5%) against the wvariable C.
The total %%% vs. C(solid line). The lower order g%% (Fig. 3) multiplied
a a \2
by(—g)(ZC + N )wz vs. C {dashed line). Both are plotted in units of (—5) .
27 F C 27
1ds < N
E'gﬁ in units of (3;) plotted against D. The total is shown (solid line)
together with Ci part (dashed), CFNC (dotted), CfTR (dash-dotted).



Group 1
welght Class A i Class B Class C
| N
Permu-~ 2 ( __SZ)
tation of CF ! CF CF 2 CF NC
first row ' .
! !
B11 | B32 | B21 | B22 B42 | B52 | BS3 | B4l B71 iB72 B82 | B77 | B87
|
| i
(3 < 4) B44 B65 B54 B55 BS51 - B62 - B74 { B75 B85 - -
! I
(1« 2 - - B64 B66 B61 - - - B84 . B86 i B76 B88 -
|
(1 « 2) : !
(3 > 4) - - B31 B33 B43 B63 - - B81 B83 . B73 - -

e = =
Table 1: The interchange table relating the graphs for e e -+ qqGG.



Permu- Class D ClassNE Class F
‘tation o C
‘first row Cr Tr Cp(Cp-3) Cp
P
A77 A88 | A87 A83 A76 A73 A86 A84 A75 A81 A82 AS53
(1« 2) A55 | A66 A65 A61 A85 A51 - A62 - A63 A64 A71
(3 « 4) A33 ALA A43 A74 A32 - A42 - A3l A54 - -
1+ 2) % _ _ _ _ _ _
(3 « 4) All A22 A21 A52 A4l A72

Tahle 25 Ths Intercliange table relating ths

Js o= ——
graphg for e e = qqqq.
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Fig. 2
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Fig. 5
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Fig. 7
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4. A Method of Feynman Diagram Evaluation

Published in Physics Letters 93B (1980) 424
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The divergences encountered in higher order perturbative calculations in
QCD cannot easily be handled by the techniques developed for QED. Gauge in-
variance and the simple Ward identities which result can be used to minimize
the number and difficulty of the ultraviolet divergent integrals occurring

in many QED calculations [fn 1]. 1In QCD the generalized Ward identities are

[3

complicated in covariant gauges J While they remain simple in axial gauges,

the gluon propagator now becomes complicated, involving (nk) denominators in

[4]

oo 2 ’ ’ . s s
addition to k" ones . The simple regularization of soft infrared divergences

in QED provided by giving the photon a small fictitious mass cannot be carried

[5]

over to QCD ~. 1In addition, QCD contains collinear infrared divergences

(6]

due to the existence of massless colored particles The only known gauge

invariant method for regularizing this abundance of divergences is to analytically
; : 7

continue the momentum integrals to n = 4-2¢ dimensional space[ !

The standard method of Feynman parametrization is economical only when

a loop contains two lines. 1In this case the integration is done by applying

the result (or its parametric derivatives):

i a, -1 a,-1

-7+ %

ir dnp ) 1 T(OL1+OLZ 24+¢€) jdx 5 il (1-%)

. o +o,, =2+ a_+o,—2+¢
Dok 0k ®2 Lk P 1027 1)) Ty Y 2001072
1 T(al+a2—2+e) T(Z—QI-E)T(Z—az—e)
- 2.0 +a, -2+ o
[(kl—kz) 171 72 T(al) F(az) F(A—ul o, 2¢)

(1)

If more than two propagators are involved in a single loop, this procedure leads

to difficult parametric integrals involving hypergeometric functions and their
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parametric derivatives, the polylogarithms Lin(x)[Bl
In this letter I describe a method of performing loop integrations in

n dimensions which avoids Feynman parametrization.
We begin by transforming each loop momentum into hyperspherical coordinates

[fn 2] , thus separating the angular and radial integrations. The angular

integrals are performed by first expanding each propagator in the series[g][fn 312

L1 1 T T GRG0
[(p-q)z]p (p2—2p'q+q2)p (plla])® T'(p) 5=0 T (A+j+1)

(2)

AA

. . A
x 2Fl(p—hpﬂ; A+l (T(p,q))z) CJ. (peq)

where the C% are the n=2)+2 dimensional hyperspherical harmonics (Gegenbaur

polynomials), and T(p,q) = min(+§% 5 +%+)- The properties of the C? are summarized

no,11

in Table 1 When n=3 the C? become the Legendre polynomials, while when

sin(j+1)6

- Some useful
sinB

n=4 they are the Chebyshef polynomials C;(cose) =

Gegenbauer expansions are given in Table 2 DO} By expanding the hypergeometric
[e.2]
‘y : ;
functions in the usual power series 2F1(a,b,c;z) = ?EE;T(b) % T(+a)T{5+b) 23 .
j=0 JI1T (j+e)

the radial integrations become trivial. The resulting expression is then expanded
around € = 0, which generally makes the final summations simple.

As an example, consider the simple scalar diagram in Fig. 1:

n n i
I‘fdpdqa 2,22
p (p-k) " (p-q9)7q

The angular integration is:
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2WX+1

I'(A+1) 6m m 6m 0

- gy Wy

A AN >\ AN
d_dQ ¢ k) C eq) =
J s A, ml(p ) 2(p q)

The radial integral is then:

A Y, 3-2 1
J . dp ¢ °F dq T(pag) F (E,l;Z—E;T%p,q))

4 2 Pq 21

I = "5
'™ (2-¢) pq

T(p,9) . 2
X pk 2Fl (8’192 EaT (pak))

4m2E 1 S IGFT( '+e) [ (2441) (21'+1) ]
- 4

= (2 1¥2e rz(e) e T(G+2-e)T (3 '+2-€) |&4(G+e) (J-e+1) (5 "-2¢) (J +2e+1)

j'=0
It is clear that if neither j nor j' vanish, I is O(Ez); if one of them vanishes
I is 0(1) and if both vanish it has a double pole. Expanding around €=0,

we get

52k 1 2y-1 . 2@2) - 2¥%2 + 2y - 3
I = - =5+ #
2

(k2)1+2€ 2 2
(y = 0.5772 is Euler's constant). While this integral is sufficiently simple that
it could have been done using only Eq. 1, it illustrates all aspects of the
method, which has been used to calculate 3-loop diagrams with no trivial
(i.e., using Eq. 1) subintegrations (Fig. 2).
One may also take the Fourier transform of a diagram and perform the
[11]

Gegenbauer expansion in configuration space . Thus for the scalar diagram in

Fig. 3:
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ikez
e

[ T T L) P Los=) T [ip-ei®

J Pod™ - L - = Jdnxdnydnz
p” (p-k)“ (p-q)“ (q-k) ’q

Since the generating function for the Gegenbauer polynomials is

(t2 - 2tx + 1)‘A - F C%(x)
j=o

the expansion of the propagators is simple:

_ kAL Yiatls
[x-9)21 [ - 2294921 520 (|x||yD)*

However, the expansion of the exponential is also reguired, introducing Bessel
functions into the final radial integral. 1In addition, if some of the momentum
space propagators have €-dependent exponents [fn 4], the choice of the origin
in configuration space is constrained, possibly requiring the introduction

s : ’ : : ; L]
of additional Bessel functions or even making the use of this method impossible

(Fig. 4).

In order to use eq. 2, the momentum flowing along each propagator in a
diagram must be a linear combination of no more than two of the loop and
[12] I . . .
external momenta . When the expansion is performed in configuration space
this constraint is removed since the propagator then depends only on the dis-
tance between the vertices it connects. In addition, if more than three
independent momenta are involved, integrals of the form
Ao a s A o~ s X o o
dQy C a,*b) C a,*b a,:*
Jaag ¢ (a;+B) € (a,-b) ¢ (ay-b)
1 2 3
may result and the orthogonality relation may not be sufficient to perform all

of the angular integrationms.
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This technique may be applied to calculations involving massive particles.
An expansion analogous to Eq. 2 may be derived for a massive propagator.
With n=4, this approach has been used to calculate many diagrams contributing
[12]

: 3
to the electron magnetic moment to O(a™) : Alternatively it may be possible

to calculate massive integrals by expanding each propagator in a Taylor series

around m=0
1 ® m2j

s Z PR e
2 2 . 293+1
(" -m) =0 [p°]
and then using Eq. 2. Mass singularities will be transformed into poles in ¢
and the finite power corrections will remain. Even if the resulting sums cannot
be performed exactly, the lowest terms in the series may be used to find the

leading corrections when the masses are small.

Finally, Eq. 2 with n=4 (A=1) has been used for several calculations. The
photon renormalization constant has been calculated to O(u3)l. It has also
been applied to the calculation of the hyperfine splitting in positronium

I gratefully acknowledge discussions with J. A. Harvey, D. B. Reiss and

especially S. Wolfram.



=T

References

1. J. L. Rosner, Ann. Phys. (N.Y.) 44, 11 (1967).

2. M. Dine and J. Sapirstein, Phys. Rev. Lett. 43. 668 (1979);
K. G. Chetyrkin, A. L. Kataev and F. V. Tkachov, Institute for Nuclear
Research (Moscow), preprint (1979), W. Celmaster and R, Gonsalves
UCSD-10P10-206.

3. J. G. Taylor, Gauge Theories of Weak Interactions, Cambridge 1976.

4. W. Kummer, Acta Phys. Austriaca 41, 315 (1975).

5. A. Andrasi and J. C. Taylor, Nucl. Phys. B154, 111 (1979).

6. R. K. Ellis, H. George, M. Machacek, H. D. Politzer, G, G. Ross, Nucl.
Phys. B78, 281 (1978).

7. G.'t Hooft and M. Veltman, Nucl. Phys. B44, 189 (1972).

8. See e.g. R. Barbieri, J. A. Mignaco, and E. Remiddi, Nuovo Cimento 11,
824 (1972) Appendix B.

9. W. Celmaster and R. Gonsalves, UCSD preprint No. UCSD-10P10-207.

10. Erdelyi et al,Higher Transcendental Functions, McGraw-Hill (1955).

11. K. G. Chetyrkin and F. V. Tkachov, Institute for Nuclear Research
(Moscow), preprint (1979).

12. M. Levine and R. Roskies, Phys. Rev. D9, 421 (1974); M. Levine, R. Perisho
and R. Roskies, Phys. Rev. D13, 997 (1976).

13. V. K. Cung, A. Deveto, T. Fulton and W. Repko. Phys. Rev. D18, 3893 (1978).



saPlips

Footnotes

The photon renormalization constant in QED has been calculated to O(a3)

without evaluating a single divergent integral [1]. The analogous QCD
4+ -

calculation - the e e total cross-section to O(uai) - cannot be so

simplified [2].

As in all Feynman integrations, a rotation to Euclidean space is tacitly
performed.
After this work was completed, I learned of similar results obtained by

W. Celmaster and R. Gonsalves. They have found eq. 2 with p = 1 and

p =1+ ¢ to 0(e).

Such exponents arise from sub-integrations which can be performed using

Eq. 1. The scalar diagram in Fig. 4 is proportional to

r?(e) Jd“ g 2 2+ 7 -
P9 %17 (oK) 2 (p-) %[ (g-1) 2127642

]
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TABLE 1
Orthogonality relation:
J ae, & (ab) €} (bec) =8, . T 2} (ave)
3y P I32 Tow) 301 1
Special Cases:
A _ A _ A _TG+20)
Co(x) i Cl(x) 2Ax Cj(l) EETISUEIN)

Clebsch-Gordon series

1
* ) ci(x) ) ;m n! (a+M)T(g+2))  T(g=24+M)T (g-mtA)T (g-n+))

A
C (x)
n=|2-m| T2 )T (g 1T (n42)) T (g-2+1)T (g-m+1)T (g-n-+1)

where f+mtn = 2g and g = integer

Recursion relation

A

j_l(X)

(5+1) C§+l(x) = 2(54)) x C;(x) - (342A-1) C

Generating function

(t2 - 2tx + 1)_x =

]

™~ 8

eJ M x)
0 J



(a2—2abx+b2)_x

(az—Zabx+b2)—p

76~

TABLE 2

m-23+X\ A
3T T+ mn—3)  Cm-25 ()

1+ 3, el lxD) ¢G5

S GHOTE+) ad o pHjHL L L. 2. A
jfo Tand) 2 F157 7 sMitlian) Gx)

A A A

(ab)”~ J(x)

L [T(a,b)]
§=0

0 TQ) + (GHOTGHp) j+e

JF 00435 M1, )17 ¢l 6o
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Table and Figure Captions

Table 1
Properties of Gegenbauer polynomials. The notation fde denotes integration

~

over all directions of the vector b.

Table 2
Gegerbauer series. The third formula 1is derived by expanding (l-—ax)_p in

a binomial series and using the first formula. The last two formulas are

F

found from the third by making a quadratic transformation of the oFq -

Figure 2
These diagrams have been evaluated with several different invariant

numerators.

Figure 3
Diagram (a) is in momentum space, while (b) is the same diagram in

configuration space.

Figure 4

This diagram cannot be done by Gegenbauer expansion in configuration space.
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FIGURE 1

(a) (b)
FIGURE 2

FIGURE 3

P~q

p-k

FIGURE 4
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Appendix

from the GAMALG Users Manual
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Gamma Matrix Algebra Program (GAMALG).

written by
Anthony E Terrano (TREX)
aend Stephen Wolfram (SWOLF)

mostly on [ Feb 25, Mar 3], 1979
revised July 10, 1979.

Capabilities:
[1] Takes traces of products of Dirac gamma matrices in n dimensions.

In 4 dimensions, it also takes traces of products involving gamma[5]
(G5). The results may have free indices.

[2] Squares sums of amplitudes, involving polarized or unpclarized spi-
nors.

[3] Contracts free indices.
[4] Simplifies products of gamma matrices in n dimensions.

For all manipulations, GAMALG uses the conventions of Bjorken and Drell
and takes Tr(1)=4 (generalization of the spinor dimensionality is unneces-
sary).

Further information, especiaily on the algorithms used by GAMALG, may
be found in 'MACSYMA Tools for Feynman Diagram Calculations’, by
Stephen Wolfram, in Proceeding of the 1979 Users’ Conf. and Caltech pre-
print CALT-68-720 (June 1979). These references give some discussion of
other programs available for high energy physics calculations (including
Feynman parametrization ete.).

Summary of Functions:

[sections under which functions discussed given in brackets] (Note: in all functions tak-
ing a string of arguments (e.g. TR), list brackets ([,]) may be included or omitted as
desired.)

BTR(list) takes the trace of the gamma matrices represented by its argu-
ment in a way that is more efficient than TR for long traces invloving
many sums of momenta [1].

CIND(mul,...,muk) adds mul through muk to the list of contracted
indices [1].

CGT(exp) converts G's to TR’s and does them [3].
COMPDEF(vecl=list1,vec2=list2,ind1=vall,ind2=val2,vec3=...)  defines
lists as the components of vectors and values for indices, for use by NON-
cov
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CON(exp) contracts all free indices in exp (including epsilon symbols) [3].
CONJ(amp) returns the conjugate of the amplitude amp [2].

COTR(exp) reduces (in n=4) products of traces with contracted indices to
single traces [3].

CRUNCH(exp) simplifies untraced products of gamma matrices in exp [3].
DFIX(exp) expands all dot products in exp [3].

EPSFIX(exp) expands all epsilon symbols in exp [3].

FLAGS() displays the values of flags and information lists.

GFIX(exp) expands sums of vectors appearing in untraced products of
gamma matrices in exp [3].

GLUE3(11,12,13) gives the tensor corresponding to the three-gluon vertex
represented by its arguments [3].

KINDEF(dotpl=rep1,dotp2=rep2,...) defines kinematics substitutions
dotpi=repl,... [3].

NONCOV(exp) substitues the non-covariant components specified by
COMPDETF for vectors and indices in dot products in exp [3]

NSET(dim) sets the dimensionality of spacetime to dim [1].
SCALS(x1,..,xk) adds x1 through xk to the list of scalars [1].
SQ(spn1,amp,spnR) squares the amplitude amp sandwiched between the
spinors spnl and spn?2 [2].

SQAM(spnl,ampl,spn2,amp2) sums over spins the amplitude squared
amp1*conj(amp?) sandwiched between the spinors spnl and spn2 [2].
TR(al1,a2,...) takes the trace of gamma matrices represented by its argu-
ment [1].

UNCIND(mul,...,muk) removes mul through muk from the list of con-
tracted indices [1].

UNCOMPDEF(vecl,ind1,vec2,vec3,...) removes the components defined
for its arguments [3].

UNKINDEF(dotpl,...,dotpk) removes simplifications defined for dot pro-
ducts dotpl through dotpk [3].

UNSCALS(x1,...,xk) removes x1 through xk from the list of scalars [2].





