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ABSTRACT

Part I presents results for TDHF calculations of realistic heavy-ion
reactions. Results for a separable approximation, neglecting motion
normal to the scattering plane, agree very well with the results of the
full 3-D calculation. Results for the fusion cross section of two systems
leading to the compound nucleus 56Ni are compared with experimental data.
The 160 + 40ca results agree quite well with the experimental data, and
the 28si + 28si results agree quite well with experimental data for the
similar 325 + 27A1 system. Results of calculations with the separable
approximation for 86Kkr + 139La are compared with both axially symmetric
calculations and experimental results. All three show substantial

agreement.,

Part II presents a stability criterion for the validity of TDHF
solutions based on a time-dependent generalization of RPA theory. Results
are tested in an exactly soluble model, the SU(3) generalization of the
Lipkin model. Unfortunately, the exact solution could not be computed
for a large enough number of particles to permit quantitative testing of
this criterion. However, it does seem to correctly indicate the stability

or instability of the TDHF path.
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PART I

TIME DEPENDENT HARTREE-FOCK CALCULATIONS

OF

NUCLEAR COLLISIONS
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Section 1: Time-Dependent Hartree-Fock Theory

A recent major effort in theoretical nuclear physics has been the develcn-
ment of microscopic dynamical theories to complernent the phienometiviogic =l,
macroscopic treatments. These macroscopic treatrments, comprising virtueily
the entire history of nuclear physics, have been very valuable as a framework in
which to visualize various phenomena; showing what degrees of freecom are
needed and what laws govern the motion of these degrees of freedom. However,
because these models are constructed to fit experiments on a particular
phenomenon, they cannot give any underlying, unified explanation for diverse
phenomena, nor show fully the relationships between these phenomena. Macro-
scopic theories also have a limited power for predicting new phenomena. To
resolve these questions, we must turn to a microscopic many-bedy theory. The
ultimate theory of nuclear physics, involving nucleons, pions, etc. is, of course,
not feasible; but approximations can be made which should be valid for certain

types of problems.

Time-Dependent Hartree-Fock theory (TDHF) (DI 30) is one such approxima-
tion. It consists of independent particles, in this case nucleons, moving in a self-
consistent mean field generated from the internucleon interaction. This
independent particle picture may seem unreasonable, since nucleons at normal
nuclear densities are strongly interacting. However, since they are fermions, the

Pauli principle is very effective at blocking their interaction at low energies.

A simple estimate of the mean free path of a particle p, with energy
E/ A+ep, (where ep is the fermi energy) may be obtained by considering binary
collisions, {p)+(q) - (p')+(q’), in infinite nuclear matter. The collision rate

including Pauli blocking is (KO 79b,P1 66)

sz 2 Up(g_g)pq*p'q"s@*'q-}"—q ')fq(l—fp')(l"fq') (1.1)
97'p'

where v, is the velocity 'I;L— -g%is the free-nucleon cross section, and f is the
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phase-space occupation. These can be calculated assuming an isciropic

o
differential cross section g—g= Z:r—)' a Fermi-Dirac distribution at low tempera-

2
: D ;
ture for the phase-space occupation, and a free-nucleon spectrum e, ==—. For
21

high energies, £/ A>ep, the Pauli blocking is ineffective and the collizion rate,
Iy has its clarsical value pv, 0 where p is the density of nuclear mattzr. With

typical numbers p=.17fm™° and 0,=250mb, this leads to a short mean free path

v,
)\p=l-_?—=.23fm. However, for low energies, £/ A<ep, Pauli blocking severely
P

limits the number of accessible final states* (KO 79b) so that

3,E/A
rp=pvpaoz(-;’—)2 (1.2)
F
and
_ 1 4( €r o
A’“—pao S 'E/A (1.8
With ep=41 MeV this leads to a mean free path
520
=———fm 1.4
A (Es A)? i34
and a lifetime,
1 _5.9x107*!
=== gec, 1.5
Tp  (B/4F 2

where E/ A is measured in MeV. For energies up to a few MeV per particle, the

* There is a simple way to show that this blocking factor, %(EéA.)E is reasonable. For a Fermi

ges, the number of states per unit volume with energies less than £ is proportional to E%.
The density of states near the Fermi surface %is proportional to %e)f. The Peuli principle
will require ' and ¢’ to have energies above ez and conservation of energy will require that &ll
three particles g, p', ¢" have energies within £/4 of the Fermi surface for £/4<ep. For E/A

small, the density of states will be approxX‘mately constant throughout this energy range.
Since conservation of energy will specify the energy of one of these particles, the number of

accessible states will be limited to approximately (k-g-e)fE/A)a. Since the number of states

2
without Pauli blocking would have been (be,?)z. Pauli blocking will cause a factor approxi-
mately %(E; A2 Since conservation of energy actually requires all three particles to share
F
this deviation E/A from the Fermi surface rather than merely being bound to within E/A of

the surface, it isn't surprising that the actual blocking factor is three times smaller than
above.
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mean free path is much larger than the nuclear size (210 fm) and the lifetiine s
cornparable to the collision time (several 107%! sec.). Therefore, in nuclear ceili-
sicns, this picture is expected to work fer energies up te a few ke’ per rnuclecn
above the Coulomb barrier.

Indeed, this independent particle picture has teen quite successful in
explaining static properties of nuclei, from the early days of the snhell model to
the recent sophisticated, self-consistent, mean-field calculations, such as
Density-Dependent Hartree-Fock (NE 70) . The first extension of these ideas to
time-dependent problems /was the use of the RPA approximation (TH 61), a small
amplitude approximation to TDHF, to calculate the near-equilibrium dynamics of
low-lying vibrational states in nuclei (BER 75). This success prompted the inves-
tigation of TDHF in situations far from equilibrium, though still at relatively low
excitation energies. Thus, although the derivation of the TDHF method dates

back to Dirac in 1930, the application of these calculations to the collision of

heavy ions was not attempted until the mid 1970's {(BO 76a).

These TDHF calculations have several attractive features. First, they are the
natural extensions of successful, near-equilibrium descriptions. Since they use
the same internucleon interaction (see Section 2), they have no free parame-
ters. This unified approach links these different problems and completely
specifies the behavior of the TDHF solutions. Second, TDHF calculations treat
implicitly both single-particle and collective degrees of freedom. By not impos-
ing collective degrees of freedom, they provide a flexible treatment of the
nuclear shape and surface. The mean field is the most obvious way of communi-
cating collective information. Third, TDHF is the microscopic one-body theory to
compare with macroscopic treatments of the long mean free path regime (KO

79b).

To discuss in more detail the nature of the approximation and the type of



-5-

results we will obtain, we begin with a derivation of the TDHF formula. Details
can be found in Appendix Al. The exact Schroedinger equation can be derived by

applying a variational principle to the action (KE 76),

I =fdt<?(t)|m:T—H[\P(t)> . (1.8)

where H is the Hamiltonian. Looking for stationary points of 1 with respect to
variation of the conjugate wavefunction, ¥°, gives 'tha%—\l' = HV¥. The transition

to a derivation of TDHF is straightforward (KE 76). Since the total wavefunction
is assumed to be composed of independent particles, it can be written as a pro-
duct of single-particle wavefunctions, ¥;: or in the case of identical fermions,
where ¥ must be antisymmetrized, as a Slater determinant of the ¥;. We then
derive the TDHF formulas by looking for stationary action with respect to varia-
tion of a particular single-particle conjugate wavefunction, %’. This leads to an

evolution formula for each ¥;,

indy, = 62_;0”1”% : (1.7)
Although it isn't obvious that this leads to a mean field formulation,

m-:Tgb, =hy; (1.8)

with h a one-body operator; this is shown in Appendix Al,Part 1. Thus, we see that
the TDHF wavefunction is the best independent-particle approximation to the
exact Schroedinger wavefunction. However, the independent-particle assump-
tion greatly limits the usable information we can obtain from the TDHF
wavefunction, since any quantity strongly dependent on correlations between
two or more particles (other than antisymmetry) will not be correct. Therefore,
the theory only attempts to approximate one-body operators and will give useful

results for at most few-body operators.

This can be seen explicitly in an alternative derivation of the TDHF formulas

detailed in Appendix Al,Part II. In this derivation, the exact equation for the



one-body density matrix,

Pas(t) = <H(t)|afas|¥(t)> (1.9)
in terms of the two-body density matrix,

PBs(t) = <¥(t)|atataag|¥(t)> | (1.10)
and higher-body density matrices is truncated by retaining only many- body
correlations required by the Pauli principle and expressing these higher-body

densities in terms of one-body density matrices (KO 79a).

The form of the TDHF equations is important for several reasons. First, they
lead directly to several conservation laws which are not only desirable for a phy-
sically plausible theory, but will serve as checks for numerical computations.
Since TDHF is a mean-field theory with each single-particle wavefunction evolv-
ing in time through the same hermitian Hamiltonian, k; the overlap matrix of

the ¢;'s, <¥; |¥;>, is time independent (normally &;; ).

5
tha <Yj 19> = <yj | =R [¥:>+<y; |h[9:> =0 (111}
Therefore, the norm of the TDHF wavefunction and the expectation value of the

number operator are also time independent.

The variational formulation of TDHF is useful for demonstrating other con-
servation laws. For any operator, O, with no intrinsic time dependence, the time

evolution of its expectation value in the TDHF wavefunction, ¥, may be written as

§<0O> 6<0>
6y; (@) 69;(2)
where <0> is viewed as a functional of {¢;} and {§;]. Use of the evolution equa-

. (1.12)

D <¥|0|¥> = 5 : -gt—%(a)] + %«p,’(a)]

tion,(1.8), results in

maaT«b___z 6<0> 6<H>  6<0> 6<H> |

72| 89i(@) 69(0)  byla) B¥;(a)]
the analogue of the Poisson bracket. Using O = H immediately results in con-

servation of energy. It can also be shown that ih:;t<0> =0 for any one-body

(1.18)




-7 -

operator, if the commutator, [H,C0] = 0 (see Appendix Al, Part IV). Thaus, for any
reasonable choice of H, that is a Gaililean-invariant interaction, the totzl
inementum and angllar mormenium wiil be conzerved by the TDIIF scluticn.

The form of the TDHT" equations wiil also cause prcblems in the interpreta-
tion of the TDHF results (BO 76a). Since the mean field depends on the complete
set of single-particle wavefunctions, {¢;{; the TDHF equations will be coupled,
nonlinear equations. Thus, if we tried to imagine two outgoing channels, they
would be coupled even asymptotically. This arises because of the demand that
the wavefunction be a single Slater determinant and not a sum over various pos-
sibilities. Thus, projecting the final state onto any final eigenstates of the system
gives amplitudes which are time dependent (indicating transitions) even asymp-
totically. These "spurious cross-channel correlations” are the result of trying to
extract information from the wavefunction which was already assumed not to be
in the wavefunction. Since we can't calculate amplitudes for various final states,

but merely some "average” final state, TDHF is a semiclassical theory.

An alternative way of arriving at the same conclusion is to notice that a
Slater determinant is a wavepacket (FL 78). Thus, for example, a static Hartree-
Fock (HF) solution with its localized center of mass represents a wavepacket of
momentum eigenstates. When one of these Slater determinants is evolved with
the TDHF equations, the coupling between the different eigenstates doesn't allow
the wavepacket to spread. Thus, for the example above, the TDHF evolution of
the static HF solution will merely involve multiplication of these solutions by a

phase exp(—izejt/h). The wavepacket of momentum eigenstates can't spread
j

because we aren't free to arbitrarily change the center of mass wavefunction.
The TDHF (or HF) equations will simultaneously give the wavefunctions for the
internal degrees of freedom and for the center of mass. This non-spreading of

the initial wavepacket is a sure signal that TDHF is a semiclassical theory.



= B=

The moral of this discussion is that TDHF theory is a deterministic theory,
calculating some kind of average evolution of our initial wavepacket; and that
this wavepacket is only useful for calculating expectation values of few-body
operators. Thus, our primary information will be simply the density as a function
of time, and our principal results will be the number of fragments and their
sizes, masses, charges, and motion. As we shall see later, the rich collision
phenomenology exhibited by real nuclei will make the comparison of such gross,

inclusive measurements with the theoetical results quite interesting.



Section 2: The Effective Interaction

For the internucleon nuclear interaction we use a phenomenological force
familiar from static Hartree-Fock and RPA calculations, the Skyrme potential
(SK 58), with a slight modification described later. Although in principle we
might like to use a potential or G matrix more directly connected to nucleon-
nucleon scattering (DAV 74), the computations would be far too cumbersome. In
fact, even the most direct methods require some minor phenomenological
adjustment to agree with the data (NE 72). This isn't too suprising since the
choice of a potential to fit the scattering data is ambiguous; the calculation of
the many-body effects in a finite nucleus to determine the mean field is very
difficult for even a two-body potential, requiring some approximations; and the
effect of higher-body correlations is completely undetermined. It was found that
an effective two- and three-body interaction could give very accurate results for

both binding energies and densities of nuclei (BEI 75).

The Skyrme force is used because it is particularly simple to calculate. The

potential energy is taken to be (VAU 72, EN 75)

Lo+ o 2.1

This three-body force gives a density dependence, which aids saturation of the

nuclear force. The Skyrme form parametrizes the potential by an expansion in
momentum space.

<k | VB E'> = to(14xoP o)+ 15t (kK2+k B) +L ok k' +iWo(3,+8,)kxk' | (2.2)

where £g.t,.t5 Wo and xo are constants, the Skyrme paramaters; P, is the spin-

exchange operator, P, = %(1+3,-3;); 3, and &, are the spin operators; and £ and

k' are the relative momenta of the two particles. Notice that in general

<k | V@ |&'> # v(k—k'), so the transformation to coordinate space does not give

a local potential, <#*|V®|#'> = §(#—7")v(#).The transformation to coordinate

space,
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<F | VR |#'> =

;

(

\

D;)G [ dEdR e &7 <K | VD B >ed T (2.%)
gives
<P | VB 7> = to(1+x0P)8(7)8 (7)) =Kt {[VRS (F)]6(F)+[VR6 (F)]6(F)3  (2.4)
+to[V6(#)] [V6(7") ] +il (B +82) (VS (7)X[VS(7")]
where 7 , #' are the relative coordinates of the two nucleons.

Thus we can anticipate that the simplicity of the Skyrme form will be due to
the expansion of the range and nonlocality of the potential as differential opera-
tors. The £y term can be rewritten to(1+xoPo)8(7—7")6(7), so it is a local, zero-
range force. Since this term acts only in s waves; it has strength £4(1—xc) for like
nucleons ( singlet spin states ), while it has strength £4(1+xg) for unlike nucleons
( triplet spin states ). The £; term acts in s-d states and the {, term acts in p
states; Wp is the strength of the spin-orbit force. In all of our applications we will
be investigating bulk nuclear dynamics. Since these spin-orbit forces cause
single-particle effects which are unlikely to significantly alter the bulk dynem-
ics, we assume a spin-saturated system and neglect the spin-orbit force. There-
fore, each orbital is occupied by two protons or two neutrons, one spin up and

the other spin down.

The three-body interaction contains only the first term of an expansion like
the above. In coordinate space, it is
V) = tg8(7,—2)6(Fa—Ts) | (2.5)
a zero-range, three-body interaction. Since the potential between two nucleons
depends on the presence of another nucleon, this term introduces a local den-
sity dependence.
In Appendix A2, the expectation values of these potentials are derived for a
spin-saturated Slater determinant, showing that the three-body potential above

is equivalent to a two-body potential (VAU 72)

'i’l+'?'2)
2

v = 2t4(14P)6(F, 72l (2.6)
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The result, from Appendix A2, for the nuclear energy density is (EN 75)

Hu(?) = st [H1x0) 0B +02) + (R Hx0)oppn ] op+pn)oppn  (2.7)
t,+3t t,+ - o
+'('l_8_2){l’p Tp Jp"'Pn'rn Jz]+ ( l4 fe) an+PnTp—2jp'jn]

(£ gt t,—3t
—(—u{ Vzpp+pnvepn]+( e ) 0 V205 +05, oy |

The particle, kinetic energy and current densities for each isospin species q ( p

for protons, n for neutrons ) are defined as;

Pe(?) = X |%(F.q:) 2 . (2.8)
< with
U=9
T ®) = Y |Vy(#.g:)12
{ with
U=9
Je@®) = Y Im[Y(#.q) V(7 q0)]
by

where the ¥; are the occupied single-particle orbitals and the sums are over all
these orbitals with isospin q. Densities without isospin subscripts refer to total
densities; p=pp+pp, T=Tp +7y,, and f =fp +]7,.‘ ( For notational convenience the
time dependence of the above orbitals and densities has not been explicitly

included.)

For light systems, where the Coulomb potential is weak, which have equal
numbers of protons and neutrons an assumption of isospin degeneracy seems a
reasonable approximation Since this assumption considerably simplifies calcu-
lations, it was used in many of the early calculations (BO 76a, BO 76b, BO 78, DAV
78a, DAV 78b, FL 78, KO 76, KO 77) and we use it for some of our calculations.
With this assumption, each spatial orbital is effectively occupied by an alpha par-

ticle. Setting each of the proton and neutron densities to one-half the total den-

sity gives
H, (,?) __1.+ %topz_,_ ——tgp _(_f"'—Z)(p -’2) .(_ta—gtl)pve . (29)

The pT—j° term gives rise to a non-locality ( effective mass ) in the mean field.
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The pV% term, which is sometimes rewritten after integration by parts as
-] §p |2, can be identified with the surface energy since the density varies rapidly

only at the surface.

The determination of the five Skyrme parameters £g,x0.t1.£2,andtg is some-
what ambiguous and has led to a variety of Skyrme potentials. Of course, a
saturating internucleon force demands £y negative and f3 positive. Four of the
conditions used to determine the coefficients are the nuclear volume, surface
and symmetry energies (as determined from the semi-empirical mass formula)
and the saturation density. One linear combination is then undetermined,
essentially the balance between the effective mass and the density dependence
in producing saturation. A more refined approach uses these values as esti-
mates and adjusts the parameters slightly to give better fits to the binding ener-
gies and charge radii of magic nuclei when used in static HF calculations (BEI
75). All of these potentials give accurate fits to both the binding energies and
charge radii of magic nuclei and reasonable densities when used in these static
HF calculations. However, with very different effective masses the different
potentials give different single-particle level densities near the Fermi surface
(BEI 75). The level density decreases with decreasing m’ ( increasing g ). This
determines the last parameter. Presently the two favored forces are Skyrme II
and IIl with effective masses in nuclear matter of .58 and .76 respectively.
Another force, the BKN force (BO 76a), is sometimes used for isospin degenerate
systems because of its simplicity. For these systems, there is only one nonlocal
term, so with a choice of 3t,+5¢,=0 one can select a purely local potential. This
expression is approximately true for Skyrme VI with £,=271.67 and £,=-138.33
so a slight readjustment of these parameters yields a local mean-field potential.
Therefore, use of this force, the BKN force, greatly simplifies calculations. How-

ever, for the nondegenerate case only the trivial choice £,={,=0 can eliminate
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both of the nonlocal terms. This choice is completely unreasonable since it also

eliminates the surface energy terms ( pV%p ).

The modification of the Skyrme form nientioned earlier consists vl replac-
ing these surface energy terms by direct Yukawa interactions. (BO 76a, NE 78)
There are two reasons for this change. First, the finite range of the nuclear force
is more accurately approximated (HOO 77). The expansion of the exchange term
is the crucial simplification which makes the Skryme form so useful, but there is
no technical reason to eliminate the convolution of the density with a finite
range interaction occurring in the direct term. Second, when the calculations
are done in coordinate space (as ours are) the evolution with V? terms is
unstable (BO 76a). That is, the wavefunctions develop a periodicity equal to the
number of points in the discretization formula for V. The connection between
the surface energy terms and a Yukawa energy can be seen by a Taylor series

expansion of the Yukawa energy.
- tﬁ’d-o,exp('_l?_’i'"l/a) ? . - 2 0
qu' ff T l‘?-‘?'l/fl f-’q( )pq("') ( .3 )
=4ma®{ [[dp, (F)og (7)+4a® [ dF [, (F)Popg (F)+pg (F) Vg (F)]+ - - - |

Therefore, the surface energy terms are replaced by

7
E‘y=-§L-(E'pp+E‘M)+VgE’m . (2.11)

Vi - 4mad _ 1
where 5 4ma =33 (t,—t,) and Vy 5 E(tz 3t,).

V; and Vy are the strengths of the interaction between like and uniike
nucleons respectively and a is the range of the force. Since we choose a to
approximate the range of the G matrix in nuclear matter (BO 76a), the selection
of a set of Skyrme constants determines V; and Vy. The presence of the first
term above requires adjusting the parameters £y and xp of the zero-range com-
ponent of the potential. Therefore, the parameters {5 and xg are replaced by t';

and )Z, satisfying
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~ ~ V
o(1=X0)= Tto(1-xr) ~4ma®-L-

;

[

and

¥l o(R+x0)=Wt o(R+xo)—4ma’Vy . *

For the isospin degenerate case we need only one Yukawa interaction,

Ey=4f drar exp I8 o ) )
2 |7=7"'|/a

The surface energy terms can be replaced by choosing

5= 5t ,—9t
T B4

N':!;q

and replacing g by t'; satisfying

OD,LCD

~—3 _ 3}_/—
g—gto 4T >

(2.13)

(2.14)

(2.15)

For the Coulomb energy we will use only the direct Coulomb contritution,

Ec=}ge2fdmf'ﬁp, (#)p, (77)

(2.16)

TDHF studies of light ion systems have shown the inclusion of the exchange

energy has negligible effect on experimental observables (KRl 78). Studies of

heavy ion systems have shown that the exchange energy is approximately 30

times smaller than the direct and that it fluctuates little throughout the colli-

sion (DAV ).**

Therefore, in summary, for the isospin non-degenerate systems we will use

the energy functional,

* Although the contribution of higher-order terms causes small changes in the results of
static HF calculations (HOO 77, BO 78a), no one has attempted to readjust the parameters to
maintain the same accuracy of fit to energies and redii for each set of Skyrme parameters.
This adjustment would require & whole new set of static HF calculations, and the changes in
the parameters would be very small compared to the differences for different Skyrme forces.
** All these TDHF studies approximate the exchange energy as the first term (Slater term)
of a density-matrix expansion (NE 72),

4
He(exchange )=—4Q-( ,?9 g-e 2 [&1p,M3 .

since an exact treatment would destroy the simplicity of the Skyrme form. Previous static
HF calculetions (TI 74) showed that this is accurate to better than 10% and the discrepancy
varies slowly with nucleon number. These studies also showed that the exchange contributicn
is less than 10% of the direct contribution.
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+ [a Oy(|# 7| )[—g'—{pp (#)pp (F)+pn (7 )pn (1) ]+ Vypp (F)pn (7)

9 @ 0c(|7 7' pp (FIpp )] .
2
and Og= l_,—e—. The coefficients are given by

where 0y= 2XR|7—7"|/a) =

|F=F'|/a 7 -7

Tor=£ (1) =Mt o{1—X0) ~ Tz {te—t1)

s ~ 1
Toy=to(1+¥%x0)=to(1+¥%x0) - '.F(tZ_stl)

tg
=2
ti+t, £,+3L;
Co=—¢— L="p
_5 _ 1 o ¥ 1
VL—-BE(tz t1)27ra5 Yy 1_6(t2 Btl)zmz"’

with parameters chosen from Skyrme III.

For the isospin degenerate systems we will use the energy functional,

i rg 3 ™ 2 1 8 1 1 ' '
<H>=fd# o+ ploot ot +2fd1" Oy(|#—#'Dp(@®)p(#)  (2.1B)

+Lf @ 0c(17 -7 )p(F)p(F)

Btp—Bt,, 1
64 4mab

and t';=t0—%47m521 with

The coefficients are given by -zz=(

parameters of the BKN force. The values of both sets of parameters are shown in

Table 1.
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Table 1
Skyrme Parameters
Force to i, to tsg X0
MeV-fm® | MeV-fm® | MeV-fm® | MeV-fm®
I -1169.9 586.6 -27.1 9331.1 0.34
11 -1128.8 395.0 -95.0 14000.0 | 0.45
BKN -1089.0 250.0 -150.0 17270.0 -
Nuclear Matter Results 2
Force | E/A kp K =
m

MeV | fm™! | MeV
11 -16.00 | 1.30 | 342 | 0.58
111 -1587 | 1.29 | 356 | 0.76

BKN -15.77 | 1.29 | 368 1.0

Derived with range a=0.45979
Force 1y Yo Vy v
MeV-fr® MeV MeV
1 -104.49 | 4.01 | -B6B.53 | -444.85
I -334.52 | 1.74 | -619.60 | -355.79
BKN -497.73 S -363.04

We derive the mean field, hg, to use in the evolution of the single-particle
wavefunctions, 'mg?%q =hg¥sy. by the variation of the energy functional,

O0<H>
6% (7)

nondegenerate case this mean field will, of course, be different for protons and

=hg¥y,. As before q labels the isospin and i the orbital. In the isospin

neutrons. Terms in <H> involving the variation of the density will be very sim-

ple. With pq=Z‘: (¥ |2

6pg () ;
'6—1:;—(#)—:6“-6(?-*? Wig (7). (2.19)

Variation of the kinetic energy or current densities will require integration by

parts. Thus, with 7,= |V, |2,

67q=2[¥69 g + W V9] (2.20)
Therefore, integration by parts gives
fdr'"F(?') M)—cdwv[—eﬁ'(?)ﬁvw ()] . (2.21)

694y (7)
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where the operator V acts on all functions to its right. Similarly for

Fo= DT e 9).

870=5; 2(6¢‘qW,q+¢,qV6¢w — 69y Wy Vi VOY) (2.22)

Therefore,
S F(#) 6Jq(i') e —[F()V VB 223
(,-:) 2’ 7) Vg (F)+V-F(7 )yg (7)] . (2.23)

Combining these tormulas and defining g'#q gives the result (EN 75, NE 78)

12
"q(?)=_ﬁ2+ TOLPq +Toypg+ TS(qu""quPq’) (2.24)
+C (1 —Vpg V4i[7,-V+V-7, 1)
+Cy(Tg=Vpg V4i[ 7 V4+V-7,.])
+ VL Uyq + Vy Uyq-+ Uclsqp "
where the Yukawa potential is

Uy = [ d Oy(|7 =" )pg () . (2.25)
and the Coulomb potential is

Ue= [ &' Oc (177 |)pp () (2.26)
and the differential operators V act on all functions to the right including the

wavefunction.

We can see now that the nonlocality of the mean field, contained in the
terms C; and Cy, has been expressed as a second-order differential operator -
just like the kinetic energy. By rearranging the terms slightly, we can define an

effective mass,

% 7%
——=—+Cpg+Cypy . (2.27)
2my(#) R’m - ¥
which will appear in the mean field as -V —————V

2my ()

For the isospin degenerate case, with the BKN force, the mean field is quite

simple and can be written immediately (BO 76a).
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- 7 3~ 3 2
h(#)=~5 ¥ + oo+ TotaoP+ VUr+HUC (R.28)
where
Uy= [ dit Oy(|7 7" | Jp(7") (2.29)
and
Ue= [ar 0c(|7—) &L . (2.30)

Therefore, this BKN force results in a local mean-field potential. Although a local
two-body interaction with finite range will give rise to a nonlocal Hartree-Fock
potential {as shown in Apprendix Al, Part III), we see that we can choose a nonlo-
cal two-body interaction which will result in a local Hartree-Fock potential for

spin-saturated systems.
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Section 3: Brief Review of Heavy-lon Reactions
(For a recent review see (LE 78). )

The early heavy-ion beams of about 20 years ago were confined primarily to
7Li, '®C, N, and !%0 at energies less than 10 MeV/nucleon. Scattering studies
were done to probe the optical potential between nuclei, and resonances
revealed the occurrence of transient nuclear molecules (BR 80). Compound
nucleus formation and decay was used to study the behavior of highly excited
nuclei with large angular momentum. Then, about 10 years ago, with the use of
heavier beams, a new phenomenon called deep-inelastic reactions was
discovered. Two fragments similar to the target and projectile are emitted, but
with pronounced damping of the initial kinetic energy (LE 73). In the most
dramatic cases, there can even be complete energy relaxation; the two frag-
ments are emitted with energies corresponding to Coulomb repulsion, just like a
fissioning compound nucleus. However, the masses of the fragments are com-
pletely different from the expectations of a fissioning compound nucleus. The
lack of a fissioning compound nucleus was convincingly demonstrated when
reactions leading to nearly the same composite system had different final frag-

ments (TA 75).

Thus, the energy damping and mass exchange show that a composite sys-
tem is formed, but the entrance channel dependence shows that the system
splits again before complete equilibration can be reached. These reactions,
therefore, allow the study of interaction times and equilibration times of
different degrees of freedom for a tremendous variety of targets, projectiles,
and energies. This opens a new field of collective phenomenology correlating the
scattering angle, energy loss, mass of the products, and the charge of the pro-
ducts. We can then develop models using parameters such as interaction poten-

tials, viscosity coeflicients, friction tensors, and diffusion coefficients (NO 76).
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Or, in our case, we try to describe all these collective phenomena from a micros-

copic approximation using a previously determined nucleon-nucleon interaction.

The application of classical concepts, like that of an ion-ion trajectory, to
the problem is justified since the wavelength associated with the relative motion

of the nuclei is small. This wavelength is (NO 76 p.3)

n o [A+4, 20}
RS ' (3'1)
o AIAZ Eom J

where v is the relative velocity, u is the reduced mass, X is in fm, £, is the

A=

center of mass kinetic energy in MeV, and 4,, 4z are the atomic mass numbers
of the target, projectile. Thus, for some of the cases we will be describing later,
this wavelength can range from .2 fm, for 180+180 at E,, =55 MeV, to .004 fm, for

B0Kr+1%1 4 at £, =312 MeV.
Also, the Sommerfeld parameter, 7, is large for these collisions (NO 76
p.19).

_ %dm _ legea
n A 2Bk
Here d, is the distance of closest approach on a Coulomb trajectory; and Z,,

(3.2)

Z, are the charges of the two nuclei. This parameter ranges from about 5, for
our 0+0 case, to about 400, for our Kr+La case. This means the scattering can
be described with a classical deflection function, and that classical Rutherford
scattering is expected when the minimum distance of approach lies significantly

outside the sum of the radii of the twe nuclei.

Therefore, at large impact parameters Rutherford scattering is expected.
At smalier impact parameters, the attractive nuclear interaction bends these
trajectories forward in angle (WI 73). For still smaller impact parameters, when
the nuclei touch, the damping of kinetic energy begins along with mass, charge,
and angular momentum transfer. Also, the temporary sticking and rotation of

the system bends the trajectories further forward in angle. At still smaller
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impact parameters, with significant overlap of the two nuclei, a composit= sys-

tem is formed; in some cases, a compound nucleus.

For the formation of a compound nucleus the target and projectiie must
completely lose their individuul characteristics, and the system must exhitit
equipartition in the occupation of all accessible degrees of freedom. Tkzn, the
decay process will be independent of the formation process, except for such res-
trictions as the conservation of energy and angular momentum. The system is
still considered fused into a compound nucleus if a few pre-equilibrium rucleons
or alpha particles are emitted. For light nuclei fusion is quite clear because the
composite system is stable against fission. Therefore, we observe an evapora-
tion residue together with light particles: mainly protons and neutrons, with
alpha particles if the system has high angular momentum. Thus, for light sys-
tems, with small Z,Z, , the complete-fusion cross section is a large part of the
total reaction cross section; and only a small fraction of the reaction goes into

the inelastic, grazing collisions.

For heavier systems the situation is much more complex. These systems
can be unstable and fission - either because they are simply too large, or
because they have too much excitation energy and angular momentum - so the
complete-fusion cross section goes to zero. Evidence of fusion-fission behavior is
the complete relaxation of the kinetic energy of the system, and mass and
charge distributions of the fragments which are independent of the initial frag-
ments. However, these same factors, which would cause the compound nucleus
to fission, will inhibit its formation; causing the system to break apart before
becoming completely equilibrated. Thus, for heavier systems even the fusion-
fission cross section decreases, and the deep-inelastic reactions become more

important.

For later sections, it is useful to discuss in general terms some of the final-
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fragment correlations we will be looking at, and the type of information we can
learn. For instance, as mentioned earlier, the correlation between energy and
mass led tc the discovery of deep-inelastic reactions. Thusi, contours of the
number of events versus the total kinetic energy and mass of the iragmen's
show two schematic possibilities, (Fig. 1a and 1b), both of which have been
observed (TA 75). Both of these reactions show quasi-elastic peaks at the initial
masses and energy. Fig. la shows evidence of fusion-fission since the energy-
relaxed products are centered about the average mass. Fig. 1b shows evidence
of the deep-inelastic reaction since the energy-relaxed products still maintain
nearly their original identities.

Thus, using the previously discussed classical concepts, we would say that
for the system in Fig. 1a a certain range of impact parameters have interaction
times longer than the equilibration times for both mass and energy. For the sys-
tem in Fig. 1b the energy equilibration is much more rapid than the mass equili-
bration, and a certain range of impact parameters have interaction times which
are between these two equilibration times. No impact parameters have interac-
tion times as long as the equilibration time for the mass. By looking in more
detail at this correlation, we can relate the amount of energy damping, mass
transfer, and the spread of these two distributions (HU 76). Thus, for example, a
certain increase in energy damping corresponds to a certain increase in mass

transfer; but the time scale, so far, is completely undetermined.

Looking for correlations with scattering angle proves very useful because
this allows the estimation of an interaction time (SC 77); and thus, sets a definite
time scale for the equilibration processes. For a given angular momentum (or
impact parameter) the deviation from Coulomb scattering is a measure of the
rotation of the composite system. Therefore, a knowledge of the angular

momentum and moment-of-inertia of the composite system gives an estimate of



-23 -

+he interaction time, Tiny = 5—4% ; where / is the moment-of-inertia, L the & cu-

lar momentum, and A¥ the “eviation from Coulomb scattering. Typical interac-

tion times range from 1072? to several times 107! sec. (SC 77).

Thus, for instance, a gradual energy loss as interaction time increases
would lead to a classical trajectory in E vs. 8 like that in Fig. 2a (WI 73); excepl,
of course, that we can't differentiate between positive and negative angle
scattering, so the trajectory folds back at 94=0°. Since each point in the trajec-
tory corresponds to a particular angular momentum, we can also plot F vs. I
and ¥ vs. 1. From the plot of 4 vs. I, we can derive an interaction time, 74 vs. L.

These are also shown in Figs. 2b, 2¢, and 2d for the same system as in Fig. Ra.

In a realistic case, showing spread in both £ and %, the trajectory in £ vs. ¢
becomes a ridge in contours of the cross section. The example in Fig. 2 is fairly
typical of moderately light systems (GA 76), but the variation of both interaction
times and equilibration rates causes the shape of these contours to vary for
different systems. For heavier systems, the trajectory drops more steeply in

energy (SC 77).

In summary, we can make a few general comments about these heavy-ion
reactions. First, the widths of the mass and energy distributions increase as the
mass transfer or energy damping increases (HU 76). This shows that these
deep-inelastic reactions are relaxation phenomena. Second, the kinetic energy
equilibrates much more rapidly than the masses of the fragments (LE 73). Third,
looking at different isotopes shows that the neutron excess, or ratio N/Z, equili-
brates even more rapidly than energy (7y,2z~107% sec.)(GA 75, KRA 77). And
fourth, the large variation in all these rates and interaction times for different
systems leads to quite different collective behavior, and presents a formidable

challenge to a unified, microscopic theory.
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Section 4: Application of TDHF to Heavy-lon Reactions

The application of th= TDHF method to heavy-ion collisions requires large
scale numerical calculations. We write the TDHF equations in coordinale space
and use finite difference methods to follow the evolution of the single-particle
orbitals. These orbitals are described by their values on a uniformly spaced
Cartesian mesh within a rectangular box. Vanishing boundary conditions are
imposed outside this box. We use a coordinate space representation rather than
an expansion in a set of basis functions as in static calculations because it more
uniformly describes the wide variety of shapes which occur and because the
matrices are sparse. Our discrete space-time mesh has a typical spacing, Ax, of

24 gec, There-

approximately 1 fm and a time step, At, of approximately 5 x10
fore, two separated nuclei require a spatial box approximately 30 x 30 x 16 (the
smaller dimension is perpendicular to the scattering plane) and the evolution to
the final state requires on the order of 100 time steps. For our heaviest nuclei,
with approximately 100 wave functions, the computational effort is substantial.
Storage requirements exceed that available on a CDC 7600, requiring tapes and
substantial input/output; the computing time can be as high as 5 hours for a
single impact parameter. Fortunately, the Cray we used most recently can
meet the storage requirements and also decrease the computing time to about
one hour per run In our calculations, we impose a reflection symmetry with
respect to the reaction plane, thus cutting our numerical work in half. For colli-
sions of identical nuclei, we also impose a point reflection symmetry through the

center of mass of the total system, cutting our numerical work by another fac-

tor of two.

Since the TDHF equations, h: :

B ;=hy;, are first order in time, they can be

solved formally by using a time evolution operator,

Y5 (£)=U(t to)y; (Lo) | (4.1)
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where U is the unitary operator

Ut to)=Texp] %‘] dth(7)] (4.2)
o

and 7 is the time-ordering operator. Therefore, we only need to know the set of
single-particle wavefunctions at one time to solve the problem. Our discrete
approximation to this operator, U(t +At,t), is discussed in Appendix A8. The cal-
culation of h¥y;, required for the evolution, is considerably simplified because
the only nonlocal terms are differential operators. Therefore, the discretization,
as discussed in Appendices A3 and A4, results in a sparse matrix for A with

nonzero elements only near the diagonal.

Our initial condition is an impending collision between two nuclei. At a
large separation, when nuclear forces between nuclei and Coulomb induced dis-
tortion are negligible, the system is completely described by the nuclei, their
energies (kinetic plus Coulomb) and their impact parameter (or angular
momentum). We choose two static Hartree-Fock solutions at positions which
result in a large separation without either nucleus getting too close to the walls
of our spatial box. We can generate a translating HF solution, ¥, by

'I'=exp{ii? -R]®, where & is the static HF solution, composed of single-particle
7,
wavefunctions ¢; and k=Y —ALis the center of mass coordinate of the nucelus.
j

(A is the mass number of the nucleus.) The nucleus then has a total momentum
M. The existence of these translating solutions is intimately connected with
the conservation of momentum. The time-dependent single-particle

wavedunctions of ¥ are ¥; where

¥y (7t )=expl~i(e; + Tk Hlexplik #1g; (7-1) . (43)
ne_ MK

where ¥ =;—n—-=m-and m is the nucleon mass. We do our calculations in the

center-of-mass frame, so we choose X, ,=-—I?g=f? and our initial state becomes
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VY=exp[ik R,]®,exp] =K R2], | (4.4)
two translating static HF solutions. The total kinetic energy is given by

-\2
TKE=9;—KM)—. (4.5)
ith reduced mass —m.—ALAa— The total i
with re u= At Al e total energy is
2
E=TkE+ 23228 (4.8)
| By —F2|

and the total angular momentum is given by
L=rkx(R\~Ro) (4.7)
(or equivalently the impact parameter is | R\—Rz|sin® where 1 is the angle

between K and B,—F,).*

The static HF solutions are calculated using the same energy functional as
the TDHF solutions. (Otherwise they would not be the ground state of the nuclei
in the collision.) These solutions are obtained by an imaginary time step method

(FL 7B). We use an operator similar to the actual evolution operator, U(t,ty),

—-AET
)

but with t replaced by —i7. This results in an exponential decrease, exp(

of higher states relative to the ground state of the static solution. Since this
operator is nonunitary, we also renormalize the wavefunctions after each time
step. This procedure enables us to use a code almost identical to our TDHF code
and results in very rapid convergence to the ground state static HF solution.
For the exact solution, we can easily show that the imaginary time step method
will result in the lowest energy state which has any overlap with the initial trial

state. Any ¥ can be expanded ¥(0)=},0,9; where the &; are the complete set of
1

eigenstates Hd,=F;$;. The exact evolution of ¥ is given by

\P(t)=¥ﬂ¢exr>[~mt]¢i (4.8)

* Different discretization errors for the different wavefunctions result in slightly different
boosts. Since all wavefunctions are coupled by the mean field, this results in & small initial
transter of collective kinetic energy to internal excitation.
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where W= = Replacing ¢ by —iT gives

\I-'(—i'r)=exp[—'wo7']2cz1-exp["(wi —wo)T]®; (4.€)
k3

Renormalizing ¥ as a function of time gives

H(=i)=[% as 1Pexpl 2w —wo) ]| " Lasexpl~(wi—wo)rle,  (£.10)
3 J i

and

Hm¥(—i7)=8; . (2.11)

T

For the HF solution the method is very similar,

¥(—i7)=N(7) Texp| %'Z-d‘r'h(if')]\l'(o) , (4.12)
but the dependence of A on the wavefunction ¥ means that a tiny overlap of the
intial guess ¥(0) with the ground state, $;, is no longer a sufficient condition for
convergence to the ground state. If the initial guess is bad enough so the mean
field A (0) looks nothing like the mean field in the ground state, kg, it is possible
that the self-consistency will result in an excited state, similar to ¥(0), with a
mean field similar to 2(0). In practice, this is not a problem because we always
know the approximate ground state. The resulting mean field is always close

enough to kg so that ¥ evolves closer to ; and the convergence is very rapid.

This initial state is evolved by our discrete approximation to the evolution
operator (in both space and time) until some final time. The complete set of
wavefunctions §¥;(¢)] contains far too much information, as we are primarily
interested in the proton and neutron densities. We observe one of two possibili-
ties, either the density separates into two fragments again rather quickly or
stays as one fragment long enough to be considered fused. This fusion criterion
can be improved by considering the mean radius of the system (or a collective
coordinate describing fragment separation as discussed later) although in some

cases the determination can be ambiguous.
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As an example, we will jump ahead to som.e data which are discussed more

2
sr 2 Y, for four angu-

fully later. The root mean square radius of the system, (

lar momenta is plotted in Fig. 3. All show a rapid decrease initially, &s the two
nuclei approach one another, followed by a slower increase. For the peripheral
angular momentum, L=165, this increasz is very steady with the dsnsity
separating into two fragments at about 7=9.16 fm and the fragments moving
apart at a speed somewhat slower than the initial speed. The curve for L = BC is
a typical deep-inelastic event. The rms radius can oscillate several times
before beginning a steady increase leading to separation into two fragments at
about r = B.9 fm. The lowest curve for, L = 50, is an unambiguous fusion event.
The rms radius shows oscillations, indicative of the excitation of the system, but
no net increase. The curve for L=5 is one of the most ambiguous cases since the
rms radius shows a slow but definite increase. Extrapolation of this increase
would result in the system reaching a typical separation radius of 9 fm at a time
approximately 160 x 107 sec, far beyond our calculations. However, in any
sytem interacting this long, the two-body collisions will become important. The
excitation of these additiongl internal modes will damp the energy in collective
modes and result in fusion. Therefore, events such as this are considered fused
and we can use plots such as these to determine whether or not to continue our

calculation a little farther to look for separation.

For the angular momenta which lead to fusion, we can learn little except
that the system fuses. The behavior of the system after fusion is better
described by traditional statistical models (NO 76 p.224). We can calculate a
fusion cross section, op, by a sharp cutoff formula

0F=-:TE(21+1) , (4.13)

i
¢4
where Rk is the relative momentum of the nuclei and the sum is over all { which
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fuse, lr. When fusion occurs, it occurs for a range of I from I¢ to 5. Then we

can do the sum,

op= Tl + 1)Ll D= T Bt B?] (4.14)
The classical correspondence is most obvious from the first formula. Since the
total angular momentum squared L2=#(l +1)=(hkb)? where b is the classical
impact parameter, substituting above gives gp=m(b2—b2), the area between
these impact parameters. For lighter nuclei at low energies, fusion dominates

and the fusion cross section is the main result.

For heavier nuclei, scattering becomes more important. For the angular
momenta which separate, we get much more information, primarily from the
densities. By integrating the densities over each fragment separately, we can
calculate their mass numbers (4;, Az), charge numbers {Z;, Z;) and centers of
mass (%, B2) at each time. (After separation the masses and charges are very
nearly constant.) The motion of the centers of mass determines the important

dynamic quantities in the center of mass frame:

AA L
TKE =Ym (——=)(R—R2)? . (4.15)
A, +A;
2
E=TKE+ 2222 ang

— W

. | By—FKg|
L=mA\R (R =Ro)=mAsRox(Ro—R)) .

These quantities are actually estimated at the half time step, £t —$Af, by

R (t)-R,(t-At)
At

Ri= (4.16)

and

_ By +Rue-t)
k.= 2

We also calculate the orientation of the principal axis of inertia and various
moments of the density distribution for both the total system and the frag-

ments. In addition, we define fragments even when they aren't separated, as
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discussed in Appendix A7. Although this procedure is somewhat arbitrary when
the fragments overlap greatly, it determines possibly useful collective coordi-

nates throughout the evolution.

To calculate the scattering angle, we need to translate our initial nuclei
back to infinity and our final nuclei forward to infinity along Rutherford trajec-

tories (GO 50). Therefore, the change in angle before the calculation begins is

—— e T —
A%, =cos [-?(at—ﬂ)] cos [Si] , (4.17)

and the change after the calculation ends is

IOES) Foei T WS | b £
AS,=cos [;—(Wl)] cos [s,] i

where

= 1+——‘— i 4.18
[ M 212322) ] ( )

and r=|R,—FR,|
In general, these three quantities are different for the final state because F', L,
Z, Zg A, and A; are all different. (Of course A;+4;=Ar and Z,+Z,=Zr and the
total mass and charge are not changed.) Therefore, the scattering angle is given
by

By =1B0° —(8, —8; +48, +A%,) . (4.19)
The ambiguity in the sign of A8 due to the multiple values of cos™!z is resolved
by choosing cos™!r between 0° and 180°. This results in A9>0 as we would

expect for a repulsive potential.

For scattered events, we also define two moments, contact and separation,
from the pictures of the density projected onto the scattering plane. Thus, we
consider the fragments to be separated when a line in the scattering plan divid-
ing the density distribution has a maximum projected density, pp= f dzp, less

than p=.1fm™2 (This would correspond to a neck width of .6 fm at
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Psat =.17fm™3.) Defining these events allows us to approximate the interaction
time by Tue=t (separation)-t (contact) and allows comparison of other quantities,
like the rms radius of the system, at contact and separation.

The last results we obtain require more information from the wavefunctions
than the total proton and neutron density. These are the single-particle ener-
gies and the mass and charge widths of the fragments. The single-particle ener-
gies,

e;=<y¥; |h|¥;> (4.20)
are obtained quite simply since h |¥;> is calculated for the evolution of ¢; (see
Appendix A6, Part IV). The mass and charge widths can be obtained by defining

a number operator for particles in a particular fragment (BO 76a)

NB= fdro(r)¥* (r)¥(r) (4.21)

where ¥*, ¥ are creation, annihilation operators for a particle of position » and
r' is a Heaviside function (MA 70) so the integral extends only over one fragment
(as defined by the split in Appendix A7).
<NB>=f dro(r)‘éjapi (r)(r) (4.22)
=Y wy
i
The dispersion of this number operator is given by

0§ =<NF'>—<NR>? (4.23)

The first term gives

<NE>= fdro(r)¥*(r)¥(r)+ [drdrs(ryo(r W (r)eHr W (r )¥(r) (4.24)

=§Jw ""%:(wﬁwﬁ —wWiywy)
Since
<NE>2=Ywuw,; | (4.25)
v
aﬁkzgwa —%: |y & (4.26)

Thus for a Gaussian distribution, we can define a full-width half-maximum for



charge or mass by
I'=vBIn2o (4.27)
where the sums over ij incilude only protons for the cherge widih and beth ise-
spins for the mass widths.
We note that this width is inherently limited by the one-body nature of TDHF
(DAS 79). (Since this I"is a two-body operator, the TDHF results will be less accu-

rate.) Performing a unitary transformation to diagonalize w;; gives

t
so with ) wy=A4p
T
A
aﬁgsAR(l—Ai) (4.29)

and the absolute maximum is

afvg(max)=2; : (4.30)



-833-

Section 5: Brief Review of Earlier Calculations

The earliest investigation of TDHF for nuclear collisions was a one-
dimensional calculation of the dynamics of slabs of nuclear matter, infinite and
homogeneous in two directions but finite in the other direction (BO 76a). These
authors introduced the BKN force and ignored Coulomb forces. These slabs
showed nearly constant saturation density in the interior with surfaces about 2
fm thick. Single slab dynamics were studied, both breathing mode oscillations
and the interaction with an external barrier. However, for our purposes their
calculations of slab collisions are more important. These revealed a wide range
of phenomena - fusion, resonances, deep inelastic scattering and fragmentation
as the bombarding energy was increased. At the lowest energies, up to 1 MeV
per nucleon, the nuclei fused. The coherent translational energy went into
internal excitation, that is, oscillations of the system. At higher energies, these
oscillations became more vigorous and could lead to scission. In this energy
range, from 1 - 2 MeV/A, a delicate interplay between single particle effects
(orbitals bouncing between the walls) and collective effects (scission of the
walls) caused resonances, sometimes fusion, sometimes inelastic scattering.
From 2 - 15 MeV/A, there was deep-inelastic scattering where the fragments
separated with reduced relative kinetic energies (sometimes only 10% of the ini-
tial) and internal excitation. At still higher energies fragmentation was observed

with 3 or 4 outgoing fragments.

These results encouraged the first realistic calculations: two dimensions
with axial symmetry. These calculations were first done for head-on collisions
(BO 78b, KO 78) but were very soon extended to any impact parameter by the
use of a rotating frame approximation (KO 77). This approximation reduced
TDHF to two dimensions (r, z) by requiring axial symmetry about the rotating

line between mass centers. It then added a rotational energy to the Hamiltonian
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LB
H'=H+57(p— (5.1)

where I was the conserved relative orbital momentum and / was the moment of

inertia, a prescribed functional of the density. This added a centrifugal term to

the HF potential
f— W 26_1
W'=W-Ye 7 (5.2)
where w=%—=§—. At large separation I was taken to be that of two point

masses, and, when the nuclei coalesced, it was taken to be that of a rigid rotor.
The wavefunctions were evolved with #' while simultaneously w was integrated to
give the orientation of the symmetry axis in space, ¥. This approximation
ghould be best for peripheral or head-on collisions and at lower energies. These
first calculations for symmetric collisions of %0 or %°Ca showed inelastic scatter-
ing and fusion similar to the experimental data but with too little dissipation and

too little fusion.

Since these deficiencies could be due to either TDHF itself, the effective
interaction, or the two dimensional approximation, it was important to do full
three-dimensional calculations. Calculations were done for the same systems,
yielding fusion cross sections at various energies (BO 78) and detailed scattering
results at one energy (FL 78). The results at large and small impact parameters
agreed with the axially symmetric results but significant differences appeared

at intermediate impact parameters, where nonaxial deformations were large. In

2_,,2
some cases, the axial asymmetry, ﬁa—;—. was as large as 0.2. The 3D calcula-

tions provided a microscopic realization of tangential dissipation which
decreased both the angular momentum and energy in collective modes, particu-

larly at higher energies, and led to increased fusion.

The scattered solutions for !0 at one energy, showed a behavior typical of

our later calculations. The highest angular momenta showed no energy loss and
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Coulomb scattering. Smaller angular momenta led to decreasing scattering
angle (becoming negative when nuclear attraction dominated Coulomb repul-
sion) and increasing energy loss until the system fused. This behavior is to be
expected (see section 3) although the details can be compared with experiment.
The unexpected result was that at the lowest angular momentum there were
also scattered solutions with nearly constant energy loss (about 35 MeV of the

original 52.5 MeV) and little loss of angular momentum.

The fusion calculation for !0 showed that this low-l “cutoff’ appeared at
Eia, =54 MeV and persisted at higher energies. This lower angular momentum
limit occured because too much energy was transferred to a single collective
mode, in this case a vibrational mode. For TDHF calculations this mode is
strongly excited because the long mean free path of the nucleons results in an
"almost transparent” nucleus, but it has been shown to be a more general
phenomenon (BR 78, TS 74, SI 76) occurring even in drops of water (AD 68).
Thus, the upper and lower angular momentum limits can be thought of as rota-
tional and vibrational limits. Both the upper- and lower-l cutoffs were approxi-
mately proportional to vVE—E7, though with different proportionality constants

and energy thresholds, Fy. This can be interpreted as a limitation of radial
kinetic energy since Epgg=FEr will result in l=[%‘{-(E—E’T)]”. For the upper-l

cutoff this means the nuclei can climb in over the fusion barrier, for the low-l
cutoff this means that a more compact configuration (smaller I) can climb out

over the fission barrier.

These 80 fusion cross sections fit the data very well up to E;q = 120 MeV,
in contrast to optical model predictions which greatly overestimate the fusion
cross section above about 80 MeV. (The potential fit elastic scattering for
E, <70 MeV.) The higher cutoff was in excellent agreement with the optical

mode] up to 80 Mev and showed only a slight lowering above this energy due to
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the onset of peripheral deep inelastic processes. This discrepancy between the
optical model and experiment was then resolved in TDHF by the existence of a
low-I cutoff. The fusion calculations for *°Ca showed the same general behavior
of the upper limit but they showed no lower cutoff. The energies were all below
the threshold since a low-l cutoff was seen in the higher energy 2D calculations
which should be exact for 1=0. These cross sections were less accurate and
showed some sensitivity to the interaction parameters. However, all of the
forces were local forces so these calculations may give us more information
about the effective interaction. The experimental search for this low-l cutoff is
as yet unresolved and work is continuing. More will be said about this later for

our specific calculations.

The need to extend these calculations to more realistic forces (even if still
the Skymre type) and heavier nuclei led to a renewed investigation of 2D approx-
imations (DAV 78a,79,80) since the 3D calculations were already saturating com-
puter capabilities. Heavier nuclei are important both because the increase in
deep inelastic events will yield information about equilibration processes in
TDHF and because the classical concepts we are using will be more appropriate.
Refinements to the axially symmetric approximation were made by changes in
the moment of inertia (DAV 78b). Several prescriptions were tried which permit-
ted angular momentum to be transferred to internal excitation, thus allowing
tangential dissipation. These results were a better approximation to 3D results
than the previous 2D results and agreed quite well at lower energies. However,
at higher energies, above the threshold of the low-l cutoff, there is no escaping

the importance of nonaxial deformations for intermediate impact parameters.
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Section 8: Separable Approximation

The deficiencies of axially symmetric approximations and the intractability
of full 3D calculations prompt the investigation of other approximations which
can limit the number of variables treated explicitly but still retain those degrees
of freedom necessary for an accurate solution. Once such approximation, the
separable approximation {DE 7Ba,78b), is tested in the first published paper
included here (KO 78). The separable approximation reduces the calculation to
two dimensions by forbidding motion perpendicular to the scattering plane.
However, it imposes no restrictions on motion in the scattering plane and will
allow the important features of nonaxial deformations and tangential dissipation

to be calculated self-consistently.

The freezing of the wavefunctions in this transverse direction is motivated
by the mean-fleld dynamics which govern their evolution in the TDHF approxima-
tion. The saturation of nuclear forces results in a nearly constant density and
thus a nearly constant mean field in the nuclear interior. Therefore, the orbitals
which are initially moving in the scattering plane will continue to move predom-

inantly in the scattering plane during the collision.

The separable approximation constrains the single-particle wavefunctions

to the factorized form,

V(7 .t)=pi(z.y.t)xi(2) . (6.1)
where z is the coordinate normal to the reaction plane and z,y are coordinates

in this plane. The functions x; are real and time independent so only the 2D

complex wavefunctions g; need to be evolved in time. The time evolution is
obtained from the TDHF equation, ihaat—% =h%;. Since x; is time independent,

the equation becomes

8
Xjhares=hxies - (6.2)
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The functions x; are normalized so we can write the evolution equation as

.3 O '
thor¥i (z.y)=(h's¢;)(z.y) (8.3)
(in general h and k' will be nonlocal) with the projected Hamiltonian given by

h'(z ,z',y,y'):fdzdz xj(2)h(z.z'\y.y'z.2)(z) . (6.4)
This equation can also be derived from a variational principle with,

6<H>
—e—=(h'yp;)zy) . (6.5)
(Variation of only ¢_," would leave a x; on the left-hand side of the Hamiltonian
and give the same result as Eq. (6.4)) Notice that this projected Hamiltonian is,

in general, different for different orbitals.

Since the mean field (that is, the same field for all wavefunctions) is impor-
tant for maintaining the orthogonality of the single-particle wavefunctions ¥;, we
must check the orthogonality in the separable approximation. At the initial time
<¢;|pi><x;j |xi>=0y can be satisfied with either <x; |x;>=8y or <g, |¢;>=6;; per-
mitting a natural grouping of the ¥;. The orthogonality of the ¥; is trivially
preserved for wavefunctions with <y; |x¢>=0 since these functions are indepen-

dent of time. However, maintaining the orthogonality of the g; for the other
wavefunctions with <x; [x;>#0 is not trivial since ihi—(wj |i>=<p;j |hi=h; |¢:i>.

Orthogonality requires k; = h; and x;=x; if <x; |xi>#0. Therefore, we need a set
of orthogonal functions in the z direction, Bg{z), and there is a group of
wavefunctions ¢; for each a. For a symmetric collision, like those considered in
this first paper, this is the obvious thing to do. However, in asymmetric colli-
sions, like those considered later in Sections 7 and 8, this requires that the

same set of orthogonal functions be used for the two different nuclei.

We choose these wavefunctions, Bg(z), to be one-dimensional harmonic
oscillator functions. For the 0 and “°Ca nuclei considered in this first paper,

oscillator states are a fairly accurate approximation to the ground state
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wavefunctions and for oscillator states the factorization, ¥;(#)=g¢;{z.y)x;(2) is
exact. For heavier nuclei we might consider other possibilities for the
transverse wavefunctions but the 3D HF wavefunctions can't generally be fac-
tored as above. Fortunately, as shown in the paper, factoring and using oscilla-
tor states doesn't cause much change from the 3D results. The static HF calcu-
lations begin with 3D oscillator states, so we simply freeze these wavefunctions
in one direction and use the imaginary time step method with the separable
approximation to find the ground state wavefunctions g;(z.,y). We then choose
the time independent oscillator frequency to minimize the energy of the static

solution.

The actual incorporation of this approximation into the computer code and
the savings obtained are discussed in Appendix A5 for the full nonlocal Skyrme
force (protons and neutrons treated separately). For this paper, we use the
much simpler BKN force, isospin degenerate and without the (p7—j®%) term, but
otherwise the discussion is applicable. The major computational effort, both in
time and storage, is the evolution of the wavefunctions. This evolution is
reduced to a 2D problem resulting in considerable savings. However, the entire
problem is not two dimensional and the calculation of the energy and potential
will still require 3 dimensions.

The results we obtain with this approximation for symmetric collisions of
180 or “°Ca and the comparisons to the 3D results are described in detail in the
paper. The conclusion is that this approximation is not only better than the axi-
ally symmetric approximation, but is surprisingly accurate. Therefore, we will
use this approximation for more TDHF calculations with heavier nuclei and more

realistic nonlocal Skyrme forces.

The insensitivity of the results to the choice of oscillator parameter is also

important. For both O and Ca, runs done at the most sensitive angular
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momenta, those at the fusion limits, showed that a 10% change in the oscillator
parameter would lead to, at most, one unit (%) of angular momentum difference
in the fusion cross section or in comparable trajectories. This is undoubtedly
related to the success of the approximation, since even small motion in the
transverse direction could be important if the results were sensitive to the
shape in this direction. It is also fortunate since the transverse wavefunctions
for heavier nuclei are more complicated than harmonic oscillator functions, and
the factorized form limits the accuracy of the descriptions of these heavy nuclei
in the z direction. Also, this insensitivity is almost a necessity for the calcula-
tion of asymmetric systems since the requirement of one set of wavefunctions
Bg(2z) in the transverse direction limits the accuracy of the shapes of the two

different nuclei.
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Numerical applications of the time-dependent Hartree-Fock method [1]
to heavy-ion reactions [2-5] and fission [6] provide a microscopic description
of large-amplitude nuclear dynamics. Several calculations have approximated
these systems in two non-trivial spatial dimensions by constraining the TDHF
determinant to be axially symmetric [2,3,6]. However, recent fully three-
dimensional (3-D) solutions for heavy-ion reactions have shown that tangential
degrees of freedom are important for realizing fully the dissipation inherent
in a mean-field approach [L4L,5]. There are also indications that tri-axiality
is essential for an accurate TDHF description of fission dynamics [6]. Since
"exact'" 3-D solutions presently involve a great deal of computational
effort for large systems, it is desirable to seek approximations
which limit the number of variables to be treated explicitly, but which retain
those degrees of freedom necessary for an accurate solution. This Letter
explores one such approximation for heavy-ion reactions, in which motion
normal to the scattering plane is forbidden [7]. By direct comparison
with 3-D calculations for 160 + 160 and 2#oCa + 1"OCa reactions we show
that the resulting solutions are surprisingly accurate. The associated order-
of-magnitude reduction in computation time therefore opens the possibility
for meaningful calculations of larger systems using more sophisticated
effective interactions.

The motivation and specifics of a TDHF approach to nuclear dynamics have
been discussed elsewhere [1,2,4]. The fundamental feature new to this work
is that the complex time-dependent single-particle wavefunctions are con-

strained to be of the factorized form proposed by Devi and Strayer [7]

\Vi(?,t) a Q)i(x,Y) t) Xi(z)' (1)

The coordinate normal to the reaction plane is z, while (x,y) are the
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coordinates in this plane. The real functions X are time independent, so
that only the complex functions ¢ involving two spatial variables must be
evolved in time. The ansatz (1) is thus comparable to the axially symmetric
factorization used previously [2,3,6], although here the coordinate z is
"frozen'" rather than the azimuthal angle about the symmetry axis. Note that
non-axial configurations are still permitted by the form of (1).

The motivation for the above factorization can be found in features
of mean-field dynamics familiar from previous calculations [2,4]. In a TDHF
approach, the evolution of the single-particle wavefunctions is govermed
only by their common, time-dependent mean field. Initially, the determinant
is constructed to represent approaching, self-consistent static HF solutions
for the colliding ions. During the collision, as orbitals propagate freely
in the nearly constant mean-field of the nuclear interior [1], their motion
is predominantly in the scattering plane. This can readily be seen in fig. 2
of ref. [2], which represents a l‘oCa + hOCa collision. There, despite the
dramatic dynamics along the symmetry axis, the transverse extent of the system
changes little during the collision. There is consequently little tendency
to deform the system normal to the plane, and an approximte self consistency
in this direction is maintained.

The equations of motion for the functions ¢ follow from the TDHF equa-

tions. For an effective interaction which results in a local HF potential W,

they are of the form

.

2 2 2
’ 1[0 0
in _B—tl = =7 ('a—}'{—z- + 'a—;é') + (Tz)j + Wj(x;}’) CPj (2)

Here, Wj is the projected HF potential
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and (Tz)j is the kinetic energy of Xj:
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ax;
(1), = | ¢z —d-z—l .
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=@

Our calculations employ the energy functional of refs. [2,&,5]. This
includes zero-range two- and three-body forces, a finite range Yukawa inter-
action, and the direct Coulomb energy. It is known to give a fair reproduc-
tion of the ground-state properties of 16O and hoCa [1,5] and results in a
local HF potential. The functions X are chosen to be one-dimensional harmonic-
oscillator functions and are assigned to the wavefunctions § at t = O according
to the three-dimensional harmonic-oscillator classification of the static HF
solutions. The time-independent oscillator frequency
is chosen to minimize the energy of the individual static HF solutions before
collision. Finite difference approximations to the equations (2) are derived
by variation of a discretized "5-point" energy functional defined on a uniform
1 fm cartesian mesh, as described in refs. [2,4]. The Poisson and Helmholtz
equations for the one-body Coulomb and Yukawa potentials are solved by the
conjugate-gradient method discussed in ref. [4], and the functions @ are
evolved in time using the exponential method of that reference. Time steps
of At = 0.002-0.00% X 10-21 sec are used and energy and norm conservation for
the entire system are equal to or better than the values quoted in ref. [4]
for the 3-D calculations.

One evidently necessary condition for the accuracy of the separable

approximation (1) is that it reproduce adequately the exact static HF
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solutions, at least in the reaction plane. The properties of these solutions
for several oscillator closed-shell nuclei (N = Z = 8, 20, 40, 70) are shown
in Table 1. Both the separable and 3-D solutions have been obtained with the
imaginary time-step technique of ref. [4]. For each separable solution, the
oscillator frequency for the functions X, fw, has been chosen to maximize the
binding energy per nucleon, BE/A. The binding energies of the separable solu-
tions are consistently somewhat smaller than the 3-D values since they
correspond to a more restricted class of variational wavefunction. The
discrepancy increases with mass as oscillator states become a poorer approxi-
mation to the exact HF wavefunctions, although even for A = 140 it amounts
to only 0.3 MeV per nucleon. The root-mean-square radii, (rg)%, of the two
solutions agree to within 1% for all values of A. The values of Q/A(r2), where
Q is the mass quadrupole moment, show that even though the separable approxi-
mation treats one cartesian coordinate differently from the other two, it
results in only slightly oblate solutions. Note that the deformations listed
for the 3-D solutions indicate the accuracy of our finite-difference techniques,
since these should be zero in the exact HF solution.

In fig. 1 we show the coordinate-space densities of the separable and
3-D static solutions. In the reaction plame (z = 0), the separable results
agree well with the 3-D calculation, particularly in the surface region. 1In
the direction normal to the reaction plane (x = y = 0), where the separable
approximation is expected to be worst, the agreement is poor. However, this
appears to be of small significance for dynamical TDHF calculations, which
depend strongly only on those properties of the ions within the reaction plane.

In fig. 2 we compare separable and 3-D time-dependent trajectories for the
l“OCa+LL Ca system at Ecm= 139 MeV. The fragment separation and angular coordinates

used are defined in ref. [L4] in terms of the over-all mass-quadrupole tensor
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of the system and the centers-of-mass of the two fragments. The results as

a function of impact parameter follow a pattern familiar from previous 3-D
calculations [h,S]: highly inelastic events at small impact parameters,

fusion at intermediate angular momenta, and inelastic scattering for peripheral
collisions. The overall qualitative behavior of the separable approximation
agrees excellently with the 3-D calculations. The relatively minor discrepancies
in the L = 20 % (highly inelastic) and L = 30 1 (fusion) trajectories indicate
that the nuclei are somewhat too "stiff" in the separable approximation, and
scission is therefore more difficult. This trend is confirmed in the L = 80 n
trajectory (inelastic scattering), although the discrepancy here is actually
smaller than it appears since the deflection function is changing rapidly with

L in this region. Trajectory plots for uOCa + hOCa at other bombarding energies

and for 16O + 16O collisions show similar agreement between the separable and

3-D calculations.

Final-state results for some 160 + 160 and hoCa + uoCa collisions

are quantitatively compared in Table 2. Separable values for the final orbital
angular momentum, final fragment kinetic energies, and center-of-mass scatter-

ing angle are generally in very good agreement with the 3-D calculations. Note

L
particularly that in every case save one ( Oca + hoCa, E; = 96 MeV, L, = 10 x)

the fusion region is reproduced by the separable approximation, in contrast
to the axially symmetric approximation where no fusion is found at all in these

collisions [2]. Note also that the apparently large discrepancies in E_ for

£
ko Lo
Ca + Caat E; = LOO MeV amount to only some 20 MeV out of over 300 MeV

dissipated in the collisions. The largest differences between the separable

and 3-D results generally occur where the final state is very sensitive to the

initial conditions. Thus, the separable solution for hOCa + hoCa at Ei = 96 MeV,

Li = 10 h crosses the outer barrier to scission with less than 2 MeV of radial
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collective kinetic energy, while the 3-D calculation is just above the low-L
cutoff for fusion. Similarly, the slight di screpancies at Ei = 96 MeV, Li =
60 K and E

= 192 MeV, L, = 80 1 may be attributed to the rapid change of

i i

scattering angle with impact parameter in the region just above orbiting.

since such singular regions of L-space are only a very small part of the total

cross section, the separable approximation accurately reproduces both the 3-D

fusion cross section and the deflection function. We have also investigated

the sensitivity of several of our calculations to choices of Hw other than

that which minimizes the energy of the static solutions. The separable results pre-

sented in Table 2 are relatively insensitive to variations of * 20% in thus parameter.
In summary, a quantitative study of 16O + 16O and uoCa + l¥OC.=_1 collisions

has demonstrated the accuracy of a separable approximation to the 3-D TDHF

equations. The time-independence of the wavefunction in the coordinate normal

to the reaction plane results in almost an order-of-magnitude decrease in com-

putational time. The techniques presented here may be extended immediately to

Skyrme~like forces having an effective mass and allowing for isospin degrees

of freedom. Large-scale calculations with these methods for mass symmetric

systems should then provide a decisive test of mean-field theories for heavy-

ion reactions. Furthermore, while there appears to be no need to do so at

present, the separable determinant can be made somewhat more flexible by

allowing for a simple time-dependence in the transverse coordinate; e.g., a

time-dependent oscillator frequency. Self-consistent equations describing

such motion can readily be derived from the time~dependent variational

principle [8]. The method can be simply extended to moderately mass-

asymmetric systems by using the same Yw for each nucleus; the relative insensitivity

of the results in Table 2 to hw favors such an approach. However, the extension
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of this technique to strongly asymmetric systems is not at all obvious and
work in this direction is in progress.
We are grateful for discussions with Drs. Paul Bonche and John Negele

during these calculations.
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Table 1

Properties of the static solutions

1
BE/A (MeV) (r2)2 (£fm) Q/A(re) Yiw (MeV)
16, 7.29 2.61 -0.01L 13.9
(7.43) (2.60). (-0.006) —
koc, 8.11 3.38 -0.003 10.9
(8.30) (3.35) (-0.003) -
A =80 7.84 .17 -0.022 9.1
(8.10) (%.14) (-0.001) —_
A =140 6.91 5.00 : -0.020 7.6
(7.23) (4.96) (-0.000) —_

Values in parentheses correspond to the 3-D solutions.



Table 2

Comparison of final states in separable and 3-D TDHF calculations

Lf(h) E¢ (MeV) o, (degrees) Lf(h) Ee (Mev) 9 (degrees)
1844 165 E, = 55.6 MeV ! 40cq + 40, E, = 139 MeV
:
L, = 101 11 18 80 - Li = Oh 0 58 180
8 17 90 ; 0 58 180
L. = 20% <———— fusion - L, = lon 11 59 16
% <——— fusion - 10 58 146
L, = 301 25 37 - , Ly = 201 17 58 111
23 29 -29 = 17 59 114
hoCa+b'OCa E, = 96 MeV : L, = 30-701 ~————— fusion
i g i
3 <+————— fusion >
Ly = on 0 59 180 :
0 S 180 ; L, = 80K 65 89 =75
' 66 88 -65
L, = 101 6 55 143
<+————— fusion L, = 901 8l 122 ol
83 120 oL
.. = 20-50h <+ fusion o=
B ~<—————— fusion o uOCa-buOCa Ei==h00 MeV
Ly = 604 52 79 28 Li = 104 9 69 166
50 72 19 14 93 164
L, = 70h 65 89 L5 L; = 301 28 83 139
65 89 Is 32 103 138

Ei and Li are the initial c.m. energy and orbital angular momentum; Lf, Ef, and Qf are the final orbital angular

momentum, c.m, fragment kinetic energy, and c.m. scattering angle., 3-D results are given below the separable

values.

—Zg-
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Figure Captions

Fig. 1.

Fig. 2.

Comparison between separable and 3-D static HF solutions for
several oscillator closed-shell nuclei. Curves labeled by
z =0 (x = y =0) are the separable solutions in (normal to)
the reaction plane. The fully 3-D solutions are the solid

lines,

Comparison between separable and 3-D trajectories for
ll'oCa + hOCa collisions at a center-of-mass energy Ei = 139 MeV.
In cases where the 3-D trajectory is not shown, it is too close

to the separable result to be plotted.
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Section 7: The Filling Approximation
The previous calculations were for closed shell nuclei, %0 and 4°Ca. For
open shell nuclei, however, the static HF solutions will be deformed. Therefore,
the previous initial conditions are ambiguous because we must also specify the
initial orientation of the ions. Different orientations have been shown to lead to
substantial differences in the fusion cross sections calculated for *C+ !2C [Nils-

son, Dhar, Koonin unpublished], so a plausible presumption is to average over all

such orientations. However, heavier nuclei are relatively less deformed than was

12C in these calculations (8= -z—%—zﬁb—)—wo.dg with a,b the major and minor axes) so

that such orientation effects are probably small for energies not too near the
Coulomb barrier. Averaging over orientation would substantially increase the
computation involved, even beyond the need to perform several runs, at
different orientations, for each energy and angular momentum. Lack of
reflection symmetry with respect to the reaction plane would double the size of
our spatial box; and, in fact, a general orientation would no longer permit the
separable approximation to be made since the values of the wavefunctions out of
the plane will depend on both the values in the plane and the tilt of the nucleus.
Therefore, we adopt a filling approximation in which the valence nucleons are
uniformly distributed throughout the valence shell, resulting in spherical HF

solutions. This represents a crude orientation averaging.
In the filling approximation, the density matrix is generalized as
P(ﬁ"~t)=§wj (®.2)9#8) (7.1)
where the n; are time-independent occupation numbers determined by the
ground states of the colliding ions. These n; are one for filled shells and a frac-

tional value for the partially filled shells. Since these m; are not all zero or one,

the many-body wavefunction cannot be expressed as a single Slater determinant
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and these calculations are no longer true HF or TDHF calculations. (In effect,
this creates a wavepacket of different orientations and binds them together by
the use of a common mean field.) However, once the densities have been
defined, the TDHF evolution scheme is still applicable. Since the particles are
independent, moving in a mean field and conserving their normalization, the
evolution should be just like TDHF as long as the contribution of each particle to
the mean field is properly normalized. Therefore, we regard the filling approxi-

mation as only a slight generalization of the ordinary theory.

To actually incorporate this approximation into the computer code, it is
much more convenient to normlize the ¥; to m; rather than 1, <¥;|¥;>=n;.
Therefore, the calculation of the densities py, 7o, and j; doesn't need to be
changed. Instead, relatively minor changes are made in the code: in the nor-
malization routine, the calculation of single particle energies, and the calcula-

tion of the mass and charge dispersion. The single particle energies become

1
85=;LT<‘¢j|th> (7.2)
and the total single particle energy becomes
]

The dispersion of proton (or neutron) number becomes

1
UE=X‘}<¢¢IOLW¢>-‘§ g WO (7.4)
where the operator 0; means that the integral in r is done over only one frag-

ment (see Eq. {4.22)) and the sums are over only protons {(or neutrons).

Use of the fllling approximation results in static solutions with smaller bind-
ing energy. For the case considered in the next published paper (BO 79), %8Si,
this difference is quite large. Shown in Table 2 are energies for several systems

calculated with the BKN force.
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Table 2
nucleus exp. sep. approx.
180 -127.8 -116.9
40Ca -342.1 -324.9
283i prolate | -236.5 -208.4
285i oblate -205.0
28Si filling -185.2

Oxygen is a closed shell nucleus, in an oscillator basis (n;, 7y, n;) the occu-
pied states are (000), (100), (010) and (001). Calcium is the next closed shell
nucleus, including the states {(110), (101), (011), (200), (020) and {002). The first
two silicon solutions used n;=1 and included only 3 of these valence states; pro-
late about the z axis used (101), (011), and (002), while oblate used {110), (200),
and (020). (The HF solution using the separable approximation will retain the
oscillator states in the z direction and the symmetry of the wavefunctions in the
x-y plane.) The third silicon solution used n;=)% for all six states in the valence
shell. Therefore, the binding energy discrepancy mentioned in the paper is due
to the filling approximation rather than the force or the separable approxima-
tion.

The second paper included here describes in detail calculations for two sys-
tems '®0+%°Ca and #Si+%Si. These would lead to the same compound nucleus
%Ni but use of the filling approximation for 28Si results in a different system.
Although both systems have 28 protons and neutrons, the '*0+%%Ca calculation
uses 14 wavefunctions whereas the ®Si+%5i calculation uses 20 wavefunctions,
Therefore, the silicon system has more degrees of freedom to dissipate energy,
but it also has more total energy and more energy to dissipate at a given bom-
barding energy because the nuclei are less tightly bound. The energy
differences seem to dominate, resulting in both a smaller maximum angular
momentum for fusion and the opening of the low-l window for fusion at a smaller
energy. This seems reasonable since some of the degrees of freedom in the sili-

con case are, in a sense, fractional degrees of freedom. Regardless of their
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relative size, however, these two effects obscure any entrance channel effects
which could be discovered by a detailed comparison of these calculations. (Just
as possible entrance channel effect: throw uncertainty into the comparison of

the two effects above.)

Both of these calculations can be compared with experiment and both give
reasonable agreement, as discussed in the paper. The 80+%°Ca calculations are
compared with '®0+%°Ca experiments. The fusion cross sections show quite good
agreement but the experiments don't extend to high enough energies to give
evidence of the low-! fusion window. The ?8Si+?®Si calculations are compared
with 32S+27Al experiments since there were no data for ?8Si+%8Si at the time of
publication. This can be done because single-particle effects aren't calculated
properly anyway and the bulk dynamics should be very similar for these two sys-
tems. The experiment doesn’'t measure fusion cross sections but does give evi-
dence of a high-l and low-l cutoff for fusion in quantitive agreement with the cal-
culated results. The calculation also gives quantitative agreement for the ener-

gies of scattered products just above and below these fusion cutoffs.

The experimental references of this paper (24,25) have since been pub-
lished (VI 79, NA 79). The major addition is that ®0+%°Ca seems to have too few
deep-inelastic events for the low-l cutoff to be correct, however, no numbers are
quoted. There are at least two experimental groups actively looking for low-I
cutoffs in systems relevant to TDHF predictions. R. Vandenbosch, et al are study-
ing '80+180, and J. Barrette ,et al are studying ®Si+26Si. The problem is difficult,

however, especially because of the small cross section at these low {.
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16,40 28

NUCLEAR REACTIONS 0( " Ca,x) and Si(ZBSi,x) in time-dependent

Hartree-Fock approximation. Fusion and strongly damped collisions.

ABSTRACT
Time-dependent Hartree-Fock calculations are carried out for the
systems 160 + AOCa and 2881 + 2851. Cross sections for the formation
of S6Ni are qualitatively similar in both cases, although there exist
significant quantitative differences which reflect the importance of
the entrance channel. Both systems exhibit an angular momentum win-

dow for fusion. The results of the calculations are compared with

currently available experimental data.
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I. INTRODUCTION
Although the time-dependent Hartree-Fock (TDHF) approximation was
formulatedl) 50 years ago, it is the last 3 years in which the approxi-
mation has been seriously applied to the calculation of physical quanti-
ties in heavy ion collisions. 1In this brief span, we have witnessed a
remarkably rapid evolution from the early one-dimensional calculationsz)’s),
which reproduced the qualitative features of colliding heavy ions, to in-

creasingly more ambitious two-dimensional calculationsa)-la)

12)-18)

» and finally
to three-dimensional calculations which yield quantitatively ac-
curate descriptions of certain experimental data. In the present work,
the TDHF approach is applied to the calculation of fusion cross sections
for two systems, 160 + QOCa, and 2881 + 2851, both of which lead to the
compound nucleus 56Ni. Although the primary purpose of this work is to
compare the results of the TDHF calculations with experimental data, we
shall also discuss the accuracy of the two-dimensional rotating frame

and separable approximations to the fully three-dimensional TDHF calcu-
lations. In addition, we shall discuss the effect of removing the isospin

symmetry restriction on the nuclear wave function, and of varying the

parameters of the nuclear potential.

1I. METHOD OF CALCULATION
Most of the calculations presented here employ the parameterization

of the Skyrme potentiallg)

referred to as Force I in ref. 18). 1In this
version of the potential, the non-local terms in the mean field propor-
tional to the Skyrme parameters t1 and t2 are identically zero. At the

highest energies, the full Skyrme potential, including the non-local
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terms, has also been used to calculate the fusion cross section. The ef-
fect on the fusion cross section of varying the Skyrme parameters is al-
so discussed in ref. 18), and in ref. 11).

The calculations have been carried out using the two-dimensional

separable approximationlz)’la), and the two-dimensional rotating frame
. +.0)35);13) s o i "
approximation to the TDHF equations. In addition, in order to

verify the accuracy of the separable approximation, the 160 + QOCa

fusion cross section has also been calculated at selected energies using
< . 13),17)

the fully three-dimensional TDHF code « It should be noted that

in effecting this comparison we have employed codes, both the separable

code and the three-dimensional code, which enforce isospin symmetry.

That is; neutrons and protons which occupy the same orbital are con-

strained to be degenerate. This degeneracy is not enforced in the

),5),13) code, and we shall therefore be

rotating frame approximation4
able to comment upon the effect of lifting the isospin degeneracy. As
the various numerical methods which are employed to solve the TDHF equa-
tions have been discussed extensively in the references cited, we shall
not comment upon them further here.

The fusion cross sections for 160 * aoCa and 2881 + 2851 have been
calculated as follows. For each of the energies studied, the maximum
value of angular momentum for which fusion takes place, R,ﬁ, and the
minimum value of angular momentum for which fusion takes place,!<ﬂ, are
separately determined to a precision of approximately 2h. The fusion
cross section is then calculated at each energy by the sharp cut-off

formulals),

2

= —“5 T (22 + 1) 5 (2.1)
9=

ag &
fusion K 9,
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in which k represents the relative wave number in the entrance channel.

For the asymmetric system 16O + QOCa, the sum extends over all partial

waves for which fusion occurs. For the symmetric system 2881 + 2881,

the sum in eq. 2.1 is replaced by twice the sum over all even partial
waves for which fusion occurs. The values of § for which fusion does
occur are determined at each energy by evolving the system at various
impact parameters for a sufficiently long period of time to offer con-
vincing evidence that the system will not undergo prompt fission. A

more detailed discussion of the latter point may be found in ref. 11).
Although the sums to which we refer above may easily be evaluated exactly,

it is consistent with the nature of the approximation to use, for either

symmetric or asymmetric systems, the result

ul 2 2
B pgston = ;7[ @+ - @+ ]

2
i 2 2
m[ U +1)° = @ +1)° ] s (2.2)

in which p represents the reduced mass of the system under consideration.

III. RESULTS

A. 160 + 40Ca

We have performed calculations for the 160 + AOCa system for labor-

atory bombarding energies from 40 MeV to 350 MeV. The calculations have

been carried out in the two-dimensional separable approximationlz)’14)ﬂ30),

4),5),13)

and in the two-dimensional rotating frame approximation In

addition, selected points have been calculated using the fully three-
dimensional TDHF code13)’17). In all cases which have been compared, the

separable fusion cross sections have been in complete agreement with the
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fully three-dimensional TDHF calculations. A graphic demonstration of
this agreement is given in fig. 1, in which the fragment separation co-
ordinate r, defined as in ref. 5), is plotted as a function of time for
a collision at a 'laboratory energy of 290 MeV, in which the initial
angular momentum,g » is equal to 48, The results of the two-dimensional
separable approximation are in very good agreement with the results of
the fully three-dimensional calculation, until t = 9x10-22 s, by which
time the system has fused. Plots of the quadrupole moments of the mass
distribution exhibit similar behavior.

The angular momenta for which the 160 + 40Ca system fuses are de-
picted as a function of the center of mass energy in fig. 2. The values
plotted are derived from calculations which employ the separable two-
dimensional code with degenerate neutron and proton orbitals. The max-
imum angular momentum which the fused system can sustain is approximately
60 units of K. This value is in good agreement with the prediction 58 H#

=) for the A = 56 system. The fact that there

exists a minimum angular momentum,9<(E), for which the 160 + aoCa sys-

27)

tem fuses, represents a dramatic prediction of the TDHF calculations .

of the liquid drop model

Referring again to fig. 2, we note that as the center of mass energy
increases above 100 MeV,Q< likewise increases. This reflects the in-
ability of the colliding ions to convert sufficient translational energy
to internal excitation energy. The inability of the transient fused
system to dissipate more radial kinetic energy than a certain amount is

21)

an essential feature of the mean field dynamics™ °, The increase of 1&
Wwith energy causes the fusion cross section to decrease more rapidly
than I/ECM’ which represents the energy dependence of Eq. (2.2) in the

absence ole, for energies greater than ECM ~ 160 MeV, At the latter
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energy, the saturation angular momentum, 4~ 60, has been reached, and,

in the absence of'ﬂ(, the energy dependence is given simply by the kine-
matical factor I/ECM’ The actual existence of a lower fusion limit could
thus be inferred from the decrease with energy of the experimental fusion
cross section for energies E

(o
16 40 5 . . .
The "0 + Ca fusion cross section, as given by Eq. (2.2) is com-

M 2 160 MeV,

pared with the experimental cross section in fig. 3. The theoretical
results presented have been calculated using both the results of the
two-dimensional, separable approximation with constrained neutron and
proton orbitals, and the two-dimensional rotating frame approximation
in which no isospin symmetry has been enforced. As we have previously
noted, the separable results are in complete agreement with the results
of fully three-dimensional TDHF calculations (with the same enforced
isospin symmetry). The cross section computed using the results of the
rotating frame approximation exceeds the cross section calculated using
the results of the separable approximation by approximately 120 mb in

the energy range from just above the fusion barrier to E., ~ 100 MeV.

CM
This difference may be attributed entirely to the enforced neutron-proton
degeneracy in the separable calculations. At center of mass energies
above 100 MeV, a significant amount of the dissipated energy excites non-
axial modes, and the rotating frame approximation breaks down. Thus,
although the upper limit for fusion, ﬂ>rv 50, is accurately given by the

rotating frame approximation at E ™ 100 MeV, the approximation incor-

C
rectly indicates that the system will not fuse at A= 15. The latter
Tesults are qualitatively the same as those found in ref, 11), in which

the lifting of the isospin restriction on the nuclear wave function

resulted in an increase of approximately 200 mb in the AOCa + QOCa fusion
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cross section, and the excitation of non-axial modes caused the rotating
frame approximation to break down in the aoCa + 4003 system at a center
of mass energy on the order of 100 MeV, the approximate energy at which
the angular momentum window appears in the three-dimensional calculations.
Referring to fig. 3, in which the fusion cross section is plotted
as a function of the energy, we note that the theoretical results are in
good agreement with the experimental results at low energy. This agree-
ment at low energy affirms the facts that the nuclear sizes and the
inter-ion potential are accurately given by the TDHF wave functions and
the nucleon-nucleon interaction. However at energies E

CM

the theoretical cross section exceeds the measured cross section by

~ 100 Mev,

x% 257% . In discussing the discrepancy between theory and experiment it
should be noted that a significant amount of fusion followed by fission

22)

is consistent with the prediction of the liquid drop model for the
mass 56 system. Moreover such events would not have been observed in
the evaporation residue experiments with which we are making our com-

23)

parison. However, separate investigations do not indicate that there
exists sufficient fusion-fission cross section to account for the dis-
crepancy between the theoretical and experimental results. The fact
that the TDHF cross section exceeds the experimental cross section
especially warrants further study, since corrections to TDHF would be
expected, at least naively, to result in an increased fusion cross sec-
tion.

We have also performed a single calculation at E M = 208 MeV, using

C
. . " o . 11

the separable approximation with the full Skyrme interaction ), and

the isospin symmetry restriction removed. The fusion cross section com-

puted on the basis of this calculation is 8231121 mb. Referring to fig.3,
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we note that the cross section at this energy, as calculated using the
results of the separable calculation with the local Skyrme interaction
and degenerate neutron and proton orbitals is approximately 600 mb. The
difference in cross section of the calculations is thus 220%120 mb.
Since approximately 120 mb of this difference can be attributed to the
removal of the isospin symmetry restriction, no definitive statement can

be made as to the effect of the non-local terms in the Skyrme potential,
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B. 2855 + 2855

We have performed calculations for the zasi + 2881 system for lab-
oratory bombarding energies from 70 MeV to 220 MeV. The calculations
have been carried out in the two-dimensional separable approximation,
with the initial, static wave function for the system determined in a
filling approximation, in which the occupation of each 1s-0d orbital of
the separated 2881 ions is set equal to 0.5. In essence, this approxima-
tion represents an average over the possible initial orientations of the
deformed Slater determinants of the separated 2881 ions. As such it is
a physically reasonable (and computationally necessary) approximation
to the actual scattering. It nevertheless represents a departure from,
and approximation to, a true TDHF calculation.

The angular momenta for which the 2881 + 2881 system fuses are depic-
ted as a function of the energy in fig. 4. The maximum angular momentum
which the fused system can sustain can be inferred to be approximately
S0 K. Since the fused 160 + AOCa system has been calculated to sustain
60 ¥, it might appear that the maximum angular momentum depends upon the
entrance channel, and is not a function only of the total charge and mass
of the system, as given by the liquid drop model. This conclusion, how-
ever, is considerably obscured by the fact that the 2851 + 2881 calcula-
tion has been effected in the filling approximation. We shall discuss
this point more fully at the conclusion of this section. As in the case

of the 160 + QOCa system, we find a fusion window in the 2851 + 2881 vs.

ECM plot. For center of mass energies greater than 54 MeV, the 288i + 2881

system exhibits no fusion when the angular momentum of the system is less
than a cut-off value, ﬁ<(E), which increases as a function of bombarding

energy. An unexpected result of the 2881 Wt 2851 calculations is the
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partial closing of the fusion window in the energy range above 100 MeV.
This effect is manifest in fig. 4, in which the fusion region in the
angular momentum-energy plane is plotted for the 2881 * 28Si system,
The results of the calculations effected in this energy range have been
explicitly plotted. Thus, the crosses represent calculations in which
the 2881 ions scatter, and the dots represent calculations in which the
28Si ions fuse. An island of non-fusion events is clearly visible in
this energy range. While such dramatic variation, associated with only
minor changes in the initial conditions did occur in the very first

2)

one-dimensional calculations”’, it is more probable that the appearance
of the island signals a breakdown of the two-dimensional separable approx-
imation. For a fully three-dimensional calculation effected in the cen-
ter of the island of non-fusion events indeed leads to fusion. It is

thus possible that the two-dimensional separable approximation breaks

down at high energy, where the fusion cross section goes to zero.
Accordingly, we shall assume that the island §f non-fusion events is
spurious, and shall ignore it in the computation of the fusion cross
sections.

The fusion cross section for 2881 + 2881 is plotted as a function
of energy in fig. 5. The behavior of the cross section is qualitatively
similar to that of 160 + 40Ca, although the latter system exhibits a
more pronounced plateau at intermediate energies, and drops more pre-
cipitously at high energy. A comparison of fig. 2 and fig. 4 shows that
the faster decrease of the 160 + QOCa cross section is due to the more
rapid closing of the fusion window of the latter reaction. As the energy
increases,9< increases more rapidly for the 160 * aoCa system than for

the 28Si + 2881 system, It should be noted, however, that this high
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energy comparison may be complicated by the unexpected behavior of the

2851 + 288i system at energies above E

cM = 100 MeV, as given by the

separable approximation.
In fig. 6, the center of mass energy loss and scattering angle, as

calculated in the separable approximation, are plotted as functions of

angular momentum for zssi + 2881 at ECM = 111 MeV. The curves are qual-

3) for 160 + 160 and 40Ca + aoCa.

itatively similar to results obtained
However, an important distinction is the fact that the systems and
energies investigated in ref. 5) did not lead to fusion. As discussed
above, the scattering events observed in reactions in which the angular
momentum of the system is in the range 275.1 £ 39 are quite possibly
spurious. Fully three-dimensional calculations would likely lead to
fusion in this interval.

Although experimental data are not available for the 2881 + 2831

25)

system, measurements have recently been made on the similar

325 o 27A1 system. In their investigation of the latter system at a

25)

laboratory energy of 175 MeV, Natowitz et al can explain the observed
spectrum by assuming the existence of two strongly damped components in
the energy spectrum of the reaction products. One component is inferred
to correspond to an angular momentum 2 48, not inconsistent with the
liquid drop expectation that the A = 59 system will not support angular
momentum »58. In contrast, the second component is inferred to corres-
pond to very low values of angular momentum, 9 £ 15, As a result of their

25)

analysis, Natowitz et al conclude that the observation of scissioning
nuclei with such small angular momenta can be explained if the lowest
partial waves in the entrance channel lead to strongly damped collisions,

rather than to fusion. This situation is precisely that found in the



-73-~

zssi + 2881 system, At ECM = 80 MeV, the same center of mass energy as

in the 325 + 27Al experiment, we find that the 2851 + 2851 fusion window

is open for angular momenta 17 &ﬂ & 48, Further comparison can be made
with the fragment energies for collisions at angular momenta just outside

the window, Natowitz, et alzs)

find a center of mass fragment kinetic
energy of 16.6 MeV for the Q== 15 component, and a fragment kinetic
kinetic energy of 26.4 MeV for the L~ 48 component. TDHF calculations

28

of the " Si + 2881 system at E., = 80 MeV show that the fragments in

CM
collisions with 42 = 16 carry 16 MeV kinetic energy, and fragments in
collisions with R = 49 carry 28 MeV kinetic energy. The results of the

3 28 . ; 5 . <o & .
2881 + " Si calculations are thus consistent with this interpretation of

the 328 + 27A1 data.

We mentioned above that any conclusion as to the existence of
entrance channel effects is significantly obscured by the fact that the
filling approximation has been employed in the calculations for the
28Si + 288i system., One such consideration is the fact that the Q
value of the reaction is considerably affected by the filling approxima-
tion. Thus, while the total binding energy of the separated 160 and
QOCa ions, as computed using the local Skyrme interaction, is 442 MeV,
28 MeV less than the experimental value, the total binding energy of
the separated 28Si ions is but 370 MeV, 103 MeV less than the experi-
mental value. The 75 MeV discrepancy in binding energy of the two
systems can be used to explain, at least in a qualitative sense, the
reason why the low angular momentum cut-off occurs at a much lower
energy in the 2881 + 28Si system than in the 160 + QOCa system., Other

effects must be considered as well. Thus, for the 160 + aoCa system,

%(16-+40) = 14 orbitals are involved in the calculation, while for the
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2881 + 2881 system, because of the filling approximation,-%(AO-PaO) = 20

orbitals are involved in the calculation. The intent of this discussion
is to emphasize that no clear-cut statement as to the importance of en-

trance channel effects is possible on the basis of the present calcula-

tions.
IV. SUMMARY

We have calculated fusion cross sections for the systems 160 + 40Ca

28 . 28 . . 56_..
and  Si + " Si, both of which lead to the compound system ~ Ni. Both
systems exhibit an angular momentum window for fusion. The 160 + 4OCa
results are in reasonable agreement with experimentza), and the
2881 + 2851 results are consistent with the experimental datazs) on the
similar 328 + 27A1 system,

. s : - 16 40

The fusion results are qualitatively similar for the "0 + " Ca

and 2881 + 2851 systems, but do display significant quantitative differ-
16 40 .

enceszé). Thus, the 0 + Ca system can fuse with an angular momentum

2 = 62, while the maximum angular momentum with which the 2881 + 2881

system is calculated to fuse is @ = 50. For comparison, the -limiting
angular momentum which the A = 56 system can sustain is given by the
liquid drop model as f =58,

The results calculated using the two-dimensional separable approx-
imation are in very good agreement with the results of the fully three-
dimensional calculations, except in the case of the most energetic of
the 2881 + 2881 reactions. The rotating frame approximation, as in
past calculations, is accurate just above the Coulomb barrier, but breaks

down for energies greater than that at which a fusion window develops.

The effect of removing the neutron-proton degeneracy increases the
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160 + aoCa fusion cross section by approximately 120 mb over the energy

range studied. The effect of the non-local terms in the Skyrme interac-
tion is not clear at the single energy at which comparison was attempted.
The difference in fusion cross section, as computed using the full Skyrme
and local Skyrme interactions is not inconsistent with the difference
which could be attributed to the fact that the full Skyrme calculation
does not enforce isospin symmetry.

Perhaps the most striking result of the TDHF calculations remains
the prediction of an angular momentum window for fusion. While both the
160 + 40Ca and 2851 + 2851 results are consistent with experiment, it

would be exciting if a definitive experiment could determine whether such

a window indeed does exist.



T

ACKNOWLEDG EMENTS
This research was supported in part by the National Science Founda-
tion [PHY77-21602, PHY76-83685, NSF77—12879], and by the Division of
Physical Research, U.S. Department of Energy, under contract W-7405-eng-

26 with the Union Carbide Corperation.



Y T

REFERENCES
1. P.A.M. Dirac, Proc. Cam. Phil. Soc. 26, 376 (1930).
2, P. Bonche, S. Koonin, and J.W. Negele, Phys. Rev. C13, 1226 (1976).

3. P. Bonche, J. de Physique 37 Colloque C5, 213 (1976).

4. S. Koonin, Phys. Lett. 61B, 227 (1976).

5. S.E. Koonin, K.T.R. Davies, V. Maruhn-Rezwani, H. Feldmeier, S.J.
Krieger, and J.W. Negele, Phys. Rev. C15, 1359 (1977).

6. V. Maruhn-Rezwani, K.T.R. Davies, and S.E. Koonin, Phys. Lett. élg,
134 (1977).

7. R.Y. Cusson and J. Maruhn, Phys. Lett. 62B, 134 (1976).

8. J.A. Maruhn and R.Y. Cusson, Nucl. Phys. A270, 437 (1976).

9, J.W. Negele, S.E. Koonin, P. Moller, J.R. Nix, and A.J. Sierk,
Phys. Rev. C17, 1098 (1978).

10. K.T.R. Davies, V. Maruhn-Rezwani, S.E. Koonin, and J.W. Negele,
Phys. Rev. Letts. 41, 632 (1978).

11. S.J. Krieger and K.T.R. Davies, Phys. Rev. C18, 2567 (1978).

12, K.R. Sandhya Devi and M.R. Strayer, J. Phys. G4, L97 (1978);
Phys. Letts. 77B, 135 (1978).

13. K.T.R. Davies, H.T. Feldmeier, H. Flocard, and M.S. Weiss, Phys.
Rev, C18, 2631 (1978).

14, S.E. Koonin, B. Flanders, H. Flocard, and M.S. Weiss, Phys. Letts.
778, 13 (1978).

15. R.Y. Cusson, R.K. Smith, and J. Maruhn, Phys. Rev. Lett. 36, 1166 (1976).

16. R.Y. Cusson, J.A. Maruhn, and H.W. Meldner, Phys. Rev. C18,
2589 (1978).

17, H. Flocard, S.E. Koonin, and M.S. Weiss, Phys. Rev. Cl7, 1682 (1978).

18. P. Bonche, B. Grammaticos, and S.E. Koonin, Phys. Rev. C17, 1700 (1978).



19.
20.

21.

224

23.

24,

25.

26,

=78~

T.H.R. Skyrme, Phil. Mag.. 1, 1043 (1956); Nucl. Phys. 9, 615 (1959).
S. Cohen, F. Plasil, and W.J. Swiatecki, Annals of Phys. 82, 557 (1974).
While the actual value of ﬂ< does depend upon the symmetries imposed
upon the TDHF wave function, it is likely that the limit would re-
main in a totally unrestricted TDHF calculation. Although it is

true that the removal of enforced symmetries, such as axial symmetry,
and neutron-proton degeneracy, can enlarge the fusion window, our. exper-
ience suggests that the limit will remain in a purely mean field
calculation.

Referring to fig. 15 of ref. 20), we note that for values of L2 42 »
the fission barrier for A = 56 is calculated to be less than 8 MeV.
Thus, on the basis of the liquid drop model, the A = 56 system is
expected to fission for angular momenta 42 <L< 58,

D.G. Kovar, unpublished; F. Plasil, unpublished.

S.E. Vigdor, D.G. Kovar, P. Sperr, J. Mahoney, A. Menchaca-Rocha,

C. Olmer, and M.S. Zisman, unpublished.

J.B. Natowitz, G. Doukellis, B. Kolb, G. Rosner, and Th. Walcher,
unpublished.

It should be iterated that the initial 2881 wave functions are not
pure HF wave functions, but are calculated in the filling approxima-
tion. Thus, as discussed at the conclusion of section III, no clear
cut conclusion can be drawn as to the importance of entrance channel

effects.



27.

28.

29.

30.

=79~

The dynamical inhibition of fusion at low impact parameters has also
been observed in Ca + Ca calculations based on the excitation of

28), and in other macrophysics studie329).

damped surface modes
R.A. Broglia, C.H. Dasso, G. Pollarolo, and A. Winther, Phys. Rev.
Lett. 40, 707 (1978).

C.F. Tsang, Physica Scripta 10A, 90 (1974).

K. Siwek-Wilczynska and J. Wilczynski, Nucl. Phys. A264, 115 (1976).
In the separable approximation, the required orthogonality of the
orbitals (as a function of the coordinate perpendicular to the
reaction plane) demands that the same harmonic oscillator parameter
be used for both the 16O ion and the 40Ca ion. In the present cal-
culation, the parameter employed is the mean of that appropriate
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FIGURE CAPTIONS
Comparison, as a function of time, of the fragment separation
coordinate in a collision between 160 and 40Ca ions at a labor-
atory energy of 290 MeV with £= 48. The solid line gives the
result of the two-dimensional separable approximation, and the
dashed line gives the result of the fully three-dimensional
calculation. 1In both calculations, the neutron and proton
orbitals are degenerate.
Fusion region in the angular momentum-energy plane for the system
160 + AOCa. The calculations have been effected with the separ-
able code using the local Skyrme interaction, and with neutron
and proton orbitals degenerate.
Comparison of the calculated fusion cross section with the re-

24) for 160 * 40Ca. Plotted are the results

sults of experiment
of calculations using the separable code with the local Skyrme
interaction and degenerate neutron and proton orbitals, the re-
sults of calculations using the rotating frame approximation with
the local Skyrme interaction and unrestricted neutron and proton
orbitals, and the result of a single calculation at 208 MeV

using the separable code with the full Skyrme interaction and
unrestricted neutron and proton orbitals.

Fusion region, in the angular momentum-energy plane, for the sys-
tem 2881 + 2881. The calculations have been effected with the
separable code using the local Skyrme interaction, and with neu-
tron and proton orbitals degenerate. For energies above 100 MeV,
the results of the calculations have been explicitly plotted,

5 Sy 5 - 28 . -
with crosses used to indicate events in which the Si ions scat-

S 5 . 28 . .
ter, and dots used to indicate events in which the Si ions fuse.
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Fig. 5 Calculated fusion cross section for 2881 + 2851. The calculations

have been effected using the code as described in fig. 4.
Fig. 6 Deflection and energy loss functions for 288i + 2881 at a cen-

ter of mass energy of 111 MeV. The calculations have been effec-

ted using the code as described in fig. 4.
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Section B: Results for 2%Kr + %°La

The final calculations presented here are separable, 2-D calculations for the
heavier system, ®Kr + '%®La, using the Skyrme III force. This system is heavy
enough so that deep-inelastic processes dominate and the TDHF predications for
the various equilibration processes can be obtained. For this larger system, the
classical approximations discussed previously are more accurate and the bulk
dynamics is less influenced by single-particle behavior. This system has also
been studied experimentally (VAN 78, DY 80) and with axially symmetric TDHF
calculations (DAV 79,80), providing ample results for comparison with our pred-
ictions. The experimental results do show substantial deep-inelastic scattering

but also show some fusion-fission events.

For this system, the full, nonlocal modified Skyrme force must be used
(again neglecting the spin-orbit force and occupying each orbital with two
nucleons of opposite spin) as in Eq. (2.17) and (2.24). Since neither of these
nuclei have closed shells in an oscillator basis, we also use the filling approxima-
tion. Thus, for ®Kr the 36 protons fill the lowest three shells and the fractional
occupation of the fourth shell is 0.8, while the 50 neutrons fill the lowest four
shells and the fractional occupation of the fifth shell is 1/3. For '®La, the 57
protons result in a fractional occupation for the fifth shell of 17/30 while the B2
neutrons result in a fractional occupation for the sixth shell of 6/21. (However,
for real nuclei, including the spin-orbit force, both of these nuclei would have

closed neutron shells N = 50, 82.)

Static HF solutions for each nucleus are obtained by the imaginary time
step method. For an oscillator parameter %o = 4.10, which maximizes the total
binding energy of the system, the binding energies and rms radii of the two

nucleons are given in Table 3.
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Teble & |
nucleus | BE rms, | rms,
(Me\Y | {im) | (fm)
B8 hr B7..4 | 284 | 44]
13875 | 10325 | 4.88 | 5.01

The experimental values are BEy, = 749.2 and BEy, =1159.5. (All energies are in
MeV.) From Table 1 of the first paper, we expect that the separable approxima-
tion would cause about 20 MeV and 40 MeV less binding, respectively, than the
full 3-D calculation. Because of this difference in binding energies, our calcula-
tions will have an extra 200 MeV of total energy at a given bombarding energy
(collective kinetic energy). However, to the extent that it is the initial relative
velocity of the ions which determines the dynamics, this should be unimportant.
The spherical aspect of the filling approximation should not present this kind of
problem, however, since both nuclei have small deformations. (8<.1 see page

56.) This is related to the closure of the neutron shells.

For the TDHF evolution of the system, a spacing Az= 1.2 fm and a box size
85 x 34 x 18 are used. The discretization errors can be estimated from the
kinetic energy in the z direction {(odd multiples of 1/2 &). These range from
0.3% for the first level to alrnost 6% for the sixth level. Indeed, discretization:
errors in the boost result in a rapid initial transfer of about 16 MeV, or 5%, from
collective kinetic energy to internal excitation. This is worse than fcr lighter
systems because higher orbitals with more rapid spatial variation are included.
These errors, however, are not related to the conservation of the discrete total
energy because the operator h was derived from a variational principle. The
conservation of energy {and norm) are dependent on the accuracy of the time
evolution operator. Using Af= .08 or.09 x 107®* sec. and 2(4) terms in the
exponential in the first (second) time step, total energy is conserved to 1 part in

600 and the normalization to 1 part in 5,000. A partial test run with Af smaller
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by a factor of 2 showed less than 1 part in 900 difference in the physical obszrv-

ables: Kinetic energy and the total and fragment rms radii.

A sel of calculalions was perforined at £,4 = 505 MeV to determiine boith
the fusion region and the characteristics of the scattering, and two runs were

performed at E'jq = 710 MeV to check the existence of a fusion region.

Looking first at the fusion regions for F,4 = 505 MeV, our results predict
fusion for I =5 through { =60 (in units of &) while {=0 and [ =80 scatter. Thus, we
would predict a fusion cross section 190+50 mb. This agrees quite well with the
experimental value of 170+50 mb (I = 66+10) which is identified as fusion-
fission yield from both charge and angular distributions. In contrast, the axially
symmetric (AS) calculation shows no fusion at this energy. However, the
Skyrme II force was used in these calculations and a single run at (=0 with

Skyrme III did fuse.

The scattering at =0 differed from that in lighter systems because the
lighter nuclei bounced back from the heavier nuclei rather than passing through
it. This is undoubtedly due to the greater strength of the Coulomb potential.
However, since the AS calculation should be exact for { =0, this effect is probably
due to the slightly increased stiffness of nuclei in the separable approximation.
This is demonstrated by comparing the rms radii of the systems. The AS result
for =0 has a minimum rms radius approximately 8.4 fm whereas our results
have a minimum rms radius about 6.75 fm for any 1 < 80. (This corresponds to a
fragment separation about 9.8 fm.) At slightly larger I, the impact of the two

nuclei is somewhat more gradual, giving the nuclear shapes more time to adjust.

Runs performed at Eg, = 710 MeV show fusion for both {=0 and {=50. This
is consistent with both the experimental determination, 77+12, and with AS cal-
culations using Skyrme II, which show fusion for {<85. (For these two runs, our

minimum rms radius is about 6.4 fm whereas AS calculations give about 6.2 fm.)
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Figure 4 shows results for the final total kinetic energy and scattering angle
in the center of mass. Our results are compared with both the axial calculations
and the experimental contours for the double differential cross section. (The
TDHF results are labelled by the initial angular momentum.) Both calculations
reproduce the general characteristics of the experimental contours but with
less energy dissipation, particularly for the fully damped events. The separable
calculations provide slightly more dissipation in general than the axially sym-
metric calculations but the principle difference seems to be a much larger

small-angle contribution from the separable calculations.

Experimental values are quoted for partially damped and fully damped
cross sections - fully damped events are defined to be those below and to the left
of the dashed line in Figure 4. These values are o{fully damped) = 1020+200 mb
and o (partially damped) = 770+185 mb. The axial results are quoted as
opp™975 mb (1=0-100 and 125-175) and opp™ 745 mb. Our results show ! =0-90
and 110-180 in the full damping region yielding omp® 1100 mb. The partially
damped region is hard to estimate in TDHF calculations because of the "energy
damping” due to the numerical errors, so that even at {=250, when the nuclei
pass without getting closer than 14.6 fm (their combined radii are only about
11.4 fm), there is some energy loss. Although an energy loss of almost 20 MeV is
not particularly good, it must be remembered that this is only 2% of the total
energy of -1380 MeV. Both predictions of the fully damped cross section are
consistent with the experiment. For small angle events (¥;,<42°) the
difference between the two TDHF calculations is much more dramatic. Our

results indicate 1=110-180 in this region giving a cross section & BO0 mb. We

also expect that fusion-fission events (with an angular distribution %zﬁ)'

will fall in this region approximately a quarter of the time, contributing another

40 mb. For the axially symmetric calculations, the comparable estimate is only
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about 600 mb. Unfortunately, the comparable experimental number was not

published.

Figure b shows the total kinetic energy in the center of mass, E,, the
scattering angle in the center of mass, ¥, and the interaction time, 7y as func-
tions of the initial angular momentum for {>80. The fusion region and the run at
1 =0, which should have fused, have been omitted. We see that £, damps below

the Coulomb barrier very quickly.

The experimental Coulomb barrier is about £, =250 MeV, in agreement

with the estimate

2
- (8.1)

"'0(!41éL +A§- )
The final states have energy below the barrier because they scission with a very

deformed shape (not two tangent spheres). Full energy dissipation is reached in

about 2 x 107! sec.

The scattering angle, ¥;, is characteristic of a heavier system with a
stronger Coulomb force. Thus, it is predominantly positive, like the AS results,
although in contrast to these, there is a small region of negative angle scatter-
ing. For the highest I, ¥, is very close to pure Coulomb scattering. Our interac-
tion times are generally larger than the AS calculation - sometimes by as large

as a factor of two.

Figure 6 shows the changes in charge and mass numbers, AZ and A4, the
charge to mass ratio Z/A and the widths of the number distributions, I'z and T'4.
Since the AS results for the width are quoted as full-width half-maximum, T', and
the experimental results as dispersion, o2, both labels are used for the axis,
where I'=VBIn20®. The AS results are quoted for A4 and 'y while experimental

results are quoted for AZ and T';.
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Our calculatios show more mass transfer to the larger fragment with a
typical AAN-3 for events with intermediate damping, compared to AA<-1 for the
AS calculations. The experimenrtal valucs are giver for two amounts of enai oy
damping: @ = -125 MeV gives AZ=-1 and Q = -175 MeV gives AZ~R+1. Therzsiore,
we seem to slightly overestimate mass and charge transfer, while AS calcula-
tions underestimate them. We never show mass transfer to the light fragment
as do the most highly damped experimental events, but none of our calculations

show as much damping either; our Qmax ~ - 110 Mev.

Our value for A/Z shows an initial rise due to a greater transfer of neutrons
to the heavy fragment and never seems to equilibrate to the Z/A of the total sys-
tem, denoted (Z/A)r. The AS results show the expected behavior with Z/A

approaching and then fluctuating about (Z/ A)7.

Our results for the widths are somewhat smaller than the AS results, but
they use a slightly different prescription for calculating the widths in the filling
approximation because of ambiguities in the implementation. The AS calcula-

tions (DAV ) use

02:%:"&"“& —Zv}n-;n,- |y 12 (8.2)

but since this isn't zero for the initial ®Kr nucleus, it is modified to
o (true)=0*—0f o ¢=0 - (8.3)
In either case, the results are lower than the experimental values. These values
are g%=7 for Q = -125 MeV and ¢%=20 for Q = -175 Mev. Thus, for intermediate
damping, we are about a factor of 4 too low, while for the full damping (which we
do not get in our results), we are a factor of 10 too low. For comparison, the
absolute limit on 0% for an independent-particle wavefunction ((DAS 79) and Sec-
tion 4) is about 20 (depending on how the filling approximation changes the
widths) close to the value observed experimentally. This underestimation of the

widths is a common feature of TDHF calculations and is related to the fact that



0% is a two-body operator.

= Gl
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Section 9: Summary

In conclusion, a one-body microscopic theory, TDHF using the Skyrme
interaction, calculates quite successfully the gross properties of many different
types of nuclear behavior for collisions of nuclei up to several MeV/nucleon

above the Coulomb barrier.

The separable approximation yields substantial agreement with both full 3D
TDHF calculations and experimental results. Fusion cross sections are generally
within about 10% of the experimental values for systems from !%0+60 to
BKr+!3La. In heavier systems, the predictions of these separable approxima-
tions for the deep-inelastic scattering are also quite accurate for energy vs.
scattering angle and for the mean charges and masses of the fragments, except
at the most fully damped events. The most fully damped events in these calcu-
lations show too little energy dissipation. The widths of the distributions, how-
ever, are not accurately given. The calculations predict widths smaller by a fac-
tor of 2 to 4 (for the most fully damped events). This isn't surprising since the

widths are expectation values of two-body operators.

The inadequacies of these calculations are generally assumed to be due to
the TDHF approximation itself. However, in the absence of full 3-D calculations
including the spin-orbit force and averaging over orientations, we cannot, with
certainty, know how much of the inadequacy is indeed due to the TDHF approxi-
mation itself. These calculations will, however, have to wait for more powerful
computers or more powerful computer budgets. Indeed, they may be inap-
propriate because of the use of an effective interaction and the inherent limita-

tions of the TDHF description
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A STABILITY CRITERION

FOR

TDHF CALCULATIONS
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Section 1: Introduction

Large-scale numerical calculations have shown that the TDHF approxima-
tion can successfully describe the gross features of heavy-ion collisions. The
situation remains unsatisfying, however, for two related reasons: there are as
yet no quantitative criteria which might be applied to signal the break-down of
the mean-field approximation in any given physical situation, and tractable, sys-
tematic corrections to TDHF which become important when such a break-down
occurs have yet to be developed. Although we can offer no guidance in solving
the second problem, this contribution is relevant to the first problem, namely

the development of a necessary criterion for the validity of TDHF solutions.

Our approach rests on the following general considerations. It is well known
that the TDHF equations for a system of A nucleons may be derived from a varia-
tional principle (KE 76), in which the action is made stationary with respect to
the functional variation of the A complex single-particle wavefunctions
parametrizing the TDHF determinant. However, the variational principle makes
no statement about the second variation of the action, which is connected with
the stability of the TDHF solution under small perturbations. Consider, for
example, the situations shown in Fig. 7. Let &(f) be a solution to the TDHF equa-
tion (one which makes the action stationary), and suppose that at some time
t=0, $(0) is perturbed to a new determinant ¥(0) which differs only slightly from
$(0). The subsequent evolution of ¥ can then lead to one of two situations. In
Fig. 7a, ¥(t) remains "near” ®(¢) for all £>0 and so ®(¢) is stable. Fig. 7b, &(¢) is
unstable, and ¥(t) diverges from &(t). Of course, the stability or instability of &
may change with time, and might depend upon the type of perturbation applied

to generate ¥ (conditional stability).

The standard interpretation of the TDHF wavefunction is that expectation

values of one- or few-body operators generated from it correspond to the aver-
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age evolution of the exact Schroedinger wavepacket. Consistency in this
interpretation requires that this mean evolution (and hence the TDHF path) be
well defined; i.e., that ¢ lie in a "valley" as in Fig. 7a, ratner than on a "ridge"”, as
in Fig. 7b. We, therefore, propose that the stability of TDHF solution with
respect to small perturbations is a necessary {although not sufficient) criterion
for the validity of the TDHF approximation. The RPA theory (TH 61) has been
used to test the stability of static HF solutions; we propose a time-dependent

generalization to test the stability of TDHF solutions.
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Section 2: RPA Theory

Ordinary RPA theory attempts to calculate the energies of collective states
which are similar to the Hartree-rock ground state. The theory looks ior
periodic soluticns for states "close” to the HF state. Because of the conditicen
that these states be "close" to the HF state, about which we will be specific later,
we are actually calculating the curvature of the energy surface for determinan-
tal wavefunctions at the HF state. This curvature is the important property to
test the local stability of the HF state. If all the normal modes have periodic
solutions, the HF state must be alocal minimum and it will be stable. However,
if any mode does not have a periodic solution, because its frequency is ima-

ginary, then the HF state will be unstable with respect to that mode.

As in the derivation of TDHF, we minimize the action

St <~P]7:haaT—Hi~I«'> (2.1)
with respect to variations in ¥ in order to derive equations of motion for ¥. For
the state ¥ we want to use a general Slater determinant. Thouiess (TH 61)
showed that any N-particle Slater determinant not orthogonal to the Hartree-

Fock determinant $ can be written in the representation appropriate for ¢ as

|¥>=nYexp(YPcpmayay) > . (2.2)

ph
m is a normalization constant and a* and a are creation and annihilation opera-
tors, respectively. The subscripts p or h refer to states which are not occupied

or occupied, respectively, in the original HF state

|¢I>>=ﬂa,{'}0> . (2.3)
h=1
To show that ¥ is a determinant, we need to use the fact that all terms in which

the same creation or annihilation operator occurs more than once vanish.

exp(pzh:cpha,,"a.,,)[<I>>=[1+2l %-(gcma;ah)"]ldb : (2.4)
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Since there are only N different occupied states h we can stop the sum over n at

N and rewrite the sum as a product of N terms,

e={[J(+ Semagan) o 0>] (2.5)

Fach term in h will give 0 unless h'=h. Therefore,

|‘P>=1;I(a.,,++Zcp,,ap+) [0> . (2.8)
»

Thus, we can see that V¥ is a determinant of the wavefunctions

Xn=% +§cph®p . (2.7)
Since unitary transformations among occupied states will not change the Slater
determinant of the wavefunctions, we see that the state ¥ is a general deter-
minant not orthogonal to $. States orthogonal to & can be constructed by using

one or more wavefunctions of the type Z, =2 dp, &,.
»

We now see that we are calculating the TDHF evolution of the state ¥ where
its time dependence is contained completely in ¢y, , the particle-hole occupation
numbers. We write the action in terms of ¢y, 65, and cp'h and accomplish the
variation with respect to ¥* by a variation of cp,, so the evolution of ¥ is
described by the equation for ¢, as a function of ¢y, and cg,. To study the local
stability of the HF state, we assume ¢y, is small and truncate the calculations of
¥ and the action to second order in c,,. Therefore, after the variation, the equa-

tion for cg, will be linear in ¢p, and ton. We look for periodic solutions by assum-

ing

Cph =Xpne St + Yo e it | (2.8)
and then solve for the normal modes and their frequencies w. These must all be
real for the solution cp, in Eq. {2.8) to be periodic. Of course, a larger w will

imply a sharper local minimum and a more sharply confined HF state.
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Section 3: TimeDependent Generalization of the RPA Theory

For our time-dependent generalization of the RPA theory, we again minim-

ize the action for a general determinantal wavefunction,

|[¥>=n~* exp(?hcmap*ah)lé> . (3.1)
but in this case, the state  and the creation and annihilation operators for par-
ticles and holes also evolve in time. We define an operator A =aa, which

creates a particle-hole pair and write

YepAh=d-A* . (3.2)
R ..
Since we are still concerned with local stability, we still truncate the expressions

for ¥ and the action to second order in Con'

[e>=nH1+8 A +4(E-A*)?] 2> . (3.8)
We also evaluate 7 to second order, by setting <¥|¥>=1. (See Appendix Bl for
details.)
n=1+¢"-¢ (3.4)
so that
[>=[1-%& " +8 A+ -A4)?] | > . (3.5)

For the action we need <¥|H|[¥> and <\Pli%—|\?>. ( =1) The first is
straightforward.

<V|H|¥>=(1-€"-2)<H>+<HE A*>+<2" AH> (3.8)
+<é " AHe At >+Y<(8 - AP H >+ Y<H(E 412>
We assume a second-quantized Hamiltonian
H=§t¢,a:a3+ i—a;” un;a,*aau7 : (3.7)

where {a] is a complete single-particle basis,

tap=<alt |B> (3.8)
are the matrix elements of the one-body kinetic energy, and

Vag=<a8| V|ys—b7> (3.9)
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are the antisyrnmetrized matrix elements of the two-body interaction.

The second expression, <~I'I'ia%-| ¥>, is more complicated because the gen-

eralization must agree with the RPA theory for  an HF state. If we evolved each
wavefunction ¢; with the standard HF operator h as igdh:h ¢r, we would get

¢n=e —“"tsomr. where hypyr=ep¢nyr. This would result in a time dependent

l@>=exp(—i¥eht)1§>3p> (3.10)
rather than the time independent |®yr> needed to agree with ordinary RPA
theory. Since this time-dependent phase is unobservable, the correct operator
h must include only the physically relevant changes in ®. The usual k& in the

single-particle wavefunction evolution i¢g,=hagps Wwith hap=tap+2 Vangn (since
h

Pap=0agban see Appendix Al) is a unitary transformation mixing all the various
states. However, since unitary transformations among hole states or among
particle states will not produce any observable changes, we want to take the
hole-hole and particle-particle components out of A. To do this, we can use the

one-body density matrix p=),|gn><gs |, which is a projector for |®>. If we
R

remove the hole-hole components, php and the particle-particle components,
(1=p)h(1-p) we are left with

h=ph(1-p)+(1-p)hp (3.11)
so that

P =0T, (3.12)
hon=hps, 8nd Py =hpp
Since we now include only the physically relevant changes & is orthogonal to its

time derivative.

<d| §7|q>>=-¢<q> ok (1=p)+(1=p)hp | 8>=0 (3.13)
With this evolution operator, the static ¢y is a solution to the evolution equa-

tion
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i-;-’z-l Spr>=R |zr>=0 . (3.14)

We can now evalute the other term from the action,

<~1:|i5"2-|~1r>=¢[-%:—t(e'-a)w'.3+<a-A"+>+<a‘-z g-At> (3.15)
+W(<@ Are A*>+<d A A*>
+<B|1-8"3+8 " A+3 A +3% A & A+ W@ AR+ 3 A2 6>] |

We now know the correct evolution operator to use, so

i|é>=h|&> (3.16)
igt=[h,0}] ; and ig,=[h.a;,]
4 =[R.4"]
Therefore, the net result is
<\PIi:TI\I'>=1',[—%-:T(c?"é’)+é"~é']+(1—6'-6)<E>+<E g-A+> (3.17)

+<@ A R>+<2"A R 8 A >+Y<h(@ 412> +¥<(2” A)%h>
We can notice that after the first two terms, the right-hand side looks precisely

like <¥|H |¥> but with H replaced by A.

Now we want to minimize the action by varying c;,, but remembering that

the total derivatives, such as aa—t(t':’ *.¢) do not vary since the endpoints are fixed.
¥ | H [ ¥>= —tgn <H >+ <l H >+ < HE-A*> (3.18)
ph
(<A 8K H>+<8" A A H>)
and
ﬁ . ﬂ e - o i T . +
EcIOI""aT’%‘”P" Con SR>+ <A h>+<hp o @ 4> (3.19)

H(<Apn8" A R>+<8*-4 Anh>)
Since the stability of the TDHF path is determined by the curvature of the

energy surface normal to the path, another modification of the ordinary RPA

theory is needed. We require that the initial perturbation of ® be orthogonal to
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the TDHF path. (An initial perturbation along the path would be equivalent to a

shift in time.) The direction of the path is given by :—t‘b so that ® is also orthog-

onal to the path and the perturbed wavefunction ¥ is orthogonal to :—t&b
K%I\b:o:@]ﬁ(l— 0.2 +8 At +%(E-A1)D) | 8> (3.20)
Only the ¢ -A* terms contribute (See Appendix Bl for details.) The orthogonality

condition on ¥ becomes

S hnCon 0= T han i (3.21)
ph ph
These conditions are most simply imposed by the method of LaGrange multi-

pliers, adding the terms

=AY Conbon =AY Conhpn (3.22)
ph ph
to the action. The final result for the variation of the action with this constraint
is
i, = —Cpp (H >—<R>) + Uy (H —R)>+ <A (H-R)E-A*> (3.23)
+H[ <An 8" A(H-R)>+<2°- 4 Agy (H—R)>] Ny,
The evaluation of these expectation values in Appendix B1 gives the result
Wpn = ziz [ApnpnCon+Bon pnCon I-Nrgn . (3.24)
pl v
where the matrix

Ao on =P S~ han + Von g (3.25)
is hermitian and the matrix

Bph pn'= VFP‘M' (3.26)

is symmetric.
We can see that for a static HF solution with hp, =0, hpy=£,0,, and
hy =g, 85, where the £'s are the single particle energies; this equation reduces
to the usual RPA equation. To test the stability (or measure the curvature of the

energy surface) at a particular point along the TDHF path of ®, we must imagine
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suspending the evolution of & and studying the motion of ¥ constrained to be
perpendicular to this frozen direction of motion for . Thus A, B, and A depend
on the TDHF wavefunction & and vary from point to point in parameter space.
However, while testing the hypothetical motion of ¥ in a particular direction, at
a particular point these are constant. Note that we are only able to equate
choosing a particular point in parameter space with freezing the time evolution
of &, A, B, and hy, because we have chosen the correct evolution operator h to

isolate only physically relevant changes. This means that Eq. (3.21) becomes

20 (£ (t7)=0 (3.27)
for all times £ in the motion of ¥ and any particular time we choose to freeze the

motion of §, . Therefore,

pzhép,,(t)h;h(tpko (3.28)
also and we can solve for A by multiplying Eq. (3.23) by hz,'h and summing over
ph. This gives

- 1 .
A(t)= § T e Yo (27 p;;w[hpu(tr)Aph;p'n'(tp)cp-n'(t) (3.29)

+hon (tr) Bpnpn(tr)cpn: ()]
and substituting A back into Eq. (3.23) gives

ié”: zghz[PphpeheApghzp'h'cp'hd‘Pﬂzpq&BBpgha;p'h'cp.'h"] (330)
P'h'p

where

hphh;zhg
Fonponz =S ppelpe~ Y hg by
o,

(3.31)
We can put this equation into a more elegant form by noticing that P is hermi-
tian and that it is a projector off the TDHF path, i.e.

Y, Pohp'nCpn=Cpn With P?%=P . (3.32)

We can write the equation as
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©Cpn = Z,:, [4oh o Cpn+ BonpnCon'] (3.33)
=
where A=PAP is hermitian and B=PBP’ is symmetric, just like the RPA

matrices 4 and B.

We look for periodic solutions by setting

Cpn (t)=Xpp 8 7468 + Y, @ Hict (3.34)
and assuming w is real. Equating terms with e ¢! gives

Xon = 2 [onzn Yo+ Bpnon Yoo (3.35)
e
and equating terms with e *<* gives
—0Yp = Z}E [4on.on You+ BonpnXp'n' ] (3.36)
o
In the usual RPA matrix notation, these equations are written.
A B
wm?—' _E‘c _Zo}m (33?)

If all the eigenvalues w are real, then the TDHF path for & lies in a valley and the

path is stable. Once again larger |w| imply a more sharply confined path.

Although a specific evolution operator A was chosen to facilitate the deriva-
tion of these equations, we would suspect that unitary transformations among
particles or among holes would not change the eigenvalues, w. In Appendix B2
we show that these transformations would result merely in a similarity transfor-

mation of the matrix

_Eo _Zo
and thus, we prove that the eigenvalues are not changed. This is important
because the time evolution can still be defined merely by the particle-hole and

hole-particle elements, Ay, and hy,, as in TDHF. Therefore, we will not need to

evolve any additional wavefunctions or parameters to do the stability analysis.
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Section 4: TDHF for the SU(3) Model

To test our ideas about stability, we apply them to an exactly soluble model.
We consider the SU(3) generalization (LI 70, HOL 74) of the familiar SU{2) (Lip-
kin) model (LIP 85). Although the TDHF approximation for SU(2) has been inves-
tigated in some detail (KRI 77), it is not sufficiently complex for our purposes.
There is only one collective coordinate and associated velocity (the rotation
angles ¥, ¢) and hence, no collective degrees of freedom exist normel to the

TDHF path.

The SU(3) model consists of N distinguishable identical particles, labeled by
the index n, each of which can be in three single-particle states having energy

&;. The Hamiltonian is

H":;Ekak“'%VuGuzc (4.1)
where V, is the strength of the two-body interaction between states & and L.
Vuz Vgg and ka =0 (42)
with
G = O Oy (4.3)
n

The operators a* and o are creation and annihilation operators so that each
term of G takes a particle, n, out of state I and into state k and each G

counts the particles in state k.

We want to write a general collective determinant, i.e., in which all particles

behave identically. We define new creation, annihilation operators a*, a by

Ok = Ay ) (4.4)

b
where A is a unitary matrix independent of n. Now a,, creates the occupied
TDHF orbital; a,}; and a3 create the remaining two particle orbitals. Thus, a

general collective determinant is written

[#>=T]an,10> (4.5)
»n
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and the matrix elements A; determine the actual occupied and unoccupied
states. Since these A's may be complex, six parameters would be required to
completely define the TDHF orbital; however, since both wavefunctions (created
by a* or a*) are normalized and the overall phase can be ignored, we are left

with four parameters needed to define the TDHF state.

Since the operators a* are in a fixed basis, the time dependence of the
operators a* and ultimately of the TDHF state is contained completely in the
matrix elements of A. Therefore, the TDHF equation governing the evolution of $
must be transformed into equations governing the evolution of the matrix ele-

ments of A and the parameters used to characterize A. The TDHF equations are

Q on=hon . (4.6)

iat %

where h is a one-body operator
h=YhyY omon . (4.7)
ki n
The matrix elements h;; are independent of n because the particles are identi-

cal. We write the TDHF equation in terms of the a*'s as

i:t L=iat 0> (4.8)
and
h¢n=§hu2a£wawa:xlo>=§)hma&IO> : (4.9)
n'

Therefore, the equation for the operators a* becomes

-i:k,,‘,‘,:%}h,b 1Ok (4.10)
We know that the time dependence of a is contained completely in the matrix 4.
a:k=§Ag’a&=§Ag’4m Aim (4.11)

Thus, if we define a matrix

T:A"'IA , (4.12)
we can write Eq. (4.10) as
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T e =hey . (4.13)
We can easily show that ¢T is hermitian, just as A iz hermitian.

If we igriore the winding phase, given by the purely imaginary 7., e igain
need just 4 parameters for the two complex equations with ¥ = 2 or 3. For our
time-dependent generalization of the RPA theory, we have shown that we can
ignore hole-hole and particle-particle components of the evolution operator, 7;,
T22. Tes and Tgss. Therefore, throughout the calculation we need only the four
parameters used for a normalized general TDHF orbital (ignoring the overall
phase). Using the matrix elements of h, which are calculated in Appendix B3,

the TDHF equations can be written as two equations for matrix elements of 4 :
DA Ay = Toer Ay A1 + TRV (N =1) (A Ay (4.14)
for 7=2.3.
We choose, for our model Hamiltonian, equal level spacing (g,=—¢, £,=0, and
g3=¢) and equal interaction strengths (VM:BK for k#l). We choose to

parameterize the matrix A in terms of four rotation angles ¥;,92.%,, and 9, and

write 4 as
(4.15)
cosd, cosﬁgsimilew‘ -sim?zsimﬁlewa
A=|cost,sint,e "% 1+cos®3;(cosd;—1) smﬁgcosﬂg(cosﬁl-l)e—iu"—%)
sintesimd, e B smﬁgcomﬂg(cosﬂl—l)e«“—m 1+sin®™¥p(cosd;—1)

Note that this A is defined to be the inverse of the transformation matrix in (KRI
77). So for ¥z=0 this choice results in the same definitions: my ¥, is his a, my ¥,
is his 9. The physical meaning of the "coordinates" ¥; and 8, is quite clear.
Since we can easily confirm that A is unitary in Eq. (4.15), we can write the occu-

pied TDHF orbital

o =cosd,;ah +cos'82simﬂle“‘a,fa +sin'tﬂgsim$,e“3a.,f3 R (4.18)
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Therefore, the probability of finding n in the first level is cos®¥;, in the second
level is cos®psin®¥, and in the third level is sin®9sin®¥,. Since all particles
behave the same in the collective state, multiplying the above probabilities by
the number of particles, N, gives the mean number of particles in each level for
the TDHF state ® (in agreement with <Gy > as calculated in Appendix B3). The
meaning of the "associated velocities"” 9, and ¥ is less clear but we can see from
the evolution equations following, that ¥;=¥,=0 will imply $,=8,=0.

In Appendix B4 we transform the TDHF equations for the matrix elements of

A into four coupled nonlinear first-order differential equations for the four

angles.

¥, =excos¥,;sind; [sin2y; cos™Iz+sin2yYs sin®;] (4.17)
Bp=£xcosBzsinds] —sin2y; cos?8+sin2ys cos®8, —sin2(Y;—¥s) sin®s, ]

¥1=—e(1+x[cos2y,(—cos™, +cos™Iesin®3, ) +cos2y; sin®Sasins,
—cos2(Y,—¥z) sinUasin®s;])

Yo=—6(2+x[cos2y¥; cos®Besin®s,+cos2yPp(—cos®, +sin®Jpsin®s,)
—c0s2(Y, —Yz) cos®Fesin®y; ])
Note that for ;=0 these agree with (KRI 77)'s TDHF equations. Here y is the

usual strength parameter

x:_.K(_Ar;l)_ . (4' 18)

€
The determinant characterized by these four angles has a total energy

H (8,,82,9 .¥2)=Ne(sin®3zs5in®9, —cos®8, —xsin®3, (4.19)
[cos®8, (cos®¥zc082y, +sin¥c052Y;)
+cos™Ipsin®B,5in?Y,c0s2(Y) —¥e)])

(see Appendix B4). The TDHF evolution of & must conserve energy and substitu-

tion of the TDHF equations for the four angles into -88% shows that indeed,
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g—{_—]-=0. We can also notice that for y positive, an attractive potential between

ot

particles in different states, the minimum energy for a given ¥,, ¥ occurs at
¥1=¥%2=0. Thus, H(¥,,9;,0,0) can be viewed as the potential energy and we can
orient ourselves by following the position of the TDHF state, 4%, and ¥ on a con-

tour plot of the potential energy surface.
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Section 5: TDRPA for the SU(S) Model

To apply our ideas for a time-dependent generalization of the RPA theory,
we must cast our general equations (3.30-3.33) into the specific form suitable for
this SU(3) model. Thus, a normally occupied state, previously denoted by h, will
now be denoted by a particle n in state 1. A normally unoccupied state, previ-
ously p, will now be a particle n in state 0=2,3. Thus, our particle-hole creation
operator Ag,=a;a,, now becomes Kpg1=0ns0n; and its adjoint A, now becomes
Kz10- Our particle-hole occupation numbers, ¢g,, become cpq;, or dropping the
irrelevant 1, ¢,,. The previous sums over p and h now become sums over n and

o. Thus, our perturbed state becomes

| ¥>=n¥exp(Pcnottnottn1) | > (5.1)

with the TDHF state

|<I>>=ﬁa,’{,lo> . (5.2)
n=1

Of course, for |¥> to also be a collective state, all particles must behave identi-

cally and c,, must be independent of n, i.e. cp,= %—Cc where C,=Zc,,.,. This res-
n

triction on the perturbation of |¥> will be used only after the equations have
been solved. We now need only a prescription for Ag, in order to write down the

TDRPA equations for the SU(3) model.

Before hpy =hp, =<4y h>. Now this equation becomes
b 1= <K 1o H >= <Ky 1 oh > (5.3)
Since all particles, n, are identical in our full Hamiltonian H, these h,,, must
also be independent of n and are written h,;. The term <Ky ;,(H—h)> vanishes
again just like <4,,(H—h)> and the hole-hole and particle-particle components

of h must vanish. With these substitutions, the TDRPA equations for c,, become
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'wnv= Z;cn'v'(_dnn“soc’(<H>_<E>)+<Igz IU(H—E)&VI) (5'4)
n
+ Ewcrtal %(2<KnloKn'l¢7'(H —E)>)_}‘hal
n'

After the evaluation of these expectation values, as discussed in Appendix B3, we

get
o= 2 AnonaCniot 2 Bna;n'a’cr:'a' —Ahgy (5.5)
n'c’ n'e’
where
Ana:n'u'z 6nn'(hav"_6ca'h 1 1) + 701 10'( 1 -drm') (5' 6)
Bpon'o= ou’ll(l_‘snn’)
and

Vetmg =§2VijAjkAﬂAi;nAi; (5.7)
hu'-’z‘:AikAJ‘*'%:ZVv(N—l)Aleg',AjkA,{:h,; .
Because the n dependence of the matrices 4 and B is of the simple forms 1 or

Onn- We can revrite the above equation, using C, as
iénc=§(hav'_éov'hll_ o110)eno+ Vo110 Cor (5.8)
+§(_7W11)c;0’ +§ Voo11Co —Magy
With the equation in this form, we see that all the coupling between different n's

occurs in the collective terms C, and Cy.

The constraint ) s (tr)cp (t)=0 now becomes
ph

ghw(t}’)ca(t )=0 (5.9)
Just as in the general case, we solve for A by
YhioCo=0 . (5.10)
We find the expression for ¢, by ad;ing the equations for each n. Thus, we get
w,=§;A,,c,+§)ch;. ~ANh g, (5.11)

with
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Ago=hog—Bogh11+ Vor10(N-1)=A7¢ (5.1R)
and Boog=Voe11{N-1)=Bgy
The matrices A and B have the usual RPA symmetries, A=A* and B=B"". Using

the constraint from Eq. (5.10) to find A in Eq. (5.11) gives
A= Nzhlohﬂz(hlu cv‘cv'+hloBoa’C ) (5-13)

Now to solve the TDRPA equations, we first solve the collective equation for

Cq»

: halh a2 P
iC,= Ez (62— (A2, Cot Bz, Co] (5.14)

where h®=) h;hs. Because there are only two values for o, the constraint
-

Y h15Cy can be used to solve for
g

Co=——C5 . (5.15)
This fortunate circumstance occurs because the one-body HF Hamiltonian cou-
ples the hole state to one linear combination of our two particle states. Excita-
tion of the other linear combination is the single RPA mode transverse to the

TDHF path whose stability we are testing. Thus, the equation for o=2 is

iCo=ACy+BC; (5.18)
where
hgih hgh h hah
astos, hehe, 12’:31Azs+ L (5.17)
h? h h h
(which is real) and
hgh hoh hgh h&h
B= ———B: 2 "‘”12 2 Boa— 2;2 LN . h‘i‘} h‘: Bas (5.18)
(which is complex).
We now look for periodic solutions
Cp=Xpe 1t + Ype *1¢t (5.19)

with o real. When we separately equate terms with e *“* and terms with e*¢t,
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we get
X, | 4 B {ix;

Therefore, our collective mode has a frequency w given by setting
A-w B L% .
WCTRPLE (5.21)

Notice that a real frequency w is only possible for A real, as it is in this case, so

?=A%-|B|? (5.22)
Of course, we could just as well have substituted for C; in the equation for £
This would give
1‘.6"3:ZCS+§C3. (523)
with
o h
A=4 ana B=ludag (5.24)
hgyhis

Thus, we would get the same value for o? verifying that we have found a normal

mode. This is the one collective mode normal to the TDHF path.

Of course, the matrix equation above also has the trivial solution, X;=Y;=0

meaning Cp;=Cs=0. This also means that A=0 and the constraint ) k;,C,=0
o

becomes trivial. Now we can look back to our equations for the individual ¢,,

and try noncollective perturbations for which c,, is dependent on n and Ecn,=0
n

with ¢,,#0. With C,=0 our equations for ¢,, become uncoupled, i.e. single-

particle like. The equations are

'i’éna=§A'av‘cuc‘+§B'o¢'cr:c' (5-25)
with A' and B’ independent of n;
A'ao"-'hao"'aw‘hlI—Vclla:A';'v (5~26)

~
B'mr:"Vg‘fn:B'U'U.

Making the periodic assumption and separating terms as before gives modes

with frequencies w given by
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wf=D+VDP-F (5.27)
where
D=Y{A'%+A'§s+RA'23A'235—(B '22B g2+ B's3B '33+2 B 238 '25)) (5.28)
and
E=det|p. 4. (5.29)

Thus, we get two values for «? for the two normal modes of noncollective oscilla-
tions. However, the exact Hamiltonian H, which treats all particles identically,
would not mix these states with any collective state. This means that this insta-
bility will not be apparent in a comparison of TDHF with the exact evolution of a
collective state. This instability will instead cause doubts about the appropriate-

ness of a collective state description of the many-body wavefunction.
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Section 6: Exact Solution for the SU(3) Model

We choose a two-body Hamiltonian which is exactly soluble (LI 70)

H-‘-XJ&G:;"‘%W\;‘G;% (6.1)
whe\re
Vi=Va . V=0, (8.2)
Gy =2 iy
n

o creates a particle n in state i, and a,; annihilates a particle n from state i.
Applying the usual fermion anti-commutation rules, we get

[Gj G5 ]=06:; Gy —05: G5 (6.3)
and the nine operators G; are generators for U(3). Remembering number con-

servation, ) G; =N, this becomes SU(3).
)

In order to find the eigenstates and eigenvalues to solve the problem
exactly, we need to find a complete set of basis states. Group theoretic methods
have been published (LI 70) which derive this basis set, but for our purposes
physical intuition will suffice. First, we must remember that we are only
interested in collective states, that is, states with all particles, n, behaving the
same. Therefore, we need not worry about each particle and its mean occupa-
tion of each level, but only the mean number of particles in each level. This is
analogous to Krieger's (KRI 77) using only states with J=¥N like the state with N
in lowest level. In our case, A will not mix a collective state like this state with

any noncollective states since H treats all particles alike.

Thus, a natural basis can be written |pg> meaning p particles in the second
level, g in the third level and, of course, N—p—gq in the first level. To calculate
the number of basis states |pg> for a given N, we can pick any number from 0
to N for p and then pick any number from 0 to N—p for g. The number in the

first level is then determined, N—p—g. Thus, for g we have N—p+1 choices
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after p is chosen, with N+1 choices for p. Thus, the number of states NS is

3 (N+1)(N+2)
NS=3 (N+1-p)=NHLIN+2) (6.4)
p=0 2
that is, the number of choices for p times the average number of choices for g,
N
(-§H-1).
We define

foo>=T]a |0> , (6.5)
n
so that |00> is all N particles in the lowest level. We can write the general basis

state

|pg >=c (p,q)GB:GE, |00> (6.8)

with ¢ (p,g) a normalizing constant since G; is the collective operator to move a
particle from state j to statei. To calculate c{p.q) or any of the other expecta-
tion values we will need (<G;> and <H>), we need to learn how to manipulate
these G;'s to arbitrary powers. (Note that since [Gp;.Gs;]=0 the Gpy's in Eq.
(6.6) can all be grouped together as can the Gg;'s.) For g =0 these states |p0>

are identical to the basis states of (KRI 77) since Gg, is his J .

We know that G;|00>=0 unless j=1 and G,,|00>=N |00>. Therefore, to
evaluate G; |pg >, we can commute the G; through Gy, p times, and through Gg,
g times, collecting Gp,'s and Gg,'s to the left and moving the other G;'s toward
the right. For instance, to verify the meaning of the states above, we need to
show Gg|pg>=p|pg> and Ggs|pg>=g|gp>. From the commutation relation
derived earlier we get

[G11.G1]=—G2; (8.7)
and therefore

[G11.GB: ]=—pGB, . (6.8)
Similarly,
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[G11.G8 ]1=—9G (6.9)
so
Gulpg>=(N-p—q)|pg> (6.10)
For Gpp we get
[Gz2.G21]=G2y so [Gza.GB, ]=PGB, (6.11)
and
[Gz.Gs1]1=0 so [Gz.G§]=0 (6.12)
Therefore,
22| Pg >=p |pg > (6.13)
Similar relations show that
[Gss. BB, ]=0 (6.14)
[Gs3.G%,1=9G%,
and
Gss|pg>=9 |pg> (6.15)

Thus, we have chosen our basis to be eigenstates of these number operators
G:. Since Gy |pg> was proportional to |pg> we didn't need to evaluate c(p,q)
yet. However, for the other elements of G, we need to know c(p.q); for

instance

—_C\P,
GEllpq>‘_SM)_lc(p+l'q) p+l,g> (6.18)
Before finishing these calculations, we must evaluate all the other G; |[pg>. By a
similar repeated application of the commutation rule in Eq. (6.3), we calculate

the following commutators:

[G1,.G8, ]=—pGB, [G11.G& ]=—9G3) (6.17)
[ Gz2.GB, =PG5, [Gz.GE1 ]=0
[Gas-Ggl ]=0 [GSS' %1 ]=q @1

[G12.G8, 1=p GBI (G11—Gae)p (P -1) GBI -
[G15.G% 1=9 G817 (G11—Gss)—q (g —1) G&;

[G15.GB) ]=—pGB ' Ges [Gi2.G3, ]=—9G% ' Gse
[Gsz.G8: 1=pGB ' Gy [Ges.G8) 1=9Ga1 G8;
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[Gz1.GB, ]=0 [Gs1,G8,]=0
[Gs1.G3 ]=0 [Gz,.G8,]=0
[ Gzs. G5B, ]=0 [ Gs2.G8,]=0

These relations then give net results for the action on the states |pg > of

Gulpg>=(N-p-q)|pg> (6.18)
Gz2lpPg >=p |pg >
Gss|pg >=q |pg>

Guelpa>= S22 ep (Vg ~(p-1)) lp-1.9>
Gzllpq>=ﬁp(§f%)—lp+1.q>
Gislpg>= ﬁé%‘%’l—)q(l\’—(q -1)-p)lp.g-1>
G, |pg>= %p,q +1>

— c . —
Gmlpq>——m—qc(p+1,q_l) lp+1.9-1>
= COT) iy

We can calculate c(p,g) by a repeated application of these rules to evaluate

<00| G3G1.G%,GE, |00>. Thus

R, GB, G, 100>=5\,—’(_N;‘_%};—!G , 100> (6.19)

A similar relation for Gjg resulting in a factor a%%—gives

Niplgq!

<00 00>= 8.20

IGYSGEZCangl I (N"p—Q)' ( )

Substituting into the previous Egs. (6.18), the net result is
Gizlpg>=Vp(N-g-p+1)|p-1.9> (6.21)

Gislpg>=Vq(N-g—p+1)|p.g-1>
Galpg>=V(p+1)(N-p-gq)|p+1.9>
Gailpg>=V(g+1)(N—p-g)|p.g+1>
Gzlpg>=V{p+1)g |[p+1.9-1>
Gxlpg>=V{g+D)p |[p-1.9+1>

Now we can immediately write down the one-body density matrix elements

<9 oy lpa>= },—<p'q' |Gy |pg > (6.22)
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for each ij by writing the above factors and appropriate delta functions. By set-
ting g=0 and p=1/2N+m, Gy, agrees with (KRI 77)'s J, and Gp; agrees with his

Y asra,, although there is a misprint in his Eq. 2.12. We must look to his Eq. 2.14
P

to kee that Eq. 2.12 should be (é—r %)am..

Now we can calculate expectation values of A and thus, eigenvalues and
eigenstates of H. We need Gg acting on |pg>; that is, two applications of the

rules in Eq. (6.21). Thus, with £,=—¢, £,=0, eg=+¢ and I/;;j:-zz(l-d.;j). the result is

<p'q |H |pg>=e(~N+p+2q )8y Sqq + 2L4 (6.23)

where

A=Vp@-1)(N-p—g+1)(N-p—q+2)0p2p Ogy (6.24)
+Vp+1) P +R)(N-p—9)(N—p—q—1)0p+250g¢
+Vg(g—1)(IN-p—g+1)(N-p—q+2)0p5 0424
+V(g+1)(g+R)N—p—g)(N—9 P —1)8pp bgszg
+Vp+D) P +R)q(q—1)0p4zp0g—2¢
+V{g+1){g +2)p (P —1)0p-2p Oq+2g

H is hermitian, in fact, with the choice made for ¥; and phase of c¢(p.q). it is
real and symmetric. To make this more apparent, we can rewrite some of the
terms, for instance p+2=p' as p=p'—2. Now switching p with p' and g with g’
obviously leaves 4 unchanged.

For any given number of particles N we can set up the complete basis
states, write down the matrix elements of # and then diagonalize H to find its
eigenvalues (real) and its eigenvectors (real and orthogonal). For even a

4
moderately large N the dimensions of H will be very large (greater than —N4—9

However, H connects only states with Ap=0,+—2 and Ag =0,+2 which makes the
problem easier. First, we group states with p,g even; p even, g odd; p odd, g

even; and p,g odd. This means that <H> becomes block diagonal containing 4
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blocks which can be diagonalized separately, each approximately 1/16 the size
of the full <H>. Regardless of the size of N, there can be no more than 7 non-
zero elements in any row or column - all quite close to the diagonal for many
re'asonable schemes of ordering the states. For this kind of sparse matrix,

the standard routines for eigenvalues and eigenvectors of a matrix work very

well and very quickly.

Eigenvalues are labeled e, and eigenvectors |A>. An arbitrary state can be

expanded

|¢(0)>=§) [A><A[9(0)> (8.25)

and its time dependence is straightforward.

l¢(t)>=2;) IN>exp(—iext)<A|y(0)> (6.26)

Now for any given wavefunction, we can follow its evolution exactly.
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Section 7: How to Compare Exact and TDHF Calculations

Our purpose is, of course, to compare with the Hartree-Fock approximation.
At this point, we can compare our ground state energy, the smallest e,, with the
energy of the Hartree-Fock state (and perhaps higher states to periodic TDHF
solutions if these can be found), but we want to compare the evolution of an
arbitrary TDHF state to its exact evolution.. To do this, we must expand an arbi-
trary TDHF state in terms of these eigenvectors and, secondly, we must identify

the 4 parameters characterizing a TDHF state from an arbitrary state.

Although the eventual goal is to expand a TDHF state |¥> in terms of the
eigenstates |A>; these are not known yet and are different for each NV

different. Therefore, we expand |¥> in our basis states |pg>;

ly>=3 |lpg><pg |y> . (7.1)
Pq
Our general TDHF state was defined as
ly>=]Jan1|0> | (7.2)
a general determinantal state, where the states created by a are linear combi-
nations of the three levels, an obvious set of basis states. Thus, using the

defintions of a and |pg >, we get

<pg [9>=<0| [Tam GlaG f?A o) 05 (p.g) . (7.3)

n i=1

We need to expand HEA 1:@ni. Thus, we get a general term of the structure
w i

(Af)¥ " (AH)" (4 11 ﬂnln%znans y (7.4)

(N-n-m) r) (m)

where the number in parantheses under the product is the number of n''s in the

product.

The different choices of particles for each level give terms of identical

structure. First, we need to choose from N particles N—n—m to be in the first

N!

(N-n-m)i(n+m)! ’ TheE

level; this gives the standard binomial coefficient
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|
with n+m particles left, we need to choose n for the second level - %L

choices. The net result is then

N!

= FYW-n-m(A+ (gt ym
<pq |¥> nE':n (Ah) (A" (Afs) (N—n—m)inim! I (7.5)
n+m<N
where
1=<0|]]an,G8sGrep  I] ai]]adz]]ads|0> (7.8)
n (N—n-m) (n) (m)

G12=) e} a2 commutes with @}, and acts on a.};. Terms with n"#n’' give
“'1

zero since a,-3|0>=0. Terms n''=n' leave q,},. Since there are n factors of a}5,
there will be n terms left, each with one less G,z one less o, and one more

a,,. Multiplying all the G,, through gives

6pnn!<0|T]an1G8s ] adi]]asts|0> . (7.7)
n N-m)  (m)

The G1s's behave similar to the Gyp's leaving

I=bpnn!égmm! (7.8)
The net result for <pg |¢> is
- N! AY ] * \N ® [
< >= A PE(A Agy )? 7.9

This can be checked quite simply to be sure <¥|pg><pg |¥>=1. Note also that if
we constrain ¢ =0 in Eq. (7.9), the result agrees with Krieger's results for SU(2)
(KRI 77).

Now that we can expand any TDHF state in terms of our basis states for the
exact solution, we can evolve any TDHF state exactly. We need, however, to com-
pare this exact solution with the TDHF evolution. Since the TDHF states form
only a restricted set of many-body wavefunctions, namely determinantal
wavefunctions, there will be no way to uniquely match wavefunctions in general.
In particular the wavefunctions themselves can not be matched since for a TDHF

state ¥(t)
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<pg I#f(t)>¢)§¢<pq [A>exp(—ie t)<A|p'q' ><p'q' |9(0)> . (7.10)

The TDHF state (or its expansion parameters) depends only on the 4 parameters
used to specify A,,. The one-body density matrix p,;j=1b—<Gj> for the TDHF

sthte also depends only on these 4 parameters Pii=A ,A_,-’l. We use this one-body
density matrix to compare to the exact evolution. Of course, the exact <G;>
depends on more than 4 parameters. A general 3 x 3 complex matrix would
require 18 parameters, an hermitian matrix half of this or 9 parameters, and
since the Trp=1, we are left with B parameters for <Gy>. This number is reduced
to 4 for the TDHF state by the condition that for determinantal wavefunctions

2=p.

P

Thus, there is ambiguity in determining the relevant 4 parameters for com-
parison. We also want to know Tr(p®—p) for the exact state since the deviation
from the TDHF value of D gives us an idea of the deviation of the exact wavefunc-

tion from a determinantal wavefunction and an idea of the ambiguity involved in

matching p to determine the 4 parameters.

Although the choice of which elements to match may vary in specific cases,
generally, the most physically relevant property of these states is the mean
occupation of the various levels. Therefore, we want to use the diagonal ele-
ments py to calculate the magnitudes of the 4, and thus, the parameters ¥,
and ¥;. (We can also check on some of the numerics involved in the calculation
by checking Trp=1.) This means that in general, the magnitude of the off-
diagonal elements will not match. To compare the phases relative to the first
level, we use p;, and p;g to calculate the phases 9, and ¥,, but now the phase of
P2s will not match ¥;—2. Therefore, we define

3¥,(ezact )=cos 1 (\/<G;;>/N) (7.11)

Yp(ezact )=tan~/<Ggz>/ <Gg>)
¥1(ezact )=Ycos ™ (Re[<G 12>/ <Gpy>])xSign (Im[<G,2>)
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Yo(ezact )=Ycos™ (Re[<Gy3>/ <Gg;>])xSign (Im[<Gy3>]) .
We also check that
(<G,1>+<ng>+<633>)]1v—=1 s {7.12)
! Since there are many exact states which result in these same 4 parame-
ters, the prescription for finding <pq |¥> can be thought of as finding the unique
exact state which gives these 4 parameters and the auxilary condition p?—p=0.

(This state must be unique since we find a unique expansion.)

We also find this prescription useful to compare our lowest energy eigenvec-
tor to the Hartree-Fock state. Since H mixes states with Ap,Ag=0,+2 and G
mixes states with Ap,Ag=0,+1 only the diagonal elements <G;> will be nonzero
for any eigenvector. Thus, the phases of the off-diagonal elements are zero just
like static HF solutions. We compare ¥; and ¥z by the prescription in Eq. (7.11)

and also compare Tr{p?~p). Tr(p®—p)(ezact)=p§ —p%—p&—1 since p is diagonal.
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Section 8: TDRPA Results

For orientation, contours of the energy surface (Eq. (4.19) with ¥,=v2=0)
are plotted in Figures 8-13 for values of x= .5, 2.5, 5, 10, 20 and 100 (attractive
forces). The surface is relatively flat and featureless for y=.5 but as x increases,
it develops rather deep valleys and quite a deep minimum. Static HF calcula-
tions can be performed analytically (HOL 74), yielding the position and depth of
the minimum, as well as saddle points and maxima. For y<1, the minimum
energy lies along the line 49,=0 (all particles in the lowest level) and has a value
E/ne=1. When x increases past 1, the strength of the attraction between
different levels becomes strong enough to decrease the energy by beginning to
populate the second level. The position and energy of the minimum are then

given by

'61=}écos"(;(—) S P (8.1)

1 1y
E/ne= 1—(x+;(—9 % .
At x=3, the potential is strong enough to begin populating the third level also,

and the minimum moves off the ¥; axis. Its position and energy are then given

by
61=Sm’1([g§;—33“) ; ﬂ2=}écos"(-z%3 : (8.2)
- 1
E/ns—-(ZBL+ ;; .

The TDHF calculations can be checked by calculating the evolution near this
minimum in energy. The solutions should then be approximately equal to those
of the ordinary RPA calculations, which can be solved analytically. Since the
time-dependent generalization agrees with ordinary RPA theory for static HF
solutions, these positions can be substituted into Eq. (5.22). The solution
involves only straightforward but rather messy algebra and trigonometry. We

are most interested in =3 where the energy surface has a more interesting
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topology. In this case, the RPA frequencies are

(Ly=g( X2, 0¥ (8.9)

Therefore, we expect an average period
_ 4me
sT————(w++w_) i (8.4)
and beats in the amplitude with a period

eT,,=(Gf7_r—;_) : (8.5)

Table 4 shows the two periods and the beat period for several values of x. Figure

14 shows that the TDHF solutions do oscillate with these periods.

Table 4

Period | x=56 | x=10 | x=20 | x=100

eT, 0.975 | 0.508 | 0.262 | 0.054

eT- 1.519 | 0.611 | 0.286 | 0.055

eT, 2.721 | 3.035 | 3.126 | 3.142

Figures 15-18 show results for the TDRPA frequencies for several paths to
compare with our expectations from the contours of the energy surface. Begin-
ning with a case of extreme topography, x=100, the first example is not plotted
in this way although the details of the motion are shown in Figure 26. For this

path near the minimum, »® is positive and large everywhere. The path is a small
elipse and (%2 varies only between +1.32 x 10* and +1.42 x 10* Figure 15
shows a TDHF path moving down a valley. The frequency is initially negative
because the motion is from the side of the valley down into it. However, once

the path begins moving along the valley, the frequency becomes positive and

large, and it stays positive and large.

Figure 16 shows a path which is unstable almost everywhere. At this higher
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energy, Lthe path moves closer to the maxima where the peaks flatten and the
curvature of the surface is negative. 'l'he few points where the frequency is posi-
tive, mos'ly cn the inner leop, cross the ridge closer te the minimum whers the
CL'uvature of the top of the ridge is positive. Thus, there can be a ridge effect (if
the ridge has a saddle shape) since the direction in which stability is being

tested changes from across the ridge to along the ridge.

The next example, Figure 17, shows a path with more nearly equal stable
and unstable regions. The central right region in the vicinity of the minimum,
where the curvature of V is positive, has positive frequencies and should be
stable. The upper right region shows another ridge effect. The path is unstable
while moving along either side of the ridge, but appears stable briefly as the top
of the ridge is crossed and the direction of the stability test crosses along the
top of the ridge. The lower left region shows interesting behavior where two
paths cross the initial rightward path. The inner loop, lying closer to the
minimum, is stable but the outer loop isn't. The initial rightward path tests sta-
bility in a different direction and is unstable. Therefore, in the vicinity of the

inner loop, the surface must have a saddle shape.

These features persist at other values of x with less drastic topology as seen
in Figure 1B for x=5. Here, the path is unstable while moving back and forth
across the valley (at either end), but is stable while moving along the valley.
Just as for ordinary RPA theory, the values of w? scale like }? - on the order of

10* for x=100 and 25 for x=5.

Therefore, the value of w? does, indeed, describe the local curvature of the
potential energy surface in the direction normal to the TDHF path and can
thereby identify relative minima, ridges, valleys and saddle shapes. In this case,
we could easily draw contours of the energy surface; however, in more realistic

cases there are far too many parameters to allow the construction of this kind
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of energy surface, so the smallest values of w® could prove useful.

We next compare these TDRPA calculations with exact calculations, first
checking the HF results. Figure 19 shows that the energies of the exact ground
states agree quite well for N>15. (Lines are to guide the eye since N is an
integer.) However, comparing the positions and Tr(p®—p) for these states gives
poorer agreement. The trace, shown in Figure 20, shows that none of these
siates looks much like HF (independent particle) states which have Tr=0. How-
ever, the important quantity for comparison is the position ¥;,%. This com-
parison is made in Figure 21 for x= 5, 10, 20. For x=5, agreement is quite poor.
As x increases, the agreement gets much better and also seems to agree for
smaller values of N. For =100, both N=10 and 15 give good agreement with the

position of the ground state.

This is a problem because the method of comparing the evolution of TDHF
and exact states is to compare these angular positions. Indeed, for calculations
with small x, the exact solution doesn't look like TDHF regardless of the value of
«?. Thus, in Figure 22, for x=5, the direction of motion seems to be right when
&?>0 and wrong when w®<0, but neither of the exact results agrees well with the
TDHF results. (Notice that the TDHF path moves so slowly relative to the exact,

that it is drawn for twice as long a time so that it can be seen more clearly.)

The exact solutions, of course, depend on the number of particles N and
TDHF is accurate only for large N. Therefore, the agreement could be poor
because TDHF is a poor approximation to the exact behavior or because N is too
small to give this limiting behavior for large N. For the SU(2) case (KRI 77).
N=40 particles could be solved exactly since the number of basis states is pro-
portional to N, and the agreement was very good. In our case, with an extra
level populated, we would expect to need N>40 to be sure of a similar com-

parison. However, since the number of basis states is proportional to N2, we
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simply can’'t run N>15 for any length of time.

From the change in the exact results from N=10 to N=15, the stability
parameter seems to work. That 1s, a prediction of stability results in exact soiu-
tipns which approach the TDHF solution as N increases while a predicticn of in-
stability seems to result in an approach to something different than the TDHF
result. The real test, however, comes from increasing y so that the limiting
behavior of the exact solutions for large N can be reached at a smaller value of N
(as for the static solutions described earlier). Thus, we look for solutions near
the minimum, which are always predicted to be stable and increase yx until the
exact solution agrees fairly well with the TDHF solution. Figures 23-26 plot 3,
and ¥p as functions of time for the TDHF solution and two exact solutions N=10
and N=15. These show the progression from poor agreement for x=%5 to very
good agreement for a full period in both ¥; and ¥ for x=100 with N=15. A plot of
Tr(p*—p) in Figure 27 also shows that the exact state in this case is approaching

an independent particle state with Tr=0.

For an unstable example at y=100, we test the path from Figure 16. In Fig-
ures 28-30, plots of both ¥, and ¥, vs. time and a trajectory plot of ¥, vs. ¥; show
that TDHF is a poor approximation to the exact solution. Figure 31 also shows
that the Tr{p?—p) climbs quickly to a relatively large value, .6, and then levels off
- a state far removed from a TDHF state. We also notice that all these results in
Figures 28-31 don't vary much from N=10 to N=15 so that these calculations
probably are in the "“large N regime" where the exact solutions have reached

their limiting behavior.



- 188~
Section 9: Summary
This TDRPA frequency can be used in a qualitative way to get fairly accurate
ideas of the shape of the energy surface, and might, therefore, prove useful in
more complex models. It also works well for predicting the reliability of TDHF

calculations in extreme cases, with x=100. However, because of the scaling of

the frequency with x, this means the frequency has only proven reliable for
| %—I*ﬂlOO. The motion of the exact solutions as N increases shows that o? seems

to be a good indicator of the reliability of TDHF calculations in general. How-
ever, even this relatively simple model can't be solved exactly for a large enough
number of particles to permit quantitative testing of this criterion or the
development of quantitative ideas about its meaning. The results also suggest
another possible use for this frequency. Its magnitude might give a qualitative
idea of the number of particles which can be considered large in a given situa-

tion.
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APPENDICES
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Appendix Al: Derivation of the TDHF Equations
L Variational Derivation (KE 76)

We begin with the definition of the action,

- o _
I-fdt<\l'|17zat HI|¥>, (A1.1)
and parametrize the many-body wavefunction, ¥, as a Slater determinant of

single-particle wavefunctions,y;,

1
¥ = —\/('jﬁ-detwl(m) SRR 71V (A1.R)
where the a; refer to spatial, spin, and isospin nucleon coordinates and A is the
total number of nucleons. These single-particle wavefunctions will be orthonor-
mal,

<Y |9;> =16y . (A1.3)
The calculation of <¥|¥> checks that the many-body wavefunction is normal-

ized.

1
<¥|¥> = Fdetwj'jdeth(/j{ (A1.4)
Each determinant has A! terms so the product has A! terms where the coordi-
nates pair identical single-particle wavefunctions,
YY1 ><YPe|¥e> - - - <Pul¥a>=1 . (A1.5)
The other terms include at least two mismatched wavefunctions, with

<¥;|¥iw;j> = 0 ; and thus, do not contribute. Therefore,
<¥|¥>=1 . (A1.8)
In a similar way, we can rewrite <‘I/l'a7:.-a-ot—l\lf>. As above, this product has

(A1) terms. Of these, A! properly match the single-particle wavefunctions and
the rest mismatch at least two of them. The derivative of each of the product
terms can be expressed as a sum involving derivatives of single-particle

wavefunctions,
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m”—tr’_w, }:(m v Il (AL7)

inj
Thus, any of the mismatched terms still have at least one mismatch, with

<Y; W,-.q>=0. and do not contribute. Each of the A! matched terms gives

. 0 )
<y LAY > T <9 |%:> = 1<y lih—9;> . (A1.8)
3 ot inj 3 ot
Thus, our net result is
<\P|1.h [¥>= 2<1p, "hat ;> (A1.9)
and the variation with respect to '¢1j will give maT%-. We then arrive at the TDHF

equations in the form

_ O0<H>
Mat Y = 63(/;

(A1.10)

To see that Eq. (A1.10) results in a mean-field formulation, ﬁng'¢j =hvy;,

6<H>
J'

with h a one-body operator, we calculate —=—=—for a two-body Hamiltonian. The

generalization for higher-body potentials is straightforward. A two-body Hamil-

tonian can be written in second-quantized notation as,

H= ztaﬁ-a; ﬂ.p+}é2 Vup-’g ng u.; asa, . (Al.ll)

ag apfys
The greek labels refer to the spatial, spin, and isospin nucleon coordinates; and
the annihilation and creation operators satisfy the usual fermion anti-

commutation rules:

fag.afi=1a,as =0 and {ag.agl =8,5 . (A1.12)
Since H is hermitian,

t.p = tﬁa and Vam = Vﬂa&y = y6a8 - (A1.13)
Yith ¥ a Slater determinant as in Eq. (A1.2),

<H>= §'t ap ¥5(0) ¥; (B)
i
+ %.pz’;ﬁ"am (@) %5 (B) [¥: (D ¥ () () ¥ (N] (A1.14)
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The variation of <H> with respect to ¥ gives

ML= Ztapfsjk Sac¥i(B) + % b Vagys {0k 6as‘¥’j‘(ﬂ) + Oz 55:’%‘(0‘” X
Ye(e)  aj afrbij

W (Y5 ()= (6)¥; (M)
= gtcm(ﬁ) +ﬁ27:6%m [958 ¥ (8)1% ()
j
= Ep:,h:p%(ﬁ) . (A1.15)
where V are the antisymmetrized elements of V, vaﬁ‘yﬁ = Vagys— Vagsy + R=L+W

and the mean-field potential, #, a one-body operator, is given by

Wap = ;VW (Y v;(0] . (A1.16)
j
For ¥ a Slater determinant, we can write the one-body density matrix,
Pap = <Ylagag|¥> = Zj)%’(ﬁ)a//j(a) . (A1.17)
and rewrite Eq. (A1.18) as
Wopg = Z;Vayﬁds Psy - (A1.18)
7

We can also rewrite Eq. (Al.14) for <H> in terms of the mean field and density

as

CH> = Ztﬂﬁ Pga % 2 Vaﬁ‘ﬁ Pya Peg
ap apyé

= Ep[tap + %Wagloga - (A1.19)

Similarly, for a general n-body potential, Vo, .. .48, -8,

n

e AV ;
<H> - ;;l—azpvaianﬂlpn pﬂl"‘l e i pﬂ“a"' (A120>
where Val. .-o,By---p, IS completely antisymmetrized with respect to inter-

changes of the a's and interchanges of the #'s. The variation gives

0<H> _ n vy o
8¥;5(7) T Uy anBy - B Phse " Phnan ¥i(0) (A1.21)

apb
= ; W’rG"I’j (5) .
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Thus the mean field,
SR %
W76— ng; VWZ’ “ranbfp By pﬁzaa T ppnaﬂ. Y (A122)

and

<H>=1W 04 . (A1.23)
oy
II. Derivation by Truncation (KO 79a)

This derivation begins with the definitions of the density matrices.

Pog = <Vlaga,|¥> (A1.24)
p,&%l,a = <¥layafaag|¥> (A1.25)
etc.

We once again use a two-body Hamiltonian, as in Eq. (A1.11),s0
<H>=YtoagPpa+ Y Vagrs P (A1.26)
af agyt
The exact equation for the evolution of the one-body density is
'ih%-pqg = <V |-Haga,+aga,H|¥>
= §t75<\lf H{egaq, ayas]|¥>

+ %Y Voee<¥llaga,, ajatam,]|¥> . (A1.27)
réet

Using the anti-commutation rules from Eq. {A1.12), we get

[afaq, ayas] = 6yafas—0bgay o, and (A1.28)

[agaq,ayafan,] = 6na8afna,~baia) 0,

+6ppayagia,a,~0pa,050,a, . (A1.29)
Therefore,
0
thePag = ;(tnd Peg—Pas teg) + %;{(Vabst p§hs—p8es Vesse) . (AL.30)
&

This equation gives the exact evolution of pge for a two-body potential in
terms of a two-body dynamical quantity pﬁﬁl,g. Of course, higher-body potentials
would involve higher-body dynamical quantities. The evolution of p® can be

described by a similar equation involving p® (or higher for higher-body poten-
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tials). The hierarchy terminates at p(") and is equivalent to the exact Schroed-
inger equation.
We make the independent-particle approximation by saying that the only

two-body correlation is the necessary antisymmetry,

P83 = Pasbpy—PpsPay (A1.31)
and we ignore all the higher-body equations. Eq. {A1.31) is true for ¥ a Slater

determinant since a comparison of Egs. (A1.26) and (Al1.14) shows that

Pap = Z‘/’f(ﬁ)"/’j (o) and pfZls = %:%.(a)%’(ﬁ)[’% (M¥;(6)—:(6)¥;(7)]. However, it
3

can also be shown that the assumption of Eq. (A1.31) leads to a Slater deter-

minant wavefunction. Setting § = a and summing over « in Eq. (A1.31) gives

zpt(ézya = (Epaa)pﬁ?—zpﬁﬂpﬂ? o <\Il| a"; (zuzaa)“ﬁi‘b ' (Al.32)

Since the number operator is N = Za; ) g zpaa = <N> = A the total number of
a a

particles and <a;Nag> = (A-1)<ajag>. Therefore, p® = p and p is a projector.
This means it has A eigenvalues of 1, the rest zero. Therefore, we can write a

spectral expansion for pag ,
Pap = jgl’/’j.(ﬂ)% ()

where the functions ¥; span the space of unit eigenvalues ?paﬁ'cp,-(ﬁ) = ¢;(a) and
are orthonormal %:'gl/,-'(ﬂ) ¥:i(B) = 6. The above expression for p is then con-
sistent with a Slater determinant many;body wavefunction as in Eq. (A1.2).

Substituting this approximation, Eq. (A1.31), into our exact expression gives

'ihaa—tpap = ;(t a8Psp—Past 5p) +62“(va6a( Pe6Pep—PasPes Vetgr)

= ;[(t at+ Was)pog—pas(tegt Weg)]

=[h,ples : (A1.33)

where h and W are the same as the previous definitions in Eqs. (A1.15) through
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(A1.18B).

Similarly for an n-body potential

1
V(n)=F§V“1"'%51”'Faa;1 ‘cc@g @g t Qg (A1.34)
we get
g
<[!l7+t15. V(n)]>= n—,[ V6a2- coapBy 5np§:)' - Byag- - ag (A1.35)

-

—Pg:)"'ﬁe's"‘t"'%V“x"'“n"ﬁz'"ﬁn]

where ¥ is antisymmetric under permutations of § through the a's or
equivalently ¥ through the #8's while keeping the a's or 8's in order. For Slater
determinant wavefunctions p™) is written as an antisymmetric combination of
one-body p's, with n! terms. Thus there are n terms where 7 is permuted
through the a's and the a's remain in the same order. Because of the symmetry
of V these all give the same result. The (n —1)! permutations of the a's for each
position of ¥ form the completely antisymmetric matrix elements V. Therefore,
<[ajas V™)]>= (an),;p (Ving: - oy, 8.PE P " * * Phos, (A1.36)
"Pbalvai'-'a,“rﬁa- - BaPBoag " 'Pﬁ“aﬂ) '

=§:( Wegppv—Peg, Waw)
1

with ¥ in agreement with Eq. (A1.22). Therefore,
.. 8 -
m_‘gpaﬁ-{ W-p]aﬁ . (A1 37)

IIl. Hartree Potential and Fock Potential

The traditional Hartree and Fock terms can be calculated by evaluating this
mean field, ¥, for a local, Gaililean-invariant two-body potential, V, dependent

only on the relative position of the particles.
#1477, Tg+7,

2 2
Ignoring the spins of the particles, Eq. (A1.18) gives a mean field

) 8(F1—T2—[Fs—74]) v (F1—72)  (A1.38)

Vapﬁ"V(Fl"i'.an‘i'.s-ﬁs) = 6(
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W(#,.7s) = fd"_'.z df'y p(Fu.T2) [V(71, 7275 7a)— V(71,72 70Ts)] . (A1.39)
In this first term, the two 6 functions require #,=73 and #;=7#, Thus, the
first term, the direct term, gives
Un(#17s) = 6(F1—Ts) [ iz p(Faffe) v (F1—72)

= 8(#,—#s) [dity p(To)v (F)—72) (A1.40)
the local Hartree term.

In the second term, the exchange term, the two 6 functions require #,=7,
and 7#,=7g. This gives
Up(71.7s) = —p(T1.7g) v (F1—73) . (A1.41)
the nonlocal Fock term.
IV. Conservation Laws

We want to show that for a one-body operator the TDHF equations conserve
any expectation values conserved by the exact A, but that this is not true for

many-body operators. The time evolution of <O> for the TDHF state is given by

5<0> O6<H>  6<0> 6<H>)

0
th—<0>= 5 e Al.42
T 2 O R T M T P T ) -
Using the results from Part ], for a general n-body operator we get
o) YT T ; “NT B ¢
ﬁa‘<0>=j72w("/’j(5)067f176'% (645 (8) HayOpe¥5(6")
=2[0.Heepes
68
=<[0,H]> (A1.43)

where O and H are one-body operators defined by Eq. (A1.22). Of course, the

exact evolution would be

fhaat—<0>=<{0,H]> (A1.44)

Therefore, we must compare these two commutators from Eqs. (A1.43-44).

For a one-body operator O and an n-body H, the expectation value of the

commutator is
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<[0,H]>=§075<[a;a6,H]> . (A1.45)

Using Eq. (A1.36) from Part 1I this gives

([0.H]>=§076[ﬁ.p]67 (A1.48)

which can be rewritten

=2[00ﬁ]7ppp7 (A1.47)

B
Since 0=0 for a one-body operator, the TDHF evolution with the one-body h=H
conserves all expectations of one-body operators which are conserved by the

exact n-body Hamiltonian, in addition to the energy and normalization.

However, it will not conserve expectations of many-body operators. For
instance, with both 0 and H two-body operators and H the antisymmetrized ele-

ments of H the commutator is

_1 o
[0,H]= 4—2 Oa,8,7,8,(Hoy,prp8,00,25,05,04,06,0, (A1.48B)
-H“zszal"ea;aa;aadaa‘faaﬁa‘h
+H, 1527252‘1:1"';1“;2“620'72“71

- atodatasa )
agheB 6T ag28p0a, 28,06, 0,)

where the sum is over all repeated indices. Collecting all a*'s to the left yields
two-body and three-body pieces. The three-body pieces can be paired by
defining an antisymmetrized D. The expectation values for a Slater determinant
many-body wavefunction are antisymmetric combinations of one-body density
matrices. For the tivo-body pieces, the two pairs of terms can be combined by
changing O to 0. For each three-body piece, the terms form two groups: 4 terms
have only one p with one index from each O and H, while 2 terms have all 3 P
with one index from each. Within each group the terms are equal because of the

symmetries of O and A. The four terms with only one mixed p give

2 0‘1517151p 71“1H61527252p 6opeP 728~ 5ﬁ161ﬁ 8,75P 728, (A1.49)
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Therefore, the difference in expectation values is

PR | ~
<[0.H1>=<[0.H1>= 13 (Oa,p0,8, 16 7085 H 181016, Oyt 17000 (A1.50)

+2 0“151715 £ ‘hﬂzﬁ 4 1327252—2H“1ﬂ 16 P82 Os 1ﬁ27252)p 628:1P 7201



- 143 -

Appendix AZ2: <H> for the Skyrme Potential

1. Totr >duction and Kinetic Energy Term

We want to evaluate the energy functional, Hg(7), defined by
<H> = f d7 Hs(#), for a Skyrme potential and a Slater determinant wavefunc-

tion. For a Slater determinant wavefunction
<H>=Y<i|T|i> + é—E(ile‘z)]ij—ﬁ> (A2.1)
i Y]
+ -é—Z(ijk | V® |igk +jki +kij —jik —kgi—ikj >
Uk
where T is the one-body, Kinetic energy operator, and ¥? (or V@) is the two-

(or three-) body potential. In coordinate space, T(¥) = — B%Vz or

T'r’vg

T(71.7g) = 6(7F, ~T)[ - 5 —=Vr, (A2.2)

Similarly in coordinate space, the Skyrme potentials are:

VE(#7#) = t, (14X, Po)8(7)6(7) - %—[Vrz 6(7) 8(#") + V£ 6(7) 6(7)] (A2.3)
+ to [V 6(R)] [V 6] + iW, (81 + 82) [V 6(7)] x [V 8(7)]

or

V(7 7ot y) = 6(R — B") VO@# 7
- T4T7 - TPa+7
1+72 ap 8+t7T4

where 7 =7~ , 7' =734, K= 5 an ==
and

14 (71.72.7) = ts 6(#, —7) 6(F'2—73) . (A2.4)
or

VN7 | 7o Fa.f o T5.i6) = tg 6(7)—T) 6(Fo—T5) 6(F1—F4) 6(Fp—7'5) 6(73—6)

In these expressions: P, = %(1+&,'3;), the spin-exchange operator, and &, @
are Pauli spin matrices. The rewriting of the expressions above is to make
Gaililean invariance ( conservation of total momentum ) manifest ; that is, the

potentials only depend on the relative coordinates and do not change the
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centers of mass.

A general state, |i>, is |g;(#)>, a four component spinor in spin, isospin
space,
lei(7)> = pu(F.06.0:) > |g:> (AR.5)
where ¢;(7,0;,9;) is a wavefunction characterized by position #, spin a;, and
isospin g¢;, and |a;>, |g;> are each two component spinors, in spin and isospin,
respectively. Since each single-particle state is either a proton or a neutron,
specifying |i1> also specifies its isospin g; {either p or n ) and the spinors |g;>
are eigenstates of the isospin operator, ;. ( The more traditional 7 is being
used for the kinetic energy density.) Therefore, the spinors are orthogonal,
<gilg;> = 8q0; - (A2.8)
We consider only spin-saturated systems, so that for each |i> as above there is
a corresponding state |i'> with opposite spin, but with the same isospin. We also
neglect the spin-orbit force, so the state |i'> has the same spatial orbital as the
state |i>,

ei(7) = e o' i) "> 9> = 0u{F =04 9:) | =2 > [ g> (AR.7)
where

<oy |8|oy> = —<—oy|8|—0y> and @(7,—0;.q:) = pi(F.25.9)) . (AR.B)
These two states, |a;> and |—a;>, form a complete set of spin states, so

}3! (e) = f o) + () . (AR.9)
Therefore,
Y<o; |d|a;> =0, (A2.10)
a
Ylog><a| =1,
R‘
and
Yi<ayloy>=2 .
ﬂ‘

Since ¢;(#.,a;.9;) is independent of the spin q;, it can be rewritten ¢;(#.9;) and
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the sum over i can be replaced by a sum over i and «;. The ability to sum over
the spinors, |@;>, without weighting factors from ¢;(#.;.q;) is a crucial

simplification in dealing with spin-saturated systems.

The one-body piece, 3,<i | T|i>,can be evaluated as follows.
1

E<7' [T]i> = Zfdrlfd"'th (F2.9:) <oy | <gy ‘6(711_'?2)(" Vrl)% (71.9:) o> i >
= Efdﬁ% (71, 91.)(_ Vr,)‘?t('rl gi)<o Ja ><g: |g:>
= z;fd”-'x’?-;‘(i’x-fh)(— Z?VEI)%(T-%)

= zfdr Zlvmf )2

=fdr§T?T(r) (AR.11)
where
@) =2 Y |Vpi(7.q)|? and T=Tp4T, . (A2.12)
i with
=9
1. Two-Body Terms

Since the two-body potential has been written in terms of the relative coor-
dinates, # and #', and the center of mass coordinates, # and 7'; the expectation
value is calculated by setting 7, = R+¥?, #,= R-%#, #5= F'+%", and
?4=ﬁ'—}€?'. Therefore, the integral f d7 ;dif;d73d?, becomes f ditd#'dRdR" .
The integral f dﬁ’d(ﬁ’-—ﬁ') can be done by replacing B by R in the rest of the
expression. Since none of the terms in ) involve any isospin operators, the
inner product of the isospin spinors can be done very easily for any term. The
direct terms give <gy|g;><g;|g;> =1, and the exchange terms give
<g:|9;><g;1g:> = d‘mj. The two-body contribution is evaluated term by term,

neglecting the spin-orbit term.

The tg term from Eq. (A2.3) gives
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Vo=%§ Jdid# dR o (R +Y".q.) 0 (R %" ;)6 (#)6(7") (A2.13)

Y tol<oy |ay><ay | oy >+x<ay| <oy ]Po|0‘i>|aj>)¢i(ﬁ+%f'-qz')¢j(ﬁ—%?-q3') =
oy ay

dq‘qjg to( <o | oy > <oy | o >+xo<a| <y | Po o> oy >)es (R =7 .9 05 (R +1.94)
7

The simplest way to evaluate the contribution from P, is simply to regard it as a

spin-exchange operator, so P,|a;>|a;> = |a; >|a;>. Therefore,

<a‘-|<ajiP,!ai>]aj> = <cxi|aj><aj|rxg> (A2.14)
and

<ey |<ay | Poloy>|oy> = <oy | oy ><ay |a;> .

Since Y <oy |oy><ajloy> =2x2=4 and ), <ay|a;><oy|og> = 3 <oy o> = 2,
agay agay o

the contribution from the £y term is
Vo=%2fdfdi‘"dﬁ¢¢'(ﬁ +3€'F"Q~;)¢j’(§—W'»Qj)[to(":*'zXo)%(ﬁ’ +7 90)0; (R -7 ;)
1)

—Gq‘qjt0(2+4X0)¢i(ﬁ_%F:Qj)Saj(ﬁ+%f.qi)]5(’?)6('i”) ,

= %%:fdé%;’(ﬁ 9:); (R :Qj)[to(4+2Xo)¢i (R.90)¢;(R.q;) (A2.15)

~Bqiq o2+ 4o (B.a,)05 (R 00)
With
pe(R)= ¥ ¢l(R.g)ei(R.9)=2 o(R.g)e:(R q:) (A2.16)
§ uith 1 with

%=q =g
and

p(R)=pp (R)+pn(R)
Eq. (A2.15) can be written
Vo=t [ dR]tof4+2x0) 0h0)?—to(2+4x0) oo 2+ Chon 1]
= ARt o[(143000) 0 +pn V-G x0) 05 +0D)]
=f dﬁ’}éto{}é(l—Xo)(p§+p£)+(2+Xo)pppn] . (A2.17)
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The ¢, term from Eq. (A2.3) gives

Vi= —1—‘%] ardi dR (R4 9000 (R -1 95) [VE6(7)16(7 ) +[VE6(7)16(7) x

[4¢i (ﬁ‘*%?.‘h)?j (é—yﬂ".q")—‘sq‘q,z% (ﬁ%.qj)w(ﬁ’ +%’F-¢Ii)] . (A2.18)
Since # and #' are independent variables, integrating by parts twice for each V?

and V2 gives
VF"Z—‘%;fﬁd‘?'dﬁd(?)"(?') o (R+47.9:) 0] (R "W'-qi)["rvf[fﬁi(ﬁ +57 .90)e; (R 47 .9;)]

—R0g,q, Vel ¥ (R 9;)p;(R +%?vq{)]]+vf'[¢i.(ﬁ +47.9: )0 (R —¥%".q;) I
e R 417,900, (R 7 9) R0y g0 (B4 2 ))0; (B +.00))| © (a2.19)

where V2[p;¢;] is shorthand for v2[¢i¢,]=(v2¢¢)¢,-+2(\7¢‘.)-(%,)W,.(vzgo,-), and
Vegpi (Rl .q)=£WV0: (R4 .q).

Therefore the contribution from £, is
t - 1 - - - - - - - -
V1=—4—‘§f dRi4( D[V (R.g:)9; (£.95)—2(Ve: (R.90)) (Vo5 (R.q;))+ i (R.9:) V%5 (R .g5)]

'25q‘q,( %ﬁ[vz%; (f?'%')?j (R»Qi)'z(i;%' (ﬁ-%))' (ew(ﬁuq"))"'w (E-Qj)vzﬁﬂj(ﬁ-‘h)]]

+(PRl(R.9))es (B a5)-2(Tpi(B.00)) (T (R g, + 0B .00) VP05 (R g5) I
[49:(R 9:)05(R 97) 2000, 0 (R.2))pi (R2)]] . (42.20)

The sums over i and j can be done, to express this result in terms of densities,

by defining a current density

b d . = 23 1 - -
Je=Im Y o/F.q:)Vpi(#.q:) = . Y (@iVpi—9: Vo)) (A2.21)
tag with € with
% =g =9
and rearranging the terms in Eq. (A2.20) as follows:
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(A2.22)
V1=—t4c—lf dR*%: H[%’(ﬁ )V (R .q:)+VRp (R .. )i (R -Qi)]¢j.(ﬁ 95 )95 (B g5 )%2
2[R .q:)WVoi (R.q:) ¢ (R.a5)Vp; (R.q:)+Vp (R 9.0 (R .qt)-%’(l?.q;)w(ﬁ.qj)]]

Wby, [[w’(!?.q¢)V2¢i(IT’.qj)+V2¢¢’(ﬁ.qc)¢i (R.95)]es(R ;)¢5 (R qi)x2
~2lpd(R 90V (R.2,) 0(R.95 5B .90 +ou( R.0;)000( R 00) 95 (B2 V(R .97)]]) .

where the extra factors of two come from terms with i and j switched. With

p=22‘:¢¢'(71.¢h)¢i (7.9:),

VP=ZZ‘:(V¢:’(‘?-?¢)¢¢ (7.9:)+9:(7 .9 )Vpi(7.q:)) . and (A2.23)
Vep=22‘3 (Vo7 gu)e: (7,00 ) +RVp 7 g3 04 (7 .0a) + 9700 ) VR0 (7. 00)]

Therefore,
EPF a)pF a4 ol Q0P F Q01T and  (2:29)

Soi7.a)¥0 (7 ) = £ Tp+2if)

The contribution from the {; term becomes
t [ 2
e dﬁl[(%vzp—v)p—Z[ T To+2if)P+ J(Fo—2 )2]]

‘@ [qu —Tq )Pq "2[ 'f?(qu +2':; g )2‘*' %(qu “z'i;q )2]]1 )

t - ”
==  dR (Vo -p— 170 |%+5) (42.25)
‘%?(%oqupq "'Pq'rq'_i—' vpq Ig"'jqz)] .
Doing an integration by parts on |Vp|?, and combining terms gives,
sty 3 4
Vi= f dﬁ’[r{— z(p,,vep,. +pn V205 )+ Pp Tn +Pn Tp=2Jp In ] (A2.26)

£ .
+ "Bl_{ = %(pp Vzpp +Pn vzpn)"'Pp Tp+PnTn _jpg —in)

The contribution from the £, term is
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V,,_:%%; Jard? dR o (R +%#" g, )tV 6(7)- V6 (7")x

[Y <o loy><ay |ij>¢i(ﬁ+%'?»9~;)¢j(ﬁ-%?-%)
oy

—bg,q, 2 <oy oy ><oy lai>¢i(ﬁ%'qj)¢i(é+%?nqi)] :
oy
=%§f did7 ' dRto6(7)6 (7 )WV [0 (B +%7 .. )0 (B =Y 9;)]

[‘Nr(%’(ﬁ +7 .:)e; (ﬁ ‘W.Qj))—zfsq,qﬁr(‘h (-’-é ¥ .q;)0; (ﬁ"’yf«%))]

= tzifdﬁ§%[§¢:(ﬁv%)¢f(ﬁ .q,-)—;a.;’(ﬁ.qi)egof(ﬁ’,qj)]‘
WAV (B.q.)0; (R .q;)—pi(R.0:)Vp; (R .g;)

_qu,q,(_%’i (ﬁ 9595 (ﬁ i) +o; (é-%)sﬂj(ﬁ:%))] '

ol-= 1 dé[Zpr-%(f’pwv:f ) (Vo= )+ BT [Rpg T —¥Voq +2idg) (Vog —2i,)]
9
NE &
=de[F2{%(Pn Vzpp +Pp VEpyr ) +2(pn Tp +Pp Tn—RJp Jn)] (AR.R7)
+ ’Ie—{%(Pp Vepp +Pn vepn )+ 2(Pp Tp+PnTn "j;? 5’"2)]

IIL Three-Body Term and Density-Dependent Two-Body Term

The three-body contribution can be written quite easily since
tg6(#,—72)8(F2—T3) requires all three particles in the same place. This means
that three nucleons must be two like nucleons, one spin up and one spin down,
and an unlike nucleon in either spin state. The density in a particular spin state

is ¥p. Therefore, the total three-body contribution is

t
ta[(pzn zpp +( 82&‘)2 n]=Ts(Pp+Pn)Pan . (A2.28)
The full calculation verifies this result.
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Adding all these contributions gives

Hs (%)= Tr ot oW1 -x0) (340 R)+ (24X00PpPn 1+ 20 (42.29)
+ 2e(t2=01)(0n V20p +25 VP )+ o{t2—1)(0p V2Pn 00 Vo05)
+ {1+ ) (o Ty +0p Tn =2 Jn )+ £t 1+882)(Pp Ty +Pn Tn T —7)
The density-dependent two-body potential

vi= %(Hp,)a(?—a')a(f)p(ﬁ)a(ﬁ—ﬁ') (A2.30)

is Gaililean-invariant and local with zero range. Its expectation value <v?> is

(A2.31)

%Zf *ts T P(R)P{(R.9)9(R 9;)(60:(R.9:)9;(R.95)~80g,q,0: (R .95)¢;(R.3)

since
6=<q; | <oy l (1+Pg) I 0> l o >=<04 ! <aj I (1+Po) |aj> ] o> (A232)
Therefore,
4 & - p (ié
cwts= 2 aip(R(EPe-5 Py (12.59)
g
ts - o
=~ dRppupy

It is therefore equivalent to the three-body potential above,
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Appendix A3: Spatial Discretization of the Energy Functional

1. Introduction and Zero-Range Terms

We solve the TDHF equations by finite difference methods in coordinate
space. We obtain the discrete representation of the TDHF Hamiltonian by the
variation of a discrete approximation to the energy functional with respect to
the values of the single-particle wavefunctions at the mesh points. This pro-
cedure guarantees a hermitian approximation to the single-particle Hamiltonian
and would yield exact conservation of the discrete approximation to the energy
if we could use an evolution operator which is exact in time. We split the energy
functional, H, into zero-range, Hz; kinetic, Hg; nonlocal, Hy;; Yukawa, Hy; and
Coulomb, Hg, energies.

H=Hz+Hg+Hy;+Hy+Hp (AS. 1)
Our TDHF equations are

O L (6.5 V=R 61 ) where hy(i k)= gosts

We use a uniformly-spaced cartesian mesh within a rectangular box. Vanishing

(A3.2)

boundary conditions are imposed outside of this box and the separable approxi-
mation allows some simplification. We use a relatively large mesh spacing (typi-
cally 1 fm in all directions) because of computing time and storage considera-
tions; so we need care to obtain an accurate representation of the energy func-

tional.

We begin with the wavefunctions at each mesh point ¥, (1,7 k). Since ¥,,=0
outside the box, we must be sure nothing gets too close to the edges. From
these wavefunctions we calculate the proton and neutron densities at each mesh
point

Pq(i.d -k)=§] [¥ag (2.5 k)| (A3.3)
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Previous work has shown that the zero-range terms, Hz, involving ?0 and fg

are accurately discretized by a simple trapezoidal approximation to the

integrals.
J d?ps(?)=§p3(i.j k)(az)° (A3.4)
and
S d?pé(*)p,'(mgp;(i J K )pg (i gk )(Az)? (43.5)

Therefore, the discretized expression for Hz is
Hr=Y, B4 ~Ro) (025 ) +pE (5.3 ) +(R+R0p(i. K Yo (3.5 )]
+ 3{ppli.5 k) +pn (1., K ))pg(i 1 K Jpm (3. ) (43.6)

1. Kinetic Energy Term

The kinetic energy term, Hg, is more difficult because of the gradient
operator. The treatment here is described in (FL 78). Instead of first approxi-
mating 7=|Vy|® at each mesh point and then summing the contributions, it is
more accurate to directly approximate the integral of T over each interval and
sum these contributions. The difference in accuracy is shown by Taylor's expan-

sions in the above reference. This method consists of approximating the

integral
w+(82)
1 f dz{z)=%(r*+77)(Az) (43.7)
= (b2)
where
7= | bap(i—1)+b (i) +b Y(i +1) | (A3.8)
with
bo= -\—/_23— ﬁ- (A3.9)

and bt=(—\/§ﬂ:-é-)mz—)

This approximation is the simplest of the most accurate group of formulas
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involving only the points at i,i+1. We can see that this is an application of
Gauss' method, using the two points at ii%—with equal weightings = %, from

the Taylor expansion for 7.

br¢(i—1)+bu¢(i)+bt¢(i+1)=t¢'(i)—g$z§——l¢z(i)t 5%)3«;% . (A3.10)
=:l:‘¢l'(‘i—-\}? with error=order ((Az)3)
Thus in 3D,
(A3.11)

Hic= g DA (L )+ 750 KT k)47 (0.3 764 )4 75(0. )]
W

where

gz (1.J ,k)=¥ [BYng (=15 k) +bo¥ag (1.5 k) +b g (i+1,5.k) 1% (A3.12)

and T=T,+7p.

IIl. Nonlocal Terms

The nonlocal term H)y; is the new feature, so its discretization is described
in more detail. The fundamental quantity of interest is again the one-
dimensional integral over an interval of £(Az). Just as for the kinetic energy, we
first discretize the integral for each component of 7 and j in that direction and
then perform a simple sum, like for the zero-range terms, in the directions not

involving the differential operator.
We look at the general case f dzfg. The Taylor expansion for the integral is
then

5g+(42) .
%q _j('mdzfy =(az)[rg + ié;—,’—u Pg+2f'g'+fg%)+ - - llz=s,  (A3.13)

Once again we want to use a formula involving only the 3 points 7,i+1. The

values of f and g at these points can also be expanded. We will find that the best

formula is similar to that for 7. We define f = f (z; tﬁ% and ging (z.;i%L)
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and approximate the integral
= +(Az) Az
k [ ds19 =510 @0 6170960 (43.14)
If we try a simpler formula involving only one combination of f's and g's, our
error will be order ((Az)?).
(0_f (i—=1)+bof (i)+b.f (i+1)){a_g(i—1)+agg(i)+a,g(i+1)) (A3.15)
=(b_+botb,)(a_+aota.)f (i)g (i)
+(Az)[(b,-b Ya_+agta,)f (i)g (i)+(a,—a_)(b_+bo+b . )f (i)g'(i)]

+L—2—[A; Z{(batb )a_+aota,)f X(i)g () +2(b+~b )as~a_)f (i)g"()
+Ha,+a ) (b_+bo+b,)f (i)g¥i)+ - - -

Thus, setting the first coefficient to 1 and the next two coefficients to 0 requires
b,~b_=0=a,—a_ and we can't match the middle term of order (Az)?. If we use
two combinations, we can use symmetry to remove all odd powers of (Az) just as
in the expansion of the integral. We can then match all the terms of order (Az)?
and be left with an error of order (Az)*. Because the odd powers have a factor
(a,—~a_) we simply add two terms with a, and a_ switched. {Each with weighting
¥ and b from the previous formula replaced by a.) Thus, we eliminate all odd
powers of (Az) and are left with simple equations for the coeflicients a.

(a_+ag+a,)?=1 (A3.18)
Choosing {a_+ag+a,)=1 simplifies the other equations to become

(u.++a_)=%— (A3.17)
(a+—u -)= t Vis_
Choosing the minus sign above gives
ap= g— a=% %—.}: \}5% ; (A3.18B)
Now if we substitute these coefficients into
*=asf (i—1)+aof (i)+a.f (i+1) (A3.19)

and do a Taylor's expansion, we see that we have derived an approximation for
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b (ﬁ»\lﬁ with error of order (Az)3.

T . (. ) gy € ois
7= @RBE)p y (B2 p2y, (A3.20)
V3 2x3
—
~f ()
There is some ambiguity, however, to applying this rule to integrating func-

tions of ¥ from the values of ¥ at the mesh points. For instance, in calculating

the kinetic energy, we calculated V¢ at the points t%md then squared. We

could also imagine using V¢ at the mesh points, squaring and then interpolating

to the points :h-(%)—, Of course, this would be foolish in this case since V¢ isn't

known at the mesh points. Calculating it at the points +(Az) from the three

allowed points, z;,z; +(Az) would be less accurate than calculating it inside the

interval, for instance at z,-t%%)-. This method would also require two succes-

sive numerical approximations and would be more complex. Thus, for both 7

and j we want to approximate the gradients directly at the relevant points

L{oz)
=g

o= | bp(i-1)+boy(i) +b Y(i +1) |? (A3.21)
and

F*=Am[(azp(i-1)+ag(i)+a,¥(i+1)) (bsy(i —1)+bey(i)+b ,Y(i +1))](A3.22)

For calculating p* there is no clear difference between the accuracy of the
methods
p*i)=asp(i—1)+ago(i)+a p(i+1) (A3.23)

p(i)=|amy(i—1)+agy(i)+a,9(i+1)[? (A3.24)
However, since we are already calculating the densities at the mesh points (it is

our primary result, in fact), and the resulting formulas for both the energy func-

tional and the TDHF Hamiltonian will be much simpler (involving no cross terms
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like ¥°(i—1)¥(i)), we interpolate the densities at the mesh points.

pH(i)=az|Y(i—1) [P+ae|Y(i) [*+a, [y(i+1)|? (A3.25)
Our 1-D approximation

+(Az
}é: L:"" (p7s ~F2) =Wz ) (p* 73 ~3 " +p 7T ~75) (A3.26)
becomes in 3-D
Jdedydz(pr,~j2)=(82)°R; (A3.27)
where
Rz =%§(sz (1.5 .k)7gz(1.5 k) +pgz (1. Kk )Tg5(1.5 k) (A3.28)

~Fae (5.3 k)70 (1.5 k) =Fgz (3.5 K )70 (3.5 &)
(We have included the z in p, also since this determines the direction of the

points +(Az).) We must also discretize the y and z components to form R, and

R,. Then with
R=R;+Ry+R, {(A3.29)
The net result is
£+t t,+3t
HNL=(14_—2)(RW+R1Q)+(%(RQJ+RM) (A3.30)

We can simplify the expression for K considerably, since we used a linear
combination of p(i,7.k) to make our p*(i,j.k), by rearranging the terms in the

sum. In 1-D

E‘:[P*('i)‘r‘”(‘i)w'(‘i)‘r”('i)]=;({a+.0(i'-1)+%0(i)+a—l>(i+1)]‘r"(i) (A3.31)

+[a_p(i—1)+ago(i)+a,p(i+1)]7 (i)
=Y p(iNaTHi+1)+agrt (i) +a_TH(i—1)+a_T (i +1)+aer (i) +a. 7 (i-1))
1

In 3-D we rearrange the entire sum of p7 terms

}%[p;' To+PsTs +Py Ty +Py Ty +P3 T8 +Ps Ta ]=§p(i Jk)T(.5.k) (A3.32)

where
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T(i.J .k )=T- (1.7 k) +1 (1.5 k) +7. (1,5 k) (A3.33)
and

Te(i.5.6)=¥a_[7-(i+1,7.k)+73(i-1.7 k)] (A3.34)
+ao[ 75 (1.5 k)+75 (1.7 k)] ta 7 (i +1.5.k)+7z(i—1.7.k)])
and 7, and 7, are similarly defined with the index j or k, respectively, varying

+1.

This means we only need two extra arrays 7, rather than p; and 77 in all

three directions. As we shall see later, this 7, is precisely what we need for the

’ : '] . o
TDHF Hamiltonian. (Because — i,9.k)= i.9.k).
( STy ) e 6 )

IV. Coulomb and Yukawa Terms

The Coulomb and Yukawa energies are simply summed using the densities

and the Coulomb and Yukawa potentials.
E‘yqq;épq (1.5 ) Uy (i.g ke )(Az )S (A3.35)

Hy= %(Eﬁ,, + E¥n )+ Vy Esom
Hc=%§pp(id k) Ugp(i.j ke )(Az)®
These potentials, U, are calculated by the solution of discrete Poisson or
Helmholtz problems with the conjugate gradient method as described in (FL 78).
We also choose the boundary conditions zero for the short range Yukawa force
resulting in a repulsion from the edges of the box which destroys energy conser-
vation when the density approaches too near the edge. For the Coulomb boun-
dary conditions, we use a multipole expansion including multipole moments of
the mass and charge density through order 3. These are important to calculate
anyway since they will be used to divide the density into two spherical fragments

and calculate their mass and position at each time step. (See Appendix A7)
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Appendix A4: Finite Difference Form for the TDHF Equations in Space

1. Introduction and Zero-Range Terms

The TDHF equations are partial differential equations in time and space.
Since we need ordinary differential equations for numerical computations, we

first need a spatial discretization of the equations, specifically for

o 5 N ) -
hq(‘l J ,k)—W—llqz+th+thL +th+h'qC . (A4.l)

Then we need to specify the time evolution algorithm.

We obtain our discretization by the variation of the discretized form of the
energy functional with respect to the single-particle wavefunctions at the mesh
points. Thus, our discretized equations will properly embody the conservation
laws satisfied by the continuous equations, particularly energy conservation and
the orthogonality of the single-particle wavefunctions. We first do the variations

in 1-D and generalize to 3-D for which all directions are equivalent.

First, we calculate the zero-range piece of the TDHF Hamiltonian

— é
hyz= Wz (A4.2)
by varying the densities in Eg. (3.6)
e f (3 PE("5"k"))=Rpq (4.5 K )¥ng (1.5 K )bgq: (A4.3)

SYng(i.d k) W5k

é o d) A o s o o _—
W{%PP(@ J )P (1,5 k")) =g mg (1.5 K Wng (4.7 .K)

P N N T TTOI .
m}; P 5" Vpp(i' g e Ypon (3,5 "k ) =(0%(1.5 K )—pg (.5 K )¥ng (.5 k)
Therefore,

(A4.4)

hez(i.5.k)= [ﬁo[(l—%)f’q (i.7.k)+(2+Xo)pgmg (1.7 K )]+ %[Pz(i..’i Kk)=pg(i g k)] (1.7 k)
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1. Kinetic Energy Terms

Varying our expression for the kinetic energy (A3.7-9) gives a 5 point for-
mula for the operator V? as in (FL 78).

“'s'vfg(_i')—;%[‘r_(i')*‘ﬁ(i')]:%;{(b b1 +b o0 b 4 8gra ) (b Y (1'—1) +b o (1) +b 1Yy (1'+1)

+(b4 0y +boBar+b Ouri1) (b Y (P'—1) +boYe (1) +b Y (1'+1))]

= e iEH (-2 YD S O 5 (i D+ 9 (142)) (445)
Thus, in 3-D

n,x(ij,h)=2—fn-(7‘;—)§<x,,(i,j,k)+x,,(i,j E)+Ka(ig k)  (A4.6)
where
K (ig k)= %qp,\q(i—z.j ,k)-%%q (i-1. k) (A4.7)
+ 2Yag (1.7 )= g (141,5.)+ S5¥ag (42,1 )
and Kg, and K, are similarly defined with j or k, respectively, varying +1.
IIl. Nonlocal Terms

The nonlocal terms Hy;, Eq. (A3.27-34), are the new contribution. Since
this discretization also involved only the points i,i+1 ( like the kinetic energy),

it also gives a 5 point formula in each direction. We begin with

é I . B b
W;(i) ;p("' )T('L )"7(7')'4'& (z)+¥p(1’ ) Wk‘("') T (1' ) (A4 8)
From Eq. (A3.21), we get

6 _pono_1 L s
Wt )= 2(T)2-['¢'k (‘L 2)( g)(ﬁﬁ-,,g'i-ﬁ“ atdy) (A4~.9)
¥ (1 —1)( %9(%42-135u'+1"135ﬁ'+5a'—1)
e (£)( '3%9(‘55ﬁ°+2+445ﬁ'+1+ 10265 +4464:-1—584 —2)

9 (14 (5 (G r— 188, — 138 +bug) + ¥ (1+2)( ) (Bur+ 461+ 65 )
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Therefore, the variation of the p7 term gives

—8 __Sv@r(i)=
6¢;(i)§:p( V(i) (A4.10)

Ve (i —2)AL 1)+ (i—1)BE) ¥, () CE)+p (1 + 1) B +1)+9y, (1 +2)A(i +1)
where

A(i):W(i-1)+@(i)+p(e+1)) (A4.11)
B()= Tgraye(0(i-2)~130(4 ~1)~13p(5) +p(i +1)
C(i)=7(i)+ 7—2(—}52—(—5,;(«;—2)+44p(i—1)+ 102p(i)+44p(i+1)—5p(i +2))

Now we must do the j2 term. From Eq. (A3.22), with reasoning like above, we get

— 8 Y G )+ 1)) =Y (i-R) D —1) 44, (i—1)E()  (A4.12)

W) 5
A (1 +1)E(i+1) = (i +2)D(i+1)]
where
D)=~ Ty ld )+ )] (a4.13)
()=~ grazy 77 6+ 856 +85 (i=1)42j (-1)]
and
r=(-2+ 39 (A.14)
-

Thus, we see that the coeflicients for the § points are complex functions of the

densities and currents.

For the 3-D result, we need

6
——m(ﬁpp +Rm) (A4 15)
and
é

The first, Eq. (A4.15), is straightforward since one term contributes

e, (z.j.k) ,T,-f,’) as previously discussed, and the other term is zero. We
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can generalize the previous discussion to give

B ( WP
Yy (1.5.K) Rop+ R ) =794 (1.5 k) (A4.17)
=rq1= (i'j 'k)"'rqqy (i -jvk)"'TQQz (‘i.j,k)
where
gz (4.5 k)=[Agz (=15 k) +iDpe (i =15 k) g (i —2.5 k) (A4.18)

H Bz (1] k) +iEg (1.5 k) [Yng (i —1.5 K )+ Coz (1.5 K Mg (1.7 k)

+H[ By (i41,5.k)—Eg (i+1,5 k)W (i+1,7 k)

+[Agz (41,5 k) =iDp (i+1.5 k) g (i +2,5 k)
The subscripts (x,y,z) in the coeflicients give the index (i,j k) respectively to
vary and the component of T and j to use. For instance, using the definition of

D(i) and A(i) from Eq. (A4.13 and 10),

Dz (1.5 )= T 0.5 )+ 6. ) (A4.19)
Age (4.3 )= (g (113 K )40 (1.1 K ) g (1414 &)

For the second term, Eq. (A4.16), we adopt the convention g ‘'#g

) 6 + 2
Ry + Ry ) = ———— Tq+PaTq—2Jq ") (A4.20)
B¥rg(i. ) Fon+ Rng Vg (1.7 k) gTq'TPq'Tq—<Jqlq
We can see that by adding the terms Ry and Ky,, we have arrived at the same
formula as for R, with one exception. The wavefunctions involved are precisely

the same %,;, but the coefficients use q' rather than q. We call

é _ ;
WR’" +Rop)=rg'y (1.5 1) (A4.21)
=rg (1.5 k) +rg o (.5 k) +7q'es (1.5 k)
where
'q‘p =[Aq'= (i "Lj -k)‘H'Dq': (i =1 =j K )]#’Aq (i —z.j -k) (A4'22)

+[Bq'z (i -j nk)"'iEq‘z (i -j x )NM (i—l-j vk)""cq'z (1.' -j -k)'¢‘Aq (i :j :k)
+[Byg (i+1,5 k) —iEg o (i+1,5 k) g (i+1,7.k)
+[Agz (E+1,5 k) =iDg; (i 41,5 .k ) [¥ng (i +2, k)
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Thus, the final result is

. t,+t . Bk t,+3t. . ,
hans (6,34 )=( =g’ (1.5 k) +("5—Irgq(i.5 k) where g'#g (A4.23)
We can see that since rq and rq' are linear in p,7,j we can evaluate hgy;

more easily by combining densities:

+1

('1_)Pq (i.j k)"'(—)pq(‘ﬂ Kk)=Pg (1.5 k) (A4.24)
and likewise for 7 and each component of j. We can use these densities in the
formulas for the coefficients A, B, C, D, and F' in the three directions to form
AB, C, D, and E, respectively, in the three directions. Applying these new
coefficients to the formula for rq will give hgy; directly while cutting the

coeflicients evaluated in half.

IV. Coulomb and Yukawa Terms
The variation for Hy and Hg is straightforward as in previous work (FL 78).
The discretized form of the potentials U(i,j k) must be equivalent to a sum
Ui k)= 3, O 37 kk)p(E 5 &) (2.25)

exp(—|*—*|/a) e?
7]/ and O for PN

where Oy is a discrete representation for

Since the continuous functions O are symmetric in r and r’, the discrete
representation must be also symmetric if we switch primed and unprimed.

Thus, from Eq. (A3.35) we get

"——Eygq" [Uyr (‘L.] k)ﬁﬂl'l'Uy’ (1.,J k)d eq" NM(I,] k) (A4.26)
6Yxq (2.7 k)

We can see that these terms are also completely local. Therefore,

Ry (1.5.4)=[V, Uy (1. K )+ Vy Uygrug (1.5 k) Wng (.7 %) (A4.27)
Similarly,
hcp(i,j,k) W Uc',’(i,j,kqu(i,j.k )(5@ (A4.28)
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Appendix AS: Implementation of the Separable Approximation

1. General Features

The main saving from using this approximation is, of course, that the
wavefunctions which are evolved are only two dimensional. The discretized form

of the separable ansatz is

Vag (6.3 .k £)=0prg (3.5 .£) Balk) (45.1)
Evolving only the ¢,, saves an order of magnitude in both storage and comput-

ing time. However, the entire problem is not two dimensional, and we need to

keep many three dimensional quantities.

Using the separable ansatz, we can rewrite the particle, kinetic energy and

current densities:

pe(i.j .k)=§pqa(i J)BE (k) (A5.2)
Tae(t.5 k) =D 740z (4.9) BE (k)
Ty (i 5 k) =L Ty (6.9) B2 (k)
g (i .k)=§pqa(i.j)ﬂ,‘;“ (k)
dga 6. )= L5fes (i.5) BE (k)
Iy (g .k)=§1jqay33 (k)

and Joz(t.3 .k )=0
The z current is zero since the |g,,(i,7)|? factors out and B,(k) are real. The

new densities are:

an(":-j)= 2 I‘okq(i-j)lz (A5.3)
A with
a(A)=a
Tgaz(1.5)= 2 |030ag(i=1,)+bopag (1.5)+bapag (i+1,5) |2 (A5.4)
Ay oa
Haeli )= T 1mflasgag(i-1)+aopng () asmagi+ 1)) (45:9)

a(d)=a
[bitag (i =1,7)+boag (1.9)+b.ag (i+1.3)]

with 744, and jg,y the same except using j+1 instead of i+1 and
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DX (k)=[b3Ba(k —1)+boBa(k)+b,(k+1)]? (A5.8)

Some of the savings are very obvious. First, j; is eliminated and, second,

7s becomes trivial since pg,(i.j) is already calculated and the DJ (k) need be
calculated only one time along with the basis functions B,(k). The savings for
the other densities are not as substantial since we need to store them
separately for the different z quantum numbers, a. This saves some storage
since we use fewer numbers a than points k, and saves more computing time
since each density is summed only over wavefunctions with a particular z quan-
tum number rather than over all wavefunctions. This fact also indicates that the

most efficient grouping of wavefunctions is by the z quantum number.

The other quantities we need for the evaluation of the energy functional and
TDHF Hamiltonian are the Yukawa and Coulomb potentials. These are calculated
from the three-dimensional proton and neutron densities without any changes

due to the separable ansatz, so we must still calculate these densities p,(1.7.k).

1. Incorporation into the Energy Functional

Since we still calculate the proton and neutron densities, and the Coulomb
and Yukawa potentials in three dimensions, the evaluation of the zero-range
component, Hz, and the Coulomb and Yukawa components, Hy and Hy, is

unaffected by the separable approximation.

HﬁE[%‘U“Yo)[PE(iJ ) +pE (3.5 )+ Eo( 1+ HRo)Ppl(i 5 K Yo (3.5 k) (A5.7)

T
+ 2op(5.5 k) +on (4.9 E Dpglind Do 6. 1) | (B2)°

Hc=5ﬁ§l’p('i J k) Ugp (3.7 e )(Az)? (A5.8)
Hy= %‘(Em +E'}9m)+ VyE}jm (A5.9)

where

By '—'qu(id' K )+ Uyy (1,5 & )(Az)3 (45.10)
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The kinetic energy term, Hy, is simplified. In the x direction,
g P -
Yreig ,k)=22‘r:a(z,1)r (A5.11)
T ag (az)
since ),B2(k)(Az)=1, and similarly for y. There is a slight savings because
E

fewer orbitals a are used than points k. In the z direction:

§T§z (1.4 ., )=Ngo Tz () (A5.12)
where
To(e)=(82) SHD:’ (k) + D" ()] (45.13)
is the kinetic energy in the z direction for each basis state and
-Nqa:—:%;an(i J)(8z)? (A5.14)
is the number of particles with isospin q and z quantum number a. Now, the
result is
# - -
Hx= om ?; §[T!”+T;az +Tqay+Tqay (AT )2+ Ny Tz () (A5.15)

and the z component need be calculated only one time along with the basis func-
tions.*
The nonlocal terms, Hy;, were given by Eqs. (A3.28-34). We look first at the

pT terms and substitute the separable approximation. We can do the sums over

k to form
BH(a,e)=) BZ(k)BE (k)(Az) (A5.18)
and ’
DH (c,0)=Y) Dok ) BE (k )(Az) (A5.17)
where ;

* We don't actually calculate the total kinetic energy in this way, instead, we use the single
particle energies & =<y |h|¥r>. ESPT=),6, and ETOT=<¥|H|¥>. Then

A
ETOT=ESPT-EPOT-ET3 where EPOT is the potential energy and ETS3 is the three-body
term (triple counted in ESPT). Therefare EKIN=ETOT—-EPOT. The calculation of the e, is
straightforward following the calculation of hy as discussed later in Appendix AS.
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Dalk)=a_[D:% (k +1)+D2% (k —1)]+ao[ D3t (k)+ D3 (k)] (A5.1B)
+a, [DF(k+1)+D;% (k-1)]
[hen with
T,,,(i,j)-':ﬂ-_[f;”(‘i'l'l,j)+‘r;a,('i—1.j)] (A5.19)

+ag[ Tgaz(1.5)+7Tgaz (1.5)]
+8,[70az(14+1,5)+Tgaz(i-1.5)]
and a similar expression for 744, We calculate
Tqa(i -j)=2 [[Tqa'z (i -j)"'fqa'y(i J )]BM(a»av)"'pqa'(i'j)DM(a-a')] (A5.20)
=
Once again, the z direction is only calculated once at the initial time. This quan-

tity is stored since it will be useful for calculating Ay . We can then write
épq (1: lj ,k )Tq’ (iuj :k)=2§pqa(i-j)Tq’a(i-j)(Az)z (Aszl)
a

We revwrite the j terms in a similar way, combining the functions of k and

doing the sum over k. We form
Jeali.J)=2dqali J)BH (o) (A5.22)
=
and then
(AZ)’&jq (i.Jk)jg(ijk )=(Az)22§jqa('i’ 3 )qaling) (A5.23)
-
for each of the four currents (x or y) and (+ or -).

We store Jg,(i.j) since it will be useful in calculating hy. However, we do
not need jq,4(%,7), since we can do the sums needed to calculate the energy while
constructing the Jg,(i,5). First, calculate the currents for each wavefunction,
Jag- Therefore, for each wavefunction we can form the partial sums for each of

the four currents
TE1)= 3 g BH () (X)) (a5.24)
We can write

Ere=(Az) ¥ Y¥irg@.3)r(1.5)BH (a(N).a(A)+2795" (.5)] (A5.25)
scurrents § X

8o that we can do the sum for Ejg, without storing jag(i.5). For g'#g thatis Epn,



<167~

the sum is simpler. Since we do all proton wavefunctions first, we have stored

the full Jp,(i,j7). We can then sum

Ein= 2 LY ian(t.3) pali 5 )(AZ)2=Epnp . (A5.26)
4cwrenis ij A

The total is then

A =0 PTG ppalt ) Tpalt ) +onalt D Tnali )] (45.27)

t,+to

+( '14—)[Pna Tpa('i— 'j)"'Ppa('i J) Tnaling)]

L B )+ o Eopr + )]

Il. Incorporation into the TDHF Hamiltonian
The discretized version of the TDHF equation is given in Appendix A4. The

separable approximation gives:

m%wq (1.5)=h'qa(i.7) (A5.28)
where
h'qa(i g )=§Ba(k Yy (i.j k) (Az) (A5.29)

Notice that since the operator h’' depends on «a, we have a second reason for

grouping wavefunctions by their z quantum number.

The zero-range terms and the Coulomb and Yukawa potentials are very
straightforward. First, these are all diagonal, that is
h(5.3 k)=] (0.5 Wag (8.7 k) (45.30)
and, second, the function, f, is dependent on proton and neutron densities and
Coulomb and Yukawa potentials, all of which are calculated in the full three
dimensions, unaffected by the separable approximation. We, therefore, combine
these elements

haz(i.3 k) +hey(i,5 k) +hee(i,j.k)=1q (1.7 k)P (1.5 k) (A5.31)
where
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Lq(0.5.k)=HEo(1-Xo)pq (0.5 k) +Pgruq (1.5 k) (A5.32)
(B0} + (@0 (1.5 )P grmg (1.5 )]

+ VL UYq ("'nj 'k )+ VU UYq'#q (i Ij vk )+ U@ (1: lj 'k )6@
The effect of the separable approximation is to replace these & by

h'qali.g )=§)BE (k)fq (i k) (AT)pag (i.5) (45.33)
resulting in a two-dimensional potential f’,a(i.j) for each set of wavefunctions

with z quantum number a.

The kinetic energy part hgx gives a discretized approximation to the Lapla-
cian, V2. Each direction involves off-diagonal elements in that direction only, so
hgg: (1.5 k) and hgg,(i,5.k) are functions of i and j multiplied by B,(k). This

means the projections are trivial, since (Az)),BZ(k)=1. We can write
E

Bote (49)= gl 19M (0-29) - G on (i-1.9) (A5.34)
+ 20 (1.9) = 5org (14 19)+ T5ag (1+2))]

and similarly for y. In the z direction, h' will be diagonal in i,j:

h'qars (1.5)= ;—(Aivm (i.j )EBa(k) (A5.35)

[ Balk ~2)=5Balk —1)+ 2Balk) - 2Balk +1)+ s Balk +2)](2

and only A'gax, is dependent on the quantum number a. Note: Although this
would be quite easy to calculate, we don't actually use it. For the time evolu-
tion, we use an operator (h - <h>) which would eliminate h'qx;. For the single

particle energies e,, we add a z kinetic energy to the <h> above using the

discretization for f dz | “(z) ———"1? as described earlier rather than the less accu-
dtB,
rate discretization of [ dzB,(z)f‘;"g—z-)—. Therefore,

h'gx(i.3)=h'qre (1.5)+R'qry (1.5) (A5.36)
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independent of a.

The new, nonlocal part, hgy;, contributes non-constant off-diagonal pieces.
For the separable approximation, in the x and y directions all the wavefunctions

are Yag (7'.J' k), so we may form

A'q,,,(i.j)=§:82 () Agz (1.5 ) (AZ) (A5.37)
and similarly form B’, C’, D' and E’ in these two directions. In the z direction, all
the wavefunctions involve ¥, (%.j,k') so the terms are diagonal in the separable

approximation. Of course since j, =0, 5,, =E, =0.

Looking first at the off-diagonal terms, for a particular a we calculate

P 3)=(a=) L BE (k)Py (1.5 *)=LhqaBH (a.x) (A5.38)

and then calculate the needed coefficients:

A'm(i.j)=Wﬁqa(i—l,j)wﬁqa(i.j)+’ﬁq.,(i+1.j)] (45.39)

and

B'eas (1.3)= A1 Pyali—2.§)-18P,(i-1.5) (A5.40)
18(Az)
=135, 4(i,5)+ Ppali+1,5)]
with similar equations for the y direction. To calculate D' and E’, we need the

analogous sum
Jea(1.3)=2dqal(i.5) BM (0.) (A5.41)
al
which was mentioned in the last chapter and stored. Thus with

ty+ty t1+3t,

yga=(_z_)Jq'nqa+(‘8_)an ' (A5.4R)
we get
D' gus (i.3)== Jmy Psas 6. 9)+ Tgus 2.5)) (45.43)

and
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E'qaz (i 'j)z— Riz—){7yq+az (i J )+ﬁ‘7q_az (1' .,7) (A5'44)
+ﬂ7q+az('i —lvj)+7‘7qaz (1" _1-j)] .

The diagonal part is given by

an(i J )¢Aq (7: -.7.)={C'qaz (7.' -j)'*'c'qay (i:j)+h 'anLz (i-j)]¢xq (7: tJ) (A5-45)

where
h'qanzs (.3 )=(M)§)BE (k)2 (.5 .k)+§;?>,a'(i J)PH (o) (A5.46)
and
(A5.47)
PH (0.00)=(82) BB olk)| s ok ~2) 445 0k ~1)+ B (k) 1B, =2)
+ "_1 B(z&' )2 [Baa'z(k —2)_1BBaa'2(k —1)—1 3Baa'2<k )+Baa'z(k & 1)].3“(]6 _1)
¥ 7—2(11\27{ —5Bga?(k —2)+44 B8 ,a%(k —1)
+102B,0%(k ) +44B,0%(k +1) 5B 0% (k +2) B (k)
® —'{18(2;)2 Boo®(k —1)—13Boa*(k)—13B 40'%(k + 1)+ B oa®(k +2) ] B ok +1)
o .,z(fT)a[Baa'z(k )+4B,a2(k +1)+B ,0'%(k +2)] B4 (k +2)

This matrix PM need be calculated only once along with the basis B,. The first

term can be combined with the 7 terms from C'; and C', to give

T,a(i.j)=(Az>§,B§ (k)E(i.5 k) (A5.48)

£+,

oy bitt : i
=(—Z_)Tq'¢qa(1'-1)+('l_4£)Tqa(z-J)
using the Ty, as defined in the last section and stored. Thus, we can write the

entire diagonal part
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Goali 3)=Toali )+ Lheuli J)PH (a.a) (A5.49)
+ 72(;2)2 —55, (1 —2.7)+ 445 4(i—1.7)
+102F, 4(1.5)+44 P, a(i+1,5) 5P ali+2.5)

—5P, a(1.5 ~2)+44 P, (1,5 —1)+102P, 4 (1.5 ) + 445, (1,5 +1) 5P, 4(4.5 +2)]

Then, the final result for the nonlocal term is

h'qant (4 -j)=an('i' 'j)iokq (i.9) (A5.50)

+[A‘q¢z(i"1uj)+w'qaz (i-1.j )]¢Aq (i-znj)+[A'qay(i J -1)+w'qay(i J -1)]¢Aq (i.9-2)
|+ B gae (L) HiE g0z (0.5 1oag (=13 ) +[B'gay (4.0 )+l gy (5.0) rg (1.5 1)

+[B'qaz(i+1,5)—E qaz (i+1,5)]eag (1 +1,5)+[B'qay (i 5 +1)—iE 'qay (1.5 + 1) Joag (1.7 +1)

+[A'qaz (1+1,7)—iD"qaz (i+1.5)org (1 +2,5) +{A'gay (1,5 + 1) —iD'qay (1.5 +1) Jpaq (.5 +2)

and the total discrete representation of h¥ is

h'qa(i:j)zf'qa(": -j )‘P)\q ('i' -j)"'h"qK(‘i -j)+h 'anL (7: -j ) (A5'51)
(neglecting the VZ operator).
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Appendix A8: Discretization of the TDHF Equations in Time

1. Introduction and Statement of the Problem

The evolution of the TDHF wavefunctions, ¥, is given by

8
ALy =hytag (a6.1)
where ¥, =¥x;(z.y.2,t) in three-dimensional calculations (or ¥,(z,y.t) in the

separable approximation) and k is a hermitian operator, h=h(z .z ¥,y ,2.2' t)
(or h(z.z'.y.y¥ .t) in the separable approximation). For the rest of this appen-
dix, all dependence except time will be suppressed. This equation is formally
solved by using time evolution operator, U, as

where U, is the unitary operator

: #
Uy (t.to)=:rexp[(%‘f dt'hy (¢)] (46.3)
0
with 7 the time ordering operator. Discretization defines a time mesh
tm=(m)At where (m) is an integer and calculates ¥, at each time step from

Y (Mm+1)=Up (m+1,m)ypg(m) . (A6.4)
This discrete evolution operator can be written as

Up(m +1,m )=exp[( %)At hg(m+4)] (A8.5)
where hg(m+)%) must represent the average effect of h(¢') over the interval ¢ to
t+At. Thus, determination of the correct operator h.q(m+}é) accomplishes the
discretization in time. An obvious possibility, hg (m+Y¥)=Y(hg (m)+hy (m+1)) is
very close to the operator we use.

Part 1l of this appendix compares the Taylor expansions in At for exact and
discrete solutions. This procedure determines an arbitrarily accurate approxi-
mation for hy(m+¥%) as a function of ky, ¥»g, Yrg. and functional derivatives of hy

with respect to 9 and ¥°; but,of course, the higher-order terms are very
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cumbersome to calculate. Therefore, this expression for hy(m+%) is not used in
the actual evolution code. Instead, it is used to estimate the error arising from

other choices for kg (m+}).

These other choices use the values of k, 9, and ¥° at various discrete time
steps rather than derivatives or functional derivatives. We use a two point for-
mula involving the time steps (m) and (m+1). With only two points, this approxi-
mation can match only the first two terms in the exact expansion for hg(m+}).
This results in an error of order At? for hy(m+}%); or order At® for Uy(m+1,m)
(since the first order term is 1). There is an ambiguity in this two point formula
since changing terms of order At? or higher won't change the order of the error.
This ambiguity is resolved by choosing the higher-order terms to conserve

energy.

Part III of this appendix calculates the energy difference E(m+1)—E(m)

and expresses it in terms of a single-particle operator 0, as

E(m+1)-F (m)=§)[¢£, (m+1)0p¥ng (m+1) =Yg (M) O ¥ng (m)]  (A6.6)
g

This means that

AE =§’¢'£q (m)[ Uy Oy Uy =0y Iag (m) (46.7)
(where U is the evolution operator as before) and energy is conserved if
[Ug.0;1=0 From Eq. (A6.4), choosing hy(m+}%)=0, conserves energy. Part III
also checks that the operator hg;(m+}%) determined this way matches the expan-
sion through order At as expected for the best two point formula. These calcula-

tions are based on those of (FL 78).

A problem with choosing hy (m+%) to depend on quantities at time steps (m)
and (m+1) is that the quantities at step (m+1) are not yet known (they depend
on hg(m+)%)). Part IV of this appendix discusses the algorithm used to achieve

this self-consistency and other details of the actual evolution code. This kind of



-174 -

self-consistency is necessary because the simplest guess hq(m+}§)=hq(m)
doesn't work. This operator would evolve ¥, in a potential always lagging
beh.ir_ld its proper position. This gradually slows motion and results in a continu-

ous decrease in energy.

II. Comparison of Taylor Expansions for the Exact and Discrete Solutions

The exact solution at £ +At can be expanded as

[i) At? B
Yag (¢ +At)=%‘q(t)+At(a_t)%“’+7{aT)w"q+ coe (A6.8)
where the exact solution obeys the TDHF equation and h=h(f) because h is a

function of ¥, (t). The various derivatives of ¥)g can be written exactly in terms

of derivatives of h as

(-%Mﬁ(%)hv%q (A8.9)
(g =[(SDRE+( D ( 2y Wag
ete.

The time derivatives of h can be written exactly in terms of functional deriva-

tives as
[é) _ '] 8 1) . 5,
i e e e

- 6 [ s .
-(—h—)g, [g—"q]"q%q' [W]hq%q

(2 _¢ =4 é 8 0 0 .
B =T A B o=t B |

etc.
The discrete TDHF solution is given by

g (m+1)=exp[( A hg (m+%)Tiag (m) (A6.11)
In the expansion, hy(m+}) is time dependent, involving h at future times

h‘(m+}£)=f°+Atf l"”é';z_fz'i' v (A6.12)
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The net result is

(46.13)
Vg (Mm+1)=9ng (m)+At (-;—i)f o0¥ag () +ALR[ I %)zfg +( %)f g (m)+ - -

Matching this to the exact solution determines the operators f;: and gives

hy(m+}%) accurate to any order. The first-order terms give

S o=hg(t) (A6.14)
The second-order terms give
T =% %9’71 le (A6.15)
The third-order terms give
F o= H g~ H T g (23hy ~((Zhg )y (46.16)
The fourth-order terms give
1 5= oy =~ 0 (Z%hy ~(( 2%y g (46.17)

ete.

So now given h; and ¥,,, we can compute the operator hy(m+}%) and com-
pute to any order ¥,,(m+1). However, we want to derive an approximate for-
mula based on hy(m) and hy(m+1). The easiest way is to look for conservation

of energy.

I. Derivation of the Discrete Evolution Operator from Energy Conservation
Defining

(A6.18)
6pg=pq (m+1)—pg (m) , 61g=Tg(mM+1)-7, (m) . 6.;1 =.7?q (m+ 1)_5.! (m) .

and taking F(m)=<H> from Eq. (2.7) or (A2.29), the energy difference between

two time steps can be written



-176 -

(AB.19)

E(mt )-E(m)= [ ar| E{57,+67,1+ T2 460, [ny (mot 1) 0, (m) 480 [on (m+ 1)+ ()]}

;4 T2 460, [pn (o 1)+ ()60 o (mt 1)+ ()

+ T5t8pp [ Epp (mt 1)pn (Mt 1)+ 205 (mt 1) (M) + Lo, (Mo (mt 1)+ 2, (), (m)
+ 5PR(m+1)+ 2o (m+ 1)pp (m)+ SpB(m)]
+6pa] Zp, (m+1)pn (Mt 1)+ Lo, (m+ Do (m)+ 20, (M (mt 1)+ Zp, () ()
+5PE(m+1)+ L, (mpy (me+ 1)+ SpE(m)]}

+ %—{Epp [1p (m+1)+7p (M)]+67p [pp (Mm+1)+p, (M) ]

+6pp [Tn (M4 1)+ 75 (M) 14675 [pn (M4 1) +p5 ()]
—87p [Fp (A1) +7, (m)]}

+ 24005 [ (it 1)+ T (m) 8 [ 7 (et 1) 75 ()]

+075 [pn (Mt 1)+pp (M) ]+67, [pp (m+1)+pp (m)]
=267, [Jn (Mt 1)+ 7 (M) ]-267, [T (m+ 1) +7p (m) ]}

+ %(Gp,[ Uy (m+ 1)+ Ug (M) ]+6p5 [ Upin (m+1)+ U (M) 3
+ %’-{6pp{Uyn(m+ 1)+ U (m)]+8pn[ Uy (m+1)+ Uy (m) 3
+0p, ] Ug(m+ 1)+ Ug(m)])

We would like to write this difference in energy as

Vg (7t 1) Oy Yag (m+ 1)ty (1) Og Yg (m) (46.20)

to choose an evolution operator which conserves energy. Since

¥ag (m+1)=U 95, (m), the energy difference can then be expressed as

AE:W;Q (m)( U; Oq Uy =0y )'!"xq (m) . (A6.21)
-Thus, for any U; which commutes with O; energy is conserved exactly. Since we

have Uy =exp(( %At kg (m+%)). choosing h, (m+)%)=0, conserves energy.

6pq =§I[ |¥ag (m+1) 2= |9ag (m) |2] (AB.22)

Therefore,



g, =1 (A6.23)
Similarly, for 6pg F(r)

Og=F(r) (AB.24)
For 674 and 6)‘; the calculation requires integrating by parts as in Section 2.

Therefore,

JaréTy(r)F(r) yields 0p=—V-FV (46.25)
where V operates on everything to the right, and
[dré7,(r)F(r0) yields 0,= FV;% (A6.26)
Applying these Egs. (A6.22-25), we rewrite the energy difference as

AE= ard [9g (m+ 1) Optag (Mt 1)~9ig () Oydag ()] (48.27)
where with the exception of the three-body Ts terms;
Op =Hlhg (m+1)+hg (m)]=hy (A6.28)
with
(A8.29)

hq=h (pg =Hlpq (m+1)+pg ()], 7¢ =¥ 7q (m+1)+7q (m)].Jg =Hl7q (m+1)+73 (m)])

The three-body terms are

1 )
T303=Tg[ Epg'(m& 1)+ -:li—pq.(m)pq-(m+ 1)+ %—pg.(m) (A6.30)

+ Zpg (m+ 1)pg(m+ 1)+ Spg (m+ g (m)+ £0g (mhpg (m+ 1)+ Epq (mhpg (m)]
where ¢’ #g. Since we will use 77,. that is a calculation of the discretized version
of h for the average densities of the two time steps, we must calculate the

correction 5,. due to three-body forces G, =I';:, +'5q.
Co=Ts[ OF~(2Hlpg (m+1)+pg (m) I pg:(m+ 1) +pg {m) 1+ [Blog (m+1)+pg(m) ] ]?)
T
=%{(6p,-)2+26p, 6pg'] (48.31)
Thus, choosing hy (m+}é)=l';.‘q +5, conserves energy exactly, but how accu-

rately does this operator approximate the TDHF evolution?
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To check this, we write 0, as

Op =hg (m+Y) =Y hg (m+1)+he (m)]+C, (A8.32)
with a different correction term, where again C; only involves three-body terms,
Ts.

T,
cq=-Ts[(5p,.)2+2¢sp, 6pq’] (A6.33)
Now we can expand
dp
6pq =At?‘—l— - o (A6.34)
and
2 g2
By (mt1)=hy (my+as L AT, (46.35)
giving

e dhy o1 @Ry T3 dpg ., ,2pg dpg .
Oq—h'(m.)-!-At}édt +At[4 = T[( ) = ]]  (48.38)

By comparing this expression with our previous expansion for hy (m+}%), Egs.
(AB.14-17), we see that terms through At match, meaning that 9(t +dt) matches
through terms of At2. With or without the correction term Cy or Eq. the error is
order At3, but including the correction term conserves energy for this approxi-
mate TDHF evolution, thus providing us with a check on the numerical accuracy

of the program.

IV. Evolution Algorithm
We must calculate Yz (m+ 1)=exp[(—;:'—.)At hg (m+Y) g (m) for each orbital,

with the Hamiltonian for the average densities and a correction term, as dis-
cussed previously. There is a self-consistency problem because the operator
hv(mi-}é) depends on the wavefunctions at the next time step {m+1). A double-
stepping procedure gives sufficiently accurate self-consistency (as measured by

energy conservation). First, the wavefunctions ¥,,(m+1) are estimated using
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hg (m+}¥)=hg(m). Then, these estimates for ¥, (m+1) are used to construct the
hq (m+)) which performs the actual calculation of ¥, (m+1). Further iterations
could be done if necessary. The exponential is expanded in a power series and

the evolution operator is modified slightly to give better convergence. This
modification consists of adding a phase %At <hy>. This phase is physically

irrelevant (since the particles are independent), but now the evolution operator

becomes

Uy =exp[( Z5At (hg—<hy>)] . (A6.37)
The exponent is now a "smaller” operator and the expansions of the exponential

are more accurate.

The wavefunctions, Ya,(m) are used to construct the densities pg(m),
Tg(m), and j’q (m). These densities are stored and used to calculate the total
energies He, Hy, Hy; and Hz = ETO and ET3 at time step (m) (as discussed in
Appendices A3 and A5 part II) and to calculate the operators hy (m) (as discussed

in Appendices A4 and A5 part 1II). This Hamiltonian is used to calculate

Vrg (Mm+1)=(5At hg (Mg (m) (46.38)
and the single-particle energies

erg = <hy (m)>= %w,,, (m) [ Fag (m+1)> . (46.39)

The exponential of the modified evolution operator can be expanded yielding

(S22 [y (m)—<hy (m)>])*
Yrg(m+1)=3 — L = Yrg(m) (A6.40)

=

where Y5 (m+1)=1x9,,(m). Therefore, the quantities %\q (m+1) and <hg(m)>

are used to calculate the first term,

Vi (m+1)=Fag (m+ 1)+ (Dbt <y (m)>Yg (m) (A6.41)
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The energies e,y are also used to calculate the total single-particle é/nergy and
total energy (as discussed in Appendix A5 part II). Higher-order terms in the

expansion are calculated from the previous term by

Yy (m+1)=( _:)At (g (m)—,:h" (m)>) ¥ (m+1) (AB.42)
and a running sum is kept

Yog (0t 1)=‘§£0 W (m+1) . (A6.43)
(This requires storage space for two wavefunctions - the most recent term, and
the running sum.) For this first step, two terms are typically used in expansion

of the exponential.

From the estimate of ¥,,(m+1), we construct the average densities by
returning to the same routine used for the densities in the first step, but not ini-
tializing the sums over the wavefunctions to zero. Instead, the final results are
multiplied by one half. These ¥,(m+1) are also used to calculate the correction
term, E"q from Ybpy=p,;—pg(m) before storing the average densities where
pq(m) was previously stored. Now the same routines are used to calculate
hy(m+%), except for the addition of the correction term. However, calculation
of the energies is skipped. The same evolution routine is used to calculate the

new wavefunctions,

-
Vg (m+ 1)=exp[( )8t (hy (m+]) —<hy (m+10)>) g (m) (AB.44)
but for the actual time step four or five terms are used in the expansion of the
exponential. Also, the single-particle energies are unchanged; they are not set

to <hy (m+¥)> and the calculation of the total energies is skipped.
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Appendix A7: Binary Partition of the Nuclear Density

We choose a convenient reference frame centered at the total center of
mass with axes parallel to the principle axes of inertia. These are easily found
from the spatial distribution of nuclear matter. Due to the assumed reflection
symmetry through the scattering plane, one axis OZ is perpendicular to the
scattering plane. The remaining two axes in the scattering plane are denoted by
OX and OY, OX being associated with the smallest moment of inertia (see Fig.
32a).

For symmetric systems such as %0 + 180, the analysis of the nuclear den-
sity is rather simple. The center of mass, 0O, is a center of inversion symmetry
so that the Y,Z plane provides a natural division of the system. However, for
asymmetric systems this is not an adequate procedure. As shown in Fig. 32, the
total center of mass may be well within the heaviest fragment even when the two
nuclei are physically separted and no longer interact through the short-range
nuclear forces. Under such circumstances, it is desirable to divide the system
into two pieces by a plane between the two fragments parallel to the Y,Z plane
and in some sense as far as possible from each of them; for instance a plane

through the dashed line in Fig. 32.

We present two systematic procedures to automatically define this dividing
line. The first one was used in the O+Ca calculations (see Section 7) and in the
first few Kr + La calculations (see Section B). The second one has since been
introduced into most of our Kr + La calculations. There are no significant
differences between the two methods, which are only useful tools to analyze
TDHF solutions. However, the second one is better suited to very asymmetric
events found in many TDHF studies which result in scattering for angular

momenta below the fusion window.

In both methods, we analyze the system in terms of two spheres with
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uniform density, each centered on the X axis. These spheres are characterized
by four parameters: the positions z, and z; of their centers along the X axis and
their masses, A; and A;. Equivalently, their radii X, and K, are known if their
density is given,

The spheres are constrained to have the same total mass, A, and center of

mass position (=0) as those of the actual system:

Ay +Az=A (A7.1)
A121+A222=0 (A?Z)
The two-sphere system must also reproduce the mean square extension along
the X axis
Az ? + LRE)+Ae(x B + TRE)=<X> (A7.3)
with

<X?>= [dXdYdZp(X,Y.Z)X?

Finally, the sum of the mean square extensions in the Y and Z directions must

be reproduced

%4,R5+%42R§=<Y2+Z2> : (A7.4)
We now need only a relationship between R and A to solve these equations.
In the first method, a uniform time-independent density is assumed for the two

sphere, namely

Riz=roats (a7.5)
where rp is time independent and is determined by the initial condition through

Eq. (A7.4), where A, and A; are set to the masses of the colliding ions. Substitu-
tion of (A7.5) into (A7.4) and a combining of (A7.3) and (A7.4) then results in a

set of four equations with four unknowns

A +Ax=A (A7.8)
2
afiaf- %—‘i:zgisp (A7.7)
o
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A121+A222=0 /A? B
Az +gzf =pcaxi-yi-zi>= L (aiv )
Egs. (A7.6) and (A7.7) are solved iteratively for A, and Az at each time s221, =7th

the initial guess being the values of 4; and A; from the previous time step. For
convergence, the smaller A is substituted into Eq. (A7.7) and the new value of
the larger A is substituted into Eq. (A7.6). Eqs. (A7.8) and (A7.9) are then solved

forz? and z2 :

A A
2-%2 Q@ g-21 @
zf A, 24 and z5 A, 24 (A7.10)

These solutions do not specify the signs of z; and z;. However, the two spheres
must be on opposite sides of the total center of mass, ie. z;z; < 0. To com-
pletely determine the signs, we require that the expectation value <X°> has the

same sign in both the actual and two-sphere systems.

Having defined these two spheres, we divide the system along a line equidis-
tant from the surface of each of the spheres, as illustrated in Fig. 33, i.e. at
z+(R,—R2)/ 2 where z=(z,+z3)/2. (The location of this line is really the only
quantity of interest in the procedure.) It should be noted that this procedure
does not depend upon the orientation of the X axis, which is, of course, changing

throughout the collision.

In solving Eqs. (A7.8) and (A7.7), difficulties may arise if the coefficient P is

s
either too large or too small, since a solution is possible only for P between 4%

s
and 2(-%)3. Since the definition of the axes requires <¥?><<X?> and <Z%> is

frozen by the separable approximation, P will be large when a fused system is
formed with an almost oblate shape: <X®>~N<Y®>. This will then result in a very
asymmetric solution with one mass, say 4,, almost equal to A, and the other, Ap,
unphysically small, with the sphere corresponding to Az unphysically distant

(<z£> large ).
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To avoid this difficulty, whenever Az (or A;) becomes smaller than a
specified critical mass Amin*, & binary division is not attempted. Rather, the
analysis is done as a single nucleus and the Coulomb boundary conditions are
calculated assuming a single fused system. The maximum value of P for a

binary division is then

s
The other extreme is when P is too small, as for a system which is highly

elongated along the X axis. Whenever P becomes smaller than

S,
£

during the collision, we have arbitrarily chosen4; and 4; to be

Al.2=%i1

The above prescription in which rg is time independent, has proven to be
adequate for scattering events of impact parameters larger than the maximum
one for fusion. The accurate determination of an l-window for fusion does not
require a refined division of the density, as we only need to know whether or not
fusion is achieved. However, for scattering events at angular momentum
smaller than I., the outgoing fragments are highly excited and deformed and
<X%> for the actual system is then quite different from its value for the two-
sphere system defined above. The ansatz of time-independent uniform density

for the spheres is then not appropriate for those events.

This defect is remedied in the second method, which we describe now. We
shall use Eq. (A7.1) through {A7.5) but instead of having 7, time independent, we
require that the actual <X3> be reproduced by the two spheres. This furnishes a

subsidiary condition which determines r¢ as a function of time:

+ Note that Ay, must be smaller than the lightest fragment to be emitted. Otherwise,when
the fused system scissions with a light fregment mess smaller than Apy;, the analysis of the
density would be done as if the system had remained fused.
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Al(x§+;—_f??x,)+Ag(x§+%-R§zg)=<X3> 15 A
The system of Egs. (A7.1) through (A7.5) (or equivalently (A7.5-9) togethe. with

Eq. {A7.13)) can then be slated implicitly. Egs. \A7.6,8,9) are combined tv give

A 1
oY T
Arp=5{1s TCYETD (A7.14)

and Eqgs. (A7.13,14) give
z= <X°> (A7.15)
Q_S A1A2 RZ_RE)
5 A -4, T
Pl
(i
(A +42)
i.e. P'=Pr? and Eq. (A7.5) is unchanged. Note that x, R, and R; are the only

(A7.18)

quantities of interest. Having a first guess for the two masses 4; and 4; 7, is
obtained from (A7.16), the two radii from (A7.17), and then x through (A7.15).
This procedure is then iterated, the new masses being given by (A7.14).
Although this algorithm may not be rigorously convergent for all values of Q, P,
and <X%>, due to the physical nature of the problem these quantities are not
strictly independent parameters and there is convergence in all practical situa-
tions. The convergence is rather slow but can be accelerated by averaging the

x's obtained before and after each iteration.

This alternate method offers three advantages over the previous one. First,

there are no limiting cases; if the system fuses, x goes to zero, the masses 4;
and A, become close to each other (Ngﬁ but Eq. (A7.15) is always soluble.

Second, x is directly obtained, not |z,| and |z|. Finally, less emphasis is put on
the mean square extension perpendicular to the X axis and the asymmetry of
the system is fully exploited. If the system is symmetric, <X°> goes to zero, but
the denominator in Eq. (A7.15) has a finite limit, so that x is zero, as it should

be.
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Appendix B1: Expectation Values Needed for TDRPA

We calculate the various expectation values used in the derivation of our
time-dependent generalization of the RPA theory. The normalization condition

required evaluating several expectation values.

-

n=<p|p>+<E A>+<d At>+<E A At> (B1.1)
+¥[<(@%A)B>+<(2-A)%>]
Since A* creates a particle-hole pair and A annihilates a particle-hole pair, all

terms with unequal numbers of A* and A give zero. The only term left is

<@*A2-A*>= T conCn <ApnAin> (B1.2)

pho'h

Therefore,

n=1+¢"-¢ . (B1.3)
Precisely the same reasoning is used in evaluating the & terms in the first step

of <¢|i%| ¥> which is to second order

=—%%{6"8)+<6"A’3'1+>+<3-Z*> (B1.4)
+¥<d-A*e - At+d - ArC-At>
=4 (e a)eetd
This same reasoning is used in the orthogonality condition < :—t§> | ¥>=0.
O=<d |R(1-%2" & +8 A + (2 -44)?) | > (B1.5)
Since
R= Sy o +p i ap] (BL6)
can be written
h=h -A*+R*4 | (B1.7)

the only term with equal numbers of A* and 4 is <A *.A& A*>. Therefore,

0=fz'°'6=2h;,,cp,, : (B1.8)
ph
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Now we need to calculate the expectation values used to get Eq. (3.24) in
Part II. We first calculate the various expectation values for the full two-body
Hamiltonian #. Then we are able to write down the expecatation values for the
evolution operator A from the one-body terms in H if we simply remember that
h has only hole-particle and particle-hole components. Throughout these
derivations i, j, k£, and I label general states whereas p or h refer specifically to

empty or occupied states of the TDHF solution. For the two-body H in Eq. (3.7).
<H>=2t,-‘, <a;*g; >+ 114_2 un <gtajftaya.> | (B1.9)
7] Ykl
Since

<afta;>=6y, ., (B1.10)
(meaning d; plus the condition that both states must be normally occupied,

therefore labelled by h) and

<u‘+a,+a;a*>=6j%6am —65,%‘“6,-,, s (Bl | 1)

we get
<H>=Ytu +%3 Vo ™ (B1.12)
h hh'

The next expectation

<Ath>=§tg <otapaita; >+ 71}_*;”%“ <oapeteifo o> (B1.13)
Since
<ay ap a;ta; >=66) (B1.14)
and
(B1.15)

<opopotataya, >=05(65, , Sen—bj, ., On)—0p; (Cu, Okn —Oukyy, Oin)
we get

<A H>=to + 3 Vornn - (B1.16)
<

The next expectation value is
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<Apn HE -A*>=Y <Ay HAg'n > - (B1.17)
e .
The one-body terms are
%tg <ay'apaitajasta, >=§tﬂ (62055 S +8pp (5, Snie —Oin 63n.)]
=tpp’ 6M' -th'hdm' +5PP' GM' §th"h" 5 (Bl ¥ 18)
Two-body terms are
-‘-l*-qzk:z%u <ejoyotafm o ata, > - (B1.19)
Using the symmetry properties of ¥ to combine various terms such as 6p: and
—0p; gives a result
VM’I@’ +6M' ; Vﬁl’p’h" —6pp' ; Vh’h"}l’l" +6pp’ é)l.h' huzhm %l"h'"h"h"' ® (Bl 20)

Therefore, the net result is

<App HE - A*>= con [top San —thn Spp +0pp Op Totnn (B1.21)
Pr R
+ Vph’hp’ +6M’§ V}*“p’h” —bpp ; Vn'n"m' +0pp Onn hihl Venonn] .

The next expectation value is

<A,h6°-ZH>=‘2~c;,,~<Aphpr H> | (B1.22)
The one-body terms give zero. 'Iheref:re,
<Ay Ay H>= %ﬂzﬂ'ﬁw(—aﬂaﬂw,.,aﬂ)(ahq Sk~ O) | (B1.23)
=V
Therefore,
<Aphé"-l*H>=’2~cp’,,,. Vﬂ’,"’" : (B1.24)

Since vppfmv = T’;)'pk'h g

<@’ AAp H>=<hpy 8- AH> | (B1.25)
These expressions for expectation values of H can be simplified by using

the equation

hy=ty+YVapm (B1.26)
3
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<A H>=hgy,
<Apn HE 'z+>=§'°p'h' (B o —O g haen + Vpongr Y+ Cpn <H>
Now we can write the expectation values for h. From Eq. (B1.12),
<E>=§:E,.,, =0 -
From Eq. (B1.27),

<AnFe>=Fi=hg, -
From Eq. (B1.28),

<A - A*>= z'j"c,,,. (6 gy =By P 14+ € <R >=0 -
From Eq. (B1.24), ’
<Apnc AR>=0 .
The evolution equation is thus
Cpn =§'Cp'h' (6 Py =B A, + Vph'hp' )

+p‘2h'cp.‘h- T’;,va' —Ahph s

(B1.27)
(B1.28)

(B1.29)

(B1.30)

(B1.31)

(B1.32)

(B1.33)
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Appendix B2: Invariance of the TDRPA Equations

We prove that an arbitrary unitary transformation among particle states or
among hole states does not change the eigenvalues, w, of the time-dependent

RPA equations. (Repeated indices are summed.)

ic'ph =;$hp'h' Cpw +§Ph?'h' C};h' (Bz 1)
or

2 2l 522

o=
where
Cpn =Xpn e 3% + Y, e vt (B2.3)
A=PAP EB=PBP’
Ao v =B Py ~Bgpr e + Vo

Bonigne = Vg
PP

and Pﬂ. e =6pp' 6”‘- = hp'w' h,;';;"

We transform either particle states
?'p=Upp ?pr (B2.4)
or hole states
#'n=Unn o1 (B2.5)

with a unitary operator U*U=1=UU*. With &=det{g,] and ¥=det{y,}, we get
single-particle wavefunctions

Therefore,

Chp=<¢p |Xn> - (BR.7)
Since the proofs for the two transformations are so similar, only the
second, (B2.5), will be shown. Under this tranformation

¢ 'np =<@p | X'n>=Unn' Ciip (B2.8)
and
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k' =Ug hey Usy
Therefore,

h' oy =hgp
b 'yon = Ustn- B Upion
o= Ui e
h'np =hup Upth

(B2.9)

(B2.10)

Although the position of the U's is arbitrary, they have been chosen for later

convenience,

The ¢ functions can be trivially rewritten,

° !
G'M' = Uh'h" dhuhm Uh'”h 2

The transformation of the potentials;

Vong =<ph' | V|hp' —p'h >

gives

T, -
and of

z!ﬁm- =<pp' ] V|hh' =R'h>
gives

~ 1
v'pp'm = Unn Vopnen Unowe

Therefore, the matrix transformations give
' -TTe 1
A'ghigwe = Ui Agne orn Unis

= Upp» Aph R Ubp
and

B'pngtn = Un B pn Ui
With

R'gh kg = Uniy b P U =hpn iy

the projector transforms as

P 'ph Ih= Upp PP"-" o Ul:"'h' .

(B2.11)

(B2.12)

(B2.13)

(B2.14)

(B2.15)

(B2.16)

(B2.17)

(B2.18)

(B2.19)
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We define
U=Uny 6 . (B2.20)
and revwrite these equations as
C'=UC (B2.21)
Co,= Uoco :
A'=UAU!
B'=UBU"*
P'=UPU!
Po,= U’P. Uo-l
The only change in the proof for the first transformation, (B2.4) is that
U= U;p' 6M' s
Therefore,
A'=UAU! (B2.22)
and
B'=UBU"' (B2.23)

8o the first equation, {B2.1), is invariant.

iC'=A'C +B'C" (B2.24)
becomes

iUC=U(AC+BC) . (B2.25)

The eigenvalue matrix in the new coordinate system is

{Z' F'] UO[Z E]zﬂ 0
_Fo, _Zo, = o U. "E. _Zo 0 U'l . (B226)

Since this is a similarity transformation the eigenvalues, w, are not changed.
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Appendix B3: Expectation Values for the SU(3) Model

In this appendix, we calculate the expectation values of several operators

for a general TDHF state |¢>=]]a,s,|0>. The number operator for each level i is
n
Gi=),a%a,;. Remembering that a*=A"!a*, we can transform G from the
n

representation convenient for the levels, using a's, to the representation con-

venient for our states, using a's. Thus

C{,=§A&~ .4,-})5)% Ong (B3.1)
and
<Gu>=§&r4e}25nﬁﬁ (B3.2)
=NALAS

To calculate the various expectation values used in the TDRPA analysis, we

need to rewrite H in the more convenient representation using a's. Thus,

H=Yeiha AgKes + ), Vighjo Ay A Ar Kiy Ko (B3.3)
L) Tk
where Iﬁdsz‘;a,&anj. We could now calculate all the various expectation values.
nl

However, by finding the correct substitutes for £; and VW we are able to substi-
tute directly into our previous general formulas for these various values (Appen-
dix B1). This method requires fewer calculations but we have, of course,
checked that the results of the complete calculation agree with the shorter

transcription derived in this appendix.

Thus, ¢;=<i |t |j>=<0|a;t o] | 0> now becomes

t =<0| ot ag [0> (B3.4)
for any particle n where k,l=1,2,3.
ty =§FiAWAJ'2<D | e Oy Qe Oz | 0> (B3.5)
n
=z‘;8¢4u45

independent of the particle n.
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The potential term '17,;,-,,, becomes
Vit =<0 0ty s Vel oty | 0> (B3.8)
(the particles n, n' are distinguishable). This expression is true for any n, n'
but for n=n' the two consecutive creation or annihilation operators give zero.

Therefore, the result is evaluated for n#n' and multiplied by (1-4,,, ). We have

Vimg= 3, Vij A At Ajm: Aig X (B3.7)
rmy

22 s<01 Qn} Qe Oy 2k’ A 28 G Sy’ R S O O | 0>

nen

Using a3, to eliminate one of the creation operators to its right, using a,z. to
eliminate one of the annihilation operators to its left, performing the sum over

n2 and n3, and remembering that n'#n gives

2 <0>=6q’m [6w Oy 6I.q +0u Cierny 641'] (BSB)

nand
+6qq [Oir i Oz + 61 Sy O ]
The two terms above with §;,,,- do not contribute since

‘ZA:; Ajrn Oy =§:AJ Ajp =0y (B3.9)

and

Vi645=0 (B3.10)
for all i,j. Thus, we are left with
Vu,.,:%v;,-/q,k‘q,m.;,,&;xzu—&m.) (B3.11)
foranyn,n'.
We substitute these values into our previous formulas. We also need dpy,
which becomes §,,, and &gy, which becomes 6pn 04y, for o0,0'=2,3. Thus,

=Y Vingn becomes, for any n,
D

Wu:z'i';ull:%:vﬁ%ﬁ.‘ijx&’x X2 (18 ) (B3.12)
=§2 Vi (N —1) 4 AT A A

and h; becomes
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htz':ZStAaAJ'*%;ZVq (N-1)A1 A0 A Al (B3.13)
L]
for any particle n. The elements hy, are used in the TDHF equations; all k;,; are

used in the TDRPA analysis.
With these substitutions, the energy <H > becomes
<H>=Y(E,,+ %W ;) (B3.14)
n
=N[Z‘)&A¢1A§1 +§ Vg (N=1)(4)%(A1)7] .
Substituting directly into the general TDRPA matrices, we get for A ,» a new

matrix

Anan'c=0nn hoo—0nn Sogh 11+ vcl lu’( 1=bpn ) , (B3.15)
and for Bp, pp & new matrix

Brone=Voor11(1=6nn') . (B3.16)
We use these new matrices in our time-dependent RPA equations

o= Z AnomoeCriot 2 Bﬂom'a'cf:‘a' Mgy - (B3.17)
n'c Rr'o’
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Appendix B4: Energy and Evolution Equation as Functions of the Four Rotation
Angles

In this appendix we would iike to rewrite some of the equations, which were
written in terms of matrix elements of A, in terms of the four rotation angles %9,,

Yz, ¥1, and ¥2. We choose for our Hamiltonian, equal level spacing ( £,=—¢, £,=0,

£3=¢ ) and equal interaction strength (¥;= 21(1—6,;,-). We choose for A

(B4.1)
» (*1 . . ""’2
cost,; —cosdgsintd,e —sindzsind, e
' ML, A
A=|cos¥gsin®;e ¥ 1+cos?¥z(cosd;—1) sinﬂgcoszﬁz(cos'ﬂl—l)e_‘“‘ va)
sindzsimd, e % simigcos'tﬁg(cosﬂl—1)2‘“‘_*2) 1+sin®33(cost;—1)
The energy, from Appendix 3, is
<H>=N[Zs,; [ Ay l2+ZV,~‘,-(N—1)(A,-1)2(A¢'1 )] (B4.R)
i U
Substituting the values of the matrix elements of A and y= L j\i—l gives

<H>=Ng(sin®*8,5in*8,; —cos?8¥, —xsin?¥,[cos®3, (cos®B,c 052y, +5inZB,cosYs)
+cos2,5in?V,5in®8, cos2 (Y, —V¥2) ) (B4.3)

Next we must derive the equations of motion for the rotation angles from

the two complex equations of motion for matrix elements of A. Because of the

unitarity of 4, Eq. (4. ) becomes

e 1= Toew Ay Al + 22V (N —1)(45 A (B4.4)
for §=2,3. First we evaluate the left-hand side for 7 =2,

i A5 Apz=e" "1 [i8 ;c088; —i Bpsindpsing, (B4.5)
k

—,c088,5inB, (1+cos?9,5(cosd; —1)) —¥psin®V,cosBesind, (cosd, —1)]

Next we evaluate the left-hand side for j =3,



-197 -

i) A1 Acs= e*¥2[19,5int, +i¥pc0s¥,sind, (B4.8)
E
—¥1c05%35sin,sind, (cosd, —1) —yzsindesind, (1 +sin®dsm. )]
Next we need to evaluate the right-hand side for j =2,

hz =¢ ew’(cos’l’zsm’%[sm&ﬂg(cosﬁl—1)+cos1$1]—xsim$1cos'62 (B4.7)
[cos®3, (1+cos¥z(cost;—1))e 2 ¥+ cos?d, sin®S,(cosd, —1)e 2¥2
~cos®3sin®8 050 e ™ ¥ +cos?Bpsin?,sin? s, (cosd, —1)e ™ 11 V2
—sind,sin®9, cosdye * ¥4 sin?d,sin®, (1 +cos?dz(cosd, —1))e = F17¥IY)

Next we need to evaluate the right-hand side for j=3,

h31=sewasinﬂgsirrﬂl(1+sin%(cos1$,-1)+cos1$,—x (B4.8)
[cos285c08%9; (cost, —1)e 21+ cos™3, (1+5in®Sa(cosy,; —1))e 2+¥2
—coszﬁgsinzdlcosd,ea""+coszzﬂgsinz1$1(1+sin2192(cosﬂl—1))eaw’_%)
~sin®S,5in®8,cost; e Y2+ cos?U,sin®Bssin®s, (cos¥, —1)e _2.;(*’"1'3)])
If we divide by the common phase e'¥ for the equation with =2 and by e*2 for
the equation with j=3, the real and imaginary parts of the left-hand side are

quite obvious. This results in four equations:

; ; h
¥ cosVp—Ygsindesind, =Im( -—i%é (B4.9)
o o
7 1 h
9, sindz +¥ac058,sind,; =Im( %;8)
e
¥, cossimd, (1 +cos?,(cosd,; —1)) +¥,sin®¥cosB,sind, (cosd, —1)
h
=-Re( =)
e
¥,cosssindssind,; (cosB, —1) +¥esintssind (1 +sin®ds(coss, —1))
_ hgy
=—Re( )
We can solve the first two equations for %, by multiplying the first by cos¥;, the
second by sind,, and adding.

: h R
61=cosﬂzlm(:§1%+simﬂglm(e‘—ilﬁ (B4.10)

Similarly,

. R h
dg= ;:Ts, —simzlm( —5) +costlm( —4) (B4.11)
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The second equation, (B4.11), looks like it might give trouble for 8,=0. How-
ever, both imaginary parts of h contain sin¥; also. The first equation, (B4.10)
gives

$,=£xsind, cosd, (sin2y, cos®I,+5in2yY,sin?dy,) (B4.12)
The second equation, Eq. (B4.11), gives

(B4.13)

Yp=sxcosBsinda(sin2y, (—cos3, ) +sin2yYzcos®8, +sin2(Y; —¢¥2) (—sins,))
Now having solved the first two equations for ¥; and ¥;, we must solve the last
two equations for ¥, and 9¥,;. We can simplify some of the mathematics by notic-
ing a common factor cosdgsind, in the third equation and sin¥dpsind, in the
fourth equation. After dividing by these factors, the determinant of the

coefficients is cosd,.

Once again, these expressions look like they might cause trouble if cos¥,=0
but the numerators also contain a cos®,;. For ¥, we get
¥1=—£(1+x[cos2¢,(—cos®,+cos¥Izsin®3, ) +cos2ys(sin®desin®s, )

+c0s2(Y, —¥2)(—sin®3z5in®3,)]) (B4.14)
For ¥ we get

Yo=—¢(2+x[ c082¥,cosB55in?, +cos2Ys( —cos®, +5in®¥asiny, )
+cos2(¥,—¥2)(—cos*Iesin®s,)]) (B4.15)
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FIGURE CAPTIONS

Schematic possibilities for the double differential cross
section of heavy-ion reactions. Shaded areas indicate peaks.
Fig. la shows fusion-fission; whereas Fig. lb shows deep-

inelastic reactions.

Schematic classical analysis of heavy-ion scattering; each
initial angular momentum leads to a definite energy and
scattering angle. These can be plotted as a trajectory

for comparison with experiment as in Fig. 2a; or plotted
separately as in Figs. 2b and 2c to determine various macro-

scopic parameters, such as the interaction time as in Fig. 2d.

Rms. radius of the Kr + La system as a function of time for
four initial angular momenta. These show both scattering

and fusion events, along with one ambiguous event.

Comparison of our calculated trajectory of energy vs. scatter-
ing angle for Kr + La with the axially symmetric calculation
and the .experimental contours of the double differential

cross section.

Energy, scattering angle and interaction times as functions
of the initial angular momentum for Kr + La. Ej denotes the

initial bombarding energy.
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Charge and mass transfers, charge and mass widths, and charge
to mass ratio as functions of the initial angular momentum.
Charge to mass ratios of the original Kr nucleus and the

total system are also shown.

Schematic illustration of (a) stable and (b) unstable TDHF

solutions.

Contours of the potential energy surface in the SU(3) model

for X=0.5.

Energy surface for X= 2.5

Energy surface for X=5

Energy surface for X= 10

Energy surface for X= 20

Energy surface for x= 100

Oscillations of the TDHF solution near the minimum of the
SU(3) model with X= 10 and the periods derived from an RPA

analysis,

TDHF path and TDRPA frequencies for a stable path, in valley,

with X= 100. Position is shown at time steps dt = 0.,01.

TDHF path and TDRPA frequencies for an unstable path, across

ridges, with X= 100, dt = 0.01.
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Figure 17. TDHF path and TDRPA frequencies for an intermediate path with
A= 100. dt = 0.01.

Figure 18. TDHF path and TDRPA frequencies for a stable path, in a valley,

with X= 5., dt =0.1,
Figure 19. Comparison of the HF and exact ground state energies.

Figure 20. Deviation of the exact ground states from independent particle
states, Tr (f-f‘)'

Figure 21. Comparisons of the positions of the HF and exact ground states.

Figure 22. Comparisons of stable and unstable TDHF paths with exact

paths for X = 5.

Figure 23. Comparison of TDHF and exact oscillations near the minimum

for X= 5.

Figure 24, Comparison of .TDHF and exact oscillations near the minimum

for X= 10.

Figure 25. Comparison of TDHF and exact oscillations near the minimum

for X= 20.

Figure 26. Comparison of TDHF and exact oscillations near the minimum

for X= 100.

Figure 27. Deviation of the exact solutions from independent particle

states for the paths in Figure 26.
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Comparison of the TDHF and exact positions, 91, for an
unstable path with X= 100.

Comparison of the TDHF and exact positioms, 92, for an

unstable path with X = 100.

Comparison of an unstable TDHF path with exact paths for

X= 100,

Deviation of the exact solutions from independent particle

states for the paths in Figures 28 - 30.

Slicing of the densities (projected onto the scattering

plane) for separated and unseparated fragments.

Equivalent two-sphere systems for the densities in Figure 32,



-207-

Energy - Mass Correlations in Heavy-Ion Scattering
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Classical Analysis of Heavy-Ion Scattering
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TDHF Results for 86Kr + 139La
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Corrected C.M, Kinetic Energy (MeV)
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Charge-to-Mass Ratio

Particle Number

0.42

0.41

] v | D v | |
= Z/A -
Kr
Total g
r <%
1 | ] ] 1 [] L

A | A A

3
100

]
150 200 250

L

(units of #i)

Widths

139

TDHF Results for 86Kr +

(Separable Approximation)

La

100 150 200

Figure 6



-213-

Stable
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Contours H/Ng
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Contours H/NE, X = 20,
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TDHF Positions and RPA Periods

Figure 14
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TDHF Path with TDRPA Frequencies (“Vz)z (10%4)
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TDHF Path with TDRPA Frequencies (“7232 (104)
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TDHF Path with TDRPA Frequencies (W/g)2 (104)
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TDHF Path with TDRPA Frequencies (W/g)?
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Comparison of Ground State Energies
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Deviation of Exact Ground States from

Independent Particle States

Figure 20
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Position of Ground States
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Comparison of Two TDHF Paths with Exact Paths
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Comparison of TDHF and Exact Positions
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Comparison of TDHF and Exact Positions
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Comparison of TDHF and Exact Positions
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Deviation from Independent Particle States
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Comparison of TDHF and Exact Positions
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Comparison of TDHF and Exact Positions
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Comparison of TDHF and Exact Paths

X= 100
1 1 | k]
@==90 N = 10
80 "‘X N = 15
©,
¢) L
40 P
0 Il 1 3 1
0 40 €9,(°) 80

Figure 30



=236~

Deviation from Independent Particle States
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Slicing of the Density

Figure 32a

Figure 32b
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Equivalent Two-Sphere System

Figure 33a

Figure 33b



