
THE DIFFUSION OF IONS IN AGAR GEL 

SUSPENSIONS OF RED BLOOD CELLS 

The sis by 

Dennis Don Chilcote 

In Partial Fulfillment of the Requirements 

·For the Degree of . 

Doctor of Philosophy 

Californ)a Institute of Technology 

Pasadena, California 

1971 

(Submitted Dccen1bcr 18, 1969). 



-ii-

ACI<NO\VLEDGMENTS 

I \vish to thank Professor Sheldon Friedlander for his 

guidance, interest, and constructive criticism which 1nade this 

thesis possible. I also wish to express my gratitude to my 

\vifc for her help and constant support. 

The construction of the diffusion apparatus by Mr. Elton 

Daly and Mr. Hobert Greenway is gratefully acknowledged as 

is the help of Miss Betty Aalscth in obtaining the rabbit blood. 

This research was supported by a Public Health Service 

Training Grant. The generous support of this sponsor is grate

fully acknowledged. 



-lll-

ABSTR~\CT 

A n1cthod was developed for measuring the self-diffusion 

coefficient of solutes in agar gel suspensions of red cells. The 

purpose \vas to investigate the influence of the red cell on the 

diffusion of ions \vhich arc in1portant in blood solute transport. 

The capillary diffusion n1ethod was cn1ployed. The dif-

fusion coefficient was calculated fro1n the initial and final con-

centration of tracer in the capillary. The results are discussed 

in ter1ns of a modified Maxwell equation for the average c·onduc-
/ . 

tivity in a granular medium in which a discontinuous boundary 

condition is employed to account for the observed partition co-

efficients. 

The results indicate the ratio of the diffusivity of solute 

in the red cell suspension to that in the suspending medi.um 

varies considerably with the ion. This ratio is greater for 

sodiurn · than for chloride over the range of red cell volume 

fractions investigated. An augmented diffusional mechanism 

for bicarbonate appears to exist in the red cell suspension. 

Depleting the intracellular A TP has little effect on the diffusion 

of sodium in the red cell suspension. 



-iv-

TABLE OF CONTENTS 

PART TITLE 

I. INTRODUCTION 

II. BACKGROUND AND THEORETICAL 
CONSIDERATIONS 

A. Cell Theories 

B. A General Non-convective Diffusion 
Equation for Solute Transfer in 
Blood 

C. Theory of Diffusion in a 
Heterogeneous Medium 

D. Previous Investigations 

PAGE 

. 1 

3 

3 

8 

12 

18 

III. EXPERIMENTAL APPARATUS AND PROCEDURE 22 

A. Theory 

1. The Capillary Diffusion Method 

2. . An Inqui·ry Concerning D. 
l 

3. Bound Diffusing Species 

B. Experimental Procedure 

1. The Capillary Tube Apparatus 

2. Radioactive Counting Apparatus 

3. The Diffusion Run 

4. Preparation of Blood 

5. Blood-Gel Mixture 

6. Radioactive Cotu1ting Procedure 

22 

22 

25 

43 

49 

49 

53 

54 

58 

58 

60 



-v-

PART TITLE 

IV. EXPERIMENTAL DATA AND ANALYSIS 

A. Sodiu1n Diffusion 

1. The Diffusion of Sodiwn in 
Potassiu1n Chloride Solutions 

2. The Diffusion of Sodium in 
Sodiwn Chloride Solutions 

3. The Diffusion of SocliunJ. in 
Rabbit Plasma 

4. The Diffusion of Sodium in 
Rabbit Blood 

5. The Diffusion of Sodium in 
an Agar Gel 

6. The Diffusion of Sodium in 
an Agar Gel Suspension of 
Rabbit Red Cells 

7. The Diffusion of Sodiurn in 
an Agar Gel Suspension of 
Human Red Cells 

8. The Diffusion of Sodium in 
ah Agar Gel Suspension of 
Fixed Human Red Cells 

9. The Diffusion of Sodium h1 
an Agar Gel Suspension of 
Glass Spheres 

B. Potassium Diffusion 

1. The Diffusion of Potassium in 
an Agar Fel Suspension of 
:Human Red Cells 

C. Chloride Diffusion 

1. The Diffusion of Chloride in an 
Agar Gel Suspension of Human 
Red Cells 

PAGE 

61 

61 

61 

63 

64 

66 

68 

68 

78 

83 

87 

88 

88 

99 

99 



-Vl-

PART TITLE 

V. 

D. Bicarbonate Diffusion 

1. The Diffusion of Bicarbonate in 
an Agar Gel Suspension of 
Hun1an Red Cells 

SUMMARY AND CONCLUSIONS 

PAGE 

104 

104 

108 

APPENDICES 112 

APPENDIX I-1 The Modified Maxwell 
Equation 

APPENDIX I-2 The Effect of the Red 
Cell Membrane on the 
Diffusion of Chloride 
through the Red Cell 

APPENDIX Il-l 1-Iemolysis Analysis 

APPENDIX II-2 Solutions 

APPENDIX III··l Data 

NOMENCLATURE 

BIBLIOGRAPIIY 

PROPOSITIONS 

113 

118 

125 

126 

128 

133 

135 

139 



-1-

I. INTRODUCTION 

The purpose of this investigation was to develop a 

reliable method for measuring the diffusivitics of solutes in 

blood, and to use this method tu deterrDine the diffusi vi ties of 

certain important blood solutes. The emphasis of this study 

was directed towards the non-gaseous blood solutes. 

This investigation is of both practical and academic 

interest. The practical aspect lies in the engineering realm 

of designing heart-lung or artificial kidney devices. The 

acaden1ic aspect deals more with the influence of the concen

tration inequalities of certain ions inside and outside the red 

blood cell and the red cell itself on the transport of those ions 

through blood. . What effect the active transport mechanism, if 

it exists, has on the diffusion of ions peculiar to that transport 

mechanism is also of interest. 

An important goal of the engineer in designing a device 

such as the artificial kidney is to construct the device in such 

a way that its criteria of performance, set in collaboration with 

the medical profession, will be met. A detailed knowledge of 

the fluid flow through and the mass transfer in the device is 

necessary to achieve this goal. When part of this detailed 

knowledge is not available, due to an unusually complicated 

flo\v pattern or lack of pertinent experimental data, a useful, 
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\Vorkable device can still be constructed. Since this empirical 

dcvelopn1cnt is not an1enable to rigorous evaluation and optimi

zation, experimental investigations dealing with the various gaps 

in our kno\vledge of such devices and leading to well-defined 

n1odcls arc important. One necessary piece of information in 

the n1ass transport regime is the value for the var.ious diffusiv

ities of pertinent solutes in blood. This research work is con

cerned with that aspect of the design problem. 
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ll. BACKGROUND AND .THEORETICAL 

CONSIDERATIONS 

A. Cell Theories. 

According to the menJ.branc theory, the cell is essentially 

a sac of aqueous solution (25). The cell membrane is semi

permeable, passing sonJ.e sllbstances at various rates, and some 

not at all. The osmotic behavior of the cell has been one of 

, the main arguments in favor of the theory. A cell placed in a 

solution of a certain solute may either shrink, remain the same 

in size, or s\vell. If it shrinks or swe;I.ls, it may revert after 

a time to its original shape. The initial shrinking or swelling 

indicates that the osmotic pressure of the solution is either 

greater or less than that of the cell. If the cell returns to its 

original shape, this is an indication that the cell membrane is 

permeable to the solute; the rate of return gives a qualitative 

indication of the · magnitude of the membrane permeability to 

that particular solute. There are various theories to explain 

ho\v substances cross the membrane (9, 47}. 

One of the unusual characteristics of the · red cell-plasma 

system is the unequal concentrations of certain ions inside and 

outside the cell. At thermodynamic equilibrium the chemical 

potential of species · able to penetrate the cell membrane is the 

same inside and outside the cell. . Although it would not be 
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unusual to expect the ionic concentrations also to be equal, the 

charge of the ionic species and the high concentration of charged 

hemoglobin n1olcculcs cornplicatc the situation. A _ theory, called 

the Gibbs-Donnan Eql1ilibriun1, was derived to deal with this 

special case (12). This theory, although successful in explain

ing the intracellular osmotic pressure, the potential difference 

across the men1brane, and the unequal distribution of many ions, 

fails in certain important cases. 

The concentration of sodium and potassium iorp; i!lsi'de and 

outside the reel blood cell c oulcl not be explained in terms of 

the Gibbs-Donnan theory. In human blood, the ratio of the con

centration of potassium inside1 the red blood cell to the potassium 

concentration in the plasma is about 30/1. On the other hand, 

the ratio of the sodium· ion concentration inside the red blood 

cell to that of the plasma is about 1/6. The first explanation 

for this unusual distribution was that the sodium and potassium 

concentrations in the red blood cell were set at its birth, and 

did not change throughout the life of the cell. The red blood 

cell men1.branc itself. \vas thought to be impermeable to sodium . 

and potassium. This view held until the use of radioactive 

tracers conclusively showed that the red blood cell membrane 

is permeable to these cations (15). 

A nc\v explanation then emerged showing that the concen

tration. difference \vas maintained by an energy consuming 

. process. The age of active transport unfolaed. 
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Much ti1nc and energy has been expended on this concept. 

It is the basis of good research work and a multitude of 

journal publications. Briefly, the process seems lo depend on 

glucose n1etabolisn1. The active uptake of potassium and c;x

pulsion of sodium from the red cell appear to be linked, although 

not in a one to one ratio (30). The detailed transport mechan-

ism appears to involve the sodium and potassium dependent 

ATPase enzyme. The cell membrane, only slightly permeable 

1 tO potassiu1n and sodium, enables the pumping mechC{nis~ to 

maintain the relatively high potassium and low sodium concen

tration inside the red blood cell. It is not an equilibrium but 

a steady-state system. The theory is consistent with many 

observations 1 such as the loss of potassiun1 and the 1 gain of 

sodium by the red blood cells upon cold storage or incubation 

in a glucose deficient media, yet the theory is not entirely 

satisfactory for a nun1.ber of reasons. 

A · relatively new cell theory, not yet \videly accepted, but 

gaining n1omentu1n, is invading the biological literature. 

Troshin (42), one of the main Russian proponents of the new 

theory, has written a delightful book on the subject. He labels 

this ne\v concept the sorptional theory. In the United States, 

Ling (24) is the champion of the theory which he calls association

induction hypothesis. He has also \vrittcn a detailed, theoreti

cal book in \vhich he attcn1pts to substantiate his hypothesis. 

The t\vo thcorh~s agrc..'c that a setni-pcrn1eaolc nH."n1bran~ is 
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not the cause of the concentration difference of species inside 

and outside the cell. 

According to Tro~hin, the cell is a separate phase, like 

a coacervate drop. It. is enclosed in an envelope, the cell 

n'lelnbranc, but this is not a scn1i-per1neable membrane. The 

cell has no selective ion permeability, passing both cations and 

anions. Because it is a separate phase, or because a good 

portion of the water is bound to the cell colloids and therefore 

is unavailable for dissolution of solutes (4), the con5ent:z_:ation 

of unbound solutes is less inside the cell than outside. The 

key \vord is "unbound''. This concept could . qualitatively explain 

the lo\v concentration of sodium inside the red blood cell. For 

solutes which can be adsorbed to the colloids of the cell, the 

picture n1ay be quite different. There is generally a point at 

a sufficiently small external concentration of the solute where 

the internal concentration is greater than the external. At a 

sufficiently high external concentration, when the amount 

adsorbed reaches ~aturation and can no longer counterbalance 

the cell solute deficiency due to a lower apparent solubility, 

the external concentration will then exceed the internal concen-

tration of solute. The first cxplantion would presumably apply 

to the distribution of potassium, the second to sodium. A 

lower inside than oufside concentration of cations may also be 
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due in part to the Gibbs-Donnan Equilibriun1.. These results 

have been observed in non-living systcn1.s, such as suspensions 

of coacervate drops. 

Ling (24) postulates that the interior of the cell is highly 

structured. The cell colloids arc arranged in a precise con

figuration, \vhich electrostatically favors the potassium ion over 

the sodium ion in the cell matrix. He presents calculations 

·which indicate that active transport as an energy consurning 

process cannot 1naintain the observed concentration difference 

of sodiun1. and potassium ions inside and outside the red · cell. 

The various theories present a number of possibilities. 

The cell may be a sac of aqueous solution, its me1nbrane 

quite impern1.eable to cations. The cell 1nay be a separate 

phase exhibiting a true partition coefficient for a solute between 

it and the surrounding media. It also may be that the cell is 

a very concentrated aqueous solution, much of its water being 

bound by the cell colloids. 

Since the various theories on the physical state of the 

living cell arc quite diffe~ent, explanations based on the 

various theories of certain experin1.ental observations might 

be expected to differ considerably. This is definitely the 

case. For example, it has been observed, using radioactive 

tracers, that the leakage of cations into or out of the red 

blood cell is very slow. Depending on which theory applies, 

this could b.c due to a slightly permeable membrane, a high 
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diffusional resistance of a phase boundary, or slo\v adsorption-

desorption kinetics. 

As illustrated in the foregoing, several concepts of the 

physical state of the red blood cell arc available. The particu-

lar view adopted will govern the interpretation of the results 

presented in this report. Son1e of the hypotheses, due to lack 

of pcrtin('nt supportive data, \vill not allow a complete cxplana-

tion of the results. In other cases, the data from this work 

will help strengthen some hypotheses and refute others. 
I 

B. A General Non-Convective Diffusion Equation for Solute 

Transfer in Blood. 

A general non-convective mass balance on solute i in 

a given volun1e clement leads eventually to 

R.A-rG OF CHAN(;(E: tN A 

STAGNAN"'\ eu:.ME..NT" 

Nt:,T D\FF'J$lON 
F~DM -n\e.. 
e. L.e Me=:Nr 

NE.T CtiEN1c.AL
~e::AOT1 o 1-1 IN 11-U:. 
~a..e/'11'\~NI 

( 1) 

Consider the set of species nik' k = 1, ... , r, where 

nil refers to the concentration of the unreacted or unbound 

form of solute species i, and the n. 2 , ••• , n. , refer to the 
1 1r 

concentration of reacted or bound solute species i. For 

example, if the solute. species i were the sodium ion, nil 
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would refer to the concentration of free, hydrated sodium ion 

in solution, \Vhereas the n1k 1s (k = 2, ... , r), would refer to 

the concentration of socliun1 reacted with or electrostatically 

bound to other molecular species, particulate mat"ter, or solids 

in the solution. By sun1ming over all the various chemical 

forn1s of sodiun1, and noting that 

(2) 

the result is an overall mass balance on species i, namely 

(3) 

where 

nt - n1.1 .... Ni (4) 

. Y' 

Ni :: L 
k~~ 

nik (5) 

and 

(6) 
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It is instructive to rewrite equat~on (3), follo\ving the 

notation of Spaeth and Fl·icdlanc.lcr (37), as 

N e1 AAre. OF atAN6e. OF 
(nt- ), 16$(Jt-\II-IG a-lE.Mt.CAt

EG.Utt.lsrouM IN TilE. eL.E.Ne,.vr 

NE.I PIFfV~JoN 
I 1\.rrD iH C. 

~E.N,-

(7) 

£411::. OF CJ\NJ6:$ oF 
D IS PUtt:: E:f...ie= N ,- Fk.o IV\ 

01 E:Ml~L. .f;{)U1451Z-IVIV\ 
IN "'1H 6- f;.LE-fltie, N-r-

where N .::: is the equilibriun1 value of N .. 
1 1 

Equation (7) is a general equation which can now be used 

to describe the transpor.t of solutes in a stagnant solution. In 

order to solve this equation, the following must be known: 

1. The free solute concentration., nil 

2. The equilibrium relationships, N.):: 
l 

3. The diffusive flux; (J t) i 

4. The displacement from equilibrium, (N. )::-N.) 
1 1 

The mcn1brane theory n'"laintains that the red blood cell 

is essentially a sac of aqueous solution, with both the sodium 

and potassium ions existing inside the red blood cell in their 

free or uncon1bined state. The s orptional theory, on the other 

hand, describes the red blood cell as a separate phase, with 

a good portion of the interior water bound to the cell colloids 
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and therefore unavailable for dissolution of solutes. The 

sodium ion exists mainly as the free ion dissolved in the un-

bound \vater or fluid portion of the cell. The bulk of the 

potassium ion in the cell is bound to the cell colloids. 

If the first theory is correct, .the form of the diffusion 

equation to use is 

3n· 
- t ()t -

as the term N. = 0. This should be valid for both the sodium 
l 

and the potassiwn ion. Although it \Vould also be the equation 

to usc for the sodiwn ion should the second theory be true, 

it would not hold for the potassium ion. 

Equation (1) can be rewritten as follows 

If 

c = the concentration 
v of vacant sites for potassium 

on the colloids, 

c = the total 
0 

n\.nnbcr of xnolcs of potassium that 

could be ad surbt'd, 
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" c :: the nun1ber of moles of potassiun1 that are 
a 

adsorbed, 

c :: the concentration of potas siun1 in the fluid, the 
a 

rate of adsorption of potassiun1. ion is 

( 10) 

whih~ the rate of desorption of potassium is 

( 11) 

and the net rate of desorption is 

( 12) 

Then 

( 13) 

C. Theory of Diffusion in a Heterogeneous 1vledia. 

Solving the general diffusion equation requires a relation-

ship between the diffusive flux and the concentration gradient. 

For a homogeneous medium, Fick 1 s First Law is usually 

.. _. employed: 
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(14) 

·where D. is the diffusivity of species i in the rnediu1n of 
1 

interest and ni is the concentration of sp~cies i in that 

medium. For a heterogeneous n1ediu1n, this form would be 

valid only for the unlikely case in which the diffusivity of 

species i was the same in both the dispersed and continuous 

phase. Otherwise both D. and n. in Fick' s relationsliip must be 
l l 

redefined. Since the unsteady state term in the general dif-

fusion equation is based on the total or average concentration 

of species i, it is convenient to sin1ilarly define n. ·when 
l 

modifying Fick' s expression. For a system such as blood, if 

n. is the average concentration of species i in a sn1all 
1 

volume element which nevertheless contains many red cells, 

an average diffusivity can be defined by the expression 

( 15) 

>:< 
D. is now son"le function of the volun1e fraction of the dis-

1 

pcrsed phase, the diffusivity of species i in the dispersed 

and continuous phases, and the geometry of the particulate . 

dispersed phase. 
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A theory of heat conduction through a granular mediurn 

\vith spherical dispersed particles \vas developed by l\1axwell 

(26). Fricke (13) developed a theory for clcctrical .conduction 

in a heterogeneous n1edium which took into account the non-

sphericity of the particulates. l-Ie applied his results to blood, 

showing how the measured values of the conductivity could be 

related to the conductivities of the plasma and the red blood 

cell, once the volume fraction and shape of the red blood cells 

were known. 

Consider a spheroid \vith half axes a and b, where a 

is the axis of symmetry. If the diffusivity of species i 

through the continuous phase is Dli' its diffusivity through the 

dispersed phase Dli' and its average diffusivity through a 

suspension of dispcr sed ·volume fraction CX. . is D., then 
l 

( 16) 

where 

. 1( - ( 1 7) 

and 



where 

X -;=. -

-15-

( n~., IDJi- 1J - (D;G/D,,) ~ 
[(D,zi/tJI)-1] - ~ 

The shape factor, p , is given by 

MC-a~b) -

MCa~b) = 

cp- i stn:z.(V 
~\l..--)('p 

COS<\J:: '0./b 

1 1 cos?'d2' loo I 1 +Srn~ ) 
5ttf~' - ~ s \n""?(V' o l 1-Sln~ 

eo~'== · b/a 

( 18) 

(20) 

For the case of spheres, X reduces to 2, and \Ve are left 

with the expression 

(21) 
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Fricke cxpcrin1cntally vcrifi~d the thc(H"Y• using data on 

concluclivily in clog blood. Agl"C!cinent wa:; excellent ov<.~1· the 

hc1natocrit range from 10 to 90. It is possibl(', therefore, 

knowing Di' Dli' 0( , and the .shape of the dispersed phase 

particulates, to calculate the value for n
2

i (see Figure 1). 

In the case of blood, n
2

i is the average diffusivity of 

the solute species i in the red blood cell. This again is a 

function of the shape of the red blood cell, the dif.fusivity of 

species i through the cell envelope or membrane ai)d it$ 

diffusivity through the cell interior, and the thickness of the 

membrane and interior. A membrane resistance of the dis

persed phase particles does not invalidate the:: theory. Maxwell 

(26) developed an expression for the average diffusivity through 

spherical con1posite particles. 

The expression given in equation (21) is only ·valid for 

substances whose concentration is the same in the dispersed and 

continuous phase at equilibriun1. For blood, this condition is 

generally true for all non-electrolytes (47), but not for ions. If 

a substance exhibits a partition coefficient K in a particular 

heterogeneous n1edium or an active transport m·echanism is 

operative, the boundary conditions in the derivation leading to· 

an expression for the average dif.fusivity n1ust be changed. The 

derivation fot· a disp<.'l.R<.'d phase of sph-.~rical pa1·ticll'S which 

talH·~ .inlo a.c" .. "'lll'lt tht• ~.·u&h"<·ntt·ation cli~~.:ontinuHy <.\t tla·· pha~H' 
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D /D =0· 
2 1~. 

Q.2 0·4 0·6 o.s 1·0 
VOLUME FRACTION a= 

DISPERSED Pl-IASE 

Figure 1. Solutions to Maxwell's Equation. 
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boundary is given in Appendix I-1. The average cliffusivity 

in this case is 

D 
(22) 

D. Previous Investigations. 

Many studies have been made on the exchange of sodium 

and potassium between red blood cells and plasma. 1 The rates 

vary significantly depending on the type of red blood cell (human, 

rabbit, dog, etc.} and the experimentalist. The results of 

these investigations have strengthened the membrane theory. 

The experimentally determined exchange rates are very slow. 

Practically all the sodium in rabbit erythrocytes is exchanged 

for plasma sodium in 15 minutes (16), while the equivalent time 

for human red cells appears to be as long as 22 hours (47). 

The time for half-exchange of potassium is about 35 hours for 

human red blood cells (29). Other research work indicates 

this figure should be 18 hours for complete exchange. In any 

case, it is significantly different from the time of 500 msec 

for 90 percent saturation of the red cell with urea (20). 

The efflux of chloride from human cells occurs ·· by a 

first-order process with a half time of about 0. 2 seconds (41). 

This value agrees \vith that found by Mook (11) for the choride-
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bicarbonate exchange. Since Whittan1 (47) states that in the 

chloride-bicarbonate exchange, it is not known \Vhich ion is 

rate lin1iting, the half tin1e for bicarbonate is no more than 

0. 2. seconds. Whittan1 also n1entions that this half time for 

chloride exchange is at least 70 times greater than that for 

water. 

The conclusions generally drawn fro1n such experiments 

arc that the cell is enclosed in a membrane with very special 

properties. The n1embrane allo\vs small, lipid soluble molecules 

like urea to pass relatively rapidly, and also exhibits a high 

permeability to anions. The permeability of the cell membrane 

for cations, however, is extren1ely low. In certain instances, 

the permeability rates can be described at least in part by the 

ads orptional kinetics ( 4 7). 

The intracellular diffusion coefficients of substances are 

in general thought to be very low ( 19), but Ling (24) refers to 

work which indicates the intracellular diffusion coefficient is 

only slightly less than the extracellular diffusion coefficient for 

potassiun1 diffusing in an axon. 

There is not an extensive literature dealing with the 

diffusion of substances in blood. Spaeth and Friedlander (37) 

carried out' one of the first detailed studies of gas transport . 

in flo\ving blood. In · their work, they calculated diffusion co

efficients by means of the theory of transport through hetero-
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geneous n'lcdia based on diffusion coefficients measured in 

plasma and in concentrated hemoglobin solutions. They 

assumed a negligible red blood cell membrane resistance to 

their diffusing species. The diffusion coefficients thus calcu-

lated \vere used in their calculations of convective diffusion 

rates. 

Stein (38) more recently verified the use of the heterogcn-

eous media theory for the diffusion of oxygen through red blood 

cell suspensions. He suspended out-dated human red blood cells 
,. . 

in an agar gel, and studied the diffusion of oxygen through this 

red blood cell-gel mixture by means of an oxygen electrode. 

His results could be explained by calculations based on the 

Fricke theory. By measuring the average diffusion coefficient 

of oxygen through the ~ixture and the diffusion coefficient of 

oxygen through the plain gel, he could then calculate the dif-

fusion coefficient of oxygen through the red blood cell. The 

calculated value agreed within experimental error with the dif-

fusion coefficient of oxygen. through a hen1oglobin solution of 

about_ the concentration of hemoglobin in the red blood cell. Un-

fortunately, the experimental errors were quite large. 

Most of the methods used to study the diffusion of gases 

in blood are of limited versatility. The method used by Stein 

is severely limited by the number of measuring electrodes 

available. The wetted wall column used by Hershey et al. (18) 
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is lin1itcd to the study of gaseous diffusion. The various 

approaches taken by Spaeth and Friedlander (37), Buckles et al. 

(2), and Collingham et al. (7) are in general lilnited by the 

solute resistance · of the permeable membrane material used in 

the experimental apparatus. 
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Ill. EXPEIUMENTAL APPARATUS AND PROCEDURE 

A. Theory. 

1. The Capillary Diffusion Method. 

The capillary diffusion method was chosen for this investi-

gation. There are a number of reasons for using this particular. 

approach. The apparatus is uncomplicated and easy to operate. 

Results obtained by this method are both accurate and precise. 

The number of substances \vhich can be investigated1 with this 

method is · limited only by the availability of suitable tracers. 

The low volu1nc requirements are a decided asset. These com-

bined advantages made it an ideal method for the present inves-

tigation. 

When tracer amounts of a solute diffuse through a salt 

solution, and the concentration of a tracer is negligible com-

pared to the total concentration of other ions in the solution, 

the diffusion coefficient of tracer is constant along the dif-

fusion path. The measured diffusion coefficient is then the 

so-called "differential" diffusion coefficient. This special case 

of tracer diffusion is sometimes called self-diffusion (44). 

By applying Fick's First Law, equation (3) can be re-

written as 

(23) 
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where N. = 0. 
1 

The diffusion coefficient is not a function of n., 
l 

in the case of self-diffusion. To solve this equation, the 

boundary conditions for the capillary tube configuration n1.ust 

be kno\vn. With the tracer initially in the capillary tube of 

length 1, the boundary conditions are· 

1. n. = n. t = 0, 0 ~ X ·;: 1 
1 10 

2. on. I C> x = 0 t ~ 0, X = 1 
l 

3. n. = 0 t :2 0, X = 0 
l 

The solution of equation (23), given the above bounqary. condi-

tions, is 

(24) 

In equation (24), n. is the average concentration of tracer in the 
l 

capillary at time t. 

When the value Dt/ 1
2 

exceeds 0. 2, only the first term in 

the expansion is necessary. In the present study, the first two 

terms were· used. 

The above equation can only be used if the radioactive 

tracer in usc has a relatively long half life. For sodium-22, 

with a half life of 2. 6 years, it is quite satisfactory. But for 

a tracer like potassium-42, with a half life of 12.4 hours, the 

equation must be modified. Since the radioactive decay can be 
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described by first order kinetics, the original equation must be 

written as 

(25) 

where k>:' is the first order decay constant for the radioactive 

species. The same boundary conditions still apply. Solving 

equation (25) leads to 

( 26) 

The boundary condition n. = 0 at x = 0 was maintained 
1 

experimentally as follows: First, the open end of the capillary 

tube was in contact with a bath of sufficient volume so the 

tracer concentration in it due to tracer loss by diffusion from 

the capillary tube was negligible throughout the experiment; 

secondly, the bath was stirred, fast enough to prevent accumu-

lation of tracer at the mouth of the capillary but slow enough 

to prevent scooping out a large portion of fluid from the 

capillary. Wang (44) describes a test which can be used to 

determine if the scooping out is in1portant. His results showed 

that at modest stirring rates using capillaries with an approxi-
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mate dian1etcr of 0. 5 mm and lengths ranging from t'wo to 

four centimeters, the scooping out was negligible during a 

sufficiently long run. The work by Castledcn and Fleming (6) 

sho\ved little change in the measured diffusivity between modest 

stirring and no stirring conditions. 

2. An Inquiry Concerning Di. 

The average diffusivity D. , defined in equation (23) and 
. l 

deter1nincd experimentally by the capillary diffusion method, is 

based on the average concentration of species i. )Vhe~ species 

i exhibits a partition coefficient in a heterogeneous system, the 

value of its diffusi vity in the medium depends. on which cone en-

tration, the average or continuous phase, is used in the calcula-

tion. 

For example, consider the cylinder shown in Figure 2, 

which is capped at the top and bottom by an infinitesimally 

thick porous plug. The top porous plug is in contact with a 

large, stirred volume of salt solution of concentration c 1• The 

botto1n porous plug is in contact with a sin1ilar large, stirred 

volwne of salt solution of concentration c
2

. The cylinder is 

filled \vith a mixture of the salt solution and a dispersed phase. 

The salt is soluble in and can diffuse through the dispersed 

phase. However, there is a partition coefficient K for the salt 

between the dispersed and continuous phase which is not equal 

to one~ 
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At steady-state there \vill be son1c constant flux J of 

salt through the system. But depending on which concentra-

tions are used, the same flux J will lead to different values 

of the diffusion coefficient. Two ways of expressing the concen-

tration will be examined. 

The steady-state expression for diffusive flux through this 

systen1. is 

J==: (27) 

The first approach is to base the diffusion coefficient on the 

salt bath concentrations, c
1 

and c
2

• Then 

D (28) 

On the two-phase side of each porous plug the concen-

tration of salt in the continuous phase is the same as the con-

centration of salt in the solution in contact \vith the porous plug. 

But because of the partition coefficient, the average salt concen-

tration on either side of the porous plug is not the same. 

Consider a heterogeneous phase in the cylinder of dispersed 
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Figure 2. Diffusion in Heterogeneous Media. 
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phase volun1c fraction CX,. The average concentration "inside" 

the cylinder is 

c*-.;;. (1-CX)Co + C(Ci. 

where 

c = the concentration of the salt in the 
0 

phase, 

c. = the concentration of the salt in the 
1 

phase. 

Since c. = Kc o' equation (29) can be rewritten 
l 

c* = 

or 

c* ;:: [1-CX. .. ex K] Co 

For the special case where K = 1, c~' = c • 
0 

(29) 

continuous 

dispersed 

as 

(30) 

(31) 

Therefore, basing the diffusion coefficient on the average 

concentration inside the porous plug, we have 

J = D* [ (Hx-HXK)c, L 0-~+lXk)c:z.J 
(32) 



or 

Therefore 

D*-
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D* [HX+ O<.K] 

Jl 

C1- Cz 

l 

Comparing equations (28) and (34), the result is 

(33) 

!34) 

(35) 

This gives the relationship between the diffusion coefficient 

based on the average concentration and the diffusion coefficient 

based on the continuous phase concentration. Generally, steady 

state diffusion measurements involving the diffusion o£ gases 

through liquids arc based on the continuous phase concentration. 

Unsteady state, capillary diffusion measurements involving 

radioactive tracers are based on the average concentration. 

I£ the cylinder shown in Figure . 2 is completely filled 

with the dispersed phase ( C<. = 1 ), the equation (35) reduces to 
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D*K- D {36) 

In this case D is the diffusion coefficient based on the apparent 

concentration difference across the cylinder. From equation 

{32) it is clear that n,:~ is based on the actual concentration 

difference across the medium in the cylinder. Thus n~:( in 

this case is the actual diffusivity in the dispersed phase. 

Recall the modified Maxwell equation for the ayerage 

diffusivity in a granular medium in which there is a disconu-

ity in the concentration at the boundary of the dispers·ed and 

continuous phases. 

(22) 

Substituting o<v = 1 in this expression leads to 

(3 7) 

A comparison of equations (36) and (37) indicates that the 

average diffusivity in the modified Maxwell equation is based 

on the continuous phase concentration and is related to the 

diffusivity measured in the capillary method by the expression 
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in equation (35). To test this conclusion, it is worthwhile to 

exan1ine any reported literature dealing with the diffusion in 

heterogeneous sy st0ms. 

\Vang (~16) carri~d out a nun1bcr of diffusion experiments 

using the capillary tube diffusion method to investigate the self-

diffusion coefficient of water in protein solutions. The protein 

he used was ovalbumin, in weight concentrations up to 24. 5 per-

cent. 

Tanford (39) states that rigid macromolecules, those . ,. 
which possess internal bonding which allows little or no latitude 

in the position of one part of the molecule relative to another, 

can be considered as a solid particle. Osmotic and hydro-

dynamic expcr~ments suggest that ovalbun1in can be considered 

as a rigid n'lacron1.olecule, of almost spherical shape. 

Thus, for the case of water diffusing through a protein 

solution, the diffusivity of water through the protein "phase" 

should be zero. The protein "phase" consists of the protein 

macromolecule plus its bound water. 

To plot the data in a characteristic ·Fricke plot, the 

measured diffusivities must be corrected for the bound tagged 

water, i.e., the non-diffusible \Vater. The protein weight 

fraction must also be converted to the volume fraction of 

"protein phase". 

Define H as the hydration of the protein in solution, 

expressed as grams of bound water per gram of protein. Let 
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c be the con.ccntration of protein in gran1s of anhydrous 
p 

protein per cc of solution, and w be the \Veight fraction . of 

protein in grams of anhydrous protein per gram of solution. If 

the d"~nsity of the protein solution is designated as 'f , then 

(38) 

The volume fraction, ¢ , of hydra ted protein can now be 

written as 

¢ _ Cp (Vr> -+ H/cL) 
(39) 

where V is the apparent specific volume of the anhydrous 
p 

protein in its aqueous solution, and d is the density of pure 
0 

water. Wang (45) gives a justification for this approach. The 

solution density J> is found in Figure 3, obtained from data 

of Goldstick (14) for the density of a general protein solution. 

The equation to be used in describing the self-diffusion of 

water in protein solutions is 

(40) . 
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FROM GOLDSTICI~ 
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Figure 3. \\'eight Percent versus Density of a Typical 
Protein Solution. 
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\V h c r c c t i s t h c tot a 1 c on c c n t ration of w ate r , and c d i s the c on

ccntration of diffusible \Vater. Ho\vcvcr, the data obtained from 

an cxpcri1ncnt of this type arc described by an equation of the 

forn1 

(41) 

where ct is the amount of water (in grams or moles, etc.) 

divided by the total volume. In order to solve equatjion .(40) 

and obtain the actual diffusivity D, an expression relating cd to 

ct is necessary. This is obtained as follo\vs 

Ct - (i-0<.') Cs -+ CX. Cp (42) 

where c is the concentration of water in the continuous phase · 
s 

and c is the concentration of water in the protein phase. · By p 

setting 

(43) 

equation (42) can be rewritten as 

(44) 
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Since the water in the protein phase is non-diffusible water, 

and all the water in the continuous phase is diffusible, 

Therefore 

[
1- ex-t ocs l c 

i-0<. J cl 

and ·equation (40) can be rewritten as 

From equation (41} 

(45) 

(46) 

{4 7) 

(48) 

and the true diffusion coefficient can be obtained by multiplying 

the measured diffusion coefficient by the factor 
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The quantity ~ is merely the grams of water in the protein phase 

divided by the grams of water in the continuous phase. The 

point shoul~ be stressed that the corrected diffusivity is based 

on the amount of diffusible water per total volutne of protein 

solution; it is not based on the concent-ration of diffusible water 

in the continuous phase per unit volume of continuou~· phase. 

It is an average, not a continuous phase concentration. 

The corrected data of Wang et al. (46) are plotted in 

Figure 4. The dashed line in Figure 4 is the Fricke plot for 

a zero diffusivity of water through the protein phase. 

The experimental results are in excellent agreen1cnt with 

the theoretical. The good correlation is also a strong verifica-

tion for the value 0.18 grams bound water per gram anhydrous 

protein (45). It appears from this work that the average concentra-

tion of the diffusing species is the concentration to use when 

determining the diffusivity which will subsequently be subjected 

to a Fricke analysis. 

The theoretical Fricke curve in Figure 4 has been correct-

ed for the non-sphericity of the protein macrotnolecules. The 

axial ratio used to n1ake this correction was a /b = 2. 6. The 
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corrected curve docs deviate slightly froxn the curve for a 

spherical particle. According to vVang (45), the equilibrium 

as stunption used in this analysis be tween bound and free tagged 

\Vater is valid. 

Unsteady-state gaseous diffusional studies have also been 

carried out on heterogeneous systems. Goldstick (14) invcsti-

gated the unsteady- state diffusion of oxygen through protein 

solutions. One detailed study was carried out using th~ protein 

BSA. The protein solution was held in a small ·cylinder which 
I • 

had as its bottom an oxygen electrode. The electrode functioned 

as an oxygen sensor. The top of the cylinder was open to a 

gas atmosphere of a particular oxygen partial pressure. 

Wet gas of a kno\vn oxygen partial pressure was passed · 

over the protein solution until the system was equilibrated. The 

oxygen partial pressure in the gas stream was then suddenly 

changed, and held at this , new value during the remainder of 

the run. The oxygen concentration at the sensor surface which 

formed the lower boundary· of the protein solution was continu-

ously recorded during the experiment. 

The equation Goldstick used to describe the process was 

<0 {49) 
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The average concentration of .oxygen in the solution is given by 

the ex-pression 

(50) 

where c
0 2 

is the concentration of oxygen in the continuous phase 

ex is the volume fraction of the protein phase, and c 
1
. 

5 . . o2p 

; the concentration oxygen in the protein phase·. It is ,reasonable 

to assume that c = 0, in which case 
o2p 

Since 

.X· 
Co:?..- - (51) 

(52) 

where ~ is the Henry's law constant for oxygen, equation 

(51) can be rewritten as 

Cot - k ?o.z, (1-CXJ (53) 

' · 
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Multiplying through equation (49) by k(1-CX) gives 

D (54) 

or 

(S.S) 

In this case also, the measured diffusivity is based on the 

average concentration of oxygen. 

Again it is assun1ed that the diffusivity of oxygen through 

the dispersed phase is ·z.ero. Goldstick reports the protein con-

centrations in weight percent, and they must be corrected to 

volun1e percent of hydrated protein. In the case of B_SA·, H 

is now 0. 34 grams bound water per gram anhydrous protein. 

The data are plotted in Figure 5. In this case also, the dif-

fusivities based on the average concentration are in agreement 

with the theoretically predicted curve. The data tend to fall 

some·what below the predicted curve. This is probably because 

the calculated volume of the protein phase is lower than the 

actual excluded volume. 

T\vo sets of independent experimental results indicate the 
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average concentration should be used to determine the dif-

fusivity \vhich corresponds to the average diffusivity in the 

heterogeneous n1cclia theory. In both examples cited, the con-

ccntration of diffusing species was not continuous across the 

phase boundary betwc0n the continuous and the dispersed phase. 

The conclusion is that the heterogeneous n1edia the·ory, derived 

for a continuous boundary condition, is also valid for a discon-

tinuous boundary condition if the measured diffusion coefficient 

is based on the average concentration of diffusing species ·in 
I • 

the medium. This is not in agreement with the previous con-

elusion based on a rederivation of the Maxwell equation taking 

into account the discontinuous boundary condition. For the 

examples just given, the n1easured diffusivities should be multi-

plied by the factor (1- 0(,) before they correspond to the dif-

fusivity predicted by the rcderivcd Maxwell equation for which 

The reason for this obvious inconsistency is not 

known. 

Since Fricke (13) has shown the heterogeneous media 

theory to be independent of the size of the suspended particles, 

the small size of the protein molecule should not be a complicat-

ing factor. Bull and Breese (3) investigated the conductivity of 

protein solutions. Their experimental results can be fitted by 

the Maxwell equation · if it is assumed that about 0. 65 grams of 

water are bound per gram of protein. Since the conductance 



.. 

-43-

n1easure1ncnts yield an excluded volume, this some\vhat high 

value for the amount of bound \Vater is not unusual. Because 

the conductivities of protein solutions arc consistent with the 

Fricke theory, diffusivities in protein solutions would also be 

expected to be consistent with the theory. 

3. Bound Diffusing Species. 

At this point it n1ay be witic to ask the question, if part 

of the sodiun1 in the red blood cells is bound, how will this 

affect the measured diffusion coefficient? For according to 
I 

Troshin, who quotes nu1nerous authors, from 5 to 20 percent of 

the cell's sodiun1 (including erythrocytes, muscle fibers, and 

egg cells) is not diffusible. 

where 

Now, 

Again, the equation to be used is 

(40) 

ct = the total concentration of sodium, 

cd = the concentration of diffusible sodium. 

if c stands for the concentration of sodiurn in the con
s 

tinuous phase and cdrbc stands for the diffusible concentration 

of sodium in the red blood cell, then 
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Let cd b = 0 c b , where c b is the concentration of -r c r c r c 

sodiurn in th<.! reel blood cell, and c b = ~:.,.c • 
r c - s 

Then 

Cd- (1-cx)c~ 4- CXoC~bc (57) 

or 

(58). 

and. finally 

(59) 

Now, 

Ct - (1 -OC) Cs -+ 0<, C ~be 

or 



Therefore 

· and 
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Ct - 0- ex + tx'5] c~ 

Cs. = 

[ 

Ct 

1- (X+ lXC5~ 
1-CX,..CXs 

Substituting this into equation ( 40) gives 

or 

(61} 

(62} 

(63) 

(64) 

( 41) 

~~ 
where D is the experimentally measured cliffusion ·coefficient. 
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Thcrcforl', the actual diffut>.ion coefficient Js 

(65) 

Assun"lc for the mon1ent that the average concentration 

of diffusing species n"lust be used to obtain a measured diffusion 

coefficient which is consistent with the heterogeneous media 

theory. A similar argument applies if the continuous phase 
. ,. . 

concentration should be used. The measured diffusivities will 

be expected to correspond to a curve derived from the Fricke 

theory. Since 

(21) 

it follO\VS that 

(66) 
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The cffc~t of th<.· bouncl fraction on the diffusion coefficient 

d.epcnds on the an1ount that is bound. Since the presence of a 

bound fraction may not ahvays be known in advance, it is worth-

\vhile to kno\v if its presence can be inferred fron1 the measured 

diffusivitics. 

As an example, take sodium diffusing through blood where 

= 1 I 6. As s un1 c tha. t D 2 I D 1 = 0 . 54 and that 15 , the 

fraction of free, diffusible sodium in the red cell is 0. 6. The 

Fricke curve is first determined for this syste1n based on the ,. 
actual D

2 
ID 1 ratio, and is given by the solid line in Figure 6. 

The expected experimental data based on '0 = 0. 6 are then 

determined from this curve, given by the circles in Figure 6. 

Finally, the experimental data are fitted by another Fricke 

curve given by the dashed line. 

Although the complete range of experimental data cannot 

be fitted by a Fricke plot, a sizeable portion can. In fact, 

from the exa1nple, the data taken up to a hematocrit of 60 would 

not allo\v the conclusion that a non-diffusible fraction was present. 

This \vould give a value for D2 lo\ver than the actual value. A 

non-diffusible fraction present would cause an underestimated 

value ·of D2 . 

At higher values of lr , the effect is not nearly as pro-

nounced. For instance, at a hematocrit of 50, in the same 

system \Vhcre now ?f = 0. 8, n::: = 1. 03Dm' whereas if (Y = 
That is to say, if 9Q percent of the 
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sodiun1 in the red blood cell wa~ diffusib,lc, the measured 

diffusivi ty and the actual diffusivity would only differ by one per-

cent. 

The effect is small because the concentration in the dis-

persed phase is so n1uch less than that of the suspending 

1ncdium. This means that the amount that is non-diffusible is 

a very small fraction of the total at the low hematocrits. 

For a species which is highly concentrated in the dis-

;perscd phase, c. g., potassiwn, quite different resul}s n:ight be · 

expected. As found previously, 

(6 5) 

Note that 1 whatever the species in question, 

As an example, consider potassium diffusing through 

blood with D
2

/D1 = 0.54 but \vith (5 = 0.4 and '5:: 25. In 

Figure 7, the dashed line is a Fricke plot correspond~ng- to 

D
2

/D
1 

= 0. 54. The circles represent the expected experimental 

data with the given 75 and 5 

Fricke plot for D 2 I D 1 = 0. 

B. Experimental Procedure. 

The solid line represents the 

1. The Capillary Tube Apparatus 

Self-diffusion coefficient measurements using the capillary . 
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tube n1ethod were first xnaclc by Anderson and Saddington (1). 

Their n1cthod has t>incc b<.'cn analyzed, perfected, and <:~xtcnsive-

ly used by 'Nang (43, 4-1-). 

Follo\ving vVithcrspoon and Sara£ (31, 32), a special 

capillary of variable length was used with an internal diameter 

of about 0. 10 cn1. The capillary tube was a 50 ~ 1 gas -tight 

syringe manufactured by the Hamilton Co., Inc., Wbittier, 

California. It was rnodificd by grinding flat the needle end of 

the syringe at the zero mark (Figure 8). The tight 1 fitt:i.ng 

Teflon tip of the plunger effectively contained any liquid in the 

capillary. The plunger allowed a convenient choice of capillary 

length up to about 7 em. An optimum length of about 3 em was .. 

chosen based on the scooping-out effect investigated by Wang. 

If the length \Vas too short, the scooped-out portion of the cap

illary was too large a fraction of the total capillary volume. 

However, if the length \Vas too long, too much time was re-

quired to obtain a reasonable tracer loss. In calculating the 

diffusion coefficient, it \.vas convenient to use as few terms in 

the series expansion as possible. Shorter experimental 'times 

\.Verc preferred to minimize the biological decay of the fluid in 

the capillary. 

A ' n1ost critical dimension was the length of the \Vorkirig 

portion of the capillary. This was found by adding the length 

of the glass barrel to the length of the spacer, and then sub-
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tracting fron1 \hi s sun· .. the d1stance frorn the tip of the plunger 

to the . hub. Allhough the latter distance was difficult to obtain, 

n1easurcn1cnts made at different times were quite reproducible. 

The Teflon tip first obtained from the Hamilton Co. fitted 

snugly along its whole length and was used as obtained. Teflon 

is subject to cold flow, and the tight fitting Teflon tip loosened 

in time. Immersing the tip in boiling water rectified this 

tendency, but not indefinitely. When new tips were ordered, 

they were shaped somewhat differently, as shown in Figure 8 
I • 

and had to be modified by cutting off the portion beyond the 

raised part. It was necessary to grind a small portion of the 

tungsten plunger since it fitted very deeply into the Teflon tip. 

Thus the fluid in the plunger end of the capillary was not exposed 

to a complete Teflon surface, but this did not seem to affect the 

results. The inner surface of the capillary tube was coated a~ 

times with the preparation Siliclad, but it also seemed to have 

no effect on the results. 

2. Radioactive Counting Apparatus. 

Follo\ving Thon1pson (40) and Sachs (30), both the sodium-

22 and the potassium-42 were counted in a well type scintilla-

tion counter. Sodium-22, \vith a half life of 2. 6 years, emits 

ga1nma radiation with a peak energy of 1. 274 Mev. Potassium-

42 has a half life of 12.4 hours. Its strong gan11na radiation 

(18%) is 1. 53 Mev. It also emits a strong beta radiation. 
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The <.~ounling apparatus consisted of a Baird Atorni<.: Model 

81 OB \\'ell Scintillation Detector. A two drarn poly vial fitted 

snugly into the \Vell. The detector was po\vercd by a Model 

409A High Voltage D. C. Supply made by the John Fluke Mfg. 

Co., Inc., Seattle, Washington. The output fr·cnn the detector 

\vas fed into a Baird Ato1nic Model 250 An1plifier-Analyzer. 

The amplified signal \vas finally passed to a Baird Atomic Model 

132 Multiscaler II, which recorded the counts per minute. A 

Baird Atomic Model 960R Ti1ner \vas used in conjW1ction with 
I • 

the Model 132 Multiscaler. The power source for the Model 

132 \vas a CV -1 Constant Voltage Transfor1ner manufactured by 

the Sola Electric Co. , Chicago, Illinois. 

The beta emitters were counted in a Beckn1an LS-1 00 

Liquid Scintillation Sy stern. 

3. The Diffusion Run. 

The capillary tube was filled by first depressing the 

plunger until the Teflon tip protruded slightly from the ground 

end. This end ' was then in1merscd in the tagged solution, and 

shaken to dislodge the bubbles \vhich commonly forn1ed on the 

Teflon tip. The plunger was then pulled up until the capillary 

was slightly over -filled \vith respect to its final volume. The 

tagged solution \vas con1pletely wiped off the sides and tip of 

the capillary. During this procedure son1e of the liquid right 

in the .top of the capillary tube \Vas lost, which dropped the 
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liquid level in the capillary bclo\v the ground face. The spacer 

\vas then pla<.:ed bet\vcen the glass barrel and the hub of the 

plunger, and the plw1ger depressed w1til the hub contacted the 

spacer. This set the capillary volun1e. At this point the fluid 

protruded out slightly from the end o.f the capillary tube. This 

could be left to counteract the initial scooping-out when the 

capillary \Vas placed in the bath solution. The slight excess 

was removed using the corner of an absorbent paper. In this 

\vay, the liquid was absorbed slo\vly, and the proce~·s was 

stopped at the exact point where the excess liquid disappeared. 

A sn1all polyethylene bag was placed over the plunger end of 

the capillary tube and secured to the glass barrel by n1eans of 

a rubber "0"-ring (Figure 8). 

The filled capillary tube was then inserted into a Teflon 

cylinder (Figure 9) which was subsequently filled with the bath 

fluid and placed in a water bath. 

Three san1ples were taken before the run was started to 

determine the initial concentration of tracer in the capillary. 

The cylinder was positioned so the end containing the 

capillary tube was down. The top of the cylinder was then un

scre\ved, and the prewarmed bath solution poured slo\vly down 

the side of the cylinder from a flask until the cylinder was al

most full. The ti1ner \vas started the moment the bath liquid 

came in contact \vith the open end of the capillary. The un-
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Figure 9. The Diffusion Apparatus. 
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screwed top, with the stopcock open, was then r<.~placcd. A 

10 n1l syringe, fitted with a long ncccUc, ":ontaining the bath 

solution, was inserted through the stopcock into the · cylinder and 

completed the filling process. The stopcock was closed, the 

cylinder was inserted into its holder and lowered into a water 

bath. 

The cylinder was rotated horizontally; the capillary was 

parallel to the lab bench. A weighted stirrer inside the cylinder 

remained stationary as the cylinder rotated, thus stir,ring_ the 

bath fluid. 

The bath fluid was the same composition and concentra

tion as the continuous phase in the capillary tube, but did not 

contain the tagged species. Therefore, the only concentration 

gradient in the system was in the concentration of tracer in the 

capillary. 

At the end of the run, the cylinder \vas removed from its 

holder and positioned stopcock downward over a flask. The stop

cock, was opened and the syringe carefully removed. The sides 

of the capillary were wiped dry, and as much as possible of the 

excess liquid on the ground end of the syringe was removed. 

Care was taken not to remove any liquid in the capillary tube 

itself. The contents were then ejected into an appropriate 

counting vial. To the vial \vas also added approximately one ml 

of water which was used to rinse the end of the capillary. This 

insured con1plch~ rcn1oval of all tracer. A .larger volun1c of 
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rinsing fluid wa~ found unnccc~ sary. The tin1er was stopped 

j~st as th~' capillary \Vas rcn1ovcd fron1 the Teflon cylinder. 

4. Preparation of 13lood. 

To produce a suspension of any given hematocrit, the red 

cells were first separated from the plasma by centrifugation and 

then reco1nbined with the plasma in the proper proportions. In 

packing the cells they v.rere centrifuged for 20 minutes at 2500 

rp1n in a Universal Model UV centrifuge made by the Interna-

tional Equiprnent Co. The original hematocrit was observed 
I· • 

directly by using graduated centrifuge tubes. The plasma was 

decanted and the huffy coat always discarded. 

Rabbit blood was obtained fresh from the Biology Division 

of the California Institute of Technology. The anticoagulant used 

was ACD. Citrated human blood was obtained from Hyland 

Laboratories, Los Angeles, California. 

When the red blood cells were to be suspended in an arti-

ficial plasma such as Earles 1 Solution, they were first washed 

one or two times in an isot.onic salt solution and then twice in 

the artificial plasma. 

0 
ator at about 6 C. 

The stored blood was kept in a . refriger~ 

5. Blood-Gel Mixture. 

When the apparatus was originally designed, it was hoped 

that the slowly rotating, horizontal capillary tube would keep the 

red blood cells essentially stationary, but this did not turn out 
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to be the case. To avoid the problern of cell n1otion, a gel 

suspension \vas prepared using a technique developed by Stein 

(38) for another geometry. 

One gram of agar was dissolved in 90 ml of Earles 

Solution A (Appendix II-2) by heating the solution to boiling. 

After cooling the solution to 43°C in a water bath, 10 ml of 

Earles Solution B (Appendix II-2) were added. The solutions 

could not be con1bined beforehand due to the formation of a pre-

cipitate on heating. A volu1ne of packed red blood cells was 
I 

0 
also brought to 43 C. A certain amount of each was added to 

0 a vial containing the radioactive material, also in a 43 C water-

bath, to give a desired hematocrit. The contents were stirred 

by shaking the vial and allowed to equilibrate for a certain 

length of tin1e. Samples were taken from the vial for the experi-

ment. When using the blood-gel mixture, no excess liquid was 

left on the end of the capillary. 

A sample \Vas drawn into the syringe and allowed to cool 

and gel for 5 minutes. It was then brought to the correct 

volume by means of the spacer, and the excess gel protruding 

fron1. the capillary was neatly removed by a double-edged razor 

blade. 

The bath solution in the cylinder consisted of 10 ml of 

Earles Solution B in· 90 ml of Earles Solution A. 
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6. Radioactive Counting Procedure. 

The \vcll scintillation detector used in counting sodium 

and potassiun1 \vas calibrated using a Cesiu1n 137 source. The 

battery of instruments was allo\ved to \varm up for approximately 

one hour. The pulse-height selector knob on the Multi scaler 

was turned to its 1naximum value. The high voltage supply was 

set at 850 volts, positive polarity. The lower level on the 

Amplifier-Analyzer was set at 6. 62 (66. 2 volts) and the 

''Integral-Differential" switch set in the "Differential~' po.sition. 

The window was set at 2. 00 (4. 00 volts). The cesium san)ple 

was placed in the well, and counts were taken over one minute 

intervals. The coarse and fine gain settings were ·varied until 

a maximum cpm reading was obtained. 

bration procedure. 

This completed the cali-

To count a radioactive sample, the lower level was set 

at 0. 50 (5. 00 volts) and the "Integral-Differential" switch moved 

to the "Integral" setting. The sample was placed in the well 

and counted for a given amount of time, generally 10 minutes. 

A background count, with no sample in the well, was taken at 

the beginning and end of a series of sample counts. A sample 

was generally counted twice to insure reproducibility of the 

count. The san1ples were ahvays less than one microcurie. 
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IV. EXPERIMENTAL DATA AND ANALYSIS 

A. Sodiun1 Diffusion. 

1. The Diffusion of Sodiun1 in Potassiurn Chloride 

Solutions. 

Wang (44) n1.adc a detailed study of the self-diffusion of 

sodium-22 in a potassium chloride solution, to determine how 

the n1.easured self-diffusion coefficient varied with increasing 

solute concentration. It was decided to test the res'ults• of the 

present apparatus against his data. 

An appropriate volume of radioactive sodium-22 solution 

was evaporated to dryness and redissolved in a srnall volume 

of 0. 100 M potassium chloride solution~ This solution was used 

in the capillary tube. The bathing solution used in the cylinder 

was the 0. 100 M potassium chloride solution. The water tern-

perature bath used in these experiments was maintained at 25°C. 

The first few runs lasted 48 hours. With this length of 

run all terms after the first in the series expansion solution to 

the diffusion equation could be dropped. The average self-

diffusion coefficient of sodium-22 through 0.100 M potassium 

chloride solution, based on three runs, was 1. 320 (± 0. 013} x 

-5 2 
10 c1n Is ec. 

Since the goal \vas eventually to use blood in the apparatus, 

a shorter rLln \vas desirable. With this in mind, three runs 
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were made with the sa1nc system, but for only 29 hours. This 

necessitated including the second ter1n in the series expansion 

solution. The average self-diffusion coefficient for the three 

-5 2 short runs \vas 1. 310 (±0. 013) x 10 em /sec. Since shorten-

ing the run tilne to 29 hours had no effect on the diffusion co-

efficient determinations, the duratiori of the run was further 

reduced to 24 hours for the remainder of the experiments. 

The result obtained by Wang for the self-diffusion co-

efficient of sodium-22 through a 0. 100 M KCl solution was 1. 30 
I 

-5 2/ (± 0. 037) x 10 em sec. This result was in good agreement 

with that found in the present investigation, which indicated the 

capillary diffusion apparatus was performing well. Wang used 

glass capillary tubes with an internal diameter of 0. 5 mm, where-

as a 50 f 1 syringe with an internal diameter of 1. 0 mm was 

used in this work. The volume of his diffusion bath was one 

liter, whereas the volume of the diffusion bath in this work was 

approximately 80 ml. One concern was that the small bath 

volume would invalidate the boundary condition of zero tracer 

concentration at the mouth of the capillary. The shorter run 

time would be favorable from this standpoint. The results 

which were obtained indicated the boundary condition was held 

throughout the diffusion run. 
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2. The Diffusion of Sodiurn in Sodiun1 Chloride 

Solutions. 

A fe\v detcrn1inations of the self-diffusion coefficient of 

sodium-22 in 0. 100 M sodiu1n chloride solutions at 25°C were 

also made. Averaging the results of four runs gave a value 

-5 2 of 1. 344 (±0. 012) x 10 cn1 /sec. These were 48 hour runs. 

Mills (28) n1.easurcd the self-diffusion of sodium in sodium 

chloride solutions at 25°C using the capillary tube apparatus. 

Extrapolating back his results to 0. 10 M NaCl gave a value· for 
I • 

-5 2/ the self-diffusion coefficient of approximately 1. 31 x 10 em sec. 

Castleden and Fleming (6), using the same technique, ob ... 

tained a self-diffusion coefficient for sodium diffusion in a 0. 10 M 

sodium chloride solution of 1.25 (±0.03) x 10- 5 cm
2

/sec. 

The data of Slade et al. ( 3 5), although not obtained in a 

capillary tube apparatus, confirmed the data of Mills. Their 

measurements gave a value for the self-diffusion coefficient of 

sodium in a 0.10 M NaCl solution of 1. 305 x 10-S cm2 /sec. 

The diffusivities obtained in this study were definitely higher 

than those reported in the literature. 

It was soon discovered that the distance behvecn the mouth 

of the capillary and the stirrer was a critical factor in obtain-

ing reliable results. The stirrer could not be kept close to 

the mouth of the capillary. Once the stirrer was properly 

positioned at the far end of the cylinder, a value for the dif-
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fusion coefficient of sodiurn in 0. 100 M NaCl at 25°C, based 

on two 24-hour runs, was found to be 1.316 (±0.00) x 10- 5 

2 
cn'1 /sec. This result was much more satisfactory. 

3. The Diffusion of Sodium in Rabbit Plas1na. 

Fresh rabbit blood was diluted approximately 6:1 with ACD 

solution (30 ml ACD to 200 ml blood), and immediately centri-

fugcd. The plas1na was decanted and the red blood cells dis-

carded. A small portion of the plasma was added to a vial 

containing the radioactive sodium. The remainder was used as 
I .. 

the bathing . fluid in the capillary apparatus. Since the plasma 

tended to deteriorate rapidly at 37°C, the runs were carried 

Based on five runs, the average self-diffusion 

coefficient of sodiwn in the plasma was found to be 1. 031 

-5 2 
(± 0. 030} x ~0 em /sec. 

0 The specific gravity of the plasma at 25 C was 1. 025. 

0 The ratio of the viscosity of plasma to that of water at 25 C 

was 5/3 (1. 667). If the expected diffusivity of sodium in the 

plasma is calculated based· on a viscosity correction of the 

sodium diffusivity in water, the equation to be used is 

1)Hao 
(6 7) 
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(l. 3(6J ( l·G7) X IC$" CM~/$4G 

o.7q ~ to> Clvv'a~IS4C 

and the actual is considerably higher than the expected. The 

actual diffusivity ratio is 

j.031 /1.316 

O.lB 

This high ratio may be peculiar to sodium, \vhich would 

suggest a sodium diffusion augmentation mechanism in the plasma, 

or may be due merely to the poor ability of a viscosity correc

tion to predict diffusion behavior in fluid systems such as plasma. 

Spaeth (36) compiled the available data on the diffusivities 

of oxygen through \Vater and plas1na. From these data it 

appeared as though the viscosity correction should be valid, and 

in light of this the results of the diffusion of sodium in plasn1a 

found in this study become quite interesting. However, the 

evidence is not conclusive. 

Stein (38) also obtained measurements of the diffusion of 

oxygen through \Vater· and plasma. From his work, a diffusivity 

ratio o.f 0. 75 was obtained. If his results are correct, the con-
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elusion follows that there is nothing peculiar in the diffusion of 

sodiun1 through plasn1.a. Unfortunately, he did not give viscosity 

data for the plasma he used, so a more concrete c·onclusion can 

not be forn1cd. 

4. The Diffusion of Sodiun1. in Rabbit Blood. 

The determination of the diffusion of sodium through rabbit 

blood was only slightly more involved than the determination of 

the diffusion of sodium through plasma. A sample of blood was 

centrifuged and the plasma decanted. A given volurhe oi packed 

red blood cells was added to a certain volume of plasma to give 

a desired hematocrit. This blood sample was then placed in a 

vial containing the radioactive sodium and eventually drawn up 

into the capillary tube. Plasma was used as the bath fluid; the 

presence of red cells in the plasma bath was not considered 

necessary. 

The capillary tube was set in a horizontal position and 

rotated at approximately 10 rpm. Calculations, taking into 

account both the settling velocity and the centrifugal force on 

the red cells, indicated this configuration and rotational speed 

would minimize the red blood cell movement. 

The results of this experiment indicated the convection 

problem had not been completely eliminated (Figure 1 0). Except 

for the case of packed cells, this method does not appear valid 

for measuring the diffusivities of solutes in blood. Only one 

approach remained; the cells must in some way be in1mobilized. 
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The \vork of Stein (38) indicated an agar gel would be an 

effective solution to this problcn1. . Since the liquid used to 

n1ake the gel solution n1ust be heated to the boiling point of 

\Vater to dissolve the gel, plas1na could no longer be used. 

Earle's Solution was chosen as the artificial plasma. An arti-

ficial plasn1a has the advantage over regular plasma of being 

chemically r cpr ocl uci ble. 

5. The Diffusion of Sodiun1 in an Agar Gel. 

The preparation of the gel has already been described. 
I • 

The hot gel solution was drawn into the capillary and allowed to 

set before the run was initiated. The liquid in the Teflon cylinder 

was Earle 1 s Solution. 

The results for the diffusion of sodium through the agar 

gel at 25°C are given in Table I. The two sets of experiments 

were made at different times of the year with slightly different 

capillary lengths. The results evidence good reproducibility and 
\ 

negligible variation in tin1e. The overall average value for the 

self-diffusion coefficient of sodium through the one percent agar 

gel (w/v) was 1. 254 (± 0. 025) x 10- 5 cm
2

/sec. This is the value 

for n
1 

which will be used in the succeeding calculations. 

6. The Diffusion of Sodium in an Agar Gel Suspension 

of Rabbit Red Cells. 

As was stated earlier, the rabbit blood was obtained fresh, 

by means of a small incision in the ear of the rabbit. The 

rabbits \vere New Zealand Whites, and were kept by the Biology 
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Table I. 'Th{' Diffusion Coefficients D1 of Sodium in a One 

Percent Agar Gel at 25°C. 

5 2 
Date D X 10 (em /sec) 

Oct. 1968 1.255 

II 1.250 

II 1.264 

April 1969 1.235 

II 1.254 

II 1.266 

II 1.254 

II 1.258 

Average value 1.254 
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Division of the Califo rn.ia Institute of Technology. Some of the 

experin1ents \vcrc n1adc with the bloocl the day it was collected, 

others \Vit.h red blood cells stored for a few days .in Earle's 

Solution at 6°C. 

The diffusional data obtained in this phase of the investiga-

tion are plotted in Figure 11. These experimentally determined 

diffusion coefficients are based on the average concentration of 

tracer in the capillary as defined in equation 23. The unrevised 

experimental diffusion coefficients presented in this work are 
j; 

always of this form. They were calculated by means of equation 

24 from the initial and final concentrations of tracer in the cap-

ilary. 

The scatter in the data is quite pronounced. Referring to 

the data in Table VI {Appendix III-1), D
2 

is calculated as 0. 54 

(±0.10) x 10-
5 

cm
2

/sec. This is the effective diffusivity of 

sodium through the rabbit red blood cell based on the average 

concentration of sodium in the red cell-gel mixture. 

Kreu:t.er (22) detern1i.ned the value of the diffusion co-

efficient of Oh.')'gen through red blood cells as 0. 43 (±O. 0,7) x 

-5 2 0 
10 em I sec at 37 C. I<cller (21) determined the diffusivity 

of oxygen through a concentrated hemoglobin solution (33 weight 

percent) as 0. 86 (± 0. 21) x 10-
5 

cm2 /sec at 25°C. Therefore, 

the lack of reproducibility in this work is not extremely large 

con1p~rcd \Vith the deviations presented by other investigators. 
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However, based on the excellent reproducibility of results 

obtained in this investigation on the diffusion of sodium through 

salt solutions and the agar gel before the rabbit blood work, 

and that done afterwards on the diffusion of ions through human 

red blood cell-gel mixtures, the la~k of precision here stands 

as an enigma. No single reason seems convincing. 

The striking aspect of this work is the value 0. 54 x 10- 5 

2 em /sec for the diffusivity of sodium through the red cell. This 

diffusivity is slightly more than half that through plasma, ·and 
I • 

much higher than expected. All studies dealing with the transport 

of sodium across the cell membrane, as discussed in Chapter II, 

indicate the membrane is very imper1neable to this ion. Because 

the membrane appears so impermeable to sodium, the average 

diffusivity of sodium through the red cell (membrane plus interior) 

would be expected to be orders of magnitude less than the dif-

fusivity of sodium in plasma. 

The obvious answer is that the results should be inter-

preted differently. The modified Maxwell equation discussed 
' · · 

earlier indicated that the diffusion coefficients should be based 

on the concentration of diffusible species in the continuous phase. 

Revising the data accordingly, the results given in Figure 12 

are obtained. To obtain these diffusivities based on the concen-

tration· of sodium in ·the continuous phase, ~t must be assumed 

th.at the ratio of the concentration of tagged sodium in the red 
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cell to that in the gel remains the sa1nc throughout the run. 

This ratio is 1 I 6. 

essentially zero. 

Figure 12 indicates the value for D
2

K. is 

The actual diffusivity of sodium through the 

rabbit red cell is six tin1es the value for D2 in the D2 /.D
1 

curve 

which best fits the data in Figure 12, but because of the experi-

. mental error and the uncertainty in the red cell shape factor, a 

precise value for the diffusion coefficient of sodium through the 

red cell can not be obtained. The value docs appear to be , much 

less than n
1

, the diffusivity of sodium through the /gel.· 

This second approach is consistent with the expectation 

expressed above of a relatively low diffusivity of sodium through 

the red cell. This approach is strictly valid only if the concept 

of the physical state of the cell held by Troshin is correct, 

where the concentration discontinuity of sodium between red cell 

and plasn1a is the result of a phase solubility. If, on the other 

hand, this concentration discontinuity is the result of an active 

transport n1.echanism, this approach may be only approximately 

valid. 

The second approach is not without its shortcomings, how

ever. As discus sed previously, the diffusion coefficients based 

on the continuous phase concentration for the self-diffusion of 

water and the · diffusion of oxygen in protein solutions are not 

consistent with those predicted from the Fricke theory. The 

calculated diffusion coefficients are consistent with the theory 

when based on the average concentration. 



-75-

Recall the work reporlcd earlier on the diffu~ion of sodiun'\ 

in rabbit blood. T h c o b ~ '· 1· v c d d i f f u ~ i v j I y t h r o u ~ h t 1 ll' p a c k t..' d 

. -5 2 
c c 11 s was 0. 52 7 ( l 0. 0 1 4) x 1 0 c n1 I~ c <:.. 'I' hi ~ a g r e '~ ~ w c 11 with 

the effective diffusivity of sodium through the rabbit red cells 

based on the average sodium concentration found in the red cell-

gel work. 

By assuming a reasonable void fraction in the packed red 

blood cells of six percent, the value of D2 in the red blood cell

-S 2/ gel experiment is recalculated as 0. SO x 10 em se'c. •The 

Fricke analysis must now be used to obtain D2 in the packed red 

-5 blood cell-plasma run. It is now calculated as 0. 50 x 10 
2 . 

em /sec. The agreement is still excellent. 

This consistency in the value of D
2 

over the full range of 

hen1atocrits, for two different red cell environments, is a strong 

argument in favor of the value for the diffusivity of sodium in 

-5 2 the red cell as 0.5 x 10 em /sec. This consistency · wouldnot 

be expected if the analysis was not correct. 

If the high effective diffusi vity of sodium through the red 

blood cell really exists, it is most interesting. There are two 

factors which could contribute to this phcnon1enon. One is the 

actual diffusivity of sodium through the red blood cell and the 

other is a surface diffusion of sodium around the red cell. The 

present analy~is only allows the staten1cnt that thcrl' is an cffec .. 
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It has bc<!n shown by a previous discussion that. if a portion 

of the sodium is reversibly bound in tlH" l"<.!<l blood c<~ll, it would 

give an observed diffusivity through the red cell which is less 

than the actual diffusivity. Therefore, the high diffusivity ob-

served for sodium in the red cell is not an artifact caused by 

any internal binding of sodiwn. In fact, it does appear as though . 

the whole of the cell sodium is exchangeable (47), and this ex

change is essentially complete in 1 5 minutes for rabbit blood ( 16). 

To determine what effect the active transport ln.Ccha,.nism 

might have ori the sodium diffusional behavior, four experiments 

were completed. The red cells used in three of these experi

ments were incubated for 24 hours at 25°C in a dextrose defi-

cient Earle's Solution. This procedure depleted the intracellular 

ATP, and halted the active transport mechanism. The ratio of 

intracellular to extracellular sodium should be much closer to 

one for these cells than for fresh red cells. One experiment 

used red cells which had been incubated in a dextrose-deficient 

media at 25°C for 17 hours, then in Earle's Solution for 5 hours 

0 
at 37 C to restore the ATP. 

The data are. given in :r:'igure 13 along with the average 

result for fresh rabbit cells. Depleting intracellular ATP 

appears to have no discernible difference on the behavior of 

sodium diffc sion in the suspension. Incubating the cells in a 

dextrose deficient media would not be expected to appreciably 
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increase the diffusion coefficient of sodium in the red cell. If 

the diffusion coefficient of sodiu1n inside and outside the cell 

rcrnains the same, changing the ratio of intracellular to extra

cellular sodiu1n should, according to the 1nodificd Maxwell 

':quation, change the average diffusivity of sodium through the 

medium. This docs not seem to be the case. The results arc 

n1ore consistent with the assumption that the Maxwell equation 

holds regardless of any concentration discontinuity at the phase 

boundary. 

Because of the method used in dcter1nining the diffusivities 

in this investigation, care must be taken in the application of 

these results. The sodium ion diffusivities calculated here are 

based on that fraction of the total sodium ion concentration which 

is exchangeable \vith the added radioactive sodium. If, for in

stance, a sizeable portion of the red blood cell sodium was 

essentially nonexchangeable with the added radioactive sodium 

over a 24-hour period, using this diffusivity and the total amount 

of sodium in blood to calculate expected sodium fluxes would 

give erroneous results. Since it does appear as though the 

sodium is completely exchangeable, the applications should be 

str aightfor\var d. 

7. The Diffusion of Sodiuxn in an Agar Gel Suspension 

of Hurnan Red Cells. 

Human blood was obtained from Hyland Laboratories, Los 

Angeles, California, for this work. The blood was approximately 
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two days old when it was obtained. 

30, and 50. The results basccl on the average concenta·ation. of 

sodium in the red cell-gel xnedium arc given in Figure 14. The 

results arc well described by a curve derived fron1 the Fricke 

theory for D 2 /D1 = 0. 35. The calculated value for the effec

tive diffusivity of sodium through human red blood cells, based , 

-5 2 on these results, is 0. 44 (± 0. 02) x 10 cn1 /sec. This .is 

somewhat lo\ver than the value obtained in the rabbit blood,· but 
. f • 

not enough to suspect the diffusional mechanism is not the same 

in both cases. 

The diffusivities based on the concentration of sodium in 

the continuous phase, assuming 5 = 1/6, are plotted in Figure 

15. In this form, the data are consistent \vith the assumption 

of zero diffusivity of sodium through the red cell. Since the 

cells were cold stored prior to the diffusion run, the value of 

~ could easily have been some\vhat larger than 1/6. This 

might in part account for the experimental values falling below 

the line for n
2 

= 0. 

Li and Gainer {23) have presented an equation which pre-

diets the diffusivity of a solute through a protein solution. 

Their equation is 
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D = diffusion coefficient for a solute diffusing 
as 

through a polyn1cr solution, 

Dab = diffusion coefficient for a solute diffusing 

through pure solvent, 

A = solute, 

B = solvent, 

S = polymer solution (solvent B plus poly1ner), 

M = molecular weight, 

V = molar volume, 

Al-I 
m 

= heat of mixing of the polyrner with the solvent, 

AH 
vap 

= heat of vaporization of the pure solvent. 

This indicates that for a given dilute polymer solution, the ratio 

of the diffusi vity of any solute through the given polymer solution 

to that through pure solvent is always the same, since it is only 

a function of the properties of the polymer and the solvent. It 

may be worthwhile to extend this idea to the limit of the red 

blood cell, which is no longer a dilute polymer solution, to see 

what information can be obtained. 

The diffusi vity of sodium "through" the human red cell is 

-5 2; 0. 44 x 10 em sec. Its diffusivity through a 0.100 M sodium 

chloride solution is 1. 316 x 10-
5 

cm
2 

/sec. The ratio of these 

two· diffusivities is 0. 33. 

Stein (38) measured the diffusion of oxygen through packed 
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hun1an reel blood cells. His result for the diffusion of oxygen 

through water was 2. 03 -5 2 x 10 em /sec. At relatively low 

oxygen partial pressures, he obtained three results for the dif-

fusion of oxygen through packed red cells which averaged 'out to 

a value of 0. 53 x 10-
5 

cm 2 /sec at · 25°C. With 100 percent. 

oxygen above the sample, he obtained two results which aver-

-5 2 aged out t.o 0. 80 x 10 em I sec. This gave a diffusivity ratio 

of 0. 26-0. 39, which brackets the sodium results presented in 

this study. This supports the idea that, if the calculated. effec
/· 

tive diffusivity of sodium through the red cell is not an artifact, 

the diffusion mechanism is probably not surface diffusion, but 

actual diffusion through the red cell. 

All the sodiurn experiments were made with the same 

batch of blood. The first experiment was made with the blood 

app~oximately three days old, the last on approximately the 

expiration date. The results indicate the aging of the blood had 

no effect on the diffusional behavior of sodium through the red 

blood cell-gel mixture. 

8. The Diffusion of Sodiurn in an Agar Gel Suspension 

of Fixed Human Red Cells. 

Fixed, osmotically inactive human red cells were kindly 

supplied by Dr. Meiselman of the Thomas Laboratory at the 

California Institute of Technology. The cells were washed twice 

in Earle's Solution prior to use. The shape of the fixed cells 

appeared norn1al when viewed under the microscope. 
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To test whether the cells slo\vly adsorbed radioactive 

sodiun1, a dilute solution of the cells was n1ixcd with a solution 

of radioactive sodiu1n. lininediatcly after n1ixing, ~ sa1nplc was 

taken and centrifuged. A one ml aliquot was removed from the 

supernatant. The dilute suspension containing the· radioactive 

species was allo\ved to sit with occasional stirring for 24 hours 

at room temperature. After this time, another sample was 

removed and centrifuged. Again, a one ml aliquot was taken 

from the supernatant. 

scintillation counter. 

The two aliquots were counted in the well ,. 
The count rate in the initial sample was 

8524 cpm, while that in the final sample was 8529 cpm. The 

results were negative. 

The measurement of the volume fraction presented a 

problem. The fixed cells, when packed, formed a fairly solid 

mass, which could not be drawn up in a syringe. An accurate 

volume of packed cells could not be measured, and the volume 

fraction of cells in the capillary could not be determined in the 

manner used with fresh red cells. To circumvent this problem, 

. the hematocrit was determined after the run v1as started. 

A two dram polyvial \Vas partially filled with a radio-

active sodiun1 solution. The solution was evaporated to dryness, 

0 
and the vial placed in a 43 C water bath. A certain volume of 

hot gel solution (agar gel-Earle'. s Solution) was added to the vial. 

. . 0 
The cells were \vashed, packed, and heated to 43 C. A volume 

of warm, packed cells was added to the gel solution anq thor-
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ough1y Jnix<'cl. Sarnph's WL'l"C ta1<(•n and the diffusion run was 

initiated. A l 00 n1l vohlnictric fla~k \Vas partially filled with 

0 \varm (45-50 C) water, to which ·was added 0. 5 ml of the hot 

gel-fixed cell suspension. The flask was allowed to cool to 

room temperature, then filled to the mark. The pipet deliver-

ing the suspension \vas completely rinsed with warm water into 

the flask to offset the volun1e loss of the suspension on cooling 

to roo1n temperature. Since the dilution was 200:1, the contents 

of the flask could be introduced directly into a standard he.ma-

cyton1ctcr. In this work the Bright Line Counting Ch~mber, 

manufactured by the A1ncrican Optical Co1npany, Buffalo, New 

York, was used. The volume of the red cell was assumed to 

be 85 p 3 
• 

The results arc presented in Figure 16. The curve pre-

dieted from the Maxwell equation for zero diffusivity i;. given 

as a reference. The data lie somewhat above this line. 

The void fraction of these fixed cells in a packed condition 

is approximately 40 percent, and it was probably closer to SO 

in this investigation. The gel solution was significantly diluted 

when the packed cells \Vere added, and the value of the diffusion 

coefficient for sodium in the suspending mcdiun1 was larger than 

. -5 2 
that of 1. 254 x 10 em I sec used to calculate the diffusion co-

cffi<:=ient ratios in Figure 16. Also, rinsing the pipet possibly 

overcompensated !or the volume decrease on cooling, making 
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the n1ea sur eel hcmatocr its too high. Both effects just stated 

\v·ould tend to drop the results closer to the curve for zero 

diffusion through the dispersed phase. 

Since the fixed red cell is a gelled mass of protC'in, the 

diffusion of sodiun1 through it is expected to be zc ro. The 

results, based on the average concentration of sodium in the 

suspension, are close to the curve predicted by the Maxwell 

equation for zero diffusivity through the dispersed phase. A 

comparison of these results with those ·in Figure 141.:for. the 

diffusion of sodium through an agar gel suspension of human red 

cells is interesting. It is obvious that the washout of tracer is 

greater for the suspension of fresh cells than it is for the sus

pension of fixed cells. 

Fixing the red cells should poison the active transport 

mechanism, which would tend to equalize the intracellular and 

extracellular sodium concentration. Thus, the discrepancy be-

tween the sodium diffusional data with fixed and fresh red cells 

would not be in opposition tp expectations based on the modified 

Maxwell equation. 

9. The Diffusion of Sodium in an Agar Gel Suspension 

of Glass Spheres. 

A series of experhnents were made on the diffusion of 

sodium through a gel suspension of glass spheres. The spheres 

were the 29 f Superbrite Glass Beads manufactured by the 3M 

·Company, Minneapolis, Minnesota. By adding a known weight 



-88-

of glass spheres to a kno\vn volume of hol gel, tlH· vollln1c 

fraction of spheres could be calculated. Tht• g"·l wa~ onl"' pt.~r

ccnl (w/v) agar· gel in Eat·l"~ 1 B Solution (App<.~rHlix 11-2). The 

glass spheres settled rapidly in the hot gel, and the gel-glass 

sphere suspension containing the radioactive tracer had to be 

shaken vigorously immediately prior to filling the capillary. 

The void fraction for the packed spheres was 40 percent. 

The results are plotted in Figure 17. The Fricke curve 

for zero diffusivity of sodium through the spheres is f-lso.given 

in Figure 17. In· this case it seems as though the only explana

tion for the observed phenomena is surface diffusion of the 

sodium ion. The shape of the curve is quite peculiar. A glass 

sphere volume fraction of five must be exceeded to obtain an 

enh:t.nced diffusion. This behavior is not predicted by previous 

analyses (26, 33, 34). The reason for this apparently anomalous 

behavior is not under stood. Possibly, a certain critical distance 

between the spheres must be attained for the surface diffusion 

mechanisn1 to operate. 

B. Potassium Diffusion. 

1. The Diffusion of Potas siun1 in an Agar Gel 

Suspension of Human Red Cells. 

The short half life of potas sium-42 n1adc the cxpe riments 

n1orc difficult than those previously described. The rah"' of 

decay of the radioactive potassium had to b(• accountt-"'d t\H· to 

obtain meaningful results. 
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One n1illicurie of radioactive potassiu1n, as KCl, was 

ordered per shipn1cnt from the International Chemical and 

· Nuclear Corporation, Nuclear Science Division, · West Mifflin, 

Pennsylvania. The liquid sarnplc was diluted to five n1illilitcrs 

on deli very. For a given run, one milliliter of this hot solution 

was diluted to give a final solution concentration of four milli

curics per liter. One-half n1illiliter of this solution was evapo-

rated to dryness and used in the experiment. The potassium 

experilnents \vere carried out in exactly the same w,ay as· the 

sodiun1. experiments. Three initial samples were taken before 

the run was initiated. The run was concluded 24 hours later. 

In this case, ho\vcver, not only was the time recorded when the 

experiment started and when it finished, but also when each vial 

was counted in the well scintillation coWlter. Each vial was 

counted three or four ti111.es. Knowing the decay constant for 

potassiuni-42 and the time between the beginning of the run and 

the counting of each initial san1ple vial, the counts per minute · 

in the capillary at the beginning of the experiment could be cal

culated. The counts per minute in the capillary at the end of 

the experiment from the final sample vial were similarly cal

culated. From these corrected count rates, the diffusivity was 

calculated, using that form of the diffusion equation which took 

into account the radioactive decay. 

To solve for the diffusivity, an accurate value for the 
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radioactive cll•~o:ay rate wa~ IH'Ct'~Ha1·y. Ml'rrit and Taylor (27) 

recently dctcl·n&inC'd the value for tbc half life of potassium-42 

to be 12.358 hours. This nu1nber was accurate enough for this 

investigation. The decay constant, calculated from the half life, 

is 1.5580 x 10- 5 sec- 1 • 

A potassium sample \Vas count'ed for 10 minute intervals 

over a period of a few hours. From a plot of the counts per 

minute versus time, the decay constant was calculated, which 

-5 -1 
was found to be 1. 571 x 10 sec . This is in ex<lelle.nt agree-

n1ent with the literature value. 

A two-run average gave a value for the diffusion coefficient 

-5 2 of potassium with the gel of 1. 890 x 10 em /sec. Two experi~ 

ments in the red blood cell-gel mixture at a hematocrit of 20 

gave diffusivity ratios of 0. 564 and 0. 540 respectively (Table X, 

Appendix III-1). These diffusivities are based on the average 

concentration of radioactive potassium in the red cell-gel medium. 

Referring to Figure 16, it is observed that this value is below 

the line for zero diffusivity through the red blood cell. 

As indicated in Chapter II, if a significant amount of 

reversible binding of the potassium in the red cell occurred, the 

observed results would not be surprising. However, such results 

do not unambiguously sho\v penetration of potassium into the red 

cell. The results could be described by postulating the added 

radioactive potassiu1n docs not penetrate the red blood cell but 
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only adsorbs to the ·cell surface. In tern1s o! the n1embranc 

cell theory with a lo\V per1ncability of the red cell membrane 

to potas siun1, so1ncwhat similar results might be expected. 

Since the cell potassiun1 is effectively contained by the mem

brane, only the plasma potassium would be diffusible. Thus, 

the diffusivity ratio predicted by the Fricke analysis for no 

diffusion through the dispersed (red blood cell) phase should 

result. But since a potassium adsorption mechanism is opera-

. tive, the cxperin1ental value would be cv~n lower. This is an 

explanation. Based on numerous results of potassium uptake · 

by red cells, however, it is probably not an adequate explana

tion. 

If the red cell is covered by a men1brane which is very 

impermeable to potassium, but not completely impermeable 

over the time scale of the diffusion run, a somewhat different 

explanation than that of the previous discussion would result • . 

During the diffusion run, the red cells would act as sinks for 

the radioactive potassium. The ratio of the diffusivity of potas

sium through the red cell to that through the plasma would still 

be much less than one, or essentially zero on · the Fricke curve 

because the men1brane is only .slightly permeable to potassium. · 

Since the radioactive potassium is in a sense being irreversibly 

bound by the red cell, similar data to that reported in this in

vestigation should · result. 
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In the light of Raker's \vork (29), this description sec1ns 

quit" p 1 a u s i b 1 \.~ • I-h~ bl."'lievcs the cell n1cn1brane is quite in1-

pcrn1eable lo potassiurn and calculates a half time of exchange 

of approxhnatcly 35 hours. Since in this work the ·experiment 

lasted only 24 hours, and the final potassium concentration (on 

a non-decay basis) was greater than half the original concentra-

tion, the red cells should, on the average, have acted as a sink 

for potassiun1 throughout the run. Analyzing this would involve 

solving an equation of the form 

(69) 

where 

ct = total concentration of potassium, 

k tr = radioactive decay constant for potassium, 

x(t) = amount of bound potassium. 

Information about the complicated term x(t) is not available and 

this equation can not be solved. 

The potassium experiments were started within an hour 

fron1 the ti1nc the blood- gel mixture was added to the vial con

taining the radioactive potassium. If the above · explanation is 

correct, equilibrating · the red blood cell-gel mixture with the 

radioactive potassium for a longer .period of lime before be .. 

ginning the' t•un should trap more radioactive' potassium in the 
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red blooc.l C'.~lls. This would leave less outside the reel blood 

cell to diffuse and thereby give a lo\vcr diffusion coefficient. 

A special run was made to test this hypothesis. After 

the appropriate volu1nes of packed red blood cells and gel solu-

tion were added to the vial containing the radioactive potassium, 

0 
it was allowed to equilibrate for 17 hours at 43 C. After this 

equilibration time, a 24-hour run was initiated. The hematocrit 

was again 20. A diffusivity ratio of 0. 52 was obtained. This 

is not significantly lower than the previous results. The ex-

pectations \vere not fulfilled. 

Since an equilibration time prior to the diffusion run did 

not appreciably change the results, it is probable that the red 

cells did not act as sinks for the radioactive potassium during 

the whole experiment. ·Therefore, it is not unreasonable to re-

calculate the diffusion coefficients in ter1ns of the concentration 

of potas siun1 in the continLtous phase. When this was done for 

the sodium work, diffusivities were obtained which, according to 

the Fricke analysis, indicated the effective diffusivity of sodium 

in the red c.cll was at least two orders of magnitude less than 

that in the gel. As sin1ilar results were expected for potassium, 

it was easiest to calculate the concentration difference of potas-

siun1 bet\veen the red cell and the gel which would give · the 

expected diffusi vity. · 
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At a hcn1atocrit of 20, the ratio of the diffusion coefficient 

in- the heterogeneous n1ediun1 to that in the continuous phase for 

o
2 

= 0 is 0. 7 3. To n1ake the diffusion coefficient ·based on the 

continuous phase concentration of potassium correspond to this 

value, when the experimental values based on the average con-

centration of potassium are 0. 54 and 0. 56, a value for 5 of 

three was found necessary. Thus, to make the potassium 

results consistent with the sodium results, a value for the ratio 

of the concentration of potassiun1 inside the red cell to tha;-t out-
I 

side was found to b~ three. This is surprising since the ex-

pcctcd value is 25. Possibly, only a fraction of the total an1ount 

of potassiun1 in th~ cell is exchangeable with the tagged potassium. 

Since the assumption that the average diffusivity in the 

Fricke analysis was based on the average concentration of diffus-

ing species and the resulting substantial diffusion of sodium in 

the red cell could not be entirely ruled out, the consistency of 

the sodiun1 and potassiun1 results was investigated from this point \ · 

of view. 

It seems reasonable that, if the red blood cell membrane 

is quite impern1eable to potassium, it will also be quite im-

permeable to sodium. Red cell influx and efflux studies \vith 

potassiun1 and sodium seem to verify this. But if this is true, 

the same qualitative · behavior should occur for both sodium and 

potas siun1. The red cells should also act as a sink for the added 

radioactive sodium, giving diffusion result~ which would lie below 
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the Fricke curve for zero diffusivity through the red cell. The 

effect should not be nearly as pronom1ced for sodiun1 as for 

potassiun1, since the atnount of potassiUin in the red cell is so 

much greater than sodium, but it should nevertheless be quali-

tativcly the same. Obviously, it is not. Possibly, it is a sur-

face diffusion of sodium which causes the difference. This seems 

reasonable, and bears further inquiry. 

Dennis { 10), studying the diffusion of salts in silica gels, 

. I • 
obtained results which indicated quite strong surface diffusion of 

the salts through the silica gel, since the diffusion coefficients 

in the gels were greater than those in water. 

The enhanced diffusion was found for both sodium and potas-

sium. Not only are both ions involved in surface diffusion, but 

also the amount of enhancetnent for both ions is essentially the 

same. 

Cremers and Laudclout{8) studied the diffusivities of tnany 

cations through clay suspensions. They too observed surface 

conductivities of the cations in the clay suspensions. Again 

when a surface diffusion of cations \vas observed, both sodium 

and potassiun1 (as well as other cations) were involved. In 

this case also, the surface diffusivities for sodium and potas·· 

sium are aln1ost the same. 

From these results il 1s probable that, if a cation surface 

diffusion nH·~·hanisrn ~·xjst~, it works for holh sodiltnl and 

potassiun1 with alrnosl ~qual ~·ffjejency. This leads l o the con-
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elusion that, if the red cell exhibits a surface diffusion for the 

sodiun1 ion, it \vould also exhibit a surface diffusion for the 

potassium ion. 

Postulating a surface diffusion for potassium also would 

not preclude the observed results. Since the red cell is a 

much better sink for the added potassium than for the added 

sodiu1n, the sink effect for potassiu1n might well outweigh the 

surface diffusion effect and still give the observed results. If 

a red cell surface diffusion for the sodium and potaisiurh is 

postulated, and the red cell membrane is assumed to be rela-

tively impern1eable to both ions, recognizing the high ratio of 

internal to external potassium and the low ratio of internal to 

external sodium, qualitatively the sodiu1n and potassium results 

are consistent with one another. 

The diffusivity data for potassium can also be analyzed in 

terms of equilibrium binding, as was done for the water diffus-

ing through the protein solution. Since the equilibration time 

prior to the experiment made little difference in the result,· this 

may be a valid approach. As found earlier 

(65) 

~: 
where D is the n1easured diffusivity based on the total amount 
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of potassiurn in the systcrn., D is the expected diffusivity based 

on the diffusible potassiu1n, and 75 is the fraction of red cell 

potassium \vhich is diffusible. The hematocrit is 0(, and 'S 
is the ratio of red cell to plasma potassium. Thus 

Crbc -=- ~ c~ 

~ I • 
If cd b = c , it follows that u = 1. From the value of -r c p 

n* /D = 0. 62, the value for ~ is calculated to be four. This 

I 

again is rather lo\v, unless there are two fractions of potassium 

in the red cell. 

Basing the potassium diffusional data on either the aver-

aged or continuous phase concentration gives results which 

seem equally consistent. In either case, the ratio of internal 

to external potassium is surprisingly low. 

Storing the cells at 6 ° C would tend to decrease the 

internal concentration of potassium. This may, in part, explain 

the results. Also, son1e ea~ly work by Hevesy and I-Iahn ( 16) 

indicates that for rabbit, dog and rat erythrocytes, only 30-35 

percent of the total cell potassium is exchanged for potassium 

·of the pla sn1a. This. might be true of human red cells also. 

The t\VO effects working together. would be consistent with the 

observations. 
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C. Chloride Diffusion. 

1. The Diffusion of Chloride in an Agar Gel Suspension 

of Hutnan Red Cells. 

The radioactive chloride (chlorinc-36) was obtained from 

the Nuclear Chicago Corporation, Des Plaines, Illinois. It was 

received as NaCl and diluted to a workable activity of one 

f c /ml. The chloride experin1ents were done in exactly the 

same manner as the sodium experiments. 

The san1plcs \vere counted in a Beckman LS-1 00 Liquid 
·I • 

Scintillation Syste1n. The gel was ejected from the syringe into 

a vial, and the tip of the syringe washed with one ml cf water. 

The washings \vere added to the vial. The capped vial was 

allowed to sit for a day before 10 ml of the fluor solution was 

added (Appendix II-2). 

The results of the chloride phase of this investigation are 

plotted in Figure 18. As in the case of sodium, the chloride 

results can also be fitted by a curve predicted from the Fricke 

theory. The effective diffusion coefficient of chloride through 

the red cell based on the average concentration of chloride in 

the n1ediun1, 
-5 2 

is 0. 34 x 10 em /sec. Strangely enough, the 

effective diffusivity of chloride through the red blood cell is less 

than that for s odh.un. On the other hand, the diffusi vi ty of 

sodium through the gel is less than that for chloride. As stated 

previously, the ratio of the diffusivity through the red cell to 
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that through the continuous phase for various species should be 

t}1e san1e. For sodiu1n it is 0. 35, but for chloride it is only 

0. 19. They arc definitely different. 

Of course, if this is a surface diffusion phenomenon, the 

ratio \vould not be expected to be the same for all species. 

But if there is an actual diffusion through the red blood cell, 

the results do look son1ewhat strange. A second look may help 

to clear some of the confusion. 

The conclusion that the diffusivity ratios should be the 

same was based on the assumption that the diffusing species 

did not interact in any way with the protein solution. But 

according to Ling's fixed charge hypothesis (24), this may not 

be so for the red blood cell. Under his hypothesis it is not 

impossible to conceive ·a negatively charged ion experiencing a 

force which retards its diffusion through the red cell relative 

to a positive ion, or vice versa. Thus, the possibility that 

actual diffusion through the red cell occurs for both sodium and 

chloride can not be ruled out. 

It is evident that at least for the chloride ion, a substan

tial value for the effective diffusion coefficient in the red cell 

does exist. The work of I-Iarris and Maizels ( 1 7) indicates that 

for this investigation, in which cold stored cells \\'ere used, the 

. ratio of the internal to external chloride concentrations was 

approximately 0. 9. The diffusion coefficients recalculated on 

the basis of the continuous phase concentrc;ttions are given in 
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Figure 19. 'I'he difference in the t\vo methods is slight. The 

chloride ion is not involved in the active transport 1ncchanism 

and its partition coefficient is close to unity. The application 

of the heterogeneous n1cdia theory should be straightfor\varcl; 

the conclusions should be meaningful. 

As presented earlier, the half time for exchange of 

chloride in the red cell is 0. 2 seconds. The permeability 

-4 
constant corresponding to this half time is 2 x 10 em/sec. 

This constant is defined by the equation 

(70} 

where dC. /dt is the rate of increase in the concentration of 
1n 

solute in the cell, C t is the outside or plasma concentration, 
ou 

A is the area of the cell membrane and V is the cell volume. 

If the diffusivity of chloride across the membrane is much 

smaller than its diffusivity in the interior of the cell, the effec-

tive diffusivity through the red cell may be quite low. The 

derivation given in Appendix I-2 gives an approximate analysis 

·of ho\v the d:iffusivity across the membrane influences the aver-

age diffusivity across the whole cell. 

This analysis indicates that, .based on the results present-

ed here, a lo\ver limit for the permeability of the red cell mem-
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branc to chloride is 10-
2 

em/sec. This is two orders of mag

-4 
nitudc higher than expected (2 x 10 c1n/scc), based on chloride 

equili bra lion litnc s. 

As an extra precaution against any. bacterial growth, 

streptomycin and penicillin were added tq the Earle 1 s Solution 

used in the chloride investigations (Appendix 11-2). Although 

these antibacterial agents had not been used in the earlier work, 

test runs showed no change in the results when strepto1nycin 

and penicillin were used. 

D. Bicarbonate Diffusion. 

1. The Diffusion of Bicarbonate in an Agar· Gel 

Suspension of Hun1an Red · Cells. 

Radioactive bicarbonate (Carbon-14), as an aqueous solu-

tion of sodiun1. bicarbonate, was obtained from the Nuclear 

Chicago Corporation, Des Plaines, Illinois. The solution as 

received was diluted to an activity of 0. 1 mc/ml. 

Because of the equilibriu1n 

N C~-! aOH + ~,~."' (71) 

the radioactive sample could not be evaporated to drynes ·s _as 

was done ·with. the previous radioactive compounds. Approxi-· 

n1.ately · O.Ol ml of t.he 0.1 mc/ml solution \vas '· added to the t~o 
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rnl of hot gel red blood cell mixture and allo\ved to equilibrate. 

The sarnple s were then taken for the diffusion experin1.ent. 

Since the vial containing the radioactive sample \vas not 

in equilibriwn \vith radioactive carbon dioxide, there was a 

continual loss of radioactive carbon dioxide during the time the 

samples were taken. Thus, the initial concentration in the 

capillary at the beginning of the diffusion run was unknown. The 

loss from one vial to the next was substantial. 

In the calculation of the diffusion coefficients, the initial 

concentration of bicarbonate \vas obtained by subtracting the 

average decrease in the sample vial concentration from the final 

sample vial concentration. Since the drop in the · sample concen

tration bet\veen the first and second and the second an-d third was 

not generally consistent, the calculated value for the initial con

centration of tracer in the capillary was only approximately 

correct. The determined diffusion coefficients are not accurate, 

but certain important trend~ can be observed in the results. 

The vials were treated in the same manner as those in 

the previous chloride experiments. They were counted in the 

Beckman LS-1 00 Liquid Scintillation System. The mouths of the 

vials \vere coated with a high vacuum grease to minimize the 

loss of radioactive carbon dioxide. 

Table II gives the results for four experiments which 

could be analyzed. The diffusion coefficients are presented based 
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Table ll. The Diffusion Coefficients of Bicarbonate in a 

One Percent Agar Gel Suspension of Human Red 

0 
Cells at 25 C. 

Volu1ne Fraction of 

Red Cells 

0 

0 

0.30 

0.50 

5 2 
D x 10 (em /sec) 

1.20 

1. 13 

1.34 

1.58 

. . 
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on the average concentration of bicarbonate ion. The con-

elusion from these results is that the red cell enhances the 

diffusion of bicarbonate in the medium, since the diffusion co

efficients for C'XJ > 1 were larger than those for ex. = r. 

Since the loss of carbon dioxide when ()I., > 1 would not be 

expected to be greater than that when Dt -= 1, the inaccuracie.s 

in the individual diffusion coefficients shoul~ not be a factor in 

the observable trend of increasing D with increasing (X, 

Spaeth and Friedlander (3 7), in their work on tl{e cbn

vecti ve diffusion of carbon dioxide in blood, found exp~rimental 

transport rates which were higher than those predicted by the 

local equilibriurn model. They assumed the ratio of the diffusion 

coefficient of carbon dioxid e in the red cell to that in the plasma 

was the same as the ratio for oxygen. Since the local equilibrium 

model which incorporated the assumed average diffusion coefficient 

predicted results lower than those experimentally obtained, they 

also suspected the presence of an augmented diffusional mech

anism for carbon dioxide in blood. The results presented here 

appear to confirm their suspicion. Although the general augmen-· · 

tation mechanism is expected to be similar to that for oxygen in 

hemoglobin solutions (21}, the inaccuracy in the bicarbonate results 

found in this investigation prevents an analysis of the detailed 

mechanism of augmentation. A method similar to the one used 

by Stein · (38} would be better for further investigation of this 

. phenon1enon. 
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V. SUMMARY AND CONCLUSIONS 

Interest in the transport of solutes in blood has been 

greatly sti1nulatcd by the successful dcvelopn1ent of artificial 

organs. In view of this, the aspect of the transport process 

dealing \vith the influence of the red cell on the diffusion process 

was investigated. This study was limited to the non-convective 

diffusion of sodiurn, potassium, chloride and bicarbopatc. ions. 

A method was developed for measuring the diffusion co

efficient of solutes in agar gel suspensions of red cells. The 

capillary diffusion method was used to measure the self -diffusion 

coefficients. The diffusion coefficient was calculated from the 

initial and final concentrations of tracer in the capillary. The 

method is limited only by the availability of suitable tracers. 

· The diffusion of sodium in an agar gel of fixed reel cells 

and 29 f glass beads was also investigated. The diffusional 

loss of tracer in the capillary was found to be greater for viable 

than for fixed cells. The glass beads exhibited a surface dif-

fusion mechanism for sodium. 

The results of this study indicate the ratio of the diffu

sivity in the red cell suspension to that in the agar gel varies 

considerably with the ion. This ratio, except for the bicarbon-

ate ion, decreased as the volume fraction of red cells increased. 

The bicarbonate results indicated a diffusion augmentation 
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n1echanisn1 1s operative in a red cell suspension. At any 

hernalocrit, the diffusivity ratio for chloride was less than 

that for sodiun1. Depll.•ting intracellular ATP appeared to have 

no significant effect on the sodiun1 diffusion in the red ce:;.! sus-

pension. 

A r:nodified forrn of the Max\vell equation for the average 

conductivity in a granular medium was derived to account for the 

discontinuous concentration at the continuous-dispersed phase 

i boundary. The average diffusion coefficient in the J;nodi.fied form 
I 
I 

was shown to be based on the concentration of diffusing species 

in the continuous phase. The capillary diffusion method gave 

diffusion coefficients which were based on the average concen-

tration of diffusing species in the heterogeneous medium. The 

factor ( j- ()(...-CX5) \vas used to convert the measured diffusion 

coefficients to coefficients based on the concentration of diffusing 

species in the continuous phase. This assumes the ratio of the 

concentration of diffusing species in the dispersed phase to that 

in the continuous phase was constant during the experirnent. 

This equilibrium assumption is questionable for unsteady-state 

experiments in which the diffusion coefficient in the dispersed 

phase is much less than that in the continuous phase. 

Using the modified Maxwell equation to interpret the 

sodium diffusional data for rabbit and human red cells gave 

results which indicate the effective . diffusion coefficient of sodium 
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in the r<.!d cell is n1uch less than that in plasn1a. Sodiu1n 

efflux rates fron1 the red cell would predict thjs behavior. 

The n1.odified Maxwell equation could not explain the data 

found by other \vorkers on the self-diffusion of water and the 

diffusion of oxygen in protein solutions. The diffusion coeffi-

cients \Vere based on the average concentration of diffusing 

species in the n1.ediurn. Although partition coefficients of unity 

were not expected. in either case, the data were consistent with 

the u1unodj fi eel forn1 of the Maxwell equatj on. In aU· cases of 

sodium and chloride diffusion, the! measured diffusion coefficients 

could be fitted by a curve derived from the unmodified Maxwell 

equation. Using the Maxwell equation to determine n
2 

for 

sodium diffusion in agar gel suspensions of rabbit red cells and 

for sodium diffusion in rabbit blood at hematocrits close to 100 

gave consistent results. Changing the partition coefficient for 

sodium by depleting the intracellular A TP in the rabbit red cells 

did not significantly change the diffusional behavior of sodium in 

the suspension. 

Thus, in numerous instances, the measured diffusion co-

efficients appear n1ore cornpatible with the unmodified Max\vell 

equation, despite a partition coefficient other than unity. In 

either case, a substantial diffusion coefficient for chloride in 

the red cell and aug1nented diffusion for bicarbonate in the 

presence of red cells appear to exist. Either approach is 

I ' 

equally consistent \vith respect to potassiu1n. For engineering 
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applications, it is proba bly best to proceed according to the 

n1odified Maxwell equation. 

The n1ethod developed in this report has certain interest.:. 

ing applications. Perhaps the most important will be to deter

n1inc \vhal effect certain substances in the red cell suspension 

have on the transport of solutes in the suspension. The effect 

of gaseous pollutants, pesticides, and various drugs ori solute 

transport in blood would be an important contribution to some 

pertinent prol.)lems being faced today. , The effect of 1phy~ical 

disturbances of the red cell on the transport process can also 

be investigated. . The method is also useful for studying diffusion 

in other heterogeneous systems, such as clay suspensions . 

. . 
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APPENDICES 
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APPENDIX I 

1. The 11ocbficd Ma.x\vcll Equation 

In the derivation of the average conductivity in a granular 

n1ediu1n gi vcn by Maxwell (5), one of the boundary conditions is 

that the temperature is continuous at the boundary between the 

continuous and dispersed phases. When concentrations are used 

instead of ternperatures, this boundary condition signifies the 

partition coefficient is unity. For systems in which' the· partition 

coefficient is not equal to unity, the derivation should not be 

valid. To deter1nine the effect of a partition coefficient, 

Maxwell's result will be redcrived for a discontinuous boundary 

condition. 

If a ten1perature gradient is imposed on a homogeneous medium 

of conductivity ~ , the temperature distribution in the medium 

is given by 

(72) 

where(!" is the temperature at any position, and V is the tem

perature gradient in 'the medium. If a sphere of radius ~ and 

conductivity k,' is inserted into the medium, it will distort the 

temperature distribution in the medium immediately surrounding 
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the sphere. The temperature in the medium is no\v 

(73) 

whereas the temperature in the sphere is 

I 

~= _(74) 

A and B are unknown constants, and r, o are spherical 

polar coordinates. These satisfy Laplace's equation, (:! 1 
is 

finite as r -'1 .. o and f"~,.Vz. as r-=r oo 
' 

as required. The 

boundary conditions are · 

1. ~= f->t:! 
I 

at rpa 
o~e~11-

I 

2. k~Cflar:: k! 'd~ /'Or at r-=a 

There is a discontinuity of te.mperature at the boundary, but no 

buildup of heat there. The .se give, irom equations (73) and (74) 

{3Aa-a == Va3 -r B 

~ (Va~-.ze)== k Aa"3 
(75) 

Solving for A and f:, , gives 
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Vz[1+ (76) 

~I = '(77) 

Defining 

(78) 

equation (76) becon1.es 

{79) 

The temperature distribution in the discontinuous media 

can be reduced to that of a continuous media (5) if an effective 

conductivity is defined for the dispersed phase. 

If n . spheres of radius 2 and effective conductivity 

L." rv are now inserted into the medium, the. temperature at 

large distances due to the spheres is 
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( 80) 

The volume containing the h spheres is then replaced by 

a large sphere of radius b and conductivity lee.. Here 

Yl a'?>==- ~ 63 , . where (X is the volume fraction of small spheres. 

By equation (79), the temperature at great distances due to this 

sphere is 

C! - V-z. [ 1+ (81) 

Since equations (80) and (81) must be equal, equating the two 

leads directly to the result 

1+~~ [~'I ~~-1 1 
l-z" /k,+~ J 

(22) 

The result is independent of the radius of the small spheres. 

This derivation implies that if the equilibrium concentra-

tion in the djspersed phase is less than that of the continuous 

phase i -'... j , then the average diffusive flux through the system 

~ · 
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for a given diffusivity in the dispersed and continuous · phase will 

be less than for the situation where 
1 
~ o:::r l . A partition co-

efficient less than unity causes the effective diffusion coefficient 

in the dispersed phase to be less than the actual diffusion co-

efficient. This can best be illustrated by considering the 

following cxaniplc. 

Consider a membrane of thickness l separating two salt 

solutions of different concentrations, c 1 and c 2 • There is a 

partition coefficient k<..1 for the salt between the membrane and 

the solution. The diffusivity of salt in the membrane is 1) . 

The actual flux of salt across the membrane is 

{82) 

If the partition coefficient is unity, the flux of salt across the 

nicmbrane would be 

(27) 

Since ki.. j , the presence of a partition coefficient reduces 

the flux through the :membrane by the factor k relative to 

what it would be if k-: j. The opposite is true if k') l . 
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APPENDIX I 

2. The Effect of the Red Cell Mcn1brane on the Diffusion 

of Chloride through the Red Cell 

To detern1.ine how the diffusivity across the red cell 

n1cmbrane influences the average diffusivity across the whole 

cell, the red cell can be approximated as a three-layered 
I I • 
/diaphragm in a diaphragm diffusion cell. The average dif-

fusivity across all three layers can be calculated knowing the 

thickness of and the diffusivity in each layer. 

If the flux through the diaphragm is J and .the cLrea of · 

the diaphragm is A , it follows that 

AJlz -:.1)~ AW. A 

A J ~j ~ :o~ A CJ A 

V1 dc.i +- 'J)Jt (C:~- Cj )di; == 0 

Vades + !>~ (cJ· --c~)dt == 0 
~J I 

(83) 

(84) 
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c3 
v~ [\ 

~ ~ 

'"" 
cj 

v3 l)3 'l)~ 
c! 

Di 

Figure 20. Diaphra1n Diffusion Cell. 



Con1bining, gives 
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'rbt (Ci- c"$;dt"'o 

'D0 (~- c:.. ') dt ~o 
9..~ 

d ~-de~-== 
dc1- d~ ~ 

which leads to 

Let 

(85) 

(86) 

(8 7) 

(88) 



then 

Let 

then 

and 

Therefore 
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- [ ~~~ ldt 
w+~ J 

(89) 

(90) 

(92) 

. (93) 
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For the diaphragrn cell \vith a single diaphragtn, the final 

equation is 

(94) 

Thus, for the three-layered diaphragm 

D= (95) 

and finally 

(96) 

For the red cell 

therefore 

(97) 
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or 

:0 (98) 

For the case \Vhcn 

(99) 

Let 

D-= xD.z 

then 

( 100) 

Now ~, the diffusion of chloride through the interior of the 

red cell, is probably less than the diffusion of chloride through 

agar gel. By assu1ning them to be equal, a lo\ver limit on X 

is found to be 0. 2 from Figure 18. 



Thus 

and 

Cf-: J-

-124-

1 
z 

Take for the thickness of the red cell ij:::. 5"0 A , ii!nd for 

the interior Then 

j Q1 i so S~\04-- ~& :z Q~ 
~ -z -

and 

D1 
Sxl6 4 :::= 

n~ 

Since 

Doz. """ 
-5" c~lsac - j )< \0 

'Dj A s;'><roq ew...~ (sac -:= 

p := :g~ 

1'-!. 
- 1 x lOz em /sa.c 

This pern1cability is two orders of magnitude higher than the 

ex-pected value (2 x 10-
4 

em I sec), which is based on equilibration 

times for chloride. 
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APPENDIX II 

1 • H c 111 ol y s i s Ana 1 y sis 

The hen1olysis analysis was a slight n1oclification of the 

nh:'thod used by Sachs et al. (30), where the percent hemolysis 

is given as the ratio of the absorbance of the supernatant before 

co1nplete induced hcn1olysis divided by the absorbance of the 

total volume after induced hemolysis. The initial sample .must 
I 

. be separated into t\vo parts for this; one part centrifuged for 

the supernatant and the other · he1nolysed. The absorba:..1cc was 

recorded at 540 m f with a Bausch and Lomb Spectronic 20 

colorimeter. 

Sachs n1casured the absorbance of the solutions directly, 

but this docs. not give valid results because the absorbance of 

hcmolysed blood is not linear with increasing dilution. The 

hemoglobin in this work was converted to acid hematin. A five 

ml sample of blood was diluted to 50 ml with distilled water. 

A 20 ml aliquot of this was again diluted to 50 ml with 1. 0 N 

NCL. The absorbance of this solution was linear with incrcas-

ing dilution. 

Red cells. were kept in Earle's Solution for 24 hours at 

25°C. The atnount of hemolysis was found to be approximately 

0. 3 percent. This slight hemolysis should not significantly affect 

the experimental results. 
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APPENDIX II 

2. Solutions 

Earle's Solution A 

sodiun1 chloride 6.8 grams 

potassium chloride .. 400 grams 

calcium chloride . 200 grams 

magnesium sulfate .100 grams 

sodium monophosphate .140 1 grams 

dextrose 1.00 grams 

distilled water 700 :inl 

Earle 1 s Solution B 

sodium bicarbonate 2.200 grams 

penicillin G 2 million 
units 

streptomycin sulfate 2 grams 

distilled water 300 ml 

Earle's Solution is formed by adding seven parts of A 

to three parts of B. 

Liquid Scintillation "Cocktail" 

PPO 6 grams 

toluene 1 liter 
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Mi.x two parts of PPO solution to one part of Triton 

X-100 (Rohn1 and Haas, Philadelphia, Pennsylvania). Ten ml 

of resulting solution \vill dissolve one ml of aqueous sa1nple. 
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APPENDIX III 

1. Data 

Table III. Diffusion Coefficients of Sodiu1n in a 

0. 100 M I<Cl Solution at 25 °C. 

5 2 
D x 10 (em /sec) 

1.298 

1. 320 

48-hour runs 1. 310 

1.325 

1.280 

Average 1. 313 ± 0.024 

1.330 

24-hour runs 1. 301 

1.307 

Average 1. 312 
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Table IV. Diffusion Coefficients of Sodium in 

0.100 M NaCl Solutions at 25°C. 

5 2 
D x 10 (em /sec) 

1.316 

1. 316 

Table V. Diffusion Coefficients of Sodium in 

Rabbit Plasma at 25°C. 

Average 

D x 10
5 

(cm
2 

/pee). 

1. 071 

0.980 

1.064 

1.021 

1.017 

1.031 ± 0.030 

Table VI. Diffusion Coefficients of Sodium in Agar 

Gel Suspensions of Rabbit Red Cells at 25°C. 

Volume Fraction D x 105 
(cm

2 
/sec) 

of Red Cells 

20 

II 

23 

30 

" 

1. 096 

1.056 

1.073 

1.021 

1. 075. 
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40 0.978 

II 0.960 

II 0.988 

50 0.885 

70 0.586 

ATP depleted prior to run 

20 1.089 

30 0.916 

II 0.976 

ATP depleted-restored prior to run 

20 1.082 

Table Vll. Diffusion Coefficients of Sodium in 

Agar Gel Suspensions of Human Red 

0 ·Cells at 25 C. 

Volume Fraction 
of Red Cells 

II 

30 

II 

5 2 
D x 10 (em I sec) 

1. 151 

1.064 

0.968 

0.956 

0.792 

0.817 
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Table VIII. Diffusion Coefficients of Sodium in 

Table IX. 

Agar Gel Suspensions of Fixed Human 

0 Red Cells at 25 C. 

Volume Fraction 
of Red Cells 

10 

19 

24 

5 2 
D x 10 (em /sec) 

1.097 

.998 

• 934 

Diffusion Coefficients of Sodium in 

Agar Gel Suspension of Glass Sphe'res 

0 
at 25 C. 

Volume Fraction 
of Glass Spheres 

5 

10 

" 
15 

" 
20 

30 

60 

5 2 
D x 10 (em /scc) 

1. 159 

1.221 

1.228 

1.260 

1. 245 

1.275 

1.320 

1.579 
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Diffusion Coefficients of Potassiun1 in 

Agar Gel Suspensions of Hun1an Red Cells 

0 
at 25 C. 

Volume Fraction 
of Red Cell 

0 

0 

20 

20 

5 2 
D x 1 0 (em Is e c) 

1. 894 

1.887 

1.021 

1.064 

Potassium equilibrated for 17 hours 

Table XI. 

20 0.983 

Diffusion Coefficients of Chloride in 

Agar Gel Suspensions of Human Red Cells 

0 
at 25 C. 

Volume Fraction 
of Red Cells 

0 

II 

II 

20 

30 

II 

50 

5 2 
D x 1 0 (em I sec) 

1.785 

1. 794 

1. 752 

1. 457 

1.257 

1.268 

0.938 



2 = 

A = 
C· 1 = 

do = 

:Di = 
.{-\ = 
J = 
1: = 
~ = 
K -

l = 
n~R. = 

~1 = 

p = 
r = 
~ = 
t = 
T = 

~ = 

v = 
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NOMENCLATURE 

radius (ern) 

2 
area (cn1 ) 

concentration of species i (1noles /1) 

density of \Vater (g/ cc) 

diffusivity of species i {cm
2 I sec) 

hydration of protein in solution (gm/gm) 

diffusional flux (moles/cm2 sec) 

radioactive decay rate (sec-
1

) 

2 
thcr1nal conductivity (cn"l /sec) 

partition coefficient 

length (em) 

concentration of species i in the form {moles /1) 

total concentration of rever si~ly bound species i 

(moles /1) 

partial pressure (atm) 

radius (em) 

net chen"lical reaction of species i 

tin"le (sec) 

t t (OC) c1npcra ·ure 

temperature 

volume (em 3 ) 



Vp = 
'X = 
(j, = 

5 = 

'() = 

~ = 
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NOMENCLATURE 

specific vohunc of protein 

distance (cn1) 

volun1c fraction 

partition coefficient 

fraction of diffusible species in a phase 

viscosity (gn1./ em sec) 

Subscripts: 

c/ = diffusible 

1 = species i 

p 

rbc. 

s 

t 
j 

:z 

= 
:: 

= 

= 

= 
= 

= 

reaction with species 

protein 

red cell 

continuous . phase 

total 

continuous phase 

dispersed phase 

Super scripts: 

i 

* = based on average concentration 
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PROPOSITION I 

The Interpretation of Adsorption of Metal Cation 

versus pH Data 

This proposition will deal with a method of interpreting 

n1ctal ion adsorption data. The method was presented by Dr. 

T. W. Healy in a se1ninar given in the W. M. Keck Labora-

tories at the California Institute of Technology during the . ,. 
summer of 1969. The method is shown to be valid only under 

certain conditions. 

The adsorption of iron (Ill) on quartz surfaces was one 

topic discussed by Dr. Healy. His results, plotted as the per-

cent adsorption of iron (III} on quartz versus pH, showed a very 

strong pH dependence. A typical curve is given in Figure 21. 

The results were significant in that the large increase in per-

cent adsorption of iron (III) over a narrow pH range occurred 

at the pK1 value for iron. Other experimental results showed 

no drastic change in the surface properties of quartz over the 

pH range of interest. 

At pH values far below the pK
1 

value for iron (Ill}, the 

predominant iron (III} species in solution is the free (aquo) ion. 

As the pl-I approaches the value for pK1, the concentration of 

the first hydrolysis product of iron (III), Fe(OI-1)+2 , becomes 
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significant. Since the sharp rise in the percent adsorption 

versus pli curve occurred at the pK
1 

value for iron (III), Dr. 

Healy concluded that the predominant iron species involved in 

the adsorption n1.echanism was Fe(OH) +2
,. He also felt the 

percent adsorption versus pH data for other n1ctal cations 

could be used to detern1ine the principal hydrolyzed species 

involved in the adsorption process. 

O'Melia and Stumm (1 ), investigating the coagulation of 

i silica sols by iron {III), observed stoichio1netric behavior. The 

minimun1 concentration of iron (III) necessary to induce coagu-

lation was proportional to the total surface area of the silica 

particles. The adsorption data they obtained was in accord 

with a curve preducted by the Langmuir equation. They showed 

that if K~S(l-G)..,...,j in their rearranged form of the Langmuir 

equation, then the equation is consistent with the stoichiometric 

relationship they observed. 

The Langmuir equation is 

( 1) 

where c~ and c,.. are the concentrations of residual and 

sorbed spec]es (moles/liter), respectively; ~ is the sorption 

capacity (moles/m
2

); S is the surface area of the sorbent 

(dispersed phase) in the suspension (m2 /1) ~nd K. is a constant 
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(the equilibriun1 constant for the adsorpti';>n-dcsorption reaction 

in the Langn1nir n1odcl). 

+2 If in tlh.~ adsorption of iron (III) on quart~~:, Fe(OI-I) is 

the principal sorbate, then CA is the concentration of adsorbed 

Fe(OI-I) +2 and C, is the concentration of Fe(OH) +2 in solution. 

If the total concentration of iron originally added is Ct, , and 

the concentrations of the other hydrolysis products of iron (lli) 

are assumed negligible in the low pH range, then 

C-c - ('A + c ~ -t c 0 (2) 

where C0 is the concentration of the free (aquo} ion. 

We know that 

(3) 

Thus 

(4) 
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Rearranging the Langn1uir equation to 

CA /S~ 

k [1-u/srM] (5) 

Equation (4) no\v becomes 

{ [[W] ~ i · 1 
C.. l j + ~~ +ij (.{- ~)Kst~ J' 

Since ~I Ct., is the percent iron (III) adsorbed, we have 

1 
\<S~Ct-e) 

(7) 

where 

e (8) 

This gives an expression for the percent iron (III) 

adsorbed versus pH. For stoichiometric behavior, K."::>fll\1\(l-e))')i 

\ 

If this is true, 
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f:SrmO-e) 

For values of the pl-I in the neighborhood of pK 1 ,. and from 

equation (7), ~/Ct, = 1 (100 percent). This is not consis-

tent' with the data Dr. Healy presented. 

Fron"l O'Melia and Stumm (1), for iron (III) interacting 

with Min- U -Sil 5 

~ = 2.3 X 
-6 I 2 10 moles m 

k = 10
7 

1 /mole 

s = 168 m
2

/l (20 g/1 of Min- U -Si1 5) 

and kSQ = 400. For e = 0. 4, KSf'l,....(I-~J = 240. From 

-3 I equation (7), where K. = 6. 8 x 10 , we find that for C.,.. C.t;, = 

0. 5, (Ht] = 1. 63. The rise in the curve of percent iron {Ill) 

adsorbed in Min-U-Sil 5 versus pH for a silica concentration 

of 20 g/1 should occur at a pl-I much lower than the pK1 value 

for iron (III). 

It is obvious that the plot of CA f Ct, versus pH is very 

. 2 
sensitive to ~ . If ~ were 1 m /1 in the above example, 

instead of 168 m
2 

/1, kSf'""(\-&) = 1. 4. At (..H-t1 ~ ~ l , the 

value for CA / Ct, is now 0. 42. This would qualitatively 

agree with Healy's results. The method proposed by Dr. Healy 
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is only valid if k.SQ/1-GJ = 1. Then equation (7} bccon1cs 

( 9) 

and a curve similar to that in Figure 21 will result. 
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PROPOSITION II 

A Method for Stripping Interfering Gaussian Peaks fro1n Complex 

Envelopes by an On-line Co1nputcr with Limited Storage Capacity 

This proposition describes a method for stripping over-

lapping peaks fron1 a co1nplex envelope which can be used in on-line 

co1nputer analysis of data acquired fro1n any system generating 

Gaussian curves as a function of time. 

Several 1nethods have been suggested for separating the 
I 

. interfering peaks (2). In ge~eral, the most accurate methods employ 

a nonlinear least-squares technique. Such techniques are relatively 

easy to use on the large off-line con!pute:r, but must be simplified 

before they can be used on a small on-line computer. A simple, 

yet efficient, means for analyzing multiple peak envelopes has been 
i 

devised to meet this· problem. 

Mathematical Treatment 

·For the case of multiple peak envelopes, the determination 

of the beginning and end of the envelope by the computer has been 

'previously described (6). The envelope is analyzed by fitting the 

curve with the number of individual peaks corresponding to the 

number of pairs of inflection points detected within the envelope. 

ln this procedure, individual peaks must be first represented by a 

suitable mathematical model. Many can be adequately described 

as Gaussian or modified Gaussian curves. The initial choice of 
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parameters of the assu1ned Gaussian peaks con1pri.sing the envelope 

(c. g., peak position, mean value, and standard deviation) are obtained 

!ro1n the envelope. Corrections to the initial choices arc calculated, 

and the area and position of' the peaks in the envelope are computed. 

A brief n1athematical description of the method is given below. 

lf the peaks in the chro1natogram are asswned to be Gaussian in 

shape, then the envelope can be described by 

where 

A= the total absorbance value at T, 

Aj= the maximum absorbance of individual peak 

T= the el_ution time, 

1j= the value of T at 

"J = the standard deviation of the peak j, 

n = the number of interfering peaks • 

. Equation (1) can be rewritten as · 

A= A (T; f1, f:z, ... I fk.) 

where (' refers to the parameters Aj, lj , and 6j 

experimental data points are denoted as 

{1) 

j, 

(2) 

The 

(3) 
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* A Let A; denote the predicted value obtained for +\ when, 

for the ith data point, the value for the independent variable is 

substituted into equation (2). The estin"lates of f, 1 ~,, ••• , ~/:.. will 

be denoted by b.J b:t,···1 h~. Thus 

(4) 

For the conventional least squares analysis of the problem, 

the unknown parameters are varied until 

(5) 

is a minimum (4). Since the function A in equation (2) is non-

linear in the parameter, equation (4) is expanded in a Taylor series 

about the unknown parametc rs. The Taylor series is truncated 

after the linear terms and substitut.ed into equation (5). Corrections 

to the initial choices of the paramctc.:rs are found by setting the 

partial derivative of tP with respect to the correcti;ns to the 

·paran!eters equal to zero. New estimates for the parameters are 

found, and the process is repeated until the corrections become 

negligible. Since the initial estin!ate of the parameters must be 

quite good to ensure convergence, . more sophisticated approaches 

have been devised (1, 5). However, for the purposes of envelope 

analysis by an on-line computer with limited storage capability, a 

simple, yet efficient, approach which · utilizes a minilnal amount of 

fast 1nemory is imperative. 
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The sirnplest approach is to dispense with the iteration 

procedure )n the least squares analysis and assume the initial 

estin1ates of the parameters, once obtained, are sufficiently accurate. 

This, ho\vever, ~as been found to give unacceptable errors in the 

area deterrninations. 

The next approach is to use the truncated Taylor series expan-

sion of equation (4) to obtain corrections to the initial estimates of 

the parameters. This method appears to work very well. For this 

silnpli!ied analysis the assumption is n1ade that 

(6) 

where 

A* A*'l: ... AA '*,· . 

'~ c (7) 

. ~ ~ 

The quantity A A; is a correction to A~ obtained fro1n the 

truncated Taylor series expansion of A Therefore, 

where ,.. 
at Ji 

At and the partial derivatives 

and h· J , the initial estimates for fj 
is the correction to the initial estimate of 

( 8) 

are ·evaluated 

The quantity 

fj 
Satisfactory results \vere obtained when only the initial 

estimates of were corrected. Thus, in this dis-
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cussion, k, =- ;2(\ , and a convenient choice of experin1cntal points 

is the value of A and T at each inflection point in the envelope. 

The initial choices of the parameters Aj and~ arc 

) 

(9) 

The assun1ption is also made that each peak in a given 

envelope has the same 6 This assu1nption appears to be 

justified in the case of high resolution ch1·omatography of body 
• f 

fluids, as ncar-neighbor peaks have aln1.ost identical standard 
. 

deviations (6). Therefore, the choice of 0 1 is 

(1 0) 

where 7-M-1 and ').rY\ are the data points on either side of the 

envelope maximum. 
I . _., 

-) 
. The corrections to Aj and Ts are found by -solving the 

set 9£ linear, simultaneous, algeb-raic equation~ given in equation 

(8). The equations are solved by means of a process of elimina-

tion, an efficient n1.ethod for a small, on-line computer (3). A flow 

diagra1n for the stripping routine is given in Figure 1. Thus, the 

position of peak j in the envelope is 

( 11) 
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SPECTRAl. STRIPPING ROUTINE 

Figure 1. Flow Diagr~m of the Stripping Routine. 
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and the nrcu. S of the pcuk :i.s 

(12) 

Results 

For evaluation purposes, a computer program was vrri tten in li'OCAL. 

language and added to an existinc; proerarn used to analyze data from 

a. high-pressure ion-cxchanec column. The program vra.s vrritten in such 

a. way that the stripping routine vTas used only \-lhen more than one 

pair of inflection points vrere fow1d betvreen anY t\vO consecutive 

minima. on the chromatogram. A Di~i tal Eq_uipment Corporation 

Model PDP-8/I dic;ital computer (Nayna.rdJ Mass.) equj.pped with . a 

8K-12 bit core memory and a 32K-12 bit disk storage was used to 

evaluate the program. This computer sys·~em was coupled to an ASR 

33 Teletype for input/output • 

. Table 1 shows the computer analysis of four envelopes comprised 

of Gaussian curves. For each envelope, 500 data points were calculated. 

The c.omputer analyzed the synthetic data and printe~ out the position 

of the envelope maximum. It also printed out the position of the 

peaks comprising the envelopes and their respective areas. The com

puter, using this method, was able to analyze up to three Gaussian 

peaks in an env~lppe with an error less than 5%1 based on the peak 

areas. 
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Table 1. Computer.(\nalysi5 of Synth~ tic Data 

Data Computer Ano lysis 
Peak---------· --- PcOI~-fn f I. Peak 
No. A T 0 s . \No. Pt. Maximum Position Area 

1 150 150 10 3760 142 150 3714 

2 250 170 10 6266 155 

2. 160 170 6309 

167 

. 180 

133 

100 150 20 5013 :·1 161 150 5006 .. . 

177 

2 150 190 20 7520 2 i 199 190 7488 

. ·212 

3 700 230 20 10026 3 '249 222 230 10145 

100 

100 . 120 10 2507 131 119 119 2510 

171 

2 200 180 10 5013 2 191 181 180 5115 

198 

3 . . 100 200 10 2507 3 . 208 200 2393 

.1 . 100 150 20 5013 131 151 4974 

159 . 

184 
199 

2 200 200 20 10026 2 217 200 10564 

242 

3 100 250 20 5013 3 270 249 4891 



Sun1rna ry 

A con1puter program that is capable of effective and efficient 

peak stripping of con1plex enve)opes has been developed for use with 

a small on-line con1puter. The progratn determines both the area 

and position of each interfering peak in the envelope. Envelopes 

with up to three interfering peaks can be analyzed with this method, 

yielding errors based on the area determination of less than 5o/o. 
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PH.OPOSITION III 

The Relatio1~ship Bet\vccn the Distribution Coefficient and the 

Gradient Substance in Gradient Elution Chro1natography 

This proposition derives a theoretical relationship between 

the di£tribution coefficient and the concentration of the gradient 

substance in gradient elution chromatography. 

In chromatography, mass is transferred between a flowing 

fluid and a fixed phase. If only the elution positions of the peak 

maxima are considered, a simple mathematical model of this • 
! • 

sys.tcm can be derived. This model, presented by Drake (1) and 

others (2, 5, 6, 7 ), is obtained by integrating the overall differential 

mass balance equation 

( 1) 

where 

A = total cross-sectional area of the column, 

v = eluent volwne, 

v = elution volume of peak maximum, 

V = geometric volume of the column, 

z = height of the column measured from the entrance, 

Z = total colutnn length 

( = void fraction 

X = distribution coefficient 
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This sirnplified approach neglects the dispersion in the colutnn. 

The corn,plexity of equation (1) resides in the tcrn-x )\ (v, z). 

Since, :in the case of gradient elution chromatography, A is a 

function of the concentration of gradient substance (4), the exact 

rclationshjp is \vorth sc eking. 

If \Ve let R stand for the fixed ion in the resin, A for 

the counter ion and B for the gradient substance (also a counter 

ion), then we as sumc that for the exchange reaction 

we have 

[1\AA] [B]~ 
[KB]A[AJ 

j~) • 

(3) 

Since A is defined as the ratio of the concentration of the sample . 

ion in the stationary phase to that in the mobile phase, 

n [~Al_ 
~-=- [A] - (4) 

vi~ assume that the concentration of B in the resin compared to 

that in the flowing fluid can be described by a Freundli.ch iso.therin. 

Thus, 

[R.B] - [B]~ (5) 



In ViC\V of the discussion by Diarnond and vVhitney (3), this sh.oulcl 

be a reasonable assumption, at least fo1· strong anion-exchange resins. 

Therefore, 

"A-- JG' 
[ B'~P. -
[B]" 

k.' B A(YI\-1) 
(6) 

Since the concentration of gradient substance versus time in 

the column can be dctcrrnincd~ and can in gen'era.l be predicted based 

on the type of gradient generating device employed (4), equation (1) 

can no\V be successfully integrated. 



-158-· 

BIBLIOGH.Al'">-1-IY 

1. Drake, B., "Contributions to the Theory of Gradient Elution 

Analysis, 11 Arkiv I<:en1i 8, 1 (1954). 

2. Freiling, E. C., "Ion Exchange as a Separations Method. 

IX. Gradient Elution Theory," J. A. C. S., 77, 2067 (1955). 

3. Marinsky, J. A., Ion Exchan~: A Series oi Advances, Vol. 1, 

Dekker, New York, 1966. 

4. Pitt, W. W., 11Gradient Elution Chromatography of Urinary 

Constitucl1ts. Mathematical Analysis of the Kinetics' of "Gradient 

Elution Chromatography, 11 Ph. D. Thesis, 1970. 

5.· Said, A. S., ''Theoretical-Plate Concept in Chromatography," 

A.I.Ch.E.J. ~. 477 (1956). 

6. Sch\vab, N., Rieman, W. III, and Vaughan, P. A., "Theory of 

Gradient Elution Through Ion Exchangers, 11 Anal. Chern., 29, 

1357 (1957). 

7. Snyder, L. R., "Linear Elution Adsorption Chromatography. 

VII. Gradient Elution Theory," J. Chromatog., .!1.• 415 (1964). 


