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ABSTRACT

Given a variety X of algebras, among the interesting ques-
tions we can ask about the members of A  is the following: does
there exist a lattice identity O such that for each algebra A e X ,
the congruence lattice ©(A) satisfies o ? This thesis deals with
questions of this type.

First, the thesis shows that the congruence lattices of rela-
tively free unary algebras satisfy no nontrivial lattice identities.

It is also shown that the class of congruence lattices of semi-
lattices satisfies no nontrivial lattice identities. As a consequence it
is shown that if X isa semigroup variety all of whose congruence
lattices satisfy some fixed nontrivial lattice identity, then all the
members of K are groups with exponent dividing a fixed finite num-
ber. In particular, the congruence lattices of members of K are
modular.

Finally, it is shown that the varieties whose congruence lat-
tices satisfy one of a class of lattice identities of a fairly general form

are in fact congruence modular.
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INTRODUCTION

A variety of algebras is a class of algebras closed under the
formation of homomorphic images, subalgebras, and direct products.
Equivalently, a class K isa variety if and only if A is the class of
all algebras of a given similarity type satisfying some set of identi-
ties. In particular, given a class 7< o of similar algebras, we can
form the variety %f consisting of those algebras which satisfy each
identity which holds in every algebra of X,. Clearly X, € XS, and
7(0 is a variety if and only if ;(o = kf.

If X isa variety and A an algebra in K , it may in general
occur that A will satisfy some identities not satisfied by all the alge~
bras in A. This leads us to the notion of a X-free algebra. An
algebra A€ X is said to be A -free if there exists a subset X CA
such that (i) X generates A, and (ii) every map of X into an algebra
in 7( can be extended to a homomorphism. A fundamental theorem
of Birkhoff states that given a variety 7 and an arbitrary set X,
there exists a X -free algebra generated by X, which we will denote
Foy X).

For example, the class of all lattices forms a variety, and
given a set X, we can form the free lattice FL(X). In addition to
lattices, the following varieties will be of particular interest in this
thesis: semilattices, semigroups, distributive lattices, modular

lattices.



Given a variety K of algebras, among the interesting ques-
tions we can ask about the members of X is the following: does there
exist a lattice identity 0 such that for each algebra A € 7(, the con-
gruence lattice @ (A) satisfies 0 ? The classical theorems of this
type state that the congruence lattice (normal subgroup lattice) of a
group is modular, that the congruence lattice (lattice of two-sided
ideals) of a ring is modular, and that the congruence lattice of a lat-
tice is distributive. This thesis will deal with some questions regard-
ing when the congruence lattices of algebras in a variety are all mod-

ular. (In this case, the variety is called congruence modular.) The

results will be described more fully below.

In Chapter I the basic theorems on varieties of algebras and
free algebras are introduced. It is then shown that the congruence
lattices of relatively free unary algebras satisfy no nontrivial lattice
identities.

Chapter II presents joint work of the author with Ralph Freese.
The main result of this chapter is that the class of congruence lat-
tices of semilattices satisfies no nontrivial lattice identities. It is
also shown that the class of subalgebra lattices of semilattices satis-
fies no nontrivial lattice identities. As a consequence it is shown that
if V' is a semigroup variety all of whose congruence lattices satisfy
some fixed nontrivial lattice identity, then all the members of .\/ are
groups with exponent dividing a fixed finite number. In particular,

the congruence lattices of members of ¥ are modular.



The final result of Chapter II suggests a closer study of condi-
tions which imply congruence m‘odularity. Necessary and sufficient
conditions for congruence modularity were given by Day [ 4], and it
was shown by Wille that the condition that the congruence lattices of
the algebras in a variety satisfy a given lattice identity is determined
by a weak Mal'cev condition [ 28, see also 22, 25]. In Chapter TII
it is shown that varieties whose congruence lattices satisfy one of a
class of lattice identities of a fairly general form (see Theorem 3. 1)
are in fact congruence modular. A similar theorem is proved for
congruence distributivity. It should be noted that there are no known
examples of varieties whose congruences satisfy some nontrivial lat-

tice identity which are not congruence modular.



CHAPTER 1

CONGRUENCE LATTICES OF RELATIVELY FREE
UNARY ALGEBRAS

An algebra A is an ordered pair (A,, F) where A, is some
set and F is an indexed collection of operations on A,, i.e., F =
{fi T L€ I} for some set I, and each f € F is a mapping of Aon(f)
ﬁinto A, for some finite integer n(f). As is customary, we will often
write x € A to mean x € A,. The algebras A = (A,,{f; : i€1I}) and
B = (B, {gj cjed }) will be called similar (or of tﬁe same simi-
larity type) if I=J and n(fj) = n(g;) for all i € I. General informa-
tion about abstract algebras may be found in[ 9] or [11].

Let X be an arbitrary set and € a class of similar algebras.
If A is any algebra in €, then the operations of A are indexed by
the set I, and we may denote the rank function as n(i) (i € I) since it
is independent of which algebra in € we select. We define polyno-

mials of the type of € over X to be the smallest set of formal expres-

sions such that:

(1.1) for each x € X, x is a polynomial;

(1.2) if p,..., Pn(j) are polynomials, then f;(p,, ..., pn(i))

is a polynomial.

It follows from the definition that the polynomials over X form an
algebra of the similarity type of €, called the word algebra over X,

and denoted W(X).



In view of the inductive definition of a polynomial, each poly-
nomial involves only finitely many members of X. These "variables"
may be arranged into a sequence, say x = (x,,..., Xk> € XX, Then
we may regard polynomials as functions p(x) on any fixed algebra A

of € according to the rule: if a=(a,,..., ak) € Aok, then

(1.3) x;(a) = a4, |
(L8] Eslpis e, pn(i)) (@) = £;(p,(a), . . ., Py(3)(a)) -

If a polynomial p involves k or fewer members of X, then p is
called a k-variable polynomial.

If p(x) and q(x) are polynomials over X, an algebra A of €
is said to satisfy the identity p(x) = q(x) if for every a € Aok we have
p(@) = q(a). The class € is said to satisfy an identity if every algebra
in ¢ satisfies it.

A class X of algebras is a variety (or equational class) if -
there exists a set A of identities such that K is the class of all alge-
bras of a given similarity type which satisfy all the identities of A.

We review some basic notions for the study of algebras. Let
A (veT) be an indexed set of similar algebras. The direct product

X FAY is the algebra B = { By, F) where B, is the full cartesian
Y€

product ,}?g T AZ , and the operations are defined componentwise, i.e.,
if by, ..., byq € Bo, then (f(b,, .. .,bn(i))7 =17 b, ..,bg(i)).

Given an algebra A = (A,,F), a subset B, of A, is called a
subalgebra of A if B, is closed under the operations of F, i.e., if

b € Bon(i) implies fi(b) € By, for all i €1.



Given two similar algebras A = (A,, {fi :1€I}) and B =
(B, {gi cie1}) , we say that a mapping § of A, into B, is a homo-

morphism if for all i €T and for all a,, ..., aps) € Ao,

E(ty(a, -+ ap) = & @), .-, & @ngy) -

One easily verifies that varieties are closed under the forma-
tion of direct products, subalgebras, and homomorphic images. A
fundamental theorem on varieties states the converse: if AC is a class
of algebras closed under the formation of direct products, subalgebras,
and homomorphic images, then X is a variety [2].

Varieties of algebras were first studied as such by Birkhoff [ 2] .
Central to the study of varieties is the study of relatively free algebras,
i.e., algebras which are XA -free for some variety A . Tt was soon
realized that the existence of H -free algebras held for slightly more
general classes N , today called universal Horn classes. We shall
sketch the proof of this theorem below.

Let € be a class of similar algebras. An algebra A is said
to be € -free if A € € and there exists a subset X CA such that (i)

X generates A, and (ii) every map of X into an algebra in € can be
extended to a homomorphism.

A universal Horn sentence is a sentence of the form

(1.5) V xe€ Aon : p(x) =q,(x) and ... and pk(x) = qk(x)
= By 10 = G, 1)

where each p;,q; is an n-variable polynomial. An identity p(x) = q(x)



will be considered as a special case of a universal Horn sentence,

since it may be written as
1.6) VxeAl: % =% = pi) = q) .

A class N of algebras is a universal Horn class (or quasi-
variety) if W is the class of all algebras of a given similarity type
satisfying some collection of universal Horn sentences. Thus, in
particular, every variety is a universal Horn class. Universal Horn
classes have been characterized in terms of intrinsic properties by
Mal'cev[19]. ‘

A class of algebras is said to be nontrivial if it contains an
algebra with more than one element.

Given a set S, let II(S) denote the set of partitions (equivalence
relations) on S. There is a natural partial ordering on equivalence
relations: if 7, p € II(S), let m <p if x 7y implies xp y. Under this
ordering II(S) forms a complete lattice with unit element 1 = S* and
null element 0 ={(x,y) € ° : x=y}. Furthermore, if we consider
partitions as subéets of S?, the meet of a set of partitions is precisely
their set intersection, i.e., Xj/e\J pj y if and only if x pj y for all
jed.

If p, m € I(S) we define the relational product p;7 by r p;7 s
if there exists t € S such that rp t m s . The formation of relational
products is easily seen to be an associative operation. The relational
product p;7 is not in general a transitive relation, however. We

define (p;1r)n inductively: (p;m)° is the identity relation, and



(p;77)k+ 1_ (p;ﬂ)k;p;ﬂ’ . In II(S) the join operation is given by

1.7 rj\e/J pj s if there exist t,,...,t,_{ €S and
j(1),...,j(n) € J suchthat r =1, Pi(1) t, Pi(2) ty.o bty g
Pi(m) = %
In particular,

i .

pvw = (p;m

n=0

If p € II(S) and s € S, then
s/p :{X€S T XpP S}_.

Throughout we shall use round symbols {1, U for the set operations
intersection and union, respectively, and sharp symbols A , V for
the lattice operations meet and join. General information about lat~
tices may be foundin[1] or [3].

A congruence relation on an algebra A is an equivalence rela-
tion on A, which preserves the operations of F. More formally, an
equivalence relation 6 is a congruence relation if for all i € I and for
all a,b e AM) ifa op,.. - 2n(1) O Poy then G@,, ..., 2pq) 0
fi(bl, ey bn(i))’ Thus for any congruence relation 6 we can form the
quotient algebra A/6 = (A,/6, F) where Ay/0={x/6: x€ Ay}, and
the mapping x — x/0 of A onto A/6 is a homom.orphism. Conversely,

if £ : A— B is a homomorphism, then

(1.8) ker £ = {(x,y) € AZ: £(x)=£(y)}



is a congruence relation on A, called the kernel of £, and §(A) is
isomorphic to A/ker &,

The congruence relations on A form a complete sublattice ©(A)
of the partition lattice II(A;). In particular, the meet and join of a set
of congruence relations are just their meet and join as equivalence
relations.

If £: A— B is a homomorphism, then © (£(A)) is isomorphic
to the quotient sublattice 1/ker & of ©(A).

If I’ is a collection of congruence relations on A, let AT
denote go/e\I‘(p . There is a natural imbedding of A/A T into <,0>$: rA/(p,
namely we map x € A, into the vector (x/qo)(pE r- Then A/ AT is
called a subdirect product of {A/¢} geT -

Theorem 1.1: Let € be a nontrivial class of algebras closed under .

the formation of subdirect products. Then for any set X there exists
a € -free algebra generated by X.

Proof: Let W(X) be the word algebra over X of the similarity type of
the algebras of €. Let

I'={peOWX) : WX)/9pe €},

and let 6= AT'. We will show that W(X)/8 is € -free and generated

by the classes x/6 (x € X). Since € is nontrivial x/0# y/60 for x #y,
and since X generates W(X), (i) of the definition of a € -free algebra
is satisfied. Any map of X into an algebra in € can be extended to a
homomorphism on W(X). The kernel of this homomorphism will be in

I and hence will contain 6, so that W(X)/6 satisfies (ii). Finally,
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we can represent W(X)/6 as a subdirect product of the W(X)/¢ (¢ € T).
Since € is closed under the formation of subdirect products,
WX)/0€ C.
It is clear from the construction that f(x) = g(x) holds in a
¢ -free algebra if and only if f(x) = g(x) is an identity in €, i.e.,

f(x) = g(x) holds in every algebra of C.

Corollary [7 , 18 ]: Let H ve a nontrivial universal Horn class. Then

for any set X there exists an H -free algebra generated by X.

Proof: Let A be a subdirect product of algebras in A. The left-hand
side of an implication in a universal Horn sentence holds in A if and
only if it holds in all the subdirect factors, in which case the right-
hand side will hold in all the factors, and hence in A. Thus A € N .

(R. Lyndon has characterized the logical sentences which are
preserved under the formation of subdirect products [15] . ]

If € is a class of algebras closed under the formation of sub-
direct products, then the € -free algebra generated by X will be
denoted F c(X)‘, and where there is no possible ambiguity we will write
FX) for F¢(X).

A lattice identity is an inclusion u <v, where u and v are
lattice polynomials. Note that u <v is equivalent to the equation
uA v =u, and that an equation u' = v' is equivalent to the conjunction
of the two inclusions u! <v' and u' <v'. A lattice identity u sv is
said to be nontrivial if u < v fails in some lattice, or equivalently, if
u S v fails on the generators of a free lattice. The procedure for

deciding whether or not a given lattice identity is nontrivial is due to
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Whitman [ 26].

Theorem 1.2: Let si(i = X, 00 op M), tj(j =1,...,n) € FLX), and let
X,y € X. Then

(1.9 xsyiff x=y;
m
(1. 10) /\1 s; Sy iff there exists ke{1,...,m} such that

i=
0 SkSY;
(1.11) x<j\_/1tj iff there exists p € {1,...,n} such that
x<tp;

n
1.12) s, sjglt. iff s, <t; for all j e{1,...,n};

]

m
(1.13) Vs St iff s, <t forall ie{1,...,m}:
m n
(1.14) . A, s, < .V_t. iff there exists ke{1,...,m} such that
i=1" " j=17 _ 0
Sksj\iltj ,
or there exists p € {1,...,n} such that

iMsist .

Conditions (1.12) and (1.13) hold in any lattice, and conditions
(1.9), (1.10) and (1.11) hold in any relatively free lattice [14]. The
significance of (i. 14) is discussed in[5].

If € is a class of algebras, lef © (€) denote the class of all
congruence lattices ©(A) for A € €. We say that ©(C) satisfies a
nontrivial lattice identity 0 if every member of ©(C) satisfies 0,

Let €® denote the variety of algebras generated by a class €,
i.e., €€ consists of those algebras which satisfy each identity which

holds in every algebra of €.
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Theorem 1.3: Let € be a class of algebras closed under the forma-

tion of subdirect products, and let 0 be a nontrivial lattice identity.

Then the following are equivalent:

(1.15) ©(€) satisfies 0 ;

(1.16) G(ﬁe) satisfies 0 ;

1.17) G(FC(X)) satisfies 0 for every set X ;

(1.18) O(F(Y)) satisfies 0 where Y is countably infinite ;
(1.19) G(FC(E)) satisfies 0 for every finite set E.

Proof: Since € C €%, (1.16) implies (1.15). Clearly (1.15) implies
(1.17) and (1.17) implies (1.18). If E is finite and Y is infinite,
then FC(E) is a homomorphic image of F‘D(Y), so (1.18) implies
(1.19). It remains to show that (1.19) implies (1.16).

First we show that for any set X, F¢(X) is isomorphic to
Fﬁe(x). For suppose W(X)/¥ € €°. Let 6 be as in the proof of
theorem 1.1. If ¥ # 0, then there exist p(x), q(x) € W(X) such that
p(x)/6 = q(x)/6 while p(x)/¥# q(x)/¥. But p(x)/6 = q(x)/6 means
that p(x) = q(x) is an identity in every algebra of €, and hence in

every algebra of €€. Since W(X)/¥ € €%, we must have
PX)/Y = px/V) = ax/¥) = q(x)/¥

where x/¥ = (x,/¥,.. .,xn/\l/), a contradiction. Hence ¥ > 6. The
proof of theorem 1.1 now shows that FG(X) = WX)/0 = Fae(x)'
Assume O(F(E)) satisfies the nontrivial lattice identity u < v

for every finite set E. Thus u and v are lattice polynomials in



13

variables X,,...,%, say, and u # v in FL(X), where X ={x,,...,x,}.
Let A€ €® andlet 6=(0,...,6 )€ (©A))". Let a,be A and suppose
a u(f)b. We can decompose this relation into a finite number of sim-

pler relations by successively applying the following processes:

(1.10) Replace c w,A w,(6)d by the relations ¢ w,(6)d and

cwy(f)d.
(1.21) If ¢ w,Vw,(0)d, then there exist elements c,, ..., Cp -1
€ A such that
c = co W,(6) ¢, W,(8) c, W, (6) ¢y ... ¢ = d.

Replace c w,V w,(6)d by the relations ¢ w,(6) ¢, and
c, Wy(6) c, and ... and Cr -1 wp(e) d, where p = k (mod 2) .

We may continue until we are left with a finite list of relations of the
form c Bid where c,d € A and ie{l,...,n} . Let Y be the set of
members of A involved in the list A of relations obtained from our

original relation a u(f) b. Then Y is finite. Let Y* be a new set of

symbols

Y+ = {y*: yeY},

and form the € -free algebra F(Y*). Let 7 be the homomorphism of
F(Y*) into A generated by extending the mapping 7, (y*) = y for

y* € Y*. Let cpi(l <1i < n) be the congruence relation on F(Y*)
generated by identifying all the members of Y* whose images under 7

are identified by 6; in the list A, i.e.,
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¢, =V{6(c* a*) : ¢ 6; d belongs to the list A} .

Let ¢= (¢, ..., gvn) € (O(F(Y*)))™. Then clearly a* u(¢) b*. Since
O(F(Y*)) satisfies u < v, we have a* v(¢) b*. We now show that for
any lattice word w and any s,t € F(Y*) we have s w(¢) t implies

T (s) w(6) 7(t). From this we will be able to conclude that a v(6) b,
as desired.

Let &, = {(s,t) € (F(Y¥)* : 7(s) 6; T(t)}. Then ; is a con-
gruence relation on F(Y*); in fact, if m; is the canonical homomor-
phism of A onto A/ 0;, then . is the kernel of the homomorphism
LA F(Y*) into A/Oi. Furthermore, if c*,d* € Y* and c 6, d

belongs to the list A, then c* k; d*. Hence ¢, < k;, i.e., st

T
implies 7(s) 9i 7(t).

We now use induction on the complexity of the lattice word w
to show that s w(¢) t implies 7(s) w(6) 7(t). If w =w, Aw,, then
s w(¢) t implies s w,(¢) t and s w,(¢) t. By the inductive hypothesis,
7(s) w,(6) T(t) and 7(s) w,(6) 7(t), and thus 7(s) w(@) T(t). If w=w,Vw,

and s w(¢) t, then there exist s,,..., Sp_1 € F(Y*) such that
s = 89 W, (®) s, Wy(¢) S, W,(¥) s, ... 5 = t.
By induction we obtain
T(s) = T(so) W,(6) 7(s,) w,(0) t(s,) w,(6) 7(s,) ... T(sk) = Tt .

and thus 7(s) w(6) 7(t). This completes the proof of theorem 1.3.
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The argument of theorem 1.3 is derived from an argument
of Mal'cev[17]. Related results appear in[25].

The remaining theorems in this thesis will be stated in terms
of varieties of algebras. In view of theorem 1.3, corresponding
theorems hold for arbitrary classes of algebras closed under the for-
mation of subdirect products.

A fundamental theorem of Whitman states that every lattice can
be imbedded in a partition lattice [27 ]. 1t follows that the class of
all partition lattices satisfies no nontrivial lattice identities. In fact,
every nontrivial lattice identity fails in II(S) for some finite set S [23].

By a unary algebra we mean an algebra A = (A,, F) such that
each f € F is unary, i.e., n(i) =1 for all i € 1.

Theorem 1.4: Let A Dbe a non-trivial variety of unary algebras.

Then for any set X, the partition lattice II(X) is isomorphic to a sub-
lattice of the congruence lattice ©(F (X)), where F(X) is the A -tree’

algebra generated by X.

Proof: We may assume IX |> 1. For YCX let S(Y) denote
the subalgebra of F(X) generated by Y. Suppose z € S(x) /1 S(y) for
some X,y € X (x #y). Then there exist unary polynomials (composi-
tions) f and g such that z = f(x) = g(y). It follows that f(a) = g(b)
is an identity in K . Hence z = f(x) = g(x) for all x € X, and
7 € XQX S(x). Let Z=_ QX S(x), and let T(x) = S(x)N Z. Then
T(x) # @ since K is non-trivial. Thus F(X) =27 U xLé,X T(x), and
the union is disjoint. We now exhibit a monomorphism of II(X) into

O(F(X)). Suppose 7 € II(X), and let E; (1 € I) denote the equivalence
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classes of m. The natural map of X onto I given by
¢px) = i if x € E;

can be extended to an epimorphism of F(X) onto F(I). Note that if
qo,”(u) = qo,n(v) where u = f(x) and v = g(y), then £(i) = g(j) where

x€ By, y € E;. If i=] then f(a) = g(a) is an identity in X, and thus
v=1f(y). If i+j then f(a) = g(b) is an identity in X, so that u = f(x)

= g(y) = v. Thus the kernel of ¢, is
ko ={(tx),1(y)) : x7y and fe &}

where ¢ denotes all unary polynomials of . In particular, Moy
restricted to Z is the identity relation on Z. It is easy to see that
the map taking 7 to [, preserves order and the join operation. To
conclude that the map is a lattice monomorphism of II(X) into O(F(X))

it remains to show that

HTA“PS“’”AP'

Suppose (u, v) € K, A By Then u = f(x) and v = f(y) where x 7y, and
u=gls) and v=g(t) where spt. If x# s or y#t, then ue Z or

veZ, and hence u=v. If x=s and y=t, then xpy and (u,v) €
Hr A p

Corollary: Let K be a nontrivial variety of unary algebras.
Then the congruence lattices of algebras in A generate the variety

of all lattices.
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CHAPTER II
CONGRUENCE LATTICES OF SEMILATTICES

A standard method of proving that a class of lattices satisfies
no nontrivial lattice identities is to show that all partition lattices
are contained as sublattices of lattices in the class. The congruence
lattices of semilattices, however, are known to satisfy the universal
Horn sentence:

(2.1) ‘Vx,y,z: xNy=xN\z=>xN\y\Vz)=xN\y,

aswe will show intheorem 2.2, It follows that the partition lattice on a
three~element set (the five-element two dimensional lattice) is not
isomorphic to a sublattice on the congruence lattice of a semilattice,
and in fact is not a homomorphic image of a sublattice of the con~
gruence lattice of a finite semilattice. Nonetheless we shall show
in this chapter that the congruence lattices of semilattices satisfy n,b
nontrivial lattice identities. This solves problem 6 of [24]. Using
a theorem of T. Evans [ 8], we also show that if V is a variety of
semigroups all of whose congruence lattices satisfy some fixed non-
trivial lattice identity, then all the members of V are groups with
exponent dividing a fixed finite number.

A semilattice is a commutative idempotent semigroup. We

may impose a partial ordering on a semilattice S by defining

x< yif xy = x.
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Under this ordering, any two elements X,y € S have a greatest lower
bound, namely their product xy. S is called a meet semilattice. It

may be that x and y have a least upper bound w € S; if so, we define
X+y=W.

Thus + is a partial operation on S, and x + y is called the join of x
and y. If S is finite, and if x and y have a common upper bound, then

X + y exists and
x+y=I{zeS: z> x andz> y}.

The least element of a semilattice, if it exists, is denoted by 0; the
greatest element, if it exists, by 1.

A dual ideal of a semilattice S is a set D C S satisfying

(2.2) d,, d, € D implies d,d, € D;

(2.3) x> de€ D implies x € D.

We will denote the principal dual ideal above x by 1/x, i.e.,
1/x={z¢€ S: z> x}.

For reference we note that if x + y is defined, then
1/xN1/y=1/x+y.

If S and T are semilattices, then S X T will denote the

(external) direct product of S and T.
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The following theorem is basic to the study of semilattice
congruences,

Theorem 2.1[21]: Let 2 denote the two-element semilattice. If

S is any semilattice and D is a dual ideal of X, then the mapping pu:
S - 2 defined by

lifxe D
px) =

0Oifx¢D
is a homomorphisn. Thus 2 is the only subdirectly irreducible semi-
lattice, and the dual of ©(S) is a point lattice (©(S) is a copoint lattice).
Proof: For p(x) p(y) = 1 iff p(x) =1 and p(y) =1 iff x € D and
y € D iff xy € D iff p(xy) = 1.
Theorem 2.2 [21]: If S is a semilattice, then ©(S) satisfies

(2.1)’ e\ 0 =@/ \y implies oA\ ) = ¢/\6.

Proof: Let 9/\6=¢/\y=k. Suppose x,y € S and x ¢/ (6 \V Y)y.

Then there exist elements x,, ¢+, X1 € S such that
(2.4) | XQYy;
(2. 5) X=X50 X, %0 X500 % =Y.

Note that for each i (0 < i < k) we have yX; @ xyx;. From (2.5) we
have yx,6 xyx,. Thus yx, ¢/\ 0 xyx,, so yx, kK Xyx,. Similarly,

VX, Y yX; K XyX, ¥ XyX,, SO yX, Y XyX,, hence yx, k Xyx,. We continue,
until for x (=y) we obtain y k xy. Symmetrically we obtain x k xy,

sothat x k' y. Thus @/ \ (6 VYY) = k.
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We now state the main result of this chapter.

Theorem 2.3: Let 0 be a nontrivial lattice identity. Then there

exists a finite semilattice S(6) such that & fails in the congruence
lattice ©(S(5)).

The theorem is an immediate consequence of lemmas 2.1 and
2.4 to be proven below.

Lemma 2.1: Let S be a finite meet semilattice, and let J(S) be the

lattice of (partial) join-subalgebras of S, with 0 € S considered as a
distinguished element. Then the congruence lattice &(S) is dually
isomorphic toJ (S).

A partial join subalgebra of S is a subset containing 0 and
closed under joins, whenever they exist.
Proof: The dual atoms of ©(S) are the partitions ¥ = (1/d)(s - 1/d)
for 0 # d € S. On the other hand the atoms of,f7 (S) are the subalgebras
£,=10,d} for 0+ d € S. We want to show that the mapping y3 ~ £
induces a dual ismorphism of ©(S) onto [(S). Since ©(S) is a copoint
lattice and S (S) is a point lattice, it is sufficient to show that their

closure operations are duals under the mapping, i.e., that
o2 Yo, NN g
if and only if

gc g_ £d1 V“'\/ gdk'

This is equivalent to
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WCZ lPdl/\ .'./\ wdk
if and only if

ce€ (dy, *--, dk)

where (d,, ¢, k> denotes the join subalgebra generated by
{a,, «++,d,}. Notice that the equivalence classes of g3 A\ ++-A Yy
1

k
are

N1/ -\ J, 1/d)

jel €1

for 1C {1, ¢+, k}. If Y, > Yq, VANKERIWAN wdk then each of these

classes is contained in either 1/c or S - 1/¢c. Considered the

¥y /\*** /\ Y4 - class which contains c. Then c is the least
1 k

element of that class, and thus

e= ) d, for some 1C{1, «--, k}.
iel

Hence c € (d,, ¢, dk) . Conversely, if

C € (dy, c--dp),
then
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1< {1, ---,k}. Thus the congruence

A a,l/di

iel

has one class equal to 1/c and the rest contained in S ~ 1/c. Hence

‘PCZ i/e\I ’s”diz d/dl N e\ ’dek-
This completes the proof of lemma 2.1.

Suppose u < Vv is a nontrivial lattice identity, i.e., u< v
does not hold in a free lattice. Then we construct a finite semilattice
S(u) (depending only on u) such that u < v fails in [’(S(u)). Combined
with lemma 2.1, this will prove theorem 2.3.

Let X ={x, y, z++- } be a countable set, and let FL(X) denote
the free lattice on X. For each element u € FL(X) we will define a
finite semilattice S(u). First of all we write each u € FL(X) in canonical

form. Then we define

(2.6) Sx) =2 for x€ X
2.7 S,V w,) = S(u,) X S(u,)
(2. 8) SN\ w) = 8(u,) x S(w,) - T
where

I'=1/(1,0V 1/0,1) - {(1,1)}.
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Let us look more carefully at the construction. If S(u,) and
S(u,) are lattices, then S(u,) X S(w,) ~ I" is meet-closed and has a
unit element; hence it is a lattice. It follows by induction that S(u) is
a lattice for each u € FL(X). We need to know how to compute joins
in S(u). In S(u,\/ w,) joins are of course taken componentwise. In

S(u, /\ w,) we have

(r,+8,, r,+s,) if ry+s;, # 1 and ry+s, # 1
(2.9Xr,, 1) + (8, 8,) =

(1,1) if r;+s, =1 or r,+s, = 1,
In any S(u) let us denote (1,1) by 1.

For each u € FL(X) we now define a homomorphism ¢, of FL(X)
into,$(S(u)). We do this by associating with each y € X a join-
subalgebra qou(y) of S(u), and extending this map to a homomorphism
in the (unique) natural way. Once again we proceed inductively, with

u € FL(X) written in canonical form. For y € X we set
Sx)ify =x

(2.10) ¢.y) =
0} ify#£x

(2.11) q’ulv uz(Y) = {(rn ry):r; € ‘Pul(Y), r, € (puz(Y)}
(2.12) (Pul/\uz(Y) = {(ru Irp)i r; € ¢ul(Y) - {1}’ r, € ‘Puz(Y) = {1}}

VA @, 0), ¢, )
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g if 1¢ Aand 1¢ B
where A(A,B) =
{1} if 1e A or 1€ B.

Our computations will be based upon the following lemma.

Lemma 2.2: If w € FL(X), then

(2.13) Pu,\/ u, W) =2y (W) x @, (W)

(2.14)<pu1/\u2(w)-{1} ={(r, s) € tpul(w) X gouz(w): r+ 1and s« 1}.

Proof: We prove (2.14); the proof of (2.13) is similar but easier.
We proceed by induction on the length of w. For w =y € X the lemma
is immediate from the definitions. Now note that since 0 € T for

every T €, (S(u), we have
T,V T, ={t, +t,:t, €T, t, € T,}.
Hence if w = w,\/ W,, then by (2.9) we have
Pa, A 1 =0y AL IV @y Ay W) - {1}
={(ry,8) + (12, &): (v, 8) € 9 A (W),
(ryy ;) € ¢ul/\u2(w2), ry+r,# 1, s, +s,# 1}.
By the inductive hypothesis we have

(ri’ Si) € ‘Pul/\ uz(wi) = {1} = ¢u1(wi) = {1} X ¢u2(wi) = {{1}
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for i = 1,2 and hence

(W):r# 1ands# 1}.

Py Ay, - {1} =1@,9) € 9, W) x 0

On the other hand, if w = w,/\ w,, then

Py Ao, {1 =0, Ay ) - {3 N oy Ay ) - {1}
and the conclusion of the lemma follows.

Lemma 2.3. If w ¢ FL(X), then1l € <pw(w).

Proof: As usual we proceed by induction on the length of w. If
w =y € X the lemma follows from the definitions. If w = w,\/ w,,

then 1 € (pw'(wi) (i=1,2), and thus by (2.13) we have
i

(1,0) € @ ,(w,) and (0,1) € ¢_(w,)
from which it follows that
le o,w) Ve, w,) =g, (w).

If w=w,”/\ w,, we can again assume 1 € @y (w,) for i=1,2,
1
We need to show that

le Py, A Wz(wi).
We prove a slightly stronger statement: if

le gy (W),
then
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leo (u).

Wl/\wz

If u=y € X this is immediate. Suppose u=u,\/ u,. Then
le oy (WVey ()
and hence
1=t +t,, where t; € cpw(ui).
If t,# 1, t, # 1, then by (2.14) we have
1 = (tl’ O) i (tz’ 0) € ¢W1A Wz(ul) v(pwl/\ Wz(uZ)
= Pw, A\ w, (w).
If t; = 1 for some i then by induction le o, (ui) implies
1
Suppose u = u;/\ u,. Then
1 € (pwl(ul) [\ ¢Wl(l]2)'
By induction

L& q)wl/\ wz(ui)

for i = 1,2 and we are done.

Lemma 2.4. If u £ v in FL(X), then 1 € (pu(v).
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Assume we have proven lemma 2.4. Then lemmas 2.3
and 2.4 combine to yield: 1 € gou(v) if and only if u < v in FL(X).
Hence (pu(u)_C_' cpu(v) if and only if u < v in FL(X), and theorem
2.3 follows.

Proof of lemma 2.4. Suppose the lemma is false. Let u be a word

of minimum length such that 1 € ¢ (v’) for some v’ such that
u £ v’ in FL(X). Letv be of minimal length such that u £ v and
le qou(v). We will show that these conditions lead to a contradiction.

The cases

ue X, oru=u\/u,

and
u=u,A\w, ve Xorv=v; AV,

are easy to handle. Let us assume, then that u =u,/\u, and

v =v,\/ V.. Then since u£ v we have

ufv,andu€v,andu £vandu £v,

Since
1le (,Ou(V) = (Pu(rl) V‘Pu(rz)’

there exist t; € qou(vi) such thatt, +t, =1. If t; = 1 for some i then
by the minimal length of v we have u < v, a contradiction. Thus
t. # 1 and by (2.14) we can write t, = (ri, Si) where r; € (pul(vi) and

S; € @ (Vi)‘ Now either r; + r, = 1 in S(u,), which means
2
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le oy, WV e, ) =9, ()

and hence u< v, or s, +s, =1 and u, < v. Both these statements
are contradictions.

Since the semilattices S(u) constructed above are in fact
lattices, they are join semilattices. Thus, the above proof shows
that any nontrivial lattice identity fails in the subalgebra lattice of
some finite semilattice.

Now the congruence lattices of lattices satisfy every nontrivial
lattice identity, while those of semilattices satisfy no identity. It
is reasonable then to ask if there is some ''natural” restricted class
C of semilattices such that the congruence lattices of semilattices
in € satisfy some lattice identity.

One such class is known [6]. A simple argument based on
lemma 2.1 shows that © (S) is nonmodular if and only if S contains
a pair of noncomparable elements with a common upper bound. Hence
©(S) is either nonmodular, or else it is isomorphic to the Boolean
algebra of subsets of some set.

On the other hand, the semilattices S(u) constructed in the
proof of theorem 2.3 are in fact lattices; in particular, the join of
every pair of elements is defined. It follows from theorem 2.1
that S(u) can be imbedded as a join semilattice into a Boolean
algebra B(u). Considering B(u) as a meet semilattice, we see that
every nontrivial lattice identity fails in the (semilattice) congruence

lattice of some finite Boolean algebra.
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We can now prove an interesting corollary about varieties
of semigroups. Let R denote the two~element semigroup with
multiplication law xy=y; L the two-element semigroup with multi-
plication law xy = x; and C the two element semigroup with
constant multiplication. The following theorem is due to T. Evans|[§].

Theorem 2.4: If a nontrivial variety of semigroups does not

contain R, L, C, or 2, then it is a subvariety of ﬁn, the variety
of groups of exponent dividing n, for some finite n.
Proof: Let Y be a nontrivial variety of semigroups not containing

R, L, C, or 2. Consider F.v (1). Either

(2.15) F(1) is infinite cyclic, or
(2.16) %" = & for some n> k > 1, or
(2.17) x" = x for some n > 1.

If (2.15) holds, let 8 be the congruence which collapses
{£°: k> 1}. Then F(1)/6 = C. If (2.16) holds, let S be the sub-

algebra of F(1) generated by xk'l, and let ¢ be the congruence on S

i(k-1),

which collapses {x j> 1}. Then S/@ = C. Hence we can

assume (2.17). |

Consider F(2). Ifn=2 (x" = x), then the elements x, xyx
generate 2 if they are distinct. Hence we must have xyx = x.
Then the elements x, Xy generate R if they are distinct. If they are

not distinct, then Y satisfies Xy = X, and F(2) @ L. Hence n> 2,

n-1 n-1 n-1

Now if %% = y?°1. then x n-1_

is a unit element (yx =

y® = y) and every element is invertible (yyn'2 = yn'l = xn'l),
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hence Y < B,.1-

1

Suppose -1, yoor .

n-1

Then x* ~ and y"  are distinct

"1)2= D=2 o g2 xn-l) which we

idempotents in F(2) ((x
can denote e,f. Now the elements e, (efe)n"1 generate 2 if they
are distinct, hence we can assume (efe)n"1 = e. Then the elements
(ef)n'l, e generate R unless (ef)n':l = e. Symmetrically (fef)n"1 =
f and the elements (ef)n"l, f generate L unless (ef)n'1 = f. But
then e = (ef)n'1 = f, contrary to hypothesis.

Now if T is a semigroup in the variety generéted by R, L,
or C, then ©(T) is just the pax:tition lattice on T. Hence theorems
2.3 and 2.4 combine to give the following corollary.

Corollary. If Visa semigroup variety of all whose congruence

lattices satisfy some fixed nontrivial lattice identity, then Visa

subvariety of z " for some finite n.
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CHAPTER III

VARIETIES WHOSE CONGRUENCES SATISFY CERTAIN
LATTICE IDENTITIES

In this chapter we show that varieties whose congruence
lattices satisfy one of a class of lattice identities of a fairly general
form (see theorem 3.1) are in fact congruence modular. A similar
theorem is proved for congruence distributivity.

Throughout this chapter %" will represent an arbitrary
variety of algebras.

If w € FL(X), then var(w) is the set of members of X which
appear in the canonical expression of w.

If p € I(S) and S C U, then p is the member of II(U) given by
p={(x,y): xpy in S or x = y}.
If ¢: X - II(S) and S C U, then we define ¢: X - I(U) by
@(x) =p where p=@(x).

If s, t € S, then we let 5 (s, t) denote the principal equivalence rela-
tion

Z(S,t) = {(X9Y): {X’y} ={S’t} or X = Y}-

The main purpose of this chapter is to prove the following

theorem.
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Theorem 3.1: In FL(X) suppose 0y, ***, ok(k 2 1) are joins of

members of X. Let w € FL(X) be such that w £ ¢, and o, \ w<
k

'vl (06, A 0;). Then if ©(X) satisfies the lattice equation

1=

k
(3.1) G, A\ W < -\/1 (05 N\ ori)
1=
6 (X) is modular.
Before proving the theorem we make a couple of comments.

(1) If we write the modular law as
sN[EAYVz]l € EAY)V xAz)

then it is in the form of (3.1).

(2) Ifk =1 the relation (3.1) becomes o, A\ w < 0, A 0,, which is
equivalent to g, A\ w < 0,. Now in FL(X) we have o, A\ w £ 0,;
applying Whitman's conditions this is equivalent to w £ o0, and var(o,)
\var(c,) = #. We show that as a lattice identity o, /\ w < ¢, implies
X =y, or equivalently, that o, /\ w < o, fails in the two-element
lattice 2 = {0,1}. Consider the homomorphism p: FL(X) ~ 2
defined by

px)=0 if xe var(o,)

px)=1 if xe X\ var(o,).

Clearly p(o,) =1 and p(0,) = 0. We want to show that p(w) = 1.
In fact, we have p(v) = 1 if and only if v £ o,. Recall that if
y e Xtheny £ o, iff y £ var(o); v,/ v, L o, iff v, £ o, or
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v, £ 0, vy AV, £ 0, iff v, £ ¢, and v, £ 0, (because o, is a join of
members of X). The claim now follows by induction on the complexity
of v.

The proof of theorem 3.1 requires several lemmas. We
give a different proof of lemma 3.1 from that of a stronger theorem
in [10], one which we will be able to modify for use in lemma 3. 3.

Lemma 3.1: Let oy, -, O be joins of members of X and let

w € FL(X) be such that w £ 0; (i=1, «++, m). Then there exist a
finite set S(w), elements s,, s, € S(w), and a homomorphism Py

FL(X) - II(S(w)) such that

(3.2) (s15 8;) € ‘PW(W)

(3- 3) (Sn Sz) é (Pw(oi) (i = 1, Sy m)‘

Proof: We induct on the complexity of w. For w=x € X set

S(x) ={s,, s,} and let

‘PX(X) = (81, S,)

@ (y) = (s)) (s;) for y e X\{x}

and extend this map to a homomorphism. Clearly (3.2) and (3.3)
are satisfied.

Suppose w = W; \/ W,. Then the condition w £ 0 (i=1, eos,m)
means that for each i there is k(i) € {1, 2} such that Wi () £ 0;. Then
by induction there exist (disjoint) finite sets S(w,) and T(w,) and homo-

morphisms <,0W1: FL(X) - I(S(w,)) and (pW2: FL(X) - II(T(w,)) satisfying:



34
(81, 8;) € qowl(wl) and (s,, ;) € (pwl(oi) if k(i) = 1
(t1,t) € @y (W) and (t,,1;) £ 0y, (0) i K() = 2.
Now we set s, = t;, and let U(w) = S(w,) || T(w,). For x € X we set
Py = Gy, BV Gy, (),
and extend this mapping to a homorphism. Clearly
<3Wi(V) < ¢,
for all v e FL(X) (i=1,2). Thus we have
81 9, (W) 8 =t @ (W) t,
and (s,,t,) € gow(w). Observe that if

P=p1\/’°'\/Pn

then
5:: 51 \/-o.\/ﬁn.
Thus
o o=V ®)
WY xe Var(ci) Yw
Vo oswv Vo
= @, (%) @ (%)
X€ var(oi) Lt X € var(oi) Wz

(ﬁwl(ci) V éwz (oi) .
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Suppose k(i) = 1. Then
t, € Sl/(PWI(Ui) = S1/‘PW(°’i)o

Similarly, if k(j) = 2, then s, ¢ tz/cpw(ai).

Suppose w=w,/\W,. Then w £ 0y (i=1, ¢++,m)implies w, £ o; and
Wa :(‘ 05 (these are in fact equivalent because of the form of the oi).
By induction there exist (disjoint) finite sets S(w,) and T(w,) and
homomorphisms <pwl: FL(X) - I (S(w,)) and qowz: FL(X) - I (T(w,))

satisfying:

(81, 8;) € ¢W1(W1) and (s,, s,) £ ¢w1(°i) (i=1, e+, m)

(tl’ t?) € (PWZ(WZ) and (tn tz) é ¢W2(oi) (1 = 1’ °e ',m)

Now we set s, = t; and s, = t,, and let U(w) = S(w,) U T(w,).

For x € X we set
Py® =0y @V ¢ &)
and extend this mapping to a homomorphism. As before we get
by, ) <o)

for all v e FL(X) (i=1,2). Thus (s, s,) € cpw(w). Also arguing

as before we get
¢W(oi) = J’wl(oi)\/ ‘;Wz(oi)

so that, in particular,



36
SI/KPW(O'i) = Sl/(le (Ui) U tl/(sz(oi)

which does not contain 8, or t,. Thus (s;, S,) £ qvw(ci).

This completes the proof of lemma 3.1.

Lemma 3.2: Let oy, *--, O (k>1)be joins of members of X. Then

the following are equivalent in FL(X):

k
(3.4) w£ o, and 0, A w<£ ‘Vl (0 A\ o)
1=
k
3.5 w«£ o3 (i=0,es,k) and va.r(ob)\.\j1 va.r(ori) = 0,
| i=

Proof: Applying Whitman's conditions repeatedly, and dropping

superfluous relations, we see that

k
wi o ando,Awg V(0N o))
je=l
iff
k
w$_ o, and o, $ -V1 (0, N\ oi) and o, N\ W$ o, N\ o (i=1, «++,k)
i=
iff
k
w 4 o, and there exists y, € var(o,) such that y, $ V. (0, N\ 0y)
i=1

and o, /\ w $ 0y (i=1, «es,k)

iff
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W£ oi (i: 0’ Oo‘,k) and 00 J_‘:_O‘i (i = 1’ ooo,k)
and there exists y, € var(c,) such that y, { (0, A\ 0;) (i =1, ++ +, k)

iff

k

w ;,{_ 0; (i=0, +++ k) and there exists y, € var(o,)\ ; var(c;).

1=

Lemma 3.3 : Let g, *-, ok(k_'ig 1) be joins of members of X and

let w € FL(X). Suppose w $ 0; (i=0, +-+,k) and var(o,) \

_\51 Var(oi) # @. Then there exists a finite set S(w), elements

1=

S;, S, € S(w), and a homomorphism ch:OFL(X) - II(S(w)) such that

(.6 (51, 85) € @, (W),
3.7 S1/¢w(oo) = Sz/‘pw(oo) = {sn Sz}
(3.8) (81, 8,) ¢ ¢W(Oi) for i=1, ) k.

Proof: We will first prove lemma 3.3 with (3.7) replaced by
(3.7) 8:/94,(0;) = {s:} and s,/9_(0,) = {s;}.
Then the original statement can be derived as follows. Let Pt be a
homomorphism satistying (3.6), (3.7)’, and (3.8). Let
k
Vo € var(oo)\v var(c,).

i=1

Set
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IPW(YQ) = ‘PW(YQ ) V g(sl’ Sz)

Y = @ (x) if x € X\{y,}.

and extend to a homomorphism. Then clearly ¥,, satisfies (3.6),
(3.7),(3.8).

Again we induct on the complexity of w. For w = x € X the
homomorphism Py defined in lemma 3.1 satisfies (3.6), (3.7)’, (3. 8).
Suppose w = w, /\'w,. Then w, and w, satisfy the hypotheses of
lemma 3.2, and by induction there exist homomorphisms qowlz
FL(X) -~ II(S(w,)) and cpwzz FL(X) - TI(T(w,)) satisfying (3. 6), (3.7)’,
(3.8) for w, and w,, respectively. The construction used in this
case in lemma 3.1 preserves the properties (3.6), (3.7)’, (3. 8) using
just the arguments given there.

Suppose w = w,\V W,. Then we must alter the construction
as follows. Since w,V w, £ G (i=0, «-+,k), for each i there is
n@) € {1,2} such that LA £ o0,. For convenience we can assume
7(0) = 1. Now by induction (for w,) and lemma 3.1 (for w,) there
exist (disjoint) finite sets S(w,) and T(w,) and homomorphisms

@i FL(X) ~ T(S(w)) and @y, : FL(X) ~ I1(T(w,)) satistying:
(81, 82) € @y, (W) and 8,/p, (0,) = {s}
and s,/ (05) = {s,}

and (s, 8,) £ @, (o) it m(d) = 1.

(tl, tz) € (sz(wz) and (t,, t;) ¢ ‘pwz(oj) if 9 (j) = 2.
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Now let S’ (w,) be another copy of S(w,), disjoint from S(w,) and
T(w,). Set s, =tandt, = s,’, and let U(w) = S(w,) J T(w,) U S’ (w,).

For x € X we set
P = 3y @V By @V &y, ()
and extend to a homomorphism. Arguing as in lemma 3.1,
Py ) < 9y )
@0 = By DV By, @)V 65, (@)

from which we readily obtain (3.6), (3.7)/, (3.8).
Now with a partition p € I(S) we may associate a congruence

relation 8(p) € © (FK (S)) given by
6(p) =\ {6(s,t): s,t € S and spt}.

Then given a homomorphism ¢: FL(X) - II(S) we may construct a

homomorphism {: FL(X) - © (F% (S)) by defining
Y(x) = 6(¢(x)) for x € X
and extending naturally.

Lemma 3.4: (1) If w € FL(X), then Y(w) > 6(p(w)).
(2) If ois a join of members of X, then (o) = 8(¢(0)).

Proof: Observe that for p, # € II(S) we have
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0o\ m) = 6(p) \/ 6(m)
0 A\ m) < 6(p) N o).

Now we prove (1) by induction on the complexity of w. If w=w,\V w,,

then

Y(Ww) = Y (w,) V Pw,)

> 6(p(wy) V o(@(w,))
0l (W) V @(w,))
8(p(w))

with equality holding in case w is a o, thus proving (2). If w=w,/\w,,
a simiiar calculation yields (1).
The next lemma provides a more useful description of 6(p)

for p € 1I(S). We employ the following canonical homomorphisms:
n: W(S) - F(S) and 5(s) = s for s € S,

n': W(S/p) - F(S/p) and 0’ (s/p) = s/p for s € 8,

p*: W(S) - W(S/p) and p*(s) = s/p for s € S,
6*: F(S) - F(S/p) and 6*(s) = s/p for s € S,

W(S) — S F(S)
p* \L 9%

W(s/p) — 1 SF(s/p)

Note that the kernel of 8* is 6(p).
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Lemma 3.5: Let p € II(S) and t,, t, € FK(S). Then t, 6(p) t, if and
only if there exist f, € g 'l(tl), f, € n'l(tz) such that 5’ p* (f)) =
n’ p*(f), i.e., such that f,(s/p) = £,(s/p) is an identity inK .

Proof: We must show that 5’ p* = 6*. Let
T ={te W(S): 7' p*(t) = 6*n )}

Clearly S < T, and since by definition , 7', p*, 6* are homomorphisms,
T is a subalgebra of W(S). Hence T = W(S).

Thus, if f,g € 7~ (t), then 0’ p*(f) = 0%(t) = 7’ p*(g), so that
we may in fact choose any £, € n'i(tl), £, € n~'(t,). The lemma now

follows since ker(6*) = 6(p).

Lemma 3.6[4]: In Fy (4) set

a=0(x,,%)V 0(x;,%,)
B = G(Xa, X4)

Y = 0(x,%3) V 0(x;, X,).

Then © (X) is modular if and only if (x,,x,) € 8V (a/\y).

Proof: If ©® (X) is modular, then since @ = B we have

(x,,%,) € aNBVY) =BV (@aNy).

Conversely, suppose (x;,X%,) € BV (a/\v). Then there exist elements

t;, eooyt 1 € F(4) such that

=ty Bt Ny H B tgeeet =x,.
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Applying lemma 3.5, there exist four-variable polynomials

f,, «++, £ such that the following identities hold in K :

(3.9) f, = x,, fn=x2;
© (3.10) fi_l(xl,xz,zg, X,) = £,(x,, %,, X, %;) if i is odd;
(3.11) £;.1 (0, Xy, Xgy %) = £ (x4, Xy, X5, X5)

and fi-l(xl’ Xsy Bio Ka) = £,(x1, Xz, Xy, x,) ifi is even.
These conditions are equivalent to
(3.12) =%, £ =x;
(3.13) for alli (0 < i< n): fi(xl,xl,x3,x3) = Ky
(3.14) £ 1 (%1, X5, X5, X5) = £ (%, X5, X5, %)  if i is odd ;
(3.15) f.1 (X, X5 Xp3 X)) = f; (X,, X5, X;,%,) if i is even;

Now let A € X and let @, 6, ¢ € ©(A) with ¢ > 6. We want to show
that pA 8V ¥) < 6V @AY). Let A = (;6); ¢ so that

0 =
Vv k\_>_/o.Ak
and
NC =\U (@Na).
PN (6 V) kzo(¢ )
Now

eNA, =9 NP OV (@A Y).
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Assume

eN A C OV IPNAY),

and suppose

a g B 9
say
a A bfcyd
Note that

cAkd and b ¢ c.

Let u, = fi(a, d, b, c) for0 <i<n. Thenvy, = a, u, =d. va iis odd,
then by (3. 14) we have

u.q = fi-l(a’ d,b,c) 6 fi-l(a" d,b,b) = fi(a, d,b,b) 6 fi(a, d,b,c) = u,.
Similarly, by (3.13) for alli (0 < i< n) we have
w @ fi(a, a,b,b) =a= fi(a, a,a,a) @ fi(a, d,a,d).
Also, for alli (0 < i< n) since a A, b and ¢ 4, d we have
u; Ay fi(a, d, a, d).
Thus, if i is even,

ui-l ¢/'\ Ak fi-l(a" d’ a" d) = fi(a" d, a—, d) ‘p/\ Ak ui.
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By the inductive hypothesis,

ui_l 6 \/ (‘P/\ Ip) ui.
Combining these relations, we see that

(a,d) = (uo,un) € 6V(pNY).
Thus
¢[\ Ak+1 §._ 0 \/ (‘P /\llf)

and by induction

eNA_CoVeAY)

holds for all m. Hence
PAEV Y = k\!0 @A A LOV (@A),

and ©(A)is modular. Since A was arbitrary in X, 6(X) is modular.

Proof of theorem 1: Let ©(K) satisfy the equation (3.1). Define

S(w) and @ FL(X) - II(S,w)) as in lemma 3.3. Then © (FK (S(w)))
satisfies (3.1) so that

(515 82) € @, (0) N\ @ (w)
S 0@y, (0 A\ W)

< Ylo, A\ w)
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k
< Yl (6 A 0y)
i=1

k
=4 (¥(05) A Y(oy))
1=

k
= Y, 160, (0,) A 6(@ (o).

Thus there exist elements t; € F(S(w)) (i=0, ¢--, n) satisfying

(3.16) tpb =8, %t =8

3.17) ot e(gow(oo)) t,

(3.18) For eachi (1 < i< n) there exists j(i) € {1, -+, k} such that

Now let &i be the homomorphism of F(S(w)) onto F(4) determined by
Ej(S]_) =X

g](s) =xifs€ (Sl/¢w(0j)\{s1})

.Ej(s) = x, otherwise.
Note that, in view of (3.8) of lemma 3.3
£i(8) = %, if 8 € (8,/0(0)\{s,}).

We will now show that (x,,x,) € BV (@/\y) where a, B, y are as in

lemma 3.6. Clearly,
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£(to) = x, and £(t) = %,

by (3.16) above. Since for allj (1 < j< k)
gj(si) = Xi (i= 1, 2)
£(s) € {x,, 5} for s € sSw)\{s, 5.},
we have, for any pair j,j’ € {1, -k},
§j(s) B €j, (s) for all s € S(w).
Fix j and j’, and let
T = {t € F(S(w)): E](t) B gjl(t)}‘ _

Since the Ej's are homomorphisms, T is a subalgebra of F(S(w)).

Also S(w) € T; hence T = F(S(w)). In particular,
§1(1)(t1) B gj(i"l-l)(ti) (0 gi _<__ n- 1)-
For x, y € F(S(w)) define

X 7.

i ¥ if £]-(X) a €j(y)-

Clearly 7. is a congruence relation on F(S(w)). From (3.7) of

]
lemma 3.3 and the definition of ‘Ej we verify that for s,s’ € S(w),

(s,8’) € cpw(ao) implies Sj(s) a §j(s').

Thus



47
Pyr(T0) <y
and
0(¢y,(00)) < 5

Then (3. 17) yields

ti"l 173 ti’ i.e., gj(ti“l) a ”:j(ti)'

Applying the same argument toy and (3.18), we obtain
Ej(i)(ti-l) Y gj(i)(ti)'
Thus we have
X, = ‘Ej(:[)(to) a/\y §j(1)(t1) B §j(2)(t1)
aN\y §j(2)(tz) oe gj(n)(tn) = Xae
By lemma 3.6, © (%) is modular.
The following application of the arguments of theorem 3.1

yields an interesting corollary.

Theorem 3, 2: The following conditions are equivalent:

(3.19) © (%) is modular.
(3.20) © (X)) satisfies the equation.

® sA[EANVEAZV FAZ)] < EAYV xAz).
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(3.21) There exists a positive integer n and five-variable poly~

nomials f;, ¢+ ¢, f in the word algebra of K such that
(1) fo=p,f,=q
(ii) fi(p,p,r,x_',r)=p(0§ i< n)

(iii) fi..]_(p’ 4P, P9 = fi(p9 4, P, P, q) if i is odd;

£-1, %P, 4,9 = £;(p,q,p,9,9) if i is even.

Corollary: Congruence modularity is determined by two-variable

identities. |

The conditions for congruence modularity given by Day [4]
involve three-variable equations. McKenzie has shown that a lattice
L satisfies the equation (*) if and only if the lattice (3.22) is not a

sublattice of L[ 20].

(3.22)

Proof of theorem 3.2: Modularity implies (*), so (3. 19) implies

(3.20). To see that (3.20) implies (3.21), we apply the Mal'cev

argument with
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o) = (p,q (r,s,t)
o(y) = (p,r,8) (q,1)

(P(Z) = (p9 1‘) (q9 S, t)

To see that (3.21) implies (3.19), we set

gi(p) =X, §1(Q) =%
EM=x  E® -x G-1,2)
£,(8) = x4 £,(s) = x,

and apply the argument in the proof of theorem 3.1 with p, q playing
the roles of s,, s, respectively.
We can prove a similar theorem for congruence distributivity.

Theorem 3.3: In FL(X) suppose 0,, **°, O (k > 1) are joins of

members of X. Suppose w € FL(X) is such that var(w)N var(o,) = @

and

Kk
0o AWL Y] (05 A 0.

Then if 9(5() satisfies the lattice equation
k
o, AWV (6, o)
i=1 .

© (K) is distributive.
The proof is a modification of theorem 3.1. The construction

used in the proof if lemma 3.3 can be applied to give lemma 3. 7.
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Lemma3.7: Letw, o, (=0, ++¢, k) be as in theorem 3.3. Then
there exist a finite set S(w), elements s,, s, € S(w), and a homo-

morphism @_: FL(X) - II(S(w)) such that

(3.23) (81, 8,) € @ (W)
(3. 24) 9,/ (0) = £ (51, 83)
(3. 25) (815 8,) € gow(oi) fori=1, «eok,

Lemma 3.8[12]. In F7< (3) set

a=0(x,x,)
B = 9(X1, X3)
y = 6(X;, X,)

Then © (X) is distributive if and only if (x,,%;) € (@/\B)\V (@/\v).
Proof: If ©(X) is distributive, then

(%, %) € a/\(BVY) = (@N\B)V (a\y).
Conversely, suppose
(%, %) € (@N\B)V (@Ny).

Then, applying lemma 3.5, there exists a positive integer n and
three~variable polynomials f,, *-°, fn in the word algebra of 7 such

that
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(3.26) fo = Xy fn=X2;
(3.27) fi(xl, X,X) =%, for 0< i< nj
(3.28) fi.1(& %, X)) = £,(x,%,,%,) if i is odd;

fi_l(xl_,xz,xz) = fi(xl,xz,xz) if i is even.

Now let A be any algebra inX , let s, t € A and let
@, 6, Y€ © (A). Suppose (s,t) € ¢/\ (6 \/ ). Then there exist
elements s,, ° **»Som-1 € A such that
(3.29) st
(3.30) 8=8, 0 8 Y8 6 850289, 1 Y8y =t.
We now consider the elements fi(s, t, Sj) 0L i< n 0< i< 2m).
For j odd (3.30) yields fi(s, t, sj-l) 0 fi(s, £ sj); similarly, for j even
fi(s, t, Sj-l) W fi(s, 8 sj). Also, in view of (3.27) and (3.29) we have

fi(s, t, Sj) Q@ fi(s, s, Sj) = s for all i,j. Combining these relations and

using (3.28) we form the sequence

s=1, (s,t,8) ¢/\ 6 1, (5,t,8,) e\ f,(s,t,8,) ¢+
oo fi(s,t, 89 1) @AY (8,4, 1) = £(s, 8, t)
PAYL(s,t, 85, 9) *o0 & (8,t,8) 9N 6 4 (s,t,8)
=1, (s,t,8) /\ 0 1, (s,t,8;) <= £, (s,t,z) =t
where z is either s or t depending upon whether n is odd or even.

Thus © (A) is distributive. Since A was arbitrary inX , (X)) is

distributive.
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Proof of theorem 3.3: Proceeding as before, we obtain the

conditions
(3.31) to =8, t, =8
(3.32) tie(¢w(oo))s1 0< i< n)

(3.33) for each i (1 < i< n) there exists j(i) € {1, «++,k} such
that

ti—l 6(('0W(0j (i)))ti’

which are easily seen to be equivalent to (3.16), (3.17), (3.18). We

now define homomorphisms £, 7;, 7;, and p; (1 < i< n) of F(S(w))

i’
onto F(3) by extending the mappings
x, ifse sl/qow(oj(i))

x, otherwise

% 1 s € 8,/0,(0;5) N 81/0,(053,1)
rni(s) =( X, ifse€ Sg/‘}’w(o'j(i))

X, otherwise

%, if 8 € 8,/0(053)) N 8/9 (05 341)
Ti(s) =( X, ifse€ SZ/(pW(oj(i)) N Sz/¢w(°j(i+1))

X, otherwise
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X, ifse Sl/¢w(oj(i+1))
Bi(8) =C %; if 8 € 8,/ (053)) M 82/, (0549))

X, otherwise.
Note
gi(sp) = ﬂi(Sp) = Ti(sp) = "’i(sp) = xp (p=1,2).
In view of (3.24) we have for s,s’ € S(w),
(s,8’) € qaw(ao) implies ¢(s) a (s’)

for € € {Ei,ni, T "i}‘ Arguing as with e in the proof of theorem

3.1, (3.32) yields

C(tm) a {(s,) = x,.

Hence

et ) a gt )
for

0<{m<n and §,T € {giy Ny Tyo "i’gi',"i', Tit» p’il}'
From the definitions of §i, Ny Ty My We see that
Et) B0y 7;,8) B ) v £ 1)

for allt € F(S(w)). Let A; be the kernel of £;, i.e., for x, y, €
F(S(w)), |
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x A,y if £(x) = &(y).
From the definition of £, we see that
Pul%) SN
whence
CNCANISW
In particular,
£t _q) = £(t,).
Combining these relations yields
£it;.q) = £5) aNB ()
a\y 7;(t;) a./\ B "i(ti)
al\y §i+1(ti)‘
Thus (x,,%,) € (@/\PV (a/\y), and© (K) is distributive.

Corollary: Let 777n denote the n+2-element two-dimensional lattice,
and 77, the five-element nonmodular lattice. If © (K) is contained
in the lattice variety generated by 777n for some finite n, or in the

lattice variety generated by /7 5 then® (X)) is distributive.
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Proof: By [13], 777, satisfies the identity

3.34) x A V wvy) < Vo &Ay).
1gigj_<_ny1 7] i<i<n Vi

Also, 77 satisfies each of these identities for n> 2.
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