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ABSTRACT

The recursive estimation of states or parameters of stochastic
dynamical systems with partial and imperfect measurements is
generally referred to as filtering. The estimator itself is called
the filter. In this dissertation optimal filters are derived for
three important classes of nonlinear stochastic dynamical systems.

The first class of systems, considered in Chapter II, is that
governed by stochastic nonlinear hyperbolic and parabolic partial dif-
ferential equations in which the dynamical disturbances in the system
and in the boundary conditions can be both additive and nonadditive.
This class of systems is important for it encompasses a large group
of systems of practical interest, such as chemical reactors and heat
exchangers. The optimal filter obtained can estimate, not only the
state,_but also constant parameters appearing at the boundary and in
the volume of the system. The computational application of this
filter is illustrated in an example of the feedback control of a
styrene polymerization reactor.

Many physical systems contain time delays in one form or
another. O0ften, this kind of delay system is accompanied by some
other processes such as dissipation of mass and energy, fluid mixing,
and chemical reaction. In Chapter III within a single framework new
optimal filters are obtained for the following classes of stochastic
systems:

1. Nonlinear Tumped parameter systems containing multiple
constant and time-varying delays;
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2. Mixed nonlinear lumped and hyperbolic distributed

parameter systems; and

3. Nonlinear lumped parameter systems with functional
time delays.

The performance of the filter is illustrated through estimates of the
temperatures in a system consisting of a well-stirred chemical reactor
and an external heat exchanger.

In Chapter IV filtering equations are derived for a completely
general class of stochastic systems governed by coupled nonlinear
ordinary and partial differential equations of either first order
hyperbolic or parabolic type with both volume and boundary random dis-
turbances. Thus, the results of Chapter III can be shown to be a
special case of those obtained in Chapter IV.

A related important concept to filtering is observability. For

deterministic linear lumped parameter systems, observability refers to
the ability to recover some prior state of a dynamical system based on
partial observations of the state over some period of time. Under cer-
tain conditions, observability of the corresponding deterministic
system is a sufficient condition for convergence of the optimal Tinear
filter for a Tinear system with white noise disturbances. In Chapter V
the concept of observability and filter convergence is developed for a
class of stochastic linear distributed parameter systems whose solutions
can be expressed as eigenfunction expansions. Two important questions
examined are: (1) the effect of measurement locations on observability,

and (2) the optimal location of measurements for state estimation.
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Chapter L
INTRODUCTION

A dynamical system is characterized by a set of differential

*
equations . In particular, a dynamical system characterized by a set

of ordinary differential equations is commonly called a lumped param-

eter system, whereas a dynamical system characterized by a set of

partial differential equations is referred to as a distributed

parameter system. The state of a dynamical system is a set of numbers
and/or functions, the knowledge of which and the input will, with the
equations describing the dynamics, provide the future state and output
of the system.

A majority of the physical systems fall into the class of
lumped parameter systems and distributed parameter systems. There
exist, however, important physical systems whose characterizations
require the use of differential-difference equations and functional
differential equations. Notably, these are systems which contain time
delays. For example, a system with B constant time delays

Gy Soen & Og may be represented by

k(t) f(X(t) ,x(t-a]),---,x(t-as),t)

x(t) = o(t) <t<0 (1)

-0,

*
The term differential equations used here shall be sufficiently
general that it includes ordinary differential equations, partial
differential equations, integro-differential equations (or func-
tional differential equations), differential-difference equations,
and any mixture of these various types of equations.
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A system with functional time delay may be described by the following

functional differential equation

)

B
xlt) = J Bl i) )
0
x(t) = p(t) -ag < t<0 (2)

In both.(l) and (2), x(t) 1is an n-dimensional vector. The state at
time t s the vector function {x(a): t-—aB_g a< t}.

If a set of differential equations is an accurate characteriza-
tion of a physical system, then any analysis on the dynamical behavior
of the system can be done using the set of equations. Unfortunately,
all descriptions of physical systems contain some degree of inherent
uncertainty due to the idealization of real processes. When the
uncertainties are significant, the representation of a physical system
Aby a deterministic set of differential equations is inappropriate. In

addition, it is often not possible to measure all components of the

system state (partial or incomplete measurement) and the measurement

errors are not negligible. Under this situation, it is evident that
the modeling of the physical system must be done in a more satisfactory
manner. A common approach is to add a random dynamical disturbance

term to each of the original differential equations. These disturbances
account for the system uncertainties, as a result of random interactions
between the system and its environment and possible modeling errors. On
the other hand, there are‘also situations where uncertainties are

caused by the ignorance of the exact value of some constant parameters

in the physical system. Measurement errors are often lumped as an
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additive random process. In this way the physical system is being

modeled as a stochastic dynamical system. For instance, a stochastic

lumped parameter system may be of the form

"

x(t) = f(x(t),k,t) + £(t)

h(x(t),t) + n(t) (3)

y(t)

x(t) 1dis the state vector, y(t) is the observation vector and k is
an unknown constant parameter vector. &(t) and n(t) are zero-mean
vector random processes with unknown statistical properties.

A problem of fundamental interest to engineers is the recursive
estimation, generally referred to as filtering, of states and param-
eters of stochastic dynamical systems based on imperfect and partial
observations of the state of the system. Basically, the estimation

problem consists in determining sequentially an approximation to the

time history of the system's state or of some physical parameters of
the system from erroneous and incomplete measurements. A performance
measure is introduced to assess the quality of the approximation or
estimate, and the estimate is to be chosen so that this measure is
minimized. Implicit here is the development of an algorithm for
processing the measurements. Such algorithm is commonly referred to
as the filter. Since a performance measure is minimized, the term
optimal filter is often used.

The first significant contributions in the area of filtering
are those of Kalman and Bucy [12,13], in which the optimal minimum

variance estimate of the state of a linear lumped parameter system
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with white noise disturbances was determined as the solution of an
initial value problem of ordinary differential equations, the so-called

Kalman-Bucy filter. The problem of filtering for stochastic nonlinear

lumped parameter systems has been studied exhaustively since about
1962. However, all the filters derived have one thing in common,
i.e., they all have the form (using (3), and assuming k is known and

hence deleting it for convenience)

X(t) = F(x(t).t) + g(P(t), ¥(t)s x(t)) (4)

where x denotes the estimate of x . That is, the filter equation
can be lumped into two terms; one accounts for the dynamics of the
system while the other accounts for the continuous updating of new
information from the measurements. In (4), P(t) 1is a weighting
matrix function whose time evolution is governed by another ordinary
differential equation. In the linear case (with white noise disturb-
ances), P(t) is the covariance matrix of the estimate errors and is

governed by the so-called Riccati equation.

Recently there has been interest in filtering for systems
described by partial differential equations and for lumped parameter
systems containing time delays. Filtering in Tinear distributed
parameter systems has been considered by Balakrishnan and Lions [2],
Falb [6], Kushner [18], Meditch [21], Pell and Aris [23], Sakawa [25],
Thau [27], and Tzafestas,and Nightingale [28-30,32,33]. Tzafestas
and Nightingale [31] derived a maximum-likelihood filter for nonlinear

distributed systems with white Gaussian noise disturbances in the
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volume and observations. Seinfeld et al. [26] and Hwang et al. [10]
have derived optimal least-square filters for nonlinear distributed
systems with unknown volume, boundary and observation noise. The
former derivation was based on conversion of the distributed system to
a differential-difference system by spatial discretization, applica-
tion of a lumped parameter filter and performing a limiting process
on the spatial increment; the Tatter employed invariant imbedding
after conversion of the filtering problem to an optimal control prob-
lem. Filtering in linear lumped parameter systems with multiple
constant time delays and in linear Tumped parameter systems with
functional time delays have been studied by Kwakernaak [19], Lindquist
[20], and Koivo [16].

In this dissertation optimal filters are derived for three
important classes of nonlinear stochastic dynamical systems using an

approach termed filter decomposition. This approach has several

desirable features:
1. No a priori assumptions regarding the form of the filter
are required;
2. The exact interpretation of the so-called covariance matrices
results readily; and

3. An indication of the form of the exact filter results.

The first class of systems, considered in Chapter II, is governed
by stochastic nonlinear hyperbolic and parabolic partial differential
equations in which the dynamical disturbances in the volume and at the
‘boundary can be both additive and nonadditive. This class of systems

is important for it encompasses many distributed systems of practical
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interest and, in particular, chemical reactors and heat conduction
systems. The optimal filter obtained can estimate, not only the state,
but also constant parameters appearing at the boundary and in the
volume of the systems. Hwang et al. [10] previously derived an identi-
cal filter for the same class of systems using the invariant imbedding
approach.

Many physical systems contain time delays in one form or
another. For example, systems like rocket or aircraft engines with
piping to fuel tanks will have valve delays as well as transport delays
due to the piping. Time delays are important in the modeling of drug
distribution, as in the case of cancer chemotherapy. Often, delay
systems are accompanied by some other processes, such as dissipation of
mass and energy, fluid mixing, and chemical reactions. In Chapter III
within a single framework new optimal filters are obtained for the
following classes of stochastic systems:

1. Nonlinear lumped parameter systems containing multiple

constant and time-varying delays;

2. Mixed nonlinear lumped and hyperbolic distributed parameter

systems; and

3. Nonlinear lumped parameter systems with functional time

delays.

The performance of the filter is illustrated through estimates of the
temperatures in a system consisting of a well-stirred chemical reactor

with external heat exchange.
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In Chapter IV an optimal filter is derived for a completely
general class of stochastic systems governed by coupled nonlinear
ordinary and partial differential equations of either first order
hyperbolic or parabolic type with both volume and boundary random
disturbances. The results of Chapter III can be shown to be a special
case of those obtained in Chapter IV.

A related important concept to filtering is observability.

Originally defined by Kalman [12,13] for linear lumped parameter sys-
tems, observability refers to the ability to recover completely some
prior state of a dynamical system based on partial observations of the
state over some period of time. Thus, observability is a fundamental
consideration in the planning of how measurements are to be taken on a
system. Kalman showed, in fact, that under certain circumstances
observability of the corresponding deterministic system is a sufficient
condition for convergence of the optimal linear filter (the Kalman-
Bucy filter) for a linear system with white noise disturbances.
Therefore, in order for estimates of the states to converge to the best
possible estimates, it is sufficient to make measurements such that the
system is observable.

Observability of linear distributed parameter systems has
received only limited attention. Wang [35], the first to define dis-
tributed system observability,based his definition on the existence
of the inverse of a certain self-adjoint observation operator. Goodson
and Klein [7] defined distributed observability as the ability to
establish the uniqueness of a solution of the system. Prado [24] has

presented an elegant analysis of distributed observability from the
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point of view of semi-group theory. His ultimate results are similar
to those of Goodson and Klein. What is lacking, however, is a practi-
cal, general method of establishing observability of a wide class of
systems governed by linear partial differential equations.

As an example, consider the problem of estimating the temperature
distributions in a heat exchanger based on the observed temperature
response of one fluid to a perturbation in the inlet temperature of
the other fluid. The first question we must ask is, can we estimate
theoretically the temperature distribution even if our measurements
contain no errors whatsoever? In other words, have we made enough
measurements of the right type to be able to calculate the temperature
profile from our data if the data were error-free?

In Chapter V, the concept of observability and filter conver-
gence is developed for a class of stochastic Tinear distributed param-
eter systems whose solutions can be expressed as eigenfunction expan-
sions. Since observations of a distributed system can, in principle,
be placed anywhere in the spatial domain of the system, an important
related question is the effect of the measurement locations on obser-
vability. Also, it is appropriate to ask what are the measurement
locations that lead to the best estimates of the state of the system.
These two questions are both addressed in this study. Finally,
necessary and sufficient conditions for observability are derived for

a separate class of linear hyperbolic distributed parameter systems.



Chapter II
OPTIMAL FILTERING FOR NONLINEAR DISTRIBUTED PARAMETER SYSTEMS

1. Introduction

In this chapter we derive an optimal filter for a wide class of
nonlinear hyperbolic and parabolic distributed parameter systems
with additive volume, boundary and observation disturbances. In
addition, to account for nonadditive disturbances or constant param-
eters which must also be estimated, volume and boundary dynamical
inputs governed by stocﬁastic ordinary differential equations are

included.

2. Statement of the Problem

We consider the class of well-posed systems governed by the vec-

tor nonlinear partial differential equation
g (rat) = flr,tx,x ox sa(t)] + g (r,t) (1)

defined for t > 0 on the normalized domain (0,1) . x(r,t) 1is the

n-vector state, and Xis xr, xrr denote 9x/3t, ax/or, azx/arz,

respectively. The %1-vector input a(t) is governed by
a(t) = A[t,a(t)] + Ez(t) (2)

and the boundary conditions of the system are given by the %-vector

(2 < n) functions

(3)

-
n
o

go(tsxsx,) + E5(t) = 0

’
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9 (taxax,b(t)) + £, (t) = 0 re1 (4)

with the 2,-vector input b(t) governed by

b(t) = B[t,b(t)] + £g(t) (5)

Observations of the system consist of the m-vector y(r,t) related to

the state by

.Y(rst) = h[r‘,t,x(r‘,t)] + T](r’t) (6)

We assume that E1(r,t), Ek(t), k=2,-++,5 and n(r,t) are zero-mean
random processes with unknown statistical properties. The initial
conditions for (1), (2) and (5) are not known in general.

We have included the auxiliary states a(t) and b(t) for two
reasons. First, they may account for dynamical disturbances in the
volume and boundary which do not enter (1) in an additive fashion.
Second, it is often necessary to estimate not only the state of the
system but also constant parameters. Constant parameters occurring on
the right hand side of (1) or in the boundary conditions (3) and (4)
(we have chosen equation (4) for illustration) can be considered for
estimation purposes as auxiliary state variables satisfying equations
of the form a =b =0 . Thus, in order to estimate states and param-
eters simultaneously it is necessary to include equations of the type
(2) and (5).

The derivation of the optimal filter consists of two major
steps. First, we formulate the problem of fixed final time smoothing
for system (1)-(6) and derive the necessary conditions for optimality

using variational calculug. Second, we convert the smoothing problem
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into the filtering problem by the filter decomposition technique [22].
We first formulate the problem of smoothing: given any T > 0

and observations y(r,t), 0<t<T , re[0,1] , it is desired to

estimate x(r,t), a(t) and b(t) for 0<t<T, re[0,1] such that

the least square error functional

[
|

1
J<y(r t) - h(r,t,x),Q(r,s,t)(y(s,t) - h(s,t,x))>dr ds
0

+ X

f
0
< ¢ - f(r',t,x,xr.xrr,a(t)),R(r,s,t)(xt(S.t)

|
Bl

- f(s,t,x,xs.xss.a(t)))> dr ds

t<g (taxsx ) Ra(t) (g (tsxsx.)) >

+<gy(tox,x5b) 5 Ry(t)(gq(tsx,x 5b)) >
+<a(t) - A(t,a), Ry(t)(a(t) - A(t,a)) >
+<b(t) - B(t,b), Rs(t)(b(t) - B(t,b))>]dt (7)

is minimized. The weighting matrices Q(r,s,t) and Rk(t), (k=2,°+-,5)
are posftive-definite and symmetric: Rk(t) = Rl(t), Q(r,s,t)==QT(s,r,t).
R(r,s,t) is defined by [21,33]

1

j R*(r,0,t) R(p,s,t)do = I8(r-s) (8)
0
where R+(r.s,t) is a positive-definite, symmetric matrix: R+(r,s,t) =

(R+(s,r,t))T. §(¢) 1is the Dirac delta function and I 1is the iden-

tity matrix.
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3. Necessary Conditions for Optimality

The problem of smoothing can be reformulated as a constrained

minimization problem, i.e., the minimization of

<y(r,t) - h(r,x,t), Q(r,s,t)[y(s,t) -h(s,x,t)]>dr ds| dt

’

<u](r,t), R(r,s,t) u](s,t)> dr ds

I
oY—— OY— -
o - OV
O — O —

5
*

) 2< u (), R (t) u(t)> z dt (9)

subject to the constraints

xt(r,t) = f[r,t,x,xr,xrr,a(t)] + u](r,t)

a(t) = Alt,a(t)] + uy(t)
9o (tsxsx,) + ug(t) = 0 r=0
g1 (tsxsx 5b(t)) + uy(t) = 0 r=1
b(t) = B[t,b(t)] + ug(t)

where the u; are considered as the control vectors.

With the aid of the vector Lagrange multipliers X(r,t), t(t),
o(t), uo(t) and u](t) we convert the constrained minimization problem
into an unconstrained minimization problem [14]. The performance index

(known as the Lagrangian) now takes the form

L=1Ly+L, (10)

where



] B

T11
L1 = J} J J<y(r,t) -h(r,x,t), Q(r,s,t)[y(s,t) - h(s,x,t)]>dr ds } dt
otoo0
T,11
+ J J J<u](r,t), R(rys,t) uy(s,t) > dr ds
000
5
+ ) <u (t), R (t) u (t)>dt (11)
k=2
T(1
L, = f ,I <=A(r,t), xt(r,t) -f(r,t,x, X s rr’a(t))' u](r,t)> dr
oto
+ <-1(t), a( t) - At a) = uz(t)>
+ <-o(t), b(t) - B(t,b) - ug(t)>
*ou (t)s g (tax,x,) + ug(t) >
+ <u1(t), g](t,x,xr,b) + u4(t)> dt (12)
We assume that the inverses of gT and g{ (denoted by
Ox
g;] and g1] ) exist when they are squarg matr1cesr If not square
X
r
g'; and g1Y are to be interpreted as the left pseudo inverses
Xp Xpe
-1 T -1
g =(g, 9, ) 9
0 o, 70 0
X, Xp X X
<] o
g] = (g] g-'II' ) ] g] (13)
r r r Xp

We now give the necessary conditions for optimality obtained from

the vanishing of the first variation of L (see Appendix II-B). We will

~

use the symbol to denote the optimal values. In addition, since the
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optimal solution depends on the observation time T , we will indicate

this for the variables by x(r,t/T) , a(t/T), b(t/T), etc.

The necessary conditions assume the form of a two-point boundary

value problem and are

1
xt(r,t/T) = fr,t,x,x ,xrr,a)--% J R+(r,s,t) A(s,t/T) ds
0

r

9o (tsxsx,) = 7R3 (t) U (t/T) = 0 r=
9 (tsx,X,b) = % RZ1(E) 1y (£/T) = 0 i
a, (t/T) = A(t,a) - 5 Ry (t) (t/T)
by (t/T) = B(t,b) - 3 Rg'(t) o(t/T)

1
Ag(r,t/T) = 2 J hy(rst,x) Q(r,s,t)[y(s,t) - h(s,t,x)]

0

- DY o

- fx A+ (fxrx)r - (fxwx)w
~ ] A ~ A A
T, (t/T) = - L fZ A(s,t/T) ds - AZ T
St(t/T) = ’B\g 6'\ - ’g\?[-b ;‘l r =
NP T/T) = o(T/T) = T(T/T) = 0
A(r,0/T) = 1(0/T) = o(0/T) = 0
(t/T) = g¢ f A r=
Ho oxr -
uq (t/T) = -g f A r=
1 ]X xrr

ds

(14)

(15)

(16)

(17)

(19)

(20)

(21)
(22)
(23)

(24)

(25)



T ~ AT ~ I\T ~
g A-f A +(f, A) =0 r=0 (26)
OX oxr xr‘r xr XN" J
g; g7 f. A-f. A+ (f.L A)_=0 r=1 (27)
]X ]Xr xrr xr xrr E

4. Differential Sensitivities

Since (14)-(27) constitute a two-point boundary value problem
(we assume it to be well-posed), the end conditions (22)-(23) uniquely
determine the solution x(r,t/T), a(t/T), b(t/T), A(r,t/T), T(t/T) and
o(t/T) forall 0<t<T,0<r<1. On the other hand, with
A(5,0/T) = 7(0/T) = o(0/T) =0 (0 <s < 1), x(r,t/T), a(t/T) and
b(t/T) will be uniquely determined from A(s,t/T) (0<s <1) ,
;(t/T) and g(t/T) forany 0<t<T and 0<r<1. Hence, we
can express Q(r,t/T), g(t/T) and b(t/T) in terms of the Lagrange

multipliers by

X(rat/T) = x[rar(s,t/T) s T(t/T)s o(t/T)]
A(4/T) = aln(s.t/T) s 2(t/T), o(t/T)] s € [0,1] (28)
b(t/T) = bIA(s,t/T), T(t/T), o(t/T)]

Let G/GX denote the functional derivative [34] and define the

first order differential sensitivity matrices va(r.s,t/T),---,Pbb(t/T)

by

PV (r,s,t/T) = -2 SX{t/T)
SA(s,t/T)

PV (s,t/T) = -2 SaLt/T)
6A(s,t/T)
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va(S,t/T) . =2 Sb(t/T
SA(s,t/T)

Pva(r’tlT) = -2 ax(r,t/T
ot (t/T)

paa(t/T) a -2 aithT!
at(t/T)

_p 3b(/T
at(t/T)

PO (pt/T) = -2 BXEE/T)
3a(t/T)

pPa(¢/T)

-2.§é1§ill
3o (t/T)

paP (4 /7)

_p 3b(t/T
o0 (t/T)

B 4IT) (29)
Again, the differential sensitivities clearly depend on the length T

of the observation interval.

We shall assume that the order of differentiation is inter-

changeable, for example,

S [x.(rt/T)] =8 —ﬁilhilll
8 (s,t/T) sX (s ,t/T)

(r t/T) 32 3£(P,t/Il

aounv T 3o (t/T)

(30)

We want to compute the partial derivatives with respect to T

~ ~ ~

of x, Xps Xpps @ and b , since these will be needed shortly. Using

the chain rule of calculus for these partial derivatives, and employing
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(29) and (30), we obtain

1
o (P t/T) = = 241 PV (r,s,t/T) Aels,t/T) ds + PY3(r,t/T) ©(t/T)
T 2 T T
0

+ PYP(r,/T) GT(t/T)K (31)

PYV(r,5,t/T) Ar(s,t/T) ds +PV3(r,t/T) T (t/T)

oY—~

. o
er(r’t/T) = 2

+ PYP(p, /) op(taT) (32)

1
J Prn(ris,t/T) Ap(s,t/T) ds + PLA(r,t/T) 7 (t/T)
0

¥ Pi?(r,t/T) or(t/T)

~

& - o
xr\”T(r’t/T) ke 2

(33)

1
| PV (s.t/TNp (s, 8T ds +PPR(8/T) p(e/T)
0

+ PPP(4/T) op(t/T)

- 1
aT(t/T) - E‘

(34)

1
j PPY(s,t/T) Ap(s,t/T) ds+ PP2(t/T) (t/T)
0

+ PP (4/T) op(t/T)

- 1

(35)

These equations describe the time evolution of the optimal solu-

tions x, a and b as T , the length of the observation interval,

varies.

5. Decomposition of the Filtering Process

Let q(t/T) be whatever we desire to estimate in the system,

based on observations y(s,t) , se [0,1] , T € [0,T] , and denote the
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optimal estimate of q(t/T) by q(t/T) . Since we are interested in

the optimal filter estimate, we seek q(T/T) and, in particular, the

total derivative dq(T/T)/dT . We note that

Q(/T) = G (/M) + ag(t/m) (36)
t=T t=T
which we write for convenience as
WD) 5 (1) + 6o(1T) (37)

Thus, the total derivative of the quantity a(T/T) is a sum of two
terms, one representing the dynamics of the system at(t/T)it=T , and
the second the updating of the estimate in the face of new observations
t/T |t =T This result was demonstrated for lumped parameter
systems by Padmanabhan [22].
When a is also a function of one or more spatial variables

a(rss,t/T) , then (36) becomes

2a(ras /D)« Gytrus,t/T)|

T ¥ aT(r,s.t/T)] (38)

t=T t=T

which we write for convenience as

ﬁﬂllhg%lill = at(PsSsT/T) + aT(r,s,T/T) (39)

We emphasize that each term in (38), and hence (39), represents a
different p;rtial derivative. In particular, the L.H.S. of (38) and
(39) is the analog to the total derivative in (36), whereas the R.H.S.
of (38) and (39) consists of partial derivatives with respect to each

of the arguments t and T in (-,t/T) , respectively.
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6. State Filter Equations

We now want to derive the dynamical equations which govern

ax(r,T/T)/3T , da(T)/dT and db(T)/dT . First, (22) implies that

ax(s,T/T) _ de(T/T) _ do(T/T) .
) “éTl“l" 0 = (40)

Using (37) and (39), (40) can be written as

A(S,T/T) + A (s,T/T) = 0

T (T/T) + 7, (T/T) = 0

op(T/T) + 0, (T/T) = 0 (41)
Then (19)-(22), (25) and (41) give

1
)\T(S:T/T) m e J hI(SsTsx) Q(S,p,T)[_Y(D,T) -h(p,T,X)] dp

0
T (T/T) = 0
o7(T/T) = @ (42)

Substituting (42) into (31), (34) and (35), we obtain, respectively

~

171y = [ PG T/T) e, TaX) QUeav Ty (vaT) - h(v,T,x) Jdedy

o&-——.‘—l

|
0

ar(1/) = [ [ PY(@aT/T) i(2,Tox) Qs T)Iy(v,T) - h(v,Tux)] dc v
00

br(1/T) = [ [ PPV (2. T/m) Wi(2.Tox) Qe Ty (v.T) - h(w,T2R)] e dv
00

(43)
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On the other hand, (14), (17), (18) and (22) give

A A A A A
xt(r,T/T) = f(r,T,x,xr,xrr,a)
2, (T/T) = A(T,a)

B(T,g) (44)

b, (1/7)

Finally, the application of (37) and (39) yields the state filter equa-

tions

Eéirﬁ%ill . ;t(r,T/T) + ;TszT/T)

925%111-= a, (T/T) + QT(T/T)

I/T) = B (1/7) + b (T/T) (45)

The boundary conditions for the filter equations (45) are
obtained by setting t =T in (15), (16), (24), (25) and using (22).

These are simply
go(T’;’;r) =0 r=20
g1(T,X,x,sb) = 0 ro= (46)

7. Dynamical Equations for the Differential Sensitivities

We now need to derive the dynamical equations for the differen-
tial sensitivities va(r,s,T/T),---,Pbb(T/T) to complete the specifi-
\

cation of the filter. First, however, we determine the r =0 and

r = 1 boundary conditions for the differential sensitivities. For
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r =0, combine equations (15) and (24) to give
P g

fxrr'
Y‘

~=1

X(r,t/T) = 0 r=0 (47)

go(t, x> ) = —-R () g

Since (47) holds for all T , we can differentiate it with respect to

yielding

1

& 6x (r tIT) &

I M A(s,t/T) ds + g J e Ap(s,t/T) ds
SA(s,t/T) O% 1 8x(s,t/T)

e DA B ! pels®l o 5 2
- ? R3 (t) gox fxrr AT(r’t/T) = ? [R3 (t)gox fxrr]T )t(Y‘,t/T)
r r
A A ax. (s t/T) &
vo LD L gy ey 20D 2
O at(t/T) OXr aT(t/T)
. A Ak (rt/T) A
b BT g or(t/T) + g, —S——— o (t/T) = 0 (48)
O 30(t/T) °xr 3o (t/T)

Note that we can write

!

Gl g £ Nyn| = [ Rlefs) f ]
O%  Xppr T 3 O Xpp

r r=0 0 r r=0

x &(s) XT(s,t/T) ds (49)

If we apply (A.13) of Appendix II-A and substitute (49) into (48), and
bear in mind that since i, ; and 8 are considered as independent
vector Lagrange multipliers in our formulation of (28),each coefficient
of ;T(s,t/T) > ;T(t/T) and ST(t/T) must identically be zero in order

that (48) holds, we obtain for t =T and r =20
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A T2V - vV -1 ~-1 2T _
gy P (r,s,T/T) +g, P .7 (r,s,T/T) +R3°(T) 9" f, 8(s) =0

X K K. “EF
go P'2rsT/T) + g, PA(r,T/T) = 0
X Xr
9o PYO(r,T/T) + g PY(r,T/T) = 0 (50)
X X
i
Similarly, the boundary conditions at r =1 are
g1 PV (ras,T/T) + gy PV (r,s,T/T) + gy PPV (s,T/T)
X X b
r
-RUT) g7! f1 8(s-1) =0
XY‘ rr
gy P3(r,T/T) + g PY3(r,T/T) + g PPR(T/T) = 0
X Xp b
g7 P2(r,/T) + g PY2(r,T/T) 4 N PPO(T/T) = 0 (51)
X X

r

Now we proceed to the derivation of the partial differential
equations governing va(r,s,T/T),---,Pbb(T/T) . These equations are
often referred to as the "covariance equations" by analogy to the Kalman
filter. In order to derive these equations, we need the total deriva-
tives with respect to T of va(r,s,T/T),---,Pbb(T/T), as in (45)
for the state filter equations. As we know, each oP(+,T/T)/0T will
be a sum of two terms, Pt(-,T/T) and PT(°,T/T) . For the general
nonlinear case which we are considering, it can be shown (Section 8)
that P;(+,T/T) involves the second order differential sensitivities
and, lTikewise, the second order differential sensitivities involve the

third order differential sensitivites, etc. Thus, in general, it is
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not possible to close the system of equations. For this reason, we
will approximate 9PV (r,s,T/T)/aT, -+, (T/T)7dT by PYV(r,s,T/T),
-,P%b(T/T) , respectively. This enables us to obtain a closed set
of equations.
The basic approach is that we shall derive two expressions for

each of the quantities,

& Dxp(rt/] 2 lap(m] 2 [bp(t/T)] (52)

and equate the two expressions for each of the quantities, and set
t =T . Since each of the quantities above is a continuous function

of t and T , we can write

& Dxp(rt/M)] = & [x, (rt/T)] (53)
& [ap(t/1)] = 2= [a,(t/T)] (54)
3 [bp(t/T)1 = &+ [by(t/T)] (55)

Let f(r) , A and B denote f(r,t,x,xr,xrr.a) » A(t,a) and

B(t,B) , respectively. Using (14) in (53) gives

a ~ ~ ~ ~ ~
- ag [xp(rst/T)] = £, (r) xp(r,t/T) + fxr(r) X {122/T)

+ 5. (r) x (rt/T)
Xop Lty ¢

1
+ ?a(r) QT(t/T) %l RY (r,s,t) KT(s,t/T) ds (56)
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Substituting (17) and (18) in (54) and (55), respectively, we obtain

%5 Lag(t/M = Ajar(t/m) - 3 B3 (£) Tp(t/) (57)

2 [b(t/T)] = Bubr(t/T) - £ RG! (t) op(t/T) (58)

With the help of (31)-(35), we can rewrite (56)-(58) as

1
3 [xglrat/M] = - %{:[ [F(r) PVV(r.s,t/r)-+%xr(r) PYY(r,s,t/T)
0
+ 5, (r) PV (r,s,t/T) + F_(r) P2V(s,t/T)

X
rr

+ RY(r,s,t)] KT(s,t/T) ds]

[[f (r) PY3(r,t/T) + f (r) P72 (r,t/T)
l"

+ %xrr(r) Pxi(r,t/T) + %a(r) PA3(¢/T)] ;T(t/T)]

r

- %—[[%x(r) PYO(r,t/T) + £, (r) PYP(r, /1)

X

+f ) PYO(r,t/T) + F,(r) P2O(1/T)] GT(t/Td] (59)

1
o Lag(t/m] = - 1 [ Ap™(s,t/m) Rps,t/m) ds
0

- 5 [APP2(t/T) + B3N ()] T7(t/T)

%~ pa0(t/T) o or(t/T) (60)
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8 Do (/M) 1=- 5 | BPPV(s,t/T) Ag(s,t/T) ds

ba

— [ e —

: %Ebp t/T) ?T(t/T)

- 5 [BPP(1/T) + RZ ()] op(t/T) (61)

On the other hand, inserting (31), (34) and (35) into the three
quantities of (52) respectively, and carrying out the differentiation
with respect to t , we obtain

1
3 [xe(rot/T)] = = a | | PYV(rys,t/T) Ao (s,t/T) ds
gt Horieet z L e i

0

Bt

+ P‘,éa(r,t/T) '{T(t/T) + PY2(r,t/T) ST(t/T)]

t

1

- %-[ j PW(r,s,t/T) %f [;T(S't/T)] ds
0

+ P, t/T) Lo [ (/)]

+ (e, t/m) & [ST(t/T)]] (62)

]
3 [ag(t/)] = - ,}U P2V(s,t/T) Ap(s,t/T) ds

+ PA(t/T) To(t/T) + P2(/T) ST(t/T)]
1
- [i PY(s,t/T) 3 [Ap(s,t/T)] ds

+ P2 (t/T) & [ep(e/m+ PRO(e/T) 2 [ST(t/T)J] (63)
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3 b (t/T)] = - ‘7[ PPY(s,t/T) Aq(s,t/T) ds

oO—— . —

+

PRA(t/T) To(t/T) + PR (/T) ST(tm]

1
%H PP (s, t/T) 5 [KT(s,t/T)] ds

PP(t/T) & [ (t/T)]

+

+

PPO(t/T) 2= [ST(t/T)]] (64)

Finally, we successively equate (59) and (62), (60) and (63),
and (61) and (64), and set t =T . In each case for the equality to
hold, we must have the coefficients of KT(s,t/T), ;T(t/T), GT(t/T),

AT(O,t/T) and KT(I,t/T) be identically zero at t =T . Using the
results in the Appendix II-A it is straightforward to show that

PYV(rs, T/T) = £, (r) PYV(r,s,T/T) + PY(r,s,T/T) F1(s)

* Ay (1) BV s 17T+ RS T/T) ) (6)

~

vv vV e |
+ fxrr(r) Pep(rss,T/T) + P (r,s,T/T) fxss(S)

+ £(r) PY(s,T/T) + PY3(r,T/T) £L(s)

+ NV (rys,T/T) U7 (rys,T/T)

+ R (r,s,T) - (65)
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PY(r,T/T) = £,(r) PY3(r,T/T) + ?xr(r) PY3(r,T/T)

= va = aa
# A (0) Pl /1) + £, (r) PEAT/T)

+ PY(r,T/T) A,

+ NP2, T/T) + 0% (i, T/T)

PYO(r,T/T) = F (r) PYP(r,T/T) + ?xr(r) PYO(r, T/T)

~

" E, 1) PYO(r, T/T) + F,(r) PRP(T/T)

T

+ PY(r,T/T) B]

+ N¥b( b(

rT/T) + U2 (e, T/T)

T

aa _ & paa aa A
Pt (T/T) = Aa PTIT) & PP{TIT) Aa

+ N2 (T/T) + U2 (T/T)

+ R (T)

T

ab, - A~ ab ab 5
PL (T/T) = A, PO(T/T) + PP(T/T) B,

+ NSP(T/T) + U3P(T/T)

(66)

(67)

(69)
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~

PP (1/T) = By PPP(T/T) + PPP(/T) B

-+

N;b(T/T) + ugb(T/T)

F

-1
RS T} (70)

with the symmetry properties

PYV(r,s,T/T) = (PV(s,r, T/T)T , PR(T/T) = (P23(T/T))T

n
n

PY3(r,T/T) = (P (r,T/T))T , P (1/T) = (PP (/)T

P (e, T/T) = PV, T/T)T PP (1/7) = (PP (r/T)T ()

Thus, there is no need to present the equations for Piv(s,T/T) ;

bv
t

PYV(r,s,T/T) , P2V(s,T/T) and PPY(s,T/T) at s =0 and s =1

P,"(s,T/T) and Pga(T/Tl and the boundary conditions for
because they follow directly from (71). The terms N¥v(r,s,T/T),---,
U;b(T/T) are defined in Appendix II-A.

The entire filter is summarized in Table 1. In the column of
initial conditions, f(r,O/O), 5(0/0) and 3(0/0) represent our best
guesses of the initial states x(r,0), a(0) and b(0) . The initial
conditions va(r,s,O/O),---,Pbb(O/O) are basically arbitrary. In

the linear, white noise case it can be shown that
PYV(r,s,T/T) = E {(x(r,T) = x(r, /7)) (x(s,T) - x(s,7/T)) T}

PYa(r,T/T) = E{(x(r,T) - x(r,T/T))(a(T) - a(T/T)T}
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PYO(r, 7/T) = E{(x(r,T) - x(r, T/T)) (b(T) -b(T/T)) T}

PR (T/T) = E{(a(T) - a(T/T))(a(T) -a(T/T))T}
P(1/T) = E{(a(T) - a(T/T)) (b(T) - b(T/T))T}
PPP(1/T) = E{(b(T) -B(T/T))(b(T) - b(T/T))T} (72)

These relations may be used as a guide in choosing PYV(r,s,0/0),---,

PPP(0/0) .

Table 1. Optimal Filter for System (1)-(6)

Initial Boundary
Equations Conditions Conditions
Estimates
X(ryT/T) (43)-(45) x(r,0/0) (46)
a(1/7) (43)-(45) a(0/0) NONE
b(T/T) (43)-(45) b(0/0) NONE

First Order Differential Sensitivities

PYV(r,s,T/T) (65) PYV(r,s,0/0) (50)-(51)
PYa(r,T/T) (66) PYa(r,0/0) (50)-(51)
PYO(r,T/T)  (67) P2 (r,0/0) (50)-(51)
P33 (1/T) (68) p23(0/0) NONE
pa(1/T) (69) P32 (0/0) NONE
pPP (7/7) (70) PP (0/0) NONE
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8. Discussion of the Results

The theoretically required relations for the covariance equations

are

vv
{08 /T) = pY¥(r,s,T/T) + PYY(r,s,T/T)

bb '
® AU o pbber/m) + p2P(1/T) (73)
We noted earlier that we would neglect the second terms on the right
hand sides of (73). Let us now give some indication as to how these
neglected terms might be calculated. Employing the chain rule, we have

vV
for PT

vV .
P¥V(Y‘,S.t/T) = J sp_(rys,t/T) Ap(v,t/T) dv

0 SA(v,t/T)

vV n Vv -
4 oP £P,S,t/T) TT(t/T) + oP A(Y‘,S,t/T) OT(t/T) (74)
at(t/T) 3o (t/T)
The terms,
sPYV(r,s,t/T) oPYV(r,s,t/T) PYV(r,s,t/T)
SA(v,t/T) ot(t/T) 30 (t/T)

are nxnxn, nxn le » and nxn xmz matrices, respectively, which
are the second order differential sensitivities. Thus, the neglected
terms in (73) involve the second order differential sensitivities.

However, in order to calculate the second order sensitivities, we will
need the third order sensitivities, etc. Thus, the exact form of the

optimal filter for system (1)-(6) is in general composed of an
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infinite set of equations which cannot be closed. In the Tinear, white
noise case, the second and higher order differential sensitivities are
identically zero.
For discrete spatial measurements at J locations, Q(z,v,T)

should be replaced by Qd(c,v,T) where

J J
Qqlzsv,T) = ] EZ] Q, (T) 8(z-r,) 8(v-r,) (75)

The mJ xmJ weighting matrix [ka] is symmetric and positive
definite. When (75) is used in the filter equations, the integrations
become summations.

If g,=0, (24) and (26) should be replaced by

Xp

uo(t/T) = -g .~ (f, A) (76)
0 T W

-
1]
o

n
o

A(r,t/T) = 0 r (77)

The last term of the first equation of (50) must then be replaced by

R§1(T) a;] ?1 §'(s) , where &'(s) denotes dé&(s)/ds [3, p.320] .
X rr
Similarly, if 9y = 0, (25) and (27) should be replaced by
Xp
~ J\_l ~ ~
pp(t/T) = g (f, A) r=1 (78)
1 ]x B T
A(r,t/T) = 0 P (79)

The last term of the first equation of (51) must also be replaced by

Tyry S=1 5T
-Rz 1 (T) 97, fx 8'(s-1) .

xr'r'
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In Appendix II-C the computational application of the filter
is illustrated in an example of the feedback control of a styrene

polymerization reactor.
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Appendix II-A

This appendix evaluates the last three terms of (62), (63) and
(64). We consider first the term

1

[ M Costm) 3 Birts,tm as (A1)
0

where the matrix M, (-,s,t/T) represents PYVi(r,s,t/T) , PV(s,t/T) ,
or va(s,t/T) according to 1i=1,2, or 3. Hence, the unspecified
argument of Mi(-,s,t/T) is r if 1=1 and does not exist other-

wise. With the help of (19), (A.1) can be rewritten as

1 1
Zf Mi(-,s,t/T){ I V(s,p,t/T) dp } ds
0 0 1
1
aF e o
* £ Mi(-,s,t/T) {-fx >\+(fxs)\)S - (fXSS;\)SS i ds (A.2)
where the vector
V(s,p,t/T) = h)(s,t,%)Q(s,p,t)[y(p,t) - hip,t,x)] (A.3)

Since we can write [34, p. 28]
1 ' 1
’ f V(s,p,t/T) dD,T » f Sp(sspst/T) xp(p,t/T) dp
0 0
1

+ [ sglsa0st/T) Xpls,t/m) do (8.4)
0

where the matrices



=Bl

Sp(s,p,t/T) = §¥£EJE;ELIL

ax(p,t/T)

5, (s,p,t/T) = NV(s,p,t/T) (A.5)

ox(s,t/T)

and if we use (31) in (A.4), it is straightforward to show that

1 1

j Mi(-,s,t/T) [ f V(s,p,t/T) dp] ds
0

0 T
1

- %_f [N Vie,s,t/T) + UVV( ,s,t/T)] AT(S t/T) d
0

- 5 N3, t/T) + UY3(e,1/T)] T (t/T)

- 5 IV, t/) + 03P (/M) T ap(t/T) (A.6)

where
| 11
N:.N(-,S,t/T £ IM aCst/T S (C:\),t/T) PVV(\) S t/T) dC dv
0

U¥v(-,s t/T) M. (+oz.t/T) S (g,v t/T) PYV(z,s,t/T) dc dv

oY

1

f

0

NY(e,t/T)

Mo (+025t/T) S (5,v,t/T) PY3(u,t/T) dr dv

oYV o

Uya('st/T)

oY¥V——

1
[ mzatm s ewatrm P2m @ a
0
11
Ny (/T = [ f‘mi(-,;,t/r) 5, (2>v,t/T) PY2(v,t/T) dr dv
00

UPCeatrm) = [ [ My an,t/m) S (e, t/T) PP, 1) de v

(A.7)

o
o —
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The unspecified argument of each term of (A.6) and (A.7) is r if |
i = 1 and does not exist otherwise. Further, (A.5) possesses the

symmetry properties

-
S (sp5t/T) = S (s,p,t/T)

S(5:0,t/T) = S{(p,5,t/T) (h.8)

Now Tet us consider the second term in (A.2), the integration of

which by parts yields

1
AT ~ AT ~ A ~ )
[ s B R+ (] D - () D) ds
0 S SS T
1
— _ I\T AT AT ~
. f T+ M FT o+ FL ) Ar(s,t/T) ds
0 S SS
s=]
i ~ AT ~ I\T ~
+IM(f, A)+ = M{(f. A) + M (f., A) ]
Xg T l Koo S]T S Kae Iis )
s=0
1
”~ AT A ~
- I lM(fx)T-+Ms(fxs)T-+Mss(fxss)TI Als,t/T) ds (A.9)
0 -

where M denotes Mi(-,s,t/T) . (A.7)-(A.9) are used to evaluate the
third to last term in (62)-(64).

The second to last term of (62)-(64) can be written with the
help of (20) as

P [t(t/T)] = - | P ?a(s) XT(s,t/T) ds - P Ra T (t/T)

e

1
: J P(F1(s))y A(s,t/T) ds - P(AL); <(t/T) (A.10)
0
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where the matrix P denotes Pva(r,t/T), Pa3(¢/T) , or Pba(t/T) a
The last term of (62)-(64) can be written as

K 5% [GT(t/T)] « =K B, oT(t/T) +Kgp g9y f AT(s,t/T)
b Xg 'ss
-K(B.)+ o(t/T) + K(g g T As,t/T s =1 A.11)
X
b X sS

where the matrix K represents PVb(r,t/T), Pab(t/T), or Pbb(t/T) ,
and we have used (21) and (25) to obtain (A.11).

In (A.9) the term corresponding to s =0 and s =1 can be
evaluated with the help of (26) and (27).

Finally, in (A.9)-(A.11), there are terms which have X(s,t/T),
X(O,t/T), K(],t/T), ;(t/T), or S(t/T) as coefficients, e.g., the
last term of (A.11). These terms do not contribute to the filter

because they vanish at t =T . To show this, we consider a matrix H

which can be expressed as

H = HDetx(rat/T), X (rt/T), X (rt/T), a(t/T), b(t/T)]
R R (A.12)
Let x(r,t/T) , a(t/T) and b(t/T) be functionals of the Lagrange

multipliers as in (28). Let the vector e denote either A(r,t/T),

~

T(t/T), or o(t/T) . Hence, e=0 at t=T . Further, let the
operation He be defined. Then, it is easily shown that there exist
matrices ﬁi s 151,2,3, such that
1
Hre = J Hy Ap(vst/T) dv + Hy o (t/T) + Hy op(t/T) (A.13)
0
and Hi =0 at t=T forall i . Further,
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1 1 1
J Hpe dr = J J H] dv AT(r,t/T) dr + f H2 dv TT(t/T)
0 010 0
.| ~
+ J H3 dv cT(t/T) (A.14)
0

where we have interchanged the dummy variables r and v on the

right hand side of (A.14).
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Appendix II-B

In this appendix we obtain the necessary conditions for
optimality corresponding to the minimization of (10). This is achieved
by setting the first variation of L (denoted by &L ) to zero [14].
We emphasize that &L 1is the total first variation. Suppose L

depends functionally on parameters Pi » i=1,2,+++,J , then we can
J

-i=
with respect to a variation of Pj (denoted by 6p1) over the appro-

write 6L = 2] 6L(p;) where &L(p;) is the first variation of L

priate domain. In this way, we can write

L = 8L(uy(t)) + 8L(uy(t)) + 6L(z(t))

o+

SL(o(t)) + SL(A(r,t))

+

5
Stfuglesth) + Llu(sael) + g SLiudn)
1=

-+

SL(x(r,t)) + 6L(x(s,t))

+

SL(xp(ryt)) + 8L(x (r,t)) + 8L(xp.(r,t))

+

sL(x(0,t)) + 6L(x(1,t)) + sL(x (0,t)) + &L(x (1,t))

+

sL(a(t)) + &L(a(t))
+ 8L(b(t)) + SL(b(t))

We proceed to evaluate various variations. For convenience,
we denote f(r,t,x,xr,xrr,a(t)) . Alt,a) , B{t,b) , go(t,x,xr) ;

g](t,x,xr.b) by f, A, B, 9o0 97y respectively.



-39-

GL(UO(t)) = <6110(t)’ gO + U3(t)> dt

sLuy (£)) = [ <ouy(t), g + uy(t)> dt

o———4 o———

T

SL(t(t)) = [(-GT(t), a(t) -A -uz(t)> dt
0

:
sLlot)) = [ < 8(t), b(t)-B-uglt)> dt
0

o ——

1

J <=8Ar(r,t) (r,t) -f -u](r,t)> dr dt

0
2 F &

u] {r.t)) f [ J j <6u](r £) RETes:L) u](s,t)> dp ds
0 00

+ j <6U](r‘9t) ’ A(r"t) > dr| dt
0
T 1

sL{up (1)) = L

=
sL(uy(t) = £<au2(t). 2R,y (t) uy(t) + 1(t)>dt

<6u1 g 4 R(r,s,t)ul(s,t)> dr ds dt

(e |

;
sL(uy(t)) = £<6u3(t), 2R4(t) uy(t) + u (t)> dt

;
5L, (t)) = £<6u4(t), 2Ry (t) ug(t) +uy(t)>dt

T
sL(ug(t)) = i<au5(t), R (t) ug(t) + o(t)>dt
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SL(x(r,t)) = <=6x(r,t), h(r,t,x) Q(rs,t)

|

1
+ J<6x(r,t), fI A >dr} dt
0

o
ohﬁ_.
o ——

x (.y(sst) = h(S,t,X)))dr‘ ds

11
sL(x(s,t)) l[ u j<-ax(r.t). hY(r.t.x) Q(r,s,t)
0

x (y(s,t) - h(s,t,x))>dr ds] dt

GL(xt(r‘,t)) = <-6xt(r,t),x>dt dr

O‘_‘—l
o ———

] ]
. j < -8x(r,T) A(r,T)> dr+J <ox(r,0),A(rs0) > dr
0 0

< ch(r*,t),)\t > dr dt

+
oY—-
o

§L(x,.(r,t))

]

oO——— O——

T
¢ 6xr(r,t), fxrl > dr dt

oO——\—

r=1
< 8x(r,t), f 2> dt
*r r=0

1
J < 8x(r,t), (f A)r> dr dt
0

Oy~



=

i A>dr dt

SL(x . (rst)) =
rr

oY—=-

1
J <6xrr(r,t), f
0

T

r=1

J <éx (r,t), fl A> | dt

0 rr

r=0
r=1

<8x(r,t), (fI A)r> I dt
rr =0

+
rr rr

o —— O ——

1
I <6x(r,t), (fl A) > dr dt
0

i
SL(x(0,8)) = [ <6x(0,t), o] wo > dt
0 X

i
SUX(1,8)) = [ <6x(1,t), o] wy > dt
0 X

S
_ T
§L(x.(0,t)) = J <6x,.(0,t), g, m,>dt
0

Xp

-
uq> dt
]x 1

r

n

T
SL(x(1,8)) = [<6x,(1,0), g
0

]
sL(a(t)) = j<aa(t), Al dt + | [<sa(t), £ a>dr dt
0

o—-
o ——

;
sL(a(t))= f <-8a(t),T> dt
0

t=T T
= < -(Sa(t) sT 2> | + I<Ga(t) !Tt>dt
t=0 0

T
sL(b(t)) = J <8b(t), BEG + g¥ My > dt
b
0



=P
. |
J <-8b(t),o> dt
0

SL(b(t))

=T T
-BhlE) g5 | + j < 6b(t) 0, > dt
t=0 0

In order that &L = 0 for arbitrary Gpi ,» the coefficient of
each of the following 6&p; must identically be zero. Let ¢(6pi)

denote the coefficient of api » then
¢(6u0(t)) =0 implies
gy + uz(t) = 0 r=0

¢(6u](t)) =0 implies

g] * U4(t) =0 r=1

¢(6t(t)) = 0 implies

a(t) = A+ uz(t)

¢(8o(t)) =0 dimplies

b(t) = B + us(t)

¢(sa(r,t)) =0 implies

xt(r,t) = f + ul(r,t) re (0,1)

¢(suy(r,t)) = 0 implies
1
up(r,t) = - %— J R+(r,s,t) A(s,t) ds

0



wll 3

¢(6ui(t)) =0, i=2,3,4,5 , imply

B
2

uy(t) Ry (t) t(t)

uz(t) = - 3 R3 () uy(t)

- 3 Ry (t) uy(t)

[}

u4(t)

ug(t) = - %-Rg1(t) a(t)

¢(8x(r,t)) = 0 implies
1
At(r,t) = 2 j hl(r,t.x)Q(r,s.t)(y(s,t)- h(s,t,x)) ds

0
T 7§ it
=f. X+ (f A). =~ (f, A)
X S Xy PP
¢(sa(t)) = 0 implies
1
Ty ™ % J fl A(s,t) ds - AZ %
0
¢(sb(t)) = 0 implies
- T T .
Gt--Bbc-s}]bu] r=1

| ¢(6x(r,T)) = ¢(8a(T)) = ¢(8b(T)) = 0 dimplies

A(r,T) = 1(T) =o(T) =0

¢(6x(r,0)) = ¢(6a(0)) = ¢(sb(0)) = 0 implies

A(r,0) = 1(0) = o(0) =0
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T T T
g, u, - f. xA+ (f, A)
P M Xp Xpp
¢(6x(1,t)) = 0 implies
T T i
gy up + A = (f, A)
]x 1 X B

¢(6xr(0,t)) =0 implies

¢(6x,.(1,t)) = 0 implies

g1T u]+f)T( A=0
Xr. rr

r

rl

n
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Appendix II-C

Reprinted from JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS  Vol. 10, No. 6, December 1972
Printed in Belgium

Control of Stochastic Distributed-Parameter Systems?
T. K. Yu? anp J. H. SEINFELD?

Communicated by R. Jackson

Abstract. A scheme is proposed for the feedback control of
distributed-parameter systems with unknown boundary and
volume disturbances and observation errors. The scheme consists
of employing a nonlinear filter in the control loop such that the
controller uses the optimal estimates of the state of the system. A
theoretical comparison of feedback proportional control of a styrene
polymerization reactor with and without filtering is presented.
It is indicated how an approximate filter can be constructed, greatly
reducing the amount of computing required.

Notation

a(t) [-vector noisy dynamic input to system

A2, a) l-vector function

A frequency factor for first-order rate law (5.68 x 10° sec™?)

b distance to the centerline between two coil banks in the
reactor (4.7 cm)

B k-vector function defining the control action

c(x, 7) concentration of styrene monomer, mole /-1

Cy heat capacity (0.43 cal - g1 - K1)

Cy constants in approximate filter, Eqs. (49)-(52)

E activation energy (20330 cal - mole!)

& expectation operator

f(t,...) n-vector function

&, &(t,...) mn-vector functions

h(t, u) m-vector function relating observations to states

! Paper received February 28, 1971.

* Graduate Research Assistant, Department of Chemical Engineering, California Institute
of Technology, Pasadena, California,

* Associate Professor, Department of Chemical Engineering, California Institute of
Technology, Pasadena, California.
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H(t) function defined in Eq. (36)
k dimensionality of control vector v(x, t)
ky constants in approximate filter, Egs. (49)—(52)
K dimensionless proportional gain
l dimensionality of dynamic input a(t)
m dimensionality of observation vector y(t)
n dimensionality of state vector u(x, f)

Pw)(x, 5, t) n X n matrix governed by Eq. (9)

P®a)(x, t)  n x [ matrix governed by Eq. (10)

Plas)() ! x I matrix governed by Eq. (11)

q(2) diagonal elements of m X m matrix Q(x, s, t)
O(x, s, t) m X m weighting matrix

R universal gas constant (1.987 cal - mole~! - K1)
R(x, s, t) n X n weighting matrix

R(1) n X n weighting matrix

s dimensionless spatial variable

S(x, 5, t) matrix defined in Eq. (11)

t dimensionless time variable

T(x, 7) temperature, K

u(x, t) n-dimensional state vector

u,(t) wall temperature

uy desired value of u,(1, ?)

u* reference control value of u,

0% maximum value of #,

pin minimum value of u,

(%, t) k-dimensional control vector

W(t) I X I weighting matrix

x dimensionless spatial variable

¥(2) m-dimensional observation vector

ay constants in approximate filter, Eqs. (49)-(52)
B dimensionless parameter defined in Eq. (29)
AH heat of reaction (17500 cal - mole~?)

€ dimensionless activation energy, defined in Eq. (29)
8(x) Dirac delta function

7(x, t) m-dimensional observation noise

K thermal conductivity (0.43 X 10~ cal - cm™! - sec™ - K1)
P density (1 g - cm™®)

T time, sec

¢ dimensionless parameter defined in Eq. (29)
X spatial variable, cm

* reference value

estimated value
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1. Introduction

In most real processes that must be controlled, there exists some
degree of uncertainty. The uncertainty may be a result of observations
of the output which are corrupted with noise or of the use of a mathe-
matical model which is only an approximation to the true behavior of
the system. The control of stochastic systems has received much attention
in recent years. (Refs. 1-4). The control of linear stochastic distributed-
parameter systems subject to white noise disturbances has been con-
sidered by Tzafestas and Nightingale (Ref. 5), Kushner (Ref. 6), Thau
(Ref. 7), Pell and Aris (Ref. 8), and Sholar and Wiberg (Ref. 9). Here we
consider the feedback control of nonlinear distributed-parameter
systems subject to noisy inputs and measurement errors. No assumptions
concerning the statistical nature of the noisy inputs and measurement
errors, other than that they are zero mean random processes, will be
made.

The scheme which we propose is inherently quite simple. In
particular, the measurements of the system are to be processed by
an on-line computer in a nonlinear filtering or recursive estimation
algorithm to produce optimal least-square estimates of the true state of
the system. These estimates, which include all of the states of the system,
not only the measured ones, are then used as inputs to the controller in
the feedback loop. The scheme has been demonstrated for lumped-
parameter systems in Ref. 10. Here, we develop the theory for the same
control strategy for distributed-parameter systems. We will first present
the general scheme and then illustrate the application of the scheme for
the control of a styrene polymerization reactor.

2. General Control Scheme

We assume that the system can be described by a set of partial
differential equations of known form but perhaps containing unknown
parameters. The stochastic nature of the problem is assumed to arise
from noisy inputs and measurement errors. We consider the class of
systems governed by

ux, t) = f(x, 8, u, 4y, Upy , 0(x, 1), a(2)) + £4(x, 2), )]

defined for ¢ >> 0 on the normalized domain (0, 1), where u(x, ?) is the
n-vector state, v(x, t) is a k-vector of controls, and £,(x, t) is an unknown
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n-vector disturbance. The symbols u,, u, , u,, denote ou/dt, ou/ox, and
9%u|dx?, respectively. The I-vector input a(t) is governed by

daldt = A(t, a(t)) + £4(?), 2)

where a(t) represents a noisy dynamic input to the system. We note that
both additive and nonadditive noisy inputs are included by £,(¢) and
a(t), respectively.

The boundary conditions are given by

8oty 4, uy , v) + &4(t) = 0, x =0, (3
&ty u, uy , ©) + £4(t) = 0, x =1, 4)

where &,, £, £, are independent zero-mean random processes with
unknown statistical characteristics. Observations of the system consist
of the m-vector y(x, t), related to the state by

W(x, 1) = h(x, t, u(x, 1)) + 7(x, t), (5)

where 75(x, t) is an m-vector of unknown measurement noise.

We want to consider the feedback control of the system (1)—(5).
Thus, the control variable o(x, #) will be determined on the basis of the
measurements y(x, t), v(x, t) = B(y(x, t)). This represents the usual
situation of feedback control. However, if the noise is significant or the
control is critical to the proper functioning of the system, then control
based directly on the measurements may be quite poor. What we would
like to have is the control action determined on the basis of the actual
state of the system rather than the noisy measurements. Therefore, the
problem is to generate continuously optimal estimates of the system
state based on the observations. This is exactly the filtering or recursive
estimation problem for a dynamical system. The use of a filter in the
control loop will offer two important advantages: (i) optimal estimates of
all the components of the state vector u(x, t) will be provided in real
time, not just those components which appear in (5); and (ii) since
estimates of all the components of u(x, t) are available, we can formulate
a controller based on unmeasured as well as measured states. Thus, we
will let the control function be represented by

o(x, t) = B(d(x, t)), (6)

where #(x, t) is the estimated value of u(x, t).
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3. Filtering in Distributed-Parameter Systems

The subject of filtering in systems described by partial differential
equations has received only limited attention. Filtering in linear distri-
buted systems with white noise disturbances has been treated in Refs.
11-17, wherein results analogous to the Kalman filter were obtained. Fil-
tering in nonlinear distributed systems has been considered in Refs.
18-20. The most general filter has been derived in Ref. 20, based on an
optimal control approach and invariant embedding. A nonlinear least-
square filter based on Eqs. (1)—(5) is given by [one assumes that Eq. (6)
has been substituted into Eq. (1)]

at =f(x, t i, ﬁz » ﬁu:‘i)
EP f : f :P("")(x, &, ) h,T(&, 1, ) Q(€, v, ) ¥(w, ) — h(v, t, )] d dv

+ P, 0, 1) h,7(0, £, ) Q(0, 0, [ (0, 1) — (O, t, &), (7)
ﬁg = A(t) é)

+ ' | S PO 1) BT(E, t, 8) O, v, )y, 1) — K, , B)] dE dv
00

+ P, ) 1,(0, £, ) Q(0, 0, £)[ (0, £) — h(0, 2, B)], ()

P‘('"’)(x, s, t) =fu(x) P(m:) o P(vv)f;‘f(s) +fu,(x) P(vv) e P(w)f’r (s)

+fu“(x) P(w) (vv) u“(-f) +f (x) P(va) (S, t) g P(va)(x’ t)fa (.\')

+ j j P™(x, £, 1) S(¢, v, t) PYv, s, t) dé dv
0vo

+ P"(x,0, 1) S(0,0, 1) P70, 5,2) + R(x, 5, 1), ©)

P, 1) = fu(x) POV + £, () P2 + £, (%) P + fulw) PO
1+ P24, g [ [P, £,1) S8, v, 1) P, ) d do
+ P(x, 0, 1) 5(0,0, ) P“?(0, 1), (10)
P:M)(I) _ AaP(aa) oo P(aa)A“uT + J‘l J-l P(M)T(f. t) S(fn v, l) P(W)('V, t) d¢ dv
0vo
e P(mz)r(o t) (0,0, t) P(ua)(o £) W_l(t) (11-1)

(s 1) = [T, £, Q0. O[3(6, ) = K5 &, Dkt (11-2)

where QO(x, s, t), R(x s, 1), and W(t) are arbitrary positive-definite
weighting matrices.
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The initial and boundary conditions are

(x, 0) = ly(x), (12)

d(0) = 4y, (13)

1 8(t, 4, 4,) = 0, (14)
gl(tl i, ﬂ:l.') =0, (15)
Pz, s,0) = P{")(x, s), (16)
P("")(x, 0) — Psvu)(x), (17)
P(aa)(o) = P'gmz), (18)

£, P + 8o, PV + RO Gol [en86) =0, % =0, (19

HP + 4 P - RIOGL WM —1)=0, x=1, (20

l.. Upy
LPC + 4 PP =0, x=0, ()

él,P(M) '+"§1,,_Pa(:m) = 0, o1, (22)

- -1
where R:(t) and R,(t) are arbitrary positive-definite weighting matrices.

The initial conditions #,(x) and d, represent our best guesses of
the initial state and the noisy input a(t). The initial conditions on the
auxiliary equations, which we will refer to as the covariance equations,
P{™ (%, 5), P{™(x), and P{”, are somewhat arbitrary. For measure-
ments at M discrete spatial locations, we replace Q(x, s, t) by

M M
Qalx, 5, 1) = (1/M?) k):l 2 Oxr s 51, ) 8(x — %) 8(s — 1), (23)
=] l=1
so that the integrations in Eqs. (7)-(11) become summations,

If, in addition to the system states, it is necessary to estimate
constant parameters appearing in Eq. (1), then these parameters can be
considered as components of a(t) for which A4(t, @) = 0. Although to
conserve space we have not presented the most general form of the filter
here, the estimation of dynamical inputs of the form of Eq. (2) in the
boundary conditions (3) and (4) can also be included. In the example to
follow, we will consider only measurement errors, that is,

flzfs=§4=0-
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Thus, R(x, s, t), R(), and Ry(t) will not be required. Also, there will be
no noisy dynamical inputs of the form of Eq. (2), so that the matrices
Pv)(x, 1) and Plea)(t) will not appear.

In summary, the system dynamics are described by Egs. (1)-(6).
The filter is governed by Eqs. (7)~(11), subject to Eqs. (12)—(22). Thus,
the dynamics of the closed loop in the absence of filtering are described
by Egs. (1)«(5) and o(x, ) = B[y(x, #)]. With the filter, the dynamics are
described by Eqgs. (1)-(22). We now wish to compare the closed loop
dynamics of a complex distributed system with and without a filter in
the control loop. We will pay particular attention to the practical aspects
of the scheme.

4. Control of a Styrene Polymerization Reactor

A common process for styrene polymerization, particularly high-
impact polystyrene, is mass or batch operation, wherein styrene monomer
is fed to the reactor, a predetermined temperature and agitation program
is followed, and the product is removed after a set time of operation,
Problems encountered in reactor design and control stem from the
highly exothermic nature of styrene polymerization and the high
viscosity of polystyrene melts, making adequate heat transfer a key
design consideration. Since agitation rates are limited by the viscosity
of the reactor contents, heat transfer is accomplished by banks of internal
coils containing circulating oil, the temperature of which can be con-
trolled externally. In order to prevent the formation of local hot spots
which can lead to an unstable reactor, heat transfer surfaces are generally
separated by a few inches at most.

The typical high-impact polystyrene polymerization process can be
divided into two phases: an agitated phase and a nonagitated phase.
Initially, the reactor contains mostly low-viscosity monomer, and heat
transfer is accomplished by agitation. However, as the polymerization
proceeds, the viscosity increases sharply and agitation can no longer be
used. During this second phase, heat transfer occurs by conduction only.
Close control of the temperature of the coils is important so that the
polymerization will proceed at a significant rate but with temperatures
kept below the point at which hot spots can develop with the reactor
becoming unstable,

Let us assume that the reactor contains several parallel coil banks,
separated by a distance 2b. We consider the reaction to be confined
to the space y = 0 to y = 2b. The polymerization of pure styrene has
been thoroughly studied (Ref. 21). The mass thermal polymerization of
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styrene can be considered a first-order kinetic process with respect to
styrene monomer concentration (Ref. 22). Denote the temperature and
monomer concentration by 7'(x, ) and ¢(x, 7). In the absence of agita-
tion, they are governed by

T,(x 7) = (x/pCy) Ty + (AHA'c|pC,) exp(—E[RT), (24)
¢(x» 7) = —A'c exp(—E/RT), (25)
T(x,0) =Ty, ¢(x,0) =, (26)

7(0, 7) = Ti(r), (27)

T,=0 x=2b (28)

Molecular diffusion of monomer in the highly viscous melt has been
neglected. 7, and ¢, are the temperature and concentration at 7 = 0,
and condition (28) implies symmetry at the centerline between the heat
transfer surfaces at y = 0 and y = 2b.

We define the dimensionless variables

x = /b, ¢ = AHA'c*b*|xT*,

t = kr[pC b, B = A'b*C,/x,

1 = T[T, € = E/RT*, (29)
u, = ¢fc*, U, = o
u, = T /T*, Uy, = cofc™,

where T* and c* are a reference temperature and concentration. In
dimensionless terms, the system becomes

uy, = t,, + ity exp(—e/uy), (30)
Uy, = —Puty exp(—e/uy), 31)
w(x, 0) = uy,,  ua(x, 0) = s, , (32)
(0, 1) = u,(t), (33)

wm,=0 x=1 (34)

Temperature control is exercised through u,(t). We consider the case
in which u, is determined by a feedback proportional law based on the
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deviation of the centerline temperature u,(1, ¢) from a desired operating
temperature u, , that is,

Br  HO >

w(t) = (H(1),  wg™ < H(t) < ™, (35)
«M0 H() < o™,
H(t) = u* — K[y(t) — ug), (36)

where u,* is a reference control level, #™** and ¥™™ are maximum and
minimum control temperatures, K is the proportional gain, and y1(2)
is the measured value of u,(1, ¢).

We want to study the effectiveness of the stochastic control scheme
when the measurements of u,(l,?) are corrupted with noise. The
parameter values used in the study are those for styrene polymerization
(see the nomenclature for the values of individual parameters), speci-
fically,

$ = 1.39 x 104, 4, = 1.25,
B =125 x 101, 1y, = 1.0,
€ = 34.1, ug = 1.27,
u* = 1.16667, ug™ = 1.22,
K =50, ™ = 1.1,

Figure I shows the dynamics of the system of Eqs. (30)—(36) when
the temperature measurements at x = 1, u,(1, ¢), are noise-free, and
corrupted with additive Gaussian noise with standard deviation 10%, and
20% of the value of u,(1, £). We note that with 209, noise, the system
becomes unstable because of the erratic action of the controller. It is
the behavior shown in Figure 1 that we wish to avoid by means of the
proposed control scheme. Let us first consider the performance of the
filter in estimating temperature and concentration profiles in the reactor.

4.1, Estimation of Temperature and Concentration in the
Reactor. We assume that it is possible to make a maximum of
three measurements, consisting of the temperature at x — | and the
concentration at x = 0 and x = 1, that is,

() = (1, 1) + (1), (37
Yalt) = ug(1, 1) + ny(t), (38)
Yalt) = ug(0, 1) + ny(2). (39)
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Fig. 1. Comparison of true centerline temperature under feedback proportional control
with no filter at observation noise of 0% (curve 2), 10% (curve 3), and 20%
(curve 4).

The estimation equations for #; and u, corresponding to these three
measurements are obtained from Eq. (7), that is,

dy, = fh, + $ily exp(—e/dy) + q,(t) Piy"(x, 1, ) 4(t) — ti(1, £)]
+ galt) P57, 1, ) yalt) — 2y(1, 2)]

+ g4(t) P{3(x, 0, £)[ 35(t) — 850, 2)], (40)

ly, = —Bily exp(—e/ly) + q:(t) Py"(x, 1, )3 (t) — (1, 2)]
+ gut) P”(x, 1, ) ya(t) — f(1, 2)]
+ g(t) P3"(x, 0, 1) 34(t) — (0, )], @1
the boundary conditions of which follow directly from Eqgs. (33) and (34).

The equations for P{{", Py, P{Y), P§Y can readily be obtained
from Eq. (9) and will not be presented. The boundary conditions are
]
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obtained from Egs. (14), (15), (19), (20). The initial conditions (16) were
selected as follows (these particular forms will be justified later):

P{'l"’)(x, 5,0) = Cyxs[exp — | x — s ], _ (42)
P, 5,0) = Cyll — (x — 1)1, (43)
Py”(x,5,0) = Cyll — (s — 1)%, (44)
PE%(x,5,0) = Cy. (45)

Figures 2 and 3 show estimated and true temperature and concen-
tration, respectively, for 109, measurement errors in each of the three
observations [Eqgs. (37)-(39)]. In the cases shown in Figs. 2 and 3,
u,(t) was held constant at #,*. The errors were generated by

() = (1, )[1 +vG(O, 1)],

where v is the fraction of error and G(0, 1) is a normally distributed
random variable with mean zero and standard deviation one. The fol-
lowing parameter values were used: Cy; = 100, C;, = —50, C,; = —50,
Cy = 100, @, = 1325, dy =09, ¢=1, ¢g=1, ¢5=025 for
t < 0.015 and’ g3 =1 for t > 0.015. This case represents a rather
severe test of the filter, since measurement errors in u; of 109, corre-
spond to a standard deviation in the temperature measurements of 37°C,
a value far exceeding that to be expected in actual practice. The estimates
of uy(1, t) and %,(0.5, #) converge at about the same rate, whereas the
estimates of u,(0, t) and uy(1, ) converge somewhat faster than those of
u5(0.5, t).

Cases similar to those shown in Figs. 2 and 3 were run with the two
observations y, and y,. I'he filter performance in this case was very
similar to that shown in Figs. 2 and 3 for three observations, and we do
not present these results here. Estimation using only one observation y,
was also attempted. In this case, #; was estimated quite accurately for all
%, but u, was estimated rather poorly. However, if our only objective
of filtering is to obtain a good estimate of u,(l, ¢), then we need only
make the one measurement y,. This is of some practical interest, because
it may be quite difficult to measure continuously the degree of poly-
merization u#,. Presumably, this measurement, if necessary, could be
made by a viscosity-measuring device.

Numerical integration of the state and filter partial differential
equations was carried out using an IBM 360/75. The integration was
carried out until # = 2.75 (approximately 17 h of reaction time) with a
time step 4¢ = 0.005. Computing time required to solve the filtering
equations was 6 min and 40 sec.
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Fig. 2. True and filtered values of temperature at locations x = 1 and x = 0.5at 10%
observation noise with three observations and u,(t) = 1.16667.
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Fig. 3. True and filtered values of concentration at locations x = 1, x = 0.5, and
x = 0 at 10% observation noise with three observations and u,(t) = 1.16667.
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4.2. Feedback Control. We now study the dynamics of the
closed loop including the nonlinear filter. The system is highly sensitive
to u,(t). Improper application of u(f) can cause system instability, as
we saw in Fig. 1 for the case of 209, measurement errors. Clearly, the
less the uncertainty in i, and 4, and the lower the measurement noise
level, the better the performance of the filter and the control. We note
from Figs. 2 and 3 that there is an initial period of time required for
i, and d, [and, in particular, #,(1, 1)] to converge to the actual values.
Because of the exothermic nature of the system, during this initial
period it is better to overestimate than underestimate (1, ¢). Under-
estimating u,(1, ¢) for too long a period of time may cause u,(t) to assume
ug"** for too long and drive the system unstable. Consequently, we will
always make sure that thy, > u, and #, < u, . This is possible because
in practice we know the temperature bounds and the initial concentration
fairly well anyway. Thus, the initial conditions for Eqs. (40)-(41)
should not be expected to be a problem.

The number of observations required depends on our objective.
One observation yy(t) may be sufficient if our sole purpose is for #,(1, t)
to be close to uy(1, ). Additional observations can be expected to improve
not only #(x, £) and dy(x, t) but also #(1, ¢).

Figures 4 and 5 show the temperature response at 10% and 209,

. , I
1.341—

{TRUE ui(1,t)

= 1.26}

TEMPERA
n n
N B

n
Qo

@
T

o
I

| | | |
0 05 1.0 1.5 2.0
t
Fig. 4. True and filtered values of temperature at locations ¥ = 1 and ¥ = 0.5 at 109,
observation noise with three observations under feedback proportional control.
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Fig. 5. True and filtered values of temperature at locations » = 1 and x = 0.5 at
20% observation noise with three observations under feedback proportional
control.

measurement noise, respectively, with the filter in the control loop.
In each case, we show u(l, #) and #,(0.5, ¢) the actual temperatures
in the reactor, as well as the estimated values of these temperatures from
the filter. Figures 4 and 5 were generated on the basis of the three
observations [Egs. (37)-(39)].

Figure 6 presents a comparison of the completely deterministic
response (curve 2 of Fig. 1), u,(1, ¢) at 109, measurement noise and
no filter (curve 3 of Fig. 1), and #,(1, t) at 109, measurement noise
with a filter in the loop (curve 1 of Fig. 4). Likewise, Fig. 7 presents
the same comparisons for 209, measurement noise. In this case, even
at the unusually high level of error of 209%,, the feedback control scheme
employing a filter prevents the system from becoming unstable.

4.3. Approximate Filter. For this two-state variable system,
the filter consists of six coupled nonlinear partial differential equations.
In general, the necessity to integrate the covariance equations will
greatly diminish its practical utility for any system with even a modest
number of state variables. A significant reduction in computing time
could be achieved by avoiding the integration of the covariance equations.
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Fig. 6. Comparison of true centerline temperature under feedback proportional control
at 0% observation noise (curve 2), 10 % observation noise with no filter (curve 3),
and 109, observation noise with filter and three observations (curve 4).

One approach is to assume directly the form of the solution. We note
that, for a linear system with white noise disturbances,

P, s, 1) = Sl(u(x, 1) — d(x, ))(us(s, 1) — as, t)]. (46)

In the nonlinear case, relations such as (46) do not apply; however,
Eq. (46) may be used as a qualitative guide to choosing the form of
Py s 1),

Let us consider the formation of an approximate filter for the
polymerization reactor system. The boundary conditions that must be
satisfied are [we drop superscript (vv) for convenience]

Py(0,5,8) =0, Py(x,0,¢) =0,
Piy(0,5,t) =0,  Py(x,0,t) =0,
[Pi1 )z~ = 0, [Py,)om =0,
[Pr2)zm1 = 0, [Py )ems = O.

(47)

Since the system exhibits the behavior of exothermicity, concentra-
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Fig. 7. Comparison of true centerline temperature under feedback proportional control
at 0 % observation noise (curve 2), 20 % observation noise with no filter (curve 3),
and 20 %, observation noise with filter and three observations (curve 4).

tion and temperature should have negative correlation. Therefore, we
can assume

Py, Py =0, Py, Py < 0. (48)

Since u,(0, t) is known precisely for all ¢, it is reasonable to assume that
Pyy(x, 5, t) decreases as x and s decrease. On the other hand, there is no
reason to assume that u, will be estimated more accurately at one location
than another. So we assume that P,y(x, s, t) is independent of x and s.
Thus, we make the following assumptions:

(1) | Pyy(x, s, t)| should decrease as x and s decrease;
(i1) | Pya(x, s, t)| should decrease as x decreases and be independent
of s;
(iii) | Pyy(x, s, t)| should decrease as s decreases and be independent
of x;
(iv) | Pyy(, s, t)| should be independent of x and s; and

(v) since the estimates should improve with ¢, Py(x,s, t)—0
as ¢ increases.
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A set of approximations which satisfy these requirements are:

Pyy(x, 5, 1) = Cyxs exp[— | % — s [][k exp(-out) + kg exp(-aqf) + kg exp(-ayt)],

49)
Pig(x, 5, 1) = Cy[l — (x — 1)*][%, exp(—ayt) + ks exp(—ayt) + kg exp(—agt)],
(50)
Py(x, 5, 1) = Cy[l — (s — 1)*][k; exp(—oyt) + kg exp(—ayt) + ky exp(—ay?)],
(51)
Pyy(x, 5, ) = Cyglky exp(—ayot) + kyy exp(—ayyt) + kyg exp(—oyet)]. (52)

Figure 8 shows a comparison of Py (1, 1,¢t) and Pyy(1,1,¢) for
the full and the approximate filter. The values shown are those for the
feedback control case with three observations and 109, noise. As we see,
the key characteristic of the function Py(x, s, t) is its rapid initial decline
in magnitude and asymptotic tendency toward zero. An approximate
representation of Py(x, s, t) exhibiting this behavior can be expected
to be a useful alternative to integration of the full filter. The computation

T 1 1 I |

R, (I,1,t) FULL FILTER
801

|
2 B, (I,1,t) APPROXIMATE FILTER
3 P,(I,I,t) FULL FILTER
s 4 Py(l,1,1) APPROXIMATE FILTER
a0t -
=20
d:‘

-20

0 05 t 1.0 1.5

Fig. 8. Comparison of Py(1,1,t) of full and approximate filter under feedback
proportional control at 109, observation noise with three observations.
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time for the feedback control case using Eqgs. (49)-(52) was 28 sec as
-opposed to over 6 min for the full filter. The curves of #, and , for the
approximate filter are very close to those for the full filter, and are not
shown.

The parameter values for Fig. 8 are C,; =75, Cyy = —37.5,
Cy = —31.5, Cyy =175, and Egs. (49)(52) are of the general form

Py = Cy;[0.9 exp(—66¢) -+ 0.09 exp(—2t) + 0.01 exp(—0.51)].  (53)

5. Summary

We have presented a scheme for the feedback control of stochastic
distributed systems. The scheme involves the inclusion in the loop of a
computer performing on-line filtering to provide optimal state estimates
for the controller. We have presented a theoretical comparison of feed-
back proportional control of a styrene polymerization reactor with and
without filtering. Finally; we showed how the integration of the filter
covariance equations could be avoided by assuming the form of Py(x, s, 2).
For the particular example, the approximate filter required only 28 sec
of computing time to control the reactor for 17 h of real time. Thus, this
scheme offers promise for the control of processes that contain elements
of uncertainty and for which a time-shared process control computer is
available.
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Chapter III

OPTIMAL FILTERING FOR SYSTEMS GOVERNED BY FUNCTIONAL
DIFFERENTIAL EQUATIONS

1. Introduction

In this chapter, within a single framework we obtain new optimal
filters for the following classes of systems:
1. Nonlinear lumped parameter systems containing multiple constant
and time-varying delays;
2. Mixed nonlinear lumped and hyperbolic distributed parameter
systems; and

3. Nonlinear systems with functional time delays.

Several known [16,19] and new linear filters evolve as special cases of
the more general nonlinear results. Figure 1 illustrates the classes of
systems %or which filters are derived in this paper.

We begin by formulating the general problem which can be shown to
include each of the above as special cases. We shall then present the
derivation of the filter for this class of problems. After doing so, we
shall illustrate the computational application of the general filter for

a chemical-reactor heat-exchanger system.

2. Formulation of the Problem

Let us consider the problem of filtering for the class of well-
posed systems governed by the coupled ordinary and partial functional

differential equations
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1

k(t) = £(x(t),z(ry,t),---,2(rg,t),t) + f K(z(r,t),r,t)dr + £(t) (1)
0
)

zt(r,t) = -M(r,t)zr(r,t) + g(z(r,t),r,t) + ¢(r,t) (2)

defined for t > 0 on the normalized spatial domain r e (0,1) .
x(t) and z(r,t) are ny- and n,-dimensional state vectors, respec-
tively, and £(t) and z(r,t) are zero-mean random processes with
arbitrary statistical properties. Zy and z, denote 9z/3t and
9z/dr , respectively. Observations of the system consist of the ng-

dimensional vector y(t) , related to the states by
* *
.Y(t) = h(X(t) ,Z(Y‘] :t) ’Z(rY’t) ’t)

+ [ H(z(rst),rst)dr + n(t) (3)

OV

where n(t) 1is a zero-mean measurement error with arbitrary statisti-
cal properties and 0 < ry < :=-<r, <1 and 0 < r: < ---<tr; <1.
One should note that there is no loss of generality in having the
observations y depend only on t ; for example, the vector y could
be expanded and partitioned so that all interior measurements z(r:,t)
could be observed within this framework. Initial conditions for (1)

and (2) are

x(0) = x (4)
z(r,0) = z (r) (5)

The boundary condition at r =0 for (2) is

2(0,t) = b(x(t)) (6)
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We shall now show that by appropriate modification of the system
(1)-(6), four important classes of time delay and mixed Tumped and dis-

tributed parameter systems result.

2.1 Nonlinear systems with multiple constant time delays

The system (1)-(6) can be reduced to the following nonlinear

lumped parameter system containing multiple constant time delays:

X(t) = F(x(t)sx(t-0q)se - 5x(t-ag),t) + E(t) (7)
y(t) = h(x(t)x(t-a7),- - ox(t-af),t) + n(t) (8)
x(t) = ¢(t)y -0, <t <0
Oy ® max(aB,a:) (9)
where 0 < a4y < <a, and 0 < a < +ee < u; . This can be done
by setting K=H=9g=1¢=0, b(x(t)) = x(t) , (and hence n, = n]),
M(r,t) = a;lx » Ty = os/a s rg = a;/amax » and z(r,0) = ¢(-ra__ ).

Then z(ri,t) = x(t-a;) and z(r;,t) = x(t-a;) . In the formulation
(7)-(9) there are B constant time delays in the state equation and
Y constant time delays in the observation equation. These delays need

not be equal.

2.2 Nonlinear systems with multiple time-varying delays

.The system (1)-(6) can be reduced to the following nonlinear

lumped parameter system containing multiple time- varying delays:

x(t) = Fx(t)sx(t-a;(t)),- - ox(t-a (t)),t) + £(t) (10)

y(t) = h(x(t),x(t-ay(t)), - x(t-a¥(t)),t) + n(t) (11)



&i(t) <1 i= 1)2:"'30 (]2)
a;(t) <1 i=1,2,000 0 (13)
x(t) = ¢(t) O, £t <0 (14)
Gnax = MaX(a1(0),+++ 4 (0),a7(0),++ ,a (0)) (15)

Tod soweset K=H=g=¢g=0,8=y=1, r = rT =1,
b(x(t)) = [xT(t),xT(t).---.xT(t)]T »an n, = (p+w)n]-dimensiona1 vector
consisting of pt+w identical vector elements x(t), M(r,t)= [Mij(r,t)]

an npx nz—matrix with nyx n]—matrix components Mij defined by

0 T #3
1—r&1
I 1:],2’...") .
%4 (16)

M_ij=< '|=J

1-ral_

TQI i=ptl,---,ptw

\ L

Also we let the nz-dimensional vector z(r,t) = [z¥(r,t),---,zl(r,t),

zTT(r,t),---,z:F(r,t)]T where each zi(r,t) or z;(r,t) is an nq-
dimensional vector, and set zi(r,O) = ¢(-rai(0)), z;(r,o) = ¢(-ra;(0)).
Then zi(l,t) = x(t-ai(t)) and z;(l,t) = x(t-a;(t)) . Conditions (12)
and (13) insure that the time delays do not increase faster than time

itself.

2.3 Mixed nonlinear Tumped and hyperbolic distributed parameter systems

Setting K=H=0, B=1, and ry = 1 , we obtain the mixed
lumped and hyperbolic distributed system
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K(t) = F(x(t) ,2(1,t),t) + E(t) (17)
z,(r,t) = -M(r,t)z (r,t) + g(z(r,t),r,t) + g(r,t) (18)
y(£) = h(x(£),2(r] ), --.2(ryut),t) + n(t) (19)

subject to (4)-(6). Thus, (17)-(19) represents processes in which
transportation lags are accompanied by phenomena such as dissipation

of mass and energy, fluid mixing, and chemical reactions. In such
cases, differential-difference equations are inadequate in describing
the system. The importance of this class of systems has been previously

discussed by Hiratsuka and Ichikawa [9] and Aggarwal [1].

2.4 Nonlinear systems with functional time delays

The system (1)-(6)can be reduced to the following nonlinear

Tumped parameter system containing functional time delay

i(t) = f(x(t),x(t-a]),'--,x(t-aB),t)

amax
+j K, (x(t-a) s t) do + E(t) (20)
0
Y(£) = h(x(t),x(t-a7) e -+ x(t=0 ) )
amax
+ J Ho(x(t-a),a,t) da + n(t) (21)
0

Mﬂ=¢ﬁ).-%ugt50
W ™ max(aB,a:) (22)

where 0 < Qg < eee< ag and 0 < a; £ ssn & a: . This can be done by

setting g =¢ =0, b(x(t)) = x(t) , (and hence n, = n]) 5
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- '] = - = * =
M(rot) = ooy s i = /0y o T3 = 05/00y s T = 0/a o
K(Z(Y‘,t),l",t) - amaxKo(z(r’t)’ amax l"‘,t) ’ H(z(r‘,t),r',t) L

amaxHo(z(r,t). - - r,t) , and z(r,0) = ¢(-ramax) . Then z(ri,t) =

x(t-ai), z(r;,t) = x(t-a;) , and z(r,t) = x(t-a) .

3. Derivation of the Filter

We shall derive the optimal least square filtering and smoothing
equations for the system (1)-(6) through the use of differential sensi-
tivities and a decomposition algorithm. In this section we shall pre-
sent the detailed derivation for the case of K=H=0 1in (1)-(6).

We do this only for the convenience of the reader so as to avoid
details which are more cumbersome than need be given. We shall, how-
ever, present the filter for the completely general form of (1)-(6) in
Section 4.

The derivation of the filter for the system of (1)-(6) consists
of two parts. First, we formulate the problem of fixed time smoothing
and derive the necessary conditions for optimality. Second, we convert
the smoothing problem into the filtering problem using a formulation

based on differential sensitivies [22].

3.1 Statement of the problem

Consider the system (1)-(6) with K =H =0 . The state esti-
mation problem is: Given any fixed T > 0 and observations y(t) ,
0<t<T, it is desired to estimate x(t) and z(r,t) for
0<t<T,0<r<1. This is the smoothing problem. The estimation

criterion shall be to minimize
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T T
y = fo'(-f, Ro(t)(k-f)>dt + J<y—h,
0 0

Q(t)(y-h)>dt+l“J ) + M(r,t)z, (rt)
R

= GUZ{TFL)sPst) s R, (F8,t) (2 t( ,t) + M(s,t)zs(s,t)

- g(z(s,t),s,t))> dr ds l dt (23)

where the weighting matrices Ro(t) and Q(t) are symmetric positive-

definite. R](r,s,t) is defined by [21,33]

1

[ R(riost) Ry(o15.t) do = 18(r-3) (24)
0

where R+(r,s,t) is a positive-definite, symmetric matrix: R+(r,s,t) =
(R+(s,r,t))T. 6(+) 1is the Dirac delta function and I 1is the iden-
tity matrix. Although Ro(t), Q(t) and R;(r,s,t) are only re-
stricted to be symmetric positive-definite, they can be chosen to re-
flect the statistical properties of the stochastic variables §&(t),

z(r,t) and n(t) if statistical information about these errors is

known.
We first reformulate this problem as an optimal control problem,
i.e., it is desired to minimize
T T
v, = f<u(t),, R, (t) u(t)> dt + J<y—h, Qt) (y -h) > dt

T(111
J { f j <v(r,t), R](r,s,t) v(s,t) >dr ds ldt (25)
00
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subject to the constraints

i(t) - f(X(t),Z(r-I,t),"',Z(rB,t),t) L4 u(t) (26)
zy(r,t) = M(r,t)z (r,t) + g(z(r,t),r,t) + v(r,t) (27)
z(0,t) = b(x(t)) (28)

The necessary conditions for optimality corresponding to (25)-
(28) are readily derived through adjoining (26)-(28) to the objective
(25) by Lagrange multipliers A(t) and o(r,t) and then taking first
variations (see Appendix III-B). Only the results are presented here,
where we use the circumflex ~ to indicate the optimal values, and the
notation (+/T) in the arguments to denote the dependence of the opti-
mal solution on the observation interval [0,T] . The optimal values
of X(t/T) and Z(r,t/T) result from the solution of the following

two-point boundary value problem:

R (t/T) = F - 5 R1() A(t/T) (29)
1

2, (r,t/T) = Mz + g - %-J RY(r,s,t) ols,t/T) ds (30)
0

Kt(t/T) = 231 Q(t)(y- ﬁ) -%x K(t/T) -BI MT(O,t) G(O,t/T) (31)
. )
'I'Z'I hz(r";,t/T) Q(t)(y -h) &(r- r‘i)

B "
i
- 121 fz(ri,t/T) A(t/T) &(r- ri)

oy (rt/T) = 2

A egym O(mt/T) = (T (n 1) olr, /), (32)
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A(0/T) = A(T/T) = 0 (33)
&(r,0/T) = o(r,T/T) = 0 (34)
2(0,t/T) = b(x(t/T)) (35)
G(1,t/T) =0 (36)

where f denotes f(X(t/T), 2(r],t/T),---,i(rB,t/T),t) , etc.
Equations (29)-(36) represent the boundary value problem which must be
solved to produce the optimal least square smoothed estimates of x(t)
and z(r,t) when data are given over 0 <t < T . The optimal smooth-
ing results for each of the special cases discussed in Section 2 can

be determined from the appropriate simplification of these equations.

3.2 Differential sensitivities

In the above two-point boundary value problem we can express
the solutions X(t/T) and Z(r,t/T) in terms of the Lagrange multi-

pliers by

x(t/T) = x[A(t/T),0(s,t/T)] (37)
z2(r,t/T) = z[r, X (£/T),0(s,t/T)] se[0,1]  (38)

Let 6/68 denote the functional derivative and define the first

order differential sensitivity matrices PXX, sz, pZX and P%? by

XX _ L, AX(t/T)
PXX(t/T) = -2 T (39)
PXZ(s,1/T) = -2 (YT _ (40)

80 (s,t/T)
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PZX(pr, t/T) = -2 —ELELELIL (41)
33(t/T)
2Z(p,s,t/T) = -2 6§(r’t E (42)
56 (s,t/T)

Then, using the chain rule of calculus, the partial derivatives

of X,z and Z_ with respect to T can be expressed as

T
1
Xp(t/T) = - %—{P*x(t/r) xT(t/T)a-f P*2(s,t/T) 87(s,t/T) dsl (43)
0

1
T(r,t/T) = - 2{ f P?%(r,s,t/T) GT(s,t/T) ds + P¥X(r,t/T) XT(t/T)} (44)
0

ErT(r,t/T) Zz(r s,t/T)87(s,t/T)ds + PLX(r, t/T)AT(t/T)£ (45)
These equations describe the time evolution of the optimal solutions
X and z as the length of the observation interval T varies.

Now let q(t/T) be whatever we desire to estimate in the system,
based on observations y(t) , T € [0,T] , and denote the optimal esti-
mate of q(t/T) by a(t/T) . Since we are interested in the optimal
fi]ter.estimate, we seek a(T/T) and, in particular, the total deri-

vative dq(T/T)/dT . We note that

A

9T - G (M| + gl
t=T t=T

which we write for convenience as

Q) = §,(/T) + ap(/m) (46)
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Thus, the total derivative of the quantity a(T/T) is a sum of two
terms, one representing the dynamics of the system at(t/T)|t=T , and
the second the updating of the estimate in the face of new observations
aT(t/T)|t=T . This result was demonstrated for lumped parameter systems
by Padmanabhan [22].

When a is also a function of one or more spatial variables

a(r,s,t/T) , then (46) becomes

290, T/T) = G, (r,s,t/T) o ar(r,s,t/T) (47)

t=T

which we write for convenience as

(ST 2§ (r,5,T/T) + Gplres,T/T) o

We emphasize that each term in (47), and hence (48), represents a dif-
ferent partial derivative. In particular, the L.H.S. of (47) and (48)
is the analog to the total derivative in (46), whereas the R.H.S. of

(47) and (48) consists of partial derivatives with respect to each of

the arguments t and T in (+,t/T) , respectively.

3.3 State filter equations

We now wish to derive the dynamical equations for dx(T/T)/dT
and 9z(r,T/T)/3T which represent the rate of change of the filtered

estimates with T . Using (46) and (48), these can be expressed as

i"fﬂ,ﬂl = X, (T/T) + X (T/T) (49)

B2, /1) = 3. (r,T/T) + Zp(r,T/T) (50)
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Equatiéns (33) and (34) imply that

di(E4T) _ 38(55¥/T) . (51)
Using (46) and (48), (51) can be written
A(T/T) + X (T/T) = 0 (52)
o7(s,T/T) + 0, (s,T/T) = 0 (53)
Then (31)-(34) and (52)-(53) give
| Ap(T/T) = =2h! Q(T)(y -h) (54)
o, = 2 LR (r 1m) AN =R) (s =) (55)

Substituting (54) and (55) into (43) and (44), we obtain

A ~ Y ~ -
x7(1/T) = PX*(T/T)h} Q(T)(y - h) bl *Z(r;.T/T)hI(rg,T,T)Q(T)(y-h)

(56)
2-(r,T/T) = Ypzz( * T/T)h) (T) (y-h)
ZT rsT/ - 1£'| rsria / Z(Y‘?,T/T) Q Y=
+ PEX(r,T/T) b1 Q(T) (y-h) (57)
On the other hand, (29), (30), (33) and (34) give
X, (T/T) = f (58)
z,(r,T/T) = -Mz_+g (59)

Hence (49), (50), (56)-(59) constitute the state filter equations.

The boundary condition for 2z(0,T/T) is
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2(0,7/T) = b(x(1/T)) (60)

3.4 Covariance equations

We now need to derive the dynamic equations for the differential
sensitivities P**(1/T), P**(s,T/T), P?*(r,7/T) and P**(r,s,T/T) to
complete the specification of the filter. These equations are usually
referred to as the covariance equations by analogy to the linear case,
although they are not the true covariances in the nonlinear case. In
order to derive these equations, we need the total derivatives with
respect to T of the four differential sensitivities as in (49) and
(50) for the state filter equations. As we know, each aP(-,T/T)/oT
will be a sum of two terms, Pt(-,T/T) and PT(-,T/T) . For the general
nonlinear case we are considering, it can be shown that PT(-,T/T)
involves the second order differential sensitivities, and, likewise,
the second order differential sensitivities involve the third order
differential sensitivities, etc. Thus, in general, it is not possible
to close the system of equations. For this reason, we will approximate
aP(+,T/T)/3T by Pt(-,T/T) , enabling us to obtain a closed set of
equations.

The basic approach is that we shall derive two expressions for

each of the quantities
d ro 9 o
3 [x(t/M)] 3= [z7(r,t/T)] (61)

and equate the two expressions for each of the quantities while setting
t =T . Since each of the quantities above is a continuous function of

t and T , we can write
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3 [xg(t/M)] = 3¢ [x,(t/T)] (62)

3e Lzglr, /M1 = & [2,(r,t/M)] (63)

Substituting (29) in the R.H.S. of (62) gives

e - B & A
%E-[XT(t/T)] = fxxT(t/T) + |1Z] fz(ri,t/T)G(r'ri)’ zT(r,t/T) dr

R
Ro

r\)l._a o

(t) Ap(t/T) (64)

which, with the help of (43) and (44), can be written as

. \ .

3 D(om1 = - 3 [Fp%em + VRRETORYS) PRyt + R (1)
3 1 ] £ » zz % pXZ -
<Apttm -5 [ ol tmP Hrps T + P, T orls,t/Tas

1
0 (65)

On the other hand, using (43) we can write

]
3 [xp(t/M)] =-;—[P’;x(t/T)KT(t/T +f PYZ(s,t/T)ag (s, t/T) ds]
0

- [P & Bema +j P(s,t/T) Sl (s,t/)] ds) (66)
0
which gives us two expressions for the first quantity in (61).
To obtain two relations for the second quantity in (61) we

first substitute (30) in the R.H.S. of (63), giving
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t [zT(r t/T)] = -Mzr,+ gz(r t/7) zT(r t/T)
'l
-3 | Ri(risit) opts,tm s (67)
0

which, with the help of (44) and (45), can be written as

3 Lzp(n /M1 = - 5 [N t) PPt/ + 9, )PP (s t/T)]

z(r’t/T)pzz(rss’t/T)

O

x Ap(t/T) - ,}[ ;-M(r,t)P,Z.Z(r,s.t/T) +g

. R’]'(r,s,t)f o7(s,t/T) ds] (68)

On the other hand, using (44) we can write

1
3 [zp(r,t/T)] = - %-[jf PZ2(r,5,t/T) or(s,t/T) ds
0

1
+ Pix(r,t/T)XT(t/T)] - %l:f PP2(r,s,t/T) 3= [op(s,t/T)] ds
0

+ PPX(r,t/T) 3¢ [KT(t/T)]] (69)

Now we equate (65) and (66) setting t =T . For the equality to
hold, the coefficients of Ar(t/T), or(s,t/T) and or(0,t/T) must be
zeroat t =T . (The last two terms of (66) are evaluated in Appendix

III-A.) Doing so, we obtain

PEY(T/T) = £ PR (/) + P (YR,

~

B
+ .Z fz(ri,T/T) sz(r JT/T) + {1 sz(r T/T)fz(r T/T)
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+ 4 (T/T) VE(T/T) PR (T

+ 1E PXX(T/T) vHT/T) PR (rE,TT)

+ E PY2(ry,T/T) VX (/T PX(T/T)

+ iil j§1 P20 T/ TV (1/T) PPR(e3,T/T) + RE(T) (70)
PY4(s,T/T) = f P T/T) + P (s, T/T)gz(s 1) Ps (s T/TIN (s,T)

+ g Az(r T PE2(ry o5, T/T) + PXX(T/T) VX(1/T) P*(s,T/T)

' 1E1 PRIV (T/T) PR (r,s,T/T)

=2

+ PR/ VR PR (s, T/T)
i=1

Y .
b .z] PX2(r¥,T/T) VI(T/T) Pzz(r§,s,T/T) (71)
1=1 J=

~1-<

+

PX2(0,T/T) = P*X(T/T) BI (72)

Similarly, equating (68) and (69) we obtain (the last two terms
of (69) are evaluated in Appendix III-A)

zz(r_ 5,1/T) = z(r T/T) PEE(rys, T/T) + P¥4(r,s T/T)gz(s ,T/T)

-M(r,T) P22(r,s,T/T) = P2%(r,s,T/T)M (s,T)

S

+ PP (r, /) VX(T/T) PX2(s,T/T)

+ X] PEX(r,T/T) VT (T/T) PP2(r%5,T/T)
]_
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+

Y i
3 P 1) V) PG, T)
i=

Y .
+ 31 PP (el Tm) VI(I/T) PRR(rY,s, T/T)
i=1 j=1 J

+ R](r,s,T) (73)

P (r, T/T)

PP, T/TIE + 9, (/) PE(RT/T)

- M(r,T) PEX(r,T/T)

B
zz =T
+ 1 P (r,r,T/T) fz(ri,T/T)

i=1

+ PP (e, 1/T) VX (T/T) P (T/T)

Y .

1 PE4 (e, v, T/T) VIX(1/T) PPX(T/T)
1=

e 3 P ym v PEX (v, T/T)
i=1
X X "

LR L U8 7 AR 0 e A (74)
i=1 j=1 !

P22(r,0,T/T) = PP*(r,T/T) b] (75)

The quantities V%, vi*, v*1 and viJ are defined by
VX(T/T) = Thl Q(T) (y(T) - h)], (76)

vIX(1/1) = [BI(F;,T,T, AN (M =M1, i=1,2,00ey (77

: a7 x _
v (T/T) = [hxo(T)(y(T)-h)]z(r?,T,T) 1,2, 00,y (78)



af]=
V(M) = Thy /gy AN =R, 1) (79)
1 J
1sj=132""1Y

The remaining boundary conditions for (70), (71), (73) and (74)
can be obtained by differentiating (35) with respect to T,

~ ]
3z(0,t/T) Ap(t/T) + £ ——MGT(S t/T) ds

aA(t/T) so(s,t/T)
1.
=b, J-'CL A(t/T) + b Qé(t—/T)—ST(s,t/T)ds (80)
X o (t/T) 60 (s,t/T)

and then equating the coefficients of AT(t/T) and GT(s,t/T) to zero
at t =T ; the result is

P*(0,T/T) = BXP""(T/T) (81)

P22(0,5,T/T) =b, P*%(s,T/T) (82)

The entire filter is summarized in Table 1. In the column of
initial conditions, ;(0/0) and ;(r,O/O) represent our best initial
guesses of X, and zo(r) . The initial conditions P**(0/0) ,
P*%(s,0/0) , P¥*(r,0/0) and P**(r,s,0/0) are basically arbitrary.

In the Tinear, white noise case it can be shown that

PXX(T/T) = EL(x(T) = x(T/T)) (x(T) = x(T/TNHT] (83)
PX2(r,T/T) = EL(x(T) - x(T/T))(z(r,T) - z(r, 7/T))T] (84)
PP (r, T/T) = EL(2(r,T) - z(r,T/T)) (x(T) - x(T/T)) 7] (85)

P22 (r,s,T/T) = E[(z(r,T) - 2(r, T/T)) (2(s,T) - 2(s,T/T))T]  (86)
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Table 1. Filter for the System of (1)-(6) with K=H=0

Initial Boundary
Equations Conditions Conditions
Estimates
x(T/T) (49), (56), (58) x(0/0) None
2(r, T/T) (50), (57),(59) z(r,0/0) (60)

First Order Differential Sensitivities

PXX(T/T) (70) P**(0/0) None
P*2(s,T/T) (71) P*%(s,0/0) (72)
PEX(r, T/T) (74) P¥%(r,0/0) (81)
P%%(r,s,T/T) (73) P*%(r,s,0/0) (75),(82)

These relations may be used as a guide in choosing i €17 1)) TR

P%%(r,s,0/0) .

3.5 Discussion of the filter

The exact equations for the four covariance matrices are of the

form
PTL < p, (1/T) + Po(T/T) (87)
where P can denote Pxx’ PXZ, PZX or P%% .  We noted earlier that

we would neglect the second terms on the R.H.S. of these equations.
Let us give some indication as to how these neglected terms might be
calculated. Employing the chain rule, we have for P#z(r,t/T) , for

example,
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:
XZ PN XZ ~
PR (r,t/7) = EAYTL 5 (4/7) + f (. t/T) G (v,t/T) dv  (88)

aA(t/T) o So(v,t/T)

The terms

aP*% (r,t/T) sP*%(r, t/T)

A (t/T) " so(v,t/T)

are n;xn,xn, and Ny XNy XN, matrices, respectively, which are the
second order differential sensitivities. Thus, the neglected terms in
(87) involve second order differential sensitivities, which in turn
depend on third order differential sensitivities, etc. As with other
nonlinear stochastic problems in mathematics, the exact solution of the
nonlinear filtering problem is unavailable due to a closure problem.

In the Tinear, white noise case it can be shown that the second and

higher order differential sensitivities are identically zero.

4, Filtering in Nonlinear Systems Described by Functional Differential
Equations

In principle, the method of derivation of Section 3 can be used
in the case when K and H are nonzero in (1) and (3). However, an
easier way to deduce the form of the filter is to express the integrals

as summations,

1 N

]
[ Kztr 0 t)ar =t T KG2( 600 08 (89)
0 N]*w i=1
A¥+0
1 | N2
[ H(z(r t),rt)dr = Tim § H(z(r],t).r],8)8] (90)
N, =]
0 4
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and apply the results of Section 3 with the appropriate Timiting pro-
cedures. The filter for this case is summarized below. The state

filter is

R 1
ax(T/T) . 3 l K[z(0,T/T) ,6,T1do+P**(T/T)hy Q(T) @(T/T)

I~

+

LP /Ty 2(rt,1ym) AT o(T/T)

1
1

+ [ P2 (5,7/T) 2 (,7/7)(6) QUT) &(T/T) do (91)

Ezigflill - MZ +g+ 121 PE2(r,rs T/T)hz(r 1m)UT a(T/T)

+ PP (r, /)y Q(T) &(T/T)

:
+ I PZ2(r,0,T/T)HL o 1/7y(8) Q(T) &(T/T) do (92)
0

2(0,T/T) = b(x(T/T)) (93)
where

o(T/T) = y(T) = h(R(T/T), 2(r{,T/T) 5o+ 2 (e, T/T),T)
1 :
- i H(z(6,T/T),6,T) de (94)

The covariance equations are (corresponding to (70), (71), (73) and (74)

for K=H=0)
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1

~

PRT/T) = [RMH.S. of (70)] + | Ry 1/7)(®) PX(6,T/T) do
0

PX2(0,T/T) Kyg 1/7)(0) do + W¥(T/T) (95)

+
o!—._‘_l

1
[RH.S. of (7)1 + [ K, (g /1) (0)P72(8,5,T/T) do
0

PYE(s,T/T)

+

W% (s,T/T) (96)

Pix(r,T/T)

1
[R.H.S. of (74)] + i Pzz(r,e,T/T)Ez(e’T/T)(e) do

+

W (e, T/T) (97)

Pzz(r s,T/T) = [R.H.S. of (73)] + W*%(r,s,T/T) (98)

where the terms V(T/T) will be defined below (the definitions differ
sTightly from those in Section 3.) The terms W*(+,+,T/T) are defined

by 1
WA (oo, T/T) = J P T/ TIVRE (2, T/T)PPA (2, T/T) dg
0

1
J P2 (oo, T/TIVEX (2, T/T) PP (e, T/T) dt

1

1

I L P (P8, /TR (2, /)PP (2,0, T/T)
f PHZ (g, T/TIVET (,T/T) PEM (rk,e,T/T) e
0

)
oy

11

J i P2 (2,2, T/T) VE2(2,0,T/T) PPA (v, T/T) de dv

0
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11

o[ [ PR Tm) VBT PP (e T/T) d
00
]F

+ [ P2 (L, TIVER (G, T/TPPA (2,0, T/T) de (99)

v

0

where pw=xo0orz and A = x or z . The unspecified left argument of
each term is r if u =z and does not exist if p = x . The un-
specified right argument of each term is s if XA = z and does not
exist if A = x.

In this case the V matrices are defined as follows (we suppress

the dependence on T for convenience):

VX = [hjQel, VT = [hieel,
1
s o BT o
V¥%(6) = -h,QH, 5 (0) viX = [hz(r?)0¢]x
V- ["A‘I(r;-*)"g’]z(rg) V(0) = -h (or)0 g) (0)
VPX(8) = -Hy (g (0)0h, V2 () = -ﬁz(e)(e)qﬁz(r:)
VE(0,0) = - o) (0)QM, () (V)

VEZ(0.v) = ~[H] (g (0)H(v)1, 4
V() = [H](4)(0) Qy - )1, ) (100)

The filter in this case is summarized in Table 2.
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Table 2. Filter for the System (1)-(6) with K# 0, H# 0

Initial Boundary
Equations Conditions Conditions
Estimates
x(T/T) (91) x(0/0) None
z{e,T/T) (92) z(r,0/0) (93)

First Order Differential Sensitivities

P**(T/T) (95) P**(0/0) None
P*%(s,T/T) (96) P*%(s,0/0) (72)
PP (¢, T/T) (97) P?*(r,0/0) (81)
P2 (r,s,T/T) (98) P%%(r,s,0/0) (75),(82)

5. A Computational Example

We consider a system consisting of a well-stirred chemical reac-
tor, a portion of the output from which is recycled through a heat
exchanger back to the reactor. We assume that there is a zero order
exothermic chemical reaction taking place in the fluid in both the reac-
tor and the heat exchanger. The temperature of the reactor is controlled
by recycling a fixed fraction of the effluent through the heat exchanger.

The dynamic behavior of the system is governed by

x(t) = -0.05x + 0.2z(1,t) - 0.001[exp(%%§ - 1]

zt(r,t) = -zr(r,t) + 0.1 - 0.001 exp(%} 0<rx<l

z(0,t) = x(t) t>0
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x(0) = z(r,0) = -0.1 (unknown)

where the states x(t) and z(r,t) are the dimensionless tempera-
tures in the reactor and heat exchanger, respectively. We neglect any
sources of dynamical noise in either the reactor or the heat exchanger.

We desire to estimate x(t) and z(r,t) based on the observations

y1(t) = x(t) + ny(t)

yz(t) Z(O-s’t) + nz(t)

which are noisy measurements of the reactor temperature and the tempera-
ture at the midpoint of the heat exchanger. For the purpose of
numerical simulation the observation errors were generated by
ni(t) = 0.3G6(0,1), i=1,2, where G(0,1) 1is a normally distributed
random variable with zero mean and unit standard deviation produced by
a random number generator.

The filter equations with Q(t) = 1 are (for convenience, the

dependence on the observation interval [0,T] is suppressed, i.e.,

(«,t) is to be read as (-,t/t))

ki o . . 20%, _ o
K(t) = -0.0K + 0.22(1,t) - 0.001 [exp(: =) - 1]
X

b Py (6) - x(6)] + PE(0.5,6) [y, (t) - 2(0.5,t)]

z,(rst) = -z, (ryt) + 0.1-0.001 exp(2%) + PZ%(r,0.5,t) [y, (t)

1+z

- 200.5,8)1 + P2(r,t)[y (t) - x(t)]

2(0,t) = x(t)
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PXX(t) = -0.1 P*X(t) - Z$:9§E exp(%%%) PXX(t)
X

0.4 P*2(1,t) - P**(t)2 - P*%(0.5,t)2

+

0.02

pie ~5 exp(
1+x)

£ (s,t) = -0.05 P*2(s,t) -

ZOX) PXZ(S ,t)

(s,t) - ;Z(s,t) + 0.2 P?%(1,s,t)
P*X(t) P*%(s,t) - P*?(0.5,t) P*?*(0.5,s,t)

Piz(r‘,s,t) =

002, wp(202(rst)y _ __ 0.02 - 202(s,t)y | p22(y ¢ )
(1+z(r,t)) T+z(r,t) (1+z(s,t)) T+z(s,t)

= Piz(r,s,t)-sz(r,s,t) - PX2(r,t)P*%(s,t) - P%%(r,0.5,t)P%%(0.5,s,t)

P*2(0,t) = P**(t) ; P%%(r,0,t) = P*?(r,t) 3 P%?(0,s,t) = P*%(s,t)

Note that we have made use of the symmetrical properties of the
covariances, i.e., PX* = pXXT | pXZ o pZXT ong pZZ(y g t)=pZ(s,r,t)"

2(r,0) = 0.25 , P**(0) = 2.0 , P*¥(s,0) = 2.0 ,

We chose ;(0)
P**(r,s,0) = 2.0 as initial conditions for the filter. The filter
performance is shown in Figure 3 where the true states x(t), z(0.5,t),
z(1,t) and their estimates ;(t), Q(O.S,t), ;(1,t) are compared.
Numerical solution of the state and filter was carried out using a
finite difference scheme and required about 40 seconds on an IBM 370/155

for an experimental time of t =40 . It is clear that the filter

tracks the state variables very quickly in spite of the relatively
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poor initial guess and large measurement noise.
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Figures

Figure 1 Classes of Filters Derived in this Chapter

Figure 2 Well-Stirred Chemical Reactor with External Heat
Exchanger

Figure 3 Comparison of Actual and Estimated Temperatures in
Reactor, at Midpoint and Exit of Heat Exchanger,
x(t), z(0.5,t), z(1,t), respectively.
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Appendix III-A

We first consider the quantity
‘a_ ~
P 35 [A(£/T)] (A1)

where P can either be P**(t/T) or P**(r,t/T) . Let us define the

vector
VX(t/T) = hl Q(t)(y - h) (A.2)
and the matrices
VX (t/T) = [h! Q) (y - )], (A.3)
v (/1) = [n] oct)(y-H)Jz(,;e,t,T) (A.4)
folee iy

Using (31), (A.1) can be expressed as
s ap o
P 5 DA (t/T)] = P 55 DA (t/T)]
- p 2= [20] Q(t)(y-h) - FIA(E/T) - BIMT(0,8) 6(0,t/T)]

& XX - L xi S (k
= P 2V(t/T) x-(t/T)+P 2 ) VY (t/T) z-(r¥,t/T)
T 14 ™"

T

- P f

3 o e ) ~
- P(F1) A(t/T) - P(b1); MT(0,t) o(0,t/T) (A.5)
: g | %*T : ’ i
The last two terms of (A.5) will not contribute to the final results of

the equations governing PXX(T/T),=++,PZ*(r,T/T) since X(T/T) =0 and
t t

'0(0, T/T) = 0 . Neglecting these two terms (A.5) can be rewritten as
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a ~
P gg'EAT(t/T)]

= P VX (e (em) + P 2 [ (V) 6(r- e)2(nt/T) ar

i=1
- P ?l \ Ap(t/T) - P bTMT( 0,t) o T(0 t/T) (A.6)

O‘_ﬁ_‘

Inserting (43) and (44) into (A.6) gives

2 Itm]

"
- PV (e/T) PRy T PV (e/T) PR (e, /T) ] A (/T
'|=

1
"
[PV (t/T)P*% (s, t/T) + )
]:

]
o

1 PV (¢/7) Pzz(r?,s,t/T)]gT(s,t/T) ds

AT A
P fx

A(t/T) - P b MT(O t) c (0,t/T) (A.7)

We now consider the quantity

1
j P(s) 2= [op(s,t/T)] ds (A.8)
0

where P(s) can either be sz(s,t/T) or P%(r,s,t/T) . Let us

define the vector

~

VIE/T) = hDx gy QLE)(y =h) (A.9)
1

and the matrices

I\

VIX(t/T) = [h] 2(rt, /1) UV - )JX (A.10)
i] "

Using (32), (A.8) can be expressed as



B

1 ‘
P(s) 35 [og(s,t/M)] ds = [ P(s) 3r [oyls,t/T)] s
0

~

Y ~
P(s) §r (2 L hy(er,eym) QENY =) o(s-r)

OV OV

B A ~ N ~
- L fZ(ri AT 80 v) = 9300 4my o(s,t/T)

- (T (s,t) o(s,t/T))(] ds (A.12)

Again, due to the fact that A(T/T) =0 and o(s,T/T) = 0 , some of
the terms in (A.12) will not contribute to the final results of the
equations governing PEX(T/T),---,PiX(r,T/T) . Neglecting these terms,

we can write (A.12) as

P(s) &= [ST(s,t/T)] ds

Yoo ~
P(s)[2 _z] VIX(/T) 8(s - rf) xp(t/T)
1=

oOvY—— O-——

Y g &
+2 E I VI(t/T) 8(s-rd) zp(r¥,t/T)
i=1 j=1 J

I oy e T A1) = Gy pmy ors,t/T)

- 2 (M(s,t) o(s,t/T)) ] ds (A.13)

Using (43) and (44) in (A.13) and integrating the last term of (A.13)

¢

by parts, we obtain
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1

J P(s) g—t [GT(S’UT)] ds
0

=-[ X P(r}) VIX(t/T) PR(/T) + f] f ‘J(t/T)sz(r ,t/T)
i= J“

B

L Py ¥£(ri,t/T)] Ap(t/T)

Y . Y
- | CL PORVET) P (s,t/T) + Lol I eer VI (E/TIPPE (%5, /T)
0 1= i= J-

+P(s) 91 (g o) - Ps(5) MT(5,6)] op(s,t/T) ds
s=]

- P(s) M (s,t) oT(S.t/T) (A.14)
s=0
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Appendix III-B

In this appendix we derive the necessary conditions for optimal-
ity corresponding to the minimization of (25) subject to (26)-(28). This
is achieved by setting the first variation of the Lagrangian L to zero

[14] where

r-—
n

.
<u(t), R (t) u(t)> dt + J <y-h, Q(t)(y-h)> dt
0

11
j é <v(r,t), R1(r,s,t) v(s,t) > dr ds; dt
0

+

<-A(t), x = f - u> dt

+

+
O O—— O——- O——

1
L <-o(r,t), z,(r,t)+ M(r,t) z (r,t) - g(z(r,t),r,t)

- v(r,t)> dr } dt

"
+ L <+u(t), z(0,t) - b(x(t)) > dt

u(t) and v(r,t) are the vector controls. A(t), o(r,t) and u(t)
are the vector Lagrangé multipliers. Let &L denote the first varia-
tion of [ and we emphasize the fact that &L 1is the total first
variation. Suppose | depends functionally on parameters P; »
i=1,2,-++,J , then we can write 6L = % sL(p;) where &L(p;) is the
first_variation of L[ with respect tolglvariation of Py (denoted by

§p;) over the appropriate domain. In this way we can write
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8L = 6L(A(t)) + SL(o(r,t)) + SL(u(t))
+ 8L(u(t)) + 6L(v(r,t)) + SL(v(s,t))
+ 6L(x(t)) + sL(x(t)) + 6L(z(0,t))

+ 6L(z(r,t)) + 6L(zy(r,t)) + 6L(z,(r,t))

We proceed to evaluate various variations.

-
SL(A(t)) = j < -8A(t), K - F - u>dt
0

SL(o(r,t)) = <-8o(r,t), z, + Mz, - g-v>drdt

t

o ——
o‘_‘—l

SL(u(t)) = | <+su(t), z(0,t) - b(x(t))> dt

6L(u(t)) = | <6u(t), 2R (t) u(t) + A(t)>dt

o—u—i{ O -y

6L(v(r,t)) + 6L(v(s,t))
T (11
= j lf J<6v(r,t), 2R](r,s,t) v(s,t)> dr ds
0OL0O
1
+ J <8v(r,t), o(r,t)> dr, dt
0
T
sL(x(t)) = i«sx(t), -2h} Q(t)(y -h)> dt

T T
+ L«sx(t), fIA(t) > dt + é <ox(t), -blu(t)> dt
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SL(x(t)) = | <-6x(t), A(t)>dt

oY

T T
= <-6x(t),A(t)> I + j<6x(t),i(t)>dt
0 0

.
5L(z(0,t)) = j«sz(o,t),u(t) > dt
0

- ]
sL(z(r,t)) = J<6z(r t), - z zhz(r £UD(y=h) 8(r-r8)> dr
0

i=1

B
<6z(r,t), Z z(r ’t)x(t) §(r-ry)>dr

-+

+
o — O — O———

czlrit)s gl(r,t) ag(r,t)> dr}dt

5L(zt(r',t)) = < -62t(r‘,t), o(r,t)> dt dr

o

1
<=8z(r,T), o(r,T)>dr + J<+62(r.0),0(r,0) >dr
0

4

1
o L= e e

]
I <Gz(r,t),0t(r,t) >dr dt
0

sL(z(rst) = | | <=62,(r,t), M (r,t) o(r,t)> dr dt

or——

<62(0,t), MT(0,t) 0(0,t) > dt

+

n
oOY——10— - OV

<52(1,t), -M'(1,t) o(1,t)> dt
T 1

+ JJ <dz(r,t),+(MT(r,t)o(r,t))r> dr dt
00
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In order that 6L = 0 for arbitrary Gpi , the coefficient of

each of the following &p, must identically be zero. Let ¢(6pi)

denote the coefficient of <Sp_i » then

J

¢(sa(t)) =

!

¢(8o(r,t)) =

}

¢(su(t))

}

¢(su(t))

I

¢(sv(r,t))

¢(6x(t)) =0 =

¢(6z(r,t)) =0 =
¢(6z(0,t)) =0 =
¢(sz(1,t)) = 0 =

¢(6x(0)) =0 =
¢(8x(T)) =0 —
¢(6z(ry0)) =0 =

¢(6z(r,T)) =0 =

x = f+u(t)
= -Mzr + g + ¥i{P,t)

Z¢

z(0,t) = b(x(t))

<
—
"~
-
ot
~—
]

1
- %-f RT(r,s,t) o(s,t) ds
0
A(t) = 20J0(£)(y=h) - LA (E) + by u(t)
Y

rst)=27 h

i21 * t)Q(t)(y"h)G(r- r:)

(r}

T
Z
B

D)

i=

] f;(ri ME) 8lr-ry)
- 9y ()0 (rst) - (T (rut)o(r,t)),

u(t) + MT(0,t) o(0,t) = 0

0

[}

G(]:t)

Q
—
-

-
o
n
o
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Chapter IV
OPTIMAL FILTERING FOR SYSTEMS GOVERNED BY COUPLED ORDINARY
AND PARTIAL DIFFERENTIAL EQUATIONS

1. Introduction

In this chapter an optimal filter is derived for a class of
systems governed by coupled ordinary and parabolic and hyperbolic
partial differential equations with additive volume, boundary and
observation disturbances. The formulation here is sufficiently gen-
eral that it includes as a special case the class of H=K =20

systems studied in Chapter III.

2. Statement of Problem

We consider the class of well-posed systems governed by

).((t) = f(X(t)s z(r] 9t)s"'sz(r‘6:t) !t) + E(t)

zt(r.t) = GV EssZsZnX) * Clrst)

r*Zrr
by(tsx,z,2.) + £ (t) =0 r=20
bl(t,x,z,zr) + gT(t) = 0 r=]
y(8) = h(x(£),2(r],t),m =+ 2(r 58], t) # (k) (1)

defined for time t > 0 on the normalized spatial domain r e (0,1) .
x(t) is an n,-vector state, z(r,t) is an ny,-vector state and y(t)
is an p3—vector of observations. The boundary conditions bo and

b-l are 20- and £1-vector functions, respectively.
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E(L)s Zlrst), ;O(t), c](t) and n(t) are zero-mean random processes
with unknown statistical properties. rs and r; are discrete points
on the spatial domain; we assume that 0 < PpSers<rgs 1 and
g = r? < eee < r:,g 1 . The initial conditions x(0) and z(r,0) are
in general not known.

The smoothing problem is: given any fixed T > 0 and observa-
tions y(t) , 0<t<T, it is desired to estimate z(r,t) and x(t)
for 0 <t <T such that the least square error functional

T
< x-f, R(t)(x-f)>dt + f<y-h, Q(t)(y - h)> dt
0

w:

oY—=

+

T 1 1
£ { i f <z (r t) - g(rit, 2,2.,2.X),

R(r,s,t)(zt(s,t) - g(s,t,z,zs,zss,x))> dr ds} dt‘

O~

+ | <b (tx,z,2 )R (t)(b (t,x,z,z ) > dt
L

v [ by (taxizaz )Ry (8) by (Eaxiz.2,)) > dt (2)
0

is minimized. The weighting matrices R(t), Ro(t), R](t) and Q(t) are
symmetric positive-definite. R(r,s,t) is defined by [21,33]

1

f R (ra0,t) R(pssst) do = I6(r-s) (3)
0

where R+(r,s,t) is a positive-definite, symmetric matrix: R+(r,s,t) =
(R+(s,r,t))T. 8§(+) is the Dirac delta function and I 1is the identity

matrix.
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3. Necessary Conditions of Optimality

The problem of smoothing can be reformulated as an unconstrained

minimization problem. The performance index becomes

T 5 )
L = J <u(t), R(t) u(t) >dt + J<y—h, Q(t)(y -h) >dt
0 0
T(11
+ I J j <v(r,t), R(r,s,t) v(s,t) >dr ds } dt
0100
T T
+ J < v (t), R (t) v, (t) >dt + J<v1(t), R (t) vy(£) >dt
TO 0
+J< “A(t), x = f - u>dt
0
T(1
+ J J < -g(r,t), zt(r,t) -g(r,t,z,zr,zrr,x) -v(r,t)>dr} dt
010
T
+ J<u0(t), b, (t.x:2,2,) + v, (t) > dt
$
¥ I <uy(t), b](t,x,z,zr) + v, (t)>dt (4)
0 ,

The u(t), v(r,t), vo(t) and v](t) are the control vectors, whereas
the A(t), o(r,t), uo(t) and u](t) are the vector Lagrange mul-

tipliers.

We assume that the inverses of bg

T
1
-1 -1 A # . Zp
b0 and b] ) exist when they are squarg matrices. If not square,
z

Zl" r

ba] and bil are to be interpreted as the left pseudo inverses

Zp Zy

and b (denoted by



J
z
r r r

o
—
I

-

o
i

The necessary conditions for optimality, obtained from the

o

|
—
o
=2
o —
N
I
.

o

-1
) ' b
1

(5)

vanishing of the first variation of L (see Appendix IV-B) assume the

form of a two-point boundary value problem and are

x (t/T) = £ - L R71(t) A(t/T)

1
2(rt/T) =g - 3 | R
0
A (t/T) = 2h] Q(t)(y -h) - f
- B] iy (t/7) -
X

Gt(r.t/T) =
B
.
DA TR
b - +R(t) p -
0”2 "% Mo (t/T) =
by = &Rt} 0 .
17z Ry (v =

A(0/T) = A(T/T) = 0

a(r,0/T) = a(r,T/T) =

i

o

A(t/T)

O ——

PeSst) ;(s,t/T) ds

AT ~
- b u (t/
OX 0

§§ o(s,t/T) ds

+ (91 O)r-(gz
r

T)

. .
2 LR em) QO =R) e 1)

~

g)

rr

ry

(6)

(7)

ME/T) 8(r=ry) =gh 1 myo(r,t/T)

(9)

(10)

(11)

(12)

(13)
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A _ l\_ll AT ~ _
uo(t/T) =b, 9, O© r=20
z rr

r
u1(t/T) = -b{l g; o r=1

z rre

r

b. b g. o-g,0+ (g o). =0 r=20
Oy 0zr Zer Zy Zpp T
by b g, og-g, 0+ (g g). =0 r=1
1 ]Zr Zpr Zp 2

4, Differential Sensitivities

Expressing the solutions x(t/T) and z(r,t/T) in terms of

the Lagrange multipliers by

X(t/T) = X[A(E/T), o(s,ts/T)]
R ) ) s € [0,1]
z(r,t/T) = z[r,A(t/T), o(s,t/T)]

we define the first order differential sensitivity matrices pxX

PX2, P¥X and P*% by

Pxx(t/T) = -2 ox(t/T
A(t/T)

P (s, t/T) = -2 SXE/T)
Sa(s,t/T)

-2 azfr,t[Tz
A (t/T)

PP (p,s,t/T) = -2 S2{0t/T)
80 (s,t/T)

PEX(r,t/T)

(14)

(15)

(16)

(17)

(18)

(19)
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Then, using the chain rule of calculus, the partial derivatives

~ ~ ~

of x,2z,2z, and z with respect to T can be expressed as

r rr

1
;T(t/T) - %‘P""(t/T)iT(t/THJ sz(s,t/T)sT(s,t/T)ds} (20)

0

~ ] ~ ~

z(r,t/T) =‘§l J P#2(r,s,t/T)op(s,t/T)ds + sz(r,t/T))\T(t/T)I (21)
! .

PZZ(r,5,t/T)op(s,t/T)ds + pi"(r,t/T)KT(t/T)I (22)

i _ 1
o __ ]
erT(r.t/T) — '2'[

PEZ(rys t/T)o(s,t/T)ds + Pf,’lf(r,t/T)XT(t/T)] (23)

5. Decomposition of the Filtering Process

We merely restate here (46) and (48) of Chapter III

”~

d dT 1) = at(T/T) + aT(T/T) (24)
(S T/T) < G (r,s,T/T) + Grlres,T/T) (25)

6. State Filter Equations

~

We want to derive the dynamical equations which govern dxdT J
and 9z(r,T/T)
oT '

Using (24) and (25), these can be expressed as

S(I/T) = % (T/T) + X (T/T)
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0z(r,T/T

LT = 2 (r,T/T) + 24(r,T/T)

Equations (12) and (13) imply that

Us

dRéTgT) .

ing (24) and (25), (27) can be rewritten as
Ap(T/T) + A (T/T) =

op(,T/T) + 0, (s,T/T) =

Then, (8), (9), (12)-(15) and (28) give

Su

~

ET(r,T/T) .

A(T/T) = - 2h) Q(T)(y - h)

I\ ~

o7(s,T/T) i hy (v )Ty -h) 8(s-rf)

bstituting (29) into (20) and (21), we obtain

i=1

II'M-<
—

i
“T

X
On the other hand, (6), (7), (12), (13) give
X (T/T) = f

2, (r, 7/T) =

T/ Mg (1)@ - h) +P¥(r,T/T)

Q(T)(y- h)

(26)

(27)

(28)

(29)

xp(T/T) = PXX(T/T)h]Q(T) (y - h) + ) P (r} T/T)hz(,, )My -h)

(30)

(31)

(32)

(33)



-110-

Hence, (26), (30)-(33) constitute the state filter equations. The
boundary conditions are obtained by setting t =T in (10)-(15) and

are

) =0 (34)

7. Dynamical Equations for the Differential Sensitivities

We need to derive the dynamical equations which govern Pix(T/T),
Pzz(s,T/T), Pix(r,T/T) and Piz(r,s,T/T) . We shall derive two

expressions for each of the quantities
& [x(t/T)]
ot “°T

& [2,(r,t/T)] (35)

and equate the two expressions for each of the quantities and set
t =T . Since each of the quantities above is a continuous function

of t and T , we can write

3 Dxp(t/M)] = & [x, (/7)) (36)

|QJ

& [zp(rt/M)] = 25 [z, (r,t/T)] (37)

-

7.1 Derivation of two expressions for %f-[xT(t/T)]

Substituting (6) in the right hand side of (36) gives
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& Ixp(t/1 = & 1F - 2 &7 (1) A/

/\

n

B &
Tt L e om 27(ryt/T) =7 R (8) Rp(t/T)

X 1

B . 5
t/T ) + y f §(r-r.)) z-(r,t/T) dr

1 2y LIT S i T
i= 1

o=

- 3 RV (t) Ap(t/T) (38)

which, with the help of (20)-(21), can be rewritten as

~

B
- [xT(t/T)] =- 7 [f PXX(t/T) + Z oy, t/m) PRy, 1T

+ R (8) ] A (t/T)

.I =
B 7 e A
) %[i ( 121 fZ(ri,t/T)Pzz(rrsﬂ/T)"‘ foxz(S,t/T))ch(s,t/T)ds]
(39)

On the other hand, we can write using (20),

1
PP/ TAL(E/T) + [ P¥2(s,6/T)or(s,t/T)ds]

1
= - 3 IPREMALT) + [ PEE(s,t/T) op(s,t/T) ds]
0

1
- 5 [P (/) LAt/ +J PX2(s,t/T) Seloq(s,t/T)1ds]
0
(40)

Nf-—‘
Q

2 [xg(t/M)] = -
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7.2 Derivation of two expressions for %i-[zT(r,t/T)]

Substituting (7) in the right hand side of (37) gives

& [27(rt/T)] =

_Jw

1
Lo - 3 [ R (nst) S(s,tm) as]
0

g,(r) 2p(r,t/T) + Bzr(r) 2, (r,t/T)

R*(r,s,t)ST(s,t/T)ds

(41)

N

* 9, () 20 (M1 + g0 (0T) - 7

[
-

A

where a(r) denotes g(r,t,;,g . X). Using (20)-(23) we can rewrite

r’“rrs
(41) as

2 [zp(r,t/m)]

(r)PZX(r, t/T)

= - g (PP (r,t/T) + g, (FPZX(r,t/T) +g, (r)PZX
rr

"
1
-3

+ g P (t/T)] A (t/T)

(az(r)pzz(r,s,t/T)-+§zr(r)pﬁz(r,s,t/r)

oY

= zZ .. &
* gzrr(r)Pm.(r.S.t/T) +g, P (s, t/T)

+ R*(r,5,t)) op(s,t/T) ds] (42)
On the other hand, using (21), we can write
3 [z:(r,t/T)]
ot ~T'?

1
. - %’%E’[ I Pzz(r,s,t/T)aT(s,t/T)ds+-sz(r,t/T)RT(t/T)]
0



-113-

Piz(r,s,t/T)ST(s,t/T)ds-+P§x(r,t/T)KT(t/T)J

I
1
r\)l.—l

P*(r,s,t/T) gf{ST(s,t/T)]ds+-PZ*(r,t/T)§f{XT(t/T)J]
(43)

| —

L F |
o—— OV———

7.3 The equations for Pix(T/T),---,Pix(r,TlT)

Bearing in mind that i and S are being considered as independent
vector Lagrange multipliers in our formulation of (18), we first equate
(39) and (40) and set t =T . For equality to hold, the coefficients
of Ap(t/T),6(s,t/T), or(1,t/T) and o7(0,t/T) nust identically be
zero at t =T . The last two terms of (40) are evaluated in Appendix

IV-A. We obtain

|}

XX T kX XX e
Pt (T/T) fx PA(T/T) + PP (T/T) fx

&
o~
—h >

B
ZX XZ
Z(ri,T/T) (r T/T + Z P (r T/T) f (ri,T/T)

i=1 i=1

PXX(1/T) V¥ (1/T) P*X(T/T)

+

X171y V1T PR, TT)

+
nes1=<

i

+
II'M-<

P2 (%, T/T) VIX(1/T) P (T/T)

i=1

+

5 § ‘o
) z PE(ry, T/T) VI(T/T) P, T/T)
:'I J"

R™1(t) (44)

+
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PX2(s,T/T) = £ p%%(s,T/T) + PX(T/T)g] +P%%(s,T/T)g ()

Xz T Xz T
+ P (s,T/T)gzs(s) + PSS(S.T/T)QZSS(S)

B A
L Faep )

+

PE4(ry,s,T/T)

+

PPATITY VRITT) PR (s, T

+

PXT/T) V(T/T) PER(rT,8,T/T)

+

PY2(r%, T/T) VIX(T/T) PXE (s, T/T)

- -—de
N ~1=<< g =<
— —

+
Il o~

Y i 3
). PR VI(T/T) PPE(rY, s, TYT)
1 3=1 J

—

n
o
w

i
p=="]

P%(s,T/T)by + PX2(s,T/T)bg  + P*X(T/T)b]

Z ZS X

|
o
w

n
o

P2(s,T/Tb, + PX*(s,T/T)b]  + PXX(T/T)b]

Z
Y4 S X

" Similarly, equating (42) and (43) gives

PEZ(r,s,T/T) = g, (r) P*(r,s,T/T) + Ezr(r) PZ(r,s,T/T)

~

+ g, (1) PR(rs,T/T) + g, (r) P%(s,T/T)

+ PP2(r,s,T/T) ai(s) + PZ2(r,s,T/T) g} (s)
S

zz =3 ZX T
+ Pss(r.s,T{T)gzss(S) + P72 (r,T/T)g, (s)

(45)

(46)

(47)
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PEX (v, T/T) VXX (T/T) P*%(s,T/T)

+

+

i :
b PEX(r,T/T) VX (T/T) P22 (r},s,T/T)
1=

PE2(r, 3, T/T) VX (T/T) P2 (s,T/T)

+
-t

ne-1=<
S

+
-

I~
—

i § 2
b PE2 (e, 1, T/T) VI(T/T) PE2(r%,s,T/T)
J=

RY(r,s,t) (48)

+

PEX(r,T/T) = PPX(r,T/T) £] + g, PX(T/T) + g (r) PPX(r,T/T)

+ g, (1) PRRTT) ¢ g, (1) PER(T/T)
rr

+

i zz 1)
L. PP (e, T/T) fa(

i=1 ri’T/T)

+

PEX(r,T/7) V¥X(T/T) P*X(T/T)

+

b 4 3
i PEE(r, e}, T/T) VX (T/T) PXX(T/T)
1=

PEX(r,T/T) v (T/T) PP (e, T/T)

+
ne~—=<

i=1

+

Y .Y s
_21 _E] PE2(r,r,T/T) W (T/T) PER(R,T/T) (49)
1=l J=

PZZ(p,s,T/T) b{ + Pzz(r,s,T/T)EI + sz(r,T/T)B1 =0 s=1

PE2(r,s,T/Thby + PE2(r,s,T/T)b)  + PPX(r,T/T)B] =0 s=0
z z X (51)
We proceed to determine the r =0 and r =1 boundary condi-

tions for (44), (45), (48) and (49). For r =0 , combine (10) and
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(14) to give
bo(tax:zszr) -7 RO (t) bO gZ
z, “rr
Since (52) holds for all T , we can differentiate it with respect to

o(rst/T) =0 r=0 (52)

T , yielding

- 3 [by P(t/T) + by PPX(r,t/T) + b, PZX(r,t/T)] i}t/T)

X ¥4 Zr

n|—

1
J [b, P**(s,t/T) + b, P**(r,s,t/T) + b PZ*(r,s,t/T)o(s,t/T)ds
! 0, o, o, ¥ T

&y
T oelpeg BT B .
- 2RI of  or(rtm) - 3R ()b, o] REOL

F4
ZY‘ rr Zr r

L]

r=0 (53)

Note that we can write
i
R0y a7 er(ratm| = | R;‘(t)[b;1 g, J
Zr rr r=0 0 Z, rr r=0

x 8(s) aq(s,t/T) ds (54)

Setting the coefficients of XT(t/T) and GT(s,t/T) to zeroat t=T

and applying result in the Appendix IV-A yield

b, PP*(r,T/T) + b PZ¥(r,7/T) +b_ P*(T/T) = 0 (55)
0 0 r 0
Z z X
r
b, P#2(r,s,T/T) +b_ P**(r,s,T/T) +b_ P**(s,T/T) r=0
0 0 r 0
z Zr X
+R(TbS! gl 6(s) = 0 (56)
0 0 z
ZT‘ rr

Similarly, the boundary conditions at r =1 are
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by PEX(r,T/T) + by PEX(r,T/T) + by PX(T/T) = 0 (57)
Zz z X
r
by PP(r,s,T/T) +b; PE(r,s,T/T) b, PE(s,T/T) 771
z ZY‘ X
-RImbTal s(s-1) =0 (58)
1 (T)by 9,
Zr rr

By simple inspection, one can observe that the following sym-

metrical properties hold for the sensitivity matrices
PR(T/T) = PRX (/)T
PX2(r,T/T) = PPX(r,T/T)T (59)
P22 (r,s,T/T) = P*%(s,r ,T/T)]

Finally, we note that the boundary conditions (50) and (51) hold only
for the open interval r e (0,1) . To include the end points r =0

and r =1, we (by inspecting (56) and (58)) replace (50) and (51)

by

Pzz(r,s,T/T)B{ + P:Z(r,s,T/T)G{ + sz(r,T/T)E{

Z ZS X

- (R;](T)b;] gl )W s(r-1) =0 s=1 (60)
ZS SS

P#2(r,8,T/T)by + PZ2(r,s,T/T)b) + P2*(r,T/T)b]

z ZS X

+ ®RMb gl )Tsr =0  s=0 (61)
ZS SS
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The entire filter is summarized in Table 1. In the column of
initial conditions, ;(0/0) and ;(r,O/O) represent our best initial
guesses of x(0) and z(r,0) . The initial conditions P**(0/0) ,

P**(s,0/0), P?*(r,0/0) and P?**(r,s,0/0) are basically arbitrary.

Table 1. Optimal Filter for System (1)

Initial Boundary
Equations Conditions Conditions
Estimates
X(T/T) (26) ,(30),(32) x(0/0) None
2(r,T/T) (26),(31),(33) 2(r,0/0) (34)
First Order Differential Sensitivities
PX(T/T) (44) P**(0/0) None
P2 (s,T/T) (45) P*%(s,0/0) (46),(47)
PZX (p,T/T) (49) P¥*(r,0/0) (55),(57)
2z zz (56),(58)
P r,s,T/T) (48) P““(r,s,0/0) (607, (61)

In the Tinear white noise case, it can be shown that
XX _ g A T
PP(T/T) = EL(x(T) - x(T/T))(x(T) - x(T/T)) ]

PX2(r,T/T) = EL(x(T) = x(T/T))(2(rT) - 2(r,T/T))T]

PP (v, T/T)

E[(z(r,T) - z(r,T/T))(x(T) = x(T/T))T]
PP2(1r,s,T/T) = EL(2(rsT) - 2(r,T/T))(z(s,T) - 2(s,7/T)7]

This may be used as a guide for choosing P**(0/0),---,P?*(r,0/0) .

When solving the sensitivity equations, one can eliminate either (45)
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or (49) by using properties (59).

If b, =0, then we should replace b;] by b;] and &(s)
z N R z z
r 4 . .
by S 6(s) in (56) , b by b and &(r) "by §8(r) in (61). If
z Ry
S = A
b] = 0 , then we should replace b]1 by b]'] and &(s-1) by
z

d g( £-1 g d .
-3 s-1) 1in (58), } by b1 and 6(r-1) by a?a(r—l) in (60).

S
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Appendix IV-A

We first consider the quantity
a_ ~
P & [A(t/T)] (A1)

where P can either be Pxx(t/T) or sz(r,t/T) . Let us define
the vector

X _ I\T ~

VX(t/T) = hl Q(t)(y -h) (A.2)

and the matrices
VX(t/T) = [h] Q(t)(y -h)], (A.3)

LT = T QN =My gy 1= Ty (A0)
Using (8), (A.1) can be expressed as
& A (t/T)] = P 2= [A, (t/T)]
t T aT t

P 2= [2h Q(t)(y-h)-FL A(t/T)- ngﬁo(t/n
1
- b{ My (/) - j gl o(s,t/T) ds]
X 0

= P 2VX(/T) X (t/T)+P 2 2] VI (/T) 2 (e}, tm)
'|_.

f1 Ap(t/T) - Pb] po (t/T) - PS]xﬁ]T(t/T)
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- P(FD); A(E/T) - P(og )7 0o (t/T) - P(G{X)Tﬁﬁtm
1 F— 1 R R
- J P 9y oT(s,t/T) ds - J P(gI)T o(s,t/T) ds (A.5)
0 0
Note that from (12)-(14) we have A(T/T) =0 , o(r,T/T) = 0 ,
;O(T/T) =0 and ;](T/T) =0 . Hence, some of the terms in (A.5)
will not contribute to the final equations governing Ptx(T/T).---,
Pix(r,T/T) . Neglecting these terms and using (14) and (15), we can

rewrite (A.5) as

P2 [AL(t/T)] = P 2V (t/T) X (t/T)
! Y . A
#p2 [ (1 V) 80r-r) Zp(rat/T) dr

) i=]
- P fx AT(t/T) -P b°x b 0, gzrr UT(O,t/T)
r
+ P S]T G;‘ §z STU Jt/T)
X r4 rr
r
1
+ J p gI or(s,t/T) ds (A.6)
0

Inserting (20) and (21) into (A.6) gives

5 oA
P 3t [AT(t/T)]

Y : ~
= =[P V¥(t/T) P (t/T) + _2] P VR (t/T) PPX(r} t/T) I (/)
1=

] Y
- J [P V¥(t/T) P*%(s,t/T) + 1P VI (/) PE(rd,s,t/T)
=]
0

+ P g lop(s,t/T) ds



-122-

b ' g, 0-(0,t/T)
X OZ er T

r
& Pb1 b;] g:
X Zr rr

T

/\TI\ A
- P f AL (t/T) - Pb,

op(1,4/1)

We now consider the quantity

1
L P(s) &5 lo(s,t/T) ds

where P(s) can either be P**(s,t/T) or Pzz(r,s,t/T) "

Let us define the vector

vigem) = ha(ex,gm) BN <h)

and the matrices
Vix(t/T) = [B;(ﬁ:,t/T) Q(t)(y"a)Jx

Vij(t/T) = [BI(P?,t/T) Q(t)(Y"E)]z(r#,t/T)
J

Using (9), (A.8) can be expressed as

1
P(s) 2 [op(s,t/T)1ds = ); P(s) 2 [o4(s,t/T)] ds

O —_— =

Y A
= | P(s) %T-[Z 121 hl(r?,t/T) Q(t)(y -h) &(s - r:)
B ~ ~
- 3 ey AW oG5y

- g o(s,t/T) + (g, o), - (gT 0)ecd ds
Z Zs S ZSS SS

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)
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1 Y . 5
. J P(s) [2 _z] VIX(/T)6(s - rf)xp (£/T)
0 L

v2 33 T sls- ezt
i=1 j=1 ! J

g
I\T A A
" 121 fz(ri,t/T)G(s' ri)Ag(t/7) - { (fz(r t/T)) 8(s-r;)A(t/T)]ds
1
o i T
+ i P(S)(-gzo+(gzs By = (gZSS 0)gs) ds (A.12)

’

The Tast three terms of (A.12) may be evaluated using integration by

parts. Neglecting terms which will not contribute to the final equa-

tions governing Ptx(T/T),---,Péx(r,T/T) and using (20) and (21), we

obtain

f P(s) g?—[ST(S.t/T)] ds
0

v
- -[,21 PIFEIVTX(t/T) PR (1/T) + 21 z] PPV (/1) PEX(r¥,t/T)
1= J‘

8 . .
® i§1 P(r;) fl(ri,t/T)] Ap(t/T)

1
j [ PV (E/T) PR (s, t/T) + Iy eIV (£/T)PF2 (¢ s,/ T)
0 i=] i=1 J:} J
AT ~t v
+ P(s)g, + Ps(s)gzs-+Pss(s)gZSS] o%s.t/T) ds
AT A_'l AT I\T ~
+ PBT BT a7 +p (1)) 1 o (1,t/T)
]Z ]ZS ZSS s ngS GT
- [P()by by ar + P (0)g) T ap(0,t/T) (A.13)

S
z ZS SS S
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In (53), (A.5) and (A.12) there are terms which have K(t/T),
;(s,t/T), S(I,t/T) or S(O,t/T) as coefficient (note that ao(t/T)
and ﬁl(t/T) can be expressed in terms of S(O,t/T) and 3(1,t/T) by
(14) and (15)), e.g., the last term of (53). These terms do not con-
tribute to the filter because they vanish at t =T . To show this,

~

we consider a matrix H which can be expressed as

A = HLrstax (4/T),2(r,t/T) 2, (Fst/T) 2, (rst/T)]

Let x(t/T) and z(r,t/T) be functionals of the Lagrange multipliers
as in (18). Let the vector e denote either A(t/T) or o(r,t/T) .

Hence, e =0 at t =T . Further, let the operation ﬁe be defined.

~

Then, there exist matrices Hi s 1%1,2 , such that

)
e J y ap(vat/T)dv + By Ar(t/T)
0

and H] = H2 =0 at t=T . (Suppose H has p columns and let

hi be the column vectors and e; the scalar components such that

H= [h] :hza'” shp]

~

T - : o .. "
e = [e],ez,- ,ep]
then

HTe = z h, e

We can express
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1

ﬁ. e, = M)\T(t/T) + ﬁi Jaﬂxr(—tﬂ)——c].(v,t/'f)dv

Tx ar(t/T) x 3 80 (v,t/T)

1
+ ﬁ —}-(r—tﬂ)-AT(t/T A'l J M T(\, t/T) d

'z aa(t/T) z { So(v,t/T)
oz (r/T) ~F 8z (rt/T) .
* h, -——A (t/T) + hy JT———UT(\),t/T) dv
2, aA(t/T) r 0 dc(v,t/T)
. Art/T) bz, (rt/T)
+ h; - Ap(t/T) + h [-—— op(v,t/T) dv
er 3A(t/T) Y'Y' 0 GG(V,t/T)
~ ~ 1 ~ ~
fip Mp(t/T) + [ By op(oat/m) av
0
where ﬁil = ﬁiz =0 at t =T . Hence, ﬁk = E ﬁik)'
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Appendix IV-B

In this appendix we obtain the necessary conditions for optimality
corresponding to the minimization of (4). This is achieved by setting
the first variation of L (denoted by 6L ) to zero [14]. We
emphasize that 6L 1is the total first variation. Suppose L depends
functionally on parameters Pi » i=1,2,-++,J , then we can write
SL = _% 6L(pi) where GL(pi) is the first variation of L with res-
pect %;]a variation of Pj (denoted by dpi) over the appropriate

domain. In this way, we can write
L = 6L(A(t)) + 6L(a(r,t)) + SL(u () + 8L(uy(t))

+8L(u(t)) + sL(v(r,t)) + 8L(v(s,t)) + sL(v (t))

+6L(vy(t)) + 8L(x(t)) + sL(x(t)) + 6L(2(0,t)) + 6L(z(1,t))
+ 8L(z,.(0,t)) + 6L(z,(1,t)) + 6L(z(r,t)) + 6L(zi(r,t))

+ 6L(zr(r,t)) + 6L(zrr(r,t))

We proceed to evaluate various variations.

T
sL(A(t)) = é < -5A(t), % - f - u> dt

T1
6L(a(r,t)) = l L <=-6a(r,t), z, - g - v>dr dt

:
6L(uy (t)) = J<+6uo(t), by * v, > dt
0
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T

6Ly (80) = [ < du(t), byr vy >t
0

.
SL(u(t)) = [ <su(t), R(t) u(t) + A(t)> dt
0

SL(v(r,t)) + GL( (s,t))

v
1
I<6v(r t), 2R(r,s,t) v(s,t)> dr ds
0

?
+ J <dv(r,t), o(r,t)> dr‘l dt
0

<6v°€t). 2R°(t) vo(t) + uo(t)> dt
<6v](t), 2Ry (t) vq(t) + u](t)>dt

]
SL(x(£)) = [ <6x(t), -2h) Q(t)(y-h) >dt
0

1 T
+ [ <ox(e), £ A(e) >t + [ <ox(t), b] ug(t)
0 0 *

+ b{ up(t) > dt
X

T 1
+ L«Sx(t). J gI o(s,t) ds >dt
0

-
SL(x(t)) = J <=8%(t), A(t)> dt

0 T T

- <-6x(t).X(t)>L + j <8x(t), A(t)> dt
0
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7
"

8L(z(0,t)) = |<6z(0,t), b u_(t)>dt

(z(0,t)) £< z(0,t) ozmo()>

6L(z(1,t))

n

.
J <6z(1,t), by wy(t)>dt
0 z

6L(z,(0,t)) = | <62,(0,t), b]

z
r

o(t)>

8L(z,(1,t)) = | <8z,(1,t), b{z uy(t)> dt

r
T

6L(z(r,t) = |
0

——, O ——— O—— ]
O_'—‘

<8 E 2n! h) 8(r-r;)>d
Z(r,t).-M Z(r?,t)o(t)(y-) (r-ry)>dr

T
1 fZ(l"i,t)

ne~—-1w™

+ <<Sz(r,t),.

A(t) 8(r- r‘i) >dr
i

T

= zlr,t

<8z(r,t), g

O O

)o(r,t) > drl dt

T
§L(zy(r,t)) = j J <=8z, (r,t), o(r,t)>dt dr
00

1
<=82(r,T), o(r,T)>dr+ J' <+sz(r,0), o(r,0) >dr
0

otr—— O/
oY——

+ <éz(r,t), ct(r,t) >dr dt
T1
sL(zg(rt)) = | [ <62,(r,8), o] o(r,t)> ar at
00 v
4 r=1
= J<Gz(r,t), gI g(r,t)> dt
0 ¥ =0
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<éz(r,t), @) o(r,t)), >dr dt
r

]
o —— —
o\___‘—l

T1
T

6L(z, (r.t)) = j J<Gzrr(r,t), g! o(r,t) >dr dt
00

rr
r=1

dt

T
<8z (r,t), g a(r,t)>
r Zer

r=0
r=1

<6z(rt), (g)  o(rt)),.>| dt

rr

r=0

T

ZY‘Y‘

4

]
ot— 1 OV4—m-4 O“——-i
[ | ——

<8z(r,t), (g G(r’t))rr> dr dt

In order that &L = 0 for arbitrary Spi » the coefficient of
each of the following Sp; must jdentically be zero. Let ¢(dpi)

denote the coefficient of Gpi » then

¢(sa(t)) =0 —=> x =f + u(t)
¢(6o(r,t)) =0 =—> z,=g+v

¢(6u (t)) =0 = b +v, =0

¢(6u1(t)) =0 = Dby+tvy=0

1

¢ou(t)) =0 = u(t) = - ER':(t) A(t)

¢(sv(r,t)) =0 = v(r,t) = - %-l R+(r,s,t) o(s,t) ds

Volt) = = 3RS (£) wg(t)

!

¢(6yo(t))

l

¢(svy(t)) = vi(t) = = ZRT(t) py(t)
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¢(6x(t)) =0 = A(t) = 2% Qt)(y - - FIA(t) - nguo(t)
L 1]
- by wu(t)-| g, o(s,t) ds
1. %1
X i A

,
662(rit) =0 = oy(rt) =2 (et )2 ~h)S(r - 1)

T
1 fz(r'.i,t)

_ A(t)s(r- ri)
i

I~

= gz(r,t)c(r.t)+ (glro(r,t))r

.
e (g U(Y',t))
er rr
_ T o T _
¢(6z(0,t)) =0 = boZ Hy gzro + (gzrrc)r =0 r
T T T
¢(sz(1,t)) =0 = by u;+g9,0-1(g, o).=0 r
]z 1 Zr er r
_ T T _
¢(6Zr(0)t)) =0 = bO uo - gz g=20 r
Z rr
r
¢(62.(1,t)) =0 => b} pi+g o=0 re
r 1 1 z
z rr
r
¢(6x(0)) = 0 = A(0) =0

¢(6x(T)) = 0 — A(T) =0

n
o

¢(6z(r,0)) =>  g(r,0) =0

¢(6z(r,7)) =0 == o(r,T) =0
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Chapter V
OBSERVABILITY AND OPTIMAL MEASUREMENT LOCATION IN
LINEAR DISTRIBUTED PARAMETER SYSTEMS

1. Introduction

In this chapter we develop the concepts of observability and
filter convergence for a class of stochastic linear distributed param-
eter systems whose solutions can be expressed as eigenfunction
expansions. Since observations of a distributed system can, in
principle, be placed anywhere in the spatial domain of the system, an
important related question is the effect of the measurement locations
on observability. Also, it is appropriate to ask what are the measure-
ment locations that lead to the best estimates of the state of the

system. These two questions are both addressed in this study.

2. System Description

Consider the class of stochastic, linear, distributed parameter

systems governed by

3“;{ t) - L. ulr,t) + Ku(r,t) + &(r,t)  rebD (1)

Br u(r,t) =0 reaD (2)

defined for t > 0 on a spatial domain D (a connected, bounded sub-
set of n-dimensional Euclidean space) with boundary aD , in which r
is a point in the n-dimensional region D + 3D . wu(r,t) is the m-

vector state; &(r,t) is an m-vector white noise (in time only)
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disturbance; Lr is an mxm diagonal matrix, each element of which is
a well-posed, Tinear, time-invariant, spatial partial differential
operator. For example, a common form of Lr in the scalar case is
a, azlarz +a, alar + az . K is an mxm constant matrix with zero

diagonal elements (these are included in Lr); B is an my xm matrix

r
operator, each row of which has only one nonzero element, which is a
well-posed, linear, time-invariant, spatial partial differential
operator.

If there exists an m xm constant, diagonal matrix A and a cor-

responding scalar function ¢(r) such that

Ap(r) reb (3)

L, ¢(r)

n
o

B, o(r) reaD (4)

then A is an eigenvalue matrix of the system (1) and ¢(r) is the
corresponding eigenfunction*

We now require (1) to have the following properties:

P1. The eigenvalue matrices A1,A2,--- are real. Denote the jth
diagonal element of A; by Aji . Then, for each j ,

> «eo and Tlim A., = - ,
o i+ J1

P2. The corresponding eigenfunctions ¢1(r),¢2(r),--- are real, com-

plete, and orthonormal, i.e.,

i 04(r) #5(r) dr = 5,

*Note: The unusual nomenclatures introduced here are for the convenience
of giving a compact presentation of the materials in this
chapter.
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P3. The initial condition for (1), u(r,0), can be expressed as a

linear combination of the first N eigenfunctions

=

U(P,O) = .z] pi(o) ¢1(r) (5)
i=

where the pi(O) are constant m-vectors.

P4. The dynamical disturbance &(r,t) can be expressed as

N
E(P,t) = .z] Ei(t) ¢i(r) (6)
i=

where the gi(t) are zero-mean, m-vector white noise processes.
The covariance matrix of the mN-vector white noise process
£(t) = [£](t),---,50(t)]T is ELE(t)E(D)TT = QUt)s(t-1), where
Q(t) is non-negative definite and continuously differentiable in
t . We denote the covariance matrix E[E(r,t) gT(s,T)] =

Q(Y‘,S,t)d(t"l') .

Note that we have assumed that (5) and (6) are equalities for N
sufficiently large. Although there will, in fact, be some discrepancy
between the left and right hand sides of (5) and (6), we assume N is
large enough to neglect this and therefore take (5) and (6) as part of
the specification of our basic system.

A wide class of real systems described by (1) possesses proper-
ties P1 and P2. We now show that properties P3 and P4 impose, in fact,
no major constraints on the system (I)‘with respect to the initial con-
ditions or the nature of the dynamical disturbance.

First, it is well known [5] if the ¢i(r) are complete in D ,

then any piecewise continuous m-vector function f(r) can be
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N
approximated by f(r,N) = J fi¢i(r) , where £y = J f(r)¢i(r) dr ,
i=1
such that D
lim J 1£(r) - £(r,N) || 2 dr = 0
N -+ o
where || + || denotes the norm. Therefore, by choosing N sufficiently

large, any realistic wu(r,0) can be approximated by (5) to arbitrary
accuracy in the mean square sense.

Second, if the ¢1(r) are complete in D , then ¢1(r) ¢j(s)
are complete in DxD [5]. As a consequence, let &(r,t) be a zero-
mean, m-vector white noise process with covariance matrix
ELE(r,t)E (s,7)] = QF(r,s,t)8(t-1) where, for all t, Q'(r,s,t) is

i) Symmetric in r and s , i.e., Q+(r,s,t) = Q+(s,r,t)T

11) Piecewise continuous in r and s
iii) Continuously differentiable in t
iv) Non-negative definite, i.e., for any piecewise continuous

m-vector function g(r)

J f g(r) Tt (r,s,t) g(s) dr ds > 0
DD

Actually, properties (i)-(iv) are not very restrictive, and have been
assumed in other studies of stochastic distributed systems [28,29].
N
Let us define an m-vector random process &(r,N,t) = 7§ gi(t) ¢i(r) .
i=1

'|=
where E[£;(t)] = 0 , E[g;(t) £]()] = Q4;(£)6(t-x) and

%ﬁﬂ=££0ﬂn&ﬂ¢ﬂﬂ¢ﬂﬂdr% 0
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and let E[g(r,N,t)gT(s,N,r)] = Q(r,s,N,t)8(t-t) . Then it follows

directly from the completeness property of ¢i(r)¢j(s) that

Tim f fl]Q+(r,s,t) - Q(r,s,N,t)szr ds = 0

- ©0

We note that the mN xmN matrix Q(t) , whose elements are defined by
(7), indeed possesses the basic properties of a covariance matrix,
namely, it is symmetric and non-negative definite [12,13]. The key
result is that the spatially distributed white noise disturbance
E(r,t) can be approximated by (6), such that for sufficiently large

N , the covariance matrix of &(r,t), Q+(r,s,t), can be approximated
arbitrarily closely in the mean square sense.

We assume that observations of the state u(r,t) are made con-
tinuously in time at discrete spatial locations. We assume that at
each measurement point one or more of the m components of the state
are observed directly. This corresponds to the most common situation
with respect to experimental data (e.g., thermocouple measurements of

temperature). We represent the observations in the following way:

y(rist) = hiu(ry,t) +n,(t)  rieD+ 3D (8)

where y is a scalar and each hi is an m-dimensional row vector
with only one nonzero comporient, whose value is one, corresponding to
the component of wu(r,t) that is measured at that point. In order
that more than one component may be measured at the same point, rs
and rj may be identical for i # j . The ni(t) are zero-mean
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white noise measurement errors. The covariance matrix of the d-vector
process n(t) = [ny(t).ny(t), -+ ()T is R(t)s(t-t) , where R(t)
is positive definite and continuously differentiable in t .

We make two final assumptions: £(t) and n(t) are independent,
hence E[g(t)nT(r)] = 0 , and there exist constants c; such that
¢ <[[R(t)][ < c, and cg <[la(t)|| < ¢, forall t . The latter
assumption is required for convergence of the Kalman filter [12,13].

Known volume and boundary inputs can be included in the formu-
lation of the system. Let wy(r,t) and b(r,t) be m-vector and m, -

vector known functions, respectively. Rewrite (1) as

%%—= Lr u(r,t) + Ku(r,t) + y(r,t) + &(r,t) (1a)
B, u(r,t) = b(r,t) 5 u(r,0) = u (r) (2a)

If we define

%fé:d L, ut(r,t) + Kut(r,t) + E(r,t) (1b)

B u'(rst) =0 5 u'(r,0) = uy(r) (2b)
and

W L uw(r,t) + KT (rt) + y(rt) (1c)

B.u(r,t) =b(r,t) ; u(r,0) =0 (2¢)

then by superposition, u(r,t) = ut(rt) + u™(r,t) . Equations (1c)

and (2c) can be solved to give u (r,t) . If we denote

y+(r‘i,t) = .V(r.iat) - h'iu-(r'i’t)
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then

y'(rst) = hy ut(ry,t) + ny(t) (82)

Thus, a"system described by (1a), (2a) and (8) can always be reduced
to one described by (1b), (2b) and (8a), a form suitable for applica-
tion of later results.

The system (1), (8) with properties P1-P4 will be referred to as

3. Modal Representation of g

The solution of S 1is spanned by the first N eigenfunctions in

the form

n-—=

u(r,t) = '

p; (t) ¢;(r) (9)
1

1

where each pi(t) is an m-vector function. Substituting (9) into (1)
and multiplying both sides of the resulting equation by ¢k(r) and

integrating over D , we obtain

Fsk(t) o Akpk(t) + ka(t) + Ek(t) (]0)

If p(t) = [0](t)soy(t)s+++spy(t)] , then p(t) is governed by

]

p(t) = Ap(t) + Fo(t) + E(t) (11)

where A and F are the mNxmN matrices,
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A = Ny F = K (12)

The observation (8) has the form

y(t) = Mp(t) + n(t) (13)

where y(t) = [y(r'].t).y(rz,t).---.y(rd.t)]T » and M is a dxmN

matrix,

My Mg e Mgy

M

M= =
M - M
dl dn
- l_j

where each Mij is the m-dimensional row vector, hi¢j(ri) .

Due to the orthonormality of the ¢i(r) , it is easy to show that
the correspondence between the original state u(r,t) and the state
p(t) is one-to-one. We refer to (11) and (13) as the modal represen-
tation of S , which is an equivalent lumped parameter representation
of the original distributed system. The modal representation of dis-
tributed systems has been used in a number of cases with respect to
control of distributed systems [8,24].

We now state a few well-known results for linear, time-invariant
lumped parameter systems that will later be needed. The system (11),
(13) is completely observable iff the rank of [MT,(AT+FT)MT,~--,
(AT+FT)mN'] MT] is mN [12,13]. The system (11),(13) is detectable




-139-

iff there exists a real matrix B such that (AT + FT) .y

B is
asymptotically stable, i.e., all eigenvalues are negative [36].
Detectability essentially refers to the observability of the unstable
modes of a system.

As mentioned in the Introduction, our primary reason for consid-
ering observability is as a prerequisite to estimating the state
u(r,t) of the system based on the noisy observations y(ri,t) . Since

S has been reduced to the modal system (11),(13), the classic Kalman

filter can be applied to (11) and (13). It is
5(t) = (A+F)a(t) + P(t) MTR™'(t) [y(t) -Mp(t)] (14)

P(t) = (A+F)P(t) +P(t)(AT+ FT) = P(t)MTR™V(t)MP(t) +Q(t) (15)

where p 1is the estimate of p . These equations are integrated

simultaneously with the gathering of data y(t) and provide continu-

ously updated estimates p(t) . The Kalman filter is said to be con-

vergent if (14) is uniformly asymptotically stable and there exists a

unique P(t) such that t11'm P(t) = P(t) for every symmetric, non-
+ o

negative definite P(0) . If Q(t) and R(t) are time-invariant,

P(t) = P, a constant matrix, the solution of
(A+F)P + P(AT+ FT) - PMR™! MP+Q = 0 (16)

If the system (11),(13) is completely observable, then the Kalman
filter is convergent. If Q and R are time-invariant, the Kalman

filter is convergent'iff the system (11),(13) is detectable [17].
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We will define S to be completely observable and detectable

when its modal representation is completely observable and detectable.

An estimate of the original state will be obtained from (9) by

u(r,t) = _

B (t) 4;(r) (17)
1

nes~—1=

1

The distributed filter for S 1is defined by (14), (15) and (17) and

is defined to be convergent when its modal filter is convergent.
Finally, if we define P(r,s,t) = E[(u(r,t) - G(r,t))(u(s,t)

- G(s,t))7] , the modal filter (14)-(15), together with (17) can be

shown to be equivalent to the distributed parameter filters of

Tzafestas and Nightingale [28,29] and Seinfeld et al. [10,26]:

= Lrﬁ(r,t) + Ku(r,t)

(o5 K5
o =

d d
T -] ~

B, u(r,t) = 0 reabd (19)
g—z= L P(r,s,t) + K P(r,s,t) +P(r,s,t) L} + P(r,s,t) K
r S
g g T el
+ 1_;1 jZ] P(ryrysthhy Ry;(t) hy P(ry,s,t) +Q(r,s,t) (20)
r,sebD
B, P(r,s,t) =0 reab,seD (21)
B PT(r,s,t) =0 seda, rebdD (22)

S



-141-
where R;;(t) is the 1i,jth element of the matrix R"](t) and

P(r,s,t) L] = (LPT(r,s,t))T .

4, Effect of Measurement Locations on Observability

The modal representation of S enables us to relate the
observability and detectability of S to that of the modal system.
Our basic objective is to use the modal representation to determine
the effect of measurement locations on observability and filter con-
vergence for S . When S 1is deterministic (&(r,t) = ni(t) = 0), in
order to determine wu(r,t) uniquely, measurements and their locations
must be chosen such that complete observability is achieved. When S
is stochastic, to guarantee meaningful estimates of wu(r,t), the modal
filter ' must be convergent. Hence, again measurements and their loca-
tions must be chosen such that S 1is completely observable (if Q
and R are time-varying) or detectable (if Q and R are time-
invariant).

Two key questions can be posed: (1) Can we always find some
finite set of measurements such that S 1is observable, and (2) Is
there some minimum number of measurements sufficient for observability
of S ? The principal results of this section attempt to answer these
two questions. The results are embodied in two theorems.

Before stating the theorems, we make some slight changes in
notation which will facilitate the proofs of the theorems. Let the
measurement 1oc;tiohs PisPps sy be relabeled as rij
d; such that iZ] d; = d . Thus, the ith component of the state

ui(r,t) is observed at di locations rij

si=1,0,m,j=1,.-

’ j=]’29"',d.i . Let the
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components of the m-vector Pj be pji s J=1,24++-,m , and denote the
- T T
N-vector oy = [pj],pjz,-'-,ij]T and the mN-vector a = [a],az,---,
T-T
a1 .
The deterministic forms of (11) and (13) then become
a(t) = G(t) a(t) (23)
z(t) = W(t) a(t) (24)

where the mNxmN constant matrix

Gi1 Gy2 G1m
g = .
Gm] Gmm

with each diagonal element Gii an NxN diagonal matrix with ele-
ments Aik s, k=1,2,+-+,N , and each off-diagonal element Gij an

N xN diagonal matrix with elements kij (the i,jth element of K).
The d-dimensional column vector z(t) = [z{(t),...,z;(t)]T with each
element a d.-dimensional row vector zl(t) = [y(ril,t),y(riz,t),---,
y(ridi,t)] . W is a dxmN constant diagonal matrix with each

diagonal element wi a di xN matrix,

¢](r.i]) ¢2(rﬂ) ¢ & s ¢N(rﬂ)

W, = - Ful) gy v gl
010riq. ) 9pryq ) = ot ay(ryg)
1 1 1

In this formulation, S is completely observable iff the rank of

(W6 W, e (6N)™-1 4Ty =y
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Theorem 1. There always exist spatial measurement points rij 5

i=1,2,+++,m , j=1,2,<+-+,N such that S 1is completely observable.

Proof of Theorem 1. We want to show that, with a finite number of

measurement locations, it is always possible to construct a measure-
ment scheme that will make S completely observable. To do this, we
will show that we can always choose N measurement locations at each
of which all m components of u(r,t) are observed to lead to an
observable system. Thus, let rij = r; , 121,2,¢0+e,m , j=1,2,++,N,
i.e., all components of wu(r,t) are measured at each r; . In this
case all Ni are identical, so set wi = w* . Since det W =

(det w*)m and S is completely observable if W is nonsingular, all
we need to show is that rf » j=1,2,-++,N exist such that w* is

J

nonsingular. We do this by induction. Define w; by

8(r]) () e 4, (r])

*

9(r,) ¢,(rg)
We shall show that r; s j=1,2,+-+,N exist such that w: is nonsingu-
lar for all £=1,2,-+-,N . Wj # 0 since ¢,(r) cannot be identi-
cally zero for all reD+3D . Assume ¢](r;) #0 . If w; is
singular for all r; , then there exists some fixed constant b such

that for all rz 5

65(r7) 61(r7)
= b

85(rp) 81(rp)
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which implies ¢2(r) = b¢1(r) for all r . This contradicts the

*
orthonormality of ¢] and ¢y - Hence, an ro must exist such that
*

£
singular for all r;+] . Then there exists a set of fixed constants

* *
w2 is nonsingular. Now, assume W, 1is nonsingular and w£+1 is

bl’bz""’bg such that for all r*

2+1
T (r]) ] " 95(ry)
' )
= b.
® 4=l . "%
| 441 ("gaq) | 95(rgar )]

L
which implies ¢2+1(r) = .Z] bj¢j(r) for all r . T21s contradicts

0+1 must exist

the orthonormality of ¢1,¢2,...,¢2+] . Hence, an r

such that wz+] is nonsingular. Q.E.D.

Theorem 1 represents only a sufficient condition for choosing
measurements such that S can be made observable. Therefore, it may
be possible to have an observable system with fewer measurements than
prescribed in the proof of Theorem 1.

The second question we pose is, are there some circumstances
under which we can use fewer than the number of measurements prescribed
in the proof of Theorem 1 and still have an observable system? Theorem

2 presents this situation.

Theorem 2. If K is triangular (i.e., either k1j= 0 for 1>
or kij =0 for i< j) and if each component of u , ui(r,t) s I8
measured at only one point r: s i=1,2,+++,m , then S is completely

observable if for all i
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a. ¢](Y‘T) #0, ¢2(r?) F 0, wvsy ¢N(r?) #0

b. Ai]’AiZ""’AiN are distinct.

Proof of Theorem 2. Let T = [wT,GTwT,---,(GT)N']wT] . It is straight-
m
forward to show that |det T| = 1T |det Til where T, = ¢.V. and
i=1
B *
ey 0
<D_i = -
*
| 0 oy (ry)
~ 2 N-1 —
A Mo A
2
oo |1 M2 M
i ; ‘
N-1
LT Ay AN -

If a. and b. hold for all i , then det Ti #0 for all 1 , implying
T 1is nonsingular and hence S is completely observable. If m=1,
conditions a. and b. are both necessary and sufficient for observabi-
lity, where for m > 1 , a. and b. are only sufficient. If K 1is not
triangular, conditions a. and b. are not, in general, required for

observability. Q.E.D.

Lemma 1. If K 1is triangular and Aji <0 for all j=1,2,---,m and

i=1,2,-++,N , then S 1is detectable.

Proof of Lemma 1. Set B =0 1in the detectability test of Section 3.

Then the eigenvalues of (A+F) are Aji’ j=1,2,000,m , i=1,2,---,N .
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Q.E.D.

We now present a few simple examples to illustrate the applica-

tion of Theorems 1 and 2.

Example 1. Consider the scalar, one-dimensional heat conduction system

Eeuurt)  re(01),u>0
u(r,t) = 0 r=0,1

The eigenfunctions and eigenvalues are ¢i(r) = /2 sin inr and

Ai = —u(in)z , i=1,2,-++,N . Let u be measured at only one point
r*. From Theorem 2, we see that complete observability of the system
is achieved iff r* does not belong to the set of locations,

x
sin imr = 0, i=1,2,++,N .

Example 2. Consider the scalar, two-dimensional heat conduction system

[4]

5% = Upplrssst) + ug (ris,t) r,s € (0,1)
r=20,1,s ¢ [0,1]
u(r,s,t) =0
s =0,1 ,rel[0,1]

For N = 4 the eigenfunctions and eigenvalues are:

]
1
(]

=]

¢](r.s) 2 sin mr sin 7s AI
¢5(rss) = 2 sin mr sin 21s X, = -57
¢3(Y’,S) = 2 sin 2nr sin 7s )\3 = <57

d4(rss) = 2 sin 2nr sin 215 A, = -8n

Since xz = A3 , Theorem 2 indicates that we will need more than one
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~ measurement point. If we choose, for example, the two points
* % * ok 1 T.T
(r].s]) = (%u%) and (rz,sz) = (%330 , then det[W ,G wT] # 0 and
hence complete observability is achieved (given that N =4 is an

acceptable representation of the system).

Example 3. Consider the m-vector, one-dimensional system

%E-= L., u(r,t) + Ku(r,t) , re (0,1)
32
L. = u. e el @ u- > 0 ’ g. > 0 ’ i=]’2,"',m
LI i arz i? i i
Bui
_-_ar = 5 r= 0’] ’ i=1,2,"',m

where K has elements kij >0 for i<j and kij =0 for

i>3d, 1,j=1,2,-+-,m . This system represents the combined diffusion
and first order decomposition of m chemical species, in which there
is no flux of mass across the boundaries of the system. The eigen-
functions for this system are ¢](r) =1, ¢i(r) = V2 cos(i-1) nr ,
i=2,+++,N . The jth diagonal element of Ai is As. = -uj(i-l)2 “2

Ji
- 05 J=1,25+++3m , i=1,2,---,N .

Let ui(r;t) be measured at r: , i=1,2,++-,m . Applying
Theorem 2, it is clear that complete observability is achieved as long
as r: does not belong to the set of locations, cos knr: =0,
k=0,T,%+,N-1 .

If K is not triangular, Theorem 2 cannot be applied. Theorem
1, however, will always guarantee that there exists a completely

observable measurement scheme.
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5. Optimal Location of Measurements

If S is deterministic (&(r,t) = ni(t) = 0) , the question of
optimal measurement locations is irrelevant, since a set of measure-
ments either provides sufficient information for the unique determina-
tion of u(r,t) or not. The question of optimal measurement locations
does have relevance, however, when one considers filtering for a
stochastic distributed system. First, of course, the measurements must
be chosen so that the system is completely observable (if Q and R
are time-varying) or detectable (if Q and R are time-invariant).
Then, the measurements can be positioned such that the resulting state
estimates are in some sense optimal.

Consider the case in which R and Q are time-invariant. In
this case a reasonable criterion of the accuracy of the state estimates
is the trace of the steady state covariance matrix P . In general, we
could divide D+ 3D into J grid points and examine all possible
arrangements of the d measurements at these grid points. For each
detectable arrangement the trace of P can be computed and the set
yielding the smallest value of the trace be chosen. This approach is
clearly "too time consuming for practical use.

We now present a suboptimal scheme for measurement locations in
the case of scalar (m=1) one-dimensional (n=1) systems in which
A >Ay s > Ay and ¢i(r) = 0 at a finite number of points. The
method can be extended to the vector, multidimensional case, although

for simplicity we present only the scalar, one-dimensional case here.
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Say we wish to choose d Tlocations, Pislpsss sty o at which to
observe u(r,t) such that tr P is minimized. The following algorithm
can be used:

1. Begin with one observation point r . Find that value of
r that minimizes tr P and denote it by r o (Here we
first need to find the points of undetectability where
trP =) .

2. Fix ry - Add a second measurement point r and find that
value of r that minimizes tr P and denote it by ry .

3. Fix g and ro Add a third point and continue until all

d points are chosen.

Although this approach clearly does not necessarily lead to an
optimal set of points, it should produce results not far removed from
an optimal set. This is because the first point is at its best loca-
tion. Adding another point decreases tr P , and we generally would
expect.that with two points at least one would be Tocated near the
optimum position for a single point.

In order to utilize this algorithm, we need to determine how P

varies with a measurement location r . First, we express P as

P(r) , i.e., P depends implicitly on the parameter r . Upon differ-
entiating (16) with respect to r , we obtain an ordinary differential
equation governing P(r) (the procedure was first suggested by

Jamshidi [11])

9 [T W (R TH(r)P(r)] + T - POrW (R H(r) ]

-1 M (25)

= P(r) %’jl R™MM(r) P(r) + POrMT ()R S0 P(r)
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where, since m=1 , F =0 .

Equation (25) is simply a matrix 0.D.E. which may be integrated
either forward or backward in r to obtain P(r) in any interval in
which P(r) is continuous. To initiate the integration, P(r) must
first be calculated independently at one arbitrary point in the given
interval. This may be done by solving (16) by an iterative technique
suggested by Kleinman [15].

We now apply this algorithm to an example.

Example 4. Consider the heat conduction system
ut(r‘,t)'= o]urr(r,t) * o, u(r,t) + g(r,t) re (0,1)
ur(r,t) =0 r=0,1

We choose for illustration N = 3 , for which the eigenfunctions and

eigenvalues are ¢1(r) =1, ¢2(r) Y2 cos mr , ¢3(r) = /2 cos 2mr ,

2

n

and A] =0, Az =0y = 04T A3 0y = 4o1n , respectively. We

choose

o
L}
o
nN
o
o

for two measurements.
From Theorem 2 we know that this system is unobservable iff

r=1/4, 1/2 or 3/4. Let us consider the optimal Tocation of two
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observations in two cases: (i) oy = 0.1, 0, =0 , and (i1) o = 0.1,
gy = 1.1

In case (i), it can be shown that for one observation the system
is detectable at any r . The trace of P in case (i) for one obser-
vation and two observations, one of which is at ry = 0 , is shown in
Figure 1. With only one observation, tr P is minimum either at r =0
or r=1. With the first observation fixed at ry 0 , curve 2

indicates that the best placement of the second point is at r, =1 .

2
In case (ii), it can be shown that for one observation the system

is detectable for any r except r =1/2 . Figure 2 shows the trace

of P for one observation and two observations, one of which is at

' ry = 0.36 . Curve 2 indicates that ro = 1.0 minimizes tr P given

that ry = 0.36 . Thus, for case (ii), with one point, its best loca-

tion is ry = 0.36 or 0.64 ; with two points, one fixed at 0.36, the

best location of the second point is 1.0 . This is somewhat unexpected

since it would appear from curve 1 in Figure 2 that with two measure-

ments we would have to place them at 0.36 and 0.64. Placing one at

0.36, however, we are apparently required to put the second point as

far away from the first one as possible.
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6. Fiqures

Figure 1  Example 4, Case (i)
Curve 1: One measurement location at r .

Curve 2: First measurement location at "
second measurement location at r .

n
o
-

Figure 2 Example 4, Case (ii)
Curve 1: One measurement location at r .

Curve 2: First measurement location at ry = 0.36
second measurement location at r .
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Observability of a Class of Hyperbolic Distributed
Parameter Systems

T. K. YU anp J. II. SEINFELD

Abstract—Necessary and sufficient diti are pr ted for
the observability of a class of linear hyperbolic distributed param-
eter systems. Observations are assumed to be made along paths
intersecting the characteristic curves of the system.

In thix correspondence we present some new results on the ob-
servability of a class of linear hyperbolic distributed parameter
kystems, The results are embodied in necessary and sufficient condi-
tions for the recovery of the state of this class of systems. In prder
to develop the conditions, we present first an extension of the well-
known conditions! for the observability of linear lumped parameter
systems,

Consider the elass of systems deseribed by

Uty = Flout),  €[0,7) (n

where u(t) is an (n X 1) state vector and F(t) is an (n X n) matrix.
Let #(4,0) be the fundamental matrix for system (1). Suppose
observations of this system are made at A discrete times in the
form

wo= Hul,), i=1,2,:-,h (2)

where the y, are (m; X 1) vectors of observations and the H, are
(m, X n) constant matrices. Therefore, the dimension of y; and of
H, ean change at different measurement times. This system is said
ta be observable if we ean recover the initinl state u(0) from y;,
1= 1,2,..., h We present 4he following theorem.

Theorem 1: A necessary and sufficient condition for the observa- |
bility of (1)ix that the (n X 353 m, ) matrix, M = [&(6,00TH,T, - - -, |
@,MTHLT), has rank n.

“Proof: Letr = 3% m, and v, denote the ith column vector of M.
Also, let 'V = [T, -, mTIT = [¥,Vy, -+, V,]JT. Form the
(n X n) matrix Q from any n columns of M, Q = [vi,vy, «++, vinl.
Then there is an (n X 1) veetor g = [V, +++, ¥, ]7 such that g =
QTu(0). For any ¢ €[0,7'], we can write g = QT®(,0)~'u(t). Hence,
to recover u(t) for all ¢ €[0,T], it is necessary and sufficient that
there exists a matrix Q with rank n or, equivalently, M must have
rank n.

Ezample 1: Let us apply this theorem to system (1) with

F() = (_f ;) 3)

Suppose only u; can be measured. Say we measure u; at two times,
tyand by, Thus, Hy, = Hy = [10] (e, n =2,m = 1, my = 1,r = 2)
and

cos (4,9/2) cos (4,%/2)
e [ain ®*/2) sin (/2) J v

Manuscript received March 20, 1971,
The authors are with the l)epnrlmenl nl’ Chemical Engineering, Californis
la-mula of Te:lmolugy Pundcna Calif. 01109,

1. Lee and L. Optimal Control Theory. N
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Let t; be chosen arbitrarily. Then, in order that M may have rank 2,
it is necessary that ty # (41 + 2ke)V% k = 1,23 - - -, for the system
to be observable. 3

OpservABILITY OF A CLass or Hyprernovic SyasTems
Consider the class of linear hyperbolic systems governed by

a“_ é_u - 0, 20 5
l+ﬁ Ay, z €[0,1), t2 (5)

where u is an (n X 1) state vector, f is a positive scalar constant, and
A is an (n X n) constant matrix. The system (5) has only one type of
characteristic line, namely, di/dx = 1/8. Lct #(7,0) be the (n X n)
fundamental matrix of the system, @ =*dw, r €[0,1]. Also, let
Ra denote the closed region in the (zl) plane bounded by z = 0
=1, t=0andt="24+a,a 2 0.

Definition: The ith ulmcrvnuon path z,(¢) is a line in the (z,)
plane with the following properties: z,(0) = 1, 2,({) crosses each
characteristic line in R4 once, and z(t) terminates at a point on
the characteristic line t = g='r + a.

Let there be A distinet observation paths, z,(t), 1 = 1,2,--- A,
that is, 2,(t) and 2;(t) have no common points for 1 # jand t > 0. We
will denote the value of the state along the ith observation path as
u,,(1). We assume that the observations y,(t) of the system (5) are
made continuously along the h observation paths in the form

will) = Hu(t), 0= 1,2, h

t>0 0

where the H; are constant (m; X n) matrices. The observation at the
point (x = 1,¢ = 0)is in the form y(0) = Hou,(0), 1 = 1,2,--- A,
where Hyis a constant (n X n) matrix. We will call the system of (5)
and (6) observable in Rq if u(z,t) in Ry can be recovered from yi(t).

Theorem 2: A sufficient condition for the observability of (5) and
(6) in R is: 1) if forany r, # 7y # - # 75, 0 < 7, < 1, the (n X
3 hmi) matrix L = [@(r,0)TH,T, - -+, ®(ra,0)TH\T] has rank n
and 2) H, is nonsingular.

Proof: The proof follows directly from that for Theorem 1.
Exzample 2: Consider the system (5) withn = 2,8 = 1, and

0 1
- [o -l]' ™
Let @ = 1/2. Assume there are two paths in the (z,¢) plane along

which observations are made:

ai)=1-t, 0Zt<'h
s, NHhStLl

nt) =1 0<t<15 )

8)

We choose the following observation matrices: Ho = I, H, = [1 0],
and Hy = [0 1]. Thus, at z = 1 and ¢ = 0, both states are measured,
but along z,(¢) only u, is measured and along z:(¢) only u, is measured.
It is straightforward to show that

vely b 2] (10)
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406

has rank 2 for any v, # 7, 0 < 1, 7y < 1; hence, the system is

observable. .
Finally, we consider another class of linear hyperbolic systems,

namely, those governed by

— = A,

z€[01],t 20 (11)

where A, and A; are (n X n) dingonal matrices with diagonal
elements Ay, - -+, A and Ay, <+ ¢, Mia, respectively. Therefore, (11)
represents n uncoupled hyperbolic systems, each having its own
characteristic line, with slope di/dz = N\, 1 = 1,2, ,n. We
assume Ay > A > ¢ 0 > Ajae

We define Rq(1) as the closed region on the (z,t) plane bounded by
z=0,z=1,¢{=0andi = Ai"'z + @, « 2 0. Wealso define the
single observation path z*(t) by: 1) 24(0) = 1; 2) 2*(t) crosses ench
characteristic line of type i in Ra(i) once, ¢+ = 1,2, -+, n; and 3)
z*(t) terminates at a point on the characteristic line ¢t = \.~'z +
a. *(t) will denote the segment of z*(t) that begins at the point
(z = 1,¢ = 0) and terminates on the line t = A, "'z + a. Similarly,
2:*(t) is the segment of z*(¢) that initiates from the line t = x=,;_,
z 4 a and terminates on the line ¢ = A\;"'x + a. The observation
along path segment z, *(¢) is in the form

wit(t) = Hitu 1) (12)

where H;* is a constant (m; X n) matrix.

Theorem 3: A necessary and sufficient condition for the observ-

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, OCTOBER 1971

ability of (11) and (12) in the region R4(1) is that for each (m; X n)
matrix H,*anew (n — i 4 1 X n) matrix P;+

Pia Pia  Pin
Pitrta Pigip’t Pigin

Pt = (13)

Paa Pan

can be formed that has the properties p, , # Oforallj = kand p; , =
0 for j > k, and each row of P;* is formed by some linear combination
of rows of H;*.

Proof: Let the (n — 1 + 1 X m;) matrix B, represent the
transformation such that B,H;* = P;*. Then there exists a g;* =
By t(t) such that gi*t = P *u, *(t). Let v;*(t) be a vector formed
from deleting the first ¢+ — 1 components of u.,*(t) and W, be the
matrix formed from deleting the first ¢+ — 1 columns (all zeros) of
P;*. Then we can write g,* = W, *. Since W, will be nonsingular,
vt = W, g,*. This Implies that wu, -, u, can be recovered
along z;*(t) and therefore u; can be recovered along 2, *(t), z2*(t), - - -,
2;*(t). Hence, u; can be recovered along every characteristic line of
type © in Re(i) and the system is observable in Ra(1), proving
sufficiency. Suppose for a particular H,* a new matrix P; * having the
properties of Theorem 3 cannot be formed. This implies that some
uj(f < j < n) cannot be recovered along 2, *(t). Hence, u; cannot be
recovered along some characteristic lines of type j in the region
Ra(j), proving necessity.
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Chapter VI
CONCLUSION

In this dissertation optimal filters have been derived for three
important classes of nonlinear stochastic dynamical systems.

The first class of systems is governed by stochastic nonlinear
hyperbolic and parabolic partial differential equations with boundary
and volume disturbances of both additive and nonadditive nature. The
form of the system enables the recursive estimation of both states and
constant parameters. The performance of the filter was demonstrated
computationally in an example for the feedback control of a styrene
polymerization reactor.

The second class of systems encompasses, within a single frame-
work, three types of stochastic time delay systems:

1. Nonlinear lumped parameter systems with multiple constant

and time-varying delays;

2. Nonlinear systems of coupled ordinary and hyperbolic partial

differential equations; and

3. Nonlinear lumped parameter systems having functional time

delays.

The general filter was applied in a numerical example to a chemical
reactor-heat exchanger system.

The third class of systems is a generalization of the second
class by including systems described by mixed nonlinear lTumped and
parabolic partial differential equations with both volume and boundary

disturbances.
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Along with filtering, the related concept of observability
and optimal measurement location was studied for a class of stochastic
linear distributed parameter systems whose solutions can be expressed
as eigenfunction expansions. The two questions examined are: (1) the
effect of measurement locations on observability, and (2) the optimal
location of measurements for state estimation. It was shown that a
scheme of finite measurements can always be constructed such that the
system is observable. Also, it was shown that for a special class of
systems, only a few measurements will suffice for observability, as
long as they are not placed at the "nodes" of the system. An algorithm
was developed for determining a suboptimal set of measurement Toca-
tions with respect to state estimates.

Finally, necessary and sufficient conditions for observability
was derived for a separate class of linear hyperbolic distributed

parameter systems.
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