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SYMBOLS AND NOTATiONS

Rectangular Cartesian coordinates

Density of the visco-elastic_material
(gm/cm®)

Rigidity coefficient of the visco-elastic
material (gm./cm sec®)

Newtonian viscosity coefficilent of the
visco-elnstic materiasl (gm./cm.sec.)

Components of the stress tensor in the
visco-elastic layer (gm./cm.secg)

Components of the displacement vector in

the visco-elastic layer (cm.)

Density of the plastic meterial \gm./cm®)

Rigidity coefficient of the plastic material

(gm./cm.sec”)
Newtonian viscosity coefficient of the
plastic material (gm./cm.sec.)
Components of the stress tensor in the
plastic layer (gm./cm.sec®)
Components of the displacement vector in
the plastic laver (ém.)
Components of the strain tensor of the

Maxwell material

Thickness of the visco-elastic layer (km.)



(Symbols and Notations, Continued)

Vp Velocity of propagation of the wave
(km./sec.)

m Time attenuationcoefficient (1/sec.)

P Frequency of the simple harmonic

progressive wave (rad./sec.)
T Period of the simple harmonic progressive

wave (sec,)

A\=ZMVT Wave length (km.)

051 Attenuation coefficient in the direction
of x; in the plastic layer

Cxzo Attenuation coefficient in the direction

of wave propagation.






ABSTRACT

In this thesis an attempt is made to demonstrate in
accordance with known physical principles that significant
changes in the macroscopic equilibrium of the earth can be
attributed to rate processes which do not call upon the ex-
istence of macroscopic gradients and disturbances in the earth.
Such processes and thelr relation to known mechanisms of
plastic deformation and to the experimentally established be-
havior of materials under high pressures are critically
evaluated. This evaluation is carried out in the light of some
well-established concepts of statistical mechanics and modern
physics. In so doing specific methods for producing seismic
disturbances which are based upon known mechanisms of plastic
deformation and rupture become indicated. It 1s also shown that
under very high pressures, pressure and temperature can com-
plement each other in producing disturbances associated with
polymorphic transitions of materials leading to a reduction in

symmetry of their lattice structure.

A specific mechanism for producing and repeating earth-
quakes at shallow and intermeciate depths 1s proposed. This
mechanism 1is based upon the existence of a visco-elastic surface

layer supported by a plastic material embodied with stress

relaxing properties.

The effect of such a configuration upon the propagation
of Love Waves is investigated quantitatively. This investigation
shows that the plastic sub-layer would explain the observed

selection of the period of Love Waves.






I. Introductiong

The fundamental work of H. Benioff (1) clearly
establishes that the elastic-rebound strain increments associated
with individual earthquakes in a given fault are tyvical of the
creep recovery characteristics of rocks as measured in the
laboratory. These observations suggest that tectonic processes
and earthquakes may be more generally and completely determined
by relaxation phenomena of verious types taking place within
the materials of the earth. In this thesis an attempt is made
to evaluate this idea and to investigate quantitatively some
of its implications. In so doing a specific mechanism for the
origin and repetition of earthquakes and related tectonic

activity 1s suggested and proposed.

The physical constitution and state of the earth at
a given time and its change with respect to time, are determined
by the physical properties of the materials of the earth and
their physical environment as functions of time. Consequently
changes of state of the earth are, in general, determined
(a) by atomic and molecular changes altering the physical
properties of its materials (which will be referred to henceforth
as changes on the microscopic scale) and (b) by changes of the
mechanical and thermodynamic state of its material on the

macroscopic scale, caused by macroscopic disturbasnces of their

physical environment.



To evaluate the relative importance of these causes for
changes in state of the earth manifested on a macroscopic scale,
1s an open problem. This thesis attempts to evaluate, in part,
macroscopic effects that can be attributed to changes on the
physically microscopic scale. To accomplish this one must con-
sider (a) the possible mechanisms for producing such changes,

(b) the source of energy that makes these possible, and (c)
establish a linkage between the time changes occuring on the
microscopic and macroscopic scales so that the macroscopic effect
can be evaluated analytically. This linkage is suggested by a

study of various methods for representing qualitatively the

microscopic and macroscopic properties of mechanical sys tems.

Since the changes appear to us on the macroscopid scale,
it is natural to first call upon strictly macroscopic phenomena to
explain them. Accordingly, this has been the basis for both
qualitative and quantitative physical Investigations theat have
been carried out thus far. In these investigations difficulties
are encountered either in explaining the origin of large ma.cro-
scopic disturbances in the earth or in explaiﬂing how these changes
are repeated in the course of time, consistently with the second
law of thermodynamics. These investigations treat the materials
of the earth as a continuumg thereby considerably restricting
the physical phenomena which they can represent analytically,
especially when they are not supplemented with the consideration

of related molecular and atomic phenomena.
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The investigations (2) pertaining to the calculation
of stresses in materials capable of sustaining shearing stresses,
consistent with the hypothesis of isostasy of H. H. Pratt (3)
and J. F. Hayford (4), treat the materials in the compensating
layer as perfectly elastic thereby admitting an infinite number
of solutions to the equations of equilibrium. These equations
can be rendered mathematically determinate  only by introducing
arbitrary assumptions in the analysis. If the materials are
permitted to undergo plastic as well as elastic deformations, it
then becomes bossible to make the analysis mathematically
deterﬁined in some cases, by introducing suitable yield conditions
for the plastic deformation. The inherent lack of determinateness
In an analysls that treats the materials in the compensating
layer as perfectly elastic and the additional determinateness
rendered to the analysis by assuming plastic deformation as well,

strongly suggest that these materials in general have both elastic

and plastic properties.

From gn atomic and molecular point of view, the elastic
properties of a material are determined by elements of molecular
and atomic structure which upon bei ng alternately loaded and un-
loaded, naturally return to tlk original unloaded configuration.
The elastic properties are generally attributed to deformation
of the molecular bonds and not to reorientation»of the molecules
within the material. If the reorientation time of the atoms and
molecules is very large compared to the time for which the de-
formation mechanism of a material is being considered, then during

this time, the material can be considered elastic. The re-



orientation time is in general a function of temperature and

the magnitude and direction of the forces applied to a material’
and consequently assigning an elastic property to a material,

is an idedlization, valid only under special conditions. Bearing
in mind this idealization, it cen be asserted that the mechanism
for elastic deformation 1is time independent and can therefore be
described macroscopically by a time independent function relating
stress to strain in a one to one correspondence. The analytical
investigations referred to above and others have in general treated
the meterials of the earth as an elastic continuum, where
deformation properties are characterized by a time independent
stress-strain relationship, and pertain to the calculation of
stress and motion (if any) consistent with the equilibrium of
forces associated with the macroscopic deformations and other
physically macroscopic phenomena. Their investigations, however,
do not account for macroscopic changes in equilibrium caused by

material changes on a microscopic scale.

Plastic deformation is determined by and consists of
microscopic structural changes in materials which take place in
the course of time when constant forces are appliled to such
materials. These structural changes involve reorientation of
atoms and molecules in the material and usually permit the materigl
to continue to deform macroscopically for a significant time
after the forces are applied. There are in general two principal
types of plastic deformation. The first, which is more typilcal
of crvstalline materials (metallic and non-metallic), is a
deformation that is time dependent but such that the strain ap-

proaches a limiti ng value for a given stress. The second is



predominant in amorphous materials that behave &s a viscous
fluid where the stress is proportional to the rate of strain
and is independent of the strain. Consequently, in amorphous
materials the strein does not epproach a limiting value for a
glven stress. Instead, for a given stress the rate of strain
is essentially constant. From these observations it is clear
that the physics of plastic deformation and its mechanisms
depend upon time changes tsking place on a microscopic scale.
Thus, in attempting to determine the effects of plasticity upon
the macroscopic equilibrium of the materials of the earth, it
is necessary to refer to a microscopic as well as a macroscopic
scale in the analysis and attempt to establish some reiationship
beﬁween them. When the materials are treated as perfectly
elastic the microscopic scale is eliminated by introducing a
relation between stress and strain based upon Hooke's Law, where
both are physically macroscopic quantities and are considered
independent of any changes that take place in the microscopic
scale within the material. This procedure can usually be
justified if the stresses and temperature of the material are
sufficiently low so that the material does not yield. However,
the effect of the yileld and subsequent deformation upon the
macroscopic equilibrium cannot be satisfactorily interpreted

without taking into account the time changes in the microscopic

scale.

In order to investigate analytically their effect upon
macroscopic equilibrium it is necessary to represent mathematically

the essential features of plastic deformation, expressed in terms



of physically macroscopic quantities. This can be done for

& particular substance by determining empirically a relation
between stress, strain and time, and using it in the analysis.

To determine such a relationship empirically usually leads to
many technical difficulties and consequently the tendency has
been to more or 1less arbitrarily assume such relationships,

apply them analytically, and check their validity by indirect
experiments. This procedure has introduced numerous so-called
ideal plastic materials into the literature. These relations,
which might be considered as analogous to Hooke's Law for
perfectly elastic materials, contain terms which in general:
represent elastic, guasi-plastic, and perfectly plastic.elements
in series or in papallel and consequently,(together with the
equations .of equilibrium, do not in ‘general lead to a mathemat-
ically determinate system. Furthermore, their coefficients are‘
in general functions of microscopic fluctuastions in the material
and constitute an essential linkage that permits physical analysis
of the effect of microscopic changes upon macroscopic equilibrium.
Since from a mathematical point of view introducing time

dependent stress-strain relationships leads in many cases to a
mathematically undetermined system, it 1s helpful to consider
other ways of determining the stressés and whether or not con-
ditions of quasi-static equilibrium can be satisfied in materials
which in part deform plastically. By introducing yleld conditions

the analysis can in some cases be made mathematically and con-

sequently physically determinate. Such yileld conditions have been

proposed by H. Tresca (5), St. Venant (6), Coulomb (7), R.v.Mises .



(8), H. Henky (9), and others. The only sound criterion for
selecting one or another yield condition to be used in an
analysis is essentially empirical. However, it 1s significant
to attempt, if possible, physical interpretation of a yield
condition used which in general requires considerations on the

microscopic scale.

This thesis 1s divided into seven parts including the
introduction. Part II considers the general problem pertaining
to the descriptioﬁ of the physical "states" of the materials of
thevearth.:‘It propoees criteria for distinguishing between the
different states of these materials. In Part III mechanisms
and properties of plastic deformation in single crystals,
amorphous materisl and polycrystalline materials are discussed
from the point of view of their geophysical implications. Part
IV proposes a specific mechanism for causing‘and repeating
_seismic disturbances in the interior of the earth. Some general
causes for seismic disturbances, based upon the considerations
set forth in Part III, are suggested without presenting specific
mechanisms associated with them. In Part V a quantitative
analysis of some.observable implications of the mechanism proposed
in Part IV is presented. 1In this analysis the effect of a plastic
sublayer upon the propogation of Love Waves is investigated.
Part VI is an evaluation of the geophysical significance of the
seismic mechanism and some of its implications presented in Parts
IV-A and V, respectively. Part VII presents a summary and con-

clusions pertaining to the entire thesis.
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II. On the Physical States of the Materials of the Earth:

A fundamental problem in geophysics is to infer from
physical principles and measurements supplemented by geological
and astronomical data, the physical states of the materials in
the interior of the earth. Physical measurements are both neces-
sary and crucial for any attack upon this problem, provided that
they can be expleined and interpreted by means of an adequate
theory. The mathematical formulation of such a theory requires
however, a knowledge of the physical parameters which signifi-
cahtly determine the macroscopic states of the materials of the
earth at various depths and some understanding of the relation
between these parameters and the microscopic phenomena that exist

within these materials.

It 1s clear therefore that, in principle, this technique
cannot provide a direct solution to the problem stated. It does,
however, suggest a heuristic method for treating the problem.
‘That is, to make judicious postulates about the physical status
of the materials of the earth 'and then study their measuréble
implications mathematically in accordance with physical principles.
Discrepancies between calculation and measurements would require
the modification and possibly the use of entirely new postulates.
If the significént macroscopic parameters are known and are in-
corporated in a mathematicallanalysis, consistent with physical
principles, then the macroséopic phenomena within and on the
surface of the earth should in prindiple be predictable at least
qualitatively by such a theory. Once a qualitative agreement
between theoretical predlction and measurements is established,

data can be used for determining in part or completely the
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numerical values of the material parameters which appear in the
analysis. The extent to which the data can thus determine the
material constants will depend upon their nature and scope. The
data and sources of information that can be called upon for this
purpose are: (a) data obtained from seismic measurements, (b)
high temperature and high pressure data obtained in the laboratory,
(c) gravitational data, (d) data provided by field geology,
structural geology, petrography and mineraelogy. Seismic data in
particular contain considerable information which is not dis-
cernible without adequate mathema£ica1—physical analysis, to
bridge the physical state of the materials in the interior of the
earth to the physical observables on the surface. As has already
been indicated, a necessary step in this direction is to determine
the physical parameters which represent the essential macroscopic
physical properties of the materials of the earth at various
depths. This is primarily a physical problem bearing upon the
relation of the atomic, molecular and crystalline structure of a
material to its macroscopic physical properties. Although this
problem is far from being solved there are nevertheless some
reliable empirical results and related theories available which
suggest mechanisms for storing the potential energy released
periodically in earthquakes that originate at intermediate and
great depths. The result of these physical investigations which
are considered in some detail in Part III of the thesis, indicate
that treating the materials of the earth as perfectly elastic
neglects some of the most fundamental physical phenomena connected

with the storing, release and propagation of seismic energy. The
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fact that shear waves are known to propagate at depths as great

as 2900 Km does not necessarily imply that these admissible

waves and their character are principally determined by the elastic
properties of these materials or that the materials are in an
essentially solid state. The propagation of shear waves in a
material does imply, however, that it is not a pure fluid and that
elastic elements do exist on a macroscopic scale. The mathematical
analysis in Part V of the thesis shows that the mechanism which
governs the propagation of surface shear waves is significantly
affected by the plasticity of the sub-layer in a two-layered con-
figuration. The quantitative results so obtained explain the
strong selectivity in the period of Love Waves and indicates how
seismic data can be used to calculate some of the material constants

of the upper and lower layers.

Before considering questions pertaining to the state of the
materials of the earth it is necessary to establish criteria for
distinguishing and classifying different states of matter according
to availlable knowledge of its microscoplc structure and the
physics of the solid state. Many of the ambiguities in geo-
physics, arising.from the use of different terminology and
definitions for describing different states of matter, can be
removed if criteria for distinguishing states of matter are deter-
mined by the actual physical aspects of its structure rather than
from a strictly phenomenological point of view. Although there
still exist some open fundamental questions relating to the atomic
structure of matter and to the physics of crystals, what is now

known about these phenomena nevertheless suggests significant
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criteria for distinguishing between different states of matter.

In the light of these criteria it becomes clear that
for the materials of the earth to be only in one state or another
is a rare exception rather than the rule. That isy from the
physical insight rendered by these criteria it appears very
probable that most of the materials of the earth are agglomerates
of both so0lid and liquid components (in the large sense). The
exlistence of such meterials in the earth implies that their
macroscopic properties can be changed in the course of time by a
heat bath, in the absence of temperature and pressure gradients.
As will be shown, the geophysical implications of this conclusion

are far reaching and fundamental.

In the light of present knowledge of physics the physical
states of a molecule crystal and solid are virtually the same.
Each of these is characterized by the existence of solidifying
(London-Heitler (10) forces between their atoms. From this point
of view it appears meaningless to speak of a strictly amorphous
solid since strictly amorphous materials are essentially liquids
or gases which are distinguished by the absence of solidifying
forces between their molecules, i,e., between atoms of distinct
molecules, and a lattice structure. According to Schr8dinger (11)
the following scheme establishes a physically significant dis-
tinction between two states of matter consistent with the actual

aspects of the structure of matter:
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molecule = solid = -crystal
gas — 1liquid = amorphous
The reality of the solidifying forces that exist in a

real solid with a crysfalline structure 1s established by the
existence of a critical melting témperature and latent heat of
melting at which an abrupt transition (associated with the rupture
of homopolar bonds) to the liquid state oqcurs; Such a critical
temperature does not necessarily accompany a change from a liquid

to a gaseous state.

An amorphous substance (absence of crystslline structure)
which appears solid on the macroscopic scale discloses the ab-
sence of a well-defined melting temperature and lastent heat of
melting, Given time, it flows as a liquid under its own weight at
room temperatures. It is therefore much more meaningful, from a
physical point of view, to regard such a material as a highly

viscous ligquid rather than as a solid.

The distinction that has real physical significance in
the structure of matter is whether or not the atoms or ions of a
material are connected by (homopolar bonds) solidifying forces.

In a solid they are, in a liquid and ges they are not.

The elasticity and rigidity of a material are physical
properties which are essentially determined by the existence of
solidifying forces between its atoms which are arranged in a
lattice structure. This was demonstrated by A. Joffe (12) who

found experimentelly that a well-defined destruction 1limit exists

when a single crystal is subjected to a sufficiently large shearing
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stress. In these experiments the lattice structure of the

crystal was observed by its X-ray diffraction pattern which changes
abruptly when the critical stress is reached. This critical stress
was found to depend to some extent upon the rate of loading. This
effect becomes less important as the tempersture is increased.
Accordingly Joffe found that at a temperature of 500°C the’X-ray
pattern of a rock salt crystal did not change in twenty-four hdurs
when the applied load was 2% less than the measured critical load
and changed abruptly when it was 2% above the critical load. The
stress at which the pattern changes suddenly is called by Joffe
"the destruction limit of the lattice". The existence of such a
well-defined limit 1s further experimental confirmation of the fact
that the atoms of a crystal lattice are bound by special (solid-

ifying) forces, i.e., London-Heitler forces.

It was found thatvthe destruction limit of a single
crystal is accompanied by a breakdown of the crystal into several
parts, although macroscopically the resulting agglomeration ap-
pears as a single unit. This breakdown of s single crystal into
several parts determines one of two mechanisms for plastic
deformation which are discussed in some detail in Part III. Once
the destruction limit of a single crystal is passed and it becomes
an agglomeration consisting of smaller crystals (each having the
same lattice structure as the mother crystal) any further deform-
ation will be plastic and therefore irreversible upon relieving
the load. This implies that the forces which act between the atoms
of distinct crystals are fundamentally different from the solid-

ifying forces that exist between the atoms within each crystal.
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Hence, materials consisting of many crystals are composed of

both plastic and perfectly elastic components. This is clearly
borne out by our experience with solid bodies that are stressed
within their destruction limit. By sensitive measurements one
observes an extended creeping deformation following a relatively
large initial deformation. If the material is loaded so that the
rate of deformation is sufficiently slow, then upon relieving the
load the principal part of the deformation is eliminated at the
speed of sound, whereas the deformation due to creep disappears

at a very slow rate. When the deformation velocity is finite the
material does not return to its 1initial state after being unloaded
and a permsnent deformation, corresponding to a dissipation of
elastic energy, 1s thereby produced. A permanent deformation
produced within the elastic limit of a material has been called by
Joffe "an elastic after effect". Elastic hysteresis, damped
vibrations and elastic fatigue are familiar phenomena caused by
the elastlic after effects that exist in materials. The importance
of the finite rate of deformation in producing an elastic after
effect in ordinary solids suggests that the phenomenon (mechanism)

is quite similar to the mechanism for viscosity of a fluid.

It might be of interest to point out here that an elastic
after effect is usually not detected experimentally both in single,
metallic and non-metallic crystals. It is therefore a phenomenon
which 1s in general determined by forces between atoms of distinct

crystals in materials composed of many crystals. These forces
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are therefore markedly distinguishable from the solidifying
forces existing between atoms of a single crystal, as they per-
mit permanent deformation within the elastic and destruction
limits of the individual crystals composing the agglomeration.
It is important to emphasize here that measurements show that
the elastic after effects increase with the degree of atomic and
molecular irregularities and complexities of a body. It appears
that the forces assoclated with producing elastic after effects
bear a striking resemblance to the Vander Waals forces in a

liquid.

Other types of permanent plastic deformation have been

observed in single crystals by various experimenters. These,

however, do not occur within the elastic limit of the crystal and
are assoclated with the removal of solidifying forces between some
of the atoms of the crystal. The removal of these forces is ap-
parently accomplished by the shearing stress and the thermal

fluctuations of the heat bath containing the crystal.

A shearing stress distorts asymmetrically the potential
barrier of atoms subjected to it (see Eyring (13)), thereby reducing
the expectation time and increasing the virtual volume through
which a thermal fluctuation of a given energy level will occur.

The forces that exist between atoms which admit various kinds of
permanent deformation described above are similar in at least one
fundamental respect: namely, they are not solidifying forces.

In this respect the various types of plastic deformation are



w 16 =
analogous to the deformation properties of liquids.

The atomic and molecular forces associated with per-
manent deformation may differ appreciably for different materials
and for different types of deformation. For example, the forces
acting between the molecules of an associated liquid are in
general stronger and of a different type tlmn those acting
between the molecules of normal liquids which are of a non-
directional character. The liquid state is characfefized by two
essential properties, which are cohesion and fluidity. These
properties tend to act in opposite directions. A gas is dis-
tinguishéd from a liquid by the absence of cohesion between its
molecules. As cohesion can exist in various degrees, the
transition from the liquid to the gaseous state 1s not necessarily
discontinuous. In & liquid state, as distinguished from a solid
state, the atoms are not confined to fixed equilibrium (lattice)
positions by solidifying forces but in time move throughout the
entire region of the liquid. Nevertheless, in a liquid the
molecules cannot be regarded as independent since cchesive forces
exist between them. A theoretical approach to the liquid state
is therefore more difficult than the relatively successful

approaches that have been made in treating the solid ancd the

gaseous states theoretically.

The plasticity of a material is also characterized by

the existing cohesive forces between and the fluidity of some of
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its atoms and molecules.v In this sense 1t is again physically
meaningful to identify the plasticity of the material with some
properties which characterize the amorphous state in its most
general aspects. The cohesive forces of liquids are distinguish-
able from the solidifying forces by the property that the latter

do not permit the atoms to change their equilibrium position during

or after deformation.,

Eyring has developed an interesting "reactibn rate"
theory for viscosity and diffusion in a liquid (13) based upon the
concept that a liquid 1s distinguishable from a solid by the
presence of "holes™ that permit the atoms to change their location
as the result of thermal agitation and work done by the shearing
stresses. From this theory it follows that the viscosity is
entirely determined by the available number of "holes" contained
within a given material and consequently the viscosity depends
anly upon the density of the material. In other words, changes
in pressure and temperature, according to Eyring, should not pro-
duce a change in the viscosity of a fluid if the specific volume

of the liquid remains constant during these changes.

The above conclusion is strikingly confirmed by
Bridgman's measurements (14) in the case of non-associated fluids
to which Eyring's asnalysis is virtually restricted. Although
Bridgman's measurements show that at constant density changes in
pressure and temperature produce changes in viscosity in other

tyves of fluids, their effect upon viscosity 1s nevertheless small
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compared to the effect of density. This conclusion is also
indicated by a sé@mi-empirical expression due to Andrade (15).
Andrade's theory assumes that viscosity involves a temporary
freezing together of molecules in a liguid into larger ag-

gregates which are somewhat crystalline in character. According

to Bridgman this freezing effect is essentially equivalent to

the molecular interlocking mechanism that he proposed for ex-
pleining why the viscosity of a liquid depends so strongly upon

the complexity of its molecules. The validity of this interlocking

mechanism is apparently borne out by some of Bridgman's measure-

ments.

As it has already been indicated, that the purpose of
this part of the thesis 1is to determine whether, from our present
knowledge of the actual structure and properties of matter, it is
possible to infer some cof the macroscopic properties of the
materials situated in the interior of the earth, we now endeavour

to relate the above considerations to the specific problem.

One can infer from the outline given abové some results
that are of geophysical interest, l.e., it seems possible to
deduce from our present knowledge of the atomic structure and
properties of matter some of the macroscopic properties of the
materials situated in the interior of the egrth. By knowing the

macroscopic properties of these materials one can select suitable

parameters for describing them mathematically in accordance with
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physical principles. Accordingly, in the following, socme
inferences that are helpful for selecting these parameters are

summarized:

a) The existence of solidifying (homopolar) forces has
been established experimentally by the critical melting
temperatures, latent heats of melting, and by the well-defined
elastic limits found in a single crystal. Some of the most
disturbing questions concerning the nature of solidifying forces
and their stabilizing effects have been explained by F. London
and G. Heitler (ibid) showing that a suitable linear combination
of two unperturbed degenerate wave functions of a diatomic
molecule admits a coupled (resonance) state which has a lower
energy level (more stable) than any of the degenerate states.
This important question, and_more generaliy questions pertaining
to lattice stability, had not been resolved by the Born (16)

electrostatic theory of crystal lattices.

b) Liquids and gases are distinguished from sclids by
the absence of solidifying forces between some of their atoms.
This does not imply that all forces between atoms of different
solid components (molecules) of liquids are nedessarily similar.
However, they are similar in the sense that they are not solid-
ifying forces and since these play a most fundamental role in the
structure of matter, it is physically significant to classify
matter according to whether or not these forces exist. It fol-

lows, therefore, that materials consisting of some atoms that
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are solidified and others that are not, are composed of both
solid and liquid components. The only materials that are known
to behave as perfectly elastic below the elastic and destruction
limits are single crystals. All polycrystalline materials are
therefore, in general, composed (in different proportions) of
both solid and liquid components, since such materials contain

some atoms which are free of solidifying forces.

c¢) The materials of the earth, extending from the
surface at least to depths at which deep-focus earthquakes are
known to originate, most probably consist of agglomerations of
both perfectly elastic (solid) components and what might be called
amorphous components. The distribution and relative proportion
of these contained in a material situated at a given depth in
the earth depend primarily upon its chemistry, its principal and

shearing stresses, and its temperature.

d) Since a body composed of both solid and liquid
components is plastic, it follows that its size and shape (strain)
are not single valued functions of the external forces (stress)
but depend upon the entire history of loading and deformastion.

In the ccurse of this history each stress has an influence which
slowly dies away. In a particular state of deformation there
exists traces of stresses that have been removed for a consilderable
tise, but rements of which are still present. It follows therefore
that in general, the strain on such materials de¢pends upon time

as well as stress and hence Hooke's Law cannot be used for the

purpese of describing the deformaticn mathematically when they
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are subjected to seismic disturbances. When the elastic components
of a material are significantly dominant compared to its liquid
components it is valid to use Hooke's Law as a first ap-
proximation. However, as far as the materials in the interior
of the earth are concerned, using Hooke's Law is equivalent to
begging the principal question at handj; that is, by assuming
apriori that the effects of the liquid components are negligible,
the egnalysis does not permit an aposteriori evaluation of the
relative importance of the liquid components.from the seilsmic
data. 1In order to describe mathematically the propagation of
waves in the interior of the earth with a generality‘that is
sufficient for‘this purpose it 1s necessary to replace Hooke's
Law by suitable laws which assert the dependence of strain upon
stress and time. In doing so it seems necessary, for com-
putational reasons, to restrict oneself to a physical continuum
which is naturally limited to physical macroscopic phenomensa.
However, .the stress, strain and time laws thusused should be
guided as far as possible by available knowledge of the mechanisms
of plastic deformation, and by test data obtained for varibdus
types of plastic materials undergoing deformation. It is also
important to have some understanding of the effects of pressure,

temperature and stress upon these mechanisms.

Part III of the thesis is concerned with some mechenisms
of plastic deformation, plastic rupture and with test results

revealing the nature of different types of plastic deformation
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on a macroscopic scale. With this information it is then
possible to approximately represent some of these characteristic
types of plastic materials by differential equations relating
stress, strain and time. Such a theoretical apprcach to the
macroscopic aspects of plastic deformation of engineering

materials under static loads has been used with some success by

the Prager school of plasticity at Brown University, and others.
In some cases, however, the stress-strain-time laws and tle
equations of equilibrium do not constitute a system of dif-
ferential equations which determine all the components of the
displacement vector as a function of the space coordinates and
time. By introducing physicelly significant yield conditions
into the analysis one can sometimes overcome this difficulty.
Numerous yield conditions have been proposed in the literature
(ibid. - Refs. (&), (&), (7), (8), (9)),with some giving con-
sistently better results than others. The physical significance
and value of a particular yield condition is alsoc determined by
the extent to whichit depicts the macroscopic aspect of the
actual mechanisms of plastic deformation. It is apparent, there-
fore, that a satisfactory theoretical approach to plasticity
based upon the ccntinuum theory is effective only if it is guided

by some understanding of the mechanism of plastic deformation on

an atomic scale.

e) The fact that the materials in the interior of the

earth are plastic rather than perfectly elastic leads to some
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fundamental geophysical implications. One of the classical
problems in geophysics is to explain the causes and mechanisms
for periodically storing and releaSing seismic energy in the
earth, and the causes of diastrophism'in general., If we
evaluate this problem from a purely macroscopilc point of view,
we are restricted to call upon macroscopic changes in the earth
8s causes for the macroscopic effects we are trying to explain.
This self-imposed restriction has usually led to contradictions
with the second law of thermodynamics or else to difficulties

in explaining the sources of energy.

In this regard consider a uniformly heated perfectly
elastic body deformed by static loads. The only way the states
of deformetion of such a body can vary with time is by changing
its external loads or its temperature. This however is not
true of a plastic material. Even though its macroscopic
environment is constant the plastic material~can in general
change its state of deformation in the course of time. This
deformation 1is then obviously determined by atomic and molecular
changes which connot be explained macroscopically. When we speak
of a statically lo:ded body at constant temperature in the
strictly phenomenological sense, it implies that the macroscopic
state of the body cannot be altered by the physical phenomena
represented by its temperature. However, if one considers the
atomic and molecular prceesses. which determine the macrosccpic
temperature of the body it follows that the stablility of the

bonds between the atoms of the body is a function of time, even
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though 1ts temperature is constant. The changes that are
thus produced in the atomic bonds of the body cause it to
change its state in the course of time when subjected to

constant -loads.

The temperature of a body represents the thermal
energy imparted to it by a heat bath consisting of atoms and
molecules that impinge upon the atoms and molecules of the wdy.
The atoms of & materisl are in general enclosedby potential
barriers., The transfer of energy between the atoms and
molecules of a heat bath to the atoms of a material contained
therein can in general cause at least some of the atoms to
escape their potential barriers,and thus change the macroscopic
qualities of the material. Saying that the macroscopic
temperature of the body 1s constant 1s therefore equivalent to
saying that the macroscoplic temperature of its heat bath is
constant. The macrosccpic temperature of the heét bath is,
however, the mean value of the temperatures of the individual
components of the heat bath. ' The temperature of a single com-
ponent is here interpreted as a measure of the kinetic energy
corresponding to its random motion. Conseguently, there are
in general some components in the bath with thermal energies
greater and less than the average thermal energy, although the
thermal energy of most of the components are in the neighborhood
of the macroscopic (mean) value. Even when the macroscopic
temperature of the heat bath is such that all the potential

energy barriers of the atoms of a material contained thewin are



- 25 -

greater than the macroscopic energy of the bath, there always
exist individual components in the bath with energies sufficiently
large to free the atoms of the material by impinging upon them.
The nunb er of these components, and hence the probability of such
interaction at a given energy level, increases with the macro-
scopic temperature of the body. At high temperatures the
ceformation of the body proceeds at a higher rate than at low
temperatures. The time-dependent éspect of this type of deform-
ation is determined by the components of the bath whose thermal

energies are greater than the mean value.,

The average time, t, required for the components in the
heat bath of temperature, T, (absolute) to transfer to the atoms
of a body the energy of their potential barriers, E,E is given
with good approximation by the equetion t = 7\_9F
where k is the Boltzman constant, A 1is a constant of the order
of lO_l5 seconds. The constant A is a measure of.the frequency
in which the components of the-bsth impinge upon the atoms of the
body. The'expression T = g is a measure of the
improbability for an energy of magnitude E to be imparted locally
in the body by a heat bath having a mean temperature, T. What
is interesting to note here is that the expectation time, t, is
in general finite for all finite and constant absolute temperétures
T, and that it decreases exponentially with T. The expectation
time decreases very rapidly with the quantity E/KT; and for small

values of this quantity the expectation time is very sensitive to

small changes of either E, or KT.
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It follows, therefore, that at high temperatures one should
expect the materials of the earth to undergo significant changes
and deformation even though their macroscopic environment,
characterized by their external loads and temperatures, is un-
changed. This type of deformation of the materials of the earth,
as well as 1its periodié aspect, 1is consistént with and in a sense
is a counterpart of the second law of thermodynamics. It 1s
emphasized that although a heat bath can be an energy source
for this type of deformation, the existence and maintenance of
temperature gradients 1in the earth are not necessary to cause

the types of deformetion considered here.

When a material is subjected to loads producing shearing
stresses, the potential barriers of its atoms are lowered on one
side and raised on the opbosite side. In other wordg, a shearing
stress has the effect of assisting the atoms to escape on one side
of thelr barriers and of resisting theilr escape on the opposite
side. The change in shape of the potential barriers so produced,
reduces the expectation time required for escape on the lowered
side and increases it on the elevated side, thus producing a

time-dependent shearing deformation.

A shearing stress can displace atoums without changing the
average distance between them. If we postulate that the solidifying
-%9??3@, or more generally, that the forces necessary for main-
taining a crystal lattice are functions only of the distance ‘

. 15
between atoms, it follows that the magnitude of these forces are

not sufficiently changed by a shearing deformation. Consequently,
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the changes in shape and amplitude of the potential barriers
associated with the shearing deformation are primarily determined
by the shearing stresses and only slightly affected by the

small changes of the inter-atomic forces.

A material subjected to hvdrostatic pressure would
therefore behave differently in this respect, since the average
distance between its atoms is in general decreased by the ap-
plication of pressure. Hence, in a deformation prodauced under
hydrostatic pressure as distinguished from a shearing deformation,
the interatomic forces change and thus modify the potential
barriers of the atom. Bridgman found that the compressibility
of most materials tested decreases with pressure although in a few
exceptional cases the compressibility was found to increase with
pressure. This implies that, with few exceptions, pressure hés
the effect of steepening the walls of the potential wells and thus
incfeasing the resistance of the material to further compression.
It is plausible to assume that the work done by hydrostatic
pressure will incresse the amplitude of the potential barriers
symmetricélly and thereby reduce the probability of atoms to escape
as a result of thermal fluctuations. These considerations woeuld
explain why materials do not yield plastically to hydrostatic
loads producing stresses much greater in magnitude than the yield
stress of the same materials in shear. Bridgman's experiments
indicate, however, that at very high pressures the compressibility
of some materials has directional properties, i.e., the deformation

is non-isotropic. This phencmeron may be attributed to the effect
of close packing of atoms and molecules with asymmetric force

fields of interaction. This would also explain why polymorphic
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transitions of crystals, caused by high pressures. usually

lead to a reduction in their symmetry. At relatively low
pressures, however, the atoms are not as closely packed so that
the field of force of each atom which determines the lattice
structure tends to approach more closely spherical symmetry.

It is thus experimentally established that very high pressures,
as distinguished from low and moderate pressures, can increase

the asymmetry of the potential barriers of the individual atoms

of so0lid materisl.

It has also been established experimentally that
sufficiently high pressures can cause the atoms of a solid to
escape their equilibrium positions and rearrange themselves 1in
a new set of equilibrium positions, thereby changing the lattice
sy%?%ry of the material. Although a quantitative theory for the
analysis of time rates of polymorphic transitions is apparently
nct available, it 1s nevertheless possible to infer from the
experimental results obtained by Bridgman (ibid.) some sig-
nificant geophysical implicaticns of polymorphism. Accordingly
it has been found that the temperature coefficient for the
velocity of some polymorphic transitions is very largey which
means that the rate of transition in such cases 18 very sensitive
to temperature, and can therefore be considered as a rate process.
it should thus be expected that under very high pressures

polymorphic transitions of a material can be induced by thermal
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fluctuations of its heat bath. Thus when the potential barriers

are sufficiently distorted by high pressure, the thermal fluctuations
work with rather than against the pressure to produce pély-

morphic transitions in a manner which is similar to the effect

of thermal fluctuations upon a shearing deformeation.

If and when the potential barriers beccme sufficiently
distorted by the pressure, thermal fluctuations can assist the
atoms to escape their barriers and relocate themselves in a new
set of equilibrium positicns thus producing polymorphic transitions.
Consequently it is probable that in the interior of the earth,
where high temperatures and pressures prevail simultaneously,
the mechanical equilibrium of the materials situated there can
be suddenly disturbed by polymorphic transitions. Therefcre,
as in the case of a shearing deformation, time changes of state
and mechanical equilibrium associeted with polymorphic transitions
do not require time changes in the macroscopic environment of

the materials.

Although qualitative, the above inferences based upon
an interpretation of plasticity, polymorphism, etc., as reaction
rate processes are not speculative from a modern physical péint
of view. Instead they follow from accepted principles of
statistical and quantum mechanics. That 1is, in principle the
fluctuations in a heat bath with a sufficient high mean temperature,
T, can produce the energy required to cause quantum transitions

in a material. Since there is no apparent physical reason for
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excluding such phenomena in the interior of the earth; and

since the temperatures at great depths are probably very high,

these phenomena are probably quite prevalent.

In this part of the thesis an attempt was made to
establish the importance of rate processes as a fundamental cause
for chronological changes 1in mechanical equilibrium of the earth
without considering specific mechanisms for producing them. To
do so it 1s convenient to summarize and interpret from a geo-
physical point of view some available knowledge pertaining to the

physics of plasticity. This 1is covered in Part III of the thesis.
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III. Plastic Deformation and Plastic Rupture:

A, Plastic Deformation of Single Crystals:

In Part II of the thesis it is concluded that the
materials of the earth are essentially plastic to a greater or
lesser degree. Some general, although apparently fundamental,

geophysical lumplications of these conclusions were presented.

In attempting to establish some specific causes for
seismic activity determined by the plasticity of the materials
in the earth it is helpful to examine first the physics and
mechanisms for various types of plastic deformations. For this
purpose we shall consider mechanisms for plastic deformation
determined empirically; as well as some characteristic plastic
properties of various materials determined by laboratory tests
conducted on a macroscopic scale. The mechanisms for plastic
deformation of polycrystalline materials and their geophysical
implications can be clsrified and somewhat systematically

determined from experiments with single crystals.

A, Joffe (ibid.) and his school have determined two
principal mechanisms for plastic deformation in §ing1e crystals
by using polarized light and X-ray diffraction techniques. An
investigation was initiated to determine whether or not elastic
after-effects, elastic hysterisis, and elastic fatigue of

polycrystalline materials, can be measured in single crystals,
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It was found that these phenomena were all sbsent in non-
metallic and metallic crystals tested when stressed below their
elastic limit.% These results imply therefore that elastic
after-effects and related phenomena observed in polycrystalline

materials, within their elastic limits, must be attributea to

changes occurring between atoms within a single crystal.

When a single rock salt crystal was subjected to a
uniformly distributed tensile load it was observed that the X-ray
pattern of its lattice remained unchanged. The load was gradually
increased until it reached a critical value at which point the
pattern changed abruptly. Instead of one set of spots, cor-
respending to the reflections from the lattice planes of the crystal,
a number of such sets appeared corresponding to lattice planes
of several crystals. All of the new spots, with the exception cof
one, were distributed about the lattice reflections of the mocther
crystal. This implies that the mother crystal and the newly
formed crystals have one lattice plane in common. According to
Joffe, the newly formed crystals are displaced in the (110) pléne
and rotated gbout an axis perpendicular to the plane, cor-
responding to the unchanged spot of the diffraction pattern. The

twinning and kinking (13) of individual crystals can be associated

*It is noted that plastic creep in single crystals is a phenomenon

which cccurs at and above rether than below the elastic limit.
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with the abrupt change of the crystal lattice at the destruction
limit. The abrupt change in the X-ray pattern corresponds to an
irreversible change of the crystal lattice and is called by Joffe

"the destruction limit".

The extremely critical nature of the destruction limit
suggests that it is caused by the abrupt removal or modification
of solidifying forces between some of the atoms or ions of the
mother crystal. This explanation is supported by.other ex-
periments which show that the destruction limit decreases rapidly
with temperature and is zero (stress) st the melting point of the
crystal. Since the melting point corresponds to an abrupt removal
of the solidifying forces in a solid, and the destruction limit
is zero at this point, it is indicsted that the mechanisms for
fusion and destruction at lower temperatures are very similar.

It was further observed that the destruction limit depends
primarily upon the internal stresses and is virtually independent
of the size of the crystel. It was also found that in general
the rupture of a plastically deformed crystal requires higher
tension than does a single crystal which is not plastically

de formed.

According to Joffe, this implies that the distance between
atoms of different crystals formed at the destruction limit 1is

not grester than the distance between atoms in the mother crystal.

It should be noted, however, that the increase of the rupture
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strength of a crystal beyond its destruction limit does not
necessarily imply that the potential barriers of all the atoms

in the fragmented specimen are similar or that solidifying forces
exist between all its atoms. In fact, the absence of an elastic
after-effect in the mother crystal and its presence beyond the
destruction limit is conclusive proof that at the destruction |
limit there exist some atoms in the specimen which are free of

solidifying forces.

It will be shown later that plastic deformation, as-
soclated with the destruction limit of a single crystal, leads to
some significant geophysical implications. These result from the

strong dependence of the destruction limit upon temperature.

Another mechanism (type) of plastic deofrmation that

exists in a single crystal 1s associated with its elastic limit

and is caused by slip of crystalline sheets parallel to a
crystallographic direction, without rotation. The permanent set
caused by pure slip of the crystalline sheets does not produce a
change of the X-ray diffraction pattern and hence 1s not detectable
by such a technique. However, using polarized light and watching
the crystal between michols gives a very sensitive technique for
determining the load which produces the first permanent set
(plastic deférmation) of a single crystal. This type of permanent
set first appears when the load is about 10% of the destruction load
and is indicated by the appearance of a sharp, bright line on an
otherwise dark background. This line does not appear when the

load is removed and consequently corresponds to a permanent

deformation. The first permsnent set produced defines physically
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the elastic 1limit of the crystszl. When the crystal is stressed
by a constant load slightly beyond its elastic limit, newlines
parallel to the first appesr in succession. In the case of rock
salt these represent projections of the (110) planes of the
crystal. The time interval between the formation of successive
lines increases until finally hew lines do not appear. At this
point elastic equilibrium is again established at a stress greater
than the one corresponding to the initial elastic limit. It is
necessary to increase the load further in order to produce new
lines corresponding to the development of new slip planes. The

additional load thus required increases with the number of slip

planes that have already been formed.

Measurements by M. W. Klassen (17) have determined that
the shear deformation due tos lip in a heated rock salt crystal
progresses in Jumps. For a constant load the time interval between
jumps increases until finally the jumps are discontinued. The
frequency of the jumps increases with load and becomes very small
for loads that are only slightly greater than the load required
for yield. The amplitude of the jumps increase with temperature
and appear to be independent of load. These experiments thus
indicate that at low temperatures and high loads (shearing stresses)
this type of plastic deformation would tend to be relatively
continuous; whereas in the deformations produced at high temperatures

and for shearing stresses slightly greater than critical, the

jumps would become accentuated.

These results can be simply explained. When the applied
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stress is only a little larger than the critical stress (re-
quired to produce yield) the jumps in the shearing deformation
which occur as é function of time, are primarily caused by
thermal fluctuations. However, when the shearing stresses are
sufficiently lerge they can cause plastic deformation with little
assistance from thermal fluctuvations and the deformation would

thus appear relatively continuous.

At very large depth in the earth where the difference
between the principal stresses and hence the shearing stresses
can be expected to be small, and the temperature is high, plastic
deformation due to glide can be expected to occur in relatively

large jumps at large time intervals. Accordingly, a mechanism

for seismic activity based upon plastic yield is thus indicated.

Since thermal fluctuations plaey a fundamental role in
plastic glide and since the yield point depends strongly upon
the temperature it eppears probable that at sufficiently high
temperatures, yield can be produced by thermal fluctuations when
the applied shearing stress is less than the critical (yield)
stress. It is noted that although some important gquestions con-
cerning the details of the creep mechanism are still open,
available experimental results nevertheless clearly establish
that temperature and therefore thermel fluctuations play a
fundamental role in yileld and creep phenomena. It 1is thus
indicated that creep is sensitive and it is to a large degree

determined by atomic phenomena, not revealed by X-ray diffraction.
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Creep 1s in part determined by a large class of "sensitive"

phenomena known to exist in single crystals.

of

Among these properties of a crystal are hardness,
electrical conductivity, thermal conductivity and rupture strength.
The sensitive properties of a crystal are not determined by the
atomic structure of the unit cell of the lattice but are apparently
determined by properties that are not fully developed in the
unit cell. The existence of "structure sensitive" properties
in single crystals suggest that they originate from nuclei. This
concept has been used by Orowan (18) in the development of a
satisfactory theoretical explanation for plastic rupture based
upon a mechanism for crack propagation. As a result the "noteh
effect" concept of A. Griffith (19) requiring comparstively large
cracks to explain the low rupture strength of plastic crystals,
becomes more plausible. The principal difficulty encountered by
the Griffith theory is thus removed by the Orowan theory, which
calls upon the existence of sensitive properties in plastic
crystals. It appears that "structure sensitive" phenomena are
connected with an unstable arrangement of atoms whose equilibrium
can be disturbed by localiged disturbances proauced by thermal
fluctuations. These%henomena can therefore be called upon to pro-
vide a "trigger mechanism" for effecting changes of state in
materials which are produced by thermal fluctuations. In particular,
they can plav such a role in the production of seismic disturbances

and thereby reduce the expectation time required for producing them

in a heat bath.
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It has been previously noted that the particular
mechanism for plastic deformation of a crystal which is related
to its elastic limit has the effect of increasing the yield stress.
The mechanism associated with the destruction limit of a crystal
does not have the effect of increasing the stress required to cause
further fragmentation of individual crystals. This follows since
it has been shown experimentally (20) that the destruction limit
(stress) of a single crystal is independent of its size and time
for temperatures ranging between 20° C - 600° C. Since the
destruction limit 1is very sensitive to temperature it is probable
that at very high temperatures it 1s a function of time, especially
when the crystals are small and when the destruction depends upon
"sensitive" properties of the lattice. This is indicated by
interpretatiors on a molecular scale. Accordingly, it follows from
the Polanyi-Wigner relation (£1) that the expectation time for a
quantity of heat energy to be localized in a heat bsth is in general
finite. As the mean temperature of the bath increases the expect-
ation time required for the bath to locally (within a given region)
produce a given quentity of heat energy decreases exponentially.
It would therefore be desirable to conduct some crucial experiments
at high temperatures and of extended duration, in order to check
this conglusion. That ig it is desirable to determine whether or
not the destruction limit at very high temperatures and pressures
is a function of time as well as stress. That such a phenomenon
has not been observed within the temperature range covered by
Joffe's experiments may be due to the possibility that the

expectation time required to cause fragmentation with (applied)
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stresses less than critical exceeded the duration of his

experiments,

In this thesis thermal fluctuations have been and will
be called upon to explain disturbances in the mechsnical
equilibrium of the earth materials in the absence of temperature
and other me croscopic gradients. It i1s therefore, relevant to
emphasize that such an explanation for seismic disturbances is
not speculative frcm a physical point of view but rather stems from
modern physical principles. This follows from physical consideration
leading to a result which can be conveniently summarized here in

the following (theorem) statement: - The principles of statisticeal

mechanics imply that all changes of state and phenomena of

materials that are sensitive to changes in mean temperature of

their heat bath are in principle also sensitive to thermal

fluctuations of the heat bath.

The probable expectation time required for a thermal
fluctuation of given intensity to occur in a given volume of
material decreases with the mean temperature of the heat bath.
The probable expectation time required to experience a thermal
fluctuation extending throughout a volﬁme of material, increases
with the volume. Consequently, changes of state restricted to
small volumes of a material can be produced by a fluctuation of
given intensity more frequentlx’than corresponding changes

extending over a larger region of the materiasl. If we take into



- 4] -

consideration the "structurally sensitive" phenomena originating

at nuclei in a material, it follows that the expectation time
required to produce these phenomena is less than would be neces-
sary for procducing the same changes if the materials are "structur-
ally insensitive". The existence of sensitive phenomena in
crystals reduces the expectation time and increases the effective
spacial extent of a thermal fluctuation of a heat bath. Since
these conclusions are general they apply to both types of plastd c
deformation in individual crystals described above as well as to

plastic rupture considerecd in the next section.

A collection of important papers relating to "sensitive
phenomena" in crystalline materials can be found in reference (22).
Among these, reference is especlally made to the papers by E.

Orowan, A. Smekal and A. Joffe.

B. Plastic Rupture:

W. C. Burgersg (23) has found experimentally that

shear hardening of a material due to plastic deformation is

significantly affected by the "sensitive properties" of the
material. The effect of these properties of a materisl upon its

plastic rupture strength is, however, much more critical and

pronounced. It has been determined experimentally that the
rupture strength of a large number of materials such as rock salt,
mica, glass, etc., are generally much lower than the calculated
theoretical values. It has been consistently cbserved by dif-
ferent investigators, however, that the rupture strength can be

inereased by a hundred times and more by controlling surface and

loading conditions. Thus, the measured values of rupture strength
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can be made to approach the theoretical values. These results
imply that the recuction in strength of a crystal can depend
upon physical conditions that are not represented by the lattice
structure observed by X-rays and must therefore be attributed

to "structure sensitive" properties of the crystal. From
previous considerations it would therefore follow that thermal
fluctuétions maybbe expectea to prodqce plastic rupture under

suitable conditions. Plastic rupture so produced may therefore

‘be called upon as ancther principal source of seismic energy

originating in the interior of the earth.

The "notch effect" mechanism due to Griffith (24) and
the mechanism of plastic crack propagation due to Crowan, epply
directly only to a single crystal grain in a polycrystalline
materisl. The plastic rupture of a polycrystalline body in
general requires a larger shearing stress than does a single
crystal. Due to the different lattice orientations of distinct
grains, the propagation of a crack formed in a single crystal
across its bourdary requires a larger stress than necessary for
the crack to be propagated (in the sense of Orowan) within the
grain itself. This explains why polycrystalline bodies are
stronger than the single crystalline greins of which they are

composec, as well as the strengthening effect of foreign bodies

contained in a polycrystalline material.

C. The Plastic Deformation of Polycrystalline Materials:

The plastic deformation of polycrystalline materials is

governed by the mechanisms of plastic deformaticn of single crystals

as well as by forces between crystalline grains. The existence
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of elastic after-effects and elastic hyster®sis in these
materials conclusively establishes the fact that some of the
intergranular forces are similar to those existing between

molecules of an amorphous (liquid) material.

The effects of thermal fluctuations in producing
sudden time changes in the state of plastic crystals and their
geophysical implications, presented in section III-A are therefore
also effective in polycrystalline materials. In addition, however,
thermal I ctuations impinge upon atoms subjected to intergranular
forces and thereby change their locations within the msaterial.
These changesproduce a plastic deformation, typical of amorphous
materials. In general the amorphous properties of a polycrystal-
line material can be attributed to the presence of grain boundaries
as well as any other structural disorder. Plastic deformation
caused by thermal fluctuations in an amorphous material is
essentlially continuous and therefore cannot in general be called

upon to explain sudden seismic disturbances.

D. Plastic Deformation of Amorphous Materials:

The molecules of an amorphous meterisl do not have a
regular geometrical arrangement as do the molecules, atcms or
ions in a crystal. This is equivalent to saying that the prob-
ability function representing their special distribution does not
have sharp maxima indicating that some locations are much more
probable tkhan others. Such maxima exist in a solid (ervstalline)
material, corresponding to the lattice points and equilibrium

positions determined by the solidifying forces.
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The farces between molecules of different amorphous
materials, in general differ. In some materials they are much
stronger than others. Bridgman (285) has found that these forces
can be significantly increased with pressure and that viscosity
and other properties of amorphous materials can differ markedly

from those of a Newtonilian fluid.

The molecules of an amorphous material can be re-
arranged by thermal fluctuations. Since they can move more or
less independently, (depending upon the magnitudes of the inter-
molecular forces) the expectation time requiredto relocate a
moclecule is much smaller than required, to produce fluctuation
sufficiently extended and intense to cause plastic deformation
of a crystal involving many atoms. In the absence of external
loads the rearrangement of molecules 1n an amorphous body 1s
random and consequently does not result in a macroscopic
deformation. The application of an external load distorts the
relatively weak potential barriers of the molecules so that the
probability of thermal fluctuations producing a deformation in
the directions of the external stress is the maximum. This
causes a continuously increasing deformation in the course of
time and is therefore, in the large sense of the term, a plastic
flow. If the mutual energies of the molecules are only slightly
affected by the external stress then the thermal fluctuations
are the principal energy source for rearranging the molecules
in a direction determined by the external stress., Orowan (26)
has shown by expanding the mutual energy between molecules as a

power series of the applied stress that when only the linear term
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is retained the result is a flow, the rate of which is,
proportional to the stress, i.e., Newtonian viscosity. When the
mutual energy is strongly affected by the applied stress or by the
strain history of the amorphous material, then higher order terms
in the expansion must be retained and thereby represent an almost
continuous transition from non-Newtonian viscosity to crystalline
plasticity. This should be expected since the solidifying forces
are precisely those which are determines by the mutual energy

between atoms and moclecules.

In a gas, as distinguished from a liquid, intermolecular
forces are absent and its Newtonian viscosity does not depend upon
a thermal activation mechanism, but is completely determined bya

momentum transfer mechanism.

For further consideration of the macroscopic plastic
properties of polycrystalline and amorphous materials it is
convenient to consider typical stress, strain and time relations

for such meterials.

E. The Description of Macroscopically Observable

Plasticity by Typical Stress, Strain and

Time Relations:

Usually the stress, strain and time relations for various
plastic materials are experimentally determined by measuring strain
as a function of time for a constant stress. The strain-time
relstions so obtainal are essentially two types, characterized by

a terminating strain in one case and a non-terminating strain in

the other case. When a stress is applied to a strain terminating
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material the rate of plastic strain is a maximum at the begin-
ning and approaches zero in a finite time, the strain thus
terminating to a finite value. When for a constant stress the
dependence of strain upon time is governed by a system of linear
differential equations the strain-time relation is exponential,
and the time required for the strain to reasch (1 - 1/e) of its
terminating value is usually called the "orientation" time

Upon the removal of stress in such a case, the strain will usually
decrease exponentially and the time required for it to decrease
l/e times its initial value will, in general, be equal to the

orientation time defined above.

In the case of meterials with non-terminating strain
properties the strain does not terminate to a finite value but
continues to increase indefinitely. he strain in this case can
generally be divided into two parts, the first is terminating
and recoverable upon removal of the stress, whereas the second
part is non-terminating and is not recoverable. The recoverable
and non-recoverablexdeformations are known as primary and

secondary creep, respectively.

In examining the plastic properties of some materials,
it is sometimes convenient to maintain the stress constant and
observe how the strain decreases with time. When the relation
between stress and time so obtained is exponentlal, the time
required for the stress to decresse 1l/e times its initial value

is called the "relaxation" time.
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It is noted that in general the differential equations

which govern strain as a function of time are not necessarily

linear, in which case the dependence of strain upon time is

not necessarily given by a sum of exponential functions of time.
The stress required to maintain a constant state of strain in a
strain terminating material in general decreases with time,
although not necessarily exponentially. When the stress in such

a case is relaxed exponentially with time, the time required

for the strain to decrease by 1l/e times its initial value is

callea the "relaxation" time of the materisl. Non-linear processes
of plastic deformation can in some cases be considered linear to

a first approximation. For example, such an approximetion may

be applicable to small deformations and for short periods of

time, even though the dependence of strain upon time is non-
linear. When the plasticity phenomena are linear, relaxation and
orientation as defined above should be given by a sum of ex-

ponen tial time functions. In these cases, therefore, the phenomens
can be represented by spring dashpot combinaticns which do not

necessarily have physical significance.

If plasticity is considered as activated or thermally-
excited process, it follows that linear phenomena such as ex-
ponential orientation and relaxation can occur only when the
energy differences are small compared to the thermal energy (ET) .
This can be seen by inspecting the Maxweil—Boltzmann probability

distribution function e"W/ET which is linear in W only when
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W/KT is small, namely KT>>W.

The concept of Temporal probability or transition rate
is simple and therefore useful quantitatively only when the
interaction field between the elements (atoms, molecules, etc.)
is not significantly modified in the course of time by the changes
produced by the thermal fluctuations, i.e., when the thermal
fluctuations do not change the nature and average distribution
of forces between the elements. In order that significant changes
in the interaction field produce linear effects on a macroscopic
scale it is necessary for them to be dis persed. Their effects
upon modifying the interaction field thus cancel statistically.
This is much more characteristic of fluids than it is of solids,
therefore, when exponential strain-time relations are measured in

the case of large strains it suggests that the material involved

behaves essentially as a liquid (27).

Plastic glide usually changes the environment of the
interaction field and can thus introduce important non-linear
effects. These changes are not usually dispersed as are, for

example, lattice injuries.

The above considerations embody the following geo-
physical implications:

1. Significant information relating to the nature of
the plasticity of seismically active materials can be inferred
from the function obtained from measured strain-time increments
associated with earthquakes. Thus a linear (differential) strain-

time relation would imply in general that the changes in the inter-

action field leading to plastic deformation are dispersed at
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random whereas a non-linesr relation would imply that changes
in the interaction field are not dispersed at random.

2. The probability of random dispersion increases as
the volume of the material under consideration is increased. Thus
it is natural to expect the differential strain-time measurements
obtained over an extended region to be linear even though it may
actually be non-linear when based upon a comparatively limited
region. In such cases the linearity would be determined by the
extent of the region from which strain-time data are obtained and
would therefore disguise whatever non-linear characteristics may
actually exist. For example, a Newtonian viscous fluid would
naturally reveal an exponential strain-time curve, for a region
of arbitrary dimensions, which is not generally true for other
types of plastic materials. In the latter, case a linear

relationship can be synthetically obtained by arbitrarily extending

the dimensions of the region from which data contributing to such

a relationship is selected.

3. The questions raised in (£) clearly establish the’
need of & criterion for selecting the dimensions of a region
contributing data to an empirical strain-time function. By
progressively reducing the dimension of the region contributing
data, it should be possible to expose real non-linear strain-
time characteristics, should they actually exist. In so doing
it may be possible to locallize non-Newtonian plastic deformations

in the earth and to refine its correlation with seismic activity

Reference (1).
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8 Analysis of Relaxation and Orientation Times

from Experimental Data:

Exponential Analysis: Numerical and graphical methods

for expressing an empirically determined time function for stress
or strain in terms of a finite number of exponential functions

are available, and are suitable when the phenomena are linear and
can be described by a mixture of a few components (spring dashpots,
etc.). Among these are methods developed by J. Whitehead (28)
Leaderman (29), Levi (30), and Pierce (31l). Each of these

methods give one or more relaxatlion or orientation time constants
associated with each exponential function., The reaction rate
theory of Eyring relates the relaxation time so determined :

to the free energies of activation in the material.

When the plasticity is linear but cannot be represented
by a small number of exponential terms one can use a method based
upon the Laplace Transform. References to such a treatment can be
found in Whitehead's paper referred to above. This method 1s
also preferable when one is interested in determining particular
time constants of exponential functions which govern the phenomena

over & restricted time interval.

Non-linear phenomens can sometimes be treasted by a power
law relation, developed by Scott-Blair (32). It has been shown
that a variation of strain with time according tc a power law can
arise from a linear system only as an approximstion over a small

range of time, to which an exponential angl ysis is applicable
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If we reconsider the mechanism of plastic glide of a
single crystal described earlier in the thesis, it becomes gp-
parent that it embodies the strain-terminating, stress-relaxing
properties observed macroscopically in polycrystalline materials.
Ittherefore appears reasonable to attribute this kind of plasticity
to glide deformations of individual crystals, in a polycrystalline
material: If and when a non-terminating plasticity component
exists in a material, it can be attributed to its amorphous rather
than crystalline structure. The atoms, or more generally, the
units, of the lattice situated near the surfaces of crystalline
grains, es well as lattice injuries within the grains caused by
plastic deformation, contribute to the amorphous properties of

a polycrystalline material.

Changes of state of amorphous materials produced by therm-
al fluctustions are usually continuous. Brittle rupture of such
materigls when they are suddenly subjected to a load must be
ettributed to a lack rather than a surplus of thermal agitation.
That 1is, the thermal activation 1s insufficient to permit the
molecules to relocate themselves with a rapidity sufficient to
prevent rupture. It follows, therefore, that in this case we
cannot call upon thermal fluctuatlons to produce sudden changes
necessary to cause seismic disturbances. 1In this respect,
materials with a lattice structure (anisotropic bodies) are
fundamentally different. The change of symmetry in the lattice

must be discontinuous, since a symmetry element is either present

or absent.
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G. Statistical-Mechsnical Considerations and

Thermal Fluctuations:

Statistical thermodynamics distinguishes between two
modes of transition which result in a change in the lattice
symmetry of a material. 1In the first the probability distribution
function for the equilibrium positions of the atoms changes
simultanecusly and abruptly with the change in symmetry; and at
the transition point there exist two bodies in different states,
which are in equilibrium with each other according to the
Clapeyron—Clausiu%’relation. Thus, if a thermal fluctuation cf
sufficient intensity and extent is produced and is not situated
on the phase equilibrium curve, a sudden changeof state will oc-
cur in the material. According to the Le Chatflier-Braun principle
the systemiwill act to reduce the effect that the thermal
fluctuation has upon taking it out of its equilibrium position,
and thus tends to restore its equilibrium. Thermal fluctuations
which fall on the phase equilibrium curve can cause a local phase
transition without disturbing the mechanical equilibrium of the
material. Fluctuations which are not so restricted would

probably disturb its mechanical equilibrium.

The second kind of transition also results in an
abrupt change in lattice symmetry although the probability
distribution function of the lattice elements (atoms, ions,
molecules) can vary continuously. This type of transition is
called the "Curie point transition". The continuous change in
the probability distribution functioncorresponds to an in-

completely ordered crystal lattice causec by the dislocation of



some of its elements wi thout adding or removing any symmetry
elements of the lattice. The change in symmetry caused by the
incompressible plastic deformation of a single crystal (observed
by Joffe) would appear to be of the Curie type. On the other
hand, polymorphic transitions caused by high pressures are
probably of the phase transition type. In both cases, however,
it should in principle be possible for thermal fluctuations to
produce phase transitions which do not correspond to points on the
equilibrium curves and thus disturb the mechanical equilibrium of
the materials involved. It shouldbe noted, thereiore, that the
changes of state which are proposed in this thesis as sources of
seismic activity are in general consistent with the principles

of statistical thermodynamics.
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IV On Seismic Mechanisms:

In Part III it was shown that plastic deformation
of crystalline and amorphous materials can be interpreted as
rate processes. It was also indicated that polymorphic trans-
itions can, in principle, also be caused by thefmal fluctuations.
With the exception of amorphous placticity, it is thus reason-
able to assume that the above processes can under suitable
conditions occur abruptly and thus cause seismic activity in
the absence of macroscopic gradients in temperature etc.
Whether or not these abrupt transitions actually occur in the
interior of the earth appears then to be a quantitative rather
than qualitative question depending upon the temperature, state
of stress and the chemistry of the materials. These quantities
can be measured only indirectly with the help of =i itable
theories relating them to observable quantities. As has already
been indicated, the development of analytical techniques suiltable
for this purpose apparently requires a Heuristic point of view.
Laboratory tests can also provide useful information. However,
the practical difficulties connected with such experiments which
are conducted simultaneously at high temperatures and high pres-
sures imposes practical limitations uvon this source of in-

formation.

A. A geismic Mechanism for Shallow and Moderate Depth

Earthquakes.




We will now consider in detail a specific mechanism
for producing and repeating extended seismic disturbances at

shallow and moderate depths.

In order to illustrate this mechanism consider a
layer of essentially elastic material with finite thickness
resting upon a plastic, strain-terminating stress-relaxing
material. It is assumed that the displacement and stresses at
the interface separating the two layers are continuous. Con-
sider a shearing stress gradually applied to the elastic layer
increasing in magnitude as time progresses. If the modulus
of rigidity of the elastic material is much greater than it is for
the plastic layer, little stress is thus transferred to the
plastic layer until the elastic materiasl either suddenly yilelds
plastically or undergoces a sudden accelerastion upon overcoming
the static friction of a fault contalned theﬁ%n. When this
happens a selsmic disturbance is produced in the elastic layer
at which time it experiences a comparatively large displacement
and acceleration. By such a displacement significant stresses
are transmitted to the plastic material as it is strained 1in
accordance with the continuity conditions at the interface.
Staﬁic equilibrium is then established between the external load
applied to the elastic layer and the stresses distributed
throughout the plastic and elastic layers. Thus a constant state
of strain within the plastic material tends to be maintained in
the course of time. Under such conditions, however, the plastic

material proceeds to relax its stresses by thermal fluctuatlons;
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resulting in a gradual increase in the shearing stress in the
elastic layer so that the external load is balanced. The
stresses so increased cause the cycle of the mechanism, out-
lined above, to repeat itself. This mechanism is based on the
idea that the straln energy in an essentially elastic material
1s gradually increased to a critical vplue, at which it must
accelerate (earthquake) to accommodate the applied load. The
gradual increase of the strain in the elastic material is at-
tributed to the relaxation of stresses in an adjoining plastic
medium. Such a phenomenon would not occur and repeat itself
if the shearing locad is directly applied to a single plastic
layer. Under such conditions a critical state leading to
sudden acceleration (such as exceeding the elastic limit of a

material or overcoming static friction along a fault) could not

arise.

In practice, the shear loads applied to the upper
layer can be attributed to gravitational forces produced by
large masses, such as mountain ranges. In each cycle energy
is dissipated and therefore the stresses in the upper layer are
not completely recoverable. The energy thus dissipated requires
a leveling-off of the potential energy of the masses giving
rise to the external loads. The time required for this
mechanism to cease its seismic activity would be determihed by
the initial load, the yield stress (or the stress required to
overcome static friction of a fault) and by the physical

constants of the plastic and elastic materials.
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Since it appears at present virtually impossible to
directly verify this mechanism from available empirical data
at attempt 1s made in Part V to determine some quantitative
implications of the mechanism which can be checked experimentally.
In so doing the plastic sub-layer is represented by a Maxwell
material, which is the simplest type of material embodied with
stress relaxing properties. For this reason the physical
configuration treated mathematically in Part V is probably an
over-idealized system which may not admit solutions representing
some surface waves that occur in practice. Such difficulties
are actually encountered when accepted values for the viscosity
coefficient arezassigned to the appropriate material constant§
of the Maxwell material. It is felt however that these dif-
ficulties are not essential and can be removed by replacing
the Maxwell material with a less ideal plastic material. Thus
for example a material consisting of a viscous element in
parallel as well as in series with an elastic element is more
representative of an actual stress relaxing plastic substance,

and would probably remove the above mentioned difficulties.

It is noted however, that using a viscosity coefficient
of the order of 1020 poises and régidity coefficient of the
order of 1010 dynes for the Maxwell material gives stress
relaxation times which compare very favorably with the order

of magnitudes of periods between successive earthguakes.
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This fact alone provides fundamental empirical

support for this mechanism which would not be significantly
weakened by replacing the Maxwell material with a less ideal

plastic substance, in the manner described above.

This mechanism applies to extended deformations
which would be expected to occur primarily at shallow and
moderate depths in the earth. In principle, the same mechanism
would apply to two or more layers consisting of plastic
materials having different material constants or properties.
This mechanism is also consistent with and could explain the
large fault displacements (horizontal and vertical) associated
with shallow and moderate-depth earthquaskes. This follows
since a fault displacement would occur when the stress in the
faulted layer is sufficiently increased,»as a result of stress
relaxation in the ad jacent layer, to overcome the static friction
of the fault. This mechanism also explains a method for storing

energy required by the elastic rebound theory.

B. Deep Focus Seismic Disturbances.

Deep focus seismic disturbances may be attributed
to plastic yleld, plastic fragmentation of single crystals,
plastic rupture and polymorphism, which are excited by thermal

fluctuations. Disturbances originating in this way are most



probably confined rather than dispersed over extended areas.
Such disturbances should be expected where the temperature is
very high, i.e., deep focus. They may also be expected to
occur at shallow and moderate depths if the temperatures are
sufficiently high. In fact, earthquakes which show some cor-
relation with volcanic activity might be attributed to one of

these causes, and especially to polymorphism.

The probability of thermal fluctuations producing
transitions from states of metestable equilibrium (which are
thermodynamically possible) to stable equilibrium states is
relatively large, in comparison to the probability of thus

producing transition between two stable equilibrium states.

The possible causes proposed here for producing
earthquakes at great depths would, from previous considerations,
suggest non-linear relations for the macroscopic strain (or
equivalent) resulting therefrom, as a functicn of time. Con-
sequently, an exponential analysis of such empirical data is
most likely unsatisfactory and a power relation is more suitable
for large time intervals or large strains. On the other hand,
the strain-time relations associated with the mechanism proposed
here for moderate and shallow earthquaskes are most likely
linear and, if so, the data thus obtalned can be analysed by

the methcds for exponential analysis referrec to above.



Voo On the Propagation of Iove Vaves in Plastic and Visco-Elastic ledia:
pag

Introduction:

The seismic mechanism described in part IV-A of the thesis
does not readily lend itself to mathematical formulation or to direct
experimental verificetion, It is therefore desirable to consider
~mathematically some seismic implications of the mechanism which may be
verified by available data. As the selectivity in the period of Love
Waves is not explained by theories restricted to elastic media, it is
of interest to investigate the effect of a plastic sub-layer upon the
propagation of such waves. In so doing it is found that shear waves
can be propagated in the plastic material and that the observed restrict-
ed range in the period of Love Waves can be attributed to the presence
of a plastic sub-=layer. The mechanism proposed in part IV-A is based
upon the existence of a plastic sub-layer consisting of a material
with strain terminating and stress relaxing properties. In the
following the plastic sub-layer is represented by a lMaxwell material
which embodies this stress relaxing property and is defined by a compar-
atively simple stress, strain and time law. 1In so doing it is tacitly as-
sumed that the plastic state of the sub-layer is determined by the static
stresses produced by the body forces of the upper layer and by the
temperature oi the plastic material. Thus it is assumed that the pro-
pagation of a seismic disturbance in the sub-layer does not modify the

stress-strain-time law of the material. Ctherwise it becomes necessary



to use different laws for the plastic state of the material when it

is successively loaded and unloaded by a seismic wave, Thus the
analytical study of wave propagation in plastic materials situated in
the interior of the earth leads to mathematical considerations which are
more tractable than those encountered in the study of plastic waves
produced in initially elastic material, subjected to impact loads

ausing plastic deformation.
Analysis:

The configuration considered in the following analysis and the
symbols used for the material constants are illustrated and defined
by figure 1.
Density = P

X Rigidity coefficient =M
Viscosity coefficient = o

H
Sezawa lfaterial

3
laxwell llaterial ;
Density = P ;
Rigidity coefficient =M
Viscosity coefficient =
o

Figure 1

In course of the analysis the upper layer and lower layer will

sometimes be referred to as the first and second layer, respectively.

By treating the material of the upper layer as perfectly elastic
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it was found that the continuity conditions at the interface could not
be satisfied, This can be attributed to wave attenvation produced in the
direction of propagation (x2) in the Maxwell material and to the absence
of a mechanism (viscosity) for produéing a corresponding attenuation in
the perfectly elastic material. Since the assumption of perfect elastic-
ity constitutes an idealization rather than a preferred representation

of the physical properties of the shallow materials of the crust it

was decided to represent them here by a Visco-Llastic (Sezawa) material,

Equations of Wotion for the Visco-Elastic Layer:  The equilib-

rium equations for the Visco-Flastic Layer are

oS. a2u-
ik i .
L s = Psz  (isk=1,2,3) (1)

where:
Sik are the components of the Stress Tensor

u; are the components of the displacement Vector

/e shall hence-forth neglect thef:j, with the understanding
that when an index is repeated (such as k) summation over the index is

; . . Us
implied, Tor an incompressible Sezawa material, ’ K= 0) the stress-

X
k
strain~time relations are given by reference (33)
ou, oY o Ov 9%
Sip =M (o + )+ — o o
MG ) O G ) (2)
Then,
2 &

auk auk
5% Memzs e %)) 9 5w e T e (axk)] (2a)
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ou

1
4 £ .
Since —— = 0 equation (2) beconmes

.4».1{

asik 3 3211i

Substituting (2b) in (1) gives

0%, 2 T2 2 .
AR A )

Consider a solution to (3) of the form

'i'(fx2+pt+ £)

Uy :V(Xl’ x,)T(t)e (L)

and let

Solution (l;) represents a rrogressive wave in Xoy in which the functions

% and T are treated as arbitrary.

From (L)

di I(fxtptr € ) : A
5_53_ = %e [TPT o+ T‘]
a2

L T(fx +pt+-€
5.;2.3_ - y/e £ty >[T" 4 2Tpp' - pZT]

2 -

2 z

é)xl axl
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2
27u ( Xstptt € )
3 _ 2 £2
7 ey
% 1(fpiptie ) T
5‘25 (a-mz}-) a-—}éz [ipT + T'] (5)
o azu 2 - B 5 1(fy2+ot+€ ) -
ST G = %—% + 21 S5 - £5)e [ipT + T']
X2 "'2 =
Su tuting (5) in (3) gives
2 2
" T 2 2 ¥ o 1) 2
{W( + 2ipT - T) = /;.;T(a—;{%+ _;g+ 2if 5% i/
. (6)
' 2 0 w 5 1(fx2d-pt+£ )
._Q'[(lnT+T)(5—)(%-+8X2+21L6A2-fy]}e = B

Satisfying the real and imaginary parts of equation (6) separately, gives

two equations for the functions V and Te
2
yr'o- Yot - T(aw —}é £y - ""[T (—% a—-é
9
(7)

._fz}#)— 2pr2?3%] = 0

' 2 1 d 02 92 ps _
2Ypr' - Z/PiLTfﬁg—%[ﬁT a¢+pw (_£+~}3§ £2)1 = 0 (8)

2 2
From (7) one obtains for Vz)& = g—g‘ + g
%
1
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2 — P [ H 2 2m 6..02m! 5 ()
=y —yr e RePry Cefr'r 2pr @ 9T (7a)
v 1/r j,u.TwT’) W y P % P % P 9%,
From equation (8) one obtains

20— ! oy G omt & 2 o
V}&—G__% (2;0 1%— Q/é—LfT-éSCE—c?'FfT E{%-F-?.L p,.%] (88.}

Eliminating Vz}#between (7a) and (8a) yields

oBe  oprdr  2er! 1
oy %t  2vip

— oty 2 2p _ O pon!
= - T — & £°T7 = 2 f27
0%y, &P = UT+oT' +PpT) JIHST -3 +p {?L e :

Symbolically (9) is of the form

L "2 I 1 1, G2
[- 7" 4+ por A r2p o 220" 4 — [2p7' + 2 £op7]
UT+gT' T " F o
& _ / ? P op { V (93)
3;2 ‘F fo‘ f""
(?Jf,é_+2pp‘l"+21>
op AT+T  ppT
and therefore
Kx2
Y= 9 (= e 10)
where
——--L'- L O s UL R [2pr' + € £2p1]
MTHOT T

and § (x,) is an arbitrary function.
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It is important to notice that in general K = X(t), unless

mt . .
T(t) ~ € ~ vwhere m is a constant., Otherwise

which contradicts (L) according to which W has been treated mathe-

matically as a function of x; and x, only. Thus we consider T(t) of the

form
nt
T(t) ~ e (11)
Then, in equation (9a) we have
. V) 1
o=t 2pfET 2fT s 2pfo 2fm
(J " P -
T+ — =) = + +
6p  M+eT  PPT ' gpp  P(me)  PD
et PZO'
TZ e = — !
PP (’54 §E+mcr) +m) (927)
and
S L - F S QP S PR -
MTHCT! P £ opT P

1 G 1
= g [« m@ + p@ —/‘;,i' £2 - ";’ mf2] + op (2pm + % £2p) (9a")

Combining equations (9a') and (9a") gives for K in equation (10)

2
—-1—(—m2+p2-/‘—Lf2 --Q-mf2) po2 L =
yrr p P s p
K = (12)

B o
= £ Tarna) + )
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Substituting (9a) into (7a) yields

2
S—%+ KeP = ,uwm @m 1@ -Hp? +/£' f2{>+ oy fzm{)+ 2pi‘Kg<I?)
1

d2<I>
— +3d= 0 (13)
&

where

2

2 _ P (m2 m + 2pf %K)

= K st
B=K jrasars

2 2. ¢
- 34 < F
e i

The solution to (13) is of the form

@(xl) = C cos ﬁxl + D sin fB'xl (1)

where:

— 2 2 , G 2 c
B = K° ﬁ%n.&(m p+/-g'f +f—>-fm+2pfFK)>O

C and D are arbitrary constants. The condition B >0 i1s imposed here in
order to satisfy the boundary condition of vanishing stress at the upper

surface, which gives the trigonometric solution (1) to equation (13).

Using equations 10, 11, 1}, and L one obtains the following
solution for u3.

Kx, mt 1(fxptptre)
Uy = (C cos 4/Bxy + D sin /Bxq) e e e (15)

where :

a) m is a constant subject to the condition m < 0 and remains
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to be determined.

b) £, p and € have their usual physical meaning in the mathe-

matical representation of a single harmonic progressive wave.
c) The quantity K is defined by (12)

The Differential Equations of Motion for the Plastic Layer: The

principle of conservation of momentum, neglecting body forces gives

L

a8’ 32
Ak -
ﬁ p' st (1=1,2,3) (13)
kzltaxk

where:

1 . .
a) S,1 are the components of the stress tensor in the plastic
ik

layer.
b) u; (1= 1,2,3) are the components of the displacement vector.
c) p'is the density of the plastic materiai.
d) Xy (i = 1,2,3) are rectangular cartesian coordinates.

The stress—strain-time relations for a lLaxwell material are

s. 1
° ]_k e
£l =% == 5l
1 20t %u'
or
I .1 ! e
i = €y 20 - Tosgy (14)
where
)
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Substituting (1h) into (13) mves‘; for 1ncom3ressn_ble (constant volume)

. au au
deformation where A = A= |, e = =0
=1 ox; 5zil
») a{l! .
O.VLL- + Db fr (axlk = P' ﬁ‘{’i = (1,2,3) (15)
where :
b= /%
2 2
V2 _ <a . J 5% 322)
dx2 0x° Jx
: 2 3
Using equation (13) in (15) yields
au au
O'VL +bP92:Pat [d= 1.8:3) (16)

Although more general solutions are evidently possible, in

] 1 1
this investigation we will assume U =u, =0 and that U3 is of the form

, 1(fx2+pt+£)
v, = l//(:cl,xz) g (17)

where

W (Xl,X.z) is presently an unknown function,
Substituting (17) in (16) yields

2t
ouy @ W 1(fy S+t+E)
(')xlz 5‘7

a u, I(fxo+ptre) T(fxy+ptie)
3 0
V + Ifffe > (18)

axg ayz
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i(fx +0t+8)
=g [l-}— :1_fy/]
oy
ou Ii(fx +pt+£)
_._22 - [32V+ 2if _a__}q - £2Y] g (18)
6x2 &X dxz
2 1
?...E..B. — S ) /
92
3
and
33U; - (fx2+pt+£)
5= ipye (19)
@2u; I(fxptptie)
R e
From (18)
@Zﬁé o a2 1(fx2+pt*£)
o— = 1ip €
dxl akl
Do 1
0" — 2 — 1(fx +pUtHE)
3 l °.r.\ l :'2 2 i
0X2 5X2 ﬁxz
(18a)

i(fx +pD+E)

ot [ iT) 0 .._% py]a

Substituting (18a) and (19) into (16) yields for i = 3

’{1p %K/ ;W p %- E;y/p } -bpipYrp 0P =0 (20)
‘ x .

let p = pq + Eﬁz where Pq and b, are real numbers.
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Then p~ = pi-+ 2iplp2 = P,
C SRS BT S 2 _ a3 -
p~ = pj + 3ipip, - 3p;p, - 1P, (21)
Substituting (21) into (20) gives
2
! a% . a% i ag A P
0.'5';’]2_ (1P1 - P2> +0X2 (lpl = p2> - éx2 (prl + 2.1.1132)

— ! - 3 2 = 2
- fZ}/’(ip1 - p,)] - bPY(ipy - 3pypp - 3ipip, + pg)
% 2 - 2
+pY(py + 2ipyp, = py) = O (22)

The real and pure imaginary parts of (22) give respectively

52

1

I be

= == es ST 1 T = Po —
dx] I, P, 0%, g o
o 1
b
2 afY_ PRy (23)

+ 2p, B%.;&z (2k)

Zquations (23) and (24) can be treated as a set of simultaneous differ—

ential equations for the function
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Y Geyzy)
s b _ 1 _ :
Using —- —/I—L—' these become respectively
o
2 1 '
P2 ; P
2 a4 2 g P 2P 1P P
= = 2f = = 4 V[f" = 3p] =54+ P; 7+ = — =D, —J (23a)
\% ‘W p2 éxg y/ l/u,' 2/‘" P2 0" 2 o..'
p ay‘ 1 1 1
2 2 2 2
vy= ot 2 Loayre® ool £y 5l B, B (2La)
py 9%, M M o
Eliminating v2¢between (232) and (2La) gives
1 1, 3 2
A4 P p (PPyPp)
= = [mpg=rpp ‘“f”‘”g‘“‘g“JV (25)
3}:2 f/u 12 oor (p1+1>2)
A4 solution to (25) is
sz
V=& (x)e (26)
where 3 2
1 ]
+
K:_Lpp+9(plp1p2)
! 2 1 2 2
f/u 2f O (p1+ps)

and é(xl) is an arbitrary function of xq.

Substituting (26) into either (23) or (2L) yields a linear,
second order, homogeneous, total differential equation for the function
@(Kl). A substitution of (26) in (23) gives the differential equation

2
¢

— = cl<§ =0 (27)
C{Xl
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where:
1 1 1
p P P
2 1 2 P 2 1 oP
2= [mK® — 2K =+ £5 ~ 3p _Fi_ LA
l r l/" 2 1 p o" G'
s 2
The solution to (27) is therefore of the form
e, X -C_X
11 6 g
$(x)=a'e” "+ Be (28)

where :
cq is defined above, and A' and B' are arbitrary constants.

A substitution of (26) into (24) gives

g

—02@-—0 (29)
d”l
where :
H
P
—[-Ix +2h_.2.+f2-p P 3p2_P_-.2p P]
1 2 2
Py )

in order that (27) and (28) be identical it is necessary that

2 2
¢y = ¢y (30)
Bquation (30) requires that K be
1
P p (F3+PFy) .
K= - b pypy (31)

2
1
£

The expression for K given by (31) is identical with that given by (26)

which means that the condition ci cg is satisfied and therefore that

the solution for @ can also be written as



P(x) =4ce +BE (32)
where:

2 < . ! ! :
¢, 1s given above, and A and B are arbitrary constants.

Using (32), (26) and (17), a solution to (16) can be written

in the form

cijxje—ritel(fx2+pt+f)

1
u; = A€ [i,3 = 2,2,9) (33)

where:

Ai is an arbitrary constant.

Ty is a constant to be determined and is here subjected to the

condition r: > 0.

i
T ] 1 1
cil = - ciz + 20i2f _£-+ f2 - p2 f;-+ 3r§ f; s Zri ET
P A M o
2
and C%. > O.
1
| Plp
egp= (- f-zp+ ) <o
£ 20'f

o]
11

)

0. (Hence e 5 % Cy3

In order to prescribe the boundary conditions at the interface
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between the visco-elastic and plastic layers, one must relate the stress

1
tensor S; to the displacement vector U . This can be done by first

k

integrating the following equation, relating the strain and stress tensors

of a Maxwell material

d (gl y=—s' +— 9 (') 3L
a'gik_ggfikJrE;r"é; ik (34)

1
where: fjkﬁs the strain tensor of the lfaxwell material ¢iven by

!
u. Ju
1 1 & k g "
B2 Gp t i) (=12 (35)
4 i 4

Substituting (33) into (35) gives

o 1 1 - 1 - !
3 i) = 5 lege(= vy + ID)u; + ey (= 7 + IpJuy ]

dt

or

3‘3_5 (z;k) . % { [eg, (= 5 + IP)ALC + cpy (=7 + 1p) X

i (fx 4pthé
ijXj rkt ( 5 1Y )

X Ae e le (36)

Substituting (3L) into (36) and arranging terms gives

) o g _ cijxje-rit
5t Sin) + 485 =M | Tege (=75 + Tp)age
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5w aad f(fx2+pt+£)
- ki 3k
+ ¢y (= 1y + ip)Aye e le (37)

For each i and k equation (37) is a linear, first order differential

equation of the form

dy

&+ PE)Y = Qx) (38)
where

P(x) = P(t) =3‘§

Q(x) = Q(t) =/&'{ }
The solution to (38) is of the form

yejpdx - JQefpdiiu K (39)

where K is an arbitrary constant.
Hence, the solution to (37) is
1 1
o2
s'eU'=/u.'{ }e%dt+1{ o A
ik 1~ 1272
where Kik(xl’XZ) is an arbitrary function or

1 ! A
' ' -’-:-;—'t £ -/;_—‘,-t
S; =M e e dt + K., e (LO)

carrying out the integration in (40) gives

- -r.t
c. . x., 1(fx +pt+¢g e Ty
1% T ) ¢4 (~Ty+ip)A e

S;Lk :/IL'U" { e e [ : - : ]
0"(—ri+ip)+/ll.
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cijj‘g(fngpt+5) Cyq (T +1p)A e—rkt
+ e © l: . - . ]
cr(-&kilp)th
/‘L‘
N Kik(xl’XQ)e- o (L1)

The results thus far obtained in the analysis are sufficiently general
for treating analytically the propagation of a three component wave in

direction x .
3
Case T.

On the Propagation of Space-Attenuated, Time Unattenuated Waves:

e will now restrict the analysis to the propagation of waves with a
displacement pattern given by ui = u; = 0 and where u; # 0 is obtained
from equation (<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>