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ABSTRACT

This thesis deals with the interpretation of compact
extragalactic radio sources in the context of the twin-beam model
with a particular emphasis on the role of special-relativistic
kinematical and dynamical effects. Various such effects are
investigated, both in a general manner and in application to
specific observed phenomena. Among the observed phenomena which
are interpreted in this way are:
i) Apparent superluminal flux variations, i.e., variations
which occur on timescales short compared with the light travel
time across the apparent source. It is shown that this and
other spectral effects could be attributed to relativistic
expansion of the source, and that objections raised against the
relativistic interpretation (Terrell 1977) are model-dependent
and do not apply in general.
ii) Apparent superluminal separation of source components. It
is shown that in a relativistic jet model where the radio emission
originates both from the quasi-steady jet itself and from behind
shock waves which travel with relativistic speeds in the jet,
the source could display apparent superluminal expansion in which
the moving component (associated with a shock) and the stationary
component (associated with the optically-thick core of the jet)
would have comparable, Doppler-boosted fluxes. The shocks could
either propagate in the jet or arise behind dense clouds which
are accelerated by the supersonic flow. The origin as well as
the kinematiqal and radiative properties of the clouds are

discussed, and it is proposed that the bright knots observed in



certain jets, such as the jet in M87, could in fact correspond to
dense accelerated clouds.
iii) Rapid swings in the observed polarization position angle.
It is shown that synchrotron sources which accelerate to (or
decelerate from) relativistic speeds could display rapid.swings
in the observed polarization position angle of up to 180° as a
result of the relativistic aberration effect. This mechanism is
suggested for the large swing observed in the BL Lac object
AO 0235+164 (Ledden and Aller 1978).

It is argued that the majority of bright compact sources
are observed along lines of sight making small (< 10°) angles to
the jet velocity. On the basis of this hypothesis, a unified
interpretation of compact, variable radio sources and of extended
double radio sources is presented. More generally, it is suggest-
ed that active galactic nuclei may have two types of emission:
an isotropic, fairly steady, unpolarized optical continuum, and
a beamed, variable, strongly polarized synchrotron component
associated with a relativistic jet. The sequence: radio-quiet
quasars, radio-loud quasars, and blazars (i.e., optically-violent
variable quasars and BL Lac objects) would then correspond to
similar sources which are viewed at progressively decreasing
angles to their jet axes. Model synchrotron and inverse-Compton
spectra for resolved jets and for unresolved inhomogeneous jets
are calculated, taking into account the effect of synchrotron -
radiation losses, and applied to the. interpretation of the
spectra of BL Lac objects. The possible contribution of beamed

sources to the diffuse x-ray and y-ray background is also
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discussed.

In addition, the steady two-dimensional flow of an ideal
compressible fluid is studied in the context of special-relativ-
istic gas dynamics. The Newtonian equations for potential
flow are generalized, and it is found that they can have the
same form in the Newtonian and the relativistic regimes if their
parameters are defined in the local rest-frame of the fluid.

The Mach number thus defined is shown to have the same properties
as its Newtonian analog. The Newtonian equations for oblique
plane shock waves are similarly generalized in certain cases
(which include, in particular, the extreme-relativistic limit).
Several applications of these results, particularly to the study

of relativistic jets, are suggested.
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INTRODUCTION

Radio observations of extragalactic sources have advanced
dramatically in recent years following the construction of
powerful radio telescopes and the improvement in interferometric
observation techniques. Large arrays of radio telescopes are
now being employed simultaneously, often over very long inter-
continental baselines, to produce high-resolution maps of even
the more distant sources. One of the most striking discoveries
to have come out of these observations is that of radio jets -
elongated, narrow components which emanate from a central compact
core, often in two opposite directions, and extend toward the
distant outer radio lobes. The jets can be extremely thin and
straight, and in some sources are detected on length scales
ranging from a few parsecs to over a megaparsec (see, e.g., the
attached radio maps of NGC6251, reproduced from Waggett, Warner,
and Baldwin 1977, and from Readhead, Cohen, and Blandford 1978).
The discovery of jets was regarded as evidence in favor of the
"twin-beam" model - proposed by Blandford and Rees (1974),
following earlier work by Rees (1971), Scheuer (1974), and
others - according to which the extended radio lobes are supplied
continuously with energy, mass and momentum from a central "power-
house" by means of two well-collimated beams of plasma. (How-
ever, some alternative models, reviewed, e.g., by De Young (1976),
may not yet be completely ruled out.) The initial motivation for
the twin-beam model was provided by the morphology of the outer
radio lobes, which often are situated symmetrically about a

central compact component and show collinear structure, and by



the large energy content (v 1056-1061 ergs) inferred for the
extended radio-emitting regions, which in conjunction with the
observed luminosities (v 1040-1046 ergs s—1) indicates a
continuous supply of energy over an extended (v 108 yvears) period
of time. Additional motivation for the model came from spectral
measurements of the bright emission regions ("hot spots") found
in the outermost parts of the most luminous double sources.
These measurements reveal power-law radio spectra which show no
break below 100 GHz. 1In general, the power-law spectra and the
occasionally high degree of linear polarization measured in the
radio lobes are interpreted as evidence for optically-thin
incoherent synchrotron emission produced by a power-law distri-
bution of relativistic electrons radiating in a ~10-3-10-6 Gauss
magnetic field. The fact that the spectrum of the "hot spots”
does not cut off below 100 GHz then implies that the radiative
lifetime of the source is relatively short, in some cases even
shorter than the light travel time from the central component.
This indicates that the radiating relativistic electrons must

be continuously reaccelerated. In the twin-beam model the jets
are produced as a relativistic fluid of plasma and magnetic
field near a massive accreting object (e.g., a black hole of
mass J 108 Mg) residing in the center of a quasar or an active
galactic nucleus, and imbedded in a cloud of relatively cool and
dense gas. The light relativistic fluid is thought to emerge

in two opposite directions along the rotation axis of the central
object and to be collimated by the confining cloud, forming

de Laval nozzles in which the flow becomes supersonic. The



details of the formation process are as yet unknown and remain

a challenging research problem; however, there is evidence that
in several sources the radio axis is correlated with the rotation
axis of the associated galaxy and that at least some jets are
highly supersonic, tending to support the general picture. The
collimation of the beams is assumed to be achieved within a few
parsecs from the central "power-house", and they then move into
the surrounding medium, creating cavities which may become
visible as radio jets if some of the bulk kinetic energy is
dissipated and converted into synchrotron radiation. 1In this
picture, the "hot spots" are identified with shock waves formed
when the beams impinge on the external medium, and in which
particle acceleration and magnetic field amplification can take
place. "Head-tail" sources also find a natural explanation in
this model (e.g., Begelman, Blandford, and Rees 1979). These
sources are characterized by a bright radio "head", coincident
with a visible galaxy, which is trailed by two fainter "tails"
extending over hundreds of kiloparsecs (see, e.g., the attached
radio map of NGC1l265, reproduced from Owen, Burns, and Rudnick
1978), and tend to occur in clusters. They may be interpreted
as jets which are swept back as a result of the motion of the
galaxy through the relatively dense intracluster medium. Recent
measurements of the polarization position angle in jets indicate
that the magnetic field vector is generally aligned along the
jet axis close to the galactic nucleus, but becomes perpendicular
to the axis at larger distances (see, e.g., the attached radio

map of NGC315, reproduced from Fomalont et al. 1980, in which



the line segments represent linear polarization vectors which

are thought to be roughly perpendicular to the magnetic field
vectors). These measurements, too, are consistent with the pre-
dictions of the beam model for highly supersonic jets which

move ballistically and in which the flux of the convected magnetic
field is conserved.

The jets in the twin-beam model are assumed to be discharged
with relativistic speeds. The arguments given for relativistic
bulk motions in compact extragalactic sources were initially
indirect. Estimates based on synchrotron-radiation theory (e.g.,
Burbidge, Jones, and 0'Dell 1974) indicate that in many sources
the energy density of relativistic electrons exceeds the magnetic
energy density, implying that relativistic expansion is to be
expected unless the density of thermal plasma in the source is
sufficiently high. The density of thermal plasma is generally
estimated from measurements of the polarization position angle
at different frequencies, which are interpreted in terms of the
Faraday effect. From the small values of Faraday rotation
indicated in most sources it is inferred that the ratio of
thermal plasma to relativistic plasma is in fact much smaller
than unity (e.g., Jones and 0O'Dell 1977). Relativistic expansion
speeds were suggested also as a means of alleviating the so-called
"inverse-Compton catastrophe". As was first pointed out by Hoyle,
Burbidge and Sargent (1966), if the short timescales for flux
variability measured in many sources are interpreted in the
context of synchrotron-radiation theory, then the inferred

radiation enerqgy density is larger than the magnetic energy



density, implying very high energy requirements in the source.
However, as Rees (1967) has shown, the actual size of the source
may be much larger than the size inferred from the observed
variability timescale if relativistic expansion is present, in
which case the problem is less acute. The inferred "catastrophe"
is particularly severe in sources which display high variability
at low frequencies, and it is now believed that relativistic
motion is the most likely mechanism for explaining it away (e.g.,
Condon et al. 1979). The model proposed by Rees (1967) could
also account for apparent superluminal flux variations, i.e.,
variations which occur on timescales short compared to the light
travel time across the apparent source. The discovery that
strong compact radio sources often show apparent superluminal
separation velocities of source components (e.g., Cohen et al.
1979) has subsequently provided a more direct evidence for
relativistic bulk motions. In fact, most of the plausible inter-
pretations of this phenomenon require relativistic velocities

in the source (e.g., Blandford, McKee, and Rees 1977). High-
resolution very-long-baseline interferometric observations reveal
that these sources have a core-~jet morphology - a one-sided jet
projecting from a compact nucleus (see, e.g., the attached radio
maps of NGC6251 and NGC315)-which may also be interpreted as
pointing out to relativistic motion of the emitting material
(e.g., Readhead et al. 1978). According to this interpretation,
the twin-beam model still applies, but the emission from the
counter-jet is beamed away from the observer because of the

relativistic Doppler effect. Despite the accumulating evidence



for relativistic motion close to the nucleus, there are however
indications in a few jets that at sufficiently large distances
the velocity is nonrelativistic. This is inferred from an
analysis of the dynamical interaction of the jets with the
surrounding medium (e.g., Begelman, Rees, and Blandford 1979) or
with nearby galaxies (e.g., Blandford and Icke 1978); If closer
to the nucleus these jets were relativistic, then the implied
deceleration would be accompanied by a dissipation of large
amounts of kinetic energy, for which there appears to be no
evidence. The question of the actual velocities of jets is thus
still not entirely settled.

The discovery of jets and of apparent superluminal effects
in compact extragalactic radio sources has opened up new areas
of research in high-energy astrophysics. These include the
application of relativistic kinematics and dynamics to the inter-
pretation of the various apparent superluminal phenomena, the
application of relativistic hydrodynamics and magnetohydrodynamics
to the study of observed jet morphologies, and the investigation
of emission and particle-acceleration mechanisms in luminous
extragalactic sources. These areas of research are all the more
exciting as thej bear directly on some of the most puzzling
guestions of modern astronomy, having to do with the nature of
quasars and of the energy source in active galactic nuclei. The
work described in this thesis involves some of these areas of
research, and is directly concerned with the interpretation of
compact extragalactic radio sources and with the study of the

physical processes which may be taking place in them. It is



organized in the form of five separate papers, each of which is
self-contained, but all of which are related by the common under-
lying theme. As an aid to the reader, I now give a brief
description of each paper, together with a summary of the main
results. |

The first paper, entitled "Flux Variations in Relativistically
Expanding Spherical Radio Sources", was published in The Astro-
physical Journal (Vol. 225, p. 732, 1978). It was motivated
by an objection raised against the relativistic-expansion
interpretation of apparent superluminal flux variations. Accord-
ing to this objection, such expansion would not lead to observed
pulses which are short compared with the light travel time across
the apparent source. In the paper it is shown that the arguments
against the relativistic interpretation are model-dependent and
do not apply in general. A specific example is discussed in
detail and used to show that some additional observed effects,
which were previously interpreted in a nonrelativistic context,
could also be attributed to relativistic expansion of the source.
The main purpose of this paper, however, is to clarify in
principle the effect of relativistic expansion on apparent flux
variability.

The second paper (in collaboration with R. Blandford;
published in Astrophysical Letters, Vol. 20, p. 15, 1979) presents
a model for the bright emission knots in the jet of the galaxy
M87. Similar knots have been detected also in other jets, and
Rees (1978) suggested that they could be attributed to the

steepening of nonlinear sound waves propagating in the jet. 1In



this paper it is proposed that the knots correspond to dense
clouds which are accelerated by a supersonic jet, and that the
emission arises in strong bow shocks which form behind the
accelerated clouds.

The interpretation of compact radio sources in the context
of the relativistic-jet model is discussed in the third paper,
also written in collaboration with R. Blandford, which was
published in The Astrophysical Journal (Vol. 232, p. 34, 1979).
In this paper it is proposed that the emission in the jet has
both a steady component, associated with the stationary flow
pattern, and a variable component, associated with shock waves
which travel in the jet. It is shown that in a relativistic jet
the moving shock and the stationary optically-thick core of the
jet could appear to separate with a superluminal velocity. 1In
this case both of the separating components would have comparable,
Doppler-boosted fluxes, so that a common difficulty encountered
in previous "relativistic" interpretations, namely, that one
component would be much brighter than the other, is no longer
present. Specific models for the dynamical and radiative pro-
perties of the jet and of individual shocks are presented. The
shocks could be associated with propagating nonlinear waves or
with accelerated dense clouds of the type proposed for the knots
in the M87 jet. This paper also considers various additional
consequences of relativistic motion; in particular, it is pointed
out that a synchrotron source accelerating to (or decelerating
from) relativistic speeds could display a large and rapid swing

in the observed polarization position angle of the kind already



detected in some compact sources. In addition, it is postulated
that quasars in general may have a beamed emission component,
associated with relativistic jets, as well as an isotropic
component responsible for photoionizing the emission-line gas.
In this picture, bright compact sources are the ones which are
obserﬁed along lines of sight which make small angles to the jet
velocity. This hypothesis leads to a unified interpretation of
core-halo and of extended double radio sources, and provides an
explanation of the relationship between radio-quiet quasars,
radio-loud quasars, optically-violent variable gquasars and BL Lac
objects. (Some of these ideas have been suggested independently
by Scheuer and Readhead (1979).)

The application of this model to the interpretation of x-ray
and y-ray observations of quasars and BL Lac objects is discussed
in the fourth paper, which will shortly be submitted for publica-
tion in The Astrophysical Journal. 1In this paper, model synchrotron
and inverse-Compton spectra are calculated for both a resolved
jet and for an unresolved inhomogeneous jet, taking into account
the effect of synchrotron-radiation losses. On the basis of this
model it is concluded that various observed features in the spectra
of BL Lac objects, which according to the beaming hypothesis are
sources observed at very small angles to the jet axis, could in
fact be attributed to emission from unresolved relativistic jets.
The class properties of beamed x-ray sources and the contribution
of relativistic jets to the diffuse x-ray and y-ray background
are also considered in this paper.

The work described so far dealt mainly with the kinematical
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and radiative properties of beamed sources. The fifth paper,
entitled "Relativistic Gas Dynamics in Two Dimensions" (scheduled
for publication in the May 1980 issue of The Physics of Fluids),
turns to some dynamical aspects of relativistic flow. This is
essentially a general theoretical paper, which demonstrates that
the Newtonian theory of steady two-dimensional flow of an ideal
compressible fluid has in many cases a simple relativistic
generalization. In particular, it is shown that the generalized
expressions can often be written in the Newtonian form, and that
it is then possible to study specific flow problems using the
methods of Newtonian gas dynamics.. As is pointed out in the
paper, this theory could find applications in nuclear physics
and cosmology, as well as in high-energy astrophysics. A specific
example of oblique-shock refraction at the interface between a
relativistic and a nonrelativistic medium, which may be relevant
in the context of radio jets, is considered. Another

application in this context is to the calculation of the flow
pattern in a supersonic relativistic jet which moves from one
region into another region of lower ambient pressure. The
calculation can be effected using the method of characteristics
discussed in the paper. The resulting flow pattern involves
alternating compression and rarefaction waves, and could provide
an alternative interpretation of the bright emission knots
observed in radio jets, as well as of the "gaps" in emission
which are found in some sources in the vicinity of the nucleus
(see, e.g., the attached radio map of 3C449, reproduced from

Perley, Willis, and Scott 1979).
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Our understanding of extragalactic radio sources is still
incomplete. Although the twin-beam model appears to be success-
ful in interpreting the general features of these sources, the
nature of the jets and their dynamical interaction with the
surrounding medium are as yet not fully understood. For example,
it is not yet clear whether the flow is stable, what are the
values of its characteristic parameters, such as the Mach number
and the Reynolds number, or what is the dynamical role played
by the convected magnetic field. The details of the formation
and collimation of the jets are also still unknown. Likewise,
there does not yet exist a comprehénsive model which would
incorporate the various apparent superluminal effects into a
single, unified picture. The nature of the particle-acceleration
mechanisms is another general problem which remains to be solved.
However, steadily improving observations in different regions
of the spectrum continue to provide valuable clues to the
resolution of these questions, and are already supplying
important constraints which any viable model would have to
satisfy. Further insight into the hydrodynamics of jets
could be gained from extensive numerical calculations and
from laboratory experiments involving high Mach-number flows
in wind tunnels, both of which are already under way. The
prospects for continued progress in our understanding of

these fascinating objects thus appear to be quite bright.
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PAPER 1

FLUX VARIATIONS IN RELATIVISTICALLY EXPANDING

SPHERICAL RADIO SOURCES
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I, INTRODUCTION

Relativistic expansion speeds have been proposed (Rees 1967) to account
for superluminal flux variations in extragalactic radio sources, i.e.,
variations fast compared to the light travel across the apparent source.
Subsequent VLBI observations of such sources could often be interpreted as
two components separating with superluminal speeds (e.g., Cohen et al. 1977);
this phenomenon probably also indicates very high expansion velocities (cf.
Blandford, McKee, and Rees 1977), although it is not directly related to
superluminal flux variatioms.

Incoherent synchrotron emission is considered the most plausible
mechanism of radiation in these sources (Jones, 0'Dell, and Stein 1974; hence-
forth JOS). In Rees' model the apparent effects are associated with emission
from a relativistically expanding source which is initially opaque, but which
becomes optically thin as it expands, It was argued that to a distant ob-
server the flux would appear to change very rapidly, and that the actual
source dimensions could far exceed the limit ctV set by the variability time-
scale t_. Further calculations (Jones and Tobin 1977, Vitello and Pacini
1977) -have shown that models of adiabatically expanding spherical sources
in which the entire volume is luminous would be inefficient in producing
superluminal effects due to the fact that they are dominated by the optically
thin emission from near the source center, where the expansion speeds are
relatively low. This result led to the prediction (Jones and Tobin 1977)
that shells should be the most effective structure in producing such effects,
since they feature emission from larger radii.

However, it has now been claimed (Terrell 1977; henceforth Terrell)

that even shell sources which expand relativistically, and in which the
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optically thin emission is neglected, would not produce superluminal flux
variations. This conclusion was based on a study of a steadily expanding
luminous spherical surface which was assumed to become optically thin (and
thereupon fade away) when it reached a certain distance from the center.

It was shown that the length of a pulse received from this source would still
be determined essentially by the actual size of the surface, despite the
relativistic expansion.

The present paper considers the conditions under which a relativistic-
ally expanding shell could produce superluminal flux variations. It is shown
that whether or not such variations are produced depends on the specific
model under consideration and on the values of the relevant parameters, but
that superluminal flux variations cannot be ruled out in general. As a
specific example we consider a relativistically expanding thin spherical
shell emitting synchrotron radiation. [Similar configurations arise in models
based on relativistic blast waves (cf. Blandford and McKee 1977), in which the
thickness of the shell is a fraction 1/72 of the radius, 7 being the expansion
Lorentz factor.] In this case one can define, for each frequency, an effec-
tive cutoff time (measured in the rest frame of the source) after which the
shell is transparent to radiation at that frequency. In Terrell's model the
cutoff time was assumed to be the same for all frequencies, but in general
it may vary with the frequency.

The geometry of a steadily expanding shell is described in §II where,
following Terrell, it is assumed that only the optically thick parts are
observed. Expressions are obtained for the apparent time evolution of the
source, generalizing those in Terrell by means of a suitably defined power-
law exponent (f), which is associated with the assumed variation of the cut-

off time with frequency. The flux variations produced by the shell are then



Z1
analyzed in §III, using the assumptions of the standard model. In particular,
the exponent f is expressed as a function of one parameter of this model and
it is demonstrated that, depending on the value of £, the flux variations
could be either superluminal or subluminal. The effect of the optically thin
flux is also considered. In §IV some effects associated with a change in the
frequency of observation are discussed. It 1s suggested that certain
apparent discrepancies between the standard model and observations may be
reconciled if the source expands relativistically, which could be the case
even when the observed flux variations are not superluminal. A summary of

our results is given in the Conclusion.

II. KINEMATICS OF A RELATIVISTICALLY EXPANDING SPHERICAL SURFACE

Let an explosion occur at the origin O at time t = O as measured by an
observer at P, a large distance R away and at rest relative to O. An ob-
server at O subsequently sees an expanding spherical surface (an idealiza-
tion of a very thin shell) moving with a constant speed v = Bc. As seen at

P, the equation of the surface at time t is given (Rees 1967) by

=(0) = TTheos s # (1)

where © 1is the angle between the radius vector and the line OP. It can

also be given in terms of the Doppler shift

1
7(1-B cos 9) (2)

D(e) =

1
where 7 = (1__52)‘2’ by r = yDBct.

The apparent shape would thus be an ellipsoid with focus at 0, semi-
major axis along the line OP, and eccentricity B (see Fig. 1). However,

if at the frequency of observation (v) the source is initially opaque, a
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distant observer would see only the forward half (between 6 = O and gmax =
spsal™ B). Suppose now that, as seen in a frame comoving with the source

(a frame labeled hereafter with a prime), the whole surface becomes optically
thin to radiation at a certain proper frequency v' = v'c at a given proper
time t' = t'c (the corresponding cutoff time), after which the emission at
that frequency may be neglected. Because of the relativistic Doppler effect,
the observer at P would see the source turm optically thin only gradually,
starting at the time t = Tl(v). The locus of the points where the surface

becomes transparent at times t > T, is given by the angle Oc(t) or, equiv-

1
alently, by the corresponding Doppler shift Dc(t>‘ The wvariation of Dc with
t and with v can be determined from the function t' (v' ), or from the

inverse function v’c(t'c) (which gives the time dependence of the frequency

of spectral turnover in a given model), by using

t', =Dt 5 v, = v/Dc " (3)

If t'c varies as some power of v'c, as is the case in a variety of models
(including the standard model which we consider in this paper), then Dc has

a similar dependence on t and on v, and we can define the exponent £ by
D (t) = D (t/1,)"F (L)
c i 1 *

Specifically, if t'c = v'c-g, then £ = (1= g)-l and Tl(v) < v &,

We shall henceforth assume that Dc is a decreasing function of time
(£ > 0); in this case D, = 7(1+B), and the forward vertex of the ellipsoid
becomes optically thin first., Provided that the extremities of the optically
thick regions determine the shape of the source as seen at P, the apparent

(transverse) radius ra(t) would be
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ra(t) = yBct for 0 st < T, (5a)

23
r (t)=r(e,) sin@;%l-l/ﬁe[l-(1-5)(t/T1)f] § (¢/1))"Fper,/(1-8) (5b)

for T2 =t < Th v

1/ £
After the time T2 = (1+B) / Tl’ when Dc =7, 0, = gmax’ only the back of

&
the surface would be visible to the distant observer; however, because of
the continuing expansion, the maximum apparent radius would be reached only
later, at t = TS' The source would eventually disappear from sight at the time
T), = [(l-+B)/(1-B)]l/fT1, when D_ = y(1-8), 6, = m. The definitions of
ra(t) and of Tl’ s Th given here generalize those in Terrell, which
correspond to the case £ = 1., In that case the emission is turned off simul-
taneously at all frequencies in the comoving frame, but the distant observer
sees the radiation at higher proper frequencies disappear from sight earlier
due to the Doppler effect; the reason why the surface appears to that observer
to fade away faster when £ > 1 is that the emission at higher proper frequencies
is then also turned off earlier at the source.

In analyzing the flux variations produced by the expanding surface we
shall assume that it is a synchrotron radiation source, whose evolution is
prescribed by the standard model (e.g., van der Laan 1966). We shall also
assume that, as seen at O, the thickness of the shell is a constant fraction,
1-1, of its outer radius. Our thin shell may then be regarded as a limiting

case of the homologously expanding spherical configurations discussed in Rees

(1967).
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IIT. FLUX VARIABILITY IN THE STANDARD MODEL

We assume that the shell is composed of relativistic electrons which,
in the comoving frame, have a power law energy spectrum N(E)dE = RETdE (cm-s)
in a bounded range, and which emit synchrotron radiation as they move in an
isotropic magnetic field B. In the case of a steady, homologous expansion
the dynamical assumptions of the standard model imply K « t'-(P'+2) and
B x t'-e.

If the frequency v is sufficiently low, the source would initially be
optically thick due to self absorption by the relativistic electrons (cf.

JOS). The absorption coefficient in the comoving frame is given by

% (r+2) v:‘%‘(P‘*h) , (6)

W' = ¢,(r kB

where the constant C1 [as well as C2 in eq. (7)] depends on T (e.g.,
Pacholczyk 1970). In the standard model the optical depth Tv.(t') is
« u'v,ﬁ') t' and decreases as the shell expands, so that the source
eventually becomes optically thin.

In order to simulate the conditions assumed in Terrell, we neglect
at first the emission from the shell at a frequency v' after the optical
depth Tyt corresponding to that frequency has decreased to unity, and ignore
the angular variation of Ty in the comoving frame. The distant observer
would then see the source evolve in the manner described in §II, with Dc
decreasing as a power of t., The exponent f is in this case a function of
TLE(r) =(4r+6)/(3r+2)], obtained by setting T (t'c) = 1. The flux (at

c

the frequency v) received by the observer at P from an element of optically

thick source (TV >> 1) with Doppler shift D is

2.5

i L
(0F ) thser = (1)) pnicie 80 = [Cx(D) v=*° D2 B72] yq, (7)
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where AQ = n/R? d/de [r(e) sin6] do is the solid angle subtended by the
element (e.g., Rees 1967). Having chosen to neglect, for the time being,
the optically thin contribution to the flux, we may approximate the total
flux received at P at the time t by the integral of equation (7) over those
regions of the source with %y > 1 which are visible to the distant observer
at that instant (cf. Rees 1967; these regions are represented in Fig. 1 by
heavy lines). A more accurate approximation to the total flux from a thin
shell, including the optically thin emission, is considered below.

The extent to which the flux variations appear superluminal can be

measured by the index of variability

i = ar,/(et) (Jos). (8)

Here tV is a time scale for flux variations and ar, is the observed trans-
verse radius of the source. The variations are superluminal if iv > 1.
In computing iv for a given pulse we shall assume that only the upper half
of the flux curve is detected as a signal, and take t, to be the full width
of the curve at half-maximum. For AT, we shall take the mean of the maximum
and Fﬁe minimum values of r, in the interval tge With these definitions iv
will characterize the variability of the entire pulse.

We now show that the degree of flux variability attributed to the
shell in the present approximation is influenced by the particular assump-
tions of our model through the Doppler shift and time dependence of the

surface brightness D3/2t] and through the function £. 1In

AT o) gt =
particular we show that, depending on the value of £, iv may be either >> 1,
implying a greatly shortened pulse, or < 1, in which case the relativistic

expansion leads in fact to a very long pulse, as described in Terrell.
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Figure 2 displays the time evolution of (Fv) and of r_ in this

thick
model, with 7 = 5, for two values of f. In Figure 2a f = 1.75 (correspond-
ing to ' = 2 ), whereas in Figure 2b f = 1 (corresponding to I' = -4), Figure
2b is not sensitive to the prescribed time dependence of the magnetic field,
and hence nearly reproduces the behavior of the synchrotron source (with B =
constant) described in Terrell.

In Figure 2a the signal is received before t = T,; hence equation (5a)
is applicable, and with the relatively small value of tv yields iv = 1k.5
(the apparent transverse speed d/dt ra==h.9c in this case). In Figure 2b the
variability timescale is rather large and the signal is received after t = Ty
when r_ no longer increases linearly with time [cf. eq. (5b)]; these effects
combine to give iv = 0,5,

The reason why the flux variations are superluminal for £ = 1.75 but
not for £ = 1 can be understood by analyzing the evolution of the flux at
times t > Tl' Two opposing trends are at work after the source starts turn-
ing optically thin: The substitution of flux from low Doppler-shift regions
(in the back of the ellipsoid) for radiation from the brighter forward regions
causes the initial slump in the flux curve., Meanwhile, the continuing in-
crease in the apparent area (nraa) tends to bring the curve up again, and
the flux eventually attains a second maximum. The relative height of the two
peaks, as well as the length of the signal, depends on how fast the source is
turning optically thin, i.e., on the expoment f in Dc(t). In Figure 2a the
source becomes transparent so rapidly that the curve does not climb all the
way back to half-maximum and the signal is very short. In Figure 2b, on the
other hand, f is sufficiently small so that the flux essentially follows the

increase in the apparent radius, rising well over the initial peak to a

maximum at t = T3 >> Tl'
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We now consider the effects of the optically thin flux. If the thick-
ness of the shell is small enough (1) 2 B), we can approximate the flux from

an optically thin element of the source (Tv << 1) by

(aF ) (T.)

1 ~L(p- pa
Athin = T thin 40 = [const.I(Bz(F+l) v 3(r-1)  p3+3(T 1)] a0, (9

where the constant is determined by requiring (Iv)thin (t) = (Iv)thick (t)
at D = Dc(t). The total flux at time t is then the integral over do (from

0 to gmax) of

68 (6) = (aF ) (O)[1-exp(-7 (8)]+ (aF,) p, .\ (0*) (1 - exp(-v (6%)] expl-7 (0)1,

(10)
where 6% is related to © by r(6*) sin6* = r(6) sin®, and where Tv<@) =

(Iv)thin(g)/(lv)thick(g) [footnote 1].

1For the sake of simplicity we continue to ignore the limb-brightening factor

1/|cos 6'| = y8/|D(6) - 7| in TV(Q), as well as any variation with 6' of the

effective component of the magnetic field (the component which in the co-
moving frame is normal to the line OP). Both of these effects are empha-
sized in a thin shell, but an explicit calculation has verified that they

do not affect any of the qualitative resgults presented in this paper.

We have integrated equation (10) numerically and calculated the flux
variations in the standard model for different values of the power-law index
I' in the range (e.g., JOS) 1 < T < 3 of typical variable radio sources.
Figure 3 shows the time evolution of Fv in this model (with ¥y = 5) for [ = L

2, and 3, A comparison with Figure 2a reveals that the optically thin contri-
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bution slows down the decay of the flux, thereby increasing tv' This effect
is most pronounced in the [ = 1 curve. However, the sharp initial decline
in the optically thick flux wins over as the value of ' is increased, giving
rise to a progressively growing narrow pulse (whose width decreases with ¥).
At high values of [ the flux variations could therefore be interpreted as
one superluminal outburst followed by another outburst of longer duration.
We conclude that superluminal flux variations cannot be excluded in
the case of the standard model. Such variations do not occur in Terrell's
model because of the assumption that, in the rest frame of the source, all
the optically thick emission is turned off at once. As mentioned by Terrell,
this assumption could apply to Type I supernovae (cf. Morrison and Sartori
1969), where the visible emission is stimulated by outflowing ultraviolet
radiation from a central source and where a single cutoff time can be asso-
ciated with the mean-free-path of the exciting photons (note that in this
example the frequency is not Doppler shifted because the emitting atoms are
stationary). On the other hand, this assumption is not realistic in the
context of the standard model, as it implies I’ = -4, whereas actual synchro-

tron sources are characterized by positive values of T.

IV, SOME OBSERVATIONAL IMPLICATIONS OF THE MODEL

In this section we discuss briefly a few effects which are associated
with a change in the frequency of observation v.

Figure 3 shows that, following the initial rise, the flux eventually
settles down to a continuous decline. When the decaying flux is compared
it is found to decrease faster at

at two different frequencies v, and v

1 2
the higher frequency. It follows that if the spectral index & were inferred
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from the relation & = - log (é /¥ )/1log (v2/v ) (where a dot represents a
Vo' vy 1

time derivative),2 then it would be negative during the decay of the outburst

2The time derivative enables one to separate the varying component of the

flux from any underlying component which is not associated with the out-

burst (cf. Altschuler and Wardle 1977).

(and thus the inferred power-law index I' = 20+ 1 would have less than the
actual value). Altschuler and Wardle (1977) have observed this effect in a
number of variable compact sources and noted that it cannot be accounted for
by the nonrelativistic standard model, in which the decaying flux is optically
thin and v-%<P"l) (cf. van der Laan 1966). In the relativistic model,
however, the flux received at this stage is approximately the sum of the
optically thick flux [the integral of eq. (7)] from the back of the source

and of the optically thin flux [the integral of eq. (9)] from the regions

where T, < 1 (cf. Rees 1967). Moreover, since the expressions for (F
-f v-(f- 1)

v)thick

and (Fv) contain various powers of D_ « t , they have a differ-

thin
ent dependence on t and on v than in the nonrelativistic model. In fact,

in the relativistic case both (ﬁv) are decreasing functionms

thick-EEQ (év)thin
of v for all values of t at which the decaying outburst is likely to be
observed. These conclusions apply also when the entire volume of the sphere
is filled (cf. Jones and Burbidge 1973).

It is also found that the apparent radius, computed now more accurately
as the traverse radius which encloses half of the total flux, attains higher
values when the frequency of observation is decreased [cf. Jones and Tobin

(1977), where an analogous result was obtained for a filled sphere]. The

increase in the maximum apparent radius is a consequence of the fact that,
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as the frequency is decreased, the outermost regions of the expanding source
remain optically thick for a longer period of time. This effect, too, has
been observed, but the observations have previously been interpreted in a
nonrelativistic context [cf. Kellermann et al. (1971); see also Condon and
Dressel (1973)].

As we have noted, these results do not depend on whether the source is
a shell or a sphere, and it turns out that they are also not very sensitive
to the dynamical assumptions of the synchrotron source model. In order for
the above-mentioned phenomena to be observed it is necessary, however, that
the expansion speed be at least moderately relativistic., In view of the
results of §III this could be the case even if the source does not exhibit

superluminal flux variatioms.

V. CONCLUSION

We have examined the flux variations produced by a synchrotron source
in the form of a thin spherical shell which expands relativistically at a
steady rate. Our conclusions are:

1) The claim, made in Terrell, that relativistic expansion does not
lead to greatly shortened pulses, is a model- (and parameter-) dependent
conclusion, which does not apply in general.

2) The variability timescale in a thin shell, which is initially opaque
due to self absorption, is determined essentially by the rate at which the
optically thick emission appears to be turned off. In a given model this in
turn depends on the power-law index I' and on the Lorentz factor y. 1In the
case of the standard model very short pulses are produced when the values of
T' and of ¥ are sufficiently large.

3) The shell configuration leads to a steepening of the initial decrease

in the optically thick flux. This strengthens the argument, mentioned in the
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Introduction, about the effectiveness of shells in producing superluminal
flux variations. The optically thin flux tends to decrease the variability,
in shells as well as in filled spheres,

4) Some observed spectral effects in compact radio sources could be
produced by relativistic expansion of the source.

The simple model that we have considered, while easy to analyze, is by
no means a complete, or even a realistic model of compact radio sources. In
particular, the expansion speed is not likely to be constant; for example,
relativistic blast waves under most circumstances are decelerating (cf.
Blandford and McKee 1977), in which case the variability index may be re-
duced (cf. Jones and Tobin 1977). A self-consistent model which will account
for all the phenomena observed in compact radio sources still remains to be
constructed, but in this paper we have at least verified that superluminal

flux variations are a possible feature of such a model,
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FIGURE CAPTIONS

Apparent shape of an expanding luminous spherical surface with
7y = 5. The heavy lines represent those regions in the source
which contribute to the optically thick flux at a given instant

after the source has started turning optically thin.

Time evolution of the optically thick flux (Fv)thick in the
standard model for the source of Fig. 1. Also shown is the time
evolution of the apparent radius r, of the optically thick regions
in this source. Both curves are normalized to unity. As discussed
in the text, the degree of flux vari;bility depends on the expo-
nent £, which determines the rate at which the source is turning

optically thin; in this figure £ = 1.75, and the pulse is super-

luminal.

The same as Fig. 2a, except that £ = 1, resulting in a subluminal

pulse.

Time evolution of the total flux Fv in the standard model for the
source of Fig. 1. The three curves correspond to different values
of the power-law index: I'= 3, I'= 2, and I' = 1 (respectively,

from left to right), and are normalized to unity.
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PAPER 2

A MODEL FOR THE KNOTS IN THE M87 JET

(in collaboration with R. D. Blandford)
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1. INTRODUCTION

The jet in M87 has long been known to contain several bright features
(knots) displaying a featureless non-thermal continuum and high linear
polarization [Baade and Minkowski (195L4); Schmidt et al. (1978)]. These
knots are also detectable at radio wavelengths [Wilkinson (1974); Turland
(1975a)], as is an antiparallel counter-jet not seen optically.

At a distance of 15 Mpc, the knots appear to be unresolved optically,
implying that their sizes are = 25 pc [de Vaucouleurs et al. (1968); Arp
and Lorre (1976)], and are located at distances from 0.2 kpc to 1.9 kpc
from an unresolved (= 0.1 pc, Kellermann et al. 1973) bright nucleus. The
variation of the optical power radiated by the knots with distance from the
nucleus is at first irregular, but after reaching a maximum value of
~ 2.3 X IOLLl erg s-l for knot A (at a distance ~ 1 kpc) it decreases mono-
tonically, falling off by a factor of 45 between knot A and knot H., The
degree of linear polarization in the knots is quite high (5 20%), but the
position angles do not seem to display any particular pattern.

There are now several other known examples of jets associated with
extragalactic radio sources [e.g., Waggett et al. (1977); Readhead et al.
(1978); Turland (1975b)], and at least one of them (3C147) also appears to
contain knots (Wilkinson et al. 1977). The existence of these features
had previously been hypothesized on the grounds that energy had to be sup-
plied continuously to the components of extended double radio sources and
that one attractive way of doing this is by means of a collimated super-
sonic beam of matter (e.g., De Young 1976). It is then natural to identify
the jet with such a beam, possibly supplying power to the extended halo

associated with M87 (e.g., Cameron 1971). In this paper we address the
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problem of the interpretation of the knots in the context of the beam model.
Rees (1978) has recently suggested that the knots be attributed to the
steepening of non-linear sound waves in the jet. When the waves '"break,"
strong shocks are formed, behind which the relative energy of the flow can
be dissipated in particle acceleration and synchrotron radiation. We
explore here an alternative dynamical hypothesis — that the knots be
identified with dense blobs of gas that are confined and swept out-
wards by the ram pressure of the jet. [A similar mechanism has recently
been proposed (McKee et al, 1978) for the acceleration of high velocity
clouds by spherical blast waves in supernova remnants.] For as long as
the speed of the jet with respect to the blobs is supersonic, they
will be followed by strong bow shocks (Fig., 1), behind which some of the
beam momentum can be absorbed and kinetic energy can be dissipated.
In Section 2 we describe the dynamical behavior of such a cloud.
In Section 3 we interpret the knots of M87 in terms of this model, and in
Section 4 we speculate briefly on the possible implications of these ideas
for discussions of extended double sources, quasar absorption lines and

superluminal expansion.

2., DYNAMICS OF A CLOUD IN A JET

We suppose that a blob of gas of mass M and internal energy
E0 is created at rest at a distance r, from the nucleus, where the density
is Por We further assume that the blob is immersed in a steady supersonic
jet of speed w, which expands from the nucleus in a cone of solid angle Q.
The density in the jet at radius r is thus p(r) = po(r/ro)-z, and the total

power of the jet is Lj =1/2 Pqo ri Q ws. We ignore relativistic effects.
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The cloud will be accelerated by the jet and move downstream, followed

by a strong bow shock. Assuming its shape to be roughly spherical, the

force on the cloud and its internal energy are given by

Mg = Cp o(w - v)2 e

(1)

E=C;Mgh . (2)

Here v is the speed of the cloud, g = dv/dt its acceleration, and h, the
scale height, is defined by h = pa/pag [where P, and p, are, respectively,
the pressure and the density at the apex of the blob (Fig., 1)], and is
assumed to be << Ql/er. Cp and CE are constants, which depend on the
particular model adopted for the cloud. We assume that the blob is
much denser than its surroundings (pa/po >> 1), which implies that the
time (~ (h/g)l/g) taken for it to come into rough hydrostatic equilibrium
is much less than the acceleration time (~ w/g).

As the blob moves downstream, the pressure applied by the jet decreases

but the scale height increases. The internal energy will then decrease

adiabatically according to the relation
= £ (n/n)7" (3)
o 0o g

where a value of 7y = 5/3 for the ratio of specific heats is being assumed.

Combining Eqs. (1)-(3) and setting x = r/ro, y = v/w, we find:

g=Cy o, w h2 L k8501 - )8/ (1)
and

h=h w01 - 525 ()

Although all the incident momentum flux is taken up by the cloud, only

a small fraction of the incident energy flux is used in increasing the kinetic
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energy of the blob. Roughly half of the bulk kinetic energy incident on the

cloud is converted in the bow shock into internal energy, and so the power
dissipated by the shock is ~ 1/2 (w-v) Mg ~ (w- \r)s/w3 (hg/ﬂrg) Lj , only a
small fraction of the total power in the jet. (Additional dissipation may
occur as the shocked fluid mixes with the ambient flow further downstream.)
assume that some fixed fraction C. < 1 of this power is radiated, then we

L

can write:

il 1/2 CL(w - v) Mg

2 3 «6/5 11/5
1/2 ¢, ¢y p, b2 W x5 - IS (6)

Substituting now w2/r0 y(dy/dx) for g, we can integrate Eq. (4) to

obtain:
(1-y/5)1 -9y Y5 o122 - x5, (7)

e

oMfl. According to this relation the cloud will

where .z = 4/5 Cep T
never acquire the jet velocity, but will approach a certain maximum speed

v whose value increases with z (for example: v ~0.9w for z ~ 1,
max’ max

v ~ 0.6 w for z ~ 0.1, and v ~ 0.2 w for z ~ 0.01)., Thus, if z is
max max

large, the speed of the jet with respect to the blob may become subsonic,

in which case the bow shock will disappear and Lrad will be sharply reduced.
In general, most of the acceleration occurs near r,, so that v is close to
Viax LOF most of the time. Equation (4) can be integrated once more

(numerically) to obtain x(t). The function £(x) = x-6/5(1 - y)n/5 < Lag

can then be studied, and is found to fall off rapidly near x = 1 (much

faster than x—6/5 forz 2 1).

If we
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We shall henceforth adopt for the cloud the isothermal model of De Young
and Axford [ (1967); cf. also Longair et al. (1973)]. For this model (and for
y = 5/3) the maximum transverse radius is =h, and the constants in Egs. (1)

and (2) are: CF = 8,11 and C_ = 1.50. For future reference we now rewrite

E
26 3

Eq. (6), setting C, = 8.11 and expressing p, in units of 100°° g em 7, b

F

in units of 1 pc and w in units of 10lO cm sec-l:

b1 2 3 _-L/5 11/5 -1
Loag ~ 3:9%x107C p o h Wio X (1 -y) erg sec ’ (8)
Similarly,
50 2 .5

E) = 3.6 X107 p Yo ho erg , (9)

and, expressing M in %3 and r, in kpc,
2 -1
z2=0.96 p_ Tz ho M. (10)

Since the blobs are assumed to be much denser than the surrounding
medium, they will be subject to the Rayleigh-Taylor instability at the
contact discontinuity with the shocked wind (it seems unlikely that the
post-shock density exceeds that in the blob, despite the fact that the
shock will be somewhat radiative). Kelvin-Helmholtz instability in the
shear flow along the sides of the clouds is also possible. Blake (1972)
has investigated the growth times and the non-linear development of these
instabilities for the De Young and Axford (1967) model, and has discussed
the possible stabilizing effect of a magnetic field. Although such an
effect will be present in our case if the wind carries a frozen-in magnetic
field, we still expect some fragmentation to occur especially during the
initial acceleration. If the blob is broken up into a number of fragments

with different initial scale heights ho, then each of them will subsequently
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2

evolve as an independent cloud, with g « h;I and Lra « h° (ef.
o

d
Blake '1972).

3. APPLICATION TO THE M87 JET

Interpretation of the Knots

The interpretation of the knots as accelerating blobs of gas has several
attractive features. The knots appear to be smaller than the total trans-
verse extent of the jet and are not exactly collinear [cf. de Vaucouleurs
et al. (1968); Arp and Lorre (1976)]. This is what is expected if the scale
height h of the clouds is smaller than the jet's width. [The short
(= 20 yr) reported variability time scale of some knots (Pronik and Scherbakov
1972) in fact suggests sizes =< 10 pc.,] Furthermore, it is well known that
the minimum energy density associated with the knots is extremely difficult
to confine by any thermal pressure associated with the surrounding medium
(e.g., Okoye 1973). If the cloud is totally immersed in the jet, then it
can be confined by the jet's ram pressure, without necessarily requiring a
large external pressure to confine the jet. (If the jet's Mach number ex-
ceeds ~ Q-l/g, then no external pressure need be invoked.)

All eight knots could, of course, have been created in separate, unre-
lated events. However, it is possible to interpret the five outermost knots
as fragments of one large blob which broke up following the onset of dynami-
cal instability (a similar interpretation of the innermost knots would re-
quire at least onme additional blob). As we have noted, the smaller fragments
would have larger accelerations but smaller luminosities, and hence, at a
given time, the luminosity would be a decreasing function of distance, which

is the observed behavior. As an illustrative example, we plot in Fig. 2a Lra

d
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[Eq. (6)] as a function of x for four clouds, labeled A, B, C, and G,

with z, = 0.1, hoB/hoA = 5/8, hoc/hoA = 2/3, and hoG/hoA = 10/21. 1In this
example the ratios of luminosities and distances of the clouds at the

i when x
time N

knots A, B, C, and G in M87 [LB/LA ~ 2/3, L/L, ~ 1/3, L./Ly ~ 1/10,

xB/}fA ~ 1.2, XC/SA ~ 1.b, XG/}SA ~ 1.7; cf. de Vaucouleurs et al. (1968)].

= 2 correspond roughly to the present ratios in the optical

As this example demonstrates, the luminosity of each blob decreases with

time, but the more distant blobs become fainter more rapidly, as indeed has
been reported (Pronik and Scherbakov 1972). The hypothesis of a simultaneous
formation of the five outer knots implies that the size of the knots should
decrease with distance, a prediction which could presumably be tested in
observations with < 0.1" resolution using 'speckle'" techniques in the optical
or long~baseline interferometry at high radio frequencies., Figure 2b displays
the scale height h [Eq. (5)] as a function of x for the clouds of

Fig. 2a; it shows that, while the size of each blob increases with time,

the more distant blobs expand more rapidly.

Particle Acceleration and Polarization

I1f, as indicated by the high polarization, the optical emission is
synchrotron radiation, then the emitting electrons must be accelerated within
the knots. This conclusion is supported by the observed flattening of the
spectrum near the knots (cf. Forster et al. 1978). The bow shock is the
natural site of this acceleration; relativistic electrons accelerated in
the shocked jet can radiate in a magnetic field compressed behind the shock.
A prediction of our model is, then, that the brightness distribution across
each knot be non-symmetrical, being concentrated at the upstream end of the

knot. [The reverse prediction can presumably be made in the case of
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Rees' (1978) model. ]

The present model provides a simple interpretation of the complex
polarization pattern of the knots. If the jet carries a magnetic field
whose component parallel to the flow does not greatly exceed the trans-
verse component, then in the emitting region behind the shock the field
will be predominantly parallel to the shock and wrapped around the knot.
The strong polarization in each knot and the variation of the position angle
from knot to knot can then be accounted for if the field is coherent on
length h but chaotic on the scale of the distances between the knots.

The shock should stand off a distance ~ h from the apex of the
cloud (cf. Spreiter and Alksne 1968). We can thus equate h
with the cooling length of the most energetic relativistic electrons. The
spectrum of the knots extends with spectral index ~ 0.5 from ~ 108 Hz up to
- 102 Hz, where it appears to steepen [Turland (1975a); Redman (1978)].
Across the shock the velocity of the fluid relative to the blob is reduced
by a factor ~ 4, while the magnetic field B in the jet is increased by a

fsctor ~ b, Taking v = 1/2 w, we find B ~ 16™" 2/3 n=2/3

exceed the inverse-Compton limit ~ 2 X 10-lL h-l Lrad/2.3 X 10

(An inverse-Compton X-ray flux 2 lO38 erg s—l from the brightest knots

G, which should
u1)1/2 5

should be detectable by HEAO B, and may constrain B and h.) For Yo
and h(pc) of order unity the post-shock field is less than the equi-
partition field in knot A (cf. Schmidt et al. 1978) and is not expected to in-

fluence the shock jump conditions; in fact, the ratio of particle to magnetic

-2/3 -1/3
Y10 °

Unless the energy density in protons behind the shock greatly exceeds

energy density behind the shock is 2 10 h™

that in electrons, then the fact that the spectral index is ~ 0.5 implies

that the electron energy density is distributed uniformly over each decade of
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electron energy. Assuming that half of the internal energy behind the shock is
associated with the electrons and may thus be radiated away, we can roughly

1/2]-1

estimate the constant C. in Eq. (6) to be ..1/2 [ln(vmax/v ~0.1., For

L min)

e 1O10 cm sec-1 and B ~ 10 G, the mean Lorentz factor of the electrons
behind the shock is 7y ~ 300 and they would radiate at a frequency ~ 0.l GHz
(cf. Blandford and McKee 1977). It is therefore necessary to accelerate
the electrons and produce an energy distribution function N7 o< 7-2 behind the
shock which extends over more than three decades of energy, to 7y ~ 9 X 105.
This may conceivably be achieved by the Fermi mechanism [Bell (1978); Blandford
and Ostriker (1978)].

The Faraday rotation associated with the knots is probably < 0.7 rad
beyond 800 pc (Schmidt_gg_il. 1978). Rotation may arise from the thermal
electrons both behind the shock and along the line of sight inside the jet.

For uniform field and density this limit then implies P_og B(h + 60r391/2) S

2.5 X 10-3, where B is measured in Gauss, r in kpe, and h in pc.

Nature of the Clouds

The main requirements for an accelerated cloud to be an effective radiator
are that it have sufficient inertia not to be swept away too rapidly, and a
sufficiently large size (which in turn means sufficiently large internal
energy) in order to obstruct a reasonable fraction of the jet. The main
candidates among astronomical objects which satisfy the necessary requirements

appear to be supernova remnants and interstellar clouds.

zZ, ~ 0.1 and r03'~0.5 as characteristic parameters for knot A

(cf. Fig. 2), and setting Po-og ~ 1 [consistent with the Faraday rotation

Adopting
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constraint; cf. Mathews (1978)] and €, ~ 0.1, we find Wiy " 2.8 ho-g/3 and
MA ~ 48 h02. As an example, for ho = 1.5 we get MA ~ 10 and Eo ~ 5 X 1051 erg,

which could correspond to a powerful supernova. The actual transverse radius

of such a blob at r, ~ 1 would be ~ th ~ 7 pc. 1In this case pa/po ~ 103 and,

3

since y(x = 2) ~ 0.3, the kinematics can still be treated nonrelativistically. A
supernova remnant of mass M and kinetic energy U exploding at r, will expand vir-
tually undecelerated with a speed Y, = 'JéU/M until the momentum per steradian

equals the impulse delivered by the shocked jet, i.e., until it reaches a radius

1/3 -1/8  -2/3
51 Po-26 10

strong shock will then be driven through the remnant in the downstream directiom

R~ 2.60 pc, where U is expressed in units of 1051 erg. A

at a speed ~ v_, traversing it in a time 7= 2500 -1/6 Ml/gp 'l/sw -2/3 yr,

51 0-26 10
and raising the internal energy to Eo" 3U, the temperature to T0.~
2% 107 U,y M-]'K, and the density to ~10—233 em™>. After the passage of the shock

the remnant may fragment (cf. Chevalier 1977) but, in any case, we expect an
approximate hydrostatic equilibrium to be established in a time ~ 371 ~ 103 yr
after the explosion, at which stage the ram pressure of thé jet will start
accelerating the blob downstream. At these densities and temperatures
the céoling time of the remmant is ~ 2 X lO7 yr, greatly exceeding the
travel time ~ (r - ro)/vmax ~ IOh yr, and so the radiated X-ray power from
inside the blob is negligible.

What is the likelihood of 2 2 supernovae occurring within the last
10l+ yr in the jet? Estimating the solid angle of the jet as O ~ 0.1, the
required rate is ~ 3/(100 yr) within the central ~ 1 kpc of the galaxy. A

-1

typical rate for elliptical galaxies is 0.25 (1010 %O) (100 yr)"1 (Tammann

1974). From the results of Sargent et al. (1978) the luminosity within

10

~ 1 kpc from the nucleus of M87 is ~ 0.3 X 10 HD (the corresponding mass

is ~ 3 x 10lO %3), implying a rate which is too small by a factor ~ L40. It
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follows that the knots are unlikely to be supernova remmants unless the
supernova rate in MB7 greatly exceeds the rate in standard elliptical galaxies,
perhaps as a result of continuous star formation near the center of the
galaxy. [In fact, some tentative evidence for early-type stars in the

nucleus of M87 has been reported (Young et al. 1978).]

Interstellar clouds may be more abundant than supernova remnants (even
in elliptical galaxies), and may also have larger masses and sizes. However,
their initial internal energies are small and must therefore be increased
substantially by the initial shock before the& reach pressure equilibrium with
the impinging jet. Assuming that in the vicinity of the jet there are < 1 inter-
stellar clouds along the line of sight, each with a density of 10-2353cm—3 and
size ~ 10 pc, then the expected flux of optical emission lines (in particular
Ha} need not exceed the present observational limit of ~ lO-15 erg cm.—2 s-l
[obtained from the data in Redman (1978)]. Even if the clouds were not

present along the original trajectory of the jet, they could have penetrated

the beam if the jet has been swinging from side to side.

Origin of the Jet Asymmetry

One of the most puzzling features of the M87 jet is the absence of an
observed optical counter-jet. This may be explained by invoking relativistic
motion of the knots [cf. Shklovskii (1977); Rees (1978)] — a velocity 2 0.9 ¢
and a jet orientation with respect to the line of sight < 30° is certainly
adequate to account for the asymmetry. Relativistic motion can also be
invoked to interpret the initial rise and subsequent fall of the knot lumi-

nosities with radius r if all the knots have similar intrinsic luminosities.
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In this case the apparent variation may reflect the dependence of the

poppler factor (1 - Vg/cg)l/g (1 - v/c cos G)-l on v: it is maximized
when v.= ¢ cos ©, which could occur around the position of knot A. If
we do not appeal to relativistic effects, we can still argue that, since
all the observed knots could be produced in only two events, it is just

as likely that they occur in the same jet as in opposite jets.

h, DISCUSSION

We have interpreted the knots in M87 as supernova remnants or interstellar
clouds, and mentioned a few immediate predictions of this simple model (they in-
clude: knot sizes small compared with the jet width, non-collinearity, asymmetry
in the brightness distribution, X-ray emission, and possibly also variability).
It is of interest to speculate upon the subsequent evolution of similar
objects in more extended sources,

In the first two phases of its evolution, the cloud is successively
heated and accelerated, and as it approaches its asymptotic velocity it
gradually expands and cools. If sufficient mass is injected into the jet,
then it may be possible to transform most of the momentum flux produced by
the nucleus into the momenta of cold, dense clouds that can propagate
ballistically into the surrounding medium, and perhaps form eventually a
double radio-source componenent [cf. De Young and Burbidge (1973); Christiansen
(1973)]. These cold clouds may have a much less severe dynamical interaction
with the surrounding intergalactic medium than a homogeneous fluid jet. 1In
addition, in those cases when the observer is looking along a mildly relativistic
jet, he may detect intrinsic absorption lines that are blue-shifted with respect
to the emission lines associated with the nucleus., Conventional explanations

of such absorption lines (if indeed they are intrinsic) usually rely on
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accelerating the clouds by radiation pressure (e.g., Kippenhahn et al. 1975);
however, acceleration by subrelativistic winds would be more efficient than
acceleration by photons simply because of the larger ratio of momentum to
energy in the winds (e.g., Goldreich and Sargent 1976).

Finally, we remark that a small-scale version of this model, generalized
to include relativistic jet speeds, may form the basis for a model of apparent
super-luminal expansion in compact ratio sources. This will be discussed

elsewhere [Blandford and Konigl (1978), in preparation].
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FIGURE CAPTIONS

Fig. 1.

Fig. 2.

Schematic configuration of a cloud. The jet (demsity p, velocity
w) is shocked upstream from a dense blob of gas, whose density
decreases from a maximum Py at the apex with scale height h, and

which moves in the direction of the jet with velocity v.

The radiated power L__. (Fig. 2a) and the scale height h (Fig. 2b)
as a function of the dimensionless distance x for four clouds,
labeled A, B, C, and G, under the assumption that they are formed
simultaneously from the breakup of a.single large blob. In

this example 2z, = 0.1, hoB/hoA = B8, hoC/hoA = 2/3, and

hoG/hOA = 10/21. The positions of the clouds at three different

times: t = O (the breakup time), t = t. and t = 1.5 t, are marked

1

with A&, ®, and B, respectively. The time t1 corresponds to the

present configuration of the respective knots in M87. Lrad and h

are normalized by the corresponding values for A at the time t

2
P

1'
The parameters of the clouds scale according to Lrad < h

z < h -1, and M =« h 3.
(o] o
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Fig. 1
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Fig. 2b
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PAPER 3

RELATIVISTIC JETS AS COMPACT RADIO SOURCES

(in collaboration with R. D. Blandford)
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I. INTRODUCTION

Variable radio emission from active galactic nuclei and quasars is
ronventionally interpreted as incoherent synchrotron radiation from a
non-thermal distribution of relativistic electrons (e.g., Jomes, 0'Dell,
and Stein 1974). For many sources there is no need to question this
explanation, but for a sizeable fraction of the brighter sources there is
ample evidence that simple physical models are inadequate and either must
be replaced by more complex models or the synchrotron hypothesis abandoned.
The difficulties originate from several types of observation. For some
sources, the variability time scales tVar are so short that the radio
prightness temperatures, based on an estimated source size of ¢ tv

exceed the "inverse Compton' limit of ~ 1012'K (e.g., Kellermann and Pauliny-Toth

1969). For some low-frequency variables, temperatures as high as 1O15 K

ar’

are derived in this fashion (e.g., Hunstead 1972) and current indications
are that this phenomenon is not rare (Condon et al. 1978).

VLBI observations of compact sources usually show an elongated radio
structufe, the position angle af which is roughly fixed and in some cases
is related to larger scale radio structure. Apparent superluminal motion
of individual components has been measured convincingly in a few cases,
and appears to be fairly common amongst strong sources (Cohen_gE_il. 1979).
Finally, radio polarization observations in several sources indicate the
absence of dynamically significant amounts of thermal plasma (e.g., Wardle
1977, Jones and 0'Dell 1977).

These observations strongly sﬁggest the presence of relativistic motion

within the emitting region (cf. 0'Dell 1978 and references cited therein), and

several models (reviewed in Blandford, McKee, and Rees 1977) which incorporate
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such motion have been investigated., 1In this paper we describe another
general‘model that we believe has some kinematical, dynamical and radiative
advantages in explaining the data. We suggest that the radio emission
originates within a supersonic jet of the type that has been inferred to
supply extended radio sources with mass, momentum and energy (e.g., De Young
1976), and indeed in several cases is directly observed (e.g., Waggett,
warner, and Baldwin 1977; Burch 1977).

The relativistic electrons responsible for the observed synchrotron
emission must be accelerated locally within the jet, otherwise expansion
losses would lead to very high tetal power requirements, One way
of achieving this, which is discussed in Blandford and McKee (1977);

Jones and Tobin (1977); Marscher (1978), utilizes strong shock waves. The
mean electron energy behind a mildly relativistic shock propagating into
an electron-proton plasma is likely to be 2 100 MeV, which is adequate to
account for the observed radio emission. For this reason, the non-thermal
radiative efficiency of the shock can be quite high. The above papers
dealt with spherical blast waves and concentrated on the radiative pro-
perties of the shocks. In this paper we turn our attention more to the
geometrical consequences of assuming that these shocks are confined to a
jet. Such shocks could be associated either with dense clouds accelerated
by the flow or with an unsteady velocity field in the jet.

In 8II we describe some general kinematical consequences of relativistic
motion which are relevant to our model, In 8III we present an idealized descrip-
tion of the steady radio emission from a relativistic jet, based on a set
of simple assumptions. The variable component of the emission, which we

associate with shock waves traveling in the jet, is discussed in §1IV,
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Specifically, we examine the dynamical and radiative properties of accelerated
¢louds and of velocity disturbances which steepen to form propagating shocks.
ngv we show that several observed features of compact radio sources can

be interpreted on the assumption that these sources are relativistic jets which
,re viewed at small angles to their axes. In addition, we examine several other

consequences of this hypothesis. Our results are summarized in §VI.
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II. OBSERVABLE CONSEQUENCES OF RELATIVISTIC MOTION

a) Kinematics

The kinematical consequences of relativistic motion have been described
by several authors and are reviewed in Blandford, McKee, and Rees (1977).
For a source moving at time t with a space velocity (in units of c)
g(t) in a direction making an angle © with the direction of the observer n,
the observed velocity Eob is given by

ax (Bxn)
Bob = T-B~ 1

The acceleration of the source is
3
g = d(yB)/dt = ydp/dt + 7" (B ¢ dB/dt) B , (2)

2y-1/2

where v = (1 - B . The observed rate of change of Eob is

“©ob

dtob

= (1-B 0 [(1-5-n)d/dt + (dg/dt + n) (B8 - n)] ,  (3)

where'tob is the observer's time. In the case of linear acceleration

(g X B = 0), the vector qgob/dtob is collinear With.éob and of magnitude

dp

ob
dtob

= 33 sino g , (%)

where §, the Doppler factor, is given by g = 7-1(1 -8 °_E)-l. The maximum

value of dBOb/dtob is g cosec® 0. For a untform circular motion (g » B =0),

9 will be maximized when g « n = 0, and then

2
dB /4t = 7878 . (5)
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The Doppler factor can also be written in terms of Bob as
8=(1-8 2+25 cot 0)1/2 ()
ob ob ‘

For a given value of © (less than n/2), § rises with increasing Bob as
1+ Bob cot @ for Bob << 1, reaches a maximum value of cosec ¢ at Bob = cot O,
declines to 1 when Bob = 2 cot 9, and finally declines to zero as Bob approaches

its asymptotic value of cot(6/2).

b) Observed Flux

For a moving source we can relate S the observed flux density, to S,
ob’
the flux density  that would be observed at the same frequency v in the

co-moving frame, by

5,(v) = s(v) 8%, (7)

where ¢ is the spectral index (- d{nS/dfnv). [Equation (7) is true for
optically-thin sources and spherical optically-thick sources. For non-
spherical optically-thick sources, changes in aspect must be taken into
account.] In Figure 1 we plot Sob(Bob) for different viewing angles 9,
assuming that & = 0.5 and that S is constant. For an accelerating source,
the flux will at first rise until B = cos @, and then decline as the emit-
ted radiation is beamed away from the observer direction.

For a narrow stationary cylindrical jet, however, it is the observed
surface brightness Eob that is important. For an optically thin source,
this is related to the surface brightness ZL that would be measured by a co-

moving  observer whose line of sight was perpendicular to the jet velocity
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by

zob(v) =35 (v) B cosec & . (8)

If a source combines parts moving with different speeds, then according
to both equations (7) and (8) a distant observer will see predominantly
those parts that are moving with B ~ cos @, for which the Doppler factor §

is maximized.

c¢) Flux Variation

The observed flux from a relativistically moving source can vary
either kinematically or as a consequence of intrinsic variability in the

co-moving flux S. Differentiating equation (7), we obtain

§4nS_; = &fnS + (3 + oc){("g -27> 5fny + yB8S cos O} . (9)

76

In the small angle, ultra-relativistic approximation, this becomes

__ﬁé_i_g%?_ {(1 - v%6%) siny - 272959: : (10)

5£InS = SinS + =
° (1 + 776%)

b

In this limit, it is the third term associated with curvature in the tra-

jectory that is most likely to dominate the variation,

d) Observer-Averaged Mean Flux

If an observed compact radio source comprises several rapidly moving
components, then we must use the observer time-average for the mean flux.
If similar radio sources are formed at a rate R with a constant intrinsic

flux S and move with a fixed velocity B out to some fixed radius T3
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(roughly the length scale for decay of the flux), then the mean observed

flux will be given by

By = 8034 (1 _ g cos 0) R(ry/Be) 5 . (11)

Alternatively, if each source has an acceleration g(yB), then the
observed flux will peak when P is closest to cos ©. For linear accelera-

tion, the mean observed flux will be given by

-1 2 2+
§0b=IdBRSg 78 . (12)

For uniform circular motion,

_182+a

§0b=J‘dessg s (13)

where X, the orbital phase, is related to © and Oo, the inclination of the
orbital plane, through cos © = cos Oo cos .

The integrals in equations (12) and (13) are elementary if S and g are
constant (a fair approximatibn for small ©) and @ = O. Assuming that the

linearly-accelerating source radiates for 0 = B = Bl, we obtain

i = -1
S, = RSg 161(1 - B, cos 0) g (1)

Likewise, for a circularly-accelerating source radiating for a single revolution,

S,y = orsg ly %8(1 - pPeos? 90)'3/2 . (15)

-1
More gemerally, for 6,6 2 77, equations (12) and (13) can be approximated

(2+a1) -(1 +@)

e - | = — -1 .
by S,p ~ RSB (e) © and § .~ RSg (Go) o, , respectively. One
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important corollary follows from these expressions. Suppose that the
sources have roughly the same constant acceleration and intrinsic fluxes,
and that their velocities are contained within a finite range of solid angles

that includes the observer direction n. Then if @ > O, the mean observed

power will be dominated, for both linear and circular accelerations, by
those sources moving with @ < 7-1. The background flux arising from sources
that have @ >> 7-1 can generally be ignored, This argument is relevant to

our interpretation of sources which are confined to two antiparallel jets

(see § V).

e) Polarization

A further important feature of the radiation observed from an accelerat-
ing source is the characteristic swing in the polarization position angle.

We consider first the case of collinear acceleration. Suppose that
the magnetic field B in the source is uniform and its observed direction
is specified by the angles (n,V), as defined in Figure 2a. If the radiatiomn
is produced by the synchrotron process, then the electric vector e in the co-
moving frame will be normal to the magnetic field direction (as well as
to the emission direction_E). We can thus use the faet that the Lorentz
invariant e ©+ B = O to solve for the observed positipn angle g. A straight-

forward calculation yields

cos Y[P - cos 6(1 - tan y tan 6)]
tan n(B cos 6 - 1) ’

tan £ (16)

where Bc is the velocity of the source and © is the angle between B and the
observer direction n. The dependence of £ on B is due to the fact that,

as B changes, so does the aberration angle (the angle between k and n),
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and that e must remain normal to k.

We shall be most interested in the limit v, 8 << 1, B+ 1 appropri-
ate for a relativistic source with magnetic field roughly perpendicular to
its velocity (see §8V). According to equation (16), & will then swing very
rapidly from a constant value & ~ (/2 - 1) to a constant value ¢ ~ (7 - 7/2)
when B ~ (cos © - sin © tan V). For a given value of the viewing angle 6,
the velocity at which the swing occurs depends rather sensitively on v,
whereas the amplitude of the swing is determined primarily by n. The
maximum observable amplitude of the swing is 180°%. A specific example
of this phenomenon in an accelerating source is shown in Figure 2b and
discussed in § V, (Sources decelerating from relativistic speeds would
exhibit similar polarization swings.)

For a uniform circular motion (described by the angles 9, X as before),
we can assume either that the magnetic field direction is fixed in space or
that it is convected with a constant orientation with respect to B. In the

former case,

cos y[P cos x -~ cos 00(1 - tan Qo tan )]

tan § (17)

tan n[B cos ¥ cos Go - 1] +B sin g sin(Q0 +v)
and the swing in position angle is similar to that given by equation (16).
For a convected field,

cos ¥ [B cos x - cos 90(1 - tan _ tan ¥  cos %) 1]

+ sin Qo tan Mo sin ¥

tan g (18)

tan no(s cos 9 - cos x) + sin ¥(sin Vg + B cos v, sin Q;)

(where Mo and Wo are the respective values of n and ¥ at ¥ = 0), and the
observed polarization position angle behaves rather differently. In the

limit 7-1 << go’wo << 1 the effects of convection and aberration wiil
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cancel each other, and £ will have an approximately constant value of ~ (n - 7/2)
when the source is bright. Both types of magnetic field behavior could
occur in realistic source geometries. Related formulae for the polariza-

tion swing in circular motion have been given by Ferguson (1971).

ITI. RADIO EMISSION FROM A STEADY JET

a) Jet Properties

In this section we present an idealized model of a steady radio jet.
This allows us to quantify our discussion and derive expressions for
observable quantities. We consider a narrow conical jet of small semi-angle
@ whose axis makes an angle © with the direction of the observer (the
observed opening angle is ¢ob = ¢ cosec ©). We assume that the jet is
supersonic and free, and that it has a constant veloeity Bj. The jet
convects a tangled magnetic field B (measured in the frame of the fluid)
whieh will vary as r-l, where r is the distance from the apex (cf.
the model of NGC 6251 in Readhead, Cohen, and Blandford 1978). We
assume that relativistic electrons can be accelerated con-~
tinuously within the jet, and that their distribution function is

N(7e) = Kye-g, with ¥ < 7e <7y and vy >> . « These electrons

e min e max e max e min

will radiate synchrotron radiation with a spectral index ¢ = 1/2. The

electron energy density a, = KAmec2 [with A = n(y Y )] is insensi-

e max/ e min

tive to the exact values of Ye mi and 7 and we assume approximate

min e max’

equipartition with the magnetic energy density,
u =k ABe/an (19)
& e ?

where ke is a constant < 1. This implies that the effective Mach number 7
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of the jet (the ratio of its proper velocity to the proper speed of sound)
is constant., If the electrons (mass me) are neutralized by protons (mass

mp) exerting a negligible pressure, then

M 17 an(Be/m) (/34 1/ )T 76 (20)

. (m
e min' e

1 <<% pin << (mp/me) 4

A free jet would have ¢ 2 Wfl, but if P gty 10-100, as indicated by Faraday
rotation measurements (e.g., Wardle 1977), then we expect that ¢ S 7.-1. This
relation should also hold in the case of a relativistic electron-positron

plasma (for which 7 ~ 7j6j) & 7j is large.

b) Radiative Properties

An important comnsequence of the equipartition assumption is that the
relativistic electrons must remain roughly isothermal as the particle den-
sity and internal energy density both decay as r-e. There must then be
ongoing particle acceleration to compensate for the cooling associated
with adiabatic decompression 'in the expanding jet. An estimate of the
upper cutoff in the electron distribution function Ye max ©20 be obtained
by equating the synchrotron cooling time ts' ~ 3 X 107 7jﬂj1/2v9-1/2B'5/23
to the expansion time ~ 1 X 108 T p cosec & Bj-ls, which should be compar-
able to the re-acceleration time scale of the relativistic electrons. Here
is the Doppler factor of the jet, v is measured in GHz, B is measured in Gauss and
Sj(rob = r sin O, the observed radius, ismeasured in pc. The observed

optically thin spectrum from T b should thus have a slope of & = 0.5 up

to the frequency

-1 2. 2 -3
vug(rob) = 0.07 (1 + z) 7j Bj sj cosec © B1 T oo (21)
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which is the characteristic emission-frequency of an electron with Lorentz

factor v (z is the redshift of the source and the sub-

e max’
script 1 indicates a quantity measured at r = 1 pc.) Provided

that the injected electron distribution function has the same slope for

i 2 7emax,then the local radiation spectrum would steepen at frequencies
v> Vv, toa~ 1, as a result of synchrotron losses (cf. Kellermann 1966).
If the emission region extends from L s to T oax then, apart from some
model-dependent geometrical and spectral factors of order unity, the total

synchrotron power radiated by the jet is
-1
Lo~1/2k(1+2/3kA) "L, (22)

L .
where L = 10 th erg s B is the total power carried by the jet in the form
of relativistic electrons and magnetic field, and is given by

L~1/h Al + 2/3 keA) 7j26jc312¢2 , (23)

where A = fn(r ). (We assume that other centributions to

j/r .
max’ “min
the internal power in the jet can be ignored.) The jet is

therefore a fairly efficient radiator, in which the radiated energy is
constantly replenished by dissipation of the bulk kinetic energy. Indeed,
we expect that 7j would decline slowly with r. 1In addition, the ratio of

the co-moving synchrotron-radiation energy density to the magnetic energy

density is constant and given by
2
u /(B5/87) ~ k Byyse - (2k)

-1 .
If, as we expect, yj =0 in the strongest observed sources,
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then equation (24) implies that the Compton power will not

exceed the synchrotron power. In fact, if 7j were >> ¢-1, then the Compton

losses would probably be so severe as to decelerate the jet until 7j ~ ¢-1.
The brightness temperature in the co-moving frame will not greatly

differ from the critical value of T' ~ 1O12

K (e.g., Kellermann and Pauliny-
Toth 1969). The observed brightness temperature can be calculated using

aquation (8). In our model,
1 -1 - - -
Hv,r) =3 x 10°0+2) /%91/231 1/29j1/2r0b1/2<sin o) /2 (1. ek, (25)

where 7 is the optical depth to synchrotron self-absorption which, for a
line of sight through the jet that passes at a distance d from the jet axis,
is given by

2120062 - /2 -3 (26)

(v, t) ~ 500(1 + z)'SKIBlevg'Ssj "

0=<3 = tan‘l(d/r) =6 .

Differentiating equation (25) with respect to r and substituting equations
(19), (21), and (23), we find that the brightness temperature has a maximum

value, independent of frequency, of

B -1, 11 -1, 1/6 -1/12
Toax = Qj(l + 2) T ax = 3 X 10 (1 + 2z) k, (1 +2/3 kA)

ma
-1/12_ -1/6, -1/12 _5/6, . -1/3. -1/6. 1/12
A 75 Bj @j (sin ©) b Ly, K (27)

on the jet axis (5 = 0), ata projected radius of

~ 3(1 + z)'l kel/safe/S(l + 2/3 keA)-z/Syj-h/sﬁ.'z/s

r
max ob J

-1/3, -1 2/5 -1

@je/s(sin Q) ®ob  Lulk 9 : (28)
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Note that, apart from the Doppler factor, equation (27) is very insensitive
to the jet parameters. Since, for a given baseline, the angular resolution
of a VLBIL measurement is proportional to the observed wavelength, the fact

-1 . .. .
that b max & 7 indicates that if the '"core' of the jet appears to be

unresolved at a given frequency, it will remain so at other frequencies.

2 2
The observed flux b = Y Tob mun max

and so the jet will appear to have a flat spectrum of flux density

is also independent of frequency

0.5(1 = z)ké5/64f17/12(1 . 2/3 keA)-17/127j-17/65j-17/129j13/6(Si“ O)-s/es

-1, 17/12, -2
Yob  Euh | 2D19 4

» : (29)

y

where ng Gpc is the luminosity distance to the source.

The spectrum will be flat up to the frequency Vv the upper cutoff fre-

b)
quency Vv of the electron energy distribution evaluated at the radius Ty

where the maximum brightness temperature is achieved. Combining equations

(21) and (28), we obtain (for 3 = 0)

5 -1, 1/6 5/12 5/12_ 11/6, 17/12, 5/6
Vpg 60(1 + z) ke A (1 < 2/; keA) ;j Bj sj
5/6 -5/12
(sin @) % plL
and
_ 1/6 -13/12 -13/12_ -19/6, -25/12
Ty b = 0.0k ke A (1 +2/3 keA) 75 Bj

Sj-l/s(sin 0)"7/8 %b'aLMlS/lz :

For v > Yy the spectrum will be dominated by the contribution from r 5

and will steepen to @ ~ 1 (again, as a consequence of synchrotron losses).

b

The detailed high frequency spectrum depends on the efficiency of the

particle acceleration in the innermost parts of the jet.

b4

(30)

(31)
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c) Polarization

The degree of polarization of the synchrotron radiation from the jet
reflects the degree of order in the magnetic field. The magnetic field
law B « r-l refers in fact only to the transverse component, whereas thg
parallel component scales as B” 3 r-2. However, only a small degree of
shear in the flow is necessary to isotropize the field. The degree of
polarization should be higher at optical wavelengths than at radio wave-
lengths, because for v > vy the jet is optically-thin, and also because
the magnetic field will presumably maintain a higher degree of order over
the smaller emission region (r < rb) of the optical radiation. The observed
position angle is more difficult to interpret, especially if the angle
© is small, as we suggest below, and projection effects become important.
Furthermore, as the emission at different frequencies originates from dif-
ferent radii, both the degree and the direétion of intrinsic polarization
may vary with radio frequency.

We can, however, estimate the Faraday rotation across the jet. This is
probably dominated by the lowest energy relativistic electrons (Wardle
1977, Jones and O'Dell 1977). As long as the electron distribution func-

evaluated at Em v)

= ax
tion remains unchanged, the rotation A « KBv r,/ 1is also independent of

frequency, and is given (for 3 = 0) by

A (x (V)
max % x 10° k V34601 4 os ke a) /8, ~1/3g <1/Bg <1/3 (g4 0)71/3
e e 3 ] J

th1/6p rad (32)

where F is a factor determined by the shape of the distribution function

near 7, For a finite power law,

min’
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F o~ 7

) (33)

tn(y

e min e min

(Wardle 1977). Equation (32) represents an upper bound for A® in the optically-

thin regions of the jet, which can be reduced if there is small-scale disorder in
the field.
For a relativistic electron-positron plasma, the Faraday rotation will be

zero, although the effects of repolarization may be observable.
Equations (27)-(32) are the principal results of our study of this
model and allow the parameters of the jet to be estimated using observed
(However, they may also apply to other models which do not involve jets.)
quantities.) In deriving these expressions we have combined some fairly
common assumptions, such as flux freezing and equipartition, with a few
rather specific postulates (constant 7 and ¢, emission spectrum with @ = 0.5)

in order to make the model as simple as possible. In 8§V we apply these

estimates to the source 3C3L45,

IV. RADIO VARIABILITY

In the previous section we showed how steady radio emission may
originate from a relativistic jet. Compact radio sources, however, are
characterized by variability in both their total flux and radio structure.
In this section we describe two mechanisms whereby time-dependent phenomena
can arise — the acceleration of clouds and the propagation of shocks within

the jet.

a) Dynamics of a Cloud

If we immerse a small, dense blob of gas in a rapidly moving jet, it

will quickly come into rough pressure equilibrium with its surroundings,
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and form a cloud of mass M and internal energy Eo’ (The subscript o will
be used to denote the initial parameters of the cloud.) The cloud will
then be accelerated by the jet and expand as it moves downstream. We shall
assume that the expansion is adiabatic with a specific heat ratio I’ = 5/3
[.the generalization to a relativistic equation of state is straightforward;
cf. Christiansen, Scott, and Vestrand {1978)]. The equations governing the

acceleration and expansion of the cloud are

2

Mg = Mcd(yB)/dt = k_p_h (34)
P, = kb72(t3j - p)° ;. (35)
E = k Mgh = Eo(h/ho)-e (36)

(cf. Blandford and Konigl 1978). Here 7 and Bc are the Lorentz factor and
velocity of the cloud, respectively, and h, the scale height of the cloud,
is defined by h = pa/pag (where P, and p, are the pressure and rest mass

density of the cloud at its upstream end). w, is the enthalpy density in

3
the jet. In the model of §III, wj ~ Kmpc2/7e o for a plasma dominated by

2

in
the inertia of cold protons, whereas wj'~(h/3 KAm_c

H Bg/hﬂ) for a relativis-
tic electron-positron plasma. In this section we allow the cross=sectional
area A of the jet to increase as an arbitrary power of the radius, A « rn.

(n = 2 gives a conical jet which may be free. n =1 corresponds to a para-
boloidal jet which requires transverse pressure support.) We assume that

the speed of the jet is highly supersonic with respect to the cloud, in

which case a strong standing bow shock will form upstream from the cloud

(cf. Blandford and Konigl 1978). ks ky, and k, are constants fixed by

detailed assumptions about the nature of the shock and of the cloud. kb
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may be estimated by imposing the continuity conditions for the energy and
momentum fluxes across the shock in the frame of the cloud, and assuming
that behind the shock the fluid flows adiabatically with a specific heat
ratio I' = 4/3. With these assumptions kb = 0.84. (For comparison,
kb = 0.88 in the Newtonian limit.) 1In addition, we adopt for the cloud
the isothermal model of De Young and Axford (1967), for which k, = (n/2)
(ng - L4) = 9.2 and k, = L.5.

We now specialize to an ultra-relativistic jet with constant velocity

B, ~ 1., For a cloud starting from rest at T the equation of motion is

3

3/5
1+8 d(s8) _ .. -3n/5
(1 - B) B—g =3 ’ kAT
where x = r/ro and
2 2
k rh 7, w,
a - T g 3 3y x 10'2kdroLuuM71(h02/Ao) , (38)
Mc

measuring r, in pc and M in %D' kd is a constant which, in the model of

-1
§III, equals &é/y ) (mp/mé)[A(E + 4/3 keA)] for an electron-proton

emin

plasma, and Arl for an electron-positron plasma. Equation (37) has the

approximate solution

1/2
« 1 Joa (5-3n) /5 )
78 = [—5—:—5 (x -1 for 78 << 1 (39)
5/11
~ |{,-6/5 1lla ( (5-3n) /5 )
= [2 T35 \¥ -1 for v >1 .
Thus, if the channel area increases more rapidly with radius than r5/3,

as it does when the jet expands freely, then the cloud will not attain
the jet velocity, but will instead approach a smaller maximum speed deter-

mined by the acceleration parameter a. If n < 5/3, the momentum flux falls
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sufficiently slowly with r that the cloud will eventually be accelerated to
B~ Bj for any value of a. g is always largest close to T which is prob-
ably much smaller than the radius at which the source is observed. 1In this
case no significant acceleration would be observed for n > 5/3, and for

n < 5/3 we can apply equation (4) when the source is brightest (i.e., when

Bop = cosec @ =7 = 8) to obtain

din(p
din(

)
r::) = (5 '1'13n> : n<5/3 . (40)

The scale height h evolves according to
5. -2/5 -2/5
b= /%250 - ps )P (41)

and increases with x. In the ultra-relativistic case considered here,
h « x(2+n)/11 for n < 5/3 and x >> 1; the requirement that h increase
slower than the jet width then implies n > h/g. The solution of equation
(37) can be integrated once more (numerically) to obtain x(t). The general
features of the motion do not seem to be particularly sensitive to our

assumptions, unless inhomogeneity in the jet causes the cloud to be deflected

through an angle 3@ 2 7-1 (cf. Christiansen and Scott 1977).

b) Radiative Properties

A large fraction of the bulk kinetic energy flux in the jet which is
incident upon the cloud will be dissipated in the strong bow shock, and
some of this energy may appear in relativistic electrons behind the shock.
In addition, if the jet carries a frozen-in magnetic field, it will be

amplified behind the shock. This is therefore a likely site for synchrotron
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and inverse-Compton radiation (cf. Blandford and McKee 1977, Jones and
Tobin 1977). The nature of the flux variations that would be observed
from a cloud accelerating according to equations (34)-(36) is illustrated
in Figure 3 for a paraboloidal jet (n = 1). The observed time evolution
of the flux is plotted for two different radiative assumptions:

(i) The power radiated in the frame of the cloud is proportional to the
rate of dissipation of jet kinetic energy in the frame of the shock,
and the spectrum extends up to a fixed maximum frequency with
Q= 0.5, i.e.,

B. - B
Sob(v) o« 85'5 g <TT%—§§;) . (k2)

(We are assuming that the radiation is emitted in a frame which moves
with the velocity of the cloud, although in practice the relevant
velocity will be somewhat greater than B.)

(ii) As in §III, we assume that the electrons behind the shock have a
power-law energy distribution N(ye) = Kye-g, and emit synchrotron
radiation in an equipartition magnetic field, i.e., K« 32 o
The cloud may initially be optically thick due to synchrotron self-
absorption, but the optical depth 7 decreases as the cloud expands.

Also plotted in Figure 3 is the observed velocity Bob [eq. (1)] as a function

of t In order for superluminal motion to be observed, it is necessary

ob’
that the flux remain appreciable when high values of Bob are attained.
This condition is not fulfilled in case (i), where the flux peaks at
relatively small values of Bob’ and then declines rapidly with decreas-

ing acceleration. 1In case (ii), however, the peak in the flux occurs

when 7 ~ 1, and may be reached et large values of Bob if the source is
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initially opaque with Ty > 1.

c) Origin of the Clouds

The clouds that we envision are much denser than the jet
and much smaller than the jet's width (h << Al/e). Their sizes are also
limited by the requirement that, as measured in the cloud frame, the time
scale for pressure equilibration [~ (h/g)l/g] be much smaller than either
the acceleration time scale (~ Bc/g) or the travel time [~ (r - ro)/7Bc].
However, the clouds should be large enough to form effective obstacles in
the jet. The type of astronomical object which satisfies these require-
ments depends on the physical conditions in the jet at a distance < 1 pc

from its origin, where we expect the clouds to be formed.
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One plausible class of objects may be associated with emission-line
filaments. Most quasars and Seyfert 1 galaxies exhibit broad emission
lines in their spectra. These are generally interpreted as originating in

15 g cmfs), photo-ionized clouds. General arguments (e.g.,

dense (~ 10~
Osterbrock 1978) indicate that these clouds are located at a distance
r,~ 0.3 pc from the central continuum source and move coherently with
a velocity v ~ 1oh km s-l. (However, if the optical continuum is itself
beamed, r  may be smaller.)

If a cloud of size ho enters the jet with a transverse speed v, it
will fragment whilst entering the flow urxless.v-L is large enough, but will

leave the opposite side of the jet before being accelerated by the flow if

v, is too large. This implies that

(g0 )25 v s (55 )% 6 . (13)

Adopting the standard cloud parameters quoted above, and estimating 8, with

equation (38) using k; = 1, these inequalities become
13 5 2
(h°/1o cm) € Ly, S10° ¢ . (4h)

Conditions (44) will generally be satisfied by clouds of size

ho ~ 1O15 - 1015 cm, which is consistent with the range that is indicated

by independent arguments (e.g., Shields 1978).

As discussed in Blandford and Konigl (1978), supernova explosions
provide an alternative source of clouds., It is difficult to assess the
likelihood of this happening within a jet, but if the explosion involves

an energy U = 1051U51 erg, then the ejecta will expand to a radius

L U511/3th-1/3A 1/3 cm before being stopped by the impact with the

~ o3k
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jet. Large nova explosions with energies ~ 10)+8 erg may likewise give rise
to clouds which, if formed sufficiently close to the origin of the jet,

will block a significant fraction of its width.

d) Propagation of Shocks in a Relativistic Jet

An alternative source of radio variability is non-steady motion within
the jet itself. Dissipative behavior close to the origin, resulting per-
haps from surface instabilities, may lead to fluctuations in the radial
velocity. Even if the amplitude of these disturbances is initially small,
they may steepen and form shocks further out in the jet (Rees 1978), A
sufficiently strong shock could appear to a distant observer like a separate
radio component moving with a Lorentz factor ¥ 2 7j° The Lorentz factor
71 of the emitting material behind the shock remains close to 7; in fact,
71 = 7/#@ for vy > 7j’ and becomes comparable to 7 when 7 approaches 7j'

The kinématical and radiative properties of the shock will thus be similar
to those of a cloud moving with & Lorentz factor y. For an electron-proton
plasma, the mean Lorentz facﬁor';; associated with the random electron

motion behind the shock can be estimated in the limit 7j >> 1 as

2 2
500(7° - 7 )2

"¢ F 2.0 7, o)
J J
(Blandford and McKee 1977). Thus, as the shock weakens and y approaches
7., the accelerated electrons will have the sub-GeV energies implied from
radio observations. However, if the bulk motion is relativistic, the

emission will still be beamed with a high Doppler factor, which will then

in fact be comparable with the Doppler factor of the steady emission from
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the jet.

It may be possible to discriminate observationally (with VLBI) between
the accelerating cloud and propagating shock models, by searching for an
asymmetry in the brightness distribution of moving radio components.
Accelerating clouds should have the steepest radio contours facing the
nuclear core, whereas the reverse should hold for propagating shocks, as
well as for decelerating clouds (cf. Christiansen et al. 1978). Further-
more, it may even be possible for the acceleration or the deceleration to be
directly observable [cf. eqs. (3)-(5) and (40)].

In 8III we postulated that the relativistic electrons are able to
remain effectively isothermal in the expandiﬁg jet. This may conceivably
be achieved by weak shocks and fluid turbulence associated with noise in

the jet. The details of these processes will be discussed elsewhere,

V. COMPACT RADIO SOURCES

a) Radio Flux

Compact radio sources (i.e., those whose flux at an intermediate
radio frequency, e.g., ~ 1 GHz, is dominated by the contribution of a
single bright component smaller than ~ 1 kpc in size) usually exhibit
flat radio spectra and radio variability (e.g., Brandie et al. 1974).
In addition, the ratio of optical to radio power tends to be higher in
these objects than in steep-spectrum sources (e.g., Usher 1975), making
identification easier (e.g., Condon et al. 1975). Flat-spectrum radio
sources are nearly always associated with quasars (Wall 1975), although

only ~ 5 percent of quasars are radio-loud (e.g., Sramek and Weedman 1978).
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The fluxes at high (i.e., = 1 GHz) radio frequencies seem to vary on
time scales roughly proportional to the wavelength, indicating the presence

L& K) brightness temperature (e.g., 0'Dell 1978). This

of a constant (~ 10
temperature, which is confirmed by VLBI measurements, is generally slightly
greater than the inverse Compton limit for a non-relativistic source. In
§1II, we have described the radio properties of a simple model of a steady
jet. We have found that if we make simple but natural assumptions about
the magnetic field and relativistic electron distribution function, then
the source inhomogeneity leads to a flat spectrum and constant temperature.
(cf. also Condon and Dressel 1973, de Bruyn 1976). Variability can be
induced by either clouds or shocks, which will be observed moving at
approximately a constant speed, as discussed in §1IV. The variability time

scale should be comparable to the dynamical time scale and will thus be

roughly proportional to r, and hence to A\ [cf. eq. (28)].

b) Angular Structure

The analysis of VLBI observations, whilst still somewhat subjective,

has improved over recent years as a result of more complete baseline
(e.g., Readhead and Wilkinson 1978).

coverage and the use of more sophisticated Fourier-inversion techniquesA
It now appears that most sources are of the core-jet type and exhibit an
unresolved bright spot at one end of an elongated structure (e.g., Wilkinson
et al. 1977; Readhead, Cohen, and Blandford 1978; Readhead et al. 1978),
Observed with inferior baseline coverage, these source structures are
compatible with the simple symmetric double and triple models reported in

earlier investigations (Cohen et al. 1977).

Nearly half of the strong compact radio sources appear to exhibit
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superluminal expansion (Cohen et al. 1977). The best example is 3C3L5
(Seielstad et al. 1979) for which an expansion velocity of (6.7 * 0.8) ¢

lMpc-l

(HO = 55 km s~ ; 95 = 0.05, z = 0.595) over a six-year period is reported.
During this time, the total angular size of the source more than doubled.
Evidence has recently been presented that in some of the compact sources
there is a significant rotation of the source position angle on going from the
smallest to the largest angular scales (Readhead.gs_ia. 1978). This effect
is not as yet apparent in the nuclear components of extended radio sources
like Cygnus A and 3C1ll (e.g., Kellermann 1978). As pointed out by Readhead
et al..(1978) a natural interpretation of both the rapid expansion and
— (as well as of the absence of an observed counter- jet)
the bending(is possible if the brightest compact sources comprise relativis-
tic jets whose axes make a small angle (~ 50-100) with the line of sight.
The radio emission from the approaching component of the jet is then Doppler-
brightened, and small deviations from collinearity will be exaggerated by
the large projection effect. The brightest sources that we see will be
those that are beamed towards us.

Nevertheless, there is a problem with this interpretation which must
be overcome in any viable physical model. In order to see a systematic
superluminal expansion, there must be a high relative velocity between
two source components which should always be positive. However, the "emis-
sion'" velocities of the two components should not be too different, for other-
wise it would require an implausible coincidence to explain why the component
in which the emitting material is moving faster was not considerably
brighter than the slower one. In addition, if one component were not subject
to relativistic beaming; then it would be difficult to explain why there

were not many more bright compact sources viewed at large angles that do

not exhibit large expansion velocities,



85

An attractive resolution of this paradox is possible in the context
of the present model. Specifically, we propose that the unresolved core
be identified with the innermost, optically-thick region of the approaching
jet, and comprise largely time-independent emission. The location of the
observed core should coincide with the peak in the surface brightness of
the jet, which occurs roughly where the jet becomes optically thin at the

observing frequency, i.e., at a radius T (v) = vl [eq. (28)], if we

max ob

adopt the assumptions of 8III. The moving radio component can be identified

with perhaps anaccelerating cloud or a propagating shock, as described in

§IV. If the component is formed inside the optically thick region of the

jet, then it will not be visible at radii r_j < T s ob(v), but at larger radii

it will appear to separate from the stationary component. The observed

separation velocity would thus correspond to the kinematical velocity of

the moving component, which may be highly relativistic (y >> 1), and yet the

"emission'" velocities of the two source components could remain comparable

and also highly relativistic. 1In fact, as we have argued in 8IV, if the

variable radio emission comes from behind a moving shock, then the shock

velocity must be comparable to the velocity of the jet, and this conclusion

can also be deduced on dynamical grounds if the cloud or the propagating

shock are observed at sufficiently large distances from their initial loca-

tions. Moreover, if 7 -~ 7j’ then the observed acceleration cqgob/dtob will

be fairly small, as is indeed observed to be the case [cf. eqs. (3)-(5) and (L40)].
The fact that the two separating components have usually been observed to

have comparable fluxes and surface Erightnesses could be due to a selection

effect resulting from the limited dynamical range and resolution of the

VLBI observations. However, in our model we expect the volume emissivities

as well as the sizes of the two components to be similar, and so the observed
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emission from the core and from a shock moving with y ~ 7j should be

roughly comparable.

c) Application to 3C3L45

It is clearly still premature to construct a detailed model of any
particular source. However, in order to illustrate the application of the
results of 8III and §IV, we consider a source like 3C345, for which VLBI
observations indicate that Bob ~ 7 and Qob ~ 15° (cf. Seielstad et al.
1979, Readhead et al., 1979 ). Since 3C345 is one of the most rapidly
expanding, as well as one of the brightest, compact extragalactic sources,
we expect that both ﬁob and 8 are nearly maximized for this source, and so
we estimate that 7y~ 7 and © ~ 8° [cf. eqs. (1) and (6)). If we set
S ~5Jy, D, ~ L Gpe, z = 0.6, and adopt A = 3, A =5, and k, = 0.5,
then we deduce from equation (29) that L ~ 1 X 101+6 erg =k Substituting
this into equations (27), (28), and (30), we obtain successively T oy ™

ax
2 X 1012 K, (1 + 2)2 r

X 1011 Hz. These values seem to be quite consistent with existing observa-

-1
nax ob/Dz ~ 1.8 vy = milliarcsec, and v, ~ 1.2

tions. In addition, in order to reduce the Faraday rotation estimate [eq.

& i < -5 2
(32)] to S 1 radian, we need F < 4 x 107 or Ve min = 20°

Consider next the fate of a '"standard" emission-line cloud injected at

-1
ol5 7’

and hence from equation (39) we confirm that with n = 2 it is possible for

the cloud to be accelerated to y ~ 7j ~ T as long as ho s lolu cm. (This

r, ~ 0.3 pc. From equation (38) with ky ~ 1 we estimate a ~ 1.2 h

limit increases if the jet is confined.) The cloud will expand according
to equation(4l) to a diameter ~ 2rh, and will obstruct a reasonable fraction
of the jet's area provided that ho 2 101h cme In addition, if the cloud

penetrates the jet, a further constraint is imposed by the inequalities (LL).
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These four conditions are satisfied by ho in the range 101h-1015 cm.

Regarding the spectrum of the two major separating components in this
source, our model predicts that the stationary component, which is associated
with the nuclear core, should have a roughly flat spectrum and show com-
paratively little variability, whereas the moving component would have a
variable flux which should eventually decline with a positive spectral
index . Recent VLBI measurements (Readhead et al. 1979 , Cohen et al.

1979) suggest that the separating components in 3C345, as well as in other,
similar sources, are indeed evolving in this manner. It therefore seems

possible to account for a source like 3C3L5 in terms of this general model.

d) Low-Frequency Variability

The problem of low-frequency variability has quite a long and contro-
versial history. Recently Condon et al. (1978) have presented evidence
to show that it is quite common in compact, flat-spectrum sources at the
20-30 percent level over periods of several years. The significance of
these observations is that if the variability time is treated as a measure

of the light crossing time of the source, then the derived brightness

-4 2 2 2 . 14 15
temperature T = (1 + 2) D, Sob(v)/(Ev € oar k) is typically 10° -10"" K,
much greater than the Compton limit
.12 1/5
T, ~ 10 (8/(1 + 2) le) K . (46)

Independent evidence that the true brightness temperatures do not greatly
exceed this value is provided by the apparent absence of interstellar
scintillation (e.g., Condon and Dennison 1978), although intergalactic

scattering might obviate this argument.
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It is well known that the co-moving brightness temperatures can be
reduced below the Compton limit if there is relativistic expansion.
Specifically, for a comstant velocity source, the proper size and hence
the observed transverse size of the emitting region is restricted by
causality to ~ (1 + z)"1 Sct_ . The true co-moving brightness temperature

var

at the corresponding proper frequency v' = v(l + z)/8 then satisfies

T, () S (1+ 2781 ((1 + 2)v/8) S (1 + 2)7°6°1 . (17)

Hence, for © < 7-1, a thousand-fold increase in apparent brightness tempera-

ture can be effected by Lorentz factors y in the range 5-10.

However, as we showed in 8II, it is possible to observe even faster
variability if 8 itself can change. For example, for a constant source
with @=0.5, moving along a non-linear path which is observed at an angle
9, < 7-1 << 1, we can use equation (10) to show that there will be a change
of lasob[ = €5, in § ; in an observed time interval t _ -~ (e/3.5)(1 + 2)3
R/c')'3 o 3.8 {1 3 z)3 e(R/1 pc)/73 yr, where R is the radius of curvature of

the trajectory. The size of a coherently accelerating source is probably

limited to R/ 72, and so
T (1 + 2)v/8) 2 (/3.5)% (1 + 2% 01 __(v) (18)

which implies that the values of y which are needed to explain the apparent

2/3. A

brightness temperature may in fact be smaller by a factor (e/3.5)
similar formula holds for linear acceleration. It is apparent that with

the values @ ~ 8°, 7 ~ 7 suggested in (c), low-frequency variability can

occur quite naturally in the strongest sources.
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Unfortunately, many models that account for low-frequency wvariability
in terms of relativistic expansion are energetically inefficient (e.g.,
Jones, 0'Dell, and Stein 1974; Blandford and McKee 1977). This difficulty
is alleviated in the case of radio emission from a relativistic jet because
the radiation is beamed. To be quantitative, we can estimate the total
proper internal emergy of a moving source, for which the stronger inequality
in (47) is satisfied, as

(49)

5 3 3} { \ }
EY & {hxkt L (1 + 2) ts/ﬂtvar -

where the braces contain, respectively, an estimate of the energy radiated
and the ratio of the synchrotron cooling time t; (evaluated in the co-moving

frame) to the dynamical time. For a synchrotron source we can estimate

B = 10ty 5(

)-2 2 "2
12

8 v, s , (50)

1 + =z 9

and thence calculate the total power dissipated in the source during the

outburst to be

L2E (1 + 2) s'ltv “l>ay 10%8q: 3 erg s - " (51)

ar 12 v9tvar

where we measure tvar in yr. Note that for a fixed co-moving brightness
temperature T' ~ T; this expression is independent of ® and in fact decreases
as the variability becomes more rapid and the observed frequency is lowered.
Expression (51) is somewhat misleading, however, because it obscures the

fact that ® must be large enough to satisfy condition (47). Nevertheless,

it does demonstrate that in & source model with relativistic beaming the

power requirements need not be prohibitive.



90

e) Polarization

In 8II we discussed how the plane of polarization of an accelerating
radio source can rotate rapidly without there being necessarily an accompany-
ing large change in the total flux. This behavior appears fairly frequently
in the most variable optical and radio sources, and does not seem to be
attributable to changes in rotation measure (e.g., Rudnick et al. 1978).

The best example is contained in the 1975 observations of the Lacertid

A0 0235 + 164, reported by Ledden and Aller (1978). 1In this case the swing
occurred shortly after the peak of a large flux outburst and had an ampli-
tude of ~ 130° and a fairly constant angular velocity. 1In Figure 2b we
have used equation (16) to generate a fit to the data in the accelerating-
cloud model of §IV. We have adopted 7j = 10, a = 100 and © = 50, and

have chosen V¥ = 150, so that the swing occurs near the peak in the flux,
computed under radiative assumption (i) (cf. Fig. 3); the fit was then
obtained with n = 5°. of course, our choice of parameter values was quite
arbitrary, and other values would yield a similar fit.

Various arguments (e.g., Ledden, Aller, and Dent 1976) suggest that
this source moves relativistically and is viewed at a small angle to its
velocity. According to equation (16), the large observed swing in the posi-
tion angle is then consistent with the magnetic field being predominantly
transverse to the velocity (¥ << 1), as expected if the magnetic field
originates in the jet (cf. 8III). Furthermore, in this limit (0,V << 1,

B >~ 1) the position angle of the jet should coincide with the polarization
position angle roughly at mid-swing, and so, on the basis of Figure 2b, we

predict that the position angle of the putative jet in A0 0235 + 164 lies

near g = Oo.
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f) Optical Observations

A small fraction of quasars (~ 1 percent of optically selected and
15 percent of radio selected quasars) can change their optical flux by more
than a magnitude in a week, and are known as optically-violent variables
(ovV's) (Penston and Cannon 1970, McGimsey et al. 1975). These objects are
generally also highly active radio sources and display strong, variable,
linear polarization, in contrast to the majority of quasars whose polari-
zation appears to be very low and probably produced by scattering (Stockman
and Angel 1978, Stockman 1978). OVV's are similar in many respects (apart
from the prominence of emission lines) to Lacertids (reviewed in Stein,
0'Dell, and Strittmatter 1976, and in Wolfe 1978).

In the light of the foregoing discussion, it seems natural to hypothe-
size that the sequence (radio-quiet quasars, radio-loud quasars, OVV quasars,
Lacertids) corresponds to similar strong sources associated with relativistic
jets, which are viewed at progressively decreasing angles © to their axes (cf.
Blandford and Rees 1978). The fact that several Lacertids appear to be
surrounded by large elliptical galaxies (e.g., Miller 1978) suggests that
these sources be identified with active nuclei of elliptical galaxies. In
this picture, then, each nucleus comprises an isotropic, fairly steady and
unpolarized optical continuum responsible for photo-ionizing the emission-line
gas, and in addition a variable and strongly polarized synchrotron source
associated with the jet and beamed in a cone of solid angle ~ 7j-2’ which
in general would be larger than the solid angle subtended by the jet.

Only when the observer is located within this cone does the non-thermal
contribution dominate the isotropic component. Lacertids would be sources

in which the Doppler boost is so large that the lines can barely be seen
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against the bright continuum.

If we adopt equation (11) as giving the mean observed flux and assume

the constancy of R, B, r, and S, then'§Db « (1 - B cos G)-(2+a), and the
number of sources with'§ob in the range dgob satisfies
dN - -
. o5 " (Ea)/(20) (52)
dSob

That is to say, for a given population of relativistically moving sources,

there will be a larger fraction of steep-spectrum sources amongst the beamed

sources of a given'gob than amongst the unbeamed sources. [A similar coﬁ-

clusion would be reached if.§ob were given instead by equations (1L), (15),

or (29)]. It is perhaps for this reason that Lacertids typically have

steeper spectra than quasars. However, with & knowledge of neither the

relevant luminosity function nor of the distribution of Lorentz facters amongst

to unbeamed sources at a given flux.

sources, it is difficult to give a quantitative estimate of the ratio of beamed/
There is some evidence that all the non-thermal emission at frequencies

2100 GHz from OVV's and Lacertids arises in the same region (e.g., Rudnick

et al. 1978). This too is consistent with the simple model outlined in

§III, if the frequency v, lies below ~ 100 GHz.

b

g) Relationship to Double Radio Sources

In the spirit of the above discussion it is possible to present a
unified interpretation of extended double radio sources and compact, vari-
able radio sources. We postulate that the brightest doubles (like Cygnus
A) are intrinsically the brightest sources in the sky and are viewed at a
large angle ©, so that their compact cores are not Doppler-boosted. The

brightest compact sources (like 3C345) then comprise the small fraction
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of beamed sources in the larger population of intrinsically-fainter doubles.
We therefore expect these compact sources to be surrounded by a low-surface-
brightness, steep-spectrum radio halo, corresponding to an intermediate-
power double-source component of transverse size ~ 10-100 kpc which is
viewed along its symmetry axis. (In fact, the morphology of these halo
sources need not be simply circular, because many lower-power doubles show
quite complex radio structure.) There are already indications of radio
halos around several compact sources, including 3C345 (Davis, Stannard,

and Conway 1977) and many Lacertids (Wardle 1978). Further observational
support for this viewpoint may be provided by the treport (Miley and Miller, 1979) that
HB profiles in compact radio sources are in general simpler and narrower
than in the nuclei of double radio sources. This can be understood if the
line-emitting clouds in galactic nuclei and quasars are Doppler-broadened

by rotation in a disk whose normal is parallel to the radio-source axis.

It will be difficult to test the hypothesis that the comparatively low-
power central components of extended double sources are the unboosted counter-
parts of the powerful compact sources., This is because the radio-emitting
electrons are unable to cool in the jet (except in its innermost parts),
and so the bulk of the radio flux might come from a stationary cocoon sur-
rounding the jet, which for a similar intrinsic surface brightness would be

2

a factor ~ Sj- (6 ~ n/2) ~ 72 brighter than the jet [cf. eq. (8)].

h) Evolutionary Considerations

The hypothesis that the brightest observed compact sources are & small
subset of a larger population, highlighted by relativistic beaming towards

us, has important cosmological consequences, This matter has been addressed



9%

independently by Scheuer and Readhead (1979). We defer to this paper for
a discussion of the potential and difficulties associated with the beaming
hypothesis, restricting ourselves to some remarks specific to the model
outlined in the present paper.

In a particular set of sources, characterized by fixed L, 7, ¢, etc.
and comprising a sufficiently large population, we expect that the viewing
angle 6 would be sampled well enough to test the hypothesis that relativis-
tic beaming occurs. The variation of Sob with © for a given set of para-
meters depends on the model. For instance, equations (11), (1), (15)

and (29) give, for flat-spectrum sources, Sop & (1 - B cos Q)-e,

-3/2 13/6
L

(1 - B, cos Q)-l, & Becosego) and (siﬁ 9)1/6 (1 -8 cos 8)
respectively, and the ranges of fluxes predicted by these models are quite
different. However, it will in general be true that for every superluminal
source exhibiting an expansion speed of Bobc, there will be ~ B°b2 sources
of lower flux, viewed from a larger angle ©. It is encouraging that there

are roughly fifty times as many radio-quiet quasars as '"superluminal

quasars brighter than a given optical flux, which lSconsistent with the

value of ~ 7 for Bob suggested by the VLBI observations., This hypothesis may
also be tested by more sensitive searches for radio emission from the brightest
radio-quiet quasars and by VLBI studies of the nuclei pof the strongest extended

doubles which should not exhibit expansion speeds much in excess of 2c.

Similarly, there are at present seven low-redshift (z < 0.1) Lacertids

3 for their

known (Miller 1978), and this yields an estimate of ~ 100 Gpc
local space density, which is believed to be somewhat less than the local
density of flat-spectrum radio sources of comparable brightness (e.g.,

Schmidt 1978). This estimated density is a fraction < 1073

of the density
of bright elliptical galaxies, with which some Lacertids at least have been

identified. The number of both Lacertids and flat-spectrum radio sources
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does not appear to increase as dramatically with increasing redshift as
the steep-spectrum radio sources (e.g., Schmidt 1976). This cannot be
explained solely in terms of geometrical beaming unless the degree of

relativistic beaming itself evolves, in the sense that younger sources

move with smaller Lorentz factors.

VI. CONCLUSIONS

We have presented a general model for compact radio sources in which
the radio emission (together with non-thermal radiation at high frequencies)
is presumed to originate from a collimated relativistic jet. Temporal and
spatial variability may be attributed to the motion of individual density in-
homogeneities within the outer parts of the jet.

The following observed features find an explanation in this model.

(1) the flat radio spectra and steep optical spectra associated with
quasars,
(ii) superluminal expansion and flux variability;
(iii) rapid swings in polarization angle;
(iv) the relationship between radio-quiet quasars, radie-loud quasars, OVV's,
and Lacertids;
(v) the relative weakness of the central components of the powerful
extended double sources.

If our classification of these objects is largely determined by our orientation
with respect to the jet direction, then the following general observational
tests are suggested.

(1) weak, steep-spectrum radio halos should be found surrounding the most

powerful variable radio sources;
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(ii) powerful compact radio sources should be strongly asymmetrical and
may frequently display rotation of the source position angle and
superluminal expansion;

(iii) the relatively weak central components of the powerful doubles like
Cygnus A should be more symmetrical and better aligned with the outer
components, and not show observed expansion velocities larger than
~ 2c.

Predictions relevant to specific objects like 3C3L5 and AO 0235 + 164 can

also be made.
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FIGURE CAPTIONS

Fig. 1. The observed flux density Sob from a moving source as a function of
the observed velocity Bob’ under the assumption that in the frame
of the source the flux is constant and has spectral index @ = 0.5.
The curves are distinguished by different values of 9, the angle
in the observer's frame between the direction of motion and the
line of sight.l The tick marks on each curve indicate values of

the proper velocity 78.

Fig. 2. (a) Geometry of the emission region, which moves with a velocity
B, as seen in a stationary frame. Synchrotron radiation (elec-
tric field_gob) is emitted by relativistic electrons which move

in a static magnetic field B The vector e (B ,) makes an
—0 —ob ‘=ob

b
angle £(n) with the plane containing B and the observer direction
n, and its projection on this plane makes an angle 6(V¥) with the
z axis.
(b) The observed polarization position-angle ¢ in the 1975 out-
burst of A0 0235 + iGh (reproduced from Ledden and Aller 1978).
The measurements were made at 8.0(0) and at 1L4.5(x) GHz, with
standard errors as shown. The .solid line represents a fit to the
data in the accelerating-cloud model of §IV, for a cloud with
acceleration parameter a = 100 which starts from rest at a dis-
tance r_ = 10 pc from the origin of a paraboloidal jet with a
constant Lorentz factor 7j = 10. The values of 6, V¥, and n which
give rise to this curve are not unique. One possible choice is

0 =5% ¥=15° and = 5°.
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The observed flux density (normalized by Sob max) from an accelerat-
ing cloud as a function of the observer's time tob’ measured in
units of ro/c. [For a cloud which has been accelerated from r  to
r in time t, £, =t - {r - ro) cos ©/c.] The curves labelled

(i) and (ii) correspond to the two radiative assumptions discussed
in the text; in case (ii) the cloud is initially optically thick,
with optical depth Ty = 107. Also shown is the time evolution of
the observed velocity Bob’ In this example the jet is paraboloidal

with 7j = 7, the acceleration parameter a = 90, and the jet is

. o ’
viewed at an angle © = 8 to its axis.
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PAPER L4

RELATIVISTIC JETS AS X-RAY AND 7-RAY SOURCES
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I. INTRODUCTION

A growing number of extragalactic radio sources are being found to
possess narrow, elongated features (jets) which connect the extended
radio components with a central compact core. It is currently believed
that these jets supply the extended components with matter and energy
from a central "power-house," which is usually identified with a quasar
or an active galactic nucleus (e.g., Blandford and Rees 1978a). The radio
emission is generally interpreted as incoherent synchrotron radiation from
a non-thermal distribution of relativistic electrons. Many strong compact
sources also show evidence for relativistic bulk motion, most notably in
apparent superluminal separation velocities of individual components
(e.g., Cohen et al. 1979). 1In fact, it has been argued (Scheuer and
Readhead 1979; Blandford and Konigl 1979b, hereafter Paper I) that the
majority of bright compact radio sources could be identified with rela-
tivistic supersonic jets which are observed at small angles to their axes.
In this picture, the sequence: radio-quiet quasars, radio-loud quasars,
and blazars (i.e., optically-violent variable quasars and BL Lac objects),
corresponds to similar strong sources, associated with relativistic jets,
which are viewed at progressively smaller angles to their axes. As the
angle of observation decreases, the contribution of the highly variable
and strongly polarized beamed emission component increases relative to -
the steady and unpolarized isotropic component which is responsible for
photoionizing the emission-line gas near the nucleus. Blazars are interpreted
as sources in which the beamed component dominates the observed emission

(cf. Angel and Stockman 1980).

Relativistic jets associated with compact radio sources are also
expected to be x-ray and y-ray sources, with synchrotron and inverse-
Compton being the most likely emission mechanisms. Recent x-ray observa-

tions (e.g., Tananbaum et al. 1979, Ku 1980) have indicated that a
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substantial fraction of radio-selected quasars, and most blazars, are
indeed x-ray sources, and that blazars can be highly variable also in

the x-ray regime (e.g., Ricketts, Cooke, and Pounds 1976, Mushotzky et al.
1979). Furthermore, the only quasar identified so far as a high-energy
(& 100 MeV) y-ray source is 3C273 (Swanenburg et al. 1978), which is also
a bright compact radio source that displays apparent superluminal veloci-
ties (e.g., Cohen et al. 1979). When interpreted in the context of the
relativistic-jet model, these observations appear to suggest that the
beamed component also contributes significantly to the observed x-ray and
y-ray radiation in sources which are viewed at small angles to their jet
axes. In this paper, the relativistic-jet model for compact radio sources
is extended and applied to the interpretation of extragalactic x-ray and 7-ray
sources. The synchrotron and inverse-Compton spectra of an inhomogeneous
relativistic jet are calculated in §II on the basis of a simple emission
model. This calculation generalizes the results of Paper I. The model

is then applied in §III to the interpretation of the spectra of BL Lac
objects and of 3C273. 1In addition, the postulated local synchrotron
spectrum is applied to tﬁe resolved x-ray jet in Cen A. Some general
properties of extragalactic x-ray sources, and the contribution of rela-
tivistic jets to the diffuse x-ray and y-ray background, are discussed

in §IV. A summary of the results is given in §V.

II. SYNCHROTRON AND INVERSE-COMPTON EMISSION

FROM A RELATIVISTIC JET

In this section, the synchrotron and inverse-Compton spectra are
calculated for a resolved jet and for an unresolved inhomogeneous jet.

The local synchrotron spectrum is described in §IIa. It is assumed to be
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produced by a power-law distribution of continuously reaccelerated rela-
tivistic electrons, and to break as a result of synchrotron radiation
losses. The local synchrotron self-Compton spectrum is then calculated
in the ®-function approximation. The corresponding spectra for an unre-
solved jet are obtained in §IIb by adding up the contributions of the local
emission spectra from the entire jet. In this calculation it is assumed
that the relativistic-electron distribution has the same power-law through-
out the source, but the coefficient of the distribution and the magnitude
of the magnetic field in which the electrons radiate are allowed to vary

along the jet.

a) Local Emission Spectrum

Consider a narrow conical jet of semiangle ¢ which has a constant
velocity Bj (in units of the speed of light c) and which is seen at an
angle O to the axis. Assume that a portion of the jet at a distance r from
the apex, subtending a solid angle Aﬂob at the observer, emits optically-
thin radiation at frequency v' with spectral emissivity €(v'), as measured

in the rest frame of the jet. The observed frequency is v = ij'/(l+ z),
=7-1

: 177

7j = (1 -ng)-E, is the relativistic Doppler factor. The observed flux

where 2z is the redshift of the source and 8 (1 -Bj cose)_l, with

density is then

S (V) = (1+ z)-:5 9j2(2rcp csc 6) (Aﬂob/lm) el1+ z)v/&j]. (1)

(Note that the observed radius and come angle are given by L rsin 6
and ¢_, = pesco, respectively.)
The synchrotron emissivity e due to relativistic electrons
o " -(2a+1)
with a power-law distribution ne(ye)— = » Yemin = 7e S 7o max’

radiating isotopically in a magnetic field B, is given by
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- 1+

e e
Cl(ae)KeB , Vv SV sV (2)

-0, «
_ e, Pe
es[(1+z)vs/sj] (1+2) Sj v s min s s max’

)

where Cl(ae) is a constant (e.g., Blumenthal and Gould 1970; Cl(O.S) =
3.6 X 10-19 cgs). The spectral energy density of the optically-thin

radiation can be approximated by [Es(v's)t'e

s]’ where t'es ~ rp/c 1is the

mean photon lifetime before escape. In what follows, it will be assumed
that the relativistic electrons are injected continuously with Ke==K, ae=<zo,
and with Lorentz factors in the range 7 £y <7 , but that ¢ in-
el e eu e
creases to (ao + 0.5) for b Y (7e2 K7y K 7eu) due to synchrotron-
radiation losses (cf. Kellermann 1966). The model synchrotron spectrum is
illustrated in Figure 1. Below the frequency L/ the source is optically-
thick to synchrotron self-absorption and the flux density rises as vSQ'S.
The optically-thin spectrum has a spectral index Q= a, between o and
V.,,and ¢ = a_+ 0.5 between v . and v__, where v_, and v___ are the
sb s o sb su sb su
characteristic emission frequencies of electrons with Lorentz factors Valy
and Y ou? respectively. Above L. the flux density falls off expomentially
with frequency. The frequency vsm(r) is approximated by setting the
optical depth to synchrotron self-absorption equal to unity. Assuming
-m

that B = Blr and K = Klr"n (where cgs units apply to every quantity

except for r, which is expressed in parsecs), one obtains

1 1.5-!-05o

- -1 8
v~ a7 [e2x 100 cya) o,

< B’ 1.5+ Q ]1/(2.5+a°) iy

131 °© @cschd Hz, (3)

where k_ = [(3 + 2ao)m +2n - 2]/(5 + 2a), and where C2(ao) is a constant
(e.g., Blumenthal and Gould 1970; 02(0.5) = 8.4 X o cgs). The observed

size of the optically-thick '"core'" of the jet thus varies with frequency
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as vs'l/km.

The frequency vsb(r) is estimated by equating the jet
travel time to a distance r with the synchrotron cooling time (cf.

Paper I). This gives

- 7 -1 2 2_-3 ky
vsb(r) ~ 6.9 X 10 (1+2z) ;&jyj ej B, T Hz, (&)

where k= (3m-2). It will be assumed, for simplicity, that the values
of 7e£ and 7eu are independent of r. (Note, however, that the discharge
of relativistic electrons will be conserved along the jet only if the

number density rl.e °'K7e-2a°/2ao scales as r-2.) This assumption will be

b/
. 2, 2 )
consistent with the requirements vsm(r)/vsb(r) > 7 /7eb and v_ (1) =
6 -1 2 _-m
100 (1+ =) ‘Qj Bi7u T > vsb(r) as long as r 1is not too large. The

smallest radius from which optically-thin emission with o = a, is observed
can be determined by setting vsb(r) = vsm(r), and is given, for o = 0.5,

by

1
1

~ 6 -1 -6 1 1/(llm+n-7)
o [1.6 x 10 sj (7ij) K, B @ csc 6] pc. (5)

The frequency vsm(rM) = vy is given, for a_ = 0.5, by

Vg ~6.9% 10" (1+2)7F [(1.6)(106 K, ¢ csc 6)°" "2
8m+n-5 bmy2n-2 _-(3n+1) 1/(1lm+n-7) Hz. (6)
9 (7:8) B,
] 33
The emissivity Sc due to a single inverse-Compton scattering

of synchrotron photons (with spectral index ag) by relativistic electrons
(with emission spectral index ae) can be estimated using the Od-function
approximation (e.g., Rieke and Weekes 1969). According to this approxima-
tion, the final frequency of a scattered photon is given by vé ~ 7e2v;

2 2 2
LI * : t
and Ve = 7 mC for 7ehvs smec (the Thomson regime) and 7ehvs > m ¢
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(the Klein-Nishina regime) respectively, where v; is the initial frequency

of the photon, 7e is the Lorentz factor of the scattering electrom, m, is
; S T

the electron's rest-mass, and h is Planck's constant. The emissivity €,

due to scattering with the Thomson cross section o0 is then given by

T

max
2 - -
EE[(1+z)vc/ﬂj]zKe cTrqaé‘,s[(1+ z)vc/sj]f ¥ (og Q) 1dy, \
7min
¥ 2 € v < min 2 : m /(1 > (7
e min s min c 7e max Vs max’ e ma j ¢ +z) (7)
2
2
(sjmec /(1+ z)h) /vs min}’

where

Ypin = Da¥ {7e v [ / % (1+z)hv /AS m cg},

smax

7max min{ye ’( /smln %}’

and where the appro ate values o
Bpraprl ; s of Qg O‘e’ Ke’ 7le min

(8)

v .
» Ve max’ s min’

and Vs max 2T summarized in Table 1. The emissivity E:I:N due to scatter-

ing with the Klein-Nishina cross section is given in this approximation by

0

(a +1)\
s

eg [(1+2)v /8,1 ~ —KarcpeS[(1+z>vc/,gj](,gjmec2/(1+z)h

o =20 -1 -(cxs+1) o +3 £ Vmin

v s e v s _—— 1+2)h By

c a +1 2(a + 1) 2 c ’
s s sjmec )

1%
max

SN

(9)

j'emine

max{s ¥ m ¢ /(1+ z)h;(&jmece/(l+ z)h)Q/vS max}s v, s

<8 m c /(1+ z)h,

jye max )
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- 2 2 =
where v . = max {v (Qjmec /(1+ z)h) /vc} and v.__ =V (cf.

s min’ max s max

Rieke and Weekes 1969). The total inverse-Compton emissivity, Sc = €Z+-€EN

P

is generally dominated by Sz in the scattered-photon frequency range where
the Thomson regime and the Klein-Nishina regime overlap. (Note that the
Klein-Nishina frequency range, given in equation (9), is contained entirely
in the Thomson frequency range, given in equation (7), when

2
¢ . . i -
7e . hvS nig = B0 .) The d-function approximation yields an over

estimate of the true emissivity, since the scattered photons are given

roughly the maximum possible energy. For example, in the limit

2

v
7e min s max

SV <Y equation (7) overestimates the correct
c n’

e max Vs mi
emissivity (e.g., Blumenthal and Gould 1970) by a factor < 2 (for O < o, < 1).
This approximation, however, is sufficiently accurate for the applicatioms
discussed in this paper.
The once-scattered synchrotron self-Compton spectrum corresponding

to the optically-thin portion of the model synchrotron spectrum is illus-
trated in Figure 1. (The inverse-Compton emission associated with the
optically-thick portion of the synchrotron spectrum is relatively small and
can be neglected.) The spectrum extends between the frequencies Vom =

2 2

— 2
YetVsm where v = 7 v and v §.m c“/(1+ z)h.

and min {v =
{ c u eu su KN 7eu je

u’vKN}’
It essentially reproduces the shape of the optically-thin synchrotron

. . _ .2 g o e
spectrum, with a break occurring near vcb = 7ebvsb (yeb = 10 (1+ z)

8313-11%b), where the spectral index changes from aé =q  to ac ~ ao+-O.5.
The spectra corresponding to higher-order inverse-Compton scatterings of
the synchrotron photons can be calculated in an analogous way, and have
similar shapes.

The observed timescale for flux variability cannot be shorter than

the cooling time of the relativistic electrons which emit the observed

radiation. The radiative cooling time is given by
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7 . 24, a=1
tegor =3 X 100 (1+2) 8,77 " [(1+7)8%/8x]"" s, (10)

Te max o
where Mg ® (Kecdjnp{/‘ 7o e d7e is the ratio of the Compton-
4

e min
scattered photon energy density to the synchrotron energy density. Since

the source is assumed to be synchrotron-loss dominated (nc << 1), ool 18

essentially the synchrotron cooling time. For synchrotron radiation ob-

1

L i 1 _1
served at a frequeney v_, 7.~ = 10° (1+2z) 2 8 Eszga. For Thomson-

J

scattered synchrotron radiation observed at a frequency Vs @ lower limit
3 1
¢ -5 -5 i
on t_ . is obtained by substituting v 2 ~v =y . [cf. eq. (8)] in the
expression for 7;1. The cooling timescale generally increases with radius.
The above ex?ressions are used in §IIb to derive a model spectrum for
an unresolved nonuniform jet. However, they are also useful for an analysis

of the observed spectrum from a homogeneous emission region, as is illus-

trated in §IIIc.

b) Spectrum of an Unresolved Jet

The observed optically-thin flux density Sob(v) emitted between r

min
and - from an unresolved conical jet is given by
r
max
2
Sob(v) = [(1+ z) .\sz/lszg] f el(1+ z)v/Sj] n (rp)“dr, (11)
) I
min
where D2 = 109 D29 pc is the luminosity distance to the source. Equation

(11) is now used to calculate the synchrotron and inverse-Compton spectra

for an inhomogeneous jet extending between r, and T, (rl << ru), with &,

y,

r .. ,and r determined on the basis of the model presented in §IIa.
min max
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Consider first the synchrotron spectrum, for which the emissivity

is given by equation (2). In the frequency range vsm(ru)‘s Ve S Vo

where v

gM 1S given by equation (6), the observed flux demsity at Ve is

. o _ -1/ky :
dominated by emission from rmin(vs) = (vs/vSM) r,, obtained from

equation (3) by setting vsm(r) = v_ and substituting for r, from equation

. . s v in ses v ... For
(5). Note that rmln(vs) decreases to r, as V_ increases to v

frequencies in the range v, < v < vsb(ru), the flux density is dominated

. ~ Ky .
by emission from rmin(vs) = (vs/st) r,» which is obtained by setting

vsb(r) = v, in equation (4), and which now increases with frequency. In
both of these cases r = r , and so equation (1l1) gives
max u

'asl 4 -km
Sob s(st) (vs/st) st(ru/rM) S vs a st

S 3(vs) = N " (12)
g2 b
SOb 8 VsM) (vs/st) st = vs < st(ru/rM) 3

where, setting k_ = (1 + ozo) m+n -3,

-2 19.2+ oco cp2

Sp g = 3 X 10 [¢(0)/c,(0.5)1(1+ ) %o p, s,

K. B 1+ ao V. 'ao rM-ks/k

18 &M 355

s

and where Q_; = (4+m-5km)/2km and @_, = @ + ks/kb. [It is assumed here
that r, 2 r; if r, >> 1, then the spectrum between vsm(rz) and 7Sb(r£)

is dominated by emission with spectral index o, from r In additiom, it

.
is assumed that ks, as well as kc and kcc below, are positive numbers. ]
The spectral indices asl and asE‘ represent the effect of the nonuniformity
of the source in the optically-thick and optically-thin regimes, respec-
tively [the flattening of the optically-thick spectrum in an inhomogeneous
synchrotron source has previously been pointed out by Condon and Dressel

<
(1973), de Bruyn (1976), and Marscher (1977)]. For vsb(ru) S vy s vsu(ru),

the spectrum is dominated by emission from near T, with spectral index
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(QB + 0.5), whereas above vsu(ru) the emission comes predominantly from

))-l/mru

rmax(vs) = (vs/vsu(ru » and the spectral index is approximately

Az = (m+ 2-n)/m. The synchrotron spectrum terminates near vsu(ru).

This description is only approximate, and the actual spectrum changes slope
continuously over a wide range of frequencies. An example of a synchrotron
spectrum calculated in this way is shown in Figure 2. It is seen that the
nonuniformity of B and K can give rise to an integrated spectrum quite
different from the underlying emission spectrum (cf. Fig. 1). 1In turn,

it should in principle be possible to deduce the values of m and n (as

well as of Qb) from the observed shape of the spectrum. (Note that

this cannot be done in models where only the optically-thick spectrum is
affected by the source inhomogeneity; cf. Marscher 1977.) For example,

if @ = 0.5 and @ ; = 0, then n = (17 - 7m)/5 and & = (8m -3)/(15m - 10).

1

If the magnetic field is convected by the jet, then, in a conical geo-
metry, m can vary between 1 and 2 (e.g., Blandford and Rees 1974).

Correspondingly, in this example, n and ¢, lie in the ranges 2 to 0.6

s2
and 1 to 0.65, respectiﬁely, and for m= 1 the magnetic and electron
energy densities are in equipartition (this special case was considered
in Paper I).

The synchrotron self-Compton spectrum is calculated on the assumption

that the emission at radius r 1is due mainly to the scattering of photons

produced within a distance ~ (rp) from the scattering site. Even though
-2a
e

: . -1
the optical-depth to Thomson scattering, T ™ sj o] —

TKerwcscey /ae

(for a line of sight passing through the jet at a distance r from the
apex), is typically << 1, this assumption is valid for a sufficiently

narrow jet (@ << 1). In this case, equations (7) and (9) for the local

emissivities are applicable. The once-scattered photon spectrum lies in
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< < mi v Y . In a manner similar to the
the range vcm(ru) S v, X min { cu(rM)’ KN}
synchrotron-spectrum calculation, one finds that the observed flux density

just below v, = vcm(rM) is given by

Sob c(vc)==sob c(VcM)(vc/ch) K < 15

where, setting kc = ks +n-1,

Sob c(ch) ~ 0.03 (km/kcg)[cl(ao)/cl(o.s)]

l-a, .2 2:+¢

S8, 1at -, _ -k
ng 8;] ° @ KlB o v Qe e Jy,

(1+ z) 1 cM M

and where O ; = max {-(kc/kmf'o5); -1}. (An optically-thin inverse-

Compton spectrum cannot rise faster than S = V.5 e.8., Blumenthal

ob ¢

&y - ;
and Gould 1970.) For L ~,vcb(rM), the spectrum is dominated by

i <
emission from near Ty with spectral index Q_, whereas for vcb(rM)A~ vc4$

vcb(ru), the spectral index is approximately o, = Q_ + kc/(2kb + m).

The spectral indices acl and ac2’ 1

spectrum, arise because of the inhomogeneity of the source. The once-

like o and Q5 in the synchrotron
scattered photon spectrum is also illustrated in Figure 2. The higher-
order inverse-Compton spectra display similar behavior, but in the fre-
quency range of interest they generally lie well below the once-scattered
photon spectrum for typical radio-jet parameters. For example, the maxi-
mum observed flux density of the twice-scattered photon spectrum is given

approximately by

8 4 cc(vch) ~3 x 1078 (kmg/kccz’)[cl(ao)/cl(o.s)](1+ z)l-%

-2 _2+q. 4_3_1+q . -k
D,q sj °© ¢ KB o v °or cc Jy, (14)
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4

where vch = Ye L and kcc = kc4-n-1, which may be compared with the
analogous expression for the once-scattered photon flux given by equation
{18},

The inverse-Compton spectrum steepens once the Klein-Nishina

regime is reached (cf. Fig. 2). The high-energy flux could in principle

be attenuated also by collisions between once-scattered synchrotron
photons of frequencies vc.2~fé &jmec%ql4-z)h and synchrotron photons
of frequencies v_ = E(Sjmecg/(l+ z)h)z/vc, which produce ete” pairs

=8 s (e.g., Jelley 1966). However, the

with cross section B, = 10°

; . -1 2,42
optical depth for this process, 7 (v ) ~ 8, (€_[28.(m c“/h)/(1+ z)v ]

. ptle’ T P50\ e c
rg/he) Up(2rwcsc6”, evaluated at rmin(vc)’ is typically much smaller
than unity, so in practice the attenuation is negligible. Note that
in this model most of the energy emitted from the jet is assumed to
be synchrotron radiation [cf. the discussion following eq. (10)]. 1If
the integrated synchrotron spectrum breaks near vs* from o, <1 to
Qg > 1, then most of the energy is emitted near vs*. The precise value
of VS* depends of course on the parameters of the source, but in general

it lies in the frequency range dominated by emission from the outer

region of the jet.

The spectra displayed in Figure 2 are calculated for a representative
beamed source. It is assumed in this calculation that &j =~ 7j ~ csc 6,
which for a source observed at a given angle 6 1is the combination which
maximizes the Doppler factor sj. (In this case the apparent velocity 6ob
is also = ﬂj; cf. Paper I.) Those portions of the spectrum which arise

essentially in the same region (e.g., near I, OT ru) should show correlated
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variability and could vary on a different timescale than the flux which is
emitted from a different region [cf. eq. (10)]. Although some of the
specific assumptions used in calculating the spectrum, such as constant
® and Bj, may not all apply in real sources, this model can nevertheless
be used to account for various broad features of observed spectra, as is

discussed in the next section.

III. APPLICATIONS

a) Spectra of BL Lac Objects

BL Lac objects have been interpreted as extreme cases of beamed sources,
in which the Doppler boost is so large that a substantial portion of the
observed optical spectrum is dominated by the nonthermal contribution from
the jet (cf. Blandford and Rees 1978b, and Paper I). It is proposed here
that the beamed component may in fact dominate most of the observed spec-
trum from radio frequencies through x-rays. In support of this hypothesis,
it is shown that the model spectrum calculated in §IIb for an unresolved,
inhomogeneous relativistic jet could account for various properties of the
spectra measured in these sources. Filrst, general features are outlined
for the different spectral regimes, and then a particular source (Mrk 421)
is discussed in greater detail.

i) Radio — The radio spectra typically are flat, and become optically-
thin near or above ~-1011 Hz, which is higher than the average break
frequency for flat-radio-spectrum QSO's (e.g., Condon 1978). The spectra
may be interpreted in the inhomogeneous-jet model as corresponding to

¢ q = O, and the higher break frequency is consiétent, by equation (6)

for v ., with a higher degree of beaming (i.e., with a larger value of sj

sM

or of csc 6).
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ii) Optical — The high degree of variability and strong linear polariza-
tion displayed by BL Lac objects may be associated with the beamed emis-
sion from the jet, as discussed in Paper I. However, the optical spectrum
of some sources, such as Mrk 421 and Mrk 501 (e.g., Ulrich et al. 1975,
Maza, Martin, and Angel 1978), appears to contain also a contribution from
the associated elliptical galaxy, and therefore cannot be compared with

the model of §IIb.

iii) X-Rays — BL Lac objects have now been established also as a class of
x-ray sources (e.g., Schwartz et al. 1979, Ku 1980). Present data indicate
that below ~ 5 keV their spectra are generally soft (02 1), but some
sources, e.g., the Markarian galaxies 421 and 501 (Mushotzky et al. 1978b),
and PKS 0548-322 (Riegler, Agrawal, and Mushotzky 1979), display a hard

(¢ € 0.5) component at higher energies. These two components could be
interpreted as synchrotron radiation and once-scattered inverse-Compton
radiation, respectively (cf. Margon, Jones, and Wardle 1978; Schwartz

et al. 1978). 1In those sources where it was detected, the hard x-ray
component has a flux density which is a fraction ( a few) X 1076 of the
flat-spectrum radio flux density. This is consistent with the estimates

of §IIb for a reasonable choice of parameters in equatiomns (5), (6), (12),
and (13), and suggests that the absence of a detectable hard x-ray com-
ponent in sources like PKS 2155-304 (e.g., Griffiths et al. 1979) is due

to the fact that they have a relatively high (2 10-5) ratio of x-ray to
radio flux densities at the observed x-ray frequencies. 1In the present
model it is predicted that all sources would display a hard x-ray component
at sufficiently high energies, that this component would on the average
show less linear polarization than the soft x-ray component (reflecting

the difference between the emission mechanisms attributed to these com-
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ponents), and that it would vary in correlation with the high-frequency
(vs‘s st) radio flux density (since the bulk of the emission in both
cases is assumed to come from the same region near rM).

iv) 7y-Rays — No BL Lac object has as yet been detected in high-energy
y-rays, but upper limits set by Bignami et al. (1979) for Mrk 421 and
Mrk 501 indicate that the flux density must decrease by a factor >102 be-

tween 10 keV and 100 MeV. This means that the effective spectral index

in this range exceeds 0.5, which is consistent with the behavior of the

once-scattered photon spectrum in the present model, and implies that the
hard x-ray component measured in these sources in the 2-30 keV range
(e.g., Mushotzky et al. 1978b) must steepen at higher energies.

As a specific application of the model, consider the source Mrk 421.
The high degree of variability measured in this object, particularly in
the optical and x-rays, supports an association with a relativistic
beamed source. However, because of the inherent variability and the in-
complete spectral coverage, a steady-state spectrum which could be com-
pared with the model spectrum of §IIb is still not well established. The
observed radio spectrum is flat and shows no break below 90 GHz (cf. 0'Dell
et al. 1978), and so could conceivably join with the far-infrared spectrum,
which is nonthermal with spectral index < 0.8 (e.g., Ulrich et al. 1975,
Maza, Martin, and Angel 1978). The UV spectrum measured by the IUE
(Boksenberg et al. 1978) and the soft x-ray spectrum measured by Hearn,
Marshall, and Jernigan (1979) below 6 keV have similar spectral indices
(= 1), and may in fact join together. The hard x-ray component measured
by Mushotzky et al. (1978b) at higher energies was not detected at a later
measurement (Mushotzky et al. 1979), which also revealed a steepening of

the soft component. It is possible to give a self-consistent interpreta-
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tion of these observations in the inhomogeneous-jet model. The measured
spectrum from the radio to soft x~rays, excluding the galactic optical
contribution, may be modeled by a synchrotron spectrum with Qg ~ 0,

G , = 0.8, and @ =~ 0.5, and with the break frequencies Yoy vsb(ru) and
vsu(ru) being roughly 1012 Hz, 1015 Hz, and 1017 Hz, respectively. The
soft x-ray component is then produced in the outer region of the jet near

L whereas the hard x-ray component, interpreted as once-scattered

inverse-Compton emission, is produced in the inner region near Iy It is

therefore expected that the hard component would show a higher degree of
variability, and the reported timescale of < 1 year is consistent with
the cooling-time estimate of equation (10). Mrk 421 also displayed a
strong x-ray outburst on a timescale of ~ 10 days (Ricketts, Cooke, and
Pounds 1976), for which no direct evidence exists at optical wavelengths,
but which was observed in the radio, with amplitude that increased with
frequency and a variability timescale of a few months (Margon, Jomes, and
Wardle 1978). If the outburst was due to a change in the steady-state
conditions near the origin of the jet, then these observations are con-
sistent with the radio emission coming from progressively smaller radii
as the frequency approaches st, and with the optical radiation being
emitted at r >> Iy Alternatively, the outburst could be interpreted as
emission from clouds or shock waves traveling in the jet, which at lower

radio frequencies would be obscured by the optically-thick "core' of the

jet (cf. Paper 1I).
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b) Spectrum of 3C273

The archetypal quasar 3C273 has been observed at frequencies ranging
from radio to high-energy y-rays. It is associated with a core-jet radio
source which is resolved by VLBI on a milliarcsecond scale (e.g., Readhead
et al. 1979), and which shows evidence for relativistic motion in the form
of apparent superluminal separation of radio components with Bob ~ 5.2 (e.g.,
Cohen et al. 1979). The radio spectrum is flat and polarized (e.g., Rudnick
et al. 1978), and could be accounted for by the inhomogeneous-jet model
of §IIb, which is compatible with the observed morphology of the source.
The absence of an observed counterjet may be another indication that the
radio source is beamed (e.g., Readhead et al. 1978).

The radio spectrum breaks at ~ 50 GHz, and could conceivably be
extrapolated to the infrared regime with o ~ 0.8 (cf. Elias et al. 1978);
however, the infrared component is much steeper and, like the optical
component, shows little variability (e.g., Neugebauer et al. 1979) and
low polarization (e.g., kemp et al. 1977). These components thus appear
to be distinct from the radio component, a conclusion which is supported
by the apparent lack of correlation between the infrared-optical and the
radio regimes in quasars in general (cf. Neugebauer et al. 1979). The
observed UV flux (e.g., Boksenberg et al. 1978) is consistent with the
ionizing continuum required to produce the unbeamed H, flux (e.g., Weedman

B
1976), and probably is also not associated with the jet.
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X-ray spectral measurements of 3C273 have been obtained by Primini
et al. (1979) and by Worrall et al.(1979). The best-fit spectral index
is = 0.4 in the range 2-60 keV, and = 0.7 in the range 13-120 keV, with
a change of slope indicated above ~ 20 keV. The x-ray flux appears to
vary by a factor < 2 on a timescale of months. Both the spectral shape
and the degree of variability are similar to those of Seyfert 1 galaxies
(e.g., Mushotzky et al. 1980), which are generally weak radio sources and
do not show evidence for beaming (e.g., Weedman 1977). A similarity with
Seyfert 1 spectra is indicated also by x-ray measurements of other quasars
(e.g., Apparao et al. 1978), but more observations are required to de-
termine whether it holds for quasars in general. The x-rays could in
principle also be once-scattered synchrotron self-Compton photons (cf.
Jones 1979). However, it is difficult to fit the observed x-rays with
the model spectrum of §IIb given the constraints imposed by the radio
spectrum and the apparent velocity.

As was mentioned in the Introduction, 3C273 is as yet the only quasar
identified as a high-energy y-ray source, with a possibly variable flux
density of ~ 2 X 107% Jy around 100 MeV (Swanenburg et al. 1978). The

y-ray flux density is consistent with an extrapolation of the synchrotron

spectrum with & ~ 1 from the radio break frequency. (This spectrum
would pass also through the observed x-ray regime, but is too steep to

account for the observed x-ray spectrum.) However, the electron Lorentz



125

factors required to produce such high-energy synchrotron emission must
be =2 108. If the synchrotron spectral index above the break frequency
is in fact smaller (~ 0.7-0.8), then it is also possible to interpret the
7 rays as once-scattered inverse-Compton radiation from the jet. For ex-
ample, if a,= 0.5, the once-scattered spectrum would steepen near Vv

10*°-10"® Ha, vhere s

cb<rM) =
~107°-10° Jy, froma =~ 0.5 to @_ =~ 0.6-0.7,

bec c c

and could extend up to the y-ray region, passing below the observed x-ray

spectrum. (Note that in the model of Jones (1979), the y-rays are inter-

preted as twice-scattered synchrotron photons.)

To summarize, the radio emission in 3C273 is attributed to an in-
homogeneous relativistic jet which could also produce the high-energy
y-rays, but other parts of the observed spectrum appear to be unbeamed.
It is therefore likely that the Doppler factor associated with the beamed
component is relatively small, implying that the angle & between
the jet axis and the observer direction is relatively large. However,
the high observed velocity constrains 6 to be £ 2 ctn-l(Bob)z 220, and
indicates a large Bj. The origin of the y-ray flux in 3C273 is further

discussed in §1V.

c¢) X-Ray Emission from Resolved Jets

The inhomogeneous-jet spectrum calculated in §{IIb is based on a
simple synchrotron spectrum, as described in §IIa. It is of interest to
verify that the assumed local emission spectrum is in fact an adequate
representation of the spectra observed in resolved jets. One suitable

example is provided by the spectrum of the emission knot A in the jet of
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M87 (e.g., Turland 1975; Redman 1978). The spectrum extends from ~ 16° Tz
with @ = 0.5 and steepens above ~-10llL Hz to @ = 1.3. The recently dis-
covered x-ray emission from this knot (e.g., Schreier et al. 1979b) is
consistent with a linear extrapolation of this spectrum. The break at
optical frequencies may be interpreted as due to synchrotron-radiation
losses. (An increase in the spectral index by more than 0.5 could indi-
cate that the reacceleration of relativistic electrons is not continuous;
cf. Kellermann 1966.) It is then possible to estimate the magnetic field
as a function of the size of the emission region and the velocity of the
radiating material [cf. eq. (4)]. This was done for knot A by Blandford
and Kbnigl (1979a), who interpreted the emission as arising behind a shock
wave traveling in the jet (see also Rees 1978).

X-ray emitting knots have also been detected in Cen A, where they lie
within the inner NE radio lobe, and are aligned with the inner optical jet
(e.g., Schreier et al. 1979a, Feigelson and Schreier 1979). A large knot
located about 1' from the nucleus was measured by the Einstein HRI to have
a diameter d ~ 15" (= 0.4 kpc at a distance of 5 Mpc) and a surface
brightness of ~ lO-9 Jy arcsec-e (0.3-3 keV). By analogy with knot A in
M87, it is proposed here that the x-rays be interpreted as synchrotron
radiation emitted above the break frequency. (Note that Schreier et al.
(1979a) interpreted the x-ray emission as thermal in origin.) Using an
injection spectral index ¢ = 0.65, which is compatible with the spectral
index of both the radio and the x-ray emission from the nucleus (e.g.,
Mushotzky et al. 1978a), and a lower cutoff frequency of e Hz, one

can estimate the equipartition magnetic field in the emission region to

be B =5 X 10“6 (d/O.lL)-E/7 G. (Note that emission due to inverse-Compton
scattering of the microwave background will not exceed the synchrotron

emission for as long as BZ3 X 10-6 G; cf. Harris and Grindlay 1979.)
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Unlike the case of the jet in M87, there is direct evidence in Cen A for
radial motion of optical knots away from the nucleus (Osmer 1978, Dufour
and van den Bergh 1978). The measured radial velocities are in the range
2.5-3.5 X 107 cm s-1 for knots lying at projected distances of 13 to 24 kpc
from the nucleus. The relative uniformity of the velocity values supports
the interpretation of the knots as clouds that have been accelerated by
the jet. The terminal velocities of such clouds are generally expected
to be smaller than the jet velocity (cf. Blandford and Konigl 1979a) and,
in addition, the jet velocity may be higher near the nucleus. The measured
radial velocities thus provide only a lower limit on the velocity vj of
the jet at the position of the large x-ray knot. Assuming that the emis-
sion arises behind a strong shock, as is in fact indicated by the optical
spectra of three of the knots observed by Osmer (1978), one can estimate

the break frequency in the x-ray knot to be v. = 5 X Tl (d/O.h)—B/7

b
(vj/108)2 Hz. Now, the x-ray knot is located within the radio ridge which
appears in the 1.4 GHz (~ 1' resolution) map of Christiansen et al. (1977)
between the nucleus and the inner NE lobe. 1In order not to exceed the
radio surface brightness.estimated from this map (= 107 Jy arcsec-g),
the break frequency must be < 1015 Hz (for @ =~ 0.65). This could be
reconciled with the above estimate if either d «< 15" or vj >> 1O8 cm s-l.
The first possibility is consistent with the visual diameters of the moving
knots measured by Osmer (1978), which are ~ 1" (e.g., Blanco et al. 1975),
especially in view of the fact that accelerated clouds would expand as

they move downstream in the jet (cf. Blandford and Konigl 1979a). As was
discussed by Blandford and Konigl (1979a and Paper 1), the knots could be
either interstellar clouds (which may form in the inner optical jet of
planetary nebulae,

Cen A by a thermal instability; cf. Schreier et al. 1979a),Aor supernova

remnants. They might also be portions of the jet's wall which were torn
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off near the origin of the jet by hydrodynamical instabilities. High-
resolution radio observations and sensitive spectroscopic measurements
should be able to determine the actual sizes of the x-ray emitting knots,

their velocities, and their origin.

IV. DISCUSSION

As was mentioned in the Introduction, recent x-ray observations
suggest that a large fraction of quasars and BL Lac objects are also x-
ray sources. Although the sample is still incomplete, there are indica-
tions that BL Lac objects and optically-violent variable quasars have a
higher ratio of x-ray to optical luminosity than radio-quiet QSO's (e.g.,
Ku and Helfand 1980). This is manifested in the value of the effective
optical-to-x-ray spectral index aox (defined, e.g., by Tananbaum et al.
1979), which is ~ 1.25 for blazars and ~ 1.5 for radio-quiet QSO's. These
spectral indices could be interpreted as corresponding, respectively, to
the beamed and isotropic emission spectra in quasars. In fact, the de-
duced value of . for blazars is consistent with the soft x-ray component
measured in several BL iac objects, as discussed in §IIIa. Alternatively,
the larger average x-ray luminosity in blazars could reflect an increase
in the relative contribution of the beamed component in these sources on
going from optical to x-ray frequencies. Ku and Helfand (1980) analyzed
the statistical properties of a sample of active galactic nuclei, and
found a good correlation between the x-ray (2 keV) and optical (2500 R)
fluxes, but no correlation between the x-ray flux and the radio flux at
1.4 GHz. These properties are consistent with the x-rays being associated
with the isotropic optical component rather than with the beamed radio

emission (cf. §IIIb). However, according to the inhomogeneous-jet model
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discussed in the previous sections, the flux densities at 2 keV and

1.4 GHz could be emitted from widely separated regions in the jet, and
so need not be well correlated even in strongly beamed sources. In
some of these sources, moreover, the low-frequency radio emission could
be associated with an observed steep-spectrum halo (cf. Ku and Helfand
1980), which may correspond to an outer radio lobe seen head on (e.g.,
Paper I).

It has been suggested, on the basis of their observed x-ray luminos-
ities and apparently strong cosmological evolution, that quasars account
for most of the diffuse x-ray background in the few-keV range (e.g.,
Setti and Woltjer 1979, Tananbaum et al. 1979). However, Schwartz et al.
(1978) estimated that, in the absence of density evolution, BL Lac objects
contribute only a few percent of the background in that energy range.

Of course, this estimate could be revised if BL Lac objects are shown to
evolve, or if their volume emissivity is larger than that assumed by
Schwartz et al. According to the beaming hypothesis, radio-loud quasars
(which are usually associated with cD galaxies) and BL Lac objects (gen-
erally associated with giant elliptical galaxies) are the intrinsically
faint sources which are brightened by the relativistic Doppler effect.
If the Lorentz factors associated with the beamed components in these
two types of sources are comparable, then the fraction of radio-loud
quasars among optically-selected QSO's (= 5%, e.g., Sramek and
Weedman 1978) is expected to be of the same order as the fraction
of BL Lac objects among giant elliptical galaxies. This in fact

is consistent with the current space-density estimates of BL Lac objects

(= 102 Gpc-s; e.g., Setti 1978) and of giant elliptical galaxies

(= 10)+ Gpc-s; e.g., Schmidt 1966). However, at least some BL Lac objects
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appear to be associated with elliptical galaxies at the top of the luminos-
ity function (e.g., Kinman 1978, Griffith et al. 1979), suggesting that
there may be many mor;zgféhac objects which have not yet been identified.
Setti and Woltjer (1979) noted that if quasars account for much of the
observed x-ray background, then only 5% of quasars could have the same

ratio of x-ray to y-ray flux densities as 3C273 if the diffuse high-energy

y-ray background is not to be exceeded. If 3C273 is a typical quasar,

then this fact may have important consequences when interpreted in the
context of the beaming hypothesis. It could suggest the existence of a
correspondence between radio-loud and y-ray-loud quasars, implying that
both the radio and the y-ray emission in 3C273 originate in the beamed
jet. Such correspondence would also imply that the diffuse background at
high (2 100 MeV) energies is dominated by radiation from beamed sources.
Of course, these inferences are merely suggestive, and could only be
checked after additional extragalactic high-energy 7-ray sources are
detected. Note that if the ratios of y-ray to x-ray flux density in BL
Lac objects are comparable to that in 3C273, then Lacertids would contri-
bute a substantial fraction of the diffuse y-ray background even without
evolution. If most of the high-energy background is produced by beamed
sources with similar spectra, then the observed spectrum of the background
at these energies (e.g., Fichtel, Simpson, and Thompson 1978) should re-
flect the shape of the individual spectra. In addition, improved limits
on the isotropy of the background could constrain the number density

of these sources (cf. Schwartz and Gursky 1974).
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V. SUMMARY

This paper considered the radio-through-y-ray emission from relativ-
istic jets associated with bright compact radio sources. A simple local
synchrotron emission spectrum was adopted, with an assumed break frequency
determined by equating the synchrotron cooling time to the expansion time.
This spectrum was applied to the interpretation of emission knots in the
jets of M87 and of Cen A, and to the calculation of a synchrotron and
inverse-Compton spectra for an unresolved inhomogeneous jet. In this

calculation it was shown how the nonuniformity of the magnetic field and

relativistic-electron density in the source could give rise to an inte-
grated spectrum which is quite different from the local emission spectrum
in both the optically-thick and the optically-thin regimes. It was

pointed out which parts of the integrated spectrum are emitted from the

same region of the jet, and would therefore be expected to show corre-

lated variability. The inhomogeneous-jet model was applied to the inter-
pretation of the spectra of BL Lac objects. In particular, it could account
for the flat radio spectrum and the relatively high break frequency, as well
as for the soft componené and the more highly variable hard component ob-
served in x-rays. On the basis of this model, it was predicted that a

hard spectral component would be detected in all BL Lac objects at suffi-
ciently high energies, that it would be less strongly polarized than

the soft x-ray component, and that it would vary in correlation

with the high-frequency radio emission. In the case of 3C273, it was con-
cluded that the infrared-through-x-ray spectrum is probably unbeamed,

but that the radio flux and possibly also the high-energy y-rays could be
attributed to the relativistic inner radio jet. Finally, the distinguish-

ing properties of blazars as a class of x-ray sources were considered in
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the context of the jet model, and it was pointed out that beamed sources
could contribute a major fraction of the diffuse high-energy y-ray back-

ground.

I thank Roger Blandford and David Payne for valuable suggestions

and encouragement.
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FIGURE CAPTIONS

FIG. 1. The local emission spectra in the jet. The model synchrotron

spectrum (labeled S) has an injection spectral index OB = 0,5,
The once-scattered inverse-Compton spectrum (labeled C) was
calculated for this model spectrum using equations (7) and (9).
The spectra displayed in this figure represent the local emis-
sion spectra at a distance of 1 pc from the origin in the
inhomogeneous- jet model described in the caption of Fig. 2.

All the frequencies marked in the figure are defined in the

text.

FIG. 2. The synchrotron and inverse-Compton spectra for an unresolved

inhomogeneous jet. This example corresponds to a relativistic

ng = 0-5,
conical jet with/.@j = 7j = ¢scB = 5 and ¢ = 0.1, and a synchro-

, 3 9 _ 11 _
tron spectrum with vsm(ru) = 107Hz, Vem = 5 X 1077 Hz, SOb S(st) =

l.OJy, o = 0.5 a, =0, and ¢, = 0.8. (A1l the quantities

1 2

referred to in the caption or marked in the figure are defined

o}

in the text.)  Using these observable parameters in egs. (5),

(6), and (12), one obtains m = 1.25, n = 1.85, Ky = 1.7x 102

cm-s, B1 = 2.9 X IO-EG, T

These values, as well as 7 ey

-2 2
2.3 x 10 ~ pc and ru/rM = 3.7 X 10",

M

50 and Yeu = 5 X 106, were used in
eqs. (2), (7), (9), and (11) to generate the synchrotron spectrum
(labeled S) and the once-scattered inverse-Compton spectrum (labeled

C) which are shown here. Note that in this example o, = 1.28,

3

Qg = 0.62, and A = 0.75. The local emission spectra in

this jet at a distance of 1 pc from the origin are displayed in

Fig. 1.
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PAPER S5

RELATIVISTIC GAS DYNAMICS IN TWO DIMENSIONS
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I. INTRODUCTION

Relativistic gas dynamics is the study of the equations of gas motion
when either the macroscopic velocity (associated with bulk motion) or the
average microscopic velocity (associated with temperature) is of the order
of the speed of light. In the absence of gravitational effects,this study
is carried out within the framework of special-relativity theory. Most
of the work in this field to date has been on problems of motion in one
dimensionl-s; the treatment of two-dimensional gas flow has not been as
extensive, probably because it was not considered necessary to the analysis
of actual physical phenomena. However, very-long-baseline interferometric
observations over the past few years7 have revealed that many extra-galactic
radio sources are associated with plasma jets emanating from a central |
component and show evidence for relativistic bulk motions. These dis-
coveries provide one motivation for a study of relativistic gas dynamics
in two dimensions, with application to such problems as the structure of

the jet and the refraction of shock waves at the interface between the

jet and the surrounding medium., Two-dimensional relativistic flows may
arise also in cosmology (e.g., in the context of galaxy formation from
fluctuations in the early universea) and in nuclear physics (e.g., in
collisions of energetic heavy ions with heavy nucleig).

The present paper considers steady flow of an ideal compressible
fluid in two dimensions. In studying relativistic gas dynamics,one is
confronted with the task of transforming coordinate-independent relation-
ships which describe the flow in four-dimensional space-time into more

useful expressions which describe the ordinary three-dimensional flow as
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it appears in some particular frame of reference. One approach to this

10,11 consists of transforming the special-relativistic equations

problem
of motion into an equivalent Newtonian form by means of a suitable change
of variables (see Sec. IIC). Although the results of the Newtonian theory
can then be taken over directly, the transformed quantities are usually
not the ones which occur in practical applications, and besides, it is

not always possible to apply this transformation also to the equation of
state of the gas (cf. Sec, IVA). In the present paper we take an alterna-
tive approach, one which affords a greater insight into the nature of the
relativistic results. Starting with the covariant equations of motion,

we manipulate them in a manner analogous to the Newtonian derivation, with
the aim of obtaining simple generalizations of the Newtonian results, In
particular, we attempt to derive useful analytical expressions which can
be applied to the solution of specific flow problems. We consider only
special-relativistic flows, since the covariant expressions become much
more complicated when space-time is not flat; however, all the results
that we derive in the local rest-frame of a wave which propagates in the
fluid (Secs. IVA and V) also remain valid in the presence of external
gravitational fields.

The plan of this paper is as follows: Section II describes the basic
equations and the assumptions which are used in the derivations. Section
I11 deals with continuous irrotational flow. In Sec. IV we consider oblique
plane shock waves and the problem of shock refraction at a gas interface,
In Sec., V we derive the proper magnetosonic wave speeds, A summary of

our results is given in Sec. VI.
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II. BASIC EQUATIONS

A, Thermodynamic Relations and Conservation Laws6’ 12, 13

In the following,.thermodynamic quantities are measured in the local
rest-frame of the fluid, densities are referred to a unit proper volume,
and velocities are measured in units of the speed of light c.

The thermodynamic quantities which characterize a fluld are: the rest-
mass density mn (where n is the number density of particles and m is the
average rest-mass per particle), the pressure p, the internal energy density
e, the absolute temperature T, and the entropy per particle § . In general,
only two of these quantities are independent. The total mass-energy density
of the fluid, p, can be expressed as p = mnc2 + e. The speed of sound

]1/2

relative to the fluid is Bs = [(Bp/Bp)S , which 1s required to be < 1.

The adiabatic index of the fluid is given by T' = (3 %n p/3 n n)ks. We

-1/2

shall refer to the quantity T = YSF, where Yg T a1 - 82) , as the gen-

S

A

eralized adiabatic index; clearly, I' reduces to T in the non-relativistic
limit (ss << 1).
In a frame of reference where the fluid moves with 3-velocity E =
. . a
(BX,By,BZ), the 4-~velocity of the fluid is given by u = Y(l,Bx,By,Bz),

where v = (1 - Bz)_ 1/2

is the Lorentz factor. [A Greek index stands for
t,x,y,z.] In this frame, the Mach number of the flow is M = B/BS. We
also introduce the proper Mach number H:= u/us, where u = yB is the proper

speed of the fluid and ug = Ysss is the proper speed of sound relative to the

fluid. In the Newtonian limit (Bs and B << 1), Hand M become equal and
Sy

[The subscript N denotes the Newtonian limit.]

reduce to MN = sc/{(apN/apN) , where p _ is the Newtonian mass density.

N



145

The first law of thermodynamics can be written in the form

do = -;"; dn + nTdS , (1)

where w = p + p is the enthalpy density. From this relation and the definitions

of SS and T it follows that BS = (Tp/w)l/z.

The stress-energy tensor for an ideal fluid (no viscosity or heat

conduction) is given by
TaB = wuauB + pgaB, (2)

where gaB is the metric tensor, whose non-zero components are Brp = -1,

By 8. ¥ 8 ™ 1. The conservation laws for energy and momentum are

given by the vanishing of the 4-divergence of the stress-energy tensor
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(1,7),5= 0 (5)

where repeated indices imply summation and where the covariant derivative
(semi-colon) reduces in rectangular coordinates to a partial derivative
(comma), Similarly, the conservation law for the number of particles is

given by
(nua);a =0 , ()

Specifically, for a steady (3/3t = 0) plane flow in the x direction, the

continuity of ‘the emergy flux, the x-momentum flux, the y-momentum flux,

and the particle flux is expressed by T__ = const, T__ = const, T __ =
Xt xxX Xy

const, and nu_ = const, respectively. Equationms (1)-(4) imply

no[ﬁufj = -TA,a , (5}

where QOB = (wua/n);a - (wuo/n);s. A relativistic potential flow is an

1isentropic (4 = const) f£low for which QGB = 0, A steady potential flow
satisfies the relativistic Bernoulli's equation
YH = H, (6)

B. Equation of State

At those stages of our calcﬁlation where the nature of the fluid has
to be specified, we assume that it is a perfect gas, described by p = knT
(where k is Boltzmann's constanﬁ)zw In adaigidﬁ, we assume that the adiabatic
index T.is constant. [As was shown by Taub,1 ' must lie in the range
4/3 <Tr< 5/3, which in turn implies that the speed of sound and the speeds

of shock waves are less than the speed of light.] This is not in general

true for a monatomic perfect gas, since T decreases with increasing
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effective temperature T = kT/mc% most noticeably near T w 1.14
However, this assumption holds in the non-relativistic limit, roughly
T < 10-2, where T = 5/3; in the extreme-relativistic limit, roughly t > 10,
where the material gas is equivalent to a photon gas with I = 4/3; and for
a mixture of two perfect gases, one with a non-relativistic and the other
with an extreme-relativistic equation of state, which are in thermal
equilibrium with each other (e.g., protons and electrons at T ~ 10ll 0K).
The adiabatic index for such a mixture, in which the number of non-relativistic
particles is a fraction r of the total number of particles in the gas, is
given by I' = (4 - 3/2 r)/(3 - 3/2 r), which lies in the same range as T
for a one~component relativistic gas. [This relation does not apply when
the number of particles is not conserved; e.g., when the mixture consists
of material gas and black-body radiation, or when pairs are created.]

For a perfect gas with I' = const, p = (I' = 1)e, and the enthalpy density

can be expressed as

w=mnc2+I‘p/(I"-1). (7)

C. Transformation of Variables

The relativistic conservation equations and thermodynamic relations
for an ideal fluid in a steady flow can be transformed into an equivalent
Newtonian form by substituting the following analogs of Newtonian variables

(labeled by tildes):lo’ll

]
e

B [Bu] .

W&,

pe
1]

£
Q

io= Lo e

. (8)
T - ar [8T) ,

E = Py

Z = A;

where Q@ = u/mcg, 8 = (p/po)(r B 1)/P, and where the expressions in square
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brackets correspond to the exteme-relativistic limit (w = Tp/(T - 1)).

The transformation of other quantities can be deduced from these definitions;

for example,

S=f@-p ; M=PB/B =vuu =m ; ?-(22B) -,2r=7,
s s O Inn/~ s
8

III. STEADY POTENTIAL FLOW

A, Characteristics

The method of characteristics is applicable to the analysis of the
flow whenever the equations of motion are quasi-linear partial differential
equations of the hyperbolic type. In Newtonian gas dynamics this is the
case for unsteady one-dimensional flow and for steady supersonic two-
dimensional flow (cf. Sec. 96 and Sec. 109 in Ref. 12). The former case
was first generalized to relativistic gas dynamics by Taub,1 and the
second case by Chiu,11 who applied the transformation of variables (8) to
the corresponding Newtonian expressions.

In order to derive the equation for the characteristics in a steady
potential flow directly from the relativistic equations of motion (3),
we first take their scalar product with the operator PaB = %15 + uauB,
which projects them along a direction perpendicular to the 4-velocity
Jz. 2513 The three space components of the resulting equation

are the relativistic Euler's equation which, for a steady flow, becomes
Zra . :
g7 (28) = - 3-77(gr3p) B . (9)
Scalar-multiplying B into Eq. (9), we get
2
7ﬁ

wge (g7 0] = - B3 > (10)
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where the last step holds for an isentropic flow. We next take the

scalar product of Eq. (3) with u”, Since uaqa = -1, uaha.ﬂ = 0, and we
get, for a steady flow,
8% =-0¥" (78) . (11)
Equations (10) and (11) combine to give
1
Logp-v (58)] = 9+ (7B) - (12)
~ ~ o L ~ L

g

8

In addition, a steady potential flow is irrotational (see Sec. II A),

vYxB=0. (13)
-

L ey

We now specialize Eqs. (12) and (13) to a two-dimensional flow (rectangular

coordinates x-y):

B JB oB oB
(ME-1) 55+ AR 5+ AR 5L+ (mE-1) L =0, el
B 0B

The equation for the x-y characteristics of this system of equations is

(77zx2- 1) (%)2 - 2mm (%) + (myg- 1) =0, (15)

whose discriminant is given by A = 4 (W?-l). When K is greater than 1,
the system of equations (14) is of the hyperbolic type (A > 0) and has
two families of characteristics in the physical (x-y) plane, the C, and C_

11
characteristics, given by
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+ 4 = 7’7::2 1e)
1

1
This fact has led Chiu to identify SH (which he obtained by means of the

(), DR
C

transformation of variables described in Sec. II C) as the appropriate

Mach number for the flow.

The changes in Bx and By along the physical characteristics are related
by the '"compatibility relations,"ls which determine the equation of the

corresponding hodograph (B_- B )-plane characteristics I' and I :
s X y + -

(r) - (n%- 02 (1)
\dB = 2
x r, 1 - 77(y

Equation (17) does not involve the independent variables x and y, which means
that the hodograph characteristics are fixed and do not depend on the
initial conditions of a particular flow problem. This property is a con-
sequence of the homogeneity of the system of equations (1k), and does not hold
for an axisymmetric (i.e., quasi-two-dimensional) flow. Introducing
cylindrical coordinates (r, ¢, z) and making the correspondence r « Y,
z «+x, we find that Eq, (16) is still valid for an axisymmetric flow with
acp = 0, but that an additional term, -[ﬁr/t(l- ma)](dr/daz), appears on
the right-hand side of Eq. (17) in this case.

From Eqs. (16) and (17) we deduce the orthogonality relations between
the C_and I'_ and between the C_ and I' families of characteristics,

(&), (=), -

1f we adopt polar coordinates in the hodograph plane ({3x = Bcoso, By =
Bsin®), and define the relativistic Mach angle v by sin v = 1/7, then

Eq. (16) becomes

(gxz)c -t (6 2 ¥, (19)

x
From this equation and the orthogonality relatioms (18) it follows that

the normal to the T'_ (1“+) characteristic lies at an angle +v (-v) to the

velocity vector S.
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B. Relativistic Mach Angle

We observe that the Newtonian counterparts of Egs. (1h)-(19)12’15
can be obtained by simply replacing the proper Mach number
m = u/us and the corresponding Mach angle v = sin'l(l/ﬂo by My and v =
sin-l(l/MN), respectively. This suggests that the relativistic Mach
angle v also has the same physical meaning as YN in Newtonian gas dynamics,
which we now verify. We assume that in the laboratory frame fhe fluid flows along
the z axis with speed B which is greater than Bs, the speed of sound
measured in the local rest-frame of the fluid. If in the fluid rest-frame
the vector B makes an angle ©' with the z' = z axis, then in the laboratory
frame this angle is measured as ©, with tan © = BssinG'/[y(BscosG'-+B)].
Setting d tan6/de' = 0, we find that © attains a maximum, v, when
cos ' = -BS/B, and that sin v = 1/7 Thus v, like VN in the Newtonian
theory, is the generating angle of the cone within which disturbances can
propagate downstream in a supersonic flow. The fact that this angle is based
on the proper Mach number %, rather than on the ordinary Mach number M = B/BS,
reinforces the interpretation of 7 as the relativistic generalization of

the Newtonian Mach number MN. Note, however, that the condition 77 > 1

for a supersonic flow is equivalent to the condition M > 1.

C, ©Simple Waves

Equation (17), written in terms of polar coordinates, becomes

| =t-dB—5(77(2-—1)% . (20)

Now, for a given equation of state, B, can be expressed as a function of
B by means of the relativistic Bernoulli's equation (6). Hence, Eq. (20)

gives the relation between B and © along the hodograph characteristics,
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This type of flow, in which the velocity is a function only of its direc-

tion, characterizes steady simple waves.

For the equation of state (7), B, 1s given as a function of y by

i
2

B_(7) = [(r-1)(1- (mc™/u,)7)1Z . (21)

In this case it is possible to integrate Eq. (20) in closed form only in
the Newtonian (uo? mcz, B << 1; T = 5/3) and the extreme-relativistic

(po >> mcz; I' = 4/3) limits, when Eq. (21) reduces to

2 2
B =-1/3 8
82 = SO (22)
= 1/3 »

where Bso is the speed of sound at the stagnation point. Equation (20)
can then be written in terms of the proper Mach number . H in

a form which is valid in both limits:

2 .\ 5/3
dQII‘ =% (m°- ,1\)2 gl 5- , where f= 7521"= (23)
+ m1+i(@-1)7M%) '

(Newtonian and extreme-relativistic limits only).

11
The integral of Eq. (23) is

g, =0 ze(m), vhere

em) = [(F+1)/F - 1)1 arcean ([(F- 1)/F+1)1(m2 - 1)}2- axcean (1% - )2, (24)
[This expression is valid only in the Newtonian and the extreme-relativistic
limits. Outside these limits, e(H) provides a lower bound to the exact integral
for a mixture of non-relativistic and extreme-relativistic gases described

by Eq. (7).] J+ and J_, the Riemann invariants, remain constant along the
C+(F+) and C_(T'_) characteristics, respectively, and correspond to the value of
6 atM = 1 (they are not Lorentz scalars). The integral of Eq. (20) gives the

shape of the hodograph characteristics; in the two limits given by Eq. (24)
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they form a family of epicycloids occupying the space between the circles
of radii B = B; and B = [(T+1)/(T-1)]2 Bs*’ where B:, the speed at

which B = BS, is given by

% ﬁ/z BSO
8 1/ 3 .

The ﬁodograph characteristics are useful for studying such problems as
the wave pattern formed in a supersonic flow along a curved wall, or the
structure of a supersonic jet emerging from a duct into a region of dif-
ferent pressure.ls
In analyzing steady simple waves, which may be either compression or

rarefaction waves, one is usually interested in the deflection angle of
the streamlines, , between the upstream and downstream regions of the
wave, where the proper Mach numbers are W& and WQ?’ regpectively., This

angle is given, according to Eq. (24), by

7712 can be expressed in terms of 77(1 and the pressure ratio £ = pe/p1
across the wave by combining Eqs. (6) and (7) with the adiabatic relation

p= ﬂri

A Y
m, =(.-:1—_{[(r-1)77212+2] 5(1/1"’1)-2})2 (27)
(r-1)
. (Newtonian and extreme-relativistic limits only).
It is often convenient to study such waves graphically by plotting the

image of the corresponding TI' characteristic in the {5,} plane. This

method is applied in Sec. IV B.
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D. Relativistic Chaplygin's Equation

Chaplygin's equation is the equivalent second-order partial differ-
ential equation (with B and © as the independent variables) for the
system of equations (14t). Since a steady potential flow is irrotational
[Eq. (14b)], we can define a velocity potential g(x,y) such that g = Yo,
and then proceed, as in the Newtonian derivation (Ref. 12, Sec. 108), to
define the functiom ¢(B,0), which satisfies ¢ = -¢ + B 3¢/0B. The pro-
cedure for obtaining the equation for ¢ follows the Newtonian steps,
except that the particle conservation equation (4) replaces the Newtonian
continuity equationm, so that (m) 1is substituted for the Newtonian mass

density Py The result is

>

2 2
d(mB) o ., 1% )
+ =222, Mg 28 .0
dg OB B 32 362
where (yn) is a function of B alone. In fact, by Eq. (1), (dn/dB), =
n/w (dp/dB)A which, together with Euler's equation (10) along a streamline,

implies

() <P ewe? (25)
5

in which Bs is again a given function of B [cf. Eq. (21)]. We thus obtain

the relativistic Chaplygin's equation

o9

2 2 2
oy , £ a°+f3§5=0, (29)

+
aee 1- 7;12 852

. . 12
which is identical to the Newtonian expression, except that M replaces

MN.
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E. Relativistic Euler-Tricomi Equation

In the region where M~ 1, Chaplygin's equation reduces to the Euler-
Tricomi equation, which is useful for the study of tramnsonic flow. We
are interested in the form of 52/(1 -77(2) , which appears in the second

* . *
term of Eq. (29), near B=B, = B, . In this limit B_ - B = (BS - B)

[1 - (dES/dB)B=B*]. Now,
s

(%), - )

(), ., = [ (e
= s -y = 3
W® Jppx\milgg x| PRI p

where the last step follows from Eq. (28). Hence,

d(ymp,)
B, -8 = ()-8 |5 5 - (@*/7%%) (8}~ B), (30)
B=p]
: 2
where Y: = (1-- B: )—1/2

*

and o = {(YZ/B) [d(YnBS)/d(Yn)lsf g =g"

& s
[0 generalizes the Newtonian parameter a* = { (1/B)d@B_ p,)/dp.] -k

Nt sy N N.SNrB=BS’

from which it may be obtained directly by means of the transformation of i

variables (8).] When BS is given by Eq. (21), a* becomes

o =y B -8 2 (0-11 )%, (31)

which has constant values, (T+1)/2 = 4/3 and 3/2, in the Newtonian and
extreme-relativistic limits, respectively. Thus, using Eq. (30),

*2 *2
52 . P s Bs

__F ~ :
1-m2  P-¥) 2y (1-g/p) 20"(1-8/p))

The last term in Chaplygin's equation is small in comparison with the
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second term when 71 + 1, and can be neglected. Finally, we replace

1/3

B by a new variable T = (20*) (B-—BS*)/ﬁs*, which changes sign at

M = 1. Equation (29) then simplifies to
2 2
5 i s
2 -n1%%=o, (32)
o e
which is just the Newtonian Euler-Tricomi equation.12 The only difference
between Newtonian and relativistic transonic flows is in the value of the
*
constant @ , which, in fact, contains the entire dependence of the flow

on the properties of the gas,

IV. STEADY PLANE SHOCK WAVES

A. Oblique Shock Waves

Figure 1 describes the flow configuration in the local rest~frame of
a shock front, idealized here as the plane x = 0. [The upstream and downstream regions
of the front are denoted by 1 and 2, respectively.] We assume that the fluid
is a perfect gas with a constant adiabatic index I'y and that the following
variables are initially known: the upstream proper Mach number W?l, the
upstream generalized adiabatic index fl’ and the pressure ratio across the
shock € = pa/pl. Our purpose is to express the other flow variables in
terms of these initial values. At any given instant in the local rest-frame
of . the shock, the conservation equations (2)-(4) take the steady-state

form

2 2
017, By = Oo%s By (energy), (33a)

2, 2 2., 2
w7, B + Py = WY Boy + Py (x momen tum) , (33b)

2 2
03171 leﬁly = w272 62}:&2}, (y momentum), (33C)
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07181 = Do¥oBoy (particles). (324d)

From Eqs. (33a) and (33c) it follows that, for any equation of state,

Biy = Boy = By’ and hence that tan ¥, = x tan V5, where x = Bzx/le'

y y
Specializing to the equation of state (7), we solve Eq. (33a) for Psy

_f{r-1) 1 2_2 2_ 2 r 2
P> ‘( T 5 ) (mny o7 7y Py - MY, Py * T 71 PraPy)s
‘ 72 Pox

which we substitute into Eq. (33b), together with n, = (7151x/7252x) n,

from Eq. (33d). Equation (33b) then becomes

2 ) 5
4 mn,c y y
T 2 1 1 1 2 1 1\ 1
((P _'_)'1 >u1x (1 = X) - 722 x + 1 = ( Ppl ){rulx (X“ 1) + (F - 1)(‘;"—5 - ;2—) —x-] ”
2
Now,
2, 2 2 2
7y /72 =1+u1x (1-47), (34)

and (mnlcg/I‘pl) = (l/Bs 2) - 1/(r-1). Hence we obtain the following
1

equation for x in terms of the upstream variables

(ufn/Bs‘?l)x2 - (l+1"u12x/f3321)x + -(P"l)/Bsgl] (1+u12x) =

(35)

f=

- [(I‘- 1)/6521 - 1] (14 ulex(l- xe)] =0,

where, for real shock waves, Uiy > uSl and x < 1.3 Equation

(35) can be solved analytically in the following two cases:

(1) The second term in Eq. (3L4), ulgx(l- 12), is << 1, so the square
root in Eq. (35) can be expanded as 1 + % ulzx(l- 12). This condition

is satisfied either when 1 - x2 << 1 (weak-shock limit) or when u12x <«< 1
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(in which case uz must also be << 1),

1
(ii) The equation of state is extreme-relativistic [w = I'p/(T - 1)]. 1In
this case Bz = (I - 1) [Eq. (22)], and the last term in Eq. (35) vanishes.

In both of these cases Eq. (35) reduces to a quadratic equation, whose non-

trivial root is given by

X = [2 & (f‘l - 1)311{] [(f‘l 1 1).%ix]_l. (36)

[In all other cases, Eq. (36) provides an upper limit to the exact root

of Eq. (35) when Bz is given by Eq. (21).] By combining
1

Egqs. (33), (34), and (36) we may now express every flow
variable in terms of any three other variables, In particular, in terms

of My, f‘l, and €,

cosy, = (B /) = [(§1+ 0/, m,?] [g+ ®, - 1)/($1+1): , (37)
te By = [(- e Fren)] [ ene-0]S em

mg - ug/ua‘?2 " ie/(ﬁl-l?] [(ﬁ1+1)/(1’*‘1-1)+1/g] [(1"‘1+1)/(1’*‘1-1)+§}'l

[1+%(1’"‘1-1)771§]-1 , (37¢)

tan &

can(y -y ) = ¢ [(g- 1)/(1+f,m2- g)] [zmi/(fu) :

" - % -1)1/2
- (r1 - 1)/(r1+ 1) =~ g} {(I‘1 - 1)/(i‘1 # 1% g] . (379)

[These expressions are valid only in the limits (i) and (11).1 The variable

52 = 782I‘ can be obtained from Eqs. (37) and the relation fe/f:l =
2
x?fllzx,/gngx, which follows from Eq. (33a); it is equal to 1"1 in the Newtonian

(f = 5/3) and the extreme-relativistic (I' = 2) limits, Equations (36) and (37) have the
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12,1 with M re-

same form as the corresponding Newtonian expressioms,
placing MN and fl replacing . These replacements are consistent with the
transformation of variables described in Sec.IIC; however, Eqs. (36)-(37)
cannot be derived by tramsforming the variables in the Newtonian conserva-
tion equations for a perfect gas, where pN/(P -1) is substituted for ey
because this substitution i{s not valid for the transformed quantities
{except in the extreme-relativistic limit).

Equation (37d) describes the shock polar in the {5,£} plane which,
for given values of W?l and fl’ is a "heart-shaped" curve (a strophoid).

For a fixed value of 721, the maximm pressure ratio § (corresponding

to 8 = 0) is larger and the maximum deflection angle lamaxl is smaller in

the extreme-relativistic limit than in the Newtonian limit (cf. Fig. 3).
In fact, the upper limit on lémax" corrésponding toiul = =, is.given by
sin -l(l/?l), which is 30° for Pl = 2 and 36.87° for a.a 5/3. [Note that
the value of the deflection angle varies according to the frame of reference
in which it is measured; for example, in a frame in which the shock front
moves along the x axis with Lorentz factor v', this angle is given by

tan §' = y' tan §.)

B. Refraction of Shock Waves at a Gas Interface

" As an application of our results, we now consider the refraction of
a plane shock wave incident at an arbitrary angle on an interface between
two gaseous media. The interface forms a tangentisl discontinuity, where
the pressure and the normal component of the velocity are continuous, but
where other variables may be discontinuous. In a regular refraction, the
incident shock wave is reflected as either a shock wave or a centered
rarefaction wave, and another shock wave is transmitted into the second
medium. Figure 2 describes the statiomary wave pattern seen in a frame
which moves with the point of intersection O of the three waves (the wave

frame). A physically realizable configuration satisfies



B, = ®; + 8., (38a)
8. =5; 8. (38b)
€8 >1 3 (38c)

m_>1 , (384)

where the subscripts i, t, r refer to the incident, transmitted, and
reflected waves, respectively. Equations (38a,b) are just the continuity
conditions across the interface, Eq. (38c) expresses the fact that the
incident and transmitted waves are shocks,3 and Eq. (38d) is the require-
ment that the flow behind the incident shock be supersonic. The reflected
wave is a shock or a rarefaction depending on whether gr is greater than
or less than unity. The possible wave patterns can be analyzed in the
{5,£} plane (Fig. 3) for given values of '”’1’ fi’ 7/'It, f:t’ and §i.6’ o
One first plots the shock polars I and II, corresponding to the

incident and transmitted shocks, respectively. Then, starting at the point
51 on polar I, one constructs the polar 111, corresponding to a reflected
shock, and if this point lies inside polar 1I, also the image of a hodo-
graph characteristic T corré3ponding to a reflected rarefaction wave. The

intersection points of the curves III and I' with polar II represent the

realizable configurations for the given initial conditionms.

In the case of shock refraction at the interface between an extreme-
relativistic and a non-relativistic medium, it is possible to carry out the
analysis using the explicit expressions derived in Sec. IIIC and Sec. IVA.
As an illustration, we consider the refraction of a shock wave incident in
the extreme-relativistic medium when Jui = M & (i.e., when the wave-frame
proper Mach number is the same for the incident and the transmitted

shocks), and when M reduces to MN in the non-relativistic medium.
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From the polar diagram in Fig. 3 it follows that this problem may have as
many as three distinct solutions: two in which the reflected wave is a
shock, and one in which it is a rarefaction. Which of these solutions is
realized in practice is determined by the boundary conditions; for example,
in the absence of strong disturbances downstream from the refraction site,
the relevant solution 1is probably the one with the smallest value of gr,
i.e., the reflected-rarefaction-wave solution.17 The wave patterns
corresponding to different initial conditions can be found in a similar
manner.

An interesting situation occurs when the two media are extreme-relativ-
istic (Ei = Et = 2) and at rest with respect to each other. In contrast
to the analogous Newtonian situation, the shock polars in this case
coincide, even though the two gases may have different particle number
densities and therefore be separated by a tangential discontinuity. This
situation arises because the fluid equations of motion in the extreme-
relativistic limit are independent of n. The problem of shock refraction

16, 18

thus reduces to that of the splitting of a shock wave, and so the

reflected wave can only be a shock (cf. Sec. 102 in Ref. 12).

V. HYDROMAGNETIC WAVE SPEEDS
In the previous sections we saw that M = u/us plays the same role
in relativistic gas dynamics as MN = B/BSN in the Newtonian theory. 1In
this section we further illustrate the analogy between BSN and u_ by con-
sidering the propagation speeds of magnetosonic waves (the small-amplitude
limit of hydromagnetic shock waves) in a compressible, non-viscous, and
perfectly conducting relativistic plasma. These speeds were derived by

various authors, and are reviewed, e.g., in Ref. 19. Here, we give a

direct generalization of the method used by de Hoffmann and Teller,20
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who were the first to derive these speeds in the Newtonian case. Figure 4
shows the velocity and magnetic field configurations for a hydromagnetic
shock wave, in the local rest-frame of the shock front. [The upstream and
downstream regions are again denoted by 1 and 2, respectively.] 1In the
derivation of de Hoffmann and Teller, the velocity was parallel to the
magnetic field on both sides of the shock, so that no electric fields
appeared in the shock frame. However, a transformation to such a frame

is not always possible in the relativistic case, since it may involve
velocities greater than c.2l An electric field is thus present on either

side of the shock, and is given by the perfect-conductivity condition

(39)

where all quantities are measured in the shock frame. Maxwell's equatioms

VYXE=0and Y¢B = O imply that E, and B are continuous at the shock

L4

front. In addition, Eqs. (4) and (3) imply that (nux) as well as T

=4

T and T are continuous there, where now T = TM + TE'MZlB
xx’ xy ? af B aB
with TCI:B given by Eq. (2) and with

E.M. 1

Ter = (KE) Esz 2

EM. (1 2 1 2 2 ] 2
T = (EE) {- B, + 3 (Bx 4—By ) + & E, ] " (%0)

E.M. 1
Ty = (EE) BBy

In the limit when the shock reduces to a magnetosonic wave, the continuity
conditions can be expressed as derivatives with respect to a single
parameter (e.g., uX), which are evaluated at the upstream side of the

wave front.20 Specifically:



163

dE, as, dp_ ffz
(ET) *lwm ~Ba L] =° » (k1a)
x 1 X X X 1
dT d(w’yux) dp B, dB
xy y | .
(du ) = [By St & W0, ?1—‘-11- - (n—’-{') E—] =0 , (41b)
X 1 X X X i
ar S E,\ 4B,
(dux ) = |- g (o) ¢ (11?) -ar] =0 (i)
x 1 S X X 1
dT .
(“EEE = é%—(wux2+-p+-3 2/an)] = 0. (41d)
X - X y 1
Equations (4la-b) imply
2 .2
d(B y/sn)) __(Bly /4m)uy e
dux - B'2/4w _ 22
1 X b |

v _ ' u
where B, = B_ and By = Bly/y are the fields measured in the local rest
frame of the upstream fluid, Furthermore, across a sound wave dS = 0,
and so Eq. (1) becomes dp = (w/n)dn which, together with d(nu ) = 0,

gives

4_.u 4 (43)

Using Eqs. (39), (41lc), (42), and (43) in Eq. (41d), and substituting

33 for (dp/dp), we obtain a quadratic equation for uz,

4 2 2
u - [uS + (YS B

v

2 2 2,2 ~
g + Bx )/ bdtwlu” + ug Bx lomw = 0, (44)

where all the quantities are evaluated upstream. [This equation can also
be derived by using the transformation of variables (8); see Ref. 19.]
The roots of this equation represent the proper speeds of propagation

(in the x direction) of the fast (+) and slow (-) magnetosonic waves.
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They are given by

2
u, = i [u82+ (782 B;2+B;‘2)/1+nwi [[u82+ (752 B;2+B:'<2)/1l-nw] -

; (v5)
RIS M I

wvhich closely resemble the analogous Newtonian expressions,20 to which
they of course reduce in the limit T,B‘2/4wmnc2 << 1. When B; -+ o0,

/2

u_ reduces to Bé/(&ww)l , the proper phase velocity (in the x direction)

19
of an Alfvén wave, which has the same form as the corresponding

/2 this formal similarity with the

s ; ' 2
Newtonian velocity Bx/(énch )
Newtonian results, which is much less pronounced in the expressions for

the ordinary (coordinate) speeds, is another example of the analogy

between Newtonian sound speeds and the corresponding relativistic

proper speeds.

VI. SUMMARY

We have investigated various aspects of steady two-dimensional flow
in relativistic gas dynamics. We found that it is possible to carry out
a step-by-step gemeralization of the Newtonian derivation, and that the
resulting expressions often reduce to the Newtonian form when written in
terms of proper quantities (i.e., quantities which are measured in the
local rest-frame of the fluid). In particular, 7 = u/us plays the role
of Mach number in these expressions, and we verified that it has the same
properties as “N= ﬁ/ﬁs in the Newtonian theory; we also showed that the

analogy between Bs and u, extends to the expressions for hydromagnetic
N
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wave speeds., We found that the equations which describe general continu-
ous flow can always be cast in the Newtonian form, but that expressions
pertaining to a particular equation of state can be generalized only in
certain limits and when the equation of state has a simple form. In our
examples we considered a perfect gas with constant adiabatic index. We
discovered that the Newtonian results for this equation of state can always
be generalized in the extremerrelativistic limit and, in the case of oblique
plane shock waves, also in certain other limits, where, in particular, the
method of transformation of variables (Sec. IIC) is not applicable. These
expressions, too, can be written in the Newtonian form, with I'= 7:?F
generalizing the adiabatic index in the corresponding Newtonian results;

it is then possible to study specific flow problems using the methods of
Newtonian gas dynamics, Although in most cases these expressions are

exact only in the Newtonian and the extreme-relativistic limits, they are

nevertheless useful for interpolating between these two limits.
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FIGURE CAPTIONS

The flow configuration in the local rest-frame of a shock front.

Regular refraction pattern of a shock wave at the interface AOB
between two gaseous media, as seen in a frame in which the
point O is stationary. The incident shock, the transmitted
shock, and the reflected wave, which can be either a shock or
a centered rarefaction wave, are denoted by i, t, and r, re-

spectively. The direction of the flow is indicated by arrows.

Graphical solution in the {6,5} plane for the regular refraction
patterns of a shock wave incident in an extreme-relativistic gas

on a boundary with a non-relativistic gas. The extreme-relativistic
and non-relativistic media are represented by continuous and dashed
lines, respectively. The polars I, II, and III correspond to the
incident, transmitted, and reflected shocks, respectively, and T
denotes the image of a hodograph characteristic. In this example
5u12 = MNtz = 10 and Ei = 5. The solutions are indicated by

asterisks.

The flow and magnetic field configurations in the local rest-

frame of a hydromagnetic shock front.
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