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PREFACE

This thesis consists of two separate investigations which deal with nonlinear
dynamical problemsiin the solar system. The first paper develops a new method
for studying the long time evolution of asteroids near commensurabilities with
Jupiter and presents‘a new hypothesis for the origin of the Kirkwood gaps. This
study has been submitted in the present form for publication in the Astronomi-
cal Journal. The second paper is concerned with the long term stability of a test
body moving in the gravitational field of two masses, one much larger than the
other. In particular, it asks how close a test body in direct motion about the
primary can come to the smaller secondary and still be stable. This study was
published under the title 'The Resonance Overlap Criterion and the Onset of Sto-
chastic Behavior in the Restricted Three-Body Problem" in the Astronomical

Journal 23, 1122 (1980).



ABSTRACT

PAPER 1:

A mapping of the:phase space onto itself with the same low order resonance
structure as the 3/1 commensurability in the planar elliptic three-body prob-
lem is derived. This mapping is.approximately one thousand (1000) times faster
than the usual method of numerically integrating the averaged equations of
motion (as used by Schubart, Froeschlé and Scholl in their studies of the
asteroid belt). This mapping exhibits some very surprising behavior that might
provide the key to the origin of the gaps. A test asteroid placed in the gap may
evolve for a million years with low eccentricity { < 0.05 ) and then suddenly
jump to large eccentricity ( > 0.3 ) becoming a Mars crosser. The asteroid can
then be removed by a close encounter with Mars. To test this hypothesis: a dis-
tribution of 300 test asteroids in the neighborhood of the 3/1 commensurability
was evolved for two million years. When the Mars crossers are removed the dis-
tribution of initial conditions displays a gap at the location of the 3/1 Kirkwood
gap. While this is the first real demonstration of the formation of a gap, the gap
is too narrow. The planar élliptic mapping is then extended to include the incli-
nations and the secular perturbations of Jupiter’s orbit. The two million year
evolution of the 300 test asteroids is repeated using the full mapping. The
resulting gap is somewhat larger yet still too small. Finally the possibility that
over longer times more asteroids will become Mars crossers is tested by studying
the evolution of one test asteroid near the border of the gap for a much longer
time. A jump in its -eccentricity occurs after 18 million years indicating that

indeed it may simply be a matter of time for the full width of the gap to open.



PAPER 2:

The resonance overlap criterion for the onset of stochastic behavior is
applied to the planar circular-restricted three-body problem with small mass
ratio (u). Its predictions for x = 1073, = 10™* and x = 107 are compared to the
transitions in the numerically determined Kolmogorov- Sinai entropy and found
to be in remarkably good agreement. In addition, an approximate scaling law

for the onset of stochastic behavior is derived.
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PAPER 1
THE ORIGIN OF THE KIRKWOOD GAPS:
A MAPPING FOR ASTEROIDAL MOTION NEAR THE 3/1 COMMENSURABILITY

by Jack Wisdom

Submitted to the Asironomical Journal



L. INTRODUCTION

Over one hundred: years have passed since the discovery of the Kirkwood gaps
in the distribution of semimajor axes of the asteroids, yet there is still no ade-
quate theory of their origin. Greenberg and Scholl (1979) give a review of the
competing hypotheses and some of their difficulties. Briefly, there are four
classes: 1) the gaps are only a statistical phenomenon, 2) the gaps are formed
by purely gravitational forces, 3) the gaps form because asteroids near reso-
nances tend to have larger eccentricities and hence larger probability of being
removed by a collision with another asteroid away from the gaps, and 4) that no

asteroids were ever in the gaps.

The statistical hypothesis is that asteroids near commensurabilities undergo
large variations in their semimajor axes spending most of their time away from
the commensurabilities, just as a pendulum spends most of its time away from
the bottom of its swing. The time averaged distribution could then display a
gap. Schweizer (1969) calculated the orbits of numbered asteroids near the
gaps and found that most gsteroids did not cross the gaps. Wiesel (1978) stu-
died the statistical hypothesis theoretically within the averaged planar-circular
restricted three-body problem. He obtained depressions in the distribution but
nothing resembling the observed distribution. According to Wiesel the most seri-
ous limitation in his theory is the truncation of the disturbing function to the
terms of lowest order in eccentricity. I believe that a more serious limitation is
the neglect of Jupiter’s eccentricity, which introduces qualitative changes in the
types of motion possible (see Froeschlé and Scholl 1977), especially the possibil-
ity of "ergodic" trajectories (Giffen 1973, and Froeschlé and Scholl 1978).
Although it is not the main thrust of this paper I will show below that the statist-

ical hypothesis fails under much more general assumptions than considered



previously. I include the eccentricity of Jupiter, the inclinations, as well as the

secular perturbations of Jupiter's orbit.

The gravitational hypothesis is that under the influence of gravitational
forces alone, the semimajor axes of asteroids drift away from commensurabili-
ties. The gravitational hypothesis has been studied analytically by Schubart
(1964) in the averaged planar-circular restricted three-body problem. It is not
too surprising that he finds that asteroids do not leave the gaps since in this
approximation the problem is completely integrable. Thus all trajectories are
quasiperiodic. Schubart’'s assumptions are clearly too restrictive, yet to lift any
of the assumptions is to make the theory analytically intractable. The long time
evolution of dynamical systems is in general a very difficult and unsolved prob-
lem. The Kolmogorov- Arnol'd-Moser {KAM) theorem (see e.g. Moser 1973) in cer-
tain special cases proves the existence of quasiperiodic trajectories. Though a
tremendous advance in our exact understanding of dynamical systems, the KAM
theorem is not a practical theorem in the sense that it applies only for
sufficiently small perturbations where "sufficiently'" is not precisely defined. The
numerical experiments of .Hénon and Heiles (1964) (and many others now)
revealed a division of the phase space of simple Hamiltonian systems into quasi-
periodic and "ergodic” regions for a range of perturbation strengths. The reso-
nance overlap criterion (see Chirikov 1979, for a general review, and Wisdom
1980, for an application to the restricted three-body problem) provides some
insight as to which regions of phase space will be "ergodic", but for detailed
results there is no other recourse than numerical studies. Asteroidal motion at
commensurabilities has been studied numerically by Scholl and Froeschlé
(1974,1975) who integrated the averaged equations of motion for the planar

elliptic problem as described by Schubart (1964,1968). None of their fictitious



asteroids were found to leave the gaps though some did alternate between circu-
lation and libration. One possible objection to this work is that the integrations
were continued for only 100,000 years which is very short compared to the age
of the solar system. Is it possible that over much longer times asteroids do drift
out of the gaps? Arnol'd has discovered that dynamical systems may exhibit a
very slow diffusion through phase space (see Chirikov 1979 ). However, Arnol'd
diffusion does not occur in autonomous systems with only two degrees of free-
dom and since the averaged planar elliptic problem has only two degrees of free-
dom it has no slow diffusion. If more degrees of freedom are added the possibil-
ity of diffusion must be considered. In particular, diffusion is possible in the
unaveraged problem, i.e. the problem with high frequency terms, and in the

three dimensional elliptic problem.

The validity of the collisional hypothesis was the primary topic addressed in
the papers of Scholl and Froeschlé (1974,1975). Using the averaging procedure
for the planar elliptic problem they studied a large number of fictitious
asteroids with initial conditions near the gaps. Their integrations generally
covered a time interval of less than or near 50,000 years, though a few were con-
tinued for 100,000 years. The important question is whether or not the orbits
show large eccentricity variations. Scholl and Froeschlé found that test
asteroids close to the 3/1, 5/2 and 2/1 commensurability with either small ini-
tial eccentricity or moderate eccentricity near the borders of the observed gaps
did not develop large eccentricities. No test asteroids at the 7/3 resonance
developed large eccentricity. Since the Kirkwood gaps are clear of asteroids of
all eccentricities these results seem to militate against the collision hypothesis.
The collision hypothesis is also doubtful because the collision probability

depends weakly on the eccentricity, whereas the gaps have relatively sharp



boundaries. Furthermore an asteroid with low eccentricity near the 2/1 com-
mensurability has a higher probability of collision than a high eccentricity
asteroid because of the sharp drop in the number of asteroids beyond 3.2AU (Ip

1979).

Largely because of the failure of these studies to explain the Kirkwood gaps
the possibility that asteroids were never in the gaps has started to be explored
(e.g. Heppenheimer 1978). Since the dynamical hypotheses have not yet been
fully disproved it seems premature to abandon them for the more speculative

theories of origin. I will not discuss these further.

In this paper I introduce a significant new method for studying asteroidal
dynamics near commensurabilities in the planar elliptic problem, namely, I
derive algebraic mappings of the phase space onto itself that have the same low
order resonance structure as the 3/1 commensurability. This means that the
averaged equations of motion for the mappings are identical to the averaged
equations of motion used by Froeschlé and Scholl {except that the mappings
retain only the lowest order terms in the disturbing function). I choose to study
the 3/1 Kirkwood gap because it is the largest of the gaps, except for the 2/1
gap, and is not confused with the boundaries of the asteroid belt as is the 2/1
gap. There are no fundamental difficulties in deriving mappings for the other
commensurabilities. Mappings have two principal computational advantages
over Schubart’'s method of numerically integrating the averaged equations of
motion: 1) mappings are about one thousand (1000) times faster, the integra-
tions that lasted forty minutes for Froeschlé and Scholl are reproduced in only
a couple of seconds by a mapping, and 2) they are more accurate since they are
purely algebraic and thus have the full accuracy of the computer. An important

theoretical advantage is that the mappings have high frequency contiibutions,



which are not present in the averaged equations of motion. The presence of
high frequency perturbations introduces some qualitative changes in the
dynamics such as the "stochastic" separatrix and the possibility of the Arnol'd

diffusion (see Chirikov 1979).

In Section II, I derive a Hamiltonian that approximates motion near the 3/1
commensurability. In the next section I derive the mapping for the planar ellip-
tic problem and present some surprising results. In Section IV, I study a distri-
bution of 300 test asteroids for two million years. I extend the mapping in Sec-
tion V to include the secular perturbations of Jupiter’s orbit and the inclina-
tions. In section VI, I reexamine with the full mapping the evolution of the dis-
tribution of 300 test asteroids for two million years. My conclusions are stated

in Section VIIL



II. THE RESONANT HAMILTONIAN

In terms of the Poincaré canonical elements (see, e.g., Plummer 1960), the
Hamiltonian for a zero mass test body moving in the field of a large central
mass (the Sun) and perturbed by a smaller mass {(Jupiter) whose orbit lies out-

side that of the test body is

uf
o = Tar® uR (L, p1, pa A w1, wa), (1)

where R is the disturbing function, gy =1 - u and u is the mass of the secon-
dary. 1 have chosen units so that the product of the gravitational constant and
the sum of the masses is unity and the separation of the two masses is also
unity. Following Froeschlé and Scholl I take u = 1,/1047.355. The Poincaré

momenta may be written in terms of the usual osculating elliptic elements:

2

e
L = vwa , p1= Ve (1 - (1-e®)?) ~ e = and Pz =

.2
(u1a (1-e?)) 2 (1-cosi) ¥ ‘ua 12_ , where a is the semimajor axis, e is the

eccentricity, and i is the inclination to the invariable plane. The conjugate coor-
dinates are the mean longitude A, minus the longitude of periapse ws, and minus
the longitude of the ascending node on the invariable plane wg, respectively. The

disturbing function may be written as the sum

R = 2 mjklmn(L- P1, Pg) COS('i}\ + jwl +kows + LN + mmiv + nwg') (2)
ijklmn

which is constrained by the requirement thati - j -k +{ —m — n be zero and
for definiteness 1 is restricted to be greater than or equal to zero. Jupiter's ele-
ments carry a prime. A resonance occurs when one of the cosine arguments is

nearly stationary. Since the mean longitudes move much faster than the other

angles this means that iA+INR 0, or AR —% = "_'119_ The integer g is called



the order of the resonance; resonance strengths decrease with increasing order
since for small e and i their terms in R are proportional to ¢%? where a+b = q.
The most important 3/1 resonance terms have i =1 and ¢ = 2 and are qua-
dratic in the eccentricities and inclinations. The i =2 resonant terms are
smaller by factors quadratic in the eccentricities and inclinations. In this paper
all resonant terms vﬁth 12 2 are neglected. The terms whose arguments do not
involve the mean longitudes, i.e. which have i =1 = 0, are called secular terms
and also affect the motion. In order to construct an algebraic mapping it is
necessary to neglect all secular terms that are fourth order or greater in the
eccentricities and inclinations. Besides the higher order 3/1 resonances there
are no neighboring resonances in the range 0.47 < a < 0.49 with order less than
g =21. The largest of these terms is proportional to the twenty first power of
the eccentricity. It is thus a very good approximation to ignore all nearby reso-
nances. The arguments of all other terms involve non-resonant combinations of
the mean longitudes, and rotate at least as fast as the mean longitude of
Jupiter. These non-resonant terms will be called high frequency terms. It is the
high frequency terms which are removed by Schubart’s numerical averaging

procedure.

The explicit form of the disturbing function may be found in, for example,
Leverrier(1855), Peirce(1849), or Brouwer and Clemence(1961). In Leverrier’s

notation
Rosoutar = @)Y + (1)OnE + @DENE) D Joos(e =B (3)

The primed quantities belong to Jupiter, nf = s'mz%, where J is the mutual incli-

~

nation between the orbit of Jupiter and the orbit of the test body, & is the longi-

tude of the periapse and v = & + Q' +¥' = 0 — ¥ where %and ¥' are the angles



between the ascending nodes of the orbits on the invariable plane to the ascend-
ing node of the outer orbit on the inner orbit and  and Q' are the longitudes of

the ascending nodes on the invariable plane. The coefficients are defined as fol-

lows:
@9 = o260 (a) + 2022550 (a), (4)
(1)@ = 268 (a) (5)

and
(1)) = ~120 ), (a) - 2 b(z) (a) - b(z) (a) (6)

The Laplace coefficients, bj(”, are defined by

1 ’ . gi-172
=Y cosi{l;' = A;) = -, k¢
2 2.67"(a) (= A (1-2acos(ly’ = Ay )+a?) ()
Similarly,
Riyesanant = (172)®(Z)?cos(31," = A, — 20y)
+ (182)(2)(%)(—22—')008(3&' A oy =B
+ (192)(1)(%)2005(31L' A — 28"
+ (212)®n2cos(31,' = A, — 27,"), (8)

where I is Leverrier's mean longitude, A =1 +8 +Q'+9' -Q -9 and

7, = (1 + 8 The coefficients are:

(172)® = z—zl-bfa’( )+ Sa—o bf (a )+ d 5 (a), (9)
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(182)® = -206 %), (a) - 106268, (a) - 5% (a), (10)
(192)) = —12—75?’( )+5a——b“’( )+ Ed— 8 (a) - (11)

and
(212)® = 25, (). (12)

The coefficient (192)(1) has been corrected to include the indirect contribution
(see Leverrier 1855). The coefficients vary little over the very small range of
semimajor axes of the 3/1 Kirkwood gap so I simply evaluate them at exact
resonance. In all terms not involving the mutual inclination, each 1 + ?is can-
celled by an (' + ¥ since they differ only by terms of order J% The terms involv-
ing the mutual inclination, J, must be written in terms of the individual inclina-

tions and nodes. To order J? (see Plummer 1960)

nf

n2d = (19 + (59 - (S )L )cos(nr - 0) (13)
and

nPcos(3l;' — A\; — 2.1'1,) B (%)gcos(B(l' +@)-(1+T)-20)
- () (S)eos(3( +BY) - (L +B) - (@ + 1))

% (%)2005(3(1' +3) =@ +3) -20). (14)

The disturbing function can now be written in terms of the canonical Poincaré

elements:

MR secutar = — F12p1 — e'F-‘—l VEPI Cos(wl +8') — Fa2pp - 7:'1'72 VEPE COS(C"E +Q') (15)

and



URyesonant = C12p1c0s(3t — A +2wy) + e'Dy

+ e"®E jcos(3t — A — 28 ') + Cg2pgc0s(3t — A + 2wp)

+1'DaRpz cos(3t — A + wy — (') + i"BE gcos(3¢ - A — 2Q'),

11

where the coefficients are

y

£y

i

i

M

I

!Eggz(o)
R —0.2050694 4,

4(u1a,,5)"
21)-2)

- R 0.19870544,
4{pia a7

_ 11 (0)
4(p1aq5) 7%

z(11)©
R —0.7103812x,

2(ui1ay,8)

R 0.42868973,

u(172)®
4y q,3) b

@)
_p(182) % _ —2.856407,

4y 5) "

A 0.8831579u,

o)1)
i‘ﬂ%z—)—- R 0.36295364
u(212)®

R 0.2483461u,
4(uyayq) "

(@)
R o _0.4134556,

2(u1a,3)*

p(212)®

7 R 0.1720839.u.

The resonant Hamiltonian is of the form

uf

Hp = —
R 2,2

pycos(Bt —A+w —T")

(18)

(17)

(18)

(19)

(20)

(1)

(22)

(3)

(24)

(25)

(26)

== .U-*Rsecular(wli p1, W, Pz) — #Rmsomm(wll P11, Wz, P2, 3t — )\)- (27)
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In order to remove the explicit time dependence from Eq.(27)! I perform a
canonical transformation to the coordinate ¢ = 3¢ — A via the time dependent
generating function F = (3¢ — A)(® + Lg) + wp;' + wepg' where for convenience I

have also translated the origin of momentum to be the exact resonance.

8H,
Lp = \/iqay,s is defined so that u= 6; is zero at ® =0. This gives

2 1738
Lp = (—%—1-) . Keeping only the gquadratic term in ® the resonant Hamiltonian is
now
1
Hp = an)z —[ARsemmr(ml, p1, Wy pz) —#Rmmam(wln P11, W2, P2 ¢). (28)
where

8%Hp _ 3uf

3@2 $=0 - Lf?

o= R —-12.98851 (29)

and I have dropped the primes.

Finally the eccentricity and inclination of Jupiter must be specified. Brouwer
and van Woerkom (1950) provide a solution to the secular problem of planetary

motion. The elements of Jupiter’s orbit are given in the form of sums

gckcos(—skt +6,)=e'cosd'= § (30)
%‘,ck sin{—s,t + 6;) = e'sin¥ ' = 7, (31)
%}dkcos(-sk't +06;') =i'cos' = & (32)
Zk:dksin(—sk’t + 6.') =1'sinQl’ = 7, {33)

1. N.B. The resonant Hamiltonian still contains the explicit time dependence of
Jupiter’s elements.
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Two of the ¢, dominate all the others, and I include only those terms. The
values are: cq = 0.0448188, cz = 0.0153546, sy = —3.97769x 107,
s = —2.57167x107%. It is necessary to include three of the d;: d; = 0.0083064,
d, = 0.0009571, dg = 0.0011689, s,' = 2.382736x107%, s,' = 2.687651x1075, and

sg' = B.273352x1078,

In terms of the canonical momenta z; = \/?:p.l cosw; and their canonical coor-

dinates y; = \/Epi sinw;, the final form of the resonant Hamiltonian is

Hg = ‘%0@2 +uFy(z} +y) + uF (48 — yim)
+ uFo(z§ +y§) + uFo(z2te - yame)
—ulCi(zf —yf) + Diz1&y +y1m) + E1(€F - nf)]cosp
- #[01.23—'1?/1 = Dy{zym - y1€1) — E 1R€ym Ising
- p[Ce(z8 —yE) + Da(zatz + yone) + E2(éf — n§)]cosy

— u[CoRzoye — Dof{Tome — y2éa) — E 22¢omz]sing (34)
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III. PLANAR ELLIPTIC MAPPING

The resonant Hamiltonian for the planar elliptic problem can be obtained
from the full resonant Hamiltonian, Eq. (34), by setting the coefficients of all
terms involving the inclinations to zero and fixing Jupiter's orbit by setting
¢y = ey and iy = 0. ey is the constant value of Jupiter’s eccentricity. The result-

ing remonant Hamiltonian is

H'g= —é—o@z + Fy(z2 +vy,%) + Fieyz,
- [Ci{z:® - yi®) + Dieyzy + E 1e/%]cosep

- [C12zyy, + D1y e/ ]sing. (35)

In this form the derivation of a mapping is rather easy. To H'g I add new high

frequency terms,

i = %“‘7‘4’2 + Fy(zi® + y1®) + Freszy

[

- i Cylz* —y,Pcos(p —i0(t - &)

f=—co

= ¥ Dyeszicos(p — i0 (t — &)

==

= 3 Ereffeos(p - i0 (t - ()

==

+ ), C12zyy cos(p "% —-iQ(t = 71))

==
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+ 3 Dieszicos(p - I - i0 (¢ — 72)) (36)

f=—co

The frequency (1 is the same as Jupiter's mean motion when 0 = 1, but for the
time being it will be left as a parameter. These high frequency terms are of the
same form as the real high frequency terms that were originally neglected, but
are chosen so that each sum becomes a sum of delta functions. Consider just
the first sum:

0o

Y cos(p —iQ (¢t — ¢1)) = cosgp i‘ cos(i (t — ¢&1))

{=—o0 f=—on

cosg i _2né(Q(t — &) — 2mi)

f=—

1]

cospRmls, (0 (¢ — &)). (37)

Thus the planar elliptic mapping Hamiltonian becomes

Hy = %0‘1’2 +Fi(z®+y.®) + Fresz,
— Cy(z1% = y1®)cosp2mba, (0 (¢ = &)
— Diesz1cosplmda(Q (¢t — &2))

— E1es/2cosp2m6a,(Q (¢ - ()

— C 1271y 15ing2m bz, (Q (t = 7))
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= D1esy15ing2mfaq(Q (¢ - 72)) (38)

The constants ¢; and 7; determine the times at which the delta functions act

and are arbitrary. 1 choose 0= ¢ < &< &, % £ 1< 7z and let {g» 0 and
Yo —2-7-;1— The delta functions thus all act at either £ =0 or ¢ = ?Té—. but they

have a definite ordering. This ordering is a matter of choice and is certainly not
the only one possible nor even necessarily the best. Between the delta functions

the motion is determined entirely by the secular terms
Hoomatar = @2 + Fy(z % +y %) + Fy 39)
secular = 5 0 + Fy(z4° +yi°) + Fregzy, (
This Hamiltonian has the trivial solution:

21 = 24 (£0)eos(@F (1 ~to)) = Y(Eo)sin(2Fy(t ~to)) = S=[1 = cos(@F (¢ ~t0))40)

Y1 = z1(to)sin(RF 1(f —tg)) + y1(fo)cos(RF 1(t -to)) + E%Sin(ZF(t —to)), (41)
@ = ®(ty) (4R)
and

¢ = ado(t - to) + o (43)

To integrate across the delta functions I use a limiting procedure, the delta

functions are replaced by

1
A LS t< u+A
8(t - &;) « lim . (44)
4-0 0 otherwise

Bach delta function is integrated in turn. The Hamiltonian during the first delta

function is
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2‘}1'01

A (z4% - y,®)cosp, (45)

le

which leads to the equations of motion:

oH 4—7’701 R1

zy= By, AQ Y190S¥ = TV (48)

o0H 4—7701 Rl
= - = ~—1z,, 47
vi= ok = - laicosp =~y (47)

: 27TC1 .
b = -2 1(z,? -y %)sing (48)
and

@ =0. (49)

The solutions to the first two of these equations are

Ryt —t4)

z4(t) = z4(¢y)cosh } = Ry(t —ty)

— y4(¢,)sinh— - (50)

and

ya(®) = ya(tpeosnHETI) gy i BlEZ 8D, (51)

The changes in z; and y; across the first delta function are then calculated by

setting £=t, + A ( and letting A go to zero ). They are

anC 4nC
Az = z4(t{)[cosh( 1;7 Leosp) - 1] - yi(ti)sinh(—.’;]——l-cosw) (52)
and
47C 4nC
Ay q = y1(t ) cosh( 7;_. L cosp) - 1] - z (¢ ¢)sinh( 7;7 L cosp). (53)
¢

Having solved for z(t) and y (¢ ), the equation for ® becomes

27701

®=-70

(z13(¢) — y13(¢))singp(ty)
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27TC1
A0

(z13(ty) — y2(21))sing(¢y),

which yields for the change in ® across the delta function

ETTCI

A® = - (z13(t4) — v.2(¢1))sing(t,).

Y

The Hamiltonian during the second delta function is

2TTD1
Hp =~ A0 esz1cosp(ts)
The equations of motion are
:1:.1 = 0,
27TD1
Y1 = ———tescose(ts)
. 27’.'01 .
d=-— A0 e;zisinp(tg)
and
gb = 0.

The changes in y1 and ® across the second delta function are

ZTTDl
Ayy = ——g—escosp(ts)

_2nD
AP = - T;) 1e,/:r:l(:‘,g)singa(t2).

Only ® changes across the third delta function. The change is

2k
AD = - a 1ta‘fzsingo(ts).

During the fourth delta function the Hamiltonian is

4-7TCI
AQ)

Hy= Ty 1sinp(ty).

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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The equations of motion are

4.-7TCl .
£y = Ly sing(ty),

. 4:71'01 .
¥Y1= -1 y1sing(ty)
and
: 4:7TC1
P =

A z1ycosp(ty).

Their solutions are

21(t) = 2yt exp LI (g
yi(t) = ya(toerp[ - TEIAED (¢
and
47701
8(t) = 8(t)+(t—t) T cosp(ty).

The changes across the fourth delta function are then

4nC ysing(ty)
dzy = z(t)[exp( TPy 5
47 C (sinp(ty)
Ay = y(ta)[exp( a J=1]
and
4n7C
A® = —0—1'31“4)?/1(154)00590“4)-

(65)

(86)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

The changes across the fifth delta function are evaluated in exactly the same

manner. They are
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D
Azy = Zleysing(ts) (74)
2nD
A% = ——e,y1(ts)cosp(ts). (75)

The planar elliptic mapping is now complete. For clarity 1 will review one com-

plete cycle of the mapping, starting at ¢ = 0 and ending at ¢ = %— Initially the

elements are zl(o), yi(o), 8 ang ga(o). There are seven steps:

41TC'1 47

(1) z,1 = z,®cosh( cosg®) — 3, @sinh( 6 - cosg®) (78)
y:{Y = 4 Ocosh( 47;01 cosg®) = z,¥sinh( 47;201 cosp(®) (77)

o) = 5(® - 27;0’ (212 = (3,9))sing® (78)

o) = 4 ©) (78)

(@) 21 =g (80)
y1® =y, - ZEDI escosp(!) (81)

8 = p{1) - EnDy é;xl(l)sinqa(1) (82)

¢ = b, (83)

(3) 2, = 2, (84)
y, ¥ =y, @ (85)

5@ = o = BTEL 2 ) (86)

o3 = f2) (87)

(4) 24 = zl(a)cos‘%—F - "1‘(1(3)sin—1gi - v—éf—;—(l—cos%ﬁl) (88)
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@ = 7. OginTE 4 1 Opos . 4 I o TF
Y1 z1sin"o + 1y 1®cos a + oF Sing (89)
84 =30 (90)
@) = ,8) 4 TX g (8)
gt =p 20 (91)
4nC
(6) 2,9 =2z, Wexp(— tsing®) (92)
4nC
y1® =y, Wexp(- = 1S-m¢(4)) (93)
56 = 5@ 4+ MO W, @pose@®
z1\®y ‘*Hcosp (94)
&) = p®), (95)
2nD
6) 2,8 =2, + Lo 5ing®) (96)
y1® = y,® (97)
2nD
@(6) = @(5) + & leJyl(s)cosga(s) (98)
p(6) = o), (99)
and
) = o Oy 3TF _ . @) 3nF _ F . 3nF
(7) zq z4eos—o yi'sin=g 2F[1 cos— ] (100)
"M = (8)gi S’ + (6) Euti + ._1_;.__ i M_
Y z4Vsin=o Y1 cos—o SFSinTg— (101)
0" = ¢®) (102)
o) = o8 4 3:0‘ ®(6) (103)

These seven steps constitute one iteration of the mapping. In the next section I

present the results of some calculations using this planar elliptic mapping.



22

IV. PLANAR ELLIPTIC MAPPING CALCULATIONS

Primarily as a test of the mapping I redid the work of Scholl and Froeschlé
(1974). They study the range of variation of the orbital elements for a large
number of initial conditions near the 3/1 resonance and the mapping gave vari-
ations in the eccentricities and semimajor axes which were in most cases very
close to their results. The differences arise for several reascns. First, Scholl
and Froeschlé do not specify exactly the initial conditions used nor the length of
each integration. Some of their orbits were integrated for 12,000 years while
others were integrated for 50,000 years. There were no qualitative differences in
the variations over the two time intervals so the times were not specified. A
more fundamental reason is that nearby orbits in the "ergodic” region separate
at an exponential rate, so any small initial error quickly manifests itself.
Because of the presence of the high frequency terms there is an inherent ambi-
guity about what starting values for the mapping correspond to the initial condi-
tions of the averaged differential equations. In the "ergodic" region this uncer-
tainty grows exponentially. An exact comparison of the two can be expected
only in the gquasiperiodic région of phase space, i.e. either for small eccentrici-
ties { < 0.1 ) near the resonance or outside the resonance region. Finally, when
the variation in the eccentricity is large { > 0.3 ) the mapping can be only quali-
tatively correct because of the truncation of the disturbing function to the

second order terms in the eccentricities.

In order to aid my comparison of the mapping and the averaged differential
equations, Scholl and Froeschlé kindly provided the details of several orbits.
Figure 1 shows a plot of the eccentricity versus time for one of these orbits, with
®(t=0) =0, p(t=0) =m, y1(t=0) = 0 and e(¢=0) = 0.05. For this calculation ey

was chosen to be 0.048. Even though this orbit is started at exact resonance it
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looks remarkably regular. From the appearance of a surface of section one
would conclude that this orbit is quasiperiodic. This is an example of the low
eccentricity orbits that Greenberg and Scholl describe as behaving "non-
resonantly”. The integration step was three years with a relative accuracy per
integration step of 107!, The calculation took 40 minutes on an IBM 380. Next
comes the real surprise. Figure 2 shows the results of the mapping (with
1 =1,2) for the same initial conditions. For the first 100,000 years the map-
ping reproduces quite closely the very regular motion of Figure 1. The eccentri-
city then noticeably becomes more irregular and after nearly 240,000 years a
huge spike occurs. This mapping 'integration” was calculated in double preci-
sion (eight 8-bit byte:s) on the Caltech IBM 370/3032. The calculation took only
a couple of seconds. Naturally one wonders if this jump could somehow be due
to an accumulation of roundoff error. In order to check this the calculation was
repeated in gquadruple precision (sixteen B-bit bytes). Of course the orbits
differed slightly but the eccentricity plots were indistinguishable. The jump still
occurs, and at exactly the same time. What causes the jump? Is the jump an
artifact of my special choice of high frequency terms or would a similar jump
occur in the real unaveraged problem? The underlying philosophy of this work
is that the presence of high frequencies is important but tneir exact form is not.
There are several cases where this has been shown to be true. For example, in
the presence of a high frequency perturbation the separatrix of a pendulum
broadens into a narrow stochastic layer whose width depends exponentially on
the frequency of the perturbation, butb only linearly on its strength. In order to
help isolate the effect of the high frequencies in the planar elliptic mapping 1
studied the evolution of this same orbit with several different mapping frequen-
cies . The times to first jump, Tjump. are shown in Figure 3. As the mapping

frequency gets higher the time to first jump gets longer. On a logarithmic scale
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the relationship between 7, and (i appears almost linear. One possible expla-
nation of this is that the trajectories undergo a slow diffusion until they get to a
point where jumps occur. If the diffusion rate depends exponentially on the

high frequency, i.e.
D = exp(-afl) (104)

and the distance in phase space that must be covered in order to get the jump is

Az, then the time to first jump would obey the simple diffusion law
Az = DT jymp® = g—ah Fratnn s {105)

which gives

1 o)
2

Tamp = (Az)}"e # , {108)

The line in Figure 3 is a linear least squares fit of the above expression (with
a = 6.27). It thus seems possible that diffusion is present, but it is certainly not
proved. It is also interesting to see how this behavior is affected by varying
Jupiter’s eccentricity. The principal effect is that the height of the spike
changes. Figure 4 shows the results. Finally, 1 verified that qualitatively the
same results are obtained f.or several different choices of the arbitrary phases §;

and v; in Eq. (38).

The fact that this orbit undergoes such an extremely large increase in eccen-
tricity introduces a new possibility for the origin of the 3/1 Kirkwood gap. Tak-
ing into account the secular variations of Mars’ orbit, an asteroid at the 3/1
commensurability need only have an eccentricity of 0.3 to be a Mars crosser.
According to Wetherill(1975) the typical half-life for a Mars crosser is only 200
million years. The half-life for removal from the Kirkwood gap is less than this
since a smaller perturbation or sum of perturbations is required. Thus if large

eccentricity increases are typical for orbits near the 3/1 commensurability, it is
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possible that the gap is cleared by close encounters with Mars. To test this
hypothesis, 1 "integrated” with the mapping a sample distribution of 300 test
asteroids with initial conditions in the neighborhood of the 3/1 commensurabil-
ity for two million years each. In order to get a distribution that would simulate
the real asteroid distribution without a gap, I took the elements of the first 300
asteroids in the TRIAD file with e < 0.3 and with semimajor axes between 0.49
and 0.52 and shifted their semimajor axes so that they ranged from 0.4725 to
0.4875. The resulting distribution of eccentricities and semimajor axes is shown
in Figure 5. Since the mapping frequency does not seem to affect the motion
except to change the rate of diffusion 1 used the relatively small mapping fre-
quency of 1 =14 to speed up any diffusion. I also set Jupiter’s eccentricity to
its maximum, ey = 0.0801734 (see Flummer 1960). Figure 8 shows the initial
conditions of those test asteroids that did not reach an eccentricity of 0.3 in two
million years, i.e. it is the same as Figure 5 but with the Mars crossers removed.
It is clear that a definite gap has been formed. Note that no secular drift of
semimajor axes could be detected. Figures 5 and 6 are snapshots in time of the
distribution. To see what these distributions look like when averaged over time I
again "integrated'" each of the test asteroids for 5,000 years and sampled the
elements at every mapping period (48 years). The results are histogrammed in
Figures 7 and 8. The histograms of Figure 7 show the relative probabilities of
the various ser;ﬂrnajor axes and eccentricities using all the initial conditions of
Figure 5. This histogram of semimajor axes completely demolishes any remain-
ing hopes that the statistical hypothesis is correct. There is only a faint hint of
a dip in the distribution at the commensurability. Figure 8 shows the histo-
grams for the initial conditions of Figure 6. Even after time averaging there is a

definite gap in the semimajor axes.
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Although this is the first real demonstration of the formation of a gap, the
gap is too narrow. The actual distribution of asteroid elements is shown in Fig-
ure 9. The real Kirkwood gap is approximately twice as large. There seem to be
two possible explanations for this discrepancy. Either the "integrations" were
not continued for a long enough time (after all two million years is still short
compared to the age of the solar system) or some important physics has been
left out. There are two possibilities for the latter, the inclinations and the secu-
lar variations of Jupiter’s orbit. In the next section, I will extend the derivation
of the mapping to include both the inclinations and the secular perturbations.

That is, I will derive a mapping for the full resornance Hamiltonian {34).
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V. DERIVATION OF THE COMPLETE MAPPING

The mapping Hamiltonian for the complete resonant Hamiltonian, Eq. (34), is
derived in exactly the same manner as was the planar elliptic mapping Hamil-

tonian. It is

) _
Hy = Z0%% + Fy(z® + y1®) + Fo(z161 - y1m)

+ Fa(za® + y2%) + Fo(zetz — yane)

~ Cy(z1® = ¥1%)2mé2,(0 (t - &1))cose

= Dy(z 1€y + y1m)2mben(Q (¢ — &))cose
= E (&% = m®)2m6.(Q (¢ - ¢a))cose

— Ca(z2® — y2?)2m,(Q (t - &4))cosp

— Do(z otz + y2me)Rmlen(Q (¢ — ¢s))cose
= Ep(£2® — 12%)2m52n(Q (¢ — &))cosy

= 1221y 1R 0gn (1 (¢ — 74))sing

= Dy{z1m1 — y1£1)2m02,(Q (¢ = 72))sing
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+ E 1261127 02:(Q (¢ — 73))sing
= Cp2xay 22702, (Q (£ — 74))sing
= Da(zame — y2£2)2m02,(Q (¢ — 75))sing

+ E22£2mpR1 020 (0 (¢ — 76))sing. (107)

Again, the ¢; and y; are arbitrary. I choose 0= ¢ < &< &< &< < ¢ and

S 71 < 72< 73< 74< 75< 76, and let {g > 0 and ¥y » —~. The secular

-
2(] 2('2

motion between delta functions is

z1(t) = z1(to)cos(RBF ({t - to)) — y1(to)sin(RF((t — tg))

FZ [COS(—Skt o+ (5;:) - COS('Sth + 0 — 2F1(t = tu))] (108)
k

y1{t) = z(to)sin(RF ((t — tg)) + y1{tg)cos(RF (t — to))

d

+ P D [sin(=skt + &) = sin(=spto + 6 ~ 2Fs(t = to))]  (109)
k<0 k

() = 2(to) (110)

p(t) = p(to) + (t — to)ad(to) (111)

The solutions for z3(¢) and yz(¢) are similar to those for z4(¢) and y(¢). The

Hamiltonians during the first and fourth delta functions are of the form

2nC;
H1.4 = = AQ (x?- = yz€)005§9' (112)

where i =1 for Hy and © = 2 for H4. This Hamiltonian is the same as the Hamil-
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tonian during the first delta function of the planar elliptic mapping. Thus the

changes in the elements are

4 Ci

Ay = a:i[cosh(i%gicosga) = 1] = y;sinh( = cosp) {113)
Ay; = y;[cosh( 4?)Ci cosg) — 1] = z;sinh( 4;& cosg) (114)
A® = - zgc,- (22 — y%)sing (115)
and
Ag = 0. (1186)

During the second and fifth delta functions the Hamiltonians have the form

2D,
Hp 5= - AQ ~(z;£; + yiTi)cosp. (117)

Again, i = 1 for Hp and 1 = 2 for H5. Consider just the i = 1 case, i.e. the second

delta function. The equations cf motion are

2nD 1

ity = Aq 71C0se. (118)
i B (119)
. ZTT.DI .
o - (z1¢1 + y1m1)sing, (120)
AQ
and
@ =0. (121)

Let {5 be the time at which the delta function acts. Expanding §; and 7, about

t=t0

E1(to + At) = £1(to) — At Y cp(—sp)sin(=spto + &) + 0 (AL?) (122)
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and

M(to + At) = mi(fo) + At Y cr(—si)cos(=spto + &) + o (AL3).

Substituting these into the equations of motion gives

. 2nD
= 2(2 ~[m(to) + At Yer(-se)cos(=seto + &) + 0(At?)]
and
. _nD
Y1 = =g [6i(to) - At De(-sy)sin(-sito + &) + 0 (A¢9)].

These are trivially integrated to yield

27TD1
AQ

At?
zy{to + At) = z,(¢p) + At m{to)cose(to) + O(T)

and

2nD At®
yito + At) = y1(to) - At—o¢1(to)eosp(to) + o ().

Setting Af = A and letting A » 0 gives the changes in z; and ¥:

27TD1
Azqy = q 71COSQ®

27TDI
Ay, = ——g—¢&cose.

(123)

(124)

(125)

(128)

(127)

(128)

(129)

Substituting Egs. (122), (123), (128) and (127) into the equation of motion for @

gives

: D
¢ =- 220 Lz (to)Es(to) + yaltoymlto)

= At Y e (=sp Mz (Fo)sin(=spto + &) — yi{to)cos(—skto + &)
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+ o {At?)]sing(t,). (130)
Integrating, setting A¢ = 0, and letting A - 0 yields

enD 1

A% = - 0 [z1¢y + y1m]sing. (131)

Since the third and sixth delta functions do not involve z;, y; or ® they can be

integrated without a limiting procedure. The resulting changesin @ are

_2nE; -
o (&° - nP)sing, (132)

AD = -

for i = 1 and i = 2 respectively. The derivation of the changes across the :other
six delta functions are completely analogous. I give only the results. Across the

seventh and tenth delta functions

47 Cy
Az; = z;[exp( ;; L sing) — 1], (133)
4nC; .
by = wlexp(~ sing) ~ 1] (134)
and
4:7TC,:
Ad = g ZiYicose. (135)

The changes across the eighth and eleventh delta functions are

27TD¢

Az; = q §;sing, (138)
Ay; = - zgpi Mising (137)

and
AD = - 27;;91 (i1 —y::)cose. (138)

Finally, across the ninth and tweifth deltas
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4nFEy
AD = - ﬂA L&, mcosp (139)

In the next section I display the results of some calculations using this mapping.
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VI. FULL MAPPING CALCULATIONS

Using the full mapping (1 = 1,4) the same distribution of 300 test asteroids
was ‘integrated" for two million years. The inclinations and nodes were taken
from the TRIAD file as were the eccentricities before. So as not to prejudice the
distribution with one particular set of the starting values for the phases of the
secular terms (see Egs. (30) through (33)), these phases were randomly chosen
for each test asteroid. An asteroid is considered to be a Mars crosser if its
eccentricity ever exceeds 0.3, thus the possibility of correlations among e, i, @
and (] that prevent close encounters with Mars are ignored. The resulting distri-
bution of asteroids that did not become Mars crossers is shown in Figure 10.
The time averaged distributions are in Figures 11 and 12. The gap is only
slightly larger than before (cf. Figures 6 and 8). The inclinations and secular
terms do not seem to make much difference, at least in this two million year
time interval. It remains a possibility that over much longer times more
asteroids will show jumps in orbital eccentricity. The test asteroid that is cir-
cled in Figure 8 was found to have a spike in eccentricity after 18 million years.
This result is encouraging énd indicates that indeed the full width of the gap

might be reproduced if integrations of much longer time could be carried out.



34

VII. SUMMARY AND CONCLUSIONS

The mappings in this paper are models for the motion of asteroids near the
3/1 commensurability. They have the correct secular and long period resonant
terms, but possess false high frequency terms which are similar to high fre-

quency perturbations by Jupiter which have been neglected in previous work.

Mappings are very useful for several reasons. First, they are a very fast (inex-
pensive) method for studying qualitatively what types of motion are possible
near resonances. Second, within their approximations the mappings are more
accurate since they are purely algebraic and hence use the full accuracy of the
computer. "Integrations' using the mapping are thus valid for longer times than
numerical integrations of the corresponding differential equations. Finally, and
perhaps most importantly, the mappings include high frequency contributions
which are usually ignored yet seem to introduce new types of motion, i.e. the
slow diffusion to a region of phase space where large spikes occur in the eccen-
tricity. The discovery of the spikes introduces a new possibility for the origin of
the Kirkwood gaps.The hypothesis is that asteroids near the commensurabilities
undergo large jumps in eccentricity thus becoming Mars crossers. They are sub-
sequently removed from the gaps through collisions or close encounters with
Mars. To test this hypothesis | studied the evolution over two million years of a
distribution of 300 test asteroids with initial conditions near the 3/1 commen-
surability. If Mars crossers are removed, a gap is produced at the proper loca-
tion but it is too narrow, both in the planar elliptic approximation and in the
full three dimensional problem with the secular perturbations of Jupiter
included. There remains the possibility that two million years of evolution is too
short. One orbit near the boundary of the gap in the mapping distribution was

"integrated" for a much longer time and after 18 million years it had a spike in
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eccentricity. This implies that two million years is simply too short a time to see
the full width of the gap open. The difficulty is that even for the mapping 18 mil-
lion years is a long time and it is not clear to what extent the diffusion is due to
the actual dynamics or to roundoff error. Ultimately these results cannot be
believed until the jump and the diffusion to the jump are understood, at least

approximately, in an analytic theory.
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FIGURE CAPTIONS

Eccentricity versus time using the averaged differential equations (in
the planar elliptic approximation) for the initial conditions ® =0,
p=m, Yy, =0 and e =0.05. Here ¢ is measured in units of

10, 000 Ty m 240, 000 years. Ty is Jupiter’s period.

Eccentricity versus time using the planar elliptic mapping for the
same initial conditions as in Fig. 1. As in Fig. 1 the time is measured

in units of 10, 000 7; & 240, 000 years.

The times to first jump (in years) plotted versus the mapping fre-
quency 1. The initial conditions are the same as Figs. 1 and 2.

Jupiter’s actual frequency corresponds to I = 1.

The height of the jump in eccentricity versus the value given to
Jupiter’s eccentricity e;. Froeschlé and Scholl use ey = 0.048.

Jupiter has a maximum eccentricity of 0.0801734.

The eccentricities versus semimajor axes for the 300 test asteroids of

the distribution.

The same as Fig. 5 but with the initial conditions of those test

asteroids that became Mars crossers in two million years removed.

Histograms of the eccentricities and semimajor axes averaged over

5000 years for the full distribution of initial conditions.

Histograms of the averaged eccentricities and semimajor axes for
those test asteroids that did not become Mars crossers in two million

years.
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FIGURE 9 The eccentricities versus semimajor axes for all asteroids in the

TRIAD file with semimajor axes between 0.47 and 0.49.
FIGURE 10 The same as Fig. 6 but using the full mapping.
FIGURE 11 The same as Fig. 7 but using the full mapping.

FIGURE 12 The same as Fig. 8 but using the full mapping.
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FIGURE 3
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ABSTRACT

The resonance overlap criterion for the onset of stochastic behavior is applied to the planar
circular-restricted three-body problem with small mass ‘ratio (u). Its predictions for
1 =10773,10""* and 107 are compared to the transitions observed in the numerically deter-
mined Kolmogorov-Sinai entropy and found to be in remarkably good agreement. In addition,
an approximate scaling law for the onset of stochastic behavior is derived.

I. INTRODUCTION

Is the solar system stable? There is as yet no answer
to this notoriously difficult question, but some important
steps have been made in the study of the stability of dy-
namical systems in the last two decades. Hénon and
Heiles (1964) discovered in their now-classic study that
the phase space of a simple nonlinear Hamiltonian sys-
tem with two degrees of freedom (a model for the motion
of stars in the Galaxy) was divided into regions that
contain quasiperiodic trajectories and regions in which
trajectories have a random character. Subsequent nu-
merical experiments by Hénon (1966), Bozis (1966), and
Jefferys (1966) then verified that the phase space of the
planar circular-restricted three-body problem is similarly
divided. The existence of regions of quasiperiodic tra-
jectories is very important since all such trajectories
possess long-term stability. While there is no rigorous
way of predicting which regions will be stochastic, an
approximate criterion involving the overlap of zero-order
nonlinear resonances has been developed which has had
considerable success in other problems (see Walker and
Ford 1969 and the recent review in Chirikov 1979). The
solar system is far too complicated, though, for a direct
application of the resonance overlap criterion. To get our
foot in the door of dynamical astronomy and gain con-
fidence in the overlap criterion, I begin instead with the
simplest of unsolved problems in dynamical astronomy.
In this paper I apply the resonance overlap criterion to
the planar circular-restricted three-body problem and
compare its results to some numerical experiments.

In Sec. 11, I review the resonance overlap criterion. |
then apply the method to the restricted three-body
problem in Sec. I11. A comparison of its predictions with

-some numerical experiments is presented in Sec. IV. In
Sec. V, I derive an approximate scaling law for resonance
overlap, and in Sec. VI, I state my conclusions.

@) Contribution No. 3390 of the Division of Geological and Planetary
Sciences, California Institute of Technology, Pasadena, California
91125.
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II. RESONANCE OVERLAP AND THE CHIRIKOV
CRITERION

Consider a Hamiltonian of the form

H=Ho(J1J2) + 1 2

i=0 j=—w
X Hij(Jy,J2)cos(ify + jOa), (1)

where 6, are the coordinates canonically conjugate to the
momenta J; and u is a small parameter. One may at-
tempt to solve this problem by first solving the zero-order
Hamiltonian

HS = Ho(J1.J2) + 1 kzo

X Hinkm (J1,.J2)c0os[k(nb) + my)]  (2)

and then perturbing the zero-order solutiens with the
remaining terms. This zero-order Hamiltonian will be
useful whenever the resonance condition

nwi(J1,J2) + mwy(J1,J2) = 0 (3)
is approximately satisfied, where
9(Ho + pHoo)
aJ; ’

since the arguments of the cosines will then be approxi-
mately stationary. I assume » and m have no common
divisors. In terms of the resonance variables

l,b = n01 + m02
and (5)
e = —02/71,

this Hamiltonian assumes the simpler form

wi(J1,J2) = 4)

HO=Hy (V) +p ki Honiom (2, ¥)coskil,  (6)
=0

where

‘I’=J|/n

© 1980 Am. Astron. Soc. 1122
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and '
P =mJ, - nl, (7

are the momenta canomcally conjugate to Y and @, re-
spectively. Since H), has no explicit time dependence
and is cyclic in ¢, the system has two integrals of the
motion, the Hamiltonian itself and ®. Liouville’s theo-
rem (see Whittaker 1961) then guarantees that there is
a canonical transformation to the system in which these
integrals are the new momenta and the new Hamilto-
nian

AS = AS (HY, &) (8)

is cyclic in the new coordinates and thus trivially inte-
grable. The character of the solutions is, however, most
easily obtained by studying the contours of H{), on
surfaces of constant ®. To illustrate this, I make three
51mp11fymg assumptions. The first two are that we can
ignore Hk,z «m for all k except k = 1 and that H,,,
(®, V) is sufficiently well approximated near the reso-
nance by H, ,, (®,¥ ), where ¥ is defined implicitly
by the resonance condition

dHy (P, V)
oV

The third simplifying assumption is that Ho(®,¥) is
sufficiently well approximated by the quadratic terms
in its Taylor series about ¥ = Wg. Under these as-
sumptions the resonance Hamiltonian is approxi-
mately

wy (P, V) = =0.

Y=V¥pr

)

1 82H
2 6‘1’2 V=Yg
) X (\Il - ‘I,R)z + #Hn,m (CI),\I/R)COSl,!/,

HO) ~ Hy(®,¥g) + =

(10)

where the linear term is absent because of the resonance
condition (9). The level curves of this approximate H),
are then explicitly

V= \I’R =+
. 1/2
Hg(r)r)l - HE) (CI),\IIR) = ﬂH;.m(Q,‘I’R)COSKL . (11)
18%Hy
2 9¥2 ¥Y=¥p

Figure 1 illustrates these contours in the Cartesian
coordinates x = (2¥)!/2 cosy and y = (2¥)'/2 siny. In
drawing this figure, I have assumed HE,?,l — Hy (P, ¥g)
and H,,, (®,¥R) are opposite in sign, and have arbi-
trarily restricted ¥ to be greater than zero. The ex-
tremum at the origin is an artifact of this restriction. It
is clear that if a contour does not enclose the origin, then
the angle Y oscillates, whereas if a contour encircles the
origin, ¥ circulates. The oscillation region has been

1123

Fi1G. 1. Contours of the approximate Hamiltonian (10) on a surface
of constant ®. The Cartesian coordinates are x = (2W¥)!/2 cosy and
= (2¥)!/2siny.

shaded in Fig. 1. The contours that form the boundary
of the oscillation region are the so-called separatrices,
which play an important role in the resonance overlap
criterion. For the approximate Hamiltonian (10) the
separatrices are

‘I’S=‘IIR:EA‘I/COS%, (12)

where the resonance half-width AV is defined by

12

AV = 2 .anm (Qr\I/R)
32H

a2

Now, if the three simplifying assumptions leading to the
approximate Hamiltonian (10) are valid, the contours
of the full resonance Hamiltonian (6) will be qualita-
tively the same as those in Fig. 1. For a more general
Hamiltonian than that of Eq. (10), the contours can be
quite different and require a detailed numerical mapping
to determine the oscillation regions.

Having, in principle, completely solved the zero-order
resonance Hamiltonian (6) by reducing it to the form of
Eq. (8), I now ask what effect the other terms in the full
Hamiltonian (1) will have on the unperturbed solutions.
In the system with H{) and ® as momenta, the full
Hamiltonian has the form

(13)

V=¥p

H= oy (HO, &)+ ¥
i=0

X Y Hyj (HE, ®)cos(ih + je),

j:-—m

(14)
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where h and ¢ are canonically conjugate to % and ®,
respectively. If the resonance conditions of this Hamil-
tonian analogous to the resonance condition (3) of the
zero-order resonance Hamiltonian are sufficiently poorly
satisfied and the H;; are small enough, then the Kol-
mogorov-Arnol’d-Moser Theorem (see Moser 1973)
assures us that the motion is still quasiperiodic and only
slightly perturbed. On the other hand, if a second reso-
nance of the original Hamiltonian is “sufficiently close,”
then the motion is more complicated. In fact, there has
been no successful analytic attempt to solve for the mo-
tion under the simultaneous influence of two “close”
resonances, nor is there a rigorous analytic estimate of
what “sufficiently close” means. The basic idea of the
resonance overlap criterion is that two resonances are
“sufficiently close” when a separatrix of one resonance
has crossed a separatrix of the other resonance, i.e., when
the zero-order analysis indicates that two different res-
onance angles both oscillate. Ideally one would map all
initial conditions in the four-dimensional phase space
that lead to oscillation of each resonance angle and then
look for the overlap of these regions. In practice, it is
easier to specify initial values of #, and 0, and then plot
the separatrices for each resonance in the J; — J plane.
The simple example of Walker and Ford (1969) provides
an excellent introduction to this method. Chirikov (see
Chirikov 1979) has developed an approximate criterion.
Chirikov first calculates the half-width of each resonance
by Eq. (13), having made all three assumptions leading
to the approximate Hamiltonian (10) and implicitly
choosing 0, and 8, for each resonance to give the maxi-
mum width. He then calculates frequency half-widths
by the approximate relation

8w1

Aw§ 2 —
= oV [v=v,

AV, (15)

with the frequencies of Eq. (4). The superscript identifies
the resonance under study. The half-widths of nearby
resonances are then compared to the separation of the
resonance centers,

dwit = |wf — wh]. (16)
If both inequalities

Aw? + Awb > dwit
and (17)

Awl + Awb > 6wt

are satisfied, then there is resonance overlap. This then
is Chirikov’s approximate criterion. In Sec. 11, I apply
the resonance overlap criterion to the restricted three-
body problem.

I1I. RESONANCE OVERLAP IN THE RESTRICTED
THREE-BODY PROBLEM

In terms of the Delaunay canonical elements (see, e.g.,
Brouwer and Clemence 1961), the Hamiltonian for the

1124
planar circular-restricted three-body problem is
(—p)
H = -R
JLe ’ (1)
where
R=uY 3 KU cosNG» (19)
i=0 j=—w
and
NN =i+t ~g). (20)

I have chosen units so that the product of the gravita-
tional constant and the sum of the two masses is unity
and the separation of the two masses is also unity. In
these units the secondary has mass u, which I assume is
small compared to unity. In terms of the usual osculating
elliptic elements, the canonical momenta are L = [(1 —
w)al'/2and G = [(1 — w)a(l — e2)]'/2, where a is the
semimajor axis and e is the eccentricity. Their conjugate
coordinates are the mean anomaly / and the angle of
periapse g, respectively. K-/ is a function of L and G,
and ¢ is the time. A resonance occurs when one of the
cosine arguments is nearly stationary. Since this Ham-
iltonian is time dependent, the resonance condition as-
sumes a slightly different form,

0= —sw/(L.G) + (s + s")[1 — wo(LG)], (21)

where s and s’ are integers and the frequencies are de-
fined in the usual way:

0= =p)? " 00
w) = 3L 512 ukK (L,G)
and (22)
f¢)
= Z[—uK©0 (LG)].
We 60[ M ( )]

If we ignore the terms proportional to u, we get the ap-
proximate resonance condition

0=—s/L3+ (s + '), (23)
or, in terms of the semimajor axis,
Qggr = [S/('S o S,)]z/B- (24)

Poincaré (1902) was the first to study motion near a
resonance in the restricted three-body problem by means
of a zero-order resonance Hamiltonian of the type dis-
cussed in Sec. 11. I perform a canonical transformation
to the Poincaré resonance variables, as generalized by
Woltjer (1923) and Hagihara (1943),

e=l+g—1t
and (25)
Y==sl+ =+ —g)
via the generating function
F=[=sl+(s+s)t—-g) ]V +[I+g—1]P (26)
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Their respective conjugate momenta are
’ o
&= (s+s )/L sG
s
and 27
L-G
s’

¥ =

In terms of the osculating elliptic elements, these are

P (s +57) —s(1 —e2)1/2
®=[(1 #)a]Vz( o )

= [(1 = w)a]/? [1 + i,e2 + o(e“)]
2s

and
¥ =[(1 = pa]'2[1 = (1 = €)'/?]

= [(1 = wa]'2 [% + oe?)

The new Hamiltonian is

oF (1 — p)?
H=H+—=—-——"*°"—
ot 2(P —s¥)?
+(G5+s)YV-P—-R, (29
where R is to be written in terms of the new variables.
In particular,

NG = (‘“‘ Teed ‘b) +j (¢ *s',s‘p)- (30)

Note that this new Hamiltonian is explicitly time inde-
pendent and is thus an integral of the motion. In terms
of the Poincaré variables, the resonance condition is

wy =2 [0 =
TV 2(d = 502
+(s+s’)\I/—CI>—yK(°'°))=O.' (31)

(28)

The term uK(©9 only shifts the position of the resonance
by a quantity of order u and will be ignored in the rest
of this paper. The zero-order resonance Hamiltonian
must contain all those terms with nearly stationary
arguments, i.e., those independent of ¢. Inspection of Eq.
(30) reveals that the terms independent of ¢ satisfy

js=—i(s+s), (32)
and that for these terms,
cosNlis.=ils+s] = cogiif. (33)
If we define
K; = Klis.—i(s+s)], (34)

then the zero-order resonance Hamiltonian is

HO = —(1 = p)?

2(q>_s\ll)2+(s+s’)\ll

-d—pu i K;cosiy. (35)
i=1

1125

b Q)

X

max

F1G. 2. Contours of constant H on a surface of constant ® for &
< @,. The extremum is marked by a cross (X). The region in which
W oscillates is shaded. Also shown is a plot of H} along the x axis
which illustrates the definition of xnax.

[ will be primarily interested in direct motion inside the
secondary (a < 1) with small eccentricity (e < 0.15).
Because K; « eils'l and s’ > 1 when a < 1 (see Brouwer
and Clemence 1961), the most important resonances are
those with s” = 1. I will consider only the s” = 1 reso-
nances. This greatly simplifies the application of the
resonance overlap criterion.

The contours of constant H® on surfaces of constant
® have been studied many times (see, for example,
Schubart 1964, Message 1966, Jefferys 1966, and Wie-
sel 1976). Here I will only review the results of these
discussions and mention some new features. For a given
resonance there are three critical values of ® which
separate qualitatively different types of contours. Figures
2 through 5 illustrate the contours for these four regions.
The Cartesian coordinates are x = (2¥)!/2cosy and y
= (2¥)!/2siny. Extrema are marked by a cross (X);
points at which contours cross are saddle points. Extrema
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Y
D <D< D,

©)
b Hg

F1G. 3. The same as Fig. 2, but for ®; < & < &,. There are now two
oscillation regions, two extrema, and a saddle point. X may is defined
as before.

and saddle points in the zero-order Hamiltonian corre-
spond to stable and unstable periodic orbits, respectively,
in the full problem (see Message 1966 for a discussion).
Though all the contours are symmetric about y = 0, it
is not obvious from the form of the Hamiltonian that all
the extrema and saddle points lie on the x axis. That this
is in fact the case for a < 1 was shown by Message
(1958). The behavior of the contours is thus completely
characterized by plots of H'Y along the x axis, which are
also illustrated in Figs. 2 through 5. The regions in which
Y oscillates are shaded. For & < &, there is only one
extremum for which ¢ = 0, and only one oscillation re-
gion. The separatrix is that contour which passes through
the origin. It crosses the x axis again at Xmax =
(2W ax) /2, where W . is obviously defined by

HE (®,¥ = 0) = HY (2, ¥max, ¥ = 0).  (36)

This is illustrated in Fig. 2. As ® is increased to ®;, a
cusp appears which bifurcates into a saddle point and an

1126

extremum for &, < & < (1 — u)!/2. @, is near but not
identical to ®;, which satisfies the modified “resonance
condition”

—s
33
This interval in @ is further subdivided by ®,. Let ¥,

denote the value of W at the saddle point. The interval
P, < P < P, is then characterized by the relation -

and is illustrated in Fig. 3. There are now two oscillation
regions. The region that includes ¢ = 0 is simply a con-
tinuation of the oscillation region for ® < ®;. x .4 is
defined in the same way as before. When ® is greater
than ®,, inequality (38) is no longer satisfied and the
contours change somewhat (see Fig. 4). The Y = 0 os-
cillation region now has both an x,;; and an x,,. The

0= wylyeo= =3+ (s + 1). (37)

Bp<p<(l-p )2 1

(0)

min max

FIG. 4. The same as Figs. 2 and 3, but for $, < ® < (1 —u)!/2. The
oscillation region that includes ¢ = 0 no longer extends to the origin.
The definition of X, is illustrated in the plot of Hf‘?)(;' =0) vs x.
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contours for ® > (1 — u)!/2 are illustrated in Fig. 5.
They are complicated by the appearance of a singularity
near the origin. The extremum with { = 7 disappears
and a new saddle point appears with y = 0. Near the
singularity one does not expect the zero-order Hamil-
tonian to represent the motion accurately, so this region
has been hatched.

The appearance of a new saddle point is quite inter-
esting and has never been mentioned before. As I said
above, saddle points correspond to unstable periodic
orbits. Thus, this new saddle point corresponds to a new
analytic family of periodic orbits in the restricted
three-body problem. Colombo et al. (1968) have nu-
merically traced out some families of periodic orbits.
They found that for some periods there are two periodic
orbits, whereas the usual perturbation theory (see, e.g.,
Message 1966) predicts only one. The appearance of this

(I-,u.)l/2 <d

FiG. 5. The same as Figs. 2 through 4, but for (1 — u)'/2 < ®. xpin
and xmax are defined as before. There is now a new saddle point with
x > 0. Near the origin the zero-order resonance Hamiltonian does not
represent the motion accurately, so this region has been hatched.
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FI1G. 6. A comparison of the analytic periodic orbits, including those
of the new saddle point, to the periodic orbits found numerically by
Colombo et al. ap and e are the semimajor axis and eccentricity, re-
spectively, at periapse on the line of inferior conjunction.

new family then completes their theoretical explanation.
Figure 6 compares the analytic periodic orbits to those
found numerically by Colombo et al.

Rather than study the libration regions in the entire
four-dimensional phase space of initial conditions, I re-
strict my attention to the initial angles /o = 0 and gg =
0, i.e., I study the motion of test particles started at
periapse on the line of inferior conjunction. It is clearly
possible, though, to repeat my analysis for any choice of
initial angles. The initial angles /o = go = 0 are especially
easy to analyze since the initial resonance angle ¥ is
then zero for all resonances. Given particular values of
ao and eo, one can calculate ®4 and ¥, through Egs.
(28). The test for resonant oscillation when Yo = 0 may
then be summarized as follows: If 5 < ®,, then Y os-
cillates if Vg < W .x (Po); if Do > P,, then Y oscillates
if Wnin ($0) < ¥y < Vinay (Po). I have used this test to
solve numerically for the separatrices in the cases u =
1073, 1074, and 1073, I kept only the i = I term in the
resonance Hamiltonian (35) and included in it all terms
through cubic in the eccentricity (see Brouwer and
Clemence 1961). The separatrices of the s =3and s =
4 resonances for u = 1073 are plotted in Fig. 7. The
combination 1/(ag*? — 1) is equal to s when ap = aj;.
The two separatrices for each resonance have been
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FI1G. 8. The oscillation regions for u = 1073, The two boundaries of
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or more resonances overlap are shaded.
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FI1G. 9. The same as Fig. 8, but for u = 1074,

plotted in the same line style and the oscillation regions
are labeled. The overlap of these two resonance oscilla-
tion regions is obvious. Figures 8-10 then show the
complete diagrams for the secondary masses u = 1073,
1074, and 10~°, While each oscillation region can be
found by looking for two nearby lines with the same line
style, for clarity only the overlap regions have been
shaded. The resonance overlap criterion then predicts
that initial conditions chosen from the unshaded regions
will lead to quasiperiodic motion and those chosen from
the shaded regions will lead to motion with a random
character. In Sec. IV, I compare these predictions to

some numerical experiments.

IV. EXPONENTIAL SEPARATION AND THE
KOMOGOROV-SINAI ENTROPY

There are two numerical tools to determine whether
or not motion is quasiperiodic. The most intuitive is the
Poincaré surface of section (see Hénon and Heiles 1964).
In this method a two-dimensional surface is chosen in the
four-dimensional phase space. The equations of motion
are then numerically integrated and each crossing of the
surface is recorded. If the motion is quasiperiodic, there
are two constants of the motion that constrain these
crossings to lie on a “simple’ curve. If the motion is not
quasiperiodic, it is free to roam over some area of the

surface. This was the method used by Hénon (1966),
Bozis (1966), and Jefferys (1966) in their studies of the
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FI1G. 10. The same as Figs. 8 and 9, but for u = 1075,

restricted three-body problem. This method suffers from
the criticism that there is no way to tell whether the
crossing points are “random” (i.e., unconstrained) or
whether the calculation of more points would reveal that
they all lie on a “simple” curve. A more quantitative
method, requiring far less computer time, studies the
separation of initially nearby orbits with the same value
of the (time-independent) Hamiltonian. It has been
found (see Chirikov 1979) that in phase space such orbits
separate exponentially in the ‘“‘stochastic” regions and
approximately linearly when the motion is quasiperiodic.
This is the method I used to study the restricted three-
body problem. I examined the separation of nearby orbits
for the same secondary masses, u = 1073, 1074, and
1073, as were studied in Sec. I11. [ chose the initial ec-
centricities eg = 0.05 and e¢ = 0.10. Initial semimajor
axes ag were chosen to span the ranges studied in Sec.
II1. Of course /g and gg are zero in all cases. If we con-
sider the system in a rotating frame of reference in which
the two masses are stationary, the test particle is started
at inferior conjunction with a velocity perpendicular to
the line of conjunction. Its partner is also started at in-
ferior conjunction but 1077 closer to the larger mass,
with a velocity perpendicular to the line of conjunction
chosen so that the values of the Hamiltonian for the two
particles are the same. The equations of motion in ro-
tating (synodic) Cartesian coordinates (see Brouwer and
Clemence 1961) were then numerically integrated using
the algorithm of Bulirasch and Stoer (1966). As is cus-
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tomary for numerical integrations of the restricted
problem, the accuracy of the solution was monitored by
the variation of the Hamiltonian. In all cases presented
here the Hamiltonian never varied by more than ~10~10
from its initial value and usually varied by only ~10~!!
or 10~!2. Figure 11 presents a typical example of what
the phase space separation as a function of time looks like
in a quasiperiodic regime [u = 1074, eg = 0.05, 1 /(ag>/?
— 1) = 6.5]. Figure 12 is typical of the exponential sep-

-aration in a “stochastic” region [u = 1074, ¢ = 0.05,

1/(a3®/? — 1) = 7]. Note the logarithmic scale in Fig.
12. The rate of divergence can be quantified by fitting
in a least-squares sense, the form

d(t) = doexp(hyt) (39)

to the phase space separation as a function of time, with
do equal to the initial separation. This leads to

; tiIn(d(,)/do)

h2= Zt’?-

(40)

Every point calculated in each numerical integration up
t0 1 = fmax is included in the corresponding sum. The
following values of 7,,,x were used: for u = 1073, 7,124
200; for u = 1074, #,,x = 250; and for . = 1075, ¢ 0y =
300. In an exponential regime, A5 should be almost in-
dependent of 7,4 (until the separation of the two par-
ticles is of order 1), whereas in a linear regime A, should
decrease approximately as In(Zmax) /! max. The quantity
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h is quite closely related to the Kolmogorov-Sinai en-
tropy &, which is defined by (see Chirikov 1979)

h= (;grg) p (lnd)> (41)

where the brackets denote an average over the trajectory
and d(t) is assumed to be infinitesimal. Figures 13-15
present the results of these calculations. Though the
scatter in these plots is fairly large, there is quite clearly
a critical value of ag in each such that for ag = a@critical,
h, increases sharply. Figure 16 compares these critical
values of ag to the predictions of Sec. II1. The bars mark
the predicted locations of the stochastic instabilities as
given by the resonance overlap criterion. The left edge
of each bar is the point at which overlap first occurs (for
increasing ao) and the right edge is the point beyond
which there is only overlap. In each of the three cases
studied, the observed instability occurs within the pre-
dicted region. Thus the resonance overlap criterion seems
to work very well in the restricted three-body problem.
In Sec. V, I derive an approximate criterion for reso-
nance overlap which is valid for all u << 1.

V. SCALING LAW

Though the specific approximations leading to the
Chirikov criterion are not valid in the restricted three-
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body problem, the intuition gained in the numerical
study of the separatrices allows us to derive, in the spirit
of Chirikov, an approximate criterion for resonance
overlap. First, it is clear that no unique widths in semi-
major axis can be assigned. For small eccentricity (eg <
©!/2) the oscillation regions are quite broad and there is
overlap at most semimajor axes. For eccentricities
greater than ~u'/2, the oscillation regions are somewhat
more localized in semimajor axis, yet still not uniquely
defined. We can characterize the half-widths, though,
as the separation of the rightmost (ap > ay;) boundaries
at eg = 0 from a;;. I call this semimajor axis a, since $
(ay, eg = 0) = P,. I turn then to the calculation of an
approximate expression for ®,. Expanding the resonance
Hamiltonian (35) about ¥ = 0 and retaining only the
quadratic terms, one gets

1
HY = - 35

232 <I>)+(<I)3+(s+ 1))

% (’qu ) W2 — uKcosy. (42)

I have used the fact that for small ¥ (small eccentricity)
the sum in Eq. (35) is well approximated by the single
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while points with initial eccentricity eg = 0.10 are marked by a plus
(+).
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term i = 1. Further, for sufficiently small ¥ and ® < (1
— w)!/2, K, is well approximated by

K, ~ (Q2W¥)2 B, (P,V¥ = 0). (43)
Changing to the Cartesian variables x = (2¥)!/2 cosy
and y = (2¥)!/2 siny, the approximate Hamiltonian
(42) becomes, for y = 0,

H§?)@=0)z(—§5—<l>) (q)3+(s+l))

—352| x4
( = ) — uxBy(®,¥ = 0). (44)
The extrema of HY(y = 0) in this approximation can
be found by solving the cubic equation

HPp=0) _1 (-—332) 3

0= ox P4

+ (c]>3 + (s + l)) —uB;(®, ¥ =0). (45)

First note that for & < ®, there is only one root; thus this
&, approximates the ®, of Sec. I11. If we define

0P, =9,/P; — 1 (46)

and ignore terms of order 6®; compared to unity, it is
easy to show that for large s,

Py = (|uBs|)3 (3/8s)'/3. (47)
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For ag near unity, B; is well approximated by

—(s+1)
T

Bg(ag) ~ {2Ko[(s + 1)(1 — ag)]

+Kil(s+ 1)1 —ao)l}, (48)

where K¢ and K are the modified Bessel functions. This
expression is evaluated at ap = a;; ~ 1 — 2/[3(s + 1)].
Equation (47) is then

0P, ~ 0.62u2/3s1/3, (49)
This result justifies the statement in Sec. III that ®, is
near ®;. &, is determined by the condition

H§(|)) (q>2’ \I,Spv ¢ = 71') = H.(S(l)) (¢2’ V= 0)7 (50)

i.e.,

I (—3s2

x3 3 _ x _
0—5 q)2)4+2(s+1)6<1>2:2 uB (s, ¥ =0).

(51)
This equation, along with Eq. (45), allows us to solve for

the two unknowns:
xep(P3) & —~1.02p1/35=1/5,

0P, ~ 0.79u2/3 s1/3, (52)

where @, = & (1 + 69,). From the expressions (28) for
the Poincaré momenta in terms of the osculating elliptic
elements, we see that

D ~ (ag)!/2 (1 + sx2/2). (53)

The half-width of a resonance is then characterized
by
0a; = arfag — 1 ~ 209,. (54)

Equating twice this width to the separation of resonances
in ag, which is approximately

Aa =~ 2/3s2, (55)

I derive an estimate of when resonances should begin to
overlap:

(56)

Equation (56) is plotted in Fig. 13. Since the width of a
resonance (in ag) increases as eg increases, Eq. (56) is
expected to overestimate Soverlap-

Soverlap = 0-5”‘_2/7-

V1. CONCLUSION

A histogram of the number of asteroids versus semi-
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major axis (see, for example, Froeschlé and Scholl 1979)
reveals a precipitous drop in the number of asteroids with
semimajor axes outside the 2/1 resonance. This fact led
Lecar and Franklin (1973) to hypothesize a dynamical
origin for the absence of asteroids in this region. To test
their hypothesis they integrated 260 test objects dis-
tributed uniformly between 0.55a, and 0.85a;, where
ay is Jupiter’s semimajor axis, with eccentricities be-
tween 0.0 and 0.3. They found that objects started ex-
terior to 0.85a; were “ejected” immediately and that
within the 200 Jupiter revolution time span of their in-
tegrations, the region outside the 3/2 resonance was
cleared, except for some objects at the 4/3 resonance.
The region between the 2/1 resonance and the 3/2 res-
onance, however, remained well populated. They sug-
gested that longer integrations might deplete this region.
To test this hypothesis Froeschlé and Scholl (1979)
performed a similar experiment covering a time span of
10° yr. The region was still not sufficiently depleted. In
addition they found that after 60 000 yr no more objects
escaped. Since the secular perturbations of the planets
cause variations in the orbital elements with time scales
of order 10 yr or longer (see Brouwer and van Woerkem
1950), it may be necessary to extend these numerical
experiments to several million years before they capture
all the dynamical features that are present. The extension
of these calculations to much longer times, though, ap-
pears to be prohibitively expensive. Even if their nu-
merical experiments had depleted the region outside the
2/1 resonance, we would have wanted a qualitative un-
derstanding of those dynamical features which led to the
instability. The failure of the numerical experiments and
the cost of extending them to the required time span
heightens the need for a qualitative understanding of the
instabilities in asteroidal motion. This paper constitutes
a first step towards this qualitative understanding. I have
applied the resonance overlap criterion to the planar
circular-restricted three-body problem and compared
its predictions to some numerical experiments. Since the
predictions are in remarkably good agreement with my
numerical experiments, great confidence has been gained
in the usefulness of the resonance overlap criterion for
obtaining a qualitative understanding of the instabilities
in the solar system.

It is a pleasure to thank Peter Goldreich for valuable
advice and helpful criticism. This work was partially
supported by NASA Grant NGL 05-002-003.

REFERENCES

Bozis, G. (1966). Astron. J. 71, 404.

Brouwer, D., and van Woerkom, A. J. J. (1950). Astron. Papers of the
American Eph. 13, 81.

Brouwer, D., and Clemence, G. M. (1961). Methods of Celestial
Mechanics (Academic, New York).

Bulirasch, R., and Stoer, J. (1966). Numerische Math. 8, 1.

Chirikov, B. V. (1979). Phys. Rep. 52, 263.

Colombo, G., Franklin, F. A., and Munford, C. M. (1968). Astron.
J.73,111.

Froeschlé, C., and Scholl, H. (1979). Astron. Astrophys. 72, 246.

Hagihara, Y. (1943). Jpn. J. Astron. Geophys. 21, 29.

Hénon, M., and Heiles, C. (1964). Astron. J. 69, 73.

Hénon, M. (1966). The Theory of Orbits in the Solar System and in
Stellar Systems, 1AU Symposium No. 25 (Academic, London),



65

1133 J. WISDOM: STOCHASTIC BEHAVIOR... 1133
p. 157. Poincaré, H.'(l902). Bull. Astron. 19, 289,

Jefferys, W. H. (1966). Astron. J. 71, 306. Schubart, J. (1964). Smithsonian Astrophys. Obs. Spec. Rep. No.

Lecar, M., and Franklin, F. (1973). Icarus 73, 422. 149.

Message, P. J. (1958). Astron. J. 63, 443. Walker, G. H., and Ford, J. (1969). Phys. Rev. 188, 416.

Message, P. J. (1966). The Theory of Orbits in the Solar System and ~ Whittaker, E. T. (1961). A Treatise on the Analytical Dynamics of
in Stellar Systems, AU Symposium No. 25 (Academic, London), Particles and Rigid Bodies, 4th ed. (Cambridge University, Cam-
p. 197. _ bridge, England).

Moser, J. (1973). Stable and Random Motions in Dynamical Systems ~ Wiesel, W. E. (1976). Celestial Mech. 13, 3.
(Princeton University, Princeton, N.J.). Woltjer, J. (1923). Bull. Astron. Inst. Neth. 1, 219.





