PARTIAL DIFFERENTIAL AND DIFFERENCE EQUATIONS

Thesis by

E. Leonard Arnoff

In Partial Fulfillment of the Requirements
for the Degree of

Doctor of Philosophy

California Institute of Technology
Pasadena, California

1952



ACKNOWLEDGEMENTS

The author wishes to express his profound gratitude to
Professor H. F., Bohnenblust for proposing the problem upon
which this thesis is based, for his most valuable suggestions
and criticisms, for his patience, and for the generous as-
sistance which he has given during the development of this
thesis.

In addition, the author wishes to take this opportunity
to offer solemn thanks to his wife for her unceasing inspi-

ration, understanding and devotion during these past years.



ABSTRACT

In this thesis, general conditions on the coefficients of
difference equations are obtained which insure the convergence
of solutions of these difference equations to the solutions of
the corresponding partial differential equations. A general
method which is applicable to a wide variety of partial differ-
ential equatioﬁs is presented here, However, in order to
simplify the presentation of this method and to leave out calcu=-
lations which are not essential to the description of the method,

the discussion is centered about the partial differential

equations
du _ .Qu 'azu._ 32u
ﬁ—-Oﬁ and —;2-3;2

The treatment of these simpler problems then serves to indicate

the method for more general problems,
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INTRODUCTION

In many cases it is practically impossible to solve an
initial value problem for a partial differential equation exactly,
although it can be proved that the exact solution does exist and
is uniquely determined., Therefore, the partial differential
equation is very often replaced by a difference equation which is
easier to solve (and which, incidentally, furnishes an approxi-
mation to the solution of the original problem)., The properties
of the differential equation are then, under certain assumptions,
determinable if one lets the solution of the corresponding differ-
ence equation converge towards the solution of the differential
equation by refining the width of the mesh of the underlying
lattice.

In the case of elliptic partial differential equations, one
has simple and extensive convergence conditions which are inde-
pendent of the choice of the underlying lattice, but, in the case
of the initial-value problem of hyperbolic partial differential
equations, convergence is, in general, present only when con-
ditions on the mesh-width of the lattice satisfy certain ine-
qualities which are determined by the location of the character-
istics of the lattice.

Courant, Friedrichs and Lewy [1] have treated initial-

value problems of linear hyperbolic differential equations and
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have shown that, under certain assumptions, the solution of the
difference equation converges toward the solution of the corre-
sponding differential equation by refining the width of the

mesh of the underlying lattice., In particular, they have treated

the wave equation

32u= 3211,
xe ol

where they take a rectangular, axially-parallel lattice as a
basis, whose temporal mesh width is h and whose space mesh is
Xh, with % constant. For this equation, they then show that
in the case X < 1, if one allows the mesh-width h to decrease
towards zero, the solution of the difference equation cannot in
general converge to the solution of the differential equation. On
the other hand, if & > 1, they show that convergence will occur.
In other words, given any partial differential equation, it can
be approximated by many different difference equations; however,
as cited above and as shown by many others, only some of these
difference expressions will work - that is, in only certain cases
will the solution of the difference equation converge to the
solution of the corresponding differential equation, This raises
an interesting question which motivates the problem upon which
this thesis is based, namely, to try to understand why some
difference patterns work (in the sense just mentioned) and why

others do not.



In this thesis, then, we would like to obtain various
general conditions on the coefficients of these difference
equations under which such a convergence is possible, While
a general method will be indicated here, the discussion will

be centered about the partial differential equations

ou du 2 2
27u _ 0%u
oy 9x ox ayz

in order to simplify the presentation, The treatment of these
simpler problems will then serve to illustrate the method for
more general problems, In particulaf, the method presented here
strongly indicates a suitable technique for the treatment of the
homogeneous, linear partial differential equation

53 2% 22

9x Xy oy
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CHAPTER I
STATEMENT AND DEVELOPMENT OF THE PROBLEM

Here, in this thesis, we will consider difference equations

of the form

2. a

r,s

- u(x + rh, y-sh) =0 ,

and our general problem will be to determine sufficient conditions
on the a.g under which solutions of the difference equations
will converge to the solutions of corresponding partial differ-
ential equations.

Now, a difference equation of the form

(1) rz,:s a.g u(x + rh, y-sh) =0

is said to approximate a partial differential equation of the

form

(2) L A 0 =0
ik "1 Tl

if
2 a.g u(x + rh, y=-sh)

(3) lin 223 -
h+0 h

tends, for u sufficiently smooth, to

k
i & ——r—ja 2 .
idj=k 9 dx dy



Hence, the difference equation, Eq. 1, will tend to the partial
differential equation, Eq. 2, if certain moment conditions are
satisfied. Here, in this thesis, we are interested in the homo-

geneous, linear partial differential equations

33 =0e 2-‘: and —'a-% = 2u 2
oy ax ox ayz
du Ju
Thus, for the first differential equation, namely, a—- =C —,
y 9x
the resulting moment conditions are
- n
i) Z hy ™ 0
r;s=0
(L) A
> N
ii) ra_=c¢c¢ s a o,
L r;s=0 . r;8=0 e
while for the partial differential equation —za Zu = ___Ebzu the
ox oy ’

moment conditions are given by

n
( 1) 2 a, =0
r;s=0 e
n n
ii) ra_= Z‘ sa_=0
r;s=0 . r;s=0 =
(5) n
151} Z: rs a. = 0
r3;s=0
1, 2 2, 2
iv) 2, rTa, =- Z sa # 0.

z
i
o
i



Now, since, in this thesis, we only wish to discuss initial-
value problems for our partial differential equations, and since
we want difference patterns which will enable us to determine
uniquely the value at any given point in terms of the values at
points situated on preceding rows, we restrict ourselves to such
difference patterns which have but one non-zero point on the "top"
row. In fact, since our difference pattern can always be
normalized, we can then say that we will restrict our consider-

ations to those difference patterns such that

s<0

( i) a_=0 i‘or{s>n,

rs

(6) { 1) a_ =1

00

iii) a, =0 for r #0.

\

Moment conditions (4) and (5) are then given by
n

i) 2_ Koy = =1
(M) g n

ii) E1ra =c

s a 0
r;8= rs r;a=] rs # 0.

and

i) Z‘l a =1
n n
(8) 1) Zi rea_ = 2



n

(8) { iii) Z rsa, =0

r;s=1

n no,
L iv) > r ars=-§_1s arspéo,
s5=

r;s=l| r;

respectively, or, when we let brs == a,, are given by
n

1) r;sZ;1 hrs:‘l
(%) n n
i) 21 rb_=c Y] sb__#0
ja=

and

]

o’
i

o

i) )7 rb_
s3=1
(10) Ir;s

n
iii) 2I rsb _=0
r3;s=l ve

2 2 5 2
\ iv) 27 r b ==~ 21 s b.g #0 .
r;s=l r;sal

respectively.

With these conditions on the a5 We now set up a general-
ized difference pattern whereby we extend our lattice of points
to one consisting of continuous rows and, instead of speaking of
the values of the coefficients at discrete points, we consider

functions of bounded variation defined over these rows.*

*
The use of these functions of bounded variation will simplify
greatly the notations and computations to be presented here.



Generally speaking, we consider a sequence of functions of
bounded variation, Fs(x), defined over the rows of the lattice

such that™
1) Fs(x) =0 , x<=-A , A constant

(11) ii) Fs(x) =Cg x2A o, cg constant

iii) Fs(x) of bounded variation, s =1,2,...,n.

Our moment conditions then become

n

1) N [ @ x) =1
(1 2) 8= =o
. n ) n ©
0 B Jrownso § Jrawse
and z
n
(1 X _[ dF(x) =1
S=| =
n . n -]
i) 2! Ix dF (x) = 2 ] s dF (x) =0
iii dF_ =0
n o n o
iv) Z f X2 dF (x) = - Z J s° dF(x) #0,
L 8=] ww S=} =
respectively.

* We could also define Fo(x) in terms of

1, r=o
0, r#o,

but, at least for the present, this would be a pure luxury.

—
=

a'I‘C)



In terms of these functions of bounded variation, Fs(x) 3

our difference equation (Eq. 1) is now given by

n @
(1L) il k) = 2:; [ uex+ £ h, mh - sh) dr,( f ).
s=

In general, we would not be able to guarantee the existence of
such an integral. However, in this thesis, we are interested in
difference patterns which have a fixed finite width (See Eq. 11).

Thus, for our considerations, u(x,mh) can be expressed as
1 A

(15) a(xeh) = 3 J utx + §n, mh - sh) E (5) ,
s=| -A

and, here, the existence of the integrals is insured once and for
all since we have functions of bounded variation, Fs(x), a
continuous function, u( g ), and a finite range of integration,
(-a,4).

As initial conditions, we are given the functions vr(x)
which are continuously differentiable, r = 0,1,...,(n-1), and

which are given in terms of u(x,mh) by

(V) = u(x,0)

vi(x) = ¢ {ulxh) - u(x,0)}

(16) ﬂ v,(x) =15 {u(x,2n) = 2u(x,h) +u(x,0)}
h

L]

A (x) = ;}I:T { u [x,(n-1 h] - (n;‘l’u [x,(n-Z)h]

+ (n-2-1 Ju [x, (n=3)h7] = .u0 +
\ + (D™ @) u (x,0) I .




=

That is, for 0 s m = (n-1), our given initial conditions are:
(7) wx) =k 31T (™ u [z, @]
m o : ’
h™ r=o

In terms of these initial conditions, we can immediately solve

for u(x,mh), O = m < n-1, obtaining

(18) u(x,mh) = r2=:'o ) n¥ v (x), Osm=nd,
or since () =0 for r >m,
n-1
19) u(x,mh) = z (:) n* v.(x), 0=<m =(n-1),
r=0

For m = n, however, our difference equation will be of the form”
n—1 ®

20 ,mh) = /, " h) dF , ;
(20) u(x,ah) Ié;i V(x4 ¥h) &, (F), mzn

where F_ ( { ) is the convolution function defined by"
3

' n p
@) R (§)% % [ r

@

Although, in general, we would have a question regarding the
existence of the integrals of Eq. 20, we will have no problem
here since the v (x) are continuous functions by hypothesis,
since hrFm r( i )¥ will be functions of bounded variation, and
since the donsideration of difference patterns of finite width
will give us a finite range of integration,

** For a discussion of the existence of convolution integrals,
the reader is referred to such books as Cramér (Ref. 2) or
Widder (Ref. L), p. 83 ff.
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Def. 1: The CONVOLUTION of Fy (x) and Fz(x) is the function

(22) F(x) =fF1 (x=z) sz(z) =f Fz(x-z) dF1(z)

-o0 =00

and is denoted by

(23) F(x) =Fy(x) ® Fy(x) =Fy(x) @ Fy(x).

Now, we would like Eq. 20 to hold for all m. Hence, we rewrite

the expression for u(x,mh), as given by Eq. 19, as

n—‘l n—1 0
(2)  u(x,mh) = rZ=.'O @ 0w = 2 _[ b v (x4 $h)+ (B)aT ( §)
where
0 , g <0
(25) I(§) = { .
1 s §20

Thus, comparing Eq. 20 and Eq. 24, we see that

(26) Far(§) =@ I(f), m=01,.0,(01)
Then, combining the above results, we have
n-l o
(27) u(xan) = 20 [0 v (x4 fu)ar, (5,
rsp = ’

where



o1 2

® 1,0§) ,0=ms(al)
(28) Fm,r(g) = n o
Z f FS(F-?)dFm-s,r(z)’ =Ry
S=1 -0

or, when we make the change of variable % = f’ h and let

O (5) 5 Fy (3/m)

(29)
G (5-7) =  F(G-v/m),
we obtain
n-1 @4 ”
(30) aGem) = % _J; W ov(x + §) g (5 ),
where

(@) 1.(§/4), 0= m =(n1)
G 6y, (3) = Fp,o( §/) =

Gg(f-7) m—s,r('z)’

LM
ds

m z n,

\

Thus, our problem - namely, to determine conditions under
M- o
which u(x,mh) will tend to the proper limit as {h-» 0 is
mh » y
related to the question: when will her r( f’ ) tend to the proper
mo r
limit as { ha 0, for r =0,1,...5(n-1)s However, to answer
mh » ¥y
that question, we will, in turn, consider the so-called character-

istic functions of the functions of bounded variation P r(xh)

(and, hence, Gm’r(x) )e



e

Def. 2: Let F(x) denote a function of bounded variation and t

itx

a real variable. The function g(x) = e = cos(tx) + i sin (tx)

is then integrable over (-=, ) with respect to F(x), since

Ieitx' =1

« The function of the real variable t
itx
(32) Q(t) = f e ar(x)

is called the CHARACTERISTIC FUNCTION of the function of bounded

variation F(x).

The usefulness of characteristic functions lies in the fact
that there is a one-to-one correspondence between a function of
bounded variation and its characteristic function. The function
of bounded variation, F(x), is thus always uniquely determined by
the corresponding characteristic function ((t), and the trans-
formation by which we pass from F(x) to @(t), or conversely, is
always unique.,

To motivate our consideration of characteristic functions
in this thesis, we now briefly consider the special case when the
Fs(x) are distribution functions, that is, non-negative, non-
decreasing point functions which are everywhere continuous to the

right and are such that Fs(-«») =0 and Fs(n) =1,

Def, 3: A sequence of distributions with the distribution

functions F1(x) P Fz(x) s ses converges to a distribution when and
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only when there is a distribution function F(x) such that

Fn(x) - F(x) in every continuity point of F(x). When such a
function F(x) exists, F(x) is the distribution function corres-
ponding to the limiting distribution of the sequence, and one

says that the sequencejj‘n(x)l converges to the distribution

function F(x).

The tollowing theorem [2;96] * then shows that, subject
to certain conditions, the transformation by which we pass from
F(x) to q)(t), or conversely, is continuous (as well as unique),
so that the relations F_(x) - F(x) and (Pn(t) -+ Q(t) are

equivalent,
THEOREM I:

Given: A sequence of distributions, with the distribution

functions F, (x)y Fz(x), sessy and the characteristic functions
Py(t), Pplt),eene

Then: A necessary and sufficient condition for the con-
vergence of the sequence { Fn(x)} to a distribution function
F(x) is that, for every t, the sequence {(Pn(t)} converges to a
limit (P (t) which is continuous for the special value t = O.
When this condition is satisfied, the limit @(t) is identical
with the characteristic function of the limiting distribution

function F(x).

3

The first number within the brackets refers to a numbered
reference stated at the end of this paper, and the second
number refers to the page number of that reference.
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The foregoing continuity theorem, while not applicable to
our functions Fm,r(x), nevertheless motivates our consideration
of their characteristic functions. In fact, after the develop-
ment of the formal computation associated with the general theory,
we will present new continuity theorems for these functions,

1 .
Fm,r(x)’ for the case when ;F Fm,r(x) are functions of bounded

variation,
Meanwhile, for our formal computations, we will need the

following product theorem for characteristic functions [h; 203] .

THEOREM II:

Given: 1) F(x), Fy(x) and Fz(x) are functions of bounded
variation.
2) F(x) is the convolution of F1(x) and Fz(x).
3) Q(t), @4(t) and CP2(t.) are the characteristic

functions of F(x), F1(x) and Fz(x) respectively,

Then: @ (t) = @ (t) - Py(t) .

More generally, if

Fo(x) = F, (x) an(x) @ .o.. & Fn(x)

and

(Pj(t) =J eiXt dFj(x), J=0,1,.00yn,

-—c
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then

Pe) = @p(t) - Pp(t) vune G (1),

To continue, we now define the characteristic functions

(33) Purt) = | e

-0

which, by Theorem II and Eq., 28, can then be represented as

(¥ » 0sm = (n1)

(3L) ¢, ()=
: n
SE @ (t) » ?ps, () m=zn.

If we further define

r = 0’1,000,(11—1)

G ®
(35) ¢ (1) = [t &, (x) ,{ all m. ,

m,r

-l

then, from Eq. 29, we have

G 5 T x
o) Gy, = [ e, @ - [ o B e, @ =0, o),
whence, since h = y/m,
G
(37) ¢, (1) =9, .

Therefore, referring to Eq. 30, we see that, in terms of

.ty .
m,r('ﬁ'—) s our basic problem now

E o
reads: Under what conditions will (%) (Pm (ty/m) tend to the
|

the characteristic functions

proper limit as m-» o,
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We now treat this problem by means of the method of gener-

ating functions, where we define

(38) i’r(z,t) % @ .(t) - 2",
m=o0
From Eq. 34 we then obt.ain
(39) ‘13 (z,t) = Z () 2" +l§ pa (P (t)e (pm-s r(t).zm
Noting that
- L o n
(L0) (§ o, z“).(gj d 2") = n’§° ké‘o o, d . ° 2"
and that
o n w min(m,n)
8
() ngo @ (1)aP s%,;@g(t)-z - m2=1 SZ=1' g () Py (0)"
we obtain
n n
L2) P (z,0)° 2 @ (t)es® = Z 2 P, (0 Q)"
s=l1 m=] s=1
o n
+m§n E‘l (Pm-s,r(t‘) q>s(t‘).zm ’

whence, from Eq. 39 and Eq. L2,
n-1

(43) @r(z,t) Ecr)z +§(z £)e Z ®_(+)s° -

n=1 m

P NI AN SO, ,

m=1 s=1
so that
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n-1 n-1 m
2m P2 X LNOLAOE
(M&) §r(z,t‘) - m=0 m=1ns=1 - .
] - 3§1 P (t)-z
or, in slightly revised form, n=1 "
- B 2 { B - Z ) O]
w b eu: e Sl 22 .
m=o0 ? n
1- 2, @ ()2
s=]

For simplicity sake, we denote § (z,t) by
r

Qr(z’t)
P(z,t)

(46) [ IEROF

where Qr(z,t) and P(z,t) are regular functions of 2z and t
given by
n-1

m
Quzt) = @) + 5 " { @ - Z 2o

s=1

(L7) i
P(z,t) = 1= 2, ‘Ps(t)-zs .
s=1

We now wish to represent Q (z,t) by a sum of partial fractions.
r
Hence, if we let ai(t) be theroots of P(z,t) = 0, and )Zi(t')

the multiplicity of each corresponding root, then

t)
(ha) P(Z,t) = 11:‘; (1 - -a—:m)qj'( s Where VvV £n

and

Q0 3 Ul o)

(19) P _(z,0) = Sesmd B ueepy
Z, = = -
ailf)

o
_ L5 maj=1y, 2 \m
=Z I ey® X CEG"
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so that, from Eq. 38, we have

v i(t) 1 -
(50) ‘Pm,r<t)=§1 E o13®) (R Gy -

At this point, although not necessary in the least for the
formal calculations but, nevertheless, of convenience and
simplicity with regard to subsequent notations and to the pre-
sentation in general, we make the first of three assumptions on

P(z,t) which will be made in this thesis, namely:

n
Assumption 1: P(z,0) = 1 = 'ZIQL(t) z° has no zeros within
s=]

the unit circle Izl =1.

To make such an assumption seems reasonable since we are trying
to outline a general method. More important, however, is the
fact that this assumption can be shown to be a necessary con-
dition if the method of solution by means of difference equations
is to work.*

Let us now consider the zeros of P(z,0), some of which will
lie on the unit circle while the rest, by Assumption 1, will lie
outside the unit circle., Of the finite number (no-c n) of zeros

of P(z,0) which lie outside 1zl =1, at least one will be at a

¥ For a proof of the necessity of this assumption for the cases

considered in this thesis, see Lemma § in Appendix I.
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minimum distance fo from the unit circle., Choose £ such that

(51) 1<p<Pp.
Then, there will exist a value of t, say t = t’o’ such that, for
all t, It <t, P(z,t) will have the same number of zeros in

1zl < § as the total number of zeros of P(z,0) which lie on the
unit circle. (In other words, by means of |z| =§¢ , we can
separate the zeros of P(z,0) into those which lie on the unit
circle and those which lie outside the unit circle, and, for all
t, Iticto, none of these zeros will cross over the dividing circle).

Thus, for each t, |t| < to, we can then decompose @r(z,t) into

Q.(2,t)
(52) o (2,8)2 iy = Ry(3,0) + Ry(z,1),

where Ry (z,t) and R,(z,t) are rational functions such that Rz(z,t)
is a regular function of z for |zl 2 £ >1 and Rz(z,t) is a
regular function of z for |z)c § . R1(z,t) and R2(z,t) can

then be expanded into power series of the form

Ry(z,t) = 3 bm('l'.)zm g
(53) ooy
Ry(2,t) = ;Eo c (t)z" ,

so that

Q(z,t) &
CORE T RO i PIRXOLE Z cal®) 2
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Lemma 1:

(z,t)
Given: -Q-{ﬁ—z—-{-)- = R1 (Z,t) + Rz(z,t), where
’

1) R1(z,t.) is a regular function of 2z for lzl2¢>1
such that, for each t, Rj(z,t) » 0 as 12| » «.

2) Rz(z,t) is a regular function of z for lzls§ .

3) Rz(z,t) is a rational function in 2z which can be

expressed by the power series

Rz(z,t) = m};o cm(t)zm.

Then: The coefficients of this power series expansion,

cm(t) , Will tend uniformly to zero as m becomes infinitely large.

Proof':

As is easily seen,
£) = 1 Qr(u’t') du
Rp(z:t) ==m1 J¥mE w=
Cp
where C, is the aforementioned dividing circle Izl = > 1

and where 2z is any point interior to C pe In particular, if
1T <f,<8§ , then

|By(2,8)| < C
for z «f, and |t} < ¢,

Now,

Rp(25t) =m§° c () 2" ,
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so that
_ 1 f ,_dz
A S A i
' g
Therefore, by Cauchy's inequality,

-m
[e (8)] < ¢ &,

and the lemma is proved.

Therefore, from Lemma 1, we see that our only concern in
Eq. 52 will be with Ry (z,t) and its resulting contribution to
‘?m r(1;). To compute R,,(z,t.) and to carry out the rest of the
{ ]

theory we will need to know, in turn, the order of each pole of
Ry (z,t), or when we let
Q (2, %)
Ry (2z,t) = 13 e B
we will need to know the multiplicity of each zero of P, (z,t).
Thus, to summarize our formal computations, and to restate
the problem which confronts us, we wish to determine sufficient

conditions such that the solution of our general difference

equation,

=]

u(x,mh) u(x + f‘h, mh-sh) dFs( £)

I
3‘-'58

ht v.(x +§h) dFm,r( f )i

1
iMe §
d—s

will converge to the solution of the corresponding partial differ-



"

ential equation. However, rather than treat the functions F I,(‘x)
g ]

directly, we will consider the corresponding characteristic
functions q>m #(t) defined by
]
& ixt
‘Pm,r(t) - fe dFm,r(x)

and
n-1

N Qr(Z,t) _ n=1

m
)+ 25 & {(%) —é);.; (m;:")fos(t.)}

¥r(z’+‘) = Efm,r(t)zm = M3z,t)

Then, by means of continuity theorems to be developed in the next

chapter, we will be able to treat the F - r,(x) and, hence, arrive
?

at the solution of our problem.

n
1 = 51 (Pa(t)zs
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CHAPTER II

CONTINUITY THEOREMS FOR FUNCTIONS OF BOUNDED VARIATION

In this chapter, we would like to develop the two continuity
theorems referred to in Chapter I so as to be able to treat the
functions of bounded variation, Fm r(x), by means of their corre-

3

sponding characteristic functions @ o r(1’.).
]

THEOREM III.
Given: 1) A sequence of functions Km(x) such that
a) V(Km(x)) < k
b) !Sn(x) =0, Xx = -A, A constant
c) Km(x) = C = constant, x = A.
2) v(x) continuous
_ ixt
3) Y% -_.[ e dK (x)
If: ‘}’m(t) converges to a limit W (t), for every t.

Then:

1) lim T v(x) de(x) exists.

m e

2) Y (t) is the characteristic function of the
limiting function K(x), where
K(x) = lim Km(x).

m e
ao

3) lim v(x) de(x) = f v(x) dK(x).

M e

=00
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Proof':

Since the Km(x) are functions of bounded variation, we

can let
(55) K (x) = P (x)-N(x),

where Pm(x) and Nm(x) are non-negative, non-decreasing functions,

Furthermore,

(56) 0 = Pm(x) £k ;3 O éNm(x) = k.

Now, pick a subsequence Pm“ (x) of Pm(x) such that va (x)
converges for all x in a denumerable, everywhere dense set, Then,
extend the definition of this limiting function to all x, pre-
serving its non-decreasing character, and call this limiting
function P(x). Then, Pmu(x) -+ P(x) at every continuity point
of P(x), that is, at all x except possibly a denumerable set.
Next, of that subsequence, pick a sub-subsequence such that
N, v(x) -+ N(x) at every contimuity point of N(x), that is, at
all x except possibly a denumerable set.
Then, let
(57) K(x) = P(x) - N(x),

whence, K(x) is of bounded variation. Now, x = +A can be

assumed not to be singular points of K(x). Therefore,

(58) K, (x)+ K(x)

\'d
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at all x except possibly a denumerable set,
Now, let v, (x) be a function which has a continuous

derivative. Then
A

A
(59) _{ o) a0 =@ Yy @) -] K x)eam 0.

Therefore,

A A
(60)  un [ w0 ag, () =) Y () - [ x@)-av 0,
A

m-»>w -A

whence

exists.

Next, consider

(61) Vot = f ek (x) .
A+ v

m

Since the Pm(x) and Nm( x) are non-decreasing, non-negative functions
which are constant outside a finite interval, and since

B \)(x) - P(x) and va(x) - N(x) at every continuity point of

P(x) and N(x), respectively, it can be shown that the character-
istic functions \Pm (t) tend to a characteristic function

v
\y*(t) such that

(62) ¥ (t) =f e ** ax(x).



.

But, by hypothesis, Wm(t) + Y(t) for the full sequence.
Therefore,

ixt

(63) ) = W) = [ e a),

so that W (t) is a characteristic function, Furthermore, since
‘{’m(t) - Y(t) for the full sequence, K(x) is independent of any

subsequence. Also,

A A
@) 1a [ ) a0 =lin {vm) Yoo - [ Kmeneof
-A wh
A
= v, (A) ¥ (0) -f K(:ac)dv1 (x)
A -A
={ v (x) dK(x)
that is,
A A
(65)  un [ v - ) = f v, (x) - dK(x)
M —»eo -A -A

for the full sequence,
Now, approximate the given continuous function, v(x), by

v (x), where v (x) has a continuous derivative, such that

(66) | v(x) - v(x)| < € for |x| <€ A.

Then
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A A A
(67) ’ j-V(X)de(X) - fV(X)dK(X) £ f (v(x)=v,(x)) dK (x) -
-A “A -A
A A
5 [ (v(x)-—v1 (x)) dK(x)| + f\ﬂ, (x)de(x) -J v, (x)dK(x)'
-A -A -A
’ A
£ 2€k+ I vy (x)dK (x) = ] vy (x)dK(x)| .
-A -A

A A
But, by the previous part, { vy (x)de(x) - f vy (x)dK(x) ,
- A

hence

A A
(68) f v(x) dK_(x) > Iv(x)dx(x).
-A i

Finally, since the Km(x) and K(x) are constant for |x| 2 A,
the range of integration can be (~w,).

Q+E.D. Theorem III.

Now, Theorem III, in itself, would be sufficient to give us

a limited set of results. However, the condition

VE, (§)) = K
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which is imposed by the theorem will be too restrictive to be

of any use

in our later work. 1In fact, calculation will show

that it would exclude one of the simplest of difference patterns

for our partial differential equation, namely the pattern given

by

u(x + h,y) = -1,

u(x,y +h) = 1,

Therefore, we also derive the next theorem which will broaden

our results to include examples such as the one just cited.

Thens:

such that,

THEOREM IV.
Given: 1) A sequence of functions Km(x) such that
a) Km(x) is of bounded variation, each m,
b) Km(x) =0, x = -A, A constant,
c) Kﬂ(x) =C, = constant, x 2 A,
d) f |Km(f)| df = C.
-A
2) v(x) continuously differentiable
_ ixt
3) o (t) __! e ax_(x).
Ife a) Gm(t) tends to a limit, say ©O(t), for every t.

b) ©_(0) tends to a limit, say 6(0).
There exists a function j'(,(x) of bounded variation

as m-»w,

jv(x)dxm(x) - v(A) ©(0) -fv'(x)d j’(_,(x) a

-0 -t




Proof':

Define the functions J'(,m(x) by

r
0 » X £ =A

X
(69) H_(x)5 {Ixm(y) df , A= x=A

A
{ |k, (§)I df = constant, x = 4,

whence the X (%) are functions of bounded variation.

Then
A A
(70) J; VA0 = VWKW = [ K aveo)
A
= v(0)6,(0) = [ v1(x)+¢ Hy(m),
In particular, for v(x) = eixt, we obtain

iAt

(M)  g¥) =e"« 8 (0) =it Y (¢),

where

(1) Y _(t) = femd:ﬁcm(x).

Thus, if t #0, Y p(t) tends to a limit as m—se. Furthermore,

if wv(x) = ix, then
(73) 6,(0) = 149,(0) - 1 ¥ (0) ,

whence \ m(O) also tends to a limit. Hence, by Theorem III,

there exists a function X, (x) of bounded variation such that



e

(71) fv'(x)didm(x)-» fv-(x)dlﬁ(x) :

Therefore, by Eq. 70, we see that

(1) [ v > Wwe0) - [viia ao .

-0 -—o0

Q.E.D. Theorem IV,

With these two continuity theorems for functions of bounded
variation, we can now proceed in our consideration of the charac-
teristic functions CPm,r(t) and, consequently, obtain the solution
of the underlying problem of this thesis. However, so as to
simplify the computation and the presentation, the general method
of solution is first illustrated by the simple problem related to
the partial differential equation

ou _ _ Ou
By = °

and is then extended to the second order partial differential

equation
32u =:'32u
Ix° 3y2
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CHAPTER III
ou u
THE PARTIAL DIFFERENTIAL EQUATICN Iy "¢ Ix? ¢ constant,

Here, in this chapter, we consider the partial differential
ou _ _gg
equation 37 - c 5% for the case when the aforementioned
functions Fs(x) are such that

(1) F (=) =0, 8 =142y eeu, Mo

n
(76) §  ii) 21 F (4e) =1
8=

\ 1ii) Fs(x) non-decreasing, s = 142,.44, n.

For these functions, we will then prove the following main

theorem:

THEOREM V.

Given: Functions Fs(x) satisfying Eq. 76.

Then: For these functions, F_(x), the solution of the

difference equation

n ©
u(x,mh) = g f u(x + g’h,mh-sh)dFs( f )

—-g0

m e
will tend in the limit (as {h-» o ) to the solution of the corre-
. zh +y du u
sponding partial differential equation 57 ¢ 3% °

As shown in Chapter I (Eq. 12), our moment conditions for

the difference equation corresponding to the given partial



differential equation are

f n o
1) Z1 f aF (x) = +1
S=| e
(77) { n o n o0
ii) Z‘: f xdF (x) = ¢ Z-: Is dFs(x);éO.
S=| *=w S=| =

The moment conditions may also be expressed in terms of the

characteristic functions ws(t) by

n
1) L 9 0) =1

(78) o "
i) 2; 9,00) =ic 2s P (0) £0,
s=1 s=l
where

J d@ (t)
?s0) E_'d%"' t=o

Def. L. A characteristic function @(t) is called POSITIVE-
DEFINITE if it gives rise to a non-negative, non-decreasing

function Fs(x) by means of the relation

¢ty = [ M ar(x) .

The positive~definite characteristic functions considered

in this chapter give rise to the following lemmas:

n
Lemma 2, On the unit cirecle, |z| =1, P(z,0) =1 - Z ‘Ps(o)zs
- s=1

has at most simple zeros for the case of the equation uy = cu,
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where the (Ps(t) are positive-definite characteristic functions,

Proof: If P(z,0) is to have at most simple zeros, say at z = a,

then we need only show that P'(a,0) #0. Now,

n
Pt =1 - 3 AW 2 P R0 == X s 4,0
S= 8=

P(a,0) = 0 %i‘ P (0) a® =1,
8=

n s n S n
md 1ar =13 Z Q0 &< Z 9,010 = 3 00 =1,
8= 8= s=

n n n
sothat 2, @ (0) |a|s . 2 ¢ (0)a®=2 @(0)=1.
s=1 8 B=1 » 831 .

Therefore, @ 5'(0) a® mst be real and non-negative, which, in

turn, implies that either

1) (Ps(o) = 0, or

(79) s
ii) (ps(O) #0 and a“(0) =1.

Now, not only are all of the q>s(o) non-negative, but there
exists at least one (PS(O) # 0, namely IPn(O). (Therefore,
incidentally, an(O) =1), Hence, of all the non-negative and
real terms of P'(a,0), there exists at least one non-vanishing

term, namely q?n(o).a“(o). Therefore, P'(a,0) # O.

Q.E.D. Lemma 2,

The next lemma then follows immediately from the previous

discussion,

Lema 3. For |tl <t , P(z,t) will have at most simple zeros
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at z = aj(t) for all aj(t.) such that Iaj(o)l =1,

Lemna 4, P(z,t) cannot have any zeros, z = a(t), such that

la(t)]| < 1.
Proof : Given P(z,t) =1 = )51 (Ps(t)-zs .
8=

Therefore, for any root, z = a, of P(z,t) = 0, we have
n
i3, (Ps(t)oas =1, If we assume that there does exist a root at
s=]
z =a of P(z,t) =0 such that |a] < 1, we then arrive at the

contradiction 1 < 1, that is,
n n n n
al <1 >1=|2 @ (©a°|¢2 @, (1) 1w® <L 9 t)= 29 (0) = 1.
s=1 B s=1 S s=t 3 s=1 %

Q.E.D. Lemma L

Lemma L verifies for the present case, incidentally, the
assumption that was made on P(z,0) in Chapter I.

Now, if P(z,t) has at most simple zeros, say at z = a, and if
Qr(z,t.) is regular at z = a, then we know from analysis that

(80) Residue Efﬁfifl - Q(a,t)
P(z,t) z=a P1(a,t)

Thus, returning to the partial fraction decomposition of

(z,t)
§ 1.(z,‘t.) = :'!(:'z—,’:T' as given by Eq. 52 (Chapter I), we obtain

k
t),t
(81) ir(zst) = z Qr(ii( i E = +R2(z’t) :
3= P'(aj(t),t) (1 = E?T?T ).aj(t)




=36

where a..'(t), az(t),..., a.k(t) are those zeros of P(z,t) such

that 1 < |aj(t)| < P o Therefore,
k ®

Z Qr(ad(t))t) Z -z

j=1 Pl(aj(t),t) | m=o (aj(t))m-’-' +R2(z’t)

(82) $_(3,8) =

and

k
Qr(a (t),t) -1
83) (t) = - - » t),
) Bt ;Z.:; Py Gy

where the Tm,r(t) are given by
(8L) Ry(ast) = )| Ty (0) 2,
m=0

and, as shown in Lemma 1, are such that the Tm’r(t) tend uniformly
to zero as m becomes infinitely large.

Now, Qr(aj(t),t) is a regular function and, as previously
proved, P'(aj(t),t) # 0, so that Qr(aj(t.),t)/P'(aj(t),t) is
uniformly bounded. Furthermore, |aj(t)‘ > 1. rThere.t‘ore,
® , o(t3/n) is unifomly bounded, so that Lin & @ m,r(l'jnl)

exists and is equal to zero for r 21, Furthermore, this limit

will be continuous” for the special value t =0, Therefore,

Since we have modified the conditions of Theorem III by using
functions of bounded variation which are not necessarily
constant for x| 2 A, we must impose additional condition(s)
if we still wish to make use of Theorem III in this chapter.
However, it can be shown that the continmuity of the limiting
characteristic function at t = 0 is sufficient for this
purpose. Hence, we investigate here the continuity of

vin (9 P, (Vm)
m ->eo ?

at t =0,



r
lim (%) . ‘Pm r(%) exists, is equal to zero, and is continuous
M o0 2
at t =0 forr =1,2,...,(n-1).

Finally, then, we need to evaluate

@) Y& = un @ *"Y)=

m e m, 0

ty, t
= Lim Z Q°(a3(ﬁz)’ "/m) = -1

Roiee I Pl(aj(ty/m),ty/m) [aj(ty/m)]

Now
nw] m

(86) Qo(aj(o),o) =1 +z1‘ aj’“(o) {1 - ‘PS(O)i ’
m= s=]

and if we first consider only those zeros of P(z,0) such that

laj(O)l =1, 8 (0) # 1, we can then write Qo(a.(O),O) as
n=1

(0) -1 -
(87)  Q,(84(0),0) = J-m—,— L a0 L 40
s=

But, from Lemma 2, we have that

(88) @ (0) A0 and ajn(O) =1,

Hence, for this case, namely, la o) = 1, aJ(O) # 1, our

expression for Q, (a (0), 0) reduces to

(89)  Q,(a;(0),0) = - Z: a;"(0)- Zﬂ?(m

n~1 n-‘l

SN 9. (0)- Z (a;(0))"
s=1
n-1 a (O) - 4 5(0)

= E1¢(O)( aJ(O)—'I

me



...

n-1 s
1 -a, (0)
(90)7 Qy(2,0),0) = = s}; ‘PB(O)'(ij%-:T) , since a,%(0) =1.

However, from Lemma 2 we also have that either ¢ s(0) =0 or
s

a2, (0) =1,

5 (0)

a;(0) #1

(91) J. Qo(aj(o),O) =0 for all a,(0) such that.
J |ay(0 =1

Furthermore, P'(aj(t),t) # 0 for all t, including t = 0 in
particular, and aj(t) #0 for all t, Therefore, the zeros of
P(z,0) which lie on the unit circle, except possible z = 1, con-

tribute nothing to lim (Pm o(ty/m).
3

m-—>mw

Lastly, then, consider the simple zero of P(z,0) at z =1,
say a(0). (We know that such a simple zero exists since
?;__'1 (PS(O) =1 by one of the moment conditions).

Since the other zeros of P(z,t) other than at z =1 con-

tribute nothing to W o(ty), we have

a,(1,0) i
(92) ‘Po(ty) =-°—(-;—-—; * Lim t1 — » where a(0) =1.
P1(1,0 m —yeo
’ [22)]
Now, if we consider a circle I defined by |z=1| = & > 0

such that P(z,t) is regular within and on [’ and does not

vanish on ' , we then have

ty
(93) a(%) =.2—1ﬁ.I 2 P'(ZJ'M') dz .

[ P(z, "mz)
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Now, P(z,ty/m) and P'(z,ty/m) are both regular within and on I" ,
Hence a(ty/m) is regular within r and, in particular, we can

then speak of its derivatives at t = 0., Consequently, we can

expand [a(%)] () into the MacLaurin series

e B (PP 3 R
and obtain

(95) n [2D)] =) i)ty

whence

(96) Y (ty) =- 1,0 a(0)ty

Now, to evaluate Q_ (1 ,0), we have from its definition that

n=1

m
(2,0 =1+5 P {1- L @0}
m=1 s=1

whence,

n-1 m
Q,(1,0) =n = 1, 2 X @_(0)
m=1 S=1 _1
Z=
n-1 n-1
=n-2% 9 (0 3 |
s=1 ® n=s a=

Py | n
=n- 2, Q(0)(ns) =n - % @_(0)s(m-s) .
s=] s=l
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n n
(97) . Q(1,0) =n-n- ):1¢3(0) + ):'1 s ®_(0) .
8= S=

Therefore
n n

(98)  q,(1,0) = ):; s @,(0), since Z.;cps(O) =1.
S= 8=

n

(1,00 2y %

(99) < BPEy = G
’ - %1 sCPs(O)
s=

Furthermore, since a(t) is a root of P(z,%) = 0, we have the

= 1,

identity in t:
n
s
(100) X (a(t)® - @ _(t) =1,
g=]
Differentiating with respect to t, we obtain

n n
(101) ):; sa®(1): & (1) B (0) + 2 &°(6) @ (1) =0,
8= s=

whence
e s .
- 5 a%(t)e@ (b)
(102)  &(t) = —== - a(t)
2.8 Q. ()
s=|
Therefore T
- 2040

s=|

(103) ;(0) = m— » since 8(0) = 1,
s

S=1
and, when we apply moment condition (78), this reduces to

(104) a(0) = - ic.
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Therefore, combining our results, we get

ty, _ . lecty
m,o(-ﬁ_) =

(105) Y, (ty) = Lin ¢
m e

Thus, for all t, we have
eict.y s, r=0

(106) Y () = 11a (&) @ (&) =
e 0 s P EO

Lemma 5, V(Fm,r(x)) € ¢ r=0,1,...(n=1).

Proof': Consider the functions @ n.p(t) given by
- )

]

t)
i.}‘_&z_,...... - Z (p (t)zm -

P(z,t) m=o T
By hypothesis,

1 1

123 Q1) P
g=1 3

where the functions em(t) are positive-definite characteristic

functions, But
n-1

m
(108)  Q(z,) = () + 2, o° { (T - 21 ") <P,(t>}
s=

m=
is a polynomial in 2z and can be represented by
n-1

(109)  Q(3,%) = qZ;; by(r,t) 23

so that



L2~

n-1 @ ©

Qr(z:t)
= ( q§1 ogtms8) (L o (0™ = B ¢, (0",

(110)
P(z,t)

Now, P(2,0) has zeros of at most the first order, so that

(111) le () < |e (o) = ¢

Therefore,
(112) ‘(Pm,r(t), <  (n=1)+(Max ‘bq(r)t)' )°C1 = C2.

But q)m,r(t)’ as given by Eq. 109, can be written in the form

(113) Qm,r(t) =b°(t)-9m(t) +b1(t)-em_1(t) - +bn_1(t)-em_n+1(t),
Therefore, by (product) Theorem II, we have
(11L4) Fm’r(x) = Bo(x) ® ’8’m(x) + i +Bn_1(x) 51%_n+1(x),

where Bj(x) and 'l.9‘j(x) are given by

ixt

bj(t) = e d.Bj(x)

(115)

05(t) = . cn%(x).

J%s fe—s

Now, for any convolution function F(x) given by

(116) F(x) = j' F, (x -z)sz(z) %

-0

we have [h;BS]
(M7)  WE) & V(F)eV(F,) .



Therefore,
(M8)  W(F, ((x) £ V(B V(WG +eun +W(B ) V(T )
But, the B j (x) are of uniformly bounded total variation, and
v(19-m) = Iej(o)l = ¢, whence

V(Fm,r(x)) <= 03(01-(n—1)) &= Cs

Q.E.D. Lemma 5,

By Lemma 5, we can now apply Theorem III to our results

exhibited in Eq. 106, from which we obtain

1_ r=0
(119) lim { ir . Gm r( g )} =-—f=cy ’
e m ’ 0 sy T#0

so that, from Eq., 30, we see that

(120) lim u(x,mh) = v(x +cy) ,
m —»e
h o
mh >y

where v(x + cy) is the solution of the partial differential
equation %%lr' =c %I-Ii for the given initial conditions.
Thus, we have proved Theorem V and, in so doing, have

presented the main features of the general method by which the

2 2
partial differential equation —g-g = —_3—-‘5 will be treated in
x Y

the next chapter.
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CHAPTER IV
B2u 2u
THE PARTIAL DIFFERENTIAL EQUATION - = .‘ai?
X >

In this chapter, we apply our general method of characteristic

functions to the hyperbolic partial differential equation
2 2
du _ O%u

ax° ) 33‘2
namely:

under the same initial conditions of Chapter III,

n-1

(121) v (x) =# Z}o 1" (B [x,(ar) 1] .

The solution of the given partial differential equation is well

known and, under these initial conditions, is given by

¥
(122) u(x,y) = "."2 ivo(x-ry) + vo(x-y) } + -; J vy (x + f)df
A
or, equivalently,
X4y
1 1
(123)  u(x,y) =9 {vo(x+y) + vo(x-y)i + x'L v1(f) o

Thus, our problem is, once again, to determine sufficient
conditions on the coefficients, L of the corresponding differ-

ence equation

(124) )} a_u(x +rh, mh - sh) =0,
r,s

or, more generally, when the difference equation is written in

the form



-

n '
(125) u(x,mh) = Z; fu(x + fh,mh-sh) dFS(F),
sS= -—c0

to determine conditions on the functions of bounded variation,

Fs(x) , such that

(126) lim u(x,mh) = u(x,y) ,
m —»ew
{h-m
mh -y
where u(x,y) is the solution (Eq. 122) of the partial differ-
2 2
ential equation —g—g = -9—% corresponding to the given initial
x 9y
conditions.
32u 32u
For the partial differential equation vy, W ooy . QT
Ix oy
moment conditions are given by
r n -]
1) B [ar(f) =1
S=1 -0
n -]
ii) Ides(f)=o.
S=1 —-—00
) n @
(127) f
\iii) o dFs(g) =0
n ©
iv I st dr =0
) Z_; [ spegp
n L n o
2 f 2
v dr = - s dF 0
\)3:1..[ (P (== | Sfar(fr# o

or, in terms of the characteristic functions ¢P s(t.) , defined by

. f ixt
128y Qt) = fe & (x)
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the moment conditions are

n
i 0) =1
( )sZﬂ(Ps()
n

ii) Z (i)s(o) #'0

s=l

/

n
129
( )111) SZ.: s ©.(0) =o.

n
iv) Z s Q(0) =0.

s=]
n n

3 2 @ 0) = + ) o ®_(0) #0
s=1 s=1

\

Once again, as in the previous chapter, u(x,mh) will be given

by
o

b
=0
n-1

=

(130) u(x,mh)

I hrvr(x+ f h)dFm,r( f) =

i fh’vr(m ¢ )ag, (§),

I'=0 =

9 A f/h) , 0=m=<(n1)

(131) Gy R (F) = Fy f/n) = f
Gs(§ "z )dGm_s’r(z ),m2n ,

—-—00

w
1,0



and our problem is, as before, to determine sufficient - but
broad - conditions on the Fs(x) such that her t_( F ) will
£
m —»e
tend to the proper limit as {h-»o « As our solution of this

mh -»y
problem, we will prove the following main theorem,

THEOREM VI: The solution of the difference equation

u(x,mh) = Z fu(x+ € h, mh-sh) ar( | )
m -»co
will tend in the ]imit (a.'sm}"ll -0 ) to the solutlon of the corre-
+y

sponding partial differential equation —%—% = %—% if:

1) Fs(x) =0 for x < -A, A constant

2) Fs(x) = Cs for x » A, Cq constant
3) Fs(x) is of bounded variation for each s.
L) P(z,t) = 1 - Z Qs(t)zs is such that
s=1
a) P(z,0) has no zeros within the unit circle.
b) P(z,0) has at most zeros of the second order
on the unit circle.
¢) P(a,0) =P'(a,0) =0 and P(3,0) # 0 at
each and every double zero point, z = a, on

the unit circle,

5) Fm,r(x) =0, X % =Am, and

F r(::) =C x 2 Am , where
]

]
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(®) Io(f) y 0=m=(n-1)

Fm,r(f) 1n =

I RS Rk G S

5= —=

6) V(Fy (X)) £ Km' ,  r=1,2,u.0,(n1)

7 VW Fy o §)) = kn,  where

( 0 5 { < -Am
5 ()= fF (x) dx -Am = § <+ Anm
myo' $ 7=y —in Fn,0 ’ sk Ra
Am
f Fm,o(x) dx = %0 = constant, § 2 Am .
| —Am

r
Mm-—>e M

methods of the previous chapter, that is, by the use of continuity

We would now like to consider 1lim L G, r(x) by the
3

theorems for characteristic functions. However, in contradis-
tinction to Chapter III, we now return to the more general defi-

nition of the Fs(x) as given in Chapter I (Eq. 11), namely*
[ 1) Fs(x) =0 for x < -A, A constant

[,
(132) ii) Fy(x) = C for x > A, Cg constant

kii:i.) Fs(x) of bounded variation for each s,

¥ might be pointed out that our present moment conditions

(Eq. 127) preclude the use of non-negative, non-decreasing
functions and, hence, the latter are of no interest to us at
this time.



=9

Hence, we wish to consider lim 1_:-' (pm ~(t) where, as in the
2

m -, m
previous chapter, (Pm #(t) is given by
)

( &) , 0=m < (n-1)

(133) @, .= [ e, @ -

- [ £'1 q:s(t)-CPm_s’r(t), m=n
8=

and

. Q.(z,t)
(138) & (2,8) = m);o QW) = ot =

r)+m=1z { r) - & (r @ ( )}

0}

n
10 9.t) o

s=1
Now, once again, we seek to represent § r(z,t) by a partial
fraction decomposition. To carry out that decomposition as well
as the ensuing theory, we now make the other two (of three)
assumptions which were referred to in Chapter I, However, for
the sake of completeness, we repeat Assumption I at this time and

list all three, namely:

n
Assumption 1. P(z,0) = 1 - 2, (Ps(t)zs has no zeros within
s=l

the unit circle Izl =1,

Assumption 2, P(z,0) has zeros of at most the second order on

the unit circle.
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Assumption 3. %(a,o) = P'(a,0) =0 and P(a,0) #0 at each

and every double zero point, z = a, on the unit circle.

The first assumption has already been discussed in Chapter I*;
As for Assumption 2, to assume that P(z,0) has at most zeros of
the second order on the unit circle seems reasonable since we are
dealing with a partial differential equation of the second order.
This is strengthened somewhat by our results of Chapter III in
which we found that the method applied to the partial differential
equation of the first order %%; =c %;; permitted zeros of at
most the first order.

The third assumption stems from the behaviour of P(z,0) at

z =1, Here, P(z,0) has a zero of the second order and, from

our moment conditions, we have

P(1,0) = P1(1,0) =0 ; P(1,0) # O.
Since we would like all zeros of the second order on the unit
circle to behave alike, the third assumption, too, seems to be

quite natural.**

* Also, see Lemma 8 in Appendix I.

**The reasonability of Assumptions 2 and 3 becomes more pronounced
when one considers sequences of non-negative, non-decreasing
functions F_(x) which give rise, in turn, to corresponding
positive-deffnite characteristic functions Q’s(t) such that

P(z,t) = (1 - T W (8)2°)(1 - B (¢) 2°).
In this case Assumptions 2 and 3 (and, for that matter,

Assumption 1) are automatically satisfied. For the verifi-
cation of this statement, see Appendix II.
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The foregoing assumptions result in two important lemmas
regarding the zeros of P(z,t). They are:
Lemma 6, If a;(t) and a2(t) are two roots of P(z,t) =0
such that a,(0) = a,(0) = a where |a| =1; if P(a,0) = P1(a,0)=0,
and if 'I.’(a,O) #0,

Then: 1) a1(t) and aa(t) are regular in the neighborhood

of t =0,
2) 2,(0) == a,(0) =4 P(2,0) 4o,
P"(a,0)
Proof':

By hypothesis, P(z,0) has a double zero at z = a, Hence,
altogether we have
[ i) P(a,0) =0
ii) P'(a,0) =0
Jiii) P(a,0) =0
(135) :
\ iv) P'(a,0) =0

v) P(a,0) £O0.

] vi) P"(a,0) # 0.
Let a,(t) and a,(t) be the two roots of P(z,t) =0 such
that a,(0) = 2,(0) = a.

(136) Let P(z,t) = (22 -2 o 2 + £ )ep*(z,4) where

2 (L) = a1(t) + aa(t)

(1) = (6 a,(t)

(137)
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(138) & «(0)=a and @B(0) = a® .

Now, from Cauchy's theorem of residues, we have

( P'(z t)
2111

r

22 Pi(z,t
P(z,% ¢

where [' is the circle |z-a| = § > 0, and where [t| < t,
so that " will contain both (and only both) zeros, a;(t) and
a,(t), of P(z,t).

Now, P(z,t) and P'(z,t) are regular within and on I’ .
Hence o (t) and, in turn, ﬁ (t) are regular functions of t
within ' ; in particular, we can speak of their derivatives at
t =0 (i.e. z =a).

Since Eq. 139 is an identity in t, we may differentiate with

respect to t and obtain

L) — f P(z,t) P'(z,t) - P1(2,0)P(2,t) 4, = o
e (p(z,))°
Similarly, since o (t) and /S(t) are regular functions of t,

we have



. 1 PeP! - PP!
[ ew(t) =— | 25 4z and
2tri P
(111) §
- 2 PeP! - PP! .
26 (L) = — ————dz + 8 o
\ F 2Wi P

Then, applying Eq. 140, we have

2;&(1;):-2%-{ f (z-a)i‘i'.;'z'—‘i?l dz  and
n

(1L2)

T—I:: f(zz-az) —---2-——P'P' PPl Gz + 8w e
r P

2p (t)
Consider, then
(113)  E(z,t) = P(z,t) P'(z,t) - P(3,8)P(2,t)
so that

E' = pf.m - i:pu

EM = PPt 4 PUPt — PUP1 - PP
(‘“d"') . . . )

Em = PPtV 4 2ptPm - 2Pmpt . PtV P

EWV = 2pnPmr . 2pmr P

Therefore, from Eq. 135 we see that

(145)  E(ay0) = E?(a,0) = E"(a0) = E"'(a,0) =0 ,

so that E(z,0) has at least a zero of the fourth order at z = a
and, thus, E(z,O)/Pz(z,O) is regular at z = a, But, if f£(z)

is regular in a simply connected region C, then

ff(z) dz =0 ,
r



where M denotes an arbitrary (not necessarily simple) closed

path lying within C. Therefore, from Eq., 142, we see that
(146) x(0) = ﬁ‘(o) =0,

We would now like to evaluate o (0) and /5(0).

Differentiating Eq. 142 with respect to t, we have

3

L ] L0 2 L] ™ P .
26 (4) = - A f(z2_ 42y P'E%= PRIP-2R(PRIPRY) o
2mi § P

f 2 o (t)= 71;',—{ f(z_a) P1p2 - PPIP - Zi’gPl.N- prt) o5
r

(1u7)

. .2
\ + 8 ot 4+ 8B ‘

Now (z=-a)P(PP' - PP') has a zero of at least sixth order at t =0

(z=-a)P(PP'-PP!) is vegalar at’t =0
p> z=a,,

tributes nothing to the expressions for ;4'(0) and 2 (0).

and z = a3 hence and con-

Furthermore, P(z,0), P'(z,0) and P(z,0) can be expressed by

the Taylor series

2
( P(2,0) = P"(a,0) . (22)_ | pw (a,0) - (z=a) |

21 3!
2
(148) {  P'(2,0) = P"(a,0)+(z=a) + Pm1(a,0) « {Z2L_ 4 .,
21

\ ;(2,0) =;(a,0) + ;'(3,0) . (z“a) + ooee ’

so that, when we apply the Cauchy residue theorem, we obtain



» ' 2 2 '
oo _ 2p! 0 Lpr 2 2pm, =2 P (a, 0)-2P'(a,0)
‘ 2750} = p*(a,0 - (-P—"— 3 @ _PW) =3 jign(ayo) -
(1k49)

1 2,'5(0) = ~2a(2 o (0)) +§§ +8a & (0) = 42,0 | )au¢0) .
P"(a,0)

Thus, from Eq. 149, we have

a = (0) -,éz(_o).=-Paa?));éo.

Returning to our original definitions of o (t) and ﬂ (t),

namely

{ 2 A (t) =ay(t) + ay(t)

£ (B)=a(¥)e ay(t) ,
we can solve for a1(t) and az(t) in terms of ¢ (t) andﬁ (t)

obtaining

31(15)
(150)
ay(t)

(1) + Ve°(t) - (1)

x(t) = Ne(t) = 3 (¢)

Since o (t) and f (t) are regular functions of t, we can

expand them into a MacLaurin series and obtain

(151) ay(t)=ol(t)+ Y luco o awt s @am et - g o b o § 5000 )

whence

(152) a,(t)=of(t)+ V [«@ - ger] + tl2ue xwi0) 462 (3% -g-'i-/f') vk
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But, we have already shown that
2 2
"(0) =f(0) =2

and that

o (0) =,é (0) = o.

Therefore, the expression for a1(t) reduces to

(153) a(t) = of(t) +t V(a‘«'(O) - £9))4 ot)

However, we have also proved that

a o (0) -)é-&-ol £ 0

80 that a, (t) will be single-valued in the neighborhood of the
origin, Thus, since o((t) and e (t) are regular, we have that
a;(t) will be regular in the neighborhood of t = 0. Similarly,

a2( t) will also be regular in the neighborhood of t = 0. There=-

fore, solving the two equations

2a(0) = a,(0) + ;2(0) =0

a4 (0) - A0 = &(a(0) +a,(0)) -
- (a4 (0)a,(0)+ 2ay (0)a,(0)+ a,(0)a; (0)) =
= preagd £ 0
we obtain

. . P 0
(150)  2)(0) =-a,0) =1 | F2O4 £o.

a,
Q.E.D. Lemma 6.




Lemma 7. If P(z,t) has at most double zeros on the unit circle
and if, for each double zero point z = a on the unit circle, we
have I.’(a,o) = f"(a,o) = 0 and .l;(a,O) #0,

Then: P(z,t) can have at most simple zeros when O< |t| < to
for those zeros a “(t) such that |a i )] =1.

Proof: (By contradiction).

Suppose that P(z,t) does have a double zero for t # 0, no
matter how small |t| may be. Then, there exist roots a;(t)
and az(t.) such that

3-1(*') = az(t) ’
whence, differentiating with respect to t, we have

3y (t) = ay(t) .
In particular, then, for such a double root, we would have
a,(0) = a,(0) .

But, we have assumed that P(z,0) has at most a double zero
on the unit cirecle. Furthermore, for such a double zero, we
know from Lemma 6 that the roots must be such that

2,(0) = -a,(0) = ia £ 0.

Therefore, :;1(0) cannot be equal to ;2(0), so that P(z,t)
cannot have a double zero for the zeros under consideration when
0 <\t| = t . Hence, P(z,t) can have at most a simple zero when
0 <|tl <t  for those zeros a x(t) such that |aa(0)| =1,

Q.E.D. Lemma 7




Having the three assumptions at our disposal (and, hence,
Lemmas 1, 6, and 7, among others), we can once again (cf,
Chapters I and III) express Q (z,t) = %z—; by means of the
partial fraction decomposition
(ss) $ (atrz 209, (012" = Z SED )

m=o 3 j=l PJ(Z t)
where, as before, Pj(z,o) contains only those zeros of P(z,0)
which lie on the unit circle and Rz(z,o) contains the rest of
the zeros of P(z,0), namely those which lie outside the unit
circle.

Now, by Lemma 7, we know that Pj(z,t) has at most simple

zeros for t # 0, so that

k
(2,%) Q,(a;(8),%)
j 3 . =1 ]
(i) 2;1 PE = L P z o

In addition, we have already proved (Lemma 1) that when

Rz(z,t) is expanded into the power series
m
(157) Ry(z,8) = )\ 1, (1)
m=0

the coefficients, Tm I_(1:.), tend uniformly to zero as m becomes
]
infinitely large. Hence, combining the above results, we have

k Qua(t),8) s
K| ?

(158) @,
3= Pr(ag(t),0)  (ay (e}

where



(159) T (t) > O uniformlyas m » =.
]

At this point, since we wish to arrive at the solution of
our problem by means of the functions @ m r(t)’ that is, since
3
we wish to use Theorems IIT and IV, we now consider

r
Ln (&) @, (ty/m)

m —»e

for the various cases of r = 0,1,...,(n-1).

Case I. r =0.

: : ty
Here, we wish to consider 1:1111:; qu’o(m), where (Pm,o(t)

is given by Eq. 158, namely
k

Q (a-(t)st) 1
160) t) = il . z T (%) .
( (Pm,o( ;Z% P'(aj(t),t) [aj(t)]mﬂ * m,0

By Eqe. ’-lv?,
n-1 m
Q(z,8) =1 + Z' - {1 -4 (Ps(t,)}
m=1 s=]
n-1 n-1 n-l
=L -0 2, e
m=0 s=1 m=s

1
_zn-1 nz-: (P(t)zn-zs__zn-‘l
™ e S z=1_ 2=
n

n _s
- SE::‘I (ps(t) Eﬁ'ﬂi
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n n
=,'._1_.5 { s ZI (Ps(t) +Z‘ 2° @s(t)f
8= 8=

n
1 '(P(t)z znz ¢(t)-1}

8
1T -2 T - 2

. % zn{s='| s
(161) 2 G fs,4) mEffat) o=l o

Hence, since

5o (0,8

(162) (Pm,o(t) ‘j m —-51—1—(-;)- +Tm’°(t)

k
Y oy P8 +a%e) { o 0 -1}

3= (1-aj(t)>1=-(ajct),t)-aj“"”ct)

+ Tm,o(t‘)’

since from Eq. 95

[aj(%)] =-(m+1) . e-aj(O)-ty

and since ; o('r.) - O uniformly as m » =, our primary concern
2
is with
t; t
§ (ad(l» Y/nm)
Iim T
m e P'(a (—g), y/m)

for each aj(ty/m), j=1,2,u00,k. In addition, we will have to

give special attention to the singularities at z = 1 because of
our representation of Qo( z,t)s In all, we will have to consider

the following possibilities:
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A. a.j(t) # 1
T oa ()41 astso.
2. a5(t)»1 as to0.
B. ay(t) =1 for allt.
Note that we are considering only the zeros of Py(z,t) and that
these zeros are such that |aj(0)| =1,
A. aj(t) £ 1. n
T, Play(t),t) +ay Bty (I, @ (t) - 1)
Pt(ay(t),t) (1-—aj(t)) . P'(aj(t),t)

Here,

Now, by Lemma 7, P'(aj(t),t) #0 for 0<fsto. Furthermore,

a,(t) #1.

J Qo(aj(t),t)

Hence, ————te——— will not have any singularities for 0 <Iti<t ,
P'(a;(t),t) *

1o ay(t) 4 1.

a) If there exists a simple zero at aj(o), then P'(aj(o),o) # 0,
whence
Q,(ay(ty/m), V/m)  P(ay (), )+a(%)c D -1
wm(whntﬂ— (T-a())Phﬁ%hnﬂ

asS M- o,

b) If there exists a double zero at aj(o), then we have

P(a;(0),0) = P'(a;(0),0) = P(a,(0),0) = P*(a;(0),0) =0
and

.o 2
P(aj(o))o) = [aj(o)] o & (EJ(O),O) ’é O,
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so that -
ty
Qo(a;.L(%), %) - Lim :-El (Ps( w) =1
PrayD), L) mow Pr(a (),

n L
A ¢, ()
= Lim o

e . =0 .
m-> o P! 4 P"-aj(f%)

2e Sj(‘b)-ar 1a

Here, at z =1, there is definitely a double zero of P(z,t),

since n
PI(1,0) = - Z'1 s® _(0) =0
g=
n
Pn(1,0) = -Z; s(s-1) @_(0) # o.
g=
Therefore, n
ty, t ®(E) -1
Lin Qo(al(_nxl)’ mz ) = Iim E] s(m)

W p!(aj(%),ty/m) mn - [1 »- aj(%!)]'P'(aj(%):P%)
n e
% @ ()
s=1
Lim - —
n e n(T-aj(-ﬁv—)XP‘ + P"a) - aP!
T
;_“:1 @ (0
~2[a,(0)] © P(1,0)

n

But P"(1,0) = - Z' s(s-1) @ (0)

s=1
n n
_ 2 oo
= - 3:.-1: s 4’8(0) = - E @4(0) by our moment

conditions.
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Furthermore, since a.(t)-» 1, we have by Lemma 6,

4
[a (o)]2 = -1
. Q (a- (“!‘): ty) 1

S Lim -1
mve Pi(a, D,y 2

B. aj(t) =1,

n
This case cannot occur since aj(t) =1 implies Eq)s(t) =0
s=1

for all t, and is, thereby, in contradiction with Eq. 129 for the

special value t = 0.

Thus, in summary, we see that

(0, a0,

), = 1
(163) s ‘Jr m . - = .
m e P'(a, (l), (aj(-?%))m+1 ‘ Mac«)s ty,
._ aj(t)—) 1.
whence
(16 1m @, () = cos b .

Case II: r =1.

Here, we wish to consider lim b4 (P 1 (-EZ) s Where
- ” s -
@, 1(t) is given by Eq. 158, namely:
»

Q1 (aj(t),t) 1 .
. +
39 P(ay(8),8) (o, ()™ ™

aes) P, q(0) = RO



-

and, in which

Iim Tm,l(t) = 0,

m «»e0

In other words, we wish to consider
Q (a,(§), /m) 4
Lin g s g T
m-sm P'(aj(-%),-% ) [aj( y/m)]m+

for each aj(%’) and thus determine, in turn,

L

Yy ty
Lim £ Q@4 5D -
M -»eo

To discuss the contribution of each 3 (-%z) to lim[(Pm 1(%2)](}%) ’
moew
several possibilities must again be considered, namely

A. aj(t) # 1
y aj(t),L1 as t-» 0

2. aj(t) -+ 1 as ts 0.
B. aj(t) =1, for all t.

where, in all cases, |aj(0)| =1

Before delving into the various cases, however, we note that,

by Eq. L7,
n-1 m
Q(z,%) = 2 zm{m- 2, (m-S)Q)s(t)g
m=] s=]
n-1 n-1 n-l
= E mz" - 2 E 2", (m-s)fps(t)

m=] s=1 m=s

n-1 n-1 n-1 n-1 n-1

=2y ma® = L 0 (t.)z mz™ +Zs¢s(t) Z‘ z"
m=s s=l m=s

n=] s=] .
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]
_ (n—1)zn+1 - nz" 43z _ nz (Ps( t),{(n-nz“*’-g-*c);3+1-nzn+ sz°{
(z-1) s=1 (z-1) }

n-1

+z 5@ (t)

s=1 z=1

After further simplification and division by Pt(z,t), we then

have

(166) Q (z,%) {fn A {(.-Zw,ctl) + 2P + 4™ }':." s Q)
Pt(z,t) (1-z) P'(z,t)

A. al(t) £1

1) aj(t)-»1.

Here, we have
¥ ” Z(!(Ilt)f + 4P +fa""- :Hs;-:' s@,(%)f

O ta, (), ) = leasi e
; [ - o@]

0 as mM» » ,

Hence:
a) If there exists a simple zero of P(z,0) at aj(O),
P1(2;(0),0) £0

from which we obtain

aley@, B, o,
Pr(ay (), T )




b) If there exists a double zero of P(z,t) at aj(o),
P(2;(0),0) = P'(2,(0),0) = (a5(0),0) = P'(a;(0),0) =0
P(,(0),0) = (a;(0))% P1(a;(0),0) £ 0 ,

from which we obtain

ty, ty o
Qa0 Can HQr g E)() 4y
-Mnm ! 2) Ez ] F
n Prlay(@)s &) m>= (b 4 opi, a;)(ty)

_+ ¢ (a; (0),0) .
CePn(@; (0),00+3,(0)

since 53(0) # O by Lemma 7 and since Q1(aj(0),0) = 0,

2) aj(t)-r T

Here, at z =1, there definitely is a double zero of P(z,t)

since "
P1(1,0) = - 0) =0
(1,0) Z s @ (0)
n
P(1,0) = - Z; s(s=1)®@_(0) £ O,
8=

;s 4,GD, B (@ +Qya(w) + 9
m = m - =
——— pv(aj(%’-),igl) mom (P14 Pea)(tY)
_4(1,0)
t &j(o)opnm,o)
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Now n—1
Q(1,0) = Z Zmim - Z (m-s) @ (0)}
m= s=1
n-1 n-1 n-1 n-1 n-1
Z nz" - Z (ps(o) Z mz™ -+Z s(Ps(O)Z 0
m=1 1 s= m=s =
n~1 n-1
N E @, (0) {octlin=sv) | Z; s @ (0)+(n-s)
n-1 n
2
=32-'-'P- --12 s}_; (Qs(o)-(nz-sz-ms) + ng sfps(o) -

n
- Z‘qu) (0) ’
s=1 R

whence, upon making use of our moment conditions, we obtain

n

(167)  Q(1,0) =..1£SZ'=1 schs(g);é 0.
1 2
(a (ty) e sz-—-;l " ¢s(o)
s lim zQ'l J'm “m - _ 1

=

Be " e ey (), D) -t-éjw)-isz@s(m 26(3,(0)
8=

1+
‘..h

?.jll

since a,(0) = - a,(0) = i.
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B. aj(t) = 1.

Just as for r = 0, this case camot occur due to our moment

conditions.

Therefore, for r =1, we have

-iei w

Y 1e1 W _Sin ty
m

m e 2t t

. §
(168) um I P (M=

Case ITI: r = 2,

v ¢

=
Here, we consider lim = m,r(m) y =2
m-se m

K aj(t) 1.

a) If there exists a simple zero of P(z,t) at z = aj(O),

then by, ty
T zl-. Qr(aj('tﬁ')s m) _—
m e m° P'(aj(-ﬁy), %X-)

b) If there exists a double zero of P(z,t) at z = aj(o),
then
t Vg 2 g= ok
L %D, ) i QR+ 7o 5

d L .
T opa ), Tt (B e Pna(- )

0 provided r = 2,

B. aj(t) = 1.

Once again, this case is non-existent due to the moment

condi ti ons.
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Therefore, for r = 2, we have

r
m-—»oe I

r
Wy o
(169)  um LG GH=o0.

Thus far, then, we have shown that, for all t,

ity =ity
(&40 =costy ,r=
Lo (&
(170) Yoty ) = Lin L Q2= et
e e V. ¢ y=Sinty r =1
2t - t 2=
\ 0 s &8,

Since we wish to use Theorems III and IV, we still need to

establish the existence of

1
Lim m (Pm, (0).

M ~>»co

From Eq. 158, we have

%(a, (L), /)
Q.. - =~ Ta,o )
m,o(m) 2:; P'(a (_z)’fy/m) [a (Ez)]mﬂ * m,o(m)
i'm
so that
k
1M _.o_ . — -
(17 )(P Z—-: o (m+1 )j—'z a( )
k . e o
Y 1 Tep@- o e .y
3= 2 (P')2 w =



where, because of its exponential nature, T (EI)., 0 as m- o,

m,o'm

Therefore,
k ]

(172) @_ (0) = ) Al s aj(o; - y(mH) _

WO 4 P(a(0),0)  aM0) T
. P1(Q+ Q8)= Q_ (P! + P1ed)
- Z' m+1y(0) . . 0( )2-0 + Tm O(O)‘

=1 aj m(P! 2

Now, if there exists a simple zero of P(z,0) at z = aJ(O), then

1 L]
Lim !-ﬁ L] @ m’o(O) = 0,

m e
If there exists a double zero of P(z,0) at z = aJ(O), then,

splitting our limit into two parts, we have

Qo(a (t),t) 1
Lim PTT—QTET-ET == from previous results,
t >0 aj ¥

and

L P00 + Qg - 9P+ Pd)
] 2
t >0 [P'(aj(O),O)]

o [(Prepra)(a,3;8) + P1(3, 4 243487+ Q, B)
t ->d 2P1(Pt + PU3)

LR * o o o

QO(P'+P“a+P"a+P"'(é)2+ P";3-(ao+Qs;)(;' +P";) X

2P1(Pt + PMa)



-Tl=

This limit is &ill indeterminate of the form 8 since
P'(aj(o),o) = Qo(aj(o),o) = 0, Applying L'Hospital's rule once

more would give us the non-zero denominator

L L .

2P'(I." +P"a 4 Pha 4 p'"3°

4 P";) + 2(P' + P";.)'?] N
t=0

that is,
2 . 2
2 {P«(aJ(O))! O
while the numerator, vanishing or not for t = 0, would, neverthe-
less, remain finite.

Therefore, @ n o( 0) approaches a definite finite limit and,
]

in turn,

(173) L Qa0 =0
m e ’

. 1 ty
Having verified the existence of i_i_:'n“ ;I-; (pm,r('ﬁ') and
lim l (p n 0(0), we now apply Theorems III and IV and obtain:
]

m e =
rG,o(f) y =0

r
(174) um L Gmsr(f)j G’,‘(s) , r=1

m->e I
k0 s 22 ,
where
0 y § 2 ¥
(a15) o (§) =] 3 , V=f<y
1

and



o] D

0 :f“"y

(176) G,1(f) = 15( +¥) 5, ¥ysf<y .

J ’ ? 2 ¥
Therefore, applying these results to Eq. 130, we obtain
Y

(177) 1lim u(x,mh) =-12 {vo(x+y) +vo(x-y)f +-12 ] v1(x+F)d§-’ ’

M —»e

h »o s

mh Yy
or equivalently,

: X4y
(178) wu(x,mh) » %{vo(xﬂr) 4 ¥, (x=¥) l +12- f v, ( f’ )d § 3
X

namely, the solution of the partial differential equation

2
3“u o u —_"
== = for the given initial conditions.
ox oy

Thus, we have proved Theorem VI and, in so doing, have
exhibited a general method for the treatment of other partial
differential equations. In fact, although the discussion in the
present chapter was centered about the partial differential

2
du_ 2 .

equation -5;2 = %/ 3 Y2 s there is a strong indication that the
method just presented is directly applicable to the partial differ~
ential equation

2 2 2

9 u 9u 2™u
A—E'O'ZB +C—--2=0

9x Xy dy

with only a slight amount of additional computation,
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APPENDIX I.

n
Lenma 8. The supposition that P(z,0) =1 - 2, (Ps(t)zs has
s=1
no zeros within the unit circle is necessary for the method
of solution by difference equations.

Proof: If the method of solution by difference equations is to

work, then

n-1 %
i 5 [ et o
r=o -

must exist for all x and y. (In fact, the limit will be the
solution of the given partial differential equation). In particu-
lar, since dF I,(x) = 0 outside the interval (-Am,Am), we have

2

that
n-1 Am

1
Lim z f v(x +imz) . e dFm,r(;)
m —»e r=o —Am m
must exist for all x and y. In all of our considerations, we have
taken v(x) to be continuously differentiable. In particular, then,
choose v(f‘) = § , v =0,x=0, and y =1. We then see that

Am
Lin © fdem’o(;‘)

m —»
00 -Am

Lim

m -»e

1

@, (0

H

=] R

must exist.

Now, by Eq. 161, we have

QWZst) 4 Bp ) "
= -] = t)e
P(z,t) 1-2 +(1-z)-P(z,t) Z‘(pm:r( s ?

r=0



so that

yom gy Mo 2 L P(5,8)eR(1,8) = P(1,t)R(z,t)
( )mZ,o (pm,o( I 1=z ' Pz(z,t)

and

@® 3 n *
180 0) 2™ = Z_ . P{1,t)
(190) mzz:o ©n,0l®) 2 = 1= P(z,t)

since for all of the differential equations under consideration,
P(1,0) = 0 will be one of the given moment conditions.

Now, suppose that we are considering a first order partial
differential equation (such as in Chapter III) which, when
represented by a corresponding difference equation, gives rise to

the moment condition

n

P(1,0) = =) P ,(0) # 0.

s=1
Hence,
d m

(181) PHCAROLY

m=0
Now, since Lim 1 ® (0) must exist, we have that

m o B W0

(182) |6, .0 = cn .

Furthermore, the power series Z mz" has a radius of convergence
m=0
of unity. Hence



=76

-} n .
2 m_ z _ P(1,0)
(183) ZSO Pn,ol®? =13 °
must have a radius of convergence r =1, Hence, P(2,0) cannot
have any singularities within the unit circle (for a first order

partial differential equation).

For a second order partial differential equation which gives
rise to the moment conditions P(1,0) = P(1,0) =0, P(1,0) #0,
we repeat the procedure given above for the case when r =0,

x=0,y=1, and v(f ) = ?2. Here, then,

Am
1 2 I -
Lin -y -fdem’o(f)—_- Lin o @, (0)
m-»ec M -Am m->»e M

must exist. Now, from Eq. 179, further differentiation gives us

= R p(1,0
(184) méocpm,o(o)zmzé.z..ls{_z.h% .
But

(185) IEE, m’o(O)li- com’ ,

so that E q)m O(O)zm must have a radius of convergence r = 1.
m=0 ?

Hence, here too, P(z,0) cannot have any singularities within the

unit circle (for a second order partial differential equation).

Q.E.D. Lemma 8




APPENDIX II

We consider, here, sequences of non-negative, non-decreasing
functions Fs(x),
Fs(x) =0, X £ =A
(186)
F (x) = C» x = A,
which give rise, in turn, to corresponding positive-definite
characteristic functions Y s(t) such that the polynomial P(z,t)

can be written as

(187)  P(z,t) = (1 - B Y (1)2°)(1 - T ¥ (1) 2°),

and we wish to establish that, for this case, P(z,t) satisfies
Assumptions 1, 2 and 3 of Chapter IV.
That such cases actually exist is readily verified by con-

sidering the classical difference pattern for the hyperbolic

2 2
partial differential equation -Q—% = Q—% s namely
R dx oy
(188) e e
"1

Here, we have

@1(19) =1V L &tt = 2008 ¢

(189)
(Pa(t) = -1 3

whence
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n
(190)  P(z,8) = 1 - 2 @ ()2° =1 - 22 Cost 4 2°
1 S
s=

it

= (1= e 5)(1 -~ %),

By arguments previously presented in Lemma 1, we first establish

that P(z,t) cannot have any zeros within the unit circle, namely:

Given P(z,t) = (1 -E'Vs(t)zs)ﬁ - Zm)zs), then, for any

zero, z = a, of P(z,t) we have

(1 -ZTY (2)a°)(1 -2 Y (1)a°) =0,
whence

ZY,(t) a° =1 and
(191)
EVS(” a® =1,
Hence, if we assume that there are zeros of P(z,t) at z = a such

that |a) < 1, we arrive at the contradiction 1 < 1, namely

lal <1 =1 = 2¥,(t)a°] £ ZY (1) 12)% DY (1) €TV, (0) = 1.
Q. E.D.

We now consider jointly Assumptions 2 and 3, namely:
Assumption 2: P(2z,0) has zeros of at most the second order on the

unit circle.



Assumption 3: P(a,0) =P'(a,0) =0 and P(a,0) #0 at each
and every double zero point, z = a, on the unit circle.
To establish the validity of these two conditions, we first prove

the following lemma:

Lemma 9,
given: P(z,t) = (1 - DY _(t)2°)(1 - Z V() 2°) ,

where W 3(’r,) are positive-definite characteristic functions, and

where
P(1,0) = P*(1,0) = P(1,0) = P1(1,0) = 0,
{ P(1,0) #0; P(1,0) £ ©O.
M
1A Zs\PB(O)aS#O.
2)  ZVY, (0) a® £o.
Proof':

Since a is a zero of P(z,0), we have

(192) 2 Y, (0) a® =1.

But, a =1 is also a (double) zero of P(z,0), so that
(193) 2 Y0 =1.

Therefore, for Jal =1,

1= | Z¥,0 &*| =« Z¥,0 |o°= TV, (0 =1,
whence

(15k) ZYg(0) 1a1° =1 = DY (0) a° .
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Therefore, ‘{/S(O)as must be real and non-negative, which, in

turn, implies that either

i) \PS(O) =0, or
(195)
ii) Ws(o) #0 and a° is real,

But, lPs(o) 2 0 and there exists at least one '{13(0) # 0
Hence, if we consider the sum of non-negative and real terms
given by

E S "VS(O) a® ’

we see that

(196) 2,8 ‘PS(O) a® £0.,
Q.E.D. 1)

Now, since we have

(197) Y. (0)a® =1=2VY(0),
then, by the arguments just presented,
(198) Y (0)e(a® - 1) =0,

so that either

1) P o) =o0 or
(199)
ii) a® =1,

But, 'PS(O) is a positive-definite function so that

1

(200) Y (0 =0 = Y (0) 0.

Therefore, either
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i) "VS(O) =0, or

(201) .
ii) a = 10

Hence, we have that

(202) LY 0) %= T Y (0.

But, the given moment condition P"(1,0) #0 implies (see Eq.205

below)

(203) U ‘P J0) £ 0,
so that

(20L) LY, 0 a° 0.

Q.E.D. 2)

QeE.D. Lemma 9

Returning to Assumptions 2 and 3, then, consider

P(2,0) = (1 = 2 Y (0)a®)(1 - ZF10) a°)

P(s,0) = (1 -Z‘Psw)as)(—z@)a“’) +
+ (1 -LPDa®) (- ZY ((0)a°) .

k P1(a,0) = (1 ~ZY,(0)a%)(- Zs FT0)"") +

+ (1 -LPT0°) (- Zs ¥ _(0)a>) .
P1(s,0) = (1 =ZY (0)a®)(- Z s FION) +
(205)< + (1 - 2§07 &)= 3 s QJS(O)aM) .
: (Z‘,Y_s.m 2*)(Zs Y (005 4
+ (2P,(0)a°)( Zs o7 )
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(205){ P(a,0) = (1 ~L Y (0)a®)(- ZF_(0)a°) +
+ (1 - ZF00°) (-ZY(0)a") +
+ 2 ZY (0)a°)(Z T a°) .

P1(a,0) = (1 ~Z¥,(0)a®)(~ Z s(s-1) P 10)a""?) +
+ (1 -RF0a%) (- T s(s-1) Y (0)a°2) +
\ +2AT s 9 (0)* N s F10) &%) .

By the definition of the characteristic functions, s(t), we

know that

Y () = f dF(x) = YT0)
(206) -

Y, (O)=ifxdFs(x)=— Yoo .

Furthermore, since z = a 1is a double zero of P(z,0),
P(a,0) = P'(a,0) = 0; P"(a,0) #0,
which, in turn, implies that
(207) { LY, a° =1, D§oye =1,
Ns W (02 £0, T s PO’ £0.
Therefore, combining Lemma 9 and Eqs, 205, 206 and 207, we see
that, for any double zero, z = a, of P(z,0), we have
P(a,0) = ;(a,o) = P1(a,0) = ;'(a,o) = 03
P(a,0) £0; P'(30) £ oO.
QeEsDe




