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Abstract

We probe string dualities by using the orientifold and F-theory, and by investigating
world volume actions of super D-branes and super M-branes.

We first study orientifolds in various dimensions. We construct orientifolds dual
to M-theory compactified on the Klein bottle and on the M6bius band, respectively.
Six-dimensional orientifolds with N=1 supersymmetry are constructed. They have
multiple tensor multiplets, which cannot be obtained by the conventional Calabi-Yau
compactifications. We find F-theory duals for some of these models, thereby making
manifest the phase transitions involving the tensionless strings these models can have.

We construct orientifold and F-theory duals of the heterotic string models con-
structed by Chaudhuri, Hockney and Lykken (CHL) and study N=2 supersymmetric
F-theory vacua in six dimensions.

Next, we construct the supersymmetric world volume action of the M-theory 5-
brane in a flat eleven-dimensional background. Finally, dual D-brane actions are
obtained by carrying out a duality transformation of the world volume gauge field of

the D-brane and their properties are studied.
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Chapter 1 Introduction and Summary

String duality is a recently developed part of string theory. String theory itself is over
twenty-five years old, and has been under intensive development since 1984 as the
leading candidate for a unified theory of particle physics and gravity. The reason that
some of its propeties have been overlooked until now is simple : string duality is not
manifest in the weak-coupling perturbation expansion by which the theory is usually
studied, but it is a property of the exact theory. As a result, string duality gives
information about the behavior of string theory at strong coupling. In a short period
of two years, we have gone from near-complete ignorance of the behavior of strongly-
coupled strings to a rather detailed understanding of the intricate dynamics which
occurs, at least in vacua having enough supersymmetry, and the subject continues to
develop at a rapid pace.

The central idea of string duality is that the strongly coupled limit of any string
theory is equivalent to the weakly coupled limit of some other theory. All string the-
ories are connected in this way and the unique underlying theory is called ‘M-theory’
whose low energy theory is eleven-dimensional supergravity. Besides the ordinary vi-
brating strings, which are the basic quanta of string theory, various solitonic objects
play an essential role in string dualities. Especially new types of solitonic objects,
called D-branes, have attracted much attention, since the understanding of D-branes
is possible within the framework of perturbative string theory! With the improved
understanding of string dynamics it has become possible to address one of the long-
standing problems of quantum gravity—to count the number of states of certain black
holes in a controlled way, giving, for the first time, a statistical mechanical interpre-
tation to the Bekenstein-Hawking entropy([1].

This dissertation is a collection of our modest attempts to understand various
aspects of string dualities. Our approach is two-fold. One approach is to construct

specific string vacua and to study the dual properties of those vacua. This is worth-



2

while to study, since new ways of constructing string vacua have emerged along with
the enhanced understanding of string dualities. Often such new vacua are not visible
with the conventional ways of constructing string vacua, hence can provide useful in-
formation on the string dualities. Important examples are orientifolds and F-theory,
which we use to probe string dualities. The other approach is to study the world vol-
ume theory of various nonperturbative objects in string theory. One category would
be D-branes and by studying their world volume structures, we can check various
properties expected from the web of string dualities. Since string theories are just a
part of so-far mysterious M-theory, D-branes should have definite connections with
solitonic objects in M-theory. Thus it is interesting to study world volume theories of |
M-branes and their connections to D-branes. One of the main obstacles was that the
world volume action of the M-theory 5-brane was not available. Here the M-theory
5-brane action is presented and its connections to D-branes are studied.

In Chapter 2, we introduce basic concepts and ingredients in understanding the
string dualities which will be used frequently in later chapters. We introduce per-
turbative string theories and their T-duality properties. D-branes are introduced via
T-dual transformation of open strings. Orientifold and F-theory are introduced in
simple terms, referring more technical details to later chapters. We briefly discuss
world volume actions of super D-branes and super M-branes and emphasize the im-
portance of kappa symmetry in constructing supersymmetric world volume actions.

In Chapter 3, we carry out the construction of a specific orientifold in six dimen-
sions with N=1 supersymmetry[32]. The closed-string sector in the resulting theory
contains nine tensor multiplets and twelve neutral hypermultiplets, in addition to the
gravity multiplet, which is anomaly-free by itself. The open-string sector contains
only 5-branes and gives rise to maximal gauge groups SO(16) or U(8) x U(8) at
different points in the moduli space. The detailed tadpole calculation is presented.
Anomalies are canceled by a generalization of the Green-Schwarz mechanism that
involves more than one tensor multiplets. Works from Chapter 3 to Chapter 5 are in
collaboration with Atish Dabholkar.

In Chapter 4, we continue to construct other orientifold models and discuss their
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duals[33]. In six dimensions we obtain models with N = 1 supersymmetry, multiple
tensor multiplets, and different gauge groups. In nine dimensions we obtain a model
that is dual to M-theory compactified on a Klein bottle.

In Chapter 5, an orientifold of Type-1IB theory on a T*/Z, orbifold is constructed
which corresponds to F-theory compactification on a Calabi-Yau orbifold with Hodge
numbers (51, 3)[34]. The T-dual of this model is analogous to an orbifold with discrete
torsion in that the action of orientation reversal has an additional phase on the twisted
sectors, and both 9-branes and 5-branes carry orthogonal gauge groups. An orientifold
of the Z3 orbifold and its relation to F-theory is briefly discussed.

In Chapter 6, we study orientifold and F-theory duals of CHL strings —heterotic
string theories with maximal symmetry but with gauge groups of reduced rank[35].
In eight dimensions, the compact space of the dual orientifold is a Mobius strip. We
present the six-dimensional F-theory duals of CHL strings and explain how non-simply
laced gauge groups arise in F-theory. Other N=2 F-theory vacua in six dimensions
are discussed.

In Chapter 7, we present six-dimensional world-volume action that describes
the dynamics of the M theory five-brane in a flat eleven-dimensional space-time
background[146]. The world-volume action has global eleven-dimensional super-
Poincaré invariance, as well as six-dimensional general coordinate invariance and
kappa symmetry. Primarily, we consider a formulation in which general coordinate
invariance is not manifest in one direction. However, we also describe briefly an al-
ternative formulation, due to Pasti, Sorokin, and Tonin, in which general coordinate
invariance is manifest.

Finally, in Chapter 8, dual super Dp-brane actions are constructed by carrying
out a duality transformation of the world-volume U(1) gauge field[118]. The resulting
world-volume actions, which contain a (p — 2)-form gauge field, are shown to have
the expected properties. Specifically, the D1-brane and D3-brane transform in ways
that can be understood on the basis of the SL(2, Z) duality of Type IIB superstring
theory. Also, the D2-brane and the D4-brane transform in ways that are expected
on the basis of the relationship between Type ITA superstring theory and eleven-
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dimensional M-theory. Especially, the dual D4-brane action is shown to coincide with
the double-dimensional reduction of the M5-brane action. Chapter 7 and Chapter 8
are the result of collaborations with Mina Aganagic, Costin Popescu and John H.
Schwarz.

Chapter 3,4,7,8 of this thesis are a recollection of papers published in Nuclear
Physic B and Chapter 5 is a recollection of the paper published in Physics Letter B.
We acknowledge both publishers for the permission of inclusion of those papers in

this thesis.



Chapter 2 Prologue on String Dualities

2.1 Overview of String Dualities

String theory is the primary candidate for the unified theory of fundamental interac-
tions including quantum gravity. In 1984-85 there was a series of discoveries[15, 5, 6]
that convinced many theorists that string theory is a very promising approach to
unification. Ever since then, the subject has remained as the most active area of
theoretical physics[2]. It is known for a decade or so that there are five different
superstring theories, which have a consistent perturbation expansion. For a consis-
tency of these theories, spacetime should have ten dimensions. The five theories are
denoted Type I, Type IIA, Type IIB, Eg x Egs heterotic string theory and SO(32)
heterotic string theory. The Type II theories have N=2 spacetime supersymmetries
in ten dimensions and the others have N=1 supersymmetry. The Type I theory is
special in that it is based on unoriented closed strings and open strings, while the
others are based on the closed oriented strings.

A string’s spacetime history is described by functions X*(o,7), which map the
string’s two-dimensional world-sheet (¢, 7) into spacetime X*. This two-dimensional
quantum field theory should be conformally invariant in order to describe classical
string dynamics. Perturbative quantum string theory can be formulated by the Feyn-
man sum-over-histories approach. For closed string theory, an n-loop string theory
Feynman diagram corresponds to a genus n Riemann surface. A difference from the
field theory is that there is just one Feynman diagram at each order of perturbation.
In Type I theory, besides oriented Riemann surfaces, unoriented surfaces such as the
Klein bottle enter into the perturbation expansion.

Even though perturbative string theory leads to much success and can produce
string vacua whose matter contents are close to the realistic world, it was soon clear

that much of the important problems, such as an understanding of supersymmetry
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breaking, is beyond the perturbative framework and needs an understanding of non-
perturbative phenomena of string theory. Initially this appeared not to be available in
the near future. Surprisingly, another giant step was just around the corner! Around
1994, we began to understand much of the nonperturbative aspects of string theories,
thus we came to understand the strong couping behavior of string theories. Since
we do not have a nonperturbative definition of string theory! at this time, it’s not
possible to prove the dualities in the present knowledge of string theory. However
there is mounting evidence for various duality conjectures and they form an intri-
cate web of consistent structures. One striking consequence is that what we viewed
previously as five theories, is in fact five different perturbative expansions of a sin-
gle underlying theory about five different points. The unique theory underlying five
superstring theories is called M-theory. One interesting fact of M-theory is that it
is an eleven-dimensional theory and it’s low energy theory is described by eleven-
dimensional supergravity. Before string dualities, eleven-dimensional supergravity
was just a curiosity to string theoriests. But now this mysterious theory finds a way
to fit in the whole picture of string dualities.

Even before the advent of string dualities, we knew that some string theories are
connected. This connection is provided by another symmetry of string theory, T-
duality, which connects one string theory with a small radius of compactification to
another string theory with a large radius of compactification. Since the T-duality is
a perturbative symmetry with respect to the string coupling, this symmetry was well
understood before the era of string dualities. By T-duality, ITA theory compactified
on a circle in a small radius limit is equivalent to IIB theory compactified on a circle
in the large radius limit[9]. And a similar relation holds between Eg x Eg heterotic
string theory and SO(32) heterotic string theory[3]. Now we are left with Type II,
Heterotic and Type I theory. For further connections between these string theories,
we need strong-weak coupling duality. The strong coupling limit of Heterotic SO(32)
theory is given by the weak coupling limit of Type I theory. The strong coupling

IThere is some progress in this direction. Matrix theory is one proposal for the nonperturbative
definition of string theory[137]
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limit of Type ITA is described by M-theory compactified on a circle. In this case,
the coupling of Type IIA theory X is related to the radius of compactified circle of
M-theory by A ~ R%, where R denotes the radius of the compactified circle of M-
theory. Thus the weak coupling limit A — oo of Type IIA theory corresponds to the
small radius limit of M-theory, and we can only see ten dimensions instead of the
full eleven dimensions. Heterotic and Type I theory also have an eleven-dimensional
origin, whose salient features will be reviewed in Chapter 6. Thus all known five
string theories are merged into a single M-theory.

Another interesting fact is that the strong coupling limit of Type IIB theory
is the Type IIB theory, itself. In this case, strong-weak coupling duality can be
seen as a discrete gauge symmetry. There is much evidence that the duality group
of Type IIB theory is SL(2,Z). Interestingly enough, the SL(2,Z) symmetry of
Type IIB is geometrized as a 2-torus of M-theory if we consider Type IIB theory
on a circle[144]. Another interesting geometrization of SL(2,7) symmetry of Type
1B is F-theory[46], which leads to many nonperturbative vacua of Type IIB theory
which were not previously available. We will discuss F-theory in more detail in later
chapters.

One important lesson of the string dualities is that solitonic objects are on an
equal footing with the perturbative strings. As the coupling gets larger in one string
theory, solitonic objects become light and dominant in a low energy limit. Indeed, in
some cases special solitonic states in one theory are mapped to the perturbative string
states in the dual theory. One special type of soliton, called D-brane[56], has attracted
much attention. D-branes are solitonic objects carrying special types of charges. One
advantage of D-branes over the other solitonic objects is that we know the underlying
conformal field theory of D-branes, which implies that we have precise understanding
of the excitations of D-branes. A useful application of D-branes is the construction
of string vacua with open string sectors, called the orientifold construction. This is

one of the main themes of this thesis.
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2.2 Worldsheet Properties of Closed String

The action for the free bosonic string in the conformal gauge is

1
2w

L2060, X 0 9.1
/M 50X 0°X,,, (2.1)

where a denotes the world sheet indices and p denotes the spacetime indices. The
string tension T is given by T = ﬁ There are two types of boundary conditions
that we will have to consider, corresponding to closed strings and open strings. Closed
strings are topologically equivalent to circles and the appropriate boundary condition

is the periodicity of the coordinates
XMoo, 7)= X¥ o+ =, 7). (2.2)

The equations of motion are simply wave equations and the most general solution

compatible with the boundary condition is X#(o,7) = Xg(r — ¢) + X[ (7 + o) with:

1 o 1 _
X}%(T — O‘) = 5;1:”‘ + a'pl"(»;- - 0—) + 12 % Z ;aze—%n(‘r—a)

n#0
m 1 / o L & —2in(140)
XHr+0) = e +dp*(r+0)+i)= >, —dke : (2.3)
2 2 nzo "
After the usual canonical quantization
[a*,p"] = inu (2.4)
[, o) = [a4,, &7 = (m 4 n)émynn™, (2.5)
we get the mass spectrum
2 ”w 4
M?* = —ptp, = E(N—l)
4 _
- 2@ -, (26)



2]

where N is the total level of the left oscillator mode excitations and N is the total
level of the right mode excitations; —1 is the contribution from the zero point energy.
2 There’s a level matching between left-mover and right-mover. Note that the lowest
level is the tachyon due to the zero point energy contribution.

An interesting thing happens when we compactify on a circle, say, in the z2°-

25 —

direction with radius R, i.e., T z?® + 2rnR where n is an arbitrary integer. X?2°

has additional zero modes,
X% = 2% + 2d/pr + 2Lo + oscillators (2.7)

with p = %, L = nR. The restriction to integer m is needed so that the quantum
wave function e® is invariant under z?®* — 2% 4 27 R. The integer n is the number
of times the string wraps around the circle (winding modes). The mode expansion

can be decomposed into a sum of left-mover and right-mover

XQS(O',T) = X,Q{’(T —o)+ Xz5(7' + o)

!
Xg(r—o) = ah + \/ %a?f"(r — o) + oscillators

/

XP(t140) = 2P+ %&35(7‘ + o) + oscillators

(2.8)

with

. 2m o [ 2

2A boson with periodic boundary conditions has zero point energy —21—4, and with antiperiodic

boundary conditions it is 41—8. For fermions, there is an extra minus sign. For the bosonic string in
26 dimensions, there are 24 transverse (physical) degrees of freedom.




10

Turning to the mass spectrum, we have

M? = —p'p, =
(&2°%)? + ;(N —1). (2.10)
Here p runs only over the non-compact dimensions. The mass spectra of the theo-

ries at radius R and o'/R are identical with the winding and Kaluza-Klein modes

interchanged (m < n) which takes

25 25

ag —

~25 ~ 25

&g — —ag”. (2.11)

The interactions are identical as well[9]. Write the radius-R theory in terms of
X®(g,7) = X¥(1 — ) — X®¥(7 + o). (2.12)

The energy-momentum tensor and OPE and therefore all of the correlation functions
are invariant under this rewriting. The only change is that the zero mode spectrum
in the new variable is that of the o//R theory. The T-duality is therefore an ex-
act symmetry of perturbative closed string theory. Note that it can be regarded as
a spacetime parity transformation acting only on the right-moving degrees of free-
dom. One can further argue that T-duality is an exact symmetry of the closed string

theory[4].

2.3 Open String, T-dualities and D-branes

Now consider the open string and it’s transformation properties under the T-dualities[9,

59]. Topologically, an open string is an interval. Let o parametrize the interval and
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run from 0 to 7. The variation of the action (2.1) becomes, after integration by parts,

8 = —

/ o6 XH0?

/aM do(6X"0,X,.) (2.13)

2ra!

where 0, is the derivative normal to the boundary. The only Poincaré invariant
boundary condition is the Neumann condition 0,X, = 0. The Dirichlet condition
X* = constant is also consistent with the equations of motion and we will return to
the Dirichlet boundary condition shortly. From the first term of (2.1), the equation

of motion is given by the wave equation again. The mode expansion is given by

1 /
Xgp(r—0) = za"+dp*(r— o) 2 Z—a” ~r—a)
2 n;EO
1
Xi(t4+0) = gx“ + o'p*(7 4 0) Z —a“ el (2.14)
n;éO

If we compactify on a circle in the z?°-direction, the momentum modes in this direction
are quantized, i.e., p?® = %. Here the usual compactified coordinate is X** = X3 +
X?%*. In order to understand the T-dual transformation, we rewrite the theory in

terms of the dual variable

X% = X2 — X = 2dp*®0 + oscillators

= 20/%0 + oscillators. (2.15)

The oscillator terms vanish at the endpoints ¢ = 0,7. Notice that there is no de-
pendence on 7 in the zero modes. Therefore the endpoints of the string do not move

in the X% direction. We could also see this directly, from the boundary condition

0, X% = 8,X'® = 0. At the ends,

=0 X% = O
g=17" X = Ipa'p™®

= 2mnR. (2.16)
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This means that in the dual theory (with radius R’ = &'/R) the ends of the open
strings are located for all time at position X’?®* = 0. They can wind n times around
the spacetime circle, and they are free to move in the other directions. Thus under
the T-duality transformation, a Neumann boundary condition turns into the Dirichlet
boundary condition and Kaluza-Klein modes are mapped to the winding modes. The
hypersurface X’?® = 0 becomes a dynamical object and is called D-brane. It is natural
to expect that such a hypersurface is dynamical, since closed strings can interact with
the D-brane via open strings, therefore the hypersurface feels the effect of gravity in
the closed string massless sector. In a later section, we will see that there are massless
open string excitations propagating on the D-brane, the T-duals of the photons, with
precisely the properties of the collective coordinates for the transverse fluctuations of

the D-brane.

2.4 Superstring

2.4.1 Open Superstring

We can supersymmetrize the bosonic action by adding fermionic degrees of freedom.
Interestingly enough, world sheet supersymmetry gives spacetime supersymmetry af-

ter a truncation of the spectrum. The superstring action is given by

1

2o’

-

/ Po(0. X 0% X, — 1" p*uth,). (2.17)
Here p® is the 2-dimensional gamma matrix satisfying
{0%,0"} = =21ap. (2.18)

As the bosonic variables X* are decomposed into left-mover and right-mover, so are

the fermionic variables. The fermionic part of the action can be written

Sp =~ [ Pl +4di) (2.19)

s
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where ¥, and _ denote the right-mover and left-mover, respectively. In order to
obtain Euler-Lagrangian equation under the variation, we require that the surface
terms 46ty — _6v_ vanish. There are two possible boundary conditions to be
imposed. We can set ¢4 (0,7) = 9% (0, 7) without loss of generality. The possible two

boundary conditions are

R :  oi(m,7)=+¢E(7,7) (2.20)
NS :  ok(r,1)=—oE(x, 7).

In the NS sector, the fermionic oscillators are half-integer moded, giving a ground

state energy of
s HlEls g (2.21)

from the eight transverse coordinates and eight transverse fermions. The ground state
is a Lorentz singlet and has odd fermion number, (—1)f = —1. The GSO projection
onto states with even fermion number, removes the open string tachyon from the
spectrum and makes the entire spectrum supersymmetric. Massless particle states in
ten dimensions are classified by their SO(8) representation under Lorentz rotations
which leave the momentum invariant. The lowest lying states in the NS sector are
the eight transverse polarizations of the massless open string photon A* forming the
vector of SO(8), 8,.

The fermionic oscillators in the Ramond sector are integer moded. In the R sector
the ground state energy always vanishes because the world-sheet bosons and their
supersymmetry partners have the same moding. The Ramond vacuum is degenerate
since 1§ take ground states into ground states® and they form a representation of
the Clifford algebra in ten dimensions, hence they are spacetime spinors. The ground
state is the spinor of SO(8) and the GSO projection corresponds to the chirality
projection in this case. SO(8) has two spinor representations 8, and 8.. Thus there

are two possibilities for the GSO projection. The two choices are equivalent and

33", denotes the n-th mode of the oscillators
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we pick up 8;. The ground state spectrum is then 8, & 8, a vector multiplet of
D =10, N =1 spacetime supersymmetry. Including Chan-Paton factors, which will
be discussed later, gives a U(n) gauge theory in the oriented theory and SO(n) or
USp(n) in the unoriented theory.

2.4.2 Closed Superstring

For closed superstrings, we can impose periodic or anti-periodic boundary conditions
for left-mover and right-mover separately. There are four distinct closed superstring
sectors, which are called NS-NS, NS-R, R-NS, R-R sectors. For each R or NS sector,
the spectrum would be the same as that of an open superstring. Thus we can think
of the closed string spectrum as the tensor product of two copies of the open string
spectrum. As in the bosonic case, there should be a level matching between left-
mover and right-mover. In the open string the two choices for the GSO projection
were equivalent, but in the closed string there are two inequivalent choices, taking the
same (IIB) or opposite (IIA) projections on the two sides. These lead to the massless

sectors

Type IIA (8 D &) ® (8 @ 8)
Type 1IB (8, 8:) ® (8, D 8s) (2.22)

of SO(8).

The various products are as follows: In the NS-NS sector, this is
8 Q8 =0D B, PG =128 35. (2.23)
In the R-R sector, the IIA and IIB spectra are respectively

8 ®8 = [1]®[3] =8, D56

8:R8 = [0]d2ld[4+=1028d35,. (2.24)



15

Here [n] denotes the n-times antisymmetrized representation of SO(8), with [4]; being
self-dual. Note that the representations [n] and [8 — n] are the same, being related by
contraction with the 8-dimensional e-tensor. In the Type IIA case, we have odd-rank
tensors of SO(8) but even-rank tensors of SO(9, 1), the extra index being contracted
with the momentum to form the field strength (and reversed in Type IIB).

The NS-NS and R-R spectra together form the bosonic components of D = 10
ITA (nonchiral) and IIB (chiral) supergravity, respectively. In the NS-R and R-NS

sectors are the products

8v®8c = 85@56c

8 ®8 = 8.& 56s. (2.25)

The 565, are gravitinos, their vertex operators having one vector and one spinor
index. They must couple to conserved spacetime supercurrents. In the IIA theory
the two gravitinos (and supercharges) have opposite chirality, and in the IIB then the
same chirality.

As we discussed before, T-duality is a one-sided parity transformation. For su-
perstrings, this transformation flips the relative chiralities of the left-moving and
right-moving ground state. Thus an odd number of T-dual transformations maps
Type IIA to Type IIB and vice versa, while an even number of the transformations

maps Type IIA or Type IIB to themselves[9].

2.5 D-branes in Type II Theory

Now consider D-branes in Type II theory. Away from the D-brane we see only closed
string spectrum with two d=10 gravitinos. However, worldsheet boundaries reflect
one supercharge into the other. So only one combination of the two supercharges is
a good symmetry of the full state. In other words, in the Type II theory coupled to
the D-brane, half of the supersymmetry of the bulk theory is broken, which implies
that the D-brane is a BPS state[56]. BPS states must carry conserved charges. In



16
the present case there is only one set of charges with the correct Lorentz properties,
namely the antisymmetric R-R charges. The world volume of a p-brane naturally
couples to a (p+1)-form potential A,41, which has a (p+2)-form field strength F, .
Thus allowable D-branes are p-branes with p even in IIA and p odd in IIB.

Now consider the behavior of a D-brane under the T-dual transformation. Take the
T-dual transformation in a direction p perpendicular to the D-brane. The Dirichlet
condition becomes Neumann, so in dual theory this becomes a (p+1)-brane. One
can check that the R-R potential acquires an extra index, as needed to couple to
(p+1)-brane[59]. Similarly, if we take the T-dual in a direction m along the brane, it
becomes a (p-1) brane and the R-R potential loses its m index.

Once a D-brane is introduced, we can have open strings whose ends are at any
value on the hypersurface of the D-brane. This open string describes the excitations
of the D-brane. The quantization of the open string is isomorphic to the conventional
quantization of an oriented open superstring. Specifically consider a D-brane located
at 2,41 = -+ = 9 = 0. The massless states are a vector and a spinor making up a ten-
dimensional supersymmetric Yang-Mills multiplet with gauge group U(1). As the zero
modes of 27, j > p are eliminated by the boundary conditions, the massless particles
are functions only of z°, ..., 2P. The massless bosons A;(z°), i,5 = 0,...p propagate
as a U(1) gauge boson on the p-brane world-surface, while the other components
éj(2*) with 5 > p, s = 0,...,p, are scalars in the p + 1-dimensional sense. Note
that the vectors have conventional open-string gauge boson vertex operators V, =

P o Ai(X®)0, X*, with 8, the derivative tangent to the world-sheet boundary, while
the scalars have vertex operators of the form Vy = ;5 ¢;(X*)9,X? with 9, the
normal derivative to the boundary. For ¢; = constant, the boundary integral of V,
is the change in the world-sheet action upon adding a constant to X7, 7 > p, so the
scalars can be interpreted as oscillations in the position of the p+1-brane. The theory
on the p+ 1-dimensional world-volume is naturally thought of as the ten-dimensional
U(1) supersymmetric gauge theory dimensionally reduced to p + 1 dimensions[133].
Similarly if we have coincident N D-branes, the low-energy theory is described by

the dimensional reduction of the U(N) gauge theory in ten dimensions. The open
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string modes connecting different branes become massless in the coincident limit and
they provide additional massless charged states for the enhanced gauge symmetry.
Note that the motion of the D-brane corresponds to the Wilson line of the underlying
gauge theory. Depending on its motion, it can break or enhance the gauge symmetry.

From the above argument, we can see that the open string has additional degrees
of freedom in addition to the world sheet fields. These are the Chan-Paton degrees
of freedom indicating on which D-branes open strings end. Thus one can write the
open string state [i,2j > where 1 is the worldsheet fields and ¢,j denote D-branes
on which open strings end. This geometrization of the Chan-Paton factor in terms of
a D-brane is quite useful, especially when one considers the string compactification

with open strings.

2.6 Orientifolds

There is an additional symmetry of Type IIB theory, which is called the worldsheet
orientation reversal symmetry. Since the left-moving modes of the Type IIB are
isomorphic to the right-moving modes, there is a Z; symmetry which interchanges
the left-mover and right-mover. Using this orientation reversal symmetry, we can
construct orientifolds which are generalizations of orbifolds. In the orbifolds only
the discrete internal symmetries are gauged, while in orientifolds products of inter-
nal symmetry and the world-sheet parity reversal symmetry are gauged. It is easy
to undestand the closed string sector. We just keep the closed string states which
are invariant under the orientifold symmetry. Orientifolding introduces unoriented
surfaces in the closed string perturbation theory. For example, the torus turns into
the Klein-bottle under the orientation reversal. Unoriented surfaces have tadpoles in
R-R fields in the closed string channel. The tadpoles can be canceled by including the
right number of D-branes that couple to these R-R fields. These D-branes provide
the Chan-Paton factors for the open string sector. In the next chapter, we will carry
out the detailed tadpole calculations and the determination of the string spectrum

for a specific model, but general strategy is the same.
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It is interesting to see the T-dual picture of the world-sheet orientation reversal.
For closed strings, the original coordinate is X™(o,7) = XZ (7 — o) + XJ*(7 + o) and
the dual coordinate is X' = X7 (7 — o) — XJ*(7 4+ o). The action of the world sheet

parity reversal is to exchange Xz and X}. In terms of the dual coordinates, this is

X s — X2 (2.26)

which is the product of a world-sheet and spacetime parity operation. Hence the
T-dual action introduces a fixed plane in spacetime, which is called the orientifold
plane. By calculating tadpoles, one can show that the orientifold plane is also a
source for the R-R fields. But in the compact space these fields have nowhere to
go. By introducing the right number of the D-brane, we can make the total R-R
charge vanish in compact space. Thus the tadpole cancellation is equivalent to the
cancellation of R-R charge cancellation in compact space.

One typical example of the orientifold is Type I theory, which is obtained from
Type I1B theory by gauging orientation reversal symmetry §2. Projecting onto Q@ = +1
interchanges left-moving and right-moving oscillators and so one linear combination
of the R-NS and NS-R gravitinos survives, leaving D = 10, N = 1 supergravity. In
the NS-NS sector, the dilaton and graviton are symmetric under §2 and survive, while
the antisymmetric tensor is odd and is projected out. In the R-R sector, it is clear
by counting that the 1 and 35, are in the symmetric product of 85 ® 8¢ while the
28 is in the antisymmetric. The R-R vertex operator is the product of right- and
left-moving fermions, so there is an extra minus in the exchange and it is the 28
that survives. The bosonic massless sector is thus 1 @ 28 35, the D = 10 N =1
supergravity multiplet. The tadpole cancellation requires 32 9-branes and the gauge
group is reduced to SO(32) by requiring the orientation reversal symmetry.

Now if we compactify on a circle in the 2°-direction, z9 = z9 + 27 and T-dualize.
Then from the previous discussion, ) is mapped to Rof) where Rg is the parity
operation in the z°-direction. The resulting theory is a Type IIA orientifold and has

two orientifold planes at z° = 0 and z° = 7. Again we need 32 8-branes from the
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tadpole cancellation. If we put 16 8-branes at z° = 0 and the other 16 8-branes at
2% = 7, we have the gauge group SO(16) x SO(16). In this configuration, dilaton
tadpole cancellation as well as R-R charge cancellation occurs locally, and the string

coupling constant remains constant throughout the space.

2.7 F-theory

F-theory refers to a new way of compactifying Type-I1IB theory in which the complex
coupling A of Type-IIB theory is allowed to vary over space. The coupling is given
by A = £ + ie™® where ¢ is the dilaton from the NS-NS sector and ¢ is the R-R
scalar. Consider an elliptically fibered Calabi-Yau manifold K which is a fiber bundle
over a base manifold B with a torus as a fiber whose complex structure parameter is
7. Even though K is a smooth manifold, there will be points in the base manifolds
where the fiber becomes singular, and the parameter 7 can have a nontrivial SL(2, Z)
monodromy around these points. An F-theory compactification on K refers to a
compactification of Type-IIB theory on B, where the coupling X is identified with 7.
The nontrivial monodromy of A around the singular points then means that there are
T-branes at those points that are magnetically charged with respect to the scalar .
Typically, the base manifold is not Ricci-flat and moreover, because A is varying, there
is a nonvanishing RR background. These backgrounds cannot, therefore, be described
using conformal field theory. For special choices of the manifolds K, however, an F-
theory compactification is equivalent to a perturbative Type-1IB orientifold. This
follows from an observation due to Sen [40] that the element —1 of SL(2,Z) which
is not an element of PSL(2,7) is a perturbative symmetry of Type-IIB. It flips the
sign of the two 2-form fields Bj;y and B3y, but leaves all other massless fields,
in particular, the coupling fields A invariant. From its action on the massless fields
it is easy to check that this element represents the action of Q(—1)% where Q is
orientation reversal on the worldsheet and F7, is the spacetime fermion number of the
left-movers.

Here we consider the simplest example considered by Sen[40], where K is a K3
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surface that is a Z5 orbifold of a four-tours; Let z1, z, denote the complex coordinates
of T*. The Z, symmetry acts as z; — —z; and zy — —z;. Here 2z; parametrizes
the elliptic fiber and z, parametrizes the base. Since the elliptic fiber represents
the complex coupling of Type IIB theory, in this orbifold limit the coupling remains
constant on the base. The base is T?/Z, and there are four fixed points of the Z,
action. Around each fixed point, there is a SL(2, Z) monodromy —1. Thus we have
the Type IIB compactification on T?/Z, such that as we go once around each fixed
point, the theory comes back to itself transformed by the symmetry (—1)f2 - Q. In
other words, the theory can be identified to Type IIB on T2, modded out by the
Z, transformation (—l)FL - Q) - Iy where I, denotes the Zy transformation z9 — —z5.
This is a T-dual of Type I theory to be discussed in Chapter 4. In this way, we
established the duality between F-theory on K3 and the Type I theory. Once the
duality is established at one point of moduli space, one can argue the equivalence at
other points of the moduli space, since we can deform both theories away from this
specific point by turning on suitable background fields.

In the case at hand, we are considering the F-theory with the coupling remaining
constant throughout the base, and we expect the same nature in the corresponding
T-dual of Type I theory. This implies that tadpole cancellation occurs locally so
that there are no dilaton gradients on the base. There are four orientifold planes
and we should put eight 7-branes at each orientifold plane; the resulting gauge group
is SO(8)*. Tt is interesting to see how the corresponding gauge group arises in F-
theory. We have four singular fibers on the base. Possible singularities of elliptic
fibers are classified by Kodaira[7]. These singularities fit into the ADE classification.
In our example at hand, the singularity type is Dy ~ SO(8). This suggests that the
ADE type singularities will give ADE gauge groups in F-theory. This can be further
checked in various cases[54, 55, 71].

One can consider the F-theory compactification in lower dimensions. F-theory on
elliptic threefolds provides many interesting models in six dimensions. We will see

some aspects of F-theory in 6-dimensions in Chapters 5 and 6.
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2.8 Super D-brane and Super M-brane

Solitonic objects play an essential role in string dualities and a better understanding of
string dualities comes from a better understanding of the quantum properties of those
solitonic objects. A striking example is the D-brane. Since we know the underlying
conformal field theory of D-branes, we can have a clearer view on the duality aspects
related to the R-R charged objects. One way to understand a solitonic object is to
understand its world-volume theory. In the case of strings in a flat background, the
world-volume theory has been quantized and used to construct the string perturbation
expansion. In the case of p-branes with p > 1, such things have not been available.
Still it 1s worthwhile to study the world-volume theory of solitonic objects and to
extract the useful information on these. Since much of the recent development of the
string dualities focuses on D-branes, it is interesting to study the world-volume theory
of D-branes. It has been known for some time that D-brane world volume theory
contains a U(1) gauge field, whose self interactions are described by the Born-Infeld-
type theory[96]. More precisely speaking, since many of D-branes in string dualities
are supersymmetric objects, we should have the supersymmetric world-volume theory
of D-branes. Such constructions are given in [89, 90, 91].

The field content describing the world-volume theory of super D-branes consists of
the superspace coordinates (X™,#) in ten dimensions and an abelian vector gauge field
A, where p runs through the world-volume indices of the D-brane. The world-volume
theory has the global ITA or IIB super-Poincaré symmetry. In addition, they have
world-volume general covariance, which ensures that only the transverse components
of X™ are physical. One crucial ingredient of the super D-brane is additional fermionic
symmetry, called kappa symmetry. This symmetry eliminates half of the component
of 0 so that the physical degrees of freedom of bosons and fermions match. In order
to ensure kappa invariance, we should introduce a Wess-Zumino term. The action of

the D-brane can be written as S = S; + S; where

S, = / 4P o\ [—det(G + Fu) (2.27)
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Sy = / Q. (2.28)

Here G, F,, are suitable supersymmetric generalizations of the induced metric and
the gauge field on the world volume and §,.; is a (p + 1)-form representing the

Wess-Zumino term. The kappa symmetry variation is given by

651 = [ a0 280yPTy0,0 (2.29)
65, = [ a0 28017)0,, (2.30)

so that
65 = [ 102801 +9P)TE0,0. (2.31)

Here () and T(,) are suitable expressions involving X™, § and F,,,. We have ()2 =

1. Since (1 4 4®) are projection operators, 60 = &(1 — () gives the desired
symmetry. From this structure, one can see that the Wess-Zumino term is indeed
essential in constructing kappa symmetry. We will encounter the more detailed form
of the super D-brane action in Chapter 8.

Now turn to the solitonic objects in M-theory. The low energy effective action of
the M-theory is eleven-dimensional supergravity and it contains a three-form poten-
tial. Thus M-2 brane couples to the three-form potential electrically, while M-5 brane
couples magnetically. The world volume theory of the M-2 brane was constructed in
[86] . The world volume theory of the M-5 brane is a six-dimensional theory whose
massless content is N=2 tensor multiplet. One difficulty in formulating M-5 brane
world volume theory is that N=2 tensor multiplet contains a second-rank self-dual
tensor gauge field. It has been known for a long time that there is no straightforward
way to construct a covariant action that describes propagation of the self-dual field.
One way to circumvent this difficulty is to consider the theory with general covariance,
but the general covariance is not manifest. Very recently, a manifestly covariant for-
mulation involving only a finite number of auxiliary fields has been introduced[113].

Both approaches will be explained in due course, and the M-5 brane action will be

presented in Chapter 7.
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Chapter 3 An Orientifold of Type IIB
Theory on K3

Theories of unoriented strings can be viewed as orientifolds [10, 12, 9] of oriented
closed strings. Orientifolds are a generalization of orbifolds in which the orbifold
symmetry includes orientation reversal on the worldsheet. For example, Type-I strings
can be viewed as an orientifold of Type-IIB strings. It is obvious that the closed-string
sector of unoriented strings can be obtained by projecting the spectrum of oriented
strings onto states that are invariant under the orientifold symmetry. It is more
difficult to see how and when the open string sector might arise, and in particular
how to obtain the Chan-Paton factors. A proper understanding of this question has
become possible only after the remarkable recent work on D-branes[56].

A D-brane is a submanifold where strings are allowed to end which corresponds to
open strings that satisfy mixed Dirichlet and Neumann boundary conditions. In Type-
IT theories, D-branes represent non-perturbative extended states that are charged with
respect to the R-R fields in the theory. D-branes provide a geometric understanding of
how Chan-Paton factors arise: a Chan-Paton label is simply the label of the D-brane
that an open string ends on.

One can now understand the open-string sector of an orientifold as follows. Ori-
entifolding introduces unoriented surfaces in the closed-string perturbation theory.
The unoriented surfaces such as the Klein bottle can have tadpoles of R-R fields in
the closed string tree channel. The tadpoles can be canceled by including the right
number of D-branes that couple to these R-R fields. This introduces the open string
sector with appropriate boundary conditions and Chan-Paton factors.

With this enhanced understanding of orientifolds, one can contemplate more gen-
eral constructions. In this paper we construct a simple orientifold of Type-IIB theory

compactified on a K3 surface that has N = 1 supersymmetry in six dimensions. The
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orientifold symmetry group is {1,025} where S is a Z» involution of K3 and Q is
orientation reversal on the worldsheet. The resulting closed string sector contains the
gravity multiplet, nine tensor multiplets, and twelve neutral hypermultiplets. The
maximal gauge group arising from the open string sector is SO(16) with an adjoint
hypermultiplet, or U(8) x U(8) with two hypermultiplets that transform as (8, 8).

There are a number of motivations for considering this example. First, the re-
quirement of anomaly cancellation in six dimensions is fairly restrictive and provides
useful constraints on the construction of the worldsheet theory. In fact, this work
was motivated in part by the observation [21] that anomalies cancel in a large class of
supersymmetric models in six dimensions. The orientifold that we consider realizes
one of these models as a string theory. Second, we obtain a massless spectrum that
is markedly different from the only known string compactification to six dimensions
with N = 1 supersymmetry viz. the heterotic string theory on K3, which has only
one tensor multiplet. We thus have a new compactification with a moduli space that
apparently is disconnected from the known compactifications. Finally, this orientifold
is a useful practice case for various generalizations to different dimensions using other
orientifold groups [33].

The organization of this chapter is as follows. In Section 2 we motivate the
orientifold group from considerations of anomaly cancellation and describe the closed
string sector. The open string sector is discussed in Section 3. Consistency requires
inclusion of 32 Dirichlet 5-branes but no 9-branes, with additional constraints on
the Chan-Paton factors that determine the gauge group and matter representations

completely.

3.1 Gravitational Anomalies and the Orientifold
Group

The massless representations of the N = 1 supersymmetry algebra in d = 6 are chiral;

consequently their coupling to gravity is potentially anomalous. We would like to see
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what constraints are placed on the massless spectrum so that these anomalies cancel.
We shall then use this information to see how such a spectrum may follow from a
string compactification.

The massless states are labeled by the representations of the little group in six
dimensions which is SO(4) = SU(2) x SU(2). The massless N = 1 supermultiplets
are then as follows.

1. The gravity multiplet:

a graviton (3, 3), a gravitino 2(2, 3), a self-dual two-form (1, 3).

2. The vector multiplet:

a gauge boson (2, 2), a gaugino 2(1, 2).
3. The tensor multiplet:

an anti-self-dual two-form (3,1), a fermion 2(2,1), a scalar (1,1).
4. The hypermultiplet:

four scalars 4(1,1), a fermion 2(2,1).

The gravitino and the gaugino are right-handed whereas the fermions in the other
two multiplets are left-handed. Up to overall normalization the gravitational anoma-

lies are given by [19, 20]

43 9245
— 2 R4 2t
Iay2 agg ()" + 3t
1 1
Iij, = +—(trR®?+ —trR*
1 +oag )" + gegtr
8 98
I, = ——(trR>)? + —trR*. 3.1
4 agg TR gt 8-

Here I5/,, I1 /2, and I 4 refer to the anomalies for the gravitino, a right-handed fermion,
and a self-dual two-form (1, 3) respectively.
Consider ny vector multiplets, ny hypermultiplets and ny + 1 tensor multiplets.

Then the (trR*) term cancels if the following condition is satisfied:

ng —ny = 244 — 29%1’. (32)

The (¢trR?)? term is in general nonzero, and needs to be canceled by the Green-



26
Schwarz mechanism [15]. There are many solutions of (3.2). We would now like to
see which can be realized as a string theory.

There are not many possibilities for string vacua with N = 1 supersymmetry
in six dimensions. For the heterotic string, we must compactify on a K3 to obtain
N = 1 supersymmetry. This leads to ny = 0 and nyg = ny + 244. For Type-II
strings, usual Calabi-Yau compactification on a K3 leads to N = 2 supersymmetry.
One way to reduce supersymmetry further is to take an orientifold so that only one
combination of the left-moving and the right-moving supercharges that is preserved
by the orientation-reversal survives. By considering different orientifold groups one
may obtain different spectra, and in particular different number of tensor multiplets.

The model that we consider in this chapter has ny = 8 and nyg — ny = 12 which
clearly satisfies (3.2). The special thing that happens with this matter content is that
the entire anomaly polynomial including the (¢rR?)? term vanishes. We thus have
anomaly cancellation without the need for the Green-Schwarz mechanism, analogous
to what happens in the Type-IIB theory in ten dimensions [20], or in the chiral N = 2
theory obtained by compactifying Type-IIB theory on K3 [51].

If we wish to obtain a large number of tensor multiplets, a natural starting point
for orientifolding is the Type-1IB theory compactified on K3, which has 21 (N = 2)
tensor multiplets in the massless spectrum in addition to the gravity multiplet. The
gravity multiplet contains 5 self-dual two-forms whereas the tensor multiplets contain
one anti-self-dual two-form each. Let us recall how these two-forms arise. In ten
dimensions the Type-1IB theory contains a two-form B}, from the R-R sector, a
two-form B%,y from the NS-NS sector and a four-form Apnpg from the R-R sector
with self-dual field strength. Zero modes of these fields correspond to harmonic forms
on K3 and give rise to massless fields in six dimensions [19] . The nonzero Betti
numbers for K3 are by = by = 1, b] = 3, and b; = 19 where b are the self-dual
two-forms and b; are the anti-self-dual two-forms. From the two Bpy fields we get
by two-forms each, which means altogether 2 self-dual and 2 anti-self-dual two-forms.
Similarly, from the zero modes of the Aynpg we get 3 self-dual and 19 anti-self-

dual two-forms in six dimensions after imposing self-duality of field strength in ten
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dimensions.

The orientifold group can now be deduced as follows. In order to obtain N =1
supersymmetry we need an orientation reversal {2 which takes o to 7—o. A projection
(1 4+ £2)/2 alone would give us the spectrum identical to the closed-string sector of
Type-I theory on K3, eliminating Ay npg and Bi;y completely from the spectrum.
Now consider a Z; involution S of K3 such that eight anti-self-dual harmonic forms
are odd under S and all other 16 forms are even. It is clear that under the projection
(1 +Q5)/2, eight zero-modes of Aynpg will now survive, giving us 8 anti-self-dual
two-forms. Moreover, we shall also get eight scalars from the zero modes of B%,y
so that we have the complete bosonic content of eight tensor multiplets. We still
have one zero mode of B}y giving one self-dual and one anti-self-dual two-form.
The self-dual two-form is needed for the gravity multiplet; the anti-self-dual two-form
combines with the zero mode of the dilaton to form an additional tensor multiplet.
Altogether, we obtain the nine tensor multiplets that we were after.

Let us see if we get the rest of the spectrum right. There are no vector multiplets
because there are no odd cycles on K3, and starting with even forms and the metric
in ten dimensions we can never get a one-form as a zero mode. The scalars arise
from zero modes of the metric tensor and the B}, field that are invariant under
1S. Their zero modes can be found from the Dolbeault cohomology of K3 [19], so
we need to know which (p, ¢) forms are left invariant by S. The main point for our
purpose will be that the eight two-forms that are eliminated by S are (1,1) forms .
We are thus left with 12 (1,1) forms and 1 each of (0,2), (2,0), (0,0), (2,2) forms.
The zero modes of gyn give 34 scalars [19]. The number of zero modes of B}y
equals the number of harmonic two-forms which is 14. Altogether we have 48 scalars
which make up 12 hypermultiplets. This construction ensures that the closed-string
sector is anomaly free. We also get a constraint in the open-string sector that the
number of vector multiplets must equal the number of hypermultiplets for canceling

gravitational anomalies.

1For a smooth K3 defined by a quartic polynomial in C P, it is easy to construct an example of
the involution S and verify this assertion [29].
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To proceed further we need to know the spectrum in the open-string sector and
check that all tadpoles vanish. For computing the tadpoles we need a realization of the
K3 as an explicit worldsheet conformal field theory. Furthermore, we need to know
how the involution S acts in this conformal field theory. This can be easily done for a
particular K3 represented as a T*/Z, orbifold. Let (21, 22) be complex coordinates on
the torus T* defined by periodic identifications z; ~ z; + 1, 21 ~ z; + %, and similarly

for z,. The two Z; transformations of interest are generated by

R (21,22) = (—2z1, —22)
1 1
S . (2’1,22) —F (—Zl -+ 5, —2Z9 + 5) (33)

That S is the desired symmetry can be seen as follows. The K3 orbifold is obtained
by dividing the torus by Z& = {1, R}. The Type-IIB theory on this orbifold has
5 self-dual and 5 anti-self-dual two-forms coming from the untwisted sector. In the
twisted sector, there are 16 anti-self-dual forms from the 16 fixed points of R. Notice

that S is the same as R acting on shifted coordinates (z; — 1,

z3 — 3). Now, S leaves
all forms in the untwisted sector invariant, but takes 8 fixed points of R into the other
8. Thus of the anti-self-dual two-forms coming from the twisted sector, 8 are even
under S, and 8 are odd. This is precisely the structure we wanted. Note that S has
16 fixed points on the torus, but on the orbifold they are identified under R leaving

only 8 as required by the Lefschetz fixed-point theorem [17].

3.2 Open String Sector

3.2.1 Tadpoles

Tree-channel tadpoles can be evaluated by factorizing the partition function in the
loop channel. For closed strings, the one-loop amplitude for the orientifold is obtained
by projecting onto the closed string states of the Type-IIB theory on K3 that are

invariant under the symmetry 5. The partition function now receives a contribu-
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tion from the Klein bottle in addition to the torus. The torus has no closed-string
tree channel and is modular invariant by itself, so we need to consider only the Klein
bottle. To determine the open string sector we first require closure of operator prod-
uct expansion so that the S-matrix factorizes properly. This implies that we can
consistently add only 5-branes and 9-branes [61]. We then have 55,99,59,95 sectors
for open strings from strings that begin and end on the two kinds of branes. The
one-loop partition function is given by the cylinder and the Mobius strip diagram.

In this section we shall follow the general framework of Gimon and Polchinski
[61] quite closely. The total projection that we wish to perform is (342)(1£22). The
orientifold group G is {1, R,QS,QRS} which we can write as G = Gy + QG with
G1 = {1, R} and G = {S, RS}. An open string can begin on a D-brane labeled by
2 and end on one labeled by j. The label of the D-brane is the Chan-Paton factor
at each end. Let us denote a general state in the open string sector by [¢,i5). An

element of (G; then acts on this state as
g: |, 45) — (vg)iwrlg - ¥,85") (v, )i (3.4)
for some unitary matrix v, corresponding to ¢g. Similarly, an element of QG, acts as
Qh: [,i5) — (van)a|Qh -, 5') (van ) - (3.5)

The relevant partition sums for the Klein bottle, the Mobius strip, and the cylinder
are respectively [;° dt/2t times

QS 1+ R 14+ (-1)F o irosi
KB : Trgggst{_Q : e 27t(Lo+Lo)
QS 1+ R 1+ (—-1)F i
MS : Tr9N95+_5§ {——2 5 2 ) g~ 2mtk
11 1 ~1)F
s Tr%95t91§+59+55 {5 ‘;R + (2 ) e—ztho} _ (3.6)

Here F' is the worldsheet fermion number, and as usual l—t%ﬁ performs the GSO
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projection. The Klein bottle includes contributions both from the untwisted sector
and the sector twisted by R of the original orbifold.

For evaluating the traces we need to know the action of various operators on the
oscillator modes and the zero modes of the fields. Let us take X™,m = 6,7,8,9 to
be the coordinates of the torus so that 27rz; = X¢ + ¢ X7 and 27rz; = X& + 1X°,
where the radius r defines the overall size of the torus. Let X*,: = 1,2,3,4 be
the transverse coordinates in the six-dimensional Minkowski space. Let 1™ and %*
be the corresponding fermionic coordinates of the NSR string. The action of R
on oscillator modes is obvious. For the ground states |p.,, L™) without oscillations,

but with quantized momentum p,, = k,,/R in the compact direction and winding

L™ = X™(27) — X™(0), R has the action
Rlpm, L™) = | = pm, =L™). (3.7)

Note that S is U(%)RU'(%) where U(%) performs translation along both X® and X*®
by r/4. Therefore, S has the same action on the oscillators as R but for the ground

states there is a crucial difference of phase
8Py ™) = (—=1)"(=1)"| = P, —L™). (3.8)

The action of §) depends on the sectors; ) takes a field ¢(o) to ¢(r — o) and has
obvious action on the modes.

The traces can be readily evaluated. Following [61] we define

fﬂ®=qm2ﬁ(l~fﬂ, h@)=¢”%5f10+q%)

.&(q)::q'”24fi (1+¢m), .ﬁ(q)=:q‘”24ii (1-¢""), (3.9)

n=1

which satisfy the Jacobi identity

f3(9) = f3(9) + fi(g) (3.10)
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and have the modular transformations

AeT™) =V fi(e™™) fale7) = fo(e7™), faleT) = fale™™). (311

The relevant amplitudes are then given by (1 —1):% [° ;‘“ times
f4( _27rt) = tn? ’ = tn? ’ . tpw? )
KB : 8f8( = ( —Z_: (—1)"e ™" /ﬂ) ( _Z_: e~ TN /p) + ( —z—: o= Ttow )
f ( —27rt f 0 Cortow? 4
M5 : f28( — ot fé —27rt TI' ’YQS 57955) _Z_: € 2

n — 7(712 = 7rn2
+Tf 791259791259 ( Z ot /p) ( Z e~ /p> }

n=-—0oo n=—oo

8 —7!"[ o0 4
C: ;482:_” { Tr(y1,0) ( Z 6_2””2/">
1

n=—oo

1,JE5 m=6 w=—o0

+ Z (71,5)12(71,5)]_] H Z e_t(zwa-I-Xim_X]mV/?ﬂ'a,}

—mt

o faleT™) file” ) !
fo(e ”)fg(e mt) Tr(vrs5)Tr(vR9)
fie™) fi(e™™) T 2

+4fil(e —7t) fA(e=) {(Tr(’YR,g)) -I—Izzzl(Tr(yRJ)) } (3.12)

We have defined vs = Vg/(47%a’)*® where V; is the (regulated) volume of the non-
compact dimensions, and p = r?/a’. For the cylinder amplitude, as in [61], the sum
2,7 comes from strings that begin and end at 5-branes z and 7 with arbitrary windings;
the sum [ is over 5-branes placed at the fixed points of R. Note that for the Klein
bottle and the Moébius strip diagrams, in evaluating Tr(QRS) or Tr(25), the sum
over momenta contains a crucial factor of (—1)" for the 6 and 8 directions, but no
such factor for the 7 and 9 directions.

To factorize in tree channel we use the modular transformations () and the Poisson

resummation formula

Z 5 —m(n— b \/—' Z —7ras2+2m'sb. (313)

n=—oo §=—00
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An important fact for our purpose will be that

o0

S (e e =\ fpft ST el (3.14)

n=—oo S§=—00

Tadpoles correspond to long tubes(t — 0) in the tree channel. In this limit it is

easy to see that the total amplitude is proportional to (1 — 1) [5° dl times

Vg () —
To (o))} + 15— {32 — 64T (vad7iss) + (Tr(ns))’}
Ve 16 3
+ o 2 (Te(yre) — 4Tx(9R,))° (3.15)
64 1=

Here [ is the length of the tube, which is inversely proportional to the loop modulus
t; vg = p? = Vy/(47%d)? with V; the volume of the internal torus before orbifolding.

The (1 —1) above represents the contributions of NSNS and RR exchange respec-
tively, which must vanish separately for consistency [16, 18]. Using these requirements

we determine the spectrum in the next section.

3.2.2 Gauge Group and Spectrum

We see from (3.15) that to cancel the tadpole proportional to vevs corresponding to
the 10-form exchange, we must have Tr(y1,9) = 0. Now Tr(71,9) equals the number ng
of 9-branes, so we conclude that there are no 9-branes. We are left with only the 55
sector so from now on we drop the subscript 5 for the v matrices. Vanishing of the

term proportional to vg/v4 corresponding to the exchange of untwisted 6-forms gives
ns =32,  Yas = Yas- (3.16)

Finally, vanishing of the term proportional to vg corresponding to the exchange of
twisted sector 6-forms gives Tr(yr;) = 0. By a unitary change of basis vqs —

UvasUT we can take

Tas = 1. (3.17)



33
We have additional constraints on the algebra of the 4 matrices so that we obtain a

representation of the orientifold group in the Hilbert space:

TQRS = YQSYR
(vr)? = 1
Tars = Tars (3.18)

We have the choice of taking yors either symmetric or antisymmetric, but it turns
out that both choices lead to the same spectrum.
Let us now discuss the massless bosonic spectrum coming from the NS sector.
The states
¢f1/2|0,ij>x\ji, g= 1,234, (3.19)

belong to the vector multiplets whereas the states
'(,bi_nl/2|0,l]>/\]“ m = 6, 778797 (320)

belong to the hypermultiplets. We have to keep only the states that are invariant
under R and §2.5; this constrains the possible forms of the Chan-Paton wave functions
A

The conditions for the Chan-Paton factors depend crucially on where the 5-branes
are placed. There are a number of ways one can distribute the 32 5-branes to ob-
tain various gauge groups. We discuss only two distinct configurations that lead to
maximal symmetry.

1. The first choice is to take 16 five-branes to lie at a fixed point z of S and the
remaining 16 to lie at the image of x under R. In this case, the projection under R
simply relates the states at « to those at Rz and leads to no additional constraints
on A. 5 = +1 implies

A = —vas 105 (3.21)

for both scalars and vectors. This can be seen as follows. 1™ satisfy Dirichlet bound-
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ary conditions on both ends and have the same mode expansion as ¥* which satisfy
Neumann boundary conditions. Now 1/)f% is odd under Q as in Type-I theory in ten
dimensions. But @DT% is even because of the additional phase due to the Dirichlet
boundary condition. Moreover, under S, ™ is odd and #* is even. Using (3.17)
we conclude that A = —AT| obtaining an adjoint representation of SO(16) for both
vectors and scalars, and the corresponding supermultiplets.

2. We can place 16 five-branes at a fixed point y of R and 16 at the image of y
under S. This time we only need to impose the condition R = +1 on the states. For
the matrix yg we had two choices. Let us first choose yqrs to be symmetric. Then
from (3.18), vr is also a symmetric matrix that squares to one and is traceless. In
transforming vqs to identity we already made a unitary change of basis, but we can

still make an orthogonal change of basis to put g in the form
1 0
TR = ‘ (322)
0 -1

A = yrRM\yR

Now R =1 implies

for vectors and

A= —yrME"

for scalars. The condition for vectors means that we have a subgroup of U(16) that
commutes with yg i.e., U(8) x U(8). The condition for scalars means that they
transform as (8,8) and (8,8) under the U(8) x U(8). Another way to see this is
to note that the Chan-Paton label transforms as (1,8) 4+ (8,1) at one end and as
the complex conjugate at the other. The projection keeps (8 x 8,1) + (1,8 x 8) for

the vectors, and (8,8) and the complex conjugate for the scalars. If we chose vqrs
0 —1

0 ) instead of (3.22), but the identical
11

antisymmetric, we would get yp = (
spectrum.
Notice that the rank of the gauge group is different in the two cases which cor-

respond to two branches of the moduli spaces that are connected. With the group
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SO(16) we have adjoint matter, so we cannot change the rank. We can break it to
a U(8) or all the way to U(1)%. For the U(8) x U(8), the condensation of charged
hypermultiplets can change the rank and we can also break it to the diagonal U(8),
for example. The two branches are thus connected.

The symmetry breaking can be seen geometrically. If we place a 5-brane away
from the fixed points of B and S, then we need three more 5-branes at the image
points. We can thus divide the 32 branes in four copies of 8. In this case, there
will be no restrictions on the Chan-Paton matrices at a given point, except that they
are hermitian. If all branes are placed at generic points and their images, we get
U(1)®. When they coincide at a point other than the fixed points, we get U(8) with

an adjoint hypermultiplet.

3.2.3 Anomaly Cancellation

The number of vector multiplets equals the number of hypermultiplets at all points of
the moduli space discussed in the previous subsection, so the gravitational anomalies
cancel. In fact, at a generic point in the moduli space where the symmetry is U(1)8,
or also when it is SO(16), the entire anomaly vanishes. These theories are thus
anomaly-free without the need for the Green-Schwarz mechanism.

Anomaly cancellation is more subtle when the gauge group is U(8) x U(8). We
can factorize the group as SU(8) x SU(8) x U(1) x U(1). The states are neutral under
the diagonal U(1). So we need to consider only SU(8); x SU(8)z x U(1) under which
the hypermultiplets transform as (8, 8)4 and (8,8)_, where the subscript denotes the
U(1) charge. Let us denote the field strengths as Fi, F3, and f respectively.

The U(1) factor is at first sight troublesome. The anomaly involving this factor has
terms that are of the form f(d;trF} + dytrF3) where dy, d; are constants. Such terms
would seem problematic because they do not have the usual factorized form f2tr[F2.
However, these can be canceled by a local counterterm of the form [ bTrF*® for some
scalar b that has inhomogeneous gauge transformations. Let a be the gauge potential,

da = f. Under the gauge transformation da = de, b must have the inhomogeneous
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transformation 6b = € to cancel the anomaly. The gauge invariant combination is
A = db— a which is nothing but the gauge-invariant form of the massive gauge boson
associated with a. Now the kinetic term for b is of the form A? which can be viewed
as the mass term for the massive gauge field A.

One is familiar with an analogous situation in four dimensions [50]. The scalar b is
very similar to the axion in four dimensions which is the Goldstone boson of a global
Peccei-Quinn symmetry. The fermionic current for the Peccei-Quinn symmetry is
anomalous, but so is the axion current. Now, if we gauge this symmetry, then naively
we would find that the gauge coupling to the fermions is anomalous. However, one can
always define a linear combination of the fermionic current and the axionic current
which is anomaly-free. The axion then is the would-be Goldstone boson associated
with this anomaly-free current. The corresponding gauge-boson becomes massive
after eating the axion.

Because the U(1) gauge boson will always be massive, we shall discuss only the
remaining factors SU(8); x SU(8)z. Let us denote the field strengths for the two
groups by Fy and F, respectively, and define F, = trF? o = 1,2. The anomaly

polynomial is then of the form
X =F+F} 2R F. (3.23)

To cancel this anomaly one needs a generalization of the Green-Schwarz mechanism
proposed by Sagnotti [22] which we now review briefly.

If we have n tensor multiplets, then there is a natural SO(1,n) symmetry in
the low-energy supergravity action [41]. Altogether there are n + 1 tensors H,,r =
0,...,n that transform as a vector of SO(1,n); the time-like component is self-dual
whereas the spacelike components are anti-self-dual. The scalars coming from the
tensor multiplets parametrize the coset space SO(1,n)/S0O(n). We take n,, to be the
Minkowski metric with signature (1,n). Let v be the time-like vector, v -v = 1, so
that v- H is self-dual. The scalar product is with respect to the metric n: for example,

v-H = v, Hsn,s. Now consider the case when the gauge group has m nonabelian factors
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with field strengths F,,a = 1,...,m, and denote trF? by F,. In this case, anomaly
cancellation can be achieved by a generalization of the Green-Schwarz mechanism if

the anomaly polynomial is of the general form

X =— Z(Ca > Cﬁ)]:o,]:g, (3.24)
af
where c¢,,a = 1,...,m are constant vectors of SO(1,n). It is clear that the anomaly

associated with X can be canceled by a local counterterm of the form
AL =) Fulea B), (3.25)

provided the fields B, have appropriate gauge transformations. If w, are the Chern-
Simons three-forms for the various gauge groups and dw, = dw!, then the required
gauge transformations are § B, = cq,w.. The modified gauge-invariant field strengths
H, are then given by

H, =dB, — corwy. (3.26)

An important fact that follows from supersymmetry is that the coefficients ¢, that
enter into (3.26) and the modified Bianchi identity are related to the kinetic term
for the gauge field F,, which is given by v - ¢, [22]. Given an anomaly polynomial,
the vectors ¢, must be chosen such that the kinetic terms for all gauge fields are
positive-definite.

In our case, the gauge group has only two factors, i.e., m = 2. We have ten
tensors (n = 9), but it turns out that only three tensors are involved in the anomaly
cancellation. This is because when all branes are localized at a given fixed point of
R (and its image under S), the tensors coming from the twisted sectors localized
at other fixed points that are far away, cannot be relevant. Therefore we restrict
ourselves to a three-dimensional subspace taking n = 2. We have one self-dual and
one anti-self-dual tensor from the untwisted sector, and one anti-self-dual tensor from
the twisted sector.

For simplicity, let us pick a special point in the tensor-multiplet moduli space so
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that v = (cosh ¢,sinh ¢,0). The anomaly polynomial (3.23) can be written in the
form (3.24) by choosing ¢; = (1,1,1) and ¢; = (1,1,—1). There is some freedom in
choosing these vectors because of the SO(1,n) symmetry and the freedom in choosing
the signs of the tensor fields. With the above choice the field ¢ can be identified with
the dilaton so that the coeflicient of the gauge kinetic term, which comes from the disk
diagram, goes as e~?. Moreover, the kinetic terms are positive-definite for both the
gauge groups because v-c; and v-cy are both positive-definite. Thus, the anomalies can
be canceled by the generalized Green-Schwarz mechanism explained in the preceding
paragraphs.

Worldsheet considerations are consistent with this spacetime reasoning. To obtain
a counter-term like (3.25) we would require a coupling of the kind By(F; — F3), where
B, is the tensor coming from the twisted sector. Such a term can be obtained by
computing a disk diagram with two vertex operators for the gauge bosons on the
boundary of the disk, and the vertex operator for the tensor at the center of the disk.
The vertex operator at the center introduces a branch-cut corresponding to a twist
by R. The twist acts on the Chan-Paton indices by the matrix yg which is +1 for F;
but —1 for F,. This is in accordance with the relative minus sign between the third
components of the two vectors ¢; and ¢;. By contrast, the vertex operators for the
two tensors By and B; coming from the untwisted sector of the orbifold introduce
no branch cuts. These tensors therefore have identical couplings to the two gauge
groups; correspondingly, ¢; and ¢, are identical in the 0,1 subspace.

We have not worked out the detailed couplings from a worldsheet calculation, but
our tadpole calculation assures us that anomaly must cancel in this way. If gauge
invariance were anomalous, then the longitudinal mode of the gauge boson would not
decouple. This would lead to a tadpole, but we have already made certain that there
are no tadpoles.

So far we have chosen to work at a special point in the moduli space, where
one could ensure that the kinetic terms for both gauge groups are positive-definite.
However, as we move around the tensor-multiplet moduli space, we eventually come

across a boundary where the kinetic term for one of the gauge fields changes sign,
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and is no longer positive-definite. For example, we can take a more general form for
the vector v, v = (cosh ¢, sinh ¢ cos ), sinh ¢ sin 1)) where ¢ and @ are the moduli. It
is easy to see that there is a range of values for ¢ and i where either v - ¢; or v - ¢
is negative. This phenomenon is similar to the one observed in [25] which is possibly
an indication of some ‘phase transition’ at the boundary.

We can also contemplate more complicated possibilities. For example, if y; and y,
are two fixed points of R that are not related by S, then we can place eight 5-branes at
y1 and eight at y,. The remaining 16 branes have to be placed at the images of these
two points under S. In this case one would obtain U(4) x U(4) gauge group with two
copies of (4,4) from each of the fixed points. Now the anti-self-dual tensors coming

from twisted sectors at both y; and y, will be needed for anomaly cancellation.

3.3 Discussion

We have constructed a string theory that does not seem to be connected to the known
string vacua because we have a different number of tensor multiplets. It cannot be
viewed as a compactification of Type-I theory because the orientifold symmetry mixes
nontrivially with internal symmetries of the K3. We have discussed here only the
simplest example but quite clearly there is a whole class of models one can consider
at different points in this moduli space. Work on some of these models is in progress
and will be reported elsewhere [32]. Models with multiple tensor multiplets have been
considered before in [22, 23] although from a somewhat different point of view.

By analogy with [26] one can ask if these theories are connected to other theories
by a phase transition. In six dimensions, infrared dynamics is trivial, so it would
seem impossible to change the number of anti-self-dual tensors because one can simply
count the states in the infrared. Such a transition can occur only if there is non-trivial
infrared dynamics at special points in the moduli space analogous to the situation
considered in [65]. Perhaps the boundary in the tensor-multiplet moduli space where
the kinetic term for the gauge fields changes sign is related to such a phase transition.

Finally, one can ask about the duals of the theories that we have constructed.
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A. Sen has informed us that at a generic point in the moduli space with U(1)® gauge
symmetry, one can obtain identical spectrum by considering an orbifold of M-theory
compactified on K3 x S [38]. In this theory the vector multiplets arise from the
untwisted sector whereas the tensor multiplets arise from the addition of 5-branes of
M-theory by a reasoning similar to [68, 63]. This is complementary to our construction
where the tensor multiplets arise from the untwisted sector (on a smooth K3) and
the vector multiplets arise from the addition of 5-branes. In a recent paper that
appeared after this work was completed, C. Vafa has obtained identical spectrum by
a compactification of ‘F-theory’ [46]. It is plausible that these three models can be
related to one another by duality.
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Chapter 4 Strings on Orientifolds

4.1 Introduction

In this chapter we discuss string compactifications on orientifolds to six and higher
dimensions. Orientifolds are a generalization of orbifolds [56, 9, 11, 12] in which the
orbifold symmetry includes orientation reversal on the worldsheet (for a review see
[59] and references therein). Orientifolding allows one to construct new perturbative
vacua that cannot be obtained by usual Calabi-Yau compactification of string theory.
One can thus explore different regions in the moduli space of string vacua that were
previously not accessible.

In six dimensions we focus on orientifolds of Type IIB theory compactified on a
K3 orbifold to obtain six-dimensional theories with N = 1 spacetime supersymmetry.
It has recently become clear that the dynamics of D = 6, N = 1 string theories is
quite rich and offers many surprises. There are points in the moduli spaces of these
theories where tensionless strings appear which makes it possible to have non-trivial
dynamics in the infra-red [66, 63]. In particular, there can be phase transitions in
which the number of tensor multiplets can change. It is therefore quite interesting
to analyze different branches of the tensor-multiplet moduli space. Usual Calabi-Yau
compactifications can give only one tensor multiplet. In [32] an orientifold was con-
structed that has nine tensor multiplets. In this paper we discuss some generalizations
that give models with five, seven, nine, or ten tensor multiplets with different gauge
groups. Models with multiple tensor-multiplets can also be obtained by compacti-
fications of M-theory [66, 38, 39, 77], or of F-theory [46, 54, 55]. The orientifolds
that we construct allow one to study the duals of some of these compactifications as
perturbative string theories.

In nine dimensions we consider an orientifold of Type IIB theory compactified on

a circle to obtain the dual of M-theory compactified on a Klein bottle. It is interesting
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to note that the compactification of M-theory on a circle gives the Type ITA theory, on
an interval the Fg x Fg heterotic string [67], on a Mobius strip a CHL string[27, 28],
and on a torus the Type II string [21]. Thus, compactification on a Klein bottle
completes this list of Ricci-flat compactifications to nine and ten dimensions. We also
discuss some issues regarding the compactification of Type I theory on a torus.

This chapter is organized as follows. In section two we first discuss some generali-
ties about orientifolds. In section three we discuss orientifolds of toroidal compactifi-
cations. In section four we discuss orientifolds of Type IIB theory compactified on K3
orbifolds. The calculation of tadpoles and the relevant partition sums are summarized

in the Appendix.

4.2 Some Generalities about Orientifolds

In general our starting point will be some Zy orbifold of toroidally compactified Type
[IB theory. We can then take the orientifold projection (1 + §23)/2, where § is the
orientation reversal on the worldsheet and 8 is some Z, involution of the orbifold.

If the orbifold group Zy is generated by the element «, then the total projection

we would like to perform is given by (1+“+“]'\,+(’N_1)(1+2§w) in both the twisted and
the untwisted sectors of the orbifold. The orientifold group G can be written as
G = G1 + QG, such that QrRQA € Gifor b, A’ € G,.

The closed string sector of the orientifold is obtained by projecting the spectrum
of the original orbifold onto states that are invariant under the orientifold symmetry.
The open-string sector of the orientifold arises as follows. Orientifolding introduces
unoriented surfaces in the closed-string perturbation theory. The unoriented surfaces
such as the Klein bottle can have tadpoles of R-R fields in the closed string tree
channel. The tadpoles correspond to the fact that the equations of motion for some
R-R fields are not satisfied because the orientifold plane acts as the source of the R-R
fields [56]. By including the right number of D-branes which are also sources for the
R-R fields with opposite charge, one can cancel these tadpoles. This introduces the

open-string sector with appropriate boundary conditions and Chan-Paton factors. As
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we shall see, sometimes the Klein bottle amplitude turns out to have no tadpoles; in
these cases there is no need to introduce the open-string sector, and the closed-string
sector by itself describes a consistent theory.
An open string can begin on a D-brane labeled by 7 and end on one labeled by
j. The label of the D-brane is the Chan-Paton factor at each end. Let us denote a
general state in the open string sector by |¢,27). An element of G then acts on this

state as

9. lyig) = (vdirlg -, Mg i (4.1)
for some unitary matrix v, corresponding to ¢g. Similarly, an element of G, acts as

Qh : |,25) — (van)i|Qh -, 7'7) (van )ivi- (4.2)

The relevant partition sums for the Klein bottle, the Mobius strip, and the cylinder
are respectively [5° dt/2t times

QB 1l+a+..+aVN P14+ (-D)F _, r.i
KB : TrgggerRR {T 5 : e—2mt(Lo+Lo)
QB l+a+..+a 14+ (-DF _,
MS : Tedd o {7 N 5 e~ 2miLo
, (11 et VT 14 (=1)F
C - Tl'ft])é_R{§ +a+N+O—’ +(2 ) 6_27rtL0}- (43)

Here F' is the worldsheet fermion number, and as usual 1—*’%&" performs the GSO
projection. The Klein bottle includes contributions both from the untwisted sector(U)
and the twisted sectors(T) of the original orbifold. Orientation reversal § takes NS-R
sector to R-NS sector, so these sectors do not contribute to the trace. The labels
A and ) refer to the type of D-brane an open string ends on. For example, in a
theory with both 5-branes and 9-branes, A and )\’ are either 5 or 9; one has to include
the sectors 55 and 99 for the Mobius strip, and the sectors 55, 99, 59, and 95 for
the cylinder[61]. The tadpoles can be extracted by factorizing the loop-amplitude in
the tree channel. Tadpole cancellation then determines the number of D-branes as

well as the form of the v matrices introduced earlier, which in turn determines the
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open string sector completely. In fact in many examples that we consider, spacetime
supersymmetry and anomaly cancellation usually place powerful constraints which
determine the spectrum even without knowing the full form of the v matrices.
Many of the details of the tadpole calculation are similar to those discussed in
[59, 32, 61] and will not be repeated here. We give a collection of relevant partition

sums and their factorized forms in the tree channel in the Appendix.

4.3 Orientifolds of Toroidally Compactified Type
I1IB theory.

4.3.1 An Example in Nine Dimensions

Consider Type IIB theory compactified say in the X® direction on a circle Sg of radius
rg. We can take an orientifold with the group {1, SQ} where S is a half-shift along
the circle, X°® — X® 4 7rg. The closed-string sector of this theory is obtained by
projecting onto states that are invariant under S{2. The massless bosonic spectrum
of Type IIB theory in ten dimensions consists of the metric gy y, the dilaton ¢!, and a
two-form B3,y from the NS-NS sector; a two-form B}y, a scalar ¢?, and a four-form
Apnpg with self-dual field strength from the R-R sector. The fields gy, ¢', and
Bjsn are all even under §, whereas the fields Apnpg, Bisy, and @2 are odd. If we
were projecting only under {2, we would obtain the spectrum of Type I strings; the
superscript 1 above refers to the fields that survive this projection.

Now, if we expand a given field ¥ in terms of the Kaluza-Klein momentum modes
U, carrying quantized momentum m/R then the modes with even m are even under
S, whereas the modes with odd m are odd. Thus, the combined projection under 0.5
eliminates all odd momentum modes of the fields gyy, #', and Bi,y, but all even
momentum modes of Aynpg, Bi/n, and ¢?. In particular, once we restrict ourselves
to zero momentum modes to obtain the massless spectrum in nine dimensions, we
obtain the closed string sector of the Type I string reduced to nine dimensions.

Let us now look at the open-string sector. As explained in the previous section,
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open-string sector arises from the addition of D-branes to cancel tadpoles in the Klein
bottle amplitude. Now, because of the half-shift that accompanies €2, only states
with odd winding appear in the crosscap state and are thus massive. Another way
to see this is to first compute the amplitude in the loop channel and then factorize
in the tree chanpezl. The loop channel momentum sum gives a term proportional
to Em(—l)me—_n:gm_ where ¢ is the loop-channel parameter. To see the tadpoles in
the tree channel we use Poisson resummation formula and take the limit ¢ — 0
corresponding to long, thin tubes; it is easy to see that in this limit the amplitude
vanishes, and there is no tadpole. Therefore, to obtain a consistent orientifold there
is no need to add any branes.

To see what this theory is dual to, we compactify further on a circle Sy of radius
rg in the direction Xg. The Type IIB theory is T-dual to Type IIA under rg —
1/rs, and moreover the operation § in IIB is dual to Rs{) in ITA where Rg is the
reflection Xg — —Xg [59]. Now Type IIA theory is M-theory compactified on a
circle Sjp in the X'° direction. The operation Rg{) corresponds, in M-theory, to
taking X® — — X8 at the same time flipping the sign of the three-form potential
Cunp of the eleven dimensional supergravity. In M-theory we can interchange the
two circles S® and S'°. Therefore, the combined operation S in Type IIB theory
corresponds, in M-theory, to X1® — —X19 X® — X% 4 77y which is nothing but the
Z, transformation that turns the torus 70 into a Klein bottle. Notice that this is
not a purely geometric operation in M-theory but is accompanied by a simultaneous
change of sign of the three-form potential. Under the interchange of the two circles
S0 and Sg, the symmetry Rg{) in Type IIA theory is conjugate to the symmetry
(—1)f2 | where F, is the spacetime fermion number coming from the left-movers [52].
All R-R fields are odd under this symmetry and all NS-NS fields are even. Thus, the
strong coupling limit of the orbifold of Type-IIA theory under the combined operation
(=1)f2 and X9 — Xy + 77y is given by M-theory compactified on a Klein bottle.

It is amusing that we have an example of a compactification on a non-orientable
surface. Another example is M-theory on a Mobius strip which is dual to a CHL
compactification [27, 28]. Recall that the Eg x Eg string is dual to M-theory on an
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interval in the tenth direction: the two FEg factors live at the two endpoints of the
interval [67]. Compactifying further on a circle, we obtain M-theory on a cylinder.
The CHL string is obtained as a Z, orbifold of the heterotic string in nine dimensions.
The orbifold symmetry corresponds to an interchange of the two Fs factors accom-
panied by a half shift on the circle. The combined operation is again X' — — X1,

X?® — X® 4 mrg which turns the cylinder into a Mdbius strip [62].

4.4 Type I Theory in Eight Dimensions

Type I theory compactified in the 8 and 9 directions to eight dimensions can be viewed
as an orientifold of the Type IIB theory on the torus Tgo. It is straightforward to find
the massless spectrum, but there is one subtlety in taking the T-dual of this theory
which is worth mentioning.

Let us T-dualize first in the X® direction. T-duality is a one sided parity transform
[59] which means that in the RNS formulation of the superstring, only the left-moving
coordinate X? and its fermionic partner ¥° change sign. Thus, T-duality takes Type
IIB theory to Type ITA theory, and takes § to Rgf2, where Ry is the reflection in the X?®
direction. If we dualize again in the X® direction, we would get Type IIB theory back;
Q) goes to Rgof), where Rgg reflects both X® and X®. This identification leads to the
following puzzle for the orientifold with the group {1, Rgof2}. Under Q the four-form
field Apnpg is odd, therefore the modes like Aprnpg and Aprvps which are 3-forms
in eight dimensions would be even under the combined operation Rgef2 and would
survive the projection. But N = 1 supersymmetry in D = 8 uniquely determines
the massless field content and does not allow a three-form potential. Therefore,
supersymmetry is broken by this projection. On the other hand, the orientifold with
the group {1, Rgof2} is T-dual to the one with the group {1,Q}, and we cannot break
supersymmetry by a T-duality transformation. We should really have obtained the
T-dual of Type I strings in eight dimensions. The reason for this discrepancy is
that Type IIB theory has an additional symmetry (—1)*% under which all R-R fields

are odd. The correct projection that gives the T-dual of Type I theory involves the



47
combined operation Rgg(—1)f* instead of just the geometric reflection.
It is easy to see this ambiguity on the worldsheet. In the Ramond sector, the zero
modes UM correspond to the I'M matrices of the spacetime Clifford algebra. Under

the T-duality transformation U® — —U?® the spinors transform as

S — S
S — TI°rg, (4.4)

where S and S are the right-moving and left-moving spacetime spinors respectively,
and T' as usual is the matrix that anticommutes with all '™ matrices and squares
to one. If we T-dualize further in the X?® direction then S goes to itself, and S goes
to P8ITT'S = I'°T8S5. Let us now see how the massless fields from the Ramond-
Ramond sector transform. The vertex operator for an n-form field strength Hps, . ar,
is proportional to ST, S where T'Mi-Mn — (DM TM» + permutations). It is
easy to see that the effect of T-duality on the R-R field strengths Hpy, . as, and the
corresponding potentials is to remove the 8,9 indices if they are present and add
them if they are not. For example, the vertex operator for H},ey is proportional to
STpTsTeS. Under T-duality, it would map onto ST S which is the vertex operator
for the field strength of a scalar. Thus, Bsy maps onto the scalar ¢?. However, because
I'®T" and I'°T" anticommute with each other, there is a choice of sign for the action on
the R-R fields, which corresponds precisely to the choice between Rgg and Rgg(—1),

This ambiguity is, of course, fixed by the correct choice of the orientifold symmetry.

4.5 Orientifolds of Type 1IB Theory on K3

4.5.1 General Remarks

Let us review some relevant facts about the K3 surfaces which can be represented as

Zy orbifolds of the 4-torus 7% [78]. Let (z1,22) be the complex co-ordinates on the
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torus, and consider the Zy transformation generated by
g: (z1,22) = (62”/Nzl, e_z"i/sz). (4.5)

The Zy group must be a subgroup of SU(2) to obtain unbroken supersymmetry in
six dimensions. The torus T* is obtained by identifying a lattice A of points in R*,
so the orbifold group must leave the lattice invariant to have a sensible action on
the torus. This crystallographic condition allows only four possibilities: the groups
Z; and Z4 when A is the square (SU(2)*) lattice given by the identifications z; ~
zk+1,~ z+i,k =1,2; or Zz and Zg when A is the hexagonal (SU(3)?) lattice given
by the identifications zx ~ zr + 1,~ zx + 62”/3, k =1,2. At a fixed point of a Z;
symmetry there is a curvature singularity. A smooth K3 can be obtained by blowing
up the singularity by replacing a ball around the fixed point by an appropriate smooth
non-compact Ricci-flat surfaces Fjy whose boundary at infinity is S3/Zy.

In this section we consider two classes of orientifold projections (14+3)/2 of Type
IIB theory on these orbifolds. In the first class of models we take § to be identity,
whereas in the second class we take 3 to be a specific Z, involution S of K3 that has
8 fixed points. We shall give an explicit description of this involution in the following
subsections.

One immediate question is whether the projection leaves any supersymmetries
unbroken. In the case of Q the combination Qq + QQ, of the left-moving and right-
moving supercharges will be invariant; supersymmetry will be broken by half, giving
us N = 1 supersymmetry starting from NV = 2. When we combine 2 with .S, we do not
want to break the supersymmetry further, so S should leave all N = 2 supersymme-
tries invariant. This is possible if the rotational part of the symmetry S is a subgroup
of SU(2), or equivalently if it leaves the holomorphic 2-form invariant. It is useful to
consider the example of Z, orbifold. In this case we have « : (z1,25) — (—21,—22)
which generates a discrete subgroup of the SU(2) holonomy group of a smooth K3,
and therefore leaves two supercharges invariant giving us N = 2 supersymmetry. The

symmetry S is given by S : (z1,22) = (=21 + 3, —22 + 3) which is a combination of
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a shift and a rotation [32]. The shift has no effect on the supercharges; the rotation
is again a subgroup of the holonomy group SU(2) and therefore does not break any
supersymmetries by itself. Thus the combined operation S gives NV = 1 supersym-
metry as required. Now, the Z, orbifold admits other involutions; for example, the
Enriques involution F : (z1,22) — (—21 + %, 29 + %) which does not leave the holo-
morphic 2-form invariant, and cannot be used for orientifolding if we want unbroken
supersyminetry.

The closed-string sector of an orientifold can be determined by index theory and
by appropriate projection. Recall that the massless representations in D = 6 are
labeled by the representations of the little group which is Spin(4) ~ SU(2) x SU(2).
The massless N = 1 supermultiplets are

1. the gravity multiplet: (3,3) + (1,3) + 2(2, 3),

2. the vector multiplet: (2,2) 4 2(1, 2)

3. the tensor multiplet: (3,1) + (1,1) +2(2,1)

4. the hyper multiplet: 4(1,1) + 2(2,1).

To determine the massless modes we need to know the Dolbeault cohomology [19],
and how the symmetry 24 acts on the cohomology. For a smooth K3, the nonzero
Hodge numbers are h%° = h*? = h%2 = 120 = 1, and A'! = 20. Among the 2-forms
the (0,2), (2,0), and the Kéhler (1,1) form are self-dual, and the remaining 19 (1, 1)
forms are anti-self-dual. The manifolds £} have (k — 1) anti-self-dual (1,1) harmonic
forms, and one (0,0) form. In the orbifold limit, each fixed point that is repaired by
Ej, contributes (k — 1) anti-self-dual (1, 1) forms which together with the (1,1) forms
of the original torus that are invariant under the orbifold group give the 20 (1,1)
forms of K3.

It is useful to think in terms of Type I theory compactified on a smooth K3.
In this case, the orientation reversal symmetry in ten dimensions, which we shall
call 0y has the effect of flipping the sign of Apnpg, ¢?%, and BJQVIN, leaving other
massless fields invariant. The resulting theory has h''(= 20) hypermultiplets which
come from the zero modes of B}, n and garn. There is only one tensor multiplet from

contracting B}, with the (0,0) form. Now imagine performing a projection not with
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Qo but with QT where T is some geometric symmetry under which ny (1,1) forms
are odd and all others are even. In this case, by contracting Aprnpg with these (1,1)
forms, one can obtain ny additional tensor multiplets that are invariant under the
combined operation 7T . At the same time, ny hyper-multiplets are now projected

out changing their total number to (20—n7). This reasoning gives the simple equation
nr + ngy = 20, (4.6)

where n$; refers to the number of hypermultiplets arising from the closed string sector,
and nr + 1 is the total number of tensor multiplets. Moreover, no vector multiplets
arise from the closed string sector because there are no harmonic odd forms on K3, so
starting with even forms and the metric in ten dimensions, one cannot obtain a one-
form vector potential. We can thus read off the closed string spectrum immediately
from the geometric data of the orientifold.

In the orbifold limit, the orientifold symmetry €2, for the purposes of counting of
states, is really a combination of o7 where T' is some geometric symmetry that has
nontrivial action on the cohomology. This is because at each fixed point, {2 takes
the sector twisted by p to the one twisted by p~!. If we repair the singularity at the
fixed point of a Zj symmetry by the smooth surfaces Fj then the (k—1) (1,1)-forms
coming from Ej, correspond to the (k — 1) twisted sectors. If we think of the orbifold
as a limit of a smooth K3, then except in the case when « is a Z, twist, we get a
nontrivial action on the cohomology denoted by T'. This information is sufficient to
work out the spectrum of the orientifold in the closed-string sector.

Let us now discuss the massless bosonic spectrum coming from the NS open-string

sector. The states

¢ﬁl/2|0’ij>)\ji7 Br = 17273747 (47)

belong to the vector multiplets whereas the states

¢T1/2|0’ij>/\ji’ m=6,7,8,9, (48)
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belong to the hypermultiplets. We have to keep only the states that are invariant
under « and Q4. For this purpose we need to know the form of the v matrices defined
in (4.1) and (4.2) which are determined by the requirement of tadpole cancellation.
The Chan-Paton wave functions A;; allowed by these projections determine the gauge
group and the matter representations.

There are some features of the tadpole calculation that are common to all orbifolds.
First, by the arguments given in [61], only 5-branes and 9-branes appear. Let v and
v4 be the regularized volumes of the noncompact and the compact spaces in string
units. If we look at the the Klein bottle amplitude in the tree channel then non-zero
tadpoles proportional to vevy correspond to 10-form exchange requiring addition of 9-
branes. Similarly a term proportional to vg/v4 corresponds to the exchange of 6-forms
from the untwisted sector, requiring addition of 5-branes, and the terms proportional
to ve correspond to the exchange of 6-forms from the twisted sector and must cancel
without the addition of any branes. Now with the orientifold group G = G; + QG,,
9-branes can arise only if G2 contains the identity, and 5-branes arise only if G,
contains the element R that reflects all four internal co-ordinates. In these cases the
determination of the 10-form and the untwisted 6-form tadpoles is identical to the

calculation in [61] which requires 32 9-branes with 84 = 7q,9, and/or 32 5-branes

with 75 = —70,s.

4.6 Z-Orbifold

For the Z, orbifold, the model in the first class with the projection (14 )/2 has been
discussed in [61], and the model in the second class with the projection (1 4+ SQ)/2
in [32]. We would now like to consider a model that is closely related to the one in
[32]. Let us recall that in [32] the symmetry S was chosen to be such that S? = 1.
However, if we are on a Zj orbifold, then the symmetry can square to the element o

that generates the orbifold group. We choose

S (z1,22) — (121, —129). (4.9)
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Now S has 4 fixed points and not 8. However, they are also the fixed points of «
which is a Z; symmetry. So on the orbifold, the fixed point of S should be regarded
as having Euler character 2 giving us the total Euler character of 8 in agreement with
the Lefschetz number [17].

Obviously, the spectrum consists of the closed string sector found in [32] giving
us ny = 8, ny = 12 and the gravity multiplet. However, because now neither R
nor the identity are elements of (G5, there is no need to add any branes, and there
is no open-string sector. One nontrivial check is that the tadpoles of the R-R fields
from the twisted sector now have to cancel by themselves for the Klein bottle without
any contribution from the open-string sector. It is easy to see using the formulae in
the Appendix that the tadpoles from the untwisted sector cancel against those from
the sector twisted by % giving us a consistent theory. Gravitational anomalies cancel

completely as expected.

4.6.1 Z3 Orbifold

The orbifold symmetry in this case has nine fixed points of order 3 which contribute
two anti-self-dual (1, 1) forms each giving 18 in all. Out of the six 2-forms on the torus
one anti-self-dual (1, 1) form and the remaining three self-dual 2-forms are invariant
under « giving us 22 2-forms of the K3.

Let us first consider the projection under Q. As explained in Subsection 4.1, at
each fixed point of the orbifold ) interchanges the sector twisted by « to that twisted
by o~ ! besides flipping the sign of all R-R fields. This means that of the two tensor
multiplets coming from each fixed point, only one will be invariant, giving us ny = 9
from the nine fixed points, and n§;, = 11 from (4.6) .

To determine the open-string sector we note that, by the general arguments men-
tioned in Subsection 4.1, there will be 32 9-branes, and we can choose vq = 1 by a

unitary change of basis [61]. The requirement that (Qa)? = o? implies

Yoz =72 = Yae(Vae)T (4.10)
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Using the fact the the v matrices are unitary, and v, = Ya7Ya, We conclude that 7, is
real. Furthermore, because 72 = 1, the only eigenvalues are cube-roots of unity. If n
eigenvalues are 2™/, then n will be e="/3 and 32—2n will be 1. We can then write 7
in a block-diagonal form where in a 2n dimensional subspace it acts as a 27 /3 rotation
and in 32 — 2n dimensional subspace it equals the identity matrix. This information
and anomaly cancellation is enough to determine that n = 8. We can also verify
this by a detailed calculation of tadpoles as discussed in the Appendix. The gauge
group will then be given by SO(16) x U(8) with hypermultiplets in (1, 28) + (16, 8).
It is easy to see that the anomaly terms proportional to tr(F*) and tr(R*) vanish. It
is not necessary for the remaining anomaly to factorize because we have more than
one tensor multiplet available, and the anomalies can be canceled by the generalized
Green-Schwarz mechanism as in [15, 22, 32].

Let us now describe the action of S on the Z3 orbifold. It is given by

S (z1,22) = (=21, —22). (4.11)

S has 16 fixed points on the torus but on the orbifold they split into one singlet and
five triplets of Z3. The Euler character of the fixed point at the origin which is a singlet
under the Z3 is 3 and that of the 5 triplets is 1 each giving 8 altogether. Now, because
S is just a reflection of all co-ordinates, the orientifold with the projection (1+.5Q)/2
is T-dual to the one described in the previous paragraphs with the projection(1+£)/2.

T-duality turns 9-branes into 5-branes, but the spectrum remains unchanged.

4.6.2 Z, Orbifold

The Z, orbifold has four fixed points of order 4. Each contributes three tensor mul-
tiplets out of which only one is invariant under the action 2. No additional tensors

arise from the six doublets of fixed points of order 2. Altogether ny = 4, and n§; = 16.
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In this case both 5-branes and 9-branes will be present, and we can choose

Yas =1, 7o5=J= [0 _Z} . (4.12)
t 0
The remaining algebra is determined in terms of the matrices 74,9 and v, 5. Tadpoles
are canceled if Tr (a.0) = Tr (Ya0)” = Tr (Va0)® = 0 and similarly for the matrices
with subscript 5. This determines the ¥ matrices completely. Moreover 7,9 = Yu,5,
and their eigenvalues are such that each forth root of unity appears eight times. The
gauge group is U (8) x U (8) x U (8) x U (8) with hypelzmultiplets in (28,1,1,1) +
(1,28,1,1)+(1,1,28,1)+(1,1,1,28) +(8,8,1,1) +(1,1,8,8) +(8,1,8,1) + (1,8, 1, 8).
Once again the anomaly terms proportional to tr (F'*) for each factor, and the coeffi-
cient of tr (R*) vanish.
Let us now consider the action of the symmetry S which is given by

147 1+i)
g .
9 T g

S: (z21,22) = (—=:1 4+ (4.13)

This form is determined by the requirement that S has to preserve the orbifold sym-
metries; in particular, it should map a fixed point of a given order to a fixed point of
the same order. It is easy to check that eight (1,1) forms are odd under S. The 16
fixed points form four quartets under Z4. In addition, S leaves two doublets under
« invariant which should be regarded as fixed points on K3 with Euler character 2.
The total Euler character of the fixed point set adds up to 8.

If we consider the orientifold with the projection (1 + €.5), then only 32 5-branes
are required. As in [32] we find ny = 8, n§;, = 12 from the closed-string sector. We
can place 16 branes at a fixed point of o which is in a doublet of « that is left
invariant by S, and 16 at its image under a. For example, we can place 16 branes at
the (%—, %) and the remaining 16 at (%, %) In this case the gauge group is U(8) x U (8),
with charged hyper-multiplets in 2(8,8). This is exactly the spectrum of the model
considered in [32] for the Z, orbifold. If we place 16 branes at the fixed point of «,

and 16 at its image under S, then the gauge group is U(4) x U(4) x U(4) x U(4) with
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hypermultiplets in (4,4,1,1) 4 (4,1,4,1) + (1,4,1,4) + (1,1,4,4).

4.6.3 Zg Orbifold

In this case, we get two tensors from the fixed points of order 6 and one each from the
four fixed points of order 3 giving us ny = 6 and n§; = 14. The open-string sector has
both 5-branes and 9-branes. The eigenvalues of the matrix v,5 = 74,9 are as follows:
1 and —1 appear eight times each and the other sixth roots of unity appear four
times each. The resulting gauge-group is U(4) x U(4) x U(8) with hypermultiplets
in (6,1,1) + (1,6,1) + (4,1,8) + (1,4, 8) from the 55 sector, and identical spectrum
from the 99 sector. The 59 sector contributes hypermultiplets in (4,1,1,4,1,1) +
(1,4,1,1,4,1) + (1,1,8,1,1,8).

Appendix. Tadpole Calculation

For evaluating the traces in the loop-channel we need the determinants of chiral
bosons and fermions with twisted boundary conditions. Let us denote by Dpg[}]
the fermion determinant of a chiral Dirac operator (7% 1 ) which corresponds to the
path integral of a complex chiral fermion with boundary condition % (o1 + 27, 03) =
—e?™)(0y, 09), and P(o1, 09 + 27) = —e?™)(0y, 02). It is straightforward to
evaluate this determinant in the operator formalism[75] . Writing ¢ = €*™7, and
using the standard relation between the path integral and the operator formalism, it

is equal to the trace Tr (hs ¢f+). H, is the Hamiltonian of a chiral, twisted fermion:

e 1 1 R 1
HG:E = dtd, s i e D s A = )
n=1(n 5 +a)dld, + (n 5 a)d!d, + T (4.14)

The fermionic oscillators satisfy canonical anticommutation relations {d;fl, e} '=Cum
and {d!,dn} = 6mn, and H is the usual Fock space representation of these com-

mutations. The group Zy acts on this Fock space through hdh™! = —e~?mi%q |
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hdh™' = —e?™*d. The trace equals (up to an arbitrary phase)

) 43 [ee] . i
62mabq7_21_4 H(l + qn—%+ae2mb) (1 + qn—%—ae—Zmb) . (4'15)

n=1

Using the product representation of the theta function ¥[;](7) with characteristics

[74] , we see that
9[31(0]7)
n(7)

where 7(7) is the Dedekind 5 function. The chiral boson determinant is the inverse

Dely) = Tr (hsg™) = (4.16)

of the chiral fermion determinant, except for a = % when one needs to be careful
about the zero modes. Note that untwisted NS fermions with half-integer modings
and antiperiodic boundary conditions for the trace corresponds to a = 0,6 = 0; an
untwisted boson with periodic boundary condition along the o5 direction corresponds
to a = %, b= % Using these formulae one can write down the traces by inspection.
The tadpole calculation corresponding to the 10-form and the untwisted 6-form ex-
change are identical to the one in [61], and will not be repeated here. We shall be
interested in the tadpole of only the 6-form from the twisted sector which corresponds
to the boundary conditions for the determinant for internal bosons that have only
oscillator sums but no momentum or winding sums.

Let us first evaluate the traces in (4.3) for the Klein bottle. The total trace can

be written as

(1 —1)vs /°° dt a
64N Jo t48§z[b]’ L)

where the (1 — 1) refers to NSNS - RR exchange in the tree channel, vg is Vg /(47a’)3;
b=k/N,k =1,...,(N —1) corresponding to the terms with o in the trace. Only
the untwisted sector and the sector twisted by % contribute because for other twisted

sectors {) is off-diagonal; a is therefore either 0, or % From the untwisted sector we

get ,
I[2] 901 19 gy 1]
Z[(;]:4sin2(27rb) il il i (4.18)
6 2 2
T] 19[2b+%]19[_2b_1§]

and from the sector twisted by % at each fixed point that is left invariant by of, we
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. g
Z[%] 19[2] 79[21,3_%]19[—25—%] (4.19)
b 776’9[21)&%]19[—21?—%] , |

where 7 = 2t and b = k/N. Let us now turn to the traces for the cylinder. In this

case, in general we can have 55,99, 59, or 95 sectors. The partition sum is given by

(1-1)w
64N 6/ 1 Z Z TI‘ (3.) Tr (Yo,01); (4.20)

A0

where A and )’ take values either 5 or 9, and v, refers to the matrix v, 4« for b = k/N.

We obtain
RTINS
Z[gz;g] = Z[5b5]:4sin2(7rb) E
Gﬂ[bjllﬁ[_,f_%]
59 o5, OIILEI002,)
Z[b] = Z[b]:— ?7619[f%]19[ boé] : (4.21)

with 7 = ¢t. The Mobius strip amplitude is given by

1 — 1 '06
64N / Iz ZZ[ Tr (BT (4.22)

where only 55 and 99 sector contribute. We obtain

310031 O, 1 1910 1913191 3,)
969]2tan2(7rb)2[55]:—4sin2(7rb) : a

Z]
b nod(S1°00, 2, 1902, 19131905

with 7 = 2:t
To factorize in the tree channel we use the modular transformations under 7 —

—1/7:

o[ = (—iT)_%e“%iabﬂ[_ab](—l/T)

n(r) = (=) ZFq(=1/7), (4.24)
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and take the limit ¢ — 0. While writing the tadpoles we also have to take into account

that the tree channel length [ is equal to 1/4¢, 1/2t, and 1/8t for the Klein bottle,

the cylinder, and the Mobius strip respectively. The twisted-sector tadpole is then

proportional to L;]l\,@ Jdl. In this common normalization, we get,

KB :

MS :

(16)? sin*(27b), a=1,b =10,

1 1
—64, a=2,b 0,75
4sin’(7b) Tr (76,0) T (%51), b#0,A=50r9,

—Tr (1,5)Tr (15) — (9 = 5), b #0;

) _ 1
—645in”(r8)Tr (7o) Tr (vile)s 60,5

_ 1
~64 cos* (b) Tt (15.0)Tx (hs), b7 0,5

The Klein bottle contributes —64 from each sector twisted by % for each fixed point

that is left invariant by o*.
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Chapter 5 A Note on Orientifold and
F-theory

Orientifolds are a generalization of orbifolds in which the orbifold symmetry is a
combination of a spacetime symmetry and orientation reversal on the worldsheet
[8, 56, 61, 59]. These techniques have significantly enlarged the set of string vacua
that can be studied perturbatively. Several new string vacua can now be constructed
as orientifolds which exhibit novel dynamical phenomena and have interesting non-
perturbative duals in M-theory, F-theory, or heterotic string theory.

One important application of orientifolds is in the construction of models in six
dimensions with NV = 1 supersymmetry. The dynamics of these theories offers many
surprises like the appearance of tensionless strings which can cause a phase transition
in which the number of tensor multiplets changes [25, 66, 64], or the appearance of
enhanced gauge symmetry when an instanton shrinks to zero scale size [65]. Orien-
tifolds are useful in understanding some aspects of these phenomena perturbatively.
For instance, the models with multiple tensor multiplets are inaccessible using usual
Calabi-Yau compactifications which give only a single tensor multiplet. However, one
can easily construct orientifolds [11, 32, 36, 33, 37] with multiple tensor multiplets at
special points in this moduli space. By turning on the moduli in the tensor multiplets
one can move away from these special points and thus explore different regions of the
moduli space that are separated by phase boundaries. Some of these models [32] are
known to have M-theory duals[38, 39]. The extra tensor multiplets which arise in
M-theory from the addition of M-theory 5-branes occur perturbatively in the dual
orientifold. Similarly, small instantons, which cannot be described as a conformal
field theory in heterotic compactifications, have a perturbative description in terms
of a Dirichlet 5-brane in the dual orientifold [65, 73]. In particular, the enhanced

Sp(k) symmetry when k small instantons coincide can be understood in terms of co-
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incident 5-branes with a specific symplectic projection in the open string sector that
is determined by the consistency of the world-sheet theory.

Another more recent application of orientifolds is in connection with F-theory
[46, 54, 55]. F-theory refers to a new way of compactifying Type-IIB theory in which
the complex coupling A of Type-1IB theory is allowed to vary over space. The coupling
is given by A = £ +ie~? where ¢ is the dilaton from the NSNS sector and ¢ is the RR
scalar. Consider an elliptically fibered Calabi-Yau manifold K which is a fiber bundle
over a base manifold B with a torus as a fiber whose complex structure parameter is
7. Even-though K is a smooth manifold, there will be points in the base manifolds
where the fiber becomes singular, and the parameter 7 can have a nontrivial SL(2, Z)
monodromy around these points. An F-theory compactification on K refers to a
compactification of Type-IIB theory on B, where the coupling A is identified with 7.
The nontrivial monodromy of A around the singular points then means that there are
T-branes at those points that are magnetically charged with respect to the scalar A.
Typically, the base manifold is not Ricci-flat and moreover, because A is varying, there
is a nonvanishing RR background. These backgrounds cannot, therefore, be described
using conformal field theory. For special choices of the manifolds K, however, an F-
theory compactification is equivalent to a perturbative Type-1IB orientifold. This
follows from an observation due to Sen [40] that the element —1 of SL(2,Z) which
is not an element of PSL(2,7) is a perturbative symmetry of Type-1IB. It flips the
sign of the two 2-form fields B}, and Bi;y, but leaves all other massless fields,
in particular, the coupling fields A invariant. From its action on the massless fields
it is easy to check that this element represents the action of Q(—1)f2 where § is
orientation reversal on the worldsheet and FJ, is the spacetime fermion number of the
left-movers. In the example considered by Sen, K is a K3 surface that is a Z, orbifold
of a four-tours; F-theory on this surface corresponds to a Type-IIB orientifold with
the orientifold group {1,Q(—1)"2c} where o is a specific Z, involution of K3, and is
T-dual to Type-I theory. Such an identification of F-theory with an orientifold is very
useful. For instance, it was used in [40] to establish the duality between F-theory on

K3 and the heterotic string on T2 by relating it to the duality between the Type-I
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and the heterotic string in ten dimensions.

In this chapter we analyze an orientifold of a K3 orbifold which gives N = 1
supersymmetry in six dimensions. Its T-dual has the same orientifold group as the
Type-I orientifold analyzed by Gimon and Polchinski [61], but the orientation reversal
symmetry {2 acts with an additional minus sign on the twisted sector states of the
orbifold. One is familiar with an analogous situation in orbifold constructions. For
a Zy X Zy orbifold symmetry, there are k inequivalent orbifolds which correspond
to turning on discrete torsion[47, 53]. These different orbifolds correspond to the &
distinct choices of phases for the action of the generator of one Z; subgroup on the
sectors twisted by other generators.

This model illustrates interesting new features that are relevant to all the ap-
plications mentioned earlier: the unusual action of orientation reversal gives rise to
multiple tensor multiplets, the 5-branes at the fixed points of the orbifold have or-
thogonal projection instead of the symplectic projection of a small instanton at a
nonsingular point, and it is perturbatively equivalent to F-theory on a Calabi-Yau
orbifold T°/{Z; x Z,} with Hodge numbers (h!!, h*') = (51,3) [53]. Using the for-
mulae in [54] we see that this F-theory compactification gives 17 tensor multiplets,
four neutral hypermultiplets, SO(8)® gauge group, and no charged hypermultiplets.
Our aim in the following is to see how the orientifold reproduces this spectrum.

Let us denote the complex coordinates of the six-torus by zi, 29, 23 with identifi-
cations z; = z1+ 1 = 21+ 1,0l = 1,2,3. The Z; X Z, symmetry is generated by the

elements a and 8 where

« : (21722723) —F (_zla —Z22, 23)7

B g (21, 22, 23) = (21, —22, —23). (5.1)

It is easy to work out the cohomology [48, 49, 53]. The untwisted sector contributes
(3,3) to (R, R?), and the sectors twisted by «, 3, and af each contribute (16,0),
giving (51,3) altogether. To obtain the corresponding orientifold, we take z3 as the

coordinate of the fiber, and consider Type-IIB compactified on a four-torus with
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coordinates (21, 2): 21 = X® +:X7, 2z, = X® + iX®. Orbifolding with the symmetry
a gives Type-1IB on K3 = T*/Z,. The element 8 can be written as R,R3 where
R, is a geometric symmetry (21, 22) — (21, —22), and Rs, which reflects the fiber, is
nothing but the element —1 of SL(2, Z) which corresponds to the operation Q(—1)%*
as explained in the preceding paragraph. We are thus led to consider an orientifold
of Type-IIB on K3 with the orientifold group {1,Q(—1)2R,} L.

This orbifold is a special case of a large class of elliptic Calabi-Yau threefolds
studied by Voisin [42] and Borcea [43] and discussed in [45, 55]. One can take the
base to be a K3 which admits an involution ¢ under which the holomorphic 2-form
w is odd, and construct the Calabi-Yau as an orbifold K3 x T?/{1,0R3} where R3
is the reflection of the torus. It should be possible to generalize the considerations of
this paper to this whole class of models.

The projection that we wish to perform is (1 + Q(—1)"2R;)(1 4+ R) where R =
RiR;. The projection (1 + R) gives us Type-IIB theory on a K3 which has 21
tensor multiplets of N = 2 supersymmetry which is sum of a tensor multiplet and
a hypermultiplet of N = 1 supersymmetry. Five of these multiplets come from the
untwisted sector, and the remaining 16 come from the twisted sectors at the 16 fixed
points of the orbifold. Now, from the arguments of [33, 40], one would have expected,
by T-duality in the 89 directions, that the operation Q(—1)* R, is equivalent to the
operation . It seems, therefore, that we get an orientifold of 7% with the orientifold
group {1, R,Q,QR} which is nothing but a Type-I orientifold on K3 analyzed by
[61]. The massless spectrum, however, is very different; for example, the closed-string
spectrum of the model of [61] has only one tensor multiplet instead of 17, and 20
neutral hypermultiplets instead of four. The reason for this mismatch is that, even
though the two projections are the same in the untwisted sector, they are different in
the twisted sectors of the orbifold. This is clear if we look at the action of Q(—1)* R,
on the twisted sectors. The operation Q that is dual to Q(—1)"t R, corresponds
to QoT', where g is the operation considered in [61], and 7' is a symmetry of the

orbifold that flips the sign of the twist fields at all fixed points. In untwisted sector

1'We would like to thank S. Mukhi for this observation which prompted this investigation [24].
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in both theories give one tensor multiplet and four hypermultiplets. But in the
twisted sector at each fixed point, {0y projects out the tensor multiplet and keeps the
hypermultiplet giving the closed string spectrum of Type-I on K3 whereas Q keeps
the tensor multiplet and projects out the hypermultiplet giving 17 tensor multiplets
and four hypermultiplets altogether, as required.

Let us now turn to the open-string sector. We shall follow the notation of [61] in
the T-dual picture so that we have 7-branes and 7’-branes instead of 9-branes and
5-branes respectively. The T-dual picture turns out to be easier because then the
symmetry breaking is given by geometric separation between branes instead of by
Wilson lines. The orientifold group in this case is {1, R, Q(—1)FRR;, Q(=1)2 R,}.
Note that both R; and R;, and similarly Q(—1)% and Q(—1)* all square to (—1)F
but the elements of the orientifold group all square to I as they should. To simplify
the notation, let us denote Q(—1)F2R; and Q(—1)F* R, by Q; and Q, respectively.
To determine the open-string sector we need to determine, as in [61], the number of
branes of each type and the eight v matrices that give the action of the four orientifold
group elements on 7 and 7’ branes.

Before discussing the details of the calculation let us present the results. Tadpole
cancellation requires 32 branes of each kind; the 32 7-branes are located at the four
fixed planes of R; in groups of eight, and the 32 7’-branes are located at the fixed
planes of R, in groups of eight. Moreover, by a unitary change of basis, the various

gamma matrices are given by

mr = L, vo,7=1, r7=1 "19,7=1

71,7, — I’ 792’71 = I, '7R,7' — -—-I, 791,7/ — —I (52)

Now consider the massless bosonic states coming from the 77 sector at the fixed
point where eight 7-branes are located. The vectors are given by 2/1ﬁ1/2|0,ij)/\ji, =
1,2,3,4; R = +1 implies A = A, and @; = +1 implies A = —\T, which means that
the vectors are in the adjoint of SO(8). The scalars are given by ¥~ »[0,27)Aji, p =
6,7,8,9; R = +1 implies A = —A, which means that they are all projected out.
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From four fixed planes of R; we get SO(8)*, and similarly from the 7’7’ sector we get
another SO(8)*. Thus, altogether we get SO(8)® with no charged hypermultiplets.

In the 77" sector there is a subtlety. In this case, we have to choose the oscillator
vacuum of this sector to be odd under the action of R instead of even as in [61]. This
is consistent with factorization because 77" and 7’7 states can turn into 77 or 7’7’
states, but we cannot have two 77 or two 7’7’ states turning into a 77" state. So one
can choose the 77" vacuum to be odd and the 77 and 7’7" vacua to be even. We shall
explain two paragraphs later that this choice is indeed forced upon us by consistency.
In this sector the fermions ¥™ have integer modings, so the ground states are given by
a representation of Clifford algebra generated by the zero modes. The total state after
GSO projection is |83, 84,27)Aji, S3 = —S4 where s3,54 = :I:%. We choose R on these
GSO-projected vacuum states to be —1 instead of +1. Thus, R=+1 on the total state
implies A = — X which projects out the massless states completely. To summarize, we
get 17 tensor multiplets and four hypermultiplets from the closed-string sector, and
SO(8)® gauge group with no charged hypermultiplets from the open-string sector,
altogether in agreement with the F-theory spectrum.

This determination of the spectrum, however, poses the following puzzle. From
arguments similar to those presented in [61], one would have expected that if vg, 7 is
symmetric then 7q, 7 should be antisymmetric. How did we then obtain a solution
in which both are symmetric? To see that this is a consistent choice, let us recall
the argument of [61]. In the following we shall often switch between our model
and its T-dual. In order to obtain a true representation (and not merely a projective
representation) of the orientifold symmetry that we are gauging, we must have Q% = 1
in the full string Hilbert space, which is a direct product of the Fock space of string
oscillators and the Chan-Paton index space. Now, because Q2% is —1 on the oscillator
part of the massless states, it must be compensated by choosing —1 on the Chan-
Paton part. This forces vq 5 to be antisymmetric if yq 9 is symmetric. In our case,
however, because of our choice of R = —1 on the GSO-projected vacuum states that
we used in the previous paragraph, the massless states in the 59 are projected out.

Moreover, it is easy to see that at the massive level, the oscillator part of the physical
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states that are left after the GSO and the R-projection all have Q* = 41. This is
so because only the states at half-integer mass levels survive the projections. Now,
%2 = —1 for the half integer oscillator modes, and moreover because Q2 = —1 on the
oscillator vacuum as noted by [61], the total oscillator state has Q* = +1. This in
turn implies that in the Chan-Paton space we must choose 22 = 1 which means that
if yq,0 is symmetric then v 5 must also be symmetric. To put it differently, of the
whole tower of states in the 59 sector, the states that are kept after the GSO and
the R projection, all have Q% = —1 in [61], but have ? = +1 in this paper. Thus,
the choice of the projection R and the sign of the eigenvalue of Q% are correlated.
Under T-duality 59 sector corresponds to 7’7 sector and the argument above can be
repeated there.

Let us now show that the spectrum described above satisfies all consistency re-
quirements, and is moreover uniquely determined. Tadpole calculation in this case is
very similar to the T-dual of [61]. The Klein-Bottle and the Mébius strip amplitudes
are identical, and for the cylinder amplitude, the only difference is the additional
minus sign in the 77" and 7’7 sector in calculating the trace of R. The tadpoles are

thus given, in the notation of [61], by

Vg V2 -
Toor 132"~ B4Tr00a108, ) + (Te(17)’}
Ve,
+ lgvz {322 - 64Tr(75;7,7£2’7,) + (Tr(’h,'/'))Z}
" 4 4
TR {Tr<vR,7>Tr<vR,w> +23 () +2 Y (Tr(73,7'))2}  (53)
I=1 P=1

Here vg is the regularized volume of the uncompactified dimensions, v, and v} is the
the volume of the 2-tori in the 67 and in the 89 directions respectively; [ and I’ refer
to the fixed points of R; and R, respectively.

The chain of reasoning that determines the solution is then as follows. To cancel
the tadpoles of the 8-forms from the untwisted sector (the terms proportional to %’2
and %i), we need 32 branes of each kind with ;7 and ;7 equal to I, and ~q, 7

and 7q,7 both symmetric, which can be chosen to be I with a unitary change of
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basis of Chan-Paton indices. One can then use the argument presented in [57] which
considers the amplitude in which a closed-string twisted state turns into open string
states. Conservation of £y and {2y requires that yr7 and g7 both be symmetric,
which in turn implies that g, 7 and 7q, 7 must also be symmetric. This can be
consistent only if we choose vacuum states in the 77" to have R = —1 so that all
oscillator states with Q2 = —1 are projected out. Cancellation of the tadpoles of 6-
forms from the twisted sector (the terms in (5.3) proportional to vg) then determines
that the branes are distributed in groups of eight at the fixed planes, with yp7 =1
and yp 7 = —1. This determines the solution completely.

The next simplest orientifold is when the K3 is given by Z3 orbifold of a hexagonal
lattice. In this case, z; =2z, +1 = e?™/32;,1=1,2. The element « in (5.1) is given by
o (21,29) = (e¥32,e7%"/32,) and B is the same as in (5.1). We are thus interested
in the projection (1 + a + o?)(1 + Q(—1)" R;) Now, because (—1)*> Ry, in this
case interchanges the sectors twisted by o with those twisted by a?, one can easily
see that this orientifold is T-dual to the Z3 orientifold with the usual 2 projection
discussed in [36, 33]. This model has 10 tensor multiplets and 11 hypermultiplets,
and 32 7-branes of one kind. If they are all located at the fixed point of R, that is
also invariant under «, then the gauge group is SO(16) x U(8) with hypermultiplets
in (1,28) + (16,8).

To find a potential F-theory dual on a Voisin-Borcea orbifold, we consider the
configuration in which there are eight 7-branes at each fixed point of R; so that the
tadpoles are canceled locally. One fixed point of R, is invariant under «, and the
remaining three form a triplet. The gauge group is SO(8) x SO(8) with one adjoint
hypermultiplet under the first SO(8) that comes from the fixed points that form a
triplet under a. To identify the F-theory dual we need to find an elliptic Calabi-
Yau X with the right Hodge numbers. The Hodge number can be calculated by
compactifying further on a T? and computing the Type-IIA spectrum as in [55]. We
then have

PUX)=r(V)+T+2, A'=H"-1, (5.4)
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where r(V) is the rank of the gauge group, T is the number of tensor multiplets,
and H° is the number of hypermultiplets that are uncharged with respect to the
Cartan subalgebra of the gauge group. Thus, the candidate Calabi-Yau should have
h1! = 20 and A?! = 14. Happily, there is a unique Voisin-Borcea with the above
Hodge numbers which corresponds to (r,a,é) = (11,9,1) in the notation of [55, 43].
Indeed, this model has the same matter content as the orientifold configuration with

local tadpole cancellation.
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Chapter 6 Orientifold and F-theory
Duals of CHL Strings

Along with the recent development of string duality, new ways of constructing string
vacua have appeared. These new constructions make manifest some nonperturbative
aspects of the string theory which the previously known constructions cannot see.
Typical examples are orientifolds and F-theory.

An orientifold is a generalization of orbifolds in which the orbifold symmetry
includes the orientation reversal on the world sheet[8, 56, 61, 59]. Type I theory is an
example of an orientifold where the only symmetry gauged is the orientation reversal
of the Type IIB theory. An important application of orientifolds is the construction of
models in 6-dimensions with N=1 supersymmetry [23, 32, 36, 33, 34]. The models with
multiple tensor multiplets can be easily constructed using the orientifold, while this
is not possible in the conventional Calabi-Yau compactification which gives only one
tensor multiplet. Similarly, small instantons citeWittIl, which cannot be described
as a conformal field theory in heterotic string theory, have a perturbative description
in terms of Dirichlet 5-branes in the dual orientifold.

On the other hand, F-theory is a new way of compactifying Type IIB theory in
which the complex coupling A of Type IIB theory is allowed to vary over the compact-
ified space [46, 54, 55]. The complex coupling can be seen as the complex structure
parameter of the elliptic fibration over the base B on which the Type IIB theory is
compactified. The coupling can undergo non-trivial SL(2, Z) transformations as we
move along non-trivial cycles on the base B. Since the nonperturbative SL(2, Z) sym-
metry of the Type IIB theory is realized as the SL(2, Z) transformation of the elliptic
fibration, F-theory is quite powerful in studying nonperturbative phenomena in string
theory such as the phase transition involving tensionless strings in 6-dimensions.

In another interesting development, Chaudhuri, Hockney and Lykken (CHL) have
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constructed new examples of the heterotic string compactification with maximal su-
persymmetry but with gauge groups of reduced rank [27, 28]. It turns out that all
CHL models can be identified with toroidal compactification of the heterotic string
theory further modded by some discrete global symmetry such as the interchange of
the two Eg’s of the heterotic string theory [58]. Some duality aspects of CHL models
are known. The M-theory and Type IIA duals of various CHL models in 6-dimensions
and below were investigated in detail [29, 30, 44].

The purpose of this chapter is to find the dual theory of a CHL model to be
described later, using the orientifold and F-theory. Type IIA orientifold on the Mobius
band is dual to the CHL model in 8-dimensions. In the strong coupling limit, this
configuration is lifted to M-theory compactified on the Mobius band which gives the
9-dimensional dual of the CHL string. We present the F-theory orbifold dual with
non-simply laced gauge groups. The F-theory dual of the CHL model in 6-dimensions
constitutes a part of the F-theory vacua in 6-dimensions with N=2 supersymmetry
hitherto uninvestigated. We discuss the other N=2 F-theory vacua in 6-dimensions
and give the orientifold duals in simple cases.

The initial CHL models are given by the free fermionic construction[27], but
Chaudhuri and Polchinski[28] have constructed one of these models as an asymmetric
orbifold. They considered Z, orbifold of the toroidally compactified heterotic string
theory, where Z, action interchanges the two Fg components of the momentum lattice,
together with a half shift on a compactified circle. Under this Z; modding, only the
symmetric combination of FEg’s survives, thereby reducing the the rank of the gauge
group by eight. The Z; modding is possible if the two Eg’s are broken in an identical
manner. Similar construction can be done in SO(32) heterotic string theory. Since
S0O(32) and Es x Eg heterotic string theory are equivalent upon compactification on
a circle, the Z, orbifolds on both sides are on the same moduli space. Since the Z;
symmetry adopted in the orbifold construction is a freely acting Z,, there are no
massless states in the twisted sector at generic points of the moduli space. We are
mainly interested in this Z, orbifold example.

Since there is a duality conjecture on Type I and heterotic string theory [60], we
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expect that the dual theory of the CHL model can be found in Type I side. The
strategy we will take is the following: Using the duality relation between Type I and
the heterotic theory, we can figure out the Z, symmetry in Type I which corresponds
to the Z; symmetry used in the CHL construction in the heterotic theory. If the
Z, action used is freely acting, the adiabatic argument[52] assures us of the duality
between the Z; orbifolds.

It is more convenient to work with Type I’ theory, because the Z; action is realized
geometrically. Since the gauge groups are realized as the Chan-Paton degrees of
freedom of 8-branes in the Type I’ theory, Z; action should interchange the 8-branes
and this must be accompanied by a half shift along a circle which guarantees the total
action freely acting. This means that the total Z, action does not produce additional
orientifold planes which contribute to non-zero tadpole, as we will see shortly. We
construct the 8-dimensional orientifold. Consider Type IIA theory compactified on
the torus, say in the X® and X?® directions with the identification X® = X® + 27rg
and X° = X?® 4 27rry. We take an orientifold with the projection

{1, nsm9, RoS, nsno RoQ}, (6.1)

where 7; denotes a half shift along the i-th circle; X — X' 4+ 7r;, 2 = 8,9. This is
the Type I’ theory modded by the Z; action ngng. Note that ng relates an 8-brane
located at Xo = Xy, to an 8-brane at X9 = Xo, + 779, and ng is the accompanying
shift. The action ngng preserves all of the harmonic forms on the torus, hence the
supersymmetry is not reduced. This model has the same supersymmetry as Type T’
theory toroidally compactified to 8-dimensions. The action of ngng on the oscillator
modes is trivial. For the ground states |p;, L) without oscillations, which have the
quantized momenta p; = m;/R; with m; integer valued in the compact directions,

and winding L' = X'(7) — X*(0) = 2rw'R; with w' integer, ngn9 has the action

nsmelpi, L) = (—1)™(=1)™|p;, LY). (6.2)
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The massless modes of the closed string sector coincide with those of Type I’ theory
since ngng acts trivially on those modes. The twisted sector of the closed string has
half-integer winding modes in X®, X directions with the momentum modes and the
oscillator modes unchanged.

We can determine the open string spectrum by calculating the tadpoles [61]. The
open string sector arises from the addition of the D-branes to cancel the tadpole in
the Klein bottle amplitude. The Klein bottle amplitude consists of two parts, one
from the trace evaluation with Rof2 and the other from the trace with ngng Ref2. The
loop channel amplitude of the former gives the tadpole which requires 32 8-branes for

the tadpole cancellation as in Type I theory. The loop channel momentum sum of the
—nta'ma
2

latter is proportional to ¥,,,(—1)™%e " , where t is the loop channel parameter.
This gives vanishing tadpole in the tree channel in the ¢ — 0 limit, as one can see using
the Poisson resummation formula. The Klein bottle amplitude of the twisted sector
also vanishes, since the half winding modes in the X® direction are odd under Ry{}
and ngne Rof2. Thus we have 32 8-branes in all. Because of the orientifold projection,
only orthogonal gauge groups are allowed. In addition, brane configuration should
be invariant under the action ngng. The maximal gauge group is obtained if we put
the 16 8-branes at X° = X and the other 16 8-branes at X° = X + nrg. The
gauge group in this case is SO(16). It is clear that we can obtain the orthogonal
subgroups of SO(16) by locating 16 branes at different positions and locating the
other 16 branes compatible with the action ngng. From the initial Type I’ theory, we
obtain the model whose rank of the gauge group is reduced by eight. Thus we see
that this orientifold construction gives the same massless spectrum as the CHL model
of the SO(32) heterotic string theory where interchange of the momentum lattice is
accompanied by the half-shift along the X® direction.

Note that the above orientifold action (6.1) turns the compactified torus into
the Mobius band. Hence the CHL model in 8-dimensions is dual to the Type-I1TA
orientifold compactified on the Mobius band. By considering the strong coupling
limit we can lift this construction to M-theory compactified on the Mobius band,

which is dual to the CHL model in 9-dimensions with the gauge group Es.
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It was explained in[59] how to obtain the Fg x Es M-theory of Horava and Witten
[67], starting from Type I’ theory. We put 14 8-branes on each fixed point and
place the other 4 branes in symmetric fashion with respect to the fixed points so
that the resulting gauge group is (SO(14) x U(1))%. The configuration is dual to
S0O(32) heterotic string theory compactified on a circle with a particular Wilson line
where the enhanced gauge group Eg x FEg is achieved at a particular radius of the
compactified circle. The dual configuration in the Type I’ side is obtained by taking
the strong coupling limit. In this limit, the other 4 branes approach the fixed points
and additional 0-brane states become massless to form adjoint of Fg x Eg. In this
limit, the radius of the compactified circle goes to infinity. The relation between the

Type I’ theory and the M-theory on S'/Z; x S! is given by
Ry = rlr;/z, Qir = 7'3/2, (6.3)

where Ry and gp are the compactified radius and the coupling constant of Type I’
theory respectively, ry is the radius of S'/Z, and r; is the radius of S* of M-theory.
The limit we take is r, — oo limit which corresponds to gy, Rpp — oo limit.

Since the strong coupling limit is compatible with the action X° — X?® + 7ry, we
can take the same limit for the above Type I1A orientifold. In this limit, we obtain the
Z, orbifold of Eg x g M-theory where Eg exchange is accompanied by the shift ns. By
changing the coordinate label X® to X®, we obtain the M-theory compactification in
9-dimensions and the compactified space is the Mobius band. This is dual to the CHL
model in 9-dimensions with the gauge group Es where Eg exchange is accompanied by
the shift on a circle. The duality can be directly argued using the adiabatic argument
and the duality between the M-theory on S'/Z, and the Fg x Eg string theory[62].

Now we turn into the F-theory dual of the CHL model in 6-dimensions. Since
there is a conjectured duality in 8-dimensions between the F-theory on K3 and the
heterotic string theory on T2 [46, 40], we expect that one can construct the F-theory
dual by modding out the Z; symmetry which corresponds to the Z, symmetry of
the CHL string. Since the gauge group of the F-theory appears as singular elliptic
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fibers[54, 55], the Z; symmetry interchanging the gauge group is realized as a Z,
involution of K3 which interchanges the singular fibers. This involution should respect
the fiber structure. We start with the particular K3 orbifold T%/Z,. F-theory on this
particular orbifold was considered by Sen in establishing the duality between F-theory
and the orientifold which is obtained by T-dualizing the Type I theory along the X®
and X® directions[40]. If the F-theory model has the constant coupling as in the
T*/Z, orbifold, the corresponding orientifold configuration should satisfy the local
tadpole cancellation so that the resulting orientifold configuration has the constant
coupling. Let us denote the complex coordinates of the six-torus by z1, 29, 23 with
identification z; = 2,4+ 1 = 2z, + 1,1 = 1,2,3. We consider the Z, x Z, orbifold of
F-theory with the following generators «, 8 of the orbifold action.

o : (21722723) — (_217_2:2,23))
1 1
B : (21,22,23) = (—21,—22 + 5% + 5) (6.4)

Here 2; denotes the coordinate of the elliptic fiber and 27ryz, = X® 4+ 1X°, 27323 =
X® +4X7. Restricted to 21,2, coordinates, « is the z, action of T4/Z2 orbifold. The
torus parametrized by z; has four fixed points of a. The singular fiber over each fixed
point is of Dy type', and we have SO(8)* gauge group due to the four singular fibers.
The action B is a Z; involution on K3 orbifold combined with the shift along the z3
coordinate. Since the generator 8 preserves the holomorphic 2-form of K3 orbifold and
the holomorphic form on the third torus, this orbifold has the same supersymmetry as
the F-theory on T*/Z, x T?, i.e., N=2 supersymmetry in 6-dimensions. Four singular
D, fibers are paired by the action 8 and the resulting gauge group is SO(8)?. Since
B is freely acting, there are no additional massless modes. The massless spectrum
consists of N=2 supergravity multiplet and N=2 vector multiplet with gauge group
SO(8)2.

One can check that this conclusion is consistent with the known duality between

1The possible singularities of elliptic fibers are classified by Kodaira. Those singularities fit into
the ADE classification, which in turn give ADE gauge groups in F-theory[54, 55].
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the F-theory and the orientifold. If we use the duality dictionary between the F-
theory and the orientifold[40], « is mapped to Q(—1)2Rgy and B is mapped to
Q(—1)F% Rggnens. Hence the orientifold projection corresponding to the above orb-
ifold is {1, nens, 2(—1)Fr Rgg, Q(—1)FL Rggnens}. By similar tadpole calculation as we
did previously, we can conclude that this orientifold has the gauge group SO(8)? if
the tadpole cancels locally. If we T-dualize the orientifold along the X® direction, the
orientifold projection becomes {1,nens, Rsf), nens Rsf2}. After some coordinate rela-
beling, we can see that this is the original orientifold model of (reforbi) compactified
further on T2. Since this orientifold model is dual to the CHL model, the above
F-theory Z; x Z; orbifold should be dual as well. Further evidence for the duality
between the F-theory orbifold and the CHL model can be seen if we compactify F-
theory further on a circle. This theory is on the same moduli space as M-theory
compactified on the above Z; x Z, orbifold, according to the duality between F-
theory and M-theory[46]. This M-theory orbifold is a special case of the M-theory on
(K3 xT?)/Z, which is dual to the CHL model in 5-dimensions as argued in [29]. The
Zy action is the half-shift along the torus combined with the involution of K3 under
which eight anti-self-dual 2-forms of K3 are odd and the remaining harmonic forms
are even. This Z, involution is realized by 8 in the Z, x Z; orbifold of (6.4). Thus
we see that the duality between the M-theory on (K3 x T?)/Z, and the CHL model
in 5-dimensions is lifted to the duality between the F-theory on (K3 x T?%)/Z, and
the CHL model in 6-dimensions.

One can consider the models corresponding to other points of the moduli space
of F-theory on (K3 x T?)/Z,. One such model is given by the orbifold generated by

the following action.

a : (21, 22, 23) — (121, —122, 23),

1+ 1
B . (21,22,23) = (—21,—22 + —5 -+ 5) (6.5)

Restricted to 21, z3 coordinates, « is the Z, action of the T*/Z, orbifold. F-theory on

T*/Z, was considered by Dasgupta and Mukhi[68]. The torus parametrized by 2, has
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four fixed points under . Two of them are fixed points of o as well, but the other
two form a doublet under a. The singular fiber over each fixed point of « is of E7
type. The other singular fiber over the doublet under « is of D4 type. The F-theory
on T*/Z, has the gauge group E; x E7 x SO(8). The action 8 is a Z, involution
accompanied by a half-shift along the z3-torus. Since S preserves the holomorphic
2-form of the K3 orbifold and the holomorphic 1-form of the z3 torus, this orbifold
has N=2 supersymmetry in 6-dimensions. The special feature of 3 is that it induces
nontrivial monodromy on the Dy fiber while it interchanges two F; fibers.

The enhanced gauge group of the singular fiber which suffers the nontrivial mon-
odromy along a nontrivial cycle of the base manifold was considered in detail in
[71, 72]. The enhanced gauge group is the monodromy invariant part of the appar-
ent local gauge group. The action of the monodromy on the blown-up fiber can be
translated into an action on the Dynkin diagram of the simply-laced gauge group.
The required group is the subgroup invariant under this outer automorphism. The
gauge group coming from the Dy fiber with the monodromy induced by 8 is SO(7).
The gauge group of the above model is E; x SO(7). As explained by Dasgupta and
Mukhi, we cannot give the perturbative orientifold description of the above F-theory
orbifold since the orbifold action of 7*/Z, corresponds to the nonperturbative sym-
metry of Type IIB theory. But we already established the duality between F-theory
on (K3 xT?)/Zy and the CHL model at a particular point of the moduli space, hence
the above model is necessarily dual to the CHL model in six dimensions.

Another model in the same moduli space is given by the orbifold generated by the
following action when we consider the six-torus based on the hexagonal lattice i.e.,

zlzzl—l—lze%zl,lzl,Z,?).

27 =271

a : (21,22,23) = (€73 21,€73 29, 23),

1
B A (21, 22, 23) — (—Zl, —Z9,23 + 5) (66)

Restricted to zi,2z; coordinates, « is the Z3 action of the 7*/Z3 orbifold[68]. The

torus parametrized by z; has three fixed points of a. Each singular fiber over the
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fixed point is of Eg type. F-theory on T'*/Z3 orbifold has the gauge group Egx Eg X Es.
The action f interchanges two Eg fibers and induces a nontrivial monodromy which
reduces Fg to Fy. The resulting gauge group is Fg x Fj.

In the three F-theory orbifolds considered so far, the base of each model is (P! x
T?)/Z,. But clearly one can consider more general situations. If we consider F-
theory compactified on (K3 x T?)/G, the base is (P! x T?)/G. In order to have N=2
supersymmetry in 6-dimensions, we should restrict G to be a finite automorphism of
K3 x T? compatible with the elliptic fibration which preserves holomorphic forms of
K3 and T2

As explained in [69], the sublattice of I'!®?) of the cohomology lattice of K3
determines an elliptic K3, where I'®% denotes a lattice of signature (p,q). The
lattice ['(!#2) is obtained from the cohomology lattice of K3, H?(K3) ® H°(K3) @
H*(K3) ~ I'19%3) ¢ TWY by splitting off the classes of the base and fiber of the
fibration. Conversely, given an even-self-dual lattice of signature (18,2), one can
find the corresponding elliptic K3 by the global Torelli theorem. Combined with
additional I'®?) lattice associated with T2, this gives (182 @T'(32) which is isomorphic
to I'?%4) and G acts on I'?®%) as a lattice isomorphism. This condition is the same
one as we encounter in the general CHL compactification of heterotic string theory
in six dimensions. Thus we expect that F-theory on (K3 x T?)/G is dual to the CHL
compactification of the heterotic string theory on T/ G where G and G act on the
same way on ['(204),

If G is freely acting, G must act on T? by translation, which implies G should be
an abelian group with at most two generators. Again if we compactify further on a
circle, this theory is on the same moduli space as the M-theory on (K3 x T?)/G. This
is indeed dual to other CHL constructions as investigated in [30], where G acts on
K3 as an abelian symplectic automorphism, ¢.e., an abelian automorphism preserving
the holomorphic 2-form of K3. But more general configurations are possible. Such
configurations in the Type IIA side are considered in [31]. If we compactify F-theory
on (K3 x T?)/G further on T2, this model is on the same moduli space as the Type
ITA theory on (K3 x T?)/G, which is dual to the heterotic theory on T¢/G. On the
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226) as an lattice isomorphism with general shifts.

heterotic side, general G acts on T
The general shifts on the heterotic side is mapped to the choice of Ramond-Ramond
fluxes localized at the fixed points of K3 under the heterotic-Type IIA duality. Thus
the general configuration in the Type IIA side is the orbifold modded by symplectic
automorphism of K3 with the Ramond-Ramond field background, which is not a
conventional superconformal field theory background. General F-theory compactifi-
cation can be thought to be the decompactifying limit of the corresponding Type ITA
configuration when G is compatible with the elliptic structure, which implies that GG
acts nontrivially only on I'?%%) sublattice of I'(?%6).

Since we have specified some of the N=2 F-theory vacua in 6-dimensions, one
might wonder what else can appear as N=2 vacua of F-theory. It is explained in [55]
that allowable bases for N=2 F-theory vacua are K3, (P x T?)/G, and hyperelliptic
surfaces. F-theory on the base K3 is the F-theory compactified on 72 x K3. The
fiber structure should be trivial in order to retain the Calabi-Yau condition. This
is just Type-IIB theory on K3. The only remaining category is F-theory having a
hyperelliptic surface as base. A hyperelliptic surface is a complex torus modulo a
finite group G acting freely. We can give a simple example of the F-theory which has
a hyperelliptic surface as base. Consider the orbifold with the following Z, symmetry.

a : (z1,22,23) = (—21,—22,23 + =). (6.7)

2

The action « restricted to zs, z3 coordinates produces the hyperelliptic surface where
the freely acting group is Z;. The holomorphic 2-form dz; Adz, and 1-form dz3 survive
under «, hence F-theory on this orbifold has N = 2 supersymmetry in 6-dimensions.
Since « is freely acting, there are no singular elliptic fibers. Thus massless spectrum of
this model is just non-chiral N=2 supergravity multiplet. We can find the orientifold
dual of this model. Using the duality dictionary, we can map this orbifold into
the orientifold with the group {1,9(—1)t Rggne}. After a similar calculation as we

did earlier, one can check that the massless spectrum of the orientifold agrees with
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that of the F-theory orbifold. For other hyperelliptic surfaces?, we can perform the
similar analysis. Since hyperelliptic surfaces are quotients of torus by freely-acting
action, there are no singular fibers for the associated elliptic three-fold. The massless

spectrum is again N=2 supergravity multiplet in 6-dimensions.

2There are seven distinct classes of hyperelliptic surfaces. Those are explained in [70].
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Chapter 7 World Volume Theory of
M-theory Five-brane

7.1 Introduction

World-volume actions of p-branes encode much information about their dynamics. In
the case of strings (in flat backgrounds) the world-volume theory has been quantized
and used to construct the string perturbation expansion. In the case of p-branes with
p > 1, one does not expect that it is possible to do the same. Still, many recent
works have shown that an understanding of p-branes, including their excitations, can
be very useful. Much non-perturbative information has been gleaned by considering
vacua containing various branes of infinite extension. (A good example is provided
by the 7-branes of F-theory [46].) Also, non-perturbative excitations described by
wrapping p-branes about various cycles have played a central role in recent studies
of black hole entropy as well as other problems [80, 81, 82]. We suspect that a more
detailed characterization of p-brane world-volume dynamics will enable these studies
to go further.

The actions for the class of supersymmetric p-branes whose only degrees of freedom
are the superspace coordinates X and 6 of the ambient space-time were constructed
during the decade of the 1980’s [83, 84, 85, 86, 87]. Much more recently, the actions
for D-branes in type II theories have been constructed [88, 89, 90, 91]. In addition to
the X and 6 variables, these world-volume theories contain a U(1) gauge field with
Born-Infeld self interactions [92, 93, 94, 95, 96, 97]. For maximally supersymmetric
theories, the only significant p-brane action that remains to be formulated is that of
the M theory five-brane [98, 99, 100, 101, 102]. This paper presents the solution.

The new feature that makes the M theory five-brane example somewhat more

challenging than the other ones is the presence of a second-rank tensor gauge field, in
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addition to the X and 6 coordinates [103]. This gauge field describes a chiral boson in
the world volume, since its field strength is self-dual in the linearized approximation.
It has been known for a long time that there is no straightforward way to construct a
covariant action that describes propagation of the self-dual part of this field without
also bringing in the anti-self-dual part [104]. Various proposals for dealing with this
problem have been suggested over the years. The main one that we adopt is based
on a formulation in which general coordinate invariance is only manifest in five of
the six dimensions [105, 106, 107, 108]. It is also present in the sixth direction, but
the transformation formulas that describe the symmetry are rather complicated. The
bosonic part of the five-brane theory, constructed by this method, has been presented
recently [109]. Another approach to the problem of the chiral boson uses an infinite
number of auxiliary fields [110, 111, 112].

Very recently, a manifestly covariant formulation involving only a finite number of
auxiliary fields (and compensating gauge invariances) has been introduced by Pasti,
Sorokin, and Tonin [113, 114]. Constructions using the PST formulation turn out
to be about as complicated as those in the formulation without manifest covariance.
In fact, one of the new gauge invariances of the PST formulation involves the same
subtleties as those of general coordinate invariance in the non-covariant approach,
since one can gauge fix the PST formulas to obtain the non-covariant ones and show
that compensating gauge transformations are the origin of the complicated general
coordinate transformation.

Besides general coordinate invariance, the other essential symmetry of the world-
volume theory of any super p-brane is a fermionic symmetry called kappa symmetry.
It is always needed to remove half the degrees of freedom carried by the 6 variables,
leaving altogether eight propagating fermionic degrees of freedom. This is the same as
the number of bosonic degrees of freedom, of course, as required by supersymmetry.
The way this is achieved is by adding a suitable Wess—Zumino term to the action.

In all previous super p-brane examples, the global super-Poincaré symmetry (in-
duced from an ambient flat space-time background) is implemented separately for

the Wess—Zumino term and the other terms. The story in the case of the M theory
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five-brane has a surprising new feature. Namely, extending the bosonic five-brane
theory to achieve global 11d super-Poincaré symmetry uniquely determines the com-
plete action, including the Wess—Zumino term. The formula obtained in this way is
then shown to have general coordinate invariance and local kappa symmetry. In the
covariant PST formulation one is forced to organize the terms somewhat differently,
so in that approach the story looks somewhat more conventional. Specifically, the
covariant action divides naturally into two pieces: one piece is the supersymmetrized
bosonic theory and the second is a separately supersymmetric Wess—Zumino term.
The reason these statements are not in contradiction is that the PST gauge invari-
ances, which are needed to achieve the right bosonic degrees of freedom, require that
both terms be included.

This chapter is organized as follows. Section 2 reviews the construction of the
bosonic part of the M theory five-brane action in both the non-covariant and the
PST formulations. Section 3 then describes the supersymmetrization of this theory
and the determination of the Wess-Zumino term in the non-covariant formulation.
The proof that the resulting theory has (non-manifest) general coordinate invariance
is given in Section 4. Section 5 presents the proof of kappa symmetry. The veri-
fication of two crucial identities is relegated to a pair of appendices. This section
also sketches the corresponding formulas in the PST formulation. Section 6 describes
double dimensional reduction, which gives rise to a 4-brane in 10d space-time. The
resulting theory gives a dual formulation of the D4-brane of type IIA theory in which
the theory is expressed in terms of a two-form gauge field instead of the dual U(1)

vector gauge field. Some concluding remarks are made in Section 7.

7.2 Review of the Bosonic Theory

7.2.1 Formulation Without Manifest Covariance

Ref. [109] analyzed the problem of coupling a 6d self-dual tensor gauge field to a

metric field so as to achieve general coordinate invariance. It presented a formulation
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in which one direction is treated differently from the other five. At the time that work
was done, the author knew of no straightforward way to make the general covariance
manifest. However, shortly thereafter a paper appeared [113] that presents equivalent
results using a manifestly covariant formulation [114], which we refer to as the PST
formulation. The relation between the two approaches will be described in the next
subsection. As one might expect, they entail similar complications and there does
not appear to be much advantage to one approach over the other. Therefore, we
will present the supersymmetric M theory 5-brane action in the formulation without
manifest covariance. This action corresponds to a partially gauge-fixed version of the
corresponding action in the PST formulation.

In the present work we denote the 6d (world volume) coordinates by o = (o*, 0%),
where p = 0,1,2,3,4. (In ref. [109] they were called z#.) The o® direction is singled
out as the one that will be treated differently from the other five.! The 6d metric G,
contains 5d pieces G, G5, and Gss. All formulas will be written with manifest 5d
general coordinate invariance. As in refs. [108, 109], we represent the self-dual tensor
gauge field by a 5 x 5 antisymmetric tensor B,,, and its 5d curl by H,,, = 39, B, ).
A useful quantity is the dual

L
HY = 27 H . (7.1)

It was shown in ref. [109] that a class of generally covariant bosonic theories could

be represented in the form L = L; + L, + L3, where?

L =~V Gfla2),

1~
Ly = —;H"0B,, (7.2)

5p _ B
¥ E H™ H* .

geuup)\a G55

'This is a space-like direction, but one could also choose a time-like one. (See the discussion in
sect. 2.2.) The reason we prefer this choice is that in section 6, where we perform a double dimension
reduction to obtain a 4-brane in 10d, elimination of the special dimension leaves manifestly covariant
equations.

2The formula given in ref. [109] has been rescaled by an overall factor of —1/2.
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The notation is as follows: G is the 6d determinant (G = det G5;) and G5 is the
5d determinant (G5 = det G, ), while G*° and G°” are components of the inverse 6d

metric GA”. The e symbols are purely numerical with €123 = 1 and """ = —¢,,, 10

A useful relation is G5 = GG®°. The z variables are defined to be

tr(GHGH)
2 AT
' 2(—Gs)
_ t(GHGHGHGH)
Z9 4(—G5)2 v (73)
The trace only involves 5d indices:
te(GHGH) = G, H*G \ H*. (7.4)

The quantities z; and 2z, are scalars under 5d general coordinate transformations.
Infinitesimal parameters of general coordinate transformations are denoted £# =
(&#,€). Since bd general coordinate invariance is manifest, we focus on the ¢ trans-

formations only. The metric transforms in the standard way

0¢Gas = £05Gap + 0:¢Gss + 0:€G 5. (75)

The variation of B, is given by a more complicated rule, whose origin is explained

in ref. [109]:

6¢B,, = tK,,, (7.6)
where
0(Ly + L3) ; y
mw:z—aﬁr—zkgﬁ+Kﬁﬁ+Kg (7.7)
with
Sl .
KW = GHE),..
122 (_GS)( )M
K2 = V_G(GﬁGﬁGﬁGhu (7.8)

(—G5)?
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€ G5p rT\o
I<;(w) = 6‘“””\026'—55 ;
and we have defined
Ji= gf, 1=1,2. (7.9)

Assembling the results given above, ref. [109] showed that the required general
coordinate transformation symmetry is achieved if, and only if, the function f satisfies

the nonlinear partial differential equation [115]

ff+=fifz+ (%2’12 —2)f2 =1 (7.10)

As discussed in [108], this equation has many solutions, but the one of relevance to

the M theory five-brane is

1
f=2\/1+z1+§z%—22. (7.11)

For this choice L; can reexpressed in the Born-Infeld form

L= —\/—det(Gﬁ,; +iGa,Gor HON (/= Gs). (7.12)

This expression is real, despite the factor of 7, because it is an even function of H.
Eliminating the factor of ¢ would correspond to replacing z; by —z;, which also solves
the differential equation. However, it is essential for the five-brane application that

the phases be chosen as shown.

7.2.2 The PST Formulation

In ref. [113] (using techniques developed in ref. [114]) results equivalent to those of
the preceding subsection are described in a manifestly covariant way. To do this, the
field B, is extended to Bj; with field strength H;;. In addition, an auxiliary scalar
field a is introduced. The PST formulation has new gauge symmetries (described

below) that allow one to choose the gauge Bys = 0, a = 0® (and hence Jza = 63). In
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this gauge, the covariant PST formulas reduce to those of sect. 2.1.

As will become clear, the scalar field a is really a zero-form potential with one-form
field strength da. Only the field strength needs to be single-valued. Furthermore, for
the action to be nonsingular, it is necessary that the 6 manifold Mg admit nowhere
null closed one-forms and that da be restricted to the class of such one-forms. It is
allowed to be either time-like or space-like, however. This topological restriction on
Mg is consistent with the conclusions reached in ref. [100]

Equation (7.12) expressed L; in terms of the determinant of the 6 x 6 matrix

GﬂpGM

Mps = Gps + Z——W

F, (7.13)

In the PST approach this is extended to the manifestly covariant form

M = G + ZMHM (7.14)
—G(0a)?
The quantity
(8&)2 = Gﬂﬁaﬂaa,;a (715)

reduces to G®° upon setting dza = 63, and

2 | [QpE-
Hp)\ = e"A”””H,;,;(;a;a (716)

cov. g

reduces to H**. Thus MEg3" replaces Mp; in Ly. Furthermore, the expression

/ 1 7D )
He— ( 8a)2HC“OV_Hﬂ,;,;G”A8;a, (7.17)

which transforms under general coordinate transformations as a scalar density, re-
duces to Ly + L3 upon gauge fixing. It is interesting that L, and L3 are unified in
this formulation.

Let us now describe the new gauge symmetries of ref. [113]. Since degrees of

freedom a and B,s have been added, corresponding gauge symmetries are required.
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One of them is

5Bﬂg — 2¢[ﬂ8,;]a, (718)

where ¢; are infinitesimal parameters, and the other fields do not vary. In terms
of differential forms, this implies 6 H = d¢da. ﬁfo:\v_ is invariant under this transfor-
mation, since it corresponds to the dual of Hda, but dada = 0. Thus the covariant
version of Ly is invariant under this transformation. The variation of L', on the other
hand, is a total derivative.

The second local symmetry involves an infinitesimal scalar parameter ¢. The
transformation rules are 6G; = 0,6a = ¢, and

T 3
6By = W‘PHMG"A@W + Vs, (7.19)

where the quantity Vj; is to be determined. This transformation is just as complicated
as the non-manifest general coordinate transformation in the non-covariant formalism.
Rather than derive it from scratch, let’s see what is required to agree with the previous
formulas after gauge fixing. In other words, we fix the gauge dza = 8] and Bys = 0,

and figure out what the resulting ¢ transformations are. We need
ba=p+Edsa=p+£=0, (7.20)

which tells us that ¢ = —¢. Then

1 s
6¢Bu, = W@HW,;G"WW + @V + EHs,
G (©
= _5 (G55 H/,wp o Vuu) = é(l(,w - Vuu)- (721)

Thus, comparing with egs. (7.6) and (7.7), we need the covariant definition

oL
Vie = _2_——5127’21& (7.22)

to achieve agreement with our previous results.
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To summarize, we have learned that the covariant PST formulation has new gauge
transformations, and one of them encodes the complications that end up in general
coordinate invariance after gauge fixing. Thus this formalism is not simpler than the
non-covariant one. However, it is more symmetrical, and it does raise new questions,

such as whether there are other gauge choices that are worth exploring.

7.3 Supersymmetrization

The super-Poincaré symmetry of the flat 11d space-time background should be im-
plemented as a global symmetry of the five-brane theory. In terms of superspace

coordinates XM and 0, the 11d supersymmetry transformation is given by
60 =¢ and 6XM =earMy. (7.23)

Our convention is that the index M takes the values M = 0,1,...,9,11. Skipping
M = 10 may seem a bit peculiar, but then X! is the 11th dimension. Also, the Dirac
matrix I';; = Iol'y ... g, which appears in ten dimensions as a chirality operator, is
precisely the matrix we associate with the 11th dimension. The spinors € and 6 are

32-component Majorana spinors. The Dirac algebra is

{FM,FN} = 277MN’ (7.24)

where nprn is the 11d Lorentz metric with signature (— + +...4).
As in other supersymmetric p-brane theories, two supersymmetric quantities are
00 and
I} = 8, XM — 19,9 (7.25)

The appropriate choice for the world-volume metric is then the supersymmetric quan-
tity
Guo = nunTITTY . (7.26)
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Taking 0 and XM to be scalars under world-volume general coordinate transforma-
tions, Gy transforms in the standard way.
In addition, we require an appropriate supersymmetric extension of H = dB,

which we write as

Huup = pr - bm/p’ (7-27)

or, in terms of differential forms, H = H —b3. The idea is to choose a b3 whose super-
symmetry variation is exact, so that it can be cancelled by an appropriate variation
of B. The appropriate choice turns out to be
by = ébu,,pda“da”dap = %gFMNdH(dXMdXN + dXMerYde + %ngd9§FNd9).
(7.28)
Varying this, using 6.0 = ¢ and §. X™ = eI'M0, one finds that H is invariant for the

choice

9 _ _ _
5.8 _%EFMNe(dXMdXN +20TMdpdx" + %HFMdHQFNd())

1 - -
—garMoerMNda(dXN + %OI‘NdG). (7.29)
A useful (and standard) identity that has been used in deriving this result is
dOT™ dOdOT prn + dOT pnd0dOTM = 0. (7.30)

The overall normalization of b3 and 6.8 could be scaled arbitrarily (including zero)
as far as the present reasoning is concerned. The specific choice that has been made

is the one that will be required later. We also note, for future reference, that
1 .- y R
dH = —dbs = —§d0FMNd0HMHN = —§d0¢§d9, (7.31)
where we have introduced the matrix valued one-form

s = DIl do. (7.32)
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With these choices for Gz, and H, we can now write down extensions of L; and

L3 that have manifest 11d super-Poincaré symmetry:

1
Ll = —V—G\/1+21+§Z%—22

1 50
L3 = =€ G

8 UYpPAT @ﬂwjﬂ/\g ) (733)

where z; and 2z, are now formed from H instead of H.
The next step is to construct a supersymmetric extension of L,. This term is the
Wess—Zumino term, which can be represented as the integral of a closed 7-form I

over a region that has the 6d world volume Mg as its boundary. In other words,

B = /M7 | - /Me Qs, (7.34)

where I; = dQd¢ and Mg = OM,. The appropriate expression for I7 that reproduces
L, of the purely bosonic theory is

1P = —%HdH = %H@stas. (7.35)

To understand this properly, there is a point that needs to be stressed. Namely, in
adding a formal 7th dimension, the extra dimension is required to enter symmetrically
with the first five. There continues to be one preferred direction, o®, that is treated
specially. Correspondingly, in writing Mg = d M7, the boundary operator should not

5 = constant faces. It

act on the o® direction. In other words, M; should have no &
should also be noted that this M theory five-brane theory action has a Wess—Zumino
term that survives even for the bosonic truncation in a flat space-time background.
However, as we will see in the next subsection, this feature is particular to the non-
covariant formulation and is not shared by the PST formulation in which the pieces
of the action are arranged somewhat differently.

To complete the construction of L, we must now supersymmetrize I §B) . The term

%H@{Hdas achieves this, of course, but it is no longer closed. Additional terms should
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be added such that dI; = 0, up to a total derivative in the o® direction. The result
that we find is
1 A 1
Ir = 27‘(857‘((10 2Hd01b de 120(197,/) do, (7.36)

where

= Iyl do? = s + Tp 1} do®. (7.37)

When interpreting the 4-form df1)2df and the 7-form df:)>df it must be understood
that one of the derivatives is required to be in the o direction. The proof that dI; is

a total o® derivative is reasonably straightforward using the identity (7.30) as well as
i - _ _ _ _ _
g(darMNpQRdodarR + dOTRdOdOT ynpor) = dOT prnd0dOT o). (7.38)

Since I is manifestly supersymmetric, it is guaranteed that ¢ is invariant up
to a total derivative under a supersymmetry transformation. For most purposes an

explicit formula for L, is not required. Here we will simply report that

1,
| - _ZHW(85B“” —2b,,) + terms indep. of B, (7.39)

where by = %bwda“da" is given by?®

by = —%gFMNase(dXMdXN + dXMOTNdo + %dgFMdédH_I‘NdB)

0= e s - _
+§0FMNd9(2dXM85XN — 0sXMOTN do — dXMOTN 050 — gaeraerNasa).

Knowing this much of L, is sufficient to obtain the B,, equation of motion.

7.4 General Coordinate Invariance

We should now check whether the general coordinate invariance of the bosonic theory

in sect. 2.1 continues to hold after adding terms depending on € in the way that we

3This expression is equal to b,,5, where bj;; is the covariant extension of the expression given in
eq. (7.28).
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have described. As in the bosonic case, general coordinate invariance in five directions
is manifest, so only the transformation in the o® direction needs to be checked. The

coordinates XM and @ transform as scalars, i.e.,
6e XM = ¢0s XM and 6.0 = €050, (7.40)

which implies that G;; transforms as in eq. (7.5). To specify the proper transforma-
tion law for B,,, we should first examine its equation of motion. Using eq. (7.39),
this is

P28, (Kss — 05 B + brs) = 0. (7.41)
The formula for K, is as given in egs. (7.7) and (7.8), except that now L; and L3 of
the supersymmetrized theory should be used. This simply amounts to replacing H
by ‘H and using the supersymmetric expression for Gz;. By the reasoning explained

in ref. [109], the B equation of motion suggests that the appropriate transformation

formula, generalizing eq. (7.6), is
8¢ By = E(Kuy + ). (7.42)

To determine 6¢H, one first computes that

It follows that
8¢ H = d(6:B) — £9sbs — bydé = d(EK) — €25, (7.44)
where
Z3 — 85[)3 = db2 (745)

This can be made manifestly supersymmetric by noting that

ngO’s = (85173 = dbz)dds = —%dé’!/ﬂd& (746)



92

The 4-form on the right-hand side of this equation is required to contain one o®

derivative.

The important point is that the Z3 term in 6+ has no counterpart in the bosonic
theory, so general coordinate invariance of the supersymmetric theory is not an im-
mediate consequence of the corresponding symmetry of the bosonic theory. Let us

examine next the part of é¢(Ly + L3) that arises from varying H, but not G. It is

0(L1 + L3)

Y
‘ aHm

1 .
- EégH“”I{W. (7.47)
This is conveniently characterized by the 5-form

(d(K) — £Z3)K ~ —¢(K(dK + Z3), (7.48)

where ~ means that a total derivative has been dropped.
Consider now the ¢ transformation of L,. A portion of L, was given in eq. (7.39).

Representing this as a 5-form and using

(Sgbz = 85(562), (749)
one obtains
1
~ EK(OsH+ Z3) + ébgdf +... (7.50)

where the dots are the contribution from varying the H independent terms in L.

The ... terms precisely cancel the b2 term, leaving
8¢eLo ~ EK(OsH + Z3). (7.51)

The demonstration that the ... terms contribute —1b3d¢ can be made as follows. The



93

first two terms in eq. (7.36) contribute the non-H pieces
1 8o Ly s
51)365()3(10’ -+ §b3d0’¢’ d&, (752)

which has a non-trivial ¢ transformation, because of the asymmetric way in which
the o° direction appears. The variation is easy to compute, and can be expressed
as the exterior derivative of —2b3d¢, which implies that this contributes the required
variation of L,.

Combining eq. (7.51) with eq. (7.48) leaves
On(L1 + Ls) + 8¢ Ly ~ EK(OsH — dK). (7.53)

This must now be combined with the terms arising from varying G; in Ly and Ls.
However, at this point all terms whose structure is peculiar to the supersymmetric
theory have cancelled. The rest of the calculation is identical to that for the bosonic

theory given in ref. [109] and, therefore, need not be repeated here.

7.5 Proof of Kappa Symmetry

7.5.1 Formulation Without Manifest Covariance

As with all other super p-branes of maximally supersymmetric theories, the world-
volume theory should have 8 bosonic and 8 fermionic physical degrees of freedom. This
requires, in particular, the existence of a local fermionic symmetry (called kappa) that
eliminates half of the components of . Despite the lack of manifest general coordinate
invariance, the analysis of kappa symmetry for the M theory five-brane is very similar

to that of other super p-branes. As usual, we require that

60 = k(1 — ), (7.54)
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where k(o) is an arbitrary Majorana spinor and v is a quantity (to be determined)

whose square is the unit matrix. This implies that %(1 — v) is a projection operator,

and half of the components of 6 can be gauged away. In addition, just as for all other

super p-branes, we require that
§XM = —60TM9,

so that
ST = —260T™M5,0.

As in our other work [89], we introduce the induced v matrix
¥5 =1 T,

which satisfies

{7275} = 2Gps.

In this notation, the kappa variation of the metric is

5Gﬁ[, == —250_(7118[, + ’)’,;6/1)9

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

Before we can examine the symmetry of our theory, we must also specify the kappa

variation of B,,. This works in a way that is analogous to that of the world-volume

gauge field for D-branes. Specifically, for the choice

i = e -
6B = —2—58PMN0(dXMdXN +0rMdodx ™ + %OFMdGHFNdG)

+%60_FM0§FMNd0(dXN + %érNd()),

we find that most of the terms in §H cancel leaving

§H,up = 66074,,8,10

(7.60)

(7.61)
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or, equivalently,

SHM™ = P §0y,,0,0. (7.62)

Since we now have the complete theory and all the field transformations, it is just a
matter of computation to check the symmetry.

Before plunging into the details of the calculation, it is helpful to sketch the general
strategy that will be employed. It turns out to be convenient to consider L, and Lj

together and to write their kappa variation in the form
l o
6(La+ L) = 559T“8ﬁ0. (7.63)
The variation of L; is represented in a similar manner:
Sy = ———60U%0;6 (7.64)
ST - '

Then, in order that 60 = &(1 —7) should be a symmetry, we require that altogether

1 - P
which is achieved if
U = g%, (7.66)
where
1

p=—vL, = fy\/—G\/l +21 + 52% — 2. (7.67)

This implies that
1

We must vary the Lagrangian to find 7” and U#, and then determine p with the
proper square and show that U# = pT#. This is all straightforward, but it needs to
be done carefully.

Since the o® direction appears asymmetrically in the Lagrangian, the analysis of

U# = pT*# is naturally split into two separate problems, corresponding to 4 = 5 and
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& # 5. The i = 5 case is the easier of the two, so let us begin with that. We must

examine where we can get 0s0’s. The variations of B,, and G, do not give any.

Therefore, in varying L, the variations of z; and z; do not contribute. The only

contribution comes from
vV —G = ‘—2\/—G60—’)’ﬁ8ﬁ0,

where, of course, v# = G#’~,. Thus
U5 — _4[0275.

To determine T° we must vary Lo + L3. Using the identity

Gsp G"?PGSﬁ. _
Fy (E) = 2%59(’)’;}677 & 7776/2)07

the relevant piece of § L3 is

1 - 5 4
Zcu,p,\aGg’péﬁvnasﬁH””H’\”,

which contributes

1 ..
T25 = §6uvpx\aGgp’7nHwH/\a

to 7°. (The subscript on T represents the power of H.)

The variation of the Wess—Zumino term 5, is

58, = / (H602d6 — ;—05%5(1{)),

(7.69)

(7.70)

(7.71)

(7.72)

(7.73)

(7.74)

a result that is obtained by expressing 617 as a total differential. This determines

TS + T3, with

1 _
T05 = _%6#1-..;157“1“.#5 = _4775a

where we have introduced

Y = 7012345,

(7.75)

(7.76)
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which satisfies (7)? = —G. The H linear term is

TS = —2H",,. (7.77)
Combining these results with
U = —4p?y° = pT°, ' (7.78)
we infer that T = —4py®, where
~ 1 vp 5 1 “ruv A pA 05
pP=9+ QGSSH TvpY — 3G55 euup/\aH H A (779)

To obtain the H? term we have used the identity

GO‘S s
8= - R (7.80)
from which it follows that
s = (7.81)

If our reasoning is correct, this expression for p should have the square given in eq.
(7.68). This fact is verified in Appendix A.

To complete the proof of kappa symmetry, we must find U* and T* and show that
U* = pT*. Separating powers of H, as above, the variation of L, contributes to T}

and T} while the variation of Lz contributes to T{" and T4'. Altogether, we find that

Iy = ~A%
2 o winy
TP = s (G¥ R, + 23,
1 e
T = QG—Sscnup,\aH””H’\”(GwGQCvC + GEP). (7.82)
The variation of L; determines U* = Y2 _ U*, where

Uy = 4GH* (7.83)
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Ut = = e, (GHG),s
U = —@%(ﬁeﬂ)ﬂ"—ﬁaw%r(aﬁaﬂ)
U= o éss)z Ay, (%(Gﬂa)u,,tr(aﬂeﬂ) ~ (GHGHGHG),,
U = ﬁ’yu (%(ﬂGﬂ)’“’tr(GHGH) - (RGRGRGT)™ )
+ ﬁ (G“575 - %Gf’w) (%(tr(G’FlGﬂ))z - tr(GHGHGHGH)) .

The demonstration that U* = pT* is presented in Appendix B.
In conclusion, we have shown that the theory specified by Ly + Ly + L3 has all
the desired symmetries: global 11d super-Poincaré symmetry, general coordinate

invariance, and local kappa symmetry.

7.5.2 Supersymmetric Theory in the PST Formulation

The supersymmetric theory that we have just presented can be recast in a manifestly
general covariant form, using the PST formalism, just as we did for the bosonic theory
in sect. 2.2. In order to keep the notation from being too cumbersome, in this section
(and only in this section) indices p, v, etc., take six values, (i.e., we drop the hats
used until now). Also the label “cov.” is dropped. Thus, upon supersymmetrization,

eq. (7.14), for example, becomes

Gup Gy

MU:GU—l_i 7:{;)/\, 7.84
= G + i (184

where
HP = ée”"’“’”?’(wa&a. (7.85)

Also, G, is constructed as in eqs. (7.25) and (7.26), and H = H — b3 is extended to six
dimensions. In this notation the supersymmetric theory is given by L = L1+ L'+ Lwz,

where
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1 5
L' = - I aa)Z%WHWpGMaAa (7.86)

S = /96.

L, can again be recast in the form

1
Ll = —\/ —G\/l —l- Z1 + 52% = %95 (787)

where now z; and 2z, are the obvious covariant counterparts of those in eq. (7.3). The

Wess—Zumino term is again characterized by a seven-form I; = df)g, where now
I = —l'Hde_lﬁdG - Lalég/f’d@ (7.88)
T g 120 ‘ '

It is easy to check that dI; = 0 using eqgs. (7.30) and (7.38). Global € supersymmetry
and local reparametrization symmetry are manifest in these formulas. Note that
neither the metric G, nor the scalar field a occur in Lwz.

When one chooses the gauge a = o and B,s = 0, the Lagrangian given above
reduces to the one in sect. 3. The way this happens is somewhat non-trivial. The
point is that L’ reduces to L3 and a portion of the non-covariant Wess—Zumino term
L,. Specifically, in the gauge-fixed theory the sum over the index p in the formula
for L' can be separated into p = 5 and p # 5 terms. The p # 5 term accounts for L3
of the gauge-fixed theory, while the p = 5 term accounts for the H? piece of L, and a
portion of the H piece. In particular, this accounts for why the coefficient of the H
linear term in eq. (7.88) differs from that in eq. (7.36).

The proof of kappa symmetry in the PST formulation works as before (with éa =

0), so we will not repeat the argument.* The covariant extension of eq. (7.79) is

,’:lyp’)lupﬁ)/\a)\a = 26‘1,1/;;,\07-7:(#”7:(;))\70‘7-. (789)

_ 1
P =T 3Gy 16(0a)

The demonstration that p? = —det M, is essentially the same as in Appendix A.

4Also, D. Sorokin informs us that it will appear soon in a paper by him and collaborators.
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The covariant formula for T# = T§ + T} + T4 is given by

Iy = —4*
Tf = — 2 (1, G — 26%7,7Y)D
1 — _(aa)z (71’/’ — 20, MY ) S
1 .
Iy = — (aa)ZH"”HW,p(’y”G’\“+7’\G”")8)\a
2 "y A o ¢
+WH77 Hn,,pGp a)\a’y 8aaG“ Bga. (790)

In the B,s = 0, a = o° gauge, these expressions reduce to the formulas T° and T*
given in egs. (7.73), (7.75), (7.77), and (7.82). The proof of kappa symmetry works

essentially the same as before.

7.6 Double-Dimensional Reduction

As is now well-known, when one of the ten spatial dimensions of M theory is a
small circle of radius R, the theory can be reinterpreted as Type IIA string theory
in ten dimensions with string coupling constant proportional to R*/? [116, 117]. The
five-brane of M theory can then give rise to either a five-brane or a four-brane of
Type IIA string theory depending on whether or not it wraps around the circular
dimension. Here we wish to focus on the case that it does wrap (once) so that one
obtains a four-brane. This case is called “double-dimensional reduction,” because
the dimension of the brane and the dimension of the ambient space-time have been
reduced by one at the same time. (The first example of this type to be studied was
the double-dimensional reduction of the M theory two-brane, which gives the Type
ITA fundamental string [87].) The known 4-brane of Type IIA string theory is, in
fact, a D-brane, which implies that its world-volume theory contains an abelian vec-
tor gauge field. However, the five-brane theory that we have constructed contains
an antisymmetric tensor gauge field, which remains one even after the reduction.
However, as we will show elsewhere [118], the D4-brane action and the 4-brane with

antisymmetric tensor gauge field obtained below, are related by a world-volume dual-
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ity transformation. This is analogous to the relationship between the M2-brane and
the D2-brane [119, 120, 121].
The covariant action for the dual D4-brane in ten dimensions can be obtained

from the M theory five-brane action by setting

X1 =g (7.91)

5

and then dropping all dependence on ¢°, i.e., extracting the zeroth Fourier mode.

Doing this gives

Y — ¢+CTn (7.92)
G — G+ C,0, (7.93)
by — Us, (7.94)
where
C,=—0r"9,6 (7.95)

is the part of H}f that survives. C' and
Lz ATl 25

enter in the D4-brane Wess-Zumino term. In these formulae quantities on the left

(right) of the arrow have target space indices summed on 11 (10) values (e.g., ¥ =
Ly IIM on the L.H.S., o = I',,)II™ on the R.H.S., where m = 0,1,...,9 and M =
(m,11)). Also,

G=detGy — G=detG,,
Gs =detG,, — det(G., +C.C,)=G(1+C?, (7.97)

where

0? = GP0,0.. (7.98)



102
One can analyze the double-dimensional reduction of the action. A straightfor-

ward calculation shows that

e Wy . GG H?
det GA;,—I—ZL) —det | G,, +i1—22 + V.Y, 7.99
( o+ 8520 i, (7.99)
with ~
PA
Y, =i Gun T O (7.100)

Y ACTEND)

which gives the double-dimensionally reduced version of L;. For L3 the answer is:

1 G ] cr
LB = ge;wp/\aﬁHu H/\ =¥ _geuupx\om

HA T (7.101)
The Wess—Zumino term is given by the reduction
I Iy = —%dél“nzp“dﬁ + AT pdo. (7.102)
Under double-dimensional reduction
dH = —%déz/ﬂd@ =5 —%déz/;?d() + dOT119d0C, (7.103)
whose supersymmetry variation is
§.dH — dOT 12pdOer  do. (7.104)
From this one can infer that

§H — (eT110)dOT19df + total derivative. (7.105)

It is an interesting fact that, after the double-dimensional reduction, H is no longer
invariant under supersymmetry. We will show below that the formula has a simple
interpretation, which ensures that the reduced theory is supersymmetric. The kappa

variations of the doubly dimensionally reduced theory can be analyzed in a similar
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manner. One finds that
6H = —60p?d0 — —60epd + 260T114pdOC. (7.106)

In order to preserve the gauge choice (7.91), both the supersymmetry and the
k variations of the 4-brane fields must include compensating o° general coordinate

transformations:

0 = 6X"+E9X" =0+ £
= ¢ =—e''e
0 = 6XM 489, XM = 6010 + ¢,
= ¢, = 60I6. (7.107)

Upon double-dimensional reduction the induced general coordinate transformation

parameter ¢ only appears in the quantities (see eqs. (7.44) and (7.45))
8H = d(¢K) + £db, (7.108)

and

8:C, = 8,¢. (7.109)

The supersymmetry variations of C' and H are entirely given by the induced ¢° gen-
eral coordinate transformation. Therefore supersymmetry of the theory after double
dimensional reduction is a consequence of both the supersymmetry and the general
coordinate invariance of the original 6d theory. As a consistency check, one can show

that eq. (7.108) with £ = £, reproduces eq. (7.105). Kappa symmetry works similarly:
6C, = —60T19,0 — 0119,60 = 9,¢,. — 260T10,0, (7.110)

where the second term is the remnant of the s variation of G,5. Looking at §(dH)
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we can compute
6H = —60%df + 260T'113dOC — (80T10)dOT'119pd0 + total derivative,  (7.111)

which is reproduced by combining egs. (7.106) and (7.108) for & = &,.

7.7 Discussion

This paper has presented the world-volume action of the M theory five-brane in a flat
11d background. The required global and local symmetries have been verified in detail
using a formulation in which one world-volume direction is treated differently from
the others. The corresponding results in the manifestly covariant PST formulation
have also been presented. Although we have not done it, we expect that it would be
reasonably straightforward to extend the results to an arbitrary background, as has
been done for D-branes in refs. [90, 91]. All the considerations in this paper have
been classical, but there are undoubtedly various quantum implications. In fact, it
has been suggested recently that certain supersymmetric 6d theories can have non-
trivial renormalization group fixed points [122]. Perhaps our five-brane action is of
this type.

The five-brane world-volume theory has a solitonic solution [108] that describes
a finite-tension self-dual string of the type discussed in [123]. We think that it will
be very interesting to study this string and its excitation spectrum, which could then
be compared to the spectrum conjectured in [124]. It is curious that the five-brane,
which itself arises as a soliton of the 11d theory, has its own solitons. Upon double
dimensional reduction to the ITA 4-brane, as discussed in sect. 6, the self-dual string
can either wrap or not wrap. This reflects the fact that the D4-brane has both point-
like and string-like solitons, which are electric-magnetic duals of one another. The
point-like solitons can also be viewed as describing bound states of D4-branes and DO0-
branes with the D0-brane charge representing momentum in the compact dimension.

The string-like solitons do not appear to have an analogous interpretation.
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Another direction that we think deserves to be explored is how the M5-brane
should be described in the background that describes the Fg x Eg theory [67]. The
5-brane in such a background will have half as much supersymmetry as we have
described, corresponding to NV =1 in 10d. More significantly, it should have a soliton
solution that describes a “heterotic” self-dual string. The gauge group, whose currents
would appear as left-movers, should be Fg [125, 126]. It would also be interesting
to explore how wrapping M5-branes on suitable 2-cycles gives rise to Seiberg-Witten

theories in the unwrapped dimensions [127].
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Appendix A — Evaluation of p?

This appendix will show that p* = —G(1 4 21 + 227 — z;), where

~ 1 v 1 nry o
=7+ 5gm WY — g cwmrd K H Y. (7.112)

It is convenient to rewrite ps (the subscript refers to the order in H) as

1 e =
= — AV  H* H?, 7.118
P2 = o Vhm (7.113)
where we have used
1 P | K(k+1)
T16 e = 5(—1) > A Vbngr-diee (7.114)

The matrix 4 anticommutes with all ¥#’s, so {po, p1} = 0 and [po, p2] = 0. Further-

more,

{P17P2} = [’Yaﬁa’)'uupa],}:(aﬁ?:{uyﬂpa = (7115)

as the commutator is antisymmetric over six 5-valued indices. Thus,

p* = po+ p1 + 20002 + p5- (7.116)

We know already that p2 = —G and pops = — 2 7:(“”7:(”"%,,,,0. So we need

8G
2 . 1 o
P = 4G55H H Yoo = _4G55H H (Yuppr —2G3:G05)
AP )
= g Yuwpo + 2t (H)),

where tr (H?) represents tr (GHGH). Thus, p? + 2pops = —G'z;. Finally,

oo o " =
2 __ 11 12 I3 g V1 V2 A V3 V4
/. A H H H H Y1 p2ps 22 Tivavavy -

P2 = Thace
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In the multiplication of gamma matrices® one can argue that the only terms that

contribute after contraction with the H’s are effectively

7#1#2#3#4’71/1 Vo V34 o= 8G#1V1 G#2V2 GU(SVSGLMV‘I - 16G/"1 V2 G:U-ZVS G/-"SV4 G/“U/l’

and thus

g = 422(1‘51' (F?)? — tr (HY)) = —G(%zf — z3). (7.117)

Collecting all the terms, we obtain the desired relation:

1
~22 — ). (7.118)

pP=—Gl+zn+;

Appendix B — Evaluation of pT*

We wish to demonstrate that p7* = U*, where p, T*, and U* are given by egs. (7.79),
(7.82), and (7.83), respectively. The calculation is somewhat messy, so we proceed
order by order in H.

To zeroth order, po = 7 and T = —43v* give poTy = 4Gy* = U§. The linear

order contribution comes from (pT*); = p1 T4 + poTY', where

. : 3
p1 = 205571 "o’y Tt = —amht (G + 2G*,7,°). (7.119)

Since
pilly = _’@H"”%p ¥ = @H P+ G + 2%, (1120)

A useful generalization of the relation Yisrootim Tt = Yisrootimps + Yy o times Ctm]n 18

min(m,n)

_ mn
Yisssitbon Tasovtn = E : Ck 7#1---Hm-le-»-Vn—kGum—k+1lln—k+1 o Guml/n)
k=0

where C"" = (—1)1“’“')c ! (7;) (z) The terms in the sum are antisymmetrized over all p’s and

V’s separately.
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we obtain

— PNy (G, (7.121)

(pT”) = __HVP,.),,YVP G55

G55
where eq. (7.114) has been used in obtaining the second equality. Thus, (pT*), = U{".

The higher-order calculations somewhat simplify if one rewrites p; as

P2 = ﬁHVpHAU’Y’YVp/\U (7122)
and T, as
1
Ty = oMM o (GG 9 + G5'y) (7.123)
= —H"f’?%”’"( ,— 2g—ui %) (7.124)
= 2G5 Y\ Yvpro G55 Yvpro ), .

using eqs. (7.80) and (7.81). In quadratic order,
(pT*)2 = poT3 + p1 11 + p2Ty - (7.125)

If we factor out (H“?H*?) as a common factor in all terms,

1 2G5+
pOTZM e _2G55 (’YVP/\O'M - G55 ’7Vp)\0'5)

1
pTi ~ (G55) 552 Tve (G +2G*17,°) =
1
(G55)?

1 1
PzTél s G ’7'71/;))\077 2G55(7upz\o +47up/\G )

[Gs#(vup/\as - 2G}\uGap75) - 2G55G#>\(7upa I 2’71/G0p)}

Combining these contributions and reinstating (H**H") gives

L st 508
(pT*); = @H"PHAUBEGMGUM+4Gﬂmaa,,]: (7.126)
2 G5+ %
— sl tt (0" + 2(F0)* )

U, (7.127)
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At cubic order in H,
(bT)s = mTf + paT (7.128)

Let the common factor to be (HePH**H 7). Since,

5 7 Gl‘5 5 @5
¥ ('71/;))\0 — 2@71/;)/\0 ) = —Yvpro 7V (7129)
we get
u 1 o w5
ply  ~ 1G5 a, B Toors™
2 1
~ G55G ( nypAGaUéﬁ + 271/;) GaaGﬁ,\ - ’)’y)\ Gao‘Gﬂp)

The second term in eq. (7.128) can also be simplified:

1
P2T1N 4G55G 77VpA0(G Yop + 2G#ﬁ%¥7 )
2 1
= G55G57[GM5(_§7quaAGﬁa T 'Yu/\GapGﬁa) e 7 Gaa5§75]~
Thus,
2 1~ ~ ~
(pT*)s = GSTGW[“M“’YS - G”57up][§Hupt1‘ (H*) = (H?)]

1 . . .

~ G50, aﬁup“’Yaﬁ[ Hir (H?) — H’),,

= A, (7.130)

Finally, in the quartic order,

G 101 2 A3 pha A YY1 V2 V3 Vg 1 G 5
16G§H H H H 7#1#2#3#4(71111/21/31/4 _QEIYV]VQV:;V,; ) (7131)

p2Ty = —

The relevant contribution of 4’s in this case is

Vs popapa Vvavavavy 8 [87M(GM1 v GM V2 G/ts v3 GM vg T 2Gu2 V1 Gus v2 GM v3 Gm vy )
_3271/1 (5# Gm v Gua v3 Gm 7 26::2 Gus vy GM v3 GM 21 )] :
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It follows that

(T = gm0 — 2G5 (R = (ox (L)

1 - ~ ~
—4'yu[§tr (HAYH® — H )
= UL (7.132)

This completes the proof.
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Chapter 8 Dwual D-brane Action

8.1 Introduction

Several groups have recently constructed supersymmetric D-brane actions with lo-
cal kappa symmetry [88, 89, 91]. These supersymmetric actions are a good starting
point for studying various properties of D-branes. For example, since D-branes play
a reasonably well understood role in the web of string dualities, there are definite
expectations for how each D-brane action should transform under a duality transfor-
mation of its world-volume gauge field. These reflect the SL(2,7Z) S duality of the
type IIB superstring theory [138] and the relationship between type ITA superstring
theory at strong coupling and 11d M theory compactified on a circle [139, 140]. Pre-
vious studies of these duality transformations have been carried out in the context
of the bosonic truncation of the D-brane action [121, 141]. Since the super D-branes
are BPS objects, it is appropriate to study their duality properties including the
fermionic degrees of freedom. Such an investigation, which is possible now that the
super D-brane actions are known, is the purpose of this chapter.

In ref. [89] we only considered super D-branes in a flat background. Here, as a
modest extension of this, we include a constant dilaton background for the type IIA
D-branes and constant dilaton and axion backgrounds for the type IIB D-branes.
Starting with the DI1-brane, we show that one can obtain the expected SL(2,72)
multiplet of type IIB strings [144, 145], with the correct tensions, by performing du-
ality transformations. In the case of the D2-brane, we show that the dual action
describes the M2-brane with one target space dimension compactified. (The relation-
ship between the D2-brane and the M2-brane has been discussed previously [120], so
this part is mostly review.) In particular, we verify that the dilaton dependence of
the D2-brane correctly reproduces the relation between the string metric of the IIA

theory and the 11d metric of the M theory. This implies that the type IIA string
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coupling constant is correctly related to the radius of the 11th dimension [140]. Next
we show that the D3-brane action is mapped into an equivalent D3-brane action by
the duality transformation, thereby verifying the expected SL(2, Z) invariance of the
D3-brane. Another correspondence suggested by the duality between M theory and
type ITA superstring theory is that the double-dimensional reduction of the M5-brane
action should coincide with the duality transformed D4-brane action. This could not
be checked previously, since we did not have a suitable supersymmetric M5-brane
action. However this action has been constructed recently [146], so we are now in a
position to verify that the dual D4-brane action is identical to the double-dimensional
reduction of the M5-brane action as expected. (The M5-brane has also been discussed
recently in refs. [114, 147].) Finally, we indicate how duality transformations relate
specific gauge choices for the gauge-fixed D-brane actions.

The calculation of the duality transformations of supersymmetric D-brane actions
is quite similar to that of the bosonic actions described previously in refs. [121, 141,
142, 143]. Since the behavior of the fermionic degrees of freedom under the duality
transformation is the new ingredient, this is the part of the analysis that is empha-

sized. Unless otherwise stated, the conventions used here are the same as those of

ref. [89].

8.2 Dual Born—Infeld Actions

The essential steps involved in world-volume duality transformations of D-brane ac-
tions can be described for the simpler problem of Born-Infeld theory. Subsequent
sections will discuss the extensions that are required for various supersymmetric D-

brane actions. Born-Infeld theory in n = p + 1 dimensions is given by

5= —/d“a\/—det(nw + F.), (8.1)

where 7,, is the Minkowski metric and F,, = 0,4, — 0,A, is the Maxwell field

strength. The basic idea is to recast the theory in terms of a dual (p — 2)-form
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potential By, ,,. ., , given by

6S ~ 1

_ - gW — 6/-“’/\91'--pp——28/\B

§F,, (p—2)! Plestpes

(8.2)

The Bianchi identity for the B field is the field equation for the Maxwell field.
Also, the Bianchi identity of the Maxwell field provides the field equation for the B
field. To make the latter equation explicit one needs to solve eq. (8.2) for F,,. Then
one can construct an action that gives the field equation. Equivalently, one can add
a Lagrange multiplier term %E[””(FM —20,A,) to eq. (8.1) and eliminate F.

To solve eq. (8.2) for F,,, it is convenient to use Lorentz invariance to bring F,,,

to the canonical form

0 A

By, = 0 /2 . (83)
~f2 0

Then eq. (8.2) implies that H*” has the same structure

¥ = 0 hy : (8.4)

In this notation, eq. (8.2) becomes®

hi = 1ff3‘/n(1 T ). (8.5)

!This is the formula for Euclidean signature. The extension to Lorentzian signature is
straightforward.
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For p < 4 there are at most two f’s and this equation can be inverted. The result for

fi= oy TG - 1) (3.6)

Unfortunately, for p > 4, when there are three or more f’s, we are unable to carry

this case is

out the inversion. With three f’s we find a quintic equation. The coefficients of the
quintic are not completely generic, so a closed form solution might exist, but we have
not found one.

Having found the field equation of the B field in a special frame, it is easy to pass
to a general frame and write an action that gives the desired equation. The result is

(the subscript D stands for “dual”)

. / "o/~ det(n,, +ifl,,). (8.7)

We emphasize, once again, that this result is only correct for p <4 or n < 5.

Now consider the more general Born-Infeld action

g / &0\/=det(G o + Fuu), (8.8)

where G, 1s a symmetric tensor field and F,, = F},, —b,, is an antisymmetric tensor
field. Repeating the analysis described above in this more general setting gives (for

p < 4)

Sp = —/d"o'(\/— det(G,w + i[(w) o %gwbw)’ (8'9)

where

il
v—det G

The H A by term in Sp will be identified as part of the Wess—Zumino term of the dual
D-brane.

K,, = GyGnHP, (8.10)

The analysis described here is not the whole story for super D-branes, since they
also contain Wess-Zumino terms that are polynomial functions of F},. Specifically,

they are linear in F' for p = 2,3, quadratic in F' for p = 4,5, and so forth. The
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extension of the analysis given here to include these terms will be described on a

case-by-case basis in the sections that follow.

8.3 The D1-brane

Let us consider the D1-brane (i.e., the type IIB D-string) first. If we include the
dependence on a constant dilaton ¢, the action of the super D1-brane with kappa

symmetry is given by

§= /d%( — e™/=det (G + Fu) + Lwz). (8.11)

Here G, = N, JITIIT, where IIT = §,X™ —0I™9,60. Also, X™ and 6 are coordinates
of type IIB superspace and 7,,, is the 10d Minkowski metric. The induced world
volume metric G, is the supersymmetrized pullback of the 10d string metric 7.
Also, F = F — by with by = —0_T3Fmd9(de + %éfmdﬁ). Lwz denotes the Wess—
Zumino term, which can be represented by a 2-form on the world volume of the

D1-brane. Specifically,
St = / P Loy = & /M Cs, (8.12)

where Cy = éTlFme(de o+ %G—Fmdﬁ) and dCy = dO7 [, dOTI™ with TI™ = dX™ +
OT™df. Note that eq. (8.11) is the D1-brane action of ref. [89] rescaled by the string
coupling constant. One can also add a total derivative term (analogous to the § term

of QCD) to the Wess—Zumino term in eq. (8.12):
6_4)02 = €—¢Cz = C()F, (813)

where Cj is a constant “axion” background field. Since CoF is a total derivative, it
does not affect the classical equations of motion. A constant shift of Cy is a trivial
classical symmetry of the action (8.11). In the quantum theory it is replaced by a
quantized shift, just as in QCD. This reflects the breaking of the classical SL(2, R)
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symmetry to the quantum SL(2, Z) symmetry.
Now let us perform the duality transformation. Following ref. [141], one introduces

a Lagrange multiplier field H* = —H"* as follows

3 = /d2a(—e_¢\/—det (G + .7-',“,)+%Iff‘“’(FW—QBLLA,,)—i-%e_"Se“”C’W—-;—Coe‘“’F,w)

(8.14)
and considers F,, to be an independent field. Varying A, gives §,H* = 0, which
implies that H* = e**A with A constant. This gives S’ = S; + S5, where

5y = /d20( — e‘¢\/—det (G + Fu) + %(A — Co)e"”]:w,) (8.15)

5’2 = /€_¢Cz -}— (A . Co)bz. (816)

Our convention is that whenever an integral appears without a d"o it is an integral
of a differential form. It can be easily converted to a usual integral. For example,
[ F = [d*c1e" F,,. The basic strategy, described in the preceding section, is to use
the equation of motion for F' to rewrite the action in terms of A instead of F. The

duality transformation of S; is the same as the bosonic case, if we replace F' by F.

Thus the dual of Sy is

By e —/d%\/e—w + (A — Coy*y/—det G, (8.17)

while S, is unaffected by the duality transformation.

In eq. (8.16), we have

6_¢02 + (A — Co)bz = 9(6_(’57'1 e (A iae Co)T3)Pmd0 N (de + %éfmde) (818)

Since the eigenvalues of e=*7; — (A — Cp)73 are :t\/e—2‘7S + (A — Cp)? we can redefine

™1 — (A — Co)7s = 1/e=26 + (A — Co)?r. (8.19)
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Then the total action can be written as

Sp = fe 1 (A~ Cop? [ do(~/~det Gy - %e‘“’b:w) (8.20)

with b, = —075T,d0 A (dX™ + %érmda). This is nothing but the kappa-symmetric

superstring action with the modified tension

T' = /e + (A — Co)?. (8.21)

This agrees with the tension formula derived in ref. [144] for the SL(2, Z) covariant
spectrum of strings provided that one identifies the integer value A = m as corre-
sponding to the (m,1) string in a background with constant dilaton ¢ and axion C.
An equivalent interpretation is that eq. (8.20) describes the fundamental (1,0) string
with an SL(2,7) transformed metric, dilaton and axion. (The canonical Einstein
metric is invariant, but the string metric is not.) The relevant SL(2,7) transfor-
mations maps Co + ie™® to —(Co — A + ie=®)~1. Thus the coupling constant of the

fundamental string after the duality transformation is given by e? = e ?+e?(A—Co)?.

8.4 The D2-brane

The D2-brane action was the first of the super D-brane actions to be worked out.
The method that was used was to start from the known M2-brane action [91] and
to perform a duality transformation of a world volume scalar field corresponding to
a circular target-space coordinate [120]. The dual of a scalar in 3d is a U(1) gauge
field, of course. Here we reverse the argument, starting from the D2-brane action to

get the M2-brane action. Consider the super D2-brane action in the string metric

5= /df’o( — e\ /—det (Gpu + Fou) + %EI’“’(FM —29,4,)) - / e~#(Cs + Cy A F).

(8.22)
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Here the A, equation of motion implies that Hw = ¢#29, B for a scalar field B. Cs

and C; are determined by the condition
|
d(C3+CiANF) = d0(§¢2 + FT41)do, (8.23)

with ¢ = I'"Il,,. Wedge products are implicit on the RHS of this equation and all
similar subsequent equations. Comparing the F independent terms in eq. (8.23), we

conclude that

1 -

Eliminating the U(1) gauge field in favor of the dual scalar B, one finds that the dual
of the action in eq. (8.22) is

Sy == —/daae"‘b,/—det Gy + /(—6_¢03 + by A dB), (8.25)

where

G, = Gu + (—e?9,B + C,)(—€?d,B+ C,) (8.26)

and C, = —anﬁ,ﬁ. If we identify B as the coordinate of a compact extra dimen-
sion, the expression appearing in the Born-Infeld part of the action is the standard
expression for the induced metric of the M2-brane. The Wess-Zumino term also has

the appropriate structure for this identification, since if we set X' = —e?B, then

Hll = -—6¢dB -+ Cl = Xml + Cl and

L _
d(e™®C3 — bydB) = §e‘¢d0anHmH”d0+e‘¢d0PmF11HmH“d0 (8.27)

1 _
= 5e-¢’derMNHMHNde, (8.28)

where M, N denote 11d indices and m,n denote 10d indices. Thus eq. (8.25) can be

SD = —/d30'6_¢1/—det G;W + /6_¢QD, (829)

rewritten as
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where G, and Qp denote 11d quantities. In order to obtain the standard M2-brane
action, we should remove the dilaton factor. The dilaton dependence can be absorbed

by the rescaling
XM 59 XM 9 o5t (8.30)

After this scaling, eq. (8.29) becomes
= —/d3 J—det GIL + /Q“ (8.31)

with GIY = IIMIINyyy and dQ' = —1dTyNIIMIIVdG. This is the standard M2-
brane action [85]. Thus, as expected, we identify the M2-brane action (with a circular
11th dimension) as the dual of the D2-brane action.

Let us check that the scaling that was required gives the usual relation between
the ITA string theory and M theory. Comparing G, appearing in eq. (8.25) and G,
of eq. (8.31), we obtain

G;ljz = 6—%¢GW + 6%¢(_8uB + @_¢Ou)<_auB + e—qscu) = 6_%¢GIW' (8-32)

This correctly reproduces the relation between the 11d metric and the string metric
in 10d [140]. In particular, the coefficient in front of (9B)? gives the standard relation

Ry = e§¢, where Ry, is the radius of the compactified circle in the 11th direction.

8.5 The D3-brane

The D3-brane should be self dual, i.e., invariant under an SL(2, Z) transformation.
For the bosonic case, the self-duality of the D3-brane was shown in [141]. So we wish
to extend the argument to the supersymmetric D3-brane action.

Consider first the D3-brane with e=® = 1. The D3-brane action presented in [89]

1s

— [ o/ =det (G Fu) + [(Cat oA F 4 %COF AF),  (8.33)
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where C4 and C, are determined by the condition
d«L-FCgA]U::éd%@n¢ﬂw—+d%1f¢d& (8.34)
This condition gives the useful identity
dCy+ Co NdF = dCy — Cy A dby = éd@TgTﬂ/)BdG. (8.35)

The Cy term in eq. (8.33) is absent in [89], but it is a total derivative term (or boundary
term) that can be added to the action without changing the classical equations of
motion. As in the case of the D1-brane, a constant shift of Cy is a trivial classical
symmetry of the action.

Introducing a Lagrange multiplier as before and rewriting the boundary term in

terms of F instead of F', the action becomes

[ do(—/=det (G + Fou) + %]:I“”(FW —20,4,)) (8.36)

1 1
+/(c4 + 5C0ba A b + (Ca + 5:Co) A F + 5CoF A F).

This time the A, equation of motion is solved by Hw = w29, B, . Again, the

duality transformation is similar to the bosonic case and we obtain

1 N
/d4 J —det (G + ——=——(Fyus + Cyus + Coby)) +/QD, (8.37)

1+ CE

where ' = dB and Qp is given by

1 »
QD = 04—1)2/\02——Oobz/\bg—{—bz/\(F-*—CQ-l-Cobg)

Co

7@}g@+@+%m A (F + Ca + Cobs). (8.38)
0

To prove that Qp has the same form as €, we apply the following rotation of the
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Pauli matrices:

7'1, = —(7'3 + 007'1)/\/1 + Cg
73 = (11 — Coms)/1/1 + C8. (8.39)

Then
1

V1+C2

where F’ = F/\/1 + CZ. From eq. (8.38)

(F+Cy+Coby)=F' — b, = F, (8.40)

dQp = dCy— CyAdby — by A (dCo+ Codby — /1 + C2dF')+ (1/1 4+ C2dby — Cod F') A F'.
(8.41)
Using eq. (8.39) one sees that the first parenthetical factor of the above equation

vanishes, while the second one gives df7/tpdf. Using eq. (8.35) and the fact that

T3y = T47{, we finally get
| R— - =
dQp = gd&TéT{’L/deg + dOT{pd0 A F, (8.42)

which corresponds to eq. (8.34). Thus the dual action can be rewritten as

= % 1 % 5
Sp = — [ d*o(y/=det (G + Fpu) + [(Cot CuAF = SCoF A F').  (8.43)

This action can be interpreted as a D3-brane in the presence of both constant dilaton
and axion backgrounds. However, to make this identification, we must present the
general formula with such backgrounds.

In the string metric, the action including arbitrary constant dilaton and axion

backgrounds is

S=_ / doet[—det (G + Fu) + / e=#(Ca + Ca A F). (8.44)

In order to get to the Einstein metric, which is invariant under SL(2, R) transforma-
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tions, we rescale

X™ = /P X™ and 6 — e%/%0. (8.45)

The action becomes

5 —/d“a\/—det(GW te SR, —b,) +/ (Cit Can(e TP —by)).  (8.46)

We now add a Lagrange multiplier term %I:I“”(Fw, —20,A,) and a boundary term
%COF A F. If we define F' = e“gF, H = egﬁ, and C} = e?Cy, the action expressed
in terms of primed quantities is just (8.36), so we can read off the dual action from

egs. (8.37) and (8.38). The resulting action is

1

Sp=— [ d*c |—det (G, + ————(
/ \‘ * 1+ e?*CE

where

e3P+ C + €#Cobp) + / Op, (8.47)

1 .
QD = 04 = bz A 02 = 56¢Cob2 A bg + 62 A (e%F + CQ + €¢Oob2)
(G%F + Cz + 6¢Cobg) A (6%F + CQ + 6¢Cob2). (848)
0
The kappa symmetry of this action follows from that of eq. (8.37). Also, we can

check the transformation of the dilaton and the axion under the duality transforma-

tion. From the coefficient of F' in the Born-Infeld part of eq. (8.47), we obtain the

transformation
e~ 8 ! (8.49)
_) g .
1+ e22CE et + e ¢CY
and from the coefficient of ' A F' we have
2] 0
ot et 0 A (8.50)

14202 e% 4?02

Thus, the dilaton and the axion undergo the expected SL(2, Z) transformation. Com-

bining this symmetry with the symmetry under a constant shift of Cy, one deduces
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that the D3-brane action has SL(2, R) symmetry classically. Of course, this is reduced
to SL(2,Z) by quantum effects.

8.6 The D4-brane

The D4-brane action plus a Lagrange multiplier term is given by

§ = [ do(—/~det (Guw + Fun) + %m"(pﬂu —29,4,))

~ [(Cs+CsnF 4 5 AF AF) (8.51)

The A, equation of motion implies that H* = 3—56”"’\‘”1{,\07 with H = dB. Also
Cy = 0I'"'df and

Cs = %érmlmde(deldX’”? + 0T™ dfdX™ + %{ﬁmld()érm?d()) (8.52)
_ _ 2
+%0F11Fm1d00F11d0(dX"“ + 200 do), (8.53)
while C5 is determined by

dCs = 21—4d9‘r“¢4d9 + dby A Cs. (8.54)

The action S can be written in two parts S = S; + S5, where

il
Si== [ &0\ /~det (G + Fu) + [(HAF = SCinF A F), (8.55)

S, = /Q = /(—05 + HAby), (8.56)

and H = H — C3. The appendix shows that after the duality transformation one

obtains the dual action Sp = Sip + S,, where

. i — ﬁ B ELLV}\GTCM?:ZU)\?:{GT
Sip = /do(\/ G\/1+z1+2 zo + S+ 0D " (8.57)
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Here

_ te(GHGHGHGH)

(GHAH
ooy T 4-GPa+Cp

2(-G)(1+C?)

(8.58)

2] =

where G, = G, +C,C, and H* = 16297 H .. The duality transformation leaves

Sy unchanged. The Wess—Zumino term € is given by
1 - .
dQ) =dCs +dby N H = —ﬂdﬂfnz/)"d@ — dfTy19d0 N H. (8.59)

This dual action D4-brane action is identical to the action obtained by double-
dimensional reduction of the M5-brane, which was given in sect. 6 of ref. [146].
In that work, the radius of the compact dimension was set equal to one, which corre-
sponds to setting the ITA dilaton equal to zero, as done here.

Let us now consider how the analysis described above generalizes when a constant

dilaton background field is included. In this case, the D4-brane action is

S = —/dsae—¢\/—det (le + f#l’) — /6_¢(C5 +CsANF + %C] ANF A f) (8.60)

The action after the duality transformation is

3 B 22 Eror P CHHAHET
8 :—/d5a (e ¢\/—G\/1+62d’21+64¢(51—22)+ s S+ C7) )+ LY.
(

8.61)

Here z; and 2, are defined as before, but now
H=H-e*%Cs (8.62)
and ' is determined by the equation
QY = —ie"’sdéfnd)‘i(w — dOT'113db A H. (8.63)

It now remains to show that this action agrees with the one obtained by double-

dimensional reduction of the M5-brane, when the analysis of ref. [146] is generalized
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to include the radius of the compact dimension and one identifies that radius with
exp(2¢/3). This means that it should coincide with the double-dimensional reduction

of the M5-brane using the 11d metric G}, introduced in eq. (8.32) in connection with
the D2-brane. In eq. (8.32)

Gl = e 3G, = e s MMM pagw, (8.64)

where II'' = dX™ + €y = —e?dB + Cy. In ref. [146], G}, is the pullback of the 11d
flat metric. In order to compare the M5-brane action with the dual 4-brane action,
in which the string metric is the usual flat metric, we need to rescale the variables

appropriately. The required scaling is
XM e XM g 5%, (8.65)

This is just the inverse of the transformation in eq. (8.30), which was used to convert
to the 11d canonical flat metric from the string metric. Since X'! is defined to be
—e?B in eq. (8.32), after this scaling it becomes X! = —e3%B. Carrying out the

5

double-dimensional reduction by setting B = —o® in eq. (8.32)? and dropping the ¢°

dependence of the other variables, we obtain

e"3%G,, + e300, %0,
Gh= : (8.66)
e3*C, 3%

n

Here ji, 7 run from 0 to 5 and g, v run from 0 to 4 and G, = IIT1I}

Nmn. 1he rescaling
also gives C3 — e~*?C3, which implies that the quantity H that is used in the double-
dimensional reduction of M5-brane is the same as in eq. (8.62). Thus we can conclude
that the double-dimensional reduction of the M5-brane with these rescaled variables

gives the same action as the dual 4-brane action with a constant dilaton in eq. (8.61).

2The circular 11th dimension has circumference 27 R;1, and B runs between 0 and 27, so Ry ~

exp(26/3).
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8.7 Duality Transformations of Gauge-Fixed The-

ories

The analysis can be repeated for the gauge-fixed D-branes of [89]. As shown there,
one can go to a static gauge by imposing X* = o* for p = 0,...,p and setting §, = 0
(6; = 0) for ITIA (IIB), respectively. If we do not include any background fields, the
Wess—Zumino term vanishes in this gauge. Denoting the component of the spinor
that survives by A and the transverse components of X* by ¢ withi =p+1,...,9,
we get the action [89]

G / P+ o\[—det (G + Fu) (8.67)

with
Gy = Muw + 0,6° 0,8 — 2X(T( + T:0(u$* )0y A + AT™ 0, AT 1,0, , (8.68)
Fuw = Fuy — by = Fuy — 20T, + T:01,6°) 0\ (8.69)

Since the Wess—Zumino term vanishes in this gauge, the dual actions have the same
form as in eq. (8.9).
The ITA cases are straightforward in this picture: the dual action corresponds to

the dual theory in the same kind of static gauge (X* = o#, 6, = 0). Indeed, for p = 2

Sp= [ & < \/=det Gy + 9,B3,B) + 5eWﬂbWa B) (8.70)

This is precisely the action (8.25) in the static gauge, because for §; = 0 both €y and
(5 vanish. Similarly, for p =4

1~
SD = /d5 ( \/ 1 + 21 + E = 22) -+ 2H Vbuu) ; (871)

where the z’s are similar to the bosonic ones, involving only G and H. This corre-
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sponds to egs. (8.56) and (8.57) for Cy = C5 = C5 = 0.
The IIB duals are a bit puzzling at first sight. For p =1

1
8 = /d% <—\/1 T AZL/—det G, + §Ae‘“’bw,) (8.72)

and for p =3

= 1 =
Sp= [ dto (_\[_det (G + Fo) + Zewmbm) . (8.73)

The 3-brane is supposed to be self-dual, yet the dual theory looks different: it has
F instead of F under the square root and nonvanishing Wess—Zumino term. Also,
the two terms in the dual 1-brane have different coefficients, unlike the fundamental
string. The explanation is that in the IIB case the dual theories correspond to the
07 = 0 gauge, where the prime means that we first undo the rotation in 7 space
(see eq. (8.39)) and then impose 6; = 0. For the 3-brane, this amounts to imposing
the gauge 0; = 0, = A/v/2 . In this gauge b, vanishes, but the Wess-Zumino term
contributes. In fact, the above formulas agree with eqs. (8.20) and (8.43) in the 8] = 0

gauge.

8.8 Discussion

We have explored the duality transformation properties of super Dp-branes for p =
1,2,3,4. In each case, the results agreed with the expectations suggested by standard
dualities. For the D5-brane and higher-dimensional objects, we have not yet been able
to carry out the analysis. As explained in sect. 2, it is much more difficult to write the
Born-Infeld action in terms of the dual gauge field for p > 5 even in the bosonic case.
For example, the dual D5-brane, which ought to correspond to the solitonic 5-brane
of the IIB theory, would be expressed in term of a world-volume 3-form potential.
Perhaps a more powerful approach is required to make this problem tractable.

For the most part, our analysis has been classical and limited to flat backgrounds.
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The results should not depend on these restrictions, however.
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Appendix — Duality Transformation of D4-brane

The following D4-brane action appeared in sect. 6

= — [ o(/det (G + Fu) + [(HAF — O AF AF). (8.74)

Because of the Wess-Zumino term, the duality transformation is considerably more
complicated in this case than for the bosonic truncation. Because of the general
covariance, it is sufficient to consider the flat limit G, = n,,. The G dependence is
easily reinstated in the answer. Also, we can use the Lorentz invariance of this flat

limit to choose a special basis where the only nonzero components of F,, and C, are
Fio=—Fua=h, Faa=—Fz=fo (8.75)

CN = (60,61,0,63,0), (876)

where we use lower case ¢’s, because numerical subscripts on C’s denote differential
forms. From the equations of motion following from eq. (8.74), we then obtain the

following nonzero components of H*

HO? = % = ¢y fy, W = 1 = —¢sfy (8.77)
. . 1+
H? = -H" = g jiz fit+cofz, (8.78)
- . 1+ f2
T3 — s — T f:2 fot cofr. (8.79)

It is useful to define y* = C’ﬂ:l‘“’, whose nonzero components are

2 |1+ /2 o |1+ AR
y v 7 afi, y = 1+f2c3f2 (8.80)

If H%2 = H% = 0, or equivalently y* = 0, the analysis would be very similar to
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the D3-brane with nonzero Cy. The dual action of eq. (8.74) in this case is

7_22 (71[2)2 _ 27_24 & VMTCw;f(uAﬂaT
— 5 . m
Sip=- [do (V GJ Moconroy tes—orater T sarop)
| (8.81)

where H? = tr(G'F(G'F() and similarly for H*. When y* is nonzero, the analysis
becomes more complicated. One could try to rewrite the action (8.74) in terms of
H using the Lorentz invariant quantities made out of H* and y*, and using the
relation between F and H obtained from the equations of motion. Instead of doing
that, we will take advantage of the fact that we already know the answer (from

double-dimensional reduction of the M5-brane action). Defining Gy = My + C,C,

and o o
tr(GHGH) HYH,,, — 29y,
= = S
T e+ ) 20+C?) (8.82)
o tr(GHGHGHGH)  HY — 4y*Ho H g + 2y y,)? (8.83)
TG+ 0 4(1+ C})? ’ '
we consider the expression
2 Ao
Z_l _ G;W,\JTC“H Ha
¢1+21+ 5 — 4t e (8.84)
It is a matter of calculation to show that this is equal to
L v 1 vioT
V/—det (1, + Fu) — SH Fu + O F T, (8.85)

using the form of H* and y* of egs. (8.77) and (8.80) in the special basis.> Now

3For example, one can check

w“ﬁﬁ_ﬁ _ 1-A8+30+ B +30+ 1)
2 (1+CHV (1 + )1+ 53)
g+ MDA+ ) +2c0fifor/ L+ A+ f3)

1+ 02/ + )1+ fZ) '
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putting back the metric dependence, we conclude that in the general case

2 N OTC;.L’}:{V)\']:(CTT
SlD—_——/dSO' (\/—G 1+21+’22—1—Z2—|-€u )\8(1+02) ) 5 (886)
1

where z; and z, are defined as in eqs. (8.82) and (8.83) with G, = G, + C,C,.



132

Bibliography

[1] A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99, hep-th/9601029.
[2] J. H. Schwarz, “The second superstring revolution,” hep-th/9607067.

[3] P. Ginsparg, Phys. Rev. D35 (1987) 648

[4] M. Dine, P. Huet, and N. Seiberg, Nucl. Phys. B322 (1989) 301

[5] D. Gross, J. Harvey, E. Martinec, and R. Rohm, Phys. Rev. Lett. 54 (1985)
502

[6] P. Candelas, G. T. Horowitz, A. Strominger, and E. Witten, Nucl. Phys. B258
(1985) 46

[7] K. Kodaira, Annals of Math. 77 (1963) 563; Annals of Math. 78 (1963) 1.

[8] A. Sagnotti, in Cargese 87, “Non-perturbative Quantum Field Theory,” ed. G.
Mack et al., (Pergamon Press, 1988) p. 521;
P. Horava, Nucl. Phys. B327 (1989) 461;
J. Dai, R. G. Leigh, and J. Polchinski, Mod. Phys. Lett. A4 (1989) 2073.

[9] J. Dai, R. G. Leigh, and J. Polchinski, Mod. Phys. Lett. A4 (1989) 2073;
R. G. Leigh, Mod. Phys. Lett. A4 (1989) 2767.

[10] A. Sagnotti, in Cargese ’87, “Non-perturbative Quantum Field Theory,” ed. G.
Mack et al. (Pergamon Press, 1988) p. 521;
V. Periwal, unpublished.

[11] A. Sagnotti, in Cargese '87, “Non-perturbative Quantum Field Theory,” ed. G.
Mack et al. (Pergamon Press, 1988) p. 521; Some Properties of Open-String
Theories, preprint ROM2F-95/18, hep-th/9509080;



133
M. Bianchi and A. Sagnotti, Phys. Lett. B247 (1990) 517; Nucl. Phys. B361
(1991) 519

[12] P. Horava, Nucl. Phys. B327 (1989) 461; Phys. Lett. B231 (1989) 251; Phys.
Lett. B289 (1992) 293; Nucl. Phys. B418 (1994) 571.

[13] P. Horava, Phys. Lett. B231 (1989) 251.
[14] J. Erler, J. Math. Phys.35(1988) 377.

[15] M. B. Green and J. H. Schwarz, Phys. Lett. B149 (1984) 117,
Phys. Lett. B151 (1985) 21.

[16] J. Polchinski and Y. Cai, Nucl. Phys. B296 (88) 91.
[17] T. Eguchi, P. B. Gilkey, and A. J. Hanson, Phys. Rept. 66 (1980) 213.

[18] C. G. Callan, C. Lovelace, C. R. Nappi and S.A. Yost, Nucl. Phys. B293, 83
(1987).

[19] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory, Vol. II , Cam-
bridge University Press (1987).

[20] L. Alvarez-Gaumé and E. Witten, Nucl. Phys. B234 (83) 269.
[21] J. H. Schwarz, Phys. Lett. B371 (1996) 223, hep-th/9512053.
[22] A. Sagnotti, Phys. Lett. B294 (1992) 196.

[23] M. Bianchi and A. Sagnotti, Phys. Lett. B247 (1990) 517; Nucl. Phys. B361
(1991) 519
A. Sagnotti, Some Properties of Open-String Theories, preprint ROM2F-95/18,
hep-th/9509080.

[24] R. Gopakumar and S. Mukhi, private communication.

[25] M. J. Duff, R. Minasian, and E. Witten, , hep-th/9601036.



[26] A.

27] S.
28] S.
29] J.
[30] S.
31] S.
32] A.
[33] A.
[34] A.
[35] J.
[36] E.

37] E.

134
Strominger, Nucl. Phys. B451 (1995) 96, hep-th/9504090;

. Greene, D. Morrison, and A. Strominger, Nucl. Phys. B451 (1995) 109.

Chaudhuri, G. Hockney and J. Lykken, Phys. Rev. Lett. 75 (1995) 2264
Chaudhuri and J. Polchinski, Phys. Rev. D52 (1995) 7168

H. Schwarz and A. Sen, Phys. Lett. B357 (1995) 323, hep-th/9507027
Chaudhuri and D. Lowe, Nucl. Phys. B459 (1996) 113, hep-th/9508144
Chaudhuri and D. Lowe, Nucl. Phys. B469 (1996) 21, hep-th/9512226
Dabholkar and J. Park, Nucl. Phys. B472 (1996) 207, hep-th/9602030.
Dabholkar and J. Park, Nucl. Phys. B477 (1996) 701, hep-th/9604178.
Dabholkar and J. Park, Phys. Lett. B394 (1997) 302, hep-th/9607041.
Park, “Orientifold and F-theory duals of CHL strings,” hep-th/9611119.
Gimon and C. Johnson, Nucl. Phys. B477 (1996) 715, hep-th/9604129.

Gimon and C. Johnson, Nucl. Phys. B479 (1996) 285, hep-th/9606176.

. Sen, Phys. Rev. D53 (1996) 6725, hep-th/9602010.

Sen, Mod. Phys. Lett. A11 (1996) 1339, hep-th/9603113.

. Sen, Nucl. Phys. B475 (1996) 562, hep-th/9605150.

. J. Romans, Nucl. Phys. B276 (1986) 71;

H. Nishino and E. Sezgin, Nucl. Phys. B278 (1986) 353.

[42] C.

Voisin, Journées de Géométrie Algébrique d’Orsay(Orsay,1992), Astérisque

No. 218(1993), 273.

[43] C.

Borcea, “K3 Surfaces with Involution and Mirror Pairs of Calabi-Yau Man-

ifolds,” in Essays on Mirror manifolds Vol. II, to appear.



[44]

[45]
[46]
[47]

[48]

[60]

135

P. Aspinwall, “Some Relationships Between Dualities in String Theory,” hep-
th/9508154.

P. Aspinwall, Nucl. Phys. B460 (1996) 57.
C. Vafa, Nucl. Phys. B469 (1996) 403, hep-th/9602022.
C. Vafa, Nucl. Phys. B273 (1986) 592.

L. Dixon, J. Harvey, C. Vafa, and E. Witten, Nucl. Phys. B261 (1985) 678;
Nucl. Phys. B274 (1986) 285.

E. Zaslow, Comm. Math. Phys. 156 (1993) 301.
M. Dine, N. Seiberg, E. Witten, Nucl. Phys. B289 (1987) 589.

P. Townsend, Phys. Lett. B139 (1984) 283;
N. Seiberg, Nucl. Phys. B303 (1988) 286.

C. Vafa and E. Witten, “Dual String Pairs with N=1 and N=2 Supersymmetry
in Four Dimensions,” hep-th/9507050

C. Vafa and E. Witten, Jour. Geom. Phys.15 (1995) 189.

D. Morrison and C. Vafa, Nucl. Phys. B473 (1996) 74, hep-th/9602114.
D. Morrison and C. Vafa, Nucl. Phys. B476 (1996) 437, hep-th/9603161.
J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724, hep-th/9510017.

J. Polchinski, Phys. Rev. D55 (1997) 6423, hep-th/9606165.

J. Polchinski, “Recent Results in String Duality,” hep-th/9511157.

J. Polchinski, S. Chaudhuri and C. Johnson, “Notes on D-Branes,” hep-
th/9602052.

J. Polchinski and E. Witten, Nucl. Phys. B460 (1996) 525, hep-th/9510169.



136
[61] E. G. Gimon and J. Polchinski, Phys. Rev. D54 (1996) 1667, hep-th/9601038.

[62] This possibility has been considered in informal discussions but we are not

certain of its origin.
[63] E. Witten, Nucl. Phys. B463 (1996) 383, hep-th/9512219.
[64] E. Witten, “Some Comments on String Dynamics,” hep-th /9507121
[65] E. Witten, Nucl. Phys. B460 (1996) 541, hep-th/9511030.
[66] N. Seiberg and E. Witten, Nucl. Phys. B471 (1996) 121, hep-th/9603003.
[67] P. Horava and E. Witten, Nucl. Phys. B460 (1996) 506, hep-th/9510209.
[68] K. Dasgupta and S. Mukhi, Phys. Lett. B385 (1996) 125, hep-th/9606044.

[69] O. Ganor, D. Morrison and N. Seiberg, Nucl. Phys. B487 (1997) 93, hep-
th/9610251.

[70] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley-Interscience,
New York 1978, p585.

[71] M. Bershadsky, K. Intriligator, S. Kachru, D.R. Morrison, V. Sadov and C.
Vafa, Nucl. Phys. B481 (1996) 215, hep-th/9605200.

[72] P. Aspinwall and M. Gross , Phys. Lett. B387 (1996) 735, hep-th/9605131.

[73] M. Berkooz, R. G. Leigh, J. Polchinski, J. H. Schwarz, N. Seiberg, and E. Wit-
ten, Nucl. Phys. B475 (1996) 115, hep-th/9605184.

[74] D. Mumford, Tata Lectures on Theta 1, Birkhauser (1983).
[75] L. Alvarez-Gaumé, G. Moore and C. Vafa, Comm. Math. Phys. 106 (1986) 40.
[76] J. Blum and A. Zaffaroni, Phys. Lett. B387 (1996) 71, hep-th/9607019.

[77] A.Kumar and K. Ray, “M-Theory on Orientifolds of K3 x S*,” hep-th/9602144.



(78]
[79]

[80]

[81]

[82]

[83]
[84]

[85]

[87]

(8]

[89]

[90]

137
M. A. Walton, Phys. Rev. D37 (1988) 377.

C. Vafa, Nucl. Phys. B469 (1996) 403, hep-th/9602022.

K. Becker, M. Becker, and A. Strominger, Nucl. Phys. B456 (1995) 130, hep-
th/9507158.

A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99, hep-th/9601029.

J.A. Harvey and G. Moore, “Five-Brane Instantons and R? Couplings in N = 4
String Theory,” hep-th/9610237.

M.B. Green and J.H. Schwarz, Phys. Lett. 136B (1984) 367.
J. Hughes, J. Liu, and J. Polchinski, Phys. Lett. B180 (1986) 370.

E. Bergshoeff, E. Sezgin, and P.K. Townsend, Phys. Lett. B189 (1987) 75; Ann.
Phys. 185 (1988) 330.

A. Achucarro, J.M. Evans, P.K. Townsend, and D.L. Wiltshire, Phys. Lett.
B198 (1987) 441; P.K. Townsend in “Superstrings ‘88,” Proc. of the Trieste

Spring School, eds. M.B. Green, M.T. Grisaru, R. Iengo, and A. Strominger
(World Sci., 1989).

M.J. Duff, J. Class. Quant. Grav. 5 (1988) 189

M. Cederwall, A. von Gussich, B.E.W. Nilsson, and A. Westerberg, “The
Dirichlet Super-Three-Brane in Ten-Dimensional Type IIB Supergravity,” hep-
th/9610148.

M. Aganagic, C. Popescu, and J.H. Schwarz, “D-Brane Actions with Local
Kappa Symmetry,” hep-th/9610249; “Gauge-Invariant and Gauge-Fixed D-
Brane Actions,” hep-th/9612080.

M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell, and A. Westerberg,
“The Dirichlet Super-p-Branes in Ten-Dimensional Type ITA and IIB Super-
gravity,” hep-th/9611159.



138
[91] E. Bergshoeff and P.K. Townsend, “Super D-branes,” hep-th/9611173.

[92] M. Born and L. Infeld, Proc. R. Soc. A144 (1934) 425; M. Born, Ann. Inst.
Poincaré 7 (1939) 155.

[93] E.S. Fradkin and A.A. Tseytlin, Phys. Lett. B163 (1985) 123; A.A. Tseytlin,
Nucl. Phys. B276 (1986) 391; R.R. Metsaev, M.A. Rahmanov, and A.A.
Tseytlin, Phys. Lett. B193 (1987) 207.

[94] E. Bergshoeff, E. Sezgin, C.N. Pope, and P.K. Townsend, Phys. Lett. B188
(1987) 170.

[95] A. Abouelsaood, C.G. Callan, C.R. Nappi, and S.A. Yost, Nucl. Phys. B280
(1987) 599; C. Callan, C. Lovelace, C. Nappi, and S. Yost, Nucl. Phys. B308
(1988) 221.

[96] R.G. Leigh, Mod. Phys. Lett. A4 (1989) 2073.
[97] C. Bachas, Phys. Lett. B374 (1996) 37, hep-th/9511043.
[98] R. Gliven, Phys. Lett. B276 (1992) 49.

[99] E. Bergshoeff, M. de Roo, and T. Ortin, “The Eleven-Dimensional Five-Brane,”
hep-th/9606118.

[100] E. Witten, “Five-Brane Effective Action,” hep-th/9610234.

[101] M. Berkooz and M.R. Douglas, “Five-Branes in M(atrix) Theory, ” hep-
th/9610236.

[102] P.S. Howe and E. Sezgin, “D = 11, p = 5,” hep-th 9611008.

[103] C.G. Callan, J.A. Harvey, and A. Strominger, Nucl. Phys. B367 (1991) 60;
D.M. Kaplan and J. Michelson, hep-th/9510053; K. Becker and M. Becker,
Nucl. Phys. B472 (1996) 221, hep-th/9602071.

[104] N. Marcus and J.H. Schwarz, Phys. Lett. B115 (1982) 111.



139
[105] M. Henneaux and C. Teitelboim, Phys. Lett. B206 (1988) 650.

[106] J. Schwarz and A. Sen, Nucl. Phys. B411 (1994) 35.

[107] E. Verlinde, Nucl. Phys. B455 (1995) 211.

[108] M. Perry and J.H. Schwarz, Nucl. Phys. B489 (1997) 47, hep-th/9611065.
[109] J.H. Schwarz, Phys. Lett. B395 (1997) 191, hep-th/9701008.

(110] B. McClain, Y.S. Wu, and F. Yu, Nucl Phys. B343 (1990) 689.

[111] N. Berkovits, “Local Actions with Electric and Magnetic Sources,” hep-th
9610134; “Super-Maxwell Actions with Manifest Duality,” hep-th/9610226.

[112] 1. Bengtsson and A. Kleppe, “On Chiral p-Forms,” hep-th/9609102; I. Bengts-
son, “Manifest Duality in Born-Infeld Theory,” hep-th/9612174.

[113] P. Pasti, D. Sorokin, and M. Tonin, “Covariant Action for a D=11 Five-Brane
with the Chiral Field,” hep-th/9701037.

[114] P. Pasti, D. Sorokin, and M. Tonin, Phys. Rev. D52 (1995) 4277, hep-
th/9506109; “On Lorentz Invariant Actions for Chiral P-Forms,” hep-
th/9611100.

[115] G.W. Gibbons and D.A. Rasheed, Nucl. Phys. B454 (1995) 185.
[116] P.K. Townsend, Phys. Lett. B350 (1995) 184, hep-th/9501068.
[117] E. Witten, Nucl. Phys. B443 (1995) 85, hep-th/9503124.

[118] M. Aganagic, J. Park, C. Popescu, and J.H. Schwarz, ”Dual D-brane actions,”
hep-th/9702133.

[119] M.J. Duff and J.X. Lu, Nucl. Phys. B390 (1993) 276, hep-th/9207060.

[120] P.K. Townsend, Phys. Lett. B373 (1996) 68, hep-th/9512062.



[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

140
C. Schmidhuber, Nucl. Phys. B467 (1996) 146, hep-th/9601003; A.A. Tseytlin,
Nucl. Phys. B469 (1996) 51, hep-th/9602064.

N. Seiberg, “Non-trivial Fixed Points of The Renormalization Group in Six

Dimensions,” hep-th 9609161.

E. Witten, “Some Comments on String Dynamics,” hep-th/9507121; A. Stro-
minger, Phys. Lett. B383 (1996) 44, hep-th/9512059; N. Seiberg and E. Wit-
ten, Nucl. Phys. B471 (1996) 121, hep-th/9603003; M. Duff, H. Lu, and C.N.
Pope, Phys. Lett. B378 (1996) 101, hep-th/9603037; J.H. Schwarz, “Self-Dual
Superstring in Six Dimensions,” hep-th/9604171.

R. Dijkgraaf, E. Verlinde, and H. Verlinde, “BPS Spectrum of the Five-Brane
and Black Hole Entropy,” hep-th/9603126; “BPS Quantization of the Five-
Brane,” hep-th/9604055; “Counting Dyons in N = 4 String Theory,” hep-
th/9607026.

0.J. Ganor and A. Hanany, Nucl. Phys. B474 (1996) 122, hep-th/9602120.

0.J. Ganor, “A Test of the Chiral Fg Current Algebra on a 6D Non-Critical
String,” hep-th/9607020; “Toroidal Compactification of Heterotic 6D Non-
Critical Strings Down to Four Dimensions,” hep-th/9608109.

A. Klemm, W. Lerche, P. Mayr, C. Vafa, and N. Warner, Nucl. Phys. B477
(1996) 746, hep-th/9604034.

M. Cederwall, A. von Gussich, A. Mikovi¢, B.E.W. Nilsson, and A. Westerberg,
“On the Dirac-Born-Infeld Action for D-Branes,” hep-th/9606173.

D.V. Volkov and V.P. Akulov, JETP Lett. 16 (1972) 438; Phys. Lett. 46B
(1973) 109.

B. de Wit, J. Hoppe, and H. Nicolai, Nucl. Phys. B305[FS23] (1988) 545; B.
de Wit, M. Liischer, and H. Nicolai, Nucl. Phys. B320 (1989) 135.



[131]

[132]
[133]

[134]

[135]

[136]

[137]

[138]
[139]
[140]
[141]
[142]
[143]

[144]

141
E. Bergshoeff, E. Sezgin, Y. Tanii, and P.K. Townsend, Ann. Phys. 199 (1990)
340.

J. Polchinski, “TASI Lectures on D-Branes,” hep-th/9602052.
E. Witten, Nucl. Phys. B460 (1995) 335; hep-th/9510135.

V.H. Danielsson, G. Ferretti, and B. Sundborg, “D-Particle Dynamics and
Bound States,” hep-th/9603081; D. Kabat and P. Pouliot, Phys. Rev. Lett.
77 (1996) 1004, hep-th/9603127; M.R. Douglas, D. Kabat, P. Pouliot, and S.
Shenker, “D-Branes and Short Distance in String Theory,” hep-th/9608024.

M.R. Douglas, “Branes with Branes,” hep-th/9512077; M.R. Douglas and M. Li,
“D-Brane Realization of N = 2 Super Yang—Mills Theory in Four Dimensions,”
hep-th/9604041.

M.B. Green, C.M. Hull, and P.K. Townsend, Phys. Lett. B382 (1996) 65, hep-
th/9604119.

T. Banks, W. Fischler, S.H. Shenker, and L. Susskind, “M Theory as a Matrix
Model: A Conjecture,” hep-th/9610043; T. Banks, N. Seiberg, and S. Shenker,
“Branes from Matrices,” hep-th/9612157.

C. Hull and P.K. Townsend, Nucl. Phys. B438 (1995) 109, hep-th/9410167.
P.K. Townsend, Phys. Lett. B350 (1995) 184, hep-th/9501068.

E. Witten, Nucl. Phys. B443 (1995) 85, hep-th/9503124.

A.A.Tseytlin, Nucl. Phys. B469 (1996) 51, hep-th/9602064.

S.P. de Alwis and K. Sato, Phys. Rev. D53 (1996) 7187, hep-th/9601167.

Y. Lozano, “D-Brane Dualities as Canonical Transformations,” hep-th/9701186.

J. H. Schwarz, Phys. Lett. B360 (1995) 13, hep-th/9508143; Erratum, Phys.
Lett. B364 (1995) 252; Phys. Lett. B367 (1996) 97, hep-th/9510086.



142
[145] E. Witten, Nucl. Phys. B460 (1996) 335, hep-th/9510135.

[146] M. Aganagic, J. Park, C. Popescu, and J. H. Schwarz, “World-Volume Action
of the M Theory Five-Brane, ” hep-th/9701166.

[147] P.S. Howe, E. Sezgin, P.C. West, “Covariant Field Equations of the M Theory
Five-Brane,” hep-th/9702008.



