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Abstract 

Heavy Quark Effective Theory (HQET) is reviewed and applied to extracting the 

fundamental parameters of the Standard Model from experimental data. The main 

focus is on precision measurements of the Cabibbo-Kobayashi-Maskawa matrix ele­

ment IVcb l, and the charm and bottom quark masses m e and mb. We discuss the 

model-independent extraction of IVcb l from the B--+ D*fii decay rate and show that 

the corresponding theoretical uncertainties, although small, cannot be further re­

duced. The theory of the inclusive B --+ X efii decay is described and then used to 

extract IVcb l, m e, and mb from the available data. We also determine the HQET pa­

rameters A and >.1 which appear in the expressions for the heavy meson decay rates 

and the relations between the meson and quark masses. At present, the accuracy of 

the inclusive measurement of IVcbl is comparable to that from the exclusive B--+ D*fii 

decay, but could be improved if the bottom quark mass mb were known better. We 

show how this could be accomplished by measuring the photon spectrum in the rare 

inclusive B --+ Xsr decay. 
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Chapter 1 Introduction 

"My father and mother were honest, though poor-" 

"Skip all that!" cried the Bellman in haste . 

"If it once becomes dark, there's no chance of a Snark­

"We have hardly a minute to waste!" 

Lewis Carroll [1] 

The current theory of electroweak and strong interactions (the Standard Model) has 

been confirmed by numerous experiments and is now regarded as the correct theory 

of particle interactions in the energy range up to about 100 GeV. Among the many 

stringent tests it has passed the most spectacular ones were the precision measure­

ments of various observables at LEP, where the predictions of the Standard Model 

were tested with accuracy of fractions of a percent. In modern parlance, this success 

is expressed by saying that the low-energy effective Lagrangian (for energies below 

100 Ge V) is indeed the Lagrangian of the Standard Model. There are reasons to be­

lieve that at higher energies new particles and interactions come into play, but their 

effect on low-energy physics can always be accounted for by adding local operators of 

dimension higher than four to the Lagrangian. Therefore such effects are suppressed 

by powers of the scale of new physics . 

But knowing the Lagrangian is not the same as being able to make quantitative 

predictions for physical observables. The dynamics of the Standard Model is so com­

plicated that not even all its qualitative features are understood (e.g. , confinement of 

color .) The problem is that strong interactions become so strong at low energies that 

fundamental constituents, quarks and gluons, are permanently bound inside hadrons 

(mesons and baryons). Understanding the properties of hadrons is highly nontrivial, 

since it requires techniques beyond perturbation theory. (The only available nonper­

turbative tool, lattice Monte-Carlo simulations, is still in its infancy, despite being 
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about twenty years old.) This is why theoretical particle physics became an art of 

finding physical quantities which can be both accurately predicted and at least m 

principle measured. 

Unlike other high arts, however, this art needs a raison d'etre. One motivation 

is to be able to confront the Standard Model with experiment and hopefully un­

cover a more fundamental theory underlying it. For example, the aforementioned 

confirmation of the Standard Model predictions at LEP has become possible only 

because it was realized that at high energies the strong interactions become weaker 

(this is the asymptotic freedom of strong interactions discovered by Gross, Wilczek, 

and Politzer [2].) Another motivation is the desire to measure the parameters of the 

Standard Model Lagrangian as accurately as possible. There are about twenty such 

parameters (quark and lepton Yukawa couplings, gauge couplings, etc.), and a more 

fundamental theory must be able to predict some of them. 

It was realized quite some time ago that hadrons containing heavy quarks, band 

c, 1 are more tractable than the light ones. The reason is twofold: first, under fa­

vorable circumstances the large energy scale involved enables one to argue that, by 

virtue of asymptotic freedom, the perturbative calculation provides a reasonable first 

approximation. Second, new approximate symmetries arise in the limit of large quark 

masses, resulting in many new relations between physical quantities. Using these ob­

servations, a lot of progress in our understanding of hadrons containing a single heavy 

quark has been made in the last few years. One consequence of these theoretical de­

velopments was a better measurement of several Standard Model parameters, notably 

the heavy quark masses, and the Cabibbo-Kobayashi-Maskawa angles l°Vc:bl and, to 

a lesser extent, IVubl· This work describes some of this progress, focussing on the 

precision measurements of the abovementioned parameters. After introducing the 

necessary theoretical background in Chapter 2, we discuss in Chapter 3 the model­

independent determination of I °Vc:b I in the exclusive semileptonic decay B ---+ D* f D. 

Chapter 4 is devoted to the inclusive B decays and their use in the measurement of 

l°Vc:bl, the heavy quark masses, and certain nonperturbative matrix elements charac-

1The top is so heavy that it decays before hadronization takes place. 
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terizing the structure of the heavy mesons . In Chapter 5 we describe how the rare 

decay b--+ S/ can be used to measure precisely the bottom quark mass. Concluding 

remarks are presented in Chapter 6. 
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Chapter 2 Theoretical background 

2.1 Heavy quark symmetry 

"You boil it in sawdust: you salt it in glue: 

You condense it with locusts and tape: 

Still keeping one principle object in view-

To preserve its symmetrical shape." 

Lewis Carroll [1 ] 

Consider a hadron containing a quark with a mass mQ much bigger than the 

characteristic scale of strong interactions, AQCD· It is clear that the energy and mo­

mentum of the light constituents (gluons and light quarks) will be of order AQcD, 

and the velocity of the heavy quark in the rest frame of the meson will be of order 

\v\ ,....., AgcD ~ 1. This means that in the first approximation the heavy quark can 
fflQ 

be treated as a static source of the chromoelectric field . Further, since the chromo-

magnetic moment of a quark is inversely proportional to its mass, the heavy quark 

spin decouples . We conclude that the light constituents of the hadron (collectively 

known as the "brown muck") are sensitive to neither the mass of the quark (provided 

it is big enough for the static approximation to be applicable), nor the orientation of 

its spin. In general, when properties of a physical object are not changed by certain 

kinds of tampering, physicists call these allowed kinds of tampering symmetry trans­

formations. If we have N flavors of heavy quarks, each of spin 1/2, we can substitute 

one flavor of quark for another, or flip the spin of the quark, without changing the 

structure of the "brown muck." This approximate symmetry is called Heavy Quark 

Symmetry (HQS) [3], and the corresponding transformations form a unitary group 

U(2N). In the real world, only band c quarks deserve to be called heavy, so HQS will 

be applicable only to bottom and charmed mesons and baryons. 
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HQS is not manifest in the QCD Lagrangian, which makes it a bit hard to use 

(see however Ref. [3]). To make it explicit, one has to pass to an effective field theory 

description of strong interactions, with all short-wavelength fluctuations capable of 

noticing the tampering integrated out. If we limit ourselves to systems containing 

one or zero heavy quarks at a time, the number of heavy quarks of each flavor in 

this effective theory is conserved, since producing heavy pairs requires hard quanta 

in the initial state. In such a theory the relation between a heavy quark Q and its 

antiparticle Q is lost, and each of them is described by a separate field . In fact, since 

we will be dealing exclusively with systems containing just one of them, say Q, we 

may forget about the Q's from now on. The Q's will then be described in our theory 

by a spinor field h(x) with two independent components. 

By now it should be clear that what we are trying to do is very similar to the stan­

dard Foldy-Wouthuysen transformation. In fact, at tree level (if we treat the color 

field as the classical background) it is exactly the Foldy-Wouthuysen transformation. 

At this level the relation between the full quark field Q( x) and its effective theory rela­

tive h(x) is given by well-known QED formulae [4], with electromagnetic potential and 

field strength replaced by their QCD counterparts. Of course the Foldy-Wouthuysen 

procedure breaks Lorentz invariance of the theory, but this is to be expected: after all 

there is a preferred frame in this problem, the rest frame of the heavy meson. Still, 

it is convenient to preserve at least Lorentz covariance by letting the preferred rest 

frame have an arbitrary 4-velocity v . Then the heavy quark will be described by a 

v-dependent Dirac spinor hv ( x) satisfying 

l+p 
-

2
-hv(x) = hv(x). (2.1) 

This constraint ensures that the field hv ( x) has only two independent components, 

which describe the two spin states of the heavy quark. In the rest frame of the meson, 

where v = (1, 0), Eq. (2.1) reduces to the requirement that the two lower components 

of hv be zero. "Covariantizing" the standard formulae from Ref. [4] , we arrive at the 

following relation between Q(x) and hv(x): 
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where Dµ = 8µ - igAµ is the covariant derivative, and D l.. = D - v( v · D). Similarly, 

we can easily read off the tree level Lagrangian for hv from Ref. [4] : 

£ 

(2 .3) 

Beyond tree level, the Lagrangian of the Heavy Quark Effective Theory (HQET) 

must be constructed as the most general linear combination of local operators built 

out of hv(x) and other fields which is consistent with the symmetries of QCD. The 

coefficients in this Lagrangian are determined by matching amplitudes in HQET and 

full QCD order by order in a 5 • The higher the dimension of the operator, the more 

its coefficient is suppressed by powers of mQ . Therefore only a few operators will be 

relevant in practice. Actually, there is an ambiguity in this construction related to 

the freedom to redefine the heavy field hv ( x). To eliminate this ambiguity, we will 

require that hv( x) and h! ( x) have canonical commutation relations .1 This ensures 

that at tree level the part of the effective Lagrangian depending on hv is identical to 

the Lagrangian obtained by the Foldy-Wouthuysen procedure, Eq. (2 .3) . The leading 

(dimension-four) contribution to the HQET Lagrangian has the following form [5]: 

LHQET = hv iv· Dhv + L/ight 1 
(2.4) 

where L/ight is the standard QCD Lagrangian for gluons and light quarks . (One 

could think that there is a candidate operator of dimension three as well, namely 

hvhv . However its coefficient can always be made zero by redefining the heavy field 

1Though very natural, this is by no means a standard choice. 
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according to hv(x) --t eiav·x hv(x) with some a.) Since we required that hv and h! 

were canonically conjugate variables, higher-dimensional contributions to the HQET 

Lagrangian will not contain the "time derivative" v · D acting on hv. 

The Lagrangian Eq. (2.4) has manifest HQS : it does not care about either spin or 

flavor of the heavy quark. Higher dimensional contributions will break this symmetry. 

The corrections due to operators of dimension five are 

Ckin h- ( ·n )2 h + Cmag li !]_ Ql-L" h 
2 v i .l. v 2 v 2 ()' µ11 v. 

ffiQ ffiQ 
(2.5) 

In Eq. (2 .5) only the operators which depend on hv(x) are included. 2 

The coefficients in Eq. (2 .5) are determined by matching amplitudes in HQET and 

full QCD order by order in perturbation theory. Thus we are making a double expan­

sion in 0'.5 and 1 / mQ . Beyond tree level matching requires choosing a renormalization 

scheme. Physically, the most transparent renormalization procedure would be to cut 

off the loop integrals in HQET at some scale A. This is the Wilsonian renormalization 

group approach. Technically, it is much more convenient to use dimensional regular­

ization and the MS subtraction scheme both for HQET and full QCD diagrams, with 

the subtraction point µ replacing the ultraviolet cutoff A. This is what we are going 

to do in what follows. 3 

Both Ckin and Cmag are 1 at the tree level. It can be shown that Ckin = 1 to all 

orders in 0'. 5 [6]. The coefficient Cmag has been computed to order a 5 , and leading 

logarithms of the form a~ logn ~ have been summed up [7]. The result is 

C ( ) = ( as(mQ) )
3
/fJo (i 13 0'. 5 ) 

mag µ ( ) + 6 , 
O'.s µ 7r 

(2.6) 

where (30 = 11 - 2n1 /3. 

The contribution from dimension-six operators being suppressed by extra power 

2To be precise, we must specify what mq means. For us, mq will always denote the quark pole 
mass. 

3 The admissibility of dimensional regularization in HQET was a subject of some debate. Our 
point of view on this is expounded in Section 2.3. 
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of mQ relative to Eq. (2.5), we will need it only at the tree level. The corresponding 

expression can be read off Eq. (2.3): 

(2. 7) 

+ 

Although Eq. (2.7) seems to contain the time derivatives of hv, it can be rewritten in 

a form in which only spatial derivatives show up. This is a consequence of how the 

Foldy-Wouthuysen transformation is constructed. 

Let us apply this formalism to the spectroscopy of heavy mesons. By virtue 

of HQS, the spin of the heavy quark is conserved, and therefore the total angular 

momentum of the "brown muck" is conserved too. Thus we can label the heavy 

meson states by their parity P, total spin j, and the spin of the light degrees of 

freedom Sf.. The heavy quark spin being 1/2, for fixed St the total spin can take 

values j = St ± ~ - HQS implies that these two states are degenerate. Thus heavy 

mesons come in doublets labeled by sf. This is what is observed in nature - see 

Table 2.1.4 HQS also predicts that the splitting between the ~ - and ~+ doublets 

is the same for charmed and bottom mesons. This also seems to be true , if all the 

resonances with undetermined quantum numbers are interpreted as what their names 

suggest. 

To understand the deviations from the HQS predictions, let us derive the meson 

mass formulae to order A~00 /m~ [9, 10, 11]. (We will use these formulae extensively 

in the following chapters.) 

First let us introduce some notation. Let I H ( v)) be the state representing a heavy 

meson with 4-velocity v = (1, 0). It is an eigenstate of the full QCD Hamiltonian with 

the eigenvalue mH. Let 1iHQET be the Hamiltonian corresponding to the Lagrangian 

Eq. (2.4) , and 1t = 1iHQET +/::).}{,be the Hamiltonian derived from the Lagrangian 

LHQET + 6.£, where 6.£ = 6.£5 + 6.£6 + .. . represents corrections from operators of 

4The table includes all known heavy m eson resonances, including those which did not even make 
it to the PDG Summary Table [8] . 
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Name J(JP) Mass,GeV Sp e 
Charm D 1/2(0-) 1.87 1; 2-

D* 1/2(1-) 2.01 1;2-
D1 1/2(1+) 2.42 3/2+ 
D* 2 1/2(2+) 2.46 3/2+ 
Ds O(o-) 1.97 1;2-
D* s ?(?7) 2.11 1;2-
Ds1 (2536) 0(1 +) 2.54 3/2+ 
DsJ(2573) ?(??) 2.57 3/2+ 

Bottom B 1/2(0- ) 5.28 i;2-
B* 1/2(1-) 5.32 1;2-
Bj(5732) ?(?7) 5.73 3/2+ 
Bs O(o-) 5.37 1;2-
B* s ?(??) 5.42 1;2-
B;J(5850) ?(?7) 5.85 3/2+ 

Table 2.1: Observed heavy mesons and their assignment to HQS doublets. 

dimenision five and higher. By construction, 6,.£ does not contain time derivatives, 

therefore 6,.1{ = -6,.£ . The effective theory Hamiltonian 1{ being equivalent to the 

full QCD Hamiltonian, [ H(v)) is an eigenstate of H. The corresponding eigenvalue 

is mH - mQ, since in the effective theory the energy is counted from the rest mass 

of the heavy quark. Finally let us denote by [ H 00 (v)) the limit of [ H(v)) as mQ---+ 

oo . Evidently, this limit exists and is the eigenstate of 'HHQET· We denote the 

corresponding eigenvalue by A. 

Our starting point is the identity 

[
1 (Hoo (v) IHI H(v)) l 

mH = mQ + 2 (Hoo(v) I H(v)) + h.c . . (2 .8) 

Using the definitions of 1{ and I H 00 (v) ), and the Gell-Mann and Low theorem (see, 

e.g., Ref. [12]), Eq. (2.8) can be manipulated into the following form: 
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Expanding Eq. (2.9) up to terms of relative order 1/m~ we obtain the mass formula: 

mH mQ +A - (Hoo (v) l.6.£s + .6.£6\ H00 (v)) (2 .10) 

- [ ~(Hoo (v) l.6.£s(O) i j d3 x j_0

00 

dt .6.£s(x) I H00 (v)) + h.c. ] . 

.6.£s and .6.£6 are given by Eq. (2.5) and Eq. (2.7) respectively. We normalize one-

particle states to 1 per unit volume here and in what follows . 

Eq. (2 .10) contains expectation values of both local and nonlocal operators. When 

H is the ground-state (sf = ~ -) doublet, it is convenient to introduce a shorthand 

notation for these expectaion values: 

(Hoo (v) \ hv (iD.L) 2 hv I H00 (v)), 

d~ (Hoo (v) I hv ~ CYµv cµv hv I Hoo (v))' 

(Hoo (v)lhv(iD01 )(iDµ)(iD f3 )hv\H00 (v)) =~PI (g01 {3 - V01V{3 ) Vµ, 

(Hoo (v) \hv(iDOl )(iDµ)(iDf3) /8/s hv \H00 (v)) = ~dHP2 itv01f3oVvvµ, 

(2.11) 

(2.12) 

(H ( )1-h (' )2 ·j 3 JO Ti+dHTi ( ) oo v v zD.L hvz d x dt.6.£s(x) IH 00 (v)) + h.c. = , 2.13 
- oo mQ 

(Hoo (v)\hv !]_ CYµv cµv hvi J d3 x 1° dt.6.£s(x) IHoo (v)) + h.c. = 73 + dHTt' 
2 - oo mQ 

where dH = 3 or -1 depending on whether H00 is a pseudoscalar or a vector. In 

terms of these matrix elements the meson mass is given by 

(2 .14) 

In particular, the leading order deviations from HQS are described just by two matrix 

elements of local dimension-five operators, ,\1 and A2 . Dimensional analysis suggests 

that they are both of order A~co· We will see in the next section that the leading 

nonperturbative corrections to the semileptonic decay rates of B mesons are described 
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by the same two matrix elements, so it is important to know their numerical values. 

According to Eq. (2.14), Cmag(µ)>.. 2(µ) determines the splitting between the mem­

bers of the ground-state doublet. Therefore, if one neglects the corrections of order 

Atco/mL one can use the measured splitting between Band B* mesons to extract the 

value Cma9 (µ)>..2(µ) '.::::::'. 0.12GeV2
. 5 It is much harder to determine >.. 1 . In Chapter 4 

we show how one can extract )..1 and A from the measured charged lepton spectrum 

in the inclusive semileptonic B decay. 

In the following chapters we will often need the values of the quark masses mb 

and m e to make numerical estimates. According to Eq. (2.14) the difference mb - m e 

is given by 

mb - m = mB - mD - >.. 1 -- - -- + 0 _ _ ( 1 1 ) ( Aqco 
3

) 

e 2mD 2mB m'IJ ' (2.15) 

where mB = (mB + 3mB• )/4, mD = (mD + 3mD• )/4. QCD sum rule estimates of >..1 

range from -0.1 GeV2 to -0.6 GeV2 [13, 14]. Roughly the same range results from the 

analysis of Chapter 4. Thus we take ).. 1 = -0.3±0.3 GeV2
. As for the error from terms 

of order Aqco3 /m'YJ, we conservatively estimate it as (0 .5GeV)3 /m'b '.::::::'. 0.03 GeV. 

Then Eq. (2.15) implies mb - me = 3.39 ± 0.08 GeV. To determine mb and m e 

separately, one needs to know A. QCD sum rules give A = 0.5 ± 0.1 GeV [13]. This 

value for A is consistent with the results of Chapter 4, although the latter have much 

larger uncertainty. According to Eq. (2 .14) mB = mb +A+ O(Aqco 2 /mb), so using 

A = 0.5 ± 0.1 GeV we obtain mb = 4.8 ± 0.1 GeV. On the other hand, estimates 

of mb based on sum rules for bottomonium give contradicting results [15], but in 

general produce values in the range 4.55 - 4.8 GeV. To be conservative, we adopt 

mb = 4.8 ± 0.2 GeV. Then m e = 1.41 ± 0.28 GeV. 

We would like to conclude this section with a lightning review of the use of HQET 

m the study of exclusive weak decays . HQET is particularly useful when applied 

to semileptonic and radiative decays of heavy hadrons. Here one must distinguish 

between heavy-to-light and heavy-to-heavy decays. HQS relates various amplitudes 

5 Both Cmag and >. 2 depend on the subtraction point µ, but their product does not . 
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in each class. For example, it relates the form factors describing D ---+ p and D ---+ ]{* 

transitions to those describing E ---+ p and E ---+ ]{* transitions respectively. This 

can be used, in principle, to accurately measure IVub l [16] . Here we will focus on 

heavy-to-heavy decays. Since in real life the only heavy quarks are b and c quarks , 

we will sacrifice "generality" to the transparency of notation, and discuss the matrix 

elements of flavor-changing b-to-c currents between EH and D(*). This is a partic­

ularly interesting situation, since EH and DH belong to the same HQS multiplet . 

Consider the matrix element 

(2.16) 

where Jr= cf b, and r is either/µ or /µ/ 5 . The differential rate of the semileptonic 

decay E(*) ---+ D(*}.f,;; can be expressed through these matrix elements. The first step 

is to find the HQET operator corresponding to the full theory operator Jr . This 

"matching" should be done order by order in perturbation theory. At tree level, we 

can use Eq. (2.2) to express the heavy quark fields c( x) and b( x) in terms of the 

HQET fields h~(x) and h~(x) . Then the operator Jr becomes 

(2.17) 

Beyond tree level, one should allow for all possible operators with the correct quan­

tum numbers to appear on the right-hand-side of Eq. (2.17). Their coefficients are 

determined by the requirement that the matrix elements of the current in the full 

theory and in the effective theory agree to all orders in as and 1/mc,b · For example, 

neglecting all corrections of order 1 / m c,b, one expects to find for the vector and axial 

currents 

3 

Jv '"""'c(i)( I ) h- c r hb L...J V V · V ' µ v' i v' (2.18) 
i=l 

3 

JA '"""'c(i)( I ) -he r hb L...J A V • V , µ v' i /5 v, 
i=l 
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where 

(2.19) 

The peculiarity of HQET is that the matching coefficients C(i) depend on v · v'. 

Because of this, even the one-loop expressions are fairly complicated [17). 

Neglecting the 1/mQ corrections both to the currents and to the meson states, 

and keeping in mind Eqs. (2.18), we are led to consider 

(2.20) 

Here IDtl) and IBt l) are the states in the infinite mass limit, and therefore are just 

tensor products of the heavy quark spin state and the "brown muck" state. Noticing 

that the current acts only on the heavy quark degrees of freedom, we infer that the 

matrix element Eq. (2.20) is given by 

-e(v · v',µ) Tr[M(v')r M(v)], (2.21) 

where e( v · v' , µ) is a universal form factor, and M( v) is the projector on the appropri­

ate state of the HQS doublet. Using the nonrelativistic normalization of states (one 

particle per unit volume), these projectors can be computed to be 

1 + p { -1s for the pseudoscalar 
M(v) = m . 

2v 2 ¢ for the vector 
(2.22) 

Thus, if one neglects the 1/mQ corrections, all the form factors are expressed through 

a single function e, known as the Isgur-Wise function. 

The Isgur-Wise function cannot be computed perturbatively. However, its value 

at zero recoil ( v · v' = 1) is fixed by HQS to be 1. To see this, consider the matrix 

element of the flavor-conserving current h~/µh~ between the B-meson states IE= ) 

with the same velocity. By HQS, it is given by Eq. (2.21) with v = v' . A short 

computation shows that the matrix element in question is just given by e(1 )vw On 

the other hand, this current is conserved, and furthemore the B-meson state is the 
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eigenstate of the corresponding charge with eigenvalue l. This proves that ~(1) = l. 

In the next chapter we will see how this fact can be used to accurately measure I Vcb I 
in the exclusive decay B ---+ D* Rv. 

2.2 Heavy quark expansion 

Since the mid seventies, inclusive weak decays of heavy hadrons were described using 

the parton model. In other words, in order to predict the rate and the spectrum of 

final states in a certain inclusive decay, one just computed the coresponding quantities 

for the free heavy quark decay. The justification for such a procedure was that these 

decays occur on a short time scale, the energy release being large. Therefore one 

could argue that the total probability for a heavy quark to decay does not depend 

on the "brown muck." The situation with final state spectra was less clear, but it 

was known that the lepton spectrum in the inclusive B and D decays agrees with 

the parton model predictions quite well. An ad hoc model of Altarelli et al., [18] 

which attempted to incorporate the effect of the heavy quark "Fermi motion," led to 

the same conclusion. However, the limits of the parton model description remained 

unclear. Only relatively recently was it realized [19] that in many cases one can justify 

the parton model, and even compute corrections to its predictions, using the Operator 

Product Expansion (OPE) and some additional qualitative assumptions collectively 

known as quark-hadron duality. 

The basic idea of Ref. [19] is simple enough. Suppose we are interested in an 

inclusive weak decay of a heavy hadron H which is mediated by a quark bilinear 

Jr = qr Q. Here Q is the initial heavy quark, and q is the final state quark which 

may or may not be heavy. Consider the expectation value of the time-ordered product 

T(q 2 ,q · v) = -i j d4 xe-iq·x(H(v)IT [J/(x)Jr(O)] IH(v)). (2.23) 

The current Jr has some Lorentz indices, and therefore in general T is a tensor, but 



15 

c 

Figure 2.1: The analytic structure of the time-ordered product of two heavy quark 
currents. 

this need not concern us here. Let us also define 

W(q 2
, q · v) = (27r)3 L 84 (PH - q - PX) (H(v)IJtlX)(XIJIH(v)). (2.24) 

x 

The differential decay rate can be expressed in terms of W. It is easy to see that 

W = -~ImT. It is convenient to regard T as a function of complex variables q2 

and q · v. The analytic structure of T at fixed real q2 in general looks like Fig. 2.1. 

The two cuts correspond to two possible time orderings of the currents in Eq. (2.23). 

Only the ordering giving the left cut corresponds to the decay process, the other cut 

corresponding to the states containing two Q's. W may be regarded as a discontinuity 

of T across the physical cut. 

Of course, computing T for all q2 and q · v is beyond our capabilities. However, 

far away from the cuts T can be computed using the OPE, since in this situation all 

intermediate states are highly virtual. More concretely, the time-ordered product of 

currents always admits a short distance expansion of the form 

T [lt(x)Jr(O)] x~o L Co(x)O(O), (2.25) 
0 
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where 0 are local operators, and Co are c-number coefficients. If q is chosen so 

that all physical intermediate states are far off-shell, then we expect that the Fourier 

transform of Eq. (2.25) will be dominated by several operators of lowest dimension, 

whose coefficients can be computed in perturbation theory. 

How can we use our knowledge of T in the unphysical region of the q · v plane? 

Suppose we would like to compute the inclusive differential rate dI' / dq 2
. It is given by 

an integral of W with an appropriate weight along the physical cut. The lower limit 

of the integral depends of the nature of the process, but the upper limit is always the 

end of the physical cut. This integral can be interpreted as an integral of T along 

the contour shown in Fig. 2.1. The integrand can be computed everywhere on the 

contour except where it touches the cut. Neglecting this problem for the time being, 

we may conclude that df / dq 2 is calculable by means of the OPE. Similarly, one can 

argue that other inclusive observables are calculable. 

The problem is simplified further by the observation that one may keep track only 

of those operators whose expectation values in the initial hadron state are nonzero, 

and only if the Fourier transform of their coefficients has a discontinuity across the 

cut in the physical region. For example, at leading order in a 8 , the coefficient of 

the unit operator is given by the diagram in Fig. 2a, while the the coefficients of all 

operators of the form Qr A Q can be extracted from the diagram in Fig. 2b. But it is 

easy to see that the diagram in Fig. 2a has no imaginary part for values of q relevant 

for the decay process in question, and therefore the unit operator may be omitted. 

Typically, the relevant operators are of the form QDµ 1 ••• DµnQ (we omitted the 

Dirac structure). To argue that only a few operators of lowest dimension are im­

portant, one has to show that derivatives scale like AQCD· In fact, this statement is 

just plain wrong if Q is the ordinary quark field, since the time-like component of 

the heavy quark momentum is very nearly mQ. However, it is rather obvious how to 

circumvent this problem: one has to perform the OPE in terms of the "rescaled" field 

QeJJ(x) = eimQv·xQ(x) rather than in terms of Q(x). Then the derivatives will bring 

down powers of the residual momentum of the quark, i.e., the quark momentum with 
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q 

Q 

(a) (b) 

Figure 2.2: Diagrams representing the OPE coefficients at the tree level. The co­
efficient of the unit operator is given by diagram (a). The coefficients of the heavy 
quark bilinears Qr AQ can be determined from diagram (b). Wavy lines denote the 
insertions of the current if. r Q. 

mQV subtracted, which is indeed of order AQcn. 6 Recall that the relation between 

Q(x) and the HQET field, Eq. (2.2), involved the same factor eimqv·x. Thus it is 

natural (though not absolutely necessary) to go one step further and to do the OPE 

in terms of the HQET field hv(x). The advantage is threefold. First, hv(x) satisfies 

the constraint Eq. (2.1), which makes the Dirac algebra simpler. Second, counting 

powers of mQ is more straightforward in HQET than in full QCD. Third, the number 

of nonperturbative matrix elements parametrizing the decay rate can be reduced by 

taking into account the requirements of HQS. In the effective theory this is very easy 

to do, since HQS is manifest. 

For example, for semileptonic B-decay the leading (dimension three) operator in 

the OPE is Q1µQ, the conserved current, and its expectation value is just Vµ- It 

is not necessary to pass to the effective theory to evaluate it. The contribution of 

this operator to the differential decay rate is exactly the parton model result. The 

only dimension four operator is hvDµhv. Using the equations of motion of HQET, 

its expectation value in the B-meson state can be expressed in terms of the expec­

tation values of dimension five operators [20]. Because of this, the corrections to the 

parton model result are suppressed by two powers of mQ. They are parametrized 

by the matrix elements of two dimension five operators: the kinetic energy operator 

hv( iD 1.)2 hv, and the chromomagnetic operator hvO" · Ghv. Their expectation values 

are just .\1 and .\2 defined in Eq. (2.11). 

6 In retrospect, it seems surprising that it took more than a decade to realize this . 
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Naturally, there are limitations to this approach. The OPE works only if the 

intermediate states are far off-shell. For this to hold everywhere on the contour in 

Fig. 2.1, the distance between the cuts must be of order 1 Ge V or more. In b --+ c 

decays the cuts are always separated by at least 2mc, and over most of the phase 

space the distance is of order mb. These are large enough scales for the OPE to be 

applicable. On the other hand, in b --+ u decays the cuts merge when q2 is maximal, 

i.e., when the leptons are back-to-back. Thus the OPE fails in one corner of the Dalitz 

plot. 

It remains to discuss what to do with the parts of the contour in Fig. 2.1 which lie 

near the cut. Here the notion of quark-hadron duality [21] comes in handy. Notice that 

the expression for T as given by the OPE has analytic structure similar to Fig. 2.1, 

except that the positions of the cuts are determined by the heavy quark mass mQ 

rather than by the hadron mass mH. One can think of the OPE as computing the 

decay rate in terms of quark and gluon degrees of freedom, although the actual final 

state consists of hadrons. In fact, the leading term in the OPE is always the same 

as the parton model result. Of course, we cannot expect the parton model to exactly 

reproduce W, since the latter may receive contributions from hadronic resonances 

which are absent in perturbation theory. However, if the hadronic invariant mass is 

large, the resonances must be very broad and overlap significantly. In this case we 

do expect perturbation theory to reproduce W accurately. This is the postulate of 

local quark-hadron duality [21]. It seems very reasonable from the physical point 

of view and has numerous experimental confirmations, e.g., in e+e- annihilation. A 

less stringent assumption is that the OPE reproduces W smeared over an interval of 

hadronic masses of order AQCD· We will refer to this as global quark-hadron duality. 

The upshot of the above discussion is that if the contour approaches the cut where 

the hadronic invariant mass is allowed to be large, we can justify using the expression 

for T obtained from the OPE. This is the situation for the total semileptonic decay 

rate B --+ Xcf D. Moreover, the above argument shows that the lepton spectrum 

is also computable using the OPE provided we do not come too close to the end 

point. For only a few hadronic states are kinematically allowed if the lepton energy 
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is close to the maximum. Similarly, global quark-hadron duality tells us that we can 

compute the properties of the averaged hadron spectrum. If we were bold enough to 

trust local duality, we could also compute the hadron spectrum point by point for the 

region where the hadronic mass is large. 

In principle, the ability to predict the inclusive semileptonic B width enables one 

to measure precisely the mixing angle IVcbl· The difficulty is that the prediction also 

contains the quark pole masses mb and me which are not well known. The mass 

formulae of Section 2.1 can be used to express mb and me in terms of well known 

meson masses and various nonperturbative matrix elements. If we neglect dimension­

six operators, we are left with only with three of them: A, .\1 and .\2 . As mentioned 

previously, the value of .\2 is known, while the values of the other two are not. One 

possibility is to try to determine A and .\1 using QCD sum rules [13, 14). Another 

is based on the observation that these same two quantities influence the shape of 

the lepton spectrum in the decay B --+ Xefil, and therefore can be extracted from 

experiment. This possibility is explored in Chapter 4. Still another way to measure 

A and .\1 (in the decay B--+ Xs1) is discussed in Chapter 5. 

2.3 Renormalons as a red herring 

To compute OPE coefficients beyond tree level one has to choose a regularization 

procedure. Usually, dimensional regularization is the most convenient method because 

it maintains gauge invariance and automatically subtracts power divergences. But 

often it is argued that, unlike a sharp momentum cutoff, dimensional regularization 

does not achieve the strict separation of scales. If this were true, one would be forced 

to abandon dimensional regularization, since separation of short- and long-distance 

physics is the very idea of the OPE. However, the abovementioned arguments are not 

entirely convincing. 

At any finite order of perturbation theory there does not seem to be a problem. 

Consider for simplicity an OPE for an observable depending on a single momentum 
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scale Q: 

(2.26) 

Here Ci are perturbatively calculable coefficients, and Oi are operators of dimension 

i. One could regard Eq. (2.26) as a way to present A( Q) so that the power-like 

dependence on Q is made explicit. The logarithmic dependence is buried in Ci and 

Oi. The coefficients Ci can be computed in perturbation theory, while for matrix 

elements ( oi) only the Q dependence can be determined. 

The difficulties start when one tries to give the expansion in Eq. (2 .26) a mean­

ing beyond perturbation theory. Apriori, it is not clear that the series defining the 

coefficients C; are convergent. In fact, there are reasons to believe that they are only 

asymptotic [22]. One popular approach to this problem is to define the sum of an 

asymptotic series using the Borel prescription. Let us consider a series 

(2.27) 

The idea behind the Borel prescription is to consider an associated series 

S ( ) a3 2 an+ 1 n 
B t = ai + a2t + -t ... + -

1
-t + ... 

2 n. 
(2.28) 

Suppose this new series converges and defines an analytic function for all nonnegative 

t. Then the sum of the series Eq. (2.27) is naturally defined as 

(2.29) 

It is easy to check that the expansion of the integral Eq. (2.29) in powers of x repro­

duces Eq. (2.27). The problem arises if SB(t) has poles on the positive real axis. Then 

the integral in Eq. (2.29) is not well-defined, and the Borel prescription is ambiguous. 

These ambiguities are called renormalons. 

It is often said that if the OPE has a meaning beyond perturbation theory, then the 

series defining Ci must be free of renormalons, i.e., Borel-summable. Obviously, one 
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would prefer to have converging series, but, lacking convergence, Borel-summability 

is argued to be the next best thing. Our first objection is that Borel prescription 

is ad hoc: there are other ways to define a sum for an asymptotic series (see, e.g., 

Ref. [23]) . Further, it is stated that dimensional regularization yields series which 

contain renormalons, and therefore is deficient. Let us inspect this argument more 

closely. It is extremely difficult to establish the large-order behaviour of perturbation 

theory. No rigorous results (even at a physical level of rigour) have been obtained for 

D = 4 field theories. Instead, the argument is based on the large-order behaviour of 

a small gauge-invariant subclass of Feynman diagrams. They are obtained from the 

tree diagrams by insertion of a chain of one-loop vacuum polarization diagrams into 

the gluon propagators. Technically, the summation of these contributions amounts to 

replacing 0'. 8 (µ) by 0'. 8 ( k), where k is the momentum flowing through the propagator. 

Since as(k) has a pole at k = AQco, the result is ambiguous. This is how renormalon 

ambiguity manifests itself here. Therefore, the argument goes, the dimensionally 

regularized Ci pick up unwanted and ambiguous infrared contributions which in all 

honesty should reside in (Oi)· In other words, there are ambiguities in both Ci and 

( Oi), and only their product is well defined. However, if one imposes a sharp infrared 

cutoff at k = b. > AQco, the result is well defined, and there are no renormalons 

in Ci. An obvious flaw in such reasoning is that it relies on the summation of a 

small subclass of diagrams. This subclass does not dominate in any reasonable limit 

of QCD, and thus the actual behaviour of the perturbation theory may be quite 

different. In particular, there is no guarantee that imposing a sharp cutoff makes the 

series Borel summable. 

From the practical point of view, the issue of renormalons is irrelevant. After all, 

we can compute only a couple of terms in perturbation theory, and what happens 

at large orders is of purely academic interest. The relevant question is what is the 

meaning of the matrix elements (Oi) in the absence of a nonperturbative definition 

of the OPE. The answer is that one should regard them as uncalculable parameters 

which must be determined by fitting Eq. (2.26) to experimental data. Once the 

(Oi) are measured their values can be used to predict other observables. One may 
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be worried that since the coefficients C; are known only to a finite order in as( Q), 

neglecting higher orders in perturbation theory may introduce large uncertainties 

in the extracted values of the "condensates" (O;). Indeed, at sufficiently large Q 

the neglected terms in C0 are always larger than the condensate contributions, since 

the former are suppressed by powers of log Q2 while the latter are suppressed by 

at least Q2
• The resolution is that the extraction of condensates by fitting A( Q) 

is possible only if there is a range of Q in which the neglected terms in Co are 

small, while the condensate contribution is still important. The existence of such a 

range can be settled only on a case-by-case basis [24]. Similarly, the measured values 

of the condensates can be used to improve predictions for other observables only 

if the the neglected perturbative corrections are small compared to the condensate 

contributions. Otherwise perturbative uncertainties dominate, and one gains nothing 

by including nonperturbative effects. 

Similar issues are involved when one tries to extract (O;) from lattice Monte-Carlo 

simulations. In fact, one may regard such simulations as some kind of "experiment," 

the role of C; being taken by matching coefficients between the lattice and continuum. 
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Chapter 3 The decay B -7 D*fJJ and the 

precision measurement of IVcb l 

3.1 Model-independent predictions for the B ~ 

D* f v rate at zero recoil 

"The result we proceed to divide, as you see, 

By Nine Hundred and Ninety and Two; 

Then subtract Seventeen, and the answer must be 

Exactly and perfectly true." 

Lewis Carroll [1] 

Hadrons containing one b quark decay mainly into charmed hadrons. Other decay 

modes (Cabibbo suppressed b - u transitions, B - J/'lj;X decays, etc.) constitute 

only about 1 % of the total decay rate. Among the b - c decay modes the exclusive 

decay B - D*fi/ is particularly interesting because it offers a possibility to accurately 

measure the Cabibbo-Kobayashi-Maskawa angle IY'c:b l· The reason is that HQET 

makes definite predictions for the form factors describing this transition at zero recoil, 

i.e., when the final state D* meson has zero velocity in the rest frame of the the initial 

B meson. In this section we review how the HQET predictions arise. The next section 

is devoted to the so called zero recoil sum rules. These sum rules, first obtained in 

Ref. [9] and further investigated in Refs. [25, 26], can be used to estimate the accuracy 

of the HQET predictions for the form factors. 
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The form factors for the semileptonic B ---+ D(*)fv decay are defined as 1 

2 (D(v')IVµIB(v)) 

2 (D*(v', c)IVµIB(v)) 

2 (D*(v', c)IAµIB(v)) 

h+(w)(v + v')µ + h_(w)(v - v')µ, 

hA
1 
(w)(w + l)c*µ - hA2 (w)(c* · v)vµ 

hA3 (w)(c* · v)v'µ. (3.1) 

Here Vµ = c1µb and Aµ = C/µ/sb are the vector and axial vector currents. (The axial 

form factor between B and D mesons vanishes identically because of requirements of 

parity and Lorentz invariance.) The four-velocities of the initial and final states are 

denoted by v and v' respectively, and w = v · v'. The polarization vector of the D* 

meson is denoted by c. 

The part of the effective weak Lagrangian relevant for semileptonic b --t c decays 

reads 

(3.2) 

where GF is the Fermi constant. The quark currents V and A have zero anomalous 

dimension, and therefore the normalization point µ need not be specified. 

Given the effective Lagrangian, Eq. (3.2), and the definitions in Eqs. (3.1), one 

easily finds the differential decay rates: 

df(B ---+ D*Rve) 
dw 

df(B --t DRve) 
dw 

x 

(3.3) 

where r<*) = mvc-l/mB. The functions FB-.D• and FB-.D are given in terms of the 

1The funny factors of 2 arise because we use the nonrelativistic normalization of states (p'lp) = 
(27r)3vOc53(p - p'). 
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form factors: 

[ 
4w 1 - 2wr* + r*2]-l 

l+-------
w + 1 (1 - r*) 2 

x { 
1 - 2wr* + r*2 

[ w - 1 ] 
(1 - r•)2 2 h~1 (w) + w + 1 hi(w) 

+ [ hA1 ( w) + ~ ~ r~ ( hA1 ( w) - hA3 ( w) - r* hA2 ( w))] 
2

}' 

1-r 
h+(w) - -

1
-+-r h_(w). (3.4) 

We will be interested in the differential rate at vanishingly small recoil , i.e. , for v = 

v', w = 1. In this limit 

(3.5) 

According to Eqs. (2.18 ,2.21), if one neglects corrections of order l/mc,b, the form 

factors are all expressed through a single function e(w) which satisfies e(1) = 1. In 

particular, the form factors h+ and hA1 at zero recoil are given by 

h+(l) = rtv = cV>(l,µ) + c}?>(l,µ) + cV>(l,µ), 

hA1 (1) = 'r/A :::: C~1 )(1, µ), 

where the coefficients C~!v are defined in Eq. (2.18) . 

(3.6) 

The quantities 'r/A and rtv do not depend on the renormalization scale µ. To see 

why, note that for v = v' we have only one independent operator in HQET which 

can match onto Aµ, namely Ji£c)/µ/sh£b). ( For v -=f v' there are three independent 

operators - see Eq. (2.18).) This operator is actually one of the generators of HQS, 

and therefore its matrix elements between b and c quark states do not receive any 

perturbative corrections. Thus the "HQET side" of the matching calculation is triv­

ial in this case. In full theory, the operator Aµ is not conserved, but it is "partially 

conserved," i.e., it would be conserved if the quark masses were zero. Partial conser­

vation is enough to ensure that the anomalous dimension of Aµ vanishes in full QCD. 
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Therefore the matrix elements of Aµ, and consequently the matching coefficient 'T/A, 

cannot depend on the subtraction point µ. Similarly, 'T/V must be µ-independent. 

Although the matching coefficients are known only to order as, the particular 

combinations entering Eq. (3.6) have been computed to order a; [27]. Here we write 

down an analytic expression for 'T/A which contains the full order as corection and part 

of the order a; correction which is proportional to /30 = 11 - ~n f ( n f is the number 

of light quark flavors): 

_ l as ( mb + me l m e 8) a; /3 5 ( mb + me l m e 44) 'T/A - - - n - + - - - o - n - + - . 
7r mb - m e mb 3 7r 2 24 mb - me mb 15 

(3.7) 

In Eq. (3. 7) as is the MS coupling evaluated at the scale yimbme. Of course, the 

complete order a; contribution [27] contains terms which are not proportional to /30. 

Still, Eq. (3. 7) approximates the complete order a; result very well because /30 is large 

numerically. In general, it was noticed that for many QCD observables corrections of 

order a;j30 provide a good approximation of the full order a; corrections. Examples 

can be found in Ref. [28] 

Putting all this together, we conclude that up to corrections suppressed by 

AQco/me,b the values of IFB-+D•(l)I and IFB-+D(l)I are given by 'T/A and TJv, re­

spectively. Since measuring the differential rates df / dw near w = 1 is equivalent to 

measuring IF(l)Vcbl (see Eq. (3.3)), we can extract the value of IVcbl by studying the 

decays B -+ DCv or B -+ D* Cv. 

In real life me is not very large, and the corrections of order 1/me may be quite 

substantial. However, Luke's theorem [29] states that for B-+ D* decay there are no 

corrections of order 1/me,b· There are still corrections of order 1/m~,b' and they limit 

the accuracy of the extraction. The corresponding theoretical uncertainty is expected 

to be of order (A/2me) 2 , where A is the characteristic scale of strong interactions. 

Setting A = 0.5 GeV, m e = 1.4 GeV, we conclude that 1/m~ corrections to the value 

of IFB-+D•(l)I are of order 3%. Therefore the theoretical uncertainty of the extraction 

of \Vebl is also of order 3%. (Of course, "of order 3%" may mean 6% or even 10% in 

practice.) 
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Naturally, one would like to know better the size of 1/m~,b corrections. Unfortu­

nately, this cannot be done in a model-independent manner. In Ref. [30] the 1/m~ 

contribution enhanced by the logarithm log AQco/m7r has been evaluated using chiral 

perturbation theory. It turned out to be negative and small, less than 0. 7% in absolute 

value. Although formally this logarithmically enhanced contribution "dominates," its 

tiny value suggests that the nonlogarithmic contributions cannot be neglected. An­

other approach is based on zero recoil sum rules [9]. These sum rules can be used 

to put an upper bound on IFB-+D·(l)I. Under favourable circumstances, this bound 

may provide information on the deviation of IFB-+D·(l) I from 'T/A· In addition, the 

zero recoil sum rules constrain the matrix element .A 1 . In the next section we review 

both applications following mostly Ref. [26]. 

3.2 Zero recoil sum rules 

But the Judge said he never had summed up before; 

So the Snark undertook it instead, 

And summed it so well that it came to far more 

Than the Witnesses ever had said. 

Lewis Carroll [1] 

The zero recoil sum rules follow from analysis of the time ordered product 2 

(3.8) 

where Jv = Av or Vv, and the B states are at rest, if= 0 and q0 = mb - me - t. 

Viewed as a function of complex E, Tµv has two cuts along the real <:-axis . One, for 

E > 0, corresponds to physical states with a charm quark and the other, for E < -2mc, 

corresponds to physical intermediate states with two b quarks and a c quark. The 

2 Gentle Reader! The following discussion is very lengthy and technical. You may want to skip it 
and jump to page 37, where the dissappointing conclusions are stated. 
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Figure 3.1: The integration contour C in the complex f. plane. The cuts extend to 
Re E ---+ ±CXJ. 

first cut arises from inserting the states between the two currents in the product Jt J, 

and the second cut arises from inserting the states between the currents in the other 

time ordering J Jt. So we arrive at 

(3.9) 

The sum over X includes the usual phase space factors, i.e., d3p/(27r)3 for each particle 

in the state X. 

Consider the integral of the product of a weight function w~(E) with Tµv(E) along 

the contour C shown in Fig. 3.1. Assuming W is analytic in the shaded region 

enclosed by this contour and averaging overµ = v = 1, 2, 3, we get 
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The maximum X mass on the right-hand side of Eq. (3.10) is determined by where 

the contour C pinches the real axis. For convenience this mass is chosen to be less 

than 2mb + m e to prevent the occurrence of states X with b, b, and c quarks. We 

take the maximum X mass to be 2mB and then Eq. (3.10) relies on local duality [21] 

at this scale. Hereafter it is understood that sums over X only go over states up to 

mass 2mB. 

We require that: ( i) the weight function W ~ be positive semidefinite along the 

cut so that every term in the sum over X on the right-hand side of Eq. (3.10) is 

non-negative; (ii) W~(O) = 1; (iii) w~ be flat near t: = 0, i.e., dW~(t:)/dt:J,=o = O; 

(iv) and that it falls off rapidly to zero for t: > D.. We want to take D. ~ m c,b · Then 

states X other than the D* give a contribution to the right-hand side of Eq. (3.10) 

that is suppressed by (1/mc,b)2. However, in our numerical results we consider D. 

as large as 2 GeV. Although our analysis holds for any weight function that satisfies 

these four properties, for explicit calculations we use 

w(n)(t:) - _D._2n_ 
~ - E2n + ,6. 2n ' (3.11) 

with n = 2, 3, ... (for n = 1 the integral over t: is dominated by contributions from 

states with mass of order m 8 ). These weight functions have poles at t: = 2V"=T D.., 

therefore, as long as n is not too large and D. is much larger than the QCD scale, 

AQco, the contour in Fig. 3.1 is far from the cut until t: is near 2mB . Then we should 

be able to calculate the integral in Eq. (3.10) using the operator product expansion 

to evaluate the time ordered product. 

The choice of the set of weight functions in Eq. (3.11) is motivated by the fact 

that for values of n of order unity all poles of wln) lie at a distance of order D. 

away from the physical cut. In this case the integral along the contour C can be 

computed assuming local duality at the scale 2mB. The dependence of our results 

on this assumption is extremely weak, because for D. ~ mB the weight function 

is very small where the contour C touches the cut. As n --+ oo, wln) approaches 

B(D. - t:) for positive t:, which corresponds to summing over all hadronic resonances 
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up to excitation energy .6.. with equal weight. Then the poles of win) approach the 

cut, and the contour C is forced to lie within a distance of order b../n from the cut 

at E = .6... In this case the evaluation of the integral along the contour C relies also 

on local duality at the scale .6... 3 

Neglecting perturbative QCD corrections and nonperturbative effects correspond­

ing to operators of dimension greater than five, the operator product expansion gives 

[31) 

~ T:4A = -~ + (.\1 + 3.\2)(mb - 3me) _ 4.\2mb - (.\1 + 3.\2)(mb - m e - t:) (3.12) 
3 ti E 6m~t:(2me+t:) mbt:2 (2me+t:) ' 

when Jµ = Aµ = C/µ/5 b, and 

~ T-VV = _ 1 + (.\1 + 3.\2)(mb + 3me) _ 4.\2mb - (.\1 + 3.\2)(mb - m e - t:) 
3 ti 2me +E 6m~t:(2me +t:) mbt:(2me+t:)2 ' 

(3.13) 

when Jµ = Vµ = C/µ b. Performing the contour integration yields 

~ L w~[(mx - me) - (mB - mb)] (27r)3 83 (px) l(XIA;IB)l
2 

x 

= 1 __ .\2 + (.\1 + 3.\2) (-1 + _1 + _2 _) 
m~ 4 m~ m~ 3memb ' 

(3.14) 

~ L w~[(mx - me) - (mB - mb)] (27r)3 83 (px) l(XIVilB)!
2 

x 

(3.15) 

These equations hold for any W ~ that satisfies the four properties mentioned above. 

Higher order terms in the operator product expansion for T;; give contributions with 

more factors of 1/t: on the right-hand sides of Eqs. (3.12) and (3.13). Therefore, if 

the weight function has nonvanishing m'th derivative at E = 0, there are corrections 

3 In fact, for any sequence of functions analytic in some neighbourhood of the positive real axis 
that converges to B(.ti - <), some singularity will approach f = ti . Thus, the pinching of the contour 
is inevitable if one uses a weight function that varies rapidly. 
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to the right-hand side of Eq. (3.14) of order 

(3.16) 

We require that ~ be large enough compared with Aqco so that such terms are 

smaller than those we kept in Eq. (3.14). For m > 1, ~ can still be smaller than 

rnc,b· Higher order t erms in the operator product expansion of T:fV give corrections 

to the right-hand side of Eq. (3.15) of order (Aqco/mc,b) 2 (Aqco/ ~r-1 . This is why 

we imposed condition (iii). For the weight function wl_n)(c) in Eq. (3.11) the first 

nonvanishing derivative is at m = 2n. 

We have considered the nonperturbative contributions to the sum rules charac­

terized by >.1 and >.2 . There are also perturbative corrections suppressed by powers 

of the strong coupling. These are most easily calculated not in the operator product 

expansion, but by directly considering the sum over states in Eqs. (3.14, 3.15) and 

replacing the hadronic states by quark and gluon states. The perturbative corrections 

are of two types. There are corrections of order as( mc,b) not suppressed by powers of 

~/mc,b · These arise, at the parton level, from the final state X = c and change the 

term 1 on the right-hand side of Eq. ( 3 .14) to rd. 
There is another class of perturbative QCD corrections coming from final states 

X that contain a charm quark plus additional partons, e.g., cg, cqq, etc. They 

give a contribution to the right-hand side of Eqs. (3.14, 3.15) which is of order 

[as(~)+ ... ] F(~), where the ellipses denote terms of higher order in the strong cou­

pling constant as, and for small~' F(~),...., ~2 /m~,b· We have evaluated the strong 

coupling constant at the scale~' because this scale characterizes the typical hadronic 

mass in the sum over X. Note that, although these corrections are suppressed by 

powers of ~/mc,b, they can be as important as the other perturbative corrections we 

considered since the strong coupling constant is evaluated at a lower scale ~- The 

value for these corrections depends on the precise form of the weight function . We 

use the ones given in Eq. (3.11) . Such perturbative corrections were calculated in 

Refs. [9, 32] at order as(~) ~2 /m~,b in the limit when the weight function approaches 
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b b 

Figure 3.2: Feynman diagrams that contribute to the order a 3 (6.) corrections to the 
sum rules. The black square indicates insertion of the b ~ c axial or vector current. 

the step-function 0(6. - E) (corresponding to wl00l). As already pointed out , the use 

of such a weight function relies on local duality at the scale D., so the corrections 

are expected to be less than those stemming from win) with small n relying on local 

duality only at the scale 2mB. For n 2: 2 the order a 8 (6.) terms coming from the 

Feynman diagrams in Fig. 3.2, and the order a;(D-) (30 terms arising from the dia­

grams in Fig. 3.3 were computed in Ref. [26]. The rationale for computing only the 

part of the a; contribution proportional to (30 is that in most known examples it is 

the dominant part of the full a; contribution. Taking into account these perturbative 

corrections, Eqs. (3.14, 3.15) become 

~ 2: Win)[(mx - me) - (mB - mb)] (27r)3 83 (px) l(XIAilB)l
2 

x 

(3.17) 

(3.18) 

On the right-hand sides of Eqs. (3.17,3.18) terms suppressed by more than two 
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b b b b 

Figure 3.3: Feynman diagrams that determine the order a~(~) /30 corrections to the 
sum rules. 

powers of AQco/mc,b or as have been neglected. We have also neglected in Eq. (3.17) 

terms suppressed by (AQco/mc,b) (AQcD/ ~)2n and in Eq. (3.18) terms suppressed by 

(AQco/mc,b)2 (AQcD/ ~)2n- 1 . Perturbative corrections to the terms proportional to 

>.1,2 are also neglected, and we evaluate >.2 in Eqs. (3.17,3.18) at the scale ~ so that 

QCD corrections to its coefficient do not contain any large logarithms. For~ ~ m c,b 

the functions X(n) and y(n) are given by 

A(n) ( 1 1 2 ) 
~2- -+-+--

3 m~ m~ 3mcmb ' 

~2 _A(_n) (-1 + _1 _ 2 ) 
3 m~ m~ 3mcmb ' 

B(n) ( 1 1 2 ) A(n) ( 1 1 4 ) 
~2 __ --+-+ +~2 __ --+-+---

6 m~ m~ 3mcmb 15 m~ m~ 3mcmb ' 

~2 _B(_n) (-1 + _1 _ 2 ) 
6 m~ m~ 3mcmb ' 

(3.19) 

where the coefficients A(n) and B(n) are (n;:::: 2) 

A(n) = 7f 

nsin(7r/n)' 
B(n) = A(n) ( 7f + ~ - ln 2) . 

2n tan(7r /n) 3 
(3.20) 

For~ near 1 GeV higher powers of ~/mc,b are important. The analytic expressions 

for xt~) and x~~) are (for~< 2mb) 



0.5 
xH yH 

AA• AA 

0.4 

0 .3 

0.2 

O.l 

0.8 I 1.2 1.4 1.6 1.8 2 O 0 0.2 0.4 0.6 0.8 I 1.2 1.4 1.6 1.8 2 
~ [GeV] ~ [GeV] 

Figure 3.4: X(00)(D.) and y(=)(D.) for the a) axial, and b) vector coefficients. Thick 
solid lines are X while thick dashed lines are Y. The thin solid and dashed lines are 
X and Y to order D.2 /m~,b· 

(3.21) 

In Fig. 3.4 we plot X(00
) and y(oo) versus D. using the values mb = 4.8 GeV and 

m e = 1.4 GeV. The thick solid lines are X and the thick dashed lines are Y, while the 

thin lines are the corresponding functions at order D.2 /m~,b· Note that expanding in 

D./mc,b is not a good approximation unless D. < 400 MeV. 

The evaluation of the order a; /30 corrections is made relatively simple by the 

relation between the n f dependent part of the order a; contribution and the order 

a 3 contribution with a finite gluon mass [33]. Such a relation holds in the so-called 

V-scheme, but throughout this paper we present all results in the usual MS scheme. 

Knowledge of the order a; /30 corrections allows us to obtain the BLM scale [34] that 

results from absorbing vacuum polarization effects into the running coupling constant. 

It is generally believed that this choice of scale yields a reasonable perturbative ex­

pansion. This is also the reason for using a 3 (D.) in the sum rules in Eqs. (3.17, 3.18). 
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Had we chosen some very different scale µ, the coefficients y(n) would contain large 

logarithms of µ 2 / ~ 2 . On the other hand, the "natural" scale for the perturbative 

corrections to the sum rules coming from 17~ is y'memb. 

The sum rule in Eq. (3.17) implies a bound on the zero recoil B ---+ D* matrix 

element of the axial current FB-v·(1) 2
, defined by (D*IAilB) = FB-v•(l)ci: 

(3.22) 

Here we used the fact that the contributions of states X of higher mass than the D* 

to the left-hand side of Eq. (3.17) are positive, and neglected the very small deviation 

of Win)[(mv• -me)-(mB-mb)] from unity implied by Eq. (3.11), Eq. (2.14), and the 

relation mv• - mv = 2>..2/me. The positivity of the sum over states X in Eq. (3.18) 

implies that 

0 < ~ - (>..1+3>..2) (-1 _1 - 2 ) as(~) x(n)(~) a;(~) /3 y;(n)(~). 
- 2 4 2 + 2 3 + vv + 2 0 vv m e me mb memb 7r 7r 

(3.23) 

This inequality gives a constraint on the heavy quark effective theory matrix element 

>..1, which is strongest if one takes the m e ~ mb ~ ~ limit , giving 

(3.24) 

(Since the HQET matrix elements are independent of me and mb, and the inequality 

in Eq. (3.23) is valid even for unphysical values of me and mb, one is free to take the 

limit me~ mb ~ ~-) 

Let us now use these bounds to investigate the size of the 1/m~ corrections to 

the form factor at zero recoil IF B-D· ( 1) I· First we would like to know how to choose 

~- The bound in Eq. (3.22) is more restrictive for small ~' when only a few states 

other than D* can contribute to the right-hand side of Eq. (3.17). But for ~ of 

order AqcD or lower perturbation theory in as(~) cannot be trusted. Thus we must 



36 

determine the smallest value of~ for which perturbative corrections to the sum rule 

Eq. (3.17) are still under control. To do this consistently, we must reexpand T/A from 

Eq. (3.7) in powers of a5 (~). The result is that for~ as low as 1 GeV the perturbative 

corrections to the sum rule seem to be under control. For example, for ~ = 1 GeV, 

me = 1.4 GeV, mb = 4.8 GeV, and a 5 (l GeV) = 0.52 we obtain the folowing series: 

as(lGeV) a 5 (1GeV)2,Bo 
1 - 0.75 + 2 0.20 + .. . = 1 - 0.12 + 0.05 + .... 

7r 7r 
(3.25) 

This series appears to be convergent. Alternatively, one can compute the BLM scale 

by absorbing the order a~,80 correction in Eq. (3.25) into the order o:5 correction. The 

BLM scale turns out to be 1.7 GeV, which appears to be high enough for perturbation 

theory to work. Thus we use ~ = 1 GeV in the bound Eq. (3.22) in what follows. 

Eq. (3.25) suggests that for ~ = 1 GeV the uncertainty on the right-hand side 

of Eq. (3.22) due to neglecting higher order pertubative corrections is less than 5%. 

Then it makes sense to include nonperturbative corrections as well. It so happens 

that the coefficient of ,\2 in Eq. (3.22) is very small for physical values of me and mb, 

and therefore the coresponding contribution is negligible. Not so for ,\1 ! The bound 

in Eq. (3.22) now reads 

IFB-+D·(l)l 2 < 0.93 + ~l y2. 
6.1 e 

(3.26) 

Unfortunately the value of ,\1 is poorly known at present. Estimates based on QCD 

sum rules range from -0.1GeV2 to -0.6GeV2. In the next chapter we will see that 

experimental data on inclusive semileptonic B decays give values for ,\1 anywhere 

from 0.1GeV2 to -0.6GeV2. It seems that at present the only relatively safe bet is 

that ,\1 is negative. Then the bound becomes IFB-+D·(l)I < 0.965. On the other 

hand, 'f/A ~ 0.95 (we take m e = 1.4 GeV, mb = 4.8 GeV, as(Mz) = 0.117). Thus the 

bound does not provide any information on the deviation of IFB-+D·(l)I from T/A· 

Let us now turn to the bound in Eq. (3.24) for the matrix element A1. If one 

omits perturbative corrections in Eq. (3.24), the bound becomes A1 < -3,\2. Since 
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A2 '.:::::'. 0.12 GeV2
, this would mean that .\1 is negative and larger than 0.36 GeV2 m 

absolute value. But once perturbative corrections to the sum rule are included, it 

turns out to be impossible to obtain any useful information on .\1 from Eq. (3 .24). 

Indeed, one can easily see that the perturbative corrections on the right-hand side of 

Eq. (3.24) are under control only for ~ > 4GeV, since the BLM scale is only 0.17 ~ ­

For ~ = 4 GeV Eq. (3.24) only implies 

(3.27) 

This is not a very interesting constraint, since we know anyway that large and positive 

values of .\1 are ruled out by the experimental data on the lepton spectrum in the 

inclusive B decays [35, 11]. 

We discussed only the bounds following from the sum rules Eqs . (3.17,3.18) with 

n = oo. It easy to see that the corresponding bounds for finite n are even less infor­

mative than for n = oo, since the weight function w<n) ( E) suppresses the contribution 

of the highly excited states on the right-hand sides of Eqs. (3.17,3.18) less efficiently 

than w< 00
) ( E). Numerically, the difference between n = 00 and 1 < n < 00 bounds 

turns out to be rather small. 

In the future, if .\1 turns out to be negative and large, the bound in Eq. (3.26) 

may become informative. Alternatively, one can try to estimate the contributions 

of the excited states on the right-hand side of Eq. (3.17) using some model. The 

contribution of the resonances (radially excited D mesons) can be estimated in the 

nonrelativistic quark models, e.g., in the ISGW model [36]. It is not clear how to 

treat the contributions of the multiparticle states, and therefore we will not attempt 

to do it here. 

The conclusion is that zero recoil sum rules, beautiful as they are, do not provide 

any model independent information on the size of the 1/m~ corrections to the pre­

diction IFB__.D•(l) I ~ T/A, contrary to what is claimed in Ref. [9]. On general grounds 

we expect the 1 /m~ corrections to be of order 3%, or maybe 6%, as explained in the 

paragraphs following Eq. (3.7). 
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Now we are ready to make contact with experiment and deduce the value of IVcbl· 
Taking mb = 4.8 ± 0.2 GeV, mb - m e = 3.39 ± 0.08 GeV, as(Mz) = 0.117 ± 0.004, we 

get "lA = 0.953 ± 0.013. The quoted error includes the uncertainties in m e, mb, as, 

as well as the error due to higher order perturbative corrections (it is conservatively 

estimated as size of the a; contribution to "lA [27]). Taking the error due to 1/m~ 

corrections to Luke's theorem to be 6%, we obtain 

IFB->D·(l)I = 0.953 ± 0.070. (3.28) 

The most accurate experimental results on the B -t D* fr; decay come from ALEPH 

and CLEO: 

I { 
(31.9 ± 1.8(stat) ± l.9(syst)) x 10-3 

FB_.v•(l)Vcbl = 
(35.1 ± l.9(stat) ± l.8(syst) ± 0.8(lifetime)) x 10-3 

[37] 

[38] 

(3.29) 

The weighted average of these two measurements is IFB_.v•(l)Vcbl = (33.4 ± 1.9) x 

10-3
• Combining it with our estimate of IFB_.v•(l)I yields 

IV::bl = (35.0 ± 2.0(exp) ± 2.6(theor)) x 10-3
_ (3.30) 

From our discussion it should be clear that it is very hard to further reduce the 

theoretical uncertainty of this measurement of Vcb. In the next chapter we will see 

that studying inclusive semileptonic decays of B mesons offers a way to extract Vcb 

which may have smaller theoretical uncertainties. 



39 

Chapter 4 The uses of the inclusive 

B---+ XcfJJ decays 

4.1 The theory of the inclusive B ~ XcfD decays 

"The thing can be done," said the Butcher, "I think. 

The thing must be done, I am sure. 

The thing shall be don e! Bring me paper and ink, 

The best there is time to procure." 

Lewis Carroll [1] 

In this section we describe the theory of the inclusive semileptonic B ---+ XcRD 

decays, with R being e orµ. Using the Heavy Quark Expansion discussed in Section 2.2 

we derive formulae for the charged lepton spectrum, and the hadron energy and 

invariant mass spectrum. The results have the form of a double expansion in powers 

of AQco/mb and G 9 • The leading terms and the order Gs perturbative corrections to 

it can be computed in the parton model [39, 40]. The first nonperturbative correction 

is of order (AQco/mb) 2 and can be expressed in terms of the HQET matrix elements 

.A1 and .A 2 [20, 41, 42]. 1 We also compute the order (AQco/mb)3 nonperturbative 

corrections following Ref. (11]. They are parametrized by the matrix elements of two 

local and four nonlocal dimension-six operators. We do not consider the "mixed" 

corrections, suppressed both by Gs and (AQco/mbr, n 2: 2. In the next section 

we compare these results with the available experimental data. The charged lepton 

spectrum in the B ---+ XceD and B ---+ X cµD decays has been measured accurately by 

1This is true if the leading term is written in terms of the quark masses mb and me. If one 
rewrites it in terms of the hadron masses mB and mn using Eq. (2.14), there will be corrections of 
order Aqcn/mB proportional to A. 
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CLEO [43, 44]. Since the theoretical prediction for the shape of the spectrum depends 

on the quark masses and the HQET parameters .\1 and .\2 , one can try to extract 

their values using the CLEO data. The result is an allowed region in the plane of 

the HQET parameters A and .\1 (we regard .\2 as known from the measured B - B* 

mass splitting). Since A, .\1 , and .\2 parametrize the difference between the quark 

masses and the hadron masses (see Eq. (2.14)), this amounts to determining mb and 

me. Finally, we use our values for mb and me to extract IVcbl from the measured total 

B ---+ Xef D rate. 

The effective Hamiltonian density responsible for b ---+ cfv decays is 

H _ V 4GFJµJ 
W - - eb V2" lµ' ( 4.1) 

where Jµ = ccyµbL is the left-handed quark current, and Jf' = lL/µVL is the left­

handed lepton current. The differential decay rate is determined by the hadronic 

tensor 

wµv = (27r)3I>54 (PB - q - PxJ (B(v)IJ"tlXe)(XelJµIB(v)), (4.2) 
Xe 

which can be expanded in terms of five form factors: 

Then the differential semileptonic decay rate is given by 

dr 96 r o ( 2 ( 1 2) 2 ( )) m~ W1 q + W2 2EeEv - 2,q + W3 q Ee - Ev x 

O(Ee) O(Ev) O(q2
) 0(4EeEv - q2

). (4.4) 

Here f 0 is the spectator model total decay rate in the limit of zero charm mass 

(4.5) 

We have neglected the lepton mass, which is a very good approximation for f = e or 
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µ I/ 

c 

b 

(a) (b) 

Figure 4.1: (a) The relevant term in the operator product expansion. Wavy lines 
denote the insertions of left-handed currents. (b) does not contribute to b --+ c decay. 

µ. 

Defining the current correlator Tµv by 

- i j d4xe-iq·x(B(v)IT [J 11 t( x)Jµ( O)] IB(v) ) (4.6) 

-gµ 11 T1 + vµv 11 T2 - itµvaf3vaqf3T3 + qµq 11T4 + (qµvv + q11 vµ)Ts, 

one can easily see that W; = -~ImT; . Away from the physical cut Tµ 11 can be 

computed using the OPE. Then the arguments of Section 2.2 show that the smeared 

differential decay rate is correctly reproduced by the OPE calculation, provided the 

width of the smearing function is large enough. 

At tree level the only diagram which has a discontinuity across the physical cut is 

the one in Fig. 4.la. The corresponding contribution to the time-ordered product is 

where PL = Hl - /s) is the left-handed projector, b.o = (mbv - q)2 - m~ + iO, D is 

the covariant derivative, and DµDv - D 11 Dµ = -igGµv was used. The field b(x) in 
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Eq. ( 4. 7) is related to the normal QCD field by bQcD ( x) e - imwx b( x). There are 

other contributions in the OPE of two currents, e.g., the one in Fig. 4.lb. However 

these operators do not contribute to the decay rate once sandwiched between the 

B-meson states . For the diagram in Fig. 4.lb this is ensured by me being much larger 

than the available energy in the "brown muck," which is of order AQCD· 

Our calculation of the form factors T; follows the method of Ref. [41]. We expand 

Eq. (4.7) to third order in D . The term with no derivatives is proportional to the 

conserved current lryµb, and thus its diagonal matrix elements can be evaluated exactly 

in full QCD. The corresponding contributions to the form factors are 

T1(0) mb - q ·v 

2~o 

TJO) mb 

~o' 

T(O) 1 
3 2~o' 

T(O) 
4 0, 

T(o) 1 
(4 .8) 5 2~o· 

All other contributions we express in terms of the field hv in the effective theory and 

reexpand the resulting expressions in powers of 1/ mb. Therefore the expression for 

b(x) in terms of hv(x) is needed to order 1/m~: 

b(x) = (1 + iljJ.L + (v. D)JjJ.L - JfJ1 + · · ·) hv(x), 
2mb 4m~ Sm~ 

(4.9) 

where D.L = D - v(v · D) . 

To evaluate the expectation values of the heavy quark bilinears we need the equa­

tions of motion in the effective theory to order 1/mr They can be easily derived from 

Eq. (2 .3): 

. h ( 1 f/J2 i i ( 2 2) ) iv · D v = -
2 

- .L - -
4 2 JjJ.L (v · D)JfJ.L + - 2 JjJ.L(v · D) + (v · D)JjJ.L + · · · hv . 

mb mb 8mb 
( 4.10) 

By virtue of Eq. ( 4.10) there are no nonperturbative corrections to the form factors 
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Ti at order l/mb [20]. The contributions at order 1/ml can be expressed in terms of 

the matrix elements 

( 4.11) 

Our calculation of these contributions reproduces the results in Ref. [41]: 

T (2) -
1 - 6~0 mb(I<B +GB)+ 3~5 KB(3mbq·v + 2q2 

- 5(q · v) 2
) (4.12) 

+ 3~5 GB(7fibq·v + 2q2 
- 5(q · v) 2 

- 4fi;) 

4fit 2 2 + 3~5 KB(fib - q·v)((q · v) - q ), 

5mb 14fit 2fit 
-(KB+ GB)+ --2 q·vKB - - 2 (2fib -5q·v)GB 
3~o 3~0 3~0 

8fig (( )2 2) + 3~5 q. v - q KB, 

5fib fib 4fi; 2 2 

3~5 q-vKB- 3~5 (6fib-5q·v)GB+ 3~5 ((q·v) -q )KB, 

4mb 
3~6 (KB+ GB), 

mb 5fib 4fit 2 2 ( ) 
- 3~2 KB(4mb+5q·v)- 3~2 q·vGB+ 3~3 (q -(q·v) )KB. 4.13 

0 0 0 

The states in the matrix elements Eqs. ( 4.11) have an implicit dependence on fib. 

At order 1/fit this dependence can be neglected, in which case KB and GB may be 

replaced by ->.if (2fit) and -3>.2 /(2fit) respectively. If the form factors are to be 

calculated to order 1 /mg, then this replacement is no longer valid. An expression for 

the matrix elements Eq. ( 4.11) in terms of >. 1 ,2 and the expectation values of nonlocal 

operators is given below. 

The 1/fig contributions to the form factors Ti from local dimension-six operators 

can be parametrized by two matrix elements, p1 and p2 [45], defined in Eqs. (2.12). 

The expectation value of any bilinear operator with three derivatives is expressible in 
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terms of P1 and P2: 

( 4.14) 

where P+ = Hl + p), and r is any four-by-four matrix. 

After a rather lengthy calculation we obtain the contributions from local 

dimension-six operators to the form factors: 

T (3) -
1 -

P1+3p2 1 [P1 (p1+3p2)(q
2
-q·v

2
+mbq·v)] (4.15) 

- 12llom; + ll6 3 - p2 + 6m; 

2(p1+3p2)( )(2 2) 4p1( )2(2 2) + 3 mb - q·v q - q·v - --
4 

mb - q·v q - q·v , 
3ll0mb 3ll0 

( 4.17) 

y
4
(3) P1 + 3p2 2p2 4(p1 + 3p2) ( ) 

3 2 A 2 - A 3 + 3 A 3 ffib - q • V l 
mbuo u 0 mbuo 

(4.18) 

( 4.19) 

Substituting the imaginary part of these form factors into Eq. ( 4.4) we obtain the 

triple differential decay rate. Interesting quantities are the charged lepton spectrum 
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and the hadronic spectrum. The former is obtained by integrating Eq. (4.4) over q2 

and E..,. Using the rescaled lepton energy y = 2Ed mb we find the lepton spectrum 

where 

df df (O) df (2) df (3 ) 

----+--+--dy - dy dy dy ' 

df(O) [ 2 2 6y2r2 2(3 - y)y2r3] 
dY=foB(l-r-y) 2(3-2y)y -6yr-(l-y)2 + (l-y)3 , 

df(2) 

dy 
r {/{ [- 20y3 - 4r2y3(5 - 7y + 2y2) 8r3y3(10 - 5y + y2

)] 
0 B 3 (1-y)5 + 3(1-y)S 

+ G [4y2(6-5y) 8ry2(3-2y) 12r2y2(2-y) 
B 3 + (1-y)2 + (1-y)3 

( 4.20) 

( 4.21) 

20y2(6 - 4y + y2)]} 0(1- - ) (4.22) 
3(1 - y)4 r y 

Here r = ( mc/mb) 2
• Note the contribution from the 8-function at the end point of 

the lepton spectrum. For b --+ u transition such singular terms in the lepton spectrum 

appear already at order 1/m~, but for b--+ c they do not appear until order 1/m~. 

This is easily explained if one recalls that the most singular contributions to the lepton 

spectrum at a given order 1/m1b can be obtained from the spectator model result by 

the "averaging" procedure of Ref. [41], which involves differentiating n times with 
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respect to y. For a massless final state quark the spectator model spectrum has 

the form J(y )O(l - y) with J(l) =J. 0, and thus differentiation produces the n - 1-st 

derivative of the 8-function 8(n-l)(l - y). For a massive quark in the final state the 

spectator model spectrum and its first derivative vanish at the end point y = 1 - r. 

Hence at order 1/m/; the most singular contribution is proportional to 8(n-3 )(l-y-r ). 

To obtain the hadronic spectrum we integrate Eq. ( 4.4) over Ev and express 

the result in terms of rescaled hadronic variables E0 = ( mb - q · v) / mb and so = 

(m~ - 2q · v + q 2 )/m~. This yields 

where 

dI' 

dsadEo 

df(O) df( 2) df(3) 
(4.24) 

df(O) 

dsadEo 
32I'oO(Eo - /i;)O(l +so - 2Eo)VE5 - so8(so - r) x (4.25) 

[ ( 
, ) 3E0 , 2 l 1 - 2Eo + so -

2
- + E0 - so , 

df(2) ~--

---,,- = 32I'o0(Eo - /io)O(l +so - 2Eo)V E5 - so x 
dsadEo 

{ 8(so - r)(I{B +GB) [~(1- 2Eo +so)+ ~(E6 - so)] 

( 4.26) 

+ 8'(so - r) [Cl - 2Eo +so) (KB(5E6 - 3Eo - 2so) + GB(5E6 +Ea - 2so)) 

A 2 (14 A 2 A )] + (E0 - so) 3KB(Eo - 1) + 3GB(5Eo - 3) 

+ 8"(so - r)KB(E6 - so) [2(1 - 2Eo + sa)Eo + ~(E6 - so)]}, 

df (3
) sr 0 A ~ A A v A 2 A 

, , = - 3 O(Eo - y so)B(l +so - 2E0 )E0 - so x 
ds0 dE0 3mb 

( 4.27) 

{ (p1+3p2)(-3 + 6Eo + 2E6 - 5sa)8(so - r) -2[9(p1 - P2) 

+ 6(p1 - P2)so + 3(p1 + 3p2)s~ - (3(7 P1 - 3p2) + ll(p1 + 3p2)sa)Eo 



47 

+ 3((3p1 + 5p2) - (p1 + 3p2)so)E6 + S(p1 + 3p2)Eg]8'(so - r) 

- 4(E6 - so) [3(1 + so)P2 - (1 - 3so)(p1 + 3p2)Eo - 2(p1 + 6p2)E6] 8"( So - r) 

+ ~Eo(E6 - so)P1 [2so - 3(1+so)Eo+4E6]8111(so - r) }· 

The total rate is given by integrating Eq. (4.20) or Eq. (4.24) over the remaining 

variables: 

where 

r = r<0l + r<2l + r<3l, 

f(o) = fo [1 - Sr+ Sr3 
- r 4 -12r2 logr], 

r<2l f o [I<B(-1 +Sr - Sr3 + r 4 + 12r2 log r) 

+ GB ( 3 - Sr + 24r2 - 24r3 + 5r4 + 12r2 log r)] , 

r<3l = 6r 
0 

3 [p1 (77 - 88r + 24r2 - 8r3 
- 5r4 + 48 log r + 36r2 log r) 

mb 

+p2(27 - 72r + 216r2 - 216r3 + 45r4 + 10Sr2 log r)). 

( 4.2S) 

( 4.29) 

( 4.30) 

( 4.31) 

The part of Eq. ( 4.31) that diverges logarithmically as r --t 0 agrees with the cor­

responding expression in Ref. [46]. There is nothing wrong with the logarithmic 

divergence, since our calculation is valid only for the charm mass significantly larger 

than AQCD· It is the latter condition that allowed us to discard the diagram in Fig. lb. 

Above we have computed the 1/m~ corrections to the inclusive differential B decay 

rate from the local dimension-six operators in the OPE. However, there are other 

sources of 1/m~ corrections. At order 1/m~ the OPE yields the decay rate in terms 

of the two matrix elements KB and GB defined in Eqs. (4.11). The state IB(v)) in 

Eqs. ( 4.11) is the physical B-meson state, rather than the state of the effective theory 

in the infinite mass limit IB00 (v)). Thus ]{B and GB are mass-dependent. At order 

1/m~ this distinction is irrelevant, but at higher orders this mass dependence has to 

be taken into account explicitly. We express the physical states through the states 
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in the infinite mass limit of HQET using the Gell-Mann and Low theorem (see e.g., 

Ref. [12]). This theorem implies that, to first order in 1/mb, IB(v)) is given by 

IB(v)) = (4.32) 

[1 + i j d3 x ]_
0

00 

dt£1(x) - ~(B00 (v) Ii j d3 x ]_
0

00 

dt£1(x)I Boo(v))] I Boo(v)), 

where V is the normalization volume and 

" - 1 -h ( . D ) 2 h 1 -h g G"'v h .1.., I - -
2

- v Z 1- v + -- v - a µ,v v. 
mb 2mb 2 

( 4.33) 

Using Eq. (4.32), one can easily expand I<B and GB to order 1/m~. The result can 

be presented in terms of .Ai, >.2 and matrix elements 7i - Ti defined in Eqs. (2.13): 

]{B 
>.1 7i + 37; 

----
2m2 2m3 

b b 

GB 
3>.2 ~+34 

( 4.34) ----
2m~ 2mg 

Turning now to corrections suppressed by powers of as (but not by powers of 

1/mb), we note that they may be computed using the free quark decay (or parton) 

model. Order as corrections to the lepton spectrum have been computed in Ref. [39], 

while the corrections to the moments of the hadron energy and invariant mass spec­

trum can be found in Ref. [40]. In Ref. [47] the (supposedly) leading part of the a~ 

corrections to the lepton spectrum has been computed. The formulae are messy, and 

we will not list them here. 

4.2 Applications 

"If your Snark be a Snark, that is right: 

Fetch it home by all means-you may serve it with greens, 

And it's handy for striking a light." 

Lewis Carroll [1] 
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One important application of the results of the previous section is the extraction 

of the HQET matrix elements A, .\1 from the shape of the charged lepton spectrum 

in B ---+ XcfD decays [35, 11]. The CLEO Collaboration has measured the inclusive 

B ---+ X f, V£ lepton spectrum both by demanding only one charged lepton tag [43], and 

using a double tagged data sample [44] where the charge of a high momentum lepton 

determines whether the other lepton in the event comes directly from semileptonic 

B decay (primary) or from the semileptonic decay of a B decay product charmed 

hadron (secondary). The single tagged data sample has smaller statistical errors, but 

it is significantly contaminated by secondary leptons below about 1.5 GeV. For our 

analysis we use the data as tabulated in Ref. [48]. 

The OPE for the lepton spectrum in semileptonic B decay does not reproduce 

the physical lepton spectrum point-by-point near the maximal lepton energy. Near 

the end point, a comparison with experimental data can only be made after sufficient 

smearing, or after integrating over a sufficiently large region. The minimal size of this 

region was estimated to be around 300 - 500 MeV [41]. This, and the fact that the 

experimental measurement of the lepton spectrum is precise and model independent 

only above about 1.5 Ge V, impose a limitation on what quantities can be reliably 

predicted and compared with data. On the one hand, we want to find observables 

sensitive to A and ,\1 ; on the other hand, we want the deviations from the b quark 

decay prediction to be small, so that the contributions from even higher dimension 

operators in the OPE are not too important. The observables we use should not 

depend on I Vcb 1- Thus we consider 

( 4.35) 

Before comparing the experimental data with the theoretical predictions for Ri,2, 

derived from the OPE and QCD perturbation theory, the following corrections have 

to be included: ( i) electromagnetic radiative correction; (ii) effects of a boost into 

the lab frame; (iii) smearing due to the detector momentum resolution. To take ( i) 
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into account, following the CLEO analysis, we used the resummed photon radiation 

corrections as given in Ref. [49]. These corrections to R 1 ,2 have very little sensitivity 

to subleading logarithms. To determine the corrections due to (ii), we assume that 

the B mesons are monoenergetic, with energy m 1 (4s)/2 (the effect of the 4 MeV spread 

in the center of mass energy is negligible). We found that the smearing due to the 

CLEO-II detector momentum resolution [50], and the 50 MeV binning of the data has 

a negligible effect on R 1 ,2. 

Including the nonperturbative corrections of order (Aqcn/mb) 2 and (Aqcn/mb)3 

computed above and the order as corrections, the theoretical expressions for R1 ,2 are 

A A.2 .A1 .A2 A3 A>.1 
Ri[GeV] = 1.8059 - 0.309 =-- - 0.35 _ 2 - 2.32 _ 2 - 3.96 _ 2 - 0.4_3 - 5.7 _ 3 ffiB mB mB mB mB mB 

A.A2 P1 P2 Ti Ti 73 'Ti 
- 6.8 3 - 7.7 3 - 1.3_3 - 3.2 3 - 4.5 3 - 3.1 3 - 4.0_3 

mB mB mB mB mB mB mB 

O'.s ( A ) Vub 
2 

( A ) - - 0.035 + 0.07 =-- + 1-1 1.33 - 10.3 =-
7r ffiB Vcb ffiB 

- ( 0.0041 - 0.004 :B) + ( 0.0062 + 0.002 :B) , ( 4.36) 

where the first two lines contain the nonperturbative corrections to order 1/m1. 
The other terms are in order: the perturbative as corrections, the contribution from 

B ~ Xufv decays, electroweak corrections, and finally a boost, since the B-mesons 

do not decay from rest. The spin-averaged heavy meson masses are defined as mB = 

(mB + 3mB• )/4, mv = (mv + 3mv• )/4. Even though there are no nonperturbative 

corrections to R 1 ,2 of order Aqcn/mb, Eqs. ( 4.36,4.37) contain terms proportional to 
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A/mB. These arise since we reexpressed the heavy quark masses in terms of hadron 

masses using Eq. (2.14). 

Eqs. ( 4.36,4.37) correspond to electrons; for muons the electromagnetic correction 

is smaller. Namely, the electromagnetic corrections to R1, R 2 for muons are 

8R1[GeV] - ( 0.0014 - 0.001 :B) , 
- ( 0.0025 + 0.002 :B) . ( 4.38) 

To compare the above theoretical expressions with data, we need to discuss the 

experimental uncertainties. We use the single tagged data to extract R1,2 , and correct 

for the effects of secondary leptons using the double tagged data. The central values 

are R1 = 1.7831 GeV and R 2 = 0.6159 (including the corrections from the secondaries 

which are 0.0001 GeV and 0.0051, respectively), while the correlation matrix of the 

statistical errors [48] is 

( 

3.8 x 10-6 

V(Ri, R2) = 
6.0 x 10-6 

6.0 x 10-
6

) . 

1.7 x 10-5 
( 4.39) 

The largest part of these uncertainties is due to the errors in the secondary lepton 

spectrum from the double tagged data. Estimating the systematic errors is more com­

plicated. These uncertainties in the lepton spectrum can be divided into two classes: 

there are additive corrections, like backgrounds that are subtracted from the data; 

and there are multiplicative corrections, like those in efficiencies. The total systematic 

uncertainty in the CLEO measurement of the semileptonic B decay branching fraction 

is about 2%. However, only a small fraction of these uncertainties affect the shape 

of the lepton spectrum above 1.5 GeV [51]. In this region the uncertainties in the 

backgrounds are small, and the efficiencies have fairly flat momentum dependences. 

While the uncertainties in the electron identification and in the tracking efficiencies 

are the dominant sources of systematic error in the semileptonic B branching frac­

tion, they are expected to affect R1,2 at a much smaller level. We estimate that the 

systematic uncertainties in R1,2 are not larger than the statistical errors [51], although 
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Figure 4.2: Allowed regions in the A - .\1 plane for R 1 and R 2 with 1/mg corrections 
omitted. The bands represent the 10" statistical errors, while the ellipse is the allowed 
region taking correlations into account. 

a complete analysis of these can only be carried out by the CLEO Collaboration. For 

this reason, and since the statistical errors can be included into our analysis exactly, 

the experimental uncertainties we shall quote will be the statistical ones only. 

To extract .\1 and A, we first set all order 1/mt contributions in Eqs. ( 4.36,4.37) 

to zero. We also set \Vub/Vcbl = 0.08, 0:8 = 0.22, .\2 = 0.12 GeV2
• The comparison 

of the resulting theoretical predictions in Eqs. ( 4.36,4.37) with the CLEO data is 

shown in Fig. 4.2. The steeper band is the constraint from R 2 , while the hatched 

one is that from R 1 . The widths of the bands represent the lO" statistical errors, 

while the ellipse shows the 10" allowed region in {A, .\i}, after correlations between 

R 1 and R 2 are taken into account. This region corresponds to A = 0.39 ± 0.11 GeV 

and A1 = -0.19 ± 0.10 GeV2
. 

The value of \Vub/Vcb [ has considerable uncertainty. If \Vub/Vcb I 0.1 then the 
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center of the ellipse in Fig. 4.2 would move to A = 0.42 GeV and >.1 = -0.19 GeV2
. 

We used a 8 = 0.22, >.2 = 0.12 GeV2
, corresponding to the subtraction scale mb. The 

sensitivity of our results to this choice of scale is weak: changing a 8 to 0.35 moves 

the central values to A = 0.36 GeV and >.1 = -0.18 GeV2
. 

To plot Fig. 4.2 we used the data corresponding to electrons only, as we suspect 

that the systematic uncertainties in the (single tagged) muon data may be larger (for 

example, the muon detection efficiency is strongly energy dependent below 2 GeV). 

The latter data set, nevertheless, yields a consistent determination of A and >.1 , giving 

central values A = 0.43 GeV and >.1 = -0.21 GeV2 (to subtract secondaries we used 

the double tagged electron data). 

Theoretical uncertainties in our determination of A and >.1 originate from the 

reliability of quark-hadron duality at the scales corresponding to the limits in the 

integrals defining R1 ,2 , from order (AQco/mb)3 corrections, and from higher order 

perturbative corrections. Concerning duality, note that Ee ~ 1.5 GeV and 1. 7 GeV 

(in the lab frame) correspond to summing over hadronic states X with masses below 

3.6 GeV and 3.3 GeV, respectively. These scales are likely to be large enough to trust 

the OPE locally. This is supported by the fact that a modified ratio that differs from 

R 2 only in that the integration limit in the numerator is changed from 1. 7 Ge V to 

1.8 GeV yields a parallel band that overlaps with that corresponding to R 2 • Using 

this variable and R1, the central values for A and >.1 become A= 0.47 GeV and >.1 = 

-0.26 Ge V2
• (The assumption of local duality becomes less reliable using 1.8 Ge V.) 

For higher moments theoretical uncertainties increase, and they are sensitive to an 

almost identical combination of A and .\1 as the first moment, R 1 . For example, 

the normalized second moment (with Ee> 1.5 GeV) gives a band that overlaps with 

that from R 1 , and together with R 2 yields the central values A = 0.39 GeV and 

>. 1 = -0.19 GeV2
. Perturbative corrections of order a; and order a 8 (AQco/mb) 2 

have not been computed. However, the computation of a;f30 corrections has recently 

become available [47]. According to Ref. [47], taking into account terms of order a;f3o 
- - 2 

shifts the extracted values of A, .\1 to A = 0.33 Gev, .\1 = -0.17 GeV . If we assume 
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that a;j30 corrections dominate the full order a; corrections, 2 , this implies that the 

latter do not introduce a significant uncertainty. 

In order to take the uncertainties from the higher order matrix elements into 

account, we equate the expressions for R 1,2 , Eqs. ( 4.36,4.37), to the experimental 

values using IVub/Vcbl = 0.08, a 8 = 0.22. The familiar relation of the HQET matrix 

element .\2 to the mass splitting between B and B* mesons has to be extended to 

include the 1/m~ contributions. Using Eq. (2.14) to express the quark mass through 

the meson mass and A, we find 

( 4.40) 

where H = B or D, and ,.,;(mQ) = (as(mQ)/as(mb)) 3lf3o takes account of the scale 

dependence of ,\2 • We can use the B - B* and D - D* mass splittings flmB, flmn 

to extract the numerical value of some of the HQET matrix elements: 

P2 - 72 - 74 

flmBm1 - flmnm'b 
2(mB - ,.,;(mc)mn) ' 

,.,;(mc)m1flmB(mn +A) - m'bflmn(mB +A) 
mB +A - ,.,;(mc)(mn +A) 

( 4.41) 

Eq. (4.41) yields ,\2(mb) = 0.120GeV2. Using Eqs. (4.41) to eliminate .\2 and p2 

yields the extracted values of A, ,\1 in the form 

( 4.42) 

Dimensional analysis suggests that the higher order matrix elements are all of 

order A~c0 , which can be used to make a quantitative estimate of the uncertainties 

in the extraction of A, ,\1 . We vary the magnitude of p1 , Ti - 74 in Eqs. ( 4.42) 

independently in the range 0 - (0.5Ge V)3, taking p1 to be positive, as indicated 

by the vacuum saturation approximation (see below), but making no assumption 

2This assumption is supported by the results of Refs. [27, 52], where the full two-loop corrections 
to df/dq 2 were computed both at maximum and zero q2 . It turns out that in both cases order a;f3o 
corrections provide a good approximation to the full result . 
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about the sign of the other matrix elements. Using the central values for R~~f we 

find that A, A1 can lie inside the shaded region in Fig. 4.3. This corresponds to 

A = 0.45 ± 0.3 GeV, A1 = -0.25 ± 0.35 GeV2
• Clearly the theoretical uncertainties 

dominate the accuracy to which A, A1 can be extracted. 

The situation can be improved if we have some independent information on some 

or all of the higher dimension matrix elements. This requires either more experimental 

input or theoretical estimates of these matrix elements. p1 can be estimated in the 

vacuum saturation approximation [53, 54, 9, 45, 55, 35], p1 = (27ra5/9)mBf~. The 

numerical value obtained this way is rather uncertain. Taking a 5 = 0.5 and f B = 
270 Me V for purposes of illustration, we find p1 c::: 0.13 Ge V3

. 3 No similar estimates 

exist for the other dimension-six matrix elements. p2 vanishes in any non relativistic 

potential model, which may be taken as an indication that it is small relative to 

the other matrix elements. No estimates that go beyond dimensional analysis are 

available for the time ordered products. 

The cross hatched region in Fig. 4.3 shows the range of A, A1 one obtains from 

setting p1 = 0.13 GeV3 and p 2 = 0 and varying the magnitude of the other matrix 

elements in the range 0- (0.5GeV)3. The previously extracted values of A, A1 are not 

excluded by this choice of P1,2-

Fig. 4.3 seems to suggest that 1/m~ corrections are anomalously large. However, 

this is not the case. Rather, this method of extracting A, A1 is especially sensitive to 

higher order nonperturbative corrections because the constraints obtained from R 1 

and R2 give almost parallel bands in the A - A1 plane. Thus small uncertainties in the 

theoretical expressions for R 1 ,2 result in large uncertainties in the extracted values 

of A, A1 . Put differently, Fig. 4.3 means that we are able to determine accurately 

one linear combination of A and A1 , while the orthogonal linear combination is only 

weakly constrained by the data. In the next chapter we will see that the rare decay 

B -t Xs/ provides a way to extract a vertical band in the A- A1 plane, but at present 

the experimental data does not allow a quantitative analysis. 

3 A value for p1 can also be obtained from small velocity sum rules [55], but this estimate suffers 
from large uncertainties as well. 
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Figure 4.3: Extraction of A, ,\1 . Cross and ellipse show the values of A, A1 extracted 
without 1/mg corrections but including the experimental statistical error. Shaded 
region: Higher order matrix elements estimated by dimensional analysis. Cross­
hatched region: P1 = 0.13GeV3

, P2 = 0. 
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To make the best use of our results one could optimistically assume that A = 0.5 ± 

0.1 GeV, as QCD sum rules suggest [13]. 4 Then Fig. 4.3 implies >. 1 = -0.3±0.2 GeV2. 

It is amusing that this value for >.1 lies exactly halfway between the two existing QCD 

sum rule extractions [13, 14]. However, we prefer to use the more conservative range 

for A and >.1 stated in the paragraph following Eq. ( 4.42). 

Let us apply the obtained estimates of A and >.1 to the extraction of I Vcb I from the 

total rate of the B -----+ Xcfv decay. The expression for the total semileptonic rate is 

obtained by combining Eqs. ( 4.29-4.31) with the perturbative order a 8 correction from 

Ref. [39]. It is known that order a;/30 corrections to the total rate are substantial [28], 

therefore we include them as well. Expanding the result to order 1/m1 yields 

r 

( 4.43) 

Inverting this relation with respect to IVcb I we obtain 

IVcbl = (42.l ± 2.6(theor)) x 10-3 (Br(B-----+ Xcfil) 1.59ps)1/2' 
0.104 TB 

( 4.44) 

where TB is the B lifetime (we do not distinguish between charged and neutral B 

mesons). To get this formula we expressed A and >.1 as functions of R~xp, R~xp, p1, 

Ti - 4, as in Eq. ( 4.42). To be consistent, we included in Eqs. ( 4.36,4.37) corrections 

of order a;/30 computed in Ref. [47]: 

8Ri[GeV] = -0.082a;~o, 
7l' 

c a;f3o uR2 = -0.098-2- . 
7l' 

( 4.45) 

However, the numerical impact of these terms is very small. The "theoretical" 

4The QCD sum rules for A seem to be on a much firmer ground than QCD sum rules for >.1: see 
Refs. [13, 14] . 
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error m Eq. (4.44) has several sources: (i) varymg the magnitude of the matrix 

elements pi, Ti - 'h in the range 0 - (0.5 GeV)3
, with p1 taken to be positive; 

(ii) the experimental error in the values of R 1 , R 2 ; (iii) the uncertainty from ne­

glecting higher order perturbative corrections in Eq. ( 4.43), which was taken to be 

half of the a;/30 correction. All these uncertainties have comparable size. Taking 

Br(B -t Xefv) = (10.43 ± 0.24)%, TB = 1.59 ± 0.06ps [8], we get 

IVcbl = (42.l ± 2.2(exp) ± 2.6(theor)) x 10-3
. ( 4.46) 

Comparing this result with the value obtained from exclusive decays, Eq. (3.30), we 

see that they are marginally compatible; the corresponding x2 is about 2.3. Their 

average computed according to the "PDG rules" is 

( 4.4 7) 

Let us also translate the range obtained for A, ,\1 into the range for the quark 

pole masses and MS masses. Eq. (2.15) yields the difference between the quark pole 

masses, mb - me = 3.38 ± 0.09 GeV, where the uncertainty due to terms of order 

A~cn/m~ was estimated as (0.5GeV)3 /m~ c::: 0.03 GeV. The quark pole masses are 

mb = 4.84 ± 0.33 GeV, me = 1.46 ± 0.42 GeV. The MS masses to order a;/30 can be 

computed using the formula [56] 

( 4.48) 

The result is mb(mb) = 4.05±0.27 GeV, me(me) = 0.90±0.25 GeV. We used as(mb) = 

0.22, as(me) = 0.39. The central value for mb(mb) is in good agreement with the 

lattice determinations mb(mb) = 4.17 ± 0.06 GeV and mb(mb) = 4.0 ± 0.01 GeV [57]. 
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Chapter 5 Photon spectrum in the 

inclusive B ~ X 8 "( decay 

5.1 General setup 

"For a Snark's a peculiar creature, that won't 

Be caught in a commonplace way. 

Do all that you know, and try all that you don't: 

Not a chance must be wasted to-day." 

Lewis Carroll [1] 

The inclusive B ----t Xs / decay has received a lot of attention in recent years 

[58, 59, 60, 61, 62, 63], primarily due to its sensitivity to physics beyond the Standard 

Model (SM) [59, 62, 63]. Like any other flavor changing neutral current process, it can 

only arise at one-loop level in the SM, and therefore possible new physics can yield 

comparable contributions. However, the recent CLEO measurement [64] excludes 

significant deviations from the SM. 

Since the b quark is heavy compared to the QCD scale, the inclusive B ----t Xs / 

decay rate can be calculated in a systematic QCD-based expansion [19, 65], modulo 

some caveats [66]. The decay rate computed in the mb ----t oo limit coincides with the 

free quark decay result. Corrections can then be included in an expansion in powers 

of l/mb and a 5 (mb)· 

In this chapter we show that the moments of the photon spectrum can be ob­

tained to order a 5 accuracy by a relatively simple calculation [67]. We evaluate these 

corrections for the first two moments of the photon spectrum. Since B ----t Xs / is 

a two-body decay at the quark level (at leading order in a 5 ), the photon spectrum 
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is monochromatic in the spectator model. Therefore, the moments are also sensi­

tive to the nonperturbative corrections in the heavy quark expansion. They provide 

a model-independent determination of the matrix elements A and Ai of the Heavy 

Quark Effective Theory. 

The B ~ Xs / decay in the standard model is mediated by penguin diagrams. The 

QCD corrections to this process form a power series in the parameter lYs ln( Mfi,, I mn' 
which is too large to provide a reliable expansion. Therefore, it is convenient to in-

tegrate out the virtual top quark and W boson effects (and possible new physics) 

at the W scale, and sum up the large logarithms using the operator product expan­

sion and the renormalization group. We work with the operator basis and effective 

Hamiltonian of Ref. [59] 

(5.1) 

where 

(5.2) 

Here a and f3 are color indices, and A~,a are Gell-Mann matrices. Only the operators 

whose Wilson coefficients are of order unity are listed; the coefficients C3 - C6 of the 

four-quark operators 0 3 - 0 6 are about an order of magnitude smaller, since they 

arise only due to operator mixing. As the matrix elements of all operators except 01 

contain an overall factor of a 8 (once we use the "effective" Wilson coefficients [62] 

defined below), we shall neglect 0 3 - 0 6 . This is a very good approximation; for 

example, the contribution of the operators 0 3 - 0 6 to the total rate does not exceed 

0.03% [68]. Furthermore, the operator Oi does not contribute to the decay rate at 

one-loop level because of its color structure. Thus we only have to consider 02, 01 

and 0 8 . (When we consider nonperturbative effects, we should also include Oi.) 

The coefficients Ci are known to next-to-leading order in a 8 [61]. For our purposes 

it is sufficient to summarize the results for the coefficients of the effective Hamiltonian 
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in the leading logarithmic approximation, for which we adopt the scheme independent 

definitions of Ref. [62]. In the Standard Model C2 (Mw) = 1, 

3x3 
- 2x2 -8x3 

- 5x2 + 7x 
4(x-1) 4 lnx+ 24(x-1)3 

Cs(Mw) 
-3x2 -x3 + 5x2 + 2x 

4(x - 1)4 lnx + 8(x - 1)3 
(5.3) 

where x = mUM'fv. At a low scaleµ, these coefficients become 

~ ( T/6/23 + T/-12/23) c2(Mw), 

T/16/23 C7(Mw) + ~ ( T/14/23 - T/16/23) Cs(Mw) + C2(Mw) th; T/a;' 
i=l 

5 

TJ
14123 Cs(Mw) + C2(Mw) ~9iT/b;, 

i=l 

(5.4) 

where TJ = as(Mw )/as(µ), and the numerical values of the h;'s, g;'s, a;'s, and b;'s can 

be found in Ref. [62]. The scale is usually chosen to be µ = mb, and one estimates 

the uncertainties related to the unknown higher order terms by varying µ, typically 

between mb/2 and 2mb. However, our results will be scale independent to order as, 

so this is not going to be a large uncertainty. 

Since experimentally one needs to make a lower cut on the photon energy, we 

define moments of the photon spectrum as 

(5.5) 

Here E;;iax = [M~ - (MK+ M1r )2]/2MB is the maximal possible photon energy. 

Let us show that in order to compute the moments of the photon spectrum to 

order as it sufficient to use the coefficients C2 , C7 , C8 in the leading logarithmic ap­

proximation. To illustrate our argument, we denote schematically the contribution of 

a given operator O; to then-th moment of the spectrum by (O;)n· Then the moments 
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Mn may be rewritten as 

M ,...., I c;tr (01 )n + c;tr (Os)n + C2(02)n1
2 

n C7ef£ (01)0 + Cseff (Os)o + C2 (02)0 

For i =/:- 7, the contributions (O;)n are of order a 8 • The reason for this is that in 

the scheme independent approach of Ref. [62] the order a~ contributions from the 

four-quark operators 0 1 - 0 6 are absorbed into C7 , Cs. Therefore, to determine the 

NLO corrections to Mn, one has to take into account the order O'.s contributions from 

(02)n, (Os)n, as well as the contribution from (07 )n to order 0'.8 • It is sufficient to 

know the Wilson coefficients C; only to leading log accuracy. 1 

The other important observation is that the virtual corrections to the matrix el­

ements of the operators 0 2 , 0 7 , Os do not contribute to the moments of the photon 

spectrum at order as. The reason is that the virtual corrections to the photon spec­

trum yield only terms proportional to 8(E-y - E:;ax), and therefore they contribute 

equally to the numerator and the denominator of Eq. (5.5). Thus, these contribu­

tions cancel to order as in the moments Mn. Consequently, only the Bremstrahlung 

corrections have to be computed. 

5.2 Order a 8 perturbative corrections 

In this section we study the perturbative corrections to the photon spectrum in the 

free quark decay, or parton, model. As discussed in more detail in the next section, 

the nonperturbative corrections to the parton model are suppressed by 1/m~,c · 

Following Ref. [69] the strange quark mass is kept finite to regularize collinear 

divergences . We use the MS subtraction scheme, Feynman gauge, and dimensional 

regularization for infrared and ultraviolet divergences, and phase-space integrals as 

1The fact that one needs to know C; only to the leading log accuracy to compute the moments 
at order a, was emphasized in Ref. [67] because at that time the NLO computation of C; was not 
available. 
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well. The quantity that is simple to calculate in perturbation theory is 

1I(xn -1) dfFQDM dx 
£ ( ) xo dx umn Xo = l df , 

1 FQDM dx 
xo dx 

(5.7) 

where f FQDM denotes the decay rate in the free quark decay model, and the dimen-

sionless parameters 
2E-y 

x=----
(1 - r) mb ' 

m2 
r= _s 

m2 
b 

(5.8) 

were introduced. The variable x corresponds to E-y/ E;'ax in the free quark decay 

model. The definition (5.7) makes it apparent that the functions 8mn(xo) are propor­

tional to O:s and that they are not affected by corrections proportional to 8(1 - x) at 

this order. In the next section we shall discuss how to relate 8mn to the experimentally 

measurable moments Mn. 

It turns out that near the end point of the photon spectrum only the operators 

02 and 0 7 are important [69, 67]. We are mainly interested in the experimentally 

accessible region of the photon energy, which is above 1.8 GeV. Therefore 0 8 will be 

neglected altogether in what follows. 2 

The contributions coming from the square of 0 2 and the interference of 02 and 

01 are regular functions of the photon energy, and their explicit form can be found in 

Refs. [69, 68]. The only singular (and numerically the most significant) contribution 

to the the free quark decay rate f FQDM at order O:s Comes from the Operator 07 alone. 

In the r ---+ 0 limit this contribution reads 

df77 

dx 
fo [m~~)r { [1- o:~~F (5 + ~7r2 

-2ln :!)] 8(1- x) (5.9) 

+ O:s CF [1 + x - 2x2 - 2(1 + x) ln(l - x) - (-7- + 4 lnil - x)) ] } , 
471'" 1 - x - x + 

2 Away from the end point the contribution of 0 8 becomes significant, and even dominates the 
spectrum below about 1.2 Ge V [70). 
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Xo = 0.91 Xo = 0.83 Xo = 0.75 
8m1(xo) r = 4 · 10-4 -0.014 -0.020 -0.025 

r = 1·10-2 -0.012 -0.017 -0.020 
8m2(xo) r = 4 · 10-4 -0.028 -0.040 -0.046 

r = 1·10-2 -0.023 -0.032 -0.038 

Table 5.1: Central values of 8m1 (x 0 ) and 8m2 (x 0 ) for two different values of ms. 
r = 4 · 10-4 corresponds to ms = 100 MeV, while r = 1 · 10-2 corresponds to a 
constituent quark mass ms = 500 MeV. For mb '.:::::'. 4.8 GeV, x 0 = 0.91, xo = 0.83 and 
xo = 0.75 correspond to E 0 = 2.2 GeV, E 0 = 2.0 GeV and E 0 = 1.8 GeV, respectively. 

where CF= 4/3 for SU(3), and 

(5.10) 

We only explicitly presented the corrections in the r -+ 0 limit, but we included the 

r-dependent terms in our numerical results. The (!( x) )+ distribution corresponding 

to the function f ( x) acts on a test function g( x) as 

fo 1 

(J(x))+ g(x) dx = fo 1 

f(x) [g(x) - g(l)] dx. ( 5.11) 

The a 3 correction in Eq. (5.9) modifies the prediction for the total decay rate by 

about 15%, while it affects the first two moments of the photon spectrum, M1 and 

M 2 , by less than 3% and 5%, respectively. Our numerical results for 8m1 and 8m2 , 

including the contribution of 0 2 , are shown in Table 5.1. 

When evaluating these corrections, it has to be kept in mind that the perturbative 

expansion becomes singular in the photon end point region, and a resummation of 

the perturbative corrections may be required. Since we are interested in the moments 

Mn for small n, and since the exponent of the Sudakov factor that suppresses the 

spectrum near the end point [71] becomes of order unity only around x ,....., 0.99, our 

calculation is consistent without taking these effects into account. 
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5.3 Nonperturbative corrections 

The problem of computing nonperturbative corrections to the inclusive B ---t Xs/ 

decay is a subtle one. Although it has been extensively discussed in the literature [65, 

66], a complete understanding of the nonperturbative effects is still lacking. Here we 

limit ourselves to the most elementary discussion. 

It is easy to include the leading nonperturbative contributions if only the operator 

0 7 is retained [65]. Then the moments of the photon spectrum can be evaluated using 

OPE and the hypothesis of local quark-hadron duality, along the lines of Section 2.2. 

One considers the expectation value of the time-ordered product 

where q2 is fixed to zero. The analytic structure of T( q · v) is shown in Fig. 5.1. 

The total decay rate and the moments of the photon spectrum can be obtained by 

integrating the product of T( q · v) with an appropriate smooth weight function along 

the contour C in Fig. 5.1. As usual, away from the cut T can be computed using 

the OPE. If the point q · v = Ea where the contour approaches the cut is far away 

from the end point, q · v = E;'ax, the use of the OPE near q · v = Ea can be 

justified by the local quark-hadron duality. The upshot is that the moments of the 

photon spectrum in Eq. (5.5) are calculable provided Ea is sufficiently small. Here 

"sufficiently small" means that the invariant mass of the corresponding hadronic final 

state, mx,(Ea) = JmB(mB - 2Ea), must be much larger than Aqco -

The OPE computation of the B ---t Xs/ decay in the HQET framework was first 

performed in Ref. [65]. As expected, the leading contribution is given by the parton 

model result, while the leading nonperturbative corrections are parametrized by the 

HQET matrix elements ..\1 and ..\ 2 • Again we present the resulting corrections to the 

photon spectrum only in the r ---t 0 limit: 

df =fa (1 +Ai - g_.\2
) [8(1 - x) - Ai+ 3..\2 8'(1- x) - ~ 8"(1 - x)]. (5.13) 

dx 2m~ 2m~ 6m~ 
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c 

Ea 

Figure 5.1: The analytic structure of the time-ordered product relevant for the B---+ 
Xs/ decay. The moments of the photon spectrum with lower limit Ea can be obtained 
by integrating T(q · v) with an appropriate weight along the contour C. 

If the four-quark operators 0 1 and 0 2 are included, the situation becomes much 

more complicated. Strictly speaking, the contribution of 0 1 , 0 2 (including their in­

terference with 0 7 ) cannot be computed in the OPE for the physical value of me. 

If the charm quark were heavier, one could integrate it out, and then use the OPE 

to compute the contribution of 0 1 , 0 2 . This has been done in Ref. [66]. It turns 

out that the leading nonperturbative correction is suppressed only by A~co/m~ and 

is parametrized by a single nonperturbative matrix element >. 2 • Assuming that this 

result continues to hold even for the physical value of me, one can estimate the size of 

this nonperturbative correction to the total B ---+ Xs/ rate. It turns out to be small, 

but not completely negligible: about 3%. Unfortunately, higher order nonperturba­

tive corrections to this result are suppressed only by powers of mbAQco/m~ ,..._, 0.6 [66]. 

This means that they are not much smaller than the leading nonperturbative con­

tribution. The conclusion is that there are uncalculable nonperturbative corrections 

to the B ---+ Xs/ decay of order 2% originating from 0 1 , 02 . One should take this 

estimate with a grain of salt, however, since for the physical values of m e the charm 
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quark cannot be integrated out; in particular, the decay 

B-+J/¢Xs 

L,x 

is kinematically allowed and has a branching fraction an order of magnitude larger 

than what the OPE suggests [66]. 

Without including the order 0:8 corrections discussed in the previous section C;l-nd 

taking into account only the contribution of 0 7 from Ref. [65], one obtains to order 

1/m~ in the heavy quark expansion 

Ms-A 
2 

(5.14) 

In general, the central moments ((Kr - (E'Y) r) for n ~ 2 are proportional to 

>-1 ( mb/2r-2
• Therefore, they can be used, in principle, to measure >. 1 . This is 

not unexpected, since >.1 is the measure of the Fermi motion of the b quark that is 

responsible for the smearing of the photon spectrum. 

The series of the nonperturbative corrections to the moments of the photon spec­

trum, Mn(Eo), is under control if the invariant mass of the final hadronic state cor­

responding to the lower cut E0 is above the resonance region. Eq. (5.13) is only 

related to the experimentally measured spectrum once the theoretical expression is 

smeared over typical hadronic scales. This smearing is provided by taking the mo­

ments Mn(E0 ), provided n is not too large and E0 is sufficiently far from E~ax. Using 

the relation 
M~-M} 

2Ms • = E'Y' (5.15) 

we see that the present experimental signal region of E'Y > 2.2 GeV [64] corresponds 

to Mx. < 2.2 GeV. Even below this scale the widths of the Xs resonances are typically 

larger than their mass differences, and there are no resonances above 2.5 GeV [8]. It 

is still important for the reliability of our analysis to try to lower the experimental cut 
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on the photon energy. For example, Ea = 2 GeV or Ea= 1.8 GeV would correspond 

to Mx. < 2.6 GeV or Mx. < 3 GeV, respectively. Varying Ea provides a check on 

the systematic uncertainties: the extracted values of A and >.1 should be unaffected 

by the variations of Ea once the corresponding hadronic invariant mass is sufficiently 

above the resonance region. 

5.4 Extracting HQET parameters from the mo-

ments of the photon spectrum 

We can summarize our discussion by writing the theoretical prediction for the first 

two moments of the photon spectrum as 

(5.16) 

(5.17) 

~~)]. 
A denotes some QCD scale of order Aqcn or A. To the order these relations are 

accurate, it is consistent to replace mb by MB-A everywhere in Eqs. (5.16,5.17). The 

numerical results for 8m1 (x0 ) and 8m2 (x0 ) are listed in Table 5.1 for three different 

values of Xo. 

The significance of the relation Eq. (5.16) is that it provides a reliable means of de­

termining A. The relation Eq. (5.17) is less useful, since the effect of >.1 on the second 

moment is similar in size to the possible effect of the uncalculable nonperturbative 

corrections from 0 1 , 02. 

The main theoretical uncertainties in this measurement of A are due to nonpertur­

bative corrections from 0 1 , 0 2 and the higher order perturbative corrections to M1. 

The former are of order 2%, as discussed above. The latter are harder to estimate. 

A very naive estimate would be (as(mb)/'rr) 2 ,....., 0.005. However, this does not take 

into account a possible numerical coefficient. Ideally one would like to know the size 
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of order a;/30 corections to the moments, but the corresponding calculation has not 

been performed. Therefore we will assume that higher order perturbative corrections 

are not larger than the order as corrections shown in Table 5.1, i.e., 1 - 2%. Thus 

the total theoretical uncertainty in the value of M1 is about 3%. The corresponding 

uncertainty in A, according to Eq. (5.16), is about 0.15 GeV. 

We would like to emphasize that the left-hand sides of the relations Eqs. (5.16,5.17) 

are measurable at CLEO; in fact, the central values can be extracted from Ref. [64). 

As we do not know the cross-correlations of the errors on the data points, we are 

not in a position to quote numerical values for the experimental uncertainties. From 

the central values of the data, solving the equation Eq. (5.16), we find (with large 

uncertainties) 

A l'V 450 MeV, mb l'V 4.83 Ge V . (5.18) 

This value is in agreement with the QCD sum rule determination of A [13), A = 

0.5±0.1 GeV. It is also consistent with the range of values for A obtained in Section 4.2 

from the analysis of the lepton spectrum in the B ~ Xcffl decay. 

In view of our earlier discussion, it is important to try to expand the experimental 

signal region. On the one hand, the systematic uncertainties inherent in our analysis 

(related to how well the quark-hadron duality holds) can be estimated by varying the 

lower cut on the photon energy, as discussed at the end of Section 5.3. On the other 

hand, expanding the signal region would diminish the sensitivity of the results as to 

whether the Sudakov logarithms at the end point are resummed or not. 

The sensitivity of the moments of the spectrum to new physics is limited by how 

much operators other than 0 7 affect Mn. We found that 0 2 does not contribute to 

8m1 and 8m2 by more than 10% in the SM. Given that the experimental constraint on 

the total decay rate from CLEO excludes large deviations from the SM, we conclude 

that the moments are largely insensitive to new physics. Even if physics beyond the 

SM contributes to the B ~ Xs I decay, the proposed determination of A and A1 is 

likely to remain unaffected. 

We conclude that the measurement of the moments of the photon spectrum in the 
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inclusive B ---t Xs I decay will provide a measurement of A, which in turn will refine 

theoretical predictions for other observables in heavy quark decays . In particular, the 

accuracy of the extraction of the CKM angle IVcb I along the lines of Section 4.2 could 

be improved. 
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Chapter 6 Concluding remarks 

"The rest of my speech" (he explained to his men) 

"You shall hear when I've leisure to speak it. 

But the Snark is at hand, let me tell you again! 

'Tis you glorious duty to seek it!" 

Lewis Carroll [1 J 

We have described two methods of measuring the CKM matrix element IV:bl: 
from the differential rate of the exclusive decay B --t D*fv, and from the total rate of 

the inclusive semileptonic decay B --t Xefil. Both methods are model-independent, 

i.e., based only on the genuine predictions of QCD for the hadronic matrix elements. 

The "exclusive" method has intrinsic theoretical uncertainty of order 3 - 6% coming 

from Heavy Quark Symmetry violations. Zero recoil sum rules can, in principle, 

tell us if these violations are anomalously large. However this requires knowing the 

HQET parameter .X1 , whose value is very uncertain at present. The "inclusive" 

method of measuring I Vcb I can potentially be more accurate. The problem there 

is that the quark masses me and mb, or equivalently the HQET parameters A and 

A1, are still poorly known. As shown in Chapter 4, studying the lepton spectrum in 

the B --t XefiJ decay allows us, in principle, to pin down both of them. In practice, 

the lepton spectrum is sensitive only to a particular linear combination of A and 

.X1 , the "othogonal" linear combination being only weakly constrained by the data. 

Thus our results, A = 0.45 ± 0.3 GeV, .X1 = -0.25 ± 0.35 GeV2
, have rather large 

uncertainties. The corresponding quark pole masses are mb = 4.84 ± 0.33 GeV, 

me = 1.46 ± 0.42 Ge V. (The difference mb - me is known to a much better accuracy: 

mb - me= 3.38 ± 0.09 GeV.) Consequently, the inclusive determination of IV:bl has 

a theoretical uncertainty of about 6% (see Eq. (4.44)). 
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The accuracy of the inclusive determination of I Vcb I could be significantly improved 

if the values of the heavy quark masses were better known. One way to accomplish 

this is to measure the photon spectrum in the inclusive B--+ Xs/ decay near its end 

point. As shown in Chapter 5, the moments of the spectrum are sensitive to the 

HQET parameter A. This measurement could yield a value for mb accurate to within 

150 MeV. The major theoretical uncertainty here is the unknown order a~ corrections 

to the moments. A calculation of the order a~/30 contributions to the moments is, 

therefore, desirable. 

Other methods of extracting heavy quark masses, of course, exist. A very attrac­

tive idea is to use the measurement of the cross-section e+ e- --+ b b near the B fJ 

threshold [15]. However, the data exist only for energies up to 600 MeV above the 

threshold, which makes the comparison of the data with the theory next to impossi­

ble [72]. 

Coming back to the determination of IVcbl , the limiting factor m the inclusive 

measurement is, ultimately, the unknown higher order perturbative corrections for the 

total B --+ XJlJi rate. The presumably dominant part of the two-loop contribution, 

the a;f30 contribution, has been calculated [28], and progress towards a complete 

two-loop calculation has been made [52]. However, one may say with confidence 

that computing order a~ corrections will remain beyond human capabilities for years 

to come. The theoretical uncertainty in the value of IVcbl coming from the latter 

corrections is about 2%. Thus, optimistically, one may hope to reduce the current 

error bars by a factor of three. 
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