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ABSTRACT

Communication over a point-to-point link is relatively well understood. How-
ever, when such a link is part of a larger network, our understanding is far
from complete. Nonetheless, progress in this area has important consequences

in both the theoretical and practical aspects of communication networks.

In this work, we focus on the role of a single link in networks that in addition
to point-to-point links, contain “multi-terminal components.” An example of
a network consisting of a single multi-terminal component is the uplink in
a wireless communication network where multiple transmitters communicate
with a single receiver over a shared medium. We demonstrate the existence
of a class of such networks where a finite capacity link results in a rate gain
for each source that far exceeds the capacity of that link. This is an example
of a “network effect”: the phenomenon where a resource, here link capacity, is
significantly more valuable in a network than in isolation. Here we measure
the “value” of the finite capacity link by the sum-capacity gain per source that

it enables.

The central idea behind the construction of networks that exhibit such effects
is the introduction of a node, referred to as the “cooperation facilitator” (CF),
that allows other network nodes to work together to reduce interference. In
the setting of the classical multiple access channel (MAC), an example of
a CF is a node that receives rate-limited information from each transmitter
and broadcasts rate-limited information back to the transmitters through a
common bottleneck link. Let the “cooperation rate” be the capacity of the
CF bottleneck link. We show that for a class of MACs, the presence of a CF
leads to a sum-capacity gain that, as a function of the cooperation rate, has
an infinite slope at cooperation rate zero. This means that the bottleneck link
of the CF is significantly more valuable in some networks than in isolation.
This class of MACs includes well-known examples such as the Gaussian MAC
and the binary adder MAC.

In addition to sum-capacity gain, cooperation under the CF model also im-
proves reliability. Specifically, in the case of the MAC with two transmitters,
whenever the CF has full access to both messages, the maximal- and average-

error capacity regions coincide. This effect is observed even when the coop-



viii
eration rate is “negligible”; that is, the cooperation rate grows sub-linearly in
the number of channel uses. An implication of this result is the existence of a
network whose maximal-error sum-capacity is not continuous with respect to
the capacities of its edges; this means that in some networks, even a negligible

cooperation rate leads to a positive sum-capacity gain.
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Chapter 1

INTRODUCTION

Communication networks play an increasingly important role in our society.
While demand is growing, the resources used to meet those demands (e.g.,
bandwidth and power in wireless communication) are not. This leaves us
with one possible solution: we have to use network resources as efficiently as

possible.

One way to increase efficiency is to allow network nodes to work together,
or “cooperate.” Through cooperation, over-constrained regions of the network
can take advantage of the resources available in less constrained regions. This
results in a reduction in interference and thus an increase in throughput at a

given power.

There are many ways network nodes can cooperate. In fact, many well-studied
mechanisms such as feedback or relay nodes can be thought of as cooperative
designs |1]. Here we consider cooperative strategies that are enabled through
finite capacity noiseless links among network nodes. Such designs can take two
possible forms: direct and indirect. (See Figure ) Our focus is on indirect

cooperation.

A simple instance of indirect cooperation is the scenario where two or more
nodes are connected via a pair of incoming and outgoing links to a common
node, which we refer to as a “cooperation facilitator” (CF). Each node sends
some information to the CF; using this information, the CF then helps each
node improve its transmission rate. The amount of information sent and re-

ceived by the CF is limited by the capacities of its input and output links.

1.1 The Cooperation Facilitator

We begin by considering cooperation in a network consisting of two encoders, a
CF, a multiple access channel (MAC), and a decoder. In this network, the aim
of each encoder is to transmit its message to the decoder with small probability

of error.

For i € {1,2}, encoder i sends rate-limited information to the CF over a link

of capacity C!{ . The CF, using the information it receives from the encoders,



Figure 1.1: Left: Cooperation model where nodes A and B communicate
directly. Right: Cooperation model where nodes A and B communicate indi-
rectly through a third party C.

sends rate-limited information back to encoder i over a link of capacity C? ,.
The communication between the CF and the encoders can continue for a finite
number of rounds, where in each round, both the CF and the encoders may
use any information received in prior rounds. A CF with input link capacities
Ci, = (CL,C2) and output link capacities Coy = (CL,, C?

in’ out’ ~out

a (Cin, Cout)-CF. (See Figure[1.2])

Once the communication between the encoders and the CF is complete, each

) is referred to as

encoder, based on its message and the information it receives from the CF,
transmits a codeword over the MAC. Upon receiving the output, the decoder

seeks to find the transmitted messages.

In this work, we consider two benefits of cooperation: rate and reliability. We

discuss each separately below.

1.2 Rate Benefit
To measure the rate benefit of cooperation, we calculate the sum-capacity
gain resulting from cooperation. Sum-capacity is the maximum of the sum of

transmission rates for all sources.

Our aim is to understand how the sum-capacity of a network consisting of a
MAC and a (Ci,, Cout)-CF depends on (Cjy,, Coyt). As we show in Chapter ,
however, we observe the most interesting behavior of sum-capacity when we

fix Cj, € R2, and study it solely as a function of Coys.

To guide our study, we briefly discuss prior work. When C,,; = 0, no coop-
eration is possible, and the sum-capacity is obtained from the capacity region
of the classical MAC as derived by Ahlswede |2], [3] and Liao [4]. The sum-

capacity of this setting serves as a baseline for measuring the rate benefit of
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Figure 1.2: The network model for the MAC with a (Cj,, Coy)-CF. Here w;
and wy are the messages, n is the blocklength, X7 and X7 are the codewords,
and Y" is the MAC output.

cooperation; specifically, the “cooperation gain” is defined as the difference
between sum-capacity in the presence of cooperation and the sum-capacity of
the classical MAC.

While our aim is to understand indirect cooperation, the direct cooperation
model of Willems [5], referred to as the “conferencing encoders model,” proves
important for our study. In Willems’ model, which was also originally intro-
duced for the MAC, the encoders are connected via directed links of capacities
C12 and Cy. The main contribution of [5] is that it determines the capacity
region of this setup. (See Figure [1.3])

Using Willems’ region [5], we see that the sum-capacity gain of (Cia, Ca;)-
conferencing is bounded from above by C\5 + Cy;, which is the total amount

of information the encoders receive per time step as a result of cooperation.

In the CF setting, the encoders receive a total of C1  + C2 . bits per time step
in the cooperation process. Does a result similar to conferencing hold in this
case? That is, does there exist a universal constant K, independent of the

MAC, such that the sum-capacity gain is always bounded from above by

K(C!

out

+C2.)? (1.1)

In Chapter [2| we demonstrate that no such universal constant exists; that is,
for to be an upper bound for the sum-capacity gain, K must depend on
the MAC. This is done by constructing a sequence of MACs where for the mth
MAC in the sequence, setting

1 _ 2
Cout - C(out

= log (mlogm)
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Figure 1.3: Network model for the MAC with (Ci2, Co)-conferencing [5].

leads to a sum-capacity gain that is linear in m.

In Chapter 3] we extend the ideas of Chapter [2]in a number of directions. First,
we consider the more general setting where for some k > 2, there are k encoders
in our network. The encoders are all connected to a (Ciy, Coy )-CF, where Cy,
and C,,; are vectors in Réo- Second, we give a single-letter representation of
a class of MACs for which the sum-capacity gain is not bounded by any linear
function of C,y. In addition, this class of MACs includes many well-known
channels, such as the Gaussian MAC |6].

Even though a simple coding strategy suffices for the purposes of Chapter[2], we
require random coding arguments in Chapter[3] In addition to techniques from
Ulrey [7], who extended Ahlswede’s and Liao’s results to the k-user MAC, we
apply a coding strategy due to Marton [8]. While Marton initially developed
this coding strategy for the broadcast channel, it is particularly well-suited
for the MAC in the presence of a CF. In fact, this is the strategy that is

responsible for the large sum-capacity gain mentioned earlier.

In Chapter [, we return to the setting of the 2-user MAC. Here we also study
the sum-capacity gain, but in the presence of “channel state information” at
the encoders and the decoder. This model is especially important as it arises
in applications such as wireless communication with fading [9]. Our work in

this chapter relies on prior work by Jafar [10] and Permuter, Shamai, and
Somekh-Baruch [11].

Based on the encoder cooperation gain we demonstrate here, it is natural
to ask whether in networks with multiple decoders, a similar gain is possible
through decoder cooperation. The answer is negative; in particular, in the two-

receiver broadcast channel, decoder cooperation via a (Ciy, Cout)-CF cannot
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increase the sum-capacity by more than C2  +C2 . This limitation of decoder

out*

cooperation first appears in the work of Jalali, Effros, and Ho [12]. We provide

a more detailed discussion of this result in Appendix [D]

1.3 Reliability Benefit

In Chapter [5, we study the reliability benefit of cooperation.! The reliability of
a code is a measure of the distribution of the error probabilities of the message
vectors; in particular, we say that a code with small maximal probability of
error is more reliable than a code with the same rate that has small average

probability of error.

In Shannon’s original work [14], which marks the beginning of information
theory, the capacity of a point-to-point channel is defined as the supremum
of all rates that are achievable with small maximal probability of error. In
[14], Shannon defines the average probability of error as well, and proves that
the capacity of a point-to-point channel is the same under both maximal and

average probability of error constraints.

Three decades after Shannon, Dueck [15] demonstrated that Shannon’s result
does not extend to networks; specifically, Dueck constructed a MAC for which
the maximal-error capacity region is strictly contained in the average-error
capacity region. More than a decade later, however, Willems [16] proved that
Shannon’s result does extend to the broadcast channel; that is, the broadcast

channel maximal- and average-error capacity regions coincide.

Given the results of Shannon [14], Dueck [15], and Willems 16|, one may won-
der where the MAC with rate-limited encoder cooperation lies; that is, what
is the relationship between the average- and maximal-error capacity regions of
the MAC with a CF? We answer this question in Chapter [5 Specifically, we
show that in the case where the CF has full access to the encoders’ messages,
the maximal- and average-error capacity regions are the same as long as the
capacities of the CF output links are positive. So in this scenario, our result
falls in line with Shannon [14] and Willems [16].

In the case where the CF only has partial access to the messages, however,

using Dueck’s construction [15], we show that the maximal-error capacity re-

'We remark here that our use of the term “reliability” differs from prior work in the liter-
ature where “reliability” is used to describe the rate of decay of the average error probability
of a sequence of codes with strictly increasing blocklength |13} p. 160].
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gion is not necessarily equal to the average-error region. Nonetheless, there
is still a reliability benefit, but the maximal probability of error constraint is
too strict for its description. To address this problem, we define a family of
error probability constraints that lie between the maximal and average error
probabilities. We discuss this idea in detail in Chapter [5

1.4 The Edge Removal Problem

Our work here is strongly motivated by results from the network coding lit-
erature. The network coding literature studies networks that solely consist of
noiseless links of finite capacity [17]. The determination of the capacity region
of such networks is open in general; in fact, even the impact of a single edge

on the capacity region, which we next discuss, is unknown.

The “edge removal problem” [12], |18]-[20] is the problem of determining the
effect of removing a finite capacity edge from a network. For simplicity, we
focus on the effect of removing an edge on sum-capacity rather than on the
entire capacity region. In the study of this problem, various versions of the
“edge removal property” are introduced to capture the effect of edge removal in
different networks. In this work, we encounter the following three variations.
Note that our definitions for the weak and strong edge removal properties are

consistent with [21].

In the following definitions, consider a network A/ and an edge e in N of
capacity 0. Each variation of the edge removal property is defined for the
fixed pair (N,e). We say the network N satisfies a certain edge removal
property if for all edges e of N/, the pair (N, e) satisfies that property.

1.4.1 The Weak Edge Removal Property
The pair (N, e) satisfies the “weak edge removal property” if the sum-capacity

of NV is continuous in § at § = 0.

The first study of the weak edge removal property appears in the work of Gu,
Effros, and Bakshi [18]|, who conjecture that any network consisting solely of
noiseless links satisfies this property. A similar conjecture also appears in the
work of Chan and Grant [19].



1.4.2 The Strong Edge Removal Property

The pair (N, e) satisfies the “strong edge removal property” if there exists a
constant K > 0 such that for all § > 0, removing e from N reduces the
sum-capacity of N by at most Kd.

Lee, Langberg, and Effros |22] demonstrate that this property holds for the

linear programming bounds given by Yeung [23].

1.4.3 The Universal Edge Removal Property

This property is similar to the previous definition, with the difference that
the constant K equals the number of sources. Formally, (N, e) satisfies the
“universal edge removal property” if removing e reduces the sum-capacity by
at most

(the number of sources of A') x 4.

Ho, Effros, and Jalali introduce this property in [12], [20]. The intuition behind
their definition is that each source can send at most ¢ bits of information over
an edge of capacity d; thus the removal of this edge should not affect the rate of
each source by more than § bits. Among other examples, they prove that this
property holds for networks with co-located sources, networks where cutset
outer bounds fully characterize the capacity region, and networks where linear

codes achieve the capacity region.

1.4.4 Edge Removal and Other Open Problems

In addition to being a fundamental question in the research on network capac-
ity, the edge removal problem is also related to a relatively large collection of
problems that are either equivalent to or are implied by some variation of the

edge removal property. We next mention some of these problems.

Gu and Effros [24], [25], and more recently, Kosut and Kliewer [21], establish
connections between different variations of the edge removal property and
strong converse results. In [26|, Langberg and Effros study the connection
between the edge removal problem and the zero- and e-error network coding
capacity regions. In 27|, the same authors study the connection between the
edge removal problem and the network source coding problem for dependent
sources. Connections between the edge removal problem and a number of
other problems in network coding are further explored by Wong, Effros, and
Langberg [28]-[30].



1.4.5 Edge Removal in Noisy Networks.

“Noisy networks” are networks that in addition to point-to-point channels and
noiseless links, also contain multi-terminal components such as the MAC or
the broadcast channel. This definition is motivated by the fact that in any
network, noisy point-to-point channels may be replaced by noiseless links of
the same capacity without affecting the network capacity region [31]. In this
work, we mainly consider the edge removal problem in noisy networks. This
additional freedom allows us to settle problems that to date are still open in

the network coding domain.

Specifically, in Chapter [2, we give an example of a network that does not
satisfy the universal edge removal property. On the other hand, in Appendix
D] we show that in any network, any ingoing edge of a node that has no
outgoing edges satisfies the universal edge removal property. In Chapter [3]
we extend the results of Chapter [2 by constructing a class of networks that
do not satisfy the strong edge removal property. In Chapter [§ we exhibit a
class of networks that do not satisfy the weak edge removal property. Despite
this, the results in Chapter |5 are not stronger than those in Chapter [3| This
is due to the fact that the counterexample in Chapter 5| is with respect to
the mazimal-error capacity region whereas Chapter [3] is concerned with the
average-error capacity region. Our example in Chapter [2| however, applies to
both the maximal- and average-error capacity regions. Finally, in Appendix
[C] we show that the network consisting of any MAC with a CF that has
access to both messages does satisfy the weak edge removal property with
respect to the average-error capacity region. The following table indicates, for
a given variation of the edge removal property and capacity region definition,

the chapter with the most relevant result.

Table 1.1: Location of the main result for each variation of the edge removal
property.

weak | strong universal
maximal-error | Ch.[5 | Ch.[5 Ch. 2
average-error App.-@ Ch. |3 | Ch. Bl/App. M




Chapter 2

A SIMPLE EXAMPLE

In this chapter, we study a simplified version of the MAC with CF model where
the CF has access to both messages and communicates with the encoders
through a shared bottleneck link. (See Figure ) Based on this model,
we describe a sequence of MACs with increasing alphabet sizes and set the
cooperation rate for each channel as a function of its alphabet size. We then
show that the increase in sum-capacity that results from cooperation grows

more quickly than any universal linear function of the cooperation rate.

We begin by reviewing the conferencing model and its capacity region as pre-
sented by Willems [5]. We give a formal introduction to the simplified CF
model in Section 2.2

2.1 Conferencing Encoders
Consider the MAC

(-Xl X X2apY|X1,X2(y|x1= IQ)? y) )

where X, A5, and ) are finite sets and py|x, x,(y|z1,z2) denotes the condi-
tional distribution of the output, Y, given the inputs, X; and X,. To simplify
notation, we suppress the subscript of the probability distributions when the
corresponding random variables are clear from context. For example, we write

p(z) instead of px(x).
For every real number a > 1, [a] :={1,..., |a]}.

There are two sources, source 1 and source 2, whose outputs are the messages
Wy € Wy = [2"F1] and Wy € W, = [272]) respectively. The random variables
W1 and W5 are independent and uniformly distributed over their corresponding
alphabets. The nonnegative real numbers R; and R, are called the message

rates.

This material is based upon work supported by the National Science Foundation under
Grant Numbers CCF-1321129, CCF-1018741, CCF-1038578, and CNS-0905615. It origi-
nally appears in [32].
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In the absence of cooperation, each encoder only has access to its corresponding

message. The encoders are represented by the functions

f1n2W1—>X1n
fgn:WQ%X;.

We denote the output of the encoders by 7 = fi,,(w1) and 2§ = fo,(ws).
Let Y™ be the output of the channel when the pair (z7,z%) is transmitted.
Using Y™, the decoder estimates the original messages via a decoding function
gn 2 V" — Wi X Ws.

A (200 2nR2 ) code for the MAC is defined as the triple (fin, fon, gn). As-
suming that the messages are uniformly distributed, the average probability

of error for this code is given by

P = Pr (g.(Y") # (W1, W2)).

The rate pair (Ry, Ry) is “achievable” if there exists a sequence of (2"F1 2nF2 p)
codes such that P™ tends to zero as the blocklength, n, approaches infinity.

The capacity region, %, is the closure of the set of all achievable rate pairs.

For a given capacity region 4 C RQZO, the “sum-capacity,” Cyum, is defined as
Csum = Imax {Rl + R2| (Rl, Rg) € cg} . (21)
In the absence of cooperation [2|-[|4], the sum-capacity is given by

Csum = max [ (X1, X9Y).

p(z1)p(z2)

In the conferencing model, each encoder shares some information regarding
its message with the other encoder prior to transmission over the channel.
This sharing of information is achieved through a K-round conference over

noiseless links of capacities C15 and Cy;. A K-round conference consists of two

sets of functions, {hq1,...,h1x} and {ha, ..., hox}, which for every message
pair (wy,wy), recursively define the random vectors v := (vy1,...,v1x) and
v = (va1,. .., 1K) as

vip = hag(wy, v571)

Vo = haop(wa, vF71)
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for k € [K]. In step k, encoder 1 (encoder 2) computes vyx (ver) and sends it
to encoder 2 (encoder 1). Since the noiseless links between the two encoders

are of capacities Co and Cyq, respectively, we require

K
Z log |V1k| S 71012

k=1

K

Z log [Var| < nCo,
=1

where Vj; is the round-£ alphabet of the conferencing output of encoder i for

i € {1,2} and k € [K]|. The outputs of the encoders, z} and 27, are given by

2y = fin(wi,vy)

n K
Loy = f2n<w27U1 )7
where f1, and f,, are deterministic functions.

Denote the sum-capacity of the MAC with (Ca, Co)-conferencing with
Csum (Ch2, C1).
By studying the capacity region [5|, we deduce
Csum(C12, C1) < Caum(0,0) + Ciz + Cor.

Thus, with conferencing, the sum-capacity increases at most linearly in (C1y, Co1)

over the sum-capacity in the absence of cooperation.

2.2 The Simplified CF Model

In the CF model, cooperation is made possible not through finite capacity
links between the encoders, but instead through a third party, the CF, which
receives information from both encoders and transmits a single description of
that information back to both (Figure . The CF is represented by the

function

gOn:W1><W2—)Z,

where the CF output alphabet Z = [2"°] is determined by the cooperation rate
d. The output of the CF, z = ¢, (wy,wy), is available to both encoders. Each

encoder chooses a blocklength-n codeword as a function of its own message
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X'H.
1
wy —P( encoder 1 )—b
multiple
access  |yn i
channel | decoder R
wWao
P(y|ﬂ?1:$2)
wz—b( encoder 2 )—>
X

n
2

Figure 2.1: Network model for the MAC with a simplified CF. The cooperation
rate is the capacity of the output link of the CF which we denote by 9.

and z and sends that codeword to the receiver using n transmissions. Hence

the two encoders are represented by the functions

f1n2W1XZ—>X1n
Fon s Wh % Z — X

The definitions of the decoder, probability of error, and capacity region are
similar to the classical MAC discussed in the previous section and are omitted.

We denote the sum-capacity of this network by Cyum(9).

Given a pair of functions f,g : Z* — R, we say f = o(g) if lim,,, 0 % = 0.
We say f = wlg) if g = o(f).

For a sequence of MACs

N

{(Xfm) X Xém),p(m)(ylwl,xz),y(m))} :

m

Cb(lTn)l((S) denotes the CF sum-capacity of the mth channel when the cooper-

ation rate is 0. We define the sum-capacity gain of the mth channel for all

cooperation rates 6 > 0 as

G (6) = CLR () — CER(0).
In the next theorem, which is the main result of this chapter, we see that for a
sequence of MACs, the ratio of the sum-capacity gain to the cooperation rate
grows without bound; this demonstrates the existence of a network that does
not satisfy the universal edge removal property. In what follows, log(x) is the

base-2 logarithm of x.
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Theorem 2.2.1. For every sequence of cooperation rates (0,,)>_, satisfying
Om = logm + w(1) and 6,, < m and every € € (0,1), there exists a sequence
of MACs with input alphabets X™ = x™ = [2™], such that for sufficiently
large m,

(3= V5 +4e)m — 6, < G (6,) < M+ Oy

In the above theorem, the choice of ,, is constrained only by 4,, = logm+w(1)
and 9,, < m. For example, for the sequence of MACs in Theorem [2.2.1| a
cooperation rate of §,, = log(mlogm) leads to an increase in sum-capacity
that is linear in m, giving a capacity benefit that is “almost” exponential in

the cooperation rate.

In the next section, we prove the existence of a sequence of MACs with prop-
erties that are essential for the proof of Theorem In Section [2.4], we

show that for the sequence of channels of Section [2.3]

2m — 6 < C™(6,,) < 2m. (2.2)
In Section [2.5] we show
m — 6, < CI(0) < (V5 + 4e — 1)m. (2.3)

Combining these two results gives Theorem [2.2.1]

2.3 Channel Construction

For a fixed positive integer m, the channel
(Xfm) X XQ(m)ap(m)(le@z),y(m))

used in the proof of Theorem m has input alphabets X™ = x{™ = [2m]
and output alphabet

Y = () x X)) U{(B, )}

where “E” denotes an erasure symbol. For each (21, zs,y) € X™ x X™ x
YV pm) (y|ay, 25) is defined as a function of the corresponding entry by, 4, of
a (0, 1)-matrix By, = (bpyzy)> Precisely,

r1,x2=1"

m 1_69019627 lfy: (56'1,1'2)
p( )(y|i51,$2) = (24)
biy s ify=(EF).
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That is, when (x1, 22) is transmitted, y = (21, x2) is received if b,,,, = 0, and
y = (E, E) is received if b,,,, = 1. Thus, we interpret the 0 and 1 entries of
B,, as “good” and “bad” entries, respectively. Let X™ = {1,...,2™}. We
define the sets

OB, = {($17$2)‘bx179&2 = 0}
1p,, = {(21,22)|bsy0r = 1},

to be the set of good and bad entries of X(™ x X respectively.

For every S,T C [2™], let B,,,(S,T) be the submatrix obtained from B, by
keeping the rows with indices in S and columns with indices in 7. For every

x € [2™], let By, (z,T) := B,({z},T) and B,,(S,z) := B,,(S, {z}).

The proof of Theorem requires that B,, satisfies two properties. One
is that every sufficiently large submatrix of B,, should have a large fraction
of bad entries. This property ensures that the sum-capacity of our channel
without cooperation is small (Section . The second property is that every
submatrix of a specific type should have at least one good entry. This property
enables a significantly higher sum-capacity under low-rate cooperation using
the cooperation facilitator model (Section 2.4). Lemma demonstrates
that these two properties can be simultaneously achieved. A proof of this and

all subsequent lemmas can be found in Section [2.6]

Lemma 2.3.1. Let f,g : Z* — Z* be two functions such that f(m) = w(m)
and g(m) = logm + w(1). Then for every e € (0,1), there exists a sequence of
2™ x 2™ (0, 1)-matrices (By,)o_, such that

(1) for every S, T C [2™] that satisfy |S|,|T| > f(m),

(SxT)N1g,|
SIIT|

>1—¢€
that is, in every sufficiently large submatriz of B,,, the fraction of bad entries
15 larger than 1 — €, and

(2) for every x € [2™] and k € [2™79™)], each of By(z, Xy i) and By, (X, T)

contains at least one good entry, where
X = { (b = 1)207) 4 e‘e e o}

that is, if we break each row or column into consecutive blocks of size 290™)

each block contains at least one good entry.



15

Channel Definition: Choose functions f and g that satisfy the constraints
f(m) =w(m), g(m) =logm + w(1), and log f(m) = o(m). Fix a sequence of
channels as defined by (2.4]) using matrices (B,,)>_; satisfying the properties

proved possible in Lemma 2 for the chosen functions f and g.

2.4 Inner and Outer Bounds for the CF Capacity Region

For the mth channel, using cooperation rate ¢,, = g(m), we show the achiev-
ability of the rate pairs (m,m—g(m)) and (m—g(m), m). For each, we employ
a blocklength-1 code (n = 1). Time sharing between these codes results in an

inner bound for the capacity region given by

Ry, Ry <m

If Ry =m, Ry =m — g(m), and n = 1, then the message alphabets are given
by Wi = [2™] and W, = [279(™)]. By the second property of our channel in
Lemma 2, for every w; € Wi and wy € Wh, the submatrix By, (w1, X w,—1)
contains at least one good entry. Let z = ¢(wy,ws), the output of the CF,
be an element of Z = [290™)] such that (wy, (wy — 1)29™) 4 2) is a good entry
of Bp(wy, Xpwys—1). If there’s more than one good entry, pick the one that

results in the smallest z.

To transmit message pair (wi,ws), encoder 1 sends x; = w; and encoder 2
sends 7o = (wy—1)290™ + 2. By the definition of our channel , the channel
output equals the channel input (z1, z9) with probability one, and hence zero
error decoding is possible. Thus the rate pair (m,m — g(m)) is achievable.
Note that for this achievability scheme to work, only the second encoder needs
to know the value of z. A similar argument proves the achievability of (m —
g(m), m) and the lower bound of follows.

To find an outer bound for the capacity region, we use the capacity region of
the conferencing model [5] in a special case. Consider the situation in which
encoder 1 has access to both messages and can transmit information to encoder
2 on a noiseless link of capacity d,,. Then it is easy to see that the capacity
region of this network contains the capacity region of the CF model. This
situation, however, is equivalent to the conferencing model [5] for Cis = §,,

and Cy; = oo. Hence an outer bound for the capacity region is given by the
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set of all rate pairs (R, Ry) such that

Ry <I(Xy;Y|X2,U) + oy,
R+ Ry < I(X1,X5Y)

for some distribution p(u)p (x1|u) p (x2|u). Note that

I(X;Y|Xp,U) < H(X1) <m,
I(X1, X2;Y) < H (X1, X2) < 2m,

and ¢,, = g(m), so the region

Rl §m+g(m)a
Ry + Ry <2m

is an outer bound for the CF model. Note that if we switch the roles of

encoders 1 and 2, we get the outer bound

RQ S m+g(m)a
R1 +R2 S 2m.

Since the intersection of two outer bounds is also an outer bound, the set of
all rate pairs (R, Rs) such that

R17R2 S m +g(m)a
Ry + Ry <2m

is an outer bound for the CF model as well and the upper bound of ({2.2))

follows.

2.5 Inner and Outer Bounds in the Absence of Cooperation
Consider the mth channel of the construction in Section 2.3l In the case where

there is no cooperation, we show that the set of all rate pairs (Ry, Ry) satisfying
Ry + Ry <m —g(m)

is an inner bound for the capacity region. To this end, we show the achiev-
ability of the rate pairs (m — g(m),0) and (0,m — g(m)). The achievability
of all other rate pairs in the inner bound follows by time-sharing between the

encoders. Similar to the achievability result of the previous section, let n = 1.



17

Then W, = [2m79(™] and W, = {1}. By our channel construction, for every
w € Wy, By (Xmw—-1, 1) contains at least one good entry. This means that the

(m) good entries. Suppose

first column of B,, contains at least |W;| = 2m~9
encoder 1 transmits uniformly on these 279" good entries and encoder 2
transmits xo = 1. Then the input is always on a good entry and the channel
output is the same as the channel input. Thus the pair (m—g(m), 0) is achiev-
able. A similar argument shows that the pair (0,m — g(m)) is achievable and

the inner bound follows by time-sharing.

We next find an outer bound for the capacity region of our network in the

absence of cooperation.

Let y; and y, be the components of output y; that is, when y = (x4, x2), then
y1 = x1 and Yy = o, and when y = (E, E), then y; = yo = E. Note that
y1,Y2 € [2"]U{E}. In the absence of cooperation, given an input distribution
p(z1)p(x2), the distribution p(y,) is given by

’yyl Y1 € X

p(yn) = (2.5)

1_’7 ylZEa

where

Vg € [2™] 1 vy = p(21) Z p(x2),

121b1112 =0

and 7 := Y. Vs, Let %, denote the set of all pairs (R;, Rz) such that

Rl é [(X17Y|X2),
R2 S [(X27Y|X1),
Rl + R2 < I(Xl,XQ,Y)

for some distribution p(x;)p(x2)p(y|z1, x2) and let conv(A) denote the convex
hull of the set A. Then the capacity region in the absence of cooperation is

given by the closure of conv(Z,,) [2]-]4].

If for all pairs (Ry, R2) € conv(Z,,), one of Ry or Ry is smaller than or equal
to log 2f(m), then the upper bound in (2.3) follows, since

Ry + Ry <m +log2f(m),

and log f(m) = o(m). On the other hand, if there exist rate pairs (R;, Ry) €
conv(Z%,y,) such that
Ry, Ry > log2f(m), (2.6)
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then by the definition of %, and (2.6),
H(X1), H(X3) > log2f(m). (2.7)
Using (2.7)), the following argument shows

R1+R2§(\/5+46—1)m

For our channel, Y, Y}, and Y, are deterministic functions of (X7, Xs), (X3, Y3)
and (Y7, X3), respectively. Thus the bounds defining Z%,, simplify as

Ry < I(X1;Y[Xp) = H(Y31[Xp) < H(Y3), (2.8)
Re < I(Xa; Y|X)) = H(Y2| X)) < H(Ya).

To bound H(Y7), we apply the following lemma, which bounds the probability
that a random variable X falls in a specific set T'; the bound is given as a
function of the entropy of X and the cardinality of T". For any set T, we

denote its indicator function by 1.

Lemma 2.5.1. Let X be a discrete random variable with distribution p : X —
Rso, and let T' be a subset of X. If g : T' — R is a function and o :=

Y wer (), then
- Z Ylogq(z) < alog |T| — alog a. (2.9)

zeT

When q(z) = p(z)1r(x), the above inequality implies

H(X)-1
a=> p() (1—%), (2.10)

zeT

1
where K = (1 — log‘ﬂ) )

log|X|
By (2.5),
- Z’Ym log’)/xl - (1 - 7) lOg(l - ’7)

Applying (2.9) from Lemma [2.5.1]
H(Y1) <ym+h(y) <ym+1, (2.11)

where h(7) denotes the binary entropy function and is given by

1 1
h(7) :vlog; +(1=7)log1—

We next bound . To this end, we write each of the input distributions as a

particular convex combination of uniform distributions using the next lemma.
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Lemma 2.5.2. If X is a random variable with finite alphabet X, then there

. e . o k
exists a positive integer k, a sequence of positive numbers (o)

j=1, and a se-

quence of non-empty subsets of X, (Sj);?:l, such that the following properties

are satisfied.
(a) For every j € [k — 1], Sjz1 € S;.

(b) For all z € X,

15j (.I‘)
1S5

p(x) = Z oy

(c) For every C, 0 < C < | X/,

-1
where K = (1 — logC> )

log |X|

Using Lemma [2.5.2 we write p(x;) and p(x2) as

k 1 (1) (.171)
1) 7S,
plan) = o = —
i=1 1S3
! 1. (22)
2) " 5;
p(ag) = Za§- i I
j=1 ‘Sj |
Then
ko1
1) (2
y= > plapla) =Y > aPal? sy,
%1,22:bz1 25 =0 i=1 j=1
where
151(1)(.1’1)15](2)(1’2)

Bij = Z

1 2)
xl,x25b1112:0 |S7,( )||S]( |
‘(S.(l) x s(?’) N oBm‘

? J

Bk

J

For every i and j, 3;; < 1. If, however, min{\Si(l)\, |Sj(»2)|} > f(m), then by the
first property of our channel (Property (1) in Lemma [2.3.1)), 5;; < e. Thus by



20
part (c) of Lemma and (12.7)),

v <€+ Z agl)af)
i,j:min{|S{V 1|88 [} < f(m)

=e+1-— Z agl)af)
i.jmin{|S{V ]S |} > £ (m)

=ec+1

(- ) T )
7 J

iS¢V < f(m) 18P < f(m)

corte (1 m (1- B0
(1-g (1 B2,

-1
where K, = (1 - W) . Note that K,, — 1 as m — oo since log f(m) =
o(m) by assumption. Furthermore, the definition of %, and (2.6) imply
log2f(m) < R; < H(X;) for i € {1,2}. Thus

—1
7<e+1—(1—Km(1—R1 )>
x(l—Km(l—R2_1)
m

gz (Bl (oA
m m m '

Combining the previous inequality with (2.8]) and (2.11)) results in

1 -2
&S€+_+Km<2_&>

m m m
—Kfn(l—Rl_l) (1_R1—1)
m m
1 -2
m m
Ri+Ry—2 (Ri—1)(Ry—1)
~ K2 (1— :
m< m * m?

If we let z = %Rl and y = %RQ, then the previous inequality can be written
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as
x<e+—+Km(2+——a:—y>
m
2 1 1
ot 1) (2
m m m
or
(x = am)(y + bm) < e, (2.12)
where
] 1 1
Am = T T
m K,
1 1
by =—1——+—+

By symmetry, we can also show

Note that
a:= lim a,, =0
m—0o0
b:= lim b, =1
m—0o0
c:= lim ¢, =1+e.
m—ro0

Let S,, be the set of all nonnegative x, y that satisfy and and .7,
be the set of all (mz, my) such that (x,y) € S,,. Then by the arguments of
this section, every (Ry, Ry) € %,, that satisfies Ry, Ry > log2f(m) is in .7,.
As the capacity region is given by the closure of conv(%,,), the definition of
sum-capacity implies

C/m) (0) <

sum

max (Rl —+ Rz)

1 1
m m (Ri1,R2)€conv(Fm)

=  max (z+y).

(z,y)Econv(Sm)
Thus
C™0) < lim  max (z+y). (2.14)

lim sup
sum " m—00 (z,y)Econv(Sy,)

1
m—oo 1M

To find the limit on the right hand side, we make use of the following lemma.
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o0

o 1, (b)), and (¢,)59_, are three convergent

Lemma 2.5.3. Suppose (a,)
sequences of real numbers with limits a, b, and c, respectively. The limits
satisfy

b,c,a+b,ab+c >0,

and

(a+b)2+4c>b+g.

For every positive integer m, let S,, be the set of all nonnegative x,y that

satisfy and . Then
lim max (x+y)=a—b++/(a+b)?+4c.

m—00 (z,y)econv(Sm)

It is easy to see that the sequences above satisfy the assumptions of Lemma

253 Thus
Cm(0) < V5 +4de — 1,

sum

) 1
lim sup —
m—oo 1M

Therefore, for all but finitely many m,
CmM(0) < (V5 4 4e — 1)m.

2.6 Proofs

2.6.1 Proof of Lemma [2.3.7]
We use the probabilistic method [33|. We assign a probability to every 2™ x 2™
(0, 1)-matrix and show that the probability of a matrix having both proper-
ties is positive for sufficiently large m; hence, there exists at least one such
matrix. Fix e € (0,1), and let B,, = (b;)>

i j—1 be a random matrix with
bij % Bernoulli (p), where 1 —e < p < 1. Let

r,, — {5(5 C [27],18] > f(m)}.

For every S,T € I',,, define the event

m SXT)ﬂlB |
> [STIT
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By the union bound,

Pr( U Eg})>§ Z Pr<5§7})>

S,Tel'm

> Pr(l(8xT)N1p,| < (1-€)S|T])

STe
ISIITI & \S|T|—k
( ! p(1-p)
k=0

LA=)ISIITI]
2m lA-eig] /..
2m\ (2™ 17\ Gk
= 1—p)V "
> ()6) & (o

I
n
ilng
m

n

3

Suppose { X, }£_, is a set of independent random variables such that for each ¢,
X, € [0, 1] with probability one. If S = 25:1 Xy, from Hoeffding’s inequality
[34] it follows that for all u < ES,

If {X,}/, is a set of ij independent Bernoulli(p) random variables, then for
every £, 0 < X, <1, and

(1—¢€)ij <pij=E

iJ
ZXl] .
=1

Thus Hoeffding’s inequality implies

L(1—e)ij] ij
Z (k)pk(l Y9=F = Pr (ZXI 1—61])
k=0

< 672(p71+6) i

Since (27) < 2mi

£ OE)E @

< Z gm (i+5) 72p 14€)2ij

i,5=f(m
2m

_ Z e(i+j)m1n 2—2(p—1+e)2ij'
i,j=f(m)
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Define h : Z?> — R as

h(i,j) = (i +j)mIn2 —2(p — 1 + €)*j.
Then for j > f(m),

h(i+1,7) — h(i, j)
=mlIn2—2(p—1+¢€)?%j
<mIn2—2(p—1+¢€)?f(m)

= flm) (s m2 =20~ 14 ).
By assumption,
lim — =0,
m—00 f(m)

so there exists M; such that for all m > M,

m 2

Tm)<m(p—1+e)2.

Therefore, for m > M; and y > f(m), h is decreasing with respect to i. As h
is symmetric with respect to 7 and j, for m > M; and i > f(m), we also have
h(i,j+1)—h(i,j) < 0. Thus h is a decreasing function in ¢ and j for m > M,
and i,j > f(m). Hence for m > M,

2m
Z €(i+j)m1n2—2(p—1+e)2ij

< (2m . f(m) + 1)2 e2mf(m)1n2—2(p—1+e)2(f(m))

2
< 21+ (m) In2-2(p—1+)*(f (m))?

_ 20D ((14 70y ) 7y In2-2(0—14)?)

The exponent of the right hand side of the previous inequality,

1 m
2(f(m 2((1—1——) —1n2—2p—1+62),
(f(m)) Fm) ) Fom) ( )
goes to —oo as m approaches infinity. Thus
nliir(l)oPr( U 5@73) =0.
S,T€ly,

This means that the probability that the fraction of bad entries in a sufficiently

large submatrix is less than 1 — € is going to zero.
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Next, we calculate the probability that B,, doesn’t satisfy the second property.
For every i € [2™] and j € [2m9(™)], define the event

5@'(,?) = {0s,.(,xn,) N 0B, = D},

where

X, = {(j ~1)290m) 6‘6 e [29<m>]}.

The probability that for every ¢ and j, the set B,, (i, X, ;) doesn’t have at least

one good entry equals

om gm-—g(m)

Pr (Ugi(gl)) < Z Z Pr (OBm(i,Xj,k) N OBm = @)
2%

i=1  j=1
_ (m)
— 22m g(m)p29

a( 2m—g(m)
_ 22q m) (729(771) +logp> '

Since m = 0(29™), the exponent of the right hand side of the previous in-

equality,

m [ 2m — g(m

goes to —oo as m — oco. This implies that
(m)
Pr (U Erj )
.3

goes to zero as m — oo. Similarly, the probability that there exists (7, j) such
that B,, (X, ;,?) doesn’t have at least one good entry goes to zero as m tends
to infinity. Thus, by the union bound, the probability that the matrix doesn’t
satisfy either of these properties is going to zero. Therefore, for large enough
m, almost every (0, 1)-matrix satisfies all the required properties, though we

only need one such matrix.

2.6.2 Proof of Lemma [2.5.1]
We first prove (2.9). If & = 0, then ¢(z) = 0 for every x € T and both sides

equal zero. Otherwise,

—Zq(x)logq(m) = —aZ?log@ —aloga

zeT zeT

< alog|T| — aloga,
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since ¢(x)/« is a probability mass function with entropy >
alphabet size |T|.

We next prove (2.10). If

log i and

a:ET o

q(z) = p(z)1r (),
then by the previous inequality,

= p()logp(x) = =) q(x)log q(x)

zeT zeT

< alog|T| — aloga,

where

a= Zq(x)

zeT

Similarly, replacing X \ T with T results in

— > plx)logp(x

xeX\T

<(1—a)log|X\T|—(1—a)log(l—a).
Adding the previous two inequalities gives

H(X)<alog|T|+(1—a)log|X\T|+ H («)
< alog|T|+ (1 —«)log |X| + 1.

Therefore,
H(X 1 log |T’
(), 1 lelTlY
logx] = " log || log |X|
and
1 HX)—1
o log| X
log |T'|
1- log|X|

2.6.3 Proof of Lemma 2.5.2]
Let k£ be the cardinality of the range of p : X — R. Then there exists a

sequence (z;)¥_, such that

{p(x)|z € X} = {p(x;)|j € [k},

and
O<p($1) < - <p(.13k) <1
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For j € [k], define

S; = {z € X|p(x) > p(z;)},
and let Sgy1 := @. Then for j € [k], Sj11 € S;, and

Si\ Sjt1 = {z € X|p(x) = pla;)} # 2.

Thus the number of x € X such that p(x) = p(x;) equals |S; \ S;+1|. For
jeA{2,...,k}, define

a; := | 5] (p(fb’j) —p(%fl)»

and set oy := |Si|p(x1). We have

This proves (a) and (b).
In (c), if the set
{iemis<c}
is empty, then there’s nothing to prove. Otherwise, it’s a nonempty subset of

[k] and thus has a minimum, which we call j*. Then

k
> o= q
="

718510

= > 15l (pla) — pl;0))

k
= 195\ Sjpalp(a;) — 1S p(aj—1)

J=J*

= pla)— |

IGSj*

p(xje—1)
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By (2.10),
1 H(X)-1
Z p(r) < Tog|S:] <1 - )
TES * 1— log|)](| log |X’
1 H(X)-1
=T mC (1_ 1<()g|)?f| )
log|X|
since |S;«| < C.

2.6.4 Proof of Lemma [2.5.3

Prior to proving Lemma [2.5.3], we state and prove the following lemma.
Lemma 2.6.1. Suppose a € R and

b,c,a+b,ab+ c € Ryy.
In addition,

(a+b)2+4c>b+g.

Let S be the set of all pairs (x,y) such that z,y > 0, and

IN

(x —a)(y+b) c

(+0)(y —a)

IN

c.
If xq is the unique positive solution to the equation

(z—a)(z+b) =c,
then

max x4+ y) = 2x0.
(x,y)Gconv(S)( y) 0

Proof. Since

(x —a)(y+b) = (z+0)(y —a) = (a+b)(z —y)

and a + b > 0, the set S can be written as S = S; U Sy (Figure , where S
is the set of all pairs (x,y) such that 0 < z <y and

(x+b)(y—a)<c,
and Ss is the set of all pairs (z,y) such that 0 <y < x and

(x—a)(y+0b) <c.
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Figure 2.2: The sets S; and Sy (gray area), and their convex hulls.

The intersection of S; and Sy consists of all pairs (z, ) such that 0 < z < o,

_a—b+/(a+b)+4c
- 5 ,

Note that since b, ¢ and ab + ¢ are positive,

where

Zo

2
(a+b)2+4c<a+b+f,

so 0 < xg < a+ §. The convex hull of ) consists of all pairs (z,y) such that
0<x<yand

(o5 ) (045

and the convex hull of S, consists of all pairs (z,y) such that 0 <y < x and
ToT + (a—l—g—mo)yg (a~|—g> ZTo.

Note that conv (S7)Uconv (Ss) is the region bounded by the axes y = 0, x = 0,
and the piecewise linear function

_a_¢
To—a—7

h() x—ol"i‘(l‘i‘% nggxo,
€Tr) =

c
zo . (a—&-g)xo c
xofafga: pr———— To<zr<a+tg.

Since 2rg > a + 7 by assumption,

ZEO—(I—%> Zo
To T Xo—a—

c .

b
This means the slope of h is decreasing, or equivalently, h is a concave function.

Thus conv (S;) U conv (S3) is convex. But

S C conv(S;) U conv(Sy) C conv(S),
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S0
conv(S) = conv(S;) U conv(Ssy).
This implies

max T +vy) = 2x.
(r,y)Gconv(S)( y> 0

]

Using this lemma, we may prove Lemma [2.5.3] There exists a positive M such
that for every m > M,

and

\/(am+bm)2+4cm—bm—2—m > 0.

Let xgm) and xq be the unique positive solutions to the equations

(@™ = a,) (@™ + by) =

and
(xg —a)(xo +b) =c.

Since a:(()m) and x( are continuous functions of (a,, by, ¢m) and (a, b, ¢), respec-

tively, we have
(m) _

Thus by Lemma [2.6.1},
lim max (x+y)= lim Qxém)
m—00 (z,y)EconV(S(m)) m—00

= 25(]0

=a—b++/(a+0b)?+4c
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Chapter 3

THE RATE BENEFIT

In the classical k-user multiple access channel (MAC) [7], there are k encoders
and a single decoder. Each encoder has a private message which it transmits
over n channel uses to the decoder. The decoder, once it receives n output
symbols, finds the messages of all k£ encoders with small average probability of
error. In this model, the encoders cannot cooperate, since each encoder only

has access to its own message.

We now consider an alternative scenario where our k-user MAC is part of a
larger network. In this network, there is a node that is connected to all &
encoders and acts as a “cooperation facilitator” (CF). Specifically, for every
j € [K], there is a link of capacity C?. > 0 going from encoder j to the CF and
a link of capacity C7,, > 0 going back. The CF helps the encoders exchange

information before they transmit their codewords over the MAC. Figure
depicts a network consisting of a k-user MAC and a (C;,, Cou)-CF, where

Cin = (Oljn)Je[k] and Cout = (C(]Jut

and output links. In this figure, X, = (X7,..., X)) is the vector of the

channel inputs of the k encoders, and Wy = (@, ..., W) is the vector of

)il denote the capacities of the CF input

message reproductions at the decoder.

The main result of this chapter (Theorem determines a set of MACs
where the benefit of encoder cooperation through a CF grows very quickly
with C,y. Specifically, we find a class of MACs C*, where every MAC in
C* has the property that for any fixed C;, € R”, the sum-capacity of that
MAC with a (Cy,, Cout)-CF has an infinite derivative in the direction of every
v E R’;O at Couy = 0. In other words, as a function of Cgy, the sum-capacity
grows faster than any function with bounded derivative at C,, = 0. This
means that for any MAC in C*, sharing a small number of bits with each

encoder leads to a large gain in sum-capacity.

An important implication of this result is the existence of a memoryless net-

work that does not satisfy the strong edge removal property (Chapter , Sec-

This material is based upon work supported by the National Science Foundation under
Grant Numbers 1527524, 1526771, and 1321129. It originally appears in [35].
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multiple

access yn R
channel Wk
p(ylzp)

encoder k n
(encoder K}

Figure 3.1: The network consisting of a k-user MAC and a CF. For j € [k],
encoder j has access to message w; € [2"%], which is omitted in this figure.

tion . Recall that a network satisfies the strong edge removal property
if removing an edge of capacity 0 > 0 decreases sum-capacity by at most a
linear function of . Now consider a network consisting of a MAC in C* and a
(Cin, Cout)-CF, where C;, € R%. Our main result in this chapter (Theorem
implies that for small C,y, removing all the output edges reduces sum-
capacity by an amount much larger than any linear function of C,y. Thus

there exist memoryless networks that do not satisfy the edge removal property.

We introduce the coding scheme that leads to Theorem in Section [3.3
This scheme combines forwarding, coordination, and classical MAC coding.
In forwarding, each encoder sends part of its message to all other encoders
by passing that information through the CF.! The coordination strategy is
a modified version of Marton’s coding scheme for the broadcast channel [§],
[37]. To implement this strategy, the CF shares information with the encoders
that enables them to transmit codewords that are jointly typical with respect
to a dependent distribution; this is proven using a multivariate version of the
covering lemma [38, p. 218]. The multivariate covering lemma is stated for
strongly typical sets in [38]. In Appendix[A] using the proof for the 2-user case
from [38] and techniques from [39], we prove this lemma for weakly typical sets
[40, p. 251]. Using weakly typical sets in our achievability proof allows our
results to extend to continuous (e.g., Gaussian) channels without the need for
quantization. Finally, the classical MAC strategy is Ulrey’s |7] extension of
Ahlswede’s [2], |3] and Liao’s |4] coding strategy to the k-user MAC.

"'While it is possible to consider encoders that send different parts of their messages to
different encoders using Han’s result for the MAC with correlated sources |36, we avoid
these cases for simplicity.
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Using techniques from Willems [5], we derive an outer bound (Proposition
for the capacity region of the MAC with a (Cj,, Cou)-CF. This outer
bound does not capture the dependence of the capacity region on C,, and
is thus loose for some values of C,,. However, if the entries of C,, are
sufficiently larger than the entries of Cj,, then our inner and outer bounds
agree and we obtain the capacity region (Corollary [3.2.6)).

In Section (3.4} we apply our results to the 2-user Gaussian MAC with a CF that
has access to the messages of both encoders and has links of output capacity
Cout- We show that for small C,, the achievable sum-rate approximately
equals a constant times v/Cly. A similar approximation holds for a weighted
version of the sum-rate as well, as we see in Proposition [3.4.2] This result
implies that at least for the 2-user Gaussian MAC, the benefit of cooperation
is not limited to sum-capacity and applies to other capacity region metrics as

well.

In Appendix , we consider the extension of Willems’ conferencing model [5]
from 2 to k users. We apply our outer bound for the k-user MAC with a CF to
obtain an outer bound for the k-user MAC with conferencing. The resulting
outer bound is tight when k£ = 2 and coincides with the conferencing capacity
region [5] . A special case of this model with £ = 3 is studied in [41] for the
Gaussian MAC.

In the next section, we formally define the capacity region of the network
consisting of a k-user MAC and a CF.

3.1 Cooperation over the k-user MAC

Consider a network with k encoders, a CF, a k-user MAC, and a decoder
(Figure . For each j € [k], encoder j communicates with the CF using
> 0 going to and from the CF,
respectively. The k encoders communicate with the decoder through a MAC
(Xwp, (Yl ), V), where

noiseless links of capacities C’fn > 0 and Cgut

X =11
JE[K]

and an element of A} is denoted by xp). We say a MAC is discrete if Ay
and ) are either finite or countably infinite, and p(y|zp)) is a probability mass
function on Y for every zy; € Ajy). We say a MAC is continuous if for some

positive integers (1, ..., ki1, X; = RY for j € [k], Y = R%+1, and p(y|ay) is
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a probability density function on Y for all z;. In addition, we assume that
our channel is memoryless and stationary, so that for every positive integer n,

the nth extension channel of our MAC is given by p(y”]xﬁ]), where

n

V(2 y") € X x V" p(y"|xy,) = Hp(yt’x[k]t>~

t=1
An example of a continuous MAC is the k-user Gaussian MAC with noise

variance N > 0, where

p(ylew) = \/217T_N exp [— %(y — Z :cj>2]. (3.1)

Henceforth, all MACs are memoryless and stationary and either discrete or

continuous.

We next describe a
((Q"Rl, o, 2m) L)—code

for the MAC (X, p(y|z), V) with a (Ciy, Cout )-CF with cost functions (b;) jem
and cost constraint vector B = (B;) e € RY,. For each j € [k], cost func-
tion b; is a fixed mapping from &; to R>o. Each encoder j € [k] wishes to
transmit a message w; € [2"%] to the decoder. This is accomplished by first
exchanging information with the CF and then transmitting across the MAC.
Communication with the CF occurs in L rounds. For each j € [k] and ¢ € [L],
sets Uj, and V), respectively, describe the alphabets of symbols that encoder
j can send to and receive from the CF in round /. These alphabets satisfy the

link capacity constraints

Z log [Uje| < nCY,

Le[L]

D log Vel < . (3.2)
Le[L]

The operation of encoder j and the CF, respectively, in round ¢ are given by
Pie - [QnRj] X Vf_l — u]'g

'(ﬁjg . H Z/{f — ij,

i€[k]

where U = [To_,Ur and Vi = [1o_, Ve After its exchange with the CF,

encoder j applies a function

fi 2V x Vi — AT,
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to choose a codeword, which it transmits across the channel. In addition, every

z7 in the range of f; satisfies the cost constraint
> bi(z) < nB;.
t€n]

The decoder receives channel output Y™ and applies

g: V"= []2""]

JElk]
to obtain estimate W[k] of the message vector wy.

The encoders, CF, and decoder together define a
((Q"Rl, o, 2m) L)-code.

The average error probability of the code is defined by
P = Pr{g(Y") # Wy},

where W is the transmitted message vector and is uniformly distributed on
[Tjem [2"%5]. A rate vector Ry = (R, ..., Ry) is achievable if there exists a
sequence of ((Q"Rl, o, 2ne) L) codes with P\ — 0 as n — co. The ca-
pacity region, € (Ciy,, Cout), is defined as the closure of the set of all achievable

rate vectors.

3.2 Inner and Outer Bounds

In this section, we describe the key results. In Subsection we present
our inner bound. In Subsection [3.2.2], we state the main result of this chapter,
which proves the existence of a class of MACs with large cooperation gain.

Finally, in Subsection [3.2.3] we discuss our outer bound.

3.2.1 Inner Bound
Using the coding scheme we introduce in Section (3.3, we obtain an inner bound
for the capacity region of the k-user MAC with a (Cjy,, Cout )-CF. The following

definitions are useful for describing that bound. Choose vectors Cy = (Cjo);‘?zl
and Cyq = (Cjq)¥_; in RE, such that for all j € [k],

Cjo < ¢, (33)

Ciat+ Y _ Cio < Cy. (3.4)
i#J
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Here Co is the number of bits per channel use encoder j sends directly to the
other encoders via the CF and Cj4 is the number of bits per channel use the
CF transmits to encoder j to implement the coordination strategy. Subscript

“d” in Cjq alludes to the dependence created through coordination. The set

Su(Cy) = {j e [k]

Cja # 0}

describes the encoders that participate in this dependence. We denote Sy3(Cy)

with S; when C, is clear from context.

Fix alphabets Uy, U, . . . ,Uy. For every nonempty S C [k], let Us be the set of
all ug = (u;)jes where u; € U; for all j € S. Define the set X similarly. Let
P(Uo, Uiy, Xy, Sa) be the set of all distributions on Uy x Uy x Ay that are of

the form

pluo) - [ [ plwiluo) - plus,luo, uss) - T plasluo, uy), (3.5)

€SS J€lk]

satisfy the dependence constraints?

Cs =Y Cia—> H(U;|Up) + H(Us|Uy,Uss) >0 V@& SCS,,

jes jes

and cost constraints

E[b;(X;)] <B;  Vjel[k. (3.6)

Here Uy encodes the “common message,” which, for every j € [k], contains
nCo bits from the message of encoder j and is shared with all other encoders
through the CF; each random variable U; captures the information encoder
J receives from the CF to create dependence with the codewords of other
encoders. The random variable X; represents the symbol encoder j transmits

over the channel.

We next state our inner bound for the k-user MAC with encoder cooperation
via a CF. The coding strategy that achieves this inner bound uses only a single
round of cooperation (L = 1) and is given in Section [3.3] The error analysis

is presented in Subsection [3.5.1}

2The constraint on (g is imposed by the multivariate covering lemma (Appendix |A)),
which we use in the proof of our inner bound.
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Theorem 3.2.1 (Inner Bound). Consider a MAC (X, p(y|rw),Y). Fiz
Cy,Cy € R’go satisfying and and p € PUo, Uy, Xy, Sa). If the
rate vector Ry := (Ry, ..., Ry) satisfies
>Ry < (X Y) = G, (3.7)
JElk]
and for every S, T C [k| there exist sets A and B such that SN S;C AC S,
S¢NS;C BCSe and

Y (R =Co)+ > (R —Ch)F

jEA jeEBNT
< I(Ua, Xauiom): Y |Uo, U, Xpvr) — CavB)nsas (3.8)
then Ry € % (Cin, Cout).?’

The next corollary treats the case where the CF transmits the bits it receives
from each encoder to all other encoders without change. In this case, our
coding strategy simply combines forwarding with classical MAC encoding.
We obtain this result from Theorem by setting, for all j € [k], Cjy =0
and |[U;| = 1, in addition to choosing A = S and B = S° for every S,T C
(k] in (3.8). In Corollary , Pina(Uo, X)) is the set of all distributions
p(uo) [ Tjep p(2)]uo) that satisfy the cost constraints (3.6).

Corollary 3.2.2 (Forwarding Inner Bound). For any MAC, € (Ciy, Cout) con-
tains the set of all rate vectors that for some Cy € Rgo (satisfying and
with Cq = 0) and distribution p € Pina(Uo, Xjiy), satisfy

ZRJ <I(Xs;Y|Uo,Xsc)+ZCjo Vo #SClk

jes jes

Y Ry < I(XuY).
JElk]

3.2.2 Sum-Capacity Gain
We wish to understand when cooperation leads to a benefit that exceeds the
resources employed to enable it. Therefore, we compare the gain in sum-
capacity obtained through cooperation to the number of bits shared with the
encoders to enable that gain. Formally, for any k-user MAC with a (Ci,, Cout)-
CF, define the sum-capacity as

Coun(Cins Cone) =, max >, By
in, out [k;]

3For every real number x, 27 := max{z,0}.
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Let X, ..., A%, Y be finite sets. Fix cost functions (b;),cpr and cost constraints
(Bj)jen, and let Pina(AXJ) be the set of all independent distributions

plew) = ] pla;)
JE[K]

on Ajy that satisfy the cost constraints (3.6). Similarly, P(Xj) is the set of
all distributions on Xy that satisfy (3.6). We say a MAC (X, p(y|2p), V) is
in C*, if for some ping € Pina(Xpy) that satisfies

]in X ’Y — max _[ X )Y )
(X Y) PEPind (X[x]) )

there exists paep, € P (X)) Whose support is contained in the support of pinq

and satisfies

Liep(Xisg3 Y) + D (Paep(W) 1Pina () > Lina (X3 V). (3.9)

In the above equation, paep(y) and pina(y) are the output distributions corre-
sponding to the input distributions paep (k) and pina(zp), respectively. We
remark that (3.9)) is equivalent to

Eoep [ D (p(91X10) 1Pna()) | > Eina [ D (031 X0 Ipma(»)) .

where the expectations are with respect to paep (%)) and pima (@), respectively.

Using these definitions, we state the main result of this chapter which captures
a family of MACs for which the slope of the gain function is infinite in every

direction at Co,y = 0. The proof appears in Subsection [3.5.2]

Theorem 3.2.3 (Sum-capacity). Consider a finite alphabet MAC in C* and
fix Ciy € RE. Then for any vector v € R¥ |

Csum(cina hV) - C’sum(cina 0)

li = 00. 3.10
hgglJr h o0 ( )
For continuous MACs, when b;(z) = |z|? for all j € [k], cost constraints are

referred to as power constraints. In addition, for every j € [k], the variable P;
is commonly used instead of B;. Our next proposition states that the Gaussian
MAC satisfies (3.10)). The proof appears in Subsection m

Proposition 3.2.4. For the k-user Gaussian MAC with power constraint vec-

tor P = (P})je € RE, defined by , holds.
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3.2.3 Outer Bound

We next describe our outer bound. While we only make use of a single round
of cooperation in our inner bound (Theorem , the outer bound applies

to all coding schemes regardless of the number of rounds.

Proposition 3.2.5 (Outer Bound). For any MAC, € (Ci,, Cout) is a subset
of the closure of the set of all rate vectors that for some distribution p €

Pind (Uo, X[k]) satisfy

Y Ry <I(XgY|Up, Xoe) + Y _Ch V@ #SCIK] (3.11)
jeS JES

> Ry < I(Xp:Y). (3.12)
JElk]

The proof of this proposition appears in Subsection Our proof uses ideas

similar to the proof of the converse for the 2-user MAC with conferencing [5].

If the capacities of the CF output links are sufficiently large, our inner and
outer bounds coincide and we obtain the capacity region. This follows by
setting Cjo = CJ for all j € [k] in our forwarding inner bound (Corollary
and comparing it with the outer bound given in Proposition

Corollary 3.2.6. For the MAC (X, p(y|z), V) with a (Cin, Cow)-CF, if
vi€kl: =) Ch
i

then our inner and outer bounds agree.

3.3 Coding Strategy

Choose nonnegative constants (Cjo)¥_, and (Cjq)5_, such that and
hold for all j € [k]. Fix a distribution p € P(Uo, Uk, Xjij, Sq) and constants
€,0 > 0. Let

Rjo = min{Rj, Cjo}
Rjd = min{Rj, Cljn} — Rjo
Rj; = Rj — Rjo — Rja = (R; — C3)".
For every j € [k], split the message of encoder j as w; = (wjo, wjq, w;;), where

wjo € [2M00] wye € [27Ma], wy; € [27M9]. For all j € [k], encoder j sends

(wjo, wjq) noiselessly to the CF. This is possible since Ry + R;q is less than or
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equal to €Y. The CF sends w;o to all other encoders via its output links and
uses wjq to implement the coordination strategy to be descibed below. Due
to the CF rate constraints, encoder j cannot share the remaining part of its
message, w;;, with the CF. Instead, it transmits w;; over the channel using
the classical MAC strategy.

Let Wy := []ep(2"%0]. For every wy € Wy, let Ug(wy) be drawn indepen-
dently according to

Pr{U§(wo) = uf } == Hp(u()t).

t=1

Given Ui (wo) = up, for every j € [k], wjq € [2"%¢], and 2z; € [2"%4], let

Ui (wja, 25lug) be drawn independently according to

Pr{U (wja, 2lug) = uj |Ug (wo) —uo} Hp wjt|uot)- (3.13)

For j € [k], we denote a mapping from [2"“] to U} by uj.* For every
(wy, ..., wg), define E(ug, w1, ..., ux) as the event where Uf (wy) = ug and for
every j € [k],

U§ (wja, -Jug) = 5 (-). (3.14)
Let A(ug, 1)) € [Tiep [27C54] be the set

A, i) = { 21, ,zk)’(ug,ul(zl), k() € AP Uy, U) }, - (3.15)

where Agn)(UO,U[k]) is the weakly typical set with respect to the distribu-
tion p(uo, upw)). If Aug,pp,) is empty, set Z; = 1 for all j € [k]. Other-
wise, let the k-tuple Z) = (Z1,. .., Z)) be the smallest element of A(ug, uj))
with respect to the lexicographical order. Finally, given UJ(wy) = ug and
UMwjq, Zjlug) = u}, for each wy; € [2"%95], let X7 (wy;|uff, u}) be a random
vector drawn mdependently according to

br {X”(wjjyug,u?) = 27| Ug (wo) = ug, Uj (wja, Z;) = u?}

n
| | xjt’u()tau]t

We next describe the encoding and decoding processes.

4Note the difference between u} and p7; the former denotes an element of U], while

the latter denotes a mapping from [27Ci4] to uz.
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Encoding. For every j € [k], encoder j sends the pair (wjp,w;q) to the
CF. The CF sends ((wio)ixj, Z;) back to encoder j. Encoder j, having access
to wo = (wio)icpr) and Zj, transmits X7 (w;;|Ug'(wo), Uj'(wjq, Z;)) over the

channel.

Decoding. The decoder, upon receiving Y, maps Y" to the unique k-tuple
W[k] such that
(U3 W), (U Wia Z5103)) ,» (X3 (WU 7)) ™)

S Agn)(Uo, U[k],X[k],Y>. (316)

If such a k-tuple does not exist, the decoder sets its output to the k-tuple
(1,1,...,1). Note that in (3.16), Zj is the CF output to encoder j corre-
sponding to the CF input vector (I/T/jo, Wjd)je[k}.

The analysis of the expected error probability for the proposed random code

appears in Subsection |3.5.1}

3.4 Case Study: 2-User Gaussian MAC

In this section, we study the network consisting of the 2-user Gaussian MAC
with power constraints and a CF whose input link capacities are sufficiently
large so that the CF has full access to the messages and whose output link
capacities both equal C,,. We show that in this scenario, the benefit of
cooperation extends beyond sum-capacity; that is, capacity metrics other than
sum-capacity also exhibit an infinite slope at Cy = 0. In addition, we show

that the behavior of these metrics (including sum-capacity) is bounded from
below by a constant multiplied by /Cloys.

The following corollary for the 2-user MAC follows from Theorem [3.2.1

Corollary 3.4.1. Consider a MAC (X} x Xy, p(y|x1,x2),Y) with a CF that

has access to both messages and has output link capacities CL, and C%,. The

capacity region of this network contains the set of all rate pairs (Ry, Rs) that

satisfy

Ry < max{I(X1;Y|Up) — Ci4, [(X1; Y| X2, Up)} + Cho
Ry < max{I(Xy;Y|Up) — Caq, [(X; Y| X1,Up)} + Cog
Ry + Ry < I(Xy, Xo; Y |Up) + Cho + Cog
Ry + Ry < I(X1, X5 Y)
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Cog < C2

for some nonnegative constants Ciqg < C! s

out’

010 = Cl

out CQd
o 2
020 T Cout - Cld?

and some distribution p(uo)p(x1, xalug) that satisfies E[X?] < P; fori € {1,2}
and
Cha + Cog = 1(Xy; X2|Up).

By (3.1)), the 2-user Gaussian MAC can be represented as
Y = X1 —|— X2 + Z,

where Z is independent of (X, X5) and is distributed as Z ~ AN(0, N) for
some noise variance N > 0. Let Uy ~ N(0,1), and (X7, X}) be a pair of
random variables independent of Uy and jointly distributed as N (u, X), where

1
W= 0 , and X := po
0 £o 1

for some py € [0,1]. Finally, for i € {1,2}, set

1
VP
for some p; € [0,1]. Calculating the region described in Corollary for
the Gaussian MAC using the joint distribution of (Up, X7, X2) and setting
= P;/N for i € {1,2} and ¥ := /7172, gives the set of all rate pairs
(R1, Ry) satisfying

X = piX] /1 - p2U,

Ry — Cyp
1 1+ Pﬂ/l + /02'72 ~+ 2pop1p27Y b s }
< max< —lo — Cha, 10 1+(1—
{2 s 14 (1 — p2)p2ye ld & ( ( PO)P1’Y1)
Ry — Oy
Lo 14 piv + p3v2 + 2pop1pay b
< max< = log — Oy, = log 14 (1 - p2)p2y
{2 1+ (1= pg)pim ( 0)P272)
and

1
Ry + Ry < 3 log (14 piv1 + p372 + 2p0p1p27) + Cro + Co

1
Ry + Ry < 5 log (1 +m + 72 + 2(pop1p2 + \/(1 -1 - p%))ﬁ)
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for some p1, py € [0,1] and py = V1 — 2-2(C1a+C2a), Denote this region with
(gach<cout)-

We next introduce a lower bound for the weighted version of the sum-capacity.
Denote the capacity region of this network with €’ (Cyyt). For every a € [0, 1],
define

Co(Cout) = R 1—a)Ry).
(Cow) = |, max (@R +(1—a)R)

Note that C,(Coyu) is a generalization of the notion of sum-capacity where
the weighted sum of the encoders’ rates is considered. The main result of this
section demonstrates that for small Coyg, Co(Cout) is bounded from below by
a constant times /Coy when Cyy is small. The proof is given in Subsection
9.9l

Proposition 3.4.2. For the Gaussian MAC
Y=Xi+Xo+ 72

with Z ~ N(0, N) and SNRs (v1,72), we have

2v/m7e - loge .

———————— min{a,1 —a} - /Cou + o(v/Cout)-
Lty 47 { ) e +ol 2

In particular, for every a € (0, 1),

acl,
dCout

Ca(oout) - Ooc(o) >

= OQ.
Cout:0+

In Figure using [42|, we plot the sum-rate of the region Gy (Cout) and the
forwarding inner bound (Corollary for v1 = 75 = 100. We also plot the
VCou-term in the lower bound given by Proposition Notice that the
forwarding inner bound provides a cooperation gain that is at most linear in

C1out .

3.5 Proofs
3.5.1 Proof of Theorem (Inner bound)
Fix n > 0, and choose a distribution p(uo, up, zr) on Uy x Uk x Xy of the

form

p(uo) - H pluiluo) - plus,|uo, usg) - H p(@;luo, uj),
€SS JE[K]

that satisfies the dependence constraints

(5= Cia— Y H(U;|Uo) + H(Us|Up, Us;) >0 Y@ & S§C Sy,

jes JjeS
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04f £

sum-rate gain
=
;

0213

0.1F % - - — Thm1
A : : : - Cor 2
'

0.0 0.5 1.0 1.5 2.[) 2.5
Cout

Figure 3.2: Plot of the achievable sum-rate gain given by Theorem [3.2.1] and
Corollary (forwarding inner bound) for Gaussian input distributions, and
the v/Cou-term given in Proposition m Here v; = v = 100.

and cost constraints

Let (wy, ..., w;) denote the transmitted message vector and (W1, ..., W;) de-

note the output of the decoder. To simplify notation, denote
Ug' (wo), Uy (wja, Z;|Ug'), Xn(wJJ|U07Un)

with Uy, U}, and X7', respectively. Similarly, define Uél, U 7, and )A(j” as
Ug (Wo), Uj (Wia, Z|Ug), XJ (W UG, UT).

Here Wy, W4, and W;; are defined in terms of (W;); similar to the definitions
of wy, wjq, and wj; in Section Let Y™ denote the channel output when
X is transmitted. Then the joint distribution of Uy, Uy Xy Y™ ) is given
by

Peode (U, Ufiy, Tfig» Y™ ) = P(ug)Peode (ufyy[ug)p(w iy [ug, ug)p(y"|25),  (3.18)
where

Peode (ufyy ) ZP plug) - plpe|ug)p(ufy lug, 1iy) (3.19)

and p(pf|ug) and p(u[k”uo,,u[k}) are calculated according to

pilug) = 1 pgGlug) = 1] T]e(ui(zi)luon),

z;€[2"Cd] zje[2"Cid] t=1
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and

plufglug, pig) = plawlug, pig) T] 1wl (z) = uj}.
Z[k) JE[K]

Furthermore, p(z(y|ug, 11j;) is given by

1{Z[k] = min A(ug, ,u’[}”c])} if A(Ug,/iﬁg]) #* O

p(2mm|ugs i) = .
1{z[k] = 1[k]} otherwise,

where the minimum is calculated according to the lexicographical ordering.
Define the distribution pinq(ug, Ul Tlhys y") as
Pina (g, ufiy, 2y, ") = p(ug)p(ahylug, uf)p(y" ey ] p(uflug),  (3.20)
JE[k]
which is the joint input-output distribution if independent codewords are

transmitted. We next review some results regarding weakly typical sets |40,

pp. 520-524| that are required for our error analysis.

For any S C [k], let A((;n)(UO, Us) denote the weakly typical set with respect
to the distribution p(ug,us), a marginal of p(ug, ). In addition, for every
(ur,u) € A (Us, Us), let AT (ul, u) be the set of all u'%. such that

(uy, ufyy) € AS Uy, Uy).

Similarly, let Agn)(Uo, Uy, X1, Y') be the weakly typical set with respect to
the distribution p(uo, up), k) p(y|TK ), where p(y|zy) is given by the channel
definition. For subsets S, T C [k], AE”)(UO, Us, X1,Y) is the weakly typical set
with respect to the marginal distribution p(uo, us, x7,y). For (uf, ul, 2%, y") €
AE")(UO, Us, X1,Y), AM (ug, ud, xl, y") is the set of all (ul., 2%.) such that

Furthermore, we have [40, p. 523|

log |A£n) (Ug, Ug, 1’7%, yn)’ < n(H<US“‘7 )(TC

Uo, Us, X7,Y) + 2€). (3.21)

Finally, under fairly general conditions described in Appendix ,5 there ex-
ists an increasing function I : Ry — R-( such that if (U}, U[’,‘c],X[’,:],Y") S

p(uo, U[k], T[k] s y), then

Pr {(Ug, Uy, Xl Y™) € A (U, Upg, X, Y)} >1-927@,  (3.22)

®Distributions that satisfy these conditions include any distribution on a finite alphabet
and the Gaussian distribution.
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Fix any such function I.
We next study the relationship between peoqe and pipq given by (3.18) and
(3.20)), respectively. Note that the main difference arises from the conditional

marginal peode(ufytg) and pina(ujylug). Our first lemma provides an upper

bound for peoge in terms of ping.

Lemma 3.5.1. For every nonempty S C [k] and all (uf,u?),

l log pcode(UZM)

<nCg
n Pind(U§|U8) .

where Cgg := ZjeS Cja-

Proof. By (3.19),

Peode (5|1 ZP (uglug, 1) H p(pj |ug)-
JElk]

To bound peoge(ue|uf), note that
pluglug, ) < TT1{() " (u}) # 2},
jES
where

()~ () = { 25 € [2r1]

wi(z5) = U?}-
For every j € S,

> ple )1 { () () # 2} = Pr {3z U () = ) |Ug = i}

< 2" p(ulug).
Thus

Peode(uglug) <> T p(ulug)1{ ()" (uf) # @}

ps jES

=TT (X w1 (e~ ) # 2})

Jjes oy

< 2" Xjes depind(ugmg).

O

Our second lemma provides an upper bound for pinq(u%|ug) when (uf,u?) is

typical.
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Lemma 3.5.2. For all nonempty S5 C S C [k] and (ug,u?) € Ag")(Uo, Us),

llog Pind (ug|ug)

< — H(U;|U, H(U Uy, Uge 2(lS NS 1)0.
- plun) = > H(U;|Us) + H(Usns,|Uo, Uss) +2(| al +1)

jeSNSy

Proof. Recall that
plufylug) = pus,lug, wee) ] pluflug).
JESS

Thus for all S O Sg, we have

puglug) = pluns, lug, use) || pleflug).

jess
Therefore,
Pna(uslug) _ Pna(uns,|ut)
p(ugug) P(ung,lug, ugg)
_ HjeSde p(u?|u6‘)
Dl 1 5
The proof now follows from the definition of A((;")(UO, Us). O

Combining the previous two lemmas results in the next corollary, which we

use in our error analysis.

Corollary 3.5.3. For every nonempty S satisfying S5 C S C [k] and all
(u u3) € AT (Uo, Us).

L o Peote (0815

—— SCSde+2(|SﬂSd|+1)5.
n p(uglug)

Let £ denote the event where either the output of an encoder does not satisfy
the corresponding cost constraint, or the output of the decoder differs from
the transmitted k-tuple of messages; that is (Wj)?zl # (w;)i_,. Denote the
former event with &, and the latter event with Egoc. When Ego. occurs, it
is either the case that (w;)_; does not satisfy (denote this event with
Eiyp), or that there is another k-tuple, (VAVJ)Q“:1 # (w;)i_;, that also satisfies

(3.16). If the latter event occurs, we either have Wy # wy (denote this event
with £ ), or Wo = wg. When Wy = wy, define the subsets 9,7 C (k] as

8 = {3|Wja # wya}
T = {j|Wy; # wy;}.
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Now for every pair of subsets S, T C [k] such that SUT # &, define g1 as the
event where there exists a (Wj);?:l that satisfies 1} Wo = wo, Wia # wjq
if and only if j € S, and VAij # wj; if and only if 7 € T'. Thus we may write

& g gcost U gtyp U U 8S,T-
S, TC[K]
The union over all £g7 also contains the event £ 5. By the union bound,
Pr(€) < Pr(Eeost Uyp) + Y Pr(Esr).
S.TCIk]

Thus to find a set of achievable rates for our random code design, it suffices
to find conditions under which Pr(&.ost U Eryp) and each Pr(Eg 1) go to zero as

n — 0Q.

We begin with the event Ecog U Eiyp. Define &gy as the event where

(UO, ) ¢ A (UO, K)-
We bound the probability of E.ost U Eryp by

Pr(EeonUSisp) < Pr(EancUeont Uuyp) < Pr(Eune) +PE(Evo\Eone)+Pr(Erp\ Eenc).

(3.23)
The event Eee occurs if and only if A(Ug, Uy, (.)) (defined in Section is
empty. Thus

Pr(Eene) = Pr { AU}, Uly(.) = o}
If S; = @, then

Peode(ufjgug) = Pina(ufy|ug) = p(ufylug),
which implies
Pr (5 ¢

enc

) > Pr (A (Us, Upy)).
Thus Pr(&e..) goes to zero in this case. If S; # @, recall that for every

nonempty S C Sy, (g is defined as

(s =Y Cia— > HU;|Up) + H(Us|Us, Usg).
jes jes
From the multivariate covering lemma (Appendix [A]), it follows that Pr(Eec)
goes to zero if for all nonempty S C Sy,

(s > (8|Sd| — 2|S| + 10)5 (3.24)
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Next, for Ecost \ Eene We have

Pr (gcost \ genc) <325>
. IEN
= Z pcode(ugauﬁgpxﬁg})l)r{zlj S [k] : Ezb](xjt) > B; }
(ug iy i) =

(ug,uﬁg])e.A((sn>

1
< s S S g o) Pr {3 € K 23 b > B
(ugs u[ k]’ [k]) t=1
(ud u[k])EA(")

1
< s 2800 § (g Pr{ﬂj €k : = bilay) > Bj}
n

I[k] t=1
1 n
< 2GS 3 S ) Pr {2 S (o) > B
JE[k] a:;l t=1
< on(Cs,+2(1Sal+1)9) Z 2—”9(53'()(3')777)7 (3.26)
J€lk]
where |D follows from 1D in Appendix . Thus Pr (Scost \ &,nc) — 0 if
Gsq +2(|5al +1)0) < %%ﬁe(bj(xj)m)- (3.27)

We now find an upper bound for Pr(&yp \ ). Let B™ be the set of all

(uy, ufyy, 2y, y") such that (ug, ujy,) € Agn)(Uo,U[k]) but (ug, ufy, =}, y") ¢
AP (Uy, Uy, X, Y). Then

Pr(Eyp \ Eenc) = ZP(US)pcode(Uﬁﬂuo) (w[k]|u07 ) (y" |55 )

B(n)
(a)
< 9nlCsy+2(Sal+1)8 Zp uy, u } x[k] y")
B()

< s 2S00 Py { (A} < 9G2Sl 15-10)

?

where (a) follows from Corollary [3.5.3, (b) holds since B™ C (Ag"))c, and (c)
follows from the definition of I(e) given by (3.22). Thus Pr(Eyp \ Eenc) — 0 if

Csg < 1(€) = 2([Sal + 1)é. (3.28)

Therefore, if (3.24), (3.27)), and (3.28) hold, then by (3.23)), Pr(Eost UEtyp) — 0
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A

We next study € o, which is the event where there exists a k-tuple (W;); that
satisfies (3.16) but Wy # wy. If this event occurs, then (Ug, (A][’}ﬂ, X{}g}) and Y"

are independent. By the union bound,

Pr((":@,g) S 2" Zje[k] = Z Pcode (Ug, uﬁg}a xﬁc] )pcode <yn)

We rewrite the sum in the above inequality as

Z pcode(yn) Z pcode(“ﬁauﬂpxﬁz])a

A(Y) A (ym)

Using Corollary [3.5.3] we upper bound the inner sum by

D oGt (i )
AN @)
S 2TL(H(UO,U[k] ,X[k] |Y)+2€) 2”(C\Sd|+2(‘Sd|+1)5)277L(H(U0,U[k] 7X[k])+€) , (329>

where (3.29) follows from (3.21)). This implies Pr(€z ) — 0 if

>Ry < I(Xp;Y) = Cs, — 2(1Sal + 1) — 3e.
JEK]

Next, let S,T C [k] be sets such that SUT # @ and consider the event Eg .
Recall that this is the event where there exists a k-tuple (Wj)j that satisfies
1’ and Wy = wy, VAde # wjq if and only if 7 € S, and Wjj # wj; if and
only if j € T. For every A C S and B C §¢, let Eé’f C &g be the event
where there exists a k-tuple (1;); that satisfies

(U o), (U (Wi U)o (U (0 Z51U5)) s

(XT(W U5, UM) XM w|Ug, UM) Y") e A" (3.30)

JEAU(BNT)’ ( JEB\T’

and Wy = wy, Wjd # w;q if and only if 7 € S, and VAij # wj; if and only if
j €T. If Egp occurs, then so does Sé’f for every A C S and B C S¢. Thus

A,B
gS,T - m SS,T .
A,B

This implies
: A,B
Pr(&sr) < min Pr (557T ). (3.31)

Therefore, to bound Pr(€sr), we find an upper bound on Pr(é’ﬁ ’7{3 ) for any
A C S and B C S°such that AU(BNT) # @. This is the key difference
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between our error analysis here and the error analysis for the 2-user MAC
with transmitter cooperation presented in [43|. For independent distributions,
using the constraint that subsets of typical codewords are also typical does not
lead to a larger region; the same may not be true when dealing with dependent
distributions. That being said, to include all independent random variables in
our error analysis, instead of calculating the minimum in overall A C S
and B C S¢ we limit ourselves to subsets A and B that satisfy

SNS;CACS
SensS;C BCSe
since all the random vectors (U}')jes: are independent given Ug. Choose any
such A and B. Note that for every j € AU (B NT), either VAde # w,jq or
Wjj # wj;. In addition, in (3.30)),
(U7 W0, Z1UD)) o (U7 (w3, Z51UD)) e

(XP (WU, UM) (X7 (wys|Ug, UF))

JEAU(BAT)? jeB\T>

is independent of Y™ given

(3 (w0), (U7 (w0, |U3)) oo (X7 (wislUF U7 () s )
Therefore, by the union bound, Pr(é’ﬁ’f ) is bounded from above by
2”( 2iea Rja+> 2 e anBnm) Rjj)
X Zp<$ZU(BmT)|uga uZu(BmT))
A

XY p(ug, e, Xoours )P (nalug )p (Wi g, T UG, Ause, Xaevr),

n n
Hause Xge\T

(3.32)
where the inner sum is over all mappings p : [27Cia] — Uy for j € AUS® and
X} o [27C] — X for j € S°\ T. The distribution p(Ug, e, Xger- Y") 18 a
marginal of p(uf, Ik X[i» y"), which is defined as

p(ugaﬂﬁg]vxﬁﬁ],yn) = p(“?aﬂﬁ) (X[k]|u07 ) (y" |U0>M[k] Xk })
where

(X lug, 1) = H p(X] lug, 1)
JElk]

=1 II »OGGE)Iug, (),

€[] 2;€[2"“i4]
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and

P g, 1y X)) = Y P ug s )Py Xy (2100)-
(k]
We have

n n n n n
p(uiup, xB\T‘uo s HAUSe XSC\T)

< 1{3(z)jen € [T2°]: (%) € B i () =) A (V) € BAT : X} (z) = }) |

jEB

X 1{3(Zj)j€A e [T127% = (¥ € A: (=) = uy)}. (3.33)

jeA
We can thus upper bound the inner sum in (3.32)) as a product of the sums

> p(ug, e, X y")

ﬂgmxgc\rp

x 1{3()sem € []12%] : (%) € B2 i (z) = wf) A (%) € BAT 2 X} (z) = a7) |

jeB
and

ZP(MAWS)l{H(Zj)jeA e [T :vi € A (z) = “?}’

JEA

We first find an upper bound for the first sum. Define

Blug, ufyy, iy ™) =Y p(ug, uiy X, ") Hl{lh ) =uj,x; (1) = af }.

PR

The following argument demonstrates that p(ug, ujy, [y) = Pina(ug, ufyy, L),
ﬁ(ug,uﬂ],xﬁd) = ZP ug, u x[k] y")

= Z p(ug; iy Xiiy) Hl{ﬂj ) =, xj(1) =}

Fiie) X[
=p(u) [T D p(u?,x?lug)l{u?(l) =uf, xj(1) = 2} }
JEIK] 17 X7
= Pind (u87 uf]bﬂa x[r;g]) (334)

For every zp = (2;);en, where z; € [2"%¢] for all j € B, let £(25) denote
the event where for all j € B, Ul'(wjq, zj|Uy') = uj, and for all j € B\ T,
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X7 (wy;|Ug, Uf) = af. Also, recall that by definition, Cpg = ) .. 5 Cja. Then

jEB
> p(ug, e, XYoo y")

/-L267X20\T

X l{EIzB € H[Q"Cﬂ'd] 1 (Vi€ B:pj(z) =uj) AN(VjeB\T:xj(z)= x?)}

jeB

= Pr ({U{} =ug, Y" =y"} N UE(ZB))

— Pr (U {Ug = ug, Y™ =y} N €(ZB>))

ZB

< 2°rapr ({Ug = ug,Y" =y"} NE(1p)) (3.35)
= 2nCBdﬁ(ug7 up, x%\T7 yn)
= 2nOde(ug)pind (U%, x%\T|ug)ﬁ(yn|u87 U%, m%\T)v (336)

where (3.35]) follows by the union bound and (3.36)) follows from (3.34]). Using

a similar argument we can show

ZP(MA|U8)1{E|ZA € H[Q”Cﬁd] Vi€ A pi(z) = u?} < 2nCadp, (U |ud).
KA JEA

(3.37)
Thus by (3.33)), (3.36)), and (3.37)), the expression

2"( 2 jea Bja+2 e aunm) Rjj+CAd+CBd)

o Z p(ug)pind(Wiuplug)p(@huplug, wiup)D(y" lug, ug, x%\T)
A

is an upper bound for (3.32). Applying Lemma to pina(uy glug) and

dropping the epsilon term, this expression can be further bounded from above

by
on ( EjeA Rjd+2j€AU(BﬂT) Rjj"‘C(AUB)ﬁSd)

n n n ~ n n n n
X E p(ug, ug, IB\T)p(y |ug, u, xB\T)
A (Uo,Up,Xp\1:Y)

X ZP(UZ‘“& UnB)p(i’qu(BmT) |ug, UZU(BFWT))

AL (ufy T o™
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Using (3.21]), we can further upper bound the logarithm of this expression by

{Z Rjq+ Z Rjj + Caub)ns,
jEA JEAU(BNT)

n n n ~ n n n n
+ log E plug, up, T )Py [ug, uh, T 1)
Ag")(Uo,UB,XB\T,Y)

- HH(UA\UO, UB) - nH(XAU(BﬂT)’an UAu(BmT))
+nH(Ua, Xausnn)|Uo, Us, X1, Y).
Therefore, Pr(é’é’f) — 0 if
Yo Rat Y, Ry
jeA JEAU(BNT)
< —Cuaub)ns, + H(Ua|Uy, Up) + H(X aunr)|Uo, Uausnr))
— H(Ua, Xaunrn)|Uo, Up, X1, Y)
= I(Ua, Xauinr): Y|Uo, Up, Xp\1) — CauB)nsys
where the last equality follows from the fact that
H(Ua|Uy,Up) = H(U4|Uy, UB,XB\T) + [(UA;XB\T’an Ug)
= H(Ua|Uo,Up, Xp\r)

and

H(XAU(BQT)|U07 UAUB) = H(XAU(BQT)|UO7 UAU37 XB\T)
+ I(Xauinry: Xp\r|Uo, Uaus)
= H(XAU(BQT)|U07 UAUB) XB\T)-

Thus Pr(€sr) — 0 if for some SN S;C AC S and S°NS; C B C S°such
that AU (BNT) # @,

Y Rat Y, Ry

jEA JEAU(BNT)

< I(Ua, Xausar); YUo, Us, Xp\1) — (auB)ns, - (3.38)

The bounds we obtain above are in terms of (R;4)}_, and (R;;)%_,. To convert

j=1
these to bounds in terms of (R;)%_;, recall that Rjy = min{Cjo, R;}, Rj; =

Jj=b
(Rj - Cijn)—‘r) and
Rjo = Rj — Rjo — Rjj
= R; — min{Cjo, R;} — Rj; = max{R; — Cjo,0} — (R; — CY,)*
= (R; — Cjo)" — (R; — CL)™.
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Thus (3.38) can be written as
Y (R —Ci)"+ > (R —C)"
jeA jEBNT

< I(Ua, Xausor); Y|Uo, Up, Xp\1r) — Caus)ns,

3.5.2 Proof of Theorem (Sum-capacity gain)

Fix any vector v € R¥ rate vector C;, € R%, and cost constraint vector

B ¢ Rgo- For every h > 0, define Cyy(h) = hv. In the achievable region
defined in Section , let Uy = {0,1}, and for every j € [k], let U; = &;. Set
Cjo =0 and Cjy = C’,(h) for every j € [k]. For h > 0, let P(h) be the set of

out
all distributions of the form

pluo,ugy) - [ p(xsluo, uy)
JE[K]

that satisfy dependence constraints

> Chulh) =Y H(U|Uy) + H(Us|Ug) >0 V& ¢S C[H,

jes jes

and cost constraints

E[bj(X;)] <B;  Vje k.

Since our MAC is in C*, for some distribution p, € Pina(Xfy) that satisfies

I, Xy Y)= max I(XppY),
( k] ) PEPind (X[x)) ( . )

there exists a distribution p;, € P(A]y) that satisfies

Ey[ D (p(y1X10)llpa»)) | > Ea| D(p(yl X)) Ipa(v) ]

and whose support is contained in the support of p,. Here we also assume that
for all j € [K],
(X5 Y[ X g53) > 0.

At the end of the proof, we show that in the case where the last property does
not hold, the same result follows by considering a MAC with a smaller number

of users.

Choose p € (0,1) such that for every nonempty S C [k],

plo(Xs1Y|Xge) <) Ch. (3.39)

JjeS



56

For every A € [0, 1], define the distribution px(uo, up), x[x) as

(o, uik), Tiry) = (o) pa () ) oA (@ (1o, uw),

where

I ifug =1
pa(ug) =
1-— % if Uy = O,

and for every up € Uy (recall Uy = X)),

palupry) = (1= N)pa(um) + Aps(ugp)-

Finally, for every (uo, up, Zx),
pa(zpgluo, upg) == [ palasluo, uy),
J€k]

where for all j € [k],
].{l’j = Uj} if Ug = 1
pa(xjluo, uj) ==

Pa(;) if ug = 0.

Note that py(uo) and px(zp|ug, upy) do not depend on A. In addition, since
pa and py, satisfy the cost constraints, and for all j € [k] and A € [0, 1],

pa(z;) = (1 = Npa(z;) + App(zy),
py satisfies the cost constraints as well.

We next find a function A*(h) such that for sufficiently small h,

pA*(h)(UmU[k}a x[k]) S P(h)

Fix € > 0, and define h : [0,1] — R by

1

h(\) i = =—
Z]G[k] Uj JE[k]

HA(U;) - HA(U[M)> + el (3.40)

The following argument relies on Lemma [3.5.6] which appears at the end of
this section. By Lemma m (i),

dh 1 pA(U[k])
— = Po(up)) — palup)) log =————— + ¢,
dX Zje[k] Uj UZ: ( " " ) Hje[k] pa(uy)

(%]
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and by Lemma m (i),
dh
dX Ix=0+

Thus A(A) is continuously differentiable and has positive derivative at A = 0%.

=e>0.

Therefore, by the inverse function theorem, there exists a function A = A\*(h)
defined on [0, hy) for some hy > 0 that satisfies

WYy vj=> Hyew(U;) — Hyoy(Up) +eX' () Y v,
j€lk] JE[K] J€k]
and I .

=, 3.41
dh lh=0+ € (3:41)

Now for every nonempty S C [k], define the function (g : [0, hy) — R as
Cs(h) = Z Cl(h) — Z Hy-(Uj) + Hx-(Us), (3.42)

jes jes

If we calculate the derivative of (s at h = 0, by Lemma [3.5.6] (iii), we get
dCs
% ot = ZU]' > 0.
jes

This implies that there exists 0 < h; < hg such that for every 0 < h < h; and
all nonempty S C [k],
Cs(h) > 0.

Therefore, for all sufficiently small h, py«)(uo, U, 2x) is in P(h).

We next find a lower bound for the achievable sum-rate using the distribution
D= (U0, U, 2)) for small h. For every S,T C [k], define the function fgr :
[0,h1) = R as
fsr(h) == Luwy(Xsur: Y|Uo, Use, Xserre) + . Ch = Cug(h).  (343)
JET\S

This definition is motivated by the fact that by Lemma [3.5.4] any rate vector
(R;) ey that satisfies

Y Ry<fsrlh) VST CIK]

jESUT
is in € (Ciy, hv). In (3.43), expanding the mutual information term with re-
spect to Uy gives
Do (Xsur; Y |Uo, Use, Xsenre)
= ply (Xs; Y| Xse) + (1 — p)la(Xsur; Y[ Xsenre),
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where the term Iy« (Xg; Y| Xgc) is calculated with respect to the distribution

P (ac[k}) = (1 — )\*)pa(x[k]) + )\*pb(x[k]).
Next, for every S C [k], define the function Fg : [0,h;) — R as
Fs(h) := I« (Xs; Y |Uy, Uge, Xge) — (g (h).
The following argument shows that for sufficiently small i and for all ST C
[£],
fsr(h) > Fsur(h).
Consider some S and T for which 7'\ S is not empty. Then

fs7(0) = pulo(Xs; Y| Xse) + (1 = ) La(Xsur; Y| Xserre) + Z )

JET\S
> il (X Y| Xge) + (1 — p) Lo(Xsur: Y[ Xsenre) + plo(Xvs; Y[ X\ s)e)
(3.44)
> 1,(Xsur; Y| Xsenre) = Faur(0),
where (3.44]) follows from (3.39). Note that fgr and Fsyr are continuous

functions of h for all S and 7. Thus there exists 0 < hy < h; such that for
every h € [0,hy) and S, T C [k] with T'\ S # @,

fsr(h) > Fsur(h).

Next consider S and T for which 7'\ S = &; that is, T'C S. In this case,
fsr(h) = Iw(Xsur; YUy, Use, Xgeare) + Z Ci — iy (h)
JET\S
- ]A* (XS, Y|UO, Uch7 XSC) - C[k](h)
— FS(h) — FSUT(h')‘

Thus fsr(h) > Fsur(h) for all such S and T" as well. Now fix h € [0, hg).

From the above argument, it follows that the region

Goen(h) = {RMV@ CSCk:0<Y R < Fg(h)}
jes
is a subset of ¢'(Cj,, hv). Now consider the region

Gous () = {R[k]‘vg CSCH:0<Y R < @S(h)},

JjeS
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where ®g(h) is defined as

Og(h) == Fs(h) + Cse(h) + > Coul

JES

Note that oy (h) contains Goen(h).

We next show that there exists hs € (0, ho] such that for every j € [k] and all
h € (0, hs),

Oiy(h) > k> Ol (3.45)
1€[k]

To see this, first note that the right hand side of the above equation equals

zero at h = 0, while
®53(0) = La(X;; Y[ Xppg53) > 0.

Inequality (3.45)) now follows from the fact that both sides are continuous in
h.

By Lemma [3.5.7] which appears at the end of this section, for a fixed h, the
mapping S — Pg(h) is submodular and nondecreasing. Thus for every j € [k,

there exists a rate vector (R;)icpx) in Gout(h) such that

R; >kZ t(h), and

1€[k]

> Ri = dpy(h).

i€[k]
For example, for j = 1, consider the rate vector (R;)cix, where Ry = ®¢y(h),
and for all 1 <7 <k,
Ry = @pp) = Pji—1y.
From Lemma m, it follows that the defined rate vector is in G,y (h). Since
Gout (1) is a convex subset of RE, there exists a rate vector (R¥(h)); € Gou(h)
such that

Z out VJ € [k]a and

JEk]

> Ri(h) = yy(h).

J€(k]
On the other hand, from the definition of (s(h), given by (3.42)), it follows that

(I)( <FS Z out
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Thus

( =)l )]G[k]ecémh(h).

1€[k]

This implies that the sum-rate

Rsum<h) = q)[k] —k Z out

JEk]

:M[)\*<X[k],Y)+(1_ ) X[k]; kz out )

JEk]

is achievable. In addition, since by [36, Lemma 3.2] we have

Rsumo :IaX 7Y = max [(X aY :Csum Cin707
(0) = La(Xpy; Y) pA (X3 Y) ( )

thus
Csum(cinu hV) - Csum(cinu 0) Z Rsum(h> - Rsum(o) (346>

for all h € [0, h3). Thus

Csum(cina hV) - Csum(cina O)

lim inf
h—0+ h
Z hm Rsum(h) - Rsum(O) (347)
h—0+ h
d dX\*
= Hge e Y| ] TR Z Y
JEK]
1
> E{Z (po(2w) = palem)) D (p(ylz)1paly } —k) v (349)
-~ JEK]

Here ) follows from and (| is proved by combining (3.41)) and

Lemma (ii), which appears at the end of this section. From our definitions
of p, and py, it follows that

Zpb 29) D (0l 1pa(y)) > > pa(zpg) D (Yl |pa(y))-
(k]
Since € is arbitrary, from (3.48) we get

111’11 Csum(cina hV) - Csum(cina O) — 0.
h—0+ h

This completes the proof for the case where

Sy = {j € [k

o(X5 Y[ Xungy) > 0}
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equals [k]. We next consider a MAC for which S, is a strict subset of [k] (i.e.,
S, C [k]).

For every j € [k], let A; C &; denote the the support of p,(x;). Then for
nonempty S C [k], the support of p,(zg) is given by

.AS = HAJ
jeS
Note that
[,(Xse; Y1 Xs,) < 1a(X55 Y[ X g5y) = 0.

Jess

Thus for every zg, € Ag,,
Ia(XSg§Y|XS* =1s,) =0,
which implies that for all z € Ay,

p(y|7w) = pa(yles,).

Note that since the support of p, is contained in the support of p, by as-
sumption, it follows that for all nonempty S C [k], the support of py(zg) is

contained in Ag.

Now consider the |S,|-user MAC

(As..palyls.). ).

and the input distributions pina(zs,) = pa(zs,) and paep(s,) = po(zs,). Note
that
Iind(XS*; Y) = max I(XS* ) Y),

pEP(XS*)

and

IEgdep [D (pa (y|XS* )

Pina(y )}z [ (p(y| X)) |pa( ))]
[ (p(y X1a) lpa( ))}
[ (Pa(y]Xs.) lend(y))}

\/

Furthermore, for every j € S,

Lna(X53 Y X s (1) = La(X5: Y[ X 53) > 0.
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Thus this MAC satisfies all of the conditions under which we already proved
Theorem Suppose v = (v;)5_; € RE. Define v* = (v})i_, € RE, as

J

v; = v;1{j € S.}.

Then
lim C’suIn(Cin7 hV) - CVsurn(cina 0)
h—0+ h
— lim C’sum(cina hv ) - C1surn(Cin7 O) (*:) 00,
h—0+ h

where (x) follows from the fact that our |S,|-user MAC satisfies all the required

properties to imply an infinite directional derivative for sum-capacity.
We next provide the proofs for the lemmas we use in the above argument.

We begin by proving Lemma [3.5.4] which is used to obtain a lower bound on

the sum-capacity.

Lemma 3.5.4. For any MAC with a (Ciy,, Cou)-CF, let
p<u07u[k]) : H p(Ij|anuj)
JEIK]
be a distribution that satisfies
G5 = 3 Gl = Y H(U|U) + HUSU) >0 Y& € S C [K],
jes jes

and E[b;(X;)] < Bj for all j € [k]. Then €(Cin, Cout) contains the set of all
rate vectors (R;) ;e for which

> Ry < I(Xsur; Y |Uo, Use, Xserre) + > Chi— Qg VS, T C [K]

jesur JET\S
Z Rj < I(X[k];Y) - C[k]-

JEK]

Proof. In Theorem , for every j € [k], set Cjo =0 and Cjy = C7... If in
(3.8)), for every S, T C [k] with SUT # &, we choose A = S and B = S, then
we see that any rate vector (R;);cy that satisfies

Z (R — CI)" < I(Xsur; Y|Uo, Use, Xserre) + Z o= (k) VS, T C [K]
JeESUT JET\S

> Ry < I(Xu:Y) = (s
JE(k]
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is achievable. To get the desired region, we apply the following lemma. The

proof is simple and is omitted.

Lemma 3.5.5. Let k be a positive integer. Fiz vy > 0 and for every j € [k],

let oj be a real number. Then the vector (x;);cy satisfies
D (a—ay)t <y
JElk]
if and only if for every nonempty S C [k],
> (@ —ay) <.
j€s

]

The next lemma provides the derivative of the input-output mutual informa-
tion and the total correlation [44], when calculated with respect to the convex

combination of two distributions.

Lemma 3.5.6. Consider two distributions p, and p, defined on the finite al-
phabet Xyy. For every X € [0, 1], define the distribution py on X as

(@) = (1= Npa(@py) + Apo(2p)-
Then the following statements are true.

(i) For every nonempty S C [k]|, we have

d

T HA(Xs) = =) (m(ws) = pa(ws)) log pa(ws).

zs

(i) For every finite alphabet k-user MAC (Xy, p(y|op), V), we have

%IA(X[H; Y) = (m(xw) — palzp)) D (p(ylzp) Ipa(y). (3.49)

Zk]

(#i) If p, has the form

x[k H Pa 'rj

and the support of p.(xk) contains the support of py(xk), then for every
nonempty S C [k,

(Z HA(X;) — Hy( XS)> ) —0. (3.50)

A=0"+
JjES
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Proof. Statement (i) follows by direct calculation.

For (ii), note that
pay) = (1 = Npaly) + Aps(y)-
Thus by (i),

() = =3 () = o) Qe+ o)

—Z (po(y (y))lo

1
g —
pA(y)
1
=D (polzw) = palzw)) D pylap) log :
% ) ) Xy: ) log
Similarly,
(v X))
an A (k]
1
= po(zg) — palzmy)) ) p(ylop) log ——.
%( W [1)? mlog e
Taking the difference between these derivatives completes the proof of part
(ii).
For part (iii), note that for every j € [k],
d
X)) =~ Z(pb(%') — pa(@;))(log € + log pa(x;))
= _Z Po(2;) — palz;)) log pa(z;).
Hence

di)\ > THAX)) ==Y (po(5) — palz;)) log pala;))

JES jeS z;

1
—-2{: po(zs) — pa(ws)) log I

jes P (:EJ) .
On the other hand,

d

T HA(Xs) = = (pu(xs) = pa(xs)) log pa(zs).

Ts

Thus

<ZHA — H\( X5)> =Y (m(xs) = pa(ws))log oalts)

jes s IIjespA<xj)‘
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Equation ((3.50) now follows from the fact that
= Hpa($j>7
j€s

and the support of p, is contained in the support of p,. O]

In the next lemma, we prove that for a fixed h, the mapping S — ®g(h) is
nondecreasing and submodular. In the statement of this lemma, 2[¥! denotes
the collection of all subsets of [k]. This lemma was proved for independent
distributions by Han |36, Lemma 3.1].

Lemma 3.5.7. Fiz a distribution

u[k] H p(xjluy) - y|$[k)

on Uy X Xjp) x YV, and define the function @ : ol 5 R as
O(S) == I(Xs; Y|Use Xse) + Y H(U;) — H(Us|Use)
jes

for every S C [k]. Then ® is nondecreasing and submodular.

Proof. Note that

®(S) = H(Y|Use Xse) = H(Y|X) + Y H(U;) + H(Us) — H(Upy).

jes

For every j € [k], define V; := (U;, X;). Then for every S C [k],

> CH(V;) + H(Vee) = HViy) = > H(U;, X;) + H(Use, Xse) — H(Upg, Xp)

jES JES

= H(U)) + H(Use) — H(Up),

JjES
since each X; only depends on U;. Thus

®(S) = H(Y|Vse) = H(Y [Vi) + Y H(V;) + H(Vse) — H(Vigy)

jes

)+ > H(V)) VigY).

jES

H(Vse|Y
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We first show @ is nondecreasing; that is, we show ®(S) C ®(T") whenever
S CT. Suppose S C T. Then

H(Vse|Y)+ Y H(V,
JES
= H(Vee|Y) + H(Vserge|[Vee, Y) + Y H(V)) = Y H(V))
jeT JET\S
H(Vye|Y) + > H(V,
JjeT
since

H(Vseyre| Ve, Y) = H(Vps|Vre, V) < Y H(V).

JET\S
Thus ®(S) C &(T).

We next show ® is submodular. Fix S, T C [k]. Our aim is to prove
O(S)+O(T)>2(SUT)+D(SNT). (3.51)
We have

H(Vse

Y)+ H(Vre

Y) = HVseare|Y) + H(Vgevre|Vaenre,Y)
+ H(Vgeure|Y) = H(Vgevpe|[Vpe, YY)
= H(Vseare|Y) + H(Vseure[Y)
+ I(Vsevre; Vireyse| Vseare, Y)
> H(Vaerge|Y) + H(Vaeure|Y).

This proves (3.51)), since
SLIAES SIS SR TIARED SRTIA)
jeS JeET JjeSsSuUT jesnT

]

For a rate region defined by submodular constraints, the next lemma gives
an explicit formula for a rate vector that achieves the maximum sum-rate.
It is a special case of [45, Corollary 44.3a, p. 772] and is included here for

completeness.

Lemma 3.5.8. Let ® : 2¥1 — R, be a nondecreasing submodular function
with ®(@) = 0. Define the region Z(®) C RE, as

(D) = {R[k]]vs Clk:S R < @(S)}.

jes
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Then the rate vector Ry = (Ry, ..., Ry), defined as

R: = (I)([]]) - (I)([] - 1]) if 7 € [k;] \ {1}
C () ifj=1,

is in Z (D).
Proof. Using induction on |S|, we show that the rate vector Ry satisfies

VS C[k:) R <®(S5)

jes

If |S| = 0, then S = @ and the proof is clear. For nonempty S C [k], let
j :=max S. By the induction hypothesis,

> R <®(S\{j})

i€S\{j}
Thus
D R <®(S\{j}) + R,
ies
= 2(S\ {5}) + @(lj]) — 2(li — 1))
< ®(S), (3.52)
where (3.52)) follows from the fact that ® is submodular. O

3.5.3 Proof of Proposition [3.2.4] (The k-user Gaussian MAC)
A close inspection of the proof of Theorem [3.2.3| (Subsection [3.5.2)) reveals that
the proof applies to any discrete or continuous MAC for which there exists a

family of input distributions (px(Z[))ejo,1 such that

(i) for A =0,
x[k] H po(x;), and

Io(Xp;Y) = max  I(Xp;Y);

p(z1).-p(zk)

(ii) for every nonempty S C [k],

d
EH)\(XS) N = O; and
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(iii) the input-output mutual information satisfies

d

—L( Xy Y > 0.

d\ A X Y) A=0+

For the Gaussian MAC with power constraints (P;);cp, define py(zpy) as the
probability density function of a multivariate Gaussian distribution with mean
vector zero and covariance matrix Xy, where for 4, j € [k], the (i, j)-entry of

Yy is given by

MNPBP; ifi#yg

P ifi=7.

EA(%]) =

Clearly, condition (i) is satisfied. Next, note that for every nonempty S C [k],

we have
HA(Xs) = 3 tog [(2me) (TT )1 = XF (1 + (1] - 1),
JElk]

from which (ii) follows by a simple calculation. Finally, defining the SNR of
encoder j as 7; := P;/N for j € [k] gives

L(XpY) = 110g< +Z%+A > \/%%)

1,517

from which (iii) follows if there exist distinct ¢, j € [k] such that v;v; > 0.

3.5.4 Proof of Proposition 5/ (Outer bound)
Consider a ((2”31, S, 2nEe) L)—code for the MAC with a (C;,, Cou)-CF.
For every message vector wy = (wy,...,wy), j € [k], and ¢ € [L], define

uje == @je(wy, vi )

. L l
Vjg = ¢j€(u17 o),
where u§ = (uj1,...,u;) and vf = (vj1,...,vj0). Also, for every nonempty

S C [k] and € € [L], let usy = (uj)jes and u§ = (uf)jes. Finally, for every

j € k], £ € [L], and ve ! Vf‘l, define the mapping

1 gy 2"
SOjK,U§71 . Z/{][ — 2

=1y _
Ujg > {wj @je(wjavj ) = Uje},

where 22" denotes the set of all the subsets of [2n44].
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Note that Uﬁf] is a deterministic function of u - Thus for every u jand j € k],
the set

U[k] ﬂSO ot (ue)

is well-defined. It follows that for a fixed code and a given message vector
w, the vector of all CF inputs is given by u[Lk] if and only if for every j € [k],
w; € A; (u@])

Now consider a sequence of ((2”R1 o, 2nBR) L)-Codes with P™ = 0 as
n — oo. By Fano’s inequality [40, p. 38|, there exists a sequence (€,)°; such

that ¢, — 0 as n — oo and
H(W[k”Yn) S ney,.
Thus for every nonempty subset S C [k,
H(Ws|Wse, Uy, Y™) < ne,.
We have
n Z Rj S H(W5|Wsc)
jes
= I(Ws; Uy, Y™ |We) + H(Ws|Wse, Uy, Y™)
< I(Ws; UggWse) + I(We; Y™ Wese, Uy + nep. (3.53)

We next find an upper bound for each of the mutual information terms. For

the first term, we have

[(Ws; Uyl Wse) = H(Ugg[Wse) (3.54)

= ZH(USZ, Used Wse, Ul ")
=1
L

=Y H(Usi|Wse, Ujg ", User) < > C4, (3.55)
/=1 JjES

where (3.54) follows from the fact that UULC} is a deterministic function of
Wiy, and (3.55) follows from the fact that Uge, is a deterministic function
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of (Wse, U[k] 1). For the second term in (3.53)), we have

I(Ws; Y™ Wse, Ulpy) = HY™|Wse, Ulpy) — HY™|Wg, Wse, Ufyy)
= H(Y"|Uy, X5) — HY"| Uy, X[y)

<3 (HOH X Ufy) — HOGUR Xii)
t=1

S Z I(XSt; }/t|U[§€/]7 XSCt)7

t=1

where Xg; = (Xj1)jes. We have

: A (uiy)]
p(u[Lk]) =Pr{vjek]: W, e Aj(u[Lk])} = H TH]’
jelk] g
and "
ufy
u[k]|wj 1{w; € A;( u[k }H |W[|]
(2
Thus . ;
p(w;luly) = Pl p(ugs|ey) — Huwy € Aj(ufy)}
e p(u[Lk] | A, (u [k])’
and
p(wi)p(ufy [wi) - 1{wj € A (ul)}
plwpglufyy) = = p(w, |u

Therefore, Wy, ..., W are independent given U[%. Recall that at time ¢ € [n],

the output of encoder j is given by X, := f; (W}, V]L) for some mapping
fie 1 279 x VF = &
Also define Uy, := U[,Lc] for all t € [n]. Then

(e |uor) = ZP Wi [wor) (@ ke wi, vor)

= Z H p(wjluor)p(zjilw;, uor)

wig) jE(k]
= H ZP wj|uoe)p(wje|wy, uor) = H p(j¢|uor)-
JEk] w; Jj€lk]

Defining a time sharing random variable and applying the usual time sharing

argument |40, p. 600] completes the proof.
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3.5.5 Proof of Proposition (The Gaussian MAC)
Consider any « € [0,1/2]. In the region given in Section[3.4] set Cig = Co = 0,
Chrqg = Coq = Cout, p1 = p2 =1, and

Po =V 1 — 2—4Cout

Then the rate pair (R}, R}) given by

R*:llo (1+71+72+2,007
A Ny =y

2
* 1 2
R2 = 5 lOg (]. + (1 — p0)72)7

) = Cou

is achievable. Since

1 1+ + 1
Co(0) = a x 3 log (#) +(1—a)x ilog(l +72)
o 1 -2«
= log(l+71 +72) + log(1 + 72),
we have
Ca(cout) - Coc(o)
> aR] + (1 — a)Ry — C,(0) (3.56)
Qa 2p07 1 -2« pgvg
_ <1+ )+ 1 (1——>—Cou. 3.57
2 % L+ +7 2 ® T+ e )
Using the fact that 2” =1+ &= + o(z) and /1 + o(1) =1+ o(1), we get
po — \/ 1 P 2*4Cout
4Cout
= \/10ge +O(Oout>
2 /Com + o(\/Co)
= : ou o out /-
Vloge ’ ‘
In addition,
2 400ut

Po + 0(Cout) = 0o(/ Cout)-

~ loge
Applying log(1 4+ z) = xloge + o(z) to (3.56) completes the proof for o €
[0,1/2]. The proof for o € (1/2,1] follows similarly.
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encoder 1 - encoder j
Cji

Figure 3.3: In k-user MAC with conferencing, for every i,;5 € [k], there are
links of capacities C;; and C}; connecting encoders ¢ and j.

3.6 Appendix: The k-User MAC with Conferencing Encoders
In this appendix, we extend Willems’ conferencing encoders model [5] from the
2-user MAC to the k-user MAC and provide an outer bound on the capacity

region.

Consider a k-user MAC where for every i,j € [k] (in this section, i # j by
assumption), there is a noiseless link of capacity C;; > 0 going from encoder
i to encoder j and a noiseless link of capacity Cj;; > 0 going back (Figure
. As in 2-user conferencing, the “conference” occurs over a finite number
of rounds. In the first round, for every 4,5 € [k] with C;; > 0, encoder i
transmits some information to encoder j that is a function of its own message
w; € [2"%]. In each subsequent round, every encoder transmits information
that is a function of its message and information it receives before that round.

Once the conference is complete, each encoder transmits its codeword over the
k-user MAC.

We next define a ((Q”Rl, S, 2nBR) L)—code for the k-user MAC with an L-
round (Cj;)y ;_,-conference. For every i,j € [k] and £ € [L], fix a set Vi(f) SO
that for every 4, j € [k],

L
> "log VY| < nCy;.

Here Vi(jé) represents the alphabet of the symbol encoder i sends to encoder j
in round ¢ of the conference. For every ¢ € [L], define Vé Hz/ 1 V(E) For
j € [k], encoder j is represented by the collection of functions (f;, (h e))i’g),

)

where

nR L n
[2 H Vij — Xj
1]
nR (—1 (£)
i3]
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The decoder is a mapping g : Y" — Hle[Z”Rf]. The definitions of cost

constraints, achievable rate vectors, and the capacity region are similar to

those given in Section [3.1]

The next result compares the capacity region of a MAC with cooperation

under the conferencing and CF models.

Proposition 3.6.1. The capacity region of a MAC with an L-round (Cy;)f ;_,-
conference is a subset of the capacity region of the same MAC with an L-round
(Cin, Cout)-CF cooperation if for all j € [k],

Ci > Z Cji and Cly > Z Cij-

IRE] 1:0F£]

Similarly, for every L, the capacity region of a MAC with L-round (Ciy, Cout)-
CF' cooperation is a subset of the capacity region of the same MAC with a
single-round (Ci;)§ ;_, -conference if for all i,j € [k], Ci; > Ci,.

Proof. An L-round (C;;)F;_- conference for a blocklength-n code is uniquely

determined by a collection of sets {WW Z-j }17]75 and mappings

(0) . ronR, =1, 0
hgz [2 ] H Wi’j sz ’ (358>
i #£g
where 7, j € [k] and £ € [L]. In (3.58), for every ¢ € [L],
¢
[ ()
wh =T wy.
=1
Furthermore, for all 4, j € [k] and ¢ € [L], Wl(J satisfies
> " log WY < nCy.
Finally, for every message vector (my,...,my), where m; € [2"%], define w( )

recursively as
() O] -1
wy; = h; (mj,(w, ),?ﬁj).

Our aim is to construct a blocklength-n code for the same MAC with a

(Cin, Cout)-CF that through L rounds of communication with the encoders,
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provides them with the same information as the L-round conference given

above. To this end, for every j € [k] and ¢ € [L] define the sets Uj, and V;; as
Z/{jg = H Wj(f)
i
ng = H Wl(f)
i
Then

> loglthel = > log WY

Ce[L] Ce[L] iri]
¢
I
i:i£j Le(L]
1]

Similarly, we show

Z log [Vje| <n Z Cij < nCly.

telL) isi

Next for every j € [k] and ¢ € [L], define the mapping
e : [Z"Rf] X fol — U,
0—1 ()
(mj= (wij )z‘:z’;ﬁj) = (wji )z‘:i;éj‘

Similarly, define

Yo [T U = Vie
1€[k]

(wfj')i,j’ = (wl(f))i:i#j'

This completes the proof of the first part.

For the second part, we show that the capacity region of a MAC with a single-
round (Cj;); j-conference contains the outer bound given in Proposition [3.2.5]
if C;; > Ct for all 4,5 € [k]. The coding strategy is simple. For each j € [],
encoder j sends the first nCY, bits of its message to all other encoders. The
encoders then form a “common message” that contains the initial nC?, bits
of message j for all j € [k]. The rest of the proof follows by applying the
forwarding inner bound (Corollary with Cjo = C7. for all j € [k]. O
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Combining the first part of Proposition with the outer bound from Propo-
sition [3.2.5 results in the next corollary, which holds regardless of the number

of conferencing rounds.

Corollary 3.6.2 (Conferencing Outer Bound). The capacity region of a MAC
with a (C’ij)f’j:l—conference 15 a subset of the closure of the set of all rate vectors

(R1, ..., Rg) that for some distribution p(ug)p(xi|ug) . .. p(ak|ug) satisfy

ZRjSI(XS;Y|UO>XSC)+ZZCji VQ%SQ[/{?]

jes JES i#j

> Ry < I(Xpg:Y).

JE[K]
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Chapter /

THE ROLE OF STATE INFORMATION

In this chapter, we extend the exploration of cooperation beyond the networks
of Chapters [2| and [3] to examine the cost-benefit tradeoft of cooperation in

networks where state information is present at some nodes.

4.1 Channel State Information

Networks where state information is available at some nodes appear in many
applications, including wireless channels with fading [9], [47], cognitive radios
[48], and computer memory with defects [49]. Depending on the application
at hand, the state information may be either fully available at all network
nodes or available in a distributed manner; in the latter case, each node has
access to a component or a function of the state sequence. Furthermore,
the state information may be available non-causally, or alternatively, may be
subject to causality constraints. For example, when state information models
fading effects in wireless communication [9], the transmitters’ knowledge of
state information is strictly causal or causal. On the other hand, when the
state sequence models a signal that the transmitter sends to another receiver,

then the state sequence is available non-causally at the transmitter [50].

In this chapter, we study the advantage of encoder cooperation in the setting of
networks with state information. In this context, network nodes work together
to increase transmission rates—not only by sharing message information, but
also by sharing state information (Figure . As an example of message
and state cooperation, Permuter, Shamai, and Somekh-Baruch [11] find the
capacity region of the MAC with encoder cooperation under the assumption
that distributed, non-causal state information is available at the encoders and
full state information is available at the decoder. As their cooperation model,
the authors use a special case of the Willems conferencing model [5], originally

defined for MACs in the absence of state information.

Indirect forms of cooperation, in the presence of state information, are also

considered in the literature. Cemal and Steinberg [51] study a model where a

This material is based upon work supported by the National Science Foundation under
Grant Numbers 1527524 and 1526771. It originally appears in [46].
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central state-encoder sends rate limited versions of non-causal state informa-

tion to each encoder, while the decoder has access to full state information.

Here we study cooperation under the CF model. Specifically, we characterize
channels for which the cooperation gain has an infinite slope in the presence of
state information (Section ; interestingly, this includes channels for which
the infinite slope phenomenon did not arise in the absence of state informa-

tion.!

For state information at the encoders we consider four cases: (i) no state in-
formation, (ii) strictly causal state information, (iii) causal state information,
and (iv) non-causal state information. In case (i), the CF is used for sharing
message information (a strategy here called “message cooperation”) since no
state information is available at the encoders. In cases (ii)-(iv), the CF enables
both message and state cooperation. Here we study message and state coop-
eration only in case (iv); in this case we show that the use of joint message
and state cooperation leads to a weaker sufficient condition for an infinite-
slope gain compared to the sole use of message cooperation. Whether in cases
(ii) and (iii), the use of joint message and state cooperation likewise leads to
a weaker sufficient condition for an infinite-slope gain compared to message

cooperation alone, remains an open problem.

Throughout, we assume that any state information available at the encoders is
distributed; that is, we assume S = (S, S2), where for i € {1,2}, S; is available
at encoder i. As we do not make any assumptions regarding the dependence
between S and S5, our results apply to the limiting cases of independent states

(i.e., independent S; and S3) and common state (i.e., S; = Ss).

Since the decoder starts the decoding process only after receiving all the out-
put symbols in a given transmission block, causality constraints at the decoder
do not impose limitations on the availability of state information. Thus we
may assume that the decoder either has full state information or no state infor-
mation. Here we focus on the former scenario. Jafar [10] provides the capacity
region of the MAC with distributed independent (causal or non-causal) state

information at the encoders and full state information at the decoder. The

!As an example, consider the MAC Y = X; + X5 + S (mod 3), where S is uniform on
{0,1,2}, X; and X, are binary, and Y is ternary. The infinite slope sum-capacity gain is
achievable when the decoder has full knowledge of S, but no sum-capacity gain is possible
when it does not have access to S.
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Figure 4.1: The network studied here consists of a pair of encoders communi-

cating, with the help of a CF, to a decoder through a state-dependent MAC.

Full state information is available at the decoder. Partial state information S
is available to encoder ¢ € {1,2} at time ¢t € [n].

capacity region is unknown when the encoders have access to state information
but the decoder does not 52|, [53].

4.2 Model

4.2.1 Preliminaries

Let Sp, Sy, &1, As, and Y be discrete or continuous alphabets. A MAC with
input alphabet X} x X5, output alphabet ), and state alphabet S := &1 x Ss
is given by the sequence

{p(s"py"[s" a7, 23) }

n=1
The MAC is said to be memoryless and stationary if for some p(s)p(y|s, 1, z2)
and all positive integers n,

n

p(s")p(y"|s", 2, x3) = Hp(st)p(yt‘stymltw%%)-
t=1

4.2.2 Message Cooperation

In this subsection, we define the capacity region of a MAC with a CF that
enables message cooperation. We include four scenarios in our definition based
on the availability of state information at the encoders: no state, strictly
causal, causal, and non-causal. We assume full state information is available
at the decoder.
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We start by defining a (2", 2" n)-code for the MAC with a (Ci,, Cout)-CF,
cost functions b; : X; — R for i € {1,2}, and cost constraints By, By > 0.
The pairs C;, = (CL,C2) and Coy = (CL,,C?%,) denote the CF input and
output edge capacities, respectively. Encoder i, for i € {1,2}, is represented
by (i, (fie)i,), the CF is represented by (¢..,¢2,), and the decoder is
represented by g. These mappings are defined in the order of their use below.
For i € {1,2}, the transmission from encoder i to the CF is represented by
the mapping

Pl [207] — [27C) (4.1)
and the transmission from the CF to encoder i is represented by
Pt [29n] x [270] — [2Cou].

For simplicity, the transmissions to and from the CF occur prior to the trans-

mission of codewords over the channel.

At time t € [n], for i € {1,2}, the transmission of encoder i over the channel

is represented by the mapping
Fi o [2M5] x [27Cn] x ST — A, (4.2)

Here S*f represents any knowledge about the state gathered by encoder ¢ in
times {1,...,t}. Let * be a symbol not in S; US,. For ¢ € [n], we have

p

* no state information
. Sit—1) strictly causal
Sit =
Sit causal
\ SP non-causal.

For every message pair (wy, ws), the codeword of encoder i is required to satisfy

the cost constraint

D Eb: | fi (s b (P (1), 2 (2)). ) | < B (43)

t=1

The decoder has full state information and is represented by the mapping
g: 8" x Y — 2] x [2nf],
The average probability of error is given by

P™ = pr {g(S”,Y") £ (W, W2)},
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Table 4.1: Parameter 7 designates the type of state information available at
the encoders.

T encoder state information
0 none
T—-1 strictly causal
T causal
00 non-causal

where (Wi, W,) is uniformly distributed over [27%] x [2"72]. A rate pair
(Ry, Ry) is achievable if there exists a sequence of (271 272 n)-codes with
Pe(”) — 0 as n — oo. We use subscript 7 € {0,T — 1,7, 00} to specify the
dependence of the capacity region and sum-capacity on the availability of state
information at the encoders. Table makes this dependence clear. The ca-
pacity region %, (Ciy, Coyt) is given by the closure of all achievable rate pairs.
The sum-capacity, denoted by C;(Ciy,, Cout), is defined as

Cr(Cin, Cout) == %T(gilﬁéout)(Rl + Ry). (4.4)
For example, €7 (Ciy, Cout) and C7(Ciy, Coyg) denote the capacity region and
sum-capacity of a MAC with a (Cj,, Cou)-CF and distributed causal state

information available at the encoders, respectively.

4.2.3 Message and State Cooperation
In the scenario where non-causal state information is available at the encoders,
we also study the benefit of joint message and state cooperation. In the defi-

nition of a code for the case where non-causal state information is available at

the encoders (Subsection [4.2.2)), for i € {1, 2}, replace (4.1)) and (4.3) with

gpfn : [Q”R"] x S — [Q"Cii"], and

DB fir (i, o (P (w1, S7), 93 (w3, 7)), 1) | < B

t=1
We denote the capacity region and sum-capacity with €. s(Cin, Cons) and
Cw,5(Cin, Cout), respectively. The subscript “s” indicates the dependence of

the cooperation strategy on the channel state information.

4.3 Coding Strategy

Here we describe our coding strategies, which are based on random coding

arguments. Since our aim is to determine conditions sufficient for an infinite
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slope cooperation gain, we specifically focus on coding strategies that lead
to large gains for small cooperation rates such as the coordination strategy
(Chapter . In particular, in the coding strategies below, the CF does not
use its rate for forwarding message or state information, since in the cases
studied in the literature [5], |[11], the gain of such a strategy is at most linear
in the cooperation rate. We start with message cooperation and conclude with

message and state cooperation.

4.3.1 Inner Bound for Message Cooperation

For simplicity, we assume the CF has access to both messages by setting
Ci, = C;, = (CrL, %), where C;! and C? are sufficiently large. Despite
this assumption, our main result regarding sum-capacity gain, Theorem [£.4.1]
holds for any Cy, € R%,. This is due to the fact that using time-sharing, as
stated in the lemma below, we can use the inner bounds for C} to obtain

inner bounds for any C;, € R2,,.

Lemma 4.3.1. Fix a memoryless stationary MAC. For any (Ciy, Cout) €
R?, x Rng: there exists pu > 0, depending only on Ci,, such that for all T €
{07 T — 17 T7 00}7

CT(Cim Cout) - CT(Cin7 0) Z M(CT(C*

m?

Cou) = C+(C;,,0)).

m?

The proof appears in Subsection [4.6.1]

We first describe our inner bound for the case where the encoders do not have
access to state information. In this case, even though the decoder has access
to full state information, we can obtain a suitable inner bound by applying
results where state information is absent at both the encoders and the decoder
to a modified channel. Specifically, applying Corollary to the channel

<Xl x X, p(y, s|x1,22), Y X S);

where
p(yv S|fL’1, xQ) = p(s)p(y|3a Ty, x2)7

gives an inner bound for the channel p(y|s, 21, x2) when full state information

is available at the decoder.
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Lemma 4.3.2. The set of all rate pairs (R, Ry) satisfying

Ry < I(X3;Y[S1, 52, Xo)
Ry < I(X3;Y[S1,52, X4)
Ry + Ry < I(Xy, X5;Y|S1, S)

for some distribution p(x1)p(xe) with

I(X; X,) < CL, + C2

o out

and E[b;(X;)] < B; fori € {1,2}, is contained in €o(C5,, Cout)-

n?

In the case where the encoders have access to causal state information, the
codeword transmitted by an encoder can depend both on the encoder’s mes-
sage and the present state information available at the encoder. Lemma [4.3.3
provides an inner bound for the capacity region in this scenario. In the inner
bound, for i € {1,2}, U; encodes the message of encoder i in addition to the
information it receives from the CF. The proof is given in Appendix [4.6.2]

Lemma 4.3.3. The set of all rate pairs satisfying

Ry < I(Uy;Y|S1, 52, Us)
Ry < I(Us;Y|S1, 52, Uy)
Ry + Ry < I(Uy,Uy; YS1, S2)

for some distribution p(uy, us)p(x1|uy, $1)p(T2|us, s2) with

I(Ul; Ug) S Clut + 02

o out

and E[b;(X;)] < B; fori € {1,2}, is contained in € (CL,, Cou)-

m?’

4.3.2 Inner Bound for Message and State Cooperation
As discussed in Subsection [4.2.3, we only consider message and state coop-
eration in the scenario where non-causal state information is available at the

encoders.

Here we assume that the state alphabet S = &; xS, is discrete and H(Sy, S) is
finite. Furthermore, we assume the CF not only has access to both messages,

but also knows the state sequences ST and S¥; equivalently, we set C;, =

Ci, = (CL,C2), where C}, and C? are sufficiently large. A lemma similar to

Lemma [4.3.1] holds in this case.
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Lemma 4.3.4. Fix a memoryless stationary MAC. For any (Ci,, Cout) €
R? ) x Rng: there exists i > 0, depending only on Cy,, such that

O(oo,s) (Cin7 Cout) - C((oo,s) (Cin7 0) > M(O(oo,s) (éim Cout) - O(oo,s) (éirn 0)) )

Codebook Generation. Choose a distribution p(xy,zs|s1,s2). For i €
(1,2}, w; € [2"%i], 2 € [2"Cu], s7 € SP, generate X['(w;,z|s?) i.i.d. ac-

7

cording to the distribution

Sl = s;‘} = Hp(:vit|sit).

t=1

Pr {Xf(wi, zi|sit) = x

Encoding. The CF, having access to (wq,ws) and (ST, S%), looks for a pair
(Zy, Z5) € [27Cou] x [27Cow] satisfying

(St S5, X7 (wy, Z1|S7), X5 (wa, Z]S3)) € A, (4.5)
where A((;") is the weakly typical set with respect to the distribution

p(51, 32)]9(951, $2\51, 82)-

If there is more than one such pair, the CF chooses the smallest pair according
to the lexicographical order. If there is no such pair, it sets (Z;, Z3) = (1, 1).
The CF sends Z; to encoder i for i € {1,2}. Encoder ¢ transmits X (w;, Z;|S!)

over n uses of the channel.

By the multivariate covering lemma (Appendix , the probability that a pair
(Z1, Zy) satistying (4.5]) exists goes to one as n goes to infinity provided that

Cl. > H(X,|S1) — H(X1|S1,S,) + 246
C2. > H(X5|S,) — H(X3|S1,S:) + 246
C;ut + Cgut > H(Xllsl) + H(X2|SQ) - H<X17 X27 Sh 52) + 49.

Decoding. Once the decoder receives Y™, using (ST, S3), it looks for a pair

(w1, ws) that satisfies
(S, 55, X7 (n, Z1|S7), X3 (12, Za|S3), Y™) € A,
Here AE") is the weakly typical set with respect to the distribution

p(81, 52)p(951> $2|31, Sz)p(y|51, S2, 21, 1’2)-
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If there is no such pair, or there is such a pair but it is not unique, the decoder

sets (wq,wq) = (1,1).

The error analysis of the above coding scheme leads to the following lemma,

which provides an inner bound for € s(Cin, Cout)-

Lemma 4.3.5. The set of all rate pairs satisfying

Ry < I(X1;Y[51, 52, X2)
Ry < I(X3; Y51, 52, X1)
Ry + Ry < I(X1,X5;Y|S1,52)

for some distribution p(xy, xa|s1, s2) with

Cout > 1(X1; 52| 51)
Cly = 1(X2;51|52)

Coue + Coue > 1(X1;9|51) + 1(Xo; 81[82) + I(X15 X251, S2)
and E[b;(X;)] < B; fori € {1,2}, is contained in G s(Cin, Cout)-

4.4 Main Result

Our main result describes conditions on a MAC that, if satisfied, guarantee
for every fixed C;, € R%,, an infinite slope in sum-capacity as a function of
Cout- As sum-capacity depends on the availability of state information at the
encoders, so do our conditions. The proof appears in Subsection [4.6.3]

Theorem 4.4.1. Let S, X}, X5, and Y be finite sets. For any 7 € {0,T —
1,T,00,(00,s)}, any MAC in C.(S, X1, X2,Y), and any (Ciy, v) € RZ; x R?,
C’T(Cil’U hV) - CT(CiI‘H 0)

lim = 0.
h—0+ h

We next specifically define C.(S, Xy, X, ) for each subscript 7 € {0,T —
1,T, 00, (00, s)}; as defined previously, T specifies the availability of state in-
formation at the encoders. Note that the definition of C'. provides a sufficient
condition for a large cooperation gain; the given condition may not be neces-

sary.

In our descriptions below, all mentioned distributions satisfy
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No state information. A MAC is in Cy(S, Xy, Xy, Y) if

(i) for some po(x1)po(z2) that satisfies

In(X1, X9 Y|S) = max (X, Xs;Y]S),

p(z1)p(z2)

there exists p;(x1, z5) that satisfies

1(X1, X5, Y[S) + E[ D (pr(319) Ipo(y1S)) |
> Ip(X1, X2;Y|S), and

(ii) supp(pi(z1,x2)) C supp(po(z1, x2)), where “supp” denotes the support.

Intuitively, condition (i) ensures that our channel has the property that depen-
dence created through message cooperation increases sum-capacity. Condition
(i) allows the CF to use a small rate (i.e., small C,y) to help the encoders,
whose codewords are generated according to po(x)po(x2), to transmit code-
words whose distribution is sufficiently close to p;(z1,x2) to achieve a large

gain in sum-capacity.

Strictly causal state information. The availability of strictly causal state
information at the encoders of a MAC without cooperation does not enlarge
the capacity region, thus we set Cr_1(S, X1, X2, V) = Co(S, &1, As, V).

Causal state information. A MAC is in Cp(S, Ay, Az, Y) if

(i) for some po(x1|s1)po(z2|s2) that satisfies

]0(X1,X2,Y|S) = max I(Xl,X27Y|S)7

p(z1]s1)p(z2]s2)

there exist alphabets Uy, Uy, distributions pg(uq)po(uz) and pi(ug,us), and

conditional distributions p,(x1|u1, s1) and p,(za|us, s9) such that

po(1]s1)po(z2]s2) =
Z po(ur)po(uz)p«(1fur, 51)ps(w2|us, 52),

Uu1,u2

N(U1, U3; Y1S) + E [ D(n1(319) Ipo (1)) |
> Io(Ur, Uy; Y195), (4.6)

(ii) supp(p1(u1,u2)) C supp(po(u1)po(uz)).
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In (4.6]), the expressions are calculated with respect to the input distributions

Z po(u1)po(uz)ps(1lur, s1)p.(w2|uz, s2), and

u1,u2

> piun, uz)pa(wfur, $1)pa(w2lus, 52).

w1 ,ug
Non-causal state information (message cooperation). In the case with
no cooperation (Cgyy = 0), the capacity region is not dependent on whether
the state information available at the encoders is causal or non-causal. This
follows from the converse argument in |11] and relies on the fact that S™ is

an i.i.d. sequence. Thus, similar to the strictly causal case above, we set

COO(S, Xl, XQ,y> - CT(S,Xl,X27y).

Non-causal state information (message and state cooperation). Fi-
nally, we say a MAC is in C (S, X1, X, ) if there exists

(1) po(z1]s1)po(we|se) that satisfies

]0(X1,X2,Y|S) = max [(Xl,X27Y|S),

p(z1|s1)p(z2|s2)
(ii) p1(x1, 22|81, s2) that satisfies

1(X1, Xa; Y[S) + E[D (1 (415) Ipo(15)) |
> Io(X1, Xo;Y]S), and

(iii) for all s € S, supp(p1(-|s)) C supp(po(-|s))-

4.5 Example: Gaussian MAC with Binary Fading

While we prove Theorem only for finite alphabet MACs, the result is not
limited to such MACs. Specifically, for a given MAC, we can use our inner
bounds described in Section to calculate an inner bound for sum-capacity
and verify the result of Theorem directly. We next describe an example
of such a MAC.

Consider a MAC that models the wireless communication between two trans-
mitters and a receiver in the presence of binary fading. The input-output

relationship of our MAC is given by

Y =5X1+ 595X+ Z,
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where S; and S are independent Bernoulli(1/2) random variables, and Z is
a Gaussian random variable with mean zero and variance N. In addition,
we set the cost functions by(z) = by(z) = 2? and cost constraints B; = P,
for i € {1,2}, so that the cost constraints correspond to the usual power

constraints of the Gaussian MAC.

Proposition 4.5.1. Consider the Gaussian MAC with binary fading. Fix
(Cin,v) € R2) x R2,. Then for all T € {0,T —1,T, 00, (00, 5)},
CT(CHU hV) - CT(Cin7 O)

lim =00
h—0t h

The proof is given in Appendix [4.6.4]

4.6 Proofs
4.6.1 Proof of Lemma [4.3.1]
Since Cj, € R?,, there exists u € (0,1) such that for ¢ € {1, 2},
Ci, > uC;iy.
Then for each 7 € {0,7 — 1,T, 0}, a time-sharing argument shows that

¢+ (Cin, Cout) 2 167 (Cin/ 11, Cout) + (1 — 11)€7(0, Cout)
2 p6-(Ciyy Cout) + (1 = 1) €7(0, Cou)-
Thus
Cr(Cin, Cout) = pCr(Cyy, Cout) + (1 = 1)C(0, Cow),

which implies

m?’ mn?’

Co(Cin, Cow) = Cr(Cin, 0) = 1(Co(Chy Cont) = C (G, 0))

since

(0, Cous) = C1(0,0) = C,(Ciy, 0) = C,(CL, 0).

m?

4.6.2 Proof of Lemma [4.3.3
Fix alphabets U; and Us, and mappings

fi: U x S — X, for i € {1,2}.

Applying Lemma [£.3.2] where state information is only available at the de-

coder, to the channel

p(y|3,u1,u2) = Z p(y|s,x1,x2)1{x1 = fl(uh 51)}1{952 = f2<u2, 32)} (4-7)

Z1,T2
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shows that the set of all rate pairs satisfying

Rl S I<U17Y|S7 U2)
RQ S [(UQ,Y|S, Ul)
Ry + Ry < I(Uy, Uy Y|S)

for some distribution p(uy,us) with

[(Ul; UQ) S Clut + 02

o out?

is achievable for the channel p(y|s, u1, ug) when no state information is available
at the encoders. Note that every code for this channel can be transformed into
a code for the channel p(y|s, z1, x2) with causal state information available at
the encoders; for all times ¢ € [n] and i € {1,2}, simply apply the mapping
fi to the pair (Uy, Si), where Uy is the output symbol of encoder i and Sy is
component ¢ of the state at time ¢. Note that the new code has the same rate
and by , the same average error probability as the original code. Thus
¢r(Ct,, Cour) contains the set of all rate pairs (R;, Ry) satisfying

m?

Ry < I(Uy;Y|[S,Us)
Ry < I(Uy; YIS, Uy)
Ry + Ry < I(Uy, Uy YS)
for some distribution p(u;, ug) with
[(Uy; Us) < Cgyy + C2

o out

and mappings
fi:li xS — X, forie{l1,2}.

To complete the proof, we show that for every 6 > 0 and every distribution
p(ur, uz)p(s1, s2)p(@1|ur, 51)p(x2|uz, s2)
satisfying I(Uy; Uy) < 9, there exist alphabets U] and U}, mappings
fi Ul xS — X, forie{l,2},

and distribution p(uf, u}) such that I(Uj; U}) = I(Uy, Us), and the rate region

calculated with respect to

p(uf, uy)1{zy = fi(uf, $1) }1{z2 = fo(u), s2) },
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contains the region calculated with respect to p(uy, ug)p(z1|ut, s1)p(z2|us, $2).

To this end, applying Lemma [4.6.1] (see end of this appendix) to p(x;|u;, s;)
demonstrates the existence of a random variable V; that is independent of
(U;, S;) and a mapping

fi:VixU; x 8§ — &

that satisfies
ZL’Z|U“ z Zp (% 1{xz — .fz U“UZ,SZ)}

Furthermore, without loss of generahty, we may assume V; and V5 are inde-

pendent, and (V3, V5) is independent of (Uy, Us, S1, Sa).
Let U] := (U;,V;) for i € {1,2}. Then

- H<Ul7‘/1> + H(U27 ‘/2) - H<Ul7 U27 ‘/17 ‘/2)
= I(Uy; Uz) + 1(V1; Vo) = I(Uy; Uy).

We next show that the rate region calculated with respect to the distribution

p(s1, s2)p(uy, uy) H{wy = fr(uy, s1)}1{ze = fa(us, s2)}

contains the rate region with respect to
p(s1, s2)p(ur, u2)p(x1|ug, s1)p(w2|uz, s2).

Recall that S = (51, 52). We have

I(U; Y]S5, Uy)

I(U1; Y, Uy|S) — 1(Uy; UplS)
(U Y, Us|S) — 1(Us; Us|S)

I(U1, V1i; Y, Us, V| S) — I(Uy; Us|S)
I(

I(

v

UY, U2’S) _I(Ul;UQ‘S)
Ul,Y‘S, UQ)

Similarly, we show
Finally, we have

Z I(Ul, U2,Y|S)
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This completes the proof. We next state and prove Lemma [£.6.1, which was

used earlier. In Lemmal[4.6.T] the scenario where X’ and S are finite is a special

case of the functional representation lemma [38, p. 626].

Lemma 4.6.1. Let {F(:|s)}ses be a collection of cumulative distribution func-
tions (CDFs) on alphabet X C R and let S be a random variable with alphabet

S. Then there exists a random variable U independent of S and a mapping
g:SxU—-X

such that the conditional CDF of g(S,U) given S = s equals F(-|s). In the

case where X and S are finite, we can choose U such that

] < ISI(1¥] ~ 1) + 1. (48)

Proof. We prove the result for general alphabets X C R. Let U = [0,1].
Define the mapping g : S xU — X as

g(s,u) = inf {x € X’F(x|s) > u}

Let U be independent of S and uniformly distributed on (0,1). From the
quantile function theorem |54, Theorem 2|, it follows that for all s € S, g(s,U)
has CDF F'(-|s). Set X = ¢(S,U). Then

Fxs(z|s) = Pr{X < z|S = s}
=Pr{g(S,U) < z|S = s}
=Pr{g(s,U) <z} = F(xls).

4.6.3 Proof of Theorem [4.4.1]
From the description of the set C,(S, X, X, ) in Section [1.4] we see that it
suffices to prove Theorem only in the cases 7 =0, 7 = T, and 7 = (o0, ).

The case 7 = 0. When no state information is available at the encoders,
Theorem follows immediately by applying Theorem to the MAC

p(37 y|$1, 1'2) = p(s)p(y|3a Ty, x2)7

with input alphabets X; and X,, and output alphabet § x ).
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The case 7 =T. When causal state information is available at the encoders,

Theorem [.4.1] follows by applying the case 7 = 0 to the MAC

pyls, ur,uz) = > pu(wrfua, s1)pa(walua, s2)p(yls, @1, 7),

1,72

with input alphabets U; and Us, state alphabet S, and output alphabet ).

The case 7 = (00, s). In this case, we provide a self-contained proof as it is
not straightforward to derive it from prior cases. This is due to the fact that in
this case, as described in Lemma [4.3.5] the family of achievable distributions

is constrained by three inequalities rather than one.

Let po(z1]s1)po(w2|s2) be a distribution that satisfies

[0<X1,X2,Y’S) = max I(XI,XQ,Y‘S)

p(@1s1)p(w2|s2)
By assumption, there exists a distribution p;(x1, z2|s1, $2) such that
L(X1, Xa;Y[S) + E[D (1 (415) Ipo(15)) |
>IQ(X1,X2;Y|S), (49)
and for all s € S,

supp(p1(-]s)) € supp(po(-]s)). (4.10)

For every A € [0, 1], define

a1, Ta|s1, 52) = (1 — N)po(x1|s1)po(x2|s2) + Ap1(x1, 22|51, s2).

Fix € > 0 and v € R%,,. Define the mapping h: [0,1] — R as

1 1
h(\) = U—llA(Xl; So|St) + U_QI)\(XQ; S1|S2) +

[/\(X13 X2’Sh 52)-

U1 T U2
Using (4.10)), a direct calculation shows
d

ﬁ],\(Xl;Sz‘Sl) N 0
d
—I\(Xg; 51|S =0
)\ A(X2; 51S2) ot
d
a[)\(Xl;ngsl, Sg) . = O
Since h is continuously differentiable and
dh

a)\20+:€>0,
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by the inverse function theorem, there exists hy > 0 such that h is invertible

on [0, hg); that is, there exists a mapping A\* : [0, hg) — [0, 1] that satisfies

1 1 1
h = —Dm)(X1;92|S1) + — Dy (X2: S1152) + Dy () (X15 XS, S2),
Uy () U1 T V2
(4.11)
and
a1
dh lh=o+ €

We henceforth write \* instead of A*(h) when the value of h is clear from

context.

From (4.11)), it follows that for all h € [0, hg),

hv1 Z ]A*(X1;82|51)
hvy > In«(X3; 51]55)
h(vy 4+ ve) > In+(X1592]51) + In-(X2; 51152) + In- (X5 X2]51, 52).

Thus, by Lemma [£.3.5]
C(oo,s)(cith) > f,\*(Xth; Y’S) - [/\*(X1§X2’S)' (4-12)

Since equality holds in (4.12]) at A = 0, we have

C(OO,S)(CiIU hV) - C’(oo,s)((_jim 0)

hhrg(l]ilf - (4.13)
1 d
> - (],\*(Xl,XQ;Y|S) . ]A*(Xl;X2|S)> -
1 d
— e (X0, X YIS)|
1
> E(Il(X17X2§Y|S) + E[D<P1(y|5)||l?o(?/|5))} — Io(X1, Xo; Y|5)>-
(4.14)

The proof of (4.14) is analogous to Lemma [3.5.6] (ii) and is omitted. Since
(4.14) holds for all € > 0, from (4.9) it follows that

1i C1(00,5)(611% hV) - C(oo,s)(cina O) .
1m = Q.
h—0+t h

4.6.4 Proof of Proposition [4.5.1
Since Cy(C;,, 0) = Cr_1(C;,,0) and C7p(C5,, 0) = Co (G, 0) = Cs,6)(Ciy, 0),

n’ mn? n’ mn? mn’

it suffices to prove the result only when 7 =0 or 7 =T.
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When 7 = 0, from Lemma [4.3.2] it follows that any distribution p(z1)p(z2)
satisfying E[X?] < P, for i € {1,2} and

I(X; X,) < CL, + C?

o out’

we have

Co(C;

m?

Cout) Z [(X17X2; Y|S> - [(X17X2) (415>

Fix h > 0. Let (X3, X5) be jointly Gaussian with mean zero and covariance

matrix

T VP pvPP
PP VP )
where p € [0, 1] is chosen such that

1
1—p?

1
I(X1; X2) = élog 1= h(vi + va).

Then
dp

% h=0%

Using (4.15)), it follows that

Qp\/ P1P2

Cy(Ct
of 1+P+P+N

m?’

hv) — Co(CL0) > ~ log (1 +

in? 8 > - h(Ul + UQ)?

from which the desired result follows.

A similar proof follows when 7 = T In this case, for fixed h > 0, let (Uy, Us)

be jointly Gaussian with mean zero and covariance matrix

T 2P1 Qp\/ P1P2
. 2p\/P1P2 \/QPQ ’

where p € [0, 1] is chosen such that

1 1
I(Ul;Ug) = §log 1 —p2

Now set X; := S;U; and apply Lemma [4.3.3]

= h(vy + v9).

4.6.5 Outer Bounds in the Absence of Cooperation
We next prove outer bounds for 7r_1(0,0) and %,(0,0). Together with our

inner bounds in Section [4.3] these outer bounds determine the capacity region
%,(0,0) for all 7, and show

%0(0, 0) = %T_l(O, 0) and %T(O, 0) = CKOO(O, 0) = ‘5(0075)(0, 0)
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The bounds presented here are well known [38, p. 175| and are included for
completeness.

o0

o |, define notation ~ and < as

For convergent sequences (a,,)> ; and (b,)

1
ap ~ by, : <= lim —(a, —b,) =0

n—oo N

1
an Sby <= lim —(a, —b,) <0.

n—oo M

Consider a sequence of (2% 2nF2 p) codes with P™ =5 0 as n — oo for the
MAC with full state information at the decoder. Initially, we do not make any

assumptions regarding the presence of state information at the encoders.

We begin with the bound on R;. We have

nRy = H(W)
= H(W1|S", Wa)
~ I(Wy;Y"|S™, W)
= H(Y"|S" Wy, X5) — H(Y"|S™, Wy, Wy, XT, X7)
= H(Y"|S", X3)— HY"|S", X", X3)

n

=9 (H(Ytyytfl, S™XD) — H(Y,[Y', S, X7, Xg)). (4.16)
t=1
Similarly,
nRy~Y (H(Y;|Yt‘1, S™ XY — H(Y|Yt S",Xf,Xg)).
t=1

Next we bound R; + Ry;. We have

n(Ry + Ry) = H(Wy, W)
= H(W,;, W|S™)
~ [(Wy, Wy YT [S™)
— H(Y"|S™) — H(Y"|S", Wy, Wa, X', X2)
= H(Y"[S") = H(Y"|S", X{', X3)

=S (H(myt—l, S™ — H(Y,|Y*!, s, X7, X;)).
t=1

Before proceeding further, we specify the nature of state information available

at the encoders.
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The case 7 = T — 1. In this case, strictly causal state information is available
at the encoders. That is, for i € {1,2} and ¢ € [n], X;; is a deterministic
function of (W;, S!™!). Continuing from (4.16)), we get

Ry S Y (HOIS', Xa) = HVIS, Xui, Xa1))
t=1

= ZI(XU;tht,th)-

t=1

Similarly, we get

nRy 5 Z [(X2t§ th‘St7 Xlt)

t=1

n(Ry+ Ry) S I(Xy, Xoy; Yi[S").

t=1

Setting Q; := S*~! for t € [n] gives

niy f, Z I(Xu; Y2|Qt, St, X2t)

t=1

nRy S 1(Xoi; YilQs, Si, Xat)

t=1

n(Ry+ Ro) S I(Xuy, Xoi; Vi@, S1).

t=1
Thus %7-1(0,0) is contained in the closure of the set of all rate pairs satisfying
Rl < I(Xla Y|Q7 Sv X?)
RQ < I(X27 Y’Qa Sa Xl)
R+ Ry < I(X3, X2;Y[Q, S)

for some distribution p(q)p(z1|q)p(z2|q).

The case 7 = oo. In this case, noncausal state information is available at
the encoders, meaning that for ¢ € {1,2} and t € [n], X; is a deterministic
function of (W;, S?*). From (4.16)), we have

nRy S Y (HGISE S5, Xar) = H(GISE S5, X, Xar))
t=1

= Z -[(Xlta }/t|5i7 S§:n7 XQt))

t=1
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where for ¢ € [n],

S;:n — (SQt, SQ(t+1), ey Sgn)

Similarly, we have

nky S Z I(Xo; }/;|S§7 Sézn, Xit)

t=1

n(Ry+ Ry) Y I(Xuy, Xoy; Yi[S], S5™).

t=1

For t € [n], following [11], define

Qui= (817, 8").

By assumption, (ST, 57) % p(s;, s5). Thus

p(3?7 Sg|5§_17 S§+1:n7 St 52t) = p(s?—l:n’ Sé_l |517 32:

= DS s (s s,

which implies S} and S¥ are independent given (Q, Sy, Sa¢). Since (Wy, W) is
independent of (S}, S§), it follows that for ¢ € [n], X1,(W1, ST) and Xo, (W3, ST)
are independent given (@), S1;, So;). Thus % (0,0) is contained in the set of

all rate pairs satisfying

Rl S [(XlanyasaXQ)
RZ S I(X27Y’Q7‘S7 Xl)
Ry + Ry < I(X1,X2;,Y|Q,S5)

for some distribution p(q)p(z1|q, s1)p(x2|q, s2)-
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Chapter &

THE RELIABILITY BENEFIT

Consider a network consisting of a two-user MAC and a CF as shown in Figure
(.1} The main result of this chapter, Theorem [5.2.1] considers the case where
Cl and C2 are sufficiently large so that the CF has access to both source
messages. In such a network, Theorem shows that whenever C!,
o2

o, are positive, the maximal- and average-error capacity regions are equal.

. and

Thus, unlike the classical MAC scenario, where codes with small maximal
error in general achieve lower rates than codes with small average error, when
the encoders cooperate through a CF that has full access to the messages
and outgoing links of positive capacity, any rate pair that is achievable with
small average error is also achievable with small maximal error. Therefore,
cooperation removes the tradeoff that exists between transmission rates and
reliability in the classical MAC. We discuss this result in detail in Section [5.2]

In Section [5.3] we apply the equality between maximal- and average-error
capacity regions in the scenario described above to Dueck’s “contraction MAC,”
a MAC with maximal-error capacity region strictly smaller than its average-
error region [15]. We use this example to prove the existence of a network
where a noiseless link of “negligible capacity” has a non-trivial effect on the
maximal-error capacity region. Intuitively, a link has negligible capacity if for
any function f(n) = o(n) and all sufficiently large n, it can reliably deliver

f(n) bits over the channel in n channel uses.

Proposition in Sectionshows that when C}, and C? are small, equality
between the maximal-error and average-error capacity regions is not guaran-
teed. This motivates the definition of a family of error probability constraints
that are not as stringent as maximal-error, yet more strict than average-error
(Section . In Theorem , we show that this family captures the relia-
bility benefit of rate-limited cooperation under the CF model. For the proof,
we use techniques from [16], in which Willems shows that the average- and

maximal-error capacity regions of the discrete memoryless broadcast channel

This material is based upon work supported by the National Science Foundation under
Grant Numbers 1527524, 1526771, and 1321129. It originally appears in [55].
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T
Xy
wq —>( encoder 1 )—»
multiple
access |y @
channel | decoder .
w2
p(ylz1, x2)

Figure 5.1: A network consisting of two encoders, a CF, a MAC, and a decoder.

are identical.

All proofs appear in Section [5.5]

5.0.1 Prior Work

The edge removal problem [12], [20] studies the change in the capacity region
of a network that results from removing a point-to-point channel, here called
an “edge,” from the network. In this context, Proposition in Section
shows that the removal of a negligible capacity edge has a non-negligible effect

on the maximal-error capacity region.

The edge removal problem for edges with negligible capacity has some history
in the literature. In the context of lossless source coding over networks, Gu,
Effros, and Bakshi [18] state the “Vanishment Conjecture,” which roughly says
that in a class of network source coding problems, certain edges with negligible
capacity can be removed with no consequences. In [25] and [24, p. 51], the
authors study the relationship between the edge removal problem for edges
with negligible capacity and a notion of strong converse. In [56|, Sarwate and
Gastpar show that feedback via links of negligible capacity does not affect
the average-error capacity region of a memoryless MAC. In [26], Langberg
and Effros demonstrate a connection between the edge removal problem for
edges with negligible capacity and the equivalence between zero-error and e-
error capacities in network coding. In work that appeared after [55], Langberg
and Effros [57] demonstrate the existence of a network where even a single
bit of communication (over the entire transmission block) results in a positive

maximal-error sum-capacity gain.

Given that one may view feedback as a form of cooperation, similar questions
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may be posed about feedback and reliability. In [15], Dueck shows that for

some MACs, the maximal-error capacity region with feedback is strictly con-
tained in the average-error region without feedback. This contrasts with our
results on encoder cooperation via a CF that has access to both messages and
output edges of negligible capacity. Specifically, we show in Section that
the maximal-error region of a MAC with negligible encoder cooperation of this
kind contains the average-error region of the same MAC without encoder coop-
eration. For further discussion of results regarding feedback and the average-
and maximal-error capacity regions of the MAC, we refer the reader to Cai
[58].

Other networks under which maximal- and average-error capacity regions are
identical include MACs where one of the MAC encoders is “stochastic,” that
is, its codewords depend on some randomly generated key in addition to its
message. For such codes, the definitions of the maximal- and average-error
probabilities require an expectation with respect to the distribution of the
random bits. Cai shows in [58] that the maximal-error capacity region of a
MAC where one encoder has access to a random key of negligible rate equals
the average-error capacity region of the same MAC when both encoders are
deterministic. While some of the techniques we use in this chapter are con-
ceptually similar to Cai’s proof [58|, the respective models are rather different.
For example, it holds that stochastic encoders cannot achieve higher rates than
deterministic encoders under average error, even if they have access to random
keys with positive rates. The same result however, is not true of the cooper-
ation model we study here when the cooperation rate is positive (Chapter [3)).
That is, at least for some MACs, a positive cooperation rate leads to a strictly
positive gain. Furthermore, for a negligible cooperation rate, while we do not
demonstrate a gain in the average-error capacity region, the proof that applies

in the case of stochastic encoders does not rule out such a gain here.

5.1 Definitions

Consider a network comprising two encoders, a cooperation facilitator (CF),

a multiple access channel (MAC)

(Xl X X27p(y|x17 '172)7 y>’

and a decoder as depicted in Figure [5.1] The following definitions aid our
description of an (n, My, Ms, J)-code with encoder cooperation for a MAC
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with a (Ciy, Cout)-CF. Recall that for every real number x > 1, [z] denotes
the set {1,...,|z]}, where |z] is the integer part of z. For each i € {1,2}, fix
two sequences of sets (U;;)7_; and (V;;)7_; such that

J
log [U| = ZlOg U] < nCi,

j=1
J

log |V/| =) "log V| < nC,.
j=1

where log denotes the base-2 logarithm and for all j € [J],

ul = f[uw
=1

J
Vz] = H Vig.
=1

Here U;; represents the alphabet for the round-j transmission from encoder %
to the CF while V;; represents the alphabet for the round-j transmission from
the CF to encoder ¢. The given alphabet size constraints are chosen to match
the total rate constraints nC? and nC? , over J rounds of communication
between the encoders and the CF. For ¢ € {1,2}, encoder i is represented by
((@ij)f=1, fi), where
©ij * [M;] x Vit U
captures the round-j transmission from encoder i to the CF, and

fir [Mi] x V] — &7

captures the transmission of encoder i across the channel.! The CF is repre-
sented by the functions ((¢15)7_,, (12;)]—,), where for i € {1,2} and j € [J],

captures the round-j transmission from the CF to encoder i. For each mes-
sage pair (mi,me) and i € {1, 2}, define the sequences (u;;);es and (vj)jepn

recursively as
wij = @i (mi, v] ") (5.1)
vy = Wy (u], u3). (5.2)

IFor notational simplicity, we omit encoder cost constraints (e.g., power constraints in
a Gaussian MAC). We note, however, that the same proofs apply in the presence of such
constraints.
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In round j, encoder 7 sends u;; to the CF and receives v;; from the CF. After

the J-round communication between the encoders and the CF is completed,
J

encoder ¢ transmits f;(m;,v;) over the channel. The decoder is represented
by the function

g: V" — [M] x [My].

The collection of mappings

((@u)}]:u (@2;‘)3]:17 (¢1j);-]:1, (%j)}]:p J1s f2, 9)
defines an (n, My, Ms, J)-code for the MAC with a (Cj,, Coyu)-CF.

The probability that a message pair (my,ms) is decoded incorrectly is given
by
Mmme)i= Y p film o)) fmaed)),  (53)
y"¢g~! (m1,me)
where

g~ (my,ma) == {y"|9(y") = (m1,m2)}.

Note that ), depends only on (my,my) since by (5.1)) and (5.2)), v{ and vy are
deterministic functions of (my, my). The average probability of error, Pe(zz,g,

and the maximal probability of error, Pe(?gax, are defined as

1
() — __ ~
Pm, = N7 Z An(my,ms)

mi,ma2

P — max An(my, ma),

e,max my e
respectively.

We say that a rate pair (Ry, Rs) is average-error achievable for a MAC with
a (Cin, Cout)-CF if for all €,6 > 0 and n sufficiently large, there exists an
(n, My, My, J)-code such that

1
—10g]\4Z > Rz — 0 fori e {1,2},
n

and Pe(g)vg < e. We define the average-error capacity region, €ave(Cin, Cout), as
the set of all rates that are average-error achievable. We define the maximal-

error capacity region, Gax(Cin, Cout ), similarly.
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5.2 Average- and Maximal-Error Capacity Regions

The main theorem of this section states that cooperation through a CF that
has access to both messages results in a network whose maximal- and average-
error capacity regions are identical. We address the necessity of the assumption
that the CF has access to both messages in Proposition

Theorem 5.2.1. For a given MAC (X, x Xy, p(y|z1,22),Y), let C;, = (Cr)

m ?

i)
be any rate vector that satisfies

min{C;h, Ci2} > max I(X;, Xy Y).

in » ~in
p(r1,22)

Then for every Cou € R,

(gmax ( C?k

mn?

Cout) = (gavg(cikm Cout)-

We next present a sequence of lemmas that prove Theorem [5.2.1] Our first
lemma shows that any positive rate, no matter how small, is sufficient for the
CF to inform the encoders which message pairs result in a small error at the

decoder. The proof, using ideas similar to [16] and [26], appears in Subsection

b.5Tl

Lemma 5.2.2. For every Couy = (CL,,C2,) and Coy = (CL,,C2,) satisfy-
an C~(c}ut > C;ut and C~’gut > C(?ut?
Cgmax(cﬂu éout) 2 Cgavg<cikn7 Cout)-

Note that €nax(C:,

mn’

Cout) is also a subset of €, (C,

f,Cout). Thus examining

the continuity of €,.s(Cs,, Cout) in Coue may be helpful in proving equality
between the average- and maximal-error capacity regions. It turns out to be
simpler, however, to introduce a function of the capacity region and study the

continuity of that function.

Let € be a compact subset of R%,. For every a € [0, 1], define

C*%) = (;rll/z)ié((g (az + (1 - a)y). (5.4)

Thus, C'* is the value of the support function of ¥ computed with respect to
the vector (o, 1 — «) [59, p. 37]. When % is the capacity region of a network,
C'Y2(€) equals half the corresponding sum-capacity.
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Now consider a MAC with a (Ci,, Cou)-CF. For every a € [0, 1], define

ca (Cina Cout) =C" ((gavg(cim Cout)) .

avg

Define C?, (Ciy, Coyy) similarly. For a € [0, 1] and pairs C,y and C..: satis-

max

fying the conditions of Lemma [5.2.2] we have

Oa (C;kna Cout) S Ca

max avg(

C;kna Cout) S Ca

max (

C:, Count)- (5.5)

The next lemma, for fixed a € [0, 1], investigates the continuity of C%,(Ciy,, Cout)

avg

and C2, (Cin, Cout) as a function of (Ciy,, Cout). Since the proof and thus the
result apply in both the maximal- and average-error cases, we omit the “avg”

and “max” subscripts in Lemma

Lemma 5.2.3. For every a € [0,1], the mapping C*(Ciy, Cout) 1S concave on

RY, and thus continuous on R%,.

In Lemma the proof of concavity follows from a time-sharing argument.
Continuity then follows from the fact that any concave function defined on
an open convex subset of R" is continuous [60, pp. 22-23|. The details are

omitted.

is continuous on Rio, for any Cgy; € R2>07 taking the limits cl. o

Since C¢ out
— (C2,)* in (5.5) gives

max

(CL )t and C?

out

ce. (C:

max n’

Cout) = Cy (C;{na Cout)

avg

for all @ € [0,1]. By Lemma in the appendix, for a given capacity
region %, the mapping o — C*(%) characterizes € precisely. Thus for every

Cou € R2,, we have

Cgmax(cfm Cout) - (gavg(cim Cout)-

One question that arises from Theorem [5.2.1]is whether it is necessary for the
CF to have access to both messages in order to guarantee identical maximal-
and average-error capacity regions. Proposition[5.2.4shows that the mentioned
condition is necessary; that is, if the CF only has partial access to the messages,
regardless of the capacities of the CF output links, the average- and maximal-

error regions sometimes differ. The proof appears in Subsection [5.5.
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Figure 5.2: Left: A network N with a single edge of “negligible capacity.”
Right: The network A(0), where the negligible capacity edge of A is replaced
with an edge of capacity § > 0.

Proposition 5.2.4. There exists a MAC (X} x Xy, p(y|z1,22),Y) and Cy, €
R2, such that for every Coy € RZ,

Cgmax<cin7 Cout) 7é (gavg(cina Cout)~

This proposition shows that the maximal probability of error is too stringent
a concept for capturing the reliability benefit of rate-limited cooperation. We
address this problem in Section[5.4] by defining a continuum of error probability
criteria that bridge the gap between average and maximal probability of error.
Before moving to that description, we discuss the effect of negligible rate in a

network in Section 5.3

5.3 Effect of Negligible Rate

We begin by giving a rough description of the capacity region of a network
containing an edge of negligible capacity. Let N be a network containing
exactly one edge of negligible capacity and possibly other edges of positive
capacity. For every 6 > 0, let N'(9) be the same network with the difference
that the edge with negligible capacity is replaced with an edge of capacity o.
(See Figure ) Then we say a rate vector is achievable over N if and only if
for all § > 0, that rate vector is achievable over AV(9). Formally, if we denote
the capacity regions of ' and N (9) with €(N) and € (N (0)), respectively,
then

CWN) = [ ECN(©)).
§>0

We define achievability over networks with multiple edges of negligible capacity

inductively.
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Based on the above discussion, the capacity region of a network N comprised
of a MAC with a CF that has complete access to both messages and output
edges of negligible capacity is given by

Cg('/\/’) = m %(Cfm Cout)u

Cout €R2>0

where we again drop the subscript “avg” or “max” since the definition applies

in both cases. From Theorem it follows that for every MAC,

ﬂ S’gﬂmax 1n7 Cout) = m Cgavg 1n7 out) 2 Cgavg<cfn7 ) = Cgavg(oa 0)7
CoutER>0 Cout€R>0

(5.6)
where 0 = (0,0). Thus even a negligible cooperation rate suffices to guarantee
a small maximal probability of error for rate pairs that without cooperation

can only be achieved with small average probability of error.

The reliability gain of negligible cooperation is closely related to the ques-
tion of the continuity of the capacity region of a network with respect to its

edges. Using the ideas discussed above, Proposition [5.3.1]| provides conditions

under which C¢

max

(Cin, Cout) is not continuous with respect to Coyg. The proof

appears in Subsection [5.5.4]

Proposition 5.3.1. Fiz a € (0,1) and Cy, € R2,,. Given any MAC for which

Cavg(0,0) > C1,(0,0), (5.7)

avg

C . (Cin, Cout) s not continuous with respect to Coyy at Couy = 0.

max

In Subsection |5.5.5, we show that Dueck’s contraction MAC [15] is an example
of a MAC that satisfies (5.7) for every a € (0,1). This results in the next

corollary:.

Corollary 5.3.2. There exists a MAC where for all Cy, € R2, and « € (0, 1),
CCV

max

(Cin, Cout) s not continuous with respect to Coyy at Coyy = 0.

Note that Corollary provides an example of a network that does not
satisfy the weak edge removal property with respect to the maximal-error

capacity region (Chapter [1)).
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5.4 Cooperation and Reliability
As observed in Section [5.2, to quantify the reliability benefit of cooperation
when the capacity of the CF input links are limited, we require a more general

notion of probability of error. We next describe this concept.

For ry,ry > 0, the (ry,ry)-error probability pm (r1,r2) is a compromise be-
tween average and maximal error probability. The pair (ri,r3) provides a
measure of reliability, where larger values of r; and ry correspond to higher re-
liability. For a given (n, My, My, J)-code, define the probability of error matrix

as
An = (/\n(mlam2))m1€[M1]> (58)

mo€[Moa)]
where \,,(mq, my), given by (5.3)), equals the probability of error at the decoder
when the pair (m;, my) is transmitted. To compute pm (r1,72), we partition
A, into K1 K> blocks of size Ly X Lo, where for i € {1,2},

K; := min { | 277, Mz}
and a single block containing the remaining M; My — K{KsL, Ly entries. We

begin by calculating the average of the entries within each L; x Ly block and
obtain the K; Ky values

1
An(my,m , 5.9
{L1L2 Z ( ' 2)}k1€[K1] ( )

mlesl kq
’ K:
m2€S2 k, k2 €[]

where for i € {1,2} and k; € [K,], the set S;, C [M;] is defined as

Next we find the mazimum of the K; K5 average values, namely
1
max L Z An (Mg, ma). (5.11)
m1EST ki,
mQGSgka

The averages in ((5.9)) and thus the maximum in depend on the labeling
of the messages, which is not desirable. To avoid this issue, we choose the
labeling that minimizes over all permutations of the rows and columns
of A,,. This results in the definition

Y dalmimn),ma(ms)),

m1E€ST gy
mQESQ’ka

) 1
P™(ry,73) := min max
w172 kike Ly Lo
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where the minimum is over all permutations m; and 7y of the sets [M;] and
[M,], respectively. Note that

P™(0,0) = P

e,avg’

and for sufficiently large values of r; and 7o,

Pe(")(rl,rg) = P(n)

e,max"

Thus Pe(n)(rl,rQ) gives a continuum of error probabilities between Pe(g,g and
Pliax.
We say a rate pair (Ry, Ry) is (rq,r2)-error achievable for a MAC with a

(Cin, Cou)-CF if for all €,6 > 0 and all sufficiently large n, there exists an
(n, My, M, J)-code such that

1
—log(K;L;) > R; — 6 for i € {1,2}, (5.12)
n

and Pe(”)(rl,'r’g) <e In 1} we use K;L; instead of M; since only K;L;
elements of [M;] are used in calculating Pe(n)(rl,rz). We define the (rq,rs)-
error capacity region, €y, r,)(Cin, Cout), as the set of all rate pairs that are

(r1,72)-error achievable.

The main result of this section, Theorem [5.4.1] says that if a rate pair is achiev-
able for a MAC with a CF under the average error criterion, then sufficiently
increasing the capacities of the CF links ensures that the same rate pair is also
achievable under a stricter notion of error. This result applies to any MAC
whose average-error capacity region is bounded. Prior to stating this result,

we introduce notation used in Theorem [5.4.11

Define R} and R} to be the maximum of R; and R, respectively, over the
average-error capacity region of a MAC with a (C;,, Cou)-CF. Each rate is
maximized when the other rate is set to zero. When one encoder transmits
at rate zero, cooperation through a CF is no more powerful than a simple
forwarding strategy (Chapter [3)). Thus R} and Rj equal the corresponding
maximal rates in the capacity region of the MAC with conferencing encoders
[5]. Thus,
R = xmax min {I(X1; YU, X3) + Cha, I(X1, X2;Y) }

Ry = max_min{I[(Xs;Y|U,X;) 4+ Co, [(X1, X2;Y)},

X1-U—-X2

where C3 = min{C{ , C2 .} and Cy = min{C2,C. 1.

m? o m’ fe}
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Theorem 5.4.1 (Reliability under the CF model). If fori € {1,2},

C~Yiin > mm{Cfn + 7:1'7 R:}
ct. >

out out’

then

Cg(m,rg) (éin’ Cout) 2 (gavg(cin7 Cout)'

A detailed proof of Theorem [5.4.1] appears in Subsection [5.5.6]

Remark. We note that Lemma follows as a corollary of Theorem [5.4.1]
To see this, let Coy = (CL,,, C2,) and Coy = (CL,, C2,) be elements of R2,

such that for i € {1,2}, C?, > C’ .. In Theorem for i € {1,2}, set
Ci =Ci =C¥ > R! and 7; > RY. Then Theorem implies

Cmax(C;,

m?

éout) 2 cgavg<cz<n7 Cout)~

5.5 Proofs

This section contains proofs for preceding results. Throughout, proof outlines

are followed by formal arguments.

5.5.1 Proof of Lemma (Reliability under CF model with high
capacity CF input links)

The assumption C;, = C;, implies that the CF has access to both messages.

Thus one round of cooperation suffices to achieve any rate pair in the maximal-

or average-error capacity region. That is, any function that the CF can com-

pute in J rounds of communication with the encoders, it can also compute in

a single round. We therefore set J = 1.

Now suppose (Ri, R2) € Gavg(Cly, Cout). Fix €, > 0. Then there exists an
(n, My, My, 1)-code such that

1

n

and Pég)vg < e. Note that for this code, the CF can be represented by a pair
of functions (¢, 5), where for i € {1,2},

it [My] x [My] — [27Com].
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To keep track of the message pairs that have small probability of error, we

define the (0, 1)-matrix A, = (@, (m1,M2))m, m, as

1 if Ay (my,my) > e3¢
an(my, mg) =
0 otherwise,
where A, (mq, my) is the probability of error when the pair (mq,ms) is trans-
mitted. We next (deterministically) partition this matrix into blocks of size
M, x M,, where
M, = {n( max (X1, Xa; ) +25ﬂ. (5.13)

p(z1,22)

Suppose that for ¢ € {1,2}, encoder ¢ wants to transmit message m;. If there is
at least one zero entry in the M, x M, block containing (mq, ms), then the CF,
using log M, bits, sends to the encoders the location of that zero entry. This is
possible since the CF has access to both messages and the fixed partition, and
thus knows which block contains the message pair. Assuming the zero entry is
located at (m}, m}), the CF also sends v;(m}, m}) to encoder i for i € {1,2}.
This is possible since for sufficiently large n,

cio>ClL

out

1
+ — log M..
n
Then encoder i transmits the codeword corresponding to

(mi, i(mi, m3)).

Note that the code described above has a maximal probability of error of at
most e®e. Furthermore, the transmission rate of encoder i, for i € {1,2}, is at

least as large as

1 M; 1
—1 "> R; —§ — —log M,,
n OgM - n ©8

*

which exceeds R; — 24 for sufficiently large n, since M, = O(n).

In the scenario where not every M, x M, block in A,, contains a zero entry,
we permute the rows and columns such that at least one zero entry ends up
in each block. To prove the existence of such permutations, we use the next

lemma.

Lemma 5.5.1 (Permutation Lemma). Let A = (a;;); 2, be a (0,1)-matriz

ij=1
and let N(A) denote the number of ones in A. Suppose k is a positive integer
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smaller than or equal to min{m,n}. For any pair of permutations (my,ms),
where m is a permutation on [m| and 7o is a permutation on [n], and every
(s,t) € [7] x [}], define the k x k matriz By (w1, 72) as

Bst('/Tl; 7T2) = (am(i)wz(j))>

where i € {(s —Dk+1,...,sk} and j € {(t — Dk +1,... tk}. If

ﬁﬂ{ﬁ@&?k<L (5.14)

k2 mn

then there ezists a pair of permutations (mwy,ms) such that for every (s,t),

Byy(m1,m9) contains at least one zero entry.

The proof of Lemma [5.5.1] appears in Subsection [5.5.2 below.

To apply Lemma to our matrix A,, we first bound the number of ones

in A,, as

N(A,) = Z an(my, ms)

mi,m2

1
< . Z An(my, ma)

mi,m2
1
= — M MyP%), < M Mse™.

e3¢ e,avg

Thus

MM, [N (A,)e* ™ _ MIMQefM*
M? My My M?
— 210gM1M2—M* log e—2log M.

Y

which is less than one for sufficiently large n by the definition of M, (Equation
(5.13))). Applying Lemma completes the proof.

5.5.2 Proof of Lemma (Existence of good permutations)

Let A = (a;;);;Z; be a (0, 1)-matrix. We apply the probabilistic method. Let
IT; and II, be independent and uniformly distributed random variables on the
set of all permutations of [m] and [n], respectively. Since N(A) denotes the
number of ones in A, we have

m n

i=1 j=1
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For (s,t) € [1t] x [%], define the k x k matrix B (I}, 1I;) as

Bst(Hla HQ) = (anl(i)n2(j))7

wherei € {(s —1)k+1,...,sk} and j € {(t —1)k+1,...,tk}. Let Ji denote

the k x k matrix consisting of all ones. By the union bound,
mn
Pr{El(s,t) . By(II,, IL,) = Jk} < S5 Pr{Bu(lhIL) = i} (5.15)

We next find an upper bound for the right hand side of ((5.15). Consider the
pairs (S1,.52) and (11, 72), where S C [m], Sy C [n], [S1]| = |S2] = k, and 7

and 75 are permutations on [k]. Denote the elements of S; and Sy by

Sl — {21,,Zk}
So = {j1,--, Jr}

Define ¢ as the event where for all £ € [k], T11(£) = ir,¢) and I12(£) = jry0).-
In other words, when EZ'¢ occurs, Byi(Ily,IIy) is a (permuted) submatrix of

A with row indices (i, (¢))ecpr) and column indices (j,())ecpr- Then

Pr {BH(Hl, HQ) = Jk}
<Pr {Vﬁ € [k] LA, ()11, (0) = 1}
= > Pr(EgE) Pr{V¥e I amome = 1|EEE )
S1,52,71,T2

Note that

Pr (Egllgé) =Pr {\V’E € [k] : Hl(f) = iT1(£)7 H2<€) = sz(E)}

@ py {‘v’€ € k] II4(¢) = in(z)} x Pr {‘v’f € [k] : a(6) = jm(ﬁ)}

®) (m—k)! " (n—k)! 1

—

m! nt k() ()

where (a) follows from the independence of II; and Il,, and (b) follows from

the fact that II; and Il; are uniformly distributed. Furthermore,
Pr {Vﬁ € [k] : aﬂl(Z)Hg(Z) = 1’E§117;2} = I{VE < [k)] . aiﬁ(z)jmw = 1}

Thus

Pr{Bll(Hl,Hg) = Jk} < W Z Z Ve (k] :ai ., =1}

k/ 81,52 11,12
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For a fixed pair (57, .S2), we have

Z Z VL ek ai . =1}

T1 T2

=> > 1{vtei]:a ot = 1}

T1 T2

= kY 1{Vle k] a,,; =1} (5.16)
Note that the expression in ((5.16|) equals k! times the number of k-subsets of
S1 x S5 that consist only of ones and have exactly one entry in each row and
each column. Summing over all S; and S5, we see that that the total number

of such subsets is bounded from above by (N ECA)). Thus

ROV )

(
Pr{ By (I, I,) = Ji b= Uk L (5.17)
e T AR
Therefore,
@ mn (V)
Pr<3(s,t) : By(Ily,Ily) = J S_X%
V3000 BulllTl) = i} < G iy
ek
O mn  (5F)

)

where (a) follows from combining (5.15) and (5.17), and (b) follows from
Lemma- |61, Appendix C.1], which is stated below.

Lemma 5.5.2. For integers k and n that satisfy 1 < k < n, we have
N 1 n.k n ne. k
V< (D)< < (=),
(< L)< (k) < (1)

5.5.3 Proof of Proposition 4] (Necessity of high capacity CF
input links)
We begin by providing an upper bound on the maximal-error sum-capacity

gain.
Lemma 5.5.3. For any MAC and any (Ciy, Cous) € R>o:

Cl +C?

CY2 (Ciy, Couwr) < CY2(0,0) + :

max max
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Proof. For every (n, My, Ms, J)-code for the MAC with a CF, the set of all

messages that lead to the same CF inputs is of the form A; x As for some
A; C [M;] for i € {1,2}. This is demonstrated in the proof of Proposition
m Now fix a sequence of (n, M, My, J)-codes that achieve the rate pair
(R;, R3), where

R} + R5 = 2C}/% (Ciy, Cow).

max

Since there are at most 2%t possible CF inputs, the pigeonhole principle
implies that there exist sets A} C [M;] and A} C [Ms] such that

|AT| X AL > M,y Mp2 (Gt Ch),

and the set of all message pairs in A} x A} lead to the same CF inputs. For

i € {1,2} and sufficiently large n, we have
1 *
—log M; > R; — 9,
n

thus

1
~log (|41l 43]) = R + s — O — G2 =26

= 2C}2 (Cyy, Cow) — CL — C2 — 26. (5.18)

max

Now consider the code where for i € {1,2}, encoder ¢ transmits codewords
from the original code that correspond to messages in A}. This code has small
maximal error probability since the maximal error probability over A} x A}
is at most as large as the maximal error probability of the original code over
[M,] x [Ms]. This new code achieves a sum-rate of at least

).

%log (4

As

Thus by (5.15),

Cl +C?

01/2 (Cim Cout) S 01/2 (07 O) + 9

max max

[]

We now prove Proposition by showing that for Dueck’s contraction MAC
[15], there exists C;, € R%, such that for every Coy € RQZO, Gmax(Cin, Cout) 18
a proper subset of Goye(Cin, Cout). In Subsection , we show that for the
contraction MAC,

CY2(0,0) > CY/2(0,0).

avg max
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Thus it is possible to choose C;, = (C’l

in»y

C2) € R%, such that

Ci + Cil
Cal5(0,0) = C13(0,0) > ===,
For this C;, and every Coy € R%,, we have
1/2 1/2 Ch+CP
Cmax(cina Cout) S Omax(oy 0) + T (519)
1/2

< C}3(0,0)
S C;ég(cim Cout)a

where ([5.19) follows from Lemma m This completes the proof.

5.5.4 Proposition (Discontinuity of C* under CF model)

We first use the condition

ce (0,0) > C°

avg max

(0,0),

together with Theorem to show that for sufficiently large Cl and C2,
CO[

max

by using the concavity of C%, . (Lemma [5.2.3).

(Cin, Cout) is not continuous at C,yy = 0. The proposition then follows

Choose A € (0,1) such that

min{CL,C2} > X max (X, Xo;Y),

m’ mn
p(z1,22)

and define C;, = (Cil,C?), where Ci' = Ci /X for i € {1,2}. Then by
Theorem [5.2.1

hm Cglax(czp (Couta Oout)) - hm COé (C;(IN (Couta Cout))

Cout—07F Con—0+ '8
> Cgvg<cikn7 O) = Cgvg(()? 0)
> Oriax(ov 0) = Croﬁax(crna 0)'
Thus C%. (C, Cou) is not continuous in Cgy. Now by the concavity of

Ce .. (Cin, Cout) (Lemma [5.2.3)),

max

Cr?lax(cinﬁ Cout) Z ACI?I&X(C;(IN Cout) + (1 - A)CI?laX(O’ Cout)v
which can be rearranged as
Crorélax(cim COHt) - Cr?iax(cim O) > )‘<Cror[1ax(cikn7 COUt) - Croriax(cikn’ 0))?
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since

«
Cmax

(07 Cout) =Cy,

max

(0,0) = C°

max

(Cin, 0) = C%._(CL.0

max( m? )

(C;

mn?

The fact that A > 0, together with the discontinuity of C¢, .
Cout = 0, implies that C, .
Cil’l G R2>0.

Cout) at

Cin, Cout) is not continuous in C,; for arbitrar
Yy

5.5.5 Proof of Corollary (Dueck’s Contraction MAC)

Dueck’s introduction of the “contraction MAC” in [15] proves the existence
of multiterminal networks where the maximal-error capacity region is a strict
subset of the average-error capacity region. The input and output alphabets

of the contraction MAC are given by
Xl = {A, B, a, b}
Xy = {07 1}
y = {A7B707a7b7 C} X {07 1}

The channel is deterministic and defined by the function f : X} x &y — Y,

where

f(a70) = f(b70) = (C’O)
f(A71) = f(Bal) = (Cv 1)7

and f(z1,22) = (21,29) for all other (z1,z3). Dueck [15] shows that the
maximal-error capacity region of this channel is contained in the set of all rate
pairs (Ry, Rs) that satisfy

Ry <log3—p
Ry < h(p)

for some 0 < p < 1/2, where h(p) denotes the binary entropy function

1
h(p) =plog—+ (1 — p) log .
(p) = plog 5 + (1= p) log ;—

Thus for every a € [0, 1],

C5x(0,0) < max |a(log3—p) + (1 - a)h(p)]

= a(log3 — 1) + (1 — a)log (1 + 274 );
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the maximum is achieved by

. 1
P
To show that
Cae(0,0) > Cg. (0,0) for all a € (0, 1),

we find a lower bound for Cg,,(0,0). From the average-error capacity region

of the MAC [2]-]4], it follows that for o € [0,1/2],

C2(0,0) = max (al(X;Y) + (1 - a)[(X5Y|X)))

e p(a1)p(z2)

and for o € [1/2,1],

0 (0,0) = max (OJ(Xl;Y|X2)+(1—a)[(X2;Y)>.

e p(e1)p(z2)

Since the contraction MAC is deterministic, the above equations simplify to

C° (0,0) = max (aH(Y)+(1—2a)H(Y]X1)) (5.20)

e p(z1)p(z2)

for a € [0,1/2] and

02 (0,0) = max ((1 —Q)H(Y) + (20 — 1)H(Y|X2)> (5.21)

ave p(a1)p(z2)

for v € [1/2,1]. Let the input distribution of the first transmitter be given by

px,(A) = pa,px,(B) = pB, px, (@) = pa, px, (b) = pp,

and the input distribution of the second transmitter be given by px, (1) = ¢
and px,(0) = 1 —¢. In addition, let Y7 and Y5 denote the components of Y so
that Y = (Y7,Y3). Note that Yo = X5, and

H(Y) = H(\,Y,)
= H(Y,) + H(Y1|Y>)
= h(q) + ¢H (pa, pp.0a + pB) + (L — q)H(pa, B, Pa + Db)-
Furthermore,

H(Y|X1) = H(Y1,Y§|X1)
= H(Y2|X1) = h(q),
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and
H(Y|X3) = H(Y:,Y3|X5)

= H(Y1,Y2, X5) — H(X)
= H(Y) — h(q).

From ((5.20) and (5.21)) it follows for all « € [0, 1],

Cag(0,0) > aH(Y) + (1 —2a)H(q)
= (1 —=a)h(q) + a[qH(pmpbapA +pg)+ (1 —q)H(pa, B, Pa +pb)]~

If we set ¢ = p*, pa = pp = 1/3, and p, = p, = 1/6, we get

Civg(0,0) = (1 = a)h(p’) + a(log3 —p/3).

avg

Recall that
Chax(0,0) < (1 —a)h(p®) + a(log3 — p*).

Thus C2_(0,0) > C©

avg max

if a =1).

(0,0), unless a« = 0 or p* = 0 (which occurs if and only

5.5.6 Proof of Theorem [5.4.1] (Reliability under the CF model)

The argument that follows involves modifying an (n, M, M,, J) average-error
code for a MAC with a (Ci,, Cou)-CF to get an (n, My, Ms, J) code for the
same MAC with a (éin, éout)—CF. Our aim is to obtain small (71, 79) proba-
bility of error and %log M; only slightly smaller than %log M; for i € {1,2}.
To achieve this goal, we first partition A,,, as given by , into 21 x 2n2
blocks. For m; € [M;], let k; denote the first n7; bits of m;. We next construct
a 2" x 2"2 (0,1)-matrix, where entry (ki, ko) equals zero if the average of

the A, (my, mo) entries in the corresponding (k1, k2)-block of A, is small, and
equals one otherwise. (See Figure [5.3])

Next, we partition our (0, 1)-matrix into blocks of size roughly n x n. In the
first cooperation round, encoder i sends the first n7; bits of m; to the CF so
that the CF knows the block in the (0, 1)-matrix that contains (mq,ms). If
there is at least one zero entry in that block, the CF sends the location of that
entry back to each encoder using logn bits. Then encoder i modifies the first
n7; bits of its message and communicates with the CF over J rounds using the

original average-error code. As a result of transmitting (mq,ms) pairs that
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Figure 5.3: Left: The M; x M, matrix A, with entries \,(m;,mz). Right:
The (0, 1)-matrix constructed from A,,. The stars indicate the location of the
ZEeros.

correspond to zeros in our (0, 1)-matrix, the encoders ensure a small (rq,rs)-

probability of error.

It may be the case that not every block contains a zero entry. Lemma [5.5.1
shows that if there is a sufficiently large number of zeros in the (0, 1)-matrix,
then there exists a permutation of the rows and a permutation of the columns
such that each block of the permuted matrix contains at least one zero entry.
Since the original code has a small average error, it follows that our (0, 1)-

matrix has a large number of zeros.

For the formal proof, we wish to show that if

é’fn > IIlll’l{ClZn + fl'? R:}
ct. >

out out

for i € {1,2}, then

Cg(ﬁiz) (éin7 Cout) 2 Cgavg<cin7 Cout)'

Recall that R} and R; are defined as the maximum of R; and R, respectively,
over the capacity region of a MAC with a (Cj,, Coyt)-CF. Our proof follows
[16], where Willems proves that the maximal- and average-error capacity re-

gions of the broadcast channel are identical.

Suppose (R, Ry) is in Goyg(Cin, Cout). Assume 71,79, Ry, Ry are all positive.
We discuss the case where some of these quantities are zero at the end of this

subsection. Fix ¢,0 > 0. Then for sufficiently large N and any n > N, there



119
exists an (n, My, My, J)-code such that for i = 1,2,

log [U| < nCf, (5.22)
log [V/| < nCl, (5.23)
1

and Péf;)vg < e. In addition, from Fano’s inequality it follows that for suffi-

ciently large n,
1
—log M; < R + 0. (5.25)
n

Let K. = [n(R; 4+ R} +20)]. For i € {1,2}, define K; = min{K.[2" |, M;}
and L; = | M;/K;|. From the set [M;] choose the K;L; messages that have
the smallest

Mo

Z An (M1, ma),

mo=1
and renumber them as {1,...,K;L;}. Similarly, from the set [M;] choose

K5 Ly messages that have the smallest

KiL

Z )\n(ml, mg)

mi=1

and renumber them as {1,..., KyLy}. Then

Ki1L1 KaLo

1
KLFals 2o 2 Mnlmme)

m1=1mg=1
My M

1
< DY Ny mg) <. (5.26)

mi1=1mo=1

Next, for every (ki, ko) € [K1] x [Ks], define a,,(ki, ko) as

Lot Anm,m > Ly Lsee
an(kh kQ) = ZSI*’“IXSQ,’CQ ( 1 2) 142

0 otherwise,

where S; i, and Sy, are defined by (5.10). Set A,, := (a,(k1, k2))k, ky, and let
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N(A,) denote the number of ones in A,,. Then

N<An) = Z an(’ﬁ, k2)

k1,k2

1
SLnge?’ez: Z A, m2)

k1,k2 S1,k; X 52,k

Ki1Li KoLy

Z Z )\n(ml, mg)

mi1=1mo=1

< K1 Kpe™, (5.27)

1
L1L2€3€

where the last inequality follows from ([5.26]).

Let «, denote the quantity on the left hand side of (5.14]) in Lemma m
Then

K1K2 (N(A>€2)K*

oy = .
K2 KKy

To apply Lemma [5.5.1] we must first prove a,, < 1. We have

b * * (C)
< 2n(R1+R2+26)—K* log e—2log K« < 1’

—~
=

where (a) follows from ([5.27), (b) follows from and the fact that K; < M;,
and (c) follows from the fact that K, = [n(R} + R; + 20)]. Thus by Lemma
[5.5.1] there exist permutations 7, and 75 on the sets [K;] and [K5], respectively,
such that if we partition the matrix (@m(kl)wz(kz))kl,kz into blocks of size K, x K,

then there is at least one zero in each block. For i € {1, 2}, let
K! = |K;/K.].

Note that the partition of the matrix (ar, (ky)ms (ko)) ki ke CONtains at least K x K3
blocks.

Next we use the partition defined above to construct a code that achieves
a rate pair sufficiently close to (Ry, R2) under (7, 7s)-error. For i € {1,2},
encoder 7 splits its message as m; = (k;, ¢;) € [K;] x [L;] and sends k; to the
CF. Let (m(k}), mo(k3)) be the good entry in the K, x K, block containing the
pair (m(k1), ma(k2)). For i € {1,2}, the CF sends the difference ;(k;) — m;(k;)
(mod K,) back to encoder i. Encoder 1 and encoder 2 then use the original

average-error code with J rounds of cooperation to transmit the message pair
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(m3, m3) where for i € {1,2}, m! = (m;(k}), ¢;). By combining (5.22)), (5.23),

and the fact that K; < K,2"" we see that for sufficiently large n,
1 J % ~ 1 * * ~i
n n

out-

1 4 1 -
- log |V/|K. < CL, + - log(1 +n(R} + R + 20)) < Cy,

Thus the rate achieved by encoder ¢ under an (7, 7) notion of error is at least

as large as
1 K; || M;

1
S log KL, = —1 {—J L—J
n 08 1 n 08 K, JLK;

We next find a lower bound for the above expression. If 7; < R;, then for
sufficiently large n, K; = K,|2"" |, and the above quantity is at least as large
as

1 . 1 N
- nr; = on(Ri—6—7;)
~log (27 — 1) (K*Z 1)

ZRi—(5+llog(1—2"f”)< !
n n

(Rt + Ry +26)+1

_ 2fn(Ri767Fi))
> R, — 20.

On the other hand, if 7; > R;, then for sufficiently large n, K; > 2"~ for
i € {1,2}. Thus

Tog |10 |50 ] = wee [ 1]
n B lK K =0 %K,

1 | 2n(Ri—6) .
> = _
_n0g<1—|—n(R’{—|—R§+26) )

1 1
— R — 641 ( _ 2%(&—6))
Tt Tk T B+ 20)

> R; — 20.

When either min{7y, 72} = 0 or min{ Ry, Ry} = 0, we apply a similar argument,
but instead of using Lemma [5.5.1] we use its corresponding vector version,

which we state below.

Lemma 5.5.4 (Permutation Lemma — Vector Version). Let A = (a;)!, be a
(0, 1)-vector and let N(A) denote the number of ones in A; that is,

N(A) = Za
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Suppose k is a positive integer smaller or equal to m. For any permutation m

on [m] and s € [], let By(m) denote the vector

sk
By(m) = (aw(i))i:(s—l)kﬂ'
If

N(A) <m<1—%),

then there exists a permutation T such that for every s € [], the vector By(m)

contains at least one zero.

5.6 Appendix: Characterization of Special Regions of R’;O
In Section [5.2] we require the following well-known result.

Lemma 5.6.1. Let ¢ C Réo be non-empty, compact, convex, and closed under
projections onto the azes, that is, if (x,y) is in €, then so are (x,0) and (0,y).
Then

cg = {(x,y) S RQZO

Vael0,1]:arx+ (1 —a)y < Ca}.

For completeness, we state and prove an extension of this result to arbitrary

dimensions here.

Let k be a positive integer and ¢ be a compact subset of R’go. In addition, let
A C R’;O denote the k-dimensional probability simplex, that is, the set of all
o = (o,...,q;) in RE, such that Zle a; = 1. For every o = (g, ..., 04) €
Ay, define C* € Ry as

O% .= maxa’z.
PSS

For j € [k], define the projection P; : R¥ — R¥ as
Pj(ZL‘l,. ey L1, gy Ljg1y e v - ,l’k) = (xl,. .. ,ij_170,$j+1, ce ,ZL‘k).

In words, P; sets the jth coordinate of its input to zero and leaves the other
coordinates unchanged. We say a set 4 C R is closed under projection P; if
and only if P;(¢) C €.

Lemma 5.6.2. Let ¢ C Rgo be non-empty, compact, convex, and closed under

the projections {P;}_,. Then

%:{XER’;O

VaeA,: o'z < Co‘}. (5.28)
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Proof. Let €’ denote the set on the right hand side of (5.28]). From the defi-
nition of C'%, it follows ¥ C %¢”’. Thus it suffices to show ¢’ C €.

Every hyperplane in R* divides R* into two sets, each of which is referred to
as a half-space. Since % is closed and convex, it equals the intersection of all
the half-spaces containing it [62, p. 36]. Thus it suffices to show that if for
some 3 = (f;)}_; € R¥ and y € R, 4 is a subset of the half-space

H = {X € Rk’ﬁTx < fy},

then %" is also a subset of H. Suppose H contains ¢. Since % is nonempty
and closed under the projections {P;}¥_,, € contains the origin. But ¢’ C H,
thus H contains the origin as well. This implies v > 0. Let S be the set of all
j € [k] such that 3; > 0. If S is empty, then H contains R, and therefore,

¢'. If S is nonempty, define o = () ;e € Ay as

B;/Bs ifjesS

0 otherwise,

where g = ZjeS B > 0. From the definition of C'%, it follows that there

exists x € € such that a’x = C'%, or equivalently,
> Bjaj = BsC™. (5.29)
jes

k

Since ¢ is closed under the projections {P;}7_,, the vector x* = (z});ep is

also in €, where
" lL‘j lf] € S
0  otherwise.

Using ((5.29) and the fact that x* € € C H, we get
BSCO‘ _ ﬁTX* < 5.
Now for every x’ € €, we have
k
BIx' =) Bl <> il = fsa’x < BsC* <.
j=1 jes

Thus ¢’ C H. Since H was an arbitrary half-space containing %, it follows
that €' C %. O
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Chapter 6

CONCLUSION

When small networks are not studied in isolation, but rather viewed as part
of larger networks, many opportunities arise for a more efficient utilization of
resources. Consider the classical MAC; the presence of a single additional node
significantly expands the coding strategies available to the encoders, which
results in major improvements in rate and reliability. This simple example
demonstrates not only the complexity but also the opportunity that lies ahead

in the study of communication networks.

We conclude this work by discussing a number of problems that both extend

the theoretical reach of this work and bring it closer to implementation.

Low-Complexity Coding for Cooperation. While random coding argu-
ments are very useful for obtaining inner bounds on the capacity region of
a network, their direct application is not possible in practice. The reason is
that randomly-generated codes have a high computational cost: both in their
construction and in their encoding and decoding processes. Thus, to ensure
that the cooperative gains discussed here are attainable in practice, we need
low-complexity codes. Polar codes [63| may be well-suited for this purpose,

for reasons which we next discuss.

Recall that our coding strategy in Chapter |3| combines three schemes: for-
warding, coordination (Marton coding), and classical MAC coding. Due to
the simplicity of the forwarding strategy, the main problem lies in obtaining a
low-complexity implementation of Marton coding and classical MAC coding.
Both of these strategies, however, are implemented using polar codes in [64],
[65], and [66], respectively. It remains to be seen whether these strategies can

be successfully combined to obtain the large sum-capacity gains described in
Chapter

Ongoing Cooperation in the Presence of Causal State Information.
In the absence of cooperation, assuming that the state process is i.i.d. and
the decoder has full state information, the MAC capacity region is the same
regardless of whether the state information at the encoders is causal or non-

causal. The open question here is whether the same result holds in the presence
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of cooperation. Note that progress on this problem requires an extension of our
cooperation model; this is due to the fact that when causal state information is
available at the encoders, the communication between the CF and the encoders
has to occur during the same time that the encoders transmit their codewords
over the channel. We refer to this extended cooperation model as “ongoing

cooperation.”

The Weak Edge Removal Property in Noisy Networks. In Chapter 5,
we demonstrate the existence of a network that does not satisfy the weak edge
removal property with respect to the maximal-error capacity region. Whether
such a network exists with respect to the average-error capacity region remains
open. The result of Sarwate and Gastpar |56] regarding negligible feedback
and our result in Appendix [C] provide evidence against the existence of such

a network.
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Appendixz A

THE MULTIVARIATE COVERING LEMMA

The covering lemma and its extensions play a crucial role in achievability re-
sults in network information theory. Covering lemmas are useful for enabling
network nodes to transmit codewords that “look like” they are generated from
a dependent distribution, whereas in reality, they are carefully selected from
sufficiently large codebooks that are independently generated. This allows
nodes to obtain the benefits of both independent and dependent codewords:
like independent codewords, such codewords can be decoded in different loca-
tions; like dependent codewords, they have the potential to achieve rates higher
than those achieved by independent codewords. This benefit, however, comes
at a cost in rate. Thus this strategy is useful when the benefit of transmitting

dependent codewords exceeds its cost.

In the context of the covering lemma, the concept of “looking like” dependent
codewords is captured by the notion of being jointly typical with respect to
a dependent distribution. As there are various ways to define the typical set
(here we specifically focus on weakly typical [40] and strongly typical sets
[38]), one may ask whether a specific version of the covering lemma holds for a
given definition of the typical set. The weakly typical set has two advantages
over the strongly typical set. First, it is easily defined for continuous (e.g.,
Gaussian) distributions. Second, the weakly typical set has a simple one-shot
counterpart, which allows proofs using the weakly typical set to be written in
the one-shot framework in a simple manner. On the other hand, the strongly
typical set has properties that the weakly typical set does not possess. Thus
it is helpful to review the covering lemma and its extensions and see for which

definitions of the typical set each result is currently known to hold.

The simplest case of the covering lemma is the situation where, given a random
vector and an independently generated codebook, a node looks for a codeword
in the codebook that is jointly typical (with respect to a dependent distribu-
tion) with the given random vector. The result obtained in this case, simply
referred to as the “covering lemma,” appears in the achievability proof of the

rate distortion theorem using weakly typical sets [40]. The second case, called



127

the “mutual covering lemma,” treats the case where given two independently
generated codebooks, a node looks for a jointly typical pair of codewords,
where each codeword is from one of the codebooks. This result is used in
Marton’s inner bound for the two-user broadcast channel and is proved for
strongly typical sets [8], [37]. Recently, by extending the proof of [40|, the
authors of [67], [68] prove a one-shot version of the mutual covering lemma.
This proof can be used to show the validity of the mutual covering lemma for
weakly typical sets in the asymptotic setting. The proof in [67], [68], how-
ever, requires stronger independence assumptions on the codebooks than the
proof using strongly typical sets in [37], [38]. Finally, the “multivariate cover-
ing lemma’” is the extension of the mutual covering lemma to k independently
generated codebooks for arbitrary £ > 2, and can be used to obtain an inner
bound on the broadcast channel with k& users [38]. As stated in [38], one can
show this result holds for strongly typical sets by extending the proof of the

mutual covering lemma [37].

In this work, using the general strategy of El Gamal and Van der Meulen
[37] and some ideas regarding weakly typical sets from Koetter, Effros, and
Médard [39], we prove an extension of the multivariate covering lemma for
weakly typical sets. This extension is motivated by cooperative strategies

where nodes share both message and state information as in Chapter [4]

We also provide a converse, a special case of which is usually referred to as the
“packing lemma” [38]. We remark that while similar to |37], we use Cheby-
shev’s inequality to prove the direct result in Section [A.3] it is also possible
to use the Cauchy-Schwarz inequality, which leads to a more accurate upper
bound in this case (Section [A.5).

A.1 Problem Statement
Let {A;}iez be a finite collection of sets. For every nonempty S C Z, define

Ag as
AS = H Az
i€s
An element of Ag is denoted with ag := (a;);es.
For every positive integer n, define [n] := {1,...,n}. Fix a positive integer k.
Consider the sets (U;)icpp+1) and (V))jew- We study discrete and continuous
settings. In the discrete case, these sets are all finite or countably infinite, and

P(ufk41], V) 1s a probability mass function on U1y X V). In the continuous
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case, p(Ue+1], Vjx)) is a probability density function on R2*+1 and the sets U;

and V; represent the support of the marginals p(u;) and p(v;), respectively.

For every j € [k], let M; be a nonnegative integer. For nonempty S C [k],
define the set Mg as

Mg = []IM],

jes
and let M := My,. For every mpy) = (m4,...,my) € M, let the random
vector

(U[k‘f'l]? ‘/1(777/1), SRR Vk<mk)>

have distribution pina(tupe41), vjx)), where

Pind (Upe1), Vi) = P(Uey1)) H p(vjlug). (A1)
JEIK]
In (A.1)), p(ur41]) and each p(vj|u;) are calculated from our original distribu-
tion p(upk+1y, vp)-
Let F be an arbitrary subset of Uj41) X V). For every S C [k], define Fg as
the projection of F on Ujy1) X Vs. For (upiq),vs) € Fg, let F(upiay, vs) be
the set of all vge such that (upy1),vr) € F, where S¢:= [k]\ S. Furthermore,

assume that for every nonempty S C [k], there exist real numbers ag and fg
such that

vg|u
V (Ut1], vs) € Fg: ag < logw (A.2)
Pind(vs|us)
p(vs|up 1), vse)
YV (u ,uig) € Fi Bs <lo A3
(), 1) ° g Pina (vs|us) (A.3)
Furthermore, assume that there exists a constant v such that
p(vp|u
V (Up1), Vi) € F iy > log M (A.4)

Pind (U[k] ’U[k]) .
Our aim is to find upper and lower bounds on the probability
Pr{Vmyy € M: (U, Vilma), -, Vima) ¢ F .

We derive the lower bound in Section [A.2] using the union bound, which does

not depend on the statistical dependencies of the vectors

(Upers Valma), .., Vimy))
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for different values of my,). For the upper bound, given in Subsection ,

which leads to the multivariate covering lemma, we require a stronger as-

sumption, which we next describe.

Let myy and mj,; be in M. Define the set S(myy, mj,) as

S(mp, mpyy) == {j € [k;]‘mj = m;}

When my) and m’[k] are clear from context, we denote S(mpy, m{k]) with S.
Recall that S¢ = [k] \ S.

In the proof of the upper bound, we require

Assumption L. For all (mpy, mj;) and (up+1), v, Use),

Pr {Vj € [k]: Vi(my) = v; and Vi(m}) = v} |Ups) = U[k+1]}

= H p(vjlu;) x H p(vj|uy).

JE[k] jese

In the corresponding asymptotic problem, which we study in Section [A.4] we
apply our bounds to

PI' {V m[k] . (U[”]:-Jrl}) ‘Gn(ml)v s 7an(mk)) ¢ Afsn)}’

where the probability is calculated according to the distribution defined by the

assumption below.

Assumption II. For every mp; € M,
n n n iid
(Ul Vi (ma), - V(i) ™ Pind (Ui, Vg)-

Finally, we need A((;"), the weakly typical set |40, p. 521] defined with respect
to the distribution p(up1],vp), to satisfy the requirements posed by (A.2),

(A.3), and (A.4). This is guaranteed by the next assumption.

Assumption III. The distribution p(up41),vpy) has the property that for
all nonempty S C [k], the conditional marginal distributions p(vg|up1)),

P(vs|upt1), vse), and {p(v;|u;j)}jem are well defined and have finite entropy.

Note that this assumption holds trivially for probability mass functions with

finite support.

The multivariate covering lemma follows.
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Lemma A.1.1 (Multivariate Covering Lemma). Suppose assumptions (I-11I)
hold for the joint distribution of

CG2+J}7{‘Gﬁ(Tnl)v"'7‘€?(nlk)} :

M)
For the direct part, suppose for all j € [k], M; > 2", If for all nonempty
S < [k],

Y Ry > HVIU)) = H(Vs|Upein) + (8k — 2| S| + 10)6, (A.5)
j€eSs jeS

then
Tim Pr {3 mpg: (U, VI (ma), . Vi (my) € Af{‘)} ~ 1. (A.6)

For the converse, assume for all j € [k], M; < 2", [f holds, then
>Ry =D HVi|Uj) — H(Vs|Upn) = 2(1S] + 1)8,
jes jes

for all nonempty S C [k].

Remark. In the direct part of Lemma[A.T.T| we can weaken the lower bound
on ) g when S = [k]. Specifically, for S = [k], we can replace (A.5) with

> Ry > HWVi|U;) — H(Vig|Upy) + 2(k + 1)6.
JE[K] JEk]
A.2 Lower Bound

For every mpy = (my,...,my) € M, define the random variable Z(m,) as

Z(m[k]) = 1{(U{k+1], Vl(ml), e Vk(mk)) € .F}
and set

Z = Z Z(mm).

L eM
Our aim is to find a lower bound for Pr{Z = 0}. Note that for every nonempty
S C [K],

Pr{3mpy: Z(my) =1} =Pr {3 mpg: (Upga, Vilma), ..., Vi(me)) € f}
<Pr{3ms: Vs, (Vi(my)) o) € Fs }
< [Ms| > p(ugesn)pina(vs|us)

Fs
< [ Msl27 Y plujpsa, vs)
Fs
< [Mgl27%9.



131
Thus

Pr{Z=0}=1-Pr {3 my s Z(mp) = 1}

> 1 — min |[Mg|27%S. AT
> 1 min | My (A7)

A.3 Upper Bound
In deriving our upper bound on Pr{Z = 0}, we apply conditioning and Cheby-

shev’s inequality, which lead to the appearance of the factor
1
PR
(Pr{F (up+1)})

where

Pr { F(upe)} = Pr { Vi € Flupn)| Uy = s |
= > ploglupge)-

Vi €F (k1))
Recall that F(up1)), defined in Section , is the set of all vy, € Vy such
that (upgi1),v) € F. Thus to get an accurate upper bound, we require
Pr{F (up+1))} to be large. However, as this cannot be guaranteed for all
Ufr41), We partition U1y into “good” and “bad” sets, corresponding to large
and small values of Pr{F (u;1))}, respectively. We show that the probability

of the good set is large whenever Pr{(Up41}, Vi) € F} is large. Following |39,
Appendix III], fix € > 0 and define G, C Upp41) as

Ge = {U[k+1]

Pr{F ()} = 1- ¢},

Note that G, represents the set of all good w4 1) as described above. We have

Pr{(Upps1), Vi) € F} = > plugesr)) Pr{F (1))}

Ulk+1]

< (1 =) Pr{Ups1) ¢ G} + Pr{Up11 € Gc}
=1—ePr{Up+1 € Gc}-

Thus )
PI‘{U[k+1] ¢ QE} S E Pr {(U[k+1], V[k}) @é .F} (AS)
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Our aim is to find an upper bound for Pr{Z = 0}. To do this, we write

Pr{Z =0} = Z p(upern) Pr{Z = 0|upei1 }

Ulk+1]

1
< - Pr{(Upsn. Vi) § FH+ D plupen) Pr{Z = 0luin },

Ulk+1)€Ge

(A.9)

where the inequality follows from (A.8)). Therefore, to find an upper bound
on Pr{Z = 0}, it suffices to find an upper bound on Pr{Z = O|up1} for all
Ufk+1] € Ge.

Fix up41) € Ge. We use Chebyshev’s inequality to find an upper bound on

Pr{Z = Olup+1)}. Thus we need to calculate E[Z|up1)] and E[Z?|upq)]. For
a given myy, from (A.4)), it follows that

E[Z(myg)|upsyy] = Pr { (Vi(ma), ..., Vi(my)) € F(uper)
= Z pind(v[k]lu[k—i-l])

F(uk41))
> > 27 p(ogy|ugpey)
F(uppr1))

= 277 Pr{F(up41))} > (1 —€)277,

u[k+1]}

where the last inequality follows from the fact that up,y € G.. Thus, by

linearity of expectation,
E[Z|uge41) > [M]277(1 —€). (A.10)

Next, we find an upper bound on E[Z?|u41)]. We have

Z* = Z (m)] Z Z(mp) mfk]) =7+ Z Z(m[k])Z(mfk]),
o

Mk ¢m[k] Mk 76”%]

since [Z(mp)]* = Z(mypy) and Z = Zm[k] Z(mpy). Thus

]E[ZQ‘U[]C_’_”] [Z|U k+1] +]E|: Z Z m[k] )IU[k+1]i|
™k M)
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For any pair of distinct mj, and m’[k] with nonempty S := S (m[k],m’[k}), we

have

E| 2 (i) Z mfy) [ |

— Z pind(Us|Us){ Z pind<vsc|u50):|2

Fs(Urt1)) vge €F (Up11),05)
2
S 2—a5—2ﬁsc Z p(US|U[k+1]) |: Z p(ch]u[kH}, US):|
Fs(Ufkt1) vge €EF (Ug41],05)
—ag—2Bgc
< 27%s Bs 7

where Fg(up1)) is the set of all vg where (uf41), vs) € Fs. On the other hand,
if S is empty, then Z(myy) and Z(my,) are independent given Upy1) = w1,
and )

E| 2 (my) 2 (mig)|ugesn| = (E[Z0mge) [uesn])
Fix mpy € M. For every nonempty S C [k], let mp;(S) be an element of M
such that m; = m;(S) if and only if j € S. Thus

E[2upsn)] = E[Z|upy] + | T UA4HQ—WAAJD}(E[ZOHMDPHhHﬂ)2

JElk]
+ 3 Ml TT (M2 = IM1) [ B[ 2 mi) Zmiag () e
0CSCI jese
2
< E[Zlu[k+1}:| + (E[Z}u[kJrlﬂ) + Z ‘MSHMSC‘22_QS_2536,
PG SCIK]
(A.11)
Thus for all up41) € Ge, we have
Pr {Z = O‘U[k+1}} < Pr{’Z — E[Z’u[k_,_l]” > E[Z|u[k+1]] u[k+1]}
@ Var(Zlugsn) _ E[Zupein]
= 2 2
EZ|up))”  (E[Z|ugps])
® 1 1
< —127 —12—a5—265c+2'y
DCSClk]

where (a) follows from Chebyshev’s inequality and (b) follows from (|A.10)) and
(). Now using (&), we get

1 1 1
Pr{Z =0} < = Pr{F V4 —— “loy, _ — —lg—as—2Bsc+2y
r{ p < - Pr{F M T @CESC:[H | M| ,

(A.12)
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where

Pr{F°} := Pr {(Ups1}, Vi) ¢ F}.

A.4 Asymptotic Result

In this section, using our lower and upper bounds, we prove Lemmal[A.1.1] We
first prove the direct part using our upper bound from Section For every
positive integer n, set F(™ = A((;n)(U[Hl],V[k]), and for every j € [k|, choose
an integer M; > 2"%. Furthermore, fix € € (0, 1).

For every nonempty S C [k], notice that if (uf}g Iy vi) € fén), then

v|ul,
log p(vg] [k+1])) _ n(ZH(Vj’Uj) — H(VS’U[k+1])>’ < 2n(|S| + 1)0.
jes

Iljeslﬂv?lu?

Thus we can choose

o i= n( D H(V)|U5) = H(Vs|Upn) — 2(S] + 1)9)

JjeS

1 = n (3 HWIU,) = H(ViglUpen) + 20k +1)0).
JElk]

Similarly, for every nonempty S C [k], we can set

88" = n( 3" H(V\U5) = H(VelUjga, Vi) = 2(1S] + 1)9))

jes
since for ever (” Tl F)
Y (Upqr) Vsy Vge) € ;

p(”s'“ﬁﬁl] ) Ugc)
HjeS p(”ﬂ“?)

(2 HVIU;) = H(VsUpsn, Vse]) )| < 2n(1S] + 1)5,
jeSs

From our upper bound, Equation (A.12), it now follows that if for all nonempty
5 G (],

1
> Rj> (27— as — 2s)

jes

=2 H(V;|U;) = 2H (Vig|Upern)) = > H(V3|Uy) + H(Vs|Upgr)

Jelk] jes
— 2> H(V;|U;) + 2H (Ve | Uiy, Vs) + (8% — 2| S| + 10)6
jese

= S H(V|U}) — H(Vs|Upssn)) + (8K — 21| + 10)5.

JjeSs
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and for S = [k],
1
D> R;i> Y= > HWV|U;) = H(Vig|Upesn)) + 2(k + 1)5,
JE[K] JE[K]

then

n—oo

Next we prove the converse. Suppose for each j € [k], M; < 2"% and (A.13))
holds. Then from (A.7)), it follows that

1

jes jes
for all nonempty S C [k].
A.5 Cauchy-Schwarz versus Chebyshev

Let Z be any random variable that is nonnegative with probability one and

has positive first and second moments. Then
Z =71{Z >0}
almost surely. Thus by the Cauchy-Schwarz inequality,

E[Z] =E[Z1{Z > 0}]
< VE[Z%] x Pr{Z > 0}.

Hence
Pr{Z > 0} > (E?%
and )
Pr{Z =0} <1- (EEQ .

On the other hand, using Chebyshev’s inequality we get
Pr{Z =0} =Pr{|Z — E[Z]| > E[Z]}
< Var(Z)  E[Z?]
= 2 = 2
(E[z])” (E[Z])

Note that the bound resulting from Cauchy-Schwarz is stronger, since for any

t >0,

1
1—-t<-—1.
t



136

Appendix B
LARGE DEVIATIONS

In this appendix, we prove that the probability that an i.i.d. sequence is weakly
typical converges to one exponentially fast. It is proved for a modified version
of weakly typical sets in [31, p. 991 and for strongly typical sets in [23, p.
117].

B.1 Result

Lemma B.1.1. Choose a distribution p(upy) on the alphabet Uy, which may be
continuous or discrete. Suppose there exists to > 0 such that for all nonempty
S C [k] and t € (—to, o),

E[p(Us)™"] < oo.

Then there exists a nondecreasing function Q(U[k], ) Ry — Ryg such that

for all sufficiently large n,

Pr { A™ ()} > 1 — 27m0Wie),

Proof. The base-2 moment generating function of a random variable X is
defined as
M(t) = E[2"]

for all real ¢ for which the expectation on the right hand side is finite. If M
is defined on a neighborhood of 0, say (—t1,t;) for some ¢; > 0, then it has a
Taylor series expansion with a positive radius of convergence [69, pp. 278-280].
In particular,

d M 1

7 (t) 0 @E[X]-

We next find an upper bound for Pr{X > a} for any a € R. Choose t € (0, t;).
Using Markov’s inequality, we get
Pr{X > a} = Pr{tX > ta}
— Pr{QtX Z 2ta}

< 27taE[2tX]
_ 210g M(t)—ta‘
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Since t € (0,t;) was arbitrary, we get
PI‘{X > CL} < 2inft€(07t1)(logM(t)7ta). (Bl)
For all € € R, define (X, ¢) as

0(X,e¢) = sup) [t(]E[X] +¢€) —log M(t)}

tE(U,t1
Define the function f as
f(t) =log M(t) — ta.
We have f(0) =0 and f’(0) = E[X] — a. Thus if a > E[X],
inf (log M(t) —ta) < 0. B.2
tel(%,m)( o8 M(1) a) (B2)

Similarly, if € > 0, then (X, ¢) > 0. If we apply (B.1]) to the random variable
1 n
L2 X
n -
=1

where the X;’s are i.i.d. copies of X, we get

Pr { ZXi > na} < 9 W(Xa—E[X]) (B.3)
i=1
Now consider a random vector (Ui, ...,Uy) with distribution p(uq, ..., ug).

For every nonempty S C [k], let Ug denote the random vector (U;);jes. Let
(U7, ..., Up) be nii.d. copies of (Uy,...,Uy). By applying inequality (B.3]) to
the random variables )
s}
{ & p(Us;) Ji=1

and setting a = H(Ug) + € for some € > 0, we get

- 1
Pr log >n[H(Us) +¢| p < 270Use) B.4
{; p(Usi) [ (Us) ]} (B-4)
Let .
0(Up, €) = 5 min, 0(Us, €)
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By the union bound,
Pr{(U{‘,...,U,?) ¢ Agm(Ul,._.,Uk)} <2 3 s
@CSCIk]
< 2(2% — 1)27nminecsciy 0(Us )

—nb(Upy,
< 27 [k]e),

where the last inequality holds for all sufficiently large n. Finally, note that
since by (B.2)), each 6(Us, €) is positive and nondecreasing, so is 0(Upy,€). O
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Appendiz C
CONTINUITY OF AVERAGE-ERROR SUM-CAPACITY

In this appendix, we show that the average-error sum-capacity of a network
consisting of a MAC and a CF that has access to both messages is continuous

with respect to the CF output edge capacities.

C.1 Model and Result
Consider a MAC
(Xl X Xg,p(y|x1, '172)7 y)a

where &, X5, and ) are finite sets. We assume this MAC is memoryless and

stationary so that its nth extension is given by

p(y" |2, x3) = H Pl 210, T21).-
te(n]

We next state the main result of this appendix. In this theorem, for a
given MAC, Ci, is any pair with sufficiently large components so that any

(©

m?

oped by Dueck [70].

Cout)-CF has access to both messages. Our proof relies on ideas devel-

Theorem C.1.1. For any finite alphabet MAC, Cqym ave(Ci,

m?’

Cout) is contin-

2
uous on RS.

Note that by Lemma Cum,avg (Chy, Cout) 1s continuous on R2. Thus it

m?

suffices to prove Theorem on the boundary of R%.!

As we are not concerned with maximal-error sum-capacity in this appendix, we
drop the “avg” subscript and henceforth write the average-error sum-capacity
as Csum(cikna Cout)-

We begin with a number of definitions that are useful for the description of

our lower and upper bounds for Cyum(C,, Cout)-

For every finite alphabet ¢/ and all 6 > 0, define

P (8) = {plu,at,25)

'Note that the boundary of R% is given by RZ,\ RZ,,.

1(X}; X5|U) < nd b,
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For every n, define the function f,, : Rsg — Rsq as?

1
fn(0) :=sup max —I(X7,X3;Y"|U), (C.1)
U pep o) "
where the supremum is over all finite sets U. For every 6 > 0, (fn(0))22,

satisfies the following superadditivity property.3

Lemma C.1.2. For allm,n > 1 and all 6 > 0,

m n

fm(0) +

m+n m—l—nf"

(9).

Thus by |13, Appendix 4A, Lemma 2|, the sequence (f,(0))32, converges for
every ¢ > 0, and

lim f,(6) = sup f,(9).

n—oo n

Therefore, we can define the function f : R>o — R5( as

f(8) := lim f,(9). (C.2)
We next state our inner and outer bounds for Cyym, (Cf, Cout)-

Lemma C.1.3. For any MAC, we have

f(Céut + Cgut) - min{c&ut’ Czut} < Csum(czkn? COUt) < f(cgut + Cgut)'

Thus to prove that Cgum(Cf,, Cout) is continuous on the boundary of ]RZEO, it

m?

suffices to show that f is continuous on R>(. This is stated in the next lemma.

Lemma C.1.4. For any finite alphabet MAC, the function f, defined by ,

is continuous on Rs.

C.2 Proofs

C.2.1 Proof of Lemma

By definition, for all € > 0, there exist finite alphabets U, and U, and distri-
butions p, € PL(;;)@) and p, € PL(,T)((S) such that

L,(XT, X3, Y™ Uy) > nfn(6) — ne
L, (X7, X3 Y™ U > mfm () — me.

2For n = 1, this function also appears in the study of the MAC with negligible feedback
[56].
3The proofs of all our results are given in Section
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Counsider the distribution

+ n+m n+1ln+m n+1:n+m)

anrm(UQ,ul,.T? m7x2 ) :pn(UOaxTaxS)pM<ulv$l » Lo

For U = Uy x U, it is simple to show that p, ., € P&Mm)(é) and

Lo (X5 X5 Y |0y U4 2 1 f(8) + 1 fon(8) — (n+ m)e,

which implies the desired result.

C.2.2 Proof of Lemma
We first prove the lower bound. For ¢ € {1,2}, choose C;; such that

0<Ciqg <Ct

out*

Let p(x1,x2) be any distribution satisfying
I(X1; X3) = Cig + Cha.
Then Corollary [3.4.1] implies that

Coum (G5,

m?’

Cout) > 1(X1, X2;Y) — min{C14, Coq}
Applying the same corollary to the MAC
p(y"|at, x3) = H Pyl 1e, T2t),
te([n]
proves our lower bound.

For the upper bound, consider a sequence of (2"%1 22 n)-codes for the MAC

with a (Cf, Cou)-CF. By the data processing inequality,

I(X{I7 X;) S n(oiut + Ogut)'

In addition, from Fano’s inequality it follows that there exists a sequence
(€,)5° such that
H(Wy, Wa|Y™) < nep,

and €, — 0 as n — oco. We have
n(Ry + Ry) < H(Wy, Wa)
= I(Wy, Wa; Y™) + H(Wy, Wa|Y™)
= I(XT, X3;Y™) + ne,
S nf(cgut + Ogut) + NeEp.

Dividing by n and taking the limit n — oo completes the proof.
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C.2.3 Proof of Lemma

The proof is via a sequence of lemmas, which we next describe.

We begin by showing that for all n > 1, f,, is concave and continuous.

Lemma C.2.1 (Concavity of f,,). For alln > 1, f, is concave on Rx.

Proof. 1t suffices to prove the result for n = 1. We apply the technique from
[71]. Note that

fi(6) =sup max (X, Xo;Y|U).
U per”(6)

Fix a,b > 0, A € (0,1), and € > 0. Then there exist finite sets Uy and U; and
distributions py € Pb(,t)(a) and p; € Pz(lll)(b) satisfying

In(X1, Xo;Y|Up) > fi(a) — €
(X1, Xo; Y|UL) > f1(D) — ¢,

respectively. Define the alphabet V as
V={0} xUy U {1} x U.

We denote an element of V by v = (v, v3). Define the distribution py (v, 1, 22)

as
px(v,xhb) = P/\(U1)pv1(v2,371,$2)7
where
1—A lf V1 = 0
p/\(vl) =
A if v = 1.
Then

I)\(X1§X2|V) = IA(X17X2|V1,V2)
= (1 = M o(X1; Xo|Uo) + M1 (X7; Xo|Uh)
< (1—=XNa+ b,
which implies py € PS((1 — A)a + Ab). Similarly,
I)\(XlaXZ?Y’V) = I)\(XlaXQ;Y“/la ‘/2)
- (1 - )\)[0<X1,X27Y‘U0) + )\Il(Xl,XQ; Y|U1)
> (1= XA)fi(a) + Af1(b) —e.
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Therefore,
fi((T=XNa+Ab) > (1= X)fi(a) + Afi(b) — e
The result now follows from the fact that the above equation holds for all

e > 0. O

Lemma C.2.2 (Cardinality of U). In the definition of f,(d), namely

1
fa(6) =sup max —I(X7,X35Y"U),
U pep () N

it suffices to calculate the supremum over all sets U with [U| < |X;|"| X" + 1.

Proof. We prove the result for n = 1. A similar argument applies for any

positive integer n. Let U be a finite set with
U] > || Xa] + 1,
and let p* € 732(41)(5) be the distribution that achieves

max [(Xy, Xo;Y|U).
PP (5)

Define the set Q as
Q= {qER'”"VuEU 2q(u) >0,

V(1 2) : ZQ(U)p*(QUl,ZUQW) = p*(z1,22),

ueU
N () (X4 XU = u) = 1*(X1;X2\U)}.
ueY
Note that Q is a convex polytope in R¥! and the mapping F : Q — R
defined as

F(q) =Y qu)I*(X1, Xo; YU = u)

ueU
is convex. Thus there exists an extremal point ¢* € Q at which F' obtains its
maximum. Any extremal point of Q must satisfy at least |[U| constraints in
the definition of Q with equality; thus ¢*(u) = 0 for at least

U| = (%] x| + 1)
values in . This completes the proof. O

Lemma C.2.3 (Continuity of f,). For alln > 1, f, is continuous on Rx.
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Proof. Similar to prior lemmas, it suffices to prove the result for n = 1. By
Lemma [C.2.1] f; is concave on Rx¢; thus, it is continuous on R . Therefore,
we only need to prove f; is continuous at 6 = 0%. Let U be a set of cardinality
1+ |X1||X,|. By Lemma [C.2.2] for all § > 0, we have

fl((S) = max [(X17X27Y|U)
PP (6)

Fix 0 > 0. Let p*(u, 1, z2) be a distribution in 7319) (0) achieving the maximum
above, and define

Pina(1, Talu) = p*(21|u)p* (22u).
Since

ZP $1,$2\U)||pmd($1,$2|u)) = I"(X1; Xo|U) <6,

ueU

by [40, Lemma 11.6.1],

S () ||p (w1, 22lu) — pra(as, zolu)|);, < 262, (C.3)
ueU
Furthermore,
> vt (w)]lp*(ylu) — phaylw)) .
ueU

< Zp*(u) ™ byl )| (o1, wafu) = p (s, 2au)|

ueY 1,22
<Y (@)|[p (w1, alw) = Py, @) |
uel
251n2, (C.4)

where ((C.4]) follows from (C.3)) and the Cauchy-Schwarz inequality. Define the
subset Uy C U as

Uy = {u e U [|p*(ylu) = phalyl)]| < 1/2}.

Clearly,

> pt(u) <2V25In2.

ugUo
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Thus
(Y |U) - Ho(V10)
< Zp*(u)’H*(YW =u) — Hyo(Y|U = u)|

uel
(a)
< 2v2§1n2log |V
SN . P (ylu) — pha(ylvw)|| .
= > P ()| (ylw) = Phaa(ylu)]| . log | ) ],
uEUy
(b) 1
< 2v20In2log|Y| — v20In2log (Mv25ln2>

3
=+v2iIn2lo I ,
& V201In2

where (a) follows from [40, Theorem 17.3.3] and (b) follows from the fact that

the mapping ¢ — —tlog(t/|)|) is concave and increasing for sufficiently small

t. In addition, by (C.4)),

‘H*(Y‘Uv leXZ) - Hitld(Y’U7 X1,X2)‘
S Z |p*(u,$17l’2) _pfnd(u"r17x2)|H(Y|X1 == xl,XQ = LTJQ)

U, 1,2

< (10g |y|>\/m
Thus

f1(0) = I"(X1, Xo; YU) = H (Y|U) — H*(Y|U, X3, X)
< [H'(YU) = Hyo(YIU)| + [H (YU, X1, Xa) = Hiy(YVIU, X3, Xa))|
—{—[;;d(Xl,X%Y‘U)

3
< \/261n210g\/% + <log|y\>\/25ln2—|‘f1(0)-
n

Since f1(0) < f1(0) for all 6 > 0, the continuity of f; at 6 = 0T follows. O

The next lemma is proved by Dueck [70]. We include the proof for complete-

ness.

Lemma C.2.4. Fiz €,0 > 0, positive integer n, and finite alphabet U. If

pE 731(4”)(5), then there ezists a set T' C [n] satisfying

<™
€
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and

Vt ¢ T: I( Xy Xof|U, XT, XT) <,
where fori € {1,2}, XTI = (Xit)ser-

Proof. If for all t € [n], we have
(X145 Xot|U) <¢,
then we define T':= @. Otherwise, there exists ¢; € [n] such that
[(Xltl;XQtl‘U) > €.
Let Sy :=[n] \ {t1}. Then
I(XT; X5|U) = T(X7; Xo, [U) + T(XT; X5 Xor,)
= [(th; X2t1’U) + I(Xflv X2t1’U? Xltl)
(X1 XU, X)) + LXTY X5 U, Xy, Xony)
= [(X1t1;X2t1|U) + I<X131;X§1|U7 X1t17X2t1)'

Therefore, since p € 772(4”)(5),
T(XP X5MU, Xy, Xo, ) < nd — €.
Now if for all t € Sy,
I( X1y Xog|U, X4y, Xog, ) <€,
then we define T := {¢;}. Otherwise, there exists to € [n] such that
(X115 Xow,|U, X1y, Xog,) > €.
Similar to the above argument, if we define Sy := [n] \ {t1, 2}, then
I(X32 X52\U, Xugy s Xatys Xoty, Xo,) < nd — 2.
If we continue this process, we eventually get a set T := {t1, ..., ¢} such that
I(XT XU, X, XT) <nd — |Tle, (C.5)
and for all ¢ € [n]\ T,
[(X1; Xof|U, XT, XT) < e.

In addition, from (C.5]) it follows that

7| < n (C.6)
€
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The next corollary combines bounds given in [15] with ideas developed here.

Corollary C.2.5. For all €,6 > 0, we have
0
f(0) < 210g|9(1||?(2| + fi(e).

Proof. Fix a positive integer n. Let U be a set with cardinality |X)|"|A5]" + 1
and choose a distribution p € Pb(,n)(5). From Lemma it follows that
there exists a set T' C [n] such that

)
o< <,
€
and
Vi ¢ T: I(Xyy; Xou|U X, XT) < e
Thus

I(XT, X5 Y"U) = I(X{, X5 Y U) + I(XT, X 5 YU XYL X))
< [T|log | 44| | + I(XT", X3*: Y™ |U, XT, XT).
We further bound the second term on the right hand side by
I(X{, X, 5 YU XY, X))
=I1(x{, x5 v o Xt XD+ 1(xd, X35 Yo X XL YT
< ZI(X1t,X2t;Yt|U: X1, X3)

t¢T

<n max (X1, Xy Y|V) <nfi(e),
pePy’ (9

where
Vi=uxx™x
Therefore,
Lo Xy < Lloglaa 2] + (o)
Our result now follows from Lemma [C.2.2] O

By Corollary for all €,6 > 0,
)
f(6) < ~log| X || Xa] + fi(e).
Thus
f(0) < lim f(d) < fi(e).
§—0+
Now take the limit € — 0" and note that f; is continuous by Lemma |C.2.3]
and f(0) = f1(0).
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Appendix D
EDGE REMOVAL AT THE RECEIVERS

In this appendix, we study the effect of removing an ingoing edge of a node that
has no outgoing edges. Specifically, we show that for memoryless stationary
networks, such an edge always satisfies the universal edge removal property.
We remark that this fact is stated in [12]|, where a proof sketch is provided.

Here we present a more detailed proof.

An important corollary of this result is that unlike encoder cooperation, we
cannot use decoder cooperation to construct networks that do not satisfy the

universal edge removal property.

D.1 Memoryless Stationary Networks

Consider a memoryless stationary noisy network! with K source messages, M
transmitters, and L receivers. The source messages are uniformly distributed
and independent. For every m € [M], transmitter m has access to a subset
T(m) C [K] of source messages. For ¢ € [L], receiver ¢ demands subset
D({¢) C [K] of source messages with small average probability. In addition,
receiver ¢ has access to side-information Z, of rate ;.2 We denote this network

by N(8), where & := (67)sefr). (See Figure[D.1}) For k € [K], define

0p ;= max 0.
L: keD(¢)

The main result of this appendix follows.

Proposition D.1.1. If the rate vector (Ry)kek] is in the average-error capac-

ity region of N'(8), then the rate vector

((=307). .,

is in the average-error capacity region of N'(0).

'As described in the Introduction, this is a network consisting of both memoryless
stationary multi-terminal components and noiseless point-to-point links. An example is the
network consisting of a memoryless stationary MAC and a CF.

2The only constraint on the side-information is rate; that is, for a code of blocklength
n, receiver £ receives at most nd, bits of side-information. Thus the random variable Z, can
depend on the inputs of any network node.
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Figure D.1: The network N (4).

Proof. Suppose the rate vector (Rj)rex] is achievable over N'(d). Then for

every € > 0, there exists a
((QNRI, S 2NER) N, e>—code

for A'(8). Fix ¢ > 0 and a corresponding code C. For this code, let X}¥
denote the output of transmitter ¥ and Y, denote the input to receiver .
Furthermore, for k € [K], let W) denote source message k. Note that by
ONE)

assumption, W is uniformly distributed on its source alphabet | , and for

all £ € [L], Z, € [2V%]. For ¢ € [L] satisfying k € D(¢), we have
1
* —H
Ry = H(Wi)
1
= N‘[(Wk; Y, Z0) + en(k, 0)

1
< NI(Wk;SQN) + 60+ en(k, 0)

1 _
< Nf(Uk;nN) + 0 +en(k, 0),

where U, := Wy, and

1
en(k, l) = NH(kaN, Zy).

By Fano’s inequality [40, p. 38|,

1

en(k, 0) < N(h(e) + NRje) = o.(1),
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Figure D.2: The network Ng(0).

where h(e) is the binary entropy function. Thus for every k € [K],

1 _
Ry < — min (U YY) + 6 + oc(1). D.1
FS N emin T(UY) 4 0+ o(1) (D.1)

Note that the code C defines a conditional distribution

p(y[]\Lf]‘fo/[]) :zp(y{v,...,yL |:cjlv,,x]\N4) (D.2)

Now consider the network N¢(0), depicted in Figure [D.2] which consists of
M transmitters, L receivers, and a single multi-terminal component defined

by (D.2)). Somekh-Baruch and Verdu |72 show that the set of all rate vectors
(Rp)kek) that for every k € [K], obey

Rk < min I(Uk,}/@N)
L:keD(L)

for some distribution

p(w) . .plux) [T plenlurm),

me[M]

is a subset of the capacity region of N¢(0). Now if a rate vector (Ri)kex] is
achievable over N¢(0), then (Rj/N)ieik is achievable over N'(0). Thus by

[©.1),
* T\t
<(R’“ ) )kze[K]

is in the capacity region of N'(0). O
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