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ABSTRACT

Thin structures exhibit a broad range of mechanical responses as the competition
between stretching and bending in these structures can result in buckling and local-
ized deformations like folding and tension wrinkling. Active materials also exhibit a
broad range of mechanical responses as features that manifest themselves at the mi-
croscale in these materials result in mechanical couplings at the engineering scale
(thermal/electrical/dissipative) and novel function (e.g., the shape memory effect
and piezoelectricity in select metal alloys and the immense fracture toughness of
hydrogels). Given this richness in behaviors, my research broadly aims to address
the following questions: What happens when active materials are incorporated into
thin structures? Do phenomena inherent to these materials compete with or en-
hance those inherent to thin structures? Does this interplay result in entirely new
and unexpected phenomena? And can all this be exploited to design new functions

in engineering systems?

In this thesis, we explore these questions in the context of a theoretical study of thin
sheets of nematic liquid crystal elastomer. These materials are active rubbery solids
made of cross-linked polymer chains that have liquid crystals either incorporated into
the main chain or pendent from them. Their structure enables a coupling between
the mechanical elasticity of the polymer network and the ordering of the liquid
crystals, and this in turn results in fairly complex mechanical behavior including
large spontaneous distortion due to temperature change, soft-elasticity and fine-scale

microstructure.

We study thin sheets of nematic elastomer. First, we show that thin of sheets of a
particular class of nematic elastomer can resist wrinkling when stretched. Second,
we show that thin sheets of another class of nematic elastomer can be actuated into
a multitude of complex shapes. In order to obtain these results, we systematically
develop two dimensional theories for thin sheets starting from a well-accepted first
principles theory for nematic elastomers. These characterize (i) the mechanical
response due to instabilities such as structural wrinkling and fine-scale material
microstructure, and (ii) thermal actuation of heterogeneously patterned sheets. For
the latter, we show that the theory, which comes in the form of a two dimensional
metric constraint, admits two broad classes of designable actuation in nonisometric
origami and lifted surface. For the former, we show that taut and appreciably stressed

sheets of nematic elastomer are capable of suppressing wrinkling by modifying the



expected state of stress through the formation of microstructure.
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Chapter 1

INTRODUCTION

1.1 What is a nematic elastomer?

Nematic elastomers are rubbery solids made of cross-linked polymer chains that
have nematic mesogens (rod-like liquid crystal molecules) either incorporated into
the main chain or pendent from them. Their structure enables a coupling between
the entropic (mechanical) elasticity of the polymer network and the ordering of the
liquid crystals, and this in turn results in a fairly complex mechanical behavior and
thermo-mechanical coupling (see Warner and Terentjev [105] for a comprehensive

introduction and review).

The liquid crystals within the nematic elastomer have a temperature-dependent in-
teraction. This underlies a host of phases of orientational and positional order
within the solid (see, for instance, de Gennes and Prost [49]). At low temperatures,
the rod-like liquid crystals tend to align themselves, giving rise to a local nematic
orientational order described by a director (a unit vector on R3). As the temperature
is increased, thermal fluctuations thwart the attempt to order, driving a nematic to
isotropic transition in the solid whereby the liquid crystals become randomly ori-
ented. Due to the intrinsic coupling of the liquid crystals to the soft polymer network,
the solid distorts to accommodate this temperature driven transition—typically by
a large spontaneous contraction along the director and expansion transverse to it.
Mechanistically, one can idealize this coupling and local distortion as in the sketch

in Figure 1.1(a). We note, though, the coupling is in the molecular structure (b).

Throughout this thesis, we refer to two phases of this material: the low temperature
nematic phase and a high temperature isotropic phase. Other phases are possi-
ble. These include a cholesteric or twisted nematic phase—where the liquid crystal
units posses a certain handedness in their shape or polarizability—and a smectic
phase—where the liquid crystals posses positional ordering in addition to the orien-
tational ordering akin to nematics [49, 105]. Our focus here is restricted to nematic
elastomers (as opposed to smectic or cholesteric elastomers), and specifically the

rich mechanical behavior and thermo-mechanical coupling in sheets of this material.

On this topic, there are, broadly speaking, two types of nematic elastomers: there
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Figure 1.1: (a) At low temperatures, the rod-like liquid crystals are (on average)
aligned, and this alignment is modeled by a director n € S?. This influences the
distribution of the long-chain polymers in the network, with the chains elongated
along the director and contracted transverse to the director. At high temperatures,
the alignment is suppressed and the long-chains have no preferential direction, and
thus are spheroidal in shape on average. The transition from the nematic to the
isotropic phase leads to a distortion of the network as depicted. One can model the
preferred shape change induced by nematic alignment through an order parameter
r(T) > 1. For r(T) = 1, the shape is spheroidal and the material is isotropic.
However, on increasing r(T'), the preferred shape change is expansion along the
director r!/3 and contraction »~!/¢ transversely, as depicted. (b) The coupling is in
the molecular structure: The liquid crystals (rods in (a)) are side-chain mesogens
with a representative chemical formula given in the top figure in (b). These are
connected to a polymer backbone, commonly polysiloxane. In nematic elastomers,
the chains are lightly cross-linked (the green dots in (a)) with the cross-linkers as
depicted in the bottom in (b). For more details on the chemistry, we refer to White
and Broer [106].

are nematic elastomers cross-linked! in high-temperature isotropic phase, and there
are those cross-linked in the low temperature nematic phase. The distinction is
important. If the network is cross-linked in the nematic phase, then (at least heuris-
tically) the cross-linkers couple to the polymer network in a way to accommodate
that particular nematic orientation. This means the nematic orientation at the time
of cross-linking is preferred over the rest even after deformation from this state, i.e,
that the director has memory of its cross-linking orientation. On the other hand, ne-
matic elastomers cross-linked in the isotropic phase have no preferential orientation

for the director. That is, these nematic elastomers are ideally without memory, and

! Crosslinking describes the point at which the free-flowing chains are turned into a solid by, for
instance, the introduction of crosslinking reagents to the melt. These induce a chemical reaction that
forms cross-links to link the chains together; see Figure 1.1(b).
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so the director is free to reorient with respect to coupled long chain polymer network
upon deformation. This destinction will be reflected in the forthcoming modeling

of these materials (discussed in detail in Chapter 2).

1.2 Examples of nematic elastomers

Nematic-elastic coupling is a key feature of these materials. The isotropic to nematic
phase transformation is accompanied by a very significant distortion of the solid,
which is coupled to the alignment of the director. Additionally, in some nematic
elastomers the material is isotropic in the high temperature state, and so there is no
preferential orientation for the director. In these materials, the director may rotate
freely with respect to the material frame and the solid may form domains where
the director varies spatially. Both these features manifest themselves in a very rich

range of phenomena.

Monodomain samples and thermo-mechanical shape change

The earliest question pertaining to “nematic elastomers" was posed by de Gennes
in 1969 [48]. He asked: if one cross-links conventional polymers into a network
in the presence of a liquid crystalline solvent, do the intrinsically isotropic chains
remember the nematic anisotropy upon solvent removal? The answer (for ideal
chains) turns out to be NO! This suggested that dramatic shape change could be
realized if one were able to synthesis a polymer with nematic order, and for which
nematic order could be thwarted (by heating for example), as the chains ideally

would not longer remember the ordering.

The first breakthrough in experimentally realizing dramatic thermo-mechanical
shape change in nematic elastomers came in the early 90s, when Kiipfer and Finkel-
mann [60] developed a technique to fabricate large samples of perfectly monodomain
nematic elastomer?. (By monodomain, we mean that the director is uniform through-

out the undeformed sample.)

An example of such a sheet is highlighted in Figure 1.2. Here, the monodomain
nematic elastomer is supported from the top and a dark paper clip is appended to the
bottom of the sample (simply to use gravity to keep it from curling up out-of-plane).

Further, the director is aligned vertically throughout the sample when in the in the low

2Without careful control of the synthesis of nematic elastomers, large samples are always
polydomain [105] (where there are several regions of different director alignment) and there are
often topological defects (singularities in the director profile). From personal experience, heating a
sheet of a polydomain sample results in an actuation akin to crumpling.
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Figure 1.2: Shape change in a monodomain sample of nematic elastomer upon
temperature change (figure reproduced from Warner and Terentjev [105]).

temperature nematic phase. Heating the sample results in large spontaneous shape
change: the full sample contracts along the vertical direction—eventually to more
than half of its original length—and expands uniformly transverse to this contraction
(i.e., the sample widens upon heating). Note that the macroscopic behavior here
is completely analogous to the local picture in Figure 1.1(a), where the nematic
alignment of the liquid crystals is being thwarted upon heating, and this results in
a distortion of the coupled long-chain network. Further, this macroscopic response
is distinct from the thermo-mechanical behavior of conventional solids, where one
expects volumetric expansion due to heating. Thus, the local microscopic physics
of this monodomain nematic elastomer (i.e., a nematic-isotropic phase transition) is

driving dramatic and novel macroscopic thermo-mechanical shape change.

Director reorientation and soft deformation

In some nematic elastomers (i.e., those cross-linked in the isotropic phase), the di-
rector may freely reorient with respect to the coupled long-chain network, with this
reorientation typically accompanied by a distortion of the network. Thus macro-
scopically, this feature can lead to shape change absent any (or nearly any) stress; this
is called soft deformation. In its simplest manifestation, this soft deformation and
director reorientation is, perhaps, best captured by a series of experimental studies

due to Urayama et al. [97, 98] (see also Urayama [96]).

We highlight this in Figure 1.3. Here, a thin swollen nematic gel is synthesized with

a dielectrically positive nematic director aligned initially along the “x" direction in
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Figure 1.3: Swollen nematic gel subject to an electric field. The director reorients
and this induces soft deformation (figure reproduced from Urayama [96]).

the figure. This director profile is illuminated under polarization as depicted. Upon
application of an electric field in the “z" direction (out-of-plane), the polarization
no longer illuminates the sample as the director reorients to align with the electric
field through the thickness. The sample is unconstrained and free to deform to
accommodate the director reorientation. And indeed, it contracts along the “x"
direction with an engineering strain of roughly 10%, and without appreciable strain
in the “y" direction. Note that the nematic anisotropy in applying the electric
field is unchanged along the “y" direction, and so this observation regarding the
deformation is exactly consistent with the notion that the director reorientation

influences the macroscopic shape change.

Consequently, a nematic elastomer can finitely deform through director reorientation

at little to no stress3. Hence, nematic elastomers can exhibit soft deformation.

3In this experiment, the only possible stress is related to application of the electric field, and this
is certainly small when considering the relatively large strains observed.
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Figure 1.4: The clamped-stretch experiments of Kundler and Finkelmann [58]
showing soft elasticity and fine scale microstructure, but no wrinkling. (a) Snapshots
of the sheet. The nematic director is oriented vertically when undeformed (top),
develops stripe domains of alternating rotated directors depicted in (c) for moderate
deformation (middle) and eventually is uniform and oriented horizontally (bottom).
(b) Stress-strain curves of Kiipfer and Finkelmann [59] for elastomers of different
preparation histories — the lowest curve is akin to the clamped-stretch sheet in part
(a) and describes a sheet with significant soft elasticity. (c) Fine-scale strip domain
microstructure. (These figures are reproduced from Warner and Terentjev [105].)

Soft elasticity and fine-scale material microstructure

So far, we have highlighted examples of nematic elastomers in which the micro-
scopic picture was representative of the macroscopic picture. That is, the local
shape change—corresponding to either the temperature driven nematic to isotropic
phase transition or the electrically driven director reorientation—was identical to
the observed macroscopic deformation of the monodomain nematic elastomer. This

need not be the case.

Of particular note is the soft elasticity and fine scale microstructure (textured defor-
mation or striped domains) observed in the clamped-stretch experiments of Kundler
and Finkelmann [58]. Some of their key observations are reproduced in Figure 1.4.
They begin with a thin rectangular sheet where the director is uniformly oriented
tangential to the sheet but in the short direction (top of Figure 1.4(a)). The fact

that the director is uniform is evident from the fact that the sheet is transparent.
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Figure 1.5: Consider a nematic elastomer in which the director is free to rotate
through the material. (a) Here, the initial director aligns vertically in the sample,
and the sample is stretched horizontally. (b)To avoid large shear, the director
reorientation occurs in strip domain to accommodate the stretch. (c) Eventually
(i.e., at large enough stretch), the director full rotates to the horizontal.

They clamp the short edges and pull it along the long edge. The nominal stretch
vs. nominal stress behavior for this sheet is akin the bottom-most curve in Figure
1.4(b). Notice that nematic sheets display essentially zero stress for very significant
values of stretch: this is known as the soft elasticity. The center and bottom images
of Figure 1.4(a) capture stretch midway through the soft behavior and at the end
of the soft behavior respectively. During the soft stage of stretch, the entire sheet
is strongly scattering light and so visibly cloudy, an optical indication that the di-
rector is no longer uniform. Beyond the soft plateau (i.e., the bottom image), the
sheet becomes transparent again in its central region, indicating uniform director

arrangement in this region. However, it remains cloudy near the clamped edges.

The cloudy regions indicate material microstructure in the form of strip domains
of oscillating director as shown in Figure 1.4(c). The heuristic is as follows (see
also Figure 1.5): A nematic elastomer features a director that can rotate through
the material, and this rotation is accommodated by spontaneous elongation along
the director. Thus, the sheet can elongate along the direction of stretch with little
stress by having its director rotate from vertical to horizontal. Doing so uniformly,
however, results in a shear at intermediate orientations, but this shear can be avoided

on average by breaking up the cross-section into domains where one half the directors
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rotate one way (say through 8) while the other half rotates the other way (through
—6). This is exactly what happens in the clamped stretched sheet at a very fine
scale (microns), manifesting in stripe domains. Finally, when the director has fully
rotated to the horizontal, it becomes uniform again (since the material is invariant

under the change of sign of the director).

Hence, the mechanically induced director reorientation—which is spurred on by the
unique microscopic physics of nematic elastomers—is driving textured deformation
and material microstructure which enables a (semi-)soft macroscopic response to
stretch. In particular, here the “effective" macroscopic behavior of the nematic
elastomer is being driven by the microscopic physics, but in a way such that the
picture changes dramatically going from the micro (the material microstructure in

Figure 1.4(c)) to the macro (the clamped-stretched sheet in Figure 1.4(a)) .

What is the origin of this microstructure, and how does it precisely influence the
macroscopic behavior of these elastomers? These questions are part of a major

theme of this thesis.

Heterogeneously patterned thin sheets

We have seen, by example, some of the rich mechanical behavior and thermo-
mechanical coupling exhibited by monodomain nematic elastomers. This begs the
question: what new phenomena emerge when we go beyond the restrictions of a
monodomain? For one#, recent advances in the synthesis of sheets with controlled
heterogeneities—where the director is programmed in a nonuniform but controlled
manner throughout the sheet—have enabled their actuation into nontrivial shapes

with unprecedented energy density.

Modes et al. [66, 67] predicted that if one could program azimuthal or radial hetero-
geneity in the anisotropy of a thin nematic glass sheet, then a uniform temperature
change would actuate a conical or saddlelike three-dimensional shape. The first
experimental realization of this came in nematic glass sheets with the work of de

Haan et al. [51]; they programmed such heterogeneity in a thin nematic glass sheet,

“We are going to focus here on sheets with “controlled" heterogeneity. There are other examples
beyond these and monodomain samples such as polydomain samples, where the sample is allowed
to freely form many different domains of nematic anisotropy. Typically these domains have a
characteristic mesoscopic length scale which is small compared to the overall sample, but large
compared to length scale on which the anisotropy can be approximated by a director. Such samples
can (if cross-linked in the isotropic phase) display soft elasticity akin to the monodomain sample in
Figure 1.4. We refer the interested reader to Biggins et al. [17, 18] for the theoretical underpinning
of this, and Urayama [99] for an experimental realization.



3.0 45
—u- Specmc work

—A- Stroke .

25f \ {35 €

£

€

20} a_ 125 €
A\

A

Specific work (J/kg)

200 300 200
Normalized load (N/N)

Figure 1.6: Programmed azimuthal heterogeneity in a nematic elastomer sheet “A".
“B" Upon heating, the sheet actuates into a series of conical shapes “B". The actuated
sheet can support in excess of 10 times its weight “C", and it has tremendous work
density “D" . (This figure is reproduced from Ware et al. [102].)

and observed the predicted three-dimensional shape by thermal actuation. However,
nematic glass is more densely cross-linked then nematic elastomer (recall Figure
1.1), and so the response of these sheets was muted in light of the small strains
and high stiffness of glasses. More recently, Ware et al. [102] developed so-called
voxelated nematic elastomers, and with these they were able to realize dramatic

shape change upon heating a sample with azimuthal heterogeneity.

Some of their key results are reproduced in Figure 1.6. The sheet is programmed
with nine unit cells each incorporating an azimuthal pattern around a central defect
(i.e., where the direct field aligns parallel to the circumference of a circle whose
center is at each of the defects as in the cartoon in “A"). Upon heating, each of the
unit cells actuates into a conical shape. The heuristic is a follows: Recall that in the
temperature-driven nematic to isotropic transformation (Figure 1.1(a)), the polymer
network wants to contract along the director and expand transverse to this direction.
Thus, consider one of the unit cells, and in particular, fix a radius r¢ from the
defect of the cell and the corresponding circumference Cj in the initially flat sheet.
Since the radius is everywhere perpendicular to the director, it wants to expand
under heating (i.e., ro — r where r > rp). Alternatively, since the circumference is
everywhere parallel to the directer, it wants to contract under heating (i.e., Co — C

where C < (). The desired expansion and contraction in this setting is uniform,
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and thus, the only configuration which can attain this state everywhere in the sample
(up to a defect at each origin) is a cone. This is precisely what is observed in the
actuation of this sample (i.e., “B" in the figure). Further, since the entire sheet is
participating in the actuation, this soft elastomer is robust to added forcing as seen
in “C", and it has an energy density (i.e.,“D" in the figure) comparable to some of

the best actuator materials>.

Hence, we see that azimuthal heterogeneity causes a buckling of the sheet to a cone
upon thermal actuation. Beyond this, we note that in voxelated nematic elastomers
(e.g., Ware et al. [102]), the director field is prescribed in voxels or cubes whose
characteristic length is ~ 50um, which is on the order of the thickness of the sheet.
Moreover, any planar director profile (where the director is in the plane of the
initially flat sheet) can be prescribed within each voxel. Thus, there is an enormous

design landscape to explore given this capability.

Questions of how properties of thin sheets (i.e., buckling and localized deformation)
couple with the shape change induced by controlled heterogeneity in actuation are

another major theme of this thesis.

1.3 Theoretical background and an overview of our results

We have highlighted examples of nematic elastomers (i) undergoing large spon-
taneous distortion under temperature change, (ii) deforming without stress, (iii)
exhibiting fine-scale material microstructure and soft elasticity and (iv) actuating
into complex three dimensional shapes. We have also intimated that these behaviors
emerge essentially as consequences of a coupling of the deformation (or the elas-
ticity) of nematic elastomers to (I) a nematic to isotropic phase transition and (II)
director reorientation. In fact, we will show that a careful accounting of the elasticity
of thin sheets incorporating these properties will lead naturally to the macroscopic
behaviors seen in the examples (i-iv). To do this, we build from well-established
theories in the physics literature which capture the three dimensional picture of the
microscopic physics (i.e., properties (I) and (II)), and we derive two dimensional
theories from them based on sound (and in most cases rigorous) mathematical ar-
guments. These two dimensional theories capture the macroscopic behaviors seen

in (i-iv) and much more.

To introduce our results, we find it most natural to progress in the context of the

relevant theoretical background upon which they are built:

3See Krulevitch et al. [57] Figure 10 for the work density of actuator materials.
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On the mechanical response and instabilities in thin sheets

A theory to describe the elasticity of nematic elastomers was formulated by Bladon
et al. [19]. It is derived from the statistical mechanics point of view by capturing
entropic elasticity of the chains in the presence of nematic order. In this framework,
the material is isotropic in the high temperature state, and there is no preferential
orientation for the director. Thus, the director may rotate freely with respect to
the material frame. This novelty results in a degeneracy in the low energy states
associated to the entropic elasticity, whereby the material has a non-trivial set of
stress-free shape-changing configurations. Hence, Warner et al. [103] predicted that
these features should give rise to soft elasticity under the application of an electric

field or mechanical deformation.

This prediction came to fruition, as highlighted above with the electro-mechanical
experiments of Urayama et al. [97, 98] and the clamped-stretch experiments of
Kundler and Finkelmann [58]. Strikingly though, the soft elasticity in the Finkel-
mann experiment corresponds to the formation of fine-scale material microstructure
or strip domains (where the director alternates between two orientations in stripes).
Such domains would appear to run counter to conventional wisdom on the model-
ing of liquid crystals. In particular, liquid crystals desire uniform alignment, and
therefore, deviations from the preferred uniform alignment are often said to incur
an elastic penalty. Following Frank [44] (see also de Gennes and Prost [49]), this
elastic contribution is widely modeled by a phenomenological description termed
Frank elasticity. It is an energetic penalty on the most general quadratic form in
n and Vn (the director and its gradient). In the context of nematic elastomers,
this contribution would appear to penalize domain walls (i.e., the narrow regions
that separate strip domains of uniform director seen in the microstructure in Figure
1.4(c)).

In contrast to the conventional wisdom, Verwey et al. [101] explained how stripe
domains can arise as a means of minimizing this combined free energy. Specif-
ically, they recognized that the competition between entropic elasticity and Frank
elasticity—precisely the square-root of the ratio of the moduli « of the Frank elas-
ticity to u of the entropic elasticity—introduces a small length-scale. Roughly,
\/m ~ 10 — 100 nm (see, for instance, chapter 3 of Warner and Terentjev [105]),
and they argued that stripe domains with alternating directors can emerge as min-
imizers of this combined energy with transition zones proportional to this small

length-scale.



12

DeSimone and Dolzmann [37] noted that the entropic energy density proposed by
Bladon et al. [19] is not quasiconvex, and thus fine-scale microstructure can arise
naturally in these materials. Mathematically, the energy functional is not weakly
lower-semicontinuous, resulting in possible non-existence of minimizers: briefly,
minimizing sequences develop rapid oscillations that result in a lower energy than
its weak limit. These rapid oscillations are interpreted as the fine-scale microstruc-
ture in the material. DeSimone and Dolzmann [37] also computed the relaxation,
wherein the energy density is replaced with an effective energy density that accounts
for all possible microstructures. Further, Conti et al. [27, 28] used the planar version
of free energy to study the stretching of sheets and were able to explain various
details of the experiments described above including the soft elasticity, formation
and disappearance of stripe domains, and the persistence of domains near the grips

even at high stretches.

Nevertheless, experiments on nematic elastomers, like the ones highlighted, have
largely been performed on thin sheets or membranes. These structures are typically
unable to sustain compression, having rather a state of stress limited to just uniaxial
and biaxial tension. Consequently, sheets are often plagued by instabilities such as
wrinkling. To this point, we highlight another surprising observation inherent to
the experiments of Kundler and Finklemann [58], one that that has thus far escaped
notice and exploration. Even though the thin sheet in Figure 1.4(a) has been stretched
significantly with clamped grips, it remains planar and does not wrinkle. In fact,
similar experiments have been conducted by a number of researchers, and none of
them have reported any wrinkling instability. This is surprising because thin sheets
of purely elastic materials wrinkle readily when subjected to either shear (as shown
by Wong and Pellegrino [109, 110, 111]) or stretching with clamped grips [24, 75,
93, 113].

The wrinkling of thin elastic membranes has been widely studied, motivated by
various applications. Early research was motivated by the use of membranes for
aircraft skins where wrinkling altered their aerodynamic performance. More recent
interest stems from the use of membranes in light-weight deployable space structures
including solar sails, telescopes and antennas [53, 65], and renewed interest in fabric
roofs of complex shape [23] (see also [113] and references therein). The underlying
mechanism is relatively simple: thin elastic membranes are unable to sustain any
compression; instead they accommodate imposed compressive strains by buckling

out-of-plane. When a sheet is pulled on clamped edges, the clamps inhibit the
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natural lateral contraction, leading to compressive stresses in the lateral direction,
which in turn leads to wrinkles or undulations elongated along the direction of
stretch. The wavelength of the undulations are large compared to thickness, but

small compared to the overall dimensions of the sheet.

Mathematically, any finite deformation theory of membranes is not quasiconvex,
and thus suffers from instabilities which can be interpreted as wrinkles (see, for
instance, the works of Pipkin and Steigmann [78, 88, 89]). Further, the relaxation of
such theories gives rise to tension-field theories like those of Mansfield [64] where
membranes can resist tension but not compression. Such theories are zero thickness
idealizations of the membrane which account for the consequences of wrinkles at a
scale large compared to the wrinkles but do not describe them explicitly. Alterna-
tively, in recognizing that wrinkles cause bending due to the non-zero thickness of
the membrane, Koiter-type theories, which capture a sum of bending and membrane
energies, lead to an explicit description of wrinkles. Such theories form the basis of
the analysis of wrinkling described above [24, 75,93, 111, 113].

In general, there are two approaches to dealing with instabilities resulting from the
failure of (an appropriate notion of) convexity that results in features at a fine scale.
The first is relaxation, where one derives an effective or relaxed theory that describes
the overall behavior after accounting for the formation of fine-scale features. The
relaxed theory of DeSimone and Dolzmann in the context of liquid crystal elastomers
and the tension-field theories for thin membranes are examples of such relaxation.
While these theories are extremely useful in describing overall behavior, they are
often difficult to compute explicitly and they do not resolve all fine scale details
though it is at times possible to a posteriori reconstruct them. Further, they are
often degenerately convex and therefore lead to extremely stiff numerical problems.
The second approach is regularization where one recognizes that the source of the
nonconvexity is the neglect of some smaller order physics, and adds some higher
order term to the energy. The second gradient theories of plasticity, the phase field
theories of phase transformations and the theories of Verwey et al. [101] (where
the Frank elasticity regularizes the entropic elasticity) are examples. These resolve
the fine-scale details, but are computationally extremely expensive as they require a

very fine resolution.

In this thesis, we are interested in the potential wrinkling behavior of stretched
nematic elastomer sheets. Therefore we have to account for two sources of instabil-

ity—a material instability that results in the formation of fine-scale microstructure
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and a structural instability that results in fine-scale wrinkles. We develop the theory

for this on multiple fronts:

Overview of our results (The effective membrane theory)

First, we derive the effective theory of thin sheets of nematic elastomers that accounts
not only for the formation of fine-scale material microstructure but also instabilities
like wrinkling. An important insight that results from this is the possible states of
stress in these materials. We find that like usual elastic sheets, sheets of nematic
elastomers are also incapable of sustaining compression, and the state of stress is
limited to uniaxial and biaxial tension. Importantly, due to the ability of these
materials to form microstructure, there is a large range of deformation gradients in-
volving unequal stretch where the state of stress is purely equibiaxial. Consequently,
a membrane of this material has zero shear stress even when subjected to a shear

deformation within a certain range.

We start with a three dimensional variational model of nematic elastomers and
derive the effective behavior of a membrane—a domain where one dimension is
small compared to the other two—as the I'—limit of a suitably normalized functional
as the ratio of these dimensions goes to zero following LeDret and Raoult [61] and
others [14, 31, 87]. Our variational model is based on a Helmholtz free energy
density that has two contributions: the first contribution is the entropic elasticity of
Bladon et al. [19], and the second is Frank elasticity. We recall that the lengscale
of Frank elasticity \/m ~ 10 — 100 nm, and note that the thickness 4 of a realistic
membrane is on the order of 10 — 100 um depending on the application. Thus, one
has two small parameters, and one needs to study the joint limit as both \/m and h
go to zero, but at possibly different rates. We do so by setting « = «j, and studying
the limit 4 — 0.

We find that the I'-limit and thus the resulting theory is independent of the ratio
kp/h. This is similar to the result of Shu [87] in the context of membranes of
materials undergoing martensitic phase transitions. In other words, the length-scale
on which the material can form microstructure does not affect the membrane limit as
long as it is small compared to the lateral extent of the membrane. Consequently, the
I'-limit we obtain coincides with the result of Conti and Dolzmann [31] who studied
the case k = 0. In fact, our proof draws extensively from their work. Specifically,

their result provides a lower bound and our recovery sequence is adapted from theirs.

The I'-limit is characterized by an energy per unit area that depends only on
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the tangential gradient of the deformation. It is obtained from the density of the
entropic elasticity by minimizing out the normal component followed by relaxation
or quasiconvexification. We compute this by obtaining upper and lower bounds, and
provide an explicit formula shown schematically in Figure 3.2. It is characterized
by four regions depending on the in-plane stretch: S a solid region where there is no
relaxation, £ a liquid region where wrinkling and microstructure formation drive
the effective energy to zero, ‘W a wrinkling region where wrinkling relaxes the
energy, and M a microstructure region where stripe domains relax the energy. The
techniques employed here are in the same spirit as those employed by DeSimone

and Dolzmann [37] in three dimensional nematic elastomers.

We also show that the oscillations in the region M are necessarily planar oscilla-
tions of the nematic director and involve no out-of-plane deformation while those
in the region W are characterized by uniform nematic director and wrinkling. Ad-
ditionally, we show that region S is without instability. The effective energy we
derive proves to be differentiable, and the derivative associated with each region is
precisely related to the characterization of instabilities. We use the derivative to
define a stress. The Cauchy stress is given in (3.12): it is general biaxial tension
in S where the membrane is without instability, zero in £ where crumpling and
microstructure are driving the effective energy and stress to zero, uniaxial tension
in W where wrinkling relaxes compression and equi-biaxial tension in M where
microstructure relaxes shear. As described above, the unique attributes of nematic
elastomers give rise to this region of equi-biaxial tension compared to membranes

of usual elastic materials.

These results can also be found in Cesana et al. [25].

Overview of our results (The Koiter theory and suppression of wrinkling)

The effective membrane theory for nematic elastomers accounts for the conse-
quences of wrinkling and microstructure on a scale large compared to the instabil-
ities, but it does not describe them explicitly. Physically though, the scale of the
microstructure (microns) is small compared to the scale of wrinkles (millimeters).
Hence, we take a multiscale view and systematically develop a theory that is a re-
laxation for microstructure but a regularization for wrinkles. The resulting theory
is a Koiter-type theory (3.183) with two terms; the first is the two-dimensional or
plane stress reduction of the relaxed energy of DeSimone and Dolzmann [37] and

the second is bending.
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Figure 1.7: The wrinkling of a clamped-stretched sheet is suppressed with the
introduction of nematic anisotropy. The strength of nematic ordering is given by
r > 1, with increasing r corresponding to stronger nematic ordering.

To develop this theory, we build on the results of the effective membrane theory:
Recall we provided the explicit characterization of the instabilities or oscillations
(Young measures) that underly the relaxation. This had two sources—microstructure
or stripe domains and wrinkles. Remarkably, for the taut sheets (i.e., regions M, S
and W), we found that the overall deformation gradients for which microstructure
occurs are distinct from the overall deformation gradients for which wrinkling oc-
curs. We show, in addition, that the plane stress reduction of the relaxed entropic
elastic energy coincides with the relaxed membrane energy in all regions of interest
for taut membranes except the one involving tension wrinkles, where it is the plane
stress reduction of the original entropic energy. Consequently, this reduction accu-
rately describes the role of microstructure in the in-plane deformation of nematic
elastomer sheets. It does not, however, accurately describe tension wrinkling in these
sheets; rather, regularization or relaxation is needed. Taking the regularization ap-
proach, we use the Young measure characterization of tension wrinkling oscillations
to compute the bending energy for these oscillations systematically from the relaxed
entropic elastic energy. This bending together with the plane stress reduction of
the relaxed entropic elastic energy gives the appropriate Koiter-type theory for taut

sheets of nematic elastomer.

Finally, we use this theory in numerical studies to demonstrate that the ability of the
material to form microstructure does indeed suppress wrinkling. Specifically, we

study the clamped-stretch experiments of Kundler and Finkelmann [58] and focus



17

Figure 1.8: Microstructure at the clamps: The simulations and experiments are in
striking agreement. This microstructure alters the stress state at the clamps, and as a
result, wrinkling is suppressed. (The figure on the right is reproduced from Warner
and Terentjev [105].)

on sheets with lateral dimensions for which purely elastic materials readily wrinkle
under this stretch. We show that, as a parameter that describes the strength of
the nematic order increases, the onset of wrinkling is delayed and the amplitude is
decreased, until it is completely suppressed for large enough nematic order (Figure
1.7). We further show that the reason for this is that the ability to form microstructure
alters the stress distribution close to the clamps (Figure 1.8). These results open
up the possibility of exploiting these materials in applications where one seeks

membranes that do not wrinkle.

These results can also be found in Plucinsky and Bhattacharya [80].

On actuation of heterogeneously patterned thin sheets

The free energy or entropic elasticity of nematic elastomers proposed by Bladon
et al. [19] has been used by Tajbakhsh and Terentjev [92] to explain the shape-
changing response to thermal actuation in mono-domain sheets, i.e., sheets with
spatially uniform director. More recently, it has been recognized by Modes et
al. [66, 67] and now many others [2, 26, 72, 73, 112, 79] that heterogeneously
programing the sheet, so that the director varies spatially in the plane of the sheet,
could result in complex three dimensional shapes upon thermal actuation. That
is, since sheets are characteristically thin compared to their lateral dimensions,
the non-uniform shape-changing response of patterned sheets to thermal actuation

could induce out-of-plane buckling. Thus, based on a membrane idealization of
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the free energy, Modes et al. [66, 67] predicted that a sheet with programmed
azimuthal or radial heterogeneity would actuate into a conical or saddle-like three-
dimensional shape upon temperature change. Such heterogeneity was later realized
experimentally—first by de Haan et al. [51] for nematic glass sheets, and then by
Ware et al. [102] in nematic elastomer sheets—and the actuation of these sheets

agreed with the prediction.

The underlying mechanism for actuation couples the shape-changing physics of the
material to the geometry of the sheet: The heterogeneity encoded into the flat sheet
often necessitates internal stresses upon actuation. Indeed, going beyond a uniform
prescription of the director, there is likely no stress-free way to accommodate the
desired local shape-changing response to actuation to form a compatible deformation
of the sheet. This induces stress in two flavors. If the sheet (or a portion of the
sheet) remains planar, then it develops internal membrane stresses (i.e., stresses
which are essentially uniform through the thickness). Alternatively, the sheets can
deform out-of-plane to relieve the membrane stresses, at the cost of bending stresses
(i.e., stresses which vary essentially linearly through the thickness). For thin enough
sheets, bending and thus out-of-plane deformation is preferred. This is analogous
to the classical example of the buckling of a column under axial compressive load:
the column remains planar under application of small compressive stress, but on
exceeding a critical stress (which depends on thickness/width to length ratio), the
column buckles. Here though, we are not dealing with the application of a load, but

rather, the buckling is induced by incompatible heterogeneity upon actuation.

This phenomenon of incompatible heterogeneity is ubiquitous in the biology of
growth; for instance, in the the morphogenesis of growing leaves, in which the leaf
forms out-of-plane undulations while growing outwards in a non-uniform manner
[35, 40, 86]. It has also been carefully studied in the context of swelling in hydrogels
by Klein et al. [56], where the swelling is controlled to induce a desired non-
Euclidean metric within the hydrogel sheet, and where strikingly, the actuation
is exactly consistent with satisfying this metric. Thus, building off of this work,
Efrati et al. [38, 39, 85] developed the general framework of non-Euclidean plate
theory to study this phenomenon. Further, this formalism has since been used by
Aharoni et al. [2] to propose a metric constraint to govern shape-changing actuation

in heterogeneously patterned nematic elastomer sheets.

The successes of non-Euclidean plate theory notwithstanding, there are some lim-

itations: For one, it is often not clear the exact manner by which the microscopic
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physics of a complex material gets distilled into a non-Euclidean metric (these
are typically proposed in an ad hoc manner). In addition, it is possible that the
purely geometric picture of active sheets breaks down, say if the formation fine-
scale material microstructure competes with shape change driven by programmed
heterogeneity. Fortunately, with recent advances in the mathematical treatment of

dimension reduction elasticity, these limitations can be addressed.

The derivation of plate theories is old problem with major contributions from Euler,
D. Bernoulli, Cauchy, Kirchhoff, Love, E. and F. Cosserat, von Karman, among
many others. It is only recently though that such plate theories have been obtained
rigorously from three dimensional elasticity. The seminal work along this line
is that of Friesecke, James and Miiller [46]: They showed that a Kirchhoft type
bending theory emerges rigorously as the I'-limit of three dimensional elasticity at
the energy scale proportional to the thickness cubed (and under hypotheses which
are natural to conventional solids). The main technical ingredient for this result is
geometric rigidity, which allows for a rigorous (i.e., ansatz free) investigation of all
possible deformations which have elastic energy proportional thickness cubed, and
in particular, is used to deduce that all such deformations with this scaling behave
(asymptotically) as isometric immersion of a flat sheet. That is, all pure bending
configurations of a flat sheet are developable or ruled surfaces. The techniques to
develop this theory are widely applicable to a range of dimension reduction prob-
lems in elasticity. Indeed, building on this work, Friesecke et al. [45] also rigorously
derived von Karman plate theories as a dimension reduction of three dimensional
elasticity (under an appropriate scaling assumption on the plate’s boundary con-
ditions). Further, Lewicka and Pakzad [63] generalized key results of geometric
rigidity to a setting appropriate for deriving non-Euclidean plate theories from three

dimensional elasticity.

In this thesis, we are interested in characterizing designable actuation in heteroge-
neously patterned sheets of nematic elastomer. Therefore, we have to discern the
intimate connection between the microscopic physics of nematic elastomers and the

behaviors inherent to thin sheets.

Overview of our results (On actuation)
We start from a variational formulation for the entropic elastic energy of nematic
elastomers and we derive the effective two dimensional metric constraint, which

links the deformation and the heterogeneous director field. This constraint (equation
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Figure 1.9: One can /ift the Eiffel Tower out of a sheet through an actuation which
exploits buckling. Further, one can actuate a box taking advantage of heterogeneity
to induce sharp folds.

(4.17) below) arises in the context of energy minimization due the interplay of
stretching, bending and heterogeneity in these sheets. Our main results show that
satisfying the metric constraint is both necessary and sufficient for the deformation
to be an approximate minimizer of the energy. The metric constraint is also a
generalization of the constraint proposed by Aharoni et al. [2] in two directions in
that (i) it extends the constraint to three dimensional programming of the director
field (where the director can tilt out of the plane of the sheet) and (ii) it relaxes the
smoothness requirement asserted there. These generalizations admit a rich class of

examples under the metric constraint.

In relaxing the smoothness requirement, we explore nonisometric origami—where
heterogeneity is programmed in a piecewise constant pattern so that thermal ac-

tuation leads to complex folding patterns. We show that if the metric constraint
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holds, then the energy of actuation is O(h?) and this 42 scaling is optimal. This
justifies nonisometric origami as a class of designable actuation. Many examples of
nonisometric origami are possible: we highlight this construction that will fold into
a box (Figure 1.9) and several other examples. We also develop in some detail an
equivalent formulation of the metric constraint (4.20) for nonisometric origami in
terms of compatibility conditions. These are akin to the rank-one condition studied
in the context of fine-scale twinning during the austenite martensite phase transi-
tion (also actuation of active martensitic sheets)[4, 13, 14, 15] and to the recently
studied compatibility conditions for the actuation for nematic elastomer and glass
sheets using planar programming of the director [68, 69]. We also highlight the
rich potential of this class of designable actuation by showing that the case of three
sectors with fixed distinct planar directors ng; = 7ip; for i = 1, 2,3 can have up to 32

non-trivial compatible junctions for various 7 and ny;.

For three dimensional programing (where the director can tilt out-of-plane), we
explore lifted surfaces—where three dimensional heterogeneity is programmed so
that thermal actuation leads to a prescribed surface of arbitrary complexity as long
as it is smooth and has limited slope. We show that these (and all other sufficiently
smooth surfaces satisfying the metric constraint) are bending configurations of the
sheet. We also show that any bending configuration of the sheet is necessarily
a sufficiently smooth surface satisfying the metric constraint. This establishes a
rigorous underpinning to the assertion that the metric constraint governs shape-
changing actuation in these sheets. Thus, it can be used as a means of classifying
the design landscape for actuation in these sheets. We highlight the rich landscape
for the lifted surfaces design through two examples: one where Caltech lifts out of
the sheet, and another where the Eiffel Tower does (Figure 1.9). These are but a
small sample of designs amenable to this framework.

This metric constraint first appeared in our earlier short paper [82] with a view
towards applications. The justification of this constraint for designable actuation

can be found in Plucinsky et al. [81].



22
Chapter 2

THEORY FOR THE ELASTICITY OF NEMATIC ELASTOMERS

2.1 A first principles theory

The entropic elastic energy density

A widely accepted theory for the free energy or entropic elasticity of nematic
elastomers is due to Bladon et al. [19] (see also Warner and Terentjev [105]). As
with the classical neo-Hookean model for rubbery solids, this formulation emerges
from the statistics of polymer chain conformations, with the caveat being that the
distribution properly accounts for nematic anisotropy associated with the liquid
crystal rod-like molecules. The free energy W¢: R¥>3 x R? x R? — R U {+00} has

the form

Tr (FT(6)7'F(£9)) =3 if n.ng € §% det F =1

We(F,n,np) = = @.1)
2 | +o0 otherwise,
where F € R¥3 is the deformation gradient,
by =17y + (rp = D@ n),
2.2)

6 =1y (s + (ro = Dng ® no)

are the step-length tensors in the deformed and undeformed configurations, re-
spectively, which incorporate the nematic anisotropy, n and ny are the direc-
tors (in the deformed and undeformed configurations respectively) and r; and
ro > 1 are order parameters (in the deformed and undeformed configuration,
respectively) characterizing the shape-changing response due to the local align-
ment of liquid crystal molecules. The energy is frame indifferent; specifically,
W€ (RF, Rn,ng) = W¢(F, n, ng) for all R € SO(3) (Proposition A.1.1).

As the average alignment of the liquid crystals within the polymer (and thus, the
shape-changing response) depends on temperature, the order parameters ry and
ro are temperature dependent. Specifically, r; and r( arise from evaluating some
underlying monotone decreasing order parameter »(7') at the final temperature 7'
and initial temperature Ty, respectively (i.e., ry := r(Ty) and ro := r(Tp)). At
high temperatures, thermal fluctuations suppress nematic ordering, leading to an

isotropic polymer. This is characterized by r(7") = 1 for temperatures 7" larger than
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T;;o—the temperature inducing a nematic-to-isotropic phase transition within the
solid. One can model this state by setting ry = ro = 1 in the energy above, in
which case €£ = {’20 = I3x3 and W° reduces to the incompressible neo-Hookean
model. (Here, Isx3 € R¥ represents the identity matrix.) More generally, the
entropic elasticity is simply an extension of the incompressible neo-Hookean model

to account for nematic anisotropy, i.e.,

Wort ((E)T2F(E)Y)  if nong € 82,

WE(F,n,ng) = (2.3)
+00 otherwise.
Here for definiteness, we note
€N = Upa + () = Hn o n),
2.4)

()72 =i + (ry'* = Ding ® ng),

and W, : R¥3 — R U {+o0} denotes the incompressible neo-Hookean model:

w |IF? =3 if detF =1,
Wun (F) = 5 (2.5)
+00 otherwise.

(The equality (2.3) holds since det(€£ ), det({’go) = 1 for n and ng € S2.)

An important insight regarding this model for nematic elastomers is that the de-
formed director n is treated as a variable independent of the deformation gradient
F'. Physically, this implies that the director can reorient relative to the deformation
gradient of the surrounding polymer network. As a result, there is a degenerate
set of stress-free shape-changing configurations associated with the entropic elastic
energy density W¢. Indeed, W,y is minimized (and equal to zero) strictly on the
space of rotation matrices (an implication of Proposition A.1.4). Thus we have that,
for a given director ng € S? in the undeformed configuration, W¢ is minimized (and

equal to zero) if and only if the deformation gradient F' = F, s, satisfies

Foope = (€)?R(0)™?  forany n € S* and R € SO(3). (2.6)

Some intuition: Consider a (or perhaps the simplest) non-trivial example of this
soft deformation. Let ng = e2, R = I3x3, ry = ro = 9, and parameterize n as
n = sin(@)e + cos(f)e,. We find that

Fyorie1 = (2 —cos(20))e; + sin(20)e,

) 2.7)
Fofie2 = g(sin(20)e1 +(2+ cos(26)))ez).
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Figure 2.1: An example of a soft deformation mode of a unit cube of nematic
elastomer parameterized by an angle 6. Here, we have set ry = ro = 9, R = I33.
By varying R € SO(3), we can obtain even more soft modes for a given n.

A depiction of Fj,¢; in this case is provided in Figure 2.1 for the deformation of a
unit cube!. Notice that as the director n rotates from vertical to horizontal here, the
deformation gradient Fj, s, is accommodating this rotation by a stress-free shape-
changing distortion. This is in stark contrast to conventional solids, where the only

stress-free shape-changing deformation gradients are rigid rotations.

A non-ideal energy density

Nematic elastomers are never completely soft: Intuitively, reorientation of the liquid
crystal molecules can be inhibited by the polymer network (say, if network is densely
cross-linked). However, as the example in the figure shows, there is nothing in the
above ideal model for the entropic elasticity to suggest such reorientation can be at
all suppressed, even in the slightest of ways (i.e., the director is going from vertical
to horizontal and the solid is changing its shape without stress). This motivates the
introduction of a non-ideal energy density which penalizes stress-free reorientation
of the director field. Following Biggins et al. [17, 18] and others [27, 76, 101, 100],

"Note, an anisotropy parameter of 9 is not physically realistic as this is far more distortion than
the typical sample, but it does yield nice formulas in (2.7).
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we take W : R¥3 x R3 x R3 — R U {+0} to be

. Tr (F (I3 — no @ ng) FT (n @ n if n,ng € S2
W (F. nng) = MY ( (I3x3 = no @ no) F* ( )) 0 28)

2 4o otherwise ,

or equivalently? as

W"i(F, nno) = Ha |(lxz —no @ ng)FTn|?  ifn,ng € S? 2.9
2 |+ otherwise .

Here, @ > 0 is a material parameter characterizing the influence of non-ideality for
the nematic elastomer, and it depends on the cross-linking state (cf. [17, 18])—with
a appreciable for nematic elastomers cross-linked in the nematic phase, and quite
small for those cross-linked in the isotropic phase. This non-ideal energy density has
microscopic origins as detailed by Verwey and Warner [100], and a slight variant of
this density has been used to explain the semi-soft behavior3 of clamped-stretched
nematic elastomer sheets [27, 101]. It is frame indifferent (i.e., W (RF, Rn, ny) =
W™ (F,n,ng) for all R € SO(3)).

In introducing this non-ideal energy density, the stress-free shape-changing modes
of deformation inherent to the ideal entropic energy density disappear (though for
small @, these deformations are still nearly stress-free). To see this, for a given
ny, we note that the sum W¢ + W is minimized (and equal to zero) if and only if
F = Fy,f; and n = ng, f; satisfy

Fyot = RGP0,

(2.10)
Nsoft = Ry or  ngp = —Rng

for some R € SO(3). (This can be deduce from the argument of Proposition A.1.8.)
That is, the deformed director # is no longer a free parameter. It is instead obtained
via a rotation of the reference director which is exactly the rotation associated with

the polar decomposition of the deformation gradient*. In fact, without thermal

2W™ as defined with the trace is the common writing of this energy density in the physics
literature (e.g., [17, 18, 76]). However, the latter way of writing the energy makes obvious the fact
that it is simply penalizing deviations of F7 n/|FT n| away from ng or —ng. The two formulations are
equivalent since (1353 — 19 ® 19)? = (Iaxz — 1o ® no).

3Semi-soft behavior describes, for instance, the initial stressed response to stretch exhibited in
some of the clamped-stretched samples of Kiipfer and Finkelmann [59] before the plateau and large
strain soft-elasticity; see Figure 1.4(b).

“Note, that the energy densities, both W¢ and W™, are invariant under a change in sign of
the directors. Physically, the alignment of liquid crystal molecules does not “point" in a specific
direction in the sense that replacing n (or ng) with —n (or —ny) yields the same accounting of nematic
anisotropy; recall the cartoon in Figure 1.1(a). Therefore, one cannot distinguish between the director
np rotating to n via the rotation associated with the deformation gradient or rotating to —n; hence the
“or" in (2.10).
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no
ry=To

Figure 2.2: Inintroducing non-ideality, stress-free states are only rigid body rotations
if the system is not being thermally actuated.

actuation, the soft-modes are completely classical with the introduction of non-
ideality: in setting ry = ro (which is equivalent to fixing the temperature), we see
that (550)1/ 2(520)_1/ 2 = I1y3, and so the soft-modes are simply rigid-body rotations
as depicted in Figure 2.2.

Alternatively, for actuation by heating, thermal fluctuations suppress the ordering of
the liquid crystal molecules, and this transition is accommodated by shape-changing
distortion of the solid. Indeed, consider the experiment in Figure 1.2 in the context
of this model for nematic elastomers: W¢ + W”. By heating, the anisotropy
parameters satisfy ro > ry > 1 since Ty < T (recall that r(T') = 1 for sufficiently
high temperature, and this describes the isotropic case). Thus, for actuation without
stress, the elastomer needs to satisfy (2.10) for some R € SO(3). If, as in the
experiment, the initial director is ng = e, and we support the sample so that the rigid
body rotation satisfies R = I3x3 (by say exploiting gravity in adding a paper clip to
the end of the sample), we obtain

Fyoe = (€520 )72 = 770 (I + (712 = 1)ey ® €2) @2.11)

no

for this case. Here ¥ = (ry/rg) which, since we are heating the sample, satisfies
7 € (0,1) (for cooling ¥ > 1). We plot a sample of initial dimensions %L X L
under this deformation gradient in Figure 2.3. Notice that this model is (at least
qualitatively) capturing the behavior of the thermally actuated monodomian nematic
elastomer shown in Figure 1.2. For a more detailed understanding of the experiment
in the figure and its characterization under this theory, we refer to Tajbakhsh and
Terentjev [92].
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no ni UP)
7 = (8/10)°
T > 1T,
7= (9/10)°
T > 1T
r=1
AT

Figure 2.3: Upon actuation, the nematic elastomer contracts along the director and
expands in the transverse directions, resulting in shape-changing distortion.

Frank elasticity and the total free energy

Thus far, we have examined how nematic anisotropy couples to deformation in both
the ideal setting of the entropic elasticity W¢ in (2.1) and when that ideality breaks
down via W in (2.8). There can be other contributions to the elasticity of nematic
elastomers, which are largely independent of this coupling. For instance, the liquid
crystal molecules desire alignment at low enough temperatures, and so deviation
from uniform alignments should incur an energetic penalty. Hence, we introduce
an energetic contribution termed Frank elasticity which reflects an elastic resistance

due to such deviations. It is given by (see for example De Gennes and Prost [49])
1 | , 1 2
Wg, = Ekl(dw n)” + E/Q(n -curl n)” + §K3(l’l x curl n)~, (2.12)

where all the derivatives are spatial. Here, the three terms physically represent splay,
twist and bend of the director field with respective moduli «1, k2, k3 > 0. Further,
these moduli «, k2, k3 are typically close to each other, and so we can approximate

this energy (and bound it from above and below) as:

1 1 1
Wey ~ 5,<|Vyn|2 = E/<|(Vn)F—1|2 = z/<|(Vn)(cofF)T|2, (2.13)
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where the final equality holds when det F = 1 as cof F € R¥*3 denotes the cofactor

matrix of F.

Hence, the free energy of a specimen of nematic elastomer occupying a region €2
when it is undeformed and under the deformation y: Q — R3 and with undeformed

and deformed director fields ng, n: Q — S? is written as

Eny(y, 1) = f {VT/(Vy, n,ng) + %I(Vn)(cony)le} dx, (2.14)
Q

where we have normalized the energy by the shear modulus via /2 as the energy
density W:RP3: R3: R3 - R U {+00} is defined by

W (F,n,ng) = (u/2)"" (W*(F.n.no) + W"(F,n,n)). (2.15)

The parameter € = \/m is likely quite small in nematic elastomers. Specifically,
in liquid crystal fluids, the moduli «; (which bound «) have been measured in
detail, and these moduli are likely similar for nematic elastomers (see, for instance,
the discussion in Chapter 3 [105]). Further, the shear modulus u of the rubbery
network, which is distinct to elastomers, is much larger. Substituting the typical
values for these parameters, we find & ~ 10 — 100nm. Thus, entropic elasticity will
often dominate Frank elasticity in these elastomers. This observation is a key point

in many of the results developed herein.

2.2 Preliminaries: Mechanical response and instabilities

Monodomain samples and the isotropic reference configuration

In the experiments of Kundler and Finkelmann [58] depicted in Figure 1.4, the
undeformed state is a monodomain sample with director alignment in the vertical
direction. This monodomain synthesis is quite common for nematic elastomers, and
it will be the main focus of our results on the mechanical response and instabilities
in thin sheets detailed in Chapter 3. We will also only consider the mechanical
response keeping the temperature fixed in this chapter, and so ry = ro =: r is simply

a fixed constant greater than or equal to 1.

In this setting, it is natural to introduce an isotropic reference configuration as op-
posed to using the undeformed monodomain configuration as the reference. To do
this, we let y,,: Q,,, — R3 and n,,: Q — S? be the deformation and deformed direc-
tor of the monodomain sample (from the undeformed monodomain configuration
Q,, € R3). We set

Q:= ()7, for (&)= + 7V = Dng@ng),  (2.16)

no
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where ng € S? denotes the undeformed uniform director of the monodomain sam-
ple>. This is the isotropic reference configuration. Indeed, we can relate the
deformation and deformed director from the monodomain sample to a deformation

and deformed director as mapped from the isotropic reference configuration via

y(x) =y ((€5)7x)  and  n(x) = n,((€)%x), xeQ. (2.17)

no

In doing this, we find that

~~ K
& (Yo m) = f (W<Vym,nm,no>+;|<Vnm><conym>T|2)dxm
Q

‘m

= f (VV&(Vy,n)+W”f<<Vy><fzo>—1/2,n,no) (2.18)
Q

+ 51V (cof Vy)T|2)dx.
u

Here, x,, := ({’;“lo)l/zx for x € Q, (\) = (,u/2)_1(~), and the identity uses the fact
that det(£;, ) = 1. Further, W¢_: R¥? X R? — R U {+0o} is given by

Tr(FT(¢:)"'F) =3, ifneS%detF=1
Wi, (Fom) =5 G (2.19)
+00 otherwise,

where F € R¥3 now denotes the deformation gradient from the isotropic reference
Q), and the anisotropy is all encoded in the deformed configuration through the

step-length tensor ¢
=By + (r = Dnon). (2.20)

This energy density is frame indifferent and isotropic (i.e., W (RFQ,Rn) =
We (F,n) for all R, Q € SO(3); see Proposition A.1.1).

1so

Now, the Finkelmann samples exhibiting soft elasticity and fine-scale material mi-
crostructure, as in the sample highlighted in Figure 1.4, are cross-linked in the high
temperature isotropic phase. In this case, the parameter « is likely quite small, i.e.,
a < 1(cf. [17, 18, 105]). In Chapter 3, we are interested in the competition between
instabilities inherent to thin sheets and the fine-scale material microstructure asso-
ciated to (some) nematic elastomers. At a high level, the reason for soft elasticity

and fine-scale material microstructure is the existence of soft modes of deformation

SNote, (ffm)l/ 2 is equal to (520)1/ 2 for ro = r. We introduce the notation (-)* so as to distinguish

this step-length tensor from a step-length tensor defined later for actuation.
6 Again, this step-length tensor is simply {’],: evaluated for ryp = r.



30

inherent to the ideal entropic elastic energy (i.e., the deformations depicted in Fig-
ure 2.1). This behavior would be suppressed for large «, but it is well-established
(cf. [17, 27, 101]) that for small @, semi-soft behavior and fine-scale material
microstructure are still pervasive in these nematic elastomers. Thus, we study the

case a = 0, for which the free energy from an isotropic reference (2.18) reduces to

Eiso(y, 1) = f (We,(Vy. mydx + §|(Vn)(cofvy)T|2)dx, (2.21)
Q

as this is likely not a far departure from reality for samples cross-linked in the
isotropic phase. (We refer the interested reader to Conti and Dolzmann [29] for a
recent numerical approach to deriving effective theories for the mechanical behavior

of nematic elastomers in the case a > 0.)

Notice that this energy (i.e., (2.21)) now has no dependence on the initial reference
director of the undeformed monodomain sample (hence, the terminology: isotropic
reference configuration). In Chapter 3, we introduce effective and two dimensional
theories for nematic elastomers which are systematically derived from this free
energy. That is, the deformations in these theories are all mappings from the
isotropic reference configuration, rather than the physical undeformed monodomain
sample. Nevertheless, for a monodomain sheet in which the initial director ng is
in the plane of the sheet, one can properly account for the distinction between the
isotropic reference state and monodomain reference state via the change of variables
(2.17), and thus derive the corresponding theories as energies from the undeformed

monodomain state. For clarity, we develop this in Appendix A.2.

As a final remark regarding this energy, we note that Verwey et al. [101] argued that
stripe domains with alternating directors can emerge as minimizers of this energy
functional, with transition zones proportional to the length-scale \/m (recall that
this length-scale is on the order of 1 — 100nm). Thus, Frank elasticity need not

inhibit very fine material microstructure in nematic elastomers.

A macroscopic three dimensional description via relaxation

In this section, we recall the results of DeSimone and Dolzmann [37] concerning
the macroscopic behavior of nematic elastomers. Since the Frank energy is small,
we can neglect it while studying the behavior of specimens that are large compared

to v/k/pu. Thus, we can define a purely mechanical energy density by minimizing
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Figure 2.4: Macroscopic three-dimensional energy of nematic elastomers following
DeSimone and Dolzmann [37]. (a) Contour plots of the function ¢3p that describes
the entropic elastic energy W3p, (b) contour plots of the function y3p that describes
the relaxed elastic energy ng (i.e., one that implicitly accounts for microstructure
and (c) Identification of the regions L, M and S.
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out the effect of the director n in W . This is given by

Ay (F), Ay (cof F if detFF =1
Wip(F) := inf We (F.m)=1""" (431 (F), An(cotF) (2.22)
nes? 400 otherwise,
where
2 2
L M 1/3 S 1t 1
(,03D(S, l) = 5 (l’ (7 + 5_2 + l’_z) - 3) s (223)

Ay (F) is the maximum singular value of F (i.e., the largest principal stretch or
the square-root of the maximum eigenvalue of F7 F and FFT) and A, (cofF) is the
maximum singular value of cof F € R¥3 (it is easy to show that the this is also equal
to the product of the largest two principal values of F). A contour plot of ¢3p is
given in Figure 2.4(a).

This energy density is not quasiconvex. Thus, fine-scale microstructure can drive
energy minimization in the variational formulation of the elastic energy with this
strain energy density, and this leads to a possible non-existence of minimizers. We
account for this by replacing W3p with its relaxation. Mathematically, this is the

quasiconvex envelope of W3p (see Dacorogna [33]),
WL (F) = inf {Jg Wip(F +V¢)dx: ¢ € W(}"”(Q, R3)}, (2.24)

where Wg’oo (Q, R?) is the space of Lipschitz continuous functions ¢ : Q — R which
vanish on the boundary of Q, and fg = ﬁ fQ averages the energy density over Q.

DeSimone and Dolzmann [37] computed the analytical expression for ng for W5p
in (2.22),

Ay (F), Ay (cof F if detFF =1

W () = {m( w1 (F), Ay (cofF)) 025)
+00 otherwise,
where
0 if (s,1) € L
Y3p(s,1) = g PR (2 +d)-3  if(sneM
2 2 .

PR (S + 5+ 5)-3 if(snes, 226

L:={(s,0) eR*xR*: 1 < s% t <r'0 1> s'/?),

M:={(s,t) e R xR : 1t <% 1t >r 1262 1t > /6y,

S:={(s,t) e R* xR*: ¢t < r 1252 1 > s!/?}.
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A contour plot of Wé’g is given in Figure 2.4(b), and the regions L (of liguid-like
behavior), M (related to stressed microstructure) and S (of normal solid behavior)
are identified in in Figure 2.4(c). Specifically, note that the relaxation W{, deviates
from the energy density W3p inregions L and M in Figure 2.4(c). Importantly, these
are the regions where macroscopic deformation can be accommodated by fine-scale
oscillations in the director field of a nematic elastomer, resulting in the relaxation
having lower energy in region M and zero energy in region L. These features were
used by Conti et al. [27, 28] to explain soft elasticity and the complex deformation
states in the clamped-stretch experiments of Kundler and Finkelmann [58] (Figure

1.4) assuming purely planar deformations.

2.3 Preliminaries: Actuation

We turn now to developing a framework and some heuristics for studying actua-
tion of heterogeneously patterned nematic elastomers. Recall that, for capturing
actuation in the simple setting of a monodomain strip depicted in Figure 2.3, we
characterized the soft modes associated with the sum of the entropic and non-ideal
energy densities via (2.10). We note that this characterization can be written in a
somewhat more fundamental way, where the rotation disappears and the result is
completely characterized in terms of F' = Fj, s, and ng. That is, (2.10) is equivalent
to (cf. Proposition A.1.8)

(Fsof)) Foopr = 73 (Ixs + (F = Dng @ ng) =: Ly, det(Fyope) = 1,
FsoftnO Fsofﬂ’l() (227)

n = - or n = -
soft |Fs0ftn0| soft |Fsoftn0|’

where we recall that 7 € (0, 1) for heating and 7 > 1 for cooling. Thus, in the
context of stress-free actuation, ny, 7, is simply obtained as a convection of ng by the
deformation gradient Fj, r;, and the right Cauchy-Green deformation tensor satisfies
a compatibility condition which depends only on n( and the change in temperature
through 7.

Can we have stress-free actuation when the director field ng = ng(x) is not uniform?
It turns out that in the context of three dimensional elasticity, compatibility of the
right Cauchy-Green tensor is highly restrictive (the components of the Riemann
curvature tensor of £,, must vanish; see Remark 4.2.3). But, what if we are dealing
with a very thin sheet? In particular, suppose due to thinness, the deformation y can
be approximated as a mapping from the two-dimensional midplane w c R? of the
flat sheet to R3. Thus, rather than the full constraint in (2.27) on the deformation
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(c)

Figure 2.5: (a) An azimuthal programmed director field about a defect. We highlight
a radius pg and circumference Cy. (b) To satisfy the metric constraint in the plane,

0o VY 6p0 and Cy — 73Cy. This is not compatible. (c) We can rotate these

stretches to form a compatible cone which satisfies the metric constraint.

gradient Fy, 7 € R33, suppose we need only deal with a constraint on the midplane

deformation gradient F,, ft € R3*2.

(Fooft) Foope = 77 (I3 + (F = Ditg ® fig) =: Ly, (2.28)
where 7ip € B;(0) c R? denotes the projection of the director ng € S? onto the
tangent plane of w. This two dimensional metric constraint is not all that restrictive.

To highlight this, we consider the example of Modes et al. [66, 67] for actuating the
conical defect by heating in the context of this theoretical framework. The hetero-

geneous director field in this case (see Figure 2.5(a)) is given in polar coordinates
(0, 0) by

ng = no(0) = —sin(B)e; + cos(B)ey =: ey (2.29)
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(note, e, := cos(f)ey + sin(#)ez). Thus for (2.28), we need I:"_,Of, to satisfy

( |Fsofte~p|2 (Fsoftép : Fsoftée)z )

(Fsoftép ’ EVOftée)z IFMﬂé@P (230)

=13
~ ~ ~ r
= (Fsoft)TFsoft = fno = ( 0 }72/3 )

(Here, é,, ég € S! are the two dimesional projections of e, eg € SZ.) We can satisfy

this constraint through a stretch Fy, r; = Uy, f; given by

e 0
Usope=| 0 77|, (2.31)
0 0

1 1

(i.e., an expansion 7~/ < 1 along e, and a contraction 7 /3 > 1 along ey since we
are considering heating). However, this does not yield a compatible deformation.
The intuition is provided in Figure 2.5(b). Alternatively, since we are necessarily
stretching the initial radius of the sheet and contracting the circumference, we can
accommodate this by buckling out-of-plane to form a compatible deformation; in
this case, a conical deformation as in Figure 2.5(c). This is done through a rotation

R.,(¢7) € SO(3) (which satisfies R,,eg = ey) such that
Foopi = Rey(¢r)Usosi, ¢ = arccos(F'/?). (2.32)

For more details regarding this actuation strategy, we refer to Mode et al. [66, 67].

Now, we have seen that the metric constraint (2.28) admits a non-trivial shape-
changing actuation in the conical defect. The reality is, these two dimensional metric
constraints admit many such examples since two dimensional deformations are free
to escape to the third dimension by buckling out-of-plane, and this freedom enables
the existence of many nontrivial compatible deformations under such constraints.
Nevertheless, we introduced quite a few assumptions to arrive at the study of this
constraint for the heuristics above. In Chapter 4, we show that the study of this
constraint can be justified in the setting of elastic energy minimization. Particularly,
we study the actuation of a thin sheet Q; := w X (—=h/2, h/2) via a deformation
y": Q — R3 given a heterogeneous program ng: Q, — S?, with the goal of

classifying approximate minimizers under the free energy

h

Vy'nh
g (yh nt :f We(V h 0 ,nh)dx. 2.33
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For heterogeneity in the plane of the sheet via ng = ng (x1, x2), the metric constraint

(2.28) emerges naturally in this context. (Note, we have introduced a hard kinematic
constraint of the deformed director n” as actuation occurs at low enough energies
that the director essentially must satisfy this constraint if there is any non-ideality.
Precisely, if we instead consider an energy of the form (2.14) modified appropriately
for thin sheets, then we would still arrive at the same results but with simply more
details to track (see Remark 4.2.1(iii)). We do consider the more involved model

when characterizing the necessity of the metric constraint in Section 4.6.)
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Chapter 3

MECHANICAL RESPONSE AND INSTABILITIES OF THIN
SHEETS

In this chapter, we systematically develop two dimensional theories for nematic
elastomer sheets starting from the three dimensional description of the free energy
given in (2.21). These characterize the mechanical response of nematic elastomer
sheets due to instabilities such as structural wrinkling and fine-scale material mi-
crostructure. Using these theories, we show that taut and appreciably stressed
sheets of nematic elastomer are capable of suppressing wrinkling by modifying the

expected state of stress through the formation of microstructure.

This chapter is organized as follows: In Section 3.1, we introduce some of the
notation and present for clarity a visual summary capturing the hierarchy of theories
for nematic elastomers described and developed herein. We introduce the effective
membrane theory for nematic elastomer sheets in Section 3.2—with emphasis on its
physical implications—and we derive and characterize this theory in Sections 3.3-
3.6. We then introduce and develop the Koiter theory for nematic elastomer sheets
in Sections 3.7-3.8. Finally, we use these theories to investigate clamped-stretched

sheets of nematic elastomer in Sections 3.9-3.10.

The results of this chapter can also be found in Cesana et al. [25] for the membrane

theory and Plucinsky et al. [80] for the Koiter theory and simulations.

3.1 Notation and Overview

Some of the notation

We denote with R” the n dimensional Euclidian space endowed with the usual scalar
product u - v := u’v and norm |u| := Vu - u. We denote the unit sphere in R” by
S" ! and it is defined as the set of all vectors u € R” with |u| = 1. We label with
R™ " the space of m X n matrices with real entries. For n > 1, we denote with
SO(n) the space of rotation matrices (i.e., each F € R such that FT F = 3,3 and

det F = 1). We take R™ to be the set of non-negative real numbers.

We often describe the material points of a three dimensional solid with x := xje; +
Xxo2e2 + x3e3 for the fixed right-handed orthonormal basis {eq, e>, e3} C R3 depicted
in Figure 1.4. Similarly, we often describe the material points of a two dimensional
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sheet with X := x;é] + x,é; for the analogous two dimensional orthonormal basis
{e1,e,) C R2. As with the basis vectors and material points, we use the tilde as a
means to distinguish between two dimensional and three dimensional quantities (if
there is no conflict with previous notation). So we use F € R¥3 to describe the
deformation gradient of a solid and F € R to describe the planar deformation
gradient of a sheet; we denote with V the three dimensional gradient (with respect
to x) and V the planar gradient (with respect to X); .. .; etc. We also introduce the

notation
adjF := Fé| x Fé,. (3.1)
for any ' € R3*? as this quantity will be useful in the development of the theories.

Lastly, we find it natural at points to introduce certain mathematical concepts: W7
Sobolev Spaces and weak convergence (i.e., —) in these spaces, quasiconvexification
as a means of relaxation, I'-convergence as a means of dimension reduction, and the
theory of gradient Young measures for characterizing instabilities. We refer to Evans
[41], Dacorogna [33], Braides [22] and Miiller [74], respectively for introductions
into these concepts. We will introduce the relevant mathematical concepts as they

are needed.

Overview on the hierarchy of theories for nematic elastomers

In this chapter, we systematically develop two dimensional theories for nematic
elastomer sheets by starting from an appropriate three dimensional description of
these elastomers [19, 37, 101, 105]. Thus, in the course of this development, we find
it natural to introduce several variants of strain energy densities modeling nematic
elastomers, for which there is a well-characterized hierarchy. The hierarchy is related
to the mathematical treatment of small-length scales (i.e., \/m and h) inherent to
nematic elastomer sheets, and how instabilities (both wrinkling and microstructure)

are accounted for in this treatment.

Briefly (all of this is expanded upon in the coming sections), a three dimensional
nematic elastomer can form fine-scale microstructure on a length scale \/m related
to the competition between entropic and Frank elasticity in these solids. In addition
to this microstructure, a sheet of nematic elastomer may wrinkle since the thickness
h is small compared to the lateral extent of the sheet. In typical sheets, \/m < h.
Thus, to guide the reading of this chapter, we provide a visual summary of the
theories which emerge in the competition of these two length scales and their

hierarchy (Figure 3.1).
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W€+ Frank Elasticity Wae
( Free Energy) i/ =0 ( Relaxed 3D Theory )

hov/k/pw—0 h<1

VE/p—0,h<1 h—0

A4 A 4
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(a) Hierarchy of theories for nematic elastomers.

Reg. Unst. Rel. Reg. Unst. Rel.
Micro. Micro. Micro. Wrink. Wrink. Wrink.
Reg. We+ —
Micro. Frank EI. K< h
Unst. Wor—+
. Wsp . Wap
Micro. Bending K/
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Rel. W,s+ 0
ch ps W < ch
Micro. 5P Bending P P
L T | Y J)
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| | J
T T
3D Theories 2D Theories

(b) Strain energy densities and their relation to instabilities.

Figure 3.1: (a) Theories which properly account for the formation of microstructure
in 3D and both microstructure and wrinkling in 2D. Each theory can be derived in
the treatment of the length scale as depicted. (b) The various strain energy densities
of nematic elastomers and whether they are stable (i.e., regularized or relaxed)
or unstable to instabilities: microstructure in the case of 3D densities, and both
microstructure and wrinkling in the case of 2D densities. The stable theories are
highlighted. Starting from any strain energy density on this chart, the densities to the
right, lower diagonal, and directly below can be derived under the treatment of the
length scales as depicted. In principle, the top right of this chart can be populated,
though such theories are less physically relevant given the disparity in length scales.
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3.2 The effective membrane theory for nematic elastomer sheets
We develop an effective membrane theory for nematic elastomers. Here, we first
summarize these results and their physical implications, before turning to the deriva-

tion.

We consider a sheet of small thickness 4 and lateral extent w c R? (Q, =
w X (—=h/2, h/2)), and follow methods in LeDret and Raoult [61] and Conti and
Dolzmann [31] to study the asymptotic behavior as 4 — 0 of the functional ,—118h by
I'-convergence (where &” denotes the energy (2.14) of a sheet initially occupying
a region ;). We show that the behavior of very thin sheets is described by the

following energy
En(y) = f W3 (Vy)di (32)

as the I'-limit, a result that is independent of the ratio of « to & (as long as k — 0
as h — 0). Here, quantities with a tilde denote quantities on the midplane w of

the membrane, and y : w — R? denotes a deformation of the midplane of the

membrane. Thus, vy maps to R3*2,

The analytical expression for the membrane energy density qug is obtained from
Wisp in two steps. In the first step, we obtain a two dimensional or plane-stress

reduction of W3p by minimizing over the out-of-plane deformation gradient
Wap(F) := inf Wap(F|b) (3.3)
beR3
for any planar deformation gradient 7 € R3*?. This takes the explicit form

. Ay (EF),6(F if rank F =2
WZD(F):{«)ZD( w(F).8(F))  if ran o

+00 otherwise,
where
2 2 .
r1/3(s +§—2+tl2)—3 if (s5,1) € N}
00 (5,1) = g PG+ 20) -3 (s e M (3.5)

173 (S2+ Ly #) -3 if (s,1) € N3,

Ni={(s,1) e R* xR : 1 < 5% ¢t > r!/2571Y,
Noi={(s,1) e R" xR : 1 < 5% r 127 <p < p12571, (3.6)
Ni:={(s,1) e R" xR : 1 < 5% t <r 12571y
Above, Ay (F) := sup,.s2 |FTe| denotes the maximum principal value of F and
0(F) := |Feé| x Fé,| denotes the product of the two principal values of F'. Physically,
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Figure 3.2: Membrane energy density of nematic elastomers. (a) Contour plots of
the function ¢;p that describes the plane stress energy W»p, (b) contour plots of
the function 3p that describes the relaxed membrane energy WZqLC) (i.e., one that
implicitly accounts for microstructure and wrinkling) and (c) identification of the
regions £, M, W and §. Microstructure or stripe domains occur in the region M,
wrinkling in region ‘W, crumpling and microstructure in region £ and no relaxation
in region S.
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since we are considering the deformations of the plane, the isotropic invariants of the
deformation are given by the principal stretch 1, and areal stretch 6. The contour

plot of ¢;p is shown in Figure 3.2(a).

As with W3p, Wjp is not quasiconvex. In this case, in addition to microstructure
in the form of oscillations in nematic orientation relaxing the energy, boundary
conditions which induce compressive stresses associated with W,p can be relaxed
through out-of-plane wrinkling and crumpling. We account for this in the second

step through the relaxation of Wsp,

WIS (F) := inf {f Wap(F +Ve)di: ¢ € W™ (w, R3)}

3.7)
= Yop(Am(F), 6(F)).
Here,
0 if (s,1) € L
PP () -3 ifsneM
ban(s) = (7 2,2) (3.8)
r1/3(57+5)—3 lf(s,t)E(W
2 2 .
PR (S + 5+ 5)-3 if(snes,
L:={(s,t) eR* xRt < s% 1t <rl/0 s < r13y,
M= {(s,t) e R" xR*: 1 < 5%t > 7712671 > 10
(3.9)

S = {(S,t) S R+ XR+: t S r_l/zsz’t 2 sl/Z}.
The contour plot of ¥,p is shown in Figure 3.2(b), and the various regions! £ (of

zero energy), M (related to stressed microstructure), ‘W (related to wrinkling) and

S (without instability) are shown in Figure 3.2(c).

It is instructive to look at the stress that results from this theory. We can obtain the

effective Cauchy stress of a nematic elastomer membrane as

gmem .— (ch )’ - FT’
2DSK (3.10)

ie, ("M== Wi Fjew a=12 i,j=123.

'The notation S and £ follows DeSimone and Dolzmann [37] in their derivation of the relaxed
three dimensional theory. However, one should avoid the interpretation of liquid-like behavior for
L and normal solid behavior for S. L is associated both with crumpling—which is also exhibited
by normal thin solids—and liquid-like features due to microstructure. S is simply a region without
instability.
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To compute it explicitly, we use the singular value decomposition theorem to write
F=ugi®fi+ 1ng2® f2 (3.1D)

for orthonormal vectors { fl, fg} c R? and { g1, 8} C R3? with Ay > A,, > 0 the
singular values of F (so that § = 1,,4,). We find (again see [25]),

0 if (/iM, 5) € ,£
(,1% %) (31®81+8®g) if (A, 6) € M
" = ' S (3.12)
(TM T)gl ® g1 if (Apm,0) € W
2 I
(TM %)g1®g1( o, —51—2)82(2'982 if (Am,0) €S.

This formula highlights some striking features the membrane theory for nematic
elastomers. For one, the membrane is always in a state of plane stress in the tangent
plane. Secondly, the principal stresses (i.e., the eigenvalues of o¢"") are always non-
negative. Therefore, these membranes cannot sustain compressive stress. Further,
the stress is zero in region £ where crumpling and microstrucutre relax the energy
to zero, uniaxial tension in ‘W where tension wrinkling relaxes the energy, equi-
biaxial tension in M where microstructure relaxes the energy and biaxial tension in

S where no fine-scale features emerge to relax the energy.

For perspective, consider the special case » = 1 when this theory reduces to that of the
neo-Hookean elastic membrane (recall W, in (2.1) simplifies to the incompressible
neo-Hookean energy density in this case). The region M now disappears and we
are left with regions £, "W and S with zero, uniaxial tension and biaxial tension
respectively. This is the tension field theory originally proposed by Mansfield [64]
and later obtained systematically from three dimensional elasticity by Pipkin [78]
and expanded upon by Pipkin and Steigmann in [88, 89]. In essence, the theory for
nematic elastomer membranes with r > 1 generalizes the tension field theory for

isotropic membranes to account for nematic anisotropy.

A remarkable feature of nematic elastomers is the additional region M where the
state of stress is equi-biaxial tension. This is true for a large range of unequal
principal stretches (A, A,,). In other words, a nematic elastomer membrane can

have shear strain without shear stress in a certain range.

3.3 Membrane theory by I'-convergence
We consider a thin nematic elastomer sheet of small thickness # which has a flat

stress-free isotropic reference configuration Qj := w X (=h/2, h.2). We assume w



44

is a bounded Lipschitz domain in R?. Let y" : Q) — R3 describe the deformation
and n” : Q; — S? describe the director field so that &"(y", n") is the Helmholtz
free energy in (2.14) now parameterized by the thickness of the membrane in its

reference configuration. In the energy, we assume /2 = kj, and x;, > 0.

To derive the effective membrane theory, we take an asymptotic limit of the energy
as h — 0 by I'-convergence. For this, we follow the theory of I'-convergence in
a topological space endowed with the weak topology. The general theory can be
found in Braides [22] or Dal Maso [34].

In order to deal with sequences on a fixed domain, we change variables via
~ . 1
20 = (@), 2200)) = (r, x2) =X 23(x) = 703, x €Ly (3.13)

and set Q := w x (—1/2, 1/2). To each deformation y” : Q, — R> and director field
n" . Q; — §?, we associate, respectively a deformation w” : Q — R? and director
field m" : Q — S? such that

wh(z(x)) = y"(x) and m'(z(x)) =n"(x), xeQ,. (3.14)

We set fh(wh, mh) = Sh(yh, n™)/h, and following the change of variables above,

observe that
7 h(wh, mh) =

iso h?

{ Joo (WE, (Viwh, m) + 55| (Vmh) (cof VwhT ) dzif (wh,m") € A (3.15)

+00 else.
Here, the admissible set ‘A is defined as

A = {(w.m) eW QR x Wh(Q, %)

(3.16)
with  (Vn)(cofVy)” € LA(Q R¥)}

and V,w" := (Vw"|(1/h)d3w") with V the in-plane gradient. To obtain the formula
(A.35), we used the identity (V,m")(cofV,w™)T = (1/h)(Vm")(cofVw™)T.

Finally, we take the effective membrane theory to be the I'-limit as 7 — 0 of the
functional defined on Wh2(Q, R3),

My = inf {7 W m"): m" e WH(Q 87} (3.17)

In this respect:
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Theorem 3.3.1 Let I be as in (4.11) with k, > 0 and k,, — 0 as h — 0. Then in
the weak topology of W-2(Q,R3), I" is equicoercive and T-converges to

(3.18)

fo(y) = En(y) ifdsy=0ae.
+00 otherwise

for E,, defined in (3.2). Equivalently:

(i) for every sequence {w"} ¢ WY2(Q R?) such that T"(w") < C < +oo, there

exists a y € WY2(Q,R3) independent of z3 such that up to a subsequence

wh — f whdz =y in WH(QRY); (3.19)
Q

(ii) for every (wh} ¢ Wh2(Q, R3) such that wh — y in W2 (Q RY),

lim inf 7"wh = 1°%0y); (3.20)

(iii) forany y € WH2(Q,R?), there exists a sequence (wh} ¢ Wh2(Q, R?) such that
wh — yin W2(Q, R?) and

limsup 7"(w") < 7°(y). (3.21)
h—0

Remark 3.3.2 (i) The result for the case k, = 0 was provided by Conti and
Dolzmann [31] (Theorem 3.1 there). Indeed, recall Wsp in (2.22). They
proved that in the weak topology of W2(Q, R>) the functional IK}‘: oY) =
fg Wap(Vuwh)dz is equicoercive and I'-converges to 79 given in (3.18).

(ii) A different dimension reduction theory for hyperelastic incompressible ma-
terials was developed by Trabelsi [94, 95] under similar assumptions. Tra-
belsi showed that the membrane energy density (integrand of &,,) is given by
((W2p)™)1c. We show in sequel (see also Cesana et al. [25]) that W37, = ng

(and hence (W3p)1¢ = qug ). Thus the two limits agree.

(iii) The fact that the I'-limit is independent of k[ h is similar to the following result
of Shu [87]. He also provides some heuristic insight. Since the membrane
limit optimizes the energy density over the third column of the deformation
gradient, there is little to be gained by oscillations parallel to the thickness.

Consequently, penalizing these oscillations with kj, does not affect the I'—limit.
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Shu studied the energy fQ(W(Vhwh) + kp |V Vw2 dz with W : R¥3 - R

continuous and bounded from above and below by |F|P + ¢ respectively for
some c. He showed that if k, — 0 as h — 0, then this energy also I'-converges
(in the weak topology of WP (Q,R?)) to T° given in (3.18) .

Proof of Theorem 3.3.1.
We begin with a theorem due to Conti and Dolzmann [31]:

Theorem 3.3.3 Let I" \(w") := [, Wap(Viyw")dz for Wap in (2.22). In the weak

K=

topology of Wh2(Q,R3), IKh: o Is equicoercive and T" converges to 1 04n (3.18).

As a consequence, we have:

Proof of Theorem 3.3.1. Note that trivially,

N

' > f inf W (Vaw",m)dz = I (w"). (3.22)
Q me

Therefore, the compactness and lower bound (Properties (i) and (ii) in Theorem
3.3.1) follow from Theorem 3.3.3. It remains to show Property (iii). This is done in

Proposition 3.3.4. O

Preliminaries for a recovery sequence
For the construction, we find it useful to remark on some general properties of the
purely elastic portion of our nematic elastomer energy density W3p in (2.22). We

note that W3p is non-negative, and

Wo(F) if detF =1
Wip(F) = { (3.23)

+00

b

where Wy : R332 — R is Lipschitz continuous, and there exists a constant ¢ such
that

1
—|F|> = ¢ < Wy(F) < c(IF)* + 1). (3.24)
C
The energy W>p in (3.4) is given by
min Wsp(F|b) if rank F = 2,

Wap(F) = { P& (3.25)
+00 else,



47

R3X2

and satisfies on full-rank F € the estimate

1{ - 1 5 3
- (|F|2 + 5(F)2) —c<Wyp(F)<c (|F|2 +

1
= 1|, 2
()2 + ) (3.26)

with §(F) = | adj(F)|.

Now, it remains to construct a recovery sequence to prove 7 is the I'-limit to 7.

Proposition 3.3.4 For every y € WY2(Q R?) independent of z3, there exists a
sequence (W', m")} ¢ C*(QR3) x CY(Q, S?) such that wh — yin Wh2(Q,R3)
and

limsup 7" (w", m"y < 7%y). (3.27)

h—0

Our construction also draws heavily from Conti and Dolzmann [31]. The main
difference is that we need additional regularity for our recovery sequence m”. We
summarize the Conti-Dolzmann construction in two lemmas. The first lemma
regards the construction of a sequence to go from the energy density W;p to qug on
w. For our analysis, the important observation is that in the limit the deformation
gradient is constant on an increasingly large subset of w. The second lemma regards

the extension of smooth maps on w to incompressible deformations on .

Lemma 3.3.5 (S. Conti and G. Dolzmann [31]) For any y € W2(w,R3), there
exists a sequence {y;} C C%(w, R3) such that rank Vy i = 2 everywhere, y; — y in
W2(w,R3) as j — oo, and
lim sup f Wap(Vyj)di < f Wi (Vy)dx. (3.28)
j—oo w W

Moreover, the sequence has the following properties:

(i) Foreach j € N, y; is defined on a triangulation T J of w which is the set of at
most countably many disjoint open triangle Tij whose union up to a null set is

equal to w, and T'; is the jump set given by

Ij:=dwul_Jor’. (3.29)

(ii) There is a sequence of boundary layers {n;} such that n; > 0 and n; — 0 as
J = 0, and the set I, is defined to be

T,

J

={X ew: dist(%,T;) < n;}. (3.30)
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(iii) If Tl.j \ Iy, is nonempty, then Vy j is a constant on this set and we set
F=Vy;(%), xeT/\Ty,,. (3.31)

(iv) adjVy ; is bounded away from zero in the sense that for some €; > 0 sufficiently

small, the inequality
|adj Vy;| > €; > 0, (3.32)

holds everywhere.

Lemma 3.3.6 (Conti and Dolzmann [31]) Let y,v € C*(&, R?) satisfy
det(Vylv) =1 inw. (3.33)

Then there exists an hy > 0 and an extension yho € C®(& X (—hg, ho), R3) such that
yho()?, 0) = y(X) and det Vyho = 1 everywhere. Moreover, for all x3 € (—hg, ho) the

pointwise bound
VY™ (x) = (Vyv)(x')] < Cluxs] (3.34)

holds, where C can depend on y and v.

We construct a recovery sequence and thereby prove Proposition 3.3.4 in four parts.
In Part 1, we take a sequence of smooth maps y; as in Lemma 3.3.5 and show that
we can construct a sequence of smooth vector fields b; such that det(Vy ilbj) = lin
w. In Part 2, we use Lemma 3.3.6 to extend y; appropriately to a deformation on
Q,i.e wjh. In Part 3, we construct a sequence of C I director fields mjh on Q which
enables passage from W’ to W,p. Finally, in Part 4 we show that we can take an

appropriate diagonal sequence 4; — 0 as j — oo which proves Proposition 3.3.4.

Proof of Propsition 3.3.4

Proof of Proposition 3.3.4. Let y € W'2(Q R?) independent of z3. Then y
is bounded in W'?(w,R?) (with abuse of notation). By Lemma 3.3.5, we find
a sequence {y;} C C%(w, R3) such that rank 6yj = 2 everywhere, y; — y in
W12(w,R3), the energy is bounded in the sense of (3.28), and the sequence satisfies

properties (i)-(iv) from the lemma.

Part 1. We define the smooth vector field b; on the triangulation 7~/ for y; in

Lemma 3.3.5 (i). On each nonempty Tl’ \ I[;; there exists a constant Fl.j defined in
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Lemma 3.3.5 (iii), and it is full rank. Then by (3.25), W3D(Fl.j |b) has a minimizer
for b € R3. Motivated by this observation, we let

bl.j = arg min W3D(F.j|b), (3.35)
beR3 !
which via (2.22) implies
det(F/ b)) = 1. (3.36)
Consider the vector field,
; adj Vy;
b= — (3.37)
|adj Vy;[?

This is well-defined given Lemma 3.3.5 (iv). Moreover, since y; is smooth, boj €
C> (@, R?). Further, since det(F|b) = (adj F)T b, we have

det(Vy;lb)) =1 inw. (3.38)
Let b; € C* (&, R?) be given by

b {boj + i (bij - boj ) on each Tl.j \ I[;; with nonempty open subsets,
j =

boj otherwise on w.
(3.39)

Here y; € Cf° (Tl.j \ I}, [0, 1]) is a cutoff function which equals 1 at least on the
entirety of the subset Tl.j \ Fz,,j. Notice when b; = boj , the determinant constraint is
satisfied trivially by (3.38). Conversely, combining (3.36) and (3.38),

det(Vy;lb;) = (adj Vy)" (b +wi (b = b]))
= det(Vy;|b]) + wi (det(F,/|b)) - det(Vy;|b)) (3.40)

=1 oneach Tl.j \ I[;; with nonempty open subsets,

since ﬁyj = Fl.j on this set. We then conclude det(?yjlbj) = 1 in w, and this

completes Part 1.

Part 2. Fix j € N. From Part 1 we have y;, b; € C*(w, R3) satisfying det(ﬁyjlcj) =
1 in w. Hence, there exists an hoj >(0anda yhoj € C®(wX(-h j, hoj)) such that the
properties of Lemma 3.3.6 hold, replacing y with y; and b with b;. Let h € (0, hoj )
and yjh e C™ (ﬁh, R3) be the restriction of yhdj to Q. Further, let wjh e C™ (ﬁ, R3)
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be associated to yjh using (3.14). From Lemma 3.3.6, we conclude wjh(Z, 0) = y;(2),
detVyw'(z) = 1 and

IVaw () = (Vwjle)) (2| < Cihlzal < Cih,  z€ Q. (3.41)

Here C; is a constant depending on y; and c;, and the second inequality above
follows since z3 € (—1/2,1/2). From these properties we conclude as 7 — 0,
1

wi = y;inW(QR?)  and p

d3w" — bjin L(QRY). (3.42)

This concludes Part 2.

Part 3. As in Part 2, we keep j € N fixed. From Lemma 3.3.5 (i) we have that
U; Tl’ = w (up to a set of zero measure), though this union can be countably infinite.

From herein, we choose a finite collection of N () triangles so that
{Wap(Vy)) +1} dz < L (3.43)
AUNOT ] ! T
Then for each of the N(j) triangles for which the set Tl.j \ I[;; is nonempty, let

1so

n/ := argmin W¢, (F/|b/, n). (3.44)
nes? ! !
Further, let g; be the piecewise constant function on R? given by

1

n! ifie{l,...,N(j)}, T,/ \ T}, is nonempty, and 7 € T,’,
q;(Z) := { P (3.45)

q otherwise in R>.

Here ¢ is a fixed vector in S>. Then qj maps to S2, but it is not in C'. To correct

this, we employ the approach used by DeSimone in [36] (see Assertion 1).

Observe by construction the range of ¢; is finite. Hence, there exists an s; € S? and
a closed ball B.(s) of radius € > 0 centered at s; such that (range g;) N Bc(s;) = 0.
Then the stereographic projection 75, with the projection point as s; maps the range
of g; to a bounded subset of R2. Let Yy, be a standard mollifier with ; as in Lemma

3.3.5 (ii), and consider the composition

nj = ”s__,-l o ('7[’771‘ * (ﬂ'sj_ o qj)) . (3.46)

This composition is well-defined since the range of ¢g; is outside a neighborhood of

the projection point s;. Further, n; maps to S? using the definition of the inverse
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of the stereographic projection. Moreover, g, is differentiable and its argument
Yy, * (15; © q;) is smooth. Hence, n; € C'(R? Sz)

Let m; € C'(®,S?) be the restriction of n; to the closure of w. Further, let
mf’ e C'(Q, S?) be the extension of m; to Q via m h(z) := m;(Z) for each z € Q.
As a final remark for this part, observe fori € {1,...,N(j)}and Z € T, J \ T2y,

mjh(Z) =mj(Z) = ”s_jl ° (‘/’m‘ * (ﬂsj ° qf)) (@)

“1g (fR2 Uy, (Z - E)(m; o Qj)(f)dé‘:)
(3.47)

—m;lo ((ns, o)) Uy, (2 - £>d«§>

By, (2)

-1 j
=mg o (7rsj o qj) = ni]’

since By;(2) N (’9Tl.j = 0 and so g; is constant on By, (2), see (3.45). This completes
Part 3.

Part 4. From Parts 1-3, we have for each j € N the functions wjh e C®°(Q,R3) and
mjh e C'(Q)S?) parameterized by h € (0, hoj ). It remains to bound the functional
I appropriately and take the lim sup. For the bounding arguments, C shall refer
to a positive constant independent of 4 and j which may change from line to line.
From (2.1), when W7, is finite, it satisfies a Lipschitz condition

W (Fyn) = WE(G,m)| < [(6)7 212 (IF| + IGD |F = G (3.48)

< C(F|+I|G)I|F -Gl.

As asserted above, I(Z,*;)‘l/ 2| is uniformly bounded for n € S2. Then since for every
z € Q. det(Vyw/)(2) = 1, det(Vy;1b))(z') = L and m '(z) = m;(2) € 7,

foso(Vhwj,mh)dz<f W, (Vy;lbj, m;)dz
" f (WE,(Vaw /' m !y = WE ((Vyjlbj).m[)dz

< f lw(Vyjlb],mj)dz+E
’ (3.49)
Here £ }llj is the estimate obtained from the Lipschitz condition and an application

of Holder’s inequality,

EL; = C (Vi 2y + 157100 2@ ) V4w = (Fyi100) l2m5).
(3.50)
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We now focus on the first term in the upper bound (3.49). Fori € {1,..., N(j)} and

7e Tl.] \ Iy, observe

W (Vyi(D)1b;(2), mj(2)) = WE (B b7, n))

N

= min W? (F.jlb.j, n)
nes? vt

1SO

L (3.51)
= min W3p(F,’|b)
ceR3 !
= Wap(F,’) = Wap(Vy;(2))
by the definitions of the arguments. Then,
fWiio(ﬁyﬂbj’ mj)dZ < f o Wap(Vypdz
w (Uizlj Ti])\FZUj (3 52)

* fc;\uN(j)Tf Wiso(Vyjlbj,m;)dz + WS, (Vyjlbj, mj)dz,
i=1 i

1—‘211 i

using our result for W£, and since each integrand is nonnegative.

We bound me(?yjlbj, mj) in (3.52). To obtain this bound notice Ibojl2 =

1/] adj ﬁyjl2 from (3.37). Further, using the coercivity condition of Wy in (3.24),
the definition of bl.j in (3.35), and the growth in (3.26),

b/ > < Wo(F/1b)) = Wap(F)) < c(|ﬁ,.f|2 + (3.53)

_— + 1]).
|adj F/ |2
Following these observations, we notice on the sets Tij \ Iy, Vy = Fl.j by definition

(see Lemma 3.3.5 (iii)) and therefore,

1b;j? < 2316 > + 16/ 1) < C(Wyj|2 + (3.54)

— =+ 1)
|adj Vy;[?
since b; is as in (3.39). On the exceptional sets, by definition b; = boj , and the right
side above is still an upper bound to |b; . Hence, everywhere in w,

W, (Vyjlbjm)) < ¢ (IVy;1* + 1b;1% + 1)

< C(IV’y‘,-IZ + (3.55)

adi Ty, P 1)
< C(Wap(Vy)) +1),

using the growth in Proposition A.1.2, the bound above and the coercivity in (3.26).

This implies the bound

fWiio(Wﬂbj,mj)dZSow(?yj)de?, (3.56)
w

w
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where recalling (3.52) and (3.43), the remainder EJ2 is given by

Ez::Cf
e[

To recap, from (3.49) and (3.56), the entropic part of the energy is bounded above

(Wap(Vy)) +1)dz + %) (3.57)

j

by the estimate

fW,-‘;0<Vhw,~”, ml') < f Wap(Vy))dz + E, ; + E3. (3.58)
Q | w ’
It remains to bound the Frank elasticity.

Consider the second term of 7" in (A.35). Our deformations and director fields

have sufficient regularity, so
K—’;f|(Vm.h)(adij.’1)|2dz:th|(vmj|0)(adjv,,w.h)|2dz. (3.59)
"2 Jg J J o J

Here, we used the identity (1/h)(Vm;)(adj ijh) = (th)(Vhwjh) and the defini-
tion mjh (z) := mj(Z). We bound the integrand by a constant independent of 4. To
do this, we first consider the pointwise estimate in (3.41). An application of the

reverse triangle inequality on this bound yields for small / the pointwise estimate

1
101w (2) P +10aw ()12 + — 103w [ (2)1? = [Viw [(2)]?
J J h2 J J (3.60)

< (Cih+ 1Ty lbp@)) < /' zeQ.

Here, Mj isaconstant which depends only on y; and b;. Then F = (f1]f2|f3) € R33
satisfies
|adj FI? = |cof FI* = |(f2 % f3lf3 % filf1 x f2)I?
=1L x P+ x AP +1fix P (6D
<ILPIAE+IAPLAR +LAPRE

and so we can bound from above (3.59),
th |(Vm;10)(adj VW) |?dz < th IVm;|*| adj Viw *Pdz
Q Q

. 1 1
< K fQ Vm;|? (ﬁ|azwjh|2|a3w/’|2 + 5103w " 100w 1 + 101w, 2102w | dz.
(3.62)
Applying the bound in (3.60) to this estimate, we conclude as desired

K . ) v,
° fg |(adj Vi) (Vw ) Pdz < kuM fg VmjlPdz =i iM;. (3.63)
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Here, M; is a constant depending only on y;, b; and m;.
To complete the proof of Proposition 3.3.4, it remains to show that in the limit as
h — 0, the energy is bounded as in (3.27). From (3.58) and (3.63),

"wlmM < f Wap(Vy))dZ + E, ; + E7 + knM;. (3.64)
w

We now fix j € N and take the limit as 4 — 0. Notice from (3.42), IIVhwjh -
(Vy;jlbj)ll,2 — 0 as h — 0. This implies ||Vhwjh||L2

independent of 4. With these two observations, we conclude E }lj —0ash —> 0,

< C; for some constant C;

see (3.50). Further, since x, — 0 as h — 0, k;,M; — 0 since M; is independent of

h. Collecting these results and combining with (3.64),

lim supIh(w m; ) < lim sup (f WZD(vyj)dZ + E}l’j + E]2 + KhMj)
w

h—0 h—0 (365)

:fWZD(ﬁyj)dz+E}.
w

Finally, using (3.28), the fact that II“z,Ul — 0as j — oo (n; — 0, see Lemma 3.3.5
(ii)), and (3.57) we conclude

hmsuphmsup]h(w mh) < lim sup (f WzD(Vy])dz+E )

j—oo h—0 j—oo

(3.66)
f Wi (Vy)dz

We now choose a diagonal sequence h; — 0 as j — oo so that this estimate is
satisfied and w" — y in W2(Q,R?). This completes the proof. O

3.4 Explicit formula for membrane energy density

Simply put, we have the following theorem:
Theorem 3.4.1 The effective energy density qug : R¥? = R defined by
ch (F) :=inf JCW2D(F +Vp)di: ¢ € W(}’“’(w, R3)} (3.67)
is, in fact, given explicitly by
WD (F) = yop (A (F), 6(F)) (3.68)

for all F € R¥2. Here, yop is defined explicitly in (3.8), Ay (F) := sup,csi | Fe|
and 6(F) := adj F.
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For this theorem, we let
WM (F) = Yap (A (F), 5 (F)), (3.69)

for yrop given explicitly in (3.8). We need to show that this characterizes the effective

energy density of a membrane of nematic elastomer, i.e., that ngg = wmen,

Preliminaries
For the proof, we first recall some concepts from the calculus of variations (cf.
Dacorogna [33]).

We say that f : R¥? — R U {+00} is polyconvex if there exists a convex function
g which depends on (F,adjF) (i.e., all of the minors of F € R3*?) such that
f(F) = g(F,adj F). We say that f : R®? — R U {+o0} is quasiconvex if, at every
F € R3*2 we have

f(F)dx < f(F +V¢)di (3.70)
(0,1)? (0,1)?
for every ¢ € W01’°°((0, 1)2,R?). Note that the foregoing inequality holds for every
D open and bounded subset of R2 with |dD| = 0 (see, for instance, Ball and Murat
[7]). Finally, f : R3>*2 — R U {+00} is rank-one convex if t — f(F+ tA) is a convex
function for all £, A € R3*% with rank A = 1.

If afunction f : R¥? — RU{+c0} is not quasiconvex, we define £9¢, the quasiconvex

envelope of f, as
f4° :=sup{h < f, h quasiconvex}. (3.71)

Analogously, we define f€, fP¢, f"° as the convex, polyconvex and rank-one con-
vex envelopes respectively of f. In the general case of extended-value functions,
convexity implies polyconvexity and polyconvexity implies both rank-one convexity
and quasiconvexity, but quasiconvexity alone does not imply rank-one convexity.
Therefore, if f : R™" — R U {+o0}, we have

fre< fIe, < e (3.72)

On the other hand, in the case of a real-valued functions, quasiconvexity implies

rank-one convexity and hence, if f : R™" — R, we have

fC< fPe< fIc < e (3.73)
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We give an alternative representation formula for the rank-one convex envelope of a
function f : R™" — R U {+o0}:

K K
FreF) s=inf{ )" Aif (B ) A = F, (4, F) satisfy H |, (3.74)

with A; > 0 and ZiK A; = 1. Family (4;, F)) satisfies a compatibility condition here
labelled with Hg and defined in [33, Sec. 5.2.5]. In the same spirit we define
semiconvex hulls of a compact set K c R"*". The set
Ko =(F e RN
f(F) < sup f(A) forall f:R™" - R polyconvex} (3.75)
AeK
is the polyconvex hull of K. The quasiconvex hull K?¢ and the rank-one convex

hull K¢ are defined analogously. The lamination convex hull K¢ of K is defined
Kle = {F e R¥?:

f(F) < sup f(A) forall f:R>? — RU {+oo} rank-one convex}.
Aek

(3.76)

Equivalently, K“ can be defined by successively adding rank-one segments (see

DeSimone and Dolzmann [37]), i.e.,
¥l = U«("), (3.77)
i=0

where K% = K and

7(<i+1) = W(i)U{F = /lFl + (1 - /l)Fz : Fl,Fz € 7<(i),
o (3.78)
rank(Fy - F) < 1,4 € [0,1]}.
The relations between the different notions of convexity imply the inclusions (see

DeSimone and Dolzmann [37])
K C K C K C K (3.79)

We refer the interested reader to Dacarogna [33] for a discussion of all the different

notions of convexity and their relations.

Proof of Theorem 3.4.1
Before we proceed with the proof of the theorem, we begin with two remarks
regarding notions of quasiconvexity for extended value functions (i.e., functions

taking the value +00):
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Remark 3.4.2 (i) Building off techniques due to Fonseca [42], it is well estab-
lished (see [3, 31]) that since the extended value Wap: R¥>? — R U {400}
satisfies (3.26) on full-rank matrices, the effective energy density qu[c) is qua-
siconvex, Lipschitz continuous on bounded sets, and its definition does not
depend on the choice of the domain w, as long as it is open, bounded and
|0w| = 0. Furthermore, there exists (c¢f. Lemma 3.1, [31]) a constant ¢’ such
that

1. o = i
—|FI? - ¢ < WI(F) < IF)* + . (3.80)
c

(ii) Some care needs to be taken when dealing with extended real-valued quasi-
convex functions. Indeed, the fact that a function f : R¥>? — R U {+o0} is
quasiconvex (according to the definition above) does not imply that the asso-
ciated functional fw f(Vy)dx is sequentially weak* lower semicontinuous on
WL (w,R3) [7]. In the current situation, thanks to (i), the relaxed energy
density has polynomial growth and therefore weak lower semincontinuity is
true for the relaxed functional. Alternatively, we refer the interested reader to
Ball and James [5] where a more restrictive definition of quasiconvexity for
extended real value functions is presented. This definition guarantees weak
lower semicontinuity of functionals associated to extended real value integrand
functions. It is an easy computation to show that both the approach pursued in
what follows and the relaxation technique based on the alternative definition
of the quasiconvex envelope give the same results for the functional considered

in this thesis.

Proof of Theorem 3.4.1. Recall that the quasiconvex envelope of an extended value
function is not in general bounded from above by the rank-one convex envelope.
However, we show that this bound is true for W>p. By Remark 3.4.2(i), W is
a finite-valued, a quasiconvex function and W) = (W];)%°. Therefore, if we
substitute f = qug in (3.73) we obtain

(W) < (W)™ < (W)™, (3.81)

Then, by (3.72) we conclude
Whp = (Wyp)Pe < (Wp)Pe < (W)™ < (W)™ < Wi, (3.82)

and recover the classical inequality

(W2p)P© < (Wap)?© < (Wap)™. (3.83)
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r1/6

Figure 3.3: (a) Idea of the proof of Lemma 3.4.5. (b) Level curves of W,p in the
space (Ap, 0).

We show in Lemma 3.4.3 and Lemma 3.4.4 that W™é™ < Wf lc). We show in Lemma
3.4.5 that Wj7, < W™, Combining these with (3.231),

W < Wih < WiD < Wip < W, (3.84)
and the result follows. O

Step 1: A formula for W,p
Lemma 3.4.3 W, defined in (3.3) has the explicit form as provided in (3.4), (3.5)
and (3.6). Equivalently,

N min;— (A (F), 6(F if rank F =2
Wap (F) = i=123 Qi(Am(F),0(F)) if (3.85)
+00 otherwise,
where
2
L M 1/3 /lM o) 1
©1(Apm, 0) = 5(’” (7 /1—2 ﬁ) -3,
M
2
M43 O 1
goz(/lM,(S) = —(7‘ A, +— 4+ — —3),
2\ Ay 57) (3.86)
) ‘—z‘(r”(%z +27505) 3), if Aud € 712111
@w3(Apm, =
+00 otherwise.

Proof. The proof is an explicit calculation. To begin, if rank F # 2, then det(F|b) =
0 for every b € R3. This implies W O(F |b,n) = +oo for every b € R3. Then
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Wop(F) = +00. Thus for the remainder of this section, we restrict our attention to
the case that rank F' = 2.

Let ff,(b) := Wo(F|b,n) and gz(b) := b" adj F — 1. Then, infycps W¢, (F|b,n) is
equivalent to the optimization

inf {f7,(b) : g7 (b) =0} . (3.87)

Here f, is a convex, differentiable function and g is an affine equality constraint.
It follows that by is a global minimizer of this optimization if and only if there
exists a 4 € R such that Vfz,(bo) + AVgg(by) = O (see, for instance, Boyd and
Vandenberghe [21], Section 5.5.3). Solving this equation, we obtain

*)adj F
o=—( ”)aJ- ~ (3.88)
|(€;)1/% adj F|?

for (£;) defined in (2.20).

Let VT/(F ,n) = Wo(F|bg,n). Since by is a global minimizer for the constrained
optimization above, W (F,n) = inf,cg: W¢ (Flc,n). Then from (3.4), it follows
that inf . W(F,n) = Wap(F). For this optimization, we simplify the analysis
through a change of variables. We write F = QDR for Q € SO3), R € O(2) and
D = diag(Aps, A,y) With Ay > A, > 0 as the singular values. We can say 4,, > 0
since rank F = 2. Additionally, we set n = Qm, and impose the S? constraint via

m% =1- m% - m% Then by direct substitution,
(D _ K a3 2 2 2
W(ODR, Qm) = —(r yAy — &y, —A,) + ————— —3)
O ey - 1)/11%41%1) (3.89)
= a(/lM, /lm, 7’ é‘:Z)a
where

r—1

y=&+&, &m)=l-am?, i=12 a= (3.90)

Here a € [0, 1) since r > 1. Further, we let 6 = Ay 4,,, and set

‘p(/lM’ 57 'fl’ 62) = QZ(/lM, 5//1Ma é‘:l’ 52)

62 1 (3.91)
A et ) )

Note that the constraint Ay > 4,, > 0 implies A2, >6>0.
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W is dependent on only four constrained variables. Consider the closed set
B:={(r.&): y-& <L bHell-allandy € 2-a,2]}. (3.92)

$ combined with the constraint /1%4 > 0 > 0 gives the admissible set for ¢. Hence,

we have

Wap(F) = inf W(F,n)
nes?

L ) (3.93)
= inf {(Au(F), 6(F),7.£2) : 3 26> 0.(.62) € B}
562
Observe that
inf {@(Au, 6,%.62) : A3, 2 6 > 0, (7, &) € B} = p(Au, 6,7, 1)
= (3.94)
= @o(Ap,6,7)

by (3.91) since 22, — (6/Ap)? > 0. Then,
Wap(F) = inf {@o(Ap(F),6(F),y) : 3,26 > 0,y € [2-a,2]},  (3.95)
Y

where

2
M5 192 L [ 9 1 _
20 (Art. 8,7) = 2(r (v MMJr(AM) ) 3). (3.96)

o is a continuous function on this constrained set (which is moreover bounded in
v). It is also differentiable for v in the open domain (2 — @, 2). It follows that
the infimum is attained. Further, ¥ minimizes ¢( only if it is on the boundary, i.e
¥ =2-aory =2,oritisacritical point, i.e. 9,¢0(dy,0,y) =0andy € 2-a,2).

We proceed case by case. For this, we observe that in letting y = 2—a, ¢o(A, 6,2 —
a) = ¢1(Ady,0). For the other boundary, y = 2, we obtain ¢g(dy,0,2) =
@2(Ap,0). Finally, in computing the critical point d,¢o(Aum,6,y) = 0, we ob-

tain
172
y=——+1€2-0a,?2). 3.97
V=S 2-a,2) (3.97)
Direct substitution ¢y( Ay, 6, ¥) yields the finite portion of ¢3 over its entire domain

-1/2
b

of validity 13,6 € (r~'/% r'/?) (i.e., since the admissible set for ¥ is provided by the

inclusion in (3.97)).

To complete the proof, first observe that on 4,6 € (r‘l/ 2 P12y,
_ 1,2
o1 —¢3 = grm(r Piu-5) 20 = esen
_12 (3.98)

2
e VK ) >0 =  ¢3< .

— /l r
f2-93=5 (M— 5
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-12

This proves that Wop = 3 0 (4, 0) in the region A6 € (r r12). To complete

the computation in the remaining regions observe that

p1— 2= 5r'P(1- %)(% + AM)(é — Au). (3.99)

yielding ¢1 < ¢, if 6 > A;} and @5 < ¢y if 6 < ;. Therefore we have

Wap = @10 (Ay,6)  if Ayd > 1'% 6 < 43, (3.100)
and

Wap = @20 (Ay,6) if Ayd <r 126 < 23, (3.101)
as required. m|

Step 2: Upper bound or W < W,
Lemma 3.4.4 Let W™ be as in (3.69) and Wrp as in (3.3). Then for each
FeRr3*2

W (F) < WyD(F). (3.102)

Proof. We prove this in two parts. In Part 1, we prove that W"*"" is polyconvex and

in Part 2 we prove that W™ < W;p. The result follows.

Part 1. We now show that W™ is polyconvex. First, observe from (3.69) that there
exists a function ¢ : R2 — R (here by R, we denote the set of all non-negative real

numbers) such that
Wmen(Fy = g (Ap(F), 5(F)). (3.103)

It also follows by verification (also see Proposition 2 of DeSimone and Dolzmann
[37]) that ¢ is convex and i is non-decreasing in each argument (i.e., ¥ (s, ) in
nondecreasing in s for fixed ¢ and nondecreasing in ¢ for fixed s. We then notice
that Ay (F) = sup,,csi |F'm| is convex in F. Further, §(F) = |adj F| is convex
in adj F. Since the composition of a convex function with a non-decreasing and
convex function results in a convex function, we conclude that there exists a convex
function g : R¥? x R* — R such that

WAy (F), 6(F)) = g(F,adj F). (3.104)
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)
L e
r1/2y ;1
‘ el pol/2y, 1
L ) 4%
rl/3 0 Au

Figure 3.4: Regions where the comparison for W”" and the functions ¢; (dark
gray), ¢ (light gray) and ¢3 (silver/intermediate gray) occurs.

Combining with (3.103), we conclude that
Wmen(Fy = g(F,adj F) (3.105)
for convex g. By definition of polyconvexity, W"”¢" is polyconvex.
Part 2. We now show that W™ < W,p. We show by explicit calculation that
W (FY < @i(An(F),8(F)), i=1,...3. (3.106)
It follows that

WM (E) = yap(Am(F), 5(F))
< 'e?ll?,l.l_?,} (Pi(/lm(ﬁ)a 8(F)) = Wap(F)

1

(3.107)

from (3.85).

Yop < ¢y: First, in the region £ of liquid behavior there is nothing to prove.
Therefore, referring to Figure 3.4, we are left with showing that y,p < ¢; in the
light gray region of equations for '3 < Ay < r~1/267!. Recalling that in this
region Yop = £(r'3(A2,r~" + 223 - 3), it is enough to prove that

23 2

2 2 1
M 2 < 2 .2 4 : -1/2 -1 1/3
bl < inf{ (a3 + 12W+r52) for: 6 <7251, Ay > r'?}. (3.108)
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The critical point of /112‘4 + 62/15/[2 +r71672 is attained at 6% = Ay~ V2. This

corresponds to a minimum, yielding the following inequality

A2, 2 2
M < —— 3.109
r /lM - M /lMl”l/2 ( )

which is indeed true for Ay > r'/3. Then, evaluation of 12, + 5?17 + r~'67% along

the curve § = =1/ 2/11“,11 does not improve the inequality above.

Yap < ¢1: We focus on the interval 6 > r!/ 2/11_”1 corresponding (if again we
ignore the region £) to the dark gray area in Figure 3.4. This set has a non-empty
intersection with both the simple-laminate regions M, W and the regime of solid
behavior S. First of all, notice that if (1, 8) € S then W™ = W,p and there is

nothing to prove.

Let us assume r~1/222 < § < 43,6 > r'/22;]. This corresponds to a subset of M

for which we have y,p = %(rl/3 (26r~12 +672) —3). We are left with the inequality
2

26 1Ay, 6

1 -1/2 32 2 1/2 3-1
m+§37+g+§ for r /1M<6S/1M,5Zl’ /lM’ (3.110)

which is trivially true.

1/2
M

we have Yop = %(1’1/3((/1%4,1’_1 + 2/11_1/11) — 3). The inequality

Then, let us assume r'/ 2/1541 < 6 < 4,,”. This is a subset of the region ‘W for which

A2 2 A2 82
M, 2 M T for 225 <5 < A2 (3.111)
r Ay r /1121/1 02

follows trivially.

Yop < @30 We now focus on the interval 6~ 'r~ 12 < Ay < 671r1/2

corresponding
to the silver/intermediate gray area in Fig. 3.4. Notice that if we remove the region

L (for which there is nothing to prove), we are left with two disjoint subsets.

We begin with considering Ay > r!/3. Since in this region y»p = %(rm(/lﬁ/lr_l +
21;; —3), it is enough to show that

A2 2 52 22
TM+ES1nf{(/l—2 ﬁ)

(3.112)
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which is equivalent to

A 2 1
TM + E < 11’1f{</1,2n +2m)

1 1 (3.113)
for —r 12 < Ay < =2 Ay > r1/3}.

22 22

M M
The critical point of /151 + 2r‘1/2/l,_n1 is attained at (A, Ay) = (¥~ V6, r13) e L.
Then, we have to evaluate A2, +2r~"/22, 1 on the curves of equations A,, = 4;7r~'/2
and 1,, = A;7r'/2. Notice that, for A, = r'/>27? we have that ¢3 = ¢; while for
Ay =17V 2/1]_”2 we have ¢3 = ¢, and from discussion of these cases previously, it

therefore follows that (3.113) is true.

To conclude, we have to prove that the inequality ¥»p < ¢3 holds in the remaining
subregion defined by A3, > 6,6 > r'/%and 6 < r!/2;]. This subset is contained in
the region M in which case we have y,p = g(rl/3 (26r~12 + §72) — 3). Therefore,

we are left with proving the inequality

26 1. 5 2y
m + E < ll'lf{(/l—2 + —r1/26)
M " (3.114)
for 6'/% < Apm, 0 > r1/6,6 < r—},
Am
i.e., equivalently

20 = <inf{(42+ o)
r ) ri’2 3, (3.115)

for A, < 6246 > r'/0 2, > r‘1/2(52}.

In order to prove the inequality above, it is enough to evaluate the function A2, +
2r~1/22-1 on the boundary of the region defined on the right hand side of (3.115).

This yields the following two relations

26 1 2

ﬂ+_2S6+m f0r6€(r1/6,r1/3),

Ny riel (3.116)
mﬁ‘ﬁﬁ’”_lé‘lﬁ‘ﬁ for6€(r1/6,rl/3),

obtained by evaluating A2, +2r~12 21 for A, = §'/? and A,, = r~/262, respectively.
To show that the former holds it is convenient to operate the change of variable

(r'/4,r1/2) 5 £ := §3/% and thus, writing the former equation in (3.116) as follows,

-2 +26 1220 forge (' r?), (3.117)
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which can be easily shown to be true for all » > 1. Then, it is immediate to prove

the latter inequality in (3.116).

This exhausts all cases, and so the proof is complete. O

Step 3: Lower bound or W] < W™
Lemma 3.4.5 Let W™ be as in (3.69) and Wyp as in (3.4). Then, for each
FeRr3*2

Wi (F) < W™ (F). (3.118)

The proof makes repeated use of lamination. We collect the calculations in the

following proposition.

Proposition 3.4.6 Let g,d € R with g > 0, g> > d and define

K = [F e R¥?: Ay(F) = q, 6(F) =d),
K, = [F e R¥?: Ay (F) = g, 6(F) €10,d1}, (3.119)
K, = {F e R¥?: Ay (F) € [d'? ql, §(F) = d}.

Then, for d > 0, K,, ¢ KV and for d > 0, K, c KD.

Proof. We begin with K,,. Let F € K, with A3, (F) = g, 6(F) = 6 € [0,d]. Using

the polar decomposition theorem we can take

q O
F=]|0 g (3.120)

00

Define
0 _
F* = g +4 9—1 1+§ (3.121)
B —q | 2 d]’ '
0 0

Note that F* € K, 0 € [0,1] since 6 < d, rank (F* —F~) =1and F = 0F* + (1 -
0)F~. Therefore, K,, ¢ K1,

The proof of Ky ¢ K () is similar (also see [37, Theorem 3.1]). Again, using the

polar decomposition theorem, we can take F € K as a diagonal matrix. First, let
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us assume ¢ # 0 and Vd < ¢ < g which corresponds to ¢ > d/c and define

c x£
FF=10 4 (3.122)
0 0
Note §(F*) = d. Further, the eigenvalues of (F*)T F* are
V(o & o\ 1, & )\
E(f +C—2+c)i\/z(§ +§+c —d-. (3.123)
So the choice
d? d? 1 d?
S B N N N 5 B S R
3 _q2+q 2 ¢ _qz[ Cz][q C]ZO (3.124)

makes Ay (F*) = g. Therefore, F* € K. Further, F = %FJ“ + %F‘ and rank
(F* — F7) < 1. For the case F € K such that F = 0, replace the diagonal entries
in (3.122) with 0 and repeat the argument. Therefore, K, c K. O

Proof of Lemma 3.4.5. We show that
Wie (F) < W™ (F) (3.125)

region by region. In the region S, note Wop = W™ and the result follows.

Now, let F € ‘W with ¢ = Ay(F) > r'3 and d = 6(F) < ¢'/%. This corresponds
to the point A in Figure 3.3(a). Let

K :={G e R¥?: Ay (G) = ¢, 6(G) = ¢'?} (3.126)

that corresponds to the point B in Figure 3.3(a). By Proposition 3.4.6, we have
F € KD Therefore, there exists A € [0,1]and Gy, G5 € K with rank(G,-G,) < 1
such that . 3 ~
Win(F) < AW (Gr) + (1 = YW, (Gr)
< AWap(Gy) + (1 = HYWap(Gr)
22
(L 2) )
= WM (F).

(3.127)

Above, the two inequalities follow from the fact W7 is rank-one convex and W7, <

Wsp. The two equalities follow by explicit verification of the formula.



67

Now, let F € M with d = 6(F) > r'/® and g = Ay (F) € [d'/? r'/*d'/?]. This
corresponds to the point C in Figure 3.3a. Let

K ={G e R¥?: Ay (G) = r'*ad'? 6(G) = d} (3.128)

that corresponds to the point D in Figure 3.3(a). Therefore, by Proposition 3.4.6,

we have F € KD Therefore, arguing as before, W7, (F) < Wmem(F).

Finally, let F € L with ¢ = Ay(F) < r'3 and d = §(F) < min{q¢? r'/®}. This
corresponds to the point P in Figure 3.3a. Let

K =G eR¥™: Ay (G) = '3, 6(G) = d} (3.129)
and
K ={G e R : Ay (G) = r'3, 6(G) = r/%) (3.130)

that correspond to the points Q and Z in Figure 3.3(a), respectively. From Proposi-
tion 3.4.6, F € K (V. Further, again by Proposition 3.4.6, K c K. In other words,
F € K®. We can again argue as above to show that W} (F) < 0 = W™ (F') as

required. O

3.5 Characterization of fine-scale features

The energy density W;p in (3.3) is not quasiconvex. Thus a membrane with this
energy density is able to relax its energy to that of qulc) through the introduction
of fine-scale features. In this section, we characterize these features. Briefly, we
show that the features in region M are essentially planar involving oscillations of
the director (i.e., no wrinkling) while those in ‘W are necessarily wrinkles (i.e.,
uniform director and out-of-plane oscillations). Further, we show that there are no

fine-scale features in region S.

To characterize the fine-scale features, we consider the two-dimensional energy

Exp(y) = f Wap(Vy)dx (3.131)

subject to affine boundary conditions, i.e., the space of deformations Ay = {y €
W, RY): y-Fof € Wy (w, R?)} with Fy € R¥2. Itis known (cf. Lemma 3.1(ii)
and Lemma 6.2, [31]) that there exist weakly converging minimizing sequences that
satisfy

yj = Fof in WH(w,R?)

with  E:p(y;) = inf Ep = |w|Wy;,(Fo) as j— co. (3.132)
Fy



68

Let v; be any W'? gradient Young measure generated by such a sequence. Since
{y;} is a minimizing sequence for Ip, it is also a minimizing sequence for the
relaxation fw qug(ﬁy)di. Further, since WJ is non-negative and bounded as in
(3.80), it follows from Theorem 1.3 of Kinderlehrer and Pedregal [55] that

F(Vy;)) = (vg, f) in L' (A)

7 (3.133)
forany f € {g € C(R¥?): lig( ) < 400y,
FeR3x2 |F|2 +1

and for every measurable A C w whenever the sequence {f(Vy;)} converges. As

an immediate consequence, we obtain the identities

(ve,id) = Fo, (ve, WD) = W] (Fy) ae. x € w. (3.134)

Now, since W p is a normal integrand, the fundamental theorem of Young measures
gives an inequality, liminf; .., Lp(y;) > fw(vi, Wop)dx (cf. Definition 6.27 and
Theorem 8.6 in Fonseca and Leoni [43]). Thus,

I WSy (Fo) = lim Lp(y)) = f (vs, Wap)d

/ @ (3.135)

> f (e WY = || WS (Fo),
w

where we use the fact that Wop > qug. It follows |a)|W2qg(150) = fw(v)z, Wop)dXx.

Again using the fact that Wpp > W, and (3.134), we conclude

(v, Wap) = Wi (Fo) ae. % € w. (3.136)

By the localizing properties of W2 gradient Young measures (cf. Theorem 2.3 of
Kinderlehrer and Pedregal [54]), we conclude that the fine-scale features which arise
from minimizing sequences of W, are described by the homogenous W - gradient

Young measures admitting the identities
(viid) = Fy. (v, Wap) = Wi (Fo). (3.137)

The support of such Young measures is highly restricted:
Theorem 3.5.1 Letr > 1, Fy € R¥? and let
My, = {v € M% (v.id) = Fy, (v.Wap) = Wiy (Fp)} (3.138)

be the set of homogenous W' gradient Young measures that satisfy (3.137). This

set is non-empty and the following is true:
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(i) (The region M.) Suppose (Ay(Fp), 8(Fo)) € M. Set § := §(Fy) and Ay =
Ay (Fp). Let the singular value decomposition of Fy be given by Fy := QoDoRy
for Qg € SO(3), Ry € O(2) and Dy := diag (1y, 6/ Ay) € R32.

Then any vy, € My, satisfies

supp v, C Ky = {F e R¥?: F = Qy0D;R,

) i ) (3.139)
st. Q € SO(3), Re0(2), det(R)Qes = det(Ro)e).

where e3 € S? is orthogonal to the plane of the reference configuration of the
membrane and D := §'*diag (r'/*, r=1/%) e R3*2,

(ii) (The region W.) Suppose (A (Fy), 6(Fy)) € W. Set Ay = Ay (Fy). Further,
let ey € S? and éy € S' be the unique pair (up to a change in sign) of vectors

which satisfy Foéy = Ayen.

Then any v € Mg, satisfies

supp v, € Kay = {F € R (A, 0)(F) = (Aw, 211142)’

_ _ (3.140)
s.t. Feéey = /lMeM}.
(iii) (The region L.) Suppose (Ay(Fp),6(Fp)) € L.
Then any v, € My, satisfies
supp vi, C Kg = {F eR™ (A 8)(F) e £
(3.141)

s.t. Ay (F)/6(F) = r—1/6}.

(iv) (The region S.) Suppose (Ay(Fy), 5(Fy)) € S. Then any Vi, € My, is a Dirac

mass, i.e., Supp vp, = {Fol.

This result has striking physical implications related to the instabilities of microstruc-

ture and wrinkling:

Remark 3.5.2 (i) (The region M.) First consider the particular case when Q¢ =
I. Consider any F € supp v, and its characterization in (3.139). Since
det(R)Qe; = det(Ry)es, it follows Q[)gléf/ -e3 = 0 for each v € R2. In
other words, Ql~)51§ maps R2 t0 R2.  Thus, all the oscillations are in the
plane. Further, for such matrices F, Wap(F) = Wsp(F|c) = W (F|b,n)

1so

for b = (0,0,6 )T and n - e3 = 0. The first of these identities follows from
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the fact that (Ap(F),5(F)) € S (see Lemma 5.3 and 6.2 in Cesana et al.
[25]), while the second follows from the fact that the largest principal value of
(F|c) is Ay (F). Importantly, the director is always in the plane. In summary,
the director oscillates in the plane and oscillations create no out-of-plane
deformation. The case Qo # l3x3 is similar except the plane is oriented by
the rotation Qo. Thus, the fine-scale features in M are limited to in-plane
oscillations of the director. In other words, they are related to the formation

of material microstructure and not structural wrinkling.

(ii) (The region “W.) First consider the case when ey = (€y,0). Using an
argument as before, for any F € supp Vi Wap(F) = Wap(F|c) = WE(F|b, n)
forb-ey =0, |b| = /il_wl/z and n = eyy. In other words, the director n is fixed
with an in-plane direction ey;. Further, notice Finthe {ey, (éj;l, 0)7, e3} frame
is necessarily of the form F = QD for Dy := diag (1, 2541/2) e R¥>? and
for some Q € SO(3) that satisfies Qey; = ey. In other words, the membrane
is uniformly stretched by a factor Ay in the ey direction, uniformly contracted
transverse to the stretch by a factor /ij_wl/ 2 and with the fine features related to
rotations about the fixed axis of stretch ey;. That is, these oscillations represent
wrinkling or undulations perpendicular to ey (i.e., the direction of maximum
stretch). The general case ey # (€y,0)7 is similar except a uniform rotation
orients (éy,0). to ey. In summary, the maximum stretch and director are
fixed for this region, and undulations occur transverse to this direction. Thus,
the fine-scale features in ‘W are related to the structural wrinkling and not

material microstructure.

(iii) (The region L.) The region L involves only the spontaneously deformed states.
However, these can be arranged in a manner such that the effective deformation

is due to soft elasticity and/or crumpling.

(iv) (The region S.) There are no fine-scale features associated to S since the

support of Vg, is a Dirac mass.

In summary, this theorem guarantees that effective deformation in region M neces-
sarily corresponds to material microstructure only, effective deformation in region
‘W necessarily corresponds to structural wrinkling only, and effective deformation

in region § is without instability.
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Proof of Theorem 3.5.1.

We now turn to the proof of the Theorem 3.5.1, which provides a characterization

of the fine-scale features in the membrane. It relies on the following lemmas.

For definiteness and completeness, we introduce the notion of a gradient Young
measure, which characterizes the statistics of the fine-scale oscillations in the gradi-
ents weakly converging sequences (cf. Miiller [74]). We define a homogenous W -2
gradient Young measure to be a probability measure that satisfies Jensen’s inequality
for every quasiconvex function f : R¥? — R whose norm can be bounded by a
quadratic function. Let M denote the space of signed Radon measures on R3*? with

the finite mass paring
(w f)= fRM f(F)du(F). (3.142)

Then the space of homogenous W2 gradient Young measures is given by
M=y e M - |Ivll = L{v, ) 2 f({v,id))

. 3X2 . . - 2 (3.143)
VY f: R — R quasiconvex with | f(F)| < C(|F|” + 1)}.

The proof of the theorem relies on the following lemmas:

Lemma 3.5.3 Let Fy € R¥? and § satisfy the hypotheses in Theorem 3.5.1 Part (i).

Then any v, € My, satisfies

supp v, C {F € R (A4, 6)(F) = (r'145'/2, 6)). (3.144)

Lemma 3.5.4 Let Fy € R¥? and Ay satisfy the hypotheses of Theorem 3.5.1 Part

(ii). Then any vy, € My, satisfies

supp v, C {F € R¥2 1 (A, 6)(F) = (Ayr, 1,1} (3.145)

Proof of Lemma 3.5.3. Recall from the previous section that we may write qug =
Yo (Apy,0)and Wop = @o (Adyy,0) where ¢ (¢) : R —» R (RU {+00}), respectively
for R = {(s,t) € R? : s> > 1,t > 0}. Recall also that Y is a convex, and it is
non-decreasing in each argument. Also, ¢ < ¢. Finally, (13,6) : R¥? — R
are quasiconvex functions bounded quadratically. Therefore, for every homogenous
w2 gradient Young measure with (v,id) = Fo,

W (Fo) = ¢ o (Au, &) (v, id))
S Yy, Ap), (v, 6))
< (v, o (A, 90))
< (v, o (A, )y =(v,Wap).

(3.146)
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Here, the first inequality follows from the Jensen’s inequality satisfied by homoge-
nous W2 gradient Young measures since (1, §) are quasiconvex with the appro-
priate growth and ¢ is non-decreasing in each argument. The second inequality

follows from the convexity of i, and the third follows since ¥ < ¢.

Now, for any vz € My, each inequality in (3.146) is an equality. This restricts the
support of v . To deduce this restriction, suppose that the point (A (Fo), 6(Fp)) €
M corresponds to point C in Figure 3.3(a).

Consider the first inequality. By quasiconvexity and growth conditions, (vz, Am) =
Ay (Fp) and <VF0, 0) > 0(Fp). Inthe (A, 0) space in Figure 3.3(a), these inequalities
imply the point (<VF0, Am), (vFO, 0)) cannot be to the left or below point C. Further,
every point to the right and above the point C has higher ¢ (cf. Figure 3.2) except

the line between and including the points C and D. Hence,

(vgy Am) (Vg 6)) € CD. (3.147)

Next, consider the last inequality. Since ¢ = ¢ only on S U {(s,7) € L : t/s =
r1/6) =2 &’ (see Figure 3.3(b)), we conclude

supp v, € {F e R : (Ay,6)(F) € S'}. (3.148)

It remains to consider the middle inequality in (3.146). We do this in Proposition
3.5.5 below. If the middle inequality is an equality, we show in the proposition the
support of vz satisfies (3.144). This completes the proof. O

Proposition 3.5.5 Let Fy and b be as in the Theorem 3.5.1 Part (i). If v, satisfies
(3.147),(3.148) and

(i A (Vs ) = (v ¥ © (Aag, 6)), (3.149)
then the support of v, satisfies (3.144) in Lemma 3.5.3.
Proof. Set A* = {F : (Ay, 8)(F) e SN {6 > §}} and

9+:f dvi, (F). (3.150)
ﬂ+
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If 6% = 1, then by the polyconvexity of ¢, (vg,d) > 6 contradicting (3.147). Now

consider the case 1 > 07 > 0. Set

1 - - _ 1 - -
/lL = 0—+ . /lM(F)dVFO(F), /lM = m Lg’xz\yﬁ /lM(F)dVFO(F),
1 - - 1 - _
0F = — S(F)dvz (F), 0 = S(F)dvz (F).
0+ A+ ( ) VFO( ) 1 - 9+ L3x2\ﬂ+ ( ) VFO( )
(3.151)
Clearly, 6 > § and
6" Ay + (1= 694y = (v, Adur),
otet+(1-6"6 = Vi 0)- (3.152)

From the equality in (3.152), 6~ < 6. Further, notice from the convexity of i that

1 - ~ _
WAy 6%) < o f v (A (F), 6(F)) dvp, (F),
v (3.153)

Y(Ay,07) <

o fR M\Ww (Am(F), 6(F)) dvg, (F) .

Now, in the (A, ) space shown in Figure 3.3(a), the definitions above imply that
the point (1}, 6") is a point above the line CD while (1,,67) is below the line CD
such that the line joining these points intersects CD. It is easy to verify by explicitly
computing the derivative along such lines (or by inspecting Figure 3.2), that ¢ is

strictly convex in such segments. Therefore,
Ui A (Vi 00) = (0745, + (1= 0) A5, 076" + (1-07)67)
<Y (A5, 67+ (1 =05 (A3,,67) (3.154)
< (Vg ¥ 0 (Aa, 6)).

The last inequality follows from (3.153). However, this contradicts the assumption
(3.149).

Therefore, 87 = 0, and
supp v, C {(Ay, 6)(F) € 8" : 6(F) < 6}, (3.155)

which is the compliment of A" in the set given in (3.148).

Finally, given (3.155) and since § = (VFO, 0) (see 3.147), it follows that supp v, C
{(Am,8)(F) € 8’ : 6(F) = 6}. But this is just a single point in the (14, §) space,
and it’s given by (3.144). Thus, we conclude the proposition. O



74

The proof of Lemma 3.5.4 is very similar and omitted.

Proof of Theorem 3.5.1. Existence of a v € M, follows from the construction in

the previous section.

Part (i). For any Fy with (A3 (Fp), (Fp)) € M and for any v € M, the support
of vy satisfies (3.144) by Lemma 3.5.3. Note that (dpy,6)(F) = (r'/*5'/26)
is equivalent to stating that the principal values of F are r!/45'/% and r~1/45/2,

Therefore, by the singular value decomposition theorem, it follows that
supp v, C (F € R¥?: F = QDgR,Q € SO(3), R € 0(2)} =: Kyupp ~ (3.156)

for D given in the statement of the theorem for Part (i).

Now, for any D € R¥*?, 0 € SO(3),R € O(2), it is an easy calculation to find
that adj(QDﬁ) = det(R)Q adj D. Further for D = diag(A41, A2), adj D = A1 Azes.
Further, the adjugate is a minor and therefore (VFO, adj) = adj((vFo, id)) = adj Fp.
Recalling the support (3.156) of v , we conclude

- 1 . 1
det(Ro)Qoes = g(Vﬁo, adj) = gf

adj Fdvg, (F)
R3x2

o ) 3 (3.157)
- f (det(R(F)Q(F)es)dv, (F).

Kvupp

Note that det(Rp)Qoes € S?, and det(R(F))Q(F)es € S? for each F € Kyypp.
In other words, the equation above states that an average of a distribution on S?
yields an element of S2. However, since each element of S is an extreme point, it
means that the distribution is concentrated at a single point on S?. That is, if we let
Q*(F) = Q} O(F), then det(Ro)e3 = det(R(F))Q*(F)es. The result follows.

Part (ii). For any Fy with (Ay(Fo), 6(Fo)) € W and for any vz € My, it follows

from the definition of ey, €, that
f Feydvi (F) = Ayen. (3.158)
R3x2

So,

f |Feyldvy, (F) >
R3x%2

f FéMdVFO(F)‘ = |Foém| = Ay. (3.159)
R3x2

However, from Lemma 3.5.4, we see that max,cg1 |Fe| = Ay(F) = Ay for each
F € supp vg,. Therefore, |[Féy| < Ay for each F' € supp vz . We conclude that
|Féy| = Ay for each F' € supp vj. Setting Féy = Aye(F) for e(F) € S and
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substituting in (3.158), we conclude that e(F) = ey for each F € Supp V. The

result follows.

Part (iii). For any Fy with (1 (Fp), 6(Fp)) € L, the result follows from the fact
that W, is non-negative and Wop (F) = 0 if and only if F € K.

Part (iv). Finally, let Fy € R¥? such that (Ay(Fo), 6(Fo)) € S, vz € M. Recall
Wap = ¢ o (A, ) and g is strictly convex in S. Thus,

supp v, C (F € R¥?: (Ay, 6)(F) = (Au, 6)(Fo)}. (3.160)

This is actually equivalent to the set (3.162) given in Proposition 3.5.6 below since

Am = 6/ Apy. The result follows from the proposition. O

Proposition 3.5.6 Let Fy € R¥? such that the singular values satisfy the strict
inequality

Au(Fo) > A (Fp) > 0. (3.161)

Suppose v is a probability measure on the space of R>? matrices such that (v, id) =
Fy and

suppv C {F € R¥*: (Aus, Aw)(F) = (Aag, Am) (F0)}. (3.162)
Then v (up to a set of measure zero) is a Dirac mass at Fp.

Proof. To begin, set (s, Am) = (A (Fo), Am(Fp)). We let {go1, 802} € R and
{ fm, foz} c R2 be sets of orthonormal vectors such that

Fo = Amgor ® for + Amgo2 ® foo. (3.163)

Let ¢ o (F) :=|F f()llz. This is a convex function. Therefore, by Jensen’s inequality
and given (v,id) = Fy with F satisfying (3.163),

o)z e (Fo) = A3 (3.164)
Conversely, applying a similar change of variables (3.163) to the F' € supp v, we see
Vpp) = f (111 ® fi + Amga ® f2) fonl*) (F)dv(F)

_ f (A3 cos(B(F))* + 23, sin(0(F))*) dv(F) (3.165)

{: B, if v((F e R¥2: sin(0(F)) #0}) =0

< /iﬁ/[ otherwise,
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since by assumption A3; > A,,. Here, cos @ denotes the direction cosine between
fi and fo;. Combining this observation with (3.164), we deduce (up to a set of
measure zero), sin((F)) = 0. This implies (up to a change in sign) f; = fo in
measure. Since f] and f> are orthogonal, it follows that (up to a change in sign)

fz = foz in measure.

We repeat this argument substituting ¢ 7 = with the convex function gg, (F) =
|FTgo1]?. Tt follows that (up to a change in sign) g1 = go1 and g» = goo in measure.
The fact that (v, id) = F ensures the eigenvectors are fixed and not oscillating in

sign with some non-zero measure. The conclusion follows. O

3.6 State of stress and connection to tension field theory

In this section, we seek to understand the state of stress in the membrane.

Consider an incompressible energy density Wip of the form in (2.22) and assume
Wy is C! differentiable. The Piola-Kirchhoff and the Cauchy stress are defined as

P(F) = VEWo(F) = p(cofF) o (F) = (VEWo(F)F" = pl3ss, (3.166)

where p is the indeterminate pressure (Lagrange multiplier to enforce incompress-
ibility) and I3x3 is identity. We find p by requiring the tractions to be zero on faces of
the membrane. Alternately, recall that we obtain the membrane energy density W p
by writing F = (F|c) and minimizing with ¢ (when F is full rank). The minimizer
¢ satisfies
V. Wo(Flcg) — p(adjF) =0 and cz-adjF = det(Flcz) = 1
‘ d o £ d (3.167)
— p= VCWQ(F|CF) cCf.

Above, V. denotes derivative with respect to the third column of the deformation
gradient. Substituting this back in (3.166) and writing VeWy = (VzW|V.Wy) we

obtain a characterization of the state of stress in the membrane.

Pap(F) := P(Fleg) = (VWol0) = (VWaplO),

3.168
oap(F) := o(Flep) = (ViWap) FT. (169

Notice that these depend only on Wp.

However, the effective energy of the membrane is not Wp but its relaxation qug.
In other words, energy minimization with the integral of W;p can lead to fine-scale
oscillations, and thus the stress may also oscillate on a fine scale. Therefore, we

need to understand the overall of effective stress. Ball et al. [6] have shown that if
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[ R™™ — R is differentiable and satisfies certain growth conditions, then f9¢ is
a C! function. Moreover, V f9¢ can be written in terms of V f and a homogeneous
WP gradient Young measure v generated by minimizing sequences of f o f(Vy)dx,

ie.,
Vf‘f":fodv. (3.169)

Unfortunately, W»p is an extended function (equal to +co when rank F' < 2), and the
analogous result is unknown. However, our resulting effective energy qu g is finite
everywhere and is differentiable (except perhaps on a boundary). Consequently, we

have the following characterization of the stress:

Theorem 3.6.1 Ler r > 1, let D C R? be the open set D = {(s,t) € Ri: O0<t<
52}, and let Fy € R¥? such that (A3 (Fp), 8 (Fp)) € D. If v is a homogenous w2
gradient Young measure generated by minimizing sequences for the energy Irp in

the space Af, (see (3.131)) with support in D, then

VﬁowgngVFWZDdVFO(F)’
(3.170)

5 qcN T 5 i1 (T
(Ve Wi F, _f(VFWw)F dvg, (F).

Further, the Cauchy stress o™ (F) = (V Fquc YET has the explicit characteriza-

D
tion in (3.12) for any F € D.

The formula for the Cauchy stress o”*¢"" defined above is quite revealing, and we

refer back to the end of Section 3.2 for the discussion on this matter.

Proof of Theorem 3.6.1.

We turn now to the proof of Theorem 3.6.1.

Proof of Theorem 3.6.1. Recall from the previous two sections that we may write
Wap = @o(dy, 6) and W) = ro(Ay, 6). Now, any F € R¥2 has the representation

F=Ayg1®fi+1ng2® f, (3.171)

where {g1, g2} C R3 and {fl,fz} c R? are orthonormal and Ay > A,, > O are
the singular values of F. These singular values (and therefore 6 = A,,4)) are
continuously differentiable with respect to F as long as they are distinct, i.e. Ay >
A,y with

Vidu=81® fi, Vidu=20 fo (3.172)
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(cf. Corollary 3.5 and Theorem 5.1, [83]). We can use this fact and the representation
for ¢, in Theorem 3.4.1 and Lemma 3.4.3 to conclude that W,p and qug are
continuously differentiable on {F : (1y(F), 5(F)) € D).

The rest of the proof is by computation and verification:

Case 1: (Ay(Fp), 6(Fp)) € M N D. Set$ = §(Fy). According to Theorem 3.5.1
Part (i), supp vz, € Ky. We can now apply the representation (3.171) to Fy and
F € supp v to write the identity Fy = (v, id) as

_ - 5y 5
Amgo1 ® for + (_Z ) 802 ® foo
M (3.173)

= 51/2f (g1 ® fi +rVigr @ fo) (F)dvy, (F).
Km

Another implication of Theorem 3.5.1is any F' € supp v f, canbe written as QoQ D sR
where Qp € SO(3) arises from the identity Fy = QgDoRy, for some Q € SO(3)
and R € O(2) such that det(R)Qe; = det(Ry)es. Here, e3 € S? is orthogonal
to the reference configuration of the membrane. Without loss of generality, we
assume ez = (0,0,1)”. Now for each @ = 1,2 there is a corresponding ¢, >
0 such that g, - (Qoe3) = ca(QuQD;Rf0) - (Qoes) = co(DsRfa) - (Q'e3) =
co(det R/ det Ro)(DsRf,) - e3 = 0. In other words, the vectors g; and g> span the
plane perpendicular to Qge3 for each F e supp vg,. Moreover Qpes = go1 X go2, and
therefore go; and gy also span this plane. Now, let Rj be a 90 degree rotation about 3
and Q; be a 90 degree rotation about Qy f3 so that (R)” for = foo, (R for = = fou
and Q801 = go2, Q802 = —go1- Since {g1, g2} span the same plane as {go1, o2}, and
{ fl, fz} the same plane as { fm, foz}, we have the following relation: If det(Ry) = 1,

then } . } )
R fi=ro Qg1 =g if det(R) =1,

s _ (3.174)
(RO) f1 = —fz, QOgl =-2 if det(R) = —1.
If det(Ry) = —1, then
RO fi=—f Olgi =-g if det(R) =1,
(Ry)" f1=—f2 Qpg1=-& (R) 3.175)

R fi=fo, Qhgr=go if det(R) =-1.

Thus, pre-multiplying and post-multiplying the identity in (3.173) by 6~/ ZQ("; and
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RS respectively yields the identity
51/2

A
(61172)5’02 ® for + ( i ) go1 ® foi
= ﬁ( (rl/4Q8g1 ® (RS)Tfl + I’_]/4Q8g2 ® (RS)T]FQ) (F)dVFO(F)

= f (g2 @ fo+r g1 @ fi) (Fdvy, (F)
Km
(3.176)
by (3.174) and (3.175).

It is easy to Verlfy (rl/ 461/2,5) = 0. Thus, combining explicit differentiation

evaluated in Ky, w1th the identity (3.176), we observe

3 9 0 -
fVFWZDdVFO(F):f(a/{'D Vidu + a‘gvﬁa) dvy, (F)

g - -
— f (_"0 [igl ®f1 + Apg ®f2]) (F)dVFO(F)

96
P 1]
= 5
2,6

L

s 1 - 3 5\ (F 2
,url/3( 02 53/2) fwM (a0 fi+rgr © o) (F)dvy, (F)

512 512 N Ty
— 173 —
= pr (r1/2 5—3/2) ((Z )g01®f01+(61/2)802®f02)

M
5 1 Iy 1
— 1/3 Am M
(3.177)

Finally, it can be verified explicitly that V Wq coincides with (3.177). This gives
the former identity (3.170) for region M ﬂ D.

0
Am

218 f1+Augr® fz]) (F)dvg, (F)

Similarly,
- T gy, (B — dg ~T ~
ViWapF dvg (F) = 65V 0| F dvp (F)

5 1 2 F
= pr'’? f (,1_2 - ?) (81® 81+ 82 ®82) (F)dv, (F)
o\ 2, (3.178)

= !V (r% - é) Ik (@1 051+ 82 @) Pavi )
= pr'’ (i : ) (801 ® go1 + 802 ®goz)
252
The fourth equality uses the fact that the basis {g; (F), g2 (F)} always spans the same
plane, and the plane spanned by {go1, go2}. Finally, it can be verified explicitly
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that Vi quDFoT coincides with (3.178) in this region. This gives the latter identity

(3.170) for region M N D.

Case 2: (Ay(Fp),5(Fy)) € W ND. Set Ay = Ay(Fp). Following Theorem
3.5.1 Part (ii), supp vz C Kaqy and so any F' € supp vy satisfies (Ap(F), 6(F)) =
(A, PR 2) In addition, for the vectors fm e S' and go1 € S? such that F fm = 801,
F € supp vy also satisfies Ffo1 = go1. Writing F € supp vz as in (3.171), we

observe using the properties of the set Ky,

Ffor = (Ang1 ® f1 + (6/Am)g2 ® f2) for
= (Aug1 ® f1 + 43,22 ® f2) for (3.179)
= Ay cos(f)g) + Zj_ul/z sin(0)g2 = Ap8o1.

Here, cos(6) denotes the direction cosine from fy to fi. Applying the squared norm
to the identities in (3.179) yields |F fo11* = (Am)?cos(9)* + ;) sin(6)* = 22,
Since /ijzw > ’iz_vll in W, we deduce from this equation that cos(6) = +1. That is, fl
is up to a change in sign equal to fp;. Substituting for f; back into (3.179), we find

g1 = +go; when f| = = fo, or alternatively
g1®fi=g0n®for ¥V F€supp Vi (3.180)

12

Now, it is easy to verify explicitly 3 £(Ap, A » ) = 0. Thus, combining explicit

differentiation evaluated in Ky with (3.180),
- (")
VﬁWdeVﬁo(F) = aﬂMVF/lM dVFO(F)

= ur'/3 —AM - —62
X r A3
w M

81 ®f1)(ﬁ)dvﬁ0(ﬁ)

’ 1 (3.181)
= ur'3 <_M _ _2)f g1 ® fi(F)dv (F)
r AM KiM
Ay 1
— 1/3
ur ( ;T >801®f1

Finally, it can be verified explicitly that V5 Wq coincides with (3.181). Therefore,
the former identity (3.170) is satisfied for “W.
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Similarly,

~ ~ 0 - ~
fVFWZDFTdVF"O(F) = f (%VF”AM) FTdVFO(F)
Ky M

1/3 G & ~ ~
= ur — g1 ®g1(F)dVFO(F)
Kay

P2 A2
M
it 1 ) ) (3.182)
= ,ur1/3 S A f &1 ®81(F)dVF0(F)
r Am Ky,
A2 1
- ,Url/3 (—M - _—)g()l ® 801-
r Ay

For the last equality, recall g; = +go; for F € supp vf,- Finally, it is easy to verify
explicitly that Vz W F" coincides with (3.182) in this region. Thus, we have the

latter identity (3.170) for regionW N D.

Case 3: (Ay(F),6(F)) € LND. According to Theorem 3.5.1 Part (iii), supp Vi, C
K. We see that VW2p = 0 on Kz and similarly VW, = 0on £ND. The identities
(3.170) follow for region L N D.

Case 4: (Ay(F),5(F)) € SN D. According to Theorem 3.5.1 Part (iv), supp v
is a Dirac mass. According to Theorem 3.4.1, W,p and ng coincide on S N D.
The identities (3.170) follow for region S N D. O

3.7 The Koiter theory for nematic elastomer sheets

The effective membrane energy described in the previous section relaxes over both
microstructure and wrinkling. While this can provide insights, it is not sufficient for
the purpose of understanding the formation of wrinkles or their geometry (i.e., an
explicit description of the out-of-plane undulations including their amplitude and
frequency). Thus, we seek also a theory that can explicitly describe the wrinkles.
However, nematic elastomers can also form microstructure, and for the sheets rele-
vant to the clamped stretch experiments, this microstructure is very fine compared
to the wrinkles since y/«/u < h. Therefore, we seek a theory that simultaneously
relaxes over microstructure and resolves wrinkles. This motivated our development
of a Koiter-type theory for nematic elastomer sheets in Plucinsky and Bhattacharya
[80]. Here, we first introduce the theory and comment on some of its more illumi-
nating features. In the next section, we show that it can be obtained systematically

as a dimension reduction of three dimensional elasticity.

We consider a nematic sheet with midplane w c R? in the isotropic reference state.

For a midplane deformation y: w — R3 of the sheet, we take the Koiter elastic strain
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Figure 3.5: The plane-stress energy density W) for nematics. (a) Contour plots of
the function ¢, that describes the plane stress energy W, (b) identification of the
regions L,,, M,C and S.

energy to be

_ P32 3
ER(y) ::hf(Wps(Vy)+# c IIIylz)dx. (3.183)

Here, the first term is term proportional to the thickness and describes the in-plane
deformation accounting for the microstructure. Itis given by the nematic plane-stress

energy density

Wys(F) = @ps(An (F), §(F)), (3.184)
S, if (s,1) € C
ops(s.1) = | 20D D (3.185)
Yop(s,t) if (s,1) € L, UMUS,
L= {(s,0) e R" xRY: 1 < s2 /0 > 1 > p7 104y
M= {(s,t) e R" xRt < 521 > r7 12621 > /6y,
(3.186)

S:={(s,1) e R xR 1 ¢t <7257 1 > 512,
C :={(s,1) € Rt xR*: 1< sl/Z,t < I’_l/6s,t < Sl/z}'

Further, the second term is proportional to the cube of the thickness and describes
the bending. It penalizes the second fundamental form of the deformed membrane,

. e 01y X 0
I, := (Vy)'VN,, N = 22

e 3.187
|01y X 02y ( )

Note that Ny is the surface normal to the deformed midplane of the sheet (it is not

to be confused with the director fields n, ng, etc.).
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Before proceeding with the derivation of this theory (Section 3.8), we comment on

some of its more striking features:

First, the plane-stress energy density W, has a revealing interpretation. We note

that it is actually derived from W,

is already completely relaxed. (This is made precise in the coming sections: see,

an energy density for which microstructure

for instance, (3.193)). Therefore, microstructure is completely relaxed in this
plane stress energy density. Particularly, the region £, (of liguid-like behavior)
corresponds to the relaxation of microstructure and a state of zero energy and stress,

and regions M and S are exactly as in the effective membrane theory.

Next, note that wrinkling and crumpling are not relaxed in this theory as region
C (which coincides with unstable regions of W»p, see (3.198)) is a region of
compressive stresses in this plane-stress energy density. These instabilities are

instead regularized by bending (i.e., the second term in (3.183)).

Next, turning to bending, note that the modulus of bending here is ur'/3h3/3 (two
times the constant in front of the bending term in (3.183) as the modulus is by
convention proportional to the stress, not the energy). This can be rewritten in terms
of the Young’s Modulus E as Eh3r!/3 /9 since nematic elastomers are incompressible
with a Poisson’s ratio of 1/2. In setting r = 1, corresponding to an incompressible
neo-Hookean sheet, this reduces to EA° /9 = D for D the bending modulus of an
incompressible and isotropic plate of initial thickness / in classical plate theory.

Thus, this bending modulus is consistent with classical plate theory.

As a final comment related to bending, note that changes in thickness associated
with finite-deformation are properly accounted for even though it appears that the
modulus only depends on the initial thickness 4. This is a consequence of the fact
that the second fundamental form (3.187) is computed with respect to the reference
configuration. For instance, imagine first deforming the specimen from the stress-
free isotropic configuration w to a stretched configuration w, := (1€;®¢€] +A17126,®
é>)w (i.e., accounting for the natural lateral contraction due to incompressibility).
Then imagine measuring bending transverse to this stretch while taking w, as the
reference configuration. In this scenario, the modulus of bending is wr!/3h3 /3 for
hi = hA~Y2. Thus as expected, the modulus depends on the deformed thickness
associated with the natural transverse contraction of an incompressible sheet under

stretch.
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3.8 Derivation of the Koiter theory by dimension reduction

Outline of the derivation

We first sketch the derivation of the Koiter theory: We show how the plane stress
energy generically emerges from the relaxed three dimensional free energy for any
given midplane deformation. Then, we outline the argument for the bending term,
which accounts for the energy due to tension wrinkling. All this is developed in

more detail in the coming sections.

Let us first consider a nematic elastomer sheet with finite but small thickness 4 < 1
occupying the region Q, := w X (=h/2, h/2) where w C R? is the midplane in its
isotropic reference state. We assume that the microstructure is fully-relaxed so that

a deformation of this region y": Q; — R? is subject to a strain energy
ELOM = f Wi (Vy")dx. (3.188)
Q

Since we are dealing with a thin sheet, we make the ansatz that any low energy
deformation y” with corresponding midplane deformation y(%) := y” (&, 0) behaves

to leading order in x3 as
Y% x3) = (E) + x3b(%) (3.189)

for some vector b: w — R3. (Note, this approximation can be obtained by Taylor
expanding yh in x3 about x3 = 0, observing that x3 € (=h/2, h/2) is small, and
neglecting terms of O(xg) and above). Thus, assuming the y” is incompressible
(i.e., det Vyh = 1 on Qj), we find, in substituting (3.189) into (3.188), that the

energy for these generic deformations scales with the thickness as
&5 = h f Wi (Vylb)ds + O(h?) (3.190)
w

due to the Lipschitz continuity of W3, (on matrices with det F = 1). Now, in fixing
the midplane deformation y: w — R3, we observe that, for sufficiently thin sheets,

setting
b(X) = argmin ng(?y(i)l-), X€ew (3.191)
R3

approximately minimizes the relaxed three dimensional strain energy. Therefore, we
expect the energy for a generic midplane deformation of a sufficiently thin nematic

elastomer sheet to behave as

LM = hf W, (Vy)d% + O(h?) (3.192)
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since actually

Wys(F) = (Wip)ap(F) := iI{&%fW;’,S(FI') (3.193)

(for this equality, see Theorem 3.8.1 below). Thus, the first term in the energy
(3.192) coincides with the first term in the Koiter theory (3.183).

We will show that W, is not quasiconvex?. This means that there are certain
midplane deformations y which can be approximated by deformations y; ~ y which
lower the energy through fine scale instabilities. Mathematically, these midplane

deformations have the property

limeps(ﬁyk)dj:fng(ﬁy)d)f<prs(6y)d)?
k—o0 w w w

for some y; — yin Wl’z(w, R3) as k — oo.

(3.194)

In particular, this can happen for taut membranes when the deformation gradient
Fy € R¥2 corresponds to a point in the region ‘W. We will show that the instabilities
(in the sense of (3.194) with y = FyX) necessarily correspond to deformations of

the form
We(®) = Ayxier + 1y Pri(x2), Few (3.195)

for Ay := Ap(Fo) and some one-dimensional wrinkled curve y; satisfying point-

wise the constraints
Ye-e1=0, |y l=1 (3.196)

up to a rigid body rotation and/or a change in coordinates frame (dictated by F).
Further, the wrinkled curves y; become finer and finer as k increases so that in the

limit the wrinkles are infinitely fine.

However on this last point, we recognize this fineness as an artifact of the fact
that we have not taken into account terms in (3.192) which are higher order in the
thickness 4, and that bending (at a scale #%) should emerge to resist or regularize
such infinitely fine wrinkles. Therefore, we extend the midplane deformations
(3.195) to the entire sheet ), while respecting incompressiblity (i.e., through an
incompressible deformation y': Q; — R? with y/'(%,0) = y(%)), and we find that

bending emerges as the energy is characterized by

ElL (M ~ EL (). (3.197)

2Specifically, we show that Wps = gg everywhere except the region C which crucially includes
w.
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Consequently, the Koiter theory (3.183) appropriately captures the wrinkling be-

havior of taut nematic elastomer sheets.

Characterization of midplane deformations during tension wrinkling

To develop the Koiter theory, and in particular the bending term which emerges
to regularize wrinkling, we first characterize tension wrinkling deformations in the
asymptotic context of (3.194). We sketch a few ideas related to this development in

Figure 3.6.

We begin with a theorem regarding the plane-stress energy density in the Koiter

theory:

Theorem 3.8.1 Let (ngg)zp be the energy after taking the infimum as defined in
(3.193). We actually have that

Wap(F)  if (Au(F),6(F)) € C
WIS(E) if (Ay(F),6(F)) € LuMUS.
(3.198)

Wps(F) = (Wip)ap(F) = {

Moreover, the infimum in (3.193) is attained for each full-rank F € R>? by setting

F€~1XF€~2 (3.199)

b* := arg min Wi (F|p) = ———=.
gbeR3 3D( %) |Fé1 X Fé|?
The equalities asserted in this theorem for W) (i.e., (3.198)) are an equivalent

representation to (3.184). We prove this result at the end of this section.

From this result, we see that W), differs from the relaxed membrane energy ng only
in the region C—consisting of the region ‘W where wrinkling instability occurs and
(a large portion of) the region £ where one has crumpling or compression in both
directions. Therefore, all instabilities of W, (i.e., (3.194)) are related to mesoscale

deformation gradients in the region C.

We are interested in characterizing tension wrinkling, i.e., the instabilities due to
mesoscale deformation gradients in “W. Hence, these are our focus. Specifically,
we take a (region of a) membrane whose midplane is a unit square (i.e., w = (0, 1)?
the unit square) and subject it to a mesoscale deformation gradient Fy € R¥< in the

wrinkling region, i.e., having (A w(Fo), 6(Fp)) € “W. Since it develops instability,
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Figure 3.6: A few ideas related to the development of the Koiter theory for nematic
elastomer sheets. (a) A schematic representation of the clamped-stretch experiment.
(b) The mesoscale deformation of a square shown outlined in red from part (a), and
the construction of one wrinkle. (c) A cross-section through the line marked in part
(b) showing the canonical construction of a sequence of finer and finer wrinkles
converging weakly to a flat deformation. (d) The overall deformation gradient F;
corresponding to the point marked is obtained by deformations whose gradient takes
the pointwise values corresponding to the point marked Vyy. This relaxes the energy
W, to the membrane energy qug.
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we can find a sequences of midplane deformations y that satisfy

yi = Fox  in W(w,RY), f Wys(Vy)di — WD (Fp)  as k — oo.
w
(3.200)

We show that such sequences are necessarily of the form (3.195) up to a rigid body

rotation and/or a change in coordinates frame.

For this characterization, we note that due to the frame invariance and isotropy of
Wi and Wy, — the fact that W) (QFR) = W] (F) for all F € R¥2, 0 € SO(3)
and R € SO(2) (and similarly for W,s) — we only need to consider the case that F

is diagonal, i.e.,

Avu O
Fo=| 0 6&/Ay |, Amd) e W. (3.201)
0 0

In this setting, Ay > r'/3 and 6 < /i[l‘f (recall the definition of W in (3.9)). For

future use we set

=171 1e(01). (3.202)

Now, it follows from Theorem 3.5.1(i) (see also Cesana et al. [25]) that sequences
that satisfy (3.200) have the property that

Vyi(%) € Ky (3.203)

on w except perhaps in boundary layers3. Here,

Kqy = {F e R¥: (A (F),6(F)) = (. ))).  Féy = iMel} . (3.204)

We note that the condition (3.203) is exactly equivalent to the characterization in
(3.195) and (3.196). First, it follows from the definition of Kqy that 91y, = Aye;.
Integrating this yields y(X) = Ayxier + /i]_wl/zyk(xz) for some y;: (0,1) — R3.
Second, it follows from definition of K4y that Ap;(Vyx) = Ay, and this leads
necessarily to the conclusion 71’( -e1 = 0. Hence, 6(€yk) = i;‘fl)/,’{l. Finally, the
requirement from Ky that §(Vy;) = 211‘42 implies that |y;| = 1. Thus, we obtain
(3.195) and (3.196) as asserted.

3Specifically, this result shows that the Young measure is supported on K.y, which implies
(3.203) in an appropriate sense.
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Rather strikingly, these deformations correspond to pure uniaxial tension where
the membrane stretches along its length by a factor 1), and deforms transversely
out-of-plane to preserve its natural width and avoid compression. Moreover, the

convergence (3.200) which leads to the relaxation is assured if and only if
Y = Axzer  in WH((0,1),R*)  as k — oo. (3.205)

This combined with the constraint (3.196) implies that the curves y; must oscillate

out-of-plane on a fine-scale as k — oo to relax the energy.

It is useful to illustrate these concepts through a canonical construction of tension-
wrinkling curves which have the properties (3.196) and (3.205): Consider any
smooth curve y: (0,1) — R3 in the {ey, €3} plane describing a single wrinkle which
has a total length of 1, is given by a regular parameterization (i.e., v # 0 on
(0, 1)), and satisfies y(0) = 0, y(1) = des, ¥ - e3 = 0 in a neighborhood of 0 and
1. The example curve /ij_wl/ 27 in Figure 3.6(b) has each of these properties for y.
Importantly, any curve y with these properties can be reparameterized by its arc-
length yielding a new parametrization yo: (0, 1) — R3 corresponding to the same
curve which satisfies (3.196). For a curve vy, of k wrinkles which satisfies (3.196),
we simply extend y( periodically to all of R so that yp(x2 + 1) = yo(x2) for x € R
and set

yr(x2) = klyo(kxp),  x2 € (0,1). (3.206)

This rescaling is akin to the depiction in Figure 3.6(c) where the curve in (b) is
rescaled in precisely the same manner to obtain a curve of k wrinkles of wavelength
1/k. Moreover, any curve y; constructed in this manner satisfies (3.205) and obeys

the estimates

vk — Axaeallze = k™ lyo — Axzerllz
4 L 4 L (3.207)

" g

2
Iyilliee = kllyg =, 1y e = k= llyg Nl

Thus, we see that as k increases, the curve y; converges to the flat line Ax,es,
but the fine-scale oscillations needed to obtain this convergence result in amplified

curvature and higher derivatives (as seen by the dependence on k in the derivatives).

While the canonical construction is illustrative, we do not restrict ourselves to it.
Instead, we consider a more generic class of wrinkled curves \?(,: which retains
quantitative estimates on the amplification of curvature and higher order derivatives

that we see in the examples with (3.207), but does not impose restrictions on the
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detailed appearance of the wrinkled curves:

A7 = {yi € C3([0. 11, RY): y; as in (3.196),
) (3.208)
lye = Axzealles < 7k~ 1YY lle < 7k Iy NIz < Tkz}

for some 7 > 0 and k € Z* (a positive integer). For a given 7 > 0 and k € Z™,
this set encapsulates a rather generic class of wrinkled curves where we think of the
index k as denoting essentially the number of wrinkles (or 1/k as the approximate
wavelength) and 7 quantifying the localized features of the wrinkles — with large
7 allowing for more localized features. Moreover for fixed 7 > 0, any sequence
of curves yx € A, is assured the convergence in (3.205) (up to a subsequence).
Hence, any sequence of midplane deformations yy in (3.195) with wrinkled curves
Vi € ﬂ; has the desired limiting behavior in (3.200).

Incompressible extensions of the tension wrinkling midplane deformations

Having characterized the tension wrinkling deformations of the midplane, we seek
to extend them to the entire thin sheet. We have to do so in such a manner that
preserves incompressibility and yields low membrane energy. Throughout this

section we assume that 7 > 0 is fixed and the integer k£ and thickness are such that
hk < 1.

Given a midplane deformation yj of the form (3.195) with y; € A, we define

01y X0
by := 1Yk X 02Yk

= 252 2 —5(Vy) N 3.209
101 yx X Dayi|? (Vye) Ny onw ( )

in light of the attainment result: equation (3.199) in Theorem 3.8.1. We then extend
the midplane deformation to Q) by setting

Ve () = i (B) + E ()b (), x ey, (3.210)
for some £/ € C'(Q, R?) satisfying
EN(%,0)=0, Few. (3.211)

By an important result, we can find a function f,i’ which yields an incompressible

extension if the sheet is sufficiently thin, i.e.,
det(Vy!) =1 on Q. (3.212)

Specifically:
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Theorem 3.8.2 Fix v > 0 and k € Z*. There exists an h = h(t) > 0 with hk < 1
such that for any yy in (3.195), by in (3.209) and h € (0, h), there exists a unique
EN € CH(Qy, R?) satisfying (3.211) for which y} defined in (3.210) satisfies (3.212)

Moreover, we have the following approximation for Vy]il:

Vyli’ = (?yk“?k) + X3(ﬁbk|0) = x3Tr(Gr) by ® e3

35 2 1, S
+ =x5Tr(Gr) b ® e3 — =x5Tr(Gy)) (Vb |0
773 (Gr)"br ® e3 773 (Gr))(Vbi|0) (3213)

+O0(k*x3)br ® e2 + O(k°x3)  on Qy,
Gi := (Vyelbo) "' (VBel0)  onw.

We prove this at the end of the section. This proof makes use of techniques due to

Conti and Dolzmann [31, 30]. Finally, the deformation satisfies other properties:

Corollary 3.8.3 For y; asin (3.195), by as in (3.209) and Gy, as in (3.213) we have

the following pointwise identities everywhere on w:

(Vyelbi) by = |bel?es = A e,

(Vb|0) by =0,

\Vbi|* = |1, |,

Tr((Vyelb)T (Vbi10)) = A, > Tr(ll,), (3.214)
Tr(Gy) = 4, Tr(ll,,),

Tr(Ily,)* = |1, |,

(At (Vyilbe), A (cof(Vyelbi))) = (Aas, 4,)7) €°S.

Further, if kh is sufficiently small, then yZ in (3.210) satisfies

A(Vy = Ay and Ay (VyP), Ap(cofVy)) €S on Q. (3.215)

Note that from the proof of the theorem, the form (3.210) can be expanded in x3 as
2

y,i’ = yr + x3br — %Tr(Gk)bk + ..., and so this deformation is consistent with the

leading order behavior in (3.189).

The energy of tension wrinkling
We now compute the energy of the deformations (3.210). Throughout, we make the
physically reasonable restriction to deformations for which the radius of curvature

is large compared to the thickness, which is tantamount to assuming kh < 1.
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In this setting, we first recall the last property in (3.214) and note that if k4 is suffi-
ciently small, (3.215) holds. Further, for any F € R>? with (1;(F), Ay (cofF)) €
S,

c r—1
WiL(F) = Wap(F) = & (r”3 (|F|2 - (T) <AM<F>>2) - 3) . (3216
So in setting
A= Vyl = (Vyglby)  on Qp, (3.217)

we obtain
ho,h H 1/3 h2 r—1 hyy2
83D(yk)=§ rVyels = | —— | (A (Vy )| — 3| dx
Q, r

_ 1/3 _
:fg (wgg((Vykwk))Jr“rz (2Tr((vyk|bk)TA§§)+|AZ|2))dx (3.218)

1/3

~ - r ~
= hf Wy (Vy)ds + £ f (2Te((Vyelbi)" A + |A}?) dx
w Qh
using (3.215) and Theorem 3.8.1 combined with the definition of by in (3.209).

We compare (3.213) and (3.217) to expand AZ. Substituting this expansion into
(3.218), we see first that

pr'’? f Tr((Vyelbi)" Af)dx =
Qh

13 uhd
24

(3.219)

f (3Te(Go)*1bx > = TG Tr(Vyxlb) (Vb |0))) d
+O0(k’h*)
using the fact that the terms linear in x3 vanish upon integration through the thickness

and also using the first identity in Corollary 3.8.3. By a similar argument and with

the second identity in this corollary, we arrive at

ur'’3

2 Jg,
ur'3p3
24

Making use of the remaining identities in the corollary, we find that the two energies

|Adx =
(3.220)

f (ka|2 + Tr(Gk)2|bk|2) di+ 0> h%).

(3.219) and (3.220) combine to form a term penalizing the second fundamental form

of the midplane deformation yy,

ur'’3

2

f (2Te((Vyilbi)" AL +1Acl?) dx =
P (3.221)

1/3h3
“r6 f|11yk|2dx+0(k3h4).
w
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Finally in combining (3.218) and (3.221), we obtain

EN (1) = El(yr) + OU>HY). (3.222)

Observe that the stretching term in 81’7< is O(h) while the bending part is O(k*h).
Thus, with the radius of curvature large compared to the thickness, kh < 1 and

therefore the term O(k>h*) is negligible compared to the rest.

Proof of Theorem 3.8.1.

Recall that the Koiter theory for nematic elastomer sheets has two terms: a membrane
term and O(h) and a bending term at O(h3). Here, we show that the explicit form
of the membrane term in this theory arises as a minimization of the out-of-plane
deformation gradient of the relaxed three dimensional energy of DeSimone and
Dolzmann [37]:

Proof of Theorem 3.8.1. Let F € R>? and b € R}. We may assume that F is
full-rank as the equality holds trivially otherwise (with Wi, = (WJ,)op = +0). By

the singular value decomposition, we can set

F=0DR for QeSOQB), RecO0(2),

3 - (3.223)
D = diag(Ay, 6/Ay) € R

Here 1y = Ay (F) > 0 is the maximum singular value of F,and § = 6(F) > O is
the areal stretch of F as defined below (3.7). Both are positive since F is full-rank.

In addition, we let

b := (det R)QTb. (3.224)
By the frame invariance and isotropy of Wy, we observe that
Wi (Flb) = Wi (Q(DIb)(R|(det R)es)) = Wik (D1b) (3.225)

since Q and (R|(det R)e3) are both in SO(3). Given this equality and recalling that

R3X2

F is an arbitrary full-rank matrix and b is arbitrary, we see that to prove the

equality (3.198) it suffices to optimize W;IB amongst the deformation

v 0 b
F(bi,by):=| 0 &/Ay by |. (3.226)
0 0 4!
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Indeed, since b in (3.224) is a bijective function of b, we have given (3.225)

(Wip)ap(F) = 1nf Wi (F|b)
. . (3.227)
= 1nf W" (D|b) = _inf Wq (F(by, by)).
(b1,b2)€R?
For the last equality, as the infimum is necessarily incompressible, we enforce
det(D|b) = 1 (which is only true if b - e3 = 57! as in (3.226)).

Now, we claim that for any full-rank F,
ch )QD(F) ch (Fy) where Fy:= F(0,0). (3.228)

To show this, we will make use of the fact that Wqc (F) =y3p(Ay(F), Ay (cof F))
and the fact that y3p is a monotonically increasing function in both of its arguments
(this can be seen from the contour plot in Figure 2.4(b)). In this direction, we first

observe that
A5, (F(b1,by)) = max |F(by,by)eil* > max |Foeil* = A%,(Fp).  (3.229)
i€{1,2,3} ie{1,2,3}

This is deduced from the parameterization in (3.226); as is the fact that
Ay, 0 o0
cof F(by, by) = 0 Ayét 0 |. (3.230)
~b16/Ay —Ayby 6
With (3.230), we find that

Ayy(cof F(b1, b)) = max | cof F(b, byeil”
[4S]

(3.231)

> max |cof Fye;|*> = A2, (cof F,
max | oeil u( 0)

as well. Finally, combining (3.229) and (3.231) and using the fact that ¥3p is a

monotonically increasing function in both its arguments, we find that

WIL(F (b1, b2)) = y3p(Am(F (b1, by)), Ay (cof F(by, by)))

. (3.232)
> Yr3p (A (Fo), Apr(cof Fy)) = Wi (Fo).
Hence, the infimum is attained by setting (b, b») = 0, i.e.,
inf ch (F(b], bz)) = ch (Fy), (3.233)

(b1,b2)€R?

and combining (3.233) with (3.227), we deduce the claim in (3.228).



95

The formulas (3.184) and (3.198) are obtained using (3.228) by explicit verification:
briefly, if 1y > 6! and 6 > 1,67, then (A (Fp), Aps(cof Fy)) = (A, ) and

Win(Fo) = y3p(Au, 6) = Yap(Au, 6) = Wi (F),

. (3.234)
(Am(F),6(F)) e MUS U (Ly N L);

if Ay > 6 and Ay67" > 5, then (A (Fp), Ap(cof Fy)) = (Ap, Aprd~1) and
ng(FO) = y3p(Adps, Aydh)

| wap (A, 8) = WEL(F) if (A (F),6(F)) € Ly \ L~ (3235)
©2p(Ap, 8) = Wap(F)  if (A (F),8(F)) eCnC

where C := {(s,1) € R* xR*: ¢t > s7'}; if Ay < 6! and 267" > §, then
(Ay (Fo), Ap(cof Fy)) = (671, Ay6~") and

W (Fy) = yap(6™, A1) = @ap (A, 6) = Wap(F),

. - ~ (3.236)
(Am(F),6(F)) € C\C.

This exhausts all possible cases, as any other case is actually incompatible with
the fact that § = Ay A,, where A,, = A,,(F) is the minimum singular value of F.
Combining (3.234), (3.235) and (3.236) with the fact that (3.228) holds, we arrive
at the representation in (3.198).

To see that the infimum is attained with 5* in (3.199), we notice that actually
b* = 6 2Q(DRé; x DRé,) = 6~ (det R)Qes. (3.237)

for Q, D and R in (3.223). Hence, again using the frame invariance and isotropy of

qc
WSD’

Wi (FIb*) = Wi (Q(DI5 ™ e3) (RI(det Ryes)) = Wip (Fo). (3.238)

So given (3.228), the infimum is attained with b* as desired. This completes the

proof. O

Proof of Theorem 3.8.2.

We now turn to the bending term in the Koiter theory. For this, we provide an explicit
characterization of three dimensional deformations which correspond to wrinkling.
These incur a bending penalty in their three dimensional elastic energy, which (up
to higher order effects) is exactly proportional to the second fundamental form of

the deformed membrane:
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Proof of Theorem 3.8.2. We first consider the naive deformation
VI(x) = yr(X) + x3be(R), ¥ € w. (3.239)
This deformation is not incompressible. However, it is nearly so, as the gradient
Vv,’z = (Vyrlbr) + x3(Vbi|0)  onQy (3.240)

has a determinant which is O(kx3) close to unity. Indeed, det(?yklbk) =1 by

construction, and so we define
Gy := (Vyrlbi) ' (Vbe|0)  onw, (3.241)
and observe that given (3.240) and (3.241) and since det((ﬁyklbk)_l) =1 onw,

det(Vvy) = det((Vylbr) ™' Vvl
= det(l3x3 + x3Gr) =1 + x3Tr(Gy) on Q.

(3.242)

Here, we used that both Tr(cof G ) and det G are zero on w. With this relationship,
we find that

|det(Vv/) — 1] < C(t)klxsl, onQy, kh <1,
0, det(Vv))| < C()K?|x3l,  onQy,  kh <1, (3.243)
01det(Vvi) =0  onQy,

using the fact that Gy is independent of x; and yx € A . An interesting observation
is that as implied, the constant C(7) > 0 can be chosen to depend only on 7. In
particular, G does not depend appreciably on 1, > r!/3, and so the constant need

not depend on this stretch.

Now, as (3.242) shows, the determinant of a generic Vv,i’ is not unity. Thus,
we introduce a f,i’ e C'(Qn,R) (for some & > 0 to be chosen later) satisfying
§£‘ (%,0) = 0 and define y,i‘ as in (3.210). Using properties of the determinant, we

find that
det(Vy!) =1 onQy,

1 .
&  hEl(x) = x € Q. (3.244)

det (Vv) (%, £8(x)))

Therefore, the incompressibility of Vy]’j is equivalent to solving an ordinary differ-

ential equation in £/(%,-). It turns out that there exists an o = h(t) > 0 such that
for any h € (0, h) and k such that kh < 1, there exists a unique f,}(’ e C'(Q,R)
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satisfying this differential equation subject to the initial condition f,’z (%,0) = 0.
Moreover, from (3.243), & Z has the properties that
€0 = x3l < C(OKIl’,  1836] = 1] < C(Dklxsl, on Qy (3.245)
601 < C(OR x5 a1l =0, onQy. '

This result is the consequence of a contraction map principle and some further

analysis (presented, for instance, in the next chapter; also in [81] Section 3).

In the remainder, we assume 4 € (0, 4), kh < 1, and y,i’ as in (3.210) for 51}; €
C'(Qy, R) satisfying & Ii‘(i, 0) = 0, the ordinary differential equation (3.244) and the

estimates (3.245). By explicit calculation, we have

Uyl = (Vyilby) + x3(Vbi|0) + (3368 — )by ® €3

; _ iy (3.246)
+ (€ = x3)(VBi[0) + b ® VEL o Q.

We can extract a more illuminating form by examining closely identities and esti-
mates for & Ii‘ Indeed, combining the ordinary differential equation (3.244) with the
parameterization of det(Vvlf) in (3.242), we find that

03&L — 1= =03£1€ Tr(Gy)  on Q. (3.247)

In addition, making use of the boundary condition & /il (%,0) = 0, the fundamental

theorem of calculus, and our newfound parameterization (3.247),
1
& —x3=—5(E)’Te(Gr)  on Q. (3.248)
Hence, with the estimates (3.245) and these parameterizations, we establish that

3
03¢} ~ 1= —x3 TGy + 533 Te(G)* + O(K'x3)  on Q,

1 (3.249)
£l —x3 = -Exg Tr(Gy) + O(k*x3)  on Q.
Finally, the results on the planar derivatives of & ’,: in (3.245) imply that
b ® VEL = O(k*x3)by ® 2 on Q. (3.250)

Combining (3.246), (3.248), (3.249) and (3.250), we arrive at the parameterization
for Vy,i’ in (3.213) as desired. |

Now, we turn to the proof of further properties of this deformation, which we have
collected in Corollary 3.8.3:
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Proof of Corollary 3.8.3. First, we observe that by = /i;/ll/ ZN)’k where Ny, is the
surface normal of y. Thus, (Vyx)Th; = 0 by definition, and the first identity in
(3.214) follows. In addition, since N, is aunit vector, 9, Ny, - Ny, = (1/2)0,|N,, |2 =
0. So the second identity in (3.214) follows.

Now, for the third equality, we first observe that for tension wrinkling

v v, 0 -O1N,, 0 N
Hyk:(Vyk)T(VNyk):( 1Yk = 01Ny, O1yk - 02 yk)

Oryi - 01Ny, Oy - 2Ny,

{0 0
0 dayk - ONy,

using the fact that Ny, is independent of x| and that 0,y - Ny, = Ayer- 0Ny, =0

(3.251)

since Ny, - ey = 0. Thus, the second fundamental form is greatly simplified in the

context of tension wrinkling. In addition, we observe that

(Vyrlbr) = RiAy, Ay = diag(Ay, /iz_ul/z’ /iz_wl/z)
1 0 0

(3.252)
Ry:=| 0 (y,-e) —(y,-e3) |€SO3).
0 (y,-e3) (v, e)
Consequently,
Vb > = |RL(Vb)* = |Ay (Vyilb) Vbl = (8ayk - 92Ny, (3.253)

Combining (3.251) and (3.253), we obtain the third identity in (3.214) as desired.
The calculation for the fourth is similar. For the fifth, we can deduce from (3.252)

that

(Vyelb) ™ = Ay RE = A2 (Vyilbp)T . (3.254)
Consequently,
Tr(Gr) = Te(Ayf (Vyilbi)" (Vb |0)) = 1,12 (Dayic - 62Ny, (3.255)

and the fifth identity in (3.214) follows from (3.251). Note also the sixth identity in
(3.214) also follows from (3.251).

For the lastidentity in (3.214) and also (3.215), we note that the functions {ey, 71;’ Ny, }

form an orthonormal basis of R3, and by = /l;/[l/ zNyk and is independent of x. Fur-

ther, y,i’ is as in Proposition 3.8.2, so in particular the representations (3.246) and
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(3.213) hold. Combining all this, we conclude that
(Vy)ler = (Vyelbi) er = Amer  onQy,
Yy v = (Vyelb) "y, + 0(x3) (Vb ]0)
= (2;/11/2 + O(kX3)) er on )y,
(VyD Ny, = (Vyilbi)" Ny, + O(kx3)(e3 ® bp) Ny, + O(k*x3)(e2 ® bi) Ny,

= (1,2 + O(kx3)) e3 + O(kK*x3)e;  on Q,

(3.256)
where the first result uses that e is orthogonal to b; and Vb, the second result uses
that y; is orthogonal to by and the last result uses that N,, is orthogonal the Vby.
Since Ay > 2;41/2
small, and we readily conclude that

, the first term dominates the other two terms for kA sufficiently

A (VY1) = Ay (Vyelby) = Ay > r'3 (3.257)
as desired.

Now to show the /lM(cof(ﬁyklbk)) = /i;;/z, we note that Ay (cof F) = Ay (F)A2(F)
for any F € R¥3 where 1, denotes the middle singular value. Thus, the result fol-
lows from the fact that on w, (?yk|bk)T7,’{ = /i;/[l/zez, (ﬁyklbk)TNyk = 2;;/263 and
(?yklbk)Tel = Apye;. This proves the last indentity in (3.214).

Now given (3.257) we know that Vy,i‘ cannot lie in L on the energy landscape for

W;’ LC). So to complete the proof, we simply have to conclude that Vy,i‘ isnotin M on

this landscape. This is assured if
Ay > r'2A(Vylh, (3.258)

again given (3.257) and the definition of the set M in (2.26). It is easy to see that
from (3.256) that

(Vylhy = 1,7 + 0(kx3). (3.259)

In addition, since A > r'/3, we know that 1,; > rl/z/_ll_ul/z. Thus, (3.258) follows
from (3.259) for kh sufficiently small, and therefore Vy,’(Z lies in S on the energy
landscape. This completes the proof. O

3.9 On the numerical implementation of these theories
The Koiter theory
We implement the commercial software package ABAQUS via a user material

model (UMAT) for S4 shell elements. This requires Cauchy stress to be specified as
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afunction of the 2x2 surface deformation gradient Fy; € R>*? as well as the consistent
tangent modulus derived from this Cauchy stress (see, for instance, the Abaqus User
Subroutines Reference Manual, the section on UMAT, and the subsection on large
volume changes with geometric nonlinearity [90]). For this formulation, we take
the energy as in (3.184) restricted to 2 X 2 matrices F = F, where F5; = F3, = 0.
This corresponds to fixing a frame. Also, 6(F) = det Fy, Ay (F) = Ay (F;) and
following the formalism established at the end of Section 3.6, the Cauchy stress is

given by
oK (Fy) := Wpy).p Y, (3.260)

where the subscript r is used to emphasize the dependence of this stress on the

anisotropy parameter.

Now, the membrane stress Uf in (3.260) inherits soft elasticity, a feature distinct
to nematic elastomers as compared to purely elastic materials. This poses some
numerical challenges. At small strains, much of the deformation of these elas-
tomers can be accommodated by either soft or very lightly stressed microstructure
(regions £, and M on the energy landscape in Figure 3.5). For these regions,
the tangent modulus derived from X in (3.260) is positive semi-definite and not
strictly positive definite: a nematic elastomer has zero stiffness in region £,, and
it has no stiffness against shear in region M. These features lead to difficulties in
numerical convergence at small strains. To combat this, we introduce a small energy

regularizer whose Cauchy stress has the form

T8 (F) = pe (FE = Do) (3.261)

for 0 < € < 1. The consistent tangent modulus derived from o

is strictly
positive definite for all surface deformation gradients F, € R??2 with det F, > 0.
Thus, introducing the regularizer € < 1 stabilizes the numerical calculation at small
strains. For our calculations we use € = 0.05. We have studied the role of € on our

simulations and only present conclusions that are independent of this regularization.

The formulas introduced in Section 3.7 for the Koiter theory take the isotropic state
to be the reference. However, notice that identity is deep in the interior of the soft
region and X = 0 in a neighborhood of identity for » > 1 (identity corresponds
to the intersection of the red and dark blue curves on the energy landscape for W,

in Figure 3.5(a)). This is a trivial soft regime, which is not of interest here.* We

4We refer to Conti et al. [27, 28] for extensive investigations of soft elasticity in a similar
framework.
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are interested in the interplay of microstructure and tension wrinkling, an interplay
which is broached in this setting when a genuine tensile response to stretch is
induced in the membrane. Therefore, we take the end of this trivial soft state, one
with Ay = 6 = r!/6, as the reference state by setting
o o ~ B #16 0

oyl (Fy) = oK (E07) + o8 (Fy), U! = ( 0 1 ) . (3.262)
Finally, the Abaqus S4 shell element slightly modifies the bending term from that
derived in our Koiter theory. Specifically, the shell element is based on a kinematic
ansatz of the shell deformation through the thickness (see the Abaqus Theory Man-
ual, 3.6.5 Finite-strain shell element formulation [91]). This formulation, in effect,
yields a bending energy which depends on a linearization of the second fundamental

form.

To study wrinkling, we use the two part procedure detailed by Wong and Pellegrino
[111] and Ling Zheng [113] to capture the wrinkling geometry in Abaqus. This
involves first a pre-buckling eigenvalue analysis, and then a post buckling analysis.
For the pre-buckling eigenvalue analysis, we introduce a small initial prestress in
the form of an edge displacement to the membrane. Then we perform an eigen-
value buckling analysis on this lightly stressed membrane to determine the likely
buckling modes. After computing the buckling mode shapes, we introduce a linear
combination of one or more selected eigenmodes as a geometric imperfection in the
membrane at the start of the post buckling analysis. We then apply an initial pre-
stress to the membrane (as in the pre-buckling analysis) in order to provide an initial
out-of-plane stiffness to the membrane. Finally, we use the static stabilization proce-
dure in Abaqus to compute the wrinkled shape of the membrane under the clamped
stretching deformation. Our detailed implementation of this procedure follows the
input file example (Ling Zheng [113] in Appendix B) modified appropriately to

incorporate the user material model (3.262) for nematic elastomer sheets.

The effective membrane theory

We compare the results of simulations under the implementation of the Koiter theory
described above with analogous simulations of the membrane theory for nematic
elastomers (described in Section 3.2). We implement this once again into ABAQUS
via UMAT for plane stress CPS4 element, where we take the Cauchy stress in the
implementation to be akin to (3.262), with

oIME) = oM ETD, ol (E) = (Wap).g FY (3.263)
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Notice here that we do not employ the use of a regularizer. For simulating the effec-
tive membrane theory, there is no wrinkling bifurcation to compute, as wrinkling
is treated through effective deformation. Consequently, we do not need to explore
the stretch monotonically from small initial stretch. Instead, we explore a range of
stretch which excludes small stretch associated to soft elasticity. This can be done
without regularization (i.e., by first deforming the specimen homogeneously from
the unstressed reference state to a state of stretch far away from soft elastic behavior
with the top and bottom of the sheet fixed in the e, direction, and then relaxing the
boundary conditions on top and bottom to a sheet which is traction free away from

the clamped ends).

3.10 Microstructure-induced suppression of wrinkling

We now study the clamped-stretch experiments of Kundler and Finkelmann [58]
via simulation of the Koiter theory and the effective membrane theory for nematic
elastomer sheets. These results can also be found in Plucinsky and Bhattacharya
[80].

We consider a rectangular sheet with length 254 mm, width 101.6 mm and thickness
h = 0.1 mm that is clamped on both ends and subject to a stretch along its length
in the e direction. We choose these dimensions since purely elastic sheets of
this dimension readily wrinkle when stretched as demonstrated experimentally and
numerically by Zheng [113] (also confirmed numerically by Nayyar et al. [75] and
Taylor et al. [93]). We also fix the shear modulus to be i = 6 x 10° Pa in accordance
to experimental observations [105], though this choice is irrelevant as all terms in
the energy and stress scale with . We take r to be in the range 1 through 1.45 to
explore the entire elastic to nematic range.

We often use the nominal strain

L . — L .
Eeng = final initial (3264)
Linitial
to display the results. We also use a microstructure indicator parameter
125
S (3.265)
Ay

Recall that the curve /1%4 = r1/25 forms the boundary between the region M with
microstructure and region § without. So, a microstructure parameter (3.265) larger

than 1 indicates the presence of fine-scale microstructure.
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Figure 3.7: (a) Normalized tensile response to stretch (with W = 101.6 mm the
undeformed width) for nematic elastomer membranes of varying anisotropy: Koiter
theory simulations (lines), effective membrane theory simulations (points). (b) Soft
elastic response for » = 1.45 nematic membrane, and transition to stressed elasticity.
Microstructure in £,,, U M indicated by colored regions (r'/2s/ /1%4 > 1). Note that
only the left half of the sheet is shown as the distribution is symmetric

Simulations with Koiter theory
The nominal tensile force of the sheet is plotted in Figure 3.7(a) as a function of
the nominal strain. The purely elastic sheet (r = 1) is, as expected, immediately
tensioned due to the stretch, whereas the nematic sheets (r > 1) are soft and nearly
stress free during the initial stages of stretch. We call the extent of the soft strain
822{:. This depends on the nematic anisotropy r. Recall that we start at U, or
(A, 8) = (r'76,r1/6)  the far left point on the boundary between M and £,,. On
the initial application of strain, we expect much of the membrane to traverse this
boundary with no stress to the right until it reaches the point (1,7, 8) = (r'/3,r1/6).
So we expect to see soft behavior until eizgt ~ r!/® — 1. This is consistent with the

simulations (e.g., the formula gives 822? = 0.063 in agreement with 0.061 in the
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simulations for » = 1.45). We note that the soft elastic strain in the Kundler and

1

Finkelmann experiments is 7'/ — 1 since they start from a state where the director

is uniformly vertical instead of U”.

The formation of the microstructure is indicated in Figure 3.7(b) for the case r = 1.45
by plotting the distribution of the microstructure parameter (3.265) (note that only
the left half of the sheet is shown as the distribution is symmetric). Since we start
from the state at 0; , the initial sheet has uniform microstructure. As we stretch, the
microstructure evolves differently close to the grips compared to away from them:
it is gradually driven out in most of the sheet but persists at the grips. Since the
imposed deformation is accommodated by the rearrangement of the microstructure,
the response is soft. Eventually, all the microstructure is driven out and the director is
uniformly horizontal except close to the grips, signaling an end of the soft behavior.
Subsequent stretching leads to proportional increase in load. All of this is consistent
with the observations of Kundler and Finkelmann [58] and the simulations of Conti
et al. [28].

We show the evolution of wrinkles by plotting the out-of-plane displacement in
Figure 3.8 for a variety of r and &.,,. Notice from the top row of Figure 3.8(a)
that for the purely elastic sheet (r = 1), wrinkles appear almost immediately upon
stretch, grow with further stretch, reach a maximum amplitude u3z/h =~ 3 and
eventually diminish. This, in fact, reproduces the results of Zheng [113] and Nayyar
et al. [75]. For a nematic sheet with small nematic order (» = 1.15) shown on the
second row, we see that wrinkles do not appear until a larger value of stretch, are
much smaller in amplitude and disappear faster. For higher values of » shown in
the third and fourth rows, wrinkles do not appear. All of this is explored further in
Figure 3.8(b), which shows the amplitude of the wrinkles as a function of stretch for
various r. We see that wrinkles appear early, have large amplitude and disappear
late for the purely elastic sheet (r = 1). We also see that wrinkling is suppressed
by the introduction of nematic order. In fact, increasing r leads to delayed onset,
smaller amplitude and earlier disappearance of wrinkles. Moreover, wrinkling is

fully suppressed for values of r greater than 1.2.

Figure 3.9 shows the corresponding evolution of the microstructure. We see from
Figure 3.9(a) that microstructure disappears in most of the sheet at small to modest
stretch but persists for larger stretch near the grips. We see from Figure 3.9(b)
that the maximum microstructure parameter r'/2§/12,, i.e., the value at the grips,

delineates three distinct regions describing microstructure in the sheet for the full
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Figure 3.8: The evolution of wrinkles with applied stretch for a purely elastic
material and nematic elastomers with increasing degrees of order. (a) Snapshots
of the out-of-plane displacement. (b) The amplitude of wrinkles (i.e., maximum
out-of-plane displacement) as a function of stretch for various values of r. We see
that wrinkles appear early, have large amplitude and disappear late for the usual
elastic material (r = 1), but are suppressed with the introduction of nematic order.
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Figure 3.9: The evolution of microstructure with applied stretch. (a) Snapshots of the
microstructure parameter r'/2§/ /112‘4 (values greater than 1 indicate microstructure).
(b) The maximum value of the microstructure parameter as a function of stretch for
various values of r. This shows three distinct regions: (I) soft; (II) stressed but with

microstructure; (III) without microstructure.
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Figure 3.10: The state of stress in a purely elastic sheet (» = 1, top row) compared
with that in a nematic sheet (r = 1.15, bottom row) at comparable values of nominal
load but before the onset of wrinkles in the elastic sheet. Note that the purely elastic
sheet shows significant transverse compression in the middle, but the nematic sheet
does not.
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range of stretch: (I) captures soft response to stretch of the sheet, (II) captures the
stretch for which the sheet is stressed but with microstructure at the grips and (I1I)
captures the stretch for which there is no longer any microstructure present in the
sheet. Thus, larger r implies both a more prolonged soft elastic response and a more

prolonged response for which microstructure persists at the clamps.

We turn now to understanding the mechanism by which the presence of nematic
microstructure suppresses wrinkling. Figure 3.10 compares the state of stress in a
purely elastic sheet (r = 1) with that of a nematic sheet (r = 1.15) at comparable
values of nominal load but before the onset of wrinkles in the elastic sheet (i.e.,
at a value of &,,, of 0.015 for the elastic sheet and 0.015 beyond the soft strain
for the nematic sheet). Notice (top of Figure 3.10(a)) that the purely elastic sheet
develops transverse compression. This compressive stress leads to the buckling to
a wrinkled state beginning at a stretch £.,, ~ 0.025. However (bottom of Figure
3.10(a)), we notice that there is no transverse compression in the nematic sheet at
a comparable value of nominal load. There is some transverse compression closer
to the edges, but it is much smaller in magnitude. We see from Figure 3.10(b) that
the distribution of longitudinal stress is also different. All of this is a result of the
persistence of the microstructure near the grips. In other words, the ability of the
nematic material to form microstructure not only gives rise to soft behavior in the
bulk, but also qualitatively changes the distribution of stresses near the grips and

that in turn suppresses the wrinkling.
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Figure 3.11: The evolution of the microstructure and the lateral compressive stress
with increasing stretch in a sheet with » = 1.15. Note that there is little to no
compression in the middle as long as microstructure persists near the grips.

Mechanistically, note that as the sheet is stretched, it seeks to compress laterally. It
is free to do so away from the grips, but is prevented from doing so near the clamped
grips. This leads to a shear deformation near the corners extending diagonally
into the sheet. This, in turn, leads to the compressive stress in the elastic sheet.
In contrast, the ability of the nematic sheet to form microstructure enables it to
accommodate the shear strain through equi-biaxial tension at the clamps (recall that
nematic sheets can accommodate shear strain without shear stress in the region or

microstructure M).

Figures 3.11 and 3.12 elaborate on this. Figure 3.11 shows how the microstructure
parameter and transverse compression evolve in the sheet with increasing stretch,
starting at the end of soft behavior. We observe that the microstructure persists near
the grips but reduces with increasing stretch until it is fully driven out. Additionally,
we see small regions of transverse compressive stress form near the free edges, and
these regions gradually move inward with increasing magnitude as microstructure
is driven out. Finally, when all microstructure is driven out, we have transverse
compressive stress in the middle similar to that of the purely elastic sheet (top of
Figure 3.10(a)). This compression increases with further stretch and eventually
leads to wrinkling (Figure 3.8). However, as shown in Figure 3.12, the ratio of the
transverse compression to the longitudinal tension at a value of stretch where all

microstructure is driven out decreases with increasing r. As we know from the study
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Figure 3.12: The distribution of the lateral compressive stress (top) and the ratio of
the lateral compressive stress to longitudinal tensile stress along the middle line in
sheets with various r at the stretch where the microstructure just disappears at the
clamps.

of elastic sheets, high relative longitudinal tension suppresses wrinkles> — note from
Figure 3.8(a) that wrinkles disappear in the elastic sheet at high stretch. Thus, the
microstructure near the grips delays the formation of a central region of transverse
compressive stress and the onset of wrinkles. However, large relative longitudinal
tension also suppresses wrinkles; so if the delay is sufficient, as is the case for larger

r, then wrinkling is fully suppressed.

Simulations with effective membrane theory and comparison

We repeat the clamped-stretch simulations of purely elastic and nematic sheets using
the membrane or tension field theory. The nominal force vs. nominal strain is shown
in Figure 3.7(a) as the points. We see that the results agree well with those obtained
using the Koiter theory. We show the evolution of the microstructure at ,,, = 0.08
for various values of r, and compare it with those obtained with the Koiter theory in
Figure 3.13(a). Again we find striking agreement. Recall that the membrane theory
does not describe the details of the wrinkles but relaxes over them, i.e., computes
their consequence assuming that they were infinitely fine. So, the results do not

172 s the

show any out-of-plane displacement. However, recall that the curve 6 = 4,;

>This is also evident in the role of aspect ratio as was shown by Ling Zheng [113] and Nayyer et
al. [75].
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Figure 3.13: Comparison of clamped stretched simulation under the effective mem-
brane theory and Koiter theory for r = 1,1.15,1.30 and 1.45 nematic sheets. (a)
Microstructure comparison at stretch &£.,, = 0.08; Koiter (left) and membrane
(right). (b) Wrinkling comparison at stretch &.,, = 0.20; Koiter (left) and mem-
brane (right).
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below 1 indicates the presence of (infinitely) fine scale wrinkles in the simulation
with this membrane theory. This indicator is shown in Figure 3.13(b) for &.,, =
0.20, and compared with the wrinkles computed earlier. Again, we see very good

agreement.

Thus we conclude that the membrane or tension field theory provides a very good
description of the overall behavior of the sheets including nominal stress-strain
relation, the formation of microstructure and the formation of wrinkles. Further,
the agreement using an independent set of simulations provides confidence in our

understanding regarding the suppression of wrinkles by nematic microstructure.
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Chapter 4

ACTUATION OF HETEROGENEOUSLY PATTERNED THIN
SHEETS

In this chapter, we explain the richness of the shape-changing deformations of
nematic elastomers and how this can be exploited to make the material act as
a machine [15]. The foundation of our work is the metric constraint governing
actuation in these sheets (equation (4.2) below). We start from the established
theory for nematic elastomers by Bladon et al. [19, 105] (recall Chapter 2) and
show that designs and deformations that satisfy (4.2) arise naturally from energy

minimization.

This metric constraint is a generalization of the metric constraint underlying Aharoni
et al. [2] with two novel features which dramatically expand the design landscape
for shape-changing deformation in these sheets. First, smoothness is not a re-
quirement here. With this, we explore nonisometric origami where heterogeneity
is programmed in a piecewise constant pattern so that thermal actuation leads to
complex folding patterns (Figures 4.2-4.3). Second, the constraint is amenable to
three dimensional programming. With this, we explore liffed surfaces where het-
erogeneity is programmed so that thermal actuation leads to a prescribed surface of

arbitrary complexity as long as it is smooth and has limited slope (Figure 4.4).

In Section 4.1, we provide a summary which (i) introduces the key metric constraint,
(ii) discusses the novel designs amenable to this constraint and (iii) sketches of
the derivation of the constraint. This summary is analogous to our short paper:
Plucinsky et al. [82], written with a view towards applications. In the remaining
sections, we turn to a precise justification of the constraint and its corresponding
design landscape; thus, taking the more mathematical perspective. These results

can be found in Plucinsky et al. [81].

4.1 Programming complex shapes in thin nematic elastomer sheets

The metric constraint

To introduce the metric constraint, we recall that ny (which maps to S?) denotes
the nematic director or the direction of anisotropy in the undeformed sheet, and

r(T) > 1 is the temperature-dependent anisotropy parameter which captures the
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stretch along the director and contraction transversely. This parameter is assumed to
be monotonically decreasing for temperatures below the isotropic-nematic transition
temperature and equal to 1 in the isotropic regime. For a nematic-genesis elastomer
formed at temperature 7y and subjected to a new temperature 77, a spontaneous

distortion with stretch € ,%2 is the preferred state, where
Cny := F 13 (I3 + (F = 1)ng ® no) 4.1)

is the step-length tensor (see Chapter 2) and 7 = r(Ty)/r(1p), so that ¥ > 1 for
cooling and 7 € (0, 1) for heating.

For actuation, we consider a thin sheet of thickness 4 occupying an initially unde-
formed flat three dimensional region Qj := w X (=h/2, h/2) C R3 where w c R?
denotes the two dimensional midplane of the sheet. In the synthesis of nematic
elastomer sheets (e.g., the experiments of Ware et al. [102])), typically & ~ 10um
whereas the lateral dimensions of the sheet are much larger, typically ~ cm. Hence,
we assume 7 < 1 and the characteristic length scale of w is O(1) in non-dimensional
units. Let x := (xy, x2, x3) denote the position on Q, in a Cartesian frame with
{e1, e2, e3} denoting the basis and e3 pointing normal to w. We will identify a point
X = (x1,x2) € w with (x1,x2,0) € Q;. By a program or design, we mean the
prescription of a non-uniform director field on the sheet ng : Q;, — S2. In this letter,
we only consider directors that are uniform through the thickness, i.e., ny = ng(x).
When the sheet is heated or cooled, non-uniform spontaneous distortion forces a
possible out-of-plane deformation of the sheet. If the sheet is thin enough (we return
to this later), it suffices to study the deformation of the midplane, y : w — R3. In
particular, we are interested in midplane deformations which are stress-free. These

are characterized by the metric constraint
(V)T Vy = r YB3 (I + (r — Ditg ® 7ig) =: £y,  a.e. on w. 4.2)

Here, Irx» € R?? is the identity, V is the planar gradient (i.e., with respect to %) so
that 6)} is a 3 x 2 matrix, 7ig := (ng - e1,ng - e2)” is the projection of ngy onto the
plane w and £,,, is the 2 x 2 submatrix of £,, associated to this projection. Note that

since 71 is a projection, it need not be a unit vector.

As already intimated, the metric constraint (4.2) generalizes the constraint of Aha-
roni et al. [2] in two directions; by relaxing the smoothness requirement and by
extending the constraint to three dimensional programming. Indeed, for the former,

the metric constraint (4.2) need only hold almost everywhere (i.e., except on sets of
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no2

(¢) (d)

Figure 4.1: Interfaces and junctions on cooling. (a,b) If each half of the sheet (a)
is allowed to independently deform spontaneously, it has the shape in (b) where

(f},(/)iz)3xz = 7 Y8(I30 + (F'/? = 1)ng; ® fig;). The interface can be unbroken by

rotating one side relative to the other if and only if (4.3) holds. (c¢) Symmetric
junction. (d) Truncated junction.

zero measure in R?), and this allows for piecewise constant director designs. For
the latter, (4.2) allows for three dimensional programming while reducing to the
constraint of [2] in the case of a planar director. To see this, if ng is planar, then
ng = fig and we can write ng - ¢; = cos(6) and ng - ep = sin(#). It follows that
(V)TVy = ¢, = R(@)diag (73,7 1*)R(0)T = g, for R(9) € SO(2), a rotation of
@ about the normal to the initially flat sheet as required by [2].

Examples

We turn now to examples which highlight the richness of designable surfaces sat-
isfying the metric constraint (4.2). In addition, these examples serve to motivate
the appropriate compatibility conditions consistent with (4.2) for a general class
of smooth and non-smooth designable surfaces. Finally, an important attribute of
these designable surfaces is that the actuation is extremely robust since the entire
sheet participates in the deformation. This was observed experimentally by Ware
et al. [102], and it is in marked contrast to other attempts at foldable structures and
origami where the actuation is limited to folds [47, 84], or bendable structures where

through thickness non-uniformity results in complex shape but with little ability to
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carry load [1, 104].

Nonisometric origami

We begin with nonisometric origami where the director is programmed in a piece-
wise constant pattern (also see [69, 68]). To start, assume the sheet w is the union
of two regions w; and w; separated by a straight interface assigned a tangent vector
fo € S'. Suppose we program this sheet with the director ng; in w; and ng, in w,.
Then, it is possible to satisfy (4.2) via a continuous piecewise affine deformation y

on all of w if and only if
|7io1 - fol = Ifi02 - Tol, (4.3)

where again 7ip; denotes the projection of ng; onto w. This is the consequence of a
geometric argument for constructing continuous piecewise affine deformations with
prescribed metric or stretch tensor provided in Figures 4.1(a) and (b)—an argument

that has been applied previously in the study of active martensitic sheets [14, 15].

Now consider a sheet of k sectors w;,i = 1,...k, with the interfaces #; meeting
at a junction and with the sheet programmed with the director ng; in the sector
w;. While the condition (4.3) is necessary at each interface, it is not sufficient to
satisfy (4.2) via a continuous piecewise affine deformation. One needs an additional
global condition to ensure that all the rotations match up as one goes around the
junction. This is extremely rich in general: for example, the case of three sectors
with fixed distinct planar directors ng; = 71g; for i = 1,2, 3 can have up to 32 non-
trivial compatible junctions for various 7 and ng; (we detail this in Appendix A.3).
For now though, we focus on a simple case of a junction with all sectors spanning
the same angle and with the director programmed to be planar. In this case, it is
possible to satisfy (4.2) via a continuous piecewise affine deformation on cooling
(respectively heating) if the director ng; is programmed to bisect the angle between
f; and f;,1 (respectively is normal to the bisector) as shown in Figure 4.1(c). Indeed,
on cooling, the angle to each sector reduces, but all the sectors can be brought into
contact by rotating them out-of-plane to form a k—sided pyramid. Note that there
is a symmetry here and one can form two possible pyramids (going up or down).
However, one can break this symmetry in practice by adding a small inhomogeneity
though the thickness to bias bending in one direction. One can form a truncated
pyramid by replacing the junction with a regular k—sided polygon as shown in Figure
4.1(d); each sector is programmed with a planar director as before while the central

polygon is programmed with the director to be fully out-of-plane.
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(b) Rhombic triacontahedron

Figure 4.2: Polyhedra examples of nonisometric origami: The line diagrams show
the design with the arrows representing the constant director prescribed in each
region. The color images show the deformed shape upon cooling. We note that the
designs in (a) and (b) are compositions of a number of symmetric junctions shown
in Figure 4.1(c) (k = 3 in (a) and k = 5 in (b)).
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(a) Devil’s Golfcourse

(b) Periodic flower(ish) designs

Figure 4.3: Periodic examples of nonisometric origami: The line diagrams show the
design with the arrows representing the constant director prescribed in each region.
The color images show the deformed shape upon cooling. We note that the designs
in (a) incorporate a truncated junction (Figure 4.1(d)). The designs in (b) connect
symmetric junctions azimuthally about an axis.
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Importantly, it is possible to arrange a number of these junctions and truncated
junctions to form complex shapes as we explain with four examples. First, we can
put together a number of three-sided junctions to form a cube as in Figure 4.2(a)
(also see [69]). As the temperature decreases and thus 7 increases each junction
becomes a pyramid and eventually becomes the corner of a cube at ¥ = 3. Our
next example in Figure 4.2(b) shows a rhombic triacontahedron. This design is
formed by repeating the pattern shown. Next in Figure 4.3(a), we form a Devil’s
Golfcourse using the design shown. Since this design is periodic, it can be extended
ad infinitum. Finally, we emphasize that these are but a small number of exemplars
and many generalizations are possible. For instance, in Figure 4.3(b), we patch an
even number of regular polygons into a ring and follow a construction to obtain
an azimuthally periodic compatible shape. There are an infinite number of these

designs.

Lifted surfaces

We now consider our second class of examples, that of lifted surfaces. We look
for designs where cooling the sheet leads to a surface that can be described by the
graph of a function ¢. We show that this is possible if function ¢ is smooth enough

(in the Sobolev space W>*) and satisfies the constraint
IVell?2e < A7 i=F—1 (4.4)

on its domain. Specifically, we show that we can achieve this shape with the director

programmed as follows

X drp(F1105)
no(%) = —75 Orp(r~110%) (4.5)
T\ (= Ve Yex) P12
and through a deformation y that consists of a uniform contraction followed by a

lifting:

y(&) = 7 (x1e1 + x2e2) + @(7F0%)es. (4.6)

Before we prove that this ansatz satisfies the metric constraint (4.2), we note that
one can create a large number of shapes using such an approach. Since 7 can
be significantly different from 1 in nematic elastomers, one can form shapes with
significant displacement like spherical caps and sinusoidally rough surfaces. Figure

4.4 shows two additional examples with complex surface relief. These are but a
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(b) Eiffel tower

Figure 4.4: The deformed shape and designs for lifted surfaces. The vector plots
show the director orientation in the design. The amplitude of each vector denotes
the planar component n;, of the director. The color images show the topographic
map of the sheet after deformation with the colors representing height (hot colors
are high). The designs are generated from equation (4.103) by taking ¢ to be a

smoothened and rescaled greyscale of the desired image.
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small sample of the designs amenable to this framework. Indeed, given any arbitrary
greyscale image G, we can program a nematic sheet so that the surface of the sheet
upon cooling corresponds to this image. We do this by smearing G (for instance by

mollification or by averaging over a small square twice) and taking this as ¢.

The fact that the lifted surface ansatz satisfies (4.2) can be verified directly. However
to motivate the ansatz, we now rewrite (4.2) in an equivalent form which points to
a concrete design scheme. Heuristically, we turn the statement around by first
identifying the set of deformation gradients consistent with (4.2) for any director
and then identifying the director associated with the deformation gradient. We

conclude that the metric constraint (4.2) holds if and only if

V(& ~ 7 -
Vy(X) € Dr no(¥) €Ng o, ae € w. (4.7)
Here,
Dy = {F e R¥>*2 . |]:“|2 <7184 ’;2/3’
FIB < |Fe 2 <P a =12, (4.8)
(Fé\-F&)* = (Fa* - 'P)(Farf - 7'},
and

|Féq|> - 7113
723 _ 7173 °

sign((m - e1)(m - €2)) = sign(Fe - Féy)}, (4.9)

NI = {mESZ:(m-ea)Z: a=1,2,

when 7 > 1 (the inequalities for O; and the sign in (4.9) are switched when 7 < 1).
With this description, we seek the restrictions on the class of deformations of the
the form (4.101) that satisfy the first condition of (4.7). We find (4.4) is sufficient.
We then seek the restrictions on the director ng that satisfy the second condition of
(4.7) for this deformation, and this yields the formula (4.103).

Naturally, given this analysis, it would be appealing to have a characterization of
the geometry of surfaces described by deformations which satisfy (4.7) without
the ansatz (4.101). We would then be able to characterize all possible shapes that
could be thermally actuated from programing nematic anisotropy into a thin sheet.

Unfortunately, such a broad characterization remains open.

Sketch of the derivation of the metric constraint
Finally, we turn to the derivation of the metric constraint (4.2). Our starting point

is the well-accepted theory of Bladon et al. [19]. A nematic elastomer formed at
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temperature Ty with initial director ny € S, then subjected to a three dimensional
deformation gradient F € R¥3 and current director n € S? at temperature Ty hasa

free energy density given by the non-negative quantity
We(F, n, ng) = g (Te(FT (€)' F(£S) - 3), (4.10)

where f‘,’; and 520 are the step-length tensor (4.1) with 7 replaced by r(Ty) and r(Tp)
respectively. The incompressibility of elastomers, i.e., det F' = 1, is assumed here.
Now, given a thin sheet Q; of thickness 4 and a design ny, we suppose a three

dimensional deformation y” : ), — R3 of this sheet has a strain energy given by

Vy'n
oM ;:fQ We(Vyh, - O,no)dx. 4.11)
h

Here, V is the three dimensional gradient as y” depends on x = (&, x3), and we
introduce a kinematic ansatz on the current director n: Q; — S? (the middle

argument in W¢) justifiable for low energy deformations (i.e., Modes et al. [67]).

To arrive at the metric constraint (4.2), we first observe that due to incompressibility

and the kinematic ansatz, In’(’)( y") is minimized (and equal to 0) if and only if
(Vy"Ivyh = ¢, ae. onQ, (4.12)

for the three dimensional step-length tensor £, in (4.1). However, this equation is not
useful for design since it highly restricts the nature of heterogeneity for said program
no: Qn — S? (see for instance the discussions in Efrati et al. [39]). Fortunately, it
can be relaxed considerably by taking advantage of the thinness of nematic sheets.
In fact, if the thickness 4 is sufficiently small, it suffices to ignore the constraints
associated with the out-of-plane deformation gradient 93 y” entirely, and focus solely
on satisfying the constraint at the midplane w. In doing this, we derive (4.2) from
(4.12).

We dedicate the remainder of this chapter to the justification of this simplification

and also the justification of the designable actuation this simplification admits.

4.2 The model and the metric constraint
The model
We consider a thin sheet of nematic elastomer of thickness 7 < 1. Initially, the

sheet occupies a flat region in space,

Qp :=w X (=h/2,h/2), w C R?, (4.13)
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where w is an open, connected and bounded Lipschitz domain which we call the
midplane of the sheet. We envision that the elastomer sheet is patterned heteroge-
neously by a director field nl: Q;, — S? at the initial temperature 7y. Upon changing
the temperature from 7j to the final temperature 7T, the sheet will spontaneously
deform by a deformation y” : ©, — R? which we assume minimizes the entropic

elastic energy

Vy"ynh
7" (M ::f WE(vyh,%,ng)dx. (4.14)
" o |(Vy"ng|

Here, following Bladon et al. [19] (see also Warner and Terentjev [105]), we take
the entropic elastic energy density W¢ as in (2.1) (see Chapter 2).

Remark 4.2.1 (i) W€ satisfies min W¢ = 0. Further, W¢(F, |§Zg|’ no) = 0 if and
only if F'F = i3 (Iys + (F — Dng ® ng) for 7 = r(Ty)/r(Ty) (see the

Proposition A.1.7).

(ii) The elastic energy In’,’l is defined without any displacement or traction boundary

0
conditions as we are dealing with actuation only.

(iii) In the definition (4.14) of In},’, (yh), we imposed the kinematic constraint nh =
0

(Vy")ng
[(Vymng|®
[67] in their prediction for conical and saddle like actuation in nematic glass

The constraint is similar to one that was imposed by Modes et al.

sheets with radial and azimuthal heterogeneity (in fact, both constraints are

equivalent for zero energy/stress free states; see Proposition A.1.7).

There are nematic elastomers which do not satisfy this kinematic constraint
(i.e., where the director n" is allowed to vary more freely). Those materials can
show macroscopic deformations which arise from the fine-scale microstructure
produced by oscillations of n" [25, 27, 28, 37] (see also the experiments by
Kundler and Finkelmann [58]).

In this chapter, we are interested in actuating complex, yet predictable, shape by
programming an initial heterogeneous anisotropy ng in the nematic elastomer.
It would be difficult to control actuation for a material that is capable of freely
forming microstructure which competes with the shape change driven by the
programmed anisotropy, even at low energy. For simplicity, we have chosen
the hard kinematic constraint n" = Wyl,?”é:

(V|

Jformation of microstructure. The results that we prove for this energy (i.e., J;l h
0

here in order to exclude the free
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with this kinematic constraint) can also be proven for a more realistic energy
in which the sharp constraint is replaced by a non-ideal energy contribution
penalizing deviations from the constraint. (In fact, we use this more realistic
model when deriving the metric constraint as a necessary condition; this is

discussed in Section 4.6.)

(iv) We are neglecting Frank elasticity (an elasticity thought to play a critical role
in the behavior of liquid crystal fluids, i.e., de Gennes and Prost [49]) and
related effects in our model, as these are expected to be small in comparison
to the entropic elasticity (see discussion in Chapter 3 in Warner and Tarentjev
[105]). However, to derive the key metric constraint (introduced below) as a
necessary feature of low energy deformations, we add to the energy (4.14) a
small contribution from Frank elasticity for technical reasons. This is discussed

in Section 4.6.

The metric constraint
Our goal is to characterize the class of director fields ng and corresponding deforma-
tions y” which yield small elastic energy In "' (y") under the assumption of a desired

planar director field design ng = no(x). To be precise:

Assumption 4.2.2 We assume

ng(x) =no(X) + O(h), fora.e. x € Qp, @.15)
ie., ||ng —noll=(,) < th for some v > 0. .

The O(h) term accounts for the following two possible deviations from the desired
design. For definiteness, we have fixed the maximum tolerance v > 0 for these

non-idealities.

(a) The assumption accounts for deviations of the director field through the thick-
ness which are of the same order as the thickness. Note that this excludes
twisted or splay-bend nematic sheets [47, 104], for which one prescribes the
director field on the top surface of the sheet and then differently on the bottom
surface, so that the director field has to vary by an O(1) amount through the

thickness.

(b) The assumption also accounts for the possibility of planar deviations. In

the synthesis techniques employed by Ware et al. [102], the director field is
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Figure 4.5: Actuation for thin sheets is characterized by the midplane fields.

prescribed in voxels or cubes whose characteristic length is similar to the

thickness and we expect the experimental error to be of this order.

Under Assumption 4.2.2, this characterization comes in the form of a two-dimensional

effective metric constraint (4.17). The intuition is expressed in Figure 4.5.

To see how the metric constraint arises, we first consider a naive approach by

requiring J },’l (yh) = 0 (recall that min W¢ = 0). In this direction, we note that
o
In},ﬁ(yh) = (0 is equivalent to (cf. Remark 4.2.1(i))
0

(VYN =P (L + (F = Dng @ ng) =: €, ace. on Qy, (4.16)

where 7 = r(Ty)/r(Tp) so that 7 € (0, 1) for heating and 7 > 1 for cooling. However,
(4.16) is too strong a condition to be useful, meaning that there are only few choices

of n{! for which a y" satisfying (4.16) exists.

Remark 4.2.3 Assuming that ng is sufficiently smooth, there exists a y" satisfying
(4.16) if and only if the components of the Riemann curvature tensor of € nt vanish.
This condition is well-known in the physics literature (e.g., Efrati et al. [39]), and
in the language of continuum mechanics, it gives compatibility of the right Cauchy-
Green deformation tensor (e.g., Blume [20]). As a consequence, ng has to satisfy
a certain nonlinear partial differential equation, and so it must come from a very
restricted set of functions. (Note, the non-smooth case is treated in Lewicka and
Pakzad [63], and it is similar.)

Given that (4.16) is too restrictive, we relax the problem and study approximate

minimizers of the elastic energy In},’l (y™). The key observation is that by making use
0
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of the thinness of the sheet 2, and the assumption that ng does not vary too much
as a function of x3, we show that approximate minimizers are characterized (in a
sense to be made precise) by the following effective metric constraint (4.17). Itis a

two-dimensional reduction of the three-dimensional constraint (4.16) and reads

(V0 IVy = 73 (1o + (F = Ditg ® i) =: £,,, a.e. on w. 4.17)

Notation. Here and throughout, we denote vector fields which are mappings Q;, —
R3 with a superscript & (e.g., ng, yh). We also consider vector fields defined on the
midplane w c R?, (e.g., midplane fields ng, y: w — R?). Sometime these midplane
fields will involve h-dependent smoothings. In such cases, a notation different then
the superscript 4 (often a subscript d5) will be used to differentiate these fields from
ones mapping from €;,. We also use (-) to distinguish two-dimensional quantities

from three-dimensional quantities. For instance,
x = (x1,x2,x3), X :=(x1,x2), V=(01,00,03), V=(0,0), (4.18)

and 7o € B1(0) c R? is the projection of ng onto w.

Remark 4.2.4 (i) Ifthere exists a deformation y which satisfies (4.17) for a given
no, there may be, in general, multiple such deformations (e.g., the sheet can
actuate upward or downwards in different places). We imagine that one can
distinguish between these by appropriately breaking additional symmetries,

but we do not investigate this further.

(ii) The constraint (4.17) generalizes a metric constraint that has been proposed
by Aharoni et al. [2] for actuation of nematic sheets. Indeed, (4.17) is more
general in that (a) it need only hold almost everywhere, allowing for piecewise
constant director designs and (b) the director can be programmed out-of-plane.
At the same time, it is easy to see that (4.17) reduces to the constraint [2] for

smooth planar director fields (a proof of this was given in the previous section).

We justify the use of the metric constraint as a characterization of approximate
minimizers of the strain energy through a series of results summarized as follows.
We consider two classes of designs: (a) Nonisometric origami and (b) smooth
designs. For the former, we show that if the metric constraint holds, then the energy
of actuation is o« A% and this is optimal. For the latter, we show that the metric
constraint is both a necessary and sufficient condition for the energy of actuation to
be O(K3).
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4.3 Nonisometric origami constructions under the metric constraint
We first consider nonisometric origami under the metric constraint, and show that

their strain energy scales at most like 4.

Definition 4.3.1 (Definition of nonisometric origami) These are characterized by

the following assumptions on the design and deformation respectively:

(i) (The design). w C R? is the union of a finite number of polygonal regions w,

which each have constant director field, i.e.,

U Was wqo mutually disjoint and polygonal,

ny: w — s? satisfies  no(X) = noq, (¥ € wy,Ya € {1,...,N}),

floe # +hgg  when there is an interface between w, and wg, a # .
(4.19)

(ii) (The deformation). y € W (w, R3) is a piecewise affine and continuous

midplane deformation which satisfies the metric constraint (4.17), i.e.,

V(&) = EuX+cq and (Fy)'Fy =10, (4.20)

forall X € wyandall a = {1,...,N}.

Note, the last condition in (4.19) is only there to ensure that each interface corre-
sponds to a non-trivial change of the director (otherwise that interface would be

superfluous).

For a nonisometric origami design (i.e., w, ng as in (i)) and deformation (i.e., y as
in (ii)), we show that we can construct a map y": Q;, — R> which approximately
extends y to Q; and has strain energy I h (yh) = O(h?). In order to do so, we first

smooth y. This relies on a technical hypothesw that y has a 6-smoothing:

Definition 4.3.2 We say that y : w — R> has a §-smoothing if. for any 6 > 0
sufficiently small, there exists a map ys € C>(&,R?) and a subset ws C w of area
less than C6 such that

Yys=Yy onw\ws, |01ys X daysl 2 ¢ >0 onw,

_ . : o )
IVysll~ < C, IVVyslle < Co, IV*yslle < Co

for some constants C, c > 0 which can depend on y and w but not on 9.
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We have the following theorem:

Theorem 4.3.3 Let w and ng be as in Definition 4.3.1(i), let y be as in 4.3.1(ii),
and let ng : Q) — S? be any vector field that is close to ng in the sense of (4.15).

Suppose further that for all small enough 6 > 0, y has a 6-smoothing y° in the sense
of Definition 4.3.2 above.

Then, there exists an m > 0 such that if we set 6, = mh, then for all small enough

h > 0 there exists a map y" : Qj, — R3 with

Y'(%,0) =y5,(%), X €w,

(") <O, (422

Moreover, y" is an approximate extension of y in the sense that || Yo = Yllwr2wrsy =
O(h).

We prove this theorem in Section 4.5—where we show low energy deformation for
smooth and sufficiently smooth surfaces under the metric constraint—as the proofs

are similar.

The existence of such a §-smoothing (of the Lipschitz continuous/origami midplane
deformation y) is an important technical tool. It is needed because the global defor-
mation y” has to satisfy the incompressibility constraint det Vy" = 1. (Essentially,
the non-degeneracy of the derivatives of ys allows one to employ the inverse function

theorem to derive a sufficiently well-behaved ordinary differential equation.)

This technical issue has appeared in previous works on incompressibility (also, a
det F > 0 constraint) in thin sheets. It was first appreciated by Belgacem [10] and
later addressed in some generality by Trabelsi [95] and Conti and Dolzmann [31].
However, their methods are very geometrical in nature (they are largely based on
Whitney’s ideas on the singularities of functions R” — R?"~!  [107, 108]) and it
is not obvious how to extract from them the 6—dependent control of the higher

derivatives which we need in the present context.

Importantly though, we prove that all of the examples of nonisometric origami in
Figure 4.2 and 4.3 indeed have a 6-smoothing, in the sense of Definition 4.3.2.
We do this by first showing that the existence of a 6-smoothing can be reduced to
a linear algebra constraint on the sets of deformation gradients associated to the
origami deformation, and then by explicitly verifying that this constraint holds for

all nonisometric origami considered. We introduce the constraint below.
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We develop nonisometric origami further in an extensive Section 4.7. Specifically,
we discuss in some detail an equivalent formulation of the metric constraint (4.20)
for nonisometric origami in terms of compatibility conditions. These are akin to the
rank-one condition studied in the context of fine-scale twinning during the austenite
martensite phase transition (also actuation of active martensitic sheets) [4, 13, 14,
15] and to the recently studied compatibility conditions for the actuation for nematic
elastomer and glass sheets using planar programming of the director [68, 69]. We
also highlight the rich potential of this class of designable actuation by showing that
the case of three sectors with fixed distinct planar directors ng; = g; fori = 1,2,3
can have up to 32 non-trivial compatible junctions for various 7 and ng;. We develop
this in Appendix A.3.

On /5-smoothings of origami deformations
We consider the smoothing of a piecewise affine and continuous deformation of a

polygonal region w C R? containing a single junction.

Definition of a single junction. We fix a right-handed frame with standard basis
{€1,8:) c R2, and we set X := x1&] + x2&,. We suppose w contains K interfaces
merging at a point 5 € R?, each separating regions of distinct constant deformation
gradient. For each a € {1, ..., K}, the vector defining the interface (and pointing
away from the junction p) is called 7, € S! with 7> € S! the right-handed vector
normal to 7,. A schematic of this is shown in Figure 4.6 for (a) an exterior junction

(i.e., where the junction p lies on dw) and (b) an interior junction. We write

w = U W, (4.23)
ael{l,...,.K}

where each w,, is a polygonal sector containing the 7, interface whose boundaries
merging to p either bisect the angle between 7,_; and 7,, bisect the angle between
fo and 7441, or form the boundary of w. A schematic of this is shown in Figure 4.6

for (¢) an exterior junction and (d) an interior junction.

Definition of origami deformation of a single junction. We consider a general
piecewise affine and continuous deformation y: w — R? of this single junction at

point p. This is defined as

y()?) = 7&(()? _ﬁ) : f(Jy_) + ((i _ﬁ) : icy)Fafa + y(ﬁ)

if ¥ew, a€efl,...K}

(4.24)
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Figure 4.6: Schematic on a single junction at point p: Exterior (a)/(c) and interior

(b)/(d).

for some y(p) € R3, for y,: R —» R3 satisfying

Z‘F‘a_lfé,‘ ift <0

YVo(t) = a€f{l,... K}, (4.25)

th,it  ift>0
and for any set of matrices Fo, Fy, ..., Fx € R3*? having the properties:

Fa—liﬁm (Fa_ﬁa—l)fazo and

N N (4.26)
AadjiFy_; + (1 - DadjF, #0, ¥ 1€[0,1]

foreach a € {1, ... K} (if p is an interior junction, then Fy = Fx).

The first condition in (4.26) ensures that each 7,, interface is a non-trivial (i.e., there
is a jump in the deformation gradient across the interface). The second condition
in (4.26) is the rank-one compatibility condition which ensures that y is continuous
across each 7,, interface. Finally, the latter condition in (4.26) ensures that adjoining

regions do not fold into themselves.
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We now show the existence of a §-smoothing for a special class of origami junctions
where the F, satisfy an algebraic condition. The general problem of finding ¢-
smoothings for any junction that satisfies (4.24)-(4.26) remains open. However, our

special class covers the examples of physical interest.

To introduce our result, we recall that the convex hull of a finite collection of R3*2

matrices is

N N
colFy,.... Fy} = Z L;F: 4; >0 foreachiand Z =1} @27

i=1 i=1
In addition, for any collection S of R**? matrices, we denote the lower rank of the

matrices in this set as
rank;S := min{rankF: F € S}. (4.28)

Our main result on §-smoothings of generic origami deformation of a single junction

is as follows:

Theorem 4.3.4 Let w be a single junction (as defined above) and let y be an origami
deformation of this junction defined by (4.24), (4.25) and (4.26). Consider the set

K
Ay = {F e R™2: rank (U co{F, F,, Fa_l}) = 2} : (4.29)

a=1

If A, is non-empty, then y has a 5-smoothing.

Proof of Theorem 4.3.4.

The basic idea of our construction is (i) interfaces can be smoothed trivially and
(ii) the existence problem at a junction can be reduced to a linear algebra constraint
related piecewise constant deformation gradients at each junction. The linear algebra

constraint can be found in Theorem 4.3.4 below.

A key step in the proof is to localize the problem to a junction by using a radial
cutoff function ¥ (¢). This produces the localization error sy’(s). Importantly, this
localization error can be made arbitrarily small by choosing ¢ to be logarithmic and
this observation significantly simplifies our argument. (The intuitive reason for the
appearance of the logarithm is that we are considering the scale-invariant operator
td)

As it will be useful in the development of the proof of Theorem 4.3.4, we let 8, > 0

denote the angle between 7, and 7,4 for each @ € {1,...K — 1} (and 6 > O the
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angle between g and 7} if p is an interior junction) and define
6" := miné,. (4.30)
[07
Now for the proof of this theorem, we first consider a mollification of each vy, in
(4.25), i.e., Va5 € C®(R,R?) given by

Yas ' =Ya *Ns @ €{l,...,K} 4.31)
for ns € C”(R,R), the standard symmetric mollifier supported on the interval
(=6/2,6/2). For any 6 > 0, we define the function yos: w — R3 given by

yO,é(i) = 70,6((32 _]5) . fﬁ;) + ((3Z _]5) . fQ)Fafa + y(ﬁ)

if ¥Yew, aefl,...K}.

(4.32)
This is a 0-smoothing of y outside of a small neighborhood of the junction.

Proposition 4.3.5 Let w and y be as in Theorem 4.3.4. Set m > 1/ sin(6*/2) for 6*
in (4.30). For any 6 > 0, define yos as in (4.32). Then yg s restricted to w \ By,s(P)
is a 6-smoothing of y. Moreover,
Vy0s(®) = (1= A6((F = §) - 82D Fa-1 + A5((F = P) - g3) Fo
if X €wq\ Bus(p)

where 15 € C*(R, [0, 1]) is given by As5(s) = f_x(m ns(t)dt.

(4.33)

The issue with this construction, however, is that yys is not even continuous on
B..s(P), so we require a modification of this deformation in a neighborhood of p for
a 0-smoothing on all of w. From now on, we assume that the set A, in (4.29) is

non-empty. We replace yg s on the B,,s(p) by
Ye(X) = Fe(R=p) +y(p),  Fe € A,. (4.34)
Then for any 6 > 0, we define ys: w — R3 as

Y6(X) = y0,6(%) + ¢s(IX = P (ye(X) = yo,s(X)) (4.35)
for some cutoff function ¢ s such that
s € C*(R,[0,1]) such that
1 ifs<mé (4.36)
Ys(s) = , M >m>1/sin(6*/2).
0 ifs>Méo

We make the following observation about this construction:



131

Figure 4.7: Schematic of an arbitrary 7,, interface for a junction at point p.

Proposition 4.3.6 Let w and y be as in Theorem 4.3.4. Let ‘A, be non-empty. For
any 6 > 0 define ys as (4.35) for yos in (4.32) with y. as in (4.34). There exists a
Vs satisfying (4.36) such that ys is a d-smoothing.

Proof of Theorem 4.3.4. The theorem follows directly from Proposition 4.3.6. O
It remains to prove Propositions 4.3.5 and 4.3.6:

Proof of Proposition 4.3.5. Let w,, := w \ B,s5(p), and consider any ¢ sufficiently
small so that w,, is non-empty. Since m > 1/sin(6*/2) > 1/sin(6,/2) for each
a €{l,...,K -1} (and K if w is an interior junction), yo s defined in (4.32) is equal
to y across each dw;; N wy, (see the schematic in Figure 4.7) and y is smooth across
these interfaces. Therefore, we need only to show that yg s is a 5-smoothing of y on

each w,;, N w, to prove it is a 9-smoothing of y on w,,.

Fix an w, C w. Since y,,s is a 6-mollification of a piecewise affine and continuous
function y, as defined by (4.25) and (4.31), it follows that

Yos =Yy exceptonao-strip C w, Nw, and

- s 5 4.37)
IVyosl < C, [VVyosl < €67, [V@ygs1 < C672 onwy, Nw,

for some C > 0 independent of §. For the lower bound constraint on the cross-

product, we observe that

7&,6(S) = Fafé_f

-6/2

N

6/2

ns(t)(s —t)dt + Fo_ 1T f ns(t) (s — t)dt, (4.38)
S

and thus

(Ya.s)'(8) = (1 = A5(8)) Fa1fy + A5(s) Faly (4.39)
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for A5 defined in the proposition. Since Vyo5(%) = (Ya.5) ((F—p)-TL) ®F+ + Fof, ®1,
for ¥ € w,, we obtain (4.33) by direct substitution of (y,,s)" above and using the
fact that F,_;g, = F,g.. Finally, noting that adj(FR) = det(R) adj(F) = adj F for
any F € R¥? and R € SO(3), we find

adj(Vyo,5()) = Vyos(9)ia X Vyos(9)iy
= Fala X (1= A5((% = p) - ) Facr 5 + A5((% = p) - TH)Fy)  (440)
= (1 - As((X - p) - Ty)) adj Foy + As((X — p) - Ty) adj Fy,
for any ¥ € w,, N w, making repeated use of the fact that F,_i7, = F,7,. By
hypothesis (4.26), this is bounded away from zero since A5 € [0, 1]. That is, we

conclude | adj ﬁy0’5| > cq > 0on w,. Here, @ € {1,...,K} was arbitrary and so

the proof is complete. O

Proof of Proposition 4.3.6. We note that for any m, M such that M > m >
1/sin(6*/2) and for any ¢ > O sufficiently small,

Vys=Fs+Gs onuw, (4.41)
where Fs, Gs: w — R¥? are given by

F5(%) := (1 = (1% = p1)Vyos (%) + ¢ (1% = pl)Foe,

) 1 (4.42)
Gs(%) == 1% =Pl Y5(1% = PD(e(F) = yo,5(5)) ® (% = p).

Focusing first on I:“(;, we note that for any w, C w,

Fs() = (1= 512 = pD) ((1 = A5((% = p) - 7)) Famt + As((% = P) - T3) Fo)

+¢5(If—ﬁ|)ﬁc, X € Wy
4.43)

using (4.33) from Proposition 4.3.5. Consequently,
Fs(%) € cofFy, Foo1, Fy), X €we a€f{l,...,K-1} (4.44)

(and K if w is an interior junction) since ¥ s, A5 map to [0, 1]. We claim that (4.44)

implies

|adj Fs| > ¢* onw (4.45)
for some ¢* > 0.
To see this, we define f,: A3 —» Ras

fa(A1, A2, A3) = |adj(A B + 2Fo-1 + A3F,), (4.46)



133
where Az := {(1;, A2, A3) € R3: A; > 0 foreachi and Z?:] A; =1}, Aszisa

compact subset of R? and each f, is continuous on Az. Thus, the infimum of each

fao is attained. We denote

(A, 45, 29) = argmin fo, @ €{l.....K-1) (4.47)
3

(and K if w is an interior junction). Since F. e Ay, each /1(1"}7} + /lgﬁa_l + /lg‘ﬁa €

R3*2 is full rank and thus we can take

c*:= min minf, >0 4.48
aell,. K1} As fa (4.48)

(again minimizing over K as well if w is an interior junction) to achieve the identity

(4.45).

Now, for the lower bound estimate of a d-smoothing, we notice that given the
representations (4.41) and (4.42),

|adj Vys| = | adj Fal: IG(sl(ZINFaI +1G51) (4.49)
> "~ CIGsI(1 +1G5])  onw.

The latter constant C is independent of M, m and ¢ since | 5]l can be bounded

uniformly independent of these quantities following (4.44).

Now, for estimating G in (4.42) with this cutoff function, we notice first that

[vo.s = Yel < 1y =YD+ lye =YD + |yos — ¥l
<C@O+|Xx-pl) onBuys(P)\ Bus(p).

(4.50)

To obtain this estimate, we used that [ygs—y| = I)/g —vol < Céoneachwy \ Bys(P)
since vy, is Lipschitz continuous, and we used that both y and y. are equal to y(p) at
X = p and Lipschtiz continuous with uniform Lipschitz constant on By;s(p) \ Bys (P)-
Moreover, G is only non-zero on that annulus By;s(p) \ Bius(P) since w(’s(li -p)=0

outside this annulus. Hence, we observe that
1Gs(®)] < 515 = PDIIyos(%) = ye()] < Clys(1% - pDIS + 1% - pl)
< C(1/m+ DI|E = plys(1% = pDI < Cllsws(s)ll,

where in the second to last estimate we use that |¥ — p|/md > 1 on the annulus

(4.51)

Buis(P) \ Bs(P), and all constants C > 0 above can be chosen uniform independent
of 6 and M > m > 1/sin(6*/2). Hence, by applying Lemma 4.3.7 (below), we

suitably choose m, M and the cutoff function ¢ to establish the estimate

|adj Vys| = ¢*/2 onw (4.52)
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for all 6 > O sufficiently small. Here, we made use of (4.49) and (4.51).

With this lower bound established, the other properties which show ys is a o-
smoothing of y are easily verified: Indeed, y = ys except on a set of measure
0(9) for all ¢ sufficiently small since ys deviates from yg s only on a set of 0(6?).
Moreover, the derivative estimates follow from the chain rule and using the estimates
for the cutoff function s established in Lemma 4.3.7 below. This completes the

proof. O

Lemma 4.3.7 Fixe > 0. Thereis a A¢ > 0 such that forany M > m > 1/sin(6%/2)
satisfying M /m > A¢ and M — m > 2, there exists for all 6 > 0 a cutoff function ¥ s
satisfying (4.36) with the properties

ey 5D~ < €

(4.53)
W5l < €57 Whlls < C572 and |1y Iy~ < €67

for C = C(M,m) > 0 independent of 6.

Proof. Consider the cutoff function /5: R — [0, 1] given by

1 if s < (m+1/2)8
T — log(s/(M-1/2)6) .
Us(5) = | el 2 if s € [m+1/2)6,(M = 1/2)6]  (4.54)

0 if s > (M —1/2)6.

Here, i/ is Lipschitz continuous since M —m > 2 and equal to 1 in a neighborhood
of the origin since m > 1/sin(6*/2) > 1. This is not a cutoff function with the

properties (4.36). However, importantly

M-1/2

-1
= €Mm 4.55
m+1/2 )l M. (453)

035(5)] = | log (

which can be made arbitrarily small (independent of ¢) by choosing M /m sufficiently

large. By mollification, we can retain a similar estimate for a y5 as in (4.36).

Indeed, we let /5 := 15 * s for ns € C°(R,R) the standard symmetric mollifier
supported on the interval (—§/2, §/2). Since /s is Lipschitz continuous, equal to
1 for s < (m+ 1/2)6 and equal to O for s > (M — 1/2)9, s is a cutoff function
satisfying all the properties in (4.36) and it satisfies the latter estimates in (4.53).
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It remains to prove the first estimate in (4.53). To this end, note 5 = ns * :,5(’5 and
so explicitly

s+6/2

(ma1/2ys M8 = DIFldr - if s € (m6, (m + 1)6]
5+6/2

T ma(s = n)]3dr if s € ((m+ 1), (M - 1)5]

|tlﬁ:;(s)| < €EM,m M—=1/2)6 (456)
o ns(s = nSldrif s € (M - 1), M&)
0 otherwise.
From this, we deduce that
m+1
! © < m <2 . 4.
lsyrs ()L < (m n 1/2) EMm < 2€Mm 4.57)

Thus, there is a A such that if M/m > A, eym < €/2. This completes the proof
given (4.57). O

Examples of noniosmetric origami and their 5-smoothings.

In this section, we examine the nonisometric origami to actuate a box, rhombic
dodecahedron and rhombic triacontahedron. We will show that each of these designs
has a corresponding 6-smoothing. In this direction, consider Figure 4.8 showing
for the case of cooling a nematic elastomer sheet: (a) the design to actuate a
box, (b) part of the design to actuate the rhombic dodecahedron and (c) part of
the design to actuate the rhombic triacontahedron. In each case, there are only
two non-trivial junctions to consider, each highlighted in red. That is, once the
deformations (both the origami and 6-smoothing deformations) are constructed for
these junctions, then the entire deformation can be built as rotations and translations

of these constructions.

As a first step towards constructing a 6-smoothing for these actuations, we identify
the deformation gradients associated with the origami. This makes use of the notion

of compatibility discussed in Section 4.7.

Proposition 4.3.8 Consider the designs depicted in Figure 4.8. Up to a rigid body

rotation, the deformation gradients corresponding to each region are given by

(a) For the box

R”Oa (fll(/)i)SXL a € {1, 2, 3}
Fo = R%01Rno4 (frlz(/)f)b@ a=4 (4.58)
RﬁosRnos (frlzé52)3><2 a =35;
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(¢)

Figure 4.8: Designs to actuate a box (a), rhombic dodecahedron (b) and rhombic
triacontahedron (c) upon cooling (i.e., 7 > 1). Only a portion of the design is shown
in (b) and (¢).

(b) for the rhombic dodecahedron

- Ry, (62 ae{l,... 4
Fo= it no")iﬁ { ! (4.59)
R2 Rus(bup)axa @ = 4;
(c) for the rhombic triacontahedron
- R, (62 ae{l,....5
Fo= it no")iﬁ { } (4.60)
Rl%(B Rl’log (fn()é )3)(2 a = 4

Here, each Ry, € SO(3) satisfies Ry, noa = F 1 2h0,+V1 - i~les forr € [1, Fnaxl.
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Clearly in each region ! F,, = £,,,. Thus, we need only to show that the deformation
gradients are rank-one compatible at each interface. Let 7, € S! denote the outward
normal (to the junction) for the interface separating no, and ng(,-1) for the interior
junctions as depicted in Figure 4.8 (i.e., @ € {1,...,K} with K = 3 (box), 4
(rhombic dodecahedron), 5 (rhombic triacontahedron) and 0 = K in each case).
We have that 7ig, = cos(0)7, + sin(8)7y where 0 € {n/3,7/4,7/5} for the box,
rhombic dodecahedron and rhombic triacontahedron, respectively, with 7, being

the right-hand orthonormal vector to 7,.

Now, to verify interface compatibility, let us first assume only that R, no, =

cos(@i)noe + sin(ey)es. By explicit computation, we find that

1/2 1/2 ~
(R"Oa (fm/)a )3><2 - Rno((,_l) (fné(a_l))f)XZ) lo =

4.61)
2 cos(0) sin(8) (73 cos(p;) — 7 /%) gt

Thus, interface compatibility (i.e., this quantity being equal to zero) is achieved with
cos(pr) = 712 and this gives the condition on each R,,, € SO(3) defined in the

proposition.

It remains to verify compatibility for the exterior junctions. Let us focus on the ng4
case for the box in (a). Notice that if we consider the interior junction which contains
the ng4 sector without compatibility of the entire origami structure, by the previous
argument on interior junctions, we find that the junction in isolation is compatible

given

Fl* = RT (51/2)3><2, F: = Rno4 (fill(/)f)bd‘ (4.62)

npp *7No1

The transpose for 151* is since ng; points toward this junction and not away from

it. For compatability of the whole structure, we notice that F; = R, F, and so
2

no1

rigidily rotating this isolated compatible junction by R;; achieves a fully compatible
structure. This gives Fy in the proposition for (a). An analogous argument holds for

all the other exterior junction cases. m|

Now, for a 6-smoothing of the deformation, we claim first:
Proposition 4.3.9 Each interior junction in (a), (b) and (c) has a 5-smoothing.

Proof. By Proposition 4.3.8 and Theorem 4.3.4, we prove this result if we can find

a Fx € R¥2 such that the set
K

SI'I;[ = U co {FK’ Rn()a (K}léi)3><2’ RnO(af—l) (frlzé(za,l))3><2} (463)

a=1
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contains only matrices of full rank. Here, K € {3,4,5} is for the box, rhombic

dodecahedron and rhombic triacontahedron respectively and ngy = nox for each K.

The choice of Fx which gives rank; (Sl.{i .) = 2 is facilitated by the following obser-
vation. Consider v := B17ig, + Bgﬁga for any (B4, B2) € R? (i.e., ¥ is an arbitrary

vector on R?). We observe that
12« _ __
Ry (Cup)32¥ = Rug,, (F3 Brnge + 71/ Bong,)
= 7 V0(Binog + Pang,) + 7PN — 7 les (4.64)
=7 V0 + 7BV = Fles.

Thus, since ¥ was arbitrary and @ was arbitrary, we conclude that

Po, (Rug, (E/2)3x2) = 718Dy, for each @ and K, (4.65)

RSXZ

where P,, : R¥>? — R>*2 projects any matrix to that plane normal to e3.

Now, if we choose Fx = 7~/ 6]3><2 for each K € {3,4,5}, we notice that for any
A, ue [0,1]

Pey (AF 0Lz + (1= ) (1R, (Enl )32 + (1 = 1) Ry (Gl )3x2))
= A7 VOP oy (3x2) + (1 = ) (1Pey (R, (€302 )32) + Pey (Rugioyy (Erlr 1 )3x2))
= A Py + (1 = (Ui Oy + (1 = )F " hp) = 70y
(4.66)
That is, this R*? projection of any convex combination of these R¥? matrices is
full-rank. Therefore, any convex combination is also full-rank. This result did not
depend on « or K, so in particular, it shows that rank; (Sl.’; ;) = 2 for each K. Thus,

these interior junctions have a d-smoothing. O
Now, with regard to the exterior junctions, the case of only two interfaces is trivial.

In particular:

Proposition 4.3.10 For any i > 1 prior to self-intersection, each exterior junction
for (b) the rhombic dodecahedron and (c) the rhombic triacontahedron has a 6-

smoothing.

Proof. By Proposition 4.3.8 and Theorem 4.3.4, we prove this result if we can find
a Fy,. € R¥? such that the sets

(4.67)
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contain only matrices of full rank where the F, are as described in Proposition 4.3.8
for (b) and (c). Hence, we choose F), = F> and F. = F;3. With these choices, actually

S = co (B, Fs) Uco {F, ),

ext

S(c) =Co {F3, F6} U co {F3, Fz}

ext

(4.68)

Focusing on (b), we note that since £ and Fs are rank-one compatible by Proposi-
tion 4.3.8 and since actuating the rhombic dodecahedron prior to self intersection
Aadj F2x (1 — A)adj Fs # 0 for all A € [0, 1]), rank;(co{F>, F5}) = 2. The same
Thus, rank;(S\?)) = 2. The

argument applies to other convexified set in S® s

ext*

argument is the same also for Sé;?

This completes the proof. O

The exterior junction for the box has three interfaces separating four regions of
distinct deformation gradient. Therefore, the previous proof technique is not ap-
plicable. Instead, we resort to explicit computation of the deformation gradients.

Nevertheless:

Proposition 4.3.11 For any ir > 1 prior to self-intersection at r > 3, the exterior

Jjunction for (a) the box also has a 6-smoothing.

Proof. By explicit computation in the {é1, &>} basis shown (with e3 the outward

normal) in Figure 4.8,

1 0
F1,3 =7 1/6 0 1 s
IWFoT +8VF-1
) ) (4.69)
3-r —\3 (-1
] E)
Fys =70 33¥8 (%) L
G-n¥EL 13V
Now, we claim that the set
St4) = co{Fy, Fy, Fy} U col Fy, F, Fs} U co{ Fy, i, F) (4.70)

contains only matrices of full-rank if F, =7 YoL,.

To see this, first we note that we need only consider the first two sets since

rank; (co{r~V/ ¢ 0, F, F3)) = 2 from Proposition 4.3.9. In addition, we notice
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by explicit calculation that
FR(A, 1 7) = A ((1 = ) VSIng + pFi3) + (1 - D) Fys
&, 7)) Fk(A,7)

“4.71)
=| F3k(A,7) E(A,T) ,
YA, 7)) £$(A, 1, F)
where &, k,y,¢ > 0 forall A, u € [0,1] and 7 € [1, 3]. Thus,
-3k +&y)
adj F* =| F(yk+&¢) |, (4.72)
62 _ 3K2

where we have suppressed the dependence on A, u and r. We will simply require

the non-negativity of each parameter as stated above for our argument.

Suppose for the sake of a contradiction that adj F* = 0. Using the non-negativity

of the parameters, we have
adiFF =0 = ¢=V3«

y=-V3 = ¢y=0 (4.73)

= either:
& k=0.

Let us assume it is the case &, k = 0, and notice that & = 0 implies 7 = 3 and A = 0.
However, in this case F¥ = Fy s, and Fy s is full-rank. Thus if adj F* = 0, it must be
that ¢, ¥ = 0. However, we find additionally that

1 1
(A, 1, 7) = (/lﬂi +(1- /I)E) V3@ —1). (4.74)

Thus, we see that ¢ = 0 for A, u € [0, 1] and 7 € [1, 3] in only two cases: if 4 =1
and u = O or if ¥ = 1. For the first case though, F* = I:“Lg,, which is full-rank. For
the second case, F* = I3,, which is also full-rank. So ¢ is only equal to zero on
full-rank matrices. This is the desired contradiction. Indeed given this fact, adj F**

can never be zero due to (4.73). |

4.4 On the optimality of nonisometric origami
From Theorem 4.3.3, we can construct approximations to nonisometric origami
(under the hypothesis (4.21)) with energy O(h?). Thus, it is natural to ask whether

these constructions are energetically optimal for a prescribed director field.
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We prove that this is the case (not for Ini,’l, but) for a two-dimensional analogue of
0

the three-dimensional entropic strain energy,
7h0) = [ (10795 =GP+ 995P) d. (475
w

The first term here represents the membrane stretching part and is minimized exactly
when the metric constraint (4.17) is satisified. The second term approximates
bending. Such a two-dimensional energy is a widely used proxy to describe the
elasticity of non-Euclidean plates (e.g., Efrati et al. [39] and Bella and Kohn [11]).
In a broader context, these proxies often agree in ~-dependent optimal energy scaling
with that of the three dimensional elastic energy, and deformations which achieve
this scaling in this two dimensional setting tend to form the midplane deformations
for optimal three dimensional constructions (e.g., Bella and Kohn [12] and the single

fold approximation of Conti and Maggi [32]).

Theorem 4.4.1 Let 7 > 0 and # 1, and let w and ng as in Definition 4.3.1(i). For
h > 0 sufficiently small

inf {fn'é(y): y € Wz’z(w, R3)} > c h?.

Here, c; = cp(ng, 7, w) > 0 is independent of h.

Remark 4.4.2 (i) If, in addition to the assumptions of the theorem, there exists
a y as in Definition 4.3.1(ii), then for h > O sufficiently small, there exists a
s, € C3(@,R?) such that

Iys, = yllwiz < O(h)  and  1)(ys,) = O(h?). (4.76)

Hence, nonisometric origami is optimal in this two dimensional setting. The
proof of this is straightforward. Indeed, the estimates (4.21), with the exception
of the full-rank condition, can be obtained by standard mollification. Setting
0 = h for these estimates yields a ys, satisfying (4.76).

(ii) Let us discuss some of the heuristics behind the lower bound in Theorem 4.4.1.
At an interface separating two regions of distinct constant director, an energetic
penalty associated with membrane stretching at O(h) drives the deformation
to be piecewise affine with a fold precisely at the interface connecting the
two regions, whereas an energetic penalty associated with bending at O(h>)

cannot accommodate sharp folds, and thus a smoothing is necessitated. This
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interplay gives rise to an intermediate energetic scaling between O(h) and
O(h?). For isometric origami, folds can be smoothed to mostly preserve the
isometric condition, leading to approximate constructions and (under suitable
hypotheses) lower bounds which scale as O(h¥3) (see, for instance, Conti and
Maggi [32]). For nonisometric origami, the preferred metric jumps across a

possible fold and this leads to a larger membrane stretching term.

(iit) For the proof, we show that it is possible to reduce this estimate to a canonical
problem localized at a single interface. Further, we show that a lower bound
for this canonical problem is described by a one-dimensional Modica-Mortola
type functional. In their result, Modica and Mortola [71] (see also Modica
[70]) prove that such functionals (under suitable hypotheses) I'-converge to
functionals which are proportional to the number of jumps of their argument.
In our setting, these jumps correspond to the jump in the preferred metric
over the interface. That these “jumps" have finite energy in the I'-convergence

setting implies the estimate in the theorem.

Proof of Theorem 4.4.1.

We now prove Theorem 4.4.1. Specifically, we show that for the two-dimensional
analog to the entropic energy given by fn}é in (4.75), a piecewise constant director
design in the sense of Definition 4.3.1(i) necessarily implies an energy of at least
O(h?) upon actuation. In section 4.4, we show that this estimate can be reduced
to a canonical problem localized at a single interface. Further, we show that a
lower bound for this canonical problem is described by a one-dimensional Modica-
Mortola type functional [71, 70]. In Section 4.4, we present a self-contained
argument which shows that the minimum of our Modica-Mortola type functional is
necessarily bounded away from zero for 4 > 0 sufficiently small. This is the key

result we use to prove Theorem 4.4.1.

The canonical problem

We assume w and ng: w — S? satisfy (4.19). Then there exists a straight interface
fop € S! adjoining two regions w, and wg such that fig, # +iigg. We let féﬂ e s!
be the right-handed vector normal to 7, 3. Focusing on this single interface, we have

two cases to consider:

1. Case 1. (figa - Tap)* # (fiop - Tap)? or (fi0n 'géﬁ)z # (fiog - gjﬁ)z;

2. Case 2. (figa Tap)® = (o - Tap)” and (ioa - §1p)° = (iop - 83p)*



(a) Case 1 (b) Case 2

Figure 4.9: Schematic for canonical problem of Theorem 4.4.1

Definition for Case 1: In this case, we relabel so that @ = 1 and g = 2. We fix a
global frame so that é; lies on the g, interface and é; points in the direction of w».
We let the origin of this frame lie on the g}, interface such that for some L > 0 there
exists a ;. := (—L, L)? € w; U w,. A schematic of this description is provided in

Figure 4.9a. We make the following observation in this case:

Proposition 4.4.3 If w and ny have an interface as in the definition of Case 1 (see
Figure 4.9a), then for any y € W>*(w, R3),

I (y) > 2L*hM}, 4.77)

where
1 h2
M :=inf f u? — o (1) + — W')?| dt
_ L2
subject to u € WY((~=1,1),R) with u >0 a.e.} 4.78)

ay ift<0
a(t) =
ay ift>0.

Here ay,ap > 0 and a1 # as.

Proof. Let y € W»*(w,R3). Since S; € w; Uw, C w and the integrand in (4.75) is
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non-negative, we have

Iy > hf (1699 9y = £y |* + R |VVyI?) d5
S

> b [ (1 (@) Ty = e + 100pF) ds (479
SL

=hj‘OMﬂ2—0@OV+hﬂm&ﬂﬂdx
SL

where i € {1,2} is chosen such that (7ig; - &) # (7ig2 - é;)>. We see then that o is

given by

I3+ GG =1D(p - €)% ift<0
FIRA+ (F - D (g - €)*)  if 1> 0.
Thus, we set oy := 7 3 (1+ (F— 1) (7ig1 - €)) and 05 := 713 (1 + (F = 1) (7ipz - €)?),

and note that o) # o by definition of this case, and o1, 05 > 0 since 7 > 0.

Given the chain of inequalities (4.79), we deduce that

L
I (y) > 2Lhinf {f (WP = o)) + K Iw') dt: w e W((-L, L), R3)}
-L

L
> 2Lhinf {f ((w? = o) + h*(Iw|)?) dt: w € W2 ((L, L), R3)}
-L

L
= 2Lhinf {f ((v2 — o)+ hz(v’)z) dt

L

subjectto v € W2 ((-=L,L),R) with v >0 a.e.}

=2L*hM].
(4.81)
The first inequality follows by replacing 9,y with a function w which depends only
on x; and taking the infimum amongst W'? functions, and the second follows by
noting (Iw])? < |w']2. Finally, we simply replace |w| by a function v > 0 for the
first equality, and the second equality follows by a change of variables v(¢) = u(t/L).
This completes the proof. O

Definition for Case 2: In this case, we again relabel so that @ = 1 and § = 2.
We note that 7ipo # O (otherwise, following the definition of Case 2, 7ip; = 0 and
therefore 7i9; = 7igp which is not allowed). Hence, we again fix a global Cartesian
frame so that &, = 7igy/|7ig2| and €; points in the direction of region w,. Next, for

some R > 0, we find a ball Bg C w; U wy whose center intersects the interface g;,.
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Note that R = R(w) depends only on w. We set 6 € (0, /2] to be the acute angle

between 7igy and g2 (which is non-zero by definition of this case) and define

tan(6
L := Rcos(8), T = an(9)

" "M+ an®) (+:52)

We note that by their very definition, L and 7 depend only on w and ny. Further,
7 € (0, L1]. In particular, it cannot be zero since 6 # 0. A schematic of this case is

provided in Figure 4.9b. We make the following observation for this case:

Proposition 4.4.4 If w and ny have an interface as in the definition of Case 2 (see
Figure 4.9b), then for any y € W>*(w,R?),

It (y) > Lih f M; (s)ds, (4.83)
where
1 hZ
Mzh(s) :=inf { f ((u2 —o(s, )%+ E(u')z) dt
-1 1
subject to u € Wl’z((—l, 1),R) with u>0 a.e.} (4.84)

5.0) o1 ift <max{-1+7/L,(1 —7/Ly)(s/7)}
o(s,t) =
oy ift>min{l —71/Ly, (1 —7/L1)(s/7)}.

Here 01,0 > 0 and o1 # 0.
Proof. Lety € W?22(w,R3). Akin to the estimate in (4.79), we reason that

- T L]
Ly (y) = 2h f f (23 = (%) + K163y 1) d (4.85)
-7 —L1

for o (X) depending on both coordinates and given by

. 131+ (7 = Dliiga|?) if xo < max{-L; + 7, (L1 — 7)(x1/7)}
o(X) = Fio1-Tion)2
U3+ (F - 1)%) if x, > min{L; — 7, (L; — 7)(x1/7)}.
(4.86)

Since 7ig; # +iigy by definition, (fig; - 7igp) # |fig2|>. Therefore, o := 713 (1 +
(7 = Diioal "2 (7ig; - fig2)?) does not equal oy := F 131 + (F = 1)|iig2|?). Moreover,

01,09 > 0since 7 > 0.
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Now, given the inequality in (4.85), we again see that in this case
T L]
h(y) > hf inf { f (W = o(s,00)* + R |W' %) dt
-T -L

subjectto w € WH2((=Ly, Ly), R3)}ds (4.87)

.
ZLlhf M) (s)ds

as desired. This part of the argument is completely analogous to that of Proposition

4.4.3. This completes the proof. O

The Modica-Mortola analog and proof of optimal scaling

We have shown that, given any design described by flat sheet w ¢ R? and ng: w —
S? satisfying (4.19), the problem of deducing a lower bound on the energy (4.75)
reduces to a canonical problem which has at most two flavors: Case 1 and Case 2 in
Section 4.4. Actually though, following Proposition 4.4.3 and 4.4.4, we find for the
lower bound that one only needs to consider the variational problem given by the

one dimensional functionals

1
I (u) = f %((MZ—a(s, 0)* +crh@)?) dt, s € [-c2. 2] (4.88)
-1

minimized amongst the functions {u € W'2((=1, 1), R): u > 0}, where

o if t < max{—1 + ¢3, css
O'(S,t):{ ! { 3 cas) (4.89)

oy ift > min{l — c3, c45}

for cj,cp > 0,¢3 € (0,1] and ¢4 € [0, (1 — ¢3)/c2]. In fact, the proof of Theorem
4.4.1 follows from the observation that the infimum of 7" is bounded away from

zero. Precisely:

Lemma 4.4.5 Foranyci,cy; > 0,c3 € (0,1]and c4 € [0, (1 —c3)/c2], and for h > 0
sufficiently small

inf {Z7/"u): u € W((=1,1),R) withu > 0 a.e.} > cL. (4.90)

where ¢, = cr(cy, ¢, €3, c4) > 0 is independent of s and h.

This is the crucial observation for the theorem. Indeed:
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Proof of Theorem 4.4.1. We note following Section 4.4 that it suffices to restrict to
the canonical problem given by the two cases in Figure 4.9. From Proposition 4.4.3
and 4.4.4, we have that for any y € W>?(w,R?),

b 2L2hM1h for Case 1
L, (y) = . (4.91)
Lih f_T Mzh(s)dx for Case 2.
In addition, we observe that
M} = hinf {Z}u): u € W2((-1,1),R) withu > O ae.}
when ¢ = L'l, c3=1,¢c4=0;
Y N " (4.92)
Mj (s) = hinf {I"(u): u € W ((~1,1),R) withu > 0 ae.}
when ¢y = LII, =1, ¢c3=7/L, c4 = (1/t—=1/Ly).
Thus, by these observations and given Lemma 4.4.5,
; 2L%c;h*>  for Case 1
) 2 (4.93)
2L tc h®  for Case 2
for ¢y, = cp(cy, €3, c3,c4) > 0 as in the lemma. This completes the proof. m|

To close the argument, it remains to prove Lemma 4.4.5:

Proof of Lemma 4.4.5. By the direct methods in the calculus of variations (see, for
instance, Dacorogna [33]), we find that for any s € [—c», c3] and & > 0, there exists
a minimizer to _Z'Sh in the space {u € WL2((-=1,1),R): u > O a.e.}. For the lower
bound, it suffices to restrict our attention to any such minimizer, which we label as

u’. Further, we may assume for some fixed constant M > 0 that

"y < M. (4.94)
Indeed, if for some s € [—cp, 2] and & > O this does not hold, then we immediately
establish a lower bound for this case since the reverse inequality holds.

Now, since ¢4 € [0, (1 — ¢3)/c2], we have that o (s,7) = 0y whent < —1 + ¢3 and
o(s,t) = oo whent > 1 — c3. Without loss of generality, we assume 0| < 0. We

let (o) = (071 + 02)/2, and we claim that for any 4 > 0 sufficiently small,

{ for some 7€ [=1,—1+c3/2], ul(t)* € 3o, 5(01 + () (4.95)

for some f €[l —-c3/2,1], ufv’(t)2 € (%(0’2 + {0)), %0'2).



148
[,

Indeed, suppose the first condition does not hold. Then (uh (1)%-01)? > 1 min{o? o, (o)—

z M
o1)?} > 0 on the interval [-1, =1 + ¢3/2], which gives

1+c3/2
Ity > fl %((u’;)2 R §—Z min{o?, (o) — )%}, (4.96)

Taking & > O sufficiently small, we eventually arrive at a contradiction to (4.94).

The second condition in (4.95) holds by an identical argument.

Now, by the Sobolev embedding theorem ui’ e W2((~1,1),R) has a continuous
representative. This continuity and the observation that (4.95) holds leads to the
non-zero lower bound on the energy. Indeed, we have the estimate

1
't = 2ya f @ = (s, 1)1l . 4.97)
1
Hence, we define

a:=max{re[-1,1]: u"(1)* = l(al + (o))},
| 2 (4.98)
b :=min{t € (a,1]: u?(t)2 = 5(0’2 +{(o)N}.

By the continuity of u” and the observation (4.95), these quantities (as asserted) do,

in fact, exist. Moreover,
1
f 1(u™)? = o (s,0)|(uY |dr
-1
b 1 b
zf |(u!)? — o (s, )| (uY|dt > 5min{|<a>—a,~|}f |(ul)'|dt
a 1,2 a

—min{|<0> - oil}

b
[y = 3 mintie) = ol 6 = b

—mm (o) = ail} (o2 + {aN? = (o1 + (o))
2V2 L
(4.99)

by the fundamental theorem of calculus. Since this lower bound is positive and

independent of s and /&, combining (4.97) and (4.99) completes the proof. i

4.5 Examples of pure bending actuation under the metric constraint
We turn now to the case of smooth or sufficiently smooth surfaces and programs
satisfying the metric constraint (4.17). For these configurations, we will show the

actuation is pure bending, i.e., O(h?) in the entropic strain energy after actuation.
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Theorem 4.5.1 (Smooth Surfaces) Let i € (0,1) or ¥ > 1. Let n{)’ and ng satisfy
(4.15). If y € C3(w,R3) and ny € C*(®, S?) such that (?y)T?y = fno everywhere
on w, then for h > 0 sufficiently small, there exists a y"* € C'(Q;,, R?) such that

YEO0) =y(8), Few  IhOM=00). (4.100)

Notice that for this theorem we assume y and ng are C* and C? respectively. Such
smoothness is not always necessary. To highlight this, we introduce a large class
of y,n which automatically satisfy the two-dimensional metric constraint (4.17).
These surfaces are given as the graph of a function, combined with an appropriate
contraction (here we consider cooling, so 7 > 1). We call these “lifted surfaces”.
They are defined by

y(&) = 7 0(x1e1 + xpe2) + o(F 0 %)es, (4.101)

where the function ¢ is from the following set
{p € WHGFYOu,R): |Vllz> < AF:=F -1, suppp C 7 Yow,}.  (4.102)

Here, we set w,, := {¥ € w: dist(X,dw) > m > 0} (recall that w c R? is the
midplane of the sheet, a bounded Lipschitz domain). The corresponding director
field of a lifted surface is
A1p(F %)
no(%) = % (P 10%) . (4.103)
T\ (A5 = VoD

We emphasize that any such choice of y, ng satisfies (4.17). This fact can be proved
by rewriting (4.17) in an equivalent form, which is in fact more practical from the
perspective of design, and we discuss this in Section 4.7, which has a focus towards

applications.. The first main result is then that lifted surfaces have entropic energy

of O(h?) (and therefore they are good candidates for designable actuation).

Corollary 4.5.2 (Lifted Surfaces) Let 7 > 1 and m > 0. Given a midplane defor-
mation y as in (4.101) with ¢ taken from the set (4.102), define the director field n
as in (4.103). Let ng be close to ng in the sense of (4.15).

Then, for every h > 0 sufficiently small, there exists a ys, € C3(@,R3) and an
extension yh eC! (ﬁh, R3) such that

YIE0) = y5,(%), F€w,  Nys, = Viwtow) = Oh),

4.104
74" = 0h) (109
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The key reason why the lifted surface configurations satisfy the O(h?) scaling is
that they satisfy the metric constraint, they are sufficiently smooth and (for our proof
technique) they can be approximated by even smoother configurations which satisfy
the metric constraint (see Remark 4.5.3(ii)). Thus, we can generalize the proof of

Theorem 4.5.1 to obtain this result.

Remark 4.5.3 (i) The surfaces of revolution in Aharoni et al. [2] and the designs
exploring Gaussian curvature in Mostajeran [72] satisfy the conditions of
Corollary 4.5.2. Thus, these designs and their predicted actuation are pure
bending configurations in that they have entropic energy of O(h>) (which

Justifies that they are good candidates to be realized in actuation).

(ii) To arrive at the results presented in this section, we employ techniques of Conti
and Dolzmann [30, 31] to construct incompressible three dimensional defor-
mations y" € C'(Qp, R?). These techniques rely on the ability to approximate
Sobolev functions by sufficiently smooth functions (see the details of Section
2 in Plucinsky et al. [81]). In this direction, an important feature of lifted
surfaces is that given any y as in (4.101) with ¢ as in (4.102), there exists a
smooth ys, approximating y in the W>?(w, R) norm which additionally satis-
fies 6)}5,1 € Djon w (see Theorem 4.7.1 for the context for which the space Dy
arises). The space Dy can be thought of as the appropriate generalization to ne-
matic anisotropy of the space of matrices representing isometries. Specifically,
in the isotropic case ¥ = 1, D; reduces to Dy = {F € R3>*2: FTF = [h,»). The
corresponding function space

W*2(w,R?) := {y €e W (0, R?): (V) Vy = by a.e.) (4.105)

N

has been studied extensively in the literature as this is the space of all bending
deformations for isotropic sheets (as detailed rigorously by Friesecke et al.
[46]). For instance, Pakzad [77] showed that smooth isometric immersions
are dense in Wizs’g as long as the initially flat sheet w is a convex regular
domain. This was later generalized by Hornung [52] for flat sheets which
belong to a much larger class of bounded and Lipschitz domains. For nematic
elastomers, an appealing analogue to these results would be a similar density

result for the space

Wr_z’z(w, R3) ={ye€ Wz’z(a), R3): ﬁy € Dy a.e.}. (4.1006)
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For instance, this space arises in compactness at the bending scale for the
combined entropic and Frank energy studied in section 4.6. It does not appear
that a result of this type has been considered so far. QOur result for non-
smooth midplane deformations satisfying Vy € Dr a.e. is only stated for
lifted surfaces, as these are the examples we can explicitly construct and

approximate.

Proof of Theorems 4.3.3 & 4.5.1.

Each of the idealized two dimensional actuations detailed in this work (i.e., noniso-
metric origami, sufficiently smooth surface, and lifted surfaces) satisfy the effective
metric constraint: (Vy)'Vy = fno a.e. on w. For extending these to three dimen-
sional deformations with low energy, the basic idea is to construct an incompressible
extension yh which satisfies yh(x) ~ y(X) + x3b(X), where b: w — R3 is chosen
so that (@ylb)T(§y|b) = {,, a.e. on w. The energy of the constructions depends
on the regularity of the idealized two dimensional fields y, b and ng. (The energy
is O(h?) for nonisometric origami and O(h?) for lifted surfaces and sufficiently

smooth surfaces).

The importance of regularity considerations is reflected in the construction of y”.
Indeed, if the fields are not regular enough, as is the case with nonisometric origami
and some lifted surfaces, we develop 6-dependent approximations ys and bs that
satisfy (?y(;lb(;)T(?y(glb,;) ~ €y, for small 6. In extending these approximations to a
three dimensional incompressible deformation (by parameterizing ¢ by h), the low
energy argument emerges as a balance between deviations from the metric constraint
and a bending penalty related to localized deformation induced by nearly satisfying

the metric constraint.

First, we construct three dimensional incompressible deformations starting from
sufficiently smooth two dimensional deformations. These constructions cover all
cases of idealized actuation considered in this work. Then, we use these construc-
tions to prove the O(h?) energy statement for lifted surfaces and sufficiently smooth
surfaces. As part of the proof, we develop two dimensional approximations to the
lifted surface ansatz as needed. Finally, we follow analogous steps to prove the

O(h?) energy statement for nonisometric origami.

Incompressible extensions
We begin with extensions of the deformations of a planar domain to three dimen-

sional incompressible deformations of a thin domain based on the techniques of
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Conti and Dolzmann[30, 31].

Lemma 4.5.4 Let a € {—1,0, 1}. Suppose for any 6 > 0 sufficiently small we have
ys = ys(@) € C3(@,R?) and bs = bs(a) € C*(®,R?) satisfying

det(ﬁy(glbg) =1 onuw,

IVyslizs + 1bslli=w) < M,
IVVysllze + Vb5l < Ms™n =0
IV yslies + 1VVbsllpe < Mo

(4.107)

for some uniform constant M > 0. Then there exists an m = m(M, a) > 1 such that
for any h > 0 sufficiently small, there exists a unique &" = £"() € C'(Qy,R) and
an extension y" = y"(a) € Cl(ﬁh, R3) satisfying

yh =y, + fhb(gh, with 6, = mh

(4.108)
and  det Vyh =1 onQy.

In addition, &" satisfies the pointwise estimates

€M — x3] < CRMINEE0) |2,
13" — 1] < CR™M=00) x5, (4.109)
IVeh < ot |xs)2.

everywhere on Q. Here, each C = C(M) and does not depend on h.
We prove this lemma at the end of the section.

Remark 4.5.5 (i) The a € {—1,0, 1} dependent hypotheses (4.107) is related to
the (sufficiently) smooth approximations to midplane fields y and b which
satisfy (Vy|b)T (Vy|b) = tn, a.e. on w for idealized actuation. These approxi-
mations depend on the regularity of the midplane field y, b and ng. If the fields
are smooth enough, then no approximation is required, and this is reflected in
the hypotheses with @ = —1. Lifted surfaces need not be smooth (i.e., we can
have y € W>*(w, R\ C3(@,R3)). Consequently, approximations in this case
(i.e., ys(a)) correspond to @ = 0. Finally, nonisometric origami actuations
are strictly Lipschitz continuous, and as such, the approximations correspond

toa =1.
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(ii) We will show below that the three dimensional extensions yh defined in (4.108)
have low energy for appropriate choices of ys and bs. Moreover, the estimates
(4.109) precisely quantify the approximation £" ~ x3, and these are crucial

for the energy argument.

(iii) We can choose m = 1 for a = {—1,0}. For a = 1, we generally have to choose
m such that m > max{C(M), 1} where C(M) is a constant that depends on M
but is independent of h.

The O(/?) energy argument for lifted surfaces and sufficiently smooth surfaces
We begin with the case of sufficiently smooth surfaces and programs which satisfy
the metric constraint. In this case, we do not have to approximate the midplane

fields associated to idealized actuation, and so the approach is straightforward.

Definition of three dimensional deformation for smooth surfaces: Letr > 0. We sup-
pose that ngy € C%(®,S?) and y € C3(®, R?) such that (ﬁy)Tﬁy = fno on w. Follow-
ing Proposition A.1.9, there exists a b € C?(@, R®) such that (Vy|b)T (Vy|b) = €y,
and det(Vy|b) = 1. The smoothness is due to the regularity of ng and y by explicit
differentiation of the parameterization in (A.24). Now y and b satisfy the hypotheses
of Lemma 4.5.4 with @ = —1 since these fields are 6-independent. Hence, for 7 > 0
sufficiently small there exists a £&” € C'(Qy, R) and an extension y" € C'(Q), R?)

with the properties:

h.—y+&hp, detVy"=1 onQ,,
{y y+é Y " (4.110)

" = x31 < Clxsl?, 1036" = 1] < Clxzl, [VE"] < Clxs* on Q.

Proof of Theorem 4.5.1. We first note the y” (%, 0) = y(¥) for ¥ € w since £"(,0) =
0 by the first estimate for £” in (4.110). So it remains to prove only the O(4?) scaling
of the energy Ing oM.

We compute explicitly

Vy" = (Vylb) + x3(Vb|0) + (£" — x3)(Vb|0)

N (4.111)
+ (0" - Db®@es + b VN

Hence, by the estimates on & " in (4.110), we conclude

Vy" = (Vylb) + O(x3). (4.112)
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By hypothesis, (?ylb)T(ﬁylb) = {y,, and so we find that

We((Vylb).n,no) = Warr (E) VYY) =0 onw  (4.113)

following Proposition A.1.7 and the identity (2.3). Here, we have set

Vylb
nie 00 (4.114)

|(Vylb)no

Since the energy density (4.113) vanishes, we deduce from Proposition A.1.4 that
D2 Tyb) ()12 =2 R e SO3)  onw. (4.115)
Now, we let n'* := (Vyh)ng/l(Vyh)ngl on Qj, and observe that
(52,6)1/2 = ()" + o(n), (4.116)

where the equality follows from the scaling of the non-ideal terms in (4.15). Addi-

tionally given (4.112), we conclude
()72 = ()™ + 0(x3) + O(h). 4.117)
Hence, combining the estimates (4.112), (4.116) and (4.117), we find

WV, ' nl) = Wan (62 (Ty1b) (€5)1 + O(x3) + O(h))
= W (RT(E)) " 2(TyIb) (E2)"2 + O(x3) + O(h))  (4.118)
= Wan (I + O(x3) + O(h)) = O(h*)  on w.

For the last equality, we used the definition of R in (4.115) and for the inequality,

we used the estimate in Proposition A.1.3. Since this inequality holds on all of w,

h/2
In%(yh) =f fWe(Vyh,nh,ng)dx = 0(I?). (4.119)
-h/2 Jw

This completes the proof. O
We now apply Lemma 4.5.4 to the case of lifted surfaces.

Definition of three dimensional deformations for lifted surfaces: Let ¥ > 1. We
suppose {¢, y, no} are as in the lifted surface ansatz (i.e., y satsifying (4.101) and ng
satisfying (4.103) for ¢ as in (4.102) for some m > 0) and ng isasin (4.15). For¢ > 0
sufficiently small, there exist 6—dependent functions {¢s, Y5, 10,5, bs} approximating
this ansatz as detailed in Propositions 4.5.6-4.5.8 at the end of this section. The

approximations satisfy (6y5|b5)T(6y5|b5) ~ {,,, and they are sufficiently smooth
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so that we can apply Lemma 4.5.4 with @ = 0 when we set 0, = 6 = h (see Remark
4.5.5(iii)). Thus for & > 0 sufficiently small, there exists a &" € C! (Q), R) and an
extension y" € C'(Q, R3) with the properties:

" = x3] < Clasl’, 1036 = 1] < Clxsl, [VE" < Ch7llxs)* onQy,
(4.120)

{yh = ys, + &5, detVy" =1 onQy,

for C = C(Vy) > 0 independent of . With this construction, we prove Corollary
4.5.2:

Proof of Corollary 4.5.2. We first note the y"(%,0) = vs, (%) for ¥ € w since
£M(%,0) = 0 by the first estimate for ¢” in (4.120). Moreover, ||ys, = yllwi.e = O(h)
is shown in Proposition 4.5.7. So it remains to prove only the O(h?) scaling of the

energy Ing M.

For this, we note that given the estimates and properties established in Proposition
4.5.6-4.5.8, the fact that we are smoothing on a length scale , = 6 = h and the
estimates for £’ in (4.120), the proof here follows exactly the same line of arguments

as in the theorem above by replacing {y, no, n, b, R} with {ys,, nos,. ns,» bs,, Rs,}. O

It remains to construct the -dependent smoothings {¢s, 1o, ¥s, bs} asserted in the

definition of three dimensional deformations for lifted surfaces.

Construction of ¢s. Consider any ¢ as in (4.102) for m > 0. We extend ¢ to all of
R? yielding ¢ € W>*(R?,R?) (the extension is not relabeled), and we set

1/6

ps:=1nsx¢@ onr Pw 4.121)

for a standard mollifier ns supported on a ball of radius ¢/2. For this mollification,

we have:

Proposition 4.5.6 Ford > Osufficiently small, psin(4.121) belongs to C° (75w, R)

and satisfies the estimates

e = @sllyre = O, IIV@sliLs < A,

o . | (4.122)
VP sl = O™,  for any integer n > 2.

-1/6

Proof. ¢sis smooth by mollification. It vanishes on the boundary of 7~ /®w for 6 > 0

1/6

sufficiently small since by (4.102), spte C 7 /Pw,, = 0% € w: dist(F, w) >
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m} and since 75 is supported on a ball of radius ¢/2. From standard manipulation of
the mollification (4.121), the estimate on the W* norm follows from the Lipschitz
continuity of ¢ and V¢, the estimate on Vs follows from that fact that || Vel|z~ < A,
and the estimates on the higher derivatives follow from the fact that VVg € L®. O

Construction of ngs and ys. We replace ¢ in the lifted surface ansatz (4.101) and
(4.103) with ¢;s from the proposition above and define ngs as in (4.103) and ys as
in (4.101) with this replacement. We make the following observations:

Proposition 4.5.7 Let 6 > 0 sufficiently small. Let nos and ys be as defined above
for ¢s as in (4.121), ¢ as in (4.102), ng as in (4.103) and y as in (4.101). Then
nos € C* (@, S?) and ys5 € C* (@, R?) and they satisfy

(Vye) (Vys) = lnyy onw

lno,s — nollLe = O6), |lys — yllwre = O(9),
IVyslizs + IVVyslizs + IVngslizs < C,

IV yslie + [IVVnggllze < €™

(4.123)

for C independent of 6.

Proof. These properties are a consequence of the properties on ¢s established in
Proposition 4.5.6. In particular, smoothness follows since ¢s is a mollification;
the metric constraint holds by the equivalence (4.205) since IW%II 1o < A,; the
estimates on the approximations ng s — ng and ys — y follow from the W estimate
of @5 — ¢ using the explicit definition of each field; and the 6-dependent derivative
estimates follow from the 6-dependent derivative estimates of s again using the
explicit definition of each field. O

Construction of bs. We construct the out-of-plane vector bs: w — R3 to ensure the

metric constraint is satisfied at the midplane:
Proposition 4.5.8 Let 6 > 0 sufficiently small. Let ng and ys as in Proposition

4.5.7. There exists a bs € C*®(®, R?) such that

(Vyslbs) (Vyslbs) = €5, det(Vys|bs) = 1,
N o 1 (4.124)
bsllze + |Vbslle < C,  |VVbslls < C6~

for C independent of 6.
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Proof. Since by Proposition 4.5.7, we have (6y5)T§y5 = fno’ s everywhere on
w, we apply Proposition A.1.9 pointwise everywhere on w. Thus, we define the
vector bs: w — R3 as in (A.24) with @y(g replacing F and nos replacing np in
these relations. Hence, (4.124) holds on w. Smoothness follows since nos, ys
and the parameterization (A.24) are each themselves smooth. The estimates on
the derivatives of bs follow from the estimates on the derivative of ys; and ng in

Proposition 4.5.7 by explicit differentiation of the parameterization in (A.24). O

The O(h?) energy argument for nonisometric origami
We now apply Lemma 4.5.4 to the case of nonisometric origami. This requires the

existence of a 9-smoothing of y in the sense of Definition 4.3.2.

Definition of three dimensional deformations for nonisometric orgiami: Let 7 > 0.
We suppose w C R? and ny satisfy Definition 4.3.1(i), y satsifies Definition 4.3.1(ii)
and ng satisfies (4.15). In addition, we assume there exists a §-smoothing y° €
C3(®,R?) as in Definition 4.3.2.

In Proposition 4.5.9 below, we prove that the existence of a §-smoothing ys also
guarantees the existence of a vector field bs that complements ys. (By this, we
mean that it satisfies (ﬁy(;lb(;)T(@y(glb(;) ~ {p,, and it is sufficiently smooth so that
we can apply Lemma 4.5.4 with @« = 1.) Thus by Lemma 4.5.4, there exists a
m = m(?y) > 1 such that for 2 > 0 sufficiently small there exists a &ec l(ﬁh, R)
and an extension y" € C!(Q;, R?) with the properties:

yti=ys, + EMbs, with 6, = mh, detVy" =1 onQy,
€ — x3] < ChVxsl 1838 — 1] < ChVxsl, 1VE"] < Ch72|x30% on QY
(4.125)

for C = C(Vy) > 0 independent of 4. With this construction, we prove Theorem
4.3.3.

Proof of Theorem 4.3.3. We first remark that y”(%,0) = vs, (X) for every X € w
since &(%,0) = 0 following the first estimate for £” in (4.125). Further since y;, is
a d-smoothing of y (recall definition 4.3.2), we find |[|ys, — ylly12 = O(h). Thus,

it remains only to show that the energy scales as O (h?) for this deformation.

To this end, we first compute Vy” explicitly. We find that

Vy" = (Vys, |0) + £"(Vbs, 0) + (81€"bs, |026"bs, 183" bs,), (4.126)
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and note that from Proposition 4.5.9, W)(gh = 0 on the set w \ &g, where |@s,| =
O(6) = O(h). It follows that fh = x3 on this set. Indeed, since det Vyh =1, we
find that on w \ @s;,,,

1 = det((Vys, 0) + (81" b5, 10:6" bs, 036" bs, ) = 03" det(Vys, |bs,).  (4.127)

Also from Proposition 4.5.9, det(?y(;hlbgh) = 1. Thus, 635h =1onow)\ s,

Consequently, & " = x5 on this set since we have the condition & h(%0) =0.
To recap, we find that
Vy" = (Vys,|bs,) onw\ @s,. (4.128)
On the exceptional set &g, , we find that
V3| = |(Vys,1b5,) + (336" = 1)bs, ® e
+ x3(Vb5,10) + (£" = x3)(Vbs,10) + by, ® VE"|
< |(Vys, Ibs,)| + 183" = 1]bg, | (4.129)
+ |x31[Vbs, | +1€" = x3(Vbs, | + |bs, [IVE"|
< C(1+n s+ h72xs?) < C

where each C = C (?y, m(@y)) > 0 is independent of 4. These estimates follow
from the estimates (4.21), (4.139) in Proposition 4.5.9, and (4.125).

Now, we recall from Proposition 4.5.9 that (?y(sh Ib(;h)T(ﬁy(;h |bs,) = Cpy ON W\ Dss,,.
Thus,

We((Vys, |bs, ), ns,» o)

- (4.130)
= W (1, )2 (U35, 1b5, ) (€5)" ) =0 onw \ @,
following Proposition A.1.7 and the identity (2.3). Here, we have set
Vs, |b
ng, = (ya,J_a,J% (4.131)

 1(Vys, Ibs, ol
Since the energy density (4.130) vanishes, we deduce from Proposition A.1.4 that

(Chy )72 (Vys, b5, ) (E0)' =: R* € SO(3)  onw \ @, (4.132)

no

We have yet to account for the non-ideal terms on this set as ng in (4.15) is the
appropriate argument for the energy density, not ng. To do this, we exploit the

observation in (4.132). Indeed, we set
hy o h
wo (VyHng

= 2 o, (4.133)
|(Tymnk|
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and observe
(O = ()" + O(h),
! ; (4.134)
&)=, )P +0om)  onw\ay,

following (4.128) and the scaling of the non-ideal term in (4.15). Hence on w \ &5, ,

we find
Wy, 0", 1) = Wart (64, )2 (V36,105,) (E0)) 7 + O(h))
= Wt (R (6, )72 (T35, b3, ) (€5) 12 + O(h)))  (4.135)
= Wan (I3 + O(h)) = O(h?).
For the equalities, we used (4.128), (4.134), the frame invariance of W,y, and

(4.132). For the inequality, we used the estimate in Proposition A.1.3.

Now, on the exceptional set @s,, we have
WeVy" " nhy < c(IVy"?+ 1) < C (4.136)

given the estimate in Proposition A.1.2 and (4.129). Thus, on the set @s,, the
energy is |O(1)| compared to & but this set is small for nonisometric origami, i.e.,
|&s,| = O(6,) = O(h) given 6;, = mh in (4.125). Hence, combining the estimates
(4.135) and (4.136), we conclude
h/2
In},’, " = f f Wyt n", ng)dx
0 ~h/2 J&

w(;h

h/2

e 4.137

+f f w (Vyh,nh,ng)dx ( )
~h/2 Jw\ds,

< Chl@g,| + O(h®) = O(h?).

This completes the proof. O

Proposition 4.5.9 Let ¥ > 0. Let w and ng satisfy Definition 4.3.1(i) and y €
Wb (w, R3) satisfy Definition 4.3.1(ii). If there exists a 6-smoothing ys of y as in
definition 4.3.2, then for § > O sufficiently small, there exists a bs € C*(, R>) such

that 5 5 5
(Vyslbs) (Vyslbs) = €y and  Vbs =0

onw\ ds with |ds| = 0O(5), (4.138)
det(ﬁyglb(s) =1 everywhere on w.

Moreover, bs satisfies

Ibslize < €, NVbglizs < C5™Y, [[VVbsllp < C572 (4.139)
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everywhere on w for some C > O which can depend on y and ng but is independent

of 6.

Proof. From Proposition A.1.9, if F € R¥2 and ng € S? such that FTF = Eno, then
there exists a b = b(F, ng) € R? such that (F|b)T (F|b) = €, and det(F|b) = 1. The

parameterization is explicit, i.e., (A.24). Hence, we set
bs := b(Vys,no5) onw (4.140)

for the 0-smoothing y;s and the director nos € C* (@, S?) given below in Proposition
4.5.10. The parameterization b(F, no) is smooth in its arguments when |Fé x
Fé,| is bounded away from zero. Consequently, (4.139) holds by the chain rule
given the properties of the 6-smoothing ys and that ng s satisfies (4.141). Further
det(ﬁyélb(g) = 1 everywhere on w as the parameterization ensures this (even when

the metric constraint is not satisfied).

It remains to verify the first two properties in (4.138). To this end, note for ¢
sufficiently small we have that y5; = y except on a set of measure O(9) (by hypothesis
of a d-smoothing) and that nos = ng except on (perhaps a different) set of measure
0(0) (Proposition 4.5.10 below). Therefore, we conclude that there is a set @s of
measure O(6) such that ys = y and nos = np on w \ @s. Moreover, ﬁy = const.,
ng = const. and (ﬁy)Tﬁy = {7,,0 in any connected region in w \ ws. Hence, we
conclude the first two properties in (4.138) given (4.140) for b as in Proposition
A.1.9. O

To construct bs, we utilized a smoothing approximation for the piecewise constant
direction design ny: w — S? akin to a construction of DeSimone (Assertion 1 [36]).

Precisely:

Proposition 4.5.10 Leti > 0. Let w and ng satisfy (4.19). Forany 6 > 0 sufficiently

small, there exists an nys € C* (@, S?) which satisfies

nos =np onw\ws with |wsl=0(5),

N . (4.141)
IVngsllze < €67 and  ||VVngsll= < C672.

Here C = C(ng) > 0 is independent of 6.

Proof. Giventhatw = U,=__nw, for connected polygonal regions w, and ng: w —

S? satisfies ng = ng, on each w,, there existsa v € S2 such that B.(v) Nrange{ng} = 0
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for some € > 0. We let IT, : S\ {v} — R? denote the stereographic projection with
projection point v. This map is bijective (i.e., there exists a IT;!: R? — 2\ {v}).
Thus, we extend ng to all of R? by setting ny = ng; for R? \ w (we do not relabel)

and we define
nos(%) = (I, o (5% (I, 0 np)))(X), * € w. (4.142)

Here 175 € C*(R?, R) is the standard mollifier on R? supported on a ball of radius
0/2.

We claim that this map has all the properties stated in the proposition. Indeed, I1, ong
maps to a compact subset of R? given that v is at least € away from any 7¢,. Thus,
IT1, o ngllz~ < C for C = C(ng) > 0. Consequently, ns * (IT, o ng) € C®(R% R?)
with

V(s + Iy 0 no))lizs < C6~'

IVV (5 * (L, 0 ng))|z= < C5~2

given that 75 is the mollifier as above. Here C = C(ng) > 0 is independent of 6 > 0.

(4.143)

Now II;, !'is smooth. Thus, nos € C¥(w, S?) and by the chain rule, we deduce the
estimates in (4.141).

For the equality condition in (4.141), we set ws = {X¥ € w: dist(X,dw,) <
0/2 forsomea € {1,...,N})}. Clearly this set has measure O(6) for 6 > 0

sufficiently small. Moreover, we observe that
ns* (I, o ng) =ll,ony onw\ ws (4.144)

since ny = const. on Bsj(X) for any X € w \ ws. Given this and the definition of

no,s in (4.142), we deduce the equality in (4.141). This completes the proof. O

Proof of Lemma 4.5.4. (On incompressibility)

Here we prove Lemma 4.5.4, which develops (and catalogues properties associ-
ated with) explicit constructions of incompressible deformations for thin elastomer
sheets. Proof of Lemma 4.5.4. We set 6, = mh for m > 1 to be determined in

Proposition 4.5.11 below. We consider the function v" = v"(«) given by
VI(E, x3) 1= vs, (F) + x3bg, (%) (4.145)

and assume x3 € (—h/2, h/2). Since Vv = (Vys, |bs, )+x3(Vbs,|0) and det(Vys, |bs, ) =
1, we let S* = $"(a) := (Vys, |bs,) "' (Vbs,|0) and find
det Vv = det((Vys, |bs,) "' Vv") = det(I + x35™)

N 5 N 3 N (4.146)
=1+ x3Tr(S") + x5 Tr(cof §7) + x5 det(S™).
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For the estimates below, C = C(M). We note that ||(Vys, |bs,) 'L~ < C since
the determinant is unity, and therefore |S"| < C 62““{_&’0} by hypothesis and

| det Vv" — 1] < € (|l g™ 4 s Poy ™00 1 (g Py im0

. (4.147)
< Claslo™ % for @ € {-1,0,1}, m> 1.

In addition, for 8 = 1, 2, since ||(9ﬁSh||Loo(w) < C(6imm{_“’0} + (5}—101—1) < C(S;l“_l for
a € {—1,0,1} and since |8 Tr(S")| < |95S"|, 105 Tr(cof S")| < 2|S"||9pS"| and
105 det(S™)| < |S"[?|0S"|, we conclude that

185 det Vv| < c(|X3|5—0‘—1 + |xsPepntm eV g et
+ |x3P; MmOl e 1) (4.148)
< Clxs|6;*7 for Be{l,2), a€{-1,0,1}, m=>1.

h

Now since v" is not incompressible, we modify it through a non-linear change in

coordinates. We let 2(%, x3) = (X &M%, x3)) for &M € C'(Qy, R) to be determined,
and we define y" = y"(a) := v o Z". Hence, by the column linearity of the

determinant, we find that
det Vy" = det(Vv" o 2M)d5¢". (4.149)

Thus, satisfying the determinant constraint on Vy” amounts to satisfying the ordinary

differential equation

1

S Q 4.150
det(Vvhoghy o0 (4.150)

03¢ =

for some fh. There is an m = m(a, M) > 1 such that for 2 > 0O sufficiently small,
there is a solution to (4.150), i.e., fh = §h(a) for a fh € Cl(ﬁh, R) with the initial
condition fh(i, 0) = 0, see Proposition 4.5.11.

It remains to prove the estimates in (4.109). By Proposition 4.5.11, the map &”"

satisfies pointwise
" < 20x3l, 103¢" <2 (4.151)
everywhere on Q. Thus, given (4.150),(4.147) and the estimates above, we deduce

103" = 1] < 103" det(VV" 0 E) — 1

(4.152)
< Chmm {—a,0} |§ | < Chm1n{—a,0}|x3|
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everywhere on Q. Similarly,

X3
" — x3] < |f (03¢" = 1d 3]
- | (4.153)
< f 103" = 1]d %3 < Ch™IN=a0) | x4)2
0

everywhere on Q2. Finally, to estimate the first and second derivative of &;,, we define
Fy(x 1) = fos det(Vv(%, s))ds, and notice that the ordinary differential equation in
(4.150) is equivalent to the implicit equation Fj, (X, & h(x)) = x3. Differentiating this
equation with respect to xg, 8 = 1, or 2, we find

fh
dp det(Vv")ds + det(Vv" 0 EM)dge™ = 0. (4.154)

Hence using (4.150), (4.148) and (4.151),

|€"|
105" < |63§h|f |0 det Vv |ds
0 1 (4.155)
< Ch—“—lf Islds < Ch™ |x3]?
0
everywhere on €, for = 1,2. These are the desired estimates. O

Proposition 4.5.11 Let o € {—1,0,1}. Let v = vh(a) as defined in (4.145) with
vs, and bs, as in Lemma 4.5.4 with 6, = mh. There is an m = m(a, M) > 1 such
that for any h > 0 sufficiently small, there exists a &" = £"(a) € C'(Qp,R) such
that
1
h . hy~
— - Q h =0. 4.1
ié et (Vo o 2N onQy,  wit E'x%0)=0 (4.156)

Moreover &M satisfies pointwise the estimate

1EM < 2lx3l, 103E" <2 on Q. (4.157)

Proof. For a € {~1,0,1} and & > 0, we consider the mapping 7" = T"(a): M" —
C(Qy,) given by
1

h = _ ("
T"(9)(%. x3) = fo det (W (R, 6T )

where M" = M"(a) is given by

s foreach (X, x3)€Qy (4.158)

M= {¢) € C(Q): ¢(£,0) =0, |p(X,x3)| < 2|x3],

(4.159)
det(Vv" (%, ¢ (%, x3))) 2 1/2 for each (%, x3) € Q.
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This is a (non-empty) complete space under the infinity norm. Thus, we aim to
show that there is an appropriate choice of m = m(a, M) in ¢;, such that for & > 0
sufficiently small, the mapping 7" is, in fact, a contraction map in the space M”
under the infinity norm. The proposition will follow by the equivalence of the

integral representation of (4.156).

We first prove that 7" is an operator (i.e., 7" : M" — M") for an appropriate choice
of m = m(a, M) and small enough 4. For the estimates below, C = C(M). Since
¢ € M", we have

IT"(¢) (%, x3)| < 2|x3], foreach (& x3)€ Q. (4.160)

In addition, using a similar estimate to (4.147), we obtain

| det Vvh(fc, Th()?, x3)) —1] < C|Th()~c, x3)|6;lnin{—a,0}

< C|x3|hmin{—a,0}mmin{—a,0} (4'161)

for a € {—1,0, 1}. Thus, for @ € {—1, 0}, we need only enforce m > 1 and for @ = 1
we enforce m = m(a, M) > max{2C, 1} to ensure 7" = T"(a) is an operator for

small /.

It remains to prove that 7" is a contraction under the L* norm. Observe for

o0 € M,
IT"(¢)(%, x3) = T" (W) (%, x3)|

[x3]
<4 f | det(Vo! (%, (%, 5)) - det(V!(E, ¢ (%, 5))Ids
0 (4.162)

. |x3]

< C5;lnm{_m0} f Y (X, s) — ¢(X, 5)|ds
0

< OO pmint=a0lp 1y gl

for any (X, x3) € Q. Here the first inequality uses the determinant constraint on
M?", the second uses the equation (4.146), and the third uses that 6, = mh. Finally,
from this estimate, it is clear that we can choose m = m(«@, M) > 1 independent of
h (in fact m = 1 suffices for @ = —1, 0 as in the remark), such that for 4 sufficiently

small

IT"(¢) — T" (W)=, < I — Bllro,) (4.163)

i.e., it is a contraction map.
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We now fix this m = m(a, M) and an h > 0O sufficiently small. Since T" =Tha) is

a contraction map, there exists a £ = £"(«) such that

X3 1
h _ hyghy _ ~
E=T"(& )—f(; et (Y (. Eh (R, S)))ds foreach (X, x3) € Q). (4.164)

This is equivalent to the ordinary differential equation (4.156). The regularity
g—“h eC 1(ﬁh, R) follows from the regularity of ys, and bs,. The estimates (4.157)
follow from the fact that &# € M”". This completes the proof. O

4.6 The metric constraint as a necessary condition for bending

We come to our last main result. So far, we exhibited constructions (nonisometric
origami and smooth surfaces) which satisfy the metric constraint (4.17) and this
guarantees that they have small entropic strain energy (O(h?) and O(h?) respec-
tively). Now, we assume that the strain energy of a sequence of y” is of order /3 (i.e.,
is small) and we prove a suitable rescaling of y converges toamap y : w — R3
satisfying the metric constraint. For this, we augment the entropic elastic energy
from before.

ho_ (Ot
|(Vy"nfl]
(see the discussion in Remark 4.2.1(iii)). Instead, we introduce the non-ideal elastic

We no longer require the deformed director n’ to be constrained as n

energy associated to nematic elastomers. Following Biggins et al. [17, 18] and
others [27, 76, 101, 100], we take W™ : R¥3 x §? x §2 — R U {+00} to be as in (2.8)
(see Remark 4.6.2 below). Moreover, we set W= (u/2)~'(We + W), and study
the combined energy

TV (gl o= f (W vy, nll) + Z1Vn" ) dx. (4.165)
no Qh l’t

Here, we also introduce a Frank elastic term (see Remark 4.6.3 below) for which

k > 0 is the modulus of this elasticity.

For the compactness result, we rescale the x3 variable via a change of coordinates
z(x) = (%, h~'x3). This allows us to consider sequences on the fixed domain
Q=wx(-1/2,1/2),ie.,

Vi(z(x) = y"(x),  mi(z(x)) = nll(x),

=3 7h, hy — h,
WALt = FEh m"),
My Mo,

(4.166)

where the rescaled energy 7% : W2(Q, R3) x W'2(Q, §2) — R U {+c0} is given
m,

by

1 ~ 2
Thew" mh) = f (EW(thh,mh,mgH%Whmhﬁ) dz. (4.167)
0 Q
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Here, for f: Q — R3, we denote V, f as (V fl %(')3 f), which reflects the rescaling of
x3 by 1/h.

Given these rescalings, we have:

Theorem 4.6.1 (Compactness) Let r > 0. Let ng € W (w, S?) and let

ch<e=g, <ch, (4.168)

for some constants ¢, > c¢; > 0. Moreover, let mg satisfy
ma(z) = no(2) + O(h), forae z€Q, e, |m}—nolli=) < th. (4.169)

For every sequence wh m"y ¢ wh2(Q R3) x Wh2(Q, S?) with j’nffh o mh < C

0
as h — 0, there exists a subsequence (not relabeled) and a y € W>?(Q, R?)
independent of z3 such that as h — 0

1 - . -
(Vh S Ql f Vhdz) -y inWRHQRY)  with  (Vy)'Vy =10, ae onw.
Q
4.170)

(Vvh)mg

h
m — —_—
| Ty

Moreover as h — 0,
the set {1,—1}.

2 — O for some o a fixed constant from

In the energy (4.165) above, we introduced two new terms compared to the strain

energy (4.14): the non-ideal term (2.8) (which replaces the hard kinematic con-

h|2
|

straint) and the Frank elastic term |Vn"|“. We now discuss the physical background

behind these energetic contributions.

Remark 4.6.2 (The non-ideal energy density) (i) The energy density W" in(2.8)
for this contribution is well-established in the physics literature [18, 17, 76]
(though, in these works it is written out in a different but nevertheless com-
pletely equivalent form). It has microscopic origins as detailed by Verwey and
Warner [100], and a slight variant of this energy has been used to explain the
semi-soft behavior of clamped-stretched nematic elastomer sheets [27, 101].

This was discussed further in Chapter 2.

(ii) The non-ideal term prevents the material from freely forming microstructure
at low energy. As we discussed in Remark 4.2.1(iii), some control on mi-

crostructure is necessary for predictable shape actuation. Nematic elastomers
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heterogeneously patterned for actuation are typically cross-linked in the ne-
matic phase (e.g., the samples of Ware et al. [102]), and thus encode some
memory of their patterned director ng. The non-ideal term (2.8) is modeling
this memory. (This is in contrast to nematic elastomers which are cross-linked
in the high temperature isotropic phase as in the samples of Kundler and

Finkelmann [58], and which do readily form microstructure.)

During thermal actuation, the entropic energy density W€ is minimized (and
equal to zero) when F = (f;)l/zR(fgo)‘l/zfor any R € SO(3) and any n € S°.
That is, there is a degenerate set of shape-changing soft deformations since n
is unconstrained by the deformation. Introducing the non-ideal term breaks
this degeneracy. Specifically, if W¢ and W™ are both minimized (and equal to
zero), thenn = o Rvy = o Fng/|Fng| for o € {—1, 1} in addition to the identity
above (we make this precise in Proposition A.1.8 in the appendix). That is, v
is no longer unconstrained, but instead the initial director vq gets convected
by the deformation to v (or —vq gets convected to v since the energies are
invariant under a change of sign of the director). This observation underlies
the fact that the director is approximately convected by the deformation at low
enough energies (and therefore, we recover the sharp kinematic constraint in
(4.14) up to a trivial change in the sign in the limit h — 0). As a result, the

metric constraint emerges rigorously at the bending scale.

Remark 4.6.3 (Frank elasticity) (i) Ouraugmented energy also considers Frank

(ii)

elasticity as a contribution. The presence of this term allows us to employ the
geometric rigidity result of Friesecke, James and Miiller [46]. Geometric
rigidity is the central technical tool for deriving a compactness result for bend-
ing theories from three dimensional elastic energies (compare [16, 45, 62,
63]). The choice € « h is dictated by the desire to have Frank elasticity be
comparable to the entropic elasticity (and thus to get a non-trivial limit) at the

bending scale. We discuss this further below.

Following de Gennes and Prost [49], Frank elasticity is a phenomenological
continuum model for an energy penalizing distortions in the alignment of the

current director n which can be bounded from above an below as
1 ) 1 5
EKzlgmd nl* < Wg, < Ekulgmd n| 4.171)

for k; < ky (recall the discussion on Frank elasticity in Chapter 2).
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We are interested foremost in how Frank energy may compete with the entropic
energy at the bending scale. Thus, we consider only the simplified model
penalizing |grad n|* since the detailed model is sandwiched energetically by
models of this type (4.171). We make a further assumption regarding how
distortions in nematic alignment are accounted in the energetic framework.
To elaborate, a model for Frank elasticity should ideally penalize spatial
distortions in the alignment of the director field, i.e., the grad operator should
be with respect to the current frame. Unfortunately, this seems quite technical
to capture in a variational setting, as notions of invertibility of Sobolev maps
must be carefully considered. It is, however, an active topic of mathematical
research. For instance, we refer the interested reader to the works of Barchiesi
and DeSimone [8] and Barchiesi et al. [9] for Frank elasticity and nematic
elastomers in this context. Nevertheless, for our purpose in understanding
whether the metric constraint (4.17) is necessitated by a smallness in the

energy, we find it sufficiently interesting to consider the simplified model
Wi, ~ ganhlz, ' Q — S 4.172)

where n'* refers to the current director field as a mapping from the initially flat
sheet Q) and V is the gradient with respect to this reference state. The term

(4.172) is the one that appears in the energy (4.165).

The parameter € = m is likely quite small in nematic elastomers, typiccally
g ~ 10— 100nm (recall the discussion on Frank elasiticy in Chapter 2). Thus,
entropic elasticity will often dominate Frank elasticity in these elastomers.
However, a typical thin sheet will have a thickness h ~ 10 — 100um. So
there are two small length scales to consider in this problem. For mechanical
boundary conditions which induce stretch and stress in these sheets, the en-
tropic energy does appear to dominate the Frank term. For instance, stripe
domains of oscillating nematic orientation would be suppressed by a large
Frank energy, and yet these have been observed by Kundler and Finkelmann
[58] in the clamped stretch experiments on thin sheets. Mathematically, this
dominance under stretch is made precise, for instance, by Cesana et al. [25] in
studying an energy which includes Frank and entropic elastic contributions.
The resulting membrane theory does not depend on Frank elasticity. These
results notwithstanding, actuation of nematic sheets with controlled hetero-
geneity occurs at a much lower energy state. Therefore, it is possible that

the actuated configuration emerges from a non-trivial competition between
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entropic and Frank elasticity at these small energy scales. Hence, we study

this competition in an asymptotic sense by taking h and € — 0.

Proof of Theorem 4.6.1.

In this section, we prove that the metric constraint (4.17) is necessary for a configura-
tion in pure bending when Frank elasticity is comparable to entropic elasticity at the
bending scale (Theorem 4.6.1). First, we address some key preliminary results for
this compactness, including a crucial lemma which is a consequence of geometric

rigidity. Then, we prove Theorem 4.6.1.

Preliminaries for compactness
The key lemma which enables a proof of compactness in this setting is based on the
result of geometric rigidity by Friesecke, James and Miiller [46], and generalization

to non-Euclidean plates by Lewicka and Pakzad [63].

Lemma 4.6.4 Let w C R? bounded and Lipschitz, and r rro > 1and v > 0. There
exists a C = C(w,ry,ro,7) > 0 with the following property: For every h > 0,
Qp = w X (=h/2,h[2), y" € WI2(Q, RY), n" € W2(Qy, §?) and n} as in (4.15)
with ng € W'2(w, S?), there exists an associated matrix field G": w —» R¥3
satisfying the estimates

1 -
= | 16T = )T Y @) P Pdx
Qy 0

<< (dist2<<ff,,>'“2<Vyh)(f%)”% SO(3))
h Q, n "

f IVG"|?dx
w

<& f (dist%(ff,l)'“zwyh)(foh)”2, SO(3))
h3 Q, n ny

F RV + o2 + 1))a’x,
(4.173)

F RV + o2 + l))dx.

We address this result at the end of the section. For similar results related to

non-Euclidean plates in a different context, see Lewicka et al. [16, 62].

Recall the rescaled variables v” and m(’)’ defined at the start of this section. We have:
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Proposition 4.6.5 Let w C R? bounded and Lipschitz, rg,ro > 1, T > 0, and &,
as in (4.168). Let v € W'(QR?), m" € W'A(Q, S?) and m{ as in (4.169) for

no € W2(w, S?). There exists an associated matrix field G": w — R¥3 such that
[ 16" = € T
< CRA(I L 01 m"y + Vol + 1) (4.174)
0
f VG"Pdz < C(T 7 0" m") + Vol ) + 1)
Q My @

for ey, cpas in (4.168) and some uniform C = C(w, r f, ro, c;, T) which is independent
of h.

Proof. Using Proposition A.1.4 and the identity (2.3), we find that
fgdistz((fih)—1/2(vhvh)(5313)‘/2, SO(3))dz
< fgVT/HH((fih)—l/z(vhvh)(fig)‘/z)dz, (4.175)
< Lﬁ/e(thh, m", mg)dz < fQW(thh, m", mg)dz,

where (/3 = (2/1)(-) and the last inequality follows given W" in (2.8) is > 0. Since
gy as in (4.168), we also find that

1
f W \Vym"Pdz < — f &, |Vym" | dz. (4.176)
Q ¢ Ja
Combining these two estimates, we find that

f (distz((fj;h)-1/2(thh)(ffﬂh)1/2, SO(3)) + h2|vhmh|2) dz
o 0 (4.177)
< CRPF 5o (" m")

0

for some uniform C = C(¢;).

To obtain the desired estimates in (4.174), we change variables via z(x) := (x1, x2, x—,f)
for x € Qy, set the functions as defined in (4.166), apply Lemma 4.6.4, and the es-
timates follow from the bound (4.177). O

Compactness for comparable entropic and Frank elasticity in bending
We turn now to the proof of Theorem 4.6.1. For clarity, we break up the proof into
several steps.
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Recall that for this theorem, we suppose mg as in (4.169) with ny € W2(w, S?)

and g, as in (4.168). We consider a sequence Whmhy ¢ W2 QR x Wh2(Q, §?)
such that

ﬂ’gsh(vh, m") < C, (4.178)

0
for all 4 small and for some C independent of 4. The convergences stated in each

step are for a suitably chosen subsequence as 7 — 0.
Step 1. m§ — no in L*(Q,§%), and (£0 )*'* — (£5)*12 in L*(QR¥?).
0

The first convergence is a trivial consequence of the definition of mg in (4.169).
The second follows from the estimate |(£?,1)J—’1/2 - (592)i1/2| < C(rg)|vy — 2| for

V2 € S? and the first convergence. a

Step 2. m" — n in WH(Q, S?) for some n independent of z3 and ({’ih)i]/2 -
(E)*'% in L2 QRYS),

For h sufficiently small, we have

1 1 ~ 1
—2f|th|2dZ < —zf (lvmhlz + —2|a3mh|2 dz
¢/ Ja ¢; Ja h

< ﬁéah(vh, mh < C
0

(4.179)

for C independent of & by (4.178). Thus, up to a subsequence, m" — n in

WL2(Q R?). By Rellich’s theorem, taking a further subsequence (if necessary),

h - nin L2(Q,R3). Since m" € S? a.e., we deduce

we have strong convergence, m
that n € S? a.e. by this strong convergence. Further, 7 is independent of z3 since by
the estimate (4.179), we find d3m”" — 0in L?>(Q, R?), and therefore d3n = 0 a.e. by

+1/2

the uniqueness of the weak W2 limit. The convergences of (ffn ) follow by an

argument similar to the convergences of (521,1 )*1/2 in Step 1. O
0

Step 3. (V"' — ﬁ fQ vidz) — vy in W (Q, R3) for some y independent of z3. Also,
h103v"h — bin L*(Q,RY).

For h sufficiently small, we have
1 -
—f(|wh|2+ |h~ 103" = 1)dz
cJao

(4.180)
< f We v, mh, mg)dz < jhf”(vh, m"y < C
Q my

by Proposition A.1.2 and (4.178). Thus, since [Vvi| < |V,v"| for h small, we

conclude the first convergence (up to a subsequence) given the estimate (4.180) and
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an application of the Poincaré inequality. We again use (4.180) to conclude that up
to a subsequence, h=195v" — bin L*(Q, R?) for some vector valued function b, and
that the limit y is independent of z3 (exactly the same argument as in Step 2 for n
independent of z3). O

Step 4. There exists a sequence of matrix fields {G"} with G": w — R>3 such that
f IG" = ! )2V (0 ,) P Pdz < CH, f IVG"?dz < C  (4.181)
Q m mo w

for C independent of h. Moreover, G" — R in W2 (w, R¥3) with R € SO(3) a.e.

To obtain the estimates in (4.181), we first apply Proposition 4.6.5 to obtain each
matrix field G”, and then observe that the estimates follow from the bound on the
energy (4.178) and the fact that by hypothesis ng € W2 (w, S$?).

For the convergence, we note the first estimate in (4.181) implies
f |G"?dz < Ch* + 2¢(ry, ro) f Vv ?dz. (4.182)
w Q

The constant c(r ¢, ro) is from estimating the step-length tensors. From Step 3, A
is bounded uniformly in L2, and therefore using the above estimate and the second
estimate in (4.181), we conclude that up to a subsequence G" — Rin W2 (w, R¥3).
Now, to deduce that R € SO(3) a.e., we estimate via two applications of the triangle

inequality

f dist>(R, SO(3))dz < 2 f (distZ(Gh, SO(3))dz + |Gy, — R|2) dz
w Q
< C(h2+ f (dis (¢! )72V (0 )% 50(3)) + Gy —Rlz)dz)
Q 0

<C (h2 + KT m") + f Gy — R|2dz) .
0 ’ (4.183)
In the second estimate, we also use the first estimate in (4.181). For the third estimate,
we recall (4.177). Now, by Rellich’s theorem, we have G" > R in L*(Q,R¥>3) for
a subsequence. Thus, it is clear given (4.178) that the upperbound above vanishes
as h — 0. This implies R € SO(3) a.e. as desired. O

Step 5. (€1 )T1V2(Vn") (€0, )12 = R in LAQ R for R from Step 4.
m
Since

f & TR0, - RIdz

Q 0 (4.184)

<2 f (|Gh ~RI>+1G" - (f;h)—”zwhvh)(foh>”2|2)dz,
Q o
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we conclude that (€£h)‘1/2(thh)(€21h)l/2 — R in L*(Q,R¥3) using Step 4. ]
0

Step 6. Actually, R = (f;)‘l/z(ﬁylb) (520)_1/2 a.e. for the limiting fields above. In
particular, (55)—‘/2(6y|b)(520)‘/2 e Wh(w, SO(3)).

We observe that ||(€ih)‘1/2(thh)||Lz(Q) < c(rf)llvhvhlle(Q) < C by the compact-
ness of the step-length tensor on S? and following Step 3. So up to a subsequence
(f{n h)_l/ (Vv converges weakly in L?(Q, R3¥3). In addition, the results of Step
2 and 3 imply (fi )29y — (e0)"12(Ty|b) in L' (Q R¥3). Hence, in com-
bination and by the uniqueness of the L' limit, we also have weak convergence to
this limiting field in L? (rather than just L').

Given the weak-L? convergence just established and the convergence in Step 1, we

deduce
@O = @)@ in LIQRY). 4185)

By the convergence in Step 5 and the uniqueness of the weak-L! limit R =
! )"12(Vylb)(£5)!/? ae. To complete the proof, we recall from Step 4 that
R € W (w,R¥3) and that R € SO(3) a.e. O

Step 7. The sequences in Step 3 actually converge strongly in their respective spaces.
In addition, we have improved regularity: y € W>(w,R>) and b is independent of
z3 and in W2 (w, R3).

For the strong L? convergence, we have the estimate
f Viv" = (VyIb)|*dz
Q
<2 f (whvh = (DR )T 1 ) PR, )T - (Wb)ﬂ)dz
Q m mo m mO

<C f (|<ffnh>—‘/2<vhvh><ffnh>—‘/2—R|2
Q 0

12— (D PP+ (0,72 - (6’20)_”2|2)dz
0 (4.186)
using that R = (55)—1/2(6y|b)(€20)1/2 a.e. from Step 6, and that the step-length
tensors are compact and invertible on S2. It’s clear that the upper bound — 0 as

h — 0 due to the strong-L? convergences of each term (established in the previous
steps). Thus, Vv — (Vy|b) in L>(€, R¥) as desired.
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For the improved regularity, we see that
(Vylb) = (££)1/2R(£20)‘”2 a.e. on w. (4.187)

Note that R € W2 from Step 4, n € W2 from Step 2, and ny € W2 by assumption.
By the structure of the step-length tensors, we also have that (£9)7'/2, H12 ¢
W12 Thus, the improved regularity is clear from differentiating the right side using
the product rule for these Sobolev functions. Finally, b is independent of z3 since
(5{)‘/2R(520)—‘/2e3 is independent of z3. O

Step 8. Actually,

Vivhym! Vylb
(Vav_)rmg 0, and n:O'—( Yoo

Hmh - O'ﬁ”Lz o> = a.e. onw, (4.188)
|(Vipvh)ymg| ML |(Vylb)no|

for o a fixed constant from the set {1, —1}.

Since m/! € S? a.e. by definition and ||(Vy|b)nl| .~ < C(ry, ro) given Step 6,
fg |(I3x3 = my ® m{) (V") 'm" = (Iss = ng @ no) (Vy|b) n|*dz
< C(rp,r0) fg (|<vhvh>Tmh — (Vylb)'n? (4.189)
+ Img ® mg -1y ® no|2 dz.

Given the convergences from the previous steps, we conclude (V,v")Tm" —
(ﬁylb)Tn and mg ® mg — ny ® ng both in L>(Q). Thus following the estimate

above,

(s — m{ ® mi) (V™) 'm"

5 (4.190)
— (Iixz — g @ no)(Vylb)'n  in L2(Q,RY).

Notice also that

f W WV, m", mf)dz < BT (" m") < Ch2. (4.191)
Q 0
Consequently, (I3x3 — mg ® mg)(thh)Tmh actually converges strongly to zero in
L?. Hence, by the uniqueness of the L? limit, and using the identity for (Vy|b) in
Step 6,

r}/3ré/6(13x3 —ny®ng)Rn =
(4.192)

(Byz —no @ no)(Vylb)'n =0 ae. onw
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for R € SO(3) a.e. defined from Step 6. Thus, it must be that n = Rng or n = —Rny

a.e. on w (note, the sign cannot flip since R € w2, ny € W2 and n € W2 from
the previous steps). We denote this sign by o as in the statement. Again using the
identity for R in Step 6, we conclude the a.e. equality in (4.188). As a consequence,
mh — o (Vylb)no/|(Vylb)nol| in L*(€, S%). Further, (Vyiv")m!/|(Vpv")ml| —
(Vylb)ng/|(Vylb)ng| in L*(€, S?) (using, for instance, the incompressibility of
V,,v", the fact that mg € S?ae., the Lz/pointwise a.e. convergence of (Vvh)mg, and
the Lebesgue dominated convergence theorem). The convergence in (4.188) follows

since o is 1 or —1. O

Step 9. Finally,

(V)IVy = ¢, ae. onw. (4.193)

From Step 6, (f-,{)-1/2(6y|b)<£20)1/2 € W2 (w, SO(3)), and from Step 7, n as in
(4.188). Hence,

e(r5m  (VYIBIng . f of s (Vylb)ng .
W (Vy|b), ———,ng)dzZ = We(Vy|b),c————,ngy)d
fw (@03 oy )4 = ), W (Ot o) 4.194)

_ f Wt ((ED) 2@ y10)(£0,) )z = 0

using that o from Step 8 is either 1 or —1, using the definitions of W¢ and W,,,
and since W,y vanishes on SO(3). The conclusion (4.193) follows by Proposition
A.1.7. |

Proof of Theorem 4.6.1. The proof follows by the collection of steps above. In
particular, Step 7 shows the strong convergence of {v"} and the desired regularity
of the limiting field y as a consequence of (4.178). Step 8 shows the convergence of
the director {m"} as required. Step 9 shows that the metric constraint must also be

satisfied. This is the proof. O

Proof of Lemma 4.6.4

First, we derive the key estimate which relates geometric rigidity [46] to the setting

of nematic elastomers.

Proposition 4.6.6 Let w C R? bounded and Lipschitz. There exists a constant C =
C(ro, rf, T) with the following property: for all h > 0, Qzp, := (=h/2, h/2)3 c Q,
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v e Wh2(Q,, R3), n € Wh(Q,, S?), and ng as in (4.15) with ng € Wh2(w,R?),

there exists an associated constant rotation sz‘* € SO(3) such that
f (! )Ty (e0,) 2 — RE Pdx
Qwn "o
< cf (distz((ffh)_1/2Vyh(€0h)1/2, 50(3)) (4.195)
Oz* 1 8 "o
+ W2V + [Ving)? + 1))dx.

Proof. Let y" € W2(Q, RY), n" € W2(Q), §?) and ng € W' (w, §?) with nf! as
in (4.15). we fix ¥* such that Q3 C Q and set

: 1 - 1
Al = @ Pax, AY .= () ax.  (4.196)
"Qwal Jog, ™ " Qxal Jop, ™

Because of the structure of the step-length tensors, these averages are positive
definite, and each of the eigenvalues lives in a compact set of the positive real
numbers depending only on r and r( (in particular, this set does not depend on #).
Hence, these linear maps belong to a family of s-indepdent bi-Lipschtiz maps with

controlled Lipschitz constant, and so we write A/ = A{l' and A? = A2 in sequel.

Now, we set
vi(s) = (AN (A% s), s € (A Q- (4.197)

We observe that v € Wl’z((AO)Q,;,h, R3) by the regularity of y". Therefore by
geometric rigidity [46], there exists a constant rotation ng € SO(3) such that

f (AN (x) (A% — R Pax
Os*n

:|detA0|_1f0 IV (s) — RY|*ds
(AN Qs+

< |det A1 C((A") Qs 1) f dist? (Vv (s), SO(3))ds
(A)Qx+
= C((A")Qx 1) dist? (A7) ~'Vy" (x)(A") !, 50 (3))dx.
Oz p
(4.198)

The constant C((A%)Q #.1) can be chosen uniformly for a family of domains which
are bi-Lipschitz equivalent with controlled Lipschitz constant. Hence, actually we

can choose C(rg, Q3 5) > C ((AO)Q);*,h). Moreover, the constant is invariant under
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translation and dilatation. Hence, actually we have C(rg, Q3 5) = C(ro) for any
Qxn C Q. These properties are given in Friesecke, James and Miiller, Theorem 9

[45]. Since rg is fixed in this calculation, we write C(rg) = C, and thus

f I(AT)7'Vy" () (A"~ - R} Pdx

oo (4.199)

< Cf dist? (AN 'Vy " (x) (A7), SO(3))dx
Oz

from (4.198).

Since we will no longer be dealing with a change of variables in this proof, we
now drop the explicit dependence on x inside the integrals. We observe by the key
estimate (4.199) that

f IVy" — (AT)REL (A% 2dx < cf 1(AT) Wyt (A%~ — RE Pax
Oz Ox*.n
<C f dist?((A))~'vy" (A% 7!, SO(3))dx
Oz
<C f dist?(Vy", (A1)SO(3)(A®))dx

Oz

< cf (distz(Vyh, (fﬁh)1/2S0(3)(€2h)‘1/2)
Oz 0
1) — AT ()7 - A0|2)dx (4.200)
0
< cf (distz((ffh)_I/ZVyh(foh)l/z, SO(3)) + h?|Vn"|?
Qs " "o
+ ()= AP + |<egg>-1/2 - (520)‘1/2|2)dx
< cf (distz((é’fh)'1/2Vyh(£’0h)1/2, SO(3))
Oz " "o
+ 2|V + |Vng|* + 1))dx.

Here, the constant C = C(ro,ry, 7) is due to several applications of the triangle
inequality and the fact that the norm of the step-length tensors, inverses and averages
are compact and this depends only on rs,rg. We have also applied the standard
Poincaré inequality given the averages (4.196), and used that the diameter of Q- j, is
h and that the gradients of the step-length tensors are controlled by the gradients of

the directors. Finally, from the assumed control of non-idealities for ng in (4.15), we
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have the estimate ||(£2h)‘1/2 — (59,0)_1/2||Lw < c¢(ro)7h. This gives the dependence

on 7 in the constant.

Now using (4.200), we find that
f I(th)_l/szh(foh)l/z _ ng*lzdx
Qwp "o
L ALY (ATRRE R
Qs 0
<C f (Wyh — () PR TP
Oz n

(G = <€20>‘”2|2)dx

(4.201)
< cf (lVyh — (AR (A%
Oz py
+ ()= AT ()7 - A0|2)dx
< Cf (distz((ff:h)_1/2Vyh(£20)1/2, SO(3))
Oz
+ R2(IVA"? + |Vng|? + 1))dx
as desired. O

Now we note that the approximations in Lemma 4.6.4 are not new. They essentially
follow from the same argument as that of Theorem 10 in Friesecke et al. [45], mod-
ified appropriately for nematic elastomers using the estimate in Proposition 4.6.6.
In the general context of non-Euclidean plates, there is a recent body of literature
on such estimates (e.g., Lewicka and Pakzad (Lemma 4.1) [63] and Lewicka et al.
(Theorem 1.6) [62], (Lemma 2.3) [16]). Thus briefly:

Proof of Lemma 4.6.4 We repeat steps 1-3 in the proof of Theorem 10 in [45] with
some modification due to our nematic elastomer setting. The lemma follows by the

estimate in Proposition 4.6.6. m|

4.7 Applications

Nonisometric Origami: Compatibility and examples

The actuation of complex origami shapes stems from satisfying the nonisometric
condition in Definition 4.3.1, hence the term nonisometric origami. In particular, the

compatibility of interfaces separating regions of distinct constant director (Figure
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(a) A single interface (b) Three-faced junction

Figure 4.10: Schematic of interfaces and junctions in nonisometric origami

4.10(a)) combined with the compatibility of junctions where these interfaces merge
at a single point (Figure 4.10(b)) play the key role in actuation. To address this
with mathematical precision, we note that the nonisometric condition in Definition

4.3.1(ii) is equivalent to

F, = Ry(€)/*)3», forsome R, € SO3), acfl,...,N} (4.202)

noa
1/2 _ —1/6 12 _ ~ i
where (€ )3x2 = 7P (s + (r 1)noe ®1ig, ) for the projection 7ig, € B1(0) C
R? (see Proposition A.1.10). Thus for compatibility, the deformation y in (4.20)
must be continuous across each interface separating regions of distinct constant

director. This occurs if and only if

Ro(Cul)3s0tap = R (Lot )3xlap (4.203)

for every interface tangent 7,3 € S!. Explicitly, 7, p represents the tangent vector to
the interface separating regions w, with director ng, and wg with director ngg as
depicted in Figure 4.10. This condition is akin to the rank-one condition studied in
the context of fine-scale twinning during the austenite martensite phase transition
and actuation active martensitic sheets [4, 13, 14]. More recently, this compatibility
has been appreciated as a means of actuation for nematic elastomer and glass sheets
[68, 69] using planar programming of the director. Here though, (4.203) describes
the most general case of compatibility in thin nematic sheets as ngq, nog € S? need

not be planar.

While (4.203) encodes a complete description of nonisometric origami as defined
by Definition 4.3.1, more useful criterion are gleaned from examining necessary and
sufficient conditions associated with this constraint. In particular, taking the norm
of both sides of (4.203) yields, after some manipulation, a necessary condition for

nonisometric origami,

|fioa - Tapl = Ifiop - Tapl (4.204)
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(a) Incompatible Junction (b) Compatible Junction

Figure 4.11: Two junctions with director programs satisfying (4.204). Blue repre-
sents the design for cooling and red represents the design for heating. The stretch
part of the deformation upon thermal actuation is plotted.

for every interface tangent 7,5 (when 7 # 1). We emphasize again that 7ip, €
B1(0) c R? is the projection of ng, onto the tangent plane of w. That this need not

be a unit vector is a direct consequence of allowing for non-planar programming.

A director program satisfying (4.204) is not, however, sufficient to ensure the exis-
tence of a continuous piecewise affine deformation y as in Definition 4.3.1(ii). To
illustrate this point, consider the design in Figure 4.11(a). Here, we have a junction
with three sectors of equal angle 27r/3, and the director is programmed to bisect the
sector angle (respectively, perpendicular to the bisector) on heating (respectively,
cooling). This program satisfies the necessary condition (4.204). However in this
case, due to the stretching part of the deformation upon actuation, the base of each
triangle expands while the height contracts. Thus, it is clear geometrically that no
series of rotations and/or translations of the three deformed triangles can bring about
a continuous piecewise affine deformation of the entire junction. Conversely, if ther-
mal actuation is reversed, as illustrated in Figure 4.11(b) with the color change of the
director program, then the base of each triangle contracts and the height expands.
In this case, a continuous piecewise affine deformation is realized by rotating each

of the deformed triangles out-of-plane to form a 3-sided pyramid.

Figure 4.11(b), by way of example, also highlights a simple scheme to form a
compatible pyramidal junction. Indeed, if a junction has K > 3 sectors of equal
angle 2r/K as in Figure 4.12, then programming the director to bisect this angle
upon cooling (respectively, perpendicular to the bisector on heating) alway leads to
a compatible K-sided pyramid. There are, of course, an infinite number of these
types of junction, as emphasized with the designs in the right part of Figure 4.12.
Most importantly though, these junctions can be used as unit cells to actuate more

complex structures from nematic sheets. This is shown in Figures 4.2 and 4.3. Each
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Figure 4.12: Simple scheme for compatible junction.

design incorporates a unit cell in Figure 4.12 as the building block.

The examples highlighted illustrate that for even the simplest of building blocks,
there is a richness of shape-changing deformations of nematic elastomer sheets
described by nonisometric origami. It should be noted, however, that these structures
are in general degenerate. This is shown in Figure 4.13 where we design a program
to actuate a rthombic dodecahedron upon cooling. Here though, we have done
nothing to break the reflection symmetry associated with the building block. Thus,
each interior junction is free to actuate either up or down. Therefore, in addition
to possibly actuating the rhombic dodecahedron, the actuation of four alternative
surfaces is a completely equivalent outcome given this framework. Such degeneracy
was observed actuating conical defects by Ware et al. [102], where it was shown
that each defect could actuate either up or down. However, it may be possible to
suppress these degeneracies by introducing a slight bias in the through-thickness
director orientation via twisted nematic prescription. This was seen, for instance, in
Fuchi et al. [47] (see also Gimenez-Pinto et al. [50]), where actuation of a box-like
structure was achieved through folds biased in the appropriate direction using such
a prescription. Thus, biasing would appear a promising means of breaking the
reflection symmetry. Nevertheless, we did not address this here as it is difficult to

analyze to the level of rigor intended for this work.

As a final comment on the design landscape for these constructions, recall that the
relations associated with (4.203) provide a complete, but not particularly transparent,
description of nonisometric origami. Further, the more useful condition (4.204) is
only necessary as we provided a counterexample to sufficiency in Figure 4.11(a). In
fact, to our knowledge, a complete characterization of the geometry of configurations
satisfying (4.203) remains open. Nevertheless, we do expect an immense richness
to such a characterization. To highlight this, we work out a characterization of

compatible three-faced junctions in Appendix A.3.
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Figure 4.13: Program to actuate a thombic dodecahedron upon cooling. Due to
reflection symmetry, four other shapes are possible

Lifted surfaces, and a recipe for design

The idea for lifted surfaces (i.e., the ansatz (4.101), (4.102) and (4.103)) is based on
an equivalent rewriting of the metric constraint (Vy)'Vy = fno. (This equivalent
form also yields a concrete design scheme for the actuation of nematic elastomer
sheets in general.) Essentially, we take the picture of y being a solution to (Vy)'Vy =
7 n, defined by a predetermined ng and turn it on its head. That is, we first identify
the set of deformation gradients that are consistent with (4.17) for any director field

and then we identify the director associated with that deformation gradient.

Theorem 4.7.1 Let 7 > 1. The metric constraint (4.17) holds if and only if

Vy (%) = (01y]02y)(X) € Dy, np(X) € gy o e Icw. (4.205)
Here, D; and NFF are defined in (4.8) and (4.9) respectively. (For 7 < 1, the
inequalities in (4.8) and the sign in (4.9) are reversed, i.e., sign(Fé| - Fé)) —
—sign(Fé, - Fé&,).)
In addition, if y: w — R3 such that Vy(X) € D a.e., then there existsann: w — S?
such that n(x) € Nﬁy @ a.e.
We prove this equivalence below. Regarding the last point of the theorem (i.e., if
Viw — R3 such that ?y(i) € Dy . ..), wenote that this means that for characterizing
the geometry of surfaces which satisfy the metric constraint (4.17), we need only

to consider the set of deformation gradients from a flat sheet w which satisfy
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Vy(X) € Drae. & € w. Unfortunately, such a broad characterization remains open.
Of particular difficulty is the fact that this condition on the deformation gradient

implies the equality
01y - 02y)* = (10131 = 713 (|0hy> =77 13),  ae. onw. (4.206)

Lifted surfaces constitute a broad class of deformations such that this constraint

holds trivially.

Regarding applications, the lifted surfaces ansatz allows for actuation of a large
variety of shapes, since the limitations imposed by (4.102) are not very restrictive.
Since r can be significantly different from 1 in nematic elastomers, one can form
shapes with significant displacement like spherical caps and sinusoidally rough
surfaces. Figure 4.4 shows two additional examples with complex surface relief.
These are but a small sample of the designs amenable to this framework. Indeed,
given any arbitrary greyscale image G, we can program a nematic sheet so that
the surface of the sheet upon cooling corresponds to this image. We do this by
smearing G (for instance by mollification or by averaging over a small square twice)

and taking this as ¢.

Nevertheless, the key ingredient to the design of lifted surfaces is the ability to
program the director three dimensionally. To our knowledge, experimental studies on
nematic elastomer sheets such as Ware et al. [102] have examined planar inscription
of the director only. We hope that promising designs such as lifted surfaces will
inspire future experimentation to realize three dimensional programming. In any
case, the theory and design scheme are easily adapted to the planar case. Specifically
in the case of a planar program, the metric constraint (4.17) reduces to the metric
underlying Aharoni et al. [2], and the spaces described above in the theorem reduce

to

Dist = Dpsy 1= {F e RV PP = 7B 4+ 7715,

F3 < |Fe P < PP, det((F)'F) =r'53,
_ . Fe 2 — 7113 (4.207)
N~r>l = Fr>1 = {ﬁO c 81: (ﬁO A e~l)2 — | ell r

F 7203 _ =173

sign((7io - &1) (7o - &2)) = sign(Fé, - F&y)},
where again the inequalities above and the sign in A/ Ff are reversed for 7 < 1 (as in

the theorem).

The proof of this theorem is simply an exercise in linear algebra:
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Proof of Theorem 4.7.1. Let F € R>? and ngy € S? satisfy FTF = ¢, no- Equivalently,

|Fé|? (Feé, - Fé&)
(Fé, - Fé&) |Fé,|?
(4.208)
f_m( 1+ (F=1)(ng - e1)? (f—l)(n'el)(m'€2)>

(F=1)(m-e)(ng-ex) 1+ F=1)(ng-e2)?

for {€], &} and {ey, €2, 3} the standard basis on R? and R? respectively. Now, since
no € S%, (ng - eq)? € [0,1] and

|Féo|> e F7'°, PP it 7> 1,

(4.209)
e [13,F 183 if F<1,
from (4.208) for @ = 1,2. In addition, (ng - €1)2 + (1o - €2)* < 1, and so
\F12 = |Fe>+ |Fer> <P+ B if 7> 1
(4.210)

> 2B 1B G <,

also from (4.208). Now note that substituting the diagonal terms into the square of

the off diagonal term in (4.208) results in
(Féy - Fé&y)? = (|Fe,|> - 'Y (|Fey)> - 7 1/3). (4.211)

Combining (4.209), (4.210) and (4.211), we conclude F' € D; as desired. To prove

ng € N Ff , note that since 7 # 1, rearranging the diagonal terms in (4.208) gives

|Fé, ) -7/
(ng - 80)2 = ,ﬂg_ﬁ, a=12. 4.212)

Further, since 7 > 0 and # 1, taking the sign of the off diagonal term in (4.208)

gives
sign((ng - e1)(ng - e2)) = sign(7 — 1)sign(Fé; - Fé,). (4.213)

Since ng € S?, combining (4.212) and (4.213) yields ng € NFF.

Now, let F € D; and ng € NFF. To prove FTF = £,,, we need to show (4.208). By
hypothesis, we have (4.212). By rearranging this formula, we obtain the diagonal
terms in (4.208). For the off diagonal term, we note that in addition to (4.212), we
have (4.211) by hypothesis. Combining these relations, we find

(Féy-Féy)? = (PP =732 (ng - 1) (no - €2)”. (4.214)
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Taking the square root, we have the off diagonal term up to the sign. The correct

choice of sign is guaranteed since ng and F satisfy (4.213), again by hypothesis.

Finally, we let F € Dj, and show NFF is non-empty. Indeed by definition, F
satisfies (4.209) and (4.210). Thus, the right side of (4.212) is non-negative. From
this, we may find an ng € R3 satisfying (4.212) and (4.213). Further by (4.210),
(no-e1)?+ (ng-e2)? < 1. Thus, we can choose (ng - e3) such that ny € S2. It follows

that N/ is non-empty.

For functions, ﬁy(i) = F and no(X) = ng, and so all these results should hold

pointwise a.e. i
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Chapter 5

SUMMARY AND OUTLOOK

5.1 Summary

A summary: On the mechanical response and instabilities in thin sheets
Nematic elastomers are composed of rigid rod-like liquid crystal molecules pendent
to a soft polymer network. The liquid crystals tend to align at low temperature,
with the average alignment at each point in a continuum sample described by a
unit vector n called the director field. These elastomers deform anisotropically due
to this alignment; essentially, the soft polymer network wants to stretch along and
contract transverse to this director field. At the same time, the director field wants to
reorient to align with the maximum stretch of the deformation. This interplay gives
rise to a nematic-elastic coupling captured by the free energy density of nematic
elastomers. With this coupling, a thin mono-domain nematic elastomer, which is
clamped and stretched transverse to the initial alignment of the director field, forms
fine-scale stripe domains of oscillating nematic director (i.e., "microstructure") to
accommodate deformation. This is shown in Figure 5.1(a) where the clear regions
describe uniform director alignment as indicated and the cloudy regions, which
emerge under stretch, are the result of fine-scale microstructure (depicted to the
left). Interestingly, this thin clamped stretched nematic elastomer sheet does not
wrinkle, even though wrinkling is pervasive in thin sheets of normal elastomer under

this boundary condition.

All this begs the question: does material microstructure suppress wrinkling in these
sheets? To understand this, we derived theories for thin nematic elastomer sheets
which capture both the wrinkling and microstructure instabilities and their possible
competition in mechanical equilibrium, and we explored these theories analytically

and numerically.

Starting from the three dimensional variational model incorporating the free energy
of nematic elastomers, we rigorously derived the effective theory of a membrane as
the I'-limit of a suitably normalized functional as the thickness is taken to zero. This
theory captures the energy and stress of both instabilities through effective planar
deformation. We proved it is completely characterized by four regimes which depend

only on the maximum planar stretch A,; and areal stretch ¢ in Figure 3.2: £ where
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Effectlve Membrane Theory

O'1—O'2>0
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_ Normal Elastomer _
U3— Nematic Elastomer —M

Figure 5.1: (a). Clamped stretched experiments of Kundler and Finkelmann [58] on
nematic elastomer membrane show the formation of material microstructure, i.e., the
cloudy regions in the sheet. (b). A membrane theory to account for both microstruc-
ture and wrinkling in nematic elastomer membranes. (c) Simulations show a normal
elastomer sheet wrinkles, but a nematic elastomer sheet forms microstructure at the
clamps (just as in the experiment) and this suppresses wrinkling.

both wrinkling and microstructure reduce the effective membrane energy and stress
to zero, ‘W where wrinkling leads to uniaxial tension, M where microstructure
leads to equi-biaxial tension, and S with no fine scale features and biaxial tension.
Importantly, a nematic membrane can form microstructure, and thus relax shear
stresses that would otherwise be pervasive in membranes of normal elastomer. This

has dramatic implications for the deformation states achieved at equilibrium.

To study this numerically, we derived a Koiter theory which captures microstructure
through effective deformation, as in the effective membrane theory, and captures
the geometry of wrinkles (i.e., amplitude and frequency of wrinkles) through a
bending term systematically obtained from the free energy of nematic elastomers.

In simulating the clamped stretched deformation under this theory, we found that
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nematic membranes suppress wrinkling precisely due to the microstructure present
at the clamps. This is highlighted in Figure 5.1(c). We observed large amplitude
wrinkles in a sheet of normal elastomer, but the analogous simulation for a nematic
elastomer sheet yielded microstructure at the clamps and no wrinkling (just as in

the experiment 5.1(a)).

A summary: On actuation of heterogeneously patterned thin sheets

Nematic elastomers deform spontaneously by thermal actuation due to the temperature-
dependent orientational order of liquid crystals: they align at low temperatures, this
alignment is suppressed by thermal fluctuations at high temperatures, and the tran-
sition between these states is accompanied by distortion of the surrounding polymer
network. This property can be exploited in the design of heterogeneously patterned
thin sheets that deform into a non-trivial shape when heated or cooled. Given this
capability, we set out to develop the general theoretical framework for designable

actuation in these sheets as well as classify examples amenable to this framework.

Starting from a variational formulation for the elastic energy of nematic elastomer,
we derived from it an effective two-dimensional metric constraint, which links
the deformation and the heterogeneous director field. We showed that satisfying
the metric constraint is both necessary and sufficient for the director profile and
corresponding deformation to approximately minimize the energy. Consequently,

these metric-restricted configurations are good candidates for designable actuation.

Importantly, we relaxed two assumptions common to the metric description of non-
Euclidean plate theories, and in doing so, I arrived at two novel and broad classes
of designable actuation in these sheets: First, we showed that smoothness is not a
requirement in this framework, and thus nonisometric origami—where heterogene-
ity is programmed in a piecewise constant pattern so that thermal actuation leads to
complex folding patterns—is a class of designable actuation. Second, we showed
that the metric constraint is amenable to three dimensional programming, and thus
lifted surfaces—where heterogeneity is programmed so that thermal actuation leads
to a prescribed surface of arbitrary complexity as long as it is smooth and has lim-
ited slope—is also a class of desigable actuation. Figure 5.2 highlights selected
examples of nonisometric origami and lifted surfaces, as well as an experimental

realization of simple nonisometric origami junctions.
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Figure 5.2: Examples of designable actuation in nematic elastomers. (a) The Eiffel
tower can lift from a flat sheet. (b) Nonisometric origami to actuate a box, rhombic
triacontahedron and many periodic type designs. (c) Experimental collaboration
with Tim White’s group at AFRL to realize nonisometric origami junctions. Both
the experiment and prediction are shown.

5.2 Outlook

Wrinkling-suppressing membranes

Membrane structures—often with thickness of the order of micrometers and lateral
dimension of the order of meters—are increasingly being exploited in space applica-
tions due to their high surface to volume ratio, light weight, and easy deployability.
However, membranes offer little resistance to out-of-plane deformation and wrinkle
under the typical (non-ideal) boundary conditions required to pull membranes taut
(see Figure 5.3). This is undesirable. For instance, the effectiveness of solar sails,
which exploit large surface area to capture radiation pressure for propulsion, is di-
minished—by as much as 5 to 15%—by wrinkling. This has motivated a number of
structural mechanisms to suppress wrinkling such as catenaries and shear compliant

borders. Nevertheless, wrinkling continues to be a challenge in the design of these
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Figure 5.3: Full-scale solar sail with a shear compliant border designed and de-
veloped at NASA Langley Research Center. Despite the shear compliant border,
wrinkling is still pervasive in this membrane.

systems.

In Chapter 3, we showed that taut and appreciably stressed sheets of nematic elas-
tomer could suppress wrinkling by modifying the state of stress at the clamps through
the formation of microstructure. Precisely, we showed that thin sheets of this ma-
terial can deform in shear without shear stress for a certain range of deformations.
Further, we showed that the reason for this is that the director is free to rotate through
the material and form stripe domains of material microstructure. It is this capability
and the relaxations of shear stress that emerges from this capability that is enabling

wrinkle suppression.

Now, the surface area of membrane structures for space applications is large (at the
scale of meters), whereas nematic elastomers currently can only be synthesized in
small quantities (at the scale of centimeters). Thus, these systems are not directly
applicable. Importantly though, we learned that if a material is capable of relaxing
shear stress, then it is capable of suppressing wrinkling. Further, we know exactly the
types of microstructures that enable such relaxation. Hence building on this theory,
can we engineer larger-scale membrane structures which mimic the behavior of

nematic elastomer?
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Figure 5.4: We have searched for designs which satisfy the metric constraint, and
seen that these can give rise to complex shapes. However, a designer will want a
desired shape. Therefore, to close the loop, the shape should be the input, and the
design which satisfies the metric constraint to attain this shape should be the output
(i.e., we need to solve an inverse problem).

Shapes by design with active sheets.

For soft actuators, medical devices and robotics to emerge as a disruptive technology,
they need to be capable of a diverse array of shapes. Hence, can we make the material
the machine [15]?

With nematic elastomers, we showed in Chapter 4 that thermal actuation of a sheet
is governed by a metric constraint. Further, as the experiment in Figure 5.2(c)
highlights, we can actuate complex shapes in nematic elastomer sheets under this
metric constraint. However, an important inverse problem remains: if one desires
a particular non-trivial three dimensional shape (say "Optimus Prime" in Figure
5.4), can one pattern an initially flat sheet to obtain the shape upon actuation? If
we can understand this, then we can close the loop between theory, design and
experimentally realization; thus, hopefully bridging the gap between the theory on
actuation and the promise of technological innovation in soft robotics and medical

devices.
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Appendix A

LOOSE ENDS AND OTHER MATTERS

A.1 Some useful linear algebra applied to nematic elastomers

Frame indifference and isotropy

Proposition A.1.1 The energy densities W* in (2.1) and W{,  in (2.19) are frame-
indifferent and isotropic in the sense that

WE(RF, Rn, ng) = W*(F, n, n),

Wi, (RFQ, Rn) = W(F, n),

1so

(A.1)
forall R,Q € SO(3), for all F € R¥3 and for all n, ny € S>.

Proof. Pick any R, Q, F, n, ng as above. We have
WE(RFQ, Rn, Q" no) = Wy (R(E))™V2RTRF (£9)'/?)
= W (€12 F(€0)'1%) = W, (F. n, no)

Lso

(A2)
since W,y is frame-indifferent and isotropic. The case W/, is similar. O

Some estimates on the energy densities
Proposition A.1.2 If F € R¥3 such that det F = 1 and ng, n € S?, then

l(|F|2 —1) < WE(F,n,ng) < c(|F)* + 1),
¢ (A.3)

1so

%(|F|2 —1) < WE (F,n) <c(FP+1)

for some ¢ = c(ry,rg) > 0.

Proof. Since det F = 1 and ng € S?, we have n = Fng/|Fng| € S? and
WE(F,n,ng) = Warr (1) F(£3)7%)

p(1 fy-
_(5051,-n<(520>1/2>|(5n> V2F '2‘3) (A4)

\%

2

\%

£ (102 ()2, (D) F)? - 3) .

2 min min

We note that o,;,, ((€ 20) 172y s nonzero and depends only on rg. Similarly, Umi,,((€£ )~1/2)
is nonzero and depends only on r¢. Thus, the lower bound in (A.3) follows. The

upperbound is similar. The inequalities hold for W/, by an analogous argument. O



204
Proposition A.1.3 Let G € R¥3 such that det(Izxs + G) = 1. We find

Won (Iixs + G) < C(IGI* + |GP), (A.5)

for Wy in (2.5) and for some uniform constant C > 0.

Proof. For the inequality on Wy, we note that since det(/3x3 + G) = 1,
Tr(G) = —Tr(cof G) — det(G) (A.6)
and W,y is finite. Hence,

War (Inxa + G) = = (IIxs + GI* = 3)

(SIRSISIRSE SR~

(|G|2 + 2Tr(G)) (A7)
(|G|2 — 2 Tr(cof G) — 2det(G)) :

Since there exists a C > 0 independent of G such that | Tr(cof G)| < C |G|? and
| det(G)| < C|G|?, we conclude (A.5) following the identity (A.7). O

Proposition A.1.4 The energy density W,y in (2.5) satisfies

W (F) > gdistz(F, S0(3)) (A.8)

forall F € R?3.

Proof. We may assume det F' = 1 as the bound holds trivially otherwise. Conse-
quently and by the polar decomposition theorem, FF = RU for R € SO(3) and U
positive definite. Hence, we find dist(F, SO(3)) = |U — I3x3|. In addition, since

detU = 1 we conclude
gdistz(F, SO(3)) = §|U — Ips]?
- §(|U|2 “2TH(U) + 3)
JZ (A.9)
< §(|U|2 —inf{Tr(G): G pos. def.,detG = 1} + 3)

= £QUP =3) = Wan (F).

Here, we used that the infimum above is attained at G = I3x3. |
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Some results on the out-of-plane component of the deformation gradient
Proposition A.1.5 If F € R¥>? such that rank F = 2, then

adj F

— A.10
|adj F|? (A0

bo := arg min W, (F|b) =
beR3

Proof. Let fz(b) = W, (F|b) and recognize that the minimization can be posed

as
inf {fz(b): b-adj F = 1,b e R} (A.11)

This is a standard convex optimization problem with an affine equality constraint
(see, for instance, Boyd and Vandenberghe [21], Section 5.5.3). That is, there is a
global minimizer of this optimization if and only if there exists a 4 € R such that
Vf7(bo) + A adj F = 0; explicitly, such that

uby — 1adj F = 0. (A.12)
Applying the constraint leads to A = a d?l e (which is well-defined since rank F = 2,
and by as in (A.10)). O

Proposition A.1.6 If F € R>? such that rank F = 2 and n € S?, then

- ) adj F
by := argmin W¢_(F|b,n) = (€) adj
be

i Wiso o 2adi FI2 (A.13)

Proof. Recall that W¢_(F|b,n) = W,u((€;)""2F|(€;)""?b) Thus, we set G =
(£:)~1/2F (which is full-rank) and ¢ = (£)~'/2b. Hence, it follows from Proposition
A.1.5 that

adj G

co := arg min W, (G|c) = —, A.14
o = argmin o (Gle) =~ (A.14)

Therefore, by = (({’,”;)*)l/zco, and so
_ () adi((G) 2 F) A15)

|adj((¢;) 712 F) 2

Finally, adj((¢%)~'/2F) = (£)"/? adj F since det(¢%) = 1 and given the definition of
adj in (3.1). This is the proof. O
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Relating the metric and the step-length tensor

Proposition A.1.7 The energy density W€ in (2.1) satisfies W¢(F, Fng/|Fng|, ng) =
0 if and only if det F = 1 and FTF = {,, for £,, defined in (4.16). In addition, if
these identities hold, then Fno/|Fno| = Rng where R € SO(3) is the unique rotation

associated with the polar decomposition of F.

Proof. We first assume W€(F, Fng/|Fngl,ng) = 0. ThendetF = 1, ng € S? and
|Frg|l # 0. We set n := Fngy/|Fng| € S? and observe from (2.3),

0 = WE(F, Fro/|Fnol, no) = Wor (€))7 2F(£0)'/?).

Thus, we deduce from Proposition A.1.4 that (55)—1/2F(€20)1/2 = R for some
R € SO(3). Evidently then,

F = (¢)2R(5 )71, (A.16)
Further,

16, — pf\=112, = (pfy-112 Fno
r/n = ()™ = (&) (an()'

= (ff)‘l/Z((55)1/2”520)_1/2"0) 3 —1/6( Rng ) (A.17)

| Fng| |Fng

Here, we used the definition of n, the result in (A.16) and properties of the step-
length tensors (2.4). Since both n and Rng € S2, it follows from this equality chain
that actually n = Rng. Substituting this into (A.16) yields

F = R(L)VPRTR(S )71 = R(e))2(£0 )72 = Rel/? (A.18)

npy »

noting that (f;;no)]/z = R(fﬁo)l/zRT and (550)1/2(520)‘1/2 = {,/*. Consequently,
FTF = ¢,, as desired.

For the other direction, we assume det F = 1 and FTF = ¢,,. Thisimplies F = R¢ ’11(/)2

for some R € SO(3) and n := Fng/|Fng| € S%. Thus,

1/2
Fl’l() _ an(/) no _ r_l/6 Rl’l()

n= = = —_
| Frp | Frp | Frol

(A.19)

and since both n and Rng € S2, we deduce n = Rng. Then, by definition (2.1),
We(F, Fno/|Fngl,no = W¢(F, Rng,ng) and clearly this is finite. Further, given
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(2.3), we find

WE(F, Rno, ng) = Wur (€ Rn0> VEEG))
= Wan(R(E,) " PRTRO (£5)17?) (A.20)
= Warr(R(E3,) ™20 2 (60) 2 (60)') = Wan (R).
For this, we have exploited properties of the step-length tensors (see previous para-

graph). Hence since R € SO(3), by Proposition A.1.4 we find W,,z(R) = 0 as

desired.

Finally for the implication, we note that in the proof of both directions, we found
F = Rf},éz and n = Rng for R € SO(3). Consequently, since 5,%2 is positive definite,

R is actually the unique rotation in the polar decomposition of F'. O

Proposition A.1.8 Set W(F, n,ng) = (,u/2)_1 (WE(F, n,ng)+W™(F,n,ng)) for W¢
in(2.1) and W" in (2.8). W is minimized (and equal to zero) if and only if

Fn
|Fn0|

detF=1 F'F= t,, and n= for o € {-1,1}. (A.21)
Proof. (= .) Given W =0, W¢ = 0 and W" = 0 since both are non-negative. The
former equality implies (£/)~1/2F (9% = R € SO(3) gives Proposition A.1.4.

Hence, we observe that

W™ (F, n,no) = 7 r P\ = o @ ng) T (€0) ™ Pnf?

( o 2/3)|(13><3 — 1o ® ) (£ )1/2FT(€£)_1/2”|2 (A.22)

13 2/3
( / /)|(13><3—n0®n0)RTn|2

and this must vanish. Consequently, n = o Rng = 0 Fng/|Fng| for some o € {-1, 1}
(the latter equality follows from R = (55 Yy 12F (520)1/ 2). Thus by Proposition A.1.7,
detF =1and FTF = ¢,,.

(< .) Given (A.21), W¢ = 0, n = o Rng and F = R(¢,,)!/? by Proposition A.1.7.
Thus with (J3x3 — ng ® no)é’,l,(/)2 = r1/6(13><3 —np ® ngp), it is easy to see that W™ also

vanishes. This completes the proof. O

Proposition A.1.9 If F € R¥*? and ngy € S? such that FTF = ¢ ny» then there exists
a b € R? such that

(F|b)T (F|b) = €, det(F|b) = 1. (A.23)
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In particular,
b= Z_)l ~€~1 + Bzﬁ'éz + [)3(Fe~1 X Féz),
1

b 5 1 -
_ = [n I fn e3, by=— r ’

2

- 1-r
Ta) ™" = 73 Do + g ® i
(Cnp) F »2t |13 ENECEET flp ® flp

for iig = (ng - e, ng - e3) € B1(0) C RZ.

Proof. We remark that det(fm,) = 7231 + (F - Dliig|?) > 0 for 7 > 0. Thus
rank F' = 2, since by hypothesis FTF = {7,,0. Therefore, span{Fel, Fey FeyxFey) =
R3. Hence, (A.24) simply rewrites b € R? equivalently in terms of (b, by, b3) € R3.
The proof follows by explicitly verifying the formula.

To be explicit, we set

b= (F|Fé x Fé)b (A.25)

for some b € R3 and observe that

- 7. b
(FIb)'b = FTF b + |b|es = ¢ O 0
B 0 S I B b
0 |Fé;xFé&| (A.26)

_ Enoz

“\ b-lyb+ (b-e3)?|Fé, x Féyl?

Note that given FTF = ¢,,, (F|b)T(F|b) = €,, if and only if (F|b)Th = ¢, es.
Thus clearly, we require b=( no)‘llzx3fn0e3, as we have denoted above in (A.24).

Moreover,
det(Flb) =1 =b-(Fé; xFé&) = (b-e3)|Fé| x Fé|* = 1. (A.27)

Thus, we also require that

1 1 1

B~e3 = — — = — — — — = — .
|Fé1 x Féy|?2  |Féi|?|Fé)? — (Fé; - Fé))? detlp,

(A.28)

as, again, we have denoted above with (A.24).

Now, notice that we have solved for b, and but we still require

e3-lnges = bbb+ (b - e3)}|Fé) x Féy|? (A.29)
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for the lemma to hold. This would appear to be very bad, but in fact, this equality
holds trivially. Indeed,

e3-lpyes =721+ (F = 1)(ng - €3)?). (A.30)

For the other side, after some algebra, one eventually finds that

|ig|*(no - €3)*(F — 1)> + F
1+ |fip|2(F — 1)

b-Cyb+ (b-e3)}|Fé) x Féy? =71 (

(A31)

using all of these relations for b. Using the fact that |7ig|> + (ng - €3)> = 1, it is easy
to show that (A.30) equals (A.31). O

Proposition A.1.10 Let F € R>? and ngy € S%. Then,

(F'F=10, o F=R( M forsomeReSOE3). (A.32)

Here, £y, = 73 (Inxa + (F—1)fig®fig) and (L3} )32 = V0 (Lasa+ (F12 = 1) no®iip).

Proof. (<.) This is obviously true. (=.) Since (F)'F = £,,, we can find a b
such that (F|b)T (F|b) = ¢,, and det(F|b) = 1. Further, owing to the positivity
of the determinant here, by the polar decomposition theorem there exists a unique
R € SO(3) and a unique U € R¥3 positive-definite such that (F|b) = RU. Given
the metric condition, we have that U? = ¢,,,, and so actually U = ¢ ,%2 Consequently,

(FIb) = REL* = (R(EL )30l REY e3), (A.33)

and so F = R(f,lléz)gxz for some R € SO(3). m|

A.2  On the two-dimensional theories for monodomain sheets

In both the effective membrane theory for nematic elastomers and the Koiter theory,
the deformation is taken as a mapping from an isotropic reference configuration. We
now show that theories can be equivalently written with respect to the monodomain
reference configuration (as long as the director in the monodomain sample is in the

plane of the sheet).

For this, we consider an initial monodomain nematic elastomer sheet Q2;, of thickness
h < 1 and reference director ny € S? that is subject to a deformation y": Q — R3

and deformed director n: Q; — S2. The free energy is given by

K
Er (" = fg (We(Vyh,nh,n0)+El(Vnh)(conyh)le)dx (A.34)
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where we assume the non-ideal parameter @ = 0 (recall the discussion in Chapter
2).

To derive the membrane theory, we rescale the deformation and director to study

sequences on a fix domain  exactly as in Section 3.3, and we consider the energy
Zhoo by
L (Wh,m”) =

{ Joy (WeTawh, m", ng) + 55 |(Vm") (cof VW™ 12) dz  if (wh, m") € A

+00 else.
(A.35)
Here, the admissible class (A is given by
A = {(w",m") e WH(Q R x W (Q, §%)
h INT 2 3 (A.36)
such that (V") (cofVw™)" € LX(QRY)}.
Finally, we study the functional defined on W'?(Q, R?) given by
L wh) = inf (L1 (W m"): m" e WH(Q 57} (A.37)

Theorem A.2.1 Letry =ro =r. Let Ih as above with ng € S? such that ny-e3 = 0,
kp > 0and k, — 0.as h — 0. Then in the weak topology of W"*(Q, R?), "

equicoercive and I'-converges to

[ Wiy (@)Hdz  ifdsy =0ae.

Lo (y) := (A.38)

+00 otherwise.

Here, ({7,”;0)1/2 =r YDy + (r'? = Diig @ ig).

Proof. Compactness. Let {w"} ¢ W'?(€ R?) such that 7, (w") < C for some
C independent of h. Welet ¢ = (520)‘1/ 2z and defined for each w” the function
wit e Wh2((€; )12, R?) given by

who () =W (€)', e ) (A.39)

for (é’;“lo)l/2 = r Vo(Iys + (r'"? — 1)ng ® ng). Hence, we observe via the chain rule

1
Vil () = (Y], (D1 03w, (D)

Il
—_

VWh((fZO)I/Zg)((520)1/261|(£:O)1/2€2) %th((g;klo)—l/Zéz)rl/6e3)

I
/—\

((fn0>1/2z>(€n0)1/2| ® o ()7 20))

Vi ()OO )
(A.40)
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almost everywhere. Here, we are using the fact that ng - e3 = 0. Hence,

1
Iawh) = Ef inf We(Vaw"(2), n, no)dz
Q

nes

1 * g

= [ W (G PTG P0G, ) de
()20 nes?

| " (A41)
=— f Wom (£, \Y

h ﬂ* )-12Q rglsz H(( n hw’”(é)) 9%

1
_ L f inf W, (Vawh (). m)dl = Iy (wh).

h (g;flo)fl/ZQnES2

Thus, from the compactness result of Conti and Dozlmann [31], we conclude that
thereis a y;;, € Wl’z((fj;o)_l/ZQ, R3) indepedent of z3 such that (wl.hso —f wl.hmdg’) —
Yiso in WE2((€;)72QRY). It follows that (w" — £ w) — y in W'?(Q,R?) with

Vy(2) = Vyiso (€ P2 )7 ae zeQ (A.42)

and further that y is independent of z3 since ng - e3 = 0.

Lower bound. We may assume w" — y in Wh?(Q R?) for some y independent

of z3. Set wl};o Wl’z((fj;o)‘l/zﬁ, R3) as in (A.39). Since ng - e3 = 0, we have
Wity = Yiso in WH2((6,)712Q R?) where yiso(£) = y((£;,))"/2¢) for ace. ¢. (This
is also independent of 13 since ng - e3 = 0.) By the lower bound result of Conti and

Dozlmann [31] and using the results above in (A.41), we have

.. ho h P h h
lll}rln_}(r)lffno(w ) > hgln_)lglfszo(wim)
> W (Vyiso(2))d :quc Vyiso (€5 )7 122))d
fm o 7 (Vyiso(0))de 1o (Vyiso ()™ 20))dz (4 43)
= [ W (@@ )iz = [ W (Fved, ')

The second to last equality uses (A.42) and the last uses that y is independent of z3.

Upperbound. Lety € W'2(Q, R?) independent of z3. Weset yiso(£) = y((£5)/%0).
This is independent of {3 since ng - e3 = 0. Thus, there exists a sequence
(ol mh )} e C(€;) 7 2PQR3) x C1((€;,)712Q, §?) as in Proposition 3.3.4.

1SO

In particular, w! = — yi5, in Wh2((€;)7?QR?).  Further, we set w'(z) =

Lso



h
Wiso
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((€;,)""%2) and m"(z) = m! ((€;,)""/*2) for each z € Q, and find

Lso

lim sup In}(‘) (wh, mh)

Itis

h—0

. . Kh
= lim sup ( f (WE, (Vawl ol ) + 2 1(Vmll, ) (cof vwl.’;o)rlz)dg)
h—0 (€)1 h

< f Wip(Vyiso)dd = f Wi (Vy () %) dz.
(€;)71120 w
(A.44)
also easy to see that w — y in W2(Q,R3). This completes the proof. O

Remark A.2.2 (i) Let us discuss some heuristics of this theory: Suppose we have

(ii)

(iii)

a monodomain sample with the director ng = ey, and we wish to stretch it
along this direction. Before stretching Vy = I3y, but qug(') lies on the
energy landscape at (Ap,6) = (r'/3,r1/9) in Figure 3.2. Thus, if we stretch
along the ey direction, we immediately belong in a regime of stress. In other
words, this membrane is not exhibiting soft elasticity. This is exactly what one
should expect since the director is already aligned with the direction of stretch,

and since director reorientation is the cause of soft elasticity.

The proof of this theorem relies on the ability for us to map the monodomain
energy back to the isotropic energy in the I'-convergence setting. In particular,
it was important for the proof that ng - e3 = 0. Indeed, the h—dependence
of the chain rule does not decouple nicely as in (A.40) if the director tilts
out-of-plane, and our proof relied on this decoupling. To our knowledge, the

effective membrane theory in the case where the director tilts is open.

A similar argument can be done for the Koiter theory. Working out the details,
if we have an undeformed monodomain configuration ; and an isotropic
reference configuration (f;‘;o)_]/ 2Q),, we can repeat some of the arguments
to derive the Koiter theory to obtain a deformation y,i’: (520)'1/ 2Q;, — R3

(deformed from the isotropic configuration) which satisfies
&l (1) = f( e (W) 2P GO P)
n - h

= fg (Wps(Vy((£)7"25)) + 20r' P (1 Ox3)? | 10, ((£5,) 7230 |7 ) die
h

(A.45)

for some tension wrinkling ansatz yy independent of x3 which is a deformation
. - . _ (pr \-1/2

Jfrom the isotropic reference midplane. Here, we have set x = ((,, ) 2x. Now,
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we let y'(x) = i (€, o) 172 ) for all x € Qy, and we see that

Ve (€))7 2x) = Yy o @),

adj Vyy ((€;,)7"%x)
| adj Vyi ((£5,) 1/2x)|)
adj Vy (x) det((£;,)1/?)

| adj Vy7 (x) det((£;,) /)] )

Iy, ((€5,)7"%x) = (Ve ((€5,) ”Zx)>T~(
(A.46)

= (fzo)”z(?yf(x)ﬁ(
= (G) P Ty (x).

Consequently, we have
h (. h c 5+ \1/2 pr?’? 200 7% \1/2 2
El, () ~ fg (Wos (V3 ) (G ) " >+Tx3|<f;;o>/ Iy (x)|?) dx
h

= h f (Ws (Vi (0) ()" ) + —— ” |<£* ) Ly ()[7)d
N (A47)
where the equality uses that y;" is independent of x3. Finally, we can relate
the deformation yZ back to a deformation deformed from the monodomain

reference )y, via the identical change of variables. Hence,

2/3
Eft e () ¢=hf( Wi (Vy ()% + |(5n0)1/211 ?)dz  (A48)

is the appropriate Koiter theory for taut membranes using the undeformed

monodomain sample as the reference as long as ng - e3 = 0.

A.3 Nonisometric origami: Three-faced interior junctions

On three-faced interior junctions (Formulation)

Let w = B1(0) c R? (i.e., the ball of radius 1 centered at the origin). For any vector
fap € St, we set Lop = {0tfap € RZ: § € [0, 1]}, and define each w, C w as

w1 := sector between {7, I3} not containing /53,
wj := sector between {7, I3} not containing /3, (A49)

w3 := sector between {/3, 13} not containing /»,

for some collection of distinct 715,713 and 723 € S! (to be determined). Hence, (up
to a set of measure zero), w = Uy=123w, = B1(0) and each w, is non-empty with
we Nwg =0 for a # .
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With the notation set, we envision that a fixed set of three distinct (and non-trivial)
planar directors is used to program the sheet, i.e.,
{no1, no2, nos} = {71, i, 7oz} is fixed
(A.50)
with  ng, # +ngg forall a # S.
Here, each ng, is programmed in the (to be determined) region w,. Hence, we are
interested in identifying all possible compatible three-faced interior junctions that
can be built from this set of directors. Note that from (4.203), we have a compatible
junction if and only if there exist 715,713,723 € S! and Ry, Ry, R3 € SO(3) such that

N N
R, (fn(/)l )3x2l12 = Rz(fnéz )3x2l12,

1/2 ~ 1/2 ~
Ro(62)3xaf23 = Ra(€h2 )3xals, (A.51)

N 12, »
R, (fn(/)l )3x2f13 = R3(5né3 )3x2123.

Note further that the regions w1, w, and w3 are set by the g,z’s procedurally by
(A.49).

Now to classify all possible compatible three-faced junctions (up to a rigid body
rotation of the entire junction and choice of coordinate frame), we are not required

to consider all possible sets of directors as in (A.50). In fact:

Remark A.3.1 (i) By choosing a coordinate frame, we may assume ng| = ej.

(ii) Since we are only interested in classification up to a rigid body rotation, we

may assume Ry = [3x3.

(iii) Define 012,613 € (0, ) such that noy - ngo = cos(812) and ng; - ngz = cos(613).

We may assume that both of these angles are acute, i.e., 012,013 € (0, 1/2].

(iv) Finally, we may assume nyy = cos(612)e; +sin(612)ez and ngz = cos(613)e; —

sin(613)es.

In this remark, (i) and (ii) are immediate. For (iii):

Proof of Remark A.3.1(iii). Fix a set of directors as in (A.50) and suppose ng; -
no = cos(f12) for 1o € (n/2, 7). Note that if there exist 712,723,713 € S! and
R, Ry, Rz € SO(3) such that (A.51) holds, then (A.51) also holds with the same set
of interfaces and rotation if we replace ng, with —ng; since (f,%zz )3x2 = ([1_/,1202 )3%2.
Thus for generating compatible geometries, the sets of directors {ng1, ngo, no3} and

{no1, —no2, np3} are equivalent. The only difference in comparing the latter to the
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former is that we have ng; - (—ng2) = —cos(812) = cos(m — 812) with 7 — 01 €

(0,7/2). That is, for compatible geometries, we now have an equivalent set of

eq _

02
argument works for n3. O

directors where the angle between ng; and —ngy = n ngp is acute. The same

Now, Remark A.3.1(iv) follows after (possibly/as needed) changing the coordinate
frame and (possibly/as needed) relabeling the director fields (which implicitly rela-

bels the interfaces, rotations and regions w,).

As a consequence of this remark, instead of considering an arbitrary set (A.50) and
attempting to find all possible interfaces and rotations which satisfy (A.51), we may

restrict our attention to the sets
{e1,n00, no3}  where:
ngy = cos(fy2)ey + sin(f1p)e;  for some 61, € (0, /2], (A.52)
no3 = cos(613)e; — sin(f13)e;  for some 63 € (0, 7/2).

This set is parameterized by only two acute angles. Hence it remains to classify the
f12,123, 113 € S! and the R>, R3 € SO(3) such that

(L2 )3saf 12 = Ra(En )3l 12,
Ro(i)3salas = Ra (6 )32, (A.53)
(Y )3maf13 = Ry (6 D)3maf 13

for any set as in (A.52).

On three-faced interior junctions (Necessary condition)
We turn now to the necessary condition (4.204). Suppose a set of directors as in

(A.52). Then we need to ensure 75,713 and 723 € S! satisfy
€1 - f12| = |fia - T12l, €1 - T13] = |fig3 - T13],  |7io2 - T23] = |7ig3 - T3] (A.54)

for a compatible three-faced junction. In this direction, we have that:

Proposition A.3.2 715,713 and ;3 € S' satisfy (A.54) if and only if f1o € G,
1713 S Q13 and fz3 S ng, where

Gy = { ey +npy € —dp fAn-—é —(é+ ﬁoz}
27 e + gl 181 — doal 181 — fioal 181 + gl
Gis = { €~1 + 7}03 ’ €~1 —703 ’ 7303 —~€1 ’ —(~€1 +~n03)}, (A55)
le1 + 7ip3| |e1 — 7ip3| |e1 — 7ip3| |é1 + Fips]
Gos = { Ry + fps Tz — o3 Figz — Aoy — (g2 + ﬁos)}
27 Uiigy + 03] 102 — sl [fioz — ioa|” |7ion + figa] )
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Proof. Since {é}, i} are linearly independent by assumption, any 7j, € RZ can be
written as 7o = kje; + kyno2. Observe then that (512 . 51)2 = K% +2k1k2(fgn - €1) +
K%(floz . 51)2 and (512 . 17!02)2 = K%(floz : 51)2 + 2K1K2(7~l02 . €~1) + K% since € and ne

are unit vectors. Thus,
(f12- €1)* = (F12 - 7ign)* = (k5 — k) (1 = (Fig2 - €1)). (A.56)

Further, (7igy - €1)> = cos(012)> < 1 by definition. Hence, |figs - f12| = |€] - f12] if
and only if K% = K% from (A.56). Restricting 71, to be a unit vector, we deduce that
|figa - T12| = |€7 - f12] if and only if 71, € G1,. We repeat this argument for the other
relations. |

Remark A.3.3 (i) (A generic redundancy.) This proposition provides that there
are at most 64 possible compatible interfaces for the given collection (A.52).
However, at least 32 are redundant in the following sense: Consider any set
{f12, 113,123} C G12 X G13 X Gr3. Observe that,

Rréy ==&, Rifip = —fip, Ryfios = —figs, (A.57)
where R; € SO(2) denotes a rotation by . Thus,
Rifn € Gio, Rifi3 € Gis, Ryl € Gos. (A.58)

Hence, by rigidly rotating our (possibly) compatible junction by n, we obtain
an identical junction using that the directors are invariant under a change of

sign. We can eliminate this redundancy by replacing G, with

e|1+np ep—ny } (A.59)

&) + fial” |€1 — fpal

G = {

(ii) (The case 01, = 613.) Of the 64 possible compatible junctions, in this case,
only 20 are not redundant due to additional reflection reflection symmetry.
Specifically, let "¢ = diag(1,-1) € O(2), and notice that Q"¢ iy = figa.
Hence, if {12,113, 123} C G2 X Gi3 X Go3 in this case, then

0t e G, 0%f3e G, 0 =Gn. (A.60)

Thus, we can simply take any (possibly) compatible junction and reflect it about

e| to obtain another (or maybe the same) compatible junction. This implies
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additional redundancies. In particular, cataloguing the set g;‘z X G13 X Gr3,

we have:

further,
(T 13,55 )
(i 15,15}
{th. 53,55}

further,

further,
h— —
{tlz,tw 213 }
- b et
{t12’t13’t23 }
N S o
{t12’t13’t23 }
further,
S+ =+
{t12’t13’t23 }
St -
{t12’t13 2173 }
further

S m—
1251135193

1
b bt
12-1135 173
— ~+_ ~
12-1135123
+

ot bt 7——
12°1135 123

{

{7
G
{i

o FrE g g+
12°%13°°23 [»

R TR S
— {t12’t13’t23 }

p _Aref
R o /e
12:1135123 >
R, Aref
—  itself;
o St - 7=t
— {’12’t13’t23 }

h— - 4
— {t12’t13’t23 }
—  itself;

Q"ref
—  itself,

o {f - FHt t~++}
12°%13>%23 [»

R.0"f e e
— {tlz’t13’t23 }
RnQref ~++ ~ A~
— {t12’t13’t23}’
Qref

—  itself,

R i

1251135123 >
R 07! S e e
— {t125t13at23}’
R 0"/

St =

{tlz’t13’t23 }
ot ).

— {tlz’t13’t23 }

R Qref

} —s  itself,
} Fa 0", itself,
} 2, itself,
} 2, itself.

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)
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Here, we have used the notation fg[__g = (+npa — nog)/1(+noe — nop)l, . .. etc.
This exhausts all 32 cases and shows that 12 can be obtained from reflection
and then (possible/as needed) a rotation by ©t of one of the other cases. This

leaves 20 non-redundant possibly compatible junctions.

(The case 01, = 013 = n/3.) Of the 64 possible compatible junction, in this
case, only 10 are not redundant since there is an additional symmetry by
rigidly rotating the possibly compatible junction by n/3. Specifically, notice
that applying Ry 3 € SO(2) to the directors in this case yields,

Rqp3€1 =M,  Rypaitop = =73,  Ry3iigz = €. (A.67)
As a consequence, for any {f12,113,123} C G12 X G13 X G23,
Ryp3f12 € Gos,  Rppsfiz € Gio,  Ryppsfas € Gus. (A.68)

Hence, in cataloguing the 20 possibly compatible configurations from the

previous case that are not redundant, we find:

Rry3
St Tt - S e o
{tlz’t13”23} > {tlz’tw’tzs }’

O"fR_y/3
itself,
S+ h— - 0"/ R Re3 .
{t12’t13’t23} ——  ilself, (A.69)
—% i)
(i) s el
S (A
further,
(rnnm) =S ()
!
(Fanis) (R ) Ao

Rnss T+t =+ T+
— {’12’%3”23 }

— ey Rzy3 — e~
+— —+ = r—— e+
{t12”13’t23} — {tlz’t13’f23 }
O"f ReR_y 3
—— " excluded already;
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further,
Iénﬁn/S
s o
{t12’113”23} {tlz’t13’t23 }’
Iénﬁ—n/3 .
—  itself,

Q"'ref]héﬂ/3 {~+_

p— h— ot St Tt
{’12’t13’t23} 1251135123 }

R x

—2, excluded already ,
e OTRen (AT1)
{t12’t13 193 } —  itself,

QrefR_ﬂ/3

itself,
- - —— : .
(iG55 —  itself,
/3 .
—  itself.

Here, we have used the notation as defined in (ii).

With this result, all possible compatible interfaces are defined now in terms of the
angles 61 € (0, /2] and 013 € (0, /2).

On three-faced junctions (Sufficiency)

Now, we take as given some collection of directors in the set (A.52). Further, we
assume 713 = 712(612, 013) is taken from the set G},, 713 = 713(012, 613) is taken from
the set G13 and 7,3 = 723(012, 013) is taken from the set Go3. Hence, the necessary
condition (A.54) holds, and for a compatible junction, it remains to determine if
there exists an R, and R3; € SO(3) such that (A.53) holds.

To make progress, let us suppose we are just interested in satisfying both the latter
and former equations in (A.53) (we ignore the middle equation for now). For

simplicity in the notation, we define

/2, = 172y %
fi= @)l fri= (Gl

! ! (A72)
hi = (L P)aafis,  h3 o= (frlzéaz)3><2t13

(these quantities only depend on 61, and 83). With this, we observe that to solve the
latter and former equations in (A.53), we need an R, € SO(3) and an R3 € SO(3)
such that

fi=Rafs, hi=Rs3hs. (A.73)
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Since f1, f2, h1, h3 - e3 = 0 and | f1| = | f2l,|h1| = |h2| by the satisfaction of (A.54),
we can solve this equation through the rotations Ry = R.,(¢2) and R3 = R.,(¢3)
given by
Re (¢2) 1= cos(p2)(e1 ® e1 + €2 ® e2)+
o (f1, f2)sin(¢2)(e1 ® ex —ex ® e1) + €3 ® e3

¢, = arccos (fl ' ];2),

l (A.74)
R, (¢3) :=cos(¢3)(e1 ®e; + €2 @ e)+
0 (hy, h3) sin(¢r)(e1 ® ex — e ® e1) + €3 ® e3,
hy - hs
¢3 = arccos .
3 ( |h1|2 )
Here, o: R3x R3 - {1,0, -1} is given by

o (a,b) := sign(es - (a x b)) (A.75)

where sign(0) = 0.

Note that R.,(¢2) = Q(012,6013) € SO(3) and similarly for R.,(¢3) (that is, they
are both completely determined for given 61, and 83). However, notice that for
Ry, (112) € SO(3) such that Ry, (172) f1 = f1 and for Ry (73) € SO(3) such that
Ry, (n3)hy = hy, we have

f1 =R (m2)Re; (92) f2,  h1 = Ry, (73)Rey (¢3) P13 (A.76)

for any choice of 1, 73. That is, we satisfy two of our three compatibility equations

with two free parameters to play with. For definiteness with these equations, we set

fi=—(fi-eei + (fi-ees, hy:=—(hi-eer+ (h-eex (AT
(since f1, A1 - e3 = 0), and define the rotation Ry, and R, as

Ry, (72) := cos(m)(If1172f1 ® i + e3 ® e3)+
sin(m) | 117 (e3 ® fi = fi- ® e3—) +1fil 2 f1© fi,

o A (A.78)
Ry, (m3) := cos(m3)(|h1|""hy ® hy +e3 ® e3)+
sin(73) | h1|™! (e3 ® h = b ® e3) + ||y ® hy
for ny,n3 € [—n, ] (these are, in fact, the desired rotations since | f1| = | flLl and

A1l = |y D.

So, do we have a compatible junction for the given 6, and 63? In light of (A.76),

it remains only to satisfy the middle equation in (A.53) for a compatible junction.
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Specifically, this boils down to the question: does there exist (773, 77;) € [-n, ]2

such that

R, (15) Rey (62) (€61 )3xaTaz = Riy (75 Rey (63) (€0 ) 32232 (A.79)

This is actual not a good way of posing the question because the solutions have a
transparent geometrical structure that is disguised in the above formulation. In fact,
we only need to consider the problem associated with how these equations project
onto the plane with normal e3. To formulate this precisely and algebraically, we
define

2= Rey (02) (E12)3x03, 83 1= Rey (93) (L0 2)30025. (A.80)

We have the following:

Proposition A.3.4 Fix 015 € (0,7/2] and 613 € (0, n/2) and let all quantities be
appropriately defined (as above) in terms of these quantities. Suppose there exist

Ny M5 € [—m, 7] such that

(I3x3 —e3 ® e3) Ry, (175)82 = (I3x3 — €3 ® e3) Ry, (173)83. (A.81)

Then either

Ry (15)82 = Rny(n3)83  or Ry (n5)82 = Ry, (—113)83. (A.82)

Proof. Observe that

|(I3x3 = €3 ® e3) Ry, (13)821 + (Ry, (13)82 - €3)° = |2l (A.83)

= [g31° = |(I3x3 — €3 ® 3) Ry, (73)g31” + (Ry,, (13)g3 - €3)°.
Here, we have used the fact that Ry, R, € SO(3) and that |g>| = |g3] since (A.54)
holds. Consequently, if (A.81) holds, then it must be that

Ry (75)82 - €3 = (+ or —)Ry, (173)83 - 3. (A.84)

If the sign is +, then the result is proved with (73, 773). Alternatively, since g2, g3-€3 =
0, we see from (A.78) that (A.81) will hold if we replace n; with —n5. Moreover,
this replacement flips the sign in (A.84). Thus, in the case the sign is —, the result

is proved with (175, —173)- O
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Given this proposition, most of the work to solve for 77> and 73 is done. Indeed, we
define

y2(m2) := Ry (12)82,  y3(m3) := Ry, (73)83 (A.85)

and we notice that g, and g3 can be rewritten as

gz=(g2.fl)f1+(g2.f1 )flL

2 2
(& m 82 M\, 1
83 _( |h1|2 )h1+( |h1|2 )hl

since g», g3 - e3 = 0. Hence, we see that the question posed in (A.79) is now (due
to this proposition) equivalent to the question: does there exist (775, 73) € [, nl?

such that

2013) = (I3x3 — €3 ® €3)y2(13) (A.87)

= (Isx3 — e3 ® €3)y3(113) = 53(173),
(that is, such that y>(n3) = y3(173)). In this direction, we use the identities in (A.86)
to observe that
& /i & fi
| f11? | f11?
~ 83 ill ~ 83 1L 1
V3(m3) = (== hy + cos(n3) | — hy.
( |h1|2) ( |h1|2 ) 1

$20m2) = (255) fi + cos(m2) )7

(A.88)

This observation motivates the following proposition:

Proposition A.3.5 Fix 01, € (0,7/2] and 013 € (0,7/2) and let all quantities be

appropriately defined (as above) in terms of these quantities. Let

a@ = () v o (BT f‘l)ff, a€R,

£ 12 £ 12
|f1|~ ~|f1|ill (A.89)
> & hiy- 83 M=)
b(B) === hy + B(— hy, BeR
( |h1|2 ) ( |hl|2 ) 1
Then,
a(@) =b(B) &
@bV A1 2= (hi-fD) @ F1)
a _ N(fll.fi).ggz.f#) . (A90)
B &2 SO = f1)(&3-h1)

(f1-hi)(@s-h)
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Proof. Observe that

i) =b(B) o
ngll 7l g3ilf- ~J_)(a') g3‘ill 7 gZ'fl ~ (A.9l)
_ — — h = = hy — = s
(( fil2 V| = |h1|2) AW: (|h1|2) 1 (|f1|2 i
and further that
((gff})]u _ (§3 ' ﬁll);ll)_l :( MR —|hi 2 fi )T.
T e (& - fO 0 - FO1@Es - k(- i)
(A.92)

(Note, (g3 - EIL), (Ef 1) = —(flL -h), (82 f}) # 0 since each of these quantities
depends on 8> and 613 as defined above. That is, the inverse exists as asserted.)

Applying (A.92) to (A.91), we arrive at (A.90) after some manipulation. O
With this result, we can completely characterize all compatible three-faced interior
junctions.

Main result (A complete characterization)

Theorem A.3.6 Consider the case of three fixed planar directors:

{e1,nop, no3}  where
noy = cos(f12)e; + sin(B12)ex  for some 61, € (0, /2], (A.93)

no3 = cos(613)e; —sin(f13)ex  for some 013 € (0,7/2).

(i) (Necessary.) There exist 812, 823,813 € S' and Ry, Ry € SO(3) such that

(350812 = Ra(EhP)3x0812,
Ra(£8)3x0823 = R3 (L1 P)3x2@0, (A.94)
(Le*)3x2813 = Ry (6] )3x0823

(i.e., there exists a compatible junction) only if {812, 13, 823} C G12XG13XG23,

where:
Gy = { ey +i € —fn fp—é —(€ +ﬁ02}
|é1 + fial” 1€1 — Aol |61 — Tial” €1 + figa| '
ey + gz €y —nhgs gz — e —(€1 +iip3)
Gizi={—r, —— ——— (A.95)
le1 + fip3| |e1 — 73| |e1 — 7ip3| [é1 + Fips]
Gos = { Aoy + 703 7oz — fgs 7oz — gz — (72 +ﬁo3)}
|fig2 + 73| |io2 — 73| |ioz — fig3|” |iion + Fig3|
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(ii) (Necessary and sufficient.) Let §12 = §12(012, 623) asin Gi2; 13 = §13(012, 623)
as in G3; §23 = §23(012, 023) as in Goz. Define:

f1 = f1(612,613) 1= (L4 P)3x0812,

fim = fi(012,013) 1= —(f1 - e2)er + (f1 - e1)en,

f2 = f2(012,613) = (frllézz)3><2g129

hi = h1 (012, 613) = (L3 P)3x0813,

hy = hi(012,6013) == —(h1 - e2)er + (hy - e1)e,

h3 = h3(012,013) := (5111(/)32)3><2§13,

Re; (¢2) = Rey(¢3,012,013) 1= cos(da)(e1 @ €1 + e2 @ e2)+

sign(es - (f1 X f2)) sin(¢a) (e ® ex —e2 ® e1) + €3 ® e3,

¢2 = ¢2(012,013) = arccos (flf fz), (A.96)

Rey(¢3) = Rey(¢3,012,6013) := cos(3)(e1 ® e + e2 ® ex)+
sign(es - (hy X h3)) sin(¢a)(e1 @ e2 —ex @ €1) + €3 Q e3,

hy-h
$3 = ¢3(612, 013) = arccos ( |1h |23),
1

82 = §2(012,013) = Re3(¢2)(f;l1(/)22)3x2§23,
g3 = g3(012,013) := R€3(¢3)(€rll(/)32)3><2g23’
@ hD)| /1P~ (hi-fD) (@ f1)
a |\ _[ @(n,bi3) | _ (h1-F5) @ FH)
B B(612,613)

T @l P )& h)
(fi-h)(g3-hi)

There exist Ry, Rz € SO(3) such that (A.94) holds if and only if « € [-1,1]
and B € [-1,1].

(iii) (Explicit construction.) If @ = a(012,6013) € [-1,1] and B = B(012,6013) €
[—1,1], then Ry, and Rz € SO(3) from (ii) satisfy

Ry = Ry(112, 012, 013) = Ry, (n2) Rey (42),

(A.97)
R3 = R3(n3,012,013) = Ry, (13) Ry (P3),
where
Ry, (112) = Ry, (12,012, 613) := cos(q2) (ILA11 72 fE ® fi + e3 ® e3)+
sin(mo)|f117' (e3 ® fi — fi- ® e3-) + |1l 2 f1 ® fu, (A.98)

Rp, (73) = Ry, (73,612, 013) 1= cos(3)(|11| ki ® hi + e3 ® e3)+
sin(173)1h1] 7" (e3 ® hi — hi ® e3) + || 72l ® hy,
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and (n2,13) € [, 712 satisfy

cos(n2) = @, cos(n3) = B,
. T , e (A.99)
sign((82 - fi) sin(n2)) = sign((s - ) sin(na)).
Remark A.3.7 (i) For each possibly compatible junction, there are are either
two solutions (if a, B € [—1, 1]) for actuation or no solutions (if at least one is

not). These are given by
n3 = arccos(a), 73 = sign((22- fi) (& - ki) arccos(B)

3 g (A.100)
n, = —arccos(@), 13 = —sign((&2 - f)(& - ) arccos(B).

The solutions are reflections of each other about the {e1, e} plane.

(ii) When the anisotropy parameter r is equal to 1, the junction is compatible and
flat. By explicit examination of various examples, it does appear that exactly
half of all junctions which satisfy the necessary condition in (i) are compatible
for heating and only heating (i.e, i € (0, 1]) with the other half compatible for
cooling and only cooling (i.e., ¥ > 1). We see this, for instance, in comparing
the junction Figure 4.11, as the junction here is only compatible for cooling or

heating (depending on the director program).



