Compressing Positive Semidefinite Operators with
Sparse/Localized Bases

Thesis by
Pengchuan Zhang

In Partial Fulfillment of the Requirements for the
degree of
Doctor of Philosophy

Caltech

CALIFORNIA INSTITUTE OF TECHNOLOGY

Pasadena, California

2017
Defended May 17, 2017



© 2017

Pengchuan Zhang
ORCID: 0000-0003-1155-9507

All rights reserved

11



111

ACKNOWLEDGEMENTS

I owe my deepest gratitude to my adviser, Prof. Thomas Y. Hou, for his
continuous support, guidance, and encouragement. Prof. Hou guided me to
the interdisciplinary research between PDE analysis and data science, and I
have truly enjoyed my research in this area. Prof. Hou gave me the right
amount of freedom to explore, which really helped me find my interests and
trained my ability to do independent research. He also provided insightful
advice and enormous help when I got stuck or lost. Moreover, Prof. Hou’s
great personality has deeply influenced me and continuously drives me to be

a better person, both in research and in life.

I want to thank Prof. Houman Owhadi. I took several of his courses, worked
with him as TA, got inspired by his research, and got his instructions on
research. I would like to thank the rest of thesis committee — Profs. James L.
Beck and Andrew Stuart — for taking time to review my thesis. I also want
to thank Prof. Qin Li. She helped me quickly get into research mode in my

second year at Caltech. She is a great mentor, collaborator, and friend.

I want to thank everyone in our CMS department. I had lots of stimulating
discussions with many great mathematicians here, especially Prof. Joel Tropp,
Prof. Venkat Chandrasekaran, Prof. Zhiwen Zhang from HKU, Prof. Lei
Zhang from SJTU, Dr. Pengfei Liu, Mr. De Huang, Dr. Ka Chun Lam,
and more. Their knowledge truly inspired me! I would also like to thank the
staff of CMS department — Carmen Nemer-Sirois, Sydney Gastang, and Maria
Lopez — for their help over the past years.

I would like to thank Prof. Dr. XiaohuiWu and Dr. Mulin Cheng for their
supports when I was at ExxonMobil. I would like to thank Dr. Alex Deng
and Dr. Jiannan Lu for their supports when I was at Microsoft A&E team.
In addition, I want to thank Prof. Li Deng and Prof. Xiaodong He for their
supports when I was working on this thesis in Deep Learning Technology

Center at Microsoft Research.

I thank my friends at Caltech — Peng He, Pengfei Sui, Yichen Huang, Yong
Sheng Soh, Yanan Sui, Xiaoqi Ren, Armeen Taeb, Lingwen Gan, Niangjun
Chen, Yorie Nakahira, and more— for the help, the fun, and the good time we
had together.



v
Most importantly, I would like to thank my beloved parents, Mr. Jiahua

Zhang and Mrs. Suzhen Zou, for their endless love and support. No words

can express how grateful I am for you and how much I love you.

Last but not the least, my thanks to my lovely fiancée, Suiqing Bao. You have
supported me all along the way and created lots of happiness for me. Without
you, I could not have survived this strenuous Ph.D. journey. This thesis is

dedicated to you and my parents with all my heart.



ABSTRACT

Given a positive semidefinite (PSD) operator, such as a PSD matrix, an ellip-
tic operator with rough coefficients, a covariance operator of a random field,
or the Hamiltonian of a quantum system, we would like to find its best finite
rank approximation with a given rank. One way to achieve this objective is
to project the operator to its eigenspace that corresponds to the smallest or
largest eigenvalues, depending on the setting. The eigenfunctions are typi-
cally global, i.e. nonzero almost everywhere, but our interest is to find the
sparsest or most localized bases for these subspaces. The sparse/localized ba-
sis functions lead to better physical interpretation and preserve some sparsity
structure in the original operator. Moreover, sparse/localized basis functions
also enable us to develop more efficient numerical algorithms to solve these

problems.

In this thesis, we present two methods for this purpose, namely the sparse
operator compression (Sparse OC) and the intrinsic sparse mode decompo-
sition (ISMD). The Sparse OC is a general strategy to construct finite rank
approximations to PSD operators, for which the range space of the finite rank
approximation is spanned by a set of sparse/localized basis functions. The ba-
sis functions are energy minimizing functions on local patches. When applied
to approximate the solution operator of elliptic operators with rough coeffi-
cients and various homogeneous boundary conditions, the Sparse OC achieves
the optimal convergence rate with nearly optimally localized basis functions.
Our localized basis functions can be used as multiscale basis functions to solve
elliptic equations with multiscale coefficients and provide the optimal conver-
gence rate O(h¥) for 2k’th order elliptic problems in the energy norm. From
the perspective of operator compression, these localized basis functions pro-
vide an efficient and optimal way to approximate the principal eigen-space
of the elliptic operators. From the perspective of the Sparse PCA, we can
approximate a large set of covariance functions by a rank-n operator with a
localized basis and with the optimal accuracy. While the Sparse OC works
well on the solution operator of elliptic operators, we also propose the ISMD
that works well on low rank or nearly low rank PSD operators. Given a rank-n
PSD operator, say a N-by-N PSD matrix A (n < N), the ISMD decomposes

it into n rank-one matrices Y ;| ;g7 , where the modes {g;}!, are required



vi
to be as sparse as possible. Under the regular-sparse assumption (see Defini-
tion , we have proved that the ISMD gives the optimal patchwise sparse
decomposition, and is stable to small perturbations in the matrix to be decom-
posed. We provide several applications in both the physical and data sciences

to demonstrate the effectiveness of the proposed strategies.
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Chapter 1

INTRODUCTION

In the last decade, significant progress has been made in a variety of fields
of data sciences using ideas centered around sparsity. Examples include least
absolute shrinkage and selection operator (lasso) (see e.g. [125, [126]), com-
pressed sensing (see e.g. |39, 19]), sparse principal component analysis (see
e.g. [137,131]), matrix completion (see e.g. |20} [112]), robust principal compo-
nent analysis (see e.g. |22, 25]), and phase retrieval (see e.g. [21]), etc. A key
step in these examples is use of an optimization formulation with a constraint
or penalty term that uses the [; or related norms. Sparse structures also pre-
vail in physical sciences and partial differential equations (PDEs), mostly in
two forms: localized and low rank structures. They have been explored in
several methods, such as localized Wannier functions in quantum physics (see
e.g. |90, |42, 91, 42]), localized multiscale finite element bases for the multi-
scale finite element method (MsFEM) and numerical homogenization for PDEs
with multiscale coefficients (see e.g. |66} 70, 104, |43] 99]), fast multiple meth-
ods and hierarchical matrices (see e.g. |35}, 57, [59} [11]), sparse grid stochastic
finite element methods for stochastic partial differential equations (SPDEs)
(see e.g. 196} 97, 33, [34]), etc. Several attempts to extend the optimization
and [; techniques to physical sciences and PDEs have also appeared recently,
including the [;-optimization in solving SPDEs |41, 134], the [;-optimization to
explore sparse dynamics in PDEs [116], the compressed modes for variational
problems [107, |108], 78|, etc.

In this thesis, we will explore both sparse structures (localization and low rank)
of positive semidefinite (PSD) operators or matrices that arise in the physical
and data sciences. More specifically, given a PSD operator A or a large PSD
matrix A, such as the Hamiltonian of a many-body system, the covariance op-
erator of a random field, a differential operator, or a large sparse matrix that
comes from the discretization of a differential operator, we would like to find
its finite rank approximation with the smallest possible rank. Given a rank
n, it is well-known that the best rank-n approximation is the projection of
the operator to the eigen-subspaces corresponding to the n largest or smallest

eigenvalues, depending on the problem. The representation of such subspaces,
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however, is not unique. How do we represent these subspaces most efficiently,
i.e., how do we find basis functions/vectors of these eigen-subspaces that re-
quire the fewest degrees of freedom to represent? Moreover, if a small sacrifice
of the approximation accuracy is allowed, is it possible to get approximate
subspaces with much more efficient representations, i.e., subspaces with much
more localized basis functions/vectors? If so, what is the optimal trade-off be-
tween approximation accuracy and basis localization? Questions of this nature

arise in many different contexts from both the physical and data sciences.

In this chapter, we first use the second order elliptic operator with rough
coefficients as a model problem to motivate our research on operator com-
pression with sparse/localized basis functions. Then we summarize our first
method, i.e., the sparse operator compression (Sparse OC), and present its
results when compressing different kinds of elliptic operators. After that, we
summarize our second method, i.e., the intrinsic sparse mode decomposition
(ISMD), which decomposes low rank operators into optimally sparse rank-
one operators. Finally, we summarize different applications of our operator
compression methods, including solving elliptic equations with multiscale co-
efficients, conducting the sparse principal component analysis, constructing
localized Wannier functions for Hamiltonians and solving elliptic equations

with high dimensional random coefficients.

1.1 A Model Problem of Operator Compression
Solving Elliptic Equations With Rough Coefficients

Consider the elliptic equation with multiscale coefficients:

(Lu)(2) ==V (a(z)Vu(z))u = f(x), z€DCR

(1.1)
u(z) =0, x € 0D,

where D is a bounded Lipschitz domain in R? and f € L?(D). Here, we only
assume that a is symmetric and uniformly elliptic on D and with entries in
L>®(D), i.e., there exist 0 < apmin < ez such that

Aminly = a(x) 2 amazla, reD. (1.2)

The Lax—Milgram Lemma (see e.g. [31]) implies that Eqn. (1.1) has a unique
weak solution in Hg (D), denoted as £7'f. It is important to point out that
we do not impose any assumption on the structure of a, such as periodicity,

scale separation, or ergodicity at fine scales, as in the classical homogenization
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literature; see [12]. We only make the minimal assumption that ensures the

existence of a unique weak solution.

Under the framework of the Galerkin finite element method, given n basis
functions ¥ = [¢y,...,%,] in H}(D), we can solve the elliptic equation (1.1
approximately by projecting it onto the subspace spanned by ¥, i.e.,

wy = WL W

Here, L, € R™" and ¥7 f € R" are the stiffness matrix and the loading vector

respectively, which are formally defined as follows:

Ln(i,7) /mw], (Wl f) /mf V1<i,j<n. (1.3)

We would like to choose the basis ¥ so that it minimizes the solution error

measured by the following norm:

7t = LTy = sup (L7 = WL 0T f| e ),
1112 <1

where || A||2 is the largest eigenvalue for a PSD operator A.

Therefore, for a self-adjoint, positive definite elliptic operator £, we define the
operator compression error of the basis ¥ as

E,o(W; L71) = min L7 — UK, ¥, (1.4)

KneRm*", Kn>=0

which is the optimal approximation error of £~! among all positive semidef-
inite operators with range space spanned by V. It is easy to verify that the
operator compression error only depends on the subspace spanned by ¥, and

is independent of the functions that are used to represent this subspace.

A Brief Review of Existing Results

The compression error E,.(¥; £L~") achieves its minimum, which is O(n=2/%),
when ¥ are taken as the eigenfunctions of £ corresponding to its smallest n
eigenvalues; see e.g. (93 136]. However, the eigenfunctions are expensive to
compute, and there are no localized basis functions that can span the eigen-
subspace; see e.g. [137, [107, 64]. In practice, localized /sparse basis functions
are preferred to preserve the sparsity in the (discretized) elliptic operator, and
thus to achieve better numerical complexity. For example, when the coeffi-

cient a is constant in Eqn. (1.1]), piecewise linear elements on a uniform mesh
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achieve the optimal compression error up to a constant multiplier (see e.g. [31]).
Meanwhile, these elements are optimally localized, the corresponding stiffness
matrix is sparse, and thus efficient numerical methods such as conju-
gate gradient method (SC) or multigrid method can be applied; see e.g. [2].
However, the compression error given by the piecewise linear elements can be
arbitrarily large if the coefficient is rough; see [5]. This motivates the general-
ized finite element method [6], [123|, multiscale finite element method |66 70,
67, [44], 143] 189, 29] and numerical homogenization [102} 103, |105] [99]. One of
the major objectives is to construct localized basis functions without loss of

the approximation accuracy (up to a constant multiplier) for Eqn. (1.1)).

In [56], on a regular finite element mesh with mesh size h, the authors construct
a localized finite element basis (AL basis) with the same support of the piece-
wise linear finite elements. They have proved that with O ((3)%(log +)*™) ba-
sis functions, the basis achieves an O(h?) compression error. Let n be the num-
ber of elements in the whole domain with mesh size h. We have n = O((1/h)?).
Their results imply that an O(n~2/?) compression error can be achieved with
@ (n(log n)d“) localized basis functions. Although the construction provided
in [56] involves solving global problems, its theoretical results support the pos-
sibility of constructing localized basis functions while achieving the optimal

compression error up to a logarithmic multiplier.

In the localizable orthogonal decomposition (LOD) [89], the authors introduce
a modified Clément interpolation Z;, on a uniform mesh with mesh size h. They
define V/ as the kernel of Z, (i.e., the set of functions u such that Z,u = 0), and
identify the finite element space ¥ as the orthogonal complement of V/ with
respect to the inner product defined by a(u,v) = [, ulv for u,v € Hj(D).
The finite element basis ¢); is identified by ; — PJ;p;, where ; is the nodal
piecewise linear element and P{.;¢; is its projection onto the space V71 with
respect to (w.r.t.) the inner product a(u,v). The work [89] shows that this
finite element basis ¥ achieves the optimal compression rate. Moreover, they
show that the finite element basis function v; decays exponentially fast away
from its associated node, and thus can be localized to local patches of size
O(hlog(1/h)) without loss of accuracy.

In [98, 99|, the basis functions (also called gamblets) are derived from a
Bayesian perspective, by conditioning certain Gaussian random fields with

some measurements of the solution (e.g., the average on a local patch). More
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specifically, for f € L?(D), one can think that the solution & follows a distribu-
tion of a Gaussian measure with mean 0 and covariance operator £~ a priori.
With n measurements of the solution, say { [}, p;&}i,, where {¢;}7, C L*(D),
the best guess of the solution (posterior mean) is

n

E{sl/Dsois,lgz'gn]zz(/l)m)wi,

i=1
where {1;}_; are the basis functions to be constructed. Intuitively, ; is the
best guess of the solution for the measurements | pwi& =1 and Il ppi€ =0
for j # 4. In 98] 99], it is proved that the basis function 1; can be obtained
from the following quadratic optimization problem:

min / V- aV
D

weH} (D)

(1.5)
subject to (s.t.) / Yo; =16, j=12,...,n
D

In [99], by partitioning the physical domain D with a regular mesh with mesh
size h and taking {¢;}I" ; as the indicator function of local cells (therefore, n is
the number of cells in the partition), the author proved that {1;}"_; achieves
the optimal compression rate, and that 1); decays exponentially fast away from
its associated patch. Therefore, v; can be approximated accurately by solving
Eqn. (1.5)) on a local patch with patch size O(hlog(1/h)), and without loss of
the optimal compression rate. It is worth mentioning that this construction
can be implemented hierarchically on a multi-level grid and leads to a multigrid
algorithm to solve Eqn. (1.1)) with complexity N log®® N as a direct solver, and
with complexity N log?™ N for subsequent solves with a different right hand
side. This work has recently been extended to solve elliptic equations with
nonzero potentials, and hyperbolic and parabolic ODEs/PDEs with rough

coefficients in [101].

The existing results imply that for second order elliptic operators with rough
coefficients, although the eigen-subspaces do not have localized basis functions,
we can still localize the basis functions if an optimal compression accuracy up
to a constant multiplier is acceptable. Moreover, we can obtain the optimal
compression accuracy (up to a constant multiplier) with nearly optimally lo-
calized basis functions (up to a logarithmic multiplier) in the trade-off between
the approximation accuracy and basis localization. While we have these ex-

citing advances for second order elliptic operators, there is little literature on



6

operator compression for higher order elliptic operators with rough coefficients.
Moreover, the current methods for second order elliptic operators scale poorly
with the contrast of the coefficients (defined as @maqz/@min in Eqn. (1.2). More
precisely, the constants in both the compression error and the localization de-
pend polynomially on the contrast in [56, (89} 98,|99]), which makes the existing
methods inefficient for coefficients with high contrast. These defects motivate
us to propose a general strategy to construct localized basis functions and to

perform the error analysis for a large class of elliptic operators.

Compressing elliptic operators with localized basis functions (also known as
multiscale finite element method and numerical homogenization) has been an
active research area and new results are still appearing. In particular, there
are new results in [110, 60] in which the LOD method has been extended to
tackle the high contrast coefficient problem. In [100], the work in [99] has been
generalized to compress a large class of bounded linear operators, including the
solution operator of higher order elliptic operators. We review these methods
in detail when we present our methods and then we compare these different

results.

1.2 The Sparse Operator Compression (Sparse OC)

Problem Setting

In this thesis, we develop a general method called sparse operator compression
to compress a bounded self-adjoint positive semidefinite (PSD) operator I :
X — X with sparse/localized basis functions, where X can be any separable
Hilbert space with inner product (-,-). More precisely, given the operator K :
X — X and a positive integer n, the Sparse OC constructs n sparse/localized
basis functions ¥'¢ := [¢lec ... 9] C X that achieves a small operator
compression error measured in the following norm:

B, (0" K) = min K — woe K, whoeT
Kn€eR" ", Kn=0

|x.x. (1.6)

Here, ¥'¢T is an operator that maps f € X to [(¢l¢, f), ..., (¥, f)]T € R,

n
and ||| x x 1= supj s ,<1 % is the induced operator norm for the bounded

operator K : X — X.

The Cameron-Martin space H, defined as the completion of K(X) with the

inner product

(K1, Ko2) g = (K1, ¢2) Vi, p2 € X, (1.7)
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plays an important role in both the construction and the analysis. In Sec-
tion [2.2] we will prove that H is a Hilbert space that can be continuously
embedded into X. In the model problem of compressing a second order el-
liptic operator £ in the last section, X = L?*(D), K plays the role of the
solution operator £7!, and H is the solution space H}(D) equipped with the
inner product (¢1,v%2)n = [, Vb1 - aV, for any 91,1, € Hj(D). We will
also apply the Sparse OC to other bounded self-adjoint PSD operators. For
example, when compressing the solution operator of a second order elliptic
operator with high contrast coefficients a € L*>(D), we choose X = LZ(D)
(L?*(D) with the a-weighed inner product), and H is a subspace of the Sobolev
space H'(D) equipped with the associated energy norm; and when compress-
ing the solution operator of a 2k’th (k > 1) order elliptic operator, we choose
X = L*(D), and H is a subspace of the Sobolev space H*(D) equipped with
the associated energy norm; when compressing the covariance operator of a
Gaussian measure over L*(D), we choose X = L?(D), and H is exactly the
Cameron-Martin space associated with this Gaussian measure (see [15]). This

is the reason why we call H the Cameron-Martin space.

Constructing Basis Functions

The Sparse OC follows three steps to construct sparse/localized basis functions
ploe .= [yloe, ... p¢] that achieve the optimal operator compression rate. In
the first step, we partition the physical domain D with a regular finite element
mesh with mesh size h > 0, and denote all the elements (local patches) as
{m:}!,. On each local patch 7;, we choose @; (Q; € N) measurement functions
that are only supported on 7;, denoted as {p;, : 1 < ¢ < @;}. In the second
step, we construct non-local basis functions {1;,: 1 <i<m,1 < ¢ <Q;} by

the following minimizing problem:

Uig = argmin [[¢]%
Ve (1.8)

st (U, 050) = igje, V1<i<m, 1<q <Q;,

where 6, j, is the Kronecker delta that is 1 when ¢ = j and ¢ = ¢/ and 0 in all
other cases. Collecting all the nonlocal basis functions 1); , for 1 <¢ < m and
1 < ¢ < Q;, we get a nonlocal basis ¥. Although 1); , is not localized, we will
show that it decays exponentially fast away from its associated patch. There-
fore, in the final step, we restrict the global construction onto a neighborhood

of the patch 7; with diameter 7, denoted as S,.(7;), and obtain a localized basis



function:

i = argmin ||¢|%
YpeH
s - fe . (19)
8.t (wv%,cﬁ = Oigjq, VI<j<m,1<q <Qy,
Y(x) =0, x € D\S,.

Collecting all the wff’qc for 1 <i<mand 1 < g < @Q; together, we get our
local basis ¥!°¢. In most of our applications, we take r = O(hlog(1/h)). We

will discuss the choice of r in details when we analyze the compression error
of wloe,

A General Analysis Framework

We provide a general framework to analyze the compression error E,.(¥°¢; K)
and the localization of the basis ¥!°. The big picture is (1) to analyze the
compression error and the decay property of the nonlocal basis ¥, and (2)
to choose sufficiently large S,(7;) such that the compression rate remains the
same for the localized basis ¥!°¢ (although the actual compression error may

be amplified by a constant).

First of all, we show that a local projection-type approximation
property suffices to guarantee an estimate of the compression er-
ror E,.(¥;K). More precisely, we have the error estimate for the nonlocal
basis

Eo(¥;K) < €, (1.10)

if the following local projection-type approximation property
inf flu —@llx@) < €llullre (1.11)
pEP;

holds true for every patch 7; and every u € K(X) C H. Here, ®; is the space
spanned by the local measurements {¢;,: 1 < ¢ < Q;}; ||l x(r) and ||| g
are the X-norm and H-norm of u restricted to 7;, respectively. Moreover, if
¥ is used as the finite element basis to solve the corresponding linear system
Lu = f (whose solution is u = Kf), we have the following error estimate in
the energy norm:

lu—uollm <e€llfllx VfeX,

where uy is the corresponding Galerkin finite element solution. When X =
L*(D), H ¢ HY(D) and {y;,}2, only contains the constant function, the
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local projection-type approximation property ({1.11)) can be obtained from the

Poincare inequality. These local constant measurement functions are used
in [99, 101], and thus our Sparse OC can be viewed as a generalization of their
gamblet method for second order elliptic operators. We emphasize that the
local projection-type approximation property serves as the criterion to
pick the measurement functions when compressing a general PSD operator,
which is one of the key ideas to generalize the gamblet method [99, (101].
For example, when compressing elliptic operators of order 2k (k > 1), the
solution space H is a subset of H*(D). Since the polynomial space has a good
projection-type approximation property in H*(D) (see Theorem , it is
natural to pick ®; as the local polynomial space. When compressing elliptic
operators with high contrast coefficients, we take {¢;, : 1 < ¢ < @;} as the
first ); eigenfunctions of the elliptic operator with the homogeneous Neumann
boundary condition on d7;. The number of local measurements @); is roughly
the number of disconnected high permeability regions (where the coefficient a
is large) contained in the local patch ;. With this construction, we are able

to achieve a compression error independent of the contrast; see Section [4.2]

Secondly, we show that a local inverse energy estimate guarantees
the exponential decay of all the nonlocal basis functions {¢;,: 1 <
i <m,1 <q<Q;}. More precisely, suppose we have the following estimate
on every local patch 7;:

Ciny

€

1LYy <

[l VY€ v, (1.12)

where £, i.e. the inverse of K, is an elliptic operator in this thesis, ¢ > 0 is
the same as that in the local approximation property , and Cjp, > 0
is some constant that may depend on the contrast of the coefficients in L.
Then we can prove that every nonlocal basis function 1;, decays exponen-
tially fast away from its associated patch 7;, with a decay rate at the order
of Cinp. Roughly speaking, we can prove that there exists x; € 7; such that
Vi q()| R s q(:)| exp(— ‘é;f;l) holds true for any # € D. Notice that the
“load” L1 is bounded by the energy of the “solution” ¢ in Eqn. (1.12]), which

is in an inverse direction of the standard energy estimate for elliptic equations.

Therefore, we call it an inverse energy estimate. It is definitely not true for all
functions in the solution space H, but it can be proved for all functions in the
finite dimensional space ¥. This exponential decay is proved for second order

uniformly elliptic operators with the homogeneous Dirichlet boundary condi-
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tion in [99]. We prove that this exponential decay is true for second order
uniformly elliptic operators with various homogeneous boundary conditions
and with nonzero potentials. Other boundary conditions, like periodic and
Neumann boundary conditions, and nonzero potentials are of interest when
we apply the Sparse OC to compress the Hamiltonian in quantum chemistry;
see Section 2.5 Furthermore, we have proved this local inverse energy estimate
for higher order elliptic operator and for elliptic operators with high contrast
coefficients, by using {¢;, : 1 < ¢ < @;} that we choose to satisfy the local
approximation property . Therefore, the nonlocal basis ¥ satisfies the
error estimate ((1.10) and decays exponentially fast at the same time! Finally,
for elliptic operators with high contrast coefficients, under some geometric
assumptions of the coefficients (see Section[4.5)), we have shown that the expo-
nential decay rate (which is of order Cj,,) is independent of the contrast under
our construction. Therefore, the basis functions can be localized such that its
support depends on the contrast of the coefficients only logarithmically. This
partially resolves the issue that current methods, e.g. the LOD [89] and the
gamblet [99, |101|, scale poorly with the contrast. Recently, improved LOD
methods have appeared to tackle the high contrast coefficients (see [110, [60]).
We review these LOD-based methods and compare them with our method in
Section

Finally, the exponential decay justifies the localized construction of
loc
1q
on a local domain with diameter O(hlog(1/h)) is sufficient to preserve the

@loc, On a regular finite element mesh with mesh size h, constructing

compression rate of the nonlocal basis ¥. When compressing a second order
elliptic operator with high contrast coefficients, although the compression error
is more sensitive to the truncation, by a small modification of our method we
can prove that a local domain with diameter O (h <log(1/h) + log (%) >> is
sufficient to preserve the compression error given by ¥, which is indepéndent of
the contrast by construction. We summarize the choice of local measurements
®;, the compression rate and the support size of the localized basis function 1) ,
for different kinds of elliptic operators in Table Notice that the number of
elements in a regular mesh with mesh size h is O(h~%). Since the nth largest
eigenvalue of £L71is O(n=2¥*) ie. \,(L™') = O(n~?¥*), one can easily check
that the localized basis ¥'¢ indeed achieves the optimal compression rate and
is nearly optimally localized (up to a logarithmic multiplier). Therefore, for

elliptic operators with low contrast coefficients, one can achieve the optimal
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compression error (up to a constant multiplier) with nearly optimally localized
basis functions (up to a logarithmic multiplier) in the trade-off between the

approximation accuracy and basis localization.

Order of £ 2 2k(k > 2) 2

Contrast low low high

X 2(D) I*(D) I2(D)

®; or {90¢7q}22il Py P, E%’,q = Ai,qa%gq
Support size O(hlog(1/h)) | O(hlog(1/h)) | O (h <log% +log m—>)
of 7l;oc

GFEM orror o) O o)

(in energy norm)

Compression O(h?) O(h?F) O(h?)

error

Contrast Yes Yes No

dependence

Table 1.1: Sparse OC applied to different kinds of elliptic operators: the space
X where is the space for the right hand side f, the local measurement function
space ®; (P}, denotes the polynomial space with degree no more than k), the

support size of wéfg, the convergence rate of the Galerkin finite element solution

in energy norm (i.e. H-norm), the operate compression rate E,.( %" K), and
the last row indicates whether the constants in the estimates depend on the

contrast or not.

Our Contributions

The Sparse Operator Compression is directly inspired by the Bayesian homog-
enization [98] and the gamblet method [99], including the ideas of constructing
the space ¥ from K® and of constructing the basis functions from energy min-
imizing problems. The recursive argument to prove the exponential decay and
basis localization has been used in [89] and [99]. Based on these existing works,

we have made the following main contributions in our Sparse OC.

First of all, our Sparse OC, which is purely based on functional analysis, gen-
eralizes the probabilistic framework for the Bayesian numerical homogeniza-
tion [98] and the gamblet method [99]. We have identified the local projection-
type approximation property and the local inverse energy estimate as the two
key components in proving the error estimate and the exponential decay. These
two inequalities serve as the criteria to choose the local measurement functions
in the Sparse OC.
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Secondly, for strongly elliptic operators of 2k’th order, we have constructed
nearly optimally localized basis functions with support size O(hlog(1/h)) and
with optimal operator compression rate O(h?*). The strong ellipticity is equiv-
alent to the standard uniform ellipticity in the cases: (1) k=1 (2)d =1 or 2
and (3) (d,k) = (3,2), and is only slightly stronger than the uniform ellipticity
in other cases. We have also conducted numerical experiments to demonstrate
that the fractional Laplacian operators cannot be localized using the same
approach. More precisely, the global basis functions constructed in Eqn.

do not have exponential decay for most fractional Laplacian operators.

Thirdly, for second order elliptic operators with high contrast coefficients, we

have constructed localized basis functions with support size of order

h <log(1/h) +log (Zz)) |

For the two-phase coefficients with smooth inclusions/channels, we have shown

that the decay rate of the basis functions is independent of the contrast by an
asymptotic analysis. Moreover, the error in energy norm of the corresponding
finite element solution is of order h, and is independent of the contrast. Com-
pared with recent results on the high contrast problems [110, 60|, our result
requires weaker assumptions on the coefficients. For example, our method al-
lows multiple high-conductivity inclusions in a local patch but neither of the
methods in 110, 60] works in this case.

Finally, we have applied the Sparse OC to the problem of sparse principal
component analysis in statistics and constructing localized Wannier functions
in quantum chemistry; see more details of these applications in Section [1.4]
For the problem of sparse principal component analysis, the Sparse OC is
especially suitable for random fields with the Matérn class covariance opera-
tors |92, which can be seen as the solution operator of certain higher order
elliptic operators. We have compared the Sparse OC with the [ regularization
approach [107] on simple model problems (sparse principal component analy-
sis of a Matérn class covariance operator and constructing localized Wannier
functions for the 1D free-electron model), and our results have demonstrated

the effectiveness and efficiency of the Sparse OC in these applications.

Recently, the authors of [100| introduce the Gaussian cylinder measure and
successfully generalize the work in [98, 99| to a much broader class of operators.
With a slightly different construction from our construction (|1.9)), they are able
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to obtain the same order of compression accuracy and basis localization as we
have achieved (the second column in Table , but without requiring the
strong ellipticity. The Sparse OC and the work [100] generalize the the work
in 98] 99 from different perspectives, resulting in different conditions for the
measurement functions and slightly different constructions of localized basis
functions. These new results in numerical methods for PDEs are likely to find

more applications in both data and physical sciences.

1.3 The Intrinsic Sparse Mode Decomposition (ISMD)
Problem Setting

In the Sparse OC above, we look for rank-n approximations in the form of
K~ VK, W', (1.13)

where ¥ = [i1,...,1,] is a basis of the range space of the rank-n approx-
imation and K, is any PSD n-by-n matrix that minimizes the approxima-
tion error. The corresponding error, i.e., E,.(¥;K) = ming, cgnxn, g0 ||} —
UK, ¥ x.x, is invariant with respect to any non-degenerate linear transfor-
mation of ¥. In some applications, one is interested in approximating X with

n rank-one operators, i.e.,

K=Y e (1.14)
=1

The corresponding error, || — W7 ||x x is only invariant to unitary transfor-
mations of ¥ [T As in the Sparse OC, we require that the decomposed modes
{1;}_, be as sparse/localized as possible. Compared with the eigendecomposi-
tion, the decomposed modes in Eqn. are required to be sparse/localized

instead of orthogonal.

In this part of our study, we only consider the case when the operator K
is rank-n, i.e., \,(K) > A\11(K) = 0, or is nearly rank-n, i.e., A\, () >
An+1(K) &~ 0. In this case, there is no need to consider the trade-off between
the approximation accuracy and basis sparsity: on the approximation accuracy
side, we fix the number of modes in ¥ to n and impose the hard constraint
K = w¥T when K is rank-n; on the sparsity/localization side, we would like

to obtain the optimally sparse/localized basis functions ¥. More precisely, we

Mathematically, we get the kind of approximation in Eqn. (1.14) if we limit K,, to be
diagonal in the Sparse OC approximation ((1.13]).
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want to solve the following optimization problem:

n

min Z lsupp(¢;)| st. K= Zwﬂ/z?, (1.15)
i=1

wlvn'uwn i1

where [supp(?;)| is a measure of the volume of 1;’s support, such as the number
of nonzero entries (also known as the [° norm) for a vector in the discrete case
or the volume of a function support in the continuous case. Compared with the
problem solved by the Sparse OC, although problem does not consider
the trade-off between accuracy and sparsity, it is much more difficult in the
sense that we want to find the optimally localized basis functions instead of
finding nearly optimally localized basis functions up to a logarithmic multiplier

as we have done in Sparse OC.

Patchwise Sparseness and the Surrogate Problem

In most cases, minimizing support (I° norm in the discrete setting) results in
a combinatorial problem and is computationally intractable. Therefore, we
introduce the following patchwise sparseness as a surrogate of |suppt;| and

make the problem computationally tractable.

Definition 1.3.1 (Patchwise sparseness). Suppose that P = {7;}!", is a par-
tition of the physical domain D or the N nodes, i.e., D = U™ ,7; in the contin-
uous setting or {1,2,3,..., N} = U, 7; in the discrete setting. The patchwise
sparseness of 1 with respect to the partition P, denoted by s(1;P), is defined

as

s(; P) = #{T € P : ¢|; # 0}

Here, 9|, # 0 means that ¢ does not completely vanish on the patch 7;. Once
the partition P is fixed, smaller s(¢); P) means that 1 is nonzero on fewer
patches, which implies a sparser or more localized function. With the patch-

wise sparseness as a surrogate of [suppt;|, the sparse decomposition problem

(1.15)) is relaxed to
min ZS(?/%’; P) st. K= Z%w;f. (1.16)
i=1

Y1, ¥n i—1 _
If {g:}", is an optimizer for problem (1.16]), we call them a set of intrinsic

sparse modes for K under partition P. Since the objective function of problem
(1.16) only takes nonnegative integer values, we know that for a symmetric
PSD operator K with rank n, there exists at least one set of intrinsic sparse

modes.
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Theoretical Results of the ISMD

It is obvious that the intrinsic sparse modes depend on the domain partition
P. Two extreme cases would be m — oo and m = 1. For m — oo, s(¢; P)
recovers |supp?y| and the patchwise sparseness minimization problem re-
covers the original support minimization problem . Unfortunately, it is
computationally intractable. For M = 1, every non-zero vector has sparseness
one, and the support size makes no difference. However, in this case prob-
lem is computationally tractable. For instance, a set of (unnormalized)
eigenfunctions is one of the optimizers. We are interested in the sparseness de-
fined in between, namely, a partition with a meso-scale patch size. Compared
to |supp?|, the meso-scale partition sacrifices some resolution when measuring
the support, but makes the optimization efficiently solvable. Specifi-
cally, problem (|1.16)) with the following regular-sparse partitions enjoys many

good properties. These properties enable us to design a very efficient algorithm
to solve problem ([1.16)).

Definition 1.3.2 (Regular-sparse partition). The partition P is reqular-sparse
w.r.t. K if there exists a decomposition K =37 | g;g] such that all nonzero

modes on each patch ; (1 <1 < m) are linearly independent.

If two intrinsic sparse modes are non-zero on exactly the same set of patches,
which are called unidentifiable modes in Definition [5.3.4], it is easy to see
that any rotation of these unidentifiable modes forms another set of intrinsic
sparse modes. From a theoretical point of view, if a partition is regular-sparse
w.r.t. K, the intrinsic sparse modes are unique up to rotations of unidentifi-
able modes; see Theorem Moreover, as the partition gets refined, the
original identifiable intrinsic sparse modes remain unchanged, while the orig-
inal unidentifiable modes become identifiable and become sparser; see Theo-
rem[5.3.6] In this sense, the intrinsic sparse modes are essentially independent

of the partition that we use.

From a computational point of view, a regular-sparse partition ensures that
the restrictions of the intrinsic sparse modes on each patch 7; can be con-
structed from rotations of local eigenvectors. Following this idea, we propose
the intrinsic sparse mode decomposition (ISMD); see Algorithm . The ISMD
follows the “local-modes-construction + patching-up” procedure. The key step
is to construct local pieces of the intrinsic sparse modes by a joint diagonaliza-

tion problem. Thereafter, a pivoted Cholesky decomposition is utilized to glue
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these local pieces together. In Theorem we prove that the ISMD solves

problem (|1.16)) exactly on regular-sparse partitions. We point out that, even
when the partition is not regular-sparse, numerical experiments show that the

ISMD still generates a sparse decomposition of .

Computational Complexity of the ISMD

The ISMD has very low computational complexity. There are two reasons for
its efficiency. First of all, instead of computing the expensive global eigende-
composition, we compute only the local eigendecompositions on every patch.
Secondly, there is an efficient algorithm to solve the joint diagonalization prob-
lems. For partitions with a large range of patch sizes, the computational cost
of the ISMD is comparable to that of the partial eigendecomposition 117,
82]. For certain partitions, the ISMD could be ten times faster than the par-
tial eigendecomposition. We have also compared the ISMD with the convex
relaxation of the Sparse PCA |78, |128]. Our numerical results indicate that
the convex relaxation of Sparse PCA fails to capture the long range correla-
tion. Moreover, it needs to perform (partial) eigendecomposition on matrices
repeatedly many times. As a result, the convex relaxation of Sparse PCA is
thus much slower than the ISMD. Finally, because both performing the lo-
cal eigendecompositions and solving the joint diagonalization problems can be

done independently on each patch, the ISMD is embarrassingly parallelizable.

Our Contributions

Our ISMD is a novel approach to decompose a low rank operator into several
sparse/localized rank-one operators, which is important in many applications,
such as uncertainty quantification (see e.g. |7, |4} (69} [L06]) and latent factor
models (see e.g. [48, |129, |1, 25]). First of all, we use a domain partition
with meso-scales to define the patchwise sparseness, similar to the group spar-
sity [135, [71] or structured sparsity |72]. We then propose the ISMD algorithm,
which consists of local eigendecompositions and joint diagonalization across
patches, to solve the patchwise sparseness minimization problem . We
have conducted numerical experiments to show the efficiency and robustness of
the ISMD. We have also compared the ISMD with other existing methods, e.g.,
eigendecomposition, pivoted Cholesky decomposition, and convex relaxation
of the Sparse PCA |78, [128].

Secondly, we prove that the ISMD solves problem ((1.16)) exactly under the
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regular-sparse assumption. Moreover, we show that the results of the ISMD
are consistent when the partition is refined, which means that the original
identifiable intrinsic sparse modes remain unchanged and the original uniden-
tifiable modes become identifiable and become sparser as the partition is re-
fined. Finally, we prove the stability of ISMD under small perturbation of the
input low rank operators. All our theoretical results are validated by numerical

experiments using covariance matrices from porous media problems.

Last but not least, we have used the ISMD to obtain locally low dimensional
parametrization of a random field. Based on this locally low dimensional
parametrization, we propose a stochastic multiscale finite element method
(StoMsFEM) to solve the second order elliptic equations with high dimen-
sional random coefficients. The proposed method shows significant compu-
tational saving compared to the traditional MC methods or the gPC based
methods; see Section for a brief overview and our paper [65] for details.

1.4 Applications of The Operator Compression Methods

In addition to solving elliptic equations with rough coefficients, we have ex-
plored three more applications of the proposed operator compression methods.
In the first application, we apply both the Sparse OC and the ISMD to solve
the problem of sparse principal component analysis in statistics. These two
methods look for different forms of sparse principal component analysis (the
ISMD imposes principal factors to be uncorrelated while the Sparse OC does
not), and are suitable for different kinds of covariance operators. In the second
application, we apply the Sparse OC to construct localized Wannier functions
in quantum chemistry. In the third application, we apply the ISMD to explore
the locally low dimensional structure of the solutions of second order elliptic
equations with high dimensional random coefficients, resulting in a stochastic
multiscale finite element method (StoMsFEM).

Principal Component Analysis With Sparse/Localized Loadings
Given a random field x : D x Q — R, where D C R? is the physical domain
and (2, F, P) is a probability space, its mean field & : D — R and covariance
function K : D x D — R are defined by

() = Els(z,w)],  K(z,y) = E[(s(z,w) = &(z))(s(y,w) = £(y))].
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Its covariance operator, denoted as K : L*(D) — L*(D), is the Hilbert-
Schmidt operator with kernel K (x,y). Many basic operations on a random
field (e.g., sampling, factorization, marginalization, and conditioning) require
a finite rank approximation of its covariance operator, which can be obtained

in different ways.

Eigendecomposition

The eigendecomposition is the standard method to obtain the best low rank ap-
proximation of a PSD operator. One such example is the truncated Karhenen—
Loéve (KL) expansion |75, 85|, which is the most widely used method to fac-
torize a random field. The truncated KL expansion first computes the best
rank-n approximation of the covariance operator by the truncated eigende-

composition, i.e.,
n
K=~ E )\Z'BZ‘GZT,
i=1

where {\;}", are the largest n eigenvalues and {e;}" , are the correspond-
ing eigenfunctions. Without loss of generality, we assume that the random
field is centered, i.e., A(x) = 0, in this subsection. Then the random field is

approximately factorized by its truncated KL expansion
K,(.T,CU) ~ Z \/ )\zel(aj)&, (117)
i=1

where & = [, k(z,w)e;(x)dx is the principal factor corresponding to the
eigenfunction e;. The truncated KL expansion enjoys the bi-orthogonality
property, i.e.,

(eis€5)r2p) = 0igy  E[&i&5] = dij. (1.18)

The discrete version of the truncated KL expansion is the famous principal
component analysis in statistics. However, the eigenfunctions are typically
global, i.e., nonzero almost everywhere, and are sometimes difficult to inter-
pret. The global eigenfunctions imply that even on a local patch, all the factors
{&:}", have influence there. This seems to be counter intuitive. It seems to
make more sense that a random variable would impact only a small number
of patches. In this case, we can apply our ISMD or Sparse OC to obtain the

low rank approximation with sparse/localized modes.
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The ISMD

When the covariance operator K is (nearly) rank-n, we can use the ISMD to

decompose it into n sparse rank-one components
n
~ Z T
’C ~ %w@ )
i=1

where {1;}1_; are the intrinsic sparse modes. After projecting the random field

to the space spanned by {;}!" |, we obtain a sparse-orthogonal factorization

Rz, w) ~ Zwi(x)m, (1.19)

where n; is the random factor associated with the intrinsic sparse mode 1);.
One can easily check that the random factors {m;}, are uncorrelated with

each other, i.e.,
E[nin;] = 6. (1.20)

Therefore, compared with the bi-orthogonality ((1.18) in the truncated KL
expansion, the factorization ([1.19) obtained from the ISMD requires orthogo-

nality only in the stochastic space but sparsity in the physical space.

The sparse-orthogonal factorization is closely related to the latent factor
model with sparse loadings, which has found many applications ranging from
DNA microarray analysis [48], facial and object recognition [129], and web
search models |1], etc. In some scenarios, the uncorrelated latent factors make
lots of sense, but is not guaranteed by many existing factorization methods,
e.g., the non-negative matrix factorization (NMF) [80], the sparse principal
component analysis (SPCA) |73, 137, 37, the structured SPCA [72|. We
recommend the ISMD for sparse factorization problems where the covariance
operator is (nearly) low rank and the uncorrelated constraint on the factors is

imposed.

In Section [5.5, we provide such an application using covariance matrices from
porous media problems [50, 46]. We compare the ISMD with other exist-
ing methods, e.g., eigendecomposition, pivoted Cholesky decomposition and
convex relaxation of the SPCA (see |78, |128]). Our results demonstrate the
superiority of the ISMD when decomposing (nearly) low-rank PSD matrices

with sparse/localized modes.
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The Sparse OC

We can also apply our Sparse OC to obtain a rank-n approximation for the

covariance operator, i.e.,

oc oc R oc loc, T
K~ 0K, 00T =y " K, (i, )iyl
ij=1
which achieves both high approximation accuracy and basis localization at the
same time. After projecting the random field to the space spanned by ¥!e¢,

we obtain a sparse factorization
Rlr,w) = 3 U (o), (1.21)
i=1

where m; is the random factor associated with the sparse mode !°¢. In this
case, the random factors {m;}!, are correlated with each other, with correla-
tion

Elnimy) = Ka(i,j). (1.22)

The Sparse OC is especially suitable for the Matérn class covariance [92].
In spatial statistics, geostatistics, machine learning and image analysis, the
Matérn class covariance is used to model random fields with smooth samples;
see e.g. [121} |58 h3|. The Matérn class covariance between two points z,y €
D C RY is given by

v

K, (z,y) 202% (@'x;m)VK,, (@’x—;y’) (1.23)

where I' is the gamma function, K, is the modified Bessel function of the
second kind, and p and v are non-negative parameters of the covariance.
Two special cases are the exponential kernel when v = 1/2, i.e., Kyo(z,y) =

o? exp(—|x—y|/p), and the Gaussian kernel when v — o0, i.e., lim, ., K, (z,y)

o? exp(——‘x;p Z‘Z). The Fourier transform of Matérn class covariance is given by
~ 2w ~(td/2) 247/2T (1) + d/2) (2v)”
_ 2 2 ._
k(w) = cyn0 ()\2 + |w| ) ;o Gy = T , (1.24)

where we use the convention f(w) = [fga f(x)e""“dz for the Fourier trans-
form. Recent studies [83, 16| show that the Matérn covariance and the elliptic
operators are closely connected. With proper homogeneous boundary condi-

tions, the Matérn covariance operator with v+ d/2 as an integer is the solution
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operator of an elliptic operator of order 2v + d. For example, the exponential
kernel (Matérn covariance operator with ¥ = 1/2) is the solution operator of a
second order elliptic operator (2/0?)~* (1 — pQC{‘—;) when the physical dimen-
sion d = 1, and is the solution operator of a fourth order elliptic operator
(8mp30?)~! (1 — 2p? A + p*A?) when d = 3. The Matérn covariance opera-
tor with v = 1 is the solution operator of the fourth order elliptic operator
(4mp?c?)~1 (1 — 2p*A + p*A?) when d = 2. Note that the elliptic operator that
is associated with the Matérn covariance contains lower order terms. Thus,
it is essential that our Sparse OC can accommodate lower order terms and

various boundary conditions.

In Section [2.4] we have applied the Sparse OC to compress the 1D Matérn
kernel with v = 1/2. We have demonstrated that the Sparse OC achieves
the optimal approximation accuracy and the nearly optimal localization. In
this application, we have also shown that the logarithmic factor in the local-
ization (i.e., localized basis functions with support diameter O(hlog(1/h))) is
necessary to obtain the optimal approximate accuracy under the framework
of Sparse OC.

Constructing Localized Wannier Functions

Motivated by the localized Wannier functions developed in solid state physics
and quantum chemistry, our Sparse OC can serve as a computationally ef-
ficient method to construct the localized Wannier functions. We begin by
reviewing the basic ideas for obtaining spatially localized basis functions of
the independent-particle Schrodinger’s equation. For simplicity, we consider a
finite system with n electrons and neglect the electron spin. The ground state
energy is given by E,, = " | \;, where \; are the eigenvalues of Hamiltonian,
H = —3A + V(z), arranged in increasing order and satisfying He; = \e;,
with e; being the corresponding eigenfunctions. A basic task in computational
chemistry is to compute the ground state energy F,, which in turn requires
the eigendecomposition of the Hamiltonian 4. Notice that the Hamiltonian is

nothing but a second order elliptic operator with a nontrivial potential V' (z).

In most cases, the eigenfunctions e; are nonzero almost everywhere, i.e., they
are “dense”. This presents challenges for computational efficiency since the
eigendecomposition requires O(n?) operations, dominating the computational

effort for n ~ 10 and above. Moreover, the screened correlations in con-
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densed matter are usually short-ranged (see [111]). It is well known that an
appropriate linear transformation of the eigenfunctions could lead to a set
of more spatially localized eigenfunctions that span the same eigenspace of
‘H. Methods for obtaining such functions have been developed in solid state
physics and quantum chemistry, where they are known as Wannier functions
(see [130,|76]). However, simply applying a linear transformation on the eigen-
functions has two disadvantages. First of all, in most cases, one can obtain
at most polynomially decaying functions by using linear transformations on
eigenfunctions. For example, the eigenfunctions of the 1D free electron are
harmonic waves, and no linear combinations of the first n harmonic waves can
result in compactly supported or exponentially decaying functions! Secondly,
it still requires obtaining the eigenfunctions at the first place, which does not

help the computational efficiency.

To achieve truly localized Wannier functions and computational efficiency,
one needs to look for an approximate n-dimensional subspace that is spanned
by n localized basis functions and gives an accurate approximation of the
eigenspace at the same time. Our Sparse OC is a natural choice to achieve
this goal. We point out that there is no consensus on the norm to measure the
distance between the constructed n-dimensional subspace W and the eigenspace
V, :=span{ey, ..., e,} in the existing literature. Our Sparse OC measures the
distance by the operator compression error E,.(¥;H™!) (1.6) (we can always
add a constant to H such that it is invertible, and this does not change the
eigenspace of H). Another natural choice to define the distance between the

approximate space ¥ and the eigenspace V,, is
Eoe(¥) = [Py, — Pull, (1.25)

where Py is the orthogonal projection from L?(D) to the subspace V. To com-
pare these two criteria, we rewrite them in a form that makes the comparison

easier:

=1
Z/\—ieieiT — vK, '’

=1

n

E 61‘63—' — P\It

i=1

) ’EV'oc(gp) =

2

Eoo(¥;H™") = min

Kn>0

2
We believe that E,.(¥;H™') is a better criterion for operator compression
because it takes into consideration the relative importance (1/);) of different
eigenfunctions e;. In contrast, the quantity ||Py, — Py|2 gives equal weight to
all the first n eigenfunctions and does not count the rest of the eigenfunctions
at all.
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One of the most commonly used methods to construct localized Wannier func-
tions is the [; approach, which is inspired by the compressed sensing and is
briefly reviewed in Section 2.5} Our Sparse OC is inspired by the recent ad-
vances in numerical homogenization |98, [101], and has a very different philos-
ophy from the [; approach. We compare our Sparse OC with the [; approach
on the free-electron model in Section 2.5l We summarize the main conclusions

here.

1. With roughly the same support size of the localized basis functions, the
results given by the [; approach and the Sparse OC are very similar, in

terms of the shape of the function and the approximate eigenvalues.

2. The total computation cost of the Sparse OC is comparable to the cost
of each iteration in the [; approach. The [; approach needs hundreds
(sometimes even thousands) of iterations to solve the nonconvex prob-

lem, depending on the choice of the algorithm parameters.

Application in Stochastic Multiscale Model Reduction
Finally, we have applied the ISMD and other sparse factorization methods to

solve the following random elliptic equation

—V. - (k(z,w)V,u(z,w)) = f(z), =€ D,we,
u(z,w) =0, xe€dD

P-almost surely,

(1.26)
where the random coefficients x(x,w) have a large stochastic dimension and
have multiscale features in the physical space. Here, the “stochastic dimension”
means the number of the factors/parameters in the factorization of the random
coefficients. As usual, we assume that x(z,w) satisfies k(z,w) > a > 0, for ev-
ery x € D and w € ). The random elliptic equation is the fundamental
model to simulate flows in heterogeneous porous media, whose permeability
is often modeled as a multiscale random field. The parametrization of a mul-
tiscale random medium requires a large number of random variables, leading
to a random elliptic equation with a high stochastic dimension, which is chal-

lenging to solve numerically.

In [65], we have proposed a stochastic multiscale finite element method (StoMs-
FEM) that combines a localized factorization method and a deterministic

model reduction method. The StoMsFEM can significantly speed up the exist-
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ing non-intrusive stochastic methods. By “non-intrusive stochastic methods”,
we mean those methods that can call a deterministic PDE solver as a blackbox,
e.g., Monte Carlo, multilevel Monte Carlo [51} (9, 32|, (sparse grid) stochastic
collocation |4, 96|, 97, [133], least-squares methods [40, |120] and compressed
sensing methods [41} 134]. The StoMsFEm is based on the following observa-
tion: most deterministic model reduction methods only require solving local
problems (see e.g. [66, 67, 105, (89} 99]), and the local problems often have
much lower stochastic dimensions. More precisely, the random coefficients re-
stricted to a local subdomain can be factorized by a much smaller number of
parameters, which depends only on the ratio between the subdomain size and
the correlation length of the random coefficients. Therefore, the determin-
istic model reduction methods result in solving local subproblems with low
stochastic dimensions, whose solutions can be efficiently precomputed by the
gPC based methods (see e.g., |49, 132, |7, |4]) in the offline stage.

Based on this observation, the proposed StoMsFEM solves the random PDEs
in three steps. The first two steps are in the offline stage and the third step
is in the online stage. In the first step, we obtain a locally low dimensional
parametrization of the random coefficients k(z,w). This can be achieved by our
ISMD or Sparse OC, as well as other localized factorization methods like the
local truncated KL expansion 27| and the SPCA [137] |37, |128|. In the second
step, we apply a deterministic local upscaling method to obtain a parametric
upscaled system. We provide two methods to do the parametric upscaling:
random interpolation method and reduced basis method. The random inter-
polation method takes advantage of the fact that the local upscaled coefficients
are analytic functions of the local random parameters, and we introduce an
interpolation scheme for each upscaled coefficient at the coarse-grid level. The
random interpolation method can be viewed as a local reduced-order method
in the stochastic space. The reduced basis method makes use of the low rank
property of the solutions for the local upscaling problems, and prepares a small
set of spatial basis functions for each local upscaling problem. The reduced
basis method can be viewed as a local reduced-order method in the physical
space. In the online stage (i.e., the third step), for each sample of the ran-
dom parameters, we either interpolate the upscaled coefficients in the random
interpolation setting, or solve the small reduced-order systems to obtain the
upscaled coefficients. A numerical coarse-grid solution for this sample can be

obtained by solving the upscaled system.
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In Section[5.5] we utilize our ISMD to obtain a locally low dimensional parametriza-
tion of the random coefficients k(z,w), which is the first step of the StoMs-
FEM. We refer to our paper [65] for detailed information about the analysis
and implementation of the StoMsFEM.

1.5 Roadmap of the Thesis

The thesis is organized as follows.

e In Chapter [2| we present the general framework of the sparse operator
compression (Sparse OC) and its three applications. In Section ,
we provide the application of the Sparse OC to second order elliptic
operators. In Section we apply the Sparse OC to compress the 1D
exponential kernel. In Section [2.5] we apply the Sparse OC to construct

localized Wannier functions for the 1D free-election model.

e In Chapter [3| we apply the Sparse OC to compress the higher order
strongly elliptic operators. We first prove the local projection-type ap-
proximation in the Sobolev spaces H* and the corresponding local inverse
energy estimate. Then we introduce the concept of strong ellipticity, and
show its relation with the uniform ellipticity. After that, we prove the ex-
ponential decay of the global energy minimizing basis functions v, , and
then localize it to obtain the localized basis function ?/°¢. Finally, both

Z?q
1D and 2D examples are provided to validate our theoretical results.

e In Chapter [ we apply the Sparse OC to the second order elliptic oper-
ators with high contrast coefficients. We first obtain a local projection-
type approximation property from a local generalized eigenvalue prob-
lem, and prove the corresponding local inverse energy estimate for the
two-phase coefficients. Then we prove that the global energy minimizing
basis functions 1); , decays exponentially fast away from its associated
patch, and the decay rate is independent of the contrast. Finally, a 2D
example with high permeability channels is provided to demonstrate the

contrast-independent decay rate.

e In Chapter we present the intrinsic sparse mode decomposition (ISMD)
for low rank PSD operators. We first present our ISMD algorithm for low
rank matrices and analyze its computational complexity. Then our main

theoretical results are presented. After that, we discuss the stability of
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the ISMD by performing perturbation analysis. Finally, we present a

few numerical examples to demonstrate the efficiency of the ISMD and

compare its performance with other existing methods.

e We make some concluding remarks in Chapter [6] and outline several

future directions.
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Chapter 2

SPARSE OPERATOR COMPRESSION AND ITS
APPLICATIONS

The main purpose of this chapter is to develop a general framework, i.e.,
the sparse operator compression (Sparse OC), to compress positive semidefi-
nite (PSD) operators with localized basis functions. We will also talk about
three applications of the Sparse OC: to solve elliptic equations with rough
coefficients, to solve the the problem of sparse principal component analysis

(SPCA), and to construct localized Wannier functions.

2.1 Problem Setting

Suppose K : X — X is a bounded self-adjoint PSD operator, where X can
be any separable Hilbert space with inner product (-, -). We ask the question:
given an integer n, what is the best rank-n approximation of the operator K

with localized basis functions? This question arises in many different contexts.

Consider the elliptic equation with the homogeneous Dirichlet boundary con-
ditions
Lu:=—V - (aVu) = f, u € Hy(D), (2.1)

where the load f € L?*(D). If a is symmetric and uniformly elliptic on D, i.e.,

there exist 0 < amin < Amae Such that
a'min[d j CL(QT) j amaxIda xeD.

Then the Lax-Milgram Lemma (see e.g. [31]) implies that Eqn. has a
unique weak solution in H}(D), denoted as £~ f. This defines the solution
operator £L7! : L?*(D) — L*(D). Under the framework of the Galerkin fi-
nite element method, given n basis functions ¥ = [¢y,...,¥,] in H}(D), we
can solve the elliptic equation approximately by projecting it onto the

subspace spanned by ¥, i.e.,
wy = LW

L, € R and ¥Tf € R" are the stiffness matrix and the loading vector,

respectively. As a candidate for the finite element basis, ¥ should minimize
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the solution error in the worst scenario:

|7t = oL 0= sup |[L7N — WL O ey,

Hf”LZ(D)Sl
where || A||2 is the largest eigenvalue for a PSD operator A.

Therefore, for a self-adjoint, positive definite operator K : X — X (the solu-
tion operator £L7! : L?(D) — L*(D) when solving elliptic equations), we define
the operator compression error of the basis ¥ as

E,(¥;K) = min K- VK, V" xx, (2.2)
KneRnxn K,>0 ’

where || K| x x 1= supj ¢ <1 % is the induced operator norm for the bounded

operator K : X — X. The operator compression error is the optimal approxi-
mation error of KL among all positive semidefinite operators with range space
spanned by ¥. It is easy to verify that the operator compression error only
depends on the subspace spanned by ¥, still denoted as ¥, and is independent
of the choice of its basis function ¥. When solving the the problem of sparse
principal component analysis (SPCA), K will be the covariance operator of
a random field/vector; see Section [2.4. When constructing localized Wannier
functions in quantum chemistry, K will be the inverse of the Hamiltonian; see
Section [2.5] In all the current applications, X is a Hilbert space over some
bounded Lipschitz domain D C R such as L*(D) and L2(D) (L*(D) with

a-weighted inner product).

Without imposing the sparsity constraints on the basis ¥, the compression
error E,.(¥; K) achieves its minimum A, 1 (K) if we use the first n eigenfunc-
tions (corresponding to the largest n eigenvalue) of K to form ¥. However, the
eigenfunctions are expensive to compute, and do not have localized support,
[137, 1107, 64]. In many cases, localized/sparse basis functions are preferred.
For example, in the multiscale finite element method 45|, localized basis func-
tions lead to sparse linear systems, and thus result in more efficient algorithms;
see e.g. |6, 66, (123] 67, 3 |44} 43, 89, [L05} 99, 29]. In quantum chemistry, lo-
calized basis functions like the Wannier functions have better interpretability
of the local interactions between particles (see e.g. |90} 42, 91}, (107, 78]), and
also lead to more efficient algorithms [54]. In statistics, the sparse principal
component analysis (SPCA) looks for sparse vectors to span the eigenspace

of the covariance matrix, which in many cases leads to better interpretability
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compared with the dense principal components from the PCA; see e.g. |73,

137, [37, [131], [129].

Discussions On The Definition Of Operator Compression Error
Suppose the eigen-pairs of IC are {(\;, €;) }2,, where {);}32, are in a descending
order. Another natural choice to define the compression error is the distance
between the constructed space ¥ and the first n-dimensional eigenspace V,, =
span{ey, ..., e, }:

Eo( W) = [Py, — Pul2. (2.3)

where Py is the orthogonal projection from L?*(D) to its subspace V. To
compare criterion ([2.2)) with criterion (2.3]), we rewrite them in a form that

makes the comparison easier:

b

2

E..(V;K) = min

KneRm*", Kn>0

Z )\i€i€ZT - LDICn WT
=1

Eoc( Lp) =

n

T
E eie; — Py
i=1

We believe that E,.(¥;K) is a better criterion for operator compression be-

2

cause it takes into consideration the decay of the eigenvalues of the solution
operator K. In contrast, the quantity ||Py;, — Py||2 gives equal weight to all
eigenfunctions and does not take into account the relative importance of dif-

ferent eigenfunctions.

Due to the unboundedness of the elliptic operators £, we use £~! to define
its operator compression error. The compression error E,.(¥;L™!) can be
extended to any uniform elliptic operator. By the Garding’s inequality |113],
there exists A¢ > 0 such that £ + A\g satisfies the assumptions of the Lax-
Milgram lemma, and thus its inverse operator (£ + Ag)~' exists. Using
Eoe( W5 (L 4+ X)) to quantify the compression error is useful for operators

that are not invertible, such as —A with periodic boundary conditions.

Constructing Basis Functions

The Sparse OC follows three steps to construct sparse/localized basis functions
gloc .= [yploc . 4ploc]. In the first step, we partition the physical domain D
with a regular finite element mesh with mesh size h > 0, and denote all the

elements (local patches) as {7;}",. On each local patch 7;, we choose Q;



30

(Q; € N) measurement functions that are only supported on 7;, denoted as
{pig:1<q< Qi

In the second step, we construct non-local basis functions {¢;, : 1 < ¢ <

m,1 < ¢ < @Q;} by the following minimizing problem:
iy = argmin [[P|F
vel (2.4)
st (U, 9¢) = bigje, V1<j<m, 1<q <Q,

where 0, is the Kronecker delta that is 1 when ¢ = j and ¢ = ¢’ and 0 in
all other cases. Here, H is a Hilbert space that is called the Cameron-Martin
space and is formally defined in Section When K = £7!, the Cameron-
Martin space H = {L~'f : f € L*(D)} is the solution space of the operator L,
and || - || is the energy norm associated with £ and the prescribed boundary
condition. It is important to point out that the boundary condition of the
elliptic problem is already incorporated in the above optimization problem
through the solution space H and the definition of the energy norm | - || 5.
This variational formulation is very general and can be applied to any self-
adjoint PSD operator K. Collecting all the nonlocal basis functions 1; , for
1 <i<mand1<gq <@, weget anonlocal basis ¥. Although v, , is not
localized, we will see that it decays exponentially fast away from its associated

patch.

In the final step, we restrict the global construction onto a neighborhood of
the patch 7; with radius r, denoted as S,(7;) (see Figure [2.1)), and obtain a

localized basis function:

i = argmin  [|¢[|3
PeH
A W : / . (2.5)
st (U, 05) = 0igjg, VI<j<m,1<q <@
() =0, x€ D\S,.

Collecting all the wfj’qc for 1 <7 <mand 1 <q<Q; together, we get our local
basis @', In all our applications, we take r = C'h(log(1/h) + log(Contrast)),
in which C is a constant independent of the coefficients and Contrast is the
contrast of the coefficients. We will discuss the choice of r in detail when we

analyze the compression error of W',

We point out that when implementing the Sparse OC, there is no need to
compute the global basis ¥ (2.4). Conversion of the global basis ¥ to the

local basis ¥'°¢ is useful when we do theoretical analysis of the Sparse OC.
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Figure 2.1: A regular partition, local patch 7; and its associated 5.

Comparison With Other Existing Methods

Our approach for operator compression originates in the MsFEM and numeri-
cal homogenization, where localized multiscale basis functions are constructed
to approximate the solution space of some elliptic PDEs with multiscale co-
efficients; see |]§L , , , , . Specifically, our
work is inspired by the work presented in , , in which multiscale basis
functions with support size O(hlog(1/h)) are constructed for second order el-
liptic equations with rough coefficients and homogeneous Dirichlet boundary
conditions. In this paper, we generalize the construction |99] and propose a
general framework to compress higher order elliptic operators with optimal

compression accuracy and optimal localization.

We remark that although we use the framework presented in as the direct
template for our method, to the best of our knowledge, the Local Orthogo-
nal Decomposition (LOD) [89], in the context of multi-dimensional numerical
homogenization, contains the first rigorous proof of optimal exponential de-
cay rates with a priori estimates (leading to localization to sub-domains of
size hlog(1/h), with basis functions derived from the Clement interpolation
operator). The idea of using the preimage of some continuous or discontin-
uous finite element space under the partial differential operator to construct
localized basis functions in Galerkin-type methods was even used earlier e.g.
in [56], although it did not provide a constructive local basis. In addition to
establishing the exponential decay of the basis (for general non-conforming
measurements of the solution, we will generalize the proof of this result to

higher order PDEs and measurements formed by local polynomials), a major
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contribution of [99] was to introduce a multiresolution operator decomposition

for second order elliptic PDEs with rough coefficients.

There are several new ingredients in our analysis that are essential for us to
obtain our results for higher order elliptic operators with rough coefficients.
First of all, we prove an inverse energy estimate for functions in W, which is
crucial in proving the exponential decay. In particular, Lemma is an
essential step to obtaining the inverse energy estimate for higher order PDEs
that is not found in [89] nor [99]. We remark that Lemma 3.12 in [99] provides
such an estimate for second order elliptic operators, by utilizing a relation
between the Laplacian operator A and the d-dimensional Brownian motion.
It is not straightforward to extend this probabilistic argument to higher order
cases. In contrast, our inverse energy estimate is valid for any 2kth order
elliptic operators, and is tighter than the estimation in [99] for the second order
case. Secondly, we prove a projection type polynomial approximation property
in H*(D). This polynomial approximation property plays an essential role in
both estimating the compression accuracy and in localizing the basis functions.
Thirdly, we propose the notion of strong ellipticity to analyze the higher order
elliptic operators, and show that strong ellipticity is only slightly stronger than
the standard uniform ellipticity. Very recently, the authors of [100] introduce
the Gaussian cylinder measure and successfully generalize the probabilistic
framework in [98, 99] to a much broader class of operators, including higher

order elliptic operators without requiring strong ellipticity.

As in [89, 99|, the error bound in our convergence analysis blows up for fixed
oversampling ratio r/h. To achieve the desired O(h) accuracy, we require
r/h = O(log(1/h)). There has been some previous attempt to study the
convergence of MsFEM using oversampling techniques with r/h being fixed,
see e.g. [61, 109]. In particular, the authors of |61, 109] showed that if the
oversampling ratio r/h is fixed, the accuracy of the numerical solution will
depend on the regularity of the solution and cannot be guaranteed for problems
with rough coefficients. By imposing r/h = O(log(1/h)), the authors of |61}
109] proved that the the MsFEM with constrained oversampling converges
with the desired accuracy O(h).

There has been some previous work for second order elliptic PDEs by using
basis functions of support size O(h), see e.g. [3, 63]. However, they need to

use O(log(1/h)) basis functions associated with each coarse finite element to
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recover the O(h) accuracy. It is worth mentioning that the authors of [63] use
a local oversampling operator to construct the optimal local boundary condi-
tions for the nodal multi-scale basis and enrich the nodal multis-scale basis
with optimal edge multi-scale basis. Moreover, the method in [63] allows an
explicit control of the approximation accuracy in the offline stage by truncat-
ing the SVD of the oversampling operator. In [63|, the authors demonstrated
numerically that this method is robust to high-contrast problems and the num-
ber of basis functions per coarse element is typically small. We remark that
the recently developed generalized multiscale finite element method framework
(GMSFEM) [43, 29] has provided another promising approach in constructing

multiscale basis functions with support size O(h).

Another popular way to formulate the operator compression problem is to

solve the following [; penalized variational problem:

Z lallE + )\Z 1%ill1,
=1 =1

st (Vi) =0,; V1<i,j<n,

(2.6)

where [|1;]| g is the energy norm induced by the operator £. In problem ({2.6)),
small [|¢;||g leads to a small compression error, small ||¢;||; enforces a sparse
basis function, and A > 0 is a parameter to control the trade-off between the

accuracy and sparsity.

The sparse principal component analysis (SPCA) is closely related to the above
[; based optimization problem. Given a covariance function K (z,y), the SPCA

solves a variational problem similar to Eqn. (2.6):

mkgn - Z(@/Ju Ki) + )\Z [%ill1,
— — (2.7)

s.t. (%%) = (5i,j V1l <i,5 <n,

where (¢;, Kiby) := [, [, K(x, y)i(x);(y)dady. In the SPCA (2.7)), we have

the minus sign in front the variational term because we are interested in the
eigenspace corresponding to the largest n eigenvalues. Although the [; ap-
proach performs well in practice, neither Problem nor the SPCA
is convex, and one needs to use some sophisticated techniques to solve the
non-convex optimization problem or its convex relaxation; see e.g. [137, |37,

107, [128], [78].
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In comparison with the [;-based optimization method or the SPCA, our ap-
proach has the advantage that this construction will guarantee that ; , de-
cays exponentially fast away from 7;. This exponential decay justifies the local
construction of the basis functions in Eqn. . Moroever, our construc-
tion is a quadratic optimization with linear constraints, which can be
solved as efficiently as solving an elliptic problem on the local domain S,. The
computational complexity to obtain all n localized basis functions {¢l°¢}m
is only of order N log3¥(N) if a multilevel construction is employed, where N
is the degree of freedom in the discretization of £; see [99]. In contrast, the
orthogonality constraint in Eqn. ([2.6)) is not convex, which introduces addi-
tional difficulties in solving the problem. Finally, our construction of {yl°¢}7_,
is completely decoupled, while all the basis functions in Eqn. are coupled
together. This decoupling leads to a simple parallel execution, and thus makes

the computation of {¢{°}"_, even more efficient.

Outline Of This Chapter

In Section [2.2] we provide an abstract and general framework to construct
the finite element space V¥, to analyze the approximation accuracy, and to
construct a localized basis of the space W. In Section [2.3] we provide the
application of the Sparse OC to second order elliptic operators, and reproduce
the result that has been obtained in [99]. In Section , we apply the Sparse
OC to compress the 1D exponential kernel. In Section [2.5] we apply the Sparse

OC to construct localized Wannier functions for the 1D free-election model.

2.2 An Abstract Framework of Sparse Operator Compression

In this section, we provide an abstract and general framework to compress
a bounded self-adjoint positive semidefinite operator K : X — X, where X
can be any separable Hilbert space with inner product (-,-). In the case of
operation compression of an elliptic operator £, K plays the role of the solution
operator L7t and X = L*(D). In the case of the SPCA, K plays the role of
the covariance operator. A probabilistic framework for Bayesian numerical
homogenization has been proposed in [98|, but it requires the existence of
a Gaussian measure with certain given covariance operator. Our following
framework is purely based on functional analysis, which applies to any bounded

self-adjoint positive semidefinite operators.

First of all, we introduce the Cameron—Martin space, which plays the role of
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the range space of K. Secondly, we provide our main theorem to estimate
the compression error. Thirdly, we give the abstract form to construct basis
functions by minimizing their energies. Finally, we give the abstract form
to construct localized basis functions. We use this abstract framework to

compress elliptic operators in the rest of the thesis.

The Cameron—Martin space

Suppose {(\,,e,)}2, are the eigen-pairs of the operator K with the eigen-
values {\,}°°, in a descending order. We have A, > 0 for all n since K is
self-adjoint and positive semidefinite. From the spectral theorem of a self-

adjoint operator, we know that {e,)}>; can be chosen to be an orthonormal
basis of X.

Lemma 2.2.1. Let K(X) be the range space of K. We have

1. K(X) is an inner product space with inner product defined by
(K1, Kpo)g = (K1, 902) Vo1, 02 € X. (2.8)

2. K(X) is continuously imbedded in X .

3. K(X) is dense in X if the null space of K only contains the origin, i.e.
null(KC) = {0}.

Proof. 1. Since K is self-adjoint, we have (K1, Kpo)y = (K, Kp1)u.
The linearity and non-negativity are obvious. Finally, if (Ko, Kp)g =0
for some ¢ € X, then (Kp, ) = 0. Suppose that ¢ = ) aye, by ex-
panding ¢ with eigenvectors of K. Then we have (Kp,p) =Y A\,a2 =
0. Therefore, a;,, = 0 for all \,, > 0. Equivalently, we obtain ¢ € null(K),
ie. Ko =0.

2. Since A2 < A\, for all n € N, we have K? < A\;K. Then we obtain

V(Kp, Ke) < VM(Ke, 0) = VIV (Ko, Ko)u, (2.9)

where we have used the definition of (-, )y in Eqn. (2.8)) in the last step.

3. If null(KC) = {0}, we have span{e,,n > 1} C K(X). Then K£(X) is dense
in X.
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We define the Cameron-Martin space H as the completion of IC(X) with
respect to the norm +/(-,-)g. Then H is a separable Hilbert space and we

have the following lemma.
Lemma 2.2.2. 1. H can be continuously embedded into X .
2. H is dense in X if null(K) = {0}.

3. Forally € X and all f € H, we have
(f, K u = (f,¢). (2.10)

Proof. 1. By the continuous imbedding from IC(X) to X, we know that a
Cauchy sequence in K(X) is also a Cauchy sequence in X. Therefore,
we have H C X. By Eqn. (2.9) and the the continuity of norms, we have

(¥, ) < M (¥, ) for any ¢ € H.

2. It is obvious from item 3 in Lemma 2.2.1]

3. If f € K(X), Eqn. (2.10]) is exactly the definition of (-, )y in Eqn. (2.8].
By the continuity of inner product, Eqn. (2.10)) is true for any f € H.

]

Operator Compression

Suppose H is an arbitrary separable Hilbert space and & C H is n-dimensional
subspace in H with basis {¢;}";. In the rest of the thesis, Pé,H) denotes the
orthogonal projection from a Hilbert space H to its subspace ®. With this

notation, we present our theorem for error estimate as follows.

Theorem 2.2.1. Suppose there is a n-dimensional subspace ® C X with basis
{@i}, such that

lu—PSullx < kollully  Vue K(X) C H. (2.11)

Let W be the n-dimensional subspace in H (also in X ) spanned by {Ky;}" .
Then

1. For any u € K(X) and u= Kf, we have

lu — PSullir < k| fllx - (2.12)
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2. For any u € K(X) and u= Kf, we have

=PV ullx < ol £l (2.13)

3. We have
1= PyKl < K (2.14)
where || - || is the induced operator norm on B(X,X). Moreover, the

rank-n operator P&,H)IC : X — X s self-adjoint.

In Theorem [2.2.1] based on a projection type approximation property of ®
in H, i.e. Eqn. (2.11)), we obtain the error estimates of the GFEM with fi-
nite element basis {Ky;}"; in the energy norm, i.e. Eqn. . We will
take @ as the discontinuous piecewise polynomial space later, which is a poor
finite element space for elliptic equations with rough coefficients. However,
after smoothing ® with the solution operator K, the smoothed basis functions
{Kp;}, have the optimal convergence rate. This data-dependent methodol-
ogy to construct finite element spaces is pioneered by the GFEM |6, 123] and
the multiscale finite element method (MsFEM) [66] 70|, and is pervasive in

recent developments in finite element methods.

Our error analysis is very different from the traditional error analysis for the
GFEM from two aspects. First of all, the traditional error analysis relies on an
interpolation type approximation property where higher regularity is required.
For example, the error analysis for the FEM with standard linear nodal basis
functions for the Poisson equation requires the following interpolation type

approximation:
|U _Ihu’]_z’[) < Ch‘u|2727p Yu € HS(D), (215)

where Zp,u is the piecewise linear interpolation of the solution u. In Eqn. ,
one assumes u € H%(D), but it is not the case for elliptic operators with rough
coefficients. Secondly, in our projection type approximation property
the error is measured by the “weaker” ||-|| x norm, while in the traditional inter-
polation type approximation property the error is measured by the “stronger”
|| ||z norm. In this sense, our error estimate relies on weaker assumptions. As
far as we know, this kind of error estimate was first introduced in Proposition
3.6 in [99].

Proof. [Proof of Theorem [2.2.1]
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1. For an arbitrary v € ¥, due to the definition of ¥, we can write v =
KO- cipi), and thus we get u—v = K(f—>_1"_| cipi). By Lemma2.2.2
we have

Ju— UH?{ =(u—uv,f- ZCi‘Pi)
i=1

n

=(u—v-— PéX)(u —v), f— Zcicpi) + (Péx)(u —v), f— ZQ’%’).

i=1 =1
By choosing ¢; such that > | ¢;p; = Pé,X)( f), the second term vanishes.

Then we obtain
lu = vl = (w—v =P (w—0),f = cips)
i=1

X X
< Ju—v—PE =)l f - P5(f)llx
< Epllu — ||l fllx-
Therefore, we conclude ||u — v||g < k|| f|x-
2. We use the Aubin-Nistche duality argument to get the estimation in item
2. Let v =K(u — P&,H)u). On one hand,
(u— P&,H)u, v — P&,H)U)H =(u— P\(I,H)u, V) g
=(u— 73\(I,H)u, U — P&,H)U)X = |ju — Pé,H)qu(
On the other hand,
(u =Py u,0 = Py0)y < |lu— Py ullullo — Py vlln
< ol £l Fllu = P§ul

We have used the result of item 1 in the last step. Combining these two

estimates, the result follows.

3. From the last item, we obtain that ||Kf — P&,H)/CfHX < E2||f|lx for any
f € X. Therefore, we conclude || —P\(I,H)/CH < k%. Now let’s prove that
P\(I,H)IC is self-adjoint. For any x1,x, € X, by definition of H-norm we

have
(.171, P&,H)chQ) = (’Cl'l, Pé,H)lCl’g)H

Since P\(I,H) is self-adjoint in H, we have
(K1, PEKas) i = (P Ky, Kaog)y = (PE Ky, w5).

We used the definition of H-norm again in the last step.
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Energy Minimizing Basis Functions

By Theorem , the space ¥ spanned by {IC¢; }"_; can compress the operator
KC well. In this subsection, we will construct another set of basis functions
{t;}, for ¥ via a variational approach. Although these two sets of basis
functions span the same space ¥, their decaying property is very different as

we will see later.

For any given i € {1,2,...,n}, consider the following quadratic optimization
problem
i = argmin ¢
veH (2.16)
s.t. (Q/J,QOJ) :52',]', j: 1,2,...,n.

Due to the strong convexity of || - ||, the minimizer of Eqn is unique if
there exists one. For the existence, it is important to notice that the constraints
in (2.16) are equivalent to (¢, Ky;)g = d;; for all j = 1,2,...,n. Then
it is easy to verify that if and only if {Ky;}?; are linearly independent, i.e.
null(K)N® = {0}, the constraints in (2.16)) are consistent for alli = 1,2,... n.
Therefore, when {ICg;} , are linearly independent, the unique minimizer of
Eqn. , denoted as v;, is well-defined. For completeness, we provide the

proof of existence here.

Proposition 2.2.2. For any 1 < i < n, there exists {; such that (V;, Kp;)g =
0;; for all 1 < j < n if and only if {Ky;}}, are linearly independent, i.e.
null() N & = {0}.

Proof. It {KCy¢;}?_, are linearly independent, it is obvious that for any i =
1,2,...,n there exists ¢; such that (¢;, Ko;)g = 0;; for all j = 1,2,...,n.
In the other direction, we assume that for any ¢ = 1,2,... n there exists

¢; such that (¢;,Ko;)g = 6;; for all j = 1,2,...,n. Suppose we have

Z?Zl a;Kyp; = 0. Combined with the constraints, we have for any i =
L2,..0,n, 0= 370 oj(¥s, Kpj)w = > 5, @j0i; = a;. Therefore, we have
{K¢;}_, are linearly independent. O

Define © € R™*" by
@i,j = (IC(,O“QOJ) (217)
It is easy to verify that {IC¢;}" , are linearly independent if and only if ©

is invertible. We will write ©~! as its inverse and o j1 the (i,7)-th entry of
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©~!. Finally, we have the following explicit formula to characterize v;, which

is defined as the unique minimizer of Eqn (2.16]).

Theorem 2.2.3. If null(K) N ® = {0} holds true, then we have

1. The optimization problem (2.16)) admits a unique minimizer 1;, which

can be written as

Y=Y 6,1Ky;. (2.18)
j=1

2. Forw e R™, >7"  w;t; is the minimizer of ||¢|| g subject to (¢;,v¢) = w;
for j =1,2,...,n. Moreover, for any i which satisfies (@;,v) = w; for

1=1,2,...,n, we have
||¢||§{ = ||szwz||§{+ ||¢_Zwiwi”?{' (2.19)
i=1 i=1

3. (i, v5)m = Oy

The intuition of Eqn. is that we linearly transform the basis {fCi; }I"; to
form another basis for ¥, and make sure that the new basis functions satisfy
the constraints in ([2.16]). Noting that the constraints of ¢); are equivalent to
(i, Kpj)g = 0;; for all j = 1,2,...,n, then it is obvious that 1; given in
solves the energy minimization problem ([2.16|).

Proof. Thanks to null(<) N ® = {0}, the problem (2.16]) is feasible for all
i =1,2,...,n. Let U be the n-dimensional subspace of H and ¥+ be the

space of vectors orthogonal to it in H.

1. Write ¢; = >, @i xKpp + ¥+ where ¢ € U+, Then the constraints
of ¢; become ), ©; ;) = 0, for all j =1,2,...,n. Then we obtained
air = O;;. Note that [[¢]|7 = || Y01 i xKorllF + b [|3. Therefore,
the minimizer of Eqn. , still denoted as 1);, is unique and can be
explicitly written as .

2. One can verify that ¢, := > w;1; is the only function in ¥ satisfying
the constraints (p;,v¢) = w; for j = 1,2,...,n. Therefore, for any v
which satisfies (¢;,1) = w; for j = 1,2,...,n, we have (¢;,9 —1,) =0,
ie. (Kyj,vv — ) = 0, for j = 1,2,...,n. Therefore, ¢ — 1, is
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orthogonal to the n-dimensional subspace ¥, which contains v,,, in H,
and thus Eqn. (2.19) holds true. Then the optimality of v, naturally

follows.

3. Combined ({2.18) and the H-norm definition, we have

(W) = O OrpKepr, ¥y).
k

By the constraints of ¢}, i.e. (K, j)p = forall k=1,2,...,n, we
have (wuwj)H = Zk @;’gék’] = @;jl

]

Remark 2.2.1. If K is nuclear, i.e. Y, | A; < 00, the basis functions {i;}1,
can be interpreted by conditioning a Gaussian measure on Hilbert space X ;
see [99]. In this case, there exists a Gaussian measure v on X with mean
0 and covariance operator K. Suppose & is a random vector in X and is

distributed as . It can be proved that for any w € R
ElE| (0n€) =wi, j=1,2,...,n] = > with,
i=1

where ; = E[§ | (¢;,&) = 0ij,J = 1,2,...,n] is exactly the minimizer of
Eqn. (2.16]). Therefore, 1; can be viewed as the optimal guess of € (in the least
square sense) conditioning on the measurements (p;,€§) =d;;,7=1,2,...,n.
The very recent work [100] extends this probabilistic approach beyond the nu-

clear class by introducing the Gaussian cylinder measure.

Remark 2.2.2. Using the abstract framework above, we are able to rewrite
the 1y operator compression and the SPCA as follows to make the
comparison easier. We assume L is the positive definite elliptic operator, and
one wants to construct basis functions that approximates the range space of the
solution operator K = L' well. Thanks to Lemma |2.2.1] and [2.2.2, we have
the inclusion K(X) C H C X. The l; operator compression looks for a

set of sparse basis functions {1;}"_, in the smaller space H :

min (Ui, Lahi) + A %[,
{YibiyCH Z; z; (2.20)

S.1. (Z/J,L,Qﬂj) = 5’57j V1 < Z,j <n.
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On the contrary, the SPCA (2.7)) looks for sparse basis functions {p;}, in
the bigger space X :

n

min —Z(%,K%)WL/\ZH%Hh

i X i=1 i=1 (2.21)

st (@ipj) =0i; V1<i,j<n.
On one hand, thanks to the variational terms, i.e. (i, L1;) or —(@;, Kg;),
both Problem and Problem enforce their solutions, i.e. {{;},

or {p;i},, to align with the eigenspace corresponding to the small eigenvalues
of L. On the other hand, Problem is more efficient because it searches
in the smaller space H. Suppose {(\;, e;)}52, are the eigen-pairs of the elliptic
operator L with A\; in an ascending order. Due to the fact that hm A = 00,

the variational term (v, Lab;) will be very sensitive when 1; does not alzgn with
the ezgem}ectors with small eigenvalues. On the contrary, the eigenvalues of
K, i.e. /\ ,
(i, Kip;) sees no difference between e,, and e, for large m and n. In the case
when X = L?(D) and H C H*(D), it means that (1;, L1;) penalizes more on
rough ;, but (p;, KCp;) is not very sensitive to the roughness of @;. Recall that

cluster around 0 when 1 s large, and thus the variational term

the eigenspace V, := span{ey, ..., e,} contains “smooth” functions in H*(D),
and thus Problem (2.20)) has a better accuracy to locate this subspace, especially

when n s large.

Localized Basis Functions

In the case to compress an elliptic operator £, the positive semi-definite op-
erator K plays the role of the solution operator £7' and X = L?(D). The
Cameron—Martin space H plays the role of the solution space of £, which is
a subset of H*(D), equipped with the energy norm || - ||. By an appropriate

choice of the basis ¢ = [, ..., ¢,] of @, the energy minimizing basis functions
in Eqn. (2.16]) enjoy good localization properties.

Let {7;}1<i<m be a partition of D such that each 7; is Lipschitz convex and
of diameter at most h. We also assume that the partition is regular [31]. It
means that if h; denotes the diameter of 7;, there exists ¢ € (0, 1) such that 7

contains a ball centered at z; with diameter

For second order elliptic operators, ¢ can be chosen as the space of piecewise

constant functions, with basis ¢; to be the indicator function of the patch
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7;- In Theorem [2.3.1, we will show that the basis function ¢);, defined in
Eqn. , decays exponentially fast away from its associated patch 7;. For
elliptic operators of order 2k (k > 1), ® can be chosen as the space of (discon-
tinuous) piecewise polynomials, with degree no more than £ — 1. We choose
{goiﬁq}?l’ngl to be the basis of ®, where @) := (k+§_1) is the dimension of the
d-variate polynomial space with degree no more than £ —1 and {901-7,1}?:1 is an
orthonormal basis of the polynomial space on the patch 7;. In Theorem 4.3
and Theorem 4.4 in Part II, we will show that the basis function v, 4, defined
in Eqn. , decays exponentially fast away from its associated patch 7; for

every 1 <1 < Q.

The exponentially decaying property justifies the following local construction

of the basis functions:

Y™ = argmin |||
YeH

st (V@) =65, 71=12,...,n, (2.23)

Y(xr) =0, xe€ D\S,,

where S; C D is a neighborhood of the patch that ¢; is associated with.
Compared with Eqn. , the localized basis 1! is obtained by solving
exactly the same quadratic problem but on a localized domain S;. Because the
basis function ; decays exponentially fast away from its associated patch, the
localized basis function 1/°¢ approximates 1; accurately, and the compression
rate B (W' K) is at the same order of E(¥;K). Please refer to Theorem m,
Theorem [3.6.2) and Corollary [3.6.3] for details.

2.3 Sparse Operator Compression of Second Order Elliptic Equa-
tions

An important class of the operator K is the solution operator of elliptic op-

erators, denoted as £. In this section, we consider the following second order

elliptic equation:

(2.24)
u € Hy(D),
where D is an open bounded domain in R¢, the potential ¢(x) > 0 and the diffu-

sion coefficient a(z) is a symmetric, uniformly elliptic d x d matrix with entries

in L>(D). For simplicity, we consider the homogeneous Dirichlet boundary
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condition here. We emphasize that all our analysis can be carried over for
other types of homogeneous boundary conditions. We assume that there exist

0 < amin < Gmae a0d ¢4, such that

Aminly = a(x) 2 amaels, 0 <c(x) < Cas reD. (2.25)

By the Lax-Milgram lemma, Eqn. (2.24) has a unique weak solution u €
H} (D), denoted as L7'f or Kf. Tt is well-known that the operator K :
L*(D) — L*(D) is symmetric, positive definite and compact, and its eigen-

—2/d: see e.g. [93]. For any m € N, we want to

values decay like A, (K) ~ m
construct a m-rank operator, denoted as K, such that (1) ||C—/C,p, || ~ A\ (K),
(2) there exists m basis functions that span the range space of K, and have

exponentially decaying tails.

In this case, X = L?*(D). Following the definition of the Cameron-Martin
space, we have H = Hj(D) with inner product (u,v)y = [, Vu - aVv + cuv.

Construction Of Basis Functions And The Approximation Rate
Let {7 }1<i<m be a regular partition of D such that each 7; is Lipschitz convex

and of diameter at most h. Following the strategy in Section we take
¢ = span{p;, 1 <i < m}, U =K(P), (2.26)

where ¢; is the characteristic function of the patch 7;, i.e.; y; is equal to one

on 7; and zero elsewhere. From the Poincare inequality, we can easily get that:

h

|u — 73<§>X)U||L2(D) <
Proof. By the construction of ®, u — Péx)u =u— fn u/|7;| on patch 7;. By
the Poincare inequality,

Ju= [ Wil < b/ml Tl (2.28)

(3

where the Poincare constant is taken to be 1/ since 7; is Lipschitz convex.

Therefore, we have

Hu—Péx)uHLz(D) < h/7||Vul|r2(py <

h 1/2 h
-aV < .
7[_\/ Amin (/D vu ¢ u) o 7r\/ Amin ”u”H

We used a > a,nin14 in the last second inequality. O
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According to Theorem [2.2.1] we have

1. For any v € H and Lu = f, we have

_py < D 2.29
=Pl < e o (2:29)
2. For any u € H and Lu = f, we have
(1) h’
|lu =Py ull2p) < WgamianHLQ(D)' (2.30)
3. We have
(1) h?
1< —PYK| < e (2.31)

Since m ~ 1/h?® where m is the number of local patches 7;, we have
1< — PYIK|| < A (K) - (2.32)

Therefore, the m-dimensional subspace W compresses the solution operator K

at the optimal rate.

Exponential Decay Of Basis Functions

In this subsection, we will prove that the basis function 1); for a second order
elliptic PDE has exponential decay away from 7;. When ¢ = 0, this problem
has been studied in [99]. When ¢ # 0, it has been recently studied in [101]
independently of our work. The results presented in this second order case
are not new. We would like to use the simpler second order elliptic PDE
example to illustrate the main ingredients in the proof of exponential decay
for a higher order elliptic PDE, namely, the recursive argument, the projection-

type approximation property, and the inverse energy estimate.

To simply our notations, for any ¢» € H and any subdomain S C D, ||| u(s)
denotes ( J s V- aVy + 61/12)1/ ? Tn this chapter (second order elliptic opera-
tor with low contrast coefficients), the projection-type approximation property
is simply the Poincare inequality, as we have used in the last subsection to ob-
tain the error estimate. The following lemma provides us the inverse energy

estimate, which is a special case of Lemma [3.5.1]

Lemma 2.3.1. For any domain partition with h < hy = 7, /2“0”;‘?;, we have

1Lv][z2(7;) £ VamazC(d, Oh M vllae, YveWw,Vi=1,2,...,m, (2.33)
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where C(d,0) = /8d(d +2)6 =42, If cppaw = 0, i.e. c(x) =0, Eqn. (2.33)
holds true for all h > 0 and C(d,d) = \/4d(d + 2)§~174/2.

Now we are ready to prove the exponential decay of the basis function ;.

Theorem 2.3.1. For h < hg =, /2‘”:1—“;, it holds true that

10ill3r (DB o) < exp(l — )||¢z||H (2.34)

withl = <1(1+C(d, 6)), [emaz and C(d, §) = \/8d(d + 2)(1/8)*L. If Copae =
0, i.e. c(z) = 0, Egn. (2.34) holds true for all h > 0 with | = <1(1 +

C(d,8))y /2= and C(d,§) = \/2d(d + 2)5- 17>,

Proof. Let k € N, I > 0 and i € {1,2,...,m}. Let Sy be the union of
all the domains 7; that are contained in the closure of B(x;, klh) N D, let
S1 be the union of all the domains 7; that are not contained in the closure of
B(z;, (k+1)lh)N D and let S* = S{NSEND (be the union of all the remaining

elements 7; not contained in Sy or S7), as illustrated in Figure .

Figure 2.2: Hlustration of Sy, S, and S*.

Let by = ‘|¢i|’%1(53)7 and from definition we have by = HwiH%—I(D)? b1 =
[¥ill7(s,) and bk — bryr = [|[¢ill7(gey- The strategy is to prove that for any
k > 1, there exists constant C' such that by,1 < C(by — bxy1). Then we
have b1 < & +1bk for any £ > 1 and thus we get the exponentlal decay
by, < (C’+1)k ' < (C—i-l)k Lby. We will choose [ such that C' < —L- and thus
get by, < e'7Fby, which gives the result - We start from k£ = 1 because

we want to make sure 7; € Sy, otherwise Sy = () and 7; € S*.
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Now, let’s prove that for any £ > 1, there exists constant C' such that by, <
C(br = brs1), e, [[WillFrs,) < ClIYillF(s-y- Let n be the function on D defined
by n(z) = dist(z, Sp)/ (dist(x, Sp) + dist(x, S1)). Observe that (1) 0 <n <1
(2) 7 is equal to zero on Sy (3) 7 is equal to one on Sy (4) [V L) < 7

By integration by parts, we obtain

Vipi - aVi; il” = (—V - (aVy i) — Vi - aVip;.
/Dnlbanr/DmWI \/an (aV) + c) /Dw n-avi

-~ -~

12 Il

(2.35)
Since a = 0 and ¢ > 0, the left hand side gives an upper bound for ||| m(s,)-
Combining Vn = 0 on Sy U S; and the Cauchy-Schwartz inequality, we obtain

1/2
B < 19l ol ([ Voave) Vi
S*
1
< EH%‘HL%S*) Vil 5(s%)V Cmaz-

We have used ¢ > 0 to get (f5. Vi - av¢i)1/2 < ||¢i]lm(s+) in the last in-
equality. By the construction of ¢; (2.16]), we have [, pYip; = 0 for @ # j.
Thanks to , we have —V - (aV);) + cp; € ®. Therefore, we have
fgl ni(—=V - (aV;) + cp;)) = 0. Denoting 7; as the volume average of n

(2.36)

over 7;, we have

L= /S (Y (@) ) = — Y / 0= )=V - (V) + )

Tj€S*
<5 3 Wil 1€l ey,
TE€8%

(2.37)
Up to now, I; and I5 are some quantities of ¢; purely on S*, and we only need
to prove that both of them can be bounded by ||1/12-||§{(S*) (up to a constant).
By applying the Poincare inequality, we can easily do this for [, as we will see
soon. However, I involves the high-order term ||£]|z2(r,) which in general
may not be bounded by the lower order term ||¢);|| (s+). Fortunately, this can
be proved since Li; € @, the piece-wise constant function space. Specifically,
Lemma says [|LYill2(r) < v/@mazC(d, O)h Uil (s, when b < hg =

7/, Then, we obtain
< YO

— LA
NVl (py = 55 SUp |Vi(z)].

Wil sy Vi < ho. (2.38)
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By the construction of ¢; (2.16)), we have [ ; = 0 for all 7; € S*. By the

Poincare inequality, we have [|v;|z2(,) < [|[V4il|2(r,)h/7, and then we obtain

ajmafl‘
il sy (2.39)

min

||¢z‘||%{(sl) <L+ <

1+ C(d, )
ml

By taking | > <=1(1+ C(d,d)) amaz we have the constant %(ld’é) ez

e—%' With the iterative argument given before, we have proved the exponential

decay. O

Remark 2.3.1. We point out that boundary conditions may be important in
several applications. For example, the Robin boundary condition is useful in
the application of the SPCA; see our application in Section (2.4 The peri-
odic boundary condition is useful in compressing a Hamiltonian with periodic
boundary condition in quantum physics; see our numerical example in Sec-
tion [2.3.

The above proof can be applied to the operator L in (2.24) with other boundary
conditions as long as the corresponding problem Lu = f has a unique solution
u € H*(D) for every f € L*(D). For other homogeneous boundary conditions,
the Cameron—Martin space is not H} (D) but the solution space associated with
the corresponding boundary condition. The proof of Theorem[2.3.1] can be easily
carried over to other homogeneous boundary conditions, and the only difference
1s that a different boundary condition leads to slightly different integration by
parts (2.35). For the homogeneous Neumann boundary condition and the peri-
odic boundary condition, the proof is exactly the same because the integration
by parts (2.35)) can be carried out in exactly the same way. For the problems

with the Robin boundary condition, 1i.e.

Lu:=—=V - (a(z)Vu(z)) + c(z)u(x) = f(x) r €D,
ou (2.40)

ou - D
o + a(z)u(z) =0 x € 0D,

where a(x) > 0, the Cameron—Martin space is the subspace of H'(D) in which
all elements satisfy the Robin boundary condition and the associated energy

norm is defined as

Hu||il:/DVu~aVu+/Dcu2+/8Dozu2. (2.41)
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In this case, for a subdomain S C D, the local energy norm on S should be

modified as follows:

lolfs = [ Vo aus [ers [ a (2.42)
N

Similarly, we can define the Cameron—Martin space and the associated energy

norm for the homogeneous mixed boundary conditions.

Localization Of The Basis Functions

Theorem [2.3.1] allows us to localize the construction of basis functions ; as
follows. For r > 0, let S, be the union of the subdomains 7; intersecting
B(w;,r) (recall that B(z;,dh;/2) C 7;) and let !¢ be the minimizer of the
following quadratic problem:

P = argmin  [¢]|%
YeH(Sr)

(2.43)
s.t. /QOJw = (Si,j, V1 S j S m.

We will naturally identify !¢ with its extension to H}(D) by setting ¢! = 0
outside of S,.

If the elliptic operator L is given with some other homogeneous boundary
condition, the localized problem (2.43]) should be modified slightly as follows

such that the basis function ¢; honors the given boundary condition on 0D:
Y = argmin |¢]%
veH
Y(xr) =0 z € D\S,.

When 9S, N 0D = (), Eqn. (2.44]) is equivalent to Eqn. (2.43)). However, when
0S,NOD # (), Eqn. (2.44) only enforces the zero Dirichlet boundary condition
on 0S5,\0D, but honors the original boundary condition on 0D.

Thanks to the exponential decay of the energy minimizing basis functions
{3, S, with radius r = O(hlog(1/h)) is sufficient to guarantee that the
localized basis functions {1!°}", have the same compression accuracy as the
exponentially decaying basis functions. The following three theorems demon-
strate such properties of the localized basis functions {t!°}™,. These the-
orems are the special case (k = 1) of Theorem [3.6.1] Theorem [3.6.2] and
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Corollary in Chapter [3] We refer to Section [3.6] in Chapter [3 for their

proofs.

Theorem 2.3.2. Under the same assumptions as those in Theorem[2.3.1], for
any 1 <i<m and h < hg = m,/524, it holds true that

Cmax

r—2h

___ ofyloc <Oh_d/2_1 .
e T

), (2.45)

where

1/2
e2%t1q 12 2 Ja > 2 [a
— d 5 max = max 1 = max d 5 .
C'3 O( ) ) < V;l(sd ) <7T Ui + ) + T Aomim O( ) )
Here, the constants C(d, ) andl are from Theorem|2.5.1), and Vy is the volume

of the unit d-dimensional ball.

When c¢(z) =0, i.e. Lu= —V-(a(x)Vu), Eqn. (2.45)) holds true for all h > 0.

In this case, the constant Cs can be taken as

1/2
€2% 0 1/2 1 [amaz S| Amaz
2 [Zmaz | 4 it .
Cs3 = C(d, 5)( V5 > (7T Cbmm+ ) +7r ammC’(dﬁ)

Theorem 2.3.3. Let u € H}(D) be the weak solution of Lu = [ and
be the localized basis functions defined in Eqn. (2.43). Then for r > (d +
4)lhlog(1/h) + 2(1 + llog Cy)h, we have

mf ||U — UHH(D

h
gWloe T/ Qmin

mngC Here, Cs is defined in Theorem and C,
is the constant such that ||ul|z2(py < Ce||fllL2(py holds true.

1Nl 22p)- (2.46)

The constants Cy = ma

Theorem [2.3.3|shows that we can obtain a linear convergence rate in the energy
norm when our localized basis functions {1°¢}™ , are used as basis functions in
the multiscale finite element method. By applying the Aubin-Nistche duality

argument, we can get the following corollary.

Corollary 2.3.4. Let wloc be the localized basis functions defined in Eqn. (2.43)).
Then for r > (d+ 4)lhlog(1/h) 4+ 2(1 4 llog Cy)h, we have

4h?
Nrl< =2 (2.47)

amzn

where all the constants are the same as those defined in Theorem [2.5.5.

1€ —

\lleC
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Corollary shows that we can compress the symmetric positive semidefinite
operator K with the optimal rate h? and with the nearly optimal localized basis

(with support size of order hlog(1/h)).

Connections To The LOD Method
In the localizable orthogonal decomposition (LOD) [89], the authors introduce

a modified Clément interpolation Z; on a uniform mesh with mesh size h, write
V/ the kernel of Z,, (i.e., the set of functions u such that Z,u = 0), and identify
the finite element space ¥ as the orthogonal complement of V/ with respect
to the inner product defined by a(u,v) = [, uLlv for u,v € Hj(D). The finite
element basis v; is identified by \; — Py s i, where A; is the nodal piecewise
linear element and Py, A; is its projection onto the space V71 with respect to
(w.r.t.) the inner product a(u, v). The work [89] shows that this finite element
basis ¥ achieves the optimal compression rate. Moreover, they showed that
the finite element basis function v; decays exponentially fast away from its
associated node, and thus can be localized to local patches of size O(hlog(1/h))
without loss of accuracy. The authors of [89] have also considered other types
of Clément-type quasi-interpolation in the LOD method, and have used them
to solve different kinds of second-order elliptic equations; see e.g. [109, (110,

60].

The general LOD method can be interpreted in the framework of the Sparse
OC. Let 7T, denote a regular triangulation of D into closed simplices, N} =
{2}, denote the set of all interior mesh nodes in 7, and Vj, C H}(D) the
corresponding piecewise linear finite element space. Given {p;}!", C L*(D),

a Clément-type quasi-interpolation operator Zj, : H} (D) — V}, is defined by

Ty = Z (/ ©iV) N, (2.48)

25 ENh D

where \; € L?(D) is the piecewise linear element centered at z;. In [89], ¢;
is taken as the normalized nodal piecewise linear element \;, i.e., ¢; = f)‘i/\_.

D X2
With the Clément-type quasi-interpolation operator given in Eqn. (2.48)), the

global exponentially decaying basis functions {;}", are the unique solution

of the following energy-minimizing problem:

Y = argmin  [|9[|
YeHY(D

: (2.49)
s.t. /SOW = /%‘Ai, Vi<j<m.
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Like what we have done in the Sparse OC, the construction of ; can be
localized onto a neighborhood of z;, denoted by S,.. The localized basis function
Ylo¢ in the LOD method is the unique solution of the following local energy-
minimizing problem:

Y = argmin |y
YeHL(Sr

: (2.50)
s.t. /%w = /SOjAz’, VI<j<m.
Comparing Eqn. and , we can clearly see the similarity between the
LOD method and the Sparse OC. Moreover, our error analysis (Theorem
can be directly used to prove the optimal linear convergence rate of the global
basis {¢;}7, given by Eqn. (2.49). Although our proof (following the proof
in [99]) is different from the proof in [89], we share some essential elements.
First of all, we both use a recursive argument to prove the exponential decay
of basis functions. As far as we know, this kind of recursive argument first
appeared in [89]. Secondly, the Poincare inequality plays an essential role
in both proofs, i.e., the local projection-type approximation property in our
proof and the assumption (2.5.a) in [89]. Thirdly, the stability condition of
the Clément-type quasi-interpolation operator (see assumption (2.5.b) in [89])

plays a similar role as our inverse energy estimate.

Finally, although [89] contains the first rigorous proof of exponential decay
for such energy-minimizing basis functions, the idea of its proof uses in a
crucial way the projection properties of the Clement interpolation operator
(associated with the underlying implicit measurement functions used in [89]),
which hinders its generalization. The proof of exponential decay provided in
[99] uses a combination of energy and inverse energy estimates instead and
enables the generalization beyond measurements derived from the Clement

interpolation operator as acknowledged in [109] (Page 8).

“In a setting with a modified trial space, further generalisations
are possible. Since Vi does not appear any more in the method, its
conformity can be relaxed as it was recently proposed in [99] in the
context of a multilevel solver for Poisson-type problems with L*°
coefficients. This approach enables one to compute very general

quantities of the solution such as piecewise mean values.”
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Therefore, we choose to follow [99] to generalize this idea to high-order elliptic

operators and to second-order elliptic operator with high-contrast coefficients.

2.4 Application in Sparse Principal Component Analysis

In spatial statistics, geostatistics, machine learning and image analysis, the
Matérn covariance [92] is used to model random fields with smooth samples;
see e.g. [121,[58,53]. The Matérn covariance between two points z,y € D C R?
is given by

1—v
()

where T' is the gamma function, K, is the modified Bessel function of the

K,(z,y) = o?

? (@u;m)um <@@> (2.51)

second kind, and p and v are non-negative parameters of the covariance. Its

Fourier transform is given by

—(v+d/2) d._d/2 v
~ 2v 20w Ny + d/2)(2v
k(w) = ¢, 207 (ﬁ - |w|2> ;o Gy = IE(V))\QZ/’ )2v) , (2.52)

where we use the convention f(w) = Jga f(x)e "™ “dz for the Fourier transform.
For both sampling from the random fields and performing basic computations
like marginalization and conditioning, we need to compress the Matérn covari-
ance operator K : L?(D) — L?*(D), the Hilbert-Schmidt operator with kernel
K, (z,y), with rank-n covariance operators:

Eul0iK)i= _min )~ WK, 87, (253
where ¥ = [¢1,...,1,] span the range space of the approximate operator
UK, ¥T. Recent study |83, 16| shows that the Matérn covariance and the
elliptic operators are closely connected. With proper homogeneous bound-
ary conditions, the Matérn covariance operator with v + d/2 as an integer
is the solution operator of an elliptic operator of order 2v 4+ d. For exam-
ple, Matérn covariance operator with v = 1/2 is the solution operator of a
second order elliptic operator (2l0?)~! (1 — ,02;—;2) when the physical dimen-
sion d = 1, and is the solution operator of a fourth order elliptic operator
(8mp30?)~1 (1 — 2p* A + p*A?) when d = 3. The Matérn covariance opera-
tor with v = 1 is the solution operator of the fourth order elliptic operator
(4mp?c?)~ (1 — 2p2A + p*A?) when d = 2. Note that the elliptic operator that

is associated with the Matérn covariance contains lower order terms. Thus, it



54

is essential that our analysis can accommodate lower order terms and various

boundary conditions.

Based on Eqn. (2.17) and ({2.18)), we can also compute the exponentially de-
caying basis functions from the covariance operator . In this example, we

apply our method to compress the following exponential kernel
K(z,y) =exp(—|z —y|)  2,y€[0,1], (2.54)

which is exactly the Matérn covariance with v =1/2, c =1 and p=1.
This problem has been studied by different groups; see e.g. [52, 38, 64, 8]. We
remark that since the Matérn covariance function corresponds to the solution
operator of an elliptic PDE with constant coefficient, one can compress the
Matérn covariance kernel by using a piecewise linear polynomial or wavelets
with optimal locality and accuracy. It is not necessary to use the exponential
decaying basis to perform the operator compression. We use this example to
illustrate that our method can be also applied to compress a general kernel

function.

We partition the interval [0, 1] uniformly into m = 2° patches, and follow our
strategy to construct basis functions. By the Fourier transform, we know that
it is associated with the second order elliptic operator % 1-— ;—; . Therefore,
we take ® as piecewise constant functions, and then compute ¥ by Eqn. ([2.17))
and . In Figure , we plot 32 and 139, which is associated with
the patch [1/2 — h,1/2]. We can see that the basis function v3s clearly has
an exponential decay. We take m = 2 for 0 < ¢ < 7, and compute the
compression error E(¥; K). The result is shown in Figure[2.4, We can see that
the exponentially decaying basis functions ¥ has nearly the same compression
rate with the eigendecomposition.

One can easily verify that the exponential kernel is the Green’s function
of the following second order elliptic equation

1 1

—u'(@) +ju=f(z), O<w<l, (2.55)

u(0) —u'(0) =0, wu(l)+d'(1)=0,

whose associated energy norm is

ol = 5 (u(0)2+u(1)2+/01(u')2+/01u2). (2.56)
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Figure 2.4: The operator compression error E(¥; K) (2.53)) for the exponential
kernel ([2.54) with exponentially decaying basis functions ¥. They have nearly

the same compression error as the eigenfunctions of K.

Solving the localized variational problem (2.44), we can get localized basis

functions ¥'¢. With different sizes of the support S,, we compute the com-

pression error E(¥°¢; K) for m = 2° (0 <4 < 7). The results are summarized
in Figure 2.5 In the left subfigure of Figure 2.5, we take the support with size
Ch, for C' =3,5,7,9, and 11. In the right subfigure of Figure [2.5] we take the
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support with size Chlog,(1/h), for C' = 2,2.1 and 2.4. For a support of size
Chlogy(1/h), it contains [C'log,(1/h)] patches, where [C'log,(1/h)] is the
smallest integer following C'log,(1/h). We can see that the constant oversam-
pling strategy does not work well, while the hlog,(1/h) oversampling strategy
has the optimal second order convergence rate as our Corollary [2.3.4] predicted.
For m = 27 and r = 2.4hlog,(1/h), the constructed localized basis functions
achieves the same operator compression error as that using 128 eignefunctions.
We show several basis functions /¢ in Figure . One can see that the basis

functions on the boundary honor the Robin boundary conditions.

Compression Error of ¥

Comptression Error of ¥
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Figure 2.5: The operator compression error E( %% K) (2.53) with localized
basis functions ¥¢. The constant oversampling strategy (left) does not work
well, while the hlog,(1/h) oversampling strategy (right) has the optimal sec-
ond order convergence rate.
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Figure 2.6: A few basis functions for the case m = 27 and r = 2.4hlog,(1/h).
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2.5 Application in Constructing Localized Wannier Functions

In this section, we consider the Hamiltonian of a free particle in a bounded

domain D = [—7, 7| with periodic boundary condition
H=-A. (2.57)
Suppose its eigen decomposition is given by He; = \;e;, where \; are the

eigenvalues in increasing order and e; are the corresponding eigenfunctions.
We denote V,, = span{v; : 1 <1i < n}, the n-dimensional low-lying eigenspace.
We want to construct n localized basis functions {¢;}, that can span V,,
accurately. This problem is studied extensively before; see e.g. [90, 42, 91,
107, [78]. In this section, we propose to use the operator compression error
E(U;H™) to quantify the compression error. Compared with other
existing methods, our variational construction is guaranteed to obtain the op-
timal compression error with nearly optimally localized basis functions, and is
much more efficient due to its convexity and decoupling in computing different
basis functions. We will briefly review the compressed modes [107] from the

Iy approach and compare it with our Sparse OC.

Construction via The [; Approach

In [107], the authors proposed a novel method to create a set of localized
functions {¢;}1,, which are compressed modes, such that >, ¥/ Hy; ap-
proximates E, = Y, Ai. The locality is accomplished by introducing an [,
regularization of the basis functions into the variational formulation of eigen-
decomposition:

n

E = qu;in Z (i”%\h + <¢i,7’ﬁ/}i>)

n R
=1

(2.58)

where W,, = {¢;}/_, and the ; norm is defined as ||¢;|1 = [}, [¢i(z)|dz. The
parameter u controls the trade-off between sparsity and accuracy: larger values
of u gives solutions that better minimize the total energy at the expense of
more extended basis functions, while a smaller p will give highly localized wave

functions at the expense of larger errors in the calculated ground state energy
E,.

The authors of [107] solve the non-convex problem (22.58)) using the algorithm
of splitting orthogonality constraint (SOC) proposed in [79]. By discretizing
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H into an N-by-N Hermitian matrix, still denoted as H, and introducing
auxiliary variables ) = W and P = ¥, Eqn. (2.58]) is equivalent to the following
constrained problem:
1
min_ ~[QJl + Tr(WHY)
W,P,QERN X" [y

st. Q=U,P=V P'P=1,

(2.59)

where ||@Q||; is the entry-wise [y norm of the matrix (). Problem (2.59) can
be solved by the following SOC algorithm based on split Bregman iteration,

see Algorithm [I] The above subminimization problems can be easily solved as

Algorithm 1 The algorithm of splitting orthogonality constraint (SOC)
1: Initialize U0 = P = Q" ¥ = BY = 0.
2: while “not converged” do
3 . \EfﬁbQ: arg ming Tr(UTHY) + (|0 — QF 1 + b* 1|3 + || ¥ — Pk-1 4
B - F-

4: QF :argmian%HQHl—i—%H\I/Z—Q+bk_l\|%.

5: P* = argminp £|| 08 — P+ B¥1|3 st. PTP =1,

6: VP =0+ Uk — Q.

7 BF = Bl 4wk — P

8: end while

followings
(2H + X+ 7r)UF = (PPt — BE Y A(QF! — bR, (2.60)

Q" = Shrink(W* + ¥~ 1/(\p)), (2.61)
Pk = (UF 4 BFHuA—28T (2.62)

where UAST = svd (0¥ + B¥1)T (W% 4+ B*~1)) and the “Shrink” operator is
defined as Shrink(u, §) = sgn(u) max(0, |u| — 9).

To resolve the small scales in the basis functions, we typically discretize H
such that N = Cn, say N = 16n or N = 32n, where C' is number of nodes to
resolve small scales in each localized basis function. In each iteration, the most
time consuming part is Eqn. (2.62)), which involves an SVD factorization and
can be straightforwardly solved with an O(n?) algorithm. If we are allowed
to use the support as prior knowledge, the orthogonality constraint PTP = I

can be replaced by a system of banded orthogonality constraints:

/¢g¢k:5]k, 7j:17"'anak:j7jj:17"'7jip7
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where p is the band width. Taking advantage of this banded structure, the
complexity in the SVD step can be reduced to O(8pn). See [107] for more
details. Typically, Algorithm [I] takes hundreds of iterations to converge, de-

pending on the choice of the parameters A and r and the convergence criterion.

Construction via the Sparse OC

Applying the Sparse OC to H = —%A + V(x), the localized basis functions
{1;}_, are constructed as follows. First of all, we partition the physical do-
main D using a regular mesh {7;}_,. We denote the mesh size h. Second,
we choose r > 0, say r = 2hlog(1/h). For each patch 7;, let S, be the union
of the subdomains 7; intersecting B(x;,r) (for some z; € 7;), see Figure 2.1]
Finally, let ¢; be the indicator function of the patch 7;. The basis function
1; is obtained from the following convex optimization problem, which has a
quadratic objective and several linear constraints:

i = argmin (¢, Hy)

YeHy(D)
8.t / Yo =105, V1<j<mn, (2.63)
Sy
(@) =0, z€D\S,.

In Eqn. (2.63)), Hi(D) is a subspace of H'(D) that contains the functions
satisfying the prescribed boundary condition B, such as the periodic boundary
condition. The parameter r directly controls the size of the support of ;. For
V(z) > 0, we have proved that by choosing r = Chlog(h), we can achieve
the optimal operator compression error and nearly optimally localize the basis

functions simultaneously.

Eqn. (2.63)) is a convex optimization problem with a quadratic objective and
several linear constraints, and it can be solved very efficiently as follows. First
of all, we discretize H and ¢ on a fine mesh (a refined mesh over the partition
{m},) with linear nodal basis functions, and we get the discretized H €
RN¥*N and ¢ € RY. Suppose Z; is the set of fine mesh nodes that lies in S,,
and If is the set of the other nodes. Therefore, the constraint ¢ (z) = 0 for
x € D\S, is sz = 0. The linear constraints fSr Yp; =0, foralll <i<n

are written as ®T¢ = e;, where e; € R" is the i-th column of the identity
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matrix [,,. Therefore, we can obtain v; by solving the following problem:

Y; = argmin YT H
YeRV (2.64)

st. ®Ty =e;, Y|ze = 0.

By the method of Lagrange multipliers, the nonzero part of v, i.e., 1;|z,, can

be efficiently solved by solving

i L) con

where H; = H(Z;,Z;), ®; = P(Z;,:), and [ € R" is the Lagrange multi-
plier. Since we take r = Chlog(1/h), say r = 2hlog(1/h), the number
of fine grid nodes in S,, ie. |Z;|, is O(Xlogn). The problem or
Eqn. can be solved efficiently by the multigrid method, with complexity
O (% log n(log % + log log n)c) for some constant c. Since every 1); is solved in-
dependently, the complexity to obtain all the localized basis functions {t;}? ,
is simply O (N logn(log & +loglogn)®). Compared with the SOC algorithm
to solve the [y penalized problem , the complexity of the Sparse OC is
comparable to that of a single iteration in the SOC algorithm.

Numerical Results

In this section, we compare the [; approach with the Sparse OC by the free-
electron model in [107]. The Hamiltonian of the free-electron model is H =
—%A. We consider D = [0, 50] as the physical space, as in [107]. We discretize
D into with a fine mesh hy = 1/1024, and the resulting discretized Hamiltonian
H € RN where N = 1024. We are interested in approximating the first
n = 128 low-lying eigenspace. In our comparison, with the same support size
for v;, we compare their performance in approximating the first n eigenvalues
of H, i.e. {\;}1,, and the density p(z) = > i, e2(x).

We would like to thank Professor Rongjie Lai for providing his code to solve the
l; penalized problem . All the computations are performed in Matlab
2016a on a Macbook Pro 10.1 with 2.3 GHz Intel Core i7 processor. Since
every 1; in the Sparse OC is solved independently, it is embarrassingly easy
to implement it in a parallel fashion. However, in order to compare the total
computational complexity of two approaches, we do not use parallel computing

in the following comparison.
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The [; approach

In this subsection, we recreate the result in [107] with u = 0.84. We will see

that this pu gives roughly the same support size as that given by the Sparse
OC. We pick

2
A=r=1/h2 = 419.43
in Algorithm [T

After 390 iterations, the [; approach achieves le-7 relative energy decrease,
and the iteration is stopped. The total time is 4.426 secs. Every iteration
takes 0.013 sec. Eight of the compressed modes are shown in Figure It

seems that the compressed modes also have exponential decay near its peak.
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Figure 2.7: A few compressed modes from the [; approach, m = 27, = 0.84

We can approximate eigenvalues of H by the eigenvalues of WTHW. The

approximate eigenvalues are plotted in Figure
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Figure 2.8: The eigenvalues of WTH W, m = 27, = 0.84

We also plot the approximate density p(z) = Y. ¢?(x) in Figure We

can see that the density approximation is also not very accurate.
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Density approximation
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Figure 2.9: Density approximation by the /; approach.

The sparse operator compression

In this subsection, we show the results given by the Sparse OC. We take the
support size of the localized basis as r = hlog,(h). It takes 0.035 sec to obtain
all the 128 localized basis functions, without parallel computing. We can see
that the total cost of Sparse OC is smaller than the cost per iteration in the
I approach. Eight of the localized modes are shown in Figure 2.10] We can

see that the localized modes look very similar to the compressed modes in
Figure 2.7

v ‘ 2 ‘ Bl

-

o

Figure 2.10: A few basis functions for the case m = 27 and r = hlog,(1/h).

We can approximate eigenvalues of H by the eigenvalues of QTHQ, where Q
is an orthonormal basis spanning W. The approximate eigenvalues are plot-

ted in Figure 2.11] The approximate eigenvalues are very similar to those in
Figure 2.8

We also plot the approximate density p(z) = Y, ¥2(x) in Figure - We

can see that the density approximation is inaccurate, as for the [y approach in

Figure 2.9
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Figure 2.11: The eigenvalues of QT HQ and H; @ is an orthonormal basis of
v,

Density approximation
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Figure 2.12: Density approximation by the Sparse OC.

The operator compression error of the Sparse OC is plotted in Figure[2.13], with
different support sizes. As Corollary [2.3.4] predicts, the operator compression
error is nearly optimal, i.e., decays like h?, when the support size is taken as
r = Chlog(1/h) for some constant C' > 0.

Compression Error of ¥'°°

—o—hlog,(1/h)
o 1.2 hlog,,(1/h)
—+ 1.5 hlog,(1/h)
——2 hlog,,(1/h)
—v—Eigen Decom

-4 I L
0 10° 10° 102
patch number: m

compression error
>
n

-
e
)

Figure 2.13: The operator compression error E(¥; (£ + 1)7') for the Hamil-
tonian with localized basis functions ¥,
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Conclusions of The Comparison

We summarize our comparison with the following four points.

1. With roughly the same width of the localized modes, the results given
by the [; approach and the Sparse OC are very similar, in terms of
the shape of the localized modes, the approximate eigenvalues, and the

approximate density function.

2. The computation cost of each iteration for the [; approach is comparable
to the Sparse OC. The [; approach needs many iterations to solve the
nonconvex problem, although the number of iterations are only in the

hundreds for a good choice of parameters A and r.

3. Further speed up of the SOC algorithm is possible if one is allowed to use
the support as prior knowledge. Parallel computing is also possible in
solving both WX and P*. In the Sparse OC, we can directly localize the
support because we have proved that the localization will not affect the
operator compression error. The Sparse OC can be easily executed in
parallel, due to the decoupling of construction of every basis. Therefore,

the Sparse OC is expected to be even faster if executed in parallel.

4. The SOC algorithm will converge for any choice of p although we might
need to be more careful about parameters. As the proposed [; regularized
problem is nonconvex, the ADMM type methods only converge when the
parameter r is greater than a certain number (according to Prof. Rongjie
Lai).
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Chapter 3

SPARSE OPERATOR COMPRESSION OF HIGHER ORDER
ELLIPTIC OPERATORS

In Chapter [2] we introduced the sparse operator compression to compress a
self-adjoint positive semi-definite operator K : L*(D) — L?*(D) by localized
basis functions, where D is a bounded domain in R?. We applied our method
to second order elliptic operators with rough and multiscale coefficients and
various boundary conditions. We showed that on a regular mesh with mesh
size h, our localized basis functions have supports of diameter hlog(1/h), and
give optimal compression rate of the solution operator. The main purpose of
this chapter is to apply our sparse operator compression to higher order elliptic
operators, and to show that our localized basis functions are able to give the

optimal approximation property of the solution operator.

3.1 Problem Setting
Let £ be a self-adjoint elliptic operator

Lu= Y (=1)"'D?(agy(x) D), (3.1)

0<|ol,|vI<k

where the coefficients a,, € L>*(D), D is a bounded domain in R? o =
(01,...,04) is a d-dimensional multi-index. Consider the elliptic equation with

the homogeneous Dirichlet boundary conditions
Lu = f, u € HY(D), (3.2)

where the load f € L?(D). Here, we only consider the case when £ (thus K)

is self-adjoint, i.e.
/(ﬁu)v = / u(Lw) Yu,v € HE (D). (3.3)
D D
The corresponding symmetric bilinear form on HY(D) is denoted as

B(u,v) = Z /Daw(x)DUuD%U. (3.4)

0<|ol,lvI<k
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We assume that B is an inner product on H}(D) and the induced norm
(B(u,u))"? is equivalent to the HEY(D) norm, i.e., there exists 0 < dpmin < Gmax
such that

amin|u’i,2,D < B(u,u) < amaw‘u|12c,2,D Vu € H(]f(D). (3.5)

Thanks to the Riesz representation lemma, Eqn. (3.1) has a unique weak
solution in HY(D) for f € L*(D).

Construction Of The Basis Functions

Under the framework of Sparse OC introduced in Section let X = L*(D)
and H = H}(D). We use the standard inner product for L?*(D) and use the
inner product (u,v) = B(u,v) for H. Further, we denote K : L*(D) — L*(D)
as the operator mapping f to the solution u in Eqn. (3.1)).

First of all, we divide D into elements {7;}1<i<m, where each element 7; is a
triangle or a quadrilateral in 2D, or a tetrahedron or hexahedron in 3D. Denote
the maximum element diameter by h. We also assume that the subdivision is
regular [31]. This means that if h; denotes the diameter of 7; and p; denotes
the maximum diameter of a ball inscribed in 7;, there is a constant ¢ > 0 such
that

=>4 Vi=1,2,...,m.

Then We choose the local measurement functions {%‘,q}qQ:1 to be an orthogonal

k+§_1)

is the number of d-variate monomials with degree at most £ — 1. Thereafter,

basis of Py_1(7;) with respect to the inner product in L?(7;), where Q = (

we have
O =gspan{p;,: 1 <¢<Q,1<i<m}, V=Ko (3.6)

Without loss of generality, we normalize these basis functions such that

/ PiqPig = |Ti‘5q,q’~ (3-7>

Ti

After that, a set of global energy-minimizing basis functions of ¥ is defined
by Eqn. (2.16) accordingly, i.e.,

Viq =argmin |||
YpeHE(D)

(3.8)
s.t. / ¢i,q¢j7q’ = 5iq,jq’aV1 < q/ < Q7 1 S] < m.
D
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We will prove that v; , decays exponentially fast away from 7; and thus we can

localize its construction as follows.

For r > 0, let S, be the union of the subdomains 7; that intersect with B(z;, )
(recall that B(z;,dh;/2) C 7;) and let /% be the minimizer of the following

l?q
quadratic problem:

l .
i = argmin  [¢[%
YeHE(Sr)

(3.9)
s.t. /ij,q’w = 5iq,jq’7 V]_ S ] S m, 1 S q, S Q

We will naturally identify ¢[% with its extension to Hf (D) by setting 4% = 0

1’7q
outside of S,.

If the elliptic operator £ is given with some other homogeneous boundary
condition, the localized problem (3.9) should be slightly modified as follows

such that the basis function v; , honors the given boundary condition on dD:

i =argmin [y
yeH

s.t. / Pigt = Oigjg, VI<j<m1<qg<Q, ~ (310)
Y(x)=0 x € D\S,.

When 95, N 0D = (), Eqn. (3.10) is equivalent to Eqn. (3.9). However, when
0S,NAD # (), Eqn. (3.10) only enforces the zero Dirichlet boundary condition
on 0S5,\0D, but honors the original boundary condition on 9D.

Collecting all the wéf’; for 1 <i<mand 1 < q < (@ together, we get our

localized basis W'oc,

Summary Of Our Main Results

To simplify the expression of constants, we will assume without loss of gen-
erality that the domain is rescaled so that diam(D) < 1. In this chapter, we
prove that for r = O(hlog(1/h)):

1. @' achieve the optimal convergence rate to solve the elliptic equation,

ie.,
L7 = oL () fll < CRM|Ifll: V€ LX(D),  (3.11)

where the constant C, is independent of n.
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2. @loc achieve the optimal approximation error to approximate the elliptic
operator, i.e.,
E, (Wc £7Y) < C2h* . (3.12)

For n = m(), we can show that the nth largest eigenvalue of £7! is of the
order h% ie., \,(L71) = O(h?*); see |93, 36]. Therefore, the optimality
above implies that the constructed localized basis ¥'° achieves nearly optimal

performance on both ends in the accuracy-sparsity trade-off (2.6]).

1. They are optimally localized up to a logarithmic factor, i.e.,

|supp(¥;)| < C’IOTg(”), V1<i<n. (3.13)

Here, [supp(¢{°°)| denotes the area/volume of the support of the localized

function !¢ in R, and the constant C; is independent of n.

2. If we use the Galerkin finite element method to solve the elliptic equa-

tions, we achieve the optimal convergence rate in the energy norm, i.e.,

I£71f = o LN () [l < Cov/ ML) Nl VF € L3(D), (3.14)

where L, is the stiffness matrix under the basis ¥, || - ||z is the asso-

ciated energy norm, and C. is independent of n.

3. For the sparse operator compression problem, we achieve the optimal

approximation error up to a constant, i.e.,
B, (We £71 < O\, (£7Y), (3.15)

where E,.( !¢ £1) is the operator compression error defined in Eqn. (2.2)).

Outline Of This Chapter

The outline of this chapter is as follows. In Section .2 we prove the local
projection-type approximation in the Sobolev spaces H*(7) (where k > 1 and
7 is a subdomain of D). Based on this projection-type approximation, we pro-
vide the operator compression error estimate for the global energy minimizing
basis ¥. In Section 3.3, we prove the local inverse energy estimate. Then
in Section [3.4] we introduce the concept of strong ellipticity, and show its re-
lation with the uniform ellipticity. In Section [3.5] we prove that the global

energy minimizing basis functions 1; , decays exponentially fast away from
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its associated patch. In Section [3.6] we prove that localized basis functions
loc
i,q

compression error. In Section [3.7] both 1D and 2D examples are provided to

approximate 1);, accurately and preserve the optimal O(h?*) operator

validate our theoretical results.

3.2 The Projection-type Polynomial Approximation Property and
Error Estimates

The Projection-type Polynomial Approximation Property

When we compress the second order elliptic operator in Section [2.3] the
Poincare inequality plays an essential role in both obtaining the optimal ap-
proximation error and proving the exponential decay of the energy minimizing
basis functions. To prove the same kind of results for high-order elliptic oper-
ators, we first introduce the following projection-type polynomial approxima-
tion property in the Sobolev space H*(D), which can be viewed as a generalized

Poincare inequality.

Theorem 3.2.1. Suppose Q C R? is affine equivalent to Q, i.€., there exists

an invertible affine mapping

F:7€Q—F@) =Bi+beQ (3.16)

~

such that F(2) = Q. Let h be the diameter of Q and 6h be the maximum
diameter of a ball inscribed in Q. Let the mapping 11 : H*1(Q) — Prp(Q)
be the projection onto the polynomial space with degree no greater than k in
L2(Q). Then, there exists a constant C(k,Q) such that for any u € H*'(€)
and any 0 < p<k+1

= Mulpoq < Clk, Q5 PR 7 uljy 00 (3.17)

To prove Theorem we use a basic result about the Sobolev spaces, due
to J. Deny and J.L. Lions, which pervades the mathematical analysis of the
finite element method: over the quotient space H*™1(D)/Py(D), the semi-

norm | - |g41,p is a norm equivalent to the quotient norm. We will use the
following theorem (Theorem 3.1.4 in [31]), to prove Theorem [3.2.1]

Theorem 3.2.2. For some integers k > 0 and m > 0, let H”l(ﬁ) =
Wk+1’2(§) and Hm(ﬁ) = W’”Q((AZ) be Sobolev spaces satisfying the inclusion

H*(Q) € H™(Q),
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and let 11 : Hkﬂ(ﬁ) — Hm(ﬁ) be a continuous linear mapping such that
Ip=p  VpePul).

For any open set Q which is affine equivalent to the set Q) (see Eqn. (3.16)) ),
let the mapping 1lg be defined by

for all functions 5 € H*(Q) and v € H*(Q) in the correspondence (v :
Q> R)— (v=00F"':Q—R). Then there exists a constant C(II, Q) such
that, for all affine-equivalent sets €,

v = gv|moo < CAL DS ™R |00, Vo€ H*Y(Q), (3.18)

where h = diam(Q)) and oh is the diameter of the biggest ball contained in €.

By specializing the operator 11 to be the projection of Hkﬂ(ﬁ) to the polyno-
mial space Pj,(Q) in L2(Q), we can prove Theorem [3.2.1|

Proof of Theorem [3.2.1]. Let - H’““(ﬁ) — Pk(ﬁ) be the orthogonal
projection in LQ(S/_\Z). Let F: Q — Q be the invertible linear map and write
F(Z) = BZ + b. Define Il as

for all functions o € H*"(Q) and v € H*"(Q) in the correspondence of the
linear mapping. In the following, we prove that Il : H*1(Q) — H*1(Q) is
indeed the orthogonal projection from H**1(Q) to Pp(Q) in L*(Q).

First, we have Ilqv = (I19) o F~! from definition. Since II5 € P,(€2), we have
Hov € Py(). Second, for any v € Py(), D = vo F € Py(R), and thus
o =7 by the definition of . Therefore, we have Ilqv = v o F~! = v for any
v € Pr(Q). Third, by changing variable with x = F(Z), for any v € H*1(Q)
and any p(z) € Px(2), we have

/Q (v(x) — (Tov)(2)) p(x)de = / (3(®) ~ (T19)(3) ) (@) det B = 0.

Q

In the last equality, we have used the fact that p € Py(Q) if p € Py() and
the fact that IT : H*1(Q) — Py(Q) is the orthogonal projection in L2(Q).
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Therefore, the kernel space of Il is orthogonal to its range space, i.e., Px(£2).
With the three points above, we have proved Il is the orthogonal projection
from H*™(Q) to Pr(Q) in L*(Q).

Finally, applying Theorem with IT and I above, we prove Theorem
with the constant C'(k, Q) = C’(ﬁ, ﬁ) in Eqn. (3.18)). O

We also give the following theorem, which is a direct result of the Friedrichs’

inequality; see e.g., [95].

Theorem 3.2.3. Let )y, be a smooth, bounded, open subset of R® with diameter

at most h. There exists a positive constant C'y such that
[ulp20n < Crh* Plulkog, Vu € Hy(Qp). (3.19)

Here, Cy = C¢(d, k) depends only on the physical dimension d and the order
of the derivative k.

The Error Estimate Of The Global Basis ¥

Applying Theoremm to Q = 75, for any u € H*(D) and any 0 < p < k, we
have

lu — Tulpor, < C(k—1,7)0 PR Plulpo.r,

where II; : H*(;) — Pr_1(7;) is the orthogonal projection to the polynomial
space Py_1(7;) in L?(7;), and 7; is some reference domain that is affine equiv-
alent to 7;. Notice that the constant C'(k — 1,7;)0~? can be bounded from
above by a constant C, for all the elements {7;}1<;<;, because all elements
in {7;}1<i<m are affine equivalent to an equilateral triangle or square in 2D,
or a equilateral 3-simplex or cubic in 3D. Therefore, for any u € H*(D), any

1 <i<mandany 0 <p<k, we have
|U — Hiu‘pg,n S Cphk7p|’U/|k’27Ti. (320)
Specifically for p = 0, u € L*(D) with u|,, = IT;u, we conclude that

||u—ﬂ||L2(D) S C’phk|u|k72’D. (3.21)

Combining Eqn. (3.5) and (3.21]), we have
C,h*

mwn

lu — PEOull 2y < ul|g, Vu € H. (3.22)

Applying Theorem with X and H defined above, we have:
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1. For any v € H and Lu = f, we have
C,h*

mwn

lu — PS |l <

1 fllL2(p) - (3.23)
Here, C, plays the role of the Poincare constant 1/7.

2. For any u € H and Lu = f, we have

21,2k
H
lu — P& r2(py < —2— || fll 2y (3.24)

min

3. We have
272k

C
1K —PPK| < 22— (3.25)

Notice that the eigenvalues of the operator £ (with the homogeneous Dirichlet
boundary conditions) in grow like A\, (L) ~ n?/? (see [93,36]), and thus
the eigenvalues of K decay like \,(KC) ~ n=2#/4. Meanwhile, the rank of the
operator P&,H)IC, denoted as n, roughly scales like Q/h? where 1/h? is roughly
the number of patches. Plugging n = Q/h? into Eqn. (3.25)), we have

CSQZk/d

mwn

1 — Pk < n <\ (K) (3.26)

Therefore, our construction of the m-dimensional subspace ¥ approximates IC

at the optimal rate.

3.3 The Inverse Energy Estimate
In the sparse operator compression, we will show that the global energy mini-
mizing basis ¥ have exponentially decaying tails, which makes localization of

these basis functions possible.

The Main Results

The following lemma plays a key role in proving such exponential decay prop-

erty.

Lemma 3.3.1. Let Q, be a smooth, bounded, open subset of R% with diam-
eter at most h and B(0,0h/2) C Q for some 6 > 0. For k € N, consider
the operator £ = (—1)* > o=k D2 with the homogeneous Dirichlet boundary
condition on 0Sy,, i.e.
(—1)F Z D¥uy(x) = f(x)  x €,
|o|=k (3.27)
up, € HY ().
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Let Ps be the space of polynomials with order not greater than s. For v > 0,
there exists C'(k,s,d,d) > 0, such that

| Lunll 2 < C(k,s,d, )h Flunlkon,, Yun € L7 Ps 1. (3.28)

Proof. Let Gj, be the Green’s function of Eqn. (3.27). After multiplying wuy,
on both sides of Eqn. (3.27) and integration by parts, we have |up|i20, =
Jo, un(@) f(x)dz. Recall that Luy € Py, and thus Eqn. (3.28) is equivalent

to

| v < €sd ) n® [ [ Guwyppt)dsdy, vpe P
Qn Qp JQp

(3.29)
Let {p1,p2,...,pg} be all the monomials that span Ps_;. It is easy to see

d—1 . . .
Q = (**7"). For convenience, we assume that {p:}%, are in non-decreasing

order with respect to its degree. Specifically, p; = 1. Let uy,; be the solution of
Eqn. (3.27) with right hand side p;, and Sy, M, € RP*? be defined as follows:

Sh(i,j)z/ thipj:/ UpiPj, M (i, 7) :/ DiDj- (3.30)
Qh Qh Qh Qh

Then, Eqn. (3.29) is equivalent to
M, < (C(k,s,d,8))> h™2*3,, (3.31)

where A < B means that B— A is positive semidefinite. The change of variable
x = hz leads to u;(z) = h* "0y, ;(2) where uy ; is the solution of the following
PDE on Q; ={z/h : = € Q4}:

(-1 Z D*uy () = pi(x) x €,
o=k (3.32)
Ut; € H{f(Ql),

and o; is the degree of p;. Therefore, it is easy to check that
Sh(za]) = h2k+0i+0j+dsl(i7j)7 Mh(lvj) = h0i+0j+dM1(iaj)7 (333)

where S1(4,j) = [ [o, Gipip; = [o, wiip; and My(i, j) = [, pipj, which are
independent of h. Notice that both S; and M; are symmetric positive definite,
and let \,q. (M7, S1) > 0 be the largest generalized eigenvalue of M; and Sj.

C(k’,S,d, Ql) = \/)\ma:c(MhSl)a (334)

By choosing
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we have

My < (C(k, s,d,Q,))” Sy (3.35)

Combining ((3.33)) and (3.35)), Eqn. (3.31)) naturally follows. In Proposition (i3.3.1])
in next subsection, we prove that C'(k, s, d,€);) can be bounded by C(k, s, d, ¢),

and this proves the lemma. O

For the case s = k = 1, we can take

C(1,1,d,6) = 2+/d(d + 2)6 142,

as proved in Proposition (3.3.1)). In this case, we have the estimate

, 5H2R2|0y|
|unlt 0, = Tdd+2)
where |€2,| is the volume of €2),. The above bound is tight: when 2, is a ball
with diameter h, the equality holds true. Making use of the mean exit time of
a Brownian motion, the author of [99] obtained a different bound
, it p2tdy
|Uh|1,2,(zh > T o5t2d
where V; is the volume of a unit d-dimensional ball. The two estimates have
the same order of § and h, but our estimates from Lemma|3.3.1|is much tighter.
Moreover, Lemma|3.3.1| give estimates for any order k£ and any degree s, which
plays a key role in proving the exponential decay in high-order cases, but the
mean exit time of a Brownian motion is difficult to generalize to get these

higher order results.

More On Lemma [3.3.1]
In this subsection, we prove that C'(k, s, d,€);) can be bounded by C(k, s,d, ¢)
,and we give an explicit formula of C(k, s, d, ) for the case k = s = 1. Before

we do this, we need the following comparison lemma.

Lemma 3.3.2. Let ) be a smooth, bounded, open subset of R? and S is a
smooth subdomain in Q. Let Gq be the Green’s function of L = (—1)k > o=k D2
with the homogeneous Dirichlet boundary condition on 02 and Gg be the

Green’s function of L with the homogeneous Dirichlet boundary condition on

dS. Then for all f € L?(Q),

/ / Gs(x,y) f(z) fy)dady < / / Golr,y) f(x)f(y)dady.  (3.36)
S JS QJQ



75

Proof. Let f € L*(Q). Let 1q be the solution of Lyg = f with the homoge-
neous Dirichlet boundary conditions on 0€2 and ¥g be the solution of Lyg = f
with the homogeneous Dirichlet boundary conditions on 9S. Observe that 1
and g are the unique minimizers of Io(u, f) = %Zw:k Jo | Dl — [yuf
with
o = argmin Ig(u, f), g = argmin Iq(u, f)
u€HE(Q) ueHE(S;Q) (3.37)
HE(S;Q) :={uec H¥Y(Q):u=0o0nQ\S}.

Moreover, we have

o(Ya, f) = ——/¢Qf— __//GQ z,y)f(z) f(y)dzdy, (3.38)

a(¥s, f :__/7/]Sf—__//GS z,y)f () f(y)dzdy.

Since HE(S; ) is a subset of HE(Q), we obtain

Io(Ya, f) < Ia(¥s, f), (3.39)

which proves the lemma. O

Notice that Lemma in fact holds true for the general operator

—D)lID?(a,. () D) with various boundary conditions. Notice that
y y
0<|o|,lvI<k

Q) is a smooth, bounded, open subset of R? that satisfies B(0,d/2) C Q; <
B(0,1). By Lemma [3.3.2] we are able to bound the energy norm on € by
that on B(0,d/2) and B(0,1). To simplify the notation, we omit the subscript

“1” in the rest of this section.

Proposition 3.3.1. C(k,s,d,2) (defined in Eqn. (3.34)) can be bounded by
C(k,s,d,d) which only depends on k,s,d and §. Moreover, we can set

C(1,1,d,6) = 2+/d(d + 2)6 142, (3.40)
Proof. From the definition (3.34)), we have

fQ p2

(C(k, s, d, Q))%Amm(M,S):pre%%xl [NAE ( e (3.41)

where G(x,y) is the Green’s function of £ = (—1)* > lol=k D?* with the ho-
mogeneous Dirichlet boundary condition on 0€2. Notice that B(0,6/2) C Q2 C
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B(0,1). Utilizing Lemma |3.3.2 we have

2
p°(x)dx
Amaz(M, §) < max S50 P*(@)

= )\mam(]/\ia §)7
PPt [p00/2) J10.0/2) Gor2(@, y)p(2)p(y)dady

where G'5/; is the Green’s function of £ with the homogeneous Dirichlet bound-
ary condition on 0B(0,0/2), /\max(M\ ,S) > 0 is the largest generalized eigen-
value of M and S with

S(i,7) _/ / G5 /2pip; _/ Us )y Djs M(i, 5) _/ DiDj-
B(0,5/2) J B(0,5/2) B(0,5/2) B(O,(l?)) 2)

Here, {p1,p2, ..., pq} are all the monomials defined in Lemma and u;,, =
L7 'p; with the homogeneous Dirichlet boundary condition on dB(0,46/2). Tt
is obvious that )\max(]\//T , S ) only depends on k, s, d and 0. Therefore, we can
choose

C(k, s,d,8) = \/ Amaa(M, S). (3.43)
Since €2 has diameter at most 1, there exists o € €2 such that Q C B(zg,1/2).
Therefore, we have [,p*(z)dz < [y, | pj\(x)dx Therefore, we have a
tighter bound for M in the case s =1: M < M := fB(x0,1/2) dr = Aq_1/(d2%),
where A, is the surface area of the (d — 1)-sphere of radius 1 (set Ay = 2).

For the case s = k =1, (defined as £71p; with the homogeneous Dirichlet

Us a1
boundary condition on dB(0,§/2)) can be solved explicitly:

u6/2,1 = ((5/2)2 - TQ) /(Qd)

Then we have

R 1 5 d+2 -
S=marm(5) Aev M= A2

Since )\maz(J\//T, §) = ]\/4\/§ in this s = 1 case, Eqn. (3.40) naturally follows. [
3.4 The Strong Ellipticity Condition

In our proof, we need the following strong ellipticity condition of the operator

L to obtain the exponential decay.

Definition 3.4.1. An operator in divergence form Lu:= > (=1)l°lD(a,.(x) D7)

0<lol,lvI<k
1s strongly elliptic if there exists 6, > 0 such that

N (@)l > Oin Y 2 VoeD,¢eRTT) (3.4)

lo|=lvI=k |lo|=F
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where ¢, and ¢, are the o 'th and ~th entry of ¢, respectively. One can check

that (k+]‘j_1) is exactly the number of all possible k-th derivatives, i.e. #{Du :

lo| = k}.

For a 2k-th order partial differential operator Lu = (=1)* 3" a,D%u, L is
lal<2k

strongly elliptic if there exists a strongly elliptic operator in divergence form L

such that Lu = Lu for all u € C%*(D).

Remark 3.4.1. For a 2k-th order partial differential operator Lu = (=1)% Y a,Du,
la|<2k
its divergence form may not be unique. It is possible that it has two divergence

forms, and one does not satisfy the strong ellipticity condition (3.4.1) while
the other does. For example, the biharmonic operator L = A% in 2d physical

domain have the following two different divergence forms:

Lu= > D(agyDu)= Y D(tp(x)D"u), (3.45)
lol=lvI=2 lo|=|v|=2
where
110 100
(@oy) = |1 1 0], (@)= [0 1 0], (3.46)
000 00 2

when {Du : |o| = 2} is ordered as (02,02, 0y, 0y,). Obuviously, the first one

does not satisfy the strong ellipticity condition (3.4.1) while the second one

does. These two divergence forms correspond to two bilinear forms on HZ(D):

B(u,v):/ AuAv, E(u,v):/ D?u : D*v, (3.47)
D D

2 . 2., *u ﬂ
where D*u : D*v = Z” 92,07, 01,0z, °

The strong ellipticity condition guarantees that for any local subdomain S C

D, the semi-norm |- |2, can be controlled by the local energy norm || - || (s
Lemma 3.4.1. Suppose Lu= Y. (=1)l°1D?(a,,(z)Du) is self-adjoint.
0<|o],lvI<k

Assume that as~(x) € L>®(D) for all 0 < |o|,|y| < k and that for any x € D

o L is nonnegative, i.e.

Y (@)6¢ =0, veer(E, (3.48)

0<|ol,|v[<k
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o L is bounded, i.e., there exist 0y mar > 0 and Oy ez > 0 such that

N 0 (@)l < O Y G omar Y C2 V¢ e RO,

0<ol.lrI<k o=k ol <k

(3.49)

e and L is strongly elliptic, i.e. there exists 0,,;, > 0 such that

> (@06 2 by 2 Ve eRUED (350)

lo|=lvI=k lo|=k

For any subdomain S C D and any 1 € H*(D), define

e = 3 / () D7D, (3.51)

0<|o], Iy <k

Then the following two claims hold true.

e If L contains only highest order terms, i.e. Lu= Y. (=1)°ID?(a,(x)D7u),

lo|=|v|=k
then we have

Wleas < Ot 10lmes), Vo € HE (D). (3.52)

o [f L contains low order terms, for any regular domain partition D =
h2(17h2k) ggnzn

1—h2 - 1690,ma19k,mazcg7 and

L™, with diameter h > 0 satisfying

any subdomain S = U _, 7;, we have

JEA

Vi gli2s < (2/Opmin)""* | Viqllzs), VigS,1<q<Q. (3.53)

Here, A is any subset of {1,2,...,m}, and ¢, , is defined by Eqn. (3.8)).

Proof. The first point can be obtained directly from the definition of strong
ellipticity. In the following, we provide the proof of the second point. For S
stated in the second point and any ) € H*(D), we have

[6lis = > [anDro0ws 3 [anDoun

lol=lvI=k loklvi<k

J/

J J2

S / o + 00 ) DTUD).

lol=k|v|<k

(3.54)

J/

-

J3
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From the strong ellipticity (3.50]), we have

Jl Z 9min|¢‘i7275- (355)
From the nonnegativity (3.48]), we have
Jo > 0. (3.56)

Combining the nonnegativity (3.48) and the boundedness (3.49)), we can prove
that

1/2
Z (CLU’Y + awa>Da¢D7¢ S 2 ‘90,max‘9k,max Z ‘DUIMZ Z |D01/1|2
lo|=k,|v|<k lo|=k lo|<k
Therefore, using the Cauchy-Schwartz inequality, we obtain
5] < 200 masOh e 2,5 10 125 (3.57)

Thanks to the polynomial approximation property, for any i € S and 1 < ¢ <

Q, we have
h%(1 — h2F)
[biglli-12s < 02_—hlwzq|kzs (3.58)

h2(1—h2k) 02,
Combining Eqn. and - for ——5— < 1690 P oL we have

emin
] < R R (3.59)

Combining Eqn. (3.54), (3.55)), (3.56)), and (3.59)), we prove the second point.
[l

Remark 3.4.2. When L contains low order terms but there is no crossing
term between D°u (|o| = k) and D°u (|o| < k), i.e., J3 =0, we can directly
get the same bound in Eqn. (3.52) for all h > 0.

The strong ellipticity condition above is different from the standard uniformly
elliptic condition (see Definition 9.2 in [113]), i.e., a linear partial differential

operator Lu = (—1)% Y a,D%u is uniformly elliptic if there exists a constant
| <2k
Opmin > 0 such that

D aa(2)€" > Opinl€*, Vo€ D £eRY (3.60)

|a|=2k
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On one hand, it is obvious that a strongly elliptic operator with smooth coef-
ficients is uniformly elliptic, by taking ¢, := &7 in Eqn. (3.44). On the other
hand, the relation between the uniform ellipticity and the strong ellipticity
turns out to be closely related to the relation between nonnegative polyno-
mials and sum-of-square (SOS) polynomials. In fact, the strongly ellipticity
condition (3.44)) is equivalent to that there exists 6,,;, > 0 such that

Z A5 (2)E°E" — Opin Z €% = Sum-Of-Squares (SOS) polynomials.
lo|=|v|=Fk lo|=k
Using the famous Hilbert’s theorem (1888) on nonnegative polynomials and
SOS polynomials, we have the following theorem. Readers can find the proof
and more discussions in Appendix [A.T]

Theorem 3.4.2. Let a, € C1*=*(D) fork < |a| < 2k, a, € C(D) for|a| < k,
and Lu = (=1)* 3" a,Du for all u € C?**(D). Then in the following two

| <2k
cases, if L is uniformly elliptic it is also strongly elliptic.

e d=1 or2 : one or two dimensional physical domain,

e k=1 : second order partial differential operators.

For the case (d, k) = (3,2), i.e. fourth order partial differential operators in
3 dimensional physical domain, all uniformly elliptic operators with constant

coefficients are also strongly elliptic.

For the case (d, k) = (3,2), we are not able to prove that strong ellipticity is
equivalent to uniform ellipticity for elliptic operators with smooth and multi-
scale coefficients, but we suspect that it is true. For all other cases, there are
uniformly but not strongly elliptic operators. Fortunately, for small physical
dimensions d and differential orders k, strongly elliptic operators approximate
uniformly elliptic operators well, and counter examples are difficult to con-

struct.

3.5 Exponential Decay of The Basis Functions
Exponential decay of basis functions I

In this subsection, we prove the exponential decay of basis functions con-
structed in Eqn. (3.8)) for higher order elliptic operators that contain only the

highest order terms. We will leave the proof for the general operators to the
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next subsection. The proof follows exactly the same structure as that in the

second order elliptic case.

Theorem 3.5.1. Let Lu = (—1)" > D%(ap,D7u) and a,(x) € L=(D)
lo|=lvI=k
for all |o| = |y| = k. Assume that for any x € D

o L is bounded, i.e., there exist nonnegative Oy ;mqq such that

Y ()6l < Orman Y 2 VCeRUTET) (3.60)

lo|=|v|=k lo|=k
e and L 1is strongly elliptic, i.e. there exists Oy i > 0 such that

3 4 (@)CoCy = O > €2 WCeRUTT)L (362)

o=l |=k jo|=k
Then for any 1 <i<m and 1 < g < (@Q, it holds true that

1Vigll B (D (Basrye) < exp(l — )||¢zq||H(D (3.63)

with V12 —1 > (e — 1)C,C,(Cy + C(k,d, 0)) M. Here, Cy and C, only
depends on k and d, C, is the constant in Eqn (3.20) and C(k,d,d) =
C(k,k,d,d) from Lemma 3.1.

Proof. The proof follows the same structure as that of Theorem and 99
(Thm. 3.9). Let k € N, I > 0 and i € {1,2,...,m}. Let Sy be the union
of all the domains 7; that are contained in the closure of B(x;, klh) N D, let
S1 be the union of all the domains 7; that are not contained in the closure of
B(z;, (k+1)lh)N D and let S* = S§N SN D (be the union of all the remaining
elements 7; not contained in Sy or S;). In the following, we will prove that
for any k > 1, there exists constant C' such that ||¢i7q||%f(sl) < C||¢i,q||fq(s*).
Then the same recursive argument in the proof of Theorem [2.3.1] can be used

to prove the exponential decay.

Let n(x) be a smooth function which satisfies (1 ) 0<n<1,(2) 0Bk =0,
(3) Ml e(enerrymy = 1 and (4) D7yl p(p) < gier for all o

By integration by parts, we have

[matia= ¥ [ an@Dr i) D0y

lo|=lvI=k
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Making use of the binomial theorem D7 (ni); ,) = nD% ;. q+zal+02 - (‘71) D7D 4,

lo1|>1

S [ wn @D ) Dy = [ g,
b "

lo|=lvI=k

we obtain

P

Z Z < ) / (g (2) DT D24); DVah; 4 . (3.64)

lo|=]vI= k”1+f’2 4

-~

Iy

Since Y apy(x)D; oDV 4 > 0 for every x € D, the left hand side gives
lo|=lv|=k
an upper bound for [[¢; 4|13 (51 Since D7n =0 (|o1| > 1) on both Sy and 5y,

we obtain

Lo=- > > ( ) / (g (2) D7 D24 DVib; (3.65)

jol=hyl=k 71+05=0
lo1|>1

2\ 1/2

Z/ 2 (;)D‘”"D%q sqll15) /Brandi3-66)

o=k V5" o1 +o0=0
|O’1‘>1

IN

k 1/2
= GG, <Z<lh)2s/|¢i,qlis/,z,5*> [¥igllz(s) v/ Ormaz - (3.67)

s'=1

Here, C'; is a constant only dependent on k and d. We have used the Cauchy-
Schwarz inequality and the bound in Eqn. . We will defer the proof
of the last step in Eqn. to the Appendix. Since 9;, L Pi_1 locally in
L?, we obtain from Theorem that

|¢i,q|k—s’,2,5* S Cph8/|¢i,q‘k,2,5*-

Therefore, we get

. 1/2
Il S C116177 \V ek,maxcp (Z l_28,|¢i,q|i,2,5*> H@ZJuqHH(S*) (368)

s'=1

CIC \V 9/€ maazc
S |7~pz q|k2S*
A /12 _
r_ 107 1

In the last inequality, we have used Zﬁ,zl [7% = o1 <

Vigllms (3.69)
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By the construction of v;, given in (3.8)), we have [, v;.p;qy = 0 for i # j.

Thanks to ([2.18), we have Ly, € ®. Therefore, we get [y )i L1y = 0.
Denoting 7, as the volume average of 7 over 7;, we obtain

[2 :/ m/fzqﬁ/%q Z / n—n; wzqﬁwlq = lTI Z ||¢iquL2(Tj)|‘£wi7Q‘|L2(7j)'

T;ES* T;€8*

(3.70)

By using Lemma [3.5.1] which is stated in the beginning of Section [3.5] we

have [|L¢igllr2(r) < \/OkmaaC (K, d, 0)h™F||hi gl tr(r;) for any h > 0 because £
contains only the highest order derivatives. Then we obtain

\/HkmaxC C(k,d,0)

[h*

\/HkmaxC C k,d,0)C

||¢quL2(s*)

Viglla(s
(3.71)

’¢1q|k25* ¢z q“H S5*)s

where we have used Eqn. (3.20]) in the last step.
Combining Eqn. (3.69)) and (3.71)), we obtain

/0 ,mazx
L+ 1, < l: C C (CI + C(k d, 5))‘wi7Q|k72,S*

By the strong ellipticity (3.62) and Eqn. (3.52)), we have [1); 4|x 2.5+ < < g2 Vs gl E(5%)-

k,min

wi,qHH(S*)'

Therefore, we have

0 max
IWsallirsn) < MTCUOM+c<k,d,5>>||¢i,q||%m*>. (3.72)

By taking /12 > (e = 1)C,Cp(Cy + C(k,d, 5)),/6”;% the exponential

decay naturally follows. m

Exponential Decay Of Basis Functions I1

The following theorem gives the exponential decay property of 1, for an
operator £ with lower order terms. Similar to the proof of Theorem [3.5.2]
we need the polynomial approximation property and the Friedrichs’
inequality to bound the lower order terms, and we get an extra factor
of 2 in our error bound.

Theorem 3.5.2. Suppose Lu= Y. (=1)I°1D(a,.(z) D) is self-adjoint.

0<lo],lv|<k
Assume that as~(x) € L>®(D) for all 0 < |o|,|y| < k and that for any x € D
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o L is nonnegative, i.e.
Y an(@)6¢, 20, VeeD, v¢eR(D, (3.73)
0<]ol,|vI<k

o L is bounded, i.e., there exist 0y ey > 0 and Oy yee > 0 such that

N o (2)CoCy < Ormar Y Ctlomar Y 2 WreD, W eR(E),

0<|ol,lvI<k lo|=k lo|<k

(3.74)

o and L is strongly elliptic, i.e. there exists Oy min, > 0 such that

N (@)CoCy 2 O Y ¢ VC R (375)

lo|=|vI=k |o|=k

Then there exists hg > 0 such that for any h < hy, 1 <i<m and1l <q<Q,
it holds true that

||77DHZHH (DAB(zir))e) = exp(1l — lh)”%q“H(D (3.76)

with V12 —1 > 2(e — 1)C,C,(Cy + C(k,d,6)) %. Here, Cy and C,, de-
pend on k and d only, C, is the constant given in Eqgn. , C(k,d,d) =
C(k,k,d,0) is given in Lemma 4.1 and O ez = max(0o maz, Okmaz). LThe
constant hy can be taken as

hQ o h2k 1 h2(1 o th) ek o 9]3
ho — h>0: —— < — " ) < mj ’ min
0 S“p{ L= =2 1= = 200,00 C2 1600 marOnmanC2 ) |

where Cy is the constant in the Friedrichs’ inequality (3.19).

Proof. The proof follows the same structure as the proof of Theorem [3.5.1]
All we need to do is to use the polynomial approximation property and
the Friedrichs’ inequality to bound the lower order terms when they
appear. First, the I; in Eqn. contains all the lower order terms and its
estimation should be modified as follows:

Lo=- > > ( > / (g (1) DT D2 DV (3.77)

0<lol,|vI<k 01+02 o

o 1/2
< | X / ( ) D7D | | (Wsgllis v/ Frmdd.T8)
‘U|<k‘ o1+og=0
lo1|>1
1/2
S (ZZ lh —2s’ |77Z}Z q|5 S’QS*> ||¢Z,q||H(S’*) Qk,maz- (379)
s=1 s’'=1
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Here, 0k maw = max(0o maz, Ok maz).- We have used the Cauchy-Schwarz in-
equality and the bound in Eqn. . We will defer the proof of the
last step in Eqn. to the Appendix. Since 9;, L Py locally in L? we
obtain from Theorem [3.2.T] that

. , 8" /
1, TTO 54y — ) 1<y — — —
’w q|s S2S*<Cph ’wzq|s2s*, VO<S <8<l€.

Therefore, we have

1/2
]1 S Clc'r]\/ ‘gk,marcp (Zzl 2/ |¢zq|325*> H¢i,q||H(S*) (38())

s=1 s'=1

1/2
C C \/ ek mamC
= 1 (Z qu‘szs ) Vil (s (3.81)

CIC \ 2816 maxO
S sz q’kQS*
VI2—

If we compare the above estimate with Eqn. (3.69)), we conclude that Eqn.
contains all the lower order terms. We will use the polynomial approximation
property and take h h% <1/ 02 to guarantee that Eqn. (3.82)) is valid.
When £ contains lower order terms, by Lemma , we have || L1; g/l 22(r;) <
V 20kmaxC(k, d, 6)h = ||4hi gl () for any h > 0 satisfying hz(ll:h};%) < 29?)’“7::;“:0;
Therefore, using Eqn. (3.71]) we get

\/29kmaxC C k,d,o0)C

wl qHH S*)- (382)

2105 glk2,5+ [ Wiq (57 (3.83)

h2(1—h2k) ak,maz :
T < Wo,mar 2 Finally, we need to use Eqn. (3.53))

instead of Eqn. (3.52) to bound |v; ¢|k2,s+. We get

when h satisfies

ek,mam

; 2 <2,
[Viq /(s < (12 = 1) 0 min

CyCp(Cr+ C(k, d, ) [Yigllirse),  (3-84)

here we have imposed another condition on A, i.c., “20="2") min
where we have imposed another condition on h, i.e., —=p— < G,
By taking V{2 — 1 > 2(e — 1)C,,C,(Cy + C(k, d,9)) M, we prove the ex-
ponential decay. O]

Remark 3.5.1. As we have pointed out in Remark [3.4.9, when L contains
low order terms but there is no crossing term between D°u (|o| = k) and

D%u (|o] < k), Eqn. (3.52) can be used to bound |; 4|25+ In this case, the
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constraint on | s

VEZT > v3(e = 1)C,Co(Cy + C(k, d, 5)) | Lrmas

ek,min

and the hg can be taken as

2 _ 12k 2 12k
hozsup{h>0;u 1 h*(1—h )< Ok,maz }

<
I—h = C2 1-12  ~ 200muC)

Lemmas

In this subsection, we will prove the following lemma, which is used in the
proof of Theorem and Theorem [3.5.2]

Lemma 3.5.1. L is defined in Eqn. (3.1)) and the space V is defined as above.
Assume that for any x € D

Z a07($)C0C7 S ek,max Z Cg‘{'go,max Z Cg, VC € R(k:d> (385)

0<|o], 1yl <k o=k o<k

Let Cy be the constant in the Friedrichs’ inequality (3.19). Then for any

domain partition with h2(11__h}§2k) < 29?)’,“7’”";?”0]%, we have
1£0]|22(;) < V/20kmaaC(k, d, )R 0] pr(ryy, Vo €W, Vji=1,2,....m,

(3.86)
where C(k,d, ) = C(k,k,d,d) from Lemma 4.1.

If the operator L contains only the highest order terms, i.e. Lu= (—1)* > D(a,,Du),

lo|=IvI=k
we have || L] 127, < \/OkmazC(k, d, 8)h ||v| (s for all h > 0.

We will use Lemma 4.1 to prove this result, but we need to deal with the
variable coeflicients a,. and the low order terms a,-, with |o|+ |y| < 2k before
we can apply Lemma 4.1. Our strategy is to transfer the variable coefficients
to constant ones by the variational formulation (see Lemma [3.5.2), and to use
the polynomial approximation property to deal with the low order terms; see

Lemma [3.5.3] For this purpose, we first introduce the following two lemmas.

Lemma 3.5.2. Let Q be a smooth, bounded, open subset of RY. Lu =
> (=D)lID(ag, () D7u) and Mu= > (=1)l°ID(b,. (x)D7u) are

0<|ol,lv[<k 0<]|ol,|v[<k
two symmetric operators on HE(QY). Moreover, we assume that the bilinear

forms induced by both L and M are equivalent to the standard norm on HE(Q).
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Let Gy and Gpq be the Green’s functions of L and M respectively. If for any

x € D we have
k-+d
Y @6 < Y (@), veeR(T) (387)
0<|o|,|vI<k 0<]o|,|vI<k

then for all f € L*(),

/Q /Q Gum(r,y)f(2)f(y)dedy < /Q /Q Ge(r,y) f(x) f(y)dady.  (3.88)

Proof. Let f € L*(Q). Let 1, and v be the weak solutions of Ly, = f
and M1 = f with the homogeneous Dirichlet boundary conditions on 0f2.
Observe that 1, and ¥, are the unique minimizers of I.(u, f) and Iy (u, f)
with

Ip(u, f) = % Z /am DauDvu—/uf u € HE(Q),
0<lol,lyI<k
_1 > / 2)D°uD" / f ue HE Q). 8
- oy ( u— [ uf wu
E 0<lo|,|vI<k
At the minima ¢, and ¥, we have
1
Ie(Ye, f Z——/l/mf——é > /am YDy,
0<\U| [v|<k 3.90
/ oy / y— (3.90)
MWr, f)=—5 [ bmf =— Aoy (T) DY DT 4.
0<\a’\ vI<k
Observe that

where the first inequality is true because ¢, is the minimizer of I, and the
second inequality is true because I-(u, f) < Iy(u, f) for any u € HE(Q).

Combining Eqn. (3.90) and (3.91)), we obtain [, ¥y f < [, % f. This proves
the lemma. O

Lemma 3.5.3. Let S, be a smooth, convex, bounded, open subset of R? with di-
ameter at most h. Let Gy, be the Green’s function of Lu = (—1)* D lolek DX ut
CZ|U|<k(—1)”D2”u with the homogeneous Dirichlet boundary condition on 02,
and G be the Green’s function of Lou = (—1)* > o=k D*7u with the homoge-
neous Dirichlet boundary condition on 0S2,. Here, ¢ > 0 is a positive constant.
Then for any f € L*(Q,)

. th fgh Gr(z,y) f(z) f(y)dady B
B T T, Grol ) f(@)f()dady (3.92)




88

Ja,, Ja, Gnzw)f(2)f(y)dzdy

h2(1—h%k)
' Ton T G F@) )00y > 1/2 for all h > 0 such that <

1—h2

Moreover

;
5.
2ch

Proof. Let 1, be the solution of L) = f with the homogeneous Dirichlet
boundary conditions on 9€2;, and ;¢ be the solution of Ly o = f with the

homogeneous Dirichlet boundary conditions on 0€2;,. Let

1 c
Teu.f) = glult s, + 5lul a0, — [ uf.
h

) (3.93)
I, f) = lult s, ~ [ uf
Qp
At the minima 1, and )3, we have
1 1 9 9
IEWh,f) = _5 Unf = —5 (|¢h|k,2,9h + C’Wh”k—m,ﬂh) )
I (3.94)

1 1
Iro(Yro. ) = 2/ Ynof = —§\¢h,o!i,z,9h~
h

Note that Eqn. (3.94) implies that Iz (¥no, f) < 0. By the definition of

Green’s function, we further have

/ / Gl ) f (@) f()dedy = [ nf = —200(0n 1) = [nlenm, + clinl? 100,
Qn J Qp,

/Q /Q Crolwsy)f (@) f)dady = [ dnof = —2Ley (Unor ) = ol ae

Qp

(3.95)

. o, Ja, Gr(zy)f(2)f(y)dady
Since I, (u, f) < Iz(u, f) for any u € HE(2), we have fgthfgthch,o(z,y)f(:c)f(y)d:cdy <

1 for any h > 0. Applying the Friedrich’s inequality (3.19) to [[¥n0lli 1.0,
we get

cC2h2(1 — h**)

—21:(Vno, f) = =21z, (Ynp, f) — 172 [Ynolrog,
cCJ%hQ(l — h2F)
=-2|1- e Mo (¥n0: f)-
Here, we have used Eqn. (3.95)) in the last equality. Therefore, we have
Jou Jo, Grl@ ) f @ ()dedy  —2@p(n f) _ —2elino.f) . cCFR*(1— ™)
Joo Joo, Gro (e ) F @) f(y)dady — —2Iz,(6no, ) — —2z,(Yno. f) — -

where we have used Ip(¢n, f) < Iz(Yno, f) in the first inequality. By using

the above upper bound, we prove the lemma. O
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Now we are ready to prove Lemma [3.5.1]
Proof of Lemma [3.5.1 Letv=> ", Zle Ciq¥iq- Thanks to Eqn. (2.18),
we have

Lo = Z Z €O, JQ’(‘O] 7

9 j,q

Let g; = 2321 > iq CigOrqiiq Pivy- Due to the construction of ; , we have

||£UH2L2(TJ-) = ||9j||2L2(rj)- (3.96)

Furthermore, v can be decomposed over 7; as v = v; + v2, where v; solves
Ly = g;(z) in 7; with vy € HY(7;), and vy solves Loy = 0 with vo—v € HJ(7;).
It is easy to check that [|v||% ) = [vill%,) + [[v2ll%(,,)- We denote G as the
Green’s function of the operator £ with the homogeneous Dirichlet boundary

condition on 7;, then

ol = [ w@ade = [ [ Gilenay@aytdady.

Thanks to Lemma [3.5.2, we have

2
v >
” 1HH(T] = ekmax

/ / G (2,19 (2)g;(y)dady, (3.97)

where G7 is the Green’s function of the operator (—=1)% > D7 y+gumes Okmaz S~ (_1)o D20y

O max

lo|=k o<k
with the homogeneous Dirichlet boundary condition on d7;. Thanks to Lemma/[3.5.3]

for all h > 0 such that 2 11 h}; 5 < 29‘(’;’;’””;‘;%? we have

//G* z,y)g;(x)g;(y)dedy > = // (x,v)gj(x)gj(y)dzdy, (3.98)

where G7 is the Green’s function of the operator (—1)* 37, _, D*’u with the

homogeneous Dirichlet boundary condition on d7;. Denote v; o as the solution

of (=1)* ZM K Dz"vl 0 = g; on 7; with the homogeneous Dirichlet boundary
condition, i.e., vyo(z f G3o(z,y)gi(y)dy. Since g; € Py in 7; in this

case, Lemma 4.1 shows that
9y < C R 007 [ [ Gl pas@topieay. 699
Combining Eqn. (3.97)), (3.98)), and (3.99), we have

1911 Z2(ry) < 2(C(k, K, d, ) B gm0 |31r,) < 2(C (R, K, d,0))* B b mac 0] s,
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Therefore, we have proved Lemma|3.5.1l We point out that when the operator
L contains only the highest order terms, i.e. Lu= (—1)* > D%(a,,D"u),

lo|=|v|=Fk
we do not need to pay a factor of 2 in Eqn. (3.98)), and thus ||ng%2(Tj) <
(C(k, k,d,0))? h*2k0k7mam||v||%l(7j) for all A > 0 in this special case. O

Let £y'f € HE(r;) be the unique weak solution of the following elliptic equa-

tion with the homogeneous Dirichlet boundary condition:
Lu = f(z) vern, uc HEn). (3.100)

We define M,, Ay € R2*? below:

My(q,q') = / Pi g Pisg s Ao(q,q) = / 0igLo (apiy). (3.101)

(3 Ti

Let Apaz(Mo, Ag) be the maximal generalized eigenvalue of the eigenvalue
problem Mya = AAga, which can be written as
v’ Myv el 72y

)\ma:c(M[),AO) = 8Sup —&—— = Sup 5 - (3102)
vER® UTAOU wEP (i) |£0 1S0||%[(7'1)

The proof of Lemma also implies that

V Amaz (Mo, Ao) < \/20k o C(k, d, 6)h 7" (3.103)

If the operator £ contains only the highest order terms, we have

\/)\max(Mm AO) S \/Gk,maxc(ky d7 6)hik (3104)

3.6 Localization of The Basis Functions

Lemma 3.6.1. For any domain partition with RO o Onmaz i olds

1—h? - 290,mazc‘?7
true that

loc 2d+10k7max 2 —d/2—k

If the operator L contains only the highest order terms, it holds true that
249 1/2 d k
el < C(k, d, 5) ( m) W42k for any h > 0.

2,9 V64

Proof. Consider
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where A;?' is the inverse of Ay (defined in Eqn. (3.103)) and £;'p;, is the
weak solution of the local problem with right hand side ¢; . From
the definition of Ay, we know that [ ;G = 044 Notice that (;, € Hf C
H{(S,). Therefore, ;4 satisfies all constraints of /% (see Eqn. (3.9)), and
thus we get

il < gl (3.106)

Making use of (ﬁglgoi,q, Eglgpi,q/)H = fT_ goi,qﬁglgoi,q/ = Ao(q,q), we obtain

/\mam<M07 AO)

[Guallir = Ay (0.0) < Anar(Ag™) = =525, (3.107)

where we have used My(q,q’') = |7:|6;; (due to the normalization (3.7)) in the
last identity. Combining Eqn. (3.104]) (or (3.103))), (3.106]), and (3.107) and
|7:] > V4(6h/2)?, we complete the proof of Eqn. (3.105)). ]

Theorem 3.6.1. Under the same assumptions as those in Theorem
there exists hg > 0 such that for any h < hg, 1 <i<mand1 <q < Q, it
holds true that

r—2h
20k

41 — i oy < Csh™*7F exp( ), (3.108)

where

1/2

2
2d+1‘9 max 2 ko max 0 mazx
Cy = Ok, d, §) | £ Thmaz 2010,y Clyy | 2mez 1) 4o, [ZRmer o g 6)C,
Vdéd ek,min k,min

Here, all the parameters are the same as those in Theorem [3.5.9

When the operator L contains only the highest order terms, i.e. Lu = (—=1)* > D%(a,,Du),
lo|=IvI=k

Eqn. (3.108)) holds true for all h > 0. In this case, the constant C'3 can be taken

as

1/2

2
62d6k mazx 1/2 kak max ek mazx

C3=C(k,d, )| ——=— c.c,C ’ 1 —C(k,d,d)C,
’ ( o ) ( ‘/déd ) e ek,min * i ek,min ( Y ) P

Proof. Let Sy be the union of the subdomains 7; that are not contained in .S,

and let S; be the union of the subdomains 7; that are at distance at least h

from Sp. (We will assume that Sy # () and S; # (). If Sy # 0, the proof is

trivial. We can choose r > 2h such that S; # (.) Let S* be the union of

the subdomains 7; that are not contained in either Sy or Si, as illustrated in
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Figure 3.1 Note that in this case, we have S; in the inner region and Sy in the
outer region. This is the opposite of the scenario that we consider in Figure

22

Figure 3.1: Illustration of S, Sy, S; and S*.

Let n be a smooth cut-off function such that 0 <n <1, n|s, =1, n|s, = 0 and
DN Lo (p) < h‘ 2 for all 0. Since 9% satisfies the same constraints as those
in the deﬁmtlon of 1 4, thanks to Eqn. we have

g = 02 ey = 16 By — sl (3.100)

Define ’17/);; as the (unique) minimizer of the following quadratic optimization:

by = argmln 14 17(s,)
H
Ve (3.110)

/¢¢]q’_5jqjq; V1§j/§m>1§q,§Q-

Note that (% = ;7. Let wjq = [ ni 0,4 and 3" = PRy 23:1 Wig s
Thanks to the orthogonality between ; , and ¢;,, i.e. the constraints in

Eqn. , we have
s T3

T;,CS* ¢'=1

Using (3) of Theorem , we have (¥}%, w;z Vi @zq o> Where ©" is defined
by Eqn. (2.17) with K : L*(S,) — L*(S,) being the inverse of £ with the

homogeneous Dirichlet boundary condition on 0.5,. Therefore, we have

Q
TR 3) DRTTRED b v ctt

T;CS* ¢'=1 T;CS* ¢'=1
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By (2) of Theorem we know that ¥%" is the minimizer of the following

quadratic problem:

" = argmin |9 s,
YeHE(Sr)

/ Y q = / N qig, V1<ji<m,1<q¢ <Q.
Sr D
(3.112)

Noting that 7, satisfies the same constraint, we have |[/%7||% < |[niq||%-

By using this estimate with (3.109)) and (3.111)), we obtain

oc i,—1
1iq = i oy < lIntsalli — Isalli +21 Y Zw]q'@zm (3.113)

T;CS* ¢'=1
N 7
TV

1P

11

It turns out that I; and I, play almost the same role as I; and I, did in the
proof of Theorem [3.5.2]and can be estimated in a similar way. We will estimate

these two terms as follows.

Let’s first deal with I;. Since n|s, = 1 and n|s, = 0, we have I, = ||771/1i,q||§](5*)—
1¥iallir(seuse) < 1M¥igllirse- In Appendix, we give a bound for ||t 4| s+
using a similar technique that we used to obtain Eqn. (3.82)) from Eqn. (3.77))
in the proof of Theorem [3.5.2l With this bound, we obtain

Cs C2
I < <7|¢i,q|k,2,5* + \/fwz‘,q@,z,&k + Cs[iglr2,s Vil (s + ||¢i,q||?{(s*)) ,

(3.114)
where C5 = C1C,Cpr\/2kO) e With the strong ellipticity (3.75) and the
bound ([3.53)), we conclude

2
ke max
I < (201077017 hmar 1) 1301 (57 (3.115)

gk,min

Applying the exponential decay of Theorem to || qll (s+), we get

2
kOk max 1r
= <2010 ¢ \/ek—+1> T il ) (3.116)
k,min

We now estimate Io. Combining (3) of Theorem with the definition of
H-norm ([2.8]), we have

i,—1 loc @,T loc @,
@zq jq’ ( i,q % q ) (£¢z Q0 ¢ )LZ(Sr)'
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Thanks to LY} |, € span{p; o } | and the orthogonality between ® and ¥""

we have

J,q"

loc 2,—1
Z qu jq' Pid' -

Since {%‘,q/}gzl is orthogonal and normalized such that [ ¢;,0;¢ = |7j10q.q,

we get

0 1/2
ICei 2y = 1] (Z(@iqﬁz) ) : (3.117)

q=1

Moreover, we obtain w;y = [ p Miqpje by definition, and thus we get

Q 1/2
|52 (Z |qu'|2> < Inigllrzey) < 1Wigllr2ey), (3.118)
q/_

where we have made use of 0 <7 < 1 in the last step. Combining (3.117]) and
(3.118]), we get

I = 2| Z Zwﬂ‘l @zqytz

T;CS* ¢'=1
0 12, g 1/2
7,—1
Y (z &) ) (z rw)
TjCS* =1 =1

<2 3 1ulgllonc il
T;CS*
Now, we arrive at exactly the same situation as I5 (see (3.70])) in the proof of
Theorem [3.5.1] With the same derivation from Eqn. (3.70) to Eqn. (3.71)), i.e.
applying Lemma [3.5.1| to || £4% | 12(;,) and Theorem to ||¢igll2(r,), we

obtain

12 < 2\/ 2‘9kmaxc k d 5 O |wzq|kz25 ” ZOCHH
(3.119)

loc

0 max
<4 0’“’ C(k,d, 0)Cpl[thi gl (sl

k,min

||H (5*)»

where we have used Hk,mam := max (0o maz, Ok maz ), the strong ellipticity (3.75))
and the bound (| in the last step. Applying the exponential decay of

Theoremto both 19iqll (s and |11 || m(s-), we obtain

_r—

2h oc
T [ igll o) 1035 ) - (3.120)

L <2 9’“””‘“0(1@ d,8)C,

k,min
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Combining Eqn. (3.113)), (3.116]) and (3.120)), and using Eqn. (3.105]) to bound

leteellmeoy and gl (ecall [iglaw) < [ n)), we complete the

proof of Eqn. (3.108|).
When the operator £ contains only the highest order terms, ie. Lu =

(-1D)* >> D7(a,yDu), Equn. (3.116) and (3.120)) hold true for all h > 0.

lo|=IvI=k

In this case, we can get rid of the factor “2” in both Eqn. (| and (| m

Therefore, we obtain the estimate on C3 stated in the theorem

Theorem 3.6.2. Let u € H{(D) be the weak solution of Lu = f and ¥
be the localized basis functions defined in Eqn. (3.9). Then for r > (d +
4k)lhlog(1/h) 4+ 2(1 + llog Cy)h, we have

2C

£ flu— < —Zpt 3.121

Jof lu = vl < N e 1f1z2(p); (3.121)

where Cy = Cg—fe(Qamm)l/Q, and Cs is defined in Theorem |3.6.1|, amn comes
from the norm-equivalence (3.9), and C, is the constant such that ||u| r2(p) <

Cellfllz2(py holds true.

Proof. Let vy = ", EqQ:l CigWiq and vg 1= > IZq | Cig foqc with ¢, =
[ upiq. Estimation ([3.23) gives that

C,h*
lu —villz < —=—|Ifllz2(p)- (3.122)
Using the Cauchy inequality, we have
m Q
lor—vallzr < max |[ig—2 l"CHHZZ [eig| < max|e)i—o) il Y QY Z 2,
' i=1 g=1 i=1 g=1

Thanks to the orthogonality of {gpi,q}qul (3.7), we have |Ti|’1/2(ZqQ:1 |cig|)V? <

|ull2(ry- Then we obtain

lor=vallir < max[|4hig—=45 [l QI/QZITIWIIUIIH < max |l — i1l (QID) Y ull 2y

Using the energy estimation ||ul[z2(py < Ce||f||z2(p)y and Theorem [3.6.1 we

obtain

Jor = sl < CoCQ 24 exp(="= 21 £l oo (3.123)

2lh
Combining Eqn. (3.122)) and (3.123]) together, we conclude the proof. O
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By applying the Aubin-Nistche duality argument, we can get the following

corollary.

Corollary 3.6.3. Let wﬁf’qc be the localized basis functions defined in Eqn. (3.9)).

Then for r > (d + 4k)lhlog(1/h) 4+ 2(1 + llog Cy)h, we have

2

el
I = Py K| < —Zh*, (3.124)

min

where all the constants are the same as those defined in Theorem [3.6.2,

Corollary [3.6.3|shows that we can compress the symmetric positive semidefinite
operator K with the optimal rate A% and with the nearly optimal localized

basis (with support size of order hlog(1/h)).

Remark 3.6.1. All the results and proofs presented above can be carried
over to other homogeneous boundary conditions. Given a Specific homoge-
neous boundary condition, one only needs to modify the proof of Lemmal|3.6. 1.
Specifically, when the patch 7; intersects with the boundary of D, the con-
structed function (; 4 should honor the same boundary condition on 0D. The
scaling argument in the proof of Lemmal[3.6.1] still works for other homogeneous

boundary conditions.

3.7 Numerical Examples

In this section, we present two numerical results to support the theoretical
findings, and to show how the sparse operator compression is utilized in higher
order elliptic operators. In Section [3.7, we apply our method to a 1D fourth-
order elliptic equation with the homogeneous Dirichlet boundary condition,
and show that our basis functions, when used as multiscale finite element
basis, can achieve the optimal h? convergence rate in the energy norm. In
Section we apply our method to a 2D fourth-order elliptic equation, and
show that the energy minimizing basis functions decays exponentially fast

away from its associated patch.

The 1D Fourth Order Elliptic Operator

Consider the solution operator of the Fuler-Bernoulli equation
d? d?u
@ (a(z)@> = f(x), 0<zx <1,

w(0) = w'(0) =0, wu(l)=1u'(1)=0,

(3.125)
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which describes the deflection u of a clamped beam subject to a transverse
force f € L?([0,1]). The flexural rigidity a(z) of the beam is modeled by

a(z) =1 + — sin (Z k=% (g sin(kx) + Cop cos(k:x))) , (3.126)

where {1, }5_, and {(ox}2, are two independent random vectors with inde-
pendent entries uniformly distributed in [—1/2,1/2]. This oscillatory coefhi-
cient is also used in [66] 94, 105], and has no scale separation. We choose

a =0 and K = 40 in the numerical experiment. A sample coefficient is shown
in Figure [3.2

15 llexural rigidity: a(x)

’ VA
1.4 / \ ‘\v/\ A / ‘\ ‘\
13 I (| ‘

1.2

11

0.9

0.8

0.7
0.6

Figure 3.2: Highly oscillatory flexural rigidity without scale separation.

We partition the physical space [0, 1] uniformly into m = 25 patches, where the
ith patch I; = [(¢ — 1)h,ih] with h = 1/m. In this fourth-order case, our the-
ory requires the piecewise polynomial space ® be the space of (discontinuous)
piecewise linear functions, which has dimension n = 2m. We have two ¢’s,
denoted as ;1 and ¢; 2, associated with the patch I;. Solving the quadratic
optimization problem , we obtain the exponentially decaying basis func-
tions. We also have two v’s, denoted as v;; and 1, associated with the
patch I;. We plot ¢, ; and ¢; » associated with the patch I3 = [1/2—h,1/2] in
Figure A. In Figure (B—C)7 we plot the basis functions 1301 and 322,

which clearly show exponential decay.

To demonstrate the necessity for U to contain all piecewise linear functions,
in the third column of Figure we also plot the basis functions associated
the patch I35 when @ is the space of piecewise constant functions. In this case,
we have only one ¢, denoted as ¢;, associated with the patch ;. In the third
column of Figure [3.3[A) and (B), we plot ¢35 and t35. Solving the quadratic

optimization problem (3.8), we obtain only one basis function v, denoted as
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[©32.1, P32 for piecewise linear ® and g3, for piecewise constant 9|

f 5 210 322 , 2
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Figure 3.3: One dimensional fourth order elliptic operator (3.125)).

1;, associated with the patch I;. In Figure [3.3[C), we plot the basis function
139 in the third column. Note that 35 also shows an exponential decay, but

its decay rate is much smaller than that of 135 ; and 1325.

We have sampled a force f € L*(D) from the same model as the flex-
ural rigidity. Using the MsFEM, we use two different sets of basis functions
{wi,q}ﬁ’iq:l and {1;}", to solve the corresponding fourth order elliptic equa-
tion , and get solutions w1 and wuy o respectively. We show their errors
in the energy norm, i.e. ||up1 — |z and |Jupo — ully in Figure[3.4, We can see
that ||up1 — u|| g decays quadratically with respect to the patch size h, while
luno—u| i decays only linearly. Therefore, to obtain the optimal convergence

rate h? in the energy norm, it is necessary to include all the piecewise linear
functions in the space @, as we have proved in Theorem and Eqn. (3.23)).
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Patch size vs Energy norm error

[

error in energy norm
= = =
& S &

<
&

107
102 107 10°
patch size h

Figure 3.4: Error of the finite element solutions: ||up o — u||g and ||up1 — ul|g.

The 2D Fourth Order Elliptic Operator
Consider the solution operator of the 2D fourth order elliptic equation on
domain D = (0,1)?

8§(a20(x,y)8§u(x,y)) + 8§(a02(x,y)8§u(x,y)) + 28wy(a11(x,y)8$yu(x,y)) = f(x,y),
u € Hy(D),
(3.127)

which describes the vibration u of a clamped plate subject to a transverse force
f € L*(D). The coefficients in the operator are given by

1, 1.1 +sin(2rx/e;) 1.1+ sin(27wy/eq)

6(1 1+sin(2ry/e;) 1.1+ cos(2mx/es)

1.1+ cos(2mx/e3) 1.1+ sin(2my/ey)
1.1 +sin(2my/e3) 1.1 + cos(2mx/ey)

ar(z,y) =1 —|— — sin (Z k=% (g sin(kx) + Cop cos(ky)))

ago(z,y) = aez(x,y) =

+ sin(4z%y?) + 1),

(3.128)

11 1 1 _ _ K
where ¢ = ¢, 6 = 3,6 = 77, 31 K =20, @ = 0, and {(ix};, and
{Cor 1, are two independent random vectors with independent entries uni-

formly distributed in [-1/2,1/2].

€4 =

Based on the uniform partition with grid size h, = h, = %, we construct the

piecewise linear function space ®, which has dimension n = 3m = 192. We
solve the quadratic optimization problem (3.8)) with the weighted extended

B-splines (Web-splines [62]) of degree 3 on the uniform refined grid with grid
1

3_2.
axis is utilized to compute the integral on each fine grid cell. The three basis

functions associated with the patch [1/2 — h,,1/2] x [1/2 — h,, 1/2] are shown

size hgf = hyy = The 2D Gaussian quadrature with 5 points on each



100
in Figure We also show them in the log-scale in Figure[3.6] We can clearly

see that the basis functions decay exponentially fast away from its associated

patch, which validates our Theorem [3.5.1

2 Yp Y3

Figure 3.5: The three basis functions associated with patch [1/2 — h,, 1/2] x
[1/2 = hy,1/2).

log(l,]) log(l¢,)) log(l4:4))

~ log(u)
) log(|¥l)

Figure 3.6: The three basis functions associated with patch [1/2 — h,, 1/2] x
[1/2 — hy,1/2] in log-scale.

We point out that the stiffness matrix for the fourth order elliptic opera-
tor gets ill-conditioned very quickly when we refine the grid size. Specif-
ically, for fine grid size h, ¢ = hy 5 = 6i4,
of 10°, and the exponential decay is heavily polluted by the numerical error.

its condition number is at the order

High-precision computing is required here to further refine the domain parti-
tion and to validate the optimal convergence rate. We will leave this as our

future work.
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Chapter /

SPARSE OPERATOR COMPRESSION OF ELLIPTIC
OPERATORS WITH HIGH CONTRAST COEFFICIENTS

In Chapter [2] we introduced the sparse operator compression to compress a
self-adjoint positive semi-definite operator K : L*(D) — L*(D) by localized
basis functions, where D is a bounded domain in R?. In this chapter, we
apply the Sparse OC framework to construct localized multiscale finite basis

functions for the elliptic equations with high contrast coefficients.

4.1 Problem Setting
Consider the second-order elliptic equation with the homogeneous Dirichlet

boundary condition
Lu:=—V - (aVu) = f, u € Hy(D), (4.1)

where the load f € L?(D). We consider the scalar rough coefficient a € L*°(D)

that is positive and uniformly bounded below and above, i.e.,

Amin < () < Qnas Ve e D, (4.2)

but the contrast ¢=e= can be arbitrarily large!

min

Key Ideas
To design a multiscale finite element method (MsFEM) whose convergence
rate is independent of the rough coefficient and its contrast is important for
many practical applications. For example, in porous media applications, the
permeability of subsurface regions often has multiscale features and contrast.
Existing methods for second order elliptic operators scale badly with the con-
trast of the coefficients. More precisely, in the existing methods [56|, |89 |98,
99] and in the application of Sparse OC to higher order elliptic operators in

a

Chapter , the coefficient contrast 2zez enters the proof of the exponential

m.
Amin

decay via the following norm equivalence and Cauchy-Schwartz inequality

amin/ u? < / au® < amm/ u® Vu € L*(D),
D D D

(4.3)
/ auv < Qg ||l 2oy |Vl 22(p)  Vu,v € L*(D).
D
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These inequalities lead to polynomial dependence between the decay rate and

the contrast.

In this chapter, we avoid using these contrast-dependent inequalities by intro-

ducing the a-weighted L? and H'! spaces

o) ={r: [op <oof. i~ {uemo): [avip <o},
(4.4)

and their associated norms/inner products

1/2 1/2
T :=\|f|\o,2,D,a=(/D an) , H&,azzuurm,aa:(L aw) .

(4.5)
Then we can avoid the contrast by using the Cauchy-Schwartz inequality in

these a-weighted spaces, e.g.,

/ auv < ullgz o0l zw)  Yu,v € LX(D).
D

By selecting the local measurement functions from the local eigenvalue prob-
lem (see Eqn. (4.6)), we naturally obtain a local projection-type approximation
property. By picking possibly more than one measurement function per patch,
the local projection-type approximation property has an approximation rate
independent of the contrast. To prove that the decay rate of the basis func-
tions is independent of the contrast, we still need an inverse energy estimate
independent of the contrast. We have proved this contrast-independent inverse
energy estimate for the two-phase coefficient model (first proposed in [46]) us-
ing asymptotic analysis. Moreover, we provide an efficient way to obtain the
decay rate of the constructed basis functions, and we can localize the basis

functions based on this known decay rate.

Our Construction
To construct such localized basis functions ¥'°¢ = [ylc, ... L], we first
partition the physical domain D using a regular partition {7;}7, with mesh

size h. On every patch 7;, we solve the following eigenvalue problem:
—VCLVZ :)\@CLI i,
(aVeig) ga()pig (4.6)
n-Vy;,, =0 ondr,

where n is the normal vector on the boundary of 7;. Assume that the eigen-

values are ordered as

0=Xi1 <Ao< - <Ag<.... (4.7)
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Let @; be the smallest number such that 1/); g,+1 < C3h?, Le.,
Qi = mln{q : 1/)\’i,q+1 S C?gh?}, (48)

where Cp is a user-specific constant. For example, one can take Cp = 1/m,

which is the Poincare constant for bounded convex domains.

Let ®; = span{y;, : 1 < ¢ < @;}, and we choose {p;, : 1 < ¢ < @Q;} is
an orthonormal basis of ®; in L?(7;). Then we apply the framework of the
Sparse OC with X = L2(D), H = H; ,(D) and local measurement functions
{piq + 1 < q < Q;}. Specifically, for r > 0, let S, be the union of the
subdomains 7; intersecting B(z;,r) (for some z; € 7;) and let ¥/ be the

minimizer of the following quadratic problem:

¢ = argmin |||
YeH;(D)

S.t. / G/w@qu/ = 574'(]7]‘(]/7 Vl S j S m, 1 S q/ S Q]’ (49)
Y(xr) =0, x € D\S,.

Collecting all the wﬁch for 1 <7 <mand 1 <q < Q; together, we get our basis
wloc_

In this chapter, we prove that for r = (C,1dlog(1/h) + C,2)h, the localized
basis functions ¥'¢ achieve the linear convergence rate to solve the elliptic

equation, i.e.,

2Cph
vV Amin

I fllz2y Vf € L*(D),
(4.10)
where u is the solution of the elliptic equation (4.1)), L,, is the stiffness ma-

trix associated with W' the constant C,.; is independent of n, and the

1/2
Hu_ !plocL;1<wloc)TfHH < QCPh (/ a1f2) <
D

constant ()5 depends on the contrast at most logarithmically, ie., C.o =

O(log(amaz [ Amin))-

For the two-phase coefficient model where its inclusions have smooth bound-
aries, our asymptotic analysis shows that (1) @); can be taken as the number
of high-conductivity inclusions in the local patch 7;, and that (2) the constant
C,1 is independent of the contrast of the coefficient. In this case, the radius
r = (Cy1dlog(1/h)+C, 2)h only depends on the contrast logarithmically, which

significantly improves the polynomial dependence in existing methods |56, [89,
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98,199]. Although we have not proved the independence between the constant
C,1 and the coefficient contrast for any coefficients with high contrast and
multiscale features, we provide an efficient way to compute the constant C, ;.

Therefore, one can still localize the basis functions on a local patch with radius

r = (Cr1dlog(1/h) + Ci.2)h.

Comparison With Other Existing Methods

Our method is inspired by the work in [47, |46], where the authors proposed a
domain decomposition preconditioner and the resulting preconditioned conju-
gate gradient method converges independent of the contrast. Our work differs
from their work in two aspects. First of all, in |47} 46|, the local eigenfunctions
i q are directly used as multiscale basis functions after multiplied by a set of
partition of unity functions, while in our method ¢;, are local measurement
functions in our method and the energy-minimizing basis functions 1; , are our
multiscale basis functions. Secondly, in |47, |46], the multiscale basis functions
are used to construct a domain decomposition preconditioner, and they show
that the preconditioned system has a condition number independent of the
contrast. In our method, the multiscale basis functions are directly used in
the Galerkin projection framework to solve the linear system, and we prove

that the solution error (in the energy norm) is independent of the contrast.

Recently, improved numerical methods based on the local orthogonal decom-
position (LOD [89], see section [2.3| for a brief review) have appeared to tackle
the high contrast coefficients, such as [110, 60]. Both methods use the LOD
framework and propose new Clément-type quasi-interpolation operators to
tackle the high contrast problem. Let 7, denote a regular triangulation of D
into closed simplices, N}, = {z;}7, denote the set of all interior mesh nodes in
T and V}, C Hj(D) the corresponding piecewise linear finite element space.
The method in [110] also makes use of the a-weighted L?*(D) space, and their
localized basis function !¢ is the unique solution of the following local energy-
minimizing problem:

Pl = argmin  [[¢|3
YeH; (D)

5.t /aAjw - /a)\j)\i, V1<j<m, (4.11)
Y(r) =0, z€D\S,

where S, is a neighborhood of the mesh node z; and ); is the nodal piecewise
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linear element centered at node z;. In [110|, the authors have proved that v; in
Eqn. has exponential decay rate independent of the contrast for locally
quasi-monotone coefficients (which essentially requires at most one connected
high-conductivity inclusion in a local patch). Despite its similarity with our
construction , especially the a-weighted inner product, we emphasize that
they only have one local measurement function (i.e. \;) per node, while we
may have multiple local measure functions {y;, : 1 < ¢ < @;}. This choice
of local measure functions allows us to work for local patches with multiple
high-conductivity inclusions while the modified LOD method in [110] cannot.
We point out although locally quasi-monotone coefficients cannot contain two
high-conductivity inclusions, they can take multiple values. From this aspect,

the proof in |110] applies to some cases that are not covered by our results.

In [60], the authors introduce a Clément-type quasi-interpolation operator
(based on Scott-Zhang node variables) for two-phase coefficients, and their
method does not need the a-weighted L?*(D) space. The proposed quasi-
interpolation operator forces the basis function decay within channels, and
they prove that the localization error for this operator is independent of the
contrast. The basic idea is to select the local measurement function for each
node in such a way that the operator admits a contrast independent Poincare-
type inequality in every local patch. In practice, this requires that each
connected high-conductivity channel and inclusion include a mesh node in
Ny, = {2z}, which is not true when the coefficient has many fine scale high-
conductivity inclusions but the mesh 7, is not fine enough to resolve them.
This limitation of the method in [60] originates from its construction where
there is only one measurement function per node. It is interesting to see
whether they can deal with the general case as we do here by allowing more
local measurement functions. Another limitation is that the construction of
their quasi-interpolation operator makes use of the two-phase coefficient model
in a crucial way. It is not clear whether their construction can be extended to

work for general coefficients.

The flux norm approach [13] is another way to avoid the norm equivalence
and Cauchy-Schwartz inequality , which leads to a contrast-independent
error estimate. The flux norm is also used in [10] to achieve a contrast-robust
‘H-matrix approximation of the solution operator of second-order elliptic op-

erators.
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Outline Of This Chapter

The rest of the chapter is organized as follows. In Section [4.2] we obtain a
local projection-type approximation property from the local generalized eigen-
value problem. We also provide a local inverse energy estimate that depends
on a computable constant. In Section [4.3] we prove that the global energy
minimizing basis functions 1); , decay exponentially fast away from its associ-

ated patch, and the decay rate only depends on the constant in the inverse
loc
Z7q
approximate 1; , accurately and preserve the O(h) convergence rate in the

energy estimate. In Section , we prove that localized basis functions

energy norm. In Section [4.5] for the two-phase coefficients with smooth inclu-
sions/channels, we show the constant in the local inverse energy estimate is
independent of the contrast using an asymptotic expansion. In Section [4.6] a
2D example with high permeability channels is provided to demonstrate the

contrast-independent decay rate.

4.2 The Projection-type Approximation Property And Inverse En-
ergy Estimate

We consider the following equation:
Lu:= -V - (aVu) = af, u € H&a(D), (4.12)

where the load f € L2(D). The model equation (4.1]) is just the above equation
with a weighted load a™'f. u € Hj,(D) is a weak solution of Eqn. (4.12)) if
and only if

/ aVu - Vv = / afv  Vve Hg,(D). (4.13)
D D
We define f uf?
alu
C%:= sup -2 _—_ (4.14)
s ueH} (D) Da|Vu|2
u;f’ﬁ(]

which is similar to the Friedrich’s constant in the Friedrich’s inequality [, |u|* <
C% [, |[Vul? for any u € Hj(D). A simple bound for Cp is

a 1/2
Cp < Cp ( ’”) , (4.15)

Amin
which depends on the contrast amaz/@min- We note that Eqn. (4.15) is very
crude in practice. Thanks to the Riesz lemma, we can prove that Eqn. (4.12])

has a unique solution u, and u satisfies the following energy estimate:

(/D a|Vu|2>1/2 < Cp (/D af2)1/2. (4.16)
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We define K : L2(D) — L%(D) as
Kf=u, (4.17)
which is exactly the solution operator for Eqn. (4.12). Intuitively, we can
think that Kf = L7 '(af). It is easy to check that K is self-adjoint and

positive definite, and thus we can apply the general framework introduced in
Chapter With X =L;(D) and H = H; ,(D).

A Projection-type Approximation Property

Recall that {(\i g, ¢iq) foo; are the eigen-pairs of the eigenvalue problem Lu =
adu with the homogeneous Neumann boundary conditions. From the com-
pleteness of the eigenfunctions, we know that {;,}o2, is a complete orthonor-
mal basis of L2(7;), and they are orthogonal in Hy ,(7;). Therefore, we have

the following lemma.

Lemma 4.2.1. Let ®; = span{yp;, : 1 < ¢ < Q;}. Then for any Q; > 1, we

have

1

V )\i:Qi+1

Proof. For any u € H,(7;), we decompose it as u = u, + u,., where u, €

lu — PYu| 2 <

1/2
(/ a\VuP) . Yue HX (). (4.18)

span{;, : ¢ > 1} and w1 L span{ey; 4 : ¢ > 1} in H,(7;), which has an inner
product as (u,v) = [, a(uv + Vu - Vv). Thanks to the zero Neumann BC of

©iq, We have

/ aVug, - Vi, = / Ut LY g = )\i,q/ AUy Piq, Vg 2> 1.
D D D
Then, we have
0= <u¢L, Vig) = (1+ )‘z}q)/ a1 P;q, Vg > 1.
D

Since 1+ \;, > 0 for any ¢ and {p;, : ¢ > 1} is an orthogonal basis in L?(7;),

we conclude u,. = 0. Therefore, we write

o
U= Uy = E :Cq%',qa
q=1
and then we have
oo o
(L2). 12 _ Z 2 2 2
||u - 7D<I>z-a uHLE - Cys CL|VU| - E Cq/\i,q~
q=Qi+1 i q=2

Therefore, for Q); > 1, Eqn. (4.18)) naturally follows. O
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In the following, we will pick @; as in Eqn. (4.8), i.e., @Q; = min{g : 1/\; ;41 <
C%h?}. We extend ¢;, to the whole physical domain D by setting ¢;, = 0

outside 7;, and define ® as the space spanned by all these functions, i.e.,
¢ :=span{p;,: 1 <i<m,1<qg<Q;}. (4.19)

Then we have the following projection type approximation property, which is

useful in the error estimate, see Eqn. (2.11) in Theorem [2.2.1]

Lemma 4.2.2. Suppose that Q; = min{q : 1/\; ;1 < C3h*} and that ® =
span{p;q: 1 <i<m,1 <q<Q;}. We have

lu = PS> ullz < Cohllully,, Yu € Hy, (D). (4.20)

Proof. By the construction of ®, u — PéLg)u =u— Péﬁz)u on patch 7;. Com-

bining Lemma [4.2.1] with the choice of @);, we have

1/2
o= Py uley < Con ([ alvu) (1.21)

7

Therefore, we have

. 1/2
L2 L3
lu — Pl 120y = (Z |l — P§ )“H%z(m>
=1

. 1/2
< (Z cine | aww) = Cehlulng o
i=1 Ti
O

Let ¥ be the n-dimensional subspace in H (also in X) spanned by {Ky;},

ie.,
UV={Kp:pe®}=span{lyp;,:1<i<m,1<q<Q;} (4.22)
Thanks to Theorem [2.2.1}, we have
(Hj o)
lu =Py " ullmy < Cphllfllzz, (4.23)

where u is the unique weak solution of Eqn. (4.12). Eqn. (4.23) says that
MsFEM with basis {Ky;, : 1 <i < m,1 < ¢ < @Q;} can achieve the linear

convergence rate when solving the elliptic equation (4.12). However, Ky, , are
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typically global, and have the same computational cost as solving the original
equation. Moreover, the resulting stiffness is dense, which further increases

the complexity to solve the reduced linear system.

Following the our framework, we can define the energy minimizing basis

Vig = argmin  [[¥]%
weH; (D)

(4.24)
8.. / WigPiq = Oigjes V1< q Q1< j<m.
D

Thanks to Theorem (2.2.3) and the positive definiteness of K, we know that
U ={,:1<i<m,1<q<Q;}is another basis of U. Using Eqn. (2.18),

we conclude that
L) |, € a®; = {ap: p € D)}, Ve, 1<j<m. (4.25)

Combining Eqn. (4.25) and the orthogonality constraints in Eqn. (4.24)), we
obtain that

/ Vi LY =0, Vi #1,1 € V. (4.26)

The above orthogonality will be very useful in the rest of the paper.

An Inverse Energy Estimate In ¥

In this section, we propose an inverse energy bound for functions in ¥, see
Lemma [4.2.3] which is crucial in proving the exponential decay and the lo-
calization of 1);,. Lemma 3.12 in [99]| provides such an estimate for second
order uniformly elliptic operators, by utilizing a relation between the Lapla-
cian operator A and the d-dimensional Brownian motion. In 68|, we proved
an inverse energy estimate that is valid for any 2k’th order elliptic operators,
but the estimation depends on the contrast of the coefficients. In this section,
we postulate the inverse energy estimate, and use numerical computations to

verify the bound.

Let Ly'(af) € H&a(n) be the unique weak solution of the following elliptic

equation with the homogeneous Dirichlet boundary condition
Lu=-=V-(aVu)=af(x x €Ty,
(@¥u) = af (z) .
u=>0 x € 0T;.

We define My, Ay € R%*? as below:

My(q,q') = / Qi gPig Ao(q,q) = / api L5 (apig), (4.28)

7
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and denote A4 (Mo, Ag) be the maximal generalized eigenvalue of the eigen-

value problem Moo = AAga. We define

() Amaz (Mo, A
Ci = sup ||¢||L : = M, Ciny = max C;.
pc®i\{0} / NonllLo(ap ||HOE(TZ) AiQi+1 1<i<m
(4.29)

Lemma 4.2.3. For every v € ¥V, we have
1£91z2, () < V Amaa(Mo, A [0y 7y = Civ/ M@t ¥l ry- (4:30)

Proof. For every ¢ € U, we have L1 = ayp for some ¢ € ®; when restricted
to patch 7;. Consider the decomposition v = ¥ + ¥y where Ly = ayp,
Y1 = 0 on 91, and Lipy = 0, 9 = 9 on O71;. It is easy to check that
f aViy - Vipy = 0, and thus ku L) ”%HH&Q(H) + H%H?{&’a(n)a which
lmphes that le”HO,a(n- S H’QDHHOJ (i)

Notice that 1, = L;'(ap). From the definition of M, and A,, we have

191122 () < Amaa(Mo, Ao)llv1lI7y (.- Therefore, we have |L4]] 12 ) = @llzem) <

V Amaz (Mo, Ao) |1l , () We conclude the proof by using that [|¢1([ g1 (r,) <
11l 3 (), and thus we conclude the proof. O

In Theorem we prove that the exponential decay rate of 1; , is bounded
by (e — 1)(Cp 4 Ciny). Therefore, if Cy, (i.e., every C; for 1 <i < m) can be
bounded independent of the contrast of the coefficients, we obtain a decay rate
independent of the contrast. In section we show that C; can be bounded
by a constant independent of the contrast for the two-phase coefficient model,
and in section our numerical examples confirm this result. For the general
L> coefficients with multiscale and high—contrast features, one only needs
to solve (Q; local linear systems, i.e. Eqn. ) with {cplq}Z 1, to obtain
the constant C;. Compared with the computatlonal cost to solve the local

eigenvalue problem (4.6)), this extra cost is affordable.

4.3 Exponential Decay of The Basis Functions

In this section, we will prove that the basis function 1;, decays exponen-
tially fast away from its associated patch 7;. The proof follows the same
structure as that of Theorem and [99] (Thm. 3.9). One important dif-

ference is that we make use of the Cauchy-Schwatz inequality in L2(D), i.e.
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Jp auv < ull2(pyllv]lz2(py instead of [, auv < apasl|ullL2pyl|v]| 22Dy, to ob-

tain a contrast-independent decay rate.

To simplify our notations, for any ¥ € H and any subdomain S C D, we
1/2
define (9]l us) = ([ alVes[2) .

Theorem 4.3.1. For any h > 0, 1 <i < m and 1 < q < Q;, it holds true
that

1Viall B DBy < exp(l — )qu”H(D (4.31)
with | = (e — 1)(Cp + Cipny).

Proof. Let k € N, [ > 0 and i € {1,2,...,m}. Define Sy as the union of
all the domains 7; that are contained in the closure of B(x;,klh) N D, S;
as the union of all the domains 7; that are not contained in the closure of
B(z;, (k+1)lh) N D and S* = S§ NS¢ N D (be the union of all the remaining

elements 7; not contained in Sy or S).

Let by = ||1/)iq||i[(sc and by definition we have by = ||1/)i,q||%[(D), b1 =
[Vigll s,y and by — brsr = [[¢iglley- The strategy is to prove that for
any k > 1, there ex1sts constant C' such that by < C(by — bgy1). Then

we have by < ==b; for any £ > 1 and thus we get the exponentlal decay

C+1

be < (7)F 01 < (555)"'bo. We will choose [ such that C' < 5 and thus
get b, < e'7Fby, which gives the result - We start from k£ = 1 because

we want to make sure 7; € Sy, otherwise Sy = () and 7; € S*.

Now, we prove that for any k > 1, there exists constant C' such that by <
C(by — bry1), ie., ||¢¢7Q||?-I(S1) < C||¢i7Q||12LI(S*)' Let n be the function on D
defined by n(z) = dist(x, Sp)/ (dist(z, Sp) + dist(z, S1)). Observe that (1) 0 <
n <1, (2) n is equal to zero on Sy, (3) 7 is equal to one on Sy, (4) [|Vn||ze(py <
i

By integration by parts, we obtain

[l ol = [ (=Y @) = [ a0 Ve, (432)
D JD N D ,

12 Il

Since a > 0, the left hand side gives an upper bound for ||¢; 4|/ rr(s,). Combining
Vn =0 on SyUS; and the Cauchy-Schwartz inequality, we obtain

Yigllmess.  (4:33)

I < [Vl ooy [¥igl £z (5%
IVl e (D) := esssup |Vn(z)|.
€D

1
Yiallnss < o Wiallzzs
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Thanks to Eqn. (4.26]), we have fSl i (=V - (aV);4)) = 0. Denoting 7); as

the volume average of 7 over 7;, we have

[2 = - L* n¢i,q(_ (avwz,q Z / n—= 77] @Dz,q (avwi,q»

T;€ES*

1
<7 2 liallzzepliCialliz, o

TjES*

(4.34)
Up to now, I; and I, are some quantities that depend 1;, only on S*, and

|?—I(S*) (up
to a constant). By applying the Poincare inequality, we can easily do this for

we only need to prove that both of them can be bounded by |[|¢;,

I, as we will see soon. However, I involves the high-order term [|£; g ||z2(r,)

which in general may not be bounded by the lower order term ||v;q||r(s+)-
1/2
Fortunately, Lemma [4.2.3 shows that ||£¢z‘,q||Lf/a(rj) < C’j)\jv/QjJr1||wi,q||H(Tj).

Then, we obtain

1 1/2
<7 20 N allbil i nallesy) (4.35)

T;ES*

By the construction of ¢; ; (4.24)), we have [ aw;,p;, = 0 for all 7; € S* and
J
1 < ¢ < @Q;. By the approximation property (4.18), we have || || L2(r) <
]_ég/JQHH@Z)z qllf(r;)- Combined with the choice of @; (4.8)), we obtain
Cp
I < TH%#H%{(S*),

1 Cirw
L<y > Cilltiglline, < TH%qH?{(S*)-

T;€8*
Finally, we have

C1P +Ozn
Hw@q”%{(sl) <L+, < fv

il 7rse)- (4.36)
By taking I > (e—1)(Cp+Cipny), we conclude that the constant % < L
Using the same iterative given above, we prove that the basis functions have

exponential decay away from its associated patch, ;. O

4.4 Localization of The Basis Functions

Theorem [4.3.1] allows us to localize the construction of basis functions v; as

follows. For r > 0, let S, be the union of the subdomains 7; intersecting
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B(w;,r) (recall that B(z;,dh;/2) C 7;) and let !¢ be the minimizer of the
following quadratic optimization problem:

i = argmin  [[Y[l%
wEH(%,a(ST')

(4.37)
S.t. / a¢j7q1¢ = 5ij,qq’7 Vl S q/ S Qj7 1 S] S m.
D

We will naturally identify /% with its extension to Hy (D) by setting 4> = 0
outside of S,.

Thanks to the exponential decay of the energy minimizing basis functions 1; 4,
choosing S, with radius » = O(hlog(1/h)) is sufficient to guarantee that the
localized basis functions Q/Jloc have the same compression accuracy as the expo-
nentially decaying basis functions. The following three theorems demonstrate

such properties of the localized basis functions {5} ({Qq 1

We recall that {gpi’q}qzl are orthogonal in L2(7;). Without loss of generality,
we normalize them such that

/ i Pig = |Til0g.q- (4.38)

i

Therefore, for My and Ay defined in Eqn. (4.28]), we have
Mo = |7'7;|IQ, Amax(MOaAO) = |Ti|>\maz(A0_1)~ (439)
Lemma 4.4.1. It holds true that

||77Z)ZOC|| o d/2v—1/2h dj2-1 (4.40)

Proof. Define

ZA (¢, 9) Ly (aig),

where Ly is the elliptic operator —V - (aVu) with the homogeneous Dirich-
let boundary condition on 07;. From the definition of Ay, we know that
fn- ai Gy = 0qq- Notice that ¢, € H&a - H(ia(Sr) is only supported
on 7;, and thus (;, satisfies all constraints of wff’qc, see Eqn. (4.37). Therefore,
we have

il < gl (4.41)

Making use of (Eal(agoi,q),ﬁ (agozq gy = f api Lo (agozq) = Ao(q,q), we
obtain

1Ciall7 = A5 (2, 9) < Amaa(AG ). (4.42)
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We have used Az (4p") = SUP||y||y=1 vT Ayt in the last inequality. Combining

Eqn. (4.41)) and (4.42), we have

il < Aaa(Ag™) =

max

1/2
|mif /2
where Ay and C; are defined in Eqn. (4.28) and Eqn. (4.29), respectively.
With the choice of Q;, we have \;g.11 ~ Cp*h~2. Because |r;| > Vy(dh)?
where Vj; is volume of the d-dimensional unit ball, we conclude the proof of
Eqn. (4.40). [

Theorem 4.4.1. It holds true that
r— 2h)
2lh 7’

9hig — Vi | rr(py < Csh™"* ! exp(— (4.43)

where

[ = (e — 1)(0}3 + Cmv),

o _ (€0 Cp) 4 26Cin e
b 59V, Cp'’

Proof. Let Sy be the union of the subdomains 7; not contained in S, and let
S1 be the union of the subdomains 7; that are at distance at least h from Sp.
(We will assume that Sy # 0 and S; # (). If Sy # 0, the prove is trivial. We
can choose r > 2h such that S; # ).) Let S* be the union of the subdomains

7; that are not contained in either Sy or S;.

Let n be a smooth cut-off function such that 0 < n <1, n|s, =1, nls, =0
and [V 1=(o) < 1/

Since @/}foqc satisfies the same constraints as v; 4, thanks to Eqn. (2.19)) we have

19iq = Vi Vrmy = Wi ooy — IWiall o). (4.44)

Define w’ " as the (unique) minimizer of the following quadratic optimization:

¢;:2 ‘= arg min Hfﬂ”?{(&)
weHé,a(ST)

(4.45)
s.t. /awgpj @ =gy V1<j <m,1<q <Qj.
S,

.7 . Q ‘7
Note that @/Jl‘” = w:; Let wjy = fD nay; 4. and YL’ = Z;nzl Zq,]zl ’lqu/@ZJ;-’Z/
Thanks to the orthogonality between 1;, and ; ., see the constraints in

Eqn. , we have
zqv" _ 77bloc_i_ Z ijq¢;z

T, CS* ¢'=
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Using (3) of Theorem , we have (¥}%, w;z,)H = @u”q,, where O is defined
by Eqn. (2.17) with K : L2(S,) — L2(S,) being the solution operator of Lu =
af with the homogeneous Dirichlet boundary condition on 9S,. Therefore, we

have

= 1] S s +2 T Y @ (4.d0)
T;CS* ¢'=1 T;CS* ¢'=1

By (2) of Theorem we know that ¥¢" is the minimizer of the following

quadratic problem:
" = argmin - [[¢]|%s,)
QZJEHDI,O,(S”‘)
s.t. / appjq = / naigpie, Y1<j<m,1<q <Qy
S, S,
(4.47)

Noting that ni; , satisfies the same constraints, we have |[¢:27 ||, < || 4||F-
Combined this estimate with (4.44]) and (4.46)), we obtain

1viq = ¥ig o <Um/1¢,q\|% il +21 ) ijq’QZq]q (4.48)

T;,CS* ¢'=1
N 7
TV

Ip)

11

It turns out that I, and I, play almost the same role as I; and I, did in the
proof of Theorem and can be estimated in a similar way. We will estimate

these two terms as follows.

Let’s first estimate [;. Since n|s, = 1 and n|s, = 0, we have [} = Hmpi,qH%{(S*) —
Hwi,q”%{(s*uso) < Hm/h',qH%[(S*). Using the same trick to estimate /; in the proof
of Theorem [£.3.1], we have

Itsalfs = [ an¥n g + [ avigVa- Vi)

NVigllmcs<y + 1Vl Lo (s9) 19i.ql L2 (5% 173 4| (57

77%‘,(1

< 0l zoe sy Vi gl 257
< (14 Cp)|[¥iqll m(s)

|F(s7)-
(4.49)

In the last step, we have used 0 < n < 1, |Vn| < 1/h and ||[¢; 4] z2(s+) < Cph
due to the choice of Q);, see Eqn. (4.20)). Therefore, we have

I < \lmbigllirgsey < (1+ Cp)?M|vigllarcse- (4.50)
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Let’s now estimate Io. Combining (3) of Theorem with the definition of
H-norm ([2.8]), we have

,—1 loc zr 2,r loc
Oie = (l}q’ H(Sr) /w L

Thanks to E¢loc |, € span{ap;, : 1 < ¢ < Q;} and the orthogonality between

®; and Y"", see the constraints in Eqn. (.45)), we have

J,q"

loc o
=da Z @Zq jg' P

Since {(pm}qul is orthogonal and normalized such that [ ap;,0j = |[Til0q.q
we get
0 1/2
oc 1,—1
lewtelse oy = Il 2 (Z(@m,jw ) . (451)
q7=1
Moreover, we obtain w;y = [, nat;p;e by definition, and thus we get

2, 1/2

|| 12 Z |wjq [ < mvigllez ) < Yigllezi)- (4.52)
q'=1
Here, we have made use of 0 < 1 < 1 in the last step. Combining (4.51)) and
(4.52), we get

0, 1/2 . 1/2

Qj J
‘[2 = 2| Z Zw]q/@Zq]q | < 2 Z Z(@Zqijt) Z |qu/‘2
q'=1

7, CS* ¢'=1 T;CS* \¢'=1

<2 3 1L s o lnalzziey:
T, CS*
Now, we arrive at exactly the same situation as I (see (4.34])) in the proof of

Theorem 4.3.1, Using the same argument from Eqn. (4.35)) to Eqn. (4.36), we
obtain

12 S QC’LTMJH ZOC

1/}2,11 |H S*) (453)
Applying the exponential decay of Theorem to both |44/l m(s+) and

[[402¢|| r(g+), We obtain

r—2h

)
lh
(4.54)
(1— r—2h

lh )

I+ I <(1+ Cp)* |1l exp(1 —

+ 2Cin | gl () ¥



117

Combining [|¥igllrp) < |V (p), Ean. (4.40), and Eqn. (4.48), we obtain
that

1+ Cp)?+2eCins \* C; 1y r—2h
~_ aploc < 6( P mu g —d/2—-1 . )
”wlﬂ 1,9 H (D) — ( 5d‘/d Cph eXp( 2lh )
(4.55)
This completes the proof of Eqn. (4.43)). O]

Theorem 4.4.2. Let u € Hy,(D) be the weak solution of =V - (aVu) = af
with the homogeneous Dirichlet boundary condition and @DZZ"; be the localized
basis functions defined in Eqn. (4.37). Then for

l —
r > (d+4)lhlog(1/h) + 2(1 + llog Cy + 2l1log Cr + 3 log @)h, (4.56)

we have
inf [lu— vll ) < 2Coh| {3y (457)

,Ue\Ijloc

In Eqn. (4.56), we have constants

eVol(D) (1 + Cp)? + 20m)> 2o

l:(e—1)<CP+Cznv)7 C4: ( 5d‘/d 02 ,

P
(4.58)
which are independent of the contrast amaz/@min, and contrast-depending con-
stants - -
u a) ; i|Ti
Cg = sup ﬂ7 0= AH (4.59)
wend ,(D)uzo [l (D) Vol(D)

The quantity @ is the average number of basis functions on each patch, and
is typically of order 1. Therefore, the term log @ is nearly independent of
the contrast @,az/amin and can be ignored in practice. The contrast enters
only through log(Cg). Even with the crude bound Cr < Cr(mae/@min)"?,
see Eqn. , we have logCr < logCFr + %log <‘;:—“:)7 which grows log-
arithmically with the contrast. This term is typically dominated by the
(d + 4)lhlog(1/h) term as the partition is refined. Therefore, the support
size of the localized multiscale basis functions is nearly independent of the
contrast, or at most depends on the contrast logarithmically, and we achieve
the optimal linear convergence rate with the constant Cp essentially indepen-

dent of the contrast.

Proof. Let vy == Y ", ZqQ:il Cigliq and vy 1= >, ZqQ:il il with ¢;q =
[ aup;q. Tt is easy to verify that v, = 77\(I,H)u and Eqn. (4.23)) gives

e~ il < Cphll 2o (4.60)
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Using the Cauchy inequality, we have
m @

1)) el

i=1 g=1

m Qi
1/2
< max [ — 0l Y QI lewl).
’ i=1 q=1

o1 — vollr < max [[thi g — ¥I%
l’q

Since {goj,q}qQ:"l is orthogonal and normalized such that [ ap;,@;q¢ = 7|04,
we have (30 [eiq|?)? < |7i]Y/2||ul| 12(r,)- Then we obtain

m

[ Y (QlmD) 2l 2

i=1

11> QilmD) ullz2 (-
=1

1 = v2llir < max [[thi g — i
Z7q

l‘oc
Z?q

< max ||¢z‘7q -
l7q

Using the energy estimate ||ul|z2(py < Cgl|Vullr2(p) < C|lf|l12(p) and Theo-
rem [£.4.1] we obtain

r—2h
2Lh

vy = vall i < CsCEOD " Qilml)/*h™2 " exp(—

i=1

Combining Eqn. (4.60) and (4.61) together, we conclude the proof. ]

WAlezy.  (4.61)

4.5 Asymptotic Analysis of The Two-phase Coefficient Model
In this section, under some geometric assumptions, we use asymptotic anal-
ysis to show that C; (defined in Eqn. (4.29))) can be bounded by a constant

independent of the contrast for the two-phase coefficient model.

First of all, it is easy to check that C; is invariant under the isotropic rescaling
and translation of the coordinates x. Specifically, we can rescale the local
domain 7; to 7; = {(x — x;)/h : © € 7;} by the dilation ¥ = (z — x;)/h, and the
rescaled domain 7; has diameter one and B(0,6/2) C 7;. After the rescaling,
we still have N
Ci= sup HSOHLg(a) ’
PN\ X 0l Lo (@)l

Ti)

where @(%) := a((z — x;)/h) = a(z), ; is the first Q;-dimensional eigenspace

of the rescaled local eigenvalue problem
-V (EV@) = )‘i,qa@q
n-Vp,=0 ond7,
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/A\ini‘f'l is the corresponding (Q); +1)’th smallest eigenvalue, and Eg L(@®) is the
solution of the following rescaled local problem with the Dirichlet Boundary
condition
-V - (aVu) =ap(x) T ET,
u=>0 x € 07
Therefore, when analyzing C;, we can simply assume that 7; has diameter one
and B(0,0/2) C 7;. Our analysis in this section can be applied to every local

patch, and thus we drop the subscript ¢ to simplify our notation.

Therefore, we consider the (rescaled) local eigenvalue problem

-V - (aV = \a
( Spq) qA%Pq (4.62)
n-Vy, =0 on 0r,

where the (rescaled) local domain 7 has diameter 1 and B(0,6/2) C 7. For a

given () € N, define ® = span{p, : 1 < ¢ < Q}. We want to show that the

following quantity
2

ap
CE = Sup fT )

pea\ (o} Ao+ [ a| V|2
can be bounded by a constant independent of the contrast of the coefficient.
In Eqn. (4.63)), ¢ is the solution of the following (rescaled) local problem with

the Dirichlet Boundary condition

(4.63)

=V - (aVY) = ap(x) T ET,

(4.64)
u=0 r € 0r.

We will only show this result for the two-phase coefficient model, in which we
assume that the coefficient a only takes two values, i.e., 1 and n > 0, on the
(rescaled) local domain 7. We further assume that 7 is the disjoint union of a

background domain and inclusions, i.e., 7 = Dy U (Ug?:qu) and

if z € U, D
a()=4" [ p— (4.65)
1 ifz e Dy=7\UzZ,D,

We assume that Dy, Dy, ..., Dg, are polygonal domains (or domains with
smooth boundaries). We also assume that each D, is a connected domain,
qg=1,...,0Q. Let Dy represent the background domain and the subdomains

{Dq}qQ:1 represent the inclusions.
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We first analyze the eigenvalue problem (4.6)) in the first subsection. Then

we analyze the case of high-conductivity inclusions (n > 1) in the second
subsection and the case of low-conductivity inclusions (n < 1) in the third
subsection. Following the method in [18]|, we use asymptotic expansion with
respect to the contrast n to analyze the magnitude order of different objects.
In this thesis, we compute only the first (dominant) term in the expansion to
get the order of the quantity of interest C?. We do not provide the proof of
the convergence of the asymptotic expansion in H'(7). However, as in [1§],
one can continue to compute higher order terms in the expansion, and can
also prove the convergence of the asymptotic expansion in H'(7). Finally, We
point out that the assumption that the background domain Dy is connected

can be relaxed, but we will not elaborate on this issue in this thesis.

Local Eigenvalue Problems

In this subsection, we will show that for the local eigenvalue problem the
number of small eigenvalues is the number of disconnected high-conductivity
inclusions or channels. We will also give the principal component of the eigen-
functions. In this subsection, we assume that we have () disconnected high-
conductivity inclusions, i.e., n > 1 in Eqn. , but we do not assume
that the background domain Dy is connected. We assume that there exists
" € H'(7) such that

X((I”) =0y onD forl=1,2...,0, (4.66)
and xg") is defined as the harmonic extension of its boundary data in Dy, i.e.,

VX,(;L) -Vz=0, forallze Hé(DO),
Dy

Xé") =6y onoD; forl=1,2,...,0Q, (4.67)

n- Vxé") =0 on dDyNOT.
We call Xf]n) the Neumann harmonic characteristic function of D,. We define

VX(”) = span{xg”) 1<q¢<Q} (4.68)

as the space spanned by the Neumann harmonic characteristic functions.

Similarly, when D, is an interior inclusion, we define its Dirichlet harmonic

characteristic function x\” € H}(7) that satisfies

ng) =0y onD forl=12....,0, (4.69)
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and, in Dy, X,(]d) is defined as the harmonic extension of its boundary data in

Do, i.e.,
/ VD Vz=0, forallze Hi(Dy),
Dy

Xéd) =0y onodD;forl=1,2,...,0Q, (4.70)

Xfld) =0 on 0.

We also define
Vx(d) = span{xgd) :1<¢<Q@Q, D, is an interior inclusion in 7.} (4.71)
as the space spanned by the Neumann harmonic characteristic functions.

We point out that the boundaries of 7 and D, (0 < ¢ < Q) should be smooth
enough so that both the Neumann and Dirichlet harmonic characteristic func-

tions exist.

On the number of small contrast-dependent eigenvalues

We prove that A, = O(1/n) for ¢ = 1,...,Q and A\g41 = O(1) (e, it is
bounded below independent of 7). The previous statement implies that if we
take the number of local measurement functions to be equal to the number of
high-conductivity inclusions and channels in 7;, we obtain an error estimate
independent of the contrast. We point out that this proof follows the idea

presented in Appendix A in [46], with some minor modification.

First, we prove that there are at least () small eigenvalues. Since we have
a|Vu?
Ao = min max R(v), where R(v)= fT’—Zl,
dim(V)=Q veV\ {0} [ alv|
we need to find a Q-dimensional subspace V' C H'(7) where the quotient R(-)

is of order 1/n. Let v € V™ and assume that v = 3 . vex"”. Then we have

J; a|Vol? _ fDO [Vol? < fDO [Vol?
[ralP [ 02+ E Jp,v* NS v2|D,]

Jpy IVoP?
) qu:1 Ug‘.Dq‘.
ometries of Dy, Dy, -, Dg, but is independent on 7. Therefore, we have

Ao = O(1/n).
On the other hand, we have that

R(v) =

Notice that C' = max,cpe is a constant that depends on the ge-

A = min max R(v).
@+l dim(V)=Q+1 veV\{0} ( )
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Then we have to show that for every (Q+1)-dimensional subspace V' C H'(7),
there exists a function v € V' such that R(v) = O(1). Define the space

V}aoinZ{UGHl(T):/ v=0, ¢=1,2,...,Q}.
Dq

The subspace V., is of codimension (). Note that for every v € V4, we can

apply the Poincare inequality in every D,. Then we can write

Q Q
Z/ lv]> < ¢ Z/ IVo|?,  for all v € Vpoin,
q=1 Dy g=1 Dq

where (' is independent of 7, or equivalently

Q Q

Z(n - 1)/ > < Z(n - 1)/ Vo2, for all v € Vypin,  (4.72)

q:l Dq q:l Dq

We can apply the standard Poincare inequality to functions in Vn:

/|v\2 <y / Vol for all v € Vi, (4.73)
where (5 is independent of 7. Adding (4.72) and (4.73]), we obtain that

/a\v\z < C/a\Vv[Q, for all v € Vipin,

where the constant C' is independent of 7, but depends on the geometries of
D, (1<¢<Q). Let V.C H'(7) be a subspace of dimension M + 1. We have
that the intersection between V' and V., is a subspace of dimension at least
one. Then we can select v € V NV, with v # 0, and for this vector we have

[ alVo]* 1

R(v) = T aoP? > — =0(1).

G-
This completes the proof.

Expansions for eigenvalues and eigenvectors

For 1 < ¢ < @, now we use the asymptotic analysis to obtain the asymptotic
expansion of the eigenvalue )\, and the eigenfunction ¢,. Due to the above

analysis, we expand ), as

Cy Gy
)\q:?—l—F—F.... (4.74)
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Here, C} can be 0, since we only know that A, = O(1/n). We also expand the

corresponding eigenfunction ¢, as

g = pgo + 2L 4 Faz
n U

Plugging Eqn. (4.74)) and (4.75]) into the following variational form of the local

eigenvalue problem, i.e.,

/ Vgoq-Vv-l—n/ Vo, Vo = /\q/ goqv—l—r]/\q/ DU Yo € H' (1),
Do U Dy Do ue D

T (4.75)

q

the terms corresponding to n' and n° give the following two equations:

/ Vg Vo=0, Yve H\(r), (4.76)
—qu
and
/ Vgoqp-V'U—l—/ Vg1 Vo= Cl/ ©gov, Vv € H' (7). (4.77)
Do U2, Dy U2, Dg
From Eqn. (4.76)), we know that ¢,¢9 = ¢, for some ¢, € R and for any

1 < ¢ < Q. By taking v € H} (Do) in Eqn. ([£.77)), we know that

Vpgo - Vo=0, Yve HS(DO),

Dy

and thus ¢, is harmonic in Dy. Therefore, we conclude that

pa0 €V V1<g<Q. (4.78)

Expansions For High-Conductivity Inclusions

In this subsection, we consider the case of high-conductivity inclusions, i.e.
17 > 1. From the analysis in the last subsection, we can take the number of
local measurement functions to be the number of high-conductivity inclusions
(i.e. @), and achieve an error estimate independent of the contrast. Because we
have proved that )\Q+1 is O(1) independent of the contrast 7, we only need to
prove that ff > = O(1) for all ¢ € ®\{0} to prove that C? = Jx ae”

VYl AQ+1 [ alVYI?
is O(1). In fact, we will show

J; ag?
sup ——— =0(1
pea\(o} [, alVY|? )

when we have (at least) one interior inclusion, and

. ap?
sup ———— =0(1
pea\(oy [, al VP2 M
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when all the inclusions intersect with the domain boundary, i.e., 9D, N7 # ()
for all 1 < g < Q. Therefore, the constant C; is bounded by an O(1) constant
independent of the contrast 1. Thanks to Eqn. and , for any
v € ®\{0}, we write

Q
90q=g00+%+%+..., where gpozz%xg”);é(). (4.79)

g=1

We will plug ¢, into the variational form of Eqn. (4.64)), i.e.,

Vz/wVv—l—n/ V¢~Vv:/ <pv—|—n/ v Vv € Hy(T)
U2 Dy Do U2 Dy
(4.80)

Do
to obtain the asymptotic expansion of .

The case when all inclusions are interior inclusions

When all inclusions are interior inclusions, we seek to determine {t; : —1 <
i < 400} C H{(7) such that

wznw1+wo+%+%+.... (4.81)

Plugging Eqn. (4.79)) and (4.81]) into Eqn. (4.80)), the terms corresponding to
n? and n' give the following two equations:

/ Vi -Vo=0, Yve H(r), (4.82)
U?—qu
and

/ Vip_i - Vo +/ Vb - Vo = / wov, Vv € Hy(r). (4.83)
Do UqQ—qu U(1Q—1Dq

From Eqn. (4.82)), we know that ¢_; = z, for some 2z, € R and for any
1 < ¢ < Q. By taking v € H} (Do) in Eqn. (#.83)), we know that

/ Vi_1-Vu=0, Yve Hi(Dy),
Dg

and thus ¢ _; is harmonic in Dy. Therefore, we conclude that
Q
Yo = Z quéd) € Vx(d). (4.84)
q=1

Since @y = ZqQ:I cqxgn) # 0, we know that 1_; = 25:1 qugd) # 0. Therefore,
we have

fT ap? _n 25:1 fDq w5 +O(1)

[alvolz w2 [, Va2 +O(n)

~0(). Ve e ®\(0),



125
The case when all inclusions intersect with the boundary
When all inclusions intersect with the boundary, we seek to determine {1; :

0 <i< +oo} C HY(7) such that

w=w0+%+%+.... (4.85)

Plugging Eqn. (4.79)) and (4.85)) into Eqn. (4.80)), the terms corresponding to

n' and 0" give the following two equations:

/ Vo - Vo = / wov, Vv € Hy(7), (4.86)
UqQ—qu UqQ:1Dq
and
Vwo-Vv—F/ Vipy-Vou :/ gaov—i-/ ©v, Vv € Hy(r). (4.87)
Do U2 1Dy Do U 1Dy

Since D, is connected and intersects with the boundary and {Dq}qQ:1 are not
connected to each other, Eqn. (4.86)) uniquely determines ¢ restricted on D,:

Vg - Vo = / wov, Yv € H&(Dq),
D, D

q

Yo lornop,= 0, M- Vg |arop,= 0.

Since ¢y = ZqQ:1 cqx,g") # 0, there exists at least one ¢ such that vy |p,Z 0.
By taking v € H(Dy) in Eqn. (4.87), we know that

vwo Vv = / Yo, Yv € H&(Do)

Do Do

Together with the Dirichlet boundary condition given on 07 and 0D, (1 <
q < @), Yo |p, can be uniquely determined. Therefore, we have
fT agpz n 25:1 fDq ‘P% + O(l)

. alVy|? N anQZI fDq Vo2 + O(1) =0(1), Vpe 2\{0}.

The case when there is at least one interior inclusion

For the case when there is at least one interior inclusion, the asymptotic expan-
. [, ap®
sion of ¢ and the order of T aNor

interior inclusions. We will not elaborate its derivations here. To summarize,

are similar to the case when all inclusions are

we conclude that for the case of high-conductivity inclusions, we have

2
ap
C? = sup J:
pe®\{0} AQ+1 fT alVy|?
which implies that the constant C; can be bounded by an O(1) constant inde-

=0(1),

pendent of the contrast 7.
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Expansions For Low-Conductivity Inclusions

In this subsection, we consider the case of low-conductivity inclusions, i.e.
n < 1. Because we are considering the weighted operator —éV - (aV), the
two-phase coefficient with low-conductivity (n) inclusions and “1” background
is equivalent to the two-phase coefficient with high-conductivity (1/n) back-
ground and “1” inclusions. Thanks to the assumption that the background
domain Dy is connected and the argument in section [4.5] there is only one
small eigenvalue, which is 0, and the second eigenvalue Ay = O(1). Therefore,
() = 1 is sufficient to achieve an error estimate independent of the contrast. In
this case, the one-dimensional eigenspace ® is the space consisting of constant

functions. In this subsection, using the asymptotic analysis, we show that

2 _ Jra _
N Lavep W

where 9 is the solution of the following (rescaled) local problem with the

Dirichlet Boundary condition

-V - (aVY) =a T ET,
u=>0 x € Or.

Since we already have Ay = O(1), we only need to show % = O(1).
Before, we go to the details, we point out that the following analysis can
be generalized to the case when the background domain Dy is not connected
and contains several connected subdomains. In this case, the number of local
measurement functions should be the number of the connected subdomains in

Dy.

Now we show that % = O(1). We seek to determine {¢); : 0 < ¢ <

+o00} C H}(7) such that
b =g +mn + e+ (4.88)

Plugging (4.88)) into Eqn. (4.80]), the terms corresponding to n° and n' give
the following two equations:

/ Vi - Vo = / v, Vv € Hy(t), (4.89)
DO DO
and
Vi - Vo +/ Vo - Vo = / v, Yv e Hy(r). (4.90)
Do U® Dy U Dy
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Since Dy is connected and intersects with the boundary, Eqn. (4.89)) uniquely
determines g restricted on Dy:

Vwo-VU—/ v, VUEH&(DO),

D() DO
Yo |ornop,= 0, M-V |9r\ap,= 0.
Since we have the constant “1” on the right hand side, we have ¥y # 0. By
taking v € Hy(D,) in Eqn. (4.90), we know that
Vi - Vo = / v, Yov € Hy(D,).

Dy Dq
Together with the Dirichlet boundary condition given on 07 and 0D, (1 <

q < @), Yo |p, can be uniquely determined. Therefore, we have

fTa _ ’DU, + 0(77)
JalVePr [ Vi + On)

— 0(1).

It is obvious to see the similarity between the case when all high-conductivity
inclusions intersect with the boundary and the current case when we have low-
conductivity inclusions. The reason for this similarity is from the a-weighted
L? formulation of the local eigenvalue problem and the local elliptic
problem . With this a-weighted L? formulation, multiplying the coeffi-
cient a by any constant (like 7 or 1/n) does not change the problem. Therefore,
the problem whose coefficients have low-conductivity inclusions is equivalent

to the problem whose coefficients have high-conductivity background.

4.6 Numerical Examples

In this section, we apply our method to a 2D second-order elliptic equation
with high contrast coefficients, and show that the exponential decay rate of
the energy minimizing basis function remains the same as the contrast of the

coefficients increases.

Consider the following 2D second-order elliptic equation with the homogeneous

Dirichlet boundary condition

—V - (a(z,y)Vu(z,y) = f(z,y), (z,y) € D:=(0,1)*

u(z,y) =0, (x,y) € aD. (4.91)

The coeflicient

a(z,y) =1+ -1 xp(x,y) n>1 (4.92)
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takes only two values, i.e., 1 in the background domain and 7 in three channels
{Dy};_,. The contrast of the coefficient is thus 7. We use a uniform mesh
with mesh size h, = h, = 1/13 to partition the physical domain, resulting in
13 x 13 = 169 local patches. For n = 10°, the coefficient and the partition are
shown in Figure

=)
o

((«

Figure 4.1: The high-contrast (n = 10°) coefficient with three high-
conductivity channels. The 13 x 13 partition is shown in the contour plot.

contour of a(x,y)

o

- v W A OO N ® ©
- N W A oo N o o =X

X

We first focus on the local patch [y, 2 % h;] x [8 % hy, 9% h,]. In Figure 4.2} we
plot (in log scale) the global energy-minimizing basis function 1); constructed
in section where we do not use the a-weighted L? norm and the local
constant function is the only local measurement function. We also plot (in
log scale) their energy norm distributions on all the local patches. On the left
column, we have 1; for n = 1, where the basis function decays exponentially
fast away from its patch, as we proved in Theorem [2.3.1] On the right column,
we have 1); for n = 10°, where the basis function shows nearly no decay along
the high-conductivity channels. In the right-bottom figure, we can also see
that the energy norm shows nearly no decay along with the channels.

Using the method proposed in this chapter, we take the number of local mea-
surement functions, denoted as ; = min{q : 1/\; 441 < 0.9}5—%#}, which guar-
antees an error estimate independent of the contrast. We have two measure-
ment functions on the patch [hy, 2% h,| X [8 % hy, 9% h,|, and the corresponding
¥; 1 and ;5 (in log scale) are plotted in Figure We can see that the expo-
nential decay along the high-conductivity channels is as fast as the decay in the
background domain. Comparing the energy norm distribution in Figure 4.3
with that in Figure [£.2] we can also see that our new construction improves

the decay rate along the high-conductivity channels.
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log Iyl, n=1e0, no_weight log Iyl, n=1e6, no_weight

0 1 X o 1 X

y
log energy norm, etaleOnoweight log energy norm, etale6noweight

1 0.8 0.6 0.4 0.2 1 0.8 0.6 0.4 0.2 0
X X

Figure 4.2: The basis function ¢; and its energy norm (both in log scale) with
local piecewise constant measurement functions (construction in section [2.3)).
n =1 on the left column, and 1 = 10° on the right column.

In Figure we show the number of basis functions (left) and the constant
C; in the inverse energy estimate (right) on all the local patches. There are at
most two basis functions per patch. We point out that the number of the basis
functions does not increase any more even if we further increase the contrast 7.
The constant C};, which is associated with the decay rate of the basis function,

is bounded by 10, although the contrast has now reached 10°.

In Figure we plot the C;(n) for three different patches. The label (2,9)
means the patch located at [hy, 2 * hy| X [8 * hy, 9 * hy|, which is the patch we
analyzed above. The patch (4, 5) is the patch with the largest C; in Figure
(right). We also include the patch (6,6) which has an intermediate C;. As we
analyzed in section [£.5] C; does not increase in a polynomial fashion as the
contrast 7 increases. In fact, C; can be bounded by a constant as the contrast

goes to infinity.

Finally, we point out that for the 13 x 13 partition, there is at most one
connected high-conductivity region per patch. If we change to a 9x 9 partition,
we will have patches that contain two disconnected high-conductivity regions.
We have also run experiments on the 9 x 9 partition, and obtained similar

results as above. We choose to present the result on the 13 x 13 partition
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log Iyl, n=1e6 log Iyl, n=1e6

log energy norm, etale6 log energy norm, etale6

Figure 4.3: The two basis functions 1;, and their energy norm (both in log
scale) constructed by Eqn. (4.24]).
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Figure 4.4: Number of basis functions (left) and C; in the inverse energy
estimate (right) per patch.

because the exponential decay is visually clearer when we have more patches

per axis.
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Figure 4.5: The trace of C; as the contrast n increases. (2,9) refers to the
patch located at [hy, 2 % hy] X [8 % hy, 9 * h,]
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Chapter &

INTRINSIC SPARSE MODE DECOMPOSITION FOR LOW
RANK PSD MATRICES

Many problems in science and engineering lead to huge symmetric and positive
semidefinite (PSD) matrices. Often they arise from the discretization of self-
adjoint PSD operators or their kernels, especially in the context of data science

and partial differential equations.

Consider a symmetric PSD matrix of size N x N, denoted as A. Since N is
typically large, this causes serious obstructions when dealing numerically with
such problems. Fortunately, in many applications, the matrix A is low-rank
or approximately low-rank, i.e., there exists {¢1,...,¥x} C RY for K < N
such that

K K
A= "t or A=Y s <,
k=1 k=1

respectively. Here, € > 0 is some small number and ||A]ls = Apaz(A) is the
largest eigenvalue of A. To obtain such a low-rank decomposition /approximation
of A, the most natural method is perhaps the eigendecomposition with {4y},
as the eigenvectors corresponding to the largest K eigenvalues of A. An ad-
ditional advantage of the eigendecomposition is the fact that eigenvectors are
orthogonal to each other. However, eigenvectors are typically dense vectors,

i.e., every entry is typically nonzero.

For a symmetric PSD matrix A with rank K < N, the aim of this chapter is

to find an alternative decomposition

K
A= Z ki - (5.1)
k=1

Here the number of components is still its rank K, which is optimal, and the
modes {gx }H*_, are required to be as sparse as possible. In this chapter, we work
on symmetric PSD matrices, which are typically discretized representation of
self-adjoint PSD operators or their kernels. We could have just as well worked
on the self-adjoint PSD operators themselves, which would correspond to the
case where N = co. Much of what will be discussed below applies equally well

to this case.
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5.1 Our Results

The number of nonzero entries of a vector ¢ € RY is called its Iy norm, denoted
by [|#|lo. Since the modes in (5.1 are required to be as sparse as possible,
the sparse decomposition problem is naturally formulated as the following

optimization problem:

K K
min Z [rllo st A= Zwkwﬁ (5.2)
k=1 k=1

1, K ERN

However, this problem is rather difficult to solve because: first, minimizing the
lp norm results in a combinatorial problem and is computationally intractable
in general; second, the number of unknown variables is K x N where N is
typically a huge number. Therefore, we introduce the following patchwise
sparseness as a surrogate of ||¢x|o and make the problem computationally

tractable.

Definition 5.1.1 (Patchwise sparseness). Suppose that P = {P,}M_, is a
disjoint partition of the N nodes, i.e., [N] = {1,2,3,...,N} = LUM_ p,.
The patchwise sparseness of 1 € RN with respect to (w.r.t.) the partition P,
denoted by s(¢; P), is defined as

s(;P)=#{P € P |, #0}.

Throughout this chapter, [IV] denotes the index set {1,2,3,..., N}; 0 denotes
the vectors with all entries equal to 0; |P| denotes the cardinality of a set P;
Y|, € RIPI denotes the restriction of 1 € R on patch P. Once the partition
P is fixed, smaller s(¢;P) means that ¢ is nonzero on fewer patches, which
implies a sparser vector. With patchwise sparseness as a surrogate of the [

norm, the sparse decomposition problem ([5.2)) is relaxed to

K

K
min D s P) st A= ) (5.3)
k=1

RN
Y1, VK E 1

If {gx } 5, is an optimizer for (5.3)), we call them a set of intrinsic sparse modes
for A under partition P. Since the objective function of problem (5.3)) only
takes nonnegative integer values, we know that for a symmetric PSD matrix

A with rank K, there exists at least one set of intrinsic sparse modes.
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It is obvious that the intrinsic sparse modes depend on the domain partition P.
Two extreme cases would be M = N and M = 1. For M = N, s(¢; P) recov-
ers ||| and the patchwise sparseness minimization problem (j5.3) recovers the
original [y minimization problem (5.2). Unfortunately, it is computationally
intractable. For M = 1, every non-zero vector has sparseness one, and thus
the number of nonzero entries makes no difference. However, in this case prob-
lem is computationally tractable. For instance, a set of (unnormalized)
eigenvectors is one of the optimizers. We are interested in the sparseness de-
fined in between, namely, a partition with a meso-scale patch size. Compared
to ||1]lo, the meso-scale partition sacrifices some resolution when measuring
the support, but makes the optimization (5.3|) efficiently solvable. Specifically,
problem ((5.3) with the regular-sparse partitions (see Definition enjoys
many good properties. These properties enable us to design a very efficient
algorithm to solve problem ([5.3]).

If two intrinsic sparse modes are non-zero on exactly the same set of patches,
which are called unidentifiable modes in Definition [5.3.4] it is easy to see
that any rotation of these unidentifiable modes forms another set of intrinsic
sparse modes. From a theoretical point of view, if a partition is regular-sparse
w.r.t. A, the intrinsic sparse modes are unique up to rotations of unidentifi-
able modes; see Theorem Moreover, as the partition gets refined, the
original identifiable intrinsic sparse modes remain unchanged, while the origi-
nal unidentifiable modes become identifiable and become sparser (in the sense
of lp norm); see Theorem . In this sense, the intrinsic sparse modes are
independent of the partition that we use. From a computational point of view,
a regular-sparse partition ensures that the restrictions of the intrinsic sparse
modes on each patch P,, can be constructed from rotations of local eigenvec-
tors. Following this idea, we propose the intrinsic sparse mode decomposition
(ISMD); see Algorithm . In Theorem , we have proved that the ISMD
solves problem exactly on regular-sparse partitions. We point out that,
even when the partition is not regular-sparse, numerical experiments show that

the ISMD still generates a sparse decomposition of A.

The ISMD consists of three steps. In the first step, we perform eigendecom-
position of A restricted on local patches { P, }M_,, denoted as {Am}M_;, to
get A, = HmHEL. Here, columns of H,, are the unnormalized local eigen-

vectors of A on patch P,,. In the second step, we recover the local pieces
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of intrinsic sparse modes, denoted by G,,, by rotating the local eigenvectors
Gy = H,,D,,. The method to find the right local rotations {D,,}*_, is the
core of the ISMD. All the local rotations are coupled by the decomposition
constraint A = Z,[::l grgt and it seems impossible to solve {D,,}*_, from
this big coupled system. Surprisingly, when the partition is regular-sparse,
this coupled system can be decoupled and every local rotation D,, can be
solved independently by a joint diagonalization problem (5.13). In the last
“patch-up” step, we identify correlated local pieces across different patches by
the pivoted Cholesky decomposition of a symmetric PSD matrix €2 and then
glue them into a single intrinsic sparse mode. Here, () is the projection of A
onto the subspace spanned by all the local pieces {G,,}M_,, see Eqn. .
This step is necessary to reduce the number of decomposed modes to the op-
timal K, i.e., the rank of A. The last step also equips the ISMD with the
power to identify long range correlations and to honor the intrinsic correlation

structure hidden in A. The popular [; approach typically does not have this
property.

The ISMD has very low computational complexity. There are two reasons for
its efficiency: first of all, instead of computing the expensive global eigende-
composition, we compute only the local eigendecompositions of { A} ;
second, there is an efficient algorithm to solve the joint diagonalization prob-
lems for the local rotations {D,,}*_,. Moreover, because both performing the
local eigendecompositions and solving the joint diagonalization problems can
be done independently on each patch, the ISMD is embarrassingly paralleliz-
able.

The stability of the ISMD is also explored when the input data A is mixed
with noise. We study the small perturbation case, i.e., A=A+ €A Here, A
is the noiseless rank-K symmetric PSD matrix, A is the symmetric additive
perturbation, and € > 0 quantifies the noise level. A simple thresholding step
is introduced in the ISMD to achieve our aim: to clean up the noise €A and
to recover the intrinsic sparse modes of A. Under some assumptions, we can
prove that sparse modes {gi}5_,, produced by the ISMD with thresholding,
exactly capture the supports of A’s intrinsic sparse modes {gi}5_, and the

error ||gx — gx|| is small; see Section [5.4| for a precise description.

We have verified all the theoretical predictions with numerical experiments

on several synthetic covariance matrices of high dimensional random vectors.
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Without parallel execution, for partitions with a large range of patch sizes,
the computational cost of the ISMD is comparable to that of the partial eigen-
decomposition 117, 82]. For certain partitions, the ISMD could be ten times
faster than the partial eigendecomposition. We have also implemented the con-
vex relaxation of SPCA |78, [128] and compared these two methods. It turns
out that the convex relaxation of SPCA fails to capture the long range corre-
lation, needs to perform (partial) eigendecomposition on matrices repeatedly
for many times and is thus much slower than the ISMD. Moreover, we demon-
strate the robustness of the ISMD on partitions which are not regular-sparse

and on inputs which are polluted with small noise.

Applications

The ISMD leads to a sparse-orthogonal matrix factorization for any matrix.
Given a matrix X € RV*M of rank K and a partition P of the index set [N],
the ISMD tries to solve the following optimization problem:

K K
min Z S(gk; P) S.t. X = ngu%, ufuk/ = 5k,k’ v1 S ]i], k'/ S K,
g1seees gKG]RIX[ k=1 k=1
Ul,...,u ER

(5.4)
where s(gx; P) is the patchwise sparseness defined in Definition . Com-
pared to the biorthogonal property of SVD, the ISMD requires orthogonality
only in one dimension and requires sparsity in the other dimension. The
method to obtain the decomposition consists of three steps: first, com-
pute A = XXT; second, apply the ISMD to A to get {gi}X ,; third, project
X on to {gr} | to obtain {u;}K .

The sparse-orthogonal matrix factorization has potential applications in
statistics, machine learning, and uncertainty quantification. In statistics and
machine learning, latent factor models with sparse loadings have found many
applications ranging from DNA microarray analysis [48|, facial and object
recognition [129], web search models [1], etc. Specifically, latent factor models
decompose a data matrix X € RV*M by product of the loading matrix G €
RN¥*K and the factor value matrix U € RM*K  with possibly small noise
E e RVM e,

X=GU" +E. (5.5)

The sparse-orthogonal matrix factorization (5.4) tries to find the optimal

sparse loadings GG under the condition that latent factors are normalized and
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uncorrelated, i.e., columns in U are orthonormal. In practice, using uncor-
related latent factors makes lots of sense, but is not guaranteed by many
existing matrix factorization methods, e.g., non-negative matrix factorization

(NMF) [80], SPCA |73], 137} 37|, structured SPCA [72].

In uncertainty quantification (UQ), we often need to parametrize a random
field, denoted as k(z,w), with a finite number of random variables. Apply-
ing the ISMD to its covariance function, denoted by Cov(z,y), we can get a

parametrization with K random variables:

r(z,w) = Kx) + Y ge(x)mw), (5.6)

where k() is the mean field, the physical modes {g;} 5, are sparse/localized,
and the random variables {n;}& , are centered, uncorrelated, and have unit
variance. The parametrization has a form similar to the widely used
Karhenen—Loéve (KL) expansion |75, 85|, but in the KL expansion the phys-
ical modes {gi }5_, are eigenfunctions of the covariance function and are typ-
ically nonzero everywhere. Obtaining a sparse parametrization is important
to uncover the intrinsic sparse features in a random field and to achieve com-
putational efficiency for further scientific experiments. In [65], such sparse
parametrization methods are used to design efficient algorithms to solve par-

tial differential equations with random inputs.

Connection With The Sparse Matrix Factorization Problem

Given a matrix X € RV*M of M columns corresponding to M observations in
RY, a sparse matrix factorization problem is to find a matrix G = [gy,...,g,] €
RN*"called a dictionary, and a matrix U = [uy,...,u,] € RM™*" called de-
composition coefficients, such that GU? approximates X well and the columns

in G are sparse.

In [81] 131, 88|, the authors formulated this problem as an optimization prob-
lem by penalizing the 11 norm of G, i.e. ||G|1 :== > ;_, llgxll1, to enforce the

sparsity of the dictionary. This can be written as

min X — GUT||5 + MG]1 st Jugll <1 VI<E<Znr,

GeRNXT,UeRMX’I‘

(5.7)
where the parameter A > 0 controls to what extent the dictionary G is regular-

ized. We point out that the 11 penalty can be replaced by other penalties. For
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example, the structured SPCA [72] uses certain 11/12 norms of G to enforce
sparsity with specific structures, e.g. rectangular structure on a grid. Prob-
lem is not jointly convex in (G, U). Certain specially designed algorithms
have been developed to solve this optimization problem. We will discuss one
of these methods in Section

There are two major differences between the optimization problem and
the optimization problem . First, the ISMD, which is designed to solve ,
requires that the decomposition coefficients U be orthonormal, while many
other methods, including SPCA and structured SPCA, which are designed to
solve , only normalize every columns in U. One needs to decide whether
the orthogonality in U is necessary in a specific application and choose the
appropriate method. Second, the number of modes K in the ISMD must be
the rank of the matrix, while the number of modes r in problem is picked
by users and can be any number. In other words, the ISMD is seeking an ex-
act matriz decomposition, while other methods make a trade-off between the
accuracy ||X — GUT||r and the sparsity ||G||; by recovering the matrix ap-
proximately instead of obtaining an exact recovery. Although the ISMD can
be modified to do matrix approximation (with the orthogonality constraint
on U), see Algorithm , the optimal sparsity of the dictionary G is no longer
guaranteed anymore. Based on these two differences, we recommend the ISMD
for sparse matrix factorization problems where the orthogonality in decompo-
sition coefficients U is required and an exact (or nearly exact) decomposition

1s desired.

Outline

In Section [5.2| we present our ISMD algorithm for low rank matrices, analyze its
computational complexity and talk about its relation with other methods for
sparse decomposition or approximation. In Section [5.3] we present our main
theoretical results, i.e., Theorem and Theorem [5.3.6 In Section [5.4]
we discuss the stability of the ISMD by performing perturbation analysis.
We also provide two modified ISMD algorithms: Algorithm [3] for low rank
matrices with small noise, and Algorithm {4 for sparse matrix approximation.
Finally, we present a few numerical examples in Section to demonstrate
the efficiency of the ISMD and compare its performance with other existing
methods.
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5.2 Intrinsic Sparse Mode Decomposition

In this section, we present the algorithm of the ISMD and analyze its compu-
tational complexity. Its relation with other matrix decomposition methods is
discussed at the end of this section. In the rest of the chapter, @(n) denotes
the set of real unitary matrices of size n x n; I, denotes the identity matrix

with size n X n.

The Algorithm Of ISMD

Suppose that we have a symmetric positive symmetric matrix, denoted as
A € R¥VN and a partition of the index set [N], denoted as P = {P,,}_,.
The partition typically originates from the physical meaning of the matrix A.
For example, if A is the discretized covariance function of a random field on
domain D C RY, P is constructed from certain domain partition of D. The
submatrix of A, with row index in P,, and column index in P,, is denoted as
A To simplify our notation, we assume that indices in [/V] are rearranged

such that A is written as below:

CAn A e A
Ay ' Ay ! " Aoy
A= | 7mb T (5.8)
i
AMl‘AM2‘ ‘AMM

Notice that when implementing the ISMD, there is no need to rearrange the

indices as above. The ISMD tries to find the optimal sparse decomposition of
A w.r.t. partition P, defined as the minimizer of problem (5.3). The ISMD

consists of three steps: local decomposition, local rotation, and global patch-
up.

In the first step, we perform the local eigendecomposition

Km
A =Y Vmihmihy ; = HyHY, (5.9)
i=1
where K, is the rank of A,,,, and H,, = [%1,{21hmz ,yTln/éhm,g e /yrln/,QI(mhvam]'

If A,,,, is ill-conditioned, we truncate the small eigenvalues and a truncated

eigendecomposition is used as follows:

Ko
i=1
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Let K = Z%zl K, be the total local rank of A. We extend columns of H,,
into RY by adding zeros, and get the block diagonal matrix

Hewt = diag{Hla H27 te 7HM}

The correlation matrix with basis H.y, denoted by A € RE®*Kw s the

matrix such that
A=H.AHT,. (5.11)

Since columns of H,,; are orthogonal and span a space that contains range(A),

A exists and can be computed blockwise as follows:

A A oo A

Ao | AR AN A () € RER
S S S
AM1 ! AM2 ! ! AMM

(5.12)

where H! = (HL H,,)"'HZ is the (Moore-Penrose) pseudo-inverse of H,,.

In the second step, on every patch P,,, we solve the following joint diagonal-

iziation problem to find a local rotation D,,:

M
D,,, = arg min Z Z (VIS0 V)ij)?, (5.13)

VEO(Km) 121 ik

in which
Yoim = A AL (5.14)

We rotate the local eigenvectors with D,, and get G,, = H,,D,,. Again, we
extend columns of G,, into RV by adding zeros, and get the block diagonal

matrix

Gewt = diag{Gl, GQ, ce ,GM}

The correlation matrix with basis G, denoted by 2 € RE®*EK® | is the matrix
such that
A= GuQGT (5.15)

ext"

With A in hand, € can be obtained as follows:

Q=DTAD, D = diag{D, Dy,--- , Dy} (5.16)
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Joint diagonalization has been well studied in the blind source separation
(BSS) community. We present some relevant theoretical results in supplemen-
tary materials A Jacobi-like algorithm [23] [17], see Algorithm 5], is used in
our chapter to solve problem ([5.13]). For most cases, we may want to normalize

the columns of G.,; and put all the magnitude information in €, i.e.,
Gewt = G E, Q= EQET, (5.17)

where F is a diagonal matrix with £;; being the [ norm of the i-th column
of Gegt, Gewr and Q will substitute the roles of G and € in the rest of the
algorithm.

In the third step, we use the pivoted Cholesky decomposition to patch up the
local pieces G,,. Specifically, suppose the pivoted Cholesky decomposition of
) is given as

Q=PLL"PT, (5.18)

where P € RE®*Kw® is a permutation matrix and L € RF®>*K ig a lower
triangular matrix with positive diagonal entries. Since A has rank K, both A
and €2 have rank K. This is why L only has K nonzero columns. However, we
point out that the rank K is automatically identified in the algorithm instead

of given as an input parameter. Finally, A is decomposed as
A=GGC" =G PL(G o PL)T . (5.19)

The columns in G = G PL are our decomposed sparse modes.

The full algorithm is summarized in Algorithm [2, We point out that there are

two extreme cases for the ISMD:

e The coarsest partition P = {[N]}. In this case, the ISMD is equivalent
to the standard eigendecomposition.
e The finest partition P = {{i} : i € [N]}. In this case, the ISMD is equiv-
. o = T A
alent to the pivoted Cholesky factorization on A where A;; = T It
the normalization (5.17)) is applied, the ISMD is equivalent to the pivoted

Cholesky factorization of A in this case.

In these two extreme cases, there is no need to use the joint diagonaliza-

tion step and it is known that, in general, neither the ISMD nor the pivoted
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Cholesky decomposition generates a sparse decomposition. When P is neither
of these two extreme cases, the joint diagonalization is applied to rotate the
local eigenvectors and thereafter the generated modes are patchwise sparse.
Specifically, when the partition is regular-sparse, the ISMD generates the op-
timal patchwise sparse decomposition as stated in Theorem [5.3.5

Algorithm 2 Intrinsic sparse mode decomposition

Require: 4 € RV*Y: symmetric and PSD; P = {P,,}M_,: partition of index
set [V]

Ensure: G = [g1, o, -+ ,gk]: K is the rank of A, A = GGT

#+#+Local eigendecomposition

form=1,2,---, M do
Local eigendecomposition: A,,, = H,, H.

end for

444 Assemble correlation matrix A

T
Assemble A = H' A (H! ) blockwisely as in Eqn. (5.12])

ext ext

#+4+4Joint Diagonalization
form=1,2,--- ,M do
forn=1,2,--- ,M do
Som = A,
end for
Solve the joint diagonalization problem for D, > Use
Algorithm
13: end for
14: #+#+# Assemble correlation matrix €2 and its pivoted Cholesky decomposi-
tion
15: Q = DTAD
16: Q= PLLTPT
17 #+#+# Assemble the intrinsic sparse modes G
18: G = H.puDPL

— =
o2

Remark 5.2.1. One can interpret H,, as the patchwise amplitude and D,, as
the patchwise phase. The patchwise amplitude is easy to obtain using a local
ergendecomposition , while the patchwise phase s obtained by the joint
diagonalization ([5.13]).

In fact, the ISMD solves the following optimization problem where we jointly
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diagonalize A, :

M
. e
Gmeﬂér‘]jjlﬂl;llXKm ZZ |Bn7m(l7j)|

n=1 i#j
s.t. GmGg = A
G BpmGE, = A Al AT

nn* mn?

(5.20)

in which Al = S5 " Vi hnghl is the (Moore—Penrose) pseudo-inverse of
Apn. Eqn. (5.20) is not a unitary joint diagonalization problem, i.e., the vari-
able G, is not unitary. The ISMD solves this non-unitary joint diagonalization

problem in two steps:

1. Perform a local eigendecomposition A, = H,HE. Then the feasible

G, can be written as H,,D,, with a unitary matrix D,,.

2. Find the rotation D,, that solves the unitary joint diagonalization prob-

lem (5.13).

Computational Complexity

The main computational cost of the ISMD comes from the local KL expansion,
the joint diagonalization, and the pivoted Cholesky decomposition. To simplify
the analysis, we assume that the partition P is uniform, i.e., each group has
X nodes. On each patch, we perform the eigendecomposition of A, of size

M
N/M and rank K,,. Then, the cost of the local eigendecomposition step is

Cost; = Y O ((N/M)’K,,) = (N/M)*O Z K,

For the joint diagonalization, the computational cost of Algorithm [5|is

M

> Neorran K Niterm -

m=1
Here, Niorrm is the number of nonzero matrices in {3,.,}* ;. Notice that
Tom = Apn AL = 0 if and only if A,,, = 0. Therefore, Neorrm may be
much smaller than M if A is sparse. Nevertheless, we take an upper bound
M to estimate the cost. Neppm K2

> is the computational cost for each sweep

in Algorithm |5|and N, is the number of iterations needed for convergence.

The asymptotic convergence rate is shown to be quadratic [17], and no more
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than six iterations are needed in our numerical examples. Therefore, we can
take Niterm = O(1) and in total we have

M M
Costy = Y MO(K}) = MO(Y_ K}).
m=1 m=1
Finally, the pivoted Cholesky decomposition of €2, which is of size 224:1 K,

has cost
M M
Costs = O ((Z Km)K2> = K*0()  Kp).
k=1 m=1

Combining the computational costs in all three steps, we conclude that the

total computational cost of the ISMD is
M M
Costisyp = ((N/M)* + K*) 0> Kp) + MO(D K} (5.21)
m=1 m=1

Making use of K,,, < K, we have an upper bound for Cost;snp,
Costrsyp < O(N?K /M) + O(M*K?) . (5.22)

When M = O((N/K)?3), Costisyp < O(NY3K?/3). Compared with the cost
of partial eigendecomposition [117, 82|, which is about O(N?K) E|, the ISMD

is more efficient for low-rank matrices.

For matrix A which has a sparse decomposition, the local ranks K,, are much
smaller than its global rank K. An extreme case is K,, = O(1), which is, in

fact, true for many random fields; see 28|, 65]. In this case,
Costisyp = O(N? /M) + O(M?) + O(MK?). (5.23)

When the partition gets finer (M increases), the computational cost first de-
creases due to the saving in local eigendecompositions. The computational
cost achieves its minimum around M = O(N?/3) and then increases due to
the increasing cost for the joint diagonalization. This trend is observed in our

numerical examples; see Figure |[5.4]

We point out that the M local eigendecompositions and the joint di-
agonalization problems are solved independently on different patches.
Therefore, our algorithm is embarrassingly parallelizable. This will save the
computational cost in the first two steps by a factor of M, which makes the
ISMD even faster.

IThe cost can be reduced to O(N?log(K)) if a randomized SVD with some specific
technique is applied.
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Connection With Other Matrix Decomposition Methods

Sparse decompositions of symmetric PSD matrices have been studied in dif-
ferent fields for a long time. There are, in general, two approaches to achieve

sparsity: rotation or /; minimization.

The rotation approach begins with eigenvectors. Suppose that we have decided
to retain and rotate K eigenvectors. Define H = [hq, ha, ..., hx] with hy being
the k’th eigenvector. We postmultiply H by a matrix 7' € RE*X to obtain the
rotated modes G = [g1,92,...,9x] = HT. The choice of T is determined by
the rotation criterion we use. In data science, for the commonly used varimax
rotation criterion |77, 74], T is an orthogonal matrix chosen to maximize the
variance of squared modes within each column of G. This drives entries in G
towards 0 or £1. In quantum chemistry, every column in H and G corresponds
to a function over a physical domain D and certain specialized sparse modes
(localized modes) are sought after. The most widely used criterion to achieve
maximally localized modes is the one proposed in [90]. This criterion requires

T to be unitary, and then minimizes the second moment:

Z/D@f — 1) |gu()[*dz, (5.24)

where z;, = [, #|gi(2)|*dz. More recently, a method weighted by higher degree
polynomials is discussed in [42]. While these criteria work reasonably well for
simple symmetric PSD functions/operators, they all suffer from non-convex
optimization, which requires a good starting point to converge to the global
minimum. In addition, these methods only care about the eigenspace spanned
by H instead of the specific matrix decomposition, and thus they cannot be

directly applied to solve our problem ([5.3).

The ISMD proposed in this chapter follows the rotation approach. The ISMD

implicitly finds a unitary matrix 7" € RE*K to construct the intrinsic sparse

[gl,gg, Ce ,gK] = [\/A_lhla \ )\th, BRIV )\KhK] T (525)

Notice that we rotate the unnormalized eigenvector v/ Aphy to satisfy the de-

modes

composition constraint A = 25:1 grgi. The criterion of the ISMD is to
minimize the total patchwise sparseness as in ([5.3). The success of the ISMD
lies in the fact that as long as the domain partition is regular-sparse, the op-
timization problem can be exactly and efficiently solved by Algorithm [2|
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Moreover, the intrinsic sparse modes produced by the ISMD are optimally

localized because we are directly minimizing the total patchwise sparseness of
{ae}iss

The [; minimization approach, pioneered by ScotLass 73|, has a rich literature
in solving the sparse matrix factorization problem ; see 137,137, |136, 128,
107, [78]. Problem is highly non-convex in (G,U), and there has been
a lot of effort (see e.g. [37, /128, |78]) in relaxing it to a convex optimization.
First of all, since there are no essential constraints on U, one can get rid of U

by considering the variational form |73, 137, [107]:

min ~ —Tr(GTAG) + p||G|l; st. GTG = Ik, (5.26)

GERNXK

where A = X X7 is the covariance matrix as in the ISMD (5.3) and Tr is the
trace operator on square matrices. Notice that the problem is still non-convex
due to the orthogonality constraint GT G = I . In the second step, the authors

in [128] proposed the following semidefinite programming to obtain the sparse
density matrix W € R™ " which plays the same role as GGT in ((5.20)):

min ~ —Tr(AW) + p||W]|; st. 0=W Iy, Te(W)=K.| (5.27)

WE]RNXN

Here, 0 < W =< Iy means that both W and Iy — W are symmetric and
positive semidefinite. Finally, the first K eigenvectors of W are used as the
sparse modes GG. An equivalent formulation was proposed in [78|, and the

authors proposed to pick K columns of W as the sparse modes G.

We will compare the advantages and disadvantages of the ISMD and the convex
relaxation of SPCA in Section 5.5

5.3 Theoretical Results With Regular-Sparse Partitions

In this section, we present the main theoretical results of the ISMD, i.e.,
Theorem [5.3.5], Theorem and its perturbation analysis. We first intro-
duce a domain-decomposition type presentation of any feasible decomposition
A = Ele Ypl. Then we discuss the regular-sparse property and use it
to prove our main results. When no ambiguity arises, we denote patchwise

sparseness s(gx; P) as sg.

A Domain-decomposition Type Representation
For an arbitrary decomposition A = Zle U, denote W = [ty ..., k] and

V|, =[], ... YKkl |- For a sparse decomposition, we expect that most
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columns in V|, —are zero, and thus we define the local dimension on patch P,

as follows.

Definition 5.3.1 (Local dimension). The local dimension of a decomposition
A= Zle Ul on patch P, is the number of nonzero modes when restricted

to this patch, i.e.,

d(va\Il) = |Sm|a Sm = {k : wk|Pm 7é 0}

When no ambiguity arises, d(P,,; ¥) is written as d,,,. We enumerate all the
elements in S, as {k7"}™, and group together all the nonzero local pieces on

patch P,, and obtain

\Ijm = [wm,la s 7¢m,dm] ) ¢k;"|pm = wm,i . (528)

Therefore, we have
U, =0, LY, (5.29)
where Lgff ) is a matrix of size d,, x K with the k["-th column being e; for i € [d,,]

and other columns being 0. Here, e; is the ¢-th column of I . Lgff ) is called

the local indicator matriz of ¥ on patch P,,. Restricting the decomposition
constraint A = WU to patch P,,, we have A,,, = v, (\I/|Pm)T, where A,,,,
is the restriction of A on patch P, as in (5.8). Since V¥,, is obtained from

V|, by deleting zero columns, we have

A = 9, 0T (5.30)

We stack up ¥,, and Lgff} ) as follows,
Uy = diag{ 0y, Uy, -+, Uy, LU =[P L8; - ;Lﬁfﬁ)] :
and then we have:
V=[], ¥, |=U,LW. (5.31)

The intuition in Eqn. (5.31)) is that the local pieces ¥, are linked together by
the indicator matrix L) and the modes ¥ on the entire domain [N] can be
recovered from W,,; and LY. We call L) the indicator matriz of W.

We use a simple example to illustrate the patchwise sparseness, the local di-
mension and Eqn. (5.31)). In this case, ¥ € RM*K (N = 100, K = 2) is the
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Figure 5.1: Illustration of sparseness, local dimension and ¥ = W, L(®).

discretized version of two functions on [0, 1] and P partitions [0, 1] uniformly
into four intervals as shown in Figure[5.3] 1, the red starred mode, is nonzero
on the left two patches and 15, the blue circled mode, is nonzero on the right
three patches. The sparseness of 1, is 2, the sparseness of v is 3, and the local
dimensions of the four patches are 1, 2, 1, and 1 respectively, as we comment in
Figure Following the definitions above, we have Wy = 4], , ng) = [1,0],
Wy = [l ol ], L8 = [1,0;0,1], W5 = ¢hal,,, LE = [0,1], Wy = o, .
and Lflw) = [0, 1]. Finally, we get

| o 1 0]
W 00 0 0 Ty
(1)1, 1)s] =, LY = ,,Q,:,w}’?,ng%:,,o,,:,p,, 0 1
0 0 0 tgs, O 01
I r——=1— - - °
0 0 0 0 - - -
| R A

With this domain-decomposition type representation of ¥, the decomposition

constraint i1s rewritten as:

A =0T =, Q097 QW = 1@ (L))" (5.32)

ext ?

Here, Q) has a role similar to that of Q in the ISMD. It can be viewed as the

correlation matrix of A under basis V.., just like how A and () are defined.

Finally, we provide two useful properties of the local indicator matrices Lsff’ ),

which are direct consequences of their definitions.

Proposition 5.3.2. For an arbitrary decomposition A = W1
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1. The k-th column of L), denoted as l,(cw), satisfies Hl,(:b)Hl = s where
si 1s the patchwise spa'rseness of Yy, as in Definition |5.1.1. Moreover,

different columns in L) have disjoint supports.

2. Define
BW = QW)

nm mn

where Q) = LS,J(L“”) is the (m, n)-th block of Q) BY), is diagonal
with diagonal entries either 1 or 0. Moreover, B,(w?l(z,z) =1 if and only

if there exists k € [K] such that |, = tm; and ¥y|, # 0.

(S (5.33)

mn

Proof. 1. l,(:’b), divided into patches, can be written as l,(cw) = [l lok; - 3 Ik
From the definition (5.29), we have ||l x|l1 = 1 if ¥%|, # 0 and 0 oth-

erwise. Therefore, we obtain

M
151 =3 el = si (s P).
m=1

Moreover, on patch P, different ;’s correspond to different local pieces
in U,, (when they are identical, we keep both when constructing ¥,,),

)

and thus different columns in L have disjoint supports. Therefore,

different columns in L) have disjoint supports.

2. From the definition ([5.29)), the j-th row of LW s equal to efm where exm
is the &}"-th column of Ix. Then we have (L#))TL,(;Z}) = Zdnl eknegn

Therefore, we obtain

B, = LWL = 30 L ewy (Lewy)” z i -
(5.34)

where lm,k:? is the k}“—th column of L,(ff )

From the definition (5.29)), I, s, the k{"-th column of LY ), is equal to

e; for i € [d,;,] and all other columns are 0. Therefore,

K dm dm,
S il g =Y gl = Y _eiel =14, (5.35)
k=1 =1 =1

Eqn. (5.34) sums over k € {k:;‘}?il C [K] and then we conclude that B
is diagonal with diagonal entries either 1 or 0. Moreover, if Bfﬁ%(z, i)=1
the term e;e! has to be included in the summation in (5.34). Among



150

T

all terms {1, 1l

Kty only Ly el 1 is equal to e;e] due to the defi-
nition of L\Y). Therefore, the term Ik}, o has to be included in the
summation in ((5.34). Therefore, there exists j € [d,] such that £} = A"

In other words, there exist k € [K] and j € [d,] such that 9|, = tm;
[

Since different columns in L®*) have disjoint supports, Q¥) = L®) (L(w))T has
a block-diagonal structure with K blocks. The k-th diagonal block is the one

@ ()"
), (lk ) . Therefore, as long as we obtain Q) we can use the

contributed by
pivoted Cholesky decomposition to efficiently recover L®¥). The ISMD follows
this rationale: we first construct local pieces V.., = diag{W;, Uy, -+ Wy}
for a certain set of intrinsic sparse modes W. Then from the decomposition
constraint we are able to compute Q). Finally, the pivoted Cholesky
decomposition is applied to obtain L) and the modes are assembled by ¥ =
U, LW, Obviously, the key step is to construct V.., which are local pieces of
a set of intrinsic sparse modes; this is exactly where the regular-sparse property

and the joint diagonalization come into play.

Regular-sparse Property and Local Modes Construction

In this and the next subsections (Section and [5.3), we assume that the
submatrices A,,,, are well conditioned and thus the exact local eigendecompo-
sition ((5.9) is used in the ISMD.

Combining the local eigendecomposition (5.9) and local decomposition con-
straint ((5.30)), there exists DY) € REmxdm guch that

V,, = H,,DW. (5.36)

Moreover, since the local eigenvectors are linearly independent, we have

dp > K,  DW (DN =Ty, . (5.37)
We see that d,,, = K,, if and only if columns in ¥,, are also linearly indepen-

dent. In this case, DY) is unitary, i.e., DY € O(K,,). This is exactly what is
required by the regular-sparse property, see Definition [1.3.2, It is easy to see

that we have the following equivalent definitions of regular-sparse property.

Proposition 5.3.3. The following assertions are equivalent.
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1. The partition P is reqular-sparse w.r.t. A.

2. There exists a decomposition A = Zszl Ul such that on every patch

P, its local dimension d,, is equal to the local rank K,,, i.e., d,, = K,,.

3. The minimum of problem (j5.3)) is Z%zl K,,.

The proof is elementary and is omitted here. By Proposition[5.3.3] for regular-
sparse partitions, local pieces of a set of intrinsic sparse modes can be con-
structed from rotating local eigenvectors, i.e., ¥,, = Hmeff ). All the local
rotations {Dr(ff ) M_ " are coupled by the decomposition constraint A = W7,
At first glance, it seems impossible to find such D,, from this big coupled
system. However, the following lemma gives a necessary condition that DY
must satisfy so that Hmeff) ) are local pieces of a set of intrinsic sparse modes.
More importantly, this necessary condition turns out to be sufficient, and thus

provides us a criterion to find the local rotations.

Lemma 5.3.1. Suppose that P is reqular-sparse w.r.t. A and that {1},
is an arbitrary set of intrinsic sparse modes. Denote the transformation from
H,, toV,, as D,(ff), e, ¥, = HmDﬁff’). Then DS{D) 18 unitary and jointly
diagonalizes {3y}, which are defined in . Specifically, we have

n=1>

BY) = (DW)' %,.,DY m=1,2,..., M, (5.38)

o

T
where BSZ’T)” = QW) (Q%)l) , defined in (5.33)), is diagonal with diagonal entries
either 0 or 1.

Proof. From item 3 in Proposition [5.3.3] any set of intrinsic sparse modes must
have local dimension d,, = K,, on patch P,,. Therefore, the transformation
D,(ff ) from H,, to ¥,, must be unitary. Combining V¥,, = HmDT(ff ) with the
decomposition constraint , we get

A = Hey DWW ( Dw))T H.,,.

where D® = diag{ D\"’, DS, .. D\")}. Recall that A = H.yAH..; and that

H.,; has linearly independent columns. We obtain
A= DWW (D<¢>)T, (5.39)

or blockwisely,
Apn = DYOY) (DW)" (5.40)
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Since DY is unitary, Eqn. (5.38) naturally follows the definitions of Bffp% and
Ynm- By item 2 in Proposition , we know that B}f@l is diagonal with

diagonal entries either 0 or 1. [

Lemma guarantees that DY for an arbitrary set of intrinsic sparse modes
is the minimizer of the joint diagonalization problem (5.13). In the other
direction, the following lemma guarantees that any minimizer of the joint
diagonalization problem , denoted as D,,, transforms local eigenvectors

H,, to GG,,, which are the local pieces of certain intrinsic sparse modes.

Lemma 5.3.2. Suppose that P is regular-sparse w.r.t. A and that D,, is a
minimizer of the joint diagonalization problem (5.13). As in the ISMD, define
Gy = Hp,D,,. Then there exists a set of intrinsic sparse modes such that its

local pieces on patch P, are equal to G,,.

Before we prove this lemma, we examine the uniqueness property of intrinsic
sparse modes. It is easy to see that permutations and sign flips of a set of
intrinsic sparse modes are still a set of intrinsic sparse modes. Specifically, if
{4} | is a set of intrinsic sparse modes and o : [K] — [K] is a permutation,
{£¢om }; is another set of intrinsic sparse modes. Another kind of non-

uniqueness comes from the following concept—identifiability.

Definition 5.3.4 (Identifiability). For two modes g1, go € RY, they are uniden-
tifiable on partition P if they are supported on the same patches, i.e., {P €
P:aqil, # 0} ={P € P: go|, # 0}. Otherwise, they are identifiable. For
a collection of modes {g;}¥_, C RYN, they are unidentifiable if and only if any
pair of them are unidentifiable. They are pair-wisely identifiable if and only if

any pair of them are identifiable.

It is important to point out that the identifiability above is based on the reso-
lution of partition P. Unidentifiable modes for partition P may have different
supports and become identifiable on a refined partition. Unidentifiable intrin-
sic sparse modes lead to another kind of non-uniqueness for intrinsic sparse
modes. For instance, when two intrinsic sparse modes v,,, and 1), are unidenti-
fiable, then any rotation of [¢,,, 1,] while keeping other intrinsic sparse modes

unchanged is still a set of intrinsic sparse modes.

Local pieces of intrinsic sparse modes inherit this kind of non-uniqueness.

Suppose V., = [Ym1, - - -, ¥m.q,,] are the local pieces of a set of intrinsic sparse
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modes W on patch P,. First, if o : [d,,] = [dy] is a permutation, {£1, »¢) fgl

are local pieces of another set of intrinsic sparse modes. Second, if ,,; and
¥m,; are the local pieces of two unidentifiable intrinsic sparse modes, then any
rotation of [t ;,¥m ;] while keeping other local pieces unchanged are local
pieces of another set of intrinsic sparse modes. It turns out that this kind of
non-uniqueness has a one-to-one correspondence with the non-uniqueness of
joint diagonalizers for problem ({5.13|), which is characterized in Theorem m
Keeping this correspondence in mind, the proof of Lemma [5.3.2] is quite intu-

itive.

Proof. [Proof of Lemma Let W = [¢)1,...,1Kk| be an arbitrary set of
intrinsic sparse modes. We order columns in ¥ such that unidentifiable modes
are grouped together, denoted as U = [Uy,..., Ug], where @ is the number
of unidentifiable groups. Accordingly on patch P, V., = V1., Vo]
where @),, is the number of nonzero unidentifiable groups. Denote the number
of columns in each group as n,,;, i.e., there are n,,; modes in {1}, that

are nonzero and unidentifiable on patch P,,.

Making use of item 2 in Proposition one can check that ¢,,; and ¥, ;
are unidentifiable if and only if BYn(i,) = B,%?l(j,j) for all n € [M]. Since
unidentifiable pieces in ¥, are grouped together, the same diagonal entries in
{B,(ﬁ?z}f‘lil are grouped together as required in Theorem . Now we apply
Theorem with M}, replaced by X,,.,,, Ay replaced by Bff;%, D replaced by
DY ), the number of distinct eigenvalues m replaced by @),,, eigenvalue’s mul-
tiplicity ¢; replaced by n,,; and the diagonalizer V replaced by D,,,. Therefore,
there exists a permutation matrix II,, and a block diagonal matrix V,, such
that

DpIL, = DWWV, . Vi, =diag{Vi1,..., Vimo.}- (5.41)

Recall that G,, = H,,D,,, and ¥,, = Hmeff), we obtain that
Gully =V Vi = Vi Vit -+ Yinon Vim0 - (5.42)

From Eqn. , we can see that identifiable pieces are completely separated
and the small rotation matrices, V;,, ;, only mix unidentifiable pieces ¥,, ;. II,,
merely permutes the columns in GG,,,. From the non-uniqueness of local pieces
of intrinsic sparse modes, we conclude that G,, are local pieces of another set

of intrinsic sparse modes. O
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We point out that the local pieces {G,,}¥_, constructed by the ISMD on

different patches may correspond to different sets of intrinsic sparse modes.
Therefore, the final “patch-up” step should further modify and connect them
to build a set of intrinsic sparse modes. Fortunately, the pivoted Cholesky

decomposition elegantly solves this problem.

Optimal Sparse Recovery and Consistency of The ISMD

As defined in the ISMD, €2 is the correlation matrix of A with basis G,
see . If Q enjoys a block diagonal structure with each block corresponding
to a single intrinsic sparse mode, just like Q@) = L®) (L(w))T, the pivoted

Cholesky decomposition can be utilized to recover the intrinsic sparse modes.

It is fairly easy to see that 2 indeed enjoys such a block diagonal structure
when there is one set of intrinsic sparse modes that are pair-wisely identifiable.
Denoting this identifiable set as {¢x}5 , (only its existence is needed), by
Eqn. , we know that on patch P, there is a permutation matrix II,, and
a diagonal matrix V,, with diagonal entries either 1 or -1 such that D,,Il,, =
DYV, Recall that A = DQDT = DWQ®) (D(w))T; see and (5.40)).
We have

Q = DTDWOM) (DW)" D = VWV, (5.43)

in which V' = diag{V3,...,V,,} is diagonal with diagonal entries either 1 or
-1 and 1T = diag{Ily,...,II,,} is a permutation matrix. Since the action of
VT does not change the block diagonal structure of Q¥), Q still has such a
structure and the pivoted Cholesky decomposition can be readily applied. In
fact, the action of IIVT exactly corresponds to the column permutation and
sign flips of intrinsic sparse modes, which is the only kind of non-uniqueness
of problem (j5.3)) when the intrinsic sparse modes are pair-wisely identifiable.
For the general case when there are unidentifiable intrinsic sparse modes, €2
still has the block diagonal structure with each block corresponding to a group

of unidentifiable modes, resulting in the following theorem.

Theorem 5.3.5. Suppose the domain partition P is reqular-sparse w.r.t. A.
Let A = GGT be the decomposition given by the ISMD and ¥ =
(Y1, ..., ¥K] be an arbitrary set of intrinsic sparse modes. Let columns in
U be ordered such that unidentifiable modes are grouped together, denoted as
U = [Vy,...,Uq], where Q is the number of unidentifiable groups and n, is the

number of modes in V,. Then there exists () rotation matrices U, € R"*"
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(1 <q<Q) such that
G: [\IflUl,...,\I/QUQ], (544)

with reordering of columns in G if necessary. It immediately follows that

e the ISMD generates one set of intrinsic sparse modes.

e the intrinsic sparse modes are unique up to permutations and rotations

within unidentifiable modes.

Proof. By Eqn. (5.41)), Eqn. still holds true with block diagonal V;, for
m € [M]. Without loss of generality, we assume that II = I since permuta-
tion does not change the block diagonal structure that we desire. Then from
Eqn. (5.43) we have

Q=VTQWY = yT L) (L)' v, (5.45)
In terms of block-wise formulation, we get

Qe = VIQWV, = VILE (LN V. (5.46)

m mn

Correspondingly, by (5.42)) the local pieces satisfy

Gm - [Gm71 geee g Gm7Qm] - [qjm,lvm,l geee ‘;[/ijmequ] .

Now, we prove that €2 has the block diagonal structure in which each block

corresponds to a group of unidentifiable modes. Specifically, G, ; = V., i Vi s

and G, ; = ¥, ;V,,; are two identifiable groups, i.e., ¥,,; and ¥, ; are from

two identifiable groups, and we want to prove that the corresponding block

in €, denoted as €, ;, is zero. From Eqn. (5.46), one gets €, =
@ (1@ () () -

VIL (Ln ) Vij, where L, ; are the rows in Ly, corresponding to Wy, ;.

m,im,i \J

1®)

nJ is defined similarly. Due to identifiability between ¥,,, ; and V¥, ;, we know

T
ijﬁ )z (LS’?) = 0 and thus we obtain the block diagonal structure of (2.

In (5.18)), the ISMD performs the pivoted Cholesky decomposition Q2 = PLLT PT
and generates sparse modes G = G PL. Due to the block diagonal struc-
ture in €2, every column in PL can only have nonzero entries on local pieces
that are not identifiable. Therefore, columns in G have identifiable intrinsic

sparse modes completely separated and unidentifiable intrinsic sparse modes
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rotated (including sign flip) by certain unitary matrices. Therefore, G is a set

of intrinsic sparse modes.

Due to the arbitrary choice of W, we know that the intrinsic sparse modes are

unique to permutations and rotations within unidentifiable modes. ]

Remark 5.3.1. From the proof above, we can see that it is the block diagonal
structure of § that leads to the recovery of intrinsic sparse modes. The pivoted
Cholesky decomposition is one way to explore this structure. In fact, the pivoted
Cholesky decomposition can be replaced by any other matriz decomposition that
preserves this block diagonal structure, for instance, the eigendecomposition if

there 1s no degeneracy.

Despite the fact that the intrinsic sparse modes depend on the partition P,
the following theorem guarantees that the solutions to problem (|5.3)) give con-

sistent results as long as the partition is regular-sparse.

Theorem 5.3.6. Suppose that P, is a partition, Py is a refinement of P, and
that Py is reqular-sparse. Suppose {g,(f)}f:1 and {g,gf)}szl (with reordering if
necessary) are the intrinsic sparse modes produced by the ISMD on P. and Py,
respectively. Then for every k € {1,2,..., K}, in the coarse partition P, g,ic)
and g,if ) are supported on the same patches, while in the fine partition Py the

support patches of glgf) are contained in the support patches of g,(:), i.€.,

{(PeP.:gl|, #0} ={PeP.: g, #0},
(PeP;: g, £0} c{PeP;:g?|, #0}

Moreover, if g,(:) is identifiable on the coarse patch P., it remains unchanged

when the ISMD s performed on the refined partition Py, i.e., g,if) = ig,(f).

Proof. Given the finer partition Py is regular-sparse, it is easy to prove the
coarser partition P, is also regular—sparseﬂ Notice that if two modes are identi-
fiable on the coarse partition P,, they must be identifiable on the fine partition
P;. However, the other direction is not true, i.e., unidentifiable modes may
become identifiable if the partition is refined. Based on this observation, The-

orem [5.3.6|is a simple corollary of Theorem [5.3.5] O]

2We provide the proof in supplementary materials; see Lemma
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Finally, we provide a necessary condition for a partition to be regular-sparse

as follows.

Proposition 5.3.7. If P is reqular-sparse w.r.t. A, all eigenvalues of A are
integers. Here, A is computed in the ISMD by Eqn. (5.12)).

Proof. Let {¢x}5_ | be a set of intrinsic sparse modes. Since P is regular-
sparse, D™ in Eqn. (5.39) is unitary. Therefore, A and Q@) = L) (L(w))T
share the same eigenvalues. Due to the block-diagonal structure of Q) one
can see that . .
QW) = L@ (LW)" = S (l}j”)
k=1
is, in fact, the eigendecomposition of Q). The eigenvalue corresponding to
the eigenvector I(*) is [|I1?|2, which is also equal to ||I{”)||; because L®) only
elements 0 or 1. From item 1 in Proposition Hl,(:/J)Hl = S, which is the

patchwise sparseness of . O

Combining Theorem [5.3.5, Theorem and Proposition [5.3.7] we can de-
velop a hierarchical process that gradually finds the finest regular-sparse parti-
tion and thus obtains the sparsest decomposition using the ISMD. This spars-
est decomposition can be viewed as another definition of intrinsic sparse modes,
which are independent of partitions. In our numerical examples, our partitions
are all uniform but with different patch sizes. We see that even when the par-
tition is not regular-sparse, the ISMD still produces a nearly optimal sparse

decomposition.

5.4 Perturbation Analysis and Two Modifications

In real applications, data are often contaminated by noise. For example, when
measuring the covariance function of a random field, sample noise is inevitable
if a Monte Carlo type sampling method is utilized. A basic requirement for
a numerical algorithm is its stability w.r.t. small noise levels. In Section [5.4]
under several assumptions, we are able to prove that the ISMD is stable w.r.t.
small perturbations in the input A. In Section [5.4] we provide two modified

ISMD algorithms that effectively handle noise in different situations.
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Perturbation Analysis of The ISMD

We consider the additive perturbation here, i.e., Ais an approximately low

rank symmetric PSD matrix that satisfies
A=A+ed, A, <1 (5.47)

Here, A is the noiseless rank- K symmetric PSD matrix and Ais the symmetric
additive perturbation and ¢ > 0 quantifies the noise level. We divide A into
blocks that are conformal with blocks of A in and thus A\mn = Amn—l—e/Nlmn.
In this case, we need to apply the truncated local eigendecomposition ([5.10))
to capture the correct local rank K,,. Suppose the eigendecomposition of Emm

18

K
~ .~ o o~ o
Amm = E lym,ihn,ihn,i_}' E /ym,ihn,ihmi'
i=1 i>Km

In this subsection, we assume that the noise level is very small with ¢ < 1
such that there is an energy gap between 7, k,, and 7, k,,+1. Therefore, the
truncation (5.10]) captures the correct local rank K,,, i.e.,

~ ~ ~

Km
A = Agz)m = Z:V\m,ihn,ihz,i = H,H,, (5.48)
i=1

In the rest of the ISMD, the perturbed local eigenvectors ﬁm is used as H,,
in the noiseless case. We expect that our ISMD is stable w.r.t. this small

perturbation and generates slightly perturbed intrinsic sparse modes of A.

To carry out this perturbation analysis, we will restrict ourselves to the case
when intrinsic sparse modes of A are pair-wisely identifiable and thus it is
possible to compare the error between the noisy output g, with A’s intrinsic
sparse mode gr. When there are unidentifiable intrinsic sparse modes of A,
it only makes sense to consider the perturbation of the subspace spanned by
those unidentifiable modes and we will not consider this case in this chapter.
The following lemma is a preliminary result on the perturbation analysis of

local pieces G,.

Lemma 5.4.1. Suppose that partition P is reqular-sparse w.r.t. A and all
intrinsic modes are identifiable with each other. Furthermore, we assume that
for all m € [M] there exists ES' such that

AY = (I + eECD) Ay (I + (BN and  ||EE9)|y < Cuiye (5.49)
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Here C.;4 is a constant depending on A but not on € or A. Then there exists
Er(rj;d) € REmxKm sych that

G = (I + eBNG, (I + eEYD + O())Jp  and ||EYD|p < Cia, (5.50)

where G, and @m are local pieces constructed by the ISMD with input A and A
respectively, J,, is the product of a permutation matriz with a diagonal matriz
having only £1 on its diagonal, and Cjq is a constant depending on A but not
on e or A. Here, || ® |2 and || ® || are matriz spectral norm and Frobenius

norm, respectively.

Lemma [5.4.1] ensures that local pieces of intrinsic sparse modes can be con-
structed with O(e) accuracy up to permutation and sign flips (characterized
by J,, in ((5.50])) under several assumptions. The identifiability assumption is
necessary. Without such an assumption, these local pieces are not uniquely de-
termined up to permutations and sign flips. The assumption holds true
when eigendecomposition of A,,,, is well conditioned, i.e., both eigenvalues
and eigenvectors are well conditioned. We expect that a stronger perturbation
result is still true without making this assumption. The proof of Lemma [5.4.1
is an application of perturbation analysis for the joint diagonalization prob-

lem [24], and is presented in supplementary materials [B.3

Finally, Q) is the correlation matrix of A with basis @emt = diag{@l, @2, . @M}
Specifically, the (m,n)-th block of Q is given by

Gy = G A (@;)T |

Without loss of generality, we can assume that J,, = [k, in ‘} Based
on the perturbation analysis of G, in Lemma [5.4.1] and the standard pertur-
bation analysis of pseudo-inverse (for instance, see Theorem 3.4 in [122]), it is

straightforward to get a bound of the perturbations in (AZ, ie.,

Here, Cjsnq depends on the smallest singular value of G,, and the constants
Ceig and Cjq in Lemma [5.4.1] Notice that when all intrinsic modes are iden-
tifiable with each other, the entries of {2 are either 0 or +1. Therefore, when

30ne can check that {J,,}}_, only affect the sign of recovered intrinsic sparse modes
[91,G2, - - -, 9gK] if pivoted Cholesky decomposition is applied on .
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Cisma€ 1s small enough, we can exactly recover €2 from €2 as below:

—1, for Qij < —0.5,
Q; =40, for Q; € [-0.5,0.5], (5.52)
1, for S/_\Zij > 0.5.

Following Algorithm , we get the pivoted Cholesky decomposition Q = PLLT PT

and output the perturbed intrinsic sparse modes
G = GewPL.

Notice that the patchwise sparseness information is all coded in L and we can
reconstruct L exactly due to the thresholding step (5.52)), G has the same
patchwise sparse structure as G. Moreover, because the local pieces @m are

constructed with O(e) error, we have
IG — Gll2 < Cye, (5.53)
where the constant C; only depends on the constants Ce;; and Cj4 in Lemmal5.4.1}

Two Modified ISMD Algorithms

In Section[5.4] we have shown that the ISMD is robust to small noise under the
assumption of regular sparsity and identifiability. In this subsection, we pro-
vide two modified versions of the ISMD to deal with the cases when these two
assumptions fail. The first modification aims at constructing intrinsic sparse
modes from noisy input A in the small noise level region as before, but it does
not require the regular sparsity and identifiability. The second modification
aims at constructing a simultaneous low-rank and sparse approximation of A
when the noise level is high. Our numerical experiments demonstrate that

these modified algorithms are quite effective in practice.

ISMD with thresholding

In the general case where unidentifiable pairs of intrinsic sparse modes exist,
the thresholding idea is still applicable but the threshold ¢, should be
learned from the data, i.e., the entries in Q. Specifically, there are O(1) entries
in Q) corresponding to the slightly perturbed nonzero entries in €2; there are
also many O(e) entries that are contributed by the noise eA. If the noise level

€ is small enough, we can see a gap between these two group of entries, and
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a threshold ¢, is chosen such that it separates these two groups. A simple
2-cluster algorithm is able to identify the threshold €. In our numerical
examples, we draw the histogram of absolute values of entries in Q and it
clearly shows the 2-cluster effect; see Figure [5.10] Finally, we set all the
entries in ) with absolute value less than €, to 0. In this approach we do not
need to know the noise level € a priori and we just learn the threshold from
the data. To modify Algorithm [2] with this thresholding technique, we just
need to add one line between assembling €2 (line and the pivoted Cholesky
decomposition (line [L6]); see Algorithm [3]

Algorithm 3 Intrinsic sparse mode decomposition with thresholding

Require: A € RV*V: symmetric and PSD; P = {P,,}M_,: partition of index
set [IV]

Ensure: G = [g1, 02, ,9x]: A~ GGT

1: The same with Algorithm [2] from Line [I] to Line

2: ##+# Assemble €2, thresholding and its pivoted Cholesky decomposition

3: Q=DTAD

4: Learn a threshold ¢, from €2 and set all the entries in {2 with absolute
value less than ¢, to 0

5: Q= PLLTPT

6: #+#+# Assemble the intrinsic sparse modes G
T G - HextDPL

It is important to point out that when the noise level is high, the O(1) entries
and O(e) entries mix together. In this case, we cannot identify such a threshold
€;, to separate them, and the assumption that there is an energy gap between
Am.x,, and Y 41 is invalid. In the next subsection, we will present the

second modified version to overcome this difficulty.

Low rank approximation with ISMD

In the case where there is no gap between 5, g,, and 3, ,,+1 (i-e., no well-
defined local ranks), or when the noise level is so high that the threshold ¢,
cannot be identified, we modify our ISMD to give a low-rank approximation of
A ~ GGT, in which G is observed to be patchwise sparse from our numerical

examples.

In this modification, the normalization (5.17)) is applied and thus we have

A~ GextQéT

ext®
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It is important to point out that {2 has the same block diagonal structure as €2
but has different eigenvalues. Specifically, for the case when there is no noise
and the regular-sparse assumption holds true, Q has eigenvalues {||gx||3}X,
for a certain set of intrinsic sparse modes gy, while  has eigenvalues {s;}2 ,
(here sy, is the patchwise sparseness of the intrinsic sparse mode). We first
perform eigendecomposition 2 = LLT and then assemble the final result by
G = Gy L. The modified algorithm is summarized in Algorithm .

Algorithm 4 Intrinsic sparse mode decomposition for low rank approximation

Require: 4 € RV*Y: symmetric and PSD; P = {P,,}M_,: partition of index
set [V]

Ensure: G = [g1, 00, -+ ,9k]: A~ GGT

1: The same with Algorithm [2] from Line [I] to Line

2: ##+4 Assemble 2, normalization and its eigendecomposition
3: Q= DTAD

4 Gyt = GeE, Q= EQET as in (5.17))

5 Q=LLT

6: #+#+# Assemble the intrinsic sparse modes GG

7. G = Gemtl_/

Here we replace the pivoted Cholesky decomposition of €2 in Algorithm [2] by
eigendecomposition of 2. From Remark , this modified version generates
exactly the same result with Algorithm [2|if all the intrinsic sparse modes have
different I, norm (there are no repeated eigenvalues in ). The advantage of
the pivoted Cholesky decomposition is its low computational cost and the fact
that it always exploits the (unordered) block diagonal structure of Q2. However,
it is more sensitive to noise compared to eigendecomposition, which is much
more robust to noise. Moreover, eigendecomposition gives the optimal low
rank approximation of Q. Thus, Algorithm W4 gives a more accurate low rank
approximation for A compared to Algorithm [2l and Algorithm [3| that use the
pivoted Cholesky decomposition.

5.5 Numerical Experiments

In this section, we demonstrate the robustness of our intrinsic sparse mode
decomposition method and compare its performance with that of the eigende-
composition, the pivoted Cholesky decomposition, and the convex relaxation
of SPCA. All our computations are performed using MATLAB R2015a (64-
bit) on an Intel Core i7-3770 (3.40 GHz). The pivoted Cholesky decomposition
is implemented in MATLAB according to Algorithm 3.1 in [86).
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We will use synthetic covariance matrices of a random permeability field, which
models some underground porous media, as the symmetric PSD input A. This
random permeability model is adapted from the porous media problem |50,
46| where the physical domain D is two dimensional. The basic model has
a constant background and several localized features to model the subsurface

channels and inclusions, i.e.,
K
R(r,w) =Ko+ Y mk(w)ge(x), « € [0,1]%, (5.54)
k=1

where kg is the constant background, {gy}X | are characteristic functions of
channels and inclusions and 7 are the associated uncorrelated latent variables
controlling the permeability of each feature. Here, we have K = 35, including
16 channels and 18 inclusions. Among these modes, there is one artificial
smiling face mode that has disjoint branches. It is used here to demonstrate
that the ISMD is able to capture long range correlation. For this random

medium, the covariance function is

a(z.y) =Y gr(@)gr(y), z.y €01 (5.55)

Since the length scales of channels and inclusions are very small, with width
about 1/32, we need a fine grid to resolve these small features. Such a fine
grid is also needed when we do further scientific experiments |50, |46, 65]. In
this chapter, the physical domain D = [0,1]? is discretized using a uniform
grid with h, = h, = 1/96, resulting in A € RV*N with N = 96%. One sample
of the random field (and the bird’s-eye view) and the covariance matrix are
plotted in Figure It can be seen that the covariance matrix is sparse and
concentrates along the diagonal since modes in the ground-truth media are all

localized functions.

Note that this example is synthetic because we construct A from a sparse de-
composition . We would like to test whether different matrix factoriza-
tion methods, like eigendecomposition, the Cholesky decomposition, and the
ISMD, are able to recover this sparse decomposition, or even find a sparser

decomposition for A.

Numerical Results of ISMD
The partitions we take for this example are all uniform domain partitions with
H, = H, = H. We run the ISMD with patch sizes H € {1,1/2,1/3,1/4,1/6,
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Figure 5.2: One sample and the bird’s-eye view. The covariance matrix is
plotted on the right.

1/8,1/12,1/16,1/24,1/32,1/48,1/96} in this section. For the coarsest parti-
tion H = 1, the ISMD is exactly the eigendecomposition of A. For the finest
partition H = 1/96, the ISMD is equivalent to the pivoted Cholesky factor-

ization on A where A;; = \/:Z%. The pivoted Cholesky factorization on A
iAjj

is also implemented. It is no surprise that all the above methods produce 35
modes. The number of modes is exactly the rank of A. We plot the first 6
modes for each method in Figure [5.3] We can see that both the eigendecom-
position (ISMD with H = 1) and the pivoted Cholesky factorization on A
generate modes which mix different localized feathers together. On the other
hand, the ISMD with H = 1/8 and H = 1/32 recover exactly the localized

feathers, including the upside-down smiling face.

We use Lemma to check when the regular-sparse property fails. It turns
out that for H > 1/16 the regular-sparse property holds and for H < 1/24 it
fails. The eigenvalues of A’s for H = 1,1/8, and 1/32 are plotted in Figure
on the left side. The eigenvalues of A when H = 1 are all 1’s, since every
eigenvector has patchwise sparseness 1 in this trivial case. The eigenvalues
of A when H = 1/16 are all integers, corresponding to patchwise sparseness
of the intrinsic sparse modes. The eigenvalues of A when H = 1/32 are not
all integers any more, which indicates that this partition is not regular-sparse

w.r.t. A according to Lemma [5.3.1]

The consistency of the ISMD (Theorem manifests itself from H =1 to
H =1/8 in Figure . As Theorem m states, the supports of the intrinsic
sparse modes on a coarser partition contain those on a finer partition. In other
words, we get sparser modes when we refine the partition as long as the parti-
tion is regular-sparse. After checking all the 35 recovered modes, we see that

the intrinsic sparse modes get sparser and sparser from H = 1 to H = 1/6.
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Figure 5.3: First 6 eigenvectors (H=1); First 6 intrinsic sparse modes (H=1/8,
regular-sparse); First 6 intrinsic sparse modes (H=1/32; not regular-sparse);

First 6 modes from the pivoted Cholesky decomposition of A

When H < 1/6, all the 35 intrinsic sparse modes are identifiable with each

other and these intrinsic modes remain the same for H = 1/8,1/12,1/16.

When H < 1/24, the regular-sparse property fails, but we still get the spars-

est decomposition (the same decomposition with H = 1/8). For H = 1/32, we

recover exactly 33 intrinsic sparse modes but get the other two mixed together.

This is not surprising since the partition is not regular-sparse any more. For

H = 1/48, we exactly recover all of the 35 intrinsic sparse modes again. Ta-
ble lists the cases when we exactly recover the sparse decomposition
from which we construct A. From Theorem this decomposition is the
optimal sparse decomposition (defined by problem ) for H > 1/16. We
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Figure 5.4: Left: Eigenvalues of A for H = 1,1/8,1/32. By Lemma 5.3.1}
the partition with H = 1/32 is not regular-sparse. Right: CPU time (unit:
second) for different partition sizes H.

suspect that this decomposition is also optimal in the [y sense (defined by

problem (j5.2)).

0 1 [ 1/21/3] 1/4] 1/6 1,8
regular-sparse v v v v v v
Exact Recovery | X X X X v v
0 1/12 ] 1/16 | 1/24 [ 1/32 | 1/48 | 1/96
regular-sparse v v X X X X
Exact Recovery | ¢ v v X v X

Table 5.1: Cases when the ISMD gets exact recovery of the sparse decompo-
sition (}5.55))

The CPU time of the ISMD for different H’s is shown in Figure on the
right side. We compare the CPU time for the full eigendecomposition eig(A),
the partial eigendecomposition eigs(A, 35), and the pivoted Cholesky de-
composition. For 1/16 < H < 1/3, the ISMD is even faster than the partial
eigendecomposition. Specifically, the ISMD is ten times faster for the case
H = 1/8. Notice that the ISMD performs the local eigendecomposition by
eig in Matlab, and thus does not need any prior information about the rank
K. If we also assume prior information on the local rank K,,, the ISMD would
be even faster. The CPU time curve has a V-shape as predicted by our com-
putational estimation (5.23). The cost first decreases as we refine the mesh
because the cost of local eigendecompositions decreases. Then it increases as
we refine further because there are M joint diagonalization problem to
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be solved. When M is very large, i.e., H = 1/48 or H = 1/96, the 2 layer for-

loops from Line 5 to Line 10 in Algorithm [2] become extremely slow in Matlab.
When implemented in other languages that have little overhead cost for mul-
tiple for-loops, e.g. C or C++, the actual CPU time for H = 1/96 would be
roughly the same with the CPU time for the pivoted Cholesky decomposition.

Comparison With The Semidefinite Relaxation of SPCA

In comparison, the semidefinite relaxation of SPCA (problem (5.27)) gives poor
results in this example. We have tested several values of u, and found that
parameter p = 0.0278 gives the best performance in the sense that the first 35
eigenvectors of W capture the most variance in A. The first 35 eigenvectors
of W, shown in Figure 5.5, explain 95% of the variance, but all of them mix
several intrinsic modes like what the eigendecomposition does in Figure [5.3|
For this example, it is not clear how to choose the best 35 columns out of all
the 9216 columns in W, as proposed in [78|. If columns of W are ordered by
the I3 norm in descending order, the first 35 columns can only explain 31.46%
of the total variance, although they are indeed localized. Figure shows the

first six columns of W with largest norms.

We also compare the CPU time of the ISMD with that of the semidefinite
relaxation of SPCA . The SPCA is computed using the split Bregman
iteration. Each split Bregman iteration requires an eigendecomposition of a
matrix of size N x N. In comparison, the ISMD is cheaper than a single
eigendecomposition, as shown in Figure [5.4] It has been observed that the
split Bregman iteration converges linearly. If we set the error tolerance to be
O(9), the number of iterations needed is about O(1/4). In our implementation,
we set the error tolerance to be 1072 and we need to perform 852 iterations.
Overall, to solve the convex optimization problem with split Bregman
iteration takes over 1000 times more CPU time than the ISMD with H = 1/8.

It is expected that the ISMD is much faster than SPCA since the SPCA needs
to perform many times of partial eigendecomposition to solve problem ,
but the ISMD has computational cost comparable to one single partial eigen-
decomposition. As we discussed in Section [5.1 SPCA is designed and works
reasonably well for problem . When SPCA is applied to our sparse de-
composition problem , it does not work well. However, it is not always

the case that the ISMD gives a sparser and more accurate decomposition of
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A than SPCA. In subsection [5.5, we will present another example in which
SPCA gives a better performance than the ISMD.

v S, - vem
N AL [0} T R ‘\ . N . U
‘ & ‘—77 0 A O
I——— q)

©

Figure 5.5: Sparse PCA: The first six eigenvectors of W. The first 35 eigen-
vectors of W explain 95% of the variance.

A

Figure 5.6: Sparse PCA: six columns of W with largest norms. The first 35
columns with largest norms only explain 31.46% of the variance.

We point out that unlike the structured SPCA [72], the ISMD does not take
advantage of the specific (rectangular) structure of the physical modes. The
“smiling face” mode shows that the ISMD can recover non-convex and non-
local sparse modes. Therefore, the ISMD is expected to perform equally well

even when there are no such structures known.

ISMD With Small Noise Levels
In this subsection, we report a test on the robustness of the ISMD. In the
following test, we perturb the rank-35 covariance matrix A € R9216x9216 with

a random matrix:

E:Ajteg,

where ¢ is the noise level and A is a random matrix with iid. elements
uniformly distributed in [—1,1]. Notice that all elements in A are uniformly

bounded by 1, and thus € is a relative noise level. Since all the intrinsic
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Stability Results

Figure 5.7: L™ and [, error increases linearly as the noise level increases.

sparse modes are identifiable with each other for the partition with patch size
H = 1/16, we perform ISMD with simple thresholding (5.52)) on A to get the
perturbed intrinsic sparse modes G = [G1,...,9k]|. The (> and [y error are

defined as below:

Erre = max WE=9ell g ank—gkug
otk ol el

Figure [5.7 shows that Err,, and Erry depend linearly on the noise level e,
which validates our stability analysis in Section [5.4]

Separate Global and Localized Modes with ISMD
In this example, we consider a more sophisticated model in which the media

contain several global modes, i.e.,

ng )+ an ze 0,17 (5.56)

where {g,}+2, and 7, models the localized features like channels and inclusions
as above, { fk}kK:l1 are functions with support on the entire domain D = [0, 1]?
and & are the associated latent variables with global influence on the entire
domain. Here, we keep the 35 localized features as before, but add two global
features with fi(x) = sin(2mxy +47x2) /2, fo(x) = sin(drzy + 2722) /2. & and
&5 are set to be uncorrelated and have variance 1. For this random medium,

the covariance function is

ka ) + ng 2)ge(y), @,y € [0,1]% (5.57)
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As before, we discretize the covariance function with h, = h, = 1/96 and
represent A by a matrix of size 9216 x 9216. One sample of the random field
(and the bird’s-eye view) and the covariance matrix are plotted in Figure [5.8|
It can be seen that the covariance matrix is dense now because we have two

global modes.

1000 2000 3000 4000 5000 6000 7000 B80OO 9000

Figure 5.8: One sample and the bird’s-eye view. The covariance matrix is
plotted on the right.

We apply the ISMD with patch size H = 1/16 on A and get 37 intrinsic
sparse modes as expected. Moreover, two of them are rotations of [f, f»] and
the other 35 are exactly the 35 localized modes in the construction .
We plot the first 6 intrinsic sparse modes in Figure [5.91 As we can see, the
ISMD separates the global modes and localized modes in A, or equivalently
we separate the low rank dense part and sparse part of A. The reason why we
can achieve this separation is that the representation , in fact, solves the
patchwise sparseness minimization problem ({5.3)). The low-rank-plus-sparse
decomposition (also known as Robust PCA, see 22, B7]) can also separate
the low rank dense part and the sparse part in A. However, the computational

cost of robust PCA is much more expensive than the ISMD.
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Figure 5.9: First 6 intrinsic sparse modes (H=1/16, regular-sparse)
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Figure 5.10: Histogram of absolute values of entries in Q.

Application of Algorithm

When A is constructed from model but is mixed with small noise as in
Section [5.5] we cannot simply apply the thresholding any more. In this
case, we have unidentifiable modes f; and f> and thus {2 may contain nonzero
values other than +1. For the noise level € = 1075, Figure (left) shows the
histogram of absolute values of entries in Q. We can clearly see a gap between
O(e) entries and O(1) entries from Figure [5.10[left). Therefore we choose a
threshold €;, = 1072 and apply the modified ISMD algorithmon A. The first
6 perturbed intrinsic sparse modes gy, are shown in Figure[5.11} We can see that
their supports are exactly the same as those of the unperturbed intrinsic sparse
modes g in Figure 5.9} In fact, the first 37 perturbed intrinsic sparse modes
{91137, exactly capture the supports of the unperturbed intrinsic sparse modes
{gr}3",. However, we have several extra perturbed intrinsic sparse modes with

very small [y error since Q has rank more than 37.

When we raise the noise level € to 107%, the histogram of the absolute values
in Q) is shown in Figure (right). In this case, we cannot identify a gap any
more. From Figure [p.10[left), we see that the exact (2 has entries in the order
of 1073, Therefore, the noise level ¢ = 10~* is large enough to mix the true
nonzero values and noisy null values in 0 together. In Figure the total

counts are different because only values between 107165 and 10°® are counted.

Application of Algorithm

In this section, we consider the one-dimensional Poisson kernel:

lz—yl

alz,y)=e T, xyel[-11],
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Figure 5.11: Application of Algorithm [3| (H=1/16, approximately regular-
sparse): first 6 intrinsic sparse modes

where [ = 1/16. To refine the small scale, a(z,y) is discretized by a uniform
grid with h = 1/512, resulting in A € R1024x1924 T Figure we plot the
covariance matrix. By truncating the eigendecomposition with 45 modes, we
can approximate A with spectral norm error 5%, and these 45 KL modes are
plotted on the right panel of the figure. As one can see, they are all global

functions.

Eigen ition: K = 45, Error = 4.9358%

Exponentially Decay Covariance: | = 1/16

Figure 5.12: eigendecomposition: Covariance function and its first 45 KL
modes. Error is 4.936%. Both local and global dimension are 45.

We decompose the domain into 2, 4, and 8 patches respectively and apply the
Algorithm El with thresholding to each case. For all the three cases,
every mode has patchwise sparseness either 1 or 2. In Figure the left
panels show the modes that are nonzero on more than one patch, and the
right panels collect the modes that are nonzero on only one patch. To achieve
the same accuracy with the eigendecomposition, the numbers of modes needed
are 45, 47, and 49 respectively. The total number is slightly larger than the
number of eigen modes, but most modes are localized. For the two-patch case,

each patch contains 23 nonzero modes, and for the four-patch case, each patch



173

contains either 12 or 13 nonzero modes, and for the eight-patch case, each

patch contains only 7 nonzero modes.

sssssssssss more than 1 patches o0.5750 Sparse modes occupying only 1 patch

Figure 5.13: Upper: Two patches case. Error is 4.95%. Global dimension is
45 and the local dimension is 23 for both patches. Middle: Four patches case.
Error is 4.76%. Global dimension is 47 and the local dimension is 12, 13, 13,
and 12 respectively. Bottom: Eight patches case. Error is 4.42%. Global
dimension is 49 and the local dimension is 7 for all patches.

For this translational invariant Poisson kernel, the semidefinite relaxation of
SPCA (problem (j5.27))) also gives satisfactory sparse approximation in the
sense of problem (5.26). Numerical tests show that when p < 2, SPCA tends
to put too much weight on the sparsity and it leads to poor approximation to
A (over 90% error). In Figure we plot 47 physical modes selected out of
513 columns of W, with p = 2.7826. The error is 4.94%. We also show 5 out
of them on the right panel. Note that we have used the translation invariance

property in selecting the columns of W.
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Figure 5.14: Sparse PCA: = 2.7826. We specifically choose 47 columns out
of W and show all of them on the left side and 5 of them on the right side.
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Chapter 6

CONCLUDING DISCUSSIONS

The problem of approximating a positive semidefinite (PSD) operator with
sparse/localized basis functions is important in both the physical and data
sciences. In this thesis, we present two different methods, the sparse operator
compression (Sparse OC) and the intrinsic sparse decomposition (ISMD), to
achieve this goal. These two methods work well for different kinds of PSD
operators, and they look for different forms of approximations to give the

most accurate approximation of a given operator.

Given a PSD operator K and a positive integer n, the Sparse OC looks
for sparse/localized basis functions ¥ := [¢,1s,...,1,] and a PSD matrix
¥ € R™" to approximate K, i.e., K ~ ¥X¥T. The localized basis functions
¥ are computed in a decoupled way by solving energy minimizing problems
on local patches. We have shown that the Sparse OC works well for the so-
lution operator of a large class of elliptic operators with rough coefficients.
For strongly elliptic operators of order 2k (k > 1), we have proved that with
support size O(hlog(1/h)), localized basis functions constructed by the Sparse
OC can be used to compress higher order elliptic operators with the optimal
compression rate O(h*). For second order elliptic operators with high con-
trast coefficients, we use the Sparse OC to construct localized basis functions,
such that the error (in the energy norm) of the corresponding finite element
solution is of order h and is independent of the contrast. Moreover, for the
two-phase coefficient model, we have shown that the support diameter of basis
functions can be as small as h <log(1/h) + log (%)) We have also ex-
plored other applications of the Sparse OC. In the application of the sparse
PCA, our localized basis functions achieve nearly optimal sparsity and the op-
timal approximation rate simultaneously when the covariance operator to be
compressed is the solution operator of an elliptic operator. In the application
of compressing Hamiltonians in quantum physics, our localized basis functions
achieve nearly optimal localization and the optimal operator compression rate

simultaneously.

Given a PSD operator K of rank n, the ISMD looks for a decomposition
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K = w¥T in which the n basis functions ¥ := [y, s, ..., 4,] are required to

be as sparse as possible. Instead of minimizing the total number of nonzero
entries of the basis functions, the ISMD minimizes the total patchwise sparse-
ness with a prescribed domain partition. The ISMD is equivalent to the eigen-
decomposition for the coarsest partition and recovers the pivoted Cholesky
decomposition for the finest partition. If the partition is regular-sparse with
respect to the matrix to be decomposed, we have proved that the ISMD gives
the optimal patchwise sparse decomposition. We have also proved that as long
as the partition is regular-sparse, the decomposed modes become sparser (in
the sense of Y norm) as the partition is refined. Finally, we have provided a
result on perturbation analysis of the ISMD based on the assumption that the
partition is regular-sparse and the intrinsic sparse modes are identifiable with

each other.

In our future work, we plan to further explore the topic of operator compression

with localized basis functions in several directions.

First of all, we would like to further improve our numerical method for solving
elliptic PDEs with high-contrast coefficients. Both the LOD-based methods
(i.e. ]110, |60]) and our method based on the Sparse OC in Chapter [4| con-
struct localized multiscale finite element basis functions in the offline stage,
and the same set of basis functions is used for all right hand sides in L?(D) or
L3(D). However, this purely offline strategy suffers from the drawback that
each high-conductivity inclusion/channel should have at least one associated
basis function. This drawback originates in the methodology that the same set
of basis functions is used for all possible right hand sides. If we can supplement
the offline basis functions with some online basis functions that are computed
locally within a patch for a new right hand side, we may not need so many ba-
sis functions. Specifically, the authors of 3| proposed an offline-online strategy
to construct localized multiscale basis functions to achieve any given accuracy
€ > 0. They construct O(log(1/h) + log(1/¢)) basis functions per local patch
in the offline stage. For a given right hand side, in addition to those offline
prepared basis functions, another basis function is solved based on the right
hand side per local patch. In total, there are O(log(1/h) + log(1/€)) + 1 basis
functions per patch, and the support size of every basis function is only 2h.
Although it is not proved in their original paper, our recent analysis shows that

this offline-online strategy is very robust for high-contrast problems. More pre-
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cisely, with O(log(1/h) +log({=x) +log(1/€)) + 1 localized basis functions per

patch, one is able to achieve any prescribed accuracy ¢ > 0. We believe that
the offline-online strategy is a promising approach to solve the high-contrast
problem, and we are now working to incorporate this idea into our Sparse OC

framework.

Secondly, it is interesting to apply the Sparse OC to graph Laplacians, which
can be viewed as discretized elliptic operators. Along this direction, we would
like to develop an algorithm with nearly linear complexity to solve linear sys-
tems with graph Laplacians. The domain partition is a nontrivial difficulty
when applying the Sparse OC to graph Laplacians. For a continuous elliptic
operator on a physical domain D (as we considered in this thesis), the topol-
ogy of the physical domain gives a natural regular domain partition. For a
graph Laplacian, what is a ‘regular” partition on a graph? Is there an effi-
cient algorithm to compute this “regular” partition? On one hand, a regular
partition should cluster points that have similar response to a typical right
hand side. The spectral partition (see [30] and references therein) gives such a
partition but its computational complexity is not nearly linear. Many nearly
linear complexity graph partitioning algorithms have been proposed in the
literature; see e.g., [118] and references therein. One can then combine the
existing graph-partitioning algorithm and our Sparse OC to design efficient
linear system solves for graph Laplacians. On the other hand, in our Sparse
OC, the local projection-type approximation property (the Poincare-type in-
equality on graphs) can serve as a concrete criterion to define and construct the
“regular” graph partition. This offers us a seamless combination between the
graph partitioning and the Sparse OC. Finally, it is worth mentioning other
recent results on nearly linear complexity algorithms to solve linear systems
with graph Laplacians, such as the lean algebraic multigrid (LAMG) [84] and
the method of Spielman and Teng [119].

Thirdly, we would like to look into the trade-off between the approximation
accuracy and basis localization in the operator compression problem. For a
large class of elliptic operators, we have proved that one can achieve near opti-
mality on both ends simultaneously in this trade-off. In ISMD, we examine an
extreme case where we want full accuracy (decomposition instead of approxi-
mating), and we do not consider the accuracy-localization trade-off there. In

general, the PSD operator I of interest may be neither the solution of an ellip-
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tic operator nor a nearly low-rank operator, and there is a lot to do to fill in the
gap. For the Sparse OC, although the construction of localized basis functions
(see Eqn. ([1.9)) can be theoretically applied to any PSD operator K, knowl-
edge of K=t (i.e., the elliptic operator in this thesis) is currently required for
an efficient computation of the associated H-norm. We are currently trying to
design an efficient algorithm to construct these localized basis functions using
only K. For the ISMD, although we provide a heuristic algorithm (e.g. Algo-
rithm {4)) to make it work on arbitrary PSD operators, the complete resolution
of the accuracy-localization trade-off in the ISMD setting (i.e., approximating
in the form of K ~ ¥¥T) requires a better problem formulation and a more

robust algorithm.

Finally, inspired by the recent exciting advances in multiscale finite element
methods and numerical homogenization, we are interested in using similar
methodologies to solve other problems in the physical and data sciences. In
particular, we are interested in applying the Sparse OC to construct localized
Wannier functions for a Hamiltonian H = —A + V/(z) in quantum chemistry.
There are two specific concerns in this application. First, what is the correct
norm to measure the operator compression error? Our Sparse OC looks for
localized basis functions ¥ to minimize the following operator compression
error

B, o(W;H) = min |H ! — WK, 0T ,,
KnpeRnxn  K,>0

which is reasonable in solving elliptic equations and in approximating the co-
variance operator. However, it is not clear that this is the correct norm for con-
structing localized Wannier functions. More discussions with domain experts
are needed to figure out the correct norm. Second, unlike the second order
elliptic operators with multiscale diffusion coefficients, all multiscale features
of the Hamiltonian H = —A + V(z) lie in its potential V(z). We suggest an
adaptive partition of the domain with variable local patch size. More precisely,
if we pick the piecewise constant functions as the measurement functions, the
local projection-type approximation property (see ) is written as

inf / (ul) = o)dr < by ( / IVu()dr + / V(z)u(x)’de Vu e Hl(@) |

ceR .

We will adapt the size of the local patch 7; such that the two terms on the
right hand side, i.e., [ |Vu(x)]*dz and [ V(z)u(z)?*dz, are of the same order.
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In this way, we can optimize k,, which is proportional to the final operator

compression error.
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Appendixz A

SUPPLEMENTARY MATERIALS FOR THE SPARSE OC

A.1 Uniform Ellipticity v.s. Strong Ellipticity
Consider the following partial differential operator of order 2k defined in a

bounded connected domain S C R
d

L(x;S) = (=1} > aa(x)D* = (-1)* > aa(x) [] 02 (A1)
| <2k || <2k i=1
Its characteristic polynomial is defined as
d
p€) =Y aa(@)€ = Y aa(x) JT&M (A2)
|a|=2k |a|=2k =1

The partial differential operator L(z;5) is called uniformly elliptic if there
exists @ > 0 such that
p&) = D aa(x)€* > 0)¢1*,  VEeR'zeSs (A.3)
=2k
As defined in Definition [3.4.1] £(x; S) is strongly elliptic if there exists by ()
for all |o|, |y| < k such that

e we have
(D" Y aa(@)Du= > (=1)°'D(byy(z)D7u),  Vu e C*(S),
o] <2k lol,lvI<k

(A4)

e and there exists a constant # > 0 such that for any x € S, we have

S b @66 203 C Ve = (Gl € RETE)

o], lvI=Fk |lo|=F

(A.5)

A homogeneous polynomial p(§) of degree 2k in the real d-dimensional vec-
tor £ is sum-of-squares (SOS) if and only if there exist a finite number of
polynomials, denoted as ¢;(£),. .., g,(&), such that

n

p(&) = (9:(€))*

=1

The following lemma is a simple but useful property of the SOS polynomials.
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Lemma A.1.1. A d-variate homogeneous polynomial of degree 2k, denoted
as p(&), is SOS if and only if there exists a symmelric positive semidefinite
B € R*? such that

p&) = Y b¢¢

lo|=lvI=k

where Q) := (k+z_1) is the number of the d-variate monomials of degree k.

Lemma can be proved by taking the eigen decomposition of B, and we
will not provide the complete proof here. Using Lemma [A.T.T] the strong
ellipticity condition is equivalent to the condition that there exists 6 > 0
such that for any z € S

D boy(2)€7€ — 0 ) €[ = an SOS polynomial. (A.6)
lo|=|v|=Fk lo|=k

We point out that the characteristic polynomial p(§), defined in Eqn. (A.2)),
keeps the same when we rewrite the operator in Eqn. (A.4). Therefore, a
necessary condition for £ to be strongly elliptic is that there exists § > 0 such
that p(€) — 0]¢]?* is an SOS polynomial for any € S. In comparison, the
uniform ellipticity condition (A.3]) requires that the polynomial p(€)—6[&|?* be
nonnegative. Therefore, a direct application of the Hilbert’s theorem (1988)
on nonnegative polynomials and SOS polynomials (see e.g. [115, 124} [114])

leads to the following theorem.

Theorem A.1.1. Suppose that L = (—1)* > jaj=2k @D is a uniformly elliptic
operator of order 2k with constant coefficients. Then in the following three

cases, L 1s also strongly elliptic:

e d=1 or2 : one or two dimensional physical domain,
e k=1 : second order partial differential operators,

o (d,k) = (3,2) : fourth order partial differential operators in 3 dimen-

stonal physical domain.

For all other cases, i.e., d > 3 or k > 2 and (d, k) # (3,2), there exist uni-

formly elliptic operators with constant coefficients that are not strongly elliptic.
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Proof. From the definition of uniform ellipticity, there exists 6§ > 0 such that

the following homogeneous polynomial with order 2k is nonnegative, i.e.,

p&) = p(&) — 011" = D ang™ —6¢I* > 0.
|a|=2k
Applying the Hilbert’s theorem (1988), p(£€) is also an SOS polynomial for
the three cases above. Using Lemma there exists a symmetric positive
semidefinite matrix B € R9*@ such that P&) = X o1=pri=k flgmé"f'y. Therefore,

we obtain

p(§) = Z (gav + 9(5?) 5077> £°8 = Z by €77,

lo|=|v|=k lo|=|v|=k

where (fi) is the multi-index combinatorial number, i.e., (Zle z)F = > o=k (5) x’.

Therefore, the elliptic operator can be written as

Lu= Y (=1)'D°(b,, D7u),  Vu e C*(S).

lol,[v[<k

Since p(&) = p(&) — 0]&]** is an SOS polynomial, we have proved that £ is also
strongly elliptic.

For all other cases, i.e., d > 3 or k > 2 and (d,k) # (3,2), thanks to the
Hilbert’s theorem (1988), there is a nonnegative polynomial that is not SOS,
denoted as p(&). Recall that given the number of variables d and degree 2k,
the set of nonnegative polynomials and the set of SOS polynomials are closed,
convex cones. Then there exists A € (0,1) such that py(&) := Ap(€) + (1 —
A)|€]? is also nonnegative but not SOS. Finally, the elliptic operator with p, as

its characteristic polynomial is uniformly elliptic but not strongly elliptic. [J

When the coefficients of the elliptic operator £ in Eqn. are not constant,
the coefficients should be smooth enough such that we can rewrite £ in a
divergence form as in Eqn. . Theorem guarantees that strongly
ellipticity and uniformly ellipticity are equivalent for the case £ = 1 and the

case d =1 or 2.

Theorem A.1.2. Let a, € C1=*(S) for k < |a| < 2k, a, € C(S) for |a| <k,

and Lu = (=1)F > ao,Du for all w € C**(S). Then in the following two
la|<2k
cases, if L is uniformly elliptic it is also strongly elliptic.
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e d=1 or2: one or two dimensional physical domain,

e k=1 : second order partial differential operators.

Proof. The strategy is to first rewrite the highest order terms in a divergence
form, and then to rewrite the lower order terms. For the case d = 1, thanks

to as, € C*(S), we can write

d'u dk dku ~
Lu= (—1)’“Zai(x)dxi = (=1)F P (a%d k) + Lu,
0

where the residual £ is an differential operator with order at most 2k—1. Since
the coefficients of £ are smooth enough, by Lemma 9.7 in [113], we can write L
in a divergence form as in Eqn. . The uniform ellipticity condition (A.3))
and the strong ellipticity condition (A.5]) are the same in this case, i.e., there
exists 6 > 0 such that ag(z) > 6 for any x € S.

For the case k = 1, thanks to a, € C*(S) for |a| = 2, £ can be rewritten in a

divergence form as follows:

0*u 8 du ~
Lu = Zaw( )Gm o, —i—Zb Z . < 8_%) —i—Z bi()

2

where b; = b;(z) + > 8“”. The uniform ellipticity condition (A.3) and the
strong ellipticity condltlon (A.5)) are the same in this case, i.e., there exists
6 > 0 such that 3, - a;;(2)&&; > 0[¢]* for any € € R and any x € S.

For the case d = 2, we need the following lemma, whose proof is provided after

the current proof.

Lemma A.1.2. Suppose that p(§) = >_,—op @a(2)&" is a 2-variate homo-
geneous polynomial of degree 2k for every x € S, and that the coefficients
ao € CF(S) for all || = 2k. If there exists 6 > 0 such that p(§) > 0|&|** for
any &€ € R? and x € S, then there exists by (z) € C*(S) for any |o| = |y| =k
such that
= ) by ()78 VzeS (A7)
lo|=lvI=k

and that
D by (1)l > Z ¢, VY¢CeERYzeS. (A.8)

lol,[v[=F \U\ k
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Due to the smoothness of the coefficients a, € CI*=*(S) for k < |a| < 2k,
Lemma implies that there exists b, (z) € C¥(S) for any |o| = |y| = k
such that Eqn. and hold true. Thanks to Eqn. (A.7), we know
that
Lu = Lu— (—1)F Z D (byy(x) D)
o], lvI=k

is an differential operator with order at most 2k — 1. Since the coefficients of
L are smooth enough, by Lemma 9.7 in [113|, we can write Lina divergence
form as in Eqn. . Thanks to Eqn. , we know that the operator L,

which can be rewritten in a divergence form as

Lu=(—1)" > D(byy(x)D"0) + Lu,

o], lvI=k

is a strongly elliptic operator. O

Proof of Lemma[A.1.2 We first write the 2-variate homogeneous polyno-
mial p(&) of degree 2k as

p(6) = 3 (@) 6 = ¥ Bo(w)¢,
where
[ ¢ ] [ ap(x)  an(@)/2 '
&' ai(r)/2  ax() as(x)/2
P = : ) Bo(x) =
&85! ag—3()/2  agk—o(v) azy-1(x)/2
& I agr—1(z)/2  agw(r)

Since a, € C*(S) for all |a| = 2k, all entries in By(x) are in C*(S). As
proved in Chapter 3 in [14], all the B(x) € R?*? that satisfies the equality
constraint ({A.7)) form the following feasible set:

f:{Bm : B<x>=Bo<m>+ZAi<x>Li}, (A9)

where n = k(k — 1)/2 for the case d = 2, A(z) := [M\(2), ..., \(2)]T can be
any mapping from S to R”, and {L,;}?_, are constant square matrices of size (-

by-@. In the end of this proof, we construct an entry-wise continuous mapping
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B(z) € F, which is associated with an entry-wise continuous mapping A(z),
such that

~ o] _
Bz ) + ZA . B—IQ, Ve e S, (A.10)

where I is the identity matrlx of size ()-by-Q). Thanks to the continu-
ity of X(:z:), the Stone-Weierstrass theorem implies that there exists A(x) €
C*(S,R") such that

ZJQ + B(z) — B(z) = ZJQ + Z(Ai(x) —N(@)L; =0, VreS. (All)

Combining Eqn. and - we have

0 9 30 —
B(x)—§IQ:Z—lIQ—i-B(x)—B(x)—i-B( )—ZIQ>O Vo e S,
which is equivalent to Eqn. (A.§). Since A(x) € C*®(S,R"), every entry in

B(z) belongs to C*(S). Therefore, we have proved Lemma [A.1.2]

Construction of B(z). Let’s consider the following 2-variate polynomial
2%

) = Y anet e = nie) - e

=0
Since a; € C*(S), we have a; € C*(S). Since p(§) > 0/€|**, we have p(&) >
0|€|?* /4. Therefore, we know that ao(z) > 6/4 for any x € S. Define @;(z) =

a;(z)/ap(z). Consider the factorization of the following monic polynomial

pl&) = Z@-(%) P = H (& —g5)* + 7). (A.12)

where {g;(x) £1ih;(x)}i_, are the complex root pairs of the nonnegative poly-
nomial p(&;). We order {g;(z) £ ih;(x)}}_, such that smaller real part g;(z)
comes first and smaller imaginary part h]( x) comes first if the real parts are

the same.

On one hand, combining the continuity of polynomial roots in terms of its
coefficients (see e.g. [127]) and the fact that {a;(x)}?*, c C*(S), we know
that both {g;(x)}%_, and {h;(x)}F_, are continuous on the physical domain S.
On the other hand, thanks to Eqn. (A , we have

p(&) = do(x) H (61— gi&)? +02€3) =To(x) Y. (3-(&)

[T1,72,..,7k]€{0,1}*

=aor) ) (H — gi€2)" (hjé2)"™ )

[11,72,...,7K]€{0,1}*

(A.13)
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Here, for any [y, 7, ..., 7] € {0,1}*, the polynomial p, (&) is defined as

k

k
pr(8) =) _aT& e =[G — 9:6)7 (h;&)' 7. (A.14)
j=0

J=1

T are smooth functions of {g;(x)}*_, and

The coefficients o™ = [a],...,af]
{h;(x)}r_,, and thus every entry in a” is continuous on S. Then we can

construct B(z) as

Bw=a? 3 af(af)%%ediag{(ﬁ),(’f),...,(’;)},

[11,72,...,7,]€{0,1}F
(A.15)

where the first part is the square matrix presentation of polynomial p(£), and
the second diagonal part is that of the polyngmial 301£|?+. Since the first part
is positive semi-definite, we conclude that B(x) > %QIQ for every x € S, as
desired in Eqn. (A.10]). ]

A.2 Derivations Involving [,
From Eqn. (3.78) to Eqn. (3.79) in the proof of Theorem [3.5.2]
We want to prove that there exists a constant C(k, d) such that

2

k s
> /S > (;)DUIUDJWW S CRCED N (1) > gl g s se-

|g|§k og1+og=0c s=1 s/'=1
lo1>1

(A.16)

Proof. We re-arrange terms on the left hand side with the same |o| and use
the Cauchy inequality:

2

k
LHS = ZZ/ Z (;)DalnDamwi,q

S*
s=1 |o|=s 01<0,|o1]>1

k 2
Z Z Z (:.-1) Z L* ‘D‘Hn‘z’DU—alwi’qu

s=1 |o|=s \01<0,]01|>1 o1<0,o1]|>1

k
SCHIED DD IIDS A*<lh>2'01\0001wi,qr2, (A.17)

s=1 |o|=s 01<0,|o1|>1

IN

where we have used |D7'n| < C,(Ih)~l71l and C; := fn|a>]§ > (;)2 We
oISk 51 <q,|o1|>1 !

re-arrange the terms in Eqn. (A.17) by grouping terms with the same |o4|, and
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we get
> > / (Ih)2TD7= i P < 373 Nis,on) () D7
lo|l=s o1<0,|o1|>1 S s'=1|o1|=s'

where N(s,01) = > Y>> 1. Suppose that N(s,01) < Cj for all 1 <

lo|=s o1<0,|o1|>1

s <kand 1 <|oy| <s. Then we have

S [ DT < o ) s

s
lo|=s 01<0,|o1|>1 s'=1

(A.18)
Combining Eqn. (A.17) and (A18), and denoting C; = C1,Cy%, we have
proved Eqn. (A.16)). O]
Remark A.2.1. If there are no lower order terms, we can obtain
2
- k
> E ( )Dalnmwi,q < CROL Y (W) > Wiali s (A1)
lo|=k S o1too=0 71 s'=1

lo1]>1

Here, we can take C7 = 01710117/22 with Cy 1 := max . (0)2 and Ci o =

_ g1
91=k 61 <01 [>1

max N (k,o1). Of course, we can simply take the same Cy as in Eqn. (A.16)).

1<|o1[<k

Eqn. (A.19) is used from Eqn. (3.66) to Eqn. (3.67)) in the proof of Theo-
rem 351

Estimation of ||n9; | z(s+) in the proof of Theorem m
In this subsection, we will prove the following result that is used in in the proof

of Theorem [3.6.1} for all A > 0 such that 11:};?

< 2, we have

C C?
[niglls < —\¢i,q!k,z,5*+\/I\%q!ia,S* + Cliglezs1Wigllms + il s
(A.20)

where C' = C,C,Cpr/2k0k maq-
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Proof. We begin by expressing the following integral as a sum of two terms:

/S* oy D7 (i) D7 (hig) = Z / Moy (1) D75 g D7 (i q)

0<|ol,lvI<k O<|0| lv|<k

-~

I3

b X () [ an@Drnnri, ).

0<|o|,|vI<k 0‘14-02 =0

N J/
-~

14

(A.21)

Repeating the same argument from Eqn. (3.77) to Eqn. (3.79), we obtain

1/2
L] < GG (Zzh 2 i gl2- 3’2S> [m¥iqll sV Okmas (A.22)

s=1 s/'=1

Since ¥; ; L Pj_1 locally in L?, from Eqn. (3.20) we have

‘wi,qlsfs’,Q,S* S Cph8l|¢i,q‘s,2,5*-

Repeating the same argument from Eqn. (3.80) to Eqn. (3.82), we conclude

1/2
Iy < GG Ok man (Zszq\szs) [migllmss  (A.23)

s=1 s'=1

1/2
< GG Cp/ O man (Z s|tigl2s s*) 17iqllm(s) (A.24)

s=1

< 4 CnCp \/ Zkgk,mam |77Z)i,q|k1275*

In the last inequality (3.82)), we have used the polynomial approximation prop-

h2k

erty (3.20) again and take hi:hQ < 1/C7 to make it true.

NViqll (s (A.25)

Repeating the same process for I3, we have

I3 = Z / 77 aa'y Dowqu %q

0<|o‘| [vI<k

-~

I5

D YD Ol (4 ) RTCLA S

0<|o|,lvI<k "|1+f’2 “

[ J/
-~

Is

(A.26)
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Here, we have exchanged the index ¢ and v so that I has a structure similar
to that of I,. Since
> 0<lol 4 <k Qo (2) D7 i gDV g > 0 and |n(z)| < 1 for every z € D, we obtain

Is < |[¥s gl s (A.27)

Repeating the same argument from Eqn. (3.77) to Eqn. (3.79) again, we obtain

ls = Z Z < >/ Ao (T) D7 D7 1; e D715

0<o|,|vI<k U‘1+<‘72 =o
o1

oy 1/2
S Z/ < > D D‘ﬂwzq ||w1,qHH(S*) gk,maz
‘ |<k o1+og=0c
|0’1‘>1
1/2
< 10\ Ormas (ZZh 25 |2 3/25*> [tigllzsy - (A.28)
s=1 s'=1

The derivation of Eqn. (A.28]) is nearly the same as that of Eqn. (A.16) and
the only difference is that we need to use [nD7'n| < C,h~I1l (thanks to |n| <

1) in Eqn. (A.17). Using exactly the same argument from Eqn. (A.23) to
Eqn. 1' we conclude that for all h > 0 such that 127 < 2,

T-hZ
Is < Clcncp\/m’wi,q|k,2,s*
Combining Eqn. , and , we obtain
|I3] < Hwi,qH?’—[(S*) + C1C,Cp/ 2k Ok maz Vi g k.2, 5+
Combining Eqn. , and , we have
11i.ql 757y < 10iall s+ CrCnCon/ 2k Ok ma i gk 2,5+ (

bigll (s (A.29)

Vil (A.30)

(A.31)

Solving the above quadratic inequality, we have proved the lemma. O

%,qHH(S*)H’U%,qHH(S

“)-
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Appendix B

SUPPLEMENTARY MATERIALS FOR THE ISMD

B.1 A Simple Lemma About Regular-sparse Partitions

Lemma B.1.1. Suppose that A € RV*N s symmetric and PSD. Let P, be
a partition of [N] and Py be a refinement of P.. If the finer partition Py is
reqular-sparse with respect to A, then the coarser partition P. is also reqular-

sparse with respect to A.

T
Proof. By the definition of regular-sparseness, suppose that A = Zszl g,if ) (g,(gf )>
and that on every patch in P) the nontrivial modes {g,if )}szl on this patch

are linearly independent. For any Pn(f ) e P., assume
dm
Z aig,%? = on patch P9, (B.1)
i=1

- s ” Ko ) O\
where d,, is the local dimension of decomposition A = >, g (gk > on

P and {g,ii;) dm are the modes which are non zero there. Since Pris a

refinement of P, for any i € [d,,], there exists one patch PP« P such
that g,(j;) # 0 on this smaller patch. Restricting Eqn. (B.1]) to P we get
a; = 0 due to regular-sparse property of Ps. Therefore, {g,g,? f;”l are linearly
independent on P,(nc). Since the patch P,(,f) is arbitrarily chosen, we conclude

that P, is regular-sparse. O

B.2 Joint Diagonalization of Matrices

Joint diagonalization is often used in Blind Source Separation (BSS) and In-
dependent Component Analysis (ICA), and it has been well studied. We
adopt its algorithm and sensitivity analysis in the ISMD. Suppose a series of

n-dimensional symmetric matrices { M} | can be decomposed into:
M, = DA, DT, (B.2)

where D is an n-dimensional unitary matrix that jointly diagonalizes { M},
and the eigenvalues are stored in diagonal matrices Ay, = diag{ )\ (k), Ao (k), -+, A\u(k)}.
Denote A; = [Ai(1), Ai(2), ..., M(K)]T € RE. To find the joint eigenvectors D,
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we solve the following optimization problem:

min S IVIMY )17 (B.3)

Veo
SO

Obviously the minimum of problem is 0 and D is an minimizer. However,
the minimizer is not unique. The so-called unicity assumption, i.e., A; # A,
for any ¢ # j, is widely used in existing literatures and guarantees that D is
unique up to column permutation and sign flips. In general, we assume that
there are m (m < n) distinct eigenvalues {\;}; with multiplicity {¢;}/",
respectively. Minimizers of problem are characterized by the following

theorem.

Theorem B.2.1. Suppose that { M} | are generated by (B.2) and that V
is a global minimizer of problem (B.3). There exists a permutation matriz
IT € R™™ and block diagonal matriz R such that

VII=DR, R=diag{Ry,...,Rn}, (B.4)

in which R; € O(g;).

Theorem is the generalization of eigendecomposition of a single symmet-
ric matrix to the case with multiple matrices. Although it is elementary, we

provide the sketch of its proof here for completeness.

Proof. Since V' is a global minimizer and thus achieves zero in its objective
function, VTM,V is diagonal for any k¥ € [K]|. Denote I' = VIM,V =
diag{(k),72(k), -, m(k)} and v; = [%(1),7%(2), ..., %(K)]" € R¥. Define
D = [dy,da,...,d,] and V = [v1,vq,...,0,]. If 4; # A, then v]d; = 0 since
they belong to different eigen spaces for at least one M). Both D and V span
the full space R™, and thus there is a one-to-one mapping between {~;}, to
{A:}, with multiplicity {g;}™,. Therefore, there exists a permutation matrix
IT such that

(Y, Y2, -y Yol I = [ A1, Aay ooy A

Correspondingly, denoting D= [c?h dy, ... ,d,] = VII, we have

Myd; j = Ni(k)d, ;, Myd; j = Ni(k)d;
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where {d;;}i_; and {cij}g;l are the eigenvectors in D and D respectively
corresponding to the eigenvalue A;. By orthogonality between eigenspaces
and completeness of D and D, {di;}i, and {(Z] % | must span the same

gi-dimensional subspace. Since both {d; ;}] %, and {dz j
there exists R; € O(g;) such that c?m = R,d, j for j € [qz]. O

' , are orthonormal,

The sensitivity analysis of the joint diagonalization problem (B.3) is studied

in [24], and we directly quote its main results below.

Proposition B.2.2. Suppose that {]\//Tk}szl are generated as follows:
j/\f\k = Mk + EMk, Mk = DAkDT,

where D s unitary, € is a real scalar, matrices Mk are arbitrary, and matrices
Ay are diagonal as in (B.2). Suppose that the unicity assumption, i.e., \; # X;
for any i # j, holds true. Then any solution of the joint diagonalization

problem (B.3|) with the perturbed input {]\//Tk}szl, denoted by 13, 1s in the form
D = D(I+ €E + o(e))J,
where J is the product of a permutation matriz with a diagonal matrix having
only +1 on its diagonal. Matriz E has a null diagonal and is antisymmetric,
i.e., E+ ET =0. Its off-diagonal entries E;; are give by
Ai(k) = Nilk)
S (A1) = Xi(1)?

In this paper, we solve problem (B.3) using a Jacobi-like algorithm proposed

Z Fii(R)dT (M + MEYd; , with  fi;(k) =

in 23| [17]. The idea is to perform 2-dimensional rotation to reduce the am-
plitude of the off-diagonal pairs one by one. Denote by R = R(p,q,c,s) the

2-dimensional rotation that deals with (p, q) entries of Mj:
R=R(p,q,c,s) =1+ (c— 1)epe;r — seqeqT + seqeg + (¢ — 1)epeqT, (B.5)

where ¢ + s2 = 1 for unitarity. A simple calculation shows that
K

SO IRTMER) 1P =) 0> M )P = (IMilp, )| + [Mi(q, p)|)

k=1 i#j k=1 i#j k=1

+ 3 (se(Mi(g,q) — Mi(p.p)) + ¢ Mi(p, q) — s*Mi(g.p))’

1

+3 (se(Mi(a,9) — Mi(p,p)) — *Mi(p, @) + *Mi(q,p))”

k=
K
k=1

(B.6)



207

It can be shown that the choice of ¢ and s that minimizes also minimizes

| Lpgz||2 where z = [¢2 — 52, 2¢s]" is a 2 x 1 vector, and

2
Lpq = : : ) (B.7)

M ,q)—M R
MK(p,q) K(qq)2 i (p;p)

M1(p,q) M (q,9)—M; (p,p)

is a K x 2 matrix. It is apparent that the singular vector corresponding to the
smallest singular value does the job. Denote this singular vector by w with
w(1) > 0. The optimizer of Eqn. is given by:

14 w(1)  w(2)
c=\ o 5= o (B.g)

We perform such rotation for each pair of (p, ¢) until the algorithm converges,

as shown in Algorithm [5] The algorithm has been shown to have quadratic

Algorithm 5 Jacobi-like Joint Diagonalization

Require: ¢ > 0; {M;}5 | which are symmetric and jointly diagonalizable.
Ensure: V € O(n) such that 31 > i |(VIMV )57 < €SI || M3
1. V<1
. K K
2: while } ;" Zi;éj |(VIMLV )i 417 > € it | M |% do
3: forp=1,2,--- ;ndo

4: forq=p+1,p+2,--- ,ndo

5: define L,, as in ([B.7))

6: compute w, the normalized singular vector corresponding to the
smallest singular value

7: set ¢ = H+(1), s:%andR:R(p,q,c,s)

: set V< VR, M, « VIM,V for k=1,2,--- | K
9: end for
10: end for
11: end while

asymptotic convergence rate and is numerically stable; see [17].
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B.3 Proof of Lemma [5.4.1]
We point out that for the noiseless case, the ISMD in fact solves the following

optimization problem to obtain G,,:

M

n=1 i#j

(B.9)
s.t. Gmen = A
Bum = Gl A AL AT, (G1)"
in which
K’n
Gl, = (GLGn)'Gr, AL, = vy thhl, (B.10)
i=1

is the (Moore-Penrose) pseudo-inverse of G, and A, respectively. The ISMD

solves this optimization problem in two steps:
1. Perform eigendecomposition A,,,, = Hmng. Then the feasible G,, can
be written as H,,D,, with unitary matrix D,,.
2. Find the rotation D,, which solves the joint diagonalization problem ({5.13]).
Similarly, one can check that for the noisy case, the ISMD (with truncated

eigendecomposition ([5.10))) solves the same optimization problem with per-
turbed input to obtain @m:

M
: 2
oomin YD Bun(i)
n=1 i#j
st GnGL =AW (B11)
~ ~a\ 1
where A%} is the truncated A, defined in Eqn. (5.48) and
BN PO
(A9) =" Fathnih?, (B.12)

is the pseudo-inverse of AW
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Since G, is a minimizer of problem , the identity matrix [, is one

minimizer of the following joint diagonalization problem:

min ZZ| (VT B V)isl?, (B.13)

VED(Km) £ oy
where
Buim = G Apn Al AT (G1)" = DES,p0 Dy, (B.14)

where D,,, and ¥,,.,,, are defined in the procedure of the ISMD. Let {@Dk}f:l be a
set of intrinsic sparse modes of A. Combining Lemmal[5.3.T] with Lemma [5.3.2]

we get

Bum = DI Dy =101, V.E (DW))T S DYV I, = 1L, V,E BY) V1L, = 11, B{Y) I1,,,.
(B.15)

The last equality is due to the fact that V,, are diagonal matrices with diagonal
entries either 1 or -1 in the identifiable caseE| If ¥,, is reordered by II,,, we
simply have B,,,,, = B,(zwr)n for all n € [M]. Therefore, there exists such a set of
intrinsic sparse modes {t }X_, that for all n € [M]

Bpm = BY) . (B.16)

One can easily verify that the unicity assumption holds true for the joint
diagonalization problem (B.13)) because the intrinsic sparse modes {;}_,

are pair-wisely identifiable.

Combining the equality constraints in problem and problem (B.11]) and
the assumption (5.49)), we have

GmGT = (I + cECNG,) (I + eEC9)G,,)" .

Define

E,, = (I 4+ eE“NG,,. (B.17)
Then, there exists U,, € O(K,,) such that @m = F,,U,,. Since @m is a
minimizer of problem (B.11]), U,, is one minimizer of the following joint diag-

onalization problem:

min ZZ\ VT B V)ijl? (B.18)

VEO(Km) £ L

'Readers can verify that Eqn. (B.15)) is still true in the non-identifiable case.
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where

B = F A ( j(ﬂ)T AT (Fi)". (B.19)

From standard perturbation analysis of pseudo-inverse (for instance see The-

orem 3.4 in [122]), we have

El = Gl AeEZ™, ||EY™ ||z < poyt (Gl BS Gl < 1Ceig0y5 (G |Gl |2

(B.20)

and

o\ A ‘ R
<A(t)> — Ajm + EE’r(Laan)’ ||E7(Lamv)||2 < M%;E(n HAS&?)% _ Ann||2/€-

nn

Here, 0,,in(G,y,) is the smallest nonzero singular value of G,, and 7, g, is the
K,-th eigenvalue of A, as defined in (5.9). Denote the (K, + 1)-th eigenvalue
of ﬁnn as Yn.x,+1. From Corollary 8.1.6 in [55], we have 7, k11 < EHEMHQ.

Then, we get
||A\1(1tr)L — Apnl2 < ||A\£f% - A\nnH? + HA\Tm — Apnll2 < QEHZnn”? < 2,
where ||A||; < 1 has been used in the last inequality. Therefore, we obtain
e\ T . .
(AD) = AL+ e, EE |y <2k (B2D)

When € < 1, the constant p can be taken as 2 in both (B.20) and (B.21]).
Combining (547), (B20), and (B2I), we get

Bn;m :Bn;m + Eén;m >
Buim =E9™ A, AL AT (G1)T + GL A AL AT (GE)T + G A B0 AT (G1)T

+ Gl A AL AL, (G + Gl A AL AL, (BY™)"

(B.22)
By Proposition [B.2.2] there exists E{? € REm*Kn such that
Up = (Ig,, + €EYD 4 0(€)) ],

where J,,, is the product of a permutation matrix with a diagonal matrix having

)

only 1 on its diagonal. Matrix EY? has a null diagonal and is antisymmetric,

. (jd) Go\T oy . Gd), . . .
ie., En”’ + ( Em = 0. Its off-diagonal entries Ey, (i, j) are given by

o d ~ . By (j. §) = Bugn (i, 1)
(3d) _ oB. . _ nym\J> nym\ %, '
B0 0) = 2 f B it o) = S b i T
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Here, f(n) is the matrix with entries f;;(n) and f(n) o Emm is the matrix
point-wise product (also known as the Hadamard product). Notice that we
take advantage of the fact that §n;m is symmetric to simplify EGY (i,7). Since
B (J,7) — Bpn (1, 1) is either =1 or 0, | f;;(n)| < 1 for any 4,7 and n, and thus

we have ||f(n)||r < K,,. Therefore, we conclude

M M M
IESD e <Y 1) 0 Bunlle <D ) el Bumllr < K3 (1 Buim 2,
n=1 n=1 n=1

(B.23)
where we have used triangle inequality, ||f(n) o éanF < Hf(n)HF|]§anF
and ||§an r < KY QHEn;mHQ in deriving the above inequalities. Combining
(B.22), (5.47)), (B.20) and (B.21)), we know that || Bpm |2 are bounded by a con-
stant, denoted by C}4, which only depends on A and C,;,. From the assump-
tion , Ceig is a constant depending on A but not on € or A Therefore,
Cq depends only on A but not on € or A.
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