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ABSTRACT

The collective behavior exhibited by a large number of microscopic quantum
particles is at the heart of some of the most striking phenomena in condensed-
matter physics such as Bose-Einstein condensation and superconductivity.
Physicists and mathematicians have made great progress in understanding
when and how these collective phenomena emerge through the interplay of
particle statistics, particle interaction and the value of thermodynamic pa-
rameters like the temperature or the chemical potential. Due to the extreme
complexity of realistic many-body systems, it is natural to introduce appro-
priate simplifications to render their analysis feasible. Three examples of such
simplifications which have proven themselves as viable starting points for a
fruitful and mathematically rigorous analysis of many-body systems are the
following: (a) the study of integrable models; (b) the derivation of effective
theories, valid on a macroscopic scale, from more fundamental microscopic
theories under appropriate coarse-graining; and (c) the use of quantum infor-
mation theory to understand general connections between correlation, entan-

glement and particle statistics.

In this thesis, we present mathematically rigorous results that were obtained
in these three directions. (1) We prove anomalous quantum many-body trans-
port in XY quantum spin chains for certain choices of the external magnetic
field. The anomalous transport is described via new kinds of anomalous Lieb-
Robinson bounds, including one of power-law type. We note that the XY
spin chain is integrable as it can be mapped to free fermions via the non-local
Jordan-Wigner transformation. (2) We derive effective macroscopic theories
of Ginzburg-Landau type from the microscopic BCS theory of superconduc-
tivity in certain circumstances. We study the case of a multi-component order
parameter for translation-invariant systems and the condensation of fermion
pairs at zero temperature in a domain with a hard boundary. (3) We use
techniques from quantum information-theory to derive bounds on the entropy
of fermionic reduced density matrices, a measure of the entanglement inherent

to a fermionic quantum state.
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Chapter 1

INTRODUCTION

This thesis is devoted to a mathematical study of aspects pertaining to the
quantum many-body problem. Chapter I is a general introduction to the
topic. It is purposefully kept rather informal and mainly serves to illustrate
the big picture. Chapter II contains an overview of the results presented in
Chapters III-VII. These chapters contain specific results that were obtained
during my Ph.D. studies. They belong to the following three general avenues

of investigation into the quantum many-body problem.

(a) Integrable toy models. Chapters III and IV treat anomalous quantum

many-body transport in certain quantum XY spin chains.

(b) Emergence of effective macroscopic theories from microscopic
ones. Chapters V and VI are concerned with the emergence of effective
Ginzburg-Landau type theories from the BCS theory of superconductiv-

ity, in particular for a system with a hard boundary.

(c) Quantum information theory and the study of many-body en-
tanglement. Chapter VII contains bounds on the entropy of fermionic
reduced density matrices which quantify the entanglement inherent to

fermionic states.

We now begin the general introduction. The quantum many body problem
refers to a variety of phenomena that are associated with systems comprised of
a large number of interacting microscopic quantum particles. First we review
the mathematical framework that is used to define and study quantum many-
body systems. Then we continue with an overview of the kind of questions
that one commonly asks about these systems, followed by an explanation of
why their analysis is difficult. Next, we survey ways to approach and simplify
the quantum many-body problem in various contexts and we describe how the

results of this thesis fit into this landscape.



1.1 The definition of a quantum many-body system
We have in mind a system consisting of /V indistinguishable quantum particles,
where N is a fixed large number. In defining such a system, we specify the

following three ingredients.

e One-body Hilbert space H;. In many applications, this is an L*(X)
space of complex-valued functions, where X is the configuration space
(the set of allowed positions) of a single particle. For example, if a
particle can sit anywhere in three-dimensional Euclidean space, one takes
H, = L*(R?®) with Lebesgue measure; if a particle is placed on a one-

dimensional lattice, one takes H, = (*(Z).

e Particle statistics. The usual rule in quantum mechanics is that the
composition of two Hilbert spaces H4 and Hp is described by their
tensor product H4 ® Hp. For example, when we combine N copies of
the one-body Hilbert space H;, we obtain H?N . To obtain from this
tensor power the true many-body Hilbert space, we take into account the
indistinguishability of the particles. Namely, we project HSY onto the
subspace that is appropriate for the particle statistics. It is a fundamental
fact of Nature that only two kinds of statistics can occur for elementary
particles (we ignore the possibility of emergent anyonic statistics here and
in the following). These two kinds of statistics give rise to the bosonic

and fermionic Hilbert spaces
M= = S(HEY), M = AHEY), (1)

where S (respectively A) denotes the projection onto symmetric (respec-

tively antisymmetric) tensors.

e Hamiltonian. To complete the definition of a quantum many-body sys-
tem, the final ingredient is a choice of many-body Hamiltonian, denoted
Hy. This is a (potentially unbounded) self-adjoint operator defined on
the many-body Hilbert space from (1.1). The Hamiltonian determines
the physical effects that contribute to the energy of the system and so

there is a great variety of Hamiltonians that can be considered.

It is often the case that H; is an L?*(X) space and so its N-fold tensor power
is isomorphic to L2(X®). In this way, one can identify the many-body Hilbert
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space (1.1) with the subspace of L?(X") corresponding to either symmetric
or antisymmetric functions as in (1.2) below. The elements of this space are

called many-body wave functions.

We now give an example of a many-body quantum system that can be defined

according to the above procedure.

The example is that of interacting fermions in three dimensions. For this, we
take the one-body Hilbert space to be H; = L?(R3) with Lebesgue measure.

Since the particles have fermionic statistics, the many-body Hilbert space is
M = A((LA(RY)™) = AL (RY))

(We ignore spin variables here.) Equivalently, the many-body wave functions
are those Wy € L?(R3") satisfying

Uy (21,22, ..., 0n) = sGU(T) U N (Tr(1)s Tr(2) - - -» Ta(v)), VT E Sy, (1.2)

for almost every (z1,...,zy) € R*™. Here, z; € R® describes the position
of the ith particle, sgn(m) is the sign of a permutation and Sy denotes the

permutation group of N elements.

To complete the example, we define a many-body Hamiltonian Hy. We take
Hy to be a sum of one-body terms (acting only on a single x;) and of a two-
body local interaction (a multiplication operator V' (z; — x;) for every pair of

particles). Namely, we take

N

Hy =Y (Ao + W)+ > V(e — ). (1.3)

i=1 1<i<j<N

The i-th term in the first sum represents the energy of a single quantum par-
ticle in an external potential W : R® — R (—A,, is the kinetic energy of a
non-relativistic particle in appropriate units). The second sum ascribes the
potential energy V(z; — x;) to each pair of particles. The potentials V' and
W can be specified further depending on the physical system under study.
Common specifications are that W (x) = z? is a harmonic trapping potential

and that V' depends only on the distance |x; — x|

The above example is the kind of system that we have in mind when we speak

of a quantum many-body system. In the next section, we discuss the general



questions that are of interest for these systems.

We close the introduction with two remarks concerning alternative formalisms

for quantum many-body systems.

For the sake of simplicity, we have focused the above presentation to the case
when the total number of particles N is fixed. For systems where N is not
fixed, one employs the Fock space formalism [70]. The data specifying a quan-
tum many-body system in this formalism is unchanged: One fixes a one-body
Hilbert space, the particle statistics and the system Hamiltonian. The idea of
the Fock space formalism, in a nutshell, is that in order to define the system
state, it suffices to keep track of which elements of the one-body Hilbert space
are “occupied” by the many-body system (and the multiplicity of their occu-
pation). This leads to the definition of creation and annihilation operators
whose commutation properties implement the particle statistics. The Fock
space formalism is important, both from a conceptual and technical stand-
point. However, in order to keep the introduction brief, we have opted not to

give a detailed definition of the Fock space formalism here.

The above discussion focused on systems in which the positions of spinless
particles constitute are free to vary. Another important class of quantum
many-body systems are quantum spin systems, in which conversely the parti-
cles are localized to fixed lattice sites but their spin can vary. For example,
the many-body Hilbert space of a system of spin 1/2 particles located at the
sites j of a finite graph I" is given by

e

j€r
Common examples of many-body Hamiltonians that are considered on this
Hilbert space are the quantum Ising, XY and Heisenberg Hamiltonians with
nearest-neighbor couplings. Note that there is no symmetrization or antisym-
metrization involved in this definition, in contrast to (1.1). Implicitly, quantum
spin systems are bosonic models because operators that act on different ten-
sor copies of the local Hilbert space C? automatically commute. The bosonic
nature of these models can be made apparent by mapping them to lattice gas
models in the Fock space formalism via the introduction of spin raising and

lowering operators. We will discuss these ideas in detail in Chapters IIT and
IV.



1.2 Questions of interest
In this section, we present the questions that are generally of interest when

studying quantum many-body systems.

There are two broad categories: (1) questions that concern the static/time-
independent behavior of the system; these are often associated with varia-
tional formulations; (2) questions that concern the dynamical/time-dependent
behavior of the system; these are often associated with partial differential

equations.

Common questions in the static case

We begin with some background concerning quadratic forms. In the static
setting, many questions concern the ground state, i.e., the wave function of
minimal energy. One commonly studies this in a variational framework, using
the quadratic form associated to the Hamiltonian Hy. For the example from
the previous section, which had Hy given by (1.3), this quadratic form is
obtained from the L? scalar product (Uy, HyVUy) by formally integrating by

parts, and it reads

q[¥n]
::Z/RBN <|Vac7\1/N|2 + (W(Zﬂz) + ZV(Q]Z - ZEJ>> ‘\I/N|2) dl’l .. .dZL’N.

Assuming that V and W are sufficiently nice functions, this quadratic form
is well-defined and bounded from below when the input varies over all Wy €
H'(R3N). (Note that we only need one derivative of ¥y to define q[¥y], this

is the virtue of working with quadratic forms instead of operators.)

Quadratic forms that are bounded from below are the central object of study for
static questions. Lower boundedness is essential because it renders the problem
of finding the ground state and ground state energy well-defined. Moreover, if
one has a slightly stronger condition than lower-boundedness, one can use the
KLMN theorem to recover the self-adjoint operator Hy from the quadratic
form [159]. (In this context, we mention the related concept of stability of the
second kind, the fact that one can obtain a lower bound on the quadratic form

that is linear in the number of particles for atomic Hamiltonians [126].)

We now list some of the questions that are commonly asked in the static case.
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e What is the ground state energy infy , ¢[Vx|? If the infimum is attained,
consider the minimizers of ¢, the ground states. What is their functional
form? Are they unique? What are their symmetry properties? How

entangled are they?

e Can we describe minimizing sequences in an analogous way? (This is
a sensible question also if ground states exist, since it gives a way to

establish the stability of certain properties of ground states.)

e Are there macroscopically observable effects that are a consequence of
the quantum nature of the microscopic particles? Examples of such
macroscopic effects are Bose-Einstein condensation and superconductiv-
ity. More generally, does the system display markedly different behavior

on different length or energy scales?

e How do the system properties described so far behave in the thermody-
namic limit, as the system size and particle number N go to infinity?
In particular, are there any phase transitions? I.e., do any of the above
answers depend discontinuously on the value of some thermodynamic
parameters, like density or temperature? The discontinuity may present
itself in a derivative, in that case one speaks of a higher-order phase

transition.

e For a system defined on a finite domain, do its properties depend on the

boundary conditions or on the topology of that domain?

Common questions in the dynamic case
We come to the dynamic (or time-dependent) case. The dynamics are gener-
ated by the many-body Schrodinger equation
d
ZE\I/N(t) = HyUn(t).
It is sometimes convenient to discuss a dual notion of dynamics, the Heisenberg
dynamics that are generated on bounded operators via
d
“at
These two notions of dynamics are dual in the sense that they yield the same
expectation values (Un(t), A(0)¥n(t)) = (¥n(0), A(t)VUx(0)) for all ¢.

A(t) = [A(1), Hy].

The following kinds of questions are commonly asked in the dynamic case.
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e [s there transport in the system? Transport can refer for example to the
propagation of particles (perhaps understood as wave packets), informa-
tion and entanglement. The complete absence of transport and ergodic
behavior indicates the occurrence of the special “many-body localized”

phase.

e If there is transport in any of the above senses, one can ask how fast it is.
Is the propagation diffusive, does it occur at a positive ballistic speed,

or is it anomalous?

e Suppose we have an efficient description of the system at an initial time
(say in form of a tensor product state). For how long is this description

valid, at least approximately?

e Is there return to equilibrium? For instance, is there a mechanism that
ensures that the time-evolution of some or all initial states converges to
a ground state? (A common way to generate such a mechanism is to
couple the system to a large environment.) If so, what is the asymptotic

rate of equilibration?

e As in the static case: How do the properties described above behave in
the thermodynamic limit? Are there phase transitions? What roles do

boundary conditions and topology play?

This completes our list of general questions that are commonly asked about

quantum many-body systems.

1.3 The difficulty in analyzing quantum many-body systems
Recall formula (1.3) that gave an example of a quantum many-body Hamil-

tonian. The difficulty in studying such systems comes from the interaction

Z V(xi - :Cj)v

1<i<j<N

term

since it creates correlations between the different particles. Correlation can
occur both in the classical sense (as for correlated random variables) and in

the quantum sense (realized e.g. as entanglement).

In particular the quantum correlations pose difficulties. They can be highly

non-local and it is not always clear how they manifest themselves. For instance,
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the antisymmetry of a fermionic wave function ¥y as described by the relation
(1.2) is an instance of a “quantum correlation” that is inherent to all the
available states of a fermionic system but its effects are not easily quantifiable.
It is an ongoing quest to understand what kind of reduced density matrices
can arise from an antisymmetric N-body wave function Wy. This is called
the N-representabilily problem and its solution would have great bearing on

quantum chemistry.

The difficulty with controlling entanglement is also related to the fact that the
number of possible system states grows exponentially in the system size for
quantum systems, due to the built-in tensor product structure. For instance,
consider a lattice of N spin 1/2 particles. Its Hilbert space is (C2)®", which

has complex dimension 2V and this grows exponentially with V.

Another issue is that the particle number N is often quite large in applications
to real-world systems. (An exception are experiments with cold quantum
gases. For these, the particle number can be comparatively small, say of the
order 10%.)

To summarize, the quantum aspects and the large numbers of particles in-
volved in quantum many-body systems allow for extensive and intricate cor-
relations within the system state. For interacting systems, these correlations
play an important role and cannot be ignored. Consequently, one cannot solve

a quantum many-body system analytically, or even numerically, in general.

Since the early days of quantum mechanics, extensive efforts have been made
to find approaches to the quantum many-body problem that circumvent these
issues. These approaches should be simple enough to allow for conclusive
theoretical and numerical investigations, but complex enough to describe the
relevant aspects of the true system to good accuracy, at least in certain regimes.

This will be the topic of the next section.

1.4 Approaches to the quantum many-body problem
We present a number of the different approaches that have been invented to
study the quantum many-body problem. We focus on topics that have been

studied mathematically as well.

(1) Integrable models. In special cases, the quantum many-body Hamilto-

nian under consideration possesses additional algebraic structure that allows
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one to solve the system exactly. Here, “solving a system exactly” does not have
a unique meaning. Typically, it means that one can write down the exact
eigenstates and eigenvalues for the Hamiltonian, or that one can derive an
exact and computable formula for the partition function of the system. High-
lights in this context were Bethe’s solution of the one-dimensional Heisenberg
antiferromagnet [25], Onsager’s solution of the two-dimensional Ising model
[142| and Lieb’s solution of the square ice model [122].

While integrable systems are very special, one can study them in detail and
they serve as a testbed for theories and conjectures about more general sys-
tems. This is particularly true for system properties that are believed to be

the same in an entire universality class.

(2) Effective theories. Soon after the advent of quantum mechanics, in 1927,
Thomas and Fermi [167, 69] invented the first version of density functional
theory to simplify the quantum theory of atomic physics to a more amenable
theory. Their simplified theory is in fact correct in the limit of large atomic
number [129].

There exist a great number of similar theories that describe the static or dy-
namical behavior of a quantum many-body system in some parameter limit.
Three particularly prevalent examples are the semiclassical limit, the dilute
limit and the mean-field limit. Justifying the validity of these effective the-
ories in the appropriate parameter limit has been an active field of research
in mathematical physics in the last decades. An important example was the
derivation of the Gross-Pitaevskii theory describing a Bose-Einstein conden-
sate in the static [127, 128] and in the dynamical case [67]. A common feature
of effective theories is that one starts from a quantum many-body Hamiltonian,
i.e., a linear theory of O(N) degrees of freedom and then, upon coarse-graining
the appropriate microscopic degrees of freedom, one derives an effective non-

linear theory of O(1) degrees of freedom.

(3) Renormalization group methods. Assume that the interaction term,
e.g. >_;.; V(zi—x;), is multiplied by a small parameter A > 0. Then, for some
systems one can obtain convergent power series expansions of physically rele-
vant quantities in A; a rigorous approach has been developed, e.g. by Benfatto
and Gallavotti [18]. In some cases, one can obtain power series that do not

converge but that provide valid asymptotic series.
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(4) Quantum information theory and the role of entanglement. It can
be very useful for studying a quantum many-body system if one can restrict
to studying states that are only mildly entangled (for example when searching
for the ground state of a many-body Hamiltonian). Small entanglement may
yield a representation of the state which is more efficient for computation
and theoretical investigation. For example, a state satisfying the area law for
the entanglement entropy (e.g. the ground state of a gapped one-dimensional
lattice Hamiltonian [98] or one-dimensional many-body localized states [26]),

can be expressed as a matriz product state with small bond dimension [13, 77|.

It is therefore important to understand both (a) which Hamiltonians have
ground states of small entanglement and (b) how small entanglement con-
strains the structure of a many-body state. In particular the latter issue
belongs to the realm of quantum information theory and can be studied using

entropy inequalities.

This concludes our discussion of the various approaches to the quantum many-

body problem.

We finish this part with an explanation of how the mathematical results in

this thesis fit into the landscape that was just discussed.

Chapters III and IV concern the dynamics of an integrable toy model, the
isotropic XY spin chain in an external magnetic field. We are interested in
how its Heisenberg dynamics propagate information. More precisely, we are
interested in the dynamical propagation rate of quantum correlations, which

are expressed as commutators of initially localized observables.

Chapters V and VI concern the ground state properties of certain effective
theories. We consider the relation between the microscopic BCS theory and
macroscopic Ginzburg-Landau type theories. We are interested in the relation
between energy minimizing sequences in these two theories, in particular in

terms of degeneracy, symmetry and boundary conditions.

Chapter VII concerns the implications that fermionic statistics have on the
entanglement structure of quantum states. This vein of research is loosely
motivated by the N-representability problem and thus ultimately by the goal

of understanding the ground-state properties of large molecular systems.
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Chapter 2

OVERVIEW OF THE RESULTS

In this chapter, we give an overview of the results presented in Chapters I1I-VII
of this thesis. For the overview, the results are grouped as follows: anomalous
Lieb-Robinson bounds (Chapters III and IV); effective theories derived from
BCS theory (Chapters V and VI); entanglement of fermionic states (Chapter
VII).

2.1 Anomalous Lieb-Robinson bounds

Review of the standard Lieb-Robinson bounds

The standard Lieb-Robinson (LR) bounds are propagation bounds for many-
body systems defined on a lattice via a local Hamiltonian. They control the
spread of quantum correlations (expressed as the commutators of initially lo-
calized observables) under the Heisenberg dynamics. One may interpret LR
bounds as saying that under the many-body dynamics information propagates
at most ballistically, namely up to exponentially small errors that leak out
of a certain spacetime light cone. LR bounds were first proved by Lieb and
Robinson [124] in 1972 and they were generalized to a larger class of systems
by Nachtergaele and Sims [138]. Hastings and collaborators have found many
uses for LR bounds, e.g., for studying the ground states of gapped Hamiltoni-
ans [29, 13, 98].

Let us state the standard LR bound (in a slightly simplified version), so that
we can compare our results with it. We may consider any system defined
on a lattice via a Hamiltonian that has local and bounded interactions. For
definiteness, we restrict to quantum spin systems defined on the lattice Z¢.
The local Hilbert space of a spin 1/2 site is simply C?. The total Hilbert space
of a box A; C Z% of sidelength 2L + 1 is then

M=) C”

JEAL

The Hamiltonian Hy, is taken to be a self-adjoint operator on this Hilbert space
with bounded and finite-range interaction terms. Common and important
examples include the nearest-neighbor quantum Heisenberg, XY and Ising

models.
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To state the LR bound, we introduce a notion of locality for observables. Since
‘Hy is a finite-dimensional Hilbert space, the set of viable observables is just
the set of all matrices on H,, which we denote by Mat(# ) (we do not require
self-adjointness here). We define the local algebra of observables at a site

J € AL by
O; :={AeMat(Hy) : A= A;®Ix,\(; for some A; € Mat(C?)}.

In other words, a local observable at site j € Ay is one that acts non-trivially
exactly at j. For any observable A € Mat(#H,), we define its Heisenberg
dynamics at time t € R by

A(t) = HN Aem N

Theorem 2.1.1 (LR bound). Let Hy, be a Hamiltonian on Hy that has local
and bounded interactions. There exist constants C,;& > 0 and v > 0 such that

the following holds. For all j,k € A, with j # k, we have the bound
I[At), Bl < CllAJl[|B|esC* =D, (2.1)

Jor all observables A € O; and B € O,.

Here we wrote || - || for the standard operator norm on Mat(#,) and | - | for

graph distance on Z¢.
Let us make some comments about this theorem.

The left-hand side in (2.1) vanishes at ¢ = 0. Indeed, A(0) = A and [A4,B] =0
since the two operators only act non-trivially at different sites j # k. In other
words, A and B are uncorrelated observables at time t = 0. For any arbitrarily
small positive time ¢ > 0, A(¢) will be supported on the whole box Ay, so the
above argument breaks down immediately. Nonetheless, the LR bound (2.1)
quantifies the extent to which the correlation (commutator) between A(t) and

B remains small under the Heisenberg dynamics.

The LR bound is useful when the right-hand side is small and this is the case
precisely outside of the spacetime light cone vt = |j—k|, namely for vt < |[j—k]|.
The slope of the cone is v, the so-called Lieb-Robinson velocity. (The name
“light cone” is of course used in reference to relativistic systems which possess

a light cone of slope ¢, the speed of light, outside of which correlations vanish
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identically; in LR bounds the slope is v and correlations are only exponentially

suppressed outside of the cone.)

We also remark on the thermodynamic limit L — oo. The constants C, ¢ and
v depend on the dimension d and the operator norm of the local interaction
terms. Therefore, if the individual interaction terms that are added as L grows
are all identical (e.g. if H, describes a quantum Heisenberg, XY or Ising model
at fixed coupling), then the constants C,¢ and v are uniform in the thermo-

dynamic limit L — oo.

Our results on anomalous LR bounds
We are now ready to discuss our results in Chapters III and IV. In both of
these chapters, we consider an isotropic XY quantum spin chain. The Hilbert

space of a one-dimensional chain of L quantum spins reads

L
H =) C.
j=1

On this Hilbert space, we consider the Hamiltonian

L1 L
Hp =— Z (0j0j41 +0702,,) + Z h;o?. (2.2)
=1 =1

Here o', 02, 0% denote the standard Pauli matrices; they are embedded into

Mat(#H) by tensoring them with the identity, i.e. of = 0% ® Iy 1)y for
a = 1,2,3. The remaining free parameters in the model are the local magnetic
fields h; € R.

The model (2.2) is an integrable toy model for truly interacting systems. It is
unitarily equivalent to a system of free fermions via the Jordan-Wigner trans-
formation. This allows to relate its many-body transport properties, expressed
in terms of LR bounds, to the transport properties of a one-dimensional dis-
crete Schrodinger operator describing a single electron, a topic that has been
studied extensively in the past. The magnetic field 4; becomes the on-site po-
tential felt by the single electron under the Jordan-Wigner transformation. In
this way, one can vary h; to obtain many-body models (2.2) showing various
different kinds of transport behavior. We mention that relating the transport
properties of the Schrédinger operator back to the many-body system is non-

trivial because the Jordan-Wigner transformation is non-local (and transport
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bounds of course depend inherently on the notion of locality that is being
used).

Previous results concerning LR bounds in the model (2.2) (and its anisotropic

generalization) considered the following two extreme cases.

e Hamza, Sims and Stolz [96] proved that if the {h;} are i.i.d. random
variables sampled according to a distribution with bounded probability
density, then the LR bound (2.1) holds with velocity v = 0. This may

be understood as a version of many-body localization.

e Damanik, Lukic and Yessen [50] proved that if the {h;} are periodic,
then the LR bound (2.1) can only hold for v > v, > 0, where the
minimal velocity v, can be characterized explicitly in terms of a certain
propagation operator. This may be understood as saying that for pe-
riodic potentials, many-body transport is precisely ballistic. The result
was later generalized to quasi-periodic potentials admitting a Floquet

decomposition |105].

Given these two results, it is natural to ask if one can derive intermediate
transport behavior by selecting a different magnetic field. This is the content
of our joint works [48, 47| with David Damanik, Milivoje Lukic and William
Yessen. The main result of these works reads as follows. We write x; for the

indicator function of an interval I.
Theorem 2.1.2. Let h; be given by the Fibonacct external potential, i.e.,
hi = AXj—¢-1,1)(j¢~ 'modl),

where X > 8 is a coupling constant and ¢ = (1 ++/5)/2 is the golden mean.
Then, there exists 0 < a < 1 and constants C,& > 0, v > 0 such that for all
1 <5< k<L, we have

ITA@®), BI| < CllA[|B||e*" ==+, (2:3)

for all observables A € O; and B € O,.

The key here is the occurrence of the exponent 0 < av < 1 in (2.3). It signifies

anomalous quantum many-body transport because it “bends” the light cone
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where the LR bound is effective. The new “light cone” is now the set {vt* =
|7 = K[}

Our results in [48, 47| also give an explicit characterization of the optimal
value of v such that (2.3) holds. Namely, « has to be greater or equal to the
one-body transport exponent «; of the discrete Schrédinger operator obtained
via the Jordan-Wigner transformation. (This statement holds for all A > 0,
but we only know that 0 < aj < 1 for A > 8.) Roughly speaking, o' is the
propagation rate of the fastest part of an initially localized wave packet under
the one-body dynamics. That is, if one starts with an initially localized wave
packet at the origin, then after time ¢ the fastest part of the wave packet has
traveled a distance O(t"‘ﬂf ) if one ignores exponential tails (exponential tails
usually cannot be avoided in quantum theory). The precise definition of o

and further details are discussed in Chapter III.

Let us explain why the bound (2.3) is indeed a qualitative improvement over
the standard LR bound (2.1). (We do not track the numerical values of the
constants C, ¢ and v, so we cannot make quantitative statements.) Let j = 1,
fix a far away site k and start the dynamics at ¢ = 0. Then the bound (2.3)

/e while the original bound (2.1) is

is informative for times of the order |k|
informative for times of the order |k|. Since 0 < o < 1, we have |k|/* > |k|

for large k and so the new bound (2.3) is useful for substantially longer times.

Lieb-Robinson bounds of power-law type

We now come to the results of Chapter IV, which were obtained in collabora-
tion with Martin Gebert. To motivate these, we mention that there exist other
discrete Schodinger operators which display intermediate transport behavior
in a different sense than the Schodinger operator with Fibonacci potential

considered above.

For the discrete Schrédinger operator with Fibonacci potential, one quantifies
the one-body quantum transport on an exponential scale in terms of the trans-
port exponent o, described above. It is then natural that the anomalous LR
bound (2.3) for the Fibonacci model also features an exponentially small error

term.

However, for some other models, like the random dimer model of Dunlap,
Wu and Philips [63], the one-body quantum transport looks ballistic on the

exponential scale, but it is anomalously slow if power-law errors are allowed.
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For such models, a;f = 1 and so a bound like (2.3) will only hold with o = 1,

meaning that there is no improvement over the original LR bound. However,
one may take the perspective that this is the case only because one is asking
for a lot by requiring ezponential decay away from the light cone. These
considerations led us to attempt to prove LR bounds with power-law error
terms for the random dimer model in [48, 47|, but it turns out that the method
breaks down for this model. (In a nutshell, the reason is that the Jordan-
Wigner transformation allows one to bound ||[A(t), B]|| by a sum of one-body
transport quantities. These can be bounded by objects that decay like a power
law for the random dimer model, but the power-law decay decreases by one
order under summation. This decrease by one renders the method inconclusive

for the random dimer model.)

A year after the works [48, 47| were completed, in a collaboration with Martin
Gebert [79], we found a different model to which the idea of power-law type
LR bounds could be applied. The model is one with decaying randomness,
ie.,

wij

i
where A > 0 is a coupling constant and {w;} are i.i.d. random variables of
mean zero, variance one and distributed according to a bounded probability
density. The decaying envelope j~'/2 is critical in the sense that it is just barely
not square-summable. The corresponding one-body Schrédinger operator was
studied extensively by Delyon, Simon and Souillard [56] and by Kiselev, Last

and Simon [111].

Our first result with M. Gebert, which is discussed in more detail in Chapter
IV of this thesis, says that one has a zero-velocity power-law LR bound on

average when the disorder strength \ is sufficiently large.

Theorem 2.1.3. Let Hy, be given by (2.2) with h; as in (2.4). Then, there
exist constants C,k > 0 such that for all X\ > 0 with k\*> > 5/4 and for all
1<j<k<L, wehave

B (sw LA, Bl ) <clallsign™ (7). @3)

for all observables A € O; and B € Oy,

We comment on the form of the right-hand side in (2.5). The model is not

translation-invariant, so there is no direct dependence on |j—k|. For simplicity,
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set j = 1. Then, the bound says that the commutator [A(t), B] decays like

a power-law in k, with a power that is determined by the disorder strength.

The bound holds uniformly in time, making it a zero-velocity LR bound.

In [79], we also prove a converse statement: For small disorder (A < 2), there
are signs of transport in the model. Namely, the anomalous power-law LR

bound

b
vt?
ltaw. Bl < clane) ()
will fail (for some A € Oy and B € Oy) if a is small and b is large. (The precise
condition is 1+ 1/(20 — 1) < a~'.) The failure of such a propagation bound
to hold suggests that the model exhibits a phase transition, as the disorder
strength is varied, from a phase with many-body localization in the sense of

(2.5) to a phase with many-body transport.

A breakdown of the delicate many-body localized (MBL) phase is indeed ex-
pected to occur in more realistic systems [144, 171]. The MBL phase should
break down as interactions get too strong, which is equivalent to A getting
smaller in our model. The fact that the present model might exhibit a break-
down of the MBL phase is an advantage it holds compared to another popular
toy model, the XY chain with ordinary i.i.d. (non-decaying) disorder. The

latter model is fully localized for arbitrarily small disorder strength.

This concludes our discussion of anomalous Lieb-Robinson bounds. Further
details are provided in Chapters III and TV. An interesting open problem in
this context is whether one can establish analogously anomalous dynamical
behavior for the entanglement entropy in the systems discussed above. A
static variant of this question is whether the many-body ground states of these

systems violate the area law for the entanglement entropy (and if so, in which

way).

2.2 Effective theories derived from BCS theory
Translation-invariant multi-component systems

In Chapter V, we describe joint work with Rupert L. Frank. We consider
a system of interacting fermions in d dimensions (d = 1,2,3) at chemical
potential © € R and temperature 7" > 0. The particles have a tendency to
form pairs due to some underlying physical mechanism which is expressed by
a local interaction potential V' (z). There are no external fields and therefore

the system is translation-invariant.
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The system is described using a variational formulation of BCS theory in
which system states are described by quasi-free states. Thanks to translation-
invariance, a BCS state is fully characterized by the following multiplication
operator on L%(RY) @ L%*(RY). For any value of the momentum p € R? the
operator is defined by

- (10, -

The physical meaning of the functions appearing here is that 7(p) is the Fourier
transform of the one-body density matrix and a(p) is the Fourier transform of
the Cooper pair wave function. Since T describes a fermionic quantum state,
it must satisfy the constraint 0 < I'(p) < 1 for every p € R%. The variational
theory is defined via the BCS free energy of a system state r

Foes@) = [ 7 - w150+ [[ | Vila@pa @)

Here we introduced the entropy

S = = [ T () loe (o).

This variational formulation of BCS theory is due to [11, 57|. For a heuristic
derivation of the free energy functional (2.7) from an appropriate many-body

Hamiltonian, see, e.g., Appendix A in [89].

To get a better grasp of the free energy, (2.7), let us consider the terms sepa-
rately. The first term describes unpaired electrons and would be minimal for
7(p) = 1,2<,, which is the indicator function of the Fermi sphere (the con-
straint 0 < ['(p) < 1 implies that 0 < F(p) < 1 as well). The third term
in (2.7) describes the energetic gain of pair formation and would be minimal
when a(z) is large where V' (z) is negative. While the third term could be made
arbitrarily large, its size is constrained by the estimate |a(p)|*> < 7(p)(1-7(p))
which follows from 0 < f(p) < 1. In particular, if 7(p) is an indicator function,
then o = 0. The difficulty in analyzing the free energy functional (2.7) stems
from the constraint |a@(p)|? < J(p)(1 — F(p)) and the entropy term in (2.7),

which couples 7 and @ in a nonlinear way.

The BCS free energy is a microscopic model for superconductivity or super-
fluidity (depending on the physical context). These are macroscopic quantum

effects which stem from the existence of a Cooper pair wave function that is
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coherent over the system. In the variational framework considered here, we say
that pair formation (and therefore superconductivity, respectively superfluid-
ity) occurs if any BCS state r minimizing the BCS free energy has a non-zero

Cooper pair wave function a # 0.

[t turns out that in the translation-invariant model considered here, there
exists a unique critical temperature 7T, such that pair formation occurs iff
T < T.. In 2008, Hainzl, Hamza, Seiringer and Solovej [89] characterized the
critical temperature by the following linear criterion. To state it, we introduce

the linear operator
—A—pu

on the space of even functions

Lgymm([l?d) ={f€eL*RY) : f(z)=f(-=z)ae}.

The operator K can be defined as a multiplication operator in Fourier space.
Elementary considerations inform us that the operator K¢ + V' (which may
be thought of as a variant of a Schrodinger operator) has essential spectrum

starting at 27" > 0. The following theorem is proved in [89].

Theorem 2.2.1. The system exhibits pair formation (i.e. any minimizer of
FBCS has @ # 0) iff Kr +V has at least one negative eigenvalue. There
exists a unique critical temperature T,. > 0 such that Kr +V has a negative

eigenvalue iff T < T,.

The basic idea behind this linear criterion describing T, is that it checks
whether the Hessian Kr 4+ V' of the “normal state” I'g is positive definite.
(The normal state I'y is the minimizer of FB%S for a = 0; its J(p) is just the
Fermi-Dirac distribution.) The reason for this is that the normal state is the
prime competitor for the presence of non-trivial o and therefore its instability
signifies the onset of pair formation. What is remarkable about this theorem
is that it proves that in the nonlinear theory under consideration, the local
instability of the normal state is equivalent to global instability. The unique-
ness of T, follows from the monotonicity properties of K7 (note that tanh is a

monotone function).

Given the definition of the critical temperature, one may ask if one can de-

rive an effective Ginzburg-Landau description of the superconductivity (or
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superfluidity) for T" close to T, in the spirit of Gorkov’s argument [85] for the
original BCS model (which featured a very particular choice of V' an indicator
function in Fourier space). This question was asked and answered in a break-
through paper by Frank, Hainzl, Seiringer and Solovej [73] who considered the
technically more challenging situation with weak and slowly varying external
fields (so that one loses translation-invariance). However, they work under a

non-degeneracy assumption that we explain now.

At the critical temperature, the operator K1, + V has a zero eigenvalue. The

key parameter for us is the dimension of this eigenspace
n = dimker(Kz, + V).

We know that 1 < n < oo, since zero belongs to the discrete spectrum.
The assumption in [73| is that n = 1 and our contribution is to drop this
assumption for translation-invariant systems. The physical meaning of the
case n > 1 is that superconductivity, respectively superfluidity, may occur in
different “channels”. Indeed, the elements of ker(K7, + V') are precisely the

microscopically realized Cooper pair wave functions.

The first main result of Chapter V is that one obtains a multi-component
Ginzburg-Landau (GL) theory from the microscopic BCS free energy close
to the critical temperature. The degeneracy parameter n gives exactly the

number of order parameters in the GL theory.

To state the theorem, we recall that I'y denotes the normal state. We restrict
the BCS free energy to an appropriate set of admissible states D in order
to ensure that the corresponding minimization problem is well-defined. The
detailed definition of this set is of no further importance and we refer the
interested reader to Chapter V for the details.

Theorem 2.2.2. AsT 1 1T,, we have

T.—T\? T.—T\*
inf BCS ) — BCS I = [ inf GP c
Il‘gpf ( ) 7 ( ) T. aeker%ETc—&-V) ¢ <a> M 1.

with the Ginzburg-Landau enerqgy
£ (0) = [ Fwlato)'dp— [ Glato)Pap 29)
Rd Rd

for certain explicit functions F,G : RT — R,.
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This theorem expresses an energetic “derivation” of GL theory from BCS the-
ory. One may also establish the convergence of approximate minimizers. We

discuss this in Chapter V as well.

This theorem establishes the naturality of the “Mexican hat shape” in the GL
description of translation-invariant systems. The usual Mexican hat potential
emerges when n = 1, in which case we have ker(K7, + V') = span{ag} and so

we can rewrite the minimization over a € ker(K7, 4+ V') as one over coefficients
¥ € C where a = 1ag. Then (2.9) becomes

e () =lol* ([ Folatan) - o [ colantran)
=[] = ey,

In Chapter V, we compute and study examples of microscopically derived GL
theories with multi-component order parameters: a pure d-wave order param-
eter and a mixed (s 4 d)-wave order parameter. One of our findings is that
the emergent symmetry group in the case of a pure d-wave order parameter is
rather large, O(5), as compared to the O(3) that could be expected.

Moreover, in Chapter V, we construct radial potentials of the form
V(z) = =Ad(|z| — R),

which produce eigenspaces ker(Kr, + V') of arbitrary angular momentum, for
open sets of parameter values. This is in stark contrast to the Schrédinger
case ker(—A + V') for which ground states are non-degenerate (and therefore
have angular momentum zero in the radial case). This is a consequence of the
Perron-Frobenius theorem which holds under weak assumptions on V. The
construction of these potentials is based on a new fact about the maxima of

half-integer Bessel functions which is discussed in the appendix to Chapter V.

The macroscopic persistence of boundary conditions

In Chapter VI, we describe joint work with Rupert L. Frank and Barry Simon
in which we consider a zero-temperature and low-density version of the BCS
theory in which particles are confined to a domain  C R? and are subjected
to a weak external field W : @ — R. Clearly, the model is then no longer
translation-invariant. Consequently, we need to make some changes in the

setup of the theory.
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First, the system states are now described by an operator 0 < I' < 1 on
L2(92) & L*(2) of the form

r—(7 ¢ .
a1-73

which is no longer a multiplication operator in Fourier space. Here v and «

are operators on L*(2) and we can describe them via their operator kernels

v(z,y) and a(z,y).

We introduce a small parameter h > 0 that describes the ratio between the

microscopic and macroscopic lengthscales. The BCS energy is defined as

EBOS(T) = Tr[(—h*Aq + W — p)y] + // v (x - y) oz, y)[dady.
e (2.10)
Here —Agq is the Dirichlet Laplacian on 2; it indicates the confinement of
the particles to the domain 2. The bounded function W : 0 — R describes
the external potential; it is weak because it comes with the h? prefactor. We
emphasize that there is no entropy term in (2.10) because we consider the

system at zero temperature.

We will consider this energy at choices of the chemical potential i € R that
correspond to small particle density. The physical picture that we have in
mind is the following: the system will be composed mostly of tightly bound
fermion pairs. At low density, these pairs are on average far apart and thus
look like bosons to one another. Since we are at zero temperature, the pairs
should then form a Bose-Einstein condensate. In analogy to the derivation
of Ginzburg-Landau theory in the previous section, we can then derive an
effective Gross-Pitaevskii theory describing the condensate of fermion pairs.
The fact that BCS theory can be used to describe this physical regime was

noticed in the early 80s and is commonly called the BCS-BEC crossover.

To implement the idea of tightly bound fermion pairs, we make the key as-

sumption that the potential V' is indeed strong enough to form a bound state.
Assumption 2.2.3. V : R? — R is such that —E, := inf spec(—Aga+ V) < 0.
The following theorem derives Gross-Pitaevskii (GP) theory from the BCS

energy (2.10) in a regime of low density (it is proved in Chapter VI by a
duality argument that the choice of chemical potential u = —F, + O(h?)
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below indeed corresponds to low density). The GP energy is defined similarly

to the Ginzburg-Landau energy from the previous section as

57 (w)i= [ (JIT0R + 0V = DIl + glul*) a

where D € R and g > 0 are parameters. As before, D represents some ad-
missible class of BCS states I' that renders the minimization problem 5505

well-defined. The detailed definition of D can be found in Chapter VI.

Theorem 2.2.4. Assume that Q C R? is a bounded Lipschitz domain and that
V' satisfies the assumption above. Then, there exists cq > 0 so that, as h | 0,
we have

. ngCS ) = h4—d inf 5GP 9] h4—d+Csz 211
IHGID —Eb+Dh2( ) weglé(ﬂ) D (¢)+ ( )7 ( )

for some explicit g > 0.

We remark that the constant cq > 0 in the error term depends on the regularity

of €). For example, one can choose ¢ =1 — ¢ for any € > 0 if €2 is convex.

This theorem is not the first in this context. Similar results were proved on
the torus [94] and on the full space with bounded W [28]. A time-dependent
analogue was proved in [91]. The difference between all of these results and
ours is that they consider a system without boundary. We consider instead a

system with a sharp boundary, modeled by the Dirichlet condition.

On the right-hand side of (2.11), observe that the minimization takes place
over the Sobolev space H}(Q2). In other words, the Dirichlet boundary condi-
tions are preserved under the limit A | 0. This is not a priori clear. We are
integrating out microscopic scales to arrive at the GP energy and one might
think that the boundary condition is a subleading effect as one integrates out
small scales. The result says that the boundary in fact plays a role on the
macroscopic scale to leading order. To see that this is a subtle question, we
mention that de Gennes [58] predicted that, at positive temperature and den-
sity, the sharp boundary conditions should be forgotten (i.e. a Dirichlet BCS
energy should yield a Neumann Ginzburg-Landau energy).

This concludes our presentation of the results concerning effective theories
derived from BCS theory in Chapters V and V1.
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2.3 The entanglement inherent to fermionic states

In Chapter VII, we describe a recent result concerning the entropy of the
reduced density matrices of any permutation-invariant quantum state. These
entropies can be viewed as a way to quantify the entanglement that is inherent

to a quantum state.

To make this more precise, let us define the quantities under consideration.
We consider the many-body Hilbert space ®fx:1 C?, where d is the dimension
of the one-body Hilbert space. We will take d > N which is necessary for
having fermionic states. (We have d > N e.g. for a tight-binding model of N
spin-polarized electrons hopping on d lattice sites.) Given any quantum state
pn on the many-body Hilbert space, we obtain its k-body reduced reduced
density matrix by tracing out N — k of the particles, i.e.,

Ve = Trps1,. n[pn].

Here we use the convention for the partial trace that gives Tr[y;] = Tr[pn] = 1.

We are interested in the following entropies

S = S(k) = —Tr[y log Vi)

These entropies quantify the entanglement of the state py with respect to the

Hilbert space decomposition

N k N—k
QReci=QRci e R)c,
m=1 m=1 m=1

i.e., they quantify the extent to which k particles are entangled with the re-
maining N — k particles in the state py. We are interested in finding lower
bounds on the entropies Si. In other words, we are interested in finding the

states that are the least entangled in this sense.

For bosonic states, one can make all S = 0. This is achieved by taking py to

be a pure condensate wave function, namely

pn = 6" ) (0.

Indeed, then we have for every k that v, = [¢®F)(¢®*| is still a pure state and

so its entropy vanishes.

The situation is markedly different for fermions. The entropies S can not all

be made zero and therefore fermionic states are always non-trivially entangled



25

in this sense. A natural question is then which fermionic states minimize the
entropies Si. By concavity of the entropy, one may restrict to pure fermionic
states |[Wn) (W y|.

In 1976, Coleman [39] solved this problem in the k = 1 case.

Theorem 2.3.1 (Coleman). S(v1) > log N and the minimum is achieved if

Uy is a Slater determinant.

Coleman’s result was generalized to the following conjecture by Carlen, Lieb
and Reuvers (CLR) in 2016 [33].

Conjecture 2.3.2. S(v,) > log (IQV) and the minimum is achieved if Yy is a

Slater determinant.

The fact that S(y2) = log (3) for Slater determinants follows from an elemen-
tary computation. CLR also put forward a weaker, asymptotic form of their
conjecture that S(y2) > 2log N + o(1) as N — oo. They prove in their paper
that

S(v2) > log N + o(1) (2.12)

by using a strengthened form of the strong subadditivity of the quantum en-
tropy. (Alternatively, this fact can be proved by using Yang’s bound on the

largest eigenvalue of 75, as is also mentioned in [33].)

One of the observations put forward in Chapter VII are general properties of

the map k +— S that yield an improvement of (2.12) as a corollary.

Theorem 2.3.3. Let v, be the k-body density matrix of any permutation-
invariant pure state |V n)(Vy|. Then the map k — Sy has the following prop-

erties.

. . . N
(i) Monotonicity. For every 1 <k < 5 —1,

Sk < Skt (2.13)

(ii)) Concavity. For every2 <k < N —1,

Skt1 + Sk-1

Sk > 5

(2.14)
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These properties follow directly from applications of the monotonicity of the
relative entropy and the symmetry property Sy = Sy_j, which holds for any
permutation-invariant state. (Note that if Wy is a fermionic wave function,

then |WUy)(¥y| is a permutation-invariant state.)

Combining the monotonicity property with Coleman’s theorem yields
Sy > 51 > log N,

so as a corollary we obtain a new proof of (2.12).

Chapter VII contains the proof of this result as well as another theorem that
establishes the bound S(vy2) > 2log N + log(d — N). This bound also follows
from Yang’s bound on ther largest eigenvalue of v9, but we give an entropic
proof of it that is is inspired by a joint work on approximate quantum cloning
with Mark M. Wilde [121]. We note that the bound S(7y2) > 2log N + log(d —
N) implies the conjecture by CLR if d — N = O(1).

This finishes our overview of the results in Chapters III-VII. The remainder
of this thesis contains further details and proofs of the statements that we

presented in this overview.
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Chapter 8

NEW ANOMALOUS LIEB-ROBINSON BOUNDS IN
QUASI-PERIODIC XY CHAINS

David Damanik, Marius Lemm, Milivoje Lukic and William Yessen

3.1 Introduction

Relativistic systems are local in the sense that information propagates at most
at the speed of light. In their seminal paper [124|, Lieb and Robinson found
that non-relativistic quantum spin systems described by local Hamiltonians
satisfy a similar “quasi-locality” under the Heisenberg dynamics. Their Lieb-
Robinson bound and its recent generalizations [97, 138] implies the existence of
a “light cone” |z| < v|t| in space-time, outside of which quantum correlations
(concretely: commutators of local observables) are exponentially small. In
other words, the LR bound shows that, to a good approximation, quantum
correlations propagate at most ballistically, with a system-dependent “Lieb-

Robinson velocity” v.

About ten years ago, the general interest in LR bounds re-surged when Hast-
ings and co-workers realized that they are the key tool to derive exponential
clustering, a higher-dimensional Lieb-Schultz-Mattis theorem and the cele-
brated area law for the entanglement entropy in one-dimensional systems with
a spectral gap [99, 97, 98]. These results highlight the role of entanglement in
constraining the structure of ground states in gapped systems and yield many
applications to quantum information theory, e.g. in developing algorithms to

simulate quantum systems on a classical computer [29, 13].

In this paper, we announce and sketch the rigorous proof of a new kind of
anomalous (or sub-ballistic) Lieb-Robinson bound for an isotropic XY chain
in a quasi-periodic transversal magnetic field. The LR bound is anomalous in
the sense that the forward half of the ordinary light cone is changed to the

region |z| < v|t|* for some 0 < o < 1.

Previous study has focused on the dependence of the Lieb-Robinson velocity v
on the system details [138], with particular interest in the case v = 0, since it

may be interpreted as dynamical localization [96]. In a very recent paper [82],
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a logarithmic light-cone was obtained for long-range, i.e. power-law decaying,
interactions. The anomalous LR bound we find yields a qualitatively completely

different, anomalously slow many-body transport.

We expect that if one has an anomalous LR bound for a system with a spec-
tral gap, the arguments of [99, 138] will yield anomalously strong exponential

clustering (see the discussion after Def. 1).

We actually have an exact characterization of the values of a for which the
anomalous LR bound holds, namely whenever « exceeds o, the upper trans-
port exponent of the one-body discrete Schrédinger operator with potential
given exactly by the quasi-periodic field. Thanks to extensive study, there
exist both rigorous and numerical upper and lower bounds on «; [3, 42, 43,
45, 46, 51, 52].

We mention that quasi-periodic sequences serve as models for one-dimensional
quasi-crystals and their sometimes exotic transport properties. Especially the
discrete one-body Schrodinger operator with Fibonacci potential, see (3.5), has
been considered [113, 143, 3, 35, 165, 86, 166, 49, 46, 51, 52, 44, 43, 45]. Quasi-
periodic spin chains (in particular with Fibonacci disorder) have also been

studied extensively, with a focus on spectral properties and critical phenomena
[21, 22, 23, 59, 100, 36, 153, 130].

While we give the full statements below, we only give a rough sketch of the

proof; a detailed version will appear elsewhere [48].

3.2 Setup and main result

For any integer N, we consider the isotropic XY chain defined by the Hamil-

tonian Vot N
Hy = — Z (0200sy +0202,1) + Z heo?, (3.1)
=1 =1

where o', 02, 03 are the usual Pauli matrices. We scaled out the usual J factor
in front of the first term and chose zero boundary conditions for convenience.

For definiteness, we let h, be the Fibonacci magnetic field
he = AXj1—¢1)(2¢ +w mod 1), (3.2)

where A > 0 is a coupling constant, w € [0, 1) is an arbitrary phase offset, and
¢ is the inverse of the golden mean, i.e.

NG

0=
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The Fibonacci field (3.2) is prototypical in the study of one-dimensional quasi-
crystals, but in fact ¢ can be replaced by an arbitrary irrational number in
(0, 1) here (“Sturmian class”); compare [113, 143, 154, 17, 43]. We let O, denote
the set of observables at site x, which is of course just the set of Hermitian

2 x 2 matrices, and for an observable A, we let
A(t) = ™y Aty (3.3)

be its image under the Heisenberg evolution after time ¢. Note that A(¢)
implicitly depends on N as well.

Definition 3.2.1 (anomalous LR bound). We say that LR(«) holds if there
exist positive constants C,&, v such that for all integers x,x’', N with 1 < z <
' < N and all times t > 0, the bound

I[A@), Bl < CllA|l||Bl|e~ === (3:4)

holds for all observables A € O, and B € O,.

Let us make a few remarks about this: Firstly, the usual Lieb-Robinson bound
corresponds to LR(1) and is known to hold by general considerations [124].
When comparing LR(«) with LR(1) in the particularly relevant regime of
small times, it is important to keep in mind that |z — 2’| > 1 by definition and
consequently |z — 2/|V/% > |z — 2/| for 0 < a < 1. Hence, for fixed ¢, LR(a) is
effective at smaller distances than LR(1). Secondly, (3.4) can be extended to
a much wider class of observables, provided that their supports are a non-zero
distance apart [48, 50]. Thirdly, we emphasize that the constants above do
not depend on the system size N, so that the estimate (3.4) is stable in the
thermodynamic limit N — oo. Finally, as mentioned in the introduction, if
one can prove LR(«a) for a system with a spectral gap, we expect that ground-
state correlations will decay anomalously fast, i.e. the usual exponential decay
in d(X,Y) is replaced by decay in d(X,Y)"* (see e.g. Theorem 2 in [138]).
Essentially, this should follow from the proofs in [99, 138|, by using LR(«)
instead of LR(1), which only changes the optimization problem in the time
cutoff parameter (called s in [138]).

Our first main result is:

Theorem 3.2.2. Let A > 8. There exists 0 < a < 1 such that LR(«) holds.
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As mentioned in the introduction, we actually have a characterization of the
values of « for which LR(«) holds for all A > 0. This characterization is in
terms of the upper transport exponent o of the one-body discrete Schrodinger
operator h with Fibonacci potential. It acts on a square-summable sequence
{¥s}az1 by

(h), = Vug1 + Va1 + hatha, (3.5)

with ¢y = 0 and h, given by (3.2). « is then the propagation rate of the
fastest part of an initially localized wave-packet. Since exponential tails cannot
be evaded in quantum mechanics, a; is, roughly, the largest exponent § for
which the probability of an initially localized wavepacket to travel a distance

% in time ¢ is not exponentially small.

More formally: For any integer x > 1 and any positive real number [, let

Pa.t) =Y [{durle™™|0) P, (3.6)

z' >z

_ log P(t°,1)
R (F) ?Lilp logt (37
Then, we define
o) =sup {R"(8) < >} . (3.8)

B=0
Note that of = a;f(\). We mention that a; is just one of several transport
exponents commonly associated to anomalous one-body dynamics [51, 52], but

as it turns out it is the only one relevant for LR bounds.

As anticipated before, we have the following characterization:

Theorem 3.2.3. Let A > 0. Ifa > «
a < af, then LR(«) does not hold.

+, then LR(«) holds. Conversely, if

u’

In words, LR(«) is a precise way to state that tails are exponentially decaying
beyond a modified light-cone of the form |z| < vt*, and our theorem states that
this is true for @ > «;f and false for a < «;f. In fact, the second statement
holds for completely general transversal magnetic fields (e.g. periodic ones,
where a = 1). At first sight, it may be surprising that the quantity «;", which
describes large-time asymptotics, characterizes the LR bound. Intuitively, this
is due to the fact that the asymptotics capture precisely the fastest moving

part of the one-body dynamics.
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We also obtain an explicit expression for the LR velocity v, see (38) in [48].

Appropriately, v is a decreasing function of a.

Let us discuss o from a quantitative viewpoint. Since Theorem 2 holds for
arbitrary coupling constant A > 0, we see that the restriction to A > 8 in
Theorem 1 is due to the fact that we do not know rigorously that of < 1
for all A > 0 (we do know that a;f > 0 for all A > 0 [46]). We emphasize
that estimating «; is only a problem of one-body dynamics however, which
is simpler from both a theoretical and a numerical standpoint. A rough nu-
merical study we conducted suggests that «;f < 1 also holds for 0 < A < 8,
and we think it would be interesting to pursue the numerical aspects further.
Moreover, explicit rigorous upper and lower bounds for o exist [51, 52, 45].
Asymptotically, they behave like M for large A\ and they can be used to

obtain quantitative estimates, such as
0.1 <af <05

for all 12 < XA < 7,000. We stress the upper bound by 0.5 because the par-
ticular case of = 0.5 is sometimes called diffusive transport and not assigned

the “anomalous” label.

3.3 Sketch of proof
Following [125], we map the XY chain to free fermions via the Jordan-Wigner

transformation. That is, we introduce the spin raising and lowering operators

1
S:t = 5 (O’l iUQ) s
and define

c =957, =000 S, (3.9)

These operators satisfy the CAR and allow us to rewrite the Hamiltonian as

HN—ZZ bN z,yCy-

z=1 y=1
Here, by is the operator b defined in (3.5), but with a zero boundary condition
at site NV 4+ 1. At this stage, Hy can be diagonalized by a standard Bogoli-
ubov transformation. One finds the following formula [96] for the Heisenberg

dynamics (3.3) of the fermion operators:

Z (e721) ¢, (3.10)

y=1
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Definition 3.3.1. We say that LRgemi(«) holds if there exist positive con-
stants C,&,v such that for all integers x,x', N with 1 < z < 2’ < N and all
times t > 0, the bound

e (®), BIll + ll[ck (1), Blll < C||Bje~*tem1=r (3.11)

holds for all observables B € O, .

As we will see, (3.10) allows us to prove LR ermi(«) by controlling the one-body
transport created by h. This is not surprising, because (3.10) is an expression

of the fact that we are now describing free particles.

The problem that arises, though, is that the Jordan-Wigner transformation
(3.9) is highly non-local, while a Lieb-Robinson bound is of course an inherently
local statement. The key lemma, which is somewhat surprising at first sight,

however, says

Lemma 3.3.2. LRymi() is equivalent to LR(«).

The point is that, as originally realized in [96] and adapted here to our pur-
poses, inverting the non-local Jordan-Wigner transformation essentially just
requires summing up fermionic LR bounds: By an iteration argument, which
is based only on (AB)(t) = A(t)B(t) and the usual commutator rules, one can

show

IS5 (), Bl <2 (Illey (), Bl + llleh (1), BII) (3.12)

for all B € O,,. By taking adjoints and using commutator rules, similar bounds
hold for S, , S; S}, SIS, and hence for all elements of the four-dimensional
algebra of observables O,. Assuming that LRgemi(c) holds, we now see that
LR(«a) follows from (3.12) and the trivial, but important, fact that

X
Ze—f(ly—x’l—vta) o ¢ Ela—a’|-vt®)
y=1

For more details and the argument for the converse statement, see [48]. In
conclusion, we found that the price of non-locality was the additional sum
over y in (3.12), but we can afford this because tails of exponentially decaying

series still decay exponentially.
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To prove Theorem 2, thanks to Lemma, 1, it remains to characterize the values
of o for which LReymi () holds. We first show that o > «f implies LR ().
By (3.10) and the fact that ¢, and B commute for y < 2/, we get

N
llex (), BIF < IBI Y [(6le™*%75,)] (3.13)

y=z'
Since spatial translation corresponds to a shift of the (anyway arbitrary) phase

offset w, modulo some technical difficulties, the right-hand side is equal to

N—z—1

ST |Grle s, (3.14)

y=a'—x—1
and this expression is already quite similar to the definition of the “outside
probability” in (3.6). This explains why we can apply techniques developed in
[42, 51, 52, 45] to study the transport exponent «; to our situation. A rough

outline of the by now standard approach reads:

(a) use Dunford’s formula

1

R To— |0,)dz

) 1 )
5 —2ihnt 6 — / —itz 5
(d1]e |0y) i Fe (1]

to express the time-evolution in terms of resolvents (I' is a simple posi-

tively oriented contour around the spectrum of —2hy),

(b) bound matrix elements of resolvents in terms of transfer matrix norms,

by studying individual solutions,

(¢) bound transfer matrix norm by the exponentially decaying right-hand

side in LRermi(), by studying the Fibonacci trace map.

However, the original results of |42, 51, 52, 45| do not translate directly to
our situation. Firstly, the operator h lives on the half-line, while hy has a
zero boundary condition at N + 1. This is a minor obstruction and can be
removed, for an upper bound, by one-rank perturbation theory on the level of

resolvents.

The bigger problem is that the summands in (3.14) are not squared, as they

are in (3.6), which may of course make for a much larger sum. The technical
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solution we have found to this will not be presented here for the sake of brevity

and instead we refer the interested reader to [48].

We now turn to the converse direction in Theorem 2. We prove the logically
equivalent statement that LRgemi(«) implies o > «f. Using (3.10) and an

appropriate trial state to bound the operator norm (see [48] for details), we

obtain the key estimate
lea(t), SPI = [(0ale™>"|0,1) |
(compare with (3.13)). Thus, LRemi(«) implies

|(8,]e7203t5,)| < Ce&lla=e/l=vt®)

forall 1 <z <2’ < N and all £ > 0. We take the limit N — oo to pass to

the half-line operator,

|[(62]e 72 0,) | < Ce&lz=all=vt?) (3.15)

for all z,2" € N and all £ > 0. Using this on definition (3.6) gives

2
Pt 1) < —C WD) < Gt
Y — 1 — e <

+
vy SO

whenever 5 > «. By definitions (3.7), (3.8) we conclude that § > «

a>arl.

3.4 The random dimer model
We explain why our method does not extend to yield an anomalous LR bound
with power-law tails for the random dimer model [63|. The focus is on ideas

here, for a detailed discussion see [48].

Recall the one-body discrete Schrodinger operator b from (3.5). In the ran-
dom dimer model, the potential h,, is a random variable taking either of the
two values £, each with probability 1/2 say, but these values must always
occur in pairs (or dimers). The intuition, due to Anderson’s work, that a one-
dimensional disordered quantum system should exhibit localization is only al-
most correct here: There exist critical energies E. = £\ for which the transfer
matrices across dimers commute and the system shows anomalous transport.
As it turns out, the anomalous transport is so fast that o = 1 and so we

cannot hope for an LR(«) with o < 1.
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Intuitively, this is because o7 = 1 means that the probablity to find the parti-
cle within a distance t? of its initial location after time ¢, is not exponentially
small for § < 1. However, in the random dimer model, this probability is
polynomially small for some § < 1. In fact, there are similar transport expo-
nents 5*(]9), related to time-averaged p-th moments of the position operator,
which characterize when this is the case and which were determined explicitly
in [102, 103].

With this in mind, one may hope to use our method to find an anomalous LR

bound with power-law tails, which would be of the general form

[t @\

llae). 51l < iz (1) (3.16)
for any p > 0 and some 0 < v(p) < 1, that is related to BJF(p). A prob-
lem arises, however, when we want to “pull back” the LR bound through the
Jordan-Wigner transformation, as we did to prove Lemma 1. As we explained,
the non-locality gives rise to the extra sum in (3.14). While we stressed that
the sum was irrelevant in the case of exponential decay, power-law decay de-
creases by one order under summation and it turns out that this restricts v(p)
in (3.16) to y(p) > 1. Of course, the ordinary LR bound is then again a better

estimate and the argument is inconclusive.

3.5 Conclusions

We have sketched the rigorous proof of anomalous Lieb-Robinson bounds (3.4)
for isotropic XY chains with a quasi-periodic transverse field, which can be
viewed as models for quasi-crystals. To our knowledge, this is the first deriva-

tion of anomalous quantum many-body transport.

The characterization of the correct exponent « in the anomalous LR bound
(3.4) as the one-body transport exponent «; yields rigorous and quantitative

bounds on it and opens the anomalous LR bound up to numerical study.

We also present the concept of an anomalous LR bound with power-law tails
(3.16). While our argument is inconclusive for the random dimer model, we
understand exactly why it fails. In particular, it would yield power-law LR
bounds for models with somewhat smaller values of the transport exponent

B*(p), if such models exist.
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Chapter /

ON POLYNOMIAL LIEB-ROBINSON BOUNDS FOR THE XY
CHAIN IN A DECAYING RANDOM FIELD

Marius Lemm and Martin Gebert

4.1 Introduction

It is well known that a single quantum particle in one dimension which is sub-
jected to an arbitrarily weak random potential exhibits exponential Anderson
localization [7, 116]. In the presence of interactions, one enters the subject
of many-body localization (MBL) which has been a hot topic of condensed-
matter physics in recent years, see e.g. [15, 16, 65, 77, 101, 139| and references
therein. On a heuristic level, MBL is described as absence of thermalization.
Proposed criteria for this include the validity of an area law for the entan-
glement entropy and absence of information propagation (e.g. a zero-velocity
Lieb-Robinson bound and logarithmic in time growth of the entanglement en-
tropy). For an extensive list of possible criteria, see the review [81]. The very
special MBL phase is expected to break down for sufficiently weak randomness,
in what is called the MBL transition |144, 171].

A possible starting point for understanding MBL is the XY quantum spin chain
in an i.i.d. random field. This is an integrable toy model which can be mapped
to non-interacting fermions in a random environment. Since the fermions are
then localized in the usual Anderson sense, it can be shown rigorously that
this model enjoys an area law for the entanglement entropy for large classes
of states [1, 2, 146] and a zero-velocity Lieb-Robinson bound [31, 96]. A
continuum analogue of this toy model, the disordered Tonks-Girardeau gas,
was recently shown to display features of MBL for bosons, such as the absence

of BEC and superfluidity [155], even at zero temperature.

However, a shortcoming of the toy model (apart from integrability) is that it
will never display a transition to a non-MBL phase because the fermions are
localized at arbitrarily small disorder strength (which is equivalent to arbitrar-

ily large interaction strength).
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In this paper, we propose a variation of the XY chain with disorder which
rigorously displays features suggesting that such a phase transition might occur
as the disorder strength is varied. The model is the isotropic XY chain on the
half line with a random and decaying external field in the z direction. The

Hamiltonian reads

—_

n—

HyV(w) == (0§05, +0jo),,) + )‘Z
J=1 J=1

Vi(w)
j1/2

z
9

where the Vj are ii.d. random variables satisfying E[V;] = 0 and E[V?] = 1.
Moreover, A > 0 is a parameter describing the disorder strength. Note the
decaying envelope j~/2 for the random field. It is “critical” in that the po-
tential is just barely not in ¢*(N). For other decay rates, the random field is
either too weak or too strong to observe a qualitative transition from MBL to

non-MBL features (such as transport) when A is varied.

We now explain in which sense our system exhibits features suggesting a phase
transition from transport to localization as the disorder strength A > 0 is
increased. While our results will be more general and include bounds on the
particle number transport as well, the key notion for quantifying many-body
transport for this model are new anomalous polynomial Lieb-Robinson (PLR)
bounds. The traditional Lieb-Robinson (LR) bounds [124, 138| apply to general
local Hamiltonians defined on a lattice and establish the existence of a certain

“light cone” in spacetime outside of which correlations are exponentially small.

We say PLR(a,b) holds for parameters 0 < a < 1 and b > 0, if there exists a
universal constant C' > 0 such that for any observables A supported at site 1

and B supported at site £ > 1, we have the bound

a\ b
Iz, 511 < clanen () (1.0
Here 7/ is the Heisenberg time evolution generated by the Hamiltonian HXY,
see (4.3), and || - || is the standard operator norm. Intuitively, PLR(a, b) says
that in time ¢, information (as measured by the commutator of the initially
localized observables) propagates at most a distance of order ¢, up to errors
decaying like 7% away from the bent “light cone” t* = k in spacetime. The

case a = 1 corresponds to ballistic transport.
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We now discuss our results in words; the precise statements are given later.
For simplicity, in this discussion A is supported at site 1 and B is supported
at site k£ > 1.

e When A is large enough, the system is “polynomially localized” in the
sense that
1 KA2—5/4
Esup [[72(4), 8] < Cllallz () (4.2
teR
for a coefficient 0 < x < 3 (Theorem 4.3.2). This is a disorder-averaged

version of PLR(0, xA\? — 5/4) and may be understood as a zero-velocity
PLR bound. Tt is of course only effective when k\* —5/4 > 0.

e When A is small enough, PLR(a,b) cannot hold if a is too small or b is
too large (Corollary 4.3.9). In other words, there exist observables A, B
for which the bound (4.1) fails and in this sense transport is at least of
order t*. Concretely, in Corollary 4.3.9 we show that for A < 2, (4.1)
fails with probability one if 0 < a < 1 and b > 1/2 satisfy

1
14+ —— 1.
a( +2b—1)<

In particular, for any 0 < a < 1, there exists b > 1/2 large enough such
that (4.1) fails with probability one.

Remark 4.1.1. (i) It follows from [/8, Thm. 2.6] and Proposition 4.5.8
that if only exponentially small errors are tolerated in an LR bound,
then our model will exhibit ballistic transport for all A\ > 0. This fits with

the localization being only polynomial in type, even for large .

(ii) We emphasize that our results do not exclude that for small A, an ana-
logue of (4.2) holds with the exponent kK\*> — 5/4 replaced by a number
b < 1/2. If this were true, it would be misleading to speak of a true tran-
sition from non-trivial transport to localization and it 1s for this reason

that we do not claim to prove such a transition.

(iii) For the PLR(a,b) bounds defined by (4.1) and (4.2), we only consider
observables A supported at site 1. If A is supported at a site j > 1, the
decaying factor is not replaced by the distance of the supports |j — k|

(as would be the case in a direct polynomial generalization of the LR
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bound, compare [47, 48]), but instead by min{j, k}/ max{j,k}. The pre-

cise statement is in Theorem 4.3.2. The reason why one cannot expect the

distance |j — k| is that the system is far from being translation-invariant.

To prove the results, we use the standard method of expressing the XY chain
in terms of free fermions via the Jordan-Wigner transformation. The basic idea
is to take bounds for the corresponding one-body system [56, 80, 110, 111] and
to pull them through the (non-local) Jordan-Wigner transformation by using
ideas of Hamza, Sims and Stolz [96].

[96] considered a non-decaying random external field which yields an exponen-
tially localized system, see also [112, 161]. Here we apply the method of [96]
to a situation in which errors decay only polynomially. Related papers which
study the dependence of parameters in LR bounds and their generalizations
on the external field are [47, 48, 50, 105]. The idea of studying polynomial LR
bounds was conceived in [47, 48|, but there it was only shown that the idea
does not apply to the random dimer model (a model with anomalous one-body

transport).

For large A, we use the fact that the Kunz-Souillard method utilized in [56]
actually yields a polynomial bound on the eigenfunction correlator (4.16). We

are grateful to David Damanik for pointing this out to us.

As mentioned before, we also show similar results for particle number trans-
port. For this we adapt the techniques from [1], where such bounds were
studied for non-decaying i.i.d. randomness, to our situation with polynomial
decay. Similar bounds on particle number transport were also proved in the
recent paper [155] on the disordered Tonks-Girardeau gas, a continuum ana-
logue of the disordered XY chain.

Overall, our results follow rather directly by combining the above mentioned
methods. Nonetheless, we believe that this alternative toy model provides an
opportunity to study a phase transition, in terms of transport properties, from
a mathematical and physics perspective and can stimulate further research. In
particular, we have also attempted without success to prove analogous results
for the entanglement entropy of eigenstates in the spirit of the recent works
[1, 2, 66, 146]. However we ran into difficulty bounding the entanglement

entropy of eigenstates in the “localization regime” of large A because of the
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growth in j of the bound (4.16). We believe that this question constitutes an

interesting open problem.

4.2 The model
The XY Chain in a random decaying external field
For every n € N = {1,2,3,...}, we consider the Hilbert space

G
j=1

On H,, the Hamiltonian of the isotropic XY chain with a random decaying

external field is given by

[y

n—

HXY () ==Y (0707, +olol,y) + AZ
1 =1

Vi

(w)
j172

z
Uj’

<.
Il

where A > 0 is a coupling constant. The sequence (V}(w))jeN is a family of iid
random variables on a probability space (£2,%,P). We assume that its single-
site distribution has zero mean and is absolutely continuous with a bounded

density of compact support and E[V?] = 1. In the above,

. 01 0 —i ; 1 0
o’ = , oY= , o°=
10 1 0 0 —1

are the Pauli matrices and af’y’z is short-handed for
]]_1@...]]_j_1®0'm’y’z®:ﬂ_j+1...®]]_n

for 1 < j < n. In the following we omit the w-dependence for brevity. For a

finite set J C N, we define the algebra of observables supported on J by

A=) B(C?),

Jj€J

where B(C?) is the set of all complex 2 x 2 matrices. We will often make use
of the fact that for J C J’, there is a natural embedding of A; into A by
tensoring with the identity on J'\ J. Also, we set A; = Ayj).

Finally, the Heisenberg dynamics of an observable A € A; under the Hamil-
tonian HXY is defined by

TIHA) 1= MY Aem Y (4.3)
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The Jordan-Wigner transformation
We use the standard procedure, going back to [125], of mapping the XY chain

to free fermions via the Jordan-Wigner transformation.

For the details of the diagonalization procedure, we refer to Section 3.1 in [96].
Here we only recall what we need to establish notation. The first step is to

introduce the lowering operator

- (1) (1

and its adjoint the raising operator a; for all 1 < j < n. The Jordan-Wigner

transformation maps these to the fermion operators
a=a, c¢=07...0;a; for2<j<n. (4.5)

The {c;} then satisfy the canonical anticommutation relations (CAR). We
have the identity
aja; = c;cj. (4.6)

In terms of the fermion operators, the Hamiltonian reads,

HYY =2C*H,C- >V, (4.7)

j=1
where C := (cy, ..., c,)T and 17j = Jl%‘/; The n x n matrix H, is given by
Vo1
H, = R , (4.8)
U

1V,

Note that H,, can be identified with a discrete Schrédinger operator on the half
line, i.e. on ¢*(N), with the random decaying potential {V;} and zero boundary
conditions at site n 4+ 1. The constant )7, V; in (4.7) does not change the

Heisenberg dynamics (4.3) and can thus be ignored in the following.

We will often use that the Heisenberg dynamics of the ¢; operators is given in

the following simple fashion.

Proposition 4.2.1. /96, Sec. 3] For all 1 < j, k < n, the identity

n

) = 3 (05, € G, Yo (1.9)

m=1
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holds and consequently

n

17" (as), BIN < 2 > 1o e 6, (Il [em, Bl + [, BIl) . (4.10)

m=

Proof. The first equality follows from diagonalizing the one-particle operator
H,. For details see [96, Eq. (3.15)]. Taking adjoints, the same is also true for

ct. Using the Leibniz rule for commutators, i.e.
k ;

[AB,C] = A[B,C|+ [A,C|B (4.11)
we obtain the estimate
17 (c5e;), B <> (65,28, (|| [em Bl + ll[ch. BIII) - (4.12)
m=1

The latter inequality also holds for the adjoint ¢;cj.

To see inequality (4.10), we note that (¢07)~' = o7 for all 1 < j < n gives

aj =07 _1...07¢j. (4.13)

Thus, an iteration of the Leibniz rule (4.11) implies
i1 (4.14)

Since o7 = 2¢f¢; — idge, the identity (4.9) and the bound (4.12) imply

(4.14) <Y |85, €725, [[cm, Bl

m=1

o (4.15)
+2% > G e 60) (| ems Bl + e, Bl -
=1 m=1
[

4.3 Polynomial Lieb-Robinson bounds

Localization for large enough )\

We start with recalling an old result by [56] which provides bounds on the
eigenfunction correlator of the Anderson model with a random decaying po-

tential.
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Lemma 4.3.1. Let H,, be the operator given in (4.8). Then there exist con-
stants C, k > 0 such that for allm € N and all 1 < j < k <n, we have

£ |0 a()001) < S0 (1) (1.16)

“ in the above. The exponent x will

5
167

In particular, one can choose g(x) = e~
feature in all of the following bounds and we show later that it satisfies k <
see Corollary 4.3.11.

Proof. We estimate

E[sup (3, g(H)d0) ] <E[ Y- [Wpllvpml]| = 7"G ki R) - (417)

|g|§1 EEO’(H’VL)

where the sequence (1/}%) ) denotes the normalized eigenvectors of H,

EEU(HTL
counted with multipicity. An adaption of [56, Prop. III.1| implies

s c A\
PR < 0 (1) (118)

The latter follows from inequality [56, Eq. III.16] using the bounds [56, Eq.
[11.14 and eq. II1.15| and we remark that in the result 56, Eq. II1.4] the
1/2-exponent should be replaced by a 1/4-exponent. O

As a consequence, we obtain a disorder-averaged polynomial Lieb-Robinson

bound with @ = 0 for the spin chain HXY.

Theorem 4.3.2. Let k be as in Lemma 4.3.1 above. Suppose that k> > %.
Then there exists a constant C' > 0 such that for all choices of 1 < j <k <mn,

.\ RAZ
n . j
Esup (40, 211] < ClalIBIGH (1) (1.19)
holds for all observables A € A; and B € Ay,_,,.

We emphasize that the constant C' is also uniform in n.

Proof. Note that A; is spanned by the matrices {a;, a}, a;a},aja;}. According

VER
to Proposition 4.2.1, we can estimate

17 (az), BIE <2 > o€ 6)| (e, BIll + llllcs, BI  (4.20)

=1 m=1
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We note that [c,,, B] = 0 for all m < k. Hence, Lemma 4.3.1 implies

22

eaon <211y S (L)

=1 m=k

”anj:i )i/ ( )W (4.21)

=1 m=k

C . ] kA2
<GlBln (1)

for some constant C' > 0 which is finite for A > ,/ %. Taking adjoints the same
estimate is true for aj. For the products aja; and aja}, we use the Leibniz
rule (4.11). O

Remark 4.3.3. Instead of the distance |j — k| of the supports of the obseru-
ables, which would appear in a straightforward polynomial generalization of the
traditional LR bound as was proposed in [47, 48], the right hand side depends
on the quotient j/k. Note that the distance |j — k| is not so natural for our

model, which s far from being translation-invariant.

However, if we consider observables A supported at a fixed site, say the site
1, the bound (4.19) reduces to a polynomial Lieb-Robinson bound involving the
distance of the supports. Let A € Ay. Then the bound

KA2—5/4
Esuplf(4), 211] < claniz (5 ) (122)

holds uniformly inn € N and B € Ay, for any 1 <k <n.

,,,,,

For small ¢ the above is not satisfactory. One can improve the result:

Proposition 4.3.4. Let k be as in Lemma 4.5.1. There exists a constant C
such that for all choices of 1 < j < k <n,

1\ KAZ—5/4

Ell(7(A), B < C||A||HBH|H<E> (4.23)

holds for all observables A € Ay, B € Ay,

77777

Proof. We follow the proof of [96, Cor. 3.4]|. Define

f(t) :=[n(A), B]. (4.24)
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Then, f(t) solves the ODE

F(@) =il (1), 7 (H)] = l[B, 7" (H1)], 77" (A)]. (4.25)

where Hy := 070} + olol + Vioj. Following [136, App. A] we obtain

1t
L)l S/O ds |[[7¢ (H1), Bl (4.26)

Since H; is supported on A; ® Ay we use Theorem 4.3.2 to obtain a time

independent bound on the integrand which yields the theorem. O]

Lower bounds on transport for small enough \
In this section we restrict ourselves to pairs of observables for which one of the

observables is supported at the site 1.

Definition 4.3.5. Let 0 < a <1 and b > 0. We say that ny exhibits the
polynomial Lieb-Robinson bound PLR(a,b), if there exists a constant C' > 0
such that for allmn € N

7). 511 < clanizi (5 ) (4.27)

holds for all A € Ay, B € A,

77777

Let H be the discrete Schrodinger operator on ¢2(N) which arises as the in-

ductive limit of the family (H,)nen-

Definition 4.3.6. We define the p-th moment of the position operator

X[P(t) =) kP65, 00) (4.28)
keN
and its time-average
2 o0
(XPUT) =7 [ ate X (4.29)
for all T > 0. The upper and lower transport exponents are defined by
X NN In | XP(¢)
B (p) = h{géglfw and [T (p) = h?iigp i (4.30)

and their averaged versions are defined by

Sy o i s XN (T) . In(|X|7)(T)
<5 (p)> = thLlo%f plT and <B+(p)> = hfrpn_igp plT
(4.31)
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Theorem 4.3.7. Assume PLR(a,b) holds for some 0 < a <1 and b > 1/2.
Then,

1
limsupft(2b—1—¢€)<a|l+-——]. (4.32)
e—0 2b—1

Proof. The strong resolvent-convergence of H,, to H (this follows e.g. from

the geometric resolvent identity) implies the convergence

lim (™5, 6;) = (™5, 61, (4.33)

n—oo

for any 1 < k£ < n. Hence, Fatou’s lemma implies the inequality

2b—1—¢ —itH 2 _ s 2b—1—¢ —itH 2
DR o G = Tm YRR, )|
keN 1<k<M
< lim liminf B2 (e Sy, 0, )|, (4.34)
M—o0 n—o0
1<k<M

where € > 0 is arbitary.

Now, we bound the one-body propagation in terms of the many-body propa-

gation using [48, Lm. 4.1]. It implies that for any 1 <k <n
(™61, 0] < [l (er), az] |- (4.35)
Using this and the assumption that PLR(a,b) holds, we bound

(4.34) < 20y "k (4.36)

keN

Since the latter is summable for any ¢ > 0, this implies

2ab
BH20—1—¢) < B_1_< (4.37)
and therefore (4.32) follows. O

Proposition 4.3.8. Let p > %. The lower bound
Br(p) > 1~ A (4.38)

4p
holds P-almost surely. In the case of A < 2 one has

B (p) =1 (4.39)

P-almost surely.
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Before we give the proof, which is based on results in [80, 110, 111], we discuss
the consequences of combining Theorem 4.3.7 and Proposition 4.3.8. What
we obtain can be interpreted as lower bounds on transport, as we explained in

the introduction, however see also the caveat in Remark 4.1.1(iii).

Corollary 4.3.9. Let (a,b) be a pair of 0 < a <1 and b > 1/2. If either
of the following two conditions applies, then, with probability one, PLR(a,b)

cannot hold.

° )\<2anda(1~|—2b%1)<1

o A< 420 1) and a (1+ 55) <1 - g5
In particular, if A < 2, then for any fized 0 < a < 1 there exists b > 1/2 large
enough such that PLR(a,b) cannot hold.

Remark 4.3.10. A shortcoming of our results is that we need to assume
b > 1/2, see Remark 4.1.1(iii). This is ultimately a consequence of summing up
one-body transport bounds when inverting the Jordan- Wigner transformation
(compare Proposition 4.2.1) and is therefore intimately connected to the core
of the method.

We also get a bound on the maximal power of the polynomial decay coefficient

x which was introduced considered in the previous section.

Corollary 4.3.11. The constant k from Proposition 4.3.1 satisfies k < %.

Proof. Note that k is independent of A. Fix A < 2 and p > 0. By Proposition
4.3.8, sup,-¢ | X|P(t) = co. Recalling the definition (4.28) of | X |?(¢) and using
the estimate in Lemma 4.3.1 then gives p + 1/4 — kA? > —1. Sending A — 2
and p — 0 yields K < %. O

[t remains to give the

Proof of Prop. 4.3.8. For equation (4.38), we apply the lower bound [80, Thm.
5.1, Eq. (5.3)] to the function f € C°(R) with f =1 on o(H). This provides
for any € > 0 the bound

(XNHT) > Culp,e) TP, (4.40)
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P-almost surely, where v := infpe(_s9) 8_%. This implies
B =1 (142)
D)) > I .

The chain of inequalities (5~ (p)) < (8T (p)) < B1(p) gives the result. To
see the last inequality, note that g := ST (p) > 0 implies for any ¢ > 0,
| X|7(t) < CtPP+e. This readily gives

(XD =7 [ areTIxE) < o (4.42)

and the inequality (87 (p)) < .

For equation (4.39), we use [110, Thm 5.1] with m = p, where we have to
prove its assumption, which is P.6; # 0. Here, P, is the orthogonal projection
onto continuous part of the spectrum. Since |A| < 2, the operator H exhibits
singular continuous spectrum [111], thus P. # 0. Now, P.0; # 0 follows from
cyclicity of 7, which can be proven by induction because the Hamiltonian acts
on the half space ¢2(N) only. O

4.4 Propagation bounds for the number operator

In this section, we derive bounds on the propagation of the number operator by
combining ideas from [1]| with the bounds on the one-body dynamics discussed
before. We recall that [1] derived such bounds for the case of non-decaying

randomness (see also [155] for a continuum analogue).
We define the number operator and the local number operator by
N = Za;aj and Ny := Za;aj, (4.43)
j=1 jes

where a; is given in (4.4) and S C {1,...,n}. This measures the number of

up-spins in S. Let
p= éﬂj, pyi= {7 ’ (4.44)
) 0 1-— 15
]_

and 0 < n; < 1. We denote by p; := e " peitfin the time evolution of the
state p and by (A), := trAp the expectation of an observable A with respect
to the state p.
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Theorem 4.4.1. Let k > 0 be as in Lemma 4.3.1. There exists a constant
C > 0 such that for everyn >1 and S C {1,...,n},

Fsup),] < S min (EEZD )

t20 JES k=1
This follows directly by combining results of [1] with Lemma 4.3.1.

Remark 4.4.2. To illustrate the above we split {1,...n} = 1U J with I :=
{1,...om} and J :=={m+1,..,n} forn >m e N. Wesetn; =0 on I and
n; = 1 on the complement J. In other words p = |p)(p| with the vector

o) = | HFm @ | Sty (4.46)

in standard notation. Let m > 1 € N and S = {1,...,1}. For k\* > 5/4, the

above theorem implies the bound
I K2
[E[supWS)pt} <C (—) (Im)>/4 (4.47)
>0 m
for a constant C > 0 uniform in [,m,n. This is a time-independent bound on

the number of up-spins which propagate from J into S and it decays as the

distance m — oo (when X is large enough to guarantee kK\*> > 5/4).

Proof. The same computation that gives [1, eq. (41)] shows

= Z Z (65, X Hm 51 P (4.48)

jES k=1
Using this, Lemma 4.3.1 implies
[sup (Ns)p } Zan[E[supl jo €2 G2 (4.49)

t>0

JES k=1
The assertion now follow from |(d;, e ¢;)[> < |(d;, €**"6,)| and Lemma
4.3.1. ]
Theorem 4.4.3. If for some 0 <a <1<band all k,n € N with k <n

ta

(N1)p, < (EY (4.50)

holds for all p of the form (4.44) and n; = 0 for j < k. Then, the upper

transport exponent satisfies the bound

limsupF(b—1—¢) < ab

. 4.51
e—0 “b—-1 ( )
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Again, Proposition 4.3.8 then gives restrictions on the possible values of 0 <
a <1 < b for which (4.50) can hold. Therefore Theorem 4.4.3 may be inter-
preted as a lower bound on the transport of particles (from sites k and larger
to the site 1) if at most error of order 7% with b > 1 can ignored, compare
Remark 4.1.1(iii).

Proof. Let py, be given as in (4.44) with n; = 0,x. By (4.48)

(N 5 = (01, e gp) 2. (4.52)
Hence, the computation in (4.34) and assumption (4.50) imply that for any
p >0
P . . . p —itHy 2
[ X[P(#) < Jim_lim inf > KPle 6y, 6]
1<k<M
ay (4.53)
__qab —b
<Sr () e
keN keN

Taking p = b — 1 — ¢ for an € > 0, the last sum is finite and this gives the

assertion. O
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Chapter &

MULTI-COMPONENT GINZBURG-LANDAU THEORY:
MICROSCOPIC DERIVATION AND EXAMPLES

Rupert L. Frank and Marius Lemm

5.1 Introduction

Since its advent in 1950 [83], Ginzburg-Landau (GL) theory has become ubig-
uitous in the description of superconductors and superfluids near their critical
temperature 7.. GL theory is a phenomenological theory that describes the
superconductor on a macroscopic scale. Apart from being a very success-
ful physical theory, it also has a rich mathematical structure which has been
extensively studied, see e.g. [40, 71, 87, 152| and references therein. Micro-
scopically, superconductivity arises due to an effective attraction betweeen
electrons, causing them to condense into Cooper pairs. In 1957 Bardeen,
Cooper and Schrieffer [14], were the first to explain the origin of the attractive
interaction in crystalline s-wave superconductors. By integrating out phonon
modes, they arrived at their effective “BCS theory”, in which one restricts to
a certain class of trial states now known as BCS states. In 1959, Gor’kov [85]
argued how the microscopic BCS theory with a rank-one interaction gives rise
to the macroscopic GL theory near T.. An alternative argument is due to de
Gennes [57].

The first mathematically rigorous proof that Ginzburg-Landau theory arises
from BCS theory, on macroscopic length scales and for temperatures close to
T., was given in 73] under the non-degeneracy assumption that there is only
one type of superconductivity present in the system. The derivation there
allows for local interactions and external fields and hence applies to superfluid

ultracold Fermi gases, a topic of considerable current interest.

In the present paper, we use the same formalism as in [73| and study mi-
croscopically derived Ginzburg-Landau theories involving multiple types of

superconductivity for systems without external fields.

We first discuss the main result of part I, which forms the basis for the ap-

plications in parts II and III. Afterwards, we discuss the physical motivation
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for studying multi-component GL theories and the extent to which our model
applies to realistic systems. The introduction closes with a description of the

main results of parts IT and III.

Main result of part I

As in [73], we employ a variational formulation of BCS theory [11, 119] with
an isotropic electronic dispersion relation. We use previous rigorous results
about this theory in the absence of external fields [72, 89, 92, 93|. Particularly
important is the result of [89] that the critical temperature T, can be charac-
terized by the following linear criterion. 7 is the unique value of T" > 0 for

which the “effective gap operator”
N v L
tanh <_vg_“ )

2T

Kr+V(x)= + V(x)

has zero as its lowest eigenvalue. Here V' is the electron-electron interaction
potential. Throughout the microscopic derivation of GL theory in [73], it is
assumed that zero is a non-degenerate eigenvalue of Kr, + V. For radially
symmetric V', this means that the order parameter is an s-wave, i.e. it is

spherically symmetric.

The main result of part I, Theorem 5.2.10, is that for systems without
external fields the microscopic derivation of GL theory also holds when the
eigenvalue is degenerate of arbitrary order n > 1. (A general argument shows
that always n < oo.) The arising GL theory now features precisely n order
parameters 11, ..., 1,. It turns out that one can use the same general strategy
as in [73].

In fact, one can classify approximate minimizers of the BCS free energy via
the GL theory. Given an orthonormal basis {a,...,a,} of ker(Kr, + V),
Theorem 5.2.10 (ii) says that, near the critical temperature, the Cooper pair
wave function « of a BCS state of almost minimal free energy (i.e. the Cooper

pair wave function realized by the physical system) is approximately given by

a linear combination of the {ay,...,a,} of the form
[T. — T &
o= T Z %aj, (51)
(& ]:1
where the “amplitudes” ¥y, ..., v, € C almost minimize the corresponding GL

function.
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The results of [73] allow for the presence of weak external fields which vary
on the macroscopic scale. A key step is to establish semiclassical estimates
under weak regularity assumptions. We emphasize that in our case the system
has no external fields and is therefore translation-invariant. This simplifies
several technical difficulties present in [73|. In particular, the semiclassical
analysis of [73] reduces to an ordinary Taylor expansion. The result of the
expansion is stated as Theorem 5.5.3 and we give the simplified proof for the
translation-invariant situation. We do this (a) to obtain optimal error bounds
and (b) to hopefully make the emergence of GL theory more transparent in

our technically simpler situation.

Physical motivation

Background. The degenerate case corresponds to systems which have mul-
tiple order parameters, i.e. which can host multiple types of superconductivity.
Physically, this situation occurs e.g. for unconventional superconductors. By
definition, these are materials in which an effective attractive interaction of
electrons leads to the formation of Cooper pairs, but the effective attraction is
not produced by the usual electron-phonon interactions. (Identifying the un-

derlying mechanisms is a major open problem in condensed matter physics.)

Two important classes of unconventional superconductors are the layered cup-
rates and iron-based compounds, typically designed to have large values of
T. (“high-temperature superconductors”). Many of these materials possess
tetragonal lattice symmetry, though the prominent example of YBCO has
orthorhombic symmetry. There is strong experimental evidence for the oc-
currence of d-wave order parameters in these materials, in contrast to the
pure s-wave order parameter in conventional superconductors. More precisely,
phase-sensitive experiments with Josephson junctions [108, 109, 168, 169, 174]
have evidenced the presence of a d,2_,2-wave order parameter (for tetragonal
symmetry) and of mixed (s+d,2_,2)-wave order parameters (for orthorhombic

symmetry).

There also exist proposals of d-wave superfluidity for molecules in optical lat-
tices [115].

Multi-component Ginzburg—Landau theories. On the theoretical side,
one of the most important tools for studying unconventional superconductors
are multi-component Ginzburg-Landau theories [8, 24, 104, 120, 150, 162, 170,
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172, 175, 176]. Many of these papers study the symmetry properties near the

vortex cores in two-component GL theories. A very common example is a GL
theory with (s+d,2_,2)-wave order parameters; this case has also been studied
mathematically in [61, 107]. The effect of an an anisotropic order parameter

on the upper critical field was studied in [118].

Another avenue where two-component GL theories have been successful is in
the description of type 1.5 superconductors [10, 34, 157|. These are systems
in which the magnetic field penetration depth lies in between the coherence
lengths of the different order parameters (of course this effect only manifests

itself in an external magnetic field).

Microscopically derived GL theories. In many of the papers cited above,
the GL theories that are studied are first obtained microscopically by using
Gor’kov’s formal expansion of Green’s functions. The advantage of having a
microscopically derived GL theory is that it has some remaining “microscopic

content”. By this we mean:

1. One can directly associate each macroscopic order parameters with a cer-
tain symmetry type of the system’s Cooper pair wave function. There-
fore, if we can classify the minimizers of the microscopically derived GL
theory, we understand exactly which Cooper pair wave functions « can
occur in the physical system in configurations of almost minimal free

energy.

2. One has explicit formulae for computing the GL coefficients as integrals

over microscopic quantities.

The first point is expressed by (5.1) above and is therefore a corollary of
Theorem 5.2.10. The second point is represented by formulae (5.21),(5.22) in
Theorem 5.2.10.

While the papers cited above provide important insight about the vortex struc-
ture in unconventional superconductors, they are restricted in that the GL
theories are obtained using the formal Gorkov procedure and that almost ex-
clusively two-component GL theories are studied. Our Theorem 5.2.10 pro-
vides a rigorous microscopic derivation of n-component GIL theories with n

arbitrary starting from a BCS theory with an isotropic electronic dispersion.
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Physical assumptions of our model. We discuss the main physical as-

sumptions of our model and the resulting limitations in its applicability to

realistic systems.

(a)

Translation-invariance. We view the degenerate translation-invariant
systems as toy models for multi-component superconductivity. We be-
lieve that the examples of multi-component GL theories studied in part
IT are already rich enough to show that the translation-invariant case
can be interesting. From a technical perspective, translation invariance
yields major technical simplifications. In particular, the semiclassical

analysis of [73] reduces to a Taylor expansion.

BCS theory with a Fermi-Dirac normal state. There are two assumptions
here: First, we start from a BCS theory (meaning a theory in which
electrons can form Cooper pairs and which restricts to BCS-type trial
states). The question whether such a theory can be used to describe
unconventional superconductors is unresolved [120]. Second, we work
with a BCS theory for which the normal state is given by the usual
Fermi-Dirac distribution. Most realistic unconventional superconductors
are strongly interacting systems with a non-Fermi liquid normal state
[120, 156].

Isotropy. We study a BCS theory in which the electrons live in the
continuum and have an isotropic dispersion. Many of the known ex-
amples of unconventional superconductors are layered compounds which
are effectively two-dimensional. When we say that their order parameter
has d,2_,2-wave symmetry, then this only means that it has a four-lobed
shape similar to that of kZ —k7 for —m < k,, k, < 7, but its precise depen-
dence on kg, k, depends on the symmetry group of the two-dimensional
lattice [120]. Order parameters of the form k? — k? have been stud-
ied as a first approximation to unconventional superconductors, see e.g.
[150, 172, 175].

For the examples in part II, we consider a spherically symmetric interac-
tion potential, resulting in a fully isotropic BCS theory. Consequently,
the d-wave order parameters that we consider are the “usual” ones, known
from atomic physics (see section 5.3). By isotropy, all the d-waves (there

are two in two dimensions and five in three dimensions) are energetically
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equal. The examples in part II show that even this isotropic micro-
scopic theory can lead to rather rich coupling phenomena of anisotropic

macroscopic order parameters, as we discuss next.

(d) Spin singlet order parameter. We restrict to order parameters which are
singlets in spin space. This is indeed the case for unconventional super-
conductors [120], but it excludes systems with p-wave order parameters

such as superfluid Helium-3.

Main results of part II

In part II, we compute the n-component GL theories that arises from the BCS
theory according to Theorem 5.2.10 for several exemplary cases. For each
situation, we make some observations about the minimizers of the GL energy

and their symmetries and give a physical interpretation.

Throughout part I1I, V is assumed to be spherically symmetric, so the BCS
theory becomes fully isotropic. The order parameters can then be described
by the decomposition into angular momentum sectors (see section 5.3) and
we consider the case of pure d-wave and mixed (s 4 d)-wave order parameter.
Here and in the following, we write “G'Ln” for “n-component Ginzburg-Landau

theory”. The dimension D will be either two or three.

(i) Let D = 3. Assume the Cooper pair wave function is a linear combi-
nation of the five linearly independent d-waves with a given radial part.
Theorem 5.3.1 explicitly computes the microscopically derived GL5
energy and gives a full description of all its minimizers. Surprisingly,
the GL5 energy in three dimensions exhibits the emergent symmetry
group O(5), see Corollary 5.3.3 (i), which is considerably larger than the
original O(3) symmetry group coming from the spherical symmetry and

reflection symmetry of V.

(ii) Let D = 2. Assume the Cooper pair wave function is a linear combi-
nation of the two linearly independent d-waves with a given radial part.
Theorem 5.3.5 explicitly computes the microscopically derived GL2
energy and gives a full description of all its minimizers. We find that
the (d,2_,2,d;,) order parameter must be of the form (1), £it)) with |¢)|
minimizing an appropriate GL1. In particular, the minimizers of this

GL2 form a double cover of the minimizer of a GL1.
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(iii) Let D = 3. Assume the Cooper pair wave function is a linear combina-
tion of the five linearly independent d-waves with a given radial part and
the s-wave with another given radial part. Theorem 5.3.7 explicitly
computes the microscopically derived GL6 energy. It also gives a simple
characterization of the parameter values for which the pure d-wave mini-
mum is always unstable under s-wave perturbations and of the parameter
values for which, vice-versa, the pure s-wave minimum is unstable under
d-wave perturbations. As a consequence, we give parameter values for

which s- and d-waves must couple non-trivially to be energy-minimizing.

We also consider the mixed (s+ d)-wave case in D = 2 dimensions. The result

is presented in Remark 5.3.9 (v) for brevity.

Main results of part III

Recall from the discussion of part I above, that the candidate Cooper pair wave
functions are the ground states of the effective gap operator Kp. + V. A priori,
it is not at all clear that the fully isotropic BCS theory can produce ground
state sectors of K1, +V which are not spherically symmetric. In particular, it

is not clear that the examples considered in part Il actually exist.

In fact, if K7, is replaced by the Laplacian —V? we have a Schrédinger opera-
tor and under very general conditions on the potential V', the Perron-Frobenius
theorem implies that the ground state is in fact non-degenerate, see e.g. The-
orem 11.8 in [123]. For spherically symmetric V', this means the ground state

is also spherically symmetric (“s-wave”).

In part III, we remedy this by exhibiting examples of spherically symmetry
potentials V' such that the ground state sector of Ky + V' can in fact have

arbitrary angular momentum. These potentials will be of the form
Var(x) = =Ad(jx[ — R)

in three dimensions. Here A and R are positive parameters. The result holds

for open intervals of the parameters values, so it is “not un-generic”.
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5.2 Part I: Microscopic derivation of GL theory in the degenerate

case

BCS theory

We consider a gas of fermions in R with 1 < D < 3 at temperature 7' > 0
and chemical potential y € R, interacting via the two-body potential V(x).
We assume that V(x) = V(—x) is reflection symmetric. We do not consider
external fields, so the system is translation-invariant. A BCS state [' can then

be conveniently represented as a 2 x 2 matrix-valued Fourier multiplier on
L*(R®) @ L*(R®) of the form

f(p)z(@ wp) ) (5.2)

a(p) 1-7(p)

for all p € RP. Here, J(p) denotes the Fourier transform of the one particle-
density matrix and a(p) the Fourier transform of the Cooper pair wave func-
tion. We require a(p) = a(—p) and 0 < I'(p) < 1 as a matrix, which is
equivalent to 0 < J(p) < 1 and |a(p)]*> < F(p)(1 — Y(p)). The BCS free

energy per unil volume reads, in suitable units

FOm) = [ 0= wie)dp =TS+ [ VilaPdx,  (653)

RD

where the entropy per unit volume is given by
S = — / e [f(p) log f(p)] dp. (5.4)
R

Remark 5.2.1 (BCS states). (i) In general [11, 73], SU(2)-invariant BCS

states are represented as 2 X 2 block operators

a 1-7

where 7, are operators on L*(RP) with kernel functions v(x,y) and
a(x,y) in L*(RP) & L*(RP). Since 0 < T < 1 is Hermitian, y(x,y) =
Yy, x) and a(x,y) = a(y,x). In the translation-invariant case consid-
ered here, these kernel functions are assumed to be of the form v(x —y)
and a(x—y). Since convolution by v, a becomes multiplication in Fourier
space, we can equivalently describe the BOS state by its Fourier transform
r defined in (5.2) above. In the translation-invariant case, the symme-

tries of v, turn into the relations v(x) = y(—x) and a(x) = a(—x)
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or equivalently 7(p) = 7(p) and a(p) = a(—p). Finally, since we are

interested in states with minimal free energy, we may also assume

7(p) =7(—p) (5.5)

and this was already used on the bottom right element in (5.2). To see
this, let T be a BCS state not satisfying (5.5), set I'(p) := L(—p) and

observe that raT
_|_
JT_'BCS T
T 2
by strict concavity of the entropy and reflection symmetry of all terms in
FEOS.

) < s

(i) Note that a(x,y) = a(y,x) means that the Cooper pair wave function
15 symmetric in its arguments. To obtain a fermionic wave function, we
would eventually tensor o with an antisymmetric spin singlet. Since « is
reflection-symmetric in the translation-invariant case, o must be of even

angular momentum if V' is radial.

The restriction to symmetric « is a consequence of assuming SU(2) in-
variance in the heuristic derivation of the BCS free energy [89, 119]. This
means the full Cooper pair wave function must be a spin singlet and so
its spatial part o must be symmetric. Note that this excludes systems,

e.q. superfluid Helium-3, which display a p-wave order parameter.

(11i) For more background on the BCS functional, in particular a heuristic
derivation from the many-body quantum Hamiltonian in which one re-
stricts to quasi-free states, assumes SU(2) invariance and drops the di-
rect and exchange terms, see [119] or the appendiz in [89]. Recently,
[27] justified the last step for translation-invariant systems by proving
that dropping the direct and exchange terms only leads to a renormaliza-

tion of the chemical potential u, for a class of short-ranged potentials.

We make the following technical assumption on the interaction potential.

Assumption 5.2.2. We either have V € LV (RP) with py = 1 for D = 1,
1 <py < oo for D=2 and py = 3/2 for D =3, or we have

V(x) = Var(lx]) := =Ad(]x] = R), (5.6)

when D =1,2,3 and A\, R > 0.
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We note

Proposition 5.2.3. A potential V' satisfying Assumption 5.2.2 is infinitesi-
mally form-bounded with respect to —V?2.

We quote a result of [89], which provides the foundation for studying the

variational problem associated with FE¢. Define

sym

D= {r asin (5.2) : 0<T<1,5¢ LY(R?, (1+p?)dp), a € H. (IRD)}

with H! (RP) = {a € HY(RP) : a(x) = a(—x)a.e.}.

sym

Proposition 5.2.4 (Prop. 2 in [89]). Under Assumption 5.2.2 on'V, the BCS

free energy (5.3) is bounded below on D and attains its minimum.

The physical interpretation rests on the following

Definition 5.2.5 (Superconductivity). The system described by FES is su-
perconducting (or superfluid, depending on the context) iff any minimizer I’
of FES has off-diagonal entry a # 0.

It was shown in [89] that the question whether the system is superconducting
can be reduced to the following linear criterion, which we will use heavily.
(In [89], the results are proved for D = 3 and without the restriction to the
reflection-symmetric subspace of L?(RP), but it was already observed in [73]
that the statement holds as stated here.)

Proposition 5.2.6 (Theorems 1 and 2 in [89]). Define the operator

_\V2 _
Ky = V—f (5.7)
tanh <7VQT7“>
as a Fourter multiplier and consider Kr + V' in the Hilbert space
2 Dy ._ 2(pDy . _
L, (R7) :={f € L*(R”) : f(x) = f(-x) a.e.}. (5.8)

Then:

(1) the system is superconducting in the sense of Definition 5.2.5 iff Kr+V

has at least one negative eigenvalue.
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(ii) there exists a unique critical temperature 0 < T, < oo such that

KTC—"_VZO’

(5.9)
inf spec(Kr + V) <0, VI <T..

T, is unique because the quadratic form associated with K7 is strictly mono-
tone in T'. In a nutshell, the reason why the operator K+ V appears, is that

it is the Hessian of the map

0
¢HF$CS<FO+<$ §>)

at ¢ = 0 with I'y the normal state of the system, see (5.13), and naturally, the
positivity of the Hessian is related to minimality. For the details, we refer to

[89]. In the following, we make

Assumption 5.2.7. V s such that T, > 0.

By Theorem 3 in [89], V < 0 and V' # 0 implies 7, > 0 in D = 3 and this

result is stable under addition of a small positive part.

Definition 5.2.8 (Ground-state degeneracy). We set
n := dimker(Kz, + V). (5.10)

Remark 5.2.9. (i) We always have n < oo. The reason is that, by As-
sumption 5.2.2 on V', the essential spectrum of Kr + V s contained in
2T, 00). Therefore, zero is an isolated eigenvalue of K1, + V' of finite

multiplicity and so n < oo.
(ii) A sufficient condition for n =1 is that V <0 and V # 0 [72, 92].

(iii) For Schridinger operators —N? + V| the ground state is non-degenerate
by the Perron-Frobenius theorem. That is, one always has the analogue
of n =1 in that case. One may therefore wonder if n > 1 ever holds. In
part II1, we present a class of radial potentials such that for open intervals
of parameter values, we have n > 1. In fact, one can tune the parameters

such that ker(Kr, + V') lies in an arbitrary angular momentum sector.
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GL theory

In GL theory, one aims to find “order parameters” that minimize the GL
energy. The minimizers then describe the macroscopic relative density of su-
perconducting charge carriers, up to spontaneous symmetry breaking. Mi-
croscopically, they describe the center of mass coordinate of the Cooper pair
wave function «. In our case, translation-invariance implies that the order
parameters are complex-valued constants, which are non-zero iff the system is

superconducting.

When n = 1 (and the system is translation-invariant), there is a single order
parameter ¢» € C and for 7' < T, the GL energy is of the all-familiar “Mexican
hat” shape

EL () = clyp|* —dlY?, ¢, d>0. (5.11)

Below, in Theorem 5.2.10, we show that for n > 1, the GL energy is of the

form
£9(a) = / J(p)la(p)|*dp - / f2(p)la(p)Pdp (5.12)

and a varies over the n-dimensional set ker(Kr, + V). The functions f; and

fo are explicit; they are radial (p = |p|) and positive for T' < T..

Thus, we see that the Mexican hat shape is characteristic for the translation-
invariant case, even in the presence of degeneracies. However, there exists
nontrivial coupling (i.e. mixed terms) between the different basis elements of
ker(Kr, + V') in general.

Result

We write Iy for the minimizer of the free energy FZ as in (5.3) but with
V = 0. That is, [y describes a free Fermi gas at temperature 7" and for this
reason we call Iy the “normal state” of the system. From the Euler-Lagrange

equation, one easily obtains

=~ _ Y(p) 0
ro<p>—< . 1_%(p)>, (513

where
1

" T+ exp((p — w)/T)
is the well-known Fermi-Dirac distribution. (Of course, I'y depends on p and

o(P) (5.14)

T, but for the following we implicitly assume that it has the same values of

u, T as the free energy under consideration.)
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We now state our first main result. It says that an appropriate n-component
GL theory arises from BCS theory on the macroscopic scale and for tempera-

tures close to T,. Recall that p = |p|.

Theorem 5.2.10. Let V' satisfy Assumptions 5.2.2 and 5.2.7 and let
w€R, T <T,.. Recall that n = dimker(Kr, + V). Then:

(i) AsT 1T,
min F7 (1) — F5 (o)
T.—T\? . oL , (5.15)
B < Tc ) aEker(H}%qrwlcq_v)g (Cl) + O ((Tc - T) ) 5

where ET is defined by

£ () = /RD ol /L) |Kr.(p)|" |a(p)|* dp

T (p* — )/ Te
1 1 5 ) (5.16)
o | K () lap) dp.
¢ JRP cosh? (u)
2T,
Here we used the auxiliary functions
tanh(z/2
go(z) =)
z
91(2) == gh(2) = = gu(z) — 57—
' 0 27 cosh?(z/2) (5.17)
2
p p—
Kr(p) = -

_tanh (%}“) .

(ii) Moreover, if T is an approzrimate minimizer of FECS in the sense that

T.—T\"
BCS BCS ¢ : GL
FRO5(T) — F29° (1) ( ] ) (aekerr(m?c )5 (a) + 6) , (5.18)

for some 0 < e < M, then we can decompose its off-diagonal element &

as
3(p) = [ * (D) + € (519)

where ||€]la = On (T, —T) and ag € ker(Kyq, + V) is an approzimate

minimizer of the GL energy, i.e.
EM(ap) <minEF + e+ 0y (T.—T).

(Here Oy means that the implicit constant depends on M.)
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The idea is that near T,, where superconductivity is weak, the normal state I'g

is the prime competitor for the development of a small off-diagonal component

a of the BCS minimizer. Theorem 5.2.10 then says that the lowest-order

deviation from the normal state is well-described by a GLn whose coefficients

are given explicitly as integrals over microscopic quantities.

Remark 5.2.11. (i) We can equivalently rewrite the GL energy in terms

(i)

(iii)

of “order parameters” in, ..., Y, as follows. We fixz an orthonormal ba-
sis {a;} of ker(Kr, + V) and decompose a € ker(Kr, + V) as a(p) =
Z?:l Y;a;(p). The basis coefficients 1y, ... 10, € C are the n order pa-
rameters, each one corresponds to a different “type” of superconductivity

a;. The GL energy (5.16) can then be rewritten in the equivalent form

SGL(%, s ﬂ%) = Z ngkmwz—%wkwm - Z dng% (520)
i,7,k,;m ©,J

Here the “GL coefficients” cijpm, d;; are given by

L[ 9(@® = w)/Te)

4 X7 N~ /N~ ~
Cobm =T | T p g |K7.(p)|" a:(p)a;(p)ax(p)am(p) dp
(5.21)
1 1 2 =7~
dij = 5 | ————— |Krn.(p)["@i(p)a;(p) dp. (5.22)
2Te Jgro cogh? <u>
The minimum in (5.15) turns into the minimum over all iy, ..., ¢, € C.

In part II, we compute the integrals (5.21),(5.22) for special symmetry

types and study the resulting minimization problem given by (5.20).

If one assumes n = 1, this result is a corollary of Theorem 1 in [73],
which is obtained by restricting it to translation-invariant systems. (When
comparing, note that [73] rescale the BCS free energy to macroscopic
units.) In this case, the microscopically derived GL theory is simply of
the form (5.11).

Note that the error term in (5.15) is O(T. — T') higher than the order
at which the GL energy enters. Such an error bound is probably optimal
because the semiclassical expansion of Lemma 5.5.4 will contribute terms

at this order. It improves on the error term that one would obtain from
Theorem 1 of [73] in the case n = 1.
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We note that writing min €% in the above theorem is justified because

Proposition 5.2.12. The microscopically derived Ginzburg-Landau energy

ECL > —oo. Moreover, the infimum is attained.

satisfies infen
When T' > T., it was proved in [89] that the unique minimizer of I' — FE5(T)
is the normal state I'y. In other words, the left-hand side in (5.15) vanishes
identically for all 7' > T,. Nonetheless, one can still ask if GL theory describes
approzimate minimizers of the BCS free energy similarly to Theorem 5.2.10 (ii)
when 7' — T, is positive but small. Indeed, above T, approximate minimizers

must have small GL order parameters (as one would expect):

Proposition 5.2.13. Suppose T' > T, and ' satisfies

T—-T.\"
FROr) - A =2 (1)

with 0 < e < M. Let {a;} be any choice of basis for ker(Kg, + V).

Then, there exist iy, ..., v, € C" and & € L*(RP) such that

fay ~ T_Tc - ~
Fp=a =4 T, E 1%‘%“‘5
]:

with ||€]|l2 = On (T — T¢) and

min

- €
D lil? < 5+ Ou (T. = T) (5.23)
i=1
as T'— T,.. Here A\ > 0 1s a system-dependent parameter.

5.3 Part II: Examples with d-wave order parameters

Angular momentum sectors

In order to explicitly compute the GL coefficients given by formulae (5.21),
(5.22), we make some assumptions on the potential V. First and foremost,
we assume that V' is radially symmetric. We can then decompose L?(R?) into
angular momentum sectors. We review here some basic facts about these and

establish notation. For the spherical harmonics, we use the definition

Y0, @) = \/(26; D Eé _T_ Z;: P™(cos9)e™?, (5.24)
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where P/" is the associated Legendre function, which we define with a factor
of (—1)™ relative to the Legendre polynomial P,,. While we will use the Y, in
the proofs, it will be convenient to state the results in the basis of real-valued

spherical harmonics defined by

Y= (=)mym), ifm <0
7 (" + (=0)mym), ifm >0
We let S§; = span{Y;"},——1 1 = span{ Y, }m=—i..; and define
H = L*(Ry;r%dr) @ S, (r = |x]). (5.26)

We employ the usual physics terminology

Ho = {s-waves}, H; = {p-waves}, Hy = {d-waves}. (5.27)
Note that H, is just the set of spherically symmetric functions and Y5 5 o< ﬁz;zz

is the dg2_,2-wave in this classification. In analogy to Fourier series, we have

the orthogonal decomposition [164]
L*(R*) = P H:. (5.28)
1=0

Recall that r = |x|. The Laplacian in 3-dimensional polar coordinates reads

2
V3o

V2=V2,+ —5 (5.29)

where V2, = r720,(r?0,) and V%, is the Laplace-Beltrami operator, which

acts on spherical harmonics by
~V& Y =1+ 1)Y,,. (5.30)

Since K1 commutes with the Laplacian and V' clearly leaves the decomposition
(5.28) invariant, we observe that the eigenstates of K1+ V can be labeled by
[ (in physics terminology, [ is a “good quantum number”). To make contact
with unconventional superconductors, we will suppose we are in either of the

two cases:

o ker(Kr. + V) =span{ps} ® So, “pure d-wave case”
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o ker(Kr, + V) = span{po} ® Sy + span{ps} ® Sa, “mized (s + d)-wave

case”.

Here pg, po € L?(Ry;7%dr) are radial functions. They are determined as the
ground states of an appropriate [-dependent operator acting on radial func-
tions. We assume that these radial ground states are non-degenerate for sim-
plicity. This assumption is satisfied for the examples we give in part I1I, but

may not be satisfied in general.

Results

The pure d-wave case in three dimensions

Theorem 5.3.1 (Pure d-wave case, 3D). Let D = 3. Let V be such that
Theorem 5.2.10 applies and such that ker(Kr, + V) = span{ps} ® Sy for some
0 £ py € L*(Ry;r3dr). Let {agm}tm=—2
kernel such that

o be an orthonormal basis of the

77777

Ug,m (P) = 0(p)Yo,m (¥, ) (5.31)

for an appropriate o € L*(Ry;p*dp) (explicitly, o is the Fourier-Bessel trans-
form (5.131) of o). Let 1), denote the GL order parameter corresponding to
Qom for —2 < m < 2. Then:

(i) The GL energy that arises from BCS theory as described in Theorem

5.2.10 reads
dw(we(w 27'--7¢2 <Z|wm|2_7—> —T—|— Zw
m=—2 m——2
(5.32)
where T := T4 and

5c

cz/ooo fa(p)dp,  d Z/OOO fo(p)dp. (5.33)

Here, we introduced the positive and radially symmetric functions

2 91 P
filp) = P pgfjlf(n (p)olp)|*

. (5.34)
fa(p) =QP—EW\KTC@>Q@>F.

See (5.17) for the definition of g1 and Kr(p).
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(i) We have min ESL = —2C72. The set of minimizers is
Md-wave: {(Yﬁz,---,% € CS Z Wm‘z =7 and Z w2 = }
m=—2 m=—2

(5.35)

Remark 5.3.2. (i) The existence of V' such that the assumption we made
on ker(Kr, + V') holds for an open interval of parameter values follows

from statement (i) of Theorem 5.4.1 by choosing lo = 2.

(i) Observe that the minimization problem in (5.32) is trivial, i.e. (ii) is

immediale.

(iii) Recall that we normalized the GL order parameters such that they are
related to the Cooper pair wave function via (5.19). For the special case
(5.35), we see that a minimizing vector will have absolute value /7. We
can then reduce to the case where a minimizing vector lies on the unit
sphere by rescaling the order parameters. The advantage of this other
normalization is that it allows to interpret the absolute value of the order

parameters as relative densities of superconducting charge carriers.

We discuss what symmetry of £ one can expect. First of all, GL theory
always has the global U(1) gauge symmetry 1; — e®¢; (this is due to the
presence of the absolute value signs in (5.20)). Second, SO(3) acts on spherical

harmonics by pre-composition, i.e. for g € SO(3) and w € 2,
9Yim(w) = Yim(g™'w) ZAmm Vi

where A9 € O(2l + 1) is the analogue of the well-known Wigner d-matrix for
real spherical harmonics [9]. By changing the angular integration variable in
(5.21) and (5.22) from gw to w, it is easy to see that

L (A7) 719) = (),
where we introduced @/7 = (_a,...,19). Since Y}, is reflection-symmetric for
even [, we can extend the action to all of O(3) and retain the invariance of
ECL. This shows that we can expect L to have symmetry groups U(1) and
O(3). However:

Corollary 5.3.3. In the situation of Theorem 5.3.1:
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(i) For all ¢ € [0,27), R € O(5) and i € C,

-,

ECL(RY) = ECL (1) (5.36)
Moreover, O(5) acts transitively and faithfully on Mg yave-
(ii) Ma-wave i a T-dimensional manifold in R°.

(iii) Any minimizer of EFL

Twave Pas at least two non-zero entries ;.

Remark 5.3.4. (i) Surprisingly, the emergent symmetry group O(5) is con-
siderably larger than the O(3)-symmetry discussed above. (Recall also
that A9 from above is in O(5), so that the O(3)-symmetry is really con-
tained in the O(5)-symmetry.) The particularly nice form of the O(5)
action is a consequence of choosing the real-valued spherical harmonics

as a basis.

(ii) We interpret faithfulness of the group action as saying that Mg pave 18
“ruly” invariant under the full O(5).

(111) Transitivity means that the set of minimizers M jyawe 15 a single orbit
under the O(b) symmetry. In other words, there exists a unique mini-

mizer modulo symmetry.

(iv) We interpret (iii) as a proof of non-trivial coupling between the real-

valued d-wave channels (it is of course a basis-dependent statement).

Proof. The invariance under multiplication by €% is trivial. To see the O(5)
symmetry, we use real coordinates because they also provide an interesting
change in perspective. Writing J = T+ iy with Z,4 € R° the GL energy
becomes
GL(z | ;= 5¢ =2 | 2 2 2 Lo a2 L 2
EM@+if)=— ((@P+F —7) -+ -F +1Z-9"). (5.37)
147 2

This is clearly invariant under the O(5)-action Z + iy — RZ + iRy. We can

rewrite the set of minimizers as
Md_wave:{(f,g) ERS xR : fQ:ng:%,f-gj:O}. (5.38)

Without loss of generality, we may set 7/2 = 1, so that Mg yave is just the set

of pairs of orthonormal R-vectors. To see that the O(5)-action is transitive,
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consider the orbit of (e1,e2) € Myywave, namely {(Re;,Rez) : R € O(5)}.

Since any two orthonormal vectors can appear as the first two columns of an
orthogonal matrix, we have transitivity. To see that the action is faithful, note
that for any two distinct R, R € O(5), there exists e; such that Re; # Re;.

For (ii), we employ the implicit function theorem and observe that the Jacobian
associated with the functions 72, 4%, Z - ¢ from (5.38) has rank 3. Finally, (iii)
is immediate from (5.35). O

The pure d-wave case in two dimensions

Note that the two-dimensional analogue of the space &;, namely the homoge-
neous polynomials of order [ on 5!, is spanned by cos(lp) and sin(ly). Thus
assumption (5.39) below is the two-dimensional analogue of the assumption
ker(Kr. + V) = span{ps} ® Sy in Theorem 5.2.10 above.

Theorem 5.3.5 (Pure d-wave case, 2D). Let D = 2. Let V be such that
Theorem 5.2.10 applies and such that ker(Kr, + V') = span{agy, a,2_,2} with

N B cos(2¢p) - _ sin(2¢p)
az2—y2(p) = 0(p) S (P) = 0(p) N (5.39)

for an appropriate, normalized 0 # ¢ € L*(Ry,pdp). Let .22 and iy,

denote the corresponding GL order parameters. Then:

(i) The GL enerqy that arises from BCS theory as described in Theorem
5.2.10 reads

GL
gd—wave,QD (¢I2 —y2, ¢xy)

c rd\?> 7w 1 2
= % { (|¢x2—y2|2 + |77Da:y|2 - 7) - 2 + 5 |¢§27y2 + 1/]521‘ }
(5.40)
where ¢, d are defined in the same way as in Theorem 5.5.1 with fo(p), f1(p)

replaced by fa(p)/p, f1(p)/p-

wd?

(i) We have minEF’L o, = == The set of minimizers is

Md—wave,QD

{(¢x2_y2,¢xy) ec’: |¢x2—y2|2 + |¢xy|2 =

md

) 7709627?;2 + ¢§y - 0}

-
. md

~{wzweepr =71

(5.41)
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Remark 5.3.6. (i) Statement (i) directly implies the first equality in (5.41)

and the second equality is elementary. Note that the result can be con-
veniently stated in terms of the complex-valued spherical harmonics as

well.

(i) From the second equation in (5.41), we see that the minimizers of the
GL2 for a pure d-wave superconductor in two dimensions (in the cosine,

sine basis) form a double cover of the minimizers of the usual “Mezican-
hat” GL1.

(11i) A similar result holds for any pure angular momentum sector in two
dimensions.
The mixed (s + d)-wave case

We write R[z] for the real part of a complex number z.

Theorem 5.3.7 (Mixed (s + d)-wave case, 3D). Let D = 3. Let V be such
that Theorem 5.2.10 applies and such that ker(Kr, + V) = span{pp} ® Sy +
span{ s} ®@ Sy for some 0 # po, p2 € L*(Ry;r?dr). As an orthonormal basis,

take ag,, as in Theorem 5.5.1 and a, with

as(p) = 0s(p) Yoo(V, ©). (5.42)

Let ¢y, (m = —2,...,2) and ¢, denote the GL order parameters corresponding

to the respective basis functions. Then:

(i) The microscopically derived GL energy reads

f,' (s +d)- wave(¢57¢ 25 - .- 7¢2)
- gsGiave(wS) +& d- wave(w 25 .- 77702) + couplmg(dj& dj 2y 777[]2)

where EFL (W _o, ... 1) is given by (5.32),

d-wave

(5.43)

(45)
E ko) = = (2 = 7)" = 72) (5.44)
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. (2s)
with 7, = Z’CT(dTS), and

Eccz;gplmg<w57 7/1 2y ,¢2)
6(28 2 2
e S e |7

m=—2

(Ze)]) %

X <§R [E (21/10‘%’2 + Z [m|(=1)" " (240 [1hin]* +%¢3¢)>]

m==£1,2

+ V3R [w_ > m(2w2|¢m|2+%¢3n)]

m==1

+2V3R [_( o1t + 29 0% [Ez/’fl})} )

(5.45)
The coefficients c,d are given by (5.33). Moreover, for m = 1,2,4, we

mntroduced

ms) _ [ L(p)™ dp, d?s) — b s(p)? dp, 4
. A f1(p)ge ()™ dp A op)g () dp,  (5.46)

with fo, f1 as in (5.34) and

9s(p) = é;?(pp)) ‘ : (5.47)
(1) The following are equivalent:
o dc®) < Scd®),
e for all suﬂiciently small e > 0, and for any minimizer (Y_o, ... 1)

of EGL . there exists 1, with |s| = € such that

g(s+d) wave(,[vbs? ¢—27 st ’,lvb ) d wave(,’vb PRI a¢2) min gd wave’

(5.48)
(11i) The following are equivalent:
o 292 < golds),
e for all sufficiently small € > 0, and for any minimizer ¢, of ESL

there exists (V_a, ..., a) with |ty,| < e form = —2,...,2 such that

5 (s +d) w(we(w& w 25 7w2) < gstI;ave(wS) mlngstf}/ave (549)
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We see that 6' GL

(s + d)-wave

yields a much richer GL theory than £FE, . Especially

wave "
the terms which depend on the relative phases of several GL order parameters
make this a rather challenging minimization problem. Accordingly, we no
longer have an explicit characterization of the set of minimizers. However,

using (ii) and (iii) above, we immediately obtain
Corollary 5.3.8 (Non-trivial coupling of s- and d-waves). In the situation of

Theorem 5.5.7 suppose that dc®*) < 2¢d®®) and d®9c) < dc*). Then any

minimizer (s, V_o, ..., 109) of 8(5+d)_wave must satisfy Vv, # 0 and 1, # 0 for
some —2 <m < 2.

Remark 5.3.9. (i) The existence of V' such that the assumption required by
Theorem 5.3.7 on ker(Kr, + V') holds for appropriate parameter values
follows from statement (ii) of Theorem 5.4.1.

(i) Using the same method and the two-dimensional analogues of all quan-
tities above, one can also compute the GL3 that arises for a two-dimen-

sional isotropic (s + d)-wave superconductor

47T5(Gser d)-wave,2D (Vs Yu2—y2, Yuy)
= Beltper g2 " + 3clthuy | + 26| + 2R (a2 02
T ey iy |? + ACPIRE (W2 o + 2] (5.50)
+ 8P (IYhaz—y2* + [ )
—4md ([g2— o + [y ?) — 4md® ||
Its complexity lies somewhere between the GL theories in Theorems 5.3.5

and 5.3.7. Setting 1, = 0 (that is, we forbid the d,, channel ad hoc),
we obtain the GL2

47T5gL+ d)-waue,QD(¢Sa Paz_y2,0)
= 3cpar |+ 260 + AR, Y2 ] (5.51)
822 s [*|tpra o * — Amd|tpga_yol* — dmd o),
Compare this with gfﬁave,w from Theorem 5.8.5. While one cannot
complete the square because the coefficients differ in a way that depends

on the microscopic details, notice that the only phase-dependent term is
of the form

IR, 2] (5.52)

with ¢?¥) > 0. It is then clear that for minimizers, the dg2_\2- and s-wave

order parameters must have a relative phase of +i.
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5.4 Part III: Radial potentials with ground states of arbitrary an-
gular momentum

In this part, D = 3 and p > 0. Recall that

2
p _
Kr(p) = ——F—, (5.53)
tanh <p2;“>

and the operator K is multiplication by the function Kr(p) in Fourier space.
Recall the definition (5.6) of the Dirac delta potentials

Vir(x) = =X0(|x| — R),

for A\, R > 0.

The following theorem says that, given a non-negative integer [y, we can choose
parameter values for pu, A, R from appropriate open intervals such that the
zero-energy ground state sector of K, 4+ V) g lies entirely within the angular

momentum sector H;,.

Theorem 5.4.1. (i) Let ly be a non-negative integer. For every R > 0,
there exist an open interval I C Ry and A, > 0 such that for all p € I
and all X € (0, \,) there exists T, > 0 such that

inf spec(Kr, + Vyr) =0, (5.54)
ker(Kr, + Vi r) = span{py,} @ S, (5.55)
infspec(Kr +V) <0, VI <T.,. (5.56)

FEzxplicitly, the (non-normalized) radial part is

dp. (5.57)

% Ty (rp) Ty 41 (Bp)
— 1/2 073 073
plo(r) r /0 p Kﬂ(p)

(i) For every R > 0, there exists T, > 0 such that for all T, < T, there
exist p, A > 0 such that

inf spec(Kr, + Vagr) =0, (5.58)
ker(Kr, + Vi r) = span{po} ® Sp + span{ps} ® Ss, (5.59)
infspec(Kr+V) <0, VI <T.. (5.60)

with po, p2 as in (5.57).
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Remark 5.4.2. (i) To be completely precise, in (i) there exists Ty such that

(i)
(iii)

(i)

(v)

(vi)

the analogue of (5.54)-(5.56) holds with Ty in place of T.. Then T, = Ty
by definition (5.9).

The parameter R can be removed by rescaling p, A and T appropriately.

In statement (i), for given p € I, X € (0,\.) and R > 0, T, is given as

the unique solution to the implicit relation
> pR 9
A —_ R)dp. 5.61
/0 KTc(p)‘jlo-i-l/Q(p )dp (5.61)

The fact that statement (i) holds for open intervals of p and X values is
to be interpreted as saying that the occurrence of degenerate ground states
for Kr, + Vi r is “not un-generic”. This may be surprising at first sight,
because if one replaces Kr+V by the Schrodinger operator —N?+V | the
Perron-Frobenius Theorem (see e.g. [123]) implies that the ground state

15 always simple.

The proof critically uses that Kr(p) is small (for small enough T') on the
set {p : p*> = pu}. Note that this set would be empty for u < 0.

It is interesting to compare Theorem 5.4.1 with Theorem 2.2 from [72]
which characterizes the critical temperature in the weak-coupling limit
A = 0 through an effective Hilbert-Schmidt operator V,, acting only on L?
of the Fermi sphere. For radial potentials, [72] shows that ker(Kr.+V') C

H,, for all sufficiently small X iff ly is the unique minimizer of

[ — —/ x)|51(v/12|x]) | dx (5.62)

where j(z \/_Jl 1s the spherical Bessel function of the first kind.
While our proof here will be independent of [72], one can take V = V) g
in (5.62) to see that the key fact needed to prove ker(Kr, + V) C H,,
is that there is a point at which j7 > sup,y, jf. This is the content of
Theorem 5.8.1.

We conclude by discussing the conceivable extensions of Theorem 5.4.1. State-
ment (i) also holds if K7 + V is defined on all of L?(R?) instead of just on

L2

symm

(R3), so there is nothing special about even functions in (i).
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Statement (ii) can not be generalized as much: (a) it will not hold when odd
functions are also considered and (b) it does not generalize to arbitrary pairs
(lo, lo + 2) with Iy even. The reason is that, as demonstrated within the proof
of Theorem 5.4.1, for small enough T, (ii) is equivalent to the existence of a
point where J1/2 > Ji41/2 for all even [ > 1. The generalizations to more [-
values described above require the analogous inequalities for Bessel functions.
However, these facts will not hold in the cases above, as becomes plausible

when considering Figure 5.1.

5.5 Proofs for part 1
The strategy of the proof follows [73].

We introduce the family of BCS states ' from which the trial state generating
the upper bound will be chosen. The relative entropy identity (5.68) rewrites

the difference of BCS free energies as terms involving I'a.

The main simplification of our proof as compared to [73] is then in the “semi-
classical” Theorem 5.5.3. While [73] requires elaborate semiclassical analysis
for analogous results, the proof in our technically simpler translation-invariant

case reduces to an ordinary Taylor expansion.

Afterwards, we discuss how one concludes Theorem 5.2.10 by separately prov-
ing an upper and a lower bound. In the lower bound, the degeneracy requires

modifying the arguments from [73| slightly.

Relative entropy identity
All integrals are over R” unless specified otherwise. We introduce the family

of operators

Ta = ! 7 A (5.63)
Sltvepyr) T \R -y ) |

Here A is an even function on RP and we have introduced

h(p) =p* — n, (5.64)

the energy of a single unpaired electron of momentum p. Note that the choice

~

A =0 in (5.63) indeed yields the normal state I’y defined in (5.13).

Recall that ' is a BCS state iff 0 < T < 1 and T is of the form (5.2).
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Proposition 5.5.1. I'a defined by (5.63) is a BCS state and

jl@ﬂ:<aa@> aa(p) )

aa(p) 1-7a(p)

with
1 tanh(EA(p)/(ZT))
5{1 R e
oa(p) = - B0 b ES(p)0T) 566)
Ea(p) = v/b(p)? + |A(p) . (5.67)

Proof. Tt is obvious from (5.63) that 0 < Ta(p) < 1. Since (Hx)? = E%1, and
since tanh(x)/x only depends on z?, it follows that
a5 1
1+ exp(Ha/T)

; (1 _Ha e /(2T))> ,

= % <1 — tanh(ﬁA/(QT))>

Ex

which yields (5.65) and (5.66). O

We now give an identity which rewrites the difference FE¢5 (') — FECS(Ty) in
terms of more manageable quantities involving I'a, one of them is the relative

entropy.

Proposition 5.5.2 (Relative Entropy Identity, [73]). Let I' be an admissible
BCS state and a € H:, (RP). Set A = 2Va. It holds that

sym

Fr(T) = FF(To)

o T —ﬁA/T _ﬁO/T
= —2Tr [log (1+e )—1og <1+6 )} (5.68)
T
+§s§(r,FA) - /V|a|2dx+/\/|a—a|2dx

where $H(I,TA) is the relative entropy defined by
H(,Ta) = Tr [gb(f, fA)] . (5.69)
Here we introduced

¢(x,y) = x(log(x) —log(y)) + (1 — z)(log(1 —z) —log(1 —y)), VO <z, y <1
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Proof. This is a computation, see [73] or [74]. O

For the sake of comparability with [73|, we note that in the translation-
invariant case the L2-trace per unit volume of a locally trace-class operator

(which they denote by Tr) is just the integral of its Fourier transform and so
Tr[l'] = / e [[(p)] dp.
R

“Semiclassical” expansion
We prove Theorem 5.5.3 by a Taylor expansion, which is sufficient because
of the simplifications introduced by the translation-invariance. The analogous

results in 73] require many more pages of challenging semiclassical analysis.

The result and the key lemma

Recall the definition of g; in (5.17). The following is the main consequence of

the Taylor expansion

Theorem 5.5.3. Let A = 2hVa for some a € ker(Kr, + V). Define h >0 by

T.—-T
h = = ) .
N T (5.70)

Then, as h — 0,

FEOS(Tp) — FBOS(Ty) = K Ey + O(RS), (5.71)
where
_ 1 91(b(p)/Te) | 1 2
B = g [ S = e [ o i)
(5.72)
with t = 2V a.

We emphasize that this is the place where the effective gap operator appears
in the analysis. The choice a € ker(Kr, + V') ensures that there are no O(h?)

terms in the expansion (5.71).

The theorem follows from the key
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Lemma 5.5.4. Let T'a be given by (5.63) with A(p) = ht(p) for a function t
satisfying

q= o0 if D=1,
te LYRP) with {4<g< oo if D=2, (5.73)
q=2©6 if D= 3.

Then, as h — 0,

(i)

T _AA _AO
)]
= h?Ey + h*Ey + O(h®)

where Ey is defined by (5.72) and (see (5.17) for go)
1
By =~ [ w(b0)/T) (o) dp, (5.75)
(ii)
loa = |l = O(h?) (5.76)

with ¢(p) = —h4Zg(h(p)/T2).

This may be compared to Theorems 2 and 3 in [73].

To conclude Theorem 5.5.3 from the key lemma, we need a regularity result

for the translation-invariant operator.

Proposition 5.5.5. Let a € H'(RP) satisfy (K7, + V)a = 0. Then, a €
L¥(RP). Let t := Va and {p) = (1 + p*)/2. Then, (p)~'t € L*(RP) and t
satisfies (5.73).

Proof. Recall Assumption 5.2.2 on the potential V. When V' € LPv(RP), then
the result follows from Proposition 2 in [73]. For the potentials V g in D = 3,
the regularity properties can be read off directly from the explicit solution of
the eigenvalue problem (K7, + V) g)a = 0, see (5.133) in the proof of Lemma
5.7.1 for its Fourier representation. Indeed, since Y}, and the Bessel function
of the first kind J;41/, are smooth and bounded with [Jj41/2(0) = 0 and since
E < 2T, we get a € L. Moreover,

u7l+1/2(PR)

t(p) X Yi,m (19, 410) \/1_7
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and since Ji11/2 also decays like p~1/2 for large p-values, the regularity prop-
erties of ¢ follow. In D = 1,2, one can again solve the eigenvalue problem
(K1, + Var)a = 0 explicitly and obtains the claimed regularity by similar

considerations. The details are left to the reader. O

Proof of Theorem 5.5.3. First, note that t = 2Va has all the regularity prop-
erties needed to apply (i), thanks to Proposition 5.5.5. We invoke the relative
entropy identity (5.68) and use Lemma 5.5.4 to find
Fr%(Ta) = F£9%(To)
(5.77)
= h*E, + h'Ey — h? / V0a|*dx + /V\QA — hal*dz + O(h).

Observe that
90(b(p)/T.) = T.K; (p). (5.78)

By Plancherel and the eigenvalue equation (K7, + V)a = 0, (5.77) becomes
FRO8(Ta) — FR9(Ty) = h' By + /V\aA — hal*dx + O(h®).
Thus, it remains to show
/V(X)|aA(x) — ha(x)[*dx = O(h"). (5.79)

To see this, recall that V is form-bounded with respect to —V?2, so it suffices

to prove that ||aa —ha|| g1 = O(h®). Using the eigenvalue equation and (5.78),

~ —~ t
a(p) = K7 (1) Va(p) = ~ 2P gy ((p)/T)
and so (5.79) follows from Lemma 5.5.4 (ii). O

Proof of Lemma 5.5.4

Proof of (i) We have
log <1 + e‘ﬁﬁ(p)/T) — —Ha(p)/(2T) + log cosh(H(p)/(2T)).

Observe that Tre2 [}AIA(p)] = 0, that x + cosh x is an even function and that
Ha(p)? = Ea(p)*L>. We find

Tre2 [log <1 + e’ﬁA/Tﬂ = Tre2 [log cosh(PA[A(p)/(2T))

= 2logcosh(Ea(p)/(2T7)) .
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This and a similar computation for A = 0 show that

— gTr [log (1 + e’ﬁA/T> — log (1 + e’ﬁO/Tﬂ

= —T/ (log cosh(Ea/(2T)) — logcosh(h/(2T))) dp. (5.80)
We denote the function in (5.80) by

s =18 (st (g ) oseoh (7))

where we wrote F(h?) for Ex and T'(h?) = T.(1—h?). Note that E' = [t|*/(2F)
and recall the definition (5.17) of gy and g;. By an easy computation

£(0) =0,
£(0) = —goa)/m%,
1f//(0) _ gl(b/Tc) |t‘4 _ 1 ‘t|2

9 b 1672  cosh®(h/(21,)) 8T.

With this, we can expand (5.80) as follows

T N N
ST [105_; Ta — logFO] (5.81)
=1 [ oo/ - ap

0 c 4TC

1 T, 1 1
it | o [ 20 it ap - o [ —iap | + 00

(5.82)

It remains to check that the O(h®) term is indeed finite. Using the Lagrange

remainder in Taylor’s formula, it suffices to show
1
/ sup —‘|f’”(5)] dp < oc. (5.83)
0<s<hz 3!

We will control this quantity in terms of appropriate integrals over ¢ which are

finite by our assumptions on . We introduce the function

2 1 1

g2(2) = g1(2) + ;gl(z) = 5 col?(22) tanh(z/2). (5.84)
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By a straightforward computation

1, 1 t|° 91(E(5)/T(0))
3l (5):8T(5)3 LQE((S)? (3 E(3)/T(5) _QQ(E(‘;)/T(‘S)O
s (PO T(6)

o 1 E(6)\*
+Tc |t| COSh2 (%) - (T(é)) 92(E(5)/T(5))

Note that, for h? small enough T./2 < T(5) < 2T, for all 0 < § < h?. Using
this and the fact that -

can estimate

/ sup | /"(8)| dp

h2 B and go(z) are monotone decreasing for z > 0, we

0<d<h? 3'
< [ un, 20 gy — BT ap o
e / 'g5(0/(2T2)) dp (5.86)

2 1 2
#Co [ 1 (oo #0/210) sw EG)F) do,

Here C1, Cs, C3 denote constants which depend on D, T, and may change from
line to line in the following. For definiteness, assume D = 3. The arguments for
D = 1,2 are similar. Since go(2) is a bounded function that decays exponen-
tially for large 2, we can use Cauchy-Schwarz and the fact that h(p) ~ C(p)?

for large p to conclude

Cy / %920/ (2T)) dp < Cs / (It + (p)21¢?) d

and the right-hand side is finite by Proposition 5.5.5. Using that F(§)? =
b2 + d|t|> < b2 + |t|* for small enough h, the same argument applies to the Cs
term in (5.86).

The C; term in (5.86) contains a factor E£(A)~? which looks troubling because,
as § — 0, it is of the form h~2 and thus singular on the sphere {p : p> = u}
if 4 > 0. For the radial integration, this singularity would not be integrable
(and we have not even considered the factor |¢|° yet). However, the singularity
is canceled by the factor 3g;(2)/z — go(2) with z = E(5)/T(0) in (5.86). To see
this, recall the definition (5.17) of g; and (5.84) of g2 and observe that g;(z)/z

and gs(z) are both even functions. Using the power series representation for
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—L and tanh, it is elementary to check that in the expansion of 3¢i(z)/z —
go(2) the coefficients of order 272 and 2° vanish and so the lowest non-vanishing
order is 2%, Therefore, the singularity is removed and since g;(z)/z and g, are
bounded, we get
2|91 (£(0)/T(9))
sup E(6)7?|3 —g2(E(0)/T(0))] < C < 0.
S0 FO P By ey ¢ EOMO)

Since [ [t|%dp < oo by our assumption on ¢, the C; term in (5.86) is finite and

we have proved (5.83).
Proof of (i) From (5.66) we have

~ t(p
3a(p) = —h' P 4o (BA(p)/T).
2T
Therefore
o = 3l =12 [ WPPI0) - FOP dp. (5.87)
where we introduced the function
E(h?)/T(h?))
h?) = 9ol . .
F(h?) 0T (5.88)
Recall that gj = —g;. Using this and the fact that for h? small enough,

T./2 < T(§) < 2T, for all 0 < § < h? Taylor’s theorem with Lagrange

remainder yields
F0) - F(0)
< OB sup (rgow(a)/T(a))\ 101 (EG)/T())] ( b'f(‘5> +E<6>)).

0<é6<h?

Note that go(z) and g;(2)/z are monotone decreasing and so

10 = 50 < CH o/ 1) + ¢ sup [2OREED o2 1 67

91(U/é2Tc))) (1 + h?))

< on? (\gow/(znm "

< Ch* (|t~ + (h) ™)

where in the second step we used that E(6) = bh% + §[t]* < b? + |t|? for
small enough h and in the third step we used go(z) < C(z)7! as well as
g1(2)/2 < C{z)73. Assume D = 3 for definiteness. We can bound (5.87) as

follows
e [ PeP1£7) - FOF dp < CHF [ (t44) 1 + 1) %) dp = CH

where the last equality holds by the assumption on ¢. This proves (ii). O
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Proof of Theorem 5.2.10

We follow the strategy in [73]. That is, we prove theorem Theorem 5.2.10 (i) by
separately proving an upper and a lower bound on the left-hand side in (5.15).
The upper bound follows by choosing an appropriate trial state I'a and using
the semiclassical expansion of the BCS free energy in the form of Theorem
5.5.3. For the lower bound, we show that the chosen trial states I'n indeed
describe any approximate minimizer I' to lowest order in h (this is precisely
statement (ii) in Theorem 5.2.10) and conclude by using the semiclassical

expansion once again.

Upper bound

Recall the definition of A in (5.70). In this section we prove

min FROS) — FRO9(Ty) <At min  E%%(a) + O(R°), (5.89)

acker(Kr,.+V)
where £9F is given by (5.16).

We get this by using the trial state s, defined by (5.63) with the choice

A = 2n(Va) (5.90)
where a € ker(Kr7, +V) minimizes L (recall that minimizers exist by Propo-
sition 5.2.12). Then, (5.89) follows from Theorem 5.5.3 and the fact that
evaluating the definition (5.72) of Ey for the choice

t(p) = A(p)/h = —2Kr,(p)a(p)

produces the definition (5.16) of £9L(a). O

Lower bound: Part A

Following [73], we will prove the lower bound in (5.15) in conjunction with
statement (ii) about approximate minimizers. We consider any BCS state I'
satisfying

FROS() — FROS(Ty) < O(hY). (5.91)

Note that we may restrict to such I' when minimizing FZ“ thanks to the
upper bound (5.89) and that (5.91) still includes the approximate minimizers
considered in (ii). In Part A, we prove Proposition 5.5.6, which says that the

off-diagonal element « of such a I' will be close to a minimizer of £4. In Part
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B, we will use this to get FE9(T') — FECS(T'a) > O(hS) for A of the form
(5.90) and hence

FrOT) = FR9% (o) = FRO3(Ta) — FF5(To) + O(h).

Since we know FECS(Tp) — FECS(Ty) = hAECE(Yy,... ) + O(RS) from
Theorem 5.5.3, this will imply both the lower bound in (5.15) and statement

(i) about approximate minimizers.

In the remainder of this section, we will prove:

Proposition 5.5.6. Suppose T satisfies (5.91) and let P denote the orthogonal
projection onto ker(Kr, +V) and let PX =1 — P. Then, |Pall, = O(h) and
[P~z = O(h?).

This implies statement (ii) in Theorem 5.2.10 with ag = h~!Pa. The proof of
Proposition 5.5.6 will use the following lemma, which bounds the relative en-
tropy $(I', ') from below in terms of a weighted Hilbert-Schmidt norm. The
result without the second “bonus” term on the right-hand side first appeared

in [90], the improved version is due to [73].

Lemma 5.5.7 (Lemma 1 in [73]). For any 0 < T < 1 and T = (1 +
exp(H))™, it holds that

H(0, T >Tr ﬁA T _ pun z]
( ) tanh(H /2) ( ) (5.92)
+ %TI’ [(f(l — f) — f(H)(l _ F(H)))2]

Proof. By the identity (5.7) in [73] and Klein’s inequality for 2 x 2 matrices,
(5.92) even holds pointwise in p. O

Here is a quick outline of the proof of Proposition 5.5.6: Following 73], we
rewrite FECS(T') — FEYS(T'y) by invoking the relative entropy identity (5.68).
Then, we bound the right hand side from below by («, (K7 + V)a), which
is therefore negative due to (5.91). Since K7, + V > 0 with a spectral gap
above zero, this will allow us to conclude that the part of « lying outside of
ker(Kr, + V) must be small, more precisely that ||« — Palls = O(h?). To get
that || Pa|y itself is O(h), we use the second “bonus” term on the right-hand
side of Lemma 5.5.7.



86

Proof of Proposition 5.5.6. Step 1: We first apply the relative entropy identity
(5.68) with the choice a = 0 to get

T
O(h*) > FR%(T) — FR9%(Ty) = 59T, To) + /V\alex. (5.93)
Next, we use Lemma 5.5.7. To evaluate the resulting expression, note that
H,
— = Krlyeo,
tanh(Hy/(27))

T(1—T) = To(1 —To) = (31 =7) = Fo(1 = Fo) — [6]?) Lo,

are diagonal matrices. We obtain

gf’(l“, Lo) > / (Er()(® =) dp + Kr(-)a*
4T

+ G-9) =R = 70 - @) dp.

We estimate the first term using Kr(p) > 27" and find the lower bound
~12 ~ o~ AT ~ & ~ ~12)2
Kr()[al® +27(7 = 50)* + 5= (3(1 =7) = %(1 = %) — [al*)" | dp.
By
(z(1—2) —y(1—y)* < (z—y)? YO<z,y<1
and the triangle inequality, we get the pointwise estimate

PR 4
(2(7 —%0)* + =

~ ~ o~ ~ 21\ 2 4
 (G1=5) %1~ - [aF)") = Flar

Going back to (5.93), we have shown that
AT ,
= lalls + (. (Kr + V)a) < O(R7). (5.94)

Step 2: Next, we replace K by Kr, in (5.94) to make use of the spectral gap
of K7, + V. This is an easy version of what is Step 2 of Part A in 73], which
is more involved because it also removes the dependence on the external fields
A, W. For us, it suffices to observe that

d 1 h(p)®
ar ™) = 37 a2 () 21

is uniformly bounded in p for all A small enough such that 7" > 7./2. By the
mean-value theorem, ||[Kr — K7, || < O(h?). Using this on (5.94), we find

AT
= llalli+ (o, (Kr. + V)a) < O()all; + O, (5.95)
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Let k > 0 denote the size of the spectral gap of K1, + V above energy zero.
We write @ = Pa+ Pra. Using (K, + V)Pa = 0, we obtain

AT
= llallz + sl Prall; < OR)|lal + O(h"). (5.96)

For the moment we drop the first term on the left-hand side of (5.96) and use
orthogonality to get

1P=all; < OR*)(IPall; + [[Pal3) + O(RY)

which yields
[P*all; < O(R?)|| Pall; + O(RY). (5.97)

Thus, both claims will follow, once we show || Pally = O(h).

Step 3: Here the degeneracy requires a slight modification. We now drop the
second term on the left-hand side of (5.96) to get

l@lls < O(R'2)|[all5"* + O(h). (5.98)
By orthogonality and (5.97),
|@lla < O Pally* + O(h), (5.99)

On the right-hand side of (5.98) however, the replacement of @ by Pa requires
more work. By the triangle inequality for || - ||, and (5.97)

~ . i = o onl/2n o o
|@lla > [|Palls = [[Palls > || Palls — | Prally®|[ Pal}?

> ||Palls — O(hY?)|| Pally?| PLal|/2.

We use PLa = @— Pa and |a)? <7(1-7) < 1/4 pointwise to find ||PLall, <
%+||]5a||oo. It is slightly more convenient to conclude the argument by choosing

an orthonormal basis {a;} for ker(Kr, + V). This allows us to write
Po=h) wja, (5.100)
=1

By Proposition 5.5.5, ||@]|c < C for all j and therefore || Palls < O(h)[1)]oo-

We have shown

|@lls = | Palls — OR?)| Pally (1 + hlvle)
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Combining this with (5.99), we obtain
[Palls < O(hY2)||Pally (1 + hlv]w)Y? + O(h). (5.101)

It remains to bound \]15\04]\4 from below in terms of Hﬁ\aHg Let R > 0. We
split the integration domain into {p < R} and {p > R}. Applying Holder’s

inequality to the former yields
1Pal3 < CRP2|Pal2 + r2u 2 Y / [a@illa;| dp (5.102)
b {p>R}

where C' > 0 denotes a constant independent of h, R. Note that for all 7, j,
Cauchy-Schwarz implies [@;|[a;| € L'(R”) and so for Ry > 0 large enough,

PR 1
> [ e <
" {p>Ro)

We recall (5.101) to find
— —~ 1
1Pallz < O Palla(1 + hlvle) + SIS + O(R?).

Since the {a;} in (5.100) are orthonormal, h|¢)|s < ||f’a||2 < /nh|tY]s. This
implies
1
(5+000) 1wk < Olel +00) (5,109
Let h be small enough such that the 1/24+O(h) term exceeds 1/4. We conclude
that |1].o < O(1). Since || Py < v/h|th|s, it follows that || Palls < O(h) as

claimed. ]

Lower bound: Part B

We use once more the relative entropy identity (5.68). Together with Lemma

5.5.4 (i) and the eigenvalue equation, we get

FRO(T) — FF%(To)
T (5.104)
=€ (Pa) + (T, Ta) + /V|a — Pal?dx + O(h®).

We see that to prove the lower bound it remains to show

gﬁ(r,m) + /V|a — Pal?dx = %ﬁ(r,m) +/V|PLa|2dx > O(hY).
(5.105)
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By Lemma 5.5.7 and the fact that x — 2/ tanh(x) is a monotone function that

depends only on 2, we have

an A
F-T En S 4 (5.106)
=-Tr l(l“ —Ta)—r (Ex/(0T)) (I - PA)]

>

N — N —

Tr [(f T Er(T — fA)} .
Since K > 0, we have for every fixed (i.e. h-independent) 0 < e < 1,
%Tr [(F —Fa) Ko~ Ta)]
> [ Kl - asf dp
> /Kﬂ]ﬁ\aﬁdp - zﬁfe/mﬁ (PAa . aA> dp
>(1- 5)/KT|ﬁ\OZ|2dP - Ce/KTUBa —aal*dp
> (1-¢) / Kr|Plal2dp + O(h).
In the last step, we used Lemma 5.5.4 (ii) and Kr(p) < C(p)? to get
/KTUBE — aal?dp = O(h®). (5.107)

Using these estimates on (5.105) and setting ¢ := PLa, we see that it remains

to show that there exists an h-independent choice of 0 < € < 1 such that
(€, (1 — &) K + V)E) = O(h®). (5.108)

Recall from step 2 of the proof of Proposition 5.5.6 that || K7 — Kr.||. < O(h?).
Since also ||€]|2 = O(h?) by Proposition 5.5.6, we get

(€ (L=e)Kr+V)E) = (£, (1 —e)Kr. + V)E) + O(h°).
We claim that there exists a constant ¢ > 0 such that

(&, (K1, +V)§) = (€, K1.£). (5.109)

Choosing ¢ sufficiently small will then give (£, (1 — ¢)Kr, +V)&) > 0. Thus,
it remains to prove (5.109). Since V_ is infinitesimally form-bounded with

respect to K7, we have for any 6 > 0

(1-0)Ky, <Kg, —V_+Cs < Kp, +V +Cj (5.110)
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or

K, <Ci(Kr, +V)+ Cs. (5.111)

Now, on ker(Kr, + V), it also holds that K7, +V — x > 0 where k > 0
denotes the gap size. Thus, for all A > 0,

Ky < (Cy+N)(Kp, + V) +Cy — Xk, onker(Kp, +V)* (5.112)

and choosing A\ = Cy/k, we see that (5.109) follows. This proves (i).

Statement (ii) was proved along the way: Any approximate minimizer satisfies
(5.91) and hence Proposition 5.5.6 implies that its off-diagonal part can be split
into « = Pa+¢ with [|£|| = O(h?). Since P is the projection onto ker(K7, +V),
Pa € ker(Kr, + V). Moreover, ay = h™! Pa approximately minimizes the GL
energy because the proof of the lower bound shows that for all ' satisfying

(5.91) (not just for actual minimizers),
FROT) — FRO%(0g) > h*E“(ag) + O(R®).
This finishes the proof of Theorem 5.2.10. O

Proofs of Propositions 5.2.3, 5.2.12 and 5.2.13

Proof of Proposition 5.2.3. For the LPV potentials, this is a standard argument

combining Hoélder’s inequality and Sobolev’s inequality.

Consider the potentials (5.6), i.e. V(x) = —A\d(|x| — R) with A\, R > 0. Let
f € HY(RP). We first consider the case D = 1. Then

(fVI)==Af(R).

We apply the simplest Sobolev inequality

2 sup [u(z)| g/ W (2)dz, Vu e WH(R), (5.113)

z€R 00

(which follows from the fundamental theorem of calculus) with the choice
u(s) = f(s)% By (5.113) and Cauchy-Schwarz, we get

>0 1
f(R)FF < /_ [f@)f (@)lde < el Iz + I 11

for any € > 0. This proves the claimed infinitesimal form-boundedness of V
when D = 1.
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Let now D = 2,3. We have

VD= [ R Pao o),

where do is the usual surface measure on S”~!. Observe that the inequality
(5.113) implies
2 sup |u(s)| S/ W/ (s)[ds, Vu e Wy (Ry).
s>0 0

We use this with the choice u(s) = sP?~!f(sw)?, pointwise in w € $2, and find
[, RS (Re) Pao(e)

/ / ( P2 f (sw)|? + 5P| (5w)2, f(sw)|) dsdo(w).
- (5.114)
Consider the first term in the parentheses. We split the integration domain
into s > 1 and s < 1 and estimate s”~2 < sP~! in the first region. By applying

Holder’s inequality in the second region, we get

/SD / D2| f(sw)Pdsdo(w) < [I£I + // D-2| () Pdsdo(w)
< IfI3+ (/ D8/3ds) T

= |I£11z+ CIIfI3

where C'is a finite constant, since D — 8/3 > —1. The L° norm is infinitesi-
mally form-bounded with respect to —V? by the usual argument via Sobolev’s

inequality.

We come to the second term in (5.114) in parentheses. By Cauchy-Schwarz,
for every € > 0, it is bounded by

g/ / SD_llasf(Sw)lgdst(w)Jri||f||§-
sp-1 Jo 4e

The first term is the quadratic form corresponding to (the negative of) the
radial part of the Laplacian, see (5.29). It differs from the full Laplacian by a
multiple of the Laplace-Beltrami operator —V%D,l, i.e. a nonnegative operator.

This implies infinitesimal form-boundedness when D = 2, 3. O]
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Proof of Proposition 5.2.12. Recall (5.16)

ch(a)_lf gi(p* — )/ Te)

_Tc (p2 - N)/Tc
1 1
~ L / —Kn () |a(p) dp,
2TC RD COSh2 (pQTM)

We denote the quartic term by A(a) and the quadratic term by —B(a). Note
that A, B > 0 whenever a is not identically zero.

We use the basis representation of the GL energy mentioned in Remark 5.2.11
(i). That is, we fix a basis {a;} of ker(Kr, +V) and write a(p) = >_7_, ¥;a,(p)
with (¢1,...,%,) € C". Then we write

(U, ) = Lw, L >0,weSCh),
where S(C™) is the unit sphere in C". It follows that

inf  E9(Yy,...,¢,) = inf inf EFF(Lw)

wesS(Cn) L>0

= inf inf (L*A(w) — L’B(w))

weS(Cn) L0
—B(w)?
inf ()
wes(cn) 4A(w)

and since A, B are continuous functions which never vanish on the compact
set S(C™), the last infimum is finite and attained. O

Proof of Proposition 5.2.13. The same argument that proves Theorem 5.2.10
(ii) applies for T > T, and yields the same result with the sign of the |al? term
in the GL energy (5.16) flipped. Consequently, the unique minimizer of the
GL energy is a = 0. To see coercivity of the GL energy around this minimizer,
we drop the quartic term and rewrite the the quadratic term as in the proof

of Proposition 5.2.12 above. We get

(C/’GL<w1’ v 7¢n> > 8)\m,m Z ’wJ'F
j=1

with
2

. 1 1
Amin = mi / ——— — |Krn(p) dp.
R

min —
wes(cr) 2T, Jrp cosh? (pQ—g>
2T

Z w;a;(p)
j=1

Note that \,,;, > 0, since it is the minimum of a positive, continuous function

over a compact set. ]
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5.6 Proofs for part II

Setting

We use the formulation of GL theory from Remark 5.2.11(i). We compute
the GL coefficients ¢k, and d;; given by formulae (5.21) and (5.22). They
determine the GL energy £FL : C> — R via

d-wave

2 2
£ (Jonrrrsiit) = Y comBlriitn— 3 dlids
irjik,m=—2 ij=—2

It remains to pick a convenient basis to compute (5.21) and (5.22). Since the
Fourier transform maps H; to itself in a bijective fashion, see e.g. [164|, we can
choose

am(P) = o(p) Yn(d,0),  P=(p.v,9), (5.115)
for an appropriate radial function p. We will denote the GL order parameter
corresponding to @y, (in the sense of (5.1)) by ¢, with —2 < m < 2. (Note
that we use the ordinary spherical harmonics Y3" (5.24) as a basis because it
is more convenient to do computations, but our final result is phrased in terms

the basis of real spherical harmonics (5.25).)

With the choice (5.115), equations (5.21),(5.22) for the GL coefficients read

o = [T RYIO V0 VRV D) dp (.116)
dy == [ 0 LDV 2YS 0, 0)(0) (5.117)

where i, 7, k,m = —2,...,2 and we used the functions f,, f; defined in (5.34).
Note that fo, f4 are positive (since g; defined by (5.17) satisfies 917(2) > () and

radially symmetric.

Proof of Theorem 5.3.1
While the radial integrals in (5.116),(5.117) depend on the details of the mi-
croscopic potential V' through o, the integration over the angular variables can
be performed explicitly. Since the spherical harmonics form an orthonormal
family with respect to surface measure on 52, we immediately get

d;j = do;;

where d > 0 is the result of the radial integration in (5.117), i.e.

dzlwh@mp (5.118)
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1 j E | m | cijim - 287
2 2 2 2 10c
2 1 2 1 5c
1 1 1 1 10c
0 2 0 2 5c
1 1 0 2 0
0 1 0 1 5c
1] 2 | =1] 2 5¢
0 1 | -1 2 0
0 0 0 0 15¢
1 | -1 1 | -1 10c
2 | —2] 2 | =2 10c
0 0 2 | =2 5c
0 0 1 | -1 —5¢
1 | -1 2 | =2 —bc

Table 5.1: Non-trivial equivalence classes of Ginzburg-Landau coefficients in
the pure d-wave case. cis defined as the result of the radial integration (5.119).
Notice that the case ¢ + 7 = 0 behaves rather differently. This is due to the
fact that the “pair permutation” and “pair sign-flip” symmetries fall together
in this case. We keep the factor 5 to ensure better comparability with Table
5.2 later on.

and this is the second relation claimed in (5.33).

Next, we consider (5.116). Firstly, note that c;j.m, is always proportional to

the result of the radial integration in (5.116), i.e.

c= /0 " ) dp (5.119)

and this is the first relation claimed in (5.33).

[t remains to compute the angular part of the integral in (5.116). We express
the product of two spherical harmonics of angular momentum [ = 2 as a linear
combination of spherical harmonics of angular momentum ranging from [ = 0
to | = 4. The general relation involves the well-tabulated Clebsch-Gordan

coefficients, which we denote by (I, ls;my, ms|L; M), and can be found in
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textbooks on quantum mechanics (see e.g. [38] p. 1046):

I+l

211 )2 + 1)
Y™ (4, sz E I, lo; L;
A ( 90) L ‘l l‘ 2L+1) <1a 2,070| 7O>
1—¢02

X (ly, la;my, ma|L;my + ma) Y T2 (9, ).

(5.120)
Physically, this corresponds to expressing a pair of particles, uncorrelated in
the angular variable, in terms of a wave function for the composite system.
Since the total angular momentum of the composite system is not determined
uniquely by the product wavefunction on the left-hand side, the sum over L
appears on the right. However, the total z-component of the angular momen-
tum is determined to be m; + mo. This “selection rule” will greatly restrict

which ¢;jp,, may be non-zero.

Now, we can use the orthonormality of the spherical harmonics to compute
the angular integrals and find
25¢ o
Cijkm = Z 471'—<27 27 07 O’La 0>2<27 27 Za]‘L7 1+ j>

1Zoaa 4L+ 1) (5.121)

X (2,2;k,m|L; k + m>5i+j7k+ma

where we used that the Clebsch-Gordan coefficients are real-valued and that
(l1,15;0,0|L;0) = 0 unless L is even [38]. Note that the selection rule from

above yielded the necessary relation i + j = k + m for ¢;jkm # 0.

There are further symmetries: Considering the original expression (5.116), we
that cijkm = Cjikm = Cijmk. Since (5.121) shows ¢;jpm € R, (5.116) also implies
that cijrm = Crmij- We subsume these relations as “pair permutation” symme-
try. Physically, they correspond to the exchange of Cooper pairs. Moreover,
as can be seen from reference tables for Clebsch-Gordan coefficients, we have
Cijkm = C(—i)(—j)km, t0 which we will refer as “pair sign-flip” symmetry. Phys-
ically, it is a consequence of the invariance of our system under reflection in

the xy-plane.

It thus suffices to look up (5.121) in a reference table for Clebsch-Gordan
coefficients once for each member of a “pair permutation”and “pair sign-flip”
equivalence class, ignoring those tuples (i, 7, k,m) which do not satisfy the

selection rule ¢ + 7 = k+ m. The result is presented in Table 5.1. By counting
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the number of elements of each equivalence class, we find

S

2 2
N 1%( ( > |15m|2—7> —72+%Izﬁo\4+2 ST Pl

m=—2 m=1,2

o (i) 20 (i) -4 (R )

where 7 = %d. Notice that this expression contains a second complete square:

Efbae (D21 2)

. ) - o (5.122)
i (35, ) o 3 i i

To conclude Theorem 5.3.1, it remains to make the basis change to the real-
valued spherical harmonics, i.e. to invert (5.25). On the level of the GL order

parameters, this yields the SU(5) transformation

1;0 = ¢07 @Z)—l = _1/}1 a iwila 1;1 = wl i iwila
V2 V2 (5.123)
= o — 1o ~ o +i_o '
fo=t202 g, -2t

V2o V2

Proof of Theorem 5.3.5
The situation is as in three dimensions, only simpler. The d;; GL coefficients
are again diagonal by orthogonality and they come with a factor d defined in
the same way as in Theorem 5.3.1 but with f5(p) replaced fo(p)/p since D = 2
(of course the definition of ¢ has changed as well). For the ¢;ji, coefficients,
instead of considering Clebsch-Gordan coefficients, it suffices to compute

c [

A cos(2¢)* sin(2¢)* *dyp (5.124)
for all 0 < k < 4. Here, the GL coefficient ¢ is defined in the same way as in
Theorem 5.3.1. We omit the details.

Proof of Theorem 5.3.7
We compute é’gi d)-wave DY using the formulae (5.21) and (5.22) for the GL

coefficients as in the previous section. We already computed most of the GL

coefficients, namely all the ones that couple d-waves to d-waves.
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~.

n Ol »n O3

|
—_
n OO SO R =0 NS

|
é’

S

o

-

&

I
[\»}
I
[N}
S
SN
-
=

-2 7c(29)

—1 | —+/5c19)

—1| —=7c

W W W W W »®» »®» » »Hh [’ »H »B | »w »
w O W O L v O w Ol = NN NS

— = NN O O 6 OO

Table 5.2: Equivalence classes of new Ginzburg-Landau coefficients in the
mixed (s + d)-wave case. c(!*), (3 c49) are defined in (5.46).

By orthonormality of the spherical harmonics, d;; is still diagonal. For 7, j # s,
d is as in (5.118). Notice however that d depends on o through fo. When
1 = j = s, we have to replace o by o, which is conveniently described as

multiplication by gs = 9—;‘. We conclude that

d®) ifi=j=s,
dij = ’
dé;;  otherwise.

with d®*) as defined in (5.46).

We turn to the quartic GL coefficients ¢;jin,. Note that the “pair permutation”
and “pair sign-flip” symmetries described in the proof of Theorem 5.3.1 still
hold. In addition to the results listed in Table 5.1, we now have equivalence
classes of ¢;j, where some indices are equal to s. Since the corresponding a,
carry zero momentum in the z-direction, the selection rule dictates that c;jim,

can only be non-zero if the s replaces a O-index.

We thus consider all equivalence classes of GL coefficients that can be obtained

by replacing a 0 in Table 5.1 by s. We compute their values again via (5.120)
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(some follow immediately from the fact that Yy = 1/v/4w). The results are
presented in Table 5.2.

Just as for d;;, the c19), (%) c4) are the result of a radial integration where for
each index equal to s, f; is multiplied by a factor g. This yields the expressions

(5.46) for 19, c(%) c13) Note that according to Table 5.2, ¢y = 0 and thus

it is not necessary to define ¢(3%).

Armed with Table 5.2, it remains to count the number of GL coefficients in

each equivalence class. After some algebra, we obtain

g(s+d) wave (1;S>¢ 2y ,wz)

o) + 60+ E BB
dwave 2y Y2 s-wave \ ¥'s couphng S 2y :

where

8(§)1l1/phng(1;57 1/;727 ce 71;2)

Vo (2@% [Jw( S -2 Y |z/?m|2>]

m=0,%1 m==+2

~2 3" m [Ddutdnt]

m=1,2

WX (R[] - 2w [Riin] )
o==+1
(25) R =2 - i
T o 2[t)s] Z |Ym] ‘HR[?/&@ <¢o_2¢1¢—1+2¢2¢—2>]

m=—2

where EGL (1o, ..., 1) is given by (5.122) and
(4s) 2
gstLvave(@AS) == ((|¢5|2 _TS) _75,2)
2rd(?s)

with 7, = <Tf5~. Statement (i) in Theorem 5.3.1, which gives the expression
for £9L

(s + d)-wave’

harmonics via (5.123).

now follows by transforming into the basis of real spherical

To prove (ii), we use the GL energy expressed in the basis of real spherical
harmonics. Let € > 0 and take (¢_o,...,15) € Mgwave, the set of minimizers
of Eqwave described by (5.35). Set 1)y = ew with |w| = 1 and note that

g(cs;I—II— d)-wave (¢57 ¢—2a SR 7¢2) = inf gd wave + 5%[52]

N ) TC(2S) TSC(43) N s A
g — —c".
s 27 47
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for some 2z € C, which is independent of € and w. Consider first the case that
(Y_2,...,19) € Mgwave is such that z # 0. Then, we can choose w such that
Re[wz] < 0 and we obtain (5.48) for sufficiently small e. Thus, suppose that
z = 0, which is e.g. the case for (0,7/v2,0,i7/v2,0) € Mgwave. It is then
clear that (5.48) holds iff # %() or equivalently dc®¥ < 2¢d®). This
proves (ii).

For statement (iii), let ¢, be a minimizer of ESL, i.e. |¢s> = 7.. Now let

e > 0and let (¢_g,...,1) have entries of the form ), = ey with [ | < 1.
We have

gerd Wave<¢57¢ 27"'7¢)

(25)

+ O(&%)

R (42 Z (¥, )D

m=—2

as ¢ — 0. The real part is clearly minimal when we choose Arg(y)) =
Arg(vps) + /2 for all m with ¢/, # 0. This choice yields

5s+d wave(¢5’¢ 27"'7w2)
— minEGL 4 g2 Z w12 —d + 297, + O
s-wave — m T .

When the term in parentheses is strictly negative, which is equivalent to
d®)c?9) < dc®) we see that 8

€. Vice-versa, when the term in parentheses is strictly positive, S(CS;EF d)-wave >

GL :
(51 dywave < MINEZL, . for sufficiently small

min YL for all small & > 0.

To conclude statement (iii), it remains to consider the case d*)c(?%) = dcls),
when the O(g?)-term vanishes. The leading correction is now given by the
O(g?)-term and by choosing 1,,, = 0 for m # 0, we find
2\/_ 5%
5(CS¥€F d)-wave (2/}87 07 07 1#0; 07 0) = min gfle;ave + g |¢0| %[wswo] + O( )
Letting Arg(vyy) = Arg(vs) + 7 shows that Efi d)-wave (15,0,0,10,0,0) <

min EYL in this case as well. This proves statement (iv). O

5.7 Proofs for part III
The proof of Theorem 5.4.1 is based on three steps.
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e In Lemma 5.7.1, we solve the eigenvalue problem for K+ V) g explicitly
in each angular momentum sector H;. The key result is the “eigenvalue
condition” (5.128) which gives a formula for the eigenvalue (or energy) E
in terms of the other parameters [, 1, 7" and A\. We will see that one can
solve this for A and one obtains an integral formula which is monotone
in E. Therefore, instead of showing that £ is minimal for [ = [, one

can equivalently show that A is minimal for [ = [,.

e In Lemma 5.7.2, we show how, by adapting the parameters p,T" of the
“weight function” p/Kr(p), one can conclude that [ i (p)dk is pos-
itive, if one assumes that f is strictly positive on an interval.

e By Theorem 5.8.1, for any half-integer Bessel function of the first kind
Jio+1/2, there exists an open interval around its first maximum on which
it is strictly larger than (the absolute value of) all other half-integer

Bessel functions.

The idea is then to use the eigenvalue condition (5.128) to rephrase the question
whether some state in H;, has lower energy than all states in H; as the more

tangible question whether the quantity

/Ooo (~7z§+1/2(p) - jl%rl/Q(p)) %(mdp

is positive. By Theorem 5.8.1 there is an interval of p-values on which the
integrand is positive and by Lemma 5.7.2 there are intervals of p- and T-

values such that the entire integral is positive.

Solving the eigenvalue problem

For any radial V', we can block diagonalize Kt + V by using the orthogo-
nal decomposition of L?*(R?) into angular momentum sectors (5.28), namely
L*(R*) = ;2 Hi with H; defined in (5.26). It is well-known [164] that
the Fourier transform leaves each H; invariant. Consequently, if we have

a € H'(R?) satisfying the eigenvalue equation
(K7 +V)a = Ea, (5.126)

then we can decompose it as o = ), a; with oy € H; mutually orthogonal.
Taking the Fourier transform of (5.126) and using the fact that Vo, € H, since

V' is radial, we get from orthogonality

Kr(p)ai(p) + Vay(p) = Eai(p),
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for every | > 0 and a.e. p € R®. Thus, we can study each component o
separately. When V) g is the specific radial potential (5.6), we can say even

more.

Lemma 5.7.1. Let Vg be as in (5.6) and let | be a non-negative integer.
We write ~71+% for the Bessel function of the first kind of order | + 1/2. Let

E<2Tif p>0and E < ool if < 0. Then

ker (KT + V)\,R - E) NH, # 0 (5.127)

15 equivalent to the “eigenvalue condition”

00 pR )
l=X[] ——" R)dp. 5.128
/0 Kop) — E S1(pR)dp ( )

Moreover, if (5.127) holds, then ker (Kr 4+ Vy\r — E) = span{p,;} ® S; with

© Ji(rp)TJ1(R
(1) :r_l/Q/ P l+2(7“p) l+2< p)dp. (5.129)
0

Kr(p) — E

Since \$+%(p)| < Op~'/2 the numerator in (5.128) and (5.129) poses no threat

for convergence of the integral.

Proof. By the definition of H;, we have

l
o(x) = Z al7m(r))/2m(19790)’ x = (r,7, ).

m=—I

We suppose o satisfies (K7 + Vi r) a; = Eqy. Recall that the Fourier trans-
form not only leaves each H,; invariant, it also reduces to the Fourier-Bessel
transform F; on it [164]. That is, a function of the form f(x) = g(r)Y;" (¥, ¢)

has Fourier transform given by

-~

f)=i""(Fg) ()" (¥,9), p=[®7 ), (5.130)

where the Fourier-Bessel transform reads
Figlo) = [ T (gl (5.131)
0

We apply the Fourier transform to the eigenvalue equation. By (5.130) and

orthogonality of the spherical harmonics,

(Kr(p) — E)Froum(p) + Fi(Varaum)(p) =0
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for all m and a.e. p € R®. The assumption on FE is such that K7(p) — E > 0

and therefore
. Fi(Va,roum) (p)

Kr(p) — E
So far we only used that the potential is radial. Since V) p = —Ad(|- | — R),

Fiaym(p) =

(5.132)

—Fi(Varum)(p) = =i m(R)(F1Var)(p)
= Aam(R)RY?p~2 7, 1 (Rp).

Plugging this back into (5.132), we find the following explicit expression for

the solution to the eigenvalue problem:

~7l+% (Rp)

— )\ 3/2 —1/2
‘F-lalym(p) Oélym(R)R p KT(p) _ E

(5.133)

Now we apply .7-"[1 which, by unitarity of the Fourier transform, has the op-
erator kernel T*1/2k3/2\7l+%(rk) when evaluated at » > 0. For all » > 0, we

have

o T (rp) Ty (Rp
O‘lﬁm(r)Zaz,m(R)ARS/QT‘l/Q/ p 3 7P) Ty ( )dp

0 Kr(p) — E
Note that we may assume that for some m, a;,(R) # 0, since otherwise
a; = 0. Evaluating the above expression for that particular m at r = R gives
(5.128). We write a;,,(R) = ¢, A"'R73/2 and absorb ¢, into the angular
part S; to get (5.129). Clearly the argument works in reverse, proving the

claimed equivalence. O

Choosing i and T

From now on, let © > 0. The following lemma concerns the quantity

< p
/0 s ),

Suppose we know that f > e on some interval I, while f may be negative

outside of I. Our goal in this section is to choose the right values of p and T’

such that the above integral is then also positive.

The basic idea is to view p/K7(p) as a weight function which is centered at
the point p = /u, where it takes a value proportional to T-!. By making
T small enough, we can ensure that the neighborhood of the point p = \/u
dominates in the above integral. By choosing /i € I and T sufficiently small,
the integral will pick up mostly points where f is positive and will therefore

yield a positive value itself. This is spelled out in the following lemma.
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We will eventually apply this lemma with f = 72 ja— N/ /o and positivity of
the above integral will translate via (5.128) to the statement that the angular

momentum sector H;, has lower energy than H,.

Lemma 5.7.2. Let f : Ry — R be a continuous function satisfying |f(p)| <
Cy(1 + p2) V2 for some Cy > 0. Suppose there exists ¢ > 0 and an interval
(a,b) such that f > ¢ on (a,b). Then,

(i) for every § > 0 small enough, there exists T, > 0 and an interval I such
that for every p € I and T € (0,T,),

< op
/0 s (0 > 0. (5.134)

(ii) letting 0 = #, one can choose

5 (_20f (\/1+2b2+%)> - (5.135)

(2 2 _ 2
I := (a"+0,b°=9), T, : 5 eXP 5

Proof. Let p € (a* + 6,b*> — §). Since =2~ > 0 and |tanh| < 1, we can

Kr(p)
estimate
> pf(p) / p "
dp > —C dp+e | ——dp.
o Kr(p) 0.0)U(b00) (1 + D)2 |p? — pf « K1(p)

(5.136)

In the first integral, we estimate pointwise

p* —p| ' < 5_1(X{p§2b} + 2p_2X{p>2b})

with x4 denoting the characteristic function of a set A. This gives

p -1 1
_C / dp > —C6 (\/1 TR+ —> 5.137
d 0,0)U(b.00) (1 +D2)Y2|p? — d 2b ( )

In the second integral, we change variables and use p € (a® + 6,b* — §) with
tanh(u)/u > 0 to get

b 1 e tanh(u) o tanh(u) )
/ b dp:—/ —du>/ ———=du>log | == |,
« Kr(p) 2 Ja2-u u s u 2T
2T 2T

where in the last step we also used that tanhx > 1/2 for x > 1. Combining

everything, we get

* pf(p) - 1 5
() dp > —Cpo~! (\/1 +2b% + %> +clog (ﬁ) : (5.138)

The claim follows from some algebra. O
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Proof of Theorem 5.4.1
Proof of (i). By rescaling the parameters pu, A\ and T, we may assume that
R = 1. We fix a non-negative integer [, and invoke Theorem 5.8.1 to get € > 0

and an interval (a,b) on which J2,,, — Jj,, > ¢ for all [ # lp. Then we

apply Lemma 5.7.2 to
f= ~7z§+1/2 - «7111/27

which satisfies
f(p)] < 22(1+p*)7 V2, (5.139)

and so C; = 22 in Lemma 5.7.2. To prove (5.139), ones uses statement (ii)
in Lemma 5.8.5 to get J7(p) < M;(p) < | for all v. Together with |7, < 1
from (9.1.60) in [4], this implies |f(p)] < min{1,p~'} and hence (5.139).

Note that T, and I defined in Lemma 5.7.2 (ii) work for all [ # [y, because
they depend on f only through (a,b), which is uniform in f by Theorem 5.8.1,
and through C; = 232, Hence, Lemma 5.7.2 provides T, > 0 and an interval
I such that for all p € I, all T < T, and all [ # [y we have

| e (o) = T o0 o > 0 (5.140)

For every non-negative integer [, we define the function

(T ) = (/Ooo %@jﬁl/z(p)dp) R (5.141)

which is chosen such that A\ satisfies the eigenvalue condition (5.128) with
E = 0. We write

E(T, p, A) := inf spec (K7 + Vi 1) |Hz'
With these definitions, Lemma 5.7.1 says
E(T, u, (T, 1)) =0 (5.142)

At the heart of our proof is the following monotonicity argument. For all
pwel all T < T, and all [ # [y, we have

0= El(Tau7/\l<T7 N)) < El(Twua )‘lo(Tv /u))v (5143)

where the inequality holds by the variational principle applied to the operator

(Kr + V/\J)‘Hl and the observation that (5.140) is equivalent to A, (T, u) <
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M(T, ). (The inequality is strict because (a,Vyja) = —Aa(R)? is either

strictly monotone decreasing in A or identically zero and in the latter case the

energy has to be at least 27°.)

This would already prove (5.54) and (5.55) under the condition that one fixes
T < T, and determines A through (5.140). We find it physically more appealing
to fix A small enough and determine T instead. To this end, we observe
that 7' +— X\ (7, pt) is monotone increasing, because T — Kr(p) is monotone
increasing for every p > 0. Therefore, for every pu € I, we have the monotone

increasing inverse function

(07 /\lo (T*u M)) - (Ov T*)
A= T(A )

satisfying Ay, (T'(\, 1), ) = . To remove the p-dependence from the maximal
value for \, we set
A i=min AT, ) (5.144)

nel
and note that A, > 0 since the integral in (5.141) is continuous in p by domi-
nated convergence. For A < \,, (5.142) and (5.143) become

Elo (T(Av :u)a Ky /\) =0, El(T(/\v :u)v K )‘) >0, vi 7& lO-

This proves that for all x € I and all A < \,, there exists Ty < T (namely Ty :=
T'(A, ) such that (5.54) holds (modulo restoring the R parameter). Moreover,
(5.55) is a direct consequence of the explicit characterization of ker(Kr, + V)
in Lemma 5.7.1. Finally, (5.56) follows via the variational principle from the
observation that T — Kr(p) is strictly increasing for all p > 0 and so T' —
Ei (T, p, \) is strictly increasing as well, as long as it stays below 27 O]

Proof of (ii). Consider the function

Op @ p > /OOO %@ (Ti)2(p) = Ts5)o(p)) dp.

Claim: There exists Ty, > 0 such that for all 0 < T < T, there exists up > 0
such that op(ur) = 0. Moreover, \/lir — 212 as T — 0, where 2/ = min{z >

0: j12/2(z) = ‘752/2(2)}-

The claim follows essentially from the intermediate value theorem. Before

we give the details, we explain how one may conclude statement (ii) from
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the claim. Let 0 < T < T... By definition (5.141), dr(ur) = 0 implies
Mo(T, pr) = Ao(T, pr). By Lemma 5.7.1 and using the notation (5.142),

EQ(T, Hr, )\0<T, /LT)) = EQ(T, Hr, )\0<T, /JJT)) =0. (5145)

This implies C in (5.59) according to Lemma 5.7.1. Equation (5.60) follows

by the same monotonicity argument as in the proof of statement (i) above.

In order to prove (5.58) with the choices yu = pur and A = A\o(T, pr) and the
remaining O in (5.59), we shall show that there exists T, € (0, T..] such that
forall 0 < T < T,,

E(T, ur, \o(T, pur)) >0, VI >4,1is even. (5.146)

By Theorem 5.8.1 (ii) (with iy = 1) and Lemma 5.8.6, there exists an open

interval containing 2;/, such that

752/2 — sup \7111/2 > ¢ on this interval.
>4

I even

As in part (i), Lemma 5.7.2 provides T,, > 0 and an interval I’ containing zf/z
such that for all u € I, all T < T,, and all even [ > 4 we have

/ K \75/2( ) — \713-1/2(29)) dp>0. (5.147)

Since the second part of the claim gives upr — zf/Q as T'— 0, we may assume,
after decreasing T,, to T, if necessary, that upr € I' for all 0 < T < T,.
Therefore (5.147) implies that X\o(T, pur) = Ao (T, pr) < N(T, pr) for all T < T,
and all even [ > 4. By the same variational argument as in (5.143), this implies
(5.146).

We now prove the claim. The reader may find it helpful to consider Figure
5.1. Since u — Kr(p) is continuous for every p, u — dr is also continuous
by dominated convergence. Let x; (I = 0,2) denote the first maximum of
Jis1/2- 1t is well-known that zy < @ [145] and that J7)y(z0) > Ty (o) and
T2a(w2) > Tijp(w2) (which is also a very special case of our Theorem 5.8.1
(i)). By continuity these inequalities hold also in neighborhoods of z and xs.
Therefore Lemma 5.7.2 provides open intervals I; C R, (I = 0,2), containing
xr;, and a Ty, > 0 such that for all T < T,,, we have ér > 0 on I, and
0r < 0 on I. By the intermediate value theorem, for any 7' < T,, there is a

pr € [sup Iy, inf Iy] with dr(ur) = 0. This proves the first part of the claim.
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We are left with showing that |/iip — 21/ as T — 0. Since pg € [sup Iy, inf I5]
is bounded, it has a limit point as 7" — 0. We argue by contradiction and
assume that there is a limit point Z different from z;/,. By Lemma 5.8.6,
212 is also the position of the first critical point of Jj43/2. By the interlacing
properties of the zeros of Bessel functions and their derivatives, see e.g. [145],
212 € (@g,22) and there is no other point z € (xg,22) at which .712/2(,2) =
j52/2(z). Therefore ‘712/2 - j52/2 is either strictly positive or strictly negative
at Z and, by continuity, also in an open interval containing z. Lemma 5.7.2
provides an open interval I containing 22 and a T > 0 such that d7(u) is
either strictly positive or strictly negative for all T < T and W e I. Since
Z is a limit point of /ur, there is a sequence T,,, — 0 with ur,, — 72 In
particular, pp,, € I and T, < T for all sufficiently large m. Thus, o7, (uiz,,)
is either strictly positive or strictly negative for all sufficiently large m. This,
however, contradicts the construction of pr, according to which dr(ur) = 0
for all T' < T.,. Thus, we have shown that \/ur — 21/s. O

5.8 Properties of Bessel functions
While one might expect the following fact about Bessel functions to be known,

it appears to be new:

At its first mazimum, a half-integer Bessel function is strictly larger than (the

absolute value of ) all other half-integer Bessel functions.

The precise statement is in Theorem 5.8.1 (i) below. It extends to families of
Bessel functions {7, 4« }rez, with v € [0, 1], in particular to the family of inte-
ger Bessel functions. We acknowledge a helpful discussion on mathoverflow.net
[135] that led to Lemma 5.8.5.

Let Iy be a non-negative integer. We recall that the Bessel function Jj,1/2 (of
the first kind, of order I+ 1/2) vanishes at the origin and then increases to its
first maximum, whose location we denote as usual by jl’o 121 The following
theorem says that at jl/0+1/2,1> ~7z§+1/2 is strictly larger than any other jﬁrl/Q

with [ a non-negative integer different from I[,.

Theorem 5.8.1. Let Z. denote the set of non-negative integers and let ly €

7. Recall that jl,()+1/2,1 denotes the position of the first mazimum of Jjy41/2.
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Figure 5.1: A plot of the squared Bessel functions jlz/Q, j32/27352/2, .,3223/2.
Observe that in an open interval around its maximum, each function is the
largest one among all the shown ones (in particular it is the largest among all

the 7%, , according to Lemma 5.8.3).

(i) There exist € > 0 and an open interval I containing jl’0+1/2 | such that
(5.148)

~7z§+1/2 — Ssup \7zi1/2 >¢e onl
1674\ {10}

(i1) If lg > 1, then \7lo—1/2(jl/0+1/2,1) = ‘~7lo+3/2(jl/0+1/2,1) and there exist & >0

and an open interval I' containing jl’OJrl/Z1 such that
(5.149)

: 2 2 2 / !
mln{~7lo—1/2n7lo+3/2} - ;lupg Jij1p>¢€ onl.
>lo+
1=Tp odd

Remark 5.8.2. Statement (i) is the key result and implies Theorem 5.4.1 (i).

Statement (ii) is used to prove Theorem 5.4.1 (ii).
The proof of (i) in Theorem 5.8.1 is split into three Lemmata, each treating

one of the following three regimes of [:

£>::{ZGZ+ . l>l0},
L= {l €y 1 <ly, Jig1/21 > jz,0+1/2,1}7

Here, as usual, ji11/21 denotes the first positive zero of J1/2. The most

cumbersome regime is L. The proof there is based on a combination of some
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hands-on elementary estimates and bounds on the zeros of Bessel functions
and their derivatives, which we could not find in the usual reference books
[4],[173]. The first regime L. is the easiest

Lemma 5.8.3. There exist 1 > 0 and an open interval I; containing jl/0+1/2 1
such that
~7l§+1/2 - ?;lzp x713-1/2 >e only (5.150)
0

Proof. According to [117], the function
s s | (0)

is strictly decreasing. Therefore

1

€1 1= BY (jzi+1/2(jllo+1/2,1) - m;xx ~7l§+3/2(y))

is strictly positive. By continuity, there exists an open interval /; containing

Jiy11/2.1 Such that for all @ € I,

|~7l§+1/2(jz/(]+1/2,1) — T2 1 0(@)] < e

For x € I}, we have
~7l§+1/2($) - ?;1}) «7111/2(55) > —€1+ ~7l§+1/2(jz/0+1/2,1> - igp max jlilﬂ(y)
0 0

> —&1+ \7l§+1/2(jl,0+1/211) - hax ‘7l§+3/2(y)
= £1. —~

Lemma 5.8.4. There exist ¢o > 0 and an open interval Iy containing jl/0+1/2,1
such that
~7z§+1/2 — Sup *7l3-1/2 >y only
leL<
Proof. Since the supremum of finitely many continuous functions is itself con-
tinuous, it suffices to prove \7l§+1/2(j1/0+1/2,1) > ~7l2+1/2(jl/0+1/2,1) forevery l € L<.

We define the sequence {a;}cq. by

-7l+1/2(jl/o+1/2,1) = al~7lo+1/2(jl/0+1/2,1)- (5.151)

With this definition, the recurrence relation for Bessel functions from (9.1.27)
in [4] appears in the form of a second-order difference equation

[+1/2
o

a—1 = 2 ap — ap+1 (5152)
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with initial conditions a;, = 1 and a,—1 = (lo+1/2) /), 1 5~ 1t is well-known
that the latter quantity is strictly less than one, see eq. (3) on p. 486 of [173].
Moreover, a; > 0 for all [ € L<, because jj11/21 > jl/0+1/2,1 and all Bessel
functions are positive before they first become zero. An easy induction lets
us conclude from (5.152) that a; < a;4q < 1 for all I € L<. In particular,
ar < ay—1 = (lo+1/2)/jj 1151 < 1. Recalling the definition (5.151) of a;, this

proves the claim. O

We finally come to the regime L.. As a tool, we will use the “modulus”

Ml/ =/ j,,2 +y3>

where ), is the Bessel function of the second kind. The first two statements of

function defined by

the following Lemma are known facts about the modulus function. Statement

(iii) is the key result to derive (iv).
Lemma 5.8.5. (i) The map v — M, (z) is strictly increasing for all x > 0.

(i) For all x > v,

2 1
M? <
20) < 2o

(111) If lo > 11, there exists l; < ly such that we have both,

(iii-a) T2 100041 720) > ME 1000 41 /2.)
(i10-0) Ji1720 > 1 11/20

(iv) There exist e3 > 0 and an open interval I3 containing jl’0+1/2 , such that

2 2
Tigv1/2 = SUp Jihijp 2 €3 on I,
€L«

The intuition why such [; as in (iii) should exist is based on a heuristic ar-
gument of which we learned through [135], involving asymptotic formulae for
the relevant expression. To turn this into a rigorous proof, we need to replace
the asymptotics by bounds that hold for all Iy (or at least for all [y > 11). [78]
contains results which are sufficient for our purposes when combined with a

number of elementary estimates.

Proof. Statement (i) is a direct consequence of Nicholson’ formula, see p. 444
in [173], and the fact that Ky > 0. Statement (ii) is formula (1) on p. 447 of
[173].
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We come to statement (iii). For convenience, we write m = [ + 1/2, so in
particular my = lp + 1/2. We also abbreviate xy = jl’OJrl/2 ;- The basic idea
(inspired by asymptotics) is to choose

1/3
my = mo — CMy,

with ¢ small enough to have (iii.a) hold but large enough to have (iii.b) hold.
By (i), (iii.a) is implied by

2 1 )
—— < . 0.153
By [78], we have the lower bound
To > Mg exp <2*1/3a’1m52/3 — 1.O6mg4/3> (5.154)

for all mg > 11.5. Here, a} is the absolute value of the first zero of the
derivative of the Airy function, with a numerical value of about 1.018793.
From my > 11.5, we can conclude that the argument of the exponential in
(5.154) is greater than O.6m52/3. Thus, by the elementary estimate e? > 1+vy,
(5.154) implies the more manageable lower bound

To > Mg + 0.6m(1)/3

/3 with ¢ to be determined and using the above bound

Setting my = mg — cmy,
on o, as well as my > 11.5, we see that (5.153) is implied by
2 1
7v/1.26 1 2¢ — 0.19¢2

According to [117], v + v*? max, |7, ()| is an increasing function and so we

< (mé/?’ mjx\jmo(x)|)2 (5.155)

can estimate the right-hand side in (5.155) from below by v?/3 max, J,(x)? for
any 1/2 < v < my. Unfortunately, the numerical value one obtains for the
“worst case” v = 1/2 is not good enough to also get (iii.b). Instead, we assume
that ¢ <1 and use mg > 11.5 to get my — cmal/3 > 8.5 and so

2 2
(mé/3mgx|jmo(x)]> > ((8.5)1/3mgx|j8,5(x)|> > (.42

where the last inequality can be read off from a plot, for example. Therefore,
(5.155) holds if we can find ¢ < 1 that satisfies
2 1
T /1.26 + 2¢ — 0.19¢2
and it is easily seen that this holds for ¢ € [0.5, 1].

< 0.42 (5.156)

Now, we want to ensure that ¢ is also small enough to have (iii.b) hold, i.e.

Jmy > %o. To this end, we invoke two more facts:
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e the upper bound

zo < mg + 0.89m/”. (5.157)

This is a consequence of the bound
Ty < Mg exp <2_1/3a'1m52/3)

from [78], where again a} =~ 1.018793, by noting that mg > 11.5 implies
that the argument of the exponential, call it y, satisfies y < 1.59. On
[0,1.59], we can estimate exp(y) < 1+ 1.09y, as one can verify e.g. by
plotting and this yields (5.157).

e the lower bound
Gy > M+ 1.85m,"° (5.158)

which we obtained from the optimal lower bound proved in [149] by
rounding down. This is better than the bound one can derive from a

corresponding result of [78] as we did above.

From (5.157) and (5.158), we see that j,,, > xo will follow from

(mo — emi’™) + 1.85(mo — em®)V3 > mg + 0.89m,/*, (5.159)

Since ¢ < 1 and mg > 11.5, we have 1 — cm52/3 > 0.8 and so (5.159) is implied
by
c < (0.8)% % 1.85 — 0.89 = 0.827.

So any choice of ¢ € [0.5,0.8] will ensure that (iii.a) and (iii.b) hold.
We prove statement (iv). By continuity, it suffices to prove Jliﬂﬂ(asg) >

T () for all | € L (which we recall means | < ly with ji11/2 < x0). Assume

first that [y > 11. Choosing [; as in statement (iii), (iii.a) states

~7l§+1/2($0) > M121+1/2($0) (5.160)

and (iii.b) implies that [; € L<. By the monotonicity of v + j,, it holds that
| € L implies [ < [;. Thus, the definition of M, and statement (i) imply

Ty < Miayy < Mjy iy (5.161)

Together with (5.160), this implies (iv) for Iy > 11. Since for iy = 0,1 there
are no [ < lp, we may assume [y > 2. For 2 <y < 10, one can then check by
hand that (5.160) holds with the choice l; = [y — 2. Since [y — 1 € L<, we get
that | € L. implies [ <y and so (5.161) applies for all such . O
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Lemma 5.8.6. For any positive integer [,
min{z > 0 : \712—1/2(2) = ~713—3/2(2)} = jl,+1/2,1 (5.162)

and Ji-1/2, Ji1/2, Ji43/2 are positive on (Oajl,+1/2,1]'

Proof. We recall the recurrence relation from (9.1.27) in [4], which says that
for all v,z > 0,
jy—l(z) - jz/+1(z> = 2~71//<Z>

Applying this with v = [ 4+ 1/2, z = jzl+1/2,1 we obtain ‘71—1/2<jl/+1/271) =
J1+3/2(J141/2,1) and hence < in (5.162). Notice that by the interlacing prop-
erties of zeros and extrema of Bessel functions, see e.g. [145], jl,+1/2,1 is to
the left of the first positive zeros of Ji_1/2, Ji41/2, Ji43/2- Since Bessel func-
tions are positive before they reach their first positive zero, we conclude that
Ji-1/2, Ji41/2, Ji43/2 are positive on (O>jz/+1/2,1]- In particular, J,_1/2, Ji13/2
are positive at the left side of (5.162), call it z, and so we can take square
roots to get Ji_1/2(21) = Ji+3/2(2). By the recurrence relation from above,

\71;3/2(21) = 0 implying z; > jz/+1/2,1> as claimed. H
[t remains to give the
Proof of Theorem 5.8.1. Statement (i) is a direct consequence of Lemmata
5.8.3 to 5.8.5.
For statement (ii) we first observe that for any positive integer [,

~752—1/2 > \713-3/27 on (Ovjl/+1/2,1)' (5.163)

In fact, by standard asymptotics, this inequality holds near zero and, according
to Lemma 5.8.6, j;,, o, is the first point of intersection of \2271/2 and .7113/2.

Therefore the inequality holds on all of (O>jz/+1/2,1)= as claimed.

We now use the fact that jz/+1/21 is increasing in [ [145]. Choose I’ to be
an open interval containing jz/0+1/2,1 whose closure is contained in (0, jzl0+5/2,1)-
Then by (5.163) (with [ = [y + 2) and continuity there is an ¢ > 0 such that

‘-71(2)—1-3/2 2 *7l§+7/2 +¢ onl.
Applying (5.163) successively with [ =1y + 4,1y + 6, ..., we conclude that

2 2 / /
Tigrs2 2> sup Jiyp e onl,
1>lo+3
1—lp odd
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which is one part of the claim. Finally, we want to prove the same inequality
with jli—l/z on the left side (with possibly smaller ¢ and I’). Clearly, (5.163)
implies that this is true on I’ N (O’jl/0+1/2,1]' Now use continuity to find 6 > 0
such that \71371/2 > *7l§+3/2 —€/2 00 [Jj, 11215 Jly41/20 T 0] Thus,

jli—l/z 2 «7l§+7/2 +¢€" on[”

with € = €'/2 and I” = I' N (0, jj 1o, + ). As before, (5.163) now implies
the inequality in part (ii). This completes the proof. ]
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Chapter 6

CONDENSATION OF FERMION PAIRS IN A DOMAIN

Rupert L. Frank, Marius Lemm and Barry Simon

6.1 Introduction

We consider a gas of fermions at zero temperature in d = 1,2,3 dimensions
and at chemical potential u < 0. The particles are confined to an open and
bounded domain © C R? with Dirichlet (i.e. zero) boundary conditions. They
interact via a microscopic local two-body potential V' which admits a two-body
bound state. Additionally, the particles are subjected to a weak external field

W, which varies on a macroscopic length scale.

At low particle density, this leads to tightly bound fermion pairs. The pairs
will approximately look like bosons to one another and, since we are at zero
temperature, they will form a Bose-Einstein condensate (BEC). It was un-
derstood in the 1980s [119] [141]| that BCS theory, initially used to describe
Cooper pair formation in superconductors on much larger (but still micro-
scopic) length scales [14], also applies in this situation. Moreover, the macro-
scopic variations of the condensate density are given in terms of the nonlinear
Gross-Pitaevskii (GP) theory [60][148][151]. An effective GP theory was re-
cently derived mathematically starting from the microscopic BCS theory, see
[28]|94] for the stationary case and [91] for the dynamical case. This is in the
spirit of Gorkov’s paper [85] on how Ginzburg-Landau theory arises from BCS
theory for superconductors at positive temperature. The latter problem has
been intensely studied mathematically in recent years [73][75][74][76][95].

The papers mentioned above all work under the assumption that the system
has no boundary (either by working on the torus or on the whole space). In the
present paper, we start from low-density BCS theory with Dirichlet boundary
conditions and we show that the effective macroscopic GP theory also has

Dirichlet boundary conditions.

Our result is new even in the linear setting. The formal statement and its
comparatively short proof can be found in Appendix 6.12 and we hope that

this part may serve to illustrate the ideas. In a nutshell, in the linear case we
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consider the two-body Schrodinger operator

h? T —y
Hy = 5 (=Bae + W(2) = Doy + W(Y) +V [ —— |,
acting on L%(Q x ), where —Aq is the Dirichlet Laplacian. H} describes the

zty
2
and the relative variable x —y do not decouple due to the boundary conditions,

energy of a fermion pair confined to 2. While the center of mass variable

we show that, up to first subleading order as h — 0, the ground state energy
of H, can be computed in a decoupled manner. Namely, one can separately
minimize (a) in the relative variable without boundary conditions and (b) in
the center of mass variable with Dirichlet boundary conditions and combine
the results to obtain the leading and subleading terms in the asymptotics for
the ground state energy of Hy as h | 0. For the details, we refer to Theorem
6.12.1.

At positive temperature, de Gennes [58| predicted that BCS theory with
Dirichlet boundary conditions should instead lead to a Ginzburg-Landau the-
ory with Neumann boundary conditions. We believe that the discrepancy with
our result here is due to the fact that we study the system in the low density

limit.

BCS theory with a boundary
Let Q C RY, d = 1,2, 3, be open; further assumptions on 2 are described below.
In the BCS model, one considers so-called BCS states (also called “quasi-free”

states), which are fully described by an operator

r:(7 “ ) 0<T<1 (6.1)

a 1—7%
acting on L*(Q) & L*(Q). Physically, v is the one-body density matrix and
« is the fermion pairing function, see also Remark 5.2.1 (ii). The condition
0 <T <1 implies that 0 <y <1,a=a* and 0 < aa < v —~2 (The last
inequality can be proved by observing that v —~% — a@ is the top left entry of
the non-negative block operator I'(1 —I") and must therefore be a non-negative

operator as well.)

We let h > 0 denote the ratio between the microscopic and macroscopic length
scales; it will be a small parameter in our study. The energy of unpaired

electrons at chemical potential i < 0 is described by the one-body Hamiltonian

h=—h*Aq + B*W — pu, W:Q =R



117
Here, —Aq is the Dirichlet Laplacian on ). By definition, it is the self-adjoint

operator corresponding to the quadratic form
[ s, reHi@)
Q
The BCS energy of a BCS state I' is given by

ey =il + [[v (S5 lateldnay. (02

Here and in what follows, we denote by 7v(z,y) and a(z,y) the integral kernels
of the operators v and a. (The fact that v and « are indeed integral operators
is guaranteed by Definition 6.1.5 of admissible BCS states.)

Remark 6.1.1. (i) The formulation of the BCS model that we use is due
to [11][119]. A heuristic derivation from the quantum many-body Hamil-
tonian can be found in the appendiz to [89).

(i) The matriz elements of a BCS state I have the following physical signif-
icance. If we write (-) for the expectation value of an observable in the
system state, then y(x,y) = (ala,) is the one-particle density matriz and
alx,y) = {aza,) is the fermion pairing function. (Here al,a, denote the

fermion creation and annihilation operators.)

(11i) We ignore spin variables. Implicitly, the pairing function o(z,y) (which
is symmetric since a* = @) is to be tensored with a spin singlet, yielding

an antisymmetric two-body wave function, as is required for fermions.

(iv) For simplicity, we do not include an external magnetic field in the model.
There is no apparent obstruction to applying the methods with a suffi-
ciently reqular and weak external magnetic field as in [73][74]]94].

Throughout, we make

Assumption 6.1.2 (Regularity of V and W). V : R? — R is a locally in-
tegrable function that is infinitesimally form-bounded with respect to —A (the
ordinary Laplacian) and V' is reflection-symmetric, i.e. V(z) = V(—x). More-

over, —A +V admits a ground state of negative energy —Ej.

We also assume that W € LPW (Q) with 2 < pw < oo ifd=1, 2 < pyy < o0 if
d=2 and 3 < pw < o0 if d = 3.
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Remark 6.1.3. (i) The assumption that —A +V admits a ground state is

critical for the fermion pairs to condense. Without it, the pairs would
prefer to drift far apart to be energy-minimizing. (Strictly speaking, each
fermion pair is described by the operator —2A + 2V and has the ground
state energy —2E),. We have made the factor two disappear for notational

convenience; observe also the lack of a symmetrization factor 1/2 in front
of the V' term in (6.2).)

(ii) The integrability assumption on W is such that Wi € L*(Q) for every
v € Hy(Q) and the numerical value of pw is derived from the critical

Sobolev exponent.

Note that the assumption implies that W is infinitesimally form-bounded
with respect to —9. However, the assumption is stronger than infinites-
imal form-boundedness and the two places where we use this additional
strength are (a) for the semiclassical expansion (Lemma 6.3.2) and (b)

for Davies’ approzimation result (Lemma 6.7.2).

Assumption 6.1.4 (Regularity of Q). The open set Q C RY is a bounded

Lipschitz domain.

We recall that a set €2 is a Lipschitz domain if its boundary can be locally rep-
resented as the graph of a Lipschitz continuous function. The formal definition

is given in Appendix 6.11.

Definition 6.1.5 (Admissible states). We say that a BCS state I' of the form
(6.1) is admissible, if Tr[y}/2(1 — Ag)y"/?] < co. Here v'/? denotes the square

root in the sense of operators.

An admissible state T" has the integral kernel o € Hj(Q?) thanks to the oper-
ator inequality aa@ < v and a* = @ (we skip the proof, see the last step in the

proof of Proposition 6.4.2 for a closely related argument). We note

Proposition 6.1.6. 5505 is bounded from below on the set of admissible states
.

In principle, this is a standard argument based on the operator inequality aa <
~ and our assumption that V is infinitesimally form-bounded with respect to

—A. However, a little care has to be taken regarding the boundary conditions;
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we leave the proof to the interested reader because the required ideas appear

throughout the paper.

In this paper, we shall study the minimization problem

EPC% = inf E£VOS(D). (6.3)

' admissible *

Note that E/chs > —oo by Proposition 6.1.6. We are especially interested in
the occurrence of Efcs < 0 and in that case we say that the system exhibits

fermion pairing.

Here is the reasoning behind this definition: We will consider chemical po-
tentials © = —E, + Dh? with D € R so that b > 0 for h small enough, see
Proposition 6.5.3. Then EECS < 0 implies that any minimizer I' must satisfy

a # 0, i.e. it must have a non-trival fermion pairing function a.

Main results. We now discuss our main results in words, they are stated

precisely in Section 6.1 below.

By the monotonicity of u — EECS for every fixed h > 0, there exists a
unique critical chemical potential p.(h) such that we have fermion pairing iff
i > pe(h). The first natural question is then whether one can compute pu.(h).

In our first main result, Theorem 6.1.7, we show that
pe(h) = —Ey, + h*D, + O(h*"), ash 0.

That is, to lowest order in h, p.(h) is just one half of the binding energy of
a fermion pair. The subleading correction term D, € R is the ground state
energy of an explicit Dirichlet eigenvalue problem on € (the linearization of
the GP theory below).

Physically, the choice of u =~ p.(h) corresponds to small density; this is ex-
plained after Proposition 6.1.11. We expect that for p above and close to
te(h), the fermion pairs look like bosons to each other and (since we are at
zero temperature) the pairs will form a Bose-Einstein condensate, which will
then be describable by a Gross-Pitaevskii (GP) theory.

Accordingly, in our second main result, Theorem 6.1.10, we derive an
effective, macroscopic GP theory of fermion pairs from the BCS model for all
i = —Ey, + Dh? with D € R. The resulting GP theory also has Dirichlet

boundary conditions.
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Theorems 6.1.7 and 6.1.10 show that the boundary conditions make a signif-
icant difference on the (macroscopic!) GP scale, a physically non-trivial fact.

The results hold for the rather general class of bounded Lipschitz domains.

Related works. The BCS model that we consider has received consider-
able interest in recent years in mathematical physics. Most closely related to
our paper are the derivations of effective GP theories for periodic boundary
conditions in [94] and for a system in R* at fixed particle number [28]. The
dynamical analogue of this derivation was performed in [91]. The related, and
technically more challenging, case of BCS theory close to the critical tem-
perature for pair formation has also been considered: In [72][89], the critical
temperature was described by a linear criterion. The analogue of Theorem
6.1.7 for the upper and lower critical temperatures was the content of [74].
In |75, 76] and especially [73] effective macroscopic Ginzburg-Landau theories

have been derived.

We emphasize that all of these papers assume that the system has no boundary
(either by working on the torus or on the whole space) and the same holds
true for the resulting effective GP or GL theories. (We also mention that
the derivation in [28] depends on [[W{| e ge) < 0o and so one cannot obtain
the Dirichlet boundary conditions as the limiting case of a sufficiently deep

potential well from [28].)

Our main contribution is thus to show the non-trivial effect of boundary con-
ditions on the effective macroscopic GP theory. As we mentioned in the in-
troduction, this is in some contrast to de Gennes’ arguments [58| at positive

temperature and positive density.

Main result 1: The critical chemical potential

Considering definitions (6.2) and (6.3) of the BCS energy, we see that the
non-positive function p — EZ°® is monotone decreasing (and concave). This
allows us to define the critical chemical potential y.(h) as the unique number

(potentially infinity) such that
pe(h) :==inf {u <0 : EJ® <0} (6.4)

If pe(h) is finite, then the monotonicity and continuity of the function p —
EJBCS allows us to write {g : EPYS <0} = (pc(h), 00). The definition (6.4)

is analogous to the definition of the upper and lower critical temperature in
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[74], but the explicit dependence of the BCS energy on pu simplifies matters

here.

Our first main result gives an asymptotic expansion of yu.(h) in h up to sec-
ond order, where the subleading term D, is given as an appropriate Dirichlet

eigenvalue, namely
. 1
D. := inf specz(q) (_ZAQ + W) (6.5)

The result is the analogue of the main result in [74] for the critical temperature.

Theorem 6.1.7 (Main result 1). We have
pe(h) = —Ey + D.h* + O(h*), as h ] 0

The exponent of the error term is v := min{d/2,cq — 0} where § > 0 s
arbitrarily small and cq € (0,1] depends only on 2, see Remark 6.1.8 (iii)

below.

Remark 6.1.8. (i) It follows from the definition of D, that the Dirichlet

boundary conditions have a non-trivial effect on the value of p.(h).

(ii) The critical value D, is uniquely determined by ESY = 0 for D < D,
and EGY < 0 for D > D,, where ESY is defined in (6.7) and (6.8) below.
For the proof, see Lemma 2.5 in [T4].

(11i) The constant cq in the definition of v is the constant such that the Hardy
inequality (6.65) holds on Q. Under additional assumptions on ), quan-
titative information on cq is known: If Q is convex or if 002 is given as
the graph of a C* function, then cq = 1 which is optimal [30][132][154]
and if Q C R? is simply connected, then we can take cq = 1/2 [6].

(iv) The asymptotic expansion of u.(h) to this order is the same as the ex-
pansion of the ground state energy of the two-body Schrédinger operator
Hy, see Theorem 6.12.1. Intuitively, this is due to the fact that at p.(h)
fermion pairing just onsets, so the order parameter is small and the non-

linear terms become negligible.

Main result 2: Effective GP theory
Definition 6.1.9. (i) We write o, for the unique positive and L*-normalized
ground state of —A+V. By definition, it satisfies (—A+V)a, = —Eya.
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We let
gnes = (2m) / (7 + B[ (p)*dp. (6.6)

R4
(ii) For any D € R and ¢ € HY(R?), we define the Gross-Pitaevskii (GP)

enerqy functional by

&) = [

Rd (i’vw(X)P +(W(X) = D) (X)) + QBCSW(X)]4) dX.

(6.7)
Here and in the following, we extend W : 2 — R by zero to obtain a

function on R? to compute the integral.

(iii) Given a domain U C RY, we will consider its Dirichlet GP energy, defined

as

EGh = inf E5F(v). (6.8)
weH(U)

Here and in the following, we extend ¢ € HY(U) by zero to obtain a
function in HY(R?).

We now state our second main result. It says that the GP theory £5F arises

from ngbi pr2 as the scale parameter h goes to zero.

Theorem 6.1.10 (Main result 2). Let u = —E, + Dh* with D € R.

(i) As h |0, we have
EPCS = n* 1 EST) + O(h* "), (6.9)
where v is as in Theorem 6.1.7.
(ii) Let Q be convezr. Suppose that I' is a BCS state such that
EXON(T) < EJCS 4 entd

for some small e > 0. Then, its upper right entry « in the sense of (6.1)

can be decomposed as

oz, y) = hh (:’fzﬂ) @, (5‘ - y) Le ("” ; Y o y> (6.10)

with ¢ € H{(Q) satisfying EGF () < EGH+e+0(h”) and & € Hy(Q2xRY)
such that

€172 0nma) + PEIIVEN T2 @uga) < OB, (6.11)
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The interpretation of Theorem 6.1.10 (ii) is that GP theory describes the

center-of-mass part of the fermion pairing function of any approzimate mini-
mizer of the BCS energy. To see this, observe first that £ is an error term in
(6.10), because for the first term in (6.10) the norm in (6.11) is of order A2~
Therefore, to leading order in h, the fermion pairing function of any approx-
imate BCS minimizer is of the form v (x—;w) Qy (x—;y) Here «, describes the
pair binding on the microscopic scale h. By contrast, ¢ describes the center-
of-mass of the pairs on a macroscopic scale and it must be an approximate

minimizer of the GP energy.

If © is not convex, one can still get a weaker version of Theorem 6.1.10 (ii)
in which 1 and the Dirichlet energy live on a slightly enlarged domain, see
Theorem 6.2.1 (LB).

We close the presentation by explaining why the choice of y = —E, + Dh?

corresponds to a low density limit.

Proposition 6.1.11 (Convergence of the one-body density). Let I be a BCS
state satisfying the inequality ngbiDhg(F) < Ef?gbiDW + o(h*?) (e.g. T is
an approzimate minimizer as in Theorem 6.1.10 (1)) and let p, denote its

one-body density (i.e. p,(z) = vy(x,x) if v is continuous). Then we have
hi=2p, — |02, i LPw(Q) (6.12)

where 1, is a minimizer of ESY. ply, is the Hélder dual exponent of py .

We mention that minimizers of EGF exist and are unique up to a complex

phase by Proposition 6.2.5 (though they may be identically zero).

The proof of Proposition 6.1.11 is in Appendix 6.9. It is a classical argument
which is based on Theorem 6.1.10 and the fact that the one-body density p,
and the external field W are “dual variables” [84][129].

Note that we can test (6.12) against the indicator function 1 to obtain the

expected particle number

N = / poda = hH/ 1. 2dx + o(h*™),
Q Q

compare (1.14) in [94]. The expected particle density in microscopic units is
given by
WIN = B?[[u|72(q) + o(h?) — 0.
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We see that our scaling limit indeed corresponds to low density. (We point
out that the physical model is somewhat pathological in d = 1 because even
N will go to zero as h — 0. Since N is only the expected particle number,
the model still makes sense in principle, but it is of course debatable that

statistical mechanics still applies in this case.)

Outline of the paper

The proof of the main results is based on two distinct key results.

e In key result 1 (Theorem 6.2.1), we bound the BCS energy over €2 in
terms of GP energies on a slightly smaller domain than Q (upper bound)
and on a slightly larger domain than 2 (lower bound). If 2 is convex,
the lower bound simplifies to the GP energy on (2 itself. The general
strategy here is as in [73][91]|94], though some technical difficulties arise
from the Dirichlet boundary conditions, see (i) and (ii) below. This part

only requires {2 to have finite Lebesgue measure.

e In key result 2 (Theorem 6.2.2), we show that the GP energy is contin-
uous under approximations of the domain €2, if {2 is a bounded Lipschitz
domain. The idea is to use Hardy inequalities to control the boundary de-
cay of GP minimizers using the fact that these lie in the operator domain
of the Dirichlet Laplacian. This approach is due to Davies [54/|55] who
treated the linear case of Dirichlet eigenvalues. (Davies does not treat
continuity under exterior approximations because a Hardy inequality is

not sufficient for this to hold, see the example in Remark 6.2.4)

We point out that key result 1 concerns the many-body system. Key result 2,
by contrast, is a continuity result for a certain class of nonlinear functionals

on R? and is based on ideas from spectral theory and geometry.

In Section 6.2, we present the two key results in detail and derive the two

main results from them.

In Section 6.3, we present the semiclassical expansion (Lemma 6.3.2). This is
an important tool in the proof of all parts of Theorem 6.2.1 (key result 1). The
version here is very close to the one in [28], though we generalize it somewhat

as described in (iii) below.
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In Section 6.4, we prove the upper bound part of Theorem 6.2.1. We con-
struct a trial state following [28][91], with an appropriate cutoff to ensure that
it satisfies the Dirichlet boundary conditions. The semiclassical expansion
then yields an upper bound by a GP energy in a slightly smaller region than
2. One finishes the proof by applying the continuity of the GP energy under

domain approximations (key result 2).

In Sections 6.5-6.6, we prove the lower bound part of Theorem 6.2.1. The

overall strategy is as in [28][73|: One first proves an a priori decomposition

result yielding (6.10) for the off diagonal entry a of any approximate BCS

minimizer T' (with H' control on the involved functions). This is Theorem

6.5.1 and it shows that the GP order parameter is naturally associated with
+y

the center of mass variable ¥ (living on the macroscopic scale). Then, one

can use the semiclassical expansion on the main part of « to finish the proof.

While the overall strategy is as in [28]|73], there are some significant difficulties

due to the boundary conditions:

(i) The boundary conditions prevent the variables in the center of mass
frame from decoupling as usual. This poses a problem, because the
GP energy/order parameter should only depend on the center of mass
variable. The solution we have found to this is to forget the boundary
conditions in the relative coordinate altogether. (Note that this gives a
lower bound, since Dirichlet energies decrease under an increase of the
underlying function spaces.) In this way, we decouple the variables in
the center of mass frame. Moreover, one has not lost much, thanks to
the exponential decay of the Schrédinger eigenfunction «, governing the

relative coordinate via (6.10). This idea is most clearly seen in Appendix

6.12.
(ii) The center of mass variable 3¥ naturally takes values in the set
= Q+Q
Q=—-.
2

After some steps in the lower bound, we are led to a GP energy on Q.
Note that when € is convex, Q = Q and so one is essentially done at
this stage. If (2 is not convex, however, some additional work is required.
The idea is to use the exponential decay of a, again, the details are in
Section 6.6.
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(iii) We observe that the arguments from [28| can be extended to dimensions
d = 1,2 and to external potentials which satisfy W € LPW (2). We do not
see, however, that the arguments can be extended to the case W = oo

on a set of positive measure (i.e. the Dirichlet boundary conditions).

In Section 6.7, we prove key result 2, Theorem 6.2.2. The crucial input
are Davies’ ideas [54][55] of deriving continuity of the Dirichlet energy under
domain approximations from the Hardy inequality, see Lemma 6.7.2. Along
the way, we need Theorem 6.7.3 which says that the Hardy inequality holds
along a suitable sequence of exterior approximations €2, to 2, with uniform

dependence of the Hardy constants on ¢, and may be of independent interest.

Theorem 6.7.3 is proved in Appendix 6.11 by extending Necas’ proof [140] of
the Hardy inequality on any bounded Lipschitz domain. The appendix also
contains the proofs of some technical results used in the main text, as well as
a presentation of the linear version of our main results, the asymptotics of the
ground state energy of the two-body Schrédinger operator Hj mentioned in

the introduction (see Appendix 6.12).

Notation. We write C, ", ... for positive, finite constants whose value may
change from line to line. We typically do not track their dependence on pa-
rameters which are assumed to be fixed throughout, such as the dimension d
and the potentials V and W. The dependence on D will be explicit only where

relevant.

We will suppress the parameter dependence on p and D in the following. That

is, we will write £7¢° = £PCS EEP = £9F  ete.

Finally, we will abuse notation and identify a function ¢ € H}(U) on some
domain U C R? with the function on R? that is obtained by extending v by

zero. We note that this extension lies in H*(R?)

6.2 The two key results
Key result 1: Bounds on the BCS energy
We bound the BCS energy on €2 in terms of GP energies on interior approxi-

mations of ) for an upper bound (“UB”) and on exterior approximations of
for a lower bound (“LB”).
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Let 2 C R? be an open set of finite Lebesgue measure. For ¢ > 0, define the

interior and exterior approximations of 2
Q, ={X €Q : dist(X,Q°) > (}, (6.13)
Qf ={X e R? : dist(X,Q) < (}, (6.14)
and define QF := Q.
Theorem 6.2.1 (Key result 1). Let £(h) := hlog(h™9) with ¢ > 0 sufficiently
large but fized. Let u = —Ey + Dh? for some fized D € R. Then:

(UB) For every function i) € H&(Qe_(h))’ there exists an admissible BCS state
Iy, such that

EFCH(Ty) = BT (0) + O™ ) (1015 ay + 101571 ey (6:15)
The tmplicit constant depends continuously on D.

(LB) Let T be an admissible BCS state satisfying EPS(T) < Crh*=¢. Then,
there exists 1 € Hy(SY,,)) such that

5BCS(F) > h4—dgGP(¢) + O(h4_d+yl), (616)

where v/ = min{d/2,1}. Moreover, there exists £ € H}(Q x R%), Q :=

%, such that o can be decomposed as in (6.10) and we have the bounds

1990200, ) < Cllellsqas, ) < OC1),

112 ey + P IVEN 2 gy < OB ) (([1[32 ) + Cr)

The implicit constants depend continuously on D.

(6.17)

(LBC) If Q is convex, then one can take ((h) = 0 everywhere in (LB). In par-
ticular, there exists ¢ € Hy () such that

EBCS(T) > WA1ECT (1) + O(h=4H), (6.18)

Key result 2: Continuity of the GP energy under domain approxi-
mations

The following theorem says that, on any bounded Lipschitz domain €2, we have
continuity of the GP energy under domain approximations. The continuity is
derived from the Hardy inequality (6.65) in an approach due to Davies [54][55],
see also [68]|. The details are in Section 6.7.

We recall Definition 6.1.9 of the GP energies and the conventions made therein.
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Theorem 6.2.2. Assume that € is a bounded Lipschitz domain. For { > 0,
define QF as before in Theorem 6.2.1. Then, there exists a constant cq € (0,1]
such that

|Eg; — E§P| < O(12). (6.19)
Moreover, the statement holds irrespectively of the value of the parameters
gpos and D in (6.8). In particular it holds for gpcs = D = 0 and then it

shows that
. 1
|DE(0) — D.| < O(t2), DE(() = inf spec2 (_ZAQZi + W) . (6.20)

Here D. = D*(0) is defined in (6.5).

Remark 6.2.3. The constant cq is the same as in Theorem 6.1.7; see Remark

6.1.8 (iii) for quantitative results on cq if more information on Q) is known.

We close with a cautionary example, which shows that a two-sided continuity
result such as (6.19) cannot be valid without additional assumptions on the

regularity of the boundary 0f2.

Remark 6.2.4 (Exterior approximation is delicate). Consider the slit domain
Q=1[-1,12\ ((=1,0] x {0}). The slit will disappear for any exterior approxi-
mation QU (¢ > 0) and this will lead to an order one decrease of the GP energy.
Therefore, the GP energy on () is not continuous under exterior approxima-
tion. (However, it is conlinuous under interior approzimation: As discussed
in Section 6.7, this follows from the validity of the Hardy inequality (6.65) on
Q, and since Q C R? is simply connected, it satisfies the Hardy inequality with

On GP minimizers

We collect some standard results about GP minimizers for later use. We recall
Definition 6.1.9 of the GP energy.

Proposition 6.2.5. (i) For any v € H'(R?), we have the coercivity in-
equality
EL () > Ol gay — (C2 + D)?, (6.21)

where the constants C,Cy > 0 are independent of D.
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(i) Let U C RY be an open set of finite Lebesque measure. Then EGT >
—00. Moreover, there exists a minimizer for EST and it is unique up to

multiplication by a complex phase. Minimizing sequences are precompact
in Hy(U).

(11i) There exists C' > 0, independent of U and D, such that the minimizer

Y, corresponding to ESY satisfies

1AvY 2@y < COL+ DDl wy + 194l 0))- (6.22)

For completeness, the standard proof of these results is included in Appendix
6.8.

Derivation of the main results from the key results

In this section, we assume that the two key results (Theorems 6.2.1 and 6.2.2)
hold.

Proof of main result 1, Theorem 6.1.7

Upper bound. Let gy = —E,+ Dh? with D = D, + Cyh” for some constant
Co > 0 to be determined. We will show that for large enough Cy > 0, there
exists an admissible BCS state I" such that

EBCS(T) < 0. (6.23)

By Definition (6.4) (and the comment following it), this implies the claimed
upper bound p.(h) < —FEy + D.h? + Coh*™.

We let £ = {(h) = hlog(h™9) with ¢ > 0 large enough and we recall definitions
(6.13) and (6.20) of Q, and D_ (¢). Following [74] p.209, we choose 1 = 61y,
where § > 0 and ¢, € Hj(Q;) is the eigenfunction

(—Aq- + Wi = D (0)ik.
Optimizing over 6 yields
EP () =—-C(D - D;(0)?  6=C\/D—D:({). (6.24)

Hence, any relevant norm of 1) = 01, is proportional to /D — D2 (¢). Since
(S H&(Q;(h)), we can apply Theorem 6.2.1 (UB) to get an admissible BCS
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state I'y, such that
hIAERC(Ty) =97 () + O ) (19171 may + 191|571 (e
=~ C(D = DZ(0))? + O )(O*||tbell 1 ray + O 19ell 1 rey)-

We have the a priori bound |[¢|| g1 (gey < O(1). Indeed, the infinitesimal-form
boundedness of W with respect to _AQZ implies

[Vell vy — € < D (€) < D, (),
where £y > 0 is fixed. In the second step, we used the fact that Dirichlet
energies increase when the underlying domain decreases.

By our choice of D and the last part of Theorem 6.2.2, there exists C; > 0
such that
D =D.+ Cyh” > D_({) + (Cy — Cy)h”

and so, for Cy > Cf,
hI=AEBCI(T,) < —C(Cy — C1)*h* + O(h*)(Co — Ch).

We recall that the implicit constant depends on D in a continuous way. Let Cs
denote the maximum absolute value that this constant takes on the interval
[D. — 1,D. + 1]. We choose Cy = 2C5/C + Cy. Then, for all small enough
h >0, D= D.+ Coh” € [D.—1,D, + 1] and consequently

hiEBOS(T,) < h2(Cy — Cy)(—C(Co — Cy) + Cy) < 0.

This proves (6.23) and hence the claimed upper bound on f.(h). O

Lower bound (convex case). Let u = —Fy+Dh*and D = D.—Cyh” with
Cp to be determined. Let I be a BCS state satisfying E8¢9(T") < 0. We will
show that I' = 0 and this will prove the claim p.(h) > —FE, + h*>D. — Coh*™.

Assumption 6.1.2 on W implies that it is infinitesimally form-bounded with
respect to —Aq on H}(Q2) and from this one derives that b > 0 for sufficiently
small h, see Proposition 6.5.3. Therefore, the zero state is the unique minimizer
of the first term Tr[hy] in 89S and it suffices to show that o = 0 to get T' = 0.

We apply Theorem 6.2.1 (LBC) with Cr = 0 and obtain ¢ € H}(£2) such that

0> h1EPES(T) > 97 (1) + O (") 1931 -
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We drop the (non-negative) quartic term in £ for a lower bound and use
the definition of D, to get

ET () > (Do = D)||¥[I72(0

The analogue of the first relation in (6.17) in the convex case is Hd}H%{l(Q) <
0
CllY[|72q- Tt gives

0> (C(De = D)+ O(W) ¥l 0y (6.25)

Recall that the implicit constant depends on D in a continuous way and let
Cy denote its maximum value on the interval [D. — 1, D. + 1]. Taking D =
D. — Cyh” with Cy = 2Cy/C, we get from (6.25) that ¢» = 0 for small enough
h > 0.

Since Cr = 0, the analogue of the second bound in (6.17) in the convex case

yields £ =0 and so a = 0 as claimed.

Lower bound (non convex case). We write { = ¢(h) throughout. We

apply Theorem 6.2.1 (LB) and argue as in the convex case to find
0> hHEPCHT) > (D (0) = D + O(h)|[ |72 0)-

Now, the last part of Theorem 6.2.2 gives D} (¢)—D+O(h") = D.— D+O(h").
This can be made positive by choosing Cj large enough in the same way as
above. We conclude that ¢y = 0 and so £ = 0 by (6.17) and Cr = 0 (since we
assume EPC9(T) < 0). This completes the proof of Theorem 6.1.7. O

Proof of main result 2, Theorem 6.1.10

We let 4 = —E, + Dh? with D € R fixed and we let ¢(h) = hlog(h™?), with
q > 1 large but fixed.

Upper bound. By Proposition 6.2.5, the minimization problem ng has
o(h)

a unique minimizer, call it ¢_ € H&(QZ(h)>' We apply Theorem 6.2.1 (UB)
with 1) = 1)_ to obtain an admissible BCS state I'y,_ such that

EPCY < €53y ) =hT1E (o) + O™ ) (0= 31 ey + 1=l )

§h4‘dEGf) +O(R (1 + ESE )2

Qah £(h)
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In the second step, we used the fact that ¢)_ is a minimizer and the coercivity
(6.21).

Now we apply Theorem 6.2.2. Since £(h) = O(h'~°) for every § > 0, we get
EBCS < h4—dEgP + O(h4—d+u)

where v is as in Theorem 6.1.7.

Lower bound. Thanks to the upper bound right above, for any minimizer

I' of the BCS energy, we have
8BCS(F) < h4—d(EgP _|_€)

for all ¢ > 0. In particular, E899(T") < Crh*~? and so T satisfies the assump-
tion in Theorem 6.2.1 (LB) and (LBC).

If © is convex, the claim follows directly from Theorem 6.2.1 (LBC).

If 2 is a non convex bounded Lipschitz domain, Theorem 6.2.1 (LB) yields

(VRS H&(Qj(h)) such that

EBCS<F) > h47d5GP(w) + O<h4fd+1/) > h4degf + O(h4fd+1/).

o(R)

The lower bound now follows from Theorem 6.2.2. This finishes the proof of
Theorem 6.1.10. [

6.3 Semiclassical expansion
We state an important tool for the proof of Theorem 6.2.1, the semiclassical

expansion. The version here is essentially the one from [28].

Though not strictly necessary for the result, it will be convenient for us to

assume the following decay condition

Definition 6.3.1. We say that a function a € L*(R?) decays exponentially in
the L? sense with the rate p, if

/[Rd ela(s)ds < oo. (6.26)

Recall that o, denotes the unique ground state of —A + V. It is well known
that weak assumptions on the potential V' imply the exponential decay of «,

in an L? sense. The fact that infinitesimal form-boundedness of V is sufficient
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is essentially contained in [160] but was known to the experts even earlier.
That is, there exists p, > 0 such that

/ 218l o, (5)]2ds < oo. (6.27)
R4

In particular, we can apply the following lemma with a = «, later on.

Lemma 6.3.2 (Semiclassics). For 1, a € H'(R?), we set

ay(z,y) == h™% (m;—y) a (I ; y) . x,y € RL (6.28)

Suppose that a(x) = a(—z) and that a decays exponentially in the L? sense of
Definition 6.5.1.

Then:

(i)
(125 = el + [V (552 loutoPady

=h= P13 ey (a]—A + B, + V] a)
5 h2_d ) . ,
+ llallZz o) (annmm +h (B, — muwwm) .

(1) There exists a constant C' > 0 such that

W o] - ol [ WOOWCORAX]

<Ch a2 g [|W [l ow ) 191 -

(iii) Let
gpos(a) : = (2m) / (7 + Ey)la(p)|'dp,
R (6.29)
go(a) : = (2m)~* 5 la(p)[*dp

Then, as h | 0,
Te[(=h%0 + By + h*W)a,a,a,0,)]
=h"gpos(@)[|[¥] 1agay + OB ™[] 51 ray,

and
— . = __ 1—d 4 1-d 4
Trlayagagay] = h™go(@)[[¢|| 74 gay + O(R ™ )[Y]311 (gay-
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Lemma 6.3.2 was proved in in [28] for d = 3, a = ha,, W € L>(R?) and at
fixed particle number. We sketch the proof in Appendix 6.10 to show that it

generalizes to the present version.

Remark 6.3.3. 7o see that gpos(a), go(a) < oo, observe that the decay as-
sumption (6.26) implies a € L*(RY) N HY(RY) and so @ is bounded.

6.4 Proof of Theorem 6.2.1 (UB)
The idea of the proof is to construct an appropriate trial state and then to use

the semiclassical expansion from Lemma 6.3.2.

The trial state
The trial state I'y is defined as in [28], following an idea of [91], see (6.31)
below. However, we multiply «, by an appropriate cutoff function y, in order

to satisfy the Dirichlet boundary conditions in the relative variable.

Definition 6.4.1 (Trial state). Let x € C>*(R%) be a symmetric cutoff func-
tion, i.e. x(r) = x(=r), 0< x <1 and x =1 on By and suppx C Bsy. Let
0(h) = ho(h) with limy,_o ¢(h) = 0o and define

a(r) =y ( ¢(Th)> ho (7). (6.30)

For any ¢ € H*(R?), we define a, by (6.28) and

a
Y= o (LR Pagaaay,  Ty=( 0 ™ )0 (631
ay 1—=7y

Proposition 6.4.2. Let ¢ € H(}(Qg_(h)). For all sufficiently small h, T'y, is an
admissible BCS state.

Proof. 0 < T, < 1 holds by a short computation, see [28]. We show that
ay € Hi(Q%). First, we observe that suppa, C Q%. To see this, we note that
suppy C Q;(h) and suppa C suppx(-/¢(h)) C Bsgny/2 and therefore

Tty

. ZL'
suppay C {(Ly) e R xR’ : € iy . e B3€(h)/4}

where we also used h¢(h) = ((h). By construction, dist(*3¥,Q°) > ¢(h) and

by expressing

[Tty  x—y x+y_$—y
(Imy)_( 2 + 2 I 2 2 )7
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we obtain that, indeed, suppa, C Q%
It remains to show that, after extending ¢ and a by zero to R? we have
ay € H'(R? x RY). By using a(r) = a(—r) to symmetrize the derivatives and
changing to center-of-mass coordinates (6.40), we indeed get an upper bound
on |lay||gi(rixrey in terms of the (finite) quantities ||[¢|| g1(gey and ||al| g1 (ga).
We leave the details to the reader, as similar computations appear several

times in the lower bound, see e.g. the proof of Lemma 6.5.2.

This proves a, € HJ(2?). To see that v, satisfies Definition 6.1.5, we note
that v, < 3ayay since aga, <7, < 1. We can then bound

\/1 — AQ’Y¢\/1 — AQ Sg\/l — Agaw@\/ 1— AQ
:3\/1 — AQCW, (\/1 — AQCH/))*

by a product of two Hilbert Schmidt operators and therefore it is trace class.
]

Controlling the effect of the cutoff

When we apply the semiclassical expansion in Lemma 6.3.2, we want to remove
the effect of the cutoff, i.e. we want to replace a by a., up to higher order
corrections. We will get this from the estimates in Proposition 6.4.3 below,

which follow essentially from the exponential decay (6.27) of a..

We recall definition (6.29) of gpcs(a) and go(a).

Proposition 6.4.3. We have

lall72ga) = h* (1 + O(e™?2M)) | (6.32)
gpos(a) = h* (gpes + O(e 7+2M/2)) | (6.33)
go(a) = h* (go(aw) + O(eP+?M/2)) | (6.34)
(a|=A+ By + V|a) = h*0(e~20+2M), (6.35)

Proof. For (6.32), we observe

2
ha|? 2 may — a2z :h2/ P 1= ! d
[heul72ray — llall72ra) N v (7)] X\ sm r

ghz/ |, (1) 2drr < Ch2e= 29,
B

()
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In the last step, we used the fact that «, satisfies the decay assumption (6.27).
This proves (6.32) since |||/ p2re) = 1.

To get (6.33), we first write
[ha " —[af* = ([ha.]* + %) (|ha.| + [a]) ([ha.] — la]). (6.36)

The smallness comes from the last term. Indeed, the decay assumption (6.27)

gives

sup ||hai(p)| — [a(p)|| < sup |ha.(p) — a(p)| < ||ha. — a1 (ray
peR peR?

Sh/ v (r)|dr = h/ o (r)|e”* e P+ dr < CheP+4)/2,
B B

b(n)
Note also that (6.27) implies ||@. || poogay < (27) "2 ||ov.]| 1 ey < C and conse-
quently @l e (rey < Ch. Applying these estimates to (6.36), we get

(h)

ha.|* — |a]* < Ch2e»¢M/2 (|ha, |2 + |a[?) .

Recall the definition (6.29) and observe that gpcs(a.) = gpcs from (6.6).

Hence,

lgpes(a) — higpes| <Ch?e P=ot/2 /d(p2 + By) (|ha.]? + |af?) dp
R
<2 (B2 By + ol ) -

To conclude the claim (6.33), it remains to see that ||al|3, gs < Ch* as h | 0.

For the L? part of the H! norm this follows from y? < 1. For the derivative
term, we denote x;, = x(-/¢(h)) and use the Leibniz rule to get

||VC‘H%2(W) < 21 <HXhVOé*H%2([Rd) + HO‘*VXhH%Z(Rd)) :
For the first term, we use x? < 1 to get
0V 2y < 100 Ve ey < €.
The second term is in fact much smaller:
s T2 ey < Ce20-50), (6.37)
Indeed, by Hélder’s inequality and (6.27) we have

”Of*VXhH%%ned) :Ha*thH%Q(Bw(h)\Bd)(h)) < 6_2p*¢(h)HVXhH%oo(ued)

2672p*¢(h)¢(h)72HVXH%oo([Rd) < Ce?e0t,
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In the last step we used ¢(h) — oo as h — 0. This proves (6.37) and completes
the proof of (6.33). The argument for (6.34) is even simpler.

Finally, we come to (6.35). Since (—A + E, + V)a, =0,
(a|=A+ B+ V]a) = hial[=A, xa]| o) = 1*[lanV x|z (gay.
Therefore, (6.35) follows from (6.37) and Proposition 6.4.3 is proved. O

Conclusion

Given a function ¢ € H&(Q;(h)), we define I'y, as in Proposition 6.4.2. We have

— xr —
eos(ry) =t + [[ v (55 oo Pascy
R4 xR
+ (1 + B2 Tr[payaga,ay).

We apply the semiclassical expansion in Lemma 6.3.2 (note that the assump-
tions are satisfied by a, since it is as regular as a, and of compact support).
We find, using D = h=2(u + Ey),

gBCS(Fw)
=09 [|72 gay (@ [~ A + By + V] a)
2 h2id V 2 o hQ*dD 2
+ HC‘HL2([Rd) 4_” 2/’”L?([Rd) H¢|’L2(Rd)
ol [ WOOWEOPAX + h-gmcs(a) 0]
+O(h°™ ) (115 ey + 1915 vey)

The main term in this expression is h*~? times the GP energy defined in
(6.8), up to errors which are controlled by Proposition 6.4.3 and the choice
¢(h) =log(h~9) with ¢ sufficiently large compared to 1/p,. We find

EPCN(Ty) = 97 () + (O(h*™) = CR D) (10l 3p1 ey + 19131 (1))

Note that the constant in front of the error term is an affine function of D; in

particular it is continuous in D. This proves Theorem 6.2.1 (UB). O

6.5 Proof of Theorem 6.2.1 (LB): Decomposition
We prove Theorem 6.2.1 (LB) and (LBC) together. (The situation will dras-

tically simplify for convex € in due course.)
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In this first part of the proof, we consider any BCS state I' satisfying £2¢%(T") <
Crh*~? and we show that its off-diagonal element o can be decomposed as in

(6.10), with good a priori H' control on all the functions involved. Recall that

g.- 2t
2

Theorem 6.5.1 (Decomposition and a priori bounds). Suppose that p =
—Ey + Dh? for some D € R and that T' is an admissible BCS state satisfying
EBCS(T) < Crh*=. Then, there exist v € HY(Q) and & € HY(Q x RY) such
that o, the upper right entry of T', can be decomposed as in (6.10). Moreover,

we have the bounds

IVl 2y < CllYll ey < O1),

) (6.38)
113 2 ey + BIVEN 2 @rmay < OB (11132 + Cr)-

The implicit constants depend continuously on D.

The key input to the proof is the spectral gap of the operator —A + V above

its ground state energy —FEj.

Center of mass coordinates
Define the set

D::{(X,r)eQde : X+§,X—£EQ}.

Lemma 6.5.2. Suppose that i = —FEy, + Dh?. Let T’ be an admissible BCS
state. Set a(X,r) := a(X +1r/2,X —r/2) so that & € Hj(D). Then, for
sufficiently small h > 0, we have

EBOS(T) > //d(X, r) ( — %QAX — RN, +RPW(X +7/2) — p

+ V(T/h)) a(X,r)drdX + %Tr[o@oﬂ].

We separate the following statement from the proof for later use. The constant

1/2 is not sharp, but it is sufficient for the purpose of proving a priori bounds.

Proposition 6.5.3. For h small enough, b > E,/2 > 0.



139

Proof. By Assumption 6.1.2 W is infinitesimally form-bounded with respect
to —Aq. Hence, |W| < —%5 +C and b > —%25 — st — h%C hold in the sense
of quadratic forms. Since p = —Ej, + Dh?, this implies that b > % for small
enough h > 0. O]

We come to the

Proof of Lemma 6.5.2. The key input is that for any BCS state, we have the
operator inequality aa + 72 < 7. For small enough h, we have h > 0 by

Proposition 6.5.3. Hence, we can apply aa + % < v to the term Tr[hy] =
Tr[h/2vH'/?] in the BCS energy to get

EPYS(I) > Tr[poa + / / 1% (%) lo(z, y)[Pdady + Tr[py?].  (6.39)
o

We estimate the last term further. By Proposition 6.5.3, aa <~ and the fact

that A — Tr[A?] is operator monotone, we have
E E
Tr[hy?] > é’Tr[vz] > %Tr[oﬂo@].

We now rewrite the first two terms in (6.39) in center of mass coordinates.

Using a(z,y) = a(y,z) (I' is Hermitian), we can write out the first term as

xr —

Tr[haa] = //m (—hQAx FRRW(2) — p+ V ( . y)) a(z, y)dzdy
L

_ //m (-%QAx — %QAy +h2W () —p+V (%)) a(r,y)dzdy.

Now we change to center-of-mass coordinates

r+y

X = ,
2

r=gx—uy, a(X,r)=a(X +7r/2,X —r/2). (6.40)

Since the Jacobian is equal to one and A, + A, = %AX + 2A,, Lemma 6.5.2
follows. O]

Definition of the order parameter
An important idea is that from now on we isometrically embed H}(D) C
H&(Q x R?) by extending functions by zero. Note that all local norms are left

invariant by the extension, in particular ||a||z2p) = ||l 12(qxga)-
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We define the order parameter ¢) and establish some of its basic properties.
For a fixed X € Q, we define the fiber

Dx={reR': (X, eD}={reR : X+5,X -2 eQj.

Proposition 6.5.4. For @ € HY(D) C HY(Q x RY), define

P(X) ::h_l/ a.(r/h)a(X, r)dr, for all X € Q, (6.41)
Dx
ay(X, 1) =h (X)) ay(r/h), for a.e. X € Q, r € RY, (6.42)
E(X,r) :=a(X,r) — ay(X,r), for a.e. X € Q, r e R (6.43)
Then:

(i) ¥ € HY(Q) and € € HL(Q x RY).

(i) We have the norm identities

20y = B>~ 1172 ) + €172 cgay:

(6.44)
IV x&llZ2p) = 2~ d||W)||L2 + VXl 7@y

Proof. From the definition of the weak derivative, we get that ¢» € H}(Q) with

Vi(X) = hl/D a,(r/h)Vxa(X,r)dr. (6.45)

Since o, € H'(RY) and H{ (Q2xR?) is a vector space, we also get & € H} (QxR?).

This proves claim (i). For claim (ii), we observe the orthogonality relation
/ o (rR)E(X, 7)dr = 0, (6.46)
R4

which holds for a.e. X € Q. Thus, by expanding the square that one gets from
(6.43) and using |low(-/h)[|3, (Rd) = = h,

&l Z2p) = 1113 @pey = RN 70 + €172 @ gy

This is the first identity in (6.44). The second one follows by an analogous
argument using (6.45). O
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Bound on the W term

Lemma 6.5.5. Let @ € HY(D) C HH(Q x RY) and let &y and € be as in
Proposition 6.5.4. For every e > 0, there exists C. > 0 such that

LW O /2 PardX < h (90, + Ol
// WX /2| )PdrdX < B2 (<[] g + Coll€a agn)-

holds for sufficiently small h.

Proof. Recall that & = &, + &, see (6.43). In the following, we freely identify
functions with their extensions by zero to all of R?, respectively to all of R x R?.

By the semiclassical expansion in Lemma 6.3.2(ii),

| [ e+ elaunparax

Q JRE

< [ W OONBEORAX + CH W el e
=1 [ W EOIEORIX + W w191

In the second step, we used our knowledge of where the functions are actually
supported. Recall that W is infinitesimally form-bounded with respect to —4.
Hence, for every € > 0, there exists C. > 0 such that

/QIW(X)IIQ/)(X)IQdX < e VYl + C:ll¥ g

This proves the first claimed bound.

By Hélder’s inequality (on the space Q x R? with Lebesgue measure) and the
Sobolev interpolation inequality (on R? x RY), we get that for every ¢ > 0,
there exists C. > 0 such that

/Q / WX+ r/2)lIECK ) PdrdX
§2d/2‘Q|1/QHWHL2 Hf”[/l QOxR9)
=22 2 W) 20 1 e

<2 2W | 20 (2l VEIZ may + CollE ey -

Since py > 2 in all dimensions, this finishes the proof of Lemma 6.5.5. O
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Proof of Theorem 6.5.1

The auxiliary results proved so far combine to give the following H' type
lower bound on £8Y®. From it, the a priori bounds stated in Theorem 6.5.1

will readily follow.

Lemma 6.5.6. Assume that i = —Ey+Dh?. Let & € HY (D) C H (2xR?) be
decomposed as & = ou, + & as in Proposition 6.5.4. Then, there exist constants

c1,co > 0 such that

£705(0) 2erh? (W= IV 2 )+ IVE g )+ 1l
- E _
—(p+ Ep+ CQhQ)HaHiQ(QXW) + %Tr[aaaa].
holds for all sufficiently small h.

Proof. Given the bounds from Lemma 6.5.5 on the W term, one can follow
the proof of Lemma 3 in [28]. The key ingredient is the spectral gap of the
operator —A 4+ V above its ground state (and the standard fact that the gap

can be used to obtain H' control on the error term). O

Proof of Theorem 6.5.1. Let p = —E,+Dh? and let T be a BCS state satisfying
EBCS(T) < Crh*~?. By Lemma 6.5.6 and = —Ej, + Dh?, we have

(€2 + D)l sy + Crh = 207 (B IV 0y + IVE s s

 1€1122 gy, + TrlaTod
(6.47)
We will eventually use all the terms in this equation. We write co + D = O(1).
All the following implicit constants are obtained from this one in a continuous

way and will therefore be continuous in D.

We begin by concluding from (6.47) that
€072 @urey < B2(c2 + D)lla]7s g ey + Crh* ™ (6.48)
From the first identity in (6.44), we therefore get
722y < B 7I91175 ) + Oh*)all72g2) + Crh*™
and so, for all sufficiently small A,

ol aqen) < CH ]2, g, + Crt— (6.49)
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Applying (6.49) to (6.47) and dropping some non-negative terms, we conclude

vaHLz(Q < C(HwH22 () + CF)v (6.50)
€122 @y PEIVE R spey < O (Il + Cr) . (651)

Thus, to prove (6.38), it remains to show
Lemma 6.5.7. [|¢[[;2q, = O(1).

Remark 6.5.8. At this stage, [28] prove Lemma 6.5.7 (in three dimensions)
by using ||¢]|3. < hl|al]2. = hTr[a@] < hTr[y] and the fact that they work at
fized particle number Tr[y] = N/h. Since we do not have this assumption, we
use the semiclassical expansion of the quartic term Tr[aaaal similarly as in
[78]. Here, as in the proof of Lemma 6.6.1 and in [28], one uses that in the
Schatten norm estimate ||€||gr < ||€||s2, the right hand side is still of higher

order in h for dimensions d < 3.

Proof of Lemma 6.5.7. We retain only the trace on the right-hand side of
(6.47),

Ch?[|a]|Fae) + Crh*™" = Ch?||&@])3, gy pa) + Crh' ™! > Tr[a@aal.  (6.52)

For the following argument, we extend all the relevant kernels to functions on
R? x R%. In this way, we can identify Trja@aa) = ||a||§, where || - ||s» denotes
the Schatten trace norm of an operator on L?(R?). Equation (6.43) may be

rewritten as

Ea,y) =s(“y,x—y).

(6.53)

2

Here and in the following, the kernel functions aw,é are understood to be
functions on R? x R? (obtained by extension by zero). The Schatten norms
satisfy the triangle inequality and are monotone decreasing in p. Also, the
| - [[¢2 norm of any operator agrees with the || - || 12(gaxge) norm of its kernel.

From these facts, we obtain

lofler > llaylles = lI€ller = llavlles = lI€llex = llavller = €]l @axra
= lloglles = lI€ll 2@xpay > llslles + Oh) a2y + O(R*=?).
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In the last step, we used (6.48). From this, (6.52) and (6.49), we get
lowlits < € (lalids + b llalae + OR=4)

<C (h2||a||’22 a2 + Bl ez + 0(h4—d>) (6.54)

< C (B2 ) + B2 ) + OB
Along the way, we used 8 —2d >4 —d ford =1, 2, 3. After extension by zero,
Y € HY(RY) and we apply Lemma 6.3.2 (iv) to get

laglibe = Btgo(a)[9l1Ls +mmmwm@
Then, by (6.50) and Hélder’s inequality, ||y ||g: > Ch*™ deH Combmmg
this estimate with (6.54) and using 8 — 2d > 4 — d, we get
60y < Ol gy + O(1)

This proves [|¢)]|;2q) < O(1) and hence Lemma 6.5.7 and Theorem 6.5.1.  [J

6.6 Proof of Theorem 6.2.1 (LB): Semiclassics

From a priori bounds to GP theory

We begin by deriving a lower bound in terms of GP energy on Q, by assuming
a decomposition with a priori bounds as in Theorem 6.5.1 and applying the

semiclassical expansion from Lemma 6.3.2.

Accordingly, in this section, 1 and £ are general functions, not necessarily the
ones defined previously in Proposition 6.2.5 (they will be the same for convex

domains).

Lemma 6.6.1. Let u = —FE, + Dh? and define V' := min{d/2,1}. Let T be
a BCS state such that o can be decomposed as in (6.10) for some ¢ € HL(Q)
and € € H}(Q x RY). Moreover, suppose that 191l @) < O(1) and & satisfies
the bound in (6.38). Then, wee have

EPOS() = WAIETP () + O(h ") []12 - (6.55)

The implicit constant depends continuously on D.

Proof of Lemma 6.6.1

It will be convenient to define the auxiliary energy functional

Erp(a) =Tr[(=h*Aq + R*W — p)ad)

] LA I ——
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We first note that this auxiliary functional provides a lower bound to the BCS
energy. The basic idea is to replace v by expressions in « using aa < v as in
the proof of Lemma 6.5.2. However some additional difficulty is present here
because the last term in £, p(a) still features h and so we need the stronger

operator inequality (6.56) below.

Proposition 6.6.2. For sufficiently small h, we have EBYS(T) > Erp(a),
where o denotes the off-diagonal element of the BCS state T'.

Proof of Proposition. The claim will follow from the operator inequality
v > ad + aaad. (6.56)

To prove (6.56), we start by observing that 1 —7% < (1 +7)~! by the spectral

theorem. Consequently

(310 )
a l1-7 a (1+3)7"

The Schur complement formula implies
v >a(l+7)a.
Using 7 > @, we find
v > a(l+7)a > aa + avaa

which proves (6.56). To conclude, let h be sufficiently small such that h > 0,
see Proposition 6.5.3. Then (6.56) yields

Tr[hy] > Tr[hoa[+Tr[haraal]

and this proves Proposition 6.6.2. O

The following key lemma says that we can apply the semiclassical expansion

to the auxiliary energy functional with the desired result.

Lemma 6.6.3. Under the assumptions of Lemma 6.6.1, we use the splitting
a =y + € from (6.53). Then
Erpla) > gLB(aw) + O(h4id+yl>‘|¢”12qé(§z)-

The implicit constant depends continuously on D.
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Before we prove this lemma, we note that it directly implies Lemma 6.6.1.

Indeed, it gives
SBCS(F) Z gLB(Q/) 2 ELB(O%) + O(h4—d+u’)“¢”§{é(ﬁ).

All the terms in £,p(ay) were computed in the semiclassical expansion in
Lemma 6.3.2. On the result of the expansion, we use the eigenvalue equa-
tion (—0 +V + Ep)a. = 0 and recall gges(ax) = gpos from (6.6). This yields
ECF (1) plus the appropriate error terms. These are of the claimed size because
[9|| vy < O(1) by Theorem 6.5.1 and 1 = —E,+Dh? by assumption. More-
over, they depend on the previously derived error terms in explicit continuous

ways and are therefore also continuous in D.
[t remains to give the
Proof of Lemma 6.6.3. We treat the terms in £, in four separate parts. First,

by changing to center-of-mass coordinates (6.40), compare the proof of Lemma
3 in |28|,

Tr[(—h?Aq + Ey)od)] + // % <x - y) la(z, y)[Pdzdy

RdxRd

>Th[(—h?Aq + Ey)aydy] + / / v ("‘ - y) lay (z, ) Pdzdy.

RdxRd

(6.57)

Second, from p = —Ej, + Dh?, (6.49) and (6.38), we get

(o B)Tela] > —(u + B Teloy@) + O [0l (659)
Next, by Cauchy-Schwarz, Lemma 6.5.5 and (6.38):

Te{Waa) 2 Te{Wayawy) = C (11 same + 21V @)

2
= C (€12 sy + BNVE ) A2l g0
>Tr[Wayag] + O(h*9).

Using h = —h%2Aq + h2W — p, the claim will then follow from
Tr[haaaa) > Trlhayagoydy] + O(h* ). (6.59)

This can be obtained by expanding the quartic and using the a priori bounds
(6.38), see the proof of (7.12) in [28]. Modifications are only needed for the W
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term, which we control via form-boundedness (instead of using ||W|| = ). Con-

sider e.g. the term Tr[Wa,aaf]. By cyclicity of the trace, Holder’s inequality

for Schatten norms and form-boundedness,

Te[Wayaag] <|lalEsllv/IWlaylles| v/ [sgn(W)E] e
=l 1 W oyl €W 1€ (6.60)

<Cllofz (IVaylies + llavles) (IVElle + Ele2 )

In the last step, we used the fact that form-boundedness of W implies the op-
erator inequality |W| < C(1 — A). The resulting expression is up to constants
the first term on the right hand side in (7.16) of [28] and is estimated there for
d = 3. The bounds directly generalize to all d = 1,2,3 and we briefly sketch

the conclusion of the argument in that general case.

First, one uses a = ay + &, the triangle inequality for the G®norm and the
fact that || - [[es < || - [|s2 to get

lellgs < C (llewslles + 1€ls2) -

Now one can bound all the terms by generalizing the estimates in Lemma 1
of |28] to all d = 1,2,3 and by the a priori bounds from Theorem 6.5.1 (recall
that the Hilbert-Schmidt norm is equal to the L? x L? norm of the kernel).
This gives

lagle: < OBI2),  Jlayfles < OR-9),
[€le < OhZ2),  ||Vé]lex < O(h—2),
IVayllss < C (IVxaylles + [V ayller) < OR)

and we conclude that

R2Te[Wayaa] < O(h>~7).

The same idea applies to all the other W dependent terms in the expansion of
the quartic and we obtain (6.59). This proves Lemma 6.6.3 and consequently
Lemma 6.6.1. O

Proof of Theorem 6.2.1 (LBC)

Let Q be convex and let I' be an approximate BCS minimizer, i.e. £8¢5(T") <
Crh*4. We apply Theorem 6.5.1 and then Lemma 6.6.1. Since Q = Q by
convexity, this finishes the proof. O
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Proof of Theorem 6.2.1 (LB)

Let 2 be a non-convex bounded Lipschitz domain. The order parameter v

defined in Proposition 6.5.4 now lives on ) = %, which may be a much

larger set than ().
Decay of the order parameter

We first show that v in fact decays exponentially away from €). This follows
easily from its definition (6.41) and the exponential decay of a, see (6.27).

Proposition 6.6.4. There exists a constant Cy > 0 such that for every £ > 0
and almost every X € Q with dist(X, Q) > ¢, we have

[W(X)| < Coh™>~te W [|a(X, )| 2oy (6.61)
[V(X)] < Coh™*~ e [V x(X, )| 2. (6.62)

Proof. Let £ >0 and X € Q with dist(X,Q) > ¢. The key observation is that

the triangle inequality implies
Dx C{reR’: |r|>2(},

where Dy was defined in Proposition 6.5.4. Therefore, by Cauchy-Schwarz
and (6.27)

BEOI < [ ot/ A ar

Dx

:hl/ e~ F e F | (r /1) |G (X, 1) dr
Dx

< Coh™* e | a(X, )|l 2o

This proves (6.61). Starting from (6.45), the same argument gives (6.62). O

Conclusion by a cutoff argument

With Proposition 6.6.4 at our hand, we just have to cut off part of ¢ that
lives sufficiently far away from (2. We first apply Theorem 6.5.1 to get the
decomposition and the a priori bounds stated there. Then, we define

1(X) = i e (XH(X),

T °%(n)

§(Xor) s =X, r) + (P(X) — (X)) au(r/h).
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Here Q0 was defined in (6.14), the cutoff function 7, was defined in (6.66)
and ¢(h) = hlog(h™). Note that we also have (6.10) with v, replaced by

¢1751-

Note that ¢ € Hj(€,,). Hence, the claim will follow from Lemma 6.6.1 ap-
plied with the choices ) = 11, € = &;. It remains to show that its assumptions
are satisfied, namely that leHH&(QZ—(’)) < O(1) and & satisfies (6.38).

For this part, we denote 1 = e o+ and £ = £(h) for short. We first prove
—1 *hm
that leHHg(QZ) < O(1). Using n < 1 and Cauchy-Schwarz, we get

2 2
le”Hé(QZL) < 2”¢HH&(Q?) +2/Q+

¢

VaPloPaX = 0()+2 [ [VaPluPax.

(h) Qf
(6.63)
The term with |Vn| may look troubling since we can only control |Vn| < ¢72
on supp V7. The key insight is that this potential blow up in h is sufficiently
dampened on supp V7 by the exponential decay of || established by Propo-

sition 6.6.4. Namely, we will prove

Lemma 6.6.5. supp Vn(p) C (QZ/Q)C

We postpone the proof of this geometrical lemma for now. Assuming it holds, it
is straightforward to use the decay estimates from Proposition 6.6.4 to conclude
from (6.63) that H%HHS(QX) < O(1), by choosing ¢ large enough (with respect
to 1/ps).

Next, we show that & satisfies (6.38). From Theorem 6.5.1, we already know
that £ satisfies (6.38). When integrating the other term in the definition of &,
we change to center of mass coordinates and write ¢ — ¢ = (1 — ). Since
V(1—n) and V7 are supported on the same set, one can use the argument from
above again on the center of mass integration (i.e. a combination of Lemma
6.6.5 and Proposition 6.6.4). We leave the details to the reader.

To finish the proof of Theorem 6.2.1 (LB), it remains to give the
Proof of Lemma 6.6.5. Let p € R? be a point such that V7 (p) # 0. Then, by

definition (6.66) of 7,
dist(p, ())°) < ¢/2.
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Let ¢ € ()¢ be a point such that dist(p, (7)) = |[p — q¢| and let ¢ € Q
be a point such that dist(p, ) = |p — ¢| (such points exists by a compactness
argument). By definition (6.14) of 2/ and the triangle inequality,

¢ < dist(, (Q)) < lg—aql < lg—pl+p—aql < lg—p|+ /2.

Therefore, dist(p,2) = |¢ —p| > £/2 and so p € (QX/Q)C. Since p was an
arbitrary point with Vn(p) # 0 and (QZ/Z)C is closed, Lemma 6.6.5 is proved.
O

6.7 Proof of the continuity of the GP energy (Theorem 6.2.2)
Davies’ use of Hardy inequalities

This section serves as a preparation to prove the second key result Theorem
6.2.2.

The central idea that we discuss here is Lemma 6.7.2. It is based on the
insight of Davies [54][55] that continuity of the Dirichlet energy under interior
approximations of a domain U follows from good control on the boundary
decay of functions that lie in the operator domain of Ay (the decay is better
than that of functions that merely lie in the form domain of —Ay). The key
assumption is that the domain U satisfies a Hardy inequality (6.65).

Importantly, GP minimizers corresponding to ESY are in dom(Ay) thanks to

the Euler Lagrange equation; this was proved in Proposition 6.2.5.

As its input, the lemma requires the validity of the

Definition 6.7.1 (Hardy inequality). Let U C R? and denote
dy(z) := dist(z, U°). (6.64)

We say that U satisfies a Hardy inequality, if there exist cyy € (0,1] and A € R
such that

. 4 .
[ av@)e@as < SVl + Mellag. Ve €CZW). (6.5
U

We shall refer to cy and \ as the “Hardy constants”.

We can now state
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Lemma 6.7.2. For any 0 < { < 1, we define the function n.y : R¢ — [0, 00)

by
0, if 0 <dy(x) </
nev(x) = WO G g < dy(ar) < 20 (6.66)
1, otherwise.

Suppose that U satisfies the Hardy inequality (6.65) for some cy € (0,1] and
some X\ € R. Then, there exists a constant ¢ > 0 depending only on cy and A
such that

£ (niwp) — E97(p) < et (el Avllzzw + 1)

holds for all ¢ € dom(Ay). Moreover, the same bound holds for the quantity

||77£,U90||§{3(U) - ||90||§{3(U)'

We remark that 7,y is a Lipschitz continuous function with a Lipschitz con-
stant that is independent of U (this is because dy has the Lipschitz constant
one for all U).

Proof. We write n = n,p. First, we note that the nonlinear term drops out
because [npl* — ot = (n* — 1)|¢|* < 0 thanks to 0 < n < 1. For the gradient
term, we note that the Hardy inequality (6.65) is the main assumption in
[54][55]. Thus, by Lemma 11 in [55], there exists a ¢ > 0 (depending only on
the Hardy constants ¢y and \) such that

/U(IV(W)I2 — [Vol!)dz < el [ Avgll 2@ Vol 2wy, Vo € dom(—Ap).

Since n < 1, this already implies the last sentence in Lemma 6.7.2. Using

Cauchy-Schwarz, Assumption 6.1.2 on W and Theorem 4 in [55], we get
L0+ D = DlgPds < [ (W1 10D = 1) lefda

1/2
< (Wl + D¢ l2) ( / |s0|2dl’)

c 1/2
<c (Wl ow @) + D) el maon €0 (| Avel 2 Vel 2w))

N{dy <20}

for another constant ¢ depending only on ¢y and A\. We estimate the last term
via 2v/ab < a+b. Then we use that ¢1+°v/2 < (v holds for all ¢y € (0, 1] and
0 < ¢ < 1. This proves Lemma 6.7.2. O
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With Lemma 6.7.2 at our disposal, we need conditions on U such that it
satisfies the Hardy inequality (6.65).

It is a classical result of Necas [140] that any bounded Lipschitz domain
satisfies a Hardy inequality for some co € (0, 1] and some A € R. Hence, we
can apply Lemma 6.7.2 with U = () and this is already sufficient to obtain
continuity of the GP energy under interior approximation, i.e. Theorem 6.2.2

with €,. The details of this argument are given in the next subsection.

To summarize, we see that therefore Necas’ result is already sufficient to derive

(i) the upper bounds in the two main results, Theorems 6.1.7 and 6.1.10.

(ii) the complete Theorem 6.1.10 for bounded and conver domains 2. In-
deed, Theorem 6.2.1 (LBC) gives the lower bound and the upper bound
holds because any convex domains satisfies a Hardy inequality [132][134].

(In fact, the Hardy constants can be taken as ¢ =1 and A = 0.)

To prove the lower bounds in the main results for non-convex domains, we
need continuity of the GP energy under ezterior approximation. This relies
on the following new theorem which is is an extension of Necas’ argument
[140|. The proof is deferred to Appendix 6.11.

Theorem 6.7.3. Let Q be a bounded Lipschitz domain. There exist cq € (0, 1],
A € R and by > 0, as well as a sequence of exterior approximations {0 }o<i<e,
such that the Hardy inequality (6.65) holds with U = Qy for all { < .

Moreover, the sequence of approzimations {2}, satisfies the following proper-

ties.

(i) There exists a constant co > 1 such that Qf C Q, C Q ,.

(ii) There exists a constant a > 0 such that

{qeR? : dist(q, ()°) > al} C Q. (6.67)

We emphasize that the Lipschitz character of €2 is important for the sequence
of approximations {Q}, to exist. Concretely, properties (i) and (ii) cannot
both hold for exterior approximations of the slit domain example presented in
Remark 6.2.4 (while there do exist approximations that all satisfy the Hardy
inequality with the ¢-independent constant cq = 1/2).
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Proof of Theorem 6.2.2
We begin by observing that Q, C Q C Q/ trivially gives

ng < ESF < Eg;

Theorem 6.2.2 says that the reverse bounds hold as well, up to the claimed
error terms. The basic idea is to take a minimizer on the larger domain and to
cut it off near the boundary, where the energy cost of the cutoff is controlled
by Lemma 6.7.2.

Interior approximation

The situation is easier for interior approximation, since then we consider GP
minimizers and the Hardy inequality on the fixed domain 2. We want to apply

Lemma 6.7.2 and we gather prerequisites.

First, by Proposition 6.2.5, there exists a unique non-negative minimizer cor-

responding to EST| call it 1, and it satisfies

IAvY 2wy < CA+ DDl g0y + 1 1220 (6.68)

Second, since ) is a bounded Lipschitz domain, there exists cq € (0,1] and
A € R such that the Hardy inequality (6.65) holds on U = Q [140]. Now we
apply Lemma 6.7.2 with the domain U = 2 and the cutoff function 7y, o. We
get

EX (naead) < EXT (W) + O ) ([0l o | Dot 2@y + 191772 )
<EP () + O(£¥/2)

In the second step, we used (6.68) and the fact that all norms of ¢ are inde-
pendent of ¢. The definitions of 1y o and €2, are such that supp o C Q.

Since 7y, is Lipschitz continuous, this implies 1y ot € H&(QZ) and therefore
E (aeob) > EGT. (6.69)
£

This proves the claimed continuity under interior approximation.

Exterior approximation

The idea is similar as before, but additional ¢ dependencies complicate the
argument somewhat. We let {Q}o<s<g, be the sequence of exterior approxi-

mations given by Theorem 6.7.3. That is, Q) C Q, and the Hardy inequality
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(6.65) holds on all U = Q, with Hardy constants that are uniformly bounded

in /.

By Proposition 6.2.5, there exists a unique non-negative minimizer correspond-
ing to EGF, call it ¢y, and it satisfies the analogue of (6.68) with a C' that is
independent of /.

Recall definition (6.66) of the cutoff function 740 q,. Here we choose a > 0 such

that property (ii) in Theorem 6.7.3 holds which is equivalent to
SUPP Mar,0, C 2. (6.70)

Now we apply Lemma 6.7.2. We note that the constant ¢ appearing in it
depends only on the Hardy constants (and these are uniformly bounded in ¢).

Therefore, using the analogue of (6.68), we get

EY (Mar, ) < EF (1) + O(KQ/C)O(HWH%(QZ) + deﬁié(fll))' (6.71)
Regarding the error term, we note

Lemma 6.7.4. [|¢] 30,y < O(1).

Proof of Lemma 6.7.4. We use that the GP energy can only increase under a

decrease of the underlying domain to get
EP () = EGF < EGF (6.72)

The claim now follows from the coercivity (6.21), since the constants Cy, Cy, D

there do not depend on the underlying domain and hence not on ¢. O]

By (6.70) and the fact that 7,0, is a Lipschitz function, we get 7,0.0,%¢ €
H}(Q). Returning to (6.71), we can conclude the proof as in (6.69), which
yields Theorem 6.2.2. [

6.8 On GP minimizers
We prove Proposition 6.2.5.

Proof of (i). The coercivity (6.21) is a straightforward consequence of the form-

boundedness of W and the elementary bound

[¥I* = (C+ D) = —(C2 + D)*.
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The constants C', Cy only depend on W.

Proof of (ii). Let {1, } be a minimizing sequence corresponding to EGF. By
the coercivity (6.21), the sequence is bounded in H}(U) and hence weakly
H}(U)-precompact. Let v, € H}(U) denote one of its weak limit points. By
Rellich’s theorem, v, — 1, in L*(U). Hence,

] [ Wl = .y
U

< (IW&all 2@y + 1Wll 2@n) lln] = [l o)
SCIW|zow @) (IIVnllmy ) + IVl g @) on = ol L2y = 0.
The last estimate holds by Assumption 6.1.2 on W. The same argument gives
the continuity of the D term in £57.

Let # € {n,x}. We write E9"(vy) = Ay + By, where Ay = |[Vbyl[72
and By contains the remaining terms. Then, the above shows that B, — B..
Moreover, by weak convergence is H} (U), liminf A,, > A,, so ESY = lim(A, +
B,) > A, + B.. Since A, + B, > EST by definition of ES”, we conclude that
¥, is a minimizer and that A, — A.. Thus, [[¢nllg@y — ¢l @) and
therefore 1, — 1, strongly in H}(U).

To prove the uniqueness statement we first note that ||V |¥||| 2y < (| VY| 2.
Moreover, since p — [[V\/p|72) is convex and p +— [[p||72 () is strictly con-
vex, we see that £ (1)) is a strictly convex functional of ||, and therefore

has a unique minimizer.

Proof for (iii). We compute the Euler Lagrange equation for the GP energy
and find

1
_ZAUw* + (W — D)y + 2gpcs|t]*1h. = 0.

This equation holds in the dual of HJ(U), that is, when tested against HJ(U)
functions. By our Assumption 6.1.2 on W and Sobolev’s inequality, Ay, is

in fact an L?(U) function and we have the bound

|AvY | 2wy =I[4(W — D)t + 8gpos|vu*tull 2w
<O+ D)1l + 1l 0r))-
This finishes the proof of Proposition 6.2.5. O

6.9 Convergence of the one-body density
Proof of Proposition 6.1.11. We fix a real valued w € LP¥(§2) and t € R and
define W, := W +tw. We denote the BCS/GP energies which are defined with
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W, by EPCS EBCS £GP ete. On the one hand, our assumption on I' gives
EBCS — EBOS > gBOS(T) — gBCS () + o(h*™%) = th®Tr[yw] + o(h*™).
On the other hand, Theorem 6.1.10 yields
EBCS _ gBOS _ pi=d(gGP _ EGPY | o(pi-d+v)

where the implicit constant depends on w. We denote the unique non-negative
minimizer of £ by 1, (see Proposition 6.2.5). Multiplying through by h4—*
and taking h — 0, we find

lim sup th' *Tr[yw] < EY — B < €9P () — EFF () =t / wlty*da.
" T 6
We claim that v, — ¢, in H(€2). This will imply the main claim (6.12). To
see this, one divides (6.73) by ¢, distinguishing the cases t > 0 and t < 0, and
sends t — 0. Then one uses Rellich’s theorem to get [¢]> — |1o|? in LPW (Q).

Hence, it remains to prove that 1, — ¥, in Hg(Q2). This is a simple com-
pactness argument. We denote 7, := 1, — 1. The coercivity (6.21) and the

triangle inequality imply that |9 g1 ) remains bounded as ¢ — 0. We have

0 <EFP (1) — EP (1) = E9P () — ECP () — t / WERM) G + [nP)de
0
<t / WERM). + [n?)de
Q

The right hand side vanishes as ¢t — 0, since ||, | g1 (o) remains bounded as t —

5GP

0. Therefore, ¥ is a sequence of approximate minimizers of . Proposition

6.2.5 (ii) then implies that ¢y — 1, in H}(Q). O

6.10 On the semiclassical expansion
We sketch the proof of Lemma 6.3.2, especially where it departs from similar
results in [28]. All norms and all integrals are taken over R?, unless noted

otherwise.

Proof of Lemma 6.3.2. Proof of (i). This follows directly from changing to the

center-of-mass coordinates (6.40), compare the proof of Lemma 6.5.2.

Proof of (i1). We write out the trace with operator kernels, change to center-

of-mass coordinates (6.40) and apply the fundamental theorem of calculus to
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get
Tr[Wayay] = h™¢ // W(X)|a(r)|? |¢ (X — %) 2dXdr
¢ [ WEOOPAX - hy
with
n— Re// W (X)|a(r)? (/Olw <X - ST]“”);W VY (X - %) ds> dXdr.

(6.74)
By Holder’s and Sobolev’s inequalities, |n| < h||W||ow @)ll\/| - |allZ2]]¢]|3:-
This is O(h), since ||\/] - |a]|3, < co by our assumptions on a.

Proof of (iii). The argument in Lemma 1 in [28] generalizes because the critical
Sobolev exponent is always greater or equal to six in d = 1, 2,3 and so all the
error terms can be bounded in terms of |4 g1 (gay. We mention that the idea
of the proof is to write the trace in terms of operator kernels and to change to

the four-body center-of-mass coordinates

X:x1+$21x3+x4’ Tk:Ik+1_xk7 k:17273

Then, one rescales the relative coordinates 7, by h (since they appear as

a(rg/h)) and expands in h.

When proving the first equation in (iii), the W term requires a different ar-
gument. Namely, as in the proof of (6.59), one uses Holder’s inequality for

Schatten norms and form-boundedness of W with respect to —A to get
Te[Wayagayag)l < C ([Vayllg + llaylis:) Vo |&.

Afterwards, one multiplies by h? and uses the bounds from Corollary 1 in
[28]. This gives the first equation in (iii). For the second equation in (iii), one
replaces ||V al|,1 in the estimate of the error term A, in [28] by ||a|| .1, which

is also finite. ]

6.11 On Lipschitz domains and Hardy inequalities

We first present the construction of a suitable sequence of exterior approxi-
mations to a bounded Lipschitz domain. Then, we prove that this sequence
satisfies Hardy inequalities with uniformly bounded Hardy constants (Theo-
rem 6.7.3).
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The proof of Theorem 6.7.3 is an extension of Necas’ argument [140] for a fixed
Lipschitz domain and draws on known results on the geometry of the sequence
of the exterior approximations [32|[131]. (We remark that we could alterna-
tively work with the naive enlargements Q) (6.77), but this would require

writing down a non trivial amount of elementary geometry estimates.)

Definitions

We begin by recalling

Definition 6.11.1 (Lipschitz domain). A bounded domain Q C RY is a Lips-
chitz domain, if its boundary 02 can be covered by finitely many bounded and
open coordinate cylinders Cy,...,Cx C R such that for all 1 < k < K, there

exist Ry, B > 0 and a Cartesian coordinate system such that

of2 ﬂCk :{(X, fk(X)) € BRk X |R},
QNC :{<X,y) € BRk XR: =B <y< fk<x)}7
Q°NCy ={(x,y) € Br, xR : fu(x) <y < Bi}.

where fi, : Br, — R is a uniformly Lipschitz continuous function on Bg, C

R=Y, the ball of radius Ry, centered at the origin.

The exterior approximations €2, are obtained by extending €) in the direction
of a smooth transversal vector field, which any Lipschitz domain is known to
host.

By Rademacher’s theorem, the Lipschitz continuous function f; is differen-
tiable almost everywhere. Hence, for every 1 < k < K and almost every
X € Bpg,, we can define the outward normal vector field (to 0€2) in the coordi-

nate cylinder C, by
(V fi(x), —1)

VI+ VAR
Proposition 6.11.2 (Normal and transversal vector fields). Let Q be a bounded
Lipschitz domain in the sense of Definition 6.11.1. Then, ) hosts a smooth

vector field v : RY — RY which is “transversal”, i.e. there exists k € (0,1) such
that for all 1 <k < K,

n(x) == (6.75)

v(x, fr(x)) -n(x) 2k, Jo(x, folX))] =1, (6.76)

for almost every x € Bp, .
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The basic idea for Proposition 6.11.2 is that in each coordinate cylinder Cy
from Definition 6.11.1, one takes the constant vector field ey, i.e. the y direc-
tion, and then one smoothly interpolates between different C;, via a partition
of unity. For the details, see e.g. pages 597-599 in [131] (and note that the sur-
faces measure, called o there, and the Lebesgue measure on Bp, are mutually

absolutely continuous).

We are now ready to give

Definition 6.11.3 (Exterior approximations). Let Q be a bounded Lipschitz
domain and let v be the transversal vector field from Proposition 6.11.2. For

every £ > 0, define its enlargement by
Q= {p+tu(p) : peQ}. (6.77)

Bounds on Qg

Each set (), has many nice properties if ¢ is small enough, see Proposition 4.19
in [131] (though this is stated for the case ¢ < 0, analogous results hold for
¢ > 0, as is also mentioned there). In particular, Q) is also a bounded Lipschitz
domain and there exist coordinate cylinders in which both 02 and o), are
represented as the graphs of Lipschitz continuous functions, with Lipschitz

constants that are uniformly bounded in ¢. Moreover:

Proposition 6.11.4. There exists a constant co > 0, such that for all £ > 0
small enough,
Q+

col

cQCQ. (6.78)

This lemma will give property (i) in Theorem 6.7.3, up to reparametrizing
Qg = Qg/co.
Proof. The second containment follows directly from Proposition 4.15 in [131].

For the first containment, we invoke Proposition 4.19 in [131]. It gives Q C €,

and consequently
dist (€2, Q) = dist (82, Hy). (6.79)

We will show that dist(99Q, Q) > cof. By Proposition 4.19 (i) in [131],

00 = {p+tu(p) : pedQ}. (6.80)
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Hence, by a compactness argument, there exist p,p’ € 92 such that
dist (99, 0Q) = [p' — (p + Lo(p))| = |V (¢, 0) = V(p, £)],
where we introduced the map
Vi 0Q x (—lo, b)) — R?
(p, ) = p+ sv(p).

By (4.67) in [131], V is bi-Lipschitz if ¢y > 0 is small enough. In particular,
there exists ¢y > 0 such that

(6.81)

V(©',0) = V(p,O)] = col(p,0) — (p, )] = col.

This proves dist(9Q,9;) > cof. The claim then follows from (6.79) and
definition (6.14) of Q. O

Proof of Theorem 6.7.3

We apply Necas’ proof [140] to all €, simultaneously (with ¢ sufficiently small)

and observe that all the relevant constants can be bounded uniformly in ¢.

By Proposition 4.19 (ii) in [131], for £y > 0 small enough, there exist coordinate
cylinders Cy,...,Ck that (a) cover 9, for all 0 < ¢ < {, and (b) characterize
them as the graph of Lipschitz functions fj ¢ in the e; direction, as described
in Definition 6.11.1. Moreover, the Lipschitz constants of fi, are uniformly
bounded in /.

Let Co C Q be an open set such that dist(Cp,2°) > 0 and such that Q C
UkK:O Ci. Let ¢o, ..., 0x : R = R? be a smooth partition of unity subordinate

to this covering, i.e.

K K
supp ¢ C C, Z¢k =1on U Cs.
k=0 k=0

The key observation is that, locally, the distance d, := dist(-, 9€2,) is compara-
ble to fz¢ — y up to constants which depend on the Lipschitz constant of f ,

and are thus uniformly bounded in ¢. Concretely, we have

Lemma 6.11.5. There exist constants a > 0 and 0 < b < 1 such that for all
1<k<Kand all 0 < ¥ < ly, we have

min{a, b| fr1(x) — y|} < do(x,y) < [fre(x) =y (6.82)

for all (x,y) € suppoy.
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Proof. Fix 1 < k < K. The second inequality is trivial because (x, fi (X)) €

0€), implies

de(%,y) < [(%,9) — (X, fie(x))] = [fre(x) — yl.
For the proof of the first inequality in (6.82), we define

a:= rgun dist(supp ¢, 9Cy) >

-----

Since 02 is compact, dy(x,y) is achieved at some point py € 9. In case

po & Ci, we can bound

de(x,y) = |po — (x,9)| > a,

and in case py € Cy, we can write it as py = (Xo, fx¢(X0)) and proceed as follows.
Recall that every fj ¢ is Lipschitz continuous with a Lipschitz constant that is

uniformly bounded in ¢; call the bound L. Hence, for every 7 € (0, 1),

2

(x —x0)" + (y — fk:,E(XO))Q

(x = x0)% + (1 = 77 (fre(x) = fre(x0))* + (1 = 7)(y = fue(x0))
(1—L(r 1))(X—Xo) + (1= 7)(y — fre(x))”.

Now one chooses 7 € (0,1) so that 1 — L(r~! — 1) = 0. This yields the first

inequality in Lemma 6.11.5 with an appropriate b > 0. We have thus proved
Lemma 6.11.5. O

dﬁ (Xv y)Q

VvV

v

We resume the proof of Theorem 6.7.3. Take any ¢ € C°(€)) and use the
partition of unity to write the left hand side of the Hardy inequality (6.65) as

K

@ ddayae =3 / )l dala)

<Cllgls + Z -/ (@)Pdu(z) dr.
Ckafo

where C' = dist(Cp, Q%)% < co. We emphasize that we used Q, C €, in the

last integral. Now, we write each integral over C;, in boundary coordinates and

apply Lemma 6.11.5. Importantly, the resulting expression is independent of

¢ (it only depends on {y). Hence, one can conclude the proof, exactly as in

[140], by Fubini and the one-dimensional Hardy inequality [88]. This proves
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the first part of Theorem 6.7.3.

It remains to show properties (i) and (ii) in Theorem 6.7.3. (i) holds by
Proposition 6.11.4. For (ii), we take any ¢ € R? such that dist(q, Q¢) > af. In
particular, ¢ € €y. Hence, if £ is small enough, there exists p € €2 such that

qg=p+Lu(p).

Recall that the vector field v : R — R? is differentiable. We introduce the

finite and ¢ independent constants
Co = HUHLOO(QTO)a Ch = ||VUHLOO(97))-

Using the characterization (6.80) and ¢ € €, we have

al <dist(q, ;) = min [p+ Lv(p) — p" — lo(p')]

p' €0}
<(1+ Cyf) min |p — p'| = (1 4 C10)dist(p, 2°).
p' €0

We can choose ¢ small enough so that C1 ¢ < 1. We get

dist(q, Q%) = inf |p+lu(p) —p'| > inf [p—p| = Col
PEQe peae

=dist(p, Q%) — Col > l(a/2 — Cy).

By choosing a > 0 large enough, we get that ¢ € € as claimed. This finishes
the proof of Theorem 6.7.3. O]

6.12 The linear case: Ground state energy of a two-body operator
In this section, we discuss a linear version of our main result. It gives an
asymptotic expansion of the ground state energy of the two-body operator

(6.83), describing a fermion pair which is confined to §2

While in principle the center of mass and relative coordinate are coupled due to
the boundary conditions, the result shows that they contribute to the ground
state energy of Hj on different scales in h (and therefore in a decoupled man-

ner).

Theorem 6.12.1. Let Q C RY be a bounded Lipschitz domain. Given functions
ViR = R and W : Q — R satisfying Assumption 6.1.2, we define the two-
body operator

72

Hhi 9

(—Aqu + W(2) = Mgy + W(y) +V (‘”—;y) (6.83)
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with form domain Hy (2 x Q). Then, as h |0,

inf specrs g Hn = —Ey + h*D, + O(h**"), (6.84)

where v > 0 is as in Theorem 6.1.10 (i) and

1
—Ey, = infspecagay (A + V), D, = inf specjz(q) (_ZAQ + W) :

This could be proved by following the line of argumentation in the main text
and ignoring the nonlinear terms throughout. However, the proof of the lower
bound is considerably simpler in the linear case. To not obscure the key ideas,

we give the proof in the special case when W = 0 and 2 is convex.

It is instructive to think of the even more special case when 2 is an interval,
say © = [0, 1]. This case is depicted in Figure 6.1 and the proof is sketched in

the caption.

Proof. We denote the ground state energy of —%AQZ by D_ (¢) (compare
(6.20)), where Q, is defined in (6.13).

Upper bound. We construct a trial state with the following functions: «a,
the ground state satisfying (—A + V)a, = —Epa,, x a cutoff function as
described in Definition 6.4.1, and 9y(), the normalized ground state of _AQZ(M

for £(h) = hlog(h™9) and ¢ > 0 large but fixed. In center of mass variables,

X =2 p =z —y, the trial state then reads

Yoy (X)X (E(T_h)) h' o, (%) : (6.85)

We apply Hj, to this and use the fact that —1A, — 1A, = —1Ay — A,.
The exponential decay of a, controls the localization error introduced by y
as in the proof of Proposition 6.4.3. Therefore the energy of the trial state is
—Ey+h*D; (£(h)) +O(h*™). The second (linear) part of Theorem 6.2.2 with
W = 0 says that D, (¢(h)) < D.+ O(h”). Hence the upper bound in (6.84) is

proved.

Lower bound. The key idea is to drop the Dirichlet boundary condition in the
relative variable. The center of mass coordinates are originally defined on the

domain

D::{(X,r)eQde : X+£,X—ge§2}.
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Figure 6.1: When Q = [0, 1], the region © x © has a diamond shape when
depicted in the center of mass coordinates (X, r). To prove the upper bound
in Theorem 6.12.1, one uses a trial state, see (6.85), which is supported on
the small dashed rectangular region I, where ¢(h) = hlog(h™9) with ¢ > 0
large but fixed. When ©Q = [0,1], the Dirichlet eigenfunctions are explicit
sine functions and so one does not need to invoke Theorem 6.2.2 to get the
upper bound. For the lower bound, one drops the Dirichlet condition in the
relative variable, i.e. one extends the problem from the diamond to the strip
IT =[0,1] x R. This decouples the X and r variables and directly yields the
lower bound.

(Here we use the convexity of Q.) Observe that D C © x R%. On the space
L?*(Q2 x R?), we define a new operator

3 B2

Hy = =7 Dax = WA+ V(r/h),
with form domain H} (€ x R%). By domain monotonicity we have H, < Hj, in

the sense of quadratic forms, and therefore
inf SpeCL2(QX[Rd)E[h < infspec2qyq)Ha- (6.86)

Now inf spec L2(QX[Rd)f~I n can be computed exactly since the X and r variables
are decoupled and so the corresponding operators commute. The ground state
is just

i ()
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where 1) is the normalized ground state of _%AQ. The energy of this state is
precisely equal to —Fjy + h?D,. By (6.86), the lower bound follows. ]
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Chapter 7

ON THE ENTROPY OF FERMIONIC REDUCED DENSITY
MATRICES

Marius Lemm

7.1 Introduction

The entropy of the k-body reduced density matrix of a quantum state measures
the entanglement of k particles with the rest of the system. The antisymmetry
of a fermionic quantum state has a marked effect on these entropies. For
example, there is no fermionic state for which these entropies all vanish and in

this sense, a many-fermion system will always display non-trivial entanglement.

This is in stark contrast to the bosonic case. Indeed, there are bosonic states,
namely product wave functions, for which the entropy of all reduced density
matrices vanishes and such states are completely unentangled from this view-

point.

One commonly considers Slater determinants to be the minimally entangled
fermionic states, since they arise from the most natural antisymmetrization
procedure. Therefore, one often measures the entanglement of a fermionic state
relative to Slater determinants, e.g., in the definition of Slater rank [5, 64, 147|.
A similar idea appears in quantum chemistry, where one separates the indirect
electrostatic energy into an “exchange part” and a “correlation part”. The
correlation part vanishes for Slater determinants, i.e., they are considered to

be uncorrelated modulo antisymmetrization/exchange.

The intuition that Slater determinants are the minimally entangled fermionic

states was recently turned into the following mathematical conjecture by Carlen,
Lieb and Reuvers (CLR) [33]. Their conjecture says that the minimal entropy

of a fermionic two-body reduced density matriz is achieved for Slater determi-

nants. (The value of the minimal entropy is then log (gf ) in their convention.)

While analogous conjectures can be made for the k-particle density matrices

for other values of k, the case k = 2 is the most important one for applications

to many-body theory. The statement is known when k = 1; it was proved by

Coleman [39] in 1963.
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The conjecture of CLR is part of an effort to better understand the kinds of
two-body reduced density matrices that can arise from fermionic pure states.
This effort is partly motivated by the N-representability problem in many-
body theory.

For further background and results concerning other entanglement measures in
many-fermion systems, we refer to [5, 12, 33, 37|. We mention in particular the
result of CLR [33] that convex combinations of Slater determinants uniquely

minimize the entanglement of formation [19, 20] among fermionic mixed states.

In the present paper, we apply techniques from quantum information the-
ory, most notably the monotonicity of the quantum relative entropy under
the partial trace, to study the problem posed by CLR. Our first main result
gives general facts about the entropy of the k-body reduced density matrix
of any permutation-invariant pure state as a function of k: It is concave for
all 1 < k < N and it is non-decreasing for 1 < k < % (Theorem 7.2.4).
Combining the monotonicity with Coleman’s theorem, we obtain the lower
bound log N on the entropy of fermionic k-body reduced density matrices for
all k£ > 2 (33| proved this for the £ = 2 case). See Remark 7.2.5 (ii).

In our second main result, we show that the relative entropy approach also
yields a dimension-dependent bound on the entropy of the two body reduced
density matrix (Theorem 7.2.6). The bound implies the asymptotic form
of the CLR conjecture when the dimension of the underlying Hilbert space is
not too large. The proof is inspired by recent work on approximate quantum
cloning in collaboration with Mark M. Wilde [121]|. (We mention that a similar
bound can be obtained from Yang’s bound on the largest eigenvalue of the two

body reduced density matrix.)

7.2 Setup and results

Basic definitions and facts

We work on the finite-dimensional Hilbert space (C)®V, where 1 < N < d
are integer-valued parameters. The antisymmetric subspace is given by

Hy = ANCY, dy = dimHy = (]Cé)

By definition, an N-fermion quantum state py is a density matrix (a non-

negative matrix of trace one) that is supported in Hy. We can associate to
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each py the family of its k-body reduced density matrices

Vi = Trrqa,. v ]pN]-

Here Trj.1 . n[-] denotes the partial trace over the last N — k variables when
we decompose (C%)®V = (C?)®* @ (C4)®WV-*) We use the convention that the

partial trace is trace-preserving, i.e. Tr[y;] = 1.

The quantity of interest is the entropy of the k-body reduced density matriz
S(vk) = —Tr[vx log Vi, 1<k<N.

We view this as the entanglement entropy associated to the decomposition
(CHEN = (CH)®k @ (CF)®(V=F); it gives a measure on the entanglement between

k of the particles with the remaining N — k ones.

As mentioned in the introduction, we are interested in lower bounds on S(7x),
in particular S(72), when py varies over the set of fermionic density matri-
ces. By linearity of the partial trace and concavity of the entropy, we may
restrict our considerations to the extreme points of this set, the pure states.

By definition, a fermionic pure state is a projector
W) (U, Uy € Hy.

In the following, we restrict to the case py = |[Un) (V|

A basic fact that will be important for us is that the entanglement entropy of

a fermionic pure state is symmetric under reflection at N/2; i.e.,
S(w) =S(w-k), VI<k<N-L (7.1)

The conjecture of Carlen, Lieb and Reuvers

Thanks to Coleman’s work [39], we have a good understanding of the case
k=1.

Theorem 7.2.1 (Coleman’s theorem). Let py = |Un) (Vx| for some Uy €

Hy. Then S(v1) is minimal for Slater determinants, i.e.,

S(71) > log N.
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Remark 7.2.2. An elementary computation shows that if |Wy) = |p1 A ... A
on) 1s a Slater determinant, then S(v;) = log (]Z) forany 1 <k < N. A
detailed proof of this fact can be found e.g. in Appendiz E of [121].

In [33], Carlen, Lieb and Reuvers make the following two conjectures which
would give analogues of Coleman’s theorem for £ = 2. The second statement

is an asymptotic (and therefore weaker) version of the first one.

Conjecture 7.2.3 (CLR). Let py = [V n) (V| for some ¥y € Hy. Then

) 2105 (' ), (72)

or at least  S(72) >2log N + O(1), as N — 0. (7.3)

In their paper, CLR derive a strengthened subadditivity inequality for the
quantum entropy, cf. Theorem 5.1 in [33|. Applied to the problem at hand,
they obtain

S(v2) > log N +O(1), as N — o0. (7.4)

Alternatively, as is mentioned in [33], one can use Yang’s bound on the largest

eigenvalue of 7, to find

S(1) > ~[alloe > log(NV — 1) + log ( ) > log(N—1).  (7.5)

d—N+1

Both bounds, (7.4) and (7.5) are off by a factor of two from the conjectured
bound (7.3). We investigate the problem using entropy inequalities and as
corollaries we obtain bounds which asymptotically behave similarly to (7.4)
and (7.5). Establishing the conjectured bound (7.3) remains an interesting

open problem.

Main results
Our first main result gives general properties of the function k — S(yx). It

allows us to improve the CLR result (7.4) to (7.8) below. For simplicity, we
define

Sk = S(Vk).

Theorem 7.2.4. Let py = |V nN)(Vy| for some Uy € Hy. The map k — Sy
has the following properties.
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(i) Monotonicity. For every 1 <k <% —1,

(ii)) Concavity. For every2 <k < N —1,

Sk41 + Sk—1

Sk > 5

(7.7)
Together with the symmetry property Sy = Sy_k, this theorem provides re-
strictions on what graphs can be exhibited by k — S(vx).

Remark 7.2.5. (i) Theorem 7.2.4 generalizes verbatim to bosonic reduced
density matrices. (The proof only uses general inequalities and the sym-
metry property S = Sn_k, which holds for any permutation-invariant

pure state. )
(11) From the monotonicity (7.6) and Coleman’s theorem, we get
S(72) = S(m) = log N, (7.8)
which is to be compared with (7.4) of [35].

(11i) In fact, we obtain S(yx) > log N for all 1 < k < N. This shows that,
for fermionic pure states, all possible decompositions of the particles into

two groups are entangled.

We now consider the asymptotic version of the CLR conjecture (7.3). It claims
that the lower bound (7.8) can be improved to 2log N + O(1). Our second
main result implies this as a corollary, provided the dimension d > N is not

too far from N.

Theorem 7.2.6. Let py = |VUn)(Vy| for some Uy € Hy. Then

() = S0m) +1ox (7235 ) 79
From Coleman’s theorem, we conclude
Corollary 7.2.7. As N — oo, we have

S(y2) > 2log N —log(d — N + 2) + o(1).

In particular, if d — N = O(1) as N — oo, then (7.3) holds.
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Let us explain the role of the dimension d. It does not enter in Conjecture
7.2.3, meaning that the result should be true for all dimensions d > N (in
particular for infinite-dimensional separable Hilbert spaces). Since our bound
(7.9) depends on d, we can only obtain a version of the conjecture for certain

values of d.

Note that Conjecture 7.2.3 holds trivially when d = N, which is the minimal
value of d. (Indeed, in that case dimHy = 1 and the only available antisym-
metric state |¥y) is necessarily a Slater determinant.) Therefore, it is not too
surprising that the number d — N enters in the bound (7.9). The same holds
true for the bound (7.5) derived from Yang’s theorem.

We close the presentation with two remarks concerning a possible extension
of Theorem 7.2.6.

Remark 7.2.8. (i) In view of Remark 7.2.2, it is natural to generalize Con-
jecture 7.2.3 to any fized k > 2 by conjecturing that S(~yx) > log (]Z), or
at least that

S(ve) > klog N 4+ O(1), (7.10)

as N — oo. The proof of Theorem 7.2.6 generalizes to this case and

yields, together with Coleman’s theorem,
S(vk) > klog N — (k—1)log(d — N + k) + o(1), (7.11)

as N — oo. That is, the generalized conjecture (7.10) holds for any fized
k> 2 whend— N =0(1) as N — oo.

(i1) It is of course unsatisfactory that the dimension d enters in the bounds
(7.9) and (7.11). For instance, the bounds become worse if one takes a
fized state |V ) and embeds it in a Hilbert space of increasing dimension
d. This particular issue can be remedied however: Given a fized state
|U ), one can restrict from the outset to the Hilbert space ANC® where
dy < d is the dimension of the support of v1. Then, (7.9) also holds with
d replaced by dy. While this allows us to replace the completely arbitrary
parameter d with one that actually depends on the state, it does not yield
a better bound than (7.9). The reason is that dy could be very large due
to the presence of many small eigenvalues that do not affect S(v1) very

much.
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7.3 Proofs

We now give the proofs of Theorems 7.2.4 and 7.2.6. As mentioned in the in-
troduction, they are mostly based on the symmetry property S(vx) = S(Yv—&)
and the monotonicity of the quantum relative entropy under the partial trace,

which we recall now.

The quantum relative entropy

Definition 7.3.1. Given two quantum states p and o, their quantum relative

entropy is defined by

Do) Tr[p(log p —logo)], if kero C kerp,
pllo) =
00, otherwise.

The key property of the quantum relative entropy that we will use is that
it decreases under application of the partial trace. Namely, if pap,oap are

quantum states on a Hilbert space Hy ® Hpg, then

D(paslloas) = D(Trplpas]||Trploas)). (7.12)

Proof of Theorem 7.2.4
We begin with the concavity estimate (7.7), since it is slightly easier. Let
2 <k <N —1. By (7.12), we have

D (i1l @ ) — D(velly @ ve-1)

(7.13)
=D(Ves1lm @ ) = D(Trpsr [Yesa) | Trrga [v1 ® 1)) > 0.

Using that log(X4 ® Yp) = log X4 ® Ig + 4 ®log Y and the definition of the
partial trace, we can express the left-hand side in terms of Sy_1, Sk and Skiq

as follows.

D1l ® i) =Tr[vet110g Y1) — Tr[vis1(log 11 @ Licayer + Ica @ log )]
= — Spy1 — Tr[y log 1] — Trlyi log 7]
= — Sk1 + 51 + Sk

Applying this identity to (7.13), we get —Sg1+51+Sk — (=Sk+51+Sk-1) >0
and this is equivalent to (7.7).
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Next we prove the monotonicity (7.6). Let 1 < k < &=L so that N—2k—1 > 0.
By (7.12), we have

D(yn—kllm ® Yn-k-1) = D1 ll71 © V&)
=D(yN-klm ® yN-r-1) = D(Trgso, N[ YNkl Trht2. N—k[71 @ YN-k-1])
>0.

Here we used the convention that Tryyo  y x[X] = X if N -2k —1 = 0.

.....

Using Sy = Sy_x, we find

DNkl @ Vv-k-1) = =Nk + 51 + Sn_p—1 = =Sk + S1 + Sk
Therefore, we have — Sy, + .51+ Sk11— (—Sk+1+ 51+ Sk) > 0 which is equivalent
to Ski1 > Sk, i-e., (7.6). This concludes the proof of Theorem 7.2.4. O

Proof of Theorem 7.2.6

On (C%)®* we introduce the projector P, onto the subspace

Hy, = A*C? C (CH®F,  dy := dimH,, = (Z)

We denote 7, = d,;lPk. Note that Tr[mg] = 1, i.e., 7 is a density matrix

(called the maximally mixed state on Hy).

We write S, = S(9%). Theorem 7.2.6 will be implied by the following two

lemmas.
Lemma 7.3.2. For every 1 <k < N,

Lemma 7.3.3. For every 1 <l <m < N — 1, we have Tri41_p[mm] = T
We assume that these lemmas holds for now and give the

Proof of Theorem 7.2.6. Thanks to the symmetry S, = Sy_x, we have
So=51+5—-5=5+Sv_2—SNv1

Using Lemmas 7.3.2 and 7.3.3, we get

dn_
Sy =51 + log (di 2) + D(yn-allmv=1) — D(yv—2||Tn—2)
1

dn—
=51 +log (dz 2) + D(yn-1llmn-1) = D(Tey— [yv—1]|| Trnv—i [mv—1])-
-1
(7.15)



174

By the monotonicity of the relative entropy (7.12), we get

dy_s (v5) N -1
> I = 1 = I _ .
Sy > 51+ Og<dN_1) Si+ Og((]\fd_1) St + log dI_N12

This proves the claim (7.9). O

It remains to give the proofs of Lemmas 7.3.2 and 7.3.3.

Proof of Lemma 7.5.2. The key observation is that 7, is a matrix taking Hy

to itself, meaning that
Y = VPr = P, (7.16)
for every 1 < k < N. This follows from
N)\YN| = |YN)(YN| Lk cdyoW—k ) = (L Cd)R(N—k) N)\YN
(OO | = [UN)(Un| (P @ [icay ) = (Pr ® I 1cay ) [N (T x|

and properties of the partial trace. Indeed, we have

Ve =Trer1 N-k[|YN)(Un|] = Tresr Nk U‘I’N><‘IJN\ (Pk ® f(@d)@)(zvfk))}

This proves the first equality in (7.16); the second one is proved analogously.

Now we use (7.16) to find

= — Tr[y log i) = —Tr[y log(vdidy )]

[y
= — Trlvy, log vi]| — Tr[yk P log(di)] + Tr[vk] log di
= — Tr[ye log vi] + Tr[yx log(d, ' Py)] + log dj

= — D(ml|m) + log dp..

In the second-to-last step, we used the fact that Tr[v,] = 1, as well as

This proves Lemma 7.3.2. 0

Proof of Lemma 7.3.3. This is Lemma 12 in [121]. First, observe that
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maps H,; to itself by (7.16). Moreover, it commutes with all unitaries U; on
‘H;. Indeed, by standard properties of the partial trace and the fact that =,

commutes with all unitaries on H,,,

m[’/rm<Ul X [(Cd)m_l )]

..........

.....

m|Tm] = Cly, for some constant
,,,,, m[Tm]] = 1 to be C = d;'. This
proves Lemma 7.3.3 and therefore finishes the proof of Theorem 7.2.6. m

-----
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