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ABSTRACT

Frequency combs are having a broad impact on science and technology because
they provide a way to coherently link radio/microwave-rate electrical signals with
optical-rate signals derived from lasers and atomic transitions. A new, miniature
realization, the microcomb, that uses chip-based microresonators can potentially
revolutionize instrumentation, time keeping, spectroscopy, and navigation. Micro-
combswere first demonstrated using a formof cascaded four-wavemixing. However,
the recent discovery of dissipative soliton microcombs enables phase-locked spectra
with reproducible envelopes, as required in many frequency comb applications. In
addition, these solitons are confined in a high-Q microresonator, thereby creating
a rich landscape for research in nonlinear optical phenomena. In this thesis, these
solitons are demonstrated for the first time in a silica microcavity. Significantly, the
device provides a microwave-detectable soliton repetition rate, which is essential to
many comb applications. The unusual properties of the solitons are studied from a
theoretical viewpoint using a Lagrangian formalism and predictions of the theory
are confirmed experimentally. In the course of this work, a new optical soliton, the
Stokes soliton, was also discovered. In addition to soliton mode locking, another
novel and compact platform, the electro-optical modulation frequency comb, was
studied. This type of frequency comb was used to demonstrate a novel electro-optic
form of frequency division for stable microwave synthesis. It was also modified to
perform astronomical calibration for exoplanet detection at the Keck Observatory in
Hawaii.
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10.1 Conceptual schematics of the line-referenced electro-optic frequency
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of key instruments. From (a) to (e), the images are reference laser,
Rb clock (left) and phase modulator (right), amplitude modulator,
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comb tooth is expressed as fN = f0+N × fm, where f0 and fm are the
reference laser frequency and modulation frequency, respectively. N

is the number of comb lines relative to the reference laser (taken as
comb line N = 0), RV is radial velocity and δ f , δ f0 and δ fm are
the variance of f , f0 and fm. (a) The reference laser is locked to a
molecular transition, acquiring stability of 0.2 MHz, corresponding
to 30 cm s−1 RV . (b) Cascaded phase modulation (CPM) comb: the
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modulation frequency. The RF frequency generator is referenced to
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long single mode fiber (SMF) or chirped fiber Bragg grating. (d)
After amplification by an ErbiumDoped Fiber Amplifier (EDFA), the
pulse undergoes optical continuum broadening in a highly nonlinear
fiber (HNLF), extending its bandwidth > 100 nm. (e) Finally the
comb light is combined with stellar light using a fiber acquisition
unit (FAU) and is sent into the telescope spectrograph. The overall
comb stability is primarily determined by the pump laser. . . . . . . . 114
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C h a p t e r 1

INTRODUCTION

1.1 Thesis outline
The Optical frequency comb has been a revolutionary invention and is having a
widespread impact on science and technology (Th Udem, Ronald Holzwarth, and
T. W. Hänsch, 2002; S. T. Cundiff and Ye, 2003; S. A. Diddams, 2010; N. R.
Newbury, 2011). It was invented around the year 2000 for precise optical metrology
(Jones et al., 2000; R Holzwarth et al., 2000; S. A. Diddams, Jones, et al., 2000)
and quickly found its application in various fields, including fundamental physics
(Bize et al., 2003; Chou et al., 2010), spectroscopy (Thorpe et al., 2006; S. A.
Diddams, Leo Hollberg, and Mbele, 2007; Coddington, W. C. Swann, and N. R.
Newbury, 2008; Coddington, N. Newbury, and W. Swann, 2016), astronomy (M.
Murphy et al., 2007; Steinmetz et al., 2008; C.-H. Li et al., 2008) and was awarded
the Nobel prize in physics in 2005 (Hall, 2006; T. W. Hänsch, 2006). An optical
frequency comb typically consists of thousands of laser lines with equally spaced
frequencies. It resembles the grid of a ruler, or a hair comb, but in frequency domain.
It is capable of coherently connecting electrical and optical frequencies through the
detection and control of comb repetition frequency and offset frequency (known as
carrier envelope frequency). This has led to numerous inventions, including optical
clocks (SA Diddams, Th Udem, et al., 2001; SA Diddams, Bergquist, et al., 2004)
and optical frequency division (TM Fortier et al., 2011). Traditionally, the optical
frequency comb is constructed from mode-locked fetmosecond laser. However, this
type of conventional frequency combs was typically limited to national labs because
of its size, cost and complexity.

Since 2007, microresonator-based frequency comb (microcomb) has been proposed
(P Del’Haye et al., 2007) and heavily studied to miniaturize the frequency comb to
chip-based microresonator platform (T. J. Kippenberg, Ronald Holzwarth, and SA
Diddams, 2011). The Optical microresonator is a dielectric optical structure that
confines light in small volume for a long time (K. J. Vahala, 2003). A typical type of
resonator is a ring resonator (or whispering-gallery mode resonator) where light is
trapped inside the dielectric by total internal reflection (A. B. Matsko and Ilchenko,
2006). The Optical microresonator is widely known for enhancing light-matter
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interaction and is intensively studied in cavity quantum electrodynamics (cavity
QED) (McKeever et al., 2003; T. Aoki et al., 2006), biosensing (Vollmer and L.
Yang, 2012; Vollmer and Arnold, 2008), microlaser (S. Spillane, T. Kippenberg,
and KJ Vahala, 2002; Cai et al., 2000), optomechanics (Rokhsari et al., 2005;
T. J. Kippenberg and K. J. Vahala, 2008), etc. Here, the microresonator uses Kerr
nonlinearity to convert photons from a continuous pump laser to other longitude
modes and form optical frequency combs (P Del’Haye et al., 2007). Integrating
the frequency comb in a microresonator on photonic chips would revolutionize
instrumentation, time keeping, spectroscopy, navigation, and potentially create new
mass-market applications.

In this thesis, a new type of microcomb, the dissipated Kerr soliton microcomb,
is demonstrated in a silica microresonator for the first time (Xu Yi, Q.-F. Yang,
Ki Youl Yang, Suh, et al., 2015). The mode-locked solitary wave is formed in
the resonator through the balance between cavity dispersion and Kerr nonlinearity
(T Herr, V Brasch, J. Jost, C. Wang, et al., 2014). The development of soliton
is a key progress for microcombs, as it is naturally coherent, low noise and has
a predictable spectra envelope, which is required for many comb applications. It
also provides a rich landscape for research in optical nonlinearity. Several novel
phenomena are discovered or modeled for the first time in this thesis, including
microresonator soliton self-frequency shift (Xu Yi, Q.-F. Yang, Ki Youl Yang, and
Kerry Vahala, 2016b), Stokes soliton (Q.-F. Yang et al., 2017), spatial-mode induced
dispersive waves (Q.-F. Yang et al., 2016) and single-mode dispersive waves (Xu Yi,
Q.-F. Yang, X. Zhang, et al., 2016). Finally, novel frequency comb applications,
including electro-optics frequency division, microwave synthesizer (Jiang Li, Xu
Yi, et al., 2014) and astronomical calibration (X Yi et al., 2016), were explored
using electro-optics frequency combs.

1.2 Chapter overview
Chapter 2 is an introduction to the theory of microcombs and solitons. The
derivation of the widely used coupled mode equations and Lugiato-Lefever equation
is included. It also presents the analytical solution of soliton, which will be used
frequently throughout the thesis.

Chapter 3 describes the experimental demonstration of soliton microcombs in the
silica resonator. The characterization of resonator mode spectrum is described
in detail. The active soliton capture, a method developed to overcome thermal
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complexity in themicroresonator, is also introduced. Solitonmeasurement including
optical spectrum, microwave beatnote and time-domain autocorrelation are also
performed. The techniques described in this chapter are used repeatedly through
Chapter 4 to Chapter 7.

Chapter 4 investigates the soliton Raman self-frequency shift in microresonator.
The soliton self-frequency shift and soliton efficiency is calculated analytically using
the Lagrangian variation method. The analytical result is verified by experiments.

Chapter 5 describes the observation of the Stokes soliton induced by stimulated
Raman effect. The Stokes soliton is a new type of soliton which harnesses its energy
through Raman gain created by the original soliton. The condition of Stokes soliton
generation is analyzed and a set of coupled equations is developed to describe this
novel observation. The Stokes soliton is demonstrated in multiple silica resonators
and the experiment results are compared with theory analysis.

Chapter 6 presents the observation of dispersive waves in microresonator. The
dispersive wave in this chapter is induced by spatial-mode interaction, which is
confirmed by measurement of the resonator mode spectrum. The phase-matching
condition of dispersive wave in resonator is proposed. Furthermore, it is shown that
the phase matching condition can be tuned through laser-cavity detuning and soliton
self-frequency shift.

In Chapter 7 the authors investigate a limiting case of dispersive wave: a single-
mode dispersive wave. The single-mode dispersive wave occurs when only one
longitude mode satisfies the dispersive wave phase matching condition, and is a
result of abrupt variation in resonator mode spectrum. The single-mode dispersive
wave is capable of recoil the soliton envelope center and introduces nonlinearity of
soliton parameters versus laser-cavity detuning. The single-mode dispersive wave
is shown to reduce the soliton repetition frequency noise by balancing the Raman
self-frequency shift.

Chapter 8 is an introduction to the background of electro-optics (EO) frequency
comb. The EO frequency comb is built with off-the-shelf components and is reliable
and easy to use. The EO frequency comb will be used in Chapters 9 and 10 for
microwave synthesizer and astronomy applications.

Chapter 9 describes an optical frequency divider by using electro-optics (EO)
frequency combs. By dividing the frequency difference from two stable stimulated
Brillouin lasers to EO comb repetition rate, the divider transfers the stability from
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high frequency optical signal to GHz’s microwave frequencies and produces stable
microwaves. The N-squared-law of frequency division (N being the number of
division) is carefully verified.

Chapter 10 presents the implementation of the electro-optics (EO) frequency comb
to astronomical calibration and exoplanet detection. The offset frequency of the EO
comb from previous chapter is stabilized to a molecular transition, and the repetition
frequency is synchronized to a microwave Rubidium clock. The EO comb system is
assembled in a 19 inch instrument rack and was demonstrated in NASA IRTF and
Keck observatories in Hawaii.
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C h a p t e r 2

THEORETICAL BACKGROUND OF SOLITON IN
MICRORESONATOR

2.1 Introduction
The dynamics of microcombs involves a series of dissipated optical cavity modes,
cavity dispersion, a continuous-wave pump laser, and third order Kerr nonlinearity
(four-wave mixing) (P Del’Haye et al., 2007). It can be described by equations in
both frequency and time domain. In frequency domain, each line of the frequency
comb obeys an equation of motion and is coupled with all other comb lines through
four-wave mixing. This set of equations fully describes the dynamics of microcomb
and is often referred to as coupled mode equations (Chembo and N. Yu, 2010;
T Herr, K Hartinger, et al., 2012). Coupled mode equations are very useful in
calculation of parametric oscillation threshold (T. Kippenberg, S. Spillane, and KJ
Vahala, 2004) and primary comb sidebands (T Herr, K Hartinger, et al., 2012),
where only a few comb lines are generated. However, the complexity increases
dramatically once more comb lines are considered. It is therefore more practical to
analyze the microcomb in the time domain, in which one Lugiato-Lefever Equation
(LLE) fully describes the dynamics (ABMatsko et al., 2011; Chembo and Menyuk,
2013; T Herr, V Brasch, J. Jost, C. Wang, et al., 2014). The LLE equation is
equivalent to the coupled-mode equations and will be used extensively in this thesis.

In this chapter, the coupled-mode equations will first be introduced followed by the
LLE equation. A Lagrangian perturbation method is then presented to derive the
dissipated Kerr cavity (DKC) soliton solution (A. B. Matsko and Maleki, 2013; T
Herr, V Brasch, J. Jost, C. Wang, et al., 2014).

2.2 Coupled mode equations
Here, we considered a series of optical cavity modes in the same transverse mode
family with resonance frequency of {ωµ}. The optical field of the µ-th comb line is
denoted as {Aµ}, with µ being the mode number relative to the mode being pumped
by a continuous-wave laser field with frequency ωp. In the absence of dispersion,
{ωµ} is equally separated by the free spectral range (FSR) of the microcavity,
D1. However, when dispersion is considered, the frequency of the modes can be
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approximated with Taylor expansion,

ωµ = ω0 + D1µ +
1
2

D2µ
2 +

∑
j>2

1
j!

D j µ
j, (2.1)

where D j is the j-th order dispersion.

The equations of motion for the field of µ-th mode Aµ (Chembo and N. Yu, 2010;
T Herr, K Hartinger, et al., 2012) can be written as

dAµ

dT
= −(iωµ + κ/2)Aµ + δ0,µ

√
κextPin
~ω0

e−iωpT + ig
∑

µ1,µ2,µ3

Aµ1 Aµ2 A∗µ3, (2.2)

where κ is the cavity dissipated rate, κext is the external coupling rate between
cavity mode and tapered fiber (or waveguide), Pin is the pump laser power, ωp is
the pump laser frequency, and g = ~ω2

0cn2/n2
0Veff is the equivalent Kerr nonlinear

coefficient in microcavity (T. Kippenberg, S. Spillane, and KJ Vahala, 2004; T Herr,
K Hartinger, et al., 2012). The equation is normalized by ~ω0 so that |Aµ |2 is in the
unit of photon number. c, n0, n2, and Veff are the speed of light, refractive index,
Kerr nonlinear refractive index and effective cavity mode volume, respectively. The
last term in eq. (2.2) is Kerr nonlinear (four wave mixing) term. It is noted that
in eq. (2.2) the dissipate rate κ and nonlinear mode volume Veff are independent of
mode number µ and this is only valid for microcombs with limited wavelength span.
For simplicity, we denote f ≡

√
κextPin/~ω0 in the following derivation.

To eliminate the fast oscillating optical frequency in Aµ, we transform eq. (2.2) to
a relative frequency frame where aµ = Aµe−i(ωp+D1µ)T . It is noted that the pump
laser is one of the comb lines and if the comb spacing is the FSR of the cavity,
ωp + D1µ ≡ ζµ is the frequency of the µ-th comb line. When replacing Aµ with aµ
in eq. (2.2), we obtain

daµ
dT
= −(iωµ− iζµ+ κ/2)aµ+ δ0,µ f + ig

∑
µ1,µ2,µ3

aµ1aµ2a∗µ3 e−iD1(µ1+µ2−µ3−µ)T . (2.3)

As eq. (2.3) evolves in the rate of κ � D1, the four-wave mixing term has nonzero
contribution only when µ3 = µ1 + µ2 − µ. Therefore, the coupled mode equations
can be further simplified to

daµ
dT
= −(iωµ − iζµ + κ/2)aµ + δ0,µ f + ig

∑
µ1,µ2

aµ1aµ2a∗µ1+µ2−µ. (2.4)

Equation (2.4) is the coupledmode equations governing the dynamics ofmicrocomb.
The exact analytical solution to the equations is not known. However, in some
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simplified cases, coupled mode equations provide important information about the
formation of microcomb. For example, the threshold of parametric oscillation can
be obtained (T. Kippenberg, S. Spillane, and KJ Vahala, 2004; Chembo and N.
Yu, 2010; T Herr, K Hartinger, et al., 2012) by eq. (2.4) when only considering
the equations of µ = 0 (the mode being pumped by laser) and µ = ±m (a pair of
parametric sidebands),

Pth =
πn0ω0Seff

4ηn2

1
D1Q2 , (2.5)

where Seff = Veff/2πR is the effective mode area, R is the microcavity radius, Q =

ω0/κ is the mode quality factor, and η = κext/κ characterizes the waveguide/tapered-
fiber to resonator loading.

The threshold of parametric oscillation is critical to microcombs as it is the charac-
teristic power level of the system. In the silica wedge resonator, the threshold is on
the level of 1-2 mW at a detectable repetition rate (Jiang Li et al., 2012b). It shall
be noted that in anomalous dispersion cavity (D2 > 0), the threshold of parametric
oscillation is finite only when ω0 − ζ0 = ω0 − ωp ≡ δω < 0 (T. Kippenberg, S.
Spillane, and KJ Vahala, 2004; Chembo and N. Yu, 2010). The variable, δω, is
called cavity-pump detuning. The pump laser is said to be in blue-detuned regime
when δω < 0, and in red-detuned regime when δω > 0. To generate paramet-
ric oscillation and four-wave mixing microcombs (T. Kippenberg, S. Spillane, and
KJ Vahala, 2004; P Del’Haye et al., 2007; T Herr, K Hartinger, et al., 2012), the
pump laser must be in the blue-detuned regime. However, we will show in the next
subsection that to reach soliton operation regime, a transition from blue-detuned to
red-detuned is required.

2.3 Lugiato-Lefever equation
In the previous subsection, the microcomb is described in the coordinate of propa-
gation time T and mode number µ (or equivalently frequency ωµ). Another nature
coordinate in microcavity is the position in azimuthal angle φ. In this coordinate, in-
stead of considering the optical field aµ(T) at each mode number µ, we consider the
overall optical amplitude A(φ,T) at the position of angle φ. These two coordinates
are linked by discrete Fourier transform,

A(φ,T) =
∑

aµ(T)eiµφ. (2.6)

From eq. (2.6) we can see that A(φ,T) satisfies the resonator round trip condition
with A(φ,T) = A(φ + 2π,T). It is noted that the φ coordinate could be replaced by



8

the fast time coordinate t̃ as φ = −D1̃t (A. B. Matsko and Maleki, 2013; Xu Yi,
Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b). The minus sign is to keep the
wavefront consistent in position and time coordinate.

The Fourier transform of coupled-mode equations can be obtained by multiplying
eiµφ onto the µ-th equation in eq. (2.4) and then sum the equations together,∑

µ

daµeiµφ

dT
= − κ

2

∑
µ

aµeiµφ + f − i
∑
µ

(ωµ − ζµ)Aµeiµφ

+ig
∑
µ

∑
µ1,µ2

aµ1aµ2a∗µ1+µ2−µeiµφ.

(2.7)

Equation (2.7) can be simplified to form the LLE equation. From eq. (2.1), we have
ωµ− ζµ = δω+

∑
j>1 D j µ

j/ j!. At the same time, the j-th derivative of eq. (2.6) over
φ is ∂ j A(φ, t)/∂φ j = i j µ j Aµeiµφ. In combination, the third term on the right hand-
side of eq. (2.7) can be expressed as (−iδω +−i1− j ∑

j>1 D j/ j!∂ j/∂φ j)A(φ, t). The
four-wave mixing term in eq. (2.7) is equal to ig

∑
µ1,µ2,µ3 aµ1 eiµ1φaµ2 eiµ2φa∗µ3 e−iµ3φ,

where we have replaced µ1 + µ2 − µ with µ3 as µ1,µ2 and µ are independent.
In addition, for independent µ1,µ2 and µ3, the operations of sum and multiply
are commutation and the term becomes ig

∑
µ1 aµ1 eiµ1φ

∑
µ2 aµ2 eiµ2φ

∑
µ3 a∗µ3 e−iµ3φ.

Finally, replace all
∑
µ aµeiµφwith A(φ,T) and keep only the second order dispersion,

eq. (2.7) is transformed to

dA(φ, t)
dT

= i
D2
2
∂2 A
∂φ2 + ig |A|2 A − iδωA − κ

2
A + f , (2.8)

and it is the same form of the Lugiato-Lefever Equation (LLE), a general nonlinear
equation proposed in 1987 (Lugiato and Lefever, 1987).

Equation (2.8) and the periodic boundary condition, A(φ,T) = A(φ + 2π,T), fully
describe the dynamics of microcomb and are equivalent to the coupled mode equa-
tions (eq. 2.4). In addition, as A(φ,T) is transformed from the relative frequency
frame of ωp+D1µ, and therefore φ is a moving coordinate with speed of D1 relative
to the lab coordinate φl (Chembo and Menyuk, 2013). The optical field in lab
coordinate, therefore, can be expressed as Ã(φl,T) = A(φ + D1T,T)e−iωpT .

The analytical solutions to eq. (2.8) are only known in the absence of loss and gain
(κ, f = 0). Although loss and gain are always presented in the microcomb system,
it is beneficial to take a step back and analyze the simple case without them. The
LLE is reduced to an unperturbed soliton equation,

dA(φ, t)
dT

− i
D2
2
∂2 A
∂φ2 − ig |A|2 A + iδωA = 0, (2.9)
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with a solution in the form of

A = Bsech(φ/φτ). (2.10)

Here, B is the soliton amplitude, φτ is the pulse width in φ coordinate and Sech

is the hyperbolic secant function. D1φτ = τs is the soliton pulse width in time
coordinate (A. B. Matsko and Maleki, 2013; Xu Yi, Q.-F. Yang, Ki Youl Yang, and
Kerry Vahala, 2016b). It is insightful to insert the soliton solution into eq. (2.9) and
see how the terms balance each other:

D2

2φ2
τ

[1 − 2sech2(φ/φτ)]︸                        ︷︷                        ︸
2nd order dispersion

+ gB2sech2(φ/φτ)︸              ︷︷              ︸
Kerr nonlinearity

− δω︸︷︷︸
detuning

= 0. (2.11)

For eq. (2.11) to hold for any given φ, the Kerr nonlinear term can only be balanced
by the second term in dispersion. The remaining first term in dispersion is canceled
by the cavity-pump detuning. Therefore, we have

D2/g = B2φ2
τ, (2.12)

δω = D2/2φ2
τ = gB2/2. (2.13)

A quick observation of eq. (2.12) and (2.13) is that soliton solution exists only
when cavity dispersion is anomalous (D2 > 0) and the pump laser is red-detuned
(δω > 0).

There are two common interpretations of the soliton solution. One is that the
Kerr nonlinearity balances the overall dispersion in the system, which includes
the zero order dispersion (cavity-pump detuning) and the second order anomalous
dispersion. This is identical to the understanding of soliton propagation in optical
fibers. However, it does not describewhy the systemwould prefer this balanced state.
The second interpretation, on the other hand, involves the feature of microresonator.
Although the pump laser is off-resonance by the amount of cavity-pumpdetuning δω,
eq. (2.13) suggests that Kerr nonlinearity on average shifts the resonance by the exact
amount of δω so that the soliton is on-resonancewith the cavity. In amicroresonator,
the intracavity field is enhanced when the light is on-resonance with the resonator
mode. So in this case, the cavity is acting as an "saturated absorber". It enhances
the on-resonance solitary waves, and damps any other waves. This mechanism is
similar to the conventional optical frequency combs (SA Diddams, Th Udem, et al.,
2001), which uses a mode-locked laser with a saturated absorber. However, a critical
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difference is that in the case of soliton microcomb, the microresonator is both the
cavity for lasering and the saturated absorber for mode-locking. This fact makes
the microcomb structure extremely simple and is very versatile in frequency comb
wavelength and repetition frequency.

2.4 Lagrangian formulation
In the complete equation of microcombs, by treating the dissipation and pump
as a perturbation, an approximated analytical solution can be calculated with the
Lagrangian variation method (A. B. Matsko and Maleki, 2013; T Herr, V Brasch,
J. Jost, C. Wang, et al., 2014). In this perturbation method, it is assumed that the
soliton maintains its waveform and the perturbation only varies the parameters of the
soliton. This treatment is similar to the perturbation theory in quantum mechanics,
where the non-perturbed eigenstates are used to calculate the first order correction
of eigenvalues. The ansatz of eq. (2.8) can be set as

A(φ,T) = Bsech(φ/φτ)eiϕ, (2.14)

where ϕ is included as the phase of the soliton envelope relative to the pump.

In this subsection, the general method of constructing the Lagrangian and perturbed
Euler-Lagrangian equation from a differential equation is explained in detail. This
method will be used frequently in the following chapters when the Raman effect and
the spatial-mode interactions are further considered.

The principle of least action in Lagrangian method is parallel to Newton’s second
law in classical mechanics. It states that the physics path from one state to another
is the minimum of an action functional defined by the integral of Lagrangian. This
variation principle translates into the mathematical form of

δ

∫ ∫
LdTdφ = 0, (2.15)

where L is the Lagrangian density. Eq. (2.15) can be expanded on the basis of
{A, A∗, ∂A/∂T, ∂A∗/∂T, ∂A/∂φ, ∂A∗/∂φ},

δ

∫ ∫
LdTdφ =

∫ ∫
dTdφ{∂L

∂A
δA +

∂L
∂( ∂A

∂T )
δ(∂A
∂T
) + ∂L

∂( ∂A
∂φ )

δ(∂A
∂φ
)

+
∂L
∂A∗

δA∗ +
∂L

∂( ∂A∗
∂T )

δ(∂A∗

∂T
) + ∂L

∂( ∂A∗
∂φ )

δ(∂A∗

∂φ
)}.

(2.16)

Similar to all Lagrangian variation calculation, we can use integration by part and
symmetric boundary condition to eliminate δ{∂A/∂T, ∂A/∂φ, ∂A∗/∂T, ∂A∗/∂φ}
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so that

δ

∫ ∫
LdTdφ =

∫ ∫
dTdφ{[∂L

∂A
− ∂

∂T
∂L
∂( ∂A

∂T )
− ∂

∂φ

∂L
∂( ∂A

∂φ )
]δA

+[ ∂L
∂A∗
− ∂

∂T
∂L

∂( ∂A∗
∂T )
− ∂

∂φ

∂L
∂( ∂A∗

∂φ )
]δA∗}

≡
∫ ∫

dTdφ(δL
δA

δA +
δL
δA∗

δA∗).

(2.17)

The Lagrangian only includes terms corresponding to conservative force so that
the dissipation and pumping terms must be excluded. Therefore, the Lagrangian
density shall be constructed in a way that for any given variation {δA, δA∗}, it
satisfies the least action principle (δ

∫ ∫
LdTdφ = 0) and the soliton equation

without dissipation and pump (eq. (2.9)). This would require that δL/δA∗ equals
eq. (2.9) and −δL/δA equals the conjugate of eq. (2.9),

∂L
∂A∗
− ∂

∂T
∂L

∂( ∂A∗
∂T )
− ∂

∂φ

∂L
∂( ∂A∗

∂φ )
=

dA(φ,T)
dT

− i
D2
2
∂2 A
∂φ2 − ig |A|2 A + iδωA. (2.18)

Integrate this equation and we arrive at the Lagrangian density of the soliton system,

L = 1
2
(A∗ ∂A

∂T
− A

∂A∗

∂T
) + i

D2
2

����∂A
∂φ

����2 − i
2
g |A|4 + iδω|A|2. (2.19)

The method of constructing Lagrangian is universal and can be applied to other
differential equation. The dissipation and pumping terms are combined in a pertur-
bation R, where

R = − κ
2

A + f . (2.20)

In the presence of perturbation, eq. (2.8) is recovered by letting δL/δA∗ = R
or δL/δA = −R∗ (Hasegawa, 2000; A. B. Matsko and Maleki, 2013). This
perturbation treatment requires δω � κ/2.

To calculate the evolution of soliton parameters {B, φτ, ϕ} with T , we first eliminate
coordinate φ by integrating the Lagrangian density into the Lagrangian

L =
∫
Ldφ = 2iB2φτ(

D2

6φ2
τ

− gB2

3
+ δω +

∂ϕ

∂T
), (2.21)

where we have inserted the ansatz (eq. (2.14)) into the Lagrangian density (eq.
(2.19)) and used the chain rule ∂A/∂T =

∑
j
∂A
∂rj

∂rj
∂T . The coordinate r j corresponds

to the soliton parameter {B, φτ, ϕ}. In calculation of eq. (2.21), it is further assumed
that the soliton pulse width τs is much shorter than the cavity round-trip time 2π/D1
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so that the upper and lower limit of the integration for φ can be extended to ±∞.
Insert eq. (2.21) into the equation of variation principle (eq. (2.15)), expand it on
the coordinate of {r j, Ûr j} and follow the same procedure as that in eq. (2.16) and
(2.17), we can arrive at the Euler-Lagrangian equation

∂L
∂r j
− d

dT
∂L
∂ Ûr j
= 0, (2.22)

where Ûr j ≡ ∂r j/∂T and no dissipation and pump is included.

In classical mechanics, the first term in eq. (2.22), ∂L/∂r j , can be understood as a
force along with coordinate r j , and the second term is the inertial. With this in mind,
we can integrate the perturbation R into the Euler-Lagrangian equation. Assign a
virtual Lagrangian LR to perturbation R, and the force corresponding to R can be
expressed as ∂LR/∂r j . In addition, the LLE equation (eq. (2.8)) requires LR = L.
Therefore,we can expand the force of R using the chain rule
∂LR
∂r j
=
∂L
∂r j
=

∫
∂L
∂r j

dφ =
∫
(δL
δA

∂A
∂r j
+
δL
δA∗

∂A∗

∂r j
)dφ =

∫
(R∂A∗

∂r j
− R∗

∂A
∂r j
)dφ,

(2.23)

where we have used L =
∫
Ldφ, δL/δA∗ = R and δL/δA = −R∗. Add this

perturbation force to the right-hand side of eq. (2.22) and we arrive at the perturbed
Euler-Lagrangian equation

∂L
∂r j
− d

dT
∂L
∂ Ûr j
=

∫
(R∂A∗

∂r j
− R∗

∂A
∂r j
)dφ. (2.24)

The soliton ansatz (eq. (2.14)), Lagrangian (eq. (2.21)), and the perturbed Euler-
Lagrangian equation (eq. (2.24)) are the complete set of equations used to calculate
the equation of motion of parameters {B, φτ, ϕ}.

Take r j = B, φτ, ϕ and insert eq. (2.14), eq. (2.20), and eq. (2.21) into eq. (2.24),
we have

∂ϕ

∂T
=

2gB2

3
− D2

6φ2
τ

− δω, (2.25)

∂ϕ

∂T
=

gB2

3
+

D2

6φ2
τ

− δω, (2.26)

dB2φτ
dT

= −κB2φτ + π f Bφτcosϕ. (2.27)

The steady state solutions of eq. (2.25) to (2.27) give

B =

√
2δω
g
, (2.28)
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φτ =

√
D2

2δω
, τs =

φτ
D1
=

√
− cβ2

2n0δω
(2.29)

Bτs =

√
D2

gD2
1

(2.30)

cosϕ =
κB
π f
=

√
2δω
g

κ

π f
, (2.31)

where we have used the cavity group velocity dispersion β2 = −n0D2/cD2
1 and it is

negative at anomalous dispersion. Eq. (2.28) and (2.29) are identical to eq. (2.12)
and eq. (2.13) in unperturbed soliton equation. It is interesting to note that the
soliton amplitude B and pulse width τs = φτ/D1 are only driven by cavity-laser
detuning δω, but are independent of pump power f . In addition, eq. (2.31) sets a
maximum on detuning (|cosϕ| 6 1) as

δω 6
gπ2 f 2

2κ2 . (2.32)

Beyond the maximum detuning δωmax, the soliton is no longer the solution to the
LLE equation.

The soliton solution from eq. (2.28) to eq. (2.31) is in φ coordinate (or time
coordinate). However, as the soliton here is also a frequency comb, it is useful to
convert the solution to frequency domain and examine its properties. Inserting the
soliton solution of eq. (2.14) and eq. (2.28) to (2.31) into the Fourier transform in
eq. (2.6), we obtain

aµ =
1

2π

∫ 2π

−2π
A(φ)e−iµφdφ =

Bφτ
2

sech(πφτµ
2
)eiϕ =

√
D2
4g

sech(πφτ
2
µ)eiϕ. (2.33)

It is interesting to note that in frequency domain, the soliton is also a hyperbolic
secant function and its central power (at µ = 0) is independent from cavity-laser
detuning and pump laser power. To compare the theory results with the experimental
quantities, we further calculate the soliton power output in the waveguide/tapered-
fiber using aµ,ext = δ0,µ f + i

√
κextaµ.The power for the µ-th comb line (µ , 0)

is
Pµ = κext~ω0 |a2

µ | = −
πc
2
ηSeffβ2

n2

D1
Q

sech2(πD1τsµ/2), (2.34)

where we have used g = ~ω2
0cn2/n2

0Veff , Veff = 2πcSeff/n0D1, φτ = D1τs, and
β2 = −n0D2/cD2

1. η = κext/κ is the cavity-waveguide/tapered-fiber coupling coeffi-
cient. Therefore, the power of the center comb line Pc is purely determined by the
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microresonator parameters,

Pc = −
πc
2
ηSeffβ2

n2

D1
Q
. (2.35)

In addition, the soliton total power, Psol, can be obtained by taking the sum of eq.
(2.34):

Psol = Pc

∑
µ

sech2(πD1τsµ/2) = −
2cηSeffβ2

n2Q
1
τs
=

2ηSeff
n0Q

√
−2n0cβ2δω, (2.36)

where we have used
∑
µ Z(µ) →

∫
Z(x)dx and Z represents any function. The soli-

ton power increases with cavity-laser detuning δω and it can used in the experiment
to control and stabilize the soliton (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,
2015; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016a).

The maximum soliton detuning, δωmax, is limited by the power of pump laser, Pin.
We re-express eq. (2.32) in the unit of cavity dissipation rate κ as

δωmax
κ
=
πηn2D1Q2

4noSeffω0
Pin =

π2Pin
16Pth

. (2.37)

where we have used the threshold of parametric oscillation in eq. (2.5). Finally,
using eq. (2.32) we calculate the minimum pump power, Pmin, required for a soliton,

Pmin =
~ω0 f 2

min
κext

=
4n0Seff
πηn2D1Q

δω = −2c
π

Seffβ2
ηn2D1Q

1
τ2

s
. (2.38)

Eq. (2.37) and (2.38) are critical in experiments, as they set the boundaries of detun-
ing and pump for the soliton with a certain pulse width (or frequency bandwidth).
Furthermore, we define the soliton efficiency, Γ, as the soliton power versus the
minimum pump power

Γ =
Psol
Pmin

= πη2D1τs . (2.39)

It is interesting to see that for a soliton with a certain pulse width (or frequency
bandwidth), the soliton efficiency is independent of the cavity nonlinear coefficient
and the cavity Q-factor. In other words, the soliton efficiency is independent of the
material platform of microresonator.

Finally, the LLE equation has one more steady solution. In the limit of δω � κ, the
leading order of the solution is Abc(φ,T) = −i f /δω, and it represents a continuous
background field. As the background field is much smaller than the amplitude of
the soliton, it does not interfere with the soliton solution. The overall optical field in
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the cavity Atot can therefore be expressed as the linear superposition of soliton and
the background field

Atot = Bsech(φ/φτ)eiφ − i f /δω. (2.40)

2.5 Method of numerical simulation
In numerical simulation, it is often favored to normalize the differential equation
to dimensionless form so that one simulation corresponds to the results of a set of
parameters. The LLE equation can be normalized by takingT = 2τ/κ, φ =

√
2D2/κθ

and A =
√
κ/2gψ, where τ, θ, and ψ are the normalized time, azimuthal angle, and

optical field, respectively (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014). Eq.
(2.8) then becomes

dψ
dτ
=

i
2
∂2ψ

∂θ2 + i |ψ |2ψ − (iς + 1)ψ + f̃ , (2.41)

where ς = 2δω/κ and f̃ =
√

8g/κ3 f are the normalized detuning and pump laser
field. Notice that the Kerr coefficient and cavity dissipation are normalized to 1 so
that | f̃ |2 = 1 corresponds to the parametric oscillation threshold in eq. (2.5).

There are several different methods to simulate microcombs numerically. Here, we
briefly introduced the split-step (Fourier) method. This method has been widely
used in simulation of soliton propogation in fibers and optical supercontinuum
(Dudley, Genty, and Coen, 2006). The general idea of this method is based on
the fact that the evolution of the Kerr nonlinear term has an analytical solution in
the "time" domain (coordinate θ), while the dispersion term has a simple solution
in the "frequency" domain (coordinate µ). Therefore, when splitting the evolution
into nonlinear and dispersion parts and calculating them separately in the "time"
and "frequency" domain, the LLE can be simulated very efficiently. However, as
dispersion and Kerr nonlinear operations do not commute, such split-step method
has global error on the order of∆τ, where∆τ is the evolution step size in normalized
time. A modified version, the symmetric split-step Fourier method, was developed
to reduce the global error to the order of ∆τ2 (Sinkin et al., 2003). In addition,
when using fast Fourier transform (FFT) to connect time and frequency domain, the
periodic boundary condition of microresonator will be naturally satisfied (Chembo
and Menyuk, 2013).

The evolution from ψ(θ, τ) to ψ(θ, τ + ∆τ) can be split into these steps below:
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1. Transformψ(θ, τ) to frequency domain(µ coordinate) using fast Fourier transform
(FFT) on variable θ:

ψ̃(µ, τ) = FFTθ{ψ(θ, τ)}. (2.42)

2. Evolve ψ̃(µ, τ) by ∆τ/2 with only dispersion by transforming LLE to frequency
domain (µ coordinate). Notice in frequency domain, dispersion operator transforms
as i

2
∂2ψ(θ,τ)
∂θ2 = i

2
∂2

∂θ2
∑
µ ψ̃(µ, τ)eiµθ = − i

2
∑
µ µ

2ψ̃(µ, τ)eiµθ . Therefore, we have
the differential equation with dispersion as dψ̃D(µ, τ)/dτ = −iµ2

2 ψ̃D(µ, τ) and the
analytical solution of the ∆τ/2 evolution is

ψ̃D(µ, τ + ∆τ/2) = exp(−iµ2

2
∆τ

2
)ψ̃(µ, τ). (2.43)

3. Transform ψ̃D(µ, τ + ∆τ/2) back to time domain (θ coordinate) using inversed
fast Fourier transform (IFFT) on variable µ:

ψD(θ, τ + ∆τ/2) = IFFTµ{ψ̃D(µ, τ + ∆τ/2)}. (2.44)

4. Evolve ψD(µ, τ + ∆τ/2) by ∆τ with Kerr nonlinear, detuning, dissipation and
pump terms:

ψN (θ, τ+∆τ) = exp{(i |ψD(µ, τ+∆τ/2)|2− iς −1)}ψD(µ, τ+∆τ/2)+∆τ f . (2.45)

5. Repeat step 1, convert ψN (θ, τ + ∆τ) to time domain,

ψ̃N (µ, τ + ∆τ) = FFTθ{ψN (θ, τ + ∆τ)}. (2.46)

6. Repeat step 2, evolve ∆τ/2 with only dispersion:

ψ̃D+N (µ, τ + ∆τ) = exp(−iµ2

2
∆τ

2
)ψ̃N (µ, τ + ∆τ). (2.47)

7. Repeat step 3, convert back to time domain,

ψ(θ, τ + ∆τ) = IFFTµ{ψ̃D+N (µ, τ + ∆τ)}. (2.48)

2.6 summary
In this chapter, we have derived the coupled mode equations and LLE equations for
Kerr frequency comb dynamics. The analytical solutions for the LLE equations are
introduced. These equations will be repeatedly used in the following chapters.
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C h a p t e r 3

SOLITON GENERATION IN SILICA MICRORESONATOR

3.1 Introduction
1 The optical frequency comb is revolutionizing a wide range of subjects spanning
spectroscopy to time standards (Jones et al., 2000; R Holzwarth et al., 2000; SA
Diddams, Th Udem, et al., 2001; Th Udem, Ronald Holzwarth, and T. W. Hänsch,
2002; SA Diddams, Bergquist, et al., 2004; N. R. Newbury, 2011; Steinmetz et al.,
2008; C.-H. Li et al., 2008; TM Fortier et al., 2011). Since their invention, a
miniaturized approach to the formation of a comb of optical frequencies has been
proposed in high-Q micro-resonators (P Del’Haye et al., 2007; T. J. Kippenberg,
Ronald Holzwarth, and SA Diddams, 2011). These microcombs or Kerr combs
have been demonstrated in several material systems (A. A. Savchenkov, A. B.
Matsko, Ilchenko, et al., 2008; Grudinin, N. Yu, and Maleki, 2009; Papp and
S. A. Diddams, 2011; Hausmann et al., 2014), including certain planar systems
suitable for monolithic integration (Levy et al., 2010; Razzari et al., 2010; Ferdous
et al., 2011; Jiang Li et al., 2012b; Jung et al., 2013). They have been applied in
demonstrations ofmicrowave generation (A.A. Savchenkov, A.B.Matsko, Ilchenko,
et al., 2008), waveform synthesis (Ferdous et al., 2011), optical atomic clocks (Papp,
Beha, et al., 2014) and coherent communications (Pfeifle et al., 2014). Microcombs
were initially realized through a process of cascaded four-wave mixing (P Del’Haye
et al., 2007) driven by parametric oscillation (T. Kippenberg, S. Spillane, and KJ
Vahala, 2004; A. A. Savchenkov, A. B. Matsko, Strekalov, et al., 2004). However,
a recent advance has been the demonstration of mode locking through formation
of dissipative Kerr solitons in micro-resonators (T Herr, V Brasch, J. Jost, C.
Wang, et al., 2014; V. Brasch et al., 2014). While initial work on microcombs
demonstrated phase-locked states (T Herr, K Hartinger, et al., 2012; Jiang Li et al.,
2012b; Pascal Del’Haye, Beha, et al., 2014; Pascal Del’Haye, Coillet, Loh, et al.,
2015; Papp, Pascal Del’Haye, and S. A. Diddams, 2013) including pulse generation
(Saha et al., 2013), solitons are both phase locked and, being pulses, can be readily
broadened spectrally (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014). Moreover,

1Work presented in this chapter has been published in: "Soliton frequency comb at microwave
rates in a high-Q silica microresonator", Optica, 2, 1078 (2015) and "Active capture and stabilization
of temporal solitons in microresonators", Optics Letters, 41, 2037 (2016).
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resonator dispersion can be engineered so as to create coherent dispersive waves
that broaden the soliton comb spectrum within the resonator (V. Brasch et al., 2014;
S. Wang et al., 2014). Both of these features can simplify the comb self-referencing
process. Finally, solitons have a very predictable spectral envelope, which is useful
in any application where individual comb teeth are accessed for measurement.
Dissipative Kerr solitons balance dispersion with the Kerr nonlinearity while also
balancing optical loss with parametric gain from the Kerr nonlinearity (Ankiewicz
and Akhmediev, 2008; T Herr, V Brasch, J. Jost, C. Wang, et al., 2014). They have
been observed in fiber resonator systems (Leo et al., 2010). In micro-resonators,
these solitons have been observed in crystalline (T Herr, V Brasch, J. Jost, C. Wang,
et al., 2014; Grudinin and N. Yu, 2015; W Liang, Eliyahu, et al., 2015) and in
silicon-nitride based systems (V. Brasch et al., 2014). Crystalline system solitons
have also been externally broadened to 2/3 of an octave enabling detection of the
comb offset frequency (J. Jost et al., 2014).

To achieve self-referenced operation, these frequencies must be detectable and ide-
ally occur at rates forwhich low-noise electronics is available. In this chapter, a comb
of frequencies is generated by soliton mode locking in a silica resonator. The soliton
pulse trains occur at a repetition frequency that is both readily detectable with com-
mercial photo-detectors and that enables use of low-noise electronics. Moreover, the
free-running phase noise of the detected pulse train is comparable to a good K-band
signal source. Besides being the first observation of soliton frequency combs in a sil-
ica micro-resonator, control of soliton properties through a novel locking technique
is demonstrated. This technique is used to controllably explore the soliton regime
of operation, including measurement of soliton efficiency and existence power, as
well as measurement of soliton power and power per line versus soliton pulse width
for comparison with theory. Servo-locking also enables stable mode locking in-
definitely as well as operation at optimal detuning with respect to comb pumping
efficiency. The influence of the Raman process on the soliton is also observed and
will be explored in detail in the next chapter. Finally, the silica resonator used here
is fabricated on a silicon chip which enables reproducible avoided-mode-crossing
control through micro-lithographic control of resonator geometry.

3.2 Silica wedge resonator and its characterization
The silica wedge resonators fabrication process were developed in our group in
2012 (Lee, T. Chen, et al., 2012) (see fig.3.1). The devices were fabricated using
float-zone silicon wafers and exhibit a nearly constant finesse over a wide range of
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diameters and have previously been applied for comb generation at free-spectral-
range (FSR) values from 2.6 GHz to 220 GHz, including the formation of stable
phase-locked comb states (Jiang Li et al., 2012b; Papp, Beha, et al., 2014). The
details of the fabrication techniques were described in Lee, T. Chen, et al., 2012. In
the 3mm diameter devices with an FSR of 22 GHz prepared for soliton experiments,
the intrinsic Q factors were characterized by linewidth measurement to lie near 400
million. To both characterize the soliton tuning range (see eq.(2.37)) and to provide
a separate test of the Q factor, the threshold for parametric oscillation was measured
and compared to eq. (2.5) (T. Kippenberg, S. Spillane, and KJ Vahala, 2004; Jiang
Li et al., 2012b),

Pth =
πn0ω0Seff

4ηn2

1
D1Q2 , (3.1)

where Seff ∼ 60 µm2 is the effective mode area, n0 is refraction index, n2 is the Kerr
coefficient, D1 is the FSR in rad/s units, η = Q/Qext characterizes the waveguide
to resonator loading, where Qext is the external or coupling Q-factor and Q is the
total Q factor (intrinsic loss and loading included), and ω0 is the optical frequency.
Typical measured threshold powers were around 2.5 mW and were consistent with
the measured Q factors.

Figure 3.1: Imaging of silica wedge-resonator. (a) Top view of a 1-mm diameter
of wedge resonator. (b) Scanning electron micrograph of the side view of wedge
resonator. Insets are (c) simulated intensity profiles of fundamental modes. Pictures
are from group alumni Dr. Hansuek Lee.

Mode spectrum measurement
It is critical to characterize mode spectrum of the microresonator prior to the ex-
periment of soliton generation. To generate a soliton, the mode family that is phase
locked to form the soliton pulse train must feature anomalous dispersion (T. Kippen-
berg, S. Spillane, and KJ Vahala, 2004) and also minimal distortion of the dispersion
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caused by other mode families within the resonator (T Herr, V Brasch, J. Jost, Mir-
gorodskiy, et al., 2014). To characterize both mode family dispersion and avoided
mode crossing behavior, mode frequencies were measured using a tunable laser that
was calibrated with a fiber Mach-Zehnder interferometer (MZI). A typical mode
spectrum measurement is presented in fig. 3.2 (a) and (b). The cavity resonance
appears as Lorentz lineshape dip in transmission (green line), and MZI is a periodic
function of laser frequency (red line).
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Figure 3.2: (a) Oscilloscope trace of ECDL laser scanning from 1550 nm to 1630
nm. The green line is the transmission and red line is the MZI reference. (b) A
magnified figure of panel (a).

The MZI used in this experiment is a fiber interferometer with two unbalanced arms
(Lu et al., 2011). A 50/50 fiber coupler splits the laser signal into two optical paths,
with one path 5 meters longer than the other. They are then combined by a second
50/50 fiber coupler and sent to a photodetector. The MZI repetition frequency (the
frequency difference between two adjacent maximums in MZI signal), ∆ωMZI, is
subject to fiber dispersion and must be calibrated carefully. The dispersion of MZI
can be expressed in a mathematical form of ∆ωMZI(m) = ∆ωMZI0 + d1m + d2m2/2,
where m is the number of MZI period relative to a center MZI peak (here we
choose the center corresponding to 1550 nm), and d1 and d2 are the 1st and 2nd
order dispersion of ∆ωMZI. The calibration of ∆ωMZI0, d1, d2 will be introduced in
detail later. The laser scanning time, T , can be associated with a laser frequency
ωMZI(mT ) =

∑mT

m=0 ∆ωMZI(m) relative to the frequency center (m = 0), where mT

corresponds to the number of MZI period between time at m = 0, T0 and time
T . In our experiment, we set m = 0 at the wavelength of 1550 nm, which is the
pump laser wavelength in our soliton experiment. Finally, the resonance dips are
identified in our "local-extrema-finding" program and each dip is associated with its
laser scanning time T , and therefore, an optical frequency ωMZI(mT ).

The microresonator mode frequency data are presented in fig.3.3(a) by plotting the
relative-mode- f requency, ∆ωµ ≡ ωµ − ω0 − µD1 versus mode index µ, where
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Figure 3.3: (a) Mode spectrum plot of a soliton forming mode in microresonator.
D1/2π = 21.9733 GHz. Mode numer zero corresponds to wavelength of 1550 nm.
(b) FSR measurement of a microresonator. The FSR measured using MZI method
is presented in color dots. Different colors correspond to different mode families.
The FSR measured using EOM method are illustrated in black dot.

ω0 and D1 are specific to the soliton-forming mode family. ω0 is the frequency
of the mode (set to have index µ = 0) that is optically pumped to produce the
soliton, and D1 is the FSR of the soliton-forming mode family at µ = 0 (note: µ is a
relative and not an absolute mode index). By plotting the data in this way the second-
and higher-order dispersion of the soliton-formingmode family becomemanifest. A
minormode crossing and amajor avoidedmode crossing are apparent near µ = −180
and µ = 180. In addition, the microresonator FSR at different wavelengths (or mode
number µ) can also be obtained with D1(µ) = D1 + ∆ωµ − ∆ωµ−1, where D1, ∆ωµ

and ∆ωµ−1 are extracted from fig.3.3(a). The FSR versus wavelength is plotted
in fig.3.3(b). Different colors correspond to different mode families. The FSR
is a critical quantity in various microresonator experiments, including stimulated
Brillouin scattering laser (Lee, T. Chen, et al., 2012) and Stokes soliton (Q.-F. Yang
et al., 2017).

Finally, we discuss the calibration of MZI dispersion. One calibration method
is to compare the resonator mode spectrum result with results from a secondary
method. For this purpose, we measure the microresonator FSR using an electro-
optics modulation (EOM) method (Jiang Li, Lee, Ki Youl Yang, et al., 2012; Ki
Youl Yang et al., 2016). Only when the MZI parameters ∆ωMZI0, d1 and d2 are
accurate, can the FSR from two different methods equal each other in a wide range of
wavelengths. In the EOMmethod, the input laser (frequency: fp) is phasemodulated
in an electro-optics phase modulation before coupling to the microresonator. The
modulator is driven by a microwave frequency ( feom) and generates a pair of optical
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sidebands at frequency fp ± feom. In a laser frequency scan, if feom equals the FSR
of the cavity mode, then all three laser fields ( fp − feom, fp, fp + feom) will be on
resonance with mode {µ − 1, µ, µ + 1} at the same time and only one resonance
dip will show up in transmission. However, if the feom is slightly different from
FSR, three resonance dips can be seen in transmission. In this way, by tuning
feom to merge three transmission dips into one, the FSR of the mode is measured
through feom. In addition, feom can be easily referenced to a Rb clock or other time
standard, which represents an absolute calibration of FSR. The FSR measured with
EOM method is plotted in black dots in fig.3.3(b). The uncertainty of this FSR
measurement is limited by the resonance linewidth. For a resonator with Q > 108,
the uncertainty is found to be ∼ ±100 kHz. To determine the parameters of our
MZI, we fit ∆ωMZI0 to match the resonator FSR from two methods at 1550 nm, fit
d1 to match the slope of FSR at 1550 nm and d2 to match the FSR far from 1550 nm.
This fitting is valid because in the Taylor expansion of MZI dispersion, ∆ωMZI0 �
d1m � d2m2/2, where m = 0 correspond to 1550 nm. Using this method, we
obtained ∆ωMZI0/2π = 39.9553 MHz, d1/2π = 45 mHz and d2/2π = −7.8 × 10−8

Hz. With this set of parameters, the FSR from two methods are within ±100 kHz
difference. It shall be noted that the dispersion parameters of each MZI only need
to be calibrated once unless there is a dramatic temperature change in the lab.

Mode spectrum optimization
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Figure 3.4: Typical mode spectrum of microresonator (a) before and (b) after
optimization. The FSR of both resonators are 22 GHz.

Optical microresonator hosts many transverse mode families. They can interact
with each other and distort the mode spectrum for soliton generation (T Herr, V
Brasch, J. Jost, Mirgorodskiy, et al., 2014). One path to eliminate mode crossing
is to reduce the number of transverse mode families in a resonator by limiting the
cross-section area of the resonator. This has been successfully demonstrated in
MgF (Grudinin, Huet, et al., 2016), SiN (Kordts et al., 2016) and recently our silica
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resonator (Ki Y Yang et al., 2016). However, to eliminate mode crossing within
soliton wavelength bandwidth, we can also manipulate the geometric parameters
of a multimode microresonator so that no other transvese mode crosses the soliton
mode in its wavelength range.
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Figure 3.5: Reproducibility of mode spectrum. Disks in (a) and (b) were fabricated
under the same condition. Disk in panel (c) is slightly different than disk in panel
(d) in wet etching time.

In the effort of eliminating mode-crossing near 1550 nm, my colleague, Ki Youl
Yang, fabricated near a hundred of resonators with a systematic control of the
fabrication condition. The mode spectrum of these resonators were measured and
the results were used to modify the fabrication design. The wedge resonator has
three geometric parameters: resonator thickness, diameter and wedge angle. The
thickness is determined in the silica oxidation process and it is 7.5 µm for all wedge
resonators in our experiments. The diameter and wedge angle can be precisely
controlled by wet etching time and photoresist adhesion (Lee, T. Chen, et al., 2012).
By screening the wedge resonators, we find the combination of diameter and wedge
angle that produces mode-crossing free spectrum at 1550 nm. In figure 3.4, we
show the comparison of mode spectrum before (panel a) and after disk optimization
(panel b). Despite a minor mode-crossing, the mode spectrum in panel b is readily
for soliton generation. An important feature of the wedge resonator is that the mode
spectrum is well reproducible. In fig. 3.5, disk 1 and 2 show almost identical mode
spectrum and minor mode-crossing. In addition, the mode crossing wavelength
can be tuned by disk diameter through controlling the wet etching time (disk 3 vs.
disk 4). The ability to control mode spectrum is of critical importance in soliton
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experiments (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015; Q.-F. Yang et al.,
2017; Q.-F. Yang et al., 2016; Xu Yi, Q.-F. Yang, X. Zhang, et al., 2016).

Transverse modes identification
2It is often instructive to knowwhich transverse mode is being used for a microcomb
experiment. To identify the spatial mode families of the soliton mode and the other
mode families, a numerical simulation of the wedge resonator is used (Xu Yi, Q.-F.
Yang, Ki Youl Yang, Suh, et al., 2015; Ki Youl Yang et al., 2016). The simulation
used the Sellmeier equation for the refractive index of silica and commercial software
COSMOL. The measured and simulated mode spectrum of one microresonator are
illustrated in figure 3.6.
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Figure 3.6: (a) Measured mode spectra (blue dots) and fitted lines. Green line
represents fitting for soliton forming mode. Red and pink lines are fitted for another
two high-Q modes. Orange line is fitted for a higher-order transverse mode. D1/2π
is 22.0167 GHz. (b) Simulated mode spectra of four transverse electric (TE) modes.
Cross-sectional images of the mode spatial intensity distributions are included as
insets.

In the simulation, the geometry of the wedge resonator was first set to the following
design parameters: 3 mm diameter, 30◦ wedge angle and 7.5 µm silica thickness.
These parameters were then slightly tuned to maximize the similarity of measured
and simulated mode spectra. In the simulation presented in figure 3.6 (b), the
resonator has diameter 2.9826 mm, wedge angle 30.7071◦ and oxide thickness
7.5154 µm. The simulated mode spectrum is in reasonable agreement with the
measurement. The soliton mode is identified as the fundamental transverse electric
(TE) mode and the modes denoted by red, pink and orange lines are the TE10, TE20

2Ki Youl Yang and Xinbai Li performed the simulation. Results in this subsection have been
published in the supplementary information of X. Yi et al, Nature Communications, 14869 (2017).
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and TE21 mode. The mode spatial distribution in the simulation can be used to
calculate the effective area of the transverse mode.

3.3 Active capture and locking of soliton
The soliton formation in microresonator is complicated by cavity thermal effect
(Carmon, L. Yang, and Kerry Vahala, 2004). Solitons are formed when an optical
pump is tuned from the blue side of a cavity resonance to the red side. Blue de-
tuned operation is thermally stable so that parametric oscillation (T. Kippenberg,
S. Spillane, and KJ Vahala, 2004; A. A. Savchenkov, A. B. Matsko, Strekalov,
et al., 2004) and cascaded four-wave mixing (FWM) comb formation (T. J. Kippen-
berg, Ronald Holzwarth, and SA Diddams, 2011; P Del’Haye et al., 2007; A. A.
Savchenkov, A. B. Matsko, Ilchenko, et al., 2008; Levy et al., 2010; Razzari et al.,
2010; Papp and S. A. Diddams, 2011; W Liang, A. Savchenkov, et al., 2011; Jiang
Li et al., 2012b; C. Y. Wang et al., 2013; Jung et al., 2013; Hausmann et al., 2014;
Griffith et al., 2015) are readily achieved when the cavity dispersion is anomalous.
The FWM process is required to seed the solitons. With continued pump tuning
to the red side of the cavity resonance, their formation leads to abrupt, "step-like"
features in the intracavity power (see fig. 3.7) (T Herr, V Brasch, J. Jost, C. Wang,
et al., 2014) and an accompanying cavity tuning transient. Curiously, while the
red-detuned regime is normally unstable, once formed, solitons actually reverse the
thermal stability condition of the two thermal regimes. This happens because the
average circulating soliton power increases with further red-detuning of the pump
laser (i.e., opposite to the normal continuous-wave circulating power detuning de-
pendence). This unusual detuning dependence of soliton power thereby enables
red-detuned operation provided that the soliton state persists long enough so as to
permit decay of the initial non-soliton (destabilizing) transient.
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Figure 3.7: Simulated soliton steps with laser scans from laser-cavity blue-detuned
to red-detuned regime.

Two passive methods have been demonstrated to overcome thermal destabilization
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during soliton formation. In magnesium flouride resonators, where the thermal
effect is relatively weak, the red-detuned soliton regime can be achieved by pump
laser sweep rate control (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014). In
cases where there is a stronger thermal effect, the two-step "power kicking" protocol
was developed in silicon nitride resonators (V Brasch et al., 2016) and has also
been applied to our silica resonators (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,
2015). However, these passive approaches are challenging to implement, requiring
a customized pump power time dependence. Also, excitation of a specific soliton
state is not guaranteed and, significantly, the soliton power and pulse width still vary
as a result of long term drift of the cavity and pump laser frequencies. Ultimately,
these drifts result in loss of the solition state when the cavity-pump detuning drifts
to outside of the so-called soliton existence detuning range (ABMatsko et al., 2011;
A. B. Matsko and Maleki, 2013; T Herr, V Brasch, J. Jost, C. Wang, et al., 2014;
Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015).

The capture and stabilization method described here is simple to implement, relying
on servo-control of the pump laser frequency by measuring the soliton average
power. The key parameter in undestanding this servo control method is the relative
cavity-pump detuning, which for fixed cavity loading determines soliton power and
pulse width. The one-to-one relationship between detuning and several soliton
properaties was recently noted to provide a way to provide long-term locking of
the laser-cavity detuning (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015).
Specifically, the soliton power is given by the following expression (AB Matsko
et al., 2011; A. B. Matsko and Maleki, 2013; T Herr, V Brasch, J. Jost, C. Wang,
et al., 2014; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015):

Psol =
2ηSeff
n2Q

√
−2n0cβ2δω. (3.2)

It is important to note that the typical frequency detuning values for soliton gener-
ation are in the range of 10s of cavity linewidths. As a result, it is not clear how
conventional locking methods can be applied in these circumstances. On the other
hand, leveraging the one-to-one dependence of soliton power on detuning given
by eqn. (3.2) avoids the complexities associated with actual measurement of the
detuning frequency itself.

The experimental setup in fig. 3.8(a) shows the resonator (a high-Q silica resonator
described in references (Lee, T. Chen, et al., 2012; Xu Yi, Q.-F. Yang, Ki Youl
Yang, Suh, et al., 2015)) pumped with a continuous-wave fiber laser amplified by
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Figure 3.8: (a) Schematic of experimental setup. (b) Four phases of feedback-
controlled soliton excitation: (I) pump laser scans into cavity resonance from blue-
detuned side; (II) laser scan stops and pump power is reduced (∼ 10 µs) to trigger
solitons, and then increased (∼ 100 µs) to extend soliton existence range; (III) servo-
control is engaged to actively lock the soliton power by feedback control of laser
frequency; (IV) lock sustains and solitons are fully stabilized. The cavity-pump
detuning (vertical axis) is relative to the hot cavity resonant frequency.

an erbium-doped fiber amplifier. The high-Q resonators are 3 mm in diameter and
produce solitons at a repetition frequency of approximately 22 GHz. The laser’s
frequency is piezo controlled by a function generator and also the servo box. An
acoustic-optic modulator (AOM) is used to control the pump power coupled into
the resonator. At the resonator output port, the comb power is separated from the
pump power with a fiber Bragg grating filter and is sent to a photodiode (PD). An
error signal is generated from the detected photocurrent after subtracting a set point
in the servo control box. The complete setup configuration is shown in fig. 3.9.

The function generator produces signals to create a time sequence for all instruments.
The time sequence is composed of four phases illustrated in fig. 3.8(b). The first
two are similar to the "power kicking" technique (V Brasch et al., 2016) with the
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Figure 3.9: Complete schematic of soliton generation setup. Channel (CH) 1 to 4
are connected to a fast oscilloscope not showing in this figure.

exception that the precise shape of the pump power waveform is less important
than when power kicking is applied alone. In phase I, the laser is first scanned
into resonance from the blue side, causing FWM comb formation (T. J. Kippenberg,
Ronald Holzwarth, and SADiddams, 2011). In phase II, the laser stops scanning and
the pump power is decreased over a few microseconds by controlling the acousto-
optic modulator. This reduces the intracavity power so that the cavity resonance blue
shifts due to the Kerr and thermal effects. At some point, the laser wavelength will
reside on the red side of the cavity resonance where soliton formation is possible.
The laser power is then ramped to a higher level. Ramp times ranging from ∼ 20 µs
to ∼ 500 µs were used. Ramping the power extends the existence detuning range of
the solitons given by δωmax = π

2Pin/16Pth (A. B.Matsko andMaleki, 2013; T Herr,
V Brasch, J. Jost, C.Wang, et al., 2014; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,
2015), where Pin and Pth are the pump power and parametric oscillation threshold
(XuYi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). If the waveform used to control
the pump ramp is carefully designed, then the soliton can be stabilized during this
phase for extended periods. More typically, however, the soliton will be lost on
account of the residual thermal transients and the associated cavity frequency drift,
(i.e., cavity-pump detuning frequency drifts beyond the soliton existence range).

To overcome these transients, the servo control is activated in phase III using the
function generator. The servo controls the laser frequency to maintain a setpoint
for average soliton power. Significantly, the cavity-pump detuning is also locked
because it determines the soliton power (see eqn. (3.2)). This frequency locking
compensates the short term thermal transients that normally complicate soliton
formation, as well as the long term thermal drift of the cavity and the pump laser.
The net effect is that the soliton can be reliably captured and sustained indefinitely
as illustrated in phase IV. For successful capture of soliton state the soliton free
running time in phase II should be longer than the turn-on time of feedback loop. In
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the present case it is limited by the speed of laser controller and is around 100 µs.
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Figure 3.10: Demonstration of capture and locking of a soliton state. (a) Soliton
excitation with "power kicking" but no active locking is shown. The soliton state
destablizes around 22ms due to thermal transients. Soliton power is shown in red
and a Mach Zehnder (MZI) reference is in blue. (b) Soliton excitation with active
locking is shown with conditions similar to panel (a).
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Figure 3.11: Zoom-in view of panel (b) in figure 3.10. The four phases are indicated
using the same background color scheme as in fig. 3.9.

The demonstration of active capture and locking of a single soliton is presented
in figures 3.10 and 3.11. The comb power is shown in red and a Mach–Zehnder
interferometer (MZI) signal in blue is used to track the pump laser frequency (the
free spectral range of the interferometer is 40 MHz). The MZI signal gives an
indication of tuning of the pump relative to the interferometer (which is stable over
the time period of the scan). Soliton excitation without active capture is shown in
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fig. 3.10 (a). Here, the power kicking is employed and the soliton persists for about
20 ms before destabilizing. The MZI signal shows that the pump laser is thermally
drifting during this period. In fig. 3.10 (b), the feedback loop is switched on around
2 ms after the power kicking. A zoomed-in view is provided in figure 3.11. During
phase II, it is interesting to observe the transition from the FWM comb to the soliton
step which is accompanied by an abrupt decrease in comb power at ∼ 3.2 ms (red
trace). Also, in the early part of phase II at ∼ 3.5 ms, a further decrease in comb
power indicates thermal drift from a two-soliton to a single soliton state. During
phase III there is a jump in the MZI signal upon engaging the servo control (∼ 5.2
ms) and stable comb power indicates the feedback loop is activated.

3.4 Soliton microcomb characterization
Soliton stability upon locking is confirmed by measuring optical spectra, microwave
beatnote and by studying time-domain intensity autocorrelation. Figure 3.12 (b)
shows the spectrum measured for a single-soliton state. The square of a hyperbolic
secant function is also overlaid onto the spectrum to verify the characteristic single-
soliton spectral shape. From this fitting the soliton pulse width τs is inferred to be
130 fs where the pulse shape is sech2(t/τs). (Note: this definition of pulse width is
0.57 × the FWHM width of the soliton pulse). The presence of small spurs in the
spectrum of figure 3.12 (b) correlate with the appearance of avoided crossings in
the mode dispersion spectrum in figure 3.12 (a).

Direct confirmation of single-soliton generation is provided by Frequency-Resolved
Optical Gating (FROG) and autocorrelation traces (see figure 1d). In these mea-
surements, the pump laser was suppressed by fiber Bragg filters and dispersion
compensation of -1.5 ps/nm was applied using a programable optical filter before
the comb was amplified by an Erbium-doped fiber amplifier (EDFA). A pulse width
of 250 fs with a pulse period of 46 ps is inferred from this data. The measured pulse
width is larger than that fitted from optical spectrum (130 fs) due to the limited
wavelength bandwidth of the optical pre-amplifier used in this measurement. The
FROG data was also used to reconstruct the phase of the spectrum and showed a
constant phase across the comb lines.

An important feature of the soliton states generated in this work is their detectable
and stable repetition rate. Figure 3.14 contains phase noise spectra of the detected
soliton fundamental repetition frequency measured using single solitons generated
with three different resonators. The upper right inset of figure 3.14 is a typical
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Figure 3.12: Optical spectra of soliton frequency comb. (a) The mode spectrum
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shown with a sech2 envelope (red dashed line) superimposed for comparison. The
pump laser is suppressed by 20 dB with an optical Bragg filter. Inset is a zoomed-in
spectrum between 1543 nm and 1545 nm.

radio frequency spectrum of the fundamental repetition frequency. The repetition
frequency can be seen to be 21.92 GHz (resolution bandwidth is 10 kHz) and has
an excellent stability that is comparable to a good K-band microwave oscillator. For
example, one of the devices measured has a phase noise level of -100 dBc/Hz at
10 kHz offset (referenced to a 10 GHz carrier frequency). Some of the variations
observable in these spectra are not fundamental, but are related to pump laser noise
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Figure 3.13: FROG (a) and autocorrelation trace (b) of the soliton state in fig. 3.12.
The optical pulse period is 46 ps and the fitted pulse width is 250 fs (red solid line).

Figure 3.14: Detected phase noise and electrical spectra for three devices. Phase
noise spectral density function plotted versus offset frequency from the detected
soliton repetition frequency of three different devices. A Rohde Schwarz phase
noise analyzer was used in the measurement. Inset shows the electrical spectrum of
the soliton repetition frequency (21.92 GHz) for one device. The other devices had
similar spectra with repetition frequencies of 22.01 and 21.92 GHz. The phase noise
of the fiber pump laser is shown in green and was generated by mixing 2 nominally
identical pump lasers to create a 2.7 GHz electrical beatnote. Several features in the
pump laser phase noise are reproduced in the soliton phase noise (see features near
and above 20 kHz). The black line connecting square dots is the measurement floor
of the phase noise analyzer.

and avoided mode crossing (see Chapter VII). For example, the step feature in the
spectrum near 20kHz offset frequency also appears in the frequency noise of the
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Figure 3.15: Three devices with corresponding mode dispersion and soliton data.
(a,b) The mode dispersion spectra and soliton spectra are presented for two of the
devices measured in figure 3.14. The third device in figure 3.14 is from figure 3.12.
(c) Pump power transmission is plotted versus tuning across a resonance used to
generate the soliton spectra in (b). The data show the formation of steps as the pump
tunes red relative to the resonance. Both blue-detuned and red-detuned operation
of the pump relative to the resonance are inferred from generation of an error signal
using a Pound-Drever-Hall system operated open loop.

pump laser (see green curve in figure 3.14).

The ability to reproduce mode family dispersion characteristics in different res-
onators was investigated. Figure 3.15 (a) and (b) give the results of mode family
dispersion measurements and soliton optical spectra on two resonators that are close
in size and shape to the device in figure 3.12. There is a high level of consistency
in the magnitude of the dispersion and also minimal presence of mode crossings in
the measured spectra. This level of consistency was sufficient across many devices
to provide ready observation of soliton steps. Nonetheless, there are observable
variations in the nature of soliton steps formed in scanning the resonators. The cor-
responding soliton steps under pump frequency scan are shown in figure 3.15 (c).
Also, the microwave phase noise spectra in figure 3.14 were measured on soliton
trains using these same three devices and exhibit slight differences.
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3.5 Soliton properties: measurement vs. theory
For steady-state soliton generation, it is possible to servo control the laser-cavity
detuning. Several soliton properties depend upon the detuning, δω ≡ ωo − ωp and
it is therefore desirable to control the detuning of the pump relative to the cavity.
The technique demonstrated here is identical with the active capture and locking
technique described previously. It leverages the dependence of comb power and δω
in eq. (3.2) so that δω can be servo locked by requiring the comb power to hold
a fixed set point. Indeed, implementation of this locking method is a test of the
theoretical independence of comb power and pump power. The servo control also
has the effect of fixing the soliton pulse width (see eq. (2.29)),

τs =

√
− cβ2

2n0δω
. (3.3)

To demonstrate the servo control method and to also test theoretical predictions,
several soliton properties were measured. Comb power and the maximum power
per comb line were measured at a series of detuning values, δω/2π, estimated to
range from 12.8 MHz (τs=187 fs) to 29.6 MHz (τs=123 fs) or approximately 13 to
30 cavity linewidths. At each point the soliton spectrum was also recorded which
enables calculation of the soliton pulse width τs. The results of these measurements
are compiled in figure 3.16 (a). Also, figure 3.16 (b) shows the soliton spectrum
measured at the detuning limits presented in figure 3.16 (a). The dashed lines in
figure 3.16 (a) give the predicted comb power and maximum comb line power based
on the following expressions for comb power and the comb power spectral envelope
(T Herr, V Brasch, J. Jost, C. Wang, et al., 2014; Wabnitz, 1993; A. B. Matsko and
Maleki, 2013),

Psol = −
2cηSeffβ2

n2Q
1
τs
, (3.4)

P(∆ω) = −πc
2
ηSeffβ2

n2

D1
Q

sech2(πτs

2
∆ω), (3.5)

where ∆ω denotes the comb tooth frequency relative to the pump frequency. Note
that the peak power of the spectral envelope (i.e. maximum comb tooth power) is
determined entirely by the cavity properties. This feature is apparent in both the
data in figure 3.16 (a) and the spectra in figure 3.16 (b).

In units of cavity linewidth, the predicted maximum detuning for soliton existence
is given by δωmax ≡ π2Pin/16Pth (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014;
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Figure 3.16: Control of soliton properties. (a) Measured soliton comb output
power is plotted versus measured soliton pulse width (red points) with comparison
to eq. (3.4) (dashed red line). The measured power per central comb line is
plotted versus pulse width (blue points) with comparison to eq. (3.5) (dashed
blue line). (b) The observed soliton spectra at the limits of the measurement
in panel a is shown (see arrows A and B in panel a). Solid orange and green
curves are simulations using the Lugiato Lefever equation including Raman terms.
The indicated wavelength shifts between the pump and the centroid of the soliton
spectrum result from Raman interactions with the soliton. The location of the pump
line for both spectra is indicated by the dashed black line and has been suppressed
by filtering. (c) Measured minimum pump power for soliton existence is plotted
versus measured soliton pulse width (red points) with comparison to eqn. (3.6)
(dashed red line). Measured efficiency is plotted versus measured soliton pulse
width (blue points) with comparison to eqn. (3.7) (dashed blue line). Simulation
using Lugiato Lefever equation including Raman terms improves agreement with
data (small dashed red and blue lines).

Wabnitz, 1993; A. B. Matsko and Maleki, 2013) (see eq. (2.38)). This power
dependence explains why increased pump power is effective in providing stable,
non-locked soliton operation. At higher pumping powers, the solitons can survive
over a wider range of tuning values as the pump laser frequency drifts relative to
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the cavity resonant frequency. However, as noted above, it is preferable to prevent
this relative drift. In addition to the reasons mentioned in the previous section,
locking of the detuning frequency, δω, enables operation at a lower (and hence more
efficient) pump power setting that is close to the existence power limit for solitons
of a desired pulse width.

To measure the minimum existence power, δω was held constant while pump power
was reduced to the point of drop-out of the soliton pulse train. Both this power
level and the soliton spectrum were recorded near the point of drop-out. δω was
then reset to a new value and the measurement repeated. Figure 3.16 (c) gives
the minimum power measured this way plotted versus the pulse width (as before
calculated from the soliton spectrum). Substituting for δω in eq. (3.3) using δωmax

gives the following expression for minimum pump power for soliton existence as a
function of pulse width, (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014; Wabnitz,
1993; A. B. Matsko and Maleki, 2013):

Pmin
in = −

2c
π

Aeffβ2

ηn2τ2
1

QD1
. (3.6)

This expression is plotted in figure 3.16 (c) (dashed red line). A deviation from the
predicted dependence is observed. Improved agreement with the data is provided
by a simulation (small dashed red line) using the Lugiato-Lefever equation (Lugiato
and Lefever, 1987; AB Matsko et al., 2011; Chembo and Menyuk, 2013; T Herr,
V Brasch, J. Jost, C. Wang, et al., 2014; A. B. Matsko and Maleki, 2013) (LLE)
augmented by Raman terms (Agrawal, 2007; Changjing Bao et al., 2014). In this
analysis, a Raman time constant of 2.4 fs was extracted by fitting the data. This time
constant closely agrees with a value of 3 fs measured for silica optical fiber (Atieh
et al., 1999). The contribution of the Raman terms is both predicted and measured
to be stronger for shorter pulses (or equivalently larger δω). These observations are
also consistent with modeling which shows modifications to soliton efficiency as a
result of the Raman process (Changjing Bao et al., 2014).

It is interesting that the predicted soliton power and power per line do not require a
Raman correction (see figure 3.16 (a)). The Raman correction primarily influences
the temporal phase of the soliton pulse and not the amplitude (Karpov, Hairun Guo,
Kordts, Victor Brasch, M. Pfeiffer, et al., 2015). It would therefore be expected to
alter the existence condition which is associated with the phase of the soliton field,
and not the power per line or overall comb power.

All of the soliton spectra observed in this work were shifted to the red relative to
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the pump wavelength. Raman interaction with dissipative Kerr solitons has recently
been shown to cause such self-shifting of the spectrum (Mitschke and Mollenauer,
1986; J. P. Gordon, 1986; Karpov, Hairun Guo, Kordts, Victor Brasch, M. Pfeiffer,
et al., 2015). The effect has been observed in silicon nitride resonators (Karpov,
Hairun Guo, Kordts, Victor Brasch, M. Pfeiffer, et al., 2015). Like the correction
to the minimum power described above, this shift is stronger for shorter pulses and
larger detuning frequencies. Shifted soliton spectra can be produced by several
mechanisms (L. Zhang et al., 2014) besides Raman effect, including soliton recoil
caused by dispersive wave generation (VBrasch et al., 2016). There was no evidence
of dispersive wave generation at shorter wavelengths in this work. Consistent with
other reports (Karpov, Hairun Guo, Kordts, Victor Brasch, M. Pfeiffer, et al., 2015)
the Raman-augmented LLE simulation explains the soliton spectral shift observed
here (see orange and green curves in figure 3.16 (b)).

Control of the pump-resonator detuning frequency enables stable operation near an
optimal pumping efficiency limit. Defining efficiency (Changjing Bao et al., 2014)
as the soliton power divided by the minimum pump power for soliton existence gives
the following simple expression:

Γ ≡ πη2D1τ. (3.7)

Comparison of this prediction with measurement is provided in figure 3.16 (c) (η =
0.29 in this measurment). A deviation between the simple formula (3.7) and the data
at small pulse widths occurs on account of Raman effects and has been corrected
in the figure (small dashed blue line) using the Raman augmented LLE result. The
Raman augmented LLE equation will be discussed in further detail in the next
chapter.

An important benefit of the feedback control presented here is that it provides a
convenient way to stabilize the mode-locked system indefinitely. For example, the
systemwas operated continuously for over 24 hours. For over 19 hours of this period
comb properties were recorded and are presented in figure 3.17.

3.6 Summary
In this chapter, we have demonstrated mode spectrum characterization, soliton
generation and soliton characterization. These together formed the foundation for the
work in the following chapters (IV to VII). The ability to generate solitons on a chip
at rates commensurate with detectors and low-noise electronics is an essential step
in the ultimate goal of a fully-integrated comb system. Besides soliton generation,



38

0 5 10 15 20
0.0

0.1

0.2

0.3

0.4

0.5

Hours

S
o

lit
o

n
 p

o
w

e
r 

(m
W

)

0

5

10

15

P
o

w
e

r p
e

r c
o

m
b

 lin
e

 (µ
W

)

0

50

100

150

200

P
u
ls

e
 w

id
th

 (
fs

)

0

2

4

6

8 R
a

m
a

n
 w

a
v
e

le
n

g
th

 s
h

ift (n
m

)

0 5 10 15 20
Hours

a b

Figure 3.17: Continuous soliton measurement over 19 hours. (a) Soliton power
and central comb line power are plotted versus time in hours. The soliton power
experiences a slow drift to lower values which is attributed to a slow variation in
either the power set point of the electronic control or in the detected power (perhaps
due to temperature drift). Central comb line power is approximately constant over
the measured period with the exception of a small step increase around 6 hours. This
could be associated with anything that changes the resonator coupling efficiency, the
resonator Q, or both. Since the resonator is taper coupled any kind of mechanical
shock could introduce such a step change in these quantities. (b) Pulse width and
Raman self shift (defined as the wavelength center of the soliton spectrum less the
pump wavelength) are plotted versus time in hours. A step in these quantities is
recorded at the identical moment to that recorded for the central comb line power.
It is interesting to note that because soliton power is feedback controlled, from
equation (3.2) a step increase (decrease) in coupling η (Q) would be accompanied
by a compensating decrease in pump detuning. From equation (3.3), this feedback
controlled step in detuning would cause an increase in the soliton pulse width (and
decrease in the Raman shift) as observed in the recorded data of panel b. Finally,
the operation of the soliton comb proceeded for an additional 5 hours beyond the
record presented in this figure. During the additional 5 hours other measurements
were performed that required disabling the data recording.

the silica wedge resonator platform has been used for ultra-narrow linewidth laser
sources (Jiang Li et al., 2012a; Loh et al., 2015), high-Q reference cavities (Lee,
Suh, et al., 2013) and continuum generation (Oh et al., 2014). These elements are
required in both self-referenced combs as well their application to clocks, high-
stability microwave sources, and optical synthesizers. The results presented here
therefore add to this suite of technologically compatible devices.
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C h a p t e r 4

SOLITON SELF-FREQUENCY SHIFT AND EFFICIENCY IN
MICRORESONATOR

4.1 Introduction
1 The frequency shift of the soliton envelope has been observed in several micro-
cavity systems (Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al.,
2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). Soliton interaction with
the Raman nonlinearity causes the so-called self-frequency-shift (SFS). In optical
fiber transmission, this effect causes the soliton’s central frequency to experience
increasing redshifting with propagation distance (Mitschke and Mollenauer, 1986).
Intuitively, this is understood as a continuous energy transfer from the blue to red
side of the soliton spectrum that is mediated by the Raman interaction (J. P. Gordon,
1986). The effect is of practical importance in supercontinuum generation using
optical fibers (Dudley, Genty, and Coen, 2006). It has also been used in differ-
ence frequency generation of mid-IR frequency combs (Gambetta, Ramponi, and
Marangoni, 2008). Recently, the Raman self-frequency-shift has been numerically
modeled (Milián et al., 2015) and observed to influence DKC solitons (Karpov,
Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang,
Ki Youl Yang, Suh, et al., 2015). Here, rather than producing a continuously in-
creasing red shift, the Raman effect produces a constant frequency offset between
the optical pump and the soliton spectral maximum (i.e., a frequency locked Raman
soliton (Milián et al., 2015)). Without the Raman self-frequncy-shift, the optical
pump would be centered on the soliton comb spectrum (at the spectral maximum).
Instead, the soliton spectral maximum is red-shifted away from the pump. The
amount of shift increases with soliton peak power and so far has been numerically
calculated (Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016;
Milián et al., 2015; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015) by solving
the Lugiato LeFever equation (Lugiato and Lefever, 1987).

In this chapter, a perturbed Lagrangian approach is used to derive simple analytical
expressions for the self-frequency-shift and the soliton efficiency. The predicted
dependences of these quantities on soliton pulse width are compared with measure-

1Work presented in this chapter has been published in "Theory and measurement of the soliton
self-frequency shift and efficiency in optical microcavities", Optics Letters, 41, 3419 (2016).



40

ments in a high-Q silica microcavity. The Raman time constant in silica is also
inferred. Analytical expressions for the Raman self-frequency-shift and solition
efficiency greatly simplify the prediction of soliton behavior over a wide range of
microcavity platforms.

4.2 Raman interaction
The interaction between solitons and the Raman process has been studied in optical
fibers using pulse propagation equations (Headley and Agrawal, 1996; Agrawal,
2007). This approach is extended to study the SFS process in microresonators here.
The Kerr and Raman interactions can be unified into a single nonlinear term in the
pulse propagation equation ((Agrawal, 2007)):

∂E
∂z
+ αE + β1

∂E
∂t
+

iβ2
2
∂2E
∂t2 = iγE(z, t)

∫ ∞

0
R(t′)|E(z, t − t′)|2dt′, (4.1)

where E is the pulse field in optical fiber and |E |2 is normalized to optical power,
α is the linear loss, β1 and β2 are the group velocity and group velocity dispersion
constant for optical fiber. γ and R(t) at the right hand side of eq. (4.1) are the
nonlinear coefficient and the normalized nonlinear response function (

∫ ∞
0 R(t)dt =

1). The nonlinear coefficient in optical fiber can be shown as γ = n2ω0/cS′eff , where
n2 is the Kerr refractive index, and S′eff is the effective mode area of optical fiber
(Agrawal, 2007). The nonlinear response function R(t) can be decomposed as

R(t) = (1 − fR)δ(t) + fRhR(t), (4.2)

where the δ-function term represents the fast electronic response (Kerr effect) and
fR is the fractional contribution from the Raman effect. hR(t) is the normalized
Raman response function (

∫ ∞
0 hR(t)dt = 1) and is determined by the interaction

between light and vibration of silica molecules.

When the pulse width is much longer than Raman response time (∼ 12 fs in silica),
equation (4.1) can be further simplified by appying this Taylor expansion:

|E(z, t − t′)|2 ≈ |E(z, t)|2 − t′
∂ |E(z, t)|2

∂t
. (4.3)

Insert eq. (4.2) and eq. (4.3) into the right-hand side (RHS) of eq. (4.1), and we
have

RHS = iγ |E(z, t)|2E(z, t) − iγE(z, t)∂ |E(z, t)|
2

∂t

∫ ∞

0
fRh(t′)t′dt′

= iγ |E |2E − iγτRE
∂ |E |2
∂t

,

(4.4)
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where we have used the definition of Raman shock time τR =
∫ ∞

0 fRh(t′)t′dt′.

This treatment of pulse propagation in optical fiber can be directly transformed
to our soliton equation in microresonator by using t = −φ/D1. The soliton LLE
equation (eq. (2.8)) is then converted into

∂A(φ,T)
∂T

= −( κA
2
+ iδω)A + i

D2
2
∂2 A
∂φ2 + f + ig |A|2 A + igτRD1 A

∂ |A|2
∂φ

. (4.5)

Equation (4.5) is the LLE equation augmented by the Raman shock term and it is
valid when the soliton pulse width τs is much longer than the Raman response time.

4.3 Theory of soliton self-frequency shift in microresonator
When including self-frequency shift, the ansatz of soliton could be modified as

A(t,T) = Bsech( t − tc
τs
)e−iΩ(t−tc)+iϕ = A(φ,T) = Bsech(φ − φc

φτ
)eiΩφ(φ−φc)+iϕ,

(4.6)
where t is the fast time frame and t = −φ/D1. The frequency shift of the soliton
envelope is represented by a frequency oscillation term in the soliton phase. The
amount of frequency shift is Ω. In addition, the frequency shift would couple to
soliton group velocity and soliton center position (φc) through dispersion. Finally,
the parameters in fast time frame and φ-frame are related, as Ωφ = −Ω/D1 and
tc = −φc/D1.

Similar to Chapter 2, we could use Lagrangian perturbation method to derive the
equations of motion for self-frequency shift Ω and other soliton parameters. The
Lagrangian density for eq. (4.5) is identical to that of the LLE equation, and the
additional term of the Raman effect is treated as perturbation:

L = 1
2
(A∗ ∂A

∂T
− A

∂A∗

∂T
) + i

D2
2

����∂A
∂φ

����2 − i
2
g |A|4 + iδω|A|2, (4.7)

R = − κ
2

A + f + +igτRD1 A
∂ |A|2
∂φ

. (4.8)

The Lagrangian can be calculated by integration of the Lagrangian density over φ,

L =
∫
Ldφ = 2iB2φτ(

D2

6φ2
τ

− gB2

3
+ δω +

D2Ω
2
φ

2
−Ωφ

∂φc

∂T
+
∂ϕ

∂T
), (4.9)

where we have used the soliton ansatz in eq. (4.6). Insert eq. (4.6), (4.8) and (4.9)
into the Euler-Lagrangian equation (eq. (2.24)),

∂L
∂r j
− d

dT
∂L
∂ Ûr j
=

∫
(R∂A∗

∂r j
− R∗

∂A
∂r j
)dφ, (4.10)
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and we arrive at the equations of motion of soliton parameter B, φτ, φc, Ωφ and ϕ:

Ω

D1

∂φc
∂T
− ∂ϕ
∂T
− δω − D2Ω

2

2D2
1
− D2

6τ2
s D2

1
+

2
3
gB2 = 0 (4.11)

Ω

D1

∂φc
∂T
− ∂ϕ
∂T
− δω − D2Ω

2

2D2
1
+

D2

6τ2
s D2

1
+

1
3
gB2 = 0 (4.12)

∂(B2τsΩ)
∂T

= −κB2τsΩ −
8gτRB4

15τs
(4.13)

∂φc
∂T
=

D2
D1
Ω (4.14)

∂(B2τs)
∂T

= −κB2τs + f cos ϕBτsπsech(πΩτs
2
), (4.15)

where we have substituted Ωφ = −Ω/D1 and τs = φτ/D1. Subtracting eq.(4.11)
from eq.(4.12) yields

Bτs =

√
D2

gD2
1
, (4.16)

which is identical to the non-Raman result in eq. (2.30). Equation (4.16) indicates
that the balance between Kerr (soliton peak power) and dispersion (soliton pulse
width) is preserved in the presence of the Raman effect. This also explains the
agreement between the measurement in fig. 3.16 (a) and equations from the non-
Raman derivation.

In steady state, insert eq. (4.14) and (4.16) to eq. (4.12), and we have

δω =
D2

2D2
1
( 1
τ2

s
+Ω2). (4.17)

Equation. (4.17) describes the general relation among cavity-laser detuning, pulse
width and soliton frequency shift. The derivation of this equation does not rely on
the Raman shock term and therefore can be applied to the soliton frequency shift
caused by other effects, e.g. dispersive wave recoil.

The soliton frequency shift Ω can be obtained by the steady state solution of eq.
(4.13) and eq. (4.16),

Ω = − 8τRD2

15κD2
1τ

4
s
= −8D2QτR

15ω0D2
1

1
τ4

s
=

8cτRQβ2
15n0ω0

1
τ4

s
, (4.18)

where we have used Q = ω0/κ and β2 = −n0D2/cD2
1. In addition, the steady state

solution of eq. (4.15) gives the soliton minimum pump power and efficiency at
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|cosϕ| = 1,

Pmin =
~ω0 f 2

min
κext

= −2c
π

Seffβ2

ηn2D1Qτ2
s

sech2(πΩτs

2
) ≡ P0sech2(πΩτs

2
), (4.19)

Γ =
Psol
Pmin

= πη2D1τssech2(πΩτs

2
) ≡ Γ0sech2(πΩτs

2
), (4.20)

where P0 and Γ0 are defined as the minimum pump power and soliton efficiency
without the Raman effect in eq. (2.38) and (2.39) and the soliton power Psol is
identical to eq. (2.36).

Finally, the non-zero soliton frequency shift causes a constant velocity of the soliton
position in eq. (4.14). This equivalently changes the group velocity and soliton
round trip time in microresonator and therefore the soliton repetition rate. The
repetition rate of the soliton can be expressed as follows:

ωrep = D1 +
∂φc
∂T
= D1 +

D2
D1
Ω. (4.21)

The Lagrangian method gives the soliton self-frequency shift Ω, and the corre-
sponding change in soliton efficiency and repetition rate. It shall be noted that,
alternatively, the soliton self-frequency shift can also be obtained by the moment
analysis method (Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al.,
2016; Xu Yi, Q.-F. Yang, X. Zhang, et al., 2016).

4.4 Experiment of soliton self-frequency shift and efficiency
To test the theory, the soliton was generated using the techniques described in the
previous chapter, and a series of soliton spectra of increasing spectral width were
obtained using the operating point locking method (Xu Yi, Q.-F. Yang, Ki Youl
Yang, and Kerry Vahala, 2016a). The Raman SFS, Ω, and the pulse width, τs,
were measured by least-squares-fitting of the soliton optical spectrum (see fig. 4.1)
to the theoretical soliton spectral envelope P(ω) = Pcsech2[πτs(ω − ωp − Ω)/2]
(Pc is the maximum comb tooth power). Figure 4.2 plots the measured Ω versus
1/τ4

s in two devices. For reference, device I is a device previously characterized
(Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). A linear fitting to the two
sets of data is also provided confirming the predicted theoretical dependence in
eq. (4.18). Furthermore, with measured parameters (device I: Q = 200 million,
D1/2π = 22 GHz, D2/2π = 17 kHz; and device II: Q = 235 million, D1/2π = 22
GHz, D2/2π = 17 kHz), a value of τR = 1.8 fs, both for device I and for device II,
is inferred from the linear fitting, which is in a reasonable agreement with the value
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Figure 4.1: Optical spectra measured for a dissipative Kerr cavity soliton at two
operating points. The pump power is suppressed using a fiber grating filter. A sech2

fit is shown as the orange curves and pulse widths inferred from the fitting are shown
in the legend. The location of the pump line is indicated as the black line. The
centers of the spectra are indicated by the green lines.

of 2-4 fs reported in silica optical fibers (Atieh et al., 1999). The small non-zero
intercept of the linear fitting is in the range of 1 free-spectral-range (22 GHz) of the
two resonators.

1/τ
s
4 ( ps-4)1/τ

s
4 ( ps-4)

0 1000 2000 3000 40005000

Measurement

Linear fitting

(a) (b)

S
o

lit
o

n
 S

F
S

 Ω
/2
π
 (

T
H

z
)

S
o

lit
o

n
 S

F
S

 Ω
/2
π
 (

T
H

z
)

0.0

-0.3

-0.6

Measurement

Linear fitting

0.0

-0.3

-0.6

0 1000 2000 3000 4000

Device I
Device II

Figure 4.2: The measured Raman self-frequency-shift plotted versus 1/τ4
s for two

devices. The red line is a linear fit according to eq. (4.18).

To measure the soliton efficiency, Γ, the operating point is fixed (i.e., laser-cavity
detuning δω is fixed) while the pump power is decreased until the soliton disappears.
Near the disappearance point, the soliton average power, Psol, and the minimum
pump power, Pmin, are recorded and used to obtain efficiency as Γ = Psol/Pmin. The
pulsewidth is obtained from the optical spectrum as before. Measured efficiency is
plotted versus the pulse width in fig. 4.3 for devices I and II. The prediction given
by eqn. (4.20) is shown as the solid line. The value of τR used in the plots is that
inferred from the fitting in fig. 4.2. Also, η=0.29, 0.37 is measured for devices I and
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Figure 4.3: The measured efficiency versus soliton pulse width is plotted (blue
points) for two devices and compared with theory. Theory comparison with Raman
(solid blue lines) and without Raman (dash blue lines) is presented. There are no
free parameters in the comparison. The small deviations between the measurement
and the theory could result from the presence of weak avoided mode crossings in
the dispersion spectrum (T Herr, V Brasch, J. Jost, Mirgorodskiy, et al., 2014).

II. Device II has a higher efficiency as a result of a larger coupling coefficient. The
agreement between the theory and measurement in fig. 4.3 is very good, especially
considering that there are no free parameters. The dashed lines in the plots give the
uncorrected efficiency prediction of eq. (2.39) (i.e., Γ0 vs. τs).

4.5 Summary
In summary, closed-form expressions for the self frequency shift and efficiency of
dissipative Kerr cavity solitons have been derived using the Lagrangian perturbation
approach. The results are in good agreement with measurements in silica micro-
cavity systems. The expressions should be applicable to predict soliton behavior
in any microcavity system. In addition, even though the behavior of the Raman
self-frequency-shift in microcavities differs in comparison to conventional solition
propagation in optical fiber (i.e., frequency locking behavior in microcavities (Mil-
ián et al., 2015)), it is interesting to note that both systems exhibit an inverse quartic
dependence on soliton pulse width (J. P. Gordon, 1986).
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C h a p t e r 5

STOKES SOLITON

5.1 Introduction
1 Temporal solitons are readily formed in optical fiber waveguides (Hasegawa and
Tappert, 1973; Mollenauer, Stolen, and J. P. Gordon, 1980; Hermann A Haus and
Wong, 1996; Dudley, Genty, and Coen, 2006) and laser resonators (Herman A
Haus et al., 2000; S. Cundiff, 2005) and have recently been observed in dielectric
microcavities (T Herr, V Brasch, J. Jost, C.Wang, et al., 2014; XuYi, Q.-F. Yang, Ki
Youl Yang, Suh, et al., 2015; V Brasch et al., 2016). In each of these cases nonlinear
compensation of group velocity dispersion is provided by the Kerr effect (nonlinear
refractive index). Besides the Kerr nonlinearity, a secondary effect associated with
soliton propagation is the so-called soliton self-frequency shift caused by Raman
interaction, which induces a continuously increasing red-shift with propagation in a
waveguide (Dudley, Genty, and Coen, 2006) or a fixed shift of the soliton spectrum
in cavities (Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016;
Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b). More generally, the
Raman interaction can produce optical amplification and laser action of waves red-
shifted relative to a strong pumping wave or pulse (M. N. Islam, 2002; S. Spillane,
T. Kippenberg, and KJ Vahala, 2002; Headley and Agrawal, 1996). In this chapter
we report a new Raman-related effect: soliton generation through time and space
varying Raman amplification created by the presence of a first temporal soliton.
Because the new soliton is spectrally red-shifted relative to the initial soliton we
call it a Stokes soliton. It is observed in a silica microcavity and obeys a threshold
condition resulting from an optimal balancing of Raman gain with cavity loss when
the soliton pulses overlap in space and time. Also, the repetition frequency of both
the initial and the Stokes soliton are locked by the Kerr nonlinearity.

The generation of a fundamental soliton by another fundamental soliton in this way
is new and also represents a form of mode locking of a soliton laser. It differs from
mechanisms like soliton fission which also result in the creation of one of more
fundamental solitons (Dudley, Genty, and Coen, 2006). Specifically, soliton fission
involves a higher order soliton breaking intomutliple fundamental solitons; nor is it a

1Work presented in this chapter has been published in "Stokes soliton inmicroresonators", Nature
Physics, 13, 53 (2017).
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regenerative process. Also, co-existing and switching dissipative solitons have been
observed (Chengying Bao, W. Chang, et al., 2015) and modeled (Chengying Bao,
W. Chang, et al., 2015; Soto-Crespo and Akhmediev, 2002) in an erbium-doped
mode-locked fiber laser. However, in the present case, the Stokes soliton relies
upon the primary soliton for its existence by leveraging spatial-temporal overlap
for trapping and optical amplification. Raman gain produced for the Stokes soliton
by the primary soliton is also distinctly different from the Raman self-frequency
shift (Mitschke and Mollenauer, 1986; J. P. Gordon, 1986), which is an effect of
the Raman interaction on the primary soliton (Karpov, Hairun Guo, Kordts, Victor
Brasch, M. H. Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,
2015; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b) (not the Stokes
soliton). Also, this newRamanmechanism is responsible for oscillation of the Stokes
soliton at a well defined threshold. Raman self shift is, on the other hand, not a
thresholding process. Finally, concerning the trapping phenomena that accompanies
the Stokes soliton formation, the trapping of temporal solitons belonging to distinct
polarization states was proposed in the late 1980s (Menyuk, 1987) and was observed
in optical fiber (M. Islam, Poole, and J. Gordon, 1989; S. Cundiff et al., 1999) and
later in fiber lasers (Collings et al., 2000). However, trapping of temporal solitons
belonging to distinct transverse mode families, as oberved here, was proposed even
earlier (Hasegawa, 1980; Crosignani and Di Porto, 1981), but has only recently been
observed in graded-index fiber waveguides (Renninger and Wise, 2013). Trapping
of solitons in microcavities has never been reported. Also, the spatial-temporal
formation of a soliton through the Raman process has never before been described.
The observation, measurement and modeling of Stokes solitons is now presented.

5.2 Stimulated Raman scattering and group velocity matching
The resonator in this chapter is silica whispering gallery microcavity and the first
temporal soliton (see Chapter III) will be referred to as the primary soliton. Con-
sistent with its formation, the primary soliton creates a spatially varying refractive
index via the Kerr nonlinearity that serves as an effective potential well. It travels
with the primary soliton and counteracts optical dispersion. Moreover, on account
of the Raman interaction, the primary soliton creates local Raman amplification
that also propagates with the primary soliton. These propagating index and gain
profiles are depicted in figure 5.1. The primary soliton is composed of many longi-
tudinal modes belonging to one of the transverse mode families of the cavity. These
phase-locked modes form a frequency comb. ∆νP will denote the longitudinal mode
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separation or free spectral range for longitundinal modes near the spectral center of
the primary soliton. ∆νP also gives the approximate round trip rate of the primary
soliton around the cavity (TRT = ∆ν

−1
P is the round trip time).

Primary

Soliton

Stokes

Soliton

Raman

Gain

Kerr Phase

Modulation

“Pump”

“Interaction”

“Laser”

Figure 5.1: The Stokes soliton (red) maximizes Raman gain by overlapping in time
and space with the primary soliton (blue). It is also trapped by the Kerr-induced
effective optical well created by the primary soliton.

Consider another transverse mode family besides the one that forms the primary
soliton. Suppose that some group of longitudinal modes in this family satisfies two
conditions: (1) they lie within the Raman gain spectrum created by the primary
soliton; (2) they feature a free spectral range (FSR) that is close in value to that of
the primary soliton (∆νP). Any noise in these longitudinal modes will be amplified
by Raman gain provided by the primary soliton. If the round trip amplification
of a resulting waveform created by a superposition of these modes is sufficient to
overcome round trip optical loss, then oscillation threshold is possible. The threshold
will be lowest (Raman gain maximal) if the modes of the second family phase lock
to form a pulse overlapping in both space and time with the primary soliton. This
overlap is possible since the round trip time of the primary soliton and the new pulse
are closely matched, i.e., condition (2) above is satisfied. Also, the potential well
created by the primary soliton can be shared with the new optical pulse. This latter
nonlinear coupling of the primary soliton with the new, Stokes soliton pulse results
from Kerr-mediated cross-phase modulation and locks the round trip rates of the
two solitons (i.e., their soliton pulse repetition frequencies are locked).
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5.3 Experimental observation of Stokes soliton
The experimental setup is shown in figure 5.2. The microcavities are about 3 mm in
diameter and have an unloaded optical Q factor of 400 million (Lee, T. Chen, et al.,
2012). The cavity is pumped by a continuous-wave fiber laser to induce a primary
soliton, which is a DKS with a repetition frequency of 22 GHz and a pulse width
that could be controlled to lie within the range of 100-200 fs.

Primary Soliton

Stokes Soliton

CW

LASER

EDFA

AOM

ESA

OSA

A-CORR

OSCI

PD

PD

Figure 5.2: The microcavity (shown as a ring) is pumped with a tunable, continous-
wave (CW) fiber laser amplified by an erbium-doped fiber amplifier (EDFA). An
acousto-optic modulator (AOM) is used to control the pump power. The output
soliton power is detected with a photo diode (PD) and monitored on an oscilloscope
(OSCI). Wavelength division multiplexers (not shown) split the 1550 nm band
primary soliton and 1600 nm band Stokes soliton so that their powers can be
monitored separately on the oscilloscope. An optical spectrum analyzer (OSA),
auto-correlator (A-CORR), and electrical spectrum analyzer (ESA) also monitor the
output. In certain measurements (A-CORR and ESA), a fiber Bragg filter was used
to remove the pump field from the soliton spectrum.

Measurement of the FSR versus wavelength of four transverse mode families in
a single resonator is presented in figure 5.3 (a). The measurement is performed
by scanning a tunable external cavity diode laser (ECDL) through the spectral
locations of optical resonances from 1520 nm to 1580 nm. The resonances appear
as minima in the optical power transmitted past the microcavity, and the location
of these resonances is calibrated using a fiber-based Mach Zehnder interferometer
(see Chapter 3). The resulting data provide the dispersion in the FSR of cavity
modes versus the wavelength and readily enable the identification transverse mode
families. Other details on this method are described in Chapter 3. The green data
plotted in figure 5.3 (a) correspond to the primary soliton forming mode family and
the FSR of the pumping mode for that soliton is indicated by the horizontal dashed
line. The measured spectrum for the primary soliton is shown in figure 5.3 (b). In
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Figure 5.3: (a) Free spectral range (FSR) versus wavelength measured for four mode
families in a 3 mm disk resonator. The mode families for the primary and Stokes
soliton are shown in green and red, respectively. The FSR at the spectral center
of the primary soliton is shown as a dashed horizontal line. Extrapolation of the
Stokes soliton data (red) to longer wavelengths gives the FSR matching wavelength
where the Stokes soliton forms. The background coloration gives the approximate
wavelength range of the Raman gain spectrum. (b) Measured primary and Stokes
soliton spectra. The Stokes soliton spectral center closely matches the prediction
in panel (a). Sech2 envelopes are shown on each spectrum. The primary soliton
spectrum features a small Raman self-frequency shift. (c) Dispersion spectra for the
Stokes soliton forming mode family measured in three devices (the upper spectrum
is the device from panel (a)). Other mode families have been omitted in the plots
for clarity. The horizontal dashed lines give the repetition frequency of the primary
soliton in each device. Extrapolation of the dispersion data attained by simulation
is provided to graphically locate the predicted Stokes soliton wavelength. (d) The
measured primary and Stokes soliton spectra corresponding to the devices in panel
(c). The spectral locations of the Stokes solitons agree well with the graphical
predictions.

the spectrum the pump spectral line (near 1550 nm) is indicated as well as the Sech2

envelope for the soliton (green curve) (T Herr, V Brasch, J. Jost, C. Wang, et al.,
2014; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). Returning to figure 5.3
(a), the dispersion for another transverse mode family (red data) is extrapolated to
longer wavelengths and crosses the dashed line near 1593 nm. At this wavelength the
FSR of the red mode family closely matches that of the primary soliton. Moreover,
this wavelength also lies within the Raman gain spectrum produced by the primary
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soliton (amber region in figure 5.3 (a) gives the Raman gain band). As a result,
conditions 1 and 2 above are satisfied at this wavelength for generation of a Stokes
soliton. The corresponding measured Stokes soliton is shown in figure 5.3 (b). Its
spectral maximum occurs at a wavelength that agrees well with the prediction based
on the FSR measurement in figure 5.3 (a). As an aside, the individual spectral
lines of the primary and the Stokes solitons are spaced by approximately 22 GHz
and resolved comb lines in the overlapping spectral region between the solitons are
provided in the inset to figure 5.3 (b).
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Figure 5.4: Frequency-resolved-optical-gating (FROG) traces of the primary and
Stokes solitons. The primary soliton is amplified to 500 mW by an EDFA before
coupling into the FROG setup, while the Stokes soliton is amplified to 10 mW by
two cascaded semiconductor optical amplifiers with gain centered around 1620 nm.
The period of the primary and Stokes solitons are 46 ps, the cavity round trip time.

These results were readily reproduced in other devices. Indeed, the FSR matching
wavelength (i.e., condition 2) could be controlled by adjusting the geometry of the
resonator. Figure 5.3 (c) shows the FSR dispersion measurements and figure 5.3
(d) shows the corresponding primary and Stokes soliton spectra that are measured
using two other devices (green and blue spectra). For clarity, only the Stokes-soliton-
forming mode family is presented in figure 5.3 (c) (including the data from figure
5.3 (a), red spectra, for comparison). The FSR of the primary soliton is indicated
by the horizontal dashed lines in figure 5.3 (c). The FSR matching wavelengths are
indicated by extrapolation of the dispersion data using simulation (Ki Youl Yang
et al., 2016) and agree well with the location of the measured Stokes soliton spectral
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maximum in figure 5.3 (d).
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Figure 5.5: (a) Electrical spectra of the detected primary soliton pulse stream (blue)
and the Stokes pulse stream (red). (b) Beatnote between neighboring comb lines of
the primary and Stokes solitons for a device like that in figure 5.3 (a). The beatnote
is much noisier than the repetition frequency in panel (a).

To confirm the temporal pulse nature of the Stokes soliton the frequency resolved
optical gate (FROG) method was used to record the correlation traces in figure 5.4.
Optical filtering was applied to isolate the primary and Stokes soliton pulse streams.
Also, before FROG measurement, the primary soliton stream was amplified by an
erbium doped fiber amplifier (EDFA) and the Stokes soliton was amplified using a
semiconductor optical amplifier (SOA). The data confirm that both streams consist
of pulses. As an aside, the signal-to-noise level for the Stokes soliton measurement
was limited by the saturation power of the SOA.

Photodetection of the isolated primary and Stokes soliton pulse streams was also
possible. Themeasured electrical spectrum for each pulse stream is overlaid in figure
5.5 (a). The spectra are observed to align in frequency. As further confirmation of
this frequency alignment, the optical pulse streams were simultaneously detected
(no filtering to isolate the streams) and the measured electrical spectrum featured a
single spectral peak at a resolution of 500 Hz. These results are expected on account
of optical trapping of the Stokes soliton by the primary soliton, which causes the
line spacing (repetition rate) of the Stokes soliton and the primary soliton to match.

At the same time, the absolute optical frequency of the two solitons is not expected to
be locked since the optical potential well depends upon the intensity of the primary
soliton. To test this, the relative optical frequency stability of the two soliton streams
was measured by using a resonator that featured spectrally overlapping primary and
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Stokes solitons such as in figure 5.3 (b). A high resolution optical scan from 1578-
1579nm of this overlap region is presented as the inset in figure 5.3 (b) and confirms
that the underlying soliton lines are distinct. The beatnote between neighboring
spectral lines of the primary and Stokes solitons shows large frequency variations
(see figure 5.5 (b)) in comparison to the repetition frequency of each soliton (figure
5.5 (a)). Synchronization of the soliton repetition rates but not of the absolute optical
frequencies is thus inferred from these measurements.

5.4 Theory of Stokes soliton
Coupled equations of Stokes soliton
In this section, we will derive the coupled equations governing the primary and
Stokes solitons. The derivation of the stimulated Raman process is similar to the
derivation of Raman self-frequency shift in Section 4.2. We start with the pulse
propagation equation in optical fiber with Raman interactions (eq. 4.1), and then
adopted the additional nonlinear terms into microresonator equation. We start with
equation 4.1,

∂E
∂z
+α(λ)E + β1(λ)

∂E
∂t
+

iβ2(λ)
2

∂2E
∂t2 = iγE(z, t)

∫ ∞

0
R(t′)|E(z, t − t′)|2dt′, (5.1)

where E is the pulse field in optical fiber and |E |2 is normalized to optical power.
The linear loss, α, the group velocity, β1, and group velocity dispersion, β2, are now
functions of wavelength because the primary and Stokes solitons are at different
wavelengths and in different transverse mode families. The nonlinear coefficient in
optical fiber can be shown as γ = n2ω0/cS′eff , where n2 is the Kerr refractive index,
S′eff is the effective mode area of optical fiber (Agrawal, 2007). The field of pulse
can be further decomposed as a linear combination of primary soliton field, Ep and
Stokes soliton field Es,

E(z, t) = Ep(z, t) + Es(z, t)eiωpst, (5.2)

where ωps = ωp − ωs denotes the frequency difference between Stokes soliton and
primary soliton and eq. (5.2) is in the rotation frame of e−iωpt .

From here we only focus on the right-hand-side (RHS) of eq. (5.1), as the left-hand-
side terms are all linear and can be directly decomposed to primary soliton field and
Stokes soliton field. Insert eq. (5.2) to the RHS of eq. (5.1), and we have

RHS = iγ(Ep + Eseiωpst)
∫ ∞

0
R(t′)[|Ep(t − t′)|2 + |Es(t − t′)|2+

Ep(t − t′)E∗s (t − t′)e−iωps(t−t ′) + Es(t − t′)E∗p(t − t′)eiωps(t−t ′)]dt′.
(5.3)
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We then decompose nonlinear response function R(t′) (eq. (4.2))

R(t′) = (1 − fR)δ(t′) + fRhR(t′). (5.4)

Insert eq. (5.4) into eq. (5.3), we have

RHS = i(1 − fR)γ[(|Ep |2 + 2|Es |2)Ep + (|Es |2 + 2|Ep |2)Eseiωpst]

+i fRγ(Ep + Eseiωpst)
∫ ∞

0
hR(t′)[|Ep(t − t′)|2 + |Es(t − t′)|2+

Ep(t − t′)E∗s (t − t′)e−iωps(t−t ′) + Es(t − t′)E∗p(t − t′)eiωps(t−t ′)]dt′,

(5.5)

where we have neglected terms with frequency different from Ep and Es. Notice
the first line are terms corresponding to self-phase modulation and cross-phase
modulation. The coefficient shall be different for different transverse mode families
and we will add this back later. The form of the right-hand-side second line is
identical to the RHS of eq. (4.1), and it is corresponding to the Raman frequency
shift. Since Raman-frequency shift is not the main concern here, we apply the same
approximation as eq. (4.3) but only keeping the first term. Finally, for the third line
in eq. (5.5), we apply the approximation that the variation of the field Ep and Es

is much slower than hR(t′) and e±iωps(t−t ′) and therefore Es,p(t − t′) is simplified to
Es,p(t). With these approximations, we arrive at

RHS = iγ[|Ep |2Ep + |Es |2Eseiωpst + (2 − fR)(|Es |2Ep + 2|Ep |2Eseiωpst)

+

∫ ∞

0
fRhR(t′)eiωpst ′dt′(|Ep |2Eseiωpst −

ωp

ωs
|Es |2Ep)],

(5.6)

where the integration gives a constant and its imaginary part can be related to
the Raman gain coefficient of silica at frequency ωps. The factor of −ωp/ωs in
the last term is from the fact that the photon number, instead of photon energy,
is conserved in stimulated Raman process (i.e.

∫ ∞
0 fRhR(t′)e−iωpst ′dt′ = ωp/ωs ×∫ ∞

0 fRhR(t′)eiωspt ′dt′). Plug eq. (5.6) into eq. (5.1) and separate the equations to
Ep and Es, and we have the coupled equations for pulses in optical fiber augmented
by stimulated Raman effect (Agrawal, 2007):

∂Ep

∂z
+ αpEp + β1p

∂Ep

∂t
+

iβ2p

2
∂2Ep

∂t2 = iγ[|Ep |2 + (2 − fR)|Es |2]Ep

−
ωp

ωs
γ fRIm[

∫ ∞

0
fRhR(t′)eiωpst ′dt′]|Es |2Ep

(5.7)

∂Es

∂z
+ αsEs + β1s

∂Es

∂t
+

iβ2s

2
∂2Es

∂t2 = iγ[|Es |2 + (2 − fR)|Ep |2]Es

+γ fRIm[
∫ ∞

0
fRhR(t′)eiωpst ′dt′]|Ep |2Es .

(5.8)
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This set of coupled equations contains the interactions between two optical pulses in
optical fiber. They each obey the dispersion at their wavelengths β1p, β2p, β1s, β2s,
and interact through cross-phase modulation and a stimulated Raman effect that
provides gain/loss for longer/shorter wavelength pulse (T. J. Kippenberg, S. M.
Spillane, et al., 2004). The coefficient for the Raman gain/loss can be related to the
well studied Raman gain coefficient gR in bulk silica (Agrawal, 2007). The equation
for stimulated Raman effect in bulk material can be modeled as (Agrawal, 2007):

dIs

dz
= gRIpIs, (5.9)

where Is and Ip are the intensity of the Stokes light and pump light. This equation
can be converted to field equation by using I = 1

2 cε0n0Ẽ2:

dẼs

dz
=

1
4

cε0n0gR |Ẽp |2Ẽs, (5.10)

where Ẽ is the field of light and ε0 is the vacuum permittivity. To integrate this
equation into the Raman fiber equation, we normalize the electrical field to the
same unit as eq. (5.1) such that |E |2 is the optical power in the optical fiber:
|E |2 = 1

2

∫
ε0n0c |Ẽ |2dxdy, where x, y are the coordinates of optical fiber cross-

section. Further separate Ẽ(x, y) into Ẽ(x, y) = ξ(x, y)Ẽmax, where ξ(x, y) carries
the mode spatial distribution of optical fiber. This gives us:

Ẽ = ξ(x, y)Ẽmax = ξ(x, y)E
√

2
ε0n0c

∫
|ξ(x, y)|2dxdy

. (5.11)

Insert eq. (5.11) into eq. (5.10), multiple both side by ξ∗s (x, y) and integrate over x
and y coordinates, we have

dEs

dz
=

1
2
gR |Ep |2Es

∫
|ξs(x, y)|2 |ξp(x, y)|2dxdy∫

|ξp(x, y)|2dxdy
∫
|ξs(x, y)|2dxdy

≡ gR

2S′sp
|Ep |2Es, (5.12)

where we have defined the effective nonlinear mode area S′sp. Use the right hand
side of eq. (5.12) to replace the stimulated Raman term in eq. (5.7) and (5.8), and
we have

∂Ep

∂z
+ αpEp + β1p

∂Ep

∂t
+

iβ2p

2
∂2Ep

∂t2 = i
n2ω0
cS′eff
[|Ep |2 + (2 − fR)|Es |2]Ep

−
ωp

ωs

gR

2S′sp
|Es |2Ep

(5.13)

∂Es

∂z
+ αsEs + β1s

∂Es

∂t
+

iβ2s

2
∂2Es

∂t2 = i
n2ω0
cS′eff
[|Es |2 + (2 − fR)|Ep |2]Es

+
gR

2S′sp
|Ep |2Es .

(5.14)
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Notice that the normalization factor between Kerr effect and Raman effect is dif-
ferent, and the normalization ratio is: 2ω0S′Raman/cS′Kerr. This ratio comes from
the fact that Kerr refraction index n2 is in the unit of [m2/W] while Raman bulk
gain coefficient has unit [m/W]. When converting eq. (5.13) and eq. (5.14) into
microresonator equations, this normalization ratio shall stay the same as both Kerr
and Raman terms go through the same normalization procedure from optical fiber
to microresonator.

From above, we have known that in microresonator the LLE equation could describe
the Stokes soliton behavior by adding cross-phase modulation and Raman gain/loss
term:

dAp

dT
= i

D2p

2
∂2 Ap

∂φ2 − (
κp

2
+ i∆ωp)Ap + i[gp |Ap |2 + (2 − fR)Gp |As |2]Ap

−
ωp

ωs
Rc |A2

s |Ap +

√
κext

p Pin,

(5.15)

dAs

dT
= −δ ∂As

∂φ
+ i

D2s

2
∂2 As

∂φ2 − (
κs

2
+ i∆ωs)As + i[gs |As |2 + (2 − fR)Gs |Ap |2]As

+Rc |A2
s |Ap.

(5.16)

In this set of equations, it shall be noted that: (1) unlike eq. (2.8), the in-
tracavity fields |A|2 here is normalized to intracavity power instead of photon
number; (2) correspondingly, the self-phase modulation coefficient is modified to
g j = n2ω j D1 j/2n0πSj j , where j = p, s; (3) the cross-phase modulation coefficient
is G j = n2ω j D1 j/2n0πSps; (4) the nonlinear mode area Sj k is defined as

Sj k =

∬ ∞
−∞ |ξ j(x, y)|2dxdy

∬ ∞
−∞ |ξk(x, y)|2dxdy∬ ∞

−∞ |ξ j(x, y)|2 |ξk(x, y)|2dxdy
, (5.17)

where ξ j is the spatial distribution of the mode; (5) δ = D1s − D1p

is the FSR mismatch; and (6) the Raman gain/loss coefficient is Rc =

fRGsIm[
∫

hR(τ)exp(iωpsτ)dτ] and it could be calculated using the function of
hR(τ) (Agrawal, 2007). Alternatively, it can also be related to the Raman gain
coefficient in bulk silica by making the comparison to eq. (5.13) and (5.14). In
equation (5.15) and (5.16), we have g = χ′n2 and Rc = χ′′gR, where χ′, χ′′ are
the normalization factor for Kerr and Raman coefficient in microresonator. Notice
that the ratio of normalization factor between Kerr and Raman effect shall stay the
same with the one in optical fiber, so that χ′/χ′′ = 2ω j SRaman/cSKerr. As we know
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χ′ = ω j D1 j/2n0πSj j from the expression of g, we have

Rc =
cD1pgR

4πn0Ssp
, (5.18)

where we have neglected the small difference between D1p and D1s. Finally, in
bulk silica, the gain coefficient is the function of the frequency difference between
pump wave and Stokes wave. The bulk silica Raman gain coefficient is zero at zero
frequency and reaches itsmaximumnear 13 THz frequencywith gmax

R = 0.66×10−13

m/W. In addition, when the frequency is between 0 to 13 THz, the Raman gain
coefficient is roughly linear with frequency (Agrawal, 2007).

The coupled LLE equations in eq. (5.15) and (5.16) formed a complete set of equa-
tions for Stokes soliton (neglecting Raman self-frequency shift) and all parameters
in the equations can be obtained either by experiments or simulation (i.e. mode
area). Notice that in the continuous wave limit where both pump and Stokes fields
are composed of a single wavelength light, eq. (5.15) and (5.16) will reduce to the
equations for stimulated Raman laser and are consistent with previous literatures
(S. Spillane, T. Kippenberg, and KJ Vahala, 2002; T. J. Kippenberg, S. M. Spillane,
et al., 2004).

Stokes soliton threshold and Weak Stokes limit
Although an exact solution of the coupled solitons cannot be obtained, the near
threshold behavior of the Stokes soliton can still be studied analytically. In this
limit, the primary soliton is unperturbated by the Stokes soliton since the Stokes
soliton is weak (i.e., near threshold). Its solution is therefore given by the Sech2

dissipative Kerr cavity soliton solution (T Herr, V Brasch, J. Jost, C. Wang, et al.,
2014). The Stokes soliton equation then uses this solution for the primary soliton.
By selecting the carrier frequency of the Stokes soliton such that δ = 0, the equation
for the Stokes soliton can be simplified to the following:

∂As

∂T
= i

D2s

2
∂2 As

∂φ2 + i(2 − fR)Gs |As |2 As − (
κs

2
+ i∆ωs)As + Rc |Ap |2 As, (5.19)

where Ap = Bsech(φ/φτ) is the uncoupled primary soliton solution (T Herr, V
Brasch, J. Jost, C. Wang, et al., 2014) with |B |2 = 2∆ωp/gp and φτ =

√
D2p/2∆ωp.

The Raman terms containing derivatives cause soliton self frequency shift and
subsequently a phase change (Karpov, Hairun Guo, Kordts, Victor Brasch, M. H.
Pfeiffer, et al., 2016). However, they minimally affect pulse width and peak power
(Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). As the primary soliton and



58

Stokes soliton have no absolute phase coherence, these terms have been omitted.
Accordingly, the Stokes soliton can be treated as a wave trapped in a sech2-shape
potential well created by the primary soliton (imaginary terms in eq. (5.19)), and
also deriving optical gain from the primary soliton (real terms in eq. (5.19)). The
bounded solution of the wave function in such a potential (imaginary terms in eq.
(5.19)) has the following form:

As = Vsechγ(φ/φtau), (5.20)

where, consistent with the near threshold assumption,V is a small amplitude satisfy-
ing |V |2 � |B|2. Under these assumptions, the exponent γ is a root of the following
equation,

γ(γ + 1) = 2(2 − fR)GsD2p/gpD2s . (5.21)

As a physical check of this equation, we note that under circumstances of Gs = gp/2
the potential well created by the primary soliton for the Stokes soliton is identical
to the primary soliton potential well (note: the factor of 1/2 comes about from
cross phase modulation). In this case, assuming identical second-order dispersion
(D2s = D2p) and also fR = 0, the solution to eq. (5.21) is γ = 1, which shows that
the Stokes soliton acquires the same envelope as the primary soliton.

Once the peak power of the primary soliton reaches a point that provides sufficient
Raman gain to overcome Stokes soliton roundtrip loss, the Stokes soliton will begin
to oscillate. The threshold condition emerges as the condition for steady-state Stokes
soliton power balance. This is readily derived from the real terms in Stokes soliton
equation and takes the form∫ 2π

0
∂t |Es |2dφ =

∫ 2π

0
dφ(κs − 2R|Ep |2)|Es |2 = 0 (5.22)

By substituting the solutions for the primary and Stokes solitons into eqn. (S12),
the resulting threshold in primary soliton peak output power is found to be

Pth =
κext

p κs

2R
(1 + 1

2γ
). (5.23)

Stokes soliton threshold measurement
The thresholding nature of Stokes soliton formation is studied in figure 5.6. The
spectra in figure 5.6 (a) show the primary soliton and the corresponding Stokes
soliton spectra for pumping levels below and above threshold. The transverse
spatial mode profiles on which these solitons are formed are also provided and have



59

P
o

w
e

r 
 (

d
B

m
)

1510 1550 1590 1630

(a)

1670

Pump

-80

-60

-40

-20

Primary mode Stokes mode (b)

Above threshold

Below threshold

Wavelength (nm)

0.20 0.25 0.30 0.35 0.40

0

10

20

30

40

Total soliton power (mW)

P
ri
m

a
ry

 s
o

lit
o

n
 p

e
a
k 

p
o
w

e
r 

(m
W

)

0.00

0.05

0.10

0.15

0.20

S
to

k
e

s
 s

o
lito

n
 p

o
w

e
r (m

W
)

Figure 5.6: Stokes soliton spectra, power and threshold measurements. (a) Soliton
spectra are plotted below and above threshold. The upper insets show the spatial
mode families associated with the primary and Stokes solitons. (b) Measurement
of Stokes soliton power and primary soliton peak power versus total soliton power.
The primary soliton peak power (blue) versus total power experiences threshold
clamping at the onset of Stokes soliton oscillation. The theoretical threshold peak
power from eq. (1) is also shown for comparison as the horizontal blue dashed line.

been inferred by numerical fitting to the dispersion data. In figure 5.6 (b) power data
are provided showing the primary soliton peak power and the Stokes soliton power
plotted versus the total soliton power. To measure this data, the power in the primary
solitonwas varied using the lockingmethod described elsewhere (XuYi, Q.-F. Yang,
Ki Youl Yang, and Kerry Vahala, 2016a). Also, the transmitted pump spectral line
was filtered out using a fiber Bragg filter. Power was measured by summing the
power of the respective comb lines for the primary and Stokes soliton as measured
on the optical spectrum analyzer. Consistent with the thresholding nature of the
process, the Stokes soliton power could be increased beyond the primary soliton
power (e.g., figure 5.3 (d), blue trace). The threshold peak power predicted by Eq.
(5.23) is plotted as the horizontal dashed line in figure 5.6 (b) for comparison to
measurements. The values used in this calculation are calculated or measured and
are provided here.

The measured parameters are: κp/2π = 838 kHz, κext
p /2π = 222 kHz, λp = 1550

nm, D1p/2π = 22 GHz and D2p/2π = 16.1 kHz. For the Stokes soliton mode family
κs/2π = 3.3 MHz is measured near 1550 nm and is used for the Stokes soliton loss
rate in the 1600 nm band. Calculated parameters (based on mode simulations) are:
D2s/2π = 21.7 kHz, Sss = 69.8 µm2, Spp = 39.7 µm2, Sps = 120 µm2, and δ = 0
when λs = 1627 nm. Other constants are: n = 1.45, n2 = 2.2 × 10−20 m2/W,
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gR = 3.94 × 10−14 m/W, and τR = 3.2 fs. γ = 0.55 is calculated and used in figure
5.6.
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Figure 5.7: Stokes soliton formation in a microresonator. (a) Simulated intracavity
comb power during a laser scan over the primary soliton pumping resonance from
the blue (left) to the red (right) of the resonance. The detuning is normalized to the
resonance linewidth. The initial step corresponds to the primary soliton formation,
and the subsequent decrease in power corresponds to the onset of the Stokes soliton.
The Stokes soliton power is shown in red. (b) Zoomed-in view of the indicated
region from figure panel (a). (c) Experimentally measured primary and Stokes
soliton power during a laser scan showing the features simulated in panel (a) and
(b). (d) Simulation of the intracavity field in the moving frame of the solitons
plotted versus the pump laser detuning. The detuning axis is scaled identically to
panel (a). The figure shows the primary soliton step region (below threshold) as
well as the onset of the Stokes soliton (above threshold). (e) Temporal overlap of
the primary and Stokes solitons is numerically confirmed in the plot of normalized
power versus location angle within the resonator. The overlap confirms trapping and
co-propagation. (f) Intracavity optical spectra of the primary and Stokes solitons.



61

Numerical simulation
2Equations (5.15) and (5.16) are numerically simulated to reveal further details
on the Stokes soliton formation. In the simulation, a pumping laser is scanning
from blue-detuned to red-detuned and 128 modes of primary and Stokes field are
employed in the simulation. The formation of a step in the primary comb power
(blue) indicates primary soliton formation (T Herr, V Brasch, J. Jost, C.Wang, et al.,
2014; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). However, a decrease in
power of the primary soliton is next observed that occurs with an increase in power
of the Stokes soliton (red). The same features are also observed experimentally (see
figure 5.7 (c)). By studying the intracavity field evolution, the simulation shows
the correspondence between these features and the soliton formation (see figure 5.7
(d)). Also, the simulation shows that the primary and Stokes pulses overlap in space
and time, i.e., confirmation of optical trapping (see figure 5.7 (e)). The calculated
spectra for the primary and Stokes solitons are provided in figure 5.7 (f).

5.5 Summary
The Stokes soliton is only the second type of soliton to be observed in microcavities
(beyond dissipative Kerr solitons (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014))
and also represents the first time soliton trapping has been observed in any micro-
cavity. It also represents the first observation of trapping by solitons in different
transverse modes in a laser. From a practical viewpoint, the Stokes and primary
solitons overlap in space and time, and have a frequency separation that can be engi-
neered to fall within the mid IR range. As a result, this soliton system is potentially
interesting for mid IR generation by way of difference frequency generation. Not
all devices are observed to produce Stokes solitons. However, dispersion engineer-
ing techniques are being advanced (Ki Youl Yang et al., 2016) and should enable
control of both observation of the Stokes soliton as well as its placement in the
optical spectrum. Indeed, the spectral placement of Stokes solitons in figure 5.3 (d)
is largely the result of microcavity diameter control to shift the FSR crossing point.
Also, engineering of dispersion could permit a Stokes soliton to form within the
same mode family as the primary soliton. The specific implementation described
here uses a compact microresonator on a silicon wafer which also suggests that
monolithic integration will be possible. In an appropriately phase-matched multi-
mode waveguide (optical fiber or monolithic) it should also be possible to observe
non-cavity-based Stokes solitons.

2Simulation in this subsection was performed by Q.F. Yang.
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C h a p t e r 6

SPATIAL-MODE-INTERACTION INDUCED SOLITON
DISPERSIVE WAVE

6.1 Introduction
1 The nonlinear propagation of optical pulses in dielectric waveguides and resonators
induces a wide range of remarkable interactions. One example is dispersive wave
generation, the optical analog of Cherenkov radiation. These waves play an essential
role in fiber-optic spectral broadeners used in spectrocopy andmetrology. Dispersive
waves form when a soliton pulse begins to radiate power as a result of higher-order
dispersion. If the spectrum of a soliton pulse extends into regions where second-
order dispersion changes sign, then radiation into a new pulse, the dispersive wave,
may occur at a phase matching wavelength (Wai et al., 1986; Akhmediev and
Karlsson, 1995). The generation of these waves is analogous to Cherenkov radiation
(Cherenkov, 1934) and extends the spectral reach of optical pulses (Dudley, Genty,
and Coen, 2006).

The recent ability to control dispersion in microresonators has allowed accurate
spectral placement of dispersive waves relative to a radiating cavity soliton (V
Brasch et al., 2016). Such dispersion-engineered control has made possible 2f-3f
self referencing of frequency microcombs (Victor Brasch et al., 2016) and octave-
spanning double-dispersive waves (Q. Li et al., 2015). Dispersive wave generation
in optical fibers has traditionally relied upon control of geometrical dispersion in
conjunction with the intrinsic material dispersion of the dielectric (Dudley, Genty,
and Coen, 2006) and this same method has been successfully demonstrated in
microresonators (V Brasch et al., 2016). Recently, spatial-mode-interactions in
multimode-fiber have also been used for this purpose (Cheng et al., 2012; G Manili
et al., 2012; Modotto et al., 2015).

In this chapter, spatial mode interactions within a microresonator are used to phase
match a soliton pulse to a dispersive wave. These mode interactions often frustrate
the formation of solitons (T Herr, V Brasch, J. Jost, Mirgorodskiy, et al., 2014)
and, as a result, microresonators are typically designed to minimize or exclude

1Work presented in this chapter has been published in "Spatial-mode-interaction-induced dis-
persive waves and their active tuning in microresonators", Optica, 3, 1132 (2016).
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entirely the resulting modal avoided crossings (T Herr, V Brasch, J. Jost, C. Wang,
et al., 2014; V Brasch et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,
2015; P.-H.Wang et al., 2016; Joshi et al., 2016). Also, while dispersive-wave phase
matching is normally induced bymore gradual variations in dispersion, spatial mode
interactions produce spectrally abrupt variations that can activate a dispersive wave
in the vicinity of a narrow-band soliton. Below, the demonstration of dispersivewave
generation by this process is presented after characterizing two strongly interacting
spatial mode families. The phase matching of the dispersive wave to the soliton is
then studied including for the first time the effect of soliton frequency offset relative
to the pump as is caused by soliton recoil or by the Raman-induced soliton self-
frequency shift (Milián et al., 2015; V Brasch et al., 2016; Karpov, Hairun Guo,
Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang,
Suh, et al., 2015; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b). It is
shown that this mechanism enables active tuning control of the dispersive wave by
pump tuning.

6.2 Measurement of strong spatial-mode interaction in microresonator
In the experiment, an ultra-high-Q silica micro-resonator with a 22 GHz FSR (3 mm
diameter) was prepared (Lee, T. Chen, et al., 2012). Typical intrinsic quality factors
were in excess of 200 million. Mode dispersion was characterized from 183.92 THz
(1630 nm) to 199.86 THz (1500 nm) by fiber-taper coupling to a tunable external-
cavity diode laser from Santec Corporation (J. Liu et al., 2016) and calibrating
the laser frequency scan using a Mach-Zehnder interferometer (Xu Yi, Q.-F. Yang,
Ki Youl Yang, Suh, et al., 2015). Multiple mode families were observed and their
measured frequency dispersion spectra are presented as the blue points in fig. 6.1 (a).
In the plot, similar to previous chapters, a linear dispersion term corresponding to the
FSR of the soliton-formingmode family (∆ω−) at mode number zero is subtracted so
that a relative-mode- f requency is plotted. Mode zero is by convention the mode
that is optically pumped to form the soliton. Three weak perturbations of the soliton
mode family dispersion are observed for µ < 0. The mode family associated with
one of the perturbations is plotted as the nearly vertical line of blue points. A much
stronger interaction occurs near µ = 165 causing a strong avoided mode crossing
that redirects the soliton-forming branch to lower relative mode frequencies.

The dispersion can be accurately modeled using a coupled mode approach. Accord-
ingly, consider two mode families (A and B) that initially do not interact and that
feature frequency dispersion spectraωA,B(µ). An interaction between themode fam-
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Figure 6.1: Dispersive wave generation by spatial mode interaction. (a) Measured
relative-mode-frequencies (blue points) of the soliton-forming mode family and
the interaction mode family. Mode number µ = 0 corresponds to the pump laser
frequency of 193.45 THz (1549.7 nm). Hybrid mode frequencies calculated from
eq. (6.1) are shown in green and the unperturbedmode families are shown in orange.
The dashed, horizontal black line determines phase matching for ωrep = D1A. (b)
Measured soliton optical spectrum with dispersive wave feature is shown. For
comparison, a Sech2 fitting is provided in red. The pump frequency (black) and
soliton center frequency (green) indicate a Raman-induced soliton self-frequency
shift.

ilies is introduced that is characterized by a coupling rate G. The coupling produces
two hybrid mode families with upper/lower-branch mode frequencies ω±(µ) given
by the following expression (Hermann A Haus and W. P. Huang, 1991; Wiersig,
2006; Y. Liu et al., 2014),

ω±(µ) =
ωA(µ) + ωB(µ)

2
±
√

G2 + [ωA(µ) − ωB(µ)]2/4. (6.1)

Note that in the limit of |ωA(µ) − ωB(µ)| � G, the frequencies ω± approach the
frequencies, ωA,B(µ), of the non-interacting mode families. This fact is used to
determine the form of ωA,B(µ) by fitting them within the regions µ < 50 and
µ > 280 of the measured dispersion spectra to the following equation: ωA,B(µ) =
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ωA,B(0)+D1A,Bµ+D2,A,Bµ
2/2+D3,A,Bµ

3/6, which is a third-order Taylor expansion
of each mode family about mode number µ = 0. The corresponding fits are shown
as the dashed orange curves in fig. 6.1 (a). For mode family A: D1A/2π =
21.9733 GHz, D2A/2π = 15.2 kHz, D3A/2π = −14.7 Hz; and for mode family
B: D1B/2π = 21.9654 GHz, D2B/2π = 18.6 kHz, D3B/2π = −17.2 Hz and
ωB(0) − ωA(0) = 1.261 GHz. The coupling coefficient, G, is determined by the
minimum frequency difference of two branches and gives G/2π=106.5MHz. Using
these parameters in eq. (6.1), relative-mode-frequencies for the hybridmode families
(∆ω±(µ) ≡ ω±(µ)−ω0− µD1A, whereω0 ≡ ωA(0)) are plotted in fig. 6.1 (a) (green)
and show good agreement with the measurements (blue points). An improved fitting
is possible using a least squares approach in eq. (6.1). As an aside, the mode two
families (∆ω±) were observed to couple nearly equally to the tapered fiber with
approximately 20% transmission.

6.3 Observation of dispersive wave in microresonator
The soliton generated here is a dissipative Kerr soliton (DKS) in microresonators
(T Herr, V Brasch, J. Jost, C. Wang, et al., 2014; V Brasch et al., 2016; Xu Yi,
Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015; P.-H. Wang et al., 2016; Joshi et al.,
2016). This type of dissipative soliton (Ankiewicz and Akhmediev, 2008) forms
through a double balance of second-order dispersion with the Kerr nonlinearity and
cavity loss with Kerr-induced parametric gain (T Herr, V Brasch, J. Jost, C. Wang,
et al., 2014). The optical spectrum of a DKS pumped at µ = 0 (193.45 THz or
1549.7 nm) using a fiber laser is presented in fig. 6.1 (b). The soliton is triggered
and stabilized using the method described in (Xu Yi, Q.-F. Yang, Ki Youl Yang,
Suh, et al., 2015; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016a).
For comparison, the ideal Sech2 spectral profile that would occur under conditions
of pure second-order dispersion (T Herr, V Brasch, J. Jost, C. Wang, et al., 2014;
Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015; V Brasch et al., 2016) (mode A
dashed orange curve in fig. 6.1 (a)) is provided as the red envelope in fig. 6.1 (b).
A small soliton self-frequency shift (SSFS) (Milián et al., 2015; V Brasch et al.,
2016; Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016; Xu
Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015; Xu Yi, Q.-F. Yang, Ki Youl Yang,
and Kerry Vahala, 2016b) is apparent in the measured soliton spectrum as indicated
by the spectral displacement of the soliton spectral center relative to the pumping
frequency. The perturbations to the ideal spectral envelope that are caused by both
the weak modal crossings (µ < 0) as well as the strong avoided modal crossing are
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apparent. For µ > 0 a dispersive wave feature is apparent (maximum near 198.62
THz or µ = 235). In contrast to the weak avoided crossing induced distortion
for µ < 0, the dispersive wave results from a resonance condition (see discussion
below) and the comb teeth are accordingly enhanced in strength. The coherence of
the soliton and dispersive wave is verified by measuring the electrical spectrum of
the detected soliton and dispersive-wave pulse train using a photodetector (figure
6.2).

6.4 Phase-matching condition of dispersive wave in microresonator
When the soliton propagates in a optical fiber or waveguide, it emits a dispersive
wave at the wavelength whose group velocity is identical to soliton group velocity.
At this wavelength, the momentum is conserved when a soliton photon is converted
to a dispersive wave photon, and this greatly enhances the dispersive wave emission.
In the microresonator, phase matching between the soliton and the dispersive wave
occurs when the µth soliton line at ωp +ωrepµ is resonant with the µth frequency of
the soliton-forming mode family, i.e.,ωp+ωrepµ = ω−(µ). Under this condition, the
dispersive wave emission is enhanced by the resonator. The detailed derivation will
be given in section 6.5. As an aside, the Kerr shift for mode µ is much smaller than
other terms in this analysis and is neglected in the phase matching condition. So
that it is possible to use a graphical interpretation of the phase matching condition
based on the relative-mode-frequency of fig. 6.1 (a), ω0 + D1Aµ is subtracted from
both sides of the phase matching condition to give the following condition:

∆ω−(µ) = (ωrep − D1A)µ − δω, (6.2)

where δω ≡ ω0−ωP is the detuning of the resonator relative to the pump frequency.

If the soliton repetition frequency equals the FSR at µ = 0 (i.e., ωrep = D1A), then
the r.h.s. of eq. (6.2) is the horizontal dashed black line in fig. 6.1 (a) (repeated
in fig. 6.3 (a)). Under these circumstances the dispersive wave phase matches to
the soliton pulse at the crossing of that line with the soliton-forming mode branch.
However, while the mode dispersion profile (∆ω−(µ)) is determined entirely by the
resonator geometry and the dielectric material properties, the soliton repetition rate
ωrep depends upon frequency offsets between the pump and the soliton spectral
maximum. Defining this offset as Ω, the repetition frequency is given by the
following equation (A. B. Matsko and Maleki, 2013; Jang, Erkintalo, Coen, et al.,
2015):

ωrep = D1A +
D2A

D1A
Ω. (6.3)
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The offset frequency Ω can be caused by soliton recoil due to a dispersive wave
and also by the Raman-induced soliton self-frequency shift (SSFS) (Milián et al.,
2015; V Brasch et al., 2016; Karpov, Hairun Guo, Kordts, Victor Brasch, M. H.
Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015; Xu Yi,
Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b). In this work, Ω is dominated
by the Raman interaction, because the typical dispersive wave power is < 0.2% of
the soliton power, causing a negligible dispersive wave recoil (recoil of less than one
mode). Photo-thermal-induced change in D1A is another possible contribution that
will vary ωrep as pumping is varied (Del’Haye et al., 2008). However, the thermal
tuning of D1A is estimated to be ∼ −4.5 kHz/mW (by measurement of resonant
frequency photo-thermal shift of ∼ −40 MHz/mW). With total soliton power less
than 1 mW (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015), this photo-thermal-
induced change in repetition frequency is negligible compared with that caused by
the Raman self-frequency-shift.
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Figure 6.2: Measured soliton repetition rate (blue points) is plotted versus soliton
self-frequency shift. The dashed blue line is a plot of eq. (6.3). The offset for the
repetition rate vertical scale is D1A = 21.9733 GHz. A typical microwave beatnote
of the photo-detected soliton and dispersive wave is shown in the inset (resolution
bandwidth is 10 kHz).

Combining eqs. (6.2) and (6.3) gives the following phase matching condition:

∆ω−(µ) = µ
D2A

D1A
Ω − δω. (6.4)

The Raman-induced SSFS is a negative frequency shift (Ω < 0) with a magnitude
that increases with soliton bandwidth and average power. Accordingly, with in-
creasing soliton power (and bandwidth), the plot of the r.h.s. of eq. (6.4) versus µ
acquires an increasingly negative slope (green dashed line in fig. 6.3 (a)). The phase
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Figure 6.3: Dispersive wave phase matching condition. (a) Soliton and interaction
mode family dispersion curves are shown with phase matching dashed lines (see eq.
(6.4)). The black line is the case where ωrep = D1A and the green line includes a
Raman-induced change in ωrep. The intersection of the soliton branch with these
lines is the dispersive wave phase matching point (arrows). (b) Soliton optical
spectra corresponding to small (red) and large (blue) cavity-laser detuning (δω).
Sech2 fitting of the spectral envelope is shown as the orange curves. (c) Dispersive
wave spectra with cavity-laser detuning (soliton power and bandwidth) increasing
from lower to upper trace.

matching mode number, µ = µDW , therefore also increases (i.e., the dispersive wave
shifts to a higher optical frequency) with increasing soliton power. The two soliton
spectra presented in fig. 6.3 (b) illustrate this effect (red spectrum is lower power
and has the lower dispersive wave frequency). Fig. 6.3 (c) also shows a series of
higher-resolution scans of the dispersive wave with soliton power increasing from
the lower to upper scans and is, again, consistent with the prediction.

The frequency shift,Ω, repetition frequency,ωrep, and the dispersivewave frequency
were measured for a series of soliton powers that were set by controlling the cavity-
pump detuning frequency (δω) using the method in ref. (Xu Yi, Q.-F. Yang, Ki Youl
Yang, Suh, et al., 2015; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016a).
ωrep was measured using an electrical spectrum analyzer after photodetection of the
resonator optical output. The offset frequency Ω was measured on an optical
spectrum analyzer by fitting the center of optical spectrum (see fig. 6.1 (b)) to
determine the spectral maximum and then measuring the wavelength offset relative



69

-500-400-300-200-1000

d
is

p
e
rs

iv
e
 w

a
ve

 p
e
a
k 

(T
H

z
)

198.4

198.2

198.0

198.6 Measurement
equation

Self-frequency shift Ω/2π (GHz)

Figure 6.4: Measured dispersive-wave peak frequencies (red points) are plotted
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to the pump. This same spectral fitting also allows determination of the soliton pulse
width, τs (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). Once the soliton
pulsewidth is known, the pump-resonator frequency detuning operating point can
be inferred using δω ≈ D2/2D2

1τ
2
s (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,

2015). δω/2π ranged between 7.8 to 21.1 MHz during the measurement.

The soliton repetition rate is plotted versus Ω in fig. 6.2 and is fitted using eq.
(6.3). The intercept closely agrees with D1A and the slope allows determination of
D2A/2π = 14.7 kHz (in good agreement with 15.2 kHz from fitting to the measured
dispersion curve in fig. 6.1 (a)). The dispersive wave frequency is also plotted in fig.
6.4 versus Ω and compared with a calculation using eq. (6.4). In this calculation,
∆ω−(µ) is approximated using a linear expansion in µ near µ = 200. Also, a −60
kHz offset is added to D1A/2π in ∆ω−(µ) due to the calibration uncertainty (∼ ±100
kHz) of FSR (Jiang Li, Lee, Ki Youl Yang, et al., 2012). No other free parameters
are used in the plot.

6.5 Formalism of dispersive wave in microresonator
In this section, we will introduce a toy model to justify the phase matching condition
and also calculate dispersive wave power in microresonator. For simplicity, we only
consider a transverse mode family that has a mode spectrum capable of producing
dispersive wave without spatial-mode interaction (e.g. material or geometry dis-
persion (V Brasch et al., 2016)). Using eq. (2.4) from Chapter 2, the equation of
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motion for the optical field of k-th comb line can be expressed as

dak

dT
= −(iωk − iζk + κ/2)ak + ig

∑
µ1,µ2

aµ1aµ2a∗µ1+µ2−k, (6.5)

where ωk is the frequency of k-th cavity mode and ζk = ωp +ωrepk is the frequency
of k-th comb line. Also since we are considering dispersive wave generation, we
have excluded the situation of k = 0 and dropped the pump laser term in eq. (2.4).

To calcualte the dispersive wave with perturbation method, we further make the
assumption that the dispersive wave is relatively weak compared with soliton and
does not disturb theSech2 shape of the soliton spectrum. Therefore, we can substitute
the non-perturbed soliton soliton from eq. (2.33) in the last term of eq. (6.5),

aµx,0 =
BsτsD1

2
sech(πτs

2
(D1µx −Ω))eiϕ, (6.6)

where aµx,0 is the non-perturbed soliton field for µx-th comb line and τs is the soliton
pulse width. Insert eq. (6.6) to the last term in eq. (6.5) and calculate the sum by
converting it to integral, we have

fk ≡ ig
∑
µ1,µ2

aµ1,0aµ2,0a∗µ1+µ2−k,0

= i
D2

4D2
1
[(D1k −Ω)2 + 1

τ2
s
]BτsD1sech(πτs

2
(D1k −Ω))eiϕ,

(6.7)

where g has been replaced using equation B2τ2
s = D2/gD2

1, which holds for the
soliton (see eq. (4.16)). Finally, by using eq. (4.17): δω = D2

2D2
1
( 1
τ2
s
+Ω2), fk can be

further reduced to
fk = i(ωk,0 − ζk)ak,0, (6.8)

where we have defined ωk,0 as the mode frequency that consists only linear and
group velocity dispersion:

ωk,0 ≡ ω0 + D1k +
1
2

D2k2. (6.9)

As a result, we have a steady-state solution of ak from eq. (6.5):

ak =
i(ωk,0 − ζk)

i(ωk − ζk) + κ/2
ak,0. (6.10)

As a physical check, equation (6.10) is consistent with the soliton result in Chapters 2
to 4. When resonator has only linear and second order dispersion, we haveωk = ωk,0

and a self-consistent result of ak = ak,0 assuming ωk − ζk � κ.
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When higher order dispersion is considered, we can see that ak reaches its maximum
atωk−ζk = 0, where k-th comb frequency is on resonancewith k-thmode frequency.
This phase matching condition for dispersive wave is identical with eq. (6.2). In
addition, the dispersive wave power is enhanced by a factor of 4(ωk,0 − ζk)2/κ2

from the non-perturbed soliton solution at the phase matching wavelength. For
the dispersive wave presented in figure 6.1, the phase matching is at k = 235 and
ωk,0 − ζk approximately equals to the frequency difference between unperturbed
mode A and lower branch at µ = k = 235, (ωk,0 − ζk)/2π ≈ 407 − (−128) = 535
MHz. Further substitute κ/2π = 2MHz for loadedQ = 100million, we have arrived
at the power enhancement for the dispersive wave as ≈ 3 × 105 ≈ 54 dB. In figure
6.1 (b), the dispersive wave power at µ = k = 235 is 40 dB higher than the Sech2

fit, indicating a 40 dB enhancement from unperturbed soliton power. The mismatch
between theory and experiment could come from the fact that the dispersive wave
in figure 6.1 is formed from spatial-mode interaction, and therefore a significant
portion of the optical field is in the upper branch which cannot generate dispersive
wave (Andrey Matsko et al., 2016).

6.6 Summary
Spatial mode interactions provide a way to phase match a DKS to a dispersive
wave. Interacting mode families must be closely matched in free-spectral-range
(i.e., D1A ≈ D1B) so that the soliton comb lines which initially form on mode family
A can transition to mode family B (see fig. 6.1 (a)). As a second condition, the
coupling strength G (see eq. (6.1)) must be large enough to create hybrid modes
near the modal avoided crossing that are strong admixtures of the A and B modes.
For example, this mixing allows the comb of lines to grow along the lower branch
(beyond µ = 165 in fig. 6.1 (b)) after initiating near µ = 0. The degree to which
these interactions can be engineered and controlled is an active area of investigation.
Geometrical control of dispersion over broad spectral spans using microfabrication
methods (Ki Youl Yang et al., 2016) could be applicable for dispersive wave control.

As a summary, it has been shown theoretically and through measurement that the
dispersive wave frequency can be actively tuned because of coupling to the soliton
offset frequencyΩ. In the silica microcavities tested here, this offset is dominated by
the Raman-induced SSFS and the dispersive wave is predicted and observed to tune
to higher frequencies with increasing soliton power and bandwidth. As a further
test of the theory, the dependence of repetition frequency on SSFS was combined
with measurement to extract resonator dispersion parameters, which compared well
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with direct measurements based on resonator dispersion characterization. The
dispersion induced by modal interactions in the tested device has been measured and
accurately modeled using a coupled-mode formalism. While the soliton existence
limitations imposed upon placement of dispersive wave are under investigation, it
seems possible that more complex resonator designs could not only engineer the
placement of these crossings, but also locate multiple avoided crossings near a
soliton so as to induce multiplets of dispersive waves.
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C h a p t e r 7

SINGLE-MODE DISPERSIVE WAVE AND ITS NONLINEAR
DYNAMICS IN MICRORESONATOR

7.1 Introduction
1In microcomb research (P Del’Haye et al., 2007; T. J. Kippenberg, Ronald
Holzwarth, and SA Diddams, 2011), the dissipated Kerr soliton formation pro-
duces phase-locked spectra with reproducible envelopes, as required in frequency
comb applications (W Liang, Eliyahu, et al., 2015; Pascal Del’Haye, Coillet, Tara
Fortier, et al., 2016; Victor Brasch et al., 2016; Suh et al., 2016; Marin-Palomo
et al., 2016). Moreover, their unusual properties and interactions create a rich
landscape for research in nonlinear optical phenomena (Jang, Erkintalo, Murdoch,
et al., 2013; Xue et al., 2015; V Brasch et al., 2016; Karpov, Hairun Guo, Kordts,
Victor Brasch, M. H. Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, and
Kerry Vahala, 2016b; Q.-F. Yang et al., 2016; Q.-F. Yang et al., 2017; H Guo
et al., 2016; Chengying Bao, Jaramillo-Villegas, et al., 2016; M. Yu et al., 2016;
Cole et al., 2016). In the previous chapters, we have gone through a few such
phenomena, including the Raman-induced soliton-self-frequency-shift (SSFS) and
dispersive-wave generation, which are important to the work in this chapter.

As introduced in Chapter 4, The Raman SSFS causes a spectral red shift of the
soliton. In optical fiber systems, this shift continuously increases with propaga-
tion distance (Mitschke and Mollenauer, 1986; J. P. Gordon, 1986); however, in
microresonators the shift is fixed and depends upon soliton power (Milián et al.,
2015; Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016; Xu
Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b; Anderson et al., 2016).
Dispersive waves also occur in optical fibre systems (Wai et al., 1986) where they
are an important process in continuum generation (Dudley, Genty, and Coen, 2006)
and have been used to study general nonlinear phenomena (Mussot et al., 2014).
They are formed when a soliton radiates into a spectral region of normal dispersion
and can be understood as the optical analog of Cherenkov radiation (Akhmediev and
Karlsson, 1995). In microcavities, the Raman SSFS enables controlled fine-tuning
of the wavelength of a dispersive wave (Q.-F. Yang et al., 2016). Dispersive waves

1The work presented in this chapter has been published in "Single-mode dispersive waves and
soliton microcomb dynamics", Nature Communications, 8, 14869 (2017).
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provide a powerful way to spectrally broaden a soliton within a microresonator as a
precursor to self referencing (Q. Li et al., 2015; Victor Brasch et al., 2016). Their
formation also induces soliton recoil (Akhmediev and Karlsson, 1995) which, sim-
ilar to SSFS, causes a frequency shift in the spectral centre of the soliton (V Brasch
et al., 2016; Karpov, Hairun Guo, Kordts, Victor Brasch, M. H. Pfeiffer, et al., 2016).

Dispersive waves normally consist of an ensemble of modes that are phase matched
to a soliton. As introduced in previous chapter, this phase matching can be assisted
by avoided mode crossings in microcavities (A. B. Matsko, Wei Liang, et al.,
2016; Q.-F. Yang et al., 2016). In this chapter, an avoided-mode crossing is used
to excite a dispersive wave consisting of a single cavity mode. The coupling of
this single-mode dispersive wave to the soliton is strongly influenced by the total
soliton frequency shift produced by the combined Raman-induced SSFS and the
dispersive-wave recoil. The combination is shown to induce hysteresis behavior in
soliton properties. Included in this behavior, there is an operating point of improved
pulse-rate stability (a quiet point) where the coupling of repetition rate and cavity-
pump detuning is greatly reduced. Pulse-rate stability is centrally important in many
frequency comb applications (Papp, Beha, et al., 2014; W Liang, Eliyahu, et al.,
2015; Suh et al., 2016). Coupling of pulse rate and cavity-pump detuning through
avoided-mode-crossing recoil effects has been observed in crystalline resonators
(Lucas, J. D. Jost, and T. J. Kippenberg, 2016). Also, the fundamental contributions
to phase noise in the pulse train have been considered theoretically (A. B. Matsko
and Maleki, 2013). However, technical noise mechanisms are also present. For
example, DKS generation using on-chip silica resonators exhibits phase noise that
tracks in spectral profile the phase noise of the optical pump (Xu Yi, Q.-F. Yang,
Ki Youl Yang, Suh, et al., 2015). The quiet operation point is shown to reduce
technical noise contributions to the soliton pulse repetition rate. Both this regime
of operation and the hysteresis behavior are measured and modeled theoretically.

7.2 Observation of single mode dispersive waves
A silica whispering-gallery resonator (Lee, T. Chen, et al., 2012) is used for soliton
generation. The devices feature a free-spectral-range (FSR) of approximately 22
GHz (3 mm diameter resonator) and have intrinsic Q-factors around 250 million.
Specific details on soliton formation in these resonators are given in chapter III.
The resonators support multiple, transverse mode families. It is essential that the
soliton-forming mode family feature dispersion that is primarily second-order and
anomalous (T Herr, V Brasch, J. Jost, Mirgorodskiy, et al., 2014). To characterize
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the frequency spectrum of the resonator, mode frequencies were measured from
190.95 THz (1570 nm) to 195.94 THz (1530 nm) using an external-cavity diode
laser (ECDL) calibrated by a fiberMach-Zehnder interferometer (MZI) (XuYi, Q.-F.
Yang, Ki Youl Yang, Suh, et al., 2015). This provides a set of mode frequencies
{ωµ,s} for each spatial mode family “s" with µ as the mode index.

The mode family frequency data are presented in fig. 7.1 (a) by plotting the relative-
mode-frequency, ∆ωµ,s ≡ ωµ,s − ω0 − µD1 versus mode index µ where ω0 and D1

are specific to the soliton-forming mode family. ω0 is the frequency of the mode
(set to have index µ = 0) that is optically pumped to produce the soliton, and D1

is the FSR of the soliton-forming mode family at µ = 0 (note: µ is a relative and
not an absolute mode index). By plotting the data in this way the second- and
higher-order dispersion of the soliton-forming mode family become manifest. To
illustrate, the relative-mode-frequency of the soliton mode family is fit with a green,
dashed parabolic curve of positive curvature in fig. 7.1 (a) showing that it features
anomalous second-order dispersion over a wide range of mode numbers.

A second mode family also appears in fig. 7.1 (a) and causes an avoided-mode-
crossing near µ = 72. Hybridization of this “crossing-mode" mode family with
the soliton mode family occurs near the avoided crossing (Y. Liu et al., 2014;
Q.-F. Yang et al., 2016). The relative-mode-frequencies of the unperturbed soliton-
forming mode family and crossing-mode family are denoted as ∆ωµA and ∆ωµB.
Over the range of mode indices measured ∆ωµA =

1
2 D2µ

2 where D2 is the second-
order dispersion at µ = 0. The lower (upper) branch of the hybrid mode family is
denoted by ∆ωµ− (∆ωµ+). Avoided mode crossing behavior has been intensively
studied in the context of DKS formation and can interfere with soliton generation
by creation of distortions in the dispersion spectrum (T Herr, V Brasch, J. Jost,
Mirgorodskiy, et al., 2014; Ramelow et al., 2014; S.-W. Huang et al., 2016). In
the present system the avoided-mode-crossing induces only minimal distortion in
the otherwise parabolic shape of the soliton-forming mode family. Soliton spectra
produced on this mode family by pumping at µ = 0 are shown in fig. 7.1 (b)
along with theoretical sech2 spectral envelopes predicted for DKSs. As an aside,
the horizontal scales in fig. 7.1 (a) and fig. 7.1 (b) are identical and the location
of the µ = 0 pumping mode is indicated by a vertical dashed line in fig. 7.1 (b).
At certain cavity-laser detuning, the single-mode dispersive wave is apparent (blue
trace in fig. 7.1 (b)).
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Figure 7.1: (a) Measured relative mode frequencies are shown as blue points (Xu
Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015). The green and yellow dashed lines
represent the fitted relative mode frequencies (∆ωµA and ∆ωµB) of the unperturbed
soliton-forming mode family A and crossing mode family B, respectively. Relative
mode frequencies for upper and lower branch hybrid-modes are ∆ωµ+ and ∆ωµ−.
The red line illustrates the frequencies of a hypothetical soliton frequency comb. A
non-zero slope on this line arises from the repetition rate change relative to the FSR
at mode µ = 0. (b) Measured optical spectra at soliton operating points I and II,
corresponding to closely matched cavity-pump detuning frequencies, δω. A strong
single-mode dispersive wave at µ = 72 is observed for operating point II and causes
a soliton recoil frequency shift. This frequency shift adds to the shift resulting from
the Raman-induced SSFS.

7.3 Soliton recoil and hysteresis
Also shown in fig. 7.1 (a) are the comb frequencies associated with a hypothetical
soliton spectrum plotted in the relative frequency frame. This comb line is given by

∆ωµ,comb = ωµ,comb − ω0 − D1µ = (ωrep − D1)µ − δω, (7.1)

where ωµ,comb = µωrep + ωp is the frequency of µ-th comb line, ωrep is the soliton
repetition frequency, ωp is the pump frequency, ω0 is the frequency of the cavity
mode that is being pumped, and δω ≡ ω0−ωp is the cavity-pumpdetuning frequency.
It is necessary to distinguish between relative frequencies for the soliton comband the
resonator modes because the frequency components of the soliton comb are strongly
red-detuned relative to the cold-cavity mode frequencies by the Kerr nonlinearity.
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Indeed, dispersive waves typically form when a set of modes break this rule and
becomes resonant with a set of comb lines. A limiting case of this condition is
shown in fig. 7.1 (a), where the occurrence of an isolated resonance between a
hybrid mode with relative frequency ∆ωr− and a comb line at ∆ωr,comb is illustrated.
The equation of motion for the hybrid mode field amplitude hr− is derived in detail
in section 7.5 and has have the following form:

dhr−
dt
= [−i∆ωr− −

κr−
2
]hr− + fre−i∆ωr,combt, (7.2)

where κr− is its loss rate and fr is an effective pumping term associated with the
soliton comb line. The pumping term is given by fr = iΓ(∆ωrA−∆ωr,comb)ar, where
ar is the field amplitude of the unperturbed soliton hyperbolic solution at µ = r.
Also, the Kerr-effect shift of hr− is of order 10 kHz and is therefore negligible in
comparison to κr−.

Because the damping rate κr− is low (i.e., the mode has a high optical Q-factor)
slight shifts in the slope of the comb frequency line (equivalently, shifts of ∆ωr,comb

relative to ∆ωr−) will cause large changes in the power coupled to the hybrid mode.
These changes are observable in fig. 7.1 (b) where a strong spectral line appears
in the case of the blue soliton spectrum. Note that scattering from the soliton into
the spectral line is strong enough so that the power in the line is greater than the
comb line power near the spectral center of the soliton, itself. The strong spectral
line can be understood as a single-mode dispersive wave and it induces a recoil
in the spectral center of the soliton. This recoil contribution is indicated for the
blue soliton spectrum in the figure. In the case of the red soliton spectrum, the
operating point was changed and the resonance between the soliton and the mode
is diminished. Accordingly, most of the spectral shift in this case results from the
Raman SSFS.

A change in the slope of the soliton comb line will occur when the soliton repetition
frequency, ωrep, is changed (see eq. (7.1)). On account of second order dispersion
ωrep depends linearly on the frequency offset, Ω, of the soliton spectral maximum
relative to the pump frequency (A. B. Matsko and Maleki, 2013; Q.-F. Yang et al.,
2016). This frequency offset has contributions from both the Raman SSFS,ΩRaman,
and the dispersive-wave recoil, ΩRecoil (i.e., Ω = ΩRaman + ΩRecoil). Accordingly,
the soliton repetition rate is given by

ωrep = D1 +
D2
D1
(ΩRaman +ΩRecoil), (7.3)



78

where D2 (the second order dispersion of soliton-forming mode family at µ = 0) is
measured to be 17 kHz from fig. 7.1 (a). Substituting for the repetition rate in the
comb line expression (eq. (7.1)) gives

∆ωµ,comb =
µD2
D1
(ΩRaman +ΩRecoil) − δω. (7.4)

It is shown in derivation in section 7.5 (eq. (7.25)) that the soliton recoil frequency
has a linear dependence on the hybrid mode power,

ΩRecoil = γ |hr− |2 = −r
κBD1
κAE

|hr− |2 , (7.5)

where κA and κB denote the power loss rates of the family A and family B modes,
respectively; and E is the circulating soliton energy.

Solving eq. (7.2) for the steady-state power in the hybrid mode at the soliton comb
line frequency and using eq. (7.4)-(7.5) gives the following result:

|hr− |2 =
| fr |2

(∆ωr− + δω − rD2
D1
[ΩRaman + γ |hr− |2])2 + κ2

r−
4

. (7.6)

Equation (7.6) suggests that a bistable state and hysteresis behavior in the dispersive-
wave power is possible when varying the soliton operating point. Consistent with
this possibility, it is noted that the two soliton spectra in fig. 7.1 (b) (blue and
red), which show very different dispersive wave powers, were produced at nearly
identical detuning frequencies, δω. A more detailed survey of the dispersive wave
power behavior is provided in fig. 7.2 (a) and is again consistent with a hysteresis
behaviour versus detuning. Moreover, since the total spectral shift of the soliton
is given by Ω = ΩRaman + ΩRecoil = ΩRaman + γ |hr− |2, a corresponding behavior
is observed in the overall soliton spectral shift (fig. 7.2 (b)). Theoretical fits are
provided in fig. 7.2 (a) and fig. 7.2 (b) using eq. (7.6). The fitting procedure and
parameter values are provided in section 7.5.

In plotting the data, the detuning frequency, δω/2π, was determined from the
measured total soliton spectral shift (Ω) and pulse width (τs) using the relation
δω = (D2/2D2

1)(1/τ
2
s + Ω

2). This expression is a generalization of a relationship
derived elsewhere (Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b).
The generalization extends the shift Ω to include both the SSFS and the recoil and
is derived as eq.(4.17) in chapter IV. As an aside, the pulse width is determined by
fitting the soliton optical spectrum (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al.,
2015).
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Figure 7.2: Dispersive-wave power (a) and soliton spectral center frequency shift
(b) versus cavity-pump detuning. Inset in (a): Measured (blue dots) and theoretical
(red line) recoil frequency versus the dispersive wave power.

Likewise, the recoil frequency, ΩRecoil, can also be extracted from the data as
Ω−ΩRaman by first using the soliton pulse width to determine the Raman shift using
ΩRaman = −8τRD2/15κAD2

1τ
4
s . A plot of the recoil shift determined this way versus

the dispersive-wave power is given as the inset in fig. 7.2 (a) and verifies the linear
dependence (eq.(7.5)). Eq. (7.5) is also plotted for comparison using parameters
given in the section 7.5. As an aside, the Raman shift formula noted above is also a
generalization of a result proven elsewhere (Xu Yi, Q.-F. Yang, Ki Youl Yang, and
Kerry Vahala, 2016b). Curiously, as shown in section 7.5, this formula maintains
its previous form in the presence of the dispersive wave.

Within narrow detuning frequency bands in the vicinity of the hysteresis both mea-
surements and calculations show that the total cavity power (soliton and dispersive-
wave contributions) can decrease with increasing cavity-pump detuning as opposed
to increasing with detuning as is typical for a soliton. Under these special conditions,
the pump-cavity detuning will no longer be dynamically stable on account of the
thermal nonlinearity (Carmon, L. Yang, and Kerry Vahala, 2004). Evidence of this
was observable in the current work as it was not possible to completely map out the
theoretically predicted hysteresis curves.

While the present results are produced using a dispersive wave that is blue-detuned
relative to the soliton spectral maximum, the hysteresis behaviour is also predicted
to occur for a red-detuned dispersive wave. However, in the red-detuned case, the
orientation of the curve in fig. 7.2 (a) is reversed with respect to the detuning
frequency. The essential feature for appearance of the hysteresis is that the recoil
advances and retreats versus detuning. As a result, the existence of hysteresis
behaviour predicted in eq. (7.6) is not limited to microresonator materials having
a strong Raman SSFS. It is also predicted to occur, for example, in crystalline
resonators given an appropriate avoided-mode crossing. The requirements imposed
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on the device and mode crossing for this to occur are discussed further below.

7.4 Application in soliton repetition rate noise reduction
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Figure 7.3: Soliton repetition frequency measurement (a) Measured (blue dots) and
theoretical (red) soliton repetition frequency versus pump-cavity detuning. The
offset frequency is 22.0167 GHz. The distinct soliton operating points I, II and
III refer to phase noise measurements in figure 7.4. Point III is near the quiet
operation point. (b) Phase noise of soliton repetition rates at 25 kHz offset frequency
plotted versus the cavity-pump detuning. The blue and red dots (lines) denote the
experimental (theoretical) phase noise of the upper (blue) and lower (red) branch
operating points, respectively.

Quiet operation point of soliton repetition rate
The nonlinear behavior associated with soliton coupling to the single-mode disper-
sive wave can be used to suppress soliton repetition rate noise produced by coupling
of pump-laser frequency noise. This noise source is suspected to be a significant
contributor to repetition-rate noise in certain frequency-offset regimes (Xu Yi, Q.-F.
Yang, Ki Youl Yang, Suh, et al., 2015). From eq. (7.3) the repetition frequency
depends linearly on the total soliton spectral-center frequency shift, Ω. However,
this total shift frequency versus cavity-pump detuning has a stationary point on the
upper hysteresis branch (see fig. 7.2 (b)). As expected from the simple dependence
in eq. (7.3), this same stationary point is observed in measurements of the repetition
frequency versus detuning (fig. 7.3 (a)). To measure the repetition frequency the
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soliton pulse train is directly detected and an electrical spectrum analyzer is used to
observe the pulse train spectrum. The theoretical prediction using analysis from eq.
(7.3) and (7.6) is also provided for comparison.
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Figure 7.4: Soliton phase noise measurement. Phase noise spectra of detected
soliton pulse stream at three operating points shown in 7.3. The black line connecting
the square dots is the measurement floor of the phase noise analyzer.

The coupling of pump-laser frequency noise into the soliton repetition rate is ex-
pected to be minimal at the stationary point. To verify this prediction, the phase
noise of the detected soliton pulse train is measured at different soliton operating
points on the upper and lower branches in fig. 7.3 (a) using a phase noise analyzer.
Phase noise spectra corresponding to operating points I, II and III in fig. 7.3 (a)
are plotted in fig. 7.4. Operating points I and II correspond to nearly identical
cavity-pump detuning, but lie on different branches. As expected, operating point II
in the upper branch has a lower phase noise level compared to operating point I on
account of its reduced slope. Operating point III is close to the zero-slope detuning
point in the upper branch. This quiet point has the lowest phase noise among the
recorded phase noise spectra. At higher offset frequencies, the phase noise is shot
noise limited, while at lower offset frequencies the phase noise indicates > 0 dBc
Hz−1 and is mainly contributed by frequency drift of the repetition rate.

For comparison, the phase noise associated with the detuning frequency δωwas also
measured. For this measurement, the error signal of a Pound-Drever-Hall feedback
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control system is operated open-loop and recorded using an oscilloscope. Its power
spectral density is converted into phase noise in fig. 7.4 . The relatively high noise
floor in this measurement is caused by the oscilloscope sensitivity. Nonetheless,
a noise bump at 25 kHz offset frequency originates from the laser and provides a
laser-noise reference point against which comparison to the soliton phase noise is
possible. The soliton phase noise at 25 kHz offset frequency noise is plotted versus
detuning in fig. 7.3 (b). The soliton phase noise is calculated in the Methods and the
results are presented for comparison using the cavity-pump detuning noise level at
25 kHz offset. The dip of the phase noise occurs at the quiet point. One outlier point
(red branch) is believed to have resulted from loss of lock of the phase noise analyzer.
For lower offset frequencies, the contributions to noise are believed to originate from
thermal contributions within the resonator and are under investigation. Nonetheless,
the measured noise contributions at these frequencies show a trend of reduction for
operation at the quiet point.

Cavity-laser detuning noise measurement

EDFA AOM

µDisk

FBG

PD

PC

Feedback Loop

Servo

CW laser EOM

PD

OSA

OSC

PD

PNA

LO

P
u

m
p

Comb

Figure 7.5: The experimental setup includes both the soliton generation and char-
acterization setup (Xu Yi, Q.-F. Yang, Ki Youl Yang, Suh, et al., 2015; Xu Yi, Q.-F.
Yang, Ki Youl Yang, and Kerry Vahala, 2016a) and a Pound-Drever-Hall (PDH)
system operated open loop. The PDH is added to make possible the pump-cavity
detuning noise measurement. Components included in the set up are an EOM:
electro-optic modulator; EDFA: Erbium-doped fiber amplifier; AOM: acousto-optic
modulator; PC: polarization controller; FBG: fiber Bragg grating; PD: photodetec-
tor; OSA: optical spectral analyzer; PNA: phase noise analyzer; LO: local oscillator.
The OSA and and PNA are shown for completeness. They are used to measure the
soliton spectrum and repetition rate phase noise. They are not involved in measuring
the detuning frequency noise.
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Figure 7.6: Measurements that illustrate the pump-cavity detuning measurement.
The green trace is the measured power transmission when scanning the pump laser
frequency across a cavity resonance. The pump laser is phase modulated, the
transmitted signal is detected, and the resulting photocurrent is then mixed with the
PDH local oscillator signal to generate the PDH error signal. Upon laser scan the
PDH error signal (as measured on the oscilloscope) is generated as shown in the
red trace. The pump laser is filtered using the fiber Bragg grating. The monitoring
point for the detuning frequency measurement is indicated by the black dot. In
order to convert scanning time into laser frequency, a calibrated Mach-Zehnder
interferometer (MZI) records power transmission (blue trace) on an oscilloscope.
The free-spectral-range of the MZI is 40 MHz.

Tomeasure the cavity-laser detuning noise, a signal that is linearly proportional to the
cavity-laser detuning is required. In this method, a Pound-Drever-Hall (PDH) loop
(Drever et al., 1983; T Herr, V Brasch, J. Jost, C. Wang, et al., 2014) is embedded
into the setup and operated open loop (see figure 7.5). The pump frequency is red
detuned relative to the cavity resonance in order to form the soliton pulse train.
Moreover, the amount of cavity-laser detuning required to generate solitons is many
cavity linedwidths so that the conventional PDH error signal near the resonance
frequency cannot be used to monitor the detuning frequency. However, the higher-
frequency PDH sideband can be tuned to reside close to the cavity resonance. Path
phases in the PDH loop can be adjusted so that a PDH error signal is produced
by the interaction of this sideband with the cavity resonance. When the soliton is
formed, we tune the PDH local-oscillator (LO) frequency to approximately match
the cavity-laser detuning. This is accomplished by monitoring the PDH error signal
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(see red trace in figure 7.6). For this measurement the transmitted pump light is
filtered from the soliton spectrum using a fibre Bragg filter. By setting this LO
frequency to the indicated monitoring point, the corresponding error-signal output
will convert detuning frequency to a voltage output. This output can be recorded
and then analyzed to produce a noise spectrum. The calibration of voltage into
frequency is performed by using the Mach-Zehnder interferometer trace (see blue
trace in figure 7.6). This calibration is performed on the resonator at reduced
power levels where solitons do not form and where the Lorentzian lineshape of the
resonator is unaffected by the Kerr nonlinearity.
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Figure 7.7: Existence study for the quiet point. The maximum ratios of
|∂ΩRecoil/∂δω | to |∂ΩRaman/∂δω| at varying normalized modal coupling rate G
(see Methods) and normalized crossing-mode damping rate κB (dashed curve is
unity ratio). The quiet point exists when this ratio is greater than unity (red region).
Parameters correspond to a silica resonator.

An analytical study comparing the detuning response of the Raman and recoil effects
was performed to determine conditions required to observe the quiet point. The quiet
point occurs when the retreating soliton recoil balances the always advancing SSFS.
Accordingly, fig. 7.7 is a contour plot of the maximum ratio of |∂ΩRecoil/∂δω | to
|∂ΩRaman/∂δω| while varying the coupling strength between the soliton-mode and
crossing-mode families and the damping rate of the crossing mode (see Methods).
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The existence regime for observation of the quiet point corresponds to the ratio > 1
shown in red. Stronger mode interaction and weaker dissipation are required to
operate in this regime.

7.5 Detailed theory and simulation of single mode dispersive wave
dynamics equation of hybrid mode
The equation of motion in eq. (7.2) can be derived from coupled mode equations
that include dispersion, mode interaction and the Kerr nonlinearity. The intracav-
ity field of mode µ in the soliton-forming mode family A can be represented by
Aµ(t)e−iωµAt+iµφ, where Aµ(t) is the slowly varying amplitude, t is the time and
φ is the azimuthal angle along the resonator. In the rotation frame of comb fre-
quencies ωµ,comb = ω0 − δω + µωrep, the intracavity field can be expressed as
aµ(t) = Aµ(t)e−i(ωµA−ω0+δω−µωrep)t . We denote the intracavity field in the crossing-
mode family B as bµ and express it in the same reference frame as the soliton-forming
mode aµ. It should be noted that the relative mode number µ is referenced to the
mode that is being optically pumped, and does not represent the actual azimuthal
index. The intracavity fields can be calculated using the equations of motion with
Kerr nonlinearity terms (T Herr, K Hartinger, et al., 2012; Chembo and Menyuk,
2013) and modal-coupling terms(Y. Liu et al., 2014),

daµ
dt
= −

[ κA
2
+ i(ωµA − ω0 + δω − µωrep)

]
aµ + iGbµ

+ig
∑
j,k

a jaka∗j+k−µ + Fδ(µ)
(7.7)

dbµ
dt
= −

[ κB
2
+ i(ωµB − ω0 + δω − µωrep)

]
bµ + iGaµ

+igB
∑
j,k

b j bk b∗j+k−µ,
(7.8)

where κA,B = ω0/QA,B is the dissipation rate. g = ~ω2
0n2D1/2πn0Seff represents the

normalized Kerr nonlinear coefficient with Seff the effective nonlinear mode area.
gB is defined similarly. G is the linear coupling coefficient between the two mode
families (Q.-F. Yang et al., 2016) and F is the normalized coupled laser pump field.
Also, to calculate eq. (7.2) it is not necessary to include Raman coupling terms in
eq.(7.7) and eq.(7.8) since the leading-order contribution to the forcing term, fr, is
from the Kerr nonlinearity.

Modal coupling causes two branches of hybrid modes to form as shown in fig. 7.1
(a). The frequencies of the hybrid modes in the upper (+) and lower (-) branches
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are given by (Hermann A Haus and W. P. Huang, 1991; Wiersig, 2006; Y. Liu et al.,
2014)

ωµ± =
ωµA + ωµB

2
±

√
G2 +

1
4
(ωµA − ωµB)2, (7.9)

where the corresponding field amplitude of the hybrid modes is a linear combination
of aµ and bµ. In the far-detuned regime where ωµA −ωµB � G, the field amplitude
of the lower branch hybrid mode is approximately given by

h̃µ− =
Gaµ + (ωµA − ωµB)bµ√

G2 + (ωµA − ωµB)2
. (7.10)

In this experiment, only one mode was observed to be near resonance with the
soliton comb and that mode is assigned mode index µ = r. Consistent with fig.
7.1 (a), the hybridization of mode r is assumed weak (i.e., |ωrA − ωrB | � |G | and
|∆ωrA | � |∆ωrB |) so that br is the dominant contribution to h̃r−. Also, since the
amplitude of bµ with µ , r is small, the Kerr interaction summation term can be
neglected in eq.(7.8) in this calculation.

By taking the time derivative of eq. (7.10) and then substituting using (7.7) and
(7.8) the following dynamical equation results for h̃µ−:

dh̃r−
dt
= −

[ κr−
2
+ i(ωr− − ω0 + δω − rωrep)

]
h̃r− + fr (7.11)

where fr is the pumping term given by

fr = iΓg
∑
j,k

a jaka∗j+k−r (7.12)

and where Γ = G/
√
|G |2 + |ωµA − ωµB |2 is the fraction of the family A mode in

h̃µ− and κr− ≈ κB is assumed for r when Γ � 1. When converting eq. (7.11) into
the rotation frame of (ω0 + µD1) with h̃r− = hr−ei∆ωr,combt , the following expression
results:

dhr−
dt
= [−i∆ωr− −

κr−
2
]hr− + fre−i∆ωr,combt, (7.13)

where ∆ωr− = ωr− − ωo − µD1 is the relative-mode-frequency of hybrid mode hr−.
Equation (7.13) is identical to eq.(7.2) in section 7.3.
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Effective pumping term
The pumping term in eq.(7.11) can be expressed in parameters of the resonator and
soliton. The soliton field envelope takes the form (T Herr, V Brasch, J. Jost, C.
Wang, et al., 2014; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b)

A(φ, t) = Bssech[(φ − φc)/D1τs]eiΩ(φ−φc)/D1+iϕ, (7.14)

where soliton properties are: amplitude Bs, angular position φc, temporal pulse
width τs, spectral-centre frequency shift (relative to pump) Ω, and phase relative to
the pump laser ϕ . Also, this solution assumes δω � κA. By applying the Fourier
transform to A(φ, t), aµ can be expressed in terms of the soliton properties,

A(φ, t) =
∑
µ

aµ(t)eiµ(φ−φc) (7.15)

aµ =
BsτsD1

2
sech(πτs

2
(D1µ −Ω))eiϕ. (7.16)

The pump fr can therefore be derived by inserting eq.(7.16) into eq.(7.12). The
following expression results from simplification of the summation:

fr = iΓ
D2

4D2
1
[(D1r −Ω)2 + 1

τ2
s
]BsτsD1sech(πτs

2
(D1r −Ω))eiϕ, (7.17)

where g has been replaced using equation B2
s τ

2
s = D2/gD2

1, which holds for DKSs
(A. B. Matsko and Maleki, 2013; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry
Vahala, 2016b) and is also verified in a section below. Finally, by using (Xu Yi,
Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b) δω = D2

2D2
1
( 1
τ2

s
+ Ω2) (see

derivation below), fr can be further reduced to

fr = iΓ(∆ωrA − ∆ωr,comb)ar. (7.18)

Recoil and Soliton Self Frequency Shift
In addition to the Raman SSFS (Karpov, Hairun Guo, Kordts, Victor Brasch, M. H.
Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b),
the spectral centre of the DKS is also shifted by the single-mode dispersive wave
recoil. The effect of the recoil and Raman shift can be calculated using the moment
analysis method (Santhanam and Agrawal, 2003; Karpov, Hairun Guo, Kordts,
Victor Brasch, M. H. Pfeiffer, et al., 2016). Using the Fourier transform, eq.(7.7)
is transformed into the perturbed Lugiato-Lefever equation (LLE) (Chembo and
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Menyuk, 2013)

∂A(φ, t)
∂t

= −( κA
2
+ iδω)A + i

D2
2
∂2 A
∂φ2 + F + ig |A|2 A

+igτRD1 A
∂ |A|2
∂φ
+ iGB,

(7.19)

where the Raman shock term has been added (Karpov, Hairun Guo, Kordts, Victor
Brasch, M. H. Pfeiffer, et al., 2016; Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry
Vahala, 2016b) and τR is the Raman time constant. The moment analysis method
treats the soliton as a particle. The energy E and the spectral centre mode number
µc are given by,

E =
∑
µ

|aµ |2 =
1

2π

∫ +π

−π
|A|2dφ = B2

s τsD1/π (7.20)

µc =

∑
µ µ|aµ |2

E
=
−i

4πE

∫ +π

−π
(A∗ ∂A

∂φ
− A

∂A∗

∂φ
)dφ. (7.21)

Taking the time derivative of eq.(7.21) and substituting ∂A/∂t using eq.(7.19), the
following equation of motion for µc is obtained:

∂µc
∂t
= −κAµc −

gτRD1
2πE

∫ +π

−π
(∂ |A|

2

∂φ
)2dφ

− 1
2πE

∫ +π

−π
(G∗B∗ ∂A

∂φ
− GA∗

∂B
∂φ
)dφ.

(7.22)

The second term on the right-hand-side corresponds to the Raman-induced fre-
quency shift and the third term is the frequency shift caused by recoil.

The Raman term can be calculated by substituting eq.(7.14) into the integral. When
calculating the recoil term, B is simplified to B ≈ breir(φ−φc) as the power in mode
B is dominated by the near resonance mode r . In addition, because the integral of
φ is over 2π, only areir(φ−φc) has nonzero contribution. Furthermore, equation (7.8)
is used to relate Gar to br and finally leads to

∂µc
∂t
= − 8τRD2

15D3
1τ

4
s
− rκB

E
|br |2 − κAµc. (7.23)

The steady-state spectral center mode number is therefore given by

µc = −
8τRD2

15κAD3
1τ

4
s
− rκB

κAE(1 − Γ2)
|hr− |2

=
1

D1
(ΩRaman +ΩRecoil),

(7.24)
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where |ωµA −ωµB | � κB,∆ωr− (equivalent to |br | � |ar |) is assumed and the recoil
and Raman shifts are

ΩRecoil = γ |hr− |2 = −
rκBD1

κAE(1 − Γ2)
|hr− |2, (7.25)

ΩRaman = −
8τRD2

15κAD2
1τ

4
s
. (7.26)

In section 7.3, Γ2 � 1 is assumed. Eq. (7.25) is eq.(7.5) in section 7.3. The
form for the Raman SSFS, ΩRaman, is identical to the form previously derived in
the absence of the dispersive-wave coupling (Xu Yi, Q.-F. Yang, Ki Youl Yang, and
Kerry Vahala, 2016b).

Soliton parameters with Raman and mode-coupling effects
In the presence of recoil and Raman, the relations between soliton parameters in
eq.(7.14) can be derived from the Lagrangian approach (Xu Yi, Q.-F. Yang, Ki Youl
Yang, and Kerry Vahala, 2016b; A. B. Matsko and Maleki, 2013; T Herr, V Brasch,
J. Jost, C. Wang, et al., 2014). In addition, the Lagrangian approach verifies the
expression for ΩRecoil obtained above as well as providing a path for calculation of
the repetition-rate phase noise (A. B. Matsko and Maleki, 2013). As detailed in
previous literature (A. B. Matsko and Maleki, 2013; Xu Yi, Q.-F. Yang, Ki Youl
Yang, and Kerry Vahala, 2016b), the perturbation Lagrangian method is applied to
the LLE equation of A (eq. 7.19). However, now an additional perturbation term
is added to account for the mode coupling to the crossing-mode family. Taking
B ≈ breir(φ−φc), produces the following equations of motion:

Ω

D1

∂φc
∂t
− ∂ϕ
∂t
− δω − D2Ω

2

2D2
1
− D2

6τ2
s D2

1
+

2
3
gB2

s = 0 (7.27)

Ω

D1

∂φc
∂t
− ∂ϕ
∂t
− δω − D2Ω

2

2D2
1
+

D2

6τ2
s D2

1
+

1
3
gB2

s = 0 (7.28)

∂(B2
s τsΩ)
∂t

= −κAB2
s τsΩ −

8gτRB4
s

15τs
− κBπr|br |2 (7.29)

∂φc
∂t
=

D2
D1
Ω (7.30)

∂(B2
s τs)
∂t

= −κAB2
s τs + f cos ϕBsτsπsech(Ωτs

π

2
) (7.31)

where we have assumed the mode r is far from the mode centre µc = Ω/D1 and the
coupling coefficient G is smaller than or around the same order of magnitude with
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δω. Also, higher order terms are neglected. Subtracting eq. (7.28) from eq. (7.27)
yields

Bsτs =

√
D2

gD2
1
. (7.32)

This equation was previously verified in the presence of Raman-only interactions
(Xu Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b).

An additional relation between δω, τs andΩ is derived for steady state by substituting
eq. (7.30) and (7.32) into eq. (7.27)

δω =
D2

2D2
1
( 1
τ2

s
+Ω2), (7.33)

where Ω can be obtained from (7.29) and (7.32),

Ω = ΩRaman +ΩRecoil = −
8D2τR

15κAD2
1τ

4
s
− rκBD1

κAE(1 − Γ2)
|hr− |2. (7.34)

This result provides an independent confirmation of eq. (7.24). Also, eq. (7.33)
is identical in form to an expression which included only the Raman SSFS (Xu
Yi, Q.-F. Yang, Ki Youl Yang, and Kerry Vahala, 2016b). Significantly, however,
eq. (7.33) is more general since Ω is the total spectral centre shift provided by the
combined effects of Raman SSFS and dispersive-wave recoil.

Phase noise transfer function
The repetition rate of the soliton can be expressed as follows (Q.-F. Yang et al.,
2016),

ωrep = D1 +
∂φc
∂t
= D1 +

D2
D1
Ω. (7.35)

The variation in both D1 andΩ contribute to fluctuations in the repetition rate. While
D1 is subject to thermo-refractive noise and fluctuations from the environment, a
significant contributor to fluctuations in Ω results from fluctuations in the pump-
laser frequency detuning frequency, δω. The noise conversion from cavity-pump
detuning to repetition rate can be calculated by linearizing eqs. (7.27)-(7.31) using
the small signal approximation (A. B. Matsko and Maleki, 2013). Accordingly, all
soliton parameters (X) can be expressed as X = X0+∆X , where X0 is the steady-state
value and ∆X is a small-signal fluctuation. For simplicity, we further denote the
Raman and recoil terms in eq. (7.29) as −8gτRB4

s /15τs − κBπr|br |2 ≡ κAB2
s τsF(δω)

so that Ω = F(δω) is the function of detuning measured in fig. 7.2 (b) (i.e.,
steady-state Ω versus δω).
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In the following derivation, τs in eqs. (7.27)-(7.31) is eliminated using eq. (7.32).
Equation (7.29) can therefore be expressed as

∂BsΩ

∂t
= −κABs[Ω − F(δω)]. (7.36)

Applying the small-signal approximation and Fourier transform to eq. (7.36) gives
the result,

(1 + iω/κA)∆Ω̃(ω) =
∂F
∂δω
∆δ̃ω(ω) − iωΩ0

κABs0
∆B̃s(ω), (7.37)

where ∆X̃(ω) is the Fourier transform of ∆X , ω is the Fourier frequency (i.e., offset
frequency in the phase or frequency-noise spectrum) andwhere the Fourier transform
of ∂∆X/∂t equals iω∆X̃(ω). ∆δ̃ω(ω) represents the cavity-pump detuning noise.
Similarly, eq. (7.27) can be transformed to

gBs0∆B̃s(ω) = ∆δ̃ω(ω) −
D2Ω0

D2
1
∆Ω̃(ω), (7.38)

where the contribution from iω∆ϕ̃(ω) is neglected as it is of order (ω/δω) smaller
compared to the leading-order terms.

In the limit of ω2/κ2
A � 1 and Ω2τ2

s ω/κA � 1, eq. (7.37) and eq. (7.38) are solved
for ∆Ω̃(ω) in terms of ∆δ̃ω(ω). The result is substituted into the Fourier transform
of eq. (7.35) to give the following result:

∆ω̃rep(ω) =
D1
D2
∆Ω̃(ω) = ∆δ̃ω(ω)

1 + iω/κA
(
∂ωrep

∂δω
− iω
κA
ΩD1τ

2
s ), (7.39)

where sources of noise associated with D1 in eq. (7.35) are ignored.

The soliton repetition rate noise can be expressed as ∆ω̃rep(ω) = α(ω)∆δ̃ω(ω),
where α(ω), the noise transfer function, is the coefficient of ∆δ̃ω(ω) in eq. (7.39).
Accordingly, the phase noise of repetition rate is Sφ(ω) = |α(ω)|2Sφ,δω(ω).

Typically, for the resonators in this study ω < κA so that the first term in eq. (7.39)
expresses the trivial result that the slope of the plot in fig. 7.3 (a) acts as a transfer
function of fluctuations in δω into repetition-rate fluctutations. However, when
∂ωrep/∂δω appoaches zero (the quiet point), the first term in eq. (7.39) vanishes
and the noise transfer function reaches a minimum determined by the second term.
The phase noise plots in fig. 7.3 (c) were fitted using the same parameters as in
analytical fitting in fig. 7.2 (c), (d) and 7.3 (a), and ∂ωrep/∂δω extracted numerically
from the fitting curves in fig. 7.3 (a).
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Analytical model fitting and parameters
2Measurements are compared with the analytical model in figures 7.2 (a), (b) and
7.3 (a). Measured parameters used for the analytical model are: κA/2π = 2.12
MHz, D1/2π = 22 GHz, D2/2π = 17 kHz, G/2π = 42.4 MHz. τR = 2.49 fs
can be extracted from the measured Ω in the regime without the mode recoil effect
(δω/2π < 30 MHz and δω/2π > 40 MHz). Two free parameters are used to
optimize the fitting in figure 7.2, 7.3 and 7.4 and they are in reasonable agreement
with the measurement: ∆ωr− = −62.2 MHz (−75 ± 7 MHz in measurement) and
κr−/2π = 3.6 MHz (6 MHz in measurement). The procedure for fitting is as follows:
a detuning frequency, δω, (horizontal axis in fig. 7.2 (a), (b) and 7.3 (a) plots) is
selected. By eliminating Ω in eq. (7.33) and eq. (7.34) a single condition relating
τs and |hr− |2 results. Likewise, with δω selected a second condition relating τs and
|hr− |2 results from eq. (7.6) by replacing ΩRaman using eq. (7.26). This pair of
equations is solved for τs and |hr− |2 from which Ω is determined by eq. (7.34) and
ωrep is determined by eq. (7.3).

Numerical simulation
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Figure 7.8: (a) Numerical (blue dots) and analytical (red solid line) soliton total
frequency shift versus cavity-pump detuning. Points i, ii, iii, and iv correspond
to specific soliton operating points noted in other figure panels. (b) Numerical
(blue dots) and analytical (red solid line) dispersive wave power (normalized to
total soliton power) versus cavity-pump detuning. Inset: recoil frequency versus the
dispersive wave power.

To further investigate the single-mode dispersive wave phenomena, we perform nu-
merical simulations based on the coupled Lugiato-Lefever equation of mode family
A and B (eq. (7.19) and Fourier transform of eq. (7.8)). The two mode families are
coupled using a model studied in detail in previous chapter. The coupling is char-

2The analytical model fitting and numerical simulation were performed by Xueyue Zhang and
Qi-Fan Yang.
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acterized by a rate constant G and is designed to induce an avoided-mode-crossing
aroundmode index µ = 72, similar to the experimental mode family dispersion. Fig-
ures 7.8 and 7.9 show the results of the numerical simulation including 2048 modes.
The hysteresis behavior in the soliton total frequency shift and the dispersive-wave
power resembles the experimental observation and is also in agreement with the
analytical model (see fig. 7.8 (a),(b)). As predicted by eq. (7.5) (and observed in
the fig. 7.2 (a) inset), the recoil is numerically predicted to vary linearly with the
dispersive wave power (fig. 7.8 (b) inset).
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Figure 7.9: (a) Comb spectra contributions from the two mode families (blue:
soliton forming mode family A; red: crossing mode family B). (b) Time domain
intracavity power. TR is the cavity round trip time.(i) to (iv) are indicated in figure
7.8.

Frequency and time domain features of the soliton (blue) and dispersive wave (red)
are also studied in fig. 7.9 in units of intracavity power. They show that the dispersive
wave emerges onmode family B and consists primarily of a singlemode. The single-
mode dispersive wave leads to a modulated background field in the resonator with
a period determined by the beating between the pump and the dispersive wave.
This modulation is observable in fig. 7.9 (b). Spectral recoil of the soliton is also
observable in the numerical spectra. The combined power of mode A and B spectra
in fig. 7.9 (a) is the total intracavity power.

Finally, the simulations are implemented with the split-step Fourier method
(Agrawal, 2007) where 2048 modes in the frequency domain are taken into ac-
count. The parameters for two mode families used in figure 7.7, 7.8 and 7.9
are κA/2π =2.12 MHz, κB/2π = 3.4 MHz, D1/2π =22 GHz for mode A,
D1B/2π = D1/2π + 50.9 MHz for mode B, D2/2π =17 kHz for both mode A
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and B, τR =2.489 fs, g = gB = 9.8 × 10−4 rad s−1 and G/2π =42.4 MHz.

7.6 Summary
Coupling of a dissipative Kerr soliton to a single-mode dispersive wave has been
shown to produce hysteresis behavior in both the dispersive-wave power and in
the soliton properties. These properties include the frequency shift of the soliton
spectral center relative to the pumping frequency and the soliton repetition frequency.
The hysteresis results from the dependence of the dispersive-wave phase matching
condition upon the dispersive-wave power. The hysteresis behavior of the dispersive
wave also leads to an operating point wherein coupling of laser pump frequency
noise into the soliton repetition rate is greatly reduced. This reduction was modeled
and measured, and the requirements for quiet point existence were also studied.
The operating point for quiet soliton operation is of potential use for ultra-low-noise
microwave generation.
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C h a p t e r 8

ELECTRO-OPTICAL FREQUENCY COMB

8.1 Introduction
In this chapter, we will introduce a different type of frequency comb, electro-optics
(EO) frequency comb (Murata et al., 2000; Fujiwara et al., 2001; C.-B. Huang et al.,
2008; Metcalf et al., 2013). The EO frequency comb has relatively simple structure
comparing with the conventional mode-locked laser comb and the newly developed
microcomb. It uses the electro-optics modulation to create equally spaced sidebands
from a continuous-wave pump laser. The EO comb uses off-the-shelf components
from telecommunication industry and therefore has great reliability. The repetition
rate of EO comb is versatile and set by the modulation frequency. The reliability
and flexible repetition rate make EO comb a suitable candidate for certain comb
applications. The EO comb described in this chapter will be used for optical
frequency division and astronomical calibration in the next two chapters. It shall
be also noted that dual comb spectroscopy (Millot et al., 2015) and self-referencing
(Beha, Cole, Del’Haye, et al., 2017) using EO comb has been recently demonstrated
elsewhere.

8.2 Demonstration of electro-optics frequency comb
Electro-optics modulation
A typical EO frequency comb schematic is presented in figure 8.1. The detailed
modulation layout is shown in figure 8.2. A continuous-wave laser is sent into
electro-optics phase modulator (PM) to create equally spaced sidebands at the
modulation frequency. The modulation frequency is set by the microwave source,
and can be tuned from MHz to a few tens GHz. A few PMs can be cascaded to
increase the modulation depth and the number of sidebands. The phase shifter is
used to synchronize the modulation. The intensity modulator (IM) following the
PMs is used to gate the signal and provide a linear chirp to the frequency. The laser
field after the cascaded PMs and IM can be expressed as

E(t) = E0e−iωt × ei
∑

k Vkcos(ωmt+ϕk ) × [eiϕDC + eiVIMcos(ωmt+ϕIM)], (8.1)

where the insertion loss of modulators has been neglected. ω and ωm are the pump
laser frequency and modulation frequency. Vk and ϕk are the modulation depth
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Figure 8.1: Conceptual schematics of a typical EO frequency comb. A continuous
pump laser goes through intensity modulation (Int Mod), phase modulation (Ph
Mod), single mode fiber (SMF) and forms a train of short pulses with the repetition
rate equaling the modulation frequency. The pulses are then amplified by an optical
amplifier. The amplifier spontaneous emission (ASE) noise is filtered by a bandpass
filter (BPF), or other type of filter. The amplified pulses then go into highly nonlinear
fiber (HNLF) and are spectrum broadened.

and phase of k-th phase modulator. VIM, ϕIM, and ϕDC are the modulation depth,
modulation phase, and bias phase of intensity modulator.

CW 
Laser 

PM PM IM 

RF 
PS PS 

Amp Amp VATT 

VDC 

Figure 8.2: Detailed schematic of electro-optics modulation. Components in this
layout include continuous wave (CW) laser, phase modulator (PM), intensity modu-
lator (IM), microwave source (RF), microwave amplifier (Amp), phase shifter (PS),
variable microwave attenuator (VATT) and DC voltage supply (VDC).

To obtain the maximum number of modulation sidebands, the phase of PM ϕk shall
be synchronized throughmicrowave phase shifter. In figure 8.3, the optical spectrum
of three independent phase modulators are shown. When three phase modulators
are cascaded and synchronized (ϕk = 0), the number of modulation sidebands are
roughly the sum of the numbers of three independent phase modulators. The optical
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spectrum of phase modulation could be obtained by Fourier transform and is related
to Bessel function (Yariv, 1976). However, the exact spectrum of phase modulation
is not critical here. The number of sidebands from phase modulation could be
estimated by the time-bandwidth limit. In time domain, the phase is varying at the
rate of 1/Vkωm. Correspondingly, the frequency domain bandwidth shall beVk ×ωm

and therefore the number of sidebands is roughly Vk .

Figure 8.3: Optical spectrum of phase modulation sidebands. The optical spectrum
of the 1st, 2nd and 3rd phase modulation are shown in black, red and blue. The
optical spectra of the three cascaded phase modulators are presented in green.The
modulation frequency is 10 GHz. The contrast of the spectrum is limited by the
resolution of this OSA (0.05 nm).

To provide a linear chirp to the phasemodulation sidebands, the intensitymodulation
is used to gate out the center of the phase modulation: t ⊂ (−π/2ωm, π/2ωm, ). The
linear chirp of frequency could be understood through the Taylor expansion of the
phase term ϕ = cosωmt ∼ 1 − 0.5(ωmt)2 at t = 0 and frequency ω′ = ∂ϕ/∂t. Such
gating could be achieved by setting the modulation phase to ϕIM = ϕk = 0, and
modulation depth as VIM = π. Then ϕDC = π and ϕDC = 0 correspond to negative
chirp (gate t ⊂ (−π/2ωm, π/2ωm, )) or positive chirp (gate t ⊂ (π/2ωm, 3π/2ωm)).
In the experiment, ϕIM = 0 can be tuned through phase shifter. When ϕIM = 0 or
π, the optical spectrum of EO comb is symmetric along the pump laser wavelength.
The modulation depth VIM = π could be set by a variable attenuator. The accurate
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value can be obtained by measuring the average optical output power. Assume the
maximum average output power is P0 when there is nomodulation (maximum power
achieved by varying ϕDC). It can be calculated that when VIM = π, the maximum
average output power shall be 0.75P0. Therefore, by varying the modulation input
power to the intensity modulation and observing the average optical output power,
we could tune the modulation depth to VIM = π. Finally, ϕDC can be set through a
DC voltage supply. When it is near 0 or π, the optical spectrum will be relatively
flat around the pump wavelength with two small wings (see figure 8.4).

Figure 8.4: Optical spectrum of EO frequency comb. The parameters of intensity
modulators are optimized using the method in main text. The modulation frequency
is 10 GHz.

The linear chirp of modulation sidebands could be compensated with any dispersive
components, including single mode fibers, dispersion compensation Bragg grating,
and line-by-line waveshaping. The compensation of dispersion will flatten the phase
of sidebands and form a temporal pulse. The formation of this temporal pulse could
be verified by intensity autocorrelation measurement. In figure 8.5, a 10.3 ps/nm
dispersion is applied to the optical spectrum in figure 8.4 by using waveshaper, and
a pulse with < 2 ps pulse width is measured. In addition, the optical pulse is near
Fourier-transform-limited. Its autocorrelation trace overlap very well with the trace
calculated by assuming a flat phase of the optical spectrum (figure 8.5).

Optical spectrum broadening of EO frequency comb
Optical spectrum broadening, or supercontiuum, of an optical frequency comb has
been a well developed technology (Dudley, Genty, and Coen, 2006). By using
micro-structured highly nonlinear fiber, the self-phase modulation of optical pulses
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Figure 8.5: Autocorrelation measurement (blue line) of the EO frequency comb
in figure 8.4. The red line is computed with the OSA spectrum in figure 8.4 and
assumes flat phase on each comb lines.

is greatly enhanced and new comb lines are created through four-wave mixing.
Supercontiuum is especially useful for EO frequency comb. The EO frequency
comb has bandwidth of a few nanometers, much smaller than the conventional
mode-lock laser comb and microcomb. However, supercontiuum can broaden the
comb to more than a hundred nanometer, or even to an octave span (Beha, Cole,
Del’Haye, et al., 2017).

Due to the high duty cycle of EO frequency comb, the supercontiuum requires at
least a high power erbium doped fiber amplifier (EDFA) and a highly nonlinear
optical fiber (HNLF). Typically, the EDFA amplify the average power of EO combs
to a few Watts. Then the EO comb pulses are lunched into the HNLF. The result
of spectrum broadening is closely related to many factors: the optical polarization,
the EDFA power level, the amplifier spontaneous emission (ASE) noise, the HNLF
dispersion, HNLF length, etc. It is found that the best spectrum broadening effect
can be achieved when the wavelength of EO comb is near the EDFA maximum gain
wavelength (near 1560nm, see figure 8.6). At this wavelength, the signal to noise
ratio (EO comb power versus ASE noise power) is maximized and less noise will be
amplified in the self-phase modulation in HNLF. Further suppression of ASE noise
can be achieved by using bandpass filter or Fabry–Pérot cavity filter (Beha, Cole,
Del’Haye, et al., 2017). In addition, using short HNLF can further minimize the
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Figure 8.6: The optical spectrum of broadened EO frequency comb with different
pump laser wavelength. The modulation frequency is 12 GHz and the amplified
power is 180 mW. The HNLF is 500 meters long.

tension-induced polarization drift in HNLF fiber spool (see Chapter 10). The effect
of HNLF dispersion on spectrum broadening has been studied elsewhere (G. G.
Ycas et al., 2012).

8.3 Summary
In this chapter, we have shown the basic of electro-optics frequency comb. The EO
frequency comb will be further used in Chapter 9 and 10.
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C h a p t e r 9

ELECTRO-OPTICAL FREQUENCY DIVISION AND STABLE
MICROWAVE SYNTHESIS

9.1 Introduction
1The photomixing of two highly coherent laser signals is a well-known approach to
generate a stable radio frequency (RF) or microwave signal (Seeds and Williams,
2006; Yao, 2009). Recently, however, a different approach to all-optical signal
generation has been demonstrated that may revolutionize applications that require
high-stability microwaves. Rather than photomixing stabilized laser signals to
directly produce a microwave signal, the approach uses an octave-spanning, self-
referenced frequency comb to divide a stable optical reference frequency down to
microwave or RF rates (TM Fortier et al., 2011). Frequency dividers are widely
used in electronics to generate new frequencies from a single base oscillator or to
coherently link different frequency bands. As an ancillary benefit, all frequency
dividers reduce the phase noise spectral density of the output signal relative to the
input by the square of the division ratio. The new optical frequency dividers perform
division by a factor of ∼50,000 (the ratio of optical to microwave frequencies), so
that phase-noise reduction is greater than 109. Moreover, reference-cavity stabilized
lasers exhibit a superior, fractional frequency stability in comparison with electrical
oscillators (Young et al., 1999; Kessler et al., 2012). Optical dividers applied to
such signals thereby generate microwave signals with an exceedingly low phase
noise level (TM Fortier et al., 2011).

In this chapter, we present a way to generate high-performance microwave signals
through optical frequency division (OFD) by using a cascade of direct phase mod-
ulation and self-phase modulation to create an optical comb (Murata et al., 2000;
Fujiwara et al., 2001; C.-B. Huang et al., 2008; Metcalf et al., 2013). Because
the spectral line spacing is set by the electrical oscillator used to drive the phase
modulators (as opposed to an optical resonator), the method of microwave synthesis
has similarities to conventional microwave synthesizers while also leveraging the
power of OFD so as to reduce phase noise.

1The work presented in this chapter has been published in "Electro-optical frequency division
and stable microwave synthesis", Science, 345, 309 (2014). The dual Brillouin-laser generation was
demonstrated by Jiang Li, Caltech.
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9.2 Electro-optics frequency division (eOFD)
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Figure 9.1: Conceptual schematics of stable microwave synthesis by use of EOFD.
(a) Two optical reference laser lines are provided by one of several possible methods,
including dual-mode laser action, frequency-locking two lasers to distinct optical
modes of a reference cavity, or lasers stabilized to atomic transitions. These laser
lines are phase-modulated so as to produce sidebands, two of which nearly overlap
at the spectral midpoint of the laser lines. The drive frequency is provided by the
electrical VCO that is to be stabilized. Optical filtering and detection of the nearly
overlapping sidebands gives a beat note that is used to phase-lock the VCO and lower
its phase noise. EOM is the electro-optical modulator, OBPF is the optical band-
pass filter, and PD is the photodetector. (b) Comparison of conventional, electrical,
phase-locked loop control of a VCO with the present method. The conventional
method divides the VCO for phase comparison with the low-frequency reference,
whereas the present method divides the frequency separation of two lasers so as to
stabilize the electrical VCO.

In our approach, two laser lines having good relative frequency stability provide
an optical reference for the microwave source (figure 9.1). These laser lines are
produced by Brillouin oscillation in a single high-quality-factor (Q) microcavity.
However, the lines could also result from any stable optical references, including
various types of dual-mode lasers (Pillet et al., 2008; Geng, Staines, and S. Jiang,
2008; Pan and Yao, 2009; Gross et al., 2010; Callahan, Gross, and Dennis, 2011;
Carpintero et al., 2012), two lasers locked to distinct optical modes of a reference
cavity (W. C. Swann et al., 2011), or lasers stabilized to atomic transitions (Papp,
Beha, et al., 2014). The laser lines enter the frequency divider portion of the signal
generator, where they are phase-modulated by a pair of modulators at a frequency set
by a voltage-controlled electrical oscillator (VCO). The sideband spectrum created
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by the phase modulators is further broadened through pulse-forming and self-phase
modulation in an optical fiber (C.-B. Huang et al., 2008; Morohashi, Sakamoto,
Sotobayashi, Kawanishi, and Hosako, 2009; Ishizawa et al., 2013). The comb of
lines extending from each laser line results in a pair of sidebands near the midpoint
of the frequency span. These are optically filtered and detected. The detected
beat-note signal contains the phase noise of the VCO, but magnified by the optical
division factor. It therefore provides a suitable error signal for phase-lock loop
control of the VCO.
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Figure 9.2: Analysis of the relative phase of the inner side bands in the optical
spectrum. ϕ1,2 and ϕM are the phase fluctuations of the laser field phases and the
electrical VCO, respectively.

In our method, we contrast this microwave source that is based on electro-optical
frequency division (eOFD) with a conventional microwave source that is based
on electrical frequency division of a VCO (Rohde, 1997). In the conventional
approach (figure 9.1 (b)), the VCO provides the highest frequency in the system.
It is stabilized through electrical frequency division and phase comparison with a
lower-frequency reference oscillator, such as a quartz oscillator. A consequence
is that the stabilized VCO has a phase noise level that is always higher than the
reference oscillator phase noise by the square of their frequency ratio (the frequency
division ratio). In contrast, our optical version reverses the positions of the reference
and the VCO in the frequency domain. Specifically, the reference is provided by
the frequency difference of the laser lines, and this frequency difference is made
much greater than the frequency of the VCO (in the present implementation, this
is a non-detectable rate set at ∼150 times the VCO frequency). Moreover, this
reference frequency is divided down to the VCO frequency, as opposed to dividing
the VCO frequency down to the reference frequency rate. By making this reversal,
the present device benefits from the stability of optical oscillators and the power of
OFD to quadratically reduce the phase noise of optical oscillators by the division
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factor. Also, because the divider derives its rate from the electrical VCO, it is
continuously tunable. In particular, the frequency output is set by the tuning range
of the electrical VCO and the frequency separation of the reference laser lines and
is not fixed by a cavity repetition rate. Additionally, by obtaining the output of
the electro-optical frequency divider directly from the VCO, this approach greatly
relaxes the linearity constraints of high-bandwidth photodetection that have posed
challenges for OFD based on mode-locked lasers (Ivanov, S. A. Diddams, and Leo
Hollberg, 2005; Taylor et al., 2011).

In addition, the use of a frequency difference as opposed to an absolute frequency to
derive a reference for microwave generation has been demonstrated by using mode-
locked laser frequency combs. In that case, themode-locked frequency comb optical
divider is implemented by locking a comb at two frequencies of a reference cavity
(W. C. Swann et al., 2011). This two-point lock approach has also been implemented
by using two atomic lines and a frequency microcomb (Papp, Beha, et al., 2014).
Cascaded phase modulation, other than being applied for pulse generation (Murata
et al., 2000; Fujiwara et al., 2001; C.-B. Huang et al., 2008; Metcalf et al., 2013), has
also been used to stabilize the frequency difference (in the millimeter wave domain)
of a dual-frequency laser (Rolland et al., 2011) and to create continuously tunable
microwave signals through sideband-injection locking (Schneider et al., 2013).

To understand phase noise reduction in this divider, one should consider the accu-
mulated phase noise contributions in the side bands as being tracked from the laser
sources to the phase difference of the detected sidebands (figure 9.2). By adjusting
the VCO phase to nullify the phase difference, ∆ϕ, the VCO fluctuations are reduced
to ϕ2

M = (ϕ1 − ϕ2)2/(N1 + N2)2, where ϕ1, ϕ2 and ϕM are the phase fluctuations of
the laser field phases and the electrical VCO. Also, N1 and N2 are the number of
sidebands produced by modulation (sidebands are higher in frequency for laser 1
and lower in frequency for laser 2). As a result, within the servo control bandwidth,
the phase noise of the VCO is given by the relative phase noise of the two laser
fields reduced by the division factor squared, (N1 + N2)2. Clearly, to reduce phase
noise of the electrical VCO, the laser frequency separation should be made as large
as possible. In the present system, this value is set by the span of the dual-pumped
Brillouin lasers. It is the relative phase noise of the laser sources that determines the
phase noise reference level (before OFD). Because these lasers are co-lasing within
the same resonator, the common-mode laser noise (such as pump noise, microphon-
ics, or cavity noise) is largely suppressed, leaving primarily fundamental sources of
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laser noise, such as Schawlow-Townes noise.

9.3 Experiment of frequency division and microwave synthesis
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Figure 9.3: Schematic showing the arrangement used for dual-pumping of the disk
resonator Brillouin laser. Lasers 1 and 2 are locked to distinctmodes of a high-Q disk
resonator. Servo control involves direct frequency tuning of laser 1 and frequency
shifting via an acousto-optic modulator (AOM) for laser 2. The reference laser lines
provided by the Brillouin oscillation are output to the optical division function.
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Figure 9.4: Schematic of optical frequency division. Depending on the desired
division ratio, two pathways are taken (path I and path II). For division up to 30×,
a pair of phase modulators are synchronously driven, whereas for larger division
ratios, the phase modulators are cascaded with a fiber pulse broadener containing an
intensity modulator (IM), dispersion compensation (DC), EDFA, and nonlinear fiber
(HNLF). The filtered (OBPF) and detected signal is then processed for servo control
of the VCO. Also shown are the optical spectrum analyzer (OSA) and electrical
phase shifters (PS).

The detailed experimental setup is provided in figure 9.3 and 9.4. The reference
laser signals are provided by Brillouin-laser lines co-lasing within a single silica-
on-silicon high-Q disk resonator (figure 9.3). The coherence properties of the
individual Brillouin laser lines is excellent (Lee, T. Chen, et al., 2012; Jiang Li et al.,
2012a). The silica disk resonators are designed and fabricated with a free spectral
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range (FSR) of 10.890 GHz that matches the Brillouin shift frequency in silica near
1550 nm. We used a frequency modulation technique to measure the FSR (Jiang
Li, Lee, Ki Youl Yang, et al., 2012). In prior work, a single pump configuration
was used to demonstrate microwave synthesis up to K-band (22 GHz) rates by the
photomixing of cascaded Brillouin laser lines (Jiang Li, Lee, and K. J. Vahala,
2013). Here, the Brillouin lines must be separated by a much larger frequency, and a
dual pump configuration is used. Each pump laser is locked to the disk resonator by
using the Pound-Drever-Hall (PDH) technique (Drever et al., 1983) and excites its
own Brillouin laser in the backward-propagating direction. In the experiment, the
stimulated Brillouin scattering (SBS) lines are separated by as much as 1.61 THz
by dual pumping on cavity modes separated by 148 FSR. The maximum separation
of 1.61 THz is currently set by the tuning range of the pump lasers. The optical
spectra of the dual SBS lines at several frequency differences appears in figure 9.5.
Besides inherent stability from co-lasing within the same cavity, the two SBS laser
signals share the same fiber optical path, suppressing path-length variation effects.
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Figure 9.5: (a) Optical spectra of co-lasing Brillouin lasers at various tuning config-
urations used in the measurement corresponding to cavity FSR spacings provided in
the inset. (b) Optical spectrum of Brillouin laser lines with (red) and without (blue)
phase modulation.

The laser signals are coupled to the optical divider section by use of a circulator. In
order to increase the comb bandwidth and the division factor, two phase modulators
with low Vπ ∼ 3.9 (at 12 GHz) are cascaded and phase-synchronized with a RF
phase shifter. The phase modulators were driven at 32.5 and 30.7 dBm, correspond-
ing to a total phase-modulation amplitude up to 6π (≈ πVdrive/Vπ), which is also
approximately equal to half of the number of sidebands produced by the modulators
(Sakamoto, Kawanishi, and Izutsu, 2007). In the experiment, up to 30 electro-optic
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modulator (EOM) sidebands can be created by using the phase modulators alone,
enabling optical division by around a factor of 30. An optical spectrum showing
both the original SBS laser lines (18 FSR frequency separation) and the resulting
phase modulation sidebands is shown in figure 9.5 (b). To further enhance the
sideband spectral width, nonlinear spectral broadening was performed by introduc-
ing an intensity modulator, dispersion compensation, erbium-doped fiber amplifier
(EDFA), and nonlinear fiber (C.-B. Huang et al., 2008; Morohashi, Sakamoto, Soto-
bayashi, Kawanishi, and Hosako, 2009; Ishizawa et al., 2013). The inner sidebands
are optically filtered, and their beat note is detected on an amplified photodetector.
The beat note frequency was set near 10 MHz and phase-compared with a 10-MHz
oven-controlled crystal oscillator (OCXO) in order to generate the error signal used
for phase- locking the VCO. The phase noise of the OCXO is very low (compared
with the optical frequency reference) and is further divided down in the control loop
(supplementary materials). As such, it does not introduce any limitation on the
final VCO phase noise. The residual phase noise levels of the amplifier used here
[MicroSemi (Aliso Viejo, CA) model L0612-35-T977] are well below the phase
noise levels attained through loop control of the VCO and therefore do not present
any limitation to the measurement. The sum of the free-running VCO phase noise
and the residual phase noise of the RF power amplifier is suppressed by the servo
loop. As a result, by taking the electrical output signal at the output of the amplifier,
there is no phase noise limitation set by the RF power amplifier.

The phase noise reference level is provided by the relative phase noise of the co-lasing
Brillouin laser lines. This phase noise level is expected to be relatively insensitive
to the frequency difference (Jiang Li et al., 2012a; Jiang Li, Lee, and K. J. Vahala,
2013). Therefore, this noise level wasmeasured by pumping the two lasers onmodes
that were three cavity FSR apart, enabling direct detection of the beat signal at 32.7
GHz by a fast photodetector. We then analyzed this detected signal using a phase
noise analyzer in order to obtain the single sideband (SSB) phase noise spectrum
(figure 9.6, red curve). For offset frequencies higher than 100 Hz, this spectrum
is limited by Schawlow-Townes noise, whereas at offset frequencies less than 100
Hz a technical noise component is present (Jiang Li, Lee, and K. J. Vahala, 2013).
The white phase noise floor above 1 MHz offset is due to the thermal noise of the
fast photodetector. We measured the SSB phase noise spectrum using a commercial
phase noise tester [Rohde Schwartz (Munich, Germany) model FSUP26; sensitivity
limit given as the light blue squares in figure 9.6] based on the phase detector
method, with dual-channel cross-correlations so as to further improve the phase



108

10
1

10
2

10
3

10
4

10
5

10
6

10
7

−160

−140

−120

−100

−80

−60

−40

−20

0

O!set frequency (Hz)

L φ
(f

) 
(d

B
c/

H
z)

 

 

Reference optical phase noise

Dual SBS (327 GHz) divide  by 30

Dual SBS (1.61 THz) divide  by 148

Free running VCO

Measurement  noise #oor

Figure 9.6: SSB phase noise spectrum of the optical reference (red) is shown. For
this measurement, the dual SBS lines are tuned to a detectable frequency difference.
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separated by 327 GHz (blue) and 1.61 THz (green), with corresponding division
ratios of 30 and 148. The dashed black curve is the phase noise of the free-running
VCO. The light blue square markers denote the phase noise sensitivity of the phase
noise tester.

noise sensitivity.

To test the optical divider, we locked the VCO to the divided optical reference using
the VCO control/tuning port (figure 9.4). The blue and green curves in fig. 9.6
are the corresponding phase noise spectra of the VCO at 10.89 GHz when optically
dividing by 30 and 148 times relative to the initial frequency separation of the dual
SBS lines at 327 GHz and 1.61 THz, respectively. The microwave carrier frequency
is held at 10.89 GHz in these measurements by adjusting the frequency separation
of the Brillouin laser lines with the tunable pump lasers. Decrease of the phase
noise with the increase of the division ratio is clear in the data. For division by
148×, the achieved phase noise level is –104 dBc/Hz at 1 kHz and –121 dBc/Hz at
10 kHz. For comparison, the dashed black curve in fig. 9.6 gives the phase noise
of the free-running VCO. The servo-locking bandwidth can be seen from the servo
bumps in the phase noise spectra, which are located at 820 kHz for the blue curve
(adopting path I in fig. 9.4) and 300 kHz for the green curve (adopting path II in
fig. 9.4). As an aside, the locking bandwidth is determined by the loop delay, which
includes both optical and electrical path lengths (∼20 m for path I and ∼50 m for
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path II) and the FM response of the VCO. For frequencies beyond the servo control
bandwidth, the phase noise level is set by the free-running VCO.
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Figure 9.7: (a) VCO RF power spectrum at 10.89 GHz for open-loop and closed-
loop conditions in which the Brillouin frequency separation is divided by 18×, 30×,
and 148×. Resolution bandwidth is set at 30 Hz. (b) Summary of SSB phase noise
levels at 10.89 GHz versus optical division ratio. Cases shown are measured at 1-,
10-, and 100-kHz offset frequencies. The dashed lines give 1/N2 trends. Phase
noise levels for an Agilent MXG and PSG microwave sources (carrier 11 GHz, 100
kHz offset) are provided for comparison

In the measured RF power spectra of the VCO at 10.89 GHz (20 kHz span and 30
Hz resolution bandwidth) (figure 9.7 (a)), the black curve is the free- running VCO
spectrum, and the red, blue, and green curves are the spectra of the phase-locked
VCO when dividing down 18, 30, and 148 times, respectively, from corresponding
SBS frequency separations of 196 GHz, 327 GHz, and 1.61 THz. These results
are summarized in figure 9.7 (b) by giving the measured phase noise at 1 kHz, 10
kHz, and 100 kHz offset frequencies plotted versus division ratios of 1, 3, 4, 10, 18,
30, and 148. The dashed lines give 1/N2 trend lines. For comparison, the phase
noise of an Agilent (Santa Clara, CA)MXGmicrowave synthesizer (carrier 11 GHz,
offset 100 kHz, Agilent online data sheet, Literature num- ber 5989-7572EN) and a
high-performance Agilent PSG microwave synthesizer (carrier 11 GHz, offset 100
kHz, Agilent online data sheet, Literature number 5989-0698EN, option UNX) are
shown as black, dashed, and dotted lines.

9.4 Summary
The optical division factor can be scaled to higher values for additional phase noise
improvement. Although the frequency reference might be based on some other
system, for simplicity we considered the use of one SBS laser operating at 1.55 mm
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(current system) and another at 1 mm [recently demonstrated by using silica high-Q
disks (Jiang Li, Lee, and K. J. Vahala, 2014)]. Matching the Brillouin shift at these
wavelengths within the same disk is possible by designing the system to oscillate
at a multiple cavity free spectral range. For example, a disk diameter of ∼12 mm
(FSR of ∼5.4 GHz, which is half of the Brillouin shift at 1.55 mm and one third
of the Brillouin shift at 1 mm) would enable simultaneous SBS oscillation at 1.55
and 1 mm. To extend the comb over this span would require about one half of an
octave. Spectrally broadened EOM combs with more than 500 nm bandwidth have
previously been demonstrated (Suzuki et al., 2013). An electro-optical frequency
divider spanning 1- and 1.55-mm SBS lines is therefore feasible. This example
system does not necessarily represent a fundamental limit but nonetheless would
feature a division factor of ∼7000. Assuming that relative phase noise of the co-
lasing optical lines does not degrade beyond what has been demonstrated in the
present work, this hypothetical system could provide phase noise performance close
to levels demonstrated by conventional OFD.

This new photonic architecture for OFD provides a route to improve the phase noise
of a common VCO. In the present configuration, dual SBS lasers have been co-
generated in a single, chip-based resonator to establish a stable reference as high as
1.61 THz. Although dual-pumped SBS laser lines provide an excellent reference
frequency, it should also be possible to lock two lasers to a resonator to establish
the reference. Because the current frequency separation is limited by the pump
lasers, much larger division ratios and potentially lower phase noise levels should
be possible. In comparison with conventional OFD by use of a self-referenced
frequency comb, this technique does not presently offer as large a division ratio.
However, it is simple and relatively low-cost and also provides tuning of the electrical
carrier. More- over, it relies on a reference signal derived from the relative phase of
two lasers as opposed to the absolute phase of a single laser. This can potentially
improve the robustness with respect to microphonics and other sources of technical
noise.
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C h a p t e r 10

ASTRONOMICAL CALIBRATION AND EXOPLANET
DETECTION WITH ELECTRO-OPTICS FREQUENCY COMB

10.1 Introduction
1The earliest technique for the discovery and characterization of planets orbiting
other stars (“exoplanets") is the Doppler or Radial Velocity (RV) method whereby
small periodic changes in the motion of a star orbited by a planet are detected via
careful spectroscopic measurements (Perryman, 2011). So far, the RV technique
has identified hundreds of planets ranging in mass from a few times the mass of
Jupiter to less than an Earth mass, and in orbital periods from less than a day to
over 10 years (Marcy and A, 2011). However, the detection of Earth-like at orbital
separations suitable for the presence of liquid water at the planet’s surface, i.e.
in the "Habitable Zone" (HZ) (Kasting, Whitmire, and Reynolds, 1993), remains
challenging for stars like the Sun with RV signatures < 0.1 m s−1 (∆V/c < 3×10−10)
and periods of a year (∼ 108 sec to measure three complete periods). For cooler,
lower luminosity stars (spectral class M), however, the Habitable Zone moves closer
to the star which, by application of Kepler’s laws, implies that a planet’s radial
velocity signature increases, ∼ 0.5 m s−1 (∆V/c < 1.5×10−9), and its orbital period
decreases, ∼ 30 days (∼ 107 sec to measure three periods). Both of these effects
make the detection easier. But for M stars, the bulk of the radiation shifts from the
visible wavelengths, where most RV measurements have been made to date, into the
near-infrared. Thus, there is considerable interest among astronomers in developing
precise RV capabilities at longer wavelengths.

Critical to precision RVmeasurements is a highly stable wavelength reference (Pepe,
Ehrenreich, and Meyer, 2014). Recently a number of groups have undertaken to
provide a broadband calibration standard that consists of a “comb" of evenly spaced
laser lines accurately anchored to a stable frequency standard and injected directly
into the spectrometer along with the stellar spectrum (M. Murphy et al., 2007; Steve
Osterman et al., 2007; C.-H. Li et al., 2008; Braje et al., 2008; Glenday et al.,
2015). While this effort has mostly been focused on visible wavelengths, there

1Work presented in this chapter has been published in "Demonstration of a near-IR line-
referenced electro-optical laser frequency comb for precision radial velocity measurements in as-
tronomy", Nature Communications, 7, 10436 (2016).
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have been successful efforts at near-IR wavelengths as well (Steinmetz et al., 2008;
G. G. Ycas et al., 2012; F Quinlan et al., 2010). In all of these earlier studies, the
comb has been based on a femtosecond mode-locked laser that is self-referenced
(Jones et al., 2000; S. T. Cundiff and Ye, 2003; S. A. Diddams, 2010), such that the
spectral line spacing and common offset frequency of all lines are both locked to a
radio frequency standard. Thus, laser combs potentially represent an ideal tool for
spectroscopic and radial velocity measurements.

However, in the case of mode-locked laser combs, the line spacing is typically in
the range of 0.1-1 GHz, which is too small to be resolved by most astronomical
spectrographs. As a result, the output spectrum of the comb must be spectrally
filtered to create a calibration grid spaced by >10GHz, which is more commensurate
with the resolving power of a high-resolution astronomical spectrograph (Braje et
al., 2008). While this approach has led to spectrograph characterization at the cm
sec−1 level (Wilken et al., 2012), it nonetheless increases the complexity and cost
of the system.

In light of this, there is interest in developing photonic tools that possess many of
the benefits of mode-locked laser combs, but that might be simpler, less expensive,
and more amenable to “hands-off” operation at remote telescope sites. Indeed, in
many radial velocity measurements, other system-induced errors and uncertainties
can limit the achievable precision, such that a frequency comb of lesser precision
could still be equally valuable. For example, one alternative technique recently
reported is to use a series of spectroscopic peaks induced in a broad continuum
spectrum using a compact Fabry-Perot interferometer (Wildi et al., 2010; Halverson
et al., 2014; Bauer, Zechmeister, and Reiners, 2015). While the technique must
account for temperature-induced tuning of the interferometer, it has the advantage
of simplicity and low cost. Another interesting alternative is the so-called Kerr
comb or microcomb, which has the distinct advantage of directly providing a comb
with spacing in the range of 10-100 GHz, without the need for filtering (T. J.
Kippenberg, Ronald Holzwarth, and SA Diddams, 2011). While this new type of
laser comb is still under development, there have been promising demonstrations of
full microcomb frequency control(Del’Haye et al., 2008; Papp, Beha, et al., 2014)
and in the future it could be possible to fully integrate such a microcomb on only a
few square centimeters of silicon, making a very robust and inexpensive calibrator.
Another approach that has been proposed is to create a comb through electro-optical
modulation of a frequency stabilized laser (Suzuki et al., 2013; Kotani et al., 2014).
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In the following paragraphs, we describe a successful effort to implement this ap-
proach. We produce a line-referenced, electro-optical-modulation frequency comb
(LR-EOFC) around 1559.9 nm in the astronomical H band (1500-1800 nm). We dis-
cuss the experimental setup, laboratory results and proof of concept demonstrations
at the NASA Infrared Telescope Facility (IRTF) and the W. M. Keck observatory
(Keck) 10 m telescope.

10.2 Frequency comb design and stability test
Frequency comb generation
A line-referenced electro-optic frequency comb (LR-EOFC) is a spectrum of lines
generated by electro-optic modulation of a continuous-wave (CW) laser source
(Imai, Kourogi, and Ohtsu, 1998; Fujiwara et al., 2001; C.-B. Huang et al.,
2008; Morohashi, Sakamoto, Sotobayashi, Kawanishi, Hosako, and Tsuchiya, 2008;
Ishizawa et al., 2013) which has been stabilized to a molecular or atomic reference
(e.g. f0 = fatom). The position of the comb teeth ( fN = f0 ± N fm, N is an integer)
has uncertainty determined by the stabilization of f0 and the microwave source that
provides the modulation frequency fm. However, the typical uncertainty of a mi-
crowave source can be sub-Hertz when synchronized with a compact Rb clock and
moreover can be GPS-disciplined to provide long-term stability (F Quinlan et al.,
2010). Thus, the dominant uncertainty in comb tooth frequency in the LR-EOFC is
that of f0.

The schematic layout for LR-EOFCgeneration is illustrated in fig. 10.1 and a detailed
layout is shown in fig. 10.2. All components are commercially available off-the-shelf
telecommunications components. Pictures of the key components are shown in the
left column of fig. 10.1. The frequency-stabilized laser is first pre-amplified to 200
mWwith an ErbiumDoped Fiber Amplifier (EDFA,model: Amonics, AEDFA-PM-
23-B-FA) and coupled into two tandem lithium niobate (LiNbO3) phase modulators
(Vπ = 3.9Vat 12GHz, RF input limit: 33 dBm). The phasemodulators are driven by
an amplified 12 GHz frequency signal at 32.5 dBm and 30.7 dBm, and synchronized
by using microwave phase shifters. This initial phase modulation process produces
a comb having approximately 40 comb lines (≈ 2π×Vdrive/Vπ), or equivalently 4 nm
bandwidth. This comb is then coupled into a LiNbO3 amplitude modulator (AM)
with 18-20 dB distinction ratio, driven at the same microwave frequency by the
microwave power recycled from the phase modulator external termination port. The
modulation index of π/2 is set by an attenuator and the phase offset of two AM arms
is set and locked to π/2. Microwave phase shifters are used to align the drive phase so
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Figure 10.1: Conceptual schematics of the line-referenced electro-optic frequency
comb for astronomy. Vertically, the first column contains images of key instruments.
From (a) to (e), the images are reference laser, Rb clock (left) and phase modulator
(right), amplitude modulator, highly-nonlinear fiber and telescope. A simplified
schematic setup is in the second column. Third and fourth columns present the
comb state in the frequency and temporal domains. The frequency of N-th comb
tooth is expressed as fN = f0 + N × fm, where f0 and fm are the reference laser
frequency and modulation frequency, respectively. N is the number of comb lines
relative to the reference laser (taken as comb line N = 0), RV is radial velocity and
δ f , δ f0 and δ fm are the variance of f , f0 and fm. (a) The reference laser is locked to
a molecular transition, acquiring stability of 0.2 MHz, corresponding to 30 cm s−1

RV . (b) Cascaded phase modulation (CPM) comb: the phase of the reference laser
is modulated by two phase modulators (PM), creating several tens of sidebands
with spacing equal to the modulation frequency. The RF frequency generator is
referenced to a Rb clock, providing stability at the sub-Hz level (δ fm < 0.03 Hz
at 100s). (c) Pulse forming is then performed by an amplitude modulator (AM)
and dispersion compensation unit (DCU), which could be a long single mode fiber
(SMF) or chirped fiber Bragg grating. (d) After amplification by an Erbium Doped
Fiber Amplifier (EDFA), the pulse undergoes optical continuum broadening in a
highly nonlinear fiber (HNLF), extending its bandwidth > 100 nm. (e) Finally
the comb light is combined with stellar light using a fiber acquisition unit (FAU)
and is sent into the telescope spectrograph. The overall comb stability is primarily
determined by the pump laser.

that the amplitude modulator gates-out only those portions of the phase modulation
that are approximately linearly chirped with one sign (i.e., parabolic phase variation



115

19 inch Instrument Rack

PM PM AM

VATTHNLFFilter

VATT
In-Line

Pwr.Mtr Comb

Output

FBG

EDFA 1

OSA

EDFA 2

Ref.

Laser

Amp

Servo

Box
PS

PSBPF ATT

Rb Clock

Counter

Breadboard

Size: 32’’ × 18’’
Circulator

Spectrograph Slit

MMF

SMF

From TelescopeFiber

Acquisition

Unit

Fiber

Chuck

Fiber

Chuck

Coupling

Lens

Coupling

Lens

PD

(a) (b)

Figure 10.2: Detailed setup of line-referenced electro-optic frequency comb. (a)
The entire LR-EOFC system sits in a 19 inch instrument rack. Optics andmicrowave
components in the rack are denoted in orange and black, respectively. Small com-
ponents were assembled onto a breadboard. These included the phase modulators
(PM), amplitude modulator (AM), fiber Bragg grating (FBG), photodetector (PD),
variable attenuator (VATT), attenuator (ATT), highly nonlinear fiber (HNLF), mi-
crowave source, microwave amplifier (Amp), phase shifter (PS) and bandpass filter
(BPS). The reference laser, erbium-doped amplifier (EDFA), rubidium (Rb) clock,
counter, optical spectrum analyzer (OSA) and servo lock box are separately located
in the instrument rack. (b) A simplified schematic of the fiber acquisition unit (FAU)
is also shown. Stellar light is focused and coupled into a multi-mode fiber (MMF).
The comb light from a single mode fiber (SMF), together with the stellar light in
MMF, are focused on the spectrograph slit and sent into the spectrograph.
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Figure 10.3: A typical comb spectrum from the 1559.9 nm laser with > 100nm span
generated with 600 mW pump power. The insets show the resolved line spacing of
12 GHz or approximately 0.1 nm.

in time). A nearly transform-limited pulse is then formed when this parabolic phase
variation is nullified by dispersion compensation unit using a chirped fiber Bragg
grating with 8ps nm−1 dispersion. A 2 ps FWHM pulse is measured after the fiber
grating using an autocorrelator. Owing to this pulse formation, the duty cycle of
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Figure 10.4: Reference laser stability measurement. (a) Experimental setup: BP,
optical bandpass filter; PD, photodiode. All beam paths and beam combiners are
in single mode fiber. (b) Time series of measured beat frequencies for the two
frequency-stabilized lasers with 10 s averaging per measurement. The x-axes are
the dates in November of 2013 and May/June of 2014, respectively. (c) Allan
deviation, which is a measure of the fractional frequency stability, computed from
the time series data of (b). Inset scales give the radial velocity precision.

the pulse train reaches below 2.5%, boosting the peak intensity of the pulses. These
pulses are then amplified in a second EDFA (IPG Photonics, EAR-5K-C-LP). For
an average power of 1 W, peak power (pulse energy) is 40 W (83 pJ). The amplified
pulses are then coupled into a 20 m length of highly-nonlinear fiber (HNLF) with
0.25±0.15 ps nm−1 km−1 dispersion and dispersion slope of 0.006±0.004 ps nm−2

km−1. Propagation in the HNLF causes self-phase modulation and strong spectral
broadening of the comb (Dudley, Genty, and Coen, 2006). Comb spectra span and
envelope can be controlled by the pump power launched into the HNLF. A typical
comb spectrum with >600 mW pump power from the 1559.9 nm laser is shown in
fig. 10.3, with >100 nm spectral span. Moreover, by using different nonlinear fiber
and spectral flattening methods, broad combs with level power are possible (Mori,
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2005).

Figure 10.5: Astrocomb system in a standard 19 inch instrument rack. The comb
board is fixed at the top of the instrument rack. The entire system could be move
around inside the observatory facilities.

The LR-EOFC system is mounted on an aluminum breadboard (18" × 32", or equiv-
alently 45.7 cm × 81.3 cm) in a standard 19 inch instrument rack (see fig. 10.2 and
10.5) for transport and implementation with the spectrograph at the NASA Infrared
telescope facility (IRTF) and at Keck II on Mauna Kea in Hawaii. The system is de-
signed to provide operational robustness matching the requirements of astronomical
observation. All optical components prior to the HNLF are polarization maintaining
fiber-based, so as to eliminate the effect of polarization drift on spectral broadening
in HNLF. Moreover, no control-locking loops are involved in the system and no
temperature control is required at the two telescope facilities. As a result, the comb
is able to maintain its frequency, bandwidth and intensity without the need to adjust
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any parameters. During a 5 day run at IRTF, the comb had zero failures and the
intensity of individual comb teeth was measured to deviate less than 2 dB, including
multiple power-off and on cycling of the optical continuum generation system (see
fig. 10.6(b)).
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Figure 10.6: Experimental results at IRTF. (a) Comb spectrum produced using
1559.9 nm reference laser. The insets on the top left and right show the resolved
comb lines on the optical spectrum analyzer. Comb spectra taken by the CSHELL
spectrograph at 1375 nm, 1400 nm, 1670 nm and 1700 nm are presented as insets
in the lower half of the figure. The blue circles mark the estimated comb line power
and center wavelength for these spectra. Comb lines are detectable on CSHELL at
fW power levels. (b) Comb spectral line power vs. time is shown at five different
wavelengths. During the 5 day test at IRTF, no parameter adjustment was made,
and comb intensity was very stable even with multiple power-on and off cycling of
the optical continuum generation system.

Comb stability
2As noted above, the frequency stability of the LR-EOFC is dominated by
the stability of the reference laser f0. We explored the use of two different

2The work presented in this subsection was performed by Gabriel Ycas and Scott Diddams in
NIST, Boulder.
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commercially-available lasers (Wavelength References) that were stabilized respec-
tively to Doppler- and pressure-broadened transitions in acetylene (C2H2) at 1542.4
nm, and in hydrogen cyanide (H13C15N) at 1559.9 nm. We note that the spec-
troscopy related to the locking of the reference laser to the molecular resonances
is done internally to the commercial laser system, so that our experiments only
assess the stability of these commercial off-the-shelf (COTS) lasers. To assess the
stability, the stabilized laser frequencies were measured relative to an Er:fiber based
self-referenced optical frequency comb (Gabriel Ycas, Steve Osterman, and Scott
Diddams, n.d.; G. G. Ycas et al., 2012). Fiber-coupled light from a reference laser
was combined into a common optical fiber with light from the Er:fiber comb. Then
the heterodyne beat between a single comb line and the line-stabilized reference
was filtered, amplified, and counted with a 10 s gate time using a frequency counter
that was referenced to a hydrogen maser (see fig. 10.4 (a)). The Er:fiber comb was
stabilized relative to the same hydrogen maser, such that the fractional frequency
stability of the measurement was < 2× 10−13 at all averaging times. The drift of the
hydrogen maser frequency is < 1 × 10−15 per day, thereby providing a stable refer-
ence at levels corresponding to a radial velocity uncertainty � 1 cm sec−1. Thus,
the frequency of the counted heterodyne beat accurately represents the fluctuations
in the reference laser.

The series of 10 s measurements of the heterodyne beat was recorded over 20 days
in 2013 for the case of the 1542.4 nm laser and more than 7 days in 2014 for the
case of the 1559.9 nm laser, as shown in fig. 10.4 (b). Gaps in the measurements
near 11/31 and 6/4 are due to unlocking of the Er:fiber comb from the hydrogen
maser reference. From these time series, we calculate the Allan deviation, which
is a measure of the fractional frequency fluctuations (instability) of the reference
laser as a function of averaging time. As seen in fig. 10.4 (c), the instability of
the 1542.2 nm laser is < 10−9 (30 cm s−1 RV, or corresponding to 200 kHz in
frequency) at all averaging times greater than ∼ 30 s. The 1559.9 nm laser is less
stable, but provides a corresponding RV precision of < 60 cm s−1 for averaging
times greater than 20 s. This difference in stability was to be expected because of
the difference in relative absorption line strength between the acetylene and HCN
stabilized lasers. In both cases, the stability improves with averaging time, although
at a rate slower than predicted for white frequency noise. As an aside, we note
that despite the lower stability of the 1559.9 nm laser, this wavelength ultimately
produced wider and flatter comb spectra owing to the better gain performance of
the fiber amplifier used in this work. We did not explore the noise mechanisms that
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lead to the observed Allan deviation, as they arise from detail of the spectroscopy
internal to the COTS laser, to which we did not have access.

Additional analysis included an estimate of the drift of the frequencies of the two
reference lasers obtained by fitting a line to the full multi-day counter time series.
From these linear fits, an upper limit of the drift over the given measurement
period was determined to be < 9 × 10−12 per day for the acetylene-referenced laser
and < 4 × 10−11 for the hydrogen cyanide-referenced laser. This corresponds to
equivalent RV drifts of < 0.27 cm s−1 and < 1.2 cm s−1 per day for the two
references. Finally, we attempted to place a bound on the repeatability of the 1542.4
nm reference laser during re-locking and power cycling. Although only evaluated for
a limited number of power cycles and re-locks, in all cases, we found that the laser
frequency returned to its predetermined value within <100 kHz, or equivalently,
with a RV precision of < 15 cm s−1.

While these calibrations are sufficient for the few-day observations reported below,
confidence in the longer term stability of the molecularly-referenced CW lasers
would be required for observations that could extend over many years. Likewise,
frequency uncertainty of the molecular references should be examined. Properly
addressing the potential frequency drifts on such a multi-year time scale would re-
quire a more thorough investigation of systematic frequency effects due to a variety
of physical and operational parameters (e.g. laser power, pressure, temperature, and
electronic offsets). Alternatively, narrower absorption features, as available in non-
linear Doppler-free saturation spectroscopy, could provide improved performance.
For example, laboratory experiments have shown fractional frequency instability at
the level of 10−12 and reproducibility of 1.5×10−11 for lasers locked to aDoppler-free
transition in acetylene (Edwards et al., 2004). Most promising of all, self-referencing
of an EOFC comb has been demonstrated recently (Beha, Cole, Pascal Del’Haye,
et al., 2015), enabling full stabilization of the frequency comb to a GPS-disciplined
standard. This would eliminate the need for the reference laser to define f0, and
thereby provide comb stability at the level of the GPS reference (e.g. < 10−11 or
equivalently <0.3 cm s−1) on both long and short timescales.



121

10.3 Demonstration of astrocomb in IRTF and Keck observatories
IRTF demonstrations
3To demonstrate that the laser comb is portable, robust, and easy-to-use as a wave-
length calibration standard, we shipped the laser comb to the NASA Infrared Tele-
scope Facility (IRTF). IRTF is a three-meter diameter infrared-optimized telescope
located at the summit of Mauna Kea, Hawaii. The telescope is equipped with a cryo-
genic echelle spectrograph (CSHELL) operating from 1-5.4 microns. CSHELL is a
cryogenic, near-infrared traditional slit-fed spectrograph, with a resolution (Greene
et al., 1993; Tokunaga et al., 1990) of R ∼ λ/∆λ = 46, 000 and it images an ad-
justable single ∼ 5 nm wide order spectrum on a 256×256 InSb detector. We have
modified the CSHELL spectrograph to permit the addition of a fiber acquisition unit
(FAU) for the injection of starlight and laser frequency comb light into a fiber array
and focusing on the spectrograph entrance slit. A simple schematic of the FAU
is shown in fig. 10.2 (b) and the details are described elsewhere (P. P. Plavchan,
Anglada-Escude, et al., 2013; P. P. Plavchan, Bottom, et al., 2013). Before the
star-light reaches the CSHELL entrance slit, it can be switched to pass through an
isotopic methane absorption gas cell to introduce a common optical path wavelength
reference (P. P. Plavchan, Bottom, et al., 2013). A pickoff mirror is next inserted
into the beam to re-direct the near-infrared starlight to a fiber via a fiber-coupling
lens. A dichroic window re-directs the visible light to a guide camera to maintain
the position of the star on the entrance of the fiber tip. For the starlight, we made use
of a specialized non-circular core multi-mode fiber (MMF), with a 50×100 micron
rectangular core. These fibers “scramble” the near-field spatial modes of the fiber so
that the spectrograph is evenly illuminated by the output from the fiber, regardless of
the alignment, focus, or weather conditions of the starlight impinging upon the input
to the fiber. We additionally made use of a dual-frequency agitator motor to vibrate
the 10-meter length of the fiber to provide additional mode mixing, distributing the
starlight evenly between all modes. Finally, a lens and a second pickoff mirror are
used to relay the output of the starlight from the fiber output back to the spectrograph
entrance slit. A single mode fiber (SMF) carrying the laser comb is added next to the
non-circular core fiber carrying the star light. This was accomplished by replacing
the output single fiber SMA fiber chuck with a custom 3-D printed V-groove array
ferrule. This allowed us to send the light from both the star and frequency comb to

3The telescope operation and data process in this subsection were performed by Peter Plavchan
(Caltech/JPL), Peter Gao (Caltech), Elise Furlan (Caltech), Michael Bottom (Caltech) and was
assisted by Stephanie Liefer (Caltech/JPL), Charles Beichman (Caltech and Caltech/JPL) and IRTF
staff.
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the entrance slit of the CSHELL spectrograph when rotated in the same orientation
as the slit.

Finally, the laser comb and associated electronics rack were set up in the room
temperature (∼ ± 5 ◦C) control room. A50-meter length of singlemode fiberwas run
from the control room to the telescope dome floor, and along the telescope mount to
theCSHELL spectrograph to connect to theV-groove array andFAU.The unpacking,
setup and integration of the comb fiber with CSHELL were straightforward, and
required only 2 days working at an oxygen-deprived elevation of 14,000 feet in
preparation for the observing run. Because the CSHELL spectrometer has a spectral
window < 5 nm, there was no effort made to generate spectrally flat combs. Comb
lines are well resolved on CSHELL from 1375 nm to 1700 nm (fig. 10.6(a)), with
power adjusted by tunable optical attenuators to match the power of star light and
6.7 pixels per comb line spacing at 1670 nm wavelength. Also, comb line power
was monitored (fig. 10.6(b)) periodically during the observing run and was stable.

Three partial nights of CSHELL telescope time in September 2014 were used for
this first on-sky demonstration of the laser comb. Unfortunately, the observing run
was plagued by poor weather conditions, with 5-10 magnitudes of extinction due to
clouds. Consequently, we observed the bright M2 II-III star β Peg (H=-2.1 mag),
which is a pulsating variable star (P=43.3 days). Typical exposure times were 150
seconds, and multiple exposures were obtained in sequence.

The star was primarily observed at 1670 nm, with and without the isotopic methane
gas cell to provide a wavelength calibration comparison for the laser comb. Other
wavelengths were also observed to demonstrate that the spectral grasp of the comb
is much larger than the spectral grasp of the spectrograph itself. Given the low
SNR (signal-to-noise ratio) on β Peg from the high extinction due to clouds and
CSHELL’s limited spectral grasp, the SNRof these data is inadequate to demonstrate
that the comb is more stable than the gas cell, as shown above.

One critical aspect of demonstrating the usability of the comb for astrophysical
spectrographs is the comb line spacing. As seen in fig. 10.7 (a) and (b), the spectra
clearly demonstrate that the individual comb lines are resolved with the CSHELL
spectrograph without the need for additional line filtering (S Osterman et al., 2011).
Thus this comb operates at a frequency that is natively well-suited for astronomical
applications with significantly less hardware complexity compared to “traditional”
laser frequency combs.
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Figure 10.7: (a) An image of the echelle spectrum from CSHELL on IRTF showing
a 4 nm portion of spectrum around 1670 nm. The top row of dots are the laser comb
lines while the broad spectrum at the bottom is from the bright M2 II-III giant star β
Peg seen through dense cloud cover. (b) Spectra extracted from panel a. The solid
red curve denotes the average of 11 individual spectra of β Peg (without the gas cell)
obtained with CSHELL on the IRTF. The regular sine-wave like blue lines show the
spectrum from the laser comb obtained simultaneously with the stellar spectrum.
The vertical axis is normalized flux units.

Keck Demonstration
4We were able to use daytime access to the near infrared cryogenic echelle spectro-
graph (NIRSPEC) on the Keck-II telescope McLean et al., 1998 to demonstrate our
laser comb. NIRSPEC is a cross-dispersed echelle capable of covering a large frac-
tion of the entire H-band in a single setting with a spectral resolution of R∼25,000.
Observations were taken on May 18 and 19, 2015, with the comb set up in the
Keck-II control room in the same configuration as at the IRTF. The apparatus was

4Operation of NIRSPEC and data processing were performed by Emily Martin (UCLA), Mike
Fitzgerald (UCLA), Greg Doppmann (Keck), Charles Beichman (Caltech, Caltech/JPL) and were
assisted by Gautam Vasisht (Caltech/JPL), Stephanie Liefer (Caltech/JPL) and Keck observatory
staff.
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reassembled after almost 8 months of storage from the time of the IRTF experiment
and was fully operational within a few hours. The fiber output from the comb was
routed through a cable wrap up to the Nasmyth platform where NIRSPEC is located.
We injected the comb signal using a fiber feed into the integrating sphere at the input
to the NIRSPEC calibration subsystem. While this arrangement did not allow for
simultaneous stellar and comb observations, we were able to measure the comb lines
simultaneously with the arc lamps normally used for wavelength calibration and to
make hour-long tests of the stability of the NIRSPEC instrument at the sub-pixel
level.
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Figure 10.8: Reduced NIRSPEC image from echelle order 46 to 53, displaying
the stabilized laser comb using the 1559.9 nm reference laser. Line brightness
represents data counts.

Figure 10.8(a) shows the laser comb illuminating more than 6 orders of the high-
resolution echellogram. The echelle data were reduced in standard fashion, correct-
ing for dark current and flat field variations. Under this comb setting, a spectral
grasp of approximately 200 nm is covered, from 1430 nm to 1640 nm. A zoomed-in
spectral extraction (fig. 10.9 (a)) shows that individual comb lines are well resolved
at NIRSPEC’s resolution and spaced approximately 4 pixels apart (0.1 nm), con-
sistent with the higher resolution IRTF observations described above. The spectral
intensity of the comb lines can be made more uniform with a flattening filter to
allow constant illumination over the entire span. In this demonstration, we were
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also able to implement a programmable optical filter (Waveshaper 1000s) from 1530
to 1600 nm, greatly reducing comb intensity variation (fig. 10.9 (b)). If desired, a
customized filter could increase the bandwidth of the flattened regime to cover the
entire comb span.

 

 Pixel

x pixel

Wavelength (nm)

N
o

rm
a

liz
e

d
 f
lu

x
C

o
m

b
 B

ri
g

h
tn

e
s
s
 (

C
o

u
n

ts
/S

e
c
)

480

1579
0.0

10-1

100

101

102

103

104

105

200 400 600 800 10000

0.2

0.4

0.6

0.8

1.0

1580 1581 1582

570

 

 

Order Order
47
48
49
50

48 ws
49 ws

(a)

(b)

Figure 10.9: (a) A portion of the extracted comb spectrum from order 48 is plotted
versus wavelength. (b) Comb brightness envelope of orders 47 to 50 and orders 48
and 49 when flattened by a waveshaper (ws).

We used a series of 600 spectra taken over a ∼ 2 hour time period to test the
instrumental stability of NIRSPEC. Order 48, which had the highest signal-to-noise
comb lines, was reduced following a standard procedure to correct for dark current
and flat field variations. Due to the quasi-Littrow configuration of the instrument,
the slits appear tilted on the detector and the spectra have some curvature. We
performed a spatial rectification using a flat-field image taken with a pinhole slit
to mimic a bright compact object on the spectrum in order to account for this
curvature. Wavelength calibration and spectral rectification to account for slit tilting
were applied using the Ne, Kr, Ar, and Xe arc lamps and the rectification procedure
in the REDSPEC software written for NIRSPEC.

Instrumental stability was tested by performing a cross-correlation between the first
comb spectrum in the 600 image series and each successive comb spectrum. The
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Figure 10.10: Measurement of wavelength and temperature drift on the Keck II
NIRSPEC spectrometer. (a) The blue curve shows the drift in the pixel location of
individual comb lines in order 48 as measured with the cross-correlation techniques
described in the text. The yellow curve shows the residual shifts after de-correlating
the effects of the internal NIRSPEC temperatures. (b) Five internal NIRSPEC
temperatures are shown as a function of time. For ease of plotting, the individual
temperatures have been standardized with respect to the means and standard devia-
tions of each sensor. The black dashed curve shows the average of these standardized
temperatures. The effect of the quantization of the temperature data at the 10 mK
level (as recorded in the available telemetry) is evident in the individual temperature
curves.

peak of the cross correlation function corresponded to the drift, measured in pixels,
between the images. Figure 10.10 (a) demonstrates the power of the laser comb
to provide a wavelength standard for the spectrometer. Over a period of roughly
an hour the centroid of each comb line in Order 48 moved by about 0.05 pixel,
equivalent to 0.0114 Å. By examining various internal NIRSPEC temperatures it is
possible to show that this drift correlates to changes inside the instrument. Figure
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10.10 (b) shows changes in the temperatures measured at five different points within
the instrument: the grating mechanism motor, an optical mounting plate, the top of
the grating rotator mechanism, the base of the (unused) LN2 container and the three
mirror anastigmat assembly (TMA) (McLean et al., 1998). At these locations the
temperatures range from 50 to 75 K and have been standardized to fit onto a single
plot: Θi(t) = (Ti(t)− < T >)/σ(T). Average values of each temperature show drifts
of order 15-35 mK over this 1-hr period. In its present configuration NIRSPEC is
cooled using a closed cycle refrigerator without active temperature control — only
the detector temperature is maintained under closed cycle control to ∼ 1 mK.

Examination of the wavelength and temperature drifts in the two figures reveals
an obvious correlation. A simple linear fit of the wavelength drift to the five
standardized temperatures reduces the temperature-induced wavelength drifts from
0.05 pixel hr−1 to a near-constant value with a standard deviation of σ =0.0017 pixel
for a single comb line (bottom curve in figure 10.10 (a)). While other mechanical
effects may manifest themselves in other or longer time series, this small dataset
indicates the power of the laser comb to stabalize the wavelength scale of the
spectrometer. At the present spectral resolution of NIRSPEC, R ∼ 25, 000, and with
over 240 comb lines in just this one order, we can set a limit on the velocity drift
due to drifts within NIRSPEC of ∼ c/R × σ/

√
#lines < 1.5 m s−1 where c is the

speed of light.

Thus, operation with a laser comb covering over 200 nm with more than 2000 lines
in the H-band would allow much higher radial velocity precision than is presently
possible using, for example, atmospheric OH lines, as a wavelength standard. NIR-
SPEC’s ultimate RV precision will depend onmany factors, including the brightness
of the star, NIRSPEC’s spectral resolution (presently 25,000 but increasing to 37,500
after a planned upgrade) and the ability to stabilize the input stellar light against
pointing drifts and line profile variations. We anticipate that in an exposure of
900 sec NIRSPEC should be able to achieve an RV precision ∼ 1 m s−1 for stars
brighter than H=7 mag and < 3 m s−1 for a stars brighter than H<9 mag. A detailed
discussion of the NIRSPEC error budget is beyond the scope of this paper, but a
stable wavelength reference, observed simultaneously with the stellar spectrum, is
critical to achieving this precision.
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10.4 Summary
Many challenges remain to achieving the high precision RV capability needed for the
study of exoplanets orbiting lateM dwarfs, jitter-prone hotter G andK spectral types,
or young stars exhibiting high levels of RV noise in the visible. Achieving adequate
signal to noise on relatively faint stars requires a large spectral grasp on a high-
resolution spectrometer on a large aperture telescope. Injecting both the laser comb
and starlight into the spectrograph with a highly stable line spread function demands
carefully designed interfaces between the comb light and star light at the entrance
to the spectrograph. Extracting the data from the spectrometer requires careful
attention to flat-fielding and other detector features. Finally, reducing the extracted
spectra to produce RV measurements at the required level of precision requires
sophisticated modeling of complex stellar atmospheres and telluric atmospheric
absorption. The research described here addresses only one of these steps, namely
the generation of a highly stable wavelength standard in the NIR suitable for sub m
s−1 RV measurements.
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