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ABSTRACT

In this work, all matrices are assumed to have complex entries.
The cases of F(A)X - XA = O where F(A) is a polynomial over € in A and
F(A) = (A*)-1 are investigated. Canonical forms are derived for
solutions X to these equations. Other results are given for matrices
of the form AT A"

Let a set of solutions {Xi} be called a tower if X, , = F(Xi).
It is shown that towers occur for all nonsingular solutions of
(A*)-IX - XA = 0 if and only if A is normal. In contrast to this, there
is no polynomial for which only normal matrices A imply the existence of
towers for all solutions X of P(A)X - XA = O. On the other hand, condi-
tions are given for polynomials P, dependent upon the spectrum of A, for
which only diagonalizable matrices A imply the existence of towers for

all solutions X of P(A)X - XA = O.
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INTRODUCTION

In this work, all matrices are assumed to have complex entries
and all polynomials are assumed to have coefficients in the complex
field. Many of the results hold for other fields, but no mention or
use of this will be made here.

This work originated from a study of the matrix equation

&1

1.1) A X-XA=0

where A and X are nXn complex matrices. This equation arose in the
work of DePrima and Johnson [3] where it is shown that a matfix A is
a cosquare, ie. A = B-IB* for some matrix B, if and only ifbthere
exists a nonsingular solution X to (1.1). 1In the present investigation,
all solutions of this equation are considered.

In Chapter II, canonical forms are developed for solutions to
(1.1). It is also shown that if the condition of DePrima and Johnson
is weakened to one requiring only the existence of a normal, singular
solution X to (1.1) then there exist matrices B and C where B is
a cosquare, but C is not a cosquare such that

=
B X -XB =0

and

Q
<
]
be
Q
i
P

Thus it is shown that this weakened condition does not imply the exis-
tance of a nonsingular solution to (1.1) and that even if a nonsingular

solution of (1.1) exists, there may still be interesting singular solu-



tions to the equation.

In the work of DePrima and Johnson [3] they study the matrices
A and B where A = B B*. In Chapter III we concentrate on all the non-
singular solutions to (1.1), including those solutions X such that
A = X'1X*. Included are spectral restrictions on solutions to (1.1) in
the case that A is a cosquare and conditions on the set of all solutions
to (1.1) which imply that A is unitary or normal. In [1] Choi has the
result that a cosquare A = B-lB* is normal if and only if B2 is normal.
In Chapter III we give another condition. In particular, the cosquare
A is normal if and only if for each nonsingular solution X of (1.1) it
follows that X*.1 is also a solution of (1.1). This result may be used
to prove the result of Choi without the use of the Fuglede-Putnam
theorem [9] which Choi uses. 1In light of the above theorem, the follow-

ing problems arise.

Consider the matrix equation
1.2) P(AX - XA =0
where P is a polynomial.

Problem 1.3: For what polynomials P does the fact that the set of all
solutions to (1.2) is closed under the operation X - P(X) imply that A

is normal?

In Chapter IV we develop the tools to attack this problem by
giving canonical forms for the solutions to (1.2). This chapter also
gives spectral restrictions on such solutions. This work is an exten-

sion of the work of Drazin (5] who dealt with the equation



€EAX - XA =0

where € is a complex scalar.

In Chapter V Problem 1.3 is answered negatively. Theorem 5.2
shows that there are no polynomials which satisfy the conditions of
Problem 1.3. However, there are polynomials which satisfy the follow-

ing revised problem.

Problem 1.4: For what polynomials P does the fact that the set of all
solutions to (1.2) is closed under the operation X - P(X) imply that A

is diagonalizable?

We continue in Chapter V to give sufficient conditions on P,
depending on the spectrum of A, in order that P satisfy Problem 1.k4.
However, these conditions are shown to be not necessary. Other condi-

tions are given which are necessary, but not sufficient.



CHAPTER I

NOTATIONS AND PRELIMINARIES

The following definitions, notations and theorems are assumed

in this work.

Definition 1: Let A and B be square matrices, then the direct sum of

A and B, denoted by A@® B is the matrix

Likewise, if A ,...,A are square matrices, then
b ] b4 n s

n n-1
@) Ai = f?1Ai @ A_.

i=l =

Definition 2: The Kronecker product of A = (aij) and B = (bij)’

denoted by A® B is the matrix, C = (cij) = (aijB)'

Definition 3: The spectrum of a matrix A is the set of eigenvalues of A

and will be written o(A).

Definition 4: The matrix A is called a cosquare if there exists a

-1 %
nonsingular matrix B such that A =B B . (As used in [1]).

Definition 5: The matrix A is called a block monomial matrix if

A = (Aij) is a block matrix with at most one nonzero block in each

row and column.



Definition 6: A matrix of the form

= =
a1 Hp

4 'all a1r

or . for k> r
ar1 .
’ E arr
rxk

0 0
L akﬂ

kXr

is called upper triangular

Definition 7: The matrix A is called nonderogatory if the Jordan

normal form of A contains only one Jordan block for each distinct

eigenvalue of A. Otherwise, A is called derogatory.

Definition 8: A set of solutions {Xi} is a tower starting with X1 for

the equation F(A)X - XA = 0 if Xi = F(Xi) for all i.

1
%1 -
Notation 1: The matrix A will be denoted by A .

Notation 2: The nxn identity matrix will be denoted by In'

Notation 3: The nXn matrix consisting of ones in the (i,i+1) position

for i =1,...,n-1 and zeroes elsewhere will be denoted by Uh.

Theorem 1: The matrices A and B are similar if and only if A and B

have the same elementary divisors.

; ; -1, i *
Theorem 2: A is a cosquare if and only if A is similar to A .

(see [3]).



Theorem 3: For given nxn matrices A and B, the map X < AXB, determines
a linear transformation on the set of nXn matrices, that is, a vector
space of dimension n2. If the matrix X is rewritten as an n2x1 vector
of its columns, then the matrix representative of this transformation

can be expressed as BT(® A. (see [10]).

Theorem 4: Given matrices A and B, mXm and nXn resp., then the equation

has a nontrivial solution X if and only if A and B have an eigenvalue

in common. (see [10]).

-1 %
Theorem 5: The cosquare A =B B 1is normal if and only if B2 is normal.

(see [11).

Theorem 6: Let A be a nonsingular complex nXn matrix. Let the eigen-

3%
values of AA Dbe x?,...,xi with k] > O,...,ln > 0. Let vy be a nonzero

number. Then the matrix

is similar to a diagonal matrix and its eigenvalues are
i i i L
y2x1, - y2x1,...,y2xn,- szn-

(see [16]).



CHAPTER II

-%
THE EQUATION A X - XA =0

In the work of DePrima and Johnson [3] properties are derived

=1 % -1 *
for the matrices A and B where A =B 1B . IfA =B ]B then it is

clear that B is a nonsingular solution of the equétion (1:3)

-%
A X - XA O. In this chapter we investigate all solutions of this
equation both in the case that A is a cosquare and in the case that
A is not. We also deal with special subsets of solutions other than

-1 *
the set of solutions such that A = X 1X »

Theorem 2.1: Let A be an nXn normal cosquare with distinct eigenvalues

] ]

K psimpl gk sy oseses

X1’ 1

N, where lxil #1 for i =1,...,k and lxil 1
for i = k+1,...,s.
Then, X is a solution of (1.1) if and only if X is unitarily
similar by the similarity diagonalizing A to the form
0 X 0] Xk
1
@ e ® . ()‘xk+1 ® ... X

S

where dim Xi = dim Yi =m,, the multiplicity of ki in A, for 4 = 1ee.,K

and dim Xi =m, for i = k+1,...,s. Otherwise, Xi and Yi are arbitrary.

Proof: By the work of DePrima and Johnson [3], A a cosquare implies

that

=~
for some matrix S. Thus if X is an eigenvalue of A, then A is also



an eigenvalue of A with the same multiplicity. Therefore, by a simul-

taneous unitary similarity of A and X, we may assume that

9% 0 AT 0
i T »
A = --] @ e o e @ ——1 @ Kk‘f‘] Imk 1 @ e e o ASIm
0 A Im] o A Imk * #

and
x= [x.]
1J

for i, j = i,...,8 where X is partitioned according to the partition
of A induced by the direct sum representation given above.

-%
Since A X - XA = 0,

'X"Im 0 ijm
i J
1) X.. - X =0
ij ij -
0O A\.I AL T
1™ m Jd m.
i J

et
ki Im. 0
2) . Xy = %5 AIo| =0
- o ¢ By
0 o
i
for i = Tyees,k and J = K+l 5000580
A
JImJ, &
A - »
3) . xij xij . 0
. 0 A, I
J "m.
J

for i = k#tl,...,s and j = 1,...,ks



L) AT . =X . 15X =
for i; J = k#l e 458%

Furthermore, since the xi are distinect for i # Jj, the only
solution of equations (1) - (4) is the zero matrix. If i = j, then

equation (1) is satisfied if and only if

[y

where Xi and Yi have dimension mi><mi and are otherwise arbitrary, and
equation (4) is satisfied for any arbitrary Xii' Therefore, X is
transformed into the required form.

Conversely if A is diagonal end X is in the form derived above
-%
A X-XA=0

by the derivation above. Therefore, if U is esny unitary matrix

-% * ¥, =% * * *

U(A X-x20)U = (uau ) (xu') - (uxu ) (uvau ) =o.

* *

Thus, UXU is a solution of (1.1) for UAU .

Theorem 2.2: Let A be an nXn complex, nonsingular matrix with distinct

eigenvalues K],X;1,...,kk,i'1 A g

k Merrereohgahg g o ek where [ [ A0

for i = 1,...,k, and Ixi| =1 for i = kil,...,s, and A_,,...,A, not
covered by the previous two cases.

Then if X is a solution of (1.1), X is congruent to



X, ® X, ® [0]
where
k 0 Z
i
X1 = @
i=l Yi o}

where Yi and Zi are of dimensions piXmi and miXpi respectively with

m, and P being the multiplicities of X, and_)-\—i1 in o(A) respectively,

S
X, = ® Zi
i=k+1

where the Zi are of dimension m.Xm, , and [0] is of the proper dimension.

*
Proof: Let S transform A into the direct sum of Jordan blocks

*
where the Y, are the eigenvalues of A , not necessarily distinct.
Then, considering X as an 1Xn2 vector X of its columns, the

*
equation X - A XA = O can be rewritten via Theorem 3 sas
*
(e - AT ® A% = o.

Following the treatment of Davis [2],

o1

(s ® 5! NIp - 2T ® A)(S(X)s)][(s" ® s %] = 0
where
R . » t
(57 ®s NI2-A@ANS®S) =T, - [@vilng v U]

=1 i
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== -1 4= - -=1 ¥
and (S @® S )X corresponds to (S )X(S ) . Thus, it is sufficient

to consider

t t
(Ip-[(®YVI +U 1®[®Y,I +U k=0
i= i i i=1 i i
equivalently
t t P
X=[®Y.I +U X[®Y.I +U"].
iz Imy n,toyn oy n,

Let X = (Xij) be a partition of X corresponding to the Jordan normal

form of A. Then,

where

We may assume that the Jordan blocks of A are ordered according
to the distinct eigenvalues of A and that the blocks corresponding to

=-1
pairs ki and Xi are adjacent. In otherwords, we may partition A into

the form
k k
(@B)®( ® B,)
i=1 i=k+1
where
Bi1 0
B. =
il
0 B
i2

: =-1
for i =1,...,k such that 0(311) = xi and °(Bie) = li .
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Partition X = (Xij) according to the B,. Then, Xij = 0 for
i # Jj as in Theorem 2.1. Now partition each Xii according to the

natural partition of Bi’

(1) (2)
i 199 8 11
g = .
x(3) x(4)
11 11
Then
* ¥*
g* a()g g* a(2)p
% i174ii i i17ii Ti2
BiX;5B; =
* (3) * (k)
BioA;i Byy  Biohyi'Bio

- A*XA = 0 impli (1) (4) _ .
Thus X -~ A XA = O implies that Xii and Xii =0 for i = 1,.se0,ke

Therefore, X is congruent to the desired form.

Theorem2.3: There exists a nonsingular, normal matrix X satisfying
(1.1) if and only if A is unitarily similar to a kxk block matrix

A = (Aij) where k is the number of distinct eigenvalues h],...,kk of

X and the dimension of A.li is the multiplicity of Ki , and letting

- -
A = (Bij) for i,j =1,...,k be a conforming partition of A ,

Bis =Y. . A g
1J 1j 1
with vij = xi/xj for 1,3 = Vyeunyke
Furthermore, the above similarity diagonalizes the nonsingular,

normal solution X.

Proof: Assume that there exists a nonsingular, normal solution X of

(1.1). Then, by a unitary transformation of A and X, the matrix X may
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be assumed to be in diagonal form with the eigenvalues of X ordered
such that equal eigenvalues are adjacent on the diagonal.
-3
Partition A and A  according to the blocks of equal eigen-

-

values in X. Let A = (Aij) and A = (Bij)’ Then (1.1) implies
-%

1) ATD-DA=0

where A and D are the transformed A and X respectively. Thus

A.. =\/\.B,,
1 J 5 I B |

where Xi for i =1,...,k is the ordering of the eigenvalues of X
given by the particular unitary transformation.

Conversely, let

with Xi distinct and nonzero for i =1,...,k. Let A be in the kXk

block matrix form of the theorem. Then,
-%
AX-XA=O‘
If U is any unitary matrix, then
A* XA =0
TR el T
* *
where A1= UAU and X1= UXU . Furthermore, X]is normal.

Theorem 2.4: There exists a normal, singular matrix X satisfying (1.1)

if and only if A is unitarily similar to
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where A1 and Ah are square, nonsingular matrices and the dimension of

-%
Ah is the nullity of X and A is simultaneously similar to

AT B
x 1 2,
A =
0 P
n

- -%
where A is partitioned as A. Here A1 and A] have the same structure

-%
as A and A in Theorem 2.3 with respect to the nonzero eigenvalues

-
of X and Ah and A}+ correspond to the zero eigenvalues of X.

In addition,

AT L BAY <0
1 A3 + BRy =
and
A* A* - O
1B2 + 3Al+ = 0.

Furthermore, the above similarity diagonalizes X.

Proof: The proof of Theorem 2.4 follows that of Theorem 2.3 until

-
equation (1) A D - DA = O. 1In this case,

b= i®:)\ilm- S [0} B

Let
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and

-%
be partitioned as D. Thus A D - DA = O implies that

1) B,D, - DA =0
2) 0- DA, =0
3) BD, - 0 =0
L) G» Q= 0.

Equations (2) and (3) give the correct zero blocks in A and

-%
A , and the dimension of Ah is the multiplicity of O as an eigenvalue

of X.
Furthermore,
¥ - ¥
A A =A A =1
Thus
-t B
- L 2
A = " %
Ay,
where
AT A =0
1 A3 + B2 h ™
and
*B A 2o
By ¥ Aghy, =

-3
Then (1) and the fact that B, = A, implies
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P A=0
y By < BA =

% -%
Thus A] and A1 have the same structure as A and A in Theorem 2.3
for the nonzero eigenvalues of X.
Conversely, let
k
X = .@ )\iIm. ©) [O]

i=1 i

with all &idistinct and nonzero for i =1,...,k. Let A have the block

matrix form of the theorem. Then,

-%
A X - XA =0.

If U is any unitary matrix, then
A—*
1 X]- X1A1 g 0
* #*
where ﬁ = UAU and X|= UXU . Furthermore, X is normal and singular.

Corollary 2.5: Let X be a normal, singular matrix satisfying equation

(1.1) for some matrix A. Then there exist matrices B and C such that

-%
B X-XB

]
o

and

-
C X - XC

]
o

with B a cosquare, but C not a cosquare.

Proof: In Theorem 2.4, let A_ and B2 be zero matrices. Choose

3



i
with A1 and Ah cosquares. Then
-
B X-XB=20

and B is a cosquare.

Choose

c=ul' o
0 &,

with A] a cosquare and Ah nonsingular, but not a cosquare.

-%
C X-XC=20

but C is not a cosquare.

Then
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CHAPTER III

COSQUARES

The aim of this chapter is to apply the results of Chapter II
to the special case of solutions X such that A = X-1X*. Notice that
this is a nontrivial restriction since for a cosquare A, there are
always solutions Y of (1.1) such that A # Y-1Y*. This is easily seen
since in (1.1) the set of solutions is closed under scalar multipli-
cation, but the set of all matrices X such that A = X-1X* is not closed
under scalar multiplication.

Theorem 3.1 is a special case of Theorem 2.1. This result is
then used to derive spectral restrictions for the components of a

cosquare.

-1 %
Theorem 3.1: Let N=A A then N is normal if and only if A is

unitarily similar to

§ il PTC I T

where Bi is a nonsingular matrix for all i, and Y all distinct and

Yi and ®s nonzero for all i.

-1 * .
Proof: By the work of DePrima and Johnson [3], N =A A implies
* -1 -1
N =S8N S for some matrix S. Thus if Y is an eigenvalue of N,

=1 P
then ¥ is an eigenvalue of N with the same multiplicity. Therefore,
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since N is normal, N may be assumed, by a unitary similarity, to be of

the form
Yllm] 0 YkImk 0
] CREPRC) p @%kHImkH@-u@sslms
0 Y, Im1 0 Yie I

with v, and €. all distinct and |v,| 41 ana |2 | =1.

-1 _ =%
Notice that A 1N NA , thus

P 0 A,

k
1
A =@ @ Ak+1 @ ... DA

i=1 |B, O .
1

S = -% * =4
by Theorem 2.1. Furthermore, N 1A 1= A . Therefore, Bi =Y, Ai

] * _
for i =1,...,k and Ei Ay = Ai for i = k+l,...,8. Thus A ! is unitar-

ily similar to

k 0 Ai s -1
@ 1% @ @ o, I
i=1 |y. A, O | i=k+1 i
24 o4 J
where Wy = éj/gj and, A is unitarily similar to
0 AT
k Yi% s
.C‘% -1 ® ._?;) ]wilm.
i= A o i=k+ i

*
Conversely, let UAU Dbe of the form required by the theorem.
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Then

-1 % * * -1 * _*
VA AU = (uau ) (VAU ) =

k 0 Bi s 1
- @ * ® @ 0 I X
i=1 |y7'B} © izkel LMy
k [ 0 B;* s
® -1 ® ® (pllm =
i=l |¥.B 0 i=k+1 i
L'i7i
-1Im E 7 =
k i s ¢k+1
= C% ® @
1= i=k+1 @
-1
0 YII H
i “m,
— l._J
-1 %
Therefore, A A = N is normal,
-1 %
Corollary 3.2: Let N=A A be normal. Then
1) o(n) = {v v v ¥ ' & g }
(RAS BEARAEAS A8 A TR E R RS
where |§.| =1 for i = k+l,...,8 and
i
A Y2 : Y\ Y3
= - 2 2 g~
2) o8] = Thy Marky VTosveaby orb P oo er iy |

€ R fori=1,.e.,k and j =1,...,m

where J = 1,...,mi and Kij s g
Proof: Part (1) follows from the work of DePrima and Johnson [ 3].
Part (2) follows from the theorem and Lemma 3.5 of Thompson [16] (see
Theorem 6 of chapter 1 above).

The final two theorems of this chapter give necessary and

sufficient conditions for a cosquare to be normeal or unitary in terms
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of the set of solutions of (1.1).

Theorem 3.3: Let A be a cosquare. Let Q = {X: X AX A *). Then the

following are equivalent.

1) A is unitary.
-1 %
2) There exists a pair of matrices S and S 's e Q.

=~ ¥*
3) For each S €Q, the matrix S ]S € Q.

Proof: Clearly, if either of (1) or (3) holds, then (2) holds.

- -
Conversely, let A = SAS 1 then

-1 -% -% % %
A=S A sSandA=S A S.

Thus
% *  ~% -% =1
A = S AS and A = SAS .
Therefore
* =% -1
S AS = SAS
or

-1 * -1 %
S SA=AS S .

. -% -1 -1 %*\-1 -% ; .
Therefore, if A =S SA(S S ) , then A = A and A is unitary.

-1 _*
In otherwords, if there exists a single pair S and S S € Q
then A is unitary. Therefore, (2) = (1).

Let T € Q0 be another matrix. Then the above argument shows

that

or
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However A is unitary. Thus

-1 * -1 % - -
T TAT T) LI

-1 %
and T T e Q. Therefore, (3) holds.

* i} -
Theorem 3.4: Let A =B B. Let(Q = (X: X AX =A }. Then the

following are eguivalent.

1) A is normal.
2 .
2) B° is normal.

-%
3) For each X € Q, the matrix X ¢ Q.

Proof: (1) » (3). Taking the %] of a solution preserves the struc-
ture required by Theorem 2.1. Therefore, for each X € Q, the matrix
il
X €Q.
. 03 . -*
(3) » (2). since B is a solution of (1.1), B is also a solu-

tion of (1.1). Therefore,

(B*B'])B'* - B-*(B-]B*) =0
or
(B*)EB-] - 3'1(13*)2 = 0.
Thus
B(8*)° - (8% - o.

Therefore, Be is normal.
(2) = (1). From Choi [1].
Choi [1] shows that A is normal if and only if B2 is normal.

In his proof he applies the Fuglede-Putnam theorem [9] to show that
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(1) = (2). Theorem 3.4 gives an alternate proof of this result in the

finite dimensional case without the use of the Fuglede-Putnam theorem

(91.
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CHAPTER IV

THE EQUATION P(A)X - XA =0

The aim of this chapter is to develop decomposition theorems

like those of Chapter II for the matrix equation
1.2) P(A)X - XA =0

where P is a polynomial. These results will be used in Chapter V to
prove an analogue of Theorem 3.4. We also develop spectral restric-
tions for solutions of (1.2). 1In all of these theorems, we will
assume that there exists a nonsingular solution of (1.2). As a result

we will use the following lemma.

Lemma 4.1: Let A be a matrix, P(X) a polynomial such that equation
(1.2) has a nonsingular solution. Then P(x) is a one - to - one
mapping of o(A) = {Xi: i=1,...,s and xi distinct} onto itself. In par-

ticular, if P(Xi) = A, then the multiplicity of Xi equals the multipli-

J
city of KJ, and the Jordan normal forms of A and P(A) are the same.

Proof: If P(A)X - XA = O has a nonsingular solution, then P(A) and A
are similar. Therefore, {P(Xi): i=l,...,s} = {Xi: i=l,...,s} inclu-

ding multiplicities. Furthermore, the Jordan normal form is preserved.

Theorem 4.2: Let A be a diagonalizable matrix, P(X) a polynomial such
that equation (1.2) has a nonsingular solution and o(A) = (Xi: i=1,...,8}
with Xi distinct and the multiplicity of Xi being mi. Let o be a per-
mutation of 1,...,s defined by P(Xj) = Xa(i)’ with cycle decomposition

a1...ak. Assume that the eigenvalues of A are numbered according
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to this cycle decomposition. Let S be a similarity which diagonalizes
A and preserves the ordering of the eigenvalues, K],--~,Xs.

Then X is a solution of (1.2) if and only if sxs™! is some
block monomial matrix corresponding to @ with diagonal blocks of dimen-

sion m, .
3

Proof: The assumption that A is diagonalizable implies that, by a

similarity S, the equation P(A)X - XA = O may be reduced to
P(D)Y - YD = O

vhere Y = SXS-]and D is a diagonal matrix of the eigenvalues of A with
eigenvalues arranged according to the ordering x],...,xs. Partition Y
into a block matrix (Yij) and D into (Di) according to the blocks of

equal eigenvalues in D. Thus P(D)Y - YD = O implies

P(A)Y., - Y. \. =0
i i34

for 1,

1,0¢.,5. Therefore, Yij = 0 for P(xi) # kj’ ie. § £ a(i)

and i,J 11,0058 This is the desired form for Y and results in the
desired form for X.
Notice that the particular form of S is not used. Therefore,

any similarity of this type results in the same decomposition.

Conversely, if Yij =0 for j £#0(i) and 1,j =1,...,s, then

i
o

P(A)Y.. - Y. .\,
s Kl ¥ 11 3

0 and hence P(A)X - XA = O

for i,j =1,¢..,8. Therefore, P(D)Y - YD



26

where X = S—lDS for some matrix S.

Theorem 4.3: Let A and P(A) be as in Theorem 4.2 except that A is not
assumed to be diagonalizable. Let S be a similarity transforming A
into Jordan normal form and arranging the Jordan blocks according to
the ordering K1,...,Xs.
Then X is a solution of equation (1.2) if and only if sxs™! -

= (Yi) is a block monomial matrix corresponding to @ with diagonal

blocks of dimension m_ , and
i,

P(A.)Y. - Y.A, =0
19 13

for (i) # j. Here A, is the submatrix of the Jordan normal form of A
consisting of the direct sum of the Jordan blocks corresponding to the

eigenvalue Xi'
Proof: Let P(A)X - XA = O, then

SP(A)XS—1 - sxas” =0
or

(SP(A)s" )(sxs”) - (sxs" )(SAS_]) = 0.

Therefore, A may be assumed to be in Jordan normal form with eigenvalue
blocks arranged according to the ordering K1,;..,XS. P(A) will be in
a corresponding block diagonal form. Partitioning A = (Ai) and Y = (Yij)

according to the blocks of equal eigenvalues in A implies that

P(Ai)YiJ. - YiJ.AJ_ =0
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for i,j =1,.0.,8. Then, Yij =0 for a(i) # j, since in this case P(Ai)
and Aj have no eigenvalues in common.
Conversely, if Y is a block monomial matrix corresponding to

the permutation a and

P(Ai)Yi - YiAj =0

1,...,5 then P(A)Y - YA = O and thus

s 'ys.

tor a(i) = j where i,j

1]

P(A)X - XA = O where X
In [15], Taussky-Todd investigates the connection between equa-
tion 1.2 and Galois theory. The following example illustrates this

connection.

Example: Let € be a seventh root of unity, then £ satisfies:

3

4 2
X + x5 + X + X +X +x+1 =0.

furthermore, o, = € + € will satisfy:

1

f(x) = W4 a2x-1=0

and there exist rational polynomials p](x) and pg(x) such that f(x) has

roots Q, , p1(a1), and p2(a1) where

p,(x) = -2
and

pa(x) R e 3.

x) and p.(x) act as cyclic permutations on the roots of f(x). Thus
Py 2

if A is any 3X3 matrix with characteristic polynomial f(x), then

by the above theorem pi(A)X - XA = O has solutions X where



0] X (0]
-1
S XSi = [0 O X,
X 0 0
3
and
Q 0 0
-1
S.AS. = |0 pi(a1) 0
0 0 p,(p;())
with X5 X5 and x3 arbitrary, i=1,2.

We will now derive spectral restrictions for the solutions of

cquation (1.2). For this we need the following lemma.

Lemma 4.4: Let A = (Aij) be a block monomial matrix corresponding to
a cyclic permutation. Let the diagonal blocks of A be square of
dimension n, for i=1,++.,8. Then

s=-1

det(M - A) = Xn2+"'+ns-(s—1)n1det (KsIn

- (IIa
1 i=l

i,i+1

YAgy )

Proof: By a similarity transformation, we may replace A by

f

sl

o ]
0
A

s-1,s
0




Then

gives

A - A =

29

12
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A -
In A]2 0 0
1
0
1 - Al =
0 - 0
(1)
~As1 -As-l,s
0 0 Ly
n
s
(1) -1 . .
where -A =-\ A A .. Notice that the (s-1)X(s-1) principal
si s-1,s sl

submatrix of the right hand side is an (s-1)X(s-1) block matrix of

the same type as A - A. Therefore,

A -
In A12 (0] 0
1
0
AT -al= x| L 0
n ;
s .
@ _As-2,s-1
A0 0 oo 0
sl n
s-1
Iterating this procedure s - 2 times yields
)\In1 -A‘I2
n+n_ .+...+n
I -a =25 ! 3
_Agf-z) AIn
2




(s-2) __y(s-2)
-A x . .
where 1H1(Al+] 1+2) A+ Multiplying
I -A
n] 12
—AS_Q) NI
2
— -
on the right by
I 0
™
}\"“ (S 2) I
1
i s n,
gives
. -1,(s-2)
", A2 Mo, T A2t A Ao
-Agf-z) A 0 I
2 2
Therefore,
N 4+n_ . +...4+n_ N0
-1
AT -A] = 1 ° 32 Az, - e als)]
n+n_  _+..0+N s-1
S °| Az S VI
1 i=1 7?
n.+...+n -(s-1)n s-1
2
~ & |>‘SIn - 0 Ai,i+1

Lemma 4.5:

and X2 respectively. Let P(x) be a polynomial such that P(x1) =

31

1 i=1

AS‘|' =

Asl' .

Let A and B be {x{ Jordan blocks for the eigenvalues x1
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Then X = (xij) is a solution of P(A)X - XB = O if and only if X satis-

fies the following.

1) X is upper triangular.

- ' 1 = -
2) X; =P (k])xm’i+1 for i = 1,e0.,2-1.
J+1 (k)
3) X, i =P(NK g+ 5L (%)
i,i+j i+1,i+3+ =D —*—-_—k:

i+k, i+j+1

fori=1,oo-’{"‘1 andj=],...,‘r/-i-1.

Proof: Let Jj be the matrix consisting of all zeroes except for ones

on the jth upper diagonal. Then

(2) (L-1)
P(a) = P(X1)I + P'(l])J +_f___£}12 Ty + oeee t ¥ (K1) Ty
2! (L-1)4 -
Thus P(A)X - XB = O implies
(4-1)
P(K1)I P (A1) Jpq| X - X[ NI+ | =0
(4+1)! =

or

P(L“)(A1)

P' (NI, + eee s TESY

J'{’—] X - U1 = 0.
Comparing the entries of the matrices on the left and right
hand sides row by row, starting with the last row and working up,
shows that X satisfies conditions (1), (2) and (3).
Conversely, these conditions may be seen to be sufficient by

multiplying out the left hand side.
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Theorem 4.6: Let A and @ be as in Theorem 4.2. 1In addition let n(i)
be the multiplicity of any eigenvalue corresponding to the cycle ai'
Let X be any particular solution of P(A)X - XA = O. Then there exist
complex scalars bij for i =1,...,k and j = 1,...,n(i) such that

AT =byg))

o(x) =uU (U {x
i

Conversely, for any set of bij € C, for i =1,...,k and

(1)

J=1,e0epn there exists a solution Y1 having this set as its spec-
k :

trum. In particular, for any prescribed set of I n(l) eigenvalues,
i=1

there exists a solution Y, with 0(Y2) containing these eigenvalues.

Theorem 4.7: Let A be as in Theorem 4.6 except that A is nonderogatory,
but not assumed to be diagonalizable. Let X be any particular solution
of P(A)X - XA = 0. Then there exist complex scalars bij for 4 = lyee ugk

and j = 1,...,n(1) such that

|ax, |
1
O’(X): U(U{)\:)\ =blj})-
i 3
Conversely, for any set of biJ € C with i =1,...,k and
4 = 1,...,n(1) and
o] R
- ]
= 0 R Bl g

b. .
=g 1=
where cic € ¢, and Xi& is the ordering of the eigenvalues of A based
on the cycle decomposition 01--. Qk , there exists a solution Y] having

this set as its spectrum. In particular, for any prescribed set of k
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eigenvalues, there exists a nondiagonalizable solution Yé, with G(Yé)

containing these eigenvalues.

Proof of Theorem 4.6 and Theorem 4.7: As in Theorem k4.3, reduce X to

the direct sum of block monomial matrices, each corresponding to a
single cycle ai. A further permutation similarity will put each X(l)

into the form

B . B
0 xl(l) 0 0
0
0 x( 1)
'ai'-]
X O @ W 0
| el B
where each Xgi) is square, and sXs by Lemma 4.5. Therefore, Lemma L4.k4
states that the characteristic polynomial of X(l) is
n -la,|m, | |ea.| la.| .
T P! I - nt X(l)
s :
J:]
If A is diagonalizable, then the xgl) may be chosen arbitrarily
and Theorem 4.6 follows.
(1)

If A is nonderogatory, then each X'j is triangular with diag-

onal
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)

(i
(cP'(2)" , cpr(\)" , eee , )

5 T .
by Theorem 4.3 and Lemma 4.5. Therefore, 11 Xgl) is triangular and
has diagonal

o | (1) i
(0 e PO I e, )
B g e, .

j=1
where cij € €. Thus Theorem 4.7 follows.

Theorem 4.8: Let A be as in Theorem 4.7 except that A is derogatory.

In addition, let m, be the number of elementary divisors for any eigen-
k

value corresponding to the cycle ai and m = g m, . Then for any pre-
i=1

scribed set of m complex numbers, there exists a matrix Y with

P(A)Y - YA = O and o(Y) containing this set.

Proof: Reduce X as in Theorem 4.3. Then, by Lemma 4.4, the charac-

teristic polynomial of X(l) is

S :
J=

(i)

where Xj for j = 1,...,|ai| are the blocks of the block monomial

matrix X(l) which are not required to be zero. By Lemma 4.1, these

are all square and of the same dimension. Partition each X(l)
according to the Jordan structure of the corresponding eigenvalue in

A. Then by Theorem 4.3 and Lemma 4.5, each block in Xgl) is an
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upper triangular matrix whose final column may be chosen arbitrarily
and still give a solution of P(A)X - XA = O.

In particular, by choosing the final columns of the lower
blocks to be (0, ... , O)T, the resulting matrix will be upper trian-
gular with each diagonal block contributing one arbitrary element to
the diagonal. Therefore, mi of the eigenvalues of a solution may be
chosen arbitrarily for each cycle ai. Thus a matrix Y may be construc-

ted with any set of m eigenvalues in 9(Y) and P(A)Y - YA = O.
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CHAPTER V

TOWERS IN P(A)X - XA = O
In this chapter, we wish to derive a result for the equation
1.2) P(A)X-XA=0
which is analogous to Theorem 3.4. The natural analogue is to consider

Problem 1.3: For what polynomials P does the fact that there exists

a tower for each solution of (1.2) imply that A is normal?

To attack this problem, we derive conditions on P which are

necessary and sufficient for the existence of towers.

Theorem 5.1: Let A be a diagonalizable matrix, P(X) a polynomial such
that equation (1.2) has a nonsingular solution, and o(A) = {Xi: i=
=1,...,8} with Xi distinct. Then there exists a tower for each

solution of (1.2) if and only if the following two conditions hold.

1) P(Ki) = A ) for some permutation @ with order say t.

oi

t+1

4 .
2) B(X) = L aX ' for all solutions X of (1.2).

i=0
Proof: Since P(A)X - XA = O for some nonsingular X, condition (1) is
necessary. By Theorem 4.2, P(X) is a solution for all solutions X if
and only if P(X) and X are simultaneously similar, by the similarity
given in Theorem 4.2, to the same block monomial form. In other

words, there exists a matrix S such that
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[sp(x)s']J h 0

for all i,j = 1,...,s with i # a(j) and for all solutions X of (1.2).
L + k
Let P(X) = & cka for £ € I . Each X must reduce to the same
k=0
: . Xk -1
block monomial form as X and P(X). Otherwise, (SX S )ij #£ 0 for

some i, j, k and X with i £ a(j). However, since sxs™! is a block

monomial matrix, each block (SXKS_])i‘j is the product of blocks of

SXS-]. In particular, if (SXkS-1)ij # 0O, the blocks are some of the
nonzero blocks X], . ity XS of SXS_1. However, by Theorem 4.2, these
blocks may be chosen arbitrarily. Therefore, if (SXkS-])ij # O for
this i and j, then P(X) = O. This is a contradiction. Since Xk must
reduce to the same block monomial form as X, we have k = it+] where
t is the order of the permutation & , and i € 1+. Therefore, condition
(2) is necessary.

Conversely, conditions (1) and (2) result in a matrix P(X)
which reduces to the same block monomial form as X. Therefore, by

Theorem 4.2, P(X) is also a solution.

Corollary 5.2: Let P be a polynomial and A be @ normal matrix with

a(p) = { Xi: i =1, ..., s} with Xi distinct such that there exists
a tower for each solution of (1.2). Then there exists a diagonaliz-
able, but nonnormal matrix B such that there exists a tower for each

solution of P(B)X - XB = O.

Proof: Since towers exist for solutions of P(A)X - XA = O, P satisfies
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conditions (1) and (2) of the theorem for some permutation o and set of

eigenvalues {X.: 1= 1,...,s} . Let B be a nonnormal, diagonalizable
i ;

matrix with the same spectrum as A. Then P satisfies conditions (1)

and (2) of the theorem for o(B) and « . Therefore, there exists a

tower for each solution of P(B)X - XB = O.

Corollary 5.3: Let A and P(X) be as in the theorem, except that A is

not assumed to be diagonalizable. If there exists a tower for each

solution of (1.2), then conditions (1) and (2) of the theorem hold.

Proof: In the proof of the theorem, to show the necessity of condi-
tions (1) and (2), we needed that there exists a nonsingular solution,
X reduces to a block monomial form, and there exists a tower for each
solution X. By Theorem 4.3, X also reduces to a block monomial form

in the case that A is not assumed to be diagonalizable. Therefore, the

proof of the theorem holds in this case.

Corollary 5.2 shows that there are no polynomials which satisfy

Problem 1.3. However, Theorem 5.1 does suggest another problem.

Problem 1.4: For what polynomials P does the fact that there exists

a tower for each solution of (1.2) imply that A is diagonalizable?

To attack this problem, we need results like Theorem 5.1 for

nondiagonalizable matrices.

Theorem 5.4: Let P(X) and A be as in Theorem 5.1 except that A is

nonderogatory, but not assumed to be diagonalizable. If there exists
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a tower for every solution of (1.2), then in addition to conditions

(1) and (2) of Theorem 5.1, one of the following two conditions holds.

1) P(x) = ax.
2) For each Xi’ one of the following holds.
a) P(k)(xi) = 0 for k=l,...,m -1.

b) P'(xi) = 1 and P(k)(xi) = 0 for k=2,...,m.~1 and N\, fixed

by .
la'| Tlg%

e) 1 P'(kj) EY 1.
j=1

where m; is the multiplicity of %i in A and Kj } is the set of all

eigenvalues in the same cycle @' of @ as Xi.
Furthermore, there exists a tower for each solution of (1.2)

if, in addition to the conditions of Theorem 5.1, one of the following

two conditions holds.

1) P(x) = ax,
2) For each xi’ one of the following conditions holds.
a) P(k)(xi) = 0 for k=l,...,m~1.

b) P'(xi) =1 and P(k)(\i) = 0 for k=2,...,m~1 and N\, fixed
by .

f 0
c) {%]'P’(ngpgT% = 1 and P(k)(ki) = 0 for
J:

k = 2,...,m(Xi).

Proof By Corollary 5.3, conditions (1) and (2) of Theorem 5.1 are
s

necessary. Let X = @ Xi be in Jordan normal form and look at each Xi.
=l
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Let A =X, Y = (yjk) = X, where j,k =1,...,4, and L=m, . Then,

1') Y is upper triangular

1] = | - T, =
2t Fig = P (K)yj+1,j+1 for j = 1,604 ,0-1
k+1 _(m)
P ())
gt ... o= P'(\)y, . r — X .
) yJ,J+k ( J+1, J+k+1 oy il y3+m,3+k+1

for j =1,...,4-1 and k = 1,...,4-j-1
by Theorem 4.3 and lemma 4.5, where Xi is the Yi of the theorem.

In particular, the diagonal of Y equals

' }u"'1 t ‘L—2
yMP ()\) 9 y'{/f,P ()\) )"'}y{/(/'

We begin by considering the case of A fixed by . If \ is
fixed by a, then Y will lie on the diagonal of X. Therefore, the corres-

-1
ponding block of SP(X)S is P(Y). Thus, the diagonal of P(Y) is

b R
(P(xbLP (\) )’ P(Y&&P () )"..’P(yLL).
The matrix P(Y) must also satisfy (2'). In particular
£-1 -1
P(y, JP'(\) = B(y, POV,

Thus, since by condition (2) of.Theorem 5.1 P has no constant term,
P'(A) = , Oor Yy, =0ort =1 or P(X) = aX for some a such that a is
an £th root of 1. However, Y15 is arbitrary. Therefore, P'(\) = 1,0
or A\ is a simple eigenvalue or P(x) = ax.

Consider the off diagonal elements of Y. Let Y =D + C where

D = (di) is the diagonal of Y. There are two cases depending on P'(\).
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Case 1: Let P'(A\) = 1. Thus, (2') implies D = 4, I. Then, (3")

applied to Y implies

(2)
- P/(\)
4) ®i,i0 T Cint, e T i,
Therefore,
k
" .
(D+C) = ® }i‘dlckl
i=0
. . k k-1 . : :
and the first upper diagonal of k-1 d& C is the first upper diagonal

of (D + C)k since C is upper triangular and has zero diagonal. There-

fore,

k k k-1
(D+C) )y i = (k-1 A Ci,i41
Thus, by (3') it is necessary that
(2)
k| k-1 k)] k- PN L
(k-l % % 5 k-1 % i+1,i+2+———“2 dy,
where 4! = (D + C)k
L LL"
Combining with (4) above,
(2) . (2)
i dk : C. . + EL__iﬁl d = i dk ]c, . + E:__iﬁl a’
k-1 £ i+1,1i42 5 L k-1 2 i+1,1+2 5 L
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or

k
k-1

@)y

= 20 4],
1
2 2

(2)
g1 P 4

£

k?J di. However, from consideration of

Thus, P(2)(X) =0ord

1
) . k . ) ) (2)
the diagonals, dy = d&' Therefore, since d, 1is srbitrary, P (A) = 0.
Proceed to the next upper diagonal where (3') now implies
(3)
P30,

L

3!

Cs s = C, :
i,i+2 i+1,143

and a similar argument gives P(3)(X) = 0. Likewise for each upper

diagonal, P(l)(X) =0 for i =2,...,4-1.

Case 2: Let P'(A) = O, then (2') implies the diagonal of Y is
(0p+ees0sdly )« Thus, (YK)L_Z,,M =0 for K>l. From (3')
(Yk) _ P(e)(k) s
L-2,-1 ~—(—— "4 °
Therefore, P(e)(x) = 0 for k™. Substituting this back into Y and
checking the next upper diagonal gives P(3)(\) = O. Likewise,

P(l)(k) =0 for i =1,...,4-1. This concludes the case of A fixed

by .

Now consider the case of N not fixed by @. Then, from condi-

tion (2) of Theorem 5.1, P(X) = g(XlaI)X where g is a polynomial in

X'al. Thus, using the fact that Y is a block monomial matrix,
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(84
lat | a'
1 Y, ) )Y

Py ) =g(( ] ;

where Yi for i = 1,...,|a'l are the blocks of SXS"1 corresponding to

all the eigenvalues Xi in the same cycle @' of Xas Y =Y
| Hg
)= (1 v)

i,k =1,...,4. Since X is a solution of (1.2), ecach Y. is upper trian-

and \ = A

1 1°

Let H = (hjk and G = (gjk) = g(H) for

gular by (1').

B(Y,);; = Y8

ii®ii

for i =1,...,4. ¥rom (2') it is necessary that

)
_ t
Yi:8i; = P'(N) T Ty e

ii
Thus, again using (2'),
L-1 -1
P'(A]) Y9811 = P'(AT) Yi1844°
Since Yo and gy are arbitrary, either
5) P'(>\1) =0

or

6) € =gu

A

for i =1,...,4.

Since each Yi is upper triangular,
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o] o] H"‘.
g;; =&((1 P'() T (x,),,) %)
J:] j:]

for i=l,..., . Therefore, (6) implies

o] .
7) [ & PTXJ) JE}T = 1

§=1

Therefore, the first set of conditions of the theorem are neces-
sary for the existence of a tower for each solution of (1.2)

If P satisfies conditions (1) and (2) of Theorem 5.1, P(X) will
reduce to the correct block monomial form. Therefore, let P(X) satisfy
the second set of conditions of the theorem and consider P(X) one block
at a time to show that conditions (1'), (2'), and (3') hold for P(X).

If P(x) = ax, then P(X) is clearly a solution for all solutions
X.

If P(k)(xi) = 0 for k=l,...,mi—l, then by (1'), (2'), and (3')
Yi has the form

Yy
1) 0

Ay

where y, are arbitrary for i=l,...£. Since Y is a block monomial matrix,
P(Y)i will consist of sums and products of blocks of this type. Thus,

P(Y)i is again of this type.

If P'(Xi) =1 and P(k)(li) = 0 for k=2,...,m.-1 and Xi is fixed
by &, then it is clear from the proof of the necessity of these
conditions that (1'), (2'), and (3') are satisfied. Thus P(Y)i is of

the correct form.
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Ia‘ g! (k)
i g I P'(?\J.) ]l I =1 and P (xi) = 0 for k=2,...,m -1 then
J=

P(Y)i will consist of sums and products of the form

—

£-1 £-2 7]
' x ' 4 . .
PNy, PNy, g Y1
5 o P'(7\)yz_1’z_1
2)
P'(N)y gy Y4-1,8
N Yo

)

By condition (2) of Theorem 5.1, P(X) = Xg(XlaI) and the products in g
will consist of powers of the product of the blocks of Y in the same

cycle of a as Ki. Thus, it can be shown that if
’al
Ia'l a'
[ m P'(N\,)] =1
3=1 .
P(Y)i will again be of type 2.
Therefore, the second set of conditions of the theorem are

sufficient to insure the existence of a tower for each solution of

equation 1.2.

Theorem 5.5: Let P(X) and A be as in Theorem 5.1, except that A is
derogatory, not assumed to be diagonalizable. If there exists a tower
for each solution of (1.2), then P satisfies conditions (1) and (2) of
Theorem 5.1 and one of the following two conditions holds.

1) P(x) = ax.

2) For each eigenvalue Xi, one of the following holds.
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a) P(k)(xi) = 0 for k=1,...,m(xi).

b) P'(xi) =1 and P(k)(xi) = 0 for kze,...,m(xi) and xi is
fixed by o and all the Jordan blocks of A corresponding

to %i have the same dimension.

o] =

3=1

where m(ki) + 1 is the maximum dimension of the Jordan blocks of A
corresponding to Ai and (lj} is the set of all eigenvalues in the same

cycle o' of a as %i.

Furthermore, there exists a tower for each solution of (1.2) if,
in addition to conditions (1) and (2) of Theorem 5.1, one of the

following two conditions holds.

1) P(x) = ax.

2) For each eigenvalue Ai’ one of the following conditions holds.
a) P(k)(ki) = 0 for k=1,...,m()i).

b) P'(%i) =1 and P(k)(Ki) = O for k=2,...,m(xi) and Xi is
fixed by & and all the Jordan blocks of A corresponding
to A, have the same dimension.

i

a'l ][—JTO‘, |
)l n P'(%j) 1'% 29 ana P(k)(Ki) = 0 for
J=

k=2,...,m(Xi) and all the Jordan blocks of A
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corresponding to Xi have the same dimension.

Proof: By Corollary 5.3, conditions (1) and (2) of Theorem 5.1 are
necessary. By Theorem 4.3, it is necessary that P(Ai)Yi - YiAj =0

for i) = j, where A; is the submatrix of the Jordan normal form of

A consisting of the direct sum of the Jordan blocks corresponding to Ki'
Let Y be any of the Yi, and let the corresponding Ai and Aj be

Sl SH

C)Ai and @ AE respectively, where each Ai and A£ is a Jordan block.
k=1 L=1

Then by Lemma 4.1, the resulting partitions of Ai and Aj above are
the same. Let Y = (YkL) be the corresponding partition of Y. Then

P(A My = Y Ay =0

for Kk = 1,.0.,s' and £ = 1,...,s"'. Applying Lemma 4.5 to this equation

implies that for each Z = Ty = (zij) £0r i = Tyeansm and § = 15004,0

1") Z is upper triangular

" _ Pt s . »
2"y i ], P (k)zm-i+1,n-i+1 for i = 1,...,min(m,n)-1
t+1 _(3)
3 oz =Pz, o+ oz 2,
m-i,n-i+t m=-i+1,n-i+t+1 j=2 j! m-1+j,n-i+t+1

for i = 1,...,min(m,n)-1 and t = 1,...,min(m,n)-i-1. Thus, the final
column of each Z is arbitrary.

If there exists a tower for all solutions of (1.2), then it is
necessary that P(X) is a solution for all choices of the final columns
of the Y. . . 1In particular, assume that A{ and A; are the largest of

k4
the blocks Ai and Az respectively, and choose the final columns of the
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Y, to be zero for all (k,2) £ (1,1). Because of the relations (2")

and (3"), this choice results in Yo, = O for all (k,¢) # (1,1). Thus

o | O M) O

Y = and P(Y) =

O] O O O

Therefore, the problem of finding solutions P(Y) is contained
in the problem of finding solutions P(Y]]). However, this is the
case of Theorem 5.4, since A; and A{ are nonderogatory. Therefore, it
is necessary that P(k)(x) =0 for k =1,...,m())

¢

or | jg P'()) | =1 or ) is fixed by a and P'(A) =1 and

P(k)(K) =0 for k =2,...,m(\) or P(x) = ax where m(A) + 1 is the
maximum dimension of the Jordan blocks of A corresponding to A and

{ X_} is the set of all eigenvalues in the same cycle ' as A\ = Al 2
J

Consider the case of P'(A) =1 and A\ fixed by ¢ and not all
of the Jordan blocks of A corresponding to A having the same dimension.

Again, we may choose the final columns of Y, = to be (O,...,O)T for all

k4
(k,0) £ (1,1), (2,2), (1,2) or (2,1) where the dimension of Y,, is

assumed to be greater than the dimension of Y Then

22°
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TV11
% * * 0
Y1
I Y12
* *
0
0 0 o
11 Y12
Y21 Yoo
* ¥*
0 0
0 0
Yo1 Yop
0 0 0 0

where this is a new partition of Y obtained by partitioning Y11 into

four blocks with the second diagonal block having the same dimension

. . ] ? 3
as Yé2' Let the dimension of Yl] and Yé2 be n1 and n2 for this new
partition. Then

(¥, =¥

11

for i = l,...,n; and

K
()5 = ¥y * 2395

for i n{+1,...,n{+né, where f is a polynomial in Yip and Yo with
positive coefficients.
Since it is necessary that (Yk)ii = (Yk)i+1 147 fOT
b

- ] ] =
i=1,..0,n/4n), f(yle,yé]) = 0 for all y,,,Y,,+ However,



51

f(y12’y21) # 0 for all Yipr¥py if k > 1. Therefore, only P(x) = ax
preserves the diagonal. Therefore, conditions(1) and (2) are neces-
sary.

Conversely, as in Theorem 5.4, conditions (1) and (2) of
Theorem 5.1 are necessary and it is only necessary to check that the
transformation X - P(X) preserves the internal structure of each Y, .

k

If P(x) = ax then clearly towers exist for all solutions X. If

P(k)(l) =0 for k =1,...,m(A), then all blocks Y are of the form
4
o
Y
. "
where m' = m(A)+1. Sums and products of blocks of this type are again

of this type. Therefore towers exist for all solutions X. If
P'(A) =1 and P(k)(%) = 0 for k=2,...,m(A\) and N is fixed by «, then

all blocks Y are of the form

k
Yo
O .
i L

where m' = m(A)+1. Sums and products of blocks of this type are again

of this type. Therefore towers exist for all solutions X. If
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la’] PWZ (k)
[ 1 P'(\) ] =1 and P'"/(A) = O for k=2,...,m(N\) then all blocks
J=l

Y. are of the form

k
Fﬁ, m'-1 . m'-2 o =
PPN vy PN Ty ¥
t
PNy,
PPN ¥pe Yo
Yy

—

-

Since condition (2) of Theorem 5.1 is satisfied, the sums and
products of this type occuring in P(X) will be of this type. Therefore
towers exist for all solutions X.

For a polynomial P and a matrix A to satisfy Problem 1.4, it is
necessary that P and A satisfy the conditions of Theorem 5.1 but fail

to satisfy the necessary conditions of Theorem 5.4 and Theorem 5.5.
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Examples: Consider the following polynomials

P (x) = -
_ 13
Ib(x) = §(X - 3x)
P3(x) = %(-3::5 + 1050 - 15x)

Each of these polynomials acts as a permutation of 1 and
~1. Let A be any matrix with 1 and -1 as its only eigenvalues where
the Jordan structures for 1 and -1 are the same. Then each of the

polynomials above satisfies the conditions of Theorem 5.1.

P‘]'(l) = =3

P1 '("]) = =3

Therefore, P1 does not satisfy the necessary conditions of

Theorem 5.4 and Theorem 5.5.

B,'(1) =0
B,'(~1) = 0
B,"(1) = 3
B,"(-1) = -3

Therefore Eb does not satisfy the necessary conditions of

Theorem 5.4 and Theorem 5.5 if there is a Jordan block in A with

dimension greater than 2. In particular, P, does not satisfy Problem 1.k

2

if the dimension of A is less than or equal to 4.
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P3'(1) =0

P3'(-1) = 0
P3" (1) =0
P3" (-1) =0

3y =15

P31y =15

Therefore, P3 satisfies Problem 1.4 if there exists a Jordan
block in A of dimension greater than 3.

In general, if P is a polynomial of degree n then P(n)(k) £ O.
Thus, if P'(A) = O or 1 for some eigenvalue A of A and the dimension
of A is less than or equal to 2n, then P will not satisfy Problém 1.0

for A

% it+1
Theorem 5.6: Let Qt ={z a X

with t,4 ¢ T' and a; complex}. Let
i=0

S

4 )\ = i = 00 e °
Uy seeeshy ipeQ!al P(A;) he(zy o2 1=Ts ;5. et

= { : = :I = o0 .
Yoz,x1,...,>\s LB & 2006 Qrgy and P(A;) = 0 for i =1,...,s}. Let
& i . - .
QA yeeeyh {Pe Ya,k JUURIRY P has minimal degree, qola[} Then
1 s 1 S
ea’x1""’xs = {Pb + xP1Q0 + xQ1} where PO € ea,X],-..,Ks and

QO,Q1 € Qa,K1,.-.,XS and xP1 € Q|a|.

Proof: We drop the subscripts a,x],...,Xs for clarity. Pirst, it is
clear that 3 = {PO + xQ : PO € ® and Q € Y}. Therefore, it is sufficient

to show that ¥ = {P1QO + Q1 $ xP1 e  and QO’ Q] e 8},



o]

Let Q € ¥ with degree glal and Qp € - ILet R, =Qq -

- c x(q-qo)|a,QO where c

1 is the leading coefficient of Q. Then, R, is

1 1

is less than the degree of Q. Let R. =

in Y and the degree of R 5

1

(a-ay-1)lal
X

QO where c,, is the leading coefficient of R1 , then

24

3 bi|a|
a,x QO is of degree qolal , the minimal degree. Let

z b |af
Q’I=R{,' Thean e<I>anc1Q=i§1 a;x QO+Q1= 1Q0+Q1Wlth
xP] € Q. Thus Y:{P1Q0+Q1 s xP] € (0 and QO’Q1 e ¢}.
Conversely, if xP1 € QO and QO € ¢ then P1 Qo € Y. Furthermore,
if Q,l € & and Q2 € Y then Q,] + Qe e Y. Therefore, P1QO +Q € Y for

all xP, € Q and Q,Q, € 2. Thus ¥ = {P1Q0+ Q : xP €0 and QQ ¢ 8},
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