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ABSTRACT

The flow of a frictional, cohesive solid through plane conver -

ging channels with Coulomb friction acting along the channel walls is
investigated. The constitutive postulates used in the development of
the solution are discussed anci the solution is compared with those ob-
tained by earlier investigators., Velocity profiles, mass flow rates,

and mean stress distributions along the channel walls predicted by the

analysis are compared with experimental results. The solution cor-
rectly predicts the trend of the mass flow rate as a function of the
channel opening angle as well as the magnitude of the mass flow rate in
terms of the flow parameters. The solution also gives an accurate
measure of the mean stress acting along the channel walls,

The problem of predicting the size of the cavity formed below
a cylinder in the transverse flow of a frictional, cohesionless material
is investigated experimentally. A correlation which gives the lower
separation angle as a function of the flow parameters is determined.

Finally, the temperature distribution in the wake of a heated
cylinder in the transverse flow of a granular material is investigated
experimentally and spanwise temperature profiles are given as a
function of downstream location.

The information gained from the experimental investigation is
intended to be of use in the design of heat exchanger equipment for

granular media.
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CHAPTER I — INTRODUCTION

The general problefn to which this investigation is directed
concerns the flow of a frictional, cohesive solid through plane converg-
ing channels with Coulomb friction acting along the channel walls, Be-
cause of the large quantities of frictional, cohesive solids, such as
coal, ores, grains, sand, etc., transported each year, this problem
has received considerable theoretical and experimental attention in the
past.

éolutions have been presented [87, 92, 99]* for the flow of a
perfectiy plastic, non-frictional material but these solutions have only
limited applicability since the shear stresses acting along the walls
are assumed constant. A more useful solution for the flow of a fric-
tional, cohesive solid, obeying the Jenike -Shield yield condition [4],
was présented by Jenike [42]. The inertial terms in the equations of
motion were neglected, however, and as discussed in detail later, a
unique velocity field could not be found. Sullivan [95] derived an exact
solution for a frictional, cohesionless material, obeying the Jenike -
Shield yield condition, for the particular case of radial gravity and
frictionless channel walls, A unique velocity field was determined but

the corresponding mass flow rate was larger than that observed in

.

Numbers in brackets indicate References listed at the end of the paper.



practice as a result of the assumption of frictionless channel walls,

Chapter 2 deals specifically with the problem of the flow of a
frictional cohesive solid through converging channels, A brief descrip-
tion of the constitutive relations used in the development of the propos -
ed solution is given in Chapter 2, Section 1. The implications of as-
surning' that the flow of a frictional material is perfectly plastic are
discussed. The complete system of governing equations and appro-
priate boundary conditions for the problem are also given,

The solutions developed by Jenike [42] and Sullivan [95] are
discussed in Chapter 2, Section 2. An approximate solution to the
complete system of equations and boundary conditions is developed in
Chapter 2, Section 3. Mass flow rates and velocity profiles given by
the appl‘oximate solution for the flow Qf a frictional, cohesionless
material through plane converging channels with Coulomb friction
along the walls are compared with experimental results [14, 15, 95].
In addition to predicting the correct trend of the mass flow rate chan-
nel opening angle, the solution also gives a very accurate prediction of
the magnitude of the mass flow rate in terms of the flow parameters,
The mean stress acting along the channel walls given by the approxi-
mate solution is compared with experimental results [20, 38, 51].
Again the approximate solution gives an accurate prediction of the

trend and magnitude of the experimental data.



Chapters 3 and 4 deal specifically with problems related to the
design of a granular heat exchanger in a contact-dominated flow. Heat
transfer in a contact-dominated flow where the pore fluid is transported,
passively, along with the particles has wide industrial altpplication
where it is desired to heat, cool, or dry such materials, This prob-
lem differs greatly from the more familiar fluidized bed problem in
which the solid particles are suspended in the fluid, Only a few inves -
tigators in the past have considered heat transfer in contact-dominated
flows.

The principal studies include a theoretical and experimental
investigation by Brinn, et al, [105] of the heat transfer to granular
material flowing through long heated tubes, and experimental work
conducted by Kurochkin [107] and Donskov [106, 127] concerned with
the heat transfer from blunt bodies in the transverse flow of quartz
sand. Even though in each of these studies the characteristic length
associated with the heated solid surface was large compared to the
mean particle size, contradictory results as to the effect of particle
size were observed. Brinn, et al, [165] found that for purposes of
heat transfer the material could be treated as a one -component con -
tinuum independent of particle size, while Kurochkin [107] and
Donskov [106, 127] found that average heat transfer increased for de-

creasing particle size.



In a recent study by Sullivan [95], concerned with the heat trans -
fer from a flat plate in uniform flow, it was found that the influence of
a particle size is determined by the size of a single parameter which
may be interpreted physically as the ratio of the thermal boundary
layer thickness to mean particle size, For large values of this para-
meter, as in the case of a granular flow through a long heated tube,
the distance over which a non-negligible temperature changes may
occur is large compared to the particle size and hence the material
may be treated as a continuum. However, for granular flow over
heated blunt bodies this parameter is generallv not large and thus non-
negligible temperature changes masr occur over distances comparable
to the mean particle size.,

Qualitative observations of the flow around a cylinder have
.revealed that a stagnant region ahead of the cylinder and a cavity below
the cylinder are formed. Surface temperature measurements taken by
Kurochkin [107] for a heated cylinder show that substantially higher
temperatures are reached in the stagnant and cavity regions than in the
area of the cylinder that is ""washed! by the flowing material, Since
the stagnant and cavity regions affect the velocity distribution around
the cylinder as well as reduce the '"effective' heat transfer surface,

the average heat transfer from a cylinder must be a function of the

size of these regions.



It has been shown that for flow over a blunt body the size of the
stagnant and cavity regions may be greatly reduced by choosing a more
streamlined tube shape [107]. For example, for the flow of a granular
material over a double wedge, shown in Fig. 3.1.1, both the stagnant
and cavity regions are absent, However, the added difficulty and cost
in manufacturing non-circular heat exchanger tubes usually makes this
approach unattractive.

Chapter 3 deals specifically with the problem of predicting the
size of the cavity formed below a cylindrical section in transverse ﬂ'ow-
as a function of the flow parameters,

This information will be helpful in the design of granular heat
exchangers., Furthermore, any knowledge of the size and location of
the stagnant and cavity regions will be of importance for further
analytical studies on the velocity and temperature fields around a
cylinder,

An additional experimental study was undertaken to determine
the size and character of the wake of a heated cylinder as a function of
the flow parameters. A complete description of this study as well as

the experimental results is given in Chapter 4.
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CHAPTER II — GRAVITY FLOW OF A FRICTIONAL, COHESIVE SOLID

1, Constitutive Relations

The problem to be considered is that of the gravity flow of a
frictional cohesive solid through plane converging channels with
Coulomb friction acting along the channel walls. A principal part of the
problem concerns the particular constitutive postulates which relate
the stresses and strain rates., The purpose of this section is to discuss
the constitutive postulates for the continuous failure of a Coulomb solid
proposed by Jenike and Shield [4], and then to develop the necessary
system of equations that follow from these postulates for the above men-
tioned problem. In Section 2 of this Chapter two approximate solutions
which were obtained by earlier investigators for this particular system
of equations will be presented. In Section 3 a perturbation solution
which was obtained in the course of the present study will be developed.
The results are in good agreement with reported mass flow rates and
mean stress data for frictional materials.

The plane strain plastic flow of a non-work hardening isotropic
material in which the yield stress is indepeﬁdent of mean pressure is
described by the system of equations given by Hill [92]. The équations

of equilibrium, neglecting body forces for this discussion, are

8o, BT
e s o PR s [ in the x direction (2.1.1)
ox oy

and



o P

oT 90
E AN A in the y direction {e. L, 2)
ox oy .

where compressive stresses are taken as positive. The condition of
isotropy which requires the axes of principal stress and strain rate to

coincide is just

O =0 €, =€
X Y == y
T C €
xy Xy
2 _du o _0v. ¢ _l<@_ gy
where By = 5 €y =y €XY =5 ay+ 5 are the components of the

strain rate tensor given here in terms of the Eulerian velocity compo-
nents u and v in the +X and +ty directions, respectively. Ithasbeen
assumed that the material is rigid-plastic, i.e., a materialthatis rigid
below the yield point, sothatthe total strainrate is equal to the plastic
strain rate, The yield condition, for the case where the yield stress

does not depend on mean pressure, is
(___XZY> + 1% =Kk (2. 1. 4)

where

K = i for the Von Mises yield criterion and
A3
K = —-g— for the Tresca yield criterion and Y is

the yield stress in simple compression. The condition of zero volume

change is expressed by a continuity equation, namely,

o, 9% 5 . (2. 1. 5)

In principal stress space with the principal stresses Op 9 Oy
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(where 0,>0 >c73) along the three coordinate axesj< the yield condition

P
Eq. 2.1.4 describes a regular hexagonal prismfor the Trescayieldcrite-
rionand a right circular cylinder for the yield criterion of Von Mises. Both
the prism of Tresca and the cylinder of Von Mises are centered about the
hydrostatic axis 0= 0,=03. By the principle of normality the incre-
mental strain rate vector for plastic flow must be normal to the yield
surface. Hence it becomes obvious that for the above condition the
strain rate vector must be perpendicular to the hydrostatic axis and,
from isotropy, perpendicular to the axis él: ézz é3 so that plastic
flow involves zero volume change.

The above ideas developed for the flow of a perfectly plastic
material, that is, a non-work hardening material, may be extended toa

Coulomb solid by replacing the yield condition, Eq. 2.1.4, by a Mohr-

Coulomb relation, for example,

/OX—O 2 2 OX+0 \
\ 2 > +Txy =\ 2 /’smcpl—ccostpl (2.1.6)

where @, is the angle of internal friction and c¢ is the cohesion.
Drucker [98] suggested that the Coulomb condition could be interpreted
as either a generalization of the Tresca or Von Mises yield criteria in
three dimensions. Such generalization transforms the yield surface de-
scribed by the prism of Tresca into a regular hexagonal pyramid or the cyl-

inder of Von Mises into a cone both centered along the hydrostatic axis with

“Since the material is assumed isotropic the principal axes of stress
and strain rate coincide so that the axes of principal strain rate €., €
and €, may be superimposed, for the purpose of discussion, along %he ;

O3 025 03 axes.



vertex at Ol= 02: 03: -C cothl.

The material is assumed to be isotropic so that in the principal
stress diagram the axes of principal strain rate may still be taken to
lie along the axes of principal stress. The principle of normality, re-
quiring the incremental plastic strain rate vector to be perpendicular to
the yield surface, still applies. It is seen that now however theincre-
mental strain rate vector is no longer perpendicular to the hydrostatic
axis and hence no longer pei‘pendicular to the axis él: éZ: 53. There-
fore, plastic flow must be accompanied by continuous volume change.

Since continuous dilation during plastic straining of a Coulomb
solid is not observed in practice, the treatment of a Coulomb solid as a
perfectly plastic material satisfying a generalized Tresca or Von Mises
criterion does not seem adequate. As a possible means of rectifying
the problem of continuous volume change, Drucker, Henkel, and
Gibson [3] suggested the treatment of a Coulomb solid as a work-hard-
.ening material.

Drucker, Henkel, and Gibson [3] made the following physical

observations. First, for a drained-triaxial test of a fully saturated

- clay, yielding occurs for a stress state on the hydrostatic axis. This
suggests that the generalization of either the Tresca or Von Mises
criteria for a non-work hardening material, which would extend with-
out bound along the hydrostatic axis, to describe the yielding of a
Coulomb material is perhaps inaccurate. Second, for a material
loaded to point A, on the pressure-volume change curve in Fig. 2.1.1,
and then unloaded to point R, reloading, to first order will follow the

unloading path back to point A and then continue along the initial
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pressure-volume change curve. This too suggests a work-hardening
type behavior.

Considering [3], but extending the interpretation to three dimen-
sions, the Coulomb condition may be interpreted as a generalization of
the Tresca or Von Mises criterion in three dimensions but "cut-off"! at
some point along the hydrostatic axis, by as yet an unspecified surface,*
so that the instantaneous yield surface is described by either a pyramid or
cone, respectively, but of finite size. An increase in mean stress will
result in an expansion of the yield surface about, and along, the hydro-
static axis.

The vertex of the yield surface will lie along the hydrostatic
axis at the point 0;= 02: 03: =C cotcpl. Since the cohesion, c¢, is a
function of mean pressure, the above expansion will result in a motion
of the vertex of the yield surface along the hydrostatic axis in the ten-
sion direction.

From the theory of plasticity, the plastic strain increment vec-
tor is normal to the yield surface at a smooth point, i.e., a regular
point, and within the directions of adjacent normals at a corner, i.e.,
a singular point. Thus, if the point on the yield surface describing the
stress state at failure is located on the end cap of the yield surface,
plastic flow could be accompanied by a decrease, increase, or no

change in volume depending on the direction of the strain increment

“From the theory of plasticity, the fundamental definition of work hard-
ening and perfect plasticity lead to the requirement that all yield sur-
faces must be convex, Hence, while the yield surface used to "cut-off"
the prism of Tresca of the cone of Von Mises is unspecified, it must be
convex,
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vector relative to the hydrostatic axis.

Shield [5] presents an alternate interpretation for the shape of
the yield surface, as opposed to the pyramid of Tresca or the cone of
Von Mises, describing the Coulomb condition in three dimensions.
Shield describes the yield surface asa right irregular hexagonal pyra-
mid centered about the hydrostatic axis, again with the vertex of the yield
surface located on the hydrostatic axis at 0,=0,= Oy=-c cotCPI.

Jenike and Shield [4] adopt the work hardening postulate of
Drucker, et al, [3], however, the yield surface is taken to be the pyr-
amid of Shield [5] closed off with a base defined by the plane

as shown in Fig. 2.1. 2,

1
O = §(01+ 02+ 03)

Yielding can only occur for a stress point on the yield surface.
For a point, D, on the pyramid base (Fig. 2. 1.3), the strain rate
vector, from the principle of normality, is perpendicular to the base
resulting in an expansion of the yield pyramid giving an increase in
mean stress and a decrease in volume. ¥ Jenike refers to this process
as consolidation. Since cohesion, c¢, is a function of mean stress, the
expansion of the pyramid also involves a motion of the pyramid vertex
along the hydrostatic axis in the tension direction. At a point, F, on
the pyramid face, the strain rate vector, again normal to the surface,
represents a shrinking of the yield pyramid accompanied by a decrease
in mean stress and an increase in volume. Jenike refers to this pro-
cess as expansion. For a point, E, a unique direction for strain rate

vector is not defined but from the theory of plasticity the vector must

“For a fixed mass, a volume decrease represents merely an increase
in bulk density.
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lie between adjacent normals to the pyramid face and pyramid base.
Depending on the particular orientation of the strain rate vector for a
stress state at, E, yielding may be accompanied by an increase, de-
crease or no change in volume.

Again following Jenike and Shield [4], the open pyramid in two

dimensions is represented by the Coulomb yield. conditidn, namely,

1 1 \/GX—OY ?
ik - to, =0 .
2(0x+oy) ¥ sin®,’ ( . ) i TXY ¢ ot e Lo T2

If it is assumed that the cohesion term may be written

c cot®, = a(0+0

1 O)

where "a and 9, are material constants, then the open pyramid may

be closed off by writing

2
1 1 /"X”Oy> 2 .
+_2.(ox+oy) + sincPl ( > + TXY _a(0+00) = (2. 1. 8)
and
o 0
( = ) ~Q

where the inequality provides for the closing base of the pyramid.
The yield surface in (0, T) coordinates and the corresponding
Mohr diagram are given in Fig. 2.1.4. The line A-E corresponds to

the faces of the pyramid, and the Mohr circle through the point E to
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the edge of the base of the pyramid. The angle between the T axis and
the vector, _é, is P, Jenike and Shield [4] determine expressions for
upper and lower bounds for N depending on whether the flow involves
expansion or consolidation, respectively. The above expressions for
the upper and lower bounds involve material properties relating to the
variation of density with mean pressure. These properties were mea-
sured by Jenike, Elsey, and Woolley [30] to give the following bounds on
cpv, namely,

-2°14'<®V<2°4'
for plane strain. Therefore, it seems justified to assume that cpv'VO
so that the continuous fajlure of a Coulomb solid involves no volume
change. This condition may be expressed by an equation of continuity,
namely,

€t €,=

g . (2.1.9)
It is seen that the velocity field characteristics are located at

+(w/2)/2 from the axis of major principal strain rate, and since the

material is isotropic, =#(w/2)/2 from the axis of major principal stress,
During the expansion stage of flow, the stresses are continuously

at one of the points E, and the stresses are represented by a Mohr

circle through points E. Substituting the following expressions

sin ©® = (1+a)sinCp1

aGO
C coty = m

into the yield condition given by Eq. 2.1, 8, the effective yield condition
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is obtained,

2
1 /Ox-oy 2
"°+sincp< 2 >+Txy‘ccow:°

where @ is the effective angle of friction. Following Jenike [42] the

material constant 0, may be taken equal to zero so that the above

yield condition reduces to

2

It should be noted that the effective friction angle ¢ coincides with the
material internal friction angle, ¥;, for a cohesionless material.

It is seen that the characteristics associated with the stress
field are located at i'\l/Z\;-(Tr/ZJ,O) to the direction of major principal
stress.

Thus the constitutive postulates proposed for the continuous
failure of a frictional cohesive solid due to Jenike and Shield [4] and
expressed in cylindrical coordinates as used in the present analysis
may be summarized as follows. The condition of zero volume change

is expressed by a continuity equation

0
0

E

nd
Ir

Rle

(2.1.11)

S1g
-+
D)

where it has been assumed that the material is rigid-plastic so that the
plastic strain rates are equal to the total strain rates. Since the mate-
rial is isotropic the axes of principal stress and strain rate coincide

which may be expressed by the equation of isotropy,



r°g Or roh T
Trg A9v_ v, 10w ° (2.1.12)
281‘ r T e

Finally, the yield condition is given by the effective yield condition de-

rived earlier, namely,

2
0 -0 0 +0
& e) 2 _{x e> ‘
«/< > + Tre = ( > sin® (2.1,13)

where @ is the effective friction angle.

The equations of motion for the geometry of Fig. 2.3.1 given by

Sullivan [95] are

oo oT 2
r 1 r6, 1 3 ou,vou v
5 T ot (G0g) + pgcosd = p(agieigg-T) @119
aT 00
rf .1 "6 2 . _ (8v+38v uv>
5r Tz 80 Tx 'rp - PESING = -P\8e-ToeEt T (2.1.15)

in the r and © dire.ctions, respectively. The density p is the bulk
density of the material, g is the acceleration of gravity acting verti-
cally, and u and v are the velocities in the r and 6 directions,
respectively.

The system of equations given by 2.1.11, 2,1.12, 2.1.13, 2,1.14,
and 2. 1.15 together with the appropriate boundary conditions properly
define the problem for the determination of the three component stresses
g 06’ and T o and the two velocities u and v,

2. Solutions based on the Jenike-Shield Yield Criteria

In this section two approximate solutions to the system of equa-

tions developed in Chapter II, Section 1 will be presented. The flow
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material is assumed to be a rigid-plastic, frictional solid obeying the
Jenike-~Shield yield condition [4]. The material is permitted to exhibit
finite cohesion but non-steady state flow effects such asdoming, arching,
and piping are not permitted. Solutions are developed for steady grav-
ity flow of these frictional materials. In general the bulk density is a
function of mean pressure but in the present analysis it will be assumed
constant.

The channel configuration is given in Fig. 2.3.1. For the anal-
ysis performed by Jenike the channel is not necessarily symmetric so
that the channel walls are in general located at +lev and -Giv with
lei/l not necessarily equal to !e\ZNI Also for the Jenike solution the
problem is treated as an "'initial value' problem and the boundary con-
ditions at the upper and lower surfaces are not considered.

A. Jenike Solution

The solution aeveloped by Jenike [42] will be briefly outlined. FA
discussion of the assumptions made in the development and their signif-
icance will follow.

The system of equations for the gravity flow of a frictional, co-
hesive solid through plane channels that was developed in Chapter II,

Section 1 is given below

tle) oT 2

# . L v8 ] N du,vou v )
5r TT 88 T ¥ (OpTg) T PEcosd = -pPlugrtagy-r /) 2. 1)
9.0 , 1 808 2 o, v OX , uv (2.2.2)

5t T r 80 Tt 're - Pesind = -pRugrtoggtT
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The bulk density has been assumed to be constant, independent of mean
pressure and @ represents the ""effective'' friction angle to take into
account the presence of cohesion.

Jenike assumes that the inertial terms in the r and 6 equa-
tions of motion, Eqgs. 2.2.1 and 2. 2.2 respectively, are negligible com-
pared to the stress terms so that these equations may be replaced with
the equations of equilibrium. With this assumption the problem for the
determination of the stress and velocity fields is separated, in that the
stress field may be determined independently of the velocity field. The
equations of equilibrium together with the Jenike-Shield yield condition,
Eq.. 2.2.3, and appropriate stress boundary conditions are sufficient
for the determination of the stress field.

The equation of isotropy, Eq. 2.2.4, serves to relate the de-
rived stress field and the unknown velocity field. Isotropy together
with the condition of incompressibility expressed by the equation of
con’ciﬁuity, Eq. 2.2.5, provide a sufficient set of equations for the de-
termination of the velocity field. However, since the equation of iso-
tropy is homogeneous in both the velocities and the stresses, the stress

field will determine the velocity field only to within a multiplicative
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constant. That is, the constitutive relations do not enfcrce uniqueness
of the velocity field.

Following Sokolovski [87], the three component stresses are re-
placed by a mean stress, 0, and a stress angle, V¥, through the set of
relations

o, = o(l + sin®cos2V)

Og = o(l - sin®Pcos2V) (2.2, 6)

T.g = O0sin®sin2 Y

This system satisfies the Jenike-Shield yield condition identically. Sub-
stitu.ting these relations into the equations of equilibrium, the problem
for the determination of the stress field reduces to a set of two hyper-
bolic partial differential equations for the mean stress O and the stress
angle V.
Again following Sokolovski [87] the mean stress is assumed to

vary linearly with r, so that 0 may be written

0 =vyrs(0)
where Y is the bulk specific weight and s(8) a function to describe the
® dependence of the mean stress. The stress angle, V¥, is assumed to
be independent of r, thatis,

b= ¥(8).
With these assumptions, the equations of equilibrium reduce to a set of
ordinary, non-linear differential equations for the determination of
s(0) and VUy(B). The stress fields defined by these equations are re-
ferred to as radial stress fields by Jenike [42]. These equations may

be solved (algebraically) for the derivatives of s and ¥ to give
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(o9

=F(6,¥,s) = -1-[ms sin®(1+sin®)(cotbsin2V+cos2y-1)

&)

+ cos® - sin®Pcos(8+2V) + s cosZC,D]/[Zs sin®(cos2V-sin®)]

d (2.2.7)
35 =G(6, ¥, s) =

s sin2{ + sin(6+2V) + ms sin®[coth (1+cos2y) - sin2V]
coslV¥ - sin®

where m =0 for plane strain, Integrating these equations with re-

spect to 6 gives

S
Vo) = ¥(8") + | Fit, ¥(1), s(tat
and o

B
s(8) =s(8°) + | G(t, y(t), s(t)dt
Q_’eo

where 0° is the initial ray.

As discussed earlier the equilibrium equations are two hyperbolic
partial differential equations in r and § for the two stress functions
o and . For a real channel, boundary conditions exist for the stress
functions at the entrance and exit planes of the channel. However, in
this approach the problem is actually treated as an initial value type

o

problem with initial values specified along the ray g = g° without
considering boundary conditions at the upper and lower surfaces,

The material is assumed to satisfy a Coulomb condition along

the walls, namely

Trg _ 1 1
-—C-T-—e— 6_61 = - tang along g = 6, and
w (2.2.8)
Trg -4t 2 2
S 5 =t tans along 6 = 0y
0 1076,
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The set of Egs. 2.2.7 cannot be solved in closed form for { and s

and then the above wall conditions Eq. 2.2.8 applied. Therefore, itis
necessary for the equations for ¥ and s to be integrated numerically
for a particular set of initial conditions and the corresponding values of
the solution at the walls determined. The process is continued until the
correct initial set is found to give the desired Coulomb condition along
the walls. The solution procedure is analogous to knowing the magni-
tude of the solution to a differential equation at some time t = tO and
then choosing different initial values for the solution at time t =0 un-

t. is

til the particular initial value that gives the correct value at t 0

found.

Plots of ¥(0) and s(8) versus 0 are given by Jenike [45] for a
variety of initial conditions. A complete set of these plots is given in
references [20] and [22].

If it is assumed that the velocity field is of the form

YT (2.2.9)

that is, that the velocity field is radial, then the equation of continuityis
satisfied identically. " Substitution of the above radial velocity field into

the equation of isotropy gives

Vo= 9(6).

Hence, radial velocity fields and radial stress fields are '"compatible, "

Since V¥ = {(0) is determined from the solution to the stress

' £{6)

“For u =—- the equation of continuity gives V = v(r). However,
since V miust vanish at the walls, the solution must be V =0



%

problem, the equation of isotropy actually gives an ordinary differential

equation for the determination of f(8). From Jenike [42],
f(0) = A exp[-(Z+m)Jtan 2V (0)de] {2.2.10)

where m =0 for plane strain and U(0) is given by the solution to the
stress problem.
By considering the partial differential equations of equilibrium in

terms of 0 and VU itis seen that the choice of

0 =vrs(0) and

¥ o= 9(6)

reduces the equations to ordinary differential equations for 0 and v,
The above scheme works because when the inertial terms are neglected
all remaining terms that contain 0 involve division by r or differen-
tiation with respect to r, and the only term not containing O, the body
force term, is independent of r.

For the problem of the flow of a Newtonian fluid through conver-
ging channels a similar reduction is possible. A body force term is not

‘present, and it is seen that for the pressure of the form

_ s(9)
P==3
o
and the radial velocity of the form
L)
r

the partial differential equations of motion reduce to ordinary
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differential equations for s(8) and £(8).

In the Jenike analysis the inertial terms in the equation of motion
are neglected. However, at the exit plane the radial velocity with a -i—
dependence must be at its maximum and for ''reasonable' flow rates,

hardly negligible. With a radial velocity of the form gl?el, the inertial
2

terms in r equation of motion must be of the form 1 (36) which is not
]

compatible with the assumed radial stress field. Therefore, for non-

negligible inertial terms associated with a radial velocity field, a stress
term of the form

similar to the form of the mean

~ 5(8)
O~z
T
pressure in the Newtonian problem, is required to balance the inertial

terms.

The Jenike solution, because of the linear variation of mean
stress with polsition r, cannot be extended upward to a traction free
boundary, But as discussed above, the solution is vaiid neaf the exit

plane only for the case of "small" flow rates and the predicted veloc-

ot
b

ities are not unique. Thus, while the Jenike solution does represent a
major step in the understanding of the gravity flow of frictional mate-

rials the solution has seriousdrawbacks.. Alternative solutions retaining
the inertial terms will now be discussed.

B. Sullivan Solution

An alternate approximate solution to the system of equation de -

veloped in Chapter II, Section 1 was proposed by Sullivan [95]. The

“The flow rate must be small enough that the inertial terms in the
equations of motion are negligible.
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material was assumed to obey the Jenike-Shield yield condition. The
material was also assumed to be cohesionless so that the effective an-
gle of friction in the Jenike-Shield yield condition is just the internal
friction angle. Bulk density was takenas constantat the value of the
material density at the critical void ratio.

The geometry of the channel is given in Fig. 2,3.1. The chan-
nel is symmetric with straight walls at +9W and ~6W. In general, the
material will satisfy a Coulomb condition along the walls, namely

T
rb
o

= ~tan?.
9l0- ow

However the analysisdescribed below will be valid only for the case of fric-
tionless channel walls where § =0. The entrance and exitplanesatr =R and
r =ry are assumed to be traction free surfaces with Yo =g =0, 8 0.
It is also assumed that the channel walls are ""sufficiently steep" that
the body force acts in a purely radial direction. The resultant solution
is referred to by Sullivan as the radial body force solution.

Following Sokolovski [87], the component stresses are expressed
in terms of a mean stress O and a str.ess angle V¥ through the follow-
ing relations

Tre = 0 sin®sin2

O]

8 o(l-sin®cos2V)

o)
r

o(l+sint®os2V)

These relations satisfy the yield condition identically so that the system

of Egs. 2.2.1 to 2,2, 5 reduce to a set of four partial differential
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equations for the stress functions 0 and ¥ and the radial and tangen-
tial velocities u and wv.
A solution of the following form, valid for the case of steep,

frictionless walls, is assumed.

o = S(r)
y =1
(2.2,11)
u = u(r)
W = O 5
From continuity it is seen that u(r) must be of the form
e Y
u(r) = L (2.2.12)

where u is the constant, and as yet undetermined, exit velocity. The
isotropy equation and the € equation of motion reduce to identities.
The r equation of motion reduces to the following ordinary differen-

tial equation for the determination of the mean stress S(r),

— 2
.0
S.E(l—s'mc.o) —%S sin® + Pg =PL—O——)——

dr 3
T

(2.2.13)

with the homogenous scolution

2sing
SH g 1-since

where , is an arbitrary constant, and a particular solution

“With the assumption that ¥ 25, the r - § axes become principal
axes and thus T.g = 0. Thus this solution represents the case where
the shear is identically zero along the walls,
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2

P - i

o plu (rO\
P ~ 3sin®-1 2

" 1
i) for sin® ;é§

and

T 2—-2
_3 0\ u ; 21
SP —Epgrlog r-p<—;> > for sin® =3

Considering the case where sin® # %, the expression for the

mean stress becomes

2sin® > 2
) ) T-5in® pgr u <r0> 5 5
Gir] =5 8, =oyT N 7 el ol - N CHE

Applying the homogenous stress boundary condition at the upper surface

r = R determines the constant c; so that S(r) may be written

3sin®-1 > 2
- - 1-sin® EZ Ty 2 1-sin®
5(r) = 35imp-1 |1R) P (T) 1-(g) 5

(2.2.15)
applying the homogenous stress boundary condition at the lower surface

r = r, determines a unique value of the exit velocity u, namely,

0
3sin®-1
- l—sintp
o 2 1‘<—0>
u R
rog "~ 3sin®-1 2 (2.2. 16)
" 1-sin®
)
L“(’R‘

. 1 : P
For the particular case where sin® = the exitvelocity becomes

Ry
o2 _3 log<r0>

ryg . <ro>3
“\R

(2.2.17)
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The dimensionless exit velocity é—(-) , 1is plotted versus dimen-
sionless head, I% , in Fig., 2.2.1 for various values of internal fric-
tion angle ¢. For singp> -?1? the exit velocity becomes independent
of head for large }B(; , the limiting value being given by

grzo = 3sir21cp—1 for singp> —;— and r—l:; large . (2. 2.18)
for sing < -% the exit velocity continuously increases with increasing

head analogous to fluid-like behavior. For ¢ — 0, the exit velocity

becomes

= 5 (2« 2. 19)

the resultidentical with that given by Bernoulli equation for a perfect fluid.
For the limiting case where sing > % and —r% is large and
with the dimensionless exit velocity given by Eg. 2. 2. 18 above, exit
velocity is plotted versus opening angle for ¢ = 35° in Fig. 2.2. 2*.
Also shown is flow rate data collected by Sullivan [95]. It is seen that
the radial body force solution predicts the correct trend in the data in
r egard to the dependence of dimensionless exit velocity on opening
angle. However, the magnitude of the predicted flow rate for a given
value of opening angle B is substantially above the experimental data.

The radial body force solution could be considered an exact so-

lution for the case of radial gravity and frictionless walls. The assumption

“The dimensionless exit velocity in Fig, 2.2.2 is based on the chan-
nel opening at the exit, D, which may be expressed in terms of the
exit radius ro as ’
: D = 2r tan g
0 W
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that the llJ"—T-zT— makes the r - O axes principal axes and TrG =0. Thus,
this solution represents the case where the shear stress is identically
zero along the walls. The fact that the predicted flow rate is greater
than that experienced in real channels is perhaps due to the retardation
of the flow in real channels by the Coulomb shear stress acting along
the walls.

The Sullivan solution does represent a significant advancement
from the work of Jenike in that (1) it does determine a unique velocity
field coupled with the stress field, (2) the mean stress includes terms
associated with body and inertial forces, and (3) the solution does satis-
fy boundary conditions at the entrance and exit to the channel. The ad-
dition of the Coulomb condition along the wall to account for wall shear
and the addition of non-radial gravity would represent a significant ad-
vancement beyond the Sullivan solution.

3. Perturbation Solution

A. Complete Solution — Variable Wall Friction Angle

An approximate solution, developed in the course of the present
investigation, for the gravity flow of a frictional, cohesive solid through
plane converging channels will now be presented. The system of equa-

tions developed in Section 1, along with a brief description, is given

below.

o0 oT 2

1 1 r0 1 ( ou  vou v >

=1 s - B = -

5z TT 50 T r(0 g T PecosY = Plugrtogs T W, L
oT 00

rB 1 8 2 ov v8v uv)

) il - B = .
or T r 90 T rTre Pgsin p&u 89+ (2.3.2)



- 28 -

2
158ty -

O -0 @._l_a___}i

r 0 _ Or rof r 23 4

T L(ov_v, 1ou (&34
2\or T rob

ou ,u, 1l ov _

FotltoX=0 . (2. 3. 5)

Equations 2. 3.1 and 2. 3.2 are the r direction and 6 direction equa-
tions of motion, respectively. Equation 2. 3.3 is the assumed Jenike-
Shield yield condition, where ® is the effective angle of friction. For a
cohesionless material the effective angle of friction proposed by Jenike
and Shield [4] is equal to the internal friction angle defined in Appendix B.

The material is assumed to be isotropic such that the directions
of principal stress and strain rate coincide. The assumption is ex-
pressed by the isotropy condition, Eq. 2. 3. 4.

Using the work-hardening model for a Coulomb solid proposed
by Jenike and Shield [4] and discussed in Section 1 of this chapter, con-
tinuous failure is permitted with negligible volume change. This condi-
tion is expressed by the equation of continuity Eq. 2. 3. 5.

The channel configuration and boundary conditions are given in
Fig. 2.3.1. The channel centerline is along the § =0 line with the walls
located at :EBW. Traction-free surfaces exist at r = R, the upper sur-
face, and r = Ty the lower surface. Along the walls the tangential

and normal stresses are related by the Coulomb condition
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= (-tan &) f (r)

8 =28
\'4

where 8 is the wall friction angle. A function f(r) is included for gen-
erality so that the friction condition may vary as a function of position
along the wall, The significance of variable wall friction angle will be
discussed in detail later.

The solution proposed by Sullivan [95] and discussed in detail in
Section 2 was of the following form

o =0(r), ¥ :12T—, u:%, v=0

The condition that \IJ">-TZF- makes the r - 0 directions principal direc-

tions, and thus along any ray (the walls of the channel for instance) the
shear stress must be identically zero. The Sullivan solution could be
considered an '"exact! solution for the case of radial gravity and fric-
tionless walls. A perturbation to Sullivan's solution is given in
Appendix A. A perturbation approach in which the solution to the zeroth
order equation is a solution to the complete system of equations only to
order, €, where € is the perturbation parameter will be taken here,

Following Sokolovski [87], the thi*ee component stresses are re-
placed by a mean stress, 0, and a stress angle, ¥, through the
relations

T_ 5 = 0 sin®sin2¥, Og = o(l-sin®cos2V), 0. = o(l+sin®cos2V) . (2.3.6)

r0
The system Eq. 2. 3.6 satisfies the Jenike-Shield yield condition,

Eq. 2.3.4, identically. The meaningofthe functions 0 and ¥ is best
seen from a Mohr diagram, Fig. 2.3.2. The Mohr Envelope isinclined at

anangle of &P to the 0 axis. The Mohr Circle for amaterialatyieldis
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tangent to the Mohr Envelope. The mean stress, 0, givesthe locationof
the center of the Mohr Circle and the stress angle ¥ givesthe location of the
particular stress state, in r-6 coordinates, relative to the principal axes.
For V-n/2, Ge-’Ol, Or'*Oz and the r-0 axes become principal axes,.
An expansion of the system variables 0, V{, u, v of the follow-

ing form is assumed.
s R UO(r) g ﬁll(e)ul + [312(61)112 .

v~0 +ﬁ321(€)vl +522(€)V2 + 3 (2.3.7)

b~ 3t By (E)Y) + B3 ()Y, +.

G~ 0yt Pyi(e)o) + Byp(€)oy +.

In the analysis performed by Sullivan [95] for the case of steep

frictionless channel walls, the stress angle | is constant at the value

IZE_ Intuitively, for small deviations from this idealized case it seems

reasonable that the perturbation in the value of the stress angle from

I should be small. For this reasonthe coefficient ﬁi‘j is assigned the

&
value €. The size of the coefficients ﬁij may then be determined in
terms of € by substituting the relations given in Eq. 2.3.7 into the

complete system of partial differential equations. It will be shown by

direct substitution that the values of the coefficients that result from

this prodecure are just

3 4

2 ' 2 4 3
Prive s Payme™s Byyme, Byy~er, Brpve, BypeT, Byye

h .
where st and Ty 1is taken as the reference length to be used in

0
reducing the system of equations to dimensionless form. The half
r,©
channel opening, h, is of order r.0 so that 2.0 LN

0w ro rO w
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The radial velocity is just
2 4
uNUO(r) + e u1+ €u,.
Choose as a reference velocity, U%*, the average zeroth order exit

velocity (the material velocity at the channel exit plane). The dimen-

sionless radial velocity then becomes

U.lr) u u
u 0 2 "1 472
RN VE I Ve VA

which may also be written

U u u
~ =9 Q+e;—l+e4—3+.‘ )

U
U*  U* P

In the discussion that follows, a function enclosed in double brackets
will be taken to indicate the order of magnitude of that function and a

bar over a function will be taken to indicate the dimensionless form of

g g B 2
that function. Now {{—J—}} =1 so that {{€ H—}} = ¢ <x1. The dimension-
0 0

less radial velocity, T, may be written

- e B -
u:UO—re u1+€ u2+... (2. 3. 8)

In a similar fashion the dimensionless circumferential velocity, v,

becomes

— B o -
v=0+¢ vy + [.’)22(5:)*\72 (2.3.9)

where ﬁzz(e) has not yet been determined.

IS

The stress angle, |, is given in Eq. 2.3.7. Chogse, , as

the reference value of { so that the dimensionless | may be written
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W:1+eT,’Jl+

where {{Wl}}: 1 and {{e'ﬂl}} = e,

The second stress function,

is also given in Eq. 2.3.7.

e3’vrz b (2.3.10)

0, which is just the mean stress,

Choose pgro, where P is the bulk densi-

ty, g the local acceleration of gravity, and Ty the reference length

described earlier, as the reference stress, so that the dimensionless

mean stress may be written

U:GO 1

(2.3.11)

In summary, the dimensionless form of the proposed perturbation solu-

tion is just

s Diss 4=
u:UO(r)+€u1+€u2+.
vE0+EV, + e)v, +
¥ = vy T Bapl€ivy +.
- i T {2, 5. 12)
- I
W_1+evl+e v, +.
- 2— 4—
O':O'0+€ Ol-l-e Oz—l-,

Let T

0 w

_r_r_ and © = _68_ so that the equation of continuity, Eq. 2.3.5

given earlier, may be written in dimensionless form as

(2.3.13)

Substitute for u and v from Eq. 2.3.12 into Eq. 2.3.13 to obtain
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dU, U ou u ou
P i T W | P
dr T or r r 0§

Thus, the zeroth order and 62 order equations of continuity are

dUO UO
zeroth order I o= = 0
dr r
(2.3.14)
ou u 0
and 62 order _{-!———_:l-Jr_l_———_:l—:O
or b r 29

respectively. Higher order equations may be obtained in a similar
fashion but for the present analysis the perturbation will only be carried
out to order €2.

The equation of isotropy as given in Eq. 2.3.4 is

1 ov u

Gr"ce_ 9r r 06 " T
o L (3.3, Loy
0 > \r-TTT9e

Using the expressions for O_, %% and .9 Ea 2.3.6, the LHS of the

above equation becomes independent of the mean stress.

2
tan(2V)’

With an additional substitution from continuity, Eq. 2. 3.5, the equa-

tion of isotropy reduces to

ou

“ox - (2.3.15)
o v, 100 ° tan@]) -
0r r r 99

Writing the isotropy equation in dimensionless form and substituting for

u, ;, T in terms of the perturbation variables, Eq. 2.3. 15 becomes



ov v ou ov v du
F(L- Dk L, 2 L)
or r r 06 or T r 06
dUu du ou
= __0 + €2 — 64 _2 + 0(e)\"® 2w<€Wl + <-:3W2 + 0(65)>
dr or or

Equating terms with like powers of €, the zeroth order, el and e3

order equations of isotropy are obtained

zeroth order 0 =0

9 dUu
€:l order %—_l— - er—‘ill _O =1 (2.3.16)
r 86 dr
ov, v ou. dU ou
€3order ——_:]1-—:—}—+é __2—21r __0_111_2+—1;r’-1 _1=O
or T r 00 dr or

The stresses O'r, Ge and Tre may be written in terms of the
perturbation variables by substituting for 0 and ¥ in the Sokolovski

relations Eq. 2.3.6. Thus,

N N : - 3-

0. = (oo+e o, te 0,)(1 - smCPcos(n'el]!l +me 1112))

EG = (—50 +€261 +€452)(1 + sinﬂpcos(newl +Tr€3—‘,rfz)) (4. 3. 17)
T a=-(0 +e26 +e45 ) sintsin (we¥ +ne3i‘7 )

ré ~ 0 1 2 1 2

with terms of order 65 for U and 66 for 0 suppressed. ”

>ﬁNo’ce: Use has been made of the following trigonometric identities
cos (m+6) = - cosb
and sin (r+6) = - sinf® so that
cos (2¥) = cos (2m+2¢e¥, +2€3\l!2+ )= - cos (2e¥ +2€3l];2+ e o e

sin (21) = sin (2w +2e¥, +2€7Y,++ +*) = - sin (2€¥, +2e74, 40 o)
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Writing the 8-equation of motion, Eq. 2. 3.2,indimensionless form and
substituting forthe dimensicnless stresses the above expressions, the

B equation of motion becomes

. 80 _ 8@1 1851
- -{———— (I +sint® }+ e{ .' —Trsincpoo—_+:-:(l+sintp)
¥ 00 9r r 08
CAE:] G 90, 2
-7 smcp———llJl——_———ZTrsulcp 0 1_6~<1+521n6.0> —(—)“”l +
T 90 T 00
90 90 .o av 90 .
63{~1rsinq)< __O @—2+ _1 ﬁ—l )-TI' sincp(c_f_o——j_z— +—51——:1->+é—__2— (1 +sinCP)
or 9 or or r 96
G of, _ oV G, oy P v 3
- sme(——— q—fl E +u2 _} ]+—_——llll——:l->—21rs1ncp( : + ll>+-(l;-63+
26 L) r 00 T T

[—Trz(l +sinCp)?—_C—i—LE1~\§Z - >
206

ov., U.v. ;
+[o —L 401 F}+0(e5):o

08r T

where Fr is the Froude number defined as F = Before se-

Usk
NET(
parating the 6 equation of motion into equations of increasing order in

€ , the r equation of motion will be considered. Following the same

procedure outlined above for the 0 equation of motion, the r equation

** Both sine and cosine of the perturbation variables have been expanded in

1 & . .
a Taylor's se3r1es about the orlglné Thus, (26!'!1 +2€311I2 4o .)3
1 B e 8 o) — - I s o o _ : e o o
51n(2€¢;1+2€ byt ) Ze\!,rl t2e y,+ 5 3
3 (2el +2€3\312+ v °)2
COS(2€¢1+2€ \lIZ“’“ . °):]_.- 21 +v o-+
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becomes
€ — (1 - sin®) -wsin®P——— - ZSlnCP-—— +1+F U =i —'rrs1nCP"—'"——}+
or r 96 = e 59 7.

° o) 90, a7
62{—_-1— (1 - sin®) +w251ncp_60'\{1_1 - 'lTSlnCPl _Wl_ STCP . —1
ax 81‘ i o 89 T 00

20 2 ou, _ dU 57

T 5 ing = °'2

- SinCp"EZ_JFFZ(UO j+u1 -O>"“Sl_ncp e

- IR dr r 98

. . 90
+[———~—“SZ“'D s Wi’]} =0
96

Consider the Coulomb friction condition along the walls

'rre
fo¢)

(2.3.18)

= (- tanb) £(r)
B =9

w

where 8 is the wall friction angle and f(r) is a prescribed function of

r. Substituting the expressions for T g and Og in terms of 0 and V¥

in Eq. 2. 3. 18 the wall condition becomes

+ sinCPé:voASZIII ~
1 - sinPcos2V | 0 = ew = - tan® {(r)

independent of the mean stress, 0. In terms of the perturbation vari-

ables V; and IPZ the wall condition is just

—sinﬂpsin(ve_‘yl(;, ew) + Tr€3_1§2(;, BW))

= (~tanbd) f{r) [1 + sinwcos(neﬂ?l (r, ew) +ne3$2(¥, 8 ))]
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where —1171 g -9 = _lp_l (r, ew). Expanding the sine and cosine functions

in Taylor's series about the origin and considering the first order

terms above, the boundary value for Wl g -9 18 found to be
w

— 2 <tan6> l+sinCP>
Wl(r’ ew) T € £(x) 2sin®
—11!'-1, then, is a prescribed function of r along the wall.

For the particular channel geometry considered, the 6 =0 line

is an axis of symmetry so that the shear stress must vanish

along 6 = 0. Using the Sokolovski relations the shear stress is just

T = < (—EO—I-GZE + o 0 -)(Sinﬁp) Sin(Tf'l"Tl'e-Wl +1T€3W2+ e ¢ o)

1

25 of

= — 2— : : 3
Tre = - (00+€ Gl+ oooe) smCPs1n(1T€_\If1+1T€ V2+ v o e)

Again expanding the sine function in a Taylor's series, the shear stress

1
to order €  becomes

(sincp)Trelbl

Tre:-O'O

but 6_0 is a function of T alone,. . Thus, in order for the shear stress

to vanish along © = 0 the boundary condition for n‘Jl_l must become

(r, 0) = 0. In summary, the boundary conditions for lIII are

7
Yy
— _2 tan6> 1 + sin®
Wl(r’ ew) _1r< € £(x) 2sin®

V,(x, 0) =0

at the wall and centerline, respectively.

“The point will be discussed in detail in the consideration of the equa-
tion of motion,
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Now consider the zeroth order series of equations

du, T,
— o = 0 continuity
dr T
0=0 isotropy
86'0
— =0 6 equation of
00 motion
9% _ g 1 %
— (1 - sin®) - wsin®— —— - Z2sin® — + 1
or r 96 r .
r equation
. S of motion
2— g o 8% Y
+ F UO 3 --‘Slncp S =0
* dr 90 r
8'—0 _ _
For the condition that —— = 0, % must be independent of 0.
00
Since all terms in the r equation of motion are independent of
o. 9oy
® with the exception of ~:__9 e > lfil must be at most a linear

r 00

function of 6. However, from the previous paragraph, ’\Irl(_:::, 0)

SO
and Ul (r, BW) are known,

Y (x, 0)=0
- - _ 2 (tand) 1 + sin®
1{!1(1', ew) “F( € /f(r) 2sin®

where f(r) is a prescribed function of r. Therefore, Tlf-l maust be

of the form

)y 6 . (2.3.19)

Thus, the zeroth order problem becomes
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(2.3.20)
du, U
24220
dr T
do 53 i dUu
O(l~sin¢P)—1rsinCP—Q-—kr’-(?,9 )—Zsincp-—0+l+Fzﬁ O:O
— — 1 W — r 0 —
dr b5 r dr

with boundary conditions

and

for the upper and lower traction-free surfaces, respectively. It should
be noted that the first order term ',‘Jl appears in the zeroth order sys-
tem of equations since, as seen from the complete r equation of mo-
tion, it influences both the zeroth order mean stress and the zeroth
order radial velocity.

Before discussing the solution to the zeroth order system of
equations, the equation for higher orders in € will be listed. For or-

1
der €, the system becomes
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1 ouU dUO
= — - zwq;l — =0 isotropy
r 06 dr
dEO T _ BVI
- wsintP( = o & :—)Wl - wsin® 00 —— {2, 3. 21)
dr T 0
5] v 80 :
2 . 0+ 1=.1 "1 . _ o 9 equation
- sin®— ¥, ~= 0 + ==t (1 +5in®P) =0 of motion
T 00 r 06
2
and for order €
ou u ov
__i + ._i + %'Tl =0 continuity
or i r 00
90 ol 90
— | 1
_1 (1 - sin®) + ‘lTZSil’lCP GOWl "‘?1 - wsin® :Wl =
or or T 06
(2.3.22)
o, ol T - ou dU
- TrsinC.D—:_}-—_i- 2:1' sinCP = .9_2__+F2 (ﬁo-—;'l—‘f‘-l-l-l-—-_—_g
r 96 T r or dr
50 aWZ
- eI e = r equation
r 06 of motion

The boundary condition for both the EIl' and 62 order equation can
only be discussed in a reasonable manner after considering the solution
of the zeroth order system. The solution of the zeroth order system
will now be considered.

-’:D—l(r, ew) is a known function of r given by the Coulomb fric-
tion condition at the wall, Therefore, the zeroth order equations of
continuity and r direction motion given in Eq. 2.3.20, represent a

system of two equations for the determination of the radial velocity,
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UO’ and the mean stress, 50. From continuity, the solution for the

velocity must be of the form

T, %

5 (2.3.23)

AR

Substituting this expression into the r- equation of motion, the equa-

tion for the mean stress becomes,

— - 2
4%  2¢ing (1424, F, ¢ )>f_q_ 1 (e )
= " T sin® 2 Y15 ) T T T Eiae \=3 T

dr T T

The equation for 6-0 is a first order, ordinary linear differential equa-

tion. An integrating factor, I, may be found as follows

B —ZSinCp> i ( T = ) —
I = exp <m ur: l'l"—z——ip-l(l‘, GW) dr
r
Let
— 2 sin® 1 Ty =
wir, @ 0,) =T 5mo §(1+2U1(1‘, 6, 0dr
then I =e". The equation for EO becomes
d  -w—=, _ 1 2 1 )-w
— (e %) =T omp \FT =m-1)e

and the solution is written

2 +W
N i +wJ‘ ~W=3 — e f - +W
% *T-smp° Je " dT-Togmple drtee
The Froude number, Fr, which contains the unknown average exit

velocity and the integration constant, c,, are evaluated by applying

the homogenous boundary conditions at the upper and lower surfaces,
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At the upper surface, E(r&> = 0 leads to
0
2 n
Fr I -W=3 — 1 J\ - —
€17 T~ sm® J T R T-smed® R
r, .
so that the solution may be written
j\e_w_sd~‘—- R
2 r v R
- Fr + -W-3 — 0
% =T 150 Sin® e le dr |1- J-e_w_:,’d_
Ie Ydr = K
e J Yar |1 o
TT-sin®d ©  [e¥%F

(2.3.24)

The condition at the lower boundary leads to a unique value of the

Froude number and hence a unique average exit velocity. Applying the

lower boundary condition gives

) —
je dr_g R
1‘2}-—
Je—wd}——_ 1 - 0
= - —
2 fe dr .
Fr = = T =
Je_ ““dr R
[ -w-3 — )
O 1‘J*_w_3-
e dr|—
r =
Lo -

and the average exit velocity is just

Uk =J/gr, Fr

(2.3.25)

(2.3.26)

The mean stress is given by Eq. 2.3.24 with the Froude number given
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by Eq. 2.3.25. The unique velocity field given by Eq. 2. 3.23 and the
stress field given by Eqgs. 2.3.19, 2.3.24, and 2. 3. 25 represent a so-
lution to the complete system of equations to order 60. It should be
noted that the effects of cohesion, frictional channel walls, non-radial
gravity, and traction-free upper and lower boundaries have been
included.

Consider next the €1 order equations, namely

do T oy
0 0\— —_
_'rrzsinq)( — 2-—:/4’1 = 'rrs'LnCpGO—_-__!-
dr r or
[ ov. o0
nsin® 2, — + B+ 2L (1 +sin9) = 0
T 90 r 06
and
ou du
L2, —Cap
r 96 dr

From the zeroth order set of equations,

Ty =V,(r, 88

w

where ~\,|'—1(i', GW) is a prescribed function of r,

and

Gy= S(7)

where S(;) is the solution given by Eq. 2.3.24. From €l order

equation of isotropy
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a'&l

S - j
me——— ZTTQ (I‘, 0 ) 6(—:—)1‘
50 1 W rZ
and integrating with respect to E) gives
A, N YR A (2.3.27
p = -mV(r, O = 1 .3.27)

where Kl(?) is an arbitrary function of T
The radial volumetric flow rate per unit depth, Q, at any lo-

cation r 1is just .

6
Q:szrude
0

or in dimensionless form

Q =26_r Ux Jl ur d8
0
The problem considered above is for the steady flow of a frictional co-
hesionless solid through straight plane channels. Therefore the volu-
metric flow rate defined above must be independent of T. For the

zeroth order solution ﬁO = -i—., so that

1—
Qq = 20 wioU*¥ J —r db = Zewr U* (2.3.28)
T
or in words, the constant zeroth order flow rate equals the product of
the exit area and the average exit velocity.
The above argument can be used to evaluate the function Kl(?).
The perturbation volumetric flow rate, (,, associated with the per-

turbation radial velocity, 71.1, is just



Substituting the expression for the perturbation velocity, El’ from

Eq. 2.3.27 gives

 JI RN i
Q) =€°Q g—wl(r, 6,) +T K (7] (2.3.29)

The form of the function Wl (;, GW) was determined from the Coulomb
condition at the wall. Assume that the function f(r) may be partitioned

as follows

f(r) = A + fl(‘f)

where A is a constant independent of both r and 6. With this, the

function _‘Fl(_r—, GW) may be written

NE 6y = R (IZJrsiszigp)<A+fl(;)>

Substituting this expression to Eq. 2.3.29, the perturbation flow rate

becomes

. -2 tand, 1 + sin®
Qy =l 3 (%) Z5mw

(A+1(x) +r K;(0)] ,
In order for Q1 to be independent of T, Kl(_) must be

tand, 1 + sin® h@
€ 2s5in® 7

—_ 2
Kl(r) :’3—(

so that the perturbation flow rate reduces to

constant

>FI’c has been assumed that terms of the form are not included

in the function Kl(—r—) since this represents the Zeroth order solution.
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5 :
212 A (2. 3. 30)

Q’l & g tand(€) Z5in® A 0
Thus only the constant part of the function Tlf-l (r, ew) along the wall

affects the perturbation volumetric flow rate. The perturbation veloc-

ity, _ﬁ'l , becomes

_ 5 52 _1
tand, 1 + sin®, A 92 (92_.?.).» (2. 3.31)

ey > =& € ) 2sin® )(;-

1‘

The el order 0 equation of motion can be solved for the par-

tial derivative of 51, with respect to 0,

801 _ msin® = dOO - wsin® — — 3_‘51
=~ T +sinp \¥ ~—+200 wl+l+sinCPGOr —
00 dr or
4 2 sin® 3 oY i r @
L sin® 0'1 95 1 + sin®
Substituting the previously determined expressions for ?1 and 30

into the 0 equation of motion yields

e
dvl(r: eW) _

90 .
1 _ wsin® ds )— - = wsin® —=—
98 T 1 + sin® (r dr+ZS 1{'fl(r’ ew) 0+ 1 4+ sin® SE e 0
Trzsm\P s }_é
+ —_— S\.f (r, GW) e + m

“Tsin®

which may also be written
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90 . ——
1:11rsmC_P {( dS+ZS/ (r, O )+Sr-§—v(?, ©.)
— + sin® i rR W

L ‘ dr o

4 TFS’W?(? 6 )+ Trsmcp }E (2.3.32)

Integrating the above expression with respect to 0 gives

= _  wsin® QS_ > - e Gl wpr e
% E*T * one {< dr”S ¥plx, O) + S d;Wl(r’ 0

+ ST (F, © L i + K, (r
'nUl(r, w) wsin® | 2 Z(r)

where Kz(r) is an arbitrary function of T,

801 -
Consider the above expression for —— along the upper, r = =
06 0.

‘and lower, r =1, surfaces. Along the upper surface Eq. 2.3.32

reduces to

90
1 ™ ds R 1 R
—_— = ; W(—,G)+——.—————- (2.3. 33)
50 - _R 1 + sin® ar ~_R 1 ro’ W/ wsin® |
. - ry

since _S_<;.l?\—> = 0. If it is desired to keep the upper surface a stress

0
free surface, then choosing
- (R > _ -1
—\rl ('%, ew = — (2.3.34)

wsin® —

dri— R

7

3
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will ensure that the mean stress does not vary with 0 along the upper

surface and choosing Kz(}%—) = 0 will keep the upper surface stress
free. Since S(—l%i) =0 and S for r <}li is positive, 45
0 0 dr |- _ R
r = —I—'——
0
must be less than zero. Therefore the condition given by Eq. 2. 3.34 is
for a positive value of -1!71(&, 0 ).
ry W

Along the lower surface, however, Eq. 2.3.32 reduces to

2 ™ ds - i

1 _
— "1 + sin® | — | Wl(l’ eW) ¥ Tsin®
906 | — dr |— _
: F o=l ¥ o= ]
ds -
where now — >0. Thus, a positive value of Wl(l, GW) does not
dr

exist to make thér l%\%rer surface a stress free surface. An alternate

boundary condition might be attained by choosing

¥y, B ) =0 e 2RIV = (323 35

which ensures the lower surface to be shear stress free. Therefore

choosing
- (R \ -1
4‘1 ;‘6: GW e —
wsin® —
dr | — R
Ir -—;—'
0
and
_13_>_
K2<r0 =i
and
T _
¥,(1, 8) =0

will keep the upper surface stress free and the lower surface shear
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4
stress free to order €
Solution for Constant Wall Friction Angle

B,
order equations for the particular case of con-

The €0 and el
stant wall friction angle will now be solved. For this case, Wl (?, 6 )
becomes
- - _ (1 +sin®’ (tané\ . -
‘{!l(r, GW) = (TrsinCP ) = ),J: function of r (2. 3. 36)

with the boundary value of Vl along the center line unchanged at
{Z. 3. 37)

¥y (r, 00 =0

The solution to the continuity equation is unchanged; the velocity is just
(2. 3. 38)

R

UO:

Substituting this expression for the velocity into the zeroth order

r equation of motion gives
dEO 2sin® ki \30 1 ( :
LI o ot B et | s 5 %
(1+37E, o)) = =TT 1) (2. 3. 39)

ax 1 - sin®

with Wl (r, GW) given by Eq. 2.3.36. The integrating factor however

now reduces to
™ 1+ sin® tan&)d?

~ __2sin® l_( ™
L=e%p | “T it - lre—=m =5

w1+ sin® tanf))

or
-28in® (l .
1 - sin® 2 Tsin® €

I=71
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Define

i = 2sin® < w1 +sin® tané)
~1 - sin® 2 msin® €

so that the r equation becomes, upon multiplication by the integrating

factor,
d(—--w—> 1 ( 2 1 )--w
— \r o} = |\F_ = -1)r
d? 0 1 - sin® r:‘r‘3

Integrating with respect to r gives

2
= Fr ( —1)}_ _ T ( l\+ — 4w
0" 1-sinp W+2/ 22" 1 - sin® P R

The Froude number, Fr’ which contains the unknown average
exit velocity, and the integration constant, ¢y, are evaluated by apply-
ing the homogenous boundary conditions at the upper and lower surfaces.

At the upper surface, 6'0(—1—.R—) =0 determines >

0
1 R
e &
¢ =TT T 420 (&)ﬁw
1 71 - sin® RZ ) T,

(w+2ﬂ;ﬂ

L. 0
so that the solution may be written

-Fi L 0+2 = Lw-1
% * = |- & - : 1 - =) (2.3.40)
. (1- sinCP)(UJ+2)r2 R (1 - sin®)(1 - w) R

- The condition at the lower boundary leads to a unique value of the

Froude number and hence a unique average exit velocity. Applying the
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condition O.(1) =0 gives

0 w-1
- (D)
2 -(w+2) " \R. 2
Fr_ (1-uw w+2 fan S 2]
T
- (@)
R
where
_ 2sin® +E1 + sin® tand
T 1 - sin® 2 wsin® GW

The average exit velocity for the 60 order system is determined by

the Froude number

U = A/gro Fr : (2.3.42)
For the zeroth order solution, the mean stress, EO is given by

Eq. 2. 3. 40 with the Froude number uniquely determined by Eq. 2.3.41.
The mean stress vanishes at the upper and lower surfaces and its mag-
nitude at any location, r, is influenced by the following parameters;
the effective angle of friction, ©®, the wall friction angle, 6, the chan-
nel opening angle, ew, and the dimensionless material head ratio —r% .
Plots of mean stress versus position for an effective friction an-
gle of 35° and a material head of 2 with wall friction angle treated as
parameter are given in Fig. 2.3.3. The plot of mean stress versus
position for ‘6 = 0 which corresponds to the "exact" solution given by
Sullivan [95] for frictionless channel walls is also given. Similar plots
for dimensionless head ratios of 5 and 10 are given in Figs. 2. 3. 4 and
2.3.5, respectively. Plots of mean stress versus position for an effec-
tive friction angle of 30° and material head ratios of 2, 5, and 10 with

wall friction angle treated as parameter are given in Figs. 2.3.6,

2.3.7, and 2. 3. 8 respectively. Similar plots for an effective friction



- 52 =

angle of 25° are given in Figs. 2.3.9, 2.3.10, and 2.3. 11,

For the channel geometry defined in Fig. 2.3.1, the channel

opening at the exit, D, may be related to the exit radius, rg, as
follows
3 D
o T~ 2tan 0
w

The average zeroth exit velocity U* given in Eq. 2.3.42 may be

written
F

U* =4/gD
A 2tan ew

.or in dimensionless form

LY - . (2.3, 43)
»\/gD JZtan ew

Thus, as in the case of the mean stress, the average dimensionless
-exit {felocity depends on the parameters @, 6, ew, and ;& . For an
effective friction angle of 35° and a channel opening of 1000, plots of
average dimensionless exit velocity versus dimension head ratio with
wall friction angle treated as parameter are given in Fig. 2.3. 12,
Similar plots for effective friction angles of 30° and 25° are given in
Figs. 2.3.13 and 2. 3. 14, respectively. In all cases it is seen that for
sufficiently large ;R—, the average dimensionless exit velocity is indepen-
dent of material head. This agrees with the well documented fact that
exit velocity is independent of material head for sufficiently large (%).

For (%—) large, the Froude number reduces to

0
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2 _w+t?2
Fr Tw-1
with
w - 2s5in® w 1+sin® tand
1 - sin® 2 wsin® GW

Thus the dimensionless exit velocity in the head independent flow re-

gime becomes

Uk _ [w+2 1
@ w-1

J2tan ew

Plots of '\}J—z_]—)_ versus channel opening angle in the head independent flow
regime fofvarious values of wall friction angle are given in Fig. 2.3.15
The exit velocity derived analytically by Sullivan [95] is also shown.
Similar plots for effective friction angles of 30° and 25° are given in
Figs. 2.3.16 and 2. 3.17, respectively.

Now consider the 61 order equation for the case of constant

wall friction angle. From the zeroth order solution

7. - l+sincp>(tan6>—g

1 wsin® 0
W

where ’,’il is now independent of T,
= 1
U0 ==
T
and
Oy = S(r)

with S(r) the solution given in Eq. 2.3.40 to the zeroth order r equa-

tion of motion.
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The €1 order 06 equation of motion can be solved for the par-

tial derivative of 61 with respect to 0,

a'qu

1 Tsin® (—— 0, = > msin® — —
= T +20,. )T + - O r
90 ar 0 1 1 +sin® 0 o

nzsinCP S-Q-W 3Wl n 0
l+sincp—lj 1 50 1+ sin®

Substituting the previously determined expressions for Wl and 50 into

the 6 equation of motion yields

o0

- " 2 .
1 _(—=dS ——> tan<5>-— 1 + sin® = tan5> T 0
— = (7 2+28)(B2) 9 + i 5 (5 LR
00 dr W

which upon integrating with respect to 9 gives

_ . 2 — 7
2= <;§%+2§> (tgr\:f) = <l :;;pn@) s (taér:f> b FZ_ Ky (x)

KZ(;) will be taken as zero so that the perturbation mean stress along

the 0 axis will be zero. Thus, the perturbation stress becomes

— =2

(F-d—i+ z“s?)(tané) 55 +SinCP> = (tané)z LT 5

6 \"sinp 0 el b (2. 3. 44)
dr W W

al
0

Define §l(?, B) as the solution to the ¢! order © equation of
motion given in Eq. 2.3.44. Then the total dimensionless stress may

be written

0 =5(r)+6" 5 (r, 9 (2. 3. 45)
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For a constant wall friction angle the perturbation stress §1, will not
vanish at the upper and lower surfaces. Therefore the upper and lower
surfaces for this case are free surfaces only to order €2. Along the

upper surface the total stress becomes

The perturbation radial velocity which is obtained upon integrat-

ing the 61 order equation of isotropy is just

.
- (1 + sin® <tan5>_9__ —
17 " \rsin® /\'0 =% & (5
w T
With the assumption of steady flow, Kl(?) = 0 for the flow to be inde-
pendent of T since ‘—Q‘_l(?, ew) is independent of T . Thus the pertur-

bation radial velocity becomes

. 2

A S.m“p>(tan6) L (2. 3. 46)
1 msin® 6 —
W Ir

Substituting this velocity into the 62 order equation of continu-
ov _
ity gives —= = 0, which upon integrating with respect to 6 gives
9

;1 = K3(?)

;SIt has been assumed that terms of the form EEP—E:CEP—JE are not included
T
in Kl(?) since this term represents the zeroth order solution.
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However, vile = o =0 so that K3(-1:) =0 and

W

?f‘l =0 . (2.3.47)

Therefore, the perturbation velocity _11, gives rise to no per-
turbation circumferential velocity.

The total radial velocity, correct to order 62, may now be

written
S 1
u = UO + € u1
where
— 1
UO ==
r
and
. S o HL
— 1+ sm@) (tanf)) ¢)
U, = -7 - —
1 mwsin® S, =

The dimensionless exit velocity is just

1 + sin® tand 5
wsin® ew

— 2
u —r-:l=1+€ (-m)

and the average exit velocity just

6 0

Jw 6 JW 72

\ o T0%% 21 4 sino tans 0 To 48

Ja8 = —g— - % 9 =0
0w Hh W 0w

and performing the integration gives
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1 4+ sin®
2sin®

D =
Comy
D
<
H
()
b i
e
R
|
et
LS
Q.
[ap)
—
W]

tand 6
W

Define the average total exit velocity, U%*3%, correct to order 6:2 as

:rUB J.f’eer@[_—l)de
Ow 0 -
so that
et 21+ sin®
S {1“3 Zemmp  (1an) 8
But

U =4/gD -
2tan GW

so that the total dimensionless exit velocity may be written

Uslkesk B Fr 21+ Sil’lcp

/gD A/Ztanew 3 2sin?

(tan?d) GW ; (2.3.48)
For ;13— large, the total dimensionless exit velocity reduces to the form
0

1 =

A'gD A/Ztanew : L s

Uk (W+2 1 21+ sin®
" 5o (tand) 0| . (2.3.49)

Plots of Ll versus channel opening angle for an effective fric-
tion angle of 35° Vgil’c)h wall friction angle treated as parameter are given
in Fig. 2.3.18, Similar plots for effective friction angles of 30" and25°
are given in Figs., 2.3.19 and ‘2. 3.20, respectively.

The effect of the first order solution on the results may be seen

N

and
gD VgD |
opening angle for an effective friction angle of 35 with the wall friction

from Fig. 2.3.21, In this figure are plotted versus
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angle being treated as a parameter.

Velocity profiles at the exit plant, mass flow rate, and mean stress
acting along the channel walls are compared with experimental results,

Bosley, et al, [32] conducted an experimental investigation of
granular discharge from model hoppers. Photographic measurements
were made of particle exit velocities at various angular locations across
the exit plane. Experimental results in the form of measured particle
velocity at various angular positions for sand with an effective friction
angle of 35° and a hopper opening angle of 32%° are given in Fig. 2.3.22?<
Also shown are plots of dimensionless exit velocity E}- = 1° given by
the perturbation solution, versus angular position 0 for wall friction
angles of 10° and 20°. Also shown is the dimensionless velocity for
the radial body force solution given by Sullivan [95] which corresponds
to a wall friction angle of 0°. It is seen that the perturbation solution
predicts the correct trend in the exit velocity in regard to the variation
of exit velocity with angular position. Also for & = 15° which corre-
sponds to measured values of wall friction angle for sand on plexiglass
(see Appendix B, ) the perturbation solution predicts the correct magni-
tude of the dimensionless exit velocity. Data collected by Bosley, et
al, [32] for gravel with ® = 40 is presented in Fig. 2.3.23, Also
shown is the dimensionless exit velocity for wall friction angles of 10°

and 20°, and the radial body force solution.

“The measured particle velocity is made dimensionless be dividing by
J/gD where D is the experimental hopper opening taken from Bosley,
et al, [32].
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Several investigators [7, 8, 14, 15, 32, 95] have determined ex-
perimentally the variation in mass flow rate, expressed here as average
dimensionless exit velocity, with channel opening angle. Experimental
results for an effective friction angle of 35° are given in Fig. 2. 3, 24,
Also shown are plots of average dimensionless exit velocity versus
opening angle for various values of wall friction angle. Similar results
for an effective friction angle of 25° are given in Fig. 2. 3.25. Again it
.is seen that the perturbation solution predicts the correct trend in and
the correct magnitude of the experimental data. Hence, the solution
should prove useful in predicting mass flow rates of frictional, cohesive
materials from plane channels as a function of the flow parameters and
system geometry.

Measurements have been made of the mean stresses along the
walls in converging channels [38, 51]. Experimental results in the
form of mean pressure versus position from the hopper outlet are pre-
sented in Fig. 2.3.26 for a 25° channel opening angle. Also shown are
plots of mean stress predicted by the perturbation solution as a function
of position for various values of wall friction angle. In the region of the
exit plane, the solu’cion‘ gives an accurate prediction of the trend in the
mean stress, in regard to the variation in mean stress with position

from the outlet, and the correct magnitude of the mean stress.
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CHAPTER III — FLLOW SEPARATION FOR A CYLINDRICAL SECTION

1. Introduction

Chapter 3 deals specifically with the problem of predicting the
point of separation for the transverse flow of a granular material
over a cylindrical section. Information on this separation point will be
of importance in assessing the heat transfer from a cylinder and will
also be required for any future work on analyzing the velocity and
temperature fields around a cylinder,

As discussed in Chapter 1, the size of the stagnant and cavity
regions may be greatly reduced by choosing more streamlined tube
shapes [107], but the added difficulty and cost in manufacturing non-
circular heat exchanger tubes does not usually make this an attractive
solution, Therefore, the study of flow separation for circular cylin-
ders is pertinent.,

2, Dimensional Analysis.

Prior to the start of any experiments, a brief dimensional
analysis of the problem was made. This was done in order to deter-
mine what the pertinent parameters might be. These parameters are
then to be used in planning the experiments as well as in interpreting

the results,

The separation point is defined as the point of contact of the
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last particle in contact with the cylinder. The separation angle, GS,
is the angle between the longitudinal axis passing through the centroid
of the cylinder and line passing through the cylinder centroid and the
separation point. The particle diameter, the tube diameter, the chan-
nel opening, and the material head above the cylinder centroid are

designated by D_,, D D, and D

p 1 Pg 1’ respectively.,

In Chapter Il it was shown that the material exit velocity for the
flow of a cohesionless, frictional material from plane channels is
independent of material head as long as the head is sufficiently large.
For real channels with a wall friction angle of around 10 degrees, head
independent flow is attained for a dimensionless head, ;}E{— , of ap-
proximately 5, where R and r, are the radii to the u;per and low-
er free surfaces, respectively, For most industrial applications a
large supply hopper, corresponding to a large material head, is locat-
ed upstream of any heat exchanger so that the flow, in general, is head
independent. Thus, for a proper experimental design, DH. should
not affect the separation point and need not be considered in any pro-
posed correlation,

The remaining quantities which are most likely to influence the

separation angle may then be listed as follows

D_,D_5,8)

= f
es l(g,p’U’ DP’ T G

where ¢ is the internal friction angle and § is the wall frictionangle
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between the granular material and the cylinder surface. From these
quantities a set of dimensionless groups may be formed, and the
separation angle may be expressed as a function of these groups by
writing

2 D D

U P P
0 :f( - , ,cp,e,) (3.2.1)
S 2 pgDT DT DG

These parameters are to be used both in planning and in interpreting
the experiments,

It should be mentioned that in the above development the void
ratio was tacitly omitted froﬁ consideration. This quantity is defined
as the ratio of the volume of the voids to the volume of the solids in a
unit volume of material, For a random packing of spherical particles
this ratio is independent of particle diameter. In addition, for the
sand used in the present experiments the void ratio is approximately
equal to that for the spherical particles. These conditions lead to the
justification for excluding the void ratio from the list of variables,

3. Experimental Apparatus

The experimental apparatus, shown in Fig. 3.3.1, has three
basic parts; (1) the supply hopper, (2) the test section, and (3) the
gate valve.

The volume of the supply hopper is determined by two require -

ments, First, the volume of the supply hopper must be large compared
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to the volume of the test section to ensure head independent flow,
Second, the volume of the supply hopper must be large enough to pro-
vide continuous, head-independent flow at a constant flow rate for a
time large compared to the time required in the measurement of the
separation angle. For the purpose of this investigation the supplyhop -
per shown in Fig. 3.3.1 is entirely adequate.

The test section was constructed of plexiglass so that the flow
could be viewed during approach and departure from the cylinder,

The front and back plexiglass sections at the test section can be re-
moved to change the test cylinder. Plexiglass inserts were construct-
ed so that the channel opening could be varied independently. Channel
openings of 2,688, 1.98, and 1.44 inches are possible,

Five different diameter aluminum and lucite cylinders with
diameters of 1/2, 3/4, 1, 11/4, and 1 1/2 inches were constructed.
Both aluminum and lucite cylinders were constructed to represént
cylinders with different surface friction angles,

The gate valve consists of a moveable panel resting against a
rubber membrane., The position of the panel may be adjusted to pro-
duce the desired mass flow rate in the upstream channel. Velocities
of the order of .05 to 1.0 inches per second can be attained. The
lower limit is that value below which steady flow without clogging can-

not be maintained; the upper limit is that value above which



- 64 -

discontinuous flow may occur.

The separation angle is measured by taking a photograph of
the lower half of the cylinder and the cavity. The photographic ar-
rangement consists of a large optical bench, a support panel for the
camera, and a single lens reflex camera equipped with an extension
tube for high magnification. The camera support panel may be ad-
justed vertically to align the camera with the cavity below tune cylinder,
The cavity photograph is taken at 10X to aid in the measurement of the
separation angle.

4, Measurement Technique

A photograph of the flow of 0,023 inch diameter glass beads
(P-0280) over a 1 1/4 inch diameter lucite cylinder is shown in
F1g 3.4.1la. A close-up, high magnification photograph of the separa-
tion point is given in Fig. 3.4.1b. On each cylinder rays were very
accurately inscribed at 10° intervals. These rays appear as heavy
black lines in the photograph. Two additional lines have been drawn in
on Fig, 3.4.1b. One line passes through the centroid of the cylinder
and extends on the direction of the flow; one line passes through the
centroid of the cylinder and the separation point,

For eachconditiondefined by material, approachvelocity, and
system geometry, i.e., channel opening, tube diameter, etc., a single pho-

tographis taken. The film is developed and an 8 inch X 10 inch print
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made, The angle measurement technique consists of constructing the
two lines discussed above and then determining the magnitude of the
angle from 10° markings on the cylinder. The separation angle used
in the correlation was the arithmetic mean of the left and right hand
side separation angles on each photograph.

The gate valve used for controlling the mass flow rate in the
channel is not calibrated. The mass flow rate for any setting is deter -
mined by weighing the net mass output in a fixed time. The mass flow
rate is then converted to approach velocity by dividing by channelarea
and material bulk density., The error involved in using this technique
for determining approach velocity is usually less than 10% [9]. It
should be noted that for each flow condition two measurements of mass
flow rate are made. The mass flow rate recorded is the mean value
of the two measured flow rates.

5. Procedure

As discussed in Section 2, the separation angle may be expres -
sed as a function of five dimensionless groups; the Froude number
based on cylinder diameter (U/JgTD,p; the particle to cylinder diameter
ratio, the particle diameter to channel opening ratio, the internal
friction angle, and the cylinder surface friction angle. The functional

relation may be written
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D D
eS - f2< U , DP , DP » O, 6) as shown earlier.
A/gDT it G

For a given granular medium, cylinder material (aluminum or lucite),
cylinder diameter, and channel opening, all of the dimensionless groups
in the above relation are fixed with the exception of the Froude number.
Hence under these conditions, the variation of separation angle with
approach velocity may be investigated.

The test procedure for this investigation may be described as
follows, The gate valve is closed and the test section and supply hop-
per are filled with the granular material. The gate valve is then open-
ed and a constant mass flow rate established. After approximately
5 minutes, the mass flow rate is determined as described in the pre-
vious Section. A photograph centered on the cavity below the cylinder
is then taken. Next, the gate valve is adjusted to give a new flow rate,
and after a second 5 minute interval, the above procedure of flow rate
measurement and cavity photograph are repeated. For each material
it is possible to take approximately 5 photographs at different, increas-
ing flow rates before the supply hopper must be replenished,

In the actual test, a2 minimum of 20 and a maximum of 60 photo-
graphs were taken, each photograph at a different mass flow rate, for
each combination of granular medium, cylinder material, cylinder

diameter, and channel opening. Having completed this procedure
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describing the effect of approach velocity on separation angle for one
condition of material and geometry, the rront Plexiglass panel on the
flow apparatus is removed, a different diameter cyl.inder secured in
the test section, the panel replaced, and a second set of 20 to 60
photographs, each at a different flow rate, are taken. This procedure
is repeated in turn until a set of 20 to 60 photographé is obtained for
each of the five cylinder diameters. Two sets of photographs were
required at each diameter since both aluminum and lucite cylinders
were used, This procedure which generates 10 sets of photographs
for a given material was repeated for each of the granuiar materials
‘investigated.

To investigate the effecj: of channel opening on separation angle
the following procedure was adopted. The first set of Plexiglass .'m_
serts described in Section 3 which reduce the channel opening from
2.68 inches to 1.98 inches are installed in the test section, a test
cylinder is secured in the test section, the front Plexiglass panel re-
placed, and the gate valve closed. The test section and supply hopper
are then filled with the chosen granular material and the gate valve
opened to produce a constant flow rate., A photograph centered on the
cavity below the cylinder is taken.

In the actual test, 20 photographs were taken each at a differ -

ent flow rate for each cylinder diameter for both the aluminum and
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lucite cylinder. This procedure was repeated for each of the granular
materials. The second set of Plexiglass inserts reducing the channel
opening to 1.44 inches were installed and the entire procedure des-
cribed above repeated. Prints (8" X10'") were made of each of the
cavity photographs. The measurement technique for the separation
angle described in Section 4 was followed. The information giving the
value of each of the five dimensionless groups and the corresponding
measured separation angle was recorded on computer data cards for
analysis, Additional separation angle measurements were made for
several arbitrary combinations of material and system geometry as a
check on measurement repeatibility,

6. Granular Materials Investigated

As described in Section 2 the proposed expression relating
separation angle and the dimensionless flow parameters, Eq. 3.2.1,
is valid for particles with near the same critical void ratio,

A total of nine granular materials were used. Five of these
consisted of different sizes of spherical glass beads ranging in dia-
meter from 10.7 mils to 127.2 mils, Fine, medium and coarse grain
quartz sand were alco used. Mustard seed (hard, ellipsoidal-shaped

particles) was chosen to represent a material with a low thermal
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sk
diffusivity .

For the experiments performed, certain physical and mechan-
ical properties of these materials were required. The physical prop-
erties include bulk and particle specific gravity, void ratio, and
particle size, The mechanical properties include internal and wall
friction angle. The determination of these material properties is
described in Appendix B. The physical and mechanical properties are
summarized in Table B-1,

7. Results, Discussion of Results, Conclusions

From an initial analysis of the data on the separation angle, it
was observed that the separation angle may be expressed by the follow -
ing function of the dimensionless groups

‘ a a

- az DP 3 DP 4

0 =2, > " - +a o (3.7.1)
"/‘gDT T G

where the constants, a, are found to be

aIE—ZS, 2 3-2’—-—\:1:0 s 2 = -1.5 s &, = 1.0 s A= 0-90

It is seen from the value of the exponents of the product terms, the

above relation may be simplified to give

),

'ﬁA material with a low thermal diffusivity is important for the experi-
ment described in Chapter IV.
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The values of the constants b. that best describe the complete set of
i

separation angle data for all materials investigated are

_ " = 0.98,b, = 0.78
b, = -16.9 , b, = 1.43, b, =0.98, b,

The Froude number based on particle diameter is just

L (3.7.3)

where, as discussed earlier, U is the mean approach velocity.

sk
Define the modified Froude number, Fr, as
b
b2 D 3
% U i
F :(}\/ > < > (30 70 4)
t D Py
opt
so that the above correlation may be written
8. =D F* b 3:; 7.5
g7 P1fy TP - {375y

The experimental results for the 23 mil diameter glass beads
(P-0280) is presented in the form GS versus modified Froude number
ih Fig. 3.7.1l« 'The intercept at Fi‘: = 0 is just a constant times the
internal friction angle for the material, The data for the other mate-

rials may be presented in the same manner with different intercepts
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resulting from the different internal friction angles for the various
materials,

It is seen that the above correlation, given by Eq. 3.7.5,
describes the variation of separation angle with flow parameter equal-
ly well for flow over aluminum and lucite cylinders, That is, the
variation in measured separation angle resulting from a variation in
surface friction is within experimental scatter, Therefore Eq. 3.7.5
describes variation of the separation angle with flow parameters for
the flow of granular materials over lucite and aluminum cylinders
with moderate surface friction angles.,

The proposed correlation, Eq. 3.7.5, may be given the fol-
lowing physical interpretation. As the mass flow rate of the granuiar
material approaches zero, the separation angle is given as a constant,
less than one, times the internal friction angle alone, It is seen from
geometry that the separation angle, E)S, is equal to an angle
which could be thought of as the angle .of repose of the small pile form-
ed below the cylinder. Thus, for vanishing flow velocity the separa-
tion angle should be given by the angle of repose, which as discussed
by Taylor [86],is smaller than, but close to, the internal friction angle
of the material,

As the flow velocity increases from zero, the mean pressure

in the granular material increases allowing the flow to remain
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"attached'" to the cylinder longer. Thus, the separation angle should
decrease slightly as the mean approach velocity increases, This
description and the above correlation should be valid as long as the
flow is continuous. If the modified Froude number becomes too large,
i.e,, the channel opening DCT becomes so small that the gap between
the cylinder and wall behaves as an orifice, the flow will separate
around GS = 90°, and continue past the cylinder in free fall. Under
these conditions the flow is no longer continuous since a large void
region will occur extending across the entire channel below the
cylinder,

A comment should also be made regarding the stagnant region,
No systematic investigation of this region was made but it has been
observed that a stagnant region does develop under certain circum-
stances. It has been found that this region-is relatively insensitive to
flow velocity but is greatly influenced by mean particle size. In fact,
for particles with mean diameters greater than 20 mils the region
seems to disappear completely [95, 107]. From qualitative observa-
tions made during the initial stages of this investigation it was con-
cluded that the size of the stagnant region depends on both the mean
particle size and the surface friction angle between the particles and
cylinder surface. For example, for the glass beads (see Appendix B

for material properties) flowing over either the lucite or aluminum
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cylinders the stagnant region was never greater than 3 particle dia -
meters. For the fine-grained sand (sand No. 1), however, a large

stagnant region as may be seen in Fig. 3.1.3 was observed.
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CHAPTER IV
TEMPERATURE PROFILES IN THE WAKE OF A HEATED CYLINDER

1. Introduction

Chapter IV deals specifically with the problem of determining
the size and character of the wake of a heated cylinder in the trans-
verse flow of a granular material. Some prior work on this type of
problem has been done in connection with flow over a tube bundle
[127]. However, it seems that the more basic problem concerning
the region downstream of a single tube has not been treated so far.
The spreading of the temperature in the wake will be an important
factor in the design of granular heat exchangers as it will give an
indication of the distance required to obtain a relatively uniform
temperature increase throughout the medium.

The problem was approached experimentally and an apparatus
was constructed for the purpose of determining the spanwise tempera-
ture profile at three locations downstream of a heated tube. The pri-
mary variables were the tube diameter, the granular material pro-
perties, the heatinput and the meanapproachvelocity. Two different
diameter heated tubes and three granular materials were investigated.

To obtain some additional understanding of the variables
governing the temperature distribution in the wake an analytical
solution is developed for the very simple case of a line source in

two-dimensional, uniform flow of a one-component continuum.
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2. Continuum Solution

The problem to be considered is that of a line source in the
two dimensional, steady, uniform flow of a one-component continuum,

For the velocity field
u="Ui+0j (4. 2.1)

where U=constant and i and j are unit vectors in +x and +y

directions, respectively, the energy equation given by

DT 2
pC—I‘D?:—PV'_U__—l-@-{-kV T

where —g—t is the substantial derivative, V is the del operator, and

% 1is the dissipation function, reduces to
ko2
ch—g;: veT . (4.2.2)

The boundary conditions are

(1) g = Bim -k§r-g—g—de ot w0
r~-0

where q is the source strength per unit depth, and

(2) T:TO at x—-0 or y-o

Define a dimensionless temperature, T*, as

T-T

so that the energy equation may be written

pcU OT* _ 2.4 :
5 =V T (4.2.3)
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and condition (2) is replaced by the homogenous boundary condition
T* =0 at x-00 or y-oo
The solution to 4. 2.3 is of the following form [130]
T* = e . (4. 2. 4)

Substitution of Eq. 4. 2.4 into the energy Eq. 4. 2.3 yields

QiU{aeaxQ + eatxg_?Z :azeaXQ + Zaeax%g_‘_ eaX(VZQ)

which reduces to

P20 - 270 = 0 (4. 2. 5)
for
_pCU
a = R (4. 2.6)

Since the boundary condition at r=0 is independent of 9, Q is
independent of 6 and Eq. 4. 2.5 becomes an ordinary differential

equation, namely

In terms of dimensionless radial position T defined as

T =
R
the above equation may be written
dZQ 1 a0 1 .2
-——-—d}_z +*.§.-'a-17- —ZPeQ——-O 4. 2,7)

where Pe is the Peclet number defined as

Pe:EQ[k& ) (4. 2.8)
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Now consider the boundary conditions for the variable Q.

Boundary condition (2) becomes simply
Q=0 at r—-oo

Boundary condition (1) may be written
q = hm{ k§T r——( e eg)de}
=0
which upon performing the differentiation becomes

= 11m{ §T R e(Qcos 6+%§3—)d6}

r-0
: . rcosf . i ;
Expanding the exponential term, e , in a Taylor's series,
about the origin, integrating the series term by term and then taking

the limit of the resulting expression as r—-0 gives

. dQ
q = lim ( kT02er—>
r—0

Thus the problem may be written

+ L 4Q
r dr

d Q

e

Pé

Q=0 (4.2.9)

=

with boundary conditions

Y o =T -Be ke, 50| st Ted
L o=
r—0

and

(Y 8=0 at T~

Equation 4. 2.9 is in the form of a modified Bessel equation so that

the solution is given by

1 -
0 =15 I ( Pe T) + CZKO(—ZPe r) . (4. 2. 10)
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Applying the boundary condition (2)1 it is seen that

Cl:O

so that the solution reduces to

1 .
B = O R.{2 P} (4.2.11)

Applying boundary condition (1)1 gives an expression for determining

CZ’ namely,

, SO Uy
q = %ilg CZ{Z‘IT kTOr KI(EPe r)e -ZPG}

which for small values of %—Pe_r_ reduces to

A o 1 gk
q = CZZ‘ITkT ;f(‘)l{r mipe}

Thus, the constant C2 becomes

AU . | S
C, = ZTrkTO (4. 2. 12)
Therefore, the temperature distribution may be written
% gu. B
s sPercos9 1 _
T = _SL_—ZTr kTo e Ko(—Z-Pe 1) (4.2.13)
2 k(T—TO)
and the dimensionless temperature profile, —q which
results from the line source is
2m k(T—TO) £Percos B 1 _
mae—— e Ko(f Per) (4. 2. 14)

Use has been made of the identity (_i% Ko(x) = -Kl(x).

**Use has been made of the relation Kl(x)E-}{- for small x.
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This analytical expression (4. 2. 14) can, of course, not be expected
to agree exactly with the experimental measurements as the analyti-
cal model is a greatly simplified one. The solution suggests, how-
ever, that a single parameter may be used to present the experimen-
tal results and should indicate the behavior of the wake qualitatively.
For this reason the analytical results are compared with those ob-

tained by measurements.

3. Experimental Investigations

A. Plan of Experiments

The continuum solution developed in Section 2 indicates that
2t k(T-Ty)

q
downstream location depends on a single parameter, the Peclet

the dimensionless temperature profile, , at a particular

number defined as

Pe = —
¢4

where ¢ is the bulk thermal diffusivity, U the mean approach
velocity, and L a reference length taken as the heated cylinder diame-
ter in the flow experiments. The experiments were designed so that
the temperature in the wake could be measured for a reasonably wide
range of Peclet numbers.

Medium-size spherical glass beads, coarse grain sand, and
mustard seed, which represent granular materials with different
thermal diffusivities, were chosen as the test materials. For each
material a temperature profile is determined at three downstream
locations for three flow velocities. For the coarse grain sand these

velocities are approximately 0. 10, 0.20, and 0. 30 inches per second
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which correspond to Peclet numbers of 200, 400 and 600. The three
flow velocities for the glass beads and mustard seed are chosen so as
to give Peclet numbers of 200, 400 and 600 also.

In the experimental apparatus, the power supplied to the
heated cylinder per cylinder length is related to the source strength,
(i, in the continuum solution. For the coarse grain sand, the power
supplied per cylinder length for the low, medium and high Peclet num-
bers are 100, 140 and 180 wat=s/ft., respectively.

Two different diameter heated cylinders, .375 and . 750 inches,
were used in the experiments. Temperature profiles were deter-
mined at three downstream locations for Peclet numbers of 200, 400

and 600 for each of the three granular materials.

B. Experimental Apparatus

The experimental apparatus, shown in Fig. 3.3.1, has already
been described in detail in Chapter III, Seciion 3..

Certain modifications, however, were made for the present exper -
iments. Two different diameter, Cal-Rod, electrically heated cylinders
were used. Concentric Plexiglass spacers, which fit flush with the
inside channel surface, were constructed to hold the different diame-
tér cylinders in position. Concentric insulation spacers were also
constructed to be positioned between the heated cylinder and Plexi-
glass to minimize heat losses through the cylinder ends. The cylin-
ders are heated with a variable AC source with the power supplied

being measured.
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Downstream temperature profiles are measured with a Bake-
lite thermocouple probe eqﬁipped with 5 copper-constantan thermo-
couples at inch spacing. The probe may be positioned at 13, 3 and
4% inches below the centerline of the heated cylinder. The probe may
also be adjusted to shift the overall spanwise position of the five
thermocouples. A similar probe, equipped with a single thermo-
couple, is positioned 6 inches upstream of the cylinder to serve as a
free stream reference.

To determine the power dissipated in the cylinders the voltage
across the heater circuit is measured by a true RMS voltmeter and
this along with the known heater resistance serves to determine the
power dissipated. In addition, a 250-watt full scale watt meter is
connected in the heater circuit to provide a continuous reading of the
power supplied.

The five thermocouples in the lower thermocouple probe are
referenced to the single thermocouple far upstream of the heated
cylinder. Thus the measured potentials are proportional to the tem-
perature difference between the free stream flow and the wake. The
potentials are measured with a sensitive voltmeter with an error less
than 5%.

The mass flow rate is determined by weighing the net mass
output in a fixed time. The mass flow ra*e is then converted to
approach velocity by dividing by channel area and material bulk den-
sity. The error involved in using this technique for determining
approach velocity is usually less than 10%[9]. It should be noted

that for each flow condition at least two measurements of mass flow
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rate are made. The mass flow rate recorded is the mean value of

the measurements made.

C. Procedure

The lower thermocouple probe is positioned 1% inches below
the heated cylinder. The experimental apparatus is filled with one of
the test materials and the gate valve is adjusted to give a Peclet num-
ber of 200. For the coarse grain sand this corresponds to a particle
velocity of approximately 0. 10 inches per second. The heater power
is then adjusted to provide a temperature difference of approximately
20 degrees between the free stream and wake centerline. The tem-
perature at a particular point in the wake is recorded at one minute
intervals to determine when steady-state conditions have been reached.
The temperature at several points in the wake, the power supplied,
and the mass flow rate are then recorded. During this process,usu-
ally taking 15 minutes, the supply hopper is refilled as required.
Since the flow apparatus vgzas designed to operate in the head indepen-
dent range, refilling has no effect on the channel mass flow rate.

The gate valve is adjusted to give a moderate and then high
Peclet number of 400 and 600, respectively, with the heater power in ‘
each case being increased to maintain a midstream temperature
difference of approximately 20 degrees. Measurements are then made
in the manner indicated before.

In the actual experiments, the entire procedure outlined above
was repeated for each of the test materials a minimum of four times.

In addition, wake temperature measurements were made for several
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arbitrary combinations of material, probe location, and Peclet num-
ber, as a check on measurement repeatability.

A total of three granular materials were used. These include
spherical glass beads, coarse grain sand, and mustard seed with
mean particle diameters of 23.3, 26. 8 and 81. 4 mils, respectively.
Mustard seed (hard, ellipsoidal-shaped particles) was chosen to repre-
sent a matérial with low thermal diffusivity.

For the experiments performed, certain physical and thermal
properties of these materials were required. The physical proper-
ties include bulk and particle specific gravity, void ratio, and parti-
cle size. The thermal properties include thermal diffusivity and con-
ductivity. The physical and thermal properties are summarized in

Table B-1.

D. Results, Discussion of Results, Conclusions

The temperature profile in the wake as determined by the con-
tinuum solution is given in Eq. 4.2.14, At any particular downstream
location x and spanwise location y the temperature depends on the
material Peclet number and the ratio of the power supplied to the bulk
thermal conductivity.

For each of the materials investigated, temperature measure-
ments were made at three downstream locations for Peclet numbers
of 200, 400 and 600. For a given Peclet number and material, the
power supplied was kept constant at all downstream locations. For

the coarse grain sand, the power supplied per unit cylinder length for
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the low, moderate, and high Peclet numbers was 100, 140 and 180
watts/ft. , respectively.

Experimental results are given in terms of dimensionless wake
temperature excess versus spanwise location in inches with Peclet
number and downstream location as parameters. Wake temperature
measurements for the . 750 inch diameter cylinder for the three granu-
lar materials with a Peclet number of 200 and a downstream location of
13 inches are given in Fig. 4.3.2. A symmetric curve representing
the average measure of the wake temperature excess at each of the
thermocouple locations for each of the three materials along with the
continuum prediction is also shown. The results for Peclet numbers of
400 énd 600 at a downstream location of 1% inches are given in
Figs. 4. 3.3 and 4. 3.4, respectively.

Experimental results for Peclet numbers of 200, 400 and 600 at
a downstream location of 3 inches are given in Figs. 4.3.5, 4.3.6 and
4,3.7, respectively. Results for the three Peclet numbers at a down-
stream locatjon of 45 inches are given in Figs. 4 3.8, 4.3.9 and 4. 3. 10,

The temperature profiles in Figs. 4.3.2 to 4. 3.10 show a defi-
nite wake-like behavior. The profiles are '"bell-shaped,' for given
flow conditions the width increases with distance from the heated cylin-
der, and at a given location below the cylinder the profile narrows as
the velocity is increased. In this general sense the profiles are simi-
lar to those obtained analytically for the line source in an idealized
granular medium of uniform velocity. Any more quantitative agree-
ment was not to be expected because of the idealizations in the analyti-

cal model.
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The analytical model was of help in defining the key parameters
of the problem, that is, the dimensionless temperature (g%.ll_(_A_'I) and the
Peclet number <pa—L->, which have been used in preparing the foregoing
graphs. However, when examining the experimental data for the three
granular materials it is seen that even when presented in the above
manner, data fall on three different curves rather than on a single one,.

Fairly consistently the peak temperatures ofthe flowing mustard
seed are the lowest of the three and those of the glass beads are the
highest. Similarly, the wake seems to spread the fastest in the mus-
tard seed.

When interpreting the data it has to be realized, of course, that
the experiments were exploratory in nature and that the measurements
may well be in error by * 20%. The results are sufficiently consistent,
however, to indicate that there may be additional parameters required
for the full description of the wake formation. For example, it is to be
realized that the idealized concept, which leads to the dimensionless
temperature and Peclet numbér, did not accox.mt for the vélocity profile
in the wake or any changes in the bulk thermal properties for a moving
granular medium. Both of these factors may contribute to the lack of
complete thermal and dynamic similarity in the wake. In particular,
the concept of a conductivity for a moving granular medium may have to
be examined in more detail. When the granules are in motion the air in
the voids may be displaced relative to the granules and in this way the
air may enhance the heat transport. In future investigations on the
wake in a moving granular medium, these aspects will certainly have to

be considered.
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APPENDIX A — PERTURBATION TO "EXACT" SOLUTION
DEVELOPED BY SULLIVAN [95]

An alternate approximate solution to the system of equations
developed in Chapter II, Section ! will be presented here. This solu-
tion is a perturbation to the '"exact' solution of Sullivan [95] described
in Chapter II, Section 2. Again it will be assumed that the material
obeys the Jenike-Shield yield condition, the material is cohesionless,
and that the material flows at constant bulk density. The problem con-
sidered is for the steady flow of a frictional cohesionless solid through
plane symmetric channels with ""small' wall friction.

The geometry of the channel is given in Fig. A -1. The mate-

rial is assumed to satisfy a Coulomb condition along the walls, namely,

TI‘S
= - tan(9)
g
8=6
W
where § is restricted to being ""small'. The entrance and exit planes

at r=R and r =r _ are assumed to be free surfaces with
Tre :Oe :Or =0. Itis also assumed that the channel walls are suffi-
ciently steep that the body force acts in a purely radial direction.

Again the component stresses 0., O and T.q are written in

e B

terms of a mean stress 0 and a stress angle | such that the yield
condition, Eq. 2.1.20, is satisfied identically. The relations are
given in Eq. 2.2.6 . The solution developed by Sullivan for the steady

flow of a frictional cohesionless material through plane channels with

smooth walls and radial gravity described earlier may be written
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=
1"
W]

o
ua=zu— =0
r

v =20
where S(r) is given by Eq. 2.2.15 and U is given in Eq. 2.2.16 .
Following Courant and Hilbert [89], it will be assumed that
from the stress and velocity state defined by the Sullivan solution the
actual flow deviates only by small ""quantities! such that second order
terms in these ''quantities' and their derivatives may be neglected. A

solution of the following form is assumed

c=S(r)+0
.
V=5t
(A. 1)
u:U+TJ.J
V:O+,\\/‘J

~ o~

where 0, ¥, u, Y are the small "quantities'' that represent the per-
turbation from the radial body force solution.

Substitution of the relations given by Eq. A. 1l into the equations
of continuity, isotropy and motion and then the subsequent neglecting of
second order terms in the perturbation variables yields the following

linear system in the perturbation variables
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of motion
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of motion
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« dlmmpl¥ = 'pU(5?+T)
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The above system of equations, Eq. A. 2, may be written in matrix form

as follows:

(1-sin )

0

=7 S~ 3 [~ B 1 s ~N
o puo | | o —ASsmy g g |28
T r 98
-2Ssing 0 Ul |g¥ L Iaing 0 00 %‘%
. QL o+ ' <Y 5t
du 1 du
0 0 1 Br 0 0 =~ 0 8—9
v 1| | v
0 I 0 ] k"a—r ) i 0 0 0 ;_j L '5-6 )
av [~ )
0 p'a—r— 0 (6}
-251n¢<%+2r—s> o 23 1Y
< S _Q (A.3)
dU 1 il
LAy - T
1 ~
0 T Ol LV )
If the following definitions are made
4
)
= > (A. 4)

vector = ﬁ

<l El=l A




...99_

0 -2Ssinegp O 0
l+sin 0 0 0
B = matrix = (A.5)
0 0 1 0
0 0 0 1
[ 1-sing 0  pU 0 |
0 -2Ssing O pU
A = matrix = (A. 6)
0 0 o 1
0 0 1 0
-2sing 0 pgy_ 0
r dr
0 Zsincp(-(cil—f+%§> 0 2
C = matrix = (A.7)
dU 1
o -dgr ¢ =3
0 0 !
e r ol
then the matrix Eq. A.3 may be written
Ax +1Bx +Cx=0 (A. 8)
—r T ._.e — s

where here the subscripts of r and § refer to partial differentiation,
with respect to r and § respectively, and the zero on the right hand
side of the matrix equation is a vector. Premultiplying by the inverse

of matrix B, Bnl, gives

1 = -
—;_)_c_e-PB A§_r+B Cx=0 . (A.9)

It is initially assumed that the above system is hyperbolic.

Following the method outlined by Courant and Hilbert [89] for reducing
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a hyperbolic system to normal form, characteristic curves C:

Q(r,8)=0 are given by the differential equation

dr _

w46 © + A (A. 10)
oF

1 -

—r—Qe+ )\.Qr = 0 (A. 10a)

where A is defined as the root of the algebraic equation
HB'IA-MH =0 , (A.11)

The scalar characteristic equation for A given by Eq. A. 1l is just

2 2 l-sineo) _
(A —l)<)\ _l+sincp>_ .

which gives

)\1,2: + 1 (A. 12)
and
_ l1-sincp
>\3,4 * l+sinegp ° WA )

Hence, there exists fc_)ur positive distinct eigenvalues and the system
is hyperbolic.

In general, for the system of four par.tial differential equations
defining both the velocity and stress fields, the characteristic direc-
tions (which for the present analysis are given by the A's defined

above) associated with the velocity field are

G _ (Zt’Ji‘?O)
)\l, 5= tan 5 (A. 14)
and those associated with the stress field are
G _ E.*'Eﬁ@;@)
Ay 4" tan( . . (A, 15)
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The above result can be obtained by following for the general set of
differential equations the general method outlined earlier. By refer-
ring to the Mohr diagram and Mohr Envelope, Fig. A -2, itis seen
that the characteristic directions associated with the stress field are
coincident with the lines of slip defined by the point of tangency of the
Mohr Envelope to the Mohr Circle, and that the characteristic direc-
tion associated with the velocity field are coincident with the lines of
maximum shear stress. These are obvious consequences of the Jenike
constitutive postulates.

It is seen that the characteristic directions for both velocity

and stress field in the present analysis are given by

)\l > = lim XG

] \L’"’O 1;2
and
s, G
Ay 4= lim A3
-0

respectively. That is, the characteristic directions for the linearized
system of equations that describe a flow that deviates only ''slightly"
from a main flow given by the Sullivan ‘solution are identical with the
characteristic directions for the main.flow.

Since the equations are linear, the' characteristic directions
are independent of the dependent variables, and thus the characteristic
equations may be solved independently of the solution. The characteris-
tics for the velocity field are given by the solution to the ordinary

differential equations
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dr dr _
a6 © 7\1 and Tds - >\2
yielding
T o —i—cle+e and r = -}—cze_e for (A. 16)

the first and second velocity characteristics, respectively. The
characteristics for the stress field are given by the solutions to the

differential equations

dr dr

s T g, Tl oE =y
yielding
_fl-i-sinco 5 _ l+sing 5
r = +cge l=singp and r:+c4e k=it (A.17)

for the first and second stress characteristics, respectively. Itis
seen that the characteristics for the system are logarithmic spirals.ﬂ‘
For the above set of eigenvalues, that is, the characteristic

directions given by the M\'s, the eigenvector matrix for the hyperbolic

system defined by the matrix Eq. A.9 is found to be

1 1 1 1
1 +1 —2\3(~1+sincp) +}\3(1+sincp)
% = 2Ssing 2Ssino 2S sin 2S sin¢p
- tai ; (A. 18)
sin ¢ +sing 0 0
oU oU
+sin -sin o 0 0
pU pU

"For the case when the inertial terms are negligible, Sokolovski [87]
found the stress characteristics as logarithmic spirals when
= LUO = constant.
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. . : -1 . ;
and the inverse of the eigenvector matrix, X ~, is given by

o . —)\3(1+51ncp) —)\3(1+51ncp)
pUS pUS
. . —)\3(l+sin ) +)\3(1+sincp)
pUS pUS
—)\3sin o(1l+sin o) 2 sinzgo +>x3(l+sin o) 1
2025 2242 0US pUS
_)\3sincp(l+sincp) YT +>\3(1+Sincp) 1
pZUZS pZUZ puUs pUS
(A. 19)
where ]X l is the determinant of the matrix X given by
—2)\3sincp(l+sin'cp)
x| = > (A. 20)
p U'S
Define a new vector bvariable, y, by
x = Xy then (A. 21)

X

and

g = *¥g

X, = Xr_y_ ¥ er

since X 1is independent of 9

Substituting for the x in Eq. A.9 and premultiplying by _X—1

1

3
r

1

xy +x g1 1

5 Aer-%X

B'lAXy_r+ X"

1

B lCcxy = 0

However the eigenvector matrix X diagonalizes the matrix BnlA

such that




1
0 A 0 0
=1yl . 22
X "B "AX =A = (A. 22)
0 0 }\3 0
0 0 0 )\4
and the matrix equation for y becomes
1o say +x B lax +x'B leny =0 (A. 23)
rLgt MLy r == - ’

It was assumed that the actual flow of a frictional, cohesion-
less solid through converging channels deviates only slightly from a
main flow defined by Sullivan's "exact'' solution for smooth walls and
radial gravity. It has been shown that the linear system of equations
describing this "'slight'" deviation is hyperbolic and the characteristics
for both the velocity and stress field coincide with those for the fric-
tionless flow. The characteristic equations were found and the charac-
teristics are logarithmic spirals from the origin. This agrees with
Sokolovski [87] for negligible inertial terms and constant stress angle.
The systein was then reduced to normal form which yields a system of
four ordinary differential equations for the stress-velocity vector y.

The assumed form of the solution, Eq. (A.3), implies that the
perturbation quantities are uniformly small in that second order terms
of all of these quantities may be neglected. However, by writing the
complete system of equé.tions in dimensionless form and assuming a
form of solution not necessarily uniform in a perturbation parameter,
the perturbation parameter may be found and it may be seen that the
solution is indeed not uniform in this parameter. Tﬁis more general

approach is followed in Chapter II, Section 3.
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APPENDIX B — MATERIAL PROPERTIES

The subject matter of the thesis concerns the flow of a
frictional, cohesionless solid (dry granular materials which exhibit
negligible cohesion for example) and the heat transfer from a heated
surface to a flowing, frictional, cohesionless solid. For the experiments
performed, certain physical, mechanical and thermal properties were
required. The physical properties include bulk specific gravity,
particle specific gravity, void ratio (which can be determined from
the bulk and particle specific gravities under certain conditions), and
particle size; the mechanical properties include internal friction
angle and wall friction angle (the coefficient of friction between a
granular material and a well-defined surface); the thermal properties
include bulk thermal diffusivity and bulk thermal conductivity.

A total of nine granular materials were used. Five of these
consisted of different sizes of spherical glass beads ranging in
diameter from 10. 7 mils to 127.2 mils. Fine, medium and coarse
grain quartz sand were also used. Mustard seed (hard, ellipsoidal-
shaped particles) was chosen to represent a material with a low
thermal diffusivity.

Most of the properties outlined above are bulk properties in
that they depend on the particular arrangement of the grains (particles)
in the granular mass. For example, a large variation in void ratio
may be obtained by measuring the void ratio of the same material in

both a '"loose" and '"dense'' state. For this reason it is somewhat
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important to establish an initial state or condition for each test sample
for the material property evaluation.

Briefly, it has been experienced that if a given frictional
cohesionless solid in the 'loose' state undergoes shear deformation,
the void ratio, which is defined as the ratio of the volume of the voids
to the volume of the solids, initially decreases but at large shear
strains reaches and remains at a near constant value. Similarly, if
the same frictional, cohesionless solid in the '""dense! state undergoes
shear deformation, the void ratio slightly decreases, increases, and
then at large shear strains reaches and remains at a near constant
value. It is possible to prepare a test sample of this same material
with a particular initial void ratio such that under shear .deformation
the void ratio remains essentially unchanged. The void ratio for the
solid in both the 'loose' and ''dense'' state approaches this constant
void ratio at large shear strains. This constant void ratio will be
called the critical void ratio.

For the experiments considered in the thesis, it is assumed
that the granular material behaves as a frictional, cohesionless
solid continuously failing (implying sufficiently large shearing
deformations that ''state state' flow conditions, i.e., constant void
ratio, have been reached) at constant void ratio. Thus, the material
properties a;.'e desired and were determined at the critical void ratio.
The specific methods used in determining the material properties are
described below., The material properties are summarized in

Table B-1.
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Bulk Specific Gravity, Particle Specific Gravity, and Void Ratio

Specific gravity is defined as the ratio of the density of a
substance to the density of some reference substance, the reference
substance usually being taken as distilled water at some specified
temperature. Distilled water at 4°C which has a density of exactly
1. 0 gm/cc will be taken as the reference substance. Thus, the
measured density of any substance will be numerically equal to its
specific gravity.

Bulk specific gravity at the critical or flowing void ratio is
desired. The bulk density of a dry granular material is easily
determined by measuring, with a graduated cylinder, the volume
occupied by a known mass of the test substance. The volume corre-
sponding to the critical or flowing state is achieved by capping and
then slowly inverting (two inversions necessary) the filled cylinder.
Denser states ma')} be achieved by gently tapping the sides of the
cylinder.

Sullivan [7] discussed a method for determining particle
specific gravity. However, failure to remove all interstitial air
using his test procedure will result in large (non—negligiblé) error
in the particle specific gravity measurement. A more refined test
procedure is given by Taylor [4]. For this particular investigation
not all particle specific gravities were measured. The specific
gravities for the five glass beads and the three quartz sandsl were
taken from the literature [1, 3,4]. The particle specific gravity for

the mustard seed was determined by using Taylor's method.
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Void ratio is defined as the ratio of the volume of the voids to
the volume of the solids. For a granular material with negligible
water content (water content is defined as the ratio of the weight of
water to the weight of solids in a unit volume of material), the void

ratio may be determined from the particle specific gravity, and

P p»

the granular bulk specific gravity, Py in the following formula

Particle Size

An arbitrary granular mass will consist of a random assort-
ment of three-dimensional, irregular shaped particles. If with each
of these particles there can be associated some characteristic length,
then this length can be taken as a measure of the particle size. Since
for such a definition to be meaningful it must be possible to prescribe
this characteristic length in a standardized manner (measurement
method), the particle size will depend on the particular method or
manner of measurement chosen.

Normally in soil mechanics, the particle size distribution for
a given granular mass is determined by performing a '""sieve analysis'.
Briefly, the analysis consists of passiﬂg the given sample through a
set of sieves (care must be taken in choosing the appropriate set of
sieves) and weighing the amount of material retained on each sieve.
Thus, in the sieve analysis the particle size is related to the mesh
opening. A somewhat different approach, which is used in this

‘investigation, is described below.
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The characteristic length used in this investigation is defined
as the distance between two planes each plane being tangent to
opposite sides of the parﬁcle. If an irregular granular particle is
viewed using a light microscopé, the above characteristic length
becomes the distance, d, between two lines each line being tangent
to the outline of the particle planform area. For the spherical glass
beads, this distance is just the particle diameter. ZFor the irregular
shaped quartz sand particles and the ellipsoidal-shaped mustard seed
particle, the distance, d, will depend on the particular particle
orientation. However, if d is measured for a '"sufficient' number of
randomly oriented particles, then d should be representative of the
particle size and independent of orientation.

The light microscope used was equipped with a special
eyepiece inscribed with parallel lines at & mil spacing. The measure-
ment p.rocedure adopted consists of slowly traversing a slide containing
a large number of randomly oriented particles and measuring all
particles coming into view. Approximately 100 particles for each
of the nine materials were measured. Mean particle size, standard
deviation, and particle size distribution were determined. The
experimental set up is shown in Figure Bl. A typical particle size

distribution is given in Figure B2.

Internal Friction Angle

Static friction between two plane solid surfaces can be
characterized by a coefficient of friction which is defined as the ratio

of the available friction force, which acts along thelin‘cerface,to the
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normal force between the surfaces. The force is applied through one
of the surfaces and reacted at the other. The resultant of the reacted
normal force and the maximum available friction force will act at an

angle, ®, (called the friction angle) to the surface normal. From

geometry and the above definition it is observed that

maximum available friction force
normal force

= coefficient of friction = tangent(yp).
In a similar fashion the resultant of the applied normal force. and
applied tangent force will act at angle say, 6, to the surface normal.
The angle § is usually called the obliquity of the applied force. For
all values of 6 less than ¢ the system is stable in that there is no
danger of slip between the solid surfaces. For §=¢, however, slip
is imminent. Thus, for this system failure or instability occurs when
the obliquity of the applied force is maximum and equal to the friction
angle.

The ideas developed above for solid friction can be used to de-
scribe slip, or more appropriately the resistance to slip, on a speci-
fied plane in a granular mass. The problem here is more complicated
in that resistance to slip is not due to merely sliding friction between
solid surfaces but to a combination of sliding and rolling friction be
between grains as well as an interlocking of the irregular surfaces of
the individual grains.

The shear stress, T, on a particular plane, analogous to the
applied tangent force above, may be related to the applied normal

stress, o, through an obliquity angle, ¢, as follows

T = otanb
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Failure or slip is imminent when 6 reaches its maximum value which
is given by the internal friction angle, ®. The internal
friction angle, ®, must be taken to be a measure of the overall
resistance to slip due to the three mechanisms mentioned. The
shear strength, s, which is just the shear stress at failure,
is given by

s = 0 tano
Thus in normal stress-shear stress coordinates, the shear strength
is represented by two straight lines through the origin with slopes
+tanep and -tang which define what is called the Mohr Envelope.
For a particular stress state defined by a Mohr's circle, failure or
slip is imminent when the Mohr circle is tangent to the Mohr Envelope.

A direct shear type of apparatus was chosen to measure the
internal friction angle for the test materials. Basically a direct
shear test consists of shearing the test material along a particular
(well-defined) plane and measuring the applied normal load and reactive
shear load on the failure plane. The ratio of the maximum shear load
achieved to the applied normal load corresponds to the peak-point
internal friction angle. A brief description of the samwple preparation,
the direct shear machine, and the test procedure follows.

The sample, loaded into a shear box, is constrained peri-
pherally by an upper and lower metal ring separated by approximately
% grain diameter and is constrained from above and below by two
porous stones. For each test, the sample weight and test volume are
measured to determine the initial void ratio. KEach sample is prepared

such that the initial void ratio is "near'' the critical void ratio.
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The direct shear machine, shown in Fig. B3, consists of three
major parts: (1) a spring loaded apparatus to apply a known normal
load to the test sample, (2) a constant speed motor to displace the
upper half of the test sample relative to the lower half, and (3) a metal
proving ring to measure the reactive shear load on the lower half of
the test samples. The test procedure consists of applying a given
normal load to the test sample, applying (through the constant speed
motor) a shear displacement to the upper half of the test sample, and
measuring the instantaneous shear displacement of the upper half and
the instantaneous reactive shear load on the lower half. A typical plot
of the ratio of shear load to normal load versus shear displacement is
given in Fig. B4. The peak point friction angle corresponds to the
maximum value of this ratio; the ultimate friction angle corresponds
to the value of this ratio at large shear displacement. Since, as may
be seen in Fig. B4, the difference in the peak point and ultimate values
for this particular void ratio is not large, and since it is fairly
common practice in soil mechanics to use peak point values from lab-
oratory tests for analyses of problems in nature [4], peak point values
were used in this investigation. A typical plot of peak shear load ver-
sus applied normal load is given in Fig. B5. The slope of the peak shear
load versus applied normal load curve is just tangent (p). The complete
set of results is given in Table BIl.

Generally the internal friction angle for cohesionless material
is not a very strong function of applied nérmal load but is very sensi-
tive to the initial void ratio. For the five sizes of glass beads tested,

the variation is initial void ratio (test void ratio which was near the
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critical void ratio) was not large. There was, however, an increase in
internal friction angle with increase in standard deviation in particle
diameter. This is perhaps related to the greater amount of interlock-
ing taking place in the material with a larger variation in particle di-
ameter. Interlocking might also explain the higher internal friction
angles observed for the irregular-shaped sand particles.

Surface Friction Angle

One problem investigated experimentally and discussed in the
thesis deals with the flow of a frictional cohesionless solid over a cylin-
drical surface. For these experiments two sets of cylinders were used.
The firsf set were lucite with a smooth (as formed) surface finish; the
second set were aluminum with a diamond knurl finish. Photographs of
the 1" lucite and 1" aluminum cylinders are given in Figs. B6 and B7,
respectively.

It was desired to determine the effective friction coefficient
(or friction angle) for each individual test material and surfaces repre-
sentative of each of the cylindrical surfaces. A very simple apparatus
was designed and built to measure the surface friction angle. Basically
the apparatus consisted of an open box (8 X 12X 4" deep) to contain the
test material, two test pads with surfaces representative of the cylin-
drical surfaces (photographs of the pad surfaces are given adjacent to
the cylindrical surface photegraphs in Figs. B6 and B7), a pully
attached to the box, a weight pan, and two sets of weights. The actual
test apparatus is shown in Fig. BS. |

The test procedure consists of applying a normal load to the

test pad and then increasing the shear load by applying successive
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weights to the test pan until slip is imminent. This is actually an
iterative process in that often the final she ar load increment will sur-
pass the load necessary for slip requiring the test to be repeated with
a decrease in the final load increment. The shear load required for
slip was determined for eight normal loads for each of the nine materi-
als. A typical plot of required shear load versus applied normal load
is given in Fig. B9. The slope of the required shear load — applied
normal load curve is just tangent (8), where & is the surface friction
angle.

Thermal Diffusivity

The unsteady-state method for measuring thermal diffusivity of
a granular mass proposed by Brinn [6] and used by Sullivan [7] was
adopted. The method requires a simple test apparatus and a relatively
short data acqusition time.

"The apparatus consists ofa l13inchdiameter copper tube wound
with electrical resistance heater tape connected to a variable AC power
source. One thermocouple is embedded in the wall of the copper tube
to provide wall temperature; one thermocouple is positioned along the
tube centerline to provide centerline temperature; one thermo.couple is
positioned in an ice-water bath to act as a reference junction. A
schematic of the test apparatus is shown in Fig. BIO.

The test material is loaded into the éopper tube and the ends
are capped. The test procedure consists of raising the wall tempera-
ture to apéroximately 50" F above the initially uniform temperature of

the granular mass, and then measuring the temperature difference
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between the wall and centerline at one minute intervals while keeping

the wall temperature essentially constant.

For a cylindrical body initially at uniform temperature TO
with a wall at radius R raised instantaneous at t=0 to temperature

Tl (wall temperature at T, constant for all t>0), the centerline tem-

1

perature is given by

2
N 0
T i)
1770 210" 1'% R

where Ty and Jl are Bessel functions and the an's are the zeros of
JO' For increasing ot/R~ successive terms in the infinite expansion
are of decreasing importance. Thus for large ozt/R2 the slope of
logy (Tl— TC)/(Tl— TO) should approach a straight line with slope
=2, 5oz/R2. As discussed by Sullivan [7] the second term in the expan-
sion is negligible with respect to the first for (at/R2)>. 3 which should
be reached on the order of 10 minutes for a typical granular material
in this test apparatus.

A typical plot of loglo (Tl— TC)/(Tl— TO) versus time is given in
Fig. Bll. A s‘ummary of the thermal diffusivity data for the nine gran-
ular materials is given in Table Bl. The data for thermal diffusivity of

quartz sand agrees well with the data given by Jumkis [8].

Thermal Conductivity

The thermal conductivity was not measured directly, Instead
the specific heat of the particles was measured and then the thermal

conductivity was found using the definition

k=pce
where p and o are the previously determined bulk density and ther-

mal diffusivity, respectively.
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The same apparatus as used in the diffusivity test was used
here with the wall condition changed from constant temperature to
constant heat flux. To effect this change the apparatus was wound
with a second electrical resistance tape heater to actasa guardheater,
the two heaters being separated by a <5 inch section of cardboard. In
addition to the wall and centerline thermocouples, one thermocouple
was positiened on each side of the cardboard section. The inner and
other heaters were connected tc separate variable AC power sources.

The test material was loaded into the copper tube and the ends
were capped. The entire apparatus was then wrapped with rock wool
insulation to minimize heat losses from portions of the apparatus not
covered with the guard heater. The test procedure consists of apply-
ing a known AC voltage to the inner heater, and then measuring the
wall temperature and the difference in temperature between the wall
and centerline at one minute intervals while keeping the temperature
difference across the cardboard less than $°F.

Neglecting the heat capacity of the copper tube, the exact
solution for the radial temperature distribution for a cylindrical
section with a constant heat flux, q“, at r=R is given by Carslaw

and Jaeger [5] as

2
' 2 © 7 (rbn/R) otb
T(r,t)- T~ = zq”_oft_+qﬂ£{_[_£_. IS S .exp< nﬂ

0 kR k 2 4 2 2
ZR -1 bn.}“o(bn) R

n

where Jl(bn):O ‘[b1:3.832, b,=7.016, ...]. For large o/t/R2

2
((at/R)>.5) the terms in the infinite expansion are negligible compared

to the term linear in time. Thus a plot of (Tl—TO} versus time
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should approach a linear asymptote with slope 2q”/pcR which may be
used to find c.

The heat capacity of the copper cylinder does have an effect on
the terminal slope of the temperature-time plot. According to
Sullivan [ 7] the terminal slope is given in terms of the total heat
added to the cylinder by

ot 0

Um —= = oM e
t-00 11 ""pp

where 1\/11 and Mp are the mass of the cylinder and granular material

respectively and c, the specific heat of the copper.

1
A typical temperature time plot is given in Figure Bl2. A
plot of Tl—TC is also given. The measured specific heats of the

glass beads and quartz sand agreed quite well with published data

[8,9].
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VOLUME y
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Figure 2. 1.1 Hydrostatic pressure versus volume change for
the drained, triaxial testofa saturated clay.
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Figure 2. 1.2 Jenike — Shield pyramid yield surface,
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Figure 2. 1.3 Growth (contraction) of yield surface for
the process of consolidation (expansion).
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Figure 2. 1.4 Yield locus and Jenike — Shield effective
yield locus in (0, T) coordinates.
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UPPER FREE SURFACE

LOWER FREE SURFACE

Figure 2.3.1 Plane, symmetric converging channel.
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Figure 2. 3.2 Mohr diagram and Mohr envelope
with effective friction angle, ®.
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Figure 2.3.3 Mean stress versus radial position for
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Figure 2.3.4 Mean stress versus radial position for

©=35, =5 6=0, 10, 20 .
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Figure 2.3.5 Mean stress versus radial position for
o =35 =10 6=0, 10", 20 .
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Figure 2.3. 6 Mean stress versus radial po'sition for

o =30, ;R—:Z, 5=0", 10, 20",
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Figure 2. 3.7 Mean stress versus radial position for

©=30, X =5 6=0, 10", 20"
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