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ABSTRACT

The dissertation will be divided into two parts. The first part
will, in essence, be a study of weak compactness in a variety of
families of normed spaces. Included in this study will be general
characterizations of weak compactness in spaces of vector measures
and tensor products that contain all known results of this nature as
special cases (in particular, we do not need to restrict attention to
only those range spaces with strong geometric properties such as, for
example, the Radon-Nikodym property). The methods of Nonstandard
Analysis constitute a fundamental tool in these investigations.

The second part of the dissertation will contain a discussion and
a study of Model theoretic aspects of categories of normed spaces.

We will introduce multi-sorted formal languages that enable us to view
various subcategories of the category of normed spaces as being
equivalent to categories of set-valued models of coherent theories in
these languages. We see, in particular, that the category of real
normed spaces is equivalent to the category of set-valued models of

a lim-theory, and that, for instance, the category of L-spaces is
equivalent to the category of set-valued models of a coherent extension
of this lim-theory. These considerations allow for proofs of existence
of 2-adjoints to inclusion functors from some 2-categories into the
2-category of Topos-valued normed spaces, and the study of the
elementary properties of these adjoints.

The coherent theory of Hilbert spaces gives rise to interesting

spatial Toposes when the appropriate ""adjoint functor theorems' are



proved. The sites of these toposes are spectral spaces (in the sense

of Algebraic geometry) with interesting cohomological properties.



PART I

ASPECTS OF WEAK COMPACTNESS IN CERTAIN NORMED SPACES

Introduction

As a labor saving device and in order to facilitate communica-
tion we introduce the following notation and definitions which will
serve unchanged throughout Part I.

X, || HX) will denote a Banach space; as is customary, we
will often use (X, H H) or X as "equivalent' notation, >7 will denote
a o-algebra of subsets of the set @ and p will denote a finite, non-
negative o-additive measure defined on 27. The space of Bochner
integrable functions on © with values in X, L, (Q, X), is defined
as follows: f:Q — X is Bochner integrable if and only if f is
p-measurable (i.e., f isthe p-almost everywhere limit of simple
functions) and there exists a sequence of simple functions (fn) -
such that the sequence f H i || d converges to zero. For each
Ee2s, [fdy denotes %e limit, ngrg [ xgtpdu, where the (f,) are
as aboveEand XE denotes the characteristic function of E. A vector
valued measure with values in X is a function G:2 - X with the
property that G(E,“E;) = G(E,) + G(E,) for disjoint E,, E, e L,

If G satisfies: G(\v_E;) = 72 G(E ;) for every pairwise disjoint
Sequence 1n7\ thle—r} G is éa%led a o-additive measure. The variation
of G, |G|, is the function |G|: 2 ~JZ w {=} defined by:

|G |(E) = ST}lp 2 | G(a) || where the supremum is taken over all

Aer
partitions of E consisting of a finite number of members of 2.



if ]G | < =, then G is said to be of bounded variation. We denote by
BM(Z, X) (respectively oBM(Z,X)) the space of all bounded X-valued
measures G:Z =X (respectively all vector measures G:Z =X of
bounded variation which are also o-additive) normed with the variation
norm |G| =:|G|(@).

One of the central problems that we will study in this part of the
report, is a generalization of the following well known and well under-
stood problem: find properties of subsets K C L, (=,#) that charac-
terize the subsets K with weakly compact closure; we should clearly
only be interested in ""decent" properties, where "decent" is inter-
preted in popular systems of mathematical aesthetics and mathematical
ethics.

The following theorem of Dunford is considered to be an accept -

able solution to the above mentioned classical problem.

0.1 Theorem (Dunford [1]). A subset K C L, (=Z,#) is weakly

sequentially compact if and only if it is bounded and the countable

additivity of the integrals é fdy 1is uniform with respect to f in K.

0.2 Remarks: (1) The integrals ffdu, have uniform countable

E
additivity with respect to f in K precisely when for every sequence

]
{E_} in = with o

{ Bp=¢, lim [ fdu = 0 uniformly in K.

D~ g
(2) According to the Eberlein-Smulyan theorem,

Dunford's theorem actually characterizes the relatively weakly

compact subsets of Ll(z,@) i.e., the subsets of L, (=,#) that have

weakly compact weak closures.



The question then arises: to what extent can this type of charac-
terization of relative weak compactness by generalized to the situation
where ﬁ is replaced by a non-trivial Banach space X? It turns out
that one can replace A by any reflexive space X if we change

lim, [ fdp =0", to lim [ |l £]]dp = 0" in (0.1). The proof of
En En
this generalized version of (0.1) depends crucially on the fact that

every reflexive space X possesses the so-called Radon-Nikodym

property.

0.3 Definition. X has the Radon-Nikdym property with respect to

(Q, =, p) if for each p-continuous vector measure G:Z —X of bounded

_variation there exists a ge L, (3,X) such that G(E) = [ gdp for all

EeZ (G is p-continuous if lim G(E) =0). &

p(E)—0
One can generalize Dunford's theorem even further to get the

following result.

0.4 Theorem [2]. If both X and X™ (the dual of X) have the Radon-

Nikodym property and K C L, (£,X) then K is relatively weakly
compact if and only if

(i) K is bounded

(ii) K is uniformly integrable (i.e.,

lim [||f]| du = 0 uniformly in K)
u(E)-’Oé

(iii) for each Ee =, the set { [ fdp/feK} is relatively weakly
compact. The question that we thenE;ddress in Chapter 2 is the following:
To what extent can (0.4) be generalized?; in particular, what happens if
it is not true thtt X and X™ both have the Radan-Nikodym property ?



0.5 Remarks. (i) The Radon-Nikodym property can be viewed as a

geometric property (cf. the notion of ""dentability") and is currently
one of the most intensely studied geometric properties of normed
spaces ([2], [3]-[9]).

(ii) The following is a quotation from [2]: ""The problem of
characterizing the relatively weakly compact subsets of L, (2,X) for
general X, remains one of the most elusive problems in the theory of
vector measures.'" One must add to this, as was suggested previously,
that it is not at all clear at this stage when a set of criteria for rela-

tive weak compactness will be an acceptable set.

0.6 A notable extension of (0.4) appears in a paper by Brooks and
Dinculeanu [10]; they prove that conditions (i)-(iii) (0. 4)
with the following:

(iv) For every countable subset K, C K there exists a sequence
("n) of p-partitions such that f 7y converges strongly to f, uniformly
for feK, (where f_,wn = :AE [(u(a)™ f fdy) XA] imply that K is

€ETH A
relatively weakly compact. If it is assumed that X* has the Radon-

Nikodym property, then, given that K is relatively weakly compact,

(iv) with "converges strongly' replaced by '"converges weakly' holds

true.

0.7. In Chapter 1 we study sets K & L, (u,X) such that the union of
the ranges of the members of K is well behaved; in particular, using
the main result of Chapter 1, (1.10) we prove that if this common range
is relatively weakly compact, then conditions (i)-(iii) of (0.4) are

sufficient to ensure that K is relatively weakly compact. This result



was independently discovered by J. Diestel [11]--his methods of proof
are entirely different from ours (he uses a factorization result that
follows from a lemma of Davis, Figiel, Johnson, Pelczynski (cf. [2])),
and do not appear to be amenable to sufficient generalization to yield

our results.

0.8. The fact that L, (2,X) embeds isometrically in ¢ BM(Z,X)
suggests that results similar to (0.4) may be obtained in this more
general context. When it is assumed that X and X* both have the

Radon-Nikodym property, then the following result is easily obtained.

Theorem [2] K € ¢BM(Z,X) is relatively weakly compact if and only if
(i) K is bounded;
(ii) there is a p on T such that lim IG’(E) = 0 uniformly in
K(E)=0
GeK;

(iii) {G(E)/G €K} is relatively weakly compact for every Ee¢ =.

In fact, the three conditions of the theorem imply that K is contained in
L, (Z,X) and the result follows from (0. 4).

In Chapter 3 we drop the assumption that X and X* have the
Radon-Nikodym property and obtain a general characterization of weak
compactness in 0 BM(Z,X). Using this characterization, the main

result of Chapter II can be partly recovered.

0.9. The last chapter of Part I contains some applications of the
methods of the previous chapters to the study of weak compactness in

spaces of operators.



0.10. A recurrent theme throughout all of Chapter 1 is the following:
dual spaces can often be fairly well understood if they are restricted

to operate on well behaved, '"small" sets of vectors.



CHAPTER 1

The main result of this chapter is theorem 1.10. On our way to
the proof of this theorem, we gather together a sequence of preliminary
results that will be relevant to the proof of (1.11).

Our first result is well known in the case X = 2 (cf. [12]) --
however, we could not find any reference in the literature to the more
general situation that is of importance to us; hence we present here our

elementary proof (which is proably not the most elegant one).

1.1 Proposition. Let feL, (£,X) and let S C X be weakly compact

and convex. If u(E)™ [fdy is an element of SV Ee > (=" will from
now on denote the set og:all members of £ with positive j-measure),
then f(w)e S for almost every we Q.

Remark. This proposition is a converse to "the mean value theorem

for the Bochner integral" (cf. [2] p. 48).

Proof. Pick aeX\S and let B(a,r) (={xeX/||x-a||<r}) be contained
in X\S. B(a,r) is convex and open; hence we can find o ef2, x*e X*
such that x*[B(a, r)] < a = x*[s].

As x*[S] is closed in 2 and ([ x*tdp)(uE) ™ =x*([fdp)(u(E) ™
is in x*[S] vEe 27, x*(f(w)) e x*[S] Ef;or almost every we QFby the
scalar value case of our proposition. As f'[B(a,r)]< (x*f) ' [x*B(a,r)].
it follows that £ *[B(a,r)] is contained in a null set.

According to the Pettis measurability theorem ([2], p. 42), we
can find E e = such that f[E] is norm separable and p(Q\E) = 0. Let

D = X be countable and norm dense in f[E]. For every xe F[E]\ S,



let d 1nf x-s|| and let B, = B(x, 3d,). ThenD~( W B.)
x = il || x-s]] 1d) o B

(let us denote this set by D) is norm dense in f[E]~[X\S]. If yeD,
then B(y, y)Cx\s and f[E]~[X S]ES UBB(y,d

y
Y&
e LY 5 B(y, dy)] is contained in a null set which in turn implies that

). As D is countable,

£7 [#(E)~[X\ S]] is contained in a null set. Therefore, as
£ [X\S] = 17 [(E[E] A [X\SD) w([X\f[E]]~ [X\S])]
S (T [{[E]~ [X\S]) v (@\E)
we have the desired result.

1.2 Proposition. Let f:Q — X be measurable, let SEX be weakly

compact and let C(S) denote the space of all continuous real valued
functions on S. Say f[Q] CSCX; then for every measurable function
g:Q — C(S), the function hg Q-*.ﬁ defined by h_(w) = g(w)(f(w)) is

g
measurable,

Q
measurable (use the fact that g:Q ~J, is measurable if and only if

Proof. If g is of the form kXQ, then hg = (kof) x o = kof which is

the inverse image g™ [U] is in the Lebesque extension of = for every

open U). It follows that simple functions g give rise to measurable hg.
If g is not simple, let g~ 8 outside a null set where the g, are
simple. Then |g(w)(f(w)) - g (w)(f(w) | = suplg ) - gy ()]

= Hg (w) - gn w)H - 0. Hence h_, being the almost everywhere limit

g’
of measurable functions, is measurable.

1.3 Notation. If f:Q —~X and g:Q — C(S) with f[Q] SSCX, then we

denote by (f,g) the function w F g(w) (f(w)).



We now introduce the notion of quasi-equicontinuity -- a notion

that will play a fundamental role in what follows.

1.4 Definition. Let S be a Hausdorff space. A family F CC(S) is said

to be quasi-equicontinuous on S if the convergence of a net Sy to 8,
in S implies that the convergence f(Sa) - (S,) is quasi-uniform on F.
That is, given € > 0 and a,, there exists a finite set

a; = a, (i =1,---,n) such that for each fe F,

min [{(S -S| <e.
min [1(,,,) - 15,

Quasi-equicontinuity was first studied by Arzela in connection
with the properties of the pointwise limits of sets of continuous

functions ([1]).

1.5 Lemma. Fix ke A" and let FC{n*e¢X"*/||x*|| < k}. Then F,

considered as a family of continuous real valued functions on X with
the weak topology, is quasi-equicontinuous on X.

Proof. D ={x"eX*/||x*||<k} is weak™ compact according to the
Banach-Alaoglu theorem. Let {S } be a net in X converging weakly
toS,, and picke > 0and a,. Let F_ ={x*eD/[x*(8,)-x*(5,) |<e},

for @ > a,. We know that x*(S_)—~x™(3,) Vx* eX*, henceD= U F_.
o' aeA ¢

But Fa ={x*eD/ lf(Sa )(x*)[<€}, where F(Sa‘so) (x*) =:x*(Sa -So)s

-SO

is open in the weak™ topology induced on D. Hence there exists
n

Qyyeey0y €A, @3 20 (i=1,...,n) such that D = s Fai.

1.6 Definition. A vector measure G:X —X is (I, u)-representable

if there exists a Bochner integrable function g :Q—X such that
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G(E) = f gdy for every E € =.
E

1.7 Theorem ([2]) ("utility grade Radon-Nikodym theorem").

If G:=—~X is p-continuous and for each E, ¢ =% there is an E, e =7 with
E, <E, such that {u(E) ™ G(E)/Ee=", ECE,} is relatively weakly

compact, then G is (Z, u)-representable.

1.8 Lemma. Let ¢ be in the dual of L,(Z,X) and let SCX be weakly

compact. Define G:Z = C(S) by G(E)(S) = £(S XE); then G is repre-
sentable by a function g :Q — closure{fe C(S)/f = the restriction to S of
some x* ¢ X*} (denote this closure by ES).

Proof. Define G:Z ~x* by G(E)(x) = £(x Xg)i G (E) is linear on X and
[GE)@ | =exxg) = el lxxgll, =l el x|l u(®). Wwe observe
that G(E) is the restriction of G(E)to S VEe=. I is clear that G is

a measure; furthermore we see that
la®|l,, = smslpluxxE)IsllzlLu(E)sxSlpH s/|

in particular it follows that G is p-continuous and lG|(@) < .
{1(E) ™" G(E)/Ee=*} is sup norm bounded by || ¢||, where K = sup || s
and {u(E) ' G(E)/Ee = c{x* ex*/||x*||=]|2]| }.

Let s, — s in S with its induced weak topology; then Sy ”8 inX
with the weak topology. According to (1.5) we can find @, -, o, for
every aq, € >0 such that o, > a,(i=1,---,n) and

min| w(E)(G(E)(Sq,) - GE)(S,) | = min| u(B)G(E)(s,,) - TE)(S))| <e
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It follows that {i(E)™'G(E)/Ee =} is relatively weakly compact in
However, the weak topology of ]—BS is the topology induced by
the weak topology of C(S) (use the Hahn-Banach theorem to verify this).
Hence {u(E)'G(E)/Eez*} is relatively weakly compact in Bg: as Bg
is convex, I—BS is the weak closure of By in C(S); hence the weak
closure of {u(E) G(E)/Ee ="} in C(S) is the same as its weak closure
in ES. Before we can state and prove our first main result, we need

an integral representation result for members of (L, (Z,X))*.

1,9 TLemma. If ¢ is an element of the dual of L ,(£,X) and f:Q - S is

measurable, where S&X is weakly compact, then there is a measur-

able function g:0Q —~ ES (notation as in 1.8) such that
Q(f) = f<f,g>dp,.

Proof. Let P be the class of all partitions 7 =% of O and direct this
class by refinement. Let g_ =E§7T L(E) " G(E) for every me P (G is
as defined in 1.13 and p(E) 'G(E) is taken to be equal to zero if
w(E) = 0); then the Eﬂ. define, in the obvious fashion, a martingale in
L, (Z,Bg) (cf. [2] p. 128).

Let fe L, (Z,X) and let {fn} = L, (Z,X) be a norm approximating

sequence of simple function for f. Then
| 2(f) - [(t,e,) dul=]a®) -2t ) |+ £(t) - [<£,8 ) dul

=‘Q(f)'ﬂ(fn)|+!£(fn)" r 2 o .<XAXA’ H(E)-IE(E)XE> XA(\Edu'
€7T.n, ET. :

(where & 27;7 X5 xA)
n



12

= |a() - ot [+| 2@z X ) - AEE (%) X p g (B) 7 n(ACE)|
b
which is small when 7 and n are large.
Let g, = > 1(E)™ G(E) X ; then if f takes its values in S, we
have (f,g ) =(f,g, ). We claim that g_ converges as martingale to

g --in fact, as is easily seen,

G(E) = lim [ g_dp;
F &

according to a martingale convergence theorem ([2], p. 125), (which
says the following: '""A martingale in LD(E,X) converges in Lp(E,X)-
norm if and only if there exists fe Lp(Z,X) such that fE fdu =

lim f f‘r du) we have the required result as G is represented by g.

E
By examining the proof of the above-mentioned martingale theorem,

we see that we can also say that ||g7T - g| !1 - 0.

Now

| [¢te Yap - [(edrdul=| [t g-g Yaul
= [le-g_lldu— o.

Hence 0(f) = [(f,g)dy if f takes its values in S.
We state our mainresults in Non-Standard Analysis terminology;
the reader should have no difficulty in providing the statement of the

corresponding standard result.
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1.10 Theorem. fe¢ *Ll (Z,X) is weakly near-standard if

i ° ”f” < o (° denotes the standard part map);

(ii) é I£]l du ~ 0 for every E e *Z such that p(E)~0 (two non-
standard reals satisfy the relation ~ precisely when their
difference is an infinitesimal);

(iif) [k . fdy is weakly near-standard VE e =

(iv) Thereisa weakly compact set SCX such that f[*Q] < *s.

Remark. Tt is clear that we may assume that S in condition (iv) is

convex (take the closed convex hull of S in (iv)).

Proof. Define G:X — X as follows:

G(E) = weak standard part of [ fdy for Ec=.
*E
Then for every X' e X" we know that x*(u(E)_l G(E)) ~x*(u(E)™ f fdu)
E
for every Ee zt,
According to the mean-value theorem for the Bochner integral

(cf. the introduction), x* (p(E)™ [k fdu) and therefore also
E
x*(1(E) ™ G(E)) lies in x*[*S]. If 4(E) ' G(E) is not in S, then we can

find x* such that x* (4(E) ™ G(E)) < a < x* [S] for some a € %; this,
however, is impossible as we know that x* (1(E) " G(E)) is in x*[S].
Hence { u(E)'G(E)/Ee ="} is relatively weakly compact.
According to 1.7 we therefore knew that there is a pe L,(Z,X)
such that G(E) = [ pdy VEe . [(1.10)(ii) ensures that G is p-
continuous. ] Pro}i:)osition (1.1) allows us to assume that p takes its

values in S.
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What remains to be shown is that p is the weak standard part of f.
We know that for ¢e (L,(Z,X))* there is a g such that ¢(h) = [(h,g)
provided that h takes its values in S. So it will suffice to show that
‘f(f-p, *g) ~ 0 for every ge LI(Z,ES),

If g is of the form hxg, he B, let (g,) C Bg be such that
||h-gn”S—’ 0. Then

| [(£-p, hxg) dul=

= | [ (h-g)xg) dul+] [<t, 8 %0 ) dp - [(p,gpXddul+] [(p, (,-h)xg)du

IA

In - g [lgu(@) + infinitesimal + b - g [l p@).

Hence l_f(f - p,hx9> du| ~ 0.

If g is of the form ZhE Xgs then we clearly get the desired
result,

Let geL,(Z,Bg) be a general function and let (g,)C Ly(Z, Bg)

approximate g almost everywhere. For every 6 >0 choose Q€ ¥ such

o

that u(Q\Qé) <6 and g, — g uniformly on Q.. Then

5°

|[E-p,gydul=|[ (-p,dul+ [ [E,|du+ [ [(p,g)/du
Q Qp Q\Q Q\Q,

Denote [ (|(f,e)|+/(p,g)|)dp by 1.  Then
2\e,

| [ (f-p,gdul+n=
25
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=|[ (fg-gdul+|[ (g - (,g)dul+ 7 +| [{p,g, -2 dul
Qs Q@

= Zu(ﬂé) %up ” g, (@) -g(w) ” + infinitesimal + 7.
e

We only need to show that g is bounded on Q to finish the proof (for then
n<5H sg121p llg(w) ”) We have seen before that the measure F defined by
F(E)(S) = (sX ), for a fixed ¢ in (L,(=,X))*, is representable and
|F|(E) = [ |lg]ldu for every g that represents F; we also know that

E
IFlE) = el Sup Il (E); hence g l(w) = e] e Is]| atmost atways.
But we are only interested in g's that represent members of (Ll(E,X))*;

hence we have the desired result.

1.11 Theorem. Let fe *L,(2,X); then f is weakly near-standard if the

following conditions are satisfied:
(i) f[*@] is bounded;
(i) [ [flldu~ 0 VEe™> such that u(E)~0;
E

(iii) [ fdy is weakly near-standard VEe Z;
*E

(iv) VE,e=" @ E,e =" such that {y(E)™ (weak-°)( [ fdp)/E=<E,, Eez*}
is relatively weakly compact; .

(v) there is a set T € X such that T is bounded and for every ¢ in
the dual of L,(Z,X), & g€ L (%, ]_Bf)(l_éf = :the closure of X™
restricted to T, in the set of bounded continuous functions on
T with the weak topology) such that g 0 represents the
measure G2 <% —-*ﬁf; G(E)(x) =: ,Q(x)(xE); T contains 0 and
the closed convex hulls of the sets
{(u(E)) " (weak-°)( 1[3 fdy)/E<E,,Ee ="} of (iv).
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Remarks. (i) Any closed, convex T such that *T contains f[*Q], will
contain the closed convex hulls of the sets of (iv); (ii) if f is the non-
standard representation of a family (fa) A of integrable maps and S is
the smallest set (we assume it is bounded) containing the range of

fa (e € A), then we can phrase (v) in the following way: given any
bounded subset D* of X*, and 5> 0, then if x* ¢ D* has the form

i aixi* with xi*eD* and Za; =1, a; >0 (i=1,...), we can find an
}nﬁlex i such that x* - xl* is, in modulus, less than 5 on every finite
convex combination of elements of S. That this version of (v) implies
the original one, can be seen by using the methods discussed in ([2],
Chapter 5). It is possible to get a version of (v) in which we don't
refer to infinite convex sums Z}aixi* , but only to finite ones (cf. the
methods discussed in [2], Chapter 7).

Proof. According to (1.10) (ii)-(iv), #Zpe L,(Z,X) such that

x* [ pdp~x* [fdp for every E¢ T (cf. Chapter 2).
E E
I claim that p(w)e T (T as in (1.10) (v)) for almost every

weQ: as p(E) " (weak-° [ fdp)e closed convex hull of £[Q] (by the
E
mean value theorem for the Bochner integral) an application of (1.1)

together with (1.10) (iv) shows that the following condition is satisfied:
(**): E,eztVE,ez",E,=<E, such that PX, almost maps
Q into T; .

(**) together with a typical "exhaustion" argument then imply that the
claim is true (the exhaustion argument goes as follows: Let JB =

{E e Z/pxg maps almost every weQ into T} and let ¢ = sup p(A);
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" n
choose (B,) from B such that lim u(B) =5 1t By = & By then
each Eneeﬂ and lim p(E ) =c; if p(Q\ 'Ul E,) > 0, then (**) implies

n:

that BeB with (B) > 0 such that B=Q\ v

v Eps but lim p(ACE,) =

lim p(A) + lim H(En) = u(A) + ¢ > ¢, which is impossible as
(AuEn) Q:ﬁ; hence prk maps 2 almost into T and we can conclude
that p maps @ almost into T (compare this version of "exhaustion' to
the proof of ([2] lemma 4, p. 70)).

If we now examine the proof of (1.10),then we see that it can be

used to complete the proof of (1.141).

1.12 Proposition. If X* hasthe Radon-Nikodym property, then (1.10)

(v) is satisfied. If f[Q] < S, where S is relatively weakly compact,

then (1.10) (iv), (v) are satisfied.

Proof. If X* has the Radon-Nikodym property, then, according to
([2], p. 98), every fe L,(Z,X)* has an integral representation: 4g in
L(Z,X*) such that ¢(f) = [{f,g)du. We can view these g's as being in
Ll(Z,ET) (notation as in (1.10) and we get the required result.

1.13 Proposition (1.12) can be used to show that (1,11) is strictly
stronger than (1.10). Diestel shows in [11] that the conditions of (1.10)
are not necessary for relative weak compactness in L,(Z,X) --he gives
the following counterexample: (xn) is any bounded sequence in X where
X* is assumed to have the Radon-Nikodym property; (rn) is the sequence
of Rademacher functions [r_(t) = sign (sin(2 #t))] on [0,1]; then (x,T)
converges weakly to zero. According to the results of chapter 2,

(1.11) (i)-(iv) are necessary, while, according to (1.12), (1.11) (v) is

satisfied when X* has the Radon-Nikodym property; hence the example

introduced above does not violate any of the conditions of (1.11).
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CHAPTER 2

In this chapter we extend some of the results of Dunford, Bartle
and Schwartz about weak compactness in spaces of Bochner integrable
functions. We rely heavily on the results and methods of Non-Standard
Analysis.

It is assumed throughout that, where appropriate, we have at our
disposal a superstructure V(X) on some set X such that X and V(X) are
""large enough'' to accommodate all the relevant entities under consider-
ation; all our non-standard action will take place in some appropriate
"highly" saturated non-standard extension, *M, of V(X) - we may on
occasion assume something more about the structure of such an

enlargement.

2.1 Proposition. There is a *-finite partition 7 < *T of *Q which is

finer than every finite, standard partition 7 = ¥ of Q.
Proof. R ={(r,q)/m,4= =;r,q finite; q finer than 7} is a concurrent

binary relation.

2.2 Definition. If 7 is as in (2.1), then 7 is called infinite (all parti- -

tions that we will consider will be *-finite; hence the terminology

should not cause confusion).

2.3 Proposition. If K = L,(Z,X) is uniformly integrable, then

w(E) ~ 0 implies that [ |f]dy ~0 for every fe *K.
E
Proof. The argument is the usual sort of one. One might for instance

assume that *M is an ultraproduct and argue on representatives.
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When X and X* both have the Radon-Nikodym property, thenthe dual of
L,(Z,X) is LOO(E,X*); by using this representation of the dual, one can,
in many instances, reduce questions of weak convergence in L,(Z,X) to
questions of convergence with respect to topologies induced by linear
functionals of the form izzzl x’l" XEi’ where E; e 2. Crucial use is made
of this reduction in the proof of (0.4). The following result gives a
description of weak convergence in general L,(Z,X) spaces and provides
a tool that will allow us to give a complete characterization of relative

weak compactness in L, (Z,X).

2.4 Proposition. Let (hx)xeA = L,(Z,X) be a net and let fe L,(Z,X).

Then (hx) converges to h in the weak topology of L,(Z,X) if and only if
° _f<*h>t’g>du = f( *hag>d“

for every *-simple function ge *L_(Z,X*) with finite L _-norm.
Proof. Say hx — h in the weak topology. Let g be a *-finite simple
function in L _(Z, *X) with finite norm. Define Qg 12 X) -7 by
0(f) = ° [(*f,g)dpy; then R
norm < ° ||g|| oo”ful and consequently °f(*h>\,g)du - *f(*h,g}du.

is clearly linear and bounded with

Say conversely that °f(*h)\,g>du ~ °[(*h,g)dy for all g as
described in the statement of (2.4). Let ¢ be a bounded linear functional
on L,(Z,X) and define G : Z —X* by G(E)(x) = !Z(xxE). Then G is a

vector measure that satisfies

la®| =lellu®.

Let 7 be an infinite partition. Then
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GE)=G(u A) = 27 G(A)
€T, Aer
A<*E A<*E

- T [pA)c@)d = [ AE u(A) 7 G(A) X ydp.

Aer *E
A<*E
Let 1 =Z be a finite partition of @ and let f = 2 Xp Xg be a simple
Eew

function with values in X. Then
0(f) =214 (xg xg) = 2 G(E) (xg)
and

[OET @) dn =2 [ 2 p(&)" GA)xg)X, glu

= 7 u(&)” GA)GE) = TG(E)xp)-
Ty

Now let fe L,(Z,X) be arbitrary and approximate f in L, norm

by (fn). Then
| 0(f) - [¢1,7G)) dp = | 0(f) - 2(£ ) | +] 0(t) - [(*4,7(G)) dy |
= llell -l + 1) - [¢4,,7(G) du|+] [, -*£,7(G)) dp|

= el Te-1,1l + fllF@ 2, - 2, aw = 2,11 el +l7@l)

IA

2fle-1 || - o.

Hence ((f) = ° [(*,7(G))dy for all feL,(Z,X); our reigning assumption
then shows that Q(hl) ~ ¢(h).
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2.5 Remark, "finite L _-norm" inthe statement of (2.4) can be

replaced by "L_-norm =< 1': divide by ° ||17(G) |l°o+ i

2.6 Proposition. Let f(*) denocte the topology induced on L,(Z,X) by

the family {fF x* [ fd;/x* e X*, Ee T} of bounded linear maps; then
E

[(*) is Hausdorff and if seL_(Z,*X) is simple, then the map F?
(1,(Z X}, f(*))l——ﬁ f ——,f(f, sy du is continuous.

Proof, Straightforward.

2.7 Proposition. Let K = L,(Z,X) satisfy the following:

(i) K is bounded;
(ii) K is uniformly integrable;
(iii) { Ff; fd/fe K} is relatively weakly compact VE e Z;
(iv) vfe*K, VEeZ" 3E,e>" suchthat E,<E and
{weak-°(u(F)™ i fdy)/Fezt, F<E,} is relatively
weakly compact. F
Then K is relatively compact in the topology _f(*) introduced in (2. 6).
Proof. For every fe*K, define G;:Z ~ X by G(E) = weak - °)[Efd B«
Then G is obviously an additive vector measure. Let E e Z and let
erX* be such that XE(G(E))=||G(E) | and Hx"E‘: |< 1; there exists an
infinitesimal 7 such that XE(G(E)) = g + X _éfd u; we have

la@)l = x5(G(E)) = ng+x [fdu= g+ [ ltldp=1+]f] <e.
E
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Let {E;,---E_} < Z be a partition s of Q; then

A

&y lo®yll =Zxg, @EY) = 2 (ng, + x5,

1_}g.fdu)

1

= E(nEi + é lellap) = 1+t ;
1

hence |G|(Q) =1 + °|lzlf.

Let (En) be a sequence of pairwise disjoint members of ¥ and let

E =V E_; then for every x*eX* we see that

|x*G(E) - =x* G(En)| = |z* (G(E) - G(,Q1 Ei)|
1=

- IG(C Bl =Ix* [ tdp+nl;
i=n+l ! co",E_
gy

i=n+1

let A, = 81 E;; then M(An) — 0 and consequently we know that
n+

f Hf” du ~ 0 as K is uniformly integrable, where w is infinite;
w
it follows that |x*G(E) - Zx*G(E_)|— 0. This shows that G is weakly

o -additive. It is clear that G « p.
Condition (2.7) (iv) shows that we can apply (1.7) to G to conclude

that G(E) = [gdy VEeZ for some gel,(Z,X). But, if x*¢X", then
E

x* [ gdp =x*G(E) ~x* [ fdpu, i.e.,
E B

f is in the [(*)-monad of g.
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2.8 Proposition. Define two sets & and € as follows:

€ = :{?S :K —’./?/‘f"’se*L°<> (Z,X*)[(s is *-simple, °I|s”°° < 1) and

G (D = °[(*f,s)dp}

€ =:{FS :K ﬁﬂ/f'seLw(z,X*) (s is simple and Hs”w <)}
then & is the closure of £ in the product topology of JZ k.

Proof. F eﬁk is in the closure of g in the product monad if and only
if the product monad of F intersects *&. Now G e *(AY) is in the
product monad of F if and only if G(f) ~ F(f) for every standard Fe *K.

The rest of the proof is now quite straightforward.

2.9. We return now to our dicussion of quasi-equicontinuity and intro-
duce the notion of quasi-uniform convergence.

Definition, A set (), in &5 converges quasi-uniformly to fed2° if
and only if Vo eR*, Vo, a finite subset of A such’that: every

aeB, is bigger than @, and Vse S(min Ifa(s) - f(s)|< 5).
. OLeBoz0

2.10. Theorem. (Grothendieck-Bartle) ([1])

Let S be a compact Hausdorff space and let F C C(S).

Then the following conditions are equivalent:

(1) F is relatively weakly compact in C(S);

(2) F is bounded and its closure in the product topology is compact and
consists of continuous functions;

(3) F is bounded and quasi-equicontinuous on S;

(4) F is bounded and if F, is a denumerable subset of F and {s,,s,-.-}

is a sequence in S for which £(S,) - 1(S;), fe F,, then s -5, quasi-

uniformly on F.
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F is weakly sequentially compact;
(the sequence {s,,s,,---} in condition (4) can be chosen with

s in a preassigned dense subset of S).

l’ocu,sn,uc

2.11 Theorem. K = L,(Z,X) is relatively weakly compact if and only

if the following conditions are satisfied:

and

(i) K is bounded,;
(ii) K is uniformly integrable;

(iii) { [ fdu/feK} is relatively weakly compact VEe T ;
E

(iv) For every fe*K, VEez' & E e >¥ such that E,<E and
Bf | = { (weak-°)( u(F)™ ;kfFfd w)/Fezt, F=<E,} is relatively
weakly compact;

(v) or (v') where (v) is: the family < {F :closure of K in
[(*) -topology ~% /se L _(Z,X*), s simple, ||s|| <]}
Fy(f) = f (f,s)du} satisfies any of the equivalent statements
of (2.10) where S of (2.10) is taken to be the closure of K in
the [(¥)-topology;

(v') is: given any sequence of partitions (r = {E?, cee, E?%n}):—l
of  consisting of measurable sets and given any sequence of
sets ({n*D, - - ,nltﬁ}):zl in the unit ball of X* and any

sequence (f,---,f

»+++) In K such that (x* [ £ du)?; isa
L ‘

Cauchy sequence of real numbers for each Ee¢ X and each
n* eX*, then there exists, for each ¢ >0 and no€72,
n,--+,n e/ bigger than n, such that
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k k
1 s o *n
inf  (|[(¥2 n, f.dy) - 22 lim n, fdu|)< e
| j=1 1 fEn PR 730 gee fEI.1 odu)

i:]_ g ey k j ]
for every ne /5.
If X has the Radon-Nikodym property, then condition (iv) is

redundant.

2.12 Remarks. Condition (iv) of (2.11), which is somewhat of an

oddity, is in one sense superfluous: we will show in Chapter 3 that
(2.11) remains true if we drop (iv) and (v). We also see (as we already
know from (1.9)) that if all of the members of K map into some fixed
weakly compact, convex set S, then, by the meanvalue theorem for the

Bochner integral, the By @ of (2.11) (iv) are rel. weakly compact.
’

2.13 Proof of (2.11). We first give a proof of the last statement of

the theorem. If X has the Radon-Nikodym property, then according to
the proof of (2.7), G(E) =: (Weak—°)(*ff dy) is a representable measure
for every fe *K. Hence the sets {u(FE)'lG(F)/Fe =t F<E,} = Bf, E
are relatively weakly compact for appropriate choices of E, (cf. [2]

p. 72); hence we have the desired result.

Proof of the sufficiency of (2.11) (i)-(v). Denote by K the closure of K

in the [(*)-topology. According to (2.7), K is [(*)-compact. So if we
use (2.6), (2.10) and (2.11) (v) we can conclude that the closure of f
in the product topology is compact (in the product topology) and consists
of [(*)-continuous functions; hence by (2.8), the functions Fs :E*ﬁ
(se*L_(Z,X*), s-*simple, || s||oo <1) defined by: fs(f) = ° [{*£, s)dy,

are [*-continuous. Let (fk) be a net in K and let f be a f(*)-cluster
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point (recall that we know that k is relatively f(*)—compact); let s be
a *-simple member of the unit ball of *L_(Z,X*); then if (fhu-) is a
subset of (£, ) that converges in the [ (*)-topology to f, ° fou’ s)ydy
converges to °_f(f, sydp as F—s is f(*)-continuous but then, according
to (2.4) (f>k ) converges weakly to f. Hence (i)-(v) imply that k is
relatively weakly compact.

Proof of the necessity of (2.11) (i)-(v). (i) is satisfied because K is

weakly, and therefore strongly, bounded.

That (iii) is satisfied is well known: use the fact that f ~ _éfd L
is a bounded linear operator VE e Z.

Let fe *k; as f is weakly near-standard, there isa ge L,(Z,X)
such that f is in the weak monad of g. Hence in particular, we see that
[gdp = (weak-°)( [ fdp) VEe3.

E *E

But according to [2]p. 72, VEe =t F E, e = such that E, € E and
such that {p,(F)'l f gd n/Fe *F, FC E,} is relatively weakly compact.
Hence (iii) is satisgfied.

We defer the proof that (ii) is satisfied to Chapter 3 where a more
general result will be proved --the informed reader will realize that
the necessity of (ii) is a classical resulit.

The family Fg:f+ [(f,s)dp; s simple and in the unit ball of
L_(=,X*), is pointwise bounded: as [(*) is weaker than the weak
topology on L, (Z,X), the weak closure of K is f(*)~compact; hence I=<

is strongly bounded and so we have

=l

() |70 =] <t dpl=]sl [t].= sup [£], on
fek
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Hence the familyﬁ:' is relatively compact in the product topology on

JZK Let se*L_(Z,X") be in the unit ball and *-simple, then Fy is
f*-continuous: let (fx) be a net in K that converges in _[(*) to fe I=§;
then as I=<= weak closure of K (we know that Es weak closure of K, and
because the weak closure of K is compact, we get the reverse inclusion)
o a subnet (fla) of .(fx) that converges weakly to f; hence by (2.4),
FS(fxa) - Fs(f); if F(fx) does not converge to F(f), then we can find

€ >0 such that lfs(fxﬁ) - F(f)|)e for some subnet (f>‘6); but then, by
the argument given above, there is a subnet (fk ) of (fxﬁ) that con-
verges weakly to £ and so Ifs(fxﬁ ) - fs(f)[< enfor big A, which isa
contradiction, Hence, by (2. 8), thne closure of Z in the product

topology is compact and consists of continuous functions and by (**) we

see that  is bounded in C(k).

Proof of the sufficiency of (v'), (i)-(iv). I is clear that (2.11) (v') is a

weakened version of (2.10) (iv) interpreted in the proper context. In
particular: we first show that (2, 11)(ii)-(iv) imply that F is a bounded
family of continuous functions and then we show that there is no need to
refer to I=<\K

If heK, then there is an f in *K such that h is in the [*-monad of
f; let G be as in (2.7) (proof); then for every x*e¢X* and Ee =,

x* [hdp ~x* [ fdu ~ x*G(E)
E xR
in particular we see that x* [ hdp =x"G(E) Vx*eX* VEe =; hence
G(E) = [ hdp and, as we kng:w from [2], thm. 4, p. 46),
|G| (B) E [ |n]ldy --but from the proof of (2.7) we know that
E
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!Gl(Q)S 1+ °Hf” <=1+ Sup°”f”<°°; hence ||h||15 1+ sup”f“1
*K fe*k

But then
|Fgm)| = | [ (h,s) dpl=lnll,|Isll =lnll, = 1 + sup°]z]].
fe*k
Using the remark following the 5th condition of (2.10), and trans-

lating to get into our context, we see that (2.11)(i-iv) imply that (2.11)

(v) and the following condition:

(®) If ?; <Fis denumerable and if (g,,--, g;- - -) is a Cauchy sequence

in _f(x), then given € > 0, noe7é there exist n,-..,n, all bigger than

n, such that lim kl f(gn - lim f(g. )|< € for every fe 5’4 are equivalent
n— o

(® = (v) is obv1ous while (v) = ® uses the fact that K is [ *-compact).,

The proof of (2.11) is now complete.

2.12 Remarks. Theorem (2.11) is a proper extension of theorem (0.4):

if the assumption that both X and X* have the Radon-Nikodym property
is dropped, then (0.4) is no longer true, We refer the interested
reader to [2] where the appropriate counterexamples are given.

We already know from (0. 4) that (2.11)(v) becomes superfluous
when the condition that both X and X* have the Radon-Nikodym property
is imposed, and we have seen in (2.11) that there is no need for (2.11)
(iv) when X has the Radon-Nikodym property. Inthe following result
we show how the assumption that X* has the Radon-Nikodym property
allows us to drop (2.11)(v).

2.13 Proposition. If X* has the Radon-Nikodym property, then for

every se SL_(Z,X*), ||s| =1, the function £+ ° [(f,s)dy is
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CHAPTER 3

In what follows we prepare the way for the statement and proof of
a theorem that characterizes weak compactness in 0 BM(Z,X). Using
the embedding L,(Z,X) b+ ¢ BM(Z,X); f ~ (E — éfdp,), we see that part
of (2.11) can be recovered.

Qur approach to the proof of the main result of this chapter is
very similar to the approach that yielded (2.11). The main obstacle to
overcome is the fact that not much is known about the dual of ¢ BM(Z,X)
--even when X and X* have strong geometric properties; we will rely

on a Helly-type extension to overcome this problem.

‘3.1 Lemma. There is an isometric isomorphism from ¢ BM(Z,X) into

the dual of thenormed space of all simple functions in L_(Z,X™).
Proof. The proof is straightforward--we will give it in full for the
reader's convenience.

Let Ge 0 BM(Z,X) and let ffdG denote the Bartle integral of f with
respect to the bilinear pairing X*xX ~A , (x*,%) — x*(x) (it is clear
how this integral is defined for simple f in LOO(Z,X*), if f is an arbitrary
member of LOO(Z,X*), then we approximate it with simple functions and
define f fdG as the limit of the integrals of the simple functions). Any

member f of L_(Z,X*) is Bartle integrable and
| [taG|=||f|=|G]| for such f.
Define & : ¢ BM(Z,X) ~ (L_(Z, u, X*)* by

®(G) (f) = [£dG.
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Let {E,, - --,En} be a partition of Q and let {x, . ..,x;}s X* satisfy
I <" =1,e-,m); xf(G(Ey) = GBI (G=1,---,m),
then T{G(E)[ = =x{ (G(E)) = [(=x} Xg;)4G = @(G)(EX;XE1>

= [e@] Izxf xg, I =2 @];

hence |G|(@) =|#(G)]|=|G|(@) which shows that & is an isometric
isomorphism onto its range.
Before we state and prove our next theorem, we want to recall the

following well known result.

3.2 Theorem [13]. Given x** in X** there exists an x¢ *X such that

L

x**(x*) = x*(x) for every x*e¢X*, and °[|x| = |[|x**| and |x**| = |x
(For a more general version of (2.19), we refer the reader to [13] where

the notion of w-norm fundamental subspaces allows for extra generality.)

3.3 Theorem. A net (Gx) S ¢BM(Z,X) converges weakly to
GeoBM(Z,X) if and only if ° [fdG, ~ * [1dG for every *-simple
function f in the unit ball of *L_(2,X™).
Proof. G — ° [1dG is a bounded linear functional on 0 BM(ZX) for every
fin "I_(2,X*) with finite norm; hence if G, =G weakly, then
°[1dG - ° [1dG.

Say conversely that o_ffdG ~? [1dG for all the appropriate f. Let
G* be in the dual of ¢ BM(Z,X). By (3.1) and the Hahn-Banach theorem, G*
extends to a member, G*, of the second dual of SL(Z,X%) (SLOO(Z‘,,X*)
denotes the normed space of simple functions in LOO(E,X*). According
to (3.2) we can find a ge *SL_(Z,X*) of finite norm such that

G*(f) = "((*f)(g)) for every f in (SL_(Z,X*))*; in particular we have
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GHG) = °fgdG for every G in ¢ BM(Z,X). Hence G*(GA) = OfgdG;\

- Clel, +1) [5—t— da, = (°[lg]_+1)° [~ E%C
A

—E=__ - G¥@G).
lell ., +1 lell,+1

Our main theorem now takes the following form.

3.3 Theorem. & € ¢BM(Z,X) is relatively weakly compact if and

only if the following conditions are satisfied:
(i) & is bounded in variation norm;
(i) {|G|/G €%} is uniformly strongly additive (i.e., given any
sequence (En) of pairwise disjoint members of Z, then
lim | mi;n G (E,) | =0 uniformly in Ge%; as ‘?E_.,UBM(Z,X) is
uniformly bounded and ¥ is a o -algebra, the uniform strong additivity
of & is equivalent to the existence of a positive ¢ -additive measure
on % such that {|G|G ¢ %} is uniformly j;-continuous);
(iii) {G(E)/Ge %@} is relatively weakly compact for every E ¢ =.
One of the conditions (iv), (iv’):

(iv) the family & ={G - Zxf (G(E;)/{E,,---,E } isa partition of
consisting of measurable sets;lllx’ik l<1 @, 1,...,n)} restricted to the
closure of ? in the topology 7 defined as follows:

7 is the topology on 0 BM(Z,X) induced by the family

{G + x*G(E)/Ee>, x*e¢X™} of linear functionals
satisfies the equivalent conditions of (2.10);
(iv') given any sequence of finite partitions (wn)’Sz of Q and any
sequence of sets E_ = {XE,n|E €Ty XE,nE unit ball of X*} and any

n
sequence G in ‘& such that (x*Gn(E))n is a Cauchy sequence of reals
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sequence with pairwise disjoint members. As |G‘ (v E n ~ 0 for

n=m
every infinite m and every G e *&
v(u E)) = D> lG’Z
n>m i=1
W
<  max |G|(uE) 2-l<  max IGl(v E)~0
i:l,...,w n=m i:l,...’w n=m

for every infinite m. Hence i( v E ) ~0ask — e,
n=m

Proof of (3.3) (1) sufficiency,

Let G ¢ *& and define H: T~ X by
H(E) = (weak-°)(G(E)), EeX.

Let X e X* satisty xp(H(E)) = [H(E)|| and [z <1. Let ng be an
infinitesimal such that x} g(G (B)) = E(H(E)) = 7Ng. Then

laE) | =xE@EE) = <5GE) + g <=zl 6@+ ng<lc@® |+ 1g
Let {E,,---,E } € = be a finite partition of Q; then

n
?_Jl ”H(Ei)“-gz(”G(Ei) I+ ﬂEi) < |G|(@) + 1; hence |H|< .

Fix x* e X* and let {En?% C T be a countable partition of Q. According

to condition (if), |G( w Ey)||~ 0 for every infinite n. Hence
k>

x*H( v E;) —0as n - . We conclude that G is strongly o -additive
k=n
(use the Orlics-Pettis theorem).
Therefore, under assumptions (3. 3) (ii)-(iii), ‘? is relatively

weakly compact in the Hausdorff topology . By (3. 3) (iv), the closure
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for every Ee =, x*¢X* of norm < 1, then, given ¢ > 0and nje ,

there is a finite set n , .- -, ny bigger than n, such that

min |E e

(G(E.) - 22 lim x* _(G(E)|< €
ful e, Tt Eewn E,n i | - E,n‘k |

g

for every n.
If conditions (i), (iii) and (iv’) are satisfied, then ? is already

relatively weakly compact.

3.4 Remarks. The last statement of (3.3) allows one to get the

promised improvement of (2.11) (cf. (2.12)--in fact (2.11) [(i), (iii)
and (v')] will suffice to prove that K in (2.11) is relatively weakly
compact.

Before we prove (3.3), we give a proof of the equivalences
mentioned in (3. 3) (ii); the proof we give is a substantial simplification

of proof given in [2].

3.5 Proposition. Let & C 0BM(Z,X) be bounded with {|G|/G e &}

uniformly o -additive. Then there exists a positive /Ie o BM(Z,%) such
that |G |(B) = u(E).

Proof. Let R ={(G,V)/Ge¥&, veoBM(Z,%), v positive,

[G|(E) = v(E) VEeZ, |V'|s k} where k = s(ué>|G| Then R is con-
current on &: let Gy, - - -,Gnei? and let v = (iél |G1|2'i)2'1. Hence
by saturation of our non-standard model, we can find v in *o BM(=,4)
satisfying: [*GI(E)S v(E) (Ge&, Ee*%), Iv!s kand v = 0. Define

BT ~ 4 vy: u(E) = °v(E) (Ee2).
We only have to verify that y is o-additive. Let (En) =Z bea



33

of P ={FS :? —-J?/GS(G) = fsdG for some se¢ SLOO(E,X*), ”s”oo < 1}
(let ‘% denote the closure of ?m 7 ) in the product topology is compact
in the product topology and consists of continuous functions (notice that
KT is bounded by su IGI+ 1; hence P is a bounded family of functions).

As before we see that the closure of P in the product topology
consists of the functions G ~ ° [fdG where fe *SL_(2,X*) has norm
bounded by 1 (recall that SL_(Z,X) denotes the simple functions in
L_(Z,X). Hence convergence in 7 implies convergence of °ffd(-) for
every fe *SL(z,X), ||f||< 1, and that in turn implies convergence in the
weak topology of 0 BM(Z,X). Hence if a net in & has a 7 -convergent
subnet, then it has a weakly convergent subnet.

Before we continue with the proof of (3.3), we first establish

some notation and a simple result.

3.6 Notation. Let E, Fe Z; denote by GE’ (respectively HF) the

measure A — G(A~E) (respectively A — H(A ~F))where G,H e 0 BM(Z, X).
Then Gg,Hy are in ocBM(Z,X) and ]GElsz|(E) and
IGE + HF' = lGE|+’HF| when E and F are disjoint.

Proof of necessity of conditions (3. 3) [(i)-(iv), (iv")].

As ? is relatively weakly compact, it is weakly bounded and
therefore strongly bounded. The map G — G(E) is a bounded linear
map; hence weak compactness is preserved by it.

say {|G|/G €&} is not uniformly strongly additive; then there is
a sequence (Gn) < & such that lGn‘ (En) > € . We are now in a position
to apply the so-called Rosenthal's Lemma (this lemma says the

following: if 5 is a field of subsets of Q, () is a uniformly bounded



34
sequence of finitely additive scalar measures on -57, then, if (E n) is a
disjoint sequence of F and € > 0, there is a subsequence (E,) of (En)
such that |unj| (k\;j Enk) < €, for all finite subsets A C N an]d all

keA
j=1,2,...;if & is a o -field, then the subsequence may be chosen

such that v E < € forall j=1,2,,0s),
|unj|(k¢j nk) J 9 4y )

By this lemma we may assume that lGnl( v By < €/2. Let
k=#n

a = sup|G| and let (3n) € ¢, (2, =: space of all real integrable functions

on 74 with the discrete measure). Then

|28,Gpl< alBy], and

|Z)BnGn|>lE;8nGn|(i\:1 E;) = |(Z8,G,) - | (notation defined in

3 3.
SE, (3.6)
3 |
= 2 G = £4 B (G + G
> IZBnGn,En| - | 21 BnGn’k‘;nEkl
,wl
= zlgyl loy g | -1 22 8,Gy g | by (3.6)
B =1 k=n K
o0
=zl logl@y - 12 gpGy o g |
=1 k=n k

>2(8,) |G, (B - 2|8, IGnl(kx;nEk)

> sl8,ly, - SNl - Sheeply, -
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Hence ? contains a copy of the canonical basis of ¢,, a fact that
precludes the possibility that ‘? is relatively weakly compact, (We
remark that the line of reasoning involving the use of Rosenthal's
lemma is a generalization of the proof of ([2] theorem 4, p. 104).

As before we see that the weak and r-closures of ? coincide and
that the weak and 7 topologies agree on the weak closure of ? Hence
the functions G t 0ffdG, fe*SL_(z,X*), f bounded by 1, are all
r-continuous and hence that the closure of & in the product topology
is compact and consists of continuous maps; the Grothendieck-Bartle

theorem then gives the desired result.
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CHAPTER 4

In this chapter we show that the techniques developed in the
previous chapter can be extended to situations outside of the context of
measure theory to characterize relative weak compactness. We con-
centrate our attention on the study of weak compactness in spaces of
absolutely summing maps between Banach spaces.

We begin by recalling some definitionsand resulfs fromthe theory

of tensor products of named spaces.

4.1 Definitions. Fix keZ ' u {«} such that k > 1 and k’ solves the

equation x ' +k™' =1, I (xi)I < X is a family of elements of X, then

Nk(Xi) is defined as follows:
k™,
N (x;) = (? Hx1 [5)%  if k=

SlIlp ”X1” if k=c

n
. . b 3 = . s .
M, (x;) is defined to be *S|T2 1Nk(x (x;)). If us= .?__{1 X;®y; is inX®Y,

|x
then gk(u) =ejnf Nk(xi)Mk, (yi) where the infimum is taken over the

representations of u of the form £x,®y;. We let dy (u) = inf M, (x;)N. (v;)
where the infimum is once again taken over representatives of u.

If 6£(X,Y) denotes the Banach space of all bounded linear
operators from X to Y, then T eoﬁ(X, Y) is said to be k-absolutely
summable if we can find a constant A > 0 such that for each finite
sequence (Xi) in X, Nk(TXi) < AM(x,); Sk(X,Y) denotes the space of
all k-absolutely summable operators. We define a norm, Ty, ON

Sk(X, Y) as follows: 7 (T) = inf A = Sup N (TX,). (Notice that
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§*X,Y) = £(X,Y) and 7_(T) = || T||.)

4.2 Theorem. The dual of the normed space (X®Y, dk) is isometrically

isomorphic to sk X, v,

4.3 Remark. All the material of (4.1),(4.2) can be found in [14] where

some extensions of the results of Grothendieck [15],[16] appear.

4.4 Proposition. T,~Te sK(x, Y*) in the weak topology of S5(X, Y*)

if and only if O(ETx(Xi) (y;)~ °(ZT(x;)(y;) for every Zx,®y; in the unit

pall of *(X®Y, dpr )«

Proof. With the relevant material of the previous two chapters in mind,

the reader should have no difficulty completing the proof of (4.4)--

however, for the sake of completeness, I will write down a proof.

T, =T in the weak topology of s¥(x,Y*) if and only if B(T,) ~ B(T)
5

for every B in the unit ball of the dual of $%(X,Y™); however, B is in the

dual of Sk(X,Y*) if and only if there isa ue *(X®Y, dyr) such that
5

B(T) = T(u) = "T(u) for every Te SN(X,Y*) where T(u) = Z(Tx)(y; i

ZX;®y; is a representation of u; furthermore we know that
lulg, = I8l =1.

So, all we have to check is that T + o(Z(Txi) (y;)) defines a bounded
linear functional in the dual of Sk(X,Y*) when Zx; ®y; is in the unit ball
of *(X®Y, di). However, that is immediate from the definition of the

natural isometry Sk(X, Y - (X®Y, dys )*

4,5 Theorem. K& Sk(X,Y*) is relatively weakly compact if and only

if the following conditions are satisfied:

(i) K is bounded:
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(ii) {TX/T € K} is relatively weakly compact for every xeX;

(iii) if F, is a denumerable set of members of the unit ball of (X® Y, dy)
and if T,,--- s Tpee e is a sequence in K such that (Tn(x)(y)) is Cauchy
for every (x,y) € XxY, then, given € >0, noefz , we can findn;,---, Dy,
all bigger than n, such that

min (T, .(u) - Iim--Tn(u)|< € for every ueF,
k 1 n—oo

1'-_-1’ ooe s

where, if u =2x,®y;, |T i( )= lmT (11)l~ |>_‘T X)( )

n-—-o

- 20 Lim (T, (x))(v7)| -
j n—e
Proof. Let T e*K and define a linear map L:X ~Y" by
L(x) = (weak-°)(T,). Choose y** in the unit ball of Y** such that
|Lx | = y**(1x); then

x| =y**Lx) ~ y**T(x) = ||Tx[|+1 and

Zlix | * = DlyFax)k = D)k + 4

(7n 1is infinitesimal)

<2 “Txi”k + 0 ST (TIME(x) + 1 <1+ sltépwk(T)'.

The set F =: {L » ZL(x)(y;,)/ 2 %;®y; € unit ball of (XY, dys)}
consists of continuous maps in the topology 7 induced by the family
{L+ L(x)(y)/(x,y) in XxY} of bounded linear functionals on sKx, Y.
As before, the closure of F in the product topology of F is the set
F =:{L~"2 L(x))(y;,)/=%;®y; eunit ball *(X &Y, d,,)}. Condition (iii)
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then ensures that & consists of continuous functions and hence,
according to (4.2), we conclude that (4.5) ((i)-(iii)) are sufficient to
ensure that K is relatively weakly compact.

We leave the rest of the proof in the capable hands of the

interested reader.

4,6 Remarks.

(1) The reader naturally realizes that there is an expanded version
of (4.5), i.e., conditions corresponding to the conditions of the
Grothendieck-Bartle theorem can be added.

(2) Restricted versions of some of the results of Chapters 2 and 3
can be derived from (4.5) by using the following devices and results:
(i) if @ is a compact Hausdorff space and T :C(Q) —~X is a bounded
linear operator, then there exists a weak™-countably additive measure
G on the Borel sets of @ with values in X** such that x*T(f) = [fd(x*G)
for each fe C(Q) and each x* ¢ X*;

(ii) a bounded linear operator T :C(Q)—X is absolutely summable if and
only if its representing measure G (as described in (4. 6) (i)) is of
bounded variation (in which case G maps into X) and 7,(T) = |G |(Q).

We refer the reader to [2] for more information about (i) and (ii).
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f(*)-continuous; it follows that, under this assumption on X*, (2.11)(v)
is superfluous.
Proof. Define a measure G:Z —~ X* as follows: G(E)(x) = °[(x Xg» SYdu.
Then [G(E)(x))s”s”mu(E) "x” = un(B) ”x” , which shows that G is of
bounded variation and p-continuous (and o -additive). Hence by the
Radon-Nikodym theorem, & a ge L,(Z,X*) such that G(E) = égd 1L

It is now fairly straightforward to show that
°_f(f, sydy = f(f, g)du VFeL,(Z,X); by approximating g with simple
functions and following the reasoning of the proof of (1.9), it follows
that £ ° [(f,s)dp is [(*)-continuous.

2.14 Example. Let X have the Radon-Nikodym property and let

(xn) = X be a bounded sequence; then (xn Fn) (f'n is the nth
Rademacher function) is a sequence in L,(Z,X), where T is the
Lebesque measurable subsets of [0,1], that satisfies (2,11) (i)-(iv).
It is easy to verify that x* [ x r (t)dt — 0 VEe Z,x*eX*; hence to
check for weak compactness, we only have to study the action of
certain finite linear combinations of elements of X* on (sn).

We can use the previous example to characterize dual spaces
with the Radon-Nikodym property.

Recall that a §-tree in X is a bounded set {lec . Zk/kz 1} where
z;€{0,1} and

% =1i(x +X
za...zk 3 ( 21...zk0 z;l...z;kl)

”Xz;l...z;kl - le...zkoll =25

(=, -+, 2y} may be empty).
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A tree of sequences Z,...%; (Z; €{0,1} is associated with the class of

all 6-trees and graphically represented as follows

N/ N/ N/ N/ \/ \/ \/ \/
level 3 000 001 010 01%f 100 101 110 111
\ / \ / N\ / \ /
level 2 00 01 10 11
N/ N/
level 1 0"\ /1

We order each level linearly from left to right.
An r(())-*tree is a sequence (xn) in the unit ball of X together with

aset{xy . 5 /k>1}, (3;€{0,1}), in the unit ball of X* such that for
10 e o k

k= n,
| 2x (%) - 2 X (x) + 2 L
ece ceoe L eee A peS /6. 2
5 000..-0 =, «eeZp 12 > 00..-01 Tyl I

n n

with the sign of ? alternating as we go from left to right along the nth
level.

Theorem. X" lacks the Radon-Nikodym property if and only if one of
the following equivalent conditions holds in x*:

(i) X™ contains a §-tree;

(ii) X* contains an r(5)- tree

(iif) there is a sequence (x ) in X, with |[x_ [<1 (n=1,2...), such that
(xnrn) is not relatively weakly compact in L,(Z,X) where % is the
o-algebra of Lebesque measurable subset of [0,1] and y in Lebesque

measure,



42

Proof. That (i) is necessary and sufficient is a result of Stegall (cf. [2]).
We already know that (iii) is sufficient to ensure that X* lacks the
Radon-Nikodym property.

Let (x;;l__.zk) be a 6-tree in X", and let xfp denote the vertex of
this §-tree indexed by the empty sequence. We may assume, without
loss of generality, that (X;:lmz ) lies in a closed ball that does not
contain the origin. Choose x, = such that [|x**|< 1 and x:*(xz)) =1;
according to Helly's principle, we can find x,e X, with ||x0 " <1+,

(e o > 0 is some fixed real number), such that xz(xo) =1, By
re-indexing the tree, we can arrange matters so that

z
that does not contain the origin (none of these differences in the original

* * . -
{(x yoee B 0 lemzk 1)/Z; €{0,1}, i=1,- -k} generates a convex ‘set

tree is 0; hence, by multiplying an appropriate subset of them with -1,
we get a configuration of differences With‘ convex hull staying away from
0). Choose x;* in the unit ball of X** such that X, © (%, -x,) > 6 and
use Helly's principle to select x, in X with ||x,[|< 1 + =, such that

x:‘* (xo* -x) = (¥ - xf)(xl). Continue this process to find (xn) in X with

lx |<1+=_ suchthat min {=% . - x5 )(x.) > o}.
B - 2y "'}Zn_l &y ZIl-l() Z 'En- 1%n
We see that for k >n, x; .y R 2 x; s )2-k,
1 n z z & k
Nkl %% 4 Tk

and it follows that by multiplying the (xn) by a propriate constants, we
get an r(6)-*tree.

If we have an r(5)-*tree, then, by taking the nth partition Ty in
the fifth condition of our characterization of weak compactness to be
the partition of [0,1] in 2" intervals of length 2™, we see that X, Iy is

not relatively weakly compact.
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Remarks. If there are sequences (xn) and (x:) respectively in the unit
balls of X and X" such that
& | lifn>m
(%) X, () =

-lif n<sm

then we can easily construct an r(é)-*tree in X*. A well-known
characterization of non-reflexive spaces by R. C. James ([18]) takes
the form of (x) with the exception that 0 replaces -1 in (x). It follows
that dual spaces lacking the Radon-Nikodym property behave very much

like non-reflexive spaces.
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PART II

Introduction

In this part of the thesis we study various aspects of model theory
for normed spaces - in fact, much of the material discussed in this part
is directly related to the discipline of categorical logic (cf. [20]).

We divide the introduction into three parts: the first part should
serve as material of motivation; the second part contains some of the
more pertinent necessary background material; in the third part we
give a summary of the main body of results of chapter 1 for the readers

who lack the desire to wade through the material of chapter 1.

0.1. The problem that originally served as motivation for the study
undertaken in chapter 1, was the one of finding for each normed space,
structures, sufficiently closely related to the given normed space, and
with desirable properties, so that the study of these structures will
throw some light on the behavior of the associated normed space. In
what follows we will discuss this problem and show how, in pursuit of
its solution, we were led to consider other (seemingly unrelated)

problems.

0.1.1. To elucidate the meaning of the first sentence of 0.1, let's give
a partial solution to the problem mentioned in it. Take a normed space
X and let *M be an appropriately saturated non-standard model of a
fragment of set-theory such that X is contained in *M. Then inside *M
we can find *-finite dimensional normed spaces that contain *X. It is

well known that these *-finite dimensional spaces can be viewed as
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structures of the nature described in 0.1, Other examples of such
structures related to X are the various non-standard hulls, im , of X,
corresponding to the different non-standard models *M of set-theory;

it is known that these hulls have, for example, the following '"desirable"
properties: super properties (super-reflexivity, super-Radon-Nikodym
property, ...) and the corresponding properties (reflexicity, Radon-
Nikodym property, ...) coincide in hulls; small classical spaces like

c, and !Zp (p = 1) tend to "live" in hulls (cf. [4], [5], [6]), a fact that
allows one to conclude, among other things, that stable X contain
copies of Ip and/or c, (Cf. [6]).

However, these structures (the ultraproducts and *-finite
dimensional spaces) have, like most devices, limited use. The ulira-
product functor does not arise as solution to a universality problem
(in the sense of category theory) (i.e., in some sense X has too many
ultraproducts). Furthermore it is known that a nontrivial axiom of
set theory must be invoked to ensure a nontrivial supply of ultrafilters;
that means in particular that not much is known about the nature of
ultraproducts. A substantial amount of information is lost in many
instances where ultrafilters are employed: for instance, specific
information about the behavior of Ramsey numbers cannot be obtained
by proving Ramsey theorems using ultrafilters (cf. [24]); it is also
well known that the proof, using isoperimetric inequalities, in ([7]) of
Krivine's generalization of Dvoretzky's theorem, yields qualitative
information that cannot be obtained by Krivine's methods (cf. [2]).
This last theme then leads to the study of sheaflike models: the methods

of homological algebra can be used, in certain instances, to "measure"
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the amount of information that is lost when we go from '"local" to

"global' situations.

0.1.2. Problem 2: find useful sheaf representations of normed spaces.
The category of sheaves on a site is in a natural way a model for
higher intuitionistic set theory (a listing of the axioms for higher order
intuitionistic set theory, in the appropriate language, can be found in
the article by Osius in [25]; a site is a ""generalized' topological space
and a sheaf on a site is the corresponding '"general' version of a sheaf
on a topological space (cf. [20], [8]; examples of categories of sheaves
on sites include the following: the Boolean valued models of set theory,
all categories of sheaves of sets on topological spaces, the étale topos
and the crystalline topos). This fact was for the first time fully
realized by Lawvere and Tierney (they were profoundly influenced by
the work of the Grothendieck school ([8], [9]) and Scott and Solovay)
and explains to some extent the success of the method of sheaf represen-
tation in various disciplines of mathematics. The category of sets is
"the'" final topos (as these categories of sheaves on sites are called) in
in the sense that given any topos f , then there exists a pair of functions
T:& — Set, a: Set— & such that a is left adjoint to I" and a is left
exact, and this pair is uniquely determined by these properties (such a
pair of functions ¢™ + ¢, (¢* left adjoint to ¢,) and ¢* left exact is
called a geometric morphism of toposes with domain the domain of ¢
and range the range of ¢4) (if éD is the category of sheaves on a
topological space, then I" is the global sections functor and a is the

associated sheaf functor).
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When we talk of representing a category ¢ as sheaves on sites
we have the following in mind: associate with each Ae {{ a topos spec(A)
and a sheaf A on "the" site of spec(A) in a functorial way such that
T'(A) and A are closely related (hopefully isomorphic in &). When
such a sheaf representation exists, then we study {A/A e &} as "sets"
in the spec(A) and hope that homological algebra will give us an
indication to what extent the functor I" preserve properties that A has
in spec(A). This approach turned out to be enormously successful in
algebraic geometry (it eventually led to proof of the truth of the '"Weil
conjectures') - largely because of the following fact: it is often possible
to choose the pair (spec(A),A) in such a fashion that A has stronger
properties, as object of the category & internal to spec(A) and
corresponding to &, than A as object of & internal to Set (e.g., if &
is the category of rings and spec is the étale functor, then A is, as ring
in spec(A), a strictly local ring).

Sheaf representation theory for normed spaces (in the sense as
described above) is more or less nonexistent - if we restrict our
attention to the category of Banach algebras, then the situation is
totally different. There is at least one very natural association of
toposes and normed spaces that jumps to mind: every normed space
can be represented as subsheaf of the sheaf of continuous functions on
the extreme points of the unit ball of the dual space with the weak-
*topology (an interesting fact that we should point out in this context is
that the sheaf of continuous functions on a topological space, acts like
the ""set'" of Dedekind real numbers inside the associated topos; some

interesting results about the continuous functions can therefore be
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obtained by doing elementary analysis on them inside the associated
topos (cf. [10], [11],[12], [13], [14]). This representation has some
defects: C(X), the topos associated to X in this representation, is not
coherent (i.e., the corresponding topological space does not, in
general, possess a subbase of open sets that are quasi-compact (i.e.,
every open cover of it has a finite subcover) and the intersection of two
basic sets is quasi compact (cf. [8], Volume II, p. 207); coherent
toposes are of fundamental importance in algebraic geometry (and in
general topos theory) for various reasons: e.g., hom-functors on
coherent toposes commute with filtered colimits; furthermore we know
that C(X) does not localize well: if we restrict the sheaves to open
subsets of the site of C(X), then we don't in general get C(Y) for some

normed Y; the topology of C(X) does not uniquely determine X.

0.1.3. Problem 3: find normed spectra.

Consider the following problem: given a category £ and a sub-
ca’cegoryﬁ , does the inclusion functor 5 “~ have a left adjoint ?
(I.e., is there a functor F: & —4& and for:very Ael amap A— FA,
natural in A, such that FA is the ""best possible approximation' to A in
4 in the sense that given B ¢ & and A — B, there is a unique map
FA — B suchthat A— FA — B =A — B?). It is well known that this
problem does not always have a positive solution: let, for example,

A be the category of commutative rings, denoted by LAnn, and let

be the category of local commutative rings, LocAnn. However, as was
noticed by Hakim (cf. [9]), this type of problem does have a positive
solution in a less restrictive content: let TopLAnn be the 2-category

(a 2-category is a category & such that for each pair A, A e 4,
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hom (A, A) is a category, together with a functor kA, A, Z:hom(A,K)
xhom (A, A) — hom(A,A), "composition”, for each triple (A, A, A),
satisfying certain identity preserving and associativity conditions; the
category of all categories is the archetypical example of a 2-category)
having as objects pairs (f , E) such that 8” is a topos and E £ isa
commutative ring inside & , while hom ((é’ ,E), F , F)) is the following
category: the objects are the pairs (¢,y): (f, E) — (&, F) such that

¢: F—£ is a geometric map and y:¢*E—F is a map off: the maps
are the natural transformation p:¢*—¢* suchthat yspp =y; and let
TopAdLocAnn be TopLocAnn (which is defined in the obvious manner)
with some restriction of the y 's (cf. 0.2 for a proper definition); then
the inclusion map TopAdLocAnn“— TopLAnn has a left 2-adjoint. This
left 2-adjoint to TopAdLocAnn — TopLAnn assigns to every (Set, R) the
Zariski spectrum of R; by considering problems of this kind, the étale
and crystalline spectra can be found similarly (cf. [14]).

The (LAnn, LocAnn) situation can be generalized as follows: the
members of LAnn are the set valued models of a so-called lim-theory
in the language of rings (the formation of lim-formulas involves only
A and 4! ("there exists a unique') among the connectives and quanti-
fiers) whereas the members of LocAnn are the set-valued models for a
proper extension of the above-mentioned lim-theory (we need the formula
dx(xy =1)VHEz[(1 -y)z=1]) -this extension is still coherent (Vx, T do
not appear in formulas and A appears only finitely often); if we then
properlydefine the notions of topos valued model of a coherent theory
and admissible map, then we get a result for (models of lim theory,

models of proper coherent extension of lim-theory) which is similar to
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the result for (LAnn, LocAnn) - in fact, the (LAnn, LocAnn) situation is
a special case of the (lim, coherent) situation (cf. [14]).

An alternative way in which to generalize the problem of finding
a left adjoint to /5’“@, is to ask for the existence of a so-called
multi-adjoint (cf. [26]); finding multi-adjoints is closely related to
finding 2-adjoints in the context as described above.

If one can then find a language for the category of real normed
spaces that properly fits in the framework described above, then one
can use some of the procedures described above to generate spectra
for normed spaces that will have, as sheaves in appropriate toposes,
stronger properties (w.r.t. a coherent theory) than the set-valued
normed spaces to which they are associated. Coherent formulas in
this language will then refer to ""local" properties of normed spaces and
the study of these formulas will fit in with the philosophy of Linden-
strauss and Pelczynski that '"local" properties determine the geometric
properties of normed spaces. There are languages around for the study
of normed spaces: Henson usesone inhisstudy of nonstandard hulls;
this language satisfies the requirements to qualify as '"language' in the
sense of modern model theory (cf. [1]; Krivine defined the notion of
real-valued language and shows that a theory can be defined in it that
has the ability to, e.g., characterize Lp-Spaces (cf. [2],[3]. None of

these languages is suitable for the kind of work that we want to do with it,

0. 2.1, Lim-theories. L will denote a multisorted formal language

(i.e., if R is an n-ary relation symbol and £ is an n-ary function symbol

then to each of the n places of R(, ,+--,) (resp. f(, ,---,)) there
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corresponds a unique sort; for each sort that occurs, we have a
sequence of distinct variables of that sort; variables in terms can only
occur in places with matching sorts; to each f(, ,...,) is assigned a
sort). Formulas are formed in the usual way - sort compatibility
should be kept in mind. Lim-formulas are those formulas that can be
inductively built from the atomic formulas, and the formula '"4" (true)
by only using A and #!x ("there exists a unique x") a lim-the:ory T in
L has only lim-formulas in its axioms; lim-theorems and the corre-
sponding list of logical rules are given in the expected fashion (cf. [21]
for more information); theorems are denoted as follows: fj;’ I where

q—b. is a sequence (finite) of formulae, is a formula.

0.2.2. If C is a category with finite limits, then a realization of L. in C
is: for every sort i an object of C; if i= (g 2 %5 5 i), then
M(i) = M(i,)x- - -xM(in); for every relational symbol R(, ,) with corre-

sponding sorts (i, ..., i), a subobject M(R)>— M(i,, ...,1i ) i for every

n
function symbol with corresponding sorts ((i,,..., in), j) 2 morphism
M(1) = M(@).

We define the interpretation of a term inductively as follows:
let t be a term with variables in X; the interpretation M(t,X) : M(i) —M(j)
where i are the sorts of X is: the canonical projection M(1) - M(j) if t
is the variable y, of sort j, in x; the composite

M(u,X - -
i}M(k) —L&}M(j) if t is f(u) with (k,j) the sorts belonging

M(1)
to f.

The interpretation M(¢,x) (if it exists) of ¢ w.r.t. X, where the
free variables of ¢ occur in X, is a subobject of M(i) where i are the

sorts of X; we define M(¢,X) inductively as follows:
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If ¢ is R(t), with j the sorts of R, then M(¢,X) is the pullback

MED, vm(h)

M(1)

M(};X) is the identity M(i) — M(1); M(¢ Ay, X) = M(¢,X) AM(y,X) (the
intersection of subobjects); M( &1y ¢(y);X) — M(1) is the composite
M(¢;1,y) — M(3,j) — M(i), where the last map is the canonical
projection provided that this last composition is mono.

A model of T is a realization M in which the axioms of T are
valid (¢ + y is valid in M if M(¢) is a subobject of M(x)).

Mod (T, C) denotes the category of C-valued models of T.

0.2.3. Lim(T) is the category with objects the couples (&,1i) where is

a finite sequence of sorts that appear in ¢(x) (the free variables of ¢

appear in X); the morphisms from (¢,1) to (w,-j—) are equivalence

classes of formulas 6(X,y) such that 6(%,y), 6(X,y) b5 =7,

o@ My 3 70x, ), 0&,7) - (¥), under the relation g F=y¢’.
(Lim(T))P is equivalent to the finitely presentable objects of the

category of set-valued models of T.

0.2.4. Let & be a category of the form Lex({§°P, Set) (the category
of Set-valued, left exact contravariant functors on &) (notice that the
category of Set valued models of T is equivalent to Lex (1im(T), Set)).
Let V be a set of morphisms of &, Amapf:A ~Bin & is

V-admissible if for every commutative diagram
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el v

A—L 5B

witha € V, 1k:Q — A suchthat kea =g and fok =h (cf. [21] for a
discussion of admissible maps).
If V is as above, and A ¢ d; then VA denotes the full subcategory

of A/@ generated by the objects A — A, obtained from pushout

L

diagrams P —Q with P—Q in V.
\ \

A—A 0

Theorem. ([21]) f:A—B in & has an initial factorization f = he g with
h admissible and g extremal (i.e., g is a filtered colimit of members
of V).
Theorem. Let T be a lim-theory, A a set of couples (¢(X), Y(X,y)) of
conjunctions of atomic formulas, T’ a coherent extension of T in L
given by axioms ¢(X)— V qy; ¥;(X,¥;) with all ¢(x), Y(X,¥;) in A.
Then every f:A — B WheII-e A e Mod(T, Set), B e Mod(T’, Set) has an
initial factorization A §> C £> B with C a model of T’ and h admissible.

A triple (T, A,T’) as in the previous theorem will be called a
localization triple. f:A — B, A-extremal with B a model of T’, is

called a localization of A.

0.2.5. TopModT is the 2-category of topos-valued models of T defined
as in 0,1.3.., TopAdModT’ is the 2-category of T'-modelled toposes
with morphisms (¢, f) where f is admissible (cf. [21] where it is shown

how to define the notion of admissibility" in toposes).



56

Theorem. Let (T,A,T’) be a localization triple. The forgetful
2-functor TopAdModT’ — TopModT has a 2-left adjoint Spec:;”A
0.3. In 1.2 we introduce a multisorted language L (L has an infinite
"sequence' of sorts) for normed spaces; we form a lim-theory T in
this language in such a way that one can think of a set-valued model of
T as being the set {Br/r e/€+, Br = the set of vectors of norm bounded
by r'}for some normed space, together with maps + ,q:qu Bp_-‘ B

p p+d

r.:B B _XB ——BD which are just the usual vector

5 B Blrlps ~p,a"Bp*Bqa"Bouq
space operations reduced to the balls B, and their cartesian products.
In 1; 3 we show that the Set-valued models of T can in fact be
canonically identified with the normed vector spaces. In 1.4 coherent
extensions, T;a and Ti2, of T are defined; we show that the Set-valued
models of TLl (resp. TLz) are precisely the pre-L'-spaces (resp.
pre-Hilbert spaces ) (cf. 1.5); the proof of the fact that TLl charac-
terizes pre-L'-spaces uses some of Krivine's ideas ([2]).

The fact that Norl(fa), the category of normed real spaces and
contractive linear maps, is equivalent to the category of Set-valued
models of a lim-theory implies that it is complete, cocomplete and
locally finitely presentable; we exhibit explicit constructions for limits
and colimits (colimits in Nor,(/4) differ from the colimits in Ban, (/42),
the full subcategory of Nor,(/2) generated by the Banach spaces and
studied in [19]). We also give a direct proof that the finitely presented
objects of Nor,(/) are precisely quotients of the form ¢,(n)/N where N
is a subspace of (,(n) -the corresponding result for universal algebras

is apparently well known but the proof does not appear to be readily
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available in the literature (cf. the remarks in [20] p. 292).

In (1.8) we present an equivalence between the category of
finitely presented normed spaces and a certain category of formulas of
L (this category is closely related to 1im(T) of (0. 2. 3).

In 1,11 we identify the T z-extremal and admissible maps: the
extremal maps with codomains contained in pre-Hilbert spaces are
precisely the maps onto pre-Hilbert spaces, while the admissible maps
are the into isometries. We use these identifications to associate a
topological space with each X ¢ Nor,(/4/), such that this topological
space is the site of SpecL?(X) (denote this topological space with IX | Y
It turns out that |X| is coherent, a spectral space in the sense of
Hochster ([22]) and irreducible (in fact, |X| is sober and there is a
ring Ry, such that IX! is the Zariski spectrum of RX

In (1.12) we show that IX | has trivial cohomology (which is not
totally surprising as the abelian structure of X is not significant in
Nor,(/4)). In1.14 we show that IX! localizes well (cf, discussion in
(0.1, 2)) and in (1, 15) we show that the spectrum functor is faithful on
Nor,(R).

The work of Chapter I shows that spect(2) is well behaved in many
respects. It still remains to get a better understanding of the cohomo-
logical behavior of these spectra - the fact that a study of Cech
cohomology will often suffice in this context (1.12), will be quite useful.

A basic unresolved problem is the following: what are the
topological obstructions to the preservation of the validity of coherent

formulas by '? Preliminary investigations indicate that the theory of
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homotopical algebra (Quillen [27]) may shed some light on this problem.
It is clear that (1.15) indicates that it may be fruitful to study the
category of spatial toposes with Hilbert space structure sheaf (it will.
suffice to restrict attention to irreducible spectral spaces and the
sheaves on them) as generalization of the category Nor,(/Z): the study
of Nor,(/Z ) becomes the study of toposes on spectral, irreducible
topological spaces together with the study of Hilbert spaces and
isometries between them in these models of Set theory; a very impor-
tant point in this context is the following fact: the meta-theorem of
Barr ([23]) says roughly the following: if a coherent statement is true
for set-valued models, then it is true for topos valued models; this
meta-theorem, together with the fact that coherent theories for normed

spaces are very powerful ((1.5)), promises to be very fruitful.
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CHAPTER 1

1.1. Notation. In what follows, K will denote either the field of

rationals or the field of reals.

1.2. Definitions. Let L be the first order language with the following

nonlogical entities:
Sorts: A sequence (Bq)qu+ indexed by the non-negative elements of K.

i 1 . 5 X ixa i +>< iz
Function symbols ;,q Bp Bq Bp+q for every pair (p,q) e K' XK";

p,q Bp-' Bq for every pair 0 < p < q in K; qp B *Bplql for
,p) e KXK™: 1B XB ; K" x K.
(q p)e p,q q p+q (p,Q)G
Constants: one constant symbol 0.
Let TL be the following L-theory:
ip,q(X) = ip, N Ex=y ; t ip,q(ip, (%) = i, q®
% =1 X = = X
1, res & 5q y) =i, &) ;’ st a i) (%) plquqlr(q )
ti—q.i, (0) =iy ,(0) ; t—q. (x+ )= . (¥)
P 0,p 0, pq P psT plQl rlql

t{((@+r). x)— (0)

q,x+
P IQ+r|p,p|Q|+p|r|

5 gl ole] 5 T 0 lasr o+ (lal+lxlo

3 _0 ) ¢ _ _ 0
t'—lo’o(x) g _ }—Xp’px lo,p()
t—(x+ — Z =1 X— _Z)+ i = 1 X) + 1 -7
( p’qY) pHa, T p+r, p+r( s ¥ ) p+r,q 4, q(Y) p’p( ) q+r, Q+r(y )
t—x+ 0=x it (x+ y) + Z =X+ (y+ 2)
P,O p,4 pHq,r p,d+r q,r
t-1 (x) -1 (v) =1 (x-y) jtx+ y=y+ X

p, p+Ha q, p+4 p+d, p+H ps4 4p
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We will often omit subscripts when no confusion should arise.

1,3. Proposition. The category of Set-valued models of T is equivalent

to the category of normed K-modules (the category of K-modules,
Nor, (K), is the category of pairs (M, ” . ” where M is a K-module and
” ’ ” C M XK satisfies the following axioms: (x,q)e¢ H . || only if
q> 0;if x,9) ¢ |- || and (y,2)e || ||, then (x +y, g+ 2) e [|- |, i
(x,T)e ||+ || then (x, la|)e - | for @ €K, x = 0 if and only if
(x,T)e |- ]| VT eK™. Notice that if K =/2, then Nor,(K) is equivalent
to the category of normed spaces and contractive linear maps).
Proof. Definea functor from the category of set valued models,
MOdSet (TL), of Ty, to Nor, (K) by taking the filtered colimit of (B_ i_ )

ps p,4d
and inducing the appropriate relations and operations using those of the

set valued model [(Bq), (ip, q) (+p, q), ('p,q)’ (qb)] .

1.4. Definitions. Ty is the L-theory that we get from TL by adding

the following axioms: for all By jk€ B g, i,k ™ 0(,j,k=1,2,¢+,m);
: -

Gﬂ’j’k€ K+3 Gz,j,k =>0(ei,k=1,2,..-,n); Tﬂ,j eK ' (£=1,:-,m;

j=1,...,n) and for every n terms ti(Bl, oy ,ﬁn) of the language of

K-vector lattices such that

uﬂ’j,k|3£+ej- 8| > 2%

™) v p,v8,e--vBa[ 2
2,j,k 0,j

K L i, kltgBas Bro)

+1tyBy By =t Bry e es B |+ 33], RILIRAT CRETEN AN

holds in K, the axioms Al(a’xz’xi’xk’zg,j,k) where

Al(a,Xﬂ,Xi,Xk, Z,Q’j,k) = 3
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A

. Zp 5= : + X, + X
ﬂ,j,k(lqg,j,k’(Ug,j’k)(P£+Pj+Pk))( 2,3,k “ﬁ,],k(xﬁ k))r_

]

(., Dy (8, < )y s Hyl"'ayi @ 0,5 TV 5,6)0,3,k
2,i’0,i’'\°0,3,K 0,j,k

€Dy (g, 5,1

x([A @ (272 1] =
0,i,k 9,j,% (g 5,000y LIk

=y s X, +x+x)]ATA (i (w, ) =71, :(x,- )]
2,j,kL ] k 0,] rﬁ,js(r+p£)7£,j 2,] 2,18 1
A[Q_?j’k(lsﬁ,j,k’sro_ﬁ’ J,k)(a)g’j,k) = 02’ j,k(yﬂ + Yj T Yk))]) where X,Q

has type p 0 and the other variables have the (unique) types that will

make the axioms well-formed axioms: Da (a k) is the subset of

i,i, )
{7 ay e (2 q, )2 e, 2 q, (1 +a™H}"
b5k ABET T g HLETE T gk K

consisting of these m.n*-uples summing to Eq 1+a™)
2,],k

m
and r = (E‘:lp’e) (1 + (3 Ky j k) (zizin(T‘c’j)).

’J»
,K

TLz is the theory that we get from TL by adding the following

axioms: A,(x,y,n,r,s,u,v) =:(X+ y = i, erq(u)) Ax-y=1 (v))
p,d ’ s, p+d

= (kYE)e B;l . AxAyEE+y = ir’p+q(u)A(x-y = i(v))A(ik’p(}'Z) = X)

Aliy @ =)
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2 2
where re[0,p+q], se[0,p+q] and B? = {(k, Q)eKz/kz,Qze{I‘;nS g ®
b

(20) 2 k(r®+8%), -0, 2702+ L+ 7N}, KB+ P =1’ +s (1+n7Y) 27}

Bz (X,y’nyr, Ssiyy) =:(i (i) =X)A (is’q(g') =Y)'—'

r,p

Uy Byl ®=5) A (@) =9 Al @=x+ y)A

(
2P 0,q

A"
(k, )e(Byy 99)
(iﬂ,p+q(v) =x - y) where (r,s)e [0,p] X [0,q].

1.5. Proposition. If K = /2, then the category of set-valued models of

TL‘ (respectively TLz) is equivalent to the category of normed spaces
having their completions isometrically isomorphic to L,-spaces
(respectively L,-spaces).
Proof. The assertion for Ty is clearly true; the proof of the remaining
assertion is more involved, and we give a brief outline of it (the proof
involves the notion of a '""real-valued' language and certain results
related to it; to make the proof self-contained will take us too far afield
and we therefore refer the reader to [2] for the relevant information).

In [2], we find the following theorem: "soient E un espace de
Banach et deux réelsn > 1, p > 1. Pour qu'il existe un espace
Lp(Q, , u) et deux applications linéaires ¢ : E — Lp(sz,u, ),
w:L°(@,u, ) — Etelles que [lo]l<M, |ly]<1, w-¢ etant l'identité
sur E, il faut et il suffit que E satisfasse les formules

(1) Vx,...Vx_ Hy, ..o, Ty [M T

1<i,j,k<n

pijk”Xi+ x]- =X ”p =

b W . LT L x. - x.||P
l'éli,j,ksn"llk”y”yl Vel Zenrulk ]
1<j<n
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ol Pijkr Oijkr Tij sont des réels > 0 que la formule

ii) Vx,...Vx 27 e | B b B = X sz Gour |te(X,  oes. X
( ) 1 n[lgi,j’kgn p]_]kl i i kl lsi’j’ksn l]kl 1( 19 ’ n)
p
+ tj(Xl’ .-‘,_Xm) -tk(xl’ oo ’Xm)' + 17—<‘Ii<m7ij |Xi_tj(xl’ coe ’Xm) !p]
1<j<n

soit vraie dans /?, pour certaines termes t(x;,--,x ) (1 <i<n)du

s
langage £ , de la théorie des espaces vectoriels réticulés (c'est-a-dire
formes avec les symboles 0,2, +, A)"". We then notice, as is done in
[2] that the previous theorem actually characterizes pre-1P-spaces
(the reader should convince himself at this stage that TL‘ and TI_F are
""finite approximations' to the corresponding real-valued theories of
Krivine).

The device that we employ to deduce (1.5) from the theorem of
Krivine's, is the ultraproduct: an appropriately chosen ultraproduct
allows one to "'glue together' the axioms of (1, 4) to get equivalent
axioms in a real valued language; using this fact together with the fact
that Krivine's theorem remains true if we replace "E" in its statement
by "f:", an ultrapower of E, "ca...que E satisfasse les formules..."
we find that (1.5) is true (use the general version of théorame V. 3 [2]
and the fact that an ultraproduct of normed spaces is a universal
extension of the normed spaces that constitute this ultraproduct to
prove this more general version of Krivine's theorem along the lines of

the proof of the original theorem).

1.6. We collect together some elementary facts about the behavior of
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Nor, (/) (we will, when appropriate, identify Nor,(/Z) with the category
of real normed spaces and contractive linear maps).

Nor, (/) is complete and cocomplete (it is well known and well
documented (cf. [19]) that Ban, (&), the full subcategory of Nor,(R)
consisting of the real Banach spaces is complete and cocomplete).

The limits of Nor,(R) are defined as in Ban,(&); {0} is the zero object;
coequalizers are defined as in Banl(/i) whereas coproducts are defined
as follows: & (X;, - P =1 (@ X, I I|@) where @ X; is the vector
space coproduct of (X;) and ”Z‘Ikxk"ea =X Iak| }lxk I.

Nor, (/) is locally finitely presentable (i.e., Nor,(R) is cocom-
plete and there is a family of objects (X].)J in Nor,(/&) such that hom(XJ.,-)
commutes with all filtered colimits V i€ Jandamap L:X — Y in
Nor,(/2) is an isomorphism if and only if hom(Xj, L) is an isomorphism
in Set) because Nor, (&) is equivalent to the category of Set-valued
models for a lim-theory (cf. [21]).

We show now that the finitely presented normed spaces are
precisely the quotients of finite-dimensional L,-spaces (notice that not
every finite dimensional normed space is such a quotient).

The fact that finitely presented spaces are quotients of the form
described above, is proved as follows: we first show that if X is finitely
presented and if X is the filtered colimit of finite dimensional spaces
(on) such that the canonical maps Xa — X are monomorphisms, then
X = Xa for some «; then we use the fact that there is such a diagram
(Xa) for X with every Xa a quotient of the form described above.

Say X is finitely presented and X = l'g)n Xa with Xa — X mono.
LetY - be the pushout of X — X; then (Ya) is an inductive diagram

o
X
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and Y =limY = lim(X ¥ X) =X [i- o X =XX =X; we have the
o o X
following diagram

(Ya) induces a diagram (hom(X,Xa) == hom(X,Y))aEA and the image of
g, is hom(X,Y), By °8y> is the same as the image of ga in hom(X,Ya),
Baga; hence as hom(X, Y) = hom(X, li_r)nXa) = lim hom(X,Yx) and from
the canonical construction of the colimit of a diagram of sets, it follows
that there is a @ > a such that g5 =g, i.e., X is the equalizer of
g5 8y but it is easy to verify that X& is the equalizer of g5 and 855
hence X = XE (this proof was inspired by a proof of Grothendieck ([8],
Volume II, p. 196).

If X is finitely generated, then X is the colimit of the forgetful
functor Nor, (R) /X —Nor, (/&) restricted to the full subcategory of
Nor, (/2)/X having as objects the maps Y — X with Y a quotient of a

finite dimensional L, -space.

1.7, We have the following result which throws more light on the
relationship between the finite dimensional normed spaces and the

theory TL'

Theorem. (Cf. [20], p. 292). If L is a language without relation
symbols and T, is any equational theory, i.e., the axioms of T, are

coherent sequents of the form —t =t’ where t,t’ are terms of L,
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then C,, the dual of the category of finitely presented set-valued
models of T, (i.e., those set-valued models X such that hom(X, -)
preserves filtered colimits) is equivalent to the following category:
C(T,) has as objects the finite sets of atomic formulas of L; the
morphisms of C(T,) are defined as follows: a morphism

B(X,, .- ,xn) = YV ym) is an equivalence class of m-tuples of
terms (t,, .- yt,,) with free variables among x;, ---,Xx  such that
Tol— ¢ = (,/y,, -5t /yn) under the equivalence relation
(tyyeev,ty) ~ (syye-+,8,) ifand only if To—t; =s; (i=1,---,n).

1.8. We give a convenient full, faithful functor o :f in Nor, (/) —
(C(TL))O_‘”, that will be useful later on.  (finNor,(/2) is the category
of finitely presented and normed spaces.)

It =t,0¢,b
terms has k distinct variables, theno ({t, =t,,--,t =T }) =

=t } is a finite set of terms of L and this set of

%ﬁ/Ntl, - where %ﬁ, is the k-fold direct sum of /Z as normed
space with its usual norm and th oty is the subspace of % 7
generated by the vectors ri—Fi where ry (respectively Fi) is defined as
follows: take t; (respectively T'i), if X; occurs free in t; (resp. fi), then
replace X; with the jth natural basis vector of %/‘? multiplied with the
subscript of the sort of Xj ; the result of replacing all of the free
variables of t; in this way is r; (respectively ).

oy g (Kpeen,Xp) = {t, =t,,--+,t_ =t} with free variables

{t =k, -eenty

variables y,, .- -_,'yn, and [(ty,--- ,Ln)]: ® — y is a morphism, then

p
xl""’xn a,nd ‘I,L,"',Eq(yl,..',yn) E_l,"‘, =£q} Withfree

f([_t_l, -+-,t 1) is defined as follows: T a;e; € R > [Za;te,---,e))]
m



67

where £ (resp. fi) is & multiplied by the subscript of the sort of Y
(resp. x,) and [-.-] denotes the equivalence class of ... This map

factors through @ /Z/N , .
m 12

1.9. Notation. The 2-left adjoint to the forgetful functor AdmTopModT

LJ.
— TopModT (respectively AdmTopModT; 2 — TopModT; ) is denoted

by Spec(1) (resp. Spec(2)). We write Spec(1)(X) (resp. Spec(2)(X)) for
Spec(1) (Set,X) (resp. Spec(2) (Set, X)).

1,10, We are now going to focus our attention of Spec(2): T,z has

L
certain special properties that makes the study of Spec(2) and its
related (relevant) entities significantly easier than the corresponding
study in the case of TLl.

We have the following result that will make the nature of Spec(2)

clearer.

Proposition. The 1.?-extremal maps with codomains contained in pre-

Hilbert spaces are precisely the maps which map onto pre-Hilbert
space. The 1.?-admissible maps are precisely the isometries (not
necessarily onto).

Proof. A couple in A;z, (¢(®),y(X,Y), satisfies ¢(x,7), Y%, ) F=7
if and only if the map that corresponds to it in Nor,(/2) is epi, It
follows that VA’ where A e Nor,(&), consists of epimorphisms and

hence that every extremal map is epi. However, Nor,(/2) is epi-mono

X X
"N

such that X — Z is epi and Z —Y is mono) hence every epi is extremal:

factorizable (i.e., every map (L:X — Y factors uniquely throug

L 1
if L:X—Y is epi, then X—Y—Y is an initial factorization through an

admissible map, hence L is extremal (we actually need the second part



68

of the proposition to proposition to justify the claims of the last part of
the previous sentence).

To complete the proof, we need the following result (cf. [21]):
f:A — B between models of T is V-admissible if and only if for every
(¢(X), Y(X,¥)) in A, every a in A satisfying &(a), and every b in B such
that (f(a), b) holas, there exists a unique ¢ in A satisfying y(a, c) such
that f(C) = b. When this result is applied to L,, we see that if T is
admissible, then if Tx has norm less than r, then x has norm less than
r; hence ” Tx ” =||x” V, and T is an isometry. Conversely it is clear
that every isometry ‘is admissible.

From the fact that VX is made up out of epimorphisms_we see
that spec(2)(X) is actually a spatial topos (i.e., there is a topological
space such that spec(2)(X) is equivalent to the category of sheaves on
this space) (cf. [21] thm,. 4.4.1) and for a given normed space X, one
can explicitly describe the underlying topological space |X‘ of spec(2)(X)
as follows: the points of IXI are the isomorphism classes of maps

X l} Y where T is epi and Y is a pre-Hilbert space (X —T>Y are

TI\ Y'I
isomorphic if and only if there is an isometry Y’ — Y such that

X —T—> Y is commutative); for every X 25X in Vxs let D, be the set

T,\§-, ﬁ
of all points of ’Xl such that there is a factorization of the represen-

tatives of the points through X —LsX ;; the D, constitute a basis for the
open set of IX! .

We collect together a number of properties of |X| (cf. [21]).
IX[ is a spectral space in the sense of Hochster ([22]) (it will not be

without interest to find a characterization, along the lines of the work
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of Hochster, of the topological spaces M such that M = ‘X, for some X
in Nor,(/&)), i.e., there is a ring R such that |X| is the Zariski
spectrum of R. In particular we know that lX] is sober (i.e., given
any closed irreducible set, then there is a unique point in this set such
that the closure of the point is the whole set. As the closure of
irreducible sets are irreducible and a points are irreducible, every
closure of a point is irreducible; it follows that |X| is irreducible with
generic point the isomorphism class of X — 0; in fact, every basic

[

open set contains [X — 0] as X — 0 factorizes through every X ———>X£.

1,11, Proposition. The cohomology of |X| is trivial in all abelian

sheaves that are filtered colimits of locally constant sheaves.

Proof, Constant sheaves on irreducible spaces are flasque (i.e., if
U< V are open subsets of IXI , and F is constant, then the restriction
map F(V) — F(U) is epi) because open subsets of an irreducible space
are dense in the space. We know that every pair of open sets of ]XI
intersect nontrivially; hence every locally constant abelian sheaf is
actually constant. As IXI is coherent, cohomology commutes with

filtered colimits (cf. [8]).

1.12. Proposition., If X is a pre-hilbert space, then |X| has trivial

cohomology in all abelian sheaves.
Proof. If (Ua) is an open cover of |X| consisting of basic sets, then
IX| = Ua for some a: the equivalence class of the identity map X IHX

must belong to Ua for some a; if Ua is the set of equivalence classes

2

of maps factoring through X —» X, then 1 factors through ¢ and conse-

Q’
quently ¢ is an isometry; it follows that Ua = IX I .
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The desired result about the cohomology of ]X[ follows because
T'is exact: if f: F — G is epi in Sh( |X|), then, given a global section of
G, there is an open covering of |X| and for each member of this
covering there is a section in the restriction of F to this member that
gets mapped onto the restriction of the given global section by f; but as

we have seen before, the only covers of IXI are the trivial ones.

1.13. Example. IX = /Q, then |X| can be described as follows: |X’

is the interval [0,1] <& with basic open sets the closed subintervals
of [0,1] with 0 as one endpoint. We see that the open sets of |Z | are

precisely the intervals with one endpoint at the origin.

'1.14. A natural question that arises in the following: if U is an open
set of |X|, isthere an Ye Nor,(X) such that Spec(2)(X)/U is equivalent
to Spec(2)(Y). We show in the following result that the answer to this

question is positive if we restrict our attention to basic open sets U.

Proposition. Let (T, A, T’) be a localization triple and let A¢ ModT(Set)
be such that all the members A 5 A - of V A are epimorphic maps.
Then, for every A L A!Z € VA’ spec (Set, Ag) is equivalent to
spec(Set, A) /1.

Proof. All we need to show is that any map(Set, AQ) (I‘,_g)) (f, E) of
TopModT factors uniquely (up to 2-isomorphism) through (Set, A 0 @)
Spec(Set, A)/¢ where h:A, — T(Ax 0 = ¢) is the map np,(0) tA, =
ia(PA)(2) = A(g) = r(g*(x)) (where n:1 — ia is the unit of adjunction
at—i, a is the associated sheaf ngtor and & denotes the spectrum of

A) and such that the appropriate maps are admissible.
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We will get the factorization result by showing that
&
(Set, A) 1.9, (Set, A (L,e) 2275 (£, E) factors in the appropriate manner

through Spec(Set, A) — Spec(Set, A)/1.
r.gt
The map (Set, A) (——-g——)s» (&, F) factor into (Set, A)

Spec(Set, A) (if—)a with f admissible (cf. [21] thm. 4.1.4). The

(T, nA)

assumption that the A — A are epi implies that all the objects of
Vzp are open in Sh(V P) . and therefore, to show that ¢: e ->Sh(V°p)
factors through Sh(VXp) /4, it is enough to check that ¢,G — (¢*G)£, the
transpose of $,Gx ¢ T ¢,G, is an isomorphism (cf. [23] 3.54, 3.47,
3.52).

¢* is induced by ¢ : V°p — £ defined as follows

d(m)@) = ( {k:A  — F(U)/kem =Tege g} it 1(U) is
nonempty

the empty set otherwise

Then ¢,(G)(m) = hom(¢(m),G) (cf. [20] 1.3.4) and the map ¢,(G) —
CIJ*(G)Q is given by p :hom(¢(m), G) — hom(¢(¢xm),G);p (@) =

e d(LXm T m). ¢Xm is given by the pushout

’7\
/

jzxm

in A and ¢(r : £Xm — m) is the map k> k o s (in the Uth coordinate).
The fact that S is epi implies that ¢(x) is mono. Let K be in ¢(m)(U);
then
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oy
A~§ Am
Aﬁxm U)
rOg

is commutative and therefore Hk:A fsem F(U) such that ks = Kk (by

the universal property of pushouts); this shows that ¢(r) is epi. Hence

¢(r) is an isomorphism and therefore Py, is invertible for all m.
According to the work in the previous paragraph we have

£:X — ¢,F = 0,0, F admissible, hence by adjunction & p:¢*A — y, F

where ¢ = ¢ is the factorization of ¢ found earlier.

We have the following commutative diagram (i.e., the solid

diagram)
1,2 ’
(Set, A) ek (Set,Ap) —— L ——— > (£,E)
i (T,h) / W, )
Spec(Set, A) (Spec(Set, A))/¢ =
Q,PK

We want to check that the rectangle on the left commutes., It is
clear that the underlying diagram of geometric maps is commutative
because Set is the "f1na1" topos. What remains to be shown is that

1 -
A()>1"A (PA)7ran X and A RA, px N2, A2) X(2)

are, with the ranges appropriately identified, the same (A(A) is the
restriction map and the map Z(A)_y pA isthe "'same' as

AL A npa(2) = T(AEX L — 1) via naturality). So, we make

‘Q —_
sure that
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hom(1,A) —mM8 hom(l,nﬂ_ 0*A)

1« _ (adjunction)
hom(¢,A) ———— hom(¢], £ 4)

(adjunction)

commutes - but (1, ¢) is epi, and so we have the result.

To finish the proof, we show that y is admissible. We know that
the co-unit of adjunction, E:l* 2, — 1 is an isomorphism (because N
¢ — 1 is mono) (cf. [23] 4.4, 4.12); hence ;:0*A — Yy F = o*A ——2—-—@—)
1*(2*¢*F) ——_—> Y, F is admissible, as isomorphisms are admissible

and the inverse images of admissible maps are admissible (cf. [21]

3.6.3).

1.15. Proposition. Let X be a normed space, and let pX be the

presheaf induced on p(V}gp) by X. Then pX is a separated presheaf
and therefore the spectrum 2-functor restricted to set valued normed
spaces is faithful.

Proof. The topology Ty onthe site V3P can be given as follows: push
generating families of the axiom topology out along maps with X as

codomain:

g

A ; el is a covering
& ’
f !} l ¢a ? \ : family in the
xZ X, ¢, axiom topology
o

The maps X — Xa then induce maps ?L(\ in Vg which are epi;
X—

Xo
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in V%p we therefore have monos f\ that cover the final object;
X&——-X

push the basic cocoverings in VX of the initial object out along the
unique maps emanating from the initial object to the other objects of
VX; goto V%p with these pushed out maps and let them generate a
Grothendieck topology T+

To check that pX is separated w.r.t. Txs We only need to make
sure that it is separated w.r.t. the basic topology that induces T~
Let A be a finitely generated normed space. We want to show that the

presheaf homNorl(A,pX(-)) is separated; let ()f\ ) be a basic
o
a

X—X
Ly

X
cocover of Vv 1 e hom(A, pX(X — on)) = hom(A,Xa) be a

X
compatible family; if be hom(A,X) restricts to ba in each coordinate,

b
then A —> X commutes and therefore b is uniquely determined as
bal / Ly
Xa

B is mono (look at the definition of Qoz and realize that it is a vector

space isomorphism). It is clear that the same argument will work for

general elements of V-

1.16. We know that every spatial topos has enough points, i.e., there
is a family of geometric maps ¢:set — g) , Where 5 is a given spatial
topos such that f:A — B in £ is an isomorphism if and only if ¢*(f) is
an isomorphism in Set for every ¢; Deligne's theorem ([20], [8], [23])
also implies that every locally coherent topos (topos (for the general
definition of a locally coherent topos cf. [8]) has enough points. It

follows that Spec(1)(X) and Spec(2)(X) have enough points; seeing that
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Deligne's theorem does not give an explicit construction of points for a

locally coherent topos, we state and prove the following result.

Theorem. Let (T,A,T’) be a localization triple and suppose that for
every A e Mod(Set, T) there is a family gitA — B, of morphisms of
models with BieMod(Set, T') such that the (gi) form a monomorphic
family. Then Specg’A(A) has enough points for every A € Mod(Set, T).
Proof. Let A B be a morphism of models with A ¢ Mod(Set, T),
Be Mod(Set, T'). According to (0.2.5) d a couple (¢, £8) where
¢% : Set — Spec(A), is a geometric map and 1 : ¢* (A) — B is admissible
such that (T') , =g (cf. [21](4.1.4)) - in fact, the following explicit
description of (¢,f) can be found: ¢ is induced by & :Vy® — Set;
A 4 Ay {h sy = B/g factors through h} and f is induced by the
inclusion ¢(¢)— hom(Aﬂ,B).

Let ¢: F — G be a map in Spec(A) and suppose that the images of
o in (qbg)* are all mono. Say B,y :H— F are coequalized by a; then
(qbg)*(B) = (¢g)*(y) for every g as described in the statement of the

12
theorem. Pick ¢:A — A, in VZ and xe H(£). We know that

I
(69" (®K)(M) =  Um K(m) ¥ o, m- Let [x] denote the equivalence
M~ ¢8(m) T
e (D/ $8)°P ,
class of X in (qbg*)(H)(m); then [Bg x] = ['y2 x] in ¢ (F)(M) and therefore
there exists a diagram M (we assume M is a final object
¢ (n) — ¢(0)
b (B)

A
of Set) and E§h:A / \ such that

AHT——AI

g—*B, h:An—-’B and



Flp)y X= K(p) B o X and is commutative,

The claim is now that /A\ , where p varies with varying g,
Al 0

A
) 0 .
consitutes a monomorphic family: say the p's coequalize .
p y: say the p q c,/ r Sy ,
S

then the }—1p coequalize and therefore the h coequalize; now, the h can
be chosen to constitute a monomorphic family; hence r = s. Hence we
know that A is cocovering and that 0¥ and B o X and
A‘ﬁ/ _.P__\“>An 5
a is mono.
A similar proof shows that @ is epi; hence ¢ is an isomorphism
and the proof is complete. (The proof for the corresponding result for

the étale topos in [8] is quite similar to the proof given above).
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