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Appendix B

EVALUATION OF DRIVING FIELDS AT PERTURBED
INTERFACES

B.1 Background

One interesting aspect of the derivation presented in Ch. [2] is that the driving
mechanisms, the electric field for the SC model and the temperature field for the
AP and TC models, are evaluated at the perturbed film interface A(x, y, t), not the
unperturbed film interface &,. Intuitively, this is reasonable because the force due
to surface tension is based on the perturbed surface since there is no curvature in
the unperturbed state. To balance a driving force against surface tension, it should
be calculated in the same configuration where the surface tension was calculated.
One method for calculating the driving force is to use perturbation theory where
the perturbed fields are typically evaluated at the base state, not the perturbed state.
Evaluating some elements at the perturbed interface while evaluating others at the
unperturbed interface leads to a subtle dissonance in the derivation which results in
errors. This appendix will detail an example to show the error that can occur if the

driving forces are not consistently evaluated at the perturbed interface.

The derivation of the SC model that was presented in Sec. [2.3.1] is actually a
subset of the full derivation presented in the Ph.D. thesis of Zhuang [3]. In his
original derivation, he considered a more general system in which an overall potential
difference was applied across the nanofilm/air bilayer in addition to the surface
charge present at the interface. This applied potential difference was not applicable
to the experimental setup presented above, so the applied potential difference was
not included in Ch. 2] However, the case where there is no interfacial charge
density and only an applied potential difference has been investigated as a separate
instability, called the electrohydrodynamic (EHD) instability. The EHD instability
has garnered considerable interest both experimentally [4], 5, [75] and theoretically
[76L77]. As shown in Fig. the geometry is the same as in Ch. 2| except instead
of an applied temperature gradient, there is an applied electric field. This appendix
will focus on the theoretical work of Pease and Russel [[76,77] and demonstrate that
their electric fields yield a tangential stress which is incompatible with Maxwell’s

equations.
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Figure B.1: Instability geometry in EHD model
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The driving force in the EHD model is the applied potential difference across the bilayer, @,,.

The rest of this appendix is organized as follows. In Sec.[B.2] it is shown that there are
no tangential stresses at a perfect dielectric interface with no free charge which arises
directly from Maxwell’s equation. Then, electric fields in the bilayer are derived
from the nondimensional governing equations within the lubrication approximation
when evaluated at the perturbed interface in Sec. Next, the tangential stresses
due to these electric fields are computed in Sec. [B.4] to show that the tangential
stresses at the perturbed interface are zero. Then, a dimensional perturbation
calculation follows to evaluate the perturbed electric field at the unperturbed interface
in Sec.[B.3] In Sec.[B.6] itis demonstrated that these electric fields do not consistently
satisfy Maxwell’s equations and in Sec.[B.7|the results are briefly discussed.

B.2 Tangential Stresses at a Perfect Dielectric Interface

The Maxwell stress tensor in the absence of magnetic fields, originally defined in
Eq. (2.49), has the form

- > 1 - -
T =FED--I(E-D)|. (B.1)
2

To compute the tangential stresses at the interface, this equation is dotted by the
tangential unit vector, 7, on the left, dotted by the normal unit vector, 7, on the right,
and the difference between the stress tensors in the air and film layers is taken. Note
that all of these terms are evaluated at the film/air interface.
i-Tol-ia—1-Tg A =1 EuyDyir - A — - EfitmDfiim - 7.

The normal and tangential unit vectors are orthogonal so that 7 - I - 4 = 0 which was
used to simplify the preceding equation. The tangential components of the electric
field must be equal across the interface because V x E = 0. Therefore, the subscripts
on the electric field terms are dropped and the common terms factored out front

Porem A= T i = (7 E) (Dar - D - 7).

air
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The difference in the normal components of the electric displacement field across
the interface is simply the free charge at the interface, oee. In this system, there is

no free charge, so the tangential stresses at the interface must be

PT A= TEn A = (- E) ot = 0. (B.2)

air

The fact that there can be no tangential stresses at a perfect dielectric interface if
there is no free charge was well known to the leaky dielectric community [78]. As
such, Pease and Russel did not calculate the tangential stresses at the perturbed
interface in their derivation. However, as shown below in Sec. [B.5] and Sec. [B.6]
their electric field expressions did cause tangential stresses anytime the interface was
perturbed from the initially flat state. Before this is done, an electric field solution
which is self-consistent with Maxwell’s equations at the perturbed film interface

will be demonstrated.

B.3 Electric Field Evaluated at a Perturbed Interface

The basics of the governing equations for the electric field within the lubrication ap-
proximation have been presented in Sec.[2.3.1] although in this section the potential
scaling and the boundary conditions will be slightly different. All scaled quantities
in this appendix will be denoted with a prime to signify the change in scaling. The

characteristic potential scale is now

D, = O, (B.3)

The electrostatic boundary conditions are changed to

Grim(Z =0) =0, (B.4)
¢(Z =D) =1, (B.5)
$im(Z = H) = ¢,(Z = H), (B.6)

od. (Z=H) 0¢.(Z=H
Efilm ¢ﬁlm§ Z ) = d)alr(a > )- (B.7)

The solutions for the electric potential have the same general solution
~  _ AEHD EHD
Phim = Afiim Z + Bim »

7 _ 4EHD EHD
¢air - Aair Z+ Bair ’
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where AEEHD, BE&D, AS;ID, BE?D are integration constants. Applying the

Dirichlet boundary conditions from Eq. and (B.3) yields

and

Y _ AEHD
¢ﬁlm - Aﬁlm Z’

oL = AEHD(Z — Dy + 1.

air

Applying Eq. (B.7)) gives
etim Ay = Ay

This implies that the electric potentials become
7 _ 4EHD
d);‘llm - Aﬁlm Z,
¢;ir = SﬁlmAgll;lnD(Z — D) + 1.
The final boundary condition is continuity of the potentials at the interface from
Eq. (B.6). This allows AF> to be determined

AEHD _ 1
film — :
EfiimD — (Sﬁlm - l)H

The electric potentials are therefore

—~ VA

. , B.S
Piim efimD — (efim — DH B8
_ (Z-D

g - cmZ=D) (B.9)

air SﬁlmD - (Sﬁlm - 1)H

From this the electric fields are computed and then broken into components

_ 1
E; = , B.10
M2 ehimD — (fim — 1)H 50

— —Z(ttm — eV H
oo (&im — eV, ) B.11)
[efimD — (&6im — 1)H]

E/. — —&film
W2 ghimD — (gfim — 1)H’
~ —&fim(Z — D)(&fiim — 1)eV | H

[£6imD — (ggim — 1 H]?

(B.12)

air| = (B.13)
B.4 Tangential Stresses from Electric Field Evaluated at Perturbed Interface
In Sec. |2.3.1} an expression for the normal component of the stress tensor dotted
into the normal vector was computed. Recall that this expression is

‘9;‘9 E2, (B.14)

a-T™ A=
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To find the tangential stresses this quantity must be subtracted from the stress tensor

dotted into the normal vector. This quantity is

1, 1 o0H]
_EEZ 0 Esz —Eg—X |
N 1 H €. 05 =~ A
T A=¢c,e| 0 _EEZZ E,E, —eos =g, EEZ2V||H +EE| + iEZZZ

1
|E.E.  EyE; EEf__ 1

The tangential components of the stress tensor are

(T - ) = T - i — (A - TE™ - )
= cyo k. BV H + Ey ). (B.15)

The difference in the tangential stress tensors in the air and the film is now verified
to be zero. This implies that there are no tangential stresses.

(Tem ) A)|| (T?irllrln A)|| SUEalrz ( aerGV”H + Ea1r||)

air

’
- 808ﬁ1mEﬁ1mz

(eE;

/
ﬁlm,zVIIH + Efii, ||)

2
_ &o&fim D

h2 Eﬁlmz (EVHH (Ealrz Eiiﬂm,z) + EI
)

’
air| ~ Eﬁmn) :

In this expression the fact that E;ir’z = 8ﬁ1mE1’ﬂmZ has been used. Substitution of the

electric field expressions into this equation yields

I - &fiim
efiimD — (efim — 1)H

. . EoEAfil CD
(Tem' )|| (Tng )|| == hr; Ef/ilm,z
o

air

EV”H

H (gfiim — 1) = €fim(H — D)(&film — 1))
[Sﬁlm (‘9ﬁlm - 1)H]
=0.

This demonstrates that the electric fields derived from the perturbed interface con-
sistently satisfy Maxwell’s equations and do not have any tangential stresses when

there is no free charge at the interface.

B.5 Electric Field Perturbations Evaluated at an Unperturbed Interface
The derivation of Pease and Pussel computed the electric fields in the bilayer in

two steps. First, a base state electric field was computed for the unperturbed
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film interface, within the geometry shown in Fig. [B.I] Then, a perturbation to
the film height was introduced which created perturbations in the electric fields.
Their derivation proceeded in dimensional quantities and was then scaled after

computation of the perturbed electric field.

B.5.1 Base State Electric Field
Base state quantities are denoted with the superscript °. The boundary conditions

for this system are

P12 =0) =0, (B.16)
% (z = d,) = Dy, (B.17)
SﬁlmEglm(Z = hy) = E;)ir(Z = hy), (B.18)
ho do
Pz = do) = B (2 = 0) = = /0 Eg, dz - /h ES dz. (B.19)

The last condition is an equivalent statement to the continuity of electric potential
at an interface which arises from the tangential electrostatic boundary conditions.

Combining the four equations presented above into one simplifies to

D, = —hoEg,, — fim(do — ho)EG

from which the electric field in the film at z = £, was found

_(I)OZ‘

E° (7= h,) = .
ﬁlm( ) Efilmdo — (Sﬁlm - 1)h0

(B.20)

From this expression the electric field in the air layer at z = h, was computed to be

—&RlmPo2

E° (7= h,) = .
alr( ) Efilmdo — (8ﬁlm - 1)h0

(B.21)

These are the base state electric fields which can now be perturbed.

B.5.2 Perturbed Electric Field
With the base state electric fields computed, the position of the film/air interface

was perturbed
h = h, + ShefiT, (B.22)
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The perturbed electric quantities, d¢, SE, and 6D are added to the their respective
base state quantities. For each layer, the total potential, electric field, and elec-
tric displacement field must satisfy Maxwell’s equations. Due to the linearity of

Maxwell’s equations the perturbed electric fields must satisfy

V x 6E =0, (B.23)
V. 6E = 0. (B.24)

These two equations imply that the perturbed electric field can be written as the
negative gradient of the perturbed potential and that this perturbed potential will
satisfy Laplace’s equation

V25¢ = 0. (B.25)

The perturbed potential was expanded in terms of normal modes as was the film

height perturbation. The specific form is

56 = d(z)ekIT, (B.26)

Laplace’s equation of the perturbed potential then becomes

L
szf K2 =0. (B.27)

Two linearly independent solutions to this equation in the two layers are

bhitm = AfL sinh kz + BEp cosh kz, (B.28)

bair = AP sinh k7 + BEHP cosh kz. (B.29)

air air

Because the base state solution already satisfies the boundary conditions at z = 0
and z = d,, the perturbed potential must satisfy the following Dirichlet boundary

conditions

0¢fim(z =0) =0, (B.30)
0¢air(z = dy) = 0. (B.31)

Upon simplification the perturbed potentials become
bhiim = AfL sinh kz,

aair = AEHD sinh k(Z - do)’

air
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where in the last expression a constant factor has been absorbed into the definition of
EHD
Aair

more complicated to apply and in the work of Pease and Russel were evaluated at the

since it would have canceled later. The two remaining boundary conditions are

unperturbed film position z = h,, even though it should have been z = h. Denoting
the difference across the interface (air minus film) of a quantity by enclosing it in

brackets, the usual electrostatic boundary conditions are

Ax[E] =0, (B.32)
A-[D]=0. (B.33)

The vector quantities are now broken into components to more effectively take the
dot and cross product in the above equations. The base state electric field has no £
and y components, and the normal component of the base state electric displacement
field is continuous across the interface because there is no free charge. Consequently
the differences across the interface have the form

[Ex] = [0Ex],
[Ey] = [6E,],
[E:] = [E°] + [6E],
[Dx] = [6D«],
[Dy] = [6D,],
[D.] =[oD,].

The boundary condition in the normal direction is

. 2 0oh 0oh
n- [D] = —a—x[(SDx] - a—y[(SDy] + [6DZ] =0.

The first two terms in this expression are second order and have been dropped to

first order. Consequently, this equation implies

5Eair,z = Sﬁldeﬁlm,z .

Or, in terms of the potential,

0bur _  Ibim
aZ film 62 .
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This equation was evaluated at z = h, and yields one constant in terms of the other

AEHD _ AZI cosh k(h, — d,)

= , B.34
film Efilm cosh kh, ( )

which means that the perturbed potentials are now

7 ABHD cosh k(h, — d,) sinhkz
film =

Efilm cosh kh,’
$air = AEHD ginh k(z —d,).

air

The tangential electrostatic boundary conditions requires the evaluation of the cross

product
x ¥y Z
S oh oh
AX[El=|—-7F— -+ -1 =0.
nx|[E] I 3y 0

[0E:] [6Ey] [E°]+[JE:]

The Z component of this cross product is second order and the X and y expressions
have the same form. As such, the X component was chosen without loss of generality.

In terms of the potential it is

s . dh
Ty el =0
[ ay ay]

Because both the potential perturbation and the height perturbation were expanded
in the same set of normal modes, the partial derivative brings down the same term

from the exponential which then cancels, leaving

[-¢ + E%5h] = 0.

The difference in perturbed potentials is then
aﬁlm - aair =o6h (Eglm - E;’ir) . (B.35)

From this equation the last remaining constant in the perturbed potentials is deter-
mined
ar " cosh k(h, — d,) tanh kh, — eqim tanh k(h, — d,)’

(B.36)
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Substituting this back into the expressions for the perturbed potentials yields

~ Oh(efim — 1)EY, sinh kz
ritm = T fim : (B.37)
&fiim tanh k(h, — d,) — tanh kh,, cosh kh,,
~ efimoh(eam — DEE, sinh k(z — d,
Pair = - (2~ do) (B.38)

&him tanh k(h, — d,)) — tanh kh, cosh k(h, — d,,))

The components of the electric field at the perturbed interface (z = &) are needed
for the evaluation of the tangential stresses. As before, the electric field is broken

into components normal and tangential to the interface

SE ~ —6h(eim — DEE, k cosh kh (B.39)

filmz = im tanh k(h, — d,) — tanh kh, coshkh, '
—(&film — l)Egl V|éh sinh kh

—_— m , B.40

film = tanh k(h, — d,) — tanh kh, cosh kh, ( :

5B = EflmOM(Efiim — 1)E§1m k cosh k(h - d,) (B.41)
" &fiim tanh k(h, — d,) — tanh kh, cosh k(h, — d,)’ .

—sim(Eim — DE? ViSh  sinh k(h - d
SEa = fiim(&fim — DEE V) sinh k( o) (B.42)

£fim tanh k(h, — d,)) — tanh kh,, cosh k(h, — d,)"

Since these electric fields are in dimensional units, they are nondimensionalized and
then the lubrication approximation is applied to them in the following equations.
During the application of the lubrication approximation the hyperbolic functions are
Taylor expanded. Note that all dependence on the wavevector, K, cancels after the

Taylor expansion.
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5B - —(H — D)(efim — DEY, €K cosheKH
filmz = ceim tanh €K(1 — D) — tanh €K cosh ek
(&fim — DEY,
~ (H - 1) m_ (B.43)
fiimD — (&fim — 1)
S —(&fim — DEG, €VyH  sinheKH
flm. 1= e tanh €K (1 — D) — tanh €K cosh eK
— Eiim — 1)E?
T L (B.44)
filmD — (&fim — 1)
5E. - —(H = Deéfiim(eim — DEg, | €K cosheKH

WLz T g tanh eK(1 — D) — tanheK  cosh ek

efim(&fm — DEF

~(H-1 , (B.45)
( )8ﬁlmD - (&film — 1)
5 - —&fim(&im — DEg €V H  sinh eK(H — D)
ainll = oo tanh €K (1-D)—tanheK  coshek
— & (&fm — 1)E?
< e(t - Dy g Eim = DBy (B.46)

giimD — (&im — 1)

Additionally, the scaled base state electric fields at the unperturbed interface are

_ 1
o = , B.47

film SﬁlmD - (Sﬁlm - 1) ( )
ES, = —Ehim . (B.48)

EfimD — (&fim — 1)

B.6 Tangential Stresses from Electric Field Evaluated at Unperturbed Inter-
face

From Sec. [B.4] the tangential components of the stress tensor have the form

(T - )y = 28 (eE2V H + E) ) (B.49)

The Z component of the electric field is composed of a base state and a perturbation.

Substituting and only keeping terms to first order in €, this expression becomes

(T°™ - 7)) = g8 (.sﬂH(EO)2 + E”E”) .

This implies that the tangential stress difference between the air and film layers is

. L &,®7? ~ —
(Tgﬁl . n)” — (Ti?irlnm . n)“ :%gﬁlmEglm(EvllHEglm(gﬁlm -1)
o

’

+O0E i) — 6Eﬁlm’”).
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Focusing on the right hand side of the equation, substitution of the scaled electric

fields from above gives

A o 8osim®? (=, \2 =
(T )y = (T )y === (B < — 1
o
(1 _ &iimD = (&fim — 1)H)
&fiimD — (&fiim — 1)
L0, (B.50)

This result demonstrates that this technique for calculating the electric field is not

consistent with Maxwell’s equations any time that the interface is not flat (H = 1).

B.7 Summary

In the first case when the electric field was evaluated at the perturbed interface,
the governing equations were scaled and the lubrication approximation was invoked
very early in the derivation. This use of the lubrication approximation simplified
Laplace’s equation, which allowed for an easy solution of the electric field in the
bilayer since the Z equations decouple from the other directions. In the second
case, the electric field was computed in dimensional quantities, scaled, and then the
lubrication approximation was applied afterwards. This leads to a more complicated
solution process which can obscure the fact the electric fields are not consistent
with Maxwell’s equations any time the interface is not flat. From an intuitive
perspective, the choice to evaluate the perturbed electric field at the unperturbed
interface is problematic because it attempts to find a consistent electric field at a flat
interface when the interface will be deformed during growth. The computation of
the electric fields in the perturbed case could have been fixed by applying the final

two electrostatic boundary conditions at z = 4 instead of z = h,,.

As an interesting historical note, this issue with the inconsistent tangential stresses
was corrected in later work (e.g. [79]) without comment, so it is not clear if this
issue was ever noticed. It also bears mentioning that even with this error Pease and

Russel still derived the correct expression for A°1P

in linear stability (not presented
here). They found the correct answer because in linear stability the stresses are
evaluated at the unperturbed interface where the tangential stresses don’t contribute.
This means that the only place where this issue would cause significant problems is
in numerical simulations of the EHD thin film evolution equation at late times when

using the evolution equation derived by Pease and Russel.



	Acknowledgements
	Abstract
	Published Content and Contributions
	Table of Contents
	List of Illustrations
	List of Tables
	Nomenclature
	Introduction
	Previous Instability Investigations: Surface Charge (SC) Model
	Previous Instability Investigations: Acoustic Phonon (AP) Model
	Previous Instability Investigations: Thermocapillary (TC) Model
	Pattern Replication through Controlled Film Deformation
	Thesis Outline

	Review and Comparison of Three Thin Film Instability Models
	Fluid Dynamics Governing Equations
	Nanofilm Instability Geometry
	Mass and Momentum Continuity Equations
	Fluid Velocity and Pressure Boundary Conditions

	Scaling the Governing Equations and Applying the Lubrication Approximation
	Scaling the Normal Vector to a Surface
	Scaling the Surface Gradient Operator
	Scaling the Surface Divergence of the Normal Vector
	Scaling the Stress Tensor
	Summary of Scaled Equations
	Thin Film Height Evolution Equation

	Linear Stability Analysis
	SC Model: Electrostatic Pressure
	AP Model: Acoustic Phonon Radiation Pressure
	TC Model: Thermocapillary Shear
	Summary of Dimensional Linear Stability Predictions


	Instability Mechanism Identification: Improved Image and Thermal Analysis
	Background
	Brief Description of Experimental Setup
	Estimates of the fastest growing wavelength from improved image analysis
	Image analysis protocol
	Extraction of o from power spectra
	Application of image processing routines to sample runs
	Complications incurred by film defects
	Results of o from enhanced image analysis

	Estimates of T from Improved Finite Element Model
	Combined effect of improved estimates for o and T
	Discussion of experimental challenges
	Summary

	Instability Mechanism Identification: Colorimetric Height Reconstruction
	Background
	Brief Summary of Experimental Details
	Growth Rate Predictions from Linear Stability Analysis
	Film Height and Growth Rate Measurements using Color Interferometry 
	Comparison of Observed Growth Rate to Linear Stability Analysis Predictions 
	Discussion of Results 
	Summary

	Instability Mechanism Identification: Redesigned Experimental Setup
	Background
	Description of Experimental Setup
	Experimental Temperature Control
	Sample Preparation and Mask Fabrication
	Optical Image Acquisition

	Finite Element Simulations of Experimental Setup Temperature
	Image Analysis Process for the Extraction of the Wavelength and Growth Rate of the Fastest Growing Mode
	Comparison of Experimental Results to Proposed Mechanisms
	Wavelength and Growth Rate from Three Proposed Instability Models
	Summary of Scaled Wavelength and Growth Rate Predictions from Proposed Models
	Nondimensional Wavelength Comparisons
	Nondimensional Growth Rate Comparisons

	Discussion of Redesigned Experimental Setup Results
	Comparison to Previous Experimental Studies
	Remaining Experimental Challenges
	Dominant Instability Mechanism Indentification

	Summary

	MicroAngelo Sculpting: Microlens Array Fabrication
	Background
	Experimental Setup and Fabrication Procedure
	Microlens Array Characterization
	Lens Diameter and Fill Factor
	Focal Length and Fresnel Number
	Asphericity and Surface Roughness

	Numerical Simulations of Lens Evolution
	Microlens Array Application: Shack-Hartmann Wavefront Sensor
	Discussion of Microlens Fabrication with MicroAngelo
	Summary

	MicroAngelo Sculpting: Waveguide Fabrication
	Background
	Thermocapillary Sculpting of Optical Waveguides
	Waveguide Characterization
	Physical Characterization of Waveguides
	Optical Waveguide Modes
	Numerical Simulations of Waveguide Properties

	Discussion of MicroAngelo Waveguides
	Summary

	Conclusions and Suggested Experimental Improvements
	Dominant Instability Mechanism: Thermocapillary Forces
	Thermocapillary Sculpting of Nanofilms: MicroAngelo
	Areas for Further Study and Improvement

	Bibliography
	Experimental Protocols
	Polystyrene Nanofilm Preparation
	Dissolving and Filtering Polystyrene in Toluene
	Spin Coating Nanofilms

	Film Thickness Measurements through Ellipsometry
	SU-8 UV Photolithography on Sapphire
	Cleaning with Piranha Solution
	Wafer Cleaving for Waveguide Isolation
	Abbe Refractometer Refractive Index Measurements
	Optical Coupling to Polymeric Waveguides

	Evaluation of Driving Fields at Perturbed Interfaces
	Background
	Tangential Stresses at a Perfect Dielectric Interface
	Electric Field Evaluated at a Perturbed Interface
	Tangential Stresses from Electric Field Evaluated at Perturbed Interface
	Electric Field Perturbations Evaluated at an Unperturbed Interface
	Base State Electric Field
	Perturbed Electric Field

	Tangential Stresses from Electric Field Evaluated at Unperturbed Interface
	Summary


