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ABSTRACT

The Lorentz-Zygmund spaces Lpa(log L)a are a class of function
spaces containing as special cases the classical Lebesgue spaces Lp,
the Lorentz spaces Lpa and the Zygmund spaces Lp(log L)a. It is
shown here that the Lorentz-Zygmund spaces provide the cofrect
framework for the interpolation theory of weak type operators. The
interpolation principles established here unify many classical results
in bharmonic analysis. In particular, there are applications to the
Fourier transform, the Hardy-Littlewood meximal operator, the Hilbert

transform, and the Weyl fractional integrals.
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CHAPTER I

INTRODUCTION

1. Introduction

The principle of operator interpolation has extensive applications
in harmonic analysis. To illustrate this principle let us consider a
special case of the classical interpolation theorem of Riesz-Thorin
(43, Chapter XII]. Let T be a linear operator defined on the Lebesgue
space L](T), the class of Lebesgue integrable functions on the unit

circle T. Suppose T has the following properties:

and

equivalently, T is strong type (1,1) and strong type (»,»), respectively
(cf. (1.4)). Since the I® spaces on the circle T satisfy the
inclusions

FPeiPernl, 1<p<w,

it is then natural to ask whether T is bounded on the L¥ spaces,

1 < p <o, The Riesz-Thorin theorem provides the affirmative answer:

(1) The notation T : X ® Y, where X and Y are (quasi) normed spaces,
signifies that T is a continuous map of X into Y.
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T 1P » 1P, 1<p< o, (1.1)

Thus, the Riesz-Thorin theorem takes the strong type hypotheses on the
"endpoint spaces" L1 and 1" and "interpolates" to establish the
intermediate result (1.1).

We shall see that, for the applications, the conditions strong
type (1,1) and (w, » ) are much too stringent. Marcinkiewicz [28] was
able to relax these conditions by introducing the notion of weak type
(p,q) (ef. (1.5)). Under the weaker assumptions that the operator T is
of weak types (1,1) and (w,»), Marcinkiewicz was still able to
establish the desired interpolation result (1.1). Calderdn [9] and
Hunt [21] have shown that the Lorentz spaces IX® form the natural
setting4for Marcinkiewicz's interpolation theorem.,

Of course, the P spaces are not the only function spaces
intermediate between Ll and L for which we may want to interpolate
operators of ﬁeak types (1,1) and (w,o), For instance, let L log L

denote the class of all functions on the unit circle T for which

7
1 +
= Jg |£(t)| log"|£(t)|dt
0
is finite. The space L log L is related to the ? spaces by the
following inclusions:
jo) 1
I"CLloglL<CL, 1<p<w,

Hence, L log L is very "close" to the "endpoint space" Ll. If T is a
linear operator of weak types (1,1) and (w,o), we have the following

result due to Zygmund [43, p. 119] :



T : LlogL~ L1. (1.2)

The classical theory contains many results of the types described
above. It was shown in [6] that the natural setting for all of these
results is a class of function spaces Lpa(log fo called the Lorentz-
Zyegmund spaces. They contain as special cases both the Lorentz spaces
1P% (take o = 0) and the Zygmnd spaces ﬁp(log LX“ (take a = p).
Furthermore, the interpolation theorems for these spaces produce
easily the various classical estimates. These theorems were
established in [6] in the context of the unit circle T.

The purpose of this dissertation is to extend the results of [6]
to arbitrary measure spaces. This more general setting requires a
more complex technical machinery. However, we show that the simple
structure of the results themselves remains intact.

The following operators arise naturally in classical harmonic
analysis: the Fourier transform ¥; the Hardy-Littlewood maximal
operator M; the Hilbert transform H (conjugate-function operator); and

the fractional integrals I,, O < A < 1. Each of these operators has a

\?
definition on functions on the unit circle T, the integers Z , or
euclidean space R® (cf. [36, 42, 43]). There are many classicel
results concerning the mapping properties of these operators on the
Lebesgue spaces LP, the Zygmund spaces ﬁp(log fo and the Lorentz
spaces Lpa. Each of these mapping properties is intrinsically
interesting but, in their existing form, they are apparently unrelated.
However, in the setting of the Lorentz-Zygmund spaces, all of these

classical results are unified by a natural, comprehensive interpolation



theory.

Let (X,u) be any measure space and let £ denote the decreasing
rearrangement of a measurable function f on X (ef. (3.2)). For
0<p, a<wm, the Lorentz space Lpa(I) = 172 consists of all (classes

of ) measurable functions f for which the guasinorm

QEHV%WUPﬁmfh,O<a<%

Hf”pa > (1.3)

*
sup t1/pf {%); a = o,
O<t<eo

is finite.
A quasilinear operator T mapping measurasble functions on a
measure space (X,u) into measurable functions on a measure space

(%,v) is strong type (p,q) if

I g 0 < p,q < =, (1.4)

and is weak type (p,q) if

r: P! o 19 0<p<w, 0<gq<wx, (1.5.1)

00

T:1° - 13 p=wm 0<g<oa, (1.5.41)

For p > 1, the notion of weak type (p,q) is indeed weaker than the
notion of strong type (p,q) (cf. Section 5).

The definition (1.3) shows that the Lorentz space L001 = {0}.
Henée, the definition (1.5.i) is of no interest when p = =. The
definition (1.5.ii) is somewhat artificially made to accommodate this
situation. The definitions (1.4) and (1.5.ii) show that weak type

(0,) is equivalent to strong type (v,o). Thus, the condition weak



type (w,») is much too restrictive as we shall see later.
The two theorems cited below give the known weak type and strong

type mapping properties for the aforementioned operators.

THEOREM 1.1 (a) : The Fourier transform F is strong (hence weak) types

(1;°°) and (2;2)-

(b) (Hardy-Littlewood [15]). The Hardy-Littlewood maximal operator M

is weak types (1,1) and (w,«).

(¢) (Zygmund [41]). The fractional integral operator I,, 0 < A <1,

x,
is weak types (1, (1 - \)-1) and (k'1,w).

(d) (Kolmogorov [23]). The Hilbert transform H is weak type (1,1).

THEOREM 1.2 (a) (Hausdorff-Young [19, 43, p. 101]) : The Fourier

transform # has the property:
.?:Lp*Lq, 1<p<2, 1/p+1/qg=1.
(b) (Hardy-Littlewood [15, 42, p. 32]). The Hardy-Littlewood maximal
operator M has the property:
M: 1P - IP, 1<p<aw,
(¢) (Hardy-Littlewood [14, 43, p. 142]). The fractional integral

operator Ix, 0 <\ <1, has the property:

I, : I+ 1, 1<p<q<w, 1/p-1/g=\.

(d) (M. Riesz [34, 42, p. 254]). The Hilbert transform H has the

property:



H: 1P =+ 1P, 1<p<w,

Theorems 1.1.d and 1.2.d show one might expect (by "extra-
polation") some form of a weak type estimate for the Hilbert transform
H at the "endpoint" « . However, H is not bounded on L”; in fact, H is
not even bounded on characteristic functions (ef. [37]). (Actually H
maps L” into the larger class of functions of bounded mean oscillation,
BMO (cf. [12]).) Hence, H is not weak type (w,»)(= strong type (w,)).
This difficulty is overcome by introducing the notion of weak type
(p,q;rzs) (p<r, and g # s; see Section 13 for the definition and
details). The notion of weak type (p,q;r,s) was first introduced in
(4] when p = q and r = s, and in general was first presented in [6].
If r < w, a quasilinear operator T is of weak type (p,q;r,s) if and
only if T is weak types (p,q) and (r,s). The crucial difference occurs
when r = », The following theorem summarizes the weak type estimates
for the operators #, M, H and IX relative to the notion of weak type

(pyqs5r,s).

THEOREM 1.3 ([6, Part IV]):

(a) The Fourier transform F is weak type (1,23;2,2).

(b) The Hardy-Littlewood meximal operator M is weak type (1,1j;0,m),

(¢) The fractional integral operator IX’ 0<\ <1, is weak type
=1 =1
(1, (1 = )\) 3 A

» @)

(d) The Hilbert transform H is weak type (1,1;0,0),



Theorem 1.3.d shows that we now have weak type estimates at both
"endpoints" 1 and ® for the Hilbert transform H. This fact, in
conjunction with the interpolation theorems cited below, gives a direct
verification of the strong type mapping properties for H (cf. Theorem
1.2.d) in addition to establishing a variety of other mapping
properties.

Suppose 0 < p,a <w, -o <0 <o, The Lorentz-Zygmund space

122 (10g fo defined on any measure space (X,u) is the set of measurable

functions for which the quasinorm

:
(r 621 + |10g t] P (6) 1" dt/t) /a, 0<a<m,
0

Nell . = (1.6)
pass sup t1/p(1 + |log t]fz f*(t), a = w,

O<t<m
is finite. When a = O, the space Lpa(log L)O reduces to the Lorentz
space Lpa. When the underlying measure space is the circle T and
a = p, the Lorentz-Zygmund space Lpp(log fo reduces to the Zygmund
space ﬁp(log fo (cf. [6, Section 10]). With respect to these
Lorentz-Zygmund spaces and operators of weak type (p,q;r,s), we shall
prove the following generalization of the fundamental Marcinkiewicz

interpolation theorem.

THEOREM A: Let 0 <p <r <wand 0 <gq,s <w, with g # s. Suppose T
is a quasilinear operator of weak type (p,q;r,s). Suppose 0 < & < 1

and let

—_
]
for)]
-
1
D

(1.7)

gl
5 | ©
<=
1
Q| ®
+



Let 0<a<wo and -« <o <o, Then
7 : 1P (1og 1)¥ + 17®(log L)* .

Using Theorem A and the weak type estimates of Theorem 1.3, we
now have a simple proof of Theorem 1.2.

Next we choose ©’ such that 0 < 8/ < 8 <1, and we define u’ and
v’ so that u’, v’ and @’ are related as in (1.7). Then Theorem A also

shows that (for 0 <a’ <w, -o <a' <w)

[ 4 ’ ? 7 ’
T L®Qog L) + 1 ® (1og 1)® 2 1®Qog 1) + 1V % (2og 1), (1.8)
and

N 4 ’ | ’
T: I®Qog L) NI 2 (Log L)% =+ 1%@og 1 NIV & (1og ). (1.9)

The next theorem deals with the limiting case of these results where

we let 8 » 1 and @’ 2 O (that is, u=p, v=q, u’' =r and v’ = s).

THEOREM B: Let 0 <p<r <w, and 0<gq, s <, with g # s. Suppose T
is a quasilinear operator of weak type (p,q;r,s). Suppose |

1<a<b<w 1<c<d<wand -» <a, B, v, § < =, Then,

(a) ifa+1/a=8+1/b>0and ¥+ 1/c =8+ 1/d >0, we have

8

)OLJ'1 + ch(log L)Y+1 » qu(log L)B + LSd(log L) 3

T s Lpa’(log L
and

(b) ifa+1/a=B+1/b<Oand ¥+ 1/c =6+ 1/d <0, we have

8

P o iRee 1Y 4 1000 i® n 1™ ee 1)° .

T : IP%(log L



The sums appearing in Theorem B are defined as follows. If p <gq,

the space IF%(log ) qu(log L)B is generated by the quasinorm

1
(f [t'/P(1-10g tf’f*(t)]adt/t>1/a
0 : (1.10)

1
" <Jm[t1/q(1+log t)sf*(t)]bdt/t> /b’
1

and if p > q, the generating quasinorm is

g N 1/b
(i [t1/q(1—log )% (t)]bdt/t>
0 (1.11)

4 <;T[t1/P(1+log tf’f*(t)]adt/t>1/a.

These spaces are the usual algebraic sums of the spaces Lpa(log fo
and qu(log L)B in all instances except when one of the spaces is
trivial (cf. Section 9).

The function space generated by (1.10) when p > q, or by (1.11)
when p < q is Jjust the usual set theoretic intersection
1’ (10g fo n qu(log L)R (cf. Section 9).

in the case where the underlying measure space is the unit circle
T (or any finite measure space), the sums and intersections in
Theorem B reduce to a single Lorentz-Zygmund space (cf. Section T).
When the underlying measure space is the integers Z, the sums and
intersections now reduce to a Lorentz-Zygmund sequence space
Lpa(log Lfl (cf. Section 9), consisting of sequences {cn} for which

the guasinorm
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e < E[nvp(Hlog n)O‘c::]‘c"’n-1

n=1

T )7

pe (log L)a

(2]
*
is finite (here {cn}n=1 is the decreasing rearrangement of the sequence

e 1.

In view of the above remarks, when T maps function spaces on T
or Z into function spaces on T or Z , the statement of Theorem B is
simplified. Restating Theorem B in these special instances, we have

the following theorems.

THEOREM B1 (Measure spaces T, T) : Suppose 0 < p <r < « and

0<g<s<w» Then

(a) T : 1P(log 1)* 4+ 1%®P0g 1), ifa+1/a =8+ 1/b >0;
and
) T : L™(log L)' 4+ 1P(10g 1)?, ifa+1/a=8+1/m<o0.

THEOREM B2 (Measure spaces T, Z ) : Suppose 0 < p<r < o and

0<s§<qg <« Then

(a) T : 1*®(log L)OH'1 - qu(log X,)B, ifoa+1/a =8+ 1/b > 0;
and
() T : I"*1og 1P + 24P (e L)B, ifa+1/a=8+1/b<O0,

Similar restatements of Theorem B can be obtained by other combinations
of the measure spaces T and Z .

We may now present some classical results in harmonic analysis
which, after reformulation in terms of Lorentz-Zygmund spaces, are

direct consequences of Theorems Bl or B2. To apply Theorem Bl or B2
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we restrict our attention to operators defined on the circle T.

THEOREM 1.4 (Hardy-Littlewood [15, 43, pp. 158-159]): The Hardy-

Littlewood maximal operator M has'the property:
M: L(log L) - L1.
THEOREM 1.5 (Zygmund [39, 41, 42, 43]):
(a) For the conjugate-function operator H, we have
H : L(log L) = L',

(b) If |f] <1 a.e., then

70
Jzexp(lef') <C < w,

for some positive constants ¥ and C independent of f.
(c) H also has the property:

H : L(log L)® » L(log 1)*, a > o.

THEOREM 1.6: If O <\ <1, the Weyl fractional integral operator I,

has the following propertiesi
(a) (zygmund [40]). I, : L(log AR ALY
(b) (Zyemund [43, pp. 158-159]). If ||£|| 15 $ 15 then
' i 5
b1¢
ji exp(yll)\flv(l')‘)) <C<w,

where ¥ and C are positive constants independent of f.
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(¢) (O'Neil [31]). Let p = (1-x)'1. Then

: L(log L)a - Kp(log+K)p(a—1 ), o> 1,

5 >

and

-1
)\:L(logL)a"Lpa , o<a<1.

(ii) I
THEOREM 1.7 (Hardy-Littlewood [16,17], Zyemund [40]): Let
F(£) = {cn}n:- be the sequence of Fourier coefficients of f with
nt

respect to the orthonormal system e™ sn=0, +1, +2, ... . Let

«©

)

*a 0 g
{cn}n=1 denote the decreasing rearrangement of [cn}n=-oo . Let

£ € 1(1og L)%, a > o.

(a) For some constants Aa and Ba independent of f, we have

©0

¢
< -1 o-1 * + (0]
; n (log n) cnSAaJe |£| (1og™ | £] )" + B, .
n=1 ©
(b) If 0<a <1, then
© *1/0
= |°n| / .
LT :
n=1
ba b Q
We have already remarked that the spaces I° and L*(log L)~ are
the Lorentz-Zygmund spaces P % (10g L)O and TP p(Zl.og L)a, respectively.
The following theorem, proved in [6, Section 10], shows that the other

classes of functions mentioned in the four previous theorems are also

Lorentz-Zygmund spaces.

THEOREM 1, 8:

(a) If a >0, the Lorentz-Zygmund space L (log 1) is the Zyegmund

space consisting of those functions f (on T) for which
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27
1
j emOle] /%) < o,

for some positive constant \ = \(f).

(b) If 0<a, p <w, the Lorentz-Zygmund space Lp1(log fo coincides
with O'Neil's space Kp(log+fop. (The space Kp(log+fo consists of all

f for which

D,(3)"/? (108 y)¥Pay < =,

00
i
o

1

where D, is the distribution function of f (cf. (3.1))).

f

of complex numbers and & > O, we have that

o
(c) For sequences {cn}n=-m

o0

(1) 1{cn}n:tw : fi n-1(log n)ac: < m} = Cm1(log fo;

n=1

and (ii) if 0 <a <1, we have

{{cn}n=~w I <opr =4 (log 2)".

Applying Theorem 1.8 to reformulate Theorems 1.4 through 1.7,
these theorems now reflect that the various operators M, H, IX and #

are continuous transformations of Lorentz-Zygmund spaces.

THEOREM 1.4’ (Hardy-Littlewood):

M : L11(10g L)1 -» L11(log L)O .

THEOREM 1.5’ (Zygmund):

(a) H : L11(log L)1 ¥ L11(log L)O.
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(v) % 2 T0ee 1)° 4 £ e 1) .

(c) g: 1 (log 1% =+ 1" (10g 1)*, a > 0.

THEOREM 1.6’ (Zygmund, O'Neil): Let p = (1-x)"1.

(a) I, & 1 e 11" » 2P (eg 1)°,
21,1
(v) I, A hee 1% % ™10 1.
(c) (1) L, L' (og 1)® + 1P (og 1), @ >1,
and
(ii) I ¢ 1 (10g T)® + 12 V%0g 1)°, 0<a <.

THEOREM 1.7’ (Hardy-Littlewood, Zygmund):

(a) F L11(log fo - ﬂw1(log fo'1, a > 0.

(b) 7: 1 (og 1) 2 £ P0g 1)°,  0<a<.

It is clear that the wesk type estimates of Theorem 1.3 in
conjunction with the interpolation Theorems B1 and B2 give simple"
proofs of Theorems 1.4’ through 1.7’. ILet us call the number & + 1/a

an index of smoothness for the Lorentz-Zygmund space IX2(log sz (or

2P8 (10g fo). The common feature of all the results in Theorems 1.4’
through 1.7’ is that the index of smoothness of the domain is always 1
greater than the index of smoothness of the indicated image space.
This is the simple essence of Theorem B.

We conclude this section with a discussion of the Hilbert
transform H on the real line R and the fractional integrals IX (Riesz

potentials) on euclidean space R®. These results are implicit in the
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work of Calderdn and Zygmund [10, 11] and are also discussed in the

work of Torchinsky [38] and Koizumi [22].

THEOREM 1.9: For the Hilbert transform H on the real line, we have
that

)a-1

H: L(log L) + 1P » L(log L + 1P, (1.12)

for @ >0 and 1 <p <o,

THEOREM 1.10: Let O <A <1 and 1 <p<q <w, with 1/p - 1/q =\,

Then the fractional integral operator I, (Riesz potential) has the

property:

IX : L(log L)1-X + 1P L1/(1-K) + 1%, (1.13)

The space L(log L)a + 1P appearing in (1.12) has the quasinorm

(cf. (1.10)
f1(1-1og t)af*(t)dt + (fm[f*(t)]Pdt>1/p ;
0 1

Hence, Theorem 1.9 is really just a combination of the local result
in Theorem 1.5.c¢ with the strong type result of Theorem 1.2.d for the
Hilbert transform H. Similarly, we see that the result (1.13) for Ik
is a combination of the local result in Theorem 1.6.s with the strong
type result in Theorem 1.2.c. Both Theorems 1.9 and 1.10 are instances

of the following theorem, which is the limiting case of the results

(1.8) and (1.9) where we let either € # 1 or 6’ = 0,

THEOREM C: Iet O <p <r <o, and 0 < q,s <=, with g # s. Suppose

T is a quasilinear operator of weak type (p,q;r,s). Suppose
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1<a<b<w 0<c<ow -0<q,B,y<wand 0<8 <1, ILet
R

(a) Ifa+ 1/a =8+ 1/b >0, we have

(1) T : 1oz 1" + 1% (10g 1)Y » 1% (20g 1)P + 1%(10g 1)V,
and

(1) 7 5 I%%0eg 13 + % 0e 1™ 2 £ e 1Y + 1200 1P,
(b) Ifa+ 1/a =%+ 1/b <0, we have

(1) T : IP%(log T N 1% (10g 1) = 12°(10g 1) N 17 (20g 1)Y,
and .

(1) T 2 I%(leg 1) N T (og 1+ T7%(0e 1)Y N 1P (10g 1)°.
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CHAPTER II

INEQUALITIES AND PRELIMINARIES

2. Generalized Hardy inequalities

The inequalities established in this section form the foundation
of the subsequent development and will be appealed to frequently. We

begin with two modest technical lemmas.

LEMMA 2.1: Let A\,u and a be positive real numbers. Then, we have

1/2(0%0%) < (vp)? < 220 %®), (2.1)

Proof: Clearly,
A < 0% + ua)1/a
and
b< 024 p®)/e
Adding the two inequalities and taking ath powers, we have the right-
hand inequality in (2.1). Replacing A\ by k1/a and p by “1/3 in the

inequality just established, then taking ath roots, we obtain
1200w utey < o wy/e

This is precisely the left-hand inequality in (2.1) with a replaced

by 1/a.

LEMMA 2.2: Let 8 >0, a real. Then there is N = N(®,B) >1 such

that

<3
(a) t (N + |log t|)¥ is decreasing for t e (0,@);
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(v) tB(N + |log t| )* is increasing for t e (0,).

Proof: An examinafion of the derivative shows that N = 1 + ]ozl/ B
will suffice.
The following two lemmas were established in [6, Lemmas 6.1 and

6.2].

LEMMA 2.3: Suppose 0 <a <w, and 0 < Vv <o, Let ¢ be a nonnegative

decreasing function on (O,o), Then, for each 0 < t < », we have

1/
sup s co(s) <¢_~<r (s cp(s)] ds/s> ) (2) (2.2)
O<s<t
and
sup 5"9(s) <c(r [s"cp(s)]ads/s>1/a (2.3)
t<g<o N 72~ ’ '

where ¢ is a constant independent of ¢ and t.

LEMMA 2.4: Let 0 < v <» and let ¢ be a nonnegative decreasing
function on (0,o), Then, for 0 < t < o,

(a) if 0<a <1, then

1/a

t %
Jrosv<P(S)dS/s < c<JrO{sv<P(S)]ads/s> . (2.4)

and

1
(2) Throughout this paper, when a = ©, an integral Jd[\k(t )] dt/t)
is to be interpreted as ess sup ¢(t).
e<t<d

/a
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]
J{:s\’@(s)ds/s < c('r;/2[s\’cp(s)]ads/s) /a . (2.5)

(b) If 1 <a <o, then

t 1 t
<Io[svw(s)]ads/s> /e < cJOsvw(s)ds/s, (2.6)
and /
1 v
<fm[sv¢(s)]ads/s> * £ cjm svm(s)ds/s. (2.7)
t t/2 ,

The next theorem is a variant of the classical Herdy inequalities
(ef. [21, p. 256]). For measurable functions on (0,1), it was first

proved in [6, Theorem 6.4].

THEOREM 2.5: Suppose A >0, 1 <a<owand -» < <o, Let § be a
nonnegative measurable function on (0,o). Then the following four

inequalities hold:

1 t 1/a
(a) (J [t (1-10g t)o‘f ¢(s)ds]adt/t>
© . ) (2.8)
1 1
< c(f (677 (1-20g )% (t)]adt/t> a;
0
1 1 1/
(b) ([ te*(1-208 £)%] ¥(s)as1Pat/t) :
° ¢ (2.9)
1o a a 1/a
< o] 19" (1-208 40 a/s)
t 1/
(e) (fm[t'x(1+log t)af $(s)ds]adt/t> *
! ! (2.10)

1/
< o[t 2o oF40) Pa/e) s
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1/
(@) (fo[t*(nlog t)"‘fmw(s)dsﬁdt/t) *
1 ’ (2.11)

a® 1/8-
< c(J [tl+1(1+log t)a¢(t)]adt/t>
1

Furthermore, suppose O < a < 1 and ¥(t) = t9-1¢(t), where u > 0
and ¢ is a nonnegative decreasing function. Then (2.8) and (2.9)

remain valid while (2.10) and (2.11) are replaced by

ot 1/
(e’) (fm[t-x(1+log t)oz w(s)ds]adt/t> *
! L (2.10%)
1/
<o 18 (1108 £)% (5/2) %0t /8) 3
1
rp" A arm - 1/&
(a’) (_j [t" (1+1log )7 ¥(s)ds] dt/t)
L % (2.117)
1/a

< of {m[t)‘” (1+10g t)%# (t/2) ]a’dt/t>
1
The constant ¢ depends only on \, a, @ (and b when 0 < a < 1),

Proof: The proof given here for (2.10) and (2.11) is a modification
of that given for the classical Hardy inequalities in [21, p. 256].
The inequalities (2.8) and (2.9) are the content of Theorem 6.4 in [6]
and so we omit their proofs.

First, we note that when N > 1,
1 + |log t| <N + |log t| < N(1+|log t|). (2.12)

Hence, it will suffice to prove the inequalities (2.10) and (2.11)
with (1 + |log t|) replaced by (N + |log t]).

Let 1 <a <, To prove (2.10) choose ¥ so that
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1-A <y <. (2.13)
We next write, for t > 1,

ot t
¥(s)ds = j [sY¢(S)][s1'Y]ds/s.
1

{
l
J

1

Now we apply HBlder's inequality (with respect to the measure ds/s) to

the expression on the right to obtain the inequality

ot /e

t 1
Cueas < ot Y([ V(o) 1%a8/s) (2.14)
1

1

Inequality (2.14), plus a change in the order of integration yields

o &
J1[t_x(N+log t)af1¢(s)ds]adt/t

(2.15)

< cfw[svﬁ(s)]a(fmt-(x+y-1)a(N+log t)aadt/t)ds/s. 3)
1 s

-(\+Y-1)/2

Let N = N(&,1/2(A+Y-1)) as in Lemma 2.2.a so that t (N+1log t)a

_()\+y-1)/2(N+lOg )% is

decreases for t ¢ [1,0), Thus, on [s,»), t
largest when t = s. Letting I denote the right-hand side of (2.15),
we have
(oe]
I cf [svﬁ(s)-s-(x+y_1)/2(N+log s)a]a(fmt-(x+y-1)a/adt/t>ds/s.
1 s
The choice of ¥, (2.13), allows us to evaluate the integral on (s,»),

giving

(3) The constant c¢ may change from line to line.
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I< mi%ﬂ J[T[S-)‘H (v+log s)(s)1%s/s. (2.16)

The estimates (2.15) and (2.16) produce (2.10) (modulo (2.12)) for
1 _<_ a < o,
For the case a = o, (2.14) reads
¢ 1-y Y
j ¥(s)ds < ct sup s '¢(s).
1 1<s<t

1-y-A

By Lemma 2.2.a, we choose N = N(a,\ + ¥ - 1) so that t (N+log t)a

decreases. ILet 1 <t < », then

t

r‘

’c—)‘(N+log t)a§14!(s)ds £ ct1-v_)\(N+log t)a sup sv'b(s)
” 1<s<t

< c sup el (V+1log 8)M (s).
1<s<t

Replacing the supremum over (1,t) by the supremum over (1,), and taking
the supremum of the left-hand ‘side over 1 <t <, we have (2,10) for
this case, too.

Now suppose O < a < 1. We then have ¥(s) = sp"1<p(s) where » > O

and @ is decreasing. In addition to (2.13), we choose ¥ so that

VS T (2.17)

Now we write, for 1 <t <o,

ot - i -
Madas = | 'V Y o(s)1as/s < 6'Y] ¥ To(s)as/s.
1 1 1

By (2.17), o + 4 - 1 >0, s0 we may apply (2.5) (with t = 1) to obtain
ot 1/a

et
L ¥(s)ds < ct1_Y(Jr [svw(s)]ads/s> .
“1 1/2
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This is the analogue of the crucial inequality (2.14). We then have

the estimate

. .
J= f[t")‘(mlog t)af1¢(s)ds]adt/t

t
< cf £~ Y1) (e 0g t)o‘]aq ) [s"'v(s)]ads/s>dt/t.
1 1/2

Enlarging the range of integration (1,o) to (1/2,o) and then inter-

changing the order of integration, we obtain,

J< cﬁ/g[sy'b(s)]a(j:t-()‘+y-1 )2 (w+ | 1og 4| )aadt/t>ds/s.

Proceeding as before, we have the estimate

~A+1
s

s<ef 1™ wlaog 5| P (s)1%as/s.
1/2

Changing varisbles (let s = t/2), we have

J < cjm[t'XH (W+log t)%y(t/2)1%at/t,
1

which is (2.107) (modulo (2.12)).
The inequalities (2.11) and (2.11') are proved quite similarly.

We choose ¥ now so that
1<y<1 4+, (2.18)
For 1 < a < =, the analogue of the crucial inequality (2.1k4) is

1/a

fmw(s)ds < ct1—y<fm[sY¢(s)]ads/s) . (2.19)
t t
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By (2.18), 1 = ¥y + X\ > 0, so we choose N by Lemma 2.2.b so that

t(1-w)‘ )/2(N+log t)a increases. Applying (2.19), we have the estimate
r»°°
d!‘m[t)\(N+log t)adi ¥ (s)ds]%at/t
1 g
0
<c| [t ™Y (w1og t)o‘]"'(r[ 5% (s)1%as/s)at/t
1 t

0 s
= c] [s%(s)1%( e ¥ o £)%1%at/t )as/s
1 1

b c;”[sv¢(8)s(1'V*X)/E(N+log s)a]a(fst(1‘le)a/gdt/t>ds/h
1 1

IA

o
c| [M] (v+log )% (s)]1%s/s,
1

which is the desired inequality (2.11). As before, the case a = « is
easy so we omit it.

When O < a < 1, we write

ert#(s)ds = rs1_v[su+v_1¢p(s)]ds/s < 4 -Yrsp'+v-1cp(s)ds/s.
t t t

The inequality (2.5) now gives the slightly different version of the

crucial inequality (2.19):

e 1/8.
'J ¥(s)ds < o’ 'Y<'r [sYﬁ(s)]ads/s> .
£ ‘ t/2
Proceeding as before, we obtain (2.11 ’). This completes the proof.

The following theorem is a generalization of the classical Hardy
inequalities (they may be obtained by teking @ = 0). The proof is

entirely similar to the proof of Theorem 2.5 so we omit it.
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THEOREM 2.6: Let A >0, 0<a <wand -» <0 <w, If either

(a) 1 <a<oand ¢ is a nonnegative measurable function on (O,);

or

(b) 0<a<1and ¢(t) = tu-1m(t), where b > O and ¢ is a nonnegative,
measurable decreasing function;

then

t 1/
(1) (Jm[t-')\(H'log | )"‘f ¢(s)ds]adt/t> :
° ° (2.20)

1
= C<J:[t')‘”(1+llog t] )a~b(t)]adt/t) /a,
and

(ii) (ﬁ[t)\(wllog t] )O‘J:xv(s)ds]adt/t)

1/a

o
(2.21)

< c(r[t)‘” (1+]10g ] )4 (t) ]adt/t>1/a'.
0

The following variants of Hardy's inequalities correspond to the
limiting cases A = O in Theorem 2.5. In contrast to Theorem 2.5, the
order of the logarithmic term now increases by e factor of one from
left to right. The inequalities (2.22) and (2.24) were established in

[1, Theorem 6.2].

THEOREM 2,7: Suppose 1 <a <wand a + 1/a # 0. Let ¥ be a nonnegative

measurable function on (0,»).

(a) Ifa + 1/a >0, then
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N t
(i) (J [(1-log t)aj w(s)ds]adt/t)va

0 0
, (2.22)
< c(foit(ulog &)™y (6) 1%t /1) /2,
(i1) <r[(1+log t)au[mtk(s)ds]adt/t)‘/a
’ © (2.23)
< c(j1 [+ (1+1og t)a+1\|;(t)]adt/t>1/a.
(b) If ¢ + 1/a < 0, then
! af’ 1/
(iii) (J [(1-1og t)7] \b(s)ds]a‘dt/t> &
0 %
: (2.2k)
< c(fo[t(ulog t)o‘+1¢(t)]adt/t>‘/ !
t
(iv) (J:ﬂ[(1+log t)aJr1¢(s)ds]adt/t>1/a
(2.25)

< c(JT[t(Hlog t)a+1¢(t)]adt/’c>1/a.

Proof: We shall prove (2.23). Let a' satisfy
1/a + 1/a’ = 1.

Since o + 1/a > 0, we have @ + 1 > 1/a’. Thus, we may choose ¥ so that
1/a’ <y<a+1. (2.26)

We now write

rm
] ¥(s)ds = r[s(1+log s)Yv(s)](Hlog s)_Yds/s.
t t
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Then, we apply H8lder's inequality and (2.26) to obtain

me(s)ds < ¢(1+log t)-v+1/a’(jm[s(1+log s)vﬁ(s)]ads/s>1/a. (2.27)
t t

For 1 <a <=, we can now make the estimate

f?[(1+log tf%rzw(s)ds]adt/t

0

4
<cj [(1+log t)a-v+1/a ]a<fw[s(1+log s)v¢(s)]ads/s>dt/t
1 %

0 r

s
= ¢ [s(1+1log s)Yw(s)]a<J (1+log t)aa-ya+a-1dt/t)ds/s
1 1

<c| [s(1+log s)a+1¢(s)]ads/s,
1

(the last inequality is available by (2.26)). The above estimate gives
(2.23) for 1 < a <, The case a = » is easier and so we omit it.
The inequality (2.25) is proved in much the same way. Since

o + 1/a < 0, we now choose ¥ so that
a+1<y<1/a’.
The crucial inequality (2.27) is replaced by

v 1/a

t
[ ¥(s)ds < c(1+log t)-y41/a'(f [s(1+1log s)Y¢(s)]ads/s> i
o 1

and we proceed as before. This completes the proof.

3. Decreasing Rearrangements of Functions

Let (I,u) be any measure space. For each complex-valued

measurable function f on X we have its distribution function
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Do(y) =wix : |£(x)] >¥}, 0<y<w (3.1)

The function Df is decreasing and right continuous. Hence, it has a

right continuous inverse
*
£ (t) = infly : Dp(y) < +1, < <w (3.2)
* *
We call f the decreasing rearrangement of f. The mapping £ * f is
not subadditive, but we do have
* * *
(f+g) () < £ (t/2) + g (t/2), 0<t<w (3.3)
However, for the averaged rearrangement
¥ = t *
£f (8] =t j f (s)ds, 0<t<w, (3.4)
0
*¥
the mapping £ ® £ is subadditive. That is,
*%* X% ¥*% )
(f+g) (t) <f (¢) +g (%), 0<t<w (3.5)

More generally, if © is a nonnegative decreasing function on (0,x),
then
ot

t * * t *
J ote) )2 < [ o)™ (e)as + [ le)e™()as, o<t <o (3.6)

Another useful fact is: given two measurable functions f and g

and a measurable subset E of X, we have
r (E) * %
o |felaw < fu £ (t)g (t)at. (3.7)
E 0

Discussion and proofs of these results may be found, for instance,

in the work of Luxemburg [27], Lorentz [24], and Hunt [21].
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4, Averaging Operators

For 0 < p < w, the averaging operators AP, BP’ CP and Qp are

defined as follows: ILet f be a measurable function on (X,u) and £

its decreasing rearrangement. For O <t < o, define

t
(Apf*)(t) = t_l/pj 81/pf*(s)ds/s; (4.1)
0
(B,£)(%) = [ V26 (a)as/s; (4.2)
%
(Cpf*)(t) - sup s1/pf*(8) 3 (4.3)
0<s<t
0. 5y = 72w "/PE ) . (b))
R t<s<eo

As seen in the work of Calderon [9] and Boyd [T7], the operators Ap and
Bp play an important role in the theory of weak type interpolation.
The operators CP and Dp first appear in [6] and play an equally
prominent role (ef. Section 13).

* * ¥* *

Each of the functions Apf 2 Bpf 5 Cpf and Dpf is decreasing and
right continuous; hence, each is equal to its own decreasing
rearrangement.

* X%

Note that A,f = f and so A, is subadditive by (3.5). The

relation (3.6) implies

° °

The following relations among the operators Ap, Bp, Cp and Dp

will be useful later.
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LEMMA 4.1: Tet 0 <p <w, Then

£5(¢) < (Cpf*)(t) < c(Apf*)(t), (4.6)
and

£ (t) < (Dpf*)(t) < c(BPf*)(t/a), (4.7)

for all t > 0. The constant ¢ is independent of f and t.

Proof: The left-hand inequalities in (4.6) and (4.7) are obvious.
The right-hand inequalities in (4.6) and (4.7) are precisely the

inequalities (2.2) and (2.3), respectively (letting a = 1 and Vv = 1/p).

5. Lorentz Spaces Lpa

This section is devoted to a brief discussion of the Lorentz
spaces IP* = 1P%(X) (recall (1.3)). (A complete discussion of the
Lorentz spaces may be found, for instance, in [21].)

The Lorentz spaces are complete linear spaces, but the functional
n'”pa defined by (1.3) is in general only a quasinorm. The spaces
gt and Lpa, 1<p<o 1 <a<w»are (equivalent to) Banach spaces.
For 1 <p <w, 1 <a <, the equivalent norm is obtained by replacing
£ by f**(cf. (3.4)) in (1.3). The quasinorm ”f”pa actually is a norm
in the case 0 < a <p <« (cf. [25]). The Lorentz spaces Pe
generalize the classical Lebesgue spaces P since TFP = LP.

We have the following inclusion relations among Lorentz spaces

with the same primary indices p:

P2 c 1P, 0<a<b<w. (5.1)
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In particular, we have

:
i 1P, 1<p<am, (5.2)
and

11 c 1T, 0<qg <wm, (5.3)
Note that if T is a quasilinear operator such that

7 1P » 1, 1<p<aw,
then (5.2) and (5.3) show that

p ;P o 19,

Thus, for p > 1, the notion of weak type (p,q) is indeed weaker than
the notion of strong type (p,q) (recall (1.4) and (1.5)).
Lorentz spaces Pe with different primary indices are related in

special circumstances. For example, if p(X) < », we have
IPc1®®c®, o0<p<q<w 0<a,b<w (5.4)

If w(E) > 1 for every set E of positive measure (which happens when

X = Z, the integers), then

PPc1®c1®, o0<p<q<w, 0<g, b<worqg=>b=w.(55)

REMARK 5.1: Throughout this thesis, the notation X € Y, where X and Y

are quasinormed linear spaces, will signify continuous embedding.
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CHAPTER IIT

THE LORENTZ-ZYGMUND SPACES

6. The Lorentz-Zygmund Spaces Lpa(log L)a

Let 0 <p,a <wand -»- <a <x, The Lorentz-Zygmund space

Lpaglog fo on (X,n) consists of all (classes of) measurable functions

f for which the gquasinorm

1 * 1
anpa;a = (f;[t /p(1+|log ] )%t (t)]adt/t> [ (6.1)
is finite.
The inequalities (3.3) and (2.1) show that ”f”pa'a is indeed a

quasinorm. As for the Lorentz spaces Lpa(cf. [21]), the space
)a is complete with respect to the quasinorm ”’H . When

a
P2 (10g L lpase

a = 0, the Lorentz-Zygmund space Lpa(log L)o is just the Lorentz
space 1. When a = p and the underlying measure space is the unit
Q
)

circle T, the Lorentz-Zygmund space Lpp(log L) is the Zygmund space

12 (1og L)a consisting of all functions f for which

270
o | [1£(t)] 1og™(2+|£(t)])1Pat

0

is finite. 1In view of these last remarks, we will make the following

abbreviations:
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PP (10g L)O = LP; Lpa(log L)O = Lpa;

1 i0s 1% = P liog 1% 1 0ex ¥ = plieg 1%

' (o )

L log L.

The next theorem describes the action of the averaging operators
Ap, BP’ Cp and Dp (ef. Section 4) on the Lorentz-Zygmund spaces
P % (1og L)a. In the context of this section, Theorem 6.1 will aid in
classifying which Lorentz-Zygmund spaces are in fact Banach spaces.
Specifically, Theorem 6.1 shows that the operators Ap and Cp act on
12%(10g L)a as the identity provided p < q; if p > q, BP and Dp act

on an(log L)a as the identity.
THEOREM 6.1: ILet 0<g,a <w and ~» <o <o, Then we have

Ia_£M .~ *) (6.3)

P

an S0 qa;o’

provided 0 < p < q. The result (6.3) is also valid for Cp. Similarly,

we have

*
of Mgase ™ 171 00 (6.4)

provided 0 < g < p <. The result (6.4) is also valid for Dp.

* *
(h) Since A_f and £ are defined on the interval (0,») it is
implicit in P(6. 3) and (6.4) that the measure space underlying the

quasinorm "”pa-a is the interval (0,o). The symbol "~" denotes
3

equivalence; i.e. there are positive constants ¢, and s independent of
f such that
e, lle”] eolle g

qa; ‘a p
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Proof: Suppose O < p < q. By the relations (4.6) and the definition

(6.1), we clearly have

(LN IS [ T

and

”Cpf*”qa;a 2 ”f*”qa;a ’

To obtain the converse inequality for Ap, we apply the Hardy inequality
(2.20) with \ = 1/p - 1/q > 0 and ¥(t) = tl/P-1f*(t) (in which case
Theorem 2.6 applies for all 0 < a <), To obtain the reverse
inequality for Cp, we use the result for Ap and the relation (4.6).

The proof of (6.4) is similar, now utilizing the relation (4.7) -

and the Hardy inequality (2.21),

COROLLARY 6.2: Let 1 <p<w, 1 <a<ewand -« <a<w, Then the

functional

¥ 1 ¥
e = (1624 208 11 26 8 12ae/s) /o (6.5)
Da;x 0
defines an equivalent norm on the Lorentz-Zygmund space Lpa(log L)a.

Hence, for these choices of p,a and Q, Lpa(log L)a is (equivalent to)

a. Banach space.

, * *%
Proof: We have that A.f = f (ef. (3.4)) and so the equivalence
(6.3) shows that

el ~ Nzl

pa;x pax

*¥
because p > 1. The mapping £ ® f is subadditive (cf. (3.5)); hence,
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by Minkowski's inequality, HfH;:.a is indeed & norm,
2

At times the expression (1+|1og tl)a is awkward in computations.

We have that

Hf"pa.a ~ (J‘m[tvp‘log tlaf*(t)]adt/t>1/a, a+1/a > 0, (6.6)
: 0

The equivalence (6.6) is valid because 1 + |log t| and |log t| are
asymptotically the same at O and =, and the condition o + 1/a > 0

assures that the integral in (6.6) converges at t = 1.

7. Lorentz-Zygmund Spaces on the Unit Circle

In this section let (X,u) be the unit circle T with normalized

Iebesgue measure dt/2nx., In addition to Corollary 6.2 we have:

THEOREM T7.1: The Lorentz-Zygmund space L11(log fo on the unit circle

T is a Banach space whenever a > O,

Proof: In this situation (6.1) becomes

1 *
llly e = f0(1-1og e) (¢)at. (7.1)

Since o > 0, the function (1-log t)a is decreasing and this is
necessary and sufficient that the quasinorm (7.1) defines a norm
(ef. [25]). This completes the proof.
As for the Lorentz spaces Lpa on g finite measure space
(ef. (5.4)),we have the following inclusion relations when the primary

indices differ.
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@OW?.Q: Le'to<p<q_500,0<a,b$ooa,nd-oo<a,a<oo, Then

for the Lorentz-Zygmund spaces on T (or any finite measure space),

19%(10g 1) € 1P (10g 1) (7.2)

Proof: Choose r so that

p<r<aq. (7.3)

Tt will suffice to establish that
el g e < el s < eollellp e - (7.4)

We first make the estimate:

X
(f (/2 (1-10g t)af*(t)]adt/t>1/a
0

1
(j (t1/rf*(t)]a[tvp”‘/rm-log t)a]adt/t)1/8‘
0

1
sup t1/rf*(t)<J [t1/P_1/r(1-10g t)a]adt/t>1/& .
0<t<1 0

IA

The supremum is, by (6.1), the quasinorm Hf“rw.o . The last integral is
b
finite by (7.3). This proves the first inequality in (7.k4).
To verify the second inequality in (7.4) we apply (2.2) (with

*
v=1/r, ®=f) to get

1
sup t'/72%(t) < o[ 16"/7€*(6) Pat/e) VP, (7.5)
0<t<1 0

If B >0, (7.3) implies

)
t1/r§t1/q(1-1og t), 0<t<1,
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Inserting this inequality into (7.5) we have the second inequality in

(7.4) for 3 >0, If B <0, choose € > 0 so that

1/q € 1/q + € < 1/r.

Notice that

$ tdog ©)°

>e >0, 0<t <1,
where ¢ is a constant independent of t. Hence,

£V/9(1.10g )P = 61/ (1€ (1105 £)°) > tV/F, o<t <1, (1.6)
This inequality, in conjunction with (7.5), gives the second inequality

in (7.4) when B < O,

An extensive discussion of the Lorentz-Zygmund spaces 128 (10g L)a

on the unit circle T may be found in [6].

8. Lorentz-Zygmund Spaces on the Integers

We open this section with a couple of results valid for any
measure space (X,n). Tt is of interest to know when the spaces

Lpa(log L)a are trivial.

LEMMA 8,1: Suppose p = ». If either (i) 0<a <wandoa + 1/a >0,

or (ii) a = « and @ > 0, then

1°%(10g 1)* = {0}.
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Proof: If O <a <, then

r,co

el =) (+]10g £]7*(£™ (+))%at/t,
2 0

ey
and ; (1+|log t|)*at/t is finite if and only if @ + 1/a < O.
0

U

If a = =, then

*
1]y = =% (1+]108 4| e (v),

which can be finite only if o < O.

The next technical lemma is very important to the rest of the

development.

LEMMA 8.2: Suppose 0 <p<r<qg<w, 0<a,b<eo and -» <a,H <o,

Then for any measurable function f on X,

(Jm[t1/q(1+log t)Bf*(t)]bdt/t>1/b <c, sup t‘/rf*(t)
1 1<t <0 (8.1)

= °2[<J1 (/P () 1%t /1) /2 (JT[t1/P(1+log £)%(¢)1%at/t)'/® | .

Proof: We rewrite the left-most expression in (8.1) as

<Jm[t1/rf*(t)]b[t1/q-1/r(1+log t)B]bdt/t>1/b.
1
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This is clearly dominated by

( sup t1/rf*(t))(f»[t1/q'1/r(1+1og t)B]bdt/t)I/b )
1<t<eo 1

The last integral is finite since r < g, proving the first inequality
in (8.1).
To prove the second inequelity in (8.1), we fix t, 1 <t <, and

write

1/r _ t1/r & 1/r % 1/r
t r(t1/r-1/2r) J1/2s ds/s < cf1/2s ds/s .

*
Therefore, since f is decreasing, we have

't
t1/rf*(t) < cj s1/rf*(s)ds/s < cfm/ s1/rf*(s)ds/s. (8.2)
1/2 1/2

We rewrite the last integral as

fm/ [s1/p(1+llog s|)af*(s)][s1/r-1/P(1+|log s])_a]ds/s
1/2

When 1 < a < w, we apply HBlder's inequality to get (by (8.2))

()

£/ 7% (4) 5 c(rn/ [s‘/P(1+llog sl)af*(s)]ads/s>1/a. (8.3)
2
The right-hand side of (8.3) is dominated by

1/2[31/Pf*(s)]ads/s>1/a‘ + (f?[s1/p(1+log s)af*(s)]ads/s)l/aj p
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This proves the second inequality in (8.1) when 1 < a < =,

0<a<1, we apply (2.5) to (8.2) to give

t1/rf*(t) < c(jm/h[svrf*(s)]ads/s>1/a.
1

Since p < r it is easy (cf. (7.6)) to show that

s1/r < cs1/p(1+log s)a, 1<s<w,

When

(8.4)

(8.5)

The inequalities (8.4%) and (8.5), together with (2.1), imply the

second inequality in (8.1) when O < a < 1. The proof is now complete.

For the remainder of this section, the underlying measure space

(X,n) for the Lorentz-Zygmund spaces will be the integers Z . 1In

addition to Corollary 6.2 we have:

THEOREM 8.3: The Lorentz-Zygmund space L11 (1log L)a on the integers 7

is a Banach space whenever a < O.

1

Proof: Let P -
J (1-log s)ds, 0<t<1,
0

o(t) =

(1+log t)%, 1<t <.

If f is a function on Z , then

* *
£ (t) =f (n-), n-1<t<nn=1,2,.

Therefore, by (6.1), we have

[.1

lelly 4 = £*(1-)(] (1-10g t)%t) + jm(mog )% (¢ )at.

0 1

(8.6)

i & V0:T)
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Hence, by (8.6), we have

el = [ ot coras.

The definition (8.6) and the fact & < O show that ¢ is a decreasing
function on (0,»). Hence, the functional Hf”11 . Sotisfies the triangle
5

inequality (ef. (3.6)).

We can now establish inclusion relations analogous to (5.5) for

the spaces IF%(log L)a(z) with distinct primary indices.

THEOREM 8.4: ILet 0<p<g<w, 0<a,b<w, -o<a,B <~ and
qb B
suppose L (log L)  # {0} (cf. Lemmsa 8.1). Then, for the Lorentz-

Zygmund spaces on Z ,
1P (1og 1)® € 19°(10g 1)°. (8.8)
Proof: Let f € Lpa(log L)a. Since (X,p) = Z, the relation (8.7) is
valid. ILet us first suppose that either
q<w; or q=o, 0<b<w and B+1/b <O (8.9)

holds. By the inequalities (2.1) and (8.1) and the relation (8.7), we

have that

[ j:[t‘/q<1+llog £)" () Pat/t)'/®

(8.10)

c{f*(1-)[<j;{t1/q(1-1og t)s]bdt/t>1/b + (Jr:ﬂ:ca/Pdt/t)]/aJ

’ (J[T[tvp(”l% t)af*(t)]adt/t>1/a} .

IA
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*
The coefficient of f (1-) in (8.10) is a constant independent of f by

(8.9). Hence, we have

1
l£ll 0 < A(J (6"/P(1-108 6 )7%* (1) 2at/t) /2
° (8.11)

N (JT (/14108 t)af*(t)]adt/t>1/ ).

For 0 < a < o, apply (2.1) to give (8.8). If a = w, we use the

following analogue of (2.1) to produce (8.8):

1/2( sup h(t) + sup h(t)) < sup h(t) < sup h(t) + sup h(t), (8.12)
0<t<1 1<t<eo O<t<eo 0<t<1 1<t <0

where h is any nonnegative function on (0,«).
B
The only other case when b (log L) # {0} is when g = b = » and

B < 0. The proof is similar so we omit it.

For functions on the integers, i.e. sequences, it is often
desirable (and necessary to accommodate the classical theory) to
attempt to express (6.1) in terms of series. We make the following

}00

n-n=1

*
definition: If {cn} is a sequence of complex numbers, let {c

denote its nonnegative decreasing rearrangement (if c, = c(n), then
*

*
c =c¢ (n-)). The Lorentz-Zygmund sequence space P8 (10g L)a for

0<p,a<w -»<a<xig the set of sequences for which

(o]

<T [n1/p(1+1og n)ac:]a’n_1)1/a (5) (8.13)

(]

n=1

(5) When a = «», this is to be interpreted in the obvious way as

*
sup n1/p(1+1og n)Olcn %
1<n<eo
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is finite. The following theorem shows that pe (log L)a = Lpa(log e
(provided P % (1og L)a is non-trivial) when the underlying messure

space is the integers 7.

THEOREM 8.5: Suppose 0 <p, a <w, -» <a < © and IF*(log L) # {0}.
Then,

P2 (10g 1)% = £*%(10g )% (8.14)

Proof: We will only consider the case 0 <p ,a <o and @ > 0. The
other cases are proved similarly. First, we observe that

o)

¥.a -
}j [n1/p(1+log n)acn]an {

n=1 . (8.15)
= CT + ? [nj/p(Hlog n)ac*(t)]adt/n "
n:2 fi=1

Next, we notice there ére constants k1 and k2 such that

k1[t1/p(1+log £)%1%7" < [n1/p(1+log n)®1%n""

(8.16)

at-1

2

1 o
< 1, [t /P(1+10g £)7]
for n-1 <t<n, n=2, 3, ... . Since p <=, the integral

1
P
| [+'/P(1-108 £)*1%at/t
0
is finite. Using this, (8.15) and the second inequality in (8.16),

we have
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[oo]
*x -
7 [n1/p(1+log n)acn]a‘n !

n=1 n=1

k lle(t)l

IA

K Z fn (6P (1+10g )% (4) 120/t
n-1

]

pa ;o

The reverse inequality follows from the first inequality in (8.16).

REMARK 8.6: The spaces L 2(log L)a, when (i) 0 < a <~ and a+1/a >0
or (ii) a = » and @ > O are all trivial (cf. Lemma 8.1). However, the

corresponding spaces & >(log L)a generated by the quasinorm
o0
' * g -
Kz [(1+1og n)acn]an 1)1/9.
n=1
are clearly non-trivial.

For the Lorentz-Zygmund sequence spaces 4°°(log )% we have the

inclusions (8.8) with no restrictions on the parameters g,b and B .

THEOREM 8.7: Suppose 0 < p<g<w, 0<a,b<wand »<a,B <,
Then

2% (10g )% < 1P (10g 2)? . (8.17)

Proof: The inclusion (8.17) is precisely the content of Lemms 8.2

vhen the underlying measure space is the integers 7.

g
9. The Spaces Lpa(log L)a + qu(log L)B and Lpa‘(log L)a N qu(log L)

Suppose 0 < p,q <o, 0<a,b<wand -w<a,l <wo, The
B
* + 1% (10g 1.)

Lorentz-Zygmund space P 8’(log L consists of all

functions for which the quasinorm (1.10) is finite when p < q; when
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Q
P > q, 12 (10g 9l Lgb(log L) is generated by the quasinorm (1.11).

First, we note that

' R :
1P (10g T + 1 (10g 1)" = 1P(10g 1)° + 1™®(16g 1.

To justify the notation "+", we will show that Lpa(log L)a + qu(log L)e
is just the usual algebraic sum of the Lorentz-Zygmund spaces
P8 (10g L)a and Lgb(log L)B; the only exception occurs when either
space is trivial (cf. Lemma 8.1).

The space IF%(log sz n qu(log L)e is generated by (1.11) when
p <q, and is generated by (1.10) when p > q. For all values of the
parameters we will show that Lpa(log L)a N qu(log L)a is the usual
set-theoretic intersection of the Lorentz-Zygmund spaces
1P (10g 1)* and 1%P(10g 1),

The quasinorms (1.10) and (1.11) are rather unwieldy, so we shall
adopt the following notation convention: If h is a nonnegative

measurable function on (O,») and 0 < p,a <w, -» <0 <, we define
I = (f[tvp(\-log t)a}x(t)]adt/t>1/a (9.1)
pa;ah 0 ? :

Ipas = (,Jr‘:o[tvp(ﬂlog t)ah(t)]adt/t>1/a. (9.2)

We thus have (ef. (1.10) and (1.11))
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* ¥*
Ipa;af + qu;gf s P <aq,
)B = (9.3)

T, of +d £, p>
qb;ﬁ + pa.;Q » P qs

ll<l

1P2(10g 1)% + 19°(20g L

= I, f o +d £, p<
qbsP pasar 7 P S

= (9.4)

1 £, p >
pasa’ " Jqp;pt o P74

2]

1P (10g L)% N 1%°(10g 1)P

I (X1, H-H1) and (Xé, “'“2) are two quasinormed spaces con-
tinuously embedded in a larger topological vector space, we define
two new quasinormed spaces X; + X, and X, N X, (ef. [8]). For each

fe X1 + Xé, the quasinorm of f is given by

feal

= ine(lle, Il + llg,ll,)s (9.5)

X ¥s
where the infimum is taken over all decompositions f = f1 + f2,

f1 € X, and f2 € Xé. For f ¢ X, n Xé, the quasinorm is given by

el e = el el (5.6)

THEOREM 9.1: let 0<p<q<w, 0<a,b<wand -w<q,B <w If
the space qu(log L)B # {0}, then the quasinorm defined by (9.5) on
the algebraic sum Lpa(log L)a + Igb(log L)B is equivalent to the
quasinorm (9.3). Hence, the space defined by (9.3) is the usual

algebraic sum provided neither space is trivial.
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8
Proof: (i) Let us first assume O < q < » so that Lgb(log L) #£ {ol.

A
We pick f in the algebraic sum Lpa(log L)a + qu(log L) . We may

assume that f is real-valued. Define functions f1 and f2 as follows:

£(x) - £(1), if £(x) >£ (1),

£,(x) =(£(x) + £ (1), if £(x) < -£7(1),

]

0, otherwise;

i

f2(x) fx) - f1(x).

With this choice of f1 and f2 we have

* *
Pisl=F 1), O<E£<1,

¥*
£, (t) =
O, 1 <t <o
and
*
£ (1), 0<E <1
. =
fg(t) =
*
£ (%), 1<t <o,

We thus have for x € X and 0 < t < =,
% * *
f(x) = £,(x) + £,(x); £ (8) = £, () + £,(¢).

We now must show (9.11) is a proper decomposition, o -
£, ¢ TP%(log 1)* and £, e 19°(10g 1.)P.

where g ¢ TP%(1og L)% and b € qu(log L)e. By (3.3), we have

£1(t) < g (t/2) + b (£/2).

(9.7)

(9.8)

(9.9)

(9.10)

(9.11)

To this end, we let f = g + h

(9.18)
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The description (9.9) shows that (cf. (6.1) and (9.1))

*

This and (9.12) show that

Iyl g s < TpasaE (6/2)40° (6/2))

< oI, (8 (6/2)) + T (07 (4/2)).

Now I pa a(g (t/2)) is finite since g ¢ 1*(10g 1), Also,

Ipa;a(h (t/2)) is finite because Ipa;a < Iqb;B (

8
h e qu(log L)". Hence, Hf1”pa-oz is finite and so f, e I*%*(log L)%
2

ef.(7.2)) and

1
The description (9.10) shows that (cf. (6.1), (9.2))

:
I£5ll g5 < C{f*(1)<jo[t1/q(1—10g t)albdt/t>1/b + Jéb;af*}. (9.14)

The first integral is finite since 0 < q < », By (9.12), the second

integral is dominated by (cf. (9.2))
o(Tgpyn (8 (6/2)) + 3 o(n7(4/2))) .
By Lemms 8,2, we have
Topsp(8 (8/2)) < c{(f:/ (6 /2" (e/2) Pan/s) /2 v 5, (602D}

which is finite because g ¢ Lpa‘(log L)a. The expression
* 3
qu.e(h (t/2)) is clearly finite since h ¢ qu(log L)B. These
’f

8
estimates show that f, e 19°(10g 1)°, as we wished.
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To show that (9.3) dominates (9.5), we observe that (9.13) and

(9.14) give

* *
”f1Hpa.;a * ”fEqu;B = c{Ipa.;o:f * qu;ﬁf
(9.15)

1
2 (1 )(fo[tvq(ulog t)s]bdt/t)1/b} .
We have
1 1
£ (1 )(f (+'/9(1 -10g t)ﬂ]bdt/ty/b < et (1 )(f (6'/P(1-10g t)a]a'dt/t)1/a
0 0

because each of the integrals is finite. This last expression is
dominated by
r|1

c(Jo[t1/P(1-log t)af*(t)]adt/t)1/8‘ = el of

*

%
since f decreases, This estimate and (9.15) show

* *
”f1”pa;a * ernqb;B Z C<Ipa;af * qu;Rf ) °

Teking the infimm over all decompositions f = f1 + f2 s we have that
(9.3) dominates (9.5).
To prove the reverse inequality, let f = f1 + f2 where

£, © 18 (10g L)% and £, ¢ qu(log L)B. The inequality (3.3) shows

that

1
Tl < (Jro[tv P(1-20g £)%(£](t/2) + £3(t/2))1%at/t) /2

Applying Minkowski's inequality (or (2,1) if 0 < a < 1) and

substituting t/2 @ t, we obtain
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T f*< {(JJ/Q[ l/p 1 o % a )1/8.
pasa’ SCWJ  [677(1-log t)78; (8) 1 at/t

- <J;/2[t1/P(1-1og t)af;(t)]adt/ty/a} .

< (I T f*>
SE pa;o 1 pa;a 2/ °
Hence, it follows from (7.2) that

I f*< (1 f* I f*) 16
pasor = ““paza1 T Tgp;p2’c (9.16)

*
Estimating qu,af similarly, only appealing to (8.1) instead of (7.2),
3

we obtain

*

£ <ol £ £r
of <o + os * Ty alal - (9.17)

qu pad 1 i Jpa ;af1 Iqb;
Adding the inequalities (9.16) and (9.17), then using (2.1)(or (8.12)),

we have the estimate

*
I f +J

£ < e(llg. |
pa. gb;B” - 1

pa;a + Hf2”qb;8 )’

where ¢ is a constent independent of f, f1 and f2. Taking the
infimum over all decompositions f = £y + f2, we have that (9.5)
dominates (9.3). Hence, when O < g < w, the quasinorms (9.3) and
(9.5) are equivalent,

(ii) The other instances where qu(log L)B #£ {0} may be treated

similarly so their proofs are omitted.

THEOREM 9.2: Suppoge 0 < p <q <o, 0<a,b <o and -» <,B <o,
Then the quasinorm defined by (9.6) on Lpa‘(log L)a n qu(log L)8 is

equivalent to the quasinorm (9.4t). Hence, the "intersection" defined
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by (9.4) is the usual set-theorectic intersection.

Proof: Clearly, by (6.1), (9.1) and (9.2), we have that

Ipsof * Tpag® < ellyp + Nell, o <2 maxCliell p o0 il , ),

proving that (9.6) dominates (9.4).

To prove the reverse inequality, (2.1) (or (8.12) if a = «)

gives
* *
f <e(I f +J il
el a0 < (Tpa ot + g ot )
* (]
Applying (7.2) to Ipa;af , we obtain
* *
£ <ec(I f +J ). .18
Il g sy < STy pf + g 0f ) (9.18)
Similarly,
I£ll . o <e(T, of +3. £
qb;B — qb;B gb;B~ 7?
and by Lemms 8.2, we have
* *
f < e(I f + 4 £ ). 1
Iellgn;0 < Tt * g0t ) (9.19)

The estimates (9.18) and (9.19) show that (9.4) dominstes (9.6),

completing the proof.

REMARK 9.3: From now on, when we speek of sums or intersections of
Lorentz-Zygmund spaces, we refer to the quasinorms (9.3) or (9.4).
Theorem 9.2 shows that this is consistent for the intersections.
Theorem 9.1 shows that the sum given by (9.3) is the usual algebraic

sum provided neither of the spaces is trivial, The sum given by the
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quasinorm (9.3) is of greater interest for us, For example, the
algebraic sum of the spaces L' and I is just 1), However, the
space 5 &1 given by (9.3) consists of the larger class of functions

for which

1
f £ (t)at + rf*(t)dt/t (9.20)
0 1

is finite. This space is of interest for the Hilbert transform H.
For example, it is well known that Hf(x) is defined a.e. for
feiP, 1 <p<w (cf. [36, 42]). Tt is shown in [6] that Hf(x) is
actually defined a.,e. for functions f in the larger space L1 + ﬁw1

given by (9.20),

THEOREM 9.4: Iet 0<p <q <w, 0<a,b,c,d <w and -» <,R,Y¥,5 <=,
Then

1% (1og 1)* N 12%(10g )Y < 1P (10g 1)® + 19%10g 1)8.  (9.21)

Proof: The (quasi)norm of s function f in Lpb(log L)B + Iﬂd(log L)6

is (ef. (9.3))

*

T . £ £, (9.22)

pb;8 ¥ Jéd;&
The norm of a function f in Lpa(log sz N 12%(10g L)Y is (ef. (9.4))

* *

ch;vf 4 Jpa;af . (9.23)

The inequalities (7.2) and (8.1) show that (9.23) dominates (9.22).

This completes the proof,
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The next theorem characterizes the sums and intersections of
Lorentz-Zygmund spaces when the underlying measure space is the unit

circle T (or any finite measure space) or the integers Z.

THEOREM 9.5: Let 0 <p <q <w, 0 <a,b < and - <Q,8 <,

(i) If the underlying measure space is T, then

(a) 1P(1og L)% + 1%P(10g 1)? = P*(20g L)%

b)) P*(10g 1)* n 1P (0g L)® ~ 1P(10g 1),

(ii) If the underlying measure space is Z, then (cf. (8.13))
(c) 1™(1og 1)* + 1%(10g 1)° = 1P (10z 2)°;
(a) if, in addition, 1%°(1log 1)? £ {0},

P2 (10g 1)% N 1% (20 1.)° = P2(20g )%,

Proof: (a). By (9.3) it is clear that

]

= ||f .
1 (10g 1)% + 1%°(10g 1.)? | "Pa;a

(b). By Theorem 9.2, the intersection in part (b) is the usual

set-theoretic intersection, and
1% (10 1)" € 1P*(10g 1)*
by (7.2).

(¢)., 1If qu(log L)e # {0}, Theorem 9.1 shows that the sum in (c)
is the ususl algebraic sum of the two spaces. So, for the integers

Z , the inclusion (8.8) shows that
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8
1P (10g )% + 1% (10 1)? = 1%P(10¢ 1.)° .

The statement (c) now follows in this case by (8.14).
If q = » (which encompasses the situation Lgb(log L)B = {0}),

then (9.3) becomes (cf. (8.7))

3
£ (1 -)<fo[t1/P(1 -log t)a]adt/t>1/a

[ . n
t () (" @)
n

(1+log t)Bbdt/t>1/ &
n=2 :

By the inequalities (8.16), this quasinorm is equivalent to

(Z [ (1+1og n)Bf*(n—)]bn'1>1/b,

n=1

2]
which is the quasinorm (8.13) on lfb(log ).
(d). Theorem 8.4 applies, so that
P8 (10g )% N 1%°(20g 1.)P = 1P%(10z L)%,

since 1¥®(log LYI # {0} (p<o), the statement (d) follows by (8.14).

10. Inclusion Relations

Theorems 7.2 and 8.4 exhibit inclusion relations for the spaces
1P%(10g 1L)* when the primary indices are distinct and the underlying
measure space is the unit circle T or the integers Z . It is also of
interest to study the inclusion relations when the primary indices are
the same. The following theorem generalizes the facts that the spaces

Lpa(log LYJ decrease with increasing &, while the spaces Lpa increase
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with increasing a.

THEOREM 10,1 ([6, Theorem 9.3] (6)): Suppose 0 < p <, 0 < a,b <

and -» < q,f <o, Then
pa a pb B
L7 (log L)” € I (log L) (10.1)

whenever either of the following holds:

(i) a<b and a >8, or

(ii) a>b and a + 1/a >8 + 1/b.

REMARKS 10.2: (i) If a >b, the conditiona + 1/a > 8 + 1/b in

Theorem 10,1 cannot in general be relaxed to o + 1/a >+ 1/b. Hence,
the spaces P a(log L)a are not ordered along the "diagonals" where
o + 1/a is constant.

(ii) We wish to establish similar inclusion relations for the
sums and intersections defined in Section 9, Theorem 10,1 shows
exactly what to expect (provided none of the spaces involved in the

sums are trivial).

We shall need two technical lemmas; the first lemms shows that

¥* *
the integrals Ipa;af and Jpa;af (ef. (9.1) and (9.2)) satisfy a

(6) This theorem was proved in [6] for the case where the under-
lying measure space is finite., However, the proof remsins valid for
any underlying measure space.
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convexity property.

LEMMA 10.3: Tet 0<p<w, 0<a<b<wand w<a,b <w, Then we

have

Ipb;ﬁf* = (Ipa;af*)a/b(lpw;v)1_a/b’ o)
and

Tp36° < Upago *)a/b(Jpw;v)1-a/b’ (10.3)
where y=D L a ir b - w), (10.4)

Proof: The case b = » is obvious, so we assume b < », We note that

[t1/p(‘|-log )P ) 1P
= [1/P(1-10g +)%*(£) 121t/ P(1-10g )Y (£) 1072 .

Hence, by (9.1),

*

Topspf
1

< (J [‘b1/p(1—log t)o‘f*(t)]adt/t>1/b( sup [t1/p(,_1og t)Yf*(t)]b—a>1/b
0 0<t<1

- (1, 2,

The inequality (10.3) is proved similarly.

LEMMA 10,4: let 0<p<w 0<a<wand -» <@ <x, Then we have

the inequality

17
‘b1/p(1+log £)% < c(1 + f [s1/P(1+log S)a]ads/s>1/a, 1<t <w, (10.5)
1
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Proof: We choose N so that s_1(N+log s)oza is decreasing on (1,x)

(ef. Lemma 2.2). Then,

t t
J‘ sa/p(1+log s)aa'ds/s > cJ sa/p(N+log s)aads/s
1 1

v

t
o™ (N+1log t)otaj' sa/ Pas
1

> c(ta’/ P(N+10g ) - Naa) .

We add c*® to both sides and take g roots to prove (10,5).

THEOREM 10,5: ILet 0<p <q <w, 0<ag,b,c,d <o and -o <a,B8,¥,8 <,

Then

1P%(10g T)® + 13%(10g L)Y < 1P°(10g 1" + 1900 5)°, (10,6)
and

1P%(10g L)% N 19%(20g )Y © PP (10g 1)¥ n 1%%0g 1), (10.7)

whenever one of the following conditions holds:

(i) a<banda>8 ; c<dandy>s,
(ii) a<banda>B ;c>dand ¥+ 1/c>8+1/4, (10.8)
(iii) a>band o + 1/a>8 + 1/b; ¢ <d and ¥ > §,

(iv) a>banda+1/a>8 +1/b;c>dand ¥+ 1/c >6+ 1/d.

Proof: By the Remark (10.2.ii), the inclusion (10,7) is a direct

consequence of (10.1) and Theorem 9.2. The inclusion (10.6) follows
A

from (10,1) and Theorem 9,1 provided qu(log L) # {0}. 1t will

therefore suffice to prove only (10.6) when q = » (cf. Lemma 8,1).
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We first assume that (10.8.i) holds. Since the space
P8, o we ¥ .
I*7(log L)” + L (log L)' clearly decreases with increasing  and ¥,

we may assume @ = 8 and ¥ = 8§, We therefore need to show

I £ 4 g o k(I g *) (10.9)
pb;Q Wd;Vi - T\Tpasx wc;yr # -9

The inclusion (10,1) (for a finite measure space) shows that

* *

Tpf < ¥peuf - (10.10)

If ¢ = d, the inequality (10.10) implies (10.9), so assume c < d.

Utilizing (10.3), we obtain

c/d P c/d

wd,f < (3, Yf) Vf) (10.11)

* *
To estimate J&m-yf , we use (10,5) and the fact that f decreases to
b

get
t

(1+10g +)¥e* (+) < k(£"(1 F + ["t(1410g s)V%*(s)]cds/s)1/°, 1<t<w.
1

Replacing the range of integration (1,t) by the range (1,») and taking

the supremum over 1 <t < =, we have

J;m;vf < k(f ¥+ 3 - V *) (10,12)

The estimates (10,10), (10.11) and (10,12) show that if the right-hand
side of (10.9) is finite, then the left-hand side of (10.9) is also
finite. This shows that the (set-theoretic) inclusion (10,6) holds.
An appeal to the closed graph theorem shows that the inequality (10.9)

elso holds, i.e., the inclusion map is continuous.
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Now assume the condition (10.8.ii) holds. We wish to show that

* * ¥* *
£ +J f <k(I f +J - i N (10.13)

I od 56 pa ;o oC Y

pb;8

The inequality (10.10) still remains valid. We assume that ¢ < o,

and write

£ (jm[ q(1+1og £)¥e™ (£)1%[1+10g 7408~ v)dt/t)'/d
1

Applying HBlders inequality with the conjugate exponents c/d and

c/(c-d), we obtain

c-d
¢ * n>‘ch
Jéd;5f = <J§c;vi >(JT[1+1°3 t]at/t s (10.14)
where T = E@Eﬁ;y) . The conditions ¢ >d and ¥ + 1/c > 8 + 1/d

(ef. (10,8.4ii)) imply M < -1, and so the integral in (10.14) is finite
and independent of f. Thus, the estimates (10.10) and (10,1k4) imply
the required result (10.13).

The other parts of the theorem are proved in the same way. The

details are omitted.

As noted in Remark 10.2.i, we still fail to have inclusions

along the "diagonals" o + 1/a = constant and/or ¥ + 1/c = constant.

11, The Auxiliary Lorentz-Zygmund Spaces

The averaging operators Ap, Bp, CP and DP of Section 4 are basic

to the interpolation theory as we will show in Section 13. To
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study the action of these operators on the Lorentz-Zygmund spaces
we shall now define auxiliasry Lorentz-Zygmund spaces.

et 0<p<gqg<w, 0<ab<w and -» <q,B <, The
auxiliary Lorentz-Zygmund spaces v 8 (1og :£)a + -j,lb(log ;ﬂ)a
P2 (10g 2)% 1 AP(10g )7, 72 (108 M + 7P (108 M)® ana
P a'(1og M)a n '”gb(log 77()8 are generated by the following quasinorms

(ef. (9.1) and (9.2)):

£l
£%(10g )% + (108 2)° o

= paa(Af)+Jbs(Bf), o+ 1/a>0, B+ 1/0>0;
5

Hf” a o b g
#P%(10g £)% N L% (10g 2) -
qb F,(Bf)+ paa(Ap:f*), a+1/a<0, 8+ 1/b<O0;
Il £l o b 8
7% (10g M~ + M°(10g M)
(11.3)
pa,a(cf)+JbB(Df)’ a+-1£>0,3+%>0;
el Y
7% (10g M)~ N 72°(10g M)
(11.4)
- Iqb.a(qu*) 3 3 a(cpf ), o+ E1£< 0, 8 + % <o,

When p > q we make the obvious definition so that

A8 (10g :Z)a + ;ﬂqb(log :»3)R = i’,qb(log ;ﬁ)a + N-Fpa(log £)a , ete,
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To avoid unnecessary confusion, we have defined these auxiliary spaces
for only the values of the parameters a, b, & and B that we will
ultimately be interested in.

By Lemms 4.1 we have the following inclusions:

#28(10g £ 4 :!_qb(log :!3)p c 7P2(10g m* + Wflb(log '/‘7?)I'3 (7) (11.5)
and

L2(10g £)* N :£qb(log :6)‘8 c 7% (1og m* A W?b(log 772)8. (11.6)

The next theorem gives important special cases when the auxiliary

Lorentz-Zygmund spaces reduce to ordinary Lorentz-Zygmund spaces,

THEOREM 11.1: Suppose O < p,q < ® with p # q. Then, if a+1,B+1 > 0O,

£p1 (1log :ﬁ)a + ;£q1(10g i)B = LP1(log L)oz+1 + Lq1(log L)qﬂ, (11.7)
and if o,” > 0O

7 (10g M% + 7 (1og 77I)B = 1™ (1og L)% + 19°(10g L)a . (11.8)
Ifa+1, B+1<0

21 (10g 2% n A (20g 2)P = 1P (2o 1) 1 12" (208 )M, (11.9)
and if a,8 < O,

7 (1og M> N 78 (Log MP = 1P°(10g 1) N 12(20g 1.)° . (11.10)

(7) We implicitly assume o+1/a > 0, B+1/b > O so that the spaces are
defined by (11.1) and (11.3). These implicit assumptions will be made
throughout the remsinder of the thesis without comment,
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Proof: Iet p <q. To prove (11.7), we apply the definitions (9.1),
(9.2), (4.1) and (4.,2) and interchange the order of integration to

show that

* *
I (A_f) + Jq1;B(qu )

Pl p
1

x|

1
s1/pf*(s)<f (1-1log t)adt/t>ds/s + fws1/qf*(s)(js(1+log t)Bdt/t>ds/s
0 s 1 1

1
~ f 81/p(1-1og sfx+1f*(s)d8/8 + Jms1/q(1+log s)5+1f*(s)ds/s
0 1

* *

= Ip1 ;oz+1f * Jq1;B+1f .

Thus, (11.7) is proved by the above equivalence and the definitions of
the spaces involved (cf., (11.1) and (9.3)).
To prove (11.9), note that the (quasi)norm of a function f in

2 (10g £)% N A (10 £)? s (c£. (11.2))

1
I (1-log t)8<fws1/qf*(s)ds/s>dt/t
(0] t
(11.11)

+ f(1+log ’c)a(JZSV pf*(s)ds/s>dt/t.

After interchanging the order of integration and noting that

! A -1 o -1
f (1-log t) at/t = |B+1] ™ ; r(1+log t)dt/t = |o+1]
0 1

the (quesi)norm (11.11) becomes

|B+1|'1I 1,ﬁﬂf* * |a+1|‘1J 1.a+1f*
ats L (11.12)

1
+ |a+1|'1j s1/Pf*(s)ds/s + |9+1|_1fms1/qf*(s)ds/s.
0 1
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o+

The norm of f in i (log L) & L(11 (1og L)HH is (ef. (9.4))

* *

+ J f (11.13)

. pl;o+1™ °

a1 ;81
The quasinorm (11,12) clearly dominates the quasinorm (11.13). To
1
verify the reverse inequality, we apply (7.2) to d.ros1/pf*(s)d.s'./s
*
and we apply (8.1) to jmquf (s)ds/s. This proves (11.9).
1

The remainder of the theorem is proved similarly.

The next theorem is the suxiliary space analogue of Theorem 10,5.
Notice that now the spaces are ordered along the "diagonals"

a + 1/a = constant and/or ¥ + 1/c = constant (cf. Remark 10,2,i).

THEOREM 11,2: Suppose 0 < p < q <w, O < a,b,c,d < @ and

-0 < ,B,Y¥,50 < ®, Then

28 (10g £)a + A% (1og ;Z,)Y c £pb(log :ﬁ)e + £qd(log :8)6, (11.14)
and
2 (10g :Z)a n AL%(10g £)V c ipb(log =£’,)B n ﬁd(log £)6, (11.15)

whenever one of the following conditions holds:

(i) a+1/a>B+1/b ;3 y+1/c>8+ 1/4,

(ii) a+1/a>8+1/op ; y+1/ec=8+1/4, c <4,
- (11.16)
(iii) a + 1/a

1]

BR+1/b, a<b;y+1/c>6+1/q,

(iv) a+1/a=8+1/b, a<b;¥y+1/c=86+1/d4, c<d.

Proof: Let us first prove (11.14). Then all the quantities

a+1/a, B+ 1/b, ¥ + 1/c and § + 1/d are positive., First, we assume
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a >b and ¢ >d. This is a subcase of (11.16,1i), soa + 1/b >R + 1/b

and ¥ + 1/c > 8 + 1/d. We need to prove that (ef. (11.1))

* * * *
A f f )<k f 1.
Ipb;g( D ) + Jﬁd;é(Bq ) < (Ipa;a(Ap ) + Jﬁc;Y(qu )) (11.17)

Statements (10,10) and (10.14) are valid are valid. Hence,

* *
Ipb;B(Apf ) < kIpa;a(Apf ) (11.18)
and

qd 8(Ja ;i ) < kJ (qu*). (11.19)

These inequalities (11.18) and (11.19) imply the required result
(11.17).

We next assume that a >b and ¢ < d. This is a subcase of
(11.16.1) or (11.16.,ii), soa + 1/a>B + 1/band ¥y + 1/e > 6 + 1/d.
Since the spaces ipa(log 2)% + -.{ch(logzﬂ)6 decrease with increasing ¥,
we may assume ¥ + 1/c = 8§ + 1/d, ¢ < d. In this case the inequality

(11,18) still holds., By (10.3) and (10.4) we have

(B £ ))°/d(J (B £%))1-¢/2

5(Bf)<(qcv q

w3yl /e g

Therefore, to prove (11.19) (and hence, (11.17)) in this case it will

suffice to show

Tgemsapet fo By T ") < qc,v(qu ). (11.20)

Since ¥ + 1/c > 0, we may replace (1+log t)~*1/c by (log t)\H1/c

since the two function are asymptotic as t * »., We write



65
L
(1log t)VCH = (Yc+1)f (1og u)vcdu/u. (11.21)
1

Then, for 1 <t < o, we have

(log t)WHGmSqu*(s)ds/s)c
t
t
= (yc+1)j [1ogvufws1/qf*(s)ds/s]cdu/u
1 t

t
< (yc+1)J1[logYuI»sl/qf*(s)ds/s]cdu/u .
u

Taking cth roots and passing to the supremum (over 1 <t < ®) we
obtain the required result (11.20) (cf. (9.2) and (4.2)).

Third, we assume a <b and ¢ >d. This is either a subcase of
(11.16,1) or (11.16.iii) so that ¥y + 1/e¢ > 8§ + 1/d and
a+1/a>8+1/b, We may assume @ + 1/a =8 + 1/b and a <b, 1In
this case (11.19) still holds. To prove (11.18) (and hence, (11.17)),

Lemma 10.3 shows it will suffice to show that

* *
I (Apf ) < kI ;a(Apf )s (11.22)

o301 /a8 Pa.

As in the previous case, we write
oat+1 L aa
(log 1/%) = (aa+1)f (log u)“au/u, (11.23)
t

and proceed as before to prove the required result (11.22).

Finally, we assume a <b and ¢ <d. We may suppose & <b, c <d,
vy+1/ec=6+1/danda + 1/a =B + 1/b. We then have (11.20) and
(11.,22), This completes the proof (via Lemms 10,3),

The inclusion (11.15) is proved in e similar fashion.
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There is a similar theorem for the 7 spaces. Its proof is

fashioned after the proof of Theorem 11,2 so we omit it.

THEOREM 11.3: Suppose 0 <p <q <«, 0 < a,b,c,d <= and

-0 < ,B,Y¥,86 < », Then

7% (1og m* + 7% (1og '771)’Y c W:Pb(log ‘77.’)8 $ Wﬂd(log 77?)6,
and

7P (10g > N 78S (1og MY < 7P (108 M° N 7% (10 M)°,

whenever one of the conditions (11.16) hold.

(11.24)

(11.25)

The next theorem gives some special inclusion relations for

the spaces #, 7 and L,

THEOREM 11.4: Suppose 0 < p <q <w, 0<a,b < and -» <,B <,

Ifa+ 1/a>0and B+ 1/b >0, then

£pa(log ;£)a + zlb(log ?5)9’ e LP1 + Lq1
and

7% (Log ‘)72)a + Wflb(log ‘m)ﬁ c P 4 197,
Ifo +1/a<0and ® +1/b <O, then
1P 12 € P20z £ N L (20g £)°

and

1P 0 1%° ¢ (20 M N 78°(10g M)P.

(11.26)

{(11.87)

(11.,28)

(11.29)
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Proof: We choose ¥ to satisfy

0<y+ 1t <min(a +1/a, B + 1/b).
Applying (11.14) and (11.7), we have

#%(10g LY & ;qu(log :!L)B c -PP1 (log ,-..’i)Y + £q1 (log ;8)Y

12 (10g )Y & 10 20z 7)Y,

But, since ¥ + 1 > O, the last space is clearly contained in Lp1 + Lq1.
This proves (11.26). The inclusion (11.27) follows in the same way
from (11.24) and (11.8).

The inclusions (11.28) and (11.29) follow similarly by choosing
¥ so that

max(o + 1/a, B+ 1/b) <y +1<0

and applying (11.15) and (11.9) (to prove (11.28)) or applying (11.25)

and (11,10) (to prove (11.29)).

As seen in Theorems 11,1 - 11,4, the quasinorms (11.1) - (11.L4)
are quite convenient for technical purposes. The next theorem gives
an equivelent reformulstion of these quasinorms., As we shall see in
Chapter IV, these new expressions for the quasinorms on the auxiliary

Lorentz-Zygmund spaces are the most naturel for interpolation purposes.

THEOREM 11.5: Le‘t0<p<qsoo,O<a,b<ooa,nd-oo<a,ﬂ<oo. Then

]

a o L ?
:gp (log {) e 'ﬂ (1og ?'{) . (11-30)
~ A B )f 3

oy = 2, ”Lpa(log L)% + 1% (10g 1,)°
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f
| ”:!Lpa'(log :»?,)a ] ﬁb(log :ﬂ)‘8 Y. 51)

~ e +B)E
ap + 2, ”Lpa(log )% n 1%°(10g )"

&3]

Wpa(log '/7?) ¥ Wflb(log 77?)
~ ll(c, + )£

(11.32)
pa (07 gb B
I (log L) + L* (log L)

5
| HWPa(log > n Wflb(log 772)6

¥*
~ ll(c, + D)2 I

[11.33)

2(10g 1)% N 13(20g 1.)?

Proof: 1In each of the statements above it is clear from the
definitions of the spaces involved (cf. (9.3), (9.4), (11.1) - (11.4))
that the right-hand side dominates the left. In order to

prove the reverse inequality, let us concentrate on (11.30). We have
implicitly that ¢ + 1/a >0 and B + 1/b > 0. The right-hand side of

(11.30) is (ef. (9.3))

Paa(A +B)f +qua(A +B)f

which is dominated by (ef. (2.1) and (11.1))

c{nf”:f,pa(log 2)% + AP (10g :ﬁ)e " Tpaso (B 3+ 3 abs H(A : )} e

We let A = 1/p - 1/q > O and make the estimate (cf. (9.1) and (L4.2)):

A (B £y < (T (M1 -Tog t)a]adt/t>1/ar: /ag* (s)as/s

1/a

5 <jo[t)‘(1-log t)“jts‘/ qf*(s)ds/s]adt/t) )
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Noting the first integral is finite and applying the Hardy inequality

(2.9), we obtain

¥ *
pa’a(B £ < c( q1;0f o T > (11.35)

*
Estimating qu'B(Apf ) similarly (using the Hardy inequality (2.10)),
1

we get
*

J. (Af)< (I g f*> (11.36)
g8\ 7 = \'p1s0 gb;R" / 3
* * %
Since Apf + qu dominate f (cf. Lemma 4.1), the estimates (11.35)

and (11,36) show that

* *
Toasa Byt )+ Igp,pBpf ) < c{anLp1 . gl

- I | a'(log £) + ;/lb(log £) }

Now, the inclusion (11.26) shows that

Ipa,a(B £5) + g o (AT ) < cllfll . (11.37)

% (1og ﬁ)a + J;qb(log :!.’,)B

The estimates (11.34) and (11.37) establish the reverse inequality
for (11.30). The remsining equivalences are proved similarly using
the variants of Hardy's inequalities given in Theorem 2,5. The

details are omitted.

12, The Embedding Theorem

The auxiliary Lorentz-Zygmund spaces introduced in Section 11 are
related to the Lorentz-Zygmund spaces of Section 9 by the following

basic embedding theorem.
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THEOREM 12,1: Suppose 0 <p<qg <w, 1 <a<b <wand -» <, <o,

Ifa + 1/a>0and B+ 1/b >0, then

1P (10g L)% + 1%(20g 1)P* € L2(10g £)* + AP(10g £)°
c 1P%(1og 1)*/% & 190 (10g 1)%1/P < PR (10g M + 7P (10g )P (12.1)
< 1P (10g 1)% + 19°(10g )P .

Ifa+ 1/a<0and B+ 1/b <0, then

1P (10g L)™' N 1%(10g 1)P! < P2 (120g £)% N AP (10g £)P
c 1P%(10g L)O‘”/a n 12°(10g L)a”/b < 7% (10g M* N 7P (10g m® (12.2)

R
c ®*(10g L)o‘ n qu(log L) .

Proof: 1. The last inclusion in both (12.1) and (12.2) is a

consequence of Iemms 4,1 and the definitions of the spaces involved
((9.3), (9.%), (11.3), (11.4)).

2. To prove the first inclusion in (12.1) we note that the norm
of a function f in #%(log 2% + £qb(log :Z)R is (ef. (11.1), (9.1),
(9.2))

1 %
(f [ (T-Nag t)"‘f g pf*(s)ds/s]a’dt/t>1/ &
0 0 (12.3)

~ *
+ (r[(wlog t)‘BJ s1/qf (s)ds/s]bdt/‘b)vb.
1 t
Since o + 1/a >0 and B + 1/b > 0, we may apply the Hardy inequslities
(2.22) and (2.23) to show that (12.3) is dominated by

i § £ v g £
pa.;0+1 gb;B+1” ?
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which is the norm of a function f in Lpa’(log L)O‘+1 + qu(log L)‘BH
(ef. (9.3)).
To prove the first inclusion in (12.2), it suffices show that

(ef. (9.4), A1.4))

(af") < o(I £). (12.4)

(B f*) J £ g
Top;s'Bgt ) F qb;R+1° T “paja

pajo

Applying Minkowski's inequality, we obtain

1 1
TpsaBf ) < (fom-log t)sfts‘/ 9e* (s)as/s Pat/t) /P
1
v ([ (14208 #)Pat/e)/*[ 6'/25* (s)as/s.
0 1

1
The integral r (1-1log t)Bbdt/t is finite since 8 + 1/b < 0, We now
“0

apply the Hardy inequality (2.24) to show that

I. (Bf)<e(I £ e g £ (12.5)
qb3B\ogt 7 = Vigpsat T Yq1500 /e -2

*
Estimating Jba'a(Apf ) similarly (the Hardy inequality (2.25) now
9

applies), we see that

* * *
Jpa;a(Apf ) < c(Jpa;a+1f + In,0f ) (12.6)
Theorem 9.4 shows that
I, £ +J. £ <e(I £+ £) (12.7)
p1;0 ql;0° — g qb;8+1 pa ;a+1 ) -7

The estimates (12.5), (12.6) and (12.7) produce the required result

(12.4).
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3. To establish the second inclusion in (12.1), we shall show

that

£ £ 2o
Ipa;a+1/a * Jéb;a+1/b o pa,a(A f ) % J B(B f )) (12.8)

Suppose O < a < », The identity (11.23) and the remark (6.6) show

that

o/~ U:)[tvpf*(t)]a(fl(log 1/0)au/u)at/t)'/2

Next, interchange the order of integration to obtain

1

£~ (fo(log 1/u)aa<Jz[t1/pf*(t)]adt/t>du/u)1/a .

Ipa;a+1/a

An application of the inequality (2.6) to the inner integral shows
that

I £ < e (A_f ) (12
pajo+l/as = p s ip .9)

When a = «, the inequality (12.9) still holds (cf. (4.6)). Using
the identity (11.21) and proceeding as above (using (2.7) instead of

(2.6)), we obtain

Jéb;6+1/bf* < e(T, o (AE *y + T o8 (Bt 1. (12.10)

The estimates (12.9) and (12,10) imply the desired result (12,8).
For the second inclusion in (12.2) we proceed as sbove,

employing the identities

)Bb+1

& b
(1-log t = |ﬂb+1|fo(1-1og u) du/u;

(04
(1+log t)aa+1 = |oa+| fn(1+10g u) adu/u,
.t
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which hold since @ + 1/a < O and 8 + 1/b <O,

4, To prove the third inclusion in (12.1), it is required to

show

I (Cf) +d, (DF)<e(T T, £ 12,11
paseL D gbsB g 7 = S pasari/a gbsp+1 pf ) (12.17)

We assume that 1 < a,b < », The inequality (2.2) shows that

1 t
Toasa(Cpf ) < cgo(l-log t)aafo[s‘/l’f*(s)]ads/s at/t)'/®

We may now apply the Hardy inequality (2.22) to prove that

*

SE (12.12)

I (c f*)< T
paax'p /= °©

*
To estimate J . (D £ ), apply (2.3) to obtain
G HEC]

* B

Utilizing the Hardy inequality (2.23) and changing variables

(t/2 * t), we see that
e 1 B+1 /b * b 1/p
qu;B(qu ) < c(f:/z[t /Q(1+|J.og t]) +1/ £ (t)] dt/t> / . (12.13)

The estimates (12.12) and (12.13) combine to produce the required
result (12.11). (The cases a = ©, b = » are easy and thus omitted).
To prove the third inclusion in (12.2) we proceed as above to

obtain



T
f
| ”wPa(log n® A 7P (10g M"°

< (|l ).

+ £l
1P2(10g L)O‘” /a. n qu(log L)B+1 /b i TN

An appeal to Theorem 9.4 completes the proof.
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CHAPTER IV

THE INTERPOLATION THEORY

13, Operators of Weak Type (p,q;r,s).

Suppose 0 <p <r <o and 0 < g,s < with q # 5. ILet

M=1/p-1/r, /e =1/q - 1/s, m = T/e, (13.1)

The quantity m represents the slope of the line segment O joining

.the points (1/p, 1/q) and (1/r, 1/s). For each f € !y LF‘, let
£
(W(U)f*)(t) = t_l/qj u1/pf*(u)du/u
0

(13.2)

+ t-1/sJ"° u1/rf*(u)du/u, 0<t<ow,

DEFINITION 13.1: TLet T be a quasilinear operator mapping measurable

functions on (X,p) into measurable functions on (%,v). Suppose

0<p<r<wand 0<gq,s <o with g # s. The operator T is of

weak type (p,q;r,s) if T is defined on P! & "1 and the inequslity

(1£)"(¢) < e(W(0)£¥) (1), 0<t <w, (13.3)

is satisfied for 2ll f € Lp1 + LF1, where ¢ is a constant independent

af £,

The next theorem reformulates the notion of weak type (p,q;r,s)

in terms of the averaging operators Ap, Bp, Cp and DP of Section U4,
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We first need a lemms,
LEMMA 13.2: Suppose 0 <p <r <wand £ ¢ I¥' + I¥'. Then the

funetion

g(t) = t1/p([Ap + Br]f*)(t)
increases on (O,»), and the function
n(t) = t'/7((a, + B 1")(x)

decreases on (0,»),

Proof: The definitions (4.1), (4.2) and (13.1) show that

t
g(t) = J u1/pf*(u)du/u + tvnruvrf*(u)du/u.
0 t
Iet 0<s <t <, Then

t t
g(s) - g(t) = - u'/Pe*wav/u + sV W/ w)au/u
S 8

+ (s1/ﬂ - t1/n)fwu1/rf*(u)du/u :
t

The last term is less than or equal to zero since M > 0 (ef. (13.1)).

On the other hand, we have
/0% 1/p % Y Mmoo *
s J u /7 f (u)du/u < I u nu £ (uw)du/u
S s

%
- J o/ Pe* (w)av/u .
8

Thus, g(s) < g(t) as required. The proof that h is decreasing is

gimilar,
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THEOREM 13.3: Suppose O <p <r <o and 0 <q,s <o with q # s.

Then a quasilinear operator T is of weak type (p,q;r,s) if and only

if the following inequality holds:

(a) for q < s,

/(e + D (ee) (%) < etVR(tay + B IEYEM, 0<t <my (13.0)

(b) for q > s,
ta/q([cs " Dq](Tf)*)(te) < ctn/P([Ap + Br]f*)(tn), 0<t<ew; (13.5)
where ¢ is a constant independent of f,

Proof (a): Since q < s, we have that m > O (ef. (13.1)). From

Definition 13.1, T is of weak type (p,q;r,s) if and only if

(£)*(t) £ ctc([Ap + Br]f*)(tm), 0<t <, (13.6)

where
¢=-1/q + m/p = -1/s + m/r. (13.7)

It is required to show that (13.4) and (13.6) are equivalent,

Suppose (13.4) holds. By Lemma 4.1, the left-hand side of (13.4)
is greater than or equal to 2te/q(Tf)*(tE). The resulting inequality,
after the change of variable £% - t, reduces to (13.6).

Conversely, suppose (13.6) holds. Let t >0, If 0<u<t%,

then (13.6) and (13.7) show that

u'/2ze)*(w) < P(1a + B 1) (™).
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Lemma 13.2 and the fact m > O show that the right-hand side is largest

when u = te. Teking the supremum over O < u < te , we obtain
/(e (1)) (+%) < t/P(1a + 3168, (13.8)

Now fix u so that t° <u<w, Then (13.6) and (13.7) show that

u'/2(20) (w) < (1, + 3,16 (1.

Lemma 13.2 and m > O imply that the right-hand side is largest when

u = te. Passing to the supremum over te <u < ®, we have
+/2 (0 (20)")(6%) < et/7(ta, + 3,16 (€M), (13.9)

Now the identities

show that

£2/9(0_(7£)")(£%) < et"/®( ta, + 3,26 (M. (13.11)

The estimates (13.8) and (13.11) imply the required inequality (13.4).

The proof of part (b) proceeds similarly; only now m < O, and so
*
Lemms 13.2 implies that o/ I-’([Ap + B If )(u™) decreases while
*
um/ r([Ap + Br]f )(um) increases. This accounts for the interchange

of q and s. The proof is now complete.

The operator W(o) defined by (13.2) is closely related to
Calderon's S(0) operator introduced in [9, p. 288]. In fact,

W(o) = 8(0) except in the important case r = « where
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I
(@) ) =+ WP wans + /5] ¥ waus,
0 3
B |
(S(U)f*)(t) = t-l/qf u1/Pf*(u)du/u.
0}
Thus, in all cases we have
s(e) <w(o) (13.12)

The following theorem is due to Calderdn [9, Theorem 8].

THEOREM 13.4: (Calderén): Suppose 0 < p <r <« and 0 <g,s <

with g # s. Let T be a quasilinear operator of weak types (p,q)

and (r,s). Then

(7£)¥(£) < eS(O)E (t), O <t <, (13.13)

for all f € Lp1 + Lr1

if r <w, or for all £ € I®) + I if r = o,
where ¢ is a constant independent of f,
The next theorem shows when an operator of weak type (p,q;r,s) is

simultaneously of weak types (p,q) and (r,s).

THEOREM 13.5: Suppose 0 <p<r <w, 0<g,s <w, g # 5, and let T

be a quasilinear operator.

(a) If T is of weak types (p,q) and (r,s), then T is of weak type
(psasrys).
(b) If T is of weak type (p,q;r,s), then T is of weak type (p,q).

If, in addition, r < », then T is also of weak type (r,s).

Proof: Part (a) is a direct comsequence of (13.13) and (13.12).

To prove pert (b) we are first required to show that
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I AT g (13.1%)

i.e., T is of weak type (p,q) (ef.(1.5.1i)). Assume that q < s.
Then the inequalities (13.8) and (13.9) remain valid. Suppose

£feIP'. Tet t * e« in (13.8) to obtain

Ioel o < ollelly + I3 o] /e s/ (13.15)
t

Using (13.1) and the fact f ¢ Lp1, we have

1/r % o /Pe* _
%}2 tr f (u)du/u < lim Jtn f (w)du/u = 0,

The required result (13.14) now follows from (13.15).
If, in addition, r <, let £ ¢ I¥'. Let t - O in (13.9) to

obtain
N
ol < ol + T+ o /Pe* wdawn) -
£*0 O

The definition (13.1) and the fact £ ¢ I show that

£

Tim ¢~ /Pf (u)du/u < 1im f /rf*(u)du/u =0,
£-0 O £-0

These estimstes show that T : IF| - 15, i.e., T is weak type (r,s).

The case q > s 1s treated similarly so we omit the details,

This completes the proof.
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14. Proof of the Main Results

We may now prove Theorems A,B and C which were stated in the

Introduction.

Proof of THEOREM A: Recall that 0 < p<r <w, 0<q,s <o with

q # s and T is of weak type (p,q;r,s). For 0 <@ <1, u and v are

defined by
el (L 2,10 (14.1)
u_ p r v q s

Define T and € by
1 1 1 1 1 1
BT TR S TP N b B
'n p r’e q so (]"'L)>

First suppose that q < s. Then, (13.4) shows that
6/, + 210" (%) < 6V/P(1, + 336N 7). (11.3)
Applying the functional
- (di:[te"(nllog tl)a\b(t)]adt/t:)1/a

to both sides of (14.3), we obtain, by (14.1), (14.2) and a change

of variable in both sides,

([

(1Y (el0g €1 (Le, + p,1(00) (0 1Pat/2) /2
0

(1. l)
< C(fz[t1/u(1+llog o)%(tay + 31N (6) 1Pat/e) V2

The definition (14.1) shows that p < u <r and q <v < s. Thus,

Theorem 6.1 shows that in the expression (1k.L4), the operators



8e

Ap’ Br’ Cq and DS are all equivalent to the identity. Hence, (14.4)

is equivalent to the inequality

el < cllf!]
wn =

a0 ua;x °

This is precisely the desired conclusion
T : L%%(log L)* * 1"%(log L)% .

The case g > s is proved similarly utilizing (13.5). This completes

the proof of Theorem A.

The following theorem gives an interpolation result for the

auxiliary Lorentz-Zygmund spaces of Section 11.

THEOREM 14.1: Suppose 0 < p <r <« and 0 <g,s <o with q # s. Iet

T be a quasilinear operator of weak type (p,q;r,s).

(i) Ifa+1/a>0and B + 1/b >0, then

T : 2P (1og 2)* + J@b(log;ﬂ)a + 7% (105 M% + ”Fb(log ”UR. (14.5)
(ii) Ifa+ 1/a<0Oand R + 1/b < 0, then

T : P2 (10g £)% N 2P (10g £)° + M (10g M* N 7P (10g MP.  (14.6)

Proof: Let 7 and € be defined by (14.2). Iet us first assume that

g < s. The inequality (13.4) then holds:

te/q([cq + D 1(e) ") (+°) < ctﬂ/p([AP + Br]f*)(tn). (14.7)
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First, suppose & + 1/a > 0 and B + 1/b > 0. Applying the functional
; a a
b (f [(1-1og t) Y (t)] dt/t)
0

to both sides of (14.7), we obtain, after a change of variable in

each side,

L[y * p_1(re)"

*
- ] € pra;a([Ap + 3B 1f). (14.8)

Multiplying both sides of (14.7) by t-1, the identities (13.10) show
¢/5(tc_ + p_1(10)) (t%) < tVE(1a_ + B_165) (&M, (14.9)
q s = jo) r
Applying the functional
8
v+ ([ t(4208 )"0 Pat/s)' /P
1

to both sides of (14.9), we have, after a change of variable in each
side,

+ D_1(1£)") < eT,psa([A, + B £y, (14.10)

Jsb;F([Cq P r]

The sum of the inequalities (14.8) and (14.10), in conjunction with
Theorem 11.5, shows that

cfl£l]

Tf f
el :f.’,pa'(log :ﬂ)a + fb(log :.{)a

a O, ob g X
7% (10g M) + 77 (1og M)

This is precisely the assertion (14.5).
When  + 1/a and ® + 1/b are negative, the statement (14.6) is

proved similarly by first applying the functional
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\1/b

:
| 2 (f‘ [(1-log t)%(t)]bdt/t/

Yo

tc both sides of (14.9); then, we apply the functional
¢ - (Jm[(1+log t)aW(t)]adt/t>1/a
1

to both sides of (14.7). The sum of the resulting inequalities,
together with Theorem 11.5, produces the desired result (14.6).
The case g > s is proved similarly using the fundamental

inequality (13.5). The proof is now complete.

Proof of THEOREM B: Recall that O < p <r <= and 0 <gq,s <« with

q # s. T is a quasilinear operator of weak type (p,q;r,s). For

1<a<b<wand 1 <c <d <, the desired results are:

(a) Ifa+1/a=R+1/b>0and y+ 1/c =8 + 1/d >0, then

)a+1 N 8 +

7 : 1P%(log L % e 11T * 1%0ee 137 + 1% 10n 1% .

(b) Ifa+1/a=8+1/b<Oand ¥+ 1/c =25+ 1/d <0, then

T : Lpa(log L)OH_1 N 17 (1log L)VH - qu(log L)8 n LSd(log L)6 .

Ifa+ 1/a>0and ¥ + 1/c >0, Theorem 1k4.1.i shows that
7 s 2% (0g 2% + £ C(10g )Y » M (10g M* + 77 (1og mV. (1h.11)

But, the embedding theorem of Section 12 (ef. (12.1)) shows that

Lpa(log L)OH-1 + 17%(1og L)Y+1 = ipa(log ;£)a + 7% (1og )Y, (14.12)
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The hypotheses (11.16.iv) now hold. Hence, we may use (11.24) and

the embedding theorem of Section 12 to show

Wfla(log ?ﬂ)a + 7% (Log 772)Y c Wﬁb(log ?71)5 + W?Sd(log ?71)6
(14.13)

”
c 1% (10g 1)" + 15%20g 1)°.

The inclusions (14.12) and (14.13), together with the result (14.11),
prove the assertion of part (a).
Part (b) of Theorem B is proved similarly using (14.6), (12.2)

and (11.25),

REMARKS 14.2 (i): Using the full force of the inclusion relations

given by Theorem 10,5, Theorem B remains valid for various other
choices of the parameters a, b, ¢, d and o, R, ¥, §. For example,

suppose & >b >1 and & + 1/a > B8 + 1/b. Then (10.6) gives

o+1 8+1

P2 (10g 1) + 17 (10g 1)Y' < 1P (20g 1) + IFC(10g L) .(14.14)

IfB +1/b>0and 1<ec<d<owithy+ 1/c=28+1/d >0, then

Theorem B shows that
B
7+ 1(1og 1) + 17%(2ee 1) » 1% (0g 1)P + 178 (102 1)8.
This result and the inclusion (14.14) prove that part (a) of

Theorem B holds when a >b > 1, a+ 1/a>B+1/b >0, 1 <c<d< o

and ¥ + 1/c = 5 + 1/d > 0.
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(ii). The proofs of Theorems Bl and B2 are now simple consequences

of Theorem B and Theorem 9.5.

Proof of THEOREM C: Recall that 0 <p<r <o, 0<gq,s <« with

q # s and T is a quasilinear operator of weak type (p,q;r,s). We
also have 1 <a<b<w, 0<c <o -0<qR,y<wand 0<6<1,

The parameters u and v are given by

1 8 16 1 8 1-8
—_ = —_— 4 —— ; —_— = — A — .
u p r v
Theorem A implies
7 : 1%(1og )Y » 1V (1og 1)V . (14.15)

Applying Theorem B (withc =d =1, ¥ =6 = 0), we obtain

1

]
&1 1P (20g 1) » 1P(0g 1) + 187 . (14.16)

T : Lpa(log L)

The results (14.15) and (14.16) show that

T (Lpa(log 1% el Lt P L)) + 1% (10g 1)
(14.17)

A
+ (110 1) + 2°7) + 2" (208 1),

An examination of the norms of the spaces involved (ef. (6.1), (9.3))

o1 & Luc(108 L)Y

shows that the spaces in (14.17) reduce to Lpa(log L)
A
and qu(log L) + ch(log L)V, respectively. Hence, the statement

(14.17) reduces to
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R
7 2 P*(leg 1)* + 1%%(20g 1)V » 1%P(20g 1)" + 17%(10g 1.)Y,

which is precisely the desired conclusion of Theorem C.a.i. The

remaining statements in Theorem C are proved similarly.
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