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Abstract

Coanalytic subsets of some well known Polish spaces are
investigated. A natural norm (rank function) on each subset is
defined and studied by using well-founded trees and transfinite
induction as the main tools. The norm provides a natural measure
of the complexity of the elements in each subset. It also

provides a "Rank Argument" of the non-Borelness of the subset.

The work is divided into four chapters. In Chapter 1 nowhere
differentiable continuous functions and Besicovitch functions are
studied. Chapter 2 deals with functions with everywhere divergent
Fourier series, and everywhere divergent trigonometric series with
coefficients that tend to =zero. Compact Jordan sets (i.e., sets
without cavities)' and compact simply-connected sets in the plane
are investigated in Chapter 3. Chapter 4 is a miscellany of
results extending earlier work of M. Ajtai, A. Kechris and H.
Woodin on differentiable functions and continuous functions with

everywhere convergent Fourier series.
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Chapter 0O

In this chapter we shall review the Descriptive
Set-Theoretic results that we need. We shall not give proofs but

we will give precise references.

§1. Coanalytic subsets and coanalytic norms. A Polish spdce is

a complete, separable metric space. From now on X shall always
denote a Polish space. A set A € X is a Borel subset of X if it
belongs to the smallest o-algebra of subsets of X which contains
all the open subsets of X. Let Y be a Polish space and f:¥ - X
be a function. We say that f is a Borel measurable function if
for each open set A in X the set f'l[A] is a Borel subset of Y. A
set A € X is an anqlytic sudbset of X if there exists a Polish
space Y and a Borel subset of X X Y such that A is the projection
of B onto X, i.e,,
A={xe X: Jy € Y ((x,¥) € B)}

A set A € X is a codanalytic subset of X if its complement X - A

-is an analytic subset of X.

A coanalytic subset A of X is said to be complete if for any
Polish space Y and coanalytic subset B of Y there is a Borel
function f:¥Y » X such that y ¢ B & f(y) € A. As it is known the
Polish space R, of the real numbers has a subset which is
coanalytic and not Borel it follows that no complete coanalytic
subset of X can be Borel. A proof that demonstrates that A ¢ X
is not Borel by showing that A is complete coanalytic is usually

referred to as a "Completeness Argument.”
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A norm on a set A € X is just a map ¢:A - ORD, where ORD
is the class of all ordinals. (A norm is sometimes also referred
to as a rank function.) The map P induces a

pre-well-ordering <, on A which is defined by

‘p
X S, 7 & p(x) < P(y)
Two norms are said to be equivalent if they induce the same

pre-well-ordering.

Let A be a coanalytic subset of X. A norm ¢:A - ORD is
said to be a coanalytic norm if there is an analytic subset B of

2, and a coanalytic subset C of %2 such that

X
v € A= VX[{x € A and ¢(x) 2 ¢(V)} & (®XvY) € B & (x,y) € Cl.

It is known that every coanalytic subset has a coanalytic norm

defined on it. Moreover this coanalytic norm is always equivalent

to one which takes values in Wy s and it is by no means unique.

(See [41].)

If the set A arises from natural considerations in Real
Analysis, Harmonic Analysis or Point-Set Topology (which we shall
call Analysis for short) the question of finding a coanalytic norm
on A, which naturally reflects in some sense the properties of the
elements of A, is of interest. (For instance if the coanalytic norm
is such that "simple" elements of A have small ranks, i.e., the map ¢
sends '"simple" elements to small ordinals, then ¢ induces a
natural measure of the complexity of the elements of A.) The norm

¢ on A enables us to view A as a natural wl—hierarchy. We
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shall refer to coanalytic norms that arise out of Analysis and

that reflect the properties of the elements of the coanalytic set

in gquestion as '"natural coanalytic norms."

The following proposition is basic to our study of natural

coanalytic norms.

Proposition 1. Suppose A € X is a coanalytic subset of X and
¢:A - Wy is a coanalytic norm on A. Then A is Borel < ¢[A] is

countable.

Proof. See [41] p. 196 and p. 213. (|

From Proposition 1 we immediately see that to show A is not Borel,
it will suffice to show that ¢[A] is unbounded in Wy Such a
proof of the non-Borelness of A is usually referred to as a Rank
Argument. There is a slight extension of this Rank Argument

which depends on the following proposition.

Proposition 2. Suppose A 1is a coanalytic subset of X and
¢:A - wq is a norm on A such that
(1) there is an analytic subset B of X2 such that
XYy € A= [p(x) < Py) & (xv) € B], and
(ii) ¢ is unbounded in wy on A.

Then A is not a Borel subset of X.

Proof. See [26]. O
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Remark. Observe that if P and Q are coanalytic subsets of X,

Q € P and ¢:P - wq is a coanalytic norm then Q and ¢MQ satisfy

condition (i) of Proposition 2.

-We end this section with two results which will aid us in

constructing coanalytic norms.

Proposition 3. Let X and Y be Polish spaces and A € X, B € Y be
coanalytic subsets. Let also f:X - Y be a Borel measurable
function with f_l[B] = A and ¢:B -» wq be a coanalytic norm. Then
the map ¢:A - wq defined by ¢(x) = ¢(f(x)) is also a coanalytic
norm.

Proof. See [26]. O

Proposition 4. Let A be a coanalytic subset of X, ¢:A » w; be a

norm and SP the associated pre-well-ordering. Then ¢ is a

coanalytic norm iff the initial segments of < are uniformly

P
Borel (i.e., the subsets {x: x S‘P y} are uniformly Borel in vy).

Proof. See [22]. O

§2. Well-Founded Trees and Their Ranks. Let A be any non-empty

set. We define A* to be the collection of all finite sequences
from A (including the empty sequence @), i.e.,

A* = U AP, where a° = ().
New

A tree T on A 1is any subset T of A* such that

<a1,...,an,a

n+1> e T> <a1,...,an> e T, for all Ay w8y, 8p4q € A.
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The elements of T are called nodes. By definition @ is always

a node of any non-empty tree. We call @ the root of such a tree.

A subset S € T which is also a tree on A is called a subtree of T.

Let u be a finite sequence from A and T be a tree on A. We

define T, bY

~

Ty = U (v e A®: u™v e T).
o New ™~ ~o

It is easy to verify that Ta is a tree on A. If u is not a node

~

of T then Tu = @g. When u is node of T we shall refer to Tu as

~ L d

the tree at the node u in T. A tree T on A is said to be
well-founded provided there 1is no sequence <@ >hem from A

such that for each n, <a1,...,an> € T.

Let T be a well-founded tree on A. We define by induction a
sequence of trees as follows:

put T =T, 7% = (v ¢ A™: 3a e A(v™<a> ¢ T%)}, and
new ~ ~

T)‘ = N 7d for A a limit ordinal.
a<i

Observe that the sequence <T% 2eORD is strictly decreasing, so
for sufficiently large «q, T? = @. Note also that if T is non-empty,

then the least a such that T? = @ must be a successor ordinal.

Definition. Let T be a non-empty well-founded tree. We define the
rank r(T) of T by

r(T) = least a such that Ta+1 =g



==
If v is a node of T we define the rank, r(v;T) of v in T by

r(v;T) = r(TV).
If T is the empty tree we adopt the convention that r(T) = -1. If
T is not well-founded we let r(T) = «». It is easy to see that for

any finite sequence u from A that (T‘I)L1 = (Tu)(I for each

~ ~

a € ORD. Using this it can be shown that

r(T) = sup{r(TV) +1: veT v 2 3}

~

= sup{r(w;T) + 1: v ¢ T, v # @}

It turns out that r is a coanalytic norm if we view the set
of all well-founded trees on N = (1,2,3,...} as a subset of a certain
Polish space. Consider N*, the set of all finite sequences from
N. A tree T on N is a subset of N* and so can be identified with

%
its characteristic function XT:N - {0,1} = 2. So a tree on N can

*

‘be viewed as an element of the Polish space 2N | Let WF be the
%

set of all well-founded trees on N viewed as a subset of 2N .

Then we have the following result:

%
Proposition 5. WF is a coanalytic subset of 2N and rwWr - wq

is a coanalytic norm.
Proof. See [26] O

The final result we need in this section is a classically



-F—
known result which is a corollary of the recent and much more

powerful Kunen-Martin Theorem. Let < be a binary relation on X.

We say that = is a strict relation if x 8y > 2(y = x). We
say that = is well-founded if there is no sequence <xn>neN
such that x .4 < x, for all ne N Finally = is said to be

analytic, if when viewed as a subset of X? it is analytic. Let =
be well-founded strict relation on X. We associate with € a tree
T_. defined by

<x1,...,xn> e T.=>x, =X

Se o e
n n-1 )

We define the length of the relation = as the rank of the tree

Proposition 6. Let = be a strict analytic well-founded relation on
X. Then = has countable length.

Proof. See [41] p. 108. O

§3. Tree Description and Cantor-Bendixson Analysis. Let A ¢ X

be a coanalytic subset of X. A very useful way of obtaining a
coanalytic norm on A is to associate with each element, x of X, a
tree (or a set of trees) such that the tree (resp. set of trees)
associated with x is well-founded iff x e¢ A. This provides a way
of associating an ordinal, namely the rank of the tree (resp.
strict supremum of the ranks of the trees) to each element of A.
This gives a norm on A and with a little bit of luck it is usually
easy to check that this norm is a coanalytic norm. We shall refer
to such a process of obtaining a coanalytic norm as a Tree

Description.
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Another process of obtaining a coanalytic norm on A is to
associate with each element, x of X, a nested sequence of closed
sets such that this sequence stabilizes at the empty set, @, iff
X € A. We illustrate this process by the following example and
shall refer to it as a Cantor-Bendixson Analysis. Let
K = <K[0,1],0> be the Polish space of all non-empty compact subsets
of [0,1], with o being the Hausdorff metric. Let CS be the subset
of K consisting of all countable sets in K. Then it is easy to
show that CS is a coanalytic subset of K. Now for A € K define A~
by

A’ = {x € A: X is not an isolated point of A}.
Then A’ is also in K so that ‘ can be viewed as a "derivative"
operation on K. We define by induction a sequence <a%> 1€ ORD
as follows:
put A% = A, A%*! = (A%, and A> = LN A for \ a limit ordinal.
Then it is easy to see that <A%> stabilizes at @ iff A e CS.
Moreover if we define p(A) to be the least a such that A‘I+1

@, then p:A - wq is a coanalytic norm.

84: Notations and Conventions. Most of the notations we use

will be standard and when we depart from standard practice we
shall point this out. When the Polish space X is understood it is
usual to talk about Borel (analytic , etc.) sets rather than Borel
(analytic, etc.) subsets. The modern practice is to refer to

analytic sets as Zi sets and coanalytic sets as ]Ii sets. Borel
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sets are then A}_ sets. The Z% sets are defined as projections

of II% sets, and II% sets are defined as compliments of Z% sets.
We shall have no need to go higher up this hierarchy so we shall

bow to tradition and use analytic instead of 2%, etc.

We shall always take N to be the set of positive integers,
ie., N = {1,23,...}. When we need to consider the set of

non-negative integers we shall use w. Also if u = <aqsen@p> and

v = <b1,...,bn> we denote by u’v ’ the concatenation
<a1,...,am,b1,...,bn>. Finally in referring to results from different
chapters we use Proposition m.n to mean Proposition n from

Chapter m.
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Chapter 1

Introduction. It was not always clear that there could exist a

continuous function which was differentiable at no point. (By
"differentiable" we of course mean having a finite derivative.
Such functions are called nowhere differentiable continuous
functions.) In fact in 1806 M. Ampére [02] even tried to show that
no such function could exist and not too many mathematicians
disagreed with him (but it must also be said that not many were
convinced by his "proof"). Of the early attempts in constructing a
nowhere differentiable continuous function mention must be made
of B. Bolzano. In a manuscript dated around 1830 Bolzano
constructed a continuous function on an interval and showed that
it was not differentiable on a dense set of points. (It was later
shown by R. Rychlik [43] that this function was in fact nowhere

differentiable.)

Around 1873 K. Weierstrass constructed the first nowhere
differentiable continuous function. This discovery was published
by du Bois-Reymond [12] in 1874 and prior to this no such function
was ever published. An example of a nowhere differentiable
function published in C. Cellerier [09] was thought (see [53]) to
have been discovered as early as 1850 by Cellerier but of this we
are very much in doubt. Also a function considered by B. Riemann
around 1860 and very often thought of as being nowhere
differentiable turns out to be differentiable at certain points
(see [15], [16] or [47]). So the honour of the discovery of the

first nowhere differentiable continuous function goes to



Weierstrass.

Later many more examples of nowhere differentiable
continuous functions were constructed and it became fashionable
to ask that more stringent requirements be satisfied (for instance,
instead of being nowhere differentiable, the function might be
required to have no derivative, finite or infinite). In 1925 A.
Besicovitch [07] constructed a continuous function with no
one-sided derivative, finite or infinite. Such functions are called
Besicovitch functions in honour of their discoverer. Functions
which satisfy even more stringent requirements than the

Besicovitch functions have been constructed by A. P. Morse [40].

The status of nowhere differentiable continuous functions
took a different twist when in 1931 S. Mazurkiewicz [39] showed
that the set of all such functions is a co-meager subset of the
set of all continuous functions of period 1. (See also Banach
[03].) (So that in the sense of Baire Category the functions which
are not nowhere differentiable are exceptional.) This provided an
abstract proof of the existence of nowhere differentiable
continuous functions. A little later S. Saks [44] showed that the
set of all Besicovitch functions was a meager subset of the set of
all continuous functions. So we cannot get an abstract existence
proof as before. However J. Mal‘f [34] recently showed that the
Besicovitch functions was co-meager in a certain restricted class

of continuous functions, thus retrieving the situation.

Let C = <C[0,1],d> be the Polish space of all real valued
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continuous function on [0,1] with d being the supnorm metric given

by

d(f,g) = sup{lf(x)-g(x)!: x € [0,1]}

Let ND be the set of all nowhere differentiable functions and BF
be the set of all Besicovitch functions in C. (It is understood
that at the endpoints, 0 and 1, one-sided derivatives are
considered.) Then it is easy to show that ND and BF are
coanalytic subsets. R. D. Mauldin [36] showed that ND is not a
Borel subset (there is a small error in [36]; for the correction see
[37]) and in a communication with Kechris (see [25]) indicated that
he also had a proof that BF was also not Borel. Kechris later [25]
showed that ND and BF are complete coanalytic subsets (and hence

they can't be Borel).

In this chapter we shall investigate a '"natural" rank
function on ND, the definition of which is essentially due to
Kechris and Woodin (see [23]). We give a Tree Description of ND to
get an auxiliary rank function p. Our natural rank function r is
then easily defined in terms of p. It turns out that r is a
coanalytic norm on ND. The rank function r provides a natural
measure of the complexity of the functions in ND. The rank of a
function, r(f), measures in some sense how 'close" the function f
"came to being differentiable.” We shall show that the functions
with smallest rank, namely 1, are precisely the set BC, of the
Banach functions in ND. (A Banach function is a function such

that at each point at least one of the Dini derivatives are
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infinite. What Banach had essentially shown in his proof of the

co-meagerness of ND was that BC was co-meager, hence the name.)
The Banach functions are easily seen to be nowhere differentiable
but as the rank r(f) increases it becomes more difficult to see
that f is nowhere differentiable. So the functions become more

complicated as the rank increase.

We next consider the ranks of certain natural examples in
ND to see that our intuitive idea that natural examples should
have small ranks is reasonable. We will also show for each
ordinal 1 < g < aq how to construct a function f ¢ BF such that
r(f) = a. Since r is coanalytic norm on ND this will provide Rank
Arguments of the non-Borelness of BF and ND. Finally we
formulate a Cantor-Bendixson Analysis which gives rise to the
same rank function r. This Analysis is much more complicated
than the ones given in [01] and [26] but it has some interesting
aspects. One of the interesting aspects of this Cantor-Bendixson
Analysis 1is that it involves a '"simultaneous induction," as
opposed to a "parametric induction" which is for instance used in
[26] to define the rank function on the set D, of everywhere

differentiable functions in C.

§1. Tree Description: The Rank Functions p and r. In this

section we study the set ND by associating with each element of
ND a countable number of well-founded trees. But first we check

that BF and ND are coanalytic subsets.

Proposition 1. ND and BF are coanalytic subsets of C.



s [

Proof. It will suffice to show that C - ND and C - BF are analytic
subsets. We have
C - ND = {feC : 3Ixe[0,1] (f is differentiable at x)}

Now f is differentiable at x iff ¥n 3Im such that

Vh1 ,h2 with 0 < lhll,lhzl < 1/m
and x + h1 , X + h2 e [0,1]

f(x+h1)—f(x) f(x+h2)—f(x) 1
we have El - h2 < =

Let E(nm) = {(£,x)e CX[0,1] : (*) holds}. Then it is easy to see that

E(n,m) is closed, and consequently n U E{(n,m) is Borel. C - ND
nemN meN

is the projectiop of this Borel set onto C and so it is analytic.
C - BF = {feC:3xe[0,](f has a one-sided
derivative (possibly infinite) at x)}
Now f has a one-sided derivative at x iff Yn 3m
vYe € {-1,1} such that Vhl'hz with 0 < hl,h2 < 1/m

and x + chl , X + €h2 e [0,1]
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£(x+ehy)-£(x) f(xtehy)-£(x)|
th; - eh, B’

or Yh with 0 < h < 1/m and x + ¢h e [0,1] ?(**)

I — f(x+cl€1121—f(xlz n,

or vh with 0 < h < 1/m and x + ¢h ¢ [0,1]

we have f(x+rj€1r¥-f(x) < -n. A
We now put F(nm) = {(fx)e CX[0,1] : (**) holds} and proceed as
before to conclude that C-BF is analytic. u]

With each f € C and each positive rational M (M should be
thought of as being large) we will associate a tree Trg which
reflects the properties of f. But first some notation. Let ot be
the set of all positive rational numbers. Let also R[0,1] be the
collection of all non-empty intervals open in [0,1], and Q[0,1] be
the set of intervals in R[0,1] with rational endpoints. Observe
that Q[0,1] is countable. For any interval I ¢ R[0,1] with

endpoints a,b(a < b) and any f € C we define the difference

quotient Af(I), of £ over I by Af(I) = ﬂ%:—f(i)-.

Definition. Let f ¢ C and M ¢ @7. We define the tree Tl;l on Q[0,1]

as follows:
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<Il"“'In> € Tt‘f'I = Il = [0,1] and Vi = 2,...,n we have

(ii) VK,L € R[0,1] with In c cL gi—l we have

By fi we mean the closure of I; and pey is the length of I;. We

note in passing that the essential part of the definition is
contained in condition (ii). Observe that if M’ > M, then we
immediately have from the definition that le=I c Trg g The next
result gives the fundamental relation between £f and the

associated trees Trg.

Proposition 2. Let £ € C. Then f ¢ ND < VM ¢ @ (TbéI is

well-founded).

Proof. "s": Suppose for some M ¢ ot . T[g is not
well-founded. Then there 1is a sequence <I.>nh e such that
<Il""'In> € Tlg for each n ¢ N. Let {x} = nQN fn' We shall show

that f is differentiable at x. Fix m. Let h1 ; h2 # 0 be such

that x + h1 , X + h2 € Im‘ Let also K,L ¢ R[0,1] be such that {x} C

K, L ¢ Im , endpoints (K) = {x+h1,x+81} and endpoints (L) =

{x+h2,x+82} where 89 and 5, are chosen so that lsll < lhll

h,-5, hy-3,
< lh2| and—H—-——h——- Then
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L
L4 < N
[ = i
X+h, X+8, X Xt8, X ?h,,
— o
K

If(x+hl)—-f(x) f(x+h2)—f(x)| < If(x+51)—f(x) f(x+52)—f(x)|

h, Be hy h,

hi=8 f£(x+hy)=f(x+s;) hy-5, £(x+hy)-f(x+sy)
- Dy hy -3, ~hy h,=5,

+

f(x+51)—f(x)

<
hy

N |4(X+Sz) - £y

hi-3,
&
hy

Now IAf(K)—Af(L)I < M/m (because K N L contains an In for a large

£(x+5) £ (x)

enough n) and by the continuity of £ 7 .
a1
f(x+8,)-f(x) h,-3,
52 - 0 and 1-1—1-——>1assl—>0.So
f(x+h,)-f(x) _ f(x+h,)-f(x) M .
By h m *)

Since x is an interior point of Im in [0,1] and (*) is true for all m

it follows that f is differentiable at x.

el Suppose now that f ¢ ND. We shall show that for some

< M
M e ¢F there is a sequence <In>neN such that <I1”"'In> g T¢
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for each n € N. Choose Xy € [0,1] such that f is differentiable at
Xq- Then it is easy to see that there is a c ¢ @7 such that f(x)

lies between c~'(x-—xo) and —cé(x—xo) for each x ¢ [0,1].

Take M = 2c. Since f is differentiable of Xg vn 3m(n) such that

vh with 0 < |hl < 1/m(n) and Xy + h € [0,1] we have

f(xo+h)—f(xo) M
oY - f’(xo) < »5 - We may assume without loss of

generality that m(n) is strictly increasing. Let p, = max{0
,xo..%m(n)) and gy = min{1 ,xo+1/2m(n)}. For n> 2 choose

In € Q[0,1] such that Xg € I, C [pn,qn] and fn SIng (I1 is of

course [0,1]). Then IInI < an—pnl = 1/m(n) £ 1/n .So for each n ,

<In,...,In> satisfies condition (i) of the tree Tlg. We will show that

it also satisfies condition (ii). Let K,L ¢ R[0,1] be such that
Xg € K NL and endpoints (K) =0{a,b} and endpoints (L) = {c,d} .

Then for all such K,L € I_ (n > 2) we have

n
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| 8g(K)-A5(D) | = |_f_(gﬁf_@1 - fld)-f(e)

] IR LI C = TE P
£(b)-f(xn) £(a)-f(xna)

% b-%, O - £rxg)| + e - £’(x)
£(b)-f(x) ) f(c)-f(xy)

+ d‘xo - f (xo) + T xR, f (xo)

< 4+M/4n = M/n.
Also for all such KL € I, we have IAf(K)—Af(L)I < IAf(K)I +
IAf(L) < ¢ + ¢ = M/1. So lAf(K)—Af(L)I < M/n for all
for all n it follows that condition

(ii) for Tbg is satisfied, and so <I,...,In> € Tbg for each n € N

{xo} €c KKLE I . Since x_ € I

n n'

So T[g is not well-founded. o

Let f ¢ ND and M ¢ @t. Since Q[0,1] is countable the rank of

the tree Tlg is countable. Also since Tbg, 2 Trg doe M’ 2 M we

have sup{r(T¥)+1:Me I+} = sup{r(T¥)+1:NeN} < Wy -

Definition. We define the rank function p:ND1- wq by
p(f) = sup(r(TH+1:Mea*} .

Proposition 3. p:ND - w, is a coanalytic norm.

Proof. Let 8 : Q[0,1] » N be a Borel measurable bijection. Define a
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map 7:C - o by 7(f) = T¢ , where T¢ is the tree (viewed as an

%
element of 2N ) given by
- . N
Te = {2} V Nu {<N, 8(I)seees(I)> = <TqpenI> € Ty} o

eN
Then f e¢ ND < T, e WF. So ND 1_1[WF]. Moreover p(f) =
sup{r(T¥)+1:NeN} = r(Tf) = r(7(f)). Also it is easy to see that 7 is
a Borel measurable function. Hence by Propositions 0.3 and 0.5 it
follows that p is a coanalytic norm.

a

Our next aim is to show that p(f) is always a limit ordinal.

But first we need some definitions and two lemmas.

Definition. Let I ¢ R[0,1] and T be a tree on R[0,1]. We define the

subtree TP of T by
Iy Ig0Ip> € TN & <I3 Il > € T and I, € I.
Let £f ¢ ND and M ¢ 0+. For each x ¢ [0,1] we define
M - M .
r(Tex) = mln{r(TfrI) : x € I e R[O,1]}

Lemma 4. If r(befI) > wea then there is an x € [0,1] such that
r(TMx%) > wea

Proof. We shall find a sequence <L of nested closed

n>ne N
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intervals with 1/n £ IL,l < 2/n such that r(TI‘g[*Ln) 2 wea
€ N Taking x e n L, we will then get

for each n
nemN

r(be’I;x_) > we+a. Take L1 = [0,1]. We construct Ln by induction on n .

Given Ln choose closed intervals Lr; and Ll',’1 such that Lr; U LI’,’1

L, lL;l, ILAI < 2/(n+1) and IL7 N LA 2 1/(n+1).

-

c L

s M
Now observe that if <Ig,..I I, qsI> € TEMLg then I,+1 S r’l

7 Myr o
‘or In+1 c Ln' So <I1’In+1""’Ik> € Tfl*Ln or <I1'In+1""'Ik> €
TMPL" Suppose now that r(TMeL ) r(TM[*L") < 8 < ea
fFlHn » PP i o T £f'Hn .
Then

r(’!’? I‘Ln) < sup{r(u;beern)+1 : ueTbg[\Ln and lul=n+l1} + n

< max{sup{r(v;T%‘rL;‘)-tL: vel;.?r‘Lr’1 and |vi=2} + n ,
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sup{r(v;Te L/ )+1 : veTEMLY and IvI=2h) + n)
Wi, ool _
< max{r(Tfl\Ln),r(Tfl\Ln)} +n< B8+n < w-a

which contradicts the induction hypothesis. Thus

max{r(TbgrLr;), r(Tlgl\L;l)} > weda .

L; if T(TEMLY) 2 wea

Choose L =
n+l v 3 M ; M, ., :

Ln 1f r(T PLr;) < we*a and r(TfPLn) 2 we*a

Then L,,; has the required properties and the induction step is

complete. This completes the proof of the lemma. @

Definition. Let T be a tree on Q[0,1] and k € N. We define the

subtree [T]k of T by

<Il'I2""'In> € [T]k = <Il,12,..,In> ¢ T and there exists

Jor wer Jpp € Q[0,1] such that Iydgreerdppilore > € T.

Lemma 5. Suppose r(bear‘I) 2 w-ed. Then for each k € N

r([TEM) > wea

Proof. Observe from the definition of the tree Tbg that
<Il,12,...,In> € Tefd implies <Il'Iiz""'Iim> € Tlg for any subsequence

<12,...,im> of <2,...,n>. Now sup{r(! [Tlg.eI]k) 5 \Nre[TlgbI]k and



lvi=2) + k < r(KI;> ; T‘}’pr) > w+a ,since all the nodes in T“f”pr

lie below <I;>  So sup(r(vi[TgMIl) : ve[T§MI], and Ivi=2) >
we+a , otherwise the above inequality would not hold. Thus

r(<I1>}{Tl§|\I]1< 2 w+a and so [TPEII\I]I< has rank 2 w-a. O
Proposition 6. For f e ND, p(f) is always a limit ordinal.

Proof. We shall show that p(f) 2 wea + 1 implies p(f) 2
we(a+l). It will then follow that p(f) must always be a 1limit
ordinal. Suppose p(f) 2 wea + 1. Then by definition r(th‘_g) >

+

wea for some M € Q. By lemma 4 there exists an Xy € [0,1]

such that r(Tlg;xo) 2 we*a. Fix N € N. Choose 12 Oy IN e Q[0,1]

such that II.l < 1/i, I. € I.

i 4 j-1 and Xq € IN. (Here as always I1 =

(0,1]).

In
p—An,
)
' L ety
Xq
~ —
A
|9

Now define the tree Ty by
<y Tygreend > € [ToMyly
1I'“N""*""n f' NN

Lyl g dpmedy® € Ty



-24~
and <I1,...,Ii> € TN for each i = 1, ..., N-1.

It is easy to see that Ty is a subtree of TfM"N . But

r(<I;>Ty) 2 r(<I;> : [TEMyly) + N - 2

2 w+a + N - 2 by lemma 5.

Hence r(Tl\g;N) 2 wea + N - 2. So
p(f) = sup(r(Ty M) + 1: N e n}

2 sup{w+*a + N -1 : N e N} = w+(a+l). o

Definition: For f € ND we define r(f) to be the unique ordinal a

such that p(f) = w-a.

It follows immediately that r is a coanalytic norm on ND. We
will now characterize the functions for which r(f) is small. We

make the following definition:

Definition: Let £ ¢ C. We define the amplitude A(f;x) of the

difference quotient of f at x by
f(x+h,)-f(x) f(x+h,)-f(x)
A(f;x) = 1im sup by - 52

hl,h2—>0
It follows that £ € ND iff A(f;x) > O for each x ¢ [0,1]. Moreover

A(f;x) is finite iff all the Dini derivatives at x are finite. So we

can rewrite the set BC, of all the Banach functions as
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BC = {f ¢ C: A(f;x) = +« for each x ¢ [0,1]}

Proposition 7. r(f) = 1 < f is a Banach function.
Proof. "»": Suppose f is not a Banach function. Then there is an
Xo € '[0,1] such that A(f;xo) is finite. We can thus find an M ¢

®+

such that for all K,L. € R[0,1] with Xg € KL we have
IAf(K)—Af(L)l < M. We shall show that r(bed) 2 w, so that r(f)
cannot be 1. Fix n. Choose Ién) € Q[0,1] such that IIén)l <
1/n and Xg € Ién). By the continuity of f we can find Ir(xn) €
qQro,1] with I{®) ¢ ") and x; e I{") such that 1a(K)-ag(L)!
< M/n for all KL e R[0,1] with I{® ¢ kL ¢ 1{®. (1t will

suffice to choose Ilgn) with endpoints close enough to the

endpoints of Ién) .)

"
,—_.ﬁ—-\
4 oo B o [NEERIA 1
A Y . L L4
XO
- —— J
n
I,

Now choose Ign) € Q[0,1] such that fi(n) c I:(lr_li (i=3,...,n-1).
Then it is easy to see that <I,. Ién),...,Ilgn)> e Tg. So
r(<Il>;T¥) > n. But this is true for each n e N Hence
r(<Il>;bed) 2 w. So r(TI;;l) 2 w and we are done.

"

& Suppose now that r(f) z 1. Then r(f) >1 and so
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p(f) 2 w+2. Thus for some M ¢ 0+, r(TI::I) > w + 1. So Tbg must

have a subtree as shown below:

| o

Let x5 be a limit point of the set of all midpoints of the
intervals {Ir(1n)}n22' Then there are arbitrarily small intervals I
in the tree T¥ arbitrarily close to Xy Let hl,h2 # 0 be such
that Xy + hl' Xg t h2 € [0,1]. Then as in the “=" direction of

the proof of Proposition 2 we get that

f(x0+h1)—f(x0) f(x0+h2)—f(x0) i
hy h,

Since this is true for all h1 ; h2 we get that A(f;xo) <M Sof is

not a Banach function. o

Proposition 8. Suppose there is a ¢ > 0 such that A(f;x) 2 c for

each x ¢ {0,1}. Then r(f) < 2.
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Proof. Suppose r(f) > 2. The p(f) 2 w-3. So there is an M

e@" such that r(T}) > w-2 + 1. So Tbg

has a subtree as shown
below, where each of the nodes <Il,Ién),...,Ir(1n)> is of rank at

least w in Tf.

Im)

n)(m)
iiin

Fix n ¢ N and consider the subtree of Trg through the node

<Il,Ién),...,Ilgn)>. As in the "¢&" direction of the proof of
Proposition 7 we see that there is a point x ¢ flgn) c Ilflr_li
such that A(f;xn) < M/(n-1) .

)
In
—Pe
—if =
Xn
\ ~/ J
n)
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But this is true for each n € N. So for large enough n we will

have A(f;xn) < ¢, which is a contradiction. Hence r(f) < 2. o

Remark. It is easy to construct an example of a function f with
A(f;xn) - 0 for some sequence {xn} € [0,1] but with r(f) = 2. (We
will sketch this construction at the end of §3.) From this it

follows that the converse of Proposition 8 is false.

§2. Some Natural Examples. Before we give our natural examples

we will introduce a notation which will prove very handy. Let I
be an interval with endpoints x and y (with x 2 y, and y not
necessarily greater than x). For a continuous function f we
define Af(x,y) = f..(l%%(& We now turn to our natural
examples.

Weierstrass function: This function is defined by

o0
flx) = X a® sin x(bmx), where 0 < a < 1 and b is an odd integer
n=0

such that ab > 1 + 3x/2. In A. N. Singh [46] it is shown that for

ke 2 meN

m-1

ag(xx + bi—ff] =-x 3 (@»)" sin x b7 B bﬁﬁlj- ]

~x(ab)™® -S—i{-}z‘,%’%m . sin x(b™x + k/b) (%)

for some # with 181 < 1, by using the Mean Value Theorem. Now it
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is clear that the absolute value of the first m terms is less than

m-1 m
> 7r(ab)n < ”—é—%—i— . Also it is easy to see that there are two
n=0

integers k1 . k:2 with Ik1 s Ik2| < 3b/4 such that
sin »(b™x + k,/b) > 1//Z and sin(b™x + k,/b) < -1//Z .
But for these ki's (i =1,2) we have

sin(k.x/b) k.
K(ab)m . (kiK-l/E) - sin x[an{ + -Fl]

S x!ab!m
= x

Hence the last term in (*) dominates and we have

2k .
. i — ; -
llm_wsoup Ag [x , X + W‘] = +o, and so A(f;xX) = +« for each x ¢

(0,1).

It is easy to compute directly as in [21] p. 405 that f has right
derivative +« at x = 0, and left derivative -» at x = 1. Thus
A(f;x) = +« for each x € [0,1]. From Proposition 7 it now follows

that r(f) = 1.

Bolzano function: This function is constructed geometrically by

iterating a basic operation Jg on straight lines that are not
parallel to one of the coordinate axes. Consider such a straight
line with endpoints Py = (q/¥g) and P, = (xl,yl).‘ Let Q; , Q, and
Q, be the points which are 3/8, 1/2 and 7/8 the way from P, to Py

on [Po,Pl] respectively.



Let Ql’ be the image of the Q1 when it is reflected in the line y =
(yo+y1)/2 and Q3’ be the image of the point Q3 when it is reflected
in the line y = Yi- Jo is defined to be the operation which takes
the line segment PyP; to the polygonal path P0Q1’Q2Q5P1. Now let
fo(x) = x for x € [0,1]. We define the function fl(x) by graph (fl) =
Jo (graph (fo)). In general we define fn+1 by graph (fn+1) = TJo
(graph (fn)). It is understood that the operation Jo is applied to
each straight line segment of graph (fn). This gives us a
sequence <f_> of continuous functions on [0,1]. It is easy to

n " neN

see that fn converges to a continuous function f.

Rychlik [43] obtained a parametric representation of f by
continuous functions ¢ and ¢, with ¢ strictly increasing as shown

below

x = (), £(x) = &(&) ¢ e [0,1].
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Using this representation he was able to show that if

kl kg k3 - kn
E =Tt Zr 3ot ke {01239
4 4 4
k k k k_+1
f= L 4oy B A S < |
AT Tttt R T T Yt om

and we put x7 = ¢(§7), X7 = ¢(§) then

£(x))-f (x7)

X(ky)eoX(ky) and x7 < x = ¢(§) < x; where X

xli'l—xﬁ n
is the function defined by ¥Y(0) =%2) = 5/3, X1) = X3) = -1.

From this it immediately follows that A(f;x) 2 1 for each x ¢
[0,1]. Also an easy computation shows that A(f;1) = 2. So by

Propositions 7 and 8 we get that r(f) = 2.

Kowalewski variant: G. Kowalewski [31] made a modification to the

basic Bolzano operation Jo to produce a variant of the Bolzano
function which was in some sense more natural. We shall call the
modified operation 3J 1° Consider a straight line PyP, which is not
parallel to a coordinate axis and with Pq being lower than P, (i.e.,
if PO = (xo,yo) and P1 = (xl,yl) then Yo < Yl)' Let Q1 - Q2 s Q3 be
the points which are 3/8, 1/2 and 7/8 the way from Py to P, on

[PO,P 1] respectively.



Again we let Ql’ be the image of Q when it is reflected in the
line y = (yo + yl)/2 and Q3’ be the image of QS when it is
reflected in the line y = Yy The operation I, is defined to be
the one which takes the line segment POP1 to the polygonal path
POQfQZQC;Pl‘ We proceed as before to obtain a continuous function
f. Kowalewski [31] showed by geometrical means that f was nowhere
differentiable. Singh [45] gave an analytic representation of this

function as follows. A point x ¢ (0,1) can be represented as

a a a

1 2 n
-‘3_ 3 * o o 3_ * oo
x—8k1+?—k2+ +8nkn+

if the an's and kn's are suitably chosen with kn e {0,1,...,7}. f£(x)

is then defined by

a
1
£(x) _§4_q1 +_Zz.q2 tooer 2= q 4eee

where the qn's are chosen from ({-2,-1,..5} according to a
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prescribed rule. Using this representation Singh showed that if x
and x’ are two points which first differ in their representation
at the n-th place then Ix-x7/| < (:3/8)1'1_1 . Moreover a point x”

can be found such that

IE(x”)-f(x)1 2 (3/4)n—2 and Ix-x"| < |x-x"’|

f(x")-f(x)

Thus = 2 :3421'1":3 and so A(f;x) = +» for each x € (0,1).

It is easy to see that at x = 0, f(x) has right derivative +«; and
at x = 1, f(x) has left derivative -«. Thus A(f;xX) = +« for each

X € [0,1] and so from Proposition 7 we have that r(f)

s

Takagi function: This function was defined by T. Takagi [52]. Let

t ¢ [0,1] be represented as

c c c c
t=7l+—g_-+—g-+;o'~+—g+éu‘ ) Cy € {0,1}
2 2 2
c c c
= . h n+1 n+2 Ee e
HAEL AT ™=t nrl t e
(1-cp)  (1=Cpnya)  (=Cpyp) 1
and 7'1,’1 = o + on 2n+2_ teee = _—'fzn— = Ty
The function f(t) is defined by
£(t) ozo B Ts if c, =0
t) = Y. , Where v_ = : _
fi=y B n 7n if c, =1

®© a
> —;11- , Where
n=1 2

It is easy to see that f(t)
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1 3 p—
= # of 1's among Cys+++4Cp if Cy =

p— ! 3
# of 0's among Cir+++4Cp if c

P
]
iy
A ¥
H B
| |
!
= O

n

Moreover it is clear that f is single-valued since the numbers of
the form t = m/2n (mn € N) (being the only t's with two
representation) give rise to the same wvalue f(t). We will prove
that A(f;t) 2 1/2 for each t € [0,1]. Let us adopt the convention

that the number t does not have ch =1 from some point onwards,

unless t = 1 (in which case Cp = 1 for all n € N). Then each

number has a unique representation. Now if c,b =0 then Af(t n T

n, _ _ n+1 . — —
+ 1/2%) = "N o 2 Thn+l * and if Cny = 8y = 0 then Af(t , b+

n n

n, _ _ < : -
1/2™%) = & y_.. So if t is such that ch 0 and Ch+

§ = 0 then

1 1 _ _ oh+l1 .
'Af[t,t+;ﬁ-] —Af[t,t+;m-i-] =1-201, (*)
and if t is such that ey = 0 and Cn+1 = 1 then
1 1 _ »h+1
IAf[t,t-i';H] —Af[t,tﬁ'm] = 2 Th+2" {**)

Now let t ¢ [0,1]. Then there are there possible cases:

Case (i): c, =0 from some point onwards. So three is an n, such
that Cn = 0 for all n 2 ny- Thus Tn = 0 for all n 2 ng. Thus
from (*)

|Af (et + ‘;E] - agftt + -2%1-]

for all n 2 ng and so A(f;t) > 1.
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Case (ii): There are infinitely many O's and infinitely many 1's in
the unique expansion of t. So there is a sequence {nk} such that

c = 0 and c

=1 for all k € N
n; nk+1

_ anh+1
2 Tn+2

1 1
Af [t,t + —n'lz] - Af [f,t + W]
2 2

But [t - E(nk+l)]

has its nk—th and (nk + 1)-th term = 0 , so

1 1 _ 1 — 1 _ oh+1
ae(t - i £+ mer) - At W't]l-l 27 " Theo
2 K 2 K 2 K
using (*). Since at least one of 2n+17.n+1 i (1—2n+17n+2) is
greater than or equal to 1/2 we get that (f;t) > 1/2.
Case (iii): t = 1. In this case a direct computation shows that
f(1) = 0 and f(1—2_n) = n/2B. This immediately shows that

A(f;1) = +0,

So we have shown that A(f;t) =2 1/2 for all t ¢ [0,1]. Thus £ € ND

and by Proposition 8, r(f) < 2.

Problem. What is the rank of the Takagi function?

Cellerier function: This function was given by Cellerier [09] and

(o]
is defined by f(x) = X a_nsin(n'anx) where a is an even integer
n=1

21000. Using the fact that a is an even integer we obtain as in
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[21] p. 406

2 m-1 n
Af[x , X + —ﬁ] = 3 cos(xa'x) + A9
a n=1

where 19l < 1 and \ is a positive number depending only on a,

which can be made arbitrarily small by taking a sufficiently large

Similarly we obtain

m
Ag [x,x + —lﬁ] = 3 cos(;ramx) - -’2;;

sin(;ramxh) + N’87
n=1

where 1607l < 1 and )\’ depends only on a and A’ -» 0 as

a » «, Thus

A[x , X + "TnzTi'] Af[x , X + —2-] = cos(xamx) + 2\n
a

al
and Af[x,x+im] - Af[x,x++n] =%sin(xamx) + 2\’n”’
a a

where Inpl,ln’l < 1. Using this and the fact that a > 1000 we get

that

2 2 1
lAf[X ; X F '——Iam+ ] = Af[x r X + ——am] > 5
2 1 1
or Af[X,X+-—] - Af[X,X+;ﬁ] 2?.

Hence A(f;x) 2 1/2 for each x € [0,1). A direct computation easily

shows that A(f;1) = -+, Thus f € ND and by Proposition 8,
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Problem: What is the rank of the Cellerier function?

Morse_—Besicovitch functions: A. P. Morse [40] constructed

functions on [0,1] which were such that

= +o for all z e [0,1]

1im sup |M

Xz X—2
and lim sup f—(i}){—-___%(l)- = +» for all z ¢ [0,1]
X-Z
+
and were moreover Besicovitch functions. (See also [34].) Such

functions are called Morse-Besicovitch functions for obvious
reasons. Now from the definition of a Morse-Besicovitch function
we immediately have A(f;x) = +» for all x e [0,1]. So it follows
from Proposition 7 that r(f) = 1. We shall denote the class of all

Morse-Besicovitch functions by MB.

Knopp functions: K. Knopp [27] gave a deneral method of

constructing nowhere differentiable functions by using a sequence

{un(x)} of functions with certain properties. The sequence u_(x) is

n

o] o0
chosen so that 2 |lu,ll converges, therefore 3 un(x) converges
n=0

n=0
to a continuous function. For the details we also refer to [21] p.
407-409. Now the construction of Knopp guarantees that A(f;x) = +«
for each x ¢ (0,1). So if a Knopp function f is in ND (it might not

be in ND because it is possible that it has a finite one-sided
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derivative at x = 0 or x = 1) then we have r(f) < 2 by using
Proposition 8. If in addition we also had that A(f;0) = A(f;1) = +
then of course we would get r(f) = 1. Most of the nowhere
differentiable functions which are expressed as an infinite series
of functions can be obtained by the Knopp method. In particular

so can the Weierstrass function.

We have seen several natural examples of functions in ND
and in all cases we had r(f) < 2. This supports our intuitive idea
that natural examples should have rank 1 or 2. O0Of course we
cannot make this precise because the concept of "natural" is

rather vague.

§3. The Rank Function r is Unbounded in w; on BF. In this

section our aim will be to show that for each 1 < a < wq
there is an f ¢ BF such that r(f) = a. To this end we introduce

the following definition:

Definition: Let £f ¢ ND and M ¢ Q+. For each I € Q[0,1] we define

M M M
the subtree TI,f of Tf by <Il,...,In> € be'f = <Il,...,In> € Tf
and 3 Jy wu Jp € Q[01] such that <Ij..IpJj..dp> e T”g and

Jk c I TDId £ is called the subtree of Tlg based in I . For each
x e [0,1] we also define

r(x;T"fd) = min{r(be'f): x ¢ I e QO,11).
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Note. r(x;Tbg) is to be distinguished from r(Tbg;x), which was

defined in §1. r(x;Tlg) is a tool we'll need only in this section.

Lemma 9: Suppose r(Tbg) 2 w. Then there is an x € [0,1] such that

r(x;bed) = r(TPg).

Proof: The proof is very similar to Lemma 4. We shall find a

nested sequence of closed intervals <Ln> e with
1/n < ILnI < 2/n such that r(T% ) = r(TIg) for each n € N
n,f

Taking x € N L, gives us the result. We take L, = [0,1]. Given
nemN

/ o~ 3 . .
Ln choose Ln,Ln as in Lemma 4. Now observe that if <I1,..,In+1> is

. M “
a node of length n + 1 in TLn'f then I,+1 € Lr’1 or I.,q4 ©Lj.
Thus any node in TbL/l £ of length 2n + 1 lies in at least one of
n !
the trees TML, £ ) TI'L/I,, £ . Moreover if v is a node
n 14 n ’ b d

which is not in TMLv £ then v can only have nodes extending it
n ~

which are of length at most n. So r(v;TIE f) < n. Since

nl

r'(T';;I f) = r(TIg) 2 w by the induction hypothesis, we see that
n

’

r(™) = max{r(t™™, ), r(™., )}. Now let
£ n,f =

7 ’



Ly if r(td, ) = I‘(bed)
N .
n+l "
bn o1t r(m®, ) <M ) = r(oh
nrf n,f
This completes the induction step and we are done. O

Consider the square, S with vertices at (0,0), (1/2,1/2), (1,0)
and (1/2,-1/2). Let SF be the collection of all Besicovitch

functions whose graph lie inside the square S. It is easy to see

that S is non-empty

and by definition SF € BF. Let f ¢ C. By a scaled copy of £ onto

the interval [a,b] we mean the function g defined by g(x) = f(ﬁ),

X ¢ [a,b]. Let I be a closed interval with rational endpoint and

with 1I1 > 0. We define

2
x|
I

{J € I; J is a non-empty interval open in I}

2
2
1

{J € R(I): J has rational endpoints}
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Definition: Let f ¢ C and M e @ . Then there is an obvious way

to define the tree TDJ‘TII\I' We define T»i/:II\I by
Iy Iy> € T?I\I = I, =1 and Vi = 2, ..., n we have

(i) I; e QD I; €Iy 11 < 1T1/i and

i-1
(ii) VK,L € R(I) with I, €KL ECI; we

have |Ag(K)-Ag(L)l < M/(i-1).
It follows immediately that if g ¢ C and gPI is a scaled copy of

f ¢ C onto I then Tbg and TM

grI are isomorphic.

Proposition 10: The rank function r is unbounded in w;, on SF.

Proof: It will suffice to show that for each a < w,; there is an
f ¢ SF such that p(f) 2 w+a. For a = 0,1 or 2 there is nothing to
prove because we know from Proposition 7 that
f € SF » p(f) 2 w+2. Suppose the result is true for a. We shall
prove it for a. Let K, = [2—n'2—(n—1)] nenN Choose f € SF
with . e(f) 2 w+a. The basic idea is to put scaled copies of f/n

onto K and so obtain a function g e C. Since

1 & il - mi
Tgf*kn = Tf/n = T¢ we should get

r(Té‘I) > sup{r(Tgl\Kn): n e N}

= sup{r(Trfl): nemN?owea
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So plg) > w-a and hence p(g) > w+(a+l). But there are two problems
here. First the g obtained will not be in SF (because g would be
differentiable at x = 0). Moreover we might get problems with the

inequality "r(Tl) > sup{r(T ):n e N}' if the rank of £ is
g grK,

"concentrated" at its endpoints (i.e., if r(x;Tf), < r(Tt‘fd) for all

x ¢ (0,1)). So we need to modify our process accordingly.

Choose f ¢ SF with p(f) > +a such that for each M e @'
there 1is an Xy € (0/3,2/3) with r(xM;Tlg) = r(T?) (by wvirtue of
Lemma 9). This latter condition can be easily obtained by

replacing f by five scaled copies of f onto each fifth of the

interval [0,1]. Define the function g by g(0) = 0, and

scaled copy of f onto Ki n even

M =
3 scaled copy of Tfﬁ onto K, n odd

Then it is clear that g ¢ C, and by construction g has no
unilateral derivative, finite or infinite at any point,

except perhaps at x = 0. We show that g has no right

derivative at x = 0.

Let B = sup{If(x)l: x ¢ [0,1]} > 0. Let X be a point
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in [0,1] at which B is attained (i.e. If(xo)l = B) and let Xn be the

image of Xq in Kn when f is scaled onto Kn. Then g(x2n) = B/2"2n,

-2n

; _ - ,—2nN =
since |K2nl = 2 Now Xon <22 because Xon € K2n =

‘ -g(o 5—2
[2~20 =(2n-1); oo [9¥2n)"9(90) | pip72m B

= 2 = = for all n e N
Xy~ 0 p.o-2n 2
g(272™)-g(0) :
But =0 for all n e N Hence g has no right

2720_g

derivative at x = 0. Now it is easy to see that the graph of g

must 1lie in the square S, so g e SF. We claim that

Consider now the functions ngn for n odd. Let Tn be the
tree given by T, =[TI}I gMK ]3 where Hy is the middle open third
n’ n

of Kn' Then each interval in the tree Tn is open in [0,1] and

1
R(Ty) + 3 > T(Tgpg ) -

Ry 1 _ 2n
Moreover Tn=[T(1/3,2/3),f/2n]3 =[T(1/3,2/3),f]3' s

p(f) = sup(r(T2™) + 1: n ¢ N, n odd)
< sup{r([T%?/s’z/a) ,f]3) + 4: n € N, n odd)
= sup{r(Tn) + 4: n € N, n odd}

Since p(f) is a limit ordinal it follows that



Y .
sup{r(Tn): ne N nodd 2 p(f) .
Now let Ta be the tree defined by
<O1)IguIy> € T & <K IpmIp> € Ty

We claim that T] is a subtree of TS. Because of the way T, was
chosen it will suffice to show that for any interval I, in TS and

for all K,L e R[0,1] with Im € K, € [0,1] we have
IAg(K)—Ag(L)I < 4.

Now if K contains an encpoint of some Kn then IAg(K)I < 2 by

construction; and if K ¢ Kn for some n then
_ _ ' 1

IAg(K)I = !Ag(K) Ag(Knl <1 (81nce T, was a subtree of Tg!‘Kn)‘

The same holds for L. So we always have

IAS(K) = Ag(L)l < IAg(K)I + IAS(L)I = 4,

4

g Hence

Thus Tﬁ is a subtree of T

T(Tg) > sup(r(T): n e N, n odd)
= sup r(Tn):
> plf) 2 wra
So p(g) = sup{r(TM) + 1: M€ 0+} wea + 1. Since p(g) is a limit

ordinal it follows that p(g) 2 w-+(a+l).



- 45—

Suppose now that the result is true for all a < A where X\

is a limit ordinal. Let > e be an increasing sequence of

ordinals with 1lim g, = A For each n ¢ N there is an hn € SF

with p(hn) 2 "‘"(an"'l) such that for each M ¢ @* there is an x{}!

in (1/3,2/3) with r(xa;Tg ) = r(Tﬁ ). So for each n ¢ N there is
n n
+ Mn :
an Mn e Q also such that r(Th ) 2 we . Now let
n
Mn _
£, = h, /(M +1) . Then r(Tfn) > r(Thn) > weay and
r(xn T n) = r(TMn) for each n e N
Mn fn fn

We proceed as before by defining g by g(0) = 0 and

scaled copy of f2 onto Kn n even
gk, =

scaled copy of fn onto K, n odd




<

As before we see that the scaled copy of f2 in K21,1 for ne N
ensures that g has no derivative at x = 0. Also the graph of g is

clearly in the square, S. So g ¢ SF.

Finally by the same argument as before we get
r‘(T4 > sup{r(T% ) n e N, n odd}
g n
> sup{wv'an: n € N, n odd}
== weX
Thus o(g) 2 w+(A+1) 2 w+Xx and we are done.

a

Corollary 11. ND and BF are not Borel subsets of C.

Proof. The result for ND follows immediately from Proposition 10
and Proposition 0.1. The result for BF follows from Proposition 10

and Proposition 0.2. O

The next result shows that by refining the process given in
proposition 10, we could find for each 1 < a < wy an f e BF

such that r(f) = a.

Proposition 12. For each 1 < a < w,; there is an f e¢ BF such that
r(f) = a.

Proof. For a=1 we simply take any f € BC N BF, a
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Morse-Besicovitch function would do nicely. We will show that for
each 2 < a < w,; there is an f e¢ SF € BF such that r(f) = a, by

induction on a. For a =1 take f ¢ SF with A(f;x) = +« for each

x € (0,1) (such an f can be easily constructed from a
Morse-Besicovitch function by literally "squeezing" its graph into

the square). Then by Proposition 8 it follows that r(f) = 2.

Now suppose the result is true for a, a 2> 2. Let f ¢ SF
be such that ,(f) =w-+a and for each M e ®+ there 1is an
Xy € (1/3,2/3) with r(xM;Tbg) = r(Thfd). Let g be constructed from f
as in Proposition 10. We claim that p(g) = w+(a+l). This will
give us a function g with r(g) = a + 1, so that the result will be

true for a + 1. Because of Proposition 10 we need only prove that

M
g

the nodes ¥ = <I1,Ién),...,Ir(1n)> satisfying r(zn;TIg) 2 wed.

p(g) £ we(a+l). So T_ has a subtree as shown below with each of

L

Iin). =

™

Fix n € N and consider the subtree Ty through the node

1<

defined by
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M,andu<2v

P=3
HeTnaEeTg orz u.

n n ~

Since r(vn;Tn) > wed it follows as in Lemma 4 that

3xn € fr(ln) c Ir(lfi such that r(Tn;xn) 2 wed. But from the

way g was constructed we know that r(Tg;x) < w+a for each
X # 0 (because in Kn we had r‘Tngn) < we+da) . So Xn must be
0. Now as in Proposition 8 we see that A(g:0) < M/(n-1). Since

this is true for each n we get that A(g;0) = 0 which implies

g ¢ ND, a contradiction. So we have p(g) = w+(a+l).

To complete the proof we need to show tht if the result is
true for all a < A\, A a limit ordinal then it is also true for .
In order to do this we must modify the construction given in
Proposition 10 (because the g we ended up with there always
satisfied wo(g) 2 w+(\+1)) . Suppose the result is true for all
a < \x. Let <a > be a strictly increasing sequence of ordinals

n" nemN

with lim a n = M Choose fn ¢ SF as before in Proposition 10 such

that r(fn;O) r(fn;.l) =1 for each n e N also. Define g by

g(0) = 0 and

scaled copy of 2nf onto Ln n even

gPLn={

where Ln = [1/n+1,1/n] n = 123,.... Then once again it is easy

scaled copy of fn onto L, n odd

to see that g € SF. Also for each odd n, we can show exactly as

7 16n

g Thus

in Proposition 10 that r( ) 2 wea

n’

plg) = sup{r(Tg) +1:Me Q%)
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> supfr(Tg’n )+ 1: n e N, n odd} = \.

So we need to show that o(g) < A\, and the proof will be complete.

Fix M ¢ ®+ and consider the intervals Ln (n € N‘) . Let

B = sup{lfz(x)lz x € [0,1]} > O and suppose B is attained at Xg {18

If2(xo)| = B). Let x_. be the image of Xo in L2n when 2(2n)f2 is

n
4nB = 2B
Th(2n+1) - Zntl

scaled onto LG. Then g(xn) =



1 2B
so |2 ¥2n) ~9(zne7) Tn+l
Xon~Zn+2 2n 2n+2

_ n(n+1)B n
= RiptllB > 38

Lanel Lzn

3

Now let ng = [M/B] + 1. Then for all n 2 Ny, NO subinterval 7 of

L2n +1 is in the tree TM (otherwise we would have J ¢ K,

g
L ¢ [0,1] but lAg(K)—Ag(L)I < nB/2 <M if we take K,L as

K

(ﬁle'ﬁlﬁ)' L= (‘2_1'1'1'+72"X2n))' So for each x € [0,1] we have
r(TM;x < sup{r(TM ;X): n £ 2nn4}
g n 0
< sup{o(fn): n < 2no} < p(fzno).
So ].(Tg) < p(f2no) + w < w*\ (otherwise by Lemma 4 we could get
. M, TM -
an xX € [0,1] with r(T ;x) 2 off )). Thus r(T.) < w+\ for
g 2ng g

each M ¢ Q+. So
plg) = sup{r(Tbga,) +1: Me @) § @w.A
since w+*\ 1is a limit ordinal. This now shows that

p(g) = w-x and the proof is done. u|
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It follows immediately from the definition of r that
r(c+f) = r(f) for each ¢ # 0 and £ ¢ ND. Proposition 11 thus shows
that there are w; many essentially distinct Besicovitch functions.
Proposition 11 also shows that each 1level of the natural
ul—hierarchy that r induces on ND and BF is nonempty. We draw a

picture to exhibit this structure as shown below:

BF : :
\\
S~
- == == - (= &
T T T T T T T
— s i i [ i e r(‘F): 0.2
"——_‘-—————w
———|-=-|— == rf)= o

py— —— == - - =3

o o e | - — | —— -

nB R i e
\I
BC

rd) = 2
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Before we conclude this section we make some remarks
about the construction of a function with r(f) = 2,but such
that A(f;xn) - 0 for some sequence {xn} in [0,1] (that was
promised in §1} . Let K, be as in the proof of Proposition
10. Choose a function f ¢ SF with A(f;x) = +« except at
0,1/2 and 1 where A(f;x) =< 1. Now define g by g(0) = 0

and

scaled copy of 2n/2f onto K, n even
ngn scaled copy of 27 M/2¢ onto K, n odd

Then it is easy to verify that g e BF, but is not in SF.

The reason is because A(g;0) = +x. Now from the
M
g)
Also r(T?;Q) < w, for each M (otherwise A(g;0) would be

construction of g we have r(T < we? for each M ¢ at.
finite) . So VM (r(Tg) < w62). So p(g) < w+2 (otherwise
there would be an M with r(Tg) > w+2). Since r(f) = 2, we
see that r(g) is exactly 2. But A(g:xn) < 2-n/2 for all

odd n, where X, is the midpoint of K,- So we are done.



§4 : Cantor-Bendixson Analysis.

In this our last section of Chapter 1 we formulate an
alternative description of the rank function r, by means of

a Cantor-Bendixson Analysis.

Recall the definitions of R(I) and Q(I) from the
beginning of 3. We will denote by Q(I) the set of all
closed subintervals of I that have rational endpoints and
length greater than O. For each f ¢ C and, M ¢ ot and
J € 6[0,1] we shall define a sequence <P§,ch>anRD of
closed sets,and a relation Q(W’X’Pﬁ,fPJ) which reflect the
properties of £f. M is to be thought of as being large and
Q(W’X'Pﬁ,fPJ) is to be interpreted as the relation "W
witnesses that x ¢ Pﬁ,fpjl" Here W will range over the

closed subsets of J.

Definition. We define the set PM,ch by

X € PM,fI\J = Sup{lAf(K)—Af(L)I: Xx e K,L ¢ R(J)} < M.

We define the sets P&,fPJ and the relation Q(W,x,Pﬁ,pr) by
induction as follows: Let
3. _ 1

p§+%PJ = {x € J: For all I e Q(J) with x ¢ I 3H e Q(I),

3y € inty(H), 3V € Py gn3 s-t. QV,Y.Py; 1), ep))
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H
o
[4 - r o1\
AN | 8 J J
X Y
| . J

Q(W,x, P E ;) e For all I e Q(J) with x e I 3H e Q(I),
3y € inty(H), IV cWn Py £0T such

that W(V,y,Py; 1| ¢py): and

A - a A
PM,fPJ = n PM,fPJ ’ Q(W'XIPM,fr‘J) = Va < A\

Q(W’X’Plt\ld,f[\J')

for A a limit ordinal.

By intJ(H) we mean the interior of H with respect to the
topology of J. Observe that our definition is made by use
of simultaneous induction on @ , M and J. It is easy to

see that Pﬁ £NT is always a closed set. Moreover

N

8 a
a < B8 > PM,fPJ PM,fPJ and

M <M’ > Pa PM’,afP_T . (*)

M,EMNT

N

When J is the interval [0,1] we shall refer to P& £0T
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simply as Pﬁ £

We will prove 1in Proposition 16 that f € ND < for
each M ¢ @t va < wyq such that Pﬁ’f = @g. So for each N ¢ N
day < w; such that Pﬁ,f = g for all a 2 ay- Thus by using
(¥*) we see that if 8 = sup{aN:N € N} wy , We have that
Pﬁ,f = for all a > g and all M ¢ . This allows us to

make the following defintion:

Definition. We define a new rank function r, on ND by
rl(f) = "least & such thatPﬁ g = g for all M ¢ ®+."
Our main goal in this section will be to show that r and

ry define the same rank function.

Definition. Let £f ¢ ND, M ¢ ot and J ¢ 5[0,1]. For each

subset W of J we define the subtree W(T¥PJ) of T¥PJ by

M M
<I 1""’In> € W(TfPJ) = <Il""'In> € Tf’\J and

wni,#9d

Lemma t3. If X ¢ Pﬁ,fPJ and W satisfies Q(W,x,PﬁlfPJ) then

r(W(T%PJ);x) > wid.

Proof. We prove the result by simultaneous induction on q,
M and J. For a = 1 the result reduces to Proposition 7.

Also the result follows trivially for 1limit ordinals
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A ) were defined.

because of the way PalfPJ and Q(W,x,PM,ff‘J

So assume that the result is true for a, for all
M e ®+ and all j € 6[0,1]. We must show that it is true
for a + 1, for all M ¢ @t and all J e 5[0,1]. So fix M,J.
Fix now IO € Q(J) with x e IO. It will suffice to show
that r(W(T?PJ)PIO) 2 we(a+). We shall show that for each
N ¢ N the tree W(T¥bJ)PIO has a node of rank 2w-a + (N-1).

The result follows immediately from this.

So we now fix N € N. Choose IN € Q(J) such that
IINI < 1/N and x € ™ Q’IO. From the assumptions on x we
know that thee exists H € é(IN), Y € intJ(H) and
a .
VeEWN PM,fPJ such that Q(V’Y’PMélI"l,th)‘ Since
IINI < 1/N we also have Q(V,y,Pg/N fPH) and by the
M/N

induction hypothesis we thus get r(V(Tg zkry)iY) 2 wea. Now

choose I’ ¢ Q(H) N Q(J) with vy € I“and II“l < |JI/N. Then

Lemma 5 gives us r([V(T?Kg)PI’]N) 2 wed.

N
1
A
o ’\
I
P,
’ e
\ Tix y
H
(- J
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Choose I,, ..., Iy e Q(H) N Q(J) such thot 17 ¢ Iy and
I, €I;., ,!I;1 <1J31/i (i=2,...,N) . (Here I, is of
course taken to be J.) Now define the +tree TN by
<Iyre.nI3> e Ty for each i =1, ..., N and
W Tge s v o> € [HTHIIMT Ty o
<Il,...,IN,J2,...,Jk> € TN.

It is then easy to see that

r(<I>;Ty) 2 T<H>; [V(TEARIM ‘1) + (N-1)

2 wea + (N-1).
To complete the proof it will thus suffice to show that Ty

is a subtree of W(T?PJ)PIO.

Let <Il,12,...,In,...,Im> be a node in TN' We must

show that 12 c IO, W N Im # @, and for all K,L € R(J) with

Im € K, L ¢ In IAf(K)—Af(L)I < M/n. Now 12 € Q(H) and

H € IO so I2 clI Also

0"

W N IM 2 VNI # &

m
since y e VNI if m < N, and if m > N then V N Iy # @ by
the definition of [V(T¥Kg)PI’]N . Now if n > N then
IAf(K)—Af(L)I < M/n from the definition of the tree
[V(T?{E)pI']N . Also if 2 <n <N then

lAg(K)-Ag (L)1 < M/N < M/n (since 1Ag(K’)-Ag(L’)] < M/N for



—_=S8—

all K’,L’ ¢ R(H) with I €K’ L’ ¢ H) . Finally if n =1
then lAf(K)—Af(L)I < M because PM,fPJ N IM 2V .n Im # &. So TN

is a subtree of W(T'gp J)r*I0 and the proof is complete. a

Definition. We also Jdefine for each k ¢ N the subtree [T]k of T

by

<I1'12"“'In> € ['1‘]k < there exists 32, —- Jnk € Q(J) such that

k -
<11,J2,“.'Jnk> € {T] and Ji'k x Ii+1 for all i = 1, wee N — 1.

We can show exactly as in Lemma 5 that the f llowing result is

true.

Sub-lemma 14. Suppose T is a transitive sub-tree of T?P g 1e
Q(J) and r(TPI) 2 we+a. Then for each k ¢ N the subtree [TI\I]k

is transitive and r([Tl\I]k) 2 wed. a

Lemma 15. Let f ¢ ND and suppose T is a transitive subtree of
Ttgl‘J with r(T;x) 2 wea. Let also W = {z ¢ J: r(T;z) 2 w}. Then

QW,x,Py £). In particular x e Plal,fPJ'

Proof. We prove the result by simultaneous induction on o, M and
J. For a = 1 the result reduces to Proposition 7, and for limit

ordinals it follows routinely as in Lemmai3.



So assume that the result is true for a, for all M ¢ 0+
and all J ¢ Q[0,1]. We have to show that it is true for a + 1, for

all M ¢ @ and all J ¢ Q[0,1]. So fix JM. It will suffice to show
that

r(Tix) > w+(a+l) > QWXPH' L, 7).
Now fix I e Q(J) with x ¢ I. We must find H ¢ Q(I), y € inty(H)

a
and V € W N Py ¢\ y such that QV.¥.Py. 1| , £pE)

Since r(T;x) 2 we+(a+l) we have that r(TPM) > w-(a+l). So
TM has a subtree as shown below with each of the nodes

<Il,1én),...,11gn)> having rank >w-+a in TMIL

1
—N—
{ — ] \ \
ity 5 X y N
——
H
S J

o

Choose Nl € N so that 1/N1 < |Il. Choose also N 2 N1 + 1 so

that 1/N < I(;) and put H = fr({r:). Then H e¢ Q(I) since f}(‘t:) c
1

IéN) € I by definition of the tree TPMI. Since <Il,I£N),...,IIS‘N)> is
a node of rank 2w+a in the tree TP 6 we have r(TbI}(‘N)) >

w+d. Now let Ty be the tree defined by
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(N);N
<H,Jpseerd > € TN1 = <JJgmedp> € [TMG']

TN is essentially the same tree as [TI\II('N)]N so by Sub-lemma 14,

Ty is transitive. Also it is easy to see by a direct verification

M/N
that TN is a subtree of Tf|\H1' Moreover r(TN) 2 wed.

So by lemma 4 we know there is a y ¢ f}(‘N) c Ir(‘N) =
1
inty(H) such that r(Tyy) > wea. Let V = {z e H: r(Tyz) > )

Then Q(V,y,Pg /Hl.ff‘H) by the induction hypothesis. Since 1/N1 <

1I| we get that Q(V,y,Pﬁo-ln ,fN‘I)' Moreover since TN is

essentially the tree [Tr‘Ir(‘N)]N € T we have

r(TN;z) 2 w= r(T;2) 2 w.
Thus V € W. Finally from the definition of W we know that W C

PM,fl\ g by Proposition 7. So Vc W N PM,fb g and we are done. O

Proposition 16. Let f ¢ C. Then f ¢ ND < for each M ¢ ot,

there exist a < w; such that Pﬁ £ =2

Proof: "s": Suppose f ¢ ND. Then for a fixed M ¢ ot we know
that r(T’g) < wer(f)e So from Lemma 13, Pﬁff) = @ (otherwise we
would get r(thd;x) 2 wer(f) for some x,and this would give r(T’f‘) >
w+r(f)). So we are done.

<": Suppose f ¢ ND. Then there is an x ¢ [0,1] such that f is
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differentiable at X. A direct verification shows that
Q({x} ,x ,P[f,ll f) for all aga € ORD. So Pﬁ £ is never empty and we

are done. a
Proposition 17. For each f ¢ ND rl(f) = r(f).

Proof. From lemma 13 we immediately have rl(f) < r(f). So we only
need to show that r(f) < rl(f). Let a = rl(f) and fix M. Then
PI‘('II,f = ¢ and so by lemma 15 r(T?;x) < wea for all x ¢ [0,1].
But this implies that r(T¥)< w+*a. Since this is true for each M

we have that p(f) < w+a. Thus r(f) < a, = rl(f). (]

Final Remarks. In this section we gave an alternative description

of the rank function r, by using a Cantor-Bendixson Analysis.
This Cantor-Bendixson Analysis was however very complicated. The
fact that the trees Tl;l are transitive perhaps rules out the
possibility of any simple Cantor-Bendixson Analysis (e.g., one
which uses a derivative like operation) but this is not clear. So

we pose the following problem.

Problem. Is there a simple Cantor-Bendixson Analysis which gives

rise to the same rank function r?
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Chapter 2

Introduction. In 1906 P. Fatou [14] asked whether a trigonometric

series with coefficients tending to zero must converge on a set of
positi\-/e measure. N. Lusin [33] answered this question in the
negative by constructing such a series which was divergent a.e. (S.
B. Stechkin [48] later showed this series was in fact everywhere
divergent). Not much later H. Steinhaus [49] constructed such a
series which was everywhere divergent. In the years that follow
more examples of everywhere divergent trigonometric series with
coefficients tending to zero were given, among them being the one
by G. H. Hardy and J. E. Littlewood [18]. Steinhaus himself also
produced another much simpler example and proved by elementary

means that it was everywhere divergent (see [51]).

However none of these examples was a Fourier Series. So it
was natural to ask whether there could be an everywhere
divergent Fourier series (or at least a Fourier Series that is
divergent a.e.) . Steinhaus [60 ] had shown there was an
orthonormal series {‘pn} and an integrable function f such that the
orthonormal expansion of f with respect to {‘pn} was everywhere
divergent but this orthonormal sequence was of course artificial
and so shed no light on the problem. Then Kolmogorov [28] showed
in 1923 that there was an integrable function f whose Fourier
series was divergent a.e. Using the same idea in 1926 Kolmogorov

also showed (see [29]) that there was a function, £ whose Fourier
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Series was everywhere divergent. (In fact it turned out that the

Fourier series of this f was unboundedly divergent everywhere.)
Since then this has remained essentially the only way of

constructing everywhere divergent Fourier Series.

It is very natural to ask whether the conjugate series of
the Fourier series of Kolmogorov function is also a Fourier
series. This turns out to be false but Y. M. Chen [10] showed that
there was a function f such that the conjugate series of S(f) is a
Fourier series and S(f) diverges unboundedly everywhere. It is
also natural to ask whether there is a function whose Fourier
series is such that lim supI(Sn(f;x)I < » for each x. This was
shown to be false because of Carlson's Theorem (see [30]). However
J. Marcinkiewicz (see [35]) showed that there is an f such that lim

suplSn(f;x)l < » a.e. and S(f) diverges a.e.

In another direction we can ask how fast can the
coefficients of an everywhere divergent trigonometric series tend
to zero. Stechkin [48] showed that there are everywhere divergent
trigonometric series whose coefficients tend to zero as fast as

permissible. More precisely if Ty > 0 for n=>1 and

[oe]
> (min{rk:lsksn})2 = +o, then there exists {Pn} € R such that
n=1

o0
the series Y r

cos(nx—\onhp) diverges for all x and y.
n=1

n

Finally we can ask questions about the sequence of
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coefficients of an everywhere divergent trigonometric series with
coefficients that tend to zero. How thin for example can this
sequence be? (i.e., how large can the gaps of zeros between
successive nonzero terms be?) We know that if the sequence is
lacunary then trigonometric series will converge on a dense set
(see [04], p. 186). A. S. Belov [06] however constructed examples
which have large gaps of zeros between successive non-zero terms

and which in a sense fall just short of being lacunary.

In this chapter we study the structure of the set of all
everywhere divergent Fourier series, and the set of all
everywhere divergent trigonometric series with coefficients which
tend to zero. Let T be the unit circle and C(T)* be the Polish
space of all sequences of continuous functions on T. We will
view T as the closed interval [0,2x] with the points 0 and 2«
identified. An element <fm> of C(T)® will be denoted by E when
convenient. Let

DS = {£ e C(T)*: E is everywhere divergent}

DZ = {E € DS: ||fm+1—f I >0 as m > o}

m
DT = {£f ¢ DZ: fm is the m-th partial sum of
a trigonometric series}, and

DF

{£ ¢ DZ: fm is the m-th partial sum of

the Fourier series of some f}
Then DF and DT can be naturally identified with the set of
everywhere divergent Fourier Series and the set of everywhere

divergent trigonometric series with coefficients tending to zero.
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The sets DF and DT may be viewed as subsets of the space
(co) of all Zz-sequences which tend to zero. DF may also be viewed
as a subset of the Polish space Ll(']r) of all Lebesgue integrable
functions on T. But no matter how we view DF and DT it is easy to
see fhat they are coanalytic subsets. A. S. Kechris [25] showed
that DF is a complete coanalytic subset and, by the general
argument he presented there, the same result can be deduced for

DT.

In this chapter we investigate a natural rank function r on
DsS. The analysis is very similar to that of Chapter 1 and
although the definitions are sometimes slightly more complicated,
the proofs are much simpler. The rank function r is a coanalytic
norm and provides a natural measure of the complexity of the
sequences in DS. r(f‘;) measures in some sense the uniformity of
the divergence of ? It turns out that sequences which are
uniformly divergent have ranks 1 or 2 (c.f. [01] where it is shown
that the functions of rank 1 are those with uniformly convergent
Fourier Series). Also sequences which are unboundedly divergent

have rank 1 (c.f. Proposition 1.7).

The rank function applies naturally to the set of
everywhere divergent Fourier series and the set of everywhere
divergent trigonometric series with coefficients tending to zero.
We consider some natural examples of such series to confirm our

intuitive idea that such examples should have small ranks (1 or 2).
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We also show that for each 1 < a < wl,there is a Fourier series
with rank a. This will provide Rank Arguments of the

non-Borelness of DF and DT.

81, Tree Description: The Rank Functions p and r. As in

Chapter 1 we study the set DS by associating with each f ¢
DS a countable collection of well-founded trees. We first

check that DS, DZ, DT and DF are coanalytic subsets.

Proposition 1. DS, DZ, DT and DF are all coanalytic

subsets.

Proof. Observe that f e€¢ C(T)*Y - DS iff 3Ix ¥m3In such that

ymy,my, >0 ( lfml(x)-fm2(x)| = %)- (*)

Let E(m,n) = {((f,x) € C(T)* X T: (*) holds}). Then E(m,n)

is closed and so U N E(m,n) is Borel. Hence C(T)“¥ - DS
meiN neMN

is the projection of a Borel set onto C(T)* and so is

analytic. Thus DS is a coanalytic subset of C(T)Y.

To see that DZ, DT and DF are also coanalytic observe
that these sets are just subsets of DS which satisfy added
Borel conditions. Thus DZ, DT and DF are intersections of
DS with Borel sets and hence are coanalytic. If we view DT

and DF as subsets of (co) then we also have that DT and DF
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are coanalytic subsets of (cj). This is because the map
{c..} - < § c eikx> is a Borel measurable injecti
n’nez ey A neN J O+

So DT and DF are pre-—-images of coanalytic subsets under a
Borel measurable map. Similarly DF viewed as a subset of

Ll(T) is also coanalytic because the map

n .
2 ikx
f » < 3 f(k)e >ne

k=-n N

is a Borel measurable injection. O

Let Q(T) be the collection of all closed intervals
which have length greater than zero and endpoints in x-Q.

With each f ¢ C(T)® and M ¢ ®+ we shall associate a tree

T¥ on Q(T) X N.

Definition. We define the tree T% as follows

<(Tqyr¥gde vonr {(Iprk 3> e TF =
(i) I1 =T, k1 = 1 and for all i =2, ..., n
the following conditions hold

(ii) I; e Q(T). I = 2r/1, I3 € I5_4 and k; > ki 4,
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(iii) for all x € In and all m,,m, € [ki_l,kn] we have

. Ifml(x)—fmz(x)l < M/(i-1).

It follows immediately from the definition that T ¢ TH if M <

~

M’. Our next result tells us exactly when Ttg is well founded for

all M ¢ ot

Proposition 2. f ¢ DS < WM ¢ @' (T} is well-founded).

~

Proof. "»'": Suppose for some M ¢ O+, be" is not well-founded.

Then there is an infinite branch <(In,kn)> in Tl;] Let {xo} =

~

nemN

n I.. We shall show that f converges at x.. Let ¢ > 0 be
nemN i ~ 0

given. Choose i such that M/i < e¢. Now let mymy, > ki be given.
Since {kn} is strictly increasing there is a j such that kj P
m,,mo,. So from the definition of the tree Tbg we have

~

VX € IJ_(Ifml(x)-fm2(x)l < M/i)

In particular since Xy € IJ, we get Ifml(xo)—fmz(xo)l < M/i <
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¢, and so f converges at Xo

"e": Suppose f converges at some X Choose M ¢ @ such that
M2 2 sup(lfm(xo)l: m e N} + 1. Choose also a strictly increasing

sequence <k_> such that k, = 1, and
n 1

lfm (g)-f

. m2(xO)I < 1/3n for all m,,m, 2 k

n.
Let also &1, be a nested sequence of closed intervals in T with
Xy € In for all n, such that conditions (i) and (ii) of the

definition of Tbg holds and

¥X € In vm > kn(lfm(x)—fm(x)l < 1/3n).

(This last condition can be obtained because of the continuity of
the functions fm at xo.) We shall show that <(In’kn)>neN is an

infinite branch in Tf. It will suffice to verify condition (iii) of

~

the definition of the tree Tf. For all x € In and all m;m, €

~

[1,kn] we have

Ifml(x)—fmz(x) < | fml(x)—fml(xo)l + Ifml(xo)—fmz(xo)l

+ | fmz(xo)—fmz(x) |

1 1

< 1/3n + (M-1) + 1/3n < M/1
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Also for all x € In and all my My € [ki,kn], i>2

I fml(m)—fmz(x) I <1 fml(x)—fml(xo) I+ | fml(xO)_fmz(xO) I

+ 18y (Ro)=Ep (%)

So condition (iii) is satisfied and we are done. O

Let £ ¢ DS and M ¢ @'. Since Q(T) X N is countable the

/

rank of Tbg is countable. Also since Trg cT for M > M’ we

~ ~

X

have

sup{r(Tbg) +.1: M ¢ Q+} = sup{r(Tlg) + 1: N € N} < wq -

~

Definition. We define the rank function p:ND - wq by

p(f) = sup(r(ThH + 1: M ¢ @*).

Proposition 3. po:ND - wq is a coanalytic norm.
Proof. The proof is identical to that of Proposition 1.3. o

Our next aim is to show that p(f) is always a limit ordinal.
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We proceed exactly as in Chapter 1.

Definition. Let I € Q(T) and T be a tree on Q(T) X N. We define

the subtree TPI of T by

<(Illkl)I(I2Ik2)l'“l(Inlkn)> e TN <

<(Il,k1),(Iz,kz),...,(In,kn)> ¢ T and 12 cI
Let £f ¢ DS and M ¢ ®+. For each x ¢ T we define

r(T:x) = min{r(TPM): x € int(I), I e Q(T)}

~

Lemma 4. 1t I‘(be'l 2 we+a then there is an x € T such that
r(TM;X) 2 wed.
Proof. Same as that of Lemma 1.4. m|

Definition. Let T be a tree on Q(T) X N and p ¢ N. We define

the subtree [T]p of T by

<(Il,k1),...,(In,kn)> € [T]p = <(I1,k1),...,(In,kn)> € T and there exist
(32132)/---1(Jp:2p) e Q(T) X N

such that <(Il,k1),(J2,£2),...,(Jp,,ep),(Iz,kz),...,(In,kn)> € T.
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Lemma 5. Suppose r(bedrI) 2 w-d. Then for each p € N

r([T"f”pI]p) > wea.

v

Proof. Same as that of Lemma 1.5. O

Proposition 6. Let £ € DS. Then p(f) is a limit ordinal.

>

z

Proof. It will suffice to show that p(f) 2 w+a + 1 = p(f)

we(a+l). Suppose p(f) 2 w+*a + 1. Then for some M ¢ ®+, r(Trg)

~
~o

> wed. So by lemma 4 there is an Xy € T such that r(TM;xo) >

~

Fix N e N. For i =1, ..., N choose I; ¢ Q(T) such that I, ¢

I 1I.1 < 2x/1i, Xq € IN and ki= i. (As usual I1 = T and k1 = 1.)

i-1’ i

Now define the tree Ty by

<(Il’k1)""’(Ii’ki)> e Ty i=1,.., N, and

ATy Rp )T gelg)ierl Ty 2> € [TEMINIy =

SUT 4 oy YolT ip e D T s B Yoot T 1> & Ty
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Then it is easy to see that Ty is a subtree of Tr‘fd;N. But

~

r(<(Ipkq)>Ty) 2 T(<(I;R)>ITRMyly) + N - 2

2 wea + (N-2) by Lemma 5.
Since this is true for each N ¢ N we have

p(£) = sup(r(Ty N)+1:New)

~

> sup{r(TN)+1:Ne N}

2 sup{we+a+(N-1):NeN} = we+(a+1).
This completes the proof. a

Definition. For f e¢ DS we define r(f) to be the unique ordinal «

such that p(f) = w-a.

It follows immediately that r is a coanalytic norm on DS. Moreover
since DZ, DT and DF are intersections of DS with Borel sets, r is
also a coanalytic norm on DZ, DT and DF. When we view the
elements of DT as formal trigonometric series we shall also use
r(S) to denote the rank of the series S. When we view the
elements of DF as functions in Ll('u') we shall use r(f) to denote

the rank of the function f.

Our next goal is to characterize the elements of DS which
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have small rank. For this we introduce a notion of uniform

divergence.

Definition. Let f e C(T)®. We say that f is strongly uniformly
diverﬁent if
350 >0 BpOVanamlmb € th+p0M|fmlud—fmzun|;gOL
We say that 5 is unboundedly uni formly divergent if
vYB > OVanOVXBmlmb € th+p0N|fmluq—fm200I>BL
And we say that £ is uni formly divergent if

Jeg > 0 YnIpyVx3my,m, € DLn+p0lemluQ—fm20012co)
It follows immediately that

strong uniform divergence = uniform divergence

unbounded uniform divergence » uniform divergence.

To make the definitions clear we give the following examples.

Example 1. £ (x) = (-1)™ Vme N VX e T

Example 2. fmcq logm ¥Yme N vz € T.

1 if m = 2k for some k € N
Example 3. fmuq

0 otherwise.

0 VX € T, m odd
Example 4. .00 =
P (X) m even
X X € [2x/m,2x]
where thﬂ = 2x Xx =0

linear on [0,2x/m]
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2K

B )

2

O
sINT

Example 1 is strongly uniformly divergent but not unboundedly
uniformly divergent. Example 2 is unbounded uniformly divergent
but not strongly uniformly divergent. Example 3 is uniformly
divergent but neither unboundedly uniformly divergent nor
strongly uniformly divergent. Example 4 is everywhere divergent

but not uniformly divergent.

Proposition 7. If f is strongly uniformly divergent then r(f) =

~ ~

1,

Proof. It will suffice to show that r(Tbg) is finite for each M ¢

~

at.

Since f is strongly uniformly divergent we have
Elco >0 EI[.70\»'n\o’x3!ml'm2 € [n,n+p0]

such that Ifml(x)—fmz(x)l 2 €g , (*)

Let iO = [M/ go] + 1. We claim that any node in le-.] must have



length at most i0 + Py From this it will follow that r(bed) is
finite.

Suppose <(Il’k1)""'(1q'kq)> is a node in Trg of length greater

~

than io + Po- Then kq P kio+p0 > kio + Pg

But from the aefinition of TM we have

~

VX e I, ¥m;m, € [kio,kq]lfml(x)—fmz(x)l < .iMa < ¢

which contradicts (*). Hence the results follow. O

Remark. The concept of strong uniform divergence is too
restrictive to be of much use. In fact if for some Xog € T we
have fm+1(X0) - fm(xo) - 0 as m » « , then it is easy to see that
<fm> cannot be strongly uniformly divergent. In particular the
sequences in DZ cannot ever be strongly uniformly divergent.
(Moreover example 3 shows that even the requirement fm +1(XO)

fm(xo) - 0 for some Xg is not necessary in order not to have
strong uniform divergence.) So we shall no longer concern

ourselves with strong uniform divergence.

Definition. Let f ¢ C(T)* and Xy € T. We define the amplitude
of divergence of f at Xq by

A(f;x,) = 1im suplf_ (x5)-f. (X;) 1.
~' 0 My, Mmoo m, 0 m, 0

It is then clear that f diverges at Xq iff A(f;xo) > 0. We say



T P

that £ diverges unboundedly if for each x € T, A(f;x) = +.

Proposition 8. Let f ¢ c(m¥. Then

(i) £ is unboundedly uniformly divergent < £ is
boundedly divergent.

(ii) £ is uniformly divergent < there is ac > 0

such that A(f;x) 2 c for all x € T.

Proof. (i) The "»" direction is trivial so we shall only prove the
"<" direction. So suppose f is not unboundedly uniformly

divergent. Then
BBO > OBnOVpE!mel,mz € [no,no+p](lfm1(x)—fm2(x)|<BO)

For each p € N choose xp such that

le,mz € [no,n0+p] we have Ifml(xp)_fmz(xp)l < BO'

Now let Xq be a limit point of the xp's. We claim that A(E;xo) <
+00, From this it follows that E is not unboundedly divergent
and this establishes the result. It will suffice to show that for
m,,m, > ng

Ifml(xo)-fmz(xoﬂ < By
So let m,my > N be given. Take 5 > 0. Choose p such that p >

m,,m, and

- < - <
£ (Rp)=Ep (KQ)| < B, IEp (xp)~fp (Xg)I < 8
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by using the continuity of fm and fm at x,. Then
1 2
~f < -f + -
lfml(xo) m2(xo)l Ifml(xo) ml(xp)l Ifml(xp) fmz(xp)l +
Since this is true for all 5 > 0, we get that lfm (xo)—fm (xo)l <
1 2

B0 and we are done.

(ii) The "=»" direction is again trivial so we need only do the "&"
direction. Suppose f is not uniformly divergent. Then

Ve > OEinOVPBXlem2 € [no,no+p](|fm1(x)—fm2(x)l<g).
Let ¢ > O be given. We shall show that there is an X0 such that

A(f;xo) < ¢ and this will establish the result. Choose ¢ = c/2.

Then 3n0 such that

VpEprlemg € [no,no+p](lfml(xp)-fmz(xp)l<c/2).
Let Xq be a limit point of the xp's. Then as in (i) we have for all
my,m, 2 Ng that lfml(xo)—fmz(xo)l < ¢/2. So A(f;xo) £ ¢/2 < ¢ and

we are done. 0O

Proposition 9. Let f ¢ DZ. The following are equivalent:

(i) £ is unboundedly divergent
(ii) r(f) =1

(iii) f is unboundedly uniformly divergent.



Proof. (iii) =» (i) is obvious, so it will suffice to show that (i) >

(ii) and (ii) »> (iii).

(i) » (ii): Suppose r(f) > 1. Then for some M ¢ 0"', r(Tbg) 2 w.

~

So Tbg has a subtree as shown below.

~

(\Il ) k\)

gl s .
(120K ) (1™ €)

| @™ )

n,

Let x, be the midpoint of I{™) and let x, be a limit point of the

xn's. We claim that A(f;xo) < 4%, From this the result follows.

So we now prove the claim. Now from the definition of Tl\g we have

vk e I{®) ymymy e [1,k{P)], | (R)~Ep (01 < M. (¥
Let m,,m, be given. It will suffice to show that Ifml(xo)—fmz(xo)l

< M
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Take 3 > 0 and choose, by the continuity of fm and fm at Xgr N >
1 2

my,my such that

£ (x.)-f_ (X)) < 8, If_ (x )-f_ (x4)! < 5.
m,n’ "my 0 m, "n’ “m, (0]
Then as in Proposition 8 by using (*) we get Ifm (xQ)—fm (xo)l <
1 2
M + 2s. Since this 1is true for all 5 > 0 we have that

Ifml(xo)-fm2(xo)l < M and we are done.

(ii) = (iii): Suppose f is not unboundedly uniformly divergent.

Then

VX € Ip¥m e [Lay+N-1101 Ep(x)~Ey(xg )1 <M/3).

We claim that <(I1,k1),(Iz,qN),...,(Iz,qN+N—1)> € Tf. Indeed we have

VX € I2 le,m?_ € [1,qN+N—1]
£ (x)-f,. x) < If_(x)-£f_ (x. ) + | (x_. )-f (x_. ) +
By my My m;dy m T ay My Ay
|fm2(qu)—fm2(X)l < M/3 + By + M/3=<M
Also for each i = 2, .. N-1 we have V¥x ¢ I2 and le,m2 €
[qN+i—2,qN+N—1] that

n-2

I fml(x)—fmz(x) I <

N-2

< 2 lf ~% (x)
Yol qN+k+1 qN+k

< (N—1);EM§ < % < %

So our claim is verified and we are done. o

Proposition 10. Let f e¢ DS and suppose f is uniformly divergent.
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Then r(f) < 2.

Proof. In view of Proposition 8 (ii) it will suffice to prove that:

"there is a ¢ > 0 such that A(f;x) 2 ¢ for each x € T = r(f) <

2.0 So assume its hypothesis. Now suppose r(Tlg) > we2. So

~

bed has a subtree as shown below with each of the nodes

~

<Il,k1),(Ién),kén)),...,(Ir(ln),kr(ln))> being of rank at least w.

(L1, ky) Iy, k)

(1K) (1. K)

. my (M
b s )

(Im k('ﬂ)
n,™n
Fix n € N and consider the subtree through the node
(Ipk )T P &{P))>.  As in the proof of "(i) > (i)' of
Proposition 9 we see that there is a point X, € Ir(1n) such that
A(f;xn) < M/n. But this is true for each n ¢ N. So for large

enough n we get A(f;xn) < ¢ which is a contradiction. Hence r(f) <

2. m}

Remark. We know that example 4 is not uniformly divergent. It is



-82—

easy to see however that it has rank 2. In fact it is not
difficult to construct an f € DF with r(f) = 2 and A(f;xn) - 0
for some {xn} c T. (We sketch this construction at the end of

§4). The converse of Proposition 10 is therefore false.

2. Some Natural Examples. In this section we investigate the

ranks of some natural examples to once again verify our intuitive

idea that they should be 1 or 2.

Kolmogorov functions: Kolmogorov [29] constructed a Lebesgue-

integrable function whose Fourier series was everywhere
divergent. It turned out that the Fourier series of this function
was in fact unboundedly divergent everywhere. Such functions are
now called Kolmogorov functions in honour of their discoverer. It
follows immediately from the definition of a Kolmogorov function
that it has rank 1 (because of Proposition 9). For more details on

the Kolmogorov construction see [04] p. 455-464, or [30].

Lusin Series: This series was given by Lusin [33] and is defined

as follows: Let

F(z) = Hn(z) + s L g (z):2 P

where H_(z) = E ZMP+1) g (5.e~27im/(p+1),
p m=u p

9(z) = E z? and \_ = E k2.
n=0 P k=1
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Lusin [33] showed that F(eix) was everywhere divergent. Now put
S1 = Re F(eix) and 32 = Im F(eix). Then it is easy to see that S1
and S, are trigonometric series with coefficients tending to zero.
Lusin [33] also showed that S1 was divergent a.e.. Later Stechkin

[48] showed that both S1 and 82 are everywhere unboundedly

divergent. From Proposition 9 we thus get r(Sl) =1 and r(Sz) =
1.
Steinhaus Series: Steinhaus [49] gave an example of an

everywhere divergent trigonometric series with coefficients which
tend to zero. The coefficients were defined by recurrence
relations and were not capable of simple analytic expressions. We
shall therefore refer to the simpler example Steinhaus later gave

in [51] as the Steinhaus series. This series is defined by

0
s~ 3 cos n(x-log log n
n=2 og n

The proof that S is everywhere divergent is very elementary.
Moreover it is easy to see from the proof given in [04] p. 76 that
the amplitude of divergence of S at each x is at least 1/2. So by
proposition 10 we have r(S) < 2. We shall see however that the
Steinhaus series is a special Belov Series (which we will define in
a moment). This will enable us to show that S is in fact

unboundedly divergent everywhere. Thus r(S) = 1.
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Hardy-Littlewood Series: These series are defined by

= -1/2 1
Sp ~ nP cos(a log n + nx), 5 >p20,a>0.
n=1

Hardy and Littlewood [18] had considered these series with the
added restriction that a = 1/log (a), where a is a positive integer
with a 2 1(mod 4). It is clear that this restriction is purely
artificial and we shall show that it can be removed. The
Hardy-Littlewood series are also special Belov Series. We shall

show that for p > 0, S is unboundedly divergent everywhere, and

P

that for p = 0 the amplitude of divergence of Sp at each x is at

least 1/3000 /d . So by Propositions 9 and 10 we have r(S ) = 1

P
forp>0,r(Sp)s2forp=O.

Problem: What is the rank of Sp when p = 0?

Herzog Series: We shall consider a slight modification of the

series given by F. Herzog [20]. Let

% k 2k
Fz) = 3 = (z " Tpz) +z ™ Ty2)
m=1 /m
where Tm(z) =1+ 2" + z2m +ooet z[m/12]m and the exponents km
km

form an increasing sequence of positive integers such that =z

m km an :
Tm(z) and z Tm(z) and z Tn(z) + z Tn(z) have no terms in

common when m # n . Put S1 ~ Re F(eix). Herzog [20] showed that
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there is a universal constant C > 0 such that for each x there
are infinitely many m's such that at least one of

ik

b4 i-2 x
e ™ T (e, ix)

m
e Tm(e

has a real part with absolute value greater than Cm. From this it
immediately follows that S, is unboundedly divergent everywhere.

Thus r(Sl) = 1.

00 m k 2k
Now let G(z) = 3 -(_—;l)—- (z B Tp(z) + 2 m Tm(z)) and put
n=1

S, ¥ Re G(eix). Then it also follows that the amplitude of
divergence of 32 at each x is at least C. So r(Sz) < 2 by
Proposition 10. But

s - 0 m
6(el0) ~ Z LU ol + 2)

so S, diverges boundedly at x = 0. Hence by Proposition 9 we

have r(Sz) = 2,

Belov Series: The following theorem was proved by Belov [06] and

enabled him to produce numerous examples of everywhere divergent

trigonometric series with coefficients that tend to zero.

Theorem A (Belov). Let g(y) be a function defined on [1,) such
that for some a > 1 it has a second derivative on [a,»). Assume

also that
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(i) for x 2 a, g”(y) is positive, non-increasing and tends to
zZero as y - ¢,

(ii) g’(y) » » as y - «, and

1 ; A i
(iii) T g’(y + ) » 1 as y ~» « for arbitrary \ .
Then for each N there exists n, > n, N with n, - n; + 1 >

1/1000/g”ZN25 such that for all n, < n < n,, all the wvalues of

cos g(n) have the same sign and Icos g(n)l > cos(3x/8).

Corollary B. Let {rn} be a non-increasing sequence which tends to

zero and put S_ ~

r_ cos g(n). Then
g n

n

Mg
[y

(i) 1lim (rn/ /g'n) = +» , implies Sg diverges unboundedly

n—oo

(ii) there is a constant C > 0 such that rn, 2 C/g7(n) for all

n , implies S, has amplitude of divergence at least Qﬂ’i%‘o%&&). .

Corollary B follows easily from Theorem A. If we have a g
that satisfies the hypotheses of Theorem A and we put f(y) = g(y)
+ axy + bx + ¢, (@ # 0) then Corollary B will give us an
everywhere divergent trigonometric series, S¢ with coefficients
that tend to zero. (Here x should be viewed as a parameter rather
than as a variable.) We shall call series that are produced this
way Belov series. It follows immediately from corollary B that for

any Belov series S, r(S) < 2.

We shall now show that the Steinhaus series is a Belov
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series and that it is unboundedly divergent. Let g(y) = yloglogy.
Put f(y) = g(y) - x-y. Then g satisfies the hypotheses of Theorem
A. Also g“(y) = log v. So if we put r_. = 1/log n then

n

rn//g”!nS = +0 as n ~» «, Hence

g, °§ cos(nloglogn -nx) _ E cos n(x-loglogn)
£ ue9 og n B log n

diverges unboundedly at each x. So the Steinhaus series has rank
1. Now we shall show that Hardy-Littlewood series are also Belov
series. Let g(y) = vy log y and put f(y) = g(y) + x+y. Then g

satisfies the hypotheses of Theorem A. Also g“(y) = a/y. So if

r. = np—1/2’ %— > p > 0 then 1lim (rn//g”lnj) = +4o; and if r

n i n

(o]
n"1/2 then (rn//g”ini) 2 1//a for all n. Thus Sp 3 nP~1/2
=1

cos(alogn + nx) diverges unboundedly when % > p > 0, and

uniformly when p = O.

3. Cantor-Bendixson Analysis. In this section we formulate an

equivalent description of the rank function r on DZ by means of a

Cantor-Bendixson Analysis. This will make it easy for us to show

that r is unbounded in wq on DF. Recall the definition Tlg from

~

the beginning of §1. For each N ¢ N we define the tree be4 N by
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Thfd,N = Tg where g is the sequence defined by g, = f .y The

~
~

Cantor-Bendixson Analysis is very similar to that in Chapter 1.

We shall define a sequence <Pﬁ £ N) which reflect the properties

of f. M is again to be thought of as being large and

~

QW , x, Pg £ N) is to be interpreted as W witnesses x ¢

Pﬁ eEnN: W will range over the closed subsets of T.

4 an W <+ g
Definition. For each M € @, £ € DZ, N ¢ N we define PM,f,N by

X € Pm,f,N = sup{lfml(x)—fmz(x)lz my,my, 2 N} < M We define

the sets Pb(rll,f,N and the relation QW , x , P&,f,N) by induction as

follows: Let

1 _ 1
PM,f,N = PM,f,N and Q(W,x,PM'f'N) &S Xxe Wn PM,f,N‘

~

ENC= {xePﬁ £ n° for all IeQ(T) with x e int(I),
a
dm > 1/111, 3y e I, 3V € Py ey ST QV . ¥ Py 1y, £,N4m))

Q(w,x,pg““}: y) < for all I e Q) with x e int(I), 3m >

17111,
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3y € L, AV EWANPy ey st AV, Y, Py 1) £ Nem)

and for A a limit ordinal we let

A - a A
PM,f,N - QQX PM'f'N Q(W ’ X ’ PM,f,N) Lt V(l < by

Q(WIXIP(MI , f , N)'
Observe that our definition is made by use of simultaneous
induction on a, M and N. It is easy to see that Pg £ N is a

. 8 a

closed set. Alsc ax< 8> PM,f,N c PM,f,N and

M<M’> Pgl,f,N c Pﬁ’,f,N . When N = 1 we shall refer to
Pﬁ £ N simply as Pﬁ £ - We will show in Proposition 14 that f ¢
DS ¢ for each M e @', 3a < w; such that Py = @ As in

chapter 1 this will allow us to make the following definition:

Definition. We define a new rank function r, on DS by

ry(f) = least a such that PMaf =@ for all M e @t .

Our goal will then be to show that r = r, on DZ. It will turn out
that ry is the same as r on DS except for an initial segment of

length w where r differs from ry by at most 1.

Definition. Let £f ¢ DS, M ¢ 0+ and N € N. For each subset W of T
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we define the subtree W(Tf N) of Tf N by

LR eIk )> € W(T‘;"N) = (TR eIk )> €

ZP‘h.-?Z

' N

andwnIn;tz.

Lemma 11. If x € Pﬁ,le and W satisfies QW , x , Plfdl,f,N) then

r(W(T%’f‘N); X) 2 wed.

Proof. We prove the result by simultaneous induction on aq, M and
N. For a = 1 the result follows from Proposition 9 and for limit
ordinals the result follows trivially. Assume that the result is
true for q, for all M and all N. We have to show that it is true
for a + 1, for all M and for all N. So fix M, N. Fix now I, €
Q(T) with x € int(Io). It will suffice to show that for each n € N

the tree W(T%MN)MO has a node of rank at least w+a + (n-1).

So fix n € N. Choose I(n) € Q(T) such that II(n)I < 1/n, I(n) c
Io and X € int(I(n)). From the assumptions on X we know that there

exists m 2 1/|I(n)l, Yy € 1™ ang v S Pyen such that QV , vy ,

pd ). Since II(n)l < 1/n we also have
M:1I(0) | £, N+m

Qv ,vy.,p? ). By the induction hypothesis we thus get
M/n, f,N+m
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r(V(TEMR ):y) 2 wea ks
i A
s -~
( £ Lo 1 1 1
t t t——3 1
X Y
\w—l
Iz
\ ~— >
To

Now choose I2 e Q(T) with vy € int(IZ) and 12 c I(n) such that

sup{lfml(z)—fmz(z)l:Nsml,m2$N+m} < 2M/n. (This is possible because

Y € Py/n£,N+m *) Then by lemma 5, r([V(T%b’%Em)pIﬂn) > wed.

Let T, be the tree defined by

<(']]‘,1),(I2,m+2),...,(12,m+i)> € Tn i=2 ..,n

2M
and <(T1),(Tgi2p)m(Tp 2p)> € [IV(TEMER NI,

~

> <(']I‘,1),(12,m+2),...,(I2,m+n),(J2,22+m),...,(J +m)> € T

p'?p

Then it is easy to see that

P(AT1>Ty) > r(<(T1)> (VTZMER ML) + (n-1)

~

2 wea + (n-1).
So to complete the proof it will suffice to show that T, is a

subtree of W(T%MN)PIO. Let <(J1,k1),...,(Jn,kn),...,(Jp,kp)> be a node in

T . We must show that J2 c IO' WnJ

- # @ and Vz € J le,m2 €

p p
[ki'kp] we have
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lfN+m1(Z)—fN+m2(z)| < 2M/i (*)

Now from the definition of T J2 must be 12 , SO J2 = 12 c I(n) c

nl
I, AlsowanQV!\IpatrasinceyevnlmifpSn,andif

P > n then V N I # @ by the definition of [V(T%b,%fm)ﬂz]n.

~

Now if i > n then (*) follows from the definition of the tree

[V(T%M{Iilm)]n . Also if i < n then (¥) follows because of the way

we chose I2. So Tn is indeed a subtree of W(T%MN)l\I0 and we are

done. o

Recall the definition of a transitive tree and the subtree
[T]k of T from 84 Chapter 1. We have exactly as in Sub-lemma 1.14

the following result.

Sub-lemma 12. Suppose T is a transitive subtree of TPE__! N

I e ©T) and r(TPI) 2 w-a. Then for each k € N the subtree

(TpI]¥ is transitive and r([TPIIX) > w-a o

Lemma 13. Let f ¢ DZ and suppose T is a transitive subtree of

T'g N With r(T:x) > w-a Let W = {zeT : r(T ; z)>w). Then

Q(W,x,Pgl' ¢ y- In particular x e Pﬁl £ N
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Proof. The result is proved by simultaneous induction on a, M
and N. For a = 1 the result follows from Proposition 9, and for
limit ordinals it is trivial as in Lemma 11. Assume that the result
is true for a, all M and all N. We have to show that it is true for
a + 1, all M and all N. So fix M and N. It will suffice to show
that

r(T;x) 2 we(at+l) > QW , x , Pﬁ+% N

Now fix I € Q(T) with x € int(I)) We must find m > 1/1Il, v € I

and V. C W N Py ¢y such that QV, v, Py, 1| £ nem) Since r(T:x)

> we(a+l) we have that r(TPI) 2> w-(a+l). So TM has a subtree
as shown below with each of the nodes <(Il,k1),...,(Ir(1n),krgn))>

having rank at least we+a in TP

(I, Ry) I:)

(2)

(IZ )

(1 &)

Choose p such that p > 1/1Il and let m = kz()p). Then m > p 2

= Ikl TPk P))>.  Then the tree T,

1/11I1. Now let v .

n

at the node zp is transitive and r(Tvp) > wead . So by
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Sublemma 12, r([T,, 1P) > w+a . Let T, be the tree defined by

~

<(']1‘,1),(J2,,e2+1—m),...,(Jn,.en+1—m)> € Tp

= <(Ig8q)melIp00)> € [T, 1P

P
Then Tp is transitive and it is easy to see that Tp is a subtree
of Tlg{ﬁ_*_m . Moreover Tp has rank at least w+a . So by lemma

4 there is a y e Iép) C I such that r(Tp;y) > wea. Let V =
{z : r(Tp;z)Zw}. Then by the induction hypothesis

Q(V’Y'Pgl/p,f,N+m)' Since 1/p < 1/1Il we thus have

Qv , v, PﬁélII,f,N+m)’ We have now found our m, y and V. It

remains to show that V cCWAN PM £EN ° Now from the definition

of Tp we have that r(Tp;z) 2 w implies r(T;z) 2 w. So V € W.

Also from the definition of W we have that W C PMfN . So V C

~

W N PM,f,N and we are done. (m}

Proposition 14. Let f € C(T)”. Then f € DS < for each M ¢

+ a _
Q' , da < wq such that PM,f = .

Proof. "s": Suppose f ¢ DS. Then for a fixed M ¢ ot we know

that r(Tbg) < wer(f). So by lemma 11 we must have Pﬁ £ = 9,

where o = p(f) (otherwise we would get an x € Pﬁ £ and this
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would make r(T§) > wer(f) ) .

- Suppose f € DS. Then there is an x € T such that f
converges at x. A direct verification shows that Q({x} , x , Pﬁ f)

holds for all a € ORD. So Pﬁ £ is never empty and we are done.

a
Proposition 15. For each f e¢ DZ, r(f) = rl(f).
Proof. Use Lemmas 11 and 13. [}

Remark. By modifying the proof of Proposition 13 we can show

that r(T%) > w-(a+l) implies P} ; # & for all £ e DS. This

~

shows that r and r, can differ by at most 1 if r(f) < w, and

that r(f) = r,(f) for all £ e DS with r(f) 2 w .

4. The rank function, r is unbounded in w; on DF.

The main aim of this section is to prove the following

result.

Proposition 16. For each 1 < a < wq there is an f ¢ LI(T) such

that r(f) = a.

Proof. The proof is by induction on a. We shall show that for
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each a there is an f(1 € Ll(“ﬂ') given by fa = )\a&f + g such
that r(fa) = a. Here f is a Kolmogorov function and xa and Yq
are chosen inductively. A will be a C(3)—function which is

bounded by 1 and which is zero only on a prescribed closed

countable set Qg4

We shall also need some other auxiliary functions besides
the Kolmogorov function. Let ¢ be a continuous function whose
Fourier series has partial sums that are bounded in absolute
value by 1, and converges everywhere except at x = 0. Let yf be
a continuous function whose Fourier series converges everywhere
except at x = 0 where it diverges unboundedly. For the existence

of such functions see [04] p. 127-128.

Now for a = 1 take Qq @ and Yo = 0 to get r(fl) = 1. For a

= 2 we take 0, = {0} and Yo ¢ to get a function f2 whose Fourier
series diverges unboundedlly everywhere except at x = 0 where it
diverges boundedly. From propositions 9 and 10 we get r(f2) = 2.

For a = 3, we take Qg = {2x/n:n22} vV 0, and

by =% vy + T4 et - 2x)

In this case we see that Pl?d g, = g for all M ¢ d)+ but 0 ¢
r+-3

P%Ifa. Thus r(f3) = 3.
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xz lz l)%' - |0
|

The general situation splits into three cases:

Case (i): a = 8 + 2 for some ordinal 8. In this case we take
Qp = 0gyq V QO where (Q is the set which consists of a sequence
of points from each of the intervals complementing 0 8+1 that

converge to the left endpoint monotonically

R 4
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P; > X  (XY) €T - Qppqr XY € Qpyq.

- 1
Enumerate Q0 as a countable sequence Xp>nen and put ¢ w = 3
2 -n 8+1
W + 3 r Y(x-x_). In this case we get that 0 ¢ P
B8+1 =l n 1,£,

but Pﬁ'fa =g for all M ¢ @' so r(f,) = a

Case (ii): a = N + 1 where )\ is a limit ordinal. In this case we

choose an increasing sequence of successor ordinals apn with lim
- ’ 2 2x )
a, = \. Let af be a scaled copy of Q, onto ['rTFT’ —r'z_] and fan

the function obtained by using 01,’1 instead of Q- Then h% €

a. -1

a
Pl nf/ but PMnf, = @ for all M e a. Let Qr; =
’ an ’ an
0
{x(n):meN}. Put 0 = u 0/ and vy = > 47y (%) 4+
" * nem = a4 m=1 On
o0 00 a
S 4™ yx(P)).  Then 0 ¢ P,”;! for all n, so 0 ¢
n=1 m=1 'Ta
P} . However PM1 = g for all M ¢ @' because 0 is the only
1,f, M, £,

possible element of pA for any M € @, and pitl 2 B >
M, £, M, £,

P)‘ must be infinite. So we get that r(f ) = a.
M, £ " a

Case (iii): a = X a limit ordinal. In this case we repeat the

construction given in case (ii) except that we put
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o0 o0
0 -n-m oy L)
bg =% P+ i 2 g B 2 8 Y s I
o remains the same as in case (ii). Because of the term %
I(x), fa now diverges unboundedly at x = 0. So O ¢ P»)Z £ for
o ¢

any M ¢ ot. sSince 0 was the only possible element in Pr):l £ it
. & o

follows that PMf = g for all M ¢ Q. So r(fa) - But we
Ta

a
know that %"T € PM;‘, fla for large enough M/'s. So r(f)) > X\
and hence r(fa) = A = d. So we are done.

o

We are now in a position to give the construction we
promised at the end of section 1. We wanted to construct a
function f such that r(f) = 2 but whose Fourier series is not

uniformly divergent. We proceed exactly as in case (iii).

Take fo to be a Kolmogorov function and Q = {2x/n:n22}.
Choose a \ € 0(3) with IXl £ 1 and A\ = 0 only on 0. Now define
f by

£(x) = Nfo(x) + Blx) + °z°2 47y (x-2K)
n=

where ¢ and ¢ are as above. Then f has the required properties

because A(S(f);gnﬁ-) = 4P for each n > 2.
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Corollary 17. DS, DZ, DT and DF are all coanalytic but not Borel

sets.

Proof. The rank function r is a coanalytic norm on each of these
sets and is unbounded in Wy So by Proposition 0.1, they can't be

Borel. O

Final Remarks. We have seen how to use the Cantor-Bendixson

Analysis in order to show that r is unbounded in wy on DF. Once
again it is very plausible that there is no simple
Cantor-Bendixson Analysis but this is not very clear. So we pose

the %Howing problem.

Problem. Is there a simple Cantor-Bendixson Analysis which gives

rise to the same rank function r?
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Chapter 3

Introduction. Let K = <K(IR2),d> be the Polish space of all compact,
2

non-empty subsets of the plane, R® with d being the Hausdorff
metric given by

d(A,B) = sup{dist(x,B) , dist(A,y) : xXeA,yeB)}

In this chapter we shall be interested in certain subsets of K.

To define these subsets we need to introduce some definitions.

Let A ¢ K. By a path in A we mean a continuous function
v:[a,b] » A where a and b are real numbers with a < b. The path
vy is said to be a arc if v is an injective function. v is said
to be a Jordan loop if v:[a,b) » A 1is injective and v(a) = v(b).
So Jordan arcs are homeomorphic to [0,1] and Jordan loops are
homeomorphic to the unit circle T. Let be a Jordan loop in A. By
the Jordan curve Theorem we know that v divides the plane into
two open components, exactly one of which is bounded. We call the
bounded component the i{nside of v, written ins(y). A is said to
have a caqvity if there is a Jordan loop ¥ in A such that ins(y)

¢ A. A set without any cavities is called a Jordan set.

We now define the following subsets of K. Let JS be the
collection of all Jordan sets in K, PC be the collection of all
path-connected sets in K, and SC be the collection of all
simply-connected sets in K. M. Ajtai (see [24])(see also H.

Becker[05]) showed that PC is a II% but not ]Ii subset of K. The
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question was raised as to whether PC is A%. This is still open.

H. Becker [05] also showed that JS is I[i complete and that SC is
not a Z% subset of K. The gquestion raised by Becker as to

whether SC is ]Ii is also open (but see the final remark at the
end of this chapter). We mention in passing that the collection of

all connected sets in K is a closed subset of K (see [42] p.8).

Remarks. All of the Descriptive Set Theory we have used so far
can be classified as the Classical Theory. There is also what is
known as the Effective Theory. In the Effective Theory recursive
functions and relations are defined on Polish spaces and the

effective analogues of Borel, II%, and Z% subsets, etc. are

obtained (see [41]). The analogues are designated as ]Il, Z%
subsets, etc. (Zi is referred to as "light-face sigma and one" and

Z% is referred to as "bold-face sigma one one," etc.) Ajtai

actually showed that PC was ]I% , and Becker showed that JS was
I[%. These results are slightly stronger than what was stated
above but the proofs are the same. We shall say no more about

this because we are mainly interested in the classical theory.

In this chapter we shall define and study a natural norm on
JS. This norm is obtained by associating, with each set in JS, a
collection of well-founded trees as in chapters 1 and 2. The
well-founded trees are defined on sets with cardinality the same

as R (unlike the case in chapters 1 and 2 where the trees were
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defined on countable sets). The norm provides a natural measure
of the complexity of the sets in JS. It measures in some sense
how "close the set came" to possessing a cavity. The sets of
least possible rank are the convex sets, and if a set is locally
path connected then it lies in the first or second level. We also
give some natural examples of sets with small ranks. Finally we
show that this norm is unbounded in wy on SC. This provides a
Rank Argument of the fact that JS is coanalytic but not Borel. It

also shows that SC cannot be an analytic subset of K.

§1. Tree Description. In this section we study the sets in JS by

associating with each A € JS a countable collection of
well-founded trees. But first we check that JS is a coanalytic

subset.
Proposition 1. JS is a coanalytic subset of K.

Proof. We shall show that K - JS is an analytic subset of K.
Observe that A ¢ K - JS < there is a continuous function v:[0,1] -

2

R“ such that

v is a Jordan loop in A and ins(y) € A (*)

Let E = {(Anr)erC2 : (*) holds}. (Here 02 is the Polish space of all
continuous functions from [0,1] to rR2.) Then it is easy to see that
E is a Borel set. So K - JS is the projection of a Borel set onto

K and hence is analytic. Thus JS is coanalytic. |

With each A ¢ K and each M ¢ Q+ we shall associate a tree,
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TK which reflects in some way the properties of A. Here M should
be thought of as being large. The trees Trlg will be defined on
the set of all Jordan arcs in A. This set has the same cardinality

as R. Before we give the definition of TX we need some notation.

2 we define |yl to be the distance

For a Jordan arc vy:[a,b] » R
between the endpoints of y. We define the closure v of vy to be

the closed path, v:[a,b+1] - IR2 given by

Y(t) t ¢ [a,b]
Y(t) = ¢ v(a) t=b + 1

v linear on [b,b+1]

Let v:[a,b] » R? be a closed path. Then R?

- y[a,b] is a union of
open connected sets with exactly one element of the union being

unbounded. We define the inside, ins(y) of v by

ins(y¥) = union of all unbounded

components of fR2 - v[a,b]

2 2

Finally let le[a,b] -» R and Y2:[C,d] -» R be paths. We say that
Yy € Y, if Yl[a,b] c ‘Y2[C,d]. We also define l|72-71|l, for ¥y €
Yo by

l¥o-v4 Il = sup{dist(x,y) : x,ye{v,(a), v (b)} V (v,[c.d]-v,[ab])}

This definition is "very close to", but not the same as the

Hausdorff metric distance between the sets ‘Y2[C,d] and Yl[a,b].



~105~

Definition. We define the tree TX as follows:
M < .
<Y1,...,‘Yn> € TA < (i) Yqr e Y, @re Jordan arcs in A

(i) 3r ¢ R? such that B(r,1/M) € (R?-A) A ins(¥,)
for alli=1, .., n, and
(iii) Yi S Yis1 ll‘Yi+1—Yill <M/iforalli=1, .., n-1.

Here B(r,1/M) is the open disk with radius 1/M and center r.

Our next result gives the basic relation between the set A

and the associated trees TX.
Proposition 2. A ¢ JS < VM ¢ ®+(TX is well-founded).
Proof. "&": Suppose A € JS. Then there exist M ¢ ef, r e R

and a Jordan loop v:[ab] - A in A such that B(r,1/M) € (R%-A) N

ins(y).

We claim that TIX has an infinite branch. The result will follow
from this. To prove the claim we shall construct an increasing

such that for all i, b; < b and for all t ¢

sequence <bi> N

ieN
[bi,b], lv(b)-v(t)l < M/i.
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Since ¥ is continuous at b, 3b1 e (a,b) such that for all t e

[bl,b], lv(b)-v¥(t)l < M. And given bi we can choose bi+1 € (bi,b)

such that for all t € [bi+1,b], lv(b)=v(t)l < M/(i+1). So by
induction we obtain our sequence <bi>i N’ Now let Yy =
Yr\[a,bi]. Then it is easy to see that Y; is a Jordan arc in A
and for each n, Y prmeYp> € TX. So Y3%iem is an infinite
branch in TX and the claim is proved.

"s": Now suppose that for some M ¢ o', TX is not well-founded.

Then there is an infinite branch <1ri>i &N in Tl}g. Without loss of

generality we may assume that the Yi's are such that

Yi:[ai,bi] - A, L Yi+1P[ai,bi], and the ai's decrease to a and the

bi's increase to b (a and b being finite real numbers). From the

definition of the tree TX it follows that 1lim Yi(ai) and lim

i 00 i

Yi(bi) both exist and

1

lim v.(a;) = 1im v.(b;
i o0 ( l) i 00 1( 1)

Moreover since A is compact this limit is in A.

Let +v:[a,b] » A be defined by Yl\[ai,bi] B and vy(a) =

y(b) = lim Yi(ai). Then it is clear that ¥ is continuous.
1 -0

Moreover ¥ is one to one on (a,b) since the Yi'S are one to one
on [ai,bi]. Thus v can intersect itself at most once.

2

We claim that there is an r e¢ R such that B(r,1/4M) C (fRz—A) N
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ins(y). Indeed choose k such that M/k < 1/4M. Choose r ¢ IR2

'such that B(r,1/M) € (IRZ—A) N ins(ﬁ_'k). From the definition of the
tree TIX we know that for each n 2 k, Yn[an,bn] - Yk[ak,bk] lies
in a disk of diameter 1/4M which contains the point Ykﬂak% Thus

for alln 2 k

vpla bl = Yplabe] € Brvp(ay) gy

So the disk B(r,1/4M) lies in the inside of each of the paths ;n' n

2 k and consequently in the inside of v.

8 (%a(an), 1/4)

B(r. /M)

BIr, V/an)

Now if ¥ is a Jordan loop then A ¢ JS and we are done. So
suppose ¥ is not a Jordan loop. Then 3c ¢ (a,b) such that v(a) =

¥(b) = ¥(c). Let v’ be the path defined by

YMa,c] if B(r,1/4M) € ins(vypM[a,c])
Y’/ = ypMc,b] if B(r,1/4M)
and B(r,1/4M)

ins(vypM[a,c])

ins(vM[c,b])

n W
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Then v’ is a well-defined Jordan 1loop and this shows that

A ¢ JS. ]

Definition. We define for each A ¢ JS, the rank function p(A) by

p(A) = sup{r(TI;{)+1 : Meo+}

We emphasize here that we are using convention that the empty

tree has rank -1.
Proposition 3: For each A ¢ JS, p(A) < Wy

Proof. Let A ¢ JS. Fix M ¢ Q+ and consider the tree TX' It is
easy to see that the relation = , defined by

u=v e uv e TDA/l and v extends u

is a strict analytic relation. Since A ¢ JS, TIX is well-founded
and so < 1is also well-founded. It therefore follows from
Proposition 0.6 that = has countable length. But the length of =

is just the rank of TbA'l , SO r(Tg) < Wy Thus

pla) = sup{r(Tlg)+1 : Med)+}

= sup{r(T§)+1 : NeN} < ay. o

Proposition 4. Let A ¢ JS. Then p(A) is either a limit ordinal or

the immediate successor of a limit ordinal.
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Proof. It will suffice to show that if p(A) 2 w+a + 2 then
p(A) 2 we(a+l). Suppose p(A) 2 w+a + 2. Then for some M ¢ ot
we have r(TX) > w+*a + 1. So TX has a subtree, as shown below on
the left, with the nodes <71,...,Yr(1n)> having ranks that are

increasing and with limit w-a.

1
L 1

(n-L) times

e

o)
In i

We claim that r(TBg"n) 2 we+a + n. From this the result follows
readily. So we need to prove our claim. Let T, be the tree
defined by

<Yl,...,Y1>(i times) € Tn i=1,..,.n-1

M
<Y1,...,Y ,Yn+k> € TA = <Yl reee e Yq ,Yn,...,Yn+k> € Tn

nee
(n-1) times

Then it is easy to check that Tn is a subtree of Tg;n) 2 wea

+ n and we are done. m|



-110—

Remark. We use the convention that 0 is a limit ordinal. It is
clear that p(A) can never be 1 but we shall later see that p(A)

can be other immediate successors of limit ordinals.

Proposition 5. Let A ¢ JS. Then p(A) = 0 < each path-component

of A is convex.

Proof. "s":  Suppose P is a path-component of A which is not
convex. Then there exist X,y € P such that the segment [x,y] $ P.
So there is a point z on [Xx,y] such that z ¢ A. Since A is closed,
(IRZ-A) is open and so there exists ¢ > 0 such that B(z,¢) N A

= g.

Since P is path-connected there is a path in P connecting x and vy,
and by a standard result (see [13] p. 29) it follows that there is a
Jordan arc vy in P connecting x and y. Choose w € B(z,¢/2) such

-+

that B(w,e/4) € ins(Yy). Now let M € @ be such that

M > max{Ix-yl|,4 Then Ivl < M/1 and Bw,1/M) € (R%>-A) N ins(¥).
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So <v> € TX and hence p(A) > 0.

2

"<": Suppose p(A) > 0. Then there exist M ¢ 0+, r ¢ R and a

Jordan arc v in A such that B(r,1/M) € (IRZ—A) N ins(;).

B(, yM)

Let P be the path-component of A that contains ¥. Then it is

clear that P is not convex. So we are done. m}

Proposition 6. Let A € JS and suppose that A is locally

path-connected. Then p(A) = 0 or w.

Proof. It will suffice to show that p(A) < w. Suppose p(A) >

We Then for some M ¢ Q+ we have r(TlX) 2w So Tg has a
subtree as shown below. i o {
@ 14
'
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Here the Y§i)'s are not necessarily distinct arcs. Let X, be the

initial point of Ylfln) and y, be the terminal point of Yr(ln).
From the definition of the tree TK we have that IYr(ln)l < M/n,

so I1x -yl = M/n. Let Ty € IR2 be such that for each n
2_ $(n) ¥ e
B(rn,l/M) € (R“-A) N ins(Yj ) for 3= 1, «ws N

Since r_ € ins(;§n)) it follows that {rn} is bounded because

n nem

(n) j i imi i
T} is an arc in A. Let r be a limit point of {rn}neN° By

going to subsequences if necessary we may assume that

fE =Tl < 1/2M for all n 2 2. From this it immediately follows

that

B(r,1/2M) € (R®-2) n ins(v(®)) for all n > 2.
Let x be a limit point of the sequence K hem * Then X € A
because A is closed. Let U = B(x,1/4M). Since A is locally

path-connected there is an open set V € U with x € V such that
V N A is path-connected. Since V is open and x ¢ V we have for

some large enough k that XY € V.

B(r. /anm)
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Since V N A is path-connected there is a path in V N A connecting
X and Yk This path together with Y1(<k) gives us a closed path
vy in A with B(r,1/2M) C (IRZ—A) N ins(y). Now we can extract from vy
a Jordan loop ¥’ in A (as in [13] p. 29) such that
B(r,1/2M) c (IRZ—A) N ins(y’). So A ¢ JS, a contradiction. Hence the
result follows.

O

Remarks. The converse of Proposition 6 is false. When we
consider some natural examples in the next section we will see
two that are not locally path-connected but which nonetheless

have rank w.

Definition. Let A C IR?'. We say that A has a Hausdorff

pseudo—-cavity if there exist r ¢ rR2, ¢ > 0 and a sequence

<~rn>n ehl of Jordan arcs in A such that for each n ¢ N

(1) B(r.e) € (R%-a) n ins(v,)

(ii) ¥ c Yn+1’ and

(iii) IYnl > 0as n -» o,

Proposition 7. Let A e€¢ JS and suppose that A has a Hausdorff
pseudo-cavity. Then p(A) 2 w-2.

Proof. From the hypothesis we have that there exist r ¢ IR2, g >
0 and a sequence <vy_> of Jordan arcs in A such that Yo &

n"neN

Yp+1r |YI 2 0 as n - e and B(r,e) ¢ (IR2—A) N ins(:rn). By
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considering a subsequence of Y e if necessary we may

assume that |vy_| < 1/n for all n € N.

n

Choose M ¢ d)+

such that M 2 max{1/¢ ,diam(A)}. Then
¥ty = diam(A) <M for all n € N. Now consider the tree, T

shown below.

Y

} (n-1) times

¥ J

It is easy to see that T is a subtree of TX. Moreover r(T) = w +
1. So r(TX) 2 w + 1. Thus p(A) 2 w + 2 and hence by Proposition

4 we get that p(A) 2 w-2. |

Remark. The converse of Proposition 7 is also false. We shall
give an example of a set in JS which has no Hausdorff

pseudo-cavity but still has rank w+2 in the next section.

§2. Some Natural Examples. Before we give our natural examples
we shall obtain two results which will aid us in calculating the

ranks of some of the sets considered below.

Lemma 8. Suppose A ¢ JS and p(A) > w . Then there is a disk
B(r,5) such that V¢ > 0 there is a Jordan arc ¥ in A such that

vl < ¢ and B(r,1/M) € (R%-A) N ins(Y).
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Proof. Suppose p(A) > w. Then for some M ¢ ®+, TX has a

subtree as shown in Proposition 6. Also as in Proposition 6 we

2

can find an r ¢ R such that

B(r,1/2M) € (R%-A) N ins(?r(ln) ) for alln > 2.

Now take 5 = 1/2M. Since !Ylfln)l > 0 as n - « the result

follows immediately. O

Lemma 9. Suppose A ¢ JS and p(A) > w+2. Then for all ¢ > 0
there is a Jordan arc ¥ in A, such that V¥s5 > 0 there is a

Jordan arc v’ in A with ¥ ¢ ¥7 Iy’ < & and |y-v’/| <

Proof. Suppose p(A) > w-2. Then for some M ¢ d)+, TIX has a
subtree as shown below where each of the nodes <Y:(1n),...,Yr(1n)>

is of rank at least w in TX.

ik
. U,
\‘("‘i)
g
n
g e

Now choose n such that 1/n < ¢ and let ¥y be Y(g). Choose m
also so that 1/(n+m) < 3 and let v’ be Ylflfgl(m). Then from the
properties of TrX it follows readily that ¥ and v’ fulfill the

hypotheses imposed on them. O
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The Hausdorff saw: Let rn(n=—3,—2,—1,...) be the following points in
2,

the plane R r_g = (0,1/2), r, = (0,-3/2), r, = (2,-3/2) and r_ =

n
(242 By o i p=11) for n > 0. Let A be the union of the line

segments [rn . rn+1] (n = -3,-2,~-1,...). Then it is easy
B 4
i
Iz rs

to see that A is an example of a compact simply-connected set
which is not locally connected. The set A was first considered by
Hausdorff (see [19] p. 180). Now it is clear that A has a Hausdorff
pseudo-cavity so p(A) 2 w+*2. And on the other hand we easily see

that p(A) £ w+2 because of lemma 9. Hence p(A) is exactly w-2.

Some other examples of rank exactly w-2: Another commonly

known example of a set of rank w-+2 is the "sin(l1/x)-circle" (also
called the Warsaw circle)(see [42] p. 321). The sin(l1/x)-circle
consists of the graph of the function f(x) = sin(1/x) on the
interval (0,2/x] together with the line segments shown below on the

left.
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11V

It is clear that the sin(l/x)-circle is homeomorphic to the
Hausdorff saw. A set of rank w-+2 which is not homeomorphic to
the Hausdorff saw is shown above on the right. This set is a
particular compactification of the real line R, with an arc as
the remainder (see [42] p. 321). The argument that this set has

rank w+2 is identical to that for the case of the Hausdorff saw.

Some sets of rank w which are not locally path-connected. The

first example is essentially a two-sided Hausdorff saw and is
shown below on the left. Another example is the Hausdorff saw
together with its inside. (It is easy to show that the Hausdorff
saw separates the plane into two open components exactly one of

which is bounded. The bounded component is called the inside.)

7
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The final example is much more complicated. Let A be the set

consisting of the segements, [rn,sn]: where B = (2_n+1,0),

= (2'n+1,1) for n > 1 and ry = (0,0) and s; = (1,0); and the
three—-quarter circles of radii g H (neN) with centres at the
origin and the missing quarters being in the first quadrant (see

[32] p. 175). Then A

is a compact simply-connected set which is not locally
path-connected. Now since none of these three sets is convex it
follows from Proposition 5 that they must be of rank at least w.
But Lemma 8 also shows that these sets must be of rank at most

w. So they have rank exactly w.

A set of rank w + 1: Consider the two-sided Hausdorff saw A. Let

T ePnen be a sequence of Jordan arcs in the inside of A which

(i) are pairwise disjoint and also disjoint from A
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(ii) tend to A as n -» «, and

(iii) are such that lYnl > 0 ad n - o,

Let B be the set consisting of A and the Yn'S. (Here we follow
the customary abuse of language and identify ¥y with its image.)
Then B has rank w + 1. This example was essentially suggested to
us by R. Edwards. Instead of the two-sided saw A, Edwards used a

pseudo-arc (i.e., a set which separates the plane into two open

components but which itself contains no Jordan arc).

D
\
)
_/
P
M

First observe that for some large enough M the tree Tg is of rank

w. This is because there is a fixed disk D (shown in broken 1line
above) such that D ¢ (Rz—B) N ins(;n) for all n, and Iy, » 0

as n » . Thus p(B) 2 w + 1.

Now from the definition of the tree Tg we know that the
rank of Tb]g must be at most the supremum of the ranks of Tg
where P is a path-component of B. So r(Ttg) < w for any M ¢
®+, because each path-component P of B is either an arc or A,

both of which have r(Th) < w. Thus p(B) < w + 1. So we get

that B has rank exactly w + 1.
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A set of rank w-2 which has no Hausdorff pseudo-cavity: This is

the last example we are going to give. Let B be the set

constructed as in the previous example except that the arcs T

are all extensions of a Jordan arc Yo in the inside of A.

Then for some large enough M ¢ o' we see that Ttg has rank at

least w + 1. So p(B) 2 w+2 because of Proposition 4. Also from
Lemma 9 it follows that B has rank at most w+2 . Thus p(B) =

w+*2 and we are done.

Remark. Let A be a Hausdorff saw. We define the amplitude of A

by

amp(A) = 1im inf sup{llvy-v“ll: v & v and Ivl,Iv‘l £ 1/n
n -0

where v and v‘ are Jordan arcs in A}

Then by considering Hausdorff saws with amplitudes decreasing to
zero instead of Jordan arcs in the pen-ultimate example we can

obtain a set of rank exactly w-2 + 1.
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§3. The Rank Function p is Unbounded in wy on SC. In this the

last section of chapter 3 our main goal will be to prove the

following result.

Proposition 10. The rank function p is unbounded in w;, on SC.

Proof. We will show by induction that for each a < w; there is
set ACI € SC with p(Aa) 2 w*a. For a = 0, 1 and 2 the result is
clear because of the natural examples presented in the previous
section. We will first construct a set A3 ¢ SC such that p(AS) P
we*3. The induction steps for successor ordinals and for limit
ordinals will essentially be the same as this construction. Let A,

be the Hausdorff saw shown below.
l/Z. |/4 '/8

Vo .
” S ¥ A A

-

B(r,v3)
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Then a direct calculation shows easily that r(Tg ) 2 w + 1. Let
2

Ag be the set obtained from A, by removing the line segments BC,

CD and DE. Now let Ag be the set obtained by inserting scaled

copies of A2’ that fit exactly in the broken-line squares, S_.. shown

n
in the set below.
B E
. L
2
he o ©.
e
Bx IL.._._!__Z._. E&
|
>
B ! _
(] '—-——-— — —— Eo \
3 |
|
|
'| 5, [y
|
|
|
e e e o /
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Observe that the squares S5 above have sides of length 277
(n=0,1,2,...). Note also that the set A, is compact and
simply-connected. We claim that p(A3) 2 w+3 . To prove this it

will suffice to show that r(Tg ] 2 w2 + 1.
3

Let B, and E. be the top left and right vertices,
respectively of the square S, Note that there is exactly one
Jordan arc Vs that connects Bn to En in A:3 (the broken lines are

not parts of the set A3). By considering the extensions of L in

the square S, we see that

3 3.20
r(Tp ) 2 (T ) .
Ag fig
This is because there is a scaled copy of A2’ in the square Sh
and the set consisting of A2’ and the Jordan arc, Yag is

homeomorphic to the set A,. Thus

3 3.2 .
r(Ty ) > sup{r(T ) : n20} > we2 .
A, A,

Now each of the arc ¥a is an extension of the Jordan arc v

joining B and E. So we have a situation as shown below,

¥ ¥

NN AN N
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where the ranks of the nodes <Y,Yn> in T§ are unbounded in
3

we2. Thus <¥> has rank w+2 + 1 in Tg and so r(Tg) 2 we2
3 3

+ 1. We thus have that p(A3) > we3.

Now suppose that the result is true for a, where a 2> 3.
We construct A ., exactly as in the case of As.  Just let Aé be
the set obtained from A, by removing the segments BC, CD and DE.
Then insert scaled copies of A q in the squares Sp in the same set

used for AS' An identical argument shows that p(A 2>

a+1)
we(a+l). Finally suppose that the result is true for all a <
X, where )\ 1is a 1limit ordinal. Let e S be an increasing

sequence of ordinals with lim a, = X We proceed as before by

inserting a scaled copy of A & in the square S, We obtain easily
n

once again that p(A)\) > weA. This completes the proof. O

Remarks. We can show with a bit more effort that the sets A,
obtained above have rank exactly w+a, whenever a is a
successor ordinal. A slight refinement of the process at the limit
ordinal stages will also produce a set of rank exactly w-\ .
(The set A)\ , that we constructed above, turns to have rank

exactly w-+(\+1).)

Corollary 11. JS is a coanalytic but not Borel subset of K. SC is
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not an analytic subset of K.

Proof. Suppose JS is an analytic subset of K. Let = be the

relation defined by

(A,M,u) = (BN,bv) &< A =B, M =N ¢ ot and v extends u in TIX.
Then it is easy to see that = is a strict well-founded relation.
So by Proposition 0.6, = has countable length, a say. But this
would mean that p(A) < a for any A e¢ JS, which is a contradiction.
So JS is not analytic. The same argument shows that SC is not

analytic. a

We have seen that the rank function p, that we defined on
JS, is a natural one and, although we haven't proved that p is a
coanalytic norm, we were still able to get many of the analogous
results in chapters 1 and 2. The question arises now as to
whether p is a coanalytic norm. The difficulty here lies in the
fact that the trees TX (from which p is obtained) are "too big."

It is very plausible however that p is a coanalytic norm so we

make the following conjecture.
Conjecture. The rank function p is a coanalytic norm.

We will now describe briefly how to obtain a coanalytic norm
p’ on JS by making the trees Ttg "'smaller." p’ is not very
natural and not very easy to work with either. It will however be

very easy to see that p’ is a coanalytic norm. Fix, once and for
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all, a countable set ¥, of Jordan arcs such that ¥ is dense in the
set of all Jordan arcs in the plane. For each A € K, M ¢ ot
we now define a tree SX in a similar way to TX. A typical node

in Stg will be <f1,...,fn> as shown below.

The fi's are chosen from ¥ under conditions which will ensure that
they converge to a closed curve in A. So the curve f1 is chosen
so that its distance from A is small and so that there is an open
ball not in A which is in ins(fl). f2 is chosen closer to A and
also close enough to f, so as to ensure that same open ball is
contained in both ins(f;) and ins(f,).

The basic idea is to concoct SX in such a way that if SX
has an infinite branch then A ¢ JS. The converse result is always
easy to obtain because ¥ is dense in the set of Jordan arcs. The
reason why the rank function p“, so obtained, is a coanalytic norm
is because F is countable. The proof is the same as that of

Proposition 1.3.
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Final Remarks. As was mentioned in the introduction a natural

question is whether SC is coanalytic. Below is an idea of H.
Becker of how one might go about proving this (if it is indeed
true!). We have that A € SC < A ¢ JS and VX, y ¢ A, 3y (v is a
path in A connecting x and y). So if the path ¥ can be chosen to
be Borel in A it would follow that SC is coanalytic. (If the path v
can be chosen to be hyper-arithmetic in A(i.e., A% in A) then it
will follow that SC is ]Ii.) Now one way of showing that the path v
can be chosen in a Borel way is to use induction of the rank of A.
The result is obvious for sets of rank O (because these are just

the compact convex sets) but we have not been able to show that

the induction step works. So the following question remains open.

Problem. Is the set SC coanalytic?
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Chapter 4

Introduction. In this chapter we collect together a number of

miscellaneous results about natural rank functions that are

similar to those considered in the previous chapters.

Let C = C[0,1] be the Polish space of all continuous
real-valued functions on [0,1], and D be the subset of C consisting
of all everywhere differentiable functions. (It is understood here
that one sided derivatives are considered at the endpoints 0 and
1.) It was shown by S. Mazurkiewicz [38] that D is a complete
coanalytic subset of C. Later A. S. Kechris and W. H. Woodin [26]
defined a natural coanalytic norm on D, which we shall refer to as
the Kechris-Woodin rank function. Also there is a process
given by Denjoy [11] which recovers any function f € D from its
derivative f’ in a many steps, where a is a countable ordinal.
This process provides another rank function on D, which is known
as the Denjoy rank function. 81 is devoted to a comparison of
the Kechris-Woodin and Denjoy rank functions. In 82 we show
that there are functions of arbitrarily large Denjoy rank by using
a simple construction. (This result was obtained before by A.
Denjoy [11] but the constructions there were very complicated.)

This provides another Rank Argument of the non-Borelness of D.

Let now Ll(']r) be the Polish space of all Lebesgue integrable
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functions on the unit circle T, and CF be the set of functions in
Ll('II') with everywhere convergent Fourier series. Let also EC be
the functions in CF that are continuous, i.e., EC = CF N C(T). M.
Ajtai and A. S. Kechris [01] showed that EC is a complete
coanalytic subset of C(T). From this it follows easily that CF is a
coanalytic but not Borel subset of Ll('lr). By specializing a
construction of Z. Zalcwasser [54] (see also D. Gillespie and W.
Hurewicz [17]), Ajtai and Kechris obtained a natural coanalytic
norm on EC. This norm is referred to as the Zelcwasser rank
function. In 83 we use the Zalcwasser rank to compare tests of
everywhere convergence of Fourier series. It is well known that
the Dini and Jordan tests are non-comparable but it is clear that
in some sense the Dini test is much more powerful. We make this
sense precise by associating with each test an ordinal, called its
strength, by using the Zalcwasser rank function. Finally in s4
we show that the Zalcwasser rank function is unbounded in w; on

CF. This provides a Rank Argument of the non-Borelness of CF.

sl. A Comparison of the Kechris-Woodin and Denjoy Rank

Functions. For the details of the constructions of these rank

functions we refer to [26] and [08] p. 96.

Below we give a brief description. First is the Kechris-Woodin
rank function. Let f ¢ C and ¢ ¢ ot. For a closed subset P of

[0,1] we define P“ ; by
€

Pe’f={xeP:VopennghdeofxElI,JQU
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with I, J € Q0,11 and INJ NP 2 &

such that IAf(I)—Af(J)I 2 ¢}
The notation here is as in chapter 1 (6[0,1] is the set of all
closed subintervals of [0,1] with rational endpoints and length

>0, etc.). It is easy to see that Pg £ is closed. We may thus

3 G z a <
define by induction a sequence <P g, £> 1€ ORD by putting

)
o
Hh
|

a+l _ a 3
= [0.1] Pt,f_(Pc,f)c,f

P _ = gss P¢ for \ a limit ordinal.
£ oa<\ et

If £ ¢ D then PE ‘f is nowhere dense in P, so P¢ £ is a strictly
decreasing sequence of closed sets. Thus there exists a least
countable ordinal a(¢,f) such that Pg gF = B for all a >
a(e,f). The Kechris-Woodin rank function is now defined by

Iflg_w = least a such that Pg'f =@, for all ¢ ¢ @

= sup{a(¢,f): ¢ € 0+}.

We now describe the Denjoy rank function. Let E be a closed
subset of [0,1] and g be a measurable function on [0,1]. We define
the set S ‘E) by

S ‘E) = {x € E: for all intervals I with x ¢ I,
g is not integrable on I N E}.
Sg(E) is called the set of non—-summability points of g with
respect to E. For f ¢ C we define also the set Gf(E) by
Gf(E) = {x € E: for all intervals I with x ¢ I,

ZI | f(bn)—f(an) | diverges}
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where {(a is the sequence of open intervals complimenting

n'Pn)ltnen
E in [0,1] and 21 denotes that the summation is taken over only
those intervals (an,bn) that intersect I. Gf(E) is called the set of
divergence points of £ with respect to E. It is easy to see that
Sg(E) and Gf(E) are both closed subsets of E. Moreover if f € D
then Sf ,(E) and Gf(E) are both nowhere dense in E. (Here £~

denotes the derivative of E.) We can thus define a sequence of

closed sets <D%>anRD for a given £ € D as follows:

0 _ a+l _ a a
Put D¢ = [0,1], D¢ = = Sg.,(Dg) V Gg(Dg)
and D)f~ = y_Df for \ a limit ordinal.

a<\
As before we see that there is a least countable ordinal, a(f)

such that D% = ¢ for all a 2 a(f). The Denjoy rank function is now
defined by lleJ = qa(f). Our goal in this section will be to show

that lleJ < IflK_W . We first prove the following result.
a + a
Lemma 1. Let f ¢ D. Then x ¢ Df > Ve e @ (X € Pc f).

Proof. We prove the result by induction on a. For a = 0, there

is nothing to prove because D(f) = [0,1], and Pg £ = [0,1] for all ¢
e a. Also if the result for all a < )\, where )\ is a limit

ordinal then it follows easily for \. So we only need to deal with

the successor ordinal case now.

a+1l

Suppose the result is true for a. Let X ¢ D¢ Fix ¢ €
©*. We shall show that x e R‘sﬁ'%. To this end fix an open

neighbourhood U of x. We need to show that 3I,J € U with I,J ¢
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Q0,11 and I N J N P] . # & such that 14ag(9)-agD)I > ¢ We

have two cases: (i) X ¢ Sf ,(Dg), and (ii) x € Gf(D(fI).

Case (i): Suppose X e Sg.(Df). Then for any interval I with
x € I, £/ is not integrable over I N D(fI. In particular f’ is
unbounded on I N foI whenever x € I. Choose I C U with
I ¢ Q[O0,1]. As f’ is unbounded on I N D% there is a y ¢ I N D%
such that If’(y)—Af(I)l 2 ¢ + 1. Also we can choose J € U with
JeQO1] and y e J such that [AgJ)-f’(y)l < 1 from the
definition of the derivative f’. We thus get
TA£(I)-Ae(D) 1 2 Al £7(Y)-Ap(I) 1 + —1Ag(I)-£7(y) ]
2 ec+1-1=¢
a

By the induction hypothesis D(fI c PE £+ SO Y € I nNnJnN Pg £

and hence I N J N P(cl,f z 2.

Case (ii): Suppose X € Gf(D%). Then for any interval I with
X e I, Zlf(bn)—f(an)l = oo, Here {an,bn)} are the intervals
complementing D% in [0,1] that intersect 1. Choose I ¢ U with

+» we must have

x ¢ I and I e Q[0,1]. As T1£(by)-f(ay)!

g £(b,)-f(ay)
1g£up — = 1ig_’§uplAf([an,bn])|
= 4 o0 ,

So there is an N € N such that IAf({aN,bN])—Af(I)I > ¢ + 1. By
the continuity of f we can choose J € U with J ¢ (3[0,1) and

J 2 [aN,bN] such that lAf([a,b])—Af(J)l < 1. We thus get
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TAp(T)=Ae(I) | 2 1Ag([aybyl)=Ae(I) -1 Ag([apnbyl)=Ag(T) |
2 ¢+1-1-=¢
Now I must contain at least one of the endpoints aN'bN (otherwise
(aN,bN) N I = g, a contradiction). So at least one of aN'bN isinI n
J N D?. Since D% c Pg'f by the induction hypothesis, we see

that I N J n Pg £ # 2 This completes the proof.

a
Proposition 2. For each f € D, Ifipy < Iflg 0.

Proof. Suppose IflK_W = a. Then for all ¢ € tl)+, Pg £ =9
and consequently Dg = @. Thus lflDJ < g = IfIK_W and we

are done. O

Remarks. It is easy to see that Iflpy = 1 iff £’ is integrable
and it was shown in [26] that IfIK_W = 1 iff £/ is continuous. Now

consider function f given by

x2 sin(1/x) x e (0,1]
f(x)={
o X =0

Then f‘ is bounded in [0,1] and so is integrable. Thus |f| D3 =
1. But it was shown in [26] that ]f] K-W = 2 So the converse of
Proposition 2 is false. In fact much more than this can be said.
Let BD, = {feD: If “(x)]< 1 for all xe{O,l]}._ It ’.w.as shown in [26 ] that

the Kechris-Woodin rank function is unbounded in wy on BDl. But
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each function in BD, is integrable, so |f} py = L for all f €

BD We thus get that for each a < w; , there is an f  such

-
that [fl,; =1 but [flg w2 o

§2. The Denjoy Rank Function is Unbounded in w; on D. The

main goal of this section 1is to prove the following

result.

Proposition 3 (Denjoy). For each a < wq there is an f € D

such that IflDJ > a.

Proof. We prove the result by induction on a. For a =1
there is nothing to prove. For o = 2 we consider the

function f2 given by

£(x) =

It is a standard fact that fé is not integrable on any

interval which contains the point x = 0. In fact we have
S¢.([0,1]) = {0} and G4 [0,1] = @. So Df = (0} and DZ =
2 2 2 2

. Thus |f2|DJ = 2,
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We shall now construct a function f3 such that lf3I

DJ
= 3. The same construction works for the successor ordinal
of our induction, and with a slight and obvious
modification for limit ordinal cases as well. Let x = a be

the first maximum of f2 to the left of x = 1/2, and g be
the function obtained by reflecting the graph of fzr[o,a]
in the line x = 1/2 and by joining the two maxima with a

straight line.

A

Vo

o wf
Ua 0\‘/

o
Nt

-

Now choose a differentiable function h on [0,1] such that

h’ is continuous on (0,1] and

1 _ _ n
h(d) “H‘L.l%g)—n for all n e N , and

2X -
Ssh7=T < h(x) s °g2x for x ¢ 0,1).

X
Let g, be a scaled copy of g that fits exactly in the

interval [1/(n+1),1/n]. We define the function f3 by

£4(x) = { h(x) + g,(x) x e [1/(n+1),1/n]

X =0
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. =2X
- tog(V/x) ///’/,
o

° 103 (1/x) N

It is easy to see that f3 e D. It is also clear that D% =
3

S.,([0,1]1) = {0,1,1/2,1/3,...}. So S, (Dl ) = @ because
3
D% is countable. Also Gf (D% ) = {0} by the choice of h.
3 3 3

2 _ 3 _ = s
So Df3 = {0} and hence Df3 = g. Thus lf3lDJ = 3. This
completes the proof of the result.

O

Remark 1. Using the process above we can actually check
that at the successor ordinals we get a function fa+1 with
'fa+1'DJ = a + 1. However at a limit ordinal \ we get a
function fx with If)\lDJ = X + 1. The reason for this is
because by its definition the Denjoy rank can never be a

limit ordinal.
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Remark 2. It was pointed out in [26] that although the
Denjoy rank function is not a coanalytic norm, D and |-lpy
satisfy condition (i) of Proposition 0.2. This together
with Proposition 3 provides another Rank Argument of the

non-Borelness of D.

§£3. The Zalcwasser Rank Function and Tests for Everywhere

Convergence of Fourier Series. We shall first give a brief

description of the Zalcwasser rank function. For more details we
refer to [01]. Let £ = <fn>neN be a sequence of functions in
C(T), and let P be a closed subset of T. We define the

oscillation wp(f;x) , of £ at x with respect to P by

wp(xX) = inf inf sup {If_(y)-f.(y)! : ly-xI1<8,yeP}.
& 5 Kk m,nxk ™m0

Now define Pg,f by g,f = {xeP : wP(E;x)zc}. If <fn> is an

~

everywhere convergent sequence then it can be shown that P E’ £

~

is closed and nowhere dense in P. We can thus define a

decreasing sequence Z‘c1 £ by induction as follows:

~

€ €

~

0 = at+l _ ,a
Put 2. ¢ =T, 2. ¢ =(2; ¢ ¢
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and Z)E‘ £= N Zg ¢ for \ a limit ordinal.

As in the case of the Kechris-Woodin rank function we see that

there is a least countable ordinal a(¢,f) such that Zg g = @

ro

for all a 2 a(g,f). We then define the Zalcwasser rank function

by

|£1, = least a such that zg g =9 for all ¢ e ot

~

= sup(a(c,f):ce’)

The Zalcwasser rank function applies naturally to the set CF of
all functions in Ll('lr) with everywhere convergent Fourier series

by letting
lflz = I<Sn(f)>|z for £ ¢ CF

where Sn(f) are the partial sums of the Fourier series of f.

Let now J be a test for everywhere convergence of Fourier

series. We define the strength, S(J) of J by

S(3) = sup{|f|z+1:3 shows that the Fourier series

of f is everywhere convergent}

The aim of this section is to compute the strengths of the
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Lipschitz, Jordan and Dini tests for everywhere convergence. For

convenience we give the tests below.

Jordan Test: If f is of bounded variation on T then the Fourier

series of f converges everywhere.

)
X
Dini Test: If at each point x of T the integral I
0

f(X+t)+f(¥_tl—gf(X) dt converges for some 5, > O, then the

Fourier series of f converges everywhere.

Lipschitz Test: If £ is continuous on T and the modulus of

continuity u(5) satisfies u(s)log 5 » O as s - O then the

Fourier series of f converges uniformly on T.

We will need the following definition and Theorem in

calculating the strength of the Jordan test.

Definition: A sequence of functions <fn> , defined in a
neighbourhood of Xo and converging for x = X + is said to
converge continuously at X9 to a limit function f , defined in a
neighbourhood of X5, if ¥¢ > 0 3 3 > 0 and N ¢ N such that

for all x with Ix—xol < 5§ and all n >2 N we have Ifn(x)-f(x)l <

€.

Theorem C. Let f be a function of bounded variation on T. Then
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Sn(f) exhibits the Gibbs phenomenon at each essential
(non-removable) point of discontinuity and converges continuously

at each of the other points.
Proof. See [55] p. 61-62. O

Lemma 4. Let f be a function of bounded variation on T. Then

. { 1 if f has no essential discontinuity
1fl, =
z

2 otherwise

Proof. If f has no essential discontinuity then Sn(f) is the same
as the Fourier series of continuous function on T which is of
bounded wvariation. So Sn(f) converges uniformly in T. But from
[01] we know that IfIz = 1 iff Sn(f) converges uniformly. So we

are finished with the first part.

Now suppose f has an essential discontinuity. Then
IfIz > 2. Let {xn} be the countably many points of essential
discontinuity of f and dn = | 1lim f(x)- lim f(x)! be their

XX+ XK, ~

respective jumps. Then by Theorem C we get that the oscillation

of the sequence Sn(f) in T is given by

_ edn if x = Xn
WT(X) = ,
0 otherwise,

where 2 is the Gibbs constant. Since f is of bounded variation



-1 41—

there are finitely many x_'s , or there are infinitely many x_'s

n n

anddn—>0asn—>oo. Soforafixedg<0,zéf=

{x : wT(X)Z ¢} is a finite set. This shows that Z§ £ =9 for each

fixed ¢ > 0. Thus IflZ < 2 and we are done. a

Proposition 5: Let J;, J; and Jp be the Lipschitz, Jordan and Dini

tests respectively. Then S(IIL) = 2, S(.’IJ) = 3 and S(:ID) = wyg.

Proof. For J; there is nothing to prove because Jp, is a test for
uniform convergence. The result for J J follows immediately from
Lemma 4. So we need to show that S(SD) = w,. Consider the set
D(T) of all everywhere differentiable functions on T. As
indicated in [26] it can be shown that the Zalcwasser rank
function is unbounded in'm1 on D(T). But for any f e D(T), the
Dini test shows that Sn(f) converges everywhere in T. So we get

§4. The Zalcwasser Rank Function is Unbounded in w; on CF.
This final section of Chapter 4 1is devoted to proving the

following result.

Proposition 6. For each a < w; , there is an f € CF such that

lflza a.

Proof. The proof is once again by induction on a. For a = 1
there is nothing to prove. For a = 2 we use a well known example

of a function whose Fourier series converges everywhere but not
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uniformly. Using this function we construct by a general process,
a function of rank 3. The general case for successor ordinals and
limit ordinals is essentially the same and is carried out as in
Proposition 3.

k2

Let a ¢ N and put n, = a Define f, by

o0

1 —
£ = ,
al®) k§1 ) Q(x/mny)

where Q(x,n) is the Fejér trigonometric polynomial given by

= _ 3 sin(2n-i)x _ 2 sin(2n+i)x
Q(xn) = X & - 7
i=1 i=1

It is easy to see that fa is continuous and for sufficiently large
a it is shown in [04] p. 125-127 that Sn(fa) converges everywhere,
but not uniformly in any interval containing x = 0. From this it

follows easily that Ifalz = 2.
Now let g = béfa where b = b(a) is chosen so that
sup{lsk(ga;x)l : XeT,keN} = 1
Observe that for a given open interval I with 0 ¢ I, we can make
the partial sums Sk(ga;x) arbitrarily small outside I by taking a

large enough. Let <I, > be a sequence of disjoint open intervals

with 2x/n ¢ I,- Choose a, large enough so that
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IS (hy %) < 271 for all k e N, all x ¢ E

an

where the function ha is defined by ha (x) = g4 (x-2x/n).
n n n

[l

N
H-
N
N

|

3|

3
1

-

(o]
Now observe that the sum, X Sk(ha ;X) converges for each k, and
n=1 n

o]

that f3(x) = lim 3 Sk(h ;X) is a well defined function. It is

k- n=1 an
easy to verify that 11531z = 3. This completes the.proof. a
Remark. Observe that CF and the Zalcwasser rank function
Lelsy satisfy condition (i) of Proposition 0.2. This together

with Proposition 6 gives a Rank Argument of the non-Borelness of

CF.
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