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Abstract

We construct a I} equivalence relation E on w* for which there is no largest
E-thin, E-invariant I11 subset of w®. Then we lift our result to the general case.
Namely, we show that there is a I3, ; equivalence relation for which there is
no largest E-thin, E-invariant I3, , set under projective determinacy. This
answers an open problem raised in Kechris [Ke2].

Our second result in this thesis is a representation for thin II} equivalence
relations on wu,. Precisely, we show that for each thin IT} equivalence relation
E on wu,, there is a A} in the codes map p: w* — u, and a II} in the codes

equivalence relation e on wu,, such that for all real numbers = and v,

By < (p(z),p(y)) € e

This lifts Harrington’s result about thin II} equivalence relations to thin II}

equivalence relations.
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1. Introduction

As ZFC fails to resolve many important questions about general sets, and
even large cardinals cannot determine the size of w*, set theorists turn to con-
sider the definable objects. It is descriptive set theorists’ main interest to study
various set theoretic properties of definable objects. w® used to be our magic
garden with various flowers like II] sets, &1 singletons and so on. Now, there is
also strong interest in the quotient space w® /E by definable equivalence relation
E. Our interests are also restricted to this new playground in this thesis.

Let us have a basic picture of this classical garden of set theory at first; a
more detailed and global description can be found from [Mol] or [Ke6].

We will call X a product space, if X can be written as a product of w, w*,
2¢. We call a product space X perfect if and only if it is perfect (i.e., no isolated
point) under the product topology. In this thesis, we will always use X, Y to
represent product spaces; we also always use z, y, z and the corresponding
letters with scripts to represent typical elements in product spaces.

Let { N, }new be the “natural” basis of a product space X,

(1) we will call a set A C X 9 (in some x € w*) or semirecursive (in some
x € w¥) set if there is a recursive (in z) function €: w — w such that
A= Unew Ne(n)-

(2) We will call an A C X I1? (in z) if and only if X\ 4 is X9 (in z). X9

sets are the effective version of the open sets, which are the open sets
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that we have algorithms to determine the membership in them.
We will call a set A C X ¥} if and only if there is a B € X X w* such
that A = proj,«(B), namely, for all z € X, z € A if and only if Jy € w*
such that (z,y) € B. We also write proj,«~(B) as p(B) or even pB in
this thesis.
A C X is called a II] (in z) set if and only if X \ A is a &} (in z) set.
In general, we can define £, (in ) sets as the projections along w®
of IT}, (in «) sets, and II ; (in z) sets as the compliments of X} ; (in
x) sets.
We call a set A} (in z) if and only if it is both ¥i (in z) and II}, (in =).
We call a set A C X X} (IT}, AL, 39 TI9, AY) if and only if it is ©}
(1}, AL, 29,119, A9 respectively in some ).
We call a function f: X — Y T} (I}, A}, 2, 119, AY, =} | IIi, Af,
»9, 09, AY) if and only if Gy = {(z,n) : f(z) € N(Y,n)} is T} (11},
AL SO T AY 3L TTE, AL B0 TI9, A9 respectively), where N(Y,n)
is a basis of Y.
We call an ordinal a &} (IT1, AL, 39 T2, A9, &1 in 7, 11} in =, A} in z,
0 in z, IIY in #, A in z) if and only if there is a ©f (IIL, AL, ¥0, 119,
AY lin z, II} in 2, A} in z, 2 in 2, 119 in 2, A in z respectively)
well-ordering on a subset of w which has the ordertype a. Each of these

ordinals can be coded by a real number.
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It is well known that a set A C X is Al if and only if it is a Borel set and a

function is A{ if and only if it is a Borel function.

We will call A C X perfect if and only if A is closed and has no isolated
points. We will call A C X thick if it includes a perfect subset. Of course, we

will call A thin if and only if A is not thick.

The continuum problem is the chief stimulus for studying perfect sets. The
continuum hypothesis cannot be determined from ZFC. Even large cardinals
fail to determine the size of the continuum. However, the effective version of
the continuum hypothesis (i.e., the perfect set theorem) can be proved from
suitable large cardinals. Speaking roughly, every “definable” uncountable set

of real numbers is thick, hence, equinumerous with w®.

Definable thin subsets of a product space X were extensively investigated by
various researchers in descriptive set theory. Let us summarize some related

results about thin sets below.

At first we know that for any perfect product space X, there is no largest thin
¥1 subset of X. It suffices to prove this for w*, since any perfect product space
is homeomorphic to w® through a A}l bijection. Suppose we have a largest one
among all of the thin $} subsets of w*, it must be B = {z : x is A{} since a ¥}
subset of w* is thin if and only if it contains only A} reals by the effective perfect

set theorem. However, B is not 3{ by Kleene’s lower classification theorem on

Al
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However, for II}, we have a different story.

Theorem (Guaspari, Kechris, Sacks) 1.1. For any given product space

X, there is a largest thin II} subset C1(X) C X that includes all thin II} subsets

of X.

The largest thin II} subset of w* can be defined as

C1(w*) = {z : Vy(w] < w¥ — z € Al (y))}

={z:7€ Ly},
where

wi = the least ordinal which is not recursive in z

= the least ordinal which is not Aj in =.

A classical construction of the largest thin II} set using II} norms can be
found in [Mol] also.

Assuming that all ¥; games on w are determined, the projection of Cy(X x
w®) to X gives us the largest ¥ subsets of X. So, we also have the largest %3
subset of X. The largest thin ¥} subset of w* is actually equal to the set of all
constructible reals.

It is easy to see that there is no largest thin II3 subset of any perfect product
space X. Otherwise, suppose A is the largest thin II3 subset of w*, A cannot
be X, so B =X\ A # 0, B must contain a A} real z by the basis theorem for

A} sets. Now, AU {z} is larger than A but still thin and II3.



In general, we have the following

Theorem (Kechris and Moschovakis) 1.2.

(1) Assume Det(21,). For each perfect product space X, there is a largest
thin 113, | set Cont1(X) C X of X.

(2) Assume Det(23,, ). For each perfect product space X, there is a
largest thin (or equivalently countable) £3,, , 5 set Con42(X) C X T3, 1.

(3) Assume Det(X3,)). For every perfect product space X, there is no largest
thin £3,, ., subset of X which contains every thin X3, ., subset of X.

(4) Assume Det(A3)). For all perfect product spaces, there is no largest

thin I13,,, , subset of X.

We will investigate similar properties in the context of X/F for some defin-
able equivalence relation F in this thesis. We could easily lift all the definitions
we mentioned before to the context of X/E by considering [A]lg = {z : Ja €
A(zFEa)} for any A C X/E. Equivalently, we can consider E-invariant sets but
still work in . We will follow the latter.

Fix F a definable equivalence relation on X and I" a lightface pointclass. In
this thesis, we only care about the cases that I" is £} or II} for some k € w. We

will call a set A

(1) E-invariant if and only if for any z,y € w¥, x € AN2zEy — y € A,
(2) E-thick if and only if there is a perfect subset B C A such that for any

T,y € B, v #y = ally,



(3) E-thin if and only if it is not E-thick,
(4) largest E-thin, E-invariant " setif and only if it is a E-thin, E-invariant

I' set that contains all of other E-thin, F-invariant I sets.

We will see when we have a largest F-thin, F-invariant I" subset of a perfect
product space for a I equivalence relation E, where I", I the above classes.

If ' is £3,,, or II},, the solution is immediate. We have two recursive
equivalence relations £ and Fs such that there is a largest E-thin Fq-invariant
I' set but no largest Eo-thin Fy invariant set. We can let E; be the largest
equivalence relation on X (i.e., X x X) and Fy be the smallest equivalence

relation on X (i.e., the identity relation id(X)).

Problem 1.3. Assuming Projective Determinacy, for what I13,, , , equivalence
relations E on a perfect product space, is there a largest E-thin, E-invariant
Sing1 Set or a largest E-thin E-invariant 113, ., set? It is obviously true for
thin equivalence relations. But, is it true or false that for any thick I3 11
equivalence relation E, there is no largest E-thin E-invariant X3, set or

largest E-thin E-invariant 13, o sets?

If T is 113, ., or X35, the classical results about F = id(X) tell us that
there is a recursive equivalence relation F such that we have a largest E-thin
E-invariant II3, , set and a largest E-thin E-invariant £}, ., set. But, how
about the other II3, ., equivalence relations. We will deal with this problem in

the following chapters.
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In Chapter 1, we will prove that there is a II] equivalence relation E on w*,
for which there is no largest E-thin, E-invariant II} subset of w®. Then, we
prove a similar result in a more general context, we get a II3, ; equivalence
relation E on w® for which there is no largest E-thin, E-invariant IT}, , ; subset
of w¥. In the last section, we lift Harrington’s representation theorem for thin
II1 equivalence relations to thin II3 equivalence relations assuming that Vz €

w® (z¥ exists ).
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2. Largest FE-thin, E-invariant Sets below Al

In [Kel], Kechris proved the following

Theorem (Kechris) 2.1. Let E be a II} equivalence relation on w*, if
A C w¥ is TI{ and E-thin, then for each zy € A, there is A9 A} in an ordinal

smaller than wi® such that
o € Ap C [xo]p N A.
For a I1} F, if we let
A ={x:35(S is A] in an ordinal smaller than wj and 2 € S C [z]z)}.

A is clearly a II} set which contains every E-thin II} subset of w®.

A is also E-thin, otherwise, we can play the ordinary forcing trick to blow
up the continuum to get a contradiction. If A is E-thick, we can expand our
universe V to some generic extension V[G] by some so that in V[G], we have
2% = N,. Shoenfield absoluteness guarantees that A is still E-thick in V[G].
So, there must be No many S’s to witness the membership in A. But that is
impossible because we only have 8; many such S’s in V[G].

So we get a II] set which is E-thin and contains every E-thin II} subset of
w¥ as a subset. As every %3 set can be decomposed as X; union of Borel sets,
we can adjust the definition a little bit to get a largest E-thin X3 set.

Let

Co(E) = {x :3S( S is Al in a countable ordinal Az € S C [z]g)}.
1
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In [Kel], Kechris observed that this Cy[E] is the largest E-thin, E-invariant

¥4 set for the I} equivalence relation E. Hence we have

Theorem(Kechris) 2.2. For any II] equivalence relation E on a product

space X, there is a largest E-thin, E-invariant ¥3 set.
If E is actually Al Kechris also noticed the following

Theorem(Kechris) 2.3. For any Al equivalence relation E on a product

space X, there is a largest E-thin, E-invariant I} set.

The largest F-thin, E-invariant set mentioned above can be defined as

Ci(E) = U{C’ :C' is an E-equivalence class

AVz € C(C is A} in an ordinal smaller than w{)}.

After these results, Kechris raised the following

Problem(Kechris). Is it true or false that for any II} equivalence relation E,

there will be a largest E-thin, E-invariant II} subset of w* ?

We will answer this negatively. Namely, we will construct a II} equivalence
relation E for which there is no largest E-thin, E-invariant II} subset of w®.

The idea is the following. We list all possible candidates of the largest FE-
thin, E-invariant II] sets, i.e., we list all II{ subsets of w* as {A,}nec,. We
will construct our equivalence relation E step by step, the possibility of each

A, as the largest E-thin, E-invariant subset of w®“ is destroyed at some step
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of our construction. If A, is given attention at some stage of our construction,
we will pick some II} singleton {x} which has some nice properties. If this x
is not in A,, we will let {#} be an equivalence class of our E which is being
constructed. Hence, A,, cannot be the largest E-thin, E-invariant H{ set since
A, U{zx} is obviously larger than A,, and still an E-thin, E-invariant I} set. If
this z is already in A,,, we will find some real y which is not in A,, and put (z,y)
into the equivalence relation E. Hence, A, cannot be FE-invariant. To make
the above idea work, we have to make our construction carefully, otherwise, we
cannot guarantee that our equivalence relation F is IIj. That is why we need
the Kleene recursion theorem.

Let
63 = sup{a : « is a countable ordinal coded by a A} real}.

We will call an ordinal « stable if and only if for all ¥; formulas ¢(z1,- -, z,)

in the Levy hierarchy of ZFC formulas, and for any ay,--- ,a, € Lg,

LiEplar,- - an) < Lal=@(ar, - an).

We will call an ordinal a weakly stable if and only if for all ¥; formulas

without parameters in the Levy hierarchy of ZFC formulas,
L@ < I,Eo
It is a well-known fact that

63 = the least stable ordinal
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= the least weakly stable ordinal .

We do not need this result in our proof in this chapter, if we just replace all
of the appearances of 6} by oy, the least stable ordinal. But this fact suggests
that it should be enough to use the I1} singletons as our building blocks.

We will need the following

Lemma 2.4. For any given a < 6%, any sentence 1) which is true in L, there

is a 8 such that
(1) a<B <8,
(2) Lg = ZFC* AV =L A9,
(3) Lg = SkolemHull(Lg),
(4) = = Th(Ly),
(5) =z is a I1} singleton,
where ZFC* means a large enough finite fragment of ZFC. We also use ZFL*

to denote ZFC* + (V = L).

Remark. This lemma claims that we have unbounded many such §’s. We only
need the existence of one 3 to prove our main result in this chapter. But they
are actually equivalent. We state the lemma in only an apparently stronger

form.

Proof. Since « is smaller than 6} which is the least weakly stable cardinal, a

cannot be a weakly stable cardinal. So, there must be a ¥; formula ¢ such that
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LEyand VB8 < a(Lg [~ ¢). Let us fix such a ¢ in our proof. Consider the set
A= {z:38(Lg = (ZFL* A4 A @) and = codes Th(Lg)}.

Claim. A is not empty.

Proof of the claim: As 63 is stable, for any finite many sentences @1, - -, ©n,
of the language of set theory, we can find a v < 83 such that L, = o1 A+ Ay,
Let 8o be an ordinal such that Lg, = ZFL* ApAt. Let M = SkolemHull(Lg, ).
As M is elementary equivalent to Lg,, M |= ZFL*. If we put enough axioms of
ZFL into ZFL*, we can guarantee that M is isomorphic to some Lg for some
B < Bo since M is clearly wellfounded. Let = code the theory of Lg. This = is

clearly in A. O(claim)

Claim. A is II}.

Proof of claim: It suffices to show that for any real number z, x € A if and
only if there is a 8 recursive in x such that = codes Th(Lg) and ZFL* C Th(Lg)
and ¢, 1 € Th(Lg). Let = in A. From the definition of A, there is a 8’ such that
such that = codes Th(Lg:) and ZFL* C Th(Lg/) and ¢, ¢ € Th(Lg ). Let M be
the Skolem hull of L,’B. M must be isomorphic to some Lg for some § < 4’ and
Th(Lg) = Th(Lg). As M is the Skolem hull of itself, M can be reconstructed
effectively from its theory by a classical model theory construction. 3, as the

order type of Ord™

, is recursively reconstructible from Th(M) = Th(Lg) as
well. Hence, g is recursive in z. O(claim)

Now, by the basis theorem for the II} subsets of w*, there is a = in A which
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is a II7 singleton. Let = code some Lg/, ' < &5, since Lj |= . We can play
the same trick as before. Let M be the Skolem hull of Lg,. We know that M
is isomorphic to some Lg for some 3 < 8 < §1. This 3 is what we want in the

lemma. [O(lemma)

Let A C wxw” and F C w X w* X w* be “good” universal H% sets for
which the s-m-n theorem applies. Let Ay = {z : (k,z) € A} and Ej = {(z,vy) :
(k,z,y) € E}. Then {Ak}reo enumerate all I} subsets of w® in a II] way and

{E}}kew enumerate all I1] subsets of w* x w* in a I way.

Lemma 2.5. Let Thick(m,n) <= A, is E,-thick. Then Thick(m,n) is

219

This could be proved using Theorem 2.1. We give below a direct proof
without using Theorem 2.1 because we think that the characterization of F-

thickness that we obtain may be also interesting as well.

Proof. To make our notation simple, we just prove that it is ¥} to say that A
is E-thick, for any given II} A C w* and II} F C w¥ x w*. The proof for the
general case is the same but notationally more complicated.

Fix a T C (w X w X w)<* to be a recursive pruned tree such that —E = p[T)
where p[T] is the projection of [T] to the second and third coordinates. Also

fix a map 7 from w* to

LO = {x : x codes a linear ordering of a subset of w}
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such that for all z, x € A < f(z) € WO, where

WO = {z : x codes a well-ordering of a subset of w}.

Claim. the following are equivalent:
(1) Ais E-thick.
(2) There is a continuous function f: 2 — w® such that
(i) for all z in 2¥, f(x) € A,
(ii) for all x, y in 2, if x # y, then f(2)Ef(y).
(3) There is a countable ordinal ¢, a continuous function f: 2* — w*“ and
a continuous function g: w* X w* — w* such that
(i) for all z, 7(f(z)) < a,
(ii) for all z, y in 2¢, if & # y, then f(x) # f(y),
(iii) for all x and y, if x # y, then g(f(z), f(y)) witnesses that
(f(z), f(y)) € E.
(4) There is a real number r, a function fo: 2<% — 2<% and a function
go: w<¥ X w<¥ — w<¥ such that
(i) for all s and ¢ in 2<¥, if s C t, then fo(s) C fo(t),
(i) for any s and ¢ in 2<¢, if len(s) = len(t), then len(fo(s)) =
len(fo(t)), where len(s) is the length of s,
(iil) for all s in 2<¢, fo(s70) # fo(s™1),
(iv) for all (so,s1) and (to,t1) in w<* x w<¥, if (so,s1) C (to,t1),

then go(so,s1) € go(to, 1),
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(v) for all (sg,s1) in w<¥ x w<¥, if there is a v € w<* such that
(u, sg,s1) € T, then (go(so,s1),50,51) €T,
(vi) for any s and ¢ in 2<%, if len(s) = len(t) and s # t, then there

is a u € 2<¥ such that (u, fo(s), fo(t)) € T,

(vil) for all z in 2%, if ¥n € w3s € 2<¥(x | n = fo(s)), then z is

recursive in r.

Proof of the above claim:

(4) = (3): Assume that we have the fy, go and r satisfying all the re-
quirements of (4). Let a = w]. Let f = f5, namely, f(z) = Unewfo(z | n).
This f is well-defined since fy is monotonic by (i). From (iii), f is one to
one. f is also continuous from Theorem 2.6 in [K6]. From (v), we know
that Vo € 2¥(nw(f(z)) < a). We define g in a similar way, namely, g(z,y) =
95(z,y) = Upewgo(z [ n,y [ n). Then g is also continuous. Now, for any = and
y in 2¥, if © # y, there is a N such that for all n > N, = [ n # y [ n. Hence,
(go(fo(z | m), fo(y T n)), fo(x | n), fo(y I n)) € T for all n > N by (iv), (v)
and (vi). As [T]is closed, (¢(f(=), f(¥)), f(2), f(y)) € [T]. Hence, g(f(), f(y))
witnesses that (f(z), f(y)) € E since ~E = p[T].

(3) = (2): Obvious.

(2) = (1): Since 2“ is compact, f[2¢] is a compact subset of w®. As w®
is a Hausdorf space, it must be a closed set. Hence, this perfect subset of A

witnesses that A is E-thick.
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(1) = (4): Assume (1). The construction of fj is the routine Cantor scheme
construction. (See [Ke6] for the Cantor scheme construction.) We can construct
a Cantor scheme (Us)sea<e (i.e., a family (As)sea<e of subsets of some Polish
space X such that (1) Ag~gNAg~; =0, for all s € 2<%, and (2) As~; C A, for

all s € 2<% and 7 € {0,1}.) such that

(1) Us is of the form N; = {z : © contains ¢} for some t € 2<%,

(2) if len(s) = len(t), Us = Ny and U; = Ny, then len(s’) = len(t'),

(3) diam(Us) < 27%n(8) je., if Uy = Ny, then len(s') > 2ten(s)]

(4) Ug~; C Us, for any s € 2<% and i € {0, 1},

(5) if Us = Ny and U; = Ny, then there is some u € 2<“ such that

(u,s',t") €T.

This Cantor scheme can be constructed as usual by induction on the length of

s since A is E-thick.

Let fo(s) =t if and only if Us = N;. Let f(z) = f§(z) = Upewfo(z [ n). f
is a continuous injection from 2¢ into A. As 7[f[2¥]] is a X1 subset of WO, it
is bounded below some countable ordinal «. Therefore, there is a r € w* such
that « is recursive in 7. For any z such that Vn € w3s € 2<¥(z | n = fo(s)),
we know that (w(f(z)) codes a well-ordering with an order-type smaller than

a, hence, recursive in 7.

We can also construct the map go by induction on the length of (sg,sy).

We let go(0) = 0. Suppose we have already defined go for all (sg,s1) with
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len(sg) = len(s;) < n, consider tg = so”i and t; = s17j for 4,5 € w, if
there is a u € 2<% such that (u,tp,t1) € T, we let go(to,t1) be some u such
that (u,to,t1) € T. Otherwise, go(to,t1) = 0™. It is easy to check that g

works. O(claim)

As (4) is clearly 23, it is X} to say that A is E-thick. So is Thick(m,n). O
Let

f(m,n) < A, is the largest R,-thin R,-invariant subset of w®.

Lemma 2.6. 6(m,n) is absolute between L and V.
Proof. Let
fo(m,n) <= A, is a R,-thin R,-invariant subset of w" .

6o(m,n) is II} since Thick(m,n) as specified as in the lemma before is ¥3
and it is II3 to say that A, is R, invariant.
As O(m,n) <= 6Op(m,n) A\Vk(bp(k,n) = Ar C A,,), 6(m,n) is absolute

between L and V by the Shoenfield absoluteness theorem. [

Since §(m,n) is absolute between L and V, we can assume that V = L

without loss of generality, since if we proved that
L = 3n(E, is an equivalence relation A Vm—=6(m,n)),
we must have

V |= 3n(E, is an equivalence relation A Vm—6(m,n))
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as well.

Let us define a set A C w X w¥ x w* as following:
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(e,z,y) € S —
EITHER (1) z=y;
OR (2) 3adn € w such that
(2.1) L4 = SkolemHull(L,),
(2.2) L | ZFL* A6(n,e),
(2.3) =z codes Th(L,),
(2.4) = is a II] singleton,
(2.5) Vm < n(Ly = 6(m,e)),
(2.6) z€ Ay,
(2.7) Lo | “yis the <r_-least element
subject to the following requirements:
(2.7.1) y € (Lo \ An) Nw®,
(2.7.2) y is not a II} singleton,
(2.7.3) Vz(z is a II} singleton — —(z,y) € E,);”
OR (3) 3aan € w such that
(3.1) L4 = SkolemHull(L,,),
(3.2) La = ZFL* Af(n,e),

(3.3) 1y codes Th(L,),
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(3.4) 1y is a Il singleton,

(3.5) Vm < n(Ly & 6(m,e)),

(3.6) y€ An,

(3.7) Lq = “x is the <1, -least element
subject to the following requirements:
(3.7.1) #€ (Lg\Ap) Ne®,

(3.7.2) = is not a Il singleton,

(3.7.3) Vz(z is a II] singleton — —(z,z) € E).”

Lemma 2.7. S is a Il subset of w x w® X w*.

Proof. It suffices to show that (2) is a IT} formula. But

(2) =
Inf(2.4) A (2.6) AFa((2.1) A (22) A(23) A (2.5) A (2.7)] =

Inf(2.4) A (2.6) A Ly=v(z,y) E (3a((2.1) A (2.2) A (2.3) A (2.5) A (2.7))].

The second equivalence comes from the fact that o can be recursively con-
structed from =z and (2.1), (2.2), (2.3), (2.5) and (2.7) are A} formulas which
are absolute between Lz (z,y) and L, and Lw-;:,u(m, y) correctly computes L,
for any o € Lz (2, y).

Since Lyrw(z,y) | (3a((2.1) A (2.2) A (2.3) A (2.5) A (2.7)) is TI] by the

Spector-Gandy theorem, it suffices to show that it is [T to say that z is a II}
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singleton. Let B C w*” X w be a universal II} set. Let B* be a II} set which
uniformizes B by the uniformization theorem of IIj sets. Namely, B* is a II}

set such that

(1) for all m € w, Iz € w¥((z,m) € B) <= Iz € w*((z,m) € B*)
(2) for all m € w, there is at most one z such that (z,m) € B*.

Then it clear that = is a II} singleton if and only if 3m € w((z,m) € B*).

Hence, (2.4) is II}. O

By the s-m-n theorem, there is a recursive function f: w — w such that
Vo € w?Vy € w’((e,z,y) € S < (f(e),z,y)) € E. Now, by the effective
recursion theorem, there is a fixed point for f, i.e., there is a e € w such that
for all real number x and vy, (e,z,y) € S if and only if (e,z,y) € E. From now

on, let us fix this e € w in this chapter.

Lemma 2.8. Suppose that « # y. If (z,y) € E., then the one and only one

element from the E.-equivalent pair {x,y} is a II} singleton.
Proof. Tt is clear from the construction.

Lemma 2.9. FE, is an equivalence relation.

Proof. (1) reflexity. Clear.
(2) symmetry. Clear.
(3) transitivity. Assume (z,y) € E. and (y, 2) € FE..

Case 1. © =y or y = 2, it is trivially true in this case.
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Case 2. = # y and y # 2.
Subcase 2.1. y is a II] singleton. In this case, neither # nor z can be a II}

singletons by the Lemma 2.8. Then,

x = z =<y, —the lease element subject to the same requirement.

So, (z,2) € E..
Subcase 2.2. y is not a II} singleton. In this case, both = and 2 must be II}

singletons. Assume that x # z towards a contradiction. Let

a(z) = the unique a corresponding to =z in the construction,

a(z) = the unique «a corresponding to z in the construction.

Without loss of generality, let us assume that a(z) < a(z). Let n be the least

number such that L,y = 0(n,e). As (y,z) € E,, from the construction,

Loy = “y is the <r -least element subject to the following requirements:
y € (Lo \ An) Nw®,
y is not a II{ singleton,

Vz(z is a II} singleton — —(z,y) € E.).”

But z € Lg(z), since 7 is definable from a(z) in Ly(;) and Ly(,) = SkolemHull

(La(z))- La(z) would also think that z is a II} singleton since Lo, = ZFL*.
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So, La(z) F (7,y) € Ee. But Lo,y = ZFL*, so we have (z,y) € E.. Actually,

if

Lo = KP + “every well-ordering is isomorphic to

some ordinal in an order-preserving map,”

L is absolute for all I} formulas. We can always put enough axioms into
ZFL* to guarantee this. But, (z,y) € E., by our assumption. So, we have a

contradiction. [

Lemma 2.10. For any E.-thin II} set A,

LE3z(x ¢ AN x is not aIl} singletonA

Vy(y is H}-singleton = (x,9) € E.)).

Proof. At first, we will show that A is thin. If A is thick, since every E.-
equivalence class has at most two elements, there are continuum many F, in-
equivalent elements in A. But we know that A is F.-thin, by Theorem 2.1, so,
for every = € A, we can find a Ay which is A} in some ordinal smaller than w?
such that x € Ag C A. We have only X; many such Ag’s. If we blow up the
continuum to N by the product of Ng copies of Cohen forcing, we will get a
contradiction.

Lsy Nw® is also a thin set by the same forcing trick. Now, by the Shoenfield

absoluteness theorem, L think that both w“ N Ls; and A are thin. So is their
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union. Since (Lgy U A) is thinin L, L [Fw® N (L \ (Lsy U A)) # 0. Let us pick
any = in w“N(L\ (Lsy UA)). This z is not a IIj singleton since all ITj singletons
are in Lg;. Hence this = is not in any L, for all a’s which are coded by a IIj
singleton in the sense of our construction. So, z is only E.-equivalent to itself.

So, this « witnesses the validity of the sentence of this lemma in L. O(lemma)
Theorem 2.11. There is no largest E.-thin E.-invariant H{ subset of w¥.

Proof. Assume that there is a largest E,-thin E.-invariant I11 subet of w*. Let
n be the least index for this set with the universal IT] set A C w x w®.

As A,, is E.-thin,
L= 3z(x & A, A x is not a II] singletonA
Vy(y is II-singleton = (7,y) & E,)

Ym < n(=60(m,e)).

By Lemma 2.4, we can always find = and « such that
(1) a<é,
(2) Ly = ZFL* AB(n,e) A¥Ym < n—f(m,e) A Jw(w & A, A
w is not a I1}-singleton A Vy(y is a II1 singleton = (w,y) & E.)),
(3) Ly = SkolemHull(Ly),

(4) = codes Th(L,) and =z is a II} singleton.

If x € A,, since

Ly F3w(w ¢ A, A w is not a H}—singleton
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AVw (w' is a TI7 singleton = (w,w’) & E.)),

let y be the <, -least real number in L,. Then, (z,y) € E. by the construction.
This contradicts the assumption that A, is F.-invariant.

If 2 € A,, then A, U {x} is still a E-thin, E-invariant II} set but larger
than A,. This contradicts the assumption that A,, is the largest among all the
E-thin, E-invariant I} subsets of w®.

Hence, for E., there is no largest E.-thin E.-invariant set. [O(theorem)

Remark. By theorem transfer theorem, we know that the same thing is true for
all perfect product spaces X.

Next, let us consider X{ equivalence relations. It is easier to construct a %1
equivalence relation E for which there is no largest E-thin, E-invariant 1} set.

Let A be a ¥{ but not I} subset of w. Let
(z,y) e E <= xz=yV (z(0) =y(0) € A).
E is clearly a ¥} equivalence relation. If there is a largest E-thin, E-invariant
II] set, say B, we can recover A from B in a II} way.
Claim. n € A < Vz(z(0) =n = z € B).

Proof of the claim. For any n € A, since D,, = {z : z(0) = n} is E-thin,
E-invariant 11} set, D, C B. So, = € B.
If n € A, we can clearly find a = ¢ B such that 2(0) = n, since D,, = {z :

z(0) = n} is E-thick. O
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Hence, A would be II}, which contradicts the assumption on A.

From the argument above, we know that we can actually find a ¥} equiva-
lence relation for which there is no E-thin I} set which contains all recursive

FE-thin, E-invariant subsets of w®.

Similar constructions would give us a IIj equivalence relation for which there
is no largest E-thin, E-invariant ¥} subsets of w*. Let A C w be a II but non-
Y1 set, For any z and y in w*, let (z,y) € F if and only if either x = y or
z(0) = y(0) € A. If there is a largest E-thin, E-invariant $} set B, A can
be recovered from B in a i way, namely, for all n € w, n € A if and only if
3x(x(0) = n Az € B). Actually, there is no E-thin 33 set which contains all

recursive F-thin, E-invariant subsets of w®.

The next problem is if there is a 31 equivalence relation E on w* for which
there is no largest E-thin, E-invariant ¥} subset of w®. Hjorth showed that the

above is false under the assumption that there is 0F.

Theorem(Hjorth) 2.12.  Assume that 0% exists. For any £} equivalence

relation E, there is a largest E-thin, E-invariant ¥3 subset Cg of w®.

To summarize, we have the following table:
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Pointclass of
Pointclass the Largest Set

of E

35 I b3 113
AL % v v X
¥ X % v (0F) X
IR X X v %
AZ X X ? X
¥ X X ? X
i) X X % X

Table on the existence of a largest
E-thin, E-invariant set for a definable
equivalence relation E below Al.

The following problems are open:

Open Problems.

(1) Is it true or false that for any %} equivalence relation E, there is a
largest E-thin, E-invariant subset of w*?
(2) Is it true or false that for any Al equivalence relation E, there is a

largest E-thin, E-invariant subset of w*?



28

3. The General Case

In this chapter, we will solve the following problem negatively.

Problem. Is it true that there is always a largest E-thin, E-invariant subset

of w” for any given I13, | equivalence relation E?

In Chapter 2, we solved the problem for II} equivalence relations negatively.
We constructed a II} equivalence E for which there is no largest E-thin, E-
invariant set. Using the work of Kechris and Martin in [KM1], it seems not
difficult to lift our result to II3 equivalence relations. But the same argument
cannot go any further without a generalization of the work in [KM1] to higher
levels. It seems that Jackson has finished this generalization recently. But we
can get around the difficulty by using Q-theory and the Martin-Solovay basis
result for X3, ., sets. We will answer the general problem negatively in this
chapter.

Before we go any further, let us fix our notation first. Let GX be a good
universal system for the IT}, . ; sets of the Polish space X. For simplicity, let E =
G¥ X’ Cwx (W xw?), A =G Cwxw?”,G =G %" Cux(wxwxw).

Let G uniformize G as a subset of (w X w x w) x w¥, i.e.,

Vm,n, k[3z(m,n,k,z) € G — Jz(m,n, k,z) € G|

AYm,n, k,z,y((m,n, k, ) € GA (m,n,k,y) € G — x =y).
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We always use m,n,k,l,d,e for natural numbers and «,8,z,y,u,v for reals in
this chapter. All of the other notations should be standard as in [Mol].

We always assume A}, determinacy throughout this chapter.

Let A; enumerate all the II3, ., sets. We will use a sequence {zj}re. of
.. 41 singletons to destroy the possibility of A; being a largest E-thin, E-
invariant set. For each [, if x; € A;, we will introduce an element y such that
yEz; but y € A;. This will make A; not invariant. If x; € A;, we will ensure
that x is the only element which is E-equivalent to . That will make A; not
the largest, since A; U {z} will be invariant if A; is. We have to work carefully
to ensure that our equivalence relation F is 113, ;. We ensure this by using the
recursion theorem and some 3, ; elementary models generated by singletons.

Since our main building blocks for our IIj,,; equivalence relation E are

113, ., singletons, let us review a theorem of Harrington about II3,,  ; singletons.

Theorem(Harrington) 3.1. To each real o, we can associate a real yg; .,

such that:

(1) For each a, y$,,, is a (representative of the Az, (c) degree of the)

first non-trivial 113, ; (@) singleton. The formula

Hapnlon B) &= P=9514

SN S
(2) For each o, a <7 y$, 1, and a <7 f — Y511 <7 ygn—i-l- In fact, these

reductions are uniform. For instance, there is total recursive p : w — w



30
such that
& 1 B
& = {e}ﬂ — Yomi1 = {p(€) V241,

(3) For all o, S,

Q
@ <gont1 B ygn+1 2 y2an+1'
(4) Let

Lonti(a) ={yaz:A € Aj,, A#0,¢ is an excellent

A}, 11 (c) scale on A}.

Then y5, .1 € Lopy1(a) and every real in Lony1(e) is recursive in
Y%, 4+1- In particular, y$, ., is a recursive basis for £3, (), i.e., every

non-empty %3, () set contains a real recursive in yg., ;.

Proof. See [KMS] O

Definition. Let U C w X w¥ X w X w) be a semi-recursive set universal for all
semi-recursive sets of w X w. Let U uniformize U as a subset of (w X w® X w) X w.
We will call a real x good iff
(1) @ = (2,2Y),
(2) 2°G+1) = y;::ﬁ)l,i.e.,H2n_|_1(.'1c0(7l),.7:0(11 + 1)), where Ha, 41 as in the
above theorem of Harrington,
(3)

m  if VnImU (4,2°(3),n,m) and U(4,2°(3), n, m),

Lpate oh®.
z (4,4, m) {0 if Invm~=U (4,2°(i),n, m).
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If z is good, then for any 4,7, let x; ; be the real defined as following:
zii(n) =m iff 2'(i,5,n) =m.
It is easy to see that {z;; :j € w} C {y:y <ar 2°(i)}. If = is good, let
M, =q.5. {y : y <7 2°(i) for some i € w}
(= {x;;: for some4,j}.)
It is 13, ,, to say that = is good, namely, we have

Lemma 3.2. There is a 113, formula ¢(x) such that

¢(z) <= “x is good.”

Proof. Clear. O

We have a natural well-ordering among reals of M,, for any good z. For any

y and z in My, let (iy,j,) be the first pair of integers such that y = x; ; and

TRVEY

(i2,7-) be the first pair of integers such that y = x;_ ;, where z; ; is as given in

the definition of being good. Let

Yy jM,,: z (il/ajy) g IR (7Z).72)
It is clear that this well-ordering is recursive in .

Lemma 3.3. Ifxz is good, ¢(xo,...,2n) is projective, then there is an arith-

metical formula {(x,xg,...,x,) such that

M, E ¢(xo,...,2n) <= Y(z,%0,...,%Tn).



32
Proof. 1t is easy to see that we can always replace all quantifiers over reals by
quantifiers over natural numbers because any element of M, can be recursively

recovered from z. O

Lemma 3.4. If x is good, then M, <5l V, ie., for any E%’n,-{-l formula

¢('7:0> chokc amn); any yo,- - -,Yn € MT

M’T) F d)(y()) R 7y77/) — ¢(y0) W e ;yn)-

Proof. We use induction on the complexity of ¢.

It is obviously true for arithmetical formulas.

Assume that it is true for all £} (and hence I1}) formulas with k < 2n + 1.
Let &(%0,...;%n) = 0w, Lo, - +8n) be Z%n_l_l. Let yo,...,Yyn € My, if
M, E &(yo,---,Yn), it is clear that ¢(yo,...,yn) holds. Now, assume that
é(Yo,---,yn) holds. As yo,...,yn is in M,, there is an ¢ € w such that y; <p
z(i) for 0 < j < n. Let D = {w : ¥(w,y0,...,Yn)}, D is I3, (z(i)). By
Martin-Solovay basis results, there is wg € D such that wo € II3,, ,; (z(i + 1)).
By Harrington’s theorem, wy <7 z(i + 2). Thus wy € M,. We get M,

Yoy« 1 Un). O

Definition. Let B C w X w X w X w* be the set defined as following:
(d,e,l,x) € B iff
(1) z is good,

(2) M, E “Vk <1 A is not the largest F.-thin E.-invariant set,”



33
(3) Vk < I Gaer # 0 and st.unif.(Gger) € M, where st.unif. stands for

standard uniformization, i.e., Vk < I, 3y € M,((d,e, k,y) € G).
Lemma 3.5. BisIlj, ;.

Proof. (2) is 113, ., because of Lemma 3.4. O

Lemma 3.6. There is a d* € w such that

(d*,e,l,x) € B if and only if(d*,e,l,x) € G.

Proof. This is by the recursion theorem.

From now on, let us fix this d*. We will construct our equivalence relation

by the recursion theorem again.

Definition. Let S C w X w* X w* be defined as following;:
(e,z,y) € S iff
EITHER z =y,
OR for some [
(1) z € A,
(2) z = st.unif.(Bgx¢;), ie., (d%,e,l,7) € G,

3) y =the =<}, -least real in M, subject to the following requirements:
g

(4) y € (Mz\A1) Nw*

(14) Vk <1y st.unif.(Ggx e k).
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OR for some [

(1) Yy e Ala

(2) y = st.unif.(Bg ), i-e., (d*,¢,1,9) € G,

(3) = =the =y, -least real in M, subject to the following requirements:
() @e(M\A)nuw?,

(74) Vk < 1,2 st.unif.(Ggs e k).

Lemma 3.7. SisIlj, .

Proof. Lemma 3.4 implies that (3)’s are I13,,, ;. All others are clearly II3, ..

O

By the recursion theorem again, we have the following

Lemma 3.8. There is a natural number e* such that

(e*,z,y) € S if and only if(e*,z,y) € E.

Lemma 3.9. FE.- is an equivalence relation.

Proof. Reflexity and symmetry are clear from our definition.

Let

st.unif.(Gas o= k), 1f Ggrex s #0
TE— :
0, otherwise.

Actually, we will show that Gy« = # 0 for all k € w later in this chapter.

We will next show that Ee- is transitive. Assume zFE+y, and yFEe«z.
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Case 1: x =y or y = 2, it is obviously true.
Case 2: = # y and y # z. From the construction, our E.- has the following

properties:

(1) No Ee«-equivalence class has more than two elements.
(2) If xE.+y, then either © = y or exactly th of  and y must be a 7, for

some k € w.

Subcase 2.1: y is a II3, ., singleton. In this case, both z and z cannot be

I13,,1 singletons. So,
r =y = the <jp, -least element subject to the same requirements.

Subcase 2.2: y is not a II3, ., singleton. In this case, 2 and z are IIj,
singletons. Assume that = # z, towards a contradiction. Suppose I, and [, are
the corresponding [ in our construction of E.«, I, # [, since x and y are uniquely
determined by (d*, e*, ;) and (d*, e*,l,) respectively. Without loss of generality,
we assume that [, < [,. From the construction, z = st.unif.(Bg» ¢~ ;,) and

y = stounif.(Bgx e+ 1,). As lp < [, from the construction of B, we know that

Yy

st.unif.(Bg« e+ 1,) € M,. Now, we get a II}, ., singleton z = r, € M, such

that (z,z) € Ee~, which contradicts with the assumption yFe«z and y # z. O

Theorem 3.10. Assuming Al determinacy, there is no largest E.«-thin,

E,«-invariant set for the II3, , , equivalence relation Eex.

Proof. Let A C w x w*“ universal for II}, ., sets as fixed at the beginning. By
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induction on [, we will show that for all [,

(1) Garers # 0,

(2) for any good z, if 1 € M,, then
M, E “A; is NOT the largest Ec«-thin, E.«-invariant set,”

(3) A; is NOT the largest E.«-thin, E.«-invariant set.

Assume (1), (2) and (3) for all ¥ < I. Now, we will show that they are still
true when k = [.

(1)It is clear because any good x such that z; € M, for all 0 < i <[ is an
element of Gg» x 1, where z; = st.unif.(Gg« e+ ;).

(2) Let = be a good real and r; € M,. Let us work in M,. If r € A;
(= A", r)g,. = {r}. So, Aj U {r} is Ec--thin, Ee~-invariant but larger

than A;. Thus, we have
M, E “A; is NOT the largest Ec«-thin, Ee«-invariant set.”

Ifrpe Aj,as VE Jy(y € AiNY Bexto N+ ANy Besri—1) and M, <51 V,

there must be such y in M,. Thus M, E “A; is not E.«-invariant.” Thus,
M, E “A; is NOT the largest E+-thin, E.«-invariant set.”

(3) It is similar with (2) but simpler. O

Let us give a summary of the relative results before we finish this chapter.

In [Kel], Kechris proved the following
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Theorem (Kechris) 3.11. Assume Det(Al), let E be a II} equivalence
relation on w*. If A C w¥ Is H% and E-thin, then for each xo € A, there is an

Ao Al in an ordinal smaller than x{° such that
zo € Ap C [zo]g N A.
For a II3 E, if we let
Cg = {z :38(S is A} in an ordinal smaller than 7 and z € S C [z]g)}.

A is an E-thin II} set which contains every E-thin II} subsets of w*. So, there
is a largest E-thin I} subset of w®.

Let
C4(E) = {x:35( Sis Ajin aordinal < k3 Az €S C [7]g)}.
In [Kel], Kechris observed that this C4[E] is the largest E-thin, E-invariant

¥! set for the IT} equivalence relation E. Hence we have the following

Theorem (Kechris) 3.12. For any I1} equivalence relation E on a product
space X, there is a largest E-thin, E-invariant ¥} set which contains every

E-thin, E-invariant 3} subset of X.
If E is actually Al, Kechris also noticed the following

Theorem(Kechris) 3.13. For any A} equivalence relation E on a product

space X, there is a largest E-thin, E-invariant I} set.
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The largest E-thin, E-invariant set mentioned above can be defined as

C3(E) = U{C :C' is an F-equivalence class

AVz € C(C is A} in an ordinal smaller than x7)}.

A similar construction as in Chapter 2 would give us a ¥} equivalence relation
E on w* for which there is no largest E-thin, E-invariant II} set. Also, we can
construct a I} equivalence relation E on w* for which there is no largest E-thin,
E-invariant ¥} set.

Hence, we have the following table:

Pointclass of

Pointclass the Largest Set

of £

Lo omo | osb | oo
Ad X v v X
37 X X ? X
IT X X v X
A % X ? X
i % % ? %
I X X X X

Table on the existence of a largest
E-thin, F-invariant set for a definable
equivalence relation E below Al

The following problems are open:

Open Problems.

(1) Isit true or false that for any ¥} equivalence relation E, there is a largest

E-thin, E-invariant subset of w* including all E-thin, E-invariant %}
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subset of w*?

(2) Isit true or false that for any A} equivalence relation E, there is a largest
E-thin, E-invariant subset of w* including all E-thin, E-invariant ¥}
subset of w*?

(3) Isit true or false that for any 3 equivalence relation E, there is a largest
E-thin, E-invariant subset of w* including all E-thin, E-invariant ¥}

subset of w¥?

In the most general case, we know less than in the case of the third and

fourth levels. The following is a table which summarizes what we know right

Now.
Pointclass of
Pointclass the Largest Set
of E
Z%nﬁ-l H%n-{—l E%n+2 H%n—i—2
Blii X ? ? X
3 11 X X 7 »
31 X X i %
A%n—l—2 X X ? X
Y. s ¥ X ? ~
115,00 X X X X

Table on the existence of a largest
FE-thin, F-invariant set for a definable
equivalence relation E below A} . .

The following problem is open:

Open Problems.

(1) Is it true or false that for any 3, , equivalence relation E, there is a
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largest E-thin, E-invariant subset of w®?

(2) Is it true or false that for any A}, ., equivalence relation E, there is a
largest E-thin, E-invariant subset of w®?

(3) Is it true or false that for any Y3, ., equivalence relation E, there is a
largest F-thin, F-invariant subset of w®?

(4) Is it true or false that for any Aj, ., equivalence relation E, there is a
largest E-thin, E-invariant subset of w®?

(5) Is it true or false that for any II}, ., equivalence relation E, there is a

largest E-thin, F-invariant subset of w®?
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4. ¥.i, TIi and A} in the Codes Subsets of u,,

In this chapter, we will prove some technical lemmas on ¥i, II} and A} in
the codes subsets of u,. On one hand results about the ¥} in the codes, II}
in the codes and Al in the codes sets are close relatives of results about the
third level of the analytical hierarchy on real numbers. On the other hand, they
can be considered as the II}, 1 and Al subsets of (u,,, <, {u,}) under the full
determinacy. Even without AD, they often look like sets of the first level of the
analytical hierarchy. All of the results in this chapter should be considered as
folklore or direct generalizations of the classical results. However, we have to be
careful when we generalize the classical results to this context. We collect here
some results we will use later on to prove our theorem in Chapter 6 because
it is not easy to find them in the literature. To fully investigate the analytical
hierarchy on u,,, the full determinacy is required to code all subsets of u,,. We
do not deal with it here. [Kel] is a good reference for the related results, while

[Ke2] is a good reference for the analytical hierarchy over Rj.

We assume A} determinacy from now on. Harrington showed that II} de-
terminacy implies that Vo € w®(2¥ exists), so, we have all the sharps for reals
available. We adopt the standard coding system for the ordinals smaller than

Uy, as in [KM1].

Let w € WO,, if and only if w = (n, 2#) for some n € w, = € w*”. For any
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w € WOy, if w = (n,zt), let

|’LU| = Tr%[m](“‘l’ T 7“'1%.))

where 1, is the a'? uniform indiscernible and 7,, is the nf! term in a recursive
enumeration of all terms in the language of ZF+V = L[z] always taking ordinal
values. From Solovay’s theorem, u,, = {|w| : w € WO, }.

For any w;, we in WO,,, we say w; ~, wy if and only if |wi| = |ws|. It is
clear that ~, is an equivalence relation. We call P(w, ) ~-invariant on w if
and only if for any w;, wy in WO, and z in w®, if wy ~, we and P(wy, ),
then P(wsq,x).

The following theorem is essential for getting results in the third level of the

analytic hierarchy, and is the cornerstone of our results in this chapter too.

Theorem (Kechris and Martin) 4.1. Assuming A} determinacy, if P(w, )
is I} and ~-invariant on w and 3w € WO,P(w,z), then 3w € WO, N

Al(z) Plw, z).

Proof. See [KM1]. O

Corollary 4.2. Assuming Al determinacy, if P(w, ) is ~-invariant on w
and 11}, and R(w,z) <= 3w € WO, P(w,z), then R(w,z) is also II}.

Let

m times n times k times
ok , , T —
™™ = 4, ™ X (W) X WP =y X X Uy XWX X WY XWX X W
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For A C fXZm’"’k, let

A* = {(',Eh”' y Tm, Y1, 7yn>7:17"' )7’/?) L1, , Ty GWO&Hyb y Yn eww)

7.’1)"' 77:/6 cEw and (lmlla alm'm,layl:'” )y’n,)ila"' 77’k) GA}

be the pullback of A under the coding map given by the uniform indiscernibles
and Skolem terms at the beginning of this chapter.
For notational simplicity, we will use @ for z1, -+ ,xn, ¥ for y1, -+, Ym, i for

i1, -+ ,1 and @ for ag, -+, am. We use & € WO,, to express 1 € WO,,,- -

T € WO,,. We also use x and « to represent (,7,7) and (&, 7,1) respectively

to simplify the notation further, if it is clear from the context. We write |Z| to

mean (|z1], -+ ,|zm]).

Definition. For A C X™™" we call A ©} (11}, ©i(z), IIi(z), AL, Al(z)) in
the codes if and only if A* C X®™ ™% is B1 (113, Si(x), Hi(z), AL, Al(z)
respectively).

We will use L5(X™™) (TI3(X™™F), £L(z, X™™F), I} (z, X™™F),
ALXC™™F) AL (2, X™™F) respectively) to represent the corresponding point-

classes.
It is easy to see the following

Lemma 4.3.

(1) BIEC™™F) L™ ™F) and AL(X™™*) are closed under A, V, T,

V. Moreover, 25(X™™*) is closed under 3*°, IIL(X™™F) is closed
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under V*° and
AL(X™™*) is closed under —.

(2) BEA™™F) and TIL(X™™*) are w-parametrized.

Proof.
(1) By Lemma 4.1, (™™ is closed under V% and IIL(X™™") is closed
under 3%«. All of the others are trivial.
(2) Let Uy C w x X®™ ™ be a universal £} set for all £ subsets of

XDsmrbnsk T ot

-

Uy = {(n,%,§,7) : & € WO},

which is A. Let

- —

Uy = {(n,7,7,7) : (n,%,7,1) € U1AIZ (¥ € WOLA|T| = |Z|A(n, T, ,7) € Up)}.

Let

-

W = {(n,a,7,1) : 3% € WO, (@ = |Z|) A (n, Z,7,1) € Us).

It is easy to check that T is £L(X™™*) and universal for all 1 (X™™F)
subsets of X",

It is similar to prove that II5(X™™") is w-parametrized.
]
Remark. Similar facts hold for the pointclasses Zé(m,xm’"’k), IT3 (, X™™F)

and

AL(z, X™™F) also.



45
Definition. Let o € u,,, we call A C X™™" £l in a in the codes (II} in « in
the codes respectively) if and only if A* C X®™™* is “uniformly” S (z) (I13(z)

respectively) for all z such that |z| = «, i.e., there is a X1 (pth respectively)

B C X%™+n+LE quch that for all o coding «, for all z1, -+, Zm, Y1, -, Yn in
w* and i1, -+, ik In W,
w 5 *
('7’.17"' yTms Y1y 3 Yny 1,7 57'11",) = A
= (‘7:17"' y Tm,y Y1, 7 7y71.7m>7:l?"' 771<‘) &g.B.

We will use 3 (a, X™™%) (I (c, X™™), Al(a, X™™F) respectively) to
represent the corresponding pointclasses.

We will use *SL(X™™F) (*IIL(X™™F), *AL(X™™F) respectively)to repre-
sent
Uaewo.,, T3 X™™) (Ugewo,, T(e X™™F), Usewo,, A3(a, X™™F)
respectively).

It is easy to see that for any A C X™™" A is B1(a)( Ii(a) or A(a)) in
the codes iff there is a ¥} (IT§ or A} respectively) in the codes B C 1, x X™™"
such that A = B, = {(&,7,%) : (o, &, 7,1) € B)}.

As usual, we have

Lemma 4.4.

(1) Bi(a, X™™), ML (a, X™™F) and AL(a, X™™*) are closed under A, V,

3", V*. Moreover, E%,(a,xm’””“) is closed under 3, TI}(c, X™ ™)

is closed under v** and AL(a, X™™*) is closed under .
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(2) Si(a, X™™*) and I (o, X™™*) are w-parametrized.

Remark. The relativized version holds as well.

Lemma 4.5. *34(X™™F) and *II}(X™™*) are u,-parametrized, i.e., there
are ¥} in the codes U C uy, X X™™* and 113 in the codes V C uy, x X™™* such
that for any ©3(c) in the codes A € X™™* and T1}(«) in the codes B C X™™",

there are By, #1 € ., with

- -

A= Uﬁn = {(&)g; 7) : (,60,52, 2777) < U}

A=Vp, ={(&F1): (b, & 7,7 € V}.
Proof. Let f: u, x w — u, be a Al in the codes bijection between u,, X w and

uy,. Let W Cw x XmTH™F be g Y1 in the codes set universal for all $1 in the

codes sets of 1, X X™™F. Let U C uy, x X™™* be defined as the following

-

(0,6,7,1) €U = ((f~H(@))o, (f (@)1, &,7,7) € W.
It is easy to check that U works.
We can define V' in a similar way. 0O

Sometimes, we need a better parametrization for the *-pointclasses. We have

the following refinement.

Lemma (The Good Parametrization Lemma) 4.6. We can associate

with each space Al o Eé in the codes set G™F C u,, x X™%*% and a H}; in
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the codes set H™F C u,, x X™%* such that
(1) G™* is universal for all *$(X™%*) sets and H™* is universal for all
*TIL(X™0F) sets,

(2) for P C X™%F
P e Eé(x'm,o,k) e Fp & w(P — G;n,k)
P € Hé(:x:m';o,k?) & Tp & (U(P = H;T),k‘),

3) for each mi,ma ki, ko in w, there are a Al in the codes (which means
3

that the pullback of the graph is A}) sg'l’mg’kl’k? gy X X0
my,mo,k1,ka |

and sy S X X™V0F gy so that for each (a,i) € fxml,kal,

(5, 7) e Xm0k and e € uy,,

Gml-i—mzyh-i—kz(e & 5 :
) ) 4

=
.
S—
3
N
B
[}
P e ¥
w»
3
3
[ V]
S
=
ol
»
PN
o
l
-~
N—

Hm1+m27k‘r1+k2(€’O—é’?lg?a;) i Hmz,kz(Sgl,mz,kl,kz(g,&"7:) B’

- -

. = ‘s 2 2 k', k‘ = ¥
and if (,@,1) € w™tFtl then sV ™22 (¢ G 1) € w.

Proof. We will prove the 33 part of this lemma, i.e., we will construct the G™F
only. The II} part can be proved similarly.

Let h: u, X u, — 1, be a Ail), in the codes bijection between u,, X wu, and
1, such that

(1) hlw X w] =w

(2) there are A} hy: uy — uy, and he: u, — w decoding h, i.e., if h(a,n) =

B, then hi(8) = o and ho(8) = n.
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Let U C w x 1, x X™0F parametrize %3 (1, X xm"o”“). Let

=

G*(a, @,7) = U(hg(a), by (), &, 1).

It is easy to check that G* satisfies (1) and (2). So, we can always assume that
we have a parameterization system satisfying (1) and (2).

For I)Cm’o’k, % T ket Uy X Xm0k 1, a recursive in the codes bijection
such that 7rm7k[960’0’m+k'+1] Cw and let V C uy, X u, X u, be ¥} in the codes
and universal for the *31(u,, X u,,) subsets of u, X u, so that (1) and (2) hold.

Define G™* C u,, x sk by

-, -

G (e,d,1) <= V((€)o, (€)1, Tm,k((€)2, d, 1))

It is clear that G™F is ¥} in the codes. O
Claim. G™* is universal for the *L3(X™%") sets and satisfies (2).

Proof of the claim. Suppose Q C X™%F is *$1(X™0F) et
3

Q'(e,8) = Qmx(m,1(8))),

where pp, k1 Uy X xX™0F — x™O0F i the projection map on X™%*. Now, Q'

is *31 (uy X uy,). For any «, taking 8 = mp, k(a, &, T), we have
Q(&,7) <= Q'(c,Tmi(a,d,1))

—

< V(é’i, a, 7Tv’r),,lc(aa 0_27 7))

—

= G™*((e,a,a),d,i).
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If Q is ¥3 in the codes, Q' is also T} in the codes, by our selection of V', we can

choose £ € w above. If we choose a € w too, we get e* = (¢, @, @) € w and

-
) .

QA1) <= G™*(e*,a,1)
O

Claim. {G™F},, re. satisfies (3).
Proof of the claim. Fix xm0k — {(a, T) : (52,7_;') = xml,o,kl} and x™2:0k2 _

-,

{(5,5) : (5,]) e x™20k2)  We will try to construct a A} in the codes

mum2kuka g, e x™0F g, so that

>
G e, 5 BT ) e GG, 5,9),6,5).
Put
P(a,p) <
(*) G((@)0,foPrma s (M ey ((@)1)); fo(Prmg ko (T gy (@)2)),

F1(Prms s (Mo, ((@1)); S1 (P o (o, e, ((2)2))),
where fo: X™%F — X™% is defined as fo(d,i) = &, and fy: X™OF — x00F

—

is defined as f1(d,i) = i Now, P is £1 in the codes, so there must be a * € w

such that

(**) Ple,f) <= V(" a, ).

— -

For arbitrary e, (&,7) € X™%% (3,7) € X™20%2 et o = (e, M, 1, (€, @,1)),

-,

B = many & (g,ﬁ,j), substituting in (x) and (xx), we get

-, =
)

Gmll+m{2’k1+k:2(€7627ﬁ7z’j) = P(<€,7rm,17k;1(5,07,7)),7['7;7,2’](;2(8,5,3))

— -,

= V<€*7 <‘€7 Ty k1 (8’ 0—27 7)>) Tmag, ko (€> Ehﬂ))
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then by the definition of G™2*2 we have that

= — -,

Ggritmekitha (e 6, 6,7, 7) <= G ((e%, (6, Tmy ki (6,8,1),€), B, 7)-

-, -

Let spv™F0% (o & 7) = (€%, (e, Tmy 1y (€, @,1)), €), from the argument above,

sm1m2RLR2 io st what we want. O

The following effective recursion theorem is the main tool we used in the

next section to construct the II} in the codes equivalence relation e on .
Lemma (Effective Recursion Theorem) 4.7. Let {G™F},, rc., and
{H™F},, kew be the good parametrization system given by the last lemma.

(1) For any *$} (or *I1}) in the codes subset A of u, x X™%* there is an

€ € u,, such that

respectively).
(2) For any X} (or 11}) in the codes subset A of w x X™*F  there is an

€ € w such that

respectively).
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Proof. This can be proved by the classical diagonal method. We will prove the

¥1 part only because the proof of the other part is similar.

—

(1) Let A C up x X™%* is *SL in the codes. We define for (&,7) € X™0F

and n € uy,,

- -

B(n,d,i) <= A(s*%™*(n,n),a,1).

As A is *3} in the codes, so is B, hence, for some ep € u,,, one has

-

B(e,d,1) —= Q™ VF(ep,¢,a,i).

Let € = s>13’0’m’ (eB,eB), we claim & works, as

- —

A, d,i) — A(slz’o’m’k(eB,aB),d', i) by the definition of

—

< Blep,a,1) by the definition of B
= GmH’k(sB,sB, a, 7) by the definition of slz’o’m’k
= Q™k(e, a,i) by the definition of .

-
2

(2) Let A C wx X™%F is L in the codes. We define for (&,7) € Xx™0F
and n € w,

- -

B(n,&,i) <= A(s%Y™F(n,n),a,q).

As A is ¥} in the codes, so is B, hence, for some ep € u,,, one has

—_

B(n,d,1) <= G™**l(ep,a,n,i).

071) '?k 141 3y lhdyly 3
Let ¢ = sg"™"(ep,ep), from the definition of sX™* ¢ € w. It is

similar to show that € works.
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d

Lemma (Spector-Gandy Theorem for II}, Becker and Kechris) 4.8.
There is a tree Ty satisfying the following requirements:
(1) Ty C (w x uy,)<¥ is A} in the codes,
(2) p[Ty] is the complete I} set of w*.
(3) For any A Cw*, A is I3 if and only if there is a ¥; formula @ 4() such
that

Vz €w“(r € A <= Lygz[T2,7] = 0a).

Proof. Though the proof in [BK1] works for different trees, by checking the

proof in detail, we can adopt the proof there to get this lemma. [

From now on, let us fix such a Martin-Solovay tree T.
Corollary (Spector-Gandy Type Theorem for I1} (DCmOk)) 4.9. For any
A C x’l’ﬂ,o,k

1) A isII} in the codes if and only if there is a ¥, formula 4 such that
3 #

— - -
2

V(@,7) € X% ((a,7) € A < Ly, [Ta] = 0a(@,1)).

2) A isII in the codes if and only if there is a ¥1 formula @4 such that
3

-

V(&,1) € X™OF((8,1) € A <= L,[To] | 0al@,i)).
(3) A is A} in the codes if and only if there is a Ay formula @ 4 such that

— -
,

(@, 1) € X™OF((@,1) € A <= Lio,[T] | 0a(@,1).



53
From this corollary, it is easy to see that every Al in the codes subset of
some 1, is in Ly, [T5]. The similar result is not true for 33 and I} subsets. But

Professor Hjorth has the following
Lemma (Hjorth). AIllITI} in the codes subsets of some a < u,, are in L, [T5)].

Now we are aiming towards proving the norm property and some corollaries

from it. The following theorem of Solovay provides the norms for the point-

classes ITL(X™™*) and IT}(a, X™™").

Lemma (Solovay) 4.10. Assuming A} determinacy, let ~ be a X3 equiva-
lence relation on a space (w*)!, let P C (w*”)! be ~-invariant (i.e., v € P Az ~
y — y € P), then there is a ~-invariant (i.e., for any = and y in P, if x ~ vy,

then ¢(z) = p(y)) norm I}: P — Ord.
Proof. See [Ke2]. O

Corollary 4.11. IIi(a, X™™") is normed, i.e., for any IIi(c) in the codes
ACX™™* thereisaé € Ord and a : A — & such that the relations x e X

and x <}, x* are II3(a) in the codes, where
x <o x' = x€ANX"E AV p(x) < p(x")),

X<, X' = x€AN(X" ¢ AV p(x) < p(x)).

Corollary (Kreisel Uniformization Theorem) 4.12. If A C X™™F x w

is TIL(c) in the codes, then there is a B C X™™* x w which is II}(c) in the
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codes such that

— —

(1) V(& &,7) € X™™*(3n e w(@, T,7,n) € A — In(d,7,i,n) € B),

2) BC A.

Corollary (Kuratowski Reduction Theorem) 4.13. Let A and B be two
I1%(a) in the codes subsets of X™™"  then there are two Al(c) in the codes A’

and B’ with A’ CA,B' CB,AUB=AUB and AANB' =0.

Corollary (Seperation Theorem) 4.14. Let A and B be two $i(«) in the
codes sets of X™™" AN B = 0. Then there is a AL(a) in the codes C which

separates A from B, i.e., such that A C C and C N B = (.
With the help of these results, we can code the *Al subsets of X0k,

Lemma (Coding the *AL(X™%") Sets) 4.15. There is a pair (D, W) such

that

(1) D C u,, is I1} in the codes and W C u,, x AR A} in the codes in
D x X™%* ie. there are ¥4 in the codes W* C w, x xX™%* and I
in the codes W C uy, x X™% such that W = (D x X™%) n W= =
(D x X™%Fy n Wi,

(2) {Wy:a€ D} =*AL(xX™"),

(3) if A C u,, is *II} in the codes and B C Ax X™* is*Al in the codes in
A x f)Cm’O’k, then there must be a A} in the codes function f: ., — 1,

such that for all « € A, f(a) € D and Wy(o) = By
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Proof. Let

ol

V0 = {(e,&,1) : ((e)o,&,1) € H™*},

kh

i

Vi ={(e,d7) : (e)1,&7) € H™*}.

&

By the Kuratowski reduction theorem, let (U°, U?) reduce (V°, V1), i.e., U® and
U' are I3 in the codes, U° C VO, U C V1, U'NU! = @ and U°UU! = VOUVL,
Let

D ={e € u, : ¥(&,i) € X" ((e,a,7) e UV (¢, &,7) € UM}

D C u,, is II} in the codes. Let

-
s

W ={(e,@,7) :e € DA (g,&,i) € U°}.
Clearly, W is A} in the codes in D x X™%*  as
ecDA(e,@,i)¢W < € DA(ea,i) e UL,

by the definition of D.

As (2) is a particular case of (3) when A = D and B = H™*, we will show
(3) directly here.

Let A C u, be *I} in the codes and B C A x X™%F be *II} in the codes.

Let

B = {¢,d,7) € uy, x X™%* . c € AN (¢,d,1) € B},

B! = {,d,1) € uy x X™% . e € AN (¢,d,7) ¢ B},
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are both *II} in the codes in wu, X X™%*%  Hence, there are A} in the codes

functions fo: u, — u, and fy: u, — g, such that for s =0 or 1,

— . —

<*) (6’52’ 7) €B «— (f1(8)7&)7) S Hm’k

Set f(e) = (fo(e), f1(e)). We check that this f works. Fix e € A. We have

B. = B? and B! = X™%"\ B,. Now,

V}‘Q(e) = H;Z(I;) by the definition of V°

= B! by (%),
and

Vi =HJE by the definition of V°

= B; by (*),

so that Vi, NV}, = 0 and V], UV}, = X™% But this implies that
0 _ 10 0 _ 10 0 1 _ qm0k .

Uty = Vi and Up oy = Vi, so that Up ., UUs,) =X ,1.e, f(e) € D,

and moreover

_ 770 _ /0 _ ym,k _ O
Wiy =Usey = Vie) = Hpyley = Be

as desired.
We have coded the ordinals smaller than u,, using sharps at the beginning

of this section. But that is not enough. We need an induction all the way to k3

to get a representation theorem for the II3 thin equivalence relations. We have
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to find a method to code all of the ordinals smaller than k3. We will do this
coding using ordinals smaller than wu,, in the following.
Let D C u, II} in the codes and W C D X u, X u, A} in the codes in
D X u, X u, as given by the lemma above, let W* and W as given in the

lemma above also.

Definition of LO,_,6 and WO,, .
LO,, ={a:a € D and W, is a linear ordering on u,,}

WO, ={a:a € D and W, is a well-ordering on u,,}

As for any a € D, a € LO,,, if and only if

VB0 < 1, VB1 < 1 (BoWEB1 — BoW 2 Bo A BLWZ B1)
AVBo < u, V81 < uu(BoWaB1 A BIWLEBo — Bo = Bi1)
AVYBo < u,VB1 < VB2 < 1w (BoWEB1 A B1WE B — BoWZB2)
AVBo < 1, VB < 1y (BoWE Bo A BLWE BL — BoWE BV BIWZ Bo),

by the Kechris-Martin theorem, it is 31 in the codes in D x xX™%%  On the

other hand, for any o € D, a € LO,,, if and only if

VB0 < U, V01 < Uy, (BoWZB1 — BoWL o A BLWES))
AYBo < uuVB1 <ty (BoWZEBL A BIWE By — Bo = B1)
AVBo < U, V01 < VB < uy(BoWZBL A BIWZE By — BoWES,)

AVBo < U, V01 < uw(BoWZBo A BIWEB — BoWE B v B1WEBy),
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it is II3 in the codes in D x X™ %" Hence, it is A} in the codes in D x X™%F.

As

a € WO,, <= ae€lO,, 6 AVzr e w’(Vn(z(n) codes some B(n) < u,,

AB(n+1)Wafb(n)) — In(B(n+1) = B(n))),

WO,,, is II} in the codes.

Definition. For each o € WO,,, let

||| = the length of the wellordering coded by «.

Lemma 4.16. For any o € WO,,_,

(Lo [Ta]) Pre T2 = Lyoy [T0].

Proof. Tt suffices to show that ||a||Zrs(T2l = ||a].

If « € WO,,, let Ry(€,7m) be the A} in the codes wellordering on u,, coded
by a. As R, is Ay in the model Ly, [Ty] and Ly,[T2] = KP, Ry € Ly, [T5].
L.,[T5] = KP also implies that there is a rank function for R, in L, [T5],
since R, is a wellordering in V. This can be proved by an induction along the
wellordering R,,. So, it makes sense to talk about ||| Zrs (2],

If ||a||P=slT2] = 3, then there is an order preserving one-to-one onto map

h: uy, — Bo in L, [To]. This h is also in V. This h witnesses that ||«|| = 8. O
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Definition. For any «, 8 in u,, let

a=x*f <= a€ WO, A (L€ WO,, — || <],

a<*f <= ac WO, A (B € WO,, — | < |8]-

Lemma 4.17. Both <* and <* are I} in the codes.

Proof. Let D,W, W and W% as in Lemma 4.15. Let ©*(¢,£,m) be a I

formula such that for all €, £ and 7 in u,,,

(e,6,m) € WP <= L[] | ™ (,&,m).

Let ©™(e,&,n) be a ¥ formula such that for all €, £ and 7 in u,,,

(6,6,m) €W <= Ly [T] b= 0" (e,€,m).-
It is easy to check that for all o and § in u,,,

a=x*f < aecWO0,,
Jy3f(y = u, A f is a function from y to y

A f is one-to-one on the domain of «
A Ly [T2] =
AVE € y(@™ (@, €,m) A 9™ (2, €,m)

— @ (f(8),€, fF(m) A =" (f(8), & F(0))))

a =* B is clearly II1 in the codes, as we can replace y = u, by L,[T2] = KP.

It is also easy to check that for all @ and 8 in u,,

Of'<*,ﬁ <:>C¥€W0uw
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Jy3f3z € y(y = uw A f is a function from y to z

A f is one-to-one on the domain of «
N\ Lﬁs [T2] ':
AVE € y(© (@, €,m) A 0" (e, €, 1)

— ¢(f(6),& f(m)) A =" (£(B), & f(n))))-

Hence, <* is also II3 in the codes, by the Spector-Gandy theorem. O
The following relation will be needed in the next section also.

Definition. We define

Lim(¢) <= o€ WO, A o codes a limit ordinal
Succ(n, o) <= n € WO, Ao € WO, A o codes an ordinal

which is the successor of the ordinal coded by 7.

Lemma 4.18. Both Lim and Succ are A} in the codes in WO,,, .

Proof. Let
Lim*(0) <= Va € u,(a <* 0 — 36 € u,(a <* B <* o)),
Lim™(¢) <= Va € u,(c £* a — 38 € uy(a <* B <* 0)).

It clear that Lim* and Lim!' witness that Lim is A} in the codes in WO,,,,.

For Succ(n, o), we can define

Succ®(n,0) <= Va € uy(a <* 0 —n £* ),

Succ(n,0) <= Ja € uy(n <* a <* 7).
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Theses Succ® and Succ!! witness that Succ is A} in the codes in WO, . O

By the proceeding lemma, both Lim(c) and Succ(n, o) are A} in the codes.
The same remark after the proceeding lemma applies to these relations too.

Now, let us proceed towards our last lemma in this chapter. We will show
how to decompose II} in the codes sets into the union of k3 many *Al sets in

a uniform and effective way.
Lemma 4.19. Let G™F C uy, x X™%% and H™F C uy, x X™OF ag given In
Lemma 4.6, then there are A} in the codes f,g: u, X 1, — u, such that

(1) for any a,e € WO,,_,

m,k _ rrm,k
G ) = Hyoney

(2) for any e,a1, a3 € WOy,

Q1,€) flag,e) flai,e) = 77 faz,e)?

(3) for any € € uy,

m,k __ m,k m,k
H™ = U G.f(a,E) o Hg(a,E)'
a€WO,,, aeWO

Uy

Proof. Let oy be the X formula such that for all € € u, and (&,7) € X™%

H(e,d,1) <= L.,[Ty] & 3zop(z,e,a,i).

For any a, ¢ € u,, and (&,1) € X™% let

v

-

) — (Oé = WOuw — L”a“ [TQ] ’: E].QTQOH(.’IJ,&?, 52,1)).

=

Ala, e, @,
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—

A(a,e,d,i) is A} in the codes, because

A, e,d,7) <= a€ WO,, — (Ljo[T2]) =™ & Jxpp(z,¢,&,17)),

-
2

= o€ WOy, — L, [T3] F (Lyja[T2] F Izpn(2,¢,d,1)),

and L [T2] = Izeu(2,¢, 4, i) can be expressed by a II; formula. Let

-
b ).

Ao, e,d,1) < G™ k(4 a,e,d,1)

We have that

- -

Ala,e,d,1) < Gm”k(s%O’m"k(sA,a,a),&,i).
Let fa, ) = s20™ (g4, 0 €).
Now, for any o, e € u, and (&,7) € X™%F let

- -
2

B(a,g,d,i) <= (@ € WOy, A Ljjo|[T2] E Izpn(z,€,&,1)).

Similarly, B(a, e, 0‘2,;) is I} in the codes, so, there is a e € u,, such that

— —
2 ] .

B(a,e,d,1) <= H™2F(e4,a,¢,a,17)

We have that

- -

B(aye,d,1) <= H™* (s3%™"(ea, a,¢),8,1).

2 O,m,k(6

Let g(a,€) = sg A,0,€). It is easy to see that f and g work. O
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5. A Technical Lemma

In this chapter, we will prove Hjorth’s lemma mentioned in Chapter 4. The

following proof is suggested by him.

Lemma (Hjorth). Assuming A} determinacy, for any v € w*” and n € w, if

A is a II3(x) in the codes subset of ty, then A € Ly [Ty, x].

Proof. We will show this by induction on n € w. For each z € w* and n € w,
let P(n,z) stand for the proposition corresponding to the z and n, i.e., for any
v € w¥ and n € w, if Ais a II§(z) in the codes subset of up, then A € Lz [T, z).

Base Case. n = 1.

At first, we will show that for any z € W, a < u; =w; and n €w, if Ais a
IT4(x) in the codes subset of , then A € Lz (T3, ).

To make the notations simple, we will drop the parameter = in the proof
below, i.e., we will show that for any a < u; = w; and n € w, if A is a II} in
the codes subset of «, then A € L,,[T2]. The relative version can be proved in
a similar way.

Subcase 1. a < w.

It is obviously true in this case.

Subase 2. a = w.

This case is well-known. A proof about this case can be found from [KMS].

Subcase 8. a < wi = uy.
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Let M = Ly, [Tv], let
P = {p: p is a function from some finite subset of w to a}.

We define a partial order on P as p < q <= p 2 q. We call it Coll(w, ). Tt
is clear that Coll(w,a) € M. Let G C Coll(w, ) be a M-generic subset of P.
Then fg =U{p: p € G} gives an onto map from w to a.

It is easy to see that
M|G] = L, [T3][G) = Lk, [T2, G] = Lk, T3, fal

Let A = f5'[A]. Let w be a real coding fg. Then, A is 3(w). Using and
relativizing the argument in Subcase 2, we know that A € M[G] and it is A,
definable over M[G] using the parameter G.

Let A be the forcing name such that A[G] = A in all M[G]. From the forcing
theorem, A = {z: IF & € A}. As the forcing relation is A;, A is a A; definable
subset of a € L, [T3] using the parameter A € L,,[Ts]. Hence, A € L, [T5].

Now, it is time to prove P(1,z). We will show P(1,0) only, the relative case
being similar.

Let A is a A} in the codes subset of u;. Since A is ©; over L,,[T3], there is

a Ag formula 1(z,y) such that for all g < «,

For each B € A, let

p(B) = the least y such that L, [T3] = 3y (6, y).
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It suffices to show that supge 4 p(8) < 3, since if this is true, then

BeEA = Lap, , o2 F Iyp(B,y).

This is a A; definition, so A € L, [T3].

Now, we assume that supge 4 p(8) = #3, towards a contradiction.

For any § < wy, let w(d) be areal in L, [T3] which codes §. As ANé C § < w;y
and AN & is z(w(6)) in the codes, AN € Lz [T, w(5)] = Ly, [T2] by Subcase
3. As

Ly [T2) EVB € AN 63y(Ly | Iy (B,v)).

and

L, [T5] = Ay collection axiom,

plA N ¢] is bounded below x3. Let ps = supp[A N 6]. Since supgeq p(B) =
k3, then (ps)scw, 1S a non-decreasing sequence of ordinals cofinal in k3. So,
cf(k3) = cf (w1) = Ny, this contradicts the fact that cf(x3) = w.

Inductive Step. Assume P(n,z), we will show P(n + 1,z). At first, we

will show the following

Claim. For all + € w¥ and a < tup41, every IIi(2) in the codes subset of « is
+ y i3

in LK,3 [TQ]

Proof of the claim. We will show this by contradiction. Assume that there is a
T €w”, an o < uny1 and a II3(z) in the codes A C « such that A ¢ L, [T3],

towards a contradiction.
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Let o be coded by some y € WO,,_, i.e., y = (k, 2) such that

o= 7—}}[2] (71'17 T 7“’l(k))7

where (7, )new lists all the Skolem terms taking ordinal values in L[z] and (k)
is the number of variable of 7,,.
Let (6;)icw enumerate the first w many L[z] indiscernibles after u, in an

increasing order. This sequence is definable from w,, over L(z%), hence in Ly].

Let
A: {(51» 75')'77;727) : 7;]7]76(")7](7) :.7+p
51"' a€7 € Up and T;:J[Z](gla”' agj761)'“ )6]9) € A}

Let f: uS¥ — u, be a A; L-definable from wu, bijection, let 7 and 7! be

the ¥; and II; formulas which define f over L, i.e., for all g € L,
g=f <= LE7%(g,u,) <= LE7"(g,un,).

Let (74,)jew be the Skolem terms which define f in the following sense: for

any é—l)"':fj € Un,
L[z
n :f(gla 76.7') == I :Tij[ ](fl’ ){'}W“’la"' 7“‘”)-

The sequence (7;,)jew is simple enough, say, A3(z) in the codes.
Let (Tm,)jew be the Skolem terms which define f~* in the following sense:

for any &€ € u, and j < len(f~1(€)),

n = (f—l(é))7 — n= 7_71;4,’[72] (57“1) e 571'71,)'
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The sequence (7o, )jew is also simple enough, say, Aj(z) in the codes.

Let A = flA4] C uy,. Since

BeA = 1B ecd
= I, 5, pE€w, i, & Eu(ii) =7 +p

AP, 6,60, 6 € AN N & = TEE(B )

1<i<j

— Fi,j,pE€w,, &, yEu,(IB) =j+pAyeA

T7L ( L[Z](/B Uy, 771'77,)7"' )Trg,.[;](ﬁ)ulf“ )71‘77,)7517"' 76]?) :’Y))

A is I} (x, 2).

Let 6(z,y) = 3yfo(z,y) be a X; formula which define A over L,z [T%,z]. Let

é(f) < Jw3gIvFi, 4,p € uu(y € AN Go(y,w) AL = 7% (g,un)

v =) (FHE)5 615 5 60)),

(&) is O (tun, z,7).

For g € A, let
©(B) = the least 8 > u,, such that Lg[Ts, x| = 0(8).
For ﬁ € A, let
@(B) = the least 8 > u,, such that Ls[To,z,y] E 0(3).

It is easy to see that for every 8 € A, there is a 3 € A such that ¢(8) > w(B).
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Since A ¢ Lyg [T, z], ¢ is unbounded below &3, i.e.,
sup ¢(B) = K3.
BeEA

As A C up, A is TIi(z,y), by the induction hypothesis,

sup p(0) < r3”.

BeA
But,
sup ¢(8) > sup @(8),
BeA BEA
we have that
kg < K,'3T"'7’.

By Lemma 14.4 in [KMS],

ys < (z,9),

where y¥ is an element in the first nontrivial Ai(z) degree of all IT}(z) singletons

under the A}(z) reduction, and < is the Q-reduction defined in [KMS]. We

do not have to care about the exact definition of @-reductions here, because we

have

y5 <3 (z,9),

actually, since Q(z,y) consists of only trivial II(z,y) singletons and ¢ is a

IIi(x,y) singleton.

So far, we have showed the following:

for any y coding a, y5 <3 (z,y).
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Let

B = {y HEVS WO”w AYw € Wouw(w ~Nw Y y?f € Aé(.’l},w))},

where © ~,, y iff © and y code the same ordinal smaller than wu,. B is II}(z).
We have showed that B is not empty. By the Kechris-Martin theorem, there
is a Al(z) real y* € B. As y§ € Al(z,y*), y5 € Al(x), which is a contradic-
tion. [O(Claim)

Now, let us prove P(n + 1,z). We will actually prove P(n + 1,0) below, the

relative case can be proved in a similar way.

Let A is a Al in the codes subset of 1. Since A is &1 over Ly, [T5], there

is a Ap formula ¥(z,y) such that for all 8 < a,

feA <= L. [T = Iyyp(B,v).

For each B € A, let

p(B) = the least  such that L,[T3] = 3y (06, y).

It suffices to show that supge 4 p(8) < k3, since if this is true, then

BeA = Lop,, o8 [T2] F Iy9(8,9),

and this is a A; definition, so A € L, [T3].

Now, we assume that supge 4 p(8) = k3 towards a contradiction.
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For any § < un+41, Let w(6) be a real in Ly, [T2] which codes §. As ANE§ C
§ < tunt1 and AN 6 is II3(w(6)) in the codes, AN € Lig [T, w(8)] = Li, [T2]

by Subcase 2. As

Ly [To] E VB € AN §3y(L, = 3y (B,Y))-

and

L.[Ts] = Ay collection axiom,

plA N 6] is bounded below x3. Let ps = sup p[A N §]. Since supge4 p(B) = ks,
then (ps)scu,,, is a non-decreasing sequence of ordinals cofinal in x3. So,
cf(k3) = cf(unt1) # w, this contradicts the fact that cf(k3) = w. [O(The
Inductive Step)

O(Lemma)
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6. Representation of Thin II} Equivalence Relations

We have standard thin II} equivalence relations on reals, namely, any equiv-
alence relations A}l reducible to II} equivalence relations on w. Harrington

showed that these are all the thin II} equivalence relations on reals actually.

Theorem (Harrington) 6.1. For any thin II equivalence relation on w*,
there is a A} function p from w* to w and an equivalence relation e on w such

that for any x, y in w*,

By <= (p(),p(y)) € e

Proof (Harrington). See to [Hal]. O

Harrington’s idea is as follows:
Let E be a thin equivalence relation on w*, let {X;}icw be a A} enumeration

of A}l subsets of w* such that
(1) Vz € w¥3i € w(z € X;),
(2) ViewvrewVyew’(z € X; ANy € X; — (z,y) € E).

He defined p: w* — w as
p(z) =1 <= 1 is the least natural number such that = € X;.

It is natural to think to define an equivalence relation e on w by letting (7, j) € e
if and only if all real numbers in p~1(i) U p~1(j) are E equivalent. But, this

does not work, since if there is some i such that p=!(i) = 0, e defined as before
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will become w x w. Harrington built this e step-by-step using induction all the
way to w{¥. At each step, he put only at most one carefully selected pair and
all pairs induced by this pair into e. More precisely, he built a sequence of Al
equivalence relations {e?},.,crx. Let e be the union of these e?. He started
from € = id(w x w). For ¢ a limit ordinal, he simply took a union to define
e?. For o a successor of a non-limit ordinal, he put nothing new into e’. For
o a successor of a limit ordinal A, he put the first pair (i,7) & e such that for
unbounded many 7 < ), the II] assertion “all reals in Y;T’UYJ." are F-equivalent”
can be seen to be true in less than A steps, where Y; = {z : (p(z),1) € e}.

Many similarities between II} and II} were found by Kechris, Martin,
Moschovakis, Solovay and others (see [Ke5| for a summary). For example, we
have the prewell-ordering property, scale property, the Martin-Solovay repre-
sentation theorem, the Spector-Gandy theorem for the third level, which are

counterparts of the corresponding results for the first level. It seems that the

following is a good analog:

oy I
<w) T0> <71'w7 T2> ’

where T is the Martin-Solovay tree and T the recursive tree on w whose
branches produce the complete I19 set of w*. However, there are many dif-
ferences between them, for example, the natural generalization of the basis
theorem fails in the context of ¥}, L[T%] <1 V fails while (L[Tp] =)L <51 V

holds. These similarities and differences make it pretty interesting to consider
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what will be the counterpart of the Harrington representation theorem in the
third level. To work in the third level of the analytical hierarchy, we need some
determinacy. From now on, we will always assume A} determinacy. We can

show the following theorem later in this thesis.

Theorem. For any thin II} equivalence relation on w®, there is a A} in the
codes function p from w* to u, and aI1} in the codes equivalence relation e on

u,, such that for any z, y in w®,

By <= (p(z))e(p(y))-

Hjorth lifted Harrington’s proof of the Silver perfect set theorem to the third

level in [Hjl]. He had

Lemma (Folklore) 6.2. Let E be a thin II} equivalence relation on w®.
Then for any x € w*, there aren € w, @ € uy,, D Cw*, a ¥ M C w* x w®

and a Tl N C w¥ x w* with

(1) Iy € w“’(ﬂ%[y] (Bhy g s Mgy} = )
(2) Vy € ww(ﬂf[y] (U1 s Upmy) = @ — D = M, = N,),
(3) =€ D,

(4) D C [7]g.

From this lemma, it is easy to show

Lemma 6.3. If E is a thin I} in the codes equivalence relation, then there
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is a sequence { X4 }a<u, Such that

(1) X, C some E-equivalence class,
(2) the relation “z € X,” is A} in the codes,

(3) for all reals x, there is a « in u,, such that x € X,.

Proof. Let E be a thin II3 equivalence relation. From the above lemma, for any

T € w¥, there is a € u,, and C' C w® such that

(1) v € C C [7]E,
(2) C is uniformly A}(a), ie., there are 3} C¥ C w* x w and II§ C! C

w¥ X w* such that

Vn € wVy € w*”(a = the ordinal coded by (n,3*) — C = C’(‘V;‘,‘,yn) = C’gwu)).

Let fix D C uy,, W, W W?* C u, X u, as in Lemma 4.15. Then, for any

z € w?, there is an a € D such that z € W, C [z]g. Now, let
A={(z,a) : € D and z € W, C [z]g}.

A is I1} in the codes. Let the II} in the codes set Ag uniformize A. As Ay is

the graph of some function, Ay is actually Al in the codes. Let
B={a€u,:3zcw’((r,a) € Ay}

B is X1 in the codes and B C D. Let By be a A} in the codes set separating

B from u,, \ D, i.e., B C By C D. By effective induction, there is a A} in the
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codes function f : u, — wu, enumerating By. Let X, = Wi(a)- It is easy to

check that {X4}a<u, works. O

There are two major difficulties in lifting Harrington’s result. In Harrington’s
proof, he can code the whole process of induction by a real number since only
recursive ordinals are needed in his proof. He can guarantee that e’ is A} by
showing that it is both 1 and II] using a real coding the induction process. It is
a method for showing A} from the top. We have to prove that our construction
is A} from the bottom up since we are doing induction all the way to x3 which

is a much larger ordinal compared with w{'&

, and we cannot code our process
by a real number. That is why we have to develop the effective theory of i,
I} and A} in Chapter 4. We can show that our process is A} by two effective
inductions. The other difficulty comes from a very good property of w. It
is a small cardinal but has many combinatorial properties of large cardinals.
Harrington used the obvious fact that all finite sets of recursive ordinals have
upper bounds. He needed the upper bound to freeze the construction at some
step for all smaller natural numbers, to guarantee that every pair of natural
numbers can get attention at some step of his construction. To lift Harrington’s

result, we have to consider an infinite set of ordinals. The existence of the upper

bound is not trivial this time. However, Hjorth’s lemma helps us out.

For any = € w*, let p(z) be the least o < u,, such that z € X,. The graph

of this p is A} in the codes.
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We will build our equivalence relation e on u, by induction along ordinals
up to k3, where
k3 = the least ordinal x > w,, such that L.[T5] = KP
= sup{\ : A is the length of a Ai() well-ordering
of subsets of u,, for some a € u,}.

Let us give an informal description of our construction before we go into the

tedious details.

We will build a sequence {es}s<x, of *A} in the codes equivalence relations

on u,. For each a € u,,, we let
Y2 = {z:p{x)e,u}.

We will guarantee that all reals in YJ are F-equivalent and
oc<o = e, Cey

from our construction.

(1) Let eg be the equality relation on w,,.

(2) For o a limit ordinal, let e; = |J /o, €5-

(3) For o a non-limit ordinal, let e;41 = e,.

(4) For o a limit ordinal, let us define e,y as follows: See if there are ordi-

nals o and (3 smaller than u,, such that («, 8) € e, and for unboundedly

many 1 < o the II} assertion:

(*) all reals in Y] UYy are E-equivalent
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can be seen to be true in < ¢ steps. In our formal construction, we will
work carefully to guarantee that Y. is Al(a,0) in the codes so that
the assertion (x) above is really II} in the codes. If there are no such
pair of ordinals, let e, 11 = e,. Otherwise, let (a,3) be the first such
pair of ordinals under the natural well-ordering of u,, X u,,, and let e, 11

be the smallest equivalence relation on u, such that e;4+; 2 e, and
(O‘)ﬁ) € €o41-

Then let e =

o<K3 S
Now, let us go to the formal details to guarantee e is I} in the codes. Basi-
cally, we need two effective inductions to guarantee that Y. is Al(c, o) in the
codes, one for II}(a, o) and another for II3(c, o).
Let H C uy, X 1, X U, X U, be a good universal II} in the codes set for the
*H% subsets of 1y, X gy, X Uy, G C Uy X Uy X Uy X Uy X U, & universal Eé in the

codes set for the *Zé in the codes subsets of 1y, X Uy X Uy X Uy, i.e., H = H30

and G = G*9. These G and H are trying to witness that Y7 is Al(a, o) in the

codes.
Let
Ve, y((G(d,m,p(z),0,a) V G(d, m,p(x),0,5))
P(da m, &, o, ﬁ) <~ /\(G(d'a m’:p(y)> g, Oz) \% G(d7 m’)p(y)a g, ﬁ))

— zEy).

After we “diagonalize” d and m, i.e., let d = d* and m = m™*, where d* and

m™* are the fixed points to be determined by the recursion theorem later in this
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chapter, P(d,m,a,0,8) will mean that for all z, y in Y7 U Yy, (z,y) € F,
where Y7 = {z : (p(z),a) € €7} and ¢ is the equivalence relation constructed
up to the o-step. This P(d, m,a, o, () is clearly I1} in the codes. So, there is a

[ € w such that
P(d,m,a,0,8) < H>*(l,0,a,8,d,m).
2,1,2,0

Hence, there is some A} in the codes function s WX WYX WY XWX W — U,

such that for all o, «, 6, d and m,
H*(l,0,0,B,d,m) <= H"(s;"*°(l,a, 8,d,m),0).

The superscripts are pretty annoying, so we introduce some new notation to

simplify them. Let

Ule,a) = G"(e,0),
V(e,a) <= H"(c,0),
h(l,d,m,a,B) = s2120(1, a, 8,d, m).
So,
P(d,m,a,0,8) < V(h(l,d,m,a,B),0).

Let gy and fy be given by the last lemma in Chapter 3.

Let
Lim(o) A ~H(m,a,0,8) AVoy € u,(og <* o

R*(d,m,a,0,8) < — Jo1,09 €Euy(o1 A oo Ao 2" o1 Ao A" o9

A U(gU(UZ) h(l7 d,m,a, ﬁ))a 01))'
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After the diagonalization, R* is a ¥} formula claiming that « is not equiv-
alent to 6 up to the o-th stage of our construction, before which there are

unboundedly many stages at which the P can be witnessed to be true.

Let

Lim(o) A =G(d,m, e, 0,8) ANVog € u,(o A* oo

R (d,m,a,0,B) < — Joy,09 € uy(og <* 01 <o Nog <" 0

/\V(fV(O'Q,h:(l,d,'ﬂ’L,Oé,ﬁ)),O’l))-
RM expresses the same fact as R* after the diagonalization, i.e., for any o,

ﬁ € Uy, and o € Wo'u,wa
Rz(d*,m*,a,a,ﬁ) = Rn(d*,m*,@,gaﬁ)>

where d* and m* are the fixed points to be determined by the recursion theorem
later in this chapter. However, R! is a IT3 formula now.
Let B C w X w X 1, X u, X 1, be defined as the follows:

for any d, m, «, o, f in uy, (d,m,a,c,8) € B if and only if

EITHER o =g,

OR o €LO,, ALim(o)A3n(c AnAG(d,m,a,o, b)),

OR o € LOy, A In(—=Lim(n) An € LO,,, A Succ(n,o) A G(d, m,a,n, B)),
OR o € LO,, A In(Lim(n) A Succ(n, o)

ATn € wIs € u, " (Aa=s(0)AB=s(n-—1)
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Vk < n—1(G(d,m,s(k),n,s(k+1))

V R(d,m, s(k),n,s(k +1)))),

where

RZ(d,m,a, 0, B8)A
R(d,m,a,0,0) <=
VCKIIB/((OA/,/B/) <'lbw XU (CY,,B)) — ﬂRH(da m,oz,a,ﬂ)).

From our construction above, B is ¥i. Let d* be the fixed point from the

recursion theorem, i.e., for all m,a,0,8 in u,,,
(d*,m,a,0,0) € B < G(d*,m,l,a,0,0).

Let us fix this d* from here on.

Let
vz, y((G(d*, m,p(z),0,a) V G(d*,m,p(z), 0, ())

Q(m,a,0,0) <= NG(d*,m,l,p(y),o,a) V G(d*,m,l,p(y),0,B))

— zEy).

Let N C u, X u, a good universal II3 set for all *II} subsets of u, and
M C uy, X uy, a good universal ©1 set for all *3} subsets of u,. Let fn,gn be
the function given in the last lemma of Chapter 4.

By the s-m-n theorem, there must be a A} in the codes h: w? x u,? such

that for all m, «, o, £,
Q(m, o, O',,@) — N(;?/(llym') Oé,,B), U)a

where I’ is a natural number which is the index of Q.
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Let

Lim(o) A ~H(m, o, 0,8) AVog € uy,(og <* o

S=(m,a,0,B) <= — Jo1,09 € uy(01 A oo Ao 2" o1 Ao A* oy

A M (gar (o2, h(l',m, @, 8)), 01)).

S has similar meaning as R>, the only difference is that at this stage, we
have a fixed d*.

Let

Lim(c) A ~G(d*, m,a,0,8) AVog € uy,(o 2" op

S (m,a,0,8) < — Joy,09 € uy(og <" 01 <* o Aoy <* o

AN(fn(o2, h(l',m,a, B)),01)).

S expresses the same fact as S¥ but in a IT} form.
Let A C uy, X uy X U, X u, be defined as the following: for any m, «, o,

in u,, (m,a,o0,0) € Aif and only if

EITHER o =4,
OR ¢ € LO,, ALim(o)A3In(n <* o A H(m,a,o,p)),
OR ¢ € LO,, A 3n(=Lim(n) An € LO,,, A Succ(n,o) A H(m,a,o,f)),
OR o € LO,, A 3In(Lim(n) A Succ(n, o)
Adn € wls € u, " (Aa=s(0) A B =s(n—1)
Vk < n—1(H(m,s(k),n,s(k+1))

vV S(m,s(k),n,s(k+1)))),
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where

S%(m, a, o, B)A
S(m,a,0,0) <
Va',@'((a',ﬁ') _<Uw><’lbw (a,ﬂ)) s ﬂSE(m,,a7o-, /8))

It is easy to see that B is II. Let m* be the fixed point from the recursion

theorem, i.e., for all a,0,0 in u,,,
(m*,a,0,0) € B <= H(m" a,0,0).
Let us fix this m* from here. For any «,( in u,,, let
aef} <= Jo € WO, B(m*,«a,0,0),

this e is clearly a II} in the codes equivalence relation on u,,.

By the induction on |||, we have the following

Lemma 6.4. For any «, § and ¢ in WO,,_,
G(d*,m*,a,0,8) <= H(m*, a,oc,p).

This lemma guarantees that the e defined before this lemma is just the equiv-
alence relation that we described informally at the beginning of this chapter.

Now, it is time to prove that for all z and y in w*,

(z,y) € E <= (p(z),p(y)) € e.

For any a € u,, let
Yo ={z: (p(z),0) € e}.

It suffices to prove the following
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Lemma 6.5. For each a and 8 in w¥, if all reals in Y,, are E-equivalent to

the reals in Y, then (o, B) € e.
Proof. For this o and g, let
S = {(a/7ﬁ/) : (a/a/gl) =gy X e (aaﬁ)}

This is a II3 subset of a, so, A € Ly, [T3] by Hjorth’s lemma in Chapter 3.
As

L., [To] EV(d,6) € Ado((c/,B') € %), -

and

Lo [T2] = KP,
there is a B € Ly, [T5] such that
Lo [Tl EV(/,B') € AJo € B((o, B') € €7).
Let 09 =sup{o : 0 € B}, 0o < k3 since B € L, [T3]. For this oy,
Vo' B' (e, B) <upxuy, (0, B) A (e,0) €e— (&,B) € €]).
Let us define an increasing sequence of ordinals smaller than 3 by letting
Ont1 = max(gy (on, h(l,d*, a, B)), fu(on, h(l,d*, a, B)),
gn (on, h(I',m*, @, B)), faa (on, AV, m*, @, B))).

Since this sequence is A}(a, 8) in the codes, its upper bound is also an ordinal

Al(a, B) in the codes and hence smaller than k3. Let

& =supo,.
new
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If (o, B) € €f, then (@, 8) € e, we are done. So, we suppose that (o, 3) & €f. In
this case, from our construction, and because all reals in Y, are E-equivalent

to the reals in Yp, (a, B) € €51, Hence, (o,8) €e. O
Finally, we have our main theorem.

Theorem 6.6. For any thin II} equivalence relation on w*, there is a A} in
the codes function p from w* to u,, and a II} in the codes equivalence relation

e on u,, such that for any z, y in w®,

wBy < (p(z),p(y)) € e.

Proof. Let E be a I13 thin equivalence relation on u,, p and e as defined in this
chapter.

From our construction, we know that Y, must be a subset of some F equiv-
alence class. We also know that Y, is F-invariant from Lemma 6.5. So, Y,
is either an equivalence class or the empty set. But, it cannot be the empty
set, otherwise, («, ) € e for all § € u, from Lemma 6.5. So, for all 8 € u,,,
Y, = Ys. Hence, Yg = 0 for all 8 € u,,. This is impossible.

So, we have

(z,y) € E <= (p(z),p(y)) € e

O

It seems that Jackson lifted the Kechris-Martin theorem to higher levels.

We hope his result could be used to lift Harrington’s representation theorem



further.
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SOME RESULTS ON PROJECTIVE EQUIVALENCE RELATIONS

Xuhua Li, Ph.D.
Department of Mathematics
California Institute of Technology, 1997
Dr. A. Kechris and Dr. G. Hjorth, Advisors

We construct a II equivalence relation E on w® for which there is no largest E-thin,
E-invariant I} subset of w®. Then we lift our result to the general case. Namely, we show
that there is a IT},, , ; equivalence relation for which there is no largest E-thin, E-invariant
I13, 4, set under projective determinacy. This answers an open problem raised in Kechris
[Ke2].

Our second result in this thesis is a representation for thin II} equivalence relations on
u,,. Precisely, we show that for each thin II} equivalence relation E on u,, there is a A} in

the codes map p: w* — u, and a II3 in the codes equivalence relation e on u,, such that

for all real numbers = and y,

rBy <= (p(z),p(y)) € e.

This lifts Harrington’s result about thin IIj equivalence relations to thin II} equivalence

relations.



