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Abstract

Progress is made on the numerical modeling of both laminar and turbulent non-premixed flames.

Instead of solving the transport equations for the numerous species involved in the combustion

process, the present study proposes reduced-order combustion models based on local flame structures.

For laminar non-premixed flames, curvature and multi-dimensional diffusion effects are found

critical for the accurate prediction of sooting tendencies. A new numerical model based on modified

flamelet equations is proposed. Sooting tendencies are calculated numerically using the proposed

model for a wide range of species. These first numerically-computed sooting tendencies are in good

agreement with experimental data. To further quantify curvature and multi-dimensional effects, a

general flamelet formulation is derived mathematically. A budget analysis of the general flamelet

equations is performed on an axisymmetric laminar diffusion flame. A new chemistry tabulation

method based on the general flamelet formulation is proposed. This new tabulation method is applied

to the same flame and demonstrates significant improvement compared to previous techniques.

For turbulent non-premixed flames, a new model to account for chemistry-turbulence interac-

tions is proposed. The validity of various existing flamelet-based chemistry tabulation methods is

examined, and a new linear relaxation model is proposed for aromatic species. The proposed re-

laxation model is validated against full chemistry calculations. To further quantify the importance

of aromatic chemistry-turbulence interactions, Large-Eddy Simulations (LES) have been performed

on a turbulent sooting jet flame. The effects of turbulent unsteadiness on soot are highlighted by

comparing the LES results with a separate LES using fully-tabulated chemistry. It is shown that

turbulent unsteady effects are of critical importance for the accurate prediction of not only the

inception locations, but also the magnitude and fluctuations of soot.
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Chapter 1

Introduction

1.1 Background

Energy sustainability and the emission of pollutants will have defining importance in the present

century[1]. Historically, the combustion of hydrocarbon fuels has been the principal source of energy

due to their high energy density, ease of transport, and relative abundance. Although renewable

energy and nuclear power are the world’s fastest-growing energy resources, fossil fuels are estimated

to continue to supply almost 80 percent of the world’s energy through 2040, as reported in the

International Energy Outlook (2013 report) [1]. Unfortunately, the combustion of fossil fuels not

only generates greenhouse gases, but also produces pollutants, such as nitrogen oxides, sulfur dioxide,

volatile organic compounds, and nano-sized particles, which can cause severe air quality degradation.

Ever more stringent international regulations (e.g. ICAO CAEP2 standards) placed on industrial

combustion system emissions make the design of cleaner and more efficient combustion devices a

necessity.

The development of clean and efficient combustion systems introduces new challenges, not only

in the manufacturing of these systems, but also at a more fundamental level. Although designs of

the various combustion systems and their operating conditions may be very different, the turbulent

reacting flows involved are subject to the same complexities. First, hundreds of species and thousands

of reactions are generally required to describe correctly the chemical aspect of combustion [2, 3, 4,

5]. Second, the wide range of length and time scales present in turbulent reacting flows increases
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the complexity of the systems [6]. Finally, but most importantly, the major complexity found in

these combustion systems is due to the intrinsic interactions between small scale chemical processes

and large scale flow features. These multi-physics and multi-scale problems are among the biggest

challenges in fluid mechanics and are the real limiting factors in the development of more efficient

and cleaner energy sources.

1.2 Computational modeling of non-premixed reacting flows

Towards this end, Computational Fluid Dynamics (CFD) has emerged as an indispensable indus-

trial analysis and design tool over the past few decades. Its application to the modeling of complex

reacting flows has been largely successful [7, 8, 9, 10]. However, the predictive capabilities of CFD

tools remain limited by the assumptions and approximations made in the modeling of key physical

processes. For instance, some modeling procedures that have been widely used in numerical com-

bustion were developed for non-reacting, constant density flows [11, 12, 13, 14, 15]. These models

were developed based on physical arguments with simplifying assumptions, and as a result, have

demonstrated inconsistencies when applied in practical situations. This is reflected by the large

variety of different combustion models that have been formulated [16] and the continuous effort that

has been made to improve these models [6, 16].

One such research effort is the International Sooting Flame (ISF) workshop [17]. This open

forum aims to identify common research priorities in the development and validation of accurate,

predictive models for sooting flames and to coordinate research programs at the international level

to address them. Well-defined target flames that are particularly suitable for model development

and validation have been selected, spanning a variety of fuels and flame types, including laminar

flames, turbulent flames, and pressurized flames. To enable accurate and efficient investigations of

these laboratory-scale sooting flames, the current work aims to develop reliable computational tools

for the modeling of laminar and turbulent non-premixed flames under atmospheric pressure.



3

1.3 Direct numerical simulations

In view of the difficulties in the reduced-order modeling of combustion, Direct Numerical Simulations

(DNS) with finite-rate chemistry may seem to be more advantageous, since all the governing equa-

tions are solved in these simulations, without using any explicit simplifying assumptions. Indeed,

DNS has been employed as a valuable research tool, and recent development in high-performance

computing has enabled the application of DNS to more and more complex configurations [18, 19].

Some of the most recent DNS studies of non-premixed reacting flows with finite-rate chemistry are

included in the following figure.
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Figure 1.1: Recent DNS studies of non-premixed reacting flows with finite-rate chemistry.

DNS with finite-rate chemistry has been applied to zero-dimensional homogeneous reactor sim-

ulations [20, 21] and one-dimensional flame calculations [22, 23, 24, 25, 26] using detailed chemical

mechanisms involving a large number of species. However, only skeleton-level chemical mechanisms

have been used in three-dimensional turbulent non-premixed reacting flow simulations [27, 28, 29,

30, 31, 32]. Such chemical mechanisms are not sufficiently accurate for the combustion of large

hydrocarbon fuels, especially for (the surogates of) practical fuels (e.g. diesel), and are not able
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to provide a satisfactory description of complex chemical processes, such as low-temperature com-

bustion and soot formation. Overall, the application of DNS with finite-rate chemistry to practical

combustion systems using practical fuels (e.g. diesel) as a design tool is still prohibited by the

associated extremely high computational cost. This is essentially due to the large number of species

and reactions involved in the combustion process and the wide range of time and length scales that

need to be resolved in the reacting flow field.

n-heptane

oxygen

carbon monoxidewater

carbon dioxide

acetylene

ethylene

benzene naphthalene cyclopenta[cd]pyrene

soot

Polycyclic Aromatic Hydrocarbons (PAH)

Figure 1.2: Schematic of the combustion of n-heptane. The part to the left of the dash line does not
include any aromatic chemistry.

The general picture of the combustion of n-heptane is shown in Fig. 1.2. This fuel is representa-

tive of all alkane fuels and is known to be an important component for gasoline, diesel, and kerosene

surrogates. N -heptane first goes through thermal cracking by having hydrogen atom abstraction

and β-scission reactions. This process leads to the formation of important intermediate species such
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as ethylene and acetylene. These species react with oxygen to form major combustion products such

as carbon monoxide, carbon dioxide, and water. Simultaneously, these intermediate species (e.g.

ethylene and acetylene) react with each other, which leads to the formation of the first aromatic

species, namely benzene. Larger aromatic species with more than one aromatic rings, such as naph-

thalene, phenanthrene, and pyrene are then formed from benzene [2, 3]. Further collisions between

these large aromatic compounds lead to the formation of soot particles [2, 3]. Typically hundreds

of species and thousands of reactions are required to capture accurately enough the combustion

process just described [3, 33]. Including such detailed chemical kinetics model burdens substantially

reacting flow simulations, due to the large number of transported reactive scalars (i.e. species mass

fraction).

Moreover, simulations of reacting flow systems using finite-rate chemistry are extremely challeng-

ing due to the multiple time scales involved in the various physical and chemical processes [34, 35, 36].

In particular, chemistry produces generally very small time scales which make the systems stiff. The

high non-linearity in the Arrhenius form of the chemical reaction rate constants in the calculations

of the species chemical source terms increases the stiffness of the systems [37]. In addition, for tur-

bulent reacting flows, the difference between the thickness of the thin reaction layers (often smaller

than the Kolmogorov length scale) and the largest length scale is typically more than three orders

of magnitude [32, 31]. As a result, billions of grid points are generally required for the DNS of

these flows [30, 38]. Although advanced numerical schemes have been designed for more accurate

scalar transport [39, 40, 41] and more efficient time-integration of stiff chemical source terms [37, 20],

DNS of reacting flows with complex chemistry under complex configurations are still limited by the

current computing resources.

As a result of all these challenges, detailed chemical mechanisms have been included in the

DNS of reacting flows, but only for relatively simple geometries (e.g. homogeneous reactors and

statistically one-dimensional flames) [20, 23]. The number of species included in the DNS of two-

dimensional and three-dimensional reacting flows has been very limited [32, 31, 30, 27, 42, 28]. Most

of these simulations have only investigated the combustion of relatively simple fuels (e.g. methane
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and hydrogen), and have taken into account only the major chemical pathways without considering

aromatic species and soot formation (the part to the left of the dash line in Fig. 1.2). Typically, the

chemical mechanism used for hydrogen combustion in these simulations contains 9 species [30, 27, 28]

and the one used for methane combustion contains 19 species [32, 31, 30, 28]. These mechanisms

have been obtained by reducing the number of intermediate species contained in detailed mecha-

nisms using chemistry reduction techniques, such as Quasi-State-State (QSS) assumptions [43] and

Partial-Equilibrium (PE) approximations [44]. Simulations using these reduced mechanisms are able

to capture the major features of the reacting flows under investigation, for instance temperature and

major species distributions [32, 30, 28]. However, reduced chemical mechanisms become insufficient

when the combustion of large hydrocarbon fuels (practical fuels) or the formation of complex com-

bustion products (soot) is considered. As mentioned earlier, describing accurately such complex

chemical processes requires typically hundreds of species and thousands of reactions [2, 3, 4]. The

efficient integration of detailed chemical kinetics into detailed simulations of reacting flows presents

one of the biggest challenges in numerical combustion. One approach to overcome the difficulties dis-

cussed above is to use chemistry tabulation. The different categories of chemical kinetics integration

strategies discussed are summarized in the following figure.

1.4 Chemistry tabulation

Instead of reducing the number of species considered in the chemical mechanisms, chemistry tabu-

lation keeps the detailed mechanisms unchanged, but reduces the number of independent variables

(to be solved in CFD simulations) to a tractable number. Therefore, chemistry tabulation is very

attractive for both its computational efficiency and its ability to maintain a high chemical accu-

racy. The reduction of independent variables can be achieved using for instance the method of

Computational Singular Perturbations (CSP) [34, 45] and the method of Intrinsic Low-Dimensional

Manifold (ILDM) [35, 36]. These methods use the fact that many of the chemical time scales in-

volving intermediates in the reaction chains are fast and not rate-limiting. By suppressing these

fast reactions and placing the species involved therein in steady-state, the thermochemical state of
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Full chemical 
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Reduced-order modelingDirect integration

Direct numerical simulations
with finite-rate chemistry

Figure 1.3: Different categories of chemical kinetics integration strategies.

the system depends on a much smaller number of variables. These variables are often combinations

of species concentrations. Multi-dimensional libraries are then used to store the thermochemical

states as a function of these variables. These methods are particularly suited for chemical kinetics

calculations [46]. Unfortunately, these methods do not include any flow variables (e.g. flow strain

rate, flame curvature, and scalar dissipation rate) in constructing the libraries of thermochemical

states. As a result, they are limited when applied to non-premixed flames, where the local reacting

flow is governed by the balance between chemistry and diffusion [16].

An interesting alternative to chemical-kinetics-based tabulation methods is the flame-structure-

based tabulation methods. Such methods include the Flame Prolongation of ILDM (FPI) [47], and

the Flamelet-Generated Manifold (FGM) [48]. These methods share remarkable similarities and

both rely on the concept of the steady-state Laminar Diffusion Flamelet (LDF) [49, 50]

1.5 Steady-state laminar diffusion flamelets

The notion of mixture fraction was introduced by Bilger [51] as a measure of the local fuel/oxidizer

ratio in non-premixed reacting flows. The steady-state LDF model based on the mixture fraction,



8

Z, as an independent variable, and using the scalar dissipation rate, χ = 2D|∇Z|2, for the mixing

process, was introduced by Peters in 1983 [49] (see Eq. 3.1 in Section 3.2.1). Historically, Williams

was the first to rewrite, under unity Lewis number assumption, the species transport equations by

separating the diffusion normal to mixture fraction iso-contours and that in tangential directions [52].

Peters introduced additional simplifications to make use of the flamelet formulation in reacting

flow simulations, namely, combustion processes take place in a thin layer close to the flame front,

diffusion in the direction parallel to the local iso-surface of mixture fraction is negligible, and the

local flame surfaces are essentially flat. Based on these three assumptions, multi-dimensional non-

premixed flames can be modeled as an ensemble of piecewise one-dimensional flame structures,

termed flamelets. The LDF model has been a popular modeling approach in simulating both laminar

non-premixed flames [53, 54, 55] and turbulent non-premixed flames [56, 57, 58, 59, 60, 61, 22, 62].

The distinct advantage offered by the flamelet model, compared to the numerical simulation using

finite-rate chemistry model, is that flow properties and chemical kinetics are essentially decoupled [6].

More specifically, steady-state flamelet equations are solved in advance to build a flamelet database.

This database is then tabulated as a function of the mixture fraction, Z, and the scalar dissipation

rate, χ, as shown in Fig. 1.4. In simulations, the values of Z and χ are computed locally, based on

NY

1Y 2Y

Z



Figure 1.4: Illustration of flamelet database for chemistry tabulation generated using the solutions
to steady-state flamelet equations.
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which the species mass fraction, temperature, and other thermochemical properties are evaluated. As

such, the computational cost associated with simulations using flamelet-based tabulated chemistry

methods is significantly lower than using finite-rate chemisty, since only the scalar quantities Z and

χ need to be calculated locally, without solving the transport equations of all species involved in the

chemical mechanism.

1.6 Flamelet-based modeling of laminar non-premixed flames

While being a very powerful modeling framework, the LDF model relies on several key assumptions

which may not be valid in all laminar non-premixed flames. Potential impacts of these assumptions

require further analysis. Furthermore, these impacts may be present not only in laminar flames, but

also in turbulent flames. Yet, they are more pronounced in laminar flames [63].

The first key assumption concerns the species Lewis numbers. In most of the previously referenced

studies of turbulent reacting flows [56, 58, 59], unity Lewis number transport has been assumed

on the basis that molecular diffusion is negligible compared to turbulent mixing. The influence

of non-unity Lewis number transport on turbulence-chemistry interaction has been investigated

theoretically, experimentally, and numerically by previous work [63, 64, 65, 66, 67]. The unity-

Lewis number assumption is found valid for large-scale mixing in the limit of sufficiently large

Reynolds number; and the transition from non-unity (under laminar conditions) to unity Lewis

number (under turbulent conditions) was observed for conditional means of species mass fractions

in piloted turbulent methane/air jet flames as the Reynolds number was increased [63, 66]. For

laminar flames, large deviations have been found in co-flow non-premixed flames when comparing

results obtained with unity and non-unity Lewis numbers (e.g. significantly different flame heights

and flame widths) [54, 68, 69].

The second key assumption concerns curvature effects which have been neglected [54, 22, 68,

70, 71], since the combustion of interest is assumed to occur very near to the flame front. Such

close proximity to the flame front (defined as the iso-surface of stoichiometric mixture fraction)

allows for the flame to be modeled as flat; therefore, curvature effects could be neglected. However,
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many species of interest, such as aromatic species, tend to be located farther away from the flame,

where the flame can no longer be assumed to be flat, and flame curvature effects could potentially be

substantial. The impact of curvature can be further enhanced when mixture fraction iso-surfaces are

highly wrinkled by turbulent motions [42]. In other words, curvature effects might be non-negligible

when the product of flame curvature by the distance to the flame front is large. Unfortunately,

the effects of flame curvature on the flamelet modeling of both laminar and turbulent non-premixed

flames still remain not well understood.

The third key assumption concerns the multi-dimensional diffusion effects, i.e. in the direction

parallel to the local iso-surface of mixture fraction. These effects have been neglected to achieve the

one-dimensionality of the local flame structure. As such, all physical quantities can be parametrized

solely by the mixture fraction. However, in a recent study, these multi-dimensional effects were found

to be critical in reproducing the complete flame behavior in laminar co-flow diffusion flames [69] and

hence might have non-negligible impact on sensitive processes, such as soot formation.

The first one-dimensional laminar flamelet equations were proposed by Peters [49, 50] for flat

flames, under unity Lewis number assumption. These equations were extended by Pitsch [70] to take

into account non-unity Lewis number effects. Williams proposed a more general flamelet formulation

even before Peters without making specific assumptions on the flame structure [52, 72]. However, a

unity Lewis number was assumed to describe the species transport processes, and the terms corre-

sponding to different physical processes were grouped together, making this formulation hardly used

in practice. More recently, Kortschik et al. [73] attempted to derive flamelet equations accounting

for curvature effects. However, restrictive assumptions were made implicitly in the derivation. As a

result, the predicted curvature effects did not show full agreement with the qualitative experimental

observations [74]. More precisely, curvature was predicted to still have effects on species with Lewis

number close to unity, but those species were observed to be hardly affected in the experiments. Xu

et al. has also attempted to derive flamelet equations including curvature effects [75]. However, their

formulation is valid only under specific conditions [75]. In summary, no mathematical framework is

yet able to describe the combined effects of multi-dimensional effects, non-unity Lewis number, and
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flame curvature using a flamelet formulation for laminar and mildly turbulent non-premixed flames.

1.7 Flamelet-based modeling of turbulent non-premixed flames

Unlike for laminar non-premixed flames, the conventional steady-state LDF model has been found to

represent well the local turbulent flame structure, as briefly reviewed at the beginning of Chapter 5.

Chemistry tabulation based on the steady-state LDF model has been widely applied to Large-Eddy

Simulations (LES) of turbulent reacting flows, in which large length scales are resolved and small

scale mixing is modeled. LES using LDF-based chemistry tabulation has been applied to a variety

of combustion problems of practical interest including the prediction of pollutant emission [7, 8],

combustion instabilities [76, 77], and aircraft engine combustion [9, 10]. Although major flame

characteristics and main species concentrations are generally well predicted in these simulations, the

extension to include more complex chemical products in these simulations should be done with great

care.

As aforementioned, one substantial simplification implicitly made by the chemistry tabulation

based on steady-state LDF model is that the characteristic chemical time scale is much smaller than

that of turbulence. In other words, chemistry is assumed to respond infinitely fast to perturbations

from the turbulent flow field. Such assumption may be valid for the major chemical species (reactants

and products) as well as radicals (H, OH, O, etc.). For instance, the steady-state LDF model has

been shown to represent remarkably well statistically averaged flame properties [63]. However, due

to the wide range of time scales involved in turbulent flows and the large time scales characterizing

the chemical processes of certain species, transient effects could be substantial. One of such critical

processes is the formation of soot particles.

Due to the detrimental effects of soot emission on human health and the environment, substantial

research efforts are presently devoted to the numerical prediction of soot formation in turbulent

reacting flows [32, 42, 78]. As mentioned earlier, soot is believed to nucleate from Polycyclic Aromatic

Hydrocarbons (PAH), which involve complex and slow chemical kinetics [2, 3]. Previous studies have

shown that the concentrations of PAH in turbulent diffusion flames deviate from those predicted by
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the steady-state LDF model [16, 42]. These observed differences are believed to be a consequence

of the rapidly changing turbulent flow field and the slow adjustment of PAH chemistry. Based

on the above consideration, turbulence-chemistry interaction needs to be properly treated for PAH

molecules.

A series of theoretical studies have been focusing on the chemical response of the flamelets

solutions to oscillatory strain rates under various flow conditions [79, 80, 81, 82]. Chemical responses

of different species under oscillatory flow rates and strain rates have been also investigated in non-

premixed flames numerically [83, 84] and experimentally [85, 86]. The scalar dissipation rate was

found to characterize well the unsteadiness of the flow [83]. However, in these studies, emphasis has

been placed on major combustion products and a very limited number of intermediate species.

Recent studies have focused on the effects of unsteadiness on the formation of NOx species [8, 87]

and a relaxation model [8] was proposed for the prediction of their mass fractions in turbulent

flames, based on a one-step global reaction. Unfortunately, this relaxation model was only validated

a posteriori. The situation is similar for PAH (i.e. no a priori analysis). Including transient effects

for PAH molecules has been attempted by Mueller and Pitsch [22] by using the same model as for

NOx [8], despite the fact that PAH species are characterized by an even more complex chemistry

than NOx species. In their work, all PAH molecules were represented by a single lumped PAH

species, and the dependence of the chemical source term on the PAH mass fraction was assumed to

be universal for all PAH. While this represents a very good first step, a more reliable model based on

a more complete a priori analysis is required to take into account the interactions between chemistry

and turbulent unsteadiness. Such model should reflect the multi-step nature of PAH chemistry and

distinguish between major PAH species.

Transient effects for PAH molecules have been included first in the LES of a laboratory-scale

flame and an aircraft combustor by Mueller and Pitsch [22, 88]. They proposed to solve a transport

equation for the lumped PAH variable using the PAH relaxation model discussed above. Although

chemistry-turbulence interactions for PAH have already been included in LES, their effects and

importance have never been investigated and characterized precisely.
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1.8 Objective and outline

In view of the issues discussed above, the objective of the current study is to identify the key issues in

the flame-structure-based reduced-order modeling of laboratory-scale laminar and turbulent sooting

flames, with specific attention placed on the prediction of PAH species. As aforementioned, these

PAH species are of critical importance since their concentrations control directly the soot nucleation

rates. More precisely, the objectives are three-fold:

1) investigate the effects of flame curvature and multi-dimensional diffusion, and the appropriate-

ness of the LDF model in the representation of local flame structures in laminar non-premixed

flames,

2) examine the effects of turbulent perturbation on PAH species, and the validity of different

chemistry tabulation strategies in the numerical modeling of turbulent non-premixed flames,

3) propose and validate more accurate flamelet-based reduced-order models for the key processes

mentioned above and investigate their importance and effects in laboratory-scale flame config-

urations.

The manuscript is organized as follows. In Chapter 2, a brief summary of the governing equa-

tions for reacting flows under zero Mach number approximation is provided. In Chapter 3, the

importance of multi-dimensional convection and diffusion effects and the validity of the LDF model

are assessed in the context of predicting numerically sooting tendencies. Calculations using the

conventional steady-state LDF model are performed and this model is shown to be inadequate in

reproducing the correct species distributions on the centerline of the flame under study, where the

sooting tendencies are defined. In an effort to overcome these deficiencies, a new numerical frame-

work based on modified flamelet equations is proposed. The numerical sooting tendencies for both

non-aromatic and aromatic test species are then calculated using the proposed model and compared

against experimental measurements. In Chapter 4, a general, mathematically consistent flamelet

formulation is derived to investigate the effects of curvature of mixture fraction iso-surfaces on the

transport of species in laminar diffusion flames. Budget analysis is performed on an axisymmet-
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ric laminar coflow diffusion flame to highlight the importance of the curvature-induced convective

term compared to other terms in the full flamelet equation. A new chemistry tabulation method is

developed based on the proposed curved flamelet formulation. A comparison is made between full

chemistry simulation results and those obtained using planar and curved flamelet-based chemistry

tabulation methods. In Chapter 5, it is first highlighted that the various issues in the flamelet-based

modeling of laminar non-premixed flames become negligible in turbulent non-premixed flames. In-

stead, non-equilibrium chemistry effects represent the key modeling challenge for these flames. The

chemical responses of the local flame structure subjected to turbulent perturbations are examined.

Based on these unsteady flamelet results, the validity of various existing flamelet-based chemistry

tabulation methods is examined, and a new linear relaxation model is proposed for PAH species.

The proposed relaxation model is validated through the unsteady flamelet formulation, and results

are compared against full chemistry calculations. In Chapter 6, the effects of aromatic chemistry-

turbulence interactions are investigated by applying the PAH realxation model, proposed in the

previous chapter, to an ethylene/air piloted turbulent sooting jet flame. The effects of turbulent

unsteadiness on soot yield and distribution are highlighted by comparing the LES results with a

separate LES using tabulated chemistry for all species including the aromatic species. Results from

both simulations are compared to experimental measurements. Major conclusions of the current

work and recommendations for future research directions are provided in Chapter. 7.
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Chapter 2

Governing equations and numerical
solver

The evolution of the reacting flows under study is governed by the unsteady Navier-Stokes equations

and the scalar transport equations. For the simulations undertaken in this work, we adopt the

standard zero Mach number assumption that is well justified for many combustion systems and has

been used in many previous studies [22, 89, 90, 29, 91], as the typical Mach number for both laminar

and turbulent diffusion flames is well below 0.1.

2.1 Governing equations

Using the zero Mach number approximation, the continuity and momentum equations are written

as

∂ρ

∂t
+∇ · (ρu) = 0, (2.1)

∂ρu

∂t
+∇.(ρuu) = −∇p+∇ · τ, (2.2)

where ρ is the density, p is the pressure, u is the velocity, and τ is the deviatoric stress tensor,

defined as

τ = µ
[
∇u + (∇u)T

]
− 2

3
µ(∇ · u)I, (2.3)

where I is the identity matrix and µ is the fluid viscosity.

In addition to the Navier-Stokes equations, the governing equation for the temperature, T , of
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the mixture containing n species can be written as

ρcp
∂T

∂t
+ ρcp∇ · (Tu) = ∇ · (ρcpα∇T ) +

∑
i

cp,iρDi∇Yi · ∇T + ω̇T − q̇rad, (2.4)

where ω̇T includes heat source terms due to chemical reactions, α is the thermal diffusivity, Di is

the molecular diffusivity of species i, and q̇rad encompasses all heat losses due to radiation.

Flame radiation is modeled using the RADCAL model [92]. This model relies on the assumption

of optically thin medium, which is a reasonable assumption for the laboratory-scale laminar and

turbulent flames considered [68, 92, 93, 94]. The radiating species considered in these flames are

CO2, H2O, CH4, and CO. This model uses the following expression for the rate of heat transfer per

unit volume due to radiation [54, 68, 92]

q̇rad = −4σ
∑
i

piapi(T
4 − T∞4), (2.5)

where σ is the Stefan-Boltzmann constant, pi is the partial pressure of species i, api is the Planck

mean absorption coefficient of species i, and T and T∞ are the local flame and background temper-

atures, respectively. The Planck mean absorption coefficients are obtained at different temperatures

by running RADCAL [95], and fitted to polynomial expressions [92].

For two-feed non-premixed combustion systems (e.g. fuel and oxidizer), the flame structures are

generally described by means of a passive scalar Z [16, 96, 97]. This variable is referred to as

mixture fraction and ranges from 0 to 1, corresponding to pure oxidizer and pure fuel, respectively.

The evolution of this variable is governed by the following transport equation

∂ρZ

∂t
+∇ · (ρZu) = ∇ · (ρD∇Z), (2.6)

where D is the mass diffusivity for Z. This diffusivity is set to the thermal diffusivity, α. Therefore,

the Lewis number for Z

LeZ =
α

D
(2.7)
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is unity.

Assuming non-unity but constant Lewis number and neglecting Soret effects, the transport equa-

tion for the mass fraction of species i, Yi, can be written as

ρ
∂Yi
∂t

+ ρu · ∇Yi = ∇ ·
(
ρ
α

Lei
∇Yi

)
+∇ · (ρYiVc,i) + ω̇i, (2.8)

where ω̇i is the chemical source term of species i, and Lei is the Lewis number of species i, defined

as

Lei =
α

Di
, (2.9)

with Di the mass diffusivity for species i. It was found previously that Soret effects have only

minimal impact on the flame shape and temperature field [98]. The correction velocity Vc,i in

Eq. 2.8 accounts for gradients in the mixture molecular weight as well as ensures zero net diffusion

flux. It has the following expression

Vc,i =
α

Lei

∇W
W
− α

∑
j

∇Yj
Lej

− α∇W
W

∑
j

Yj
Lej

 , (2.10)

where

W =

∑
j

Yj
Wj

−1

(2.11)

represents the mean molecular weight of the mixture.

The above set of equations is complemented by the equation of thermodynamic state

p = ρ
1

W
R̂T, (2.12)

where R̂ is the universal gas constant.
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2.2 Numerical solver

For full scale numerical simulations, the multi-dimensional Navier-Stokes equations and species

transport equations are solved using the NGA code [90], using an iterative procedure. The NGA

code, using staggered variables, allows for accurate, robust, and flexible simulations of both laminar

and turbulent reactive flows in complex geometries and has been applied in a wide range of test

problems, including laminar and turbulent flows, constant and variable density flows, as well as

Large-Eddy Simulations (LES) and Direct Numerical Simulations (DNS). The numerical method

used was developed originally for the simulation of zero Mach number flows with variable density,

and have been shown to conserve discretely mass, momentum, and kinetic energy, with arbitrarily

high order discretization [90]. This method is an extension of the work of Morinishi et al. [99]. In

the simulations presented in this work, second order discretization of the viscous and convective

terms of the Navier-Stokes equations is used. The semi-implicit Crank-Nicolson method is used for

temporal discretization. Scalar quantities, such as the mixture fraction Z, species mass fractions Yi,

and temperature T , are transported along with the flow field using the BQUICK scheme [39]. The

BQUICK scheme is a flux correction method to a well-tested numerical scheme for scalars, namely

the quadratic-upwind biased interpolative convective scheme (QUICK) [100]. The BQUICK scheme

ensures that the physical bounds of appropriate quantities are numerically preserved throughout the

simulation without adding significant artificial diffusion. Overall, these numerical methods guarantee

globally second-order accuracy in both space and time. A more detailed description of the simulation

code is provided in Appendix. D.

Thermal properties for each species such as the specific heat capacity, cpi, and specific enthalpy,

hi, are taken from the chemical models employed. Mixture-averaged viscosity, ν, and thermal

conductivity, λ are calculated according to [101, 102], as proceeded in CHEMKIN and FlameMas-

ter [103]. Physical properties of the flow, such as molecular diffusivities, Di = D
Lei

, are calculated

accordingly.
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Chapter 3

Multi-dimensional effects in the
prediction of sooting tendencies

As stricter legislation governing soot emission is being adopted, increasing attention is being paid

to the characterization and quantification of soot yield. At the same time, alternative fuels such as

bio-derived fuels and synthetic fuels are expected to replace progressively traditional fuels. There

is a growing interest in predicting the sooting tendencies of present and future fuels based on their

individual chemical compounds.

Traditionally, the sooting tendency of a given hydrocarbon species is characterized experimentally

by the height of the hydrocarbon’s jet flame at the smoke point [104]. The resulting smoke heights

are converted to threshold sooting tendencies (TSI), which are linear functions of the inverse of

the smoke point height in laminar diffusion flames. Unfortunately, while this procedure works well

for small hydrocarbons, smoke heights are difficult to measure for heavily sooting species such as

aromatics [93].

In an attempt to overcome these difficulties, McEnally and Pfefferle introduced a new metric

for sooting tendencies, Yield Sooting Indices (YSI) [93, 105, 106]. YSI are linear functions of the

maximum soot volume fraction measured on the centerline of an axisymmetric co-flow diffusion flame

with the fuel stream doped with a test hydrocarbon. They argued that YSI are device-independent

and only a function of the chemistry, not of the physical properties of the flow and burner used.

The most direct way to reproduce these YSI results is to perform Direct Numerical Simulations

(DNS) with detailed finite-rate chemistry, by solving all the governing equations presented in the
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previous chapter. These simulations have been demonstrated to be a reliable tool in reproducing

axisymmetric laminar co-flow diffusion flames with various burner configurations and fuel composi-

tions [89, 107, 108, 109]. However, the heavy computational cost associated with these simulations

and the large number of hydrocarbon species under investigation make the numerical prediction of

YSI using DNS impractical. The employment of reduced-order models, such as flamelet-base mod-

els, for the numerical predictions of YSI becomes a necessity. This chapter shows the importance of

including multi-dimensional convection and diffusion effects in the numerical prediction of sooting

tendencies when employing reduced-order models.

This work is based on a two-fold analysis. First, the importance of multi-dimensional convection

and diffusion effects and the validity of the conventional flamelet model are assessed. Second, a

simplified numerical framework to investigate sooting tendencies is proposed using the results from

direct simulations with finite-rate chemistry. The intent of the present work is not to predict the

absolute soot yield in flames. The emphasis is placed on the development of a computationally

efficient numerical framework to predict relative sooting tendencies.

This chapter is organized as follows. Section 1 describes the configuration of the diffusion flame

where YSI are measured experimentally and the numerical framework of direct simulations of this

flame. In Section 2, the conventional flamelet model is briefly presented and shown to be incapable of

predicting the correct species mass fraction profiles on the axis of the flame under study. In Section

3, a new numerical framework based on a modified flamelet equation is proposed and validated by

comparison with the direct simulation results. Finally, in Section 4, numerically calculated sooting

tendencies are estimated from the PAH dimer production rate, and compared to the experimentally

measured YSI.

3.1 Direct numerical simulations with finite-rate chemistry

In this section, direct simulations with detailed finite-rate chemistry are conducted for an axisym-

metric co-flow diffusion flame to provide reference data for comparison with the results obtained

using the conventional flamelet model [49, 50].
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3.1.1 Burner configuration and running conditions

The flame used in this section was studied experimentally by McEnally and Pfefferle [93] for YSI

measurements. The burner consists of two concentric tubes, with fuel in the inner tube and air

between the inner and outer tube. 0.4 cm of the fuel (and also air) pipe exit is simulated to

allow for the fully-development of the velocity profile at the exit of the fuel pipe. Expanding the

computational domain inwards the fuel pipe direction has been shown to be important to overcome

a numerical error shown by Bennett et al. [110]. The burner configuration is depicted in Fig. 3.1,

and the characteristic parameters of the burner and the inlet co-flow are listed in Table 3.1. A more

detailed description of the burner configuration is given in [111]. The fuel stream velocity profile is

taken to be parabolic (i.e. fully-developed laminar profile) based on its mean bulk velocity. On the

other hand, the velocity profile in the oxidizer stream is not fully developed and is taken to be flat.

Figure 3.1: Schematic of the diffusion flame and burner configuration.

Pipe inner radius Ri 0.555 cm Full domain radius R 5.1 cm
Pipe outer radius Ro 0.635 cm Full domain length L 20 cm

Burner wall thickness Ro −Ri 0.08 cm Pipe exit length Lp 0.4 cm
Fuel stream inlet velocity 14.39 cm/s Oxidizer stream inlet velocity 7.03 mm/s

Fuel stream inlet temperature 425 K Oxidizer stream inlet temperature 300 K
CH4 mole fraction in fuel stream 0.55 O2 mole fraction in oxidizer stream 0.21

N2 mole fraction in Fuel 0.45 N2 mole fraction in oxidizer stream 0.79
Dopant mole fraction in fuel stream 400ppm

Table 3.1: Characteristic parameters for the doped co-flow diffusion flame of McEnally and Pfefferle.



22

In the simulation, temperatures were under-predicted when the fuel inlet temperature was taken

to be 350K [93]. This is consistent with the fact that the burner, as well as the inlet fuel stream,

are preheated by heat conduction from the flame and by absorption of heat radiated from the flame

region. Unfortunately, the burner wall temperature is not specified in the experiment. Estimating it

numerically is beyond the scope of the present work. Gradually increasing the fuel inlet temperature

in the simulation is consistent with the intent of searching for the value of the burner exit temperature

in the experiment. With a fuel inlet temperature of 425K, the downstream temperature profiles

showed better agreement with the experimental data. The fuel inlet velocity is also raised to keep

the fuel inlet mass flow rate unchanged. A similar correction (425K instead of 350K) was applied

in the simulation of a similar flame by Smooke et al. [89]. The temperature increase from 350K to

425K for fuel stream is physically reasonable, since the temperature on the centerline is measured

to be 450K at the position closest to the burner exit (2mm from the exit plane), and an abrupt

change in temperature is not expected in this small cold region.

3.1.2 Chemistry model

The detailed chemistry model employed in the current work was developed by Blanquart et al. [3, 33].

It contains 185 species and 1903 reactions (forward and backward reactions counted separately) and

takes into account all major pathways of PAH formation. This chemical model has been extensively

tested and validated in multiple configurations, including laminar premixed flames, laminar diffusion

flames, and homogeneous reactors. The chemistry model is provided in the supplemental material

of [23].

3.1.3 Numerical set-up

Due to the axisymmetry of the flame under consideration, the two-dimensional (2D) Navier-Stokes

equations and scalar transport equations (Eqs. 2.2, 2.4, 2.6, 2.8) are solved on a 512×256 stag-

gered mesh in cylindrical coordinate, with a total length of 20 cm and width of 5 cm, using the

NGA code [90]. Non-unity but constant Lewis numbers are assumed for all species. The spatial
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discretization of the computational domain is depicted in the following figure.
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Figure 3.2: Axisymmetric structured mesh used for the flame simulations.

As can be seen in Fig. 3.2, the mesh is non-uniform and most refined near the region where

the main chemical reactions and diffusion processes occur (around the burner exit and the flame

centerline) and is stretched in both axial and radial directions away from the burner exit to reduce

the computational cost. The numerical simulation is shown to give the same results when a 256×128

staggered mesh is used. This will be shown in the budget analysis detailed in Chapter. 4.3.3.

As for boundary conditions, no-slip boundary condition is imposed on the walls. The walls

are also assumed to be adiabatic. At the inlet (bottom of the computational domain shown in

Fig. 3.2), Dirichlet conditions are imposed for all velocity components and the scalar quantities

(species mass fractions). Convective outlet boundary conditions are imposed at the outlet (top
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of the computational domain shown in Fig. 3.2). The flames simulated in this thesis are co-flow

diffusion flame (both laminar and turbulent). The co-flowing oxidizer streams in both the laminar

flame simulated in the chapter and the turbulent flame simulated in Chapter. 6 act as a shield to

protect the flame from ambient perturbations. Therefore, there is practically no flow entrainment

at the sides of the computational domain (left and right boundaries of the computational domain).

Accounting for this particular type of set-up, Neumann boundary conditions are imposed for scalar

quantities and velocity components in the directions parallel (stream-wise and span-wise) to the

sides of the computational domain. The velocity component in the cross-stream direction is set to

zero on the sides, given the set-up (co-flowing oxidizer shield) of the simulated flames.

3.1.4 Results

The temperature, methane mass fraction, and acetylene mass fraction fields are depicted in Fig. 3.3,

Methane and acetylene mass fractions play important roles in determining the local soot yield.

(a) Temperature. (b) Methane. (c) Acetylene.

Figure 3.3: Temperature, methane mass fraction, and acetylene mass fraction fields from the 2D
direct simulation. Dashed lines indicate the location of the stoichiometric surface.

Methane mass fraction indicates the progression of the overall chemical reaction, and the acetylene
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mass fraction indicates the location of PAH formation and the intensity of soot particle surface

growth.

Figure 3.4 shows a comparison of the centerline temperature profile with the experimental data,

and only minor differences may be observed.
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Figure 3.4: Centerline gas temperature.

First, the slope of the calculated temperature profile at the burner exit is practically zero, whereas

the experimental data shows a relatively strong gradient right at the burner exit on the centerline.

While a finite temperature gradient is expected at the burner wall due to heat conduction, it is

unlikely that such gradient would be found at the centerline. This gradient might be related to

measurement uncertainties, since it is hard to measure this small cold region inside a hot flame by

using a probe with finite size (thermocouple). Second, in the highly sooting region (z = 40−50mm),

the measured temperature is slightly lower than the calculated temperature. This may result from

heat losses due to radiation of soot particles, which is not included in the current model. In any

case, these differences remain very small and are well within the experimental uncertainties.

Unfortunately, no species measurements or other temperature measurements are provided as part

of the original experimental work. Under these conditions, the quality of the numerical predictions

may not be fully assessed. Nevertheless, it can be inferred that the main features of the flame on

the centerline are well predicted thanks to the good agreement of the centerline temperature with

experimental data. It is worth pointing out that the focus of the current study is not to carry

out exact simulations on the flame considered, but to propose a methodology to predict sooting
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tendencies using 2D simulation data.

3.2 Conventional laminar diffusion flamelet results

The simulation presented in the previous section is computationally expensive, since all species

transport equations are solved simultaneously with the Navier-Stokes equations. Predicting YSIs

using direct simulations is even more costly, since a different simulation needs to be carried out for

the flame doped with each test hydrocarbon. Therefore, a computationally more efficient approach

is required to compute numerically YSIs.

Based on these considerations, one natural approach to calculate numerically YSI is to use a

flamelet-based model [49, 50], since the one-dimensionality of the flame structure predicted by the

flamelet model can be applied to the (one-dimensional) flame centerline.

In this section, calculations using the conventional steady-state Laminar Diffusion Flamelet

(LDF) model are performed on the flame centerline, using information extracted from the direct

simulation presented in the previous section. The intent is to reproduce species mass fraction pro-

files. Consistent with the direct simulation, no soot model is included in the flamelet model.

3.2.1 Laminar diffusion flamelet equations

The LDF model was introduced originally by Peters and derived from the species transport equations

(Eq. 2.8) combined with the mixture fraction transport equation (Eq. 2.6) [49, 50]. It assumes that in

diffusion flames, combustion takes place essentially in a thin layer close to the flame front, defined as

a flamelet. Based on a coordinate transformation, species mass fractions and temperature transport

equations can be re-expressed into one-dimensional flamelet equations. The steady-state flamelet

equations in the limit of unity Lewis number diffusion can be expressed as

− 1

2
ρχ
∂2Yi
∂Z2

= ω̇i. (3.1)
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In the above equation, the scalar dissipation rate, χ, is defined as

χ = 2D|∇Z|2, (3.2)

where D is the mass (thermal) diffusivity (Eq. 2.7). For non-unity Lewis transport, the flamelet

equations become more complex and additional terms are present [112]

1

4

(
1− 1

Lei

)(
1

ρ

∂ρχ

∂Z
+ ρχ

cp
λ

∂

∂Z

(
λ

cp

))
∂Yi
∂Z
− 1

2Lei
ρχ
∂2Yi
∂Z2

= ω̇i. (3.3)

In the above equations, the terms which accounts for gradients in the mixture molecular weight and

ensures zero net diffusion flux are not shown for clarity. The reader is referred to [112] for the full

version and a complete derivation of these equations for non-unity Lewis number diffusion, under

flat and thin flame assumptions. The above equation is a second-order ordinary differential equation

in mixture fraction space, since all variables in the above equations are only functions of mixture

fraction [112]. Solving these flamelet equations is equivalent to solving a boundary value Problem.

Most existing simulations of diffusion flames with the flamelet model are based on a simplifying

assumption of unity Lewis number [15, 42, 22]. While this assumption may be valid for turbulent

flames [63, 113], it is questionable to apply it to laminar flames. In the simulations conducted in

this work, a unity Lewis number was not assumed and a constant, non-unity Lewis number was

calculated for each species. Therefore, differential diffusion effects are included. In the present

work, these equations (Eq. 3.3) are solved using the FlameMaster code [103]. Details about the

FlameMaster code is provided in Appendix. E.

3.2.2 Results

The flamelet equations (Eq. 3.3) presented in the previous section are solved with information

obtained from the 2D simulation. Two quantities are extracted from the 2D simulation and used

to solve the flamelet equations. First the scalar dissipation rate profile is obtained from the 2D
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Figure 3.5: Scalar dissipation rate, temperature, and axial velocity profiles extracted from the 2D
simulation along the centerline plotted in mixture fraction space.

simulation results on the centerline using the following expression

χ = 2D

∣∣∣∣∂Z∂x
∣∣∣∣2 , (3.4)

since the derivative of Z in the radial direction vanishes thanks to axisymmetry. The extracted scalar

dissipation profile is fitted and imposed in the flamelet calculations, as shown in Fig. 3.5(a). Second,

the centerline temperature profile is also extracted and imposed (Fig. 3.5(b)), instead of solving the

corresponding flamelet equation for temperature (Similar to Eq. 3.3). Although imposing the tem-

perature profile is not strictly necessary, it is more consistent than solving it directly since unsteady

radiation heat losses (Eq. 2.5) are not compatible with the steady-state flamelet equation [15].

The resulting mass fraction profiles for several representative species are depicted in Fig. 3.6.

The locations of maximum species mass fraction are not well predicted by the flamelet model as

they are on the richer side of the mixture compared to those predicted by the direct simulation.

Furthermore, mass fraction profiles predicted by the flamelet model show an approximately linear

decrease in mixture fraction space from the locations of maximum values on the rich side of the

mixture, suggesting that diffusion is predominant compared to convection at large mixture fractions.

On the contrary, results from the direct simulation indicate that species are strongly convected from

the fuel inlet (Z = 1) towards the lean side before getting diffused.

The convective term u∂Y∂x in the species transport equation (Eq. 2.8) may be transformed into
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(b) P-C3H4.
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Figure 3.6: Comparison of species mass fraction in mixture fraction space between the DNS and the
conventional flamelet model.

a convective term in mixture fraction,
(
u∂Z∂x

)
∂Y
∂Z , with convection velocity u∂Z∂x . Using the balance

between convection and diffusion in the mixture fraction transport equation, this term is computed

as

u
∂Z

∂x
=

1

4

(
1

ρ

∂ρχ

∂Z
+ ρχ

cp
λ

∂

∂Z

(
λ

cp

))
, (3.5)

in the conventional flamelet model [112] (Eq. 3.3). As will be shown in the next section, this

expression underestimates significantly the actual convective effect (Fig. 3.5(c)). These discrepancies

demonstrate that the flamelet model fails to capture the correct dominant physical processes for

mixture fractions beyond the stoichiometric value. These rich conditions are of critical importance

for the formation of Polycyclic Aromatic Hydrocarbons (PAH). Hence, a new numerical framework

is required to reproduce the correct physics along the centerline, where thin flamelet hypothesis may

not be valid.

3.3 Derivation of modified flamelet equations

Taking into account multi-dimensional convection and diffusion effects, a modified flamelet model

is now proposed and shown to be able to reproduce species mass fractions reasonably accurately on

the flame centerline. In this section, the modified flamelet equations are not derived for the purpose

of chemistry tabulation. Instead, they are derived as continuous governing equations for species

transport on the flame centerline, treating the centerline as a single one-dimensional flamelet. This
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is due to the fact that YSI are defined as functions of the maximum soot volume fraction on the

centerline. Consequently, it is sufficient to derive and solve diffusion flamelet equations that are only

valid on the centerline. Further, modeling the flame centerline as a single flamelet is feasible since

the value of the mixture fraction variable goes from one at the fuel burner surface, to practically

zero at elevated flame heights above the burner exit plane. Modified flamelet equations are derived

from the continuity equation (Eq. 2.1) and the species transport equations (Eq. 2.8).

3.3.1 Preliminary considerations

Under thin flame assumptions, the conventional flamelet model [112] assumes that all variables are

only functions of the mixture fraction. It is further assumed that all derivatives along the flame

front are negligible when compared to derivatives across the flame [49, 50]. This may not be valid

for a co-flow diffusion flame along the centerline, where the characteristic length scale in the radial

direction (across the flame) is not negligible compared to the axial length scale (along the flame).

Based on the above concern, mapping all physical variables only in the one-dimensional mixture

fraction space might not be sufficient to capture multi-dimensional convection and diffusion effects.

3.3.2 New mapping

A new mapping parameter φ, whose gradient lies in the local iso-surface of mixture fraction is

introduced, with

∇Z (x, r) · ∇φ (x, r) = 0. (3.6)

With this new variable, a coordinate change is performed between the cylindrical variables (r, x)

and the phase space variables (Z, φ). Consequently, derivatives in physical space can be expressed

as

∂

∂x
=
∂Z

∂x

∂

∂Z
+
∂φ

∂x

∂

∂φ
, (3.7)

∂

∂r
=
∂Z

∂r

∂

∂Z
+
∂φ

∂r

∂

∂φ
. (3.8)
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According to axisymmetry, the boundary conditions on the centerline are

v|r=0 = 0,
∂Z

∂r
|r=0 = 0,

∂Yi
∂r
|r=0 = 0, (3.9)

where v is the velocity component in the radial direction. To ensure orthogonality between the

gradient of Z and φ, the latter must satisfy

∂φ

∂x
|r=0 = 0 (3.10)

on the centerline. In other words, φ is constant along the centerline. It will be assume to be zero

without loss of generality. The equations listed above lead to the following modified flamelet equation

(
1− 1

Lei

)
u
∂Z

∂x

∂Yi
∂Z

=
1

2

χ

Lei

∂2Yi
∂Z2

+
1

2

ξ

Lei

∂2Yi
∂φ2

+
ω̇i
ρ
, (3.11)

where

ξ = 2D|∇φ|2, (3.12)

and u is the velocity component in the axial direction along the centerline. The terms corresponding

to molar diffusion, mass correction diffusion, and molar correction diffusion are included in the

derivation, but not shown in the above equation for clarity.

In the above equation, the species mass fractions are functions of the two phase space variables

Z and φ, Yi(Z, φ). The dissipation rates of Z (i.e. χ) and φ (i.e. ξ) are evaluated from the 2D

simulation results in physical space (along the centerline) and then mapped on to mixture fraction

space. The same is done for u∂Z∂x .
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3.3.3 Effects of the different terms

The modified flamelet equation represents the balance between convection, diffusion, and chemistry

in mixture fraction space, with a convective velocity given by (Fig. 3.5(c))

uz = u
∂Z

∂x
. (3.13)

This convective velocity is in phase space (mixture fraction space), not in physical space. Therefore,

the unit of uz is not m/s but 1/s, since the mixture fraction variable does not have any dimension.

It is interesting to note that the convective term in the mixture fraction space disappears if the Lewis

number is unity. This underlines the importance of differential diffusion effects for this particular

flame. It also shows that heavier species (such as PAH) will be more affected by non-unity Lewis

number effects.

The mass diffusion term 1
2
χ
Lei

∂2Yi
∂Z2 appears in both the conventional and modified flamelet equa-

tions, representing diffusion in the direction orthogonal to the local iso-surface of mixture fraction.

The additional mass diffusion term 1
2

ξ
Lei

∂2Yi
∂φ2 in Eq. 3.11 represents diffusion in the direction parallel

to the local iso-surface of mixture fraction, which is neglected by the conventional flamelet model.

This term is able to redistribute the species in a way that is depicted in Fig. 3.7.

ϕ Iso-surface
Z Iso-surface

Diffusion in ϕ
Diffusion in Z
Effective diffusion in Z

Figure 3.7: Schematic of the diffusion process. The dashed lines represent the mixture fraction
iso-contours, and the dash-dot lines represent φ iso-contours.

3.3.4 Closure of the modified flamelet equations

Unfortunately, some of the terms in the new flamelet equations (Eq. 3.11) can not be expressed solely

as a function of mixture fraction, as is the case of the conventional flamelet equations (Eqs. 3.1
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and 3.2). In other words, the modified flamelet equations (Eq. 3.11) are not closed in mixture

fraction space, as the parameter φ is independent of the mixture fraction (Eq. 3.6).

In the current work, in order not to obviate the distinct advantage offered by the flamelet model,

both diffusion terms in Z and φ are combined into one single term by introducing a new parameter

χ′ as the aggregate scalar dissipation rate. Mathematically, this means

1

2

χ

Lei

∂2Yi
∂Z2

+
1

2

ξ

Lei

∂2Yi
∂φ2

=
1

2

χ′

Lei

∂2Yi
∂Z2

. (3.14)

Obviously, the above equation is not valid everywhere in the domain, and it is valid and considered

only on the flame centerline. Physically, this treatment is equivalent to representing the diffusion

path directed by the arrows outside the flame axis by the diffusion arrow on the flame axis, as shown

in Fig. 3.7. This yields the resulting balance equation

[(
1− 1

Lei

)
uz

]
∂Yi
∂Z

=
1

2

χ′

Lei

∂2Yi
∂Z2

+
ω̇i
ρ
. (3.15)

As mentioned previously, additional terms accounting for molar/mass diffusion and ensuring zero

net diffusion fluxes are not shown in the above equation. The complete modified flamelet equations

being solved are included in Appendix. A.

Written in this form (Eq. 3.15), the modified flamelet equations are in the form of Ordinary

Differential Equations (ODE) in mixture fraction space, since the quantities uz (Eq. 3.13) and χ′

can be expressed as functions of mixture fraction.

As mentioned earlier, these two quantities are extracted on the flame centerline from the detailed

simulation with finite-rate chemistry, and are tabulated as a function of mixture fraction

uz = uz (Z) , (3.16)

χ′ = χ′ (Z) . (3.17)

We are able to do so since there is a unique inversion between the axial coordinate, x, and mixture
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fraction on the centerline, as mixture fraction is a strictly decreasing function of x. Furthermore, φ

is identically zero along the centerline.

Equations 3.15 and 3.17 lead to the following system of second order ODEs in mixture fraction

space [(
1− 1

Lei

)
uz (Z)

]
∂Yi
∂Z

=
1

2

χ′ (Z)

Lei

∂2Yi
∂Z2

+
ω̇i
ρ
. (3.18)

These ODEs can be solved as two-point boundary value problems of the unknown species mass

fractions, Yi(Z, χ).

3.3.5 Determination of the aggregate scalar dissipation rate

The aggregate scalar dissipation rate, as defined in Eq. 3.14, is actually not universal as for conven-

tional flamelet equations, but it is defined species-wise. In other words, there exits one χ′ for each

species. Figure 3.8 shows the aggregate scalar dissipation profiles for several representative species

in mixture fraction space. These profiles are evaluated as

χ′i = −2Lei

([(
1− 1

Lei

)
uz

]
∂Yi
∂Z

+
ω̇i
ρ

)
/

(
∂2Yi
∂Z2

)
(3.19)

for species i, which is equivalent to Eq. 3.15.
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Figure 3.8: Aggregate scalar dissipation rates for species of interest and the global fitted one.

As seen in Fig. 3.8, with the exception of a few species, these curves appear to collapse onto a
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single profile. A least squares method is used point-wise in mixture fraction space to obtain a global

χ′ (red solid line). More precisely, at each location, Zj , in mixture fraction space, the value of χ′ is

determined as the one that minimize the following quantity

∑
i

(χ′(Zj)− χ′i(Zj))
2
. (3.20)

The obtained global scalar dissipation rate, χ′, is used as an input to solve the modified flamelet

equations (Eq. 3.15).

For most of the species, the deviation between the species specific dissipation rate, χ′i, and the

global dissipation rate, χ′, is within 20%. The largest deviation is observed for hydrogen radical.

This is not surprising since the residence time of H is extremely small compared to the characteristic

transport time scale. Hence, the yield of H is controlled predominantly by a balance between chemical

production and consumption (and not diffusion). Consequently, the large deviation observed would

not affect the modified flamelet results. Finally, it is important to note that the global, χ′, aggregate

dissipation rate has a different shape and is about an order of magnitude larger than the original

dissipation rate, χ, given by Eq. 3.2 (Fig. 3.5 (a)).

It is important to note the definition of the aggregate scalar dissipation (Eq. 3.19) is derived

from the balance equation (Eq. 3.15), but not from the complete modified flamelet equations shown

in Appendix. A. However, only a negligible amount of error is introduced by this definition since the

magnitudes of all other terms in the complete flamelet equation that are not shown in Eq. 3.15 are

negligible compared to that of the terms included. This point will be illustrated later in the budget

analysis (Figs. 4.12 and 4.13) in Chapter 4, where these terms are grouped together and referred to

as correction terms; and the magnitude of these correction terms is shown to be significantly smaller

than that of the dominating terms, namely those being included in Eq. 3.15.

3.3.6 Simulation procedure

In practice, one additional quantity, namely the flame temperature, needs to be extracted from
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the detailed simulation with finite-rate chemistry and tabulated as a function of mixture fraction,

to close the modified flamelet equations (Eq. 3.18). The overall procedure for the extraction and

tabulation of these quantities is described below.

• First, centerline temperature is extracted, and tabulated as a function of mixture fraction

(Fiq. 3.5(b)), and imposed.

• Second, the quantity uz = u∂Z∂x along the centerline is extracted from the detailed simulation

(Fiq. 3.5(c)).

• Third, the global aggregate scalar dissipation rate profile, χ′ (red solid line in Fig. 3.8), is

tabulated as a function of the mixture fraction.

• Finally, the flamelet equations (Eq. 3.15) are solved with the imposed χ′, uz, and temperature

profiles.

3.3.7 Validation

The modified flamelet model is applied to the flame mentioned in Chapter. 3.1, using the global

fitted curve for χ′. Resulting species mass fraction profiles are compared against the direct sim-

ulation results on the centerline of the flame, in mixture fraction space for a few of the species

(Fig. 3.9). Solutions of the modified flamelet equations show reasonably good agreement with the

direct simulation results, and remarkable improvements with respect to the results from the conven-

tional flamelets (Fig. 3.6). The multi-dimensional effects are taken into account and mapped onto

the one-dimensional mixture fraction space where modified flamelet equations (Eq. A.1) are solved.

It is interesting to note that only the global aggregate scalar dissipation rate is required to

reproduce the correct mass fraction profiles for species of a wide range of molecular weight and

Lewis numbers. The strong convection effects on the rich side of the mixture are well captured. The

discrepancies are primarily for the reason that the global aggregate scalar dissipation rate cannot

represent exactly the specific ones for each species. To further improve the mass fraction prediction
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Figure 3.9: Comparison of species mass fractions from modified flamelet calculations with results
from the 2D simulation.

of different species on the centerline, the species specific aggregate scalar dissipation rates, χ′i, could

be extracted from the 2D direct simulation results using Eq. 3.19. However, the proposed method

using the global aggregate scalar dissipation rate, χ′, is advantageous, since once χ′ is obtained,

it can be used for modified flamelet calculations with any other chemical mechanisms that contain

species not included in the current one.

3.4 Sooting tendency analysis

After validating the new numerical framework, the current flamelet model is applied to reproduce

the YSI measurements of McEnally and Pfefferle [93, 105, 106]. YSI are estimated from the PAH

dimer production rate given by the flamelet calculations.

3.4.1 Doped flame versus undoped flame

In the experiments, the YSI of various hydrocarbons were determined by measuring the maximum

soot volume fraction along the axis of the flame with the fuel stream doped with 400 ppm of a test

species [93]. McEnally and Pfefferle found that the addition of small amount of dopant species did

not change the temperature profile noticeably; only the soot yields were affected [93].

To mimic the experimental approach in the direct numerical simulations, the boundary conditions

for the fuel inlet (Z = 1) are changed accordingly, to include the dopant species (Xdopant = 400ppm).

The modified flamelet equations (Eq. A.1) are solved using the same temperature, velocity, and
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dissipation rate profiles as for the undoped flame (Figs. 3.5 and 3.8).
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Figure 3.10: Dopant (C6H6) mass fraction profiles on the centerline of flames with dopant calculated
using conventional and modified flamelet models.

The modified flamelet model results show reasonably good agreement with direct simulation

results for the dopant species, C6H6, as shown in (Fig. 3.10). The added dopant is convected to the

flame front, where it will contribute to the soot yield, whereas the conventional flamelet predicts the

dopant to be strongly diffused before reaching the flame front, and would contribute only marginally

to the soot yield.

3.4.2 Sooting yield versus PAH dimer production rate

To ensure that the current work is not biased by the soot model that one may choose, maximum

soot volume fraction is estimated to be essentially proportional to the PAH dimer production rate

based on the following considerations.

Without loss of generality, the soot volume fraction, fv, is governed by the transport equation

(Eq. 3.21),

∂ρfv
∂t

+∇ · (ρfvu) = ω̇fv , (3.21)

where the source term, ω̇fv , in this equation includes all contributions from nucleation, condensa-

tion, coagulation, surface growth, and oxidation. Soot particles are formed through the process of

nucleation. Their inception is commonly assumed to occur when heavy PAH molecules collide with

each other, and is characterized in this work by the PAH dimer production rate calculated according
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to [114, 115, 116]. In other words, the soot nucleation rate is a linear function of the PAH dimer

production rate. Soot particles further grow through condensation, coagulation, and by surface mass

addition following a C2H2-based addition mechanism. Condensation describes the process of PAH

molecules colliding with and sticking to soot particles. In fact, the fate of large PAH molecules is

only twofold: collide with each other to form soot (nucleation), or collide with a soot particle (con-

densation). In other words, given a certain PAH mass production rate, the total mass production

of soot is determined. Therefore, the condensation process changes the number density function of

soot, but does not affect the soot volume fraction directly. Soot surface growth rate is controlled by

the amount of C2H2, the temperature, and the total soot surface area, which is proportional to the

total soot volume fraction. Oxidation of soot particles is commonly assumed to occur by reaction

with OH radicals. The oxidation source term is consequently a function of the total soot surface

area, the temperature, and OH radicals concentration.

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8
x 10

−4

Z

M
a
s
s
fr
a
c
t
io
n

 

 

Modified flamelet

Modified doped flamelet

(a) OH.

0 0.2 0.4 0.6 0.8 1
0

0.002

0.004

0.006

0.008

0.01

Z

M
a
s
s
fr
a
c
t
io
n

 

 

Modified flamelet

Modified doped flamelet

(b) C2H2.

0 0.2 0.4 0.6 0.8 1
0

0.01

0.02

0.03

0.04

0.05

Z

ω̇
[m

ol
/
m

3
s]

 

 

Modified flamelet

Modified doped flamelet

(c) ω̇Nucl.

Figure 3.11: Comparison between the flame with and without dopant (C6H6) for OH radical, C2H2,
and PAH dimer production rate.

Figure 3.11 compares the C2H2 mass fraction, OH mass fraction, and the nucleation source term,

ω̇nucl, profiles in mixture fraction space from the flamelet solutions with and without adding a dopant

(C6H6). It is shown that OH and C2H2 mass fraction profiles on the centerline are not changed

when a dopant is added (consistently with experimental observation). This observation indicates

that the contributions to soot source term due to surface growth and oxidation are unchanged when

a dopant is added. On the other hand, the PAH dimer production rate (nucleation source term) is

increased by the presence of a dopant species. As a consequence, one can estimate the increment of
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the maximum soot volume fraction on the centerline from the increment of PAH dimer production

rate when the flame is doped.

3.4.3 Numerical YSI

The amount of soot particles produced by the gas-phase chemistry can be calculated by integrating

the transport equation of soot mass fraction in mixture fraction space

Ysootmax = max

(∫ z

0

ω̇Nucl
ρuz

dZ

)
. (3.22)

The above equation does not include any oxidation terms, as the intent is to evaluate the maximum

soot yield the chemistry alone could produce. This equation is equivalent to the following flamelet

equation

ρuz
∂Ysoot
∂Z

= ω̇soot (3.23)

which can be obtained by taking the limit of Eq. 3.15 when Lesoot tends to infinity.

Following the same methodology as in the experimental work, a numerical Yield Sooting Index,

YSInum, can be defined as

Y SInum = A · Ysootmax +B, (3.24)

where A and B are constant parameters chosen so that YSInum-Benzene = 30 and YSInum-1-

Ethylnaphthalene = 151. Practically, the reference values for numerical YSI could be set arbitrarily

by any other species. However, given the complexity of the chemical kinetics for aromatic species,

the two reference values are set for species that are believed to be well predicted by the current

chemistry mechanism.

Numerical YSI for different species are reported in Table 3.2, and compared to the corresponding

experimental values [93, 105, 106]. The species are selected based on their presence in the kinetic

mechanism used in the present work, and were studied experimentally. The calculated YSI are

plotted in Fig. 3.12 as a function of the experimentally measured YSI for both non-aromatic and
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Name Formula YSIexp YSInum
[Combust. Flame 148 (2007) p210]
Benzene C6H6 30 30∗

Methylbenzene C7H8 43.5 52.9
Ethynylbenzene C8H6 52.6 54.3
Ethenylbenzene C8H8 44.1 53.7
Ethylbenzene C8H10 53.6 65
Indene C9H8 100.3 89.9

[Proc. Comb. Inst. 32 (2009) p673]
2-Heptanone C7H14O 17 7.8
1-Methylnaphthalene C11H10 135 114.5
1-Ethylnaphthalene C12H12 151 151∗

2-Ethylnaphthalene C12H12 145 172

[Env. Sci. Technol. 45 (2011) p2498]
Linear 2-octanone C8H16O 18.3 15
Trimethylpentane C8H18 22.6 20.4

Table 3.2: Experimental and numerical sooting tendencies of different species. ∗ Computational YSI
scaled to have the same values as the experimental YSI.
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Figure 3.12: Linear relation between the measured YSI in the literature and the numerically com-
puted YSI.

3.4.4 Discussion

The computed YSI show very good agreement with the experimentally measured YSI for a wide

range of test species. This highlights not only the validity of the proposed flamelet-based modeling

approach, but also the quality of the chemical model employed. Nevertheless, some discrepancies

are observed for certain large aromatic species (C12H10 and C12H12), which are not surprising given
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the limited knowledge on their formation pathways. This numerical framework can be used in the

future to identify deficiencies in the chemical model and ultimately improve the overall soot modeling

approach.

The current model is computationally efficient since only one flamelet calculation with a dopant

species is needed to compute the YSI of that species. More generally, the approach proposed by this

work suggests that only one direct simulation per flame is necessary to compute numerically YSIs

defined on that particular flame with the corresponding burner configuration and fuel composition.

Such direct simulation could be done using a reduced chemical mechanism even without aromatic

chemistry since only the convective velocity, temperature, and aggregate scalar dissipation rate

profiles need to be extracted along the flame axis. Based on these data, YSI of the test species can

be deduced by solving the modified flamelet equations once per dopant. Alternatively, it is possible

to perform direct simulations of doped flames for each dopant species as for the benzene-doped flame

in the previous subsection. However, the large amount of computational time (around 20 days) that

a doped flame takes to reach its steady-state makes the proposed flamelet-based modeling approach

for YSI prediction more preferable.

Despite the various advantages offered by the proposed modified flamelet formulation, there are

still several issues that need to be addressed. First, the convective velocity uz (Eq. 3.13) used for

modified flamelet calculations is extracted from the 2D direct simulation, since the difference between

the convective velocities predicted by the conventional flamelet model and the 2D direct simulation

(Fig. 3.5(c)) has not been understood physically. Second, tangential diffusion has been shown to

be more important than diffusion in mixture fraction. However, the physical mechanism behind

such strong multi-dimensional diffusion effects has not been well understood. Finally, the proposed

modified flamelet model is only valid on the flame centerline. To overcome all these limitations, a

more general mathematical framework is required to describe correctly the flame structure of laminar

diffusion flames.
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Chapter 4

Modeling curvature effects in
diffusion flames using a laminar
flamelet model

This chapter intents to address the issues pointed out at the end of the previous chapter. The intent

of this chapter is to go beyond the modified flamelet equations derived on the flame centerline, and

to propose a generalized flamelet equation valid everywhere in non-premixed reacting mixtures to

predict local flame structures for chemistry tabulation. The objectives of this work are three-fold:

1) derive a consistent mathematical formulation of the one-dimensional curved flamelet with dif-

ferential diffusion;

2) model the scalar dissipation rate and curvature dependences on mixture fraction for proper

integration in the curved flamelet equations;

3) apply this derived model and investigate the effects of flame curvature and non-unity Lewis

numbers in a multi-dimensional configuration.

The current work focuses on laminar flames, but the same results would be applicable to low Reynolds

number turbulent flames in which differential diffusion effects are potentially important.

The chapter is organized as follows. A new flamelet formulation including curvature effects is

derived in Section 1 using a general coordinate transformation. In Section 2, two basic configurations

that represent curved flamelets in turbulent combustion are studied to investigate the functional

dependence of scalar dissipation rate and curvature on mixture fraction. The proposed flamelet
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equations are solved at various curvature values, and the results are compared to those of a planar

flamelet under the same conditions. In Section 3, the importance of curvature is highlighted, and its

effects are investigated based on the full chemistry simulation results for a laminar co-flow diffusion

flame. Finally, a summary of curvature effects under various configurations is provided in Section 4.

4.1 Derivation of the flamelet equations with curvature

In this section, the full flamelet equations are re-derived using a general coordinate transformation

to better identify the curvature and tangential terms.

4.1.1 Conventional laminar diffusiton flamelet model

The conventional Laminar Diffusion Flamelet (LDF) equations were derived originally by Peters [49,

50] starting from the species transport equations combined with the mixture fraction transport

equation (Eqs. 2.6 and 2.8). The following coordinate transformation was used

x1 → Z, x2 = Z2, x3 = Z3, t = τ, (4.1)

leading to the conversion of the Cartesian coordinates (x1, x2, x3) into a flame-attached frame of

reference (Z,Z2, Z3), where Z indicates the mixture fraction as introduced in Eq. 2.6.

In the original work by Peters [50], Z2 and Z3 are chosen to be the same as distance functions

in the x2 and x3 directions of the original Cartesian coordinate system. By construction, these

two directions (Z2 and Z3) are not perpendicular to the gradient of mixture fraction (they do

not need to be). Therefore, they do not lie within the surface of constant mixture fraction, as

shown in the schematic representation in Peters’ original work (Fig. 1 in [50]). In the limit of a

thin, one-dimensional flat flame, this coordinate system is appropriate and convenient to derive the

LDF equations. However, for either a thick flame or a curved flame, a coordinate system with

Z2 and Z3 perpendicular to Z would be more appropriate to distinguish effects due to tangential
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diffusion/convection and those due to flame curvature.

4.1.2 Generalized flamelet coordinate transformation

To derive the curved flamelet equations, a more general coordinate transformation is considered:

(x1, x2, x3, t)→ (Z(x1, x2, x3, t), Z2(x1, x2, x3, t), Z3(x1, x2, x3, t), τ) . (4.2)

This coordinate transformation is depicted in Fig. 4.1 for a two-dimensional configuration. The

constZ 

x

y

)0,0(
),( yxZ

),(2 yxZ

Figure 4.1: Schematic of the coordinate transformation.

coordinates Z2 and Z3 are chosen such that

∇Z · ∇Z2 = 0, and ∇Z · ∇Z3 = 0 (4.3)

at every grid point in the domain, where the operator ∇ is the gradient operator in physical space.

This ensures that Z2 and Z3 lie within the iso-surface of mixture fraction Z. In other words, Z2 and

Z3 are curvilinear coordinates. It is important to note that Z2 and Z3 do not have to be distance

functions. For instance, for spherical flames, defining Z2 = θ and Z3 = φ could be an appropriate
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choice. Furthermore, ∇Z2 and ∇Z3 are not necessarily orthogonal to each other. The proposed

coordinate transformation leads to the following transformation rules

∂

∂t
=
∂Z

∂t

∂

∂Z
+
∂Z2

∂t

∂

∂Z2
+
∂Z3

∂t

∂

∂Z3
+
∂Z

∂τ
,

∂

∂x1
=

∂Z

∂x1

∂

∂Z
+
∂Z2

∂x1

∂

∂Z2
+
∂Z3

∂x1

∂

∂Z3
,

∂

∂x2
=

∂Z

∂x2

∂

∂Z
+
∂Z2

∂x2

∂

∂Z2
+
∂Z3

∂x2

∂

∂Z3
,

∂

∂x3
=

∂Z

∂x3

∂

∂Z
+
∂Z2

∂x3

∂

∂Z2
+
∂Z3

∂x3

∂

∂Z3
. (4.4)

Using the above relations, the gradient of a scalar s can be expressed as

∇s =
∂s

∂Z
∇Z +

∂s

∂Z2
∇Z2 +

∂s

∂Z3
∇Z3. (4.5)

Additionally, the divergence of a vector v can be expressed as

∇ · v =
∂v

∂Z
· ∇Z +

∂v

∂Z2
· ∇Z2 +

∂v

∂Z3
· ∇Z3. (4.6)

Finally, the Laplacian of a scalar s can be expressed as

∇ · (∇s) =
∂2s

∂Z2
|∇Z|2 +

∂2s

∂Z2
2

|∇Z2|2 +
∂2s

∂Z2
3

|∇Z3|2 + 2
∂2s

∂Z2∂Z3
(∇Z2 · ∇Z3)

+
∂s

∂Z
∇2Z +

∂s

∂Z2
∇2Z2 +

∂s

∂Z3
∇2Z3 (4.7)

4.1.3 Flamelet equations with curvature effects

Starting from the species transport equations (Eq. 2.8) and using the differential operators (Eqs. 4.5, 4.6

and 4.7), as well as the transport equation of mixture fraction (Eq. 2.6), the full flamelet equations
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can be derived as

ρ
∂Yi
∂τ

+ ρ

3∑
k=2

[
∂Yi
∂Zk

(
∂Zk
∂t

+ u · ∇Zk
)]

︸ ︷︷ ︸
Lagrangian transport Lt

+

(
1− 1

Lei

)
∇ · (ρD∇Z)

∂Yi
∂Z︸ ︷︷ ︸

Convection in mixture fraction CZ

= +
ρχ

2Lei

∂2Yi
∂Z2︸ ︷︷ ︸

Normal diffusion DZ

+ω̇i

+

3∑
k=2

ρχk
2Lei

∂2Yi
∂Z2

k

+
2ρD

Lei
(∇Z2 · ∇Z3)

∂2Yi
∂Z2∂Z3︸ ︷︷ ︸

Tangential diffusion Dt

+
1

Lei
∇ · (ρD∇Z2)

∂Yi
∂Z2

+
1

Lei
∇ · (ρD∇Z3)

∂Yi
∂Z3︸ ︷︷ ︸

Tangential convection Ct

+ ∇ · (ρYiVc,i) ,︸ ︷︷ ︸
Correction terms R

(4.8)

where

χ = 2D|∇Z|2,

χk = 2D|∇Zk|2, for k = 2, 3. (4.9)

In the above equation, some quantities, such as ∇ · (ρD∇Z), are defined in physical space, but can

be mapped into phase space, (Z,Z2, Z3).

The second term on the left hand side (LHS) is the Lagrangian transport of the flamelet in the

Z2 and Z3 directions. The third term on the LHS represents convection in mixture fraction. The

first term on the right hand side (RHS) is the normal diffusion term in mixture fraction. The third

and fourth terms on the RHS represent diffusion terms within the iso-surfaces of mixture fraction.

They will be referred to as tangential diffusion. The fifth and sixth terms represent convection of Yi

along Z iso-surfaces. They will be referred to as tangential convection. The last term on the RHS is

the unprocessed correction terms from the species transport equations (Eq. 2.8). As will be shown
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later, this term is often negligible. The detailed derivation leading to the above equation is included

in Appendix. B.1.

4.1.4 Previous flamelet formulations with curvature effects

The above equation in mixture fraction space (Eq. 4.8) is mathematically equivalent to the original

species transport equation (Eq. 2.8) as no assumptions have been made in its derivation. Under

unity Lewis number assumption, this equation is proved almost identical to the very first flamelet

equations initially proposed by Williams in 1975 [72] (revised later by the same author [52] to include

one additional term, which was missing in [72]). A detailed comparison with Williams’ formulation is

shown in Appendix. B.2. More recently, there have been several attempts in the derivation of general

flamelet equations including curvature effects [73, 75]. However, restrictive assumptions (e.g thin

flame) were made implicitly in the derivations in [73] and the flamelet equations proposed in [75] were

only valid under specific conditions. The mathematical inconsistencies in these previously derived

curved flamelet formulations are discussed in Appendix. C.

The current form of the equations distinguishes itself from the other formulations mentioned

above for three reasons. First, no explicit simplifying assumption is made in the derivation, which

makes the current formulation free of mathematical inconsistencies. Second, the effects of different

processes can be explicitly identified. Finally, the current form is equivalent to the species trans-

port equations in physical space (Eq. 2.8), which makes it more general than previously derived

equations.

4.1.5 Convection in mixture fraction coordinate system

Compared to the case when unity Lewis number is assumed, one additional term appears. This

is a convective term in mixture fraction space, with convective velocity
(

1− 1
Lei

)
∇ · (ρD∇Z) for

species i. A reduced form of this term has been considered by Pitsch and Peters [112] in the case

of flat planar flamelets. The normalized velocity in mixture fraction space can be split exactly into
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two parts and expressed as

∇ · (ρD∇Z) = n · ∇(ρD|∇Z|) + ρD |∇Z| ∇ · n. (4.10)

This splitting technique has been used previously for the modeling of both premixed [16] and non-

premixed flames [32, 117]. The normal vector to the iso-surface of mixture fraction in the above

equation is defined as

n =
∇Z
|∇Z|

. (4.11)

The first term on the right hand side of Eq. 4.10 leads to the convective term already included in

the conventional flamelet formulation derived for flat flames by Pitsch and Peters [112]. This term

can be further expressed as

n · ∇(ρD|∇Z|) = |∇Z| ∂
∂Z

(ρD|∇Z|)

=
( χ

2D

)1/2 ∂

∂Z

[
(ρD)1/2

(ρχ
2

)]
=

1

4

(
∂ρχ

∂Z
+
χ

D

∂ρD

∂Z

)
(4.12)

The second term on the right hand side of Eq. 4.10 leads to

ρD |∇Z| ∇ · n = ρκ

√
χD

2
, (4.13)

with the curvature of the local iso-surface of mixture fraction, κ, defined as

κ = ∇ · n. (4.14)

This second term embodies the effects of curvature on the flamelet structure and is proportional

to the local curvature of the mixture fraction iso-contours. The curvature of mixture fraction iso-

surface as defined in Eq. 4.14 corresponds to the mathematical definition of the mean curvature of

a surface.



50

The Convection term in mixture fraction CZ (Eq. 4.8) can be therefore split into two terms

(
1− 1

Lei

)
∇ · (ρD∇Z)︸ ︷︷ ︸

Convection in mixture fraction CZ

=
1

4

(
1− 1

Lei

)(
∂ρχ

∂Z
+
χ

D

∂ρD

∂Z

)
︸ ︷︷ ︸

Normal convection C1

+

(
1− 1

Lei

)
ρκ

√
χD

2
.︸ ︷︷ ︸

Curvature CK

(4.15)

Without loss of generality, the above expression can be used to replace the CZ term in Eq. 4.8.

4.1.6 One-dimensional curved flamelets

In this subsection, assumptions are considered to simplify the exact, three-dimensional, flamelet

equations presented in Eq. 4.8. Assuming that the flame is described locally by an essentially one-

dimensional structure, the derivatives with respect to Z2 and Z3 may be neglected. This leads to

the final form of the one-dimensional flamelet equations

ρ
∂Yi
∂τ

+

(
1− 1

Lei

)[
1

4

(
∂ρχ

∂Z
+
χ

D

∂ρD

∂Z

)
+ ρκ

√
χD

2

]
∂Yi
∂Z

=
ρχ

2Lei

∂2Yi
∂Z2

+ ω̇i. (4.16)

It is important to note that the one-dimensionality of the above flamelet equations refers to the

new coordinate system (Z,Z2, Z3) and not to the original Cartesian one (x1, x2, x3). The correction

terms ensuring zero net diffusion flux are not shown in the above equations for clarity. The complete

one-dimensional flamelet equations including correction terms are provided in Appendix. B.3.

Although the convective term already included in the conventional flamelet formulation (Eq. 4.12)

may change its direction for different Z values, the sign of the curvature-induced convective term is

fully determined by that of curvature. When the local mixture fraction iso-contour is convex (the

center of curvature lies on the rich side of the mixture), the positive curvature induces a convective

velocity towards large mixture fraction for species with Le > 1 but towards small mixture fraction

for species with Le < 1. Opposite conclusions can be drawn for negative curvature values (concave

local mixture fraction iso-contour, the center of curvature lies on the lean side of the mixture).

The above equation states that curvature has no effects on the transport of species with unity
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Lewis number in mixture fraction space. It is the only difference with the flamelet equations proposed

by Kortschik et al. [73], derived using the coordinate transformation proposed by Peters [49, 50]

(Eq. 4.1).

4.1.7 Magnitude of curvature term

The importance of the curvature-induced convective term can be assessed by comparing its magni-

tude to that of the original convection term. The ratio, φ, of the magnitudes of the two convective

terms can be expressed as

φ =
ρ |κ|

√
χD
2∣∣∣ 14 (∂ρχ∂Z + χ

D
∂ρD
∂Z

)∣∣∣ =
2
√

2 |κ|
√
D∣∣∣√χ [ 1

D
∂D
∂Z + 1

χ
∂χ
∂Z + 2

ρ
∂ρ
∂Z

]∣∣∣ . (4.17)

Based on the approximation that the molecular diffusivity of the mixture fraction D varies with

the temperature typically as T
3
2 [118] and the density ρ is inversely proportional to the temperature,

the following estimate could be made:

2

ρ

∂ρ

∂Z
∼ − 2

T

∂T

∂Z
,

1

D

∂D

∂Z
∼ 3

2T

∂T

∂Z
. (4.18)

The temperature profile may be approximated using the Burke-Schumann solution on the rich side

T (Z) = Tst + (Tu − Tst)
Z − Zst
1− Zst

, (4.19)

and where Tst is the stoichiometric temperature, Zst is the stoichiometric mixture fraction, and Tu

is the unburnt temperature. Similarly, the temperature profile may be approximated on the lean

side as

T (Z) = Tst − (Tu − Tst)
Z − Zst
Zst

. (4.20)

With this approximation, 1
T
∂T
∂Z is estimated to be of order unity (or less) if the stoichiometric
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mixture fraction value is relatively small. Therefore,

1

D

∂D

∂Z
+

2

ρ

∂ρ

∂Z
∼ O(1). (4.21)

Alternatively, the left hand side of Eq. 4.21 can be estimated to be zero if the Chapman approxima-

tion

ρ2D = C, (4.22)

where C is a constant, is assumed.
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Figure 4.2: Functional dependence of scalar dissipation rate on mixture fraction. Red solid line:
Eq. 4.23. Black dash line: Eq. 4.24. Blue dash-dotted line: Eq. 4.25.

The dissipation rate can be estimated as χ ∼ Zα [16, 49], with α > 1, for small mixture

fractions around the stoichiometric value. For instance, the theoretical functional dependence of

scalar dissipation rate on mixture fraction, derived analytically for counterflow diffusion flames and

reacting mixing layers [16, 49] predicts

χ(Z) ∝ exp
[
−2erfc−1 (2Z)

]2
. (4.23)

Using this expression, the exponent α can be estimated to be α ' 2 when a Taylor expansion of the

above expression is considered around Z = 0. In addition, the theoretical profile (Eq. 4.23) can be
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well fitted for all mixture fraction values (except in the vicinity of Z = 0 and Z = 1) using

χ(Z) ∝ Z1.6(1− Z)1.6, (4.24)

as shown in Fig. 4.2. This leads to the scaling α ' 1.6 for small mixture fraction values. Finally,

the dependence of the mean scalar dissipation rate on mixture fraction has been found to be well

represented by

χ(Z) ∝ Z(1− Z), (4.25)

in homogeneous isotropic turbulence (HIT) [119, 120] (Fig. 4.2). This leads to α ' 1 for small

mixture fraction values. Overall, the scaling χ ' Zα with 1 ≤ α ≤ 2 provides a reasonable

approximation for the scalar dissipation rate at small mixture fractions. Therefore,

∣∣∣∣ 1χ ∂χ∂Z
∣∣∣∣ ∼ α

Z
, (4.26)

is estimated to be one order of magnitude larger than 1
T
∂T
∂Z close to the flame front. Based on the

above analysis, the ratio, φ, can be simply estimated as

φ ∼ 2|κ|Z
α |∇Z|

. (4.27)

Using the definition of the flame thickness for a diffusion flame

lF =
(∆Z)F
|∇Z|st

, (4.28)

where (∆Z)F ' 2Zst [16], φ is simplified to be the ratio between the local radius of the mean

curvature and the diffusion flame thickness

φ ∼ |κ|lF
α

. (4.29)
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The above magnitude comparison suggests that the curvature-induced convection is important

when the radius of curvature is comparable to or smaller than the flame diffusion thickness. On the

other hand, the flamelet can be regarded as flat if the local radius of curvature of mixture fraction

is much larger than the flame diffusion thickness, consistent with the flat flame assumption [112].

It is important to note that large hydrocarbon molecules such as PAH are formed on the rich

side away from the flame front. As will be shown later (Fig. 4.15), for planar flamelets, this occurs

around Z = 0.4, while for curved flamelets, this occurs around Z = 0.2. It is worth pointing out that

these values are specific to the test case considered in the current work and may not be universal.

At these locations, the coefficient α is much smaller than its value at the flame front since the local

variation of scalar dissipation rate with respect to mixture fraction is much weaker. Therefore,

even with small curvature values, the ratio φ can be large at the location where PAH molecules are

formed, which makes retaining the curvature term necessary.

4.2 Curved flamelet modeling

For the proper integration of the flamelet equations, the scalar dissipation rate and curvature depen-

dences on mixture fraction, χ(Z) and κ(Z), need to be modeled [112], since the tabulated chemistry

approach requires the a priori knowledge of χ and κ in the flamelet formulation described by Eq. 4.16

to establish the flamelet database before the flow simulation.

This section considers two basic configurations that represent typical mixing fields in moderately

turbulent flows with curved local mixture fraction iso-surfaces. Both of these configurations are

intrinsically one-dimensional. As such, the flamelet equations (Eq. 4.16) are mathematically exact

(with the correction terms in Appendix. B.3). The functional dependence of scalar dissipation rate

and curvature values on mixture fraction is investigated in these cases under various assumptions.

4.2.1 Tubular counterflow diffusion flames

Inspired by the use of planar stretched laminar flamelets in modeling non-premixed flames [16],

tubular stretched laminar flamelets could be a useful tool in investigating the combined effects
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of stretch and curvature. The tubular counterflow configuration is advantageous since it can be

treated as an essentially one-dimensional flamelet structure, under the assumption of a sufficiently

long tubular burner. This configuration mimics highly stained regions between two large vortices in

a turbulent flow. Experimentally, the opposed tubular burner was first proposed by Ishizuka [121].

The schematic of such a configuration is depicted in Fig. 4.3(a). Curvatures of the mixture fraction

iso-surfaces ranges from 1/R2 to 1/R1, where R1 is the radius of the inner tube and R2 is that of

the outer tube.

r
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atio

n
 Su

rface 

11,RV22,RV

FuelAir

(a) Opposed tubular counterflow burner.

iR Fuel

Oxidizer

(b) Unsteady spherical diffusion flames.

Figure 4.3: Two basic configurations representing local 1D flamelet structures in turbulent reacting
flows.

For the case of equal velocities (V1 = −V2 = V ), analytical solutions for the radial velocity Ur (r)

and the stretch rate at the stagnation surface as have been proposed for the cold flow problem [122]

by assuming constant density in the momentum equation:

Ur (r) =
V R1

r
cos

[
πR2

2 (R2 −R1)

(
r2

R1R2
− R1

R2

)]
, (4.30)

as =
πV

(R2 −R1)
. (4.31)

The same assumption of constant density was made already in the original derivation for the scalar

dissipation rate dependence of the mixture fraction (Eq. 4.23), χ(Z), for planar counterflow diffusion
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flames [16].

Case Inner radius Outer radius Injection velocity Stretch

R1 (m) R2 (m) V (m/s) as (1/s)

1 0.003 0.015 0.5 130.8

2 0.003 0.015 0.3 78.5

3 0.003 0.03 0.5 58.1

4 0.006 0.015 0.5 174.4

5 0.006 0.03 1 130.8

Table 4.1: Different sets of boundary conditions used in tubular flow calculations.

Under these conditions, the transport equation for mixture fraction is reduced to

Ur
∂Z

∂r
=
ρD

r

∂

∂r

(
r
∂Z

∂r

)
. (4.32)

This equation does not admit any simple analytical solution and hence is solved numerically for

various inner and outer tube radii and injection velocities, which are listed in Table 4.1. The

resulting mixture fraction, scalar dissipation rate, and curvature profiles are shown in Fig. 4.4. The

mixture fraction varies from its minimum to its maximum over a very small radial displacement r.

As a result, the regions where pure fuel or pure oxidizer are found (Z = 1 or Z = 0) spread over

wide ranges of radial displacement. Therefore, large gradients in curvature are observed at both

Z = 1 and Z = 0 in Fig. 4.4(c).

The scalar dissipation profiles appear to collapse onto a single curve in mixture fraction space

when normalized by their respective maximum values. The normalized curves can be once again

represented very well by the analytical expression derived for the planar counterflow flame (Eq. 4.23).

The raw curvature profiles are normalized by the maximum of mixture fraction gradient, since

it provides a lower limit of the estimated ratio φ (Eq. 4.27). The normalized curvature profiles

show that the variation in curvature is relatively small compared to the mean curvature value in

all test cases. The only exception is found at Z = 0 and Z = 1. This is expected since the
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(b) Normalized scalar dissipation rate.
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(c) Normalized curvature.

Figure 4.4: Mixture fraction, scalar dissipation rate, and curvature profiles for steady-state counter-
flow tubular flames.

tubular flow is relatively highly strained. Interestingly, the curvature value does not vary much

from stoichiometry to the locations where large hydrocarbons are formed (Z ' 0.4). Therefore,

curvature can be treated to be constant for all Z to the first approximation. In this configuration,

a negative curvature corresponds to the case where fuel flows outwardly from the inner tube and

oxidizer flows inwardly from the outer tube, and a positive curvature corresponds to the case where

fuel flows inwardly from the outer tube and oxidizer flows outwardly from the inner tube. Zero

curvature corresponds to the limiting case when both inner and outer tube radii are extremely high,

so curvature effects are negligible.

4.2.2 Unsteady spherical inter-diffusion layer

The second configuration investigated in this work is the unsteady laminar spherical diffusion flame.

This case describes the situation in which a finite amount of fuel is placed initially in a sphere of radius

Ri surrounded by air or a sphere of air surrounded by fuel. The two fluids are allowed to abruptly

inter-diffuse and generate a growing mixing layer. Once again, this configuration is inherently one-

dimensional. A schematic is shown in Fig. 4.3(b). This configuration is representative of events

found in turbulent flames, such as a pocket of fuel trapped by the surrounding air or an evaporating

droplet of fuel surrounded by the oxidizer. In this configuration, a negative curvature corresponds

to the case where fuel is placed inside the sphere, and a positive curvature corresponds to the case
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where oxidizer is placed in the sphere with fuel surrounding it.

The transport equation for mixture fraction is reduced to, for the special case of constant (with

r) diffusivities,

ρ
∂Z

∂t
=
ρD

r2

∂

∂r

(
r2 ∂Z

∂r

)
. (4.33)

The above transport equation for mixture fraction is solved numerically in spherical coordinates for

various initial separation radii.
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(b) Normalized scalar dissipation rate.
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Figure 4.5: Mixture fraction, scalar dissipation rate, and curvature profiles for a spherical laminar
unsteady mixing layer.

The resulting mixture fraction, normalized scalar dissipation rate (by its maximum), and nor-

malized curvature profiles (by the maximum gradient of mixture fraction) are shown in Fig. 4.5 for

initial separation radius Ri = 0.005m. The shape of these normalized scalar dissipation rate profiles

is independent of Ri. Once again, the normalized profiles collapse very well onto the curve given

by Eq. 4.23, indicating that the functional dependence of χ on Z is the same as the previous case

over time. For curvature, the variation in Z becomes larger with time. However, the assumption

of constant curvature is still valid for early stages of mixing and remains reasonable at later times

(variations less than 20% at t = 100s).

4.2.3 Summary

Based on the steady-state counterflow tubular diffusion flame or the spherical laminar temporally

evolving mixing layer, this a priori analysis shows that
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• Equation 4.23 provides a reasonably reliable approximation for the scalar dissipation rate even

for curved flamelets,

• the curvature can be assumed to be constant to the first approximation.

Since these configurations are quite different mechanisms of mixing, the functional dependence χ(Z)

and κ(Z) could be used legibly for more general flows.

4.2.4 Flamelet solutions with curvature effects

One-dimensional flamelet calculations are performed in this section to investigate the effects of

curvature on the mass fraction profiles of species with different Lewis numbers. The complete

curved flamelet equations provided in Appendix. B.3 (and in Eq. 4.16 without the correction terms)

are solved.

The representative flamelet uses a methane/nitrogen mixture as fuel, injected at 425K, and air as

oxidizer, injected at 300K. The corresponding stoichiometric mixture fraction value is Zst = 0.124.

The flamelet is calculated at 1 atm. These parameters are chosen to match the configuration of

the full chemistry simulation of the co-flow diffusion flame in the next section. The full chemistry

mechanism developed by Blanquart and coworkers [3, 33] is used, just as for the simulations shown

later in Section 3. The scalar dissipation rate profile is imposed as Eq. 4.23, with the stoichiometric

value χst = 1s−1. This value is representative of values found in the full chemistry simulation. The

curvature is set to be κ = ±200m−1 and kept constant. The magnitude of the assigned curvature

values is relatively moderate since the ratio between the flame thickness and the radius of curvature

is estimated to be

|κ| · lF ' 3, (4.34)

with the flame thickness being calculated with Eq. 4.28. Resulting mass fraction profiles for H2

(Le = 0.28), C2H2 (Le = 1.2), and C6H6 (Le = 2.3) are compared against those of a planar flamelet

(κ = 0) under the same conditions in Fig. 4.6.

Figure 4.6 confirms the influence of curvature on the flamelet solutions, consistent with Eq. 4.16.
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Figure 4.6: Comparison of H2, C2H2, and C6H6 mass fractions between curved and flat flamelets.
For comparison, the maximum gradient of mixture fraction is calculated to be 103m−1, leading to a
lower limit of the estimated ratio of φ = 1.94 (Eq. 4.27) for the curved flamelets with κ = ±200[m−1].

More precisely, differential diffusion effects are enhanced by the presence of a negative curvature

value. Species with Le > 1 are convected towards lower mixture fractions, and species with Le < 1

are convected towards larger mixture fractions. Conversely, differential diffusion effects are reduced

by the presence of positive curvature value. This results in a change by a factor of two between

κ = 200m−1 and κ = −200m−1 for the yield of benzene on the rich side. Curvature has only a

minor impact on the mass fraction profile of species with Lewis number close to unity. Since the

transport of these species is hardly affected by curvature, the observed differences in Fig. 4.6 are

primarily because the chemical source terms of these species are affected by other species.

A more visual illustration of the sensitivity of species concentrations to curvature effects κ and

scalar dissipation rates χ is shown for benzene (C6H6) in Fig. 4.7. The solution of curved flamelet

solutions with a series of χ and κ values are shown at a fixed mixture fraction Z = 0.3, where C6H6

concentration reaches its maximum for κ = 0m−1.

In order to investigate the influence of assuming a constant curvature, additional flamelet calcu-

lations were performed using curvature profiles as linear functions of mixture fraction

κ(Z) = κ(Zst) + κ′(Zst) · (Z − Zst) (4.35)

The linear profile κ(Z) is determined by the value and slope of the curvature at stoichiometry,



61

-1000

-500

0

500

1000 





0.1     1      10

Figure 4.7: Sensitivity of C6H6 concentration to curvature effects and scalar dissipation rates at
mixture fraction Z = 0.3.

κ(Zst) and κ′(Zst), respectively. The stoichiometric value κ(Zst) is assigned, and the slope κ′(Zst)

is determined by

κ′(Zst) =

(
χst

2Dst

)− 1
2

(4.36)

The resulting flamelet solutions turned out to be very similar to those obtained with constant

assigned curvature, as illustrated for H2 in Fig. 4.8.

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6
x 10

−3

Z

Y
H

2

 

 

κ = 200m−1

κ = −200m−1

κ(Z), κst = 200m−1

κ(Z), κst = −200m−1

Figure 4.8: Comparison between the flamelet solutions for the mass fraction of H2 obtained using
constant and mixture-fraction-dependent (Eq. 4.35) curvatures.

4.3 Curvature effects in multi-dimensional configurations

In this section, the effects of curvature are investigated in multi-dimensional contexts, and highlighted

on the same axisymmetric laminar co-flow diffusion flame [93] studied in the previous chapter.
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4.3.1 Tangential diffusion

2Z 2Z

Figure 4.9: Schematic of the curvature-induced tangential diffusion process for a species with Lewis
number less than unity.

For general multi-dimensional non-premixed reacting flows, the local scalar dissipation rate χ

and mean curvature κ cannot be parametrized only as a function of the mixture fraction Z. Instead,

χ and κ are generally dependent also on the curvilinear coordinate, Z2 and Z3, along Z iso-contours,

leading to χ = χ (Z,Z2, Z3) and κ = κ (Z,Z2, Z3). In other words, the flame stretch and curvature

are not uniform along a Z iso-contour. These non-uniformities might introduce tangential diffusion,

i.e. diffusion in the direction tangent to the flame front, in both flat and curved flames.

A two-dimensional example of a curved flame with varying curvature along a mixture fraction

iso-contour is depicted in Fig. 4.9. In this figure, it is assumed that a region with positive curvature

(point A) is found close to a region with negative curvature (point B) on a Z iso-contour. As

described previously, the convection induced by the positive curvature will increase the mass fraction

of species with Le < 1 in the region close to point A. On the contrary, the convection induced by the

negative curvature will decrease the mass fraction of those species in the region close to point B. This

process generates a gradient in the species mass fraction along a Z iso-contour, thereby, inducing

a tangential diffusion flux along the same Z iso-contour. Similarly, a tangential diffusion flux in

the opposite direction is induced for species with Le > 1. Under these conditions, it is conceivable

that the flamelet assumptions might be violated because diffusion does not occur purely in the Z

direction. Stated differently, the dependence of the curvature κ on the curvilinear coordinate Z2
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may render the problem at least two-dimensional, and the one-dimensional flamelet equations, even

including the curvature-induced convective term (Eq. 4.16), may not be sufficient.

These effects have already been highlighted by previous authors [69]. In the limit of unity Lewis

number (when curvature effects go away), Verhoeven and coworkers found that one-dimensional

flamelets reproduce very accurately the results obtained with full chemistry simulation. These

results suggest that the variation of scalar dissipation rate in the curvilinear direction is not strong

enough to create noticeable tangential diffusion. On the other hand, when the Lewis number are

not unity, they found deviations from full calculation results when planar flamelets are used. These

differences were attributed to curvature effects and tangential diffusion.

In the following subsections, the importance of the curvature-induced convection term and the

induced tangential diffusion is illustrated in the case of an axisymmetric laminar co-flow diffusion

flame.

4.3.2 Curvature-induced convection

Results from the detailed simulations of the axisymmetric co-flow diffusion flame with finite-rate

chemistry performed in the previous chapter are used here. The reader is referred to Chapter 3 for

complete flame and simulation details. The flame shape has been shown in Fig. 3.3.

Previous work has shown that large deviations are observed on the flame centerline for species

mass fraction when full chemistry simulation results are compared against results obtained using

conventional flamelet-based chemistry tabulation methods [69]. It has been concluded that the

observed deviations are primarily driven by the exclusion of curvature effects in the conventional

flamelet formulation. In addition, more recent work [23] (Chapter 3) has shown that the convec-

tive velocity along the flame centerline is substantially under-predicted by the conventional planar

flamelet model. As mentioned earlier, this is a direct consequence of the flame curvature through

Eq. 4.10. To illustrate this, the ratio of the two convection terms (Eq. 4.12 and 4.13), extracted

from the full chemistry simulation, is plotted throughout the computational domain along with

the mixture fraction field in Fig. 4.10. It can be observed that the curvature-induced convection
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term (Eq. 4.13) is indeed predominant close to the centerline, whereas the original convection term

(Eq. 4.12) contributes much more than the curvature term further away from the flame axis. The

region close to the burner exit is not shown since the ratio φ (Eq. 4.17) is mathematically ill-defined

in this region.

Air      Fuel    Air

Figure 4.10: Ratio of the curvature-induced convective term over the normal convection term
(Eq. 4.29) extracted from the numerical results (on the left) and the mixture fraction contour plot
(on the right). The white line denotes the location of the flame front.

.

Figure 4.11 shows a more quantitative comparison of the different terms, namely the conventional

flamelet prediction (Eq. 4.12), the curvature-induced (Eq. 4.13), and the total convection terms (sum

of both in Eq. 4.10). This is done for two different locations: along the flame centerline and along

a radius at the burner exit as indicated by the black solid line in Fig. 4.10. As shown, the main

contribution to the actual convective velocity extracted along the flame centerline comes from the

curvature induced term. On the other hand, along a radius above the burner exit, the original

convective term dominates everywhere with the exception of close to the flame axis. It is not

surprising since the centerline exhibits the strongest curvature throughout the flame. Based on the
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Figure 4.11: Comparison of different convective velocities in mixture fraction space. The ”original
term” being plotted corresponds to the expression in Eq. 4.12, the ”curvature term” being plotted
corresponds to the expression in Eq. 4.13, and the ”DNS results” being plotted corresponds to the
sum of the two previous terms, as expressed by Eq. 4.10.

above considerations, it is expected that the conventional, planar flamelet model should work fine

at the edges of the flame (at the burner exit), but not on the centerline at the flame tip. In the

remaining of the work, particular attention will be paid to the centerline of the flame studied as the

curvature effects are the strongest there.

4.3.3 Budget analysis

To justify the assumption of one-dimensionality for the flamelets (Eq. 4.16) and further investigate

the role of curvature in the species transport processes, separate contributions within the flamelet

equations (Eq. 4.8) are examined for various species in two regions: along the flame centerline and

on a flame radius (indicated by the black solid line in Fig. 4.10) right after the burner exit. These

two regions are selected as polar opposites: a low strain region with high curvature parallel to the

flow field (flame centerline), and a high strain region with low curvature normal to the flow field (a

radius close to the injection).

The complete three-dimensional flamelet equations (Eq. 4.8) can be simplified in this context.

First, the time-dependent terms vanish since the flame considered is in steady-state. Second, due to
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axisymmetry, the tangential derivatives ∂Yi
∂Zk

(along the centerline) vanish. Therefore, the Lagrangian

transport term Lt and the tangential convection term Ct are both zero.

For these reasons, the following equation holds:

∇ ·
(
ρ
D

Lei
∇Yi

)
=

ρχ

2Lei

∂2Yi
∂Z2

+
1

Lei

(
ρκ

√
χD

2
+ n · ∇(ρD|∇Z|)

)
∂Yi
∂Z

+Dt

= DZ +
C1 + CK
Lei − 1

+Dt. (4.37)

The above equation is used to evaluate Dt. All other terms (DZ , C1, and CK) including the

correction term R are calculated using their exact definition as indicated in Eq. 4.8 and Eq. 4.15. The

term Dt analytically represents the deviation of the local flame structure from the one-dimensional

curved flamelet model. The various terms in Eq. 4.8 are plotted for OH, C2H2, and C6H6.

For OH, the chemical production term (ω̇+
i ) corresponds to the sum of all productive chemi-

cal source terms, and the chemical consumption (ω̇−i ) gathers all the consuming chemical source

terms [16, 123, 124, 125]. It is shown that transport effects such as convection and diffusion are

negligible compared to the chemical terms. This is not surprising since the chemical time of OH

radical is extremely small compared to the characteristic transport time scale. Therefore, the yield

of OH is controlled predominantly by a balance between chemical production and consumption (and

not transport processes).

On the contrary, the behavior of C2H2 is governed by the balance between various transport

processes and chemistry. The corresponding Lewis number for C2H2 is LeC2H2
= 1.2. Since this

Lewis number is close to unity, the curvature does not strongly affect this species despite the large

curvature exhibited on the flame centerline. Similarly, tangential diffusion is shown to be small

compared to normal diffusion in mixture fraction space.

Finally, for C6H6, the curvature term is much more substantial due to the large Lewis number

of this species (LeC6H6
= 2.3). The budget analysis suggests that the behavior of the C6H6 mass

fraction is governed by a balance between curvature-induced convection, tangential diffusion, and

chemistry. The original convection term and the conventional diffusion term (in Z) are shown
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to be less important compared to other terms. The current analysis confirms the importance of

tangential diffusion on the flame centerline, as previously found by Verhoeven et al. [69] and Xuan

and Blanquart [23].

Following this budget analysis, we can draw a general picture of the evolution of benzene. Benzene

species are produced chemically on the rich side of the flame (Z ∼ 0.35). They are convected

towards the flame front by the strong effects of curvature and ultimately get oxidized (Z ∼ 0.2).

Simultaneously, they are diffused away from the centerline by tangential diffusion (Dt < 0 for

Z < 0.4). Benzene species reappear on the rich side of the flame (Z > 0.5) as they are transported to

the centerline from off-axis locations due to tangential diffusion (Dt > 0 for Z > 0.5). Finally, these

species are convected towards leaner mixtures under the strong effects of curvature. The combined

effects of tangential diffusion and curvature-induced convection is to enhance the transport of species

from its production zone (Z ∼ 0.35) to leaner and richer mixture fractions. This is the main reason

why Xuan and Blanquart were able to recast the tangential and normal diffusion terms into a single

effective diffusion term [23].

To contrast the effects of flame curvature, the same budget analysis was carried out on a flame

radius (indicated by the black solid line in Fig. 4.10) right after the burner exit. This one-dimensional

line is selected since its direction is approximately indicated by the gradients of mixture fraction

iso-surfaces. Contrary to the centerline, the Lagrangian transport terms Lt and the tangential

convection terms Ct are not zero along this line. The Lagrangian terms are calculated using the

following expression

Lt = ρu · ∇Yi − ρ
∂Yi
∂Z

u · ∇Z (4.38)

For simplicity, the tangential convection terms Ct and tangential diffusion terms Dt are regrouped

in a quantity Q and calculated using

∇ ·
(
ρ
D

Lei
∇Yi

)
= DZ +

C1 + CK
Le− 1

+Q. (4.39)

The results are shown in Fig. 4.13. Since curvature effects are not pronounced on this radial cut
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(κ · lF small except close to the centerline), curvature-induced convection and tangential diffusion

terms are not important. This time, the behavior of most species including C2H2 and C6H6 is

governed by the balance between normal diffusion and chemistry. The yield of OH is once again

shown to be controlled by the balance between chemical production and consumption.

The budget analysis is also performed based on the simulation results obtained on a coarser mesh,

for the purpose of grid convergence testing. The coarser mesh contains 256 × 128 grid points, as

mentioned in Chapter. 3.1.3. Results are shown in Fig. 4.14 both on the flame centerline and on the

selected flame radius, for acetylene as an example. Only the dominant terms in the species budget

are shown. There is virtually no difference between the results obtained using the fine and coarse

meshes along the flame centerline. Only minor differences are observed between the two simulations

along the flame radius. Based on this analysis, the computational grid used for the simulation of

this laminar flame (512 × 256) is sufficient, and allows for more grid points to better resolve the

various terms in the species budget.

4.3.4 Comparison between full chemistry results and tabulated chemistry

predictions

To further assess the performance of the proposed curved flamelet formulation, a comparison is

made between the results from full chemistry simulation (Section 3) and the application of two

flamelet-based chemistry tabulation methods. The first method uses conventional planar steady-

state flamelets [112]. Therefore, curvature effects are not considered. The flamelet library is con-

structed a priori using flamelet solutions with a series of prescribed scalar dissipation rate values.

As such, the species mass fractions are represented as

Yi = Yi(Z, χ). (4.40)

The second tabulation method is based on the proposed curved steady-state flamelet equations

(Eq. 4.16). The flamelet library is established using flamelet solutions with the same prescribed
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scalar dissipation rate values and several prescribed curvature values. In this way, the tabulated

species mass fractions are represented as

Yi = Yi(Z, χ, κ). (4.41)

Figure 4.15 shows a comparison of species mass fraction profiles obtained from the full chemistry

simulation and the two tabulated chemistry methods. As expected, OH is not significantly affected

by curvature effects, and the tabulated chemistry results are in excellent agreement with the full

chemistry simulation results. Strong convection induced by curvature is observed on the rich side for

C2H2 and C6H6 and is not captured by the chemistry tabulation using planar flamelets. However,

tabulation based on curved flamelets is able to predict these effects, and yields significantly improved

agreement with full chemistry simulation results. Furthermore, the maximum locations for these

species are better predicted by the chemistry tabulation using curved flamelets. Relatively minor

differences are observed at large mixture fraction values (Z > 0.2) between full chemistry simulation

and the chemistry tabulation with curved flamelets. These discrepancies are primarily due to the

non-negligible tangential diffusion effects, which are excluded in the current one-dimensional curved

flamelet formulation. It is interesting to note that, despite the non-negligible magnitude of tangential

diffusion (see Fig. 4.12), one-dimensional flamelets still do a satisfactory job at reproducing the

results obtained with full chemistry.

There are two reasons that can potentially explain why the chemistry tabulation using one-

dimensional curved flamelets (with tangential terms omitted) gives remarkable results compared to

the full chemistry simulation. The first reason is that the species mass fractions are nearly zero,

where tangential diffusion is the highest. Second, tangential diffusion and convection terms are

only non-negligible for species with Lewis number significantly different than unity, which represent

mostly minor combustion products with maximum mass fraction values less than 500 ppm. For

these reasons, it should not be much of a surprise that modeling tangential diffusion is not necessary

to achieve good agreement with the current full chemistry simulation results.
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4.4 Discussion

Based on the curved flamelet equations proposed (Eq. 4.16) and the budget analysis of the species

transport equation on a laminar co-flow diffusion flame, curvature effects can be generally described

in the following cases.

First, if unity Lewis number is assumed for every species, curvature does not have any effect on

the flamelet, irrespective of the magnitude of the flame curvature. This is because the curvature-

induced convection term is proportional to 1− 1
Lei

.

Second, for one-dimensional flat flames, the conventional flamelet formulation [112] is perfectly

valid. It is typically the case for planar counterflow diffusion flames where the diameter of the

burners is considerably larger than the separation distance.

Third, the curved flamelet formulation is valid for perfectly one-dimensional flames with uni-

form curvature. Such flames include spherical flames or infinitely long tubular flames, for which

all parameters are strictly functions of the radial coordinate r, as investigated in Section 2. By

symmetry, tangential diffusion cancels for these flow configurations. Since mixture fraction, Z, is a

monotonic function of r, all variables can be parametrized strictly as functions of Z. Consequently,

the proposed curved flamelet formulation is perfectly consistent for these configurations.

Fourth, for multi-dimensional non-premixed reacting flows, the variation of curvature along a

mixture fraction iso-surface may enhance tangential diffusion fluxes, as described in Section 3. Nev-

ertheless, from a flamelet point of view, the flames considered can still be modeled as a collection of

piecewise one-dimensional flamelet structures. The non-uniform curvature would enhance diffusion

between these flamelets, which might require further modeling efforts. However, even though a non-

negligible amount of tangential diffusion is shown through the budget analysis, the largest deviation

between the full chemistry simulation results and the planar flamelet-based chemistry tabulation

results was found to be the missing curvature effects, which is captured well by curved flamelets.

Finally, the chemistry tabulation based on the curved flamelets is shown to be almost as accurate

as the direct simulation results. The computational time of the numerical simulation using this tab-

ulation method takes around 6 hours to reach its final steady-state, which is slightly more expensive
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than using the tabulation based on the planar flamelets. Starting with the same initial conditions,

the direct simulation on the same flame takes around 20 days before reaching steady-state. There-

fore, a factor of almost two orders of magnitude is gained in terms of computational efficiency, while

maintaining almost the same level of accuracy, when using chemistry tabulation based on the curved

flamelets, compared to direct simulations.

The analysis presented in this work focused on laminar flames. Extending the conclusions to

turbulent flames should be done with great care. As will be reviewed in the next chapter, the

effective Lewis number of the different species has been found to be close to unity [63] in turbulent

flames. Under these conditions, the curvature-induced convection becomes negligible because its

magnitude is proportional to 1− 1
Le .
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(c) C6H6.

Figure 4.12: Budget analysis on the flame centerline for three characteristic species.
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Figure 4.13: Budget analysis on a flame radius for three characteristic species. The radial cut
corresponds to the black line in Fig. 4.10.
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Figure 4.14: Comparison between budget analyses based on simulation results obtained using two
different grid resolutions.
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Figure 4.15: Mass fraction profiles of several representative species on the flame centerline.
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Chapter 5

A flamelet-based chemistry
tabulation method for polycyclic
aromatic hydrocarbons in
turbulent non-premixed flames

This chapter focuses on the modeling of chemistry-turbulence interactions in unsteady, turbulent

reacting flows. The objective of the present work is to develop a relaxation model for Polycyclic

Aromatic Hydrocarbons (PAH) based on a three-tiered analysis. First, the chemical responses of

the unsteady flamelet equations subjected to turbulent perturbations are investigated. Second,

the validity of different flamelet-based chemistry tabulation methods is examined for a wide range

of species. Third, a new relaxation model for PAH species is developed based on their unsteady

responses to turbulent perturbations. The intent of this work is to use unsteady laminar flamelets

subject to changes in the scalar dissipation rate as a proxy to gain insight into the responses of

PAH to turbulent fluctuations. The unsteady flamelet model is preferred in this work, since it

captures the balance between chemistry and diffusion, which has been found to be the dominant

process locally in non-premixed flames [16, 49, 50]. On the other hand, reduced-order models that

do not take into account diffusion effects, such as Computational Singular Perturbation (CSP) and

Intrinsic Low-Dimensional Manifolds (ILDM) would not be the most appropriate for the study of

chemistry-turbulence interactions.

This chapter is organized as follows. In Section 1, previous findings on the effective Lewis number
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in turbulent non-premixed flame s are briefly reviewed. Section 2 describes the numerical framework

of unsteady flamelet calculations and several existing flamelet-based chemistry tabulation methods.

In Section 3, the modeling of turbulent effects through scalar dissipation rates is discussed. In

Section 4, unsteady calculations are performed to investigate the flamelet responses to modeled

turbulent effects. In Section 5, a relaxation model is proposed for PAH species and validated against

calculations using full chemistry.

5.1 Turbulent effective Lewis numbers

The effective Lewis number has been used in Reynolds-Averaged Navier-Stokes Simulations (RANS),

to provide information about the ensemble/statistical average of the transported quantities (species

mass fractions and temperature). The turbulent diffusivity, Dt, is assumed to be identical for all

species and temperature. This result is a direct consequence of assuming turbulence mixes all scalars

the same way. A similar assumption is made in transported Probability Density Function (PDF)

methods [126, 127].

As such, the total diffusivity of species i becomes Dt +Di, where Di is the molecular diffusivity

of species i. The total diffusivity of temperature is Dt + α, where α is the thermal diffusivity as

introduced in Chapter 2. The effective Lewis number, L̂ei, of species i in turbulent non-premixed

flames is then defined as [16, 128]

L̂ei =
Dt + α

Dt +Di
. (5.1)

The effective Lewis number can also be expressed in terms of the species Lewis numbers, Lei, in

laminar flows

L̂ei =
1 + Dt

α
1
Lei

+ Dt
α

. (5.2)

Using a k − ε model for the turbulent viscosity µt [129], the turbulent diffusivity can be written

as

Dt =
µt
Prt

=
Cµk

2

Prtε
(5.3)
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where ε is the turbulent dissipation rate, k is the turbulent kinetic energy, Cµis the k − ε model

coefficient, and Prt is the turbulent Prandtl number. Using the same definition for the integral

length scale as in [27]

l =
u′

ε
, (5.4)

the turbulent kinetic energy [127]

k =
3

2
u′2, (5.5)

and the definition of the mixture Prandtl number Pr, the ratio of the turbulent diffusivity to the

thermal diffusivity can be written as

Dt

α
=

9Cµ
4

Pr

Prt
Ret, (5.6)

where u′ is the root-mean-square velocity fluctuation, Ret = u′l/ν, and ν is the mixture kinematic

viscosity. Accordingly, the turbulent effective Lewis number of species i becomes

L̂ei =
1 +A ·Ret
1
Lei

+A ·Ret
, (5.7)

with the coefficient

A =
9Cµ

4

Pr

Prt
. (5.8)

More details about the expression for turbulent effective Lewis number can be found in [128].

According to the above analysis, the effective Lewis number of species i recovers its value in

laminar flows (Eq. 2.9) when the turbulent diffusivity, Dt, vanishes. In turbulent flows, turbulent

transport is expected to have increasing importance relative to molecular diffusion (increasing Dt)

as the Reynolds number increases, such that the effects of differential diffusion of non-unity Lewis

number species on their mass fraction distributions become less significant as the Reynolds number

increases [16, 63]. In the modeling of turbulent flames it is common to evoke the assumption that

the Lewis numbers of all species are unity [8, 15, 56, 58, 59, 22, 113, 130, 131].
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As a posteriori justifications of this assumption, flamelet calculations by Oevermann [132] and

Pitsch [70] have shown that assuming unity Lewis number for all species gives the best results for the

temperature and all the major species when compared with the hydrogen-air flame of Pfuderer [133].

Additionally, Large-Eddy Simulations (LES) using flamelets with unity Lewis number performed by

Pitsch have shown good agreement with experimental measurements [113].

As a priori justifications of the unity Lewis number assumption in turbulent reacting flows,

Ferreira [134] has compared OH concentration measurements from Barlow and Carter [135] with

two different solutions of the flamelet equations. The two solutions are obtained using the mean

scalar dissipation rate extracted from the experiments [135], with unity Lewis number and non-unity

Lewis numbers, respectively. Only the use of the flamelet equations with unity Lewis number shows

a good agreement (See Fig. 3.17 in [16]).

More recently, the competition between differential diffusion and turbulent transport has been

systematically studied in a series of piloted methane/air jet flames [63, 136]. The complete se-

ries (flame A to flame F) includes laminar, transitional, and turbulent flames spanning a range

in Reynolds number from 1,100 to 44,800. The evolution in the relative importance of molecular

diffusion and turbulent transport in this series of piloted flames is illustrated in Fig. 5.1 (Fig. 1

in [63]). Conditional mean values of experimentally measured mass fractions are compared against

results of steady opposed-flow laminar flame (flamelet) calculations. This comparison indicates that

(a) Flame B (Re '8200) at x/d = 15. (b) Flame E (Re '33,600) at x/d = 45.

Figure 5.1: Measured conditional means of species mass fractions (symbols) compared with laminar
opposed-flow flame (flamelet) calculations including full molecular transport (dashed lines) or equal
diffusivities (solid lines). These figures are taken from Barlow et al. [58].
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there is an evolution in this flame series from a scalar structure that is strongly affected by molec-

ular diffusive transport to one where turbulent transport appears to be dominant, as the Reynolds

number increases. Such dominance justifies the assumption of unity Lewis number transport for a

Jet Reynolds number around and greater than 20,000 [63, 66].

Based on the above discussion and the results from the previous chapters, curvature and multi-

dimensional diffusion effects are negligible in turbulent non-premixed flames. These effects have

been demonstrated, in Chapter 3 and 4, to be substantial only when species transport is described

by non-unity Lewis numbers, as it is the case in laminar flames. This makes the application of

the conventional flamelet model with unity Lewis number (Eq. 3.1) appropriate in turbulent flames

when the Reynolds number is sufficiently large (>20,000).

The major challenge in the flamelet-based modeling of these flames lies in the proper treatment

of the strong interactions between gas-phase chemistry and turbulent fluid motion.

5.2 Unsteady Lagrangian flamelet modeling

The general theoretical framework of unsteady flamelet and several flamelet-based chemistry tabu-

lation methods are described in this section.

5.2.1 Unsteady flamelet equations

Unity-Lewis number transport is assumed for all species in the rest of this chapter, since the intent

is to examine chemistry-turbulence interaction under highly turbulent flow conditions, where tur-

bulent mixing is the dominant phenomenon [63]. Most of the existing simulations of non-premixed

flames (with various combustion models) are based on this simplifying assumption of unity Lewis

number [42, 56, 58, 59].

The unsteady flamelet equations are derived in mixture fraction space from the continuity, tem-

perature, and species transport equations using a coordinate transformation (Section 4.1) [49, 50].
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The unsteady flamelet equations in the limit of unity Lewis number diffusion can be expressed as

∂Yi
∂τ

=
1

2
χ
∂2Yi
∂Z2

+
ω̇i
ρ
, (5.9)

where τ is a Lagrangian time associated with the motion of the flame [113, 137]. In the equations

above, the scalar dissipation rate, χ, representing the inverse of a characteristic diffusion time scale,

is defined in Eq. 3.2. Equation 5.9 represents the balance between transient effects, diffusion, and

chemistry, and complements the Navier-Stokes equations (i.e. they should be solved simultaneously

with the continuity and momentum equations).

5.2.2 Scalar dissipation rate

The scalar dissipation rate, χ, defined by Eq. 3.2, is a substantial quantity in the closure of unsteady

laminar diffusion flamelet models. It is essentially a measure of departure of the flamelet structure

from thermal equilibrium [138]. It is also the only parameter in the flamelet equations that depends

on physical coordinates. Therefore, the influence of the flow field (hence turbulence) is exerted onto

the flamelets thoroughly through this parameter. By solving the transport equation of mixture

fraction (Eq. 2.6) in physical space, the scalar dissipation rate can be calculated (using Eq. 3.2) at

each location of the flow field and each instant in time.

In the current work, the analytical approximation of the functional dependence of the scalar

dissipation rate on the mixture fraction proposed by Peters [16] is used. This approximation predicts

that

χ(Z, τ) = χst(τ)
exp

[
−2erfc−1 (2Z)

]2
exp

[
−2erfc−1 (2Zst)

]2 , (5.10)

where Zst is the stoichiometric mixture fraction, and χst is the scalar dissipation rate at Zst. Equa-

tion 5.10 was derived analytically for counterflow diffusion flames and reacting mixing layers [16, 49],

and provides a satisfactory approximation for the dependence of the mean scalar dissipation rate on

mixture fraction in homogeneous isotropic turbulent flows [119, 120].
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This model suggests that the functional dependence of scalar dissipation rate on mixture fraction

is invariant over time, and the magnitude of the scalar dissipation rate profile can be fully determined

by its value at stoichiometry, χst (which may change over time).

5.2.3 Chemistry tabulation methods

The numerical integration of the unsteady flamelet equations in a turbulent flow simulation is possi-

ble [113] but computationally expensive. Regularly, instead of such Lagrangian approach, chemical

kinetics included in the flamelet formulation is integrated into the flow field simulations through

tabulation (Eulerian approach) [6, 8, 15, 22]. Flamelet solutions for a wide range of stoichiometric

scalar dissipation rate values are computed a priori to generate a flamelet library. Several chem-

istry tabulation methods exist and are presented below. The validity of these chemistry tabulation

methods will be examined species-wise in the following, based on the unsteady flamelet responses

to turbulent perturbations.

5.2.3.1 Method I: Chemistry tabulation based on steady-state flamelets

The most widely used approach is the tabulation based on steady-state flamelet solutions [138,

139, 140], under the approximation of negligible transient effects (Eq. 3.1). Steady-state flamelet

equations are solved in advance, using a presumed scalar dissipation rate profile (Eq. 5.10) with

different values at stoichiometry, χst. A flamelet library is established based on these results. Species

mass fraction, temperature, and other thermochemical quantities resulting from the steady-state

solutions are mapped onto (Z, χst) space, as

Yi = Yi (Z, χst) . (5.11)

5.2.3.2 Method II: Chemical source term tabulation

In order to take into account rapid changes in scalar dissipation rate, and slow processes such as

the formation of PAH molecules and soot particles, the unsteady term in Eq. 5.9 must be retained.
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This would allow a finite-time relaxation towards the steady-state solution. Transient effects can be

included for species with slow chemistry, by solving the following transport equation for species i in

physical space along with the Navier-Stokes equations [8, 22].

∂ρYi
∂t

+∇ · (ρYiu) = ∇ · (ρD∇Yi) + ω̇i (5.12)

The chemical source terms for species i can be tabulated using the values calculated from the steady-

state flamelet solutions as

ω̇i = ω̇i(Z, χst). (5.13)

This model assumes that the chemical production and consumption rates of species i are entirely

controlled by other species which in turn follow exactly the steady-state flamelet solutions.

5.2.3.3 Method III: Flamelet-based relaxation model for PAH molecules

As pointed out by previous studies [2, 3, 8], the chemical reactions leading to the formation of

certain species such as NOx and PAH are characterized by very large time scales. Consequently,

tabulating the chemical source term based on steady-state values may be inadequate for these species.

The chemical source term of species i is often dependent on its own mass fraction. Following this

observation and assuming that all other species are in steady-state, we get

ω̇i = ω̇i(Z, χst, Yi). (5.14)

The transport equation for species i is then solved in physical space along with the Navier-Stokes

equations. The challenge now resides in determining the dependence of the chemical source term

on the mass fraction. It is important to note that this dependence may not be extracted from

steady-state flamelet solutions unless certain assumptions are made.

This model has been used previously for the prediction of NOx [8, 87] and PAH [22]. The

dependence of the chemical source term ω̇i of species i on its mass fraction Yi was assumed to be
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linear.

5.3 Turbulent effects modeling

Turbulence modeling through changes in the scalar dissipation rate as well as the numerical config-

uration and procedure used in the present work are discussed in the following.

5.3.1 Discrete variation in scalar dissipation rate

A number of studies have been directed at understanding the resulting behavior of unsteady lami-

nar diffusion flamelets subjected to unsteady strain rate [82, 83], where sinusoidally varying scalar

dissipation rate profiles were used. However, due to the highly non-linear nature of the transport

processes and chemical reactions, a frequency-based analysis might not be the most appropriate one.

As discussed in Section 5.2, turbulent effects are exerted onto the flamelet equations uniquely

through the scalar dissipation rate, χ. Therefore, it is intuitive to model the effects of turbulent

mixing through stochastic variations of this parameter. Previously, Stochastic Differential Equations

(SDE) have been used to model the rapid variations of the scalar dissipation rate in turbulent

flows [119, 141]. Discretely, it is logical to consider abrupt variations (step changes) in χ as a means

to investigate the effects of turbulent perturbations. What remains to be determined now is the

magnitude of these step changes.

Previous work [49, 119, 141, 142] suggests that the Probability Density Function (PDF) of the

scalar dissipation rate can be reasonably well approximated by a log-normal distribution

P (χ, t) =
1

χσ
√

2π
exp

(
− (lnχ− µ)2

2σ2

)
, (5.15)

where µ and σ are the mean and the standard deviation of the log-normal distribution. In other

words, the scalar dissipation rate fluctuates around the mean value according to a multiplicative

factor whose average amplitude is given by



85

φ =

√
〈χ′′2〉
〈χ〉

=
[
exp

(
σ2
)
− 1
] 1

2 . (5.16)

The standard deviation, σ, is assumed to depend only on the Reynolds number. σ has been estimated

from various DNS data of non-premixed turbulent reacting flow simulations, and is found to range

from 0.8 to 1.4 [119, 120, 143, 144]. Using an average value of σ, the multiplicative factor φ is about

2. This means the scalar dissipation rate may vary from half to twice its mean value.

Since the functional dependence of the scalar dissipation rate on mixture fraction is assumed to

be fully determined by Eq. 5.10, the entire profile of scalar dissipation rate fluctuates around the

profile proportionally over time with the multiplicative factor φ.

5.3.2 Perturbation and relaxation procedure

Based on the above considerations, the relaxation procedure used in the current analysis is shown on

a representative S-shaped curve for the mass fraction of C6H6 from the flamelet solutions obtained

under the configuration described in the next subsection.

• We start from a steady-state solution of the flamelet equations at a given χst. This starting

point is denoted as point A on the burning branch of the S-shaped curve corresponding to the

steady-state flamelet solutions in Fig. 5.2.

• Then, the scalar dissipation rate at stoichiometry is abruptly changed to a different value, χ′st,

denoted as point B, to model the effects of turbulent unsteadiness.

• Finally, the unsteady flamelet equations (Eq. 5.9) are solved until the solution reaches a new

steady-state (point C).

The points A′ and B′ correspond to the relaxation process from a dfferent initial starting point.

5.3.3 Flamelet configuration and parameters

The operating conditions for the flamelet calculations are chosen to reproduce the conditions found in

the laboratory scale turbulent sooting flames investigated at Sandia National Laboratories [94]. The
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Figure 5.2: The burning branch of the S-shaped curve for the flame configuration considered. The
solid line corresponds to the maximum C6H6 mass fraction in the solutions of the steady-state
flamelet equations. The solid arrows indicate the abrupt change in scalar dissipation rate to model
turbulent effects, and the dashed arrows indicate relaxation of the perturbed flamelets towards the
final steady-state. Points A and A′ correspond to two different initial steady-states; points B and
B′ correspond to two states after perturbation, and point C corresponds to the final steady-state.

fuel and oxidizer used for the flamelets considered in this work are ethylene and air respectively, both

at 300K. The corresponding stoichiometric mixture fraction value, Zst, is 0.064. The background

pressure is set to be at 1 atm. The burning branch of the S-shaped curve is shown for a representative

aromatic species, C6H6, in Fig. 5.2. The stoichiometric scalar dissipation rate, χst, at the extinction

point is found to be 165s−1. Local extinction/re-ignition processes are not considered by the current

work, since the focus is on the chemical response of a flamelet to turbulent unsteadiness in the fully

burning regime.

The response of the species chemical source terms to turbulent perturbations is examined using

the unsteady solutions of perturbed flamelets over time. Steady-state flamelets with various initial

χst values are perturbed to various final χ′st values. In the following, results are shown for steady-

state flamelets with initial χst values of 100s−1, 50s−1, 10s−1, and 5s−1, perturbed to have a new

χ′st of 20s−1. Those values are selected to be reasonably high to represent relatively large departures

from thermal equilibrium, typically found in highly turbulent flows. Most of the initial values are

selected such that the ratios between the initial and final stoichiometric scalar dissipation rates

do not exceed one standard deviation as estimated by Eq. 5.16. The other selected initial scalar
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dissipation rates are substantially different from the final value to represent worst case scenarios. It

is important to note that such large deviations between the initial and final stoichiometric scalar

dissipation rates are not likely to be found in realistic turbulent flows.

The steady and unsteady flamelet equations are solved using the FlameMaster code [103]. The

detailed chemistry model employed in the present flamelet calculations was initially developed by

Blanquart et al. [3, 33]. It contains 168 species and 1878 reactions (forward and backward reactions

counted separately) and takes into account all major pathways of PAH formation. Slight modifica-

tions have been made to the chemical mechanism since its first publication. The chemistry model is

provided in the Supplemental material of [25].

5.4 Relaxation behaviors

The relaxation behaviors for different types of species are described in the following. Numerical

results are shown for the relaxation of perturbed flamelets.

5.4.1 Overview of steady-state flamelets
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Figure 5.3: Mass fraction and chemical source term profiles in mixture fraction space for three
representative species in the steady-state flamelet with χst = 20s−1. The chemical source terms are
plotted in kg ·m−3s−1. The vertical dashed line represents the location of the stoichiometric mixture
fraction, Zst = 0.064.

Before analyzing the unsteady response of the chemical source terms to variations in scalar

dissipation rates, it is insightful to consider the steady-state solutions first. The mass fraction and
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chemical source term profiles for three representative species (CO, C2H2, and C10H8) are shown in

Fig. 5.3 for a steady-state flamelet at χst = 20s−1. Carbon monoxide, CO, is selected since it is one

of the most important by-products. Acetylene, C2H2, is one of the most important PAH precursors

and is characterized by a relatively fast chemistry. Finally, naphthalene, C10H8, is a representative

PAH molecule with relatively slow chemistry.

For mixture fraction values below Zst = 0.064, C2H2 and C10H8 are non-existing as they are

oxidized before arriving at the flame front (strong negative source term at Z ' 0.1). The same

oxidation is the major contribution to the chemical source term for CO. It is positive at Z ' 0.1

because of the oxidation of all hydrocarbons (HC) into CO; and it is negative at Z = Zst because

of the conversion of CO to CO2. For mixture fraction values beyond Z > 0.4, diffusion is the

predominant process, since all three chemical source terms vanish. As a result, the mass fraction

profiles are practically linearly dependent on Z. For all HC species, the chemical source terms leading

to the formation of these species are important for the range of Z from the stoichiometric value to

Z ' 0.4. Therefore, to investigate the effects of unsteady scalar dissipation rate on the formation of

important intermediate species and PAH, the mixture fraction range of interest is 0.064 < Z < 0.4.
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Figure 5.4: Chemical source term distribution of C10H8 in two steady-state flamelets. The chemical
source terms are plotted in kg ·m−3s−1.

By comparing the distributions of the chemical source term of C10H8 for two different χst values

(Fig. 5.4), it can be seen that the shape of the curves is preserved while the amplitude is changed.

This was observed for most of the HC species over a wide range of χst values. Therefore, it is

reasonable to assume that the evolution of the chemical source terms over all mixture fraction
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values is well represented by the evolution at any single mixture fraction value. In the present

work, the mixture fraction value at the peak of the chemical source term Zi = Zi,max is selected,

since we are interested in the chemistry-controlled relaxation. This choice is consistent with the

intent of the current work being to investigate the interaction between turbulence and the formation

of species governed by relatively slow chemistry. Choosing Zi on the rich side (Z > 0.4) would

give a diffusion-controlled relaxation characterized by a unique diffusion time scale (' χ−1) since

unity Lewis number transport is assumed for all species. The Zi,max values for the different species

investigated are listed in Table. 5.1.

5.4.2 Initial evolution

In the following, we first investigate the very-early-time responses to the step changes in χ. The

flamelet was at steady-state with initial scalar dissipation rate χ before the perturbation is applied.

In other words, the mass fraction of species i was governed by the steady-state flamelet equation

− χ

2

∂2Yi
0

∂Z2
=
ω̇0
i

ρ
, (5.17)

where Yi
0 and ω̇0

i are the mass fraction and the chemical source term of species i at the initial

steady-state. After perturbation, the scalar dissipation rate is changed to χ′, with the relative

change δχ = χ′ − χ. For a small amount of time (δτ) after the perturbation, both species mass

fraction and chemical source term have not had time to change and the evolution of the mass fraction

of species i is governed by

δYi
δτ

=
δχ

2

∂2Yi
0

∂Z2
+
χ

2

∂2Yi
0

∂Z2
+
ω̇0
i

ρ
, (5.18)

where δYi = Yi − Yi0 denotes the change in species mass fraction relative to its initial value. Using

Eq. 5.17, the initial change in Yi can be estimated to be

δYi = δτ
δχ

2

∂2Yi
0

∂Z2
= −δτ δχ

χ

ω̇0
i

ρ
. (5.19)
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This expression could be used to predict the very early evolution of any species mass fractions.

Interestingly, whether the species yield increases or decreases initially is governed by the signs of

δχ and ω̇0
i . More precisely, if the scalar dissipation rate is increased (by the step change), the

mass fraction of species i would decrease if its source term were positive, since the locally enhanced

diffusion removes more strongly the species. Similarly, the mass fraction of species i would increase

if the source term were negative. In the above equations, δτ is a small time interval after the

perturbation is applied. While it is beyond the scope of the current study to evaluate precisely

this quantity a priori, it can be observed from the perturbed flamelet simulations (shown later in

Fig. 5.5) that δτ is of the order of milliseconds.

To illustrate this, the time-evolution of the mass fraction Yi at their corresponding Zi for H,

OH, CO, CO2, and C2H2 are shown in Fig. 5.5, for a steady-state flamelet perturbed from its initial

χst = 10s−1 to a final χst = 20s−1.
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Figure 5.5: Time-evolution of the mass fraction for several representative species for a flamelet
perturbed from an initial χst = 10s−1 to a final χst = 20s−1. The chemical source terms are plotted
in kg ·m−3s−1. The early evolutions are highlighted in the insets on a linear scale.
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The initial changes are indeed observed for all species, and follow the analytical prediction given

by Eq. 5.19 (each mass fraction decreases since its chemical source term is positive at Zi,max). These

initial changes take place very quickly, after which, both the species yield and its source term relax

towards their new steady-state values. This relaxation is detailed in the following subsections.

5.4.3 Relaxation time scales

Before analyzing the results of the relaxation to the new steady-state, it is insightful to estimate a

priori expected relaxation time scales (evaluated directly from the steady-state flamelet solutions).

In the reaction zone, the rate of change of species mass fraction is primarily due to the chemical

source term. Chemical time scales characterizing the relaxation of each species can be estimated as

τi =
ρYi,max
|ω̇i,max|

, (5.20)

where Yi,max and ω̇i,max represent the mass fraction and chemical source term of species i at the

location Zi,max of maximum source term in the flamelet solution. Three time scales can be defined

by choosing this chemical source term to be either the chemical production rate ω̇+
i , chemical

consumption rate ω̇−i , or the overall reaction rate for species i, ω̇i = ω̇+
i + ω̇−i [83]. Results for

several species of interest are provided in Table 5.1 for the steady-state flamelet with χst = 20s−1.

It is worth pointing out that these characteristic time scales were found to be almost invariant for

steady-state flamelets over a wide range of stoichiometric scalar dissipation rates. After the initial

changes described by Eq. 5.19, the mass fractions of the different species are expected to relax

towards their new steady-state values over these characteristic time scales.

5.4.4 Relaxation of radicals and small species

As shown in Fig. 5.5, the mass fractions of radicals such as OH and H relax to their new steady-state

values extremely fast (on the order of 10 − 20µs). As expected, this relaxation occurs over time

scales comparable to those listed in Table. 5.1. On the other hand, CO and CO2 relax more slowly
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Radicals Small species
OH H O CO CO2 C2H2

Production 6.4 4.3 10.4 60.1 94.2 77.3
Consumption 11.9 3.8 7.3 152 67.3 40.1

Overall 13.8 32.7 24.5 67.1 82.5 83.3
Zi,max 0.06 0.07 0.06 0.11 0.063 0.135

Aromatic species Aromatic radicals
C6H6 C10H8 C14H10 C6H5 C10H7 C14H9

Production 166 222 328 3.2 2.9 3.4
Consumption 287 397 537 2.8 2.7 3.3

Overall 411 506 840 32.4 38.6 35.2
Zi,max 0.19 0.155 0.146 0.19 0.155 0.146

Table 5.1: Characteristic time scales and locations of maximum source term (in mixture fraction
space) for several representative species for the steady-state flamelet solution with χst = 20s−1.
Units are microseconds.

compared to OH and H (on the order of 100 − 200µs). Nevertheless, the relaxation of CO and

CO2 still occurs fast and over their corresponding time scales given in Table. 5.1. For C2H2, its

mass fraction also relaxes to the new steady-state within around 100µs. Once again, this result is

consistent with the estimates for the relaxation time scales shown in Table. 5.1.

Therefore, given these small relaxation time scales, a relaxation model may not be necessary,

and the mass fractions can be pre-tabulated using steady-state flamelet solutions. In other words,

Method I can be used legibly for species such as CO,CO2, and C2H2.

5.4.5 Relaxation of aromatic species

The relaxation towards the new steady-state is more complex for aromatic species. The differences in

time scale, as shown in Table. 5.1, suggest that aromatic species have different relaxation behaviors

from small species. In the following, the time evolutions of the mass fraction and chemical source

term are shown for several selected species as illustration, based on which the relaxation behaviors

are described and explained without loss of generality.

The time evolutions of the mass fraction and chemical source terms for C6H6, C10H8, and C14H10

are shown in Fig. 5.6 from the same calculation of the same perturbed flamelet. Using C10H8 as an

example, the general picture of the evolution of a PAH species may be drawn.

From a reaction flux analysis, the main production reactions for C10H8 have been identified to
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Figure 5.6: Time-evolution of the mass fraction and the chemical source term for several represen-
tative aromatic species. The chemical source terms are plotted in kg ·m−3s−1.

be

C8H5 + C2H4 
 C10H8 + H, (5.21)

and

C8H5 + C2H2 
 C10H7, (5.22)

followed by the fast recombination

C10H7 + H 
 C10H8. (5.23)

The main consumption reaction is

C10H8 + H 
 C10H7 + H2. (5.24)

Therefore, the chemical production rate (positive) for C10H8 is primarily controlled by

ω̇+
C10H8

∝ YC8H5
, (5.25)
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Figure 5.7: Time-evolution of C8H5 and dependence of its mass fraction on the mass fraction of C6H6

during the relaxation of a flamelet perturbed from an initial χst = 10s−1 to a final χst = 20s−1. In
(b), the initial steady-state is circled. The final steady-state is indicated by the dashed horizontal
and vertical lines. The arrows indicate the paths that unsteady solutions follow as time increases.

and the chemical consumption rate (negative) is controlled by

ω̇−C10H8
∝ YC10H8 . (5.26)

The evolution of this aromatic species can be generally depicted as follows. As the scalar dissi-

pation rate increases, the chemical source term first increases. There are two ways to increase the

intensity of the chemical source term: first, by reducing the magnitude of the consumption rate; and

second, by increasing the production rate. As mentioned before (Section 5.4.2), due to a positive

chemical source term at ZC10H8,max = 0.155, YC10H8
decreases initially (as seen in Fig. 5.6(b)) which

tends to reduce the magnitude of the consumption rate (Eq. 5.26). Simultaneously, at the location

where the source term of C10H8 is maximum (ZC10H8,max), the source terms for radicals leading to

its formation (namely C8H5) are negative. According to Eq. 5.19, more C8H5 are created initially

(Fig. 5.7(a)) which increases the production rate of C10H8. The combined effects of a reduced con-

sumption rate and increased production rate lead to an increase of the overall rate. This behavior

is observed for the first 30µs, namely a decrease in the species mass fraction and an increase in its

overall chemical source term. The same behavior is observed for all aromatic species.

After 30µs, the evolution of C10H8 changes to a different regime. Radicals such as C8H5 do

not increase any more and in fact start to decrease (Fig. 5.7(a)). This behavior is the result of
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the chemical time scales listed in Table. 5.1. The production and consumption time scales are

extremely small (' 3µs). Very rapidly (' 30µs), these radicals are in quasi-steady-state with

their corresponding stable molecules. This temporal delay is due to the necessary time for the

small radicals H, O, and OH (Fig. 5.5) to relax towards their new steady-state. As a result after

30µs, the aromatic radicals are in quasi-steady-states and they start to follow the evolution of their

corresponding stable molecules (for instance, the stable molecule corresponding to C8H5 is C6H6).

This is illustrated in Fig. 5.7(b) with a linear dependence of YC8H5
on YC6H6

YC8H5
∝ YC6H6

. (5.27)

Since the mass fractions of the stable molecules (C6H6) keep decreasing (Fig. 5.6), the mass fractions

of the related radicals (C8H5) decrease as well, resulting in a reduced production rate (for C10H8).

In other words,

ω̇+
C10H8

∝ YC6H6 , (5.28)

by combining Eq. 5.25 and Eq. 5.27. On the other hand, the consumption rate of C10H8 is still

linearly proportional to its mass fraction (Eq. 5.26), and keeps decreasing. The combined effects of

the production and consumption rates lead to a decrease of the overall reaction rate.

It is clear that the mass fractions of these species cannot be pre-tabulated using steady-state

flamelet solutions, since substantial and non-trivial transient effects are observed. In fact, none of

the models presented in Section 5.2.3 can be used for PAH species such as C10H8.

5.5 PAH relaxation model

A new linear relaxation model is proposed based on previous discussions. One-dimensional flamelet

calculations are performed using the proposed model and compared to models previously developed

and employed in numerical simulations of turbulent non-premixed flames [8, 22].
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5.5.1 Previous one-step relaxation model

A linear relaxation model was proposed previously for NOx species [8, 87], and recently used in the

simulation of turbulent non-premixed flames for PAH [22]. This model was developed by considering

a one-step reversible reaction of type

R1 +R2 � S + P, (5.29)

where R1 and R2 are two representative reactants, P is a product species, and S is the species of

interest. Assuming that all other species are in steady-state, the chemical production rate of species

S is a constant (ω̇+
S = const), and the chemical consumption rate is linearly dependent on the mass

fraction of S (ω̇−S ∝ YS). Therefore, ω̇S+ and ω̇S−
YS

can be tabulated a priori into a flamelet library

using only steady-state flamelet solutions. In other words,

ω̇S =

(
ω̇−S
YS

)
(Z, χ′st) · YS + ω̇+

S (Z, χ′st) . (5.30)

Although this model is suitable for NOx [8], it is not adequate for PAH as shown in the previous

section. Large PAH are formed from smaller aromatic species, which themselves exhibit substantial

transient effects. Therefore, assuming these species to be in steady-state is not appropriate. As

a result, the chemical production of a PAH species can not be assumed to be constant at a given

mixture fraction and scalar dissipation rate (Z, χ).

5.5.2 Proposed multi-step model

Based on the above considerations, a new linear relaxation model is proposed for PAH based on the

following series of one-step reactions

An−1 +R1 → An + P1,

An +R2 → P2 + P3. (5.31)
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Figure 5.8: Modeled chemical production, consumption rates, and overall reaction rates compared
to unsteady calculations with full chemistry for C10H8. The chemical source terms are plotted in
kg ·m−3s−1.

where a PAH molecule An−1 with n− 1 aromatic rings and R1 react to form a larger PAH molecule

An and a product P1, and An is consumed by reacting with another species R2 to form products P2

and P3. The intent of the representative production reaction is to lump all reactions leading to the

formation of An from An−1. Similarly, all reactions leading to the consumption of An are lumped

in to the representative consumption reaction. It is worth pointing out that the representative

consumption reaction for An may not correspond directly to the formation of An+1, since the main

products of this reaction are commonly a radical associated with An and a small species characterized

by fast chemistry.

Assuming that all other species except PAH relax within relatively short time scales, their mass

fractions can be represented by the corresponding steady-state values. As such, the production rate

for An is proportional to the yield of An−1 and its consumption rate is proportional to its own mass

fraction. Practically, the modeled PAH chemical source term can be written as

ω̇An = a (Z, χ′) · YAn−1 + b (Z, χ′) · YAn . (5.32)

The coefficients a and b can be tabulated solely using steady-state flamelets by dividing the produc-

tion and consumption rates of An by the mass fraction of An−1 and An respectively.

The proposed model for PAH source terms is consistent with the general picture of relaxation for

PAH species described in the previous section. Small radicals relax extremely fast, which makes the
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consumption rate of An proportional to its own mass fraction. The production rate of An has been

identified to be proportional to radicals associated with An−1. The mass fraction of these radicals

becomes proportional to the stable molecule An−1 after a short period of time (' 30µs) due to the

small chemical time scales (Table. 5.1). Therefore, it is reasonable to model the production rate of

An to be proportional to the yield of An−1.

To further justify the proposed model, the modeled production and consumption rates (Eq. 5.32)

for C10H8 are compared against the exact rates obtained from the unsteady calculations for the

flamelets perturbed from various initial χst values to χst = 20s−1. As shown in Fig. 5.8(a,b),

the production and consumption rates are both reasonably well captured by the relaxation model

based on the representative reactions (Eq. 5.31). Furthermore, the model performs equally well for

both smaller and larger initial χst as well as small and large fluctuations in χst. Fig. 5.8 shows a

comparison of the exact overall reaction rate on the species mass fraction against that predicted

with the current model. For comparison, the linear relation determined by Eq. 5.30 is also plotted

in Fig. 5.8(c) for C10H8 for the same perturbed flamelets. It can be seen that the form of chemical

source is not well captured by the previous one-step relaxation model (Eq. 5.30), which assumes

that the production rate is constant and independent of species yield.

5.5.3 Discussion

In the following, we discuss a few key aspects of the proposed relaxation model. First, instead

of evaluating the source terms using Eq. 5.32, the modeled source term for PAH (green curve in

Fig. 5.8(c)) could be entirely tabulated as a function of YC10H8 . However, this method may become

computationally more expensive, and the insight into the major chemical pathways leading to the

formation and consumption of PAH will be lost. Therefore, the proposed relaxation model (Eq. 5.32)

is more advantageous.

Second, the proposed relaxation method remains valid as long as turbulent effects occur over a

time scale greater than 30µs (characteristic chemical time scales for radicals). Under this condition,

transient effects of radicals and small species do not need to be considered. This assumption repre-
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sents the same level of approximation as considering small radicals and major species to follow the

steady-state flamelet solutions, which is found to be valid in practical circumstances [63, 145, 146].
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Figure 5.9: Dependence of the chemical source term of C6H6 on its mass fraction during the relax-
ation from steady-state flamelets (with various initial χst) to the final steady-state (with χ′st = 20)
at ZC6H6,max = 0.19. The chemical source terms are plotted in kg · m−3s−1. The initial steady-
states are circled. The final steady-state is indicated by the dashed horizontal and vertical lines.
The arrows indicate the paths that unsteady solutions follow as time increases.

Third, it is worth pointing out that the source term of C6H6 relaxes to the final steady-state

value faster than its mass fraction (Fig. 5.6(a)), since the radicals leading to the formation of benzene

relax to the new steady-state relatively fast. The variation of the source term (ω̇C6H6
) is within less

than 10% of its final steady-state value (except for the very early stage of the relaxation process), as

shown in Fig. 5.9. Therefore, the chemical source term of benzene could be treated as independent

of its mass fraction and legibly tabulated based on steady-state flamelets (Method II for chemistry

tabulation). As such, benzene is the first aromatic species for which unsteady effects should be

considered. For aromatic molecules beyond benzene, the model represented by Eq. 5.32 should be

used.

66 HC 810HC 1014 HC 1016 HC

812HC 1016HC 1018HC

Figure 5.10: Diagram of reactions leading to the formation of PAH species.

PAH species include a lot more species than those discussed so far. PAH species such as ace-
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naphthylene (C12H8), acephenanthrene (C16H10), and acepyrene (C18H10) were not considered in

the current model. The formation of these PAH could be generally depicted in the representa-

tive graph, as shown in Fig. 5.10. The mechanism used in the present work does include these

species and predicts that these species are mainly formed from their corresponding PAH without

the five-membered ring (e.g. C16H10 is mainly formed from C14H10). Unfortunately, as the chemical

compounds get larger, less is known on the major pathways controlling their chemistry. Extending

the relaxation model to include PAH species listed above is possible but its final accuracy would be

strongly dependent upon the accuracy of the detailed chemical model used. It is also beyond the

scope of the current work.

Finally, the proposed relaxation model can be easily extended to turbulent calculations and would

only be slightly more expensive than traditional chemistry tabulation methods without a relaxation

model. In addition, the coefficients in the model, namely a (Z, χ) and b (Z, χ) in Eq. 5.32, can be

fully tabulated with steady-state flamelets, and looked up using the local, instantaneous χ values.

The proposed relaxation model is also advantageous for integration into Large-Eddy Simulations

(LES) since the linearity of the model makes its future application to LES easier.

5.5.4 Validation

The unsteady flamelet equations are solved for benzene (C6H6), and naphthalene (C10H8) with the

respective forms of the chemical source term tabulated using the proposed relaxation model. As

for the analysis presented in Section 4, the flamelet considered has the initial χst = 10s−1, and is

perturbed to χ′st = 20s−1. The mass fraction profiles and time-evolutions are compared against those

calculated from the same unsteady flamelet equations with the full detailed chemical mechanism for

benzene and naphthalene in Fig. 5.11 and 5.12. Finally, for comparison, unsteady flamelet equations

are also solved using the previously-suggested relaxation model [8] represented by Eq. 5.30.

Intermediate solutions of the unsteady flamelet equations obtained using the proposed relaxation

model (Eq. 5.32) show satisfactory agreement with the detailed chemistry results for both species,

whereas results obtained using the relaxation model of Eq. 5.30 show relatively large deviation.
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(b) Time-evolution at ZC6H6,max = 0.19.

Figure 5.11: Comparison of the time evolution of benzene mass fractions resulting from the detailed
chemistry mechanism and the relaxation models.
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Figure 5.12: Comparison of the time evolution of naphthalene mass fractions resulting from the
detailed chemistry mechanism and the relaxation models.

These a posteriori results are not surprising as Eq. 5.32 captures the correct dependence of the

chemical source terms on the various species mass fractions, and the unsteady evolution of the

chemical production terms of PAH species cannot be neglected.

After validating the current relaxation model for PAH species, the next step is to apply this model

to the numerical simulation of a turbulent sooting flame, to investigate the effects of non-equilibrium

aromatic chemistry.
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Chapter 6

Effects of aromatic
chemistry-turbulence interactions
on soot formation in a turbulent
non-premixed flame

The objective of this work is to investigate the effects of the aromatic chemistry-turbulence inter-

actions on the formation and later evolution of Polycyclic Aromatic Hydrocarbons (PAH) and soot,

using the relaxation model proposed in the previous chapter. These effects are investigated in a

well-documented, piloted turbulent sooting jet flame, for its relevance to gas turbine engine com-

bustion environment and for the available measurements on soot quantities that are characterized

potentially by non-equilibrium aromatic chemistry [94]. The study of such a configuration allows the

examination of the effects of aromatic chemistry-turbulence interactions on the inception, growth,

and oxidation of PAH species and soot particles. Due to the extremely high computational cost as-

sociated with the direct simulation of such a configuration, as mentioned in Chapter. 1, Large-Eddy

Simulations (LES) are performed. Particular attention is paid to the inception locations, magni-

tude and fluctuations of aromatic species and soot. This chapter is organized as follows. Section

1 describes the models used for soot transport, gas-phase combustion, radiation, LES closure, and

PAH relaxation. In Section 2 and 3, the presented models are applied to the LES of an ethylene/air

piloted turbulent sooting non-premixed jet flame.
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6.1 Numerical algorithms

The proposed simulation framework relies on five major components: a soot model, a gas-phase

chemistry model, a radiation model, a turbulence closure model, and finally a relaxation model for

PAH species.

6.1.1 Soot model

In the present study, the geometry of a fractal soot aggregate is described using a bi-variate repre-

sentation based on its total volume V and total surface area S [115, 147]. Accordingly, the number of

primary particles per aggregate (np) and the diameter of the primary particles dp can be expressed

as [115]

np =
1

36π
V −2S3, and dp = 6V S−1. (6.1)

The evolution of soot particles is described, from a statistical point of view, by solving the transport

equations for several key moments,

Mx,y =

∫∫
n(V, S)V xSydV dS, (6.2)

of the soot Number Density Function (NDF) n(V, S). Their transport equations, derived from the

population balance equation of the soot NDF, are [114]

∂Mx,y

∂t
+∇ · (u*Mx,y) = ω̇x,y, (6.3)

where

u* = u− 0.556
ν

T
∇T (6.4)

is the velocity vector accounting for thermophoresis effects [42, 22], ν is fluid kinematic viscosity, and

ω̇x,y accounts for the nucleation, surface growth, coagulation, condensation, and oxidation of soot

particles [114]. The soot NDF is approximated using two delta functions. The first delta function
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is intended to capture the population of small, young soot particles, and the second delta function

corresponds to the population of large, mature soot particles. Four soot moments are tracked in the

numerical simulations, and the source terms ω̇x,y are closed using the Direct Quadrature Method of

Moments (DQMOM) [115] to capture the multi-modal nature of the soot NDF [148, 149]. Details

of the form of the different source terms and their closure can be found in [22, 114, 115].

6.1.2 Gas-phase chemistry model

Using the definition of the mixture fraction, Z, the local thermochemical state in the mixture is

described using the Flamelet/Progress Variable (FPV) model proposed by Pierce and Moin [59, 22,

150]. This model predicts that all thermochemical quantities φ (temperature, species mass fractions,

etc.) can be parametrized by the mixture fraction Z and a reaction progress variable C

φ = H (Z,C) . (6.5)

The functional dependence H is determined by the solutions of the following steady-state flamelet

equations, in which species transport is assumed to be described by a unity Lewis number (see

Section 5.1)

− 1

2
χ
∂2φ

∂Z2
=
ω̇φ
ρ
, (6.6)

where ω̇φ includes the chemical source term of the thermochemical quantity φ. Species source terms,

mass fractions, and other thermochemical quantities are pre-computed and stored in to a flamelet

library.

For the prediction of turbulent reacting flows where local extinction and re-ignition processes are

present, the stable, unstable, and unburnt branches of the flamelet solutions in a S-Shaped curve

have to be all included [8, 22, 150]. Therefore, a reaction progress variable, C, is required in the

FPV model to overcome the ambiguity in the description of the of the steady-state flamelet solutions

using the scalar dissipation rate, χ [8]. In the following , this progress variable is defined as a linear
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combination of the mass fractions of the major products [150]

C = YCO2 + YCO + YH2O + YH2 . (6.7)

Assuming that the transport of all species is described using a unity Lewis number, the evolution of

the progress variable can be derived from the transport equations of the individuals species included

in the definition of C

∂ρC

∂t
+∇ · (ρCu) = ∇ · (ρD∇C) + ω̇C , (6.8)

where ω̇C = ω̇CO2
+ ω̇CO + ω̇H2O + ω̇H2

[8, 15, 22]. Further details of the FPV approach can be

obtained from [8, 59, 22, 150, 26].

6.1.3 Radiation model

Radiative heat transfer from gas-phase species and soot particles was found to have a significant

influence on flame structure, species profiles and soot emissions [8, 139, 151, 152, 153]. The RADCAL

model [92] is used for gas-phase radiation. Under the optically thin assumptions, the radiative heat

loss rate per unit volume is calculated following Eq. 2.5.

For soot radiation, the radiative heat losses of soot aggregates, q̇soot, can be calculated by consid-

ering the broadband integrated soot radiative intensity, e. This intensity can be calculated as [154]

e(T ) = 4π

∫ ∞
0

Kefv
λ
· I(λ, T ) · dλ, (6.9)

where Ke is the dimensionless extinction coefficient, fv is the local soot volume fraction, λ is the

wavelength of the electromagnetic radiation, and I(λ, T ) indicates the black-body emission following

Plank’s law

I(λ, T ) =
2hc2

λ5

1

e
hc
λkT − 1

. (6.10)

In the above equation, h, c, and k are the Plank constant, the speed of light, and the Boltzmann

constant, respectively. Recent experimental measurements suggest that the extinction coefficient
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is nearly a constant Ke ' 7.0 [154]. Accordingly, the broadband emissivity, a, for soot radiation,

defined as

e(T ) = 4aσfvT
4, (6.11)

can be well represented by the following function

a ' 1862T. (6.12)

This approximation for emissivity is preferred over others [151, 155, 156] since it represents a better

asymptotic behavior around T = 1700K, at which soot particles are generally formed [154, 157].

These expressions (Eqs. 6.11 and 6.12) are used for soot radiation in the LES of the piloted ethy-

lene/air turbulent jet flame.

A new quasi-steady-state flamelet-based radiation model has been developed to take into account

the effects of radiative heat losses due to gas-phase and soot radiation [158]. An enthalpy defect

parameter,

H = Hrad −Had, (6.13)

is introduced in the flamelet library as a measure of the departure of radiating flamelet solutions

from non-radiating flamelet solutions. In the above equation, Hrad denotes the enthalpy of the

radiating gas-phase mixture, and Had denotes the enthalpy of the adiabatic gas-phase mixture. As

such, radiative heat losses can be consistently taken into account using the steady-state flamelet

formulation by solving the following equation for the enthalpy defect parameter, H,

− ρχ

2

∂2H

∂Z2
= ω̇H − r(q̇rad + q̇soot), (6.14)

where r is a radiation intensity parameter ranging from 0 to 1. Accordingly, the FPV model

accounting for radiative heat losses can be extended from Eq. 6.5 as

φ = F (Z,C,H) , (6.15)



107

where the different thermochemical quantities are mapped in the three-dimensional manifold mapped

by Z, C, and H [26, 158].

In physical space, assuming unity Lewis number for all species, constant pressure, and negligible

heating due to viscous dissipation, a transport equation can be derived for the enthalpy defect

parameter

∂ρH

∂t
+∇ · (ρHu) = ∇ · (ρD∇H)− q̇rad − q̇soot. (6.16)

6.1.4 LES closure

6.1.4.1 Transport equations

In this LES, the continuity and momentum equations are filtered spatially and solved

∂ρ

∂t
+∇ · (ρũ) = 0, (6.17)

∂ρũ

∂t
+∇ · (ρũũ) = −∇p+∇ · (ρũũ− ρũu) +∇ · τ . (6.18)

In physical space, the spatially filtered transport equations for the soot moments, mixture fraction,

progress variable, and enthalpy defect (Eqs. 6.3, 2.6, 6.8, and 6.16) are solved

Mx,y

∂t
+∇ · (ũ*Mx,y) = ∇ · (ũ*Mx,y − u*Mx,y) + ω̇x,y, (6.19)

∂ρZ̃

∂t
+∇ · (ρZ̃ũ) = ∇ · (ρZ̃ũ− ρZ̃u) +∇ · (ρD̃∇Z̃), (6.20)

∂ρC̃

∂t
+∇ · (ρC̃ũ) = ∇ · (ρC̃ũ− ρC̃u) +∇ · (ρD̃∇C̃) + ω̇C , (6.21)

∂ρH̃

∂t
+∇ · (ρH̃ũ) = ∇ · (ρH̃ũ− ρH̃u) +∇ · (ρD̃∇H̃)− q̇rad − q̇soot. (6.22)

The modeling of the unclosed terms is detailed below.

6.1.4.2 subfilter modeling

In these filtered equations, all subfilter stresses are closed using a dynamic Smagorinsky model [11,

12, 13]. This model is based on an artificial eddy viscosity approach, where the effects of turbulence
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are lumped into a turbulent viscosity. The approach treats dissipation of kinetic energy at subgrid

scales as analogous to molecular diffusion. The dynamic Smagorinsky model expresses the subfiler

stresses (residual stresses) as

τ rij −
1

3
τ ri,jδij = −2νtS̃ij , (6.23)

where νt is the turbulent eddy viscosity and

S̃ij =
1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
(6.24)

is the rate-of-strain tensor. In the static Smagorinsky model, the turbulent eddy viscosity is modeled

as

νt = (Cs∆)2

√
2S̃ijS̃ij = (Cs∆)2

∣∣∣S̃∣∣∣ , (6.25)

where ∆ is the filter width (practically the grid size), Cs is a constant, and S̃ =

√
2S̃ijS̃ij . In the

dynamic Smagorinsky model, the constant Cs is determined using a dynamic procedure by applying

a second filtering operation ˆ, usually referred to as test filtering, with filter width ∆̂ larger than

the grid size ∆. The constant Cs is calculated as

C2
s =

LijMij

MijMij
(6.26)

where

Mij = 2∆2

(∣̂∣∣S̃∣∣∣ S̃ij − α2

∣∣∣∣̂̃S∣∣∣∣ ̂̃Sij) , (6.27)

and

Lij = ̂̃uiũj − ˆ̃ui ˆ̃uj , (6.28)

where α = ∆̂/∆,

As written, this procedure has been found numerically unstable since the numerator could become

negative, and large fluctuations in Cs were often observed [11, 12, 13]. Hence, additional averaging
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is often employed, leading to:

C2
s =

〈LijMij〉
〈MijMij〉

(6.29)

In the current study, this averaging is applied over time following Lagrangian fluid trajectories [159,

160]. In practice, the Lagrangian-averaged value of a dummy variable, ϕ, at time t and location

x (t) is calculated discretely as

〈ϕ〉 (t, x (t)) = ωϕ (t, x (t)) + (1− ω)ϕ (t−∆t, x (t−∆t)) , (6.30)

where ∆t is the time step size, and ω is a weighting function defined as

ω =
2∆t·ζ 1

8

3·∆

1 + 2∆t·ζ 1
8

3·∆

. (6.31)

In the above equation,

ζ = 〈LijMij〉 〈MijMij〉 . (6.32)

In Eq. 6.19, the portion of the soot moment source terms which is a function of the thermochem-

ical state of the gas is tabulated as any other gas quantities (Eq. 6.38). The other portion in the soot

moment source terms is treated using laminar closure. Similarly to the residual stresses, all subfilter

scalar fluxes in the above equations are closed using a dynamic Smagorinsky model [11, 12, 13] with

Lagrangian averaging techniques [159, 160].

6.1.4.3 Equation of state

The Favre-filtered thermochemical quantities,

φ̃ =
ρφ

ρ
, (6.33)
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are obtained from the equation of state (Eq. 6.15) by convolution with a joint subfilter Probability

Density Function (PDF) P̃

φ̃ (Z,C,H) =

∫ ∫
F (Z,C,H) P̃ (Z,C,H) dZdCdH. (6.34)

By introducing the mixture-fraction-independent parameters Λ = C|Zst and Ξ = H|Zst, each solu-

tion to the steady-state flamelet equations can be uniquely identified [8], leading to

φ = F (Z,C,H) = G (Z,Λ,Ξ) . (6.35)

The independence of Λ and Ξ on Z by definition ensures that the marginal distributions for the

mixture fraction, progress variable, and enthalpy defect can be modeled separately. In the current

work, the subfilter PDF is presumed to have the form [8, 131, 161, 162]

P̃ (Z,C,H) = P̃ (Z,Λ,Ξ) = β
(
Z; Z̃, Z̃ ′′2

)
δ
(

Λ− Λ̃
)
δ
(

Ξ− Ξ̃
)
, (6.36)

where β represents a beta distribution and δ denotes a Dirac distribution. Using this presumed

PDF, the filtered thermochemical state can be represented as

φ̃ = G̃
(
Z̃, Z̃ ′′2, Λ̃, Ξ̃

)
. (6.37)

Assuming a unique inversion relation [8], the dependence on Λ̃ and Ξ̃ can be re-expressed as

dependence on C̃ and H̃, leading to the final form of the state relation

φ̃ = L̃
(
Z̃, Z̃ ′′2, C̃, H̃

)
, (6.38)

where L̃ is the flamelet library established on the steady-state flamelet solution, convoluted with the

presumed subfilter PDF.
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6.1.4.4 Subfilter variance modeling

A scalar-gradient-based scaling law is used to obtain a closed-form algebraic equation for the subfilter

variance, Z̃ ′′2 [14, 163]

Z̃ ′′2 = Cv∆
2|∇Z̃|2, (6.39)

where Cv is the model constant determined dynamically, and ∆ is the filter width. The following

expression (dynamic procedure) is used to determine the model constant

C =
〈LM〉
〈MM〉

, (6.40)

where 〈〉 indicates once again Lagrangian averaging, and the quantities L and M are defined as

L =
̂̃
ZZ̃ − ̂̃Z ̂̃Z, (6.41)

and

M = ∆̂2∇ ̂̃Z · ∇ ̂̃Z. (6.42)

The top hat operator ̂ indicates the second filtering operation at the test filter level, with filter

width ∆̂.

6.1.5 PAH relaxation model

Soot formation depends critically on the concentrations of its precursors, namely aromatic hydro-

carbons (AH), which exhibit substantial transient effects due to turbulent unsteadiness [42]. To

account for these effects, as mentioned in the previous chapter, spatially filtered transport equations

are solved for their mass fractions [22, 130]

∂ρỸAH
∂t

+∇ · (ρỸAH ũ) = ∇ · (ρỸAH ũ− ρỸAHu) +∇ · (ρD̃∇ỸAH) + ω̇AH . (6.43)
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With a conventional dynamic model for the subfilter scalar fluxes [11, 12, 13], the only unclosed

terms in the above equations are the filtered chemical source terms ω̇AH .

The chemical source terms for these transported aromatic species are closed using the relaxation

model described in [25] (previous chapter). By grouping respectively the chemical production and

consumption reactions of an aromatic species with n aromatic rings (An), its chemical source term

is given by

ω̇An = a · YAn−1
− b · YAn . (6.44)

The coefficients a and b (both positive) were found independent of the species mass fractions [25]

and can be tabulated solely using flamelet solutions by dividing the production and consumption

rates of An by the mass fraction of An−1 and An, respectively

a =
ω̇+
An

YAn−1

, and b =
ω̇−An
YAn

. (6.45)

Benzene (C6H6) is the first aromatic species formed in the gas-phase mixture. Therefore, in this

model, it is the first species for which unsteady effects are considered and its overall chemical source

term is tabulated directly based on flamelet solutions [25]. For aromatic molecules beyond benzene,

the model represented by Eq. 6.44 is used. In the current work, as a first step, only benzene and

naphthalene (C10H8) are considered, due to the relatively high uncertainties in the chemistry of PAH

larger than naphthalene. It is important to note that the accuracy of the proposed PAH relaxation

model is limited by that of the full chemical mechanism.

The correlations in both terms on the right hand side of Eq. 6.44 are closed using the turbulence

closure model proposed in [8, 22, 130]. This leads to the final form of the filtered chemical source

terms for C6H6 and C10H8

ω̇C6H6
= ω̇C6H6

(
Z̃, Z̃ ′2, C̃, H̃

)
, (6.46)
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ω̇C10H8 = a
(
Z̃, Z̃ ′2, C̃, H̃

)
· ỸC6H6

− b
(
Z̃, Z̃ ′2, C̃, H̃

)
· ỸC10H8

− d
(
Z̃, Z̃ ′2, C̃, H̃

)
·
(
ỸC10H8

)2

, (6.47)

in terms of spatially filtered quantities. The third term on the right hand side of Eq. 6.47 corresponds

to the removal of naphthalene due to dimerization, leading to the nucleation of soot [22, 115]. The

turbulent closure of this term, same as introduced by Mueller and Pitsch [22], approximates the

average of a square by the square of the average. The present work assumes that soot nucleates only

from the dimerization of naphthalene, since it is the largest PAH considered [22].

6.2 Choice of the flame under study

6.2.1 Experimental studies of non-sooting turbulent non-premixed flames

Progress in the fundamental understanding of turbulent combustion and in the development of

computational combustion models has been enabled by the availability of detailed scalar and velocity

measurements on increasingly well-characterized flames and by both quantitative and qualitative

comparisons between measured data and numerical simulation results. Previous research efforts

have been devoted along this direction within the framework of the International Workshop on

Measurement and Computation of Turbulent Non-premixed Flames (TNF) [164].

In the frame of TNF, laboratory-scale turbulent flames have been routinely used to study non-

premixed turbulent combustion. Several types of experimental set-up (primarily flame burners)

have been used. On the one hand, complex burners, such as the bluff-body combustor [165] and the

TECFLAM swirl burner [166], have been designed to mimic the combustion environment in practical

combustion devices. However, these configurations are either complex in construction or have limited

access for optical measurements [94]. On the other hand, simple jet burners [167, 168, 169] have also

been employed, since they have well characterized inlet flow conditions and can be operated as open

flames, facilitating the implementation of laser diagnostic and eliminating both experimental and
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computational complications arising from enclosed flows [94]. Based on simple jet burners, piloted

burners, utilizing a premixed pilot flame system that surrounds the fuel jet, have been designed.

These piloted turbulent jet flames [63, 92, 136] can sustain stable flames for a wide variety of fuels,

and at high jet velocity without experiencing liftoff or blowout. The most well-studied piloted

combustor is the so-called Sydney burner [170], which has been been used for the series of flames

experimentally studied at the Sandia National Laboratories (flames A through F) [63, 92, 136].

These Sandia flames have been subject of many computational investigations [8, 58, 171, 172]. A

similar poiloted burner is the Delft natural gas burner [173].

The various turbulent non-premixed flames mentioned above have been selected as target flames

for the TNF workshop over more than one decade [164]. However, since the primary focus has been

placed on the characterization of major combustion characteristics, the soot yield (volume fraction)

in these TNF target flames is only on the order of several parts per billion (ppb). The fuels used

in these flames have been selected to avoid sooting conditions, mostly methane with different levels

of dilution by nitrogen. Numerical simulations [8, 56, 57, 58, 59, 60, 61, 171, 172] of these flames

have been targeting the accurate prediction of the mean and variance of the velocity, temperature,

mass fractions of major combustion products (e.g. H2O,CO2), and several intermediate combustion

products with relatively high concentration (e.g. CO,NO). The flamelet-based combustion model,

LES closure models, and radiation models employed in the current study have been developed and

tested extensively in previous numerical investigations on these flames [8, 15, 56, 57, 58, 60]. These

models have been demonstrated to be able to capture the very complex turbulent flow field and

major combustion characteristics accurately.

6.2.2 Experimental studies of sooting turbulent non-premixed flames

Soot formation and oxidation introduces additional challenges in addition to those involved in tur-

bulent non-sooting flames. Such new challenges involve chemical and physical processes interacting

over a wide range of time scales, and strong thermal radiation from soot modifying the local flame

temperature, which has coupled effects on the gas-phase chemistry. Motivated by the strong de-
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sire to improve the predictive modeling capability for soot formation and emission, spatially and

temporally resolved data in turbulent reacting flow fields, specifically for sooting fuels (fuels with

higher-C-number than methane), are in pressing need for the validation of predictive models of soot

formation. As mentioned previously, such data has been in development for many years for soot-free,

turbulent non-premixed flames, in the frame of the TNF workshop, and more recently for a slightly

sooting methane flame [174].

There have been a number of previous experimental investigations of sooting non-premixed tur-

bulent jet flames using heavier hydrocarbon fuels than methane, notably acetylene, ethane, ethylene,

propane, and kerosene [175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190,

191, 192, 193, 194, 195]. Unfortunately, these sooting flames were not designed with modeling in

mind and suffer from one or more important deficiencies in this regard [94]. These deficiencies in-

clude not providing a coflowing air stream to prevent ambient disturbances, having insufficient fuel

tube length to achieve fully developed turbulent pipe flow profiles at the fuel pipe exit, or having a

poorly characterized pilot flame exit flow.

6.2.3 Selected flame

Recently, the experimental investigation of a series of piloted non-premixed turbulent sooting jet

flames has been reported by Zhang and Shaddix [94] for gaseous ethylene fuel. The design of these

flames and their burner configuration is inspired from previous experimental investigations of non-

sooting turbulent non-premixed flames, specifically the Sandia flames [63, 92, 136]. These recent

sooting flames represent a natural progression from simple (methane) to more complex (ethylene)

fuel chemistry. These flames are different from other sooting turbulent non-premixed flames for the

well-characterized conditions at the exit of various nozzles, well-designed co-flowing oxidizer stream,

and well-justified dimensions of the different nozzles [94]. In addition, the burner configuration and

running conditions of these flame are very similar to those of the Sandia flames. The similarities

between these flames and the Sandia flames further justify the appropriateness of using the vari-

ous models described in the previous section, since these numerical combustion models have been
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extensively validated in the numerical investigations of the Sandia flames, as mentioned previously

(Section 6.2.1).

The series of ethylene/air sooting turbulent jet flames mentioned above contains four different

flames. The flow parameters and the visible flame heights are listed in the table below. Fast-shutter

digital photographs of these flames are reproduced in Fig. 6.1.

Fuel exit Main jet exit Pipe fuel radius R Visible
Reynolds number velocity [m/s] flow rate [slpm] R flame height [mm]

10,000 27.4 0.26 660
15,000 41.0 0.39 760
20,000 54.7 0.52 840
25,000 68.4 0.66 860

Table 6.1: Flow parameters for the four piloted ethylene jet flames studied by Shaddix and Zhang.

discriminating against natural soot luminosity in the red 
and near-IR.  With a fast intensifier gating speed of less 
than 5 ns, we adopt a short detection gate of 50 ns with 
zero delay from the IR laser pulse.  Such a prompt-
detection scheme avoids the bias toward large soot 
particles if LII signals are collected over longer gate 
widths [12]. 

Both CCD cameras have a full-frame 512×512 CCD 
array.  With judicious alignment, these cameras have 
the same spatial resolution of 117 μm and literally no 
offset in the FOV.  Images from the two cameras can 
therefore be readily registered to each other without 
performing spatial transformations. 

To have effectively simultaneous PLIF and LII 
imaging without cross interferences, the UV laser pulse 
precedes the IR pulse by 1.0 μs.  As the UV laser 
fluence is far below that required to heat the soot to its 
vaporization point, the UV laser should not alter the 
soot structure.  Furthermore, this 1.0-μs temporal 
separation is long enough to allow any thermal buildup 
(~ 100 ns) and fluorescence (≤ 10 ns) to decay, and 
meanwhile is short enough to freeze any turbulent event 
(~ 10 μs). 
 
(2)  Combustor and Flames 

The combustor that we use is a piloted jet burner, 
designed along the same principle as the well-known 
Sydney burner [14].  It consists of a central fuel tube ID 
of 3.2 mm, a concentric outer tube with an OD of 19.1 
mm, and a pilot plate situated in the annulus between 
the two tubes and near the lip.  The pilot plate has three 
concentric rows of equally distributed holes, supporting 
tiny flames for stabilizing the primary jet flame.  While 
the central jet runs pure ethylene, premixed ethylene/air 
mixture at an equivalence ratio of 0.9 is supplied to the 

pilot holes at a flow rate corresponding to 2% of the 
energy release rate of the main jet.  With this design, 
we have shown good flame attachment for the ethylene 
jet flame for Re > 30,000, permitting study of flames 
with a wide range of Reynolds number.  The burner sits 
on top of a vertical wind tunnel, providing co-flowing 
air at 0.6 m/s to prevent room-air disturbance and 
provide well-established boundary conditions for flame 
modeling.  The whole assembly is mounted on a 
platform with XYZ translation to change the 
measurement location.   

In this work, we study four non-premixed ethylene 
jet flames, with the flow parameters and visible flame 
heights listed in Table 1.  Fast-shutter digital 
photographs of these flames are shown in Fig. 2, and 
clearly reveal the increase in flame wrinkling with 
respect to the increase in Re, ranging from 10,000 to 
25,000.  Out of these four flames, we choose the Re = 
20,000 as a target flame for detailed investigations, as 
this flame has sufficiently strong turbulence to test the 
robustness of combustion models, and yet not frequent 
local extinction as in Re = 25,000, which would pose a 
problem for flame modeling that typically does not treat 
local extinction and reignition. 
 
Table 1. Flow parameters for four piloted ethylene jet 
flames under investigation. 

Re 
Main Jet Exit 

Velocity  
(m/s) 

Pilot Fuel 
Flow Rate  

(slpm) 

Visible 
Height 
(mm) 

10,000 27.4 0.26 660 
15,000 41.0 0.39 760 
20,000 54.7 0.52 840 
25,000 68.4 0.66 860 
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Fig. 2. Fast-shutter (1/1600 s) photographs of ethylene jet flames stabilized on the piloted jet burner. 
 

3 

Figure 6.1: Fast-shutter photographs of ethylene jet flames stabilized on the piloted jet burner.
These figures are taken from Shaddix et al. [94,157,197]

Out of these four flames, we choose the flame with a fuel exit Reynolds number of 20,000 as the

target flame for our numerical investigation. This flame has sufficiently strong turbulence to test the

robustness of combustion models, and yet not frequent local extinction (as in the flame with a fuel

exit Reynolds number of 25,000), which would introduce additional modeling challenges to handle

local extinction and re-ignition.

This flame is representative of other turbulent sooting flames, and offers an ideal combustion

environment to study soot nucleation (close to the burner), soot growth by condensation and surface
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reactions (mid-height of the flame), and soot oxidation (close to the flame tip). This flame has been

selected as one of the target flames for the forthcoming International Sooting Flames (ISF) workshop

for the same reasons, and the present LES is the very first numerical study on this flame [26]. Details

about the flame configuration are provided in the next section.

6.3 Simulation details

The models previously described are integrated into LES of a non-premixed ethylene/air piloted

turbulent jet flame, experimentally investigated at the Sandia National Laboratories [94, 157, 196].

6.3.1 Flame configuration

A schematic of the burner configuration is depicted in Fig. 6.2. The burner consists of two concentric

Air   Pilot  Fuel  Pilot Air

Figure 6.2: Schematic of the burner configuration.

tubes, with high-speed fuel injection in the inner one, and low-speed injection of fuel/air mixture in

the outer one (pilot flame). The flame is attached to the burner and stabilized by 64 tiny premixed

pilot flames arranged in three concentric rings, which guarantee a flat pilot flow profile. While

the fuel jet delivers pure ethylene, premixed ethylene/air mixture at an equivalence ratio of 0.9 is

supplied as pilot stream, at a flow rate corresponding to 2% of the energy release rate of the main

jet. Finally, the burner sits on top of a vertical wind tunnel, providing wide co-flowing air to prevent



118

room-air disturbances. The characteristic parameters of the burner and the inlet co-flow are listed

in Table. 6.2.

Fuel jet inner diameter Dfi 0.0032 m Pilot inner diameter Dpi 0.0152 m
Fuel jet outer diameter Dfo 0.0045 m Pilot outer diameter Dpo 0.0191 m
Fuel jet wall thickness Wf 0.00065 m Pilot wall thickness Wp 0.00195 m
Fuel stream bulk velocity 54.7 m/s Oxidizer stream bulk velocity 0.6 m/s

Fuel stream inlet temperature 294 K Oxidizer stream inlet temperature 330 K
Pilot plane recession Lr 0.0032 m Pilot stream bulk velocity 0.43 m/s

Table 6.2: Characteristic parameters for the piloted turbulent jet flame.

A more detailed description of the burner configuration is given in [94, 157, 196]. Based on the

bulk velocity and diameter of the fuel jet, the jet Reynolds number is estimated to be approximately

Re = 20, 000. This high Reynolds number justifies the unity Lewis number assumption made in the

PAH relaxation model and the gas-phase combustion model described earlier [63].

6.3.2 Numerical set-up

The filtered conservation equations for mass, momentum, mixture fraction, progress variable, en-

thalpy loss parameter, and the two aromatic species mass fractions (benzene and naphthalene)

are solved in a cylindrical coordinate system using the NGA code [90]. The scalar equations are

discretized spatially using the BQUICK scheme [39].

Details about the numerical set-up, such as the boundary conditions, the choice of grid resolution,

and the generation of the flamelet library are provided below.

6.3.2.1 Boundary conditions

The boundary conditions for all the velocity components and scalar quantities are similar to the case

of the laminar flame, studied in Chapter. 3. These conditions are described in detail in Chapter. 3.1.3.

There are three inlet boundary conditions to specify, one for each of the three streams (fuel, pilot,

and air).

Instead using of a constant Dirichlet boundary inlet conditions as in the case of the laminar flame

studied in Chapter. 3, a time-dependent Dirichlet boundary condition is used in this simulation.
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The turbulent inlet velocity profile for the fuel stream is extracted from a separate, fully-developed

periodic pipe flow simulation with the experimentally measured axial mean bulk velocity. More

details are provided in Section 6.3.2.2. The velocity inlet profilesfor the pilot and air streams

are treated as flat with their corresponding bulk velocities shown in Table. 6.2. These boundary

conditions have been extensively used in the numerical investigations of similar turbulent non-

premixed jet flames [8, 56, 57, 58, 59, 60, 61, 171, 172].

In this simulation, gas-phase combustion is modeled using the extended Flamelet/Progress Vari-

able approach, as mentioned earlier. The species mass fractions are not transported along with the

flow field; instead, the flamelet variables (Z, C, and H) are transported. Their values, along with

those of the transported aromatic species mass fractions (benzene and naphthalene), at the inlet

boundaries are summarized in the following table.

Z C H YC6H6
YC10H8

fuel steam 1 0 0 0 0
pilot steam 0.0626 0.247 0 0 0

oxidizer steam 0 0 0 0 0

Table 6.3: Details of the inlet conditions for the transported scalar quantities.

In the pilot stream, the value for the mixture fraction variable is set to the stoichiometric value

for ethylene combustion in air (Z = Zst = 0.0626). The value for the progress variable is set to the

corresponding value on the burnt side of a one-dimensional ethylene/air freely-propagating premixed

planar flame (C = 0.247). This flame is computed using the FlameMaster code [103].

6.3.2.2 Fully-developed pipe flow simulation

A separate, incompressible, fully-developed periodic pipe flow simulation is performed to generate

the time history of the turbulent inlet velocity profile for the fuel stream. This time history is used

as input in the turbulent flame simulation. For this purpose, only the velocity field is solved for,

with no transported scalar. The pressure is imposed to be the ambient pressure, as specified in

the experimental study [94]. The density and viscosity of the flow is imposed from FlameMaster

calculations for ethylene at 294 K under ambient pressure (fuel conditions from [94]).
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In this large-scale simulation, the fuel pipe is simulated on a periodic domain in the stream-wise

direction. The pipe length is selected to be 10Dfi. The azimuthal direction is discretized using 64

uniformly distributed grid points. The mesh used in the radial direction contains 64 grid points

and is, beginning at the pipe wall, stretched towards the centerline of the pipe, using a hyperbolic

tangent function with a stretching rate of 2.8. In the axial direction, the grid is uniform, with 128

grid points. A plane cut of the computational domain at a fixed azimuthal angle is shown in Fig. 6.3.
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Figure 6.3: A plane cut of the computational domain at a fixed azimuthal angle (θ = 0).

No-slip boundary conditions are used at the pipe walls (top and bottom boundaries in Fig. 6.3).

Parabolic boundary conditions are used in the axial direction (left and right boundaries in Fig. 6.3).

A parabolic profile with the experimentally measured axial mean bulk velocity is used as initial

condition at the inlet boundary superimposed with random perturbations. The same LES closure

models are used in this pipe flow simulation, as those used in the turbulent flame simulation (dynamic

Smagorinsky model with Lagrangian averaging techniques, see Section 6.1.4.2).

The simulation is performed over 20 flow through time (0.011 second in physical time) to be

statistically stationary (fully-developed pipe flow). The simulation is then recorded for 0.1 second

in physical time, to provide the turbulent inlet velocity profiles, which will be used in the flame

simulation. To assess the performance of the pipe flow simulation, the time-averaged velocity profile

near the pipe wall is plotted in Fig. 6.4, in wall units.

The wall coordinate is calculated as

y+ =
yuτ
ν
. (6.48)

The dimensionless velocity is calculated as

u+ =
u

uτ
. (6.49)
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Figure 6.4: Velocity profile near the pipe wall.

In the above equations, the friction velocity is calculated as

uτ =

√
τw
ρ
, (6.50)

where the wall shear stresses is calculated as

τw = µ
∂u

∂y
|y=0 (6.51)

In Fig. 6.4, the grid point closest to the wall is shown to be at y+ ' 0.1. Therefore, the grid

resolution used in the pipe flow simulation provides a well resolved near-wall region. Quantitatively,

the asymptotic behavior, u+ = y+ is well captured in the viscous sublayer, for y+ < 5. In the

log-law region (20 < y+ < 200), the law of the wall is also well reproduced. Overall, the reasonably

good results from the pipe flow simulation provide high-fidelity inlet conditions for the fuel stream,

which are necessary for the accurate prediction of the turbulent flame.
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6.3.2.3 Choice of the computational domain and grid resolution for flame simulation

Based on the visible flame height (0.84 m) and width (0.2 m) measured in the experiments, the size

of the computational domain is selected to be 1m × 0.3m × 2π in the axial, radial, and azimuthal

directions, respectively (Fig. 6.2).

The discretization of the computational domain should be done with great care for three reasons.

First, the various co-flowing streams generate thin shear layers, which need to be well captured. It

requires a minimum level of grid resolution in the radial direction to capture these shear layers. Sec-

ond, soot formation occurs at downstream locations (x/d > 50 as observed in the experiments [94]),

and is very intermittent spatially. Once again, a minimum level of grid resolution in the axial di-

rection is required for the accurate prediction of soot formation and growth. Finally, the trade-off

between computational cost and accuracy sets an upper limit to the total number of grid points

(typically two to five million grid points) to make the simulation affordable. Based on the above

considerations, the grid points need to be distributed in an optimal fashion, to achieve high accuracy

and computational efficiency.

Following previous numerical investigations of similar piloted turbulent jet flames [8, 15, 22],

the general strategy for the discretization of the computational domain is the following. The grid

in the axial direction is the finest at the burner exit. To save some computational cost, the grid

can be, beginning at the burner exit, stretched downstream. A larger stretch rate may be used at

more downstream locations. The grid in the radial direction needs to be the finest within the shear

layers between the fuel and pilot streams and between the pilot and oxidizer streams. To save some

computational cost, the grid can be stretched away from the walls in each stream. In the azimuthal

direction, using 64 uniformly distributed grid points is a common practice in similar previous studies

and was shown to be sufficient to capture the complex turbulent flow field [8, 15, 22].

Following the general strategy described above, five different mesh configurations have been

developed for this simulation. Details of these meshes are summarized in the following table. For

these meshes, the smallest and largest cells in the axial direction are located at the burner exit at

the outflow plane, respectively. The smallest cell in the radial direction is located in the shear layer
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Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5
nx 234 296 192 384 468
ny 184 184 102 204 204
nz 64 64 64 64 64

Total grid points [×106] 3.3 3.5 1.25 5.0 6.1
∆xmin [mm] 0.15 0.1 0.2 0.1 0.1
∆xmax [mm] 29 24 36 18 8.2
∆rmin [mm] 0.03 0.03 0.05 0.025 0.025
∆rmax [mm] 33 33 58 29 29

Table 6.4: Details of the computation meshes tested at different grid resolutions.

between the fuel and pilot streams, while the largest cell in that direction is located at the edge of

the oxidizer stream. The total number of the grid points used in these meshes range from 2.5×106

to 6.1×106.

Mesh 1 and Mesh 2 are preliminary testing meshes used to initiate the simulation. Mesh 4 is

more refined than Mesh 1 and Mesh 2 in both the axial and radial directions and is the mesh used

for the final simulations. Mesh 3 is twice coarser than Mesh 4 in both axial and radial directions.

The grid point distribution used in Mesh 5 is the same as in Mesh 4 in the radial direction. However,

the grid is more refined (by a factor of more than 2) for Mesh 5 than for Mesh 4 at downstream

locations (x/d > 50) in the axial direction where soot forms. The grid used in the azimuthal

direction for all five meshes is the same. The sensitivity of simulation results on the computational

grid are illustrated in the following, using Mesh 3, Mesh 4, and Mesh 5. For these three meshes,

the corresponding grid spacing diagrams in the axial (∆x) and radial directions (∆r) are shown in

Fig. 6.5.

As aforementioned, the two most important locations in the flame under study are the shear

layers close to the burner lip and the downstream locations where soot forms Both need to be

well-captured with appropriate grid resolution. Effects of the grid resolution on important flow and

combustion characteristics at these two locations are shown separately, by comparing simulation

results obtained using Mesh 3, 4, and 5.

To investigate the effects of grid resolution on the shear layers, time-averaged mixture fraction,

Z̃, axial velocity, Ũ , and root mean square of mixture fraction, Zrms = Z̃2 − (Z̃)2, are plotted at

two upstream locations (2.5 mm, x/d ' 0.8, and 5 mm, x/d ' 1.6, from the burner exit plane)
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Figure 6.5: LES grid stretching diagram for the three different resolutions. The axial direction is
shown in the left column. The radial direction is shown in the right column. The insets in the graphs
show zooms of the grid around the fuel nozzle.
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Ũ
[m

/s
]

 

 

Mesh 3
Mesh 4

(d) Stream-wise velocity, 5 mm downstream.
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Figure 6.6: Time-averaged important characteristics at two locations close to the burner lip. Left
column: 2.5 mm downstream of the burner lip. Right column: 5 mm downstream of the burner lip.
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using results obtained with Mesh 3 and 4. Results obtained using Mesh 5 is not included since Mesh

5 uses the exact same grid as Mesh 4 in these shear layers. The Favre-averaged mean velocity is

shown to focus on the development of the Kelvin-Helmholtz instability and the shear layer. The

mean and root mean square of mixture fraction highlight the mixing of fuel and air in the turbulent

shear layer. These three quantities are critical in reproducing any turbulent flames. For all these

quantities, Fig. 6.6 shows that both meshes provide virtually the same results. Using an even finer

grid than Mesh 4 in these shear layers will burden the simulation with additional computational

cost, and is expected to have negligible effects on the fluid mechanics and primary combustion

characteristics (mixture fraction). Overall, Mesh 4 provides sufficient grid resolution to characterize

the shear layers without introducing too much computational overload.

Soot does not form close to the burner exit and is only present at downstream locations far from

the burner exit plane (x/d > 50). To investigate the effects of axial grid resolution on soot formation

at these locations, time-averaged soot volume fraction is plotted in Fig. 6.7 at two downstream

locations (x/d =50 and 140) using results obtained with Mesh 4 and 5. The first location corresponds

to where soot inception is observed, and the second location corresponds to where the maximum

mean soot volume fraction is found (See Section 6.4).
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Figure 6.7: Time-averaged soot volume faction at two different locations for three different meshes.

At both downstream locations, due to the reduced axial velocity in the turbulent jet, the char-

acteristic flow time scale is much larger than close to the burner. Therefore, simulation results need
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Figure 6.8: A plane cut of the computational domain at a fixed azimuthal angel (θ = 0).

to be averaged over a longer time period to eliminate artificial oscillations in the time-averaged

statistics. This requires a longer simulation time. The run with the final mesh (mesh 4) is averaged

over 0.89 second (physical time), the run with Mesh 3 is averaged over 0.11 second (physical time),

and the run using Mesh 5 is averaged over 0.035 second (physical time). At both locations, only

minor differences between results using Mesh 4 and 5 are observed, while large deviation is found

between these results and those obtained using a coarser mesh (Mesh 3). The differences observed

between results obtained with Mesh 4 and 5 at x/d = 140 are likely due to the short period of time,

over which the simulation results using Mesh 5 are averaged.

Based on the above analysis, Mesh 4 provides sufficient grid resolution both in the shear layers

close to the burner lip and at downstream locations where soot forms. This grid is used in the

following for the turbulent flame simulation. A plane cut of the this mesh at a fixed azimuthal angel

(θ = 0) is depicted in Fig. 6.8.
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The present analysis of the sensitivity of the simulation results to the resolution of the compu-

tational grid is, to the best of the author’s knowledge, the best that can be done.

6.3.2.4 Generation of the flamelet library

The detailed chemical mechanism employed in the present flamelet-based combustion model is the

same as the one used in the previous chapter for the perturbed flamelet analysis [25]. Similar

to previous chapters, the unsteady flamelet equations (Eqs. 6.6 and 6.14) are solved using the

FlameMaster code [103]. The resulting flamelet library leads to a smooth mapping of all the branches

of the S-shaped curve. It is discretized with 100 × 25 × 100 × 100 grid points in Z̃, Z̃ ′′2, C̃, and

H̃ directions, respectively. This flamelet library is the largest one that can be generated, given

the memory per processor on the accessible, scientific computing platforms operated by the U.S.

Department of Energy and the U.S. National Science Foundation.

6.3.2.5 Preliminary verification

The radial profile of temperature 5 mm downstream of the burner exit (x/dsimeq1.6) is compared

to the measured temperature profile using line Rayleigh imaging [94]. It can be seen that the both

the shape and magnitude of the experimentally measured profile is very well reproduced by the LES

(Fig. 6.9).
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Figure 6.9: Radial profile of the temperature 5 mm downstream of the burner lip.
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The good agreement with experimental measurements indicates that the current modeling strat-

egy for the pilot flames is appropriate. More precisely, the ensemble of the 64 tiny premixed pilot

flames (in the experimental set-up) can be modeled as a single pilot flame with flat velocity inlet

profile, as has been done in similar previous numerical studies [8, 15, 22]. Further, the good agree-

ment between the simulation results and experimental measurements between r =5 mm and r =10

mm indicates that the mixing process is well captured. This further justifies that the grid resolution

selected is sufficient to well characterize the shear layers between different flow streams.

Unfortunately, no species measurements or other temperature measurements are provided as

part of the original experimental work [94]. Under these conditions, the quality of the numerical

predictions may not be fully assessed.

6.3.3 Computational cost

In this simulation, the size of the computational time step, ∆t, is determined by the limiting convec-

tive Courant-Friedrichs-Lewy (CFL) number, u∆t/∆x, where u is the convective velocity and ∆x

is the computational cell size. The CFL number reaches its maximum at the burner exit where the

smallest computational cells are present and the flow velocity is the highest. Given the computa-

tional cell size at the burner exit (∆x = 6.5×10−5m) and the fuel injection velocity (vf = 54.7m/s),

the time step size is fixed at ∆t = 1 × 10−6s to ensure a convective CFL number smaller than 0.8

throughout the computational domain, for stability considerations. The numerical simulation is run

over eight flow-through times to obtain a statistically stationary flow field. However, due to the

large time scales associated with soot formation, more than ten flow-through times are required to

obtain converged soot statistics. The flow-through time, defined as

tf =

∫ L

0

dx

u
(6.52)

along the flame centerline, is calculated to be tf = 0.09s. Therefore, the simulation is advanced for

tf/∆t ' 9× 104 time steps.
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The simulation requires typically 168 processors to achieve the highest computational efficiency,

and the computational time spent per time step is around 11s (310µs per grid point). The contribu-

tion from each of the numerical processes is shown in Table. 6.5. Under these conditions, the total

Momentum Pressure Scalar Combustion Soot Sub-grid models
Time/step [s] 0.82 5.70 1.43 1.02 1.37 0.66
Time/step [%] 5.05 53.1 13.3 9.55 12.8 6.2

Table 6.5: Computational time spent per time step.

computational cost of the simulation is around 0.5 million CPU hours. The actual run time of the

simulation is more than three months. For reference, the simulation of the non-reacting counterpart

of the same turbulent jet is found to be approximately 7 times less computationally demanding.

6.4 Results and discussion

6.4.1 Instantaneous fields

The instantaneous fields of temperature, benzene mass fraction, naphthalene mass fraction, and soot

volume fraction are depicted in Fig. 6.10. As expected, the main flame is attached to the burner

due to the presence of the pilot flame. The yield of aromatic species and soot is predominant in fuel

rich regions inside the stoichiometric mixture fraction iso-contour.

The formation of benzene is shown to initiate at x/d ' 15, while naphthalene is observed to form

only after x/d ' 50. Soot formation occurs at locations even more downstream at x/d ' 90. These

lags in formation locations reflect the combined effects of the sequential formation of aromatic

species and soot, and the large time scales governing their formation. Soot volume fraction and

naphthalene mass fraction are found to be highly intermittent, where thin and confined regions of

high soot volume fraction are followed by extended low soot volume fraction regions [42], similarly

to the experimental observations [94].
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Figure 6.10: Instantaneous fields of temperature, benzene mass fraction, naphthalene mass fraction,
and soot volume fraction. The iso-contour of stoichiometric mixture fraction (indicating the flame
front) is shown in solid line.

6.4.2 Mean soot profile

To highlight the effects of the interactions between turbulence and PAH chemistry on soot, a separate

LES is performed, in which aromatic species concentrations are tabulated directly using steady-

state flamelet solutions (Eqs. 6.15 and 6.34), as for all other gas-phase species. As a consequence,

aromatic chemistry-turbulence interactions are not included in this LES. In the following discussion,

this second simulation is referred to as ”steady-state LES”, while the original simulation (aromatic

species being transported) is referred to as ”relaxation LES”. As such, the only difference between the

two LES simulations is the inclusion of the PAH relaxation model. Results from both simulations

are compared to experiments, to quantify the effects of turbulence-chemistry interaction on the

evolution and distribution of soot.

Figure 6.11 shows the time-averaged soot volume fractions on the flame centerline from both

LES and from laser-induced incandescence measurements [196]. The relative uncertainty of the ex-
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Figure 6.11: Mean soot volume fraction on the flame centerline.

perimental data was ±20% [196]. Comparison between LES data and experimental results indicates

that the relaxation LES predicts the mean soot distribution reasonably accurately. The simulation

predicts the correct location of soot inception around x/d = 50, where the gradual increase in soot

volume fraction through inception and growth is also qualitatively well reproduced. The peak in

soot volume fraction occurs close to x/d = 150 in both experiments and the relaxation LES. The

location where soot peaks corresponds to where soot nucleation balances soot oxidation. Since the

height of the flame is reasonably well predicted compared to experimental observations [94], the

peak soot location is well predicted in the simulation. The optical depth was calculated to be 0.02

(� 1) through a flame radius at the peak soot location (x/d ' 150). The optically thin assumption

made in Section 6.1.4 is therefore acceptable. The magnitude of the mean soot volume fraction is

slightly under-predicted for x/d < 180. This might be primarily due to the under-estimated filtered

naphthalene dimerization rate (Eq. 6.47) and the exclusion of PAH species larger than naphthalene

in the present study. Including more species to nucleate from would increase the total soot yield.

At x/d > 180, oxidation dominates and eliminates soot. The relatively satisfactory mean volume

fraction predictions at these locations indicate that the oxidation process is also well captured.

On the other hand, the steady-state LES predicts a lower soot yield and a slightly shifted soot

profile towards the burner exit (peak in soot volume fraction occurs around x/d = 130). Furthermore,

the increase in soot volume fraction, depicting the soot inception processes, starts closer to the burner

exit. This pre-mature soot nucleation is not surprising as the yield of aromatic species is already at
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the flamelet-predicted steady-state values at the burner exit.

6.4.3 Effects of PAH chemistry-turbulence interaction

From steady-state flamelet calculations using the same combustion configuration as in the turbulent

sooting flame, it is found that the mass fraction of benzene (C6H6) reaches its maximum at a

mixture fraction value around ZC6H6
= 0.25, and the mass fraction of naphthalene (C10H8) reaches

its maximum at a mixture fraction value around ZC10H8 = 0.23. To investigate the importance of the

interactions between turbulence and aromatic chemistry, the relaxation LES results are compared

to the solutions of the steady-state flamelet equations for C6H6 and C10H8 along mixture fraction

iso-contours at ZC6H6 and ZC10H8 , respectively, as shown in Fig. 6.12. The mean profiles of C6H6 and

C10H8 mass fractions, conditioned on mixture fraction, Z, scalar dissipation rate, χ, and enthalpy

defect, H, are plotted in Fig. 6.12 as well.
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Figure 6.12: Mass fractions of C6H6 and C10H8 sampled at ZC6H6
and ZC10H8

, respectively, from
the relaxation LES are shown in red dots. Mean profiles conditioned on mixture fraction, Z, scalar
dissipation rate, χ, and enthalpy defect parameter, H, are plotted in black dash line. The steady-
state flamelet solutions are shown in blue solid line.

Within the range of scalar dissipation rates encountered in the relaxation LES, benzene mass

fraction values fall in the range 10 < YC6H6
[ppm] < 2000, while naphthalene mass fraction spans

a much wider range 0.1 < YC10H8 [ppm] < 200. Even in the absence of turbulent fluctuations
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(steady-state flamelet solutions), the mass fraction of naphthalene displays a significantly stronger

sensitivity to scalar dissipation rate compared to benzene. Significant scatter around the mean

values is observed for both species, which may be explained by the rapidly changing turbulent flow

field and the slowly adjusting chemical species. This result is consistent with findings from previous

studies [42]. Furthermore, it can be seen that mass fractions of both benzene and naphthalene

obtained from the relaxation LES do not scatter around the steady-state flamelet prediction. The

difference between the conditional mean profile of the LES data and the flamelet prediction is more

pronounced for naphthalene than for benzene. Similar behaviors have been found in previous studies

of non-premixed flames under forced perturbation for species with relatively slow chemistry [83,

84]. These differences result primarily from the substantial turbulent unsteady effects on aromatic

chemistry, and demonstrate that direct chemistry tabulation using steady-state flamelet solutions

(Eqs. 6.15 and 6.34) is not appropriate for these aromatic species [25]. The flamelet solution at

low scalar dissipation rate overestimates the mass fraction of both benzene and naphthalene. The

difference is due to unsteady flamelet effects, which are known to be more pronounced at low scalar

dissipation rate [16, 42].

In Figs. 6.13 and 6.14 time-averaged fields of naphthalene mass fraction and soot volume fraction

obtained from the relaxation LES are compared against those obtained from the steady-state LES.

Several observations can be made.

First of all, a systematic lag in the formation locations of benzene, naphthalene, and soot is

observed between the two simulations. These aromatic species and soot are found to form at locations

closer to the burner exit in the steady-state LES. Their delayed formation in the relaxation LES is

due to the interactions between turbulence and their slow chemistry. It is interesting to note that

the locations at which aromatic species concentrations and soot volume fraction peak (x/d ' 150)

are practically the same between these LES, despite the differences in inception locations. Second,

taking into account these unsteady effects (by transporting aromatic species) leads to larger aromatic

species concentrations. This is primarily due to the non-monotonic time-evolution of the aromatic

species and their chemical source terms [25]. The maximum mean mass fraction of benzene is around
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Figure 6.13: Time-averaged fields of naphthalene mass fraction. Results obtained using the relax-
ation model for transported aromatic species are shown on the left half. Results obtained using
tabulated aromatic species concentrations are shown on the right half. The iso-contour of stoichio-
metric time-averaged mixture fraction (indicating the flame front) is plotted in white solid line.
Radial profiles are plotted at x/d = 30 and x/d = 120.

1.6 times larger in the relaxation LES than in the steady-state LES. A similar observation can be

made for naphthalene. The maximum mean soot volume fractions found in the relaxation LES and

steady-state LES are 0.36 ppm and 0.15 ppm, respectively. This factor of 2.4 difference in soot

is consistent with the factor of 1.5 difference observed in naphthalene, since the dimerization rate

leading to soot nucleation scales as the naphthalene mass fraction to the second power (Eq. 6.47).

Finally, lower temperatures are found in the relaxation LES, compared to the steady-state LES,

as shown in Fig. 6.15. These differences (' 100K) are found at the same locations where large soot

volume fraction is observed. They are due to the more pronounced radiative heat losses captured in

the relaxation LES, associated with a larger predicted soot yield. Consequently, the relaxation LES

predicts a flame 7% longer than that predicted by the steady-state LES [94, 197, 198].
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Figure 6.14: Time-averaged fields of soot volume fraction. Results obtained using the relaxation
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Figure 6.15: Mean profiles on the flame centerline.
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6.4.4 Soot volume fraction fluctuations

Chemistry-turbulence interactions impact not only mean quantities, but also the fluctuations in soot,

as shown in Fig. 6.16. Probability Density Functions (PDF) of soot volume fraction are calculated

at mid-height (x/d = 140) and at an elevated height (x/d = 200) on the flame centerline, and they

are compared against experimental measurements [157]. The experimental data on soot volume

fractions are obtained using the 3-line diagnostic [94], with a relative uncertainty of ±12% [199].
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Figure 6.16: PDFs of soot volume fraction at two locations on the flame centerline.

At x/d = 140, both the mean value and the magnitude of fluctuations (width of the PDF) are well

captured by the relaxation LES; although occurrence of low soot volume fractions (fv < 0.2 ppm) is

slightly over-predicted. In contrast, the steady-state LES predicts a lower mean, as aforementioned,

and significantly smaller fluctuations (narrower PDF).

At x/d = 200, the steady-state LES still over-predicts the occurrence of low soot volume fractions.

The experimentally observed peak in soot volume fraction PDF centering at fv ' 0.2 ppm is not

well captured. It also fails to predict the tail in the experimentally measured PDF at large soot

volume fractions: no occurrence of fv > 0.4 ppm is predicted. In the relaxation LES, the tail of

the PDF is much better reproduced, since larger fluctuations are enabled by taking into account

chemistry-turbulence interactions using the relaxation model [25].

In the steady-state LES, the fluctuations in the mass fractions of different species, including PAH
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species, primarily come from the fluctuations in the flamelet independent variables, namely, mixture

fraction, Z, progress variable, C, and enthalpy defect, H. As can be seen in Fig. 6.16, including

only these fluctuations in PAH mass fractions leads to significantly underestimated fluctuations in

soot volume fraction, compared to the experimentally measured data. On the other hand, in the

relaxation LES, fluctuations in the chemical source terms of PAH species are taken into account,

through the relaxation model. These fluctuations come not only from the fluctuations in the flamelet

independent variables through tabulation, but, also, from the turbulent transport of PAH species.

By comparing the steady-state and relaxation LES results, it can be concluded that the turbulent

transport of PAH species represents the major contributor to soot fluctuations.
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Chapter 7

Conclusions and future directions

7.1 Conclusions

Presumed local flame structures (flamelets) have been shown to be a promising framework for the

efficient numerical modeling of non-premixed reacting flows [53, 54, 55, 56, 57, 58, 59, 60, 61, 22, 62].

In the present study, new numerical models were developed for both laminar and turbulent flames,

and tested under laboratory-scale configurations. Particular attention was given to the inclusion of

multi-dimensional convection and diffusion effects in laminar non-premixed reacting flows and the

proper treatment of unsteady chemistry-turbulence interactions for large aromatic compounds in

turbulent non-premixed reacting flows.

7.2 Modified flamelet equations for YSI predictions

Conventional flamelet model was shown to be incapable of predicting the correct species mass frac-

tions along the axis of a methane-air confined axisymmetric laminar co-flow diffusion flame. The

main reasons for the failure of the conventional flamelet model were found to be the exclusion of

multi-dimensional diffusion effects and the inability of capturing the strong convection effects on the

rich side of the flame.

In an effort to overcome these deficiencies, a modified flamelet equation, valid only on the cen-

terline of the flame, was proposed. Using the proposed modified flamelet model, sooting tendency

(YSI) predictions were made for a wide range of aliphatic and aromatic hydrocarbons. The sooting
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tendencies were estimated from the increment of PAH dimer production rate on the centerline of

the flame when it is doped by a test species, without using an explicit soot model. Direct numerical

simulation with detailed finite-rate chemistry was conducted a priori as reference results, and to

provide the information required.

The present model is able to reproduce the species mass fractions correctly on the flame centerline.

Furthermore, it suggests that the YSI of different hydrocarbons can be predicted by considering

exclusively the chemistry mechanism, based on the knowledge of the undoped flame. This result is

consistent with experimental observations [93]. Comparison between YSI in the literature and their

predicted values has shown reasonably good agreement, and has highlighted deficiencies in the PAH

formation sub-mechanism.

7.3 Curved flamelet formulation

The physical mechanism behind the aforementioned strong convection effects on the rich side of

the flame was investigated further. A new flamelet formulation was derived, and its consistency

was examined under different conditions. The convective velocities were found to result from the

combined effects of the non-negligible curvature of mixture fraction iso-surfaces and the non-unity

Lewis number transport of species in laminar non-premixed flames. Curvature was found to affect

the transport of species by introducing a convection term in mixture fraction space.

To incorporate curvature effects in the one-dimensional flamelet formulation, tubular counter-

flow diffusion flames and unsteady spherical mixing layers were selected to represent various curved

flamelet structures. An approximate form for the scalar dissipation rate as a function of mixture

fraction was found numerically for both configurations. Curvature was treated as constant in mix-

ture fraction space to a first approximation. With the proposed form of scalar dissipation rate and

curvature, one-dimensional numerical calculations using a detailed chemical mechanism were per-

formed at different curvature values. Results showed that differential diffusion effects are enhanced

by the presence of negative curvature, but reduced by the presence of positive curvature. Only minor

curvature effects were observed for species with Lewis numbers close to unity.
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The importance of this curvature-induced convection term was highlighted through a budget

analysis based on the full chemistry simulation results for an axisymmetric laminar co-flow diffu-

sion flame. A comparison was made on the flame centerline between species mass fraction profiles

obtained from the full chemistry simulation and chemistry tabulation methods with and without

curvature effects. A flamelet library without curvature effects was constructed a priori using flamelet

solutions with a series of prescribed scalar dissipation rate values, while the one with curvature ef-

fects was established using flamelet solutions with the same prescribed scalar dissipation rate values

and several prescribed curvature values. It was found that the chemistry tabulation based on curved

flamelets gave significantly better results compared to its counterpart using planar flamelets, and

achieved very good agreement with full chemistry simulation results.

Overall, chemistry tabulation based on solutions of the curved flamelet equations presents an

attractive technique for gas-phase combustion modeling in laminar and mildly turbulent flames,

since it has been found 100 times more efficient computationally than full chemistry calculations,

yet with almost identical accuracy.

7.4 Chemistry-turbulence interactions

In previous work from the literature, the unity-Lewis number assumption has been found valid in

the limit of sufficiently large Reynolds number, and the conventional flamelet model has been shown

to represent well the conditional means of species mass fractions in piloted turbulent methane/air

jet flames as the Reynolds number was increased [63, 66]. Consequently, the various issues pointed

out for laminar flames become negligible in turbulent non-premixed reacting flows [25], as curvature

effects and tangential diffusion are proportional to 1− 1/Lei [24].

In these turbulent non-premixed flames, motivated by the inability of existing steady-state

flamelet formulations to account for the interactions between unsteady chemistry and fluid mo-

tions [42, 22], a new relaxation model was proposed for large aromatic compounds. This model was

developed by examining the response of different species mass fractions to turbulent unsteadiness

utilizing the one-dimensional unsteady diffusion flamelet model. Turbulent effects were modeled
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through abrupt changes in the scalar dissipation rate. Steady-state flamelets at various initial stoi-

chiometric dissipation rates were perturbed and the relaxation towards a new steady-state solution

was analyzed.

It was found that gas-phase chemistry responds extremely fast for some radicals, such as OH and

H, and still fast but to a lesser extent for small species, such as CO, CO2, and C2H2. The steady-state

flamelet assumption for these species is well justified and their mass fractions can be pre-tabulated

legibly using the flamelet library based on solutions to the steady-state flamelet equations.

However, for polycyclic aromatic species (such as naphthalene and phenanthrene), the chemical

production terms were found to be linearly proportional to the mass fraction of smaller aromatic

species, and the chemical consumption terms were found to be linearly proportional to their own

mass fractions. This type of behavior was explained by identifying the major pathways leading to

the production and consumption of these PAH species. Based on these analyses, a linear relaxation

model was proposed for PAH, and validated for several selected species in the context of unsteady

flamelets. It was also shown that significantly better results were obtained using the proposed

relaxation model over using previously developed relaxation models.

7.5 Effects of chemistry-turbulence interactions on soot for-

mation

The effects of turbulent unsteadiness on the formation of aromatic species and soot were investigated

further in a non-premixed ethylene/air piloted turbulent jet flame. Large-Eddy Simulations (LES)

were performed on this flame. Transport equations for benzene and naphthalene mass fractions were

solved along with the flow field to capture unsteady aromatic chemistry-turbulence interactions.

Several interesting conclusions can be drawn from the simulation. First, these interactions lead

to a delayed inception of aromatic species away from the burner exit. The resulting inception

locations for soot were shown to be in good agreement with experimental measurements [94]. Second,

aromatic chemistry-turbulence interactions are also important to reproduce correctly the soot yield
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in the flame. Neglecting these interactions (steady-state LES) leads to the under-prediction of the

maximum mean soot volume fraction by a factor of three [157]. Finally, turbulent unsteadiness is

critical to capture the strong fluctuations in soot volume fraction. Significant under-prediction of

the occurrence of high soot volume fractions were observed when chemistry-turbulence interactions

were not included for aromatic species [157].

7.6 Recommendations for future work

A relaxation model has been developed for the non-equilibrium reaction-diffusion process for large

aromatic compounds in turbulent reacting flows [25]. The associated analysis also suggests a pos-

sible means for the systematic reduction of chemical mechanisms, not solely based on the chemical

kinetics, but from a local flame structure point of view. The same methodology can be extended to

investigate the evolution of other pollutants (e.g. NOx and SOx) with slow chemistry. Additionally,

more fundamental concerns can be addressed, such as those associated with the effects of temporal

turbulent intermittency on the formation of slow-chemistry molecules [83, 200].

Although the one-dimensional curved flamelet formulation offers attractive advantages, tangen-

tial diffusion effects are still not taken into account [24]. These effects lead to the breakdown of

the presumed one-dimensional flame structure. Simple combustion modeling concepts that do not

presume such a locally one-dimensional flame structure need to be developed.

As an initial step towards realizing this goal, a combined approach may be considered. More

precisely, the flamelet model, which is capable of capturing main combustion features, can be used

to describe the distribution of reactants and major products. In addition, concentrations of complex

combustion products and intermediates can be used to represent local flow characteristics due to

their high sensitivity to strains and flame curvature. Combining flamelet-predicted major species and

several constrained critical intermediates, Rate-Controlled Constrained-Equilibrium (RCCE) [201]

calculations can be performed to generate the database for chemistry tabulation, later used in flow

simulations. This combined flamelet-RCCE approach would present a necessary first step towards

reacting flow modeling without presuming local flame structures.
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Appendix A

Modified flamelet equations on the
centerline of axisymmetric laminar
co-flow diffusion flames

Using the continuity equation (Eq 2.1), the transport equations for mixture fraction (Eq. 2.6) and

species mass fractions (Eq. 2.8), and the boundary conditions on the centerline (Eq. 3.9), the com-

plete modified flamelet equations used in Chapter 3 for sooting tendency predictions are

u
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1− 1
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)
∂Yi
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=
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2
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(A.1)

These equations are obtained by recombining diffusion in φ with diffusion in Z. The resulting com-

plete modified flamelet equations include the molar diffusion, mass correction, and molar correction

terms, with the global aggregate scalar dissipation rate χ′.
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Appendix B

Curved flamelet formulation

B.1 Detailed derivation of the flamelet equations including

curvature effects

The transformation rules (Eq. 4.4) are applied to the species transport equations (Eq. 2.8).

The time-dependent term becomes

ρ
∂Yi
∂t

= ρ

(
∂Yi
∂τ

+
∂Yi
∂Z

∂Z

∂t
+
∂Yi
∂Z2

∂Z2

∂t
+
∂Yi
∂Z3

∂Z3

∂t

)
. (B.1)

Using Eq. 4.5, the convection term is transformed to

ρu · ∇Yi = ρu ·
(
∂Yi
∂Z
∇Z +

∂Yi
∂Z2
∇Z2 +

∂Yi
∂Z3
∇Z3

)
(B.2)

The diffusion term can be split into two parts

∇ ·
(
ρ
D

Lei
∇Yi

)
=
ρD

Lei
∇2Yi +

1

Lei
∇ (ρD) · ∇Yi (B.3)
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By applying the Laplacian operator (Eq. 4.7) to Yi, the first part becomes

ρD
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∇ · (∇Yi) =

ρD

Lei

(
∂2Yi
∂Z2
|∇Z|2 +

∂2Yi
∂Z2

2

|∇Z2|2 +
∂2Yi
∂Z2

3

|∇Z3|2
)

+
ρD

Lei

(
∂Yi
∂Z
∇2Z +

∂Yi
∂Z2
∇2Z2 +

∂Yi
∂Z3
∇2Z3

)
+

2ρD

Lei

∂2Yi
∂Z2∂Z3

(∇Z2 · ∇Z3) (B.4)

Using the form of the gradient operator (Eq. 4.5), the second part becomes
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Therefore, the diffusion term becomes
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(B.6)

The second and third terms on the right hand side of the above equation can be regrouped as
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Similarly, The following terms on the right hand side of Eq. B.6 can be recombined as
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Combining the different terms and using the transport equation for mixture fraction (Eq. 2.6),

one obtains the flamelet equations in its final form
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(B.10)

where χ and χk are defined in Eq. 4.9.
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B.2 Comparisons with the flamelet equations proposed by

Williams

In the limit of unity Lewis numbers, Williams proposed to rewrite the species transport equations

with respect to mixture fraction [52]. These equations take the following form

ρ
∂Yi
∂t

+ ρu⊥ · ∇⊥Yi

= ω̇i + ρD|∇Z|2 ∂
2Yi
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Normal diffusion DZ

+∇⊥ · (ρD∇⊥Yi)− ρD∇⊥(ln |∇Z|) · ∇⊥Yi, (B.11)

where the subscript ⊥ denotes components in the plane normal to the mixture fraction Z direction.

More precisely,
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∂Z
∇Z,

∇⊥.v = ∇ · v− ∂v

∂Z
· ∇Z,

u⊥ = u− u · ∇Z, (B.12)

where s represents an arbitrary scalar, v represents an arbitrary vector, and u is the velocity vector.

Under unity Lewis number assumption, the above the flamelet formulation proposed by Williams

is equivalent to the currently proposed flamelet formulation. In this limit, Eq. 4.8 simplifies to
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. (B.13)
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In Eq. B.11, the normal diffusion term DZ takes the same form as in the currently proposed

flamelet equations (Eq. B.13). Explicit connections can be made for the other terms between Eq. B.13

and Williams’ flamelet formulation (Eq. B.11). The first two terms on the LHS of Eq. B.11 corre-

sponds to the flamelet unsteady term (First on the LHS of Eq. B.13) and the Lagrangian transport

term Lt (Williams omitted the time dependence of tangential coordinates Z2 and Z3).

The third term on the RHS of Eq. B.11 can be expanded as

∇⊥ · (ρD∇⊥Yi) = ∇ · (ρD ∂Yi
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. (B.14)

This term contains both the tangential diffusion Dt and the tangential convection Ct and an addi-

tional term F .

The last term on the RHS of Eq. B.11 can be rewritten as

−ρD∇⊥(ln |∇Z|) · ∇⊥Yi = −ρD∇(ln |∇Z|) · ∇⊥Yi

= −ρD1

2
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2

[
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= −ρD ∂
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(∇Z) · (∇⊥Yi)

= ∇Z · ∂
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(ρD∇⊥Yi) . (B.15)

This term compensates exactly the additional term F found in Eq. B.14.

The current form of the flamelet equations, equivalent to Williams’ formulation, is preferred since

the effects of the different processes can be explicitly identified.
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B.3 The complete curved flamelet equations

The complete one-dimensional steady-state laminar diffusion flamelet equations including curvature

effects are given by
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(B.16)

In the above equation, u · ∇Z is calculated as

u · ∇Z =
1
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+
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D

∂ρD

∂Z

)
+ κ

√
χD

2
. (B.17)
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Appendix C

Review of the derivation of
flamelet equations including
curvature effects

The steady-state flamelet model [49, 50] has been a popular modeling approach in simulating both

laminar and turbulent non-premixed flames. The three substantial simplifications made by the

flamelet model are that combustion takes place in a thin layer close to the flame front, diffusion in

the direction parallel to the local iso-surface of mixture fraction is negligible, and the local flame

surfaces are essentially flat [24]. Recently, Kortschik et al. proposed a new derivation of the flamelet

equations with the goal of capturing the effects of flame curvature [73]. Unfortunately, several subtle

inconsistencies arise in the derivation. Very recently, Xu et al. re-derived the flamelet equations

considering curvature effects and partially addressed these inconsistencies [75]. The objective of this

work is to formally identify these inconsistencies.

C.1 Galilean transformation

The coordinate transformation used in [73] and in [75] is the same and is composed of two steps.

In the first step, the initial Cartesian system (X1, X2, X3) is rotated in such a way that the new

coordinate x1 is normal to the mixture fraction iso-surface. Consequently, the new coordinates x2

and x3 lie in the plane tangent to the local mixture fraction iso-surface. In the second step, the x1

coordinate is replaced by the mixture fraction and the other two coordinates are left unchanged.
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The first inconsistency is related to the first coordinate change, namely the rotation. In itself,

this coordinate transformation used by both authors is appropriate (as long as the transformation

Jacobian is non-zero, i.e. ∂Z/∂x1 6= 0). However, Kortschik et al. further assume that “the

coordinate x1 is normal to the local mixture fraction iso-surface” (page 148 of [73]). Making this

assumption at every point in the domain implies that the first transformation is not a Galilean

transformation. For reference, a Galilean transformation is a transformation between two reference

frames that corresponds to a constant relative motion between these frames. This is equivalent to

saying the entire space is rotated all at once. In other words, every point in the domain has the

exact same x1, x2, and x3 axes.

As every point along an iso-surface of mixture fraction does not have the same x1 axis (i.e. they

do not have the same normal directions), then the first transformation (used by Kortschik et al.)

is not Galilean. This conflicts with the expression used for the species transport equations (Eq. 5

in [73]) as gradient and divergence operators are written using only the ∂/∂x1, ∂/∂x2, and ∂/∂x3

terms. Using a frame of reference that rotates with the flame (i.e. not a Galilean transformation) is

mathematically possible, but additional terms would need to be added to these transport equations.

This is analogous to what happens when changing from a Cartesian coordinate frame to a polar,

cylindrical, or spherical coordinate frame (i.e. new terms in 1/r are introduced).

In summary, the various assumptions made by Kortschik et al. about the change of coordinates

assumes implicitly there is no curvature, i.e. the flame is flat. Only under this condition, can

the x1 axis be both the same everywhere in the domain and perpendicular to the mixture fraction

iso-surface.

In the more recent work by Xu et al., the authors made a similar assumption of alignment between

the x1 axis and the gradient of mixture fraction (see for instance Eq. A.26 in [75]). However, the

major difference is that their flamelet equations were obtained by considering flamelets on the axis

of an axisymmetric case. Since these flamelets are located directly on the x1 axis and x1 is always

perpendicular to the mixture fraction iso-surface for every point of these flamelets, then the condition

of alignment is always fulfilled (see Fig. 3 in [75]). Unfortunately, this also means that their flamelet
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equations are only valid on the axis of symmetry.

C.2 Coordinate transformation rules

After the first coordinate transformation (i.e. the rotation), the x1 coordinate is replaced by the

mixture fraction, while the other two coordinates are left unchanged,

x1 → Z(x1, x2, x3), x2 = Z2, x3 = Z3 . (C.1)

corresponding to Eq. 13 in [73] and Eq. A.4 in [75]. This coordinate transformation leads to the

following rules for derivative changes (Eq. 14 in [73] and Eq. A.5-8 in [75] ),

∂
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· ∂
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Z2,Z3

+
∂

∂Z3
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Z1,Z2

. (C.2)

The subscripts imply that the partial derivatives are taken while the other variables are held constant.

These equations state that, although Z2 = x2, the partial derivatives with respect to Z2 and x2 are

not equal because the other variables (held constant) are not the same. Only the differentials are

the same, i.e. dZ2 = dx2.

The second mathematical error of Kortschik et al. follows from the above expressions and is

located in Eq. 16 of their original paper [73]. Following the above transformation rules, which are

the same as in the original paper, the partial derivatives in Zk and xk are not exchangeable. In

other words, the left hand side of Eq. 16 in [73] is not equal to its middle side. Instead, Eq. 16
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should be replaced by

3∑
k=2

∂2Y

∂x2
k

=

3∑
k=2

∂2Y

∂Z2
k

+

3∑
k=2

(
∂Z

∂xk

)2
∂2Y

∂Z2
+

3∑
k=2

(
∂2Z

∂xk2

)
∂Y

∂Z

+

3∑
k=2

(
∂Z

∂xk

∂Z2

∂xk

)
∂2Y

∂Z∂Z2
+

3∑
k=2

(
∂Z

∂xk

∂Z3

∂xk

)
∂2Y

∂Z∂Z3
(C.3)

The additional terms appearing in the above equation and missing from Eq. 16 in [73] are the

same terms that are present in Eq. 15 of [73], i.e. tangential diffusion (second term on the RHS),

tangential convection (third term), and cross-diffusion (last two terms). Clearly, Eq. 16 in its original

form is not valid. Unfortunately, as a direct consequence, the derivation that follows from it is not

valid either.

This shortcoming present in the work of Kortschik et al. was addressed in the recent formulation

of Xu et al. [75].

C.3 One-dimensionality

The third inconsistency resides in the implicit assumption of one-dimensionality of the flamelet

equations. This is illustrated by writing the final flamelet equations as a function of a single variable,

the mixture fraction (see Eq. 23 in [73] and Eq. 21 in [75]). In other words, all variables can be

written as Yi = Yi(Z).

A trivial consequence of this dependence is that the species mass fractions are not a function

of the other two coordinates, namely Z2 and Z3. Therefore, the fifth term in Eq. 15 in the work

of Kortschik et al. [73], which only involves these two variables, is identically zero. As this term

encompasses all curvature effects, then curvature effects are non-existent.

Xu et al. made a similar inconsistency in their derivation of the curved flamelet equations. In

their final forms, the flamelet equations (Eq. 21 and 22 in [75]) contain the difference between two

curvature terms, namely κZ and κ̂i. Under the assumption of one-dimensionality, i.e. the species
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mass fractions are only a function of mixture fraction, then it can be shown that the mixture fraction

curvature (κZ) and the species mass fraction curvature (κi) are identical.

κi = −∇ ·
(
∇Yi
|∇Yi|

)
= −∇ ·

(
dYi
dZ ∇Z∣∣dYi
dZ

∣∣ |∇Z|
)

= ±∇ ·
(
∇Z
|∇Z|

)
= ±κZ (C.4)

The ± comes from the sign of the derivative of the species mass fraction with respect to mixture

fraction and is the reason why Xu et al. introduced the modified curvature, κ̂i. The above equation

shows that the second term on the right hand side of Eq. 22 in [75] is identically zero. This result

comes from the one-dimensionality of the flamelet equations and is independent of the values of the

species Lewis numbers.

C.4 Tangential diffusion

Regardless of the one-dimensionality of the flamelet equations, it is interesting to investigate further

the term referred to as fc1 in Eq. 21 in the recent work of Xu et al. [75]. This term is equivalent to

the CT1 term in Eq. A.25 of [75]. First, it should be noted that this expression (Eq. A.25) is not

an approximation (as stated in the original paper), but an exact equation due to the axi-symmetry

of the configuration investigated (see section 1).

Second, Xu et al. rightfully refer to the fc1 term as ”tangential diffusion”. Nevertheless, the

reader might be confused by the final form of this term as a diffusion term usually refers to a

second order derivative, while the fc1 term only involves first order derivative of the species mass

fraction. The diffusion nature of this term and more importantly its tangential property are more

easily described by considering a different coordinate system.

We consider a curvilinear coordinate transformation where the Z2 and Z3 coordinates lie within

the iso-contour of mixture fraction (see Fig. 4.1). With such transformation and utilizing the axi-

symmetry of the configuration, one can show that the two terms on the final right hand side of
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Eq. A.25 in [75] are related. In two dimensions, this gives exactly

∂2Yi
∂x2

2

= |∇Z2|2
∂2Yi
∂Z2

2

+∇2Z
∂Yi
∂Z

= |∇Z2|2
∂2Yi
∂Z2

2

− κZ |∇Z|
∂Yi
∂Z

. (C.5)

By combining the above expression with Eq. A.25 in [75], one can show that the fc1 term takes the

form (again in two dimensions)

fc1 = |∇Z2|2
∂2Yi
∂Z2

2

. (C.6)

In this form, it is clear that the fc1 term corresponds to a diffusion process in the tangential direction,

i.e. in the direction perpendicular to the gradient of mixture fraction. We also see that the difference

of the two curvature terms (κi and κZ) drops out.

C.5 Summary

In summary, after identifying these various inconsistencies, the only mathematically correct form of

Eq. 23 in [73] or Eq. 22 in [75] in the limit of unity Lewis numbers is given by

ρ
∂Yi
∂τ

=
ρχ

2

∂2Yi
∂Z2

+ ω̇i , (C.7)

which is the original flamelet equation derived by Peters [49, 50]. The above results suggest that,

under the assumption of a thin flame, curvature does not have any effects on the flamelet solution

when unity Lewis number is assumed [24].

It is important to note that the above derivations do not invalidate in any way the experimental

work presented in Kortschik et al. [73]. The major assumption used to derive the flamelet equation

in [73] is that the flame is thin. This is clearly not the case for the experimental work reported

therein. Consider the mixture fraction and formaldehyde-LIF images shown in Fig. 8 of [73] (top

two images), the right-most circle highlights a region of high curvature. If the flame thickness is

estimated either from the mixture fraction gradient or from the CH2O profile, it would be found

that the product of flame curvature by flame thickness is of order unity. Under these conditions, it is
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difficult to argue that the flame is thin. Curvature effects might re-appear if the flamelet equations

are re-derived without the assumption of thin flame [24].
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Appendix D

Description of the simulation code:
NGA

NGA is an extension of the high order conservative finite difference scheme initially developed by

Morinishi et al. [99]. It allows for three-dimensional, variable-density turbulent flows to be simulated

in complex geometries, which can be either cylindrical or cartesian, on uniform or non-uniform

meshes [90]. It is discretely conservative of mass, momentum, and kinetic energy, and it can provide

an arbitrarily high order of accuracy. The various variables are staggered both in space and time.

All scalar quantities, such as the density, ρ, pressure, P , and species mass fractions, Yi, are stored

at the cell (volume) centers. The velocity components are stored at the faces of the cell volumes.

An overview of the NGA code and the time marching procedure is provided here in support of the

simulation data presented in this thesis.

D.1 Treatment of the convective and viscous terms

In the simulations performed using NGA, the convective term is discretized spatially with second

order accuracy in all simulations performed in this thesis. Second order interpolation operators are

applied when necessary (for instance when computing cell centered values from face values). The

density field is limited to second-order interpolation in the discretization of the momentum equation,

such that it is Total Variation Diminishing (TVD). Imposing a state of TVD prevents the density

field from becoming unbounded, and ensures the simulations remain realizable. It should be stated
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that the density interpolation is limited to second-order. When a study was performed, it was found

that such a limitation had little effect on the quality of the results obtained [90].

As viscous terms are dissipative by nature, they are inherently more stable than the convective

terms that were addressed previously. Accordingly, they are more easily discretized, and an approach

based on Lagrange polynomials is applied. The operators that are necessary to discretize the viscous

terms are different than those presented for the discretization of the convective terms, and these new

operators are based on a local Lagrange polynomial representation of the quantity to which they

are applied [90]. To develop an nth order accurate interpolation and differentiation operator for a

given quantity φ at a given location in a given direction, an (n− 1)
th

order Lagrange polynomial is

needed. This (n− 1)
th

order Lagrange polynomial is fit through the n data points that are present

in the stencil. As this fitting operation is centered about the point being evaluated, the interpolation

or differentiation of the quantity φ is calculated from an equal number of points on either side of

the point being evaluated. In the simulations performed in this thesis, second order discretization

is used for viscous terms. A similar treatment is applied to the diffusive terms in the discretization

of the scalar transport equations.

As a consequence of this discretization, mass, momentum, and the scalar quantity solved for

through a scalar transport equation (without a source term) are discretely conserved.

D.2 Time-integration

An iterative procedure is applied to fully take into account the non-linearities in the Navier-Stokes

equations. This iterative procedure has been found of critical importance for stability and accuracy

considerations [90, 202, 203].

The numerical algorithmic sequence for one time step is described below, where a uniform time

step ∆t is employed. The density, pressure, and scalar fields are advanced from time level tn+1/2

to tn+3/2, and the velocity fields are advanced from time level tn to tn+1. A total number of Q

sub-iterations is assumed.
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0. Upon convergence of the previous time step, the density, ρn+1/2, pressure, Pn+1/2, velocity

fields, un, and scalar fields, Yn+1/2, are stored, where Y represents the vector of species mass

fractions (Y1, ..., YN ) (the reacting mixture is assumed to contain a total number of N species).

These solutions are used as initial best guesses for the forthcoming iterative procedure

ρ
n+3/2
0 = ρn+1/2, P

n+3/2
0 = Pn+1/2, un+1

0 = un, and Y
n+3/2
0 = Yn+1/2, (D.1)

where the subscript indicates the index of the sub-iteration. The vector of chemical source

terms is denoted by Ω = (ω̇1, ..., ω̇N ), and Ω
n+3/2
0 is evaluated using the thermochemical

quantities obtained at the conclusion of the previous time step.

For the sub-iteration k = 1, . . . , Q

1. The scalar fields are advanced in time using the semi-implicit Crank-Nicolson method [90, 203]

for the convective and diffusive terms, and explicit integration for the chemical source terms

Y∗k =
Yn+1/2 + Y

n+3/2
k−1

2
, (D.2)

ρ
n+3/2
k−1 Y

n+3/2
k = ρn+1/2Yn+1/2 + ∆t ·

[(
Cn+1
k + Dn+1

k

)
·Y∗k + Ω∗k

]
+

∆t

2

(
∂C

∂Y
+
∂D

∂Y

)n+1

k

·
(
Y
n+3/2
k −Y

n+3/2
k−1

)
. (D.3)

To simplify the discrete notations for spatial differential operators, the operators corresponding

to the convective and diffusive terms in the scalar equations (Eq. 2.8) are written as C and D,

respectively. The symbolic operators ∂C
∂Y and ∂D

∂Y denotes the Jacobian matrices corresponding

to the convective and diffusive terms, respectively. Depending on the order of discretization,

these operators are generally banded diagonal matrices (e.g. tri-diagonal for 2nd order dis-

cretization and penta-diagonal for 4th order discretization). It is important to note that the

semi-implicit Crank-Nicolson method proposed by Pierce and Moin [203] is not applied to the

time-integration of the species chemical source terms, Ω∗k. This is due to the extremely high



161

computational cost associated with the calculation of the chemical Jacobian matrix,
(
∂Ω
∂Y

)n+1

k
,

and the even more expensive inversion of this matrix. The temperature equation (Eq. 2.4) is

advanced in time in the exact same fashion as the species mass fractions at the same time, the

discretized temperature equation is not shown for clarity.

2. The density field is predicted from thermodynamics using

ρ
n+3/2
k =

P0 ·
(∑N

i=1

Y
n+3/2
i,k

Wi

)−1

R̂T
n+3/2
k

. (D.4)

It is important to note that this density evaluation does not ensure primary conservation,

since no density rescaling such as the one proposed by Shunn et al. [202] is used. However,

upon convergence of the sub-iterations, this formulation is equivalent to the density treatment

proposed by Shunn et al..

3. The momentum equation is advanced in time using the same semi-implicit Crank-Nicolson

method as for the scalar fields

u∗k =
un + un+1

k−1

2
, (D.5)

ρn+1/2 + ρ
n+3/2
k

2
un+1
k =

ρn−1/2 + ρn+1/2

2
un + ∆t ·

[(
C
n+1/2
ρ,k + D

n+1/2
ρ,k

)
· u∗k +∇pn+3/2

k−1

]
+

∆t

2

(
∂Cρ

∂u
+
∂Dρ

∂u

)n+1/2

k

·
(
un+1
k − un+1

k−1

)
. (D.6)

4. A Poisson equation is then solved for the fluctuating hydrodynamic pressure

∇2δp
n+3/2
k =

1

∆t

[
∇ ·

(
ρn+1/2 + ρ

n+3/2
k

2
un+1
k

)
+
ρ
n+3/2
k − ρn+1/2

∆t

]
(D.7)

The Poisson equation is solved using the high-fidelity HYPRE package [90, 204]. The predicted
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velocity field is then updated through a projection step

un+1
k = un+1

k − 2∆t

ρn+1/2 + ρ
n+3/2
k

·
[
∇
(
δp
n+3/2
k − δpn+3/2

k−1

)]
. (D.8)

Convergence achieved after Q sub-iterations (φQ − φQ−1 → 0, where φ represents any flow and

thermochemical variable at the current time level).

7. Upon convergence of the sub-iterations, the new solutions are updated

ρn+3/2 = ρ
n+3/2
Q , Pn+3/2 = P

n+3/2
Q , un+1 = un+1

Q , and Yn+3/2 = Y
n+3/2
Q . (D.9)

The above iterative time-marching scheme has been used for both laminar and turbulent flow mod-

eling [8, 15, 42, 22]. It is important to note that the above formulation becomes equivalent to the

fully-implicit Crank-Nicolson time-integration scheme upon convergence of the sub-iterations [203].
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Appendix E

Description of the FlameMaster
code

The FlameMaster code is a program designed to solve numerically typical problems found in combus-

tion processes. Several different configurations are supported such as computations of homogeneous

ignition delay times, laminar burning velocities, premixed flames, or counterflow diffusion flames.

The following description provides an overview of the configurations and the equations solved.

E.1 General Description

The FlameMaster code relies on detailed chemical mechanisms to solve the different combustion

problems. These chemical mechanisms are composed of thermodynamic and transport properties

for each species in the system and a list of reactions among these species.

E.1.1 Thermodynamic Properties

The thermodynamic properties for agiven species at a given temperature T , such as heat capacity

(Cp(T )), enthalpy content (H(T )), and entropy (S(T )), are evaluated by polynomial interpolation

as follows

Cp(T )

R
= a1 + a2T + a3T

2 + a4T
3 + a5T

4 (E.1)

H(T )

R
= a1 +

a2

2
T +

a3

3
T 2 +

a4

4
T 3 +

a5

5
T 4 +

a6

T
(E.2)
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S(T )

R
= a1 ln T + a2T +

a3

2
T 2 +

a4

3
T 3 +

a5

4
T 4 + a7 (E.3)

where R is the universal gas constant. The seven parameters (a1 to a7) are constant and are different

for different species. To improve the quality of the polynomial fit, two sets of parameters are used.

The first set is used for low temperatures (1000 K > T ) and the second set for high temperatures

(T > 1000 K).

E.1.2 Reaction Rates

Suppose the following reaction
n∑
j=1

νij Sj �
n∑
j=1

ν
′
ij Sj , (E.4)

where Sj is the j-th species in the system and νij is the stoichiometric coefficient for species j in

reaction i. For a given reaction, the rate constant of the reaction is expressed in the modified

Arrhenius form which describes its temperature dependence

ki(T ) = AiT
ni exp

(
− Ei
RT

)
. (E.5)

The reaction rate is simply evaluated from the forward (kif ) and backward (kib) rate constants as

ωi = kif

n∏
j=1

(
ρYj
Wj

)νij
− kib

n∏
j=1

(
ρYj
Wj

)ν′ij
, (E.6)

where ρ is the density and Yj and Wj are the mass fraction and the molecular weight of species j,

respectively.

E.1.3 Transport Properties

The diffusion velocity is decomposed into three parts

vj = vDj + vTj + vc (E.7)
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where vDj is the molecular diffusion, vTj is the thermal diffusion (Soret effect), and vc is the velocity

correction (the same value for each species). The molecular diffusion takes the following form

vDj = −Dj

Xj
∇Xj (E.8)

where Xj is the mole fraction of species j and Dj is the average diffusion coefficient of species j in

the mixture. This coefficient is evaluated from the binary diffusion coefficient as

Dj =
1−

∑n
k=1 Yk∑

k 6=j
Xk
Djk

(E.9)

In order to conserve mass, the total mass flux due to diffusion should be exactly zero

n∑
j=1

Yjvj = 0 . (E.10)

This condition is ensured by defining the velocity correction as

vc = −
n∑
j=1

Yj · (vDj + vTj ) . (E.11)

E.1.4 Mixture-averaged properties

Dynamic viscosity and thermal conductivity of the mixture are calculated with semi-empirical for-

mulae

µ =

n∑
j=1

Yjµj
∆j

(E.12)

with

∆j =

n∑
k=1

Gjk
Mj

Mk
Yk (E.13)

where

Gjk =
1√
8

(
1 +

Wj

Wk

)−1/2
[

1 +

(
µj
µk

)1/2(
Wk

Wj

)1/4
]2

. (E.14)
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The mixture-averaged thermal conductivity is evaluated as

λ =
1

2

 n∑
j=1

Xjλj +

 n∑
j=1

Xj

λj

−1
 . (E.15)

E.2 Laminar diffusion flamelet calculations

The laminar diffusion flamelet equations are derived in mixture fraction space to predict temperature

and species distribuations on the centerline of a laminar counterflow diffusion flame. Figure E.1

shows a sketch of a typical laminar counterflow diffusion flame configuration in physical space. In

Figure E.1: Sketch of a counterflow diffusion flame

this configuration, the fuel is injected though a nozzle and the oxidizer is injected though a different

nozzle. In certain cases, a mixture of both oxidizer and fuel could be injected. As the flow coming

from both nozzles are diverted away, a stagnation plane is formed. The flame front typically sits

on the fuel side of the stagnation plane. On the centerline of the flame (x = 0), the governing

equations in physical space (equations described in Chapter. 2) can be rewritten in mixture fraction

space, considering the symmetry of the different quantities. These equations in mixture fraction are

called flamelet equations (Eq. 3.3), which are solved in the original version of the code [103]. The

FlameMaster code has been modified to solve both the centerline modified flamelets (Appendix. A)

as well as the curve flamelets (Appendix. C).
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