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ABSTRACT

Some problems of edge waves and standing waves on beaches
are examined.

The nonlinear interaction of a wave normally incident on a
sloping beach with a subharmonic edge wave is studied. A two-
timing expansion is used in the full nonlinear theory to obtain the
modulation equations which describe the evolution of the waves. It is
shown how large amplitude edge waves are produced; and the results
of the theory are compared with some recent laboratory experiments.

Traveling edge waves are considered in two situations. First,
the full linear theory is examined to find the finite depth effect on the
edge waves produced by a moving pressure disturbance. In the sec-
ond situation, a Stokes' expansion is used to discuss the nonlinear ef-
fects in shallow water edge waves traveling over a bottom of arbi-
trary shape. The results are compared with the ones of the full
theory for a uniformly sloping bottom.

The finite amplitude effects for waves incident on a sloping
beach, with perfect reflection, are considered. A Stokes' expansion
is used in the full nonlinear theory to find the corrections to the dis-
persion relation for the cases of normal and oblique incidence.

Finally, an abstract formulation of the linear water waves
problem is given in terms of a self adjoint but nonlocal operator. The
appropriate spectral representations are developed for two particular

cases.
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INTRODUCTION

The purpose of this thesis is to examine some problems related
to nonlinear waves on a sloping beach. To this end, perturbation ex-
pansions for the solutions to the equations of motion are found in vari-
ous special cases. Both the full nonlinear theory and the shallow
water approximation are examined in the various situations and their
predictions compared. Since perturbation expansions are used, an
appropriate understanding of the linear problem is needed. To this
end, in the first chapter the relevant features of the linear problem
are briefly described. The detailed discussion of some linear results
that appear to be new is postponed to the last chapter.

The second chapter is concerned with the study of the nonlinear
interactions of edge waves and incoming waves. It is shown, using the
full nonlinear theory, that small edge waves become unstable when
they interact with an incoming wave of twice their frequency. How-
ever, as the edge waves grow, higher order nonlinear effects become
important stopping their growth and stabilizing the motion. To follow
this process a two-timing expansion is developed and modulation equa-
tions for the edge wave are obtained. An expression for the final am-
plitude of the subharmonic edge wave in terms of the parameters of the
incoming wave is found. The amplitude of the resulting standing edge
wave was recently estimated by Guza and Inman in the shallow water
case, and our results reduce to the shallow water ones in the appro-
priate limit. The results are compared with the available experimen-

tal data and good agreement is found.
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Since edge waves are not only generated by instability mechan-
isms but also by moving pressure disturbances, the linear edge waves
produced by a pressure disturbance moving parallel to the shore are
found. The linear initial value problem is solved for the case of a
‘uniformly sloping beach of finite depth. When the results obtained are
calculated for small angles of the sloping beach, the known shallow
water results obtained by Greenspan are recovered. This is the prob-
lem discussed in the third chapter.

The fourth chapter is devoted to the discussion of traveling
shallow water edge waves. The problem of nonlinear traveling edge
waves was recently studied by Whitham for the case of a uniformly
sloping beach. In that case the shallow water theory gives an anom-
alous behavior for the nonlinear solution away from the shore. In this
chapter the anomaly is shown to be associated with the invalidity of the
shallow water theory away from the shore. When the shallow water
theory is used, for depth distributions which remain finite and shallow,
satisfactory results are obtained.

The work in the second chapter involved incoming waves with
perfect reflection at the shoreline. Although not required to the order
considered there, it is interesting to consider self-interaction finite
amplitude effects for such standing waves. This problem was con-
sidered by Carrier and Greenspan, who found exact solutions for the
nonlinear shallow water equations. However, as discussed previously,
the shallow water approximation is not valid for a uniformly sloping
beach. In the fifth chapter approximate solutions of the full nonlinear

equations are found in the form of standing waves with finite amplitude.
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The sixth chapter is concerned with an abstract formulation of
the linear water waves problem. The linear problem is formulated in
terms of a self adjoint but nonlocal operator. The spectral represen-
tation of the operator is then found in terms of the standing and edge
wave solutions of the linear problem.
Finally, an appendix is added to provide detailed justification

of some questions discussed in the main text.
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CHAPTER 1

LINEAR WAVES ON SLOPING BEACHES

It is the purpose of this chapter to review some of the known
features of linear waves on sloping beaches. Two new eigenfunction
expansions that are used subsequently to solve nonhomogenecius
problems arising from perturbation expansions are also briefly de-
scribed; their detailed discussion is deferred to the last chapter. In
the first section the full linear theory is discussed, while in the sec-
ond section the shallow water theory is examined.

1.1 Full Linear Theory

For waves on a sloping beach, the linearized equations of mo-

tion for the velocity potential }Q are
%@u*@izo ow 220, 4720,
Byy v Bza+B=0 dov -wx<o, mm0 —ytamp 240, (1. 1)
ﬁ%gwls‘- &;ﬁnp =0 ow 2=-yqtamp 4 0.
Here, X denotes the longshore coordinate, +*} the offshore
coordinate, and 2 the vertical coordinate; the angle of the sloping
beach is ﬂ . It is assumed throughout this ch)rk that o0& 2 </,

The surface elevation ,j is given in terms of $ by
=-1 3
3 % + \1—0
Consider now a solution of (1. 1) in the form

@(x,q’i)’c) =\-§’(~5’1) Coq(\zx-wtj, (1.2)

Then substitution of (1.2) into (1. 1) gives the equations for ¢ ; they

are
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¥,- W'y - o owmzzo, MNzo0,

Ty V2 B g=0 for Y30, - ylempcz <o, (1.3)
\?\ag\}np-t\hcoo(szo W2=—’\§‘\hm(’>, '\37,0

We now discuss the solutions of (1.3) which will be of interest in the
following chapters.

First of all, consider the case of no longshore variations:
k=0 . A detailed discussion can be found in Stoker (1957) and we
just summarize the results in a form suitable for our later purposes.
For arbitrary angles @ there is a continuous spectrum of solutions
of (1. 3) which represent inc‘oming waves with perfect reflection. The

general solution was found by Peters in 1952, but requires compli-
cated integral representations which are difficult to use when com-
bined with other effects. However, for the special angles @=T/am ,
where ™M is integer, the desired solutions simplify to a finite sum
of exponential and trigonometric functions (Stoker, 1957), and these
are more manageable.

We note in detail the solutions for R =T/y since these are
the simplest of all; the behavior of the standing wave solutions for the
other submultiples of T/2 is qualitatively the same.

The desired solutions for W/4 first found by Hanson (1926)

are:

S -2!.’_‘,[% —11/4 eEE-LEAs
By (m,2) = 15,1 + € ey, £, (1.4)

where W= (%P, . The surface value S—fﬁ(ﬂ,O) , which will play an



essential role later, is given by:

Y (40)=

) .
2 e, Con(y+7,). (1.5)

\
N7
The second term of (1.4) is the usual deep water wave, and the first
term is needed in order to satisfy the boundary condition on the sloping
bottom.

The solutions for the other submultiples of Ti/2 have a simi-

lar structure. For (_7,=Tt/2m they are (Stoker, 1957):

‘I’zm,zhz Cr @l prlmv ) + coc. (1.6)
k=1

where the complex constants v and Cyp are given by:

By = %b\i‘(%*iﬂ v Rz, m

Ck = ede{in(mn . kY Cx B OGN G eT fovket, e,

am

C.l = Cm .

Solutions (1. 6) contain a deep water term and a finite number of terms
exponentially small at infinity but important near the shore, which are
needed to satisfy the boundary condition on the sloping bottom.

We will be interested in this work in solutions of nonhomogene -

ous problems in the form:
I L

Wy + Yo, =© do 470, -4lomp 2 <0, (1.7)
\ﬁjgtmr,*\fi&;szo on 2=-sgbamp, My7o0.
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The function £ (a) will be assumed to be smooth and to tend to zero

appropriately at infinity. To solve (1. 7) the functions §£(ﬂ,2\ will be

used. It can be shown that suitably normalized multiples ,S'{(‘S,l-\ of
‘:\fel_“&,l) are complete, in the sense that every sufficiently inte-

grable function can be represented as:

§(4) = Ssa(“s,O)leS'g\‘t,O\ §&) ax . (1. 8)

o o

In the last chapter it is proved that the functions Sp(4,0) give the
spectral representation of an appropriately defined self adjoint opera-
tor which describes the linear problem. Now we just give the formal
solutions of (1.7), whose justification is provided in the Appendix.

First of all, consider the case fo<o0 , then the homogeneous
problem has no bounded solutions (i. e., Lo is not in the spectrum).
In this case the square integrable solution for (1.7) is given by

Jea)- | Erlaa)de | Setso) §nay o)

8 (<]

Consider now the case to>0 . In this case Qo is in the
continuous spectrum. A bounded solution, oscillatory as Y- « , is

obtained. The solution is not unique since Seotﬂ,l) solves the homoge-

neous problem. A convenient expression for the solution of (1.7) is:

94 2) - "'“3%%%‘ de &sgtt,o\s&w& v e9p(42) T

(¢} o
where C is an arbitrary constant.

A particular forcing function in (1.7), which will be of interest
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later, is ;(tﬂ: Sto(g’ﬂ . The solution of (1.7) is obtained us -
ing the following procedure. Let w®= %E in (1. 3), differentiate
(1.3) with respectto £ , and let €=9, . Since the equation and

the bottom boundary condition are independent of € , we obtain for

the derivative 32 (Asrz)
52(‘3,2\ -2 (40 = S(82) om 220, Y20,

5'2,551 5222: O %ov h37/ D’—kﬁt‘o‘mpsiéo, (1. 11)

SQ.ﬁLMP&SQlﬁ”P:O ON\E."—'--A-S'toM[s , NyZo.

In (1.11) let {£=8, , then this gives 'Szo[a,l) as the solution of (1.7)
when §(4) = 5y, (4,0).

We now consider (1.3) for the case R#o , and take k>0
It was shown by Hanson (1926), for angles g=T/2m , that a con-
tinuous spectrum of oblique waves with perfect reflection exists for

wto, %k . In 1952 Peters obtained integral representations for
the standing wave solutions valid for arbitrary angle (3 . There is,
however, a very important qualitativé difference between the cases
k=0 and R#0 . This is the following:

For R+ o , besides the solutions in the continuous spectrum,
there are solutions with finite energy which represent normal modes
trapped at the shoreline. The first trapped mode solution was found
by Stokes (1846), and it is known as Stokes' edge wave. In the nota-
tion of (1.3) it is given by

E(m,2) = e_kﬂaﬂnm kzSm 3 o = %k Som 13,

) (1.12)

and is present for all o< e <M/2 .
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It was shown by Ursell (1952) that as 3 decreases the number
of trapped modes increases. The highest edge wave modes are linear
combinations of exponentials, and they will be denoted by Em(M,2) .

The functions Em are

_kylong+kasi < _ylon = Rz Sim (2m—)p
Em(m,2)= € ki MP*ZAmM{ej il "\i-

m=t

+

e_ko,em(zm\ﬂ\p* h!ﬁm@-‘“\"\p} ; {1.13)

where the constants Armm are given by:

Anaw = 0™ T T (- 0) g /taminamig

and the dispersion relation is bl)z:qk Sim (1'“‘”)/5. There is a restric-
tion on the integer m since we want the exponentials in (1. 13) to be
decaying. This gives (ZM*\\(S £ W/ . To summarize, there is a
continuous spectrum for w?7 q\v. , together with points in the spec-
trum edge waves, whose number increases as B decreases.
We now consider the nonhomogeneous problem (1. 3) when

R>0 . This problem arises when edge waves produced by moving
disturbances are considered. It also arises when the nonlinear theory
for traveling edge waves is developed (Whitham, 1976). The non-

homogeneous problems of interest for our discussion are of the form:

\92—7\0? = £(w om 2=0, 70,
‘?g-s*\?;l-h"\f= o )Bw f\szo,-«jtwrsszso, (1. 14)
YySomp + 9, 0rp = 0 om 2=-smYom 3, M420.
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Problem (1. 14) was first solved by Whitham (1976), when ()
was a linear combination of exponentials, using a transform similar
to (1. 8). It will be shown in the last chapter how Whitham's trans-
form provides the spectral representation of an appropriate self
adjoint operator, analogous to the one encountered in (1.7).

Now we quote Whitham's results relevant to (1. 14), and take
for simplicity (3=T/4 . In this case, the oblique incoming waves

with perfect reflection are given by

Wy 4+ “Anga ik
g, (42)= 12{(8*1)\ g T @enYE T 4 c.c.x (1. 15)

\

/
where A= U).‘l-* k)2 and L70 . In this case, there is only
one edge wave solution for (1. 14), the Stokes' solution, which is

iven by:
given by _345.,33
E(y2)= € V" W

Expansion (1. 8) is now modified since the edge waves are also
needed to represent an arbitrary pressure disturbance. The suitably

normalized surface values ffa (‘\5’ D\ are given by

2 (A, p2\2 . e Y
Sg(ﬁ,o\:\l% ('). *2\1{-;1(2-“))8 Lot & Pig ‘5} ’

and the normalized edge wave solution is:

. e
E(y)= 4d4k2 e w4,

In this notation Whitham's result reads as follows:

§(4)= X;mgmdk E(y) + SSQ(*&,O\ a0 ng(t,oH(t\A’t . (1.16)

° -]
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For smaller angles 2 ~more edge waves appear and they will be
added to the expansion formula (1. 16).
We now use (1. 16) to solve (1. 14). First of all, assume that

Ao is not in the spectrum. In this case there is a unique solution

for (1. 14) and it is given by:

Y(y,2)= Sﬂﬂf&\df (k/vi-2,)" E(a,2)

[}

(1s 17)

+ Sﬁ%ﬁ)_d_; S §, (£,0) §@ ok .
U'i"‘ 1\‘/"’ = Ap

o 0

When Ao is a point in the spectrum, a bounded solution is ob-
tained provided £ is orthogonal to E . In this case, the solution
is not unique since an arbitrary multiple of E can be added to the
particular solution. Finally, when Ao is in the continuous spec-
trum, the general solution which is oscillatory as ~ -»e is con-
veniently expressed as:

Y(4,2)= Y;m&\ dt (R/vi-2e)" E(4,2) +

©

ooy | Sewal @ gS'a(t o (Mt + € Sy (u 2) o 5
(a‘l_*ki\'lt -2 ° ! ° /

(+]

2 )
where Ao=(o+k*)™2 , and «C is an arbitrary constant.
When nonlinear corrections are developed for oblique incident
waves with perfect reflection, the problem analogous to (1.11) arises.

Then we need a solution of:
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Wz-)o\fz Sl, om =0, M4%0,
Fay 12z - kiy =0 by, “lasmp ez co. Gy

?\33\?“ >+ Lj’z&np:o own 2-—*511»\4[5}437,0.

in (1.19) £o is givenby Qo= A2-k* . As in (1.11) differentia-
tion with respect to A of the solutions of the homogeneous problem
(1. 19) gives the desired solution of the nonhomogeneous problem.

1.2 The Linear Shallow Water Approximation

In the previous section the full linear theory was described
and appropriate transforms were developed to solve boundary value
problems. However, when p is small, expansions in the eigen
functions (1. 6) become increasingly complicated. It is therefore
natural to turn to the shallow water approximation appropriate for
small /3

The linearized shallow water equation for the surface elevation

;f (which is the same as the one for the velocity potential) is:

é«ftt -{(‘f\fﬁ\q-y&:f“\j:o, toy—ao<x<-o)‘\$7, 0. (1.20)

In equation (1.20), due to the shallow water approximation, the 2Z
dependence is no longer present. The longshore coordinate is denoted
by x » and the offshore coordinate is denoted by 4 . The func-
tion ﬁ("ﬂ represents the depth distribution, and it is taken to be a
positive increasing function.

Consider now solutions of (1.20) in the form

Fxat) = §(y) G (kx-wt), (1.21)
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Substitution of (1.21) into (1. 20) gives the equation for £(~)
(-&5Y+ R0 § - %“g = o. (1.22)

The appropriate boundary conditions are £(o) finite and £ bounded
at e . As in the full linear theory, we consider first the case R=o.

In this case, (1.22) becomes:

- “’1‘} =0 £(o) finite . (1.23)

The usual example of depth distribution #(4) used to describe shal-
low water waves on sloping beaches is 91(*3} =3Y where (3 is the
angle of the sloping beach. For this case the appropriate wave solu-

tion of (1.23), with perfect reflection at the shore, is given by:
=Y Py
Sey) =% T (2VE ) | Lro (1.24)

and the dispersion relation is W= %2 . The expansion theorem
(analogous to (1. 8)) associated with the functions Sﬂ (A‘ﬂ is just the

Fourier-Bessel expansion:
fiy- S SN ﬂa\p-‘«tsotz@)swt.

The representation (1.25) is similar to (1. 8) since there are no trapped
modes for k=o.
Consider now (1.22) with K(Aﬂ =[5, R>0 . The equation

for § takes the form:

SEARE A (%‘3;- h"‘s)&’ =0, f© finite . (1.26)

Equation (1.26) is Laguerre's equation; hence, the eigenfunctions of
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(1.26) are:
fn (8) = & Ly (2kay), (1.27)

and the natural frequencies are Wy = %k(awxu)p . There is an
important difference between the shallow water theory and the full
theory for R+ 0 ., In the full theory the number of normal modes
increases as (3—7 o , but their number is finite and a continuous
spectrum is always present. However, in (1.26) the trapped modes
become infinite in number and the continuous spectrum disappears.

The difference just described is related to the fact that the
shallow water theory is not appropriate to describe the waves in the
offshore region. In fact, for a uniformly sloping beach the assump-
tion of small depth is violated away from the shoreline. It will be
shown later that when the depth distribution f (M) is taken to remain
shallow away from the shore, results similar to the ones of the full
theory are obtained. There is a continous spectrum of incident waves
with perfect reflection and a finite number of edge waves.

In linear problems it is appropriate to use the shallow water
approximation on uniformly sloping beaches since the difference with
the full theory arises when the amplitude is negligible. However,
when nonlinear effects are examined the difference between the shallow
water and full theory becomes important; and the shallow water theo-
ry will give the correct results at infinity only for beaches which re-

main shallow away from the shore.
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CHAPTER 2

STANDING EDGE WAVES OF FINITE AMPLITUDE

This chapter concerns the excitation of standing edge waves by
normally incident wavetrains. We study the evolution of a standing
edge wave, which is a subharmonic of a wave normally incident on a
sloping beach. A two-timing expansion is used in the full nonlinear
theory to obtain the modulation equations for the amplitude and phase
of the edge wave. The solution of the modulation equations for small
amplitude of the edge wave recovers the instability results found by
Guza and Davis (1974) using the shallow water approximation. Further
study of the modulation equations shows that a periodic edge wave of
finite amplitude is formed, since the nonlinear terms eventually stop
the growth of the early stages. The amplitude of the final standing
wave is calculated in terms of the known parameters of the incident
wave. Finally, a comparison of the theory with available experimen-
tal data is made.

2.1 Introduction

The purpose is to examine the behavior of a standing edge
wave in the presence of a wave normally incident on a sloping beach,
whose frequency is twice the frequency of the edge wave concerned.
Part of this problem has been studied by Guza and Davis (1974), using
the nonlinear shallow water theory (to second order in the amplitude)
for a uniformly sloping beach. They show that small edge waves be-
come unstable, and compute numerically their growth rates. In this
chapter, the full nonlinear theory (approximated to third order in the

amplitude) is used to describe the interaction of the waves.
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In the second and third sections, the problem is formulated
using a two-timing expansion in order to obtain the nonlinear modula-
tion equations which describe the edge wave. The interaction mech-
anism is found to be very close to the one which produces subharmonic
resonance in simpler nonlinear oscillators. In the fourth section the
modulation equations are examined to study the behavior of the edge
waves. It is found that for all angles B small edge waves become
unstable and grow; however, higher-order nonlinear effects become
important and stop the growth of the edge wave. The amplitude of the
edge wave in the final state is calculated in terms of the parameters
of the incoming wave and the results are compared with the experi-
ments. It is also shown that in the final state the motion consists of
a large edge wave maintained by what now is the smaller incoming
wave with its reflections.

In the last section, a separate point is discussed briefly. It is
shown that free-standing periodic edge waves of finite amplitude are
not possible since the energy is radiated to infinity due to the non-
linear self-interaction of the edge wave.

2.2 Formulation of the Problem

It is convenient in the equations of motion to eliminate the
surface elevation in favor of the velocity potential. When the velocity

potential is expressed as ¥/, ® , the equation for & becomes:

’%étt*é;}, = Q(Q\ + G (3) owm 2=0 r\3710

2
§53*§21+ @mz (o) -%W -0« X < o, Aj?lo;—\it“M[S\(2$O( la)
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é%gw{s +* §2E’Oﬁ =0 , Om 25“‘3t&N\fs’ ’\t?,O, (2. ].b)
Q ~ given incoming wave + outgoing wave as A{-> oo .

In (2.1) X denotes the longshore coordinate, A4 the offshore co-
ordinate, and Z the vertical coordinate. The expressions for the

quadratic and cubic terms are conveniently taken in the form

Q(Q\';'t,\v@‘t* &,((§9_* %Qﬁ)§t)z )

C(2)- - X (S vd% ~ \valy « &1vdy)+ & (B war); -

+ 3 (&4 £ 8,)(wa1- L80)); -

We now describe the mechanism of interaction between the in-
cident wave and the edge wave. To this end, consider an incident
wave solution (independent of x ) of the linearized form of (2. 1),
with frequency W and amplitude (too . This is a solution in the
form

Qo S (4,2) e e

7

which behaves as an incoming wave with perfect reflection. Denote
the lowest-mode subharmonic edge wave solution of the linear part of
(2.1) by

L w
L2t

Xe

¥ €.l =
Fd

and assume that X\« QO . The nonlinear terms of (2. 1) pro-
duce an interaction (si'x*)which resonates with X ; this gives a

growth in the amplitude of X on a time scale proportional to (Qles

Since l')(kd Qe in the early stages, the modification of S is ne-
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glected. However, as X. grows, the feedback interaction (X%) = &
and the cubic self-interaction (')(", X, 'X)-\'X become important,
stopping the growth of X and stabilizing the motion. This mech-
anism is analogous to the one responsible for the existence of steady
subharmonic responses in simpler nonlinear oscillators.
To examine in more detail the situation just described, and to

find the appropriate resonance conditions, we express the solution &
in the form:

§- Ay e ™ + yyatye o (2.2)

~1

where the time dependence of the functions ¥ and X is slow com-
pared with the period of oscillation. We will find the appropriate
scale for this slow time later in the argument. For this reason, the
derivatives \-ft i At can be neglected to the order considered.

To obtain the equations that govern the interaction, we sub-

stitute (2.2) in (2. 1) and obtain
’Xl -%?;'X i .\% .X*' : (?I'X") 3 (‘X:lx)fx’.\ o a0, WED,

VEX 20 v -mex<m, 430 -ylamps240,

(2.32)
XySinpeXalrp=0  om Ze-ylamp, 470,
X(4,2)500, &4 > .
‘?1-%1\f = (X,X) omz=0 4 70,
\f\jtj*\Pzz = IO 'k?*"z?/\'), —‘f\wm,si?$0, (2.3b)

\?5gbw[s+\fleof)rs‘—'0 Wi-‘--‘btﬂmfs, 470,

Y ~s given incoming wave + outgoing wave as 44> 0.
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Since we are interested in the interaction of the lowest edge wave
mode 'X, with the incident wave Qw & . We let X be of the form

X(x,4,2,t) = { 5O X7(5,2) «+ XD | Conlex

where

_ Ryl 3 on
X(y,2) = E(y,2)= € ° F b fins

)

and the resonance condition, Ww"/ag = k Son (3 , is satisfied. The

incident wave is given by
¥ = 0w Sg,(4,2)
where the function Seo is the solution of
\?2-.9.,\?=0 ow 2 =0, 70,
Wy « Y22 =0 fov gy 70, ~ylamps ¢2<o,
‘S’ggﬁnp*‘?z@m{ﬁo om Z=-ytoms ay7o0.

The solution Sﬂ, behaves as an incoming wave with perfect reflection
at the shore, and £, = wz/% = L\kgdv\r.s .
To study the e#rly stages of the interaction, we assume that
IX| « vl and neglect the modifications of Y described by (2. 3b).

From (2.3a) we see that the resonant term (\f)')(*) produces a growth
for X on a scale proportional to Qo . More precisely, the equa-
tion for 'Xm becomes

%;‘ ~ 1 S prx(ﬂ-\ . {,‘_% bi E + &m‘ | (E: Se. ) ow 220, 470,

7(‘3;‘5#7(?2-\‘:19(@, o o \37,01-\3tam/55:¢so,

'X“;"?\)n(_:n ’X‘;’mesz 0 om 2=-ytam £ Y7o, (2. 2)

'X(,Z) = 0 %%-—)oo_
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Since the homogeneous form of (2. 4) has a nontrivial bounded solution
(the edge wave), there will be no bounded solution for (2. 4) unless the
forcing term satisfies an appropriate orthogonality condition. The use
of the orthogonality condition, which is explained in detail in (2. 9),

gives the differential equation for the amplitude b  in the form

'u,% by {eay - um&(SzD,E\EM S (2. 57
fe] o

Equation (2.5) has exponentially-growing solutions which indicate in-
stability of the edge wave.

When \32 becomes of the same order of Qo , the feed-
back interaction ('X,'X) becomes important, and a final steady state

Y
is suggested, with an edge wave amplitude DLG.m ) , and with \p
modified by the interaction ('X,'X) , but of course still O (G}
In the final state, the terms (\f,()(*] and ('X,'X,r)(*) become of the
same order, During the process, and in the final state, the terms
e, Yas, Xya are always of smaller order.

The arguments just described suggest a solution in the form
of a slowly modulated edge wave. Therefore, in order to obtain the
desired modulation equations, a two-timing expansion of the solution
will be constructed in the next section.

2.3 The Modulation Equations

To implement the expansion in order to obtain the modulation

equations, let

Y= Gm\?m(‘ﬁ'i,'\’\ % Q:o \-g@ anciats 3 LG,
Y 1 (2.6)
'x = Qw r)(m(*a,a,"r)ﬁy,hx ¥ B (X(Z,(ﬁ,z)'\’) Cakx »:ma €6
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where the slow time | is QT The expansion (2.6) can be

easily made in terms of a nondimensional parameter proportional to

A o

However, we will use dimensional variables, and we will

identify the ""appropriate nondimensional parameter'' later in the

argument.

The expansion (2. 6) is now substituted in (2. 3a) and (2. 3b).

Then equation of like powers of Qe gives the equations for the suc-

cessive orders as

XE —k S g% = 0
7&;‘, + A5a - KA °

om 2=D} ‘ﬁ”",

-kowr \37,o'~ \j'tamfssi;io‘

(2.72)
X(fomp + Kilop=0  om

=—’L(1M(3) Y470,

‘X(‘)—-)O An Aj-v o0 4

@ g ' \ \
G - e Sim 1 X = - 2%+ (% %) (XX om 220,429

2 @
‘a‘a*lxu-k’“')(“‘ 0) %o«- AA'J,o) _Lstumpszsol

n

%gprﬁx‘;‘(?mfs O, Om 2=-‘3tﬂM/s, Yy 70, (2.7b)

X" 90 0y
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95 - gt = (X9, X)) om 2=0, Yoo,

Byt 20 Jov yro - ylamp e, i vl
‘Y&;S\Mp*\f;‘&ﬁ&" O om 23'—\3-\:%[&’ 70,

\YUN given incoming wave + outgoing wave as AP 00

The interaction of the waves is then completely described (to the order
considered) by the solution of (2. 7a) to (2. 7c).

The edge wave solution of (2. 7a), which is of interest for our

purposes, is:

\ ..hCm *k Cowm
Xz Bye TPTNE R wag e R Simpe @ 8)

The solution for (2.7c) can be obtained, using the appropriate
eigenfunction expansion, and will be discussed later.

As usual, the crucial step of the two-timing is the discussion
of the resonant terms. In this case, (2.7b) is the important equation.
The homogeneous form of equation (2. 7b) has E(“‘},l\ as a nontrivial
bounded solution; therefore, in order to obtain an acceptable solution
for er , the forcing term must be orthogonal to E . The appro-
priate orthogonality condition is obtained using Green's theorem with
X® and E . The orthogonality condition gives the nonlinear

ordinary differential equation for D . Thisis
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giri%; BE + (4 xony 4 b(‘“,u"‘,u“")}s dy = 0

Q

(2.9)

and it describes the behavior of the edge wave amplitude.

To study the modulation equation (2. 9) it is necessary to ob-
tain an explicit expression for (2.9). We now indicate briefly the
m anipulations involved in the simplification of (2. 9).

Substitution of (2. 8) into (2. 9) gives:

X | RBE « (Y EyeuyE, )BT o 2 ((Mz-uk S’u;\(;\fm\g\z E3* -

]

L 3Cn2p \z“E“%”"B*}dtj =0 .
4S0n 12 (2.10)

To simplify (2. 10) the first-order Z derivatives on \f"’ and E are
expressed in terms of the boundary conditions from (2. 7a) and (2. 7c).
The second-order 2 derivatives on YW® are replaced by ry deriva-
tives using Laplace's equation. Finally, the ~ derivatives are

transferred from WY to E by integration by parts. When the in-

dicated calculations are performed, equation (2.10) becomes

R T

kel ) s
(2.11)

The last term in (2. 11) comes from the integrated part. This term
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can be expressed in a convenient way using the equation for \-9(“
Using the boundary condition for (2.7c) on 2=0 , at Yy=0 , we have:
[} » 0 £
Y9 (0,0) = Wk Sinps 4 (0,0) - CREBE
the bottom boundary condition gives at M=o, 2=0,
» _ W
\y‘b (0,0} == 43 (0,0) Gt .
Since \ﬁ’m has continuous derivatives (see the Appendix), we have

finally

‘f\?(o,o\ =-ukBray® (0,0) + LGtz BT . (2.12)

Substitution of (2. 12) in (2. 11) and simplification gives the final form

for the modulation equations., They are

5 % S’u‘»\ﬂ. ) (2 13)

where the function Y® satisfies:

; = PD \fLﬂ = -Lk'L'B? E2 o™ 1:0’ A3 7/0)

® ® (2.14)
\yﬁai\g‘gg = 9 .‘%onr «37/0’—'31‘.&1\«[5$2$01

?&;g\m{s* \fg‘CmF,:D O™ 2=-f\3t01v\/5/ ~ 70,

" A : : y
\-S" ~ given incoming wave + outgoing wave as % ®.

To obtain the behavior of the waves it is necessary to solve (2. 14)

and then (2. 13). This will be done in the next section.

2.4 The Solution of the Modulation Equations

The first part of this section is concerned with the study of the
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solution of (2. 13) and (2. 14) in the early stages of the motion when

\B| 441 . Instability is shown, and an expression for the growth
rate is obtained for general angle (3 . The second part deals with
the derivation of the full nonlinear modulation solution for arbitrary
angle (3 . Finally, in the third part, the solutions are examined in
the phase plane, and the final steady state of finite amplitude is cal-
culated.

(a) Instability of small edge waves. Assume B\ &\ ; then

the nonlinear terms in (2. 13) and (2. 14) can be neglected. For YW

we take the unmodified solution Sio (y,2) . In this case (2. 13)
becomes
[>n]
L.% B = ?CMP\Q"XSQO(&M E* () oy 3% | (2. 15)
o

Equation (2. 15) has exponentially growing solutions; this shows in-
stability of small edge waves for general angle of the sloping beach.

The growth rate is

i giqm ! (2. 16)

where the function < (@) is given by
- 2460
cla)= eo.-)ﬂ R Sgln(wh’o)ew ﬂdo{. (2.17)

T

n
r* o

In order to compare the growth rates for various angles, we choose
Q» in such a way that the incoming wave has always the same am-

plitude Qo at the shore for all @3 - The values of C () can be
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calculated analytically for angles p3=T/zm , since for that case
the functions S!., can be expressed in terms of exponentials (Stoker
1957). However, the calculations become more involved as M in-
creases; this is because the solution SQ, contains M exponentials.
For the case (3 very small, the shallow water approximation may

be used. We now calculate some values of the function €(g3).

First of all, consider the shallow water region. In this case

Ow B, (ko) = Qo Vo (uVar)

where '30 is the usual Bessel function. Then C(fs\ is given by
o
-2
c(p)= Qo SWO(AV?) e ™7 dm . (2. 18)
A

Equation (2. 18) is the result (after integration by parts) found by
Guza and Davis (1974). The integral in (2. 18) is standard, and its
value is 1 /2¢%* . (The value obtained numerically by Guza and
Davis differs from the one just obtained. However, in a subsequent
paper, Guza and Inman (1975) acknowledge the existence of numeri-
cal errors in their quantities related to C((b) »

From equations (2. 16) and (2. 17) it is apparent that the non-

dimensional parameter proportional to Qa is

Q,OUJL ecnrs /%?LM‘LP

and our approximate theory will be valid for Q, w‘&cp /% Simt P <N,
It was shown experimentally by Guza and Inman (1975) that the mag-
nitude of the parameter 0,,.;,5"(3,,,,{3 /cﬁ g;Mz{_n, has a direct

physical significance in the experiments. It was found that for
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values Ao w' Conpn /%‘iim"p >4 the incident waves did not pro-
duce edge waves.
To extend the shallow water results we calculate the values of
C(m)y , c(ss) , and C('“'/s) using the full nonlinear theory. For
the case (3=T/4 , the appropriate incident wave Qa Sfu (7/k, 0) is
given by

_ X
amSno(m,o\:%} {(;aa%q*-%%%e % 1J /

and we find c(W4)= . 066 Qo . When @3=W/6 the corresponding

incident wave is given by

V3
O.mgb(?/k, 0) = -\%5: SLS’Lma_of L2e 7 S’{n(rly_ﬂ'/g).} ;

and <(W/e)=-1980Q. . The value c (1) involves four integrals
and is . 430 0o

The values just obtained show that the growth rate increases
rapidly as 3 0.

It is interesting to estimate the growth rates for finite depth

using the shallow water result. The estimate is

Cs(p)= Gofr o q,

Sintr 2
The values of the growth rate are given by Cg(%/4) = .10Qe
Ce(We)= - 23 Qo , and S5 (W/g) = -HAQ, .
To compare the shallow water estimate , €s(p) , for the
growth rate, with the values obtained using the finite depth theory, it

is convenient to plot Cg {(ﬂ fim‘rg / Qs Con /5 and

c (p) ?(v\"p /8e Co (3 as functions of the angle 2
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Graph 1 shows the corresponding values.

6.3 |
&-5 —
59 ¢
H.b-- o\
Mﬁ xlO"
uoco’)[!a
h % A (@
Graph 1.

In Graph 1 the line is the shallow water result, and the points
on the curve represent the finite depth results given by
<(p ginl(:, /0, ﬁ-np . From Graph 1 we conclude that the main
angular dependence for the growth rate is given by the factor
Co't{s/g(m /3 .

(b) The solution for L_?m . To describe the further growth

of the edge wave and its interaction with the given incident wave, we
need the full solution of (2. 13) and (2. 14). We begin by solving (2. 14).

The general solution for (2. 14), regular at the origin, is given by:
YYo= A S (3,2) v LB Py z) (2. 19)

where P satisfies:



2.

rPg —L‘:hgl—,M{}‘P = - k? Ez om Z= 0, 4%o,

Tyy + Bz =0 Jov y2o, - Ylams €20, (2.20)

3&-’*\{5 ‘?geoopto om 2=-\é'to\M/5) Ay 20,
9 9 n given incoming wave + outgoing wave, as -3 00.

To obtain the solution of (2.20) we use the appropriate eigenfunction
expansions. For angles /3 =M/am suitably normalized multiples
of the solutions of the homogeneous problem can be shown to be com-
plete (see Chapter 6), in the sense that every sufficiently integrable

function @ (4)can be expanded as

A4 = Ssz(“ﬁ,b\a-ig%(rq] Se("I,O)o\'vz ; (2.21)

(& ] o

Using (2.21), the appropriate solution of (2.20) is

Ply,2) == R TV S_S_Ep_%ﬂ MX S2(9,0) Ef(y)dap . (2.22)
i ¢ o

To find the asymptotic behavior of ?(‘j,o) as &4 oo , for F:T/zm ’
we recall (Stoker 1957) that the eigenfunctions behave as &4 = o in

the form

Sﬂ("},o\, N N((_l.) en(%-\- ﬂ&_‘_:‘-n)/

where the normalization constant N ((5) is independent of a but de -
pends on the angle ﬂ; . The transform of the function E® is just a

rational function which decays at infinity in the complex y) plane.
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The path of integration in (2. 22) can then be completed around the
pole at 2: Q, (see the Appendix for details); and in this way it is
possible to show that the dominant contribution comes from the pole

E= 0o . It is found that
Py, 0)~ \Rol((s)N({ﬂ ﬁtM(PoT M_:“) Q> Ay = o0, (2.23)

where the nondimensional constant d ((5) is given by:

oo

d(p)=T 3 St,(7/k, 0) 1 A (2.24)

(&)

To complete the solution for Y we need to determine the so far
arbitrary function A(T) in (2.19). The function AG) is deter-
mined using the boundary condition for WY at infinity. The incom-
ing wave component of § remains unchanged during the growth of

the edge wave. This condition implies that the incoming components

of

t

L (wt
Ow A By, 00 4 Qw LREM TP acc.,

and
' . t
(6 S_Eo Qlw 4+ C.C.
remain the same.

Therefore, in view of (2.23), we require
A= 4-RA(F (. (2.25)

This completes the solution of (2. 14).
As was remarked in the previous sections, the calculations
for small 3 become very involved; and in order to obtain the de-

sired results for small (3 we will use the shallow water approxima-
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tion in evaluating certain integrals. However, before we outline the
shallow water approximations, we provide the solution for 3 =T/4
and give the value o\(‘ﬁ/‘ﬁ . This will allow a check on whether or
not the results vary considerably with (3 . The appropriate Sg(“),i—)
for 3=T/4 is given by

Se(5,2)=\T 1 0 (1o 7) + €30 (b2-74)).

The solution to (2. 14) for R =T/, is

fP(“j“i‘: -k_i_—_\_’;.‘ ?VS e”’l *&g(ﬂk‘a‘v.‘r/“) % 97 %c.n("]k?rﬁ/“) df7 . (2.26)
= (£-27) (@+2) (kv ) '

The asymptotic behavior of (2.26) on 2=0 as Yy o is given by:
Puoln Byz' SYE Sim 2wy +T) |
(4, In By lvvf (22 ky+I) Y (2.27)

hence the constant d(“/:.) takes the value V2' /\5 v .

We now use the shallow water theory to obtain an approxima-
tion for P and d(p) when (.% is small. The shallow water ap-
proximation of P(%,0) , now denoted by P(4) , satisfies the in-

homogeneous shallow water equation:

(5\:)’?”-1 (_5?’-& Hk(:,?= \2"‘ e—"ba' . (2.28)

= 4
and the Z dependence is absent in the shallow water approximation.
The eigenfunctions of the homogeneous problem are the asymptotic

values of Se(‘ﬁ,l) when @35>0 . They are

Se (‘ﬁ)=[5"/" ']o(l\/%—g) ) dov ) o0.
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and the expansion theorem is just the familiar Fourier-Bessel expan-

sion

[+ 2]

fo1= |t 0 (/F) & [ % By B ) Sy, e

() (o}

Using (2.29) the solution of (2.28) is given by

Ply)=-R* Pv.| TolaVes)ay \ T (2vn **74 )
) @ §, £-4k 5) (W) 1 (2.30a)

The asymptotic behavior is again found from the contribution of the

pole at =2k and we have
Pls) w (@) () (Ry) ™ Sim (0VRS -T2

where

ad(p) = (5""“3 Touvy) €Tdy = W/2e%s% (2.30Db)
o

The value of d((s) is, of course, the asymptotic value, as 3 -> O 3

of (2.24) when the shallow water approximation for the incident wave

is used.

(c) The amplitude equation. We now consider equation (2.13)

for the complete determination of the amplitude of the edge wave. To
obtain the desired equation, the solution (2. 19) of (2. 14) is substituted

in (2. 13). We obtain

W - iﬁmfs\fi‘”AB*SSﬂoE’“d\g v R Loy grgr y

q S (2.31)
o v



N

where the function/u(fs} is given by
oo
AlEr= -3 s @ Simplop Sor"(‘%ow?(u\ dy . (2.32)

From (2.22) the nondimensional integral in (2. 32) can be expressed

conveniently as

) co L) 2
% S A X 0\ E*(v)d }
S'P(*s,o\f'_ (Nay ==k ?V.SW{ ) SQ('Y), ) E () dy 2. 33
° o
Again in formula (2. 33), for angles p--"lf/am , the integrals can be

evaluated in closed form using partial fractions; however, the pro-
cedure is not practical for small @ . Inthe case of small 3 ,
when the shallow water approximation (2.30a) is used, we obtain
oo oo ’TI
Spgd‘g:_;‘?.v.ige— a =_I.Q"'E-(L|)
A e | . 2.34
. (o = y 43 ( )
where EL(’H is, in the notation of Abramowitz and Stegun (1965),
the exponential integral.

To obtain the final expression for the amplitude equation, we

substitute in (2.31) the value of A given by (2.25). Then

W R = 80ne R\ faa 3% (1- R (@) )+ LMo BB . (2. 35)
q (* So LE <9 ( ¢ ) Simps

Equation (2.35) describes the complete evolution of the standing wave

in the presence of the given incoming wave.
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(d) Solution of the amplitude equation. In this subsection we

discuss the behavior of the solutions of (2.35) for general angle of the
sloping beach. For this purpose it is convenient in (2. 35) to change to

nondimensional variables and functions in the following way.

Let
BT = h-‘lt S\-N\(&‘/t R(k’l%w—\ T) . (2.36)
then (2.35) gives the equation for ‘R in the form
12:9%99 A (e R* (1—0\({3\3’\}“(5(\{2)+/*((5\‘R1‘R*1 (2. 37)
since
~ Co>
i 5
3% Sosfa(%,"\ T Ay = e G A (2.38)

(O
To examine equation (2.37) in the phase plane, let R=e*

then the equations for the amplitude and phase become:
T = 88sp A(p) (Cor 28 - d (@ Sz w2 ) T,
w
(2.39)
e == Q_cfap o\l(ﬂ SW\Q.S +/K(mf‘—-'z )
w
The system (2.39) is periodic as a function of € with period W ; it
is therefore sufficient to examine its behavior in the region -T_;. ¢ B¢ % s
The critical points of (2.39) represent the possible final steady states
for amplitude and phase. The critical points of (2.39) in the (e, ")
plane are: CR: (—Ii’o) : '\;‘1=(_o) o\ , ‘Ps—.- (‘l‘i JO) ; the only criti-
cal point of finite amplitude is Ty= (s, o)  where
tam 20, = Tu(p) /«acmp Sima d*(@) (2. 40)

Z

Ny = Con 290 /d(p] gimﬁ



o
The critical points ?1’ Y. and (Pg are unstable (in the usual

sense of ordinary differential equations). To examine the stability of

'P,,‘ , let =rc, P D=6+ 9 , and linearize (2.39) around
(e,,, N,) to obtain
/ [ G/ X 7 (B -
P - 16 Conp St d ), - L& Coop 11, Sm20,d () | [/ P

-

3 Lpp . -ilop S diae \3 /. @4

The eigenvalues of the matrix of (2.41) are
’)}z ="r|_|—_-_l‘ CO')P S\mip C{‘(P] * 2(.‘1-01 ‘/‘({5“ .

and therefore Re M2 <0 | Hence, the point (B, M,) is a stable
spiral. Since there are no periodic orbits for (2.39) and no unbounded
solutions, it follows that for all initial conditions the solutions of
(2.39) will reach the steady state LB,,,'T,,) as | o0.

The physical interpretation of the argument just described is
clear. It means that small amplitude edge waves become unstable in
the presence of incident waves of twice their frequency. They start
growing until higher -order nonlinear effects become important and
stabilize the motion. The final result is a steady periodic standing
edge wave of amplitude O(Q-‘é‘ , determined by (2.40). The general
behavior is the same for all angles @ of the sloping beach; the dif-
ference will be only in the actual values for O\(r;) and /M((s) . The

expression for the final edge wave amplitude is given, for arbitrary

> > by
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|/z
. P
PR §u~nrs ( ;‘_(p?w ,_)

where Ag= Qo N|(a) and Vi are the given offshore ampli-
tude and period of the incident wave. The constant T, is given by
(2.40).

It is interesting to observe that the modulation equations (2.39)
are very similar to the ones obtained for subharmonic responses of
forced nonlinear one-dimensional oscillators. It is also possible to
construct simpler examples of transfer of energy from an incoming
wave to a trapped mode, using a two-dimensional membrane equation
with an appropriate nonlinear restoring force. This is because the
nonlinear mechanism is the same in all cases, and the only difference
will be in the '"correlation integrals" for the various modes.

(e) Expression of the run-up amplitude of the edge wave in

terms of the amplitude of the incident wave at the shore. In order to

compare the predictions of the present theory with laboratory experi-
ments performed by Guza and Inman (1975), an expression for the
final edge wave amplitude in terms of the parameters of the incoming
wave at the shore is needed.

In the experiments, the measured run-up amplitude Ar , of
the subharmonic edge wave, was taken from the distance between two
antinodes measured along the beach: this is related to the amplitude
of the surface elevation Qg by Ay= Q(le/g\}“(b . We now cal-

culate the run-up amplitude of the edge wave and the amplitude of the

incident wave at shore for the case of small /3 -
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Consider first of all the incident wave when no edge waves
are present. The velocity potential §L of the incident wave is given

from (2. 19) by

B - 0w3 S, (y) 9% ce = 0wS 2 Tp (uvigoswt, (2. 42)
w

2
w (3"2

Therefore, the surface elevation :f,: is given by

T —% $, - e To (aVky) Semw't, (2. 43)
p

and the maximum amplitude of the incident wave at the shore, denoted
by Qi , is
i & 7
Q;= 28e /g% (2. 44)

The velocity potential §ﬂ associated with the edge wave in
the final state is given by the value of the first term in (2. 6) when

T= 20 . This is
- 1) LWt
@e‘-' az 9 X ("3,2)“’) Cokx € * +cc =
w
- 202 k""/f’“n"., E(y,2) Cokex oa(wt + 0, (2. 45)

2

the surface elevation of the edge wave, je , is then given by
S -k
A (a..,z.g/w.‘)/1 1 & P tex Sim (gt +®.)  (2.46)

Therefore, the distance Ax between two antinodes (measured along

the beach) is given by

Ac= 27, (de4g /2 )" (247}
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From (2.44) and (2. 47) the run-up amplitude may be expressed in

—_—

terms of the amplitude &i and the period \i of the incident wave as

Ac- 2T (aig mpy/yga ) 2.4

The value of T, is obtained from (2.40) where A(p) and u(g) are
given by (2.30b) and (2.32). The final expression for Ax in terms of

(081 to be compared with the experiments is

Ac=25T; (Reg/m2)" . (2. 49)

It is interesting to compare the final edge wave amplitude for
shallow water with a corresponding value for finite depth, say, for
(=T/4 . The calculation for the case [3=_“/‘4 is the same as just
performed for the shallow water case, but using the values A (T/a)
and u(Wa) . The resultis

Ac = 3.6 T (g /m )™
Comparison with (2. 49) (which is valid for small (3 ) indicates that

the equilibrium amplitude is not very sensitive to changes in the slope

of the bottom.

2.5 Comparison with Experiment

In this section we compare the amplitude predicted by equation
(2.49) with the experimental results of Guza and Inman (1975). How-
ever, before the actual comparison is made, it is interesting to re-
call some of the qualitative features observed in the experiments. It
was observed that large edge wave run-up is produced for small inci-
dent wave amplitude. The amplitudes of the edge waves were larger

for longer period of the incoming waves. Finally, when the parameter
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0,;,\,0"'/% (:':?' exceeded one, no edge waves were produced.

In Table 1 the predictions of (2.49) are compared with the
experimental results. The period of the incident wave is measured
in seconds, and the amplitudes are measured in centimeters. When
no experimental data are given, it is because no edge waves were

produced since the condition &;\oV% pT<¢\ was violated in the experi-

ments.

Ti Gi Ar exp Ar excl)) Arexp i Ar
sec cm B.= 4° B =6 B =6.8 (2.49)
Z: T 1:i8 40 40 40 71
2.7 2 - 80 70 90
2:'% 2.5 = 100 90 100
2.7 3 = 110 140 117
2:7 Bs < 130 160 130
3.8 6.7 - 220 i 230

Table 1.

From Table 1 we conclude that good qualitative agreement is
found in the sense that small incident waves produce large edge wave
run-up. The present theory also agrees with the fact that incident
waves with larger period produce larger edge waves. Unfortunately,
the only data point for period different from 2.7 sec is the measure-
ment for T, = 3.8 sec, and it was not possible to compare other nu-
merical values. Despite the fact that the parameter a;wt/%(s" was

close to one in the experiments, and was assumed small in our analy-
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sis, the numerical agreement of theory and experiment is quite good.
The numerical agreement is better the larger the amplitude of the in-
cident wave. A possible explanation is the following: it is observed
in the experiments that the amplitude of the incident wave has to ex-
ceed a critical value in order to overcome viscous effects and excite
edge waves. This suggests that viscous dissipation is important for
small amplitudes of the incident wave, and the present theory does
not include them.

2,6 Further Study of the Edge Wave Solution

In this section we examine the uniform validity of the expansion
for 'X to the order considered. It is expected, by analogy with the
nonlinear traveling edge waves studied by Whitham (1976), that a non-
uniformity as ¥4 -5 2 leads to a modification of the rate of decay of
the edge wave out to sea.

In order to discuss the appropriate modifications we consider

again the problem for X"Q) , that is,

'7((;‘ - kg\'m(sr)(@ =— i.b_%\ BE 4 (\f""' %O*) + ('X“) ‘X“: 'Xk"‘) ow 220,470,
o P o ey 470, —ylamps ¢2 <0, s
7&(\??\}“(54 ?Q,,,on om ia-jtamrs) Y470,

r}(@'\ = 0 A D oo,

Since the forcing term in (2. 50) satisfies the orthogonality condition

(2.9), there is a square integrable solution for ’X(a . However, it is

not uniformly of order ’)(m as As-b o0 ., The situation in (2. 50) is

the same as the one examined by Whitham (1976), and we now use his

results. The relevant one for this discussion is the asymptotic be-
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havior of (Xu) as s oo . The leading order contribution as y-> «©
comes from the first term of the forcing function in (2. 50) and is
given by

XDP(9,2)= —i%)'i', (A;;tamp-c-z) E(y,2)+ 0 (ECy,n), (2.51)

When (2.51) is substituted in (2. 6) the expansion for X takes the

form

P "1. L t . 2 \ ot
X(5,2)= Qs B E (y,2) ook SLP—” Bhans &) (Ylompe2) e }“-C--(z. 52)

We see that (2.52) does not provide a uniform expansion for the func-

tion 7( . But it is recognized as the Taylor expansion of the function

y '
X= G0 BEM,2) Cokx oxp Lk - Gty B3 (lampe2) | v e (2.53)

which is the uniformly valid form. To justify this form the analysis
can be recast starting from (2. 6) using the method of strained co-
ordinates to obtain (2. 53). The modifications are minor but obscure
the main steps, and will not be repeated here. In the revised form
(2.53) the phase of the edge wave depends not only on the slow time
but also on the offshore coordinate and the depth. The real part of
the function "3 3™ gives the offshore dependence of the phase while
its imaginary part gives a modification in the rate of decay with Ay
This is in analogy with the traveling edge waves. In the final steady
state, these small modifications are no longer present. When the
shallow water theory is used to calculate the corrections to the phase,
a logarithmic behavior as M —> e« is found. This is analogous to the

situation found for traveling edge waves by Whitham (1976) and dis-
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cussed in detail by Minzoni (1976). For this case, the same argu-
ments apply. For the case of a more realistic beach with depth dis -
tribution %(‘5\:/‘54\3 for 0¢Y¢ El , R(yy= R, for Y7 e, ]
A= e 2y , the change in phase is given by

am‘%) @3“@(‘\5—1.)/R‘. (2. 54)

It is linear in qualitative agreement with the behavior found using the
full nonlinear theory in (2. 53).

To conclude this section, we summarize the behavior of the
solution for the edge wave. Incident waves of frequency W and
amplitude QLo produce growth of subharmonic edge waves. Also
during the development of the edge wave, the rate of decay offshore
is modified. When the amplitude of the edge wave becomes O (GZ}
the feedback interaction modifies the incoming wave and the motion
is stabilized, becoming a steady periodic oscillation. The final state
involves a large edge wave together with a small incident wave and
its reflections.

2.7 Free Standing Edge Waves

In this last section we discuss briefly a problem which is re-
lated to the previous discussion. It concerns the existence of free
periodic edge waves of finite amplitude.

In order to find the periodic solution, if any, the boundary
value problem to solve is (2. 1) with a change in the boundary condi-
tion at infinity. In this case, since we assume that no energy goes
into the system (except for that contained already in the edge wave),

the appropriate boundary condition at infinity is that ® behaves as
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an outgoing wave.

We then assume an expansion for ® in the form

§=0,BMEM2) lokx @ 254 07 90 ™t L 03 W@ ™, cc. . (2. 55)

When (2.55) is substituted in (2. 1), the equation obtained for Y% is
again (2. 7c), but the solution kym now satisfies the radiation condi-
tion instead of (2.25). The interactions L\?(‘\} ‘X"‘*\-"Xmand

('XU,‘ ’XU‘; 7‘(“) == 7((“ produce a change in the complex amplitude

X%  on atime scale proportional to Q_z . The appropriate orthog-
onality condition necessary to obtain the solution for (X(Z) is again

(2.9), and this leads to the modulation equation for B(Y . It is

WR = 9mp d’(p) RPBB* . LRIAM 328 | (2. 56)
% ™ g\'_m(z
To express (2.56) in nondimensional form, let
B = v () e O

p (2.57)

where
T= k3T
o

Substitution of (2.57) in (2. 56) gives the equations for the amplitude
and phase. They are

T = -3 Siwts 4 (p) T

™

. (2.58)

B =/A(r5} Sw‘.fs e
Since 4= ((ﬂ > 0 for all angles ﬁ , equations (2.58) sho;v that
the amplitude of a nonlinear standing edge wave decreases on a slow

time scale O(Qek)z . This shows that a finite amplitude standing
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edge wave cannot exist as a periodic solution since all its energy is
ultimately radiated at infinity due to the nonlinear effects. The am-
plitude decays as T~ “2 , This shows that the presence of incoming
waves is indeed necessary to sustain finite amplitude standing edge
waves.

It is interesting to note that the same situation (the radiation
at infinity of the energy in a trapped mode of finite amplitude due to
the nonlinear effects) will be present for all systems which allow a
continuous spectrum in addition to the point spectrum. This situation
is not usually encountered in simpler nonlinear standing waves prob-
lems, because the region considered is of bounded spatial dimensions

and the continuous spectrum is absent in that case.



-45-

CHAPTER 3

EDGE WAVES PRODUCED BY MOVING PRESSURE DISTURBANCES

In this chapter we consider the edge waves produced by a
pressure disturbance moving parallel to the shoreline. This problem
has been considered by Greenspan (1956) using the linear shallow
water approximation. We now discuss the same problem using the
full linear theory. The same results found by Greenspan are shown
to be valid for general angle of the sloping beach, and our results
reduce to the shallow water ones in the appropriate limit. For our
purposes, the pressure disturbance is taken in the form of an im-
pulse concentrated a distance Yo offshore, and moving parallel to
the shore with velocity -~

3.1 The Linear Initial Value Problem

The initial boundary value problem to solve for the velocity

potential § and the surface elevation ¥ is according to the

linear theory

é\-_* 3% - - % S (x+art) 3(M-4,) om 2=0,47%0,

AYEE é;_ s On-oixi® u2 0, 2=0,
P, (x900)= B(x40,0)=0 om -mix<w 20, (3.1)
Vz @ =0 %o’i‘ ..ab(x(-o) 5.37,0) - ‘_’S‘t‘gﬂ_[!,é 2 ‘0}

@,gm[ﬁ $,lop =0 Ow 2=-stamp , ~420.

To solve (3. 1) it is convenient to eliminate ¥ , and to change
variables in the form x'= x+7t, =t . After the appropriate

manipulations (3. 1) becomes:
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v ’(l“*zﬁ é"{' * Q\ﬂ' % Ql T %.F 8,(-"'\ S(.hs-hso\, owm i:o, "37/‘3/
Q&:(“’J“&O,D‘ = 2y 0,0) =0
@%1 * §2i * ix'x‘

G, Simp+ B,Conp

for —wexico, M2 O,
(35.2])

e -%,-f —omx'< o) %ZO,-%MFSl‘U,

o om 2:—:.3t0um[5 , A§%0.

Equations (3.2) can be solved using a Laplace transform in

time and a Fourier transform in ®° . When the transforms are de-
fined by
o> b h ]
T e . A _tex ‘
é("\"&e*@(ﬂdﬁ/ @U{\=S€L @Lx\dx‘)
® —o

the equations for the transformed function are:

+

“hevr § vatkos § + ¥+ qF, —-vikF Bl4om,) owz=o, 4430,
P

vo2td
Ml

ay v iz -h‘§= o J{)w 7,0, ~4lam 32 <0, (3. 3)
?i.SYLMP + E?z Gop =0 oOm 2=~~3tam/5 , 47 0.

To solve (3. 3) it is necessary to know the appropriate eigen-
function expansion associated with the homogeneous problem. This
expansion was discussed briefly in (1. 16) and will be examined in de-
tail in the last chapter. In:this case, we are only interested in the
behavior of the lowest order edge wave mode since it is the one
more easily excited by a moving storm. The higher order modes
can be examined in the same way. The contribution from the con-
tinuous spectrum was examined by Hanson (1926), and the usual Kel-
vin's wave pattern is obtained.

-—
~

Since we are only interested in the component of @ along the
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lowest edge wave mode, it is only necessary to find the component of
the forcing pressure along the desired mode and solve (3.3). When

the desired solution is denoted by ée, we obtain

“W\Gos &
it Gspe Rkl € o

£ SLarikoY e gkl Sime )

il

e:

In the original variables the solution is given by

‘*z » ~IR}(g+ 44 ) Conp + W12 Sim ,
@ " —QLTUGTJFSQ kik) € : U, k) aw s (3.4)
e 2w
r -
where the function U (“L’;k) is given by
AY
/ = e M .
U(""}k)' ani lgiu*‘\hv\za.%\h\&mp]

The explicit form of U, k) when substituted in (3.4) gives

ao
§oatvep i (T2 _
¢ AW @ l A G LA Y
L((3kSimp)?_ o )Y RO onn+ k2 G .
) EZL q #) ) ]e 5+Y,) pk!ﬁmp Q‘_kx R dk -
2GR Somp Y (R v (QleSeonps)s)
7 _t((gKSimp) - Ro)Y ket lomia RS 3 eyt
QL(("; imge) ) ¢ 4 Uco'fs 25U (& eL\u k2 ak .

- § 2@k Simpm)2 L-» ko +(qk Sim (ﬂ"‘)

(3.5)
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We are interested in the behavior of (3.5)as t= > o |
To obtain the dominant term in the expansion we consider each term
in (3.5) in detail. First of all, in the second integral the phase of
the exponent is never stationary; hence, it is O™ as Yo

To find the asymptotic behavior of the first term it is convenient to
deform the path of integration by adding an indentation in the lower
half plane to avoid the point Ko = A%mp /. Then we may
consider each term in the integrand separately. In the second term
the exponent (%kﬁtmr,\“" - Rar has a positive imaginary part for

—.waﬂs\'ié 0 ; therefore, the integral tends to zero as o 2

Hence, the long time behavior of (3.5) is given by

_ 3 )lrpn a2 Sim Chkx!
® ~ Alep T FSNV\X c P o™ e d\a) (3. 6)
¢ 2w P -wwta ki g :
c
where C is the indented contour. When tY—>e  x'> e as well;
hence, the contributions from the real axis in (3. 6) are O(x"') by

virtue of Rieman's lemma. The only contribution which remains to
consider is the one from the semicircle in the lower half plane cen-
tered at Ro= %S’tm[s/'u”- . When ¥X'<O , and X' —- =« | we
have &, >0 because Re (LRXY <D | For x'>0 we deform the
path in the upper plane; then the contribution from the semicircle is

negligible, and the dominant term in ée is given by the residue at

kc . This is

_hol - )CW} i'ho gw
@eN L-l-E,l;z' em(" Co)(\z.,x* ko“i\ e b a (3.7)
P



-49.

for X3 -vt . From (3.7) the surface elevation je is given by

AF Con b Sim b (ranrt) @R BTG (3. 8)
"%

e =

Equation (3. 8) represents an edge wave traveling behind the disturb-
ance , (x%- i) with phase velocity -4 . The result (3.8) is
valid for arbitrary angle (3 of the sloping beach. When (350 in
(3.8), and the Gaussian pressure distribution used by Greenspan is
concentrated into an impulse, our result (3. 8) agrees with Green-

span's. The only effect of the beach angle is the Ceo(s factor.
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CHAPTER 4

NONLINEAR EDGE WAVES AND SHALLOW WATER THEORY

In this chapter we consjider the nonlinear effects for shallow

water traveling edge waves on beaches with arbitrary depth distri-
bution.

4,1 Introduction

In a recent paper (Whitham, 1976), both the shallow water ap-
proximation and the full water wave theory are used to discuss non-
linear effects in edge waves for the case of a uniformly sloping
beach. In that case the shallow water approximation gives anomalous
results for the amplitude decay away from the shoreline. This is at-
tributed to the breakdown of the approximation as the depth increases.
In this chapter, the shallow water theory is reconsidered for more
general depth distributions which may be taken to remain finite and
shallow at infinity. For finite depth the results are similar to those
of the full theory for a constant slope. They differ in detail because
the two cases now refer to different situations: in one, the depth off-
shore remains small compared to the wavelength; while in the other,
it becomes large (in which case the precise depth distribution in the
deep water is irrelevant since the waves are no longer influenced by
the bottom).

Even in linear theory, the shallow water approximation has
undesirable features for constant slope, since it predicts an infinite
number of trapped modes at the shoreline (see equation (1.27)) and
incoming waves with non-zero amplitude at infinity are not possible

(see equation (1.24)). The full linear theory predicts just a finite
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number of edge waves and a continuous spectrum of incoming waves
(see equations (1.13) and (1. 15)). Again, the differences can be re-
solved by taking a depth distribution which becomes constant at large
distances away from the shore. We discuss in some detail the spec-
trum of the operator associated with the linear theory and show that it
has a finite number of isolated points (edge waves) and a continuous
part, in agreement with the full linear theory. The nonlinear cor-
rections for the lowest order mode are developed using a Stokes'
expansion.

4.2 Linear Theory

The shallow water equations for a depth profile f(4) are

Yo+ 49 +190 «+ 9% = o,
(4.1)

B LRy + Y }(@.(mcf'w.ﬂ]%: o,
where ¥ is the surface elevation, Y is a velocity potential for
the horizontal velocity field, ®4 denotes the offshore coordinate, and
X the longshore coordinate. From the linearized form of (4. 1) we

obtain the following equation for X :
Ry + & T -4 Jee = 0. (4.2)

For a traveling wave solution of (4.2) of the form = f(y) Sun (kx—w{'—\ s
-F satisfies

Le+ 2= (AR'E) + (O-kR) § = o, (4.3)

where A= wt/qh . In order to describe edge waves we need to dis-

cuss the spectrum of L

For a constant beach angle g " ﬂ(g):ﬂ,% and we have
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Laguerre's equation. The spectrum is positive and discrete; the
eigenvalues are WwW?Z= alz (im-u)/.l, . However, this leads to the var-
ious discrepancies noted above. To model more realistic depth dis -
tributions, we choose @il4) to be an increasing function such that
R(yy~vpepy  as o0 and Aln= & for ~ = &,

The domain of L  is restricted to a class of functions which
are finite as 4 > o0 . The operator L is self adjoint; therefore, the
spectrum is confined to the real axis.

First, there are no points in the spectrum in the range A <0
for in that case any solution of (4. 3) which is regular at the origin has
f@and §'(0) of the same sign; it follows, writing (4. 3) as

R¢=ko o= (RE-2)S
that lg\ increases monotonically and cannot be bounded at infinity.

To find the spectrum of L in A2 0 , it is convenient to use

the Liouville transformation. This is {(y4)= g (4) W) , where

.
A4 = S K™ 8 "mdt.

o

The transformed equation for U(®) is

(Lo+2Yu = w” +(2-gq)u =19, (4. 4)

where

q_: \29\_——‘ K1+_,"

Since the Liouville transformation is in this case unitary, the spec-
trum of Lo is the same as the spectrum of L . The general quali-
tative behavior of Q is the following: since K(‘i)”ﬁ‘é for 4 20 ,

Q@ ~ _‘%41 for 4320 ; 9 (4) is an increasing function and
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is bounded by Ra, ; Q‘,(ﬂ‘— k&, for A% 3, i QM has just
one zero, which is smaller than 44, . Thus, C)‘(s\ is a potential
well of infinite depth at the origin, width 4,= 0@, k2@ 4\ and
height R&,

For ’)\?ﬂ kﬁ. , the solutions of (4. 4) are oscillatory at in-
finity, and this range gives the continuous spectrum. (The relevant
theorems are in Titchmarsh 1962, § 5.6, 5.7, 5.15.) For
L X % \QR. , there will be point eigenvalues (edge waves), whose

number increases with the ''size' of the well, which is measured by

4,00\ = 0(kY,) .

A natural choice for the depth distribution which incorporates

the edge effect and remains shallow at infinity is

,&Uﬂ: 34 %ov 05\3$Q\, Ry = R fov N L. (4. 5)

However, the discontinuity in %’ would lead to singular functions in

q( , so as an example for (4. 4) we take a smoothed version:
%(&3\:[5'\3 for 0<¢™ ¢ R, , A(4) equal to a smooth increasing
function for 4, £M & R, and %@ (4Y=%. for N7 By . If enoz [SQD

is assumed fixed, we have

T

(1,(15\ = smooth function for ulh e\-vt/f-‘—f 1< A (@
\kju Yo A (p) <A < .

)
Here, the size of the well is measured by 2k®)?/2 . Comparison

of the potential q. in the interval 0g 4 ¢ (1,‘2 9.,)"1/,15 with the po-
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tential —‘a 3’4" for Hermite's equation confirms that for 0¢A¢ k@,
there are points in the spectrum (for sufficiently small (2@ ) and that
their number increases as (3 decreases.

The overall conclusion is that the nature of the spectrum for
finite depth at infinity is the same as in the full linear theory for uni-
formly sloping beaches.

Finally, we return to (4.5) and work directly with (4. 3) to find
an explicit approximation to the linear dispersion relation for the low-

est edge wave. We need the solution of
%gadu(m/%_kz%))ezo, fov 0¢y <R, (4. 6)
§74 (“’1/3%- k)V§ =0 fov 2 ¢y L. (4.7)

The interesting approximation for this discussion is for small 3 ;

this corresponds to large €1 if R, is kept fixed. For large 8, the

-k
solution of (4. 6) is assumed to be close to & E , and wW/9p3 is
close to R . (These are the results for ¥ = e« ) So we take
_Rkay ~
flgy= €% - € £ () 4 w/gR = kl-g), (4. 8)
where € will be related to £, in the course of the argument.

Then to first order in E
Y3 Y 4 (ko) - - ke R

The solution bounded at Y=o is

Y o
Tz - o™ S 9__/_:__:-‘ dw .

(4.9)

The appropriate solution of (4.7) is
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_uk D
$(y)= BEMT = (V- wigker,) ™, (4.10)
Since £ and -f’ are continuous at 4 = £, , the impedance
-S'ILQ‘\/ f(e) must be the same for (4. 8) and (4. 10). From (4. 8)

and (4. 9),
TR T A VA  NEE (A PV AP VN N

$0)/30) ~ - k(1= £e2%%/2k0,) - ke M.

)
(The second terms remain small since £ gt kP, is ultimately

found to be small.) From (4. 10),
FQY /S0 = - k= -k {1 -kt

since W'~ (5\2/5 = ‘glﬁ . /4 is a sufficient approximation in M .
Therefore, for the two values of §70)/ 5@) to agree,

e= e Wiz gk (- el o(e™™) ., ),

b

4.3 Nonlinear Corrections

We now find the nonlinear corrections to the lowest edge wave
mode. Following Whitham (1976), we consider Stokes' expansions for

W and X in the form of a traveling wave, and take

Y= ay2(ye)+ a'yD(4e)+ AYO(40)~ -, (4.12)

F= aX"(g0) + 0FT9(y,0) + B3 (ye)r-, (4. 13)

. T -
W= W,+ B'Ww, + y (4. 14)

where ©=kx-wl . These are substituted in (4. 1) to obtain the equa-

tions for the successive orders.
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The first order problem is

(%j‘f}‘\%-(wz/%-k’%\j‘gezo/ 3 (0,9 ) finite. (4. 15)
Let j‘“: 45 (n4) Con® . Then £" satisfies
(% §e Yo + (werg - R*R) £9- o , 9o finite. (4. 16)

Choose Lut/% to be the lowest eigenvalue of (4. 16), and let E (4) de-

note the corresponding edge wave solution for ;(ﬂ . Notice that

E(y) o Q—"uk“* for 437,2‘, where
= (1= wi/ger.)”
The lowest order solution is
T E(qCnae  , Y= -g/w, Ely) Sens ,
The second order problem takes the form

WP+ g% = Bl /udh (D () + 59 () Bnao)

(4. 17)
- W, Xg 'f(?\%:‘)ui*r RA WY = - g R/, T (%) Sim 20 .

Let jm= C}k"w;‘ 'W\mk';\\* 5‘"‘&.,19 . Then S(‘n satisfies

(Kﬁ)‘j & ("\(:_;: - LIk"R) ga‘z kr R® () , g(l‘(o] %u"\'tt g (4. 18)

where R*  is a quadratic in E  and Ry = O(e' :'/“h“) as > w
We assume that the eigenvalues of the operator (Rf’y- (mk\"‘ﬁg are
not integer multiples of the lowest eigenvalue W:/% . Therefore,

there is a solution of the second order problem (4. 18) of the form

‘j:(z)(‘\s’e) = ;(2.\(,”[:’0,,13 3 %\ztw-ol R (%\ )

Lfm (4,8)= 9R/w, 2 () Sim 20
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where 5“ , m¥®  and 2§ Lve O(e'z'/"kﬂ‘ as a4 > .

The third order problem is

({3’?;\*5"( w /g - k2R ) X5y = %.(—zle('ﬂﬁnB +

+WoR* RV () (0n 0 + Wk 9 (4) G 38)} X% (0,8) Qimite.
(4.19)

The forcing term in (4. 19) proportional to (>>3® does not resonate;
hence, it gives a contribution O(Q.SIA&.“ as M2« . The crucial
part of the discussion of the nonlinear problem concerns the reso-
nant terms in (4. 19) proportional to Cone | Let ,3‘“‘: fm Co®.

Then 5}“‘ satisfies

(R 890y + (120 RV E™ < 00 (20 Bl v ookt RO L) (4.20)

In order to have a square integrable solution which satisfies the
boundary condition §£9(o\ = finite, the right hand side of (4.20)
must be orthogonal to the function E(4). This orthogonality condition

determines W3

w, = 'i‘,wo\q" wheve = SDQ“‘(‘QE(‘S\‘“) / SGE"’(‘%\D\‘Q . (4.21)

The expression for rRm in terms of & s complicated for general
f.(&) and in any case R is not known explicitly. But E(‘s\=0(e’”""\
and 'Rm(‘s\z 0{2_5)‘\01) as Y- oo , SO Y will differ little from
the value % obtained for the case % (4) = 3% . More precisely, if

ﬂ(t“: 3" for o< Y4¢ g , then, as shown in (4.11), the cor-
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rection is O(e’lk"‘\ "

However, finding small changes in the dispersion relation is
not the object of this chapter. The questions concern the interpreta-
tion of the behavior of 4;“’ () as Y- and the uniform wvalidity
of the expansions.

To study the behavior of fm(«;\ as 4 5 o , we solve (4.20)

by variation of parameters. The solution is

£ (y) = %: R* E(4) W(y) |

where
4 \ 87 2 .R(
X/ =-S—__ E'(F)-REOME(R)dzdy .
() oe‘(‘iliz(V\E ) gy (4.22)

In all cases W(4) > oo as 4 = o , so the third order terms in
(4. 12) and (4. 13) become large compared with the first order terms,
which are proportional to E () , and the expansions are not uni-

formly valid as 4 -5 oo . We have
X - a(EM- u_‘;%\zzuz EWWE ) Corp +-
For large & , E(s) = e_)*‘u*

, so this becomes

:S) ~ 0.(e')‘k'5 & ﬁ%’%k‘?ﬁ"\!f’(ﬁne—#k‘s\ Con D+ -

The method of strained coordinates suggests that this is the Taylor

expansion of
j,\, Q,Q/X‘os_-/nkl\s-r ‘g:d}hl W(‘ﬂ,}&”"a; (4.23)

and that this modified form is the correct, uniformly valid one. For
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the beach of constant slope discussed by Whitham, fi(4) = 34 ,
Ely) = e R - e3*Y | and
W (ag) v (MREY" Log (Ry) 8o 4y .

The logarithmic behavior seemed unnatural and is attributed to the in-
adequacy of the shallow water theory for this case. This view was
confirmed, since the full water wave theory gave W (4)«*% and could
be interpreted satisfactorily as yielding an amplitude dependence in
the rate of decay. We are now in a position to discuss the behavior
for more general distributions -‘f’\(m which do not violate the shallow
water approximations.

The asymptotic behavior of W (4)is given by the first term in
(4.22), i.e.,

"

2 E'(z)didy,
W () v L}( RE‘(q)Sk (B1dzdy (4. 24)

When &%, as 4 > 0 , we have E(4)u e"/‘k%

and

WYY oo k(2R ny

This is the same type of behavior as in the full theory, and again we
have a clear interpretation of the result as a nonlinear modification to
the rate of the exponential decay. According to (4.23) the appropriate

rate of decay is now
\

k (\- Wo" )It

2 Wak_ (1~ t0f CU

29k @,

It is interesting that the term (4.24) originates from the frequency

correction Wj; , introduced in (4. 14) to eliminate secular terms in
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the Stokes' expansion but then leads to nonuniformities in M ! It is
unusual in nonlinear vibration problems that terms needed to con-
struct a uniform expansion in one variable produce nonuniformities
in other variables. However, in simpler examples the region con-
sidered is finite in space, and then all nonuniformities appear in the
time variable. When Stokes' expansions are used to discuss periodic
solutions which represent trapped modes in infinite regions, we may

expect the behavior found here.
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CHAPTER 5

NONLINEAR CORRECTIONS FOR STANDING WAVES ON A
UNIFORMLY SLOPING BEACH

The problem of nonlinear standing waves in an infinitely deep
fluid was first discussed by Lord Rayleigh (1915) who found solutions
to the third order of approximation in the amplitude. In 1952 Penney
and Price discussed the same problem but to a much higher order of
approximation, Finally in 1960 I. Tadjbakhsh and J. B. Keller found
approximate solutions to the equations of motion which represent
standing waves in a fluid of finite constant depth. It is the purpose
of this chapter to discuss the corresponding nonlinear corrections
for standing waves on a sloping beach. Here there is no longshore
dependence; we are concerned, except for the last section, with a
normally incident wavetrain and its reflection. The problem has
been previously discussed by Carrier and Greenspan (1958) on the
basis of the nonlinear shallow water approximation. Carrier and
Greenspan found exact solutions (as implicitly defined functions) for
the nonlinear shallow water equations. However, as remarked in
Chapter 1, the shallow water approximation for a uniformly sloping
beach is invalid away from the shore; therefore, differences between
the full theory and the shallow water approximation can be expected in
analogy with the situation discussed in Chapter 4.

This chapter consists of four sections, In the first section the
problem is formulated and the approximation scheme is described.
The second section is devoted to a detailed discussion of the case

B = w/4. Since the calculations for B = w/4 are less involved, this
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provides an understanding of the self interactions of the wave. In the
third section, the case of arbitrary angle  is examined and the re-
sults are compared with those for the shallow water. In the last
section, the nonlinear correct'O\nto the dispersion relation for an
oblique wave is found for a beach éloPe B=mi4.

5.1 Formulation of the Problem

The problem of developing the nonlinear corrections for a
standing wave on a uniformly sloping beach is different mathemati-
cally from the more familiar problems of standing waves in a bounded
region. In the case of a bounded region the normal modes of the line-
ar problem are used as a first approximation and the nonlinear cor-
rections for the natural frequencies are found using an appropriate
orthogonality condition. However, in the present case, the first ap-
proximation is not a '""proper' eigenfunction; but it is a function in the
continuous spectrum, and the orthogonality condition is no longer
meaningful. Therefore, a different criterion must be used to deter-
mine the corrections to the dispersion relation. This criterion is the
requirement of uniform validity of the expansions away from the
shoreline,

To discuss the problem for arbitrary angle (3 of the sloping
beach, we consider the full nonlinear equations of motion approxi-
mated to third order in the amplitude. In this case, there is no ad-
vantage in the elimination of the surface elevation in terms of the ve-
locity potential. When nondimensional variables and functions are in-
troduced for the velocity potential ¢§ and for the surface elevationj

by the relations
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PM,2, %) ogs\g(ny,z’,t)
S, t) = o 3 ()

where m’= Qe-b . 2= la

(5.1)

i}

. Pt w2=q¢ , the equations of motion,

after the primes are dropped, become

Y+ 3+ el 3+ liL‘P-}-v‘i’i)} + szgtf‘y.ﬂ«r \fa\fujj‘iﬁu}ﬂl ow 220 470,
:ﬁ:— ¥ *ESL‘?“K‘L-\?&K} N £1{\g‘ﬁ :Si'ivzzzjz}z O om 220,429,

Wy + Yy = © for Mqzo, -yqlmpcz o, (5.2)

?1§LMP+Y2&)!3:O om z:—‘\jtﬂn\{s, M7, 0.

where the small parameter € = QL is a measure of the wave slope.
We are interested in standing wave solutions of (5.2), that

is in bounded periodic solutions of (5.2), whose period will depend

on the amplitude of the oscillation. To obtain an approximation to

the solution, we consider Stokes' expansions for Y and X in the’

form

sl

)

\fN 2'5'\\?&\\(41’%,9\‘ (5.3)

m=0

o

I~ ZEM:W("%,e): (5. 4)

m=o

b= wEert =za“‘mm 't.,

M=o

(5., 5)

where the functions \?th\ and ;Y“"' are 2w periodic functions of ©
When (5. 3) to (5.5) are substituted in (5. 2) the equations for the

successive orders are obtained and their solution gives the desired
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approximation to the finite amplitude standing wave solution of (5. 2).
This perturbation procedure differs from the one used by Penney and
Price and Tadjbakhsh and Keller. They expand the solutions ¥ and¥
in terms of the normal modes of the system, and then obtain nonlinear
ordinary differential equations for the time dependent coefficients in
their expansions. However, this method relies on the fact that pro-
ducts of trigonometric functions (the normal modes in their case) can
be easily expanded in terms of the normal modes of the linear problem.
This is not the case for the normal modes for a uniformly sloping
beach, and the expansions (5.3) to (5.5) are preferred. The scheme
obtained using (5. 3) to (5.5) of course recovers the results for the
case of infinte depth when used in that situation.

5.2 The Special Case B = n/4

In this section we describe in detail how the approximate solu-
tions of (5.2) are obtained for the simplest case B = w/4. When (5. 3)

to (5.5) are substituted in (5.2) the lowest order equations take the

form
w,‘f‘g+j’m =0\ om 20, ~0,
o
w,¥e -Y¥F = o on Z=0, A4 70,
(5.6)
{ (L
\f“‘;'s * (u 20 ‘%o"{‘ "37/01—“5.\-"“”‘[‘51‘0-
Lf‘f:s +\{’%‘ = O om 2:—'&*' 1\3'7,0,

>

For a standing wave solution of (5. 6), we let \fw(g'z’a\z -gﬂ{-‘,aeoqa

D)
eliminate X( from (5. 6) and obtain the following equations for -}m -
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)
?I = W}-gm = 0 m\i:D) 437,0.
Q] m _
w*$z22 =0 %""‘s"lo, -4 &2 50 (5.7)
3 Q]
4~ + §%5 =0© oM Z=- A MZO.

The appropriate standing wave solutions of (5. 7) are the ""eigenfunctions
of the continuous spectrum'' discussed in section (1.1). The appro-

priate solution of (5. 7) is the function \I{emg) defined in equation (1. 4).

Therefore the required solution of (5. 6) is

9= $9(8,2)0on0 = { €3 Cos (4ami) + €73 Con (2-7/) | €0,

(5. 8)
B0 £ (%.0)Som D= | Bon (e T} + Yz e Some,
\.00:1'
The second order problem is
) 2) 0" .
Lfg"i'r +w‘\f‘e+\f(gir“+i((f‘(‘-li"‘fg\l): 0, oM 2:—.0’ 4\.37/0)
2\ 29 “) 0 ;
j‘e—\f;’ +N‘K(° +\ff§r"; _\f;z'f“:ol Om Z=0, %43 0O,
(5. 9)

® &3]
o g% <0 Be 4r0 -yerco,

‘-fgu*\— \?g"\ o om T=-44 M7O.

When the expressions (5. 8) are substituted in (5.9) and :fm is elimi-

nated, (5.9) becomes

‘Y%:a " .f(;\ = 2w, ¥,(40) Cno+ {(Sﬁm(&s«fﬁ/“\ LY )2 ie-z-a .
v\ 2 :
+ 3 (Con ) SRR 3 &t (a5 Som 20,
Sasr¥y =0 v yre, -y ezco. o

‘9“?*\5’(’3 = O O Z=-4A4 442 0.

Since the appropriate solution for Ly“" must be periodic we take
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@) (2)
¥ = AVCne + A, Simae. (5.11)

P
Substitution of (5.11) into (5. 10) gives equations for Au.\ and A:fz in the
form
Am AL?-\ -
iz~ Ny T 1w, Hi(yo) om 2=0, M0,
Q) @
A:\w +Aa= o fov 420, -M$2£0, (5.12)

C
Aa&s +Al,'z =0 Om Z=-4, M20.

(&3] @
AH -4 A = 4. 'R‘:’(‘ﬁ\ oM 2= 0, %0,

2 @

19y Ayzz =0 fro 470, -4yiZ<o, (5.13)
@ &l
Al»\:‘ + A.,IZ ’—‘0 oM 2‘.—1\&’ ,\3710.

Q)
where the forcing function Rz(ﬁ) is given by

'R‘:‘(né\ - 1 e vy €2 ’S‘w(‘r%) - € 0o (myrw)

Now consider (5.12). Equation (5.12) is the one discussed in the first
chapter, and its solution is given in (1. 11). Therefore the solution of

(5.12) is given by

(2) -
= 2w, 2 Yy 2 :
A= Y ’)\E

=\

The constant W; is so far arbitrary. To determine it, the require-
ment that (5. 3) provides a uniformly valid expansion offshore is used.

To examine the uniform wvalidity of (5. 3) we consider the expression

A?(“i,l\ - m‘{z(e‘&;w - &9Sin (z-g\) (e Sim (y+%)- éﬂah(l-‘i/“\)} . (5. 14)
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When (5. 14) is used to find the asymptotic expansion, away from the

shore, we obtain

\S)(qli);v et @a(’\sﬂ;\‘)eooe-\-i{-zw“jez f\}..(”y]‘i‘) Sow 13}, ) (5.15)

However (5.15) is not uniformly valid as 4 - e , unles w,=0
Hence,to obtain the desired uniform expansion we take w;=o0 , which
is usual in water waves problems. The general solution of (5. 12) is
obtained by adding to the particular integral A?\(“S,ﬂ the general solu-
tion of the homogeneous problem. This amounts to a redefinition of
the amplitude and phase of the solution for the linear problem; there-
fore there is no loss in taking it to be identically zero.

To find the solution of (5.13), we use the expansion discussed

in the first chapter. Using equation (1. 10) we obtain a particular

integral for (5. 13) in the form

A(y,2)= - £ + PV S%f_(i&i) dR Xse (t,0) ROy dx .

) Za ) (5.16)

As before the general solution of (5. 13) is obtained by adding to the
particular integral (5. 16) the general solution of the homogeneous
problem. In order to find the appropriate solution of the homogeneous
problem we again examine the behavior of Y@ a5 4> . To this end
we need the asymptotic expansion of Au; (4 asy -« . This expan-
sion is discussed in detail in the Appendix, and for the present discus-
sion it is sufficient to observe that the main contribution as y = oo

comes from the pole @=4 and is given by:
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@ \ 7" pe o A + dﬂ 1
A2 -5 - VT IR Syelat € 6w (e )« B -

where Q-u;_ (s, 2) =0(y?) as N> 2 . From (5. 17) we deduce that ¢®
behaves as a standing wave at infinity, hence the particular integral
(5.16) is an appropriate solution for (5.13) since in order to find a
periodic solution we need energy balance at infinity. However, a
comment is necessary on the solutions of the homogeneous problem,

First of all consider the solution C Sa(’%,l} Con 2® where c¢ is

an arbitrary constant., When this solution is added to (5. 17) the re-
sulting solution behaves as an incoming or outgoing wave depending
on the sign of c. This is not desirable since at the next order an in-
crease or decay in amplitude is obtained, and we are interested in
periodic solutions; hence we take ¢ = 0. The second solution of the
homogeneous problem D S:.‘ (4,2) S 20 will not upset the periodicity
of the solution Y |, however we take D = 0 since this corresponds
to a choice of the incoming wave at infinity. The same situation is
encountered in the work of Todjbakhsh and Keller and the same choice
is made there.

The above arguments give the solution for the second order
problem in the form:

R, . L Sim 20 - \(—%‘ S‘Pf’;‘(ﬂ Syl 0)dt e Son (I\%J‘S‘) fom 20 +
-]

+ O.(f(*s,z\ Som 20 .

(4) (5.18)
j -2693 1(*31-]2\ - ‘ Con 1(‘14-“/“}(1,, 2D +

1V i’R"’k\.\ S, (4,0) dk Siw (u\sﬂs Vo 20 & \9(-5 2)Gn20,
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where 0&?(‘5,2\ and &9 (4,2) are O(y4-2) as M 5 00

The third order equations take the form:

3) & _ D aln . "

Yo + I =108 g, X 104 48, par_ g0 g _
QeI }] ) =

- Y2 ¥a - UPYR Y - WPy ¥V, Ow2=0, &30,

(3 @
'Tg’-\gi =-w,5e g, v z’i:rm*ji‘eg‘uf“t

LR S

om 2= 0, LA 70,

(5.19)
3 @™ _ _

Yo +¥8 =0 fov MmO, -—ye2gO,

(3) )y
y * \5753 = 0

oM 2:-\3, \37/0.

Substitution of (5. 8) and (5. 18) in (5. 19) and elimination of

the surface elevation _j’(m gives the equation for ‘¥® in the form

(3 2\
en * ‘5‘1

2w, Y"(4,0)+ R (1 Con® "R‘i‘ ($\(on38, ow 270, 420,

i

)
et 95 =0 dev 470, -y¢reco,

(5.20)
\?‘%) 1-\?\;‘ = 0 oM 2:—\‘5’

‘57’0.

To solve (5.20) let Y= -l A(’_‘5 Pon238. Then the equation for
A%(‘i,i) is:

(3 ()]
As’z ~9A3 :?C;‘ (‘3\

3) @
3yy ¥ MN333 =0

(3) (&3]
Ag% * A'SE = 0

oW 2:0, \31,0,

for Y70, -4 ¢2<O, (5.21)

OoOwn 2:-—\3’ !‘\3710,

where the function ?(E_?(‘%\ is a linear combination of trigonometric

functions with wave number different from nine and functions which

are 0(&42) as M-S ., An acceptable solution for (5.21) is readily

obtained and has the same features discussed in (5. 16). It will be
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shown in detail in the Appendix that the trigonometric terms give no
problem since all have wave numbers different from nine.

As usual the crucial equation of the analysis is the one that
contains the resonant terms. In this case it is the equation for AG? ’

namely:

(¢)] -
A\z = Al? = 2w, &'n("S,D] + 8 e‘n(‘s*“\ *Ttu‘ (‘5\, ow 2=0 4»o
32 = / .

3) (&3}
|H5+A\2z:0 ‘%""‘3”0. “M¢ %<0, (5.22)
(?:\‘1* ‘i‘; =0 Oow Z=-n  M7ZO0.

where the function T%S‘ has terms which are 0(%%) and contains trig-
onometric terms with wave number different from one,
We now discuss the solution of (5.22). First of all consider

the second term in the forcing function of (5.22). This is the result
of the cubic self interaction of the deep water component of the linear
solution, and of the deep water component of the mean elevation with
the lowest order solution., It is in fact the same term obtained in the
case of infinite depth. To find the correction to the dispersion relation
w, add and subtract from the forcing term in (5.22) the function
GVTY' €% . This gives

(3)

n - AT = (20, +2) B4,0) + T (gle ;b €™ guze0, 470,

v
A(?“S‘S* s 20 fox MO -y <= <0, (5.23)
:‘\‘?\3 + A(\;\z = 0 ow 1:—«3) 7 0.

The second and third terms in the forcing function of (5. 23) produce

acceptable solutions for \f"ﬂ . However, the first term resonates on

the continuous spectrum, and as was shown in (5. 15) it does not give

an acceptable solution. Therefore, we must take W,=-4/9 ., This



~71-

determines the nonlinear correction to the dispersion relation. The

final solution, in dimensional variables, is given to lowest order by

D= 0% ¢ Lorlla-my) + o2 Cory+5) | Go® + O(aey: (5.24)

where D= wt= (%M"z(\"é(&ul1@lﬂ\“\’t

The perturbation analysis just described indicates that non-
linear waves with perfect reflection are possible on a uniformly
sloping beach.

5.3 The Solution for Arbitrary B

The analysis just described can be applied with more labor to
the case of an arbitrary angle . However, it was noted in (5.22)
that the interactions which produce the resonant term in (5.23) are:
the self-interaction of the deep water component of the linear solution,
and the interaction between the mean elevation and the linear solution.
This interaction is readily calculated, for arbitrary p, if we recall
from equation (1. 6) that the deep water component of the linear solution
S?_ (“j,%\ is independent of the angle . Therefore, since the cor-
rection W, depends only on the deep water behavior we have w,=-1/¢
for all 3. The actual form of the waves will be different but to the
order considered the behavior of the dispersion relation is ths same
as the one obtained for infinite depth. In particular for small values
of B the correction is - 1/8, However, the exact solutions of Carrier
and Greenspan (1958) are finite amplitude standing waves satisfying
the linear dispersion relation. This discrepancy is due to the fact

that the shallow water theory, for a uniformly sloping beach, is not
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valid at large distance offshore. In fact the linear theory does not
allow solutions with nonzero amplitude at infinity. When the non-
linear shallow water approximation is studied using (5.3) to (5.5), the
expansion of the solution obtained by Carrier and Greenspan is found.
However, in this case no change in frequency is needed since the
self-interactions of the wave never produce the oscillatory part of

the linear solution which gives the change in the dispersion relation.
When a more realistic depth distribution which remains shallow at
infinity is considered, the self-interactions of the wave produce a
change in the dispersion relation, in analogy with the full theory.

5.4 Nonlinear Corrections for Oblique Incident Waves on a Sloping

Beach

The nonlinear effects in the dispersion relation for a mono-
chromatic wave obliquely incident on a sloping beach are found using
a Stokes' expansion. The arguments involved in this section are the
same ones used to discuss the normally incident waves. The differ-
ence is in the basic linear problem, and also in the calculations since
now the longshore dependence is included. As in the case of normal
incidence the correction to the dispersion relation depends only on the
deep water terms; the only edge effect is the introduction of extra
terms which fall off exponentially away from the shoreline.

To find the desired approximate solutions consider the full

nonlinear problem
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B+ 3+ 418 3 - B Y =0, om 2= F(x34), ~mccem Yoo
7 / 4

Fo - Bav B v ByXY = 0, ow 2= Taa k) -mix<m, W20, (5 50)

Vi8= 0 fou-mcncm, w70, - M2 < Xour)

@.,ﬂ. ®,=0 om == yYzo,

For (5.25) we want a solution in the form of a travelling wave, and

we let
By, z,xt) = W(n,2,0), (5.26)
Fux,t) = Ty o) (5.27)
where ©= kox+wt , Re>o , wW>0 . When (5.26) and (5.27)

are substituted in (5. 25), and the nonlinear boundary conditions are
approximated to third order we obtain for Y and ¥ the following
equations
w 2
Yo +3X v, T+ @ V¥pa: I+ ‘3(\2;‘\;}9 TR \f’:_) .

+ (k:‘fa%z R \ya * P22, ) T =0 p OWmEB20, M0y

w:’e_\?l “MaaX~ 'li\P;zi:rz'f kg“'fDTa 4 \g‘j:f:; +

2
= Yo2 T Fe + ‘fazr-ﬁ; =B, SWEEe, s, (5.28)

\P‘j\s‘v\ftz-&k:\yse =0 :%0'1 “°<B<-"°' ’\37/0 _'\3 Siso

\?..s-r\fz = 0 om 2"—'"“1, M7 0.

Now we find approximate solutions of (5.28) which represent oblique

incident waves with perfect reflection at the shoreline. We take
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g o~ A g™ (Y 2,0) (5.29)
M=
T om0

I~ ), T (v, ®) 5. 30)

Woee 30 0%y, (5.31)
Mm=0

where \?Q\ and j’(w are 2m periodic functions of © .

When expressions (5.29) to (5.31) are substituted in (5.28),

the equations for the successive orders are obtained.

The lowest order problem is just the linear one

, b€
\?"\ We v = o om 2= 0 7
3 o= y 470,
0
\Y\ +\a’l ge: {,oyndoco(.oa) 1&7,0) —\34250,
WL e o (5.32)
" x =0, ©OMm T=-m omqyo0. .

An appropriate solution of (5.32) which represents a wave incident

in the direction - Ue.,’ o), fo>0 , with perfect reflection at the

shore,is given by Hanson's solution. That is

v Rovl2 % h:“'u'\‘/l
\P(\ SL -n( ) 603(9.21- F_) + ezl eo;(?o-rg\} (i—ne, (5.33)

o _n(RZ+ 02)2
- {e*a Cosg & (‘La(ﬂgw.\lj ‘?one, (5.34)

where W} = %(9:* \t}]‘/"- , and Cong-= Eo/('?:*):')‘/" where A = b+ k? |
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The second order problem is

\D\re-tgj’m--wo‘f Py (h:‘-fg‘z-t‘f?;z-r\{‘r)

5 ow 2:0, .\37,0

wofg- \Y? = \f: o _ kl \?(‘i :f(-\ w20, 420
(2}
,\3\1*\? -&k‘l (1.\“ . .&,y—cb(&(oo, \s‘ylo'_\isz‘o’ (5. 35)

\f('j +¥P =0 Om 2=-1, a0,
The term proportional to W, does not appear since the correction
to the frequency only comes in third order. When the expressions
for Y* and ¥ are substituted in (5.35), 2 is eliminated from
the equations and Y® is taken in the form \f“‘(q,z,ak §m(ﬂ,z\ Som 20
we obtain the equations for £,

u‘ -y (23 h")"‘ §® = ?Gi () om 2=0, 470

+ g(’l\ - l\h: S(Q') = D, %D'\' \37/0) —\'3 $2 $D)

(5.36)
gﬁ! m
o] ;) O 2= ‘\j, '\3710-
where R‘? (M) is given by:
9 2y RE) (B2 k2%
??(ﬂ\: %gg + R € “ + e"w‘ ()m(&,‘3+ E) +
Wo
—u (0 +kz)2
v} @ ¢ Sim (Bysse), (5.37)

depend on \?, and Po .

E]

and the constants %A, Y
The solutions of (5.37) may be discussed in detail, and their
behavior is similar to the one already described for normally incident
waves. In this case there is a standing wave with 2{, as wave numn-
ber in the y direction. There is no contribution from the point
spectrum, the edge wave, and this shows that an edge wave with the

appropriate decay for the wave number 2k,is not produced. There
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is a contribution which is estimated as O(?-zko\s]; as described in the
Appendix. The most important term, for our discussion, is the one
which comes from the constant forcing term; this is a contribution

which does not vanish nor oscillate as Y->e2 . Hence the expression

for \fu‘ takes the form

9D (4,2,8) =G L) /w0 (2Gk-103) ] €2%2 Siun 20 +

O( Sim 28ey | B 204) + 0 (e 2Rey)

(5.38)
The surface elevation is given by
j‘q('j,ﬁ\= . l;‘o \_fl‘;! = L%,‘ o j"“ ks:-\fgoz ‘{,(.1. ,,, g (5.39)

the nonlinear effect is the introduction of a mean level (independent
of time) which is:

Tonean = -3 D2 ek Bt (g c) + 2l (REa k) & Whkaye

Awy

«Sim (ogrea) + 28 Cone @3 (g oy 4 (24 et ) @R

The exponential terms are due to the sloping bottom; they are not

present when the depth is infinite.

The third order problem is

U) \?(‘s'\ +c$3’“‘ =y \?m :fm woj(:u \f(“ _ 'Qo \f - 3“1

= (k" e q“_a \ftv + \f(-v m) (kz lfm m 2t \gu‘a\ ‘f‘.'; \f\n\fw \I‘"

)
""01?9 , ©Om Z=o m70

’

Wo X's' - ¥ = 90 304 ye 0 4 4 e YOt k2 (9518«

222
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i R TP - Y I - k38 TOXT gy, S0 -

W, , OmMZ=0, 470,

) \ =
Y +‘f"§2 2 Y@®,=0 %m. -®ef oo, 20 ~yLRLO,

Yo o+ 9D =0 , Om 2=-n A0

(5. 40)

Substitution of (5.33), (5.34), (5.38) and (5.39) in (5. 40) gives the
equations which determine ¥ and i sl However, the terms in
the right hand side of (5. 40) which determine the nonlinear correction
to the dispersion relation are just the ones which resonate with the
basic frequency, i.e., terms proportional to C’m(qo*g +€) Conr® ;
C’O:(eo\j*i) fom © . When the appropriate calculations are per-
formed in (5. 40), and the resonant terms §‘3W (‘111) Con® for Lf(“

- @ —
are considered, § satisfies

)

1 . (Q:’-\- \2:'\/1 _gl‘s\ = 'RG“ (“S‘ oM 2=0, 470

]

QSN 5 gtﬂ _ h’l. _gm = O : %Q.v ~y 70, -\ $Z 40, (5. 41)
55‘3 + 3% =0 omz2=-4 ywo.
where Rci’ is given by

R (1= 20, (€3 ey Conlloyee)) - 8 Cn(oyee)

d is given by
§-awe (38, gkey BE gk (Bua (@) 3
31 Wo U-’oj

AQ"’-&‘

and _ei - - WD ‘5"kt

We 2W; (2W5 -gk.)
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Again, as previously discussed, we want a uniformly valid
expansion as M4 e therefore it is necessary to avoid terms of
the form y Sim u,.\.s-\- 5\ in the solution. These are produced by
the terms proportiona'l to eoa(ﬁ.\g-re) ; hence we must take W,= 3/2 g
This determines the nonlinear correction to the dispersion relation.

The final form for the surface elevation is to lowest order

F(4,0)= a{é‘i(”‘*h-‘)"*c,,g + Con (yre) | Sin (Roxrtot)

where W -‘-wo(\* %&1) . The Stokes' expansion has two small param-
eters ak, and Q0. , since the problem is two-dimensional. The
dispersion relation W = W, (H Sin“) reduces to the one for normal
incidence when k,= 0.

It was shown that no second order edge waves are generated
by a monochromatic wave. A packet of obliquely incident waves will
excite edge waves provided its spectrum is appropriate to produce

a resonance on the edge wave modes. The situation just described

was studied by Gallagher in 1971.
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CHAPTER 6

THE LINEAR OPERATOR FORMULATION OF THE

LINEAR WATER WAVES PROBLEM

In this chapter we consider some general features of the
linear description of water waves. In the first section it is shown
how the linear problem can be formulated in terms of a non-local
but self-adjoint linear operator, as may be expected since the dis-
persion relation for water waves is not a polynomial. Using the
standard argument it is shown how self-adjointness implies con-
servation of energy. In the second section two special cases are
discussed in detail, and the eigenfunction expansions (1. 8) and (1. 16)
are shown to provide the spectral representation of the linear opera-
tor associated with (1. 7) and (1. 14).

6.1 Formulation of the Linear Problem

Before we begin the discussion it is necessary to introduce
some notation. Assume that the fluid is contained in a bounded or
unbounded region < R®  with smooth boundaries and that Green's
theorem may be applied to it. Denote the longshore and offshore
coordinates by x and y respectively and let z be the vertical co-
ordinate. Let the upper part of the boundary of JL | which is denoted
by A lie in the plane z = 0; B(N) denotes the remaining part of the
boundary.

With the above conventions the linearized equations of motion

for the velocity potential 'Y take the form
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§ o %co om0, e,

P£4,0,0) = $64) 5 Fi(x,9,0,0) = 4y, fov e 8,

Yoy v Waa + Yy, = O Iw ST, (6.1)

Y.=o on?d(N) if the region JL is finite; or § 5 o and

$m -> o sufficiently fast at infinity when L is not bounded.
To reinterpret (6. 1) in an abstract fashion we consider the

homogeneous problem obtained from (6. 1) after separation of vari-
ables. This is

\?2 = )\f 2 0 om Z=0, LX,‘Q\E A,

Yy * Yo+ @y =0 i JL,
(6.2)
Ym=0 om () ; or 9 and Y, 0 at infinity

when JL is not finite.

Wenow formulate (6.2) as the eigenvalue problem for an
appropriate linear operator. To this end some more notation is
needed.

7» < .

Denote by £ (A\ the Hilbert space of square integrable

functions of two variables defined on &A ., It is necessary to intro-

duce the subspace P c<\"(A) defined as

9’{-“[‘(5)\ fF(xm)= Yix,4,0) in & | where ¥ satisfies

(1), (i), (iii)} ;



~81-

(i) V*49=0 in N

(ii) Mm=0 on2 or 9 g, o at infinity if A is unbounded.
G \ 'Q_}f(x,\s,o}\ld:d»s ceo.
2

The set D is not empty and in fact is dense in L*(a) . This is due

to the fact that functions of two variables with compact support,

say, generate solutions of Laplace's equations satisfying (i), (ii), (iii).
Now it is possible to define the operator that describes the

linear problem. The definition of L is as follows:

l_: % -2 \_z (A\

(L) = ;% e, e (e s (6.3)

The operator L. is well defined since the definition of D was made
to accomplish this. Notice that the operator L is not local since the
value of the transformed function L§{ at a point depends on all the
values that § takes in A .

We now use definition (6. 3) to express in an abstract form the
initial boundary value problem (6. 1) in the following way. Solving
(6. 1) is equivalent to finding an \2( A) valued function of a real
variable, u(t), which satisfies

luti '—-T_LL
%

\,L(D\: .g ; ut(D‘- %,. (6. 4)

where the derivatives in (6. 4) are taken in the strong sense and L

is an extension of L to an appropriate domain., For a solution of
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(6. 4) to exist; the initial data -f and % have to be restricted to an
appropriate subspace of L*(4).

To obtain the actual solution of (6. 4) the spectral representa-
tion for L is needed; hence,the problem is to show that L admits
a spectral representation. We will prove that L has a self-adjoint
extension E . This implies that a spectral representation for | 4
exists. It will be also proved that the spectrum of T is positive,
as one may expect since (6. 4) describes oscillations. To prove that

L admits a self-adjoint extension some more notation and another
definition are needed.

Denote the usual scalar product in Lz(A\ of two functions *f
and a by ($,4). It is also necessary to recall the definitions of
symmetric, positive operators, and also the extension theorem of
Friedrichs.

An operator A with domain D (dense in L*(8) ) is called
positive if (A, £)%0 , for all $¢ © , £:+0 ,

An operator A with domain D (dense in ' (4) ) is called

symmetric if (A$,9\= (3, AQ\

»

for all -f,%i D .

The extension theorem of Friedrichs (Friedrichs 1973) is:
Let A be a densely defined positive symmetric operator. Then A
admits a self-adjoint extension with positive spectrum.

Therefore to prove the existence of T. it is only necessary

to show that L is symmetric and positive. These two properties

are direct consequences of the construction of L and D .
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To prove the symmetry let §f(x,4)= 'Hx,"s,o\ and q(x,4) =
= G (%,4,0) be elements of ® . The use of Green's theorem on F
and G gives

(L$g)- (513) = |gFs - {36z = (Foa-cw® =0,

PN a (6.5)

since the other terms vanish by the construction of D .
The positivity of L also follows from Green's theorem since

(L{,f\=&§fz = &\VF\'L 70  fov §+0.

) (6. 6)

Formulas (6.5) and (6. 6) show that a self-adjoint extension of L
with positive spectrum exists; this is denoted by T .

To conclude this section we prove that conservation of energy
for solutions of (6. 4) is a consequence of the self-adjointness of [N

Assume a solution u(t) of (6.4) with two continuous derivatives, and

define the quadratic functional E(t) by

X\ = + L -
By _g(utlud g (u,Lw) (6.7)

We now prove that E(t) is constant. In fact the differentiation of

(6. 7) gives

E® = .% (ut,u&) * %Lut,u‘q e C;I(u,L\u\ .

Since L is self-adjoint the last two terms can be combined and we

obtain
E®=FP (U Luw+Luw) = O
%( ' cz )

since u satisfies (6.4). Hence the self-adjointness of E implies

the conservation of E(t). To identify E(t) with the energy of the
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waves, recall that the surface elevation .{ is expressed in terms of

the velocity potential as

j‘()(, ‘3,{) = -Jc—s\?t(x,'\g,o\ = —%Ut i

(6. 8)
Therefore using (6. 8) in (6. 7) we obtain
X
E®) = P S X‘Z(LIA:(M + lng\v\g\"—dxchyiz, (6.9)
Ao JL

which is the total energy for a solution of (6. 4).

6.2 The Spectral Representation of L in Two Particular Cases

In this section we show that the eigenfunction expansions (1. 8)
and (1. 16) provide the spectral representation for -E for two special
domains <L , In the first part we consider the case when no long-
shore variation is present, and in the second part the edge wave

contribution to the expansion formula is examined.

(@) The case of no longshore variation. In this case the

appropriate problem to consider is (1. 7), and for simplicity we take
@B=T/4 . To find the desired self-adjoint extension of L we need to
prove the completeness of the eigenfunctions S_e(hs,o\.

In this case the functions S‘c(‘:\,z) take the form:

oy, ~0q-ilz _ity, Pa-ul
S,Q("i,ljzv?%{ev“e 5 ol &0 “.Qi"%q-c.c.} R (6. 10)

]

and we now prove the completeness of the functions Se[u_"o] for a
special class of functions £(4) . More precisely let § be a C®
function which vanishes at infinity faster than any power with an inte-

grable transform -?(P.) defined by: f(e) = S SQ("’M o) §(n) d‘.s

(o]
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Then the inversion formula

§ () = S %@ Sp(n,0)db (6.11)
[}
holds.
To prove (6.11) consider its explicit form. That is
o ) M L=l 0 ,
Ssew,o) Teydt = Quw { % Sdl& e ¥ gy dy +
o Mm>o 1T L o o
Mmoo )
+j S{e’uw*oﬂf g tuew) | il g R(y-1) | T e’e(“““"}fm-wp
o 0

N o0
w_ -4 _ LTy, oy .L‘QL‘Q' !
o SQE(”‘JEMMW e ZS&X@ ) ey aqr s
(=] o

o o

M oo
% S‘u &eu?(‘r‘ﬁ'] f(uydy’ + c.c ’l (6.12)
o [

which holds because 3(2) is integrable.
We now show that for y > 0 each term in (6. 12) has a limit

as M > oo and we calculate their values. For the first term we have

N co
4?/\:!\\'» L S 4 \ e"£("'§"’3’] ‘f(ﬂ'\ d‘il -
M- 00 o o
. (T - M
fivs L&S_‘_ _ e }gh-)my
M- 06 01'\5+~3' Ay 4y (6.13)

since the interchange of the order of integration is legitimate because
¥ vanishes at infinity faster than any power and the domain of inte-
gration is bounded in the £ variable. To prove the existence of the

limit in the right hand side of (6. 13) notice that the integrand is
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dominated by the function 2\ (4] (44! which is integrable
since y > 0. Hence,by the dominated convergence theorem the limit

can be interchanged with the integration, and the limit of (6.13) is
(s}

i & 1)

o ¥

Ay

This is purely imaginary and therefore does not contribute to (6. 12)
since the complex conjugate is also included. Exactly the same
argument is used with the second term and its complex conjugate,
and it is found that they do not contribute to (6. 12). Now consider

the third and fourth terms with the complex conjugates. Observe that

Xe‘“‘f;ma%' = o(\a) an W e
Q

for € in the first quadrant of the complex plane. Therefore the
path of integration in the third term can be deformed into the imagi-
nary axis since the contribution from the large semicircle tends to
zero. Combining the third and fourth terms we obtain
~ oo
Qw - _L_ S S et!(“jf“s') a K £ (w1 Ay’ .S I
M= o0 am | s/ 7Y >
by Fourier's theorem. Finally when the last term is combined
with its complex conjugate we obtain
oo M o
[Sesord@ar- tm o | O e seyay = s, v oo (6.1)

e T
! M-Heo Tt S

Since § is continuous from the right as y ® 0 and S‘th,o\is bounded
it follows, using again the dominated convergence theorem, that

(6. 14) is valid for y = 0. This completes the proof of the desired
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result.

To construct the desired spectral representation we need an
extension of (6.11) to the whole space L*[o, o) . More precisely,
consider the operator V' whose domain B isa subspace of

differentiable functions in ' n \* defined by:

V: B = \}[o,oo]

V)@ - Sﬁ(‘i.v\ fta\'dﬁ,. (6.15)

(<]

We will show that /' can be extended to an isomorphism of iy

—_—

First of all we will show that V admits a closed extension V .

(That is, there exists an operator V such that: whenever a sequence

{xm'!\ & Doratuim o), s converges to x, and ‘\Trxm = then

3

X £ Dornotn ,\,Tr and _\}x‘;'\i . Also v—x‘LV-x for all xe B.)

To prove the existence of V" observe that the kernel Sg(‘i,kﬂ is

proportional to 6»(2‘, AR r et , then as a consequence of
Plancherel's theorem the first term generates a bounded, and there-
fore closed operator. With this observation it is now only necessary
to prove that the operator with kernel € by admits a closed exten-

sion. To show that the operator V3 § defined by

oo

Ve = Se_e% fendy v e

©

(6.16)

admits a closed extension, it is sufficient to prove (Yosida 1968)
that for every sequence {.}M ‘5 c B such that §, >0 and
Vhl-fh - % , we have g = 0. To verify this statement in (6. 16)

consider the sequence ]l fm.k c® such that ¥m 20  in Lo, )



-88-

and V_z f,“ = 9 in I* . In this case there exists a subsequence {-f,.\h-g

such that

oo

—B
S € mdy - q ()

o

almost everywhere. Also from (6.16) we have

o >
l%m\z < S \g\km\tdt g g%y ,

= A (6.17)
Equation (6.17) implies Q(8=0 Q.e. and therefore g = 0 in >
This shows that V; and therefore that V| admits a closed extension
Ve

The extension of V to an isomorphism U of L* is obtained

using the orthogonality and the completeness relations given in (6.11).

To find the desired extension it is convenient to express (6.11) using

V- and its adjoint (V)*.
< - . AL 4
Since V' is densely defined (V) exists; also Be Dovmoawm V)

and the operator (\7‘)* is given by

((V)q) () = K Se(4,0) g@) di

for ng’g, since
(V$,9)- Scbmou&S{w,o) S(dy = X e Ge(%,m%um .
= (5, ("))

for all £ and Q inB . Using the operators V and (\_{__)* (6.11)

implies

-_— —

t. S
VIV, = tm 1
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D={sevne |for= O(er) an\t\—»oo}

When §e 9 , then §$(%)=\W(4,D), where \¥ is a solution of Laplace's
\
equation which satisfies conditions (i), (ii) and (iii) of the previous

section. Therefore, L is defined as:

(L) (w) = ERW(w,z)\zzo , Hov y7o. (6.22)

To find a suitable self-adjoint extension of L for this case,

consider the subspace

~

D=feer| (eipmra coo |

and define the operator

T:9D — 120w

(L oHe - 8@ 4o~ 1v0.

A
The operator L. is self-adjoint, has no point spectrum, and its con-

N
tinuous spectrum is the positive real axis. Using the operator L a

self-adjoint extension of L is constructed as follows:
Let
U*(D) » 1*lo,)
T_ =u*iy,

-

The operator L is self-adjoint since \!' is an isomorphism. We now

(6.23)

need to prove that L is an extension of L . The fact D < U*)

~

follows, since by construction WI(®D)< D and Y is an isomor-

phism. To prove that -L-f s LY for §€ D observe that for
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for all the Laguerre functions 2,“ . Since V is closed we have
(V)" = ¥, and from (6. 18) we obtain:
Ve LAV _ 1= =
((V-) V‘E-..)Qf..) = (‘Qm'lq\)— (V‘ﬂml V“gm) (6. 19)

Consider now the operator V' which is defined on the Laguerre func-
tions by V'lm= \7'2,,\. Then (6. 19) and the fact that the Laguerre
functions are dense in 1*[o,®) implies that V' can be extended to

an isometry U defined for all X€ *To,%) . Also,since V is closed
we have Ux= Vx for x£Dmoimof V . To prove that the isometry

U is an isomorphism we need to show that the range of U is the space
[* . To prove that \J is onto, observe that from (6. 11) the orthogo-
nality relation

O is‘gw,o\ deg &SL (4,0) §@) A (6. 263

holds for all the Laguerre functions; because the kernel S_e (4,0) is
symmetric in 4 and £ . In terms of V anda (V)™ (6.20) takes the

form

V() 0= U = (TP O o)

Equation (6.21) shows that the range of U is dense in L* . To prove
that the range of U is all L* | let Ye L , then there exists a
sequence UxM~>‘\j ; by (6.19) the sequence Xm has a limit X , and
since U is bounded Ux = “

Now it is possible to construct the operator L associated with

(1.7). To define L 1let
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fe¢ D the operator | is represented as
(L$) e = S Se(,0) 2 U XSQ (t,0) f(x1at (6.24)
o o

and that the function

Yiy,z2)= S Fely,2)da X’Sg(t,o\if(t\d{

is a function that satisfies (i), (ii) and (iii). Therefore calculation of

L § using (6.22), and interchange of differentiation and integration
g g g

(which is shown to be permissible in (A.7) gives

(L) = % ‘P(ﬂ,ll\h; S Sgly,0) Ll \ Selt,0) fwrar =(L ) (v,

(4] o

and this proves that L is the desired self-adjoint extension of L .

To conclude this section,we summarize the results obtained.
The '"incoming waves with perfect reflection 5, (M, 0) " were shown
to be complete in the sense that they are the kernel for an isomorphism
U of i . Also, the construction (6.23) shows that the functions
S.Q (»,0) provide the spectral representation of an appropriate self-
adjoint extension of L. .

(b) Case of longshore variation. In this subsection it is shown

how the result of Whitham mentioned in (1. 16) is used to provide the
spectral representation for the operator T_ when it has one point in
the spectrum, The arguments involved are essentially the same ones
discussed in the previous subsection.

We now consider in detail the case (3:17/4 . First of all the

functions 5'3('*1,0) and the edge wave solution are given by:
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' v —*."_’:
E(y)y=2"% k"2 egw™

Y .
Sely,0)= VE ()2 30 @™ ce voe ],

where A= (az+ k’l)\fi and { 72+0 . The variable k appears after
the separation of the x dependence as shown in (1. 14).

The functions Sp(4,0) and E(4) satisfy the following relations
due to Whitham (1976):

The orthogonality relations

SSQ(‘:\.O\ Etoidyg =0, R lzo, (6.24)

S Sg_(‘i,o)a-'j g St(“j,o) ;-Lt)cu = fa (6.25)

(4]

for all ¥ &C® which vanish at the origin, and vanish at infinity faster
than any power.
The completeness of the functions Se (‘5,0) and E(‘S\ for

the Laguerre functions is expressed as:

[rnmEma B+ | 5y (,0) 40 | 8, (6,0) aiat = L () & 38}

o o (o]

In order to find the operators V and U appropriate for this

- : ; . ® .
case it is convenient to introduce a new Hilbert space H defined as

H = {(Q,;\\ aeR, fe Lito,aﬂ}

with scalar product given by:

oo

{Ga,8), (5,9) = ab+ Sl;csdi

o
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The space ?‘Uﬂ may be identified with the space L; (-, =) , where
the measure/u is the Lebesgue measure on Lo,o) and has its mass
in (- e, 0) concentrated at one point. This space is nothing but the
space of the "representers' (Friedrichs 1973) which will provide a
representation of T. as a multiplication,

With the definition of 1'{5'“ it is possible to define the operator
V' appropriate for this case. First of all,consider the operator W
whose domain B is a subspace of differentiable functions in £ ad

defined by -
(W= | Feto) fendy,

o

which is densely defined and whose adjoint wW¥ s given by

(W *g) 1= ) S (w,0) g dL

o

for all C%s’?; . Define now the operator Y~ by:
V: 3> U
V§=(]se,ws).

The same arguments used in the previous section show that V admits

P

a densely defined closed extension Y whose adjoint (V') is given by

(VY (0 2) = ae + wri

for e R | L e B ; and satisfies

{V¢a)=(% T*q)
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The completeness relation can be written in terms of ¥V and (V') as
(V) Vdm = m,
and since -\—I_' is closed we have:

V’BM \/ M = Mf
{ , 2n) = (w2 ), 57

Equation (6.27 is essentially the same as (6. 19). The same arguments
used in (6.19) (since they do not depend on the fact that \/' maps £
into a subspace of |* ) show that the operator V' can be extended to
an isometry of |* into H . To prove that U is an isomorphism it
is sufficient to show, as in the previous section, that the range of U
is dense in " | This fact follows, as before, from the orthogonality

relations (6, 24), (6.25). In fact, when (6.24) and (6.25) are expressed

— e Bl
in terms of V" and ({/) we have:

U(T)*(0,8) = TEP@5) = VE+ (30,0 f00tt) = (g, 9) (6.28)

for all real numbers O , and C” functions § which vanish at the
origin and at infinity faster than any power. The vectors (Q,f ) are
dense in q_{m; therefore, it follows from (6.28) that the range of U is
dense in '}‘Lm . The argument used in the previous section shows that
U  is onto r){(ﬂ and therefore \I is the desired isomorphism between
\-7'[0,00} and r}Lm =

Now we construct the appropriate self-adjoint extension of L
when one edge wave is present. To study the operator L it is con-

venient to introduce the subspace e 12 Lo, ) defined as:
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,©) |\ § is a finite linear combination of

D=Tse2to

Laguerre functions‘} .

If §& % , it may be verified that there exists a unique ¥ such that

?m-— ¥(y4,0) , where the function Y satisfies:

(i) tg“*q’n_\p}q = o, Jore W%o -4§2 <O,

(i1) Yy +V¥a =0 om 2=-Y4  wn70,

(iii) 0= O+, Yy = 0 (4°2) O A= (xay2)”2 =

) /

(iv) S | 2eea|, | dy <o

(=]

Using the subspace D define the operator L by

L: @ = 1*1o, )

(L§len = 2 v, gov y7o.

22

Now the construction of a self-adjoint extension L of L is analogous
to the one of the preceding section. In more detail consider the

subspace

B o] {e-mseta ca)

o

A
and define the operator L by:

S ~

L: & — H"

L) = (o, (erawe)*ge),

A
The operator L is self-adjoint, and its spectrum consists of the
N

point _\f:_‘ , and the half line 2% k. We now define, using L the
\f
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-

desired self-adjoint extension L of L as follows:

Liui(S) » 1 ») ; L=u'tu (6.29)

The operator L is self-adjoint since U is an isomorphism. To
prove that L is an extension of L we need to prove that Dec U™ () 5
and that —\.§ =Lf for all 69D . That D c UY(D) follows from

U(®) ¢ and the fact that LI is an isomorphism. The statement
1@ =L§ for $e&D follows, as in the previous section, by direct

calculation and the fact that for f¢ D (6.29) gives:

(L= & Sfm e@dt 0 + ((Eeyes, 5,0 (3 oy fwat .
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APPENDIX

In this appendix we prove that the formal solutions for the
linear problems (1.7) and (1. 14) given by (1.8) and (1. 18) are indeed
solutions of the desired problems. This justifies their use in obtaining
approximate solutions for the nonlinear problems discussed in
Chapters 2, 4 and 5.

The asymptotic expansions for the solutions (1. 8) and (1.18)
are found for large distances away from the shore. It is also shown
how the dominant term in the expansions can be found (in a nonrigorous
way) directly from the equations.

In the first section the case of no edge waves present is dis-
cussed, and in the second section the contribution from the edge wave
is examined.

A.1 The Solution of Equations (1. 7)

In this section we consider the problem

Y: - by = R(w) bm 2=0, 470,
Gyy +¥22 = 0, Jov 470, -4 €240, (A. 1)
\9\34-\571 =D own 2:-'\-‘) %20,

where {,%0 and R(M4) is a function which satisfies:

o0
~
R@) = Ssz(g’o'){R(*.\]cb} = o(le13) a, W2,
o
for all 2'4 in the first quadrant of the complex plane. This is indeed
the case of interest in the second chapter since 'R(“S)'—‘ « €Y% , and

-1 =
therefore 'R@—F 21" Y2 (24 2) (R+v)” | The functions that appear

as forcing terms in equations (5.21) and (5.22) are functions whose
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transforms are O(W™) and 0(12V?) ; and trigonometric functions.
We will show that in all cases (1. 8) provides the desired solution to
the problem.

The formal solution for (A. 1) is:

(A. 3)

s TR 2 :
95,2 P3 T | RO ltgg)s eltap| &,

o

but for our present purposes (A.3) is more conveniently written as:

= = LBy % by 0z
\?(u,z\w.v.\;%m{ﬂ ‘2@% ot o) ﬂ*}‘?‘_%‘"e “e(*!\n}_ (A. 4)
o o

To prove that (A. 4) provides a solution of (A. 1) it is necessary to show
that (A. 4) is well defined, has the desired derivatives, and satisfies
(A.1). To prove that (A. 4) is well defined and sufficiently differen-
tiable it is sufficient to show that the functions
o>
oy o Rz ,i(8yemyy
7 RERY g™ * e L
BAE S R ol (A. 5)

(o]

and

PN,

2-5 R@ o™ -1 gy
P- 2.

4

exist for y and z in the region of interest, can be differentiated twice

S

(A.6)

0

with respect to y and z, and that differentiation can be interchanged
with the principal value.
We now examine in detail (A.5) and (A.6). Integration of the

analytic function
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R@)(2- L) 212 225+ 1)

on the contour formed by the real axis, a small semicircle C, in the

upper half plane centered at = 2 , a large semicircle at infinity

2

shows (when the small

3

and the line L, given by {-= 3 et "4 , &0
semicircle is collapsed to €, and the large at o0 ) that the desired

principal value exists and may be expressed by

o0

Pv. S (0 o2 oM gy S R ot gl D ) | i Rt s
s -2 1 (0-2,) (A.7)
i

The contribution from the semicircle at infinity is zero because
A
R@=o(1er?)  or 0O as Ri>e
The same argument, but now used in the lower half plane, with

-t
the line LQ parametrized by 2’-‘7 e 5 , 370 , gives for (A.6)

0o, . . s .
‘PV-S m.—g_—.é E“‘e\«l[l‘]}.)d‘? _ X&(E) e—-E‘j e\.(ti--“/ﬁ‘o\l + Tt Rl?o‘ e—ﬂo'ﬂ e\-(t.i-%‘ ) (A_ 8)
o % i, 2%

Also,formulas (A. 6) and (A. 7) are valid for 0$Y4 < @ , -~y €20
this shows that ¥ is defined in the region of interest.

To prove that (A. 5) is differentiable, consider (A. 7). In the
first term of (A. 7) differentiation can be interchanged with integration
for all y and z not zero, and when 'ﬁ(l—\ =o(l&r3®)  two derivatives can
be calculated in this way when y and z are both zero. When '&QFO(\?\"')
the second derivatives of ¥ may not exist at the origin. This is the

case for ‘-?m in (5. 19) since the interaction ‘-9%' 3"“ produces a term

whose transform is 0(\“”') ; however, the solution is still acceptable
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because it has finite velocity at the shore. This shows that & has
the desired number of derivatives.
We now prove that the derivatives can be interchanged with the

principal value; for example, we now show that

2 ?'Y'S R@ o't ) 5y 2 Xf_& ¥ ot (8D (A.9)
Dz o) 28, 2T L 2-R. ‘

the argument being the same in the other cases. To verify (A.9),

compute the left term using (A. 7); this gives:

oo . ER )
2 ?.v.j R o2t ) 8 A P ST
‘32 s ] l—n° ° ‘E‘Eo

. S loz Uloy+T)
+ Wido REY &7 2 . (A.10)

Now compute the right hand side of (A.9); this gives

L= oo
Pv.p (R pteetlte® gy w&—l"i_}f ete oillarma) gy

.a% o -?.‘Qe (A' Il)

o

The second term in (A. 11) is now calculated using (A. 7) and the right
hand term of (A. 10) is obtained. This proves (A.9). The existence
of second derivatives is proved in the same way. Therefore,in (A. 4),
first and second derivatives can be interchanged with the principal
value,

Finally, to prove that (A.3) satisfies (A. 1), observe that the

function

Qlieo)(ﬁgﬂ;‘\ + 3-21 Gh(l%—'ﬂ/“\

satisfies Laplace's equation and the bottom boundary condition; hence,
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interchanging the derivatives with the P. V. we see that (A. 3) satisfies
Laplace's equation and the bottom boundary condition. To show that

the surface condition is also satisfied observe that:

'a ) o
d Y2, = Py le S0 RO A for o0
hence
2 iy 31— T ETARARE: . -
'oz"ﬂ\ﬂ’ﬂ ¥ ‘?(ﬁ'l)\zw i l‘fﬁ.’x KO Frls sl = K, o 3 (P L]

This shows that (A.3) provides a solution of (A.1).

The solution of (A. 1) is not unique since the homogeneous
problem has a solution; however, the appropriate soiutions for each
time dependent problem have been already discussed in the previous
chapters.

We now consider the asymptotic behavior of @(4,0) as Y- o,
To find the desired expansion we express (A.3) in terms of (A.7) and

(A. 8); this gives

u)

L a L ¢ 3 i -L,_-'L
94,01 = Re \| 3 RGe™) ot% RIS,

.P_LW“ -2

RGQ""*) et e'(%‘%‘}a&; - R Som (B v i) *
-;Q-*“IA-E ®

L R e s'M.}.
(A. 13)

To find the asymptotic expansion of the first two terms in (A. 13)

we use Watson's lemma and we find that their sum is O(‘j"’-)since both
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integrands have the same value with opposite signs at =0 . There-
fore the dominant contribution in (A. 13) is given by the third term
which represents a standing wave.

We now consider the solution of (A. 1) when R(4)= S o A
with o # 20 | since the case Moo= 8. was discussed in the first
chapter. We will show that (A.1) has a bounded solution as M >0

.

To prove the desired result consider the problem:
\Pz—Qe\f = e-j‘% g\',mfﬂ\o‘s oM 2:0’ »\.57,01

Lf"%..\fzz = 0 #'f \-57,0) —‘jéifro; (A. 14)

Yy+y, = © om Z=-4 ~70,
where M is a positive parameter. Let \P}L"S,H be a solution of (A. 14);
we will show that 'Q.-w;- \f}‘_(ﬂ’l) exists, and that provides a solution of
AATIO
(A. 14) when AL=0 . To prove the desired result it is sufficient to
verify that the derivatives can be interchanged with the limiting pro-

cess.

We now show that the function

(9,2) = Diwa 2 ’P.V.S.L Timglta-imo )" (R-1 - 023
b | ) pano W 7 (e"’}“u‘“'\(nl“'[p-'umg)‘]l x

x 67,@-5*11,4\ v el ()0:@2-_72\;\} al (A.15)

is well defined, and that the derivatives up to the second order exist
for Y | and that differentiation can be interchanged with the limiting
processes. The arguments involved are the same used in the dis-

cussion of (A.7), and now we just outline them. Consider for example
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the term
2 R ?.v.gfsm J -t o2 oillyv ) 4y
L M0 19 Vﬂl—([—e-)g-\.mo\u’q-(}‘-;m,] )([_L)} ‘ (A.16)
The function
‘Slmts\ (-, - X (e my) + 0
vy (Repm-imno (B4 (u-tmgt) ~ 2v7 B g2
Ja ) (pn~Crong) 2 (Lemm,) +
i 9 Mﬂi}: & (Re ) + e
z\f‘ @- ) )_L .’l\/" (‘t‘m‘)t*/‘
which is the transform of €*% Sum M4y is an analytic function

of X , with poles at {= Mo+ L in the first quadrant and O(I1213)
uniformly in a as \\> e . This implies as in (A. 7) that the P. V.
exists, and that the path of integration can be deformed to the line Ly ,
however now besides the contribution of the pole 0= 0 , there is a

contribution from the pole at = Mo+ Ly which is
LMo — Q(M»*ifu\i

"—va“'l../ﬂ-

-t W

(A.17)

The term (A.17) has as limit as Mo 2 differentiable function of

y and z, Since the contribution from the path Ly is of the form

X ';(Q’/L) egi.' el'.(etjfﬁ/«\ dﬂ

Ly

(A.18)

it follows, because g(ﬁ’/u.) = D(‘R\'") uniformly in M, that (A. 18)
can be differentiated under the integral sign, and that the derivatives

up to the second order can be interchanged with the limit. As in
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(A.12) it follows that (A. 15) satisfies l.aplace's equation and the
bottom boundary condition. Finally, to verify that (A. 15) satisfies

the boundary condition at the surface, we observe that

M0

{ ¥ul,2)- oy L%z\} » Em‘f(‘io)—ﬁhﬂf(ao\
ﬂ"l“

T 7% Son Mody = Sim oy $ov y7o0.
/u—)o

To conclude this section,we find the asymptotic expansion of
(A.15) as M > on the line z = 0. The dominant contribution is
now given by two standing waves, one obtained from the residue at
A=18, and the other which is (A.17) when u=0 . Observe

k]

that the value of (A.17), when =0 , is the solution of (A. 14)
with 4 =0  obtained by separation of variables when the bottom
boundary condition is neglected in the deep water region.

A.2 The Solution of Equations (1. 14).

In this section we examine briefly the solution for the problem

\$, - Aoy = P9 ow2=0, 4470
‘f‘j‘j*‘!zz‘w‘f’ﬂ? %o'v \-37/0} -Y€2<0, (A.19)
Yy+yy =0 om 2=-%  43o0.

where Ao>k> o0 , i.e. Ao is a point in the continuous spectrum.

The case Ao= k/\f;{' was discussed by Whitham (1976) in his work

on nonlinear effects in traveling edge waves.
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The proposed solution for (A.19) is:

- h A 1] o
Y(y2) = 2k e % w7 n».x&(zp ey g sl .
(R/vz -2 (VT g+ k) B ) ) (N0 (0 ;\,\
£V L X(zxs ) o? etls+ir gy e
(lzép}(ﬁﬂ'ﬂ(g-\w!\(t_uk )() )) ) (A. )

where A= (¥4 \Qi)\/" and the branch is chosen so that ®e A7 0 for
Ten 270

To show that (A. 20) is well defined and provides a solution
for (A.19) we proceed as in (A. 7). To deform the contours in the
appropriate way we note the singularities of the integrands. There
are simple poles at A=2e  QR=1:i@ , 2= 2+1%/V? and branch
points at €= *tiR . The integrands are at most O(&\"'}as Ri-5 0

Consider now the first integral in (A.20). Deform the path
of integration to a line Li parallel to the real axis without crossing
singularities. The contribution from the pole =2 is proportional
to Qploﬂ The contribution from the integral along Lz is D(e' ‘R‘ﬂ
since \€ -'\Sl ¢ & ®3 and the factor in front of the exponential is
Ol a4} a5 WI>

The second integral is evaluated deforming the path of inte-
gration to a contour around the branch cut along the imaginary axis.
The contribution from the poles at N=2A, gives a standing wave.
In this case the residues at the poles I = tk/V and ¢- L3 must

be added. The residue at {=i1k/V3 cancels the first term in (A, 20).

The contribution of the pole = L@ only appears for 3 < k and
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is given by

iy (\z‘~(51\"‘2 p
{ a2} € P, (A.21)

The integral along the branch cut is © ((k%\ . In the case 2>k ,
all the terms, except the standing wave, are O{e‘h‘ﬂ) s
Finally, we observe that the term (A. 21) is the solution of

(A.19) when the bottom boundary condition is neglected for large y.
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