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ABSTRACT

In Part I, a method is developed for treating reacting-diffusing
systems whose kinetics lead to a limit cycle. behavior with frequency
varying .slowly with position. This is accomplished by including the
effects of the spatial variation in a phase variable that is introduced
to parametrize the limit cycles at each point. The normalization of
this phase variable is chosen such that the limit cycles at each point
have the same frequency with respect to this wvariable. The method is
motivated by treating the weakly coupled béhavior of two oscillators
that, unlike previous works, are not nearly identical. The analogy
between discrete oscillator systems and continuous chemically reacting
-mixtures is explored by treating a chain of coupled limit cycle
oscillators and considering various limits as the number of oscillators

tends to infinity.

In Part II a different effect of spatial nonuniformities is studied:
the modification of the simple diffusion approximation to treat situa-
tions of large deviations from equilibrium distributions in a mixture or
proximity to some critical temperature. A technique for treating
bifurcation from the continuous spectrum by introducing a slow space
scale is developed. Using this, the onset of a spatially nonuniform
state in a model chemically reacting system is studied, occurring
when some reaction rate crosses the values at which linearized theory
predicts destabilization of the uniform steady state solutions admitted

by the system. Subscritical bifurcation is also found possible.
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GENERAL INTRODUCTION

. In this work we shall study some effects of spatial nonuniformities

in the evolution of chemically reacting mixtures of fluids,

We shall limit ourselves to the study of the change of the mixture
composition at each point due only to the chemical reactions and to the
-diffusion flux induced by the nonuniformity of the composition. The
fluid will be assumed at rest, pressure gradients will be ignored, and
the temperature will be assumed initially uniform. Thus, bulk motion
of the fluid can only be caused indirectly by the nonuniformity in
composition leading, for example, to nonuniform reaction rates that
can create temperature or pressure gradients, etc. The composition
gradients will be assumed small, so all bulk motion effects can be

ignored, as of 2nd order in these gradients,

So, in our case, the Navier-Stokes equations describing the
mixture will reduce to a system of coupled continuity equations for the

various components, of the form

s .
where ni_’Gi and ‘Ti are respectively the concentration, source term

and diffusion flux density for the i-th component of the mixture.

The diffusion flux density will in general be a function of the
gradients of the thermodynamic quantities describing the mixture, like
the chemical potential p, pressure p, and temperature T. Since we

assume all gradients to be small and ignore V T and Vp, we can
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assume Ti to be approximately equal to
Ji = ~aV My

where increase of the total entropy of the mixture with time dictates

that o« be a positive constant [1].

Our equations are purely phenomenological in that we assume
certain functional forms for the thermodynamic potential u, that then
lead to predictions for the behavior of our system. These in turn,
contrasted to experimental results, will determine the numerical values
of the various phenomenological coefficients introduced and the domain

of applicability of the model,

In Part 1 we work with "Fickian" systems where, sufficiently
far from critical temperatures at which the qualitative behavior of the
system undergoes sharp transitions, we assume that p is proportional
to the concentration. This is the well-charted realm of Reaction-
Diffusion equations. Our work is on two component systems whose
kinetics is such that, in the absence of diffusion, it would lead to
femporal oscillations at each point. The form_of these oscillations is
allowed to vary continuously with position, while the frequency varies
also with position but only slowly. We develop a method for treating
this problem, by introducing a new phase variable with respect to which

uncoupled frequencies at each point are normalized to the same value.

In Chapter 1 we motivate this method by treating two weakly
coupled limit cycle oscillators. Then, by utilizing similar ideas for

the treatment of a continuous system in Chapter 2, we are led to a
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Burgers'-type equation for the new phase variable that includes a
forcing term due to the small nonuniformity in intrinsic frequencies.
This equation can be linearized by the Cole-Hopf transformation,
allowing an exact solution for the behavior of the phase of the oscilla-
tions to Oth order, in terms of the eigenfunctions of some Sturm-
Liouville operator. We find that systems of this type exhibit sustained
traveling waves, as opposed to the uniform kinetics situation |2]. In
Chapter 3 we apply these ideas to examine some phenomena encountered
in chains of cellular electrical oscillators, We find that for the discrete
model of these systems under consideration here, the diffusive con-
tinuous limit is too drastic, It conceals the threshold phenomena that
are observed in these systems and which we are able to demonstrate
using an alternative treatment: by postponing the passage to a continuous
limit until after we have obtained the secular equations for the phase of
each oscillator in the chain, we use a WKB-type approximation to
obtain a first order quasi-linear evelution equation that can lead to
sharp shocks in the phase, while it has Burgers' equation as a large

wavelength limit.

In Part 2 we consider the effects of a nonlocal approximation to
the chemical potential in chemically reacting mixtures far from

equilibrium.

For simplicity, we treat the variation of only one of the com-
ponents of the mixture, the others assumed to be kept constant
throughout the process. It is well known that mixtures are characterized
by the existence of a critical temperature T : below T the components

form pure phases, separated by a rather sharp interphase in which
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there is some mixing. On the contrary, above TC the substances mix

freely in any proportion.

We assume that reactions and mixing occur at constant tempera-
ture and pressure, and that p and T are initially uniform, so that they
will not change throughout the process. Then, in equilibrium, the
Gibbs free energy F must attain a minimum value. Following the
approach adopted in a recent paper by B. Huberman [3] we write F
in a Landau functional form [4] including nonlocal effects due to inter=-
molecular forces. This leads to an approximation for the chemical
potential valid in the neighborhood of TC that we then utilize in our

continuity equations.

In Chapter 4 we treat a simple model autocatalytic chemical
reaction, where only one component is allowed to vary. We find that
close to the critical point we can be led to behavior of surprising
complexity, including stable striations in the concentration of the con-
sidered chemical. Our system undergoes some interesting "phase
transitions" and, as expected, the behavior in the neighborhood of the

"triple point" is considerably more complex.

In treating the problem in Part 2, we had to develop a technique
to analyze bifurcation from the continuous spectrum of an operator.
The idea was basically to introduce a slow space scale to describe
effects due to the interaction of solutions of the linearized problem with
wave numbers in a neighborhood of a critical ("most unstable") wave

number. The nonvanishing of this critical wave number is essential

for our method.
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The long time (relaxed) behavior of the system is analyzed here,
by introducing a slow time scale, coupled to and dictated by the slow
space scale. Self-consistency of the perturbation scheme we use leads
to evolution equations for the amplitude of the O(€) solution that are of
the Ginzburg-Landau type and whose analysis shows us the form of the

possible final states that the systemm can attain.

This technique, developed here independently, has also been
used by other workers in various contexts [5], [6]. It appears that
it was first developed by Newell and Whitehead in their treatment of

the Bernard instability in fluids [7].

We conclude Part 2 with a discussion of other problems from
physics where similar ideas can be applied as well as possible

directions in which this work can be extended.



PART I
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1. TWO WEAKLY COUPLED OSCILLATORS

1.1 Introduction

In order to motivate the method used in the next chapter for
treating continuous systems of oscillatory chemical reactions with
spatially nonuniform kinetics, we consider two weakly coupled limit
cycle (l.c.) oscillators. We make no assumptions about their shapes

or intrinsic frequencies.

The method we use to study their (weakly) coupled behavior
assumes that both oscillators have relaxed near their limit cycles. We
normalize the angular wvariable 91 parametrizing the i-~th limit cycle in

such a way that the period of the i-th oscillator with respect to Qi is 1.

In this way we include in the angle variables Qi all effects due
to intrinsic period differences and avoid all problems that might arise

when averaging over time.

Previous investigations were limited to the treatment of the
weak coupling of nearly identical oscillators. Here we are able to treat
l.c. oscillators of arbitrary uncoupled periods and shapes, and derive
condiﬁons for their entrainment. In Section 1.3, in particular, we
derive the entrainment condition when the periods are nearly equal. In
Section 1.4, we demonstrate the behavior of the solution to Oth order
by an example, in which we exactly solve the secular equation for the

phase shift between the two oscillators.

The case where the oscillators have periods near some integral

ratio m:n # 1, can also lead to entrainment. Apart from the fact that
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we would have to carry the analysis to a sufficiently high order, our
method goes through with no added complications. We discuss this in

Section 1.4 for m:n = 2.

1:2 The General Case

We consider the system

P
u, = F.(u.,,v.) + ekf, (u,,u., v.,v.)
i iti i itit o) 1 ]
< (1)
Vi = Gi(ui' vi) + ekgi(ui,uj,vi,vj)
.
i,j = 1,2, i#j

and assume that for k = 0 (uncoupled case) both pairs of equations

possess a l.c. solution of period Ti s

r— -
U. = F.(U.,V.)
1 1 1 1
V. = G, V.
1 1 1 1
%
i = 1,2
with
r
U, (t) = Uyt + T;)
V.(t) = V. (t + T,)
\
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We want to parametrize each limit cycle by an angular variable
Qi’ so that each has period 1 with respect to Gi, i.e.,

U, (¢) Gi(ei + 1)

i
c
(=0
—_
D
[
—
(el
N
1

N
Vi(Bi + 1)

Il
<
Y
»
=
‘—/
|

V. (t)

.

In the new variables we have

eS| N\ Y
U. = T.F.(U., V)
i 1 1 1 1
av | AN PN
V. = T.G.(U., V.)
1 1 1 1 1

-

Having parametrized the limit cycles, we now introduce [2] the

local coordinate system (Fig. 1):

N\ /\'
Ui(Gi) + eAiVi(Bi)

ui(t) =
AN /\'
vi(t) = V;(6;) - €A, U (6;))
or
AN N\ ey
u(t) = U,(6,) + eT,A,G(U;,V,)
N as Fas
vi(t) = V,(6,) - €T,AF, (U, V))

i=1,2



Fig. 1

We shall assume that the A. and Bi possess asymptotic

expansions in powers of € of the form:
A = A)+ eal + O

g, = 67 ; @ + O(Ez)

I

T

)

and the T, can be also expanded as T, + eTil + O(ez).

Before rewriting system ( 1) in the new variables, it is con-
venient to derive asymptotic expansions in powers of € of all the

expressions involved. We have (within O(ez) ) ¢



[l
2

N\
U.(6.) R L
i 1 1 1

0

P
V. (6.) U & e? 8 p ,
1 1 1 1 1

I
B

N N O

FY 4 ol @ 7
1 1 1 1

5
2
<
"

1
c? + e0lch 0
1 1 1 1

0
3
<
I

[«
1]

0 0 (0ol . 0.0
U 4 €T, {F, 0 +4,a }

4 0 00}

v 4 et {679 - al%!
1 1 1 i i 1

<
M

0 0 (0
Fylu,vy) = F; + €T {6 (F) + A ( 1G -F, ZFl)}

o

- 0 [ g1 ,.0 87l 0 -0 .0
Gyu,v,) = G + €T, ‘Lgi (G)) + A (Gi,lGi G, ,F; )}

and

f »
e kf. (u.,u.,v.,v.): ekfp
i i1 T i

ekgi(ui,uj,vi,vj)z ekgf

~

where
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ul = ue), ¥, = Fi(Ui,Vi ), ete.,

in the obwvious conwvention.

Assuming also that the coupling introduces a slow time behavior

in the problem, we introduce the slow time variable

so that

a_o ., _2
E Tl TR T

Then, if we expand time derivatives in a power series in € we get

. 00,0 0 (0701 A0 0,0
O, = T)F6) + €T {Fi (eit+ei_r)+ GaD +

i i

1] 1 -
+ 190 [(Gf)) 2% i 9.1-, }+ eTlr06?
1 1t 1 1 1 1 1 1 1t

v, = 72G260 + eT? {09(9.1 + BY )-F?Af) #
1 i 1 it i i it iT 1771t

A?] }+ eTlgl el
i i1 it

1
00 [l al _ 0.0
+T. 6, [(Gi) 0, - (F))

Substituting now the above expressions into system (1) and

equating coefficients of same powers of € we get the hierarchy:



O(1):

O(e) ¢

I
y

T° Ff 90

I
Q

72 g2 ¢°
1 1 1t

090

(.0
0/n1 . o0 0,0 . 0,0 ,0,.0 1 _
T {Fi (91t+611~)+G1Ait+Ti Bty (G) }'*'Ti it

1

= 4T AO(F G° 0) + kf

i it

0 (-0 0 0 10,0
Ti{Gi(ﬂi +6; ) FA -TGA(F)}+TG9 -

r9a2(a, oP - a2, 0) + ke?

1,1 i

Solving the O(1) equations we find

Using this in the O(e€) system we have,

0 _ _t_
ei — TO + l'l"i(-r)-
i

after some manipulation

2 B (G)+G (F)FG(F
0, .0 1 0 0 o| Fi, 1 2
AQ+ A {E(En[(Fi) +(G)) ])-Ti[ 02 =
(F;) +(Gi)
IgY - el
=k( i i i 4 )
2 02

0
(F;) +(G))



and
2 2
: (F G FPGP-F.ﬁZ(FP) +a? (a9
ol - _ )+A i1 "1 i i,1' 71 +
it ( 0 2 0 2
( 0 (F) + (@)
950 5 950
+ k.( i1 i )
0 2 2
(FY) +(G))
or
('

A +adm, (—-—+¢(r))_kM2(T +¢(T),T + (7))

i i i

ﬁ (2)

1
T
_— i 0 t K . Lt
(45 + ' 3)+A; Nii(TO i e NiZ(TO iy T0+4’j)
. (T,) i i i j
where, according to our convention, the functions Nik’ Mik have period

1 w.r.t. their arguments.

These equations can be solved in the standard way: firstly, the
equations for Ag will yield a bounded solution as a consequence of the
fact that the two uncoupled systems possess stable limit cycle solutions.
Then, substituting the known forms for the Ag in the equations for Gil
and requiring that the 9; are bounded in t (necessary for the wvalidity of
the asymptotic expansion for Oi) we shall get two coupled equations for
the L|Ji('r). The process can be carried to any order, to determine the
behavior of the solution at all times. In general, the full solution will

not be periodic in t.
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The details of the calculations depend, among other things, on

the T?, and in the next section we carry them out for the special case

This case, namely having neé.rly equal intrinsic periods for the
two oscillators, is particularly interesting, as it can lead to the
phenomenon of entrainment and rhythm splitting. Similar phenomena
can be observed also when T? . Tg is close to some other integral
ratio m : n# 1, but since the calculations in this case become forbid-
ingly complicated (we must go beyond the first order in € to pick the
effect) without adding any more insight, we shall not pursue that

further.

In Section 1.4 the theory is applied to a simple "A-w" system.
In the 1:1 case, we shall see that entrainment is possible, while the
special symmetry of this problem precludes secondary entrainment for

other integral ratios.

Our analysis differs from previous works [2] in that we show
that entrainment is possible not just between two nearly identical
oscillators, but between oscillators of any shape, provided their

intrinsic frequencies are sufficiently close.

1.3 The Case of Nearly Equal Periods: Entrainment

We assume now that
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System (2 ) then becomes

r
0 0
Ait + A].L M, (t + Lpi) =k M, (t+ st +4)

¢

1 1 0
ol - '(%r* Ti)-i-Ai N, (E+4;) + kNiZ(t+Lpi.t+q;j)
or

0

0 PaN s
Ag + AT M (1) =k M, (5 )

{

1 1 05 2
6y = =(4yp + Tp) + A7 N (0) 4 KN ( 4)

.

with ¢ = Lpz- ¢1, since change in both qu and Lpz can be incorporated in
t as a phase shift, All the above functions have period | in t and .

Now, we solve the equations for the A?. We have
0 t A A t A
[Ai exp{fo Mii(f;)d;}] =kMiz(t,¢)exp{fo M“(t_.)dc,}
t

£ o t A [N
wAf=exp{-fO Mil(;)dc}[c +kfo Miz(:;,w)exp{fo M“(;)d;}d;]

Since for k = 0 (uncoupled systems) both limit cycles are stable, Ag

must decay to zero for k = 0, so that

t+1 1 A
J Mo = [, (0L > 0

as a condition for stability.
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It is easy to show that for k # 0, A? tends to a periodic function,

To see this, let

1A
= fo M,,d{ > 0 (by stability.)

Then

[e]+e-[t]) ~
’{—fo e T’

t A
exp{ -_{; Miidg

t]/\

L exp{ f M, dg

Also

£
M,, (&, lp)equr J Mﬂ(e)dg}d; =

[t] n

=) f M, exp{f M, dg}duf M, exp{ij“dé}dg

n=1 n-1

t A

But
E+(n-1)
exp fM dg}dg f M o (L4 -1, lIJ)exp{f M dg}dg_

E+(n-1)

= f MIZ(E, Lp)exp{f M, dg}exp{j M, dg}dt_, =

n/\

n-—1

y 1A~ £t A~
= e)\(n D% Mizexp{fo Miid_ﬁ}vdc,



12

So,

t A~

J(;Miz exp{fjl\/&“dg}dg =
[t]

= (X Mn”)f M exp{f M, ,dE ¢ dL +
n=1

t-[t] A L A
+£) Mizexp{-_l(; Mi dg » dg

and, finally, Aio can be written as
Ag = [decaying part] + kY (t, ¥)

with Y(t,¥), the periodic part (with period 1 in both t and y), found

after some algebra to be

t-[t] . N
Y(t, ¢)_exp{ / 1(;)dg}(( )f M exp(fM (d6)de +

t-[t]
+f0 exp(f M dg)dg)

We now return to the equations for the 9il. The boundedness require-

ment for Gil is

i A A
- kfo {Yi(t, PN, (t) + N (¢, lp)}dt

iT

(In the general case, when there is no single period, the time averages

will be integrals of the form: tl_l_n:o—lt- f ( ), assumed to exist). We
0

note that with no coupling present (k=0), the xpi will drift apart. In the
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coupled case, though eventually we will have to solve for each 4,

i
separately, we only need to solve for the difference y = Wo= gy in order
to investigate entrainment. A necessary condition for entrainment is

that § is bounded in T.

In this general case, the entrainment can be broken by higher

order effects.

We demonstrate the behavior of the phase shift | for an example

in the next section.

1.4 Example: A A-w System

To demonstrate the above ideas, consider the system
llo = u A(r.) - v.w.(r.) + ek (u.~u.)
i i"iTi i i1 j i
vO = uw.(r.) + v.\(r.) + ek (v.~v.)
i iTivi i%itTi j i

i,j = 1,2, i#]j

with r.z = u?’+v.2 and A. = R.Z-r.z , Ww.=v. + AX.. For k=0, this
i i i i i i i i i

sysfem has the stable circular limit cycle solution:

U.(t) R. cosv.t
1 R 1

H

V.(t) R. sinv.t
i i i

Introducing the variables Qi we define
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P
U.(6.) R.cos®.
Rt i i

N\
V.(6.) R.sinf.
i3 i i

Here we work with the frequencies v, and assume

B 2= vp + €V.I + ezv.z + 0(63)
i i i i

Substituting into the expressions derived in Section 1.2, we get, after

some manipulations:

V?GP = v.0V9
i it 11
o(1) =% 6, = uft + T (1)
U.Oep vS)U.O
1 1t 11

i "
0 2,0 _ j 0.0
o+ 2RZA. = k{(Ri)cosl_(v.-vi)t + (qu-qu):l- 1}

R
1 1 0,2 N [0 0 )
eit" -(Ll"i-r-vi)— 2A RS + k(Ri)mn[(vj vi)t + lle Lbi:l

A

O(e)

To solve this we note that there are two cases that need separate

3 0 0 0o_ .0
attention, namely vy #* v2 and v‘I =V, .

We treat the case v{i) #* vg first. The equation for Ag yields
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' 2
-2Rt k(R./R.)
Ag s8E b . k2 r— 10 10 2 {ZR.ZCOS [(v(.')-v.o)tﬂp.—tp.-’ +
2R; 4R/ +(vj ¥ 1 J 1 I L

0 0, . 0 . 0
+ (vj -V, )sin [(vj -vs |35 +q;j— Lpi:l}v
For simplicity we ignore the decaying part, setting C = 0. The

equation for 911 then gives

9.1 = - Ll 2R.2+(v.0-v9) cos [{ 9—v9)t+(v.1-v_,i)1'+y +
i 2 i i) ] 1 ]
0 4 0 o0
(v.-vi 4Ri +(vj —vi)

fgl ]

4 . 0 0 1 1
+ 4 Ri s1n|:(vj =Wy )t + (vJ. -y ) 'r+y:’}+ ¢>i('r)

where, for Gil to be bounded in t, we required
1
LIJi(T) = (vi + k) T + const.

We can continue in this way and find the solution to all orders, but it
is easy to see that nothing new will emerge out of this process. This
is due to the linearity of the coupling and the special properties of the
trigonometric functions: as can be seen easily, the only combination of
the frequencies that can appear is (v?-vf) + e(vjl—vil), so terms of all

orders will have essentially the same behavior.

In particular, in the case v?:vg =m : n (# 1) we see that
"secondary entrainment" (i.e., locking to oscillations whose frequencies

are exact multiples) is impossible if nvli( = mv,’zc for some k # 0.



16
Incidentally, we note that an alternative treatment could introduce

infinitely many time scales

so that

q"i = '~|-'1(Tk)

and demand the 92 , J >0 to be bounded in all the Ty thus including all
unbounded behavior in 9;). We think this is a meaningful approach
(more so if resonance is present) as it is not trying to approximate a
nonperiodic phenomenon by periodic function; but we shall not expound

on this further.

We return now to the case v(l) = vg and take v? = 1 for simplicity.

We find
2
-2R.t R:
0 i k J
A = Ce - —=d{1 -5 )cos(y.- ¢.)}
i ZRf' (Ri) 3

and Giis $,(7) + (decaying term) with the (. satisfying
—lkl(ii)<' ) = cos (.- d)
L}Ji_r— v, + + Ri- s1n(tpj-upi - cos ij q;i?
i=1,2 .

It is of interest now to ask whether the phases of the two

oscillators will lock. To determine this, we must examine their
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dif s . = = -
ifference, say, L’Jz LlJl. We have (let vs Y, vl)

2 o2
RZ-!-RZ

Ro-R
‘I'_r = v +k(—lﬁ£) cos ¥ ~ k(—l::i—Rzz-) sin ¥

or
LLJT = v + psin(T+ o)
with
k2R 4 RE) _i(Rf-Rg)
B= » 0 = tan - v
RiR2 BE4RE
1 2
which is easily integrated to give
Y(T) +0 =
g [Zz 2 55\
2 tan-i[ vv—“ tan((Tzc) vz-u.z) - %] i VZ > p.z

or

2. 2
2 tap [_"/l‘__‘;l’_ coth(-(lzc)- N Mz—vz)- %rl, if |v tan(ﬂ%)i-o;) | > p.2- o

I
e

2o
-1 [~ 2—v2 (T4c) /2 2\ p] . (0)+c [.2 2
2 tan ——L——V tanh(- > v )-7 »if |v tan(ﬂ"—z—)+u|< p=v
\ B
. : k 4 4. . <
Obviously, if lv' >RR Z(R1 + Rz) » Y(T), (which must be continuous)
12

is unbounded and the two phases pull apart in the slow time scale, while
otherwise the two phases lock to a phase shift constant in T and

independent of the initial conditions as shown in Fig. 2.
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N

r_lxln

A

Fig. 2b. (u? > v?)
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2. REACTING-DIFFUSING SYSTEMS EXHIBITING TEMPORAL

OSCILLATIONS WITH SPATIALLY DEPENDENT FREQUENCY

2.1 Introduction

Moét work done on reacting-diffusing systems is concerned with
coupled diffusion equations with nonlinear terms due to the creation-
annihilation of chemicals by reactions taking place in the mixture, It
is usually assumed that the various properties of these systems are
uniform, i.e., reaction rates and diffusion coefficients do not have

explicit spatial dependence.

There are systems of very important application where the
spatial dependence of the reaction rates cannot be ignored, In some
reactions the intrinsic rates depend proportionally on some external
parameter., For instance, in photography, the rate of alteration of the
photographic film's composition during exposure is proportional to the
incident light. Likewise, in predator-prey systems, the terrain can

affect predator ability to hunt or prey ability to hide, etc,

We shall concern ourselves here with chemical reactions in one
space dimension that, in the absence of diffusion, exhibit temporal
oscillations whose frequency varies slowly with position. We shall
neglect all purely fluid dynamical effects (no bulk motion, etc.), so
the Navier-Stokes equations for the mixture under consideration will
re‘duce to coupled continuity equations including creation-annihilation
terms and diffusion flux terms for the various éomponents. For this
work we shall assume that diffusion and all gradients are small and

that we are far enough from critical temperatures that Fick's law holds,
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(That is, the chemical potential for a component is proportional to its

concentration at each point).

The conclusion will be that the' phase of the oscillations at each
point, coupled through diffusion, obeys to 1st order in € (the small
parameter in the problem determining smallness of diffusion and
gradients), a Burgers'-type equation including a forcing term, This
can be solved exactly and it leads to sustained traveling waves of
chemical concentration, unlike the uniform case in which traveling

waves are transient.
2.2 The Model

We consider the system

ce
I

Fu,v,x) + €u

<o
I

Gu,v,x) + e€v
XX

with appropriate conditions specified on an interval.

We assume that, in the absence of diffusion, the above system
possesses, at each point, a stable limit cycle solution U(t,x), V(t,x)

such that

U(t, x)

F(U, V,x)

Vit,x) = G(U,V,x)
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Now, these functions will in general have different frequencies and
different form af each point, We assume that variation with x is small.
We rewrite the above functions in terms of a new variable 6 = 6{t,x),

defined so that their frequency with respect to 0 is the same everywhere.

FaN
U(t,x) = U(8,x)
PN
Vit,x) = V(0,x)
0 = 0(t, x)
Then
' P VAP AN
U‘9 - w(x) = F(U,V,x)

where w(x) is the frequency of the limit cycle (no diffusion) at x.

Without diffusion, 6 is just
f(t,x) = w(x)t + c(x) (arbitrary, not necessarily continuous)

when diffusion is present thé phases 6 are coupled through C. Away
from an initial layer where rough initial conditions are smoothed out
(for which our long-time analysis is not valid) C becomes a smooth
function of x and a slow time variable which we shall have to introduce

into the problem.
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We transform to the usual local coordinate system in the neigh-

borhood of the limit cycle at each point

~ ~
u = U(f,x) + €A VB(Q,X)
A ~
v = V(0,x) - €A UQ(Q.X)

All relevant quantities transform accordingly (analysis is similar in all
details to that in Section 1,2, so we shall omit it here—only here we

work with frequencies instead of periods),

The frequency w(x) is assumed to have an asymptotic expansion
| _ 2
w(x) = 1 + ef(x) + 0(c")

Substitution into the system yields the Oth order equations

£040 _ O
t

0,0 _ 0

F 6 =G

To get the Ist order system, the only new terms we have to compute

are the derivatives u . and LA and these only to Oth order. We have
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B = Uo(eo,x); =
XX
= 5% [“’XU?(BO’X) + ug(eo,x)]
= 9, Uy + SUY + 20,00, + UG,
now U?EUg,:;'(l'QFO: F°
Uyy = Fo

while, since we assume small x dependence of F and G, it follows that
the terms U?z and ng are of higher order and will not appear in our

analysis for ¢, and that we can write

UO = U0(9) (no x-dependence to this order)

So, the 1st order system will be

0 1 0,0, ~0,0_
F (f(x)+6t +¢T)+GBA +GYA) =

0.0 0.0\ ,0 0, .20
_(FlG - F,F )A ty FO+IFy

‘Go(f(x) + 6t1+ LIJT) - FgAO 4 FOAS:

/0.0 0.0\ ,0 0, 2.0
= (GiG —GZF)A +y_GY +ulGy
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This is easily transformed to

2 2
0, .0\~0.0 .0,.02% 0.0
2 2 F%+a?)alr?-r0(c%) -c%F
rA':’+ ABlL (fn[(GO) +(FY) ]) +( £ 1) Ll Sl =
. 0,2 - 0,°
. 0 (F7) +(G")
=¢ﬁ(GOFg - r0GY
< FOGO(FO-GO)-(FO)ZFO b (G0 P
etiz—(f(x)+¢T)+[ —E £ 1]A°+_
% + (%
1 2 0,2 0.2
+¢xx+5¢x(zn[(F ) + (G )])9

The equation for AO can be written as

0 0 2
AL+ M(t+WA" = Nt + 4) gl

where, since the functions M and N are periodic with respect to their
arguments, their average over a period will be a constant, independent
of the phase shift §, i.e., independent of x and 7, and the same is

true for all other functions involved here,

Solving we find
0 t 2 t t
A9 = Cexp(-foM(g+¢)dg) byl fo N(L+) exp(-‘é M(ghp)dg)dt_,

= q;:‘: P(tty) + (exponentially dying part),f

*This follows from the stability of the 1.c., at each point.
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where P(t+y) is given by an expression similar to that derived in p. 10,

and is periodic of frequency 1, Using this in the equation for 91 we get

2 2 '
0 = - () + ) + ARG+ g + gy v 02 [ 4n(F0) + (&) )]
0

1]

- (f(x) + ¢T)+Lp§ f’(thp) + prx+ (exponentially dying term)

with f’(thp) a periodic function of frequency 1. We demand that 91,

found from the above equation, be bounded in t in order for our

asymptotic expansion for 6 to be valid, so that

1 .
[ ®.H.S.) =0 =
0

1

= q;_r = -f(x) + Yo t 41}2{ fo f’(t-hp) dt

We let

[ Pty at = k
0

a constant by the reasoning given before. Then

Y= of(x) g kq;i

which is Burgers' equation with a nonhomogeneous term,.

Letting = k 1£n¢: (the Cole-Hopf transformation) we get
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Ko /o= -t + K (o /0 - o2/67) + K1 92/02
= ¢ -6 = Ki(x)o

which can now be solved using standard methods,

Note: In a more general case, where the shape of the limit
cycles at each point varies to order 1 with x (but w still behaves the
same) we would get an evolution equation for the phase containing a
term proportional to l,bx and coefficients dependent on x, which would
not be linearizeable by the above Cole-Hopf transformation, So, in
principle, the method would go through but it would lead us to a non-

linear equation that cannot be solved exactly,

The equation that we found for ¢ is a parabolic equation,
Application of the appropriate maximum principle ensures us that if ¢
is initially nonnegative, it will always stay nonnegative, so that the

transformation is always invertible.
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3. A CHAIN OF WEAKLY COUPLED OSCILLATORS

3.1 Introduction

Oscﬂlatéry phenomena of the relaxation type play a very
important role in the self-regulation of biological systems. Trans-
mission of information and control in populations of cells and
coordination of their function is usually accomplished by some con-
trolling agent through modulation of the phase of an oscillation in
which all the cells are locked. This gets transmitted through the
population via some medium carrying chemical or ionic messengers—
this medium being also responsible for the coupling of the cellular

oscillators [8].

The characteristics of cellular osqillations can be éoupled to
concéntrations of cei'tain substances in the medium surrounding the
cells. For instance, in the case of neuronal oscillators, modification
of the composition of the membrane of the sending cell at the synapse
causes certain chemicals to be transmitted to the receiver cell,

modifying its state (exciting or inhibiting some functions, etc.).

Populations of cells can exhibit many types of oscillations,
either individually, with member cells oscillating regardless of the
_existence of an external periodic forcing, or as network oscillations,
where certain subsystems form oscillating circuits, with an excitation

going around the circuit, "passed" from one cell to the next.

Invariably, the detailed chemical mechanisms responsible for
these phenomena involve extremely intricate combinations of reactions

taking place simultaneously. In the wvast majority of cases we know
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very little about the actual mechanisms, number of participating
chemicals, ways by which cells transmit information or how they
change when they receive it—the individual cell already being too

complicated an entity for the present state of our knowledge.

But even though at this point we can say very little, if any=-
thing, about the exact nature of the phenomena involved, we can still
draw some very general conclusions about how these populations can
act collectively, provided they conform to some simple conditions. So,
of necessity, we can only build "naive" models of biological systems at
this stage. These must be complicated enough so that they can
mimic some properties of real biological systems, but yet simple

enough to be solvable by our techniques.

The usefulness of these models is twofold: solving them we
might be able to combine seemingly unrelated phenomena, by attributing
them to some common uhderlying feature of the model/system. And,
predictions made based on these models might suggest new fruitful
experimental directions. That is, building ahd solving models, provides
us with a way of organizing what we already know and helps to show
what we can expect from a self-consistent image of biological phenom-

ena based on our present knowledge.

In this chapter we study a finite linear chain of weakly coupled

A-w limit cycle oscillators.

In Section 3.2 we attempt an exact perturbative analysis in the

strength of the mutual coupling (assumed small). We arrive at a
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system of equations that can be easily analyzed numerically (we do not
attempt this here), to demonstrate the behavior of the phase in a slow
time scale. Analyzing numerically these equations instead of the full

system has the advantage of yielding results that are easier to interpret.

In Section 3.3, in order to gain more insight in these systems,
we consider the limit when the number of oscillators in the chain
becomes large. We employ two different limiting procedures. The
first yields a forced Burgers' equation, the analogy with the result in
Chapter 2 being apparent. The second procedure yields, to lowest
order, a first order hyperbolic equation which we discuss. DBased on
pievlous results, we conjecture that similar equations ‘will be obtained

in the large population limit for more general models.
We conclude the topic with a discussion in Section 3. 4.

3.2 The Model

We consider a chain of A-w limit cycle oscillators coupled
weakly via diffusive coupling with free ends. It is described by the

following system of pairs of ist order ODE's:

: 2 2
u. ui(l-ri )— Vi(vi+ 1 -ri)+ek{ui_l +ui+1 -Zui}

: 2 2
Vi ui(vi+1-ri) + vi(i-ri) +€k{vi_1+vi+1- Zvi}»

where rf?' = u.2 +vf?' and v. = w + €ca..
i i i i i
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At the two ends (i = 1{,N) we have
_ 2 2
u = ul(l-rl - vi(wi+1--r1 + e{uz-ui} etc.,

the equations for Vi’ UN’ VN being similar. This system describes a
chain of N oscillators that, in the absence of coupling (k = 0), would
each relax to a circular limit cycle in their corresponding phase planes,
with radius 1 and frequency v, - For N = 2 this reduces to the case

studied in Section 1.4 for equal radii and nearly equal frequencies.

We introduce polar coordinates by the transformation

u. = r. cosb.
i i

v. = ¥. sinl,
i i
under which the system becomes
e (52) - ool 0) 0
B =ry(1-7 €k["‘”i BTl i 0;) ;. cos(6;.¢ 91)]

8, = [(w-l- ca;) +i-r 12] +ek [( rrii”) sin(p, ,1-6; ) +(

i=2,N-1

r;; ") sin(o; ;- 91)] (1)

with end equations
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1:1 = ri(i—r%) - ek[ri-rZCOS(QZ-Ql)]
éi =_(w+€a1) + l-r? + ek(%)sin(Gz-Gi)

and a similar pair for i = N.

We introduce the slow time scale T = e€t, so that

d_8 ., _3
dt ~ 9t T € o+

and assume that the T ei have asymptotic expansions of the form

1+ eRi(t, T) + O(ez)

H
1l

D
1l

wt + 4y () + € (L, T) + 0(62)

The form of the O-th order terms is found by arguments

similar to those used in the previous chapters.

Substituting the above expressions in system (1) and retaining
terms up to O(e) (O(1) terms cancel since their assumed forms satisfy

the O(1) equations of the hierarchy) we find that the Ri and ¢; satisfy

B, = -ZRj;-Zk +keos(W v )+ kecos(v_ -4 )

i=2,N-1

Gy = oty ~2R; +ksin(yy - )+ kein(y_ -d;)
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modified appropriately at i = 1 and i = N.

Solving the equation for Ri we get

R, = Cie-21: + k{—i +-é-cos (¢i+1-¢i)+% cos(q;i_l-qu)}

For simplicity, set Ci = 0 (ignore transients) and substitute this in the

equation for ¢i to find
Opp = ety + k{z“""s(‘l’iu“‘"i) - cos(y_puy) + sin(uy, -4 ) +
+ sin(y;_ 1“”1)}

Since the RHS of this equation is a constant in ¢, ¢i would be a linear
- function of t so our assumed asymptotic expansion for 9i cannot be
uniformly valid for large times unless the RHS vanishes, That is, in
order té have a consistent scheme we demand that the P, satisfy the

system:

- l.|11_'_ =a, k{i—cos(tpz—q,sl) + Sin(l.]JZ-LPl)} _

b= e +k{2-cos(q}i+i-1pi) ~cos(Wy_ b ) +sin(y, u ) +sin(y; 1’4‘1)} i=2,N-1

o,

g = ong + {1005 (tag_imtne) + sin(ng_ )} @

At this point we have reduced the problem, to O-th order in €,

to that of solving N 1st order coupled quasi-linear ODE's, One could
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now proceed numerically and study the behavior of this system for
various wvalues of the @, and the coupling k. In Section 3.4 we discuss
some situations in which this model can be useful. For the purposes
of this work we shall not pursue a numerical attack on this problem,
but will try to extract some more information from the exact pertur-
bation equations (2) using simple ideas before we analyze, in Section

3.3, some properties of the phase shift qu in the limit of large N.

We note that if we introduce the N-1 wvariables

ANE]
=
H
[y
Z
1
[

X = Yy -

1

we find that they satisfy the system of N-1 equations

%= By * k NZ {(sinxi_l_l-cosx_l) —(sinxi-cosxi_l)}, i=1,=,N=1(3)

where we set

A question that is of interest in these systems is whether all
the oscillators in the chain can Become "locked, " i.e., oscillate with
the same (average) frequency, so that the phase shift between successive
oscillators stays bounded. In this spirit we look for solutions of the

system ( 3) of the form

X.: = C. , (some constants) i=4,**", N-1
i i
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The constants ¢, must satisfy the algebraic system

bi + kA2 (SInci+1—c05ci) -(sinci-COSci_l)}= 0 §=1,; "%, =}

or, setting sinci = o-i, cOsci =nN1l=-a0. ,
by k'ﬁ{("iﬂ' V1-67) - (o, - "1‘612-1)} =8 Ieltale

Go—crN_-'\l_z_

This last system is recursive and one can trivially solve for the
T but there is no guarantee that some |o‘i| will not be greater than
1, or that they will be real. It is clear that this will depend on the
numbers bi/k' We can see this clearly in the simplest case, N = 3,
that can be done explicitly and leads to a 4th order equation in o4, OF

o,. We will not do that here. *

In the following Section 3.3 we consider the case for large N.

" Note: The only case that N = 3 will not lead to a quartic is when

b1+b = 0. It is easy to see that in this case the phase plane of X

2
and X2 will not contain spiral points, which one can show to exist if
b1+b2:# 0. In the latter case we conjecture that there must exist

curves in the bl-bz plane such that when they are crossed, the stability

of some spiral point changes. In some neighborhood of these curves
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3.3 Approaximations for Large N

In the previous section we derived a system of algebraic
equations that the constant phase shifts between successive oscillators
in our chain must satisfy if their frequencies are locked (in the narrow
sense). This answers the locking problem in principle, but the nature
of the answer is not clear a priori and for more than three oscillators
we cannot get explicit expressions for the solutions (for N oscillators
we need to solve a polynomial of degree 2(N-1) in general). So, a

numerical approach to the exact equations is necessary.

When the number of oscillators in the chain is large, we can
study their behavior by the use of appropriate asymptotic methods.
The large N limit is not unrealistic, since in most biological systems

of interest we deal with large numbers of cells.

Here we shall consider two different limit processes. The first

(Note: (continued))

(on the instability side) we expect, by Hopf's theorem, the existence
of a stable limit cycle in the phase plane of X and X+ This case,
even though it does not fall within the narrow definition of frequency
locking we used (constant phase shifts), must be characterized as
phase locking in a broader sense (phase shifts have constant averages
in the slow time). This phenomenon of oscillating phase shifts
obviously cannot be observed in the N = 2 case. The algebraic com-
plications for ‘b1 + b2 # 0 did not allow us to give an explicit example

of this interesting phenomenon.
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will lead to the forced Burgers' equation we derived in the last
chapter. The second will lead to a nonlinear PDE that can be reduced

to a 1st order quasi-linear PDE solvable by the method of characteristics.

For the first limit process we define K by

2
b o= I w _N_Z. ,
L
so that system (2 ) is written
_ K 2 Jo.. EI
lJ,JiT—a:i+-LEN{ } s L= i, , N (21)

The number L is the "length" of the chain. We introduce a space

coordinate x and we let the position of the i-th oscillator be

with Ax the (uniform) "distance" between successive oscillators. The

length of the chain is then
L = N-Ax
Finally, define a continuous variable { by
$lxg) = g

and assume it is sufficiently differentiable so that we can expand in
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Taylor series:

POg =A%) = $ix,) + Axy (x,) + O(Ax%).

Then as N — © with N " Ax = 1, fixed, system (2') becomes

lim 2 2
g = Ax—0 | afx) + B [2~ZCOS(AX'41 +0(Ax)) +
N~ Ax=L, I x

2 ' 2
+ sin(+Ax - +Q3?f-)— Y, + OlAX"))+ sin(-Ax . ¢x+&2")— Pt O(Ax)3):| }

2
- 1 (Ax)” 2 3 2 3 i
= ag(x)+k- (AX)Z {2-2(1- ; pr + O(Ax »+((Ax) ¢Xx+ O(Ax ))} =5

= q,_r = a(x) + k(¢}2§+ q;xx) + O(Ax). (forced Burgers! eqn.) (4)

The free ends condition becomes lJ,Jx(O) = LpX(L) = 0.

To examine whether entrainment is possible in this limit, we

seek solution of the form
Y= o1 + o(x) .
Equation (4 ) becomes
U}Z{+0‘xx+(g—(%§)-—u{) =0

leading, under the transformation o = fn¢, to
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7 a(x) - w
¢xx F ( K )d) =4
with ¢_(0) = ¢_(L) = 0

and so, in this limit, the problem of entrainment is reduced to that of
finding the eigenvalues corresponding to positive eigenfunctions of the
above Sturm-Liouville problem (we need positivity so that the trans-

formation can be inverted—see comment at the end of Chapter 2).
We consider now a different limiting procedure:

Define a new variable ¥ (continuous as before) by

o1z

and change the time scale to

In terms of these variables, system (2 ) gets rewritten as

‘I’(xi)T = a(x) + k{z - cos [% (‘I’(xi+ Ax) ~ W(xi))]—i— --- etc. } (5)

Now assume that all functions defined thus are sufficiently

differentiable so that we can write:
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alx, +Bx) = alx,) + Ax'ax(xi)+O(Ax2)

and similarly for ¥. Substituting these in (5 ) and taking the limit

we have
2
T (Ax)
T = a(x) +k lim r2. - cos [-]E- (\Irx' Ax+ xxz + O(Ax3):| -
NAx=L
N—

2 2
~ B [% (- v -ax vy 182, O(Ax3ﬂ+ sin_[%({fx‘Ax vy 2L O(Ax3))]+

2
.| N/ (Ax) 3 .
+ sin [L( \Ifox+ \Ifxx >t O(Ax ):\ =

T Ax T Ax

. 2
=> U = alx) +k Al}:ri . 2—cos(‘IfX+ XX} O(ax »-—cos(—\lfx+ = +0(sz;)+
NAx=L
‘If Ax
+ 51n(\II + I é—£{+ O(AX ))+31n(\If s 2 + O(A X)Z)}

= a(x)+k 13]_-11;1;1 - {Z(l—cos\Ifx) + O(Ax2)+ (Ax)* co s\Ifx\IfXX+ O(sz)}

NAx=L,

=> %= a(x)+k{2(1-coswx)}+ (ﬁ)coswxqfxx+o(§—z) (6)
- Neglecting the O(—IEI) term, we have

Yy = alx) + 2 k(l-cOS\Ifx) (7)



39

Differentiating eqn. ( 7} by x and setting \Ifx = &, we get

@T = a + Zk(s1n<I>)tI>x (8)
a quasi-linear 1st order PDE solvable by the method of characteristics.
This equation gives us a description for the phase ¥(x, T) in the limit

of large slow time T.

We note that equations ( 4) and ( 7) give us iwo different
pictures for the evolution of the phase variable ¥(x, v). The first is a
picture for intermediate (slow) times in which the spatial distribution
of the phase is more or less smooth. The second is a large (siow)
times picture, after the system has gone through many cycles (¥ large).
At this limit, the subcharacteristics of the 1st order part carry the
information and sharp shocks in the phase can develop (smoothed out
by the O(1/N) term we wrote in Eq. (6 ), which for very sharp shocks

becomes important).

We observe a close analogy between the limiting proaedﬁres
employed here, and similar results that we get when rescaling a

reaction-diffusion equation with oscillatory kinetics.

The first limit is obviously the analogue of the method used in
Chapter 2. By similarity we expect that this limit process, applied to

more general chains, would still lead to the forced Burgers' equation.

"The second procedure is the analogue of using a WKB-type

approximation for the same reaction-diffusion equation. (Introduce
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phase variable ® with assumed asymptotic expansion

G‘)0
® = 2k @1 + O(e€)
while rescaling time and space variables—here we only had to rescale
the time wvariable, since the space scale was defined on the basis of

all other scales we assumed). This scaling leads to a first order

equation of the form

O + H(o'x) = f(x)

T
in general, (with ¢ a properly defined variable), solvable by general
Hamilton-Jacobi theory. Similar scaling has being used [9] by

Howard and Kopell.
3.4 Discussicn

In this chapter we showed that even though the exact equations for
the phase in a linear chain of weakly coupled oscillators are too com-
plicated to handle analytically (though not numerically), in the case of
large populations we can get, in some limits, exactly solvable

evolution equations.

We considered a very simple model here, to not cloud the

concepts unnecessarily. In light of the results in Chapter 2 though,
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we feel justified to conjecture that the limiting processes we used
would lead, applied to more general models, to similar evolution

equations for the phase, as the ones derived here.

This work is part of our attempt to understand certain
phenomena encountered by various workers [10] studying a network of
electrical cellular oscillators that is thought to be responsible for

peristalsis in the small intestine of mammals.



PART II
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CHAPTER 4

4, ANALYSIS OF NONLOCAL EFFECTS IN THE DIFFUSION FLUX

FOR A CHEMICALLY REACTING MIXTURE

4.1 Introduction - Physical Background

As is well known, intermixing among the different components of
a mixture is greatly affected by temperature. More specifically, there
exists a definite temperature value above which the components mix
freely, while below it they form separate phases. This is called the

critical temperature Tc of the mixture.

If no lheat is released because of the mixing and volumes do not
change, the equilibrium state of the system will be such as to minimize
the total (Gibbs) free energy F. Let us consider a solution in which
the mole fraction n of one of the components present at each point is
nonuniform. Due to intermolecular forces, we expect the free energy
at each point to depend not only on the composition at that point, but

also on that of the surroundings.

Following Cahn and Hilliard [11], we assume [|Vn]|| to be small
with respect to the inverse intermolecular distances and f, the free
energy per molecule per unit volume, to be a continuous function of n
and its derivatives. Then, at each point, f can be expanded in a
Taylor series about fo, the free energy per molecule of a solution of

uniform composition. That is
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f(n,vr.l,vzn’ ) = fo(n) + Z/ L + Z (1) Bx Bx *
J

i

0P ) B2

where

= af/a(g—;‘i-)l , k(l) . af/a(a )[
0

and

etc.

<55 = 2%1/0(5) o(5x)
i ity

For isotropic solutions (that will be our concern here), f must be

invariant under rotation-reflections (xi—> xj and x, —~ —xi), so that

L. =0
1

1 _ _ 2

S T [af/a(v n),

W2 o % 8., = | 85w e

ij = K2l = (8{val) | &,

0

i.e., for the isotropic solutions under study

2 2 B
f(n,Vn,V n,**- =f0(n) + klv n+k2(Vn) + oo

The total free energy in a volume is then
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A,

FaR_ _[r fdV = Nva(fo(n) + kVZn + kz(Vn)z + - ")dV

with Nv the number of molecules per unit volume. But

2 dk, 2 =
[k, ¥%nav = - [ —2(Vn) av + f(klvn-N)ds
v v S
where S is the boundary surface and N a unit normal vector. Since we
are not concerned with effects at the external surface, we can pick it

so as to make the surface integral wvanish, so that we have for the free

energy

2
F = Nvf [fo(n) + k(Vn)

~

+ '_--]dV

with
2
k = (dkl/dn) tk, = -[azf/an'a(vzn)] + [azf/(a |Vn|) ]
0 0

The effect of nonuniform composition on the diffusion flux for
chemically reacting mixtures was first discussed by Huberman [3].
He argﬁed that equilibrium for a mixture reacting chemically is not
identical to chemical equilibrium. The mixture must minimize its total
free energy both with respect to the chemical reaction taking place and
with respect to the mixing. Hence when we describe the evolution of
such systems away from equilibrium, we must use an approximation to

the free energy of the above nonlocal form.

Our generalized continuity equation include a diffusion flux

current J, that is, in general, a function of the gradients of all the



45

thermodynamic variables describing our system, namely
T ET(V‘A,—V’T,_@})) s

Here we ignore temperature and pressure gradients and we assume
gradients in composition to be sufficiently small, so that we can

approximate J by the first term in its Taylor series, i.e.,

where M, the interdiffusion motility, is shown by entropy increase

arguments [1] to be always positive. Now, the chemical potential is

given by

w(r) = 6F[n]/én(T)

and since

of T
6F [n] = [ [—8—1—1—- 2kV n|éndT
v —

(v is a small volume in which én # 0 in the usual fashion) it follows that

p for such systems can be approximated by

of

o

w(r) = - 2kv2n

3]

In the neighborhool of the critical point we assume, with Huberman,

that fo(n) can be approximated by
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. 2l % 1
fo(n) =% aO(T-TC)n + 4bn =5an +

where a gy b >0 to ensure proper behavior for f (it must have a
minimum). Then, in this approximation, the chemical potential will be

3-2kvzn,

—
p(r) = an+ bn
a form in which temperature enters as a parameter. In a more com-
plete model, where temperature is not uniform, we would have to
include a heat flux current and augment our generalized continuity

equations by a rate equation for heat production, etc.

The nature of this approximation to some quantum mechanical
systems, as it is related to the Ginzburg-Landau theory for the
behavior near critical points, is better understood than in classical
chemical systems, due to the lack of experimentﬁin this direction in
the latter. It is hoped that the results of this analysis will point out
some experimental possibilities in a way of verifying the theory and
also some predictions about the behavior of reacting mixtures near the

critical point.

In Section 4.2 we describe a model chemical reaction and write
a generalized continuity equation in 1-dimension, involving the con-
centration of one component (the only one that is allowed to vary). We
find the stable uniform steady states and show that for some interval
of a free parameter (here a production rate) they lose their stability

to some nonuniform state. As we vary the parameter the change of
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state of the system can be either smooth or discontinuous, depending on
other parameters of the problem and simulating either a "2nd" or a "list
order phase transition,'" as our nonlinear stability analysis in Section

4.4 will show. (Section 4.3 contains a linearized analysis, which deter-

mines the parameter values of interest).

As it will be seen, linearized analysis of this model does not
give the full stability picture. A steady state can become unstable to
finite perturbations before it loses its linearized stability. In Section
4,5 we analyze the possible final states for the "2nd order transition"
case, and in Section 4.6 we give some quantum mechanical examples
where similar theory is applicable. We conclude with a discussion of

some research questions opened by this work.

4,2 A Model Autocatalytic Reaction

We shall describe in this section a model autocatalytic chemical

reaction proposed by Huberman [ 3 ]. This is

The concentrations n, and ng of A and B respectively are assumed to

be held constant and we are only concerned with changes in the con-

centration n of X,

The generalized continuity equation for n will be of the form
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—_—

28 - k[n] -V 7 ()

where k[n] is a source term found as usual to be

_ 2_ 2
k[n] = (kynp -kgng )n-kyn®= kyn-k,n
and J is the diffusion flux current, which for small gradients is

approximately equal to
T = -MVpu

Assuming that p can be expressed by the approximation found in
the previous section, equation ( *) becomes (considering only one space

dimension)

Bt b = Bans+ MB  lan b ~ 28 s
t i A XX XX

For easy reference, we list here the various constants involved in the

model

-kon is the rate (per mole of X) at which X is

ky =kpny-kpng

produced in the 1st reaction and destroyed in
the second. It can have either sign and is a free
parameter that we can adjust to study the system.

It will serve as our bifurcation parameter
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reaction rate for 1st reaction assumed

positive

M interdiffusion motility, positive always
by 2nd law of thermodynamics
a=a (T-T)=(3p./8n) with a, positive
0 c T 0
,n=0
b positive, so that f will have a minimum
k a positive constant, related to the

product of the energy of intermolecular
interactions (here assumed attractive)
and the square of the range of these

interactions.

We proceed now with the linearized analysis of this model,

finding the possible stable solutions for the various ranges of the

parameters involved.

4.3 Linearized Analysis

We consider the equation

| 2 3
8,n=kn-k,n®+ Mo (an+bn’ - 2k3 _ n)

with bounded solutions in (- %, ©).

The uniform steady states are

ny =0 and nj = ki/kA
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Linearizing about them and assuming solutions of the linearized equation

of the form
U = ea’t cosgx

we find after standard analysis, that there are two distinct cases

depending on the sign of a = aO(T-TC).

For T > TC (a > 0), when fully mixed states are energetically

favorable, we find that

i) if k1 > 0, only ng :kl/kA is stable

ii) if ki < 0, only n, = 0 is stable.

For T < Tc (a < 0), we find the following dispersion relation

(£) = - - (o s 3oud) o - 2

We are interested in neutral stability points, i.e., wvalues of g

such that ¢ = 0. These are

2 klk

-(a + 3bng) + j(a + 3bng) -

4k

t|

where ny = 0 for k, < 0, n, :kl/kA for k, > 0.
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The dispersion relation for a < 0 is shown in Fig.1)

ol
%

(1) |a.| <3bng

[T

2 2
(2) |a|>3bn0, |a+3bn0]<\/—-M—-

8k |k
(3) la|>3bng, |a+3bné|> {-—-—ﬁi—

Curves (1) — (3) shown for decreasing Ikll. Shaded curve makes 2nd

order contact with q axis at q_, =  [8k|k,|[/M

.

We observe that as kl increases from large negative values, the

curve moves up and at the value
-Bkk1
A

it makes second order contact with the q axis at the point

’/-Skkl
. = = '\/ M
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Until this value of kl the solution of the linearized equation
would decay to 0 but as kl grows past the above wvalue, the linearized
solution becomes unstable for a range of wave numbers in the neighbor-

hood of c As kl grows further to positive values, it reaches a wvalue

satisfying
2
k
.- _[3b(i) N /S_E_L]
k M
0
when the curve makes again second order contact with the g-axis. Then

the second uniform steady state, i.e.,

n, = kl/kA

becomes stable.

These are shown in Fig. 2. This is all the information that one
can get from a linearized analysis. Stability shown is not global but
only with respect to small perturbations. For a more complete picture

we have to include nonlinear effects. We do this in the next section.



Q
q
0
£
S
o
(¢]
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u?-
5
ol

Bolth uni}orm \ —j
steady states
unstable

Ylo ‘—'O s“:ul)le

Fig. 2
*Notes on Fig.2. i) Our analysis will not be sufficient in a neighborhood
of the origin (triple point) of size ~ e (y some positive power). Need
a different scaling there. ii) For a < 0, crossing of the shaded curves

implies a dispersion relation of the form

while for a < 0, when we linearize about the uniform state that loses

stability, crossing implies:

o«

unst, Nnge CL
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4.4 Nonlinear Stability Analysis - Bifurcation from the Continuous

Spectrum

The present problem differs from standard bifurcation problems
in that a whole neighborhood of wave numbers becomes unstable when
the parameter k1 crosses some critical value. So, standard techniques
assuming a Oth order operator with a discrete set of eigenfunctions and
writing the lowest order solution as a series in these eigenfunctions with

slowly varying coefficients would have to be modified here accordingly.

The technique that we develop here is based on Clc, the first
wave number to become unstable being different from zero. It treats
the behavior of the solution for large times, and it basically entails the
introduction of a stretched space variable that expresses the effect of

the interaction of neighboring unstable modes.

The analysis (similar for both the bifurcation points of our

problem) is as follows:

Let k, be close to the critical value El’ fo@ss
+ €6 , €e<<q
c
and assume that n has an asymptotic expansion
~ = 3 3
n—u0+(—:n1+€n2+€n3+

We introduce the stretched wvariables
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I
m
»

T=€t and £

Expanding all expressions in powers of € we have
34 2. = 2/ 2 3 =
kin-kyn"= (—.'(- |k1 |n1) + € (— Ikllnz + & ng- kAn1)+e (— |k1|n3+ 6n1—2kAnln2)+' ¥

3 -2 |k 1]
aM8 n +BMI_n-=&| —>8 + e (a 5+ 20 )+
XX XX qZ XX 1 x£™1

C

"Zlk[
2 3 1
+3n,Mbd n1:|+6 [————(a uy + 28 4n, +8,,n 1) +

C

3 2 o
+ be)xxn1 + 6Mbn08xxn1n2 + 6Mbn08xg nl] +

2 lk1| (8

-ZkMB xxT © -E( 4 xxxx = + 4axxx§n2) -

k|
3 I 1
£ q4 (axxxxn?; ¥ 48xxx§n2 * 6axx§§n1) L

C

where we used that

sk <
Note: This scaling for x is suggested by the geometry of the problem,
as seen in the figure. Combining two cosines, say, with wave numbers

in a neighborhood of size €, we have

«f 134

: (1( cosq;xcosq,x = % [cos(q1+q2)x +cos(q1-q2) x—l =

N

N|-~

[coquCx + cos EX-| etc.
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| | 2| |
2 _ [t 2 Iy
de = jsz , M(*“’ 3bno)=‘ o2

C

and n; = 0, for k; <0 and nj = kl/kA for Ik > 0.

Substituting these in the equation and setting the coefficients of

successive powers of € equal to zero, we get the hierarchy:

O(1)

i
&
oy
A
1)

%0

e TR A 2
O(e) 8n = |k1|( T Qg™ T3 00y ¥ “1) s
C C

=>n, =f {K(g,r,q)coqu+§(€,T,q)Sian}exp [a(q)t]dq
- Q0

This is the full sclution, wvalid for short times as well, but
it leads to expressions of unmanageable complexity. The picture
simplifies somewhat if we ask about the behavior for large times t.
Then, since a(q) has a maximum of q. (a(qc) = 0), we can approximate

the integral by Laplace’s method to get
n, = A(ET) cosq _x + B(E&, 1) sinqcx

So, from now on, we ignore t~dependence and tacitly assume that our

analysis is wvalid for large times. The next order gives
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— SOl ox Vi 2 —
- 2 axg{ Z XX }+ 6n0 F (3n0Mbaxx - kA)nl -
c

|

| N |
(=g
s

o
o

>

~~~
;>
+
Uﬁ
___!
F'"‘"‘"!
<
o
=]

o
..D
+
!X'

__._J

/"\

:>
l

r-o sqcx+AB sinqcx}

2 - 2
1 A +B2) 2 A -53 .
=>n, = —— | [6n0-kA : 9|k [3Mbnoqc+kA_|{(————z COSqu+AB31nqu}
+ (Homogeneous soln. ) (unimportant for our analysis).

We see that the special properties of the trigonometric functions
made it impossible to determine A and B, that were arbitrary functions
in n,. So, we have to go to the next order:
4|k, |

5 9;,n -Z(k - 3Mbn,, )n

C

4|k, |
3 2 1 i
+ Mbaxxn1 +{6Mbnoa}d:._.n1 - qz 8x§{ 2 Bxx+1}nz}

O(®) kg |{++*}n; = -0 n +on +

q

4|k, —Z—{Gn (19%, +3Mbn0q2)(A " )}
|

e i
2 —
q gg Ik]_
2\ 3 .
-(kA+3an0qv) - 3 Mbq (A +B ):’n1 :
+ (higher harmonics).

To suppress secular terms, demand
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2 2

k,+3bMnq ~)(19k,+3bMn_q

8 n,= e{ —2 (i, +3anOqZ)}n1 bqg—(A C)(_ 2 o) }(A2+Bz)n "
|| 18 k|

4k, |

(a short way of writing the two identical equations satisfied by A and B).
2
_ . — _  Ma 2 _ 2]
At n, = 0, this becomes (k1< 0, kl- - s 4. =T

BTn1 = 6n1 ggnl

Mb |a] 76kk
"{ 4k

A+B2n+2Maa
|2

whose behavior is summarized in the following table

Mb |a] 76kk_§ Mb |a| 76kkﬁ
ik - g« TR =R
9Ma 9Ma
n, blows up, unless it
5<0 is small enough initially n, decays
in which case it decays
to 0
to 0
n, evolves to some
6>0 n, blows up bounded steady
state

At ny = ki/kA we have (k1 >0, k1 satisfying

Skk

2 1
] with af = |55 )

[Sb(k /kA)



59

- 1/2
Mic
9y = - {1+_( Zkl) }“1‘{%"(‘2‘17:}‘) -
(”3 2( ) )(19*“ (zkl) }
-(A2+B2) o +4,f2kMEk, 0., n

18k

(we wrote this in terms of Ei as it is a better parameter in this case)

and can get a similar table as for the previous case.

So if we plot some norm ||n|| of the solution n(x, £, T) versus
the parameter kl' we get the following bifurcation diagrams (note that
our analysis yields only the part of the bifurcated curve close to the

bifurcation values kI ; k"; , the rest being conjectured at this point).

Fig.3.1, Bifurcation diagram for case

2

19 k2 k 19k
3 2 2, 4 3 A
1 Mbay > g5 (1+3qu )(1 3bMq 2) Mbq? > - e

Ky ¥ 19k,



60

-
-

Va

P

/ :

! "

¥ D :
-

0 Ky K,
Fig.3.2. Bifurcation diagram for
19K% k k
3 2 A 2 _+ 2 _+
g Diba, < I8k, (1+ 3oMqZ kz)(i * Sy kz)
A Ikp
Z
19k
-%Mbqf> = A
| 18k _
A
i
‘;
K,

Fig. 3.3, Bifurcation diagram for the case
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2
19k & k
3 2< A 2 T+ 2 _ T+
2 vMa’ (7 (1+3qu+ u—z)(1+3qu+ 2)
+ ks 19k 5

2
3baag? (-
g PV 18k_

etc.

We observe that in the cases with turnaround, Fig.3.3, uniform states
that are linearly stable can in reality be stable only with respect to
small perturbations, while they are unstable for larger ones. The ng
term will not modify this picture much, except by introducing a whole
class of possible stable solutions instead of just a uniform one. We
analyze the smooth transition case depicted in Fig.3,1 in the next

section.

4,5 Analysis of the smooth transition case

For smooth transitions (case depicted in Fig. 3.1) the

evolution equations for A and B are of the form

2

>
>
|

- A[i - (A%+B

1 1

B, - By = 3[1 - (A2+B2:I

(21l constants can be scaled out). Introduce transformation

S
1l

Rcosd

ve]
I

R sin¢
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Equations for R and ¢ are

Py
0

.= B(1 - %) + (Rgy - R4

6. ;{% (r® ¢g)§

These possess the following i-parameter family:

¢ = CE (+ arbitrary constant)
R = R(T;¢)

which for T — © , evolve to

¢ = ct

1/2

R=(l-e" = R0(|c|<1)

After some trivial analysis, we find that these are stable for

1

<l < =
and unstable otherwise (linearized stability).

So, the possible stable steady state solutions of the original

problem, in the smooth transition case, will be of the form
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2 i1/2 ix(qc+€c)
n=n0+€(1—c) Re e o o

’c|< 1/\/-3:

(within some scaling constants),

The R-¢ equations have another family of exact solutions, namely

s
I

R(€)

For this class, R has the form of a Jacobian elliptic function. It is
easy to see that the equation for R, when linearized about a periodic
function leads to a PDE whose spatial part is a Hill's operator, so
that there always exist positive eigenvalues leading to growing
exponentials in time, so that all these periodic in R solutions are un-

stable.

4.6 Discussion - Applications

We described a theory that, by including nonlocal effects in the
diffusion flux term of a reaction-diffusion equation, can deal with
chemical phenomena far from equilibrium and in some neighborhood of

the critical temperature.

Similar approximations can be used in the quantum mechanical
many~body problem near phase transition points. As an example, we

mention the model of the transition from a Peierls insulator to metallic
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conductor that under external dynamic excitation exhibits a passage to
an intermediate metal-insulator phase proposed by Berggren and
Huberman [12]. The equation describing the number An of excess
quasi-particles in the upper band of the insulating phase is

Q?—?— =1- %—_E + (%A-) (AnC -An)VZ(An) - —% D§SV4(An)
where I is a forcing term. We can show, in the same fashion as in
Sections 4.2 - 4.5 that for some critical value of the forcing term the
uniform state becomes unstable, and we are led to some nonuniform
state that is modulated similarly to this found in the chemical problem.
We can show that the transition in this case is always smooth (2nd

order), regardless of parameter values.

Similar theory can be applied to explain the appearance of a
mixed state in the superconductor-normal 2nd order phase transition of
the BCS state in thin films [13], and the appearance of layered

structures in whisker crystals [14].

The reason we needed to treat these problems in the infinite
interval, and thus be led to bifurcation from the continuous spectrum,
lies in the fact that the critical wavelengths that characterize them are
of the order of either the range of intermolecular forces (in the
chemical case), or the BCS coherence length (superconductor case),
etc., that is much smaller than the usual macroscopic sample sizes

that we deal with experimentally.
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The rescaling that we used, developed here independently, has
also been used by other workers, [5], [6] in treating instabilities of
fluid flows. It is implicit in all our work that q. # 0, i.e., the quartic
dispersion relation has a minimum of q = 0. We can use perturbed
bifurcation theory methods to treat the singular limit where g, == 0
like some positive power of €; a priori we expect that a different
scaling will be necessary in this limit. Another pcint of importance is
the case when the coefficient of the cubic term in our modulation
equations vanishes. Then, higher order analysis is necessary to deter-

mine the behavior of the bifurcated branch.

Finally, it is necessary to comment on our analysis of the
bifurcation from the state n, = 0. Clearly, it is not physically correct
(although accurate mathematically), since the bifurcated state becomes
negative, which a chemical concentration cannot do! The analysis has
to be modified to allow for the fact that only nonnegative initial con-
ditions are possible, but since this would not change the qualitative

behavior significantly, we did not pursue this direction further.

It seems that in order to treat the case n = 0 correctly, the
physics itself will have to be modified. It is not clear at this point
that our nonuniform concentrations approximation holds when the mix-
ture becomes too dilute. It seems that when the mean distances
between the solute molecules are larger than the range of the inter-
molecular forces, their effect can be ignored and we can treat the
solute using a weak solution approximation that basically reinstates

ordinary diffusion as a way of smearing out nonuniformities, by treating

the solute as a perfect gas.
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