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Abstract 

Interaction cross-sections and collision cross-sections for a set of hard multi­

mass binary-single star interactions are calculated in order to est imate three­

body collision cross-sections in galactic globular clusters. T he cross-sections are 

calculated by direct integration of binary- single star encounters , using Monte 

Carlo sampling to average over the three-body phase space. A number of mass­

ratios physically relevant to the globular cluster environment are used. Differential 

energy t ransfer rates due to three-body interactions are calculated . Parametric 

approximations for the various cross-sections calculated are found. 

T he results of the cross-sections are used to evaluate various formation sce-

narios for the pulsars PSR2I27+11C (MISC) and PSR1744-24A (TERSA) . In 

addition the contribution of the globular cluster system to the galactic birthrate 

of PSRI9I3+ I6 type systems is estimated. 

The dynamics and interactions of a test binary population in a number of 

globular cluster models are calculated in a static background. The cluster method 

used are isotropic multi-mass King models of varying concentration and density. 

The model developed is generalis able to an arbitrary cluster distribution function, 

including one evolving in time. Relative probabilities of different encounters are 

found for binaries on arbitrary trajectories in the various cluster models. The 

act ual interaction rates of the test population are calculated by di rect integration, 

using Monte Carlo sampling to average over the initial binary parameters. The 

number of neutron stars expected to be recycled in different concentration clus­

ters is estimated with a particular view to understanding the pulsar population 

observed in clusters 47Tuc and MIS. 

Estimates are also made of the binary density profile of the different con­

centrati';n class clusters , and the final distribution in binary parameters. The 
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production rate of "blue stragglers" and the interaction rate of (sub )giants and 

white dwarfs in the various clusters are also estimated. 
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Chapter 1 

INTRODUCTION 
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"Outside the solar system, the problems which demand a practical 

solution are virtually infinite in number and extent. And these have 

all arisen and crowded upon our thoughts within less than a hundred 

years. For sidereal science became a recognised branch of astronomy 

through Herschel's discovery of the revolution of double stars in 1802. 

Yet already it may be, and has been called, 'the astronomy of the 

future', so rapidly has the development of a keen and universal interest 

attended and stimulated the growth of power to investigate this sublime 

subject. What has been done is little - is scarcely a beginning; yet it 

is much in comparison with the total blank of a century past. And 

our knowledge will, we are easily persuaded, appear in turn the merest 

ignorance to those who corne after us. Yet it is not to be despised, since 

by it we reach up groping fingers to touch the hem of the garment of 

the Most High." 

A.M. Clerke, 1902 

1. Binaries 

The concept of binary stars is a relatively modern one; its genesis may b e 

traced to the observations in antiquity of a small number of variable stars, notably 

Algol, which later was to name a class of close binaries. In the late seventeenth 

century systematic study of bright variables was started, and the p eriodicity of 

Algol and Mira was noted. Concurrently, the advent of the first telescopes revealed 

a number of stars to consist of two stars, so close together on the sky as to appear 

as one when observed with the naked eye. Thus Mizar was observed as a double 
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star by Riccioli in 1650, Hooke found, Arieiis to be a double star in 1664 and 

Huygens observed e Orionis to be a triple in 1656 (Grant, 1852). The possibility 

that the observed double stars might be physically associated was suggested by 

Michell (1767, 1784) on the basis of the improbability that such a number of 

stars should appear so close and not be associated. The theoretical possibility 

that stars might be bound be Newtonian gravity was readily appreciated, but no 

evidence for such association was then available. Evidence was forthcoming, as 

Herschel commenced his cataloguing of the heavens in an effort to establish proper 

motion and parallax of nearby stars. In the course of his efforts, he observed and 

catalogued a number of double stars, and found that a number of them move 

about each other. In particular, combining his observation with those of Bradley 

fifty years earlier, Herschel found that the aptly named Casior formed a binary 

system, with a period of approximately 342 years (Herschel, 1803, 1804). Within 

Q, few decades, several thousand visual binaries were found and catalogued, and 

orbital parameters were deduced for a number of them. 

With the invention of spectroscopy a new class of binaries was discovered, 

when Maury noted line splitting in Mizar and f3 A urigae on spectrogram plates 

taken at Harvard, the possibility having been foreseen by Talbot (1871). The 

spectroscopic binaries consist of close pairs of stars, generally unresolved. Casior 

was found to be a triple, consisting of a spectroscopic binary bound to the already 

observed visual companion, and A 19o1 was discovered to be an eclipsing binary. 

In the century since, tens of thousands of visual and spectroscopic binaries of 

all types have been observed, and orbital parameters; of varying quality, have 

heen calculated for thousands of systems. In recent years, the spectrum open 

to astronomical observations has expanded enormously, and binaries have been 

observed at frequencies ranging from ,-rays to radio. Of particular interest to 

our purpose is the discovery of Low Mass X-Ray Binaries (LMXBs) by X-ray 
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observation by the Uhuru satellite in 1971 (Giacconi et ai., 1971), on the one 

hand, and the discovery of binary pulsars (Hulse and Taylor, 1974) , through radio 

observations , on the other hand. 

The fundamental physical parameters of binaries, to first order, are the masses 

of the respective stars, mi, m2, the semi-major axis, a and eccentricity, e. Obser-

vationally, it is rare to be able to obtain all the binary parameters , most precise 

measurements are available for some short period binary radio pulsars, whose pa-

rameters can be uniquely determined, assuming General Relativity provides an 

adequate description of gravity (Taylor and Weisberg, 1989). In the case of optical 

binaries, one can usually obtain the (projected) semi-major axis , a sin i, the total 

mass, mT = ml + m2 and the mass function, f(m) , 

4 2( . ')3 
f(m) = 71' aplllt 

Gp2 

m2 sin3 i 
(1.1) 

- (1 + q- 2)' 

where i is the inclination of the binary axis to the line of sight , a 1 = m2a/ mT 

and P is the orbital period of the binary. For double line spectroscopic binaries 

the mass ratio, q = m2/ml, may also be obtained. The eccentricity of opti-

cal binaries may often be deduced, but determination of the masses is usually 

model dependent (Batten, 1973), relying on modeling of stellar radii as functi on 

0f mass for the observed stellar type, the radii being inferred from observations of 

light profiles during eclipses. The problem is compounded by uncertainties in the 

line-shift observed, and spurious orbits are often calculated (Morbey and Griffin , 

1987). Strong selection effects plague binary observations, in particular optical bi-

naries, with a strong bias towards young bright stars in binaries with mass ratio of 

approximately unity. For small mass ratios, the amplitude of the velocity modu-

lation of spectroscopic binaries becomes undetectable, and visual binaries become 
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1mobservable as the fainter component is washed out in the glare of its brighter, 

usually more massive companion. Further, a "period gap" exists between easily 

detectable, short period, high velocity amplitude , spectroscopic binaries, and the 

bng period visual binaries. 

Statistics of parameter distribution for binaries of all types have been calcu-

lated extensively (Batten, 1973, Abt, 1983, Latham, 1989, and references therein). 

The fraction of binary or higher order systems of all types is certainly greater than 

20% (counting as fraction of stellar objects on the sky) and may be as high as 

100%! (Abt, 1983). We note some evidence for a relative deficiency of giant 

binaries, and Population II binaries , although the correction for selection effects 

in those classes is very uncertain (Batten, 1973), the observations being consis-

tent with a Population II binarity of 20% (Latham, 1989) , and possibly higher. 

The distribution in semi-major axis and eccentricity is consistent with a uniform 

distribution in log a and a "thermal" eccentricity distribution, P( e) = 2e (Har-

rington, 1975), that is, the binary distribution in phase space depends only on 

t he energy of the binary. There is some evidence for a peaked distribution in 

semi-major axis (Trimble, 1976), with a peak around 0.2AU, and possibly a sec-

ond peak at around 10 AU, (Duquennoy and Mayor, 1990), but the uncertainty 

in the modeling of selection effects is comparable to the confidence in deviation 

from a uniform log distribution , and we will assume for now that the distribution 

is uniform in the logarithm. For a given population, the eccentricity distribution 

is typically found to be cut at some critical semi-major axis, with tidal friction 

h ewing circularised binaries with semi-major axis less than the critical value; the 

older the population, the larger the critical semi- major axis, with circularisation 

time scale, t e , given by 

(1.2) 
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where if = (mfR~/L.)1/3, for a star mass, mf, radius, R., luminousity, L., and 

/\c ~ 10- 2 (Zahn, 1989 , Zahn and Bouchet, 1989, and references therein). 

The formation of binaries is not well understood, and it is possible that more 

than one mechanisms are involved in the genesis of multiple stellar systems (see 

Bodenheimer et a1., 1991 , and references therein) . In particular, fission of col­

lapsing protostars may bias binary formation towards small mass ratios (Pringle , 

1989), particularly for close binaries, which may then undergo mass transfer during 

the proto-stellar phase changing the calculated mass-ratio, increasing it towards 

the observed mean value of 0.3. Fragmentation of collapsing molecular clouds may 

tend to produce wider multiples with more equal mass ratios. The observational 

evidence is insufficient to discriminate between admittedly poorly developed, pos­

sible formation scenarios . 

2. Clusters 

There are over a hundred globular clusters in the Galaxy, ranging from the 

massive , metal rich w Centaurus cluster lying in the plane of the Galaxy, to the 

tenuous, metal poor Palomar clusters, hovering in the outskirts of the Galactic 

halo. The globular clusters consist of low mass, metal poor Population II stars, 

with age estimates ranging from twelve to eighteen thousand million years (Van­

denBerg, 1983). The origin of the Galactic system of globular clusters is not 

well understood. Possible scenarios include formation from Jeans instabilities in 

the early Universe, shortly after recombination, before Galaxy formation (Peebles 

and Dicke, 1968); during Galaxy formation in shocked, infalling gas (Gunn, 1980 , 

McCrea, 1982); or as a thermal instability during the infal! phase (Fall and Rees, 

1985). No theory completely accounts for the mass range and metallicity gradients 

observed in the globular cluster system, nor is it known whether the population 

observed is a remnant of a larger population most of which is now disrupted, or 
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whether the current population is more representative of the primordial popula-

tion (Fall, 1988 , Aguilar et aI., 1988). There is no current star formation in the 

Galactic globular clusters , and the stars observed in anyone globular cluster are 

consistent with an equal age population, with a definite turnoff in age from the 

main-sequence branch. Typical estimates of the turnoff mass are approximately 

0.8M,.:,. A small number of stars have been observed in many clusters, appa.r-

ently on the main-sequence past the turnoff mass, the so called "blue stra.gglers" 

(Burbidge and Sandage, 1958). Many explanations t o account for the presence of 

blue stragglers in clusters have been proposed, the most conservative being that 

they are simply stars whose mass has been increased through mass transfer from 

a binary companion or by a collision (Mateo et al., 1990, Leonard, 1989). 

A typical cluster has a mass of a few hundred thousand solar masses, a central 

density of few thousand solar masses per cubic parsec, and is of order ten parsecs 

in radius , the outer radius being determined by the Galactic tidal field at the 

perigalacton of the cluster orbit. The tidal radius is typically not observed directly, 

although a lower bound is easily established, and values calculated from models 

fit the observed lower bounds well. A number of clusters, perhaps as many as 

one quarter of the population, have surface density profiles observed to increase 

to a cusp, to the limit of observational resolution (Djorgovski, 1988) (although 

HST observations of MI5 show the cusp flattens at a radius of about 0.1 pc 

(Lauer et aI., 1991)) , indicative of "core collapse." Clusters maybe disrupted by 

both internal and external processes, including evaporation, r apid mass loss , core 

collapse, tidal shocking and collisions with molecular clouds (Spitzer, 1987, and 

references therein). Stars in clusters relax on a time scale, t r , given by 

(2.1 ) 
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where N is the number of stars in the cluster (core), In A = In( rv 2/ Gm f) is the 

Coulomb logarithm, and tcross = l,/V is the time for a star to cross the cluster 

(core) radius r, for a star mass mf' speed v. For a cluster (core) m ass AI, the 

relaxation time can be conveniently written, 

8( M ) ( r )3/7(mf)-1( InN )-1 tr = 6.4 x 10 -- -- -- years. 
105 lV1,:, 5 pc M '.71 In 105 

(2.2) 

Inferred relaxation times of many non-core collapsed globular clusters are short 

compared to the estimated age of the clusters, suggesting the clusters are on the 

verge of core collapse (Spitzer and Hart , 1971b, Spitzer and Thuan, 1972, Cohn, 

1979 , Cohn, 1980, Murphy and Cohn, 1988). Unless we live at a special time in 

the history of the Galaxy, appeal to a priori probabilities forces us to conclude 

the estimated relaxation times are in error and that core collapse is somehow 

postponed if not avoided. A major motivation for this thesis is the p ossible role 

of primordial binaries in globular cl usters in st a ving off core collapse (Goodman 

and Hut , 1989). 

As noted above, early estimates indicated that there was an apparent defi-

ciency of binaries in globular clusters. An extensive search by Gunn and Griffin 

(1979) failed to reveal any binaries among over a hundred giants observed in M3, 

suggesting that the fraction of binaries in globular clusters was even smaller than 

amongst the Galactic Population II stars. Since then, further searches have re-

vealed a number of both binary giants and spectroscopic contact binaries in various 

globular clusters (Pryor et al., 1985, 1989 , Mateo et al. , 1990) , and, compensating 

for estimated selection effects , the fraction of binaries in clusters is consistent with 

10% or more. As binaries are on average more massive than single stars, mass 

segregation in the early stages of cluster evolution concentrates the binaries in the 

cluster core. The binaries interact with single field stars in the clusters (and other 

binaries), exchanging energy, and occasionally binary membership. We can group 
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cluster binaries into two classes, soft and hard, the division being based on the 

relative magnitude of the binary binding energy, E b = -Gm1 m2 / a and the mean 

kinetic energy of a typical field star in the cluster center- of-mass frame, im fv 2 . 

In the next chapter we define the categories more precisely. The time scale for 

encounters between binaries and field stars, T x , can be written as 

(2.3) 

where 

(2.4) 

aA.U is the semi-major axis of the binary in astronomical units, v 10 = v/10 km s-l 

is the mean relative velocity between the field stars and the binary at infinity, 

n4 = n(t , r) / 104 pc-3 is the local mean number density of field stars in the 

cluster, and iT(X) is a dimensionless cross- section defined in the next chapter. For 

many events of interest, iT ~ 1. Soft binaries are rapidly disrupted by encounters, 

although a vestigial population of wide, marginally soft binaries persists in the 

halo of the cluster, where the timescale for dynamical friction to bring the binary 

to the core is greater than the age of the cluster, ensuring a small, steady infall 

of moderately wide binaries to the core at all stages of the cluster evolution. 

Exchanges tend to eject the least massive star involved from the binary, and thus 

the mean mass of binaries in the core increases. The star ejected from the binary 

may be expelled from the cluster core by the recoil of the exchange. For very hard 

binaries the binary will also be ejected from the core , ensuring that as the core 

density becomes large the binaries in the core are depleted. In the process, energy 

is injected into the cluster core, initially holding off core collapse. Later, as harder 

binaries participate in the interactions, three-body interactions may reverse core 

collapse (Murphy et ai., 1990). 
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3. Pulsars 

The discovery of the first radio pulsar by Jocelyn Bell in 1967 (Hewish et a1., 

1968) inaugurated a new subfield of astronomy. Over five hundred pulsars have 

been detected, with periods, P, ranging from a little over 1.5 milliseconds to sev­

era.l seconds , at wavelengths from radio to ,-rays. Baade and Zwicky (1934) had 

postulated that neutron stars might be formed in some supernovae, and ,iVheeler 

(1966) and Pacini (1967) had conjectured that rotating neutron stars might pro­

vide energy sources in supernova remnants. It is now generally accepted that 

pulsars are rotating neutron stars , with surface magnetic fields ranging from 10 8 

to 1013 gauss. Most radio pulsars are observed to have a positive period deriva­

tive, P, (where measured), consistent with the picture of a rotating compact object 

slowing down as it radiates energy. The inferred lifetime of pulsars, P / 2 P, ranges 

from one thousand two hundred and forty years for the Crab pulsar to over six 

thousand million years for PSR 1953+29. 

Neutron stars are believed to have radii of the order of 10 km, and masses 

of order l.4Me:> . A neutron star is supported by neutron degeneracy pressure, 

having collapsed from an ordinary star when the core mass of the star exceeded 

the Chandrasekhar limit (Shapiro and Teukolsky, 1983, and references therein) 

during the final stage of nuclear burning of a massive star, or possibly during 

accretion onto a heavy white dwarf (Michel, 1987, Grindlay and Bailyn, 1988) . 

The exact mass range of neutron stars is not known, as the equation of state 

of nuclear matter is only known over a. narrow range of densities and pressure. 

Observed neutron stars have masses in the range 1.3-1.4M ~, (Taylor and Weisberg, 

1989, Wolszczan, 1991, Prince et a1., 1991); it is thought unlikely that neutron 

stars would form with a much lower mass. The upper mass limit is uncertain, 

but probably of the order of 2M t; ) . Due to conservation of angular momentum 
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the neutron star forms spinning relatively rapidly, and starts spinning down as 

it radiates energy. It is thought that the neutron stars either form with a high 

magnetic field , or a magnetic field will be thermoelectrically generated in the hot 

crust of the neutron star (Blandford et 301., 1983); in either case, young neutron 

stars are observed with a high inferred magnetic field, of order 10 12 gauss. The 

magnetic field is inferred from the observed spin down, an estimate of the surface 

magnetic field dipole, B, is given by, 

3Ic3PF 
87r2R6 

= 3.2 x 10 19 ) P.P gauss 

(Manchester and Taylor, 1977, and references therein). There is considerable con-

troversy as to whether the magnetic field decays naturally, or if it is only destroyed 

by external processes such as accretion, but old neutron stars are observed with 

low inferred mean dipole magnetic fields of order 10 8 gauss (Kulkarni, 1986). Ob-

servations of gamma-ray bursters and high-mass X-ray binaries suggest that at 

least some old neutron stars may retain patches of high magnetic fields, or the 

full 1012 gauss dipole (Higdon and Lingenfelter, 1990, and references therein), in 

which case one would infer that recycled pulsars deplete their mean field during 

the recycling process. 

The discovery of the first millisecond pulsar (Backer et a1., 1982) demonstrated 

the possibility of pulsar recycling, whereby an old neutron star may be spun up by 

accretion, reappearing as a short period, low magnetic field pulsar. It is possible 

that some of the recycled pulsars are formed from accretion induced collapse 

instead; in either case considerable mass transfer must have taken place. As 

noted above, it is not clear whether the low observed magnetic fields of recycled 

pulsars are due to magnetic field decay or the destruction of the magnetic field 
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during accretion (Romani , 1990b). A pulsar with magnetic field B accreting an 

amount of matter 8m, can be spun up to a period P, where P is given by 

P _ o 2 (j\fNS) 3/ 4[3/ 4 
-. J: 45 ms, 

urn 
(3.1 ) 

where [45 is the moment of inertia of the neutron star in units of 10 45 gm cm2 

The spin- up is not sensitive to the exact accretion mechanism, although we not e 

the possibility of transferring the angular momentum of accreting material to the 

neutron star by coupling to the magnetic field without accreting the matter onto 

the surface ( "a propeller m echanism") (lllarionov and Sunyaev, 1975) . A neutron 

star accreting at a rate m, has equilibrium period 

P = 27r(2GMNS)-5/7(m)-3/7(R)18/7(Bt/7 

( m )-3/7(J.,INS) - 5/2( R )18/7 6/7 = 0.83 -- -- -- B12 seconds 
mEdd m 10km ' 

(3.2) 

where B12 is the mean dipole field in units of 10 12 gauss and m Edd is the Ed-

dington rate, the maximum accretion rate possible, in the absence of a propeller 

mechanism, 

(3.3) 

where mp is the proton mass, (TT is the Thomson cross-section, .4 is the mean nu-

cleon number and Z is the mean p roton number of the accreting mat erial (Shapiro 

and Teukolsky, 1983). 

In order t o produce millisecond pulsars , high accretion rat es are preferred , 

as up to O.lM,:~ must be accreted to produce the short periods observed in 

some systems. Accreting at the Eddington rate, energy is being released at over 

1038 erg s-1 , mostly in X-rays. The Low Mass X-ray Binaries mentioned above 

are thought to be neutron stars accreting near or at the Eddington ra t e from low 
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mass stellar companions. There are over a hundred LMXBs known in the Galaxy, 

and another dozen in the globular cluster system. The LMXBs are very bright, 

and it is thought the count of LMXBs is essentially complete, although we note 

that Ro.sat is reported to have discovered a number on new soft X- ray sources. It. 

is possible that a number of Ll'vlXBs are quiescent for long periods, and thus may 

not have been observed, but all arguments about relative birthrates scale with the 

duty cycle of the X-ray source, and thus non-detection of temporarily quiescent 

sources does not qualitatively change our conclusion. Most of the LMXBs are 

sub-Eddington luminosity, and to produce a millisecond pulsar need to accrete 

for 108_109 years, giving a birthrate of order 10-6 per year in the Galaxy. About 

ten millisecond or suspected recycled pulsars are known in the Galaxy, but there 

the count is very incomplete. Modeling selection effects in surveys indicate of or­

der 105 recycled millisecond pulsars in the Galaxy (Kulkarni and Narayan, 1988) 

with lifetimes of order 108-109 years. Thus the inferred birthrate of millisecond 

pulsars in the Galaxy exceeds that of their presumptive progenitors by an order 

of magnitude, or more. Our concern is, however, with a different, but related 

problem. It was noted (Katz, 1975) that the ratio of LMXBs per unit mass in the 

globular clusters was two orders of magnitude greater than in theGalaxy. Noting 

the supposed link between LMXBs and millisecond pulsars, it was suggested that 

the globular clusters might contain detectable millisecond pulsars (Alpar et a1., 

1982) , and after an intensive search the first cluster pulsar was discovered in M28 

(Hamilton et a1., 1985 , Lyne et a1., 1987). 

Neutron stars are thought to form as the final stage of the evolution of massive 

stars. As noted previously, the globular clusters are old systems, with the main­

sequence terminating at about 0.8 M,; .. No current star formation is observed in 

the Galactic globular clusters; in fact little or no gas is observed in Galactic clusters 

(Roberts, 1988), so it is clear that no neutron stars are currently forming in the 
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Galactic globular clusters, ignoring for the moment the possibility of accretion 

induced collapse. 

It would seem, therefore, that the observed neutron stars are primordial neu­

tron stars, that have spun down from their initial birth , and have been recycled as 

pulsars through accretion. The presence of a disproportionately large number of 

LMXBs in the globular cluster system supports this hypothesis. However, there 

are now over thirty pulsars known in Galactic globular clusters, eleven in 47Tuc 

alone (Phinney and Kulkarni, 1991, van den Reuvel, 1991, Lyne, 1991, Manchester 

et al., 1991). Modeling the survey selection effects, the inferred cluster pulsar pop­

ulation implies a birthrate at least an order of magnitude larger than the inferred 

LMXB birthrate, as in the Galaxy (Kulkarni et a1., 1990a). Further, the distribu­

tio~ of recycled pulsars is not consistent with the LMXB distribution among the 

clusters, with many more pulsars found in low density clusters than expected from 

the LIVIXB distribution, which is weighed towards the densest clusters (Johnston 

et al., 1991b, Fruchter and Goss, 1990, Verbunt and Rut, 1987). We must con­

clude that there is an observed excess of recycled pulsars in the Galactic globular 

clusters, and that a new formation channel needs to be invoked to account for 

their presence. 

Neutron stars In the Galaxy are observed to have velocities of order 100 

km s- l relative to the local standard of rest (Manchester and Taylor, 1977, 

Narayan and Ostriker, 1990). It is thought that the neutron stars acquire these 

velocities at birth, either from the disruption of a binary containing the neutron 

star progenitor, or from kicks caused by asymmetries in the supernova explosion, 

or some combination thereof (Bailes, 1989). Most known Galactic pulsars are 

single, suggesting that if the progenitor is in a binary, the binary is likely to be 

disrupted by the supernova, although close binaries may survive the explosion if 

there is significant mass-transfer from the more massive, more evolved star to 
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the less massive star (van den Heuvel, 1991, and references therein). 'vVe also 

note that pulsar surveys select against finding binary radio pulsars, in partiClI­

lar short period binary radio pulsars (Johnston and Kulkarni, 1991), so the true 

fraction of neutron stars retained in binaries is not well constrained. Globular 

clusters typically have low escape velocities, of order 30 km s - 1, and one would 

naively suspect that most neutron stars should be ejected from the clusters at 

birth (Verbunt and Hut, 1987, Verbunt, 1989). Clearly the number of neutron 

stars in the Galactic globular clusters can not be less than the number of pulsars 

observed, and is probably much greater. Naively one would then conclude that 

there must have been a large number of neutron stars generated in the young 

globular clusters, and we are seeing the few that managed to avoid ejection. How­

ever , supernovae, in the absence of mass-transfer to a less massive companion, 

eject several solar masses at detonation. The main-sequence lifetime of super­

nova progenitors is short compared to the Hubble time, and the shock from a few 

supernovae is sufficient to clear most clusters of any gas that might be available 

for star formation. Thus, shortly after the formation of the first generation of 

massive stars in the cluster, gas is cleared out of the cluster, precluding further 

star formation, and there is significant sudden mass loss from cluster by super­

novae ejecta. The fact that the cluster survives this process severely constrains 

the number of supernovae, as the cluster will be disrupted if too large a fraction 

()f its mass is ejected in such an abrupt manner. We thus face a dilemma, as we 

require a number of neutron stars to be available in the clusters to be recycled in 

the present epoch, yet only a limited number of neutron stars may be produced, 

and we expect most of those to be ejected. In the absence of an efficient channel 

for producing new neutron stars in the present era, such as accretion induced 

collapse , we must contrive to retain as ·large a fraction of the neutron stars as 

possible, and recycle those retained in an efficient manner. It is possible that the 
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fraction of short period primordia.! binaries (a < 0.3 A.U) is higher in the globular 

cluster population than in the Galaxy, or, conceivably, that the magnitude of the 

kick the neutron star receives in the supernova explosion is smaller for the low 

m etallicity cluster progenitors . 

Accretion induced collapse is another possible channel for forrning millisecond 

pulsars in glo bular clusters. At certain accretion rates, models indicate that heavy 

white dwarfs (Nomoto and Kondo, 1991), particularly Carbon-Oxygen (C-O) 

white dwarfs and Oxygen- Neon-Magnesium (O-Ne- Mg) white dwarfs will grow in 

m ass. They may then collapse to neutron stars upon reaching the Chandrasekhar 

limit. The accretion presumably spins up the white dwarf, resulting in a rapidly 

spinning low magnetic field neutron star. The models suggest a very high accretion 

rate is necessary to avoid burning off the accreted material through repeated 

nuclear flashing and the associated ejection of matter , or total disruption as a type 

I supernova instead of collapse to a neutron star, upon reaching the Chandrasekhar 

limit . The preponderance of c-o or O-Ne-Mg white dwarfs is not well known, 

and there may not be sufficient numbers in globular clusters to make this a viable 

channel. We will discuss variations on accretion induced collapse later in this 

thesis, but for now will assume it is not the dominant formation channel for 

recycled millisecond pulsars. 

A primordial neutron star in a binary with a main-sequence star may start 

a.ccreting from the star as it evolves off the main- sequence; in particular t.he 

pulsars PSR 1310+18 in M53 (I<ulkarni et a1. , 1991) and PSR 1620-26 in M4 

(Lyne et a1. , 1988) are good candidates t o be in their primordial binaries and have 

accreted directly from the evolved companion of their progenitors , or possibly to 

have exchanged into a binary containing their current companion, before it evolved 

off the main-sequence. If the binary formed initially with a short period, a main­

sequence or white dwarf companion of the neutron star could overflow its Roche. 
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lobe as the orbit shrank through gravitational radiation, and commence accretion 

onto the neutron star. The rate of change of a binary of orbital period Porb, Porb, 

due to gravitational radiation is given by 

(3.4) 

where f(e) = (1 + ~e2 + ~e4)(1 - e2)-7/2 (Peters, P.C., 1964, Shapiro and 

Teukolsky, 1983). Undoubtedly some of the observed pulsars evolved naturally 

from such binaries, but by comparison with the Galactic pulsar frequency this 

mechanism cannot account for more than one or two of the recycled pulsars; 

an active channel must exist for recycling pulsars to account for the numbers 

observed. 

lIVe propose that the critical component of the pulsar recycling channel is the 

presence of hard primordial binaries in the clusters, and that the interaction of 

multiple star systems with single field stars and other multiple stellar systems 

is the dominant channel for pulsar recycling. In particular, that resonant in-

teractions and exchanges work to provide large cross-section channels for close 

encounters between neutron stars (and white dwarfs) and other stars, leading to 

enhanced tidal capture and collisions. The collisions between neutron stars and 

other stars, both main-sequence stars, (sub )giants and white dwarfs, can lead to 

the disruption of the other star and rapid accretion onto the neutron star, reduc-

ing some of the discrepancy between the LMXB accretion time and the accretion 

rate needed (although it ma.y still be necessary to invoke some form of propeller 

mechanism to eliminate the discrepancy completely). 

We also consider, at varying length, the formation of neutron star/ white 

dwarf-n~utron star/ white dwarf binaries with an orbital period short enough for 
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merglllg through gravitational radiation to be possible; the formation of blue 

str agglers through main-sequence star merging; the ejection of stars and binaries 

from cluster cores; the energy transfer from binaries to the cluster core and its 

role in both postponing and reversing core collapse; the exchange and elimination 

of (sub )giants from moderately hard binaries in medium density clusters; and the 

mass segregation of binaries in multi-mass cluster models, 

4. Three-body interactions 

Intera.ctions between multiple stellar systems can substantially enhance the 

rate of collisions and tidal interactions of degenerate stars in globular clusters , 

A neutron star passing within a few (~ 3) stellar radii of a. main-sequence st a r , 

somewhat less for (sub)giants and white dwarfs (Fabian et a1., 1975 , Press and 

Teukolsky, 1977, Lee and Ostriker, 1986, McMillan et ai. , 1990a, Bailyn , 1988) , 

excites tides in the envelope of the star, and may transfer enough energy to become 

bound to the star, t ypically on an eccentric orbit with pericenter comparable t o 

the closest approach (Krolik et a.1., 1984, Kochanek, 1991), Once captured in 

such an orbit , the neutron star orbit will circularise and shrink by tidal friction , 

and mass-transfer may take place, A small fraction of neutron stars captured 

m ay be ejected by extracting energy from the tidal bulge before it is damped, If 

immediate mass-transfer does not take place, the neutron star will be in a close 

enough orbit for mass-transfer to take place as the captor star evolves off the 

main- sequence, A significant fracti on of such encounters will result in a direct or 

glancing collision between the neutron st ar and the star, in which case the star may 

be disrupted and form an accretion disk around the neutron star. The neutron 

star need only accrete a small fraction of the disk material to unbind the rest of the 

disk, presumably leaving a single, spun up neutron star behind, a pulsar. Similar 

scenarios apply to encounters between neutron stars and (sub )giants and neutron 
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stars and white dwarfs, with the cross section scaling in proportion to the radius 

of the respective stars . It is thought that most or all of the cluster LMXBs are 

a, consequence of tidal capture (Verbunt and Hut, 1987, Verbunt , 1990). We also 

note that a similar argument applies to white dwarf-stellar collisions , except the 

white dwarf is less efficient at unbinding the presumptive accretion disk, in cases 

where disruption does occur. A white dwarf-main-sequence or (sub )giant merger 

will probably appear similar to evolved red giants, whereas white dwarf-white 

dwarf mergers may either form red giants , go supernova, or undergo accretion 

induced collapse, depending on the composition of the merged components, and 

the accretion rate achieved (Webbink , 1984, Iben and Tutukov, 1984). White 

dWlJrf-white dwarf mergers may form a significant channel for millisecond pulsar 

formation, if accretion induced collapse is possible . Tidal capture and merging 

main-sequence stars may account for the presence of some of the contact binaries 

and the blue stragglers in the clusters respectively (Leonard , 1989, Leonard and 

Fahlman, 1991, Mateo et al., 1990). 

Extensive efforts are currently underway to consider the consequences of tidal 

interactions and mergers, using hydrodynamical modeling and multipole expan­

sion of tidal excitations (Benz et al., 1987, 1989, 1990, Cleary and Monaghan, 

1990, Goodman and Hemquist, 1991, Rasio and Shapiro, 1991, Ruffert and Muller , 

1990 , Davies et al. , 1991, Kochanek, 1991). Results so far suggest that mass loss 

is 10% or less during mergers, with the largest mass loss occurring from glancing 

collisions, and little asymmetry in the mass loss. A reasonable approximation 

to mergers appears to be to assume instantaneous merger with conservation of 

momentum, and that is the approach we will adapt in our modeling of mergers . 

As indicated above , single stellar tidal capture is not consistent with the ob­

served number and distributions of millisecond pulsars in globular clusters, al-
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though it may account for the formation of the LMXBs observed. The cross-

section for tidal capture, O'T2, can be written 

(4.1 ) 

compare that to the cross-section for a sta,r to approach a binary, O'T3 , 

( 4.2) 

If the binary is hard, the field star may be captured into a resonant orbit with 

the binary, during which the probability of an encounter between any pair of 

stars, close enough for tidal dissipation to be effective, is significant. The primary 

subject of this thesis is the calculation of the encounter probability during resonant 

interactions for realistic situations. We note that if the local binary fraction is 

large enough, and the encounter probability is not too small, the single star-

binary encounter rate may exceed the single star-single star encounter rate by two 

orders of magnitude, as typically, a » R •. As detailed in subsequent chapters , the 

density dependence of the consequent pulsar formation rate is less for the binary 

scenario, and in better accord with observations. Allowing for a time varying 

binary distribution further improves the predicted rate , and may be sufficient 

to account for the extraordinary pulsar population in 47Tuc (Manchester et ai., 

1991 ). 

Three-body calculations have been carried out extensively by a number of 

people, including Heggie's (1975) thorough analytical analysis, the broad calcu-

lations of Hills (1975a,b), and Hut and Bahcall's (1983) comprehensive coverage 

of the equal mass case . Where our calculations differ is in the concentration on 

hard binaries , with small but unequal mass-ratios, typical of those expected in 

globular cluster populations. 
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Compared to the single star-binary encounter rate, the binary-binary en­

counter rate is enhanced by a factor of order ten (proportional to the sum of 

the semi- major axis, and the total mass) , and suppressed by a fact or of h, the 

local binary fraction. Others have considered binary- binary encounter scenarios 

(Mikkola, 1983, 1984a, b, Leonard, 1989, Hut, 1990), although a comprehensive 

calculation over the full phase space remains undone . Preliminary results sugges t 

that the binary- binary encounters do not qualitatively differ from the single star­

binary encounters. An untackled problem is the possibility of single star/ binary 

interactions with hierarchical trinaries, in which the interaction cross-section is 

comparable with marginally hard binaries , and the collision probability is compa­

rable with very hard binaries. Such systems may exist in globular clusters, both 

as primordial systems and as products of binary-binary encounters, although how 

common they are is not known. 
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Abstract 

An extensive senes of three- body interactions involving hard binaries and 

single stars was calculated for different mass-ratios, by direct integration. Cross­

sections for different interactions are presented and discussed . We find that mass­

ratios of order two lead to significant and interesting differences in interaction 

compared with the equal mass case . Previous calculations concentrated on the 

equal mass case or extreme mass-ratios. Resonances are followed and are found to 

cont ribute strongly to the a posteriori calculated collision cross-section. vVe find 

that for moderately soft binaries exchange of heavy field stars is the dominant 

process and after such an exchange the physical cross-section for a subsequent 

interaction increases, even though the binary is hardened by the interaction. For 

very hard binaries, dissipative interactions dominate the cross-section. 
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"Two stars keep not their motion in one sphere" 

vV. Shakespeare, Henry IV 

1. Introduction 

Following the discovery of the first millisecond pulsar in the Galaxy (Backer et 

a.l., 1982), globular clusters were identified as possible millisecond pulsar nurseries 

(Alpar et aI, 1982). The first cluster millisecond pulsar was found in short order 

(Hamilton et al., 1985, Lyne et aI, 1987) , and over thirty cluster millisecond pul­

sars are now known (Phinney and Kulkarni, 1990 , and references therein, Bailyn , 

1990, Lyne , 1991). The question of how old evolved systems, like the globular 

clusters, can contain apparently young, active objects like pulsars presents an in­

teresting challenge. Although timing measurements can only give an estimate of 

the age of these pulsars, lifetime constraints, from orbital decay by gravitational 

radiation (Anderson et al. 1990a) , among others, strongly suggest that some of 

these systems at least are being formed currently. 

We consider the possibility that pulsar recycling is enhanced in globular clus­

ters by binary-single star interactions. Binary interactions can increase the cross­

section for recycling processes and weaken the density dependence of the probabil­

ity of a non-pulsing neutron star undergoing an interaction leading to its rebirth 

as a pulsar. In addition, binary interactions lead t o predictable distributions of 

binary pulsars , ejection of pulsars from the core of clusters, and, in some cases, 

to the ejection of the pulsar from the cluster. We also note recent evidence for 

8. population of abnormal stars in cluster cores, particularly in post-core collapse 

clusters (Djorgovski et al. , 1988, Piotto et al., 1988, Meylan , 1989, Auriere et ai., 

1990 , Djorgovski et al., 1990, Mateo, 1990) . 
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In order to estimate the relevant cross-sections, we have carried out an ex­

tensive Monte-Carlo simulation of three-body interactions by direct integration. 

Many previous three-body calculations have been carried out (Hills , 1975a,b, 

Hut and Bahcall, 1983, Hut, 1983b , Hut and Illagaki , 1985, Hills and Fullerton, 

1980 , Fullerton and Hills , 1982, McMillan, 1986, Rappaport, Putney and Ver­

bunt, 1990), but most have been optimised for other systems of interest; Hut and 

Bahcall restricted themselves to the equal mass case and concentrated on soft 

binaries, with a small sample of hard equal mass binaries considered by Hut and 

Inagaki. Hills only considered encounters with zero impact parameter; Hills and 

Fullerton and Fullerton and Hills concentrated on the effects of extreme mass­

ratios. McMillan considered the equal mass case, modeling dissipative encounters 

for very hard binaries, assuming main-sequence stars with polytropic equations of 

state. Rappaport et al. considered binaries with mass-dependent orbital period 

and specifically excluded resonances. 

We have concentrated on obtaining a complete set of data, at a statistically 

significant level, for encounters between point-mass stars with unequal masses 

and hard binaries. Resonant encounters were followed as long as feasible, the 

vast majority being resolved. The resulting cross-sections are used to provide an 

estimate for the interaction rate in dense globular clusters, and in the future will 

provide a basis for further modeling of cluster evolution and dissipative encounters 

in cluster cores. 

'vVe consider a system of three point masses ml,m2,m3, moving under New­

tonian gravity, with two of the masses, mb m2, initially bound. The third (field) 

star, m3( = m f), is initially at spatial infinity, moving with velocity Voo relative 

to the binary. We define mi = ~, in terms of an arbitrary scale mass, ms, and, 
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without loss of generality, choose ml ;::: m2· For other physical systems we may 

consider a scaling mass mS oF ms , and scale appropriately. 

In the center-of-mass frame of the trinary system, there IS a well defined 

relative velocity at infinity, Ve, for a binary with semi-major axis a in, 

Ve = 
(1.1) 

GmT f..L12 -----

exactly sufficient energy to ionize the binary. vVe will be concerned almost solely 

with hard binaries, that is , those systems in which the field stars have velocity at 

infinity less than Ve . A priori , we have not set the physical semi-major axis of 

the binary, and can only consider the relative energy of the field star at infinity 

and the binary, since the unit of mass is arbitrary in the three-body calculation. 

Dimensions are introduced only in discussion of collisions and physical cross-

sections. Thus the same set of runs describes interactions between white dwarfs 

and between main-sequence stars . Keeping in mind the physical situation we are 

interested in, the unit of mass was implicitly taken to be that of the canonical 

neutron star, ms = lvINS = 1.4M0' This provides relative scaling for the choices 

of other masses of interest. With this choice, stars of mass mi = 1 should, in the 

present context, be thought of as neutron stars (or heavy white dwarfs). Then 

the turn-off mass of a typical globular cluster (~ 0.7M ,: ,) is mi = 0.5. The 

initial mass- function in globular clusters is very uncertain, it may be steeper than 

the Salpeter mass-function (Chernoff and Weinberg , 1990), but recent results 

suggest that it may be no steeper than the Salpeter mass-function, and may 

even be flatter (Phinney, 1990). It is certain that light stars are more numerous 

than heavy stars, so the typical companion in a binary would be expected to be 



42 

somewhat less massive than the turnoff mass, so, s'omewhat arbitrarily, we chose 

TIl, = 0.35 and m, = OA as reasonable representative masses. We do not expect 

any physics to depend critically on the exact mass-ratio, but the fact that there 

is a difference of order two in the masses is significant. As clusters a.re mass­

segregated, we do not expect to find many light stars in the core, where neutrons 

stars are expected to congregate. Very light stars, m ~ 0.1 Mr:) , are thought to 

evaporate from the cluster on a relatively short time scale (Spitzer , 1987), while 

the cor e population is expected to consist mainly of degenerate stars, binaries 

and the heaviest main-sequence stars. Heavy white dwarfs (masses 1.0-1.2 M ,;,) 

should be more numerous than neutron stars , and undergo similar interactions. 

In a three-body ~ncounter, interactions may be classified into two groups: 

prompt interactions and resonances. We adopt the same criterion for defining 

resonances as used by Hut and Bahcall, that the root-mean-square separation of 

the three stars has more than one minimum. The result of an interaction is clas­

sified into one of four groups: flybys, consisting of the same outgoing state as the 

ingoing state (symbolically denoted (1,2) + (3) -> (1 , 2) + (3)); exchanges, where 

the field star becomes a part of the final state binary ((1,2) + (3) -> (1) + (2,3) 

and (1,2) + (3) -> (1,3) + (2)); ionisation, where all three stars are unbound 

((1,2) + (3) -> (1) + (2) + (3)), and unresolved encounters . Flybys and exchanges 

may be either prompt or resonant , while ionisations are always prompt . In a.d­

dition we consider collision cross- sections, where two of the stars are considered 

to have merged, while the third star may either remain bound to the merged 

object, or may escape to infinity (symbolically (1 , 2) + (3) -> ((a + b), c) and 

(1,2) + (3) -> (a + b) + (c), respectively). 

As only a finite number of combinations of masses can be considered, a phys­

ically reasonable subset was picked. A complete set of runs was calculated for 



43 

masses {1.0 , 1.0, 1.0} , with voo / vc E [0.0625, 1.0], binned in velocity in four log­

arithmic intervals , with a large proportion of the runs in the low velocity bins. 

These runs provided a basis for comparison with the unequal mass cross-sections , 

and , by comparing with t he results obtained by Hut and Bahcall, the correct­

ness and accuracy of our calculations could be checked. A complete set of runs 

was obtained for mass- ratios {0.5, 0.35, 1.0}, {1.0 , 0.35, 0.5} and {1.0, 0.4 , 1.0} , for 

voo / vc E [0.05,1.05]. 

The focus of the study was on the low velocity (voo/vc E [0.05,0.15]) en­

counters , so the majority of computing time was devoted to these encounters so 

as to have a statistically useful sample. Where appropriate the runs were then 

rebinned logarithmically. As the computer time needed to resolve resonances de­

creased sharply with voo / vc, the runs at higher voo / vc did no t consume much 

additional computer time. 

An additional series of runs were calculated for voo / vc E [0.05,0.15]' in order 

to check inferred scaling laws and p ossible contributions from encounters between 

very hard binaries and light stars . These calculations were performed for mass­

ratios {1.0, ¥n, 1.0}, for n = 1-7, One set of runs was calculated for the mass-rat io 

{1.0, 1.0, 0.4} with voo / vcE [0.05,0.15] and one set was calculated for mass-ratio 

{1.0, 0.001, 1.0} for voo/vc E [1.0,1.5]. 

The sampling was uniform in voo / v c, though clearly physical systems have 

some distribution, ( (vi), (typically Maxwellian or a truncated Maxwellian) of 

velocities. We did not wish to restrict ourselves t o any specific choice of ((v), but 

given O"(X, voo), we can integrate over «(vi,j) dvoo to ob tain a velocity averaged 

cross-section. The integration over «(v) is nontrivial , as the cross- section is a 

functi on of IVb - vrl (Sigurdsson and Phinney, 1991), but as first approximation , 

we can consider O"(X,voo ). 
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The mass- ratios were chosen to investigate the physical scenarios likely to be of 

interest. The mass-ratios chosen model encounters between neutron stars or heavy 

white dwarfs and main- sequence stars: with {0.5, 0.35, l.0} appropriate for en­

counters between degenerates and main- sequence binaries or main-sequence-giant 

binaries; {l.0, 0.35, 0.5} describing turnoff mass stars or giants encountering bina­

ries composed of a neutron star/ heavy white dwarf and a main-sequence star, and 

{l.0, 0.4, l.0} modeling encounters between a neutron star/ heavy white dwarf­

main-sequence binary encountering another neutron star/ heavy white dwarf. The 

set with mass-ratio {l.0, 1.0, 0.4} provides an estimate of the perturbation a neu­

tron star- neutron star binary suffers from background main-sequence stars and 

white dwarfs. See Table 1 for summary of possible run interpretations: "NS" 

denotes a neutron star; "11S" denotes a main-sequence star; "G" denotes a giant 

or a sub-giant; and "T" denotes a main-sequence star at the turnoff point in the 

Hertzsprung-Russell diagram. 

The series with mass-ratios {l.O, m2 , l.0} was calculated to examine system­

atic variations with mass-ratio of exchanged stars for hard binaries, and the "grav­

itational Fermi acceleration" exchange mechanism. Clearly for m2 « 1, the sys­

tem becomes physically unrealistic. For example, in a cluster core with dispersion 

10 km s- l , the mean relative velocity at infinity is :::::: 14 km s-1. In order for a 

0.001 AI N 5 star in orbit about a neutron star to encounter another neutron star 

at voo / vc = 0.10, we WOtdd require Vc = 140 km s-l, which implies a semi- major 

axis of only 2 x 10-4 AU, which is likely to be less than the stellar radius. Such 

systems are still physically interesting for m2 as low as 0.01 , with PSR1957+20 

being an example. The run with mass-ratios {1.0, 0.001, l.0} extended the inves­

tiga tion of light star exchanges, and provided some data at higher , more realisti c 

voo / vc. 
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2. lVlethods 

VVe assume that there is a population of binaries in globular clusters, having 

some distribution of semi- major axis. The majority of our calculations were with 

zero ini tial eccentricity. A set of runs was calculated for binaries with eccentricity 

0.5 and 0.7 , to check the variation in cross-sections with eccent ricity. Calculations 

by Hut and Bahcall indicate that the cross-section scales in proportion to 1 + 

e, and that there should be no other large systematic effects in cross- section 

due t o non-zero initial eccentricity. In globular clusters , interactions perturb 

an initial eccentricity distribution on a time scale short compared to the time 

scale for changing the semi-major axis distribution. There is no data on the 

eccentricity distribution of globular cluster binaries; the Galactic distribution of 

binary eccentricity is thought to be P( e) = 2e. We note that there is reasonably 

good evidence for the existence of at least one spectroscopic binary in a globular 

cluster (Pryor et ai., 1985) , and that recent observations are consistent with a 

significant primordial binary population (Pryor et ai., 1989, 1990) In general, a 

binary will move through a background of field stars of number density n(t , r), 

with mean relative velocity Voo. The probability, P(X) , of a process X taking 

place , in time T = t f - t i, can be written 

P( 
Y) J.'f -R(X,t')t'dt' -', = 1 - e t, . (2 .1 ) 

T he rate for a process X to take place, R(X), can be written 

R(X) = (n (t,r)voou(X)) , (2.2) 

where u(X) is the cross-section for process X to take place. To define u, consider 

the binary in its center-of-mass rest frame. Without loss of generality, we consider 

a symmetric flux of field stars, uniform in area at infinity. Each star has some 
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projected impact parameter b, from the center-of- mass of the binary. Clearly a 

star passing some arbitrarily large projected distance b from the binary center-

of-mass will not interact. Allowing for gravitational focusing, but still treating 

the binary as a point mass , a star with projected impact parameter b at infinity 

would have a pericenter p. 

P 
__ GmT ( (V2 ) 2 ) v~ 1 + b2 G::

T 
- 1 . 

For GmT/v~b ~ 1 we have 

2 
b2 Vco 

pc:::. 
2GmT 

= (vco) 2 (_b ) JL12 b. 
Vc 2ain m3 

Note that for JL12 « m3 , P is small. We define 

(2.3) 

(2 .4) 

(2 .5 ) 

where f(X) is the fraction of field stars with impact parameters b < bmax which 

undergo interaction X. Clearly 

lim f(X) --+ 0, 
bma::-+oo 

(2.6) 

for any non-trivial interaction, in such a way that 0" converges. For flybys, the 

cross-section clearly does not converge, although the cross-section for finite per­

turbations during flybys does converge (i. e.given finite change 0 > 0 in some 

physical quantity during process X, then :JE > 0 such that, cross-section for 

changeo' 2: 0, O"(oX), converges, limbmax->co O"(OX) --+ E). 

In practise 0" is computed with a finite bmax and a compromise must be main-

tained between ensuring that bmax is large enough that 0" has converged , and the 

total number of encounters that can feasibly be calculated with finite resources. 
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It is useful to define a dimensionless cross-section, a-, III terms of the geometric 

cross-section of the binary ?ratn' 

(2.7) 

where (~)2 is included to remove this dependence on gravitational focusing at 

low voo / vc. The time scale for interactions is then 

TX = R(X)-l 

= (n(t, r)7ra7n (V
C2

)a-(X)) - 1. 
Voo 

(2.8) 

In physical units , for hard binaries (voo < vc), the interaction time scale, for a 

particular binary, can be conveniently written 

where 

g(mi) = mlmZ(ml + m2 + 7n3 ), 

m3(ml + m2) 

(2.9) 

(2.10) 

aAU is the semi-major axis in astronomical units , n4 = net, r) / 104 pc-3 is the 

number density of field stars , and v 10 = voo / 10 km s-l is the relative velocity at 

infinity. For /-LI2 « m3 , a renormalised cross-section a-' = g(mdo- is more useful. 

Table 2 shows g(md, Vc and Vc in km s-l as a function of semi-major axis and 

scale mass m S. 

Given R(X), and some assumptions about n(t , r), ((voo(t ,r ), md, the frac-

tion of primordial binaries, fb, and the initial mass- function, we can calculate 

the expected numbers of various interactions and the properties of the current bi-

nary population and products of binary interactions. Detailed discussion of these 

properties is deferred to a later chapter. 

A p opulation of primordial binaries in globular clusters will significantly affect 

the dynamical evolution of the cluster (Hut, 1983c, Cohn and Hut , 1984, Hut and 
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Paczynski, 1984, Goodman and Hut , 1989 , McMillan et aL , 1990b, Murphy et a1. , 

1990) . We hope to use the results of this work to extend the ongoing work on 

clust er collapse and to attempt t o produce a self- consistent model of primordial 

binary evolution during collapse . 

We follow Hut and Bahcall in choosing b::; bmax = (C/vee +0.6(1 +ei",))ain , 

distributed uniformly in b~~ax' We chose C = 4 for runs {I, 1, I}, {I, 0.35 , 0.5} , 

{I, 0.8, I} and {I , 0.4 , I}. For mass-ratios {I , m 2, I}, m 2 ::; 0.2, we chose C = 3. 

For the set of runs with mass-ratio {0.5, 0.35, I}, most runs were made with C = 4, 

some had C = 3. For a number of sets of initial values, initially done for C = 4, 

an additional set of runs was made with C = 3, in order to obtain better statistics 

for seime low cross-section interactions of interest. 

\iVith this choice of impact parameter , the unperturbed field star with maxi-

mum impact parameter, bmax , approaches within a few ain of the binary center-

of-mass, so the typical encounter with b < bmax will involve a non-perturbative 

interaction between the field star and the binary. 

It can be useful to consider separately the first pass of the field star and the 

binary, and the subsequent trajectory. For large pericenters, (p/ ain » 1) the 

majori ty of first pass encounters produces a negligible energy transfer (compared 

( 
P )3/ 2 _B(..L)3 

(6.E ) ::::: - A. -. e 'in. 
am 

(2.11 ) 

liVe define energy change to be negative , if energy is transferred t o the field star , 

that is the binary binding energy becomes more negative. Here, 

(2 .12) 
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where ~ is a geometric factor of order unity, and 

(213) 

For smaller p , the energy transfer may be significant , in which case one of several 

paths may be followed: the energy transfer may be t o the field star (possibly 

accompanied by a prompt exchange) , leading to the field (exchanged) star receding 

to infinity, with velocity, voonew > Voo; or, energy may be transferred from the field 

star to the binary. If the energy transfer is small 

(2 .14) 

then the binary will remain intact and the field star (or exchanged star in the 

case of prompt exchange) will recede to infinity with voon,w < Voo (voo n•w < 

J m3 / mejectedVoo in case of prompt exchange). If tJ.E 2 tJ.Ecrit , and Voo < Vc, 

the field star cannot escape to infinity, and a resonance occurs. If Voo > Vc, the 

binary may be ionised , or a prompt exchange may occur; no resonance is possible. 

It is worth noting that in the point mass approximation it is impossible to 

form a stable hierarchical triple in a binary-single star encounter (Hut, 1983b and 

references therein) . Although a field star may be captured into a wide, eccentric 

orbit, the pericenter of the orbit will be at approximately the same distance from 

the binary center-of-mass as the initial closest approach which led to the energy 

transfer establishing the orbit . As energy transfer was necessarily to the binary, 

the binary orbit will now be wider (and typically more eccentric) than it was 

initially. It is therefore inevitable that the system will undergo a second , strong 

perturbation, involving energy transfer of the same order as that which led to the 

formation of the triple. Using the same argument, if the system is still bound at 

that point , it will, inevitably, experience another perturbation of the same order 
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as the second perturbation. This process will eventually perturb the pseudo­

stable triple until it disrupts, ejecting one star , leaving a new binary and field 

star Typically, any triple formed will disrupt in a few dynamical times (the 

dynamical time being determined by the period of the outer star) ; only a very 

small fraction lasts more than 10 3 dynamical times. A resonance may go through 

several hierarchical pseudo-stable triples before being resolved , but, except for a 

set of relative measure zero, none will be stable. We note the family of stable 

non- hierarchical orbits found by Henon (Henon, 1976), and conjecture that at 

most a set of orbits of relative measure zero can be captured into that family of 

orbits. 

3. Calculation 

To calculate the cross-sections for various processes of interest, a Monte-Carlo 

simulation of 7.5 x 104 runs was carried out by direct integration of the three-body 

equations of motion. The calculations were done following the method described 

by Hut and Bahcall, with some modifications. The first two masses were initially 

set to be in a binary with semi-major axis ain = 1, while the field star was 

initially at a distance of 20 ain from the center of mass of the binary Treating the 

binary as a point mass, the field star trajectory was then integrated forward to 

periastron, still assuming the binary to be a point mass. The initial phase of the 

binary was set randomly at that time, and the phase at the time the field star 

was at the initial distance calculated. The total energy of the system, ET, was 

then calculated exactly. The velocity of the field star should not be set to that 

it would have at 20 a if the binary were a point mass, the reason being that the 

total energy would not be the desired one. For example, at a distance D from the 

binary center-of-mass, the error in energy which would result from treating the 
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binary as a point mass is, for a circular orbit, to first non-zero order, 

6.Ef "h"1z (a )21 ( 2 ) -- - . - - 3 cos 7/J - 1 
Ef - (Ml + AI2)2 D 2 ' 

(3.1 ) 

where E f = - Glvlf(M1 + M2) / D , 7/J = 2- - Bsin<jJ, B is the angle of the field 

star relative to the binary orbital axis and <jJ is the phase of the binary. In order 

to keep the initial conditions consistent with the specified conditions at infinity, 

the magnitude of the velocity of the field star at D is adjusted so that the total 

energy was exactly equal to that specified when the field star was at infinity. This 

gives a prescription for uniform, reproducible choice of angular variables, while 

allowing a well-defined t otal energy for the system. This is largely for convenience 

of analysis, as the binning of results is done by velocity at infinity, and the analysis 

programs checked for error in integration by recalculating the exact extrapolated 

velocity at infinity. It should be noted that the choice of initial phase is still well 

defined, as the projected time of periastron is not equal to the actual time at 

periastron in either choice of initial conditions. 

The calculations were carried out on DECstation 3100s by direct integra-

tion, using a fourth order Runge-Kutta integration scheme with adaptive stepsize 

(dt = c:'ri)' . /Vi)' ) and quality control. We found that even for very small c:', 
mln. rna:%: 

energy conservation to accuracy 2c:, (5E / IEI ::; c: x lEI + c: x KE), was not a 

useful constraint on stepsize for the high eccentricity orbits which develop during 

resonant encounters of interest. The problem arises because the binary energy is 

given by Eb = -GA1l"h /2 ain, independent of eccentricity. At high eccentricity, 

residual numerical errors in integration give orbits with an approximately constant 

semi-major axis, ain , but varying eccentricity. With energy conservation and po-

sition quality control as the only constraint on the stepsize, the integrator will over 

or under-step leading to a drift in the calculated eccentricity of subsequent binary 

orbits. Therefore we imposed an additional requirement that angular momentum 
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be conserved to one part in 10 5 . To test the stability of the integrator, binaries 

with eccentricity of 0.999 were run for several hundred orbits, and the trajectory 

checked for drift. When explicit angular momentum conservation was relaxed, 

the integrator would drift , leading to a clear shift in the pericenter of the or-

bit. Imposing angular momentum conservation explicitly eliminated the problem 

with highly eccentric orbits and gave us energy conserved to better than one part. 

in 107 (for most runs energy conservation was several orders of magnitude better 

still). Other integration schemes were tested and were found to be either no fast er 

than Runge-Kutta or to have convergence problems. Regularisation or analytic 

approximations were not used in order to have a consistent calculation method 

for the entire trajectory. It should be noted that when a heavy star is exchanged 

for a light star in a binary, the final semi-major axis a f ~ mmh«VY ain ~ ain· 
hght 

Thus it becomes necessary t o follow some encounters to ' very large separation, 

R, as R/ a f is not necessarily large even though R/ ain is large. This procedure, 

although computationally intensive, assured that most physically relevant interac-

tions were included; in particular most field stars left marginally bound by the first 

encounter with the binary were followed until the interaction was complete. As 

we are interested in physical systems, runs in which stellar separation approached 

zero (min{ Tij} ::::: 5 x 10- 5 ain, in practise) were considered to have led to stellar 

collision and were halted. 

The accuracy of the positions and velocities thus calculated was checked by 

running identical initial conditions with half the maximum stepsize, and the fi ­

nal conditions were compared after .5 x 10 5 integrat ion steps. Inevitably highly 

resonant trajectories were found to be chaotic, that is small changes in initial 

conditions lead to la rge changes in final condition (Siegel and Moser, 1971 , Hut , 

1983b). It was impossible to repeat all resonant runs, resonances consumed mos t 
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of the computer time spent on these calculations , but a small sample was re­

run, both at double integration precision and at normal integration precision with 

initial condition differing by approximately 10-6 ain in initial position, and sim­

ilar fractional error in initial velocity. All runs integrated with identical initial 

condi tions (to double precision) were exactly reproduced when integrated with 

half initial and maximum integration step- size, for 105 timesteps. Several highly 

resonant runs (more than 5 x 105 integration steps) were integrated with slightly 

perturbed initial conditions, and all deviated radically from the original trajectory 

within a few hundred thousand integration steps. There is no point in attempting 

to maintain arbitrary precision in these simulations, as not only are the chaotic 

trajectories scattered into one another, causing effectively a minor randomisation 

of already random initial conditions , but physical effects ignored in these calcu­

lations, such as finite stellar size and dissipation make such precision in initial 

conditions meaningless. 

Each run was in the first instance permitted to run for 10 6 time steps, in order 

to give as much time as practicable to resolving resonances. Runs were halted 

when the separation between the final binary and the final field star exceeded 

30 ain, when the maximum number of permitted time steps was exceeded, or 

when the separation between any pair of stars was less than 5 x 10 -5 ain- After 

each set of runs was halted , the final conditions were analysed and resonances and 

unresolved interactions were picked out by extrapolating the final positions and 

velocities analytically to infinity. To do this, we considered the potential energy 

of each star with respect to the other stars in turn, and choose the pair with the 

lowest binding energy as a candidate bound pair . The relative velocity between 

the third star and the new binary's center-of-mass is calculated and extrapolated 

to infinity. If the extrapolated velocity at infinity was finite and positive, the 

orbi tal parameters of the new binary were calculated, and if the eccentricity was 
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less than one, the system was considered to be resolved . If the eccent ricity ,vas 

greater than or equal to one, and the kinetic energy of each star was larger than 

the binding energy of t hat star , then the system was assumed to have ionised. 

Any system not ionised or resolved into a binary and a free field star was assumed 

to b e resonant or an eccentric, wide-orbit trinary and was flagged for further 

integration. Colliding systems, (rmin < 5 x 10- 5 ain), were noted separately after 

each run was halted . This approach is very conservative, in any case of doubt the 

integration is continued, a resolved system will then be resolved unambiguously. 

The closest approach between each pair of stars was stored, as were the posi -

tions and velocities of each star at the moment of closest approach between any 

pair of stars . Due to limited available m emory storage, the positions and velocity 

could not be stored for each close encounter. This leads to some loss of informa-

tion. In particular, if in the analysis one or more of the stars is assumed degener-

ate, the closest encounter may have involved a degenerate and not be close enough 

for collision, while an encounter between a different pair of non-degenerate stars, 

though no t as close , may have been dissipative. As we did not want to restrict 

the calculations to consideration of a particular stellar type, this was unavoidable, 

given finite data storage available. A major limiting factor in these calculations 

was available data storage space. To decide, a posteriori, whether a particular · 

closest encounter was dissipative or collisional, a stellar radius, R., and tidal r8.-

dins, Rt, had to assumed. The interaction radius could be set to some fraction of 

the initial binary semi-major axis , or a stellar m odel was assumed, with 

(3.2 ) 

The tidal radius, Rt = ItR., where It ~ 3, for main-sequence stars , and somewhat 

less for giants (Fabian et al., 1975 , Press and Teukolsky, 1977 , Lee and Ostriker, 
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1986, McMillan et ai., 1987, 1990a , Bailyn , 1988). For m ost purposes , the inler­

a.dion radius of a degenerate was asumed to be zero. A significant fraction of 

runs wit h low rela tive velocity at infinity, led to a trinary consisting of a wide 

binary with the third star in a very wide orbit about the other two. These, and 

any close resonance still in progress after 10 6 integration steps, were separately 

integrated for up to 8 x 10 6 timesteps (16 x 106 total, for {I, 0.0125, I}) in a n at­

tempt to resolve as many runs as possible. The unresolved runs were halted when 

the separation between the final binary and the final field star was 2 n x 30 ain for 

(n = 1, ... ,5), when collision was certain (7' min < .5 x 10- 5 ), or when the m axi­

mum number of permitted time steps was exceeded. After each set of reruns was 

completed the final conditions were re-analysed and n incremented, until the final 

field star was 960 a from the final binary, at which point , in the clusters of inter­

est, perturbations from other field stars would be likely to significantly disturb the 

orbit and the field star could be considered to be at effective spatial infinity. The 

fraction of unresolved runs ranged from less than 0.1 %, for high velocity runs with 

approximately equal masses , to almost 10%, for the run {I , 0.0125, I}. T ypically 

about 0.1 % of the runs were found t o be certain collisions (1'min < 5 x 10-5 ). For 

low velocity runs (voo / vc E [0.05,0.15]), of order 1 % were still resonant. For the 

low mass r a tio runs , a few percent , the fraction increasing with decreasing m 2 , 

,vere metastable trinaries, with the field star on an orbit about the binary with 

apastron greater than 103 ain· 
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4. Results 

4.1. Recoil and Energy Transfer 

There exists a critical value vooc(mi) ~ Ve for which the average energy transfer 

(6E) in an encounter is zero. Forvoo < vooc' (6E) < O. Values ofvooc for mass­

ratios {0.5, 0.35, 1.0}, {1.0, 0.35, 0.5} and {1.0, 0.4, 1.0} are shown in Figure la. 

The mean energy transferred varies slowly with voo / ve near VOOc' and binaries near 

the borderline will slowly random walk away from the critical semi-major axis. 

Those binaries will either be rapidly ionised, or will slowly harden. Considering 

flybys only, the picture is quite different; the average energy transfer does no t 

become positive until Voo > Ve , and even then, for mass- ratio {0.5, 0.35, 1.0}, 

the average energy transfer is still negative (Figure 1 b). For exchanges the mean 

energy transfer is positive for a larger range of voo / ve (Figures lc ,d). For the 

mass- ratio {0.5, 0.35, LO} the mean energy transfer is negative for all voo / ve S L 

When the ejected star is lighter than the field star replacing it, the mean energy 

transfer is somewhat larger than when the lighter star is ejected (see Tables 4b,c). 

When a light star is ejected, the mean energy transfer is positive only for a small 

range in voo / ve, if at all (Figure 1d). 

This can be understood by noting that the cross-section for ionisation in­

creases rapidly with Vee for voo / ve > 1, and is large for Tn f > JL12· Interactions 

that soften the binary are now ionising it. We can therefore conclude; that, 

during close encounters, a hard binary is rarely softened without being ionised 

or exchanged. For voo/ve « 1 the probability of softening the binary becomes 

vanishingly small. At higher voo / ve the final binary is more likely to be hard­

ened if the field star exchanged into th~ binary was more massive than the star 
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ejected. To consider in detail the energy transfer during an encounter, it is use-

fui to define the fractional energy transfer, 6. The binary binding energy is 

E fin = - GAISmamb/ afin' wherema and mb are the masses of the stars consti­

tuting the final binary, giving 

= 1 - ain mamb 

afin mlm2 

Ein = - G}'ISmlm2/ain is the initial binary binding energy. 

( 4 .1) 

The distribution of semi-major axis of the binary after any interaction can be 

modeled by 

Nlafine(ajin-ao) 
<T ( a f i n / ain I X) = ----::-:,.-,--:~.,....-----:-­

e N2 (.,;'!-)(ajin - aO) + l ' 
( 4 .2) 

where N l (~ <T(X)), N2 (~ 3), are normalising constants. For exchanges, where 

field star mass m f exchanges into the binary and star mass me is ejected, ao ;:::; 

ain x (1 + voo/vc )';:/ (see Figures 2a,b, 3). The motivation for the form of the , 

fit can be understood by noting that for Voo ----> 0 the maximum final semi-major 

axis is simply a fin = ain x :~, and for Voo ~ Vc the cutoff for a fin > ain X :~ 

is faster than exponential. For small a fin the best fit is linear in a fin-

After interaction, the new relative velocity at infinity, v:x" is given by 

m3(ml + m2) 2 2mTEin 

me( ma + mb) Voo + me( ma + mb) 6 
( 4.3) 

(see Figure 4) . The binary recoil velocity follows trivially from momentum conser-

vation in the center-of-mass frame, Vrec = ~v:x,. Typically ma + mb » m.e , so 

the ejected star has large relative velocity at infinity in the center- of-mass frame. 

As a test of the correctness of the analysis program, the extrapolated velocities 

at infinity were compared with the range of p ossible velocities, given the range 

of voo / vc and the calculated afin / ain· All calculated velocities fell within the 
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allowed range, with a reasonable distribution in velocity, as shown in Figure 13. 

Integrating !7(afin / ain) numerically, we find that for flybys , !7(~ < - 0.1) as a 

function of voo/vc, is fairly fl a t up to voo/vc ~ 0.5 , and decreases exponentially 

for vco / vc :< 0.7. 

For exchanges we find tha.t 6. is not sensitive to the mass- ratio of the inter-

acting stars , in contrast to the results obtained by Hills and Fullerton . Hills and 

Fullerton concentrated their work on large mass-ratio encounters at zero impact 

parameters. At zero impact parameter the total angular momentum, J , of the 

system is determined by the angular momentum of the binary, whereas at large 

impact parameter the angular momentum is dominated by the field star, 

( 4.4) 

Here, z is the unit normal to the plane of the binary, zf is the unit normal t o 

the plane defined by the unperturbed orbit of the field star about the binary 

center-of-mass at infinity. For m2 < m f and b » 0, the initial binary angular 

momentum is negligible . In general z is not parallel to z', and for typical b the net 

angular momentum, J = IJI, is large compared to the binary angular momentum. 

Only in the small region of phase space p ~ a , or p ;:; a and z anti-parallel to z', 
is the total angular momentum small. After an exchange the binary is unlikely 

to have less angular momentum than it had initially. The semi-major axis and 

eccentricity of the final binary are determined by angular momentum conservation 

(and energy conservation). T o extend the analogy 'with atomic physics, the ejected 

star is typically in an s-state, or a low I- state; high I-states have low probability. 

We believe that the result of Hills and Fullerton was an artifact of the zero-

impact parameter initial conditions, and not applicable generally. This is of some 

importance, as the cross-section for further interaction is dependent on a fin' and 
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we find that afin after exchange is typically m Jlme larger than would be inferred 

from Hills and Fullerton's results. 

We find that exchanges are possible for very small m2, which might appear 

to contradict the conclusion reached by Heggie ; it should however be noted that 

Heggie considered systems with fixed Voo, and thus increasing voo/vc as m2 gets 

smaller. Here we fix vco / vc , which becomes physically unrealisti c for very small 

m2 , as noted above (excepting exotic objects , such as neutron star-massive black 

hole binaries encountering a massive black hole, for which we might have m 2 « 

ml ,3 and vco / vc « 10- 2 , without tidal disruption of the less massive member of 

the binary). 

4.2. Exchanges 

The cross-section for exchanges converges as b -+ 00 , and for Voo ;S; Vc, the 

dimensionless cross-section, (j, decreases slowly with increasing velocity (Tables 

4a,b,c ). The cross-section for ejecting the heavier member of the initial binary 

is proportionally larger at high voo/vc; the ratio of probability of exchange is 

very approximately ex (1 + voo / vc)me2 / mel for mf > me· For mf < me the 

cross-section for exchange decreases very rapidly with m f/me. For the set of 

mass-ratios {l,m2, I}, 

g(m;)u((l, 2) + (3) -+ (1,3) + (2» :::: 5.5, ( 4 .. 5) 

approximately constant to within 10%, at voo / vc E [0.05 , O.15J. 

For m f ~ me , qualitatively the exchange mechanism can be thought as being 

one of two types: "hooking" and "gravitational Fermi acceleration" In hooking , 

the field star orbit is prograde relative to the binary orbit, and m 1 (> m2) is 

captured into orbit about the field star without the field star coming near the 
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lighter of the binary members, as illustrated in Figure 5a. The light star is ejected 

with velocity comparable to its orbi tal velocity, and the t wo heavier stars are 

bound in a wide, eccentric orbit. In gravitational Fermi acceleration, the field 

star orbit is retrograde and m akes a close approach to the lighter of the binary 

members. The light star is scattered through a large angle ~ 180 0
, carrying away 

sufficient energy t o leave the original field star bound. The name follows from 

the analogous electro- magnetic process (see Figure 5b). In the case m 1 ~ m3 ( = 

m) >> m 2, the binary recoils with speed V 13 ~ 0.3.jmz/m3 VGm3 / aj. 

As previously noted, in general the t ot al angular momentum, J, is not parallel 

to the direction of the binary angular momentum z. The direction of the angular 

m omentum of the final binary will therefore not, in general, be parallel to z. This 

is of particular interest if mass-transfer has taken pla ce in the initial binary, and 

the spin, s , of the neutron st ar member of the initial binary is aligned with the 

orbital angular momentum. After exchange, the spin will, in general , no longer be 

aligned with the orbital angular momentum of the binary. However, analysis of 

the results shows that the spin direction is not totally randomisedj some memory 

is retained of the original binary orbital angular momentum direction. Roughly 

two-thirds of the final binaries had s . J > O. This is easily understood by noting 

that the cross-section for exchanges is somewhat larger for field stars coming in 

on prograde orbits . Unfortunately, in practise det ermination of the sign of s . J 

does not seem possible, although radio observations of pulsars may indicate the 

magnitude (Wolszczan, 1991) . In parentheses , we note that, in principle, the sign 

of s . .J may be determined by m easuring the polarization of gravitational waves 

emitted by the system, a difficult observation in practise. Figure 14 shows the 

distribution of flyb ys, shown as points , and exchanges , shown as triangles and 

crosses for ejections of stars 1 and 2 respectively. The plot shows z-component of 
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the total angular momentum of the system plotted against the transverse compo-

nent of the total angular momentum with the same sign as J x arbitrarily assigned 

for ease of presentation. The exchanges are asymmetric about J z = 0, showing 

the preference for prograde exchanges, and completely contained within the circle 

of flybys, showing the beam diameter was sufficient to include all interactions of 

interest. 

The ratio of the time scale for significant hardening to that for exchange is of 

great importance, as it determines whether main-sequence binaries are removed 

and replaced by binaries containing the heavier degenerate stellar remnants. Con-

sidering the runs with mass- ratios {0.5, 0.35, La}, {La, 0.35, 0.5}, {La, 0.4, La} 

and {La, La, La}, using equation 2.9 , we find that 

( 4.6) 

where iTe = iT(X : (1 , 2) + (3) ---> (1)+(2, 3))+iT(X : (1,2)+(3) ---> (1,3)+(2)), and 

iT" = iT(6. < -0.1). Numerically, ir f ~ 2 x ire, and using the numerical integration 

of fT(ajin / ain) we find 

T" Voo - > 1 =? - > 0.5 . 
Te Vc 

( 4.7) 

That is, moderately hard main-sequence binaries are more likely to be exchanged 

than significantly hardened by massive (neutron stars or heavy white dwarfs) field 

stars. In particular, whereas the time scale for hardening main-sequence binaries 

with semi-major axis of a. few AU down to less than 0.5 AU, in a moderately 

dense (n4 ~ 0.3) cluster core, is greater than the cluster core collapse time scale , we 

would expect the majority of these main- sequence binaries to have been exchanged 

and hardened by heavy, degenerate field stars, assuming such a population is 

present in the cluster core. After an exchange, the physical cross- section of the 

resulting binary is larger than it was before the exchange, and we would expect 
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significant hardening or exchange of a second degenerate into the binary on a time 

scale short compared to the time scale for the first exchange. For binaries with 

an initial semi-major axis of the order of an AU, the probability of the exchange 

leading to a binary recoil velocity large enough t o eject the binary from the core 

is vanishingly small. The ejected light main-sequence star may escape the core, 

and may even be ejected from the cluster. A degenerate- degenerate binary is 

not likely t o undergo an exchange interaction with a main- sequence star; it may 

however be hardened by main-sequence field stars, and can undergo collisions with 

main- sequence field stars . Thus , once the primordial population of main-sequence 

binaries , with semi-major axis of order an AU, in the core, has been replaced by 

degenerates, the population of optical binaries is small, and determined by the 

equilibrium exchange rate for main- sequence field stars, and primordial main­

sequence binaries that have recently arrived in the core from the outer parts of 

the cluster, through dynamical friction. There will still be a population of hard 

(ain « 1 AU) main-sequence binaries in the core , and these will continue to 

interact with the degenerate field stars and binaries. In very dense cluster core 

(n4» 1), even these will be destroyed, but the process is delayed because a binary 

with a period of the order of a day will have a large recoil velocity (see Figure 

4) after a significant hardening or exchange and will be ejected from the dense 

core, possibly from the cluster, although in most cases the binary will return to 

the core through dynamical friction on a time scale comparable t o or shorter than 

the interaction time scale (Phinney and Sigurdsson, 1991). 

4 . .3. Eccentricit.y 

Tables 4a,b,c show mean final eccentricity from each set of encounters. The 
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mean eccentricity for flybys is renormalised to 

( 4.8) 

where brno = (4 / voo + 0.6(1+e))ain' so that runs with different C can be compared. 

For flybys (e(n)) is approximately constant for a given mass- ratio; the actual 

value depends on the choice of C, with limc-->oo(e(n)) = O. The distribution 

in eccentricities is consistent with u(5e -> 0) ex: 1/5e, and clearly diverges as 

expected. 

For exchanges we do not renormalise the mean eccentricity, as the final eccen-

tricity is only dependent on whether an exchange took place, not on how small 

the largest periastron was. Comparing runs made with C = 4 and C =3 suggests 

that the sample of exchanges is complete, that we included all of the exchange 

"peninsulas" (Hut 1983b), see Figure XXXi, (e) ~ 0.67 for 0.3 < mi/mf < 3, 

increasing linearly for ejection of smaller masses. For m2 « mf' (e) ~ 1 - 1.3~ 

for exchanges ejecting m2 . The distribution in e can be fitted in most cases by 

either 

and 

we get 

P(e) = 2e 

(e) = 11 eP(e ) de, 

1 
a2 = - --. 

emax 

( 4.9) 

(4 .10) 

(4.11 ) 

( 4.12) 
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Given the statistical uncertainty in fitting the curves , it is a good approximation 

to take emax = (e) for i-L12 ~ mj' For i-L12 « mj, the minimum eccentricity is 

non- zero, and 

3(e) 
(4 .13) 

where eo is the minimum eccentricity. Typically eo .<: 1 - (10 X ~;) > O. See 

Figures 6a,b for examples of eccentricity distribution. 

If the initial eccentricity, ein, of the binary was non-zero, the total cross-

sections for any non- trivial interaction were larger by a factor of approximately 

(1 + ein)' The mean eccentricity after exchange was not sensitive to initial ec-

centricity, while flybys perturbed the eccentricity away from its initial value, ein, 

with a similar distribution as for the case e in = O. 

4.4. Close Approach 

In order to estimate collision rates in the encounters , an analytic approxima-

tion to the cross-section for a star, mi, to approach within some distance Tij, of 

star mj, is useful. In the cases of interest, we are often not interested in all close 

encounters, as a close approach between two degenerates is rarely of interest. A 

useful approximation was found to be 

(4.14) 

with /, 0"1, fit (piecewise) to the numerical results. Some examples are shown in 

Figures 7-12. Best linear fit wa.s ma.de to a. log-Iog plot , keeping the coefficients as 

simple rationals, with the proviso that the error not exceed one (or two at most) 

standard deviations . Table 3 gives the fits to , and log 0"1. The fits were made 

for cumulative closest approach between any pair of non- degenerate stars (i . e. 1'ij 
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was not included if mi = 1 = mj , except for the set {1.0, 1.0, 1.0}). Fits to 'Yare 

accurate to 0.05 for Tmin <: 10-2 , somewhat less accurate for smaller Tmin. 

'~e can then write the collision time scale, Tc , as 

1 -1 
10 ( )-1 - 1+, - I I ) -1-")' 

Tc = 1.5 x 10 g mi a AU n 4 \V10 0"1 T min years. (4.1.5) 

U sing equation 3.2, and R , .. = 0.05 AU, we get 

(4.16) 

It is illustrative to consider some simple examples of tidal encounters. We 

assume ct = 1 = fJ in the discussion below. If we have m 1 = m2 = m3 , then if all 

the stars are O. 7M(~, main- sequence stars, 

a- 0.6 1 -1 
Tc = 1.4 x 1010~/_) years. 

n4 \V10 
(4.17) 

That is, a 0.1 AU binary in a cluster core of density 5 x 10 4 pc-3 , and dispersion 

10 km s-l will undergo an interaction leading to a stellar collision in 10 10 years, 

on average. If there are 103 such binaries in the core, there will be a collision 

every 107 years on average . In the case of a (0.7, O.5)M0 binary interacting with 

a l.4M,:, neutron star, the collision time scale is 

a- O.33 1 -1 
Tc = 3.8 x 10 10 AU 1_ ) years. 

n4 \ vlO 
( 4.18) 

In this case a 0.1 AU binary will have a collision on average every 1.6 x 10 10 / In 

years, if in a cluster core of density 5 x 10 4 pc-3 , and dispersion 10 km s - 1, with 

neutron stars composing a fraction In of the t otal number of stars. In the case 

of a neutron star-main sequence binary (with Af* = 0.551VL;,), the time scale is 

1.2 x 10 10 / /11. years, in the same environment. For harder binaries, the unequa.l 

mass case collision time scale actually becomes shorter than in the equal mass case, 



66 

as the slower dependence on a A.U overtakes the larger total cross-section in the 

equal mass case. For soft er binaries, the main- sequence binaries are more likely 

to collide, but , as we argue above, in cluster cores we exp ect exchanges to have 

removed and hardened most moderately soft main-sequence binaries. Very soft 

binaries will be ionised on a time scale short compared to any collision time scale, 

except in the outer parts of the cluster, and cores of very low density clusters . 

W e find that for the mass sequen ce {I , m2 , I} , for 'lloo E [0.05 ,0. 15]' I is fit by 

(4.19) 

for m2 E [0.0125,0.4]' with a somewhat steeper dependence on m2 for m2 > 0.4 . 

. It is useful to consider the ratio of time scale for exchange, Te, with the time 

scale for collision, Te. Using equations 2.9 and 4 .19, we get 

( 4 .20) 

For o-e defined as above, ~ ::::::: 0.4, for the mass-ratios considered. With It = 3.1 

and ex = 1 = /3, as above, and lvf* = 0.7M(,) , 

(4.21) 

For, I ~ 0.5 - 0.7 , we find that TciTe :::: 1, for aAU ~ 0.03 - 0.06 . Thus binary-

single star encounters, involving neutron stars or heavy white dwarfs , and medium 

mass main-sequence stars, for binaries with periods longer than a couple of days, 

have a larger cross-section for exchange than collision. T ypically after an ex-

change , the final binary is harder than the initial b inary, but has a larger physical 

cross-section than the initial binary, by a fact or of approximately m jlme, due 

both t o the larger final semi-major axis and the stronger gravitational focusing. 

W e would therefore expect many collisions to involve hard binaries, with periods 
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of order a day. For short period binaries, non- perturbative encounters with main 

sequence stars are more likely to result in a dissipative encounter than a significant 

hardening or an exchange, even if the other stars involved are degenerate. 

5. Conclusion 

Neutron stars are expected to be formed in the early stages of globular clus­

ter evolution. No star formation is observed in globular clusters t oday, and the 

lifetimes of neutron star progenitors are much shorter than the age of Galactic 

globular clusters. Assuming that a significant fraction of the primordial neutron 

stars was retained by the young cluster, the pulsars initially formed would have 

spun down and become quiescent ,S 109 years after their formation . Further , it 

is thought that most pulsars are born spinning relatively slowly (Narayan and 

Ostriker, 1990), and with large (B ~ 10 12- 13 G) , magnetic fields. In contrast, 

the pulsars observed in globular clusters today tend to have short periods and 

relatively low inferred magnetic fields (Phinney and Kulkarni, 1990). Accretion 

Induced Collapse (AIC) provides a second possible channel for neutron star forma­

tion (Michel, 1987, Bailyn and Grindlay, 1990, Nomoto and Kondo, 1991), which 

could, in principle, allow rapidly rotating, low field pulsars to be generated in the 

current epoch. However, most white dwarfs are expected to disrupt rather than 

collapse when accreting over the Chandrasekhar limit, and there is some ques­

tion that AIC can produce millisecond pulsars in the numbers required to explain 

observations (Verbunt et al., 1989). 

In order to account for the observed presence of active pulsars in these ancient 

systems, it is therefore conjectured that quiescent neutron stars can be brought 

back to life as pulsars through recycling. The neutron star is assumed to accrete 

matter, gaining angular momentum, and possibly regenerating magnetic field, 

until the pulsar emission mechanism starts up again and a new pulsar is observed. 
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Accreting an amount of matter 87n, onto a neutron star, mass IviNS, can spin 

it up to a period P , where P is given by 

(
MNS)3 /4 3/4 

P = 0.2 8m [ 45 ms, ( .5 .1 ) 

where [ 45 is the moment of inertia of the neutron star in 10 45 g cm2 The spin-

up is not sensitive to the exa ct accretion mechanism (Phinney and Kulkarni, 

1990), assuming Eddington limited accretion, and the absence of efficient "pro-

peller mechanisms.)) 

i
t! 

8m= m(t')dt' , 
t i 

(5.2) 

where m(t) is the accretion rate. A characteristic timescale is defined by Taee = 

8m/m, and the total number of pulsars produced from Low Mass X-ray Binaries 

(LMXBs) can be estimated to be 

Tpulsar 
Npulsars = NLMXBs T. ' 

ace 
(5.3) 

where Tpulsar is the characteristic pulsar lifetime. A neutron star accreting mass at 

a rate m radiates at L = €mc2 , where € ~ 0.1. Accreting neutron stars are thought 

to be efficient X-ray emitters, and, as such, are relatively easily detectable, even 

at relatively low accretion rates. X-ray sources have been detected in globular 

clusters (Hertz and Grindlay, 1983, Grindlay et al. , 1984, Hertz and 'Wood, 1985 , 

Priedhorsky and Holt, 1987), and there is a relatively large population of LMXBs 

in Galactic globular clusters,but if estimates of LMXB lifetimes are accurate, 

then the number of cluster LMXBs is about two orders of magnitude too small 

to account for the pulsar population observed (Kulkarni et ai., 1990a, Hut et ai. , 

1991, Kulkarni and Narayan, 1988 , Wijers and van Paradijs, 1991). LMXBs are 

thought to form when a neutron star companion star overflows its Roche lobe and 

accretion commences; alternatively some LMXBs in clusters may be formed by 
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tidal capture of a main-sequence star or giant by a neutron star. LMXBs have 

relatively modest accretion rates, 7n ;::; 10-8M,:;) y-1 and have large estimated 

accretion times. It is possible that rapid accretion takes place after tidal capture 

or neutron star main-sequence collisions. Calculations indicate that tidal capture 

by single neutron stars can account for the existence of only a few pulsars , and 

that most of those should be in the core of high density clusters (Romani et a1., 

1987, Verbunt et a1., 1987). As more pulsars in globular clusters are discovered, 

it has become clear that another channel for pulsar recycling must exist (Phinney 

and Kulkarni , 1990, Fruchter and Goss, 1990, Kulkarni et a1., 1990a,b, Johnston 

et a1., 1991a,b). 

The possibility of binary interactions in globular clusters has long been ap­

preciated, and suggested as a path for creating both blue stragglers (Leonard, 

1989, Leonard and Fahlman, 1991) and pulsars (Phinney and Kulkarni, }990). 

Evidently, with a significant number of binaries present , binary-binary inter­

actions must be considered. Unfortunately, the number of free parameters in 

binary-binary interactions is much larger than in binary-single star interaction, 

and a complete simulation of binary-binary interactions would require excessive 

computing time. Simulations carried out so far (Mikkola, 1983, 1984a,b) would 

indicate that this is not a severe problem; that binary-binary interactions are 

rapidly resolved into a hierarchical system with one or two stars acting as distant 

observers, and the interaction proceeding as a perturbed resonant three-body en­

counter. Binary-binary interactions should contribute a qualitatively similar dis­

tribution in final states as resonant three-body interactions, with a cross-section 

approximately a factor of ten larger, due to the larger geometric cross-section and 

somewhat enhanced gravitational focusing. 
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A pnmary requirement of any attempt to account for the recycled pulsars 

observed is to estimate the tot al number of recyclars that might be formed in 

globular clusters; the expected number as a function of cluster density, mass and 

evolutionary history; the proportion of binary pulsars and the spatial distribution 

of the cluster pulsars . 

Most stellar encounters cause only a minor perturbation in the eccentricity 

and semi-major axis of a binary. As the impact parameter is reduced the effect 

of the encounter becomes larger, until qualitative changes can take place in the 

orbital parameters of the binary. If Voo > Vc the binary may be ionised, leading to 

three free stars receding separately to infinity. We will mostly be concerned with 

encounters for which V= «vc. A large fraction of such encounters is resonant, 

but , ultimately, all resonances are resolved . In the point mass approximation, the 

result may either be a system in which the original field star recedes to infinity 

with the original binary still intact, but with orbital parameters that may be 

very different from their original values (resonant flybys); or an exchange may 

have taken place , in which case one of the original binary members was ejected 

and the field star substituted (resonant exchanges). Non- resonant encounters 

may also lead to exchanges (prompt exchanges); if not, they are referred to as 

flybys and typically lead to minor perturbation of the binary orbital parameters. 

E ncounters involving a close approach between non-point stars can be dissipative 

or collisional. vVe consider some possible consequences of such tidal encounters 

la ter. 

If the encounter is dissipative, the field star orbit will have a still smaller 

semi-major axis, and a subsequent close encounter is again inevitable, unless 

the dissipation was large enough that the field star is captured into an orbit 

with semi-major axis much less than that of the initial binary, in which case a 



71 

stable hierarchical triple may be formed. In a large percentage of such strongly 

dissipative encounters, the stars are likely to physically collide , and merge or 

disrupt. The mass-loss may then leave a disk or reduced remnant in a short period 

orbit , with the third star now in a somewhat wider orbit about the collided stars. 

Just such a mechanism may be responsible for some of the recycled cluster pulsars 

(Finzi, 1978, Krolik et a.J. , 1984, Phinney and Kulkarni , 1990), as a neutron star 

that has collided with and disrupted a main-sequence star may accrete substantial 

mass before the rest of the debris is unbound by the energy released by the mass 

accreted. It is possible that that such a rapidly accreting system will emit mainly 

very soft X-rays (Patterson and Raymond, 1985a,b), in contrast with normal 

LMXBs. 

Cleary and Monaghan (1989) have simulated a small number of close tidal 

encounters using SPH. They conclude that point- mass exchange encounters can 

become resonant when tidal effects are allowed for, and that most, or all, reso­

nances lead to collision. If there is substantial mass-loss, the properties of the 

orbit of the final system may be affected by any asymmetry in the mass-loss . In 

particular, a forward jet of matter, carrying angular momentum out of the sys­

tem, can leave the merged remnant and third star in a tighter orbit then would 

otherwise be expected. The problem of a (magnetised) degenerate colliding with 

m ain- sequence stars is beyond current hydrodynamical codes, and models of un­

equal mass stellar collisions calculated so far have not shown any evidence for 

large asymmetric mass-loss (Benz et aI., 1987, 1989, 1990, Ruffert and Midler , 

1990). In contrast, a binary-binary encounter can lead to the formation of stable 

hierarchical triples, and simulations indicate a relatively large cross-section for 

this process (Mikkola, 1983 , 1984a,b). 
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It has been suggested that a, large fraction of binaries in globular clusters may 

have become pseudo-stable hierarchical triples as a consequence of tidal dissipa­

tion (Bailyn, 1989, Bailyn and Grindlay, 1987, Bailyn, 1987). The mechanism 

proposed by Bailyn involves the field star approaching a hard binary on a ret­

rograde orbit. With the total angular momentum small, it is possible for the 

field star to be captured with simultaneous ha.rdening of the binary, the energy 

released being dissipated in the stellar tides. If the binary is sufficiently hardened, 

the resulting triple may be stable. Bailyn does not follow the evolution of the 

tidal capture triples, and it is not clear what fraction is stable and what fraction 

is pseudo- stable and will spontaneously decay. The subset of phase space that 

would leave a dynamically stable triple, without a stellar collision taking place, 

is small, and we believe that this process will not contribute significantly to the 

hierarchical triple population; rather any stable triples formed are likely to be the 

result of a binary-binary interaction. 

The simulations carried out have shown the importance of resonant hard bi­

nary interactions in high density stellar environments, such as may be found in 

the cores of globular clusters. The simulations carried out so far have given a fair 

statistical sampling of possible processes, It is desirable to carry out simulations 

for a larger range of eccentricities, and somewhat harder binaries (down to say, 

vco/vc ~ 10-3 ). It would be worthwhile to increase the sample size by an order 

of magnitude, to get better statistics on low probability interactions, but a much 

larger sample is physically unrealistic; the dynamical systems being modeled have 

themselves not interacted that often, and will show "statistical fluctuations" in 

their properties comparable to those already obtained in numerical modeling. As 

a matter of some urgency, it would be useful to get a comparably complete sample 

of hard binary-binary interactions. This is certainly possible with existing com­

puter technology, although it may not be economical for another few years (Hut, 
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1990). A major limitation is the amount of data storage necessary to store binary 

orbital parameters and computational variables. As stable hierarchical trinar­

ies may be produced through binary-binary interactions, the interaction between 

such trinaries and single stars should also be simulated . Of particular interest is 

the possibility that the larger semi-major axis may determine a cross-section for 

resonances with energy transfers characteristic of the scale of the inner binary. If 

a significant fraction of cluster stars is in such hierarchical trinaries, the collision 

cross- section may be dominated by these systems. 

vVe find that runs with non- equal masses, with mass-ratios of order two, 

show significant and interesting differences in behaviour from the equal mass case 

previously extensively considered. In particular, exchanges of heavy field stars into 

moderately hard binaries are likely to be a dominant process in cluster cores. The 

interactions may account for many of the properties and distribution of observed 

cluster pulsars, and we will consider the various scenarios in a later chapter. 

The physical expansion of binary orbits when a heavy star is exchanged in 

place of a lighter one allows the physical cross-section for subsequent interaction 

to increas e even as the binary is hardened. As core-collapse is approached, this 

process becomes more effficient and collapse may be prevented until physical col­

lisions come to dominate, at which point rapid core- collapse may occur. Clusters 

in this "binary burning" stage would be expected to have density profiles and 

core dispersions deviating from a simple multi- mass King profile. The binary 

burning stage can be prolonged with the recoil ejection of binaries after exchange 

or hardening, temporarily removing the binary from the core before it is brought 

back into the core by dynamical friction. A binary that is softened will on aver­

age recoil with less energy and angular momentum in the cluster frame, and will 

subsequently be on an orbit that takes it deeper into the cluster core; as it will 
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also have a larger semi-major axis, and hence cross-section, it will likely be either 

ionised very rapidly or exchanged and hardened on a time scale comparable to or 

shorter than the original interaction time scale. Both processes conspire to remove 

moderately hard main- sequence and giant binaries from the cores of clusters. 

On the whole, where there is overlap, our conclusions are generally consistent 

with previous work done in the field, except we find that the fractional energy 

transfer during exchanges is roughly independent of the ma.ss- ratio of exchanged 

stars, in contradiction of the results obtained by Hills and Hills and Fullerton. We 

believe this discrepancy is due to the special initial conditions used by Hills and 

Fullerton. Exchanging a heavy star for a light star in a hard binary hardens the 

binary while increasing the cross-section for further interactions. For the equal 

mass case our results are consistent with those obtained by Hut and Bahcall and 

Hut and Inagaki, to within statistical error. 

A realistic hydrodynamic model of stellar tidal encounters and collisions, which 

could be turned on at close approach would be of great interest, and would remove 

considerable uncertainty in the outcome of such interactions, currently modeled 

impulsively. Of particular interest would be an accurate model of a (magnetised) 

degenerate colliding with a main-sequence star. Currently a number of efforts 

a.re under way to simulate realistic stellar collisions (Goodman and Hernquist, 

1991, Rasio and Shapiro, 1991, Ruffert and Miiller, 1990, Davies et a1., 1991), 

but a systematic search of phase space is beyond current capabilities. Dissipative 

encounters will reduce the cross-section for moderate recoils which may provide 

the heating necessary to reverse core collapse (Goodman and Hnt, 1989). The 

substitution of degenerates into primordial main- sequence binaries increases the 

heating rate. We also note that subtracting colliding systems from unequal-
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mass exchanges does not, in general, disproportionally reduce the cross-section 

for significant recoil (Phinney and Sigurdsson, 1991). 

There seems little doubt that binaries playa. critical role in the dynamical 

evolution of globular dusters, and may be able to account for the current plethora 

of millisecond pulsars observed in the Galactic globula.r clusters. 
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Captions 

Figure 1a 

Mean fractional energy transfer, 6, weighted by the dimensionless cross-

section iJ = (voo/vc)2(J /n:a2 , as function of voo/vc , for three different mass-ratios. m 

VVe define VOO"it to be voo where the mean energy transfer is zero. The lines are 

included to help guide the eye. 

Figure 1b 

Same as Figure la, for flybys only. Note that mean energy transfer becomes 

negative again for Voo > Vc for one of the mass-ratios. This is because ionising 

interactions are excluded a.nd dominate the positive energy interactions at higher 

velocities. 

Figure 1c 

Same as Figure a, but for exchange X: (1,2) + (3) -+ (1) + (2,3) only. 

Figure 1d 

Same as Figure a, but for exchange X : (1,2) + (3) -+ (1,3) + (2) only. The 

cross- section for ejecting star 2 is larger than for ejecting star 1, as m2 < mj. 

Figure 2a 

Distribution of final semi-major axis, a fin' for all interactions at voo/vc E 

[0.05, 0.15J for set of runs with mass- ratio {l.0, 0.4, l.O}. Note that for ejection 

of the heavier member of the binary, the distribution in semi-major axis peaks 

at afin < ain, whereas for the ejection of the lighter member of the binary, the 

distribution peaks for a fin ;S; 2.5 X ai". 

Figure 2b 
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Distribution in binary recoil velocity, v rec , after interaction, for all interactions 

at vco/vc E [0.05, 0.15J for set of runs with mass-ratio {1.0, 0.4, La}. Note that a 

uniform distribution in initial velocities is being mapped into the final distribution, 

so the distribution is a non-trivial map from the distribution in a fin-

Figure 3 

Same as Figure 2a, but for voo/vc E [0 .45, 0.55], and mass-ratio {0.5, 0.35, l.0}. 

Note that at higher velocity, the distribution of afin is broader than for lower Vco. 

Figure 4 

The recoil velocity of a binary after exchange leading to the ejection of the 

lighter member of the initial binary. The initial relative velocity at infinity was 

taken to be 0.1 Vc, which was, for initial period Fin = 24 hours, equal to 26 km s - 1 

for mass- ratio {l.0, 1.0 , l.0}, 15 km s-1 for mass-ratio {0 .. 5,0.35, La}, 22 km s - l 

for mass-ratio {1.0, 0.35, 0.5} and 19 km s - 1 for the mass-ratio {l.0, 0.4, l.0}. 

The recoil velocity tends to a finite value as Fin -+ 00, and for Fin :<; F fin is not 

sensitive to the exact initial period. The cross- section for exchange peaks rather 

sharply for Fin :<; Ffin, and is exponentially small for Fin ~ Ffin 

Figure 5a 

An example of a "hooking" exchange. Here, a massive field star, m f = 1 

encounters a binary with stars of mass {l.0, O.l}, with voo/vc = 0.08 . The light 

star is ejected, and the two heavy stars form a.n eccentric binary with a fin ~ gain­

The closest approach between the light star and the field star was approximately 

l. 5ain· 

Figure 5b 

An example of "gravitational Fermi acceleration." Here, a massive field star, 

mf = 1 encounters a binary with stars of mass {I.0,0.1}, with voo/vc = 0.07. 
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The light star is ejected, and the two heavy stars form an eccentric binary with 

a fin'" gain- The closest approach between the light star and the field star wa.s 

a.pproximately 0.12ain. 

Figure 6a 

Distribution of final eccentricity, e fin' for all interactions, in set of runs with 

mass-ratio {1.0, 0.4, 1.0}, and voo/vc E [0.05,0.15J. 

Figure 6b 

Same as Figure 630, but for voo/vc E [0.45,0.55]' and mass- ratio {0.5, 0.35, 1.0}. 

The run shown was for C = 3, the fraction of runs inducing e fin < 0.05 during 

flyby is small, and the cross-section for that bin has not converged. For C = 4, 

the cross-section for final eccentricity induced by flybys maintained the l/e fin 

profile into the e fin < 0.05 bin. 

Figure 7 

Cumulative cross-section for close approach for mass- ratio {l.0, 1.0, 1.0} for 

voo/vc E [0.05,0.15J. Compare with Figure 1a in Hut and Inagaki. The two 

graphs agree everywhere to within a standard deviation. A fit to the curve, made 

independently of the results of Hut and Inagaki, agrees exactly with their fit. 

Figure 8 

Cumulative cross-section for close approach for mass-ratio {1.0, 0.4, 1.0} for 

voo/vc E [0.05,0.15J. The upper curve shows the cumulative cross- section for close 

approach between any pair of stars, the lower curve restricts the cross-section to 

close approach between a pair where one of the stars has ffii # 1.0, and is therefore 

by assumption not degenerate. In Table 3, fits are given to the lower curve only. 

The upper curve is included here for comparison. 
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Figure 9 

Cumulative cross-section for close approach for mass-ratio {l.0, 0.4, l.0} for 

voo/vc E [0.35, 0.65J. 

Figure 10 

Cumulative cross-section for close approach for masso-ratio {0.5, 0.35, l.0} for 

voo/vc E [005,0.151· 

Figure 11 

Cumulative cross- section for close approach for mass-ratio {l.0, 0.35, 0.5} for 

voo/vc E [0.05, 0.15J. 

Figure 12 

Cumulative cross-section for close approach for mass- ratio {l.0, 0.1, l.0} for 

voo/vc E [0.05, 0.15J. 

Figure 13 

Final semi- major axis as a function of recoil velocity for low velocity flybys. 

The solid curve shows the theoretical range in allowed a fin/ ain for the range of 

voo/vc used. All the points fall between the curves, and the distribution in recoil 

velocities is reasonable. 

Figure 14 

Scatter plot of flybys and exchanges as a function of J z and J 1.' 
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Tables 
Table 1. 

Possible interpretations of runs for different mass scales 

Run 
Dimensionless masses 

binary field star 

(0.5,0.35,1.0) 

(10,0.35,0.5 ) 

( 1.0,004,1.0) 

(1.0,1.0,004) 

(1.0,1.0,1.0) 

Table 2. 

0.7M, OA9M., l,4M.,. 
GjT MSjWD NS 

1AM.~ 0,49M" 0.7M", 
NS MSjWD GjT 

104M" 0.56M.~ 1,4M8 
NS MSjWD NS 

104M.') 1.4M·,. 0.56M"., 
NS NS MSjWD 

14M8 l,4M" l,4M, 
NS NS NS 

Interpretation 

Mass unit 
1.1M, 

0.55M .. , 0.39M". 1.1M., 
MSjWD MS HWD 

1.1M") 0.39M., 0.55M0 
HWD MS MSjWD 

1.1M", 0,44M.0 1.1M", 
HWD MS HWD 

1.1M", 1.1M", 0,44M." 
HWD HWD MS 

NjA 
NjA 

g(m;) and v,(m;) 

Dimensionless masses 

0.7M, 

0.35M., 0.25M., 0.7M. 
MS MS GjT 

0.7M, 0.25M, 0.35M, 
GjT MS MS 

0.7M") 0.28M., 0.7M, 
GjT MS G/T 

O.7M., 0.7M.,. 0.28M, 
G/T G/T 1\IS 

0.7M3 0.7M, 0.71.L 
GjTjMS 

binary field star g(m;) v, v'V .~u V J';,. km g - l 

(1.0,1.0,10) 1.50 1.22 44 

(0.5,0.35,1.0) 0.38 0.62 22 

(1.0,0.35,0.5) 0.96 0.98 35 

( 1.0,0.8,1.0) 1.24 1.16 42 

( 1.0,0.4,1.0) 0.69 0.83 30 

( 1.0,0.2,1.0) 0.37 0.61 22 

( 1.0,0.1,1.0) 0.19 0.44 16 

( 1.0,0.05,1.0) 0.10 0.31 11 

(l.0,0,025,1.0) 0.05 0.22 7.9 

(1.0,0.0125,1.0) 0.025 0.16 5.7 

(1.0,0.001,10) 0.002 0.04 1.4 

(1.0,1.0.0.4) 3.00 1.73 62 
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Table 3. 
Fits to a-

Dimensionless masses 
binary field ,tar 1'iJ "- log 0' 1 l' 1'''''t" ., < 

(1.0,1.0,1.0) 12,23,31 [0.0625, 0.125] 0.95 0.4 r min. > 10- 2 ain. 

1.67 0.75 1'''111'1. < 10- 2 a~T1 

[0.125,0.25J 0.9 0.4 1' ttUn > 10- 2 aiM. 

1.33 0.67 rmtTl. < 10- 2 OtT!. 

[0.25, 0.5J 0.9 0.4 rmin > 10- 2 at !,\ 

1.33 0.67 rrntn. < 10- 2 ain 

[0.5,1.0J 0.85 0.6 rmin. > 3 x 10- 3 ain 

1.67 0.95 rmin < 3 x 10- 3 at" 

(0.5,0.35,1.0) 23,31 [0.05, 0.15J 1.33 0.67 all r min 

[0.15, 0.35J 1.33 0.67 all r min 

[0.35, 0.75J 1.33 0.75 0.3 a in > r TTun > 3 X 10- 3 ain 

[0.75,1.15J 1.33 1.0 all r ""1M. 

(1.0,0.35,0.5 ) 12,31 [0.05, 0.15J 0.9 0.5 r min> 10- 2 ain 

1.33 0.75 rmin < 10- 2 
ain 

[0.15, 0.35J 0.85 0.5 rmin > 10- 2 00;1\ 

1.33 0.75 rmin < 10- 2 ain 

[0.35, 0.65J 0.85 0.67 all r min 

[0.65, 1.05J 0.85 0.85 all r min 

( 1.0,0.8,1.0) 12,23 [0.05, 0.15] 1.0 0.5 r min> 10- 2 ain 

1.5 0.8 rmin < 10- 2 a,:". 

( 1.0,0.4,1.0) 12,23 [0.05, 0.15J 1.25 0.65 r min. > 10- 2 a,:n 

1. 75 0.95 rmin < 10- 2 ain 

[0.15, 0.35J 1.25 0.75 rmin> 10- 2 ain 

1.67 1.0 rmin < 10- 2 a,rt 

[0.35, 0.65J 1.2 0.8 all r m.in 

[0.65, LOS] 1.2 1.0 all r min 

( 1.0,0.2,1.0) 12,23 [0.05, 0.15] 1.45 0.7 rmin > 5 X 10- 2 a~n 

1.65 0.9 rmin < 5 X 10- 2 a,,,, 

(1.0,0.1,1.0) 12,23 [0.05,0.15] 1.67 0.75 all r min 

( 1.0,0.05,1.0) 12,23 [0.05, 0.15] 2.0 0.80 all r min 

(1.0,0.025,1.0) 12,23 [0.05,0.15] 2.3 0.85 all r min 

(1.0,0. a 125,1.0) 12,23 [0.05,0.15] 2.6 0.90 r min> 10- 2 a,n 

(1.0,0.001,1.0) 12,23 [1.0,1.5J 3.75 1.0 all r min 

(1.0,1.0,0.4) 23,31 [0.05,0.15] 0.3 0.4 r min> 10- 2 at", 

0.75 0.67 rmin < 10- 2 a'in 
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Table 4a. 
Exchange cross-sections and means t 

"- X -, ( ~) «(n)) (¥) masses "x "< "< 

( 1.0,0.8 ,1.0) [0.05, o. is] ( 1,2) + (3) - (1,2) + (3) 10.5 0. 10 0.31 -0.13 

(1,2) + (3) - (1) + (2 , 3) 1.9 0.18 0.65 - 0.31 

(1,2) + (3 ) - ( 1, 3) + (2 ) 3.5 0.15 0. 66 -0.35 

(1. 0,0.4,1.0) [0 .05,0.15] (1,2) + (3) - (1,2) + (3) 10.5 0.27 0.11 -0.12 

( 1,2) + (3) - (1) + (2, 3) 0.8 0.22 0.62 - 0.35 

(1,2 ) + (3) - ( 1,3) + (2) 4.8 0.13 0.66 -0.45 

(1.0,0.2, 1.0) [0 .05,0.15] (1,2)+(3)-( 1,2)+(3) 5.2 0.20 0.26 -0.27 

(1,2 ) + (3) - (1) + (2,3) 0.6 0.24 0.68 -0.35 

(1,2) + (3) - (1,3) + (2) 5.5 0.11 0.76 - 0.68 

(1. 0,0.1,1.0) [0.05,0.15] (1,2)+(3)-(1,2)+(3) 5.4 0.20 0.25 -0.24 

(1 , 2) + (3) _ ( 1) + (2,3) 0.5 0.28 0.73 - 0.4 1 

(1,2 ) + (3) - (1,3) + (2) 5.3 0.08 0.87 - 0.70 

( 1.0,0.05,1.0) [0 .05,0.15] (1 , 2) + (3) - (1,2) + (3) 5.5 0.21 0.26 -0.25 

(1,2)+(3) -(1)+(2,3) 0.5 0.29 0.72 - 0.42 

(1,2) + (3) - (1,3)+ (2) 5.0 0.05 0.93 -0.75 

(1.0,0.025,1.0) [0.05, 0.15] (1,2) + (3) - (1,2) + (3) 4.4 0.23 0.26 -0 .29 

(1,2) + (3) - (1) + (2,3) 0.5 0.30 0.70 -0.42 

(1 , 2) + (3) - (1,3) + (2) 5.0 0.04 0.97 - 0.77 

( 1.0,0.0125,1.0) [0.05,0.15] (1,2) + (3) - (1,2) + (3) 4.4 0.22 0.26 -0.26 

(1,2) + (3) - (1) + (2,3) 0.5 0.28 0.63 -0.40 

(1,2) + (3) - (1,3) + (2) 4.2 0.03 0.98 - 0.69 

( 1.0,0.001,1.0) [1.0,1.5] (1,2) + (3) - (1,2) + (3) 6.0 0.58 0.29 0.11 

(1,2) + (3) - (1) + (2,3) 0.4 0.51 0.77 0.36 

(1,2) + (3) - (1, 3) + (2) 1.5 0.01 0.99 -0.09 

(1.0,1.0,0.4) [0.05,0.15] (1,2) + (3) - (1,2) + (3) 16.2 0.04 0.25 -0.09 

(1,2) + (3) - (1) + (2,3) 0.18 0.13 0.73 - 0.20 

(1,2) + (3) - (1, 3) + (2) 0.18 0.13 0.73 - 0.22 

t NOTE: The cwss-section for flybys ((1,2) + (3) - (1, 2) + (3)) is provided for reference only. The to tal 
cross-section for flybys depends on the bm,u: used, and is included here to provide the total cross-section 
and an estimate of the relative cross-sections discussed in section 4. 
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Table 4b. 
Exchange cross-sections and means 

masses "'" X o-x (~) (e(n) ) . ( ¥ ) "< "< 

( 1.0 ,1.0 ,1.0 ) [0.0 625,0.1 251 (1,2) + (3) - ( 1, 2) + (3) 7.3 0,11 0.36 - 0.16 

( 1, 2) + (3) - (1) + (2, 3) L7 0.16 0.67 -0.30 

(1,2) + (3) - (1, 3) + (2) L7 0.16 0,66 - 0.29 

[0.125, 0,25J (1,2) + (3) - (1, 2) + (3) 8,1 0,11 0.32 - 0.1 2 

(1,2) + (3) - (1) + (2,3) 1.6 0.16 0.65 - 0.28 

(1,2)+(3) _ (1,3)+(2) 1.6 0.16 0.65 - 026 

[0.25,0.51 (1,2) + (3) - ( 1, 2) + (3) 8.9 0.15 0.31 - 0.10 

(1,2)+(3) - (1)+(2,3) 1.6 0,16 0.66 -0, IS 

( 1, 2) + (3) - (1,3) + (2) 1.6 0.17 0.65 - 0.20 

[0,5, 1.0] ( 1, 2) + (3) - (1, 2) + (3) 11.1 0,25 0,29 - 0.02 

( 1,2) + (3) - (1) + (2, 3) 1.6 0,18 0.68 0.19 

(1,2) + (3) - ( 1, 3) + (2) 1.1 0,18 066 0.21 

( 1.0,0.4,1.0) [0.05,0.15] (1,2) + (3) - (1,2) + (3) 14.7 0.11 0.27 - 0.12 

( 1,2) + (3) _ (1) + (2,3) 1.2 0.22 0.62 - 0.35 

(1,2) + (3) - (1,3) + (2) 7.0 0,13 0.66 -0.45 

[0,1 5,0,35] (1,2) + (3) - (1,2) + (3) 16.4 0.14 0.25 -0.09 

(1,2) + (3) _ (1) + (2,3) 1.4 0.22 0.63 - 0.31 

(1,2) + (3) - ( 1, 3) + (2) 6,8 0,13 0,68 - 0,40 

[0.35,0 ,65] (1,2) + (3) - (1,2) + (3) 18.6 0.22 0.24 - 0.05 

(1,2)+ (3) _(1) + (2, 3) 1.8 0.23 0,60 - 0,11 

(1, 2) + (3) - (1,3) + (2) 5.8 0.13 0.70 -0,29 

[0.65, LOS] ( 1, 2) + (3) - (1 , 2) + (3) 22.2 0.35 0.26 -0.01 

(1,2) + (3) - ( 1) + (2, 3) 2,2 0.30 0,58 0.15 

(1,2) +(3) - (1,3)+ (2) 3.6 0.16 0.76 0,04 
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Table 4c. 
Exchange cross-sections and means 

masses "'" X Crx ("=) (e(nl) ,C,E) 
". ". ' I'J"" 

(0.5,0.35,10) [0.05,0.15] (1,2)+(3) ~(1,2)+(3) 26.0 0.12 0.21 -0.07 

(1,2) + (3) ~ (1) + (2, 3) 5.5 0.21 0.59 -0.64 

(1,2) + (3) ~ (1,3) + (2) 9.8 0.15 0.61 -0.50 

[0.15,0.35] (1,2) + (3) ~ (1,2) + (3) 30.3 0.18 0.22 -0.07 

( 1, 2) + (3) ~ (1) + (2, 3) 4.9 0.20 0.57 -0.55 

(1,2) + (3) ~ (1,3) + (2) 8.2 0.16 0.64 - 0.58 

[0.35,0.75] (1,2) + (3) ~ (1,2) + (3) 25.2 0.32 0.21 -0.10 

(1,2) + (3) ~ (1) + (2, 3) 4.8 0.24 0.58 -0.51 

(1,2) + (3) ~ (1,3) + (2) 7.8 0.18 0.66 -0.49 

[0.75, l.l5] (1,2) + (3) ~ (1,2) + (3) 36.4 0.51 0.24 -0.02 

( 1, 2) + (3) ~ (1) + (2, 3) 4.8 0.30 0.65 - 0.27 

(1,2) + (3) ~ (1,3) + (2) 4.9 0.24 0.73 -0.40 

(1.0,0.35,0.5 ) [0.05,0.15] (1,2) + (3) ~ (1,2) + (3) 13.8 0.06 0.17 -0.07 

(1,2) + (3) ~ (1) + (2,3) 0.1 0.22 0.76 -0.26 

(1,2) + (3) ~ (1,3) + (2) 2.8 0.10 0.66 -0.27 

[0.15,0.35] (1,2) + (3) ~ (1, 2) + (3) 14.9 0.09 0.17 -0.07 

(1,2) + (3) ~ (1) + (2, 3) 0.1 0.22 0.76 -0.23 

(1,2) + (3) ~ (1,3) + (2) 2.8 0.10 0.67 -0.24 

[0.35,0.65] (1,2) + (3) ~ (1, 2) + (3) 16.9 0.14 0.16 -0.03 

(1,2) + (3) ~ (1) + (2, 3) 0.2 0.17 0.75 0.08 

(1,2) + (3) ~ (1,3) + (2) 2.0 0.11 0.65 -0.08 

[0.65, 1.05] (1,2) + (3) ~ (1,2) + (3) 19.0 0.23 0.00 0.10 

(1,2) + (3) ~ (1) + (2,3) 0.5 0.22 0.66 0.51 

(1,2) + (3) ~ (1,3) + (2) 1.4 0.12 0.71 0.24 
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" Since once I sat upon a promontory, 

And heard a mermaid on a dolphin's back 

Uttering such dulcimer and harmonious breath, 

That the rude sea grew civil at her song, 

And certain stars shot luadly from their spheres, 

To hear the sea-maid's music. " 

w. Shakespeare, A Midsummer Night 's Dream 
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Chapter 3 

Ejection of Pulsars and Binaries 

to the Outskirts of Globular C lusters 

E. S. Phinney & Steinn Sigurdsson 

Appeared originally in Nature 349220, 17th January, 1991 



113 

Abstract 

Three-body interactions can eject sta.rs , singly or in binaries, from the core 

of a. globular cluster to its outskirts , whither dynamical friction may take more 

then 108 years to return them. We show here that such processes can explain 

why the binary pulsar 2127 + llC in Ml5 (and perhaps 1744-24A in Terzan .5) is 

now far from the cluster core. A suitable encounter could have given the pulsar 

enough velocity to eject it to its present position, and also replace its original 

companion with a neutron star. For eject ion of systems like PSR 2127+11C to be 

probable , the core of M15 must be composed of heavy degenerate stars at a density 

<. 107 pc-3, maintained for <. 108 y , and contain at least 103 degenerate stars of 

.<; 103 M,~" of which .<; 102 are neutro n stars; this is consistent with previous 

dynami cal es timates. We show that a natural combination of factors conspires to 

enable us to see PSR 2127+11C. A binary oflonger period could not have received 

an impulse large enough to escape the core, whereas a binary of shorter period 

would have been ejected from the cluster or would have collapsed through decay 

of its orbit by gravitational radiation . Pulsars and pulsar binaries ejected from 

clusters contribute to the birthrate of recycled pulsars in the inner Galaxy. Similar 

recoil can occur in hard binaries containing white dwarfs (cataclysmic variables), 

complicating the task of determining cluster membership of candidates far from 

cluster centers. 
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Stars can be ejected to the outskirts of a globular cluster, where the time 

required for dynamical friction to return them to the core is a significant fraction 

of the age of the universe. Both binary and single stars can attain high velocities in 

three-body (or binary-binary) interactions, and perhaps by asymmetric mass-loss 

during a tidal encounter. Here we show how the binary pulsar 2127+11C in M15 

and perhaps l744-24A in Terzan 5 must have formed in this way. For ejection of 

systems like PSR 2127+11C to be probable, the core of M15 must be composed 

of heavy degenerate stars at a density :<; 107 pc- 3 , maintained for :<; 108 y, and 

contain at least 103 degenerate stars of :<; 103 M" " of which :<; 102 are neutron 

stars; this is consistent with previous dynamical estimates. I'Ve show that a natural 

combination of factors conspires to enable us to see PSR 2127+11C. A binary of 

longer period could not have received an impulse large enough to escape the 

core. A binary of shorter period would have been ejected from the cluster and/or 

collapsed through decay of its orbit by gravitational radiation. Pulsars and pulsar 

binaries ejected from clusters contribute to the birthrate of recycled pulsars in the 

inner Galaxy. Similar recoil can occur in hard binaries containing white dwarfs 

(cataclysmic variables), complicating the task of determining cluster membership 

of candidates far from cluster centers 1,2 Neutron stars and binaries, being heavier 

than the unevolved majority of stars in M15, would in thermal equilibrium be 

found at the bottom of NIl5's potential well. Indeed the low mass X-ra.y binary 

(LMXB) AC 211 1,3 and the four single radio pulsars 2127+11A,B,D,E 4 are all 

within 0.4 pc of the optical center of M1.5 (whose U-band core radius* is 5 TO < 

O.lpc) . To reach its current position 6 projected 2.7 pc from the core of Ml.5, 

the binary containing PSR 2127+11C must have been ejected, with a speed :<; 

50 km s- 1 from the high density central region where it formed (Figure 1). 

* Throughout, we define core radius as the radius at which the surface density 

of a specified population of stars falls to half its central value. 
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PSR 2127+110 has a spin-down age Tc = P /2F = 1 x 108 y (Ref. 6). This 

suggests that the pulsar was spun up by accretion not much more than T c ago. 

Assuming, as suggested by the mass function, that the binary consists of two 

lAM, neutron stars, gravitational radiation will cause the two neutron stars to 

merge 2 x 108 y from now. Integrating the orbit backwards from the present orbital 

period and eccentricity (Pb = 8.05 h, e = 0.68) under the influence of gravitational 

radiation alone, 108 y ago the binary would have had Pb = 12 hand e = 0.75, a.nd 

2 x 108 y ago Pb = 16h and e = 0.79. A binary consisting of two compact objects 

offers no opportunity for accretion or tidal capture. Therefore either the current 

companion must have been exchanged for the non-degenerate star from which 

the pulsar was accreting or the pulsar must have been spun up elsewhere, and 

exchanged into a binary already containing the current companion. We begin 

with the first possibility. 

Since !vI/ L rises steeply 7,8,9 for r < 0.1 pc in M15, most of the stars encoun-

tered by a binary there will be heavy degenerate stars. If star 3 encounters a 

binary of semimajor axis ai (consisting of stars 1,2) and exchanges with star 2, 

the recoil velocity V13 of the final binary consisting of stars 1,3 with semi-major 

(1) 

where Vc, given by 

(2) 

is the relative incoming velocity Vin = (V3 - V12) for which the system would have 

zero total energy. The (Vin/vc)2 in (1) may be neglected for hard binaries, so ai and 

the period Pi of the initial binary are uniquely determined by the recoil velocity 

and the period P f after exchange. If the pulsar was accreting from its erstwhile 
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companion, then lYI2 < 0.7NL", the mass of stars just leaving the main sequence. 

The companion cannot have been very light (such as the 0.02M", companion of 

PSR 1957+20), because if M2 « Alj = M 3, most of the exchange cross-section 

produces only wide a j ~ (M3/ M2)ai, extremely eccentric 1- e j ~ AId AI3 binaries 

with negligible recoil, V13 ~ 0.3(M2/AI3)1/2(GlJ.J3/aj)I/2 We therefore consider 

an intermediate mass lJh = 0.56M .. " = O.4AII. For Pj = 12h (encounter Tc 

ago), a recoil exceeding 50km s-1 requires Pi > 8h, while P f = 8h (encounter 

very recently) requires Pi. > 4 h. In the latter case, a normal main sequence 

star could have filled its Roche lobe. The pre-encounter orbit will have been 

circularized by tidal dissipation. As part of a larger investigation of the interaction 

of cluster binaries with compact objects, we have calculated cross-sections for 

subsequent exchanges. Our simulations show that the median post-encounter 

orbit has eccentricity ej = 0.7 (and approximately du/dej ex ef), like that of 

PSR 2127+11C. The cross-section for exchange with recoil velocity in range dVrec 

for such a binary (with Pi = 8P8 h) gives a rate of reaction with heavy degenerate 

stars of Vin = 10 VI0 km 5-1 and density nd = 106nd6 pc- 3 of 

where diT / dVrec is shown in Figure 3. Treating the bodies as point masses, the 

total cross-section for exchange is iT = 7. For P j = 8 (12) h, recoil velocities 

exceeding 40, 50, and 65km s-1 have p;/3iT(> vrec ) = 2.4 (2.6),1.4 (1.6), and 

0.7 (0 .. 5) respectively. Recoil velocities exceeding 70 km s-1 have negligible cross­

section. Some 55% of the exchanges are affected by collisions between the main 

sequence star and one of the neutron stars (see Figure 3); all encounters leading 

to tidal interactions with the main-sequence star have cross-section iT ~ 10 (naIve 

extrapolation of results from encounters of bodies of equal mass 10,11 would over-

estimate recoil velocities and the importance of tidal interactions, since exchange 
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of unequal masses results in significant expansion of the orbit). vVe note that re­

cycled pulsars in exchange binaries will not have spins S aligned with the binary 

orbital angular momentum L (as expected in binaries where mass transferred from 

the companion spun up the pulsar). They are thus good candidates for observing 

geodetic precession of the pulsar spin. But exchanges do not destroy all memory 

of the initial binary. If S II L in the initial binary, some 65% of exchange binaries 

with high recoil speeds have S· L > 0, since prograde encounters are more efficient 

than retrograde ones in hardening binaries. 

The radial distribution of pulsars in M15 suggests that the half-mass radius 

of neutron stars (and other dark remnants of similar mass) is r dh = 0.2 pc. The 

negative Ps of PSRs 2127 +A,D require 9 that the density of dark remnants rises 

more steeply than nd ex r~2 from 0.2 pc to 0.1 pc, where nd(O.l pc) ::: 106 pc~ 3. 

That the density continues to rise to a.t least 10 7 pc3 is suggested both by the 

apparently high velocity dispersion 7,8 at < 0.05 pc, and by models of the post­

core collapse evolution of clusters. These predict 12 that even during maximum 

expansion during core oscillations, the central density of heavy remnants nd(O) > 

107 pc~3. Binaries, being heavier, will sink to the core between encounters which 

eject them. Equation (3) shows that the time between encounters which eject the 

binaries at least as far as PSR 2127+110 is ;;; 109 y. Since the mean number of 

such ejected binaries observed at anyone time is 

(4) 

where N prog is the mean number of progenitor binaries in the core at any time, 

Tej is the lifetime of the ejected binary, and (nd) is the time-average density 

through which the progenitor binaries move. M15 contains N prog = 1 LMXB, and 

Tej :<; 108 y (see Fig. 2), this scenario gives (Nej) :<; 0.1. Given the uncertainties 

in the central density, it thus appears possible that PSR 2127+110 was ejected 
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in this way by an encounter between a heavy remnant and a LMXB . If 50 , not 

many more such systems will be found in M15 or the other ~ 20 post core collapse 

c1usters 13 , which contain be t ween them only 10 LMXBs. 

The long periods of the pulsars found in M15 suggest that they may have been 

spun up not by gradual Roche-lobe overflow in a binary, but by accretion of the 

remains of a tidally disrupted star. If a fraction Eak of the accretion energy were 

absorbed in the disrupted remains and converted to kinetic energy, accretion of 

only 10-4 M",; Eak would unbind the rest of the material, yet provide enough to 

spin the neutron star (moment of inertia 10 45145 g cm2) up to equilibrium spin 

for periods 

( / )
3/ 4 3/ 4 P > 50 Eak 0.1 145 ms . (5) 

The lifetimes of such systems could be very short, < 10 6 y, permitting a rate of 

pulsar formation as high as 100 per 10 8 y while having an expectation value of 

< 1 system caught in the act (Ae 211 may be a longer-lived system contributing 

negligibly to the pulsar birth-rate). This would resolve the discrepancy between 

the pulsar birthrate and that of LMXBs.14 

We therefore consider the second possibility: that the pulsar was spun up 

by the remains of a disrupted star, and subsequently exchanged into a binary 

containing its present companion. Exchanges into binaries containing a heavy 

degenerate require, for P f = 11 h, Pi = 15 h for Vrec = 50 km s- 1 (c7( > Vrec) = 

0.8) and Pi = 30 h for Vrec = 80 km s-l (c7( > Vrec) = 0.2). The exchange ra.te is 

given by (3), but with the coefficient (which depends on the ma.ss ratios) increased 

by a factor of 2.4. The initial eccentri city of the orbit affects c7 only weakly. If not 

too eccentric , such initial binaries have lifetimes against gravitational radiation 

approaching the age of the universe. Binary-binary interactions have similar cross-

sections and recoil velocities. The expected number of ejected systems is t hen 
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(Nej) = N P SR (ndb)aVinTej, where (ndb) is the time-average density of degenerate 

binaries through which the pulsars passed. Since N PSR ~ 3 (we count only single 

pulsars in the dense core and as bright as PSR 2127+110, because only they 

could give rise to that system), this scenario thus gives (Nej) :-: ("db) /107 pc-3. 

Relaxation will in their 10 8 y lifetime spread single pulsars over ~ 0.1 pc, where 

(ndb) ;::; 106 pc- 3. Thus this scenario is much less probable than the LMXB 

scenario unless the inner 0.1 pc of M15 is composed largely of hard degenerate 

binaries. 

The eclipsing binary pulsar PSR 1744- 24A is located at a projected distance 15 

l.Opc from the center of Terzan 5. This cluster has TO ~ OApc, and a central 

density ~ 105.8 M,c) pc3 (Djorgovski, personal communication). The probability 

that the binary has formed by recoil-less two-body capture at > 2.5ro is less 

than a few percent 16 . The recoil velocity required to eject PSR 1744- 24A to its 

projected radius is ~ 20 - 30km s-l The timescale for dynamical friction to 

carry it back to the core is ;;0 107.5 y (Figure 2), and the time for gravitational 

radiation to bring its two components together is ;::; 2 X 108 y. It thus resembles 

in some ways PSR 2127+110. However, its companion is of lower mass, and non­

degenerate. Exchange reactions leaving a light star are improbable, especially if 

the lower central density of Terzan 5 is correct. For tidal capture to give sufficient 

recoil would require at least 20% of the main-sequence star's mass to be lost in 

a collimated jet. Existing hydrodynamic simulations 17,18 seem to show much less 

mass loss, even for grazing collisions. Furthermore, duster LMXB's with measured 

positions are all much closer to their clusters' cores 19 (Liller 1 being a possible 

exception), suggesting that such asymmetric jets are not common. 

It seems more likely either that PSR 1744-24A is a primordial binary hardened 

by an encounter with another star, or that it is the result of tidal capture during 
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an encounter between a main sequence star and a binary containing a neutron 

star. We find that in about 30% of such encounters the third star is unbound, 

and the tidal binary recoils with ,,(vrec > 30km s-l) ~ 0.5 for Pi < 10d. This 

latter process, having by far the largest cross-section, seems most likely if Terzan 

5 is being supported a.gainst core collapse by a large population of primordial 

binaries 20. 

Could PSR 1913+16, the Galactic twin of PSR 2127+11C, have been cre-

ated in a globular cluster, with a recoil slightly larger, rather than slightly lower 

than the escape velocity? The seemingly large proper motion 21 of PSR 1913+ 16, 

140 kms- 1 relative to its local standard of rest, is consistent with this hypothesis. 

Difficulties with scenarios for creating PSR 1913+16 in supernova explosions, 22 

make a cluster origin attractive. But the birth-rates pose a difficulty, however. 

PSR 1913+16, with lifetime ~ 108 .5 y, was discovered in a survey covering 168 deg 2 

along 1/20 of the Galactic plane; the birthrate is thus ~ 10-7 y- l if objects like 

it are found only within 300 pc of the Galactic plane. It lies at a (DIvI) distance 

of 6.5 kpc from the Galactic center. The vast majority of the clusters with high 

central density lie within a projected distance of 2.5 kpc of the Galactic center. 13 

A recoil velocity Vej > J v;i + v~se would be required to escape (vese) one of these 

clusters, and then rise (Vri > 100km s-l) the required distance in the Galactic 

potential. Such recoil velocities cannot be obtained in physically reasonable three-

body encounters, so it is unlikely that PSR 1913+16 could have been ejected from 

one of those clusters. Possible sources are thus the rare halo PCC clusters (like 

l\I15) or clusters of modest central density. Then objects like PSR 1913+16 could 

be found anywhere within ~ 10 kpc of the Galactic center, suggesting a birthrate 

~ 10-6 .4 y-l, which seems hard to maintain from the rare dense clusters at large 

Galactocentric radius. A birthrate an order of magnitude lower might be ma.in-

tained, however, so we are reluctant to reject this idea. using rates derived from 
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statistics of single objects. In any case, there are likely to be several sys tems like 

PSR 1913+ 16 in the inner 2.5 kpc of the Galaxy, ejected from the dense clusters 

there. 

Recent U- banu imaging from the Hubble Space Telescope 23 shows tha t M15 

has TO "" 0.1 pc, and Meylan, Dubath and Mayor (abstract, American Astronom­

ical Society, 1991) find the central velocity dispersion to be nearly constant at 

14kms- 1, in contrast to ref. 8. The parameters chosen for Fig. 1 thus seem 

almost perfectly appropriate to M15. 
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Figure Captions 

Fig. 1 The turning points of the orbit of a body ejected at speed V rec from radius 

ri in the core of a single-mass TVo = 12 (c = 2.74) King24 model cluster of core 

radius TO and line-of-sight central velocity dispersion (J. The form of the curve 

is independent of TO and TVo for r/l·o « 100. For PSR 2127+110 to reach its 

projected distance of 2.7 pc from the core of M15, it must have been ejected at 

~ 50 km s-l, a result confirmed by more sophisticated cluster models 9. 

Fig. 2 The timescale for dynamical friction to carry back to the core a star or 

binary system of mass 1I1b ejected with speed Vrec from radius Ti. The form of the 

curve is independent of TO for Ti ~ TO· The friction time on the ordinate is labeled 

for a heavy body of 10- 5 the cluster mass, but scales inversely as the mass of the 

heavy body. The friction time is determined largely by the density at peri center. 

Perpendicular velocity kicks from cluster stars passing on the outer reaches of the 

orbit can shift the pericenter of the nearly radial orbit of the ejected body, creating 

a distribution of sinking times with a tail extending to times much larger than 

indicated by the curve, which neglects such kicks. The width of this distribution 

of sinking times becomes significant for orbits with initial apocentric distances T a 

more than 4(Mb + (m))/(m) times the initial pericentric distance, where (m) is 

the mean mass of cluster stars encountered near Ta. The timescale for the binary 

pulsar 2127+110 to sink within M15 is ~ 5 X 107(Tp/0.05pc) y. The timescale for 

the binary pulsar 1744- 24A to sink within Terzan 5 is ~ 1 X 108 y. Uncertainties 

in the cluster structure, the radii from which the binaries were ejected, and the 

true Ta make the estimates of sinking time uncertain to at least a factor of 5. 

Neither system's pericentric distance is likely to have been shifted substantially. 

Ejected pulsars are most likely to be found near the half-mass radius (3.5 pc for 

MI5): convolution of Fig. 1 and 3 shows that few pulsars will be found beyond 
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the half-mass radius (85ro), since only a narrow range of ejection velocities have 

apocentres there. Few will be found inside the half-mass radius, since friction will 

there rapidly drag them back to the core P 

Fig. 3 Differential cross section of binary recoil velocity for exchanges in which a. 

passing heavy star is exchanged for the lightest star in a binary. The final binary 

consists of two stars of mass 1.01\h.; the expelled star has mass 0.41\1h' In the 

application envisaged here, 1\1h = l.4M" " appropriate for neutron stars or heavy 

white dwarfs. The initial binary is circular, with semi-major axis a; v c is defined 

in the text, and equals 273km s-1 if the initial period Pi = 8h. The light star was 

treated as a point mass for the solid curve; the dashed and dotted curves show 

only exchanges in which collisions between a light star of finite radius and either 

of the heavy stars were avoided. If Pi = 8 h, the two collision criteria respectively 

correspond to passage of a main sequence star of radius R. = 0.56R", within 

1.07R. and 3.2R. (within which tidal dissipation would modify the orbit) of one 

of the neutron stars. The total cross-section for heavy star exchanges which leave 

the light star in the binary is smaller by a factor of 6. The cross sections shown are 

based on Monte Carlo simulation of 1000 three-body interactions, all integrated 

to completion. 302 of the interactions contributed to the exchange channel shown 

here. 
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Abstract 

The dynamical evolution of a tes t popula tion of binaries, in a range of globular 

cluster models , is simulated. Three-body encounter probabilities are calculated, 

and actual encounters ca.!culated explicitly by Monte Carlo simulations of the 

encounter parameters. Sta.rs were assumed to have finite radii, permitting calcu­

lation of stellar collisions. Stellar mergers were assumed to be completely inelastic 

and an evaluation of the merged products was made. Heating rates for the cluster 

were ca.lculated , as were collision rates and the final distribution of binary param­

et ers. It is proposed that many of the pulsars observed in the globular clus ter 

system were produced by three-body encounters involving neutron st ar collisions. 
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"When shall the stars b e blown about the sky, 

Like the sparks blown out of a smithy and die ? 

Surely thine hour has come , thy great wind blows, 

Far- off, nlost secret, a nd inviolate Rose ?" 

W.B. Yeats , The Secret Rose 

1. Introduction 

Glob ular clusters make possible observational t ests of some of the basic ideas 

in many- body dynamics , and in recent decades substanti al theoretical efforts have 

been made to understand collective phenomena in such systems. Recently, follow­

ing the discovery of a preponderance of X- ray sources (Katz, 1975, Hertz and 

Grindlay, 1983, Hertz and Wood, 1985, Lewin and Joss, 1981), and, later, mil­

lisecond p ulsars (Hamilton et ai., 1985, Lyne et ai., 1987) in Galact ic globular 

clusters, it has become apparent that there is more to globular cluster dynamics 

than earlier models have allowed for. The dynamical evolution of globular clusters 

has at tracted more interest, as a possible factor in explaining these discoveries. 

It has long been appreciated that the static models of globular clusters devel­

oped (King, 1962, 1966, Michie, 1963, Michie and Bodenheimer, 1963) were an ap­

proximation, and that the gravothermal instability (Lynden- Bell and Wood, 1968, 

Katz , 1978) would inevitably lead to cluster mass segregation and core- collapse 

(Spitzer, 1987, Binney and Tremaine, 1987, and references therein) . Extensive 

simulations of cluster evolution, initially with single mass models, late r wi th more 

sophist icated multi- mass models, showed that core- collapse was apparently in­

evi t able , and would occur typically in a few half- mass relaxation times (Spitzer 

and Hart, 1971b, Spitzer and Thuan, 1972, Cohn , 1979, Cohn, 1980, Murphy 

and Cohn, 1988) . Observed cluster profiles suggested that a remarkable number 
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of clust ers were very near core- collapse. Unless we live at a special time in the 

evolution of the Galaxy, this would appear, a pri ori, to be unlikely. The problem 

is obviated if core-collapse can be postponed or reversed; to do so requires an 

energy source to keep the core heated . Amongst the many possible energy sources 

for slowing core-collapse, binary interactions appear to be the most robu st (Elson 

et aI. , 1987, Goodman, 1989). 

Approximating cluster stars as point masses must fail in the core- collapse 

limit . As the core density approaches infinity, the finite size of stars becomes 

important , and dissipative effect s start to dominate stellar encounters. It was 

shown that the formation of hard binaries through three- body interactions and 

tidal capture , and the subsequent interactions of the binaries might halt and then 

reverse the collapse of the cluster core (Goodman, 1987, Statler et aI., 1987) , 

albeit at very high central densities. If the core is dominated by degenrates , 

binary formation through three- body interactions dominates. However, binaries 

formed during core collapse cannot be part of the mechanism postponing core­

collapse during the earlier evolutionary phases of the cluster. A p ossible energy 

source for postponing core-collapse would be the presence of primordial binaries 

(Hut, 1983c, Goodman and Hut, 1989) . 

The binary abundance in the Galaxy and halo has been estimated to be no 

less than 20%, and possibly as high as 50% (Abt, 1983, 1987, Latham, 1989). 

Our underst anding of stellar formation is not sufficiently developed to state tha t 

t he initial cluster binary abundance must be similar , but we cannot say with any 

confiden ce that there cannot have been a primordial binary population in the 

Galactic globular clusters. An early search for spectroscopic giant binaries found 

no evidence for the existence of a binary population in the globular clusters (Gunn 

and Griffin, 1979), but subsequent observations have found a number of binaries 

(Pryor et aI. , 1985, 1989, 1990, Mateo et ai., 1990, Murphy et ai., 1991), and 
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current observations are consistent with a primordial binary abundance of 10% 

or more (Pryor , 1989). We will argue below that select ion effects and binary 

dynamics conspire to decrease the number of observable binaries, and that the 

primordial binary abundance in globular clusters m ay have been as high as the 

observed Galactic abundance. 

In adJition to the intrinsic interest in the effect of cluster binaries on the 

st ruct ure and evolution of the cluster, the presence of a substantial primordial 

binary p opulation m ay in large part account for the detection of a large number 

of X- ray sources and pulsars in Galacti c globular clusters. 

There are ten classic Low Mass X-ray Binaries (LMXBs) in the Galactic glob­

ular clusters (Lewin and J oss, 1981 ). Compared with a hundred odd in the Galaxy, 

the number of LMXBs per unit mass in the globular cluster sys tem (10/ 10 7 l.'vL" 

compared to 100 / 10 11 M(~ in the Galaxy), the number of cluster LMXBs per unit 

mass appears quite excessive. T he launch of Rosat has led t o the discovery of 

more cluster X- ray sources , and there are indications that a number of faint , 

soft X-ray sources are also present in the clusters (Charles , 1989, Predehl et a.l ., 

1991) . LMXBs are thought to be progenitors of millisecond pulsars (MSPs) , and 

it was soon realised that the abundance of LMXBs might indicate a similar excess 

of pulsars in clusters (Alpar et al., 1982 ). The first cluster MSP was soon found 

(Hamilton et al., 1985, Lyne et a.l ., 1987) , and intense searches have now revealed a. 

large number of MSPs and binary MSPs in clusters (Phinney and Kulkarni , 1991, 

van den R euvel, 1991). In the Galaxy, a comparison of the inferred birthrates 

of LMXBs and MSPs suggested that there was an excess of MSPs relative to 

the LMXBs (Narayan et a1. , 1990). In the globular clusters, this excess is also 

present, and possibly worse (Bailyn and Grindlay, 1990 , Kulkarni et al ., 1990) . It 

seems clear that another class of MSP progenitors may exist; in the Galaxy this 

second channel for MSP formation may be through m assive Be stars (Verbunt, 
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1990), a channel that is not available in the globular cluster population; a different 

mechanism for MSP forma.tion must be invoked for the cluster pulsars. 

]I,lillisecond pulsars a·re thought to be old neutron stars that have been recy­

cled, spun up aga.in to shQrt periods, most likely by accreting of order O.lM '" .of 

matter (van den Heuvel et aI., 1986, Verbunt et aJ., 1987, Phinney and Kulka­

rni, 1991) . That there are neutron stars in globular clusters is evident from the 

observation of MSPs. As there is no star formatiQn taking place currently in 

Galactic globular clusters, the neutron stars must be primordial , or, possibly, re­

cently formed by accretion induced collapse (AIC) of heavy white dwarfs (Michel, 

1987, Grindlay and Bailyn, 1988). In either instance mass transfer must have 

taken place recently: if the MSP ancestQrs are dead, primQrdial neut ron stars, 

they must accrete to spin up; if the MSP ancestors are heavy white dwarfs, they 

must accrete to pass over the Chandrasekhar limit (Nomoto and Kondo, 1991) . 

LMXBs are believed to be accreting neutron stars, and hence are good candidates 

fQr being the progenitors of at least some millisecond pulsars. The hard tidal 

capture binaries thought to form during core-collapse are an obvious source of 

LMXBs ; if the star captured is a neutron star, it will be captured in an orbit 

likely t o lead to mass transfer; if the captor is a main-sequence star near turnoff, 

or a (sub)giant, as is relatively probable in a globular cluster, stellar evolution 

will also drive mass transfer onto the neutron stars, again leading to a LMXB 

(Verbunt, 1990) . Indeed , five of ten classic cluster LMXBs are in clusters thought 

to have undergone core-collapse (Djorgovski, private communication); four of the 

the remaining LMXBs are in very dense clusters, which may have gone through 

core-collapse. Of the two recently reported sources discovered by Rosat (Predehl 

et a.1. , 1991), one is in a core collapsed cluster , the other is in a dense, possibly 

core collapsed cluster. The LMXBs have long inferred lifetimes; and consequently 

low inferred birthrates , they are also readily detectable in even the most distant 
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cluster. Although many LMXBs are transient , and m ay not have been observed 

in their on- state, this does not affect the birthrate argument, as they presum­

a bly also do not accrete in the off-state. There are now twenty- nine reported 

MSPs in the Galactic globula r clusters (van den Heuvel, 1991 , Manchester et ai. , 

1991). MSPs are hard to detect (Johnston and Kulkarni , 1991 , J ohnston et al. , 

1991 b). Allowing for selection effects, an enormous population of cluster pulsars 

is inferred, A number of MSPs have been found in relatively low density clusters 

(Kulkarni et ai., 1990b), in proportions far in excess of those expected from the 

t wo body tidal capture scenario (Fruchter and Goss, 1990, Johnston et a1., 1991b, 

Phinney and Kulkarni, 1991). 

A possible solution of the MSP birthrate problem is presented by a population 

of primordial binaries . A binary in a background of stars will undergo 'occasional 

close encounters with the field stars . The outcom e of such encounters depends , 

among other things, on the total center-of-mass energy of the three- body system 

(Heggie , 1975, Hills, 1975a,b, Hut and Bahcall , 1983), parametrised by the ratio 

of the relative velocity at infinity and a critical velocity, voo / vc. Crudely, for 

voo/vc > 1, energy is transferred to the binary, for voo / vc energy is transferred 

to the field star. In globular clusters, Voo ~ 10 km s-l An encounter may lead 

to a change of state in the binary : the original binary may emerge intact with 

different eccentricity and semi-ma jor axis ; one of the members of the binary may 

be exchanged , leaving the field st a.r as a. member of the new binary ; there may 

be tidal encounter or collision between a pair of stars, or it may be ionized if 

vco / vc 2: 1. For encounters with v co / vc < 1, the encounter may be resonant (Hut 

and Bahcall, 1983) . Collisions are rela tively probable during resonant encounters . 

Cross-sections for various encounter scenarios have been calculated and tabulated 

extensively (Heggie, 1975, Hills, 1975a,b, Hills a.nd Fullerton, 1980, Fullerton and 

Hills , 1982 , Hut and Bahcall , 1983, Hut , 1983a, Hut and Inagaki, 1985 , Mikkola, 
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1983 , 1984a,b , McMillan, 1986, Rappaport et aJ., 1990, Leonard , 1989, Leonard 

and Fahlman, 1991, Hut, 1990, Sigurdsson and Phinney, 1991) . Of particular 

interest in globular clusters are encounters leading to stellar collisions. A neutron 

star (or white dwarf) colliding with a main-sequence star or a (sub )giant is likely 

to disrupt the star leaving a. thick disk a.round the degenerate (Finzi, 1978, Krolik 

et aJ., 1984, Benz et a1., 1987, 1989, 1990, Ruffert and Miiller, 1990, Davies et a1., 

1991, Rasio and Shapiro, 1991, Goodman and Hernquist, 1991). Before the disk 

is disrupted , a substantial amount of matter may accrete onto the degenerate at 

a very high rate. It is possible that enough matter may be accreted to spin the 

neutron star up to a MSP (Type I encounters , as classified by Kochanek (1991)). 

If the accret ion is rapid enough, the LMXB lifetime problem is circumvented. In 

the case of a white dwarf, it is not clear if accretion past the Chandrasekhar limit 

is possible, and if so, whether a neutron star is formed at that p oint (Verbunt et 

ai., 1989). Main- sequence star mergers through this channel may, at least in part, 

account for the "blue stragglers" observed in globular clusters (Leonard, 1989, 

Leonard and FahIman, 1991) . The cross-section for three-body encounters is more 

weakly dependent on the core density t han the two- body tidal capture scenario, 

and is consistent with observation (Fruchter and Goss, 1990, J ohnston et aJ., 

1991b, Phinney and Kulkarni, 1991). In addition, the time evolving distribution 

of binary parameters affects the encounter rate, as we attempt to elucidate in part 

in this paper. 

As a cluster collapses, the core density increases, and the binary encounter rate 

increases. For the stellar mass- ratios expected in cluster binaries, encounters tend 

to provide positive feedback in the initial stages, leading to an increasing encounter 

rate, as some binaries are softened, absorbing energy from the cluster. Later in 

the evolution of the cluster, binaries undergo exchanges which both widen the 

binary a:nd increase gravitational focusing (Chapter 2), increasing the encounter 
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(and exchange) rate. As the density increases, this feedback is negated, as binaries 

start t<) be disrupted by collisions, or become hard enough that encounters lead t<) 

the binaries being ejected on wide, eccentric orbits about the cluster core (Phinney 

and Sigurdsson, 1991). At all stages up t o the disruption of the cluster , a residue of 

binaries will still be making excursions to the cluster core for the first time, having 

resided in the cluster halo, with relaxation times of the order of the Hubble time. 

The energy input from the binaries will slow down the cluster collapse, postpo ning 

core-collapse. As the remaining binaries harden, the encounter rate decreases , and 

each encounter becomes m ore likely to eject the binary from the core, reducing 

the energy input from the binaries. Adjusting to the reduced energy input , the 

core contracts and core-collapse continues. 

In this paper, we consider the explicit time evolution of a population of test 

binaries in a fixed cluster background. A comparison between the collision rate 

in different cluster models is obtained, as is the expected energy input to the 

cluster due to binary encounters. Previous estimates of the energy input from 

binaries have been made from analytic approximations and averaged cross- section 

(Murphy et al., 1990, Gao et ai., 1991) and did not allow for the feedback as 

binaries undergo rate enhancing encounters, nor the actual probability distribution 

of encounter parameters, as detailed below. Though our treatment of binary­

single star encounters is exact, it should be pointed out that we do not allow 

f<)r binary-binary encounters. To include a binary population would increase 

the number of mass groups (N m ) to O(N;'), and the computation effort by a 

corresponding fact or. Further, the equilibrium distribution <)f the binaries is not 

known, and for dense clusters is most likely dependent on the binary semi-major 

aXIs . We hope that our ca.lculations will provide information enabling bina.ry­

binary interactions to be included in a consistent manner in future simulations. 

I'Ve note that stable hierarchical trinaries formed in binary-binary encounters 
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may be an important collision channel in moderate density clusters, and should 

be accounted for in a complete cluster simulation. 
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2. Cluster models 

The bina ries were evolved in a fixed background cluster model , defined by the 

density profile n(r) of its stars of mass m o<, The model can be adapted for a.ny 

density profiles and associated gravitational potential and velocity distribution 

functions. In tlus paper we cons ider simple equilibrium multi-m ass Michie-King 

models only. Future calculations will consider evolution in a more general model , 

including time varying density di st ributions. 

We follow Binney & Tremaine (1987) , and consider a cluster specified by a 

distribution function, f {Nl( w i, t), consis ting of N particles indexed by i, with 

phase space coordinates Wi = (Xi, v i ) at time t . The distribution function is 

normalised , 

jf{N)(W ' t)dw ' -l 'tJ 1,-, (2.1 ) 

a.nd obeys a continuity equation , 

8f(N) + ~[~(f{N)dXi) + ~(f(N ) dvi)l = f(f), (2.2) 
8 t 0 8x; dt 8vi dt 

1=1 

where f(f) a.llows for the time variation in f due to encounters. For conservative 

forces, with p otential if> , 

(2 .3) 

and , 

dXi 
dt = Vi , (24) 

this reduces to, 

df{N) = of{N) + ~ [Vi' of{N) 
dt at L.- OX ' 

i= l t 

= o. (2.5 ) 

The one particle distribution function, f = f(1 ) is defined by 

(2.6) 
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and the local spat ial density of s tars, n , is given by 

n(x) = J f(x, v) d3v. (2.7) 

P oisson 's equation, 

\7 2<J>(x) = 4"Gp(x) , (2.8) 

relates the local mass density of stars , P and the potential <P. 

In general, we considered cluster models defined by one parti cle distribution 

funct ions f",(x , v , m",) , for a di screte set of m ass groups, m"" Q = 1,· ··, N m , 

with corresponding local number densities, n"" and mass densities, p"' . Initially 

we considered analytic, static models for the distribution function; la ter we hope 

to develop more consistent models with a time varying distribution function. In 

parti cular , in this paper, we only consider multi- mass Michie-King models, 

(2.9 ) 

where a~ is the core dispersion of mass group Q. r a, the anisotropy radius , defines 

at what radius the anisotropy in the distribution becomes significant. J is the 

angular momentum of the particle relative to the cluster center-of-mass , and 

c = -<P - im", v 2 is the energy of the particle in the cluster center-of-mass 

frame . nl, are normalising constants to be determined later. Since P'" = m",na , 

we define number and mass total densities , n(x) = L n",(x) , p(x) = L p"'(x) , 

and mean core mass me and mean core dispersion , if 2, 

N~ 

me = POl L maP",(O) 
0:=1 (2.10) 

- - 2 2 
meG" = maua ) 

where Po = prO). Hence we define a scale radius ro, analogous to the King radius 

in single m ass King models, 

(2.11) 
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Each mass group is then scaled independently with scale radius 

/2;-c 
7'0 = --1'0· 

C< 1nO' 
(2.12) 

The models reduce to single mass King models for ra = 00, N m = 1. As a check of 

the consistency of our code we verified that the models created did indeed reduce 

exactly to the corresponding King models in that limit. For the current set of 

numerical calculations , we take ra = 00, in part to reduce the computing effort 

needed, mainly because the physical processes of interest are not expected to be 

sensitive to anisotropy in the halo, such as a.re observed in real clusters. 

This class of models assumes a relaxed distribution of particles in near therma.l 

equilibrium in the core, with a spherically symmetric spatial distribution truncated 

at some radius , rt. We define a new potential , I)!(r) = <J>(rt) - <I>(r). Note 

reversal of sign, 'VI)! = -47rGp. Following the King model analogy, we define 

a dimensionless parameter, TVo = 1)!(0)/iJ2 , and concentration c = log10(rt!,.0). 

The total mass of the cluster , lvI, is then given by 

GM 
- 'VIJ.i(rt) = -2 . 

r t 

(2.13) 

To obtain realistic cluster models, we need to solve for n1" and rt, given ro, Wo, 

n(O) = no, m a , lYI and iJ2 In practise, not all the quantities are independent , 

and some are scale invariant . We pick scale no = 1, ro = 1, and iJ2 = 1, and 

choose TVo as an independent parameter determining Tt / ,.o, for the given initial 

mass function. Our choice of no and iJ2 then uniquely determines ]v[ and "0 in 

physical units. 

To solve for n1" and rt , we must decide a cluster mass function and the relati ve 

abundance of each mass group. The current set of calculat ions assumes a Sa\peter 

IMF, 

dN. - 1-"" 
-d- ex: m* ) m. 

(2.14) 
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with canonical value x_ = 1.35, though we also considered values of x_ over the 

range 1.0 ~ x. ~ 3.5. In the current calculation, the zero age main~sequence 

number fraction of each mass group was calculated for a mass range, typically 

O.lM.:. ~ m_ ~ 15M", . A t urnoff mass was selected , O.8M (,, ; stars below the 

turnoff mass were assumed not to evolve significantly on the time scale of the 

simulation, stars above the turnoff were assumed to have evolved completely be­

fore the s tart of the simulation. Later simulations will allow for explicit stellar 

evolution during the dynamical evolution. Other initial mass functions, such as 

Meylan 's flat IMF (Meylan, 1988), were also considered. 

Stars with mass above the turnoff mass, but below some critical mass , m wd (= 

4.7M.:, ), were assumed to have evolved t o white dwarfs of mass 0.58 + 0.22 x (m. -

1.0)M"" while stars above mass mwd but below some critical mass , m I (= 8.0M,;,), 

were assumed to disrupt completely; stars with mass greater then m I, but less then 

mbh, were assumed to become neutron stars of mass approximately l.4M ,;). For 

the current set of simulations, mbh = m max = 15M •. " , and our cluster m odels do 

not contain black holes; future calculations will include black holes for comparison 

of the dynamics. Stars with mass greater then Tnbh would be assumed to become 

few solar mass black holes (Chernoff and Weinberg , 1990). For the purposes of the 

current set of simulations, all evolved stars were assumed to have been ret ained 

in the cluster; in practise some fraction is expected to be ejected, in particular 

a substantial fraction of the neutron stars may be ejected. Bins for mass groups 

were set by hand; the current simulations use the same binning used in Phinney 

(1991) and Murphy and Phinney (1991) The mass fraction and number fraction , 

77", in each bin were calculated by integrating the evolved initial mass functi on. 

To solve for nl
o

' we followed the method of Da Costa and Freeman (1976, 

see also Gunn and Griffin, 1979). A trial solution n 10 = ry" was used, the cluster 
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model integrat ed , the actual number fraction of each mass group in the cluster , 

(2.15) 

was calculated and compared with TIer; a new solution 

(2.16) 

j = 1, was then substituted, and the integration iterated. For a few cluster 

models , with extreme values of the cluster paramet ers , linear iteration failed to 

converge, the iteration getting caught in a bistable (or multistable) solution, so 

after a certain number of iterations, typically 50 or 100, we set j = j /2, and 

continued the iteration. This guarantees convergence to the local fixed point of 

the iteration . 

To integrate the cluster model, we integrated for 'l' in radial coordinates 

~ = loglo (1 + r2/r5), with implicit scaling n(O) = 1, 0'2 = 1. Substituting 

equation 2.9 into equation 2.7, and using equation 2.11, we obtain 

4'l'(~) (1 + 2'l'(~))l ' 
7r0-2 30- 2 

a a 

(2.17) 

where Pa are normalising constants, 

- me [ f(j'f!(O)) ~ Po. = - er - -2- e U a 

rna a Q 

(2.18) 

For isotropic Michie- King m odels , an analytic expression can be obtained for the 

integral in equation 2.7, as above. Equation 2.17 was integrated using a simple 

leapfrog integrator with boundary conditions 'l'(0) = Wo, and 'V'l'(0) = 0 (in prac­

tise the integration was started at finite r with 'V 'l'( or) DC Or). ~ was incremented 
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In variable steps up to r = rt , defined by q,( r = rtl = O. Stepsize was propor­

tional to r for r < 1, and constant in ~ for r > 1, providing the highest density 

of steps near r = 0 and nea.r t he core boundary. Typically the converged model 

required 0(102) integration steps , although the intermediate integrations often re­

quired more integration steps. The model was considered to have converged when 

max 11 - 1Ja/ Nal < 6 (= 10-3 ). Cluster parameters were not found to be sensi­

tive to 6 for small /j , nor was there significant variation in the cluster parameters 

when t he integration step was reduced by an order of m agnitude, indicating tha t 

a robust solution had been found. After convergence, n(r), q, (r ) and \7q,(r ) were 

saved, as were each of na( 7'). A cubic spline fit was also made to each of the quan­

tities above (using standard IMSL spline fitting routines), and the breakpoints and 

coefficients for each fit were saved for future use. In addition the mass densit y, 

Parr) and the projected surface density I; a(r) were calculated and saved. Density 

profiles obtained were compared with previous published calculations (Gunn and 

Griffin , 1979, Da Costa and Freeman, 1976 , Meylan, 1988) and were found to be 

in good agreement, providing an additional test of the models. The half mass 

r adius rh was also calculated, as was the dispersion profile, 0" ~(r). Given a lumi­

nosity function, a surface brightness profile can be constructed. Model luminosity 

functions assuming the light profile is dominated by giants indicated that the core 

radius, rc, (I;L(rc) = EL(0) / 2), was typically somewhat less then the scale radius 

'0 , approa.ching equality for m ore concent rated m odels and flatt er IMF s. 

A set of models was constructed by choosing vVo and an initial mass function. 

T he density profiles and concent rations were calculated, and com parison with 

real cluster profiles was made, selecting appropriate no and (j2 , in an attempt 

to reproduce observed core radii , core dispersion and cluster concentrations. A 

number of cluster models were used, chosen t o be somewhat represent a tive of the 

clusters M3, M13, M15 and 47Tuc. In the case of M15, the cluster was fit to the 
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core profile (Lauer et a1., 1991), requiring a very high concentration model that 

probably fits the outer parts of the cluster poorly. Reasonable models were fit to 

Iv13 and M13 data, while several models were run for 47Tuc to get comparative 

interaction rates, and estimates of the number of pulsars that might be produced. 

vVe assumed the luminosity profile was dominated by (sub )giants. The choice 

of IMF was dictated by recent results from pulsar acceleration limits (Phinney, 

1991), in particular for 47Tuc we chose not to use the models fit by Meylan 

(1989), in anticipation that they underestimate the number of neutron stars in 

the core. Measurements of pulsar period derivatives in the near future should 

severely constrain the cluster mass function. The high mean core mass flattens 

the giant core profile, forcing a choice of larger TVo to reproduce the observed 

concentration. 
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3. Dynamics 

3.1. Initia.l Conditions 

An ensemble of binaries was evolved in model clusters, for a fixed length of 

time, using a cluster of DECstation 3100s. We evolved binaries of mass md= 

ml +711.2), eccentricity e, senil- major axis, a, in a fixed background potential, w( r), 

as calculated in the previous section. The binary masses were drawn independently 

and at random from the initial mass function, with a proviso that we may require 

mi > mi~in' and specify the stellar type. The initial eccentricity was selected 

from a distribution, P(e) = 2e, except that we required any binary containing 

a (sub )giant to have initial e = 0, irrespective of binary period or evolutionary 

stage of the giant. Observations suggest that Population II binaries with orbita.l 

periods less then 10 days also have e = 0 (Abt, 1983), but as any encounter will 

perturb the eccentricity away from zero, we decided not to impose that condition. 

The senil- major axis was selected from a uniform log(a) distribution, amin :s 
a :s ama,,' After selecting ml,2, the stellar type was determined (main- sequence, 

giant/subgiant, white dwarf or neutron star) by comparing a random number with 

the fractional abundance of each stellar type in that mass- group. The stellar type 

wa.s coded with an integer flag, and the stellar radius, R., was ca.lculated. We 

assumed 

(31 ) 

with a = 1.0 = (3 for main-sequence stars, ex = -1/3, (3 = 0.0162 for white dwarfs 

(Shapiro and Teukolsky, 1983), and a = 0.0 = (3 for neutron stars. 

As we did not allow for explicit stellar evolution, (sub )giants were assumed to 

occur with constant probability for any star in the turnoff mass group (0.63M ;; , 2 

m :s 0.8M,:)). The total probability of a star in that mass group being a (sub )giant 
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was assumed to be 0.095 (fraction of cluster age (sub)giant of that mass lasts) , 

with a distribution of stellar radius such that t(R. > R) ex R- 3/ 2 Assuming 

a giant lifetime of 4.7 x 107 years for R = lOR", (Fahlman et aI. , 1985), for a 

power- law IMF we get a probability distribution for the fraction of stars in the 

turnoff mass group with radius > R, I g, 

R R _ 4.7 x 107 O.S - I - x. R. -3/2 

/g( • > ) - 7 x 1010 f.((063- x.) _ (O .8- x.)) COR.,) . (3.2) 

After calculating the stellar radius, if 2(R' 1 + R., ) :'0 a(l - e ), we required a = 

a + Ic(R o1 + R., )/(l - e) , in order to avoid immediate merger of the stars. For 

m ost runs, Ie = 2 < It; this was deliberate in anticipation that an encounter with 

a contact binary (a :'0 It(R' 1 + R., )) would perturb the binary sufficiently for the 

system to undergo an energetic event. In the absence of a better understanding of 

binary formation we assumed the binary members may be picked independently 

from the evolved IMF (Tout, 1991) , but we note that in practise binary masses 

may be correlated; in particular, mass transfer in the protostar phase, and during 

giant evolution for binaries containing evolved stars, may bias the mass function. 

The binary was placed in the cluster at radius, r, selected from the density 

distribution, Parr), of one of the mass groups , with velocity, v , picked from the 

local dispersion for that mass group. Both the initial positions and velocities 

were assumed to be isotropic in the cluster center- of-mass frame. The initial 

di stribution was deliberately chosen not to be the relaxed equilibrium distribution 

of s tars mass mb, in order to pe rmit the binaries to relax naturally. To pick the 

velocity, the peak of the velocity distribution was estimated, 
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for the mass group chosen, with 

(3.3) 

and a velocity was chosen from the distribution by Monte-Carlo selection, scaled 

down by the relative mass of the binary. 

The binaries were evolved in the cluster center-of-mass frame according to 

(3.4) 

where 'V'1Ji(r) is the potential gradient due to the mass interior to r, adyf is the 

dynamical friction experienced by the binary, and akick is the effective accelera-

tion due to scattering by individual stars in the cluster. The dynamical friction 

experienced by the binary is due to the drag on the binary from the perturbed 

distribution of stars in the cluster; it acts to circularize cluster orbits, and tends to 

cause binaries with masses larger then me to sink towards the cluster core (Binney 

and Tremaine, 1987, Chandrasekhar, 1943). The kicks are due to the fluctuating 

force felt by the binary due to inhomogeneities in the act ual stellar distribution. 

The kicks are time averaged, and a large kick may be due to a single close en-

counter or the cumulative effect of many smaller perturbations from distant stars. 

The kicks tend to increase the eccentricity of the orbit in the cluster, and to eject 

stars from the core. For binaries, close encounters will strongly perturb the binary 

orbit, and significant energy transfer may take place, sufficient to eject one or both 

of the binary and encountered star from the cluster. We calculate the effects of 

such close encounters separately and explicitly. 

To calculate adyf and akick> we first calculated the diffusion coefficients, 

D(Ll(Vi)), D(LlViLlVj) (Binney and Tremaine, 1987). We consider a local or­

thonormal basis, a, (, i/}, relative to the binary, defined by the binary's position, 
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r , and velocity, v , in the cluster center-of- mass frame , with unit vectors 

• v e = -
v 

A r X v 

(= Ir x vi 
. (r . v)v - v 2r 

1) = --'7=;;==;f=;===;;; 
vy/r2v 2 - (r. v)2 ' 

(3.5) 

r = {x,y, z }, v = {vx,vy,vz}, then force components along the ~ direction are 

parallel to the binary 's direction of motion, and ( , ij define two equivalent ( by 

symmetry) components perpendicular to the direction of motion . Hen ce we have 

three independent diffusion coefficients, D(L\v ll)' D(L\v
I
1) and D(L\vl) 

Defining 

we find 

47r GM 
/J. = 9"" ro(j 2' (3 .6) 

(3.7) 

where In A ~ 10 is the Coulomb logarithm. Some care must be maintained in 

evaluating adyf near turning points in the orbit , as finite precision in evaluating 

the in tegral to double precision can produce sign errors in the dynamical friction , 

especially at evaluations of intermediate steps in the integration step, leading to 

spurious systematic expansion of the orbit in the cluster. Tills can be a serious 

problem for nearly radial t r a jectories, integrated with maximal t imesteps , as is 

necessary to complete the calculation in finite time. To deal with the underflow , 

the dynamical friction can either be set to zero , or the sign reversed. As the 

magnitude of the dynamical friction is always small when a sign error may occur , 



151 

either method is adequate. The other two components are given by 

2 '" 27 m", 1 1 D(b.vl l ) = L.., --ltln(A)--_ 
y'2; AI v Pa. a. 

(~ 
2 ~ ~ , . 

7r (]" v:2 u CJ. -:2 - :;:-t" 
x -(1 -~) erf( ~)eOo + -eoo 2°0 

2 v 2a2 v a. 

We model akick by random fluctuations in velocity, b.v , 

with 

b.v~ = ~l (D(b.v~)b.t) 

b.vi = ~[(D(b.vi)b.t) , 

(3.8) 

(3.9) 

(3.10) 

where ~i is a random number of mean 0, standard deviation 1, chosen here from a 

normal distribution. Assuming isotropy, in our coordinate system, this becomes 

b.v~ = ~i j D( b.v I1)b.t 

b.V( = ~iJ~D(D.vi)b. t 

b.v1) = ~iJ~D(b.vi) b.t , 

(3.11 ) 

transforming to the cluster center-of-mass coordinates, we find directly the ran-
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dom fluctuations in velocity, 

(3. 12) 

The trajectory of the binary was integrated in the cluster center- of-mass 

frame , using a 4th order Runge-Kutta integrator with quality control. The in-

tegrator only integrated the smooth force components, \71ji and adyf ; the con­

tributions from the random ki cks were added after each integration step. With 

the random kicks added, the quality control on the integrator need not be very 

s tringent , which shortens integration time significantly. To check the accuracy of 

the integrator, it was run with both dynamical friction and kicks set to zero, and 

the stability of orbits in the cluster was confirmed; quality control was set to be 

sufficient to prevent any drift in the orbits. The integration time scale follows 

naturally from the units selected, tscale = To l u; typical integration times were . 

1010 years, requiring 1061tn integration steps or more. The time step used was 

variable, 

( 1.0 +T) 6t = El n , 
1.0 + v 

(3.13) 

where E "" 0.1, and tn 2> 1 is a time scaling factor, used to allow faster in te-

gration by integrating "super-orbits" rather than real orbits. If t n i= 1 the \71j1 

contribution to the force was integrated as if t n = 1, with the contribution due to 

dynamical fri ction and kicks scaled as tn and ~ respectively. The assumption 

is that each orbit is representing an average over tn , orbits with secular pertur-

bations scaled appropriately. In order to integrate a sufficiently large sample of 

binaries for a sufficiently long time, we chose tn ~ 20 - 30. Care must be taken 
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with tn large, or the kicks become large compared to the smooth force compo­

nents. In practise, with a normal distribution of kicks, a few binaries were kicked 

into escape trajectories during runs with tn » 10, so an additional requirement 

that DVx,y,z < max{ v /5, 5} was added, effectively truncating the normal distri­

bution of <;. The truncation could not be proportional to v for very small v, lest 

heavy binaries freeze in the core, after settling by dynamical friction, which is 

unphysical, and causes numerical pathologies. Binaries could still escape through 

a succession of kicks, or, by recoil from encounters leading to the binary hardening 

substantially. We also noted a small fraction of the binaries on radial orbits were 

kicked onto trajectories beyond the half-mass radius, and the pericenter of the 

orbit then kicked out to several core radii before dynamical friction could reduce 

the apocenter significantly, at which point the relaxation time for the trajectory 

was typically longer then the integration time. 

3.2. Encounters 

At each step of the binary's trajectory, the probability of an encounter with a 

field star, mass mOl, P",(r, t), was evaluated. To calculate POI, we integrated over 

the local field star velocity distribution, j",(r, v), calculating the probability that a 

field star is on a trajectory with pericenter p relative to the binary's center of mass. 

We sayan encounter has occurred if p:S; sa for some value s (= C+D(l + e), D = 

4, C = 0.6) (Hut and Bahcall, 1983). An encounter is specified by the pericenter, 

the relative velocity at infinity between the binary and the field star, and the phase 

angles of the binary and the field star relative to the binary axis. An encounter 

was selected by picking a random number, uniformly distributed on [0,1], and 

comparing it with P = L", POI' If P was greater then or equal to the random 

number, an encounter was deemed to have occurred. Calculating POI is the most 

computing intensive task in the simulation. v( r) is not uniquely defined, due to the 
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varying angular momentum of the trajectory from dynamical friction and kicks, 

and hence P( r, v) must be calculated at each point in the trajectory. Tabulation 

of P( r, v) was considered, but as the integral could be evaluated in closed form for 

the distribution chosen, it was more economical to evaluate it explicitly. For more 

general distribution functions it would probably be better to tabulate P( r, v), and 

only calculate the partial integrals as needed. To calculate P, we calculated the 

rate of encounters, R, 

R(r,v) = L J n,,(r)[T(v,v.)lv - v. lf,,(v.)d3v. 

" (3.14) 
= L n"(,·)I,, , 

" 
with encounter cross-section, u(v, v*), given by 

(3.15) 

and 

P(r,v) = 6tR(r,v) for 6tR( r, v) « 1. (3.16) 

Assuming isotropic velocity distribution, we find 

{Va 
I" = Jo [T(v , v.)lv - v.lf,,(v.)v; dv. 

= 8;2(sa)2v2[I1 + 12] + 87f2C(mb +m,,)(sa)[h + 14] 

(3.17) 

where Ii are given by 

(3 .18) 
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where 0(x) is the Heaviside function, 

{ 

0, 
0(x) = 

1, 

if x < 0; 

if x 2: o. 
(3.19) 

For the isotropic Michie model we can calculate Ii analy tically. The integration 

was carried out using Mathem atica, with the results checked using Macsym a and 

by hand. Defining 
rn" 

/-L" = -_­
me 

note that /-LaW(r) = \ji(r) /(T~ with Vo = min{v,va}, we obtain 

(3.20) 

(3 .21) 

At each integration step, P(va = V2\ji(r» was calculated. If an encounter was 

deemed to have occurred , then P",(v",) was evaluated as a function of V", . Which 

mass group the encounter involves was determined by comparing the fracti onal 

probability of P",(v", = V2\ji(r» with the t otal probability of the encounter taking 

place, and then V", was determined by comparing the fractional probabili ty of 

encounter taking place at different Va, for that mass group. 
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Given Va, we chose the relative velocity, Voo = Iv - v.l, and hence the impact 

parameter such that p <:: sa. We define X to be the angle between Va and v, 

v . Va: 
COS::\::' = --. 

VVa 
(3.22) 

For the isotropic Michie distribution function , an analytic expression for X E [0, 7f J 

can be found. We picked a random number <;i, uniform on [0,1 ]' and chose X from 

R(x lma ,va) 
~i = . 

R( 7f Ima, va) 
(3 .23) 

Integrating, and defining some auxiliary variables, 

co = Iv - val 

ct = Iv + va l 

fJ = 2G(mb + mal 
(3.24) 

sa 

I = -co(1 - <;;)( c5 + fJ ) - Cj q( ci + fJ), 

we find after some algebra , that X satisfies 

(3.25) 

where t = Jv 2 + v~ - 2vva cos X, and hence 

[
(A + B)2 - (v 2 + V~)l 

cos X = , 
- 2vva 

(3.26) 

where A. + B is the solution of the cubic, 

(3.27) 



157 

Knowing V oo , and the maximum pericenter, we calculated the maximum impact 

parameter, adjusted for gravit a tional focusing. Given the maximum impact pa.­

rameter, we picked the actual impact parameter , distributed uniformly in the area 

of the beam provided by the maximum permitted impact parameter . The beam 

is symmetric about the axi s between the binary a.nd the field star, a.nd a pha.se 

a.ngle for the approaching field star was picked a.t random, as was the angle of 

the binary axis relative to the axis joining the stars. Given the field star mass 

group , the field star stellar type and radius R'3 were se t , using the same algo­

rithm used to select the radii and stellar type of the binary members . It should be 

noted that the collision probability per integration step was typically less then the 

range of built-in random number generators in mos t computers (1 / (2 31 - 1) for 

DEC3100s), and to get a reliable encounter rate the random number range must 

be extended. We used a uniform conditional probability distribution providing 

a smooth distribution to less then 10 - 14 , which was sufficient for our purposes. 

If the random number chosen was less then lO -7 , the probability was scaled up 

by lO7 , and a new random number was drawn uniformly on the interval (0,1) , 

and compared with the scaled encounter probability. This provides independent 

uniform sampling to less then 10-14 , provided the random number generator has 

no sampling correlations. 

Having chosen an impact parameter , relative velocity and phase angle , the 

encounter was integrated explicitly, using the three- body integration scheme de­

scribed in Sigurdsson & Phinney (1991). The binary parameters and the relative 

velocity were scaled to unit s where a = 1, and the three-body trajectory was 

calculated explicitly until resolved , or the number of integration steps exceeded 

a fixed maximum (= 2 x 10 6 steps; previous calculations indicated that a very 

small proportion of encounters required more then 10 6 steps). Every 20,000 in­

tegration steps the state of the system was checked to see if the encounter was 
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resolved. Explicit provision was made for tidal encounters leading to a merger , 

merger being assumed if the separation between any pair of stars was less then 

ft >< (R' i + R. j ), It '" 3.1 (Lee and Ostriker, 1986). If a merger occurred , the 

orbital parameters of the resulting system were calculated, assuming an impulsive 

merger of the two stars, and .no mass loss. The stellar type and radius of the 

merged star were also determined. If the resulting system was bound, the new bi­

nary was returned to the cluster for further integration. After each encounter was 

complete, the final state binary was returned to the main integrator for further in­

tegration. If no binary existed after the encounter (system was ionized, or merged 

leaving the third star unbound) the run wa.s halted and a new binary was picked. 

If a binary was available for integration, its position in the cluster was upda.ted 

assuming linear extrapolation of the binary's pre-encounter velocity in the cluster 

center-of- mass frame, and the velocity in the cluster was adjusted to allow for the 

ou tcome of the interaction. For very soft binaries on orbits well outside the core, 

the en'counter rate was dominated by softening encounters with the lowest mass 

stars . To avoid spending excessive computing time on these gradual ionizations, 

a binary was arbitarily considered to be effectively ionized if its semi- major axis 

exceeded 1.2 X max{ai,am "",( = 10AU)}, as ionization for binaries that wide is 

virtually inevitable, and collisions during encounters are very unlikely for a binary 

like that. It is possible that a small number of exchanges were missed because of 

this scheme. The integration of the binary trajectory in the cluster center- of- mass 

wa.s then continued for the time specified, at which point the final state of the 

binary was saved and a new binary was picked. A typical run consisted of 100-350 

binaries , with evolution times from 5 x 108 years to 1010 years , less concentrated 

clusters being evolved for longer times. 
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4 . R esults 

Simulations were run using six cluster m odels, the parameters of which are 

list ed in Tables 1 and 2. Sample cluster profiles are illustrated in Figures la and 

b. The model parameters were chosen wi th consideration of the Galactic globular 

clusters M13 (Model l), M3 (Model 2) 47Tuc (Models 3-5) and M15 (Model 6). 

Cluster models were fit to the core radii , the concentra tion , the cent ral luminosity 

and the core dispersion. With a given IMF , it is not possible in general to fit all 

observables exactly with a multi- mass King model. The core radius, T c, is a fixed 

function of the scale radius, TO , for a given luminosity function , and TO <X if3 / 2 / PO, 

and increasing the core density to match the observed luminosity requires either 

increasing the dispersion , or accept ing a sm aller calculated core radius. Flattening 

the IMF initially increases ro, as m e increases and the (sub )giant core profile 

flatt ens . Flattening the IMF t oo much, however, increases the proportion of dark 

remnants in the core and reduces the number fraction in the core of (sub )gian ts , 

requiring a further increase in the core densi ty to maintain the core luminosity, 

reducing the core radius. The problem can be circumvented by either changing 

the luminosity function, using a different shape IMF, or appealing to the as ye t 

undetermined dynamical effect s of a substantial binary core population. We chose 

the latter. Using multi- mass models results in a choice of Wo larger than the 

comparable single-mass models. For the clusters M3 and M13, an error during 

the fit led to the clusters' luminosity profiles being fit to mass-group 6 rather than 

m ass-group 8, the (sub )giant group. As a consequence , the clusters are somewhat 

underluminous and have smaller core radii and concentrations than observations 

would indicate , but the m odels calculated are still representative of an interesting 

set of cluster parameters, perhaps more representative of M5 or NGC6569. For 
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the M 15 model we chose a very concentrated model, hoping to match the core 

profile, being primarily interested in the binary core population dyn amics. 

47Tuc could not be adequately fi t with a Salpeter IMF, multi-mass King 

m odel. Meylan (1989) chose a broken IMF to obtain a reasonable fit to 47Tuc, 

the m odel essentially makes the current epoch (sub )giant population a preferred 

mass range , the IMF being flat for lvI. < 0.63 M.:" and steep for all evolved stars. 

We chose not to use this IMF, in part because it is implausible, a priori, that 

the current turnoff mass should be special in primordial star formation , and in 

part because Meylan 's m odel only has from 0.01% to 0.5% of the cluster mass 

in neutron stars, which would appear unlikely in view of the pulsa r population 

(Manchester et ai. , 1991). In parti cular , a 0.01 % neutron star population implies 

a total of less than 100 neutron stars in the cluster , compared to the eleven pulsars 

observed. To model 47Tuc we considered three models bracketing the parameters 

of the observed cluster. Model 3 is definitely underdense and somewhat underlu-

minous; Model 5 is overdense , and has a higher dispersion and smaller core than 

observed ; Model 4 is probably the closest approximation to the real cluster, but 

is underluminous, has a slightly smaller core and slightly higher dispersion than 

the one observed. 

The relative encounter probabilities for a sample of trajectories in some of the 

models are shown in Figures 2- 14. The mean cluster encounter rate is dominated 

by the stars in the core , and, in general, the most probable encounter is wit h a 

neutron star or a white dwarf. For trajectories lying entirely outside the core, the 

tota.l encounter probability is small , and invariably dominated by the lowes t mass 

stars. Thus, even very wide binaries are liable to be hardened if outside the core. 

The critical velocity, Vc, is given by 

Vc = (4.1 ) 
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and if 7n3 < 7nl,Z Vc increases rapidly. Binaries that would ionize in the core are 

hardened in the halo. This is in contrast with the single-mass models in which 

ionization of wide binaries i s considerably more efficient, whereas in the multi-

m ass models the wide binaries may harden sufficiently through encounters with 

low mass stars in the outskirt s of the cluster, and become "hard" by the time they 

reach the core through dynamical friction, where they have an appreciable chance 

of encountering the more massive stars . 

We define a notation for the encounters, similar to that in Sigurdsson and 

Phinney (1991). For flybys and exchanges, we define Xi, by Xl : (1 , 2) + (3) -> 

(1 , 2) + (3), Xz : (1,2) + (3) -> (1) + (2 , 3) and X3 : (1 , 2) + (3) ---> (1 , 3) + (2). For 

collisions, we define Ci, by C l : (1,2) + (3) -> (1 + 2) + (3), Cz : (1,2) + (3) ---> 

(3 + 2) + (1), C3 : (1,2) + (3) -> (3 + 1) + (2), C4 : (1,2) + (3) --> ((1 + 2), (3)), 

C5 : (1,2) + (3) --> ((3 + 2) , (1)), C6 : (1 ,2) + (3) --> ((3 + 1) , (2» , respectively. 

Unresolved resonances are denoted by a R. Tables 5a- g give the various encounter 

parameters and outcomes. 

The rate of various processes, X, f(X), is estimated by, 

( 4.2) 

where fb is the binary fraction of the cluster (adjusted from the primordial fraction 

for the range of semi-major axis under consideration , allowing for ionization and 

hardening) , fb ~ 0.1 - 0.5 , fr is the ret ention rate for the stellar types considered, 

assumed unity for all except neutron stars, fw is the binary weight , as shown in 

Table 3, nR is the rate observed out of Nb simulations computed , N. ~ 106 is the 

tot al number of st ars in the cluster, and T is the mean lifetime of the observable 

result of the process (e.g., pulsar or blue straggler), compared to the duration 

of the simulation , T . For example, for run 5.1.1 , considering pulsar formation , 

fw = 0.046, nR/Nb = 3/100, assume fb = 0.2 and fr = 0.33, and N. = 3 X 106 , 
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then if a bright recycled pulsar is visible for T = 5 x 10 8 years, and T = 5 X 10 9 

years , we find r( #PSR) = 27, sufficient to account for the number observed, for 

a reasonable set of cluster pa.rameters. As not.ed previously, Model 5 is probably 

denser than 47Tuc, in comparison, for runs 4.3.1 and 2 the same calculation gives 

r = 1, strongly suggesting the real cluster is intermediate between the two models. 

The rate calculated must be used with some care, as the binary paramet.ers input 

are not necessarily representative of a real cluster. In particular, the numbers of 

short period, high eccentricity binaries is likely high , as is the number of contact 

binaries. However, in a concentrated cluster a number of such binaries will form 

during the evolution of the cluster, by binary encounters and orbital evolution , 

so it is not valid to eliminate such binaries from the model either. The actual 

collision rate is higher than calculated , as a consequence of the calculation of 

many of the most interesting encounters being terminated during an extended 

resonance. This is unavoidable, as following the resonances further is prohibitively 

demanding of computer time. This is partly compensated for by the fact that all 

tidal encounters are assumed to lead to merger, whereas in practise maybe only 

half merge . Calculation of the exact rate must await a complete sampling of 

the collision parameters by hydrodynamical calculations. Parenthetically, note 

the eccentricity algorithm setting the eccentricity of binaries containing giants to 

zero , was inadvertently triggered by some heavy white dwarf and neutron star 

containing binaries for which the minimum primary mass was greater than the 

giant mass, resulting in a number of hard zero-eccentricity binaries , as seen in 

Table ·5. 

The outcome of the various runs is shown in Table 4 and Figures 16-17. The 

mean energy transfer per binary was evaluated, and is tabulated in Table 4 . The 

energy transfer is positive if energy is transferred from the binary to the cluster, 
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i. e. , the binary binding energy becomes more negative. Ionized binaries were con­

sidered to have zero final binding energy. If a binary collided at any stage during 

its evolution it was excluded from the energy transfer calculation. This biases 

the result to underestimate the heating, as many of these binaries underwent sub­

stantial hardening before colliding. However, some of those were in turn softened 

or ionized subsequently, thus contributing to the cooling, and some were ejected 

from the cluster producing radiative cooling of the core, partly compensating for 

the underestimate. Another bias is produced by the unresolved encounters, of 

which there were a several, particularly in runs 4.2.2, 5.2.1 and 6.1.1. The reso­

nant encounters were of two types, true resonances, involving neutron stars and 

white dwarfs in hard binaries, and unstable hierarchial triples in wide eccentric 

orbits, which may involve non-degenerate stars. Such resonant encounters are 

likely to be with hard binaries that might have provided substantial heating had 

the encounter been resolved. Thus, the mean heating rate is underestimated, 

particularly for Models 5 and 6. 

For Models 1, 2, 3 the mean energy transfer per binary is small and is unlikely 

to have a significant effect upon the evolution of the cluster. For the other runs 

a significant mean heating rate was found, large enough that the binary heating 

may hold off core collapse in Models 4 and 5, and reverse core collapse in Model 6. 

As expected, run 6.2.1 had a negligible heating rate, but in run 6.2.2 the heating 

rate was surprisingly high, due to a couple of binaries that reached the core and 

started hardening. The low heating rate in runs 4.2.2, 4.3.1 and 4.3.2 is due to 

the large number of ionizations in those runs; in a real cluster the binaries ionized 

would probably have been ionized earlier in the evolution of the cluster. The low 

heating rate in runs 3.3.1 and 3.4.1 may be due to the choice of too small a amax· 

The heating rate is sensitive to the initial binary population assumed and the 

implicit assumptions made about the past dynamical evolution of those binaries. 
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For calculation of general cross- sections for energy transfer the reader is refered 

to Sigurdsson and Phinney (1991). 

The binaries chosen in this set of runs were all heavier than the turnoff mass­

group (excepting run 2.3.1 , which was run to obtain a comparison of light binary 

relaxation), and are thus expected to mass segregate, concentrating to a greater 

extent than the visible component of the cluster, except to the extent that some of 

the turnoff stars may themselves be in binaries. Even for binaries initially beyond 

the half-mass radius , the mass segregation was noticeable , in part because a 

proportion of those binaries were on elliptical orbits with peri centre inside the 

half-mass radius where the relaxation time becomes shorter, in part because the 

relaxation time for binaries with mass> me is shorter than Hubble time, even 

beyond the half- mass radius (see Gunn and G riffin, 1979 , for discussion of the 

dependence of the relaxation time on mass). The binaries that drifted beyond 

the tidal radius are of some concern, although we note that physically they may 

still be bound to the cluster and would re- enter. With the form of the kicks 

chosen a binary will have 6v Iv ~ 1, due to kicks, in the course of about 100 

orbits, and a binary at the tidal radius will orbit the cluster order 100 times 

in a Hubble time, so the proportion that exit the cluster would appear not to 

be unreasonable. It would appear that even in moderate density clusters like 

M3, the binaries containing (sub)giants and a companion star massive enough to 

produce an observable velocity variat ion in the (sub)giant, will have segregated 

efficiently to the core. We note that most binary searches are performed beyond 

the half- mass radius, due to problems with crowding in the core , in particular 

Gunn and Griffin's search contained m os tly (sub)giants in the halo of M3. In 

the more concentrated clusters, no (sub )giant binaries should survive in the core 

(noting that giant binaries must have semi-major axis of order 0.1 AU or more 

in order for the companion star to survive the evolution of the giant). Test runs 
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showed that light binaries were uninteresting for our immediate purpose , as they 

do not segregR.te efficiently, and thus spend little time in the core; they provide 

less gravitational focusing and thus have smaller encounter rates; they are easily 

ionized at fixed serni-major axis, and thus the probability of a resonant encounter 

is less , and they are not observable in real clusters. I'Ve do note that light binaries 

playa role in post- core collapsed clusters, such as our Model 6, by providing fresh 

moderately wide binaries to the core as the light binaries in the halo diffuse in 

and exchange heavy field stars into the binary, leading to a more rapid drift to 

the core through stronger dynarnical friction, and thus a higher exchange rate, 

until the new binary is ejected or undergoes a collision. This is illustrated in rUIl 

6.2.2, where a 42 day light main- sequence star binary reached the core, a neutron 

star was exchanged into the binary, producing a high eccentricity 18 day binary, 

releasing 14 kT in the process, mostly in the recoil of the main-sequence star 

ejected. The ejected star recoiled at 5iT, insufficient to escape from the cluster, 

placing it on a very radial orbit. 

In the high interaction rate dusters there were a significant number of ejec­

tions past the half- mass radius, that then started relaxing again to the core, and 

out of the duster. This is illustrated in Figures 16a- h and 17a-p. Binaries ejected 

with an apocentre less than the half-mass radius will segregate back to the core 

in a few core relaxation times (see Phinney and Sigurdsson, 1991 , Phinney, 1991), 

in particular a neutron star binary ejected short of the half-mass radius during 

an exchange or a collision, will relax back to the core in a time scale comparable 

to the lifetime of the pulsar. Binaries that contain neutron stars that were ionized 

during or after a collision rema.in in the core. Thus we expect most single pulsars 

to remain in the core of the binary, as will any wide binary pulsars. The excep­

tions being pulsars that were ejected in a binary hard enough to merge through 

orbital decay (from gravitational radiation or the evolution of the companion), 
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and those are liable to be ejected from the cluster. Although the majority of neu­

tron star collisions resulted in a binary, most were wide enough to be subsequently 

ionized, and we find the ratio of single pulsars to binary pulsars expected to be 

approximately 2:1. It is interes ting to note that if the merged neutron star forms 

a Thorne-Zytkow object (Thorne and Zytkow, 1977) , and the resulting binary is 

hard enough to escape ionization, the orbit of the binary may circularise through 

envelope drag in the Thorne- Zytkow object before the envelope is blown away, 

and a pulsar in a moderately wide, circular binary may result. The pulsars in M4 

and M53 may be examples of such systems, although other genesis may be more 

likely, as cliscussed above. The velocities calculated for the product of collisions 

are not reliable , and are probably somewhat overestimated by our calculations. 

Thus we may overestimate by a factor of order two the number of ejected pul­

sars . Accurate estimates of the recoil following collision will require extensive 

hydrodynamical simulations of collisions during three- body encounters. 

A number of main- sequence star mergers were observed, even in the low den­

sity models. It is possible that the rate of main-sequence mergers is sufficient 

to account for the "blue stragglers" observed in the globular clusters. Leonard 

has considered this scenario in considerable detail (Leonard, 1989, Leonard and 

Fahlman, 1991). For Modell we find r( # BS) = 11, assuming fr = 1 and 

T = 6 x 109 years. As the simulations concentrate on binaries containing de­

generates, they are liable to underestimate the blue straggler creation rate. By 

comparison, run 3.3.1 implies 200 blue stragglers created in 47Tuc, although the 

uncertainty is high. A higher rate would be obtained in the low density clusters 

if a substantial fraction of the binaries has mass- segregated in those clusters , as 

the low density models were run with a broad initial distribution of binaries. 
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5. Conclusion 

The encounter rate observed, and the parame ters of the colliding systems 

involving neutron stars are consistent with the ratio and distribution of single and 

binary pulsars o bserved in the Galact ic globular system . In particular, the ratio of 

single to binary pulsars is accounted for, and the presence of binary pulsars M15C 

and Trz5A outside their clust er cores is explained. As found previo usly (Phinney 

and Sigurdsson, 1991) a number of binary neutron stars were found to be ejected 

from the cluster after colliding, and of order 10 shor t period binary pulsars with a. 

neutron star or white dwarf companion might be exp ected in the G alaxy, having 

been ejected from core collapsed globular clusters. 

It is clear t ha t a critical component of three- body interactions is. the time 

evolution of the binary population parameters. In order to account for the pul­

sars in 47Tuc, the cluster must have mass-segregated, with the current binary 

population very concentrated, and starting to eject binaries out to the half-mass 

radius. The interaction rate in the core is then dominated by 10-100 day bina­

ries , the wider binaries having either ionized or h ardened. In M15 the 100 day 

binaries are mostly hardened or disrupted, the encounter rate being dominated by 

binaries of periods with less than or order of 10 days. Further, while evolving to 

core-collapse , through the 47Tuc phase, most of the binaries will h ave had heavy 

white dwarfs or neutron stars exchanged in place of the main-sequence stars (see 

table 5). Consequently we expect a number of st ars near the turnoff mass on 

high speed radia l orbits with pericenters in the core and apocenters beyond the 

half- mass radius. By the time core collapse is r eached, a significant fraction of the 

neutron stars may be in neutron star- neutron star binaries. The simulations t ry 

to anticipate this process to some extent by the choice of range of semi-major axis 

and inital concentration of the binaries evolved . A more realistic time evolution 
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profile of the binary population would be obtained by evolving a broad initial 

population in a time varying cluster model. 

The white dwarf interaction rate was found to be somewhat greater than the 

neutron star interaction rate, as expected, and it is possible that white dwarf 

collisions with stars , or even other white dwarfs may provide the high accretion 

ra.t e apparently necessary for accretion induced collapse. The merger of white 

dwarfs has been considered in detail (Webbink, 1984), but not with consideration 

of a.ccretion induced collapse. It is possible that this may provide a significant 

channel for pulsar creation. 

In order for this model to account for the 47Tuc pulsar population , the globular 

cluster parameters are strongly constrained. It is necessary that the IMF of the 

rich clusters have "" ~ 1, at least for masses at and above the turnoff mass, 

in contradiction to the m odels favoured by observations, although those models 

do assume fb = 0. Alternatively, the minimum zero age main-sequence mass 

sufficient to produce a neutron star must be considerably less than the 8 M ,;, 

assumed here. There are some suggestions that stars of mass as low as 5 M "J may 

produce neutron stars. The IMF will probably be determined in the next few years 

by observations of pulsars P. Observations of pulsar M15A already suggest that a 

flat IMF is favoured (Phinney, 1991). It is further necessary that fr be high, with 

values closer to 0.4 strongly favoured. Alternatively, it may be that fr is large for 

binary neutron stars, the opposi te conclusion was reached by Hut and Verbunt 

(1983) . For the simulations to account for the pulsars observed, it is desirable tha.t 

.fb > 0.2. A primordial binary fraction of 0.5 is preferred, noting t hat binaries with 

a > 10 A.U are rapidly ionized in the clusters concerned, and the primordial bin a.ry 

semi-major axis distribution may extend to 10 5 A.U , implying less than half the 

primordial binaries survive one relaxation time. Alternatively, if the binary semi­

major axis distribution is peaked around 0.2 A.U, as suggested by Trimble (1976), 
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neutron star collision rates in 47Tuc class models are enhanced in proportion to 

the excess at that radius. A substantial neutron star and binary population is still 

required to account for the pulsars in the low density globular clusters. High pulsar 

formation rate is also favoured by the more concentrated models , suggesting that 

47Tuc has a core density greater tha.n 1 x 10 5 M .. :. p c- 3 , although it is probably 

not necessary to require densi ties as high as 3 X 10 5 M,,) pc-3 . 

The evolution of a complete r ange of binaries in a time evolving cluster model , 

from zero age through collapse, is necessary to ultimately determine the correct 

parameter. Such a calculation needs to allow for stellar evolution and binary or­

bital evolution through gravitational radiation. The heating rates calculated here 

and in Sigurdsson and Phinney (1 991) should contribute to the development of a 

self-consistent cluster evolution model. The inclusion of binary-binary encounters 

is necessary if fb ~ 0.5 , and it would be desirable to include encounters with hier­

archical trinaries. Some progress is being made towards systematically calculating 

such encounters (Hut, 1990). At a later stage we expect to make calculations in 

a time varying background. By using the estimated energy release during the 

evolution, and iterating the calculation of the evolution of the cluster collapse, we 

hope to eventually produce partially self-consistent models of cluster evolution. 

It is possible to account for the pulsars observed in the Galactic globular 

clusters through the interactions of binaries and neutron stars , assuming some 

reasonable values of the globular cluster parameters . 
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Captions 

Table 1 

Table of mass-groups for the models run. x * is the exponen t of the initial 

mass function , the second column shows the index of mass groups. m hi and mlo 

are the upper and lower boundaries on each mass group, respectively, while m is 

the mean mass of that mass group. 1m is the fraction of the total mass of the 

cluster in that maSS group, In is the number fracti on of that mass group in the 

cluster and I L is the fraction of that mass group that is luminous. Model 6 wa.s 

run with "'. = 1.00 but only had eight mass groups; the lowest maSS group covered 

the range covered by mass groups 1-3 in this table, the other mass groups were 

the same. 

Table 2 

The parameters of the six models used in the calculations. x * is the exponent 

of the initial mass function, as before , Wo is the ratio of the depth of the potential 

to the mean core dispersion, as described in the text, rt is the tidal radius of the 

cluster, ro is the mean "King radius" as defined in the text , no is the core density, 

me is the mean stellar mass in the core, <7(0) is the mean core dispersion and IvI T 

is the total mass of the cluster. 

Table 3 

The parameters of the individual runs. The runs are arbitrarily labeled, and 

the number of binaries in each run is given. Runs with for which the number 

of binaries is not a multiple of 50 were prematurely terminated by computer 

crashes. The fourth column gives the mass group index according to whose radial 

distribution the binaries were initially placed. vVe expec t the relaxed distribution 

of the binaries to be concentrated (neglecting encounter recoil), with the heavier 
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binaries more concentrated than the most concentrated single star mass grollI'. 

For Models 1 and 2 we started with a broad distribution and allowed the binaries 

torelax during the calculation. For Models 3, 4 and 5 the initi al concentration 

was higher, as we expect the binaries in such clusters to be relaxed and the 

integration time was not sufficient to relax a. very broad distribution. For Model 

6 the initial concentration followed the most ma.ssive group for half the runs, as 

integrat ion time was short and we were interested in the interactions of the core 

binaries; the other half of the runs had a broader initial concentration to provide 

a comparison of relaxation and reaction rates. Columns five and six show the 

integration time and the "super-orbit" scale factor respectively. T he scale factor 

was chosen conservatively to be 20-30 for these runs , except for an extended run 

of .'-. Iodel 4 where it was chosen to be 60, partly in order to check the scaling, 

and run 2.3.1 which was done to check the relaxation time scale of light binaries. 

Columns seven and eight show the range in initial binary semi- major axis in AU. 

The range was generally chosen so that the maximum size binary was marginally 

soft. Exceptions are a couple of runs with very wide binaries to check ionisation 

rates, and the high initial concentration runs for Model 6 where wide binaries 

are not expected to be found at all. The minimum semi-mjor axis was generally 

chosen such that a binary in the core had an encounter probability « 1/ N b over the 

integration time . For the high initial concentration runs for Model 6, the minimum 

semi- major axis was limited by finite stellar size and time scales for orbital decay 

through gravitational radia.tion. Columns eight and nine show the minimum ma.ss 

imposed on the stars in the binary in M ,:,. The last column shows the binary 

weight , fw, the fraction of the total number of binaries that have the members 

with masses in the range imposed, assuming the binaries drawn independently 

from the IMF. The weight does not include the restriction in semi-major axis 

which should be factored separately into ib. 
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Table 4. 

A summary of the outcome of each run, showing the mean (log) initial energy 

of the binaries in units of kT( = riieiT2), the m ean energy transfer per binary in 

the sam e units, the total number of collisions during the runs, the total number 

of exchanges of the primary star (#X2) and the companion star (#X3), respec­

tively, and the total number of ionisations, XI. The total number of ionisations 

if one includes binaries where a collision left the t hird star ill an orbit about 

the merged remnant wide enough to be subsequently ionised is shown bracketed, 

where appropriate. 

Tables 5a-g. 

The parameters of individual runs resulting in collisions, exchanges , or "in­

teresting" resonances, the process being shown in the third column, following the 

notation described in the text. The stars involved are designated by n, w, m and g, 

for neutron stars , white dwarfs, main-sequence stars and (sub )giants respectively. 

The mass in solar masses is shown to one (or two, where required) significant 

figures as a subscript. For (sub)giants, the stellar radius is also inidicated by a 

superscript, in units oflog10(R. / R .:)). The initial and final period of the binary is 

shown in hours , and the eccentri city before and after the encounter is also shown. 

The specific energy and angular momentum of the binary after the encounter is 

also shown, with Ee = i v 2/",2 - IF(r l ro) and Je = I( r / ro) x (v / ",2)1. Where 

appropriate, the time for the system to decay through gravitational radiation is 

shown for parameters before t he encounter , Ti, and after t he encounter, Tf· 

Figures la- b 

Volume density profiles for Models land 4 respectively. Shown to illustrate 

the model profiles calculated. 
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Figures 2a- b 

Relative encounter probability for different radial trajectories for binaries in 

Model 1 and Model 4 respectively. The t.rajectories show the relative integrated 

probability of an encounter at different radii for trajectories of binaries moving 

radially out from the core at different speeds, the lower speed trajectories clearly 

having the lower apocentres. The trajectories were integrated in the absence of 

dynamical friction and kicks. Vi is t he initial (tangential) velocity of the binary. 

Vi = {l.0 , 2.0, 2.5, 3.0, 3.3} , in Figure 2a, and Vi = {l.5, 2.0 , 3.0 , 4. 0} in Figure 2b. 

Figure 3 

Integrated rela tive encounter probability as a function of radius for the tra­

jectory shown in Model l. Integrated encounter probability along the trajectory 

was 2.8 X 10- 5. 

Figure 4 

Relati ve integrated encounter probabilities for different mass groups (shown 

by index) for a 1 AU binary in Modell , on the same trajectory as shown in Figure 

3. Note that the remnant groups dominate the encounter rate in the core, while 

the lightest m ass group dominates outside the core. 

Figure 5 

Integrated relative encounter probability as a function of radius for the tra­

jectory shown in Model 2. Integrated encounter probability along the tra.jectory 

wa.s l.l x 10-5. 

Figure 6 

Relative integrated encounter probabilities for different mass groups (shown 

by index) for a 1 AU binary in Model 2, on the same trajectory as shown in Figure 
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5. The turnoff mass group dominates the encounter rate for this model, in the 

core. 

Figure 7 

Probability per unit time of an encounter for a 1 AU binary on a radial tra­

jectory in Model 3. Shown as representative of the order of magnitude encounter 

prob abilities expected in the model. 

Figure 8 

Integrated relative encounter probability as a function of radius for the tra­

jectory shown in Model 3. Integrated encounter probability along the trajectory 

was 6.5 x 10-5. 

Figure 9 

Relative integrated encounter probabilities for different mass groups (shown 

by index) for a 1 AU binary in Model 3, on the same trajectory as shown in Figure 

7. Note that the integrated encounter probability is dominated by mass group 10 

(neutron stars) even for a trajectory that extends to two core radii. 

Figure 10 

Probability per unit time of an encounter for a 1 AU binary on a moderately 

elliptical trajectory near the half- mass radius in Model 4. Shown as representative 

of the order of magnitude encounter probabilities expected in the m odel. 

Figure 11 

Integrated relative encounter probability as a function of radius for the tra­

jectory shown in Figure 10. Integrated encounter probability along the trajectory 

was 3.3 x 10-6 . 

Figure 12 
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Relative integrated encounter probabilities for different mass groups (shown 

by index) for a 1 AU binary in Model 4, on the same trajectory as shown in 

Figure 10. Note that the integrated encounter probability is dominated by mass 

group 1 (the light est stars), with the second largest contribution coming from the 

light white dwarf/ moderate mass star group. The contribution to the encounter 

probability from mass group 10 is negligible on this trajectory. 

Figure 13 

Integrated relative encounter probability as a function of radius for the tra­

jectory shown in Model 6. Integrated encounter probability along the trajectory 

was 8.2 x 10-4 . 

Figure 14 

Relative integrated encounter probabilities for differerit mass groups (shown 

by index) for a 1 AU binary in Model 4, on the same trajectory as shown in Figure 

13. Note that the integrated encounter probability is dominated by mass group 

10, as will be the case for any trajectory that penetrates the core. 

Figures 15a-b 

The initial radial distribution of binaries plotted against the log of the binary 

binding energy. Figure 15a shows the distributions for runs 1.1.1 , 2.1.1,3.3.1 and 

3.4.1, and 4.2.1 and 4.2.2, going from top left to bottom right. Figure 15b shows 

the distributions for runs 4.3.1 and 4.3 .2, 5.1.1 and 5.2.1, 6.1.1 and 6.1.2, and 

6.2.1 and 6.2.2, respectively. 

Figures 16a- h 

The initial and final radial distribution of binaries in the cluster, shown binned 

in log2 spaced bins, for the runs indicated. 
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Figures 17 a- p 

Final distribution of the binaries for the various runs indicated. The fate of 

each binary is indicated by the symbol plotted. A binary which underwent no 

encounters is plotted as plain point. If the binary had encounter(s) which did nut 

lead to an exchange, ionisation or collision, a "flyby, " the binary is plotted as an 

open polygon, the number of sides being equal to 2 + no. of flybys . If the binary 

underwent an exchange , a horizontal cross is superposed on the polygon, aJld the 

number of sides of the polygon is incremented by 2 for a type X 2 exchange or 3 for 

a type X3 exchange. If the binary was ionised, the number of sides of the polygon 

was incremented by 4, and 10g(Eb / kT) was set to -1 exactly to fit the outcome 

on the plot. The radial position of the ionisations plotted was incremented by 

an arbitary amount to fit on the plot. Most ionisations took place inside the 

core. Note that each binary may have undergone a combination of the various 

encounters. 

If the -binary underwent a collision , it was plotted with a different symbol. 

The number of sides of the symbol was determined by the algorithm above, and 

in addition was incremented by 1- 6 according to the various collision scenarios. 

If the collision led to a merger of two of the stars with the third star ejected, the 

increment was 1, 2 or 3 according to whether the field star, the primary star or 

the compamon star was ejected. If the collision led to a merger of two of the 

stars and the third star remained bound to the m erged remnant, the increment 

was 4- 6 according to whether the field star , the primary or the companion star 

was the bound star, respectively. If the collision involved two main-sequence 

stars only, it was plotted with a skeletal star symbol; if the collision involved a 

(sub)giant and a main-sequence star or another (sub)giant , the symbol was a 

re- entrant star symbol; and if the collision involved a white dwarf or a neutron 
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star the symbol used was a solid polygon. If the collision produced a merged 

remnant with the third star bound, the integration was continued with the new 

binary. A number of these binaries were subsequently ionised, and are shown at 

log(Eb / kT) = - 1, above the regular ionisations, where appropriate. The binaries 

shown at the top of each plot were ejected from the cluster. In each run a small 

fracti on of binaries remained in the halo of the cluster and drifted out past the 

tidal radius through random kicks, without undergoing any encounters. Physically 

not all these binaries would be lost from the cluster , depending on the external 

environment around the cluster at the time, the Galactic tidal field in particular. A 

significant proportion of the exchanged and/or collided binaries were also ejected, 

and are shown where appropriate. 

For the more concentrated models, we also show the fate of those binaries 

containing neutron stars on a separate plot (labeled "NS only" ). If the binary did 

not contain a neutron star initially, or if the binary was in collision where one of 

the stars colliding was a neutron star, a small "n" is plotted below the symbol 

for that binary. If the final binary contained two neutron stars, or was involved 

in a collision where one of the stars colliding and the third star were neutron 

stars , a small "N" is plotted below the symbol for the binary. Note that no binary 

contained two neutron stars initially. 
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Tables 
Table 1. 

Multi-mass models 

x . Mass group mhi m" m 1m In h 

1.35 0. 157 0.100 0.1235 0.2339 0.4571 1.000 

2 0.200 0.157 0.1761 0.1105 0.1514 1.000 

3 0.250 0.200 0.2228 0.0975 0.1514 1.000 

4 0.310 0.250 0.2779 0.0824 0.0716 1.000 

5 0.390 0.310 0.3460 0.0836 0. 0583 1.000 

6 0.500 0.390 0.4396 0.0836 0.0459 1.000 

7 0.630 0.500 0.5668 0.1343 0.0572 0.526 

8 0.8 00 0.630 0.7042 0.1155 0.0396 0.588 

9 1.250 0.800 0.9659 0.0428 0.0107 0.000 

10 1.570 1.250 1.3634 0 .0158 0.0028 0.000 

1.00 1 0.157 0.100 0.1242 0.1539 0.3681 1.000 

2 0.200 0.157 0.1764 0.0821 0.1382 1.000 

3 0.250 0.200 0.2232 0.0787 0 .1047 1.000 

4 0.310 0.250 0.2782 0.0718 0.0767 1.000 

5 0.390 0.310 0.3465 0.0787 0.0674 1.000 

6 0.500 0.390 0.4404 0.0855 0.0577 1.000 

7 0.630 0.500 0.5686 0.1647 0.0861 0 .477 

8 0.800 0.630 0.7055 0.1577 0.0664 0.520 

9 1.250 0.800 0.9745 0.0835 0.0255 0 .000 

10 1.570 1.250 1.3697 0.0436 0.0094 0.000 
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Table 2. 

Cluster models 

Model x. Wo r./ro ro / pc rh l ro no I pc3 m, / M" ~(O) I km.-' MT I M ,. 

1.35 6 16.0 1.52 3.24 2 x 10' 0.51 12 7.3 x 10' 

2 I.3S 9 36.S 1.41 7.11 I x 10' 0.68 9 1.0 x 10· 

3 1.35 12 73.5 0.65 14.8 8 x 10 4 0.83 13 2.3 x 10· 

4 1.00 12 87.5 0.57 17.6 1 x 10' 1.01 14 2.6 x 10· 

5 1.00 12 83.5 0.35 17.6 3 x 10' 1.01 IS 1.9 x 10· 

6 1.35 18 263 0.1 57.2 3 x 10· 1. 11 IS 2.6 x 10· 

Table 3. 

Run parameters 

Model run N, In. conc. T tn arncu: am;,." M,_ M,_ fw 

1 1.1.1 350 6 10'0 20 20.0 0.1 0.50 0.39 3.2 x 10-' 

2 2.1.1 250 6 10 'a 20 10.0 0.05 0.50 0.39 3.2 xI0 -' 

2.1.2 S9 6 10'0 30 100.0 10.0 0.50 0.25 4.l x I0-' 

2.2.1 100 10 10'0 30 5.0 0.05 0.63 0 .39 2.0 x 10-' 

2.3.1 250 6 10'0 100 10.0 0.05 0.20 0.00 4 .6 x 10-' 

3 3.3.1 100 8 5 X 10' 20 3.0 0.003 0.50 0.39 3.2 x 10-' 

3.4 .1 100 8 5 x 10· 20 3.0 0.003 0.80 0.50 2.1 x 10 - 3 

4 4.1.1 100 8 5 X 10' 20 10.0 0.01 0.50 0.39 4.6xl0-' 

4.2.1 46 10 5 x 10' 20 10.0 0.01 0.80 0.50 6.5 x 10 - 3 

4.2.2 100 10 5 x 10' 20 10.0 0.01 0.80 0.50 6.5 x 10 - 3 

4.3.1 100 10 5 X 10' 30 5.0 0.005 0.63 0.39 1.9 x 10-' 

4.3.2 100 10 5 X 10' 60 5. 0 0.005 0.63 0.39 1.9 x 10 - ' 

5 5.1.1 100 8' 5 X 10' 20 5.0 0.005 0.50 0.39 4.6 x 10-' 

5.2.1 87 8' 5 x 10' 20 5.0 0.005 0.80 0.50 6.5 x 10-3 

6 6.1.1 100 10 5 x 10' 30 0.5 0.0005 0.80 0.63 1.3 x 10 - 3 

6.1.2 100 10 5 x 10' 30 1.0 0.001 0.50 0.39 3.2 x 10-' 

6.2.1 35 8 5 x 10 8 20 10.0 0.01 0 .50 0.25 3.3xl0-' 

6.2.2 90 8 5 x 10' 20 10.0 0.01 0.50 0.25 3.3 x l0 - ' 

... For Model 5 on ly 8 mass groups were used 
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Table 4. 
Cluster models 

Model run (log( E"in / kT )) (6E, / kT ) #coll. #X, #X3 #X, 

1. 1.1 1.26 - 2.9 x 10- ' 4 3 27 

2 2.1.1 1.67 8.0x l0-' 0 2 1 3 

2.1.2 -0.47 - 7.5 x 10 - ' 0 2 3 22 

2.2.1 1.73 6.1 x 10 - ' 0 0 0 0 

2.3.1 1.15 -9.5 x 10- 4 0 0 0 0 

3 3.3. 1 2.32 - 7.7 x to- 4 1 1 1 1(2) 

3.4.1 2.52 6.9 x 10-3 0 0 1 

4 4.1.1 1.70 7.6 x 10-' 1 2 5 3(4 ) 

4.2.1 2.00 2.85 0 7 5 6 

4.2.2 2.00 0.2 5 3 8 13 12(14) 

4.3.1 1.91 - 3.1 x 10-' 2 3 5 16(18) 

4.3 .2 2.08 -6.7 x 10-' 2 7 8 14(15) 

5 5.1.1 1.82 0.57 8 8 12 8(13) 

5.2. 1 2.31 6. 3 6 13 22 9 

6 6.1.1 3.02 8.7 16 16 12 3{ 10) 

6.1.2 2.22 2.4 14 9 16 9( 18) 

6.2.1 1.25 4.1 x 10 - 4 0 2 1 0 

6.2.2 1.36 0. 15 0 1 1 1 
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Table Sa. 

Outcome of individual runs 

run # X Stars Pin Pout e, e, E, J, Comment 

1.1.1 7 X, WO. 9, gg:~l, WO.7 5850 3850 .11 .90 -4.17 0.23 

26 X, mO.r! mOA, W O.7 4932 6625 .24 .23 -5.39 0.03 

197 X3 WO.SI mO. r, mo.7 2712 5575 .84 .85 -5 .30 0.08 

211 C, mO .r! WO.T J mO.l. 2379 4444 .93 .22 -3 .66 0.93 Softens 

307 X3 mo.S, mO.T! WO.9 7693 24475 .99 .99 -5.01 0.21 Ionizes 

2.1.1 249 X, wO.91 mo.SI n1.4 11.2 13.4 .88 .28 >0 Ejected 

3.3.1 7 X3 mO. r! mO.41 WO.7 577 301 .13 .41 -11.4 0.22 

89 C, rno.r, mO.Tl n1.4 18.3 .89 -10.4 0.49 

3.4.1 51 X3 Wo.g, WO.9, 01.4 630 587 .34 .44 -11 .6 0.15 Hardens 
4.1.1 9 X, mO.T! n1.4, n1.4 196 490 .87 .64 -11.2 0.21 Hardens 

19 X, WO.51 01.4, 01.4 619 522 .35 .92 -10.6 0.10 

45 C, mo.r, WO.5 1 WO.9 475 .86 .99 -9.40 0.88 

61 X3 rnO.51 fil.4, n1.4 2336 5678 .75 .51 -11.3 0 .06 Ionizes 

67 R WO.51 mOA, n1.4 16.6 .82 -11.2 0.29 May Collide 

79 X3 Wo.S, WO.Tt nv. 704 283 .49 .35 -5.28 0.80 

99 X3 01.4, mo.S, n1.4 1220 5987 .92 .85 -11.1 0.29 Ionizes 



Table 5b. 

run 

4.2.1 

4.2.2 

# x 
1 X, 

5 X, 
8 X, 

8 X, 

9 R 

13 X, 

16 X, 

19 X, 

22 X, 

23 X, 

40 X, 

41 X, 

41 X, 

2 X, 

2 C, 

12 X, 

16 R 

24 X, 

32 C , 

33 X3 

33 X, 

48 X, 

49 X3 

50 X, 

57 X3 

57 X, 

57 C, 

57 R 

58 R 

66 X. 

73 X3 

80 X, 

80 X. 

81 X, 

86 X~ 
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Stars 

99 

147 

3750 .70 .94 -10.4 

145 .00 .96 -10.3 

nl.", WO. 71 n1.4 730 340 

"1.4101.1, "l.4 97.6 25. 1 

Wo.g , n1.4, n1.4 35.5 

Wo.g, mO.r! "1.4 242 222 

"1.4, Wo.s, mO.7 6.96 

Wo.g, Wo.g! D1.4 3102 2934 

Wo.g, D1.4, n1.4 44.8 72.8 

Wa.g, n1.4, WO.9 106 11.5 

Wo.g , WO.71 il1.4 53 .4 183 

Wo.g. mO.r, nVI 1230 

nu, mO.7, n1.4 670 

n1.41 rno.S, D1.4 3775 

n1.4, mo.S, WO.9 6786 

879 

1713 

4219 

n1.41 WO.a, "1.4 1344 8132 

Wo.g , WO. 11 01.4 21.2 

Wo.g, rno .5, 01.4 5540 4197 

Wo.g , mo.T, WO.9 119 

WO.9, mo.s, n1.4 4216 1820 

n1.4, WO.9, n1.4 2527 3387 

wo.g , wo.s, n1.4 4.62 5.33 

Wo.g! n1.4! n1.ool 127 118 

WO.91 n1.4 ! n1.4 431 509 

WO.9! WO,7, n1.4 118 349 

n1.4! WO,g! n1.4 423 

n1.4, Wo.g, mo.7 157 217 

n1.41 MUI , n1 .4 157 

WO.91 n1.41 n1.4 46.4 

n1.41 WO.5, n1.4 2632 

WO.91 n1.4 , n1.4 0 .87 

n1.4, Wo,g! 01.4 3640 

n1.4, n1.41 n1.4 1039 

n1,4, mO.11 n1.4 502 

nl.4, WO .91 WO.9 284 

4059 

0.84 

4741 

1266 

1246 

267 

.83 .59 - 9.11 

.95 .64 - 10.8 

.34 -9.78 

.00 .56 -1 0.5 

.76 .76 - 11.1 

.10 .98 -11 .3 

.00 .42 -10.4 

.19 .87 -9.30 

.56 .78 -10.8 

.88 

.44 

.25 

.99 

.57 

.85 

.49 

.98 

.26 

.64 

.82 

.34 

.00 

.57 

.55 

.69 

.57 

.30 

.86 

.88 

.61 

.45 

.92 

.50 

.87 

.45 

.76 

.55 

.69 

.84 

-11.4 

- 11.7 

-7.46 

-10.2 

-1 1.7 

-11.2 

-11.5 

- 10.9 

-11.0 

-11.3 

> 0 

-8.14 

-10.8 

-8.84 

-11.0 

-4.11 

-10.8 

.97 .55 -11.2 

.47 

.58 

.12 

.63 

.90 

.59 

.73 

.39 

.53 

.80 

.82 

.31 

-10.2 

> 0 

-11.4 

-10.5 

-11.1 

-11.2 

0.23 

0.54 

0.94 

0.08 

0.56 

0.76 

0.07 

0.23 

0.17 

1.30 

0.33 

0.04 

0.06 

1.16 

0.02 

0.09 

0.15 

0.23 

0.29 

0.13 

0.06 

1.05 

0.22 

0.65 

0.16 

1.61 

0.52 

0.21 

0.73 

1"i = 8. 109 

0.19 

0.30 

0.21 

0.37 

Co mment 

Ionizes 

Hardens 

May Collide 

Hardens 

Ionizes 

Hardens 

WD Ejected 

Hardens 

Ionizes 

Softens 

Single Pulsar 

Ionizes 

May Collide 

Io nizes 

Softens 

Ionizes 

Ejected 

Hardens 

Hardens 

Hardens 

Second Collision? 

Ionized 

Ejected 

T/ = 2. 10 ' 0 

Hardens 

Hardens 

Hardens 
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Table 5e. 

run # X Star. Pin P out ei e, E, J, Comment 

4.3.1 1 C. wo.g, mO.r, nl." 925 .66 .92 -11.2 0.13 Ionizes 
23 C, mO.r, UIA, nl. .. 9.2 .93 -7.06 0.55 Single Pulsar 

24 X, WO.7r wa.91 ilIA 164 .91 .6 1 -11.5 0.12 

24 XJ nl.", Wo.g, filA 374 .61 .51 -10.8 0.04 

43 XJ wo.g, Wo.g, n1.4 273 675 .49 .99 -10.2 0.23 

44 X, mO.71 Wo.g! 01.4 370 562 .85 .43 -10.6 0.66 

71 X, Wo.g, WO.SI nl." 105 160 .3 0 .1 7 -8 .99 0.51 Hardens 

79 X3 Wo.g , mo.7! 01.4 806 1649 .48 .57 - 9.82 0. 16 Ionizes 

4.3.2 6 X3 wO.9, rno.S, 01A 595 1110 .80 .64 -9.89 0.91 Hardens 

7 X, mO.11 01.4, WO .9 169 77 .70 .49 -10.3 0.36 

14 C, mO .1 , mO.r . n1.4 12.5 .86 .87 -8.59 1.83 Contact Binary 

32 C. nVi, mo.S I WO.9 273 1595 .95 .90 -9.95 0.66 Ionized 
43 X3 WO .7, mO.r! 01.4 1685 2001 .33 .96 -11.8 0.08 Hardens 

43 X, n1.4, WO.71 TI1. .. 1390 1059 .96 .83 -11.6 0.07 Ionizes 

53 X, wa.91 WO.Sl WO.9 2477 3130 .96 .51 -11.0 0.35 Ionizes 

67 X3 WO.9l rno.s, 01.4 973 2719 .72 .88 -11.0 0 .02 Ionizes 

74 X3 n1.", WO,g, nVi 688 1837 .95 .79 -10.9 0.11 Ionizes 

76 X, WO.9! WO.T. n1. .. 1198 1231 .16 .73 -11.1 0.27 Hardens 

76 X, Wo.g , 01.4 1 01.4 1191 2519 .79 .93 -11.2 0.12 Ionizes 

100 X, Wo.g , mo.71 01.4 158 208 .50 .77 -10.1 0.23 
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Table 5d. 

run # X Stan Pin p=, ei e, E, J, Comment 

5.1.1 3 X3 n1.4, rnO.4, n1.4 184 1005 .70 .97 - 10.5 0.77 Ionizes 

4 X3 mO.7! n1.4, n1.4 206 158 .09 .92 - 10.6 0.36 Hardens 

8 C, WO.7 1 mo .• , WO.9 14.4 .96 .96 -9.11 0.50 Contact Binary 

10 X3 WO.SI mo ... , "1.4 67 .3 110 .23 .52 - 8.01 2.21 Hardens 

10 X3 n1.4, WO .5, "1.4 58.7 79.6 .94 .46 -8.39 0.81 Hardens 

10 X3 n 1.4, n 1.4, n 1.4 31.3 22 .97 .28 -9.20 0.31 

12 X3 mO. T I g8:P I WO.9 645 883 .00 .46 -11.7 0.11 Hardens 

12 X, m O.7 1 wO.9, WO,g 645 991 .58 .64 -11 .5 0.11 

12 X, WO.91 wa.g, n1.4 645 1036 .64 .80 -8.81 0.74 Softens 

12 X, WO .91 n1.4, n1.4 1074 1323 .78 .75 -11.4 0.04 Ionizes 

13 R WO.1J nVl I nt. .. 1.20 .82 - 3.11 0.69 May Collide 

Ti = 2.109 

16 X, mO.71 rnO.51 " 1. 4 1114 876 .95 .69 -10.6 0.46 Soften. 

16 C, n1.41 mO.SI n1. 4 1596 .87 -11.4 0.06 Single Pulsar 

31 C, mO.TI wO.9, WO.9 56.8 .88 -9.63 0.07 

33 X, WO.51 wO.9, nl.4 612 1367 . 35 .99 -11.1 0.17 Soften • 

36 C, rno.S, n1.4, nl.4 10.2 .93 .93 -10.5 0.30 Single Pulsar 

40 X, g8:tS 
1 mO.TI "1.4 2556 3578 .00 .00 - 8.00 0.36 Ionizes 

43 X, mo.TI mo .• , n1.4 237 228 .68 .95 > 0 Ejected 

53 X3 n1.4, mo.s, n1.4 1393 2835 .79 .65 - 10.5 0.17 Softens 

54 C. mO.51 n 1.4, n 1.4 15.5 45.5 .93 .87 - 3.11 1.54 Binary Pulsar, Hardens 

66 C, WO.TI mo.r, WO.1 315 .99 .99 -9.59 0.47 

70 X3 WO.11 WO.51 WO.9 32.9 30.1 .99 .91 -10.9 0.29 Hardens 

85 C, mo.TI gg:t4 
I n1.4 131 .96 .96 - 10 .2 0.49 

87 C, WO.S, wo.s, n1.. 892 .99 .99 -5.40 1.65 Contact Binary 

89 X3 n1.4, 'NO.5, n1. .. 573 954 .92 .75 -10.3 0.29 Hardens 

90 R mO.TI 01.4t n1.4 5.42 15.3 .59 -3.40 0.34 May CoUide 

91 X3 WO.7t wO.9, n1.4 1288 1099 .98 .96 -9.49 0.21 Hardens 



Table 5e. 

run 

5.2 . 1 

# 

2 

3 

3 

5 

6 

7 

x 

R 

X3 

X3 

X3 

C. 
X, 

7 X3 
10 R 

12 R 

14 C4 

22 

29 

30 

30 

30 

30 

30 

30 

30 

30 

33 

40 

41 

42 

46 

47 

51 

51 

X3 
X, 

X, 
X, 
X, 

X, 

X3 
X, 
X, 

X3 
C. 

X, 

X3 
R 

X, 

C. 
X3 
X, 

Stars 

WO.9, WO.7 t "1.4 48.5 

Wo.g, WO.7t n1.4 245 

n1.4 , WO.9t il1.4 291 

nl.41 Wo.g, nlA 554 

WO.9, nt.4, n1.4 14.8 

WO.9. n1.4. WO.9 89.5 

200 

396 

399 

52.7 

92.2 

191 

e, 
.39 

.37 .2 1 

.97 .99 

.78 .95 

.02 .48 

.51 .71 

E, 

-10.6 

-10.9 

-!l.5 

-9.47 

> 0 

-9.93 

n1.4, WO.9, WO.9 31.7 27.6 .96 .59 -!l .5 

nl.4, n1.4. n1.4 3.06 .00 -9.71 

.88 .86 -!l .5 

WO.9. nl .4, WO.7 0.36 2.34 .82 .90 > 0 

WO.9, wo.g, n1.4 

n1.4, wo .g·, n1.4 

n1.4, mo.7, n1.4 

WO.9. g8:f1, wO.7 

n1.4, wO.5, nl.4 

WO.9, n1.4 , WO.9 

23.2 

45.3 

889 

69 1 

561 

614 

544 

213 

122 

50.1 

50.8 

423 

10.4 

3.06 

18.5 

3.70 

n1.4, wO.91 n1.4 17.6 

n1.4, n1.., n1.4 24.9 

26.3 

87.8 

741 

763 

614 

625 

223 

143 

50.1 

31.4 

554 

1531 

23.5 

18.0 

!l.8 

24.9 

17.7 

.76 

.65 

.54 

.58 

.93 

.68 

.34 

.42 

.92 

.88 

.00 

.59 

.91 

.08 

.57 

.00 

.63 

.58 

.41 

.22 

.75 

.34 

.42 

.95 

.66 

.71 

.17 

.49 

.99 

.89 

.83 

.94 .37 

.37 .87 

- 9.11 

-10.3 

-11.7 

- 11.9 

-10.8 

-11.1 

-11.3 

-10.9 

-9.96 

-10.8 

>0 

-10.4 

-11.4 

-8.25 

+2.08 

>0 

-8.44 

-4.45 

J, 

0 .2 1 

0.22 

0.28 

0.23 

0.40 

0.59 

0.07 

0.05 

Ii = 108 

0.87 

0.17 

0.05 

0.04 

0.18 

0.25 

0.25 

3.12 

0.77 

0.62 

0.57 

0.17 

1.57 

0.90 

0.42 

0.95 

Comment 

May Collide 

Softens 

Softens 

Softens 

Binary Pulsar, Ejected 

Hardens 

Binary Pulsar, Ejected 

Hardens 

Hardens 

Hardens 

Hardens 

Hardens 

Hardens 

Hardens 

Hardens 

Hardens 

Ejected 

Hardens 

Hardens 

May Collide 

Ejected 

Ejected 



192 

52 X, WO.g, "1.4, n1.4 129 237 .00 .69 -7.61 0.60 Hardens 

54 XJ WO.9 , 01.4, 01.4 0.36 0.35 .86 .31 > 0 Ejected 

Ti = 3.10 7 Tf = 1.10' 

58 X3 "1.'1" g8:j4 , "1.4 61.3 45 .3 .36 .60 - 7.49 0.41 Hardens, Ejected 

59 XJ WO.g, WO.g, "v, 648 567 .90 .2 1 - 11.5 0.20 

59 X3 01.4, WO.9, nVi 567 981 .2 1 .44 - 11 .6 0.10 Softens 

62 X, n1.41 mO .7, "1.4 354 360 .48 .96 -10.7 0.26 Softens 

65 X3 01.4, mo.s , 01. 4 95.0 255 .94 .3 1 - 10.4 0. 70 Hardens 

66 X3 "1.4, WO.S , "1.4 41.6 58. 9 .31 .51 -10.8 0.41 

66 X, 0 1. 4 , 0 1.4, 0 1.4 58.9 51.3 .51 .45 -9.81 0.27 

73 C, nVl, mO.TI WO.9 111.3 96.9 .75 .6 1 -11.2 0.05 Hardens , Ejected 

75 C, Wo.g , mo.r, "1.4 1.97 5.15 .5 6 .43 > 0 Ejected 

60 X3 WO.91 rno.s, 01.4 211 219 .26 .6 3 - 10.1 0.69 Hardens 

65 X, WO.9! WO.SI n1. 4 955 1994 .65 .48 - 10.5 0.50 Ionizes 



Table Sf. 

run 

6.1.1 

# 

2 

3 

3 

3 

4 

5 

6 

6 

x 

X, 

C. 

X3 

X, 
X, 

C, 
C, 

X, 
X, 

9 X3 

13 R 

14 C 1 

17 X3 

17 X 3 

22 C 1 

28 C, 

29 R 

34 X, 

35 C 1 

36 X, 

36 X3 

36 X, 

36 X, 

41 C, 

44 X3 

45 X3 

45 X3 

45 X3 

50 X, 

50 C, 

60 R 

61 C, 

62 X, 

65 X~ 
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Star. 

WO.9, WO.71 nlA 77.8 

wO.9, 01.4, wO.? 0.25 

110 

0.32 

Wo.g! mO.r, D1.4 55. 9 49.3 

WO.g, nl .• , n1.4 15.8 14.0 

n1.4, 01.4, n1.4 14.0 20.5 

WO.9, mO.TI WO.9 2.81 6 .08 

Wo.g, we.g, n1.4 0.17 1.30 

01.4, WO .Tl 01.4 5.98 4.67 

D1.4 1 wO.7, 01.4 4.72 3.18 

ei 

.77 .94 

.00 .68 

-16.9 

-3.79 

.72 .68 - 16.6 

.93 .82 - 14. 6 

.86 .90 -16.0 

.58 .27 -5.19 

.86 .80 > 0 

.15 .6 9 -10.1 

.69 .37 +0 .69 

n1.4, Wo .•• nl.' 3.81 5.00 .02 .44 -0.39 

il1.4, 01.4, 0104 0.37 .83 

WO.9t 01.4, n1.4 0.52 

WO.g, mo.r, 01.4 40.8 

01.4, Wo.g, 01.4 30.6 

WO.91 mo.r, 01.4 29.3 

Wo .g, WO.9, 0Vi 0.59 

WO.9l 01.4 , 01,<, 1.63 

WO.91 w O.9, n1.4 11.4 

WO.9, WO.7, WO.9 0.93 

WO.9, WO.11 WO.9 32.1 

WO.1, WO.9, n1.oI 31.2 

n1.41 WO.7, n1.4 44.9 

WO.71 n1.4, n1.4 31.7 

WO.91 g&:?4 I 01.4 2.38 

WO.9! mo.7 1 WO.9 9.81 

WO.91 mo.7, n1.4 26.8 

01.4, WO.9, n1.4 39.6 

n1 .4, n1 .4, nl.4 25.3 

WO.9, mO.71 n1.4 70.9 

mO.1, n1.4, n1.4 64.2 

WO.g, WO.7, Ot.4 0.81 

n1.4, mO.T, n1.4 4.00 

WO.91 n1.4, n1.4 16.1 

Wo.g, g&J&, n1.4 9.85 

30.6 

11.5 

4.86 

4.96 

4.96 

31.2 

44.9 

31.7 

40.1 

0.52 

4.97 

39.6 

25.3 

17.9 

64.2 

23.9 

22 .2 

8.75 

.00 

.00 .75 

.75 .83 

.95 

.93 .91 

.85 .80 

.05 .97 

.97 

.00 .82 

.67 .70 

.70 .92 

.25 .46 

.00 .72 

.09 .49 

.03 .22 

.22 .46 

.58 .58 

.06 .91 

.93 .81 

.00 

.70 .91 

.00 .43 

.00 .70 

-16.9 

-15.2 

- 12.6 

-3.25 

-17.7 

-17.6 

-16.4 

-15.4 

-17.6 

-16.8 

>0 

- 6.77 

-13.2 

-13.9 

-15.6 

-17.2 

-17.2 

-15.8 

-11.9 

-16.8 

> 0 

0 .15 

1.47 

Comment 

T, = 1.109 'j = 2.106 

0.37 Harden. 

0.48 

0.74 Harden. 

0.61 Conta ct Binary 

Contact Binary, Ejected 

2.28 

0.44 Ejected 

7.81 

Ti = 5.10 1 

0 .17 

0.17 

1.42 

1.63 

Ti = 2. 10 1 

0.04 

0.04 

0.16 

0.65 

0.08 

0.28 

1.33 

1.58 

0.26 

1.01 

0.29 

0.30 

0.38 

0.87 

0.37 

Single Pulsar 

Hardens 

Contact Binary 

May Collide 

Hardens 

Contact Binary 

Harden. 

Hardens 

Hardens 

Bina.ry Pulsar, Ejected 

Hardens 

Hardens 

Ionizes 

May Collide 

Binary Pulsar, Hardens 

Hardens 

Ejected 
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67 X3 WO.9, g8:P I n1.4 65.5 62.4 .00 .07 -15.3 0.27 Hardens 

73 X, Wo.g, Wo.g. WO.9 58.9 21.5 .78 .54 -16.6 0.46 Hardens 

73 C. Wo.g, Wo.g, WO.9 21.5 11.0 .64 .67 > 0 Ejected 

76 C. We.g, WO.9J n1.4 5.51 0.42 .85 .68 > 0 Binary Pulsar, Ejected 

TJ =6 x 10· 

78 C. We.g. mO.1 , WO.9 27 .3 .95 .71 - 15.6 0.47 [onizes 

81 C1 Wo.g! mO.r, WO.9 3.57 .77 .88 -13 .3 1.62 

82 X, Wo.g, WO.1 ! n1.4 0.46 0.58 .96 .83 - 8.34 1.02 

Ti = 2.10 1 TJ = 3.10· 

85 X, n1.4 , wo.?, n1.4 1.25 1.23 .04 .82 - 8.85 2.33 

91 X3 Wo.g, Wo.1 l 01.4 6.03 11.6 .69 .85 >0 Ejected 

94 C, Wo.g 1 mO.r, WO.9 1.05 0.80 .56 .38 >0 Ejected 



Table 5g, 

run 

6.1.2 

# 

7 

11 

12 

16 

16 

18 

23 

23 

28 

28 

30 

32 

32 

32 

45 

47 

48 

50 

54 

x 

c, 
X, 

C. 

X3 

X, 
X3 

X, 
:1,-, 

X3 

X, 
X, 
X, 
X, 
X, 

C, 

X, 

C, 

C, 
C, 
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Stars R,n Pout e,: e f 

WO.7! g8:jl ! ,n1.4 3.90 1.40 .00 .53 

WO.51 rnO.4! nlA 91.7 96 .9 .96 .3 9 

mo.SI 01.4, nVI 0.96 7.87 .64 .88 

mO.TI mOA! nVI 9.49 10.7 .77 .58 

n1.4, mo.r, n1.4 10.7 17.9 .58 .78 

- 5.04 

- 14.6 

- 11.1 

-1 3.5 

-15.3 

3.38 

1.65 

1.32 

0.20 

1.37 

mO .T, m O.T , WO.9 247 138 .00 .95 -16.2 0.26 

1.73 2.60 .95 .66 -7.83 0.97 

2.60 1.78 .66 .46 -10.1 1.43 

rnO.5, WO.5, WO,9 

n1.4t n1.4, n1.4 

rnO.51 gg:~" I WO.9 

mO .T I mO.TI fi1.4 

22.9 

29 .1 

2.11 

20.4 

50.2 

104 

48.4 

9.29 

rnO.5, mO.TI n1.4 45.0 

mo.S I mO.TI WO.9 2.05 

WO.11 rno.!5, TI1.4 34.2 

29.1 

24.5 

9.58 

50.2 

104 

55.9 

16.5 

.91 

.95 

.82 

.89 

.83 

.88 

.66 

.67 

.95 

.89 

.79 

.68 

.84 

.74 

.92 

.07 

- 15.9 

> 0 

-13.7 

-12.6 

-16.4 

- 16.3 

-8.10 

-12.8 

0.62 

0.67 

0.89 

0.19 

0.48 

0 .41 

0.74 

.93 .99 -12.3 1.31 

.45 .73 -11.9 0.68 

.60 .70 -14.8 0.17 

55 X, g8:?" , mo.', n,.. 2.41 5.86 .00 .59 -8.94 1.04 

62 

67 

68 

71 

73 

76 

79 

80 

86 

94 

99 

100 X, 

WO.9t mO.TI n1.4 

mo.r, WO.Tt n1.4 

4.14 1.87 

1.07 2.05 

47.1 

39.5 

7.54 13,7 

.59 

.56 

.63 

.90 

.73 

.87 > 0 

.2 1 - 8.13 

.97 -16.1 

.5 1 -16.5 

.51 - 11.1 

2.53 

0.86 

0.54 

2.94 

mo .• , mo." n1.4 3.74 3.32 .50 .29 -6.74 1.32 

mo.S, WO.5. 01.4 62.6 

mo. T I WO.S, WO.9 85.0 

mo.TI mo.41 "1.4 10.3 

mo.5. mo .• , n1.. 36.3 

gg}8 , nl.4, n1.4 5.47 

45.7 

116 

25.7 

122 

.97 

.98 

.82 

.08 

.00 

.77 

.66 

.87 

-13 .3 1.02 

-11.6 

-7.12 

-17.3 

- 11.9 

1.46 

0.14 

0.22 

3.18 

.72 .16 -15.2 0.93 

Comment 

Binary Pulsar 

Hardens 

Hardens 

Hardens 

Ejected 

Hardens 

Hardens 

Ionizes 

Ejec ted 

Hardens, Ejected 

Single Pul,ar 

Hardens 

Contact Binary 

Contact Binary 

Binary Pulsar I Hardens 
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M13 Model 1. a - 1 AU. Mb = M0 • VI = 1.0-3.3 
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47Tuc Model 4, a = 1 AU, Mb = 1.68 M0 , VI = 1.5 - 4.0 
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M13 Model 1. a - 1 AU, Mb - 1.93 MG), VI - 2.5 
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M13 Model 1, a - 1 AU, Mb - 1.93 M0 , VI - 2.5 

o 1 2 3 

r/ro 

Figure 4 
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M3 Model 2, a - 1 AU, Mb - 1.27 MGh Vi - 2.5 
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i M3 Model 2. a - 1 AU. Mb - 1.27 M0 • VI - 2.5 
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47Tuc Model 3. a - 1 AU. Mb - 1.13 M0 • VI - 2.5 

o 1 2 

r/ro 

Figure 7 
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47Tuc Model 3, a - 1 AU, Mb - 1.13 M0' VI - 2.5 
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47Tuc Model 3, a - 1 AU, Mb - 1.13 M0 , VI - 2.5 

'-' 

0.: 
"C1 .. .:: 
'-. -o 

o 
o 1 2 

r/ro 

Figure 9 



1-0 
ca 
Q) 
>. 

""---' .51 
ca 

-.:t 
V 
..0 --0.. 

~ ... 
I 
0 -

I/) ... 
I 
o -

207 

47Tuc Model 4, a - 1 AU, Mb - 1.68 M0' VI - 2.5 
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Figure 10 



s.. 

-
ID 
o 

-- ~ t:l. . 
"1j 0 .. .: 
"-. 

C\2 
o 

o 

208 

47Tuc Model 4, a - 1 AU, Mb - 1.68 M~h VI - 2.5 
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Figure 11 
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M15 Model 6, a - 1 AU, Mb - 1.67 M0' VI - 3.0 

1 2 

r/ro 

Figure 13 
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M15 Model 6, a - 1 AU, Mb - 1.67 M0 , VI - 3.0 
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Figure 14 
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Model 2, run 2.1.1 
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Model 3, runs 3.3.1 and 3.4.1 
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Model 4 , runs 4.2 .1 and 4 .2 .2 
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Model 4 , runs 4 .3.1 and 4 .3 .2 

. . . . . - . . . . . r 1 Ina ra d d' t IS r . ., 
I 

. - - . . - . - . - . . -
rad . dis tr . ~ . . . -.. .. .. . -. initial 

I 
I 

-j , 
I 

-

-
.. ... . .... .. 

-

-

--.. . . .. . .. . . 

-

-
... . . . . .. .. .. 

I I I I I I I , I 

2 6 8 

Figure 16e 



z 

o 
co 

o 
C\l 

o 

I 
, 

-

'-

e-
.--_ . .. . . . .. 

-

-

e-

r-

-

I 

o 

219 

Model 5 , runs 5.1 .1 and 5 .2 .1 
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Model 6 , runs 6 .1. 1 and 6 .1.2 
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Model 6 , runs 6 .2 .1 and 6.2 .2 
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Model 1, run 1.1.1 , final distribution 
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Model 2, run 2 .1. 1, final distribution 
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Model 3, runs 3.3.1 and 3.4.1, final distribution 
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Model 3, runs 3 .3 . 1 a nd 3.4 . 1, fina l distribution, NS only 
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Model 4, run 4.1.1, final distribution, NS only 
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Model 4 , runs 4 .2 . 1 and 4.2 .2, final distribution 
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Model 4, runs 4 .21 and 4 .2 .2, final distribution, NS only 
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Model 4, runs 4.3.1 and 4.3.2, final distribution 
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Model 4, runs 4 .3 .1 and 4 .3 .2 , final distribution, NS only 
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Model 5, runs 5.1.1 and 5.2.1, final distribution 
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Model 5, runs 5 .1. 1 and 5.2 .1, final distribution, NS only 
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Model 6, run 6 . 1.1, final distribution, NS only 
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Model 6, run 6 . 1.1, final distribution, NS only 
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Model 6, run 6 .2 .1, final distribution 
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Model 6, run 6.2.1, final distribution, NS only 
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The End 


