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Abstract

The uncertainties related to the modeling of the dynamic behavior of a

structure are analyzed using a probabilistic approach.

First, the case of preliminary design is addressed, where the structure has
not yet been built. A new efficient and accurate numerical method is proposed
to investigate the resulting uncertainties in the structural response due to uncer-
tainties in the modeling process. where engineering judgement is used to quantify

the latter uncertainties.

Second, the case where records of measured structural response are available
to reduce the uncertainties in the structural models is addressed. The posterior
probability distribution of the uncertain parameters is found to be very peaked
at the values of some optimal parameters. These optimal parameters can be ob-
tained by minimizing a positive-definite measure-of-fit function. A new efficient
minimization algorithm is proposed to resolve difficulties in convergence of ex-
isting methods. The identifiability of the optimal parameters is also addressed.
The problem of finding the whole set of the optimal models that have the same
output at the observed degrees of freedom is resolved for the first time, by pre-
senting an algorithm which methodically and efficiently searches the parameter

space.
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Uncertainties in the modeling of the dynamic behavior of a structural
system. The input I is assumed known. Each parameter a specifies
a particular model in the class M with corresponding model output
history @. X denotes the system output history, and E denotes
the model error history. The sets S and @ do not overlap because
of the existence of model error. For some optimal model(s) corre-
sponding to some optimal parameter(s) 4, the model error reaches
its minimum. The parameter uncertainty is concerned with estimat-
ing the optimal parameters, and the uncertainty due to model error

is concerned with quantifying its “magnitude.”

Schematic representation of the steps leading to the probabilistic

modeling of a structural response.

SDOFT linear model of one-story building structure excited by ground

acceleration.

El Centro SO0OE acceleration record of the Imperial Valley Earth-
quake, May 18. 1940. This “El Centro record” is the applied base

excitation in all numerical applications of this thesis.

Expected response g(t), of a SDOF oscillator with fixed damping
ratio ¢ = 0.05, and uncertain natural frequency w, uniformly dis-
tributed over the interval = [1.7%,2.3@]% (El Centro record).

Two methods are used to obtain g(¢): (1) numerical integration

(solid curve) and (2) SMA (dashed-dotted curve).

Standard deviation of the response o4(#) for the SDOF oscillator of

Figure 2.4. The solid curve is obtained using numerical integration,
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while the dashed-dotted curve is obtained using SMA.

PFigure 2.6 Response g(t;w) at fixed time ¢t = ¢, = 5 sec, against the natural
frequency w in Hz for the SDOT oscillator of Figure 2.4. The solid
curve is exact, while the dashed-dotted parabola corresponds to the

truncated Taylor series expansion given by the right hand side of

(2.5.8).

Figure 2.7 Expected response §{f) and its corresponding standard deviation
04(2), for a SDOF oscillator with fixed damping ratio { = 0.05 and
uncertain natural frequency (EI Centro record). The solid curve cor-
responds to w being uniformly distributed over the interval [0.85,1.15]Hz.
resulting in (@, «,) = (1Hz, 8.66%), while the dashed-dotted curve
corresponds to w being Gamma distributed with the same two first

moments as in the previous case.

Figure 2.8 (a) Gamma distribution of an uncertain parameter a; with a; = 1

and a,; = 0.10 (pq; = 100,v,, = 100).

(b) Gamma distribution of an uncertain parameter a; with a; = 0.05

and o,; = 0.20 (p,, = 500, Va; = 23).

Figure 2.9 Multi-story planar shear building structure excited by a ground ac-

celeration.

Figure 2.10 Modal frequencies w,(8),r = 1,2, 3 against 8;,¢ = 1,2, 3 for a three-
story planar shear building with uniform mass m; = mp and inter-
story stiffness k; = ko6;,2 = 1,2,3 (ky = 2000mpsec™2); while each

8; is varied, the remaining 8; # 8; are kept constant, equal to unity.
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1,2,3, against 8;,¢ = 1,2,3, for the different modes r = 1,2,3, of
the three-story planar shear building of Figure 2.10; while each 8; is

varied, the remaining 8; 3 8; are kept constant, equal to unity.
Continued.

Points 8" chosen to interpolate quadratic approximations in 8 to
various modal quantities, which are functions of #, as discussed in
Section 2.8. In this case, Ny = 3, resulting in N; = 10 required
points .

Normalized pdfs of the modal frequencies w,,r = 1,2,3, for the
three-story planar shear building of Figure 2.10. Each 8, = 1,2,3
1s assumed to be independently Gamma distributed with (8;, ap,) =
(1.,.10). The solid curve is obtained using the approximations in
Section 2.8, while the dashed-dotted curve is obtained using simula-

tions.

Expected response §(t) of a SDOF oscillator with independently
Gamma distributed damping ratio ¢ and frequency w; @ = 1Hz,
o, = 0.10,¢ = 0.05. a¢ = 0.20 (El Centro record). The solid curve is
obtained using numerical integration, while the dashed-dotted curve

is obtained using the approximations of Section 2.9.

Standard deviation o,(t) for the SDOF oscillator of Figure 2.14.
The solid curve is obtained using numerical integration, while the
dashed-dotted curve is obtained using the approximations of Section

2.9.

E[8" |w,] for a three-story shear building with uniform mass m; =

my and interstory stiffness k; = ko8;, i = 1,2, 3 (ko = 2000mpsec™2).
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Each &;, : = 1,2,3 is assumed independently Gamma distributed
with (8;,ap,) = (1.,.10). The solid curve is obtained using sim-
ulations, while the dashed-dotted curve is obtained using the lin-
ear approximation (2.10.11). The dashed curve corresponds to the

marginal pdf of w,, appropriately scaled.

E[giV(1)] for a three-story shear building with uniform mass m; =
mo and interstory stiffness k; = ko8;, 1 = 1,2,3 (ko = 2000mpsec™?).
Each 6;, : = 1,2,3 and each damping ratio (., r = 1,2,3 are as-
sumed independently Gamma distributed with (8;, ap,) = (1.,.10)
and (Cr, ac, ) = (0.05,.20) (El Centro record). The solid curve is ob-
tained using numerical integration, while the dashed-dotted curve is

obtained using the methodology of Section 2.10.1.

qu(t) for the same three-story shear building as in Figure 2.17.
3

The solid curve is obtained using numerical integration, while the
dashed-dotted curve is obtained using the methodology of Section
2.10.1.

Elq3(t)] for the three-story shear building of Figure 2.17. The solid
curve is obtained using numerical integration, while the dashed-

dotted curve is obtained using the methodology of Section 2.10.

0q45(t) for the three-story shear building of Figure 2.17. The solid
curve is obtained using numerical integration, while the dashed-

dotted curve is obtained using the methodology of Section 2.10.

(a) Successive minimizations along coordinate directions in a long,
narrow “valley.” Unless the valley is optimally oriented, this method

is extremely inefficient, requiring many steps to get to the minimum.
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(b) Magnified view of a 1-D minimization step.

Contour map of J(6,,8:), appropriately normalized, for the exam-
ple of Section 3.10.1, where simulated data corresponding to the
response at the roof of a uniform two-story planar shear structure
are used. (Lack of smoothness in some of the controls is due to the

finite resolution of the grid used.)
(a) Space S(8) for the example of Section 3.10.1.

(b) Space S(w) for the same example. Each point w € Si(w) is the
image of two points in S5(8), one belonging in the region ©; and the
other in the region ©;, while each point in the boundary Sp(w) is
the image of only one point in S(8), belonging in the straight line

Sgp(8) separating ©; and O,.

Curves in the §-space along which w; is constant, for the case of the

two degree of freedom shear model of Section 3.10.1.

(a) Contour map of J(w]|©;) = J{w|O2), appropriately normalized.

for the example used in Figure 3.2.

(b) Magnified view of the contour map of Figure 3.5(a) in the neigh-
borhood of w(#) = (27.64, 72.36) rad/sec.

Contour map of J(8,,82), appropriately normalized, for the exam-
ple of Section 3.10.1, where simulated data corresponding to the
response at the first floor of a uniform {wo-story planar shear struc-

ture are used.

{a) Contour map of J(w|@;) (left) and J{w|O2) {right) for the ex-
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(b) Magnified views of the contour map of J{w|©;) (left) and
J(w]|®2) (right), in the neighborhood of w(f) = (27.64,72.36)

rad/sec for the example used in Figure 3.6.

Path followed by the minimization algorithm proposed in Section
3.11 for the two-story shear building of Section 3.10.1. Two modal
sweeps are sufficient to reach the optimal solution 8, = [1.0,1.0]7.
(Py =80 P, = g% P, = 02 = 910 P, = g1 P, = g12 = p =
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Schematic representation of the algorithm proposed in Section 3.12
to investigate the model identifiability of the stiffness parameters 8

for the two-story shear building example of Section 3.10.1.

Effective participation factors ﬁ:-(r) corresponding to the six-story
shear buildings with parameters § given by the equivalent _é_ param-
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floor number 7 = 1,...,6 and for all modes r =1,...,86.
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Chapter 1

Introduction

1.1 Motivation and Objectives

Uncertainties are inherent when investigating any engineering or physi-
cal problem. The principle of uncertainty of quantum mechanics, formulated by
Heisenberg, states that the accurate measurement of either of two related quanti-
ties, such as position and momentum or energy and time, produces uncertainties
in the measurement of the other. Uncertainty in this context is the inaccuracy of
measurements, and accounts for possible differences between the measured value
and the unknown true value of a quantity. Uncertainty is not only associated
with a measured quantity, but also with quantities whose values are predicted
using empirical or mathematical models. In this case, uncertainty reflects the
inaccuracy involved in predicting the value of a quantity, and accounts for possi-
ble differences between a predicted value based on existing relevant information,
and the unknown true value of this quantity. Because the uncertainty can take
on various values over a range, it is treated as a random variable, that is, a vari-
able whose possible values have an associated probability distribution describing
how plausible each value is for the uncertain quantity, on the basis of the given

information.

In structural dynamics, the uncertainties involved can be divided into two

mMajor categories:

1. Uncertainties in the specification of the applied external loads. Many of
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the structural excitations encountered in practice are uncertain before their
occurence. Some examples are: seismic excitations, blast loadings on struc-
tures, water wave excitations, wind excitations, aerodynamic turbulences,
etc. The terminology “random vibration” analysis is often used to designate
the particular category of problems dealing with the response of determin-
istic systems to uncertain loads. There exists an extensive body of work in
this area, which is well reviewed by Benaroya and Rehak [1988]. Random

vibration analysis is not the principal subject of this work.

Uncertainties related to modeling the structure itself. Figure 1.1 helps to
visualize the uncertainties introduced during such a modeling. It is assumed
that a class of models is specified by choosing the general mathematical
form which is expected to describe the essential features of the input-output
relation of the system. There are two types of uncertainty introduced when
modeling the structural behavior with a model of the specified class. The
first type of uncertainty is concerned with which model in the class is the
most appropriate to model the system. This type of uncertainty will be
referred to as “parameter uncertainty,” since certain parameters must be
assigned unique values in order to specify a particular model within the
given class; therefore, uncertainty in the specification of the most appropriate
model within the class can be viewed as uncertainty in the specification
of its parameter values. For example, there is uncertainty when choosing
the stiffness or damping parameters of a finite element model, caused by
variations in material properties, manufacturing and assembly techniques,
uncertainties in measurements due to testing errors, variation of the physical
properties with the passage of time as a result of wear and tear, etc. The
second type of uncertainty is concerned with how well the class of models
approximates the behavior of the system, and is due to the inaccuracies
and assumptions introduced in the mathematical modeling of the structure,

such as lack of understanding of the materials’ constitutive behavior, inexact
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modeling of boundary conditions and simplifications introduced in order to
make the model computationally feasible. This second type of uncertainty,
which stems from the fact that no mathematical model is good enough to
exactly represent the behavior of a real system, is the cause of what will be

referred to as “model error.”

If we introduce probability to describe the parameter uncertainties, they
may be mathematically modeled as random variables, as stochastic processes in
space, or as stochastic processes in time. Systems with uncertain parameters
fluctuating in time, constitute the field of “parameter random vibrations,” and
are well reviewed by Ibrahim [1983], but this subject is not of direct interest in
this work. In some instances, such as shrinkage and creep, the system evolves as a
time-dependent stochastic process [Bazant and Wang, 1984; Bazant 1986]. Time-
dependent, uncertain parameters will not be considered in this work. The terms
“stochastic field” or “random field” are often used to denote stochastic processes
in space. Simulation and perturbation techniques are often used [Shinozuka 1987;
Shinozuka and Deodatis, 1088; Vanmarcke et al., 1986] to obtain the statistical
properties of the response of systems with probabilistically-modeled spatial dis-
tribution of material properties. This work will focus on discrete, time-invariant
systems, and, therefore, the uncertain parameters will be modeled as random
variables. To describe the model error probabilistically, an appropriate probabil-
ity model will be adopted. Here, this probabilistic formulation will be based on

an output-error approach.

The uncertainty of structural characteristics has a direct relationship to the
reliability of many engineering structures. The degree of sensitivity of structural
response to a possible variation of a structural parameter is of great importance
during a reliability analysis, especially if a small perturbation can result in sig-
nificant changes of the free or forced response amplitudes. For example, this
sensitivity analysis is of great concern to those who are involved in the control

of large flexible space structures [Meirovitch et al., 1983], since when a control
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system is designed for natural frequencies whose values are assumed to be exact,
the model errors and structural parameter uncertainties may deteriorate the per-
formance of the control loop, and may even make the controlled system unstable.
The property of robustness is therefore desirable, that is, the control system’s
performance is desired to be relatively insensitive to model errors and structural

parameter uncertainties.

1.2 Outline of This Work

It is the objective of this dissertation to analyze the uncertainties of a
structural model, and to present techniques to account for them when calculating
the structural response to a given excitation. Although the motivation stems
from an interest in the analysis of the response of structural systems, such as
buildings, bridges, and dams, to earthquake excitations, most of the discussion
and results presented are general and can easily be extended to other applications
of structural dynamics. It will be assumed that the structural model lies within a
class of parametric models, and that the statistical uncertainties of the model are
described by the uncertainties of its parameters and the model error for the class.
The model parameters will be assumed to be time-invariant but uncertain, and.
therefore, a time-independent joint probability density function will be assigned
to them. Probability will be used in the Bayesian context, that is, probability
is treated as a multi-valued logic for plausible reasoning, and not as a relative

frequency of events in the “long run.”

Two different approaches are used in modeling the dynamics of a structure
and analyzing the uncertainties associated with the chosen model, depending on
whether test data is available or not. In Chapter 2, the problem addressed is
updating of the description of model uncertainties when no records of measured
response of the structure are available. This is particularly the case during de-

sign, when the structure has not yet been built. In this case, the structural
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model can either be based on empirical code-type formulas, or it can be synthe-
sized from the structural drawings using finite element techniques, supplemented
by empirical methods in order to estimate parameters, such as those describing
structural damping, which are difficult to determine by synthesis. The uncer-
tainties of the model parameters, as well as the uncertainty due to model error,
are quantified using any available information and the engineer’s judgement and
experience. The joint probability density function assigned to the uncertain
parameters corresponds to an & priori probability density function within the

context of Bayesian probability.

An extensive number of publications demonstrating various methods of es-
timating the statistics of the uncertain model response given the statistics of the
parameter uncertainties are available. Some publications used simulation meth-
ods to investigate the effects of uncertainties in structural properties [Shinozuka
1972; Shinozuka and Jan, 1972], while others used perturbation methods to com-
pute first and second moment statistics of response quantities [Chen and Saroka,
1973, 1974; Contreras 1980; Hisada and Nakagiri, 1981, 1982; Vanmarcke and
Grigoriou, 1983; Branstetter and Paez, 1986; Liu et al., 1988b; Liu et al., 1987].
Simulation techniques are quite powerful but, in general, are very costly and
time consuming, since they require a large number of numerical solutions. This
disadvantage becomes evident when one deals with large or even medium-sized
systems, where numerical simulation becomes unrealistic on conventional digital
computers. In addition, simulations provide limited insight into the behavior and
sensitivity of the system under different parameter uncertainties. Perturbation
techniques, on the other hand, are easily integrated into existing computer codes
of deterministic structural dynamics, but they suffer from inaccuracy and ques-
tions of convergence when dynamic, particularly transient, and wave propagation
problems are considered. Liu et al. [1988a] came across these problems when
using the second moment approach method, based on a truncated Taylor series

expansion of the model response with respect to the uncertain model parameters.
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Beck and Katafygiotis [1989] showed that much better results are obtained using
a truncated Fourier series expansion of the model response with respect to the
uncertain model parameters. Jensen [1989] extended this idea to more general
orthogonal series expansions. In Chapter 2 a new, efficient approximate method
is presented to investigate the uncertainties in the structural response due to

uncertainties in the modeling process.

In Chapter 3, the problem addressed is updating of the description of model
uncertainties when records of structural response are available. In this case, struc-
tural information contained in the available records is extracted, and is used to
update the initial estimates of parameter uncertainty, and the uncertainty of the
model error. The probability density function modeling the uncertainties of the
parameters and the model error, after the updating, is also referred to as the pos-
terior probability density function. The posterior probability density function is
usually very peaked at the values of some “optimal” parameters. These param-
eters optimize, within the framework of an “output-error” approach, the match
between the recorded and the corresponding model responses. It is asymptoti-
cally correct for large sample sizes to use only the models corresponding to these
optimal parameters, when the model response and its associated uncertainty is

calculated for structural response predictions [Beck 1990].

It 1s shown that conventional minimization algorithms used during the opti-
mization are inefficient and time consuming. At the same time, they suffer from
severe convergence difficulties, which prevent them from reaching the global op-

timal parameters. A new algorithm is presented to overcome these difficulties.

Furthermore, in Chapter 3, the issue of identifiability of the optimal param-
eters is explored. The optimal parameters are said to be identifiable if they can
be determined uniquely from the given input and output of the system. Explor-
ing identifiability in the case of real data is a very difficult task, because of the

presence of model ertor and measurement noise. Even for the case of simulated
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data with zero model error, the issue of identifiability has not been completely
resolved. Uniqueness of the optimal parameters reached by means of an optimiza-
tion algorithm is often assumed. In other instances, although theoretical analysis
shows that uniqueness is rather unlikely [Udwadia et al., 1978a; Udwadia et al.,
1978bl, no tool is given to assist in a systematic search for finding all sets of
optimal parameters. A new methodology is presented to search the parameter
space for “output equivalent” sets of parameters, that is, for sets of parameters
corresponding to models having exactly the same response at the observed de-
grees of freedom when subjected to the sarme input. In the case of noise-free data
and no model error, this methodology resolves the identifiability issue. In the
case of real data, there is no guarantee that all optimal solutions are “output
equivalent” to each other. Therefore, in the case of real data, the task of finding
all optimal solutions becomes extremely difficult, especially because there may no
longer be a finite number. Although 1t is still not within reach to guarantee that
all possible sets of optimal parameters have been found, the set of all “output
equivalent” optimal parameters is at least a first step toward accounting for the

identifiability of the optimal parameters in the predictive response.
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Figure 1.1 Uncertainties in the modeling of the dynamic behavior of a structural
system. The input [ is assumed known. Each parameter g specifies
a particular model in the class M with corresponding model output
history ). X denotes the system output history, and £ denotes
the model error history. The sets § and Q do not overlap because
of the existence of model error. For some optimal model(s) corre-
sponding to some optimal parameter(s) g, the model error reaches
its minimum. The parameter uncertainty is concerned with estimat-
ing the optimal parameters, and the uncertainty due to model error

is concerned with quantifying its “magnitude.”



Chapter 2

Structural Uncertainties in Preliminary Design

2.1 Introduction

This chapter deals with uncertainties in the mathematical modeling of a
structure when no records of measured response of the structure are available. It
is assumed that a parametric model has been chosen to represent the input-output
relationship of the structure. The uncertainties associated with the choice of the
mathematical model, and the techniques used to account for these uncertainties
when calculating the structural response, will be the focus of this chapter. The
goal i1s to provide the engineer doing dynamic design with a tool to go beyond
checking the norinal dynamic response to specified excitations for a preliminary
design; the engineer will be able to examine the associated uncertainty in the
response, due to the fact that the completed structure will not have precisely
the model parameter values that were assumed, and also due to the fact that no
model gives an exact description of a structure’s dynamics. A brief discussion of

the mathematical modeling of a structure follows, based on Beck [1978].

2.2 Modeling of a Structure

A structural model is defined here to be a mathematical representation
which approximates the relation between the input and output of a structural
system. The terms input and output are used here in the technical sense; in the
case of existing data, they refer to the observed portions of the excitation and

the response, while in the case where no data exists, they refer to the assumed
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excitation and the response quantities which are to be predicted.

The models that can be employed are classified into two principal categories,
parametric and non-parametric. At the preliminary design stage, only paramet-
ric models are available, since non-parametric models must be identified from
records of structural response; they cannot be derived directly by theory. A
parametric model consists of a particular mathematical form chosen to describe
the essential features of the input-output relation of the system under study, but
certain parameters must be assigned values before the model is completely spec-
ified. When referring to the general mathematical form describing the internal
structure of a system, the term “theoretical model” will be used. A useful in-
terpretation of a theoretical model is that it is a generic form defining a whole
class of models M. Let g denote the parameters which are needed to com-
pletely specify a parametric model, then a particular model is specified by the
pair (M, a). To illustrate this, consider a one-story building subjected to base
excitation represented by the single-degree of freedom (SDOF) linear model of
Figure 2.2. This model is mathematically expressed in the time domain by the

differential equation:
m§ +cq + kg = -mi(t) ; q(0) = 90,4(0) = do (2.2.1)

where ¢(t) is the relative displacement of the model and 2(¢) is the base ac-
celeration; the mass m, the viscous damping ¢, and the stiffness k&, are the
physical parameters, which, along with the initial displacement g and the ini-
tial velocity gp, constitute the set of parameters to be specified. Therefore,

a=[m,c, kagﬂng]T'
Equation (2.2.1) can be rewritten using alternative parameters:
§+20wg +w’q = —£(t) 5 9(0) = 90,4(0) = do (2.2.2)
where w, the fundamental frequency of oscillation, and ¢, the damping ratio, are

now the model parameters, which, along with the initial conditions gq and g,

constitute the set of parameters to be specified. Therefore, a = {w, {, go, §o]” .



-11 -

The parameters g can be chosen from empirical code-type formulas, using the
engineer’s judgement and experience, or can be constructed by synthesis, using
structural drawings. For example, the mass or stiffness elements can be derived
from the properties of the structural subcomponents and their interactions, using
a finite element discretization, while the damping ratios cannot be constructed
by synthesis; their values must be assigned empirically from experience obtained

from existing similar structures.

It is obvious that when parameters are to be chosen from empirical code-
type formulas. there is an uncertainty as to which value corresponds to the model
which will more realistically represent the real structure’s behavior. Yet even for
the parameters which are evaluated by structural synthesis, there is a great deal
of uncertainty when estimating them, due to uncertainties associated with the
properties of structural and nonstructural components and their interconnec-
tions, and due to the simplifications and assumptions necessary to ensure that
the model is computationally feasible. If deterministic values are assigned to the
model parameters g, these uncertainties are not accounted for, and the computed
structural response will represent only one result in a spectrum of possibilities.
To treat the parameter uncertainties when evaluating the structural response, a
probabilistic approach can be followed. A probabilistic approach can also be fol-
lowed to account for model error, that is, the errors caused by the inability of any
model within the particular class to represent the real structural behavior. The
probabilistic modeling of the structural model uncertainties will be addressed,
but first, the concepts of Bayesian probability are defined in the following sec-

tion.

2.3 Probability Logic

We employ probability to quantify the uncertainties involved, but we use a

“Bayesian” interpretation. that is, we treat probability as a multi-valued logic for
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plausible reasoning subject to certain axioms [Beck 1990; Jaynes 1968, Jeffrevs
1961]. Specifically, the probability of a given b, P(a|b) denotes a measure of the
plausibility of the proposition a given the information stated in proposition b.
The propositions may refer to observations or measurements, or they may refer
to hypotheses about probability models, for example. Note that for most of the
applications of interest in this study, the common interpretation of probability

as a relative frequency of occurences in the long run does not make sense.

The calculus of probability logic is defined by the axioms of mathematical
(Boolean) logic together with three additional axioms:

0K Plal) <1 and Plala)=1, 2) P(a|d)+ P(not alb) =1

and 3) P(a,b|c) = P(alb, ¢)P(ble)

UM

where “” represents the propositional conjunction “and.” It has been shown
[Cox 1961], that the content of axioms 2) and 3) is a necessary consequence of
the requirement of consistency with mathematical logic, although the form of all
three axioms is conventional. The axioms lead to esssentially the same calculus
as the Kolmogorov axioms of “mathematical” probability, except that all proba-
bilities are “conditional” in the sense of Kolmogorov, because the plausibility of

a proposition clearly depends on the information available.
At this point, Bayes’ theorem is stated:

P(bla,c)P(alc)

P(alb,c) = PlS)

(2.3.1)

Bayes’ theorem is a consequence of the above stated axioms of probability logic
and can be applied to data to extract information about the values of a parameter
set of a model [Beck 1990; Box and Tiao, 1973; Peterka 1981]. This will become
evident in Chapter 3, where it is assumed that structural response data are

available.
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2.4 Probabilistic Modeling of Structural Model Uncertainties

Often the uncertainties associated with some of the model parameters are
considered negligible compared with the uncertainties of the other parameters,
and, therefore, these parameters are treated as deterministic. For example, the
initial conditions are often treated as deterministic because the system is as-
sumed to start from rest, or the masses associated with the different degrees of
freedom (dof) of a structure are often assumed known accurately enough from
the structural drawings, so that they can be considered fixed. These param-
eters will be treated as an inseparable part of the theoretical model so that the
parameters g needed to specify a particular model within the class refer to the
uncertain parameters only. Figure 2.1 helps to visualize the procedure leading to

the probabilistic modeling of the structural response.

Consider a theoretical model M with uncertain parameters ¢ € RV, To
account for the initial parameter uncertainties, M is assumed to specify a joint
probability distribution 7,(a) so that p(g|M) = mz(a). This joint probability
density function (pdf) mg(a), assigned without using test data from the struc-
ture, is often called the “prior” distribution, and it is chosen subjectively based
on past experience dealing with similar structures. Usually, a convenient mathe-
matical form i1s chosen which is roughly consistent with the engineer’s judgement
regarding the relative plausibilites of different values of a. Often, knowing one
parameter a; does not influence judgement of the plausibilities of values of the
other parameters, so the parameters are mutually irrelevant to one another and
their pdf’s can be specified independently. In the case of correlated uncertain
parameters, the fact that the associated covariance matrix can be diagonalized
can be utilized to obtain a new transformed set of uncorrelated parameters [Liu

et al., 1986; Dias et al., 1986]. Therefore, without loss of generality, it will be
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assumed that the joint pdf can be expressed as the product of the separate pdf’s:

No
ma(@) = [] 7e; (a5) (2.4.1)

j=1
Let g(t;2,I, M) € RY™R be the deterministic response at time ¢ of a particular
model M = M (M, g) to an input I. Let z(¢; /) denote the response that would be
observed if the real structure was subjected to the same input. In the following,
for the sake of brevity, the symbols ¢ and I will often be assumed without being
explicitly written. For example, z = z(t) = z(¢; I). If discrete times are being
used, then z,, = z(¢,) = z(tn;I). Also, often when the parameters g of a
theoretical model M are referenced, the symbol M is assumed. For example,

q(ta, I, M) = g(t;a,1) = g(t;2) = ga).

As mentioned earlier, because of the simplifications and assumptions used in
choosing the particular class of models M, there is an uncertainty concerning how
accurately the response of any of its members M can predict the real response.
To account for this model error, a class of probability models M p parameterized
by [¢7,aT])T € RNetNs is introduced, that is, M p preseribes a function f giving

the probability of the system output:

p(zla,g, Mp) = f(z;8,2) (2.4.2)

The dependence on the input I has been suppressed in the notation at both
sides of (2.4.2), and will remain suppressed throughout this chapter. Mp is also
specifying the prior pdf 7, (g, ), so that p(g,g|Mp) = 7, s(a,g). Assuming
g and g to be independent leads to 7, 5(a,2) = m,(a)7m,(g). The pdf 7,(g) is
chosen subjectively, as was done for 7,(a). It will be assumed that f(z;a,0)isa

joint Gaussian distribution with mean g(g) and covariance matrix X(g) so that:

flz;a,0) = G(z; g(a), Z(a))

= 1 exp (-—%[ﬁ — g(g)]Tqu(g_)[i - 2(&)])

 (2n) R |3(e)l}

(2.4.3)
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If the uncertainties for each of the elements z; of z are assumed independent

of each other, then the covariance matrix is diagonal with elements . In this

case: N
;]
flzig,g) = ]| G(zj;9;(a),03) (2.4.4)
j=1
e 2 ! (z; — g5(a))®
G($j;gj(g),0'j) = \/Q—FU_EXP _—_20_2__ (2.4.5)
7 J

Under the additional assumption that all ¢;’s are equal to o, (2.4.4) becomes:

1 1 &=
flz;a,0) = WEXP (—50_—2 ;(m_, - q_j(g))z) (2.4.6)

Denote by S(a) € RN= and S(g) € RN~ the set of allowable values of g and
¢. The pdf p(z|Mp) of the response z(t), based on the axioms of probability

logic and assuming that g and g are independently distributed, can be expressed

p(zlMp) = ] ] p(zla, o, Mp)p(@lMp)p(gl M p)dade
s(a) S(o)

= ] / F(z; , 2)7q (a)7o () dada (2.4.7)

The first two moments of the above distribution, assuming f(z;a,o) is given by

=1 =)

(2.4.3), are proved in Appendix A to be:

Z=E[z)JMp]= f g(a)mq(a)de (2.4.8)
S(a)
Cov(z) = / 9(a)g(a)ma(a)da — 22" + f Y(g)mq(e)do (2.4.9)
S(a) S(=)

Under the additional assumption of uncorrelated uncertainties of the elements
z; of z, which is the assumption that led to expression (2.4.4), the expressions

for the first two moments of z; become:

Z; = Elz;lMp] = j g;(a)7.(a)da (2.4.10)
S(a)
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Var(z;) = f g} (@) (a)da — 2% + Elo?] (2.4.11a)
sla)

or, if the additional assumption of equal variances o; = ¢ is employed:

Var(z;) = / g (@)ma(a)da — 2% + E[0?) (2.4.11b)
S(a)

By noting that:

3; = E[g;|M] = f g;(@)p(alM)da

S(e
@ (2.4.12)
= f g;(a)ma(a)da
S(a)
equation (2.4.10) implies that:
Z; =g (2.4.13)

that is, the expected structural response is the mean model response. Also by

noting that:

Var(g;) = Var(g;| M) = = j (g5(e) — 7;)*p(alM)da
S(a)

(2.4.14)
- [ d@m(eda- 2
s
equations (2.4.11a) and (2.4.11b) imply that:
Var(z;) = Var(g;) + Elo?] (2.4.15a)
or
Var(z;) = Var(g;) + E[o?] (2.4.15b)

Hence, the variance of the structural response is equal to the variance of the
model response due to the uncertain parameters, plus the mean variance of the

model error.
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The rest of this chapter focuses on the evaluation of the first two moments of
the g;’s given by (2.4.12) and (2.4.14) and is an extension of the work presented
in Beck and Katafygiotis [1989]. The first two moments of the z;’s are then
given by (2.4.13) and (2.4.15a) or (2.4.15b). In the following section, some of the
technigques most used to evaluate the first two moments of the g;’s are reviewed

and evaluated.

2.5 Ewvaluation of Existing Techniques

It can be seen from expressions (2.4.12) and (2.4.14) that the evaluation
of the first two moments of the g;’s requires integration over an N,-dimensional
space. This, and the fact that the model response g(g) does not depend linearly
on g, make this problem difficult. Analytical evaluation of these high-dimensional
integrals is generally not possible, except for very specific cases where particular
choices of g and m,(a) are assumed. The particular case of a SDOF oscilla-
tor, where its frequency and damping ratio are uncertain and probabilistically
modeled by independent Gamma distributions, is a specific example that can be
treated analytically and will be addressed later in Section 2.9. Therefore, numer-
ical techniques have been developed to evaluate approximations of the above
integrals. These methods can be broadly classified into two major categories:
(1) methods using a statistical approach and (2) methods using a non-statistical
approach. The first category consists of simulation technigues, among which
the Monte Carlo method is the most prevalent one. Simulations can become
computationally prohibitive, since their accuracy depends on the sample size, in
accordance with the “Weak Law of Large Numbers”[Larson 1979]. Numerical
integration methods and perturbation methods belong to the second category.
Nurmerical integration methods suffer from the same disadvantage as simulation
methods, in that they, too, can become prohibitively expensive, since the number
of response soluticns to be evaluated increases exponentially with the dimension

N, of the integrals to be approximated. In addition, both simulation and numer-
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ical integration methods provide limited insight into the behavior and sensitivity
of the systern under different parameter uncertainties. Perturbation techniques,
on the other hand, have been very attractive because of their computational effi-
ciency, and also because they are easily integrated into existing computer codes
of deterministic structural dynamics. The most severe drawback of perturbation
methods is that they can become very inaccurate when the assumed parameter
uncertainties are not sufficiently “small” [Liu et al., 1988a]. This disadvantage
becormes particularly significant when problems of dynamic nature are analyzed,
as will be shown in the next section, where the most commonly employed per-

turbation method, known as the second moment approach, is presented.

2.5.1 Second Moment Approach

The second moment approach (SMA) is an approximate perturbation
method often used to evaluate the first two moments of a function of uncertain
variables. It is based on a truncated Taylor series expansion of the function about
the expected value of its uncertain variables; only terms up to second order are
retained [Ditlevsen 1981]. This function approximation is used later to derive
its first two moments. To clarify ideas, consider the particular case where the
first two moments of g; are desired. Expanding g;(g) in a Taylor series about
the expected value @ of its uncertain parameter vector g, and retaining the first

three terms only, we obtain:

gi(a) = g;(@) + >
k= (2.5.1)

By replacing gj(a) in (2.4.12) and (2.4.14) with the above approximation, the

SMA approximate expressions for the expected value and the variance of g; are
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obtained:
1 N (o g;(a)
g; = gj(a) + 5 5 ; ; (6ak3az _Cov(ak, ar) (2.5.2)
N, N,
dq;(a dg;(a
Var(g;) & kz ( g{fk) ] (ga;) _Cov(ak,al)) (2.5.3)
=1 e=a 2=3
Under the assumptions of (2.4.1):
Cov(ay, ar) = dx (2.5.4)

where 6z is the Kronecker delta function. Therefore, Equations (2.5.2) and
(2.5.3) can be simplified:

5% @)+ Z ’?aif'()%)  Var(as) (2.5.5)
N, 2

Var(g;) = > ( aqaﬂcfﬂ) ) Var(ax) (2.5.6)
k=1 a=a

It is important to note that all that is required by the SMA method for calculation
of the first two moments of a function of uncertain variables is the mean value and
the covariance matrix of the uncertain parameters. In contrast, both simulation
and numerical integration methods require knowledge of the joint probability
density function m,(a). The accuracy of the SMA method is controlled by the
variance of its uncertain parameters; the smaller these variances, the better the
accuracy, since the approximation of g;(g) by the truncated Taylor series expan-
sion of (2.5.1) becomes more accurate as |a — g| becomes smaller. The important
question of how “small” the parameter variances have to be in order to obtain

acceptable accuracy using SMA has not yet been fully resolved.

In the next section, an application using SMA is illustrated. It will be
shown that even for the case of “reasonable” parameter uncertainty, viewed from
a preliminary design standpoint. SMA can lead to very inaccurate results when

applied to problems of structural dynamics.
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2.5.2 An Application Using SMA

Consider a one-story building subjected to base excitation and repre-
sented by the viscously damped SDOF linear model of Figure 2.2. Assuming
zero initial conditions, this model can be expressed mathematically by the dif-
ferential equation:

§+20wg +w?qg=—%(t); g(0)=0, §(0) =0 (2.5.7)
where w = 4,/% is the natural frequency of oscillation and ( = = is the

2w

damping ratio. Assume, for illustrative purposes, that the damping ratio ( is

deterministically known, while the frequency w is uncertain, with a mean value
2

Elw] = @ and a variance Var(w) = o2. This is a case of a single uncertain

parameter, g = [w]. The truncated Taylor expansion of (2.5.1) becomes:

(4,9) = () + 0w — ) + 30()(w -5 (258)
where
o) =a60) 012 T mann=TLEL s
The differential equations for go(?), ¢1(t) and ¢2(t) are given by:
do + 2(@go + @0 = — (1) ;qo(0) =0 . §o(0) =0 (2.5.10)
§ + 22 +0%q = =204 — 2@g0 ; q1(0) =0, ¢:(0)=0 (2.5.11)

G2 + 2004y + wigz = —4(G1 — dwgr — 290 ; 2(0) =0, §(0) =0  (2.5.12)

Equations (2.5.11) and (2.5.12) are obtained through two consecutive differen-
tiations of {2.5.7), with respect to w, followed by the replacement of w with @.
Note that the differential equations (2.5.10), (2.5.11), and (2.5.12) governing the

terms of the Taylor series are identical, except for the nonhomogenous terms.

The first two moments of g(¢) are given according to (2.5.5) and (2.5.6) by:

q(t) = o) + %Qz(t)Var(w) (2.5.13)
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Var(g(?)) ~ ¢*(¢)Var(w) (2.5.14)

To evaluate the accuracy of the SMA method, a specific numerical example is

examined in the next section.

2.5.3 Numerical Example and Evaluation of SM A

Let ( = 0.05 be the fixed value of the damping ratio, and let the
uncertain natural frequency w be uniformly distributed over the interval Q =
[1,77r,2.37r]§‘;—§, The resulting expected frequency is @ = 271'1;%1 = 1.0 Hz, and
the standard deviation is o, = 0.1732722¢ = 0.0866 Hz. To quantify the un-
certainty of a parameter, its coefficient of variation is often used; in this case
o, = 2« = §8.66%. The base acceleration is taken to be the 1940 El Centro earth-
quake record, NS component, shown in Figure 2.3. The mean model response
g(t) and its coefficient of variation o,(¢) = Var(g(¢))? are calculated by using
both the SMA method and the numerical integration method, and are presented
in Figure 2.4 and Figure 2.5. The results of the numerical integration method
are assumed to be accurate, since convergence was monitored and achieved. It
becomes obvious by viewing these last two figures that the SMA method per-
forms very poorly, although the given coefficient of variation a,, corresponds to

reasonable levels of expected uncertainty for the preliminary design stage.

In Figure 2.6, the cause of the previous poor approximations is depicted.
The model response at t = 5 sec is plotted against the model’s natural frequency
w, over part of the frequency range Q; the solid curve corresponds to the exact
case representing the left hand side of (2.5.8), while the dashed-dotted parabola
corresponds to the approximation assumed by the truncated Taylor series expan-
sion given by the right hand side of (2.5.8). It can be seen that the truncated
Taylor series cannot follow the oscillatory character of g(t;w). To overcome this

weakness of the SMA method, a new method under the name Fourier Series Ap-
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proach has been developed {Beck and Katafygiotis, 1989]. This method is based
on the expansion of the model response in a truncated Fourier series rather than

a truncated Taylor series, as done in the SMA method.

Figure 2.7 examines the dependence of the expected model response and
its coefficient of variation on the particular probability distribution assumed for
the uncertain frequency w. The solid curves correspond to the earlier assumed
uniform distribution for w, while the dashed-dotted curves correspond to w being
Gamma distributed with the same first two moments as in the uniform case.
Both sets of curves are obtained using the numerical integration method. By
comparing these two sets of curves, it can be concluded that knowledge of the
first two moments of the uncertain parameter are adequate to approximate the

first two moments of the uncertain response.

It can be concluded from the results obtained for the numerical example
studied in this section that the SMA method, when applied to problems of dyna-
mic response can be quite inaccurate, even for medium or small parameter un-
certainties; nevertheless, this should not diminish the value of the SMA method
when applied to problems of non-oscillatory character. The need for the devel-
opment of a new approximate method to calculate the statistics of the dynamic
response of a structural system with uncertain pararmeters is evident. The desired
method should be accurate and efficient, and able to account for multi-degree of
freedom systems. Such a method has been developed and is presented in the rest
of this chapter for the class of linear, classically damped, muiti-degree of freedom
models with uncertain parameters; in the next section, this class of models is

defined and some of its primary features are reviewed.
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2.6 A Class of Linear Structural Models

Consider the class My, of Ny-degree of freedom linear structural models,

defined by the following equation of motion:
Mg+ Cq+ Kq=—Mbi(t) ; g¢(0)=g,,4(0) =24, (26.1)

This mathematical model can be viewed as an idealization of a structural sys-
temn which consists of a distribution of lumped masses linked by linear, massless
springs and dashpots, sitting on a rigid base which is moving in only one direction,
with an acceleration 2(t). The Ny x N4 matrices M, C, and K are the mass, the
damping and the stiffness matrix, respectively. The vector ¢ = [g1,42,---, 9N d]T
consists of the generalized displacements relative to the base of each degree of free-
dom. while

g + bz represent the corresponding total or absolute generalized displacements.
The components of the vector b = [b1,bz,...,by,]7 are called pseudo-static in-
fluence coefficients, and they are known from the prescribed geometry of the

structural model.

The theoretical model given by Equation (2.6.1) is often used as a planar
model for buildings. In this case, all degrees of freedom represent horizontal
displacements parallel to a fixed vertical plane at points in the structure, and 2
is taken to be the horizontal component of the base acceleration parallel to this

fixed plane; in this case all the components of b are unity:

b=101,1,...,1)7 (2.6.2)

The parameters of the theoretical model given by Equation (2.6.1) are the
elements of Al, C, and K, and the components of the initial conditions 9, and 20
The following section reviews certain restrictions and the uncertainties regarding

the choice of the values of these parameters.
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2.6.1 Uncertainty and Allowable Values of the Model Parameters

There are certain physical properties that must be reflected by the the-
oretical model of (2.6.1) which impose restrictions on the allowable values of its
parameters. In the case of uncertain parameters, these restrictions also affect the
choice of the corresponding probability density function; for example, the pdf
Tq;(a;) of an uncertain parameter a;, which is restricted to remain positive has
to satisfy:

Tq;(2;) =0 for a; <0 (2.6.3)

Also, there are different degrees of uncertainty associated with the different
parameters for the class M py,, so that the uncertainties associated with some of
the parameters can be neglected, and the corresponding parameters are treated

as being deterministic.

1) Mass Matrix The mass matrix M is assumed to be diagonal and positive

definite:

m 0 - 0
0 mo 0

M= . . . i mi >0 (2.6.4)
0 0 - mn,

There is much less uncertainty when estimating the values of the lumped masses
m;, using the structural drawings, than when estimating the values of the ele-
ments of the damping or the stiffness matrix. Therefore, the elements m; of M

are usually assumed to be deterministic.

2)Damping Matrix The damping matrix C' = [¢;;] is required to be symmet-
ric and positive semi-definite:

c=cT (2.6.5)

and

2TCz>0 ¥V ze RM (2.6.6)

It is assumed that classically damped modes exist, which means that the mode-

shapes are assumed to be the same in the damped and undamped case. Con-
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sequently, the modeshapes must be generalized eigenvectors of both A and C
with respect to M, which is equivalent to requiring A/ ~'X and M~C to be
commutative (Caughey and O'Kelly, 1965):

CM™'K =KM~'C (2.6.7)

The values of the damping elements ¢;; cannot be constructed by synthesis
from the structural drawings; instead, their values can be recovered from the em-
pirically estimated values of the modal damping ratios. Therefore, uncertainties
concerning the damping of a structural model will be accounted for by regard-
ing uncertainties of the more “physically meaningful” modal damping ratios (;,

rather than uncertainties of the elements c;;.

3) Stiffness Matrix The stiffness matrix K = [k;;] is required to be symmetric
and positive definite:
K=KT (2.6.8)

and

2TKz >0 Vze RN (2.6.9)

There are uncertainties associated with estimating the values of each of the k;;’s.
Instead of modeling the possibly large number of uncertain parameters %,;, which
are possibly correlated to each other, the stiffpess matrix will be parameterized

by introducing the parameters 8;,7 = 1,..., Ny, so that:

Ny
K=K+ ) 6K (2.6.10)

i=1
The new uncertain dimensionless parameter 8; scales the stiffness contribution K;
of a certain substructure to the total stiffness matrix; KX accounts for the stiffness
contributions of the substructures with deterministic stiffnesses. It is assumed
that the A;,: = 0,1.....Ng are all symmetric positive semi-definite Ny x Ny

matrices. Each 8;,1 = 1,2,..., Ny is assumed to take nonnegative values, and
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therefore its corresponding pdf must satisfy:
mp,(8i)=0 for 6, <0;:1=12,...,Np (2.6.11)
The expected value of the scaling parameters is usually taken to be unity:
;= Efl=1 ; i=12,...,Np (2.6.12)

which assumes that each of the K;’s is the expected contribution of a given
substructure to the total stiffness matrix. The K;’s might be based on a finite-

element model of the structure, for example.

4) Initial Conditions The initial conditions g, and g, will be treated as being
deterministically known. Usually, it will be assumed that the system starts from
rest; in this case, 9 = ﬂo = 0.

It is convenient to rewrite Equation (2.6.1) using a modal formulation, since

the equations of motion obtained are uncoupled.

2.6.2 Modal Analysis

Let & = [g(l),gu),...,g(N“)]T denote the modeshape matrix, whose

columns are the generalized eigenvectors of K, so that:

Ko =wiMeD i r=1,...N, (2.6.13a)
or
K& = MeQ* (2.6.13b)
where
wy O 0
0= | w% 0
o 0 .- “"12v.,

and w. > 0, r = 1,2,..., Ng are the modal frequencies in an ascending order;

that is: w, < w, for r < 8. If w, # wy, it is easy to show that:

¢ Mg =0 (2.6.14)
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In the case of repeated modal frequencies, when w, = w,, the Q(r) and 2(3) can
still be chosen so that (2.6.14) holds. Therefore, the modeshape matrix @ can be

assumed to be orthogonal with respect to the mass matrix AM:

My 0 .- 0

_ T 0 mp - 0

M=%'Md=| . . ) : (2.8.15)
0 0 - 7,

The diagonal matrix M is the so-called generalized mass matrix. Furthermore,
the modeshapes can be normalized so that they constitute an orthonormal basis

for R4 with respect to M:

M=0TM®=1 (2.6.16a)
or
Na
S migl 6 = 6, (2.6.16b)

1=1
where [ is the identity matrix of order N4. Because of the assumption that
classically damped modes exist, it can be shown that the columns of @ are also

generalized eigenvectors of C, so:

Co'" =d.Mé'"” : r=12...N; (2.6.17a)
or
C® = M®D (2.6.17b)
where
d 0 .- 0
0 dp - 0
D=1 . . . :
0 0 .- dn,

The modal damping ratios are defined by:

d,
Cr =

T 2w,

;o or=1,2,...,Ny (2.6.18)
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Since C is positive semi-definite, d > 0 and hence, (, 2 0, » = 1.2,...,Ng.
Premultiplying Equations (2.6.13b) and (2.6.17b) by &7, and using Equation
(2.6.15), we obtain:

oTK® = MQ? (2.6.19)

eTC® =MD (2.6.20)

Since the eigenvectors 2’('") form a basis for the Ny-dimensional space RV, the
generalized displacement vector function g(t) in Equation (2.6.1) can be written

as:

Ng
g(t) = @E(t) = Y & (e (2.6.21)

r=1
where £(t) is the vector of coordinates of g(#) with respect to the basis formed
by the eigenvectors Eﬁ_m, r = 1,2,...Ny. Substituting (2.6.21) into (2.6.1) we
obtain:

M®E + CDE + KDE = —MDb3(t) (2.6.22)

Premultiplying (2.6.22) by ®7, and using Equations (2.6.15), (2.6.19), and
(2.6.20), we obtain:

£+ DE+ 0t = —ai(t) (2.6.23)

where ¢ is the vector of modal participation factors given by:
a=M1eTMp=0"1p (2.6.24)
The initial conditions for Equation (2.6.23) are given by:
£0)=d71g(0) , £&(0)=®"14(0) (2.6.25)
In component form (2.6.23) becomes:

‘ér + 2Crwrér + W;?fr = '—Ot,.é.:(t) , r=12,...,Ny (2626)
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Define qgr)(t), the contribution to g; from the r** mode, by:
g; (1) = &(t)é; (2.6.27)

so that (2.6.21) may be rewritten:

Ng
)= ¢"0) ; i=12..,N (2.6.28)
r=1
Equation (2.6.26) leads to:
67 () + 2ewrdl” + wla) = -6 E(2) (2.6.29)

where

B = ¢Ma, (2.6.30)

The parameter ,BE ™) is called the “effective participation factor” for the »** mode
at the i*" degree-of-freedom, and it is independent of the normalization chosen
for Q(r), such as that given by Equation (2.6.16b) [Beck 1978]. Let B denote
the matrix of effective participation factors, that is, [B];; = ,Bﬁj) . Since the
rtt column of B corresonds to the r** modeshape appropriately scaled, B can
be viewed as a particular choice of the modeshape matrix ®. Notice that the

effective participation factors satisfy the following constraints, which follow from

(2.6.24) and (2.6.30):

Nd Nd
SH67 = 3" ofa, = @ay = 2651)
r=1 =1

Assuming a model in My, with known mass, damping and stiffness matrix leads,
by solving the corresponding eigenvalue problem, to a unique set of modal param-
eters {w,, (., ﬁfr);i,r =1,...,N4}. Conversely, it can be shown that knowing
the above set of modal parameters, and for a given mass matrix M, a unique

stiffness and damping matrix can be determined, given by:

K =MBO*B™ = MBQ*(BTMBY 'BTM (2.6.32a)
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and

C=MBDB'=MBD(BTMB)'BTM (2.6.32b)

In component form, these equations become:

Ng 2ﬁ(r)6(r)

ki; = mym; 1; k_l — (ﬁm (2.6.33a)
and Ng (r) glr)
;= 2mim; Z Cr ~B; " B; o (2.6.335)
r=1 k 21 me(By )
The initial conditions for (2.6.29) are given by:
D)= 6097, @7(0) = £,(0)!" (2.6.34)

where &,(0) and £,(0) are given by (2.6.25).

Often, when the dynamic response of models with large numbers of de-
grees of freedom is examined, the contribution of the higher modes is negligible.
Therefore, assuming that only the contribution of the first V,,, < N; modes is

considered, the sum in Equation (2.6.28) is approximated by:
ai(t) Z 7" () (2.6.35)

Equation (2.6.35), along with Equations (2.6.29) and (2.6.30), constitute
the main steps of a modal analysis to solve for the dynamic response g(t) of
the theoretical model of (2.6.1). The parameters involved in solving for the
response qi(t) at the i** degree of freedom, using this modal formulation, are:
{w,.,g'r, - ,q,r)(O) q;r)(D) r=1,2,...,Nn}. Of these parameters, the initial
conditions g, r)(()) g, T)(O) will be considered deterministically known, according
to the discussion in Section 2.6.1. According to the same discussion, the un-
certainty in the damping forces is introduced as uncertainty in the values of

the modal damping ratios (., rather than as uncertainty in the elements of the
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damping matrix. Finally, the modal frequencies w, and the effective participation
factors ,G',-(r) are functions of the uncertain parameters 8 involved in estimating
the stiffness matrix X [see Equation (2.6.10)]; therefore, their uncertainties will

be estimated from the uncertainties of the §;’s.

From the above, it can be concluded that the vector of the original uncertain
parameters g involved in the analysis of the N4-degree of freedom structural
model of (2.6.1) consists of the vector of the uncertain stiffness parameters § =
[61,82,...,0n,]7 and the vector of the uncertain modal damping ratios (=
[¢1,C2s---,¢n, )% The domain of each of the ¢;’s and 8;’s must be a subset of
the non-negative real axis: { € S(¢) € [0, c0)Vm and 8 € S(8) C [0, 00)™°, where
5(¢), S(8) are the domains of ¢ and §, respectively.

Often, the additional constraint of the existence of “oscillatory modes” is
assumed, which means that each mode is less than critically damped; in this
case, ( € S(() © [0,1)¥=, In the following section, the probabilistic modeling
of the original uncertain parameters g is addressed. This will be followed by a
discussion on the evaluation of the uncertainties of parameters dependent on 8,

such as the modal frequencies w, = w,(8), and the effective participation factors

87 = g\ (g).

2.7 Probabilistic Modeling of Original Uncertain Parameters

As discussed in the previous section, it is assumed that the original uncer-
tain parameters are: g = [61,02,...,0N,,C1,C2s-- -5 CNm]T- The uncertainties of
the other modal parameters controlling the dynamic response will be evaluated
in terms of the uncertainties of these N, = N,,, + Ny parameters. It is assumed
that knowing one parameter a; does not influence judgement of the plausibilities
of the values of the remaining parameters, so the parameters are mutually irrel-
evant to one another, and their pdf’s can be specified independently. Therefore,

the joint pdf 7,(¢) can be expressed according to Equation (2.4.1) as a product of
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the separate pdf’s my, (a;), 7 = 1,2,..., Na. Since each of the a;’s is defined only
for nonnegative values, the choice of 7,; must satisfy (2.6.3). Such a probahility

density function is given by the Gamma distribution g(ay; pa; , Va; ) defined by:

Ta;(a;) = 9(aj; Ha; s Va; ) = F}Ei‘;’j)a‘;q—le‘#a; & 5 a; 20 (2.7.1)
=0 ; a;<0
where v,; > 0, po; > 0 and I'(vy; ) is the Gamma function defined by:
o
T(va,) = j e~ Tldt v, > -1 (2.7.2)
0

The closed form solutions of the following broad class of integrals will prove

important throughout the rest of this chapter:

o0

/a?e“’“" sin{éa;)g(a;; ta; , Va; )da;

0 (2.7.32)

_ T(ve; +8) fay
F(Vuj)

—sin [(VGJ- + B)arctan

[(')’+Ha,-)2+62] 7 (’Y‘I‘er;‘)

afe““"’f cos(da;)g(a;: Haj s Va; )da;

Oi\.g

(2.7.3b)

T(v,. pie
= (;(‘y_{_)ﬁ) He; T3 COS [(Vﬂj + fB)arctan
@; —_—re
’ [('}’ + Ua; )2+ 62] ?

where 3 > —(vg; + 1) and v > —ug; .

(7 + Ha;)

The expected value and the variance of g; are given by:

o0

a; = Ela;] = ] a;9(0;; Ha; » Va; )da;
0
Vg

He;
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UZ:, = Var(a;) = E [(aj — éj)zl = /(aj - &j)zg(aj; Ha; s Va; da;
0 (2.7.5)

Va;

2
12,

Given the expected value @; and the standard deviation o,,;, the parameters
Iaj,Va; defining the corresponding Gamma distribution are given according to

(2.7.4) and (2.7.5) by:

- =2
a; 1 a“ 1

Poj = =5 = =5, Vo == =3 (27.6)
oz, ajog, os, a;.

[ . . . .
where a,;, = —*=, is the coefficient of variation of a;.
7

In Figure 2.8a, the Gamma distribution of an uncertain variable a; cor-
respending to one of the 8;’s is plotted, assuming @; = 1 and o, = .10; the
corresponding values of the distribution parameters are (4,;,v,;) = (100.,100.).
In Figure 2.8b, the Gamma distribution is plotted for some typical values, as-
suming a; corresponds to an uncertain damping ratio (;; in this case, the as-
sumed values are @; = .05 and a,;, = .20, with corresponding parameters
(ia;+¥a;) = (500.,25.). In the following, Gamma distributions are chosen to
represent each of the independent pdf’s 7, (a;). For the a;’s which correspond
to the uncertain damping ratios (;'s, an additional condition is required to ensure

existence of oscillatory modes:
‘tTaJ. (aj) =0 for a; 2 1 ] 1 S] S Nm (277)

This last condition is practically satisfied for typical values of ¢ and o, as can

be seen in Figure 2.8b.

2.8 Probabilistic Modeling of Uncertain Modal Parameters

Equation (2.6.28) and (2.6.29) play an important role in the analysis of

the dynamic response of multi-degree of freedom linear structures. It can be
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seen, by looking at Equation (2.6.29), that the uncertain parameters involved
in calculating the response g are: the damping ratios { = [(1, (2, . ., Cn,, )7, the

natural frequencies w = [wy,wa,...wn |7, and the effective participation factors

'Bz[lgi)7"" ( ) () é )

1 By, ,...,@g\g’")]T. As mentioned earlier, w and

8 are functions of the uncertain parameters . Although the uncertainties in
the 8;’s are assumed uncorrelated, this is not true for the elements of w and g;
therefore, the joint pdf m, g(w, ) cannot be written as a product of indepen-
dent pdf’s of the elements of w and 8. On the other hand, since ¢ and § were
assumed uncorrelated, so are ¢ and (w7, QT]T, Several publications [Scheidt and
Purkert, 1983; Collins and Thomson, 1969; Schiff and Bogdanoff, 1972a,b] inves-
tigated the uncertainties in the eigenvalues and eigenvectors due to uncertainties
in the elements of the mass and stiffness matrices, using perturbation methods.
Perturbation techniques perform well when analyzing eigenvalue problems with
uncertain mass or stiffness parameters, since the eigenvalues and the eigenvector
components are smooth functions of these parameters. To illustrate this, con-
sider a linear three-story planar shear building, as shown in Figure 2.9 for the
general Ny -story case, with uniform mass m; = mp , 1 = 1,2, 3, and interstory
stiffnesses k; = kpf; , ¢ = 1,2, 3, where ky = 2000mpsec™?; in this particular case
Ny = Ny,. It is assumed here that E[¢;] =1, i = 1,2,3, so that the expected
stiffness distribution is a uniform one. Figure 2.10 shows the variation of the
modal frequencies when each one of the 8;’s is, in turn, varied up to 50% from
its expected value of unity, while all other 8;’s, 7 # i are kept equal to unity.
Similarly, Figure 2.11 shows the variation of the effective participation factors
at each story for the different modes. As can be seen from these plots, all the
corresponding curves are smooth, and can be approximated well by symmetric

quadratic polynomials of the §;’s:

IVg ng Na

0w, Z Ciw, 0i + Z Z Cijw,Bi0; 5 r=12....N, (281la)

i=1 i=1 j=1

1%

wr(8)
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where
Cijpwr = Cjiwn (2,8.1b)
and
(r)(g) -_ CU ﬂ(") + z B( )B
Ng Ny
+ZZ aw B8 5 r=12 N, k=12, N,
i=1 j=1
(2.8.2a)
where

Cij,Bkr) = Cjz,ﬁ}cr) (2.8.2b)
In order to approximate a function f(8) with a quadratic polynomial of the above

form, the following vector of coefficients has to be evaluated:

L= (€0,7yC1,F++ -+ CNy f+C11,55€12,F5+ + + > CLNy  F €22, 5 C23,f) - - -’CNoNy,f]T
(2.8.3)
2
The length of this vector is N; = 1 4 Ny + N’U;"’H) = N"+32N"+2. If f(8) is

expanded in a Taylor series about 8, it is easy to evaluate each of the elements
of ¢f in terms of the coeflicients of this Taylor expansion, that is, in terms of
f(8), 589%] P E?’,—zéngrgzﬁ. There exist analytical expressions for evaluating the
first and second order partial derivatives of the frequencies w,., and the modeshape
components @ﬁr), with respect to the components of 8. The analytical expression
for %‘* is derived in Appendix B, and it will be used widely in Chapter 3. It
is desirable, however, that the sought quadratic polynomial approximates f(8)
well over the whole domain of interest of 8’s, rather than only locally, in the
neighborhood of the expected value 8. The domain of interest for the 8’s extends
about the expected value 8, and a few standard deviations oy, away in each 8;
direction. Therefore, the coefficients ¢; are obtained by requiring the quadratic
approximation to pass through Ny points (Q(i),f(ﬁ(i))) ;i = 1,...,N;. This

requirement can be expressed as:

~

Ags =] (2.8.4)
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where ¢ is given by (2.8.3), i is a vector of length N;:

7= [r@m),... 109" (285)

and A is a IV; x [N; matrix given by:

(2.8.6)

where Em is a vector of length N

87 = (Lol 6. 60,617, 60067, .., 6000 0" 660, 68| i
(2.8.7)
The remaining point of discussion for implementing the quadratic approximation
for f(8) is regarding the choice of the points 8% i =1,2,...,N;. One point is
chosen to be the expected value 8. Next, for each direction 8;, two points are

that is: 8 = [By,...,8; &£ vos,,...,0n,]T.

g;

chosen at distance *+yop, about

Mﬁzfo_-.ll points are chosen to be about 8, at distances +y0p,

The remaining
and +yoy, along the directions 8; and 8;, respectively, and for each possible
combination of ¢ and j; that is: 8 = [f;,...,8; + yo4,,....8; + oLl TR On,]7.
Such a choice of points ﬁ(i),i = 1,2,..., N}, 1s schematically shown in Figure
2.12, for the case where Ny = 3. A good value for the parameter v as shown in

Appendix C is v = /3.

Let 8 = 8(8) denote the following vector function:
8(8) = [1,61,8,...,0n,,02,616,...,610n,,6%,8265,...,6%, 17 (2.8.8)
The quadratic approximation of f(8) can then be expressed as:

£(8) ~ cT(8) (2.8.9)
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The expected value of f(#@) is approximated by:

f(8) = E[f(8)] ~ c}8 (2.8.10)
where
8= ElB(0)
o _ - L o _ (2.8.11)
=[1,61,0,,...,0N,,0%,6,0,,. -',9191\19,9%,9293,---»9?\;9]71
where
82 =E[6})= E[6P +03, ; i=1,...,N
- (2.8.12)
and for : #£ E[6:6;] = E[6;]E[6;] = 9.6;
since the 8;’s are assumed to be independent distributed.
Similarly, f(#)? is approximated utilizing a quadratic polynomial:
F(8)* ~ c1.6(8) (2.8.13)

where the coefficients ¢» are given by Equations (2.8.4) and (2.8.5), modified as
follows:

Agfz = z.-? (2814)

where

7= [j‘(Q“’)z,...,f(.@‘””)""]T (2.8.15)

The approximation for the expected value of f(8)? is given, according to (2.8.10),
by:

s

E[f(8)*] ~cpa (2.8.16)

Finally, the variance of f(8) is approximated by combining (2.8.10) and (2.8.16):

o = Var(f(8)) = E [(7(8) — F(8))*]
= E[f(8)°] - F(8) (2.8.17)
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By applying the above steps to each modal frequency w, = w(#), approxi-
mations for its expected value @, and its standard deviation o, can be obtained.
Furthermore, it 1s assumed that the marginal pdf of w, can be approximated well
by the Gamma distribution g(wr; g, , Ve, ), Where the parameters p,, ,v. are
chosen to correspond to @,., 0y, , according to (2.7.6). Figure 2.13 compares the
marginal pdf for each modal frequency using the above discussed gamma distri-
bution approximation, with the marginal pdf obtained through simulations, for
the three-story shear model mentioned earlier in this section. Each 8; in this ex-
ample is assumed to be gamma distributed with (8;, ap,) = (1.0,0.1); i = 1,2, 3.

It can be seen that the two curves compare very well.

When there are two closely spaced modes, it may occur that for differ-
ent values of ¢ the modal frequencies corresponding to two different modes of
vibration switch order. This should be accounted for when the coefficients of
the quadratic polynomials in (2.8.1a) and (2.8.2a) are sought, using (2.8.4) and
(2.8.5). Specifically, the elements of the vector i in (2.8.5), as well as the el-
ements of the row vectors of A given by (2.8.7), where f might represent w,
or ﬁ;(cﬂ, must correspond to the same physical mode of vibration, rather than
to modes corresponding to frequencies with the same position in a sequence of

ascending order.

It should be noted that the computational effort required to obtain a
quadratic approximation of all the needed modal quantities amounts to solv-
ing for and storing the eigenvalues and eigenvectors corresponding to the first
N,, modes of V| eigenvalue problems, and to factorizing the matrix A given by
(2.8.6). These calculations can be done rather efficiently.

The expected value and the variance of the effective participation factors

,(cr) can be evaluated similarly. The quadratic approximation (2.8.2a) for ﬁ,(cr) (8)
performs well unless the curvature of .B,(cr) (8) changes sharply. This may occur

in the case of “almost” periodic structures where the “mode localization™ phe-
b D
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nomenon occurs [Hodges 1982; Bendiksen 1986]. However, the required statistical
information regarding the effective participation factors will be addressed in later

sections.

2.9 SDOF Oscillator with Uncertain Frequency and Damping
Ratio

Consider the differential equation (2.5.7) of a SDOF classically damped

structural model with zero initial conditions. The solution of (2.5.7) is given by:

i

g(tw, () = - /h('r;w, C)z(t — T)dr (2.9.1)

0

where h(7;w, () is the impulse response function:
1 —Cwr 2
h(r;w, () = —e sin(wgyT) (2.9.2)
d

and wy is the damped frequency:

wa = wy/1— (2 (2.9.3)

The expected value of ¢(t) is given according to (2.4.12) by:

oo o0 H
a(t) = Elg(t)] = - / f { f B30, C)(t = 7)dr | Tunelw, C o
0 0 0

: (2.9.4)
=— fﬁ(r)é'(i — T)dr
0
where h(7) is the expected impulse response function:
oo o0
) = [ [ i, Omclon Qe (29.5)
0 0

Evaluating the two-dimensional integral (2.9.5) analytically, assuming that w and

¢ are uncorrelated, is generally not possible. If ¢ is assumed fixed, then (2.9.5)
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becomes a one-dimensional integral which can be evaluated analytically for par-
ticular choices of m,{(w); such choices for =, (w), for example, are a truncated
uniform or a Gamma distribution. In accordance with the previous two sec-
tions, it is assumed that the uncertain parameters w and ¢, with known expected
values and coeflicients of variations, are probabilistically modeled by independent

Gamma distributions, according to (2.7.1) and (2.7.6), so:

Tt (W, O) = Tu(wW)me(C) = g(w; Moo, vw)g(C ey ¥¢) (2.9.6)

Equation (2.9.5) cannot be evaluated analytically for this choice of 7(w, (), since
it does not fall within the category prescribed by (2.7.3a or b).

The first step toward reaching a form which is amenable to analytical solu-

tion is dealing with the term /1 — (? appearing in wy. Approximating /1 — (?

with the first two contributing terms of its Taylor expansion leads to:

S Ea1 8 (29.7)

It can be seen that approximations for its expected value and variance are:

E[v/1-Cf~1- EE_ ”4(”‘—;’1) (2.9.8)
2 2,u¢

and

VC(VC -+ 1)(21/C 4+ 3)
2ug

Var (VI () = 7 (E[C*] - (%)) = (2.9.9)

W=

Substituting into the above equation some typical values of uncertainty for ¢,
it can be seen that the coefficient of variation of m is much smaller than
the coefficient of variation of (; for example, the values of Figure 2.8b ({ =
0.05, ac = 0.20), with corresponding parameters (p¢,v¢) = (500.,25.), result in

E[\/1 - (2] ~ 0.9987 and o« fE 0.000526. Therefore, 1/1 — (? can be con-
sidered as deterministic with value v/1 — E[(?]. As a result of this observation,
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it can be concluded that the parameters ¢; = wg = wy/1 ~ (% and g3 = —I—C—C;
can also be treated as independent with the following statistics:

(@1, c0,) = (@JT:T[QT], au) (2.9.10)
(32, 0y) = (8/VI= LT, ) (2.0.11)

Furthermore, it can be shown that the pdf’s corresponding to the transformed
parameters aj, g2 are still Gamma disiributions (see Appendix D). Substituting
(2.9.2) into (2.9.5) and using the transformed parameters a,, a; we obtain:

oo O

7 1 —a1a3T 2 ’

R(r) = ] / e TSG04 ey i (053 s VasJanday  (2912)
o 0

The coupling term e™*'%*" appearing in the above integral prohibits expressing
(2.9.12) as a product of two one-dimensional integrals involving a, and a,, re-
spectively. By expanding e~ *1%27 in a Taylor series about (&,, @2), and by keeping

only terms up to second order, we obtain:

e-—alagr ~ E_al f27 [1 —_ ég'r(al - al) - ﬁl*r(ag ot ag) -+ 0.5 (d%TQ(a.l —_ ﬁ1)2
+a2r%(ag - 82)° + (@1827% — T)(@1 — @1)(a2 — @2))]

| 2 2
= Cop -~ C1001 + €p1G2 + C2p0] T+ €110102 + Cp245
2 2—i

-3 i
i=0 j=0
(2.9.13)
Substituting this approximation for e~21%27 into (2.9.12) leads to:
2 2-i )
()oY eijha i(T) o i(T) (2.9.14)
1=0 j=0

where

hyi(m) = /ai_lsin(alT)g(al;,ual,ual)dal (2.9.15)
]
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and

]_?'2,.?.(7-) = fa%.g(aQ;JuazaVag)da‘Z (2.916)
0

Notice that h; ;(7) and Ao ;(7) can be evaluated analytically according to (2.7.3a
or b).

An alternative approximate evaluation of A(7), requiring less computational
effort than that required by employing the approximation (2.9.14), is described
next. A new parameter a3 = g;a; = w( is introduced, and, as an approximation,

it is assumed that it is Gamma distributed with the following first two moments:
dz = oC Var(as) = (@0¢)* + ((ou)® + 0207 (2.9.17)

Furthermore, as an additional approximation, it will be assumed that the trans-
formed parameters a; and a3 are uncorrelated. Equation (2.9.12) can be approx-

imated using these parameters:
E(T) o~ ??.1,0(’7')—}:1,3(7‘) (2918)

where hy o(7) is given by (2.9.15) and h3(7) is given by:
713(7-) = jﬂ—ﬂng(ag; Hass yﬂ.3)da3 (2.919)
0

Both % o(7) and h3(7) can be expressed analytically using (2.7.3a or b).

Figure 2.14 compares (%) calculated from (2.9.4), using the approximation
for A(T) given by (2.9.18), and §(t) calculated using numerical integration of
(2.9.4) and (2.9.5), for a SDOF oscillator with independent Gamma distribu-
tions for w and ¢, with (@,a,) = (1Hz,10%), and ({,a¢) = (0.05,20%). The
curves corresponding to the approximate and exact solutions are almost indis-

tinguishable.
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The expected value of g%(%) is given by:

El¢* (1)) = 77

i 1
]fh(Tl;w,C)h(Tg;w,C)E(t—TI)E(t—Tz)dTldTg
0 0

X Ty o(w, ()dwd( (2.9.20)

i

jil(Tl,Tz)é(t - Tl)f(t _ Tg)d’?‘ld’rg
0

o

where

71(7'1,7'2)=j]h('rl;w,C)h(Tg;w,g)nw,g(w,C)dwdg' (2.9.21)
0 0

In order to obtain an analytical expression of (2.9.21), a transformation of the
variables (w,() to (a1, az) or {a1,as3) is utilized as before. The computational

effort required to approximate h{T1,72) is less if the set of variables (o, 03) is

used:
h(ri,72) o E1,0(T1,T2)713(7'1, T2) (2.9.22)
where
711,;‘(7‘1,7'2) :-?lj jai_Qcos (ai(m — m2)) gler; Ly, Ve, )day
" (2.9.23)
= % [allﬁzcos (a1(m1 + 72)) 9(as; ta,» Va, )daa
0
and -
ha(ry,72) = /8_“3“‘“’)9(&3;uaa,uaa)dag (2.9.24)
0

Although only the evaluation of Bl,g is required in (2.9.22), a general formula is
given which will prove useful later. Notice that 711','(7'1, To) and s (m1,T2) can be

expressed analytically using (2.7.3a or b).

Equation (2.9.20) can be evaluated using the Fourier Transform (FT) and

the Convolution Theorem. The FT of a function of two variables f(t;, ) is given
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F(&,&)= / / Ft1,8g)e” HErtiteata) gy, gy, (2.9.25)

—00 -0

while the Inverse Fourier Transform (IFT) is given by:

flt1,12) = 4—3;3 j fF(é’l,62)65(51h+5212)d&d§2 (2.9.26)

-00 =00

The Convolution Theorem for a function of two variables is expressed as follows:

I g(ty,t2)= f ff1(71,’3'2)f2(t1—7'1,t2—Tz)dTlde

—0o0 O

then G(&,&) = F1(&,&)Fz(6,82)

In order to use the Convolution Theorem (2.9.27), Equation (2.9.20) is rewritten:

(2.9.27)

1, iy

Elg(t1)g(t2)] = f/il(ﬁﬁz)f(h — 11)E(tg — 7o )dTidTy
o D

oo oo (2.9.28)
= [ [ Hmm)a (@ - ) ta - m))dradr
where
#(m1,72) = Z(11)Z(72) (2.9.29)
and it is assumed that:
E(r1,72) = A(m1,7) =0 if m <Oorm <0 (2.9.30)

Applying the Convolution Thecrem of (2.9.27) and using the IFT of (2.9.26),
Equation (2.9.28) leads to:

E[q(h)q(h)hﬁ; f f H(E1,6)2 (8, &)eEttatadge ge,  (2.9.31)

where H(£1,£2) is the FT of A(t1,#2), and Z(£1,&) is the FT of
E(t,t2) = £(t1)2(t2)
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It is important to notice that:

Z(&1,6) = Z(8)2(&) (2.9.32)

where Z is the one-dimensional (1-D) FT of 5(¢). Also, since only E[g%(¢)] is of

interest here, Equation (2.9.31) may be rewritten as follows:

Elg*(t)] = 4—; f ] H(&1,8)2(8, &) @ Fe e, de,
471r2 [ (&1,m = &1)Z(&1,m — &1)dé, | e dn (2.9.33)
2% Q(n)e'dn
where -
3 1 . .
A = 5= [ B - €)ZEn - ede (2939

Equation (2.9.33) states that Q(7) is the 1-D FT of E[¢%(t)]. The last two
observations lead to the conclusion that in order to obtain Elg%(¢)] using F'T,

only one 2-D FT is needed and that is to obtain E’(&l, &2).

In practice, the Fourier Transform is evaluated by numerical integration
using a finite number of its sampled points. Suppose that an even number N of

consecutive sampled values of a function of one variable f(1) is given:
fa=fts), tah=nAt; n=0,1,... N—1 (2.9.35)

The Fourier Transform F'(£) is estimated at the following IV discrete frequencies:

2mn

b= 5xg ¢ n=012.. N-1 (2.9.36)

The one-dimensional Fourier Transform £(£) can then be approximated at these

discrete frequencies by the discrete sum:

N-1 N-1
Fo=F(&)~AtY freT®t = At fre =¥ (2.9.37)
k=0 k=0
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The Inverse Fourier Transform is then approximated by:

N-1 N-1

1 . 1 ,
1€kt — F, MN o
2r N At kgo Fre o N At ];0 ke (2.9.38)

fn=f(t"3)g

Using the values of a function of two variables f(¢;,%2) over a two-dimensional
grid:
Faym, = f(miAt,npAL) ; ny,ne=0,1,...,N -1 (2.9.39)

the two-dimensional Fourier Transform F(&;,&2) is approximated at the discrete

values of a two-dimensional grid of frequencies by the sum:

F F 271'711 27Tn2 Atz Af ‘NZ_:l f _2milnyky4nnks)
= F{ =, S e R
n1.mz NAt NA: kb2 (2.9.40)
.’C1=0 k2=0

;o m,ne=01,2,...,N—-1

The inverse 2-D Fourier Transform is approximated by:

N—-1N-1
1 2xi(nqky4noks)
fnl,nz = f(?hAt, n2At) o™ m E E Fkhkze N (2_9_41)
k1=0 ky=0

The above sums can be evaluated using the Fast Fourier Transform (FFT).

The computational effort required for a 1-D FFT is of order Nlog,/V, while
the one required for a 2-D FFT, assuming a grid of N? sampled points. is of
order (Nlog,V)%. Aside from this increased computational effort, 2-D FFT’s
also require much larger memory space. Assume that a convolution-type integral
of the form f(t) = jfl('r) fe(t—7)dr , t € [0,7] has to be evaluated at discrete
points spaced by &t. Then the 1-D FFT’s of fi(¢) and f,(t) are calculated
using discrete points fi(t,) and f2(t,), tn = nAt , n=10,1,2,....N; - 1; V)
is chosen to have the form Ny = k2* and to satisfy 73 = Ny At > 27, while
fi(ta) and fo(t,) are assigned zero values for ¢, > T. Adding these zeros is
necessary to avoid wraparound problems; the possible values for k are k = 2 or
k = 3. depending on the particular version of 1-D FFT program used [Hall 1982].
Similarly, if 2-D FFT’s are used to evaluate integrals of the form g(t;,t2) =
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ty g

J Joi(m,m2)g2(ts — 11,2 — m2)dmidre , (t1,12) € [0,7] x [0,7), at a grid of
(?iis?crete points spaced by At, then the 2-D FFT’s of g;(¢1,t2) and go(ty,12) are
calculated using discrete points gy(tn,tm) and g2(tn, tm), with ¢, = nAt, ¢, =
mAt ; n,m = 0.1,2,...,N; — 1. Ny is chosen as before in the 1-D case, and
filte,tm) = folta,tm) =01 t, > T or t, = T. So a 2-D FFT requires the
storing of a Ny X Ny complex-valued matrix, while a 1-D FFT requires only the

storing of a complex-valued array of length V;.

From the above, it becomes obvious that 2-D FFT’s should be avoided if
possible. As discussed earlier in this section, in order to obtain E[g%(%)] using F'T,
only one 2-D FT is needed, and that is to obtain H(£1, &). This is accomplished
by using (2.9.32) to evaluate Z(&;,&2), and by evaluating Q(7), the 1-D FT of
E[g%(%)], by means of (2.9.34). The form of the above equations, where discrete

data are employed, is discussed next.

Let Z = [Zo,21y.. 22N, ~1]T, where Z, = Z(£,), be the discrete FT of
Z(t), when N, discrete sampled points 2(t,), n =0,1,...,N; — 1 are used; Zis
then a complex-valued array of length V3. The Ny x Ny complex-valued matrix
Z = [Z.m] corresponding to the discrete FT of (m, ) = #(m1)3(r2) when the
discrete values 2(7,,7m) ; n.m =0,1,...,N; — 1 are employed, is given by:

Z=2Z (2.9.42)

Equation (2.9.42) is the discrete form of (2.9.32). Let H = [H,.,] be the N} X
N, complex-valued matrix, obtained through a 2-D FFT of the discrete values
B(tn,tm) n.m=0,1,...,N; — 1. Let _Q_ = [Qo,él,...,QNl_l]T, where §,, =
Q(£,,), be the 1-D discrete FT of E[g?(t)]. Q. can be obtained from:

Ni—-1N;—-1
N 1 L.
@n = SNTAL ;) ;D Hi;Ziif(7;4,n) 5 n=0,1,...,M =1  (2.943)
where

(2.9.44)
=0 otherwise
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Equation (2.9.43) is the discrete form of (2.9.34).

The variance of g(t) is given by:
Var (g()) = 0,(t)* = E[g()"] - g(t)* (2.9.45)

Throughout this chapter g(£) is calculated from (2.9.4), using the approximation
of (2.9.18), and E[g(2)?] is calculated from (2.9.20), utilizing FFT’s as discussed
in this section and the approximation (2.9.22). Figure 2.15 compares o,(t), cal-
culated as above, and o,(t) obtained using numerical integrations in (2.9.20) and
(2.9.21); the same data is used as in Figure 2.14. It can be seen that the dis-
crepancies between the curves for the approximate and exact solutions are very

small.

2.10 MDOF Structural Model With Uncertain Parameters

The response ¢;(1) of the :** degree of freedom (dof) of an N dof structural
model is given by (2.6.35), when only the contribution of the first N, < Ny
modes is considered. The contribution of each mode ggr) is given by (2.6.29)
along with (2.6.34). The uncertainties assumed initially are associated with the
parameters g = [QT,_(;T]T = [01,62,...,0nN,,(1,C2, .- (N, |7 and their modeling
was discussed in Section 2.7. The resulting uncertainties of the modal parameters
W™ B =1,2,...,N,,, were discussed in Section 2.8. In Section 2.9, the
statistics of the uncertain response of a SDOF oscillator were calculated. In the

next section the issue of calculating the statistics of a single modal contribution

q}r) (t) is addressed.

2.10.1 Statistics of g\™ (t)

By comparing Equations (2.6.29) and (2.5.7), it can be seen that the
equation for qgr)(t;ﬁ, (-) is given by the equation of a SDOF oscillator with
frequency w,(8) and damping ratio ¢,, and with forcing function —8\™(8)3(2)
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instead of just —Z(t). The solution of (2.6.29) is therefore given by (2.9.1),
modified as follows:

t

o7(58.6) == [ o (rien(®), 2t - ryir (210.1)

)
where

0 (730,(8), ¢) = h(r;w(8), ()BT (8) (2.10.2)

and h(7;w,(8), () is given by (2.9.2). The expected value of qgr)(t) is given by:

t
)=~ [t = ryr (2103)
0
where

3 () = ] ] o7 (m00r(8), G )ma(B)me, (C)dBAC
5(8) 0

o0

- ] ] h(rin(8), ¢ (B)ma(@)me. (G )dBdC,
s(® d

(2.10.4)

Note that while a 2-D integration is needed to evaluate h{7) in the SDOF case,
integration over a (N +1)-dimensional space is required to evaluate §§r)( t) in the
MDOF case. If numerical integration is used to calculate (2.10.4), the computa-
tional effort will grow exponentially with (Ng+1). It is obvious that this amount
of calculation may become prohibitive for a large, or even for a medium, number
Ny of uncertain parameters. To overcome this difficulty, a transformation of the
variables § is introduced. Assume a new set of variables i(") = [wp, (7T,
where Q(T) is a vector of length Ny — 1, such that each g is uniquely mapped into
a vector of transformed variables ﬁ(r). Assume also that this mapping between
8’s and ﬁ(r)’s is one-to-one, that is, each ﬁ(") is also uniquely mapped into a §
in the space 5(#). The functional relationship f]_(r) = ﬁ(r)(ﬁ) is specified only

for the first element of ﬁ(r), that is, ﬁgr) = wy(8); the functional relationship
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for the remaining elements of ﬁ_("), that is, Q(") = n'”(8) is not specified here,
but is assumed to be such that the overall mapping z")_(’”) = ﬁ(r)(ﬁ) is one-to-one.
Although the pdf 74(8) can be written as a product of the independent pdf’s
7o, (8;) = g(B;; ue;, ve; ), this is not any more true for wim(ﬁ(r)). The marginal

distribution of the first element of ﬁ( "), given by the (Ng—1)-dimensional integral:

T (Wr) = f o 7)dp'” = ] Tt (wry 7 )7 (2.10.5)

can be approximated according to Section 2.8, with a Gamma distribution:
T (Wr) 2 G(wrs o, Ve, ) (2.10.8)
Notice also the following relation stemming from the third axiom of Section 2.3:
752 (57) = 300 (wrs 1) = T (W) g, (07 l0r) (2.10.7)
Equation (2.10.4) can be rewritten using the new set of variables as:

go(r) = / f h(75 00 B (7 )i (57 Y, (C)d VdG, (2.10.8)

S(at) 0

Substitute (2.10.7) into (2.10.8):

ggr)("r) = ] /fh(r; wr.Cr)ﬁgr)(ﬁ(ﬂ)ﬂz(r)p,(ﬂ(ﬂ]wr)

S(n("')) 6 0

T, (we)Te, (G )dn ™ duwopdl, (2.10.9)

=fjh(7;wr7 CT)EEP)(WT)WW,.(wr)ﬂcr(Cr)dwrdCr
0 D

where BET) (w,) 1s the conditional expected value of ﬁfr), when w, 1s kept fixed:
B (wr) = E[B ] = f B (1) yiort, (0 )™

= / Bfr)(wr,_g”))ﬁzmgx,(ﬂ(r)lwr)dg(r)

(2.10.10)
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Assuming E(T) (wy) is calculated, Equation (2.10.9) implies that only a 2-D inte-
gration is required to obtain g( i (7). Instead of evaluating ,3( (w,) by calculating
the (Vg —1)-dimensional integral of (2.10.10), an approximate polynomial expres-

sion for Bfr) (wr) is assumed. Retaining only terms up to first order we obtain:

ﬁ(r)(w,) ~ c(r) + cgrl)wr (2.10.11)

(

The coefficients ¢; ) and c(r) can be evaluated as follows. Utilizing Equations

(2.10.10) and (2.10.7) we obtain:

/ B (wr) s, (wr )y = / / B (wrs 0V gt o, (07 ), (07 )7

/ B (g (77l
S

= E[g"]
(2.10.12)

Multiplying both sides of (2.10.11) with 7, (w,), integrating with respect to w,

and utilizing (2.10.12) we obtain:
EA7) ~ ) + o, (2.10.13)

The value of E [Bfr)] can be approximated according to the discussion of Section

2.8, by:

(oYl

E(f"] =~ ¢l (2.10.14)

Similarly, multiplying both sides of (2.10.11) with w,m,_(w,) and integrating with
respect to w, we obtain:

Elw-8"] = ¢h@, + {7} w? (2.10.15)

where @2 = E[w?] and E[wrﬁgr)] can be approximated by:

.’.

Ewr 7] ~ < .8 (2.10.16)
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The elements of ¢ gtr) BTE the coefficients of a quadratic approximation of
w,.(ﬁ)ﬁfr)(ﬁ), according to the discussion of Section 2.8. Equations (2.10.13)
and (2.10.15) can be solved to obtain c and c(r)

i 5 17 (7)
ol | 1 @ E[B;"] ]
Lﬁ-,? ] - [G’f w? ] [E{w,;sf”} (2.10.17)

Figure 2.16 compares the conditional expected values of the effective partici-
pation factors of the first mode of a three-story shear building structure when the
corresponding modal frequency w, is kept fixed, that is, B,-m(wl) = E[ﬁfl) lwi],i =

1,2, 3, using two different approaches. The first approach uses simulations while

(1) (1)

the second uses the linear approximation (2.10.11), with the coefficients ¢; 5, ¢;

evaluated through (2.10.17), as discussed above. In this particular example, a
uniform mass distribution m; = myp,? = 1,2,3 and an interstory stiffness dis-
tribution k; = ko#;,t = 1,2, 3, where %y = 2000m,sec—2, are assumed. Each ;
is assumed to be Gamma distributed with (8;,as,) = (1.,.10). It can be seen
from Figure 2.16 that the linear approximation is very good over the frequency
range for which 7, (w;) would produce a significant contribution to an integral

like (2.10.9).

Substituting B,(-T) {(w,) with its linear approximation (2.10.11) into Equation
(2.10.9) leads to:
37 (r) = a7 (r) + AR5 (r) (2.10.18)

where

~(r) /]h(T;wT’Cr)wf‘ﬂwr(wr)ﬂ'Cr(Cr)derdCT ; 1=0,1 (2.10.19)
0 0

As in Section 2.9, the above 2-D integrals may be approximated by integrals

accepting a closed form solution if the transformed variables

(a& , a3r)) = (wry/1 = E[(?] ,wr(,) are employed:

Yy 1 T (7 () .= 210
g\ (r) 1—E[C3])’h1’l(T)h3 (r) ; 1=0,1 (2.10.20)
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where E&r,)(r) and Bgr)(*r) are given by (2.9.15) and (2.9.19), respectively. The
superscript (r) implies that the variables a,, a3 are replaced by a(1 ), ag ) in these

equations.

The expected value of qgr)(t)2 is given by:

t 4
E[g" (1)) = / f 3" (ry, 72)E(E — 71)E(t — T2)dr dry (2.10.21)
0 0
where
5" (1, m) = f / h(71;wr(8), G )R(2; we(B), ¢, )B7 (8)2 g (B)me, (C,)dBAC,
5(8) 0
(2.10.22)

Following the same steps as earlier for g, )(t) Equation (2.10.22) can be rewritten

as:

9" (r,m2) = / / h(r13 e COR(2i wr, G BI(BLY VP eor ), (wr ), (G e
c o

(2.10.23)
where
E [(87Ylw,| = f B @ 0V, ()™ (2.10.26)
S(ntr))
As earlier, E|( ﬁfr))zlwr] is linearly approximated:

B8 lwr] ~ 57 + e} w, (2.10.25)
where the coefficients c( ) and c(r ™) may be recovered, in a similar way as before,
from: () . (e

[Cirnr)] [L:} ; ] [ e ) } (2:10.26)
i roWr Elw(8;7)]

where E[(87)2] and Elfw,( ﬁgr))Q] can be evaluated as before, utilizing quadratic
approximations for ﬁ§”(g)2 and wr(ﬁ)ﬁgr) (8)?, according to the discussion of
Section 2.8. Substituting (2.10.25) into (2.10.23) leads to:

) = DI ) + A ) (2102)
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where

o0 oo
I(r 1‘)(7'1, Tf) = ]]h(Tl;wra Cr)h(‘rz;w,., C.,.)LJ.,I.TTW,_ (w,.)wcr(c,_)dw,.dg‘r ; | = D, 1
]

(2.10.28)
Using the transformed variables (agr) ,a:(;r) ), the following approximations are

derived:

G (r1, 1) = (v/1- : E[¢z2y Yl)( 1, 72)hS (11, 72) (2.10.29)

where Bgf}(n, 72) and AL (1, 72) are given by (2.9.23) and (2.9.24), respectively.
The superscript () implies that the variables a;, a3 are replaced by a!”, a!” in

these equations.

Figure 2.17 compares the expected value of the contribution of the first mode
to the response of the third floor of a three-story shear building structure for two
different approaches: numerical integration (solid curve) and the methodology
discussed in this section (dashed-dotted curve). In this particular example, it is

assumed that there is a uniform mass distribution m; = mg , 1 = 1,2, 3, and an
-2.

1

interstory stiffness distribution &k; = ky8; , 1 = 1, 2,3 where kg = 2000mgsec
each 8; is Gamma distributed with (8;, ag,) = (1,.10) and the damping ratios are
also independently Gamma distributed with (¢, a¢,) = (0.05,.20), » = 1,2,3. It
can be seen that the two curves representing the approximate and exact solutions
are almost indistinguishable. Figure 2.18 makes the same comparison for the
corresponding standard deviation. It can be seen that the two curves compare

well.

2.10.2 Statistics of g;(t)

The response g;(t) of the i** dof of an Ng-dof structural model, when

only the contribution of the first V,, modes is considered, is given by (2.6.35).



— 55 -

The expected value of g;(¢) is therefore given by:

Nm
G(t) = Ela()] = > 4"0) (2.10.30)

r=1
where the evaluation of the q( )(t) s was discussed in Section 2.10.1. The expected
value of g;(t)* is given by:

Elgi(t)*) ~ E Z E [q("’ t)qf")(t)] (2.10.31)

r=]1 a=]

In Section 2.10.1, the evaluation of E[qgr)(t)Ql was discussed. Therefore, the
remaining issue for discussion is the evaluation of the terms E { (r) (t)g(s) (t )J

when r # s. It can be seen that:

[91 ™) (t)g; (o) (t) // (r’s)(n, T2)2(t — 11)2(t — T2)dmde (2.10.32)
where

5 (r1,72) = / ] h(ri;we(8), ) h(ma; (), CBV ()B4 (8)

TS (2.10.33)

x mp(@)me, (G- )7, (Co)dBdC-dC,
The task is to evaluate this (Ng+2)-dimensional integral. Assume a transformed

~(r,8) _

set of variables 7 = [wr,ws, 7™)]T, where (™) is a vector of length Ny — 2.

such that there is a one-to-one mapping between 8’s and 'q(r o),

The joint marginal distribution =, ., (w,,w,) is defined as:

T w, (wr, ws) = f W_'TZ("") (ﬁ(f’,s))dﬂ(f‘,s) = / ﬂi("") (wr, ws,ﬂ(r’s) )dﬂ(r,s)
S(E(r,a)) S(ﬂ("-’))
(2.10.34)

Notice that 7., «w, (Wr, ws) is not the product of the marginal distributions 7,,_(w.)
and 7, (w, ), each of which, as discussed previously, may be adequately described

by a Gamma distribution. However, the following relation holds:

it i (wr? ws) = Mo, (wr)ﬂ'w, |ews (ws |w1‘) (21035)
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The following relation follows from the third axiom of Section 2.3:

T (e )(T](r,a)) = (e 8)(“_}”‘03’ (r 8)) = T 0, (w,.,ws)'frq(, ey s (7 (_(r,s) |wr, w,)
(2.10.36)
The conditional expected value of [35") ,85") when w, and w, are kept fixed is:
E [ﬁ}r)ﬁ}s)lwr,ws] = j ﬁ}r)(ﬁ(r’s))ﬁgs)(ﬁ{r’s))wﬂu,,)lwﬂ% (n(m*) Iwr,ws)dg(r’s)

S(nlr2)
(2.10.37)

Equation (2.10.33) can be rewritten using these transformed variables:

5" () = f / /h(ﬁ,wr,Cr)h(Tz,ws,Cs)ﬁ(r)(n(’""’))ﬁts)(n(r’s))

S(plre)y 0 0

X Wyt (1), (C)me, (Co)dn™ ") dCrdC,
(2.10.38)

Integrating out the variables ﬂ(”) by utilizing Equations (2.10.36) and (2.10.37)
leads to:

8 rr) = [ [ [ [Hriwn ohirmion GE [6760 oryc]
60 0 0O

0

X Mg s (Ldr, Ws )WC,» (Cr)"r(, (Ca)d"‘)rdwstnga
(2.10.39)

As before, instead of calculating the (NVp — 2)-dimensional integral of (2.10.37),
a polynomial approximation of two variables w,,w, is assumed. It is sufficient,

as will be seen later with an example, if only the zero!* order term is retained:
[/5’(’)[3(3) lw,.,ws] = (2.10.40)
The value of (:E};“ is chosen so that:

&) = B [ﬁm ﬁ(sl) (2.10.41)

The value of £ [ﬁfr)ﬁfs)] is evaluated utilizing quadratic approximations for
61-(’”) (ﬁ)ﬁf") (8), according to the discusion of Section 2.8. The conditional marginal

distribution 7, ., (ws|w,) is assumed to be Gamma distributed:

Too, fwr (Walwr) = g (was g, (wr), v, (7)) (2.10.42)



- 57—

where p,, (wr), v, (wy) are specified according to (2.7.6) from the expected value

I WB

Efw,|w,] and the variance Var|w,|w,]; the values of these quantities are evaluated

using the following polynomial approximations:

Elwslw,] =™ + c(lr’s)w,. (2.10.43)
and
Elwllw) =& + &m0, (2.10.44)
The expressions for the coefficients [ci””, "7 and [, &™|T are similar
to these of Equations (2.10.17) and (2.10.26):
(r,3) - -1
|1 @ Elws]
Fo] =l &) [22] (2:1049)
and
..(r 3) - =1 2
1 @ Elws]
[m)] o 5] k] (2.10.46)

In order to further simplify the calculation of the 4-dimensional integral of
(2.10.39), the transformed variables a\” = wy\/1 = E(C2),al” = wrly, ol =
ws\/l——E(@ and ags) = w,(, are introduced. As before, the additional ap-
proximation 1s adopt.ed namely, that all the pairs of the above variables, except
for the pair (a1 , 84 (*)) are independently distributed. As far as the joint pdf
Wagr)’a(i,)(al ) Oy )) is concerned, it follows from (2.10.35) and (2.10.42) that:

Talr) ale o(a{", d )y = 7 at (a1 N a®lal r)(ags)lagr)) ( )
2.10.47

g(a’g )7# ( ),V ))Q(QSS)Q #;ga)(ag ))) V;(la)(ag,r)))
Equation (2.10.39) can be rewritten using (2.10.40) and the above transformed

variables as:

g (r1,m2) = 757 (11, m2) (2.10.48)
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where

cO OO0 O OO
37 rmy = [ [ [ [hmial a0 e o, o)
0 0 0 O

X Ty, (,)(al ,111))7r r)(a;(;r))rag.)(a;(,s))da(lr)da(ls)da(sr)dag")

(ra)h(r)(Tl)h(a)(T
o0
X/ Y’ Sm(% Tl)h (7'23 )9(“1 Ha( vang)dagr)

o]
(2.10.49)

where ]—1(1-)(7_1) and 72(3)(7'2) are given by (2.9.19), with the superscript (r) or (s)

appropriately carried over to az, and hgso('rg, lr)) is given by:
(o}
T r s)7 . EJ
R (rasa{”) = ] ai” " sin(af"m2)g (af” o (af), v (a1)) da” (2.10.50)
0

Equations (2.10.48) and (2.10.49) imply that in order to evaluate ﬁfr’s) (11, 72)
for given 7; and 72, only a one-dimensional integral needs to be calculated us-
ing numerical integration, since 5(3")(71),?1:(;)(72) and 71(8) o{T2; 0 (r)) can be ex-
pressed analytically using (2.7.3a or b). Finally, E[q,r)(t)q(s)(t)] is evalnated

from (2.10.32), using FFT’s according to the discussion of Section 2.9.

Figure 2.19 compares the expected value of the response, due to all three
modes of vibration, at the third floor of a three-story shear building structure for
two different approaches: numerical integration and the methodology discussed in
this section. The same data is used as in Figures 2.17 and 2.18 of the example of
the previous section. It can be seen that the curves representing the approximate
and exact solutions are almost indistinguishable. Figure 2.20 makes the same
comparison for the corresponding standard deviation. It can be seen that the

two curves compare well.
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2.11 Summary and Conclusions

The primary steps of the procedure presented in this chapter, to approx-

imate the statistics of the dynamic response of an uncertain /Vg-dof model of a

structure, are reviewed here. Also, for the steps involving a substantial amount

of computations, the order of computations involved is given.

1)

2)

3)

4)

5)

A number of N; = (N} + 3Ny + 2)/2 eigenvalue problems are solved. The

amount of computation involved is O(N; x N3).

The N} x N; matrix A of (2.8.6) is formed and factorized. The computational
effort is O(N}).

By solving (2.8.4), the coeflicients of the quadratic approximation (2.8.9) are
obtained for the following functions of 8  w,(8),w?(8),wr(8)ws(8),
wr(@wi(@), B7(), BV(B)?, w(BBV(E), wr(B)B(9?, A7 @8 (),
where r = 1,...,Np, s=1,...,r— 1 and ¢ = the dof’s where the response
statistics are to be computed. The expected values of the above quantities

are computed through (2.8.10).

The coefficients cg"}) and cg:},r) , 1=10,1 are computed through (2.10.17) and
(2.10.26), respectively, and c(,-"}’,s) is computed from (2.10.41). The values of

7,8 and 1 are the same as in Step 3.

Let Ty = N7At be the length of the time interval over which the statistics of
the response are to be calculated. The functions §l(r)(r),l = 0,1 are evalu-
ated through (2.10.20) at the discrete points 7, = nAt,n = 0,1..., Np.
Similarly, the functions g,”)(ri,rz),l = 0,1 and g("'s)(n,rz) are evalu-
ated through {2.10.29) and (2.10.49), respectively, at the discrete points
(TryTm) = (nAt,mAt) , n,m = 0,..., Ny — 1. The values of r, s are the

same as in Step 3. The computational effort of this step is O(NZ Nr).
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6) The final expression for E[gi(t)] is given by:

Nm 2
Elq)) =33 a7 )
r=1 =1
!
where Oy =~ [ 570 -
g '(t)= g; (m)E(t — r)dr
0

The final expression for E[g?(t)] is given by:

Ny r—1
Elgi()] = ch"'” g m+23] ) a5
r=1 {=1 r=2 s=1

where

g = - / f 57 (71, 72)3(t = 11)3(2 — T2 )dT dTy

“'(7‘ 8)(t) = /] () ('7'_]_, T2 t - T1 )Z(t - TQ)dTl dT')

(2.11.1)

(2.11.2)

(2.11.3)

(2.11.4)

(2.11.5)

The integrals in (2.11.2), (2.11.4) and (2.11.5) are evaluated using FFT’s.

Most of the computational effort required 1s used to evaluate the discrete

2D FT’s of 5\ (11, 7) and §(ry, 7). If Ny = 2INTA08 Nri42 then the

leading term of the amount of calculations involved in this step is O(N2N2).

This amount of calculations i1s generally larger than that involved in any of

the previous steps. Finally, the expressions for E[z;(t)] and Var(z;(t)) are

given by (2.4.13) and (2.4.15a).

The following conclusions can be drawn from the results presented in this

chapter:

1) The leading term of the amount of calculations required by the approximate

method presented in this chapter is Of leNi)

2) This leading term does not involve the parameter count Vy.
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3) The extra computational effort required to evaluate the statistics of the
response at a different dof is minimal, since only the coefficients cgrl) , CETI’T),
cg,ras) have to be evaluated for each additional dof, while the time functions

qr(), él(r‘r)(t), g(™*)(t) remain the same.

4) Steps very similar 1o the ones described in this chapter can be followed if,
instead of displacements, other output response quantities are of interest,
e.g., accelerations or internal forces. For a structural system with uncertain
parameters, knowledge of the first moments of the quantities describing the
state of the system is not sufficient to calculate the first moments of all
possible output quantities. For example, the uncertain internal forces of a
structural element are a function of the uncertain stiffness of the element and
of the resulting uncertain generalized displacements of the element; since
the uncertainties in the stiffness and the uncertainties in the generalized
displacements are not independent, knowledge of their first two moments
alone is not enough to calculate the first two moments of the uncertain

internal forces.

The value of the proposed approximate method is established by comparing
the amount of calculations it requires, which is O(N2N2), to the amount of calcu-
lations required by the numerical integration method, which is O(Npd(Ve+Nm)y,
where d is the number of discrete points chosen along the direction of each un-
certain parameter; the latter number of calculations may become prohibitive for
modeling structural systems. Furthermore, the results obtained using the pro-
posed approximate method are very close to the ones obtained by simulations or
by numerical integration, as was shown with a specific example in Figures 2.19
and 2.20. It is concluded from the above that the proposed method is an efficient
and accurate method to calculate the uncertainties of the dynamic response of a
structural system with uncertain parameters. The method provides a tool for the
engineer during design of a structure to investigate the resulting uncertainties in

the structural response due to uncertainties in the modeling process.
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Figure 2.1 Schematic representation of the steps leading to the probabilistic

modeling of a structural response.



-63-

Vd
’ c
7 I ./ m
/ = 7
7
7
v
7] k
7
/
]
PSS PSS AT A7
e
z (1)

Figure 2.2 SDOF linear model of one-story building structure excited by ground

acceleration.

4000 T ] 1

2000

3(1) (mm/secz)

-2000

-4000

1 ] 1
10 20 30 0

1 (sec)

Figure 2.3 El Centro S00E acceleration record of the Imperial Valley Earth-
quake, May 18, 1940. This “El Centro record” is the applied base

excitation in all numerical applications of this thesis.
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Figure 2.4 Expected response §(t), of a SDOF oscillator with fixed damping
ratio { = 0.05, and uncertain natural frequency w, uniformly dis-

tributed over the interval 2 = [1.711',2.3#]%% (El Centro record).

Two methods are used to obtain g(2): (1) numerical integration
(solid curve) and (2) SMA (dashed-dotted curve).
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Figure 2.5 Standard deviation of the response o,4(t) for the SDOF oscillator of

Figure 2.4. The solid curve is obtained using numerical integration,

while the dashed-dotted curve is obtained using SMA.
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Figure 2.6 Response g(t;w) at fixed time t = tp = 5 sec, against the natural
frequency w in Hz for the SDOF oscillator of Figure 2.4. The solid
curve is exact, while the dashed-dotted parabola corresponds to the
truncated Taylor series expansion given by the right hand side of

(2.5.8).
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Figure 2.7 Expected response g(t) and its corresponding standard deviation
04(t), for a SDOF oscillater with fixed damping ratio ¢ = 0.05 and
uncertain natural frequency (El Centro record). The solid curve cor-
responds to w being uniformly distributed over the interval [0.85, 1.15]Hz,
resulting in (@, o) = (1He, 8.66%), while the dashed-dotted curve
corresponds to w being Gamma distributed with the same two first

morments as in the previous case.
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and a,; = 0.10 (to; = 100,v,; = 100).

(b) Gamma distribution of an uncertain parameter a; with a; = 0.05
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Figure 2.10 Modal frequencies w,(8),r = 1,2, 3 against 8;,i = 1,2, 3 for a three-
story planar shear building with uniform mass m; = mp and inter-
story stiffness k; = kpfi,1 = 1,2,3 (ko = 2000mpsec™?); while each

8; is varied, the remaining §; 3 9; are kept constant, equal to unity.
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Figure 2.12 Points 8" chosen to interpolate quadratic approximations in g to
various rnodal quantities, which are functions of g, as discussed in
Section 2.8. In this case, Ny = 3, resulting in N; = 10 required

points [
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Figure 2.13 Normalized pdfs of the modal frequencies w,,r = 1,2,3, for the
three-story planar shear building of Figure 2.10. Each §; = 1,2,3
is assumed to be independently Gamma distributed with (8;, ap,) =
(1.,.10). The solid curve is obtained using the approximations in
Section 2.8, while the dashed-dotted curve is obtained using simula-

tions.
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Figure 2.14

Expected response g(t) of a SDOF oscillator with independently
Gamma distributed damping ratio ¢ and frequency w; @ = 1Hz,
o = 0.10,{ = 0.05, a¢ = 0.20 (El Centro record). The solid curve is
obtained using numerical integration, while the dashed-dotted curve

is obtained using the approximations of Section 2.9.
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Figure 2.15 Standard deviation o4(t) for the SDOF oscillator of Figure 2.14.
The solid curve is obtained using numerical integration, while the
dashed-dotted curve is obtained using the approximations of Section

2.0
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Figure 2.18 E[[Jﬁ”lwl] for a three-story shear building with uniform mass m; =
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Each 8;, ¢ = 1,2,3 is assumed independently Gamma distributed
with (8;,g,) = (1.,.10). The solid curve is obtained using sim-
ulations, while the dashed-dotted curve is obtained using the lin-
ear approximation {2.10.11). The dashed curve corresponds to the

marginal pdf of wy, appropriately scaled.
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Figure 2.17 E[qé”(z‘)] for a three-story shear buiiding with uniform mass m; =
mp and interstory stiffness k; = kpf;, i = 1,2.3 (ko = 2000mosec™2).
Each 6;, : = 1,2,3 and each damping ratio (., = = 1,2.3 are as-
sumed independently Gamma distributed with (8;, o, ) = (1...10)
and ((r, ¢, ) = (0.05,.20) {(El Centro record). The solid curve is ob-
tained using numerical integration. while the dashed-dotted curve is

obtained using the methodology of Section 2.10.1.
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7 T I T T

Ogy (1) (mm)

0 !
2

-
-

0

for o

t (sec)
Figure 2.20 o0,,(¢#) for the three-story shear building of Figure 2.17. The solid

curve is obtained using numerical integration, while the dashed-

dotted curve is obtained using the methodology of Section 2.10.
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Chapter 3

Improving Response Predictions
Utilizing Dynamic Testing

3.1 Introduction

This chapter is concerned with the updating of a mathematical model of
a structure by using existing records of structural response. The initial uncer-
tainties of the model parameters, as well as the initial uncertainty of the model
error, are updated by extracting the structural information contained in the
available records. The probability density function modeling the uncertainties
of the parameters and the model error, after the updating, is also referred to as
the posterior probability density function. The degrees of freedomn where instru-
mentation allowed for output measurements will be referred to as observed or
measured dof. Usually, the recorded output consists of the acceleration histories
at these dof; in this case, the updated posterior pdf is evaluated by utilizing these
recorded acceleration records directly rather than utilizing velocity or displace-
ment histories obtained through integration of the acceleration histories, since
such an integration process accentuates long-period errors in the digitized data.

The goals of this chapter are the following:

1) To evaluate the posterior pdf’s of the uncertain parameters and the model
error by utilizing the recorded output histories at the measured degrees of

freedom of the structure for a given excitation.

2) To utilize this updated posterior pdf to predict: (a) the statistics of the

uncertain unobserved output quantities of interest for the above given exci-
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tation or (b) the statistics of all the uncertain output quantities of interest,

at both observed and unobserved dof, for a different excitation.

The problem of evaluating the posterior pdf of the uncertain parameters and
the model error is essentially the problem of Bayesian statistical system identi-
fication [Beck 1990]. Aside from predictions, the posterior pdf of the uncertain
parameters may be used for the purpose of monitoring the structure’s health or
for applying effective control strategies for the structure. In the next section,
some definitions and notation are introduced to mathematically formulate the

whole problem of interest.

3.2 Some Definitions and Notation

Let 2y v = {#(n) e RY" :n=1,2,....N}and X; y = {£°(n) € BV :n =
1,2,...,V} be the sampled observed input and output histories for a structural
system with a sampling interval of At. Assume that an Ny-degree of freedom
theoretical model M has been chosen to describe the input-output behavior of
the system and let g be the vector of the model’s uncertain parameters with an

associated joint prior pdf m,(g). M provides a functional relationship between

the model output vector of quantities of interest g(n;a) € RV® at time t, = nAt

and the system input Zy ,:
g(ma) = g(n;8,Z1 s M) (3.2.1)

Throughout this chapter, the dependence of g(n;a) on the input Z;,, and the
theoretical model M will be suppressed in the notation. Also, define the vec-

tor z(n) € RVR consisting of all svstem output quantities of interest at time

tn = nAt corresponding to g(n), including the IV, observed output quantities.
Without loss of generality, the elements of z(n) and g(n) are assumed arranged
so that the first IV, of them correspond to the observed, and the remaining
N, = Nr — N, to the unobserved, output quantities of interest. For example.

z(n) = [z°(n)T,2*(n)T)¥, where z°(n) € R and z*(n) € RM+. Assuming that
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for modern instrumentation the measurement noise is negligible compared with

the model error, it follows that z°(n) = £°(n) and z(n) = 2(n) forn < N.

To account for rmodel error, the class of models M is extended to a class
of probability models M p, parameterized by & = [a7,g?]T € RN-*N: Mp
prescribes a function gas, or equivalently g}, describing the joint pdf of the

system’s output history given the input history as follows:

p(Xa,a118, Z1 s Mp) = gme( X1 ,058, Z1 1)
(3.2.2)

= ga (X7 a1, X2 003 8, Z1,0m1)
where X? 5, = {z°(n) € R¥;n=1,2,...,M} and Xy =1{z"(n) € RNeip =

1,2,...,M}. Mp is also specifying the prior pdf, so that:
p(aMp) = 73(8) (3.2.3)

Let S{(X}',;) and S(X? 5;) denote the space formed by the range of X} ,, and

X7 ar» respectively:

P(XT arl@, Z1, 00, Mp) = / (X1, m18, Z1,p, Mp)de™(1)...dz* (M)
S(XY ar)

= / (X3 ar Xt ags @, Z1,31)dz®(1) . .. dz™ (M)
S(Xf 50)

= f3(XTar 8. Z1.00)
(3.2.4)

and

p( XY pld, 21 g, Mp) = / p(X1.m|8, Z1,0, Mp)dz®(1)...dz°(M)
S(X7 30
= [ (Ko K& Zoar)dz(1) . dz(0)
S(X? )

= fﬁd(Xf,Maﬁa ZI,M)
(3.2.5)

Different choices in modeling the model error, such as the equation-error or

the output-error approach, lead to different probability models M p. While the
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equation-error approach is appropriate to account for model error due to mea-
surement errors in the input data, it does not account properly for model error
introduced due to more important factors, such as nonlinearities in the feal sys-
tem not accounted for by the theoretical model. An ocutput-error approach, on
the other hand, is appropriate to account for both model error and measurement
noise. The probabilistic formulation in this chapter is based on an output er-
ror approach as presented in the next section, and follows closely Beck [1990].
Here, this approach is extended to treat predictions of unobserved cutput quan-
tities of interest by including the parameters ga* and g®, which are not locally
identifiable. Also, computationally feasible numerical algorithms are developed
to evaluate the optimal observed parameters in both the globally and locally

identifiable cases.

3.3 Output-Error Approach

The output error e(n) is defined to be the difference between the system

output and the model output, so:
z(n) = g(n; 2) + g(n) (3.3.1)

where as mentioned earlier, the dependence of g on the input and the theoret-
ical model, as stated in (3.2.1), has been suppressed in the notation. Also, the
dependence of z(n) on the input Z; , has been suppressed in the notation. A
class of probability models P is selected, parameterized by o € R™:, prescribing

a function hjy; to describe the joint pdf of the output error, so:
p(e(1),....e(M)lg, P) = hy(e(1), . ..,e(M); a) (3.3.2)

By specifying the classes M and P, the class M p is specified. The function gy
in (3.2.2) is specified as:

g (X1 p38, Zrm) = by ((2(1) —g(L;0)), ..., (2(M) — g(M;a));a)  (3.3.3)
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where g = [aT,gT]T. Defining E1 ar = {e(1),...,e(M)}, notice that:

P(El,Ml.‘Z,P) :P(Q(IVI)IEl,M—l,Q,P)P(El,M—-l)lQ.aP)
= p(e(M) Ey a1-1,2, P)p(e(M — 1)|Ey p1—2, 0, P)p(Ey ym—2|o, P)

M
= [[ ple(r)|Es,n-1,2, P)
n=1
(3.3.4)
where E) p is the null statement. Equation (3.3.4) implies that the function has
can be prescribed equivalently by specifying the function A :

h;(g(n), El,n—l 72) = p(g(n)‘ﬁ(l)v e ,Q(n - 1)7_0'._’ P) (335)
since then: "
h
ha =[] ha (3.3.6)
n=]

If the sequence {g(n)} is modeled by an ARMA model of order k, then

Ry (e(n); By n-1,0) = hL(e(n); Enk.n-1,2). The higher k, the more compli-
cated the analysis becomes, without significant improvement in the amount of
structural information extracted from the available records. Assuming that the
sequence {g(n)} is a zero-mean stationary Gaussian white-noise sequence leads
to the standard output-error approach. The white-noise assurnption implies tem-
poral statistical independence, that is, the error g(n) is statistically independent

of the errors g(1),...,e(n — 1), so:
hn(e(n); By n—1,2) = h'(e(n); 2) = G(0, £(a)) (3.3.7)

where G(0,Z(g)) is a joint Gaussian distribution with zero mean and a time
independent Nr X Ng covariance matrix (g). Substituting (3.3.7) into (3.3.6)
leads to:

1 1 \
Aa(Eyang) = ; - EeXp (—* e (M) @)eln) (3.3.5)
| (2m) 2 2o ¥ 2 & )
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From (3.3.8) and (3.3.3):

1
(2m)* T2 |2(e)| ¥

om (X1 a3 8, Z1,m) =

M
exp (":1;3 > (z(n) - g(ma)) TS (e)(z(n) - g(n:.g)))

i (3:3.9)
Additionally, spatial statistical independence is assumed between all elements
of g(n), that is, each model error e;(n) is assumed independently Gaussian dis-
tributed with zero mean and variance depending only on the corresponding phys-
ical quantity. For example, all model errors corresponding to accelerations at
different dof are assumed independently Gaussian distributed with zero mean
and variance 02, while, for example, all errors corresponding to displacements
at different dof are also assumed independently Gaussian distributed with zero
mean, but with variance ¢3. This assumption leads to a diagonal (g). Since
all observed quantities generally represent the same physical quantity, usually

accelerations at different dof, it will be assumed that:

T(g) = [20(00_0) Su(zg) (3.3.10)
where £°(¢°) is a N, x N, diagonal matrix with identical diagonal elements
(c?)?, that is. [E°(o°)];; = (00)25,',-, and the covariance matrix for the unobserved
output £*(g) is a Ny, x IV, diagonal matrix, with its diagonal terms being squares
of elements of . Let g = [a",g"T]T, and g = [g"T,_q’*T]T, where a° is such
that g;(n;a) = gi(n;8°),: = 1,2,...,N,, that is, g° contains the parameters
controlling the model output at the observed dof. The vector g* is defined
as consisting of the remaining elements of g; notice however, that the model
output at the unobserved degrees of freedom may depend on all parameters in
a, not just g*, so in general gi(n;a) # g;(n;a*),t = N, +1,..., N, + N,. The
parameter vectors g%, ga* are defined by the theoretical model M and the choice

of the observed output quantities. along with the choice of the uncbserved output

quantities of interest. For example, consider a theoretical model based on a modal
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approach and assume that the output quantities of interest are the accelerations
at all dof, while the observed output consists only of accelerations at specific
dof; in this case, the modal participation factors at the unobserved dof are not
needed in specifying the model response at the observed dof and therefore do
not belong in the vector a®, while they are needed to specify the model response
at the unobserved dof and, therefore, belong in the vector g*. If, instead, a
theoretical model based on a finite element approach is employed in the above
example, as discussed in Section 2.6, then the complete vector g, consisting of
the stiffness parameter vector # and the damping ratio vector (, is needed to

specify the model response at the observed dof. Therefore a° = a.

For the sake of brevity in the notations, the following vectors are introduced:

T oo)T, 5% = [, g )T, e°(n; a°) = 2°(n)—¢°(m;2°) € R, e¥(n;a) =

z*(n) — ¢*(n;8) € RM, 2°(n;2°) = 2°(n) — g°(n;2°) € RN-.

a’ = [a°

If £(o) is given by (3.3.10), Equation (3.3.8) becomes:

g (X a5 8, Z1a1) = gy (XD a0 X1 015 85 21, )

1 - o o
" oy =T ( 2(00)zzze(n,_)z)

n=} =1

1 1Y Qe *(n; a)
e S0

(2)‘ =1 i=1
(3.3.11)

X

MI"'

Substituting (3.3.11) into (3.2.4) leads to:

] 1 M N,
p(-Xl,Mlga.Ea Zl,M!J\AP) = (21‘{(0‘0)2)&‘3’ ex p( 2(0-0)2 ZZE (n’— )2)

n=1 =1
= fa (X7 Ma_ °, 2y, M)
(3.3.12)

which implies that:

p('Xf,ﬁ/I Ié) ZI,M$ JWP) = p(X{),M Iéoa ZI,M, M.P) (3’3'13)
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Similarly, substituting (3.3.11) into (3.2.5) leads to:

1 1M N et (n; a)?
D X Q,Z , ,,/‘\/[ = exp | —= i y &
( 1,M] 1.M P) (QW)M_;v“mu(g)]A} ( 2 ; — [Zu(g)]“)

= f}lt,‘d(Xf,M;éa Zl,M)
(3.3.14)

Notice that fiy (X358, Z1.m) # f3(XT a3 8%, Z1,1)- Also, notice that:

P( X1 6@, Z1,m, Mp) = gm (X1, 0138, 21, 1)
= far( X3 ;8% Z1,m) Far (X1 pg 18y Z1,01) (3.3.15)

= p(X7 p18°, Z1, 3, MP)D(XT a118, Z1, 01, Mp)

that is, X7 ,; and X}, are independently distributed when the parameters @

are given.

3.4 Posterior pdf of Uncertain Parameters

Let Dy denote the set of observed data, consisting of the observed input
history ZAL ~ and output history X 1,N. As in Section 3.2, it is assumed that for
modern instrumentation the measurement noise is negligible compared with the
model error. Therefore, the observed input and output histories are assumed to
be identical with the corresponding svstem input and output histories, respec-
tively. The updated, or “posterior,” joint pdf of {@} is given by Bayes’ Theorem
(2.3.1):
p(X1,n8, 21, Mp)p(@|Mp)

p(X1,n)Z1,n, MP)
= kp(X1,w @, Z1,n, Mp)p(@Mp)

= kf{(X1,5:8%)ma(d)

p(8|Pn, Mp) =

(3.4.1)

where

= p(ﬁLNlZALN. Mp) = J[ p(Xy Nl Z) v M p)p(ajMplda (3.4.2)
5(2)
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S(-) is defined to be the domain of the quantity in the parenthesis. The prior
joint pdf p(@|Mp) can be rewritten:

p(@|Mp) = p(g*|a°, Mp)p(a°|Mp) (3.4.3)
where
p(8°|Mp) = ] p(EI M p)da* = 7o (3°) (3.4.4)
S(@*)

Substituting (3.4.3) into (3.4.1) and integrating out 2" leads to:
p(é')lDN’ MP) = kp(Xl,NléD7 Zl,Na Mp)p(éolMp) (3 4 5)
= k(X1 n: 8%, 20, w)me (8°)

Similarly, by substituting (3.4.3) into (3.4.2) and integrating out @*, an alterna-

tive expression for 7! is obtained:
k™t = p(X1,n21,n, Mp) = f p(X1,n|8° Z1 N, Mp)p(&°|Mp)dd® (3.4.5)
5(a°)

Equation (3.4.1) may be rewritten using (3.4.3) and (3.4.5):
p(&|Dn, Mp) = p(&°|Dn, Mp)p(&*12°, Mp) (3.4.7)
The last equation implies that:
p(&*|a°, Dn, Mp) = p(d"|ad°, Mp) (3.4.8)

which is simply stating that the observations provide no information to update
the conditional pdf of the parameters @*, given @°. The updated marginal pdf
p(&*| Py, Mp) is:

p(&" D, Mp) = ] p(@*|3°, D, Mp)p(@°|Dn, M p)da®

s S0
@) : (3.4.9)

= / p(&"[8°, M p)p(a°| Dy, M p)da®
5(a°)
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Notice from the last equation that the data does provide information to update
the marginal distribution of &", unless the parameters @ and 4° are assumed

independently distributed a priors.

As can be seen from (3.4.5), the effect of utilizing the available records to
update the pdf of the observed model parameters and the observed model-error
parameter is contained in the term k f§; (Xl N; 8%, Zl, N ), where k serves as a nor-
malizing constant. Assume that f}{,()?l'w;@", Zl,N)a given by (3.3.12), attains its
global maximum at a unique set of parameters {éo = {&°,6°}; these parameters
are also referred to as the “optimal” parameters. If a noninformative prior pdf
w50 (&) is assurmed locally [Box and Tiao, 1973], in the neighborhood of the opti-
mal parameters, the parameters = [@"T, #°]7 maximizing f;(,()zl_N;_@", 21,N)
are also maximizing p(d@°|Dn, Mp), as can be seen by viewing (3.4.5). In this
case, the optimal parameters EL_O correspond to the most probable model within
the class Mp. The assumption of a locally noninformative prior pdf, in the
neighborhood of the optimal parameters, mathematically means that the prior
distribution is constant over a neighborhood of radius O(N~!). Therefore, for
a slowly varying prior distribution and a large number of data points iV, this
condition is practically always satisfied (see Appendix E). Equation (3.4.5) can

be rewritten:
Inp(&°| D, Mp) = Ink + Infy(Xy n; 8%, Z1,v) + lomge (@) (3.4.10)

where from (3.3.12):

N N
o f v ~0 77 o 1 ~ . ,0\2
Infg (X ni 8% 21 n) = —c — NN,Ino® — o ; ; £2(n;a°)?  (3.4.11)
and ¢ = —-f%ﬂ-ln(%). Maximizing f&(il,N;ﬁo,Zl_N), with respect to @°, is

equivalent to maximizing lnf;\}(}‘Z'I,N;t_"z", 21,N). At 8° = éo the following condi-

tions hold:

=0 (3.4.12)
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For fixed @°, maximizing lnf&(Xl‘N;fzf’, 21,1\1) with respect to 0° requires:

P = e S = o 3 36 - e (3459

n=1 1=1 ® p=1 i=1

This shows how the most probable variance 6°(a®)?, for given g°, depends on the
choice of the model parameters g°. Obviously, the condition for the overall most
probable variance (6°)? is given by (3.4.13) when g° = 4°. Substituting (3.4.13)
into (3.4.11):

" . NN,
Inf{(X1,n;8°8°(8°), Z1,n) = —e — NN,Iné°(a” 5 (3.4.14)
Thus 4° is given by minimizing 5°(g°) or, equivalently, minimizing:
N N,
J(g®) = NN,6°(a®)* = > > (88(n) — gf(n;2°))* (3.4.15)
n=1i=1

where the dependence of J(a®) on the input ZLN has been suppressed in the
notation. Also, from (3.4.10) and (3.4.14):

i (MDY Ny ()Y, (Tl

p(a°,5°(a%)|Dn, Mp) 2 6°(a°)? Tgo o*°(a g°(&°%))
(3.4.16)
where Tyo 50 (8°,6°) = g0 (& ®). Equation (3.4.16) may be rewritten:
p(a°, 5°(a)[Dn. Mp) _ Tar,o0(a% 5°(a%) (6°(a")\""

(@&, 5°(&°) Dy, Mp) g oo (&, 5°(@°)) \3°(a)

@, 52! @ . (3.4.17)
Mo ,o(a &”(g") (J(ﬁ")) 2
Mao,o° 6°(8°)) \ J(e°)

The posterior pdf p(d°|Dn, Mp) can be approximated locally, in the neighbor-
hood of ﬁo, with a multi-dimensional Gaussian distribution with mean _&o and an

(N, + 1) x (N, + 1) covariance matrix Ay (éo) (see Appendix E):

p@’|Dn, Mp) = pl@’|Dn, Mp)exp(~51a° - &7 4n(E")a" ~ &) (34.18)
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where the elements [A4 N(éo)] i are given by:

PInfR (XD n:8°, Z1n) OInmze (2°)
[An(a))i; = - Dacdae P 08206°  |zo_ze
] e lat=a 7OETE (34.19)
n~ FIfR(X? N 8°, Z1,N)
- afif'aﬁg ar=a"

The elements of Ay are O(IV) and, therefore, for a large number &V of avail-
able data points, which is usually the case with dynamic tests or earthquake
records of structural response, the pdf p(d°|Dy, Mp) becomes very peaked at
the optimal parameters &’} this result can also be concluded by viewing Equation
(3.4.17). Since the posterior pdf is so peaked at the values of the optimal param-
eters, predictions can be made using the corresponding most probable model
based on the data, assuming it is globally identifiable [Beck 1990]. The prop-
erty of global identifiability will be explored in Section 3.6, but for now it is

understood as the existence of a unique set of optimal parameters.

Consider the case where the optimal parameters are not globally, but locally
identifiable; that is, where f}{,(.fl,N; .@0,21,1\!) attains its global maximum at a
finite number of parameter sets {ﬁz; k=12,...,K}={a},65;k=1,2,..., K},
where:

fXinidn Zan) = max fR(Xin 8% Zn) 5 k=12, K (3420)
Following the same steps as in the globally identifiable case, it can be shown that
the set of the optimal parameter vectors é; , £k = 1,2,..., K are all the solutions
of:

J(ay) = él(lln) J@g%); k=1,...,K (3.4.21)

Equation (3.4.21) along with (3.4.15) implies that:

minJ(g®) = (6°)*; k=1,2,... K (3.4.22)

1
~ 012
o =
( k) NNO
that is, the optimal variances corresponding to the different optimal parameters

4y are all equal. If a uniform, noninformative prior pdf mz. is assumed over the



-03 -

whole domain S(@°), then the above solutions é; = [Q‘,’:,&"T]T k=1, K
also form the set of solutions that globally maximize p(g°|Dy, Mp). For a
nonuniform prior, however, it is asymptotically correct that the above solutions
are all local maxima of p(a°|Dy, Mp) (see Appendix E), while the global maxi-
mum is attained only by the solutions ET = [Q}’T ,3°]T, such that:
mge(d)) = max g (fy) (3.4.23)
As before, the pdf p(@°|Dy, M p) can be approximated in the neighborhood
of each of the optimal parameters fz,z with a scaled multi-dimensional Gaussian
distribution with mean ﬁi and a covariance matrix Ay (ﬁz), in accordance with
(3.4.18). For large IV, the pdf p(a°|Dy, Mp) collapses to a few peaks located
at the optimal parameters ﬁ: , k=1,..., K. Consequently, it is asymptotically
correct for prediction purposes to use, out of the class M p, only the probabil-
ity models corresponding to the optimal parameters ﬁ; , k=1,...,K. Each
of these models is weighted proportionally to the volume of the posterior pdf
p(@°|Dn, Mp) under its Gaussian-shaped peak positioned at the corresponding
optimal parameters. The mathematical expression for the weighting coefficient

wy corresponding to the k** vector of optimal parameters é; is (see Appendix

E):

7

Wi
Wi = R—.-— (3.4.24)
Zk:l wy
where
wh, = mae ()| AN (@) /? (3.4.25)

The elements of A N(ﬁ:) can be evaluated numerically through (3.4.19). Numeri-
cal examples have shown that these calculations can be very sensitive to roundoff
errors if the vector of the observed model parameters g° does not consist of modal
quantities exclusively. In addition, independent of the choice of a°, the matrix
An( ﬁ:) is often ill-conditioned. which results in numerical errors when calcu-

lating |A'(&x)|- Thus, the weighting effect of |A3!(&,)|? cannot be estimated
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reliably in general by calculating it directly. A reliable alternative expression is
presented later in Section 3.12.3 to overcome this difficulty. Notice that the prior
pdf 75.(@°) does not need to be specified over the whole domain S(&°). Instead,

only the relative values for the optimal parameters _czz_z need to be specified.

Summarizing the above results, the posterior pdf p(g°|DPy, Mp) for a large
number N of data points and for the locally or globally identifiable case is given
by:

K
p(@ Dy Mp) = 3 wiG (g"; Gy, AT (fi_:)) (3.4.26)

k=1
where G (Q"; éZ,AJ_Vl (ﬁi)) is a multi-dimensional Gaussian distribution for @°,
with mean _zq: and covariance matrix Ag,l(ﬁ;), and wy is given by (3.4.24). In
the globally identifiable case, K = 1 and w; = 1.
Equation (3.4.7), along with (3.4.26) is used to obtain p(@|Dy, Mp). It is
asymptotically correct that:

K

PPy, Mp) =3 wiG (&% &, A7 &) ) pl@" |7, Mp) (3.4.27)
k=1
or integrating out 4°:
K L0
p(a*| Dy, Mp) = Z wip(d®|ag, Mp) (3.4.28)

k=1

Assuming that g and g are independently distributed a priors:

ma(d) = p(@lMp) = pla|Mp)p(glMp) = m(a)m,(2) (3.4.29)

the conditional prior pdf p(g*| ﬁ:, Mp) in the last two equations can be expressed
as:
mzu)as (8% 1) = p(@" |y, Mp) = p(a®|&f, Mp)p(c*|6°, Mp)
(3.4.30)

= ﬂ2“1ﬂb(_a_u:éi)ﬂg_“]a°(gu: a_o)
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3.5 Posterior Predictive Probability

The pdf p(X1,8m|Z1,a1, Mp), before any of the information contained in
the data _73:’1v ~ 1s employed, is given by:

p( Xy miZi, g, Mp) = ]P(XLMIQ,Z1,M,MP)P(.@|MP)dé

S(a
o (3.5.1)
= /QM(XLM;Q,ZLM)W@(EE.)@
S(a)
where gps (X105 8, Z1,p1) is given by (3.3.11). Also:
o(X{ arlZ1, 01, Mp) = fP(Xi’,Mlé",Zl,M,MP)P(.@"IMP)dé"
S(a°
@ (3.5.2)
- f (X0 0138 ZuagYege (8°)dE°
S(&°)
and
P(X? 1|20 1, Mp) = ] P(X 4118, Zupgs Mp)pl(&l M p)di
S(a)
( (3.5.3)
- f S5 (X2 i 2o )ma(@)da
S(a)

where f3,(X7 238°,Z1,m) and fy (X7 a8, 21,m) are given by (3.3.12) and
(3.3.14), respectively. Notice, however, that X7 »; and X 5, are no longer inde-

pendently distributed, in contrast to the case where @ is given:

(X1, M1 2101, Mp) # p(XT pgl 21 01, Mp)P( XY 31121 01, Mp) (3.5.4)

The first two moments of the elements z(n) can be evaluated according to
Equations (2.4.8) and (2.4.9), where the explicit dependence of z and g on n has
been omitted. The high dimensional integrals in these equations can be evaluated

using the methodology proposed in Chapter 2.
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Utilizing the available data Xl,N, the posterior pdf p(d|Dy, Mp) is ob-
tained, as discussed in the previous section. This updated pdf can be used to
evaluate either (a) p(X{ y|Dn, Mp), the posterior pdf of the unobserved out-
put quantities for the given excitation, or (b) p(Xny+1,m|DPN, ZN+1,8, Mp), the
posterior predictive pdf of both observed and unobserved output quantities for a

future excitation Zy41,ps, which is assumed to be specified.

(a) For the former case, p(X{ y|Dn, Mp) is given by:

p(X} Dy, Mp) = / p(X} i, Dy, Mp)p(@lDy, Mp)da  (3.5.5)
(@)

Notice that:
p(XE N8, Dn, Mp)p(X1, N1 Z1, v Mp) = p(Xa,n, XP NG, 21,8, Mp) (3.5.6)
From (3.3.15), it follows that:

p(X1 v, XE N8, 2y, v, Mp) = p(X1,wlE, 21,8, Mp)p(XE yl&, 2y v, Mp)

(3.5.7)
Combining (3.5.6) and (3.5.7) leads to:
p(‘?{ﬁi\f Iéa DtVs ,'\AP) = p("x'i‘,i\’ [Q, ZA’I,IV, "'\/IP)
A (3.5.8)
= fn(X1 N3 8 Z1,N)
Substituting (3.5.8) into (3.5.5) leads to:
p(Xi ' n|Dn, Mp) = fff\'r(Xf,N;é,Zl,N)P(EIDN,JWP)dé (3.5.9)

S(a)
Utilizing (3.4.27), along with Equation (3.5.9), the following expression, which is
asymptotically correct for large &V, is obtained:

K
PIXT N Dx, Mp) 2> wip(XT vy, 21, M) (3.5.10)
k=1
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where

p(X¥ wlES, Dy Mp) = / Fo(XE i, 8" 21 n)
S(a®) (3.5.11)

Tau|ao (8" &y )dE"
Equation (3.4.30) can be employed to describe 345, if 2 and g are independently
distributed & priori. This equation shows that integration only over the space
of the unobserved parameters is required in order to caleulate p(X{ x| Dn, Mp),
while p(X{ |Z1,n, Mp) required integration over the space of all observed and
unobserved parameters. The integration over the space of the observed param-
eters is replaced in the former pdf by a discrete sum over all optimal sclutions
{a, , k=1,...,K}. In the special case where g = a° and g = {0°}, Equation

(3.5.10) can be written as:

K

PXP nIDN, Mp) 2 > wi fR(XYE i g, Z1,8) (3.5.12)
k=1

The expressions for the first two moments of 2¥(n) after the updating, as-

suming g and g are independently distributed, are given by:

K

E[&”(n_)l@y,.z‘d;:]:Zwk f q"(n; 8y, 8" Ymgu)ee (@ @1 )da™ (3.5.13)
k=1 S{a*)
and
K
k13 ~ 0O uT ~0 U W, ~0 u
Cov(z"(n)|Dn, Mp] = Zwk g*(may,a")g" (n; 838, 8" MMauje-(a”; 81 )da
k=1

S(g*)
- Elz*(n)|Dn, MPp)E[g*(n)|Dn, Mp]T

K
+ Y wy f TH(8°, 8% yuipe (a*; 5°)dg®
k=1 S(e®)
(3.5.14)

If the model output ¢(n) corresponding to an unobserved output quantity

z¥(n) , 1 = 1,..., N, depends only on a°, that is ¢¥*(n;a) = ¢*(n;a°), then
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Equations (3.5.13) and (3.5.14) reduce to:

K
E[z}(n)|Dn, Mp] = > wigl(n; &7) (3.5.15)
k=1
and

K
Var[z?(n)|Dn, Mp] = > wrg¥(n; 43)° — El2}(n)|Dn, Mp]?
k=1

K o0
+3 w f (04273100 (0116°)do!
k=1
where (¢})? = [Z*{g));;- The last term in the right hand side of (3.5.16) can be
written as E[(c})?|6°). Additionally, if 0! = ¢°, this term reduces to (5°)2.

(3.5.16)

(b) The expressions for the posterior predictive pdf of the unobserved output
quantities p(X} +1, m|Pn, Zng1,m, Mp) are obtained through the expres-
sion for p(X{y|Dn,Mp) by replacing X{y with X§,, 5 and
FR(XE NG Zl ) with fN+1 M(XN+1 M2 Z1 N,ZN+1 M) given by:

T X a8 8,2\ nZny1,m)

fN( LN)Q,ZLN)
1
(2«)‘——“" T IE“(U)I—‘M'N

<o (-3 3 3 iet)

2 n=N+41 =1
(3.5.17)

FRsa,m( XNy 8 G, 21Ny ZNg1m) =

The expressions (3.5.13) through (3.5.16) remain the same, only n is assumed
to belong in the set {N+1,..., M}. Asdone all along, the dependence of ¢g*(n; a)
and e!*(n; g) on the input {21,1\1, Zpn41,.} and the theoretical model M, has been
suppressed in the notation. The expression for the posterior predictive pdf at
the observed dof is:
PR lDs Zvaiars M) = [ (Xega,0012% Dovs Zvasn, M)
5(a°)

x p(&°\Pyn, Mp)da°
(3.5.18)
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Notice that:

p(Xl,N’XK/'+1,M &%, 21 Ny ZN4a,01, MP)
p(X1,n8°%, ZI,N,MP

For (X, Xfoga a3 8% 21,8, Zna m)
fR](XLN;@oZLN)

= flp1,m(XRy1,0058° Zy Ny ZNgr,m)

p(-ng+1,A/! L@o’ I)N, ZN+1,M: MP) =

= p(X N31,018° Z1, 8, Zn41,0, Mbp)
(3.5.19)

where

- 1
FRoa1, (X410 8% 21,8, 2N, ) = -
+1, +1,] ) (o (o0 )?)

1 M N,
X exp (—m > ze?(ﬂ;.@o)z)

n=N-1 i=1
(3.5.20)

Substituting (3.5.19) into (3.5.18), we obtain:

(X1 MmO, ZNgr, s Mp) = / Fhrrne (X100 8°21, 3, Zn g, i)
5(#°)

p(8°|Dn, Mp)di®
(3.5.21)

Utilizing (3.4.26), the above equation leads to the following approximate expres-

sion, which is asymptotically correct for large /V:
K

20 3
P(X%41,mIDPn, ZNga,m, Mp) = Z Wi F 1,80 (X Rrp1,805 82> 21,8, ZNy1,M)

R=1
(3.5.22)
which is equivalent to the expression given by Beck [1990]. The expected value

and the variance of 22(n) , n =N +1,...,M are given by:

K
Ez{(n) Dy, Zy41,m, Mp) = Zkaf(n;@Z) (3.5.23)
k=1
and

K
Var[z?(n)|DPn, Z  Mpl =S wigf(n;a2)% + (6°)2
[z (M) DN,y 21,0, Mp] ; 197 (7382)° +(6°) (3.5.24)

- E[mf(n)le, ZN+1,M, -/\/I_P]z
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Note that in the globally identifiable case, that is X = 1, the above equations

reduce to:

Elz?(n)IDN, ZNya,m, MP] = g7 (n;8°) (3.5.25)

Var[z?(n)| D, Zng1,m, Mp) = (6°)? (3.5.26)

3.8 Definitions of Model and System Identifiability

Let M be a theoretical parametric model, where a particular choice of the
values of its parameters g = [g_"T,g“T]T € 5(g°) x S(a*) = S(g) is assumed
to specify a unique model M(g) within the class M = {M(a) : a € S(a)}.
Assume that the sampled input Z; y = {#(n) € RV : n = 1,2,...N} and
output X; y = {£°(n) € RY> :n =1,2,... N} histories for a structural system
are given, then the basic problem of interest in this section is whether the given

mmput and output specify a unigue model within the class M.

Let Q?,N(E Zl,N) = {go(n;g°,21,N,M) € BVo : n =1,2,...,N} denote
the model output history which corresponds to the observed quantities for the
given input Z), y and for a model M(a) € M, and let S(QiN;Z"l,N) denote
the space formed by the range of QF y(g; 21,N) as g ranges over S(a). There
is a natural mapping of the models in the class M onto S(Q7 y; Zy.n), but it
may happen that several models in M get mapped into the same output under
the specified input, making the inverse problem non-unique for that input and

output.

First, consider the case where X; y € S(Q1 n; Z1 n), that is, the observed
output is the output of one of the models in the class M. Define an optimal
model M (&) to be any model in M such that:

B @ 2N = Xin (3.6.1)

The stated hypothesis implies that there is at least one optimal model. If there is

more than one optimal model in M, then all such models are “output-equivalent”
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for the given input and are therefore indistinguishable on the basis of that input

and output alone.

Let Sop:(M(2); 21, ~) C M denote the set of all optimal models which are

output-equivalent to model M (@) under input 21, n. Let S,u(d; Zl,N) C S(a)

denote the set of all corresponding optimal parameters. The following definitions

are introduced:

M1.

Ma2.

Ma3.

A parameter a; of a € S(a) is globally M-identifible (“model identifiable”)
at @ for the input Z"l, ~ if Sopt(8; 2’1, ) contains only one optimal parameter
or, if not, then for any two optimal parameters ﬁm and Q(z) in Sop:(&; 21, N)
the following holds:

~(1) _ ~(2)

a;’ = a; (3.6.2)

Definition M1 implies that a; is uniquely specified by Zi,n and Xl,N =
Q?,N(é; Zl,N)'

A parameter g; of g € S(ga) is locally M -identifiable at 4 for the input Z) y
if there exists a positive number ¢; such that for any two optimal parameters

8" and @ in Sopt(8; 21’ ~) the following holds:

@ —a?|>¢ o aP=al® (3.6.3)

Definition M2 implies that a; is uniquely specified within a neighborhood
of each of its possible values by ZLN and Xl,N = Q‘I”N(_@; ZLN), and that
if S(a) is a closed-bounded parameter set, there are only a finite number of

possible values for a; under the given input and output. Note that if a; is

globally Af-identifiable at @, then it is also locally M-identifiable at &.

A parameter a; of g € S(g) is M-identifiable at & for the input Z N if it
is either locally or globally M-identifiable. For example, the elements of g*

are not M-identifiable at any point & = [@"T, Q"T]T if the range S(a®) is

a dense, non-null set, since, by definition, the model output QF n(&; ZA'L N)

does not depend on g*.
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The above definitions can be extended as follows:

The parameter vector g, or a portion of it, is globally (locally) M-identifiable
at @ if all its elements are globally (locally) M-identifiable at 4. The parameter
vector g is not M-identifiable at g if at least one of its elements is not M-

identifiable at a.

If g is globally M-identifiable at @, then Sop:(d; Z1,n5) = {4}, that is, M(&)
is the only optimal model corresponding to Zl,N and XLN = Q7 (& Zl,N). In
this case, the model M(&) is said to be globally identifinble for the input Zl,N-

If g is locally M-identifiable at &, then S;5:(8; Zhl, ~) consists of a countable
number of optimal parameters, that is, Sop:(d; Zl,N) = {fz_(k) ck=12,...}. If
the parameter space S(a) is closed and bounded, then S,p:(g; 21, ~) will actually
consist of a finite number X of optimal parameters, that is, S,p:(8; ZI’N) =
{&® : k=1,2,...,K}. In this case, each model M(a'*) is said to be locally
identifiable for the input Zl,N.

If g is not M-identifiable at a, then S,,:(g; 21,1\1) is a dense set, so there
is an infinite number of optimal parameters. Each model in the infinite set

Sopt(M(&); Z1 n) is said to be unidentifiable for the input Z; y.

The above definitions of identifiability can be extended for the case of real
data Dy = {21,1\;,};’1’,\;}, where Xl,N ¢ S(QT,N;ZALN), that is, the case where
the observed system output is not the output of any of the models in the class M
because of the existence of model-error and measurement noise. In this case, the
class M is extended to a class of probability models M p, as discussed in Section
3.2, where a particular choice of its parameters @ = [a7,27]7 € S(a) x S(g) =
S(&) is assumed to specify a unique probability model Mp(d) within the class
Mp. As discussed in Section 3.2, Mp prescribes, among others, a function fg,

such that:
p(Xf,Nléa Zl,Ni MP) = f]l:](Xf,;V;éa Zl,N) (364)

that 1s, it prescribes the probability for all possible observable output histories
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for given probability model parameters . It was also shown that fg;, depends

only on the parameters §° = [g"T, c°]7, that is:

TR(X? N3 8, Za,n) = fR(XS N3 8% Za,w) (3.8.5)

An optimal model Mp(ﬁ) for given data Dy is defined to be any model in Mp
such that:

Fa(Xan; 8,20 n) = = F(Xin; 8, 2 ) (3.6.6)
where the parameters g = [EzT &T]T are called optimal parameters. Let

Sopt(Mp(G); Dn) € Mp denote the set of all optimal models in the class Mp
and Sopz(_@; Dp) C S(@) denote the set of all corresponding optimal parameters.
All the earlier definitions of identifiability can be generalized simply by extending

the parameter vector @ to & as follows:

S1. A parameter d; of & € S(@) is globally S-identifiable (“system identifiable”)
at & for the input and output data Dy if Sopt(ﬁ; Dy) contains only one

optimal parameter, or, if not, then:

(1) '-(

!_

& € Sopt(8;DN) = &5 = &5 (3.6.7)

S2. A parameter G; of 4 is locally S-identifiable at & for data Dy if there exists

a positive number ¢; such that:

{1} (2 2{2) z(1) )

2 (1) =
€ Sopi(8;Dn) = [a; —a; | >eora

3 5 W5 (3.6.8)
S3. A parameter @; of § is not S-identifiable at g for data Dy if it is not locally

S-identifiable.

As was shown in Section 3.4 and 3.5, it is of particular importance to in-
vestigate the identifiability of the optimal observed parameter vector a° based
on input and output data from the structural system. If g@° is globally or lo-

cally S-identifiable, simplified expressions hold for calculating the posterior pdf



- 104 -

of the uncertain parameters or the posterior predictive probability of the output

quantities of interest, when the sample size NV is large.

A major complication in the case of real data is the following. While in
the case of M-identifiability all optimal models M{a) € S,,(M(&); Z1 n) have,
by definition, the same model output QF x(8; Z1,n), this is not necessarily true
when identifying the optimal models Mp(&) € S,p:(Mp(&); D) in the case of
real data. That is:

2{1)
a

(2) AT (T z
= [Q(z) 12(2) ]T € Sopt(g; Dn)

A Q3 n(@W; 2y n) = Q5 n(@?; Z1n)

T T 2 =
=@, 6" )T € Sop(&Dv) and &

(3.6.9)
It is true, however, that given a model Mp(d, &) in the class M p, all other models
M(a*) € Sopt(M{a); Z1,n), if any, having the same observed model output as
M(&a), correspond to an optimal model Mp(g*,8) € Sope(Mp(é,8); Dn) in the
class Mp. That is: '

Q2 N Zin) = QS (e Zin) and [87,87]T € Sop(@Dw)

) ) (3.6.10)
= [g.* aéT]T € Sopt(é; DN)

Another way of looking at this result is that if the parameter vector g is not
globally A/-identifiable at &, then g cannot be globally S-identifiable at [@T, QT]T.
Furthermore. the number of optimal probability models in S,,,:(Mp(d,8); Dn) C
M p must be at least as large as the number of optimal models in S, ( M(&); 21, N)
C M.

In the next section, some M-identifiability results presented by Beck [1978]
for the class My, of N4-degree of freedom linear structural models are reviewed.

A modal form of the theoretical mode] is studied.

3.7 Identifiability of Some Modal Parameters

Assume the modal form of the theoretical model defining the class My,

of Ny-degree-of-freedom (dof) linear structural models (see Section 2.6). The



- 105 -

parameters of this theoretical model, assuming zero initial conditions, are the
modal frequencies w,., the damping ratios (,., and the effective participation fac-
tors ﬁgr) where 2,7 = 1,2,...,N;. Let £° and £* denote the set of integers
corresponding to the observed and unobserved degrees of freedom, respectively.

The two sets are related as follows:
£*=1{1,2,...,Ng} - £L° (3.7.1)

It has been shown [Beck 1978] that the parameters {w,, (., 87,7 =1,2,..., Ny,
1 € L£°} which comprise the elements of g° are globally M-identifiable from the
input and output if the following conditicns are met: (a) the model has no
repeated modes, that is, no two modes have the same modal frequencies and
damping ratios, (b) there are no modes with a zero participation factor, and
(c) no mode has a node at each coordinate at which the response is measured.
Conditions (b) and (c) can be stated as follows: for each mode r = 1,2,..., Ny,
there exists at least one ¢ € £°, such that ,Bfr) # 0. Notice that if this condition
is not satisfied, that is, if 8 = 0 for each i € £°, the r** mode will be missing
from the output and hence w, and ¢, will not be able to be determined from the

input and output.

A practical way of obtaining the globally identifiable optimal vector 4° has
been developed [Beck 1978). In the case of real data, the existence of model error
and measurement noise does not allow for global S-identifiability of the modal
parameters in g° corresponding to the higher modes. However, these higher
modes do not have an important contribution when predicting the structural
response at the observed degrees of freedom for a future excitation of similar

spectral content.

The property of global M-identifiability of the elements of g® and the ef-
ficiency of the above-referenced numerical algorithm for obtaining the optimal
parameters makes it very convenient to apply this modal identification. How-

ever, there are also several drawbacks associated with it.
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The first drawback associated with the modal identification becomes ap-
parent if the class of linear models considered is a subclass of the class My,
of linear classically-damped Ny-dof structural models. Notice that in the case
where the whole class My, is considered, the space of permissible values S(g)
for the modal parameters g is regular and well defined, since the only constraints
are 0 € wy, wy Swyrfors <r, 0<( <1, and Ziv___l ﬂ,m = b;. The condition
ws < w, for s < r is imposed by defining the r** mode to be the mode whose

th of the modal frequencies when they

corresponding modal frequency is the r
are placed in an a;cending order. Consider now a subclass of My, specified by
imposing certain constraints on the stiffness matrix K. For example, the class of
planar shear structural models constitutes a subclass of My, with the stiffness
matrix of its models having a specific tridiagonal structure. For such a sub-
class of models, the space S(g°) of permissible values for a® is no longer regular
shaped, but instead can become very irregular and difficult to define. Therefore,
an optimization algorithm searching for the optimal parameters in $(g°) can be-
come extremely cumbersome. Thus, although usually the lack of need to specify
a structural model other than it be linear is a major advantage of the modal

identification approach, it becomes a drawback when it is desirable to use more

detailed information about the structural system.

Another closely related drawback is that when applying the modal idenui-
fication, no information is extracted from the available data to directly update
the remaining unobserved modal parameters {ﬂgr),r =1,...,N,i € L*}, which
comprise the elements in g*. The elements of a* are updated through (3.4.28),

which for the special case where K = 1 gives:
p(a"|Dn, Mp) = p(a*|a®, Mp) (3.7.2)

In the case where the whole class My, is considered, the elements of g* remain
unidentifiable after using the available data, since the domain of permissible

values for the elements of g* given &° is a whole continuum restricted only by
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the constraints Zf};l ﬁgr) = b;,t € L. This unidentifiability can result in large
uncertainties when predicting the values of output quantities at the unobserved
degrees of freedom. On the other hand, if a particular subclass of My, is consid-
ered, then the domain of permissible values for g* given 3° might consist of one
or a finite set of isolated points, in which case g* is globally or locally identifiable,
respectively. These questions of identifiability of g* cannot be answered directly
by using modal identification alone without reference to the particular structure
of the considered subclass. Another situation where unidentifiability might be
avoided by utilizing the particular structure of the subclass of consideration is
the case where some of the conditions for global identifiability, stated earlier, are
violated, resulting in unidentifiability of some of the elements of ¢® when modal

identification is utilized alone.

Another drawback of modal identification is that it does not provide informa-
tion regarding the identifiability and the optimal values of structural properties,
such as stiffnesses, which can be of great interest to the engineer, unless a subse-

quent stage of identification is performed using the identified modal parameters.

To overcome these weaknesses of modal identification, the identification of

a different set of parameters, not all modal, will be addressed.

3.8 A Combined Set of Modal and Structural Parameters

Consider again the class My, of linear, classically damped structural mod-
els. Assume that the mass matrix M is known, while the stiffness matrix X and
the damping matrix C are unknown. Let the stiffness matrix be parameterized by
a set of dimensionless parameters {6;,i = 1,..., Ny}, as prescribed by (2.6.10),
where each 8; scales the stiffness contribution K; of a certain substructure to the
total stiffness matrix. The set of permissible values for each 8; is S(8;) = [0, co0).
Notice that if I has a particular structure, such as being tridiagonal, this struc-

ture is preserved and I remains physically interpretable and consistent through
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such a parameterization. The damping matrix C is assumed to be specified by
using the set of its modal damping ratios {(,,m = 1,..., N4} and the set of the
stiffness parameters 8. This becomes possible by utilizing (2.6.33b), where the
vector of modal frequencies w and the matrix B of the effective participation
factors can be obtained for the given 8 by solving the appropriate eigenvalue
problem involving the resulting stiffness matrix X and the known mass ma-
trix M, as discussed in Section 2.6.2. Therefore, the resulting parameter vector
g = [§7, QT]T, consisting of the structural parameters # and the modal param-
eters ¢, completely parameterizes the class or subclass of My, of interest, and
will be the target of identification. It is interesting to note that this choice of
parameters leads to a® = g, that is, all parameters in g become involved in any
observed output, and, therefore, all parameters in g will be updated directly from
any observed data. This is due to the fact that the output at the i** degree of
freedom depends on the set of modal quantities {wy, ¢, ﬁfr), r=1,...,N4}, out
of which the set {(,,7 =1,..., Nz} is directly contained in g and the remaining

set {w, Bfr),r =1,...,N;} is directly dependent on the remaining parameters
8.

According to the discussion of Section 3.7, the parameters ¢ = [(y,. .., CN,JT
are globally M-identifiable if certain conditions are met. Therefore, the problem
of model identifiability of the optimal parameters reduces to the model identifia-
bility of 8. The goals of the remaining sections of this chapter are: (a) to present
an efficient algorithm for obtaining the optimal parameters (8, é ) by minimizing

a function J(#, () and (b) to investigate the model identifiability of the optimal

parameters ﬁ

3.9 Recovery of Optimal Parameters

By definition, the optimal parameters globally maximize the function

ff{,(Xl'N;g", o°, Zi,N). It was shown in Section 3.4 that the optimal parameters
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4° globally minimize J(g°), given by (3.4.13), where the dependence of J(a°)

on the input and output data and the theoretical model is suppressed in the

notation. Notice that J{g°) is a nonlinear function in the parameters a®. This

is because ¢° is a honlinear function of g°, even if the model is linear in the

parameters. The task of finding all the global minima of & nonlinear function of

one or more variables, subject to possible constraints, is extremely difficult. The

difficulties encountered are associated with the following two steps:

1.

V]

Choosing an algorithm that will converge to at least a true local minimum
of J. In addition, the desired algorithm is required to be computationally
efficient, that is, converge to the minimum quickly without using too much
memory. The choice of an appropriate algorithm clearly depends on the
function to be minimized. An inappropriate algorithm may not converge at
all, or may exhibit premature convergence, that is, it may indicate that con-
vergence has been achieved before a local minimum has been reached. This
is often the case if the function to be minimized is very slowly varying along
some twisted “valley floor” in the multi-dimensional parameter space. The
property of computational efficiency is equally important as the property of
convergence, since a theoretically converging, but very slow algorithm, may
require an unrealistic amount of time and computational cost, so that it has

to be viewed as practically non-converging.

. Examining if the attained minimum of J is a global one or just a local mini-

mum, and if it is global, examining its uniqueness. In the case of nonunique-
ness, the additional task of finding all global minima is required. Virtually
nothing is available for finding all global extrema of non-convex funections.
The approach usually followed is to find the local minima reached by starting
from widely varying starting values of the independent variables and then
to pick the most extreme of these. There is no systematic way of assuring
that all global minima have been reached other than an exhaustive search

through the whole parameter space, which is computationally prohibitive in
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most applications in higher dimensions.

In the next sections, an efficient algorithm for finding all global minima of

J(a®) will be presented for a particular case where g° = g = [-_B_T, ¢ T]T.

3.8.1 Comments on the Performance of Existing Minimization
Algorithms when Applied to Minimizing J(§, ()
A review of well-established minimization algorithms can be found in
[Press H.W. et al., 1989]. The performance of these algorithms when applied to

minimize J(8, () is evaluated in this section.

As a first step, it is important to realize the amount of calculations involved

in evaluating J(8, ). given by:

N,

N
J(8,0) =D > (#2(n) - af(n; 8, )’ (3.9.1)

n=1 1=1

I

The dependence of J and ¢? on the input has been suppressed in the nota-
tion. In order to evaluate the model response g7, the necessary modal quantities
have to be calculated first by solving the appropriate eigenvalue problem. Next,
the histories of each of the modal contributions {qf(r)(n;wr(ﬁ),ﬁl(r)(ﬁ), )y =
1,2,...,N},r =1,...,N; must be calculated. If ¢ represents a displacement
guantity, that is achieved by numerically solving (2.6.29). If ¢? represents ve-
locity or acceleration, it is calculated through appropriate differentiation of the
corresponding displacement. Finally, gf is calculated as a superposition of its
modal contributions by (2.6.28). Hence, it follows that evaluating the function
J(8,C) is computationally expensive and, therefore, it is desirable to evaluate it

as few times as possible.

All minimization algorithms perform a sequence of one-dimensional min-
imizations. The difference between the various methods lies in the choice of
the directions along which the one-dimensional minimizations are performed. In

choosing the directions of 1-D minimizations, some of the methods require only
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evaluation of the function to be minimized, while others also require evaluation
of its gradient. Independent of whether or not derivative information is used, an
algorithm may bécome very inefficient for certain configurations of contour maps,
if no information accumulated during the preceding one-dimensional minimiza-
tions is utilized to influence the choice of the future directions. An example of an
inefficient algorithni without the use of derivative information is demonstrated
in Figure 3.1, where the convergence path followed by successive minimizations
along the coordinate directions for a function with a contour map containing
a long, narrow valley is depicted. Unless the valley is optimally oriented, this
method is extremely inefficient, taking many steps to get to the minimum. On
the other hand, the method of steepest descent is an example of an algorithm
using derivative information, which is very inefficient for obtaining the minimum
in the case of the function of Figure 3.1. Actually, in the case of a function of two
variables, the method of successive minimizations along the coordinate directions
is equivalent to the method of steepest descent after the first 1-D minimization

has been performed [Beck 1978].

Among the best-established categories of algorithms that include updating
of the directions along which 1-D minimizations are to be performed, using in-

formation extracted from the preceding 1-D minimizations, are the following:

a) The direction-set methods among which Powell’s method is the prototype.

This is a method not requiring calculation of derivatives.

b) The conjugate gradient methods, which require derivative calculations. The
best known members of this family are the Fletcher-Reeves algorithm and

the closely related Polak-Ribiere algorithm.

c) The quasi-Newton or variable metric methods, which also require derivative
information. The best known algorithms in this category are the Davidon-
Fletcher-Powell (DFP) algorithm, and the closely related Broyden- Fletcher-
Goldfarb-Sharma (BFGS) algorithm.
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For the case where a method requiring derivative information is chosen, it

is important to emphasize that numerically approximating the derivatives 5391_

using a central difference method does not allow for reliable estimates due to

significant numerical errors. Instead, the derivatives ought to be calculated by

using the analytical expression:

8J _ 8 . N 82" (n;w.(8), (-
=Yy =-2zzz 52(n) — g¢(m; 8, () (2o (Eh Cr)
r=l

89’. r=1n=1 i=1 awr
(3.9.2)
where %ﬁ is calculated analytically by (See Appendix B):
Ow 1 T
r_ L 0T g s 5.
e = it 93)
o(F),
and 2% (g;:' 18).¢-) 35 caleulated by solving an appropriate differential equation,

analogous to (2.5.11), if ¢? represents displacement. The additional computa-
tional cost for calculating the derivatives of J is usually not compensated for by

a proportional increase in the performance of the algorithms making use of them.

All three categories of algorithms mentioned earlier were tested using simu-
lated data. The input was chosen to be the 1940 El Centro earthquake record,
NS component. The observed output was chosen to be the response at the roof
of a Ny-dof planar shear structural model with uniform distribution of mass,
m; = Mg, ! = 1,..., Ny, and interstory stiffness, k; = k,, ¢ = 1,2,... Ny, and
equal modal damping ratios, {, = (s, 7 = 1 ... N,. Assuming the damping ratios
to be known and fixed, the function J to be minimized becomes only a function
of the parameters 8, that is, J = J(8), where 8; is assumed to scale the i%#
interstory stiffness, that is, k; = 8;k,. Obviously, in this case of ideal data, the
minimum value that J(8) attains is zero. Also, it is known that 8= n,1,...,1)%
is an optimal vector. The convergence of each algo;'ithm was tested for different
numbers of degrees of freedom N4, varying from two to six, and using different

starting points in each case. The values for k, and (, were chosen arbitrarily to
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be kyp = 2000m,sec™2 and (¢, = 0.05. Table 3.1 shows some of the results ob-
tained for a small representative sampling of this numerical testing for the case
where Nz = 4. The point §° corresponds to the chosen starting point, while the
point 8% corresponds to the point to which each algorithm converged. It can be
seen that although the values of J(8%), normalized by % I\zl.,: £2(n)?, are small,
the values of the final estimates 8} are up to 20% diffe;:nlt?rlom the exact opti-

mal values §; = 1. In the following, the conclusions drawn from these numerical

studies are summarized.

The most important and general conclusion is that none of the applied al-
gorithms guaranteed convergence to the real local minimum, especially as cases
with a higher number N, of dof were considered. Although Powell’s method con-
verged slightly faster, in general, than the methods using derivative information,
all algorithms reached their convergence criterion of a relative change in J being
below a prescribed threshold taken to be 1074, before reaching the optimal solu-
tion é =1[1,1,..., l]T. However, the corresponding minimum value of J achieved
was close to zero. The fact that a value of J so close to zero is achieved without
reaching the optimal solution, where J reaches its global minimum value of zero,
implies that the contour-map of J contains a very “flat valley floor” on which
the reached solutions, as well as the targeted optimal solution, lie. The solution
in the neighborhood of 8, to which each algorithm converged, was dependent on
the starting point, which usually was chosen to be relatively close to the targeted
optimal solution, and on the algorithm used. However, the larger the number Ny
of degrees of freedom considered, the farther the obtained solution was from the
optimal solution in general. In some cases, where the starting point was chosen
to be far apart from the optimal solution, the convergence criterion was reached
at a point distant from the optimal solution § = [1,1, ..., 1]7, but with a corre-
sponding value for J still close to zero. The explanation for this is that in these
cases the algorithm converged to a solution close to another global minimum.

However, since the algorithms proved to be converging prematurely, the exact
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value of the corresponding optimal solution is not known.

Figure 3.2 depit.:ts the contour-map of J(8), corresponding to the particu-
lar case of the above-described numerical studies where a two-story planar shear
structure is considered. J(f) has been normalized by dividing it with
Zf=1 Zfi"l 2?2(n)%. This figure 1s instructive in understanding the reasons that
cause difficulty in convergence, although it must be kept in mind that these
reasons become much more pronounced when dealing with higher-dimensional
problems. It can be verified by looking at this figure that there really exists, as
expected, a very flat valley floor. The topology of this valley floor, being very flat
along some curving direction, while being very steep along the perpendicular di-
rection, is the reason for the difficulty of convergence that all the above algorithms
exhibit. All of the algeorithms, designed to exhibit quadratic convergence, have
difficulty following this twisting valley floor. The reason for this is that at any
point along this floor a quadratic approximation of the J function is acceptably
valid only over a very small neighborhood of this point. As a result, the con-
vergence criterion of J changing below a prescribed tolerance is satisfied when a
one-dimensional minimization along a straight direction is performed, even if this
direction is the best direction based on a quadratic approximation. Decreasing
the threshold for the convergence criterion helps reach a slightly closer solution,
but convergence becomes prohibitively slow. It can also be seen by looking at
Figure 3.2 that there exists another global minimum, which can be proven to be
located at Ez = [2.0,0.5]7. If a starting point is chosen closer to this optimal
solution, then the minimum reached will lie in the neighborhood of 8,, and not

in the neighborhood of QI = [1.0, 1.07.

From the above discussion 1t can be concluded that the available minimiza-
tion algorithms are incapable of guaranteeing convergence to a local minimum
of J(8). Instead, they prematurely converge to a solution lying on a twisted
and almost flat valley floor on the corresponding contour map. This premature

convergence can be interpreted as the inability of these algorithms to follow a
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very slowly descending path along this twisting valley floor all the way to the
optimal solution. The solutions at which these algorithms prematurely converge
might differ quite significantly from the targeted optimal solutions, although the
corresponding values of J (8) might differ only slightly in absolute value. Recall
from (3.4.17) that the ratio of posterior probabilities of two sets of parameters
is proportional to the inverse ratio of their corresponding J values, raised to a
power proportional to the number of available data points. This result implies
that a reached solution § is relatively very improbable compared to the optimal

solution 8, unless the relative difference of their corresponding J values, defined

J(8)—J(8)
J(®

output sampled at 0.02 sec is used, and that only one output quantity is observed.

, 1s below a certain threshold. For example, assume that 20 sec of

In this case, N = 1000, N, = 1 and, assuming a noninformative prior distribu-
tion, it follows that a solution is 100 times more improbable than the optimal
solution if the relative difference of their J values is ~ 9.25 x 1072, while it is 10
times more improbable if the relative difference of their J values is ~ 4.62 x 1073,
Such a criterion would be a rational criterion for judging covergence to an op-
timal solution. Note that in the particular case where J (@) = 0, any solution
8 5 @ has a relatively small probability compared to the probability of the opti-
mal solution 8, and therefore convergence under such a criterion is not achieved
unless the actual optimal vector 8 is reached. However, since the extremal value
of J(8) is in general not known a priori, applying such a criterion is not possible.
Instead, the criterion for convergence used by the above algorithms, defined as
the relative change in J during one iteration being below a certain threshold, is
a rational criterion for judging convergence, but, at the same time, it does not

guarantee convergence to an optimal solution as desired.

One of the objectives of this chapter is to present an efficient algorithm which
is capable of converging to an optimal solution. Such an algorithm was developed
and is presented in Section 3.11, based on a transformation of variables discussed

next.



- 116 -

3.10 A Useful Transformation of Variables

Consider an Ng-degree of freedom theoretical model M C My, param-
eterized by g = [_QT,QT]T, where § € S(8) = [0,00)™ and ¢ € S(¢) = [0,1]"2.
Assuming that the mass matrix M and the stiffness matrices X;,: =0,1,..., Ny
of (2.6.10) are known, each 8 € S(8) uniquely specifies the vector of modal fre-
quencies w = w(f) € S(w) C [0,c0)7¢, where its elements w,,r = 1,..., Ny
are assumed to be in ascending order, that is, w, L w, for s < r < Ny It is
shown with a particular example, in Section 3.10.1, that such a transformation
8 — w(8) leads to an almost ellipsoidal contour map for J, with the principal
directions aligned almost along the straight coordinate directions of the trans-
formed variables w. Such a property is very important, since it provides a tool
for dealing with the highly complex contour map of J(g; () in a straightforward

manner. To provide better insight into this powerful mapping, some definitions

and properties concerned with this transformation 8 — w(8) are highlighted.

The space S{w) is the image of S(8) under the mapping 8 — w(8). The
conditions 0 < w, and ws < wr,1 < 8 < 7 < Ny alone are generally not enough
to specify the boundaries of S(w), since more restrictions, whose explicit form is
not always easily determined, are imposed by the particular theoretical model M
considered. Although each 8 € S(8) is uniquely mapped into an w € S{w), the
converse is not necessarily true, that is, there might be more than one 8 € S(8)
corresponding to the same w € S{w). Assume from now on, unless otherwise
specified, the particular case where Ny = Ny, that is, the case where the dimen-
sion of the vector 8 is equal to the number of degrees of freedom of the theoretical
model. The cases where Ny < Nz and N > Ny will also be addressed later in
Section 3.11.4.

A sufficient condition for the mapping of a subspace ©® C S5(8) onto the
subspace {2 C S(w) to be locally one-to-one is:

J@) =|ve@)l#0, V8€O (3.10.1)
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where F% By -
6, 90,
vw(f) = 9o _ : (3.10.2)
oo -
Bde 6de
L 891 09N9 J

Note that the above matrix is a square matrix, since 1t was assumed that Ny =
Ng. If at a point @ € 5(8) the above defined Jacobian J (_é) is nonzero, then
there exists a neighborhood ’H(Q;E, e) ={|8 —fl<ebe S(8);e > 0}, such that
no two points of this neighborhood correspond to the same w. The condition, of
the Jacobian being nonzero for such a neighborhood to exist, is only a sufficient
and not a necessary condition. Let S; C S(8) denote the set of all such points 8

for which the transformation £ — w(#) is locally invertible.

If there does not exist any ¢ > 0, such that the neighborhood H(8; 8, €) has
the property of being mapped one-to-one under the mapping § — w(8), then the
corresponding Jacobian J(8) is zero. Let Sp(8) C S(8) denote the set of all
such points # for which the transformation § — w(8) is locally non-invertible. It

follows from the above definition that:
J@)=0 ; Vée Sp(8) (3.10.3)

Also. the above definitions imply that:
Sr(8)u Sp(8) = 5(8) and S,(8)NSe(8) = {0} (3.10.4)

The continuity of the mapping 8 — w(f) implies that if the set Sg(8) is empty,
then the overall mapping S(8) — S{w) is one-to-one. Conversely, if the latter
overall mapping is not one-to-one, then the set Sp(#) is not empty, but defines
the boundaries separating the space Sy(f) into different subregions ©; C Sr(8) C
S5(8),i =1,...,Ne. These subregions satisfy the following three properties:

Neg

DUJei=si(8) . 26:i[0,=1{8} ; i#J

=1
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and 3) ©; UE—)J* . 13 7 is a non-connected set,

wherei,j € {1,2,...,No}. Thesubregions ©;,: = 1,..., Ng should be viewed as
the largest connected subsets of S7(f§), so that any connected subset of S;(6) is a
subset of one of the above subregions ©;. The boundary set Sg(8), separating the
above subregions ©; from each other, consists of continuous (Vg — 1)-dimensional
surfaces. At a point 8 of Sp(8), where the nullity (dimension of the null space) of
the corresponding matrix yw(8) is equal to one, only one such surface is passing
through. If, on the other hand, the nullity is N, > 1, then this point has to be

viewed as the intersection of Ny of these (Ny — 1)-dimensional surfaces.

Define the multiplicity N, = N,(&) of a point @ € S{w) to be the number of
elements contained in the set {# € S(8) : w(8) = @}. Obviously, the multiplicity
of any point @ € S{w) is smaller or equal to the number Ng of the subregions @;.
The multiplicity of a point w belonging in the set Sp(w) = {w(8),8 € Sp(8)} C
S(w) is generally smaller than that of a point belonging in the set S;{w) =
{w(@),8 € $1(8)} C S(w). For the points § € Sp(8), the larger the nullity of
the matrix yw(f) is, or equivalently, the smaller its rank is, the smaller the
multiplicity of the corresponding w = w(8) € Sp(w). It can also be shown that
the eigenvectors corresponding to the nonzero eigenvalues of w(8),8 € Sp(§)
form a basis spanning locally. in the neighborhood of w(8), the space Sg(8). The
higher the rank of Gw(8), the higher the dimension of the space Sp(8).

In order to clarify ideas, the above concepts will be demonstrated using a

particular example.

3.10.1 An Example: Two Degree of Freedom Shear Model

Consider the theoretical model of a two degree of freedom planar shear
building. Such a structure is shown for the general N-dof case in Figure 2.7.
Assume a known uniform mass distribution. my = mq = mg. Let the stiffness

matrix K be parameterized by 8 = [#,,62]7 such that the interstory stiffnesses
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are given by ki = 61ky and ko = 6rky. The mass and stiffness matrix are,
therefore:
_|me O _ (0: +6;) —6;
M= [ 0 o } and K_kg[ e 8 (3.10.5)

The eigenfrequencies w, and the eigenvectors ¢, 7 = 1,2 are found by solving

the eigenvalue problem:
(r) 0
e[ e s
2

where I is a 2 x 2 identity matrix. The solutions for w2,r = 1,2, obtained by

requiring |M~1K — w?2I] to be zero, lead to the vector of modal frequencies w:

ﬁ:

(3.10.7)

Wy \/K J91+292—V9¥+49§
= 27’)’10
w2 \/91 -+ 265 + 9% + 493

and the modeshape matrix ®, normalized so that qzﬁg'") =1,r=1,2:
81 + /02 + 462 9 — /02 + 462 A+VAZ4+4 A—/AT 44
20, 26, = 2 2

1 1 1 1
(3.10.8)
where A = %1, The resulting vector of modal participation factors for this choice

D)
of @ is:

o =

1(1+——2_/\ )
2 VAZ + 4
1

Ly 222
2~ e

Finally, the matrix of effective participation factors B, which is independent of

(3.10.9)

I
Il

the normalization chosen for @, is:
2-A

(1+ )
2L

(1 v 4)

B = (3.10.10)

o= ol
TN

I
)

e |l
+1l >

e
N~—
— ]

[N i O B
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The set of allowable values for 8 is S(8) = [0, c0) %[0, c0]. Foreach 8 € S(8), a
unique vector w = [w,ws]? is specified through (3.10.7). The space S(w), defined
as the image of S(#) under the mapping @ — w(8), must satisfy the constraint:
0 € w; € wy. However, this general constraint alone proves to be inadequate to
determine the boundaries of S(w), since there are additional constraints imposed
by the particular class of models M considered. To determine any additional
constraint, consider the inverse mapping w — 8(w) by solving Equation (3.10.7)
for 8, given w. There are generally two such solutions, §;, and #,, proving that

the mapping w — w(#) is not one-to-one, given by:

g | 2002 + 0 F /(F +wd)? - 8wld)
8,,8, = 1o (3.10.11)
Y wituwlt \/(wf-i-w%)?—Sw%w%)

For the solutions given by (3.10.11) to be real, the following constraint must be
satisfied:
w? + w2 > V8uwiws (3.10.12)

The latter inequality implies that we lies outside the roots of the quadratic
wf — VBwiws + w% =0, that is:

we < wy(V2-1) (3.10.130)

or

wy = wy (V2 +1) (3.10.13b)

Inequality (3.10.13a) contradicts the general requirement ws > wi; therefore, the
only constraint left is (3.10.13b). The space S(w), being the subspace of R?
satisfying the constraints wy; > 0 and wy > wl(\/i + 1), is schematically shown
in Figure 3.3b. It can be seen from (3.10.11) that for each w € S(w), such that
wo > wl(\/§+ 1), there exist two different solutions corresponding to this w, and,
therefore. the multiplicity of each such w is equal to two. In the special case

where wy = w;(v2 + 1), the two solutions 8, and @, collapse to one, that is,
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8, = 8, with a corresponding ratio A} = Ay = 2. Therefore, the multiplicity of
the points w € S(w) with w; = wi(v/2 4+ 1) is equal to one. It can be observed
from (3.10.11) that the two solutions §, and 8, satisfy the following relationship:

0 2 C,
4, = [0'5 0 ]Qj 1# 7 1,7 €{1,2} (3.10.14)

Equation {3.10.14) implies that:
* 4
M= — (3.10.15)
By substituting (3.10.15) into (3.10.10) it can be seen that the two solutions
8.,i = 1,2, corresponding to the same vector w, have the same effective partici-

pation factors for each mode at the second floor, that is:
B8y =68(8,)  r=1,2 (3.10.160)

At the first floor, the effective participation factors for each mode corresponding
to the two solutions are not equal, but switch order, namely, the effective par-
ticipation factors for the first and second mode corresponding to 8, are equal to
the effective participation factors for the second and first mode corresponding to
8,, respectively:

878, = B8E"7(8,) 5 r=1,2 (3.10.160)

The matrix Yw(8) is given by:

[ /B +483 -4 20 +467 —46; ]
- VO 420~ /T AB /6,426, — /BT T 46
o8 VB +462 + 6, 2/8F + 462 + 46,

_\/91+292+\/6§+__46§ \/61+292+\/m

(3.10.17)

where ¢ = % _ fﬂ"; \/Bf:-—wg' The Jacobian J(#) is then:
, , o ki 20, — 8 ,_
J18) =i vwd) = cea (3.10.18)

4myp \/9192(6% + 49%)
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The condition J(8) # 0 is satisfied everywhere in S(8) except for the points g for
which 8; = 26,. For any neighborhood H(8; 8, €) of 8 = [26*, 8*]T, there exist at
least two points corresponding to the same w. Such points, for example, are the
points 8, = [26* + 0.3¢, 6*] and 8, = [26*,8* 4 0.25¢], since they satisfy (3.10.14).
Hence, all solutions @ such that J(8) = 0 belong, according to the definitions of
the previous section, to the set of boundary points Sg(8):

Sp(8) = {8 € 5(8), 6 =26} (3.10.19)

while all the remaining points of S(#8), where J(8) is nonzero, and the transfor-

mation is locally invertible, belong to the set Sr(8):
Si(8) = {8 € S(8), 6 # 20:} (3.10.198)

Figure 3.3a schematically shows Sp(f) and the two regions @; and O, in which
it separates the remaining space S;(#). The corresponding sets Sp(w) and Sr(w),
shown schematically in Figure 3.3b, are:

Sa(w) = {w € S(w),ws = w1 (V2 +1)} (3.10.20a)

SHw) = {w € S(w),ws # w1 (V2 +1)} (3.10.20b)

The multiplicity of the points of Sg{w) is equal to one, while the multiplicity of
the points of Sr(w) is equal to two. Of the two solutions §;,: = 1, 2, satisfying
w(8;) = w* € Sr{w), one belongs in the region ©1, and the other in the region
0,. At a point 8 € Sp(8) corresponding to w' € Sp(w), the matrix Yw(g') of
(3.10.17) becomes singular. The eigenvector corresponding to the zero eigenvalue
of yw(d) is 68, = [+2,-1]7. This eigenvector corresponds to the common
tangent of the curves w; (8) = wj and wy(f) = w) at the point 8. The eigenvector
corresponding to the nonzero eigenvalue is 68, = [1,(1 + +/2)]. Notice that this
eigenvector spans the space Sp(w) given by (3.10.20).

It is important to note, by comparing Figure 3.2 with Figure 3.4, that the

contour curves of J(8) of Figure 3.2 look extremely similar to the curves w = wy
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of Figure 3.4. This observation suggests that the long and narrow curved valley
floor of J(§), when plotted in the wy — w9, plane, should correspond to a long and
narrow but straight valley floor along the ws coordinate direction. The function
J(w) = J(8(w)),w € S(w) is generally multi-valued, since the function § = 8(w) is
multi-valued, with solutions 8, = 8(w) , i = 1,..., N,(w) generally corresponding
to different values of J. The function J(w),w € S(w) can become single-valued
if a subregion ©; is specified, since then for a given point w* with multiplicity
N,(w*) > 1, for which the mapping § = 6(w*) is multi-valued, the uniquely
defined point §; € ©;, satisfying w(8;) = w*, can be used to evaluate a single value
for J, that is, J(w*|©;) = J(8;). However, in the particular example of Figure 3.2,
the so specified single-valued functions J(w*|0;) and J(w*|O2) are identical, since
the two solutions §, € @, and 8, € Os, corresponding to the same w and given
by (3.10.11), have also, according to (3.10.18a), the same effective participation
factors at the second floor, which results in identical modal responses at that
floor, that is, g2(t;8,) = g2(#;8,), therefore leading to J(8,) = J(8,). Figure
3.5{a) and (b) show the contour map of this function J(w|©;) = J(w|O;). As
expected, the contour map of J(w|©;),i = 1,2 consists of ellipse-like contour
curves, with a long axis oriented along the we-coordinate direction and a much
shorter axis oriented along the w;-coordinate direction. The global minimum is
attained at a unique point w in this w; —w; plot. This point i, when viewed as the
minimum of J{w|®,), corresponds to the optimal solution ﬁl = [1.0,1.0)7, while
when viewed as the minimum of J(w|®2), corresponds to the optimal solution

8, = [2.0,0.5]T.

To illustrate a case where J(w|©;) # J(w|®;), assume that in the example
of Figure 3.2 the observed data consists of the response at the first floor instead
of the response at the second floor. Figure 3.6 depicts the contour map of J(8)
for this case. It can be seen that, in this case, there exists a unique global
minimum located at 8 = [1.0,1.0]7. Figure 3.7(a) uses the w; — w, plane to

depict the contour maps of J(w{©;) and J(w|O2). Figure 3.7(b) provides a
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magnified view of these contour maps in the neighborhood of w(#). These two
functions are no longer identical, since the modal effective participation factors
at the first floor, corresponding to the 8 solutions with the same w, are not equal,
as stated in (3.10.16b). It can be seen that only J{w|©;) contains close contour
curves enclosing a global minimum corresponding to the unique optimal solution
8 = [1.0,1.0]7 € ©;. Again, the axes of these curves are oriented along the
w-coordinate directions, the longer one along the w; coordinate and the shorter
one along the w; coordinate. The contour map of J{w|®;) does not contain any
closed contour curves enclosing a local minimum, and, therefore, there exists no
optimal solution belonging in ©;. However, it can be seen that there exists a
long and narrow valley floor oriented along the ws direction. The property of
the valley floors being oriented along one of the w-coordinate directions is what

makes the mapping § — w(f) so powerful.

3.11 Proposed Algorithm to Minimize J(8,¢)

A new method is proposed to minimize the function J(g, ) to overcome
the difficulties in convergence of the existing algorithms. This new algorithm will
be presented in two steps. In the first step, it will be assumed that the parameter
vector ( is fixed and known, reducing the problem to the minimization of J(8).
The second step is a natural extension of the first step, where the parameter
vector { will be assumed unknown and will, therefore, be included in the argument

of J.

3.11.1 Minimization of J(8)

Assume that the length Ny of the uncertain parameter vector 8 is equal
to the number of modes N, included in the model response. The idea behind
the new minimization algorithm is to perform a series of cne-dimensional curve

minimizations in the 8-space. which in the w-space correspond to a series of



- 125 -
one-dimensional straight line minimizations in the w-coordinate directions.

Let cx(8;8%) dencte a one-dimensional curve in the space S(f), passing
through a point 8%, with the property that along this curve all of the first N,
modal frequencies remain fixed except for the k** modal frequency, which is

allowed to'vary, that is:

c(8; 8*) =the largest connected subset of
{8 S8):wr(B)=we(@Nr=1,....k-1k+1,...,Np}
containing 8*
(3.11.1)
Performing a one-dimensional curve minimization in the g-space along the curve
cx(8; 8"), starting at §*, corresponds to a one-dimensional minimization in the
w-space along a straight line parallel to the wy-coordinate direction and passing

through the point w(g”).

The proposed minimization algorithm consists of successive sweeps of the
modal frequencies. Each modal sweep consists of a sequence of V,, one-dimen-
sional minimizations in the @-space, along curves ci(8; Qs’k—l), E=1...,Nn,.
The superscript s denotes the number of modal sweeps already performed. Each
one-dimensional minimization along the curve c;(8; 8%*71) starts at the point
8% which is the point where the minimum was attained during the previous

. ] . - . . — .
one-dimensional minimization along the curve cz—:(8; g* “)., The point g Nm

corresponding to the minimum of J during the last one-dimensional minimization

of the (s+ 1)™* sweep, that is, when minimizing along cn,, (8; 8>V 1), serves as
a starting point for the next sweep, that is:
&1 (8 871°) = o (8;8"™) (311.2)

According to this general description, the algorithm works as follows. Let
8°° denote the starting point of the minimization algorithm. The first modal

sweep starts with a one-dimensional minimization of J(8), performed along the
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curve ¢;(8; QD’O), and starting at 8%°%. Let 8°' denote the point of c1(ﬂ;_9_0’°)
at which a local minimum is attained. This point serves as a starting point
for the second one-dimensional minimization of J(8), performed along the curve
c2(8;8%1), and starting at 8%'. The minimum of this second one-dimensional
minimization is denoted by %2, and serves as a starting point for the one-
dimensional minimization along the curve c3(8; ﬁo’z). This procedure is repeated
until the last minimization of the first sweep along the curve ey, (8; 8%V 1) is
performed, with a minimum attained at a point 8%N=  This completes the first
modal sweep. The last point 8%%™ serves as a starting point for the first one-
dimensional minimization along the curve ¢;(8; 84" of the second modal sweep,
that is, 8% = 8%%=_ The second modal sweep is performed by applying N,
successive one-dimensional curve minimizations in a similar manner as was done
during the first modal sweep. Modal sweeps are continued similarly until the
function J(8) is unable to decrease during a modal sweep more than a prescribed

fractional tolerance, in which case convergence is achieved.

Figure 3.8 shows schematically the minimization path followed in the 8-
space, when this proposed algorithm is employed, for the two-degree of freedom
shear building example of Section 3.10.1. In this example, two modal sweeps are

sufficient to reach the optimal solution Ql = [1.0,1.0]%.

The key step of the proposed minimization algorithm is performing the one-
dimensional minimizations along the curves ¢ (8; Qs’k_l). This step is described

next.

3.11.2 Minimization of J(§) Along the Curve c;(8;98%*")

The point 8%}

, obtained during the last performed one-dimensional
curve minimization, is assumed known. If the algorithm is in its beginning and
none of the one-dimensional curve minimizations have been performed, then the

starting point 8%° for the first one-dimensional minimization along c;(8; 8°°)
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is chosen to be the most probable point in the space S(8), based on the prior
probability distribution. The task here is, starting at 871, to follow the curve
cr(8; Qs’k_l); along which all but the &*® modal frequency remain constant, that
is:

wi(@) =w; (@YY 3 i=1,..,k=-1k+1,..., Ny, (3.11.3)

The curve ci.(8; 8**71) must be followed in the direction of decreasing vaues of J
until the point 8** is reached, where a local minimum of J is attained. In order

to do so, the following steps are taken.

The curve ci(8;8>*"1) is followed through a sequence of points §',i =
0,1,2,.... where 8° = 851 Each point _Qi must lie on the curve ¢;. This

requirement is, however, relaxed to:
lw; (8 — wi(8%)/w;(8°) <e 3 F=1,....,k=LEk+1,...,N, (311.4)

The fractional frequency tolerance e controls how close to the curve ¢ the points
lie. A direction parameter « is introduced controlling the direction in which
cr must be followed to decrease J. Initially, v is chosen arbitrarily to +1, but
during the one-dimensional minimization it might switch several times between
its possible values of £1. A fractional frequency step o specifies the desired
change in the value of w; from one point €' to the next point 87!, Given the
point 8, a point EH-I 1s obtained through:

gy el (3.11.5)

I

The vector bﬁi is calculated from the following linear algebraic system:
Tw'éh' = b’ (3.11.6)

where

vw' = yw(8') (3.11.7)
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with Yw(€) given in (3.10.2), and

bwi =wi(@* ) —w;i(8) ; j=1,...,k—1Lk+1,... Ny
, (3.11.8)
dwi, = 'yawk(ﬁs'k_l)

Equation (3.11.6) is solved using the singular value decomposition technique,
since this method gives satisfactory results even when Yw’ is almost singular.

To avoid large steps in the 8-space, EE is required to satisfy:
168'] < d (3.11.9)

where d is the selected maximum step size. If the vector 5_éi obtained from solving
(3.11.8) does not satisfy the constraint (3.11.9), then it is scaled appropriately
so that 5_9_i =d. After 6§~{é is calculated, and if 7 > 0, that is, if at least one point
has been found along c; with corresponding J value smaller than that of J(8°),

the following condition is checked:
(68768 >0 (3.11.10)

This constraint helps avoid an undesired change in the direction in which ¢
is followed. Such an undesired change might occur when c¢i is followed in an
established direction, in which J is decreasing, and when the value of w;, passes
through an extremum. If {3.11.10) is not satisfled, then 5@1. is set equal to —Sﬁi
and the sign of the direction parameter « is changed. After 5@ satisfying both
constraints (3.11.9) and (3.11.10) has been established, Ei-H is calculated through
(3.11.5). Next, it is checked if E-H satisfles the constraints imposed by (3.11.4),
that is:

~i-1

ko (B — w8 fw;(8°) <€ ; j=1,...,k=1,k+1,...,Nn (3.1111)

If (3.11.11) is satisfed, then 8! = QH'I. If (3.11.11) is not satisfied, which means

it il .
that gt is not close enough to the curve cg, then ﬁ2+ is adjusted properly
through:

9*

8

gt g s (3.11.12)
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where 68" is obtained by solving the following linear system:

Bw]-(ﬁ)
o8

(Q* _ Q:)éﬁ* =0

T
) 6_9_*=wj(ﬁ°)—wj(ﬁ*) o1 =1,...,k=-1%k41,..., N,

o=8’

{3.11.13)

Steps (3.11.12) and (3.11.13) are repeated, if necessary, until the adjusted point

8" satisfies (3.11.11), in which case 8" = """, as already mentioned. Finally,
88 is calculated by:

g =gt — ¢ (3.11.14)

After the point 8! has been determined, its corresponding J value is cal-
culated and it is checked if:
Ty < J(@") (3.11.15)

If (3.11.15) is satisfied, then the curve c; continues to be followed in the same
direction, using the same steps to determine the next point 82 as those followed
earlier to determine the point _9_“‘1. On the other hand, if (3.11.15) is not satisfied,
then two different cases must be considered, depending on whether : is greater
than or equal to zero. If i = 0, then the condition J(8') > J(8°) suggests to start
looking in the opposite direction by changing the sign of the direction parameter
~. I the new point 8', obtained by following the opposite direction, still does not
satisfy (3.11.15), it can be concluded that the minimum of J is attained at a point
within the segment of ¢ specified by the two points §' lying on opposite sides of
8°. In this case, one of the two 8' points is renamed to §~* and the minimization

algorithm is restarted at the same QO, but with a reduced fractional frequency

step a, in a way similar to that discussed next, for the case where 7 # 0.

If 7 3 0 and the condition (3.11.15) is not satisfied, it can be concluded that
a minimum of J is attained at a point lying within the segment of the curve
cx specified by the points 8~ and 't and containing 9*. In this case. &' is

set equal to 8°, and the one-dimensional minimization algorithm is restarted at



- 130 -

»

this new point §° using a reduced fractional frequency step «, dictated by the
fractional difference of wy(8') and wg, where wj is the estimated value of wy, at
the point where the minimum of J is attained. The value of w} is approximated
by interpolating a parabola for J through the values of wy corresponding to the
last three points g1 ,Qi,Qi+1 . However, it is recommended that:
g(Qi-i-l) _ g(ﬁi—l)
2(w() +w(@™))

(3.11.16)

Convergence of this one-dimensional minimization is achieved when starting
at the current point 8°, and, using a fractional frequency step o smaller than
the fractional frequency tolerance ¢, the value of J is unable to decrease when
following the curve ¢; in either direction. In this case, this current 8° corresponds
to the sought point %" , from which a new one-dimensional minimization will

start along the new curve c41(8; 3%y,

3.11.3 Some Comments Regarding the One-Dimensional
Minimization Algorithm
The computational effort of the proposed one-dimensional minimization

is mainly due to the following steps:

a) Solving an eigenvalue problem at each point 8. This step must be taken

even when a straight line minimization is performed.

b) Evaluating the value of J(§°). The proposed one-dimensional curve min-
imizations are computationally superior to straight line minimizations be-
cause of their efficiency in performing these function evaluations. The key
point here is that the modal contributions to the output, correspending to
all modal frequencies except the &** one, do not need to be calculated from
scratch at every new point along the curve ¢, but need only to be scaled
proportionally to the corresponding current effective participation factors,
if zero initial conditions are assumed. This is because qgr) . the r'* modal

contribution to the response at the 1** degree of freedom, is then equal to the
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response of a SDOF oscillator with frequency w.(8), scaled by the effective
participation factor ,65’) (8). The stated result becomes obvious by noticing

that the value of w, remains constant along the curve c;, when r # k.

¢) Forming and solving the equations involving Jw. This step is performed
efficiently, since the elements %%:f— can be calculated analytically through
(3.9.3).

The computational efficiency when performing these one-dimensional curve
minimizations, along with the fact that these curved minimizations are much
more powerful than any straight line minimization performed in the 8-space, are

the reasons for the superiority of the proposed minimization algorithm.

3.11.4 Minimization Algorithm when Ny # N,

It was assumed, when presenting the proposed minimization algorithm
for J(8), that Ng = N,,. This assumption allowed for the intersection of the
(N — 1) hypersurfaces w,(8) = constant , r=1,...,k-1,k+1,...,N,, tobe
a one-dimensional curve ¢; (along which one-dimensional minimizations can be
performed as was shown). If Ny # N,,, then the approach taken to obtain such
curves, along which one-dimensional minimizations can be performed, must be

modified appropriately.

Consider first the case where Ny < IN,;,. In this case, only the first Ny modal
frequencies are included to define the curves cx, bk =1,...,Ny. Along each such
curve, all first Ny modal frequencies, except the k™ one, are kept fixed, while the
k** modal frequency, as well as the last (Nm — Np) modal frequencies, are allowed
to vary. Therefore, when a one-dimensional minimization along ¢, is performed,
the modal contributions of the £** mode and of the (V,,, — Vg) last modes must

be calculated from scratch at each new point.

In the case where Ny > N, the intersection of the (/V,, — 1) hypersurfaces
wr(8) =constant , r=1,...,k—1,k+1,..., Ny isan (Ng— N, +1)-dimensional
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surface in the space S(§). Let 8 denote a vector consisting of (Ny — N,,) elements
of §. The proposed minimization algorithm searches the space S(8) by performing
sweeps, each consisting of Ny one-dimensional minimizations. N,, of these one-
dimensional minimizations are performed along the curves ¢;x where the vector
8, as well as all N,, modal frequencies except the k* one, remain constant. The
remaining (Vg — N,,) one-dimensicnal minimizations are performed along curves
where all modal frequencies, as well as all elements of 8 except one, are kept fixed.
During these last (Ng—N,, ) minimizations, none of the modal contributions needs

to be calculated from seratch.

3.11.3 Minimization of J(§,()

Including the parameter vector ( in the argument of J increases the
dimension of the minimization problem by N,,. The most efficient way of per-
forming the minimization of J in the augmented parameter space $(8) x S({) is
the following. While the one-dimensional curve ¢;, is followed, none of the modal
damping ratios ¢,,r = 1,...,k -1,k +1,...,N,, is allowed to vary. This way,
only the k** modal contribution to the observed output needs to be calculated
from scratch along ¢, thus preserving the computational efficiency of the algo-
rithm performing the one-dimensional curve minimizations. The minimization of
J with respect to ¢ as the curve c; is followed is not performed at every point of
the curve. It is only performed when the tracking of the curve in an established
direction is finally interrupted after a point §°, where J(8'™%) > J(8') < J(§'1).
In this case, before the fractional frequency step « is reduced, a one-dimensional
minimization with respect to (i is performed at 8 = &, keeping the remaining
modal damping ratios fixed at their current values. This is done hoping that
after optimizing (i, the curve ¢; can be followed further keeping the same frac-
tional frequency step o; it is only if this is not possible that the step o is reduced

according to the discussion in Section 3.11.3.
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The proposed algorithm was tested using simulated data for both cases,
where the damping ( is kept fixed and where it is not, and it was found to
always converge to the known minimum. Table 3.1 compares the results obtained
using the proposed method to the ones obtained using existing methods, when
simulated data corresponding to the response measured at the roof of a four-story
uniform shear building excited by the 1940 El Centro NS record are utilized. The
damping ratios ¢ ST=1 ,4 are assumed fixed at 5% in this example. It can
be seen that the proposed algorithm reaches the optimal point 8=11,1,1, 1]7,
while both Powell and Fletcher-Reeves algorithms were unable to do so.

3.12 Identifiability of the Optimal Parameters 8 and _(::

It has been shown in the earlier sections of this chapter that the system
identifiability of the optimal parameters from the available data Dy is a very
important issue that needs to be resclved. In Section 3.6, it was shown that a
first step for resolving this problem is to resolve the model identifiablity of the
optimal parameters under the given input, that is, to find all models in the class
M that have identical output at the observed degrees of freedom under the given
input. Finding all the corresponding “output-equivalent” optimal parameters is

the subject of this section.

It was shown in Section 3.8 that the problem of the model identifiability
of the optimal parameters is reduced to finding if the parameter vector § is
M-identifiable at 8 under the given input 21, N, since the parameter vector ¢

is known to be globally identifiable at ¢ under this input. In the case where
the parameters 8 are only locally M-identifiable at 8 under the input Zl, N, the
whole set of optimal parameters Som(ﬁ; ZiN) = {@_(k) ck=1,2,...,K} needs
to be evaluated. The models ]VI(Q(k),é);k = 1,2,..., K are then all “output-
equivalent” models in the class M under the given input. Here it is assumed

that a closed, bounded region of S(8) is selected as the subset consisting of
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possible values of g, so there is only a finite number of optimal solutions.

Resolving the model identifiability of the optimal parameters £ is a problem
that had not been fully solved. Udwadia [1978a] has shown that the stiffness
distribution of an N;-degree of freedom planar shear building model with known
mass distribution and modal damping ratios, cannot be identified uniquely from
the data, if that data consist of the input at the base and the model response at a
degree of freedom other than the first floor. If the base input and the response at
the roof only are known, an upper bound of (Ny!) is given for the number of pos-
sible stiffness distribution solutions. However, addressing the problem of finding
the exact number, as well as the values of these “output-equivalent” stiffness dis-
tribution solutions, seemed hopeless, since it required an exhaustive search of the
stiffness parameter space, which for high dimensions becomes computationally

prohibitive.

A new methodology has been developed to make such an exhaustive search of

the high-dimensional space S(8), for finding all elements in S, (ﬁ, an' N ), feasible.

3.12.1 Proposed Methodology for Finding Sopt(ﬁ; Zl,N)

All models ]\I(ﬁ(k),é) i k= 1,2,..., K, where Q(k) € Sopi(ﬁ; ZI!N)
are by definition “output equivalent.” Therefore. as discussed in Section 3.7,
they all have identical corresponding modal frequenices, damping ratios, and
effective modal participation factors for the set £° of observed degrees of freedom.
Let {oy, fr,ﬁgr),r = 1,...,Np,i € L°} denote these common optimal modal

Ak A
parameters. It is obvious that every Q( : € Sopt{8; Z1,n), k € {k, ..., K} satisfies:

we(8 )=, ; r=1...,N, , kei{k...,K} (3.12.1)

BNEMY=3D . =1, N, . iel’, kelk.... K} (3122)

Let O denote the set of all parameters é(k) € S(8) with corresponding modal
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frequencies w,.7 = 1,..., Ny, that is:
Oy =1{8€ 58w (@) =drir=1,..., N} (3.12.3)
It is obvious from the definition of g, that it is a superset of Sop:(8, Z1 i ):
Sopt(B, Z1.v) C B¢ (3.12.4)

The methodology for finding the set S,,pt(é; 21, N ) consists of two steps. First, the
parameter space S(8) is searched methodically, using a new proposed algorithm,
to find all elements of ©g. After Oy has been found, the second step is taken,

consisting of an elimination process, to determine which elements of ©, satisfy

(3.12.2), belonging, therefore, in the desired set Sop:(8, Z; n).

3.12.2 Proposed Algorithm for Finding Og

Utilizing the minimization algorithm proposed earlier, an optimal
parameter § = é(l) is obtained with corresponding modal frequencies w = g(é)
The goal of this section 1s to present an algorithm that searches the parameter
space $(8) to find the whole set Oq of all “modal frequency equivalent” param-
eters E(i) € S(8), that is, ©4 = {E)_(i) € S(8): wr(é(i)) =w,;r=1,2,...,N,,i =

1.2,... ,Ixﬂ}, where Ky > K,

Assuming that Ny = N,,, an approach similar to the one used in the pro-
posed minimization algorithm for J(8) is followed. The basic idea is to follow the
different curves cx(8; 8), k=1,2,...,N,,, and monitor when the value of the
freed modal frequency w; becomes equal to @x. Every point 8% € cx(8; ﬁ), satisfy-
ing wy(8") = Wi, belongs in Oy, since it also satisfies w,(8*) = w,(8) = &y, 7 #£ ,

the latter, by definition. being the property of all points of cj(8; 8).

The algorithm for following the curves ¢ is very similar to the one described
in 3.11.2. The only differences are: (a) instead of checking when J goes through

2 minimum, it is checked when (wi{8) — &) changes sign, and (b) instead of
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stopping when a desired point 8% = Q( ) is found, the curve ¢; continues to be
. . . plitl
followed, searching for another possible point ﬁ( ), and then another, and so

0O1l.

If the curve ¢y is closed, it is followed all the way around to its starting point
8. I the curve ci is open, it is followed in both directions, starting always from ﬁ,
and only up to a specified distance from 8. The reason for this is that if the curve
ck is open, its length is infinite, and, therefore, its tracking must be confined over
a finite length for the algorithm to converge. This finite length is, in effect, set

by the chosen closed, bounded subset of all possible parameter values.

It is important to notice that following only one of the curves cx(8; Q) does

not provide the whole set ©4. The reason for this is that the set:
Or={8€S@O):w@)=wpr=1,....k=1,k+1,... Ny} (3.12.5)

might be a non-connected set, while the curve ex(8; E_) C O, is by its definition
in (3.11.1), the largest connected subset of @ containing §. Although it is
obvious from the above definitions that ©4 C 4, implying that if the whole set
©y is searched, the whole set © can be recovered, this search is not possible
when ¢ (8; 8) # ©4, since the proposed algorithm is based on the tracking of the
continuous curve ¢, and it has no direct way of jumping to the portions of O

that are not connected to cx(8; ).

However, there is an indirect way of finding any other curves belonging in
O different than ck(ﬁ;_@). This is done by requiring all curves ck(ﬁ;é“)),k =
1,2,...,Np,, passing through all found points ém € By, to be followed. For
example, assume that a point ﬁ(i) € B is found by following the curve c.(8; 9,
while at the same time it is not found when the curve c;(8; ﬁ) is followed. Then,
the curve ci(8; ém), satisfying ck(ﬁ;ﬁ) n ck(Q;_@(i)) = {#}, is another subset of

O, and must, therefore, be followed.

Notice that although the above methodology requires all curves cx(8; é(a)),
i=12,...,K, k=12,...,N, to be followed, the total number of curves



- 137 -

followed is much smaller than KN,,. This is because, for all points E(z) lying on
a particular curve cz(g; E_U)), the corresponding curve ci(§; ﬁ(')) is identical to
={(7)

cx(8; 8 and, therefore, it needs to be followed only once.

Figure 3.9 demonstrates the proposed algorithm for the two-story building
example of Section 3.10.1. Starting at the point Em = [1.0,1.0]7 and following
the curves cl(ﬁ;ém) and cz(ﬂ_;ﬁ(l)), the set Oy = {ém,é(z)} is found, where
Em = :_(1) and ém = [2.0,0.5]%. In order to evaluate the set 50,,,(@; ZI,N), it is
checked if é(z) satisfies (3.12.2), that is, if it has the same effective participation
factors at the observed degrees of freedom as ém. This 1s true in the case
where the only observed degree of freedom corresponds to the roof, resulting in
Sopt(é; ZI,N) = {é(l)aE(Z)}a where Q(Q) = é(z)
degree of freedom corresponds to the first floor, the solution é(z) does not satisfy

(3.12.2), and, therefore, it is not included in the set 501,1(@; Zl,N), which is left

. In the case where the observed

~(1 . ~(1) . .
with only one element {Q( )}, proving that the parameter Q( ) is, in this case,

globally Af-identifiable.

3.12.3 A Simplified Expression for the Weighting Coefliient w;

At this point, an alternative expression for the weighting coeflicient wy,
weighting the optimal parameter Q(k), is given for the case where Ny = N,
simplifying the earlier expression given by (3.4.24) and (3.4.25). The difficulty
in these earlier expressions is due to the term [AI'\}I(&Z)]%, which requires large
computational effort to be evaluated, while at the same time it is vulnerable to
numerical errors, especially when the matrix Ay (c:zZ) 1s ill-conditioned, which
is often the case in practice. The introduced simplification stems from the fact
that the matrix AN(EZ), given by (3.4.19), can be rewritten as follows, if the
]T

transformed variables b = [wy,...,wn_,(1,-.-,{nN,,,0°]" are employed instead
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Ofﬁo = [91,,..,QNB,C1,,..,CNm,UO]T:

821nf1%(Xf,N;Q°, ZI,N)

ANtag) ~ —

0a°0a° s
T ~ ~
__[a_ ] [aszx](Xf,N;é,zl,N) Ha_ }
0a” |p=p, Obob p=b, | 19€° lp=p,
((3.12.6)
where
b = [wT@"), 87,597 (3.12.7)
and
Ow
b o=
;:,=[ag 0} (3.12.8)
g 0 I

where I is an (N, +1) x (N, + 1) identity matrix. Utilizing (3.12.6) and (3.12.8),
and recognizing that ﬁk = E,, Vk1€{l,2,...,K}, it can be seen that:

(H

—1,20 % -
Ay (6 J(?(k)) (3.12.9)
Ay (@)I7 7@
where
J’(.@.(k)) = | V&(.@(k))l (3.12.10)

~(k
is the Jacobian of the transformation § — w(#) at the optimal parameter Q( ).
The elements of the matrix yw(8'*) can be calculated easily utilizing the analytic
expression (3.9.3). Employing (3.12.9), the resulting simplified expression for w;

18

w wi (3.12.11)
EFE =K, 12,
2k=1 wlk
where
wy = frg(é(k))J ‘l(ﬁm) (3.12.12)

Notice (3.12.11) is identical to (3.4.24), and (3.12.12) is a simplified version of
~0 1 ~ k ~0
(3.4.25), where |A;I1 (@, )|7 has been replaced by J_I(Q( )) and 750 (4, ) has been

k) ) . -
replaced by W_Q_(Qt ). The latter is possible because all parameters in 2°, except
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for the parameters §, that is, the parameters  and ¢°, are globally identifiable,
while at the same time, the parameters 8 and the parameters ( and o° are
assumed to be independently distributed. It is interesting to notice that the
weighting coefficient wy, given by the expressions (3.12.11) and (3.12.12), does
not depend explicitly on the measured output. This is surprising at first, since
the term |A3! (8;)]% in the easlier expression (3.4.25) for wj, clearly depended on

the measured output.

3.12.4 Identifiability of §: Some Test Results

The proposed algorithm for investigating the model identifiability of
the parameters § was tested extensively, and some of the results obtained are

presented in this section.

Table 3.2 shows the number of stiffness distribution solutions é(i) that are
obtained for planar shear buildings with different degrees of freedom V4, when
the observed degree of freedom is the one corresponding to the roof. The mass
distribution is assumed to be uniform and known. It can be seen that the number
K of “output-equivalent” solutions that were found is much smaller than the
upper bound of (¥y!) placed by Udwadia [1978a). For the tested cases, this

number is given by K = oINT(5H),

Table 3.3 shows the eight “output-equivalent” solutions for a six-story
(Ng = 8) uniform shear building, when the observed degree of freedom is the
one corresponding to the roof. Figure 3.10 shows all the effective participation
factors of the different modes at the different floor levels corresponding to all the
different solutions _fﬁ(i) ,2=1,...,8, shown in Table 3.3. It can be seen that while
all these different solutions have the exact same effective participation factors
at the observed degree of freedom corresponding to the roof, their values at the
lower degrees of freedom become increasingly scattered. It can be concluded that

if predictions are to be made at the rocf, then any of these optimal solutions is
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going to give the same results, while if the response at a lower degree of freedom
is to be predicted, all optimal models must be included, appropriately weighted
through the coefficients wy. The weighting factors wy for each model are given
in the last column of Table 3.3, based on (3.12.11) and (3.12.12), and under the
assumption that the models are equally plausible a prior:i, so that the factors

wﬁ(é(k)) can be omitted.

3.13 Summary and Conclusions

The problems of model updating when records of measured input and
output are available, and the use of the updated model to predict the uncertain-
ties in the structural response during a future excitation, have been discussed in

this chapter.

Using a Bayesian probabilistic approach, the problem of model updating
translates into calculating the posterior probability distribution of the uncertain
model parameters g, and the model-error parameters g. It has been shown that
only the parameters g° and ¢°, associated with the observed output quantities,
are directly updated using the available data Dy. The posterior pdf of these
observed parameters @° and ¢? is found to be very peaked at the values of some
optimal values (4°,6°) € S,,:(8°, 6% Dn). An asymptotic result [Beck 1990] has
been extended to calculate the uncertainties in the predictive response at both
the observed and the unobserved degrees of freedom. This result states that if
the number of available data points is large, the uncertainties in the predictive
response can be calculated by considering only the optimal models with param-
eters (@°, 6°) belonging in the set Soz:(4°, 6% D). If the number of the optimal
parameters contained in this set is finite, then the pdf of the predictive response
at the observed degrees of freedom is given by the sum of the pdf’s correspond-
ing to each of these optimal parameters, each being appropriately weighted. This

result. assuming the set of optimal parameters S,,;(8°.5°: D) is known. is very
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significant, since it simplifies the response prediction problem by replacing the re-
quired high-dimensional integrations over the domain of the observed parameters
a® and o® with a finite sum. The pdf of the predictive response at the unobserved
degrees of freedom is given by a similar surn expression, where each of the terms
in the sum, corresponding to one of the optimal observed parameters, involves
integrations over the space of the “unobserved” parameters g* and ¢*. In this
case, the simplification amounts to reducing the originally required integrations
over the space of all parameters g and g to integrations over the reduced space
of the uncbserved parameters. The implementation of these asymptotic results
assumes that the set of all optimal parameters S,,:(2°, 6% Dy ) has been found.
It was shown that the optimal value &° is globally identifiable, reducing the

problem to finding all optimal observed model parameters 3° € Sop:(&°; D).

The definitions of model and system identifiability are introduced. Resolving
the system identifiability of the optimal parameters 4° is a very difficult prob-
lem, and amounts to finding the whole set S,;:(@°; Pn). Resolving the model
identifiability of the optimal parameters @° amounts to finding if there are other
models in the class, corresponding to different values of 2°, and having identical
output at the observed degrees of freedom under the given input as the optimal
model corresponding to @°. It was shown that the set S,p,(@° 21, ~) of the opti-
mal parameters @° corresponding to all such “output-equivalent” optimal models
satisfies Sopt(4°; ZI,N) C Sope(@°; Dnv), implying that resolving the model iden-
tifiability of the optimal parameters is a first step towards resolving the system
identifiability.

The optimal parameters @° globally minimize a positive-definite measure-of-
fit function J(g°). For the case where a° = g = [87, ¢ 71T a new minimization
algorithm has been presented to obtain an optimal set of parameters # and g
by minimizing the corresponding function J(8, (). This algorithm was developed
to overcome problems of convergence that the existing algorithms were found

to exhibit, and it is based on performing a series of one-dimensional curve min-
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imizations. It was shown that the proposed minimization algorithm not only

converges to a minimum of J, but it does so very efficiently.

The model identifiability of the optimal parameters Q and é , obtained us-
ing the proposed minimization algorithm, was addressed. The modal damping
ratios é are globally M-identifiable [Beck 1978}, and, therefore, only the model
identifiability of the parameters 8 remains to be resolved, that is, finding the
set Sopt(ﬁ, 21,;\/) of all “output-equivalent” f-distributions. This problem has
been solved here, for the first time, by presenting a new algorithm that effi-
ciently and systematically searches the parameter space S(8) to find all elements
g e Sopt(_é_; Zi.n). A simplified expression for the weighting coefficients corre-
sponding to these optimal “output-equivalent” parameters is also derived to be

used in the asymptotic expression for the pdf for the predictive response.
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(a)

Figure 3.1 (a) Successive minimizations along coordinate directions in a long,
narrow “valley.” Unless the valley is optimally oriented, this method

is extremely inefficient, requiring many steps to get to the minimum.

(b) Magnified view of a 1-D minimization step.
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Figure 3.2 Contour map of J(8;, 8;), appropriately normalized, for the exam-
ple of Section 3.10.1, where simulated data corresponding to the
response at the roof of a uniform two-story planar shear structure
are used. (Lack of smoothness in some of the contours is due to the

finite resolution of the grid used.)
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Figure 3.3 (a) Space S(g) for the example of Section 3.10.1.
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(b) Space S(w) for the same example. Each point w € Sy{w) is the
image of two points in S(8), one belonging in the region ©; and the
other in the region ©, while each point_in the boundary Sp(w) is
the image of only one point in S(8), belonging on the straight line
Sgp(8) separating ©, and ©,.
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Figure 3.8 Contour map of J(6,,8:), appropriately normalizeci. for the exam-
ple of Section 3.10.1, where simulated data corresponding to the

response at the first floor of a uniform fwo-story planar shear struc-

ture are used,
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Figure 3.7(a) Contour map of J(w|©,) (left) and J (g)@g) (right) for the example

used in Figure 3.6.
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(right), in the neighborhood of g(_@) = (27.64, 72.36) rad/sec for the

example used in Figure 3.6.
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for the two-story shear building example of Section 3.10.1.



-154-

Mode: 1

Floor :

Floor :

e - B}
8 &
je 3 o €2 -
il
0802 302 08 08 U.6
B;
Mode: 6
8 8 T T 1
e Bl e B - =1
i e .
3 g .
= 2L o2l -
ey L% —
S
o 0 |
-0.4 -0. B
: 8)
8!
Figure 3.10 Effective participation factors Bfr) corresponding to the six-story
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[ ALGORITHM 89 ] 69 | a3 | & 9 | 63 | 63 7 J8%)
POWELL 12 [ 12 ] 12§ 12 ] 08 | 120 | 117 | 095 | 3.94x10-3
POWELL 12 | 10| 08 | 06 | 111 | 096 | 086 | 106 | 59610~

FLETCHER-REEVES 1.2 1.2 1.2 1.2 0.96 1.06 0.98 1.04 171 % 1073
FLETCHER-REEVES 1.2 1.0 0.8 0.8 1.20 0.90 0.83 1.04 1.94 x 10~?
PROPOSED 1.2 1.2 1.2 1.2 1.00 1.00 1.00 1.00 1.76 x 10~
PROPOSED 1.2 1.0 0.8 0.8 1.00 1.00 1.00 1.00 142 x 10-3

Table 3.1 Comparison of convergence of different minimization algorithms us-
ing simulated data corresponding to a four-story uniform shear
building. §° is the chosen starting point and £” is the point to which

each algorithm converged "The values of J have been normalized by
dividing it with Z °(n)2,

n=l
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No. of Stories No. of Equiv. Scin.

Q0 ~1 O O b Lo S
—
oy P GO B BN

Table 3.2 Number of “output-equivalent” stiffness distributions of an V4-story

uniform planar shear building, when the only observed degree of

freedom is the one corresponding to the roof.

No. 0, 8- b5 bs | b | b | w(®) )
1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 21.35
2 1.5848 0.6963 1.2875 0.7574 1.1766 0.7898 13.49
3 1.9970 0.7980 0.7095 1.3848 0.7113 0.8980 491
4 2.0000 1.0000 1.0000 0.5000 1.0000 1.0000 21.35
5 2.0032 1.0476 0.7240 0.7374 0.6705 1.2738 17.07
6 2.2911 0.6304 0.9321 1.1774 0.9515 0.6631 6.45
T 2.4013 0.8777 D.8514 1.1106 0.6672 0.9475 7.40
8 2.8252 0.6753 0.83286 0.9021 0.8753 0.7520 7.97
Table 3.3 “Output-equivalent” stiffness distributions § for a six-story uniform

planar shear building, when the only observed degree of freedom is

the one corresponding to the roof. wi(%) is the weighting factor of

~ k)
s

F=1,... % calculated through {3.12.11) and (3.12.12).
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Chapter 4

Conclusions

The uncertainties related to the modeling of the dynamic behavior of a struc-
ture have been studied in this dissertation. Two major categories of uncertainties
are encountered in such a modelling: (a) uncertainties in the model parameters
specifying a particular model in a chosen class and (b) uncertainties in the model
error parameters quantifying the model error, which refers to the discrepancies
between the model and real system responses. A Bayesian probablistic approach
has been followed to analyze these parameter uncertainties and to account for
them when investigating the resulting uncertainties in the predictive structural
response. Two different cases have been addressed, depending on whether or not

records of structural response are available.

In Chapter 2, the case of preliminary design has been studied, where the
structure has not yet been built, or, more generally, where no records of struc-
tural response are available. In this case, the uncertainties in the structural model
parameters, as well as in the model-error parameters, are estimated subjectively,
based on any information available and on the engineer’s past experience in
dealing with similar structures. Calculating the statistics of the resulting uncer-
tainties in the structural response due to the uncertainties in the model and the
model-error parameters is a conceptually easy problem, and can be formulated
mathematically as an integral over the domain of all the uncertain parameters.
The difficulty of the problem lies in the evaluation of these high-dimensional in-
tegrals. which cannot be done analytically, in general. The existing numerical

methods for approximating these integrals can either become computationally
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prohibitive {simulations, numerical integrations), or are shown to be potentially
very inaccurate (“second moment” approach). A new, efficient and accurate ap-
proximate method has been presented to overcome the difficulties of the existing
methods. Most of the computational effort required by this new method depends
only on the number of modes included in the model response and on the time
length over which the response statistics are to be calculated, and is independent
of the number of uncertain parameters involved. This is in contrast to the numer-
ical integration method, where the computational effort grows exponentially with
the dimension of the integrals to be calculated, being specified by the number
of the uncertain parameters. The new method provides the engineer with a tool
to go beyond checking the nominal dynamic response to specified excitations for
a preliminary design by examining the resulting uncertainties in the structural

response due to uncertainties in the modeling process.

In Chapter 3, the case where records of the input and the corresponding
output of a structural system are available was considered. The output is as-
sumed to be measured only at certain “observed” degrees of freedom. Using
Bayes’ Theorem, the information contained in the available data is extracted
and used to update the initial estimates of the uncertainties of the structural
model parameters and the model-error parameters. It was shown that only the
“observed’ portions of the uncertain parameters are updated directly from the
data, and that the corresponding updated posterior probability density function
of these observed parameters is very peaked at the values of some optimal param-
eters. The larger the number of available data, the more peaked the posterior
probability distribution becomes at the values of the optimal parameters. An
asymptotic result [Beck 1990] can be applied in an extended form, allowing for
any integrations over the domain of the observed parameters to be replaced by a
weighted sum over all optimal observed parameters, assuming their number is fi-
nite. This result is very important, since the high-dimensional integrations can be

cowpletely avolded when caiculating the uncertainiies 1 the predictive response
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at the observed degrees of freedom. It also means that only integrations over
the lower-dimensional space of the “unobserved” parameters is necessary when
calculating the uncertainties in the predictive response at the unobserved degrees

of freedom.

However, the implementation of these asymptotic results assumes that the
problem of finding the set of all optimal observed parameters has been solved.
The optimal observed parameters can be recovered by solving a minimization
problem of a positive-definite measure-of-fit function of the observed model
parameters. 1t was shown that the optimal observed model-error parameter
depends only on the global minimum value of this function, and is therefore
specified uniquely, while the optimal observed structural model parameters cor-
respond to all the points in the observed model parameter space at which this
global minimum is attained. Solving this minimization problem is extremely dif-
ficult because the observed model parameter space is high-dimensional and the
function to be minimized is not convex, so that its global minimum cannot be
guaranteed to be attained only at a unique point. Therefore, a minimization
algorithm capable of converging to the minimum at the values of some optimal
parameters is needed, along with a tool to investigate the identifiability of the

calculated optimal parameters.

The existing minimization algorithms were tested and were found to spuri-
ously indicate convergence before reaching a local minimum. The reasons for this
behavior were shown, and a new minimization algorithm was proposed to over-
come this convergence difficulty. The proposed algorithm, based on performing
a series of minimizations along one-dimensional curves in the parameter space
and not straight lines as usually done, was tested for cases where the number of
uncertain parameters is equal to the number of modes included in the response,

and was found to efficiently converge to the minimum.

The concepts of model and system identifiability were introduced to inves-
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tigate the uniqueness of the reached optimal parameters. It was shown that re-
solving the model identifiability, that is, finding all optimal models with identical
output at the observed degrees of freedom under the given input, is an important
first step toward reaching the final goal of resolving the system identifiability. In
the case of no model error and measurement noise, the problems of system and
model identifiability are identical. The problem of model identifiability had been
previously solved for “shear-building” mdels up to the point of finding upper
bounds regarding the number of “output-equivalent” optimal parameters. An
algorithm was proposed in this work to search the high-dimensional parameter
space systematically and efficiently by following certain curves in the space to
find the whole set of these “output-equivalent” optimal parameters. Although
it has not been proven theoretically that the proposed algorithm guarantees the

recovery of all “output-equivalent”

optimal parameters, there is confidence that
it does so in practice. The case where the number of uncertain parameters is
equal to the number of modes included in the response was treated. Also, a
simplified expression was derived in this case, giving the weighting coefficients of
each of these optimal parameters to be used in the asymptotic expression for the
pdf for the predictive response. The algorithm was tested extensively to identify
the stiffness distributions of “shear-building” models having identical response
at various specified degrees of freedom. It was found that the existing theoretical
upper bounds for the number of optimal solutions being “ocutput equivalent,”

when the response is measured only at the roof, are extremely conservative when

the number of stories is large.

The work presented in Chapter 3 is the first step toward properly updat-
ing a probabilistic model for the dynamic behavior of a structural system using
available data. This problem, also referred to as statistical system identification
Beck [1990], is extremely important, with applications in response predictions,
structural control, and “damage detection” or “health monitoring” of structures.

JNotice that, unlike deterministic system identification which usually produces a
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single optimal mode] without a clear picture of the associated modeling uncer-
tainties, the results obtained using statistical system identification quantify these
uncertainties in a way which can be easily interpreted. For example, the value
of the measure-of-fit function is related to the observed model-error parameter,
describing how large the model error of the observed output guantities is, and,

therefore it cormments on the reliability of the response predictions by the model.

Since the study of statistical system identification within the Bayesian frame-
work used here is a relatively new area of research, there is still a lot of work
that needs to be devoted to this subject. In continuing the work presented in
this dissertation, future research should be focused in the following directions.
The proposed minimization algorithm should be tested using simulated data for
the case where the number of uncertain parameters is different from the num-
ber of modes included in the response. Also, this algorithm needs to be tested
extensively using real data. The algorithm that was proposed to investigate the
model identifiability of the optimal stiffness parameters, as well as the derived
expressions for the corresponding weighting factors, needs to be extended and
tested for the case where the number of uncertain parameters is different from
the number of modes included in the response. Finally, a methodology must be

developed to explore the system identifiability of the optimal parameters.

Because of the difficulty of the problems encountered, the task of resolving
the problem of statistical system identification is a very challenging one. The
work presented in this dissertation constitutes an important step towards resolv-
ing this problem, and reinforces that the Bayesian approach is a profitable one
for future work in this area. The potential rewards of resolving this problem are

tremendous, due to the many practical applications.
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Appendix A: Proof of Equations (2.4.8) and (2.4.9)

Let S(-) denote the domain of the quantity in the parenthesis. The pdf
p(z|Mp) of the response z(t), based on the axioms of probability logic, is ex-

pressed as:
palMe) = [ [ f@saom(ema(e)iade (2.47)
S(a) S(a)
where f(z;a,o) is assumed to be given by:
1 1 Te—1
z;8,0) = 7 exp (—zlz — g(a)]" ¥7 (g)lz — g(a
ei0.0) = —gmrewp |~3le - @IS (@)la - o)

The expected value Z of the response is given by:

zZ = Elz|Mpl = f zp(z|Mp)dz

S(z)
f / / zf(z; a,0)7,(a)m.(a)dadadz
S(z) S{a) S(2)

= j / ] zf(z;8,0)dz| ma(a)dal| 7y(c)de

S(e) (Sl |S(z)

r (2.4.8)
= j / g(a)ma(a)da| 75(g)do
Sz |sie)
= f To(g)dg f 4(a)m,(a)da
S{z) 5(a)
= / g(a)m.(a)da
S(a)
since
[ meliiz=1
S(a)
Similarly the covariance matrix of g can be expressed as follows:
Cov(z) = E [[z - &]lz — 2]T|Mp)]
(4.1)

= E[za"|Mp] - 227
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and

Elaz"|Mpl = [ z27p(alMe)iz
S(z)

:/ f ./ zz” f(z; 8, 8)ma(@)my(2)dadg dz

S(z) S(a) S(=2)

/ zz' f(z; a, g)dg} Wg(ﬁ)dﬁjl Te(2)da

S [|S(a) {S(»)

= f f (ga)g(a)T + =(e) Wg(g)d_qjl nq(2)de

S5(2) |Sta)

= / To(o)do f g(a)g(a) . (a)da

5(2) S(a)

+ ] S(a)my(a)da ] ra(@)da
S(e) S(a)

= f g(a)g(a)” my(a)da + / E(@)me(2)de
S(a) 5(g2)

since
/ ne(g)do =1 and / Ta(g)da =1
S(z) S(a)
It follows directly from (A.1) and (A.2), that:

Cov(z) = j g(a)g(a)Tro(a)da — 227 + f E(g)re(a)da
S(a) S(e)

(A.2)

(2.4.9)
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Appendix B: An Analytical Expression for -8—‘4‘3’»

Recall from Chapter 2:

Ko =M™ r=1,...,N

where

Ny
K = K, +Za,~m

=1

(2.6.13a)

(2.6.10)

Assume also that the modeshapes have been normalized so that they constitute

an orthonormal basis for RV# with respect to M:
QS(T)TAIQ{;(S) = 6.,

Differentiating (2.6.13a) with respect to ;, we obtain:

0K {r) 3é(r) _ Bwf. (r 26(}5(r)
5e Tl g = 5g MET Her gy

Premultiplying (B.1) with g(r) and rearranging terms:

5¢(T)
0b;

Doy (r7 M = 607 2K 4

56; 2 2 76,2 + 8" [K — w2M]

Using the svmmetry of i and A1, and Equation (2.6.13a), we obtain:

(r) (m\T
3K — wEM] gg ] (859_ ) (K — wiM]e”

=0
Because of (B.3) and (2.6.16), Equation (B.2) implies:

Bw,? — Cé(

Uy )T 8K
08;

QS(T)

or using Equation (2.6.10):

(2.6.16)

(B.1)

(B.2)

(B.3)

(B4)
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Thus, the final expression for %;-'_L is obtained:

aw" 1 r T r
. =$g“ K" (3.9.3)

Notice that the evaluation of the partial derivatives of the r** modal frequency
with respect to the 6;’s requires calculations involving only the corresponding rt*
eigenvector Q(r). Also, notice that the eigenvectors in (3.9.3) are assumed to be

normalized according to (2.6.16).
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Appendix C: An Optimal Choice for the Parameter « of Section 2.8.

As discussed in Section 2.8, a quadratic polynomial is sought which approx-
imates f(8) well over the entire range of interest of 8’s. To measure how well a
function f,(8) approximates another function f2(@) over the domain of interest

of the 8’s, the following measure of fit is introduced:

T f) = e f) = [ 178 - @ mole)it (c.1)
5(8)
Note that points with higher prior probability get weighted more heavily. The
smaller J( f;, f2) is, the better is the fit between f;(8) and f,(8) over the domain
S(0).

For illustrative purposes, assume the case of a single uncertain parameter
B; in this case, Np = 1, Ny = 233832 __ 5 The quadratic approximation for

f(8) is:
F(8) ~ co + €18 + c26% = g(6) (C.2)

Equation (C.2) can be rewritten as:
F(8) > éy+ (8- 8)+ (0 —6)* =§(9) (C.3)

The coefficients ¢ = [y, cl,c2]T and & = [, &, 62)? are linearly dependent:

c= Ag (C.4)
where _ _
1 -8 8%
A=10 1 —-28 (C.5)
0 O 1

The coefficients ¢ or ¢ are evaluated, according to the discussion in Section 2.8,
by fitting g(#) or §(#) through N; = 3 points (67, F(61))), ¢ = 1,2,3. Such
points are evalauted to be: 80 = 8, 6(2) = § — voy and 83) = § + vop. The
requirement to fit §(#) through these three points leads to:

o = f(6) (C.6a)
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&o — yogéy + 720562 = f(é —v0p)

&o + voeb1 + Y20kE, = F(8+ vou)

(C.6b)

(C.Bc)

Assume now that the optimal cubic polynomial approximating f(§) passing

through the points (80, f(8()),i = 1,2,3 is:
F(8) ~ dy + d1(8 — 6) + da(8 — 8)% + da(8 — 8)° = A(8)
where JQ,JI,JQ, dy must satisfy:
dy = £(6)
do — yoedy + v*o§dy — v 0}ds = f(8 — o)

cfo + 709&1 + 720352 + 7305’53 = f(g + v0p)

By comparing Equations (C.6a,b,c) and (C.8a,b,c), it can be seen that:

&y = dp
& =dy + d3y? ol
& =d,
By subtracting (C.7) from (C.3), and using (C.9a,b,c), we obtain:

§(8) — h(8) = d3(6 — 8) (v?02 — (8 — 6)%)

(C.7)

(C.8a)

(C.8b)

(C.8¢)

(C.9a)

(C.98)

(C.9¢)

(C.10)

The measure of fit between §(0) and h(6) is found by substituting (C.10) into

(C.1):

J(5(6), (8 7) = ] B(8 — B (1203 — (8 — B)%)  mo(8)d8
0

(C.11)

To obtain the best fit between the quadratic and the cubic approximation of

£(8), J(G(8), h(6);7) is minimized with respect to v:

8J(§(9)7h(9)a7) — 4_‘/0_332 /(,q _ IZ)‘\Q (w202 _ (9 _ g)Z\ T‘:‘"[Q\d'g =0
D - L N & \ J ey
0

Oy

(C.12)
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or equivalently:

~2o% f (8 — B)2mp(B)d0 = | (B — B)*mq(6)db
D D

Solving for v, we obtain:

[:f(a - 9)41r9(9)d9] :
v= 72

(C.13)

(C.14)

For a Gaussian distribution of 8, (C.14) implies ¥ = +/3. For a Gamma distri-
bution (8) = g(8; j16, ve), [see Equation (2.7.1)], (C.14) implies v = \/37%- =
\/m ~ \/?_) for typical values of coefficients of variations ay. The choice
v = /3 then gives the best quadratic fit to an optimal cubic fit to f(#) going
through the points (8, £(87)),i = 1,2, 3. The same choice of v is used in the

multivariate case involving f(8).
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Appendix D: Pdf of y = ax, where z is Gamma Distributed

Let x be a Gamma distributed uncertain parameter:

p(z) = g(2; pzy vz) (D.1)

where g(z; uz,vz) is given by (2.7.1). Let y = az be a transformed uncertain

parameter, where a > 0 is a deterministic constant. The pdf p(y) must satisfy:

) = T = 2 (D2

Substituting (D.1) into (D.2), we obtain:

vp—1 g BT

p(y) = aT()
1 Yz ve—1
=2t (y) e ta() (D.3)

E@ a
- () vt

Let v, = v, and p, = £2, then Equation (D.3) can be rewritten:
y y

a

by
My vy —1

ply) = r(yy)y

e7MY = g(y; py, vy) (D.4)

Thus, y = az 1s also Gamma distributed,

Note: It is easy to show that a linear transformation y = az + b, assuming z is
Gamma distributed, leads to a Gamma distribution for y, only if b = 0 and
a > 0; this is contrary to the case of a Gaussian distributed parameter where

any of its linear transformations are also Gaussian distributed.
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Appendix E: An approximation for p(&°|Dw, Mp)

Based on the supporting notes of J.L. Beck for Beck [1990}, an approxima-
tion for p(@°|Pn, Mp) is derived which is valid for both the globally and locally
identifiable cases. This approximation shows that in the neighborhood ’H(ﬁ;) of
the optimal parameters ﬁz = [QZT, &e@a)? , k=1,..., K, this distribution co-
incides with a scaled multi-dimensional Gaussian distribution for &° = [g°", 5°]7

with mean &, and covariance matrix AG (y). In the globally identifiable case,

where K = 1, the subscript & may be omitted in the following.

First, it will be shown that for a large number of data points IV, the optimal
parameters ﬁ: correspond to local maxima of p(@°|Dy, Mp). By definition, the
optimal parameters ﬁz globally maximize fﬁ,(fl,N;ﬁ", 21,N) and, therefore:

alnfﬁ,r()zl,N;éo,Zl,N) N 1 3fﬁf(X1,N§.@o, ZI,N)
aﬁ-o é°=§; fg](-Xl,N;;@:1ZI,N) aéo a° =ﬁ:
=0

(E.1)
Equation (3.4.6) is rewritten:
Inp(&8°|Dn, Mp) = Ink + Inff (X1 n;8° Z1,3) + Inmz0 (%) (E.2)

where T30(8°) = Mao,00(a°, 0°). Assume that p(d@°|Dy, Mp) attains a maximum

at &2 € H(&,), then:

0— Olnp(@°|Dx~ . Mp)
- oa’ jomgo
A Lo (E.3)
_ 3lnf§,(X1,N;é°, Zl,N) + 3ln7r§_.; (@o)
aéo ic,:éz* aéo _a;a=éi
Expanding olnjg (X}, Zun) ip g Taylor series about &° = é and utilizing
(E.1), we obtain:
OlnfR (X1,n: 8% Z1.v) _ PG mE D) e gy
0_@0 a°=a?l a&oaﬁo ao _&O =k =k
= T=k - T=k
+0(18 - &l

~ —Brl&a8 — &)
(E.4)
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where the (N, + 1) x (N, + 1) matrix By(g°) is defined by:

PInf (X1 n; 8% Z1N)
Da’oa®

By(g°)=-— (E.5)

The elements of BN(ﬁo) are O(V). Substituting (E.4) into (E.3) and solving for

&% results in: lamas (3°
o zo ~o Olnmz. (@
y =4 BN (ak)—_ag - (E.6)
=G+ O(N71)
since the elements of By(&' ) are O(N™1). Equatlon (E.B) proves that for a large
number of data points /V, the optimal parameters gk , k=1,..., K locally max-
imize the posterior pdf p(a°|Pn, Mp). The global maximum of p(a°|Dyn, Mp)

is attained by the solutions &, = [a7,5°]7 which satisfy:

Wé",a"(é;) = max 7o (ay) (3.4.23)

In order to approximate p(2°|Dy, Mp) in the neighborhood ’H(ﬁ;), expand
Inp(g°|Dy, Mp) in a Taylor series about @° = ﬁ:, tc obtain:

Olnp(8°|Dy, Mp)
0a°

PRy &Inp(&°|Pn, Mp)
0a°oa°

Inp(&°|Dy, Mp) = Inp(&,|Dn, Mp) +

a’

_(Q—a)

(& —ak)+h0t

a":ﬁ
S5

1
+'2'(

(E.T)
where @° € ‘H(ﬁi) Since p(8°|Dn, Mp) attains a maximum at §° = éz_, it follows

that:

o = 9P&’|Dn, Mp) _ 1 op(@°|Dy, Mp) (E.8)
- 0a° ao=3’ p(&°|Dn, Mp) 0a° ao=d’ '
Define the (N, + 1) x (¥, + 1) matrix AN(é:) to be:
zo O%lnp(a°|Dy, Mp)

AN(gk) =- (a&oa& L,
2°=ga,

E9

621:[1 fo (X"l N (l Z'[ ’\] [ 52]n7rio (io) I ( )

— agoaﬂ é”:é: aﬁoaéo 3 a:
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For large IV, the contribution of the second term is negligible and, therefore:
An(Gy) = Bn(&;) (E.10)
Equation (E.7) may be rewritten, utilizing (E.8) and (E.9), as follows:

~0 1 ~0 20, ,~pn 20
np(@°[Dy, Mp) = lnp(a;|Dn, Mp) - 5(2° - a) AN (&,)(@° - &) +ho.t.
(E.11)
where g° € ’H(:@Z). Thus, the following approximation in the neighborhood of _@Z

is obtained:

-0 ~ =0 1 ~D L0 20, 4. a0
p(@°|Dn, Mp) = p(g, Dy, Mplexp <—§(ﬁ — & An(G)E - 29) (EA2)

Note that:

1
(2m) "5 | A ()}

1 ~p -0 s0 ~0 a0
X exp (—5(.@. — &) An(@,)(@ ‘—.f_lk))

G(8°% &y, AR (@n) =
(E.13)

is a multi-dimensional Gaussian with mean éz and covariance matrix Ay (ﬁ;)
Comparing (E.12) with (E.13), it can be concluded that locally, in the neighbor-
hood of &,, the following approximation holds:

(27r) Nn2:t1

p(&°|Dn, Mp) = AR @01 p(Er D, M p)G(E% &y, AR (E2))

= c| AN (@) * a0 (G)G(@% Gn, AN (E7))
(E.14)

where §° € H(é;), and ¢ = k(_27r)N2;1 fKr(Xl_N;é:,Zl.N) = constant. since all

ﬁ;,k =1,..., K globally maximize f&(Xl,N;@o,zl,N).
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Note that:

1= / p(@° Dy, Mp)da®

S(a°)

K ~0 1 ~0 ~0 ~D
~ Y / AT GO mae (B)G(E%: By, A (ED))da?
k=] <o

e (E.15)

i

[}

—1720y14 L0
|AG (Gx)]? a0 (Gz)

I
=

Lo
il
—

I
WE
&

-
il
—

where

wh, = AR (@)1} e (@) (3.4.25)

Equations (E.14) and (3.4.25) lead to:
P(@°IDn, Mp)  wiG(&; &, AY' (1)) (3.4.27)

where @° € H(4,) and wy, is given by:

W

= — ,
Zk=1 wy,

In the globally identifiable case w; = 1, and, therefore, p(a°|DPwn, Mp) can be

Wk (3.4.24)

-~ T
approximated in the neighborhood of its optimal parameters & = [&° ,5°7,

with a multi-dimensional Gaussian distribution.



